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INPEAUCJIOBUE K TPETBEMY U3TAHUIO
TPETBEN 1 YETBEPTON TI'JIAB

Hawu6onee BakBEHE W3MEHOHNSA CPABHUTEABHO ¢ HePBHIM M3TaHUEEM
oraocarcA K raase 111, Ee § 2 monrocThio mepenenan u CKoHNEHTDH-
poBaH Ha miec IPYNNEl, ACHCTBYIOMEH! B TONOJOTMIECKOM IIPOCTPAH-
CTBE HENPEPHBHO; B IEPBOM M3TAHUHM 3TO HOHATHE BEICTYNANO TOIBKO
B HEKOTODPHIX YACTHHIX caydaax. Hpome toro, k riase III mo6asnenm
aABa HoBeXx maparpada. OmUH M3 HMX IOCBANEH HOHATHIO TPYNOH,
HefiCTBYIONIel B IPOCTPAHCTBE COSEPULEHHO, TITO ABISETCA 00oGme-
HUGM KJIACCHYCCKON KOHICIIUU «COOGCTBEHHO pAasPEIBHON» TIPYIIIH;
¢ 9TMM IOHATHEM eCTeCTBEHHO CBAdaHA OONbBmIAsg 9acTh CBOUCTB
kKoMnaxkmrocmiy B TolojorudecKux rpynnax. Jlpyroit nocsamen
INPOCKTHBHEIM NPEJe/iaM TONOJOTHIeCKHX IPYNN U KOJCId, ¢ KaKIHM
nueM npmoGperalomuM Bce Gonblmee 3HAaYCHUC B NPUJIOMKEHHAX.

H L.

Hankaro, BecHa 1960 r.



TJJABA 1II

TOIIOJOTNYECKNE TPYIIIbI
(sacMenTApHAA TEOPHA)

§ 1. I'pynnoseie TOMOIOrHM
1. Tonoaoczuneckue zpynnst

B mepemx uerslpex maparpagax 3Toil TiIaBE 3aKOH KOMIO3WMIHH
3aIMCEIBAETCA, KAK IPABHIIO, MYJIbIMUNAUKAMUSHO N ¢ 0O3HATAET Heli-
TPAJNBHBIH 9dJEMEeHT; NEePEBOi Pe3yibTaTOB B aNNUTHBHYIO ¢OopMy
(YyEepxuBaeMyl0 — HANOMHNM 9TO — WCKIIOUATCIALEO JIIA KOMMYmMA-
MUGHEL TPYDLD) DPENOCTABIAETCA Yalle BCEr0 UYUTATENO.

Onpenencune 1. Tonoaosudeckoil epynnoil Haswieaom MHOMCE-
cmeo G, nadeaenhoe cmpykmypoll epynnu. u monoasozueti, ydossemeo-
paowum caedyrowum 0sym arcuomam:

(GT;) Omobpascerue (x, y) > xy npoussedenus G X G ¢ G nenpe-
PHEHO.

(GTy) Omobpaxcenue x v 21 zpynnwe G 6 ceba (cummempus
epynnui G) HenpepusHo.

ToBopAT, 4TO CTPYKTYPa IPYHNLE M TONOJOTHIECKAS CTPYKTYDPA,
3aJlagEbIe B MAOKecTBe G, coatacylomces, €CIE ORM YHOBJIETBOPAIOT
akcnoMaM (GT;p) m (GTy).

Ilprame pH. 1) Juckpemras Tomolorus B rpynme G coriyacyercs
CO CTPYKTYPOH TIpYyONE; TONOJOrMYeCKYl0 IPYONY ¢ ANCKPeTHOH Tomo-
JorHeil HA3HBAIT Juckpemioill TpPYNNOHR.

Taxe caabetiwan Tomomormss (ra. I, § 2, n® 2) B G coraacyercsa
cOo CTpPYKTypoil rpymnu B G.



12 TOMOTOTMIECKUE I'PYNNBL (QIEMEHTAPHAA TEOPHUA) IJI. III, §

°2) B raase IV Mm yBEHAEM, YTO TOHOJNOTHA PALMOHAJBHON IpA-
Mot Q (cooTB. wmcaoBoil mpamoit R) cornacyercst co CTpyRTypoll addu-
muenoéi epynnw B Q (coors. B R).,

3) Ilycte G — TomonOrmdecKas rpymnna; ee TONOJOLHA COTIACYeTcs
€O CTpYKTypoif rpynnm GO, mporuBomoaoxHoit G; rpynma GO, majemen-
Hasf 3TOU TONOJOrWell, HABHBAGTCA TONMONOTMYECKOU TPynnoi, nporiugo-
noaoxcroil TONOJOTHMYeCKON Trpymnme G.

Axcmomur (GTy) m (GTy) paBHOCHIBHBL CHENyOMmER aKcuome:

(GT') Omobpasxcenue (x,y) V> xy~' npoussedenus G X G ¢ G
HenpepusHo.

B camom pene, (GT;) u (GTy;), ouengHo, BaeryT (GT'). OGparto,
(GT') Buewzer (GTy), mbo oroGpaskeHnme 2z +> ex™! = x~! rorna
menpepusuo, a (GT') u (GTy) sneryr (GTy), ubo (z, y) w2z (1)1 =
== xy TOTHA HENPEPHIBHO.

Hust awoGoro smeverta a uad G aeswii neperoc v ax (c00TB,
npaeuii neperoc x > ra) B cuiay (GT;) HenpepHBeH; cJieHOBATENLHO,
210 2omeomopdusm G ua ceba. Orobpaykennn x w» axb (rue a u b mpo-
ferator G) olpasyior, TakuM 00pasoM, zpynny coMeomop@uamos mpo-
crpaHcTBA G 0TOOpAKEHHUAA & > axa~' (COOTB. X +> ax, Z > 24),
rae a upoGeraer G, coCcTaBJAAT ee Hoarpynmy. To4HO TaK »Ke aKCHO-
ma (GTyp) moKasHBaeT, YTO CAMMETPHA & > ™1, ABIAOMAACA HMHBO-
moTHBHLIM oroGpaskenneM G Ha cebs, ecth comeomopgpusm G ua cebs.

Ecim A — otkpriroe (cOOTB. 3aMrHyYTOE) MHOKecTBO B (7, TO s
a1060it Toukn r n3 G MHomectBa A, Ax m A~ *) oTKpHTH (COOTB.
3aMKHYTH), N60 OHM NOXYyIATCH N3 A TOCPEACTBOM YKA3aHHLIX
roMeoMopdusmoB. Ecim A omrpwmo, To AB n BA npu mobom B
omkpume, Kak o0befWHCHMA OTKPHITHX MuOKecTB (axcmoma (Orp)).
Ecau V — oxpecTHOCTS HellTpaabHOro dieMeHTa ¢ B G, To 1asa 1w06oro
nemycroro Muo;kectsa A m3 G muokectBa VA m AV asisuores ero
oK pecmuocmaAmMU; NeitcTBUTENbHO, eclin W — OTKDPLITAA OKPECTHOCTH @,
copepmamanca B V, to WA u AW orkpeTH m cojiepsxar A.

2 Hanpotus, AB He 00s13aTesibHO BAMKHYTO IIPH BaMKHYTOM A, Hame
eccnim B sammHyro (cM. § 4, caemcrBue 1 mpemaomenns 1).

*) HamomuuM, uto A-B uau AB, rage A 1 B — unosmuoskecTBa rpyunu G,
03HAYAeT MHOMKCCTBO KOMNO3UIMM zy, THe x upoberaer A, a y mpoGeract B3,
A-! 03HaYa0T MHOIKECTBO 9AeMeHTOB z~!, rfic z mpoberaer A. Ecam B cuo;mtes

. K e[EHCTBeNUOMY 3JMeMeHTy z, To BMccTo {z}-A (cooTB. A-({z}) mumyr z.4
win A (cooTB. A-x mam Ax). ’
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°Hanpmmep, B agmatuBHOX rpynne R umenoso#t mpsmoit moprpyn-
ua Z UedHX palOHAJBHEIX UHCEN 3aMKHYTA; B3aMKHYTa TaKiKe M IOJ-
rpynna 0Z, o6pa3oBaEHas BCeMH LEJIBIMH KPaTHHMH nO uppayuonadn-
nozo uncia 0; ogEaxo moarpynna Z -+ 0Z rpynnn R, ssasiomascs MHO-
YKECTBOM BCeX BOIIECTBENHHX gHcel BuAa m - nb (rpme m m n mpoGeralor
BCe LeAIKe 3HAUeHWA), He 3aMKHyTa B R, Kak MH 310 yBuguM B § 1
raasu V. .

PacemoTpaM eme B aauTEBHOK rpymme R X R MuoecTso 4 Beex

nap (z, y) Tarux,9ro z > 0, 0 <y <1 — %—1- , ¥ MHOeCTBO B BCex

map (z, 0), rhae z mpoGeraer R; aTH MHOMECTBA BaMKHYTH, ONHAKO
4 + B, Gynyam MHOKeCTBOM BCeX map (z, y) Takux, uaro 0 Ly < 1,
Be 3aMkEyTO B R X R.,

Ilycrs E — Tomonorm4eckoe IPOCTPAHCTBO, 4 f W g — ero 0To-
OpakeHHA B TOmOJOTMUecKy!o rpynny G. Ecuam f m g HenpepHBHHI
B Touke o € E, To 9T0 ke MMeeT MECTO IO TeopeMe O CJIOKHON (PYHK-
mmu (ra. I, § 2, reopeMa 2) uia f~1 m fg *); B wacTHOCTH, HEnpepHIB-
une orobpaykeHus K B G o0pasyior nodepynny rpynnn GE Beex
orobpaxennit £ B G.

Touno Tak ke mycerp f u g — orobpameEms MHoKectBa K,
dusompyrowyezocs 1o GUABTPY 55, B omlOeiumyio TOIOJOTUIECKYIO
rpyuny G. Ecnm lim%_f u -lim%g CYMIECTBYIOT, TO CYUIECTBYIOT
ramse limg f*n limg. fg, upuaem (rn. I, § 7, ciepersue 1 mpen-
noxenus 9)

limg £ = (limg )2, (1)
limg fg == (limg f) (limy g). 2)

Korpa G — rommymamusinaa rpyuna B addumuenoti B3amucH,
axcmoma (GT') swmpamaer, aro (z, Y} == Z — Y ecrb HENPEPHIBHOE
oroGpaenue. Ecam f m g — oro6pasKeHNA TONOJOTHIECKOIO IPO-
crpauctea E B (, HEUpephaIBHRE B TOYKE X3, TO, CIEJ0BaTEIbHO,
u f — g nempepeBHO B 910il TouKe, CooTBeTCTBEHHHIM 00pa3oM lepe-
unceiBaloTed Tarxe dopmynn (1) u (2).

*) HanoManM, arto f-! ecTh oToGpanenie z = (f (x))~!, a fg — oToGpaskenuce

-1
z > f (z) g (2); He cl@IyeT CMENIMBATL 3TH OTOOpPaskeHMA € f m fo g (Korma aTH
nociofiune onpefenenn) (Teop. mu., CBofgka pe3ynbeT., § 2, n°n® 6 m 11).
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2. OKpecmHOCIIU MOUKU 8 MONONOLUUECKOT 2PYNNE

ITycte B — PmuapTp oxpecTHOCTEH HEHATPAIBHOLO JICMEHTA e
B TOIOJOTMYECKoN rpymne (G M a — IPOW3BOJAbHAA To4Ka u3 G,
IHOCKONBKY X +—> G U X +—> I0 — roMeoMopduaMbl, GUABTDP OKPECTHO-
creii TOUKM a coBmamaer ¢ cemeiictBoM a®B Mumxkectrs aV, rue V upo-
oeraer B, a Tawxe ¢ ceMeiicreoM Ba muoxects Va. Taxum oGpasom,
GMABTP OKPECTHOCTEH NpOU3EOLLHOL TOYKH TOMOJOTUIECKOH TPYIIIHI
M3BECTEH, KAK TOJBKO M3BECTeH QWMIBLTD OKpecTHOCTEH Helmpaavhozo
aneMenma € 3Toil TPYIIHL.

Buipaskas HeHpepuBHOCTH Yy M 2~! OpH & = y = ¢, HOIy1aeM
(ra. I, § 2, n° 1) cunegywmme cBoicrBa:

(GVy) Karoso 6w nu 6bo UE B, cywecmsyem V EB, 0dan
komopozo VV < U.

(GVyy) Kakoso 6w nu 6wo U € B, markwe U-! ¢ B,

Beaxuit ¢unsrp B B G, yaosmerBopsarommit (GVi) n (GVyy), ymos-
JCTBOPAET TAKIKE

(GVya) Karoao 6w nu 6uao U € B, cywyecmeyem V € B, das romopozo
Vv-l < U. '

B camom flere, cormacmo (GVy) cymectsyer W € 8, mnsa xoroporo
WW < U, a no (GVy1) cymecrsyer takoe V € B, ato V¢ W W,
orkyga V1< W n motomy VV-! < WW < U.

O6parno, ecnu ¢masTp ¥ 8 G ymommersopsact (GVy), To oTciofia
clieflyeT B IePBYIO od9epexb, UTO € npunadaeicum awbomy MHOICECMEY
U €ER, ubo ecam V ¢ B Taxoso, uro VV-! < U, 10, nockonsry V mue
mycro, aaa aioboro z € V umeem zz~! = e € U. Ycaosue (GVj,) Biaeuer
torga V-!' < VV-1 < U, gem nowasaso, dro U-! €L ann mwboro
UeP. Haxomen, ecan V EB m WEB raxoss, uto VV-lc U
aWcoc V)Vt 10 WW o U. Taknm ofpa3om, Mu yOefuanch B HTO-
re, 9to (GV,) pasnocuavno cosorynuoctm (GVi) m (GVyp).

Haxomer, Tak Kak x —> axa™* ecTb roMeoMopduaM, coxpansiowuil e,
ro B obaanaer enenyOMMM CBORCTBOM:

(GVi) aVa ' €% Oaa wobuxr a€G u VeEB.

9 Tpu cBoitcTBa $Pmabrpa B ABIANTCA XAPAKTEPHCTUIECKHMH.
Touno rosops:

o Tleepmoxmemue 1. Iyeme G — epynna u B — ¢Mbmp 8 G, ydo-
snemeopsioyuti  arcuomam (GVy), (GVm) u (GVin). Cywyecmsyem,
U npUMoM eJUHCMEEHHAR, MONOA0US, CO2AACYWARCA CO CTPYKMY POl
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epynnu ¢ G u umewowan B Puasbmpom okpecmuocmell HEUMPALLHOZO
anemenma e. Jas smoil monosoeuy @uabmp okpecmHocmeli npouagost-
Hoti mouku a € G coenadaem ¢ Kawdum us guavmpos aB u Ba.

Ecmm tpebyeMas TON0JOTHA CYMECTBYET, TO COTIACHO HpPEHLIAY-
meMy QHIBTD OKPECTHOCTEH TOYKU @ COBHAJAET ¢ KayKIHM M3 (OUIE-
tpoB a8 m Ba, uro HOKABMBAET edUHCMEEHHOCMb ITOM TOIOJOTHM,
Ee cymecrsoBaume 6Gymer ycTaHOBJEHO, ecam MH pokameM: 1° uro
$pnaprpu @B aBxATCA QUIALTPAMM OKPECTHOCTEH OAA HEKOTOPON
romosorun B G; 2° 9T0 »TA TOHOJIOTHA COTJACYeTCA CO CTPYKTYpOil
rpyuns B G.

1) Kax Owmo mokasamo Boime, ¢uiastp af  yhoBieTsopser
arcmome (Vyyp) (ra. I, § 1, n° 2) B cany (GVy) m (GVyy); arobut yGe-
IUTHCA B TOM, YTO 8T0 — (MILTDP OKPECTHOCTEA TOUKH @ AJIA HEKOTO-
poit Tomosornu B G, caenyer HOKa3aTh, ITO BHIIOJHEHA akcmoMa (Viv).
IIycts V — mpomasoabuoe MHOecTBO m3 B m W — rakoe MuHoe-
ctBo U3 B, utro WW < V; krakoso O6m HH OwHI0 x € aW, uMeeM
aW < aWW < aV, r. e. aV opmuagmemur ¢uabrpy 2B, oTryna
u caenyer (Viv).

2) Iloraskem Temeph, 9TO TOIOJIOTHHA, ONpeJeseHHAA QUIBTPOM
okpecruocreit a3, ymosmersopsier akcmome (GT'). Ilyern a m b —
7iB€ IPOM3BOJLHBIE TOUKM U3 G m x = au, y = bv; Tpebyerca moxa-
3aTh, uUTO xy~! cKoab yroguo 6auMsKo K ab~!, ecam u W v AOCTATOYHO
imskd K e; Ho (ab )1 (zy~!) = buv~1b~1l, u pg1a HPOM3BONBHO
B3fATO#l oKpecrnoctu U touxu e uMmeeM buv-tb-! € U, ecau uv €
EbLbUb =V, upumuem V npumagnexur B coraacuo (GViig).
Ho ua ocuosauun (GVi) u (GVy) cymecrsyer W € B, nas xoroporo
WW-1 < V; rakum obpasoM, urobn umers xy~* € (ab~') U, pmocra-
TOUHO B3ATE U € W, v € W, ueM JO0Ka3aTenbCTBO U 3aBEPHIAETCA.

Yacro BerpevaomuMca cmocoGoM BBeIeHHA TONOJOTHH, cOIJia-
cyolielica cO CTPYKTYpOl Tpyunu B G, sABIAeTcA 3ajaue HUILTPA,
yrosaersopaomero akcnoMaM (GVy), (GVy) m (GVi); coorBercrylo-
mue ycuoBuA 1A 6asuca guarmpa B Gyayr:

(GVy) HKaroso 6o nu Gwao U € B, cywecmeyem V € B, das
komopozo VV < U.

(GV1) Haroso 6w Hu 6umo U € B, cywecmsyem V € B, Oasn
komopozo V-1 — U.

(GVin) Haroew 6w nu 6oau a € Gu U € B, cyyecmeyem V € B,
coBepucayeecs 8 ala~t,
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OKpecTHOCTP TOUKHM ¢ HABLIBAETCH CUMMEMPUYHOL, €CIH OHa
COBIAfaeT co csouM 00pasoM HpH CHUMMeTpUnm x W 2~1; nuas moboit
oxpecTHocTH V mefTpanbHOro djeMenta e MHokectBa V {J V1
VNVtnr VV! geraorca €ro CUMMETPUYHHEIMH OKDPECTHOCTAMM,
Ha ocHoBamumyu (GVy) cuMMeTpuuyHEe OKpecTHocTH obpasyior gynda-
MERMAALbRYI0 cucmemy okpecmuocmeii e. Touro rak ke, korga V mpo-
Geraer (yHZaMEHTAIBHYI0 CHCTEMY OKDECTHOCTEHl e, TO HA OCHOBA-
guu (GV;) u muomecrsa V" (rne n — QUKCUPOBAHHOE IIEJN0E YMC-

10 #0) obpasyior ¢yHEAMEHTANBEYI0 CHCTEMYy OKDECTHOCTEH e.

Jameuanue. Ectu G — sommymamusnas rpyuna, 1o rAx~=
= A pua moboro mMuosecrsa 4 u nmoGoro sgeMenra x ud G; ycio-
sue (GVyy) (coors. (GViyr)) aBTOMATUIECKU BHIIOJBACTCA HIA 060~
ro ¢uaprpa (coors. Gasuca ¢unbrpa) B G. Hamporus, ecau G He
AIBJISIETCA KOMMYTATUBHOM Irpynmoit, To (GVyy) He Burekaer us (GV))
u (GVy) (cM. yopaxuende o).

s KoMMyTaTUBHOR Irpynns G, 3aIuCHIBaeMOit addumusro, akcno-
Mul, xapaxtepusywomue fuibTp B OXpecTHOCTEH HAYANA B TOMOJOIHH,
cornacyomeica co crpykrypoit rpynmu G, 6yayT, TaxuM oGpasoMm,
CJICILYIOTIHE:

(GA)) Karoso 6w nu 6uao U EB, cywyecmeyem V €B, das komo-
pozo V+VcU.

(GAq1) Karoso 6w nu Guao U€EB. marwe —UEB.

TMeepaoxerus 2. Jas mozo wmoOs. monosozuieckan zpynna G
6vaa omdeauma, neobrodumo u docmamouro, umobs. mHoxcecmso {e}
Obli0 3AMEHYMO.

Heo6xoqumMocTh yCIOBUA OYEBHMAHA; 0OPATHO, €CaM OHO BHINOJ-
Hemo, To guarosaab A B G X G, sBaswomasca mpoo6pasoM MHOMC-
crBa {e} OTHOCHTETbHO HENPEPHBHOTO oToGpaskemma (z, y) =y,
eCcTh BAMKHYTO® MHOMeCTBO, 4, aHaumr (ra. I, § 8, mpemmosxenne 1),
G ormesauma.

CnencrBue. J[aa mozo umobu monosozudeckas zpynna G Gwaa
omdeauma, Heobrodumo U Oocmamouro, umMobL nepeceienue 6cex
okpecmHocmell HelmpassHozo daemerma e c800uaoch K e.

Heo6x0oquMOCTh YCIOBUA OYEBHHA; OOPATHO, eCIM OHO BEIIOJI-
HEHO, TO MHOMKeCTBO {e} B3aMKHYTO: JeHCTBUTENIbHO, €CIH I 7= e,
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TO CYMmECTBYeT OKpecTHOCTh V TOUKH e Takas, gro -t ¢ V, u, sHaqur,

e ¢ zV, 1eM HOKA3aHO, 4YTO X HE MOMKET OBITh TOYKOH HPWKOCHOBEHUS
ana {e}.

H P AMEE p. On.peae./Leuue apynnoaoﬂ, monoao2uul MHOIECMBOM nod-
epynn., BEcan B — 6asuc Ppuavmpa B rpynne G, COCTOAmMUN U3 ee nod-
2pynn, TO SICHO, 9T0 OH YIOBJIETBOPAST aKCHOMaM (GVY) u (GV1), m6o
aas mwboit goprpynost H rpynoet G mmeem HH-! = H. IloatoMmy, Kak
TonLko Gasmc PuabTpa ¥ ya0BIeTBOPAET aKCHoMe (GVIL) (BHIIOAHAIO-
meiics, B 9acTHOCTH, KOrja Bce rpynubl w3 8 — HOpMAXbHEIC [eiu-
TeNH, 4TO BCerJa HMMeeT MecTo, Koraa G — kommymamuenas TPynna),
OH ABNACTCHA ¢Pyndamenmaavhoii cucmemoil oxpecmmuocmeld e IIA TONO~
JOruM, Ccorjiiacywomeicss co cTpyKTypoil rpyuns B G. [las Toro 9100
onpepeleHHas TAKMM 0o6pasoM Tonomorust Owna omdesuma, HeoGXOMUMO
H JOCTaTO4YHO, COTIMACHO WPOIOKeHMI0 2, ITOOH nepecevenue dacex nod-
2pynn, npunadaexcauwuzr B, ceodusocy K ¢. Hauboaee MHTepeCHH T€ CIy-
qam, Korma moarpyana {e} ne npunadaesxum B (MHage TOUOJOTHS, Ompe-
mesensas  mocpejscTsom B, Owta Ol HCKPETHOi); €CAM 3TO YCIOBHE
BHIIIONTHEHO, TO TOMOJIOrMA, ONDEACICHHAs MocpemcTsoM B, Moxmer OHTDL
OTHeNMMOIl TOJBKO B cliyuae, Korga B — Geckoneunoe muoxcecmao.

TlocKoJLKY llepecedcdne ABYX JIOATPYNIE eCTh MOJrPYHNa, TONOJOTHIO
B rpynne G MOMHO OIpPEeSiedNTH, MCXOJA M3 npou3sosbHO20 MHOMKECTBA ¥
FOMrpyNO; JOCTATOYHO DPACCMOTPETh CHAYAJA MHOMKCCTBO (§ MOATpymm
aHa™, rme H npoGeraer &, a a npoGeraeT G, I 3aTem MHOKecTBO B mepe-
COdeHNIT BCEBO3MOMKHBIX KoHeurblz HaOOPOB HOATPYINN, NPUHAIIOIKAIAX

®; B Gyner Gasucom QUIALTPA, YAOBAETBOPAIOMMM aKcHoMe (GVIir).

PaccmoTpuM, B 9YacTHOCTH, AAAUTHMBHYI0 IDYINNY HEKOTOPOTO Kosb-
ya A; BCAKO® MHOYKECTBO &% udeasos Koawvua A (Axr., ta. I, § 8, n° 5)
ompejieiseT TOMOJOTUIO, COTNACYIOMYIOCA €O CTPYKTypoil sroil ammu-
THBHO! TPYNNE; JTa TOMOJIOTHA OTHACIMMA, eClM mepecedexHye BCeX Hjlea-
J0B M3 § eCThL HYNeBOH Mea; OHAa He JUCKPETHA, eC/IH HUKAKO® KOHewnoe
9MCI0 MIEAN0B U3 § He MMCCT CBOMM NepecedeHneM HymeBoil ufean. Omnpe-
AeNeNHEE TAKAM CNOCOGOM TONMOJOTHM HMIrpaloT Goxbmylo poab B TeOpHH
qucen (cM. ynpakueHNs K §§ 6 m 7 aroil raasm).

3. H30MOPpPUIMEL U A0KAAODHLLE UIOMOPPHUIMDL

Cornacuo o6mum onpepenernuam (Teop. mu., ra. IV, § 1, n° 5),
usomopgusm f Tomosorugeckoil rpyans G Ha TOHONOTUYECKYIO TPyM-
ny G’ ecrs OmextHBHOE oToGpasienue rpynnsl G ma G', aBaawmeecs
O/(HOBPEMEHHO U30MOpPuamom cmpysmyps. epynns 6 G Ha CTPYRTYPY
rpynus B G' u zomeomopgusmon G Ha G'. Unaue rosops, mia Toro
urobu f Geuio usoMopduaMoM G ma G, HeoGXxommMO M JOCTATOTHO,
2 m Bypbaxn
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grobr: 1° f Owuto Guexrtusmo; 2° f (xy)=f(x)f(y), KakoBH OH HH
Obimu 2 u y u3 G; 3° f GBLIO B3aUMHO HENPEPHBHO.

Hanpumep, ana moboit Tourm a uz G orobpakenne z w— aza!
ecTs n3oMopduam G Ha G, T. e. (1aM Ke) asmomop@uam TOIOIOTHIE-
CKOii Trpynumel G; OH HA3HIBACTCA GHYMPEHHUM ABMOMOPPHUIMOM.

Ecnm romoyoruaA .7 COrmacyeTcs cO CTPYKTYpo# rpynmou B G, TO oHa
COriacyeTcsl TAKMe co CTPYKRTYPOil npomusonososhoil TPYOOEL (AJT.,
ra. I, § 6,n°1). CuMmmeTpus = »—» -1 6CTb usomopgdusm TOMONOIMIECKOR
Tpynns G Ha TONOMOTMYECKY0 rpynny GO, moayvalomylocss myTeM Haje-
JeHNA TPYONE, TPOTHBOMOJOMHOHE G, Tomoxormeit J .

Oupepenenut 2. [Tycmv Ganwve monosoceuseckue zpynnot G u G';
A0KasvHuM udomopPusmon G ¢ G' Haswsaiom zomeomopduam f okpe-
emuocmu V nelimpaaviozo aaemenma us G Ha okpecmuocmv V' Heii-
mpaavioz0 ssemenma u3 G', ydosaemsopaowuli caedylouum YeroeUAM:

1° f(xy)=f(2) f(y) Oaa awboii napw mouex z, y us V maruz,
umo xy € V.

2° Ecau g — omobpaxcenue, obpamnoe k f, mo g('y) =
=g (2') g (y') 8as w1060l napw mouek ', y' ua V maxux, umo 'y’ € V'.

Omobpasxceniie g ssafemcs moz20a A0KALbHOLM  UIOMOPPUIMOM
G ¢ G.

Tosopam, uwmo monosocukeckue epynnvt G u G aokaabro uso-
MOPPHBL, ecall cyujecmeyem aokaabHul usomopgusm G 6 G'.

JIIse m30MOpPHEIE TOMOJIOTUYECKHe IPYNIbI, 0YEBUIAHO, JOKAIBHO
nzoMopdun, HOo obparTHOE, BOOOmE TOBOPA, HEBEPHO.

®Hanpumep, 8 § 1 rmaBs V ME YBHJIHEM, YTO TOIOJOTMYECKH® I'pyu-
o R u T moxkannuo usomopdum, HO He MBOMOPYEH.

Besroe cyacentie ToKanbHOTO U3oMopduava G B G' HA OKPeCTHOCTD
HeUTPANbHOTO 3JIeMeHTA u3 G ABIAETCA NO-NPEKHEMY JOKAJIbHEIM
naoMopduamom G B G'.

Jloranbunit usoMopdusM G B G HABHIBAETCA TAKKE LO0KAALHbIM
asmomopgusmom rpyuus G.

BooGme rosops, roMeomopdusM f okpectHocT: V HefiTpanpHOTO
pleMeHTa TPynOs G Ha OKPECTHOCTH V' HEeHTPAIBbHOTO BJIeMEHTA
rpymns G, yRoBieTBopsomuit yeaosmo 1° onpenenenns 2, ne o6s3a-
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TeJbHO yROBIeTBOpAeT ycuoBuio 2° (cM. ynpasxuenue 7). Onmako
G un G’ Bce e TOT[A JA0KAAbHO U30MOPPHBL; TOYHEE TOBOPA:

ITeepmoxenuE 3. yemv G u G© — monoaozuueckue epynnv u f —
comeomopgpusm oxpecmuocmu V HetimpaavHozo saemenma epynnu G
Ha okpecmuocmy V' melimpaavrozo saemenma epynns G', ydosaeme:.-
pawowuil yeaosuio 1° onpedesenus 2; mozda f asasemes npodossceruens
A0KaAbHO20 Usomopgusma G 6 G'.

B camoM feme, HeTpyAHO BHIeTh, 4ro ecam W — rtakas oKpe-
CTHOCTH HEUTPadbHOTO dieMenta rpynusl G, aro WW — V, to cysxe-
aue f ma W ectp nokambmHt maomopdusm G B G.

Y npaskHenm

1) Beakaa TOMONOTHMA, COrMACYIOIMAACA CO CTPYKTYPOH xoreunoli
rpynoe G, monyYaeTcsa MyTeM OPUHATHA 38 OKPECTHOCTH HeHTPANbHOTO
BIIGMEHTA BCOX MHOMKOCTB, COJIEPKallUX HOKOTODHIE (uKCHPoBanmwil
HOPDMANBHEIH flenuTens H rpyonm G.

2) IToaymonoaozuneckoli rpynnoil HasHBaeTcA Tpynna G, HajeleH-
HAs TONIOJNOTHOH, B KOTOPOH INEPeHOCH £ +—» aZ, & +—» ra IpH Ji060M
a € G m cumMeTpus z — z-! HempephBHH B G *).

a) Jas toro urobm ¢uaptp B B rpymme G Gunm PuasTpoM oxpe-
CTHOCTO# HCHTPANBHOrO 3JeMeHTa € OJaA TOmoJoTnH, obpamaromei
G B TONYTONOJOTHYECKYI0 TIpynmy, HeoOXOAMMO M J0CTAaTOYHO, 9robr B
yrosnersopan akcmomaM (GVyi) um (GVyr), a cemeiictso ¢masTpos
B (zr) = 28 = Bz (z € G) — avcuome (Vyy) ramaser I, § 1, n° 2.

6) IlorasaTb, 910 B GeckoHedmoit rpynme G TONOJOLMA, JAAA KOTO-
POil OTKPBITHIMH MHOKECTBAMH CAYKAT & W JONONHEHNUS BCEBOBMOIKHBIX
KOHEeYHRIX MHOkecTB M3 G, ofpamaer G 8 HeOTAECAMMYH NOAYTOMOJOIM-
4ecKyI0 Tpynny, B KOTOpo#l {e} 3aMKHYTO, HO He COrJIACYeTCH CO CTPYK-
Typo#t rpymnse B G.

°B) OnpefiesnTs HAa IHCAOBOH npaAmoid R Tomosormio, MaKoOpHpyH-
myw obwunylo, Ana KoTopoi R Gwuro On MomyTOmOMOrNIecKoif, HO He TO-
MogorHyecKoil rpymnmoii. [PaceMoTpeTs YOEBAIOINYI0 IOC/IEOBATENLHOCTh
(r,) amcen > 0, CTpeMAMYIOCA K HYNI0, U B3ATH LepeCcedeHNs CEMMETpPHI-
HHIX WHTepBaNOB |—a, a[ ¢ /flomoNHeHMEM MHOMECTBA TOYEK =+7,.],

3) IlycTe A — MHOKECTBO B INOJIYTONOJOI'MUECKOH (COOTB. TOHOMNO-
rudeckoi) rpymnne G. Iloka3aTh, 9T0 Nepecedenue MHOXKeCTB AV miu
mMuOKeeTB VA (cooTB. MHOKeCTB VAV), rpe V mpoGeracT ¢uabTp okpe-

CTHOCTOHl TOUKHM ¢, eCThb 3aMbIKaHMe A MHOMecTBa A.

*) Ecau G s1okaavHo KomnakmHa, TO 9T YCIOBHUS BIEKYT eOr8COBANHOCTD
TONOJMIOIMM B G €O CTpyKTypoil rpynnm (ra. X, 2-e uaf., § 3, ynpakmenwe 25).

2%
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4) Ilapamonosozuueckoli TPYNIOH HaseBaeTcA rpynna G, HajelCH-
HAA TOMOJOTHMEH, ymoBiaeTBopaomed akcmome (GTp) *).

a) Jas toro urobn ¢uaetp B B rpynne G 61 PUILTPOM OKPECTHO-
cTeil TOUKM e AAs TomojgormM, obpamaiomeit G B IAPaTONOIOTHIECKYIO
rpynny, Heo0XomMMO W J0CTATOYHO, 4T00H B yHOBJIETBOPAN AKCHOMAM
(GVy) u (GVrr1), a e € V maa moboro V € B; cooTBeTCTBYIOMAst TONO-
JOTMA TOTJla efMHCTBenHa. I ee OTAeANMOCTH HCOOXOMMMO M [0CTa-
Toumo, 4To0H mepecedenne MHomecTs VV-1, rae V mpoGeraer B, cno-
JMIOCH K TOUKC €.

6) IIyers B rpynne Z neasix 9ucen V, mns Kawaoro n > 0 o3Hadaer
MHOMeCTBO, cocTosmee m3 O u Bcex measix m > n. Ilokasath, uro ¥V,
06pasyior QyHAAMEHTAILHYI0 CHCTEMY OKPEeCTHOCTeill HYyNA /Il HeOoT/e-
Jgumoit Tomonormu B Z, ofpamaiomeit Z B NapaTomoJOTHYecKyIo Tpynmy,
B xotopoit {0} samxmyTO.

B) Jns toro uToOH NApaTONOJOTMYCCKasA Ipynoa G Ghia TOmOMO-
TMYeCKOM rpynnoi, HeofxonuMo u foCTaTOUHO, ITOOH muaA a6oro A < G
nepeceyeHue MHOKECTB A V (M MHoxecTB VA), rae V npoGeraer puasTp

OKpeCcTHOCTCH TOUKM e, OBLIO 3aMBIKAHMOM A wmuomectna A. [UroGsr
y0emuTbess B AOCTATOYHOCTH YCJIOBMA, NPHHATEH 38 A JONOTHCHH® OTKDHI-
TOM OKPECTHOCTH TOUKH e.]

5) Ilyers B — ¢unstp B rpynme G, yHAOBIETBOPAIOINME aKCHOMAM
(GVy) m (GVry).

a) B G cymectsyer, M IpUTOM eAMHCTBOHHAA, TONOJOTHA J ; (COOTB.
T 4), B KOTOPOH (UIBTpoM OKpecTHocTeil M060f ToUukM a € G CIHyHHUT
a8 (coorn. Ba). .

Ilycts G, (cooTB. G4) — TomOJIOrMYeCKoe ITPOCTPAHCTBO, NOJydalo-
meccs NpM HagelcHUM G Tomonormeit I (coors. .7 4). Jasa moGoro a € G
JeBEIl TMCPCHOC Z +=> az (COOTB. IPaBLil MePCHOC I —» Za) ecTh Hempe-
prerOe otoGparkenme G, B Gg (CO0TB. Gy B Gg). CummeTpus z > z~1 ecTs
HenpopeiBHOe oToGpaskenne Gy B Gg u Gy B Gy,

6) Cnenywomue yciaosus pasHocuasub: 1° B ypoBmersopser akcHo-
me {(GVyy1); 2° = »=> za eCTb HempepEIBHOR oTOGpaskenne GyB G, mana mobo-
ro a € G; 3° z »—» z-! ocTh HempephiBHOe oToOpakenne G, B G,.

°g) Myers Gy — rpymna GL (2, Qp) KBaJpaTHEIX MAaTpHI[ BTOPOroO
MOpA/Ka Haf p-aguieckuM TeqoM Qp. OGosRaunm wepes H, AnA Kajoro
1eJioro n > 0 MHOMecTBO Bcex matpur suaa I <+ p"U, rae U — maTpuna
BTOPOTO HOPSAIKA, DIOMEATaMH KOTOPOH ABISIOTCA LEILIC P-a[UTECKU® THC~
na. IToka3aTe, 9TO BCE Hl;f — QNOATPYINH Tpynnu G = GE‘, nepecedeHmne
KOTOPHIX CBOMWTCA K HCHTPANLHOMY aJjieMeRTy. BrIBecTH OTClOfla, 9TO
ecan B — PuasTp, umetomumit Gasmc, obGpazoBamHbl MOArpyNIaMH Hl:f,

TO COOTBOTCTBYHI[HE TONONOTHH J ¢ M .7 ¢ B G OTHENIMMEL, IIOKA3aTh, ITO
3TH TONOJOTHH Pa3iIM4HHL.,

*) CM. npejnyiymylo’ CHOCKY.
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6) Ilyctp G — TomoOJOTHIECKAA Trpylunma u V — OTKpHTAA OKpe-
cTHOCTh Touku ¢ B G. ITokasaTn, 9To MHOKectsOo Tex x € V, [UIA KoTo-
pux 22 € V, apaserca ofneuneHueM Bcex okpectHoctelt W Touwu e, pas
KoTopux W2 < V.

°7) Ilycts ¢ — ramommdccroe orobparkeuue R ma T = R/Z u f —

1 1
CY/KeHume oToOparkeHHA z > ¢ (3x) HA OKPECTHOCTH V"-—“'[—‘s—, +§]

uyaa B R; norasars, 910 f ects romcoMopdusm V mHa f(V), ynosaerso-
priomuit ycaosuio 1° onpepedenusa 2, HO He ABJAAETCA JOKAJIHHHIM WM30-
mopduamom R B T,

*8) Ilycrs G — orAcnmMas TouOJOTWIecKas TpPyNHa U s = € —
Todka u3 (. IlokasaTh, 9T0 CYIECTBYIOT CUMMeTDPHYHAs OKPECTHOCTH
V 1ouku e, man Koropoii s € V2, u noKpuTHE IPYUHH G, COCTOAIlee caMoe
Gonbmee wus 17 MHOkects Bumga apVby (1 < k < 17). [Paccmorpers
MaKCUMAJbERI DAEMEHT MHOMKeCTBA TeX CHMMETPUYHRIX OKpecTHoCTel
V Touku e, masa kotopux s ¢ V2. 310 nomBesieT K PaCCMOTPEHWIO MHOMe-
ctBa S Tex z € G, InA KOTOPHRIX x% = s; 3aMeTUTh, 9T0 €CIU I, y — diIe-
MeHTH u3 S Takue, 910 zy-! € S, To BeoGxomguMO s? = e, W ecaum TpeTui
2JIeMeHT z u3 S TaKoB, uTo 227! € § m yz~! € S, 10 o meoGxoxuMo mepe-
crapoBoden ¢ zy~!, a zy~'z1 ¢ §.] Ecam rpynma G KoMMyTaTUBHa,
TO MOKHO 3aMeHHUTh 17 Ha 5.

9) ITokaszarh, 9TO0 B Tpynme (G BePXHsfA IPaHb BCAKOIO CEMEMCTBA
TONOJOr|i, COrJacyomuUXCA €O CTPYKTYpoit rpymnm G, Takie coria-
cyeTcAa € 9TOU CTPYKTYypOii.

§ 2. Hoarpynusl; dakToprpynnsi; roMoMopgEsMbl;
OJHOPOAHBIE MPOCTPAHCTBA; NMPOM3BEXCHEA TPYII

1. Iodzpynnut Mmonoaozuueckoti ?pynnvt

Ilyers G — rTomonoruueckass rpymma u H — ee moprpynna.
B cuay (G1') romoaorus, usaynuposansas 8 H us G, coraacyercs
Co CTPYKTypoil rpynnsl H; rosopsaT, 4ro oupefeieHHas TaK CTPYKTYpa
monoaozuieckol epynnit 6 H undyyuposarna cTpyKTYpoil TomoJjormde-
ckoit rpymns U3 G. Eciu He orosopeHo npoTUBHOE, TO, PACCMATPUBAS
noarpynny H rpynmsl G KaK TONOJOTMYECKYH TPYIIY, MBI BCEIZa
OyneM uMerb B BHAY 9Ty UHAYHUPOBAHHYIO CTPYKTYPY.

Oeepnomenne 1. 3amuxanue H nodepynnw H monosozuueckot
epynnw G ecmv nodepynna epynnw G. Ecau H — nopmasvhwsii deau-
meav, mo H — moace HOpMAALIBLL deaumend.

B camom pene, ecim @ m b — Toukum mpurocHoBeEMs aua H,
10 u ab™! ecrb TouKa mHpuKocHoBerus mas H, ubo oroGpamenuc
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(z, y) > zy~! HempepuBHO Ha G X G u mepesomur H X H 8 H
(rm. I, § 2, Teopema 1). TaxumM sxe 06pa3oM Ha OCHOBAHMU HEIPEPHIB-
HocTH oToOpakenus r w» ara~! yGesxpmaemcs B ToM, 4To ecay H —

HOPMaJbHR [Jenuresb, 70 U H -— HOpMaabHHIHA JenuTelnb.

B gacrHocTn, samMmxanue N MHOKecTBa {e}, COCTOAMIEro U3 OfHO-
ro HeilTpanbHOTO dieMeHTa TIPynne G, ecThb HopMatvHbil Oeaumead
3TOM TPyHIE; AJs Toro YTo0n N cBOAMIOCE K €, HeoOX0AUMO 1 JocTa-
roudo (§ 1, mpemnomxenue 2), uyrobm G Grria omdeauma.

Hremnomenne 2. B omdeaumoii epynne G samukaniie KOMMYMamug-
Holl nodepynnvt H ecmv kKommymamuenas nodzpynna.

B cuny mpegnossenuss 1 MOKHO OrpaHUYIMTBCH CIyTaeM, KOTAA
H Bciony ninorHa B G; TOrAa HeIpepHBHEE QYHKUMU xy U yz, Oyaydn
paBax Ha H X H, Oymgyr, Um0 OPUHLUOY NPOIO/IKEHHS TOMKIECTB
(ex. I, § 8, cmepereue 1 mpemiomenus 2), pasunt u Ha G X G.

Heepnoxenus 3. B omdeaumoii epynne G muoxcecmeo M' sremen-
mos, nNepecmaMOBOYHbIT € IACMEHMAMU NPOUBOLBHOZO MHONCECMEA
M < G, ecmv samrHymas nofzpunna. B wacmuocmu, yenmp epynnu G
aamknym 6 G.

B camom memne, M' ecrb mepeceuenue MHomects F,, rme m mpo-
Geraer M, tex z € G, mas KOTODHX IM = MI; H0TOMY CHDPaBeIJIH-
BOCTH DPEAJIOKEHAS BHITEKAET M3 3aMKHYTOCTH Bcex F,, (ra. I, § §,
upegaoenue 2),

IrennoERYE 4. B monoaoceuneckoli epynne G écaras nodepynna H,
AOKGAbHO 3aAMEHYMAs ¢ Kakoli-aubo moyke (rn. I, § 3, n° 3, ompeneue-
e 2), samkmyma.

Hocpencteom nepesoca yGempmaemca B ToM, 49ro H nokalbHO
3aMKHyTa B KaKkgoil cBoeil Touke, MHave rosopA, 4ro H nokanbHO
samMkHyTa B G. IIycts V — cUMMeTpUYHAS OTKDHITAA OKPECTHOCTh
TouyKd ¢ B G, g xoropoit V(VH samrayro B V. Ecau x € H, to
2VNH =% @; Gepa y€zVNH, umeem z€ yV; #Ho y (VNH) =
= (yV) H samxayro B yV; Tak Kak z ecTb TOYKa MPUKOCHOBEHUS
mia (yV)NH, ro sawmogaeM, uro z € H.

CnenctBuE. Jasa moeo umobuw nodepynna monoaosuyeckoli epynnu
6uaa omrpwma, Heobzodumo u Gocmamouro, wmobw oHa codeprcara
eHympeniiow mouky. Beaxas omrpwmas nodepynna samknyma.
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IlepBoe yrBepxuenue odesugHo, 6o ecaw moarpynna H umMeer
BHYTPEHHIO TOUKY, TO IepeHocoM yOesxgaeMcA B ToM, 9To Bce €€ Tod-
Kd BHyTpeHHHME. BTopoe yTBepsjeHdMe ecTb 9YacTHHIE clay7ail npep-
noKeHdA 4.

eepnoxernE 5. Jas mozo umobs nodepynna H monoasozureckoil
epynnvi G 6vma Ouckpemmua, Heobzodumo u Oocmamouro, umobb oHa
codepacara U30AuposaHKy0 mMouky. Bcakas Ouckpemnas nodzpynna
omBeauMoli zpynny. 3GMEHRYMA.

Ecin H uMeer M30MMPOBAHHYIO TOUKY, TO HepeHocoM ybexpmaeMcs
B TOM, 9TO BCe €€ TOYKM HMB0JMPOBAHHbIe M, 3HA4IHT, H pUcKpeTHA.
Bropoe yTBepskmeHHe ecTh 9acCTHEIA ciydTail npepgnoxesns 4, ubo
eciu G ormenuMa, To {e¢} 3aMKHyTO B G M TeM Golee Bo BCAKOH OKpe-
CTHOCTH TOYKH e.

3amMoeuanmue Ilycre H — mpomsBonbBEas NOOArpynOa TOHOJO-

rmaeckoil rpynms G. Jas moGoro z € H mmeem zH = zH = H, mockoxs-
Ky nepeHoCH — romeomopduamu G Ba cebGsa. Jpyramn ciosamu, zH naom-

wo B H mua moboro x € H. O1ciona saxmodaeM, 910 eciu H me 3aMKHYTa,
10 H (| CH naomno ¢ H.

2. CeaaHble KOMNONENMBL MONOAOCUUCCKOT 2PYNNLL

Ilycte V — cummempuuhas OXPecTHOCTh ¢ B (; NoOATpymIla,
nopoxcdennan V, obosnauaemaa V™ (Aar., ra. I, § 6, n° 2), oGpaso-

n
BaHa, KaK H3BECTHO, KOMIO3UIMAMHI ]_I Z; BCEBOBMOMHHX KOHEYHEIX
i=1

mocienoBaTelbHOCTeH 3aementos M3 V; moprpynma V™ omxpuma,

u6o e — ee BHYTPEHHAA TOYKA; SHAYUT, Ho mpemioeHmio 4 V°
samrknyma. OTCIORA BaKII0UaeM:

IMeegnomeune 6. Beakas ceasnas ezpynna nopoxcdaemcs 4060l
OKDECTHOCMbI0 ee HelimpasbHoz0 aeMenma.

OGpaTroe mOpejIoMeHMe, BooOme roBopA, HEBeDHO, KAK MH 2TO
ysugaM B raaBe 1V (§ 2, n® 5). Ecam Tomoxormieckan rpynma G mopo-
HpgaeTcA Ni060i OKPeCTEOCTBHIO HEWTpPAJBLHOTO BJIeMeHTa, TO MOMKHO TOJb-
KO CKas3aTh, 4TO OHA He COJeDMHT Hu odnoil omxkpumoil nodepynnu,
omnuwaHoir or G.
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°B rauecTBe npuMepa HeCBH3HOI I'DPYUNH G, cojiepsKameit OTKPHTYIO
NoArpynny, OTIHYAYI0 oT G, yKayKeM myabmunaukamuenylo spynny R*
BEMECTBCHNLIX 4mcea %0, B koropoit moprpyuma R* umcem >0 oxro-
BPEMCTIHO OTKpBITA M 3aMKHyTa (cM. ra. IV, § 3, n° 2).,

Ileegnomenur 7. B monoaoeuueckoli epynne G ceasnas KOMNOHEH-
ma K uelimpaabrozo ssemenma e ecmb 3aMEHYMBLL HOPMAALHBLL deail-
meav; Cc6A3HOU KOMROHEHMOU mouku x cayxcum kaace zK = K.

B camom nente, ecan @ € K, to a 1K CBABHO U CONEPMUT €; TAKUM
obpasom, KK — K, uem gokasano, uro K — moarpyuna rpynns G;
ara HOATPyNNa WHBAPHAHTHA OTHOCHTENLHO Jio6oro aBroMopdusMa
rpyman G, B YacTHOCTH OTHOCUTENBHO TiI000T0 BHYTPEHHETO aBTO-
MopduaMa, Tak 4910 K — HopMasbHbl Oeaumetb, KpoMe TOTO, MbI
amaeMm (ra. I, § 11, mpemnomenue 9), uro K samxuyra. Haxowner,
TaK Kak JEeBLIH mepeHoc y - zy ectb roMeoMop¢mam G Ha celn,
oToOpaKanInUii ¢ B 1, TO CBA3HON KOMIOHEHTOH TOUKY 1 ABJseTca 2K .

Ces3HaA KOMIOHEHTa HedTpPaJLHOTO dJeMeHTa e rpyunsl G Hasi-
BAETCA HEUmpatbHol KOMNOHEeNmOol 3TON T'PYUIEL.

3. Be1ody naomuvle nodzpynnot

Cunenywomee upemioxenne obobmaer mnpennosxenue 1:

IMeepnomenne 8. [Tyemv H — 6ciody naomnuas nodepynna monoao-
euueckoti epynnwt Gy ecau K — nopmasvunili 0esumeawv nodepynnut I,

mo e20 samwkanue K ¢ G ecmv nopmasvuwli deaumens zpynne G.
B camoM neae, oroGpasenue (z, z) > zzz~! HenpepsisHO Ha G X G
u orobpaskaer H X K B K; cuemomarenbHo (ra. I, § 2, reopema 1),

oHO otoGpamaer G X K = H x K B K.

Neepnoxennr. 9, ITyems H — 6cody naomuas nodepynna mono-
aozuneckoli epynnut G, ecau H nopoxcdaemcs aio6oli okpecmiocmuio
netimpaabho20 aaemenma, mo u G noposxcdaemes w060l 0kpECMHOCMLIO
HelmpaivbHozo teMenma.

B camoM pexe, mycrs V — DPOM3BOALHAas CUMMCTPHYHasA OKpeCT-
HOCTh HeliTpaiabHoro ajemeHra ¢ B G; torma V(\H ecrb oxpecr-
HOCTE HeHTpajibHoro »;1eMeHra B H, Koropas, IO YCIOBUI, MOPOK -
naer H; cnemosarensuo, V noposnaaer noarpynny H', cofepmairyio H;
Ho H’' orkpeTO-3aMKHYTa (CIEACTBUe INpemioxeHns 4) U IOTOMY

comepssur H = G.
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4. IHI'pocmparemeasa ¢ onepamopami

Iyets E — tomosornueckoe mpocTpaHeTBO, (1 — TOMOJIOTHYE—
ckas rpymma. ['oBopsar, aro G deticmeyem nenpepuisto ¢ E, ecaul BHIOI-
HAIOTCA CJEAYILe YCIOBUA:

1° E wmapeneno rpyumoit omeparopoB G, MHEMU cioBamu (Anr.,
ra. I, § 7,n° 2), E najeaeHo BHEUIHUM 33KOHOM KOMIIO3UHYH (S, ) >
> Sz ¢ obsiacThbi0 oueparopos G, TakmM, 4ro S(fx) = (sf)r Uer =z
ona Beex s, ¢t m3 G u x us E.

2° Orobpaenne (s, z) => sz upoussejieEus G X E B E He-
npepLgHo.

Jemma 1. Eeau G — monoaozuueckan zpynna, Oelicmsyouan
HenpepsigHo 6 monosoeuieckom npocmparncmee E, mo 0aia kadxdozo
s € G omoGpaxenue x > St ecmv 2omeomopdusm E na ceba.

B camoM fnede, aTo oroGpameHue ecTh HENPePHIBHAS OWEKIIHSI,.
AaA  Koropoil obparHas OUMeKnusa z »—> $"lz TAKKE HENpepHIBHA..

Hamomuum (Aar., ra. I, 3-e uan., Uenpasnesna x punycky [V),
q4TO MHOMECTBO Gz 00pasoB ST TOYKH z HPH OTOOpAMEHUAX, OIpese-:
NgeMBbIX BCEBO3MOMKHEIMM BdiiemMeHramMu s € G, HasmiBaerca opbumot
3TOM TOYKM (OTHOCHTENBHO TPYNIEL oueparopos (); MHOMECTBO TeX
s € G, masa KOTOPHX §x = z, €CTh HOATPyNNa rpymusl G, Ha3biBaeMas
cmabuausamoporm touku x. OrHoruenme Rz, yi: «y UPUHANIESKUT
opluTe z» ecTh OTHOIIEHNE dKBUBAIEHTHOCTH B £, onpedeasiemoe epyn-
noii G; KJIAcCH JKBUBAJEHTHOCTH IO 3TOMY OTHOLIEHUIO — 0POMTLI
touex m3 E. Tomo:ormueckoe mnpocrpancrBo E/R HasuiBaercs npo-
cmpancmgom op6um rpynusl G B E nau raxske gakmopnpocmparncmaon
npocmpancméa E no epynne G u obGosHauaerca E/G; ero rtomo:ao-
I'lg HasbBaerca ¢dakmopmonoaozueli monoaozuu npocmparcmsa E no
epynne G.

JemMma 2. Omnowenue srsusascnmiocmu R, onpedeasemoe mono-
aoeuneckoll zpynnoti G, deticmsynowell HeNnPepysHo 8 MON0A0UUECKOM
npocmparncmse E, omkpeimo.

B camom pmene, HacwimenueM 110 R oTEpuiToTo MHOMectBa U us E

CIY;KUT MHOKECTBO UsU, a xaxpmoe sU orkpeitro (aemma 1).
8ECx
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Hpumepn. 1) HHycrs H—mnoarpynna TOHOJOTUYECKOR TIPYH-
un G H peiictByer HempepsiBHO B G Ho BHelIHeMY B3aKOHY (S, Z)m—> SZ.
Omna peiicTByer HenmpepeiBHO B G TaK’Ke N0 BHEUIHEMY 3aKOHY (S, Z) =
—s2s7L,

2) °MyuapramnukatiBHas rpynna K* romoaorageckoro reaa K (§ 6,
n° 7) geiicTByeT HempepHBHO B K IO BHEWHEMY 3aKOHY (S, L)r>SI.

3) Iycrs G-—rononorudeckass rpymma u E —Ttomonorngeckoe
IIPOCTPAHCTBO; OTOOpamenue (s, x)=—>x upoussenenus G X E B E ecrb
BHemHUi 3aK0H B E, 1 G Heiicteyer HempepuBHO B F 110 3TOMY BaXOHY;
B 3TOM ciyuae romopar, 4ro G peiicreyer B E mpusuarsho.

3daMeqganue. Bmecro Toro 9rofn ropopmrb, 4TO TOMOJOrMN4Ye-
CKaa rpynma ( JeHCTBYeT HenpepHBHO B TONOJOTHIECKOM NIPOCTDPAE"
cree E, mporga roBopaT Taike, UT0 & ielicTByeT HenpepHBHO B E caesa.
Ecnm romomormueckan rpymma GO, OpormBomonoHas G, [eicTByeT
HerpepuBHO B E, TO ToBOpPAT, 9T0 G jelicTByeT mempepusHo B E cnpasa;
ApPyruaMm cJjIoBaMm, E HaJ/IeJOHO HeNpPePHIBHRIM BHEIIHNM 3aKOHOM KOMOO-
suuun (s, ) =—> sz ¢ o0macThIO omepaTopoB G, A Koroporo s (ix) =
= (ts)r m ex = r. Taxoit 3aKOH 9acTO 3aNNCRIBAXT cnpasa: (s, T) F=> IS
(oTkyaa ¥ HasBaHHe), m Torga (x!)s = z(ts). Ecam rpynma G peiicTByer
HonpeprHBHEO B E cnpaBa [0 BaKOHY (s, z) =—> Is, 170, B CHJIY AKCHOMH
(GTy1), oma geificTByeT Tak:ke HenpephBHO B E ciesa DO HOBOMY BHeIl-
HeMYy 3aKoHY (s, z) = zs~l.

Iycts E (coorB. E’) — MHOMeECTBO, HajejeHHOE IPyHmoil omepa-
TopoB G (cootB. G'), f — mpexcrasnenue G B G' u g — oroGpaskenue
E B E'. ToBopar, 4o f U g coesacywomes, ecant g (sx) = f(s) g (z) ans
ao6ux s€G u x € E. Ecim E” — Tperne MHOMeECTBo, HajeJeHHOE
rpymmoit oueparopos G’, f* — npencrasienue G' B G", g — orobpa-
senue £’ B E”, a f u g cornacywres, To Torpa Takme [ of u g' o g
cornacyorcs. Ilyers E m E' — Tomonormaeckne IpocTPaHCTBA,
a G n G' — TomonorugecKkue IPYNNL, ASHCTBYIOIME HENPEPHBHO
coorsercreenHo B E u E'; rosopsar, uro (f, g) ecTb Mopghusm npocTpan-
crBa ¢ omepaTtopamu E B mpocTpaHcTBo ¢ omeparopavu E’, ecnu f u g
HenpepusHil B cozaacyromes. C moMompbio $akTOpU3anuu, g onpeneiaser
TOTfIa HempepHBHOE orobpamenve E/G s E'/G’ (ra. I, § 3, cieacreue
npegioxenun 6).

Ilycts G — TomOMOTHYECKAA TPYNIA, AEUCTBYOIMAaA HeNPepHBHO
B TOIOJOTHIECKOM mpocTpaHcrse E, M ¢ — KaHoHMYecKoe orobpa-
menne £ wWa mpocrpauctso opbur E/G. Tlyctb, pamee, 4 — mpous-
BOonbHOE MHOMecTBO B £ 1 A’ — moposkmaeMoe mM MOTHPOCTPAHCTBO
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B E, HacHINEHHOE IT0 OTHOIIEeHNIO 3KBUBAJEHTHOCTH R, onpenenseMoMy
rpyutioit G (o0penHeHne opOUT BCEBOBMOKHEX ToYek u3 A; A’ Hasb-
BaeTcA Takme Hacviyenuem A no G);.rorna G AEHCTBYET HEIPEPHIBHO
B A’ mo cymenumw (s, z) = sz Ha G X A’. Kpome toro, mockonbky R
oTKpHITO (JemMa 2), a A’ macwmeHHo, mpenyoxenue 4 § 5 rmassr |
u coorHomenue ¢ (A) = @(A4A’) Buexyr

Mregnomenue 10. Kanonuueckas 6ueryus nodnpocmpancmsa ¢ (A)
npocmpancmsa E/G na npocmpancmso opbum A'/G ecmb 2omeo-
Mmopgduam.

Iycrs Temepp S — TaKoe OTHOWIEHWe B3KBUBajeHTHoCcTH B K,
4r0 0TOOPaKEHMe I > ST ANig Jio0oro s € G cozaacyemes ¢ S (MHaue
ToBOpA, OTHomeHue x = y (mod S) Bieuer sz = sy (mod S)); AnA
KpaTKocTd MeI OyJeM TOBOPHUTHL B 3TOM Ciydae, IT0o OTHOmeHue S
cozaacyemen ¢ ezpynnoti G. Tlyctb ¢ — KaHoHUYecKoe oToGpaeHue £
Ha E/S m sy (z) osHauaer knacc mod S Toukm Sz; TOrNA MpPOCTPAH-
creo E/S wvameneno rpymmoit omepatopoB G Io BHEUTHEMY B3aKOHY

(s, ¥ (x)) == sP(x) = ¢ (sz). Ilpu arom:

eennomenaue 11. Ecau omuowienue sxsusanenmuocmu S ¢ E
omgpumo u coeadacyemes ¢ G, mo G deticmsyem nenpepwsno ¢ E/S.

Tar Kak oTHolleHWe PaBeHCTBa (COOTB. oTHomIeHme S) OTKPHITO
B G (coots. B E), T0 BCe CBOOUTCA K [OKA3aTeJIbCTBY HEIPEPHIBHOCTH
orobpaskenus (s, z) = sy (z) = P (sz) nupocrpancrsa G X E B E/S
(ra. I, § 5, cemcrBue mpenoxeHus 8), a 3T0 BEITEKAET U3 HEIpepHB-
Hocti orobpaskeHmit P U (s, x) = SZ.

3avmeganmme. Ilycts G — Bropas TomoJiorMYecKasa rpynna,
AedicTByromas HempepusHo B E, m OpefmodoxuM, 4ro s (s'z) = s’ (sx)
A mobHx sE€G, s €E6G'n x € E; ToTma OTHOmMEHHe SKBHBAJICHTHOCTH
S, ompepnensemMoe rpymmnoit G', cormacyeTcs ¢ G, M TAK KaK OHO OTKDHITO
(memma 2), To MH BBAUM, 9T0 G feiicTByeT HempepmBHO B E/G’; TOYHO
TaK e, G’ meficTByeT Torga menpephBHO B E/G. B 3roM ciydsae roBopAr,
aro rpyanst G M G neiictsylor B E nepecmanosouno.

3. O0OHOPOOHBLEe npoCcMPpancnea

Ilyerb G — romonoruueckas rpymma, H — ee moarpyumna. ['pyn-
na H peficTByer HempepHBHO B & cnpasa MO BHENTHEMY 3aKOHY (£, x) =—>
> zt, TIpUIeM opOuToit ToYKU x € G caysur aeBhrit xiacec *H mo H,
TakuMm o0pasoM, MHOMeCTBO BceX OpOUT ecTh TO, YTO MBI HA3BAJIK
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B aarebpe (Aar., ra. I, § 7, n° 6) odnopodnsm npocmparncmeom G/H.
I'oops 0 G/H Kak 0 TONOJOTMYECKOM MPOCTPAHCTBE, MEL BCETAA,
ec;1 He OrOBOPEHO MPOTHBHOE, GyIeM IMOHMMATH IO HUM IPOCTPaH-
crBo opbur rpynmer G (orHocureasHo H), T. e. PaKTOPHPOCTPAHCTRO
npocrpaderBa G HO OTHOMIEHWIO aKBUBajieHTHocTd -y € H. B coor-
BETCTBUU ¢ oOmMMMU ONpefeieHNAMY MH HA3BIBAEM TONOJIOTHI0 BTOTO
IpocTpaHcTBa Paxmopmonoaoeueli monoaoeuu epynnv. G no H.

Meepnomenue 12. Ipynna G Oeticmeyem HenpepvleHo 80 6CAKOM
00ropodrom npocmparcmee G/H.

INockoabKy oTHoWenue aKBUBaAeHTHOCTH 21y € H orkpbiTO (N1€M-
Ma 2), 910 YTBepAIEHMEe eCTh JYACTHBIN caydail upepioxkenma 11.

Mrepaoskenns 13. Hyembv G — monoaozueckas epynna, H — ee
nodzpynna. Jlas mozo umobw odnopodnoe npocmpancmseo GIH 6Guao
omdeaumo, Heobxodumo u docmamouro, ymobo. H 6viro samenymo ¢ G.

¥YcioBue HeoGxomguMo, nockonbky H ecTh KiIace 3KBUBAJIEHTHOCTH
mo orHomennio x 'y € H. OGparHo, ecau H szaMuyTo, TO rpaduk
3TOT0 OTHOLIEHWs 3aMKHYT B G X G Kax mpoobpas H orHocuTenbHo
HEempepHBHOro oroOpaskenus (x, y) = 2~ ly, U Tak KaK OTHOLIEHUE
sxpuBagenrHoctd z~'y € H orkpero, To G/H ortpenumo (ra. I, § 8,
npenjaoxkenye 8).

Heemaomenne 14, ITyemv G — monoaozuueckas epynna, H —
ce nodzpynna. Jlan mozo umoGul 08nopodnoe npocmpancmeo G/H 6viao
duckpemno, neobzodumo u docmamouro, umobu H 6vio omrpwimo ¢ G.

B cavoM pnexe, upooGpasamu B G Touek ma G/H oTHOCHTEIBHO
KaHOHMYECKOTO orobpameHusa caymar kaacckl xzH (z € G); mgns Toro
qro0OH 9T MHOMKecTBa ObLiM OTKPHTH B (G, He0OXOMUMO U JOCTATOYHO,
uro6s1 H Owlno oTkphito B G.

ycrn £ — Tonoaoruyeckoe MpPOCTPAHCTBO, B KOTOPOM TOMOJNOTH-
yecKas rpymna G aeiiCTByeT HenmpepeBHO U mpakaumusho; E aBigerca
TorfAa (B anreGpamuecKoM cMuiciIe) 00HOPOIHHM NPOCMPAHCMBOM TPYII-
ost G (Aar., ra. I, § 7, n° 6). Ilyerb £ — rouka n3 K u H, — ee cra-
6unusarop. IlempepriBHas CIOPBEKHUA § > Sz TPymnH G Ha E KaHo-
HUTEeCKU ITPEJICTABIACTCA B BUIE KOMIO3UIUK

¢ g, 5 E,
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e fy — KaHoHMuecKoe orobpameHue rpymnsl G Ha OJHOPOTHOE
apocrpadcreo G/H,, a g, — Ouexpusa sH, w sz npocrpancrea G/H,
Ha F; mpu sroM, Kak uasectHo (rov. [, § 3, mpennomenue 6), orobpa-
ameHne g, nenpeprieho. OfHAKO g, MOKeT He GBITH ToMeoMopdUaMoM
G/H, ma E (ympakumenue 29). Ecau g, ana xamporo z € E ecrp
romeoMopdusaM, TO K HABHIBAGTCH MONOL02ULECKUM O00HODOOHBIM
npocmparcmeom  (COOTBETCTBYIOLMM TOHOJOTHYECKoii rpyume G);
JJIA 3TOro HeoOXOAMMO M MOCTATOYHO, YTOOH OTOOpasKEHUE S i—> ST
rpyunsl G B E Omno npu gwoboM z € £ oTKpHTHIM,

Heegnomenne 15. /Jas mozo ¥mo6s. monosozuueckoe RPoCMparcm-
60 E, ¢ komopom monorozuyeckas epynna G Oelicmgyem HenpepbigHo
U mpan3umusro, O6bi0 MON0A02UYECKUM O00HOPOOHBIM npOCMPpaH-
cmsom  (omrnocumeavho G), docmamouno, umobe, 0as Karol-aubo
mouku xo € E omobGpadcenue s > ST, npeobpasoswieano 8CAKYI0 Okpe-
cmHocmy  Hellmpaavhozo aaemenma e epynnii G 6 okpecmuocmb
mouku x, 6 E.

B camom nmene, Beakoe x € E sanuckBaercs B Bune £ = try ¢ HEKO-
TOpHIM ¢ € G; eciin V — oxpectHocTh €, To Vz = (V1) 2, ectb oKkpect-
HocTh z, uGo (Vi) zy MomHo 3amucath B Buje £ ((£71Vi) xp), a t1VE —
OKpecTHOCTh ¢ B G U y =—> ty — roMeoMopduam £ Ha cels (1evma 1).
Orcrona BuTekaer, 910 Uz orkphito B K A Kamaoro OTKPHTOTO
MHoKectBa U u3 G ¥ Kassjoro x € E; neiicreurensHo, (71U jaa Kam-
Jioro t € U ectb oKpecTHOCTS €; moatoMy (t~1U) x ecth OKPECTHOCTD Z,
W t((t7*U)x) = Uz — oxpecTHOCTh tr, OTKyZA M Ccjeiyer Halle
yTBEpHEHNe, 3aBeplIamee 0Ka3aTeNbCTBO IPeRTOHeHU.

6. daxmopepynnvt

Meenaoxenue 16, ITyemv G — monoaozuueckas zpynna u H —
ce Hopmaavkbli Oeaumeav. Pakmopmonosozus monoaoceuu G no H
coeaacyemes co cmpyrmypoli epynnv ¢ G/H.

Ilycth z > 2 — KaHoHNMTeCKoe oro0paskenue G na G/H; tpe-

Oyerca moKasarh, 41O (i, Y) p-—»zy"l ecTh HeImpepHBHOe oTobpaskeHue
(G/H) X (G/H) B G/H. TlockoabKy OTHONIEHWE 3HKBUBAJIEHTHOCTH

7ty € H orkpriTo (nemMMma 2), JOCTATOUHO MOKa3arh, 970 (x, y) = zy~ !
ecTh HempepbiBHOe orobpaskenne G X G B G/H (ra. 1, § 5, cnencreue



30 TONOJIOTHIECKHUE TPYIINIBI (3JIEMEHTAPHAA TEOPHUSA) TIJI. III, §2

npefnoxenna 8 u § 3, mpemnosxenne 6). Ho aro Burexaer ua toro,
9T0 IMOcaeqHee oro0paskeHme ecTh KOMIO3UIUA HelPePHBHBIX O0T0-

GpareHuil x =—> zu (z, y) = xy~t.

Bupens, xorma mbi 6yneM ropopurb o ¢axroprpynme G/H Tono-
JIOTHYECKOM Tpyumel G Kak O TOHOJOTMYECKOH Tpymie, BCOAY, Iie
He 0TOBOPEHO IIPOTHBHOE, GyZeT MoApasyMeBarbes, UTO OHA HameJIeHa
axTopromosiorueil Tomosiorud rpynns G mo H.

Heeanomennr 17. Tyemev ¢ —. kKaHoOHUYeckoe omobpaxcenue mono-
aoeuneckoli epynnw G ma gdaxmopepynny G/H. Ecau B — gyndameni-
maavhas cucmemda okpecmHocmel Helimpaabhozo daemenma e 8 G,
mo ¢ (B) ecmb PyndamenmarbHas CucmeMa 0EDECMHOCMEN Helimpaat-
Ho20 aaemenma ¢ (¢) 6 G/H.

9t0 yacTHHIL caywail mpemmomenus 5 § 5 ruaasnr 1.

IIpennosenus 13 u 14 pmaror, B gacrHocTH, AJasg daxTOpPrpywm:

Ivennomennr 18. yems G — monosozudeckas epynna uw H —
€e HODMAALHBIL Oeaumend.

a) Jas omdeaumocmu garmopepynns G/H neobxodumo u docma-
mouro, umobv. H 610 samsnymo ¢ G. :

6) Jas duckpemnocmu gakmopzpynne G/H neobrodumo u Socma-
mouro, ymobu H 6vro omrpumo ¢ G.

Ecau G — Tononornyeckas rpymma, TO 3aMEKaHUe N MHOMECTBa
{e} B G sBAseTCA 3aMKHYTHM HODMAIBHHM JlelNTeNeM Tpymnmn G
(upensorenne 1), u, suasur, G/N oraennmo; G/N HaseiBaercs omde-
AuMoll 2pynnoti, accoyuuposanuol ¢ G.

Heegnomenne 19, Ecau H — duckpemusiii HopMasbHbli deaument
monoaozudeckoti epynnv G, mo G/H aokaavho usomopgro (§ 1, n° 3) G.

B camom pmene, mycrh V — okpectHOCTh ¢ B G, He comepmaias
HU onHoil Touku us H, orauuno# or ¢, ¥ W — CHMMETDUUYHAS OTKPHI-
Tag OKpecTHocTh ¢ B G, miug Koropoir W2 — V. Cymenne Ha W kano-
HUYecKoro otobpamenua ¢ rpynnsl G Ha G/H unvekmusno: meiicTsu-
TenbHO, oTHomeHne ¢ (z) = @ (y) o3magaer, gro z~ly € H, a ecam
€W, ye W, 1o 7'y e W2 < V, orkyna z = y. Ilo mpemnomke-
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gnio 17 cysxeane @ Ha W sABigerca modToMy TroMeoMopdusmom W
gma ¢@(W); rak Kak, KpoMe T0r0, @(2y) = @(z)o{y) maa mro-
6ux z, y ua W, 10 G u G/H noxanbHo u3oMopdmm (§ 1, mpen-
noskeHue 3).

7. Hodepynnst u Parmopepynnsl Harmopzpynnst

IIyers G — Tomonormueckasa rpymoma, H — ee HOPDMAIbHWH emu-~
TCIb M (@ — KAHOHHWYeCKoe oTobOpasxenne G ma G/H. Hax maBectHO
(Aar., ra. I, § 6, n° 13), ecim A’ — moarpynuna rpynmw G/H, rto

$(A’) ecTh moarpymma rpynnet G, comepxaman H. Obparno, ecaw
A — moarpynna rpymnst G, 10 @ (4) — moarpynna rpyonn G/H;
NpH BTOM CYIECTBYIOT KAHOHWYeCKana Ouexnua GaxToprpymnms
A/(ANH) =mna moarpynny ¢(A) rpynon G/H v KaHOHWYeCKas
Ouexnua moarpymunt ¢ (4) Ha Qarrtoprpynny AH/H, n ati Guex-
OUU — M30MODQUSMEL OTHOCHUTENBHO CMPYKMYP 2pYynnul.

Ipennomerue 20. ITyems A -- nodzpynna monoaoeudeckoll epynn st
G, H — HopmaavHuli deaumens epynnut G 4 ¢ — KaHOHUNecKOe omo-
6paxcenue G na G/H. Kanonuneckasn 6uekyus spynnw ¢ (A) na AH/H
ecmb usomop@duam monoaouteckKUur Zpynn.

JTo BHTEKAaeT W3 MpETHAYINX 3aMeuaHwit u npemnosxenus 10.

Kanomanueckan OGuexknua rpynmst A/(ANH) Ha @(A) ecrs
HellpepHBHOE IpeAcTaBierne, 6o moiydaerca akTopusanuei cysme-
nuAa @ Ha A; opHaKo Tomomoruueckue rpynnst A/(ANH) v AH/H,
Boo0mie ToBOPA, He udomopgdub (cM. § 4, ciencrBue 3 npenynoxenud 1).

°BosbMeM, HampuMep, B KadecTse G ajAgnTHBHYW rpynny R Beme-
CTBeHHBIX YMCeJ, B KauectBe H —— rpyuny Z neaslXx 4uces W B Kave-
crBe A — rpynny OZ Ueno4YMCIeHHBIX KpATHHIX WPPalHOHAJLHOTO
yncaa 0. Torga A | H = {0}, Tak yt0 A/(A [\ H) — auMcKpeTHAA Ipyn-
na, usoMopduan Z; nanporms, 4 --H Bcoogy miotHo B R (kak MBI yBu-
omM B raase V, § 1, npeninomxenne 1), n motomy (4 + H)'H, nokaanHo
naomopdroe A 4+ H (upemnoskenne 19), He ABIACTCA ANCKPOTHOM TpyI-
moil ®, 3uauur, He maomopdHo A /(4 N H).,

OIIH&KO CIIpaBeJiNBO cleaymoniee IIPeJoKeHne:

Meepnosmenue 21. ITyemv G — monoaoeuxeckas apynna, Gy —
ec 6cody naomuas nodspynna, H, — samrnymulli HopMasbHbl Oe-
aumeav epynnw Gy, H — e20 samvikanue 8 G u ¢ — KanoHUHecKoe
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omo6paxcenue G— G/H; mozda kanonuseckasn 6uekyua Go/Hy— ¢ (Go)
ecmb usomop@usm monoaoeuveckoli epynnwt Go/Hy na ecwody naomhyio
nodepynny epynnu G/H.

Tar waw Hy = H[ Gy, TO BCe CBOTUTCA K TOKA3ATENLCTBY
TOTO, 9TO OTKPHTOE MHOKECTBO Uy B Gy, HACHIIENHOE M0 OTHOIIEHUIO
z7'y € Hy, apasgercsa caesoM Ha Gy HEKOTOPOTO OTKPEITOTO MHOMKECTBA
u3 G, HACHIIEHHOTo Mo orHomewmwo x~ 'y € H (ra. I, § 3, mpennosxe-
gne 10). Ilyers U — orkpblToe MHOMecTBO B G, IA  KOTOPOTO
Uy = UNGy; rak rag Uy = UygHy, 10 Uy == UH{(Gy; MOCKOTD-
ry UH, orkpeito B G, MOoKHO 10droMy cumrats, uro U = UH,.
Torma muomecrBo UH oTkpeiTo B G M HACHDICHO IO OTHOIIEHHIO
x'y € H; uoraxkeMm, uro UH Gy = U,, 1eM n Oy/eT 3aBepuieHo
nokasareascTBo. Ilyerh uw € U u h € H takoBw, uto uh € Gy; e obaa-
JlaeT cHMMeTPHMYHON oKpecrHoctho V B G, maa kotopoi uV < U,
rak Kak Vh ecTh oKpecTHOCTH kb B G, TO cymecTByer Takoe z £ V, uro
zh € H,. Tax rar torma uz~* € U n uh = (uz™?) (zh), TO MOKHO CUHUTATE,
aro h € Hy. llockonsky UH, = U, saxmouaeM, aro uh € U,.

ITycrs G — Tomosormueckas rpymmna, AedcTByHNas HENPEPHBHO
B TOIOJOTrMYEeCKOM TmpocrpaHcTBe £, u K — ee HopmaavHull deaumens,
comepsxamuiica B crabuanaatope Kaxcdot touru wa E. Hiaa mwoboro
x € E ornomernne s = ¢ (mod K) Buewer, tTakuM obpasoM, s& = Iz,

OTKyJa IocpencTBOM (GaKTOPU3AMNH IOJNyt1aeM OTOODaKEHNe § > ST

rpynns G/K B E; HemocpencTBeHHO 1POBEPAETCA, YTO MPOCTPAHCTBO £
OKA3HIBAGTCA HAMEJEHHHM IPyNmoi oneparopoB G/K mo tax ompeje-

JIGHHOMY BHEIUHEMY 3akoHy (s, z) = sz. Ilpu atom G/K peiictByer
nenpepuigHo B E 1o 3ToMY 3aKOHY: JICHCTBUTENBHO, TAK KaK OTHOLLE-
mue paseHctBa B E u orHomenne s = ¢ (mod K) B G OTKPHITH, TO 3TO

BHITEKAET M3 HEIPEeDPHIBHOCTH OTOODAaKEHUA (S, Z) = ST = Sz NPOMB-
sefennsa G X E B E (ra. I, § 5, caeacrsue mpemnmomenus 8, u § 3,
npenioscenue 6),

ITycrs Temeps G — TomosIorMYecKas IPYyNNa, AeHCTBYIOMAA HEIIpe-
PHIBHO B ToNloJloTMUecKoM mpocrpadcrBe E, m H — moboit ee Hop-
maavHull deaumeas. ['pynma H pelicTByer HempepeiBHO B E; NyCTh
S — ompefieasieMoe €10 OTHOIIEHHE DKBUBAJEHTHOCTH B E, OTKphITOE
no jaemme 2, Ortnomenue S coasacyemes ¢ epynnoi G (n° 4).
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Heitcreurensro, ecin y = z (mod S), To cymecrsyer t € H Taxoe,
qro y = tx, TaK 4TO sy = (sts~!) (sx) mpu aoboM s € G; HO Tak Kak
H — popmanseul pgenurtens, To sts™! € H, 4eM Halue yTBep:KIeHHE
n poxaszaHo. ['pymma G peiictByer, Takum o6pasoM, HeNpephBHO
B E/S mo BHemHeMy B3aKoOHY (s, ¥ (z)) s (sz), rme Y — KaHOHH-
geckoe ortobpaskemme E ua E/S (npemmomenue 11), Tak kak, xkpome
toro, rpynna H cofiep:kurca B crabunusaTope Kaymoill Touku us E/S,
TO, KaK MBI Bufesan Boilne, G/H deiicmeyem Henpepwsno ¢ EIS = E/H

oo BHEIIHeMY 3aKOHY (s, VP (z)) = 1 (sz). OGosnauum uepes R orHO~
meHVEe OKBUBaJEHTHOCTH B F, ompemeasemoe rpymmoit G; Ttorma
oTHOWIeHNe S BieuerT R, um oTHolleHWe 3KBuBaaeHTHoctu R/S B E/S

6ymer ompenenarbca rpymnoit G/H. CnemoBarenbro (ra. I, § 3, npea-
noxkeHne 7):

Meepaomerne 22, ITyemb G — monosozuveckas epynna, deii-
CMeyowWas Henpepyusro @ monososuieckom npocmpancmee E, u H —

ee Hopmaabkull deaumenn, Hanonuneckan 6ueryus E/G na (E/H)/(G/H)
ecmyv 20MeoMopPusm.

Caencreue. Iyemy G — monoaozuneckas epynna, H — ee nop-
maavHull Geaumeav u K — nopmasvnsiii Oeaumensv epynnw G, codep-
wayuii H; wanonuxeckas 6uexyus G/K na (G/H)/(K/H) ecmv uso-
MOPPUIM  MONOAOZUHECKUT. 2DYNN.

Kaxk mm yme sraem (Auxr., ra. I, § 6, n° 13), ara Guexuua ectsb
n3oMop¢guaM rpymm, U, 9ro6H 3aBepmNUTH [OKA3aTeNbCTBO CASACTBUA,

ocraercA IPUMeHNTH mpemioskeHme 22 (K rpymme K, peificTByromeit
cupasa B G).

8. Henpepviéuvle npedcmasienui w cmpozue nopPuamoe

TlpemioERREE 23. Jas mozo, umobw npedcmasaenue | monosoau-
yeckoll epynntt G ¢ monososudeckyio epynny G' Guao Henpepuisho va G,
HeoGxodumo u docmamouro, ¥mobs oHo GbLL0 HenpepuieHo 8 Karoli-4u6o
movyke.

HeoOxopgumocts ycnosusa oueBmgHa. O6paTHO, eciy f HENMPEPHIBHO

-1
B rouke a €G m V' — oxpecrHocTh TOUKM f(a), To f(V') =V
ecTh OKPECTHOCTh TOUKM @; [AA Kaxporo xz€ G mMeeM Tormga

f(2a V) = [ @ (@) [ (V) © f(2) (f @)V, wem ycramopmena
HempepHBHOCTS f B Touke Z.

3 1. Bypbakrn
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HenpepuiBHOE mpefcTaB/ieHNe TONOJOTAYECKoR rpynmnst G B Tollo-
JoruuccKyl rpynny G’ HasmBaerca eme Mopgusmom G B G mua
CTPYKTYP Tomoslormuyeckux rpynn (cM. Teop. mu., . IV, § 2, n° 1).

ITycrs f — HeHPEePHIBHOC IPEACTABJIEHNC TONOJIOTHYECKOH TrpyIi-

~1
nel G B TomoJornYeckyko rpymnny G'; mpooGpas H =f (¢') Heiitpans-
Horo ajiemeHTa ¢’ rpynmst G' ecth Hopmaabkbili dealument rpynms G,
a f(G) — nodepynna rpynmm G'. PaccvorpuM KaHOHHYUCCKYIO

dakropusamuio f = Pofo@, TAe ¢ — KaHOHMYECKOe OTOGparkeHme
G — G/H, ¢ — wanounyeckasg wupbermua f(G) — G u, HaxoHew,

f — 6uekmusehoe HenpepusHoe npedcmasaenue Gaxkroprpynunt G/H
Ha moprpynny f(G) (rax. I, § 3, n®5); f HasnBaeTcsa OGMeRTUBHEIM IIPef-

cTasneHneM, accoyuuposarnym ¢ f. BooGme rosopsa, f He aBaserca
n30MopQU3MOM TOMOJOTHIECKHX TPy,

Ilycth, HampmMep, G’ — HeJUCKpeTHAs TOMOJOTHYECKAS Trpyllila
1 G — TomosoridecKas Tpymna, TMolydacMas LiyTeM Hajedenus G’ jauc-
KpeTHoil Tonomorueil; TommecTBeHHoe oToOpaxkcuume G B G’ eCTh Helpe-
puBHOe OWeRTHBHOC TIPeiCTABJCHIE, HEe HBJAINEECA B3AUMIO Heilpe-
PBIBHBIM.

Onregenerue 1. Henpepusroe npedcmasaenue [ monosozuueckoii
epynnw G 6 monoaozudeckylo epynny G' naswsaemes cmpozuM mopgus-
mom (unu eomomopgusmon) G ¢ G', ecau Guexkmugnoe npedcmasiernue

f epynny G/ }l(e’) na f (G), accoyuuposannoe ¢ f, ecmv usomopgusm

monoaozudeckuz zpynn (LHLMU CA08aMU, ecall | 83AUMHO HenPepLIBHO).

Takum o6pasoM, udoMopduaM TONOJNOTHYECKOII rpynns G Ha TOMO-
Aornueckyw rpynny G’ ectb OumextmBHMWIl cTpormit Mmopdman G B G,

Teepaomerne 24. [ycmy f — Henpepughoe npedcmasierue mono-
sozuveckoli epynnu G 6 monoaozuxeckyio zpynny G'; caedywowue mpu
ymeeprcOeHUR PAGHOCULLHDL:

a) f ecmb cmpozut moppuanm;

6) o6pas npu f ecaKozo0 omkpwmozo mrodxcecmsa ud G ecmb omKpyi-
moe muoxcecmso ¢ [ (G);

B) 06pa3 npu f awboil okpecmuocmu Helimpaabrozo asemenma 8 G
ecmi okpecmHocmb Helimpaavhozo daemenma 6 | (G).
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C yueroM jJieMMbl 2 PABHOCHIABHOCTH a) M ) BLTEKAeT cPady U3 oImpe-
nenenmit (ri. I, § 5, mpemiosxenne 5). PaBHocuiabHOCTh 6) M B) ecTh
NaCTHHIA cay4ail mpemaoskenusa 15, ecam samernth, 4ro G meiicTByer
penpepuiBHO B f(G) mo BHEWHEMY B3akoHY (s, f(t)) —> f(st).

dameuwanusn 1) B cuny ycaoBus 6) npegnoxenus 24 Bcaroe
eI PEPRIBHOE TPECTABIEHNC TOHOJOTHUECKOH TPYINLL B QUCKkPemHYyIo
rpynny ectb cmpozuli Mopghuam.

Ecam rpynma G komnakmua, a f(G) omdeaumo, 10 OMEKTHBHOE
upefcTaBieHnE f, accoUMpoBaHHoe ¢ f, B3anMHo HempepniBuo (ra. I,
§ 10, cnencraue 2 teopembt 1 u caemcrBue 4 mpemsokeHUs 5); ciemo-
BATENBHO, 6CAKOe HEenDepHgHoe npedcmasieHie KOMNAKMHOU epYnIb
6 omdeaumyio epynny ecmbv cmpozuli Moppuan.

2) Ilyers f — crpormit Mopduam G B G' m g — crporuit Mopduam
G' B G"; ecau [ clopvekmueHo WU g UHBEKMUEHO, TO U3 hpemmme-
uns 24 cpasy caejnyer, uTo g o f ecth crporuit Mopduam G B G”. Hanpo-
TAB, TOCAeMHEe Yike He 00A3aTelbHO BEPHO, KOTA He BHIIOJIHEHO
1M Of{HO 3 YKA3AHHHIX ABYX IPEAIOJOMKEHUI, aXe eCid [ MHBCKTUB-
10, & g CIopBeKTUBHO (yupakuernue 19).

3) Ilycrs f — HempepwBHOE Ipe;icTaBIeHNe TOMOJOTHIECKOI IPyI-
ust G B Tomodormieckyo rpymny G' m H — HopMaJbHHI [NeduTern
rpynnsl G; f mopokaaer mocpeicTBoM (GAKTOPHBALUHN IMpeACTaBIeHUEe
g rpyonst G/H Ha Qaxroprpymny f(G)/f(H). 3to 1upeacrasienme
nenpepuigiio (ra. I, § 3, cnencrsue npepaokenus 6). Kpome roro, ecain
f — cmpoeuti mopgusm G B G', 10 g — cmpoeuli mopgusm G/H na
7 (GY/f (H); neiictBurennHo, nycth U — oTKpHTOE MHOMecTBO B G/H
w ¢ (cooTB. ¢') — KamoHMUecKoe oTobpamenme G Ha G/H (coots.

$(6) ma £(G)If (H)); rorra g(U) = ¢ (f (3 (U))), w max wax @ (U)
orepeiTo B G, To g (U) orkpuito B f(G)/f (H), oTkyna u caemyer mame
Y TBeDIKAEHNE.

9. IHpouasedeHUe NMONOAOLUHECKUX ePYNN

ITyers (G)), ¢ 1 — ceMmeiicTBo TomomOrnueckux rpynn. Kak ussecrrno
(Aar., ra. I, § 6, n° 3), sakon kommosmmuu (z,) (y,) = (r,y.) ompe-

Jeiser B IpouwsBefeHMM G = “ G, CTPyKTYpy Tpyuns (HasbiBae-
VET

My npoussedenuem CTPYKTyp rpynm B G,); mpd IToM, ecam e, —
3
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HeliTpaJbHHI 97eMeHT B Gy, To ¢ = (¢,) — HeHTpanbHE 3aeMeHT B G,
a (z)! = (27"). Ipoussedenue monosoeuss (ra. I, § 2, n° 3) rpynn
G, cozaacyemcs ¢ yKasaHHON CTPYKTypoit rpynnel B G. JelicTBuTe b~
Ho, oToGpaxkenmne ((z,), (y,)) = (zy;') npousBenaerua G X G B G ectsb
KoMmosumua  orobpaskenus  ((x,, y,)) — (zy') nTpousBeneHUs

[IG x G) B G n xamommueckoro orobpaskerma ((z.), (y.)) —>

ve I

> ((z,, y)) mpomasegenus G X G Ha H (G, X G,), npmnuyem o6a
vel

atn orofpaskerns nenpeprBHu (rn. I, § 4, caemcreue 1 mpemmoxkenus
1 n npeamomenue 2).

Onpeneneune 2. Tonoaozudeckas apynna, NOAYYeHHAS RYmMeMm
nadeaenun mroxcecmsa G = H G, npousgederiem 2pYnnosuT CMpyKmy p
ve T

epynn G, u npoussedeiuem monosoeuli spynn G,, Hasweaemcs npous-
gedernuem monoasoeuveckuxr zpynn G,.

HaxoBo 6u BY 681510 pasbuenue (Jy)y ¢ k MEOXKecTBa I, G maoMopd-

HO IPOM3BEIEHNI0 TONOJOTMYeCKUX TIPyNI ” G, (accormaTUBHOCTH
J

ved,

[IPONBBEOHNA).
TiponsBesieAne TOHOMOTMYECKMX HNoArpynn H, TONOJTOTHIECKUX
rpyna G, n3oMopHO TOMOJOTHUECKO HoArpymie HH; TOIOJIOTHIE-
L

CHOM rpyUnH HGL. B 4acrmoctw, nycts J — mpousBoJdbHOE IIOA-
4

MHOMecTBo MHOMectBa | u J' = CJ; Tomonormueckas rpymma “

HaomopdHa  HOpMambHOMy fgenuTenro Gy = H G) X (H {eL})

rpymiet G. ITOCKONBKY HPOERIMA BCAKOTO OTKmeoro MHO}KeCTBa

OTKDHITA, IIPOCKIMA Pr; rpymmH G Ba [| G, ects cmpozuti moppusn;
ved

caefoBarensHo, akroprpymna G/Gy; uaoMopdua Gy: G msomopdHa
npousseneruo G X (G/Gj).

Ieegnoswerne 25. IHycmb (G,), ¢ 1 — cemelicmeo monoaozuyeckux
2pynn u H — nopmaavnbiii Oeaumenb epynnu G = [] G., obpaso-
LET

eannoli memu ssemenmamu r = (r,), 6 Komopux x, Oan ecexr, Kpome
KOHEUH020 HUCAA, UHOCKCO8 DABHO HEULMPAAbHOMY dteMeHmYy e, epynnu
G,. odepynna H ecrody naomna 6 G.
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910 9acTHHIE cayqail npegnoxcenas 8 § 4 raasw I,

ITycrs (E\), g1 — ceMeficTBO TOIOJOTMIECKHX HPOCTPAHCTB M G,
IJIA KayRgoToL € ], —TOoNoMorAYec KasA Ipynna, AeiicTByomas HellpepuB-

"o B E,. OueBunuo, rpynmna G = H G, feiicTBYeT HEIPEPHIBHO B IIPO-
vE

crpaacree E = || E, mo smemmemy 3zaxomy ((s), (z.)) >
eI

> (s,7,) (ra1. 1, § 4, cnegcreue 1 mpemnokenvsa 1 ¥ mpenmoskenue 2);
KpoMe Toro, opburoill Touku z = (z,) ud E orHocuTensHO .-G CAYIKHUT
nipousBenenne opbur touek r, (oTHOCcHTenbHO rpymn (). Ilycrs ¢, —
KaHOHMYecKoe oroGpaskenme E, ma E,/G, m ¢ = (¢,) — orolbpaske-

gue E mHa “ (EJG)), sBaswomeecsa npousBeneHueM 0TOGpaskeHAH ¢, ;
VET

opempiAymiee 3aMEYAHHE IIOKABHBAET, YTO KAHOHMYECKAsA OMeKIHA,
accoIMupoBaHHasd ¢ @, orto0paskaer npocrpadHctBo opbur E/G na

I] (E./G.). Kpome Toro:
[}

el

NMeegmomenne 26, Buekyus E/G na [](EL/Gt), KQHOHUNECKU
tel

accoyuuposannan ¢ (@), ecmv 2oMeomopgusm.
B camom pmese, TaK KAaK Bce (¢, CIOPBEKTMBHE M OTKPHITH, TO
¢ = (@) orkpuro (ra. I, § 5, cuemctBue mpeamokenus 8).

CnepcrBue. ITyemo (G), g1 — ceMelicmeo monososuneckux 2pynn
u H,, 0an kaxcdoco. v € I,— nopmarvhuli deaumeav zpynnuw G; o6o-
3HauuM uepe3 @, KaHoHuueckoe omobpaxcenue G, wa G/H, u noaoscum
G = H G, H= H H,. Buexmusnoe npedcmasaenue G/H na
V€L vel
[_1 (G,/H\), accoyuuposarioe ¢ HenpepbieHbiM npedcmagienuem (I,) >
o

— (¢, (2,)), ecmb uszomopiusm monosoeuieckux epynn.
B camom pene, 3ro mpeacTaBieHne SBJIAETCA M30MOPPHIMOM AJisi
IPYOIOBHX CTPYKTYP.

daMeuanne, Ecm G — xommymamuenas TODOJOrMYeCKan
Tpyona B ajy{RTUBHOi 3amucH, To oTofparkeHue (z, y) > z + y mpous-
BeeHNA G X G Ha G ecTh cmpozuti Mopdusm;, HeHCTBHTENBIO, OHO
ABNAETCR npedemasaenuexn G X G na G, ubo (z-42') -+ (y + ) =
= (z -+ y) + (2’ -+ y’); oHO HempeprIBHO, M, HaKOHeL, 06pas OKpecT-
Hoct® V X V mawama B G X G mpm 5ToM oToOparkeHmH ecTh OKpecT-
Hocth V + V wavana B G.
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10. IToaynpamsie npouisgedenun

llycrs L, N — moarpynnu rpymns G taxme, uro LN = NIL;
U3 9TOT0 COOTHOWEHHUA CPasy ciaefyer, uto LN ectrh nodzpynna rpyumnu
G, wubo (LN) (LN)™* = LNN-L-'= LNL = LLN = LN (Auxr.,
ra. 1, § 6, n° 2, saveuanue 2 nocje mpemiosenns 1). Ipome Toro,
aaa toro arolu orobpaskeHue ¢: (z, y) —> xy npoussejicnna N X L
B G ObUIO UHBekmUSHO, He00X0mMUMO M MOCTATOYHO, 4ToOH N (L =
= {e}. HeitcrBureasH0, HEOGXOUMOCTD YCIOBIA OYeBUIHA; 06paTHO,
cootHomernue 2’y = gy A z, &’ m3a N ny, y' ns L Bueuer 2712’ =
=yy' '€ NNL, rag uto ecnu N\L = {e}, T0 ¢ HABEKTUBHO.
Taxkuv o6pasoM, mis Toro urtolGnr @ OwuIo GuekmusHno, HeoOXoau-
MO W HOCTATOYHO, uToOB BHIOOJAHAJNCH yeiopua LN =G n
NNOL = {e).

Ecan N — nopmaavhnii deaumeas rpynnst G (uim, 6odec oGmum
o6paszoM, HeKoTopo#t moarpynms rpymmet G, comepmamein N | L),
1o yeaosue LN = NL swmonweno apromatwyecku (Aar., ra. I,
§ 6, reopema 6). IIpu srom oroOpaskeHme 0,: z > yzy~' Oyaer s
Kaporo y € L asmomopdusmom rpynne N u

Cup = 0,00, (1)

IasA Mo0eIX 3JIeMEeHToB u, U M3 L; KpoMe TOTO,

(@y) («'y") = (20, (') (yy') 2)
A mobeix z, 2’ s Nuy, y us L.
Od6partHo:
Mregnoxerus 27. Hyemos N, L — Ose epynnwt u ¢, ¢” — ux neli-

mpaavhbie oaemenmui. IIpednosoxcum, wmo 3adanc npedcmasicHue

y +> o, epynnw L ¢ epynny T' ecex asmomopgusmos epynnw N. Toe20a:

1° Ha npoussedenuu S = N X L enympenHruill 3akorn Komnosuyuu

(x, y) (s y') == (20, (&), yy") (3)

onpedeasem cmpykmypy epynnvi, dai Komopol ji: x> (x, €") ecmb

usomoppusm epynni N na Hopmasbnbili Oeaumeavb zpynns S,

jor Yy > (€', y) — usomopgpusm epynnv. L na nexomopylo nodzpynny

epynntt S u pry: S —> L — clopwexkmugnoe npedcmasaenue ¢ A0poM

ji (N) makoe, wmo pryoj, ecmb moxcOecmeeHnnil asmomopgdusm
epynnw L.
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2° Myems f: N — G, g: L — G — dsa npedcmasaenus 8 epynny G,
a8 Komopux

Toy(2)) = gW)f(@)g™) (4)

npu awbuzx £ € N, y € L. Toeda cywecmeyem, u npumom edurcmeeH-
noe, npedcmasaenue h: S — G makoe, wmo f = hoj; u g = hoj,.
Nua z, 2, 2" na N uy,y, y" us L umeem

((z, ) (', ¥') (2", ¥y = (20y (=), yy') ("5 ¥") =
= (x0y (z) Oyy’ (x"), yy'y")

(z, y) (&', y) @', ') = (2, y) ("0 (z), YY) =
= (zoy (z'0y (2)), YY'Y");
TAKUM 00pa3oM, acCOLMATHBHOCTH 3aKOHA (3) BHITEKaeT N3 TOrO,
aro y > 0, ectb npeicranirenne L B I, a 0, — aBToMopduaM rpym-
ust N. Hemocpeacrserno sicHO, uTO (€', ¢”) — HEHTPAIbHBIA 3;I€MEHT
OTHOCUTEJILHO 3aKoHA KoMmosumuy (3); HaKoHCI,

(z, y) (Olr‘ (x-l)v y—l) = (01/‘1 (x~1)v y-l) (x, y) = (6’., e"),
a4eM JO0Ka3zaHo cyilecTBopamme B S ajeMeHra, o6parHoro K (z, Yy).
Ocranbusle yroeps;iaeEnsa nyakra 1° ouesmngmst. C Apyroil cTOpPoHEH,
TaK Kak (z, y) = (z, ") (¢’, ¥), To mpeacraBienne h, yIOBIETBOPAI-
iee ycaoBuaAM mTyHKTa 2°, TAKOBO, uro meobxommmo h(z, y) =

= f(x)g(y), u, 3HAUMT, eJMHCTBeHHO, ec.TM OHo cymectByer. Hpome
TOro, Ha OCHOBAHMY (%) sICHO, 4UTO

fo, () elyy) =Ff@eW i) e NegWeW) =
=f@) g fE)eg W),

YeM foKasaHo, uto (z, Y) V> [ (z) g (y) pelicTBUTENBHO €CTH Ipe/i-
craBrenne § B G, YAOBIETBOPAKINEC YCIOBUAM IyHKTa 2°,

Caegcreue. Jas mozo umobw npedcmasaenue h, onpedeserioe
¢ nynkme 2° npedaoscerusn 27, Griao unvekmueno, Heobzxodumo u docma-
mouno, umobt, f u g 6wau unwvekmusnv, a f(N)Ng(L)={e}; daa
mozo umoGbt h Oviao ClopBeKmugHo, Heo0rodumo u docmamouro, wmoou
[ (N)g (L)=G.

Mockonsry h(x, y) = f(x) g (y), BTOpOE YyTBEp:NEHNE OYCBUIHO;
KpoMe Toro, U3 (4) caenyer, uro f(N)g(L)=g(L)f(N), u motomy
luepBoe YTBED/KACHWE BHITEKAET M3 CKA3aHHOTO B Hauane n°.
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Tpynma S, oupenenennas B mpegsoskerun 27, Ha3BIBAETCH GHeu:-
HuM noaynpsmum npoussedenuem rpynn N m L (orHocHTCIBHO O);
npu 3atoM N (cootB. L) o6HYHO OTOIECTBIAIT ¢ HOPMANLHHM AeJU-
TeneM jq (N) (coorB. moprpymmnoit j, (L)) rpyonet S. B cayuae, xorga
0, ecTb HeHTpaxbHEI aneMenT rpynmsl [' mis kaspmoro y€ L, moay-
qaeM CHopa OOLIYEOE MOHATHE nPpousccOerus [IBYX TDYII,

ITycrs Teneps G — rpynma, a L m N — fBe ee MOArpyIIK TaKue,
aro LN = NL u N — nopmaswvnui Oesumear B NL, Tar uro
0, v+ yry ' pua kawgoro y € L ects aBroMopduaM rpymus N, a
y —> 0, — mnpeacrasienve rpynns L B rpymny ' aBromopdusmon
rpyanun N, Torpa us npepgnoskennsa 27 BriTeraer, 4ro h: (x, y) —> zy
ecTh npedcmasgaeniie B G BHEWIHEro IMOJYIPAMOro HPOM3BeAeHHA S
rpynn N n L (orHOCuTenbHO 6). Jas Toro uroGsr oHo 65110 OMeKTHBHO,
HeoGxomuMo m pocrarouno, Uro0nt N (1L = {e} uw NL = G (caen-
cTBUE mpemyioxkenua 27); Toraa rpynny G Ha3LIBAIOT ROAYRPAMBM
npouseederiiem ee HopManbHOTO geauteia N u Dogrpynnst L u wacro
OTOKIAECTBIAKNT ¢ S MOCPEACTBOM F.

Meegaomenne 28, ITyemv L, N — monoaozuveckue epynn
u y ~—>0, — npedcmasaenue zpynnt. L 6 epynny T’ ecex asmomopgus-
Mmoe cmpykmypy (He mononozuueckoii) epynnvt ¢ N. Ilpednosoxcun,
umo omobpaxcenue (&, y) V> o, (z) npoussedenus N X L ¢ N nenpe-
prgno. Tozda:

1° Ha snewnem noaynpsamom npouseedernuu S epynn N u L omno-
cUMeAbHO G npoussederie mMonoso2ull apynn N u L coesacyemes co
cmpykmypoil epynns; KaHonuueckue unvekyul ji: N — S u j,: L — S
aeasiomes usomopguamamu monoaoeuneckuxr epynn N w L coomeem-
cmeenno Ha nodepynnst ji(N) u jo(l) monoaosuneckoti epynnu S,
a pry, ecmb cmpozull mopgpusm epynnst S Ha L.

2° ITyemuv f: N - G u g1 L — G — nenpepuignvie npedemasaernus
8 monoaoeuseckyio zpynny G, ydosaemsopatowue ycaoguio (4); moeda
accoyuuposannoe npedcmadaenue (x, y) —> f(z)g (y) epynnu S ¢ G
HenpepuLeHo.

IT0 NpemnoMkeHNe HEIMOCPEeACTBEHHO C.lefyeT U3 OIpefeleHN
M CBONMCTB IPOM3BEJEHUA TOMOJOTH,

Tax onpefieIeHHAs TOIOJOTMYECKasA rpynna S HasHBAETCH GHelil-
HUM MOROAOZUHECKUM NOAYNDAMHIM npousgedenuem tpyun N u L
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(OTHOCHTEIBHO CO); 3aMeTHM, 9TO M3 YCJIOBUs, HAJI0MKEHHOIO HA O,
puiTeKkaer, 9ro L delicmeyem Henpepwieno caecéa B N To BHemmueMmy
3akoRHy (z, ¥) > 0, (z) (n° 4).

Ilycrs Temeps G — Tomonorudeckas rpynmna, a N u L — ee mog
IPyUOH Takue, uTo G, KaK TpPymna, He HaJeleHHAsA TomoJorwei,
ABJIAETCS noaynpamuim npousgedeniiem N w L; torga sicHo, 4TO OTO-

Gpascennue (z, y) +—> 0, (x) Henpepriso B N X L n GmektuBHOE KaHO-
HU9ECKOE mpeAcTaBiaenue h: (x, y) == zy Tpynnsl S B G Henpepuigho.
Ho ato mocaxegHee mpeacraBienue He o0s3aTeNbHO 63aUMHO Henpe~
pPHEHO; B CcJaydYae, KOrJa OHO B3aMMHO HeNpepHBHO, G HasBIBaCcTCA
monoaoeuteckum noaynpamvim npouseedenuem N u L. Jlns roro
400 3TO MMEI0 MecTo, HEOo0XOAUMO M [OCTATOYHO, YTOGLI OZHO
u3 orobpamenuit p: G — N, ¢: G— L, otHocsmux KaskaoMy z € G
ofHo3HAYHO onpemenenuse p (Z)EN u q(z) € L, 1maA KOTOpHX
z = p (3) q (2), GBLM0 HenpepusgHo (B 3TOM ciaydae OymeT HempepHIBHO
H npyroe). 910 paBHocwABHO TpeGoBammio, 4TOGB cy:eHue Ha L
KaHOHHWYecKoro otoGpamenus G — G/N spasmocs usoMopduaMom
TONOJIOTHYECKOl rpynnu L Ha Tomo.gormueckyio rpymny G/N.

Ynpamienns

1) PacopocTpaHnTh Ha UOAYTOUOJOUWIECKMe IPyIuel (§ 1, ympam-
HeHme 2) ® maparomojioruuecxkne rpynmu (§ 1, yopasknenre 4) upepsosxe-
aua 3, 6, 7, 9 n ciefcTBEe MpefJIoMeHndd 4.

2) a) Pacnpocrpanmnth HA modyronosiorndeckme rpynmsr (§ 1, yompasks
genme 2) mpemaoskenua 1, 2 u 4. [Urofu yGemguTbecd B TOM, 9TO 3aMel~

Kaame F moprpymmsl A ecTs MOArpYNNa, 3aMEeTHTH cHagaxa, wro s — H
LA KayKgoro s € H.)

6) Iycrs G ects rpymma ZN) w ¢; (i € N) — ee saeMenT, Bce Koop-
AMHATHL KOTOPOTO PaBHEI HYJIO, 33 MCKOYeHnneM i-i KOOPARMHATH, DPaB=~
HOR 1. O6GosHaumm wepes V, Has Kamporo n € N MHOMKECTBO BceX z =
= (z3) € G raKmxX, 910 z = 0 man k < n ¥ zy >0 paa k> n. Muowke-
crBa ¥V, ofpasyloTr $yHAAMCHTAJLHYI0 CACTEMY OKPECTHOCTEH HYJIH AJA
TOHOJIOTRH, NpeBpamaKmei G B OTACINMYI0 TAPATOMOJOTNIECKYIO I'Pyn~
ny. Ilycrs H — pourpynma rpynnn G, TMOPOKAGHHAA JJEMCHTaMM
eo + e, (n > 1); moxasars, uro H guckpersa B G, HO He 3aMKHYyTa, W 4TO

H me ectp moprpyuna rpynmu G.

3) Jlate npmMep HEOTAEJAMMON TOMOJOrMIECKOH TPYNOEI, LEHTP
KOTOPOl HO BAMKHYT M WMMECT CBOUM BaMBIKAHUEM HEKOMMYTaTHBIYIO
noarpynny (cM. § 1, ynpasnenne 1). J[aTs mprMep moayToDoJorudecroii
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TPYHDEL ¢ TOMU K€ CBOMCTBAMHU, B KOTOPOi# BCAKOC OAHOTOYEUHOE MHOMN(E-
crBo 3aMrHyTo (cM. § 1, ympamuenue 206),

*4) a) B moxyromosiorndeckoil rpynne G nepecederine BcexX OTKPHITO-
3aMRIYTHX OKPECTHOCTEHl HONATPAJBHOIO dJeMEHTa e €CTh 3aMKIlyTasi
moArpynna H, uHBapHAlTHASs OTHOCUTENLHO BCEX aBTOMOPQHM3MOB Ipyl-
nu G, [3ameruts, 9T0 G 116 JOnYCKaeT pas3buenns Ha /Ba OTKPHTO-3aM-
KHYTBIX MHOM(ECTBA, Ka){[0¢ U3 KOTOPHX Nepecexaercs ¢ H.]

6) OnmpemeanM Ha MHOMKCCTBE (3§ BCeX HOATPYHD Tpyniml G oTobpa-
FKCHHO (@, COMNMOCTaBJsIOMee Ka)Aoil noarpyone H rpynusl G DOArpynmy
@ () B If, ABIAIOMYIOCH IEPECCIYCHIICM BCOX OTKPHITO-3aMKHYTHIX OKpecT-
1tocTeil HelTpaJybpHOro ajcMenTa e B H, Paccmorpnm B MHOCCTBE (¥, yHO-
PsITOYCIIHOM IO OTHOIUCHAIO O, yensb ' IpynnH (G OTHOCHTENBHO OTOGpae-
uus ¢ (Teop. ma,, ra. III, § 2, ynpaskuenue 6). [loxazaTs, 9T0 HAUMCHB-
mas U3 HOArpynn, obpasylomux I', ecTh CBA3HaA KOMIONEHTA DIEMEHTA e
B G. [3aMeTuTh, 9T0 dTa HAMMEHLIIAA DOATPYnna heoOXOmMMO CBA3HA. |

5) Iloxyromodorngeckas rpynna (G HasKBAaETCH K#a3UMONOLOLUNECKOL,
ecau ee oTobpaKeHne z b—> raz ' B cefd Jis KaMOro a € G HENPEePHIBHO.
Besikasn DoslyTonoJoruuecKas KOMMYTATHBHASM TPYIIa fIBIsETCA KBaB3uUTO-
HOJIOTHICCKOM,

a) IlokazaTk, 9TO B KBa3MTOLOJOIMUCCKO{ I'PYNNC HOPMAaJM3aTO)
3aMKHYTO# DOAIPYNOH 3aMKHYT.

6) Ilyers G — KBa3MTONOJNOTHYECKAH T'PYINA, NOPOMKAAeMas KamAoil
OKPecTHOCTBI0O HEHUTpaJplIoro JJjeMeHTa e (coors. cBAsHas). [loxasars,
970 BCAKWIl AUCKPETHHIl (COOTB. BIOJIHE HECBABHEIA) HOPMANDLILIT memu-
tean DD rpynme G comepmurcst B ee neutpe. [IToxasars, 910 ecam a € D,
TO CYUICCTBYeT TAKafd OKpecTiocTh V piaementa e, 910 zaz™! = a gas
Beex z € V. ]

(Y :
°s) Ilyets G—rpylina MaTpuy (y x) ,rac z > 0 n y — BemecTBeH-
uele gucaa, Ecam oroxpecrsuth G ¢ MaomecrsoM 3 R? mocpepcrBoM
10

yx
R2, corsacyercd cO CTpyxrypoir rpynns. Ilycrs H — HOpMaJIbHHEIE AcIn-

oToOpasKeHnd (x, §) = ( ) , TO TOomoJIOTMA 7 ¢, MHAYUNpPYEMaa B G u3s

. 10 ..
TeJIp 'PYDOK (G, COCTOAMMI U3 MAaTPRL, (y 1) , u H* — ponoanenue 1ucii-

TpaJabioro sgemenTa B H. BeegeMm Tomosormio .7, MasKopupyRmy®o 7 o,
mpunsAs 3a QYHZAMEHTANbHYI0 cMCTEMY OKpecTHocrteil e B G mepecedenusn
oKpecTiiocTeit ¢ B Tomosoruu 7, ¢ pomoanenuem K H* B G. Iloxasarth,
9T0 B 3T0il TONOJOTUU (G eCTh CBA3HAA NOJYTONOJOruIecKas, HO e KBa3u-
TOmOJOTHYCCKAA, rpynna, a H — AncKpeTHas HOATpYNOA, HE copgepxa-
manacs B LEHTpe.,

°6) Ilycte G — oproronadsHaa rpynma O, (Q), OTOKASCTBIAGHHAH C
TIOANPOCTPAHCTBOM DpocTpancTea Q4 Bcex MaTpuu BTOpOro nopsanka nag Q;
TONOJOI'NA, HHAYUMpYeMas B G nd Q4, corjacyeTcsa cO CTPYKTYpoil Irpyn-
ne. Ilokasarb, YTO KOMMYTAHT I'PYNOH ( He 3aMKHYT M MMEeT CBOMM 3a-
muxanaeM rpynmy S0, (Q). [Cm. Aar., ra. IX, § 10, ynopamnenuo 3.],
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7) a) IlokasaTp, 9YTO KOMMYTAHT CBABHOU KBAaBUTOMOJOIMIECKOI
(yopakueune 5) rpynmoel G csased. [Ilyctes Pj — MHOMECTBO BCOBO3-
MOKHHIX NPOM3BEAEHRI & KoMMyTaTOopoB 2~ly~}ry; mokasaTs, 9t0 P ecTb
O0BeANHCUN® CBM3HHIX MHOMKECTB, KajKA0C M3 KOTOPHX NePeceKaeTcs
€ Ppy.]

6) Ilycte G — OCcxoHednasd TIpynma € KOHEYHHIM KOMMYTaHTOM
(nampuMep, IpON3BefEHN® HEKOMMYTATHBHOW KOHEYHOIl rpynmsl Ha Gec-
KoHEUHYI0 KoMMyTtarusnyl). Hapmesemnasa Ttomojormeit, oIlpefesneHHOI
B ympamuenuu 26 § 1, G ectp cBAsHAaA TMOJYTONOJOTUYECKAad Cpynna,
KOMMYTAaHT KOTODO#t HCCBA3CH.

*8) Ilycte G — KBAaBUTODOJOTMIECKAA TIpynma (yupamuenme 5),

a) Pacnpocrpanuts na G mpepiosxenue 8. [I[loxasars cHagaja, 9T0

zKz' C K pam Beex z € H.] Jlats NIpUMEp DOJYTONOJAOIMIeckoil,
HO HE KBa3HTOIOJOTMYECKOH I'PYDNH, AJIA KOTOPOil npeanomenne 8 Heep~
HO (cM. § 1, ympamkuemme 206).

6) Ilycty H, K — moprpynmel rpynmst G Tarue, 910 I DK
u K comepskur xommytant rpynmut H. flokasaTs, uro K COEepMUT KoM-
myrasT rpynms H. [Amamorwummi merop. )

B) Brsectn ua G), 910 ecam B G BCHKOE OMHOTOYCTNOE MHOMKECTBO
3aMKHYTO, TO 3aMBIKaHue B G BCAKO paapeniumoit (Aar., ra. I, § 6, ynpass-
uenue 14) (cooTB. KOMMYTATHBHOI) DOATPYNNH PaspelinMo (COOTB. KOM-
Mytatasho), [PaccMOTpeTs AJMHY D[OCISNOBATENLHOCTE NPOU3BORHLIX
IPYON paccMaTpuUBacMOM n[OATPYILIEL. |

9) Ilycts G — KBasuTomoJioTMYeCKada rpynma, Il — ee 3aMKyThlil
HOPMAJILIIEIA HEJNTeNDL, copepmammit koMmytant rpyunst G. IToxasarn,
9T0 €ciu cBA3HAA KoMOoumeHra K mneiiTpaisiioro amemenra e B Il paape-
nIuMa, TO W ero csasHaa Kommoucura L B G paspemnma. [Hcnmounays
yIOpaskueHne 7a, DoKasaTh, 970 K COAEPKMT KOMMYTAHT rpynmml L.]

10) Tlycte G — KBa3uUTONOJNOrMYECKAd TIpyOOa, B KOTOPOH BCAKOC
OJHOTOYETHOC MHOKECTBO 3aMKHYTO, & HeilTpajbHaa xoMmmoneHra C TaKo-
Ba, 910 G/C noncdno. [Torkasars, 910 eciau G/C cOCTOMT U3 & DJIEMEHTOB,
TO MHOMECTBO BJIEMCHTOB zaz™), CONPMKENHHX K 2JOMeHTY a € G, Oec-
KOHEYHO ujau cofepmur camoe Ooxsmee k siaemenTos. [Pacemorperh
0TOGpaKeHU® & = zaz~! IpynmH G Ha 5TO MHOECTBO.] B dwactmocty,
ecan G CBA3HA, TO MHOMECTBO CONPAMCHHBIX BJIEMEHTOB MJIA KamAOTO
a, He NpUHAJJeMKalwero ee UEHTPY, GEcKOHOTHO,

11) ycrs G — rpynna (HajejieHHAd TOMOJIOTHEll wiaM uer), peii-
CTBYOIIAA B TOHNOJOTMYCCKOM INpocTpaHcTBe E TaK, 94T0 KaxKgoe orobGpa-
JeHne zh-»sr (s € G) npoctpanctsa E B ce6a HenmpepriBHO. PacmpocTpa-
HHTh HA 3Ty CHTyamuio pe3yiabTatel n° 4.

12) Myere G — DoayromojormdecKas (COOTB. IApaTODOJOTWIGCKAs:,
KBA3UTODOJOTNYECKaA) Ipynna u H — ee HOPMaJIBHHIL AeIMTCHdb.

a) Iloxasate, 910 (axroprpynna G/H, vHapgemennas (GaxTOpTOIOIO-
rmefi romojgormu rpymmel G mo H, ecTe moayTomoJsorudgeckas (COOTB,
IapaTomoJIOTNIecKasi, KBa3UTONOJOrNIecKan) rpymnna.
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6) PacmpocTpaHUTh HA MOJYTONOJOIMICCKHE (COOTB. IAapaTONOIOrH-
9ecK¥e, KBasNTOMOJOrMYeCKHe) TPYLIE peayabTaTe n° 7,

13) Ilyeres G — moayTOmojOormuecKas (COOTB. MAPATONOJOIHYECKAn )
rpynna u H — ee pclofy miIoTHas NOATpynna. KHaxosa Ttomodorma ogHo-
poaxoro mpocrpauncrsa G/H?

14) Ilycre G — moayTomoJiorudecKana rpynna n J{ — ee nHopmaioHR#A
meantens. IlokasaThb, 9TO MONYTOMOJOTMYeckaf rpynma G/H usomopdHa
oTAeJMMOM T'pymme, accomumpoBannoit ¢ G/{7.

*15) Ilycth G — KBa3HTONOJOTMYECKAA IPyHNa, B KOTOPOil BCAKOE
OJHOTUYeH1I08 MHO;KecTBO 3amixuyTo. Ilokasats, 9T0 ccau G paspemnma,
TO OHa 00Jaji@eT KOMIOBMLMOHHEIM DPAXOM, COCTOAINUM W3 aaMKiymMBHZT
noArpyni, GakTOpPH KOTOPOro KOMMYTaTuBHH. [Bectn mHmyxuuio mo anm-
HO TOCNeJ0BATeIHHOCTH TPOMIBOANRX IPyIN A G, NCNOAL3YH YIpask-
neune 8s.]

*16) IIycre H — moparpymnma MOJYTONOJOTMISCKO IpyNmm G, cofep-
sKaplafacA B CBA3HOI KoMmmomnente K HeWTpajdbHOro ajementa e. Iloka-
3aTL, 9TO CBSABHHIMM KOMIIOHEHTAME HpoctpancTsa G/H caymar olpasu
CBsiBHHIX KOMIOOHEHT NPOCTPAHCTBA G OTHOCHATEJDLHO KAlIOHMUYECKOTO OTO-
6pamenust f rpynnel G Ha G/H. [Paccypas OoT MPOTUBHOTO, NOKA3aTh,

910 ecin L — cBsi3HAA KOMIIOHeHTA mpocrpancrsa G/H, To f1 (L) eBssizuo. ]
IToxasaTs, 9T0 A — HaMMEHbIIadg M3 BAMKHYTHIX Noarpyin H rpynnwm G,
I KOTOPHX G/H BHOJNHe HEcBASHO.

°17) iycts G — apIMTHBHAS IPYNna OTOGDAMKEHEA n b= f(n) MHO-
eerBa N B Q taxmx, 9to 8 R cymecrsyer lim f(n). Ofosnaunm gepes

o
Vo BJIsi ROKEOTO o => 0 MHOMKEcTBO TeX f € G?Tx.rm KOTOpHX |f(n)! << a
npn awbom n € N. IlokasaTts, 9T0 MHOMEcTBA V, YROBIETBOPSIIOT aKCHO-
MaM (GVy) u (GVyy) 1 910 B onpefesAeMoil MU TOTOJOTKM rpymma G oTae-
JuMa ® BHoJane Hecsasna. Iycrn H — moarpynna rpynnsl G, cocToAmasn
a3 1eX f € G, Jia Koropux lim f(n) = 0. Hoxasars, 9ro H.3amkHyTa,

00
a G/II wzoMopdro R m, 3Hadumr, CBA3HO.,

18) Iaa Toro 4To0n HENpepHBHOE MPeACTABIEHUE | TOMONOTUICCKOIM
rpymme! G B TONMOJOT@ISCKYI0 TPymmy G’ OBUIO CTPOTHM MOpdE3MOM,
HEOOGXOMUMO B I0CTaTOYNO, IT00H 06pa3 mpM f BCAKOIO OTKPHITOLO MHOMKE~
CTBa M3 (G cOfiepsKall MO Kpaitneili mepe OgHY TOYKy, BUYTPCHHIOI OTHO-
cntedpHO f(G).

19) Oycrs G, G, G” — TOMONOrAYECKUE TPYINE, f — CTPOTHH MOp-
dusm G B G’ u g — crpormii Mopduam G’ 8 G”. Iloxasars, 910 ecan f (G)

COIEPIKAT AAPO ; (e”) orobpamenust g (e” — HEHTPAJLUHIL JJIEMEHT
u3 G"), To gof ectb crpormit Mmopdpuam G B G” (CM. cACACTBIIE mpCIO-
keHus 22), JlaTh npaMep, rae f MEBOKTABHO, YKa3aHHOC YCJIOBHUC HE BHIMOJI-
HEHO M g o f HE €CTH CTPOTRIt MopduaM G B G” (cM. n°® 7, 3aMedanuC rocie
upegmomenus 20).

20) Mycte H n H' — moarpyuns noJdyTONOJOTHYECKoil rpyoou G,
npuieM H’' — H. Toxasarp, 9to ecau f B f' — kaHoHngeckue otobpa-
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SHEHMH FPYDIM G cooTBETCTBOHHO Ha G/H u G/H', To cymecTsyer, ¥ mpA-
TOM C¢fiWHCTBChHIOE, oToOpaskenne ¢ daxroprpynou G/H' ma G//I tanoe,
9T0 f = @of’; IpH ITOM @ HENMpPEpHBLO M OTKPHTO. Eciam, xpome toro,
I{’ oTkprita oTnocmrenbHo H, TO BcAKaA TodxKa x ws G/H’' uMeeT oxpecrt-
voeTe ¥V, cysenue ¢ Ha KOTOPYIO ABJIAGTCA ee roMeoMopduaMoM Ha okpe-
CcTHOCTL TOUKR ¢ (z) B G/II.

21) Hyecry G — Tomonormdeckas rpymma, a H u K — Tague jse
ece nmoarpynmil, 9to G = HK n H N K = {e¢}. Kampoe z ¢ G obGaapgaer
O/THO3HATHEIM pasjoeHmeM z == f(z)g(x), Tme f(x) € H n g(x) € K;
Aasa Toro 9robu oroGpaskerne (y, z) = yz npoussenenus HK una G Gnio
romecoMoppuamMoM, HeobxomnMo M FOCTATO9IHO, YTOOH ofHO M3 oToGpane-
uuii f, g 6e1a10 nenpeprBHO. Iloxasark, 9TO HTO YCIOBUE BCCTAA BHIOIHEHO,
ecan ofxHa m3 rpynn H, K KOMIAxXTHA B 3aMKHYTa, a Fpyras 3aMKHYTA,
[3ameruTn, 910 ecin H u K 3aMKHYTH, TO f B g HG MOr'YT MMeTb Ipefein-
#oll ToUKm, oTaMIHON OT ¢, KOTAA x CTpPeMUTCA K e B G.] (cMm. Tom. sexr.
npocrp., ra. IV, § 2, ynpaskwvenne 19),

22) Mycts G — umpomssejieHne ceMeiicTsa (Gt)te 1 TODONOTHIECKHX
rpyon m G’ — Tomosormueckas rpymnma, OGHajalOmaA  OXPECTHOCTHIO
V' HeATpaJbHOrO 3JeMeHTa ¢, He COfep;Kaleil HMKAKOr0 OTIMIHOTO
o1 {¢’} mopmaabHOro geamreid. [[oKasaTh, YTO €CIU [ — HENPEPHIBHOB
npeficraByienre G B G', To cymecTByeT Takoe MHOMKeCTBO J < [ ¢ KoneunsM
JlonodEEeHNeM J', 9To f paBHO ¢ Ha MOATPYyMme [] G, X ” {e.} rpyumm G.

WEJ g

23) Pacemorpum B mpomssefcHER G cemeiictsa (Gy), . p TomozOru-
YCCKUX TPYUN CTPYKTYPY T'PYIUR, ABJIAIMYOCA TPOU3BENEHNOM CTPYK-
Typ Ipynn G,, ¥ TONOJOTWID, IMOPOMAAOMYI0 BCEBO3MOMHMHIMI IIpOMaBe-
JeRNAMA HAh e A, OTKPHTO B G, LNA KAKAOTO L € [ M MHOMECTBO Tex

te
v €I, gna Koropux A, # G,, uMeeT MOWHOCTh << ¢, TAE ¢ — 3aJlAHHOe
6ecKoHETHOE KapAWHAJbHOC uucio (ra. I, § 4, ynpamuenue 9), IToxasath,
970 9Ta TOHOJOTHA COIIACYCTCH CO CTpyKTypoil rpyunsl B G. Ioxyduts

~ OTCIOfa TDPIMep IeAUCKPCTION OTACIMMO# TONOIOTAYCCKOHA IPYNDH, B KOTO~

POl BCAKOC KOMIIAXTHOC MEOKECTBO KOTeuNo (cM. 1. 1, § 9, yopamucnne 4).

*24) Tlyert, G u (' — 0KadpHO U30MOPQHLIE CBAZHNLIE TPYIMH.

a) Ilyerp f — sokaxabHut uaoMopduam G B G, onpepcaeHuLIi
B OXpecTHOCTR V HeilTpaJbHOTrO dJeMCHTA e 1pynnH G, » I — noarpynna
mpoussefienna G X G', nopoaeHHas MHOMECTBOM Todek (z, f(z)), rme
z mpo6eraer V. Paccmorpum B H Gasuc ¢uanTpa, cocroamuii n3 obpa3os
OKpecTHOCTEH e, cojep/KauIMxcA B V, mpu ortobpamennu « = (z, f(z)).
TlokasaTs, wro aroT Gasumc ¢mubTpa ecTh (yumamenTaNBHAA CHCTEMa
OKpecTHOCTEH HeliTpasabHOro dacMeHTa M3 H B Tomonorum J, coriacyio-
meiics co CTPpyKTypoit rpymme B H,

6) IlokasaTh, 9YTO CYmMCCTBYIOT [HCKPETHLIC 1OPMANBHHE Jel-
tean K v K', comepaaruiccs B neurpe rpyvonst /I, rakue, 910 G n G’ 130-
Mopdns cootsercrsento H/K m H/K'. [Vicnonpaosars ympamuenne 56. ]
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°s) Boanmem B xauecrne G u G’ rpynny T, a B Kagectse f JonKaJpHLLl

. " 1 1
M30MOPPHU3M, CONOCTABIAIMUN Kaskuoll Touxe ¢ (z), rAe — <z T
t

u (¢ — xaHOHMYecKUil romomopduam rpyonel R na T = R/Z, toury ¢ (0z),
rge 0 — mppanmoHanabHOe IMca0 Takoe, 910 0 << O << 1. Ilokasatn, 9T0
IJIA 3TOTO JIOKAJILIOro maoMopduaMa Tomosorna J , onpefeselHas BEILS
b II, oTIU9HA OT TOIOJOTMM, MHAYOMPYeMoil B H M3 TOmoJormdeckoro
mpoussemenus G X G'.,

*25) Iyer, G — Tomoyormdeckad rpynma, K — ee IopMajbuBIif
NICJINTeI b, (f — KaHOHMYccKoe oToOpamenne G — G/K 1 f — HenpepuinHO®
IPeAcTaBJACHMO HEKOTOPoil TomoJjioruueckoil rpyunmst H B G Taxoe, uro
KamOelix oneMent mu3 [f(//) DepecTaHOBOYEH C KaKAEIM 2JIEMEHTOM
us3 K; torma (y,z) = f (y) z €cTb HeWPepPHBHO® NpeACTABJEHNE LpOU3Be-
neauss H X K B G. [{na Toro 4tofH 510 IpeAcTaBieHue g GEIO CTPOTMM
mopdpuamom H X K B G, Beo6XogumMo B HOCTATOYHO, YTOOH o f GLiIO
crporum Mopduamom II B G/K.

26) Ilycre (G,),o; — cemeiicTBO TOmONOrHYeCKWX rpymm B K, Aas
Kampgoro v € I,— omkpumunil HOpMANbHHEK AeanTexs rpyouos G,. IToka-
3aTh, 970 QUaILTp B OKPECTHOCTEH HEHTPAJBLIOr0 pjEMeHTa e¢ B TpyI-
ne K = ” K, Hagejgennoil TOMONOrNeii IPON3BCACHMA, ABJIACTCA B TPYI-

Vel
e G = ” G, GasucoM PuabTpa OKpecTHOCTell DICMCHTA e A TOIOJOTHH,
Wl
coriacylmeiica co cTpyxTypoil rpynnmw B G. I'pynma G, wagexaeiHas’
9TOH TOMOJOrMe, Ha3HBAOTCH L0KaLbHLM npouasedenuem rpynn G, (oTHo-
cureanno K,); K sBiaAercs TOTZa OTKPHTHM HOPMaJbUBIM JeJUTeJeM
rpynmst G @ G/K unsomopduno (muckpeTnoMy) NPOU3BENCHUIO Tpynn G, /K.
ycrs K i A Kampmoro . € I — BTOPOl OTKPHITHII HOpMAJLHEIL Aesn-
Tedb rPpyOmsr G; BiIA TOr0 9106 TOMOJOIMM JIOKAJABHHX NPOM3BELEHHI
B (- ornocmrennHo comeiicts (K,) m (K v} COBDIAJlaIH, HEOGXOAUMO M JOCTA-
Touno, wrobs K, = K , OJA BCeX, KPOMe KOHEYHOTO diicya, NHAEGKCOB.

[Iycre Gy Aaaa ammoro % € I — HOPMANbHET NeJUTCND CPYM-
ne G, COCTOAIME M3 Tex z == (z,), ¥ KOTOPHIX x, = e, AJA BCEX L 7 X,
B TOMOJIOTMH, WHAYUUPYEMO# TOMOJOTMCH JIOKAJBHOTO MHPOM3BEACHUSA
B G, Gy KanoHWdIecku n3oMopdHO G,. 3aMylKaHme B ( WOArPYNOH, NOpPo-
OaeMOi BCeMM G;, eCTh HOPMAJLHAI geautedb Go rpynnst G, cocToAmuUiA
n3 Tex £ = (z,), ¥ KOTOpPHX z, € K, AJIA BCeX, KPOME KOHEUHOTO UMCJIA,
UHAEKCOB. (¢ HABLIBAETCH JO0KAALHHM nPAMBM npouzdedexuer TIPYNN
G, (otaocureanno K,); Go/K sBasieTca TOrgAa AMCKPeTHOil rpymnoii, mao-
Mopduoil mpsmomy npomasefenuio (Auar., ra. I, § 6, ympamuenne 18)
rpymn G, /K,.

*27) Bymem rosopurh, wro rpynma G obxagaer csoiictBoM P (n)
(n — menoe >>0), ecam paa JoGoil cucreMel (s, ..., s,) n dJIEMONUTOB
U3 G CyWeCTBYeT OTIMIHAA OT TOMASCTBEHHON (HO BaBHCAmMAA OY Sf, . . .
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..., S;) TOACTAHOBKA O € £, AIA KOTOPOH s5(q) ... Sgmy =
= 8 + .. Sp.

a) Ilokasath, 9ro nexomMmyrtarnBuasi rpynna ©; 06gagaeT cBoii-
cteoM P (4).

6) Ilycrs G — cBAsHasi OTACIMMAA TONOJOTMYecKas rpynma. IToka-
3aTh, 49ro ecam G obuagact csoiictBoM P (n) als meroroporo n > 1,
T0 G KoMMyTaTHBHa, [loxasaTs, 9410 G oGmagaer cBoiictBoM P (n — 1),
Jlnsa aroro, cauTan saganusiMu n — 1 aIemMenToB sy, . . ., §,_4 A3 G, cCBECTH
BCe K CJy4al), KOTfa CYImeCTBYeT OKpecTHOCTh U HeHTPaJILHOIO aJje-
MellTa e Takad, 9T0 AJA Kaskgoro z € U umeercsi uugexc { = i(z), npu
KOTOpPOM {0 Sy g T= 83.. . 8TSit1. .. Sp_ts BHIBOCTH orcwaa,
9TO LEHTPAJN3aTOP B G OAHOTO M3 DIEMEHTOB Sji4...8, (0 <7 <
«K n — 2) OTHPHTO-3aMKHYT M, 3HATUT, coBOagaer ¢ G. Ilonyants oTcioga
TpebyeMuit pesyiastar Aaa j > 1; B ciaydae, Korga j = 0, mnokasarb,
9TO §382. . « Spg = Sg. . . Sp_15¢.]

*28) a) Ilyctr, § —ycroiiuMBoe HOIMHOKECTBO TOMOJIOTHYCCKOI

— o o o 0
rpynnsl G, NOKa3aTe, 49TO S usl yeroitameet m SSC S, SSCS.
o

Kpome roro, ectu S otkpoito m e¢€S, 10 §=S8. [Ilorasars, uTO

ecan €S =S, TO z— rpaHaYHAA TOUKA AJAA 5.

6) BymeM, HaduHag oOTCIOfa, Opegmojararb, 9r0 G — KOMMYTATIIB-
HaA TONOJOTMYECKAad rpynna, saldciiBacMas afAMTABHO. JIJH KayKAoro
Hemycroro A — G of6osnaumM 9epes s(A) MHOKeCTBO Tex z € G, nas
KOTOPHX «+ A < A, T. e, mepecedenue Bcex A — y, TAc y mpode-
raer A; mnoaoxmMm b(A) = s(4)Ns(—A). s(A) ecrp ycroitanunoe
HOAMHOMKCCTBO Ipynmul G, a b (A) — ee mOATrpyNNa, cOCTOAIIAA 13 TCX
z € G, pan xoropmx z -+ A = A. Ilokazars, 9ro s(F) 3aMxuyTO AJA
JI000r0 HEMYCTOT0 3aMKHYTOTO MHOMecTsa F m3 G. Jlus Rampmoro nemnyc-

roro MHokecTBa 4 — G mmeem s{A) < s(d) n s{4) < s(/(i); ec.u

O
A =4, 10 5s(A) = s ().

B) Ilycth S — MIIOMECTBO BCOX OTKPHTHX YCTOMAMBHIX IOAMIIO-
mects S rpynmsl G takux, aro 0 ¢ S; npepnmonoxkuM, ato & %= . Mio-
smecTBO &, YHopAgo4YenHoe IO BHIIENHIO, GYAST TOTAA MHIYKTHBIO;
nyerb M % J — MHOMECTBO CTO MAKCMMAJBLHEX 3JeMCHTOB, IlokasaTh,

]

aro eciu M € M, To M = M [mcnonp3osats a)] u M gaa moGoro nesaoro
n > 0 coBHazaeT ¢ MHOMKECTBOM TeX z € G, MiA KOTOPHX nx € M. Kpome
Toro, noarpynna b (M) coBmajgaeTr ¢ OONOJHCHMEM B G K MHOMKECTBY
M \J (— M) [npeanonaranz ¢ M n —z ¢ M, paccMorpers ofbegnHeHUE
MuomecTs kz -+ M gna Becex medwx £ > 0]; BHBecTH oTcoga, 9To
C=M—M.

3aMKHyTad NMOArpynna B IDYNMbl G HABLIBACTCH ocmamouwuoti, eCiu
B = b(M) puaa meroroporo M ¢ °N.

r) Padurasom T rpynnsl (G Ha3olBAlOT NCPCCEYEHMC BCEX OCTATOU-
HMX mogrpynn; ecan I'g = G (cootR. T == {0}), TO0 rosopsr, dro
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G — padukaavras zpynna (COOTB. e umeem paduxasa). I TOrO 9TOOH
z € T¢, UCODXOAMMO M JOCTATOYHO, ITOGH BCHIO® YCTOMYMBOE OTHPHITOE
Mio}ecTBo B G, copep:amee z, cogepskano 0. BriBecTm oOTciOfia, 49TO
ecan G guckperna, 1o T ABuAercA €€ nDOArpynmoir Xpyuenus. Jlasa
KQ)KAO0T0 HEMPEePHBHOrO IPEACTaBJEHUA f Ipymnsl G B KOMMYTAaTUBHYIO
Tonoxornueckylo rpymnny G mmeeMm f(Tg) < Tgr; ecnu H — moarpynna
rpyunet G, comepmamasca B Tqg, 10 Tg/g = Tg/H. Noarpynna Tg
sBJIAeTCA HAMMeHpmiedl m3 moarpynn H rpynms G, aada Koropux G/H
He MMeeT pagumKaina,

n) Iloxasars, wro cpean moarpynn [ rpynnsl G rakmx, 9aro I'y = H,
cymecrsyeT Hamboapmaa Hy < T m oHAa BaMKHYyTa,

e) Ilyers Tg == G. Naa rtoro 9robu T Oniaa oTkpuroit, Heobxo-
ANMO M JOCTATOUHO, 4TOOH B G CYIIECTBOBAJIA OTKDHITAA OCTATOYHASA TIOA-
rpynna. [Mcmonnaysa g), moxasaTsb, 910 ecam b (M) OTHPHTO AJIA HOKO-
toporo M €M, to meobxogumo T D b(M).]

°29) Ilycrs G — Tomomormueckasa rpynma R, ¢ — ee xaHOHHYECKOe
orobpamenre Ha ¢axrorpymny T = R/Z » 0 — mppanuoHanbHOe MACIO.
I'pynna G peiicrsyer mempepuBHo B E = T? mo sakomy (s, (z, y)) +>
— (z + @ (5), ¥+ ¢(0s)). Iloxasarp, uto crabmumsarop mooboit ToO™-
xu z € E cBogurca k 0, a ee opbura Bclopy miorsa B E u He ABJIAGTCH
TOMOJIOTKYECKAM OfHOPOAHEIM HPOCTPAHCTBOM OTHOCRTOIBHO G.

30) ToBoOpsT, 9T0 TOMOJOTMYECKAsi TPYNNA G He umeem ckoab Y200HO
Maaviz nodzpynn, €cilM CYIMECTBYeT OKPOCTHOCTH V HEHTPAJbHOTO alle-
MEHTA e, HO CO/OP;HAIMAA HUKAKMX HOArpymn rpynme G, xpome {e}.

a) Ilyere G — rTomosormdyeckass rpymna m H — ee HOPMAJBHHIA
pennrenn. Iloxasars, 9To ecan H u G/H He UMEOT CKOJL YIOZHO MaJbIX
TMOArpyIm, TO TO Ke Bepuo B maa G.

6) Busectu us a), 9to ecan Hy; nm H, — HOopMaJbHHE JISIUTEJIN TOIO-
Jgorngeckoil rpynnul G rtaxme, 910 G/H; m G/H, He UMeIOT CKOJb yTOfHO
MaJILX MOATPYAN, TO TO ke BepHo m paa G/(H, N Hy).

*31) Ilycrs G — cBAsHAA TOIOJOTMYECKAs rpynmna, I — ee mmon-
rpyuna, U — Takoe OTKpHTOe MHOMKecTBO B G, 9t0 G = UH, n V =

= H [ (UU). Iokasars, 9ro H = V. [Iloxasarb, 4TO MHOMOCTBA
UV® u UA, rge A = H [ C (V*®), uMeIoT mycToe mepecederiue. ]

§ 3. PaBnoMepHBIe CTPYKTYpPBI rpynn

1. Jeeasn w npasas pasHoMepHule CMPYKmMypsl

monoaozurecrkoti epynnast

,JIJIFI TOMIONOTHIECKOI I'PYNNH ITPECTaBIACTCA BO3MOMKHOCTHL BBe-

CTU NOHATHE IOCTATOYHO OJMBKHUX TOYEK» M ONPeleauTh TeM CaMBIM
PaBHOMEPHYK CTPYKTYpy, HOCTYHas cJexyomuM ofpa3oM: NycTh
Z U Yy — ABe NPOMBBOJBbHEE TOYKM M3 (; TOABEepPrHEM OTH TOUKH
0010MYy U momy xHe neperocy, MEePeBOIAMIEMY OAHY M3 HUX, HANPUMCD
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z, B HeHATPaIbHHI 2/eMeHT ¢; (OMM30CTHY &£ W Y MOKeT OHITh TOIHA
OIleHEHA B HEKOTOPOMN CTemeHW OKPEeCTHOCTBIO V dieMeHTa €, B KOTO-
poit OKamercA y. ITOT IePeHOC, CBOJAMMICA K KOMIoaMumu 1
¢OOTBETCTBEHHO ¢ & ¥ Y, MOKET OLITh IIPH OTOM MpashiM NI AegulM
xaK MB YBAIMM, B Ka[OM W3 OTHX CJIy4aeB HeHCTBUTEIBHO TOJy-
qa0TCA PaBHOMEDHAA CTPYKTYDPa, Co24acylolyascs ¢ TOMoJoruei B G.
PaccMOTpUM CIyd9ail npasozo IepeHoCa; COIOCTABMM KaXaoil oKpecT-
goctw V aneMeHTa ¢ MHOmecTBo V, Bcex map (z, y) € G X G, ansn
woropux yz ' € V. Ilycte @,; — ceMeiicTBo MHOMecTB Vg, Tie
V" upoGeraer ¢pmnbprp B okpectHocTell e; G4 ectb Pyndamenmasvras
cucmema okpyxcernuti (ra. 11, § 1, n° 1). B camom peine, Tak kak e € V,
to aMaronanb A mpousmegeHus G X G comepmurca B V4, KakoBo
oot Ha G6e1ro V € B, rtak 9ro B, ecth 6asme GuabTpa M yHOBIETBOpAET
arcmoMe (U7); mockoabry orHomenus yz~' € V u zy~! € V-1 papHo-

CUJIBHE], WMeeM Vld = (V™Y4, u, srauur, B cuay (GVy), f/‘d € 8,
vax uro @&, ymommersopser awcuoMe (Ujpr); Haxomen, mua zz 1€ V
v yz7 € V caenyer yx~' € VV, tak uaro VyoV, < (VV), u (GV))
norasuBaer, 9ro &, ynosaerropser akcmome (Ugyq).

PasHoMepHasA cTPyKTypa, ompegenseMas ceMmeiicrBoM &4, corma-
cyetcs ¢ Tomosorueit rpynnm G, u6o ornomenus y € Vy () my € Vz
PABHOCUJIGHH TO OIPeflelleHNI0; JpyruMu cioBamu, V, (z) = Vaz.

AHAIOIMYHO PACCY’KaeM B CIydae .£e6020 MEPEHOCA, M MH MOJKEM
tetieps cOPMYyIHUPOBarTh Ciaefyiollee OIpefeseHne:

Onrepenenue 1. [Ipasgoii (CoOTB. segoll) pasromeproll cmpykmypoi
monosoeuteckoli epynns. G Ha3Laemcs pashoMepHas cmpykmypa, Oas
Komopoti PyHAaMeHMAAbHYIO CcUCMeMYy OEDYXCeHull obpasywm MHOo-
weemea Vy (coors. V) ecex nap (x, y) makux, umo yz~* € V (coors.
rly € V), ede V — aiobas okpecmnocmov Helmpaibhozo sseMenma e.

Korma V npo6eraer ¢yHnaMenTalbHylo CHCTOMY OKpecTHoCTell e, MHO-
mecrBa V; (coors. V) 06pasyior dyHaaMenTalIbayIo cUCTEMY OKpPYIKEHMIl
mpaBoii (COOTB. JIeBOi) paBHOMEPHOl CTPYXKTYypH rpymmm G.

KampoMy mpepmomenuio o TOMOJOTMM PABHOMEPHOIO UPOCTPAH-
CTBA COOTBETCTBYET IIPC/JIOMEHUEe O TOUOJOIMH CPYNIH, NpudeM
11epexoR OT ONHOTO K-APYTOMY OCYMIECTBJIAETCA ¢ HOMOMBI OIpexe-
1eHmA | @ HEmocPeACTBEHHO BHTEKamux u3 Hero dopmyn V, (x) =
= Vz, V4 (4) = VA, V, (2) = zV, V,(4) = AV. Haupnmep, ana
4 B Bypbakn
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KasKkaoro Henycroro Muomecrsa 4 < G umeem (ra. II, § 1, cregerbue
TpeIoHKeHns 2)

A=Nva= ) 4v. ¢

Ve VeR

Touno rtak xe (ra. II, § 1, caemereue 3 npenmomenus 2) ecaxa
omleaumas epynna pezyaspud.

IIpapasgs w mepas paBHOMEPHBIE CTPYKTYPH B TOMOJOTHIECKO]
rpynme, BooGme roBops, passuunts (cM. ynpasuenue 4). Oum, oue
BUJHO, COBIIAfAIOT A1 Kommymamuerot rpynnst, nbo rorna Vy = V,
OHU TaK¥e COBNAZANT, Korga rpymna xomnakmua (ra. II, § 4, teo
pema 1).

OGHYHO pasHOMEDHOEe NPOCMPAHCMEo, MOJYUYeHHOe TyTeM Haje.1e
HuA MHOMKecTBa G JeBoit (coOTB. IIPaBoit) PABHOMEPHOIl CTPYKTYPOIl
O6yner olosHauarbea G, (cootB. G).

Mpennosenue 1. [pagvie u sesvie nepenocw, A6ARW0MCR UOMOD
Pusmamu npagol pasHoMepHOU cmpysmypw Ha cebs.

Jlna mpaBHX IIEPEHOCOB HTO OYEBMAHO, nGO oTHomeHme yx~! € |
PaBHOCHIBHO OTHOIEHUIO (ya)(za) ! € V (uHaue romops, oTolpa
menue (z, y) = (za, ya) ocraBager V, unpapuantauv). g aesw:
nepeoco 210 moayuaerca u3 (GVyy); fmeficTBUTENBHO, OTHOUWIEHU
yz~! € V pasrocunwHo otHoumenuno (ay) (ax)™! € aVa !, u, smauur
oTo0pasKeHne x —» ar PABHOMEPHO HempepHBHO Ha Gy.

Taxuwm sxe myTeM yOeK/TaeMCcsa B TOM, 1TO MPaBhLIE U ;IeBhie MePEHOCE
ABTAOTCA M30MoPPU3MaMU JTeBOil PABHOMEPHOIT CTPYKTYpul Ha cebs

Bearuit enympennuii asmomopgusm x w> azxa™! rpyniint G gBiasger
cA, TakuM o0pasoM, OJHOBPEeMEHHO aBTOMOPHUIMOM CTPYKTYPL
TPYATH, TONOJIOTMA ¥ 00erMX pPaBHOMEDPHHX CTPYKTYp B G.

HpEgnomERuE 2. Cummempus & > £~ ecmov usomopgusm npasot
PAGHOMEPHOL CMPYKMYPH HQ A8y DPasHOMeDHYI0 cmpykmypy.
IT0 HEemoCpeCTBEHHOC cJle;[cTBUE ompejescHus 1.

He cacaoyer gymath, 910 oTOOpaskenue (z, y) +=—» zy PABHOMCPHOT
npocTpanctsa Gy X Gy B paBHOMEpIIOe HPOCTPAHCTBO (G; BCELAA PaBHO
MepHo HempepwprO. TalsKe U cHMMMCTPHMA z > -1, paccMaTpaBaeMa
xak orobpaskenne G4 na Gy, BOOOIIE TOBOPs, He ABJAETCA PaBIIOMepH
HeNpepeBHON (cM. ympamkHeHMA 3 n 4).
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Meenaomenne 3. Beakoe nenpepnsHoe npedcmasienue f monoao-
cuneckoll epynnw G 6 monoaozuneckylo zpynny G’, paccmampugaemoe
xax omobpaxcenue Gg ¢ G; (mnm G, B G:), pasHoMepHO HenpepbigHO.

B camoM fgeme, ecau V' — OKpecTHOCTH HERTPAIBHOTO DJIEMEHTA
pynns G’ m V= f (V'), 10 yal€V sacwer f(y) (f (@)t =
=1 €V,

2. Pasromepnote cmpyrmypoul noozpynn, axmopzpynn
u npoussedenuti zpynn

Ilycrs H — moprpynna romosoruieckoil rpyuns G; paBHOMepHAs
¢TPYKTYpa, nHaynuposasHaa B H npaBoil paBHoMepHO# CTPYKTypOit
rpymnsl G, ecTb He UTO WHOe, KaK IpaBasg PaBHOMEPHAf CTPYKTypa
ToloNioTHYecKoit rpymnsl H.

Ecau H — wopManbumiii penurenp rpynnsl G, a ¢ — KagoHO-
ueckoe oTobpaskesue G Ha G/H, 10 §yHIaMEeHTAIBHYIO CUCTEMY OKPY-
JKCHME IpaBoil paBHOMEPHOIT CTPYKTYPH (arToprpymnn G/H Momu0
MOJYYUTh, OTHOCA K&KA0# okpectHocTd V HEHATPANBHOTO 2lIeMeHTa

rpynnsl G MEOKECTBO Beex Ilap (:;, y.) touex u3 G/H Tarux, 4to g}a;“ €
€ ¢ (V) (§ 2, npegnoxenne 17); aTo yciroBue o3navaer, 4To cyimie-

CTBYIOT IO KpaiiHeli Mepe ofHa Touyka x € x ¥ No Kpaiidell Mepe oaua

TOYRaA Y € g}, A KoTopuX yx~! € V (uam, uto To ke, (2, y) € Vy).
B wactHocTm, ecau N — 3aMEIKaHHe HeillTPadbHOTO dJjieMeHra B (7,
TO NMpaBad paBHOMepHaA CTPYKTypa B G/N wsomopdHa oTmemmMoit
pPaBHOMEDHOIl CTPYKType, accoyuuposanHoli ¢ IPaBoil paBHOMEPHOMH
¢TpYKTYpoii B G (eM. ta. II, § 3, n° 8).

Haronen, B mpounssegesuu ceMedictBa (G,) Tonosoruyeckux rpymn
npaBas pPaBHOMEPHAsA CTPYKTYPa ecThb npouasedeHue MPABHX PaBHO-
MepHBIX cTPYKRTYp rpynn G, (cM. ra. 11, § 2, n° 6).

Ananoruunnie pe3yabTaThl WMEIOT MECTO [JA (1eBOil PaBHOMEPHOj
CTPYKTYPH.

Jast Toro wro6st B npomaseaenu rpyun | | G, npasas u nesas pasmo-
L

MEpHEIE CTPYKTYPH COBHAAajd, HCOGXOANMO U HOCTATOUHO, YTOOK HpaBas
M jneBas paBHOMEPHHIE CTPYKTYPHEI COBHafaixu B Kampoit rpynme G,. d1o

BCET[la HMEeT MECTO, KOLAA HeKOTOpme 3 rpynn G, KOMMYTaTHBHH,
a OCTAJIBHEIE KOMOAKTHLI,

4%



52 TOMOJOTMYECKHUE TPYNNHL (3JEMEHTAPHAA TEOPHA) IVI. IIT, §3

3. IIoanuvte 2pynnue

Onpenenesue 2. Tonosozuxeckas zpynna Hasweéaemcs noAHOU,

ecAlU ee NPasas U Ne6as DASHOMEDHbE CMDYKMYDH K6ASI0MLS CMPYK-
mypamy noAH020 RPOCMPAHCMEA.

B cuny npepnomenma 2, aas toro wro6H rpymna 6mia moasa,
mocTaToyso, 4ToON 00HG M3 ee PABHOMEDHEIX CTPYKTYD OHLIa CTPyX-
TYPOIl MOJHOTO LIPOCTPAHCTBA.

Besakaa samxnymas mogrpynna moiHoir rpynou noama (ra. II,
§ 3, mpennoenne 8). BeAroe npousBenenme MONHHX TPYNN IOJTHO
(ra. 11, § 3, mpegnoxenue 10),

Hanporus, ¢arkroprpynna G/H nonaHoit rpynns G 0o ee 3aMKHYy-
ToMy HopMaibHoMYy fexurenio H He obsa3arennbHo moaHa (CM., ORHAKO,
ra. IX, 2-e usn., § 3, opemiorenne 4).

MMregnosmenne 4. Ecau ¢ monoaoceuveckoll spynne G cywecmeg)em
okpecmuocmb V HelmMPaibHo20 dAeMERMA e, NOAKASL 8 NPABOTL UAU Ae8oli
paswomeproll cmpyrmype, mo G notua.

IMpepmonomum, sanpuMep, uro V moasHa B nNpaBOd paBHOMEPHOR
CTPYKType, 1 nycTh § — ¢uastp Homm B Gy; 0H comepsur MHOMC-
ctBo M, Majioe mopsagka Vg, Tak yto M < Va; ana scaroro z; € M;
caeq dunbrpa $% Ha ModHOM mognpocrpadcTBe Vg mpocrpamctBa Gy
apaAercA, TakuM obpasom, ¢uabTpoM Hown m, smadur, cxogurca
K HEKOTOPO# TOYKE Zy; MOCKOIBKY &y €CTh TOUKA HPMKOCHOBEHHA
¢puabrpa §, oma sBasercs ero mpemedoMm (ra. II, § 3, caexcrBue 2
ODpefjioKeHus ).

Cnenctsue 1. JlokaabHo Komnaxmuas 2pynnd nOAHA. _
" B caMoM gmene, BCAKOe KOMITAKTHOE ITPOCTPAHCTBO IOJAHO B CBOEH
efMHCTBeHHOH paBHOMepHON crpyrType (ra. II, § 4, rteopema 1).

Caencreue 2. Beskas aokaabio Komnaxmias nodzpynna omdeau-
Moli monoaozudeckoll epynnu G 3amxnyma 6_G.

B caMoMm gene, BcAKoe Noamoe MHofIPOCTPAHCTBO OTHEIUMOTO
paBHOMEpHOTo mpoctpascrsa saMkuyTo (ri1. 11, § 3, npepnakenne 8). .

Ipegnoesue 5. IIyemv Gy — monoaoeuneckas zpynna, G, —
noanas omdeaumas monosozuieckas zpynna u H, (coors. -H,) —
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sclody naommas nodzpynna epynnu Gy (cootB. Gy). Beaxoe nenpepyisroe
npedcmasaerue u 2pynne Hy 6 H, npodoascaemes, u npumom eGuncmsen~
notm 006pasom, 0o HenpepuisHozo npedcmasaenus u zpynny Gy 6 Go. Ilpu
amom, ecau Gy omdeauma u noana, a u ecmd usomopgpusm H; na H,,
mo i ecmb uzomopgusm G, Ha G,.

B camoM pmene, u paBHOMEDPHO HenpephiBHO Npu HageneHud H,
u Il NpaBLIMA PaBHOMEPHHEIMU CTPYKTyDaMu (pejjopenue 3) U, ciae-
ZOBATEABHO, NPOMOIKAETCA €IUHCTBEHHHM o(paszoM mo oToGpakeHHMA
u rpymnu Gy B G, PABHOMEPHO HENPEPEHIBHOTO OTHOCUTEIbHO MPABHX
pAaBHOMEPHHEIX cTPYKTyp oTux rpynn (ra. II, § 3, treopema 2). Ilpm
9TOM, B CUIy NPMHLUIIA MpojomKenua Toxnects (ra. I, § 8, crencrame
1 npemnoskenus 2), & ecTb npeactaBienue Gy B G,. TeM caMbM nepBoe
yThepHenne Nokasamo. JlaA noxasarteabcrBa BTOPOTO AOCTATOYHO
paceMorpets m3oMopdusm v rpynusl H, wa H,;, oGpaTHnil K u, U eTo
[POOJIKEHKe U A0 HeNpephsBHOTo npencrasienusa G, B Gy; B cmay
e/\MHCTBEHHOCTH WPONOIKEHNA Vol W WUoU ABIAIOTCA TOMIECTBEH-
HuME OTOGpaXkeEnaMy cooTBeTcTEeHHO B Gy u G, (Teop. mu., CBogka
pesyast., § 2, n° 12), u, sHaunT, u GuerTUBHO.

BQamMeganue. V3 OWeKTMBHOCTM HempepHBIIOTO HPEACTaBae-

HHA u, BOOOmE roBOps, HE BRITEKAET HU UHBHEKTMBHOCTH &, HH CIOPBOK-
THBHOCTB.,

4. Ilonoarenue MoNOAOLUUECKOU 2PYNNBL

IIycts G — ortpenuman Tomodorumdeckas rpynna, PasHomepHoe
npocmparcmgo Gy MOMHO paccMATPUBATBL Kak BCIOAy IJOTHO® nod-
npocmparemeo B ero nonosrenuu Gy. BrifcHEM, MoKHO AM paccMa-
TpuBaTh G KaK BCIOAY INOTHYIO nodzpynny HeKOTOpoil noawoil omde-
aumotl epynnw G'. Ecau aro Tar, To pasiomeproe npocmpakemso Gy
neo6xongumo usomopduo G4 (ra. I, § 3, crepcrsue TeopeMm 2), Tak
uto B Gy mOMKHEO GHTL BOBMOMKHO ONpEeTuTb CMPYKMYPY MONOLO-
cuneckoll spynnw, undyyupyowylo B G 3aJaHHYI0 CTPYKTYpy TOImO-
normueckoit rpynmiu. Vtak, Tpebyerca mcenegoBath: 1° BO3MOMHO
N npoedosscume no Henpepuigrhocmy GYHKIMU Ty U £~ COOTBETCTBEHHO
ua Gy X Gy u Gg; 2° 6ynyT am TaK NMpogoMIKeHHBe QYHKIMHA OIpe-
neasth B Gy CTPYKTYpY 2pynny (Kotopas OymeT Toraa HeoGXOpmuMo
CTPYRTYPOil monoaozuxeckoli zpynnil, MHIYOUPYIOMEH B G 3agaHHyl0
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CTPYKTYPY). 3aTeM Hy#HO OyjgeT ycTagoBuTh, 4yto: 3° IpU I0J0MU-

TeJIbHOM OTBeTe Ha IMpeflblAyMMe BOLPOCH MOJyYyeHHasa rpymma Gy
noana. Hakonwen, Mu yBUIuM, uTo: 4° ecam TpeGyeMas Tpymma cyiie-
CTBYeT, TO OHAa eJuncmeeHHa ¢ TOYHOCTBIO 10 M3oMOpPuaMa.

1) Mpodoaxcenue xy u = no nenpepwisnocmu. Oyurnun ry u z-*
He ABJIAITCA, BooOlle TOBOPA, PABHOMEPHO HEIIPEPHIBHEIMU, U IIOTOMY
TeoOpeMa o IPOJOKEeHHN PaBHOMEPHO HeNpepuBHHIX QyHENui (ra. 11,
§ 3, teopema 2) menpuvenuma. TeMm me Memee mpogoi:kenue Iy BO3-

Mo:kHO B cuny npegaorenua 11 § 3 raaswer II u caegylomero mpen-
JNOMKeHUA:

[eepnomenue 6. Hyemv § u 8 — guavmpu Kowu ¢ G4; obpas
Puarvmpa 55 X & npu omobpascenuu (x, y) = xy ecms 6aguc Puibmpa
Kowu ¢ Gy4.

Onennm «Gausoctey zy u 2y’ B Gy, UHLIMM caoBamMu, oGpasyeM
npomnasepenue (x'y’) (zy)™! == 2'y'y 'Y, aasm aroro samermM, YTO,
KakoBo OBl HEM Obi10 @ € G, MOKHO Hamucarb Takxke (2'y’) (zy)™! ==
= (2'a’?) (ay’y~'a"!) (ax™!), M MOKaKeM, UTO NPH HAAIEKAMEM
Bbi0Ope a KaIKABIH M3 TPEX COMHOMUTENEIl 3TOr0 NpPoU3BeJeHus BecbMa
MaJx, Kak Toabko ofe mapw (z, y) u (z', y') upmHaguemar ogHOMY
U TOMY K€ JOoCTaTOYHO MalloMy MHoecTBY u3 5% X &. HefictBuTenn-
HO, IycTb V — IIpoM3Bo/ibHAA OKPECTHOCTDH ¢ B (; CyIlecTByeT MHO-
xecTBo A € %, Macioe nopagka V,; BosbMeM 3a a4 KaKyo-aubo TouKy
u3 A; nas npousBoabHEIX Touek £ U z' U3 A Gymem umerb 2'a”! € V
m ax '€ V. C gpyroit ctoponn, oTHoutenue ay'y~la"! € V pasHo-
cuabHo otHomeHuo y'y~! € ¢7'Va = W, a tar xak W ectb oxpect-
HOCTb e, TO cyHlecTByeT MHoectBo B € @, mamoe uopsasra Wy;
TaKuM 0o0pasoM, KakoBbl G HY Guau (z, y) u (2', y') B A X B, 6ynem
uMets (2'y’) (zy)™! € V3, U mpeprtomenne TOKazaHo.

Has Toro urober 2~ MoxHO GLITTO NPOJOKATD IO HellPEPHIBHOCTH

na G4, HeobxomuMo 1 KocTaTouso, 4Tobr 06pas guasmpa Kowu us Gy
npu cummempuu x — x~' 6us guasmponm Kowu ¢ G4 (ra. 11, § 3,
npennoxenne 11). MomEo npusBecTM IipuMeph TONOJOTHIECKNX
rpymn G, AN KOTOPLIX 3TO yCI0BUe HE BEINOJHeHo (cM. T, X, 2-e uaf.,
§ 3, yopamxmenue 16); B ocramoumeiica YacTH paccy;kaeHuA Mb 0ynaeM
NPeANioNarars ero BHIIOTHEHHKIM.
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(e}

2) Hpodoasennve gynryuu xy u ' onpedeasiom ¢ Gy cmpyrmypy
epynns. B camoM jesle, mpuMeHeHMe NPUHLUIA HPOROJKEHHUA TOMK-
aectB (ra. I, § 8, caencrsume 1 npenaokenusn 2) k QyurnuaM z (yz) u
(7y) 2, oupeietenuM Ha Gy X Gq X G4 M COBIAAAIOIMM Ha eTo BCIO-
Ay naotHoM mojnpocrpaHcree Gy KX Gy X Gy, MOKA3HIBAET, YTO 3AKOH
KoMIo3unuu (z, y) — zy B G, accoyuamueer. Ha ToM e ocHoBaHUU
GYREOUY 1. ex, ze. Kak u QyHKIUu e, rz~), x~lr, coBmajgaior Ha G.

3) Tonoaozuueckas zpynna G, noana. B cavom mexe, nyers Uy —
ve npasas paswomepHas cmpyrkmypa, a 94 — paBHoOMepHAaA CTPYKTypa,
mo;JIy4YeHHas B Gd IIyTeM nonoAMeHUuA NPaBoil PABHOMEPHON CTPYKTYPH
rpynoel G. Ctpykryps 9 1 90, wHRymupyloT odHYy u my jce PaBHO-
MepHYI0 CTPYKTYPY B G; BeAaxruit 6asue ¢uastpa Koun B ¢ G naa
CTPYKTYpHl 94 sBiaseTcs, caegoBaTe:bHo, GaducoM ¢uiabtpa Kowmnm
uis erpykryps 9. Ho % cxogurest B G4, uGo 9/ — cTpyKTypa mou-
HOTo TIPOCTPAHCTBA; TaK KAK TOMOJOTMH B G4, TOPOMIEHHbE PABHO-
\MePHBIMEI cTpyKTyPamu 9. u 94, coBmagawT (OCKOJAbKY TONOJOTHA,
ROTOPYIO MHAYIUDPYeT 9/, corilacyeTcsa co CTPYKTYpoil rpyumn B @d),
o sakmtouaem (ra. II, § 3, mpegnokenue 9), gt0 94 — cTpPyKTYpa
TMOJIHOTO HPOCTPAHCTBA. JTO 3aKIIOYEHMC ITOKA3LIBAET BMecTe ¢ TeM,
uro 9 u Uy cosnadaiom (ra. 11, § 3, caejicrBue Teopemsr 2).

4) Eduncmeernnocms, OHA BbITERAeT U3 IIPENJIOKEHHMA D.

B utore Mul moKasaayM CHefyOULYH0 TeopeMmy:

Teorema 1. [aa mozo umobe, omOeaumas monoaozuseckas zpynna G
anaa udomopdina ecody naomuol nodzpynne NoAKoOl 2pynnb G, Heob-
rodumo u docmamoyno, umobs npu cummempuu -2~ 06pas gurvmpa
Kowu 0aa npasoti pasnomeproil ecmpykmyper ¢ G ocmasaacs ghusvmpom
Fowu das smoii cmpykmypui. Iloanas epynna G (HashiBaeMas nonod-
nenuem zpynnve G) moeda eduremgenna (C TOUHOCTBIO A0 U3OMOD-
duava).

Heepnomenue 7. Hycme G — omdeaumas monosozuteckas zpynna,

Jonycrarowas nonoarerie 0o epynnw G. Samvranus ¢ G okpecmrocmeli
Helimpaavhozo asremenma us G obpasyiom gyndamernmarvhylo cucmemy

okpecmuocmell HeumpaabHoz2o aaemehma ¢ G.
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B camom pene, mockonbKy G peryaspra, BCAKAA OKPECTHOCTD
€e HeHTPANbHOTO IJIEMEHTA e CORNEePHUT 3aMbikaume V HEKOTOPOH ero

OTKDHITON okpectroct U, a V aABusercsa Tarkke 3aMEIKAHUEM cJena
U na G.

ITycts G — Tomonormueckasa rpymma, He o6A3aTeAbHO OTHEIEMASA,
N = {e) u G’ = G/N — ornennmas rpymma, accoqMEpoBaHHag ¢ G
(§ 2, n° 6). Ecau rpynna G’ gomyckaer nolio;THEHME G', To mocaennee
HA3LIBAGTCHA OMOEAUMBM nonoaHeHuem zpynnu G u obosHauaerca G;

G4 (cootB. ;) ABAAETCA TOTRA omdesumbim nonoarenuem (ra. I1, § 3,
n° 7) npocrpanctsa G4 (cooTs. G,).

NIrepmowenne 8. Hyemwv G — epynna, donyckawowyas omoeiuMmoe

nonoanenue G'. Beskoe mnenpepwswoe npedcmasaenue u zpynne G
8 noanylo omdeaumyto 2pynny H donycxaem odnoawnaunoe passoxcenue
U =vo@, 2de v — Henpepuigroe npedcmaserue G ¢ H, a © —
Kanonuneckoe omobpancerue Ge G (KoMROSUYUA KAHOKUNECKOU UHBEK-
yuu G’ 6 G u Kanonunecrozo zomomopgduama P zpynhe G na G/N = G').

Tar kaxk AAPO NpeacTaBIeHUA U 3AMKHYTO U COREPHHUT e, TO OHO
cofepskut N, ®M, 3HAUUT, U = Wol, Ie W — HelpPepPHIBHOE IIPeil-
craBiesne G' B H; Z0CTaTOYHO TOTRA OPEMEHUTE K W NIPENIOKenue ).

5. Pasnomephnas cmpyxmypa u nono.inevue
KOMMYMAMUGHOT epynnvt

M= y:xe oTMeYadH, YTO B KOMMYTATUBHOII TONOJIOTUIECKOI Tpynne
G upaBaAa U neBag PaBHOMEDHHE CTPYKTYPHI COBIAJaioT; TOBOPH

0 pasHomeproli cmpykmype rpynnn G, ME Bcera 6yneM MMETH B BULY
9Ty €NUHCTBEHHYI0 CTPYKTYDY.

TeopeMA 2, Tyemb G — KOMMYMAMUEHAR MONOAOZULECKAR 2PYNNA;
Pynryuu =1 u Yy pasHOMEDHO HenpepweHbl cooméemcmeerHno Ha (G
u G X G, kpome moz0, G donyckaem omdesumoe nonoAHerRUE f}, makxce
EoMMymamusHoe,

PaBroMepnas HempepmiBHOCTh 2~ clejyeT u3 HpeanomeHusa 2;
paBHOMEPHAS HeIIPEPEIBHOCTD Iy CAEAYeT U3 IPefIoKeHus 3, HOCKOTb-
Ky (2, y) > 2y ecTb HempeprBHOe npenctapienue G X G B G. Ecan

G ortnenuMa, TO OHA YAOBIETBOPAET ycI0BMI0 TeopeMbl 1 (Kak m Bes-
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Kag OTAeduMasA Ipynna ¢ cOBHARAIOIIMMMU ITpaBoil M JeBoil paBHOMEp-—
HuIMH - CTPYKTYPaM®); KpoMe Toro, QYHKIHM XY M Yz COBNAgAKT
ga G X @ B cuny upmEmmma mnpogomkeHus ToMmzectB. Orcioga
noJIydaeM ¥ BTOPOE YTBEPIK/€HME TeopeMbl, PaccMaTpWBad B OGINEM
cayuae oTHeIuMMyIo T'PYNIY, acCOIMHpPOBaHHYW ¢ G.

Ns aT1oit TeopeMEl, B 4ACTHOCTH, BEITEKaeT, 4T0 ecaum [ m g —
paBHOMEPHO HeNpepHBHHE 0TOODaKeHMS DaBHOMEPHOTO IIPOCTPAaH-
ctBa F B roMmyratusHyl Trpynny G, 3aluchIBaeMylo ajfiMTHBHO,
10 —f M f -~ g PaBHOMepHO HeIPepPHBHLI.

Neegnomenue 9. Hycmv G — xommymamuernas epynna (B ajau--
TUBHOI 3anucu), ¢ I 4 U 9 o — omdesumbie MONOAOUL, COZAACYIOUYUeC-
¢a co empyrmypoii epynnbi 6 G, npednoioscum, ¥mo J | maxropupyem
T o u umo cyujecmgyem GYnOaMeHMALbHAL CUCTEME OKPecmuocmel
uyas 8as 7 1, samknymas ¢ 7 o. Hycmov Gy u Gy — nonoanenus zpyn-
nee G coomeememgento no 7y u J 5 u fi Gy — G, — nenpepusHoe
npedcmagaenue, npodosxcarouee moxcdecmeentoe omobpajicerue epyn-
nw G (npegmoxesue 5); mozda [ urwveKmMusHoO.

Ilycts 9— paBHOMepHas CTPyKTypa B G, ompepensemas (n° 1)
Tononorumeii 7 4; ROCTATOYHO IOKABATH, UTO €CAM F M 3 — MHUHU-
maapsse ¢uaprpsi Koww (ra. II, § 3, n° 2) maa 9, cxomamuecs
B G, kK onHOHl m Toit ke Touke a, To F=F (ra. I, § 3, n° 7).
Ilas eTOrO HOCTAaTOUHO IOKasaTh, 4to FF ectb ¢uabtp Homn
maa 9. Iycrs V-—oxpectHocts Hyaa B G masa 7 4, 3aMKHyTas
B 5 g, © W-—cHMMeTPUUHAA OKPECTHOCTh HYyJA B G pasa .9 4 ranas,
gyto W+ W < V. o npeanonoxennio, B iy (cooTB. B F’) cyme-
ctByer MHomectso M (coorB. M’'), mamoe mopaaka W, Tak uro
ecim €M, yeM, 1o y——xEW WM, UTO TO e, yE x4+ W; oTcIofia
caengyer, uTO ecJgu W uV—samukasna W u V 8 Gy, TO yEx—}—W
U TAK KAK @ eCTh TOYKAa INpPUKOCHOBeHUA, maa M, To a€x--W naa
ncex xEM Tourno Tak e afx’ +W gmuaa Beex z' €M, oTKyaa
L—Z EW-}—W HO TakK Kak (z, y)'->x+y €¢Th HeNmpephrBHOE O0TO-
Gpameﬂno Gy X GyBGy, TOW+W W + W+ W < V. Orciona a:1s Bcex
XEM, €M wumeeM r—2 "€V NG=V, nockonvry V samrrnymo
B 9, TeM caMbiM IpPefioKeHNe TOKa3aHo.

Crenctue 1. B ycaosusx npedaoacenus 9, ecau A — nodmnoscecmeo
G, 284310U4€eCA NOAHBIM NOONDOCMPAHCMBOM OAR DPASHOMEPHOU CIMpPYK-
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mypw U ,, coomeememsyroweii J -, mo A ecmv makice noaHoe noonpo-
cmpancemeo 0as pasHomepHoli cmpyemypu 1, coomsememsyoweti .7 .

B camom pene, mycts A, — sammikaune A B Gy. Toraa f(4))
COep'KUTCA B 3aMHKAHUA MHOMKeCTBA A B Gy, 1O NPEIUOI0KEHHIO
copnagaiomeM ¢ A. Ilockonbry f(4) = A 1o onpegesennio,
a [ WMHBEKTUBHO, 3aKmOuaeM, yrto A, = 4.

Caeacreue 2. [Tyemv G — kommymamusnas epynna, ¢ 7 u J o —
omdeaumble MoNOAOZUU, cozaacyioujuecs co cmpykmypoti spynnu 6 G.
llpednoaorcum, umo J | mancopupyem 7 o U umo cyupecmsyem gyHoa-
Menmanvhas cucmema B okpecmuocmeti nyas 048 7 1, NOAHBLY 8 Pagiio-
xmeproli cmpykmype Uy, coomseememsywweii 7 5. To2da G noana
8 pasnomeproti cmpykmype U,. coomsemcmeyowei 5 4.

B cavoMm peme, MuoskectBa u3 B 3aMKHYTH B .7 o M HOTOMY, B CHAY
caenersug 1, moamnt B 9/,; yrBepmgaeMoiii Pe3yJAbTAT BHITEKACT
Torja W3 mpepioweuus 4.

Ynpaxkneuns

1) llpaBas paBHOMEPHAA CTPYKTYpa TOMOJOIWYCCKOII rpymusl G
ABJIACTCH COUICTBEHHON PABHOMCPHOII CTPYKTYPOil, COTJIaCYIOMEHCHA € TO-
mojiormeit B G ¥ obiamaromieil ynRaMCHTAJXLHOH CHCTEMON OKDY:KEeHHit,
MHBAPUANTHBIX OTHOCHTENLHO moboro mepemnoca (x, y) > (za, ya).,

2) Ompepesenue DPaBLIX M JCBWX paBHOMEPHHIX CTPYKTYP TONO-
Jorugeckoil rpynmsl G UCHoab3yeT TOALKO cBoiictBa (GV) n (GVyr) duarn-
Tpa B oKpecruocTeil medTpaLIOro sacMenTa e B G. Ilpemnono:kmM, 4TO
B — MIBTP, YAOBICTBOPAIIUAI BTUM JBYM aKCHMOMaM, 10 He 00sA3a-
TEALHO ymoBiacTBOpAWmuUiEl akchmome (GVipp); mokazars, YTO NpaRaf
U JeBasd PaBHOMEPHHIC CTPYKTYDPLI COTJIACYIOTCSI COOTBCTCTBEHHO C TOTO-
JormaMu 7 4 M G g, ompemellenHbIMi B ympaxmenum Sa § 1.

J) UlokasaTh PABHOCHILHOCTL CJAC/YIOIMX YCJIAOBUU AIA TOMOIOTK-
9ecKoi rpymmet G: _

o) MpaBas u JeBaA papHoMEPHbIC CTPYKTYpPH B G COBIAfAIOT.

B) das wampmoil oKpecrnocTH V WEHTPANBLHOTO 3JeMCHTA e cytie-
CTBYOT TaKas ero oxpecruocts W, wro xWz-! ¢ V mpm Bcex z € G.

v) CuMMeTpusa z > z~! ecTb paBHOMCPHO Hempepushoe OToGpaske-
ume rpyunn Gy (mnu Gg) Ha cels.

8) Orobpaskenue (x, y) = 2y CCTb PABHOMEPHO HEHPEPHIBIOE OTO-
Gpakenne omgHoro M3 mpoctpaners Gy X Gy, Gy X G5, Gg X Gy, Gy X Gy
B ONHO u3 mpoctpancts Gy, Gj.

°4) Myers G -= GL (2, R) — MyabTumiIMKaTHBHAaA rpymnoa oGpaTu-
MBIX KBafpaTIBIX MaTpHI{ BTOPOrO MOPANKA C BEIECTBEHHBIMH 3JICMeH-
ramn. OGoamaumMm wepesd V., maas RKaKmoro meloro n > 0, MIOMKECTBO
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z oy
z2, 1

]

ecexuarpmuX-:-( )GG, Y KOTOpHIX Ix——1[\<—:7,|y[<

3|

1 1 "
|z} < o |t—1] <—n— . IToraaars, uro cemeficTBo Bcex V, ccTs ¢pynpa-

MEeHTAJXbHAA CHUCTEMA OKPECTHOCTell HEUTDANLIIOTO JJEMEHTA RIA TOMO.
JIOTHM, COrJacylomeiicsa co CTpyKTypoil rpynusl 8 G; B 3Toii Tomojormi
rpynna G JOKaJbHO KOMMAKTHA, a €e IpaBast U JeBaf DABIOMCPHEIC
CTPYKTYPbl DPaBIAYHEHL.

5) Oycts G — Tononorudeckas rpynma 11 A — €€ HOPMAJDIbL
nenurenlh. PaccMarpusas G/K Kak wacts B (G), 10Ka3aTh, 4T0 IIpaBas
paBuoMepnasi CTPYKTypa TomoJormueckoii rpymmit G/K usgynupyercs
paBHOMEpHOIT cTpyKTypoit B P (G), ompemexseMoli npasoli pasHoMEpHOU
CTPYKTYpOil rpymmsl G mo cmocoby ynpaskuenus 5 § 1 raassl 11,

6) Ilokasarb, 94TO BepXHsIA TpaHb IIPaBOit M JICBOH paBHOMCPHBIX
CTPYKTYP Tomoliormgeckoll rpymmuet G (ror. 11, § 2, n° 5) ecrb pasuomep-
Iag CTPYKTypa, coriacywmascsi ¢ Tonojormeii B G; oua Ha3bBaeTcd
deycmoponiets pasnomepnoll cmpyrmypot e G. Ilokasatrs, WTO0 BCAKasA
OTACHUMAA TOHOJOTHYECKAA Tpynna wu3oMoppHA BCIOAY IIOTHOM NOA-
rpymnme TOMOJOIMYecKoil Tpymmel, ABYCTOPOHIIAA PaBlUOMCpilad CTPYK-
Typa KOTOPOil €CTL CTPYKTypa 10JHOrO ITpucTpalicTBa.

*7) a) Ilycts B OTAENMMOI TONONOTHYECKOil rpymme G CyIECTBYOT
OKPOCTHOCTD V) IeUTPaLHOIO 3IeMCIITa € TAKAs, YTO CUMMETPUS & —> 271,
paccmMarpuBaeMas Kak oroGpamenne Gy B Gy, paBHOMCPHO HCMpPEpPLIBHA
B V,. llokasats, wTo rpynma G pgomyckaer noroauenue, [J/lokasats, yTo
yeqosue Tteopemsl 1 phnoanerno. |

°6) IlnkazaTn, 4T0 npousseneine G GECKOHETHOT 0CeMeiCTBa TPYIIN, COB-
HafalollyX ¢ TOMOJIOrUYCCKOM IPYILTON, 0npeAee 1ol B yIipasKLC Y 4, 0o~
HO, 110 1l CYMCCTBYET 1M OfLONW OKPECTHOCTH e, 11a KOTOPOil x p=i 271,
paccmaTpisacMoe ‘kak orobpakenue Gy B ceGa, Omao Obr paBlHOMEpIO
HETPephIBHO.

8) OrfiesuMast TONOJNOrMYCCKAHd rpyuna ( Ha3LIBACTCA 40KAAbIO
npedkomMnakmuot, €CIM CYMCCTBYCT OKpecTHOCTb Vi 1I€UTPAJLHOTO dle-
MeIlTa e, NMPCAKOMITAKTHAH B LPaBoi (uiM JeBoil) pasHOMepUO# CTPYK-
Type rpynnut G. 1lokasarp, 94T0 BCAKaA JOKAJILHO MPOAKOMIIAKTIAS TPYIIa
00afaeT MOMOJHEIIUEM H OHO ABISIETCA JIOKAJNLIO KOMOAKTHOMU IPYMIOIi.
[UcnmonkaoBate ympasknenuc 7.]

9) Ilyers G — oTaeauMas TONOJOTHYECKAA Trpynma M K -— ee 3aM-
RIYTRIA HOpMaxbLnblii pgeiurtenh. Ilokasath, 470 CCIM TOMOJOTHYMECKUE
rpymust K m G/K woxuet, 10 G moana, [PaccMoTpeTh MUnymMambLubig
¢nasTp Homu piist mpasoil (i XeBoi) paBHOMEPHOI CTPYKTYpL B G U €TO
obpaa B G/K.]

10) Oyers  (Gy),.y — cemeficTBO  TONOJXOrMYECKUX rpynn o
G = “ G, — mpomspefenue rpynn G,, uagejelnoe ToHOJOrHeil, onpe-
WET

peiqcuHol B ympamuenum 23 § 2, IToxasats, uto ecnuw Bce G, mouwl,
To m G moxHo.
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11) B ycnosuax n 0603HaYeHMAX yHpaxHeHnd 26 § 2 mpeamonokmy,
970 Kaxkpad M3 rpynn G, otaeanMa u JonycKaeT HomoJHeHne, Iloka3ars,
YTO JIOKaAbHOE Mpou3BefeHue G rpymn G, OoTHOCHUTeNbHO ceMeiicTsa (A',)
OTKPHTHIX HOPMAaJIBHEIX AeNuTejeil JOMYCKAET MOLONHEHHE (; M OHO U3O-
MOPPHO JOKANBHOMY MPOM3BEACHHMIO TPYNN G, OTHOCHTENbHO 3aMbi-
Kammit K, muomects K,.

12) a) Nycto G — noamas otneaumas rpymma, G, — ee  BCIOAY
OOTHASA HOArpymna, OTIHYHAA OT G, m G — TOHOJOrMYecKag rpynma,
noixyyaeMas myteM HameleHMs G, IMCKpeTHO# Tomojorueii. ToymecTBeH-
woe orobpaykenue G — Gy ecTh GHEKTHUBHO® HENPCPHBHOO MpeACTABICHNE,
U0 ero HempepelBnoe mpofoKeHMe G — Gy ne CIOPHEKTHBHO.

°0) Ilyers G — rpynmma Q2?, 6 — mppanuonajbnoe YHCIO, U —
HeNPephLIBI0e npeacTasyeHne (z, y) = z + Oy rpymm G 8 R uw ¢ =
= u (G); rorna u: G — G’ GHEKTHBHO, HO €T0 HEmpPepHIBHOE MPOJOIKCHUE
G — G’ He WHDBEKTHBHO. '

B) Iloayunts ua a) m 6) mpumep GUEKTMBHOrO HeNmpepHIBHOTO NpeM-
crasnenusg G — G’ OTAENUMHX KOMMYTATHBHBIX TPy, HENpPephiBHOE
OPOROIKEHHe KOTOPOro G —> (' MU WHBEKTHBHO, HHM CIOPBERTUBIO.,

§ 4. I'pynnel, peficTByonue COBepIIEHHO B TONOJOTHIECKOM
npocrpaderse, KOMOAKTHOCTE B TOIOJOTHYECKHX
rpyonax M IpOCTPaHCTBAX ONEPATOPOB

1. I'pynnut, deticmeyrow,ue cosepuLenmo
6 TNONO0A0ZUNECKOM NPOCMpaHCMmee

Ouegaeaenue 1. ITyemb G — monoaoeudeckas zpynna, deticmayio-
Was HenpepwleHo 8 monotoeuieckom npocmparncmse E. I'osopam, umo
G deticmeyem cogepwenno ¢ E, ecau omobpadcenue 0: (s, z) — (z, sx)
npoussedenus G X E ¢ E X E cosepwenno (ra. 1, § 10, ompepeue-
gue 1),

IMycrs ' © G X E X E — rpaduk otobpamenus p: (s, z) = sx;
TIOCKONBKY O HellpeprlBHO, oTobOpaskenume o: (8, Z) = (s, 2, sz) ecThb

romeomoppusm G X E ua I'; rommosunusa otoGpamenuit G X E N

a prag
— I' ——— F X E ectb ne uto unoe, kaxk 0. Onpengenenue 1 cBogurcs,

TakuM g6pasoM, K TpeGoBammio, YToOR Ccyskenue pryg Ha I' Gnito cosep
wenHnum ortobpamenuem I' B £ X E.

Teopema 1 § 10 raasu I moxasbiBaet, uto G meiicrByeT coBepluen-
HO B £ Torha U TOALKO TOTNA, KOTAA BHINONHEHO CIERYIOIEe YCI0BUe:
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Haxosu Ou num Oniim MRO¥kecTBo A, dmiabTpylomeecs mo yabTpa-
buabTPy §F, B oTo6paskeHnMe o +—> (S, Z,) MEOecTsa A B G X E,
ecam otobpaskenwme o > (S,Zq, Z,) uUMeer mpemen (b, a) mo §, To
a —> S, ®WMeeT Ipemen t€ G mo §, npumueMm fa = b.

Dpumepu. 1) Myers H — 3amkhymas DOATPYNIA TOMONOTH™
gyeckoit rpynmer G. Ecau G peiicTeyet cosepimenno B £, 10 To 3e Bep-
Ho ¥ s H, mockonvky H X E samkmyro B G X E (ro. 1, § 10,
caegctsue 1 mpepaowenus 5). Ecau Bagrs, manpumep, F = G, cun-
Tas, uro G geiicTByeT B cefe Kak rpyIIa JeBHX IEPEHOCOB, To 0TOGPa-
weAue G X E — E X E ects roMeomopduaM, a 3HAYNT, COBEPIIEHHO,
v MB BUAUM, TakuM ob6pasoM, uro H Odeiicmeyem cogepuienno ¢ G kak
2pYnna Aeguxr Nepenocos.

2) Ecnu rpynna G geitctsyer cosepmienHo B £, To 0OHa feficTByeT
CoBepIIEHHO ¢ ai6om nodnpocmparcmse E' npocmpancmsa E, seaaro-
wemcs 06veduteruem opbum movex u3 E (nEmiMM ciioBaMu, HachmeH-
HOM II0 OTHONICHHIO IKBWBAJEHTHOCTH, OIIpefiejigeMoMy rpynnoi G).
JeiicTpurenbrio, mpoobpasom E' X E’ B G X E caymur G X E’',
M JOCTATOYHO IpUMeHUTH nperokenae 3 § 10 rmasm 1.

Meepaomenne 1. ITyemv G — monoasoeuveckas epynna, deticmsyio-
was nenpephisHo 8 monoaozuteckom npocmpancmsée E, u K — keasu-
Komnaxmnoe mHoxecmso 6 G. Omobpayxcenue p: (s, 2) > Sr npous-
sedenus K X E ¢ E cosepwenno.

B casoM mene, p momyckaer pasnosenue K X ESKXE 3 ,

e a (s, z) = (s, sz). Orobpasxenue o ecth romeomopdumsm, ubo
ol (s, y) = (s, s"'y) HempepwBHO; Tak Kak K KBa3UKOMIIAKTHO,
T0 prp copepuenno (ra. I, § 10, caegcreme 5 Teopemn 1); caepoma-
TexbHo, p cosepurerno (ra. I, § 10, mpepnowmenme 9).

v

Cnepcreue 1. Ecau A — gamkrymoe (COOTB. KOMNAKMHOE) MHONCE~
emeo us E, mo KA samknymo ¢ E (coOTB. Komnakmuo, ecau
E. omdeaunmo).

YrBepsxeHne OTHOCHTEABHO 3aMKHYTHIX MHOKECTB BHITEKAeT W3
npepaoxeHnd 1 m 8aMKHYTOCTH coBeplieHHoro orobpaskemms (ra. I,
§ 10, mpepnoxenue 1); yTBepKueHWE OTHOCHTENBHO KOMIIAKTHHIX
MHOKECTB TPUBUAIBHO.,
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3dameTnM, 9To ecau . — KOMIaKTHoe MEOmecTBo B E, a F — 3aMm-
KHYTO® MHOKECTBO B G, T0 FL 116 06A3aTenbHO 3aMKHyTO B £ (§ 2, ympask:
menme 29; cM. crefcTBHe mpeokenna 12).

Caepcrsur 2, Ecau K — keasukomnaxmmas nodepynna monoaoeu-
ueckoll epynnw (r, mo omHowenue sKausarenmuocmu 'y € K aamxny-
mo, a Kanohuueckoe omobpaxcenue ¢: G — G/K cosepwenno.

Ileppoe yTBepkaeHMe BhITEKAaeT M3 CJEHCTBUA 1, NMpUMeHEHHOr(
K rpymme G, neiicTByiomeil B cefe KaK I'Pynma IpPaBeIX IIePeHOCOB.
a BTOpoe BHTCKaeT Torfa m3 rteopemul 1 § 10 rmasmr I.

Caracrue 3. Ilyems K — keasukomnakmuwii HopmarsHsili Oeau-
mean monoaozuveckoll epynnv, G U ¢ — KaHOHUYecKoe omobpaiceniie
G — G/K. Jlaa aioboii samrnymoti nodepynnw A epynnu G KanoHuue-
ckan buekyus A/(ANK) na ¢ (A) ecmv usomopgusm monosozuye-
cKux epynn.

B camoM peme, nockoabky z 'y € K ecTh 3aMKHYTOe OTHOIIEHUC
DKBUBAJIEHTHOCTH (CJEACTBUE 2), CIPABENJUBOCTh YTBEDHKCHAN BEITE-
KaeT ®3 npemaokenna 4 § 5 raapwm I,

Hregnossenur 2. Ilyems K — Komnaxmuas epynna, deticmeyio-
wyaa Henpepuisno & omleaumom npocmparcmee E. Tozda:

a) K Oeticmsyem cosepwenno ¢ E.

6) OmoGpacerue (s, x) > sz npoussedenus K X E ¢ E cosepuicnio.

B) Kanonuueckoe omobGpamcenue E na E/K cosepuienno.

B camowm peste, 6) BrITexaer n3 npejtoxenusa 1. C apyroit cropous.
Tak Kak K KOMIAaKTHO, TO PTry: (S, x) =—» z coBepmierno (ra. I, § 10,
crefcTsue O TeopeMu 1); caenoBaTeIbHO, B CHNY OTAEMMMOCTH K.
(s, x) = (z, sx) coBepmuerHno (rx. I, § 10, crencrene 3 npenioxenns ).
ueM fokasamo a). Hanee, B cuny caemcrena | npepnoxenus 1 KasoHM-
veckoe orcOpaenue ¢: E — E/K 3aMKHYTO; €CIH Tellepb CUUTAT}
K neitcTBylomuM TPMBUAJIBLHO B IIPOM3BONBHOM TOLOMOTHYECKOM TNPU-
crpaderBe Z, To K jeiticTByer HelpepirBHO B £ X Z, TaK UTO KaHO-
Auueckoe orobparkenne E X Z - (E X Z)/K, no npegnuyuiemy.
samMkryro. Ho (E X Z)/K wamoHudecku orompectsumo ¢ (E/K) < 7
(§ 2, memma 2 u ra. I, § 5, caemcreue mpepnoxenns 8). Craenosa:
TeabHO, KaHOHWUYECKoe oTobpaskeBue E X Z — (E X Z)/K ortoxae:
cTBUMO ¢ ¢ X 1, a ero 3aMKHYTOCTb JJaf KaMKj0ro Z 03HAYAET, UTC
@ coBeplIeHHo.
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Caepcrere 1. [lpu ycaosusx npedaoxcenus 2, 0aa mozo umobui
E Goio Komnaxkmrno (COOTB. 40KaibHO KOMRAKMHO), Heobzodumo
u Jdocmamouko, umobw E/K o6aadasro smum ceolicmeom.

ITO BHITEKAeT N3 COBEPIIEHHOCTH KAHOHMYECKOTO OTOOpasKeHMA
E — E/K, ecin NpuHATH BO BHUMAHHWE CAENCTBHE TPEAIOMEHMA Y
§ 10 rmasur I.

Cagpcraue 2. [yemu G — omdeaumas monosozuteckas zpynna
u K — ee komnakmuas nobepynna. /las mozo umobn G 6uia kom-
nakmha (COOTB. OKAILHO KOMRAKmua), 1eobxodumo wu Oocmamouno,
ymobs. G/K 6640 Komnarmuo (COOTB. A0KAABHO KOMRAKMHO).

B camom jene, goctratoyHo mpEMMEHWTH ciaeficTBue 1 k rpynme K,
mefictBylomieit B G Kak TPYANa OPABHIX NEPEeHOCOB.

R. Ceoticmea 2pynn, 0eticmeywuUuxr cosepuw eHHo

IMeepnomerne 3. Ecau monoaozuveckas zpynna G Oelicmeyem
COBePULEHHO & MOnoAo2Udeckom npocmpancmse E, mo npocmpancmso
op6bum E/G omdeaumo. Ecau, kpome mozo, G omdeauna, mo E omdeauno.

IIyers € — E X E — rpadux oTHOIIEHHSA SKBUBAJEHTHOCTH R,
onpepneasgemoro rpyuioii G B E; ou asasgercs ofpaioM IIpousBeneHns
G < E mnpm oroGpaenuu 0: (s, 2) —> (z, sx). Ilockoabky 0 cosep-
iued”o, C samMayTo B £ X E (ra. I, § 10, npepaomenne 1). Tak xak
oraomenne R orkpmro (§ 2, memma 2), To 3axmwouaem, uro E/G otne-
anmo (ra. I, § 8, mpemunosenne 8).

[Tpenmoso:kuM Temeps, 4To G oTReIuMa; oTobpaskeHme z —» (e, )
npocrpadctBa £ B G X E ABasercs roMeoMopdmaMoM Ha 3aMKHYTOE
MHO:ecTBO B G X E m moroMy cosepirenso (rxa. I, § 10, npexnosme-
Hue 2); KOMIOHUPYA ¢ HUM OoToOpakeHue (S, r) = (x, SI) IpOU3BE-
terns G X E B E X E, coBepmeHHOe N0 NPENIONOHEHAIO, [IOTydaeM
cosepurennoe orobpaskenue £ B E X E (ra. I, § 10, npegnomxenne 5),
ABJAAIOmEeecs He 4YeM WHHM, KaK J[WaTOHAJLHEIM oTOoGpaskeHHmeM
& > (z, x); TakuM obpasom, auarosans B £ X E samkmyra (ra. T,
§ 10, npepmomenne 1), weMm xoxasama ornernumocrts E (ru. I, § 8,
npepnoskenne 1).

Meegnomenue 4. ITyemo G — monoaozudeckas zpynna, deticmeyio-
yas coseputeHno 6 MmonosocuU'eckom npocmpancmee E, U xr — moura
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u3 E. O6osnauum uepes Gx opbumy mouru r u uepes K, — cmabuausa-
mop amoti mouku. Toeda:

a) Omobpaxceiue s —» ST ecmp cosepulentoe omobpascenie G ¢ E.

6) K, Keasukomnakmwo.

B) Kanonuueckoe omobpamenue G/'K,. na Gxr ecmv zomeomopdusm.

r) Op6uma Gz zamrnyma ¢ E.

[IpooGpas mpomspepenusn {z} X E orHocHTe.IBHO OTOGpasReHUA
©: (s, ) = (2, sz) ectb G X {z}; npenaoxenué 3 § 10 raasu I mokasu-
Baer, 4to cykeHme O Ha G X {x} ecth coBepuwieHHOe oToGpaskeHHe
G X {z} B {x} X E, yem poraszamo a). Tax kak K, ecrb mpooGpaa
TOYKH I OTHOCUTEAbHO OTOOPaKEeHHA § —> Sz, TO 0) BRHITEKAET U3 TEO-
pemut 1 § 10 rmasm 1. 'oMeoMopdHOCTH KaHOHMYECKOTO OTOGpaKeRus
G/K, - Gr u 3aMrRyTOCTh Gz B E ABNAIOTCA CACICTBHAMHE YTBEDIK-
gerus a) (ra. I, § 10, npemnokenus 2 u D6).

3ameganne Ilpeniosenne 4 MokasHBaeT, YTo eCAM TO-
moxormyeckasg rpymma G JeiicTByeT COBEpHIEHHO B OJHOPOIHOM
npocrparctee G/H, 1o moprpymma H kBasukoMmakTHa (d, 3HAUUT,
KoMOakTHa, ecau G orgenuMa). MoykHO TOKa3aTh, YTO 3TO YCIOBUE
JIOCTATOYHO MJA TOro, 4YTo0H G meifcTBOBAaNA COBEPIICHHO ¥ G/H
(ynpasHeRue 3). '

Ileepaomenue 5. Hyemo G (coots. G') — monoaoauneckas epynna,
deticmeyiouyas HenpepugHo 6 monosozuieckom npocmparcmee E (coors.
E"Y. Hyems, daaee, ¢ u y — coeracyrowuecs (§ 2, n° 4) nenpepuisroe
npedcmasaenue G 6 G’ u Henpepusroe omobpaxcerue E ¢ E'.

(I) Ecau ¢ ciopeexmusro, P cropoekmusno u coseputenho, a G deii-
cmeyem cosepuernno ¢ E, mo G deiicmeyem cosepuenno ¢ E’.

(ITy Ecau ¢ cosepuienno, G’ deticmeyem cosepuwenno ¢ E' u E omoe-
aumo, mo G deticmsyem cosepwenno ¢ E.

HAna poxasarennctBa yrBep:aeHns (I) paccMOTpMM KOMMyTaTHB-
HYIO JuarpamMmy

GXE > EXE
o i ’ \L B
G X E 5 ExE,

e o = ¢ XY, B =19 X . [lo mpexnmonomenuto 6 coseplerso,
n to e Bepro A P (ra. I, § 10, npepnosenune 4a); cregosarenbHo,
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fob = 0’ oo cosepmenno (ra. I, § 10, mpemnonenue 5a); MOCKOABKY
o CIOPBEKTHBHO, 3aKIjuaeM orcioga, aro 0’ cosepmenso (ri. I,
§ 10, npennosenue 56).

HOna pokraaareabctBa yTeeppeHns (II) pacemorpmm  yasrpa-
¢unprp W B G X E rtakoi, 910 (S, Z) = ST H (8, T) > T CXOOATCH
o 11 CoOTBETCTBEHHO K Yo U Ip. Torga Tawke (s, ) = ¢ (s) P (2)
u (s, z) — P (z) cxopsres mo W, Tlockonsky G’ meiteTByeT coBepinen-
wo B E’, aro Baeuer (n° 1), uto (s, x) => @ (s) cxomurcsa mo Il K Heko-
Topoii Touke s, € G'; Tak Kak ¢ coBepuieHHo, 3akaiouaeM (ria. I, § 10,
treopema 1), 4To (s, ) > s cxonputca no I X HEKOTOPOil ToUKe S5 € G-
EnmecTReHHOCTD IIpefienia B E IIOKAaswBaeT TOTHA, 9TO Yo = S,
4 910 TNoOKaswBaer, 4to G pneiicteyer cosepmenso B E (n° 1).

3. I'pynnuvt, deticmayrouiue c6060010
6 MONOAOLULECKOM NPOCIMPAHCINEGE

Oneepenerne 2. [ycmv G — 2pynna, deticmgyrowas ¢ MHOdCE-
emse E. I'ogopam, umo G deticmsyem co600no ¢ E, ecau cmabuausamop
kascdoti mouku uz E ceodumces & HellmpasbHoMYy asemeRmy e, uMbLMU
caogamu, ecauw omHowenus sz =z, x € E, s€ G eaekym s = e.

ITpuwmep. [Iycts G — rpymna v H — ee moprpynmna. I'pynma H
geiicTeyer cBoGofHO B G Kak rpymnna (IpaBhHX WIN JEBHX) IEPEHOCOB.

IIycts G — rpynma, pefictBylomas cBoGofHO B MHOMecTse E,
R — ormomenue sksuBajeHTHOcTM B E, ompepenseMoe rpymmoit G,
u CE X E —ero rpagpux. Ecau (z,y) € C, 10 cymeersyer
s € G TaKoe, UTO Sz = y; IIPH DTOM BJIEMEHT S OIIPEeHeleH 00H03HAYHO,
n6o ecmu sr = s'z, to § sz = z, orkyna §'~ls = e, MOCKOABKY
G neiicryer csobonno. OTHOCH Raskmoil nape (z, y) € C TOT equHCTBCH-
HEIIL DJaeMeHT s € G, JJis KOTOPOTO Sz = Y, HolyTaeMm oTo6parkeHme
p: C — G, HasuBaeMoe kaHnonuueckum omobpaxcenuem C ¢ G. B Tex
me 0003HAUCHWAX HMeeM:

IlrepnomenuE 6. ITyems G — monoaozuteckas epynna, Oelicmgyio-
Was HenpepusHo 8 monosozuieckom npocmparcmee E. Il pednosoxcum,
umo G deticmeyem ce0600no 6 E. Tozda das mozo, umobu G delicmsosara
cogepwenno, Heobzodumo u Gocmamouno, ¥mobsl EBNOAHAAOCH Caedyio-
Wee yeaosue:

5 H. Byp6akn
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(FP) I'pagpux C omHoweHus oksusareHmuocmu, Onpedeasemozo
spynnoii G, samxknym ¢ E X E, a kanowuueckoe omobpadsceiue
¢: C — G Henpepusho.

MruosxectBo C ects 06pas otoGpaskenus 0: (s, z) — (x, $x) mpous-
Beaerna G X £ s E X E. Kak ussectno (ra. I, § 10, npenmomxenue 2),
JJiA coBepIeHHOCTH O HeoGXOxMMO ¥ AOCTAaTOYHO, uToOm C GBI 3aMK-
gyt B E X E, a 0, paccmarpuBaeMoe Kak ortoGpaskenue G X E B C
n obosnagaemoe Torga uepes 0’, 6riio romeomopdusmom. Ho us mpen-
HOJIOYKeHUA BHITEKaeT, uro §' OUeKTHBHO U ero ofpalfeHueM CJaYKAT
(z, y) — (¢ (z, ¥), z); caemosaTeansHo, mAf Toro urobm O Guuio
romeoMopduaMoM, HEOGXOQUMO M AOCTATOUHO, UTOOH ¢ GbLIO HEIpe-
PHIBHO.

4. Joraarvio xomnaxmmsie zpynnst,
deiiecmeyiouyue cogeputenno

Mregaosxkerne 7. Ilyeme G — ao0kasvho Komnakmhuas epynna, Oeii-
emeyowas Henpepusino 6 omdesumom npocmpancmee E. Jas mozo
umobu G Oeticmeosasa cosepuierHo, Heobxodumo u docmamouro, wmobst
dan arboli napw mouek z, y uz E cywecmsosaru oxpecmrocmv V.
mouku x u oKkpecmuocms V,, mouku y makue, umo mnoxecmso K mex
s € G, 0aa Komopuwx sV, (\V, % &, omnocumeavrno rKomnaxmio ¢ G.

Ilycts F — KoMIAKTHOE IIPOCTPAHCTBO, IIOIYYCHHOE IIPHCOE;(MHE-
aneM K G GecKoHEeuHo yjadeHHoi Touku o, u [' — rpadux orobpaske-
aug p: (S, x) —> Sx, PaCCMaTPMBaeMblil KaK IOAMEOMKecTBO B /' X E X
x E; moxameM, UTO €CIM CY)KEHHe Pryy Ha I' copepmernno, 1o I' 3amk-
nym ¢ F X E X E. JleiicrBuTenbHO, M3 3TOTO IIPCHTOIOMEHAA
caexyer, uro oro0paenme u: (t, s, z, y) — (¢, x, §) TUpPOU3BeCHHA
F x I's F x E x E samkryro. Muoecrso [ Touek (s, s) B F X G,
rae s mpoGeraer G, samkHyTo B F' X G, Kak rpaduk KaHOHHIECKO
umbernyun G — F (ra. 1, § 8, cirencTsre 2 npenaoskenns 2); MoaToMy
nepeceucaue ([' X E X E)N(F X T') samkmyro B F X I, u rtax
Kax ero o6pasoM UpM u, OUeBUIHO, cayKHT I', paccMaTpumBaeMoe Kak
mojiMaoikectBo B F X E X E, To Hame yTBep:aeHHWE [IOKA3aHO.
Ho ({0} X E x E)NT = (3, caepgosarelbHO, IO oUpepnesieruio F,
A Kaskfoit Toukm (z, y) € E X E cymectByoT ee oKpectHOcTh W
B E X E u rxomnaxrHoe MHoKectBo K B G Takme, uro ((G — K) X
x WMNT = @; rark Kak B Kagectse W MOMHO B3ATb OKDPECTHOCTB
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suga V, X V,, rae V, u V, — COOTBETCTBCHHO OKPECTHOCTH I H Y,
to orHomerue ((G— K) X W)NI' = @ Momer OnTb BHpa)keHO
B Bugie «s ¢ K Buaewer sV, NV, = J», deMm HeoOXOmMUMOCTb yca0BUS
npefaokenus gokazana. OOpaTHO, NPeNIIONOMMM, YTO 3TO YCIOBHE
BHIIOJHEHO; IycTh A — MHOMecTBO, (UABTPYIOIeecs IO YJabTpa-
PuabTpy F, M o > (84, To) — Takoe orTobpamenme 4 B G X E,
qTO lim% z, = Z, limc;g Suty = Y. Ipegnomnomum, aro K, V, n v,
VIOBJIETBOPAIOT ycaoBUIO mpennoskeHus. Ilo mpeamomoxeHuio cyme-
cTByer Takoe MHOKecTBo M €S, uto ecam a € M, T0 z, €V,
M Sq%y € V,, a 3HAUAT S, € K, TAK 9TO O > S; CXOJUTCA 1O PUIb-
mpy ¢, ¥ NpepioskeHne IOJHOCTBIO JOKa3aHO.

Ecan G xoMIakTHO, TO YCJOBWE HPENJM0KEHHWA 7 BHIONHAETCA TPW-
BUAJLIO, M M BIOBb IPUXOAAM, TaKuM 06pasoM, K mpegiomennio 2a.

Ipeasomenue 7 NoKa3biBaeT, B YAaCTHOCTH, 9YTO JuckpemHas
rpymna (G, ReiiCTBYOLIas HENPEepHBHO B OTAENINMOM HpocTpaHcTBe E,
AeficTByer copepmeHHO B E B TOM U TOIBKO TOM ciaydYae, Korja Hig
a06oit mapu (x, y) Touexk u3 E CyIeCTBYIOT OKPECTHOCTh V, TOUKU x
1 OKPECTHOCTH V TOUKH y TaKue, UT0 MHOMKECTBO TeX § € G, I Koro-
pux sV, NV, 5= &, Koneune.

Mrepnoxerue 8. Iycmv G — duckpemnas epynna, deiicmeyowas
cosepwenno 6 omdeaumom npocmpancmee E. Iycmv z — moura
w3 E u K, — ee cmabuausamop.

a) Ilodepynna K, Koweuna, u cywecmeyem OmMKDPWMOe MHOXMce-
emeo U < E, codepacawee z, yemotinugoe omuocumesvio K, ¢ komo-
POM  OMHOWleHUE 3IKBUBAACHMHOCIU, UNOYYUpYyemoe OMHOULeHUeM,
onpedeasemuim epynnoti G, ecmb OmHOUlEHUe DKEEUSANEHMHOCIU, Onpe-
deasemoe epynnoil K,.

6) Kanonuueckoe omobpaxcenue U/K, — E/G ecmb zomeomop-
gpuam U/K, nHa omrpuwmylo okpecmiocms kaacca mouku z ¢ E/G.

B cuny npegiomenusn 7 K, koneuno. Ytolh IoCTPouTh OTKPHTOS
vHOkecTBO U, ynoBJeTBOpAIOmee TpPeOyeMHM VCIOBHAM, 3aMETAM
¢Hawaja, 4YTo, COTJIACHO IPEIANOKEeHHI0 7, CYLIECTBYET OTKPHTO®
muOomectBo Uy, cogepialiee x u Takoe, 4To MHOxecTBo K Tex s € G,
asa koropux sUg(\ Uy % &, komeuno. OueBupmo, K, — K; mycrs
Sty ..., S, — Bce nmeMeHth MHOkecTBa K — K. [lonowus z; =
=gz (1 i< n), Oynem uMethb x; % x JIA Bcex i; B cmay

Hn
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orgenumocrn E, pia KaKxoro uHpeKca i CymecTBYIOT OTKDHTAaA OKpe-
CTHOCTH V; TOYKU Z M OTKPHTAA OKPECTHOCTb V; TOYKH §;z TAKUE, 9TO
VinVi= @, nonommm U; = V;(si'V;i. Ouesugno, U; OTKpHTO,
copeprrutr z u U Ns;U; < ViNVi= @. Iyers U = Uy
NU:N ... AU, U orkpuito, comepxuT z # obGmapaer TeMm
cpoitcreom, aro U'(\sU’' = ¥ pna Becex s4 K,; nmomarasg U =

=N, II0JiyYaeM OTKDHITOE - MHOMKECTBO, YCTOMYUBOe OTHOCHU-
teK,

TenbHo K,, comepamee z m Takoe, uro U(\sU = @ paa Bcex
s¢ K,; 9TO W ecTb HCKOMOE OTKPHTOE MHOMKECTBO.

To, uro kanorWIeckoe orobpakenue U/K, — E/G asngerca romeo-
mopduamom U/K, Ha oTkpHTOe MHOMecTBo B E/G, BHTEKaeT us
opepaoxernus 4 § 5 raasal I, mockonsky U OTKPHTO M OTHOIIEHUE
9KBUBAJEHTHOCTHU, ONPefeNsieMoe Ipynnoit G, oTkpuro (§ 2, nemma 2).

Cnepcrue. Ecau npednosoxcums, kpome mozo, umo K. = {e},
mo mouka x obaadaem makoti omrpemoii okpecmuocmuro U, umo
cymenue na U kawowuueckozo omobpaxenus E — E/G ssasemcs
eomeomoppusnon U mna omkpumoe muoxcecmso ¢ E/G.

8. I'pynnut, deticmeyrouiue HENPEPHIEHO 8 AOKAALHO
KOMRAKMHOM BPOCMPAHCmMEe

Iregnomenue 9. Hycms G — monoaozuueckas 2pynna, deticmeyio-
Was Henpepuieno ¢ A0Kaibho Komnakmiom npocmparcmee E. Ecau
E/G omBeaumo, mo omo aokarvho KomnakmHo.

.B camoM pexe, Tak KaK OTHOIIEHUE SKBUBAJEHTHOCTH B E, oIpe-
menssemoe rpymnoit G, orkpmro (§ 2, memma 2), TO CIpaBeRIUBOCTD
yTBepEaeHua caepyer u3 npepaokerusg 10 § 10 rmasm I.

Ieepgnomerue 10. Ilyems G — monoaozuneckas zpynna, Oeli-
tmeyowes HenpepuleHo 6 L0KAAbHO Komhakmiom npocmpahcméee E,
u E/G omdeaumo; nyemv ¢ — ranoHuueckoe omobpaxcenue E na E/G.
Hasn raxcdozo wkomnaxkmuozo mrHoxcecmsa K' uz E/G cywecmeyem
kKomnakmroe muomecmso K ¢ E makoe, umo ¢ (K) = K'.

[TockoMbKy OTHOINEHUE SKBUBAJCHTHOCTH, OIpERedseMoe TpYI-
moit G, orkpuito (§ 2, memma 2), 9TO NpEHIOYKEHWE €CTH YACTHEHIH
cayuaii npegmoskesua 10 § 10 raasor 1.

B
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ITeepnosenue 11. ITyems G — omdeaumas monosozuueckas 2pyn.
na, Oelicmeyowas cosepuienio 6 nenycmom npocmparcmee E. Ecau
F komnakmHo (COOTB. L0KaLbHO KOMNAKMKO), M0 Mo Jce 8epHO Oas
G u E/G.

Ilo npepmouoskeruio oroGpamenue 0: (s, z) w (z, sx) Hpousse-
aeang G X E B E X E copepmenno; ecntu E X E wommaxtHO (COOTB.
JOKANbHO KOMNAKTHO), TO, KAaK IIOKa3HBAET CJECTBUE IIPERJoMKe-
msg 9 § 10 rnasm I, To e Bepuo gis G X E, a smauur, u gug G,
ockonbky E 55 . Tark rak E/G otnenuMmo (upepaoskerue 3), TO
KOMIIAKTHOCTB (COOTB. JIOKAJIbHASl KOMIIAKTHOCTH) £ Bile4eT KOMIAKT-
rocth (ra. I, § 10, npegmoxenne 8) (COOTB. JOKANBHYI0 KOMIAKTHOCTH
(mpepmnoxenne 9)) E/G (cm. § 2, ynpamenue 29).

Mu yxraskeM Temephb KpHTEpHM, IIO3BOJIAIONINE YTBEPHKAATb, 4TO
OTHETMMAs TOmoJOorwieckasg rpynna G [JeldcTByeT CoBepIICHHO
I JIOKAJLHO KOMIIAKTHOM Ipoctpancrse E. Ilns npousBoibHON maphl
muoxects K, L us E o6osmauum gepes P (K, L) muoskecTso TeX s € G,
;g woropuXx sK (VL %= .

TeoremMa 1. Ilycmv G — omdesumas monoaozuueckas zpynna,
deticmeyoujas Henpeprsno 6 monosozuieckom npocmpancmee E, K —
kKomnakmmuoe mMHoxcecmso ¢ E, L — samxnymoe mmnoxcecmso ¢ E. Tozda:

a) Mnowecmeo P (K, L) szamknymo ¢ G.

6) Ecau G Oeticmeyem coseputenro ¢ E u L komnaxmuo, mo P (K, L)
KOMRAKMHO.

B) O6pamno, ecaw E aokarvho kKomnarmuo u 0af 4060l napw
romnakmuux mhoweems K, L us E mnosxcecmso P (K, L) ommuocu-
meavho Komnaxmho ¢ G (u, anawum, ¢ cuay a) komnakmuo), mo G deii-
cmgyem coseputenio ¢ E (1w ecau E ne nycmo, mo G, no npedaosce-
nuro 11, aokaavro Komnaxmio).

OTtobGpaskenne (s, x) —» sz nponasenenusd G X K 8 E HenpepsaHO;
crepoparenbHo, poobpas L' MHo)kecTBa L OTHOCUTENBHO DTOrO OTO-
(parkeHnd 3aMKHYT. [TocKonbKy MHOMeCTBO K KOMIAKTHO, HPOEKIUS
pri: G X K — G copepmenna (ra. I, § 10, cuencrsue 5 teopemn 1),
Tak uro oOpas L’ npm pry saMxryT (TaM ke, npegnoxenue 1). Ho sTum
obpasom sBasgerca P (K, L); teM caMmM a) noKasaHo,

Hoxamem 0). 3amerum, uyro E oTgeanmo (upepmioskenue 3).
fo mpenmonoskenuio oroGpaskenue 8: (s, z) = (z, st) mpousBefcHUA
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G X E B E X E cosepmenno; tax kak K X L komMmakreo, TO,
-1
Hocronbky E orgennmo, 6 (K X L) wommarrro (ra. I, § 10, mpen-

-1
nokenue 6); ciegopareasno, npoexnua P (K, L) maosecrsa 0 (K X L)
Ha G ABAAETCA KOMIAKTHHM MHOMECTBOM.

Hoxaxem B). Tark kax K X L samxmayro B E X E, 10 [ (K x L)
saMkayT0 B P (K, L) X K ©u, 3sHauuT, B TPEANOJCKEHAAX TYHK-
Ta B) KOMHAaKTHO. I[lockoMbKy BCHAKOE KOMIIAKTHOE MHOMKECTBO
B E X E copmepssuTcA B KOMIIaKTHOM MHoMectBe Buga K X L,
3ammoyaeM, 9ro Ipoobpas oTHOcUTENbHO O NPOUIBOABHOTO KOM-
THaKTHOro MHOMecTBa u3 E X E KOMIIAKTEH; B CHJIY JOKaJbHON
kKomnakTHOCTH E X E oro norasmsaer, uro 0 cosepmenmo (ra. I,
§ 10, mpeaaomenme 7) (cM. ympammenme 48 § 1 raasm IV).

damMeuanue. Ouesngmo, P (K, L)cP (KUL, K|L); cre-
AOBATENLHO, AJA TOTO UTOOH G AeficTBOBAJA COBEPIIEHHO B JIOKAJBHO
KOMIIAKTHOM IpocTpaHcTBe E, 10CTaTOYHO, YTOOH A M060T0 KOM-
naxrgoro wmuoxecrBa K wus E wmuOomectso P (K, K) Guuto oTHO-
CHTEIbHO KOMIAKTHO B G. B wacrHocTu, 74 Toro 4toln Juckpemuas
rpyuna G pgeficTBoBajia COBePINEHHO B JOKAJTLHO KOMIIAKTHOM IIPO-
crparctBe E, HeoOxoaumo m mocraTroyHo, 4ToOE ag .11060ro KoM-
IIakTHOTO MHOKecTBa K m3 E MmOoMmecTso Tex § € G, JIA KOTOPHX
sSKN\ K 5% ¢, Guno koneuHo.

Mpumep. °Ilyers X — KOMINEKCHOE AHAJMTAYECKO® MHOroobpa-
37C, AHAJNNTHYCCKNA M30MOpJHOE OTPAHMYEHIIOMY OTKPHTOMY MHOKECTBY
n3 C*, u G — TpyNIla aHAJAUTHYECKHX aBTOMOpdusMOB MHoroobpasma X;
TOIIONOTMA KOMIAKTHOM CXOAWMOCTH COTJIACYeTCA €O CTPYKTYpPoit rpym-
nel B G, W MOKHO IIOKa3ath, 4To G fAcilcTByeT cosepmenno B X. B uact-
HOCTH, BCAKAA ANCKPETHAst NOATPYNIIa TPYyNNni G fICLiCTBYCT COBEpIIEH~-
mo B X.

BoanMeMm, wuaipmmep, B KadecTBe X TOXYINIOCKOCTE o (z) > 0,
aHAJUTHYCCKN M30oMopduylo OTKpeTOMYy Kpyry B C; G ccTh rpyuna Bee-
BO3MOKHBIX mpeobpasoBanvii z = (az 4+ b)/(cz + d) ¢ BemECTBCNNBIMH
a, b, ¢, d m ad — be %= 0. Hoarpynna H rpynmst G, COCTOAIAA M3 IIpe-
o6pazoBanuit, Y KOTOpPHX a, b, ¢, d — neasie uucina u ad — be = 1,
€CTh AMCKDeTHAsA MOArpyNHa TPYHNH G, HashBAEMAA MOOYARPHOU 2pyn-
noti. Ha ocHoBanwm mpefnjymero oxa jeiicTByer CoOBEpUIEHHO B IIOJXY~
mrockoetn & (z) > 0.,

regnosmenne 12. ITyemv G — omdeaumas monoaozuxeckas epyn-
na, delicmeyouas HenpepuieHo ¢ Monosozuieckom npocmparcmee E,



6 I'PYMIBI, AEUCTBYIOUIUE COBEPHIEHHO. KOMIIAKTHOCTD 71

K — xomnaxmunoe muoxcecmso 8 E u pg — omobpaxcenue (s, x) V> Sx
npoussedenus G X K ¢ E. Tozda:

a) Ecau G Oeiicmsyem cosepuenno 6 E, mo pxg — cosepuiennoe
omobpaxcerue.

6) Ecau E sokasavno komnakmuo u pg cosepulenno 04a aiobozo
rsomnaxmiozo muoxcecmea K us E, mo G Oeiicmeyem coseputenno ¢ E.

O
Orobpanenne pg TpeacTaBuMo B Buge Kommoaumuu G X K —

9
KEXxEZE, e 0 — cysennne Ha G X K orobpamenus
0: (s, ) => (2, sz) mpoussenerus G X E B E X E. Tak nax

51(K X EY=G X K, 10 0 cosepmerdo, ecaun 0 coBepureHHO
(ra. 1, § 10, npepnoskenne 3). C gpyroit cTOPoHH, MOCKOABKY K KOM-
TIAKTHO, NpOCKOHMA pr, upoussegerna K X E na E cosepuieEHA
(ra. I, § 10, caegcrBue 5 Teopemnl 1) u, ciemoBaTeabHO, Pk COBEp-
mweHHO (TaM ke, HPeJIOKeRue D).

O6paTHO, NPEJUOIOKUM, YTO Px COBEPIICHHO ;(IA JIOGOTO ROM-
MaKTHOTO MHOMECTBA K n3 E; ecJan L ~— KOMITAKTHOE MHOMECTBO

B E, 10 p;{ (L) Gynmer KOMIAKTHEIM MHOKecTBOM B G X K, mpoek-
mueii Kotoporo B G caymur P (K, L); crenosarexsmo, P (K, L)
KOMIIAKTHO, ¥ ecin E JOKAJIBHO KOMIIAKTHO, TO HA OCHOBAHHM TEOpe-
mel 1 saxawouaeMm, uto G peiicteyer comepiulerHo B E.

Caggcreug. IIyemo G — omdeauman monosozuieckas zpynna, Oeii-
cIneyilouas Cosep UeHHO 8 monososuteckom npocmpancmee E. Jas
4106020 Komnaxmmozo mroxcecmea K us E u a106020 3amerymozo muo-
scecmea F us G mnoxmecmeo FK zamrnymo e E.

JTo BHITCKACT U3 [[OKA3aHHOTO cefiuac mpemmomenus 12 u mpes-
noacenua 1 § 10 raasmr 1.

6. Jdoraavito noMnarmuvie 00HOPOINBLE NPOCIPUHCINGA

Meepnowenne 13, IIyemv G — sokaavHo Komnakmuas epynna
v H — ee samknymas nodepynna. Odnopodnoe npocmpancmeo G/H
AOKAALHO KOMNAKMHO U RADAKOMNAKMHO,

Tax kak G/H oraeaumo (§ 2, npepmoxenue 13), To 0HO AOKAIBLHO
KOMIAKTHO B CHIY UpeJIoKeHNA 9, IOpUMeHeHHoro K rpymme H,
nelicTeylomei cupaea B G. Ocraercsa, TakuM o6pasoM, MOKA3aTh, YTO
G/H napaxommakrtro. Ilycts V — cumMerpuyHas KoMIDaKTHag OKpe-
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CTHOCTH HeATpaNbHOIO diaeMeHTa ¢ B G 1 Gy = V™ — nopompaeman
el0 moxrpymma B (G, OTKDHTasg L0 CIENCTBHMIO Ipejmoxenus 4 § 2.
Fpynna Gy peitcrsyer mempepmBHO B G/H (§ 2, npepnomernue 12);
HOKaykeM, 4To Kajgas opbura Goz (z € G/H) ectb omkpumoe MHOME-
cteo B G/H, spaswomeecsa o6beuHeHMeM CcYETHOTO ceMeficTBa KoM-
HDaKTHHX MHOKECTB; orcioja 6yner BuTexaTs, 40 G/H ecTh monosozl-
Yeckaa CcyMma DPA3NUYHHX OPOUT Goz W, CAEIOBATENILHO, HAPAKOM-
naktHo (1. I, § 9, Teopema 5). To, uto Gyz otkpuTo B G/H, BHTEKAET
U3 TOTO, UT0 Gy OTKPHTO B G, a OTHOILIEHNE dKBUBANIERTHOCTH 2~y € H
otkpuTo B G (§ 2, nmemma 2). C npyroit cToponn, Gyz ecth ofbegune-
Hie MHOMecTB V"z (n > 1), u Tak kaw V" xommakraEo B G, a G/H
otgennMo, T0 V"z KOMIAKTHO, ¥ IPEIJI0KEHNE [OKa3aHo.

Ieennoxenue 14. Heldimpasvrnas komnonenma C A0KAAbHO KOM-
naxmuoil epynny G ecmb nepeceder e gcex omEpumulx nodzpynn epynnu G.

Ilockoasry C — 3aMKHYTHiI HOpMadbHHH JgeanTens rpymuu G
(§ 2, nmpemnomenue 7), G/C — nOKaIbHO KOMHAaKTHas (IpeIOKe-
gve 13) Bmonme mecBasmas (ra. [, § 11, mpemnowenme 9) rpynma.
Tar rak nmpoo6pas oTkpmTo# HoOUrpymusl rpyuns G/C OTHOCHUTENBHO
KaHOHHYecKoro oroGpamenns G Ha G/C ecTb OTKpHITAA IHOATPyHIa
B G, comepamas C, TO MOMKHO OTPAHMYHUTHCA J[OKA3aTENLCTBOM
npeIoKeHna oia rpynust G/C; uHA4Ye ToBOPA, MH cBeln XoKasa-
TeALBCTBO K cayualo, Kormpa G BmoxHe HecBasHa, Ho, KaK mM3BecTHO
(ra. II, § 4, cnencteme mpegnokerns 6), Torma BCAKag KOMIAKTHAA
OKPecTHOCTh V HeATPAIBHOTO JJIEMEHTA ¢ CONEPIKUT OTKPEITO-
3aMKHYTYI0 okpectuocth U. B cmny komMmakrHocTH U M 3aMKHYTO-
ctu B=CU, ¢ o6nagaer cnMMeTpuYHO OTKpEITOH OKpecTmOCTBIO W
trako, wto W U n UWNBW =@ (§ 3, n° 1 u ra. II, § 4.
npepsokenne 4), tTak uro tem Gomee UW < U. Umpyknueit no nr
3arIOYaeM orciofia, uto W" < U pgasg Kamporo neixoro n > 0; TakuM

obpasoM, Iopompaemas W wmonrpymma W =U W" rpymuu G,
n>0

OTKPHITAA B CUJAY ChAefcTBud npepgnoskendsa 4 § 2, comepswurca B U,
U Ipefio)KeHne JOKa3aHo.

Bumecte ¢ TeM MH pokaszanu:

CnggcrBue 1. Ecau G — 6noane HeceA3HAA AOKAALHO KOMNAKMHASL
apynna, mo écaxan okpecmuocmb e ¢ G codepycum omkpwmylo nod-
epynny epynnu G,
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Cagnctsue 2. Jokaavho KoMnakmuas epynna, nopoxcdaemas Kaxc-
Aol okpecmmOCMbI0 HEUMPAALHOZ0 AeMeHMA, CEA3NA.

Caepcreue 3. Iycmv G — aokaavho komnaxmuas epynna, H —
ee samknymas nodzpynna u @© — KaHoHUYeckoe omobpaxcenue G
na G/H. Ceasnbimi, komnonenmamu spynno G/H seasiomes samwika-
Hus 06pagsoe Npu ¢ CceAIHBIX KoMnonenm zpynns G.

Ilyets C — meiitpanbHas KoMmomeHta rpynun G. CBasHEIME
KOMIOHEHTAMH TPYHIH G chy’KaT MHOMeCTBA SC CO BCEBOBMOKHHIMU
s €G (§ 2, npepnoxxenue 7); oueBusHO, ¢ (sC) CBA3HO, 1, 3HATUT, CBA3-
Ho Taxxe @ (SC) (ra. I, § 11, npemnomerne 1). Ho ¢ (sC) = @ (sCH),
M TaK Kaxk sCH macuImeHo 10 OTHOLIEHMIO 3KBUBAJNEHTHOCTH, OIpeje-
aseMoMy muoprpyumoit H, a 3to oTHommenue oTkpHTo (§ 2, memma 2),
10 ¢ (SCH) = ¢ (sCH) = ¢ (sCH) (ra. I, § 5, mpenosenue 7).

IHonosxkum L = CH; L ecth saMkHytasg moprpynma rpymms G,
cogepswamanx C u H;, gus [OKasaTeabCcTBa TOTO, YTO MHOMECTBY
@ (sL) = s (L) cayswar cpasHsME KoMuonenTamu rpyuus G/H, nocra-
TOYHO MOKAa3aTh, UYTO (aKTOPHPOCTPaHCTBO mpoctpanctBa G/H uo
OTHOIIEHUI0 KBUBANEHTHOCTH, KIACCAMHU KOTOPOTO ABAAIOTCH MHOMKE-
crBa s¢ (L), Bmonme HecBsmsmo. Ho, 8T0 ¢akTopmpocTpaHCTBO romeo-
Mop¢Ho ogHOposHOMY npocTparcTBY G/L (ra. 1, § 3, mpennosxenne 7),
U BOLPOC CBEHEH, TAKMM 00pasoM, K JOKA3aTENbCTBY TOTO, 9TO €CIH
C — H, 1o G/H snoane neceasno. Tax xak G/H oTommecTBUMO TOT/A
¢ (G/C)/(H/C) (§ 2, upennomenne 22), To MOKHO CYUMTATB, YTO CAMA
rpynna G BuoiaHe HecBasHAa. Beakas okpecTHocth ¢ (¢) B G/H comep-
WuUT okpectHocTh Buga @ (V), rae V — oxpecrHOCTH ¢ B (, 3HAUUT
(cnegcteue 1) oma copepskut okpectHocThb Buga ¢ (K), rme K —
omkpumas u Komnakmuas noprpynua rpynnst G; ¢ (K) Gymer Torma
OTKPHTO-3aMKHYTO B G/H, 4eM MOKa3aHO, YTO CBA3HAS KOMIIOHEHT&
Touku @ (¢) B G/H cBomurca K 3T0il TOUKe; IOCPENCTBOM HEPEeHOCA
3aKI0YAEM, UTO TO K€ CIPABEIINBO A CBA3HON KOMIOHEHTH Ji060%
Toukm w3 G/H, ueM saBepliaercs OOKA3aTEILCTBO CIEACTBHUA.

YunpasuHenus

1) a) Jdaa toro 9Tob6H wmnoarpynma H Tomoisormueckodl rpymmn G
AEHCTBOBAJA COBEPIIGHHO B G IO BHEIIHOMY B38KOHY (8, Z) k> szs7!,
HE0OXOAMO M JOCTATOUHO, 4TOGH G Onna ortgeanma, a H KoMnmaxTHE.
[Mcnonb3oBaTh mpepioeHnsa 2 u 4.)
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6) Ilycts G — TomonoruyecKasa rpymma m H — ee moprpymma. Hdas
Toro 4Toln oToGpamenuc (z, y) == zy mpoussegenns H X G B G 6uio
copepiuennsM, meobxogumMo M AocTaToqno, 4To6n H Obla KBa3HKOM-
makTHa. [PaceMorpers mpoobpa3 e OTHOCHTENBHO 3TOLO OTOOPAKOHHA.]

2) Jath mpuMep KOMIAKTHOM TPYINLI, NEHCTBYIOICH HEIPePLIBHO
(1 MOTOMy HE COBEpIIelnoO, CM. IpPeJJoKkeHHe 3) B HEOTHACANMOM HIpO-
crpancree. [CMm. § 2, ympayxuenme 13.]

*3) Ilaa toro urolm Tomosormueckas rpymma G feiicTBoBaja cosep-
IEHHO B OZHOPOJHOM HpocTpaucTBe G/K, HEOOXOEMMO M [OCTaTOYHO,
w100 K Oma KpasuxoMmmaxTha. [UTOOW yOeguThesi B KOCTATOYHOCTH
ycaosus, pokKasarth, YTO KaunoHugeckoe oroGpaxienme G ma G/K cosep-
LICHHO, W HCIHOJb30BATh upejsoxenne 5 § 10 raasnr 1.]

4) Jlathb TaKoil WPUMOp OTHEAUMON TOmMOJIOTAYECKON rpymmu G, jei-
CTBYIOIle{l COBEPUIGHHO B OTJEJHMOM TONOJIOTMYCCKOM IIpocTpaHcTBC E,
B KoTopoM Oml oToGpamcume (s, z) m—> sz M KauoOnMyecKoe orolparkcune
E -~ E/G ue Omnm saMruyTmMn. [CM. yumpakueuwme 16.]

5) Haa toro urobm mourpynma H rtomojoraveckoii rpymmel G jeii-
«€TBOBAJIa COBEPIICHHO B (G KAK Ipynma JeBhX HepeuocoB, 11eo0X0XHMO
(1 mocraTouno), urobu F 6niaa samkayTa B G,

°6) TlomosknM AJIA JMI060T0 BelecTBeoro a > 1

((t+a(a—:—2)’ I ), ecaun < — a

I a1 a-+1 a--1"
a [73
= 2 — <t .
fay=1{ (@, eett — = ST g
aa-' 2) a a
| (—”—‘—rﬁ) cean > o=

O6osznaunm wepes €, MIOMECTBO BCex fo(t), Tme ¢ mpoGeraer R,
1 uepes E — mopmpocrpanctBo B R2, aApamiomeecs ofbefuueniieM BcoX
muoixeers C, (@ > 1) u upamux D', D”, rue D’ (coors. D”) cocrout
us Beex Touek (t, —1) (coors. (¢, 1)) ¢ ¢ € R.

a) llycry rpynna R peiicteyers E IO TAKOMY 3aKOHY (S, 2) > 52
1°s(t, —1)=(s+ ¢, —1); 2° s(t, )= (t—s 1) 3° sf,(t) =
= f, (s + 1) pas Bcex a > 1. Hokasath, uTo R jeHcTByeT nempepHBHO
B E 1 Bce ueTHIpe YCHOBUA IPENJO:KCIMA 4 BHIoaHens, so E/R Heor-
REaANMO,

6) Ilycrs S — oTHOmEHHE DKBABAJEHTHOCTH B E, KJIACCH KOTOPOTO
CBOAATCS K OfAHOM TOUKe z, ecamt z ¢ D' m z¢ D", n nmewr sug {z,— z}
Jag z €D umm z €D"; mycrs E’ osuagaer darropmpocrpauctso E/S.
Ornowenne S cormacyerca ¢ rpynmoi R, meiterByromedt B E (§ 2, n° 4);
10K83aTh, 4TO R jeiicTByer mempepusHO B E’, BCe 4eTHPO ycaoBUA mpef-
JIoenua 4 BHmonHeHH m E’/R otpeammo, so R He pmelicTByeT comep-
meHHo B E’,

7) Oycre G — oTneanMas rpymnma, fellcTByomas HCIPEPHBHO
B JIOKAJLHO KOMIAKTHOM mpocrpanctse E. Ilpepmomomum, wro: 1° jus
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J1060T0 KOMIIAKTHOTO MHoMecTBa K M3 E cymenne uma G X K oroGpaske-
HUA (S, Z) m=> ST €CTb BaMKHYTOC oTOOpamenue G X K B E; 2° s pp sz
€cTb coepiennoe orobpaykenne G B E mpu nobom z € E. Tlokasars, 9410
G peiiersyer cosepmento B E. [Hcemoansopatrs mpepnossenue 12, ]

8) Nycrs G, — HepucKpeTHAsA OTACIMMAsl TOMOJNOTMYecKad TIpymna,
B KOTOPOIl BCAKOC KOMIIAKTHOE MHOMKECTBO KoHewHo (§ 2, ympaskse-
mire 23). Ilyets G — rpynua G,, HafieJicHHAA [ANCKPETHOH TOIOJIOTHEN.
ToxasaTh, 94T0 G ACHCTBYCT HCNPEPLIBHO, HO HE COBeprienuo B G, Kak
Tpynma JICBHX mepenocoB u oGaapmacT TcM cBoiicTBoM, uro P (K, L) xoM-
TMAaKTHO JJIs1 JMIOOKHIX KOMIOAKTHEIX Munoskects K m L us G, (reopema 1).

*9) llycts G — TomoJiOrMYecKas TPyMIa, AeicTBYIOMmaA HeIpepHIBIO
B8 mpocrpauctBax E u E', f: E — E' — uenpepuBuoe orolpaskenne,
€OIJIacyIomeecsa ¢ TOMAECTBennLM orofbpamenueM rpyuns G (§ 2, n° 4),
u'f: E/G - E'|/G — nenpeprBioe oToGpamenue, moxyuaemoe us f dax-
TOPU3anuecH.

a) IokasaTh, 4T0 €caHm f OTKPHTO (COOTB., 3aMKHYTO, COBEpUIELIIO,
HHTLEKTUBHO, CIOPBEKTHBHO), TO BTO K€ MMeeT Mecro n A f. [[as moxa-
3aTeLCTBA COBCPIICHHOCTH f, KODJA f COBEPWERHO, NOKA3aTh, UTO
npoo6pas Towkm m3 E’/G ornocutempmo orofpakenus [ KBasm-
KOMIJaKTell. |

6) TpegmomaoskuM, uTo G ACiiCTBYET COBCpIIEHHO U cBoGomuo B E u E'.
TlokasaTh, 4TO CCJIH J COBCPIMCHHO, TO COBEpIIenno M j. [3ameTntdb, uro
cy:xeune orobpamenust f va opbury Gz ectb romeomMopdusm ma Gf (z).]

*10) Myers G — Tomomoruucckas rpymma, a £ m F — Tomojorn-
9CCKMC IPOCTPancTBa, B KOTOPHX G JlelicTBYeT HCIIPCPLIBHO; Torfa G feii-
<TBYCT nenpepusuo 8 E X F mo sakony (s, (z, y)) == (sz, sy); HOJOKUM
E X UF = (E % F)/G.

a) Toxasath, uro E X Gg (rne G fciicTBYeT Kak TpyNma JeBhX
mepeHocoB cama B cefe) kauonmueckn romeomopduo E. [3amernts, urto
ecan U oTkpurto B E, To o6nefunenme opOur Bcex rouek u3 U X (e}
OTKpeiT0o B E X G.]

6) Hycts F' — Tperbe TOMOJOTHYECKOE HPOCTPAHCTBO, B  KOTO-
poM G peiictByer meupepuBHo, u fi F — F' — penpepmBHoe orolpa-
JKeHIe, COIJacyouIeCcss € TOMICCTBCHHAIM oToOpajcumeM rpynma G,
Nocpepcreom ¢axropnsanun us 1p X f modyyaeM HCIIPCPLIBHOE OTO-
Gpaskenne j: E X CF — E X YF'. Ecan f OTKPHITO (COOTB. COBEPHICHHO,
HI'BCKTHBHO, CIOPBOKTHBNO), TO 3T0 MMEOT MECTO M JJIA [ (ympasKue-
une 9). Jarb mpumep, B KOTOPOM [ 3aMKUYTO U G [eHCTBYeT COBEPIIENo

8 E, uo f ne aamrmyro. [3a F mpuuarts G, sa F' — opmoToueunoe mpo-
CTPAaHCTBO P W HENOJbL30BaThL yHpaskuenue 4. ]

B) Tlokasars, 4T0 ecan G fAeiicTByeT coBepiienso B E, To G peiicTpyer
cosepmenno B E X F.

r) IlokasaTh, 4T0 cciu F KOMIOAKTHO, TO KaHOHHMuecKoe oToGpaske-
une E X YF — E/G cosepwenno, [Wcmompsosath 6).]
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n) HpexmonoskuM, uTo G JOKAJbHO KOMHAKTHA, M 06OBHAYMM Ueped
G’ ee aJeKCAHIPOBCKYI0 KOMINBKTHPHKAUHNI0 ¢ GECKOHOUHO YHaJeHHOH
TOYKOH ®; G mefcTByeT HempePHBHO B G’ MO BHelllHEMY 38KOHY, ompe-
ReNAeMOMY YCJIOBUHMH s+f = st, ecad ¢t € G, ¥ s-@ = ©; Torga E romeo-

MOP(HHO OTKPHITOMY MHORIpOCTPaHCTBY B E X Gg’. [Mcnoxbaosats 6).)
BusecTn otciofia, 4To eciau G JieiicTByeT coBepimieHHo B E u, kpome TOTO,
E/G noxanbHo KOMHmAKTHO, TO E JoxanbHO KoMmakTHO. [Jlnsa mokasa-

TeJnCTBA oTpeanMocTn E X GG nemombsosate B).]

%) JlaTh TaKol MPEME] JOKAIHHO KOMIAKTHOH TPYNOH G, ReHCTBYIO-
et HONPePHBIO B HE JIOKAJNLHO KOMIOAKTHOM mpocTpaHctBe E, 4To0m
E/G csogunock K opmoit Touke. [CM. § 2, ympamuenme 29.],

*11) Nycrs G — Tomoyioruueckasa rpymnma, a H m K — ee 3aMKuy-
Thié IOJTPYIIIE. )

a) IokasaTrs PABHOCHJILHOCTb CJAeAylmMuX Tpex yeaopmi: 1° H X K
BOUCTBYeT COBepIIGHHO B G N0 BHemrHeMy B3akony ((k, k), s) w—> hsk~!;
2° H jeiicTBYeT COBOPIIEHHO B OBHOPOAHOM mpoctpancTse G/K; 3° K peii-
CTBYeT COBEPHmIEHHO B OFHOPORHOM mpocTpancTBe G/H.

6) IpegmonoxuMm, 4ro G JIOKAJAbHO KOMIIAKTHA;, YCJOBUA (PaBHO-
CIVILHEG) IIYHKTA A) PABHOCHIbHH TaK/AKe CIe[YIOMEMY YCJIOBHIO: MIA
nw060il TAPH KOMOAKTHHX MHOMecTB A, B M3 G mepecewenme HA (| BK
KOMIIAKTHO. B 4YaCTHOCTH, 8TH YCHNOBHA BHIIOJHOHH, €cJW OfHA N3 IOA-
rpyan H, K KOMIOaKTHa,

B) Ipegmomoskum, 910 G JoKaabEo KommakrHa, I[lokasaTs pasmno-
CHJIBHOCTH cJepylomux ycxopuii: 1° mas moGoro z € G orobpaxenne
h > hzK rpyonsl H B G/K cosepmenno; 2° ansa moboro z € G oTobpa-
meHne k > kzH rpynus K B G/H coBepuienno; 3° gas moboro z € G

"1 11060r0 KOMIAKTHOTO MHOMecTBA A m3 G mepecewenwe Hz (| AK KoM-

naxtHo; 4° gasa gwo6oro z € G M g060ro KOMIIAKTHOTO MHOKOCTBA A N3
G nepeceuenne Kz | AH rkomnakTao. I1oKasaTb, 4T0 €CHHM Ofilia M3 IIOA-
rpyun H, K aBjaAeTcs HOPMAJHLHKIM JeJUTEJOM MK 6CIN HpaBad U JeBas
paBHOMePHH® CTPYKTYpPH B G cosmamalor (§ 3, ympayknenme 3), To oTU
VCJIOBHSA BJGKYT YCJAOBMA MYHKTa &),

12) a) lIyers G — TomoJorMueckKad Tpymna, KEHCTBYIOMAA Hempe-
PHBHO B KOMHmAKTHOM mpocTpamctse E. Ilpepmononnm, uro Kasgan
op6ura A mo G obiamaer HEIYCTO# BHYTPEHHOCTBIO OTIOCHTENBHO CBOETO

samukanns A. I[0KasaTh, YTO CYMECTBYOT Mo KpailHeit Mepe oflHA KoM-
nakTHAA opbmra. [PaccMoTPeTh MHHUIMAJABHHE 3J6MENT B MHOMKECTBE
KOMIIAKTHEHIX MOMHOKECTB IPOCTPAHCTEA E, yCTOHYABEIX OTHOCHTEIbHO G. |

°6) Jlath npuUMep JOKaJbHO KOMIAKTHO# Trpymme, RelicTBylomeis
HeIIPEPHIBHO B KOMIOAKTHOM IPOCTPAHCTBE, JJA KOTOPOH HM ofua op6nra
He fABJAETCH KOMIOAKTHOH., [§ 2, ympaxmenme 29.],

*13) Ilyctr G — JNOKANBHO KOMINAKTHAA Tpynma m D — Takan
ee RHMCKpeTHas MHOArPYHma, 4TO OHHOPOLHOe mPOCTPamcTBo G/D KoM-
naxkTHO. Iloxasarp, uTo mas doboro d € D MHOMecTBO Beex sds!, rae
s mpobGeraer G, saMkuyto B G. [CHawana jo0KasaTh ¢ IOMOMILIO IIPCAJIO-



VHPAMKHEHUA 77

wennsa 10, 4To B G cymecTBYeT KOMIAKTHO® MHOecTBo K Takoe, 94TO
G = KD; ncmoabsoBsaTh eme caeucrtsue 1 mpepnoskeunns 1.]

14) a) Ilycts G — TomosorMyCcKasi IPyNOa, [eiicTBYOMAas Hempe-
PHIBHO B TONOJOTHYCCKOM MpOCTpaHcTBe E, M 2y — Takasd Touka u3 E, uto
sry = xp AJAA Kampuoro s € G. IlokasaTs, 4yTo, KaKOBH O Hu ORIIM OKpe-
CTHOCTb V TOUKM z, I KBasMKOMIAKTHO® MHO}KCCTBO K M3 G, MHOKECTBO

sV ectb OKPECTHOCTb TOUKH Zy.
[13/¢

6) BupecTn us a), 94T0 ecanm G — JIOKAJIbHO KOMIAKTHAA rpymna,
V — OKpecTHOCTh HEUTPANLHOIO DjleMCHTA ¢ W K — KOMIAKTHOE MIO-

JKeCcTBO B G, TO MHOJKECTBO sVs~! ecTh OKpECTHOCTE e.
sl

*15) IlyeTh G — MOKAaJbHO KOMINAKTHBA Tpynma u G, — CBA3HaA
KOMIOHEeHTa HeiiTpannhuoro siaementa e 8 G. Ilpenmonosum, uto daxrop-
rpymna G/G, komnaxmua, .

a) TlokasaTe, uro G cueTna B GeckomeuuoctH. [3aMeTHTh, YTO 3TO
uMeeT MecTo HiA Gy, W HcOoap30BaTh mpepuaoxenne 10.]

6) Mycrp (U,) — yOuBaolag IOCACHOBATCALHOCTh OKPECTHOCTei
e B G. Tlokasarb, UTO CYMECTBYCT HOPMaJbHBIY Aenutean K rpymmm G,
cofepKamuiica B mepeceqeHny BceXx U, M TaKofl, 4To uedTpasibBHil 3je-
MenT Qaxroprpymnnt G/K obaapaeT cueTHoll QynmaMenTanbHON CHCTEMOI
oxpectHocreil. [CyllecTByeT TakaA CcUMMETDHYHAA KOMIIAKTHAS OKpecT-
#ocTh V pyieMenTa e B G, uT0 G == V,G,. OnpefeanTd 0 HHAYKIHY TaKyio
110CIeI0BATELHOCTh CHMMETPHUIIEIX KOMIIAKTHHIX OKpecTrocTell V), aie-
menTa e, 10 Va < Vooy [\ UpuaVoz™t < V,_aaaseex z € Vo [ympam-
ncune 146]; mokasathb, uro nepecenenne K Bcex V, orBewaer TpeGoBanmam
3ajaqn. ] .

B) Nycrs E — noKanbHo KOMIIAKTHO® HPOCTPAaIcTBo, objaagatomgce
cyeTHHM 6asucoM, W G [eiiCTBYeT HempepHBHO B E TakuMm o6pasoM, uTo
He CYmecTBYET HH OJHOTO § 7% e¢ B G, [iA KOToporo OW sz = z mpH Beex
z € E. YlokasaTh, YTO HEHUTPANBUKII BJeMeHT Tpymusl G obiagaer cyer-
noil pympaMeHTanbmON cucTeMoit okpecrsocreit. [Hyers (W,) — Gasuc
Tomojgornn B E, cocTogmui M3 OTHOCUTEJHHO KOMIAKTHHIX MHOJKECTB;

Ac1a ao6o#l mapel ueawmix wuced (m, n) Takoit, uro W, < W,, o6Gosna-

ynMm gepes Uy, MHOMeCTBO TeX s € G, OIA KOTOPHX sVT/_m « W,; moka-
3aThb, 4T0 BC® Uy, OTKPHTH B G, N IPHUMEHNTH peayabraT HYHKTa G).]

16) IIycts G — cBsA3BHasg JOKAaJbHO KOMIaKTHaa Trpymma, K —
€€ KOMIAKTHHI HMOPMANBHHH AeaNTeah W /N — 3aMKHYTHI{ HOPMAaNBLHBIH
menuatens zpynnvt K, oGaagaromumit TeM cBoiicTBoM, 9ro K/N HC uMeer
CKOJIb yroguo Majsix mogrpynm (§ 2, ympaskuenne 30). Ilokasare, wTo
B 9TOM cayuae N ecTb HODMAJLHHIL jeanrendb spyrnu G. [IIpeamomosne-
e oTHocuTenoHo K /N BleweT cymiecTsoBaHHE B G Talkoid KOMIAKTHOM
oxpectHocTn U HefTpansHOTO dieMenTa e, 910 Nzt < N gnspeex z € U. |

*{7) Ilycte G — J0KaAbUIO KOMIIAKTHAS IPYINA, e UMEIoWasg CKOJIb
YTOAHO MaluX moarpymnm (§ 2, ympamucane 30).
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TOINOJNOTHYECKUE I'PYIINBI (QJIEMEHTAPHAA TEOPHA) IJI. IIT, § 4

a) TlokasaTh, 4To BcAKasA TOYKa U3 G oGaajgaeT cueTHo#l PyHIaMCH-
TaJABHOI CHCTCMON OKpecTHOCTei [ympaskmenme 156].

6) CymecTByeT Takaf KOMOAKTHAA OKpPecTHOCTL V HEATPaJbHOTO
BJEMEHTA e, UTO [JiA JIOOKHX ABYX ee TOYeK z, y OTHowWemue z2 = y? Bie-
9eT z = y. [MOKHO mpPemoNOKUTDL, 4T0 G HE KOMMyTaTwWBHa. Paccy:kpmas
OT MPOTHBLOTO, NpujeM K CYUCCTBOBANHNIO [BYX IOCJCHOBATCIbHOCTEH

2 2 -1
(n)s (yn) TOYCK M3 G, cTpEMAMMAXCA K € U TAKHX, 9T0 In = yn, & IpYn =
= @, 7 e. Ilyctb U — KOMIDAKTHAafg OKPECTHOCTD ¢, He COfepIKamas um
OfHOW WOATPYyHNH rpymmu G, oramuuoil oT {e}, M p, — HauMeHLINCE

neiaoe p >0, Aaa Koroporo aﬁ‘“ ¢ U; pmokasarn, mepexofda B clyuae

Hago6HOoCTH K MOAMOCHE[0BATEJbHOCTH, YTO MOMKHO CYUTaTh, YTO a =
= lim ¥ cymectByer, 5= e u mpunagne:xur U. [Tokasars, 4T0 ¢} = ar

Nn—00
1 DOINYYHTh TaK MPOTUBOPEUHS. |

B) Ilycrs U — cuMMeTpUYHAs KOMIAKTHASA OKPECTHOCTh €, He CONep-
JKamas HIL OJHON MOATpYNmH, oramumod or {e}, m V — Kakasu-nubo
oxpecTnocth e. Tloxrasars, 4To cywecrsyer wucio ¢ (V) > 0, obmapaomee
TEM CBOMCTBOM, UTO s JI06ON mapH meamx uucelx p > 0, ¢ > 0 Takux,
aro p < ¢ (V) ¢, m nw06oro saementa z € G Takoro, uro z, z%, ..., z
npunagneskar U, wmeem zP € V. [PaccymaTs 0T NPOTWBHOTO, Ipef-
TIOJIO}KKMB, YTO CYUIECTBYIOT JBe IIOCJICHOBATEJLIOCTH IEJHX HYHCed (p,)-
(§a) Tarue, wro lim (p,/qs) = 0, u pua moGoro n aneMent a, € G Taxoil,
ato a:: €U, cemu 1 < k< gy, wo al™ ¢ V; xpome Toro, MOKHO Ipej-
NOJNOKUTb, UTO IIOCIHEHOBATCALHOCTL (") HMeer mpefies a 7= e, Dpi-
napguexcamuit U. IlokasaTh, uto Torpma a™ € U pAnA KaM{goro meaoro
m > 0, ¥ BHIBECTH OTCIOla MPOTHBOpEYHE. |

18) IlycTs G — BroJHe HeCBA31AS IOKAJbIO KOMIIAKTHAA IPynna, le-
Bafd M MpaBas PaBHOMCDHHE CTPYKTYPH KOTOpoil coBmagaiT. IloxasaTs,
YTO BCAKAA OKPECTHOCTh HCUTPAJNbHOrO 3JIeMEHTa ¢ B G COMIEPRHT OTKDHI-
TRl KOMIAKTHBIH nopmasbnbili Odesumesv Ipynmul G. [HcmoanaoBarn
ynpaxuenue 3 § 3 m cacmersue 1 mpepaomenus 14.]

*19) Ilyern G — MOKAJBIO KoMIOakTHas rpymma, Gy — cBA3HaAA
KOMIIOHGHTA €@ HeiiTpaJbioro aieMmeHTa e H H — 3aMKHyTras NMOArpymna
rpynnet G. TToxasarn, 9T0 €cJH OfuOpPoAHOe OpocTpancTso G/H nokanbuo
cBasno, T0 Goll orkpuro B G. [Ilycts Hy — cBA3Has KoMIOHEHTa ¢ B IT;
cywecTsyeT moarpynna L rpynnm /I, orkpHTas B H m Takas, uro L/H,
KoMmakTio (cacpersue 1 mpefioskenus 14); NCHOJb3YA cleicTBHe 1 mpep-
nomenus 1, moxkasarb, ur0 LG, 3aMKHyTO B G; ¢ Apyroii CTODOHH, pac-
cMaTpuBas KanoHHuecKnii 00pas Gy B G/L ¥ MCIOAb3Ys CNCICTBHE 3 MpCA-
no:enus 14 M JOKaAbUYI0 CBA3HOCTb (AKTOPHPOCTPANCTBA JOKAJLHO
cBA3HOTO mpocrpancta (ra. I, § 11, nmpemmoskenme 12), mokasarh, uTo
LG, orkpuiTo B G.]

°20) Mycrs ¢ — xKanoHnyeckuil romomopdusM R — T m 0 — uppa-
UHOHAJAbHOe uMcsio, OmpefilelUM B TOMOJOTMYECKOM IIPOCTPAHCTB G =
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= R? X T? rpynmoBoii 3aKOH, IIOJOKHUB

(1, T2, t1, ta) (21, T3y 11, ) =

=(xy + 21, 22+ 23, t+ 4+ @ (z2zy), {12+ 8+ P (Bzoz)).
JTuM ompencauTca B G CTPYKTypa JOKAaJbHO KOMIAKTHOH TPYNuH (Haje
rpynnl Jim). TlokasaThb, 9TO KOMMYTAaHT TPPyNOH G HO 3AMKHYT.,

*21) Tlycre M — KOMIAKTHOE NPOCTPAnCTBO, H3JIeJICHHOE CTPYK-
Typoil Momomja Takoii, urto: 1° orofpamennme (z, y) B> zy mpou3Bee-
nua M X M 8 M HenpepmBHO; 2° MJIA Kamporo a« € M OTHOUEHUO
ar = ay BJe4YeT = = Y.

a) IloxasaTp, 4T0 €ciam F — 3aMKHYTO® MHOMCCTBO B M u z —
TaKoit axement n3 M, uro zF < F, tro zF = F. [llycrs y — upepieanunan
TOYKa IMOCJe0BaTCALHOCTH (™) n>1 B M; nmokasatb, 4TO yF = n ',

nzl
W BHBECTH OTCIOfa, 9T0 yzkl = yl.]

6) BelpecTi U3 a), 9TO €cJaM, KPOMe TOTO, MIA Kammoro a € M OTHO-
IIeNne ra = ya BIEYCT z = y, T0 M ecTh KOMINaKTHAS TOMOJOTHMUCCKAS
rpynma. [Cnauasia IOKa3aTh CYIMECTBOBAHME HCHTPANILHOTO 3ICMCL-
Ta ¢, uro0H yGeAuTLCA B HeUPEPHBHOCTH OTOGpasKeHMA z > z~!, pac-
CYKIATH OT TPOTWBHOTO, paccMaTpuBag yanTpaduantp B M, cxoma-
muica K e.|]

*22) a) IlokasaTb, YTO B OTHEJWMOH TONOJOTHYECKOH Ipyunme G Besi-
Koe yCTOMNYNBO® MHOMKCCTBO §, KOTOPOC KOMIAKTHO HMJIHM OTKPHTO H OTHO-
CUTEJIBHO KOMIIAKTHO, sBIsercd moArpymnmoit. [McmonbaoBaTh mpepmgy-
mee ynpaxinenne 21, a Taxoke ympaskuenme 28a § 2]. BmBecrn otciofa,
49T0 KOMIIAKTHAd KOMMYTaTWBHAfA rpynna pagwkainnia (§ 2, ympamue-
nne 28r).

6) Beisectu u3 a), 4TO B KOMOAKTHOM Tpyume K BCHAKOE JOKalblo
KOMIAKTHO® YCTOWIMBOC MHOKCCTBO HBJACTCA NORrPymmoil.

B) lyers G — ormeanmmast TONMOJOTHMYCCKasl rpymma M S — 3aMKHY-
TOe YCTOHUMBOC MHOMKECTBO B (G TaKoC, 94TO B ( CYILCCTBYET NPORKOM-
NMAKTIOC OTHOCUTE IO MPAaBOil pPABHOMEDIOY CTPYKTYPH MHOMKCCTBO K, A A
Koroporo SK = G. Tlokasars, 9yT0o § — mofirpynma rpymns G. [Ormpas-
NAfCh OT 3afauHOro sjemenrta s € S, OIPCNENHTH MHAYKTUBHO IOCJE-
HOBATCIBLIIOCTH 2JeMeiTOB z; € K u s; € § TaK, 4TolH s7lz; = s;,42;,.4;
3aMeTHTL, YTO s‘lxgx;‘l €Smupn (<] u uro B G paas awboit oxpecrHo-
cti V HeHTPAJLHOTO BJICMEHTA e CYWCCTBYCT TaKasd mapa BJAEMCHTOB Z;, I,
wro i< [ W z32] € V.]

23) Tycrh p — mpocroe ancio, (Gp) -— GeckoHewnas NOCICIOBATCIb-
HOCTh TOMOJOTMYCCKUX IPYNI, COBHAKAIOIIMX ¢ JUCKPETHOH Trpymmoil
Z/(p?), n H, — mogrpynma (p)/(p?) rpymun G,. Ilycts G — nokanbHoe
mpsiMoe Mpowasefienne TPynN G, OTHOCHTEAbHO moarpynm H, (§ 2, yupam-
nenue 26); G — IOKANbIO KOMNAaKTHAs, HO HEe KOMNaKTHas rpymma. Ilo-
Ka3aTh, 4TO HENPEPHBIOE IMpeJiCTABICHNE Ui z — pz TPynnH G B cela me
sBJACTCS cTporuM mopduamom G ma u (G) muto u (G) ue 3aMKHyTO B G.
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§ 5. BecroHeunhle CyMMB B KOMMYTATHBHBIX [Pynmax

1. Cymmupyemsie ceneiicmea 8 KOMMYMAMUCHOU epynne

B atoM maparpage paccMaTpuBalOTCA TONBKO omdeilmbie KOMMY-
mamusgHsle MONoAOZUecKUe 2pYnNsl ¢ 3aKOHOM KOMHOBUIUHM, 3aIMHCH-
BaeMHM addumuero; 1epeBo HA MYJbTHIINKATHBHYIO 3amach Gyger
JaH TOABKO JAA CAaMHX BayKHHIX Ppe3yNbLTaToB.

Ilycty G — oTmenmMas KoMMyTaTdBHas rpymma, J — mpous-
BOJIBHOE MHOMKECTBO MHIEKCOB, (Z,)r — ceMeiictBo Touex u3 G
¢ MuHOmecTBoM muuexcoB . HammgoMmy komeunomy nopMuomectsy J

MuOMecTBa I MH cOmOCTABHM JJNeMEHT S; = 2,2, M3 G — GymeMm
&7

HA3HBATh €T0 KOHEHHOU uacmuuHoll cymmol, cemelicmea (T,)er, COOT-
BETCTBYIOMENR MHOMecTBY J,— KoTOpEIt 6wt oupenenern B Aarebpe

(Aar., ra. I, § 1, n° 5; mamoMmmM, 4ro mo ycaoBuo 2 x, = 0).
ey

dtum oupeneneHo orobpamenue J w> s; muoxcecmsea F(I) ecex
KoHeunux nodmHoxcecms MmuoxkectBa I B G. Ho mmoxectso § (1),
YIOPALOYEHHOE OTHOINEHMEM (<, 6cTh MHOKECTBO, giusvbmpyroujeecs
no stomy otHomesuo (Teop. Mm., ra. III, § 1, n° 10); B camom pee,
ana no0ux aByx omxemertoB J u J' ns F() umeem J <= JUYJ’
nJ' < JYJ', raeJ Y J’ cHOBa KOHEYHOE HOJMHOMEeCTBO MEOM:ecTBa I .
IIycts @ — guavmp cevenutli PuasTpyromerocss MuoskectBa $([).

Oupepenenue 1. Iyeme (z)e1 — cemelicmso mouex omdeaumols
xommymamuenoil monoaozuueckol epynnst G, F (I) — mHosxcecmeo scex
KOHEUHBIL NOOMHONcecms mHoxcecmea Undexcos I w sy 0as kaxdozo
JEF Iy — cymma mezx z,, dan womopuz v € J. Cemeticmeo (x,),¢r Hadbi-
saemes  cymmupyemsin, ecau omobpasxcenue Jr— s; umeem npedes
no guavmpy D cenenutc mmuoxcecmsa F(I), ynopadouennozo omrouie-
HueM C<; amom npedea Haswieaemces mozda cymmol cemelicmea (r.).cr

Q| Y

u oboanauaemcs Z z, (nam mpocTo 2, z, W Jame Z z,, €ciIum 3TOo
Wel 1

He MOKET HMOBIIeYb HeJopasyMeHus).

Oupepeneane 1 paBHOCHALHO CHegyOmeMy: cemelicmso (x,) cym-
MUPYEMO U UMeeTn cymmy S, ecau Oas 4060l okpecmuocmu V navasa
8 G cyupecmeyem makoe Konewnoe muoxcecmeo Jo < I, umo sy €s + V
das ecex koneunwx muomcecme J D J, us I.
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Ecan koMnosunia B ¢ 3aIHCEIBAGTCA MYLbmMURAUKAMUEHO, TO CEMOIl-
CTBO (z,) HABHIBACTCA nepeMHONaeMbln, ©CAU oTOOparkenne J w—> py, LN

py = H x,, uMeeT mpefex mo duasTpy D; BTOT mMpeAeN HABHBAKT npoua-
eJ

sedenuem cemeitctsa (r,) m o6o3HavaOT H z,.
Y34
3damevuanusa 1) Horma I romeuno, oupepesernue 1 BHOBB
NPABOAT K OOLIYHOMY OMNpejejeHMI0 CYMMElL KOHEYHOr'o ceMeiicTBa.
Bonee ofmmM oGpasoM, ecnu [ npoussoabuo, a x, = 0 aaa Bcex

HHIEKCOB (, He IPUHAMIEKAIUX HEKOTOPOMY KOHEYHOMY MHOMKE-
crsy J < I, 10 cymMma Z r, PaBHA D) z, W COBIAjaer, TAKMM o0pa-
WEJ

30M, ¢ CYMMOIt, onpen;eJIeHHou maA aroro caydasx B Axarebpe (Auar.,
ra. II, § 1, n® 5).

2) Onpegenenue CYMMHPYEMOro ceMeiicTBa He TpeJmnoJaaraer
HHKAKOrO OTHOWIEHUsI NOpA0Ka B MHOKECTBE HHJEKCOB [; modTOMY
MOKHO CKa3aTh, 4TO TAK ONPE/IENEHHO® MOHATHC CYMMBI KOMMyma-
muero. [oBopA TOYHee, MMeeT MECTO CIefYyIOmee CBONCTBO: HYCTh
(%)\cr —— CyMMMpYeMOe ceMelicTBo u @ — OuexTuBHOE OTOOpaNeHHe
MHOMecTBa uHJeKcoB K ma muOMecTBO [; TOrja CeMeHcTBO (¥yx)xck,
M€ Yx = Z(x), CYMMUPYEMO U MMEET TY e CyMMY, 9T0 U (x). Heii-

CTBHUTE.IBHO, €CJH 3—2 I, u \ xtEs—l—V JJIs1 BCAKOIO KOHEYHOro
(T4 I.E

suoecrsa J < I, conepramero Jo, t0 O y.€s+V pmam seaxoro
xEL

KoHeyHoro MuHOkectBa L — K, copgep:kamiero (pl(.lo)'.

3) boaee obuiuM obpasoM, ompegesenue 1 HTPUMEHMMO KO BCA-
KOMY CeMeMCTBY TOUEeK 0mdeilMmozo monoaosuseckozo npocmparcmsa E,
I KOTOpOM ONpejeNeH AaJiATUBHO 3AaMUCEIBAEMBLH accoyuamusHbil
1 BOMMYMAMUSHBLL 3aKON KOMRO3UYLW; B CAMOM jeJe, 3TO OIpeese-
wne 1 He omMpaeTcA HA AKCHOMEL TOIIOJOTMYECKMX TIPYIII.

2. Epumepuii Kowu

Mycrs (x)er — cyMvupyemoe ceMmeiictBo B G; ana moboit oxpe-
cTHocTH V Havaja CYIIECTBYET TaKoe KoHeYHoe MHOkecTBO J, — I,
uro s; € V, Kakoso Ou mHu 010 KomHegHoe MuOMecTBo K < I, He
nepeceraoueecs ¢ Jo; B caMoM feie, J = JyU K ecrb mponsBoIb-

HOe KOHEYHOoe MOoAMHO:KecTBO B [, cogepskamiee J,; IycTh § = Z x,,
W&l

6 1. BypOaku



<
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a W — cuMMeTpmuHasg ORpeCTHOCTh Hauamda, IIA Koropoit W -
+ W < V; no ompepencHmio 1 Moskno soilpars Jy, Tar, 4rol
s;€s+ W ns;y€s4+ W, othyna sy =s;, —sj, € W+ W ¥V

O6parHo, TipeAmONOKNM, 94TO ceMelicTBO (z,) o0Jagaer OTw
ceoiicrBoM; rorga oOpas ¢uaprpa @ npm orobpasenun J —»s; ecr
6asuc guavmpa Kowu B G; peficTBUTENBHO, NYcTh J — KOHEYHO
moMHOKecTBO B [, conep:Kamee Jo, n K = J N CJy; Toraa K ((J, =
= (J M Sg = 8§; — Sj,» OTKYM& Sy € sy, -+ V; caeposareawsro,
aioboro womeunoro J' < I, conepwamero J,, uMeeM S; — Sy |
€V LV, u yrsemijennc jokasaHo. Mrax:

Trorema 1 (kpurepmit Komn). Juas mozo umobu cemeiicmso (x,),c
8 omdeauMmoli Kommymamusnot zpynne G Oblao cymmupyemo, Heob
zodumo, umobsr Odas w60l okpecmuocmu V navaaa cyuyecmeosan

Koreunoe Mmuoxcecmso Jo < I makoe, umo zx € V. kaxoso Ot
EK

Hu 6viao koreunoe mioxecmso K — I, ne nepecexawweeca ¢ J,. Ecar
epynna G noara, smo Heobxodumoe Ycaogue Asaiemcs makdyce docma
MOYHBIM,

Donee narasio MoMiio 9TO BHPasnTh, CKazay, 9TO MPH YAATEIHI
U3 ceMmeiicTBa (x,) (ocTaTogno GOALIIOLG) KOUETIOTO TUCTA WICHOB BCHKAS
KOHeutas wacmuuwias cymma OCTABILCTOCA MOACEMENHCTBA TOJKHA  OBITH
ckoab yeodno 6auska K Hywo.

HemnocpesicTBeHHLIM C.IC/CTBHEM NepBoil uacTn teopeMut 1 asiaser
cA CIeayolee IIPe;jLI0KeHHne:

Mregnowenne 1. Ecau cemelicmso (x) cymMmupyemo, mo 6cakas
OKpeCmiocmb HYas colepicum 6ce I,, 3a UCKAIOYEHUEM ILEKOMOopoaC
KoHeuro2o ux nodcemeticmsa (ApyruMm ciaoBaMu, eciu J GecKoHEUHO,
to limz, = 0 mo ¢uavmpy OJonoanenuil KoHeuHbx ROOMHOMCECME
mHoxcecmea 1).

910 Heobrodumoe YCIOBHC CYMMHpYyeMocTH cemeiicTBa (z,) Boofiue
HU 6 Koell mepe ne asisemcs Qocmamounbm, JaKe KoTAa ( IOJHA;
3TO TOATBEPAMTCA B  JaJbHEHMEM MHOTOIHCIGHHBIMM  TpIIMCpaMu
(cm. ta. IV, § 7).

Cnencrsue. ITyemv (x,).c1 — cymmupyemoe cemelicmso & Kommy-
mamusrol epynne, HelimpaavHbll JaeMenm Komopol obaadaem ciem-
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noll gyrndamenmananrotl cucmemoll oxkpecmiocmell,; mozda MHOX*CECMBO
mex umdekcos , 0as kKomopwx x, == 0, cuemno.

B camom pene, nycrd (V,) — cuerHas yHpaMeHTaNbHAH CHCTEMA
oKpecrtHOCcTell Hyna U H, — MHOKECTBO TeX MHEKCOB i, JJIA KOTO-
puix z, € V,; mMaoKectso H Tex WHHJIEKCOB L, AAA KOTOPHX z, 5= 0,
ecTh o0BeMHeHMe MHOMecTB H,, a nakaoe H, kouewio mo mpemn-
noenwio 1.

dro caepcTeue BooOGme TepseT CMIY, CCAM He OPCANOJAraTh, YTO
nagano o6JafacT caeTHOH ¢YHAAaMCHTAJLHOIT CHCTEMOl OKpecTHoCTel.

“PaceMoTpyuM, Harpumep, npou3segenne RR rpynn R (aganTUBHYIO Tpyu-
Ny BCeX YHCJIOBHMX (YHKOMI BeIECTBeHHOII mepeMenuoii, HajieIeHnyn
TOMOJNOTHCIT npocmoli cXoguMoceTd (cM. ra. X, 2-e mag., §1, n°® 3)), u
nyers f, — takoit amement u3 R®, wro f, (@)=1 u f, () = 0 npm
z 7 a; ceMeficTBo (f,), g CYMMIPYEMO U HMMEET CYMMOf dynkuuio, pas-
nyw 1 no Bcex Togxkax us R..

3amewanwue, Ecam Komrosnuus B G 3alHUCHBACTCS] MYJILTWILIN-
Katumio, To kpurepmii Homn puipaskacTesl ciaegyomiM ofpasoM: s
TOFO 9TOOLI CEMEMCTBO (’t)teI 0bl10  MepeMHOoKaeMo, HeoOXOLuMo, TR
s o60it okpectHocTd V eguniub CYUICCTBOBAI0 KOHEUIOC MHORCCTBO

Jo — I Tawoe, uro ” z, € V, KaxoBo OH HH GHIO KOHETNHO® MHOKECTBO
LEK

K < I, ne nmepecexatomeecs ¢ Jo; ecan G moana, TO 3T0 YCJIOBHE LocTa-
touno, OTCIofa BHITexaeT, aTo ecan / Geckowequo M (r,) IrepeMHOKaCMO,
to lim z, = 1 mo ¢uapTpy Homoiuennit KOMCIHBIX HOAMHOMKECTB MiOKe-
crBa /; ecau, Kpome ToTO, cpunmua obiamacT cuernoit dynmaMeHTANLIION
CHCTEMOIl OKPECTHOCTeH, TO MHOKECTBO TCX MHIEKCOB U, JJIA KOTOPHX
x, % 1, cuerno.

3. Yacmuunvie Cymusl, ACCOUUAMUBHOCHLD

IMeeanomeune 2. B noanoii epynne G acakoe nodcemelicmeo cymmu-
PYemMozo ceMelicmea cYMMUPYEMO.

B camoM pene, mockoabky Kpurepuit Homu smmoansercs npus
cemeiicTBa ()7, OH TPHUBHAJBHHM 00pasoM BBINOJHAETCH M JJA
Joboro mojceMeiicTBa.

Ecan (z).er cyMMuUpyemMo, TO cyMMa Z I, OTIPe/ie;IeHA TeM CaMbiM
LEJS

Ao moboro (KoHeUHOTo WM (eCKOHEUHOro) mofMHoectsa J MHO-
wecrsa [; oHA TaKiKe HA3LIBAETCA YacmuyHoil cymmoil cemeiicrsa (z,),
COOTBETCTRYIOTIEH TOMHOMECTBY J MHOMECTBA HH;IEKCOB, MHO}kecTBO

(1%
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BCeX YACTHYHBIX CYMM CYMMHPYEMOro ceMmeiicTBa, OYE€BMIHO, COAep-
JKUTCA B 3aMbIKAHUL MHOMECTBA BCEX KOMEYHBX UYAaCTHIHEIX CYMM.

Trorema 2 (accoyuamusnocme cymmu). ITyemb (x),c1— Cymau-
pyesoe cemeticmeo 6 noanoli 2pynne G u (I)ner— npoussoavroe pas-
buenue muoxcecmea I; noaomcum )= 2 x,. Cemeticmso (8)acL CYyM-

vel,
MUPYEMO U UMEEM MY HCe CYMMY, 4Mo U cemelicmao (I).er.

Harasmsee aTo MOMKHO BHIPAa3UTh, CKASAB, TTO €CJd B HMOJIIOH TPymHe
JlAHO CYMMEDYEMo€ CeMEHCTBO, TO ero WJACHBl MOMKIO TPOU3BOJDLHHEM
06pasoM couemamv B OONCEMENCTBA, TIPMTEM CYMMHl 3THX [OJCCMEicTB
006pa3yoT CHOBA CYMMHDYCMOE CCMEICTBO, CyMMa KOTOPOTO DaBHa CyMMe
MAHHOrO CEMeficTBA. o

-
liotosmum s= D) x,, M nycrs V-—OpousBOIbHAH 3AMEHYMAA

. VeI

oxpectHocTh HYyIa B (; cymecrsyer KoHeyHOe MHOMecTBo Jo & [

. —‘ .
TaKOE, 4TO Z, 2, €s-+V, KakoBo Obl HM ObLIJIO KOHCUHOE MHOKECTBO
B LEJ ’

J < I, copepmamee Jo. Ilycrs Ky-—mopMHOMecTBo MHOMecTBa I,
CoCTOALIee M3 TeX MHEEKCOB A, AuA Koropux Ji==1I;}J, ne nycmo;
K. oueBunno, komeuHo. Ilycre K — mpousBoabHOe KOHEYHOE MOJ-
MHOKeCTBO MHOmecTBa L, copep:kamee K, Mbpl HOKa)keM, 94TO

') $, €5+ V, ueM CHpaBeMBOCTL TEOpeMH K OYHeT YCTAHOBJIEHA.
AEN - . .

Ho s, BechMa OIM3KO K HEKOTODOH KOHCUHOH YAcTHIHOM cymme
ceMmeiicrsa (r,), BCe WIEHH KOTODOH OTMeUeHBl MHAEKCaMu U3 [;
TOYHO TOBOPA, HPHM 3AJAHHOM CUMMETPUYHOH OKpecrHoCTH Hyas W
Aas kasgoro A € K cymecrsyer KOHedHoe MHOMecTBo Iy I P coaep—

mcawpee Ji M TAKOE, UTO Sj)— 2 z €W, Torgpa J= U HA oymer
I,EHL

KOHEYHBIM IIOIMHOKECTBOM MHOA:ecTBa I, conepmam;nM Jo,

Exl= 2 m=2(2 z,)

veJ e U H AEK €N
AEK A A

BCJIEACTBME AacCCOMMATHBHOCTM KOHeuHOW cymmut (Aar., ra. I, § 1,
n° 3). B cuay Bwibopa J, u Hj, uMeeM noatoMmy

D s€s+V4nW,
AEK .
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rjie 7—uuCNO DJIEMEHTOB MHOMKeCTBa K; TAK KAK DTO CNPaBeJIMBO
mas smoGoro W, 1o takke ) si€s+V, umbo V, Gymayum saMkHy-
AEK

THIM, ABJIAETCA IePecedeHyeM CBOUX oxpecrrocreit V -LnWW (§ 3, n° 1,
dopmyaa (1)). Tem caMbiM Teopema HOKasaua.

Takum 00pa3oM, HaMu YCTAHOBNEHA opMyaqa accOYUaAMUBHOCU
CYMMEL

AcL LEIA

, 2(Dn)= X a, (1)
€ )Ty .
AEL

COpaBefIMBag B cAyuae, Korga cemeficrso (/,) ecTh pasbuenie CBOETO
o0peUHEHUA M npases dYacTb oupejenena. B gacTHOoCTH, KOTrHa
MHOKeCTBO MHIEKCOB ecTb npouseedenue I =1L x M, a «jgBoitHOE»
CEMefiCTBO  (Zau)(n, mELxM CYMMUpYeMo, nUMeeM HopMysy nepemensl

nopaoka cymMmuposarnus

o= 3 (3 o= 3 (3 o) @
EL peM WEM AgL

(A, WELXM

Caegyer 3aMeTUTD, 9TO Aeeas wacmb HOPMYIH (1) MOKET HMeTh CMEICI
M B TOM Ciaydae, KOrja mpasas gacTi, He ompepmeideHa. Ilycrs, manpumep,
I'=1L x {1, 2} (rme L Geckoueuiio), a I cCOCTOMT M3 ABYX SJIEMEHTOB
(A, 1) u (A, 2); ecam DOMOMKUTH Ij,4 == a M I, 5 = — a, TI® a — HemyJse-
Boli hnement U3 G, TO BCe YACTWYHHE CYMMHI, COOTBOTCTBYIONIHE MHOQMKe-
cTBaM /), paBHL NYJIO U, CIENOBATEJILHO, Jepad 2acTh GopMyasl (1) ompe-
JeJleHa W paplia HYJIO, TOrAa Kaxk IpaBad gacTh (1) HO WMeeT cMmcia,
KaK 3T0 HOKa3mBaeT Npegixoxenue 1.

Touano Tak ke jgeBast gacTs fopmyiant (2) Mosker He OHTH ompepeiena,
a KaMAaA M3 CAENYOMUX 9aCTeil MMETh CMBICHN, NMPHIEM NPEACTABIAEMLIC
UMl aJeMeHTH rpynnnl G He OymnyT o6f3aTesbHO DaBHK RPYT APYry
(cM. ra. 1V, § 7, ympamuenue 17).

Haraspsee MoXHO BLIDA3HUTh 3TO, CKA3aB, 9TO ©CJAM BCEIJa BOMONIO
IPOM3BOJBIHO «COIETATH» YJIEHH CYMMBI, TO, HANPOTHB, HEJNB3H «Pasbejil-
HATL» 014 WX AJEMCHTHl T€ WJIOHK CYMMbI, KOTODHe CaMH IPeICTABJCIILL
B BuAe cymM. OIHAaKO 3T oNepauusA BaKOHHA, eCAM «PABLOINHACMBIX» 4JC-
OB Konewnoe 9HCIO. B camom mexne:

Hreepnomenue 3. Hyemb (x)er — cemeiicmeo mouer epynnvt G
u (I3)reL — KOHeuHoe pasbuenue muoxcecmsa urdexcos I; ecau raic-
doe 13 nodcemeticms (.Z'L)tgk cymmupyemo, mo cemeticmso (x); cyM-

Mupyemo u umeem mecmo popmysa (1).
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JlocTaTo4no TWPOBECTM JOKA3ATENBCTBO /uIA ciayuas, korjza I =
={1, 2}; obmmit cayuaii moaydMrcAa 3aTeM HIAYKIMEH MO YMCIy

N1
asgementos MuoxecrBa L. [lomokum s, = Z Ty, Sy=t 2 I AaA
el Lele
mo6oil orpectHocTH Vo Hauaga CYIUCCTBYCT KOHEYHOE MHOMCCTBO

N\ , Ql

Jy< I, (coors. Jyc= [I,) Takoe, uro 2, z, €s,+V (CO()TB. 2_, T €
VEHy WEH2

632+V), KaxkoBO Obl Hu ObliIo Komeunoe muoxecrBo M, < I, (coors.

II, < I,), copepwaee J; (coorB. Jp). Orcioga caexyer, 4To

N .
21 2,€8+8+V+V pan moboro womeunoro wmuomecrsa H < [,
\ET

copgepmamero Jo=J;|JJo, n HDEI0KEAUEC JOKAZAHO.

4. Cymmnupyemote cemeticmea 6 npousgedenuu 2pynn

pepaomenue 4. [Tyems G = || Gn — npouseedenue  cemcticmsa
KEL

omOeaumbr Kommymamuenix epynn. H[as mozo umobu cemeiicmeo
(@ )er mover uz G 6vao cymmupyeno, neobrodumo u Oocmamouno,
umole. cemeiicmeo pry (T.),er 6Golav cymmupyemo npu aiobom A€ L;
npU IMOM, ECAL S, — €20 CYMMa, MmO S = (S1) ecmb cymMa cemelicmea ().

3 camoM jeqe, IOCKOJIBKY ;s JOOOTO KOHEYHOIO MHOMKEeCTsa

-
Jcli nMeem pI‘A(Z .Z'L) = Z, prar,, CHPAaBC/AJMBOCTD IIPE,IJIOKEHUA
LWEJ )

cpasy Ciefyer M3 YCJIOBHA CXOJUMOCTH IO GUIABTPY [MIA (YSKIMH
€O 3HAYEHMAMH B NMpOMsBefcHUU mpocrtpaHers (ria. 1, § 7, cmegcrame 1
npepaosrennsa 10),

5., O06pa3 CYMMUPYEMOL0 Ceneclicmed NpPU NenPePsicHOMN
omobpamenuu

Tlvegaomeune b, Hyemo | — nenpepoignoe npedcmasaenue Kommy-
mamuenoti epynno. G 8 kommymamusuyro epynny G'. Ecau (x) —
cymmupyemoe cemeiicmso ¢ G, mo (f (x)) — cymmupyemoe cemeticmeo

6 G', npuuem
Ql ‘
Z [(x)=] (2 xt)' ()
B camom pmexe, jas 11000ro KOHCYHOTO IO MHOi;KeCTBA J MHOKe-

O N

crBa ugiexcos umeem [ (X 2 )= > f(x), a obpas cXomsuerocs
LEJ eJ

6asuca guarTpa npu orobparkaHuu f ecTh cxofsimidcst 6azuc puabTpa

(ra. I, § 7, cuejierBue 1 npejioskenns 9).
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Mregaokenue 6. Iyemo (x) w () — cymmupyemsle cemelicmea
e epynne G ¢ odnum u mem Jce MHONcecBOM UHOeKkcos;, cemeiicmaa
(—z), (nx) (R€Z) u (x, + y) cymmupyemer, npusem

Y(—z)=—2x, ()
X (nz)=nX x, (")
2(9«'L—l~yt)=2xu+2yu (6)

B camom jeise, x = —x M Z > nr CyTb HCIPEPHIBHBE NDef-
crasiaeuusa G B G; ¢ gpyroit cTtopoHut, ecam (x) U (y,) CyMMHpPYeMEI,
to cemeiictso ((z,, y.)) cymmupyemMo B ¢ X (G, u Tak Kak (z, y) —»r
> z - y ecTh HEnpepuBHOC Tpejacrasienue G X G B G, To mony-
gaeMm (63).

3aMoganue. ITpegiaokenns 4 1 5 NDPHMEHHMBI TAKKE B OTMe-
9OIHOM BHIIC CJIy9ae CyMMHUDYeMBIX CCMCIICTB B TONOJIOTHMYECKOM IPO-
crpanctse E, najeeHiioM KOMMYTATMBHBIM II aCCOLUATHBIIBIM BaKOHOM
KOMIIOBIIIMA; TO 3Ke Bepno 1A npepmokenna 3 U dopmyast (6), ecan
OPC;HOTOMRNATE, KPoMe TOoro, 9To « -+ y HneupepmsHo Ha E X E.

6. Psowt

PaccMorpuM B amgmTHBHO 3amHMcHIBaeMOll OT1eAMMO KoMMyTa-
THBHOI TOMO/I0TNYeCKO rpynne (G MOCHCIOBATENBHOCTD TOUCK () neN
M CONOCTABUM efi MOCIeJOBATCABHOCTbL  YACMUYMBLL — CYMM S, =

n
Al v -
= £, (n €N); (x,) —> (s,) ecTb Guekmugioe 0TOGPUKCHAE MHOME-
p—-U
ctea GN Bcex unocnejgomatedpHocTeil (z,) rodex u3 G Ha cebs, ubo

IOCJIel0BATeABHOCTD (1,,) ompejeiderca Mo 3aJaHHON HOCIe [0BaTEeIb-
HOCTH (S,) COOTHONICHHAMU To = Sy, In = S, — Sy (B > 1).
Padom, onpedeasemvim nocaedosameavnocmbio (x,), WIH padom
¢ obuyum waenom x, (Miam, JOMYCKAA BOJLHOCTH peud, IIPOCTO pAdom
(x,), ecam 31O HE MOMET IIOBECTH K HEJOPAa3yMEHI10) HA3HBAWT napy
nocJegoBareabHocTeil (x,) u (S,), CBA3AHHKWX YKA3AHHRMHI COOTHOLIE-
HuAME. Pag, omnpejeiaseMbiil MoCIeJ0BATEILHOCTRIO (Z,), HA3LIBAIOT
Cro0auumes, eCclu HOCJHEOBATEIBHOCTh (S,) CXOJAMAACA; IIpejes
3TOH NOCJENOBATENbHOCTH HA3BIBAETCH cYMMOU psada M 0b6O3HAYaeTCH

oo

00

’
S &, (M, HOUYCKam BOALHOCTE B 0GO3HAUCHUAX, M z,).
n=\y n—=0
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Crodawuidca pax ¢ oOHMM WIEHOM r, MBI WHOTNA, NOOYCKAA BOJL-
oc
HOCTh PEUU, MO3BONAEM coGO HABKIBATI (PAKOM O . MIH TAK/KE «PALOM

n={
t

IO+ Iy + fes zn+...)),
Ilna toro, 4robbl paAx ¢ oOmMM HJIEHOM x, OB CXONAMUMCH,
Heo6xodumo, ITOOH IOCAEHOBATEIBHOCTD (S,) ObLIa nocaedosamenbho-
cmuio Kowuw, 1. e. 9robu gasa awo6oit oxpecrHocru V madama ms G

CynoiecTBOBAJIO I0es10e n TaKoe, YTO
n-t-p

3
Snyp—Sn = Z €V,
i=n4i

KaKOBEL Obl HM ObLIH Teiane B > ng U p > 0. Ecan G noana, 1o ato
ycaoBue Ttakske docmamouno (kpumepuli Koww das pados).

Ecan pag ¢ ofmuM 4ieHOM &x, CXOJUTCA, TO, B UaCTHOCTH,
lim (s, — s,4) = limx, = 0; mHO »T0 Heo6roduMmoe ycIOBHE C€XO-

H—>00 n—->+00
IMMOCTH HM B Koeill Mepe He mBigercda BOOOIIE JOCTATOUHHM, Jlawe
ecan G monma (eM. ra. IV, § 7).

Npepnosenur 7. Ecau padw, onpedeasemvie nocaedosamenvHo-
cman (x;) u (y,), cxodamesa, mo cxodamca marsce pads, onpedease-
mble nocacdosamenavhocmamy (—z,;) u (x, + yn), nputem

§ (—y) = — § Zns (7
n=0 n=0

S (xrl+yn)= S xn'{“‘ S Yn. (8)
0 n=0 n=<(

n=

JTO — oUYEBHAHOE CJEHCTBHE HeIpepHBHOcTH —x HA G M z -+ y
na G x G.

Caengcrsue. Ecau (x,) u (y,) — dse nocaedosamesvhocmu mouex
us G makuzx, Wmo r, 5= Y, AUWUb 048 KoHewHO20 Yucaa UHdekcos, u pad
C 06WuUM UACHOM L, cxo0umces, mo cxodumes U paod ¢ o6UUM LAEHOM Y., .

B camoM [mexe, BCe WieHH pAa, OHPEAENAEMOro NOCJIEN0BATENb-
HOCTBIO (Z, — Yp), HAUYMHAA C HEKOTOPOTO MecTa, pPAaBHBEL HYIIO.

9T0 cIefCTBIE HEPAKAIOT eIle, FoBOPSA, IT0 cxodawuiics pad ocmaemes
CIO(?.H,WuMCﬂ npu npou3goLbHOM UBMEHEHUU KOHEUN020 YUCAA €20 Haelos.
B gacrHocTi, ecau yu=0 npu n<m U yp=1r, UPH R Z>m, TO PHjl
¢ o0muM 9JEeHOM y, CXOEATCA B TOM M TOJALKO TOM Cclydae, Korjia
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CXOAUTCS DAL C O0IUM UJNEHCM Z,; CYMMY 1epBoro pAjga 0003Ha4AIOT

oo 00
S Z, M Ha3BIBAIOT m-M ocmamkom Pija (rp); MOCKONBKY S ==
n=m n--m

20
S Ip—Sm—_1, M-l OCTATOK CXONAIIETOCH DHJA clnpeMuines L 1y
n={

I'PH HCOTPAHMIEHHOM YBEJINMYEHUU m.

Ecan rocienoBare.IbiocTs (I")nGI HMEeT CBOMM MHOMKOCTBOM HHJACK-
con GecKoHeuHOC MoaMuozkecTBo / MiuoxecTBa N U ¢ — cm pozo go3pacmaio-
ujee Guermuenoe omo6pawenue N Ha I, T0 psm, onpegesifgeMuil mocaeno-
BaTeABHOCTHIO (I(p(n))nEN‘ HA3BBAIOT TAKMe, JOMYCKasli BOJBLHOCTL pevH,
padom, onpeneiseMbiM HOCJICIOBATEIBHOCTHIO (x,,)nEI; ecau 3TOT pPAQ

o
cXOmuTCA, TO ero cymma obosnauaercs S zp. Henocpejacreenuo mpone-
nerl
PHETCA, 9TO YTOT Psji CXOAUTCA O/HOBPEMEHHO € psAmgoM, obmuil gaen
KOTOPOTO Z; paBeH x,, ecail n€ J,u pased O, eciu n€Cl.
Baskno orMeTHTh, 9TO pAX, OOPeNedAeMblil HOCHEXOBATENHLHOCTHIO
(xn)neN’ MOMKCT CXOANTHLCA U BMECTe ¢ TéM cpemn 0ecKoHeTHeIX MHOKECTB

I < N Moryr cymecrBoBaTh Takue, AJA KOTOPHIX DAN, OIpegesAeMuii
9AaCTUTHON NOCHENOBATeNHHOCTBIO (I")HE[’ Me  I8AREMCA  CTOORWUMCS

(cm. ynpasxmenme 5 w ra. IV, § 7).

Ipenmoskenuna 4 m 5 rawke pacHpoCTPAHMIOTCA HA PAABL; MO
OPeJOCTaBIAeM YMTATENI0 [JATh COOTBETCTBYOIHME (GOPMYIUDPOBKH.

rEpmomEnne 8 (oepanuuennas accoyuamusnocmsb panos). Hycmo
(fen) — cm poeo sozpacmarwwyas nocaedosameabmocms yeavir wucea -~ 0;

ecau pad ¢ obuguMm uaenoM T, cxodumcs, mo u pad ¢ o6uUM YaeHOM
ko —1
n

0o oo
Up = 2 Zp cxodumcs, npuiem S Up == S .
p=hky, 4 n=0 n=0

B camoM pene, mocieIoBaTeLHOCTH YACTHUHEIX CYMM DpAfa (u;)
€CTh HE 4YTO MHOe, KaK NodnocaedosameabHocnd (skn_,) IOCHeJ0BA -
TeJIBHOCTH (S,) UYACTHUHBIX CYMM Dpsaa (x,).

7. Koumymamuero Cxodsiuyuecst psovt

Ilycre (x,) — cymmupyemas mnocaenosaTeabHoCTs B G U § =

= 2 z, — ee cymma. Hus moboii okpectHOCTH V 3;1€MEHTA § CyLiC-
neEN

creyer rtakoe J, € F(N), uro s; €s+ V pgua mecex J EF (N),
cogepmamux Jo; mycth m — Hamboanimee Ienoe 4ucao B J,; TOrHa
LA n > m uMeeM s, € s + V, oTkyna BupmM, 4T0 pad (r,) crodumes
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u umeer cymmy s. Ho oGparHoe Hesepro: MOCIeOBaTEIbHOCTh diIe-
HOB CXOJfILIErocCs PAfJ3 BHOOJHE MOMKeT He OHITL CyMMupPYeMoit (cum.
ra. IV, § 7.

Kpome roro, crpykrypa nopsdka 8 N cymecTsemnrM o6pasom
HXOJIMT B ONpEfeJICHHE CXORMMOCTH pPsja; ecau pAj (z,) cxogurca
U 0 — HEKOTOPad nepecmanoska MHOmecTBA N, TO P (Za(n)) HE 06A-
sate;IpHO cxogures (em. ra. IV, § 7, ympammenme 15).

Ouveneaesue 2. Pad, onpedeasemwiii nocaedosameavhocmoio (x,),
Ha3bl8aemcs, KOMMYMAMUBHO CXO0AWUMCA, ecalt pAd, onpedeasembill
nocaedosameaniocmoio (Zg(ny), cxodumea 04 1060l nepecmarnosku o
MHoxcecmea N.

IlrEgnoxenue 9. Jasn mozo umobu pad, onpedeasemuiii nocae-
dosameavrocmbio (r,), Obia KOMMYMAMusHo cToOAUWUMCR, Heobxodumo
u docmamouno, umobb. nocaedosameavhocms (r,) 6vaa cymmupyemoi;
Oaa 4060l nepecmanosku © MHoxcecmsa N UMmeeM mozda

S Ig(n)z 2 Xy .
n=0

neEN

Hocrarousocts ycaosua ouesuna. Urtolel ybenurbea B ero Heol-
XopmMocTH, OyAeM Ppaccy:kjaTh OT IPOTHBHOIO, HOPEAIOJIOMKHB, 4TO
pAg (r,) KOMMYTAaTHBHO CXOZHMTCH, HO IOCIEAOBATEIBHOCTh (Z,)
Hecymmupyema. Torga oopas ¢unbrpa @ npu orobpaskenud H r— sy
He Mmoucer Obith Gasucom ¢uasrpa Homm B G, ubo umaue ¢unbrp @
(uMeIKN O NPeANONOMEHNI0 NPENeJbHYI0 TOUKY) Ou Ohl CXOmA-
mumes (ra. 11, § 3, cuesiersue 2 mpepmoskenus 5). [osromy umeerca
TAKAA OKPEeCcTHOCTH V HyJdA, 4TO [if JK00r0o KOHEYHOTO MHOME-
crea J < N cymecrsyer KoHeunoe Muoxkectso H — N, He mnepe-

Ceralomgeecqa ¢ Ju Takoe, 4UTO 2 Iy G_ V. Toma MOMHO ONPEIeIUTh
neH

110 MHAYKOUKM pasbuenue N Ha koweunbie mopmuomecrBa Hy (k € N)

\1
Tdk, UYTOOH x V naa OeckoHedHoro 4mciaa mugexcos k. Ouge-
y 7 n yi
ne h

BU;IHO, CYIIECTBYET TAKafd IEpecTAHOBKAa ¢ MHoMecTsa N, 4TO Ipu
moboM k 3HaYeHMA n, ANA KOTOPHX o (n) € Hj, pacmosoeHk mocie-
nosarenbHo. JinA aroil mepecTaHOBKM pAx ¢ OOMIMM UI€HOM Zg(n)
HC Oy;leT CXONAMMMCA, M Mhl OIPUHUIM K Tpe(yeMoMy MpPOTHBOPEUHIO,

Ecan koMmoauniisn B G 3amHCHIBAETCH Myabmuniukamueno, T0 napy,
00pa3oBaAMIYIO TOCACLOBATCABHOCTHIO (x,) ToYeK U3 G 1f TIOCTELOBATEN LIIO-
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n
CTBI0 QaCTHYNbIX IPOM3BCHOHUI p, = H Zp,, HA3LIBAIOT Geckoitewlislm npo-
h=0
uasederiuer, onpedeanemoim nocaedosamesvrocmeto (z,) (AAH Geckoriewrbin
npouséederuem ¢ o6UWUM YAEHOM Ty, UM IIPOCTO npouseederiuen (r;), Ccau
3TO HEe MOKCT IIOBECTM K HCAOPa3yMeHMi0); GCCKOHCYHOC MPOUIBENEHIC
Ha3WBaT crodaujumcs, CAN IMOCIEROBATEIBHOCTL p, CXORMUTCA; ee mpe-
o0 00
aen o6o31avaerca P z, (MK, fonycKas BOALKOCTb 0603HATCHHI, ” z,).
n==0 n==0
Mu mpegucTaBJIACM YNUTATCNIO 116 PEBECTH YCTAHOBJCHIIHC CBOMCTBA pAfLDB
Ha A3WK MYJLTUIAAKATHBHHX o06o3Hagenmi.

Yupa:knennsa

1) Ilycrs (z,),¢y —cyMMmpyeMoe CeMeilcTBO B moa1Hoii rpymme G,
a ©—MHOKeCTBO HOAMHOXKECTB U3 [, PUALTPYIONMEeCs [0 OTHOMIEHHIO
n ofpasywmee moKpwirue /; IOKasars, 9TO 2 z,=1im 2 z,, TOe Tpe-

el AT 4
ne:t Gepercss mo PUALTPY CedeHMH MHOMKecTBa &.

2) Myern G — nmoaras OTAEAUMast KOMMYTAaTHBHAA TPyHOa, B KOTO-
POl Besikast OKPECTHOCTh Hadvajla CONCPMKUT OTKPHITYIO NOArpyummy (410
IIMEET MCCTO, B 9aCTHOCTH, Korfla ( JOKAaAhHO KOMIAKTIA M DBHOINC
ucesAsHa, M. § 4, ynpamucnue 18). Ins toro urobni cemeiicTso (x.)LEI

TOYCK U3 G ObIIO CyMMHPYEMO, He0GX0TUMO B [OCTATOTHO, gTo6et lim z, -+ 0

no UALTPY MOMOTHCHUE KOHCUNRX NMOAMHOMKECTB MHoskecrBa 1. Bruiseern

0TCI0a, 9TO BCAKME CXOAMAILUICH PAX B G CXOAMTCA KOMMYTATHUBHO.
*3) Mycrn (I")LEI — CceMeHCTBO TOYOK OTICHAMMOM KOMMYTaTHBNOIi

rpynnsl G, sy = 2 2y OAA KOKA0T0 KONCIHoro Muokeersa H < I nm 4 —
\EH
MHOMECTBO HPCAENBHHX ToUeK orobpamenuust II > sy 1o Guanrpyiomue-
Mycst ynnpsapogennomy Mupomecresy 3 (/). C gmpyroit croponm, mnyerh
@ (J) mas KamKmoro Koieduoro MuoskecrBa J < I osmagaer 3aMpikanue
MHOKECTBA TOUCK sz, TAC H mpoberaer Bce KOHEYHEI® IMOAMIIOMKECTBA
us I, gas woropeix H (N J =g . IloxasaTs, 910 ecnu A =% ¢, TO MHO-
HecTBO A — A (MIIO;KCCTBO BCCX TOWEK a — a’, The a € A, a’ € A) cos-
1AKACT C MIIOKCCTBOM B == n ® (J). Iloxkasats, ato ncerga B+~ B < 3.
JEX()

BoiBeeTi orcioga, 9To CCaH A He IyceTo, T0 B — 3aMKHyTaA HOATPYIHA
rpynnst G, a A — KJacc o 9TOil HOArpymme.

4) B oBosunagenusx yupaskHenus 3, mpuMeM 3a G JUCKPETHYIO agiu_
THBUYIO TPYHNY Z neawx palMoHaidbleIX gaucen, a 3a ] — muomecrso N.
Hdarb mpumep uccyMMupyemoli IOCHeIOBaTeNBHOCTH (r,), AAH KOTOPOIl
MHOMecTBO A cBoguiock 6B K ogHoit Touke 0. [Bubpatu z, Tak, gTobm
BesSIKAS KorlegMasd gacTHylias CymMMa, HOMEpa 9aCIlloB KOTopoit > m, Guvlaa
ICJABIM KpaTlEM m. |



92

TOTTO;TOTUYECKHUE I'PYTIIBL (3.TEMEHTAPHAA TEOPUS) IVT. 111, § 6

*5) Iyers (z,) — HOCHAENOBATENBLHOCTL TOYEK OTAENMMOH KOMMY-
tarnpHo#l rpymnu G. Ecam pap, ompenensemuit 1M0CIEROBATONBHOCTHIO
("n)nelv cXomnTcAa As mo6oro 6ecKorewnoro Muomecrsa / < N, To nocae-
MOBATENLIOCTS (z,) cymMmmupyeMa. [PaccyspaTs or HPOTMBHOTO, KaK MpH
ooKazaTenbcrBe Ipemnoxenns 9.]

*6) a) Ilycrs 0 — mepecraHoBKa wuomecrsa N, a @ (n) — Ham-
MeHnsIlee 9NCI0 WHTePBaNoB "3 N, WMEIOmMAX CBOMM OO0LefUnCIHHEeM
o ([0, n]). Tpemmoaomum, 4ro @ (n) ozpanuuenno, KOIRA n mpoberaer
N; Torma gast mo6oTo cXOpAMmerocs paARa (u,), IACHK KOTOPOTO mpunajie-
KAT OTACAUMONM KOMMYTATHBHOH TOMOJMOTHYecKod rpymme G, pal (uacm)
CXONUTCH W MMEeT TY JKe CYMMY,

°6) Ilycrs ¢ (n) ve orpaunmuenHo ma N. Ilocrpontn psag (u,) ¢ uite-
HAMH, [pHHafde:KamMuMu apguTuBHOH rpynme R, cxogammiicas B R,
HO Taroif, 9ro0n PAR (Ug(n) He cXommica. [PaccMorpers crporo Bospa-
CTAIOUYI0 IOCACAOBATONLHOCTE LENHX wyuceX (my), OUpEgeIeHHYIO
InoyKnwed 1o k& Tak, 4ToOH OHJM BHIIOJHENH CJHERAYIONUE VCIOBMA:
1° o ({0, mp)) < [0, npya), THE [0, npl — nanboasmmis  wmuteprax
u3 N ¢ navamom 0, comepmammiicst B o ([0, my]); 2° @ (my) > k- 1.
Omnpegenurs 3aTeM HafJemxammnM obpasoM Uu,, Korga np << n < np.y.)
O606muTh Ha caydail, KOTAA BCe u, NPUHALJIEKAT HOJTHOM OTHACANMOIL KoM-
MYTaTHBHOI rpynne G, opomaaeMoii IpouaBoILHON OKPECTHOCTBIO HYJIA.

7) Nlycrs (emn) — KBOMHAA IOCHAOHOBATENLHOCTH TOYEK OTHEIMMON
KOMMYTaTHBHOIT TOIIOJOTMYOCKOH Tpymmel G, YAOBJAETBOPAOIAA CIACAYIO-
UM YCJOBHSAM:

1° Pag, ompemensaeMuil [OCHEKOBATENBHOCTHIO (Imn)neNv CXOAnTCA
o nwboro m > 0; mnycrh y, — €ro cymma,

2° Papm, onpemeNsicMH#l  IOCHELOBATEJbHOCTHIO ("mn)mexv e
00

o= S Tmp, CXORUTCH pAA moboro n > 0; mycrs t, — ero cymma.
p=n

Iorasars, 910 misA moboro n > 0 pAg, OnpemelseMblil IMOCHELOBA -
TCABHOCTLIO (zmn)mEN. CXOAHUTCA; WyCrb 2z, — ero cymma. Jlus Ttoro
9T00B PAJ ¢ OOmMM WICAOM y,, UMeJ TY e CYMMY, ITO M pAL ¢ o6muM
9NenoM z,, NME0GXONMMO M [OCTATOYHO, 9TobH !, crpeMminoch K 0 mpwm
HCOTPAalMYCLIOM BO3PACTAHWU 7.

§ 6. Tomonoruyeckne rpymnnsl ¢ ONEPATOPAMH;
TOMOJOTHICCKHE KOJBIIA; TONMOJOTHIECKHE Teja

1. Tonoaozuuecrue 2pynnuvt ¢ onepamopamu

ToBopaT, 4ro B MHOKecTBe G CTPYKTypa 2pynnsl ¢ onepamopami

(Aar., ra. I, § 6, n° 9) u Tomoxorua coasacylomes, eCaAK coraacyoTca
TOIOJOrNA ¥ cTpyKTypa rpynns B G (§ 4, n° 1) u, kpome Toro. suji0-
Mop$uaMsl, nopwrgaeMue B G onmepatopamu (Axr., ra. I, § 3, n° 1),
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nenpepvisrbt. Torpa MHO:KecTBo G, HAJCJIEHHOC CTPYKTYPOH TPYILIH
¢ oleparopaMu ¥ TONMOJOTHell, HA3KBAETCA MONOAO2ULECKOL 2pynnol
¢ onepamopamu.

Ecam H ectp yeroiluMBas HOATPYHIA TOHOJOTHUECKOM TpyIHIL
¢ omepatopaMu G, TO Tomoxorus, wHgynupyemaa B H n3 G, coriaa-
cyercs co cTpyKTypoil rpymmut ¢ omeparopamu B H. Kpome Ttoro:

ltrepaomenne 1. Ecau H — ycmoiiuusas nodepynna monosocuue-

ckoli epynny ¢ onepamopamu G, mo u ee samukarnue H 6 G ecmv ycmoti-
yugas nodspynna 6 G.

Mn yxe suaem, uro H ects noprpymma rpymma G (§ 2, mpen-
aoxesne 1); kpome Toro, ana mwoboro omneparopa o u3 G obpasz H
IIPY HENPEPHIBHOM oTOOpakeHUN & —> z% copepxurca B H, u, ciaeno-

Bare:;ibHo, o6pas H comepmurca B" H (ra. I, § 2, teopema 1).

Ilycre H — ycTORYMBHIN HOPMAJIbHHIA [AEIMTENb TOMOJOTMYECKOH
rpyinbl ¢ omeparopamu G; miug mioboro omepatopa o u3 G otoGpaske-
aue G/H B ceba, moaxyuaeMoe myTeM gaKTopH3amuy U3 oTOOPaKEHUA
z > %, menpepniBHO (§ 2, n° 8, 3ameuanme 3); cTpyKTypa CpyHIH
¢ onepatopamu B G/H coraacyercs, Takum o6pazoM, ¢ parTopTomo. 0~
rueit tomosoruy rpymnmsl G mo H.

Ilyets (G\)e1 — CeMeiicTBO TONOJOTHMYECKMX TPyl ¢ olepaTo-
paMu, npuyeM Bce G, NMEIOT OTHO M TO K€ MHOMeCTBO OllepaTopoB Q.
Hua wraxpmoro o € Q oroOparkenne z = ((pra)%) npousBegeHAT

G = “ G, B ce6a HempepwBHO (ri. I, § 4, upegmaoskenne 1); cTpyx-
&7

Typa Tpynmsl ¢ omeparopamm B (G cormacyercs, TakmM o0pasom,
¢ Inpou3BegeHMeM ToNo.JorMil Trpymn G,.

Ecnan G — ornenvmas TomoJorMieckag rpynma ¢ omepaTopaMu,

oGuasaroman momonHenneM G (§ 3, n° 4), To Besakuil ee sHFOMOpPMaM
Z —> 1%, TopoMjlaeMbiil omepaTopoM U3 &, WPOJIO.T:KACTCA TIO Helpe-

PHIBHOCTH [0 aHAOMOPOU3Ma TPYIHLI G (§ 3, mpeanosenne 5); Takum

oGpas3oM, G Tarme HajeJeHA CTPYKTYpoill TOMOJIOIMYECKO#t Tpymmm
¢ OmepaTopaMy, ¢ TEM ke MIGHKCCTBOM OUepaTopos, 410 u G.
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2. Tonoaozuueckas nNPAMAL CYMMA YCMOUUUBHLY
noodzpynn

Tar Kar M3yueHre KOMMYTATMBHBEIX IPYIOII ¢ ONMEPATOPAMH PaBHO-
cuIBbHO uayuennio mogyaeit (Aar., ra. I1, § 7, n° 9), to Met mosBoaMM
cebe Mcnmonn3oBaTh NPH ciaydae CBOUCTBEHHYIO IIOCJAETHMM TEPMUHO-
JOTHIO jJiA TPOMABOJBHHIX KOMMYTATHBHEIX TPYIHI ¢ OllepaTopamiu;
TaK, MH OyjeM TOBODHTB O AUMEUHBE OMOOPANEHUAT BMECTO IIPE;l-
CTaBJEHMI KOMMYTAaTHUBHHIX TPYII ¢ olleparopaMy M GyieM Ha3LBaTh
U;(eMIIOTeHTHHH 9HAOMODPGU3M KOMMYTATHBHOH TIPyIOLl C ONEpaTo-
pamu Tarme npoekmopom (Aar., ra. VIII, § 1, n° 1).

Ecan komMmyraTHBHAg TOmOJOTHYEeCKAad rpynna c¢ omneparopamu E
(B ajIUTHUBHOH B3alllcH) €CTh IpAMAg CYMMa KOHEuH020 ceMeHcTBa

(M)i<icn yCTONYMBHX NOATPYUN, TO OMEKTHBHOE KaHOHMYECKOE
3

n
1

orofpasenue (r;) = 2 x; CPYIIH “ M; nva E HenpepuwsHo, HO
i=t i=1 :

1=

He 00A3aMeasHo ecimb 20ME0M0 PP,

Onrejenesnt 1. [Tyems E—kosmmymamusnas monosoeuuecras
epynna ¢ onepamopam & (M ;)1<i<n— KOHeUHOE cemelicmen ee ycmoli-
yuehzr nodepynn makoe, uwmo E deasemcs uxr npamoi cymaoi.

E Haswsaemcs monosozuueckoil npamoil cymmoli ycmolinucur nod-
n

L
epynn M, ecau kamoHuueckoe omobpascenue () s O X; 2pynnsi
=1

n

” M; na E ecmv eomeomopusm (1 TeM caMHM H30MOpEMIM TOTIO-
i=t
JOTHUYECKUX TPYHII ¢ OmepaTopamu).

Mremiowenne 2. [Tyemv E — xommymamusuas monotozuieckas
epynna ¢ onepamopami, ABAKIOULAACA NPAMOU CYMMOU Ycmoluusbir
nodepynn M; (1 < i< n), u (Pi)icicn — cemeiicmeo npoexmopos,

n
accoyuuposarnoe ¢ pasaoxcenuew E = D M; (Aar., ra. VIII, §1, n°1).
=1

Han mozo umobw E 6uaa monoaozuveckoli npamot cymmol nod-
epynn M ;, neofzodumo u docmamouro, ¥mobvi ece p; 6ualL HenpepygHbl.
B camom pexe, x> (p;(z)) ects orobpaskennme, oGparHoe

n
K (x;) > }_] Z;.

i==



2 TONOJOTUYECKHE TPYNNBI C OIEPATOPAMM, KOJIBIIA, TEJIA 95

n
Mockonbry | = E Pi, Tiae 1 — rosiaectnentoe orobpamenne E ua cebs,
i=1
HelPePLIBHOCTL n— 1 LIPOEKTOPOB p; BICYeT HenpepblBHOCTL N-TO.

Ecan E ecrth Tomomormueckas MpsAMas cyMMa OBYX YCTOHUMBEIX
monrpynn M u N, To roBopAr eule, yTo N HABIACTCH MONOAOZULCCKUM
donoanernuem k¥ M B E; nasg toro utoOs 3710 OBIIO TaK, HeoOXOaMMO
® JlocTaTO9HO, uto0K KaHoHmMueckoe otobpaskenme E/M ma N (Aar.,
i II, § 1, n° 4) Ouoio usomop@uamom TOMOIOTHUECKUX TPYII ¢ Ole-
paTopamu.

Carncrsur. Iyemv E — kommymamuenas monosozudeckas zpyn-
na c onepamopamu u M — ee ycmolinusas nodzpynna. Caedywuue
YCA0BUA PABHOCUABHYL:

a) M o6aadaem e E monoaoczuveckum Oonoarenuem.

6) Cywyecmsyem nenpepuignbiii npoekmop p epynns E e ceba makoii,
ymo p (E) = M.

B) ToxcOecmeennoe omobpaxcenue M Ha ceba momem 6umo npo-
doasceno 0o nenpepbisHoz20 aunetinozo omobpascenus E ¢ M.

N3 npemnoxenna 2 BHrexaer, 4t0 a) Baeder G), M, 0YeBHIHO,
0) Baeuer B). Hakownen, ecaiw p — HempepsiBHOe JHHEHHOe oTolparke-
gue £ B M, npogomxkaloniee ToxnecTBeHHoe oto6paskenne M ua ce6,
TO p — HEmpepLIBHHIT TpoekTop M THpoektopu p u {1 — p acco-
OUUPOBAHKL ¢ PAasjomenneM B upavmyilo cymmy E = M + N, rae

N =D ().

ameganwuda. 1) Yrobu n3besxars BCSIKOTO HegoOpasyMettis,
HIOTAa YCTONYUBYIO NOATPYIIY Ipynns E, gonommureabHyo Kk M B cMblic-
JC¢ CTPYKTYpPH CPYHIB ¢ omepaTopamM 0e3 TOMONOTHMH, HABLIBAIOT a.12e-
opauneckur donoanenuen K M.

2} Ecan omdeaumas KOMMYTATIBHAH TOMOJOIMYCCKAA CpyHna ¢ one-
patropamn E cCTh TOTOJOIMICCKAH IIPAMasg cymMMa ceMmeiicTa (M,-)l\/_‘i5 n
YCTOIHBMX DOATPYDI, TO Kampgas us nouarpynn M; samknyma B E, Kak
MIOHCECTBO TeX z € E, gaa woropux p; () =« (ra. 1, § 8, mpe;uio-
wmeuse  2),

Meegaomenne 3. Hyemo E u F — xommymamuensie monoso2uye-
Ckue 2pynnb. ¢ ONepamopamu U U — Henpepusiloe AUHeliHoe 0mo-
6paxcerue E ¢ F. Jlasn moeo umobul cynjecmeosaro Henpepuienoe Auneli-
Hoe omobpaxcenue v epynnbt F ¢ E makoe, umo ucv 6v.io 661 moxcde-
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cmsenHum omobpadxcenuem F Ha ce6s (B TOM ciay4vae TOBOPAT, YTO
u obpamumo cnpasa, a v — npasoe obpamHoe K Uu), Heobrodumo
u docmamouro, umobs u 6wao cmpozum mopgusmom (§ 2, n° 8) E

Ha F u LZ(O) obaadaso mononozuseckum donoanenuem e E.
Yeaosua Heobxodume. B caMom mese, torna u (v(F))=F un tem
Goree u(E) = F; KpoMe TOro, p = vou €CTh HENpepHBHOE JMHCH-
Hoe orofpaskenue E B ceGA rakoe, 4ro p? = p; mOITOMY (caegcTBHe
ure;vioxenna 2), p(E) = v (u(E))=v(F) o6aagaer 8 E tomogoru-

-1
yeckum mono;tHenseM p (0); Ho Tak Kak Do mpeamoaoxkeruio u (p (z))=
-1 -1
=u(zx), 10 u(0) =p(0). Haromeu, OuexrMBHOE o0TOGpaKCHHE
-1
E/u (0) ma F, accoummpoBaHHOE C U, €CTb KOMIIO3MLUA GHEKTHBHOTO

otoGpaKkeHn A E/p1 (0) ma v (F), accoUMPOBAHHOTO ¢ p, M CYEHHUA
u nta v,(F); TOCKOIBKY U HEMPEPHBHO, OTH JIBA 0TOGPAKEHUA ABIAIOT-
cqa m3oMopduaMaMM, ¥, 3HAUMT, ¥ €CTh CTPOTHH MopdusMm £ Ha F.

YcuoBua docmamounsi. B caMoM seme, ecam ¢ — KaHOHMYECKMit

-1 -1 .
romoMopduam E ma E/u (0), to yrBepmpaenme, uro u (0) obaamaer
TOMOJOrMYECKNM jtomomenneM M B E, o3Hayaer, uro cysKeHHE ¢

~1
ga M ectb usomopdmam M ma E/u (0). Tax xak, ¢ gpyroii cTopoHs,

U = woq, rge w — M3oMoppusM Elu (0) ma F, To 3axmouaeM, 9To
cy:keume u Ha M ects msoMmopduam M mHa F, ¥, 3HauuT, oOGpaTHHIL
Hz0MopdHN3M U TAKOB, UTO Uol €CTh TOM{(€CTBEHHOC oToOpaskenme F
Ha celd.

Ireomeane 4. yemy E.-u F — kommymamusrile monoaozuye-
CKUE ePYnnb ¢ OnepamopamMu 1 U — Henpepuisiioe AuHelinoe omobpadce-
nue 12 6 F. JTas mozo umobu cyupecmensano Henpepuienoe AUHelHoe
omoG pascenue vepynny. F 8 E makoe, umo vo u 6540 6t mosdecmeennom
omobpaxcenuem E na cebs (B 9TOM cayuae TOBODPAT, U4TO U o6pamumo
cacea, a v — aeeoe obpammoe K u), Heobxrodumo u docmamouiio, 4mobsl
u Goo (TomodorudeckumM) udomoppusmon E na u (E) u u (E) obaada-
40 MONOA0UYCCRUM  Oonoareruem 8 F.

Venosus docmamounsi, 160 Mpu WX BHIIOTHEHMH J1€BEIM 00paTHBIM
v K u Oyger Kommoauumus oGpaTHoro k u maomopdmsma u (k) ma £
M HempepeBHoro mnpoexropa F Ha u(E).

Venosus neobzodumsi. [leiicTeureabHo, cooTHomerne U(i(z)) =

. -
== r noxasuBaer, 4ro u (0) csogurca Kk O; TakuMm oGpasoM, u ectb
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uekunsa E na w(E), u Tak kar cyxeuue v Ha u(E) HenpepmBHO,
To u ectb uaomopdusm E ma u(E). C apyroit cToOpoHH, ¢ = uov
SBJAETCA HENPEPHBHHM JWHEAHMM otoGpamenneM F Ha u(E) takuMm,
ut0 ¢* = ¢, a 2TO TOKAa3HBaeT (CAEACTBHE NPENJOMKeHua 2), UTO
u(E) obnagaer TOMOJOTHYECKHM HomodHeHmeM B F.

3. Tonoaozuuecrxue 1xoavYUA

Oueenenesnt 2. Tonoaozuueckum KoAbyoM HA3LIEAIOM MHOMNCE-
emeo A, Hadeaennoe cmpyrmypoli Koabya w monoasozueti, ydosiemso-
DAOWUML  CAedyloumuM aKCUoMaM:

(ATy) Omobpascenue (x, y) = = + y npoussedenus A X 4 ¢ A
HenpepuIsHo.

(ATy) Omobpamenue x > —x npocmpancmsa A 6 cebs Henpe-
DHBHO.

(ATy1) Omobpaxcenue (z, y) > xy npousdsedenus A XA 8 A
Henpepugro.

Ilepsrie nBe akcHMOME BHIpaMaloT, YTO TomoJorus B A cormacyercs
c ero cTpyxrypoit addumuswoii epynnu (§ 1, n° 1).
ToBopAT, 4TO CTPYKTYPa KOJbHA M TOHMOJOINA, 3a[aHHbE B MHOMKE-

ctBe A, cozaacyomces, eciu oHM yroBierBopswT akcmoMaM (ATy),
(ATy) um (ATmr).

Mpuwmepwu. 1) Jueckpemnasa TONOAOTHSA B KoAbue A corxacyercs
CO CTPYKTYPO#l KOJBIA; TOMOJOIHYECKO® KOJLIO C KUCKPCTHON TOMONO-
rneil HasuBaercs Ouckpemwubtim KOJBIOM.

°2) Kax Mpl yBuamMm B Taape IV, Tomomormsi payuouanbHoO#d mps-
moit Q (coore. wncaoBoii mpsamoii R) cornacyercss coO CTPYKTYpO#l KoJb-
a Q (coors. R).,

B TomosormueckoM Ko.abipe BCAKAS JeBaA 20MOMEMUS T —> AT
(cooTB. MIpaBasg rOMOTETHSA I »—> Za) HENPEPhIBHA (M ABIAETCA TOMEO-
mopduaMoM, ecau a obpaTumo).

HOCICOJII:K)' HMECT MeCTO TOKIECTBO

xy —zoyo = (2—2p) (¥ — yo) =+ (z —x0) Yo+ zo(y— Vo),

akcinoMa (ATyy) (npit akcmomax (AT;) um (ATip)) paBHOCHIBHA COBOKYT,.
HOCTH CICAYIOLUINX ABYX aKCHOM:

(ATt11a) Hakoso Gu nu 6sao x9 € A, omobpaxenun T r=> IoZ
U z > TX, HENpepbleHs & mouxe x = (),

71 H. Dyp6axu
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(ATy116) Omobpaxcerue (z, y) > zy npouasedenun A X A 8 A nenpe-

pugro & mouxe (0, 0).
Orciona BHTEKAaeT CHCTeMa HCOGXONUMBIX M HKOCTATOYHHIX YCJIOBHIL,

KOTODHIM JOJUKEH YROBAETBOPATL Pusabmp B okpecmuocmeli nyss B KOMb-
ue A past roro, YTobH ompepensieMas UM B A TOUOJOTHS COrJACOBAJACH
co crpyxrypoit komena A: B pomxen yposaeTBopsaTh akcuoMmaM (GArp)
u (GAp1) § 1 m, KpoMeé TOTO, CHAENVIOMMM ABYM aKCHOMAM:

(AVy) Kaxoewr 6v nu 6umau zo €A u V €8, cyyecmeyem W € B

maxkoe, umo zoW <=V u Wz, < V.
(AVyy) Kakogo 6w nu 6uao V € B, cyyecmeyem W € B maxoe, umo

WW V.

3amewanmue. B Anaagmse wacro BCTPEHAIOTCA KOJbIA, YHROBJIE-
reopAtomue akcnomaMm (ATy), (ATy1) u (AT1i1a), HO HE YOBIETBOPAOMIUE
axcuome (ATyygs). °TIpuMEpOM MOMKET CIYKUTH KOJBIO Mep Ha KOMIAKT-
HOI Tpymme, rge MYJAbBTHITMKATHBHEIM 3aKOHOM CIYKAT CBePTKA, a TOIO-
noruss — muporasa (Marerpmposanme, ra. VIII).,

Mpuwmep 3) Nyers B — basuc Pusvmpa B Koasue A, obpasoBan-
HEIA Jsycmoponnumu udeasranu; B sasnserca GyHIAMOHTANBLHON cucTeMoil
OKPECTHOCTOH HYJA JJIA TONONOTHM, cOrJacyiomelca €O CTPYKTYypoit
agguTuHoil rpynme B A; us (AVy) m (AVyp) cpasy caenqyer, 910 aTa TOIO-
JIOTUS COTJACYOTCH CO CTPYKTYpolt xoabya B A.

Mycrs E — TomoJOTMYECKOe NPOCTPAHCTBO, f M g — ero oTo-
OpakeHNA B TONOJOIMYECKoe Koabmo A; ecau f u g HenpepuBHB
B TOuKe xy € E, T0 f + g, —f m fg Toke HemPepHBHH B aToil TOUKe.
Otciofa ciaegyer, 9To HeNpepHBHEE orToOpaskeHuss £ B A obpasyior
nodxoavyo roapna AE BceBoamomkuux otobpaskennit E B A. Mul Bunnm
TaKMke, 4To eciam A KoMMYymamueHo, TO BCAKUHA noauwom om n nepe-
MeHHuZ ¢ Koadduumenramu u3 A, onpeaeldeHHL Ha A", nenpepuisen
Ha A" Ilycrb, pamee, E — MHOMKECTBO, fiuabmpylouyeecs 1o GUILTPY
%, a fu g — oroGpakerna E B omdeiumoe TONOJIOTHIECKOE KOJb-
o 4; ecan limc{y f n limy g cymecTByIoT, TO CYIECTBYIOT limc& f + g,
limy (—f) n limy fg, mpudem (ra. I, § 7, caemcreue 1 mpepmmosxe-
pna 9 u § 8, npemiomenue 1)

limg (f + g) = limg f + limgy g, €Y
limg (—f) = —limg f, (2)
limg (fg) = (limg f) (limg g). (3)
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4. I ooxoavya. Hoeaast. Tarmoproavyd.
IIpouasedernust xoaey

Tonmonorua, mEgymupyeMas B MOAKOAbne H TONOMOTHYECKOTO
koabna A tomoaorneit u3a A, corsiacyerca co CTPYKTYpoit Koabna B H;
roBOPAT, YTO OIpPEIeJeHHAs TAK CTPYKTYPa TONOJOIMIECKOro KOJBIA
B H undyyuposara CTPYKTYypoil TOIOJOTMYeCKOro Koabma A.

Ipeepnomennue 5. Hyeme H — sciody naomioe nodxoavyo mono-
aozudeckozo Koavya A u K — nodxoavyo (cooTB. aeswili, npaswill, dsy-

cmopontuli udeas) xoavya H. Eeo samukanue K 6 A ecmb nodxoavyo
(cooTB. sesull, npaswi, OsycmoponHul udeas) woavya A.

JloxkasarenbCTBO TO e, 4T0 W jAng Opeastoenns 8 § 2; ecad,
nanpumep, K — jepnit ngean 8 H, to oroGpamenme (2, x) > 32,
HenpepuiBHOe Ha A X A, otobpaskaer H X K B K m, cienoBaTesabHo,
Ax K=H X K s K.

Ilyets H — dsycmoportuli udeas B TOMOJOTHYECKOM KOabme A;
TeM ke paccysieHueM, yro u fusa gaxroprpyni (§ 2, n° 6), ybemmaem-
CA B TOM, UTO faKmMOopmononozus TOMONOTAK KOAbNA A IO OTHOMEHWIO
z — y € H coeaacyemcsa co crpyktypoilt konsua B A/H. B uacrHocTH,
ecan A HeoTAeNMMO, TO IO NPegAOKEHHI0 O 3aMpKaHme N HyIA
B A ecth samknymuli Gsycmoponnull udeas; Paxropxoasno A/N,
Kotopoe ortneammo (§ 2, mpemmomenue 13), HasuBaeTCA omoeaumbvim
KoabyoM, accoyuuposannsm ¢ A.

Ilyers (A,)e; — ceMelicTBo TONOJOrMYecKMX KoJen. B MHomKe-

crBe A = ” A, npoussedenue monoaozuli woxery A, cozracyemcs
L€d

€O CTPYKTYpoil nponssenenud Kojen 4, (TO ke J0Kas3aTeJbCTBO, UTO
M I NpOM3BENeHNit TPYIN); oUpefecHHOEe TAKMM 00pa3oM TOHMOJO-

THYECKOC KOJ’[IJ[IO‘ A Ha3HEBaeTCH npouseeaenuem TOIIOJOTHNIECKHNX
Koxen A4,.

5. IIonoanernue moOnNGA0ZUNECKOZO KOADYA

Horpa wumer peur 0 paBHOMEPHO CTPYKTYpPE TONIOJOTMYECKOTO
Koabna A, Bcerja mMeercd B BHXY, ecAM HE OTOBOPEHO IPOTHBHOE,
paBHOMEpHasA CTPYKTypa ero addumusnoli 2pynnd; B YaCTHOCTH,
KoIbmo A HAa3HBaeTCA nosHuLM, €CIU MoJHA ero ajuTHBHAA TPYyHIa,

7v



100  TOMOJIOTMYECKHNE IPYHIIBI (QIEMEHTAPHAf TEOPHf) [IJL. III, § 6

IIyctre A — omdeaumoe TOMOJOTHYECKOE KOJBIO; HAageJeHHOE
CBOEil CTPYKTYPOil agAWTUBHOM I'PYIILI, 0HO MOeT paccMaTpUBaThCHA
KaK BCIO/ly IJOTHAf IOATPYIIIA no4iol omdesumoll KoMMYmamusnol
epynnsl A, onpefedeHHol ¢ TOYHOCTBIO A0 m3oMmopduama (§ 3, Teope-
ma 2). Jlas Toro 9T06s A MOMKHO GHIJIO PACCMATPUBATEH KAK NodK04bYO
noarozo Koabya, HeobxomuMo, utobsl QYHKIUA Ty Moria OHTH npodoa-

scena no Henpepwswocmu Ha mnpoctpancTso 4 X A. BosmoskHoCTB
TAKOTO TPOMOJKEeHUsl BHITEKaeT M3 clieqyloleit Gosee oluieit TeopeMs:

TeoreMa 1. ycmoe E, F, G— noansie omdeaumvie Kommymamus-
Hble monoaozuueckue zpynnit, A — scl00y naomruas nodzpynna zpyn-
no E, B—scody naomuas nodepynna epynnw F. Bcakoe nenpepuistoe
Z-6uaunetinoe *) omobpaixcenue f npoussedenus A X B ¢ G moxcem
6umb npodoasiceno no Henpepwisnocmu 0o Henpepwisro2o Z-6uaureri-
Hozo omobpawcenus E X F ¢ G.

Hycrs (x4, yo) — mpomssoabHad Touka w3 £ X F, a l u B —
caenst Ha 4 U B ¢uABTPOB OKpecTHOCTEH Touer o M Yo (W u B —
QUIABTPH B CHJY IPENNOJI0:KeHHA); Y100H MOKa3aTh BO3MOMHOCTh
HOPOMOJKCHASA [ MO HENPEePHBHOCTH, JOCTATOUHO YGEAUTHCH B TOM,
uro f (U X B) ecrb basuc pusempa Kowu B G (ra. I1,§ 3, upenmosme-
e 11). ByneMm umcxomute ma ToMpmecTBa

f(.z',y')—f(.z,y)=f(x'—,z,y1)—{—f(,zl, yl_y)"%—
+f@ —x, Yy —yp) @ —2, Y —y).

Mur mokaskeM, uto, Gepda (z, y) u (z', y') B A0CTATOUHO MA/I0M MHOMe-
cree u3 U X B u Bubupas mHaanemamum o6pasoM z; M y;, MOMKHO
cmesaTh KaMOMiA M3 UYJeHOB IIPABOM YaCTH CKOJb YTOQHO MAILIM.
IIycte W — mpousBoabHAg OKpPeCTHOCTh HydA B G; MOCKOJIBKY
f mempepsiBHo B Touke {0, 0) mpomssemenua A X B, cymecTByior
muoxkectBa U EW u VEDB rakme, uro f(@' —z, ¢y —y)eEW
nmmaseex x E U, 2 € U, ye V,y €V. Illpamem 3a 1, Kakyio-BUGYIB
Toury M3 U u 3a y, kaxkylo-gubyapb ToYKy u3 V; Torma gas H00HX z,
2 ms U ny, y us V GyneM uMmers

f@& =,y —p)+f@—z, Y —)EW+W.

*) Hanomunm (Aar., ra. III, §1,n° 1), 910 f nasmBaeTcs Z-61iMHOIHEIM,

ecmn f(z+ 2, y)=f(z, N+ f@, ) uf@y+y)=7@En+ f@y)

Bas mobLix anemenmroB x, z' 13 A u y, y’ u3 B.
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C gpyroit croponsi, orobpaskenue x —> f (x, y;) HenpeprBHO Ha A,
M OOTOMY cymecTByeT MHoskecrBo U’ < U, mpunamiemxamee 1
u takoe, 9ro f (' — x, y,) € W npu nwobux x € U' uz' € U'. Touno
rak e B B cymecrsyer takoe V' < V, uro f (x, ¥ — y) € W npu
abux y € V' u y € V'. CaemosatenbHo, s TPOUBBOJBHLIX JIBYX
rouer (z,y) m (x',y") s U X V' Gymem wumers
f (JL", y’) —“f(l', y) E W + W—ll' W‘l‘ W’
geM [IOKA3aHO CYINeCTBOBAaHHME 1IPOHOIKEHUA f orobpamkennsa f.

Z-6ununeiiHOCTD f eCTh HEmOCPE/JCTBeHHOE CIEeNCTBUE NPUHIUOA HpPO-
posurenns TokmectB (ra. I, § 8, caemcreue 1 npemuomenun 2). Teu
caMbIM TeopeMa JloKasaHa.

B upumesenuum 9ToH TEOPEMH K TOHOJOTHUECKOMY KoiabLmy A

umeeM E=F =G =A,B =4, a [ ecty Z-6utuneiinoe oroGpane-
aue (x, y) > 2y, HENPEPLIBHOE 110 TPE/IOMOFKEHHIO. 3nauenne HpPoO-
OOSHEHHOM QYHKIMN Ha Ax A OyleM mo-mpeskHeMy 0603HAUaTh IY;
8Ta (PYHKI[UA ABJIAETCA 3AKOHOM KOMHO3UIUMU B A, a ce Z-Gununeii-
HOCTH 03HAWAET IMPABYI0 U JIEBYI JucmpubymusHocmd 9TON KOMIO3M-
MU OTHOCHUTEJILHO CIAOMKEHUS; ¢ APYTOW CTOPOHLI, OHA ACCOYUAMUSHA
B CWIy HPUHIWIA NpPOjfoKeHus TommectB. Mrar, mnMeem

IMremnomeune 6. Omoeaumoe monosoeutieckoe kKoabyyo A usomopgno
6ciody naomHOMY nROOKOAbYY ROAIL020 OMOesuUMo20 KoAbYA A, onpede-
AEHH020 ¢ MOYHOCMbI0 J0 usomopgusma (M HA3BIBAEMOTO NOROLHEHUEM
Rogpua A).

Ecau A kommymamuero (Coots. o06aadaem eDuHULHLM IAEMEHMOM),
TO 910 BepHO M A A (UDHHOMI HPOLOTKEHWUA TOHSIECTB).

Ilycts A — e o0s3arebHO OT/ETUMOE TOHOJIOTMYECKOE KOJBLO,
N — sampikanme ayaa 8 A u A’ == A/N — accouuuposansoe ¢ A
OTZ€:1MMO® KOJIBIL0; MOMoIHe e A’ Kombia A’ HABHBACTCH 0MOeauMbLM

nonoaHenuem Koapia A u o0o3Havaercsa TaKkmxe A.Kaku s TPEeAIOsKe-
gun 8 § 3, MoKa3bIBaeTCA, UTO BCAKOE HENPEPLBHOE HPEeJCTaBiIeHUEe i
Koabla A B noanoe omdeaumoe TonoI0ruuecKoe Koabio C e MHCTBEH-
HBIM 06pa3oM HPECTABUMO B BHIe KOMHOIMIMEN U = Vo, Tjue U —

HenpepsiBHOe mpejactaBaeHme Koabna A B €, a ¢ — KaHOHMYECKOE
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otobpasenne A B A. [losromy, eciu A, B — TonoJoTHYeCKMe KoIbLa
uu: A —> B — HenpepuBHOE OpeCcTaBIeHUe, TO Cymec'rBye'r " npm-

TOM eJMHCTBCHHOE, HeNpephBHO® mpexcraBienue u: A — B Takoe,
9TO mUAarpamma

A5 B
] J¥
A— B
u
(rme @ m Y — KaHOHWYeCKHe OTOGpaKeHNA) KOMMYTATUBHA;, HeHCTBH-
TeJIbHO, HOCTATOYHO NPUMEHUTH NPeSHAYMUA pe3ynabTaT K P ou.

6. Tonoaozuueckue modyau

Onrepenenue 3. Iycmb Oano monosozuxeckoe koavyo A; sesvim
monoaozuieckum Modysem Had A nasvisalom mmoxcecmeo E, nade-
AEHHOE:

1° empykmypoi aesozo A-modyas,

2° mononozueii, cosaacyroujetics co cmpykmypoil addumusnoti zpyn-
nv ¢ E u yOossiemsoparwoweli, kpome mozo, caedyroweii axcuome:

(MT) Omobpaxcenue (A, x) —> Az npouseederus A X E ¢ E nenpe-
DblGHO.

IMomoGuuiM sxe 00pasoM BBOAUTCA NOHATHE NPagozo TOMOJIOTHMUE-
CKOTO MOyl HA[ TONOJOTMYECKUM KOJNBIIOM A; OpH BTOM TaK Kak
BCAKUA NPABHIl MoAyib Haj A MOMKHO pPacCMATPMBATL KAK JIEBHIT
MOZYJIb HAJ HPOTHBONIOJOAHEM KojabioM A°, a tomomorua B A coria-
CYeTCA €O CTPYKTYpOii koabma B A®, To HeT ocHoBaHWIl OTIMUATEH
MpaBHE TOMOJOTHYECKHe MOAYAM HAag A OT JeBHX TONOJOTHIECKEX
Mopmymeit mag A°.

Mpume pu. °1) Tomosornseckoe BEKTOPHOE TPOCTPAHCTBO HAJ
R (coors. C) ectb Tomomormdeckuii mogyap Hap R (coors. C) (em. Tom.
BeKT. mpocTp., rm. I).

2) Ilyer» A — woampno, B — Gasmc ¢uanrTpa, 06GpasoBaHHHiL ero
ABYCTOPOHEMMM njaeadamMH, M E — geswit A-mopynn. Ecan Hageants
A Tomojormeil (cormacymlueics €0 CTPYKTYpoil Koabua), AJst KOTO-
poii B saBasieTcst GYHIAMEHTANILHON CHCTEMOH OKPECTHOCTEH HYJIA
(n® 3, mpumep 3), a E — TomoJormeil (cornacymomeiics co CTPYKTypoit
agIUTUBHON Tpymmel), aas Kotopoii aF, rge a npoberaer B, oGpasyior
dyHzaMeHTaNbHY0 cucTeMY okpecrnocreit myas (§ 1, n® 2, mpmmep),
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TO HENMOCPeACTBEHHO TpOBepsercA, 4T0 E — TONOJOTMICCKHil MOAYIb
Hag A.

3ameqganune, [Iycrs gamno Tomogorngeckoe KOgbuo A; PpaccMOT.
puM B JeBoM A-Moxyie E TOIOJOTHIO, COTJIacYIOMYIOCHA CO CTPYKTYpoit am-
muTUBHON rpynoe B E, B cuay Tompmecrsa

Az —hpzo = (A —hp) Zo+ Mo (z—2p) + (A — o) (z— o)
axcuoma (MT) paBHOCHIbLHA cHCTEME CHEIYIOMMX TpPeX AaKCHAOM:

(MT1) HAaa awbozo zo € E omobpaxcerue A —» Azy nenpepsieno e mox-
ke b= 0.

(MTi1) Aas  awboz0 Ay € A omobpaxenue = k> Mg HeNPEPHAHO
e mouke z = 0,

(MT111) Omobpaxcernue (h, z) = Az wuenpepmano ¢ moxxe (0, 0).

OTcioa BHTEKaeT cHcTeMa HeOGXOMMMHX M JOCTATOYHEIX YCJIOBWMIl,
KOTOPHIM JOJKEH YROBICTBOPATh usvmp B oxpecmmocmeti nyas B A-Mopy-
ae E, 9tobu ompeneasts B E TOMOJOTHIO, COTIACYIOMYIOCA CO CTPYKTYpoii
Monyns; uMeHHO, B MOMKeH ymoBaersopATh axcumomam (GAp) m (GAjpg)
u3 n° 2 § 1 m, Kpome TOro, CAGAYIONHM TPEM AKCHOMAM:

(MVy1) das awbuz 29 € E u V EB cywecmeyem maras oxpecmrocmo
nyaa S ¢ A, wmo Sxo <= V.

(MVi1) Jas awbuz hg€A u V €8 cyyecmeyem maxoe W €8,
umo AW < V.

(MVi11) Aan awbozo] V € B cywecmeywm maxue U € B u oxpecm-
nocmv nyaa T ¢ A, wmo TU < V. .

Bcakaa xKoMMyTaTHBHAaA TOHOIOIMYeCKAA TPYNOHA eCTh TOHOJOTH-
9eCKUil Z-MOXyJ b IPU HATEeNeHUN KoJbna Z AMCKPEeTHOH Tomoiormei,

Ecam M ects mogMoLyas TomoJormieckoro Mmouyis E mam A,
TO, OYEBUEHO, TOHONOTHA, MHEynupyemaa B M us E, cormacyerca
co crpykrypoit Mogyisa B M. Kpome roro, B A-monyne E/M dpaxrop-
TOMOJIOTHA TOIOJNOIuM Monpyisa E mo M corimacyerca co CTPYKTypoit
A-vmonyna. B camoM mene, utoGl B 9ToM yGeIUTHCA, TOCTATOYHO yCTa-

HOBUTH HEHNPepPHBHOCTH orobpaxkenusa (A, z) == Az mpousBefeHun

AX(E/IM)s E/IM (rme z > Z 0BHATAET KAHOHWIECKOE oTobpase-
ane E ma E/M). Ho rak kKak affuTUBHEE TOHOOJOTMYECKUE TPYIIH
A X (E/IM) n (A XE)/({0} x M) orospmectsumn (§ 2, caemcrsue
npenoxkenua 26), To OCTATOYHO MOKA3aTh HENPEPHBHOCTH 0To6paske-

ma (A, z) — Az npoussenenna A X E B E/M, a oHa aBCTBYeT u3

TOTO, 49TO 970 OToGpasKeHNe ecTh KOMHO3MIuA orobpamenuii z —
1 (A, ) — Ax.
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ITycrs (E\)ie;r — TPOU3BONBHOE CEMEHCTBO TOMOJIOTUIECKUX MOIY-

meid Hag A mw E = !I] E, —A-monyns—npoussejienune A-Mopyiei F,.
t

Mpoussengenue romonoruii coMuomureneis E, B E coraacyercs co
CTPYKTypoil A-Mopmyiis; 9ToGH B 3TOM yGeIUTHCA, JOCTAaTOIHO OKA3ATD
HenpepsiBHOCTH  oToOpasenusa (A, z) — (ADr, x),; DpomsBemeHus
AXE B E wan eme (ta. I, § 4, opepsioskenne 1), aro mus noGoro
ungerca x € I oroGpamenue (A, z) = A prx npoussesenua A X E
B E, venpepmBHO; HO 9T0 oTo0paskeHNe eCTh KOMIIO3UIUA HEIpepPHB-
HEX orolOpamenuit (A, z,) > My, u (A, 2) — (A, prya).

Ilyete A — orpenmMoe TOROJIOTHYECKOe Koubllo, E — orpesm-
Mbiit Tomonormeckuii A-Mopgyns um E — ajjurusHas Tpynma, moiy-
YeHHAA NYTEM NOHNOJHEHWS KOMMYTATMBHOW TONOJAOTHYECKON Tpym-
o E (§ 3, Teopema 2). Z-6Gununeiinoe oroGpaxenue (A, x) —> Ax
npoussemenvsa A X E agguruBenx rpyonn A u E B ajfuTHBHYW
rpyumy E mpomosaeTca mo HeIPepHBHOCTH fo Z-OunwHeiHOTO 0TO-
Opa)ieHus HPOM3BENCHUA AXx EsE (reopema 1), Kotopoe M 0Go-
3HAUMM CHOBA (A, ) > Az. B cuny npuHIUIA NPOXOT/KEHUA TOMK/IECTB
- mMeeM mo-npeskHeMy A(uz) = (AM)x mas Bcex A € A, wWEA, z€E;
TAKNM 00pa3oM, BEem AN 3akoH (A, z) —> Az onpenensier B E cTpyKTy-

Py

py A—Mo;(me, COTMACYIOMYIOCA ¢ uMewmeiica B E Ttomojorueii.
Ecau, wpome rtoro, A obGnamaer epwHMYHEIM daeMenroM, a E ecrp
YHUTApHHN A-MOgylb, TO N0 HNPUHIMOY NPOXOJKEHUS TOMIECTB
OymeM uMers eme lx = x pis BCex x € E. Tax ompejieJIeHHHI TONOo-
JorudecKuii MomyJb E nap A HABHBAeTCA NONOAHEHUeM TOOIOTHYE-
cKoro Mopyina E mam A.

IIycts E — TONOJOTUIECKUHA MOAYIb HAJ TOHONOTHYECKHUM KOJb-
oM A, rae A u E He oGasarenbHo orjeauMsl. Ilycts ‘N (coors. F) —
samnikanue {0} B A (coorB. E); N ecTs xgBycroponsmii mmean B A
(mpennoxenue 5), a F — A-nogmonyns B E (npennoxenue 1); kpoMe
TOTO, MO HempepuBHOCTH, ecau A € N wan z € F, ro Ax € F. Orcoga

OCPEACTBOM (aKTOPUBAIMU Cpady moaydaeM orobpakenue (A, z)

— Az npoussenenus (A/N) X (E/F) s E/F, npndem (Ha ocHOBaHUH
cHencTBUA mpemaomenusa 26 § 2) oHo HempepHBHO M, 3HAYMT, ONpeE-
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mensier B E/F cTpyKrypy TOUOMOTWIECKOTO MOAYIA HAJ TOIOJOTUTe-
cxkuM KogabuioM A/N, Ilonarana B = A/N, L = E/F, 6ynem rosopurs,
gro B-moxyns L ecrs ormenumMulit Momyns, accoyuuposanuuti ¢ E.

ero momonHeRMe L ecTb TOMOJNOTHYECKUIT MOXYJIbL HAJL OTHEIMMEIM
nonojHeHVeM A (COBHARAIONIM IO ONPEeJeHNI0 C 3) Koasna A (n°5);

L nasmBaerca omdesumsn nonoaneruen Mogyis E u obosnauaercs E.
Hak m B § 3, npexnomenne 8, yGexpaeMca B TOM, 9TO BCAKoe Helpe-
puiBHOe mpexcraBiaenmie u: E — G vopyna E B moammlii ormenmMuiit

A-Monyne G egWHCTBeHHHIM 00pa3soM HPEJCTABUMO B BHULE KOMHO-
BUIMA 1 = Vo¢, TAe v — HeNpepHBHOe mpencrasiesue E B G,
a ¢ — ragoHmieckoe orobpaskenue E B E. OTcro7a 3aKJII0YaEM, 4YTO
ecnt E u E' — rtononornueckne A-vopyam, a u: E —> E' — me-
OpepHBHOE  [PENCTABJICHME, TO CYIMECTBYEeT, W HDPUTOM €JHH-
CTBeHHOe, HelpepuBHOe mnpeicraBienne u: E—>E' takoe, uro
xuarpamMma

rAe ¢ u @' — KaHOHMYECKMEe OTOOPAKEHHSA, KOMMYTATHBHA.

7. Tonoaozuuecrue meaa

B mocaenyromeym, a taxxe B rnasax IV u V, npu paccMorperum
meaa K Mu GyneM oGosnagars uepes K* mysvmunasukamusuyio spynny
€ro HeHYJIeBHX DJIEMEHTOB.

OnpegenenuE 4. Tonosocuueckum mesom nasvigaiom mHoxcecmso K,
HadeaerwHoe cmpYKmypol meaa u monosozueli, cozracylowetics co cmpyk-
mypot koavya 6 K u ybosiemsopawoweti, kpome mozo, caedywoueii
aKcuome:

(KT) Omobpascenue z v+ 7' ecpynnm K* ¢ K* muenpepwisHo.

ToBopsaT, 49ro cTpykTypa Tena M TOmOJOTHA B MHOKecTBe K costa-
cyiomes, ecam COTIAACYIOTCA CTPYKTYPA COOTBETCTBYIOMIErO KOJNBIA
M TOHOJOTUsA U, KpoMe ToTo, BHIOJHAercsi akcumoMa (KT).
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Ilpumepwu. 1) Juespemnas tomojorust B tene K corxacyercA
€O CTPYKTYpPOH Teja; TONMOJOTHYECKOE TeJO ¢ JUCKPETHOH Tomoaormeit
HABHBACTCH OuckpemHsm TEJIOM. :

°2) Tomomorua pamuoHajgbHOX npPaAMOR Q (COOTB. 9UCHOBOE Tps-
Moit R) cormacyercs co crpykrypoii Tena Q (coots. R; em. ra. IV, § 3).,

Oupenenenve 4 noKasniBaer, 9TO TOMOJNOTUA, UHOYyupyemas I
TOHONOTHIecKoTo Teaa K B MynsTumiInkarupHoil rpymme K*, cozaa-
cyemcss CO CTPYKTYpoil 3Toff TpyHHH.

Ecau a 54 0, 10 roMOTETHH & > G B & > 2a ABJAITCA 20ME0-
Mopdusmamu K Ha ceba; To 3e BePHO U nist oTobpayeHua & s ax-+ b
RaxkoBo Om HA Gmmo b € K. OrmermMm, 49To mpu a =% 0 romorerum
Z > QT U I > T4 ABIANTCA aémomop@Pusmamy (TONOIOTHIECKO)
addumusroti epynny tena K. IlosToMy maa npousBoIbHOR OKDECTHO-
cru BHyasa V B K aV u Va Gymyr oxpectHOCTAMHU HyaA Hpu aoGoM
a = 0.

ITyctes £ — romosormueckoe mpocTPaHCTBO M f — ero oroGpaike-
HWe B TomoJjoruieckoe tejo K; eciu f HempepsHBHO B TOYKe z, € E
n f (x) 5= 0, o f~! HenpepuBHO B z,. B wacrrocTH, ecan K kommyma-
MUsHO, TO BCAKAA DAYUOHAAbHAS BYHKEYUS N HepeMeHHHX ¢ KoapPm-
nuenramn u3 K menpepmsHa B nioGoit Touke mpomasegenma K,
B KOTODOH 3HaMeHaTenb (YHKOUW OTIWYEH OT HYJA.

Touno Tak sxe, ecim £ — MuomecrBo, punsrpyomeeca no puiab-
Tpy §, f — oroGpaskenme E B orfequMoe Tomogormieckoe rteao K
u limy f cymecrsyer u 0, T0 lim?y f~! cymecrByer, mpuueMm

limy f1 = (limg f)™. 4)

Eciu H — nodmeso tomojormueckoro rteaa K, TO TOHoJoTHA,
wHTynupoBagnas B H ua K, corsacyercs co CTpyKrypoii resa B H;
OIpefeleHHaA Tak B H CTPYKTypa TOMOIOTHYECKOTO Tella HA3LIBAETCA

undyyuposannot us K. Kpome roro, H tawme ecth nodmeso tena K
{/10Ka3aTeJbCTBO AHAJOTMYHO JOKABATENLCTBY HDENJIOKEHUA D).

B TomomormgeckoM Teje K BaMHKaHME MHOKeCTBA, COCTOAMEro
U3 ogHoro ajemenrta 0, ABJAAETCH, IO NPEIOKEHNI0 D, ABYCTOPOHHHUM
AaeasyoM, CIex0BaTeahHo, ecTh uGo MHOMKecTBO {0}, muGo Bee Texo K; Apy-
IMMH CIIOBaMHM, ecJaM Tomojorua B K He sBiasiercn caabeitmeir (ra. I,
§ 2, n° 2), to oma ormexmma (§ 1, mpepmoxenue 2).
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8. Pasnomepnsie cmpyxmypst monoaozuneckozo meaa

B romomormgeckom rene K caemyer pasauuats:
1° PasnoMepry crpykrypy addumusnoii epynna K, onpeyieseH-

ayl0 B K ¥ HasmBaeMylo addumuenoll pasHomeproli cmpykmypoi
Tena K.

2° llpaByo u JeByl PABHOMEDHELE CTPYKTYpH MYALMURAUKAM UG~
#ot rpynnst K*, onpepenennsie ¢ K*, koropre (momyckaa BOJLHOCTH
PeIH) HABHIBAIOT MYAbMUNIUKAMUSHOMU PASKOMEDHBLMU CTRDYKMY DAMU
Teaa K.

Crpyxrypa, undyyuposannas B K* ajgguTuBHON pPABHOMEDHOM
CIPYKTYpoit Tena K, BooGme roBopsa, omauura OT MyJbTHILIUKATHB-
HEIX PaBHOMEPHHX CTPYKTYp (cM. ympakmenwme 17).

ITo npepnoenwio 6 ormenuMoe Tomosormueckoe teno K MoxHO
paccMarpuBaTh Kak 6Clo0y naomrHoe nodKoabyo noarozo omdesumozo
Koabya K. Bna toro urobn K Gmno monodozuveckum meaom, HEoO-
xonuMo, 9ToOH oToGpaskeHMe I —> 2~ Morio GHTBH npodoascero no
HenpeprsHocMU HA (f()*; BTO YCJIOBME SBIETCA TAKIKEe JOCTATOYHEIM,
n6o mpu ero BmnonmeHun QyHkuumm zz~', z7lxr u 1 coBmamaroT Ha
(f()* X (f{)* N0 NPUHRNUINY HPONOJIKEHWA TOMIECTB, 4 3TO HOKABH-
Baer, uTo HpHM x6oM x = 0 3HadeHMe NpPoNOKeHHOH QyHKuMH
AIBIIACTCA KAaK pas o0pamHuM K X HA K. Wnaue roopa (cM. ra. II,
§ 3, mpegmomenue 14):

Irennoxenue 7. Jan mozo umobu Koavyo K, noayuenHoe nymem
nonosrerus omdeaumozo monosoeuieckoeo meaa K, 6v.10 monosozuye-
cKuM meaom, Heobxodumo u Gocmamouro, ¥mobw npu omobpaxerHuu
x > 171 06pas ecakoeo gusbmpa Kowu (6 addumusnoli cmpykmype),
0aa komopozo 0 He Asasemcs Moukol RPpUKOCcHo8enUs, Gbla cHosa uab-
mpom KRowu (8 addumuenot cmpyxmype).

CymecTByIOT TOmONOTHIECKHMe Tejia, Ihe JTO YCJIOBYE HE BHIIOJ-
HeHO ¥ Koabno K ofmajaer meinmrensMu HyJA (cM. ynpampenue 26).

-~

Kpome rtoro, korma xounpro K, moayieHHOe HyTeM HONOJHEHUA TOHO-
Jorudeckoro reaa K, ecTs TOMOJOTHIECKO® TEJIO, ANPUOPY HET TapaH-
THH, 9T0 MYALMUNAUKAMUEHbE CTPYKTYPH B K ssnsiorcs CTPYKTY~
paMu noarozo mpocrpancTBa. Ognaro aTo BCce ke Gymer uMeTh MecTo
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s tea K tanux, uro K 40KaibHo KOMRAxmmo (cm. T 1, § 9, npep-
noxenne 13 m ra. III, § 3, mpemnosxenue 4) wnu kommymamusro;
B caMOM jeje, B HOCJe[HeM Cilydae CHPABEJINBO CJefyiomiee Hmpej-
JIOMenue:

[IrEgnomenue 8. Ecau addumusnas pasnomepras cmpykmypa
KOMMYMAamusHo20 monosozuyeckozo meaa K ecmb cmpykmypa noanozo
0mdeauM020 NPOCMPAHCMEAL, MO MYALIMURAUKAMUSHAL CMPYKMYpa
¢ K* ecmb cmpyrkmypa noawozo npocmpancmea.

Mu noxaskeM, dro ecan §F — ¢unbrp Rowu nasn myavmunaukamue-
Holi cTpyKTYPH B K*, 10 §§ ects Gasuc ¢punvrpa Komu pia addumusrori
CTPYKTYPH B K, ODHTOM He CXONAMMIACA K Hymo, ueM U Gyjer
YCTAHOBIeHA CHPaBe;sIMBOCTh mpefpaoxkennsa. Ilycrs U — npous-
BONBbHAA OKpectHOCTh Hyasa B K u V — rakas gamMxmyras OKpe-
crHOCTh Hyas, uro V< U, VV < U (akcuoma (AVp)) u — 14 V;
00 TPeilioJo/KeHHI0 CyImecTByeT MuokectBo A € §5 rakoe, dro
xly€1 -+ V, kakoBn 66l au Geiu z € A ny € A. Ilycts ¢ — kakas-
saGynb touka us A, rorga A < a + aV, w Tar Kak a + aV ects
3AMKHYTOe MHOMKECTBO, He cojepmamee Hyxasa, to 0 He aBaaercs
TOYKOII HPUKOCHOBeHMA Auasa A, a teM caMuM u jias §. Ilycte W —
OKDPeCTHOCTh HyaA rakad, aro ¢W — V (akcumoMma (AV,)); mo mpesa-
MONIOMEHNI0 CYmeCcTByeT MHoMecTBo B € §f rakoe, uto B < 4
nzly €1 -+ W, xaxoBs 66t ant 6siiu x € Buy € B, otkypay — z €
EaW c AW < aW + aVW; no Tak wak K KOMMYTaTHBHO, TO
aVW = aWV < VV < U; caeposartenvno, y — z ¢ U -+ U, uupeg-
JI0MKeHME J[OKA3aHo.

To me paccy:xpenue JOKAsniBaeT, 9T0 mpeysIoykeHne 8 pacmpocrpa-
HACTCH HA TOT CAydail, Korma Besikuit puasrp Howw gas odwoil na Myasp-
THUJUKATABIREIX CTPYKTYpP B K sABIsercA Taxke ¢uavTpom Homm pmusa
Apyroii.

Yupasknenua

1) B oTpeamMoM TomoJormdeckoM koanme A noMmyTauTt awGoro
MHOKECTBA M3 A (B 9aCTHOCTH, LeHTD KOJbLA A ) BaMKHYT, U TO jKe BEPHO
AJA JeBOry (COOTB. NPABOr0) AHHYJIATOPA AKOOTO MHOMKCCTBA M3 A.

2) a) Tlycrb a — OMCKpPETHHWII JieBHWit Uea] TONOJAOTHICCKOro KOJb-
18 A; MOKa3aTh, 9T0 JeBHl AUHYIATOP A1060r0 = € a B 4 OTKpHT. BuBecTn
OTCIONA, 9TO HEJMCKpPeTHOe Koubno A Ges peiuTelleii HYIS He CONCPIHHUT
U OgHOTO BMCKPETHOro (AeBOT0 MJAM TpPaBoro) mpeana, oTaudHoro or {0}.
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6) Ilyctn A — JOKAJbHO CBABHO® TONOJOTMIECKOE KOMBUO U a —
BIIOJIIIe HeCBHBHHII JeBHI UIeall; M0KasaTh, YTO J€BHII aHHYAATOP AI060Tr0
z €a B A OTKpPHT. DHBecTH 0TCIOHa, 9TO KOabuo A Ges meautexeir my:ist
He COMepIKHUT HN OfHOTO BIIOJHE HEeCBASHOTO (J6BOTO MJM MPaBOTO) MEeana,
orauagoro or {0}.

3) B TomomormaeckoM Koabime 4 CBA3HAA KOMIOHEHTA HYIS €CTh
ABYCTOpOHEMIT wuacad. BrBecTm oTcOAA, YTO KBABWIPOCTOC KOJBLLO
A(Aar., ra. VIII, § 5, ynpaskgesne 5), He ABJIAIONEECH CBA3HLIM (B 9acT-
HOCTH, HECBSI3HOE TOMOJOTWIECKOe TeNo), BIOJHE HECBA3HO.

4) Tlyets (z,) — CyMMHpPyeMoe ceMelicTBO B OTHEINMOM TOHOIOTMYECKOM
Koubue 4 M s—ero cymMma; ceMmefcTBO (az,) (coors. (z,a)) pas moboro
a €4 cyMmMEpyeMo M HMeeT CYMMOI as (€00TB. sa). Ecau (zp) u (yy)—
CYMMUpyeMble ceMeifCTBa B 4 TaKme, YTO CCMeHCTBO (Ipl)y) CYMMHpyeMo,
TO Z xhyu=(z :c;v) (Z l/u) . Ecam, rpome TOro, A 110;THO I OJIHO M3 ),

A A u
ofpaTuMo, TO CyMMMDYeMOCTh CeMelicTBa (xpy,) BIACYET CYyMMHPYCMOCTH
ceMeHcTBa (yy).

5) HasoBem npamoyzoavnukor 8 N X N mpomspegcHue JBYX HHTEp-
Bagop M3 N; OIs Kamaoro Koweynoro MHoykecrsa £ — N X N o6GosHa-
qum 9epe3 @ (L) HaMMEHbINee YUCI0 MOMAPHO AUBBIOHKTHHX NPAMOYTOJb-
HHUKOB, 00beMHeHNEM KOTOPHX cayxut K. Ilyers (E,) — BO3pacramomas
TIOCJTEMOBATeILHOCTS KOHGYHHIX TOAMHOKecTB mnpoussepeHnss N X N,
obpasyromas €ro MOKPHTHE M Takaf, 9T0 IOCJegoBaTeanHOCTH (¢ (E,))
orpanndenHa, [as MOOGHX JOBYX CXONAIMAXCH DPAROB (z,), (yn), WIennl
KOTOPHX IPHHAJIEKAT OTACINMOMY TONMOJAOIMYECKOMY KOJBLY A,

lim Z Ih!/h=( S l”n)( S V")'

n—+20 (p, R)EE, n=0 n=10

IlocTponTh mnpumep mocxegosateansocTH (£,), YEOBIETBOPAIONICH
yKa3aHHHIM BHIUG YCIOBUAM M TaKoii, 9T06n E, .4 = E, comepskano
TONBKO OJUH 3JEMEHT TpH J6oM n.

6) Ilycte A — TOmMOJNOrMYecKoe KOMbuO ¢ eguiuueit, a a u b —
ABYCTOPOHHM® Hjmealul B A rakme, 910 4 = a -+ b, a N\ b = {0}.
IlokasaTs, 4TO TONOJOTHYECKOE KOJBLO A WH3OMOPHHO NPOM3REIEHITIO
TOIOJOTHIECKUX KOJem a U b,

7) IlyeTn A — TOmMOJIOTHYECKOe KOAhuo 6e3 egumuiy i B — Ko:Ibl0,
noxydaemoe INyTeM NPHCOEAVHEHWH K A eQMHMINOro anementa (A.r.,
ta. I, § 8, ympakaerde 3); moKasaTh, 9T0 B B IPOM3BEAEIHE TOMOIOLHM
KONbIA A M JUCKPETHOH TOMOJOTMM Koahua Z COTIACYETCH CO CTPYKTY-
poil Kodbua W UEAYnupyer B A (apycropomneM mpcaze B B) samaHHyw0
TOIOJIOTHIO.

8) Ilyetr A — TomomormdecKoe KOABIO ¢ eguliALet.

a) Jaa TOro 9TOGH MHOMKECTBO A™ BeeX O0GPATHMBIX HICMEHTOB
Ou10 OTKPHTO B A, Heo0XOmAMO WM FOCTATOuHO, YTOGH CYIECTBOBAA
OKpeCTHOCTh V eQMHMIH, BCe BJEMEHTH KOTOPoH obpariiMu B A.
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6) Ecam A* otkpHTto B 4, TO Besikmil (IpaBH MAM JeBHil) MakcH-
MaXbHHI HMEeal B 4 3aMKHYT, W TO Ke BEPHO [JIf paguKala Kojgb-
na A. Ecain A e mmeer 3aMKHYTHIX JEBBX HMI€anoB, OTIHIHHX oT {0}
n A, 10 A — 1ex0 (Aur., ra. I, § 9, mpegmoskenne 3).

B) Ilyeth A — moAxoABL0 TOomO;OTHYEcKoro Tega Q, cocrosmee

k
U3 BCEX 9dnces P (k € Z, n € N); noxasarb, 9T0 OHO HE HMMEeT HH OLUOTO

8aMKHYTOrO MAeansa, oTangHoro or {0} m A, HO HE ABJHETCHA TEJOM.
9) a) daemeHT z (COOTB. Waeas a) TOMOJOTHIECKOTO KOJAbuA A HABH-

BacTCA monoaoguxecxu HUABNROMEHMHBM, €Ccan MOCJENOBATEILHOCT b

(z™),>1 cxomurea K O (coots. ecau Gasuc GuABTPa, COCTONIMMA U3 MHO-

mects a® (n > 1), cxogutca kK 0). Besxkuit sJeMeHT TOMOAOTHIECKH HUJIb-
MOTEHTHOTO0 HMAealia TOIOJOTWIOCKN HHUABITOTEHTEH.,

6) IlpepmonoskmM, uT0 A comepRMT eqMEMUY U A* OTKpHTO B A.
TTorasath, 9T0 Aas J06OI0 TOMOJOTHMECKN HHILIOTEHTHOTO DIEMEHTA T U3
A amemeHT 1 — z o6parum. [3ameTuth, ato 1 — 2® Agsa mocraTowHo Gojn-
mioro » o6paTMo.] 3aRIIOUUTEH OTCIORA, 9TO €CJU BCe BJEMEHTH (IpaBoro
WM JeBOTO) mieaja a TONOJOTHMECKH HUJIBNOTOHTHEI, TO o COQEpP/KUTCH
B paguxaine Koabma 4.

B) ITpegmomomum, 910 A4 NOMHO, COREPRUT egmHMUY U obGaagaer
OyHmaMeHTAJILHON CHCTEMOIl OKpecTHOCTell Hym;s, cocrosmeidl U3 mom-
rpynn ero agguTupHO# rpymoui. [TokasaTh, 9TO e€cqM z TONOJNOTHIECKN
HUIbIOTeHTEH, TO 1 — z ofparumo B 4.

r) Ilp,m Tex :xe ycioBUAX, 9TO M B B), MOKA3aTh, 9TO €CIU JJICMEHT
Yy € A TONOJNOTMYECKN HWIBNOTEHTEH, TO YypaBHeHme z2 - z = y uMeeT
TOTIOJIOTAYECKH HUJBNOTEHTHHI KopeHh = € A.

*10) a) ITycts B — Xombuo ¢ epuanueii, £ — cpoboguuit B-Moayin
Bg) n A — roasuo L (E) Bcex aupoMopdusmos mogyas E. Hast moGoro

romeunoro MuoecrBa fF — E oGosmaguM depeda Vp MHOMKECTBO Tex
u €4, gua Koropux u (x) = O mpu Beex z € F, Ilokazars, 910 MHOME™
crBa Vp 00pasyioT (yHEaMeHTANbHYIO CHCTEMY OKPECTHOCTeIl HYJs NIs
HEKOTOPOH OTHENUMOHl TOHOJXOI'MH B A, COTAACYIOUIEHCH €O CTPYKTYPOiF
KoJbma B 4 M Takoi, 9T0 4 B 3TOil TOMOJOTHM BIOJHE HECBH3HO.

6) Ilpumem [ = N u BO3HbMeM B KadecTBe B KOMMYyTaTUBHOE KOJIbLO

‘Ges meaumreneit myas, mo ¢ paguragom R, me cBogmmumcs K O (Aar.,

ra. VIII, § 6, n® 3). IlokasaTh, YTO paguKaJ KoJbua A He 3aMKHYT.
[Ilyers (e,) — KamoHmueckmit Gasmc mopyaa L. 3amerurs, ¢ ogHOM CTO-
pOIE, YTO BCHKOC U €A Takoe, uro u (e;) 5= 0 JMmB AJH KOHETHOTo
gucga uHpeKeoB z u u (E) — RL, mpumpagdemur pagukany KoJbua A
(em. Aar., ra. VIII, § 6, yopamkuenune 5). PaccMorpers, € aApyroit c¢ro~
pounl, TaK0e uy € A, 9r0 UpH XWGOM n ug(e,) = e, + ten,, THE T —
Henynepoit saement u3a R.]

*11) a) Tononorugeckoe KoJabLo A ¢ eAUHHNEH HABEBACTCH KOALYOM
Tesvganda, ecim A* OTKPHTO B A M TONOJOTHs, MHAyHMpyeMass B A*
U3 A, COrJacyercsi ¢O CTPYKTYpPOil MyapTHIINKaTUBHON rpynnu. Besxoe
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OTAENUMOe TONOJOTUYCCKOE TENO0 ecrb KoinbLo lenbdanma (cM. ympam-
uenue 207).

6) ITokasarth, uro ecan A — Koablo Texvdanaa, ToO TO Ke BepHO
AJISL BCAKOTO Koabua Matpun M,(A), HageJeHHOTo TONIOJOTHeil mpouase-

aenns (u3 A“z). [TIppMennTL MHAYVKLUIO 1O 7. ]

12) MuomectBo M B TOIOJOrMYECKOM KOJbLEe A HA3HBAeTCHA ozpa-
HUYEHKUM cnpaéa (COOTB. cieda), €CIM ANA J000H OKPECTHOCTH HY:Is
U B A cymecrByer Takasa okpecTHocTb uyas V, wro VM < U (cooTs.
MV < U); M Ha3HBaeTCA 02paHUYEHHHM, €CIH OHO OTPAHNYGHHO OFHO-
BPEMEHHO cjieBa U chpaBa. TONOJOTHA KOJbIA A HA3HBAGTCA L0KAAbHO
ozpanuverioli (M A — A0KAABHO O02PAHUYEHHHIM TONOJOTHYECKHM KOJb-
LOM), €CAu B A CYMECTBYeT OrPaHUYOHHASI OKPECTHOCTH HYJIA.

a) Bcsakoe Tomomormgeckoe Kombo, obGaagaromee ¢yHAaMeHTAILHOL
CHCTOMOI OKPecTHOCTeI HYJIsA, COCTOALLeI N3 IIPAaBhIX NNEANI0B, OTPAHAYCHHO
cnopasa. Ilokasarb, uto ecxn B ynpakuenuu 10a caurarh I 6ecKOHEUHKIM,
a B — tenoM, To KoabLo 4 GyAer OrpaHHYeHHO CJIeBAa, HO HU OANA OKpC-
CTHOCTH HyJA B HeM ue OyaeT OrpaHudeHHa CIpaBa.

6) Ecan Tomosoruyeckoe KOJbLO A OTPAHUYEHHO CIIpaBa (COOTB.
orpanuvenno) m obnagaer ¢yHgaMeHTaAbHOIl cUCTeMOIl OKpecTHOCTOIR
HYJIA, ABJIAOMUXCHA WOArpYyNIaMH aJXUTHBHON Tpynms A, 10 oHo o6na -
AaeT (GYHIAMEHTANLHON CUCTOMON OKpecTHOCTeil HyJA, ABIAOMUXCH
IPABHIMM (COOTB, ABYCTOPOHHMMU) UJealaMu.

B) O6venuuenue J060ro KOHOTHOTO CEMOCTBA OTPAHUYEHHBIX MHO-
JKCTB OTPAHWIGHHO; 3aMHKAHWE OTPAHMYEHHOTO MHOKECTBA OTPaHH"
9eHHo; ecin M u N OrpaHMYeHHB, TO OTPAHWYeHHH TawkKe M -+ N
u MN.

r) Becsakoe DPeKOMIAKTHO® MHOMKECTBO B TONOJOTHYOCKOM KONb-
e A OrpaHWYeHHO.

a) Ilokasars, - 910 ¢cam M w [N — OrPAHHYCHHEIE MHOMKECTBa
B A, T0 orobpamenue (z, y) = zy npoussenenna M X N B A paBHO-
MEpPHO HEIPCPHBHO.

e) [lyctb A — orfleanMoe TONOJOTMYECKO® KOJbLO C efUHHUIEI.
TlokasaTth, 4TO ecimu (r,) — MOCTEAOBATEALHOCTh €ro oOPaTHMHX aJe-
MCHTOB, cxofsamascsa K 0, To MHOMeCTBO BCCX zn' He OrpAaHUYEHHO (MK Cle-
Ba, HA cIpaBa) B A.

&) Tlokasarb, 49TO €CIM A — OrpaHNMYeHHO® KOJILLO C efUHALel,
TO z k= r~! paBHOMEPHO HEIPEPLIBHO 114 MHOKECTBe A* BCeXx 06pPaTUMHIX
3JeMCHTOB M3 A.

3) [loxasars,9TO0 B NOJIHOM OTASIUMOM OFPAHUYCHHOM KOJbIe A € eu-
HULEH MHOMKECTBO A* BceX o0paTHMMEIX 9JI€EMEHTOB M PafHKal 3aMKHYTH.
[Ucnoabvzosath k). ]

u) Jas toro 9robnl NOIMHOKECTBO NPOU3BENAECHUA UAL TOMOJOT A~

9eCKHX KoJen OKJI0 OrpaHM4eHHO, HEOOXOAMMO H nocTaTquo, 9T00H
6HLTM OrpAaHMYEHHEl BCE €ro IPOOKIMH.
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it) BcAKoe MOAKOJLLO JOKAALHO OrpPAIRYEHHOr0 KOIbLHA M BCAKOE
MPOU3BEJEHNC JOKAILHO OlPAHWYCHHEIX KoJern ecTh JOKAaJAhHO OrpaHH-
9eHHOe KOJbIO.

k) TMomosirenue JOKaxbHO OrPAHUYEHHOTO OTROJHMMOTO KOJbLA
JOKAJIbHO OTPAHWYCHHO.

13) Ilycth A — orpaHWYEHNIOe TOMOJOTHYOCKOE KOXbIO (ympaskHe-
nue 12) ¢ eTUHUIICIH, B KOTOPOM MUOKECTBO A ™ BCOX 06pATHMEIX DJI@MEHTOB
orkpuro. IlokasaTn, uro pagnran koanna 4 orkput. TakuMm obpasom,
eciy A He WMEeT pPaguKala, TO OHO JAMCKPCTIO; B © "THOCTH, OTACIMMOS
OTpaHUYGHHOE TOIOJOTUYeCKoe TeJo MUCKpeTHo. HoMIakrTHoe KoJb-
o A 6es pagwkana, ofiagalomiee egUHMLCH U TAKOG, 9TO A* OTKPHTO
B A, KOHEYHO; B YAaCTHOCTH, KOMIIAKTHOE TOIOJOTMYECKOEe TEJO KOHCYIIO.

*14) Tlycrp A — KOMIAKTIIO® KONBLO ¢ eAMHULEN, BIOJHE HECBA3-
Hoe *) u He umenomee pagukana., Torga A usoMopdHO IPOU3BENEHUIO
CeMeHCTBA KOHOUHLIX I pOCTHX KoJen. [Ilokasarh cHagajNa, HMCHOJB3YH
ynpauenne 126 § 6 u nmpegnokennc 14 § 4, aro B A cymecrByer ¢ynna”
MEHTAJhHAH CHCTOMA OKPOCTHOCTEIl HYJNA, COCTOAMAA W3 ABYCTOPOHHUX
ugeayos. Besectn orciopa, yTo B A CYmECTBYeT MaKCHMaJlbHO® MIOKe-
ctBo @ TaKuxX ABYCTOPOHHHMX HAEalNoB, uTo: 1° BCAKMI ABYCTOPOHHMIA
ugear N € @ ecTh OTKPLITHIH MaKCHMAaJXLUHE ABYCTOPOHHWIT Waeas;
2° un oaur w3 nacanoB N £ @ He CONCPKHUT INCPCCCUYCHHA KOHCYHOTO
ceMelicrBa oTawuHnx ot M upcanos us @. IToxkasath 3aTeMm, 9tro 4 H30-
mopdHo mponsseflennto axroproixen A /RN, rae N npoberaer @, goxa3zas
NpeABAPUTEILHO € TOMOMGI0 yHOpakHenna 96, 49T0 INepeceuenue Bcex
N € ® cvogurca K 0.]

15) Mycth A — BHOJHC HECBA3HOE KOMIAKTHOC KOJBLO € OANHHULEI.
IlokasaTh, 9T0 ero pagukajx R TONOJOTMYCCKH IMJIBLIOTEHTSH (yNparKue-
aue 9a). [Memoxnaosars ympaskwenne 126 § 6 u npegmomenue 14 § 4.]
Busect: oTCiOfia, 9T0 R CCTH MITOMKECTBO TCX & € A, IJIA KOTOPHX ax TONIO-
JIOTHYECKN HUJALIOOTEHTHO Npn Jobom a € A. [Cm. ynpasknenme 9s.])

16) TlokasaTh, uto B Koabue A (coors. teste K) BepxXHAA rpaHb
g cemelictBa ( 7) TOIOJOTH, COrIacylOILUXCA CO CTPYKTYpoil KombIa
B A (COOTB. CO CTPYKTYpOIf Teaa B K), TAK/Ke COIJIACYeTCA € DTOM CTPYK-
typoit. MuoxectBo M, orpanumdernHoe cieBa (COOTB. CHpaBa) B KayKmoil
U3 TOMOJOTrUit .7, OTPAHUYEHHO CJeBa (COOTB. CIpaBa) B 7.

17) Ecu K — HeJUCKPETHOEe OTACJIMMOE TONOJOTUIECKOe TeI0, TO
Ka/KIafA M3 €ro MYJIbTHIUIMKATUBHLIX PABHOMEDULIX CTPYKTYP Hecpas-
HuMa ¢ PABHOMEPHO{ cTpyKTYpoil, ungynupyeMoit B K* u3 K. [CM. ympask-
uenue 13.1]

18) IIycth K — oTgcanMoC TOIOJOTHYECKOe Tejlo, A — 3aMKHYTOe
MHOMECTBO B A M B — KoMIOAKTHOe MHOMeCcTBO B K, He copepKamee
Hylisl; MoKasaTh, 4T0 AB u BA 3aMruyrts B K (cM. caegcrsue 1 mpemiio-

*) MoKHO IOKAa3aTh, YTO KOMIIAKTHO® KOJbLO ¢ €NHHHLEH BCeTrAa BIIOJIHO

HCCB#3IIO,
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sweuns 1§ 4). °[Ipusectm mnpumep, Korga MHomecTBo A B nosae R
BeNIECTBCHHLIX  giiceN 3aMKHyTOo, B wxommakrno, O € B, Ho AB He
3aMKHYTO.

19) a) Mlyecrs A — Ted0, HameleHHO® OTHEANMOH TONOJOTHeH .7,
corracyiomeiics co crpyKkrypoit koapua B K; mokasarh, uTo B A cyme-
CTByeT Takas okpecTHoctb Hyaa V, uro (CV) |J (CV)-! = K* (uau, gro
pasrOCHIBHO 3TOMY, V () (V () K*) = o).

6) IlpepmomoxknM, KpoMe Toro, 4to J wme pauckpersa. [lokasaTts,
910 AJA JI0G0ii okpectHocty U Hyns B K umeem U* (U*)l = K*, rge
U* = U () A*.

*20) a) Uycre A — Temo, Hafmenenioe HegncKperHoit -oTaeanMoil
TomoJorueit .7, cormacymomeiicst co CTPYKTypoil xossye B K. Insa Toro
9T00H MHOMKeCTBO M (— A O6bulo orpaHMYeHNo cupasa (COOTB. clieBa),
neobxoqumMo u gocraTo4iio, 4Tobu AJs M060it okpecTHocTH HyaAa U cyme-
CTBOBaJO Takoe a € A*, uro aM < U (coorB, Ma — U); M Toraa orpa-
HIlYeHHO CIpaBa (COOTB. CJIeBa) TaKMKe OIA JIOGOE OTACAMMOIl TOMOJO-
run g, MaKOPHPYeMOl TOMONOTUeH J ¥ COTNACyIEca CO CTPYKTYPOii
Konbua B K.

6) Ecnim Tomosgornsa J JAOKANbHO orpanugeHHa (ympamkuenme 12)
A U — orpaHuyenHas OKPECTHOCTb HYIA BRIA J , TO MHOMKECTBO BCeX
zU (coots. Uz), rae x npoleraer K*, sABusiercA ¢yHAaMOHTAJNbHOH CHCTE-
Mol oKpecTHoCTeH Hyasa ana J . Jas Toro 9ToGH Kaxiaad ToIka us K obaa-
gana cueTHO QyYHAAMEHTANBHOM CHCTOMOL OKpecTHOCTe B TOMOJIO-
ruu J, HeOGXOMMO i ACCTATOYHO, YTOOH CYINeCTBOBaJa IMOCJIGKOBATEJIb-
1nocth (a,) ToWwCK u3 K*, mmeromas ( npemenbHON TOYKOIL,

B) Bepxusaa rpanp mio6oro KomeyHOro ceMmeiicTBa JOKaJabHO Orpa-
HIMMEHHHX TONOMOTHiE B K (COraacylOmuXCA €O CTPYKTYpod KoJbLa
B- K) mokanbHo orpauntenna, O6parHo, ecin BepXHAA TpaHb J cemefi-
ctBa (7,) JTOKAABHO OrPAHMYEHHHIX TOIOJOTHHA B K JIOKAAbHO OrpaHH-
qenHa, 10 J ecTh BCPXHsAs FPAHB YK€ HEKOTOPOTO koneuroz0 IOACEeMOIICTBA
cemeiictsa (7). {3ameturh, uwro ecam U — orpaHMYeHHAasA OKPECTHOCTD
HyJs aaa g, TO CYMECTBYIOT KOHeYHAs CHCTeMa HHAEKCOB (i) W RJIA
KaJkloro % orpaHudenHas OKPECTHOCTh Hyla Vi ana J,, Takwe, 4ToO
nd < U; ¢ ppyroit cropousl, cymecTsyetr Takoe ap € K*, wrto
U capVi.)

r) MogvuoskecTBo F Tena K HasHBaeTcs keazukoibyom, ecau F == K,
0cEF, 1¢F, —F=F, FF — F, Qmance, cymecTByer TaKoil d;JCMenT
cEF* = F (N K* 9ro ¢{(F+ F)c F, wu, Hakouen, MJIA KaKqoTo
2 € F cymecrByer Takoe y € F, uro yF — Fz u Fy < zF. Ilokasars,
970 ecau G — JOKAJNbHO OrPAaHMYCHHAA HOUCKPCTHAA OTAGNUMAS TOIO-
JOTUA, COTJIACYIOIAACH CO CTPYKTYpOil KoJdbLla B K, TO BCAKas CHMMeT-
pUYHAs OrpaHWUGHHAS OKpectHOCTb U Hyan fas J takas, aro UU < U
n i1 € U, aBaserca kBaswkodbuoM n U*(U*)-! = K* [ynmpaskuenne 196].
Ilyers V — nmpousBosibHAA CHMMETPHYHAA OrPAHHYGHHAA OKPECTHOCTH
HyIs qaa J'; Torfa Muokectso U tex z € K, ans ROTOPHIX zV < V (unu

[. Gyp6akn
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Vr < V), ecrb cHMMeTpUYHAsl OFpayHiyeHHAf OKPOCTHOCTh MIYIA [AJA
J Taras, uro UU c U u 1 € U, n, ciregoRaTelIbHO,— KBa3UKOJIIO.

n) OGpartno, nyctb F — Takoe KBa3HKoALLO B K, aro F#(F*)-l = K*,
TMokazarn, 910 B K CcymecTByeT HETUCKPeTHASN OTAeNNMAas TOMOJOTHS
7, COTJIACYIOMASCA CO CTPYKTYpPOil Koabua B K M Takasl, 9T0 F sBIseTCA
IJIst HEC OTPAHMYEHHOW OKPOCTHOCTBIO Hyns. B gacTHoCTH, MOMHO B3ATH
B KayvectBe F Bcakoe MORKonbilo A B K, Iiasa KoToporo A CAYIKHT TEIOM
npasux otrHowenuit (Aar., ra. I, § 9, yonpamumenne 8). B gacrnoctn,
ectn K = Qu F = Z, 10 cooTsercTByomas Tononorus ;7 B K ue coraa-
CYCTCAA € ero cTpPYKrypoil Texa.

*21) a) IIyers J — NMokaAbLio OTPAHNYCHUAA OTAEIUMAS TOMOJIOTUA
B Teie K, B RoTopoit K cBsauo. IlokasaTh, 410 B K CYMECTBYIT HOHY-
JeBHe TONOJOTIIYeCKWe HWALNOTENTHHEe JJeMeHTHl (yupaskucume 9a).
[Tlokasark, ucmoaradys mpemioxkenue 6 § 2, wro ecam U — orpamnngen-
Hasi CHMMETDUYHASA OKPCCTHOCTh LIYNA, a ¢ — TaKoit adeMent £ 0, 1o
Ut + Ut < U, To K ectb obneaunenne scex Ut~,]

6) Mlyerp g — AOKANBHO OTPAHWYEHHAA OTHEINMAsd TOMOJIOTHA
B K, Ana KoTopoil CymlecTBYIOT TOMNOJOTHYECKHM HWJHIOTELTHLIE 3JIeMeH-
Tl 70, J[oKa3aTh CYLECTBOBAaHME TaKoil oKpectHoctu Hy.as U, 910 mas
a1060ff okpecTHocTH Hyasa V cymectsyer peaoe ng Taxoe, uro Ut < V
A BCEX n > ng; BTO BJEYET TOMONOTUYECKYI0 HUIBIOTEHTHOCTL BCOX
asteMenToB M3 U, a TakKe To, 94TO BCAKasm To4ka 006Jafgaer B .J CYeTHOM
dyumaMenTannHoOit cucreMoit oxpectHocrell. [Ilycres ¢ %= 0 — Tomomo-
THYECKA HHJILIOTONTHH daeMeHT M W — orpaHHYeHHAas OKPECTHOCTDb
1yaA; NpuHATh 3a U OrPAHUYEHHYI OKPCCTHOCTH HYIA, AJIA KOTOpPOH
UW < Wt.] MuoxkectBo I’ BceX TONOJOTMYeCKA HHUJIBIOTEHTHBIX 3Jie-
menroB H3 K siBisercs, TakuMm o6pasoM, OKpPeCTHOCTBIO Hydsa giaa .

*22) Ilyers K — Texo, HageICHHOC OTAEJMMOIL Tomosoruei J, corya-
CyIOmeifica ¢ ero CTPYKTYpoif KoJba; MHOKecTBO R B K, cogepa-
mee 0, HasHBaeTCA o6pamuo ozpanuvennsm, ecan (CR)-! orpanmgento.
Tononorust 7 HA3HBAOTCA A0KAALHO 06pamuo O2panuMenioll, €CHII OHA
obnagaer ¢yHmaMeHTanblOR CHCTEMON OGPATHO OTPANMIEHUBIX OKPECTHO:
creif HyJaA.

a) JlokasbHO 00paTHO OrpannyYeHHas TONOIOTHA J JOKaXBLHO Orpa-
HIY6HHA W ABJASTCA MMHUMAJILHLHIM 3JICMENTOM MHOMCCTBA BCCX OTHe-
JUMBEIX TONOJOTHI, COTJACYIIUXCA CO CTPYKTYPoil Koabua B K; Kpome
TOro, J coriacyerca €O CTPyKrypoii Te’a B K. [Mcnonsaosath ynpaskie-
nue 19a. ]

6) Bymem mpepmonaraTh, HAa9MHAA OTCIONla, 9T0 J — JOKAJIBHO
obpartiio orpaHWyenHas Tomojorma. Ilokasatse, 4To gus mw6oit oxpect-
HoctH Hy:as V B K orobpaskenne x m ! paBHoMepHo nempeprsao Ha CV.
BuiBecrn oTCI0Aa, 9TO INomojHenme K koabua K ecTh ToOMOJOTHYCCKO®
TEIO0 ¢ JIOKalbHO 00pATHO OrpaHMYe HHOHK TOIOJOTHEil.

B) Beakas oxpecTHOCTb Ryaa Al J COMOPKAT TAKYI OKPCCTHOCTH
uyasa V, aro muomecrso E(V) = (CV) | (CV)~! ne nycro. Tokasars,
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9TO BCC TPM PABHOMEPHHS® CTPYKTYPH, HHAYLupyemue B E (V) us K (apau-
TUBHOl paBIIOMEPHOH CTPYKTYpPOIl U JBYMA MyJbTUININKATUBHHMH PaBHO-
MCPHLIMU CTPYKTYpaMu), coBnafaiT. Brsectn orciofa, uro ecian K moaHo,
TO MYJXLTHMINKATHBHEE PaBHOMEDHHC CTPYKTYPH B K* ABJIAIOTCA DPaBHO-
MEPULIMH CTPYKTYPaMH HOJHOTO IIPOCTPAHCTBA,

r) TTokasarn, uro ecau z € K*, to mn6o z TOMOMOTHYCCKA HHUIBIO-
TenteH, anGo z~! TomOJOrMYeCKN HUJLIOTEHTeH, ANGO MOCIEZOBATENb-
noctTh (x")nez OrpaHUYeHHa, IPWYeM TH TPU CAYyYaAd — B3AUMHO HCKIIO-

galomue. [PaccMaTpuBas OrpaHliYeHHYI0 OKpecTHOCTh U, RJIA KOTOPOif
UU < U (ynpasknenue 20r), noxasath, uyTo ecau 0 — mpefienbHaA TOYKa
HOCNCROBATOALNOCTH  (z™), . TO BHIEMEHT I TONOJOrHYECKH HHWJIBHO-

renteH. | Ilokasars, uro ecam B K CYHIECTBYIOT HEHYJICBEE TONOJOTHIOCKH
HUJLIOTENTHLE BJIEMEHTH, TO MHOKECTBO B, cocrosimee u3 0 # Tex
z € K*, nJia KOTOPHX ™! He ABJAIOTCA TOMOJOTMYECKN HAIBLNOTENTURIMH,
€CTI OTpanuyeniiasd OKPeCTHOCTh HyJs B K, NHBApPHAIITHAA OTHOCHTEIBHO
BCeX BHyTpennux asroMopdusmos. [Mcmoanzosark ympauenue 216.]
B cogepskur Torga Bce orpaHMYeHIIEle oKpectHocTd Hylns U rakue, 91O
UU < U; cpenn 1€X M3 BTHUX OKPCCTHOCTeH, KOTOPH® MHBAPHAHTHL OTHO-
CATENRLNO BCeX BIYTPEHHHX aBTOMOp¢M3MoB, MMeeTcs Haubodemias, COB-
nafjalomas ¢ B B Cxydae, Korga KOMMYyTaHT rpyumsl K* orpaunmyen
H, B 9acTIOCTH, Korga K KOMMYTATIBHO.

a) Ecam U — OrpanndYeHHas CUMMOTDUYHAA OKPECTHOCTH HyIA
B K, pna woropoit UU < U, to cymecTByer Takoe b € U*, utro K* =
= U* | ((U*)7'b). Tlycts a € U* TakoBo, yro Ua — bU, u mpeguoo-
WUM, YTO ToCjejloBaTeasHocTs (a~"), o orpammsenna. Ioxasars, wro
MuoecTBo V tex z € K, aas KoTopuX xzU COAEP/KATCHA B 06BeqMHEHNR
Bcex Ua~", ecTh orpannyenHasi OKPCCTHOCTb Lyjs Takaf, aro VV — V
H OK* = V* ) (V¥)],

e) TIpeguomosknM, 910 B K HeT HCHYJIEBHX TONOJOTHYECKH LHUABIO-
TeHTUMX ajaemenToB. Iloxasath, uTo B K cymecTsyeT orpaundenHas
OKPCCTHOCTH HYJIA A, ABIAIOMAACH MOAKOILIIOM KoJabna K M Takas, 9ro
K* = A* |J (A*)™'. [B3saTb 3a oTHpaBHOIl IYHKT OPALMMCHHYIO OKpecT-
noers nyna V, mna Koropoit A* = V* U (V*)'m VV < V (M. p));
3aMeTUTD, 9TO eCiM ¢ € V* Takoso,uto ¢ (V -+ V) < V, To konnno 4, nope-
Aenuoc OKpeeTnocTLIo ¥, comepiutes B obnepunenun Beex Ve (n>0).]

*23) Jlas KamAmoOTO MPOCTOr0 9YMCIA p H PAHOHANBIOr0 YHCJIA
r 5= 0 oboanayum 4epes vy(z) MOKA3ATENDL CTENENHW, B KOTOPOii p BXOAUT
B pa3jIoMeNne r HA NMPOCTHe MHOAHTCIN; oTofpameHne v, rpymmn Q*
B Z nasuBacTCA p-aduueckoi ropyoii B (Q; MHOMCCTBO, COCTORINEC M3
z=0 1 Tex z € Q*, muA KoTOpHX V,(z}) > m ¢ GUKCHPOBAHIBIM
m € Z, ecth gpolustit umeax (p™) B Q.

a) TTokagzath, uTo mpeanw (p™) (m € Z) obpasylor dynpaveurassnyio
CHCTCMY OKpeCTHOCTell Hyssa B Q Aaa JTokamxuuo ofpaTHO orpanmueniloi
TONOT0THE (ympajkneune 22) 7, B Q; €€ Na3nBaIOT p-aduveckoli monoao-
eueii. onomnenne Qp moxs Q Mo dToil TONOZOIHU CCThL TAK HABLIBAEMOOC

8
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p-aduueckoe noae; €ro 3JCMENTH HA3LIBAIOTCA p-aduueckumu Huciamu.
3aMukande Z, kodbna Z B Qg 6CTh OTKPHTO® KOMIOAKTHO® KOJBIO TIaBHLIX
ugeanos B (Qp, CIMHCTBEHHHM IPOCTHIM HACAJOM KOTOPOro SBJAGTCH
p = pZp; mpu aToM Z,/p wusomopdpno mnpocromy moaw I, = Z/(p),
1, 6osee obmuM ob6pasom, agauTuBHas d¢akToprpynma p™/p" usoMopdna
Z/(p™~™) (m << n). dmeMeHTH W3 Zp HABHBANTCA Yeiblmu p-aduiecKumu
yucaamMu.

6) ITokasaTh, 9TO BCAKOE HENPOPHIBHO® NPEACTABICHHE aXAUTUBLON
rpyuml Qp B ce6st uMeeT BAA T > az, THe a € Qp. [Ilokasats, 9To ecam
[ — Takoe mnpegcTaBieHue, 10 f(rr) = rf(x) mpu mboM r € Q; mepeirrn
3aTeM K mpegeny B Qp.]

B) IlokasaTs, UTO Bearas xomnaxmmuas Hoarpymma G =% {0} ammm-
THBHO rpynnu Q, coBmagaeT ¢ HekoTOpsM p" (n € Z) U uro B Q, Her
3aMKHYTOil HEKOMNAKTHOX AaAAMTHBHOI HOATPYNNH, OTIMYHOH oT Qp.
[MMycte m — nanGonpmee Ledoe 9HCIO, AJA Kortoporo G < p™;
paccmarpuBas  Qakroprpynny (G + p")/p® HOpu  n > m, NOKa-
3ath, 9r0 G -+ p" =.p™, U B BaKJIOYEHUE UCHOAL30BaTh GOpPMyIy
(1)yn° 1t §3.] ,

*24) a) IloxkasaTh, 4YTO0 BCAKAA NOArpyNNa MYJbTUIIMKATHBHON
rpynns Qp p-agwueckoro moia Qp B3oMOPdHA MPOM3BEAEHUIO TOXTPYIIIL
MyJabpTANINKATHBHOA rpynnnl U ofpaTnMeX 3jeMeHTOB W3 Zp W [HCKpET-
1OH afmUTUBHOI NMOArpymns!, naoMopduoit Z nmm (0}.

6) TlorasaTb, 9TO KOMMNAKTIGLIC NMOATPymme noarpymmu V = 1 -4 p
rpynost U cosmagator ¢ rpymuamu 1 4 pm (n > 0). [To me paceyxme-
HHMe, 9TO U AJA yupakueHus 23s.]

B) Ilokasars, 9rto mus xi06oro a € U mocaemoBaTeNslocTh (a?'")nEN
CTpeMHUTCA K npefieny o = a (mod p) # gto P = a. [[HokasaTh uHAYK-
puef mo n, 410 aP" = op™? (mod p™).] Ilokasarb, 9T0 BC® KODHI TOJH-
noMa XP-1 —{ (B 3aMKHYTOM aire6pamgecKoM PacHNPeHUH MONA Qp) npu-
HaaneskaT Qp, m momaprHo mecpaBHmMe! mod p. [IIpUMeHUTH HmpeAnLAymEee
K KopHAM cpaBHeHHs zP~1 — 1 = 0 (mod p).] Ecan p > 2, a d — Hau-
Goanummit o6muit Aennrenp gucen n u p — 1, To noauHoM X" — 1 umeer
touno d Kopreit B Qp, ABAmomMECa KopHaMH 1is X9 — 1. [Tor e Merog,
IpuueM B KagecTBe a OepercA Kopewb moanHoma X" — 1.]

BriBecTy orciofia, 4TO CCNM p > 2, TO BCAKAS KOMIOAKTHAasl MOACPyIIa
MYJBTHILINKATHBHOM Tpynmil Q) ecTh IPAMOE NPOM3BEICHUE KoHEUHOU
noarpynns rpynnu U (oGpasoBanuHoil KopHAMK (p — 1)-if cTrencnyn u3 egu-
nunHe) ¥ noArpynnH suga 1 4 p". [Wcmonbsonars 6).] Kan mameunrtes
aTH peayabTaTh A p == 2? [IIpegoctasurs rpymne 1 -- p2 poxt, KoTo-
pywo npexac urpasa rpymma 1 + p.]

*25) a) Ilycte a ecTh p-aguueckoe uucio ==0. Has Toro urobu
orofpaxkenne n k> g™ ObI0 HENpepHBHO Ha Z (paccMaTpuBaeMOM Kak
HoAmpocTpancTso B Qp), HeoGXxommMo M mocTaTouHO, 4robu a €1 - p-
IlokasaTh, YTO €CIM 3TO yCIOBHE BHIIOJHEIO, TO 7 ks g™ PABHOMEPIO
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HEeIPePHBHO HAa Z M MomeT OHITH NPOJONIKeHO A0 HEIPePLIBHOTO Mpei-
CTaBIeHAA Z p=» a* rpymnu Z, B U, NHBOKTABHOIO, ecan aq 7= 1. Ecan
p=>>2,T0 z > a* ecrb u30MopuaM Z, va 1 - »™, rae m — nanbosanmee
1les0e quclo, aus Koroporo a € 1 + p™, Kak usMenurcs 9ToT pPesyabrTat
B cayvae, Korma p = 2?

6) Tlorasars, 9TO BCHKOE HEIPEPHBHOE TIPEACTABJEHNE I'PYIIBl
Z, B U nmeer BUA = > a*, e a €1 -+ p. [Ecnim f — rakoe mpen-
craBaenne u f (1) = a, 10 f (n) = a" Ann BCex n € Z.]

B) Tlokasarb, 4To oTobpaskenue (z, y)—» ¥ HENPEPHBHO HA IpPOH3BE-
peuun (1 4 p)X Zp. Ecti p > 21 b € Zp, T0 0T06pameHue & wr z¥ ecTh
n3oMop¢UaM MyJbTHILIMKATUBHOM rpynnH 1 - p Ha MYJABTHOINKATIBHYIO
noarpynny 1 + p™*1l, rae m — nauboJbmiee Lesoe IACIO, AJA KOTOPOTO
b € p™. [HcmoansoBars ynpakuenne 246.] Kak maMenurcs aToT peayib-
TAT B cJaydae, KOrAa p == 27

r) Ilokasars, uTo ecim n — Leloe IHClIo, B3BAMMHO Ipoctoe ¢ p — 1
‘M p, TO OTOOpaKeHne r = z" eCTH ABTOMOPGU3M MYAbTHIAMKATHBHOI
rpynnel U. [Mcoonn3oBark ympasmHeHwe 248, ]

26) a) Tlycte p W q — ABA PA3IMYHHEX NPOCTHX 9NCIA; BOPXHAA
rpasb .7 romosoruit G, B 74 B Q NMOKaNbHO orpaHMIeHHA (ympasKme-
Hue 20B) u corjacyerca co CTpykrypoit tena B Q. B aroit Tomomorum
un ofua wus mociaefoBarenbHOCTeH ((p/@)™),—g M ((4/P)"),5o Be orpa-
HAYEHNa, HO mocxegoBatenbHocTh (1 /Pn)nao' KOTOpPas OTPaHMYeHna,

He crpemurca K O (cM. ynpaskuenwe 22r). IToxasarb, d9ro IOMNOJHe-
Hue Q mo Tomosormm 7 W30MOPPHO IPOM3BEAGHHIO TOHOJOTAYECKUX
e Qp B Q.

6) Ilycrb P — MHOMKECTBO BCEX NPOCTHIX 9gHCeJd. BepxHsasa rpaub
J o Tomoqoruit .7 p, rage p mpoberaer P, coraacyercs Co CTPYKTypoit Teja
B Q, 1o He ABIAETCSI JOKAJLHO OrpaHMYeHHoil (ympaskuenme 20B). Yo
npencrapiasier co0o0if HDomonHenne ( mo ToMOAOTMU J o?

§ 7. IlpoexTnBHBIE NMPERCABI TOMOJIOTHYECKHX
rpynn H KoJjery

Bo ecem amom napaepage I osnavaem nenycmoe npedynopsdouen-
Hoe MHoHcecmeo, guabmpyloujeecs enpaso *), a o < B — omuowenue
npednopadka e I. Ecau ne 02060pero npomusHoe, 6ce PACCMAMPUBLEMELE
NPOCKMUSHBE CUCTEMbL UMelom MHosxcecmgom uHdekcos 1.

*) 3amMeTHM, uTO OIpejejenue IPOeKTHBHOTO Npefe/ia IPOEKTHBHON CHCTe-
MLl MHOMKeCTB (Eq, fqp) HE NpefmoxaraeT, 4TO HNpeqynopAf0YeHHOe MHOKECTBO
nupexcoB J — ¢uapTpyiomeecs; INTaTedb NpopepuT 0€a TPyxa, 9TO ITO Mpef-
HOJ0MieHNe COBCeM He yJacTByeT B GOJLIIMICTBe ONpedelieHHH B pe3yJabTATOB
aToro rnaparpada, NpeAUIeCTBYIOMUX LipeaIoieHnio 1.
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1. ITpoexmuenbie npedenvl arebpauvecruxr CMmpPyYxKmyp

IIycrs (B, fopg) — HpOEKTHBHAA CHCTEMAa MHO;KecTB U Kampoe E,
HAleJICHO BCIOAY ONDPEjIeNeHHRM MYNBTUIIUKATIBHO 3aNUCHIBACMEIM
BHYTPEHHNM 3aKOHOM KOMIIO3WIWNU; NPEANONOMUM, KpoMe TOro, to
Bce f,p — roMoMOpOM3MBl JUIA DTUX BHYTPEHHHX 3aKOHOB. Tar Kak

fas (xpYs) = fap (x8) fus (Yp)

nasg o< f} nap, yp us Ep, 10 AcHO, 910 E =1lim E, ecTh ycmoiiuu-
- € —

80€ NOOMHOMCECME0 TPOUIBEIEHUS ME,Z, HAIe;IEHHOTO0 BHYTPEHHUM
&

3aKOHOM (%q) (Ye) = (Ta¥a). ITyeTs (Ag, Qop)— BTOPAA NPOEKTUBNASM
cucrema orHocurenbHo I m Kampoe E, HajeneHo BCIOJy ONpefencH-
HEIM MYJbTUINIMKATHBHO 3aIMCHIBAEMBIM BHELIHHM 33KOHOM KOMIIO-
UMM, JIA KOTOPOTO A, CHYRMT MHOMECTBOM ONCPATOPOB, NPHYCM
ecau a<<B, 10

fap (M) = @ap (Ap) fap (28)

ans mo0HX Ag€ Ag u 2p€ Ep. Torja moxmo Hanennts || E, BHem-
o

HUM 3aKOHOM, MMEIOIHM U Ay, MHOKECTBOM ONEPATOPOB, TIONOMKUB
o
(Ag) (xq) = (Mqy); cysuB MHOMecTBO omeparopoB 10 A=IlimA,,
e_a
Oynmem umeTp Ha HEG BHeWniI 3aKOH, pmaa Koroporo E cuHona
[+

Oyner ycmolivusum mioxcecmeon. Mp OymeM TOBOPHTEH, YTO TAR
onpejielleHHn BHYTpeHHmil (COOTB. BHeWHWI) sakoH Ha FE ecth
npoekmusHuii npedes BHYTPEHHHX (COOTB. BHEMIHMX) 33KOHOB, 3aJldH-
HBIX Ha MHOKectBax FE,. B ciyuae BHENIHUX BAaKOHOB MOMET CIY-
YHTLCH, 9T0 BCe Ay COBIAMAIOT ¢ OJHUM M TEeM Ke MHOMKECTBOM A,
a BCC Qgp— TOKIECTBEHHBIE OoTOOparkeHus; tToraa, ecau I duasTpylo-
meecs, A OTOMAECTBUMO € A,

Henocpegcrsenno sicuo, yro (ecam orodpaskeHus fqp 1peoGpasyor
HeliTpaJbHKEI DJeMEHT B HeMTpa bHHI dJeMeHT) OOhYHLIE CBOMCTBA:
ACCOLMATUBHOCTh, KOMMYTATMBHOCTB, CYIECTBOBaliMe HeiTPajabHOTO
dleMeHTA [ANA BHYTPEHHEro 3akoHa, AUCTPUOYTHBHOCTL BHCLIHETO
3aKOHA OTHOCHUTENLHO BHYTPEHHCIO0 33KOHA M T. ji.— COXPAHHAITCH
Ipy 1epexofie K NPOEKTHBHOMY Iipefieldly.
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Ilycre Temepsr ¥ — HewoTopul poj a;grebpamdeckoit CTPYKTYPH,
a X, — obednenmblii po; CTPYKTYDPH, cooTBeTcTByImMil X (Auar.,

ra. I, § 4, n° 1). T'oBopa o npoexTuBHoit cucreMe MHoxecTB (E 4, fop),
HaJIeTeHHBIX CTPYKTypaMu poja X, Mbl OyaeM Bcerma IpeAmoiarath
Bce fop 2oMmomopdusmamu ans stux crpyKryp. Ecnu mapenurs E =

= lim £, BHYTPeHHMMU U BHEUIHUMHU 3aKOHAMH, IOJIYYaeMBIMM KaK
<«
IIPOEKTHBHBIE IIPefedbl COOTBETCTBYIOMUX BHYTPEHHUX U BHEUIHMX

3aKOHOB, 3a/aHHEIX Ha MHO;kecrBax E,, ro E Gyner Hageneno anreG-
palveckoif cTPYKTypoit poda Z,. PazyMeercsd, B KamK10M TaCTHOM CIY-
qae Hy:kHO OymeT eie paceMorperh, GyAer JM 9TO CTPYKTypa poja =
unu Her.

Hanpuwvep, ecau (G, fop) — DPOEKTUBHAA cUCTEMA TPYII (COOTB.
woaen), to lim G, ectn moxarpynma (CooTB. NOJKOJBIO) TPYHIEL

<«
(coots. kombua) [[G,, HasLBAeMas npoekmueHwM npedesoMm CHUCTEMET
a

(Gay fap) TPynn (COOTB. KoIeEI).

Hyecrs (Ey, 8ap) — OpoeKrusHAsA cucreMa MHOMECTB U (G, fop)—
MPOEKTHBHAA CHUCTEeMa TPYHIN, TIPEAONOKUM, YTo Kaykgoe K, Hage.e-
HO rpyumoit oneparopos G, ¥, KpoMme Toro, 4ro npu o < P

gas (5528) = fan (Sp) Gas (Tp) (1)
nad Beex zg € Eg, sp € Gg. Torma E = lim E, Ha;esneno rpynmoii
<«

oneparopoB G = lim G,. WUa (1) Brireraer, 9ro npu o < P orobpaske-
-—

HUA fqp U gqp coriacyworea (§ 2, n° 4) u, cuegoBaTenbHO, onpee-
jasor orobpaenue @,p: Eg/Gy — Eo/Gy MHoxecTB 0pOut, npuyeM
(Eq/Gyy @qp) — DpOEKTHBHAA cucTeMa. RpoMe TOr0, KaHOHUYECKUe
orobpamenus fo: G-—> G, U go: E — E, coriacylorca M HOTOMY
oupene;isor orobpaskenue hy: E/G — E, /G, wHoxecTB 0pluT; ACHO,
4r0 9TH Ry 00DPABYIOT NPOEKTHBHYIO CUCTEMY OTOOPasKeHMIT, ee IPOEK-
TusHLIT npefen h: E/G — lim E, /G, ne o6sa3an 6vimb Hu uHbeEmuc-

—
HbIM, HU ClOpoeEmusHby (ynpaskdeHme 1).

Touno tak e WycTh (Ag, @qp) — HPOEKTHBHAS CHCTEMa KOJEI
u (Mg, fop) — DpOGKTUBHAA CHCTEMA KOMMYTATMBHLIX I'PYIN; Ipej-
HOT0iRUM, 4TO Kamgoe M, HageneHo CTPYRTYPON 1eBoTO A ,-MOzys1,
npuueM ecan o < P, TO

fap (As2g) = @aup (Ag) fup (28) (2)
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Aasi Bcex xg € Mg, Ag € Ag; Torma lim M, wmagenen crpyxTypoit
—
neBoro monynasa Hapx lim A,. Ecan npeanoaomuts, KpoMme T0r0, 4TO
e—

npu a060oM o Konbno A, KoMMyTatmBHO, M, HageneHo cTpyKTYpOif

A q-anre0pst ¥, HakoHeN,4T0 (M, f4 ) €CTHIPOEKTHBHAA CHUCTEMA KoY,

10 lim M, Gyner Hageneno cTpyKTypoil asze6pu oTHOCUTENBHO lim A .
« «
IMycrs (Gg, fqp) — NpoexkruBHAA cucreMa rpynn u H, AJA Kam-

Aoro o — noarpynna rpynnbl Go; ecau fqp (Hp) = Hy npu o < B,

TO NPOEKTUBHAA cucreMa MHOmkect™s H, — G, ecTb NPOEKTUBHAA

CHCTEMa TPYNI OTHOCUTENLHO CYKeHHit orobpaykenuit f,g u H =

= lim H, ects nodepynna rpyunn G = lim G,; ecau wammoe Hg
< . .

-—
ecTh HOPMalNbHHU feautens rpynnsl G, 70 H — HopMaiabHBI Aenu-
Teadb rpynnn G. Ilycts (G, fop) — BTOpas NpOEKTMBHAA CHCTEMA
TPYIN U Ug: G — Gy ROA KaMAOTO o — ToMoMopduaM ¢ aapoMm H,
npudeM B3TH U, o00pasyl0T HPOEKTUBHYI0 CMcTeMY OTOGpasieHuil;

torna fop (Hg) — Hy Ans oo < P, u = lim u, ecrtb romomopdusm G
e—
BG' = lim Gy u H = lim H, ecrs agpo romoMopdusma u. [To1omum

—

Ko = uqy (Gg); Toraa fop (Kp) < K, upu a < P, Tak aro K, obpa-

3YI0OT NPOEKTUBHYI0 CHCTEMY noarpynm rpynn Gg; Ho K = lim Kq
e—

He o6a3ameabno sasasemcs obpazom epynnw G npu omobpajcenuu u
(ynpamHenue 18).

AHanorvggsie pesyabTATHl NOJYYAIOTCA, eCOU 3aMEHUTH (TPYIIITY»
(KOJBIOM», a (IOATPYHIY» «MAealoM» (JeBHM MJIM IPABHIM); MH
IpEfOCTABIACM YUTATENI0 POPMYINPOBKY AHAJOTHYHEIX PO3Y/ILTATOB
oA Moayideit U aaredp.

2. ITpoesmusnvie npedeast MonoL0LURECKUX 2PYRN
U NPOCMPANCME ¢ ONEPAMOPAMY

IIpoexruBuan cucreMa (Gq, fqp) HABHIBAGTCA NPOEKMUBHOLL C ucme-
MOTL monosozuteckur epynn, ecliu Bce G, — TONMOJIOTMYECKHE T'PYINIH,

a Bce fup — Henpepuisnne npencraBienus. Toraa G = lim G, ects
e—

NOATIPYIOa I'PYyNILL H G,; HajJeleHHAA CTPYKTYpPOHl TOmOTOTMYECKOI
[+

IPyInbl, WHEAYDUDYyeMoH wu3 [] G,, OHA HAa3LIBAETCA NPOCKMUBHBIM
[e 3
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npedesom UPOEKTHUBHON cucTeMH Tomodorndecknx rpynn (Ge, fop)-
Ecin Bce G, OTHETUMEI (COOTB. OTRAEIMMEI ¥ IOJIHE), TO G oTHeIUMAa

¥ 3aMKHYTA B H G, (cooTs. orgenuma u noxana) (rua. I, § 8, ciepcreue 2
2

openaoenuda 7 u ra. 2, § 3, caiexcreue upegaoxenun 10).

Ecau (Gs, fop) — BTOpPaS HPOEKTHBHAS CHCTEMA TONOJOTHYECKIX
IPYLI, a Ug: Gy — Gy RIA KOKEOTO o — HeNmpepHBHOE Ipefcras.ie-
HHE, IIPHYEM BTH U, 0GpasyoT NPOEKTHBHYIO CHCTEMY oToGpasxeHmii,

to u = lim u, — menpepuiBHOe upencrasienne G B G = lim G,
<« <—

(ra. I, § 4, n° 4). Takue e pesyabTaThl GYIYT MMETh MECTO, €C.JIU
3aMEHNThb (TONOJOTMYECKYI0 TPYOIY» «(TOMOJOTMYECKHM KOJBI[OMY;
OpeIoCTABAM YHUTATENI0 (GOPMYJIMPOBKY AHAJOTHYHEIX pPe3yIbTATOB
aas TomoJdormyecknx wmopyrei (§ 6, n° 6).

ITycts (Ey, 8up) — OPOEKTUBHAA CHCTEMAa TONOJOTHYECKUX IIPO-
crpaHcTB M, (Ggq, fop) — IPOEKTWBHAA CHCTEMA TOIOJOTHMUECKHUX
Ipynn; OPeRmooK|M, 4To Kaskaas rpynna G, Oelicmsyem nenpepuisho
B E, (§ 2, n°4)uuro gaszg € Ep, sp € Gy, o < P nMe0T MeCcTo COOT-
somenusa (1). Hak met sugenn (n° 1), E = lim E, mageneHo rpynmnoi

<

omeparopos G = lim G,; Kpome Toro, G meiicrByer nenpepvisno B E.
(_..

HeiticrButenbHo, ecan g, (CooTB. f,) €CcTh KAHOHNYECKOE OTOGpaMCHIE
E —~ E, (cootB. G— G4}, TO, IO ONpEjIEIEHUIO,

8o (5T) = fa (5) & (),

TaK 970 Bce orofpaeHus (s, ) =>gy(sz) HenpepuBHHM Ha E X G,
ueM JOKa3aHa HENPePHBHOCTL oTobpakeRus (s, x) =>sz (ra. I,
§ 4, n° 4).

Crnegosarenvro, oroGpamenue h,: E/G — E./G,, uoiayaaemoe
83 fo | gy, menpepuiBEO (§ 2, n° 4), u To me cnpaBeanuBo AAA orobpa-
memua h: E/G — lim E, /G,, mnonydyaeMoro u3 oToGpajkeHMit FAq

<«

(ra. 1, § 2, npepaomenne 4).

Hregnomenue 1. Hycme E, u Gy ydosaemsopsiom npedudyujum
npednososceHuLm.

a) Ecau Oasn ecarozo o € I cihabuausamop raxcdoii mowky uz E,
ecmn komnakmuas nodepynna epynnvt G,, mo cmabuauzamop Kaxcdot
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mouku x = (z4) u3 E ecmv Komnaxmnas nodepynna zpynnv G, opbuma
mouxu x (omhocumesvho G) KaHOHUHYECKU 20MeOMOPPHA NPOCKMUSHOMY
npedeay opbum mouex z, (ommocumeavho zpynn Gy) U Kanonuueckoe

omobpaxcenue h: E/G — lim E,/G, unwvesmusno.
<«

0) Ecau das scarozo o € I opbuma Kaxcdoii mouku us E, (omrnocu-
meavio Go) Komnakmua, mo opbuma kancdoii mowku us E (omuocu-
meavio G) omuocumeavho komnakmua u h ciopwexkmusno. Ecau,
kpome moco, h 6buexmusno, mo opbuma kaxcdoii mouku us E rom-
narmHua.

Oycrs 2 = (zo) € E 1 Ey = Gox, Aa8 xamgoTo o € I — opbura
TOYKH Z,. [Ipu o < B us (1) u cooTHOmERNUsA g, p (23) = ., BHITEKaeT,
uTO gap (Ep) < Ey; umade rosops, (Ey) ecTb NPOEKTHBHAA CHCTEMA
noMioxecTs Muosmects E,. Ilyets uq: Go — E, 1IA KamIoro
o € I — HenmpepHBHOE 0TOGPAMKEHHE S, WS, Ty ; Ug 00PA3YIOT NMPOEK-

TUBHYI0O cucteMy otobpaskenuii m u = lim u, ecTb HempeprBHOE
—

oTobpaxkenne S—» sz rpymoel G B moampoctpasctBo E' = lim Ej
—

npoctpanctsa E. [Ipenmonos;eniie MyHKTa a) BIEYET KOMIIAKTHOCTB
Uy (V%) s Ramaoro yo € Eq. Tar rak, xpome T0ro0, Uy CIOPBEKTHB-
HO, TO YCJTOBUA caejcTBua 2 npemaoxennsa 8 § 9 rmaswr 1 Boinoanens,
OTKY/a BEITEKAIOT IepBble ;{Ba yTBepxpaeHuA nyakrta a). Ortcioga cie-
AYyeT, UTO eCaM & = (Zy) M Y == (yo) TAKOBH, YTO Z, M Y, OPUHAIIE-
AT OJgHOM M TOH e opOure oTHocHTeNbHO G, HpH MOGOM o, TO
T ¥ Yy OPUHALICIKAT ogHON M TOll e opOuTe OTHOCHTESIBHO G, UeM
AOKAa3aHA WHBEKTUBHOCTH A.

Toanmo Tak e npenmogoxenue NyHKTa G) BJedeT, YTO NPOEKTHB-
HAA CHCTEMA KaHOHMYeCKMX oToOpaskeHuil vy: Eqo — Eo/G, yioBae-
TBODPsET YCIAOBMAM chaegcTsus 2 upexnoxenusa 8 § 9 raasul I; caego-

BATEJIBHO, €e HPOeKTHBHEI mpemea v = limv,: E — lim E,/G,
< «—

CHOPBEKTUBCH U NPooGpa3s 0THOCUTEIBHO U H060oil Touyry u3 lim E, /G,
-—

111

koMnaxreH. Ilockoabky v mpeicTaBUMO B BHIe KoMUO3MIuH E —

v h
— E/G - lim E,/G,, roe {p — raHOHWYECKoe oToOpaienme, orciofa

P
BHTEKAIOT YTBepmieHns nuysrra 0).

Caegcreue 1. Ecau 6ce G, komnaxmuw, a éce E, omdeaunrs,
mo ymeepxucdenus nynrkmos a) w 0) cnpasedauger.
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B camoMm meste, mpeanososkeHus NYHKTOB a) 1 ) TOTJa BHIIIOJTHEHH,
HOCKOIILKY KaKIafs 3aMKHyTaf moxrpymma rpynumnst G, KOMIAKTHA,
a Uy Sq P> SqT, — HENpepeiBHOe oToOpajkeHHe KOMIAKTHOrO Ipo-
CTPAaHCTBA B OTHEINMOE TIPOCTPAHCTBO.

Cnencrsue 2. Ecau Oas kaxcdozo o € I epynna G, delicmeyem
mpaHsumuero 6 npocmpancmee E,, a cmabuausamop ecaroli mouxu
us E, ecmv komnaxmmuas nodepynna epynnwt Go, mo G Oelicmeyem
mpan3umugio ¢ E w cmabuausamop xaxcdoii mouku us E ecmb Kom-
nakmuas nodepynna epynnu G.

B camom peme, npepmososkeHue NYHKTa a) TOTHA BHINOJHEHO
u E, = E, mua ramporo o.

Cnrnersue 3. IIpednoaowcum, uwmo ece G, omdeaumw. ITycmo
K, 0aa wamdozo o €I — womnaxmuas nodepynna epynno G
u fup (Kg) < Ko npu o < B. Hososwun K = lim K. To20a ano-

<«
nuueckoe omobpaxceruelodnopodrozo npocmpancmsa G/K 6 1<im Go/Kq
ecmyv  20MeoMopPUIM.

DucktuBmocTs h Boitekaer ua eaeqersus 1, B KotopoM E, 3amene-
HO Ha G4, a G, — Ha K, AefiCTBYIOmMue KaK TPy RPasgsly MepeHo-
co (§ 2, n° 5). Ilyers ¢ — kamoHmYeckoe oroGpasemue G — G/K
U f, AN KAKLOT0 o — KaHOHWYecKoe oToGpaskeHue G — Go; ecau
Vo maa xamporo o npoGeraer ¢pyHAaMeHTATbHYI CHUCTEMY OTKPBITBHIX
oKpecTHOCTell HEliTpalbHOTO DIEMEHTa €, B (o, TO MHOKECTBA V =

z—fla (Vo) (c mepevennnimun a u V) o0pasyioT ¢yHIaMeHTATBHYIO
CHCTeMY OKpecTHocTeli HefiTpanbHoro dieMeHnta ¢ B G (ra. I, § 4,
npenaoxenne 9), a maoskectsa @ (VK) — dyHIaMeHTANBHYIO CHCTe-
My OKpecTHocTeil HefiTpambHoro aiementa ¢(e) B G/K. Hymmo
IOKasaTh, 49To 00pa3 npu k muomecrBa ¢ (VK) comepur HEKOTOPYIO
OKpecTHOCTB ajeMeHTa K (¢ (e)), T. e. 4To CymecTBYIT Takue f > o

-1
u okpectHOCTh W3 niementa eg B Gg, uro fg (WgKg) < VK. Ho coor-
pomenne z € VK pasmocmipHO cymecTBoBaHHMI0 Takoro y € K, dro
falzy™) € Vo, T. e. oTHOWCHUB [q () € Vofs(K); uHAYE TOBODA,

VK == fo (Vofa (K)). Tycts Us = Vafa (K); moxase, urto cyme-

-1
ctByet B > a, maa rotoporo Kg < Us, rne Up = fap(Us); orcioma
ysKe Gy/eT cJefoBaTh CYIECTBOBAHHE TAKOW OKPeCTHOCTH W
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aanementa eg BGg, yto WeKg= Ug (ra. 11, § 4, cnencrnne npeioe-
HUA 4), ueM Oyner ycTaHOBIEHO TpeGyeMoe COOTHOIIEHKE fp (WeKs) <

c fﬁ(U p) = VK. Paccyxpas or TIPOTHBHOTO, JIA KAKJOTO B> a
nonoxuM Mg = Kg(\CUp; mockoaskry fﬁ? (Ug) = Uy mpn a <
< B ¥, MuoxecrBa My 06pasyloT NpPOEKTHBHYIO CHCTEMY KOM-
DAKTHHX NOAMHOecTB M3 Gp (mna P > a); ecam Gbr Bce oHA OLLIA
He OYCTH, TO TO e OblIo0 6K BePHO M MJIA UX IPOEKTHBHOTO Ipefe-
aa M (ra. I, §9, opemnomxenme 8). flcmo, gro Torma M < K
a fo (M) < M,; HO 3TO HEBOBMOKHO, IOCKOIBRY fq (K) < Ug; moay-
4eHHOe NPOTHBOpEeYMe M 3aBepIIaeT [OKa3aTelJbCTBO.

3. Annporcumayus MmonosozUECKUX ZPYNN

Ilycts G—rpynna, (Hy)eer — yOuBaiomee ceMelCTBO ee HOPMAJb-
HpX penutenell, G, =G/H, 1 f,g upH o < f— KaHOHUYECKHUII roMO-
mopduam G/Hg— G/H,, otHOCHmME, TakuM o0pasoM, Kam#iloMy
kaaccy I rpynmu G mod Hg waace TH, mod H,, comepmamuit 7.
OueBunHO, (Gg, fop) — OPOEKTHBHAA CHCTEMA TPYII, OpPUYEM dIeMeH-

TaMu G =1limG, saBnmoTcs yOnBalomue ceMmeiicTBa (Tq)uer, rae
e—-—

To—wxaacc G mod H, masa kKaxmoro o. IIpoekTuBHEIT mpegen
i: s> (sH,) raHOHM4YecKHx roMoMmopdmamos G—> G/H, ectb romo-

mopduam G B G, m upoobpas anemeHTa (T¢)€G OTHOCHTENBHO i

paBsex n Ty. CnenopatebHO, AXPOM OTOOPEIKEHMA | CIYKHUT nHm
agl

a ero 06paa CcoCTONT M3 BCeBO3MOMKHBIX cemeiicts (7o) € G ¢ menycmbim
HepeceTeHucM.

IIpennonosuM Temepn, 4t0 G—monoaozuveckas epynna; SACHO,
4TO eclli HameauTh Kaypoe Gy, = G/H, dartopronomsorueit, 70 (Gy, fap)
Oyzer IPOGKTHBHOI cHCTEMON TOHNOJOTMYECKHMX rpymm, & i: G— G—
HEMPEPHBHBM IPeNCTABICHHEM.

IeEgnosenuE 2. [Tycms G — monoaozudeckas epynna u (Hy)oe; —
ybusarowee cemelicmeo ee nopmaavnblxr Oeaumeaets, Ydosaemsopsiowee
caedyroemy yeaosuro:

(AP) H, das kaxdozo o € I aamrnymo 6 G, u 8cikas oxpecmiocms
netimpaavrozo aaemernma e ¢ G codepacum nexomopoe H, (MHAYe roBo-
ps, Gasuc ¢mabrpa, cocrommmit ma Ho, cxogmrea & e).
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Toz0a omobpaxcenue i: G — G = lim G/H, ecmv cmpoeuii mop-
«—

dusm epynnw G na i (G); G omdeaumo, u i (G) naomuo 6 G; naroney,

a0pom omobpascenus i cayacum 3amwkanue {e} 6 G. Ecau, rpome
mozo, kakoe-aubo uz H, noawno, mo i clopwesmusro.

Quesnnno, Bce G, = G/H, oraenmmm (§ 2, upepsioxenue 18),

M, BHAYMT, TO Ke BEPHO HiA G, IOXIPOCTPAHCTBA B HIGQ. flnpo H
13

orofpaskeHns [ Apisgercsa mepecedeHueM Bcex H, mu, 3HAYAT, 3AMKHY-

TOH mOArpymnmoit rpynnbl G; TaK KaK BCAKAad OKPECTHOCTH e comep-

)UT HEeKotopoe H, u tem cameim H, to Bakmiogaem (§ 3, n° 1, dopMy-

aa (1)), aro H — 3ambikanue {e}. IToxaxem reneps, aro i(G) WIOTHO

8 G. Mycrs f, — KaHOHMIecKoe oToGpaskerne G — Gy, T. €. CyeHIe

Ha G DPOEKINH PTy; TOTHA @y = fq o i €CTH KAHOHHMIECKoe oToOpaKe-
aue G — G/H,. Jlna KaxQgoro HEIYCTOT0 OTKPEITOTO MHOMKECTBA

Uc G cymecrsyior o« €] # Hemycroe OTKPHTOe MHOMKECTBO
-1
Us < G, tarue, uro fo (Uy) < U (ra. I, § 4, npegnosxenne 9),

OTKYZa il(U) o (I)la (Ux); HO TaK Kak @, CIOPBEKTUBHO, TO il(U)
He Iycro, 4eM pokasaHo, uto i (G)NU %= @&.

Yro6er yGemutbess B ToM, 4ro i — crporuit mopdusm Ha i (G),
paccMOTpPHM OKPECTHOCTH V aimeMeHTa € B (7; CymieCTBYIOT Takas €ro
okpecTHOCTs W B G, uro W? < V, um Takoii uHmeKc o € I, 410

H, < W; orcioga saknioyaem, uyto V comepmur WH, = Zﬁa (9o (W)=
-1

= il(fa (9« (W))); nocKoabKy }‘; (pa (W) — OKPECTHOCTh HeHTPajib-
HOTO 9JeMeHTa B G, 3THM Hale yrBepsaenne goxasaHo (§ 2, mpemio-
menne 24).

Haxonen, mpegmosnommm, 4ro cymecrsyer y € I, AaA KoTOpOTo
H, nonno; ato6u y6equthca B CIOPBEKTHBHOCTH i, HOCTATOUHO AOKA-
3aTh, 9T0 BCAKoe yGmBalomee ceMeiictBo (T',) € G wMeer memycroe
nepecedenne. Ilomyuasce m3 H, mepeHocoM, I, ecTh moJHOE HOA-
npocTpancTBo B G (KaK AJs mpaBoii, TaK M [iA JeBOW paBHOMEDHEIX
ctpykryp). Hpome roro, mockonsky Bcakas okpecTHocTh U aieMen-
Ta e B G cogepur HeKoTopoe H,, coorBercrByiomee MHomecTBO g
mano mopsagka U, (unm U,); uHaue rosops, MHOMKeCTBO TeX [,
Koropsie comepssarca B T, ectb Gasuc guavmpa Kowu; cregona-
TeJbHO, OH cxompurca B T,, m tak Kak Bce I, 3aMKHyTs B G (160
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HOJIy49aloTCA IepeHocoM U3 coorBercTBylomero H,), ToO MX mepeceye-
HHEe He IycTO, Y10 M TpeGoBaI0oCh JOKA3ATD,

CaencrBue 1. Ecau ycaosue (AP) swnoanerno u, kpome moeco, ece
omdeaumsvie epynnvt G/Hy noans, mo epynna G obaadaem omdeaumvin

nonoanenuem, Komopoe omoxcdecmeumo ¢ G, npudem  omobpaxcenue

i: G— G omoocdecmeasiemes ¢ KaGHOHUNECKUM omobpadcenuen (§ 3, npen-
T0KeHHe 5).

B camom gere, G Torga moaHo (n° 2), M mpejsoeHne 2 MOKAaabl-
Baer, 4ro i(G) wusomopdHO OTHEAMMOH IpyNHe, ACCOLVMPOBAHHON
¢ G; mocKonbKy i(G) wiotHo B G, orciofia M BHITEKaeT cuefcrsue 1
(§ 3, upemmomenne 5).

B uacrmocTn:

Caegcrsue 2. Hyemv G — epynna u (H,) — yousawwee guan-
mpymnweecs cemelicmso ee Hopmaivhux Oeaumeneti. Ecau Hadeaums
G epynnosoti monoaozueti, dan romopot H, obpasywm @Pyndamen-
maavkylo cucmemy okpecmhocmeil helimpaavrozo daemenma e (§ 1,
n° 2, mpumep), mo omderumas zpynna, accoyuuposarnas ¢ G, uso-

mopgra G/(n H,) = Gi, zpynna G, obaadaem nonoAnenUeM U KaHO-
o

nunecrkoe omobpancenue Gy — G = lim G/H, npodoaxcaemcs 8o uso-
—

mopgdusma apynnit G =G, na G.

B camom gexne, mogrpyunna H, rpynns G, Gyny4u OTKPHTO#, TaKxKe
aaMKHyTa (§ 2, caegcTBMe NPENJIOKEeHNA 4) m dakroprpyunna G/H,
anckpersa (§ 2, mpenuoxeHue 18); raxum obpasoM, ycioBuA ciejn-
cTBUA 1 BHIIIOJHEHH.

Beiony masee B 9TOM n° MBI mpegmosnaraeM, 4to G omdeaunma,
a (H,) — ¢unpTpylomeecs yGnBalolee COMONCTBO eC KoMRakmuuir
HOPMaIbHBIX nenutelneil, yhosiersopaiomee ycaosuio (AP); B cuxny

npefaoxkenus 2 orobpaxenue i: G — G = lim G/H, siBasierca TOTja
—

UB0MOPPUSMOM MONOLOUNECKUZ epYnN, MO3BOIAIIMM OTOMAECTBUTH
G ¢ G; Gymem o6o3madarb 4epe3 f, KaHOHHYECKOe OToGpakeHNe
G— GIH,.
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Jlemya 1. ITpu ycaosusx npedaodcenus 2 048 6CAK020 3AMENYMOZO

muoxcecmsa E < G umeem E =nEHa.
o

B camom gene, E ects mepeceuenue Muoxects EV, rge V upoGe-
raer ¢uasTp oxpecrHocreit e (§ 3, n° 1, dopmyaa (1)), a Bcakras
OKDECTHOCTH e COXep’KHT HeKoropoe H,; oTCIO1a 1 BHTeKaeT Tpedye-
moe, mockoanky E — EH,.

Heepnoswenue 3. Ipednoaorcumn, umo G omdeauma, a ece H,
Komnaxmus. u ydoeaemsopsaom ycaosuio (AP).

a) ITyemv L — samknymas nodepynna epynnst G; mozda 0as
kaxcdozo o € I nodepynna Lo = fo (L) ¢garmopepynnet G, = G/H,

samknyma u cyxcenue usomopgusma i: G — lim G, na L ecmv uso-
(—.

mopgpusm L na lim L,. Ecau, kpome mozo, L — nopmaavhoii Oeau-~

-
meab epynnw, G, mo Lo ecmb nopmaavhrii deaumens epynne G, 04
Kaxdoz0 o € A u i nopoxcdaem npu gaxmopusayuu usomopgusm G/L
na lim G, /H,,.
(—.

6) O6pammno, nycmv L, 0aa kawdozo o € I — samxnymas nod-
epynna epynnwt Go 4 Ly = fop5(Lg) npu o < B. To2da cywecmsyem,
u npumon eduncmeennas, amknymasn nodzpynna L epynnw G makas,
ymo Lo = fo (L) Oan kaxndozo o € I; ecau, kpome mozo, L, ecmo
Hopmarbhbili deaumend epynnu Gy, npu a0bom o € I, mo L — nopmaat-
nuili deaumeawv epynnuo, G. _

a) Iockonsry H, womMmarrmo, LH, saukuyro B G (§ 4, caen-
creue 1 mpepmoskemusi 1) u, caemosareapno, L, 3aMKHYTO B Gy.

Tax kak { oToKgecTBIAeT TomoJormueexkue rpynnel G u lim G,
-«

a lim L, orosmpmecrBuM c (Tomo;10THMYECKOH) NOATPYNHOR TPYIIILI
-

lim G, To i orospecrsaser ¢ lim L, mogrpyuny n LH, rpynam G,
<— <— a

H JaA J0KazaTeJabCTBA IEPBOI0 YTBEPHKOAEHUS XOCTATOYHO 3aMETUTH,

910, mo JgemMe 1, L =nLHa. C gpyroit croponn, ecau L — Hop-
[/

MaJbHH HeauTenab, TO MIAA Kamgoro a € I ortoGpamenne fy: G/L —
— G4/L,, momysaemoe us f, mocpenctsoM Qaxropusauum, ecTb
CIOPBERTUBHHEIA cTpormit Mopdusm (§ 2, n° 8, sameuanme 3), ApoM
KOTOPOTO fABJAAETCA KOMRAKmHuli HODMAIbHMI pgeamrens Hq L/L
rpyuns G/L, wamomudeckuit 006pas HKOMNaKTHoOW mnoprpynubn Hg
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rpymue G. Tak xak nogrpynmut H,L/L rpynnu G/L yposaersopsior
yeaosuio (AP) (§ 2, npextoskerue 24), a G/L ornexuma, To mociennee
YTBEpHKIEHNE IYHKTAa a) BLITEKAET M3 MpPENIOMKEeHUd 2.

6) Oycrp fop, rtHe o < P,— cymenne fap Ha Lg; Torma
Ly, fxp) — HpOEKTUBHAA CHCTeMa TONOJNOTMYECKMX TpPyII, npoek-
THBHHIA mpegen Koropoit L oTosmecTsuM c NOATpynmoii Gﬂn L,

a

rpynaost G. Ilo mpeamosomennio fop CIOPBEKTHBHO U ero AIPO €CTh
KoMmakrTHasg moprpymna fg(Ho)N\ Lg rpymnst Lg; cnegoBateabmo
(ra. I, § 9, caemcrsue 1 mpeniomenna 8),L, = f, (L) mas kas-
poro a € I. Eciu L’ — Bropas 3aMKHyTas HOArpynma rpynnsl G

raxas, @10 fo (L) = Lo man xamnoro a €1, 10 L'Hy = 1, (Ly),

-1
orkyga (memma 1) L’ =n L’Hm:r‘f(JL (Ly) = L. Haxosnen,
o o
nocsiefHee yTBep:kcHME NyHKTa 0) BHTekaer u3 QopMmyan L =

-1 -1
=nfa(La), rae fo(Ly) ABAAIOTCA TOTAAa HOPMAJLHEIME JAEIUTENf-
[¢ 1

Mu rpyoob G.

[rexaomenuE 4. [Tyemo G omdeauma, a éce Hy Komnaxmus u ydo-
eaemeopaom ycaosuio (AP). Ecau C, — Helimpaavhas Komnonenma
daxmopepynnv G, = G/H,, mo nelimpasvhas Komnonenma C 2pyn-
not G omoxcdecmsuma ¢ lim Co u fo(C) = C,.

— .

IT0 mpefNoOHMe BHTCKAET U3 CJAERYIOMmeHd JeMMBbI:

Jlemma 2. ITyemv G — omdeaumas mononocuteckas zpynna, H —
ee KOMNAKEMHBIL HOpMaAibHbL deaumend U ¢ — KEQHOHUMeCKoe omobpa-
awenue G — G/H. Ecau C — Helimpaabnas kKomnoHenma zpynnu G,
mo ¢ (C) — HelimpasbHas EKomnouenwma zpynnu G = G/H.

B camoM jene, ycraHoBuB 3Ty jgeMMy, 6yzeM wuMeTh fo (C) = C,
nasa gawaoro o € I, m tak kak C ecTh 8aMKHyTas NMOArpymna rpyf-
nut G (§ 2, upemioxkerne 7), To gOCTaTOYHO GymeT MPUMEHUTh ITPex-
JoKeHHe 3a. ] '

s porasareabcTBa JeMMBL 2 3aMeTUM cHadaaa, 910 ecad C' ecth
CBABHAA KOMIIOHEHTa HeWTpanbHoro amemeHra ¢ B G', To ¢ (C) < (',
nockoabky @ (C) csasuo. HpegmonomumM, aro ¢ (C) 5% C’'. Tak Kax
C — saMKHyTH HOpMadbmHbIl geruresab rpymnsl G (§ 2, mpenmosxe-
une 7), ro ¢ (C) — HOpMaTBHHIT mexurens rpynusl G'; torga ¢ (C'),
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rae P — KaHoHH4Yeckoe otobpaskenue G — G’/ (C), Ouino GBI cBA3-
HHM U He CBORAIMMMCA K HEATPAJBHOMY 91€MEHTY, TaK 4TO CBA3HASM
KomIoHeHTa rpymnnt G'/¢ (C) Gelaa 0Bl OTIMYHA OT HENRTPAILHOTO
aaementa. Ho G'/¢ (C) usomopdra (G/HY/ (HC/H) w, snauur, G/HC,
a clefoBare;bHO,— Tarke (G/G)/(HC/C) (§ 2, cuemcrBue mpejtose-
Hua 22 u npepaoxenne 20). Ho G/C orjeinMa m BHONHE HECBH3HA
(ra. I, § 11, upennomenne 9), a HC/C — raroHMYecKuit oGpas
KOMIIAKTHOI0 HOpMasibHOro penutens I1 rpynmst G — ecTh KOMIAKT-
Has moarpynma rpynnel G/C. Takum oGpasoM, mexo cBeJoch K JOKa-
9aTeNBCTBY JIEMMBL 2 JJIf TOTO cay4dasi, Korga G, KpoMe TOro, snodhe
Heceasna, T. e. C = {e}. ,
Ipegmomomxum toria, yro C' 54 {¢'}; 3aMensasa G ee moprpymmnoi

25 (C'), KoTopas BIIOJIHE HeCBA3HA M cojiepskut H, MomeM mpejrmoaa-
rarh, 4t0 (' cé43Ha W HE CBOJUTCA K OII0N TOYKe.

Mycrs M — MHOMECTBO TeX 3aMKHYTHX moarpynn [ rpymnni G,
ana Kotoprix LH = G; moramewm, uro IR, ynopanodeHHoe oTHoIIe-
HueM DD, urdyemusro. JlelficTBUTENBHO, OTYCTh ¥ — COBEPIIEHHO
yIopso1eHHOEe TMOJIMHOMKeCTBO B IN; rorma miuA kKaporo z € G
muo;ectBo Bcex zH (YL, rme L upoGeraer £, ects Gasuc ¢uastpa,
COCTABJICHHBI W3 3AMKHYTHIX HOAMHOMECTB KOMIAKTHOTO IPOCTPAH-
crBa xH; Takum oGpasoM, mepeceyeHne STUX MHOKECTB He MYCTO, UeM
Jl0KasaHo, uto mepeceuenue noarpynua L € £ mo-mpeskmeMy mnpui-
gagiuexxknt YR, Ipumenss teopemy llopma, saraovaeM mosTOMYy,
uyro B N cywecrByer munumarvubili aaeMent Ly, Iockoabky H rom-
naktaa, G/H = LoH/H wusomopduo Lo/(Lo(\H) (§ 4, ciaexcteie 3
npennoskenusa 1), a Taxk kar Ly BnosiHe HecBfA3HO W Ly ()| H KoMmakr-
HO, TO BUAMM, 4T0 G MOKHO 3aMeHMTh Ha Ly, MHa4e roBops, MOMHO
NpeanosaraTs JOMOJIHATENBHO, 49TO HeT KU 00HOU 3aMKHYTOH MHoj-
rpynon L 5% G, pna wotoponn Om LH = G.

Ilycth Temepps /' — mepecedeHuHe BCeX OTKPHITO-3aMKHYTHIN OKPECT-
HocTeil ¢ B G, mowraykeM, 4To F ecTh 3aMKHYTas MOATpylNa rpyi-
mnt G. JleiicTBATEILHO, DOCKOABKY 3aMKHYTOCTh F oueBMAHA, focra-
TOTHO moKasarh, uto F'F — F. Ho ecsitm 2 € F n V — oTkpHTO-
3aMKHYTaA OKPEcTHOCTb ¢ B G, TOo oTo BepHo M gaa xV, mbo mHade
e mpuHaIeskaTo 0wt gonoanernio W k zV B G, KoTopoe TakKe OTKPH-
TO-3AMKHYTO, U Mbl UMean 6bl z & W, 0TKy/ia o Ompeje;IeHNo & ¢ r,
B IpOTHBOpPeyHle ¢ mpepuosoenneM. Otciona ciregyer, uro zF, Kak
nepeceyenue mMuomects xV, rape V npoferaer Bce OTKPHTO-3aMKHYTLIE
9 H. Byp6aku
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OKpecTHOCTH e, copepsur F, 1. e, z7'F — F, yeM Hame yrBepskieHue
nokazaHo. Tak kak G BIOJIHe HeCBABHA M He CBONHTCA K e, To F == G.
Ho ecaiu V — oTKpHITO-3aMKHyTas OKpecTHoCTh ¢ B G, To VH Tomxe
oTkphTO-3aMKRYTO B G (§ 4, caencrsue 1 mpemnomenus 1) u, 3Haqur,
¢ (V) orkpsito-samxkryT0 B G/H, Tak 4ro B CHAY IPENONOKEnUs
¢ (V) = G/H. Ho orcioga (ymer ciaemosBars, 4TO, B NpPOTHBOpEYUe
€O CcHeJaHHHLIM BLIIIE ZOHNOJHHUTETBHHIM Hpeguonao:xenueM, FH = G,
gem JeMMa u Gymer mokasama. [leiictBurenanHo, xH pmus kampgoro
z € G mepeceraerca ¢ JI000H OTKDHITO-3AMKHYTOH OKpecTHOCThIO V
pjeMeHTa e, a 3HAYNT,— TaKKe ¢ mepecedenneM F BTUX OKpeCTHo-
cTefl, mMOCKO:IbKYy MHoecrBa V ((xH ofpasyior Gasmc ¢uabrpa
B KOMIIAKTHOM mpocTpamHcTBe 2H, COCTOAIUH M3 3aMKHYTHIX MHO-
secTs. TeM caMbIM JeMMa [OKa3aHa.

3ameuanue. Eciu mogrpynna H, KoMOakrTHa RIS Hekomo-
pozo o € I, To Hg KoMDAKTHAa Jjs BCAKOTO P > o, Kak 3aMKHYTas
nogrpynna rpyunsl H. Ilockoasky MuoecTBo Tex f € I, Koropme
> o, kodunaasHo ¢ I, 317 HccaegoBaHWA rpymnbl G, IO CYIMECTBY,
Ge3pasaM4yHO, LPEANONaraTh JH KOMIAKTHOCTb OLHOTO Ma¥ ecex H,.

4. ITpunmenenue ¥ npoeKmuUeHIM Npedeaanm

Heegnomenne 5. Hycmv (Gq, fop) — Npoekmusras cucmema
OmOeAUMBLT MONOA0UHECKUL 2pYRN, 8 Komopol 6ce fo s — clopoexmus-
Hhie .cmpozue mopdusmbi ¢ Komnaxmubnmyu sdpamu. Toz2da ranowuue-

ckoe omobpaxcenue fo epynnet G = lim G, 6 G, ecmb clopvekmusHnil
(—.

empozuti mopPusm ¢ Komnakmuwm s8pom Oas kamcdozo a € I.

To, 4To f, CIOPBEKTHBHO M HMeeT KOMIIAKTHOE fpO, BHITEKaer
na caexcreua 1 mpemaoxenus 8 §9 raasm I. Ocraercs yGemurses
B TOM, 49T0 f, — crporuii Mop¢uaM. Beakas orpectHOocTh V Heil-

TPadpHOTO 2JieMeHTa € B G COREPKUT MHOKeCTBO BHAA f; (Vs), rme
Vs — OKpecTHOCTH HeliTpambHOTO diIeMeHTa ey B (g M MOHO CHHI-
Tath B > o; TaK Kak fop — CIOPBEKTHBHBHI CTpOruii MopdusM, TO
fas (V) €CTH OKPECTHOCTD DJIEMEHTa €5 B Gy, ¥ B CHIY CIOPBEKTHB-
noctu fs umeeM Vg fg (V), orkyna

fa (V) ="fap (fs (V)) D fas (Va),

g9eM OKAa3aHO, 4T0 [q (V) €ecThb OKpeCTHOCTH e B Gg.
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-1
Hommaktare HopMmanbmele peautenu H, = f, (eq) rpymmm G,
o4eBUJHO, ynosiaeTBopsor ycaosuio (AP) n° 3, u G, orommectsuMo
¢ G/H,. llpegnoxenns 3 1 4 npuMeHUMH!, B dacTHOCTH, K G u H,.

Caencreue 1. Iyemov (Go, fup) — npoexkmusnas cucmema mono-
Ao2uneckUr 2pynn, Yyooeaemeopawyas Ycaosusm npedaoxcenus 3,
(Go,  fap) — mpoekmusHas cucmema  monoso2uneckur 2pynn  u
Ug: Gg — Gg 048 Kancdozo o — clopwesmucivii cmposuil Mopdusm ¢
KOMNAKMHbLMK "0poMm, npuvem ug 06pasyiom nyLeKMUBHYIO cucmemy

omobpaxcenuii. Toeda u = lim u, ecmv cmpoeuii mopgusm epynnw
<«

G=1lim G, na G' = lim Gy, umerowuii komnakmuoe adpo.
<« -«

IIycre Ny — ARpPO ugy; TOrAa Lo = f; (NVy) — Anpo cropbekTHB-
HOro CTpPoOroro MopguaMa v, = Ugofy: G — Gy; Tak wak L,/H,
nsoMoppro N, (§ 2, mpemnosxenue 20), To L, ects Komnaxmmuuiii
HOPMAaNbHHE Renurenb rpynms G (§ 4, caexcTsue 2 mpemoxerns 2).
fAnpo L mopdpuama u ectb mepecedenme Bcex L,; 0GosHaIuM depes ¢
KaHoHUYecKoe oToGpasenne G — G/L; torga vy, = Wy o @, THE W, —
crporuit mopduam G/L ma Gg ¢ agpoM L,/L. Tak kak mepecezeHnem
BceX Lo/L cuymur meiditpanvuuit anement rpymmsl G/L, a L,/L
ofpasyior 6asuc ¢uapTpa M KOMNDAKTHHE, TO 3TOT 6asuc QEIBTPa
CXOMUTCA K HeilTpanbHOMY 2ieMmeHTY rpynnut G/L (ra. I, § 9, caen-
creue teopemst 1). Ilpemmomenue 2 morasmiBaeT TOra, 410 W =

= lim w, ecTs usomopgusm G/L ma G'; mosTOMy wo @ ecTh CTPOTHIL
<—-

mopdusM G ma G’ ¢ agpoM L; HO, OUeBMAHO, U = we @, U cileqcTBUE
IOKAa3aHo.

Caencrsue 2. Iyemov (Gy, fup) — npoekmuenas cucmema mono-
A02UNECKUL 2pynn, YyOoeaemeopaoujas ycaousm npedioxcenus O,
u G' — monoaozuveckas epynna, 6 Komopoii cyujecmeyem oxpecm-
Hocmo V' Helimpaavnozo oaemenma €, He codepicawyan Hu 0dHoU
omauunoté om {e'} nodepynnv epynnu G'. Tozda din kaxcdozo Henpe-
puisHozo npedcmasaenus v: G — G’ cywecmeytom underc a. € I u nenpe-
pusnoe npedcmasaenue Vy: Gy — G makue, umo v = Vg ofq-

-1
B camom gene, mockoasky v (V') ects oxpecTHOCT ¢ B G, cyme-
CTBYIOT MHAEKC O. B OKDPEeCTHOCTb V, ajieMenTa e, B (G, Takd@e, 9TO

[
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f; (Vo) = vl(V’). Hostomy v (Hy) < V', u rak wak v (H,) — non-
rpynna rpynunt G', to v (H,) = {¢'}. Ilockoaskry f, oToxmecTsmmMo
¢ KaHoHUYecKuUM orobpamiesueM G — G/H,, cnpasenjiuBoCTh ciej-
CTBUA BLITEKAET M3 KAHOHMUYECKOTO PABJ0KEHUS HENPEepPLIBHOTO MPef-
crasiaenusa (§ 2, n° 8).

YupasxHeRns

1) a) Ilorazarn, uto Koapno Z, nelux p-agudecknx wucex (§ 6,
yupamknenuce 23a) H30MOPPIO TMPOCKTHBHOMY IpPCAETY MOCJCOBATEIL-
HOCTH gUCKpCTHLIX KoJer, Z/(p™) oTHOCHTENBHO KAUONMYCCKAX TOMOMOP-
PusMoB  fom: Z/(p™) = Z/(p") (n < m) (rme Z/(p") paccMaTpuBaeTCs
Kak dQaxToproasiio Koapna Z/(p™)). :

6) llycry G, mast Kamgoro n > 0 — rpynma Z 1eiblx panuoHadb-
noix uucen, E, — ee daxkrtoprpynma Z/(p") (p — mpocroe), mHpwaem
G, m E, uanemeHel nuckperioit Tomosormeit. bBymem paccMarpusaTh
(G,) HaX TPOCKTHUBHYI0 CHCTEMY ¢ TOXRACCTBCINIBIMA oTOGparkeunaMn
Gm = Gn, & (E,) — Kax TPOEKTHBUYI0 CHCTEMY, B KOTOPOHU fnm: En —
— E,(n < m) — Rajoundeckue romomopduamul (cM. a)). Torpa opGura
ornocuresanio G, BCAROH TouxH u3 K, KOMHaKTHa, 10 OpOMTAa OTHOCU-

reapio G = lim G, Touxn z == (x,) npockrupioro npejcsaa E == lim E,
<« <«

fic KoMmaxTina H 1e H3oMopdna NPOCKTHBIOMY I1Ipejey opGuT TOYCK

z,, a Kagomuweckoe oroGpaweune E/G — lim E, /G, uc unLeKTHBLO.

e—
B) Mycry G, pust Kaskgoro n > 0 — noprpynna p"Z rpyunu Z (p —
upocroe) u E, — rpynua Z, npnucM G, u E, Hagenenn JUCKPETIOU TOIIO-

aorucii m G, peiictsycr wkax rpynua nepeHocos B E,. Pacemorpum (E,)
n (G,) KaK MPOCKTHBULIC CHCTCMHI, B Koropwx E,, - E, (n < m) —
TOMICCTBCILE  oToOpaskenus, a G,, — G, — KalOHUYCCKHC WIIbCKIMYU,
Torpa crabuausatop BesiKol Toury U3 £, (oruocureanuo G,) KOMIIAKTCH,

opbrra Bestkoil Toukn n3 £ — lim E, oruocurespuo G — lim G, xoMnakr-
<— <—

Ha, 10 Kauomuucckoe orobpaskenne E/G — lim E, /G, ue cHOPHLCKTHBIO.
. -—

r) Haiitu ¢ momompio 6) ¥ B) IPAMEp NPOEKTUBLOH CHUCTEMHl MpO-
crpancTs ¢ oneparopamu (E,), ¢ HPOCKTHBHOU CMCTEMOU rpyIN oIlepa-
TopoB (Gy), B KoT0poM Obl Kanotimucckoe orobpaskenne £/G — lim K, /G,,

«—

rpe £ =limE, n G = lim G, e GBIIO HH HUBEKTMBHLIM, HM CIOPBCK-
-« <«
THBIBIM.
2) Hyers (g, fap) —TPOCKTHBNASN CHCTEMA HOTLYCTHIX MHOMCCTB, [N
KoTtopoii lim gy == f. ObossauuM ucpe3d Gy CBOGOUHBIA Z-MOgyadb Gop-
—

M&ILHEIX JIMHCIHBIX KoMOGuuawuilt aj1eMeHTOB MHOMecTBa Eg ¢ Koaddu-



YIPAMKHEHUSA 133

uuentamu u3 Z (Aar., ra. I, § 1, n° 8), uepes gqp—mpejcTaBlerHe
Gp— Gy, cBojAmeecH K fqg Ha I7g. TTokasats, uto rpymua lim Gy cBo-
<«

AATCA K HeliTpanpHOMy BixeMenty. [Paccympast oT npoTUBHOrO, paccMo-
TPCTh NS BJIEMEHTA 2= (35) U3 lim G M KaMoTO o0 KOHEeYHOe MHOMe-
€

ctB0 F, anemenToB U3 Ey, KO3PEUUMEHTH NEA KOTOPHX B Zg OTIMYHE

OT BY:A, 3aMETHB, YTO fgp (Fg)= Fg.] TToayunts 0oTci0;la LIPHMEDP NPOCK-

TABHON cHMCTeMBl TIPYNm (Gg, £up)y B KOTOPOM BCC gqp CHOPBEKTHBIH,

Gy Gecwoneunsl, a lim G, cBojiuTcsa K HeitTpaasmoMmy osiaementy. [Cu.
6—

Teop. mu., ra. III, § 1, yopaskHenue 32.]

*3) a) TlokaszaTh, 4TO BCAKASA BIOJIC IIeCBA3NAs KOMIAKTHAA TpYyM-
na eCTh NPOCKTMBUHIL TMPEJCH COMCHCTBA KONEUNHIX AMCKPEOTHHX TPYIIIL.
[MenoavsoBars yupamuenne 18 § 4.1

6) Mycrh G — BHOJNE HECBA3HAA KOMMaRTUAA rpynna n L — cc 3aM-
Kuyrast wboprpynma. J[oKasaTh CYmwecTBOBANMC IenPePHBHOTO CCUCHHUSA
G/1, - G, acconMMPOBANHOIO ¢ KALOMUICCKHM oTOfpakeuneM G —» G/L.
[Acnoanaosarh a) m npepyosenRre 3; paceMOTPCTh A KAMKIOTO & KOHEY-
Hoe MuoskecTBO Fy cevennit G, /L, — G, M 3aMETUTD, 9TO DTA MHOMKECTBA
06pa3yloT HPOCKTHBHYIO CHCTEMY OTITOCATENBHO KANONHYECKUX CIOPBEK-
THBIIBIX OTOGpaskeHAR hyp: Fp — Fy.]

4) Myern G — otacauMan Tornonornaeckas rpymma u (Hy) — duan-
TPYIOmEecs CeMENCTBO €€ KOMUMAKTHHX HOPMaJLIBIX ACAWTCICH, yHoBJIeT-
popawmee ycaosmo (AP) n® 3. Ilyers (L,) — ceMeHCTBO 3aMKIyTHIX
nogrpynn rpyons G raxoe, uro Hy < L, npn oboma € I n Ly = Hy Ly

npu o < B; momosum L = n L,. Hoxrazare, uro Ly = I, L nas gampo-
o
ro ¢. [HMcnoansoBarh mpepgoxcenue 3.]

5) ycrs G — oraeamMasi TOMOJOTUYECKas Tpynma, £ — orpelu-
MOC TOMOJOTHYECKOE TMPOCTPAHCTBO, B KOTOPOoM G [ICICTBYOT HemnpePHIBHO,
n (H,) — ¢unprpylomeecs yOmBaomee ceMCHCTBO KOMIAKTHHX HOP-
MAJLEHEX JleguTedeil rpynmn G, ymoBirerBopsiomee ycaoBuio (AP) n° 3;
noxomnm  E, = E/H,. Ilokasars, uTo Kaumomumueckoc orobGpasenne
E - lim E, ectb romeomopdusm.

e—

*°6) Ilycrn  (Gy, fnm)neN — TMPOCKTUBHAS  CHCTEMa KOMIIAKTHHIX
rpymn G, =T = R/Z paa kamgoro n, a f,, (n < m) — nenpepuiBHOE
npegcraByenne z > p™ "z ¢ 3aganusiM npoctuM p rpynmel T B ceGs.
Tonoaornueckas rpynnaT, = lim G, naswmBacrcs p-aduveckunm corenoudon;

e—

9TO — CBA3HAA KOMIIAKTHAfA KOMMYTAaTNBuIAs TPyIIa,
a) Henpeprisroe mpenciasiaenue T, — G, AIA KOKEOTO n CIOPBEK-
THBIIO, H Cro AZpo u3oMoppuo rpymne Z, neia6X p-agUuecKRX ducel
(cM. ynpaykuenue 1a).
6) Ilycts ¢ — waHoHmueckuil romMomoppmam R — R/Z=T. Hdan
K100 z € R moaoxmm 0 (z) = (¢ (x/p“))nEN; moKasaTe, 1o 0 ecrs
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AHBEKTABHO® HempepuiBHoe mpeacrasnenme R B T,, a 0 (R) — Bciopy
naoTHEaA noprpymma B Tp.
B) Ilyerb [ — oTkpnTHil maTepBad B R ¢ merrpoM 0 u gjnuHOll < 1;

TIOKa3aTh, 4YTO TOANMPOCTPaHCTBO ?(1, (9 (I} B Tp romeoMopduo mpomnase-
meumio I X Zp. B wactHocTH, rpynna T, He ABJIACTCA JOKAJIBHO CBABIOIN.

r) Ilokasarh, 4TO BCAKAS 3aMKHyTas Noarpynna rpyamu Tp, orand-
ras or T, n {0}, Bmoaue HecBA3Ha K M3oMopdHa rpymnne Buma Z/nZ nan
(Z/nZ) X Z,, Te n — nenoe gmcdo, B3amMHO Hpocroe ¢ p. [HMemompao-
BaTh npepuaokeHue 3.]

n) Ilokasars, aro Tp €cTh Hepastoxmumoe CBA3HOE KOMIIAKTHOE IPO-
CTPAHCTBO, T. €, YTO HE CYIECTBYET €ro IOKPHTAA, KOTOpoe GH COCTOHNO0
HB [IBYX.CBA3HHX KOMIAKTBHX MuOMectB P, Q, oramuunx ot Tp. [3ame-
TATb, YTO CYIIECTBYET TaKoe nejioe n, 9T0 fn (P) 5= G, 1 fn (Q) 5= Gy,
A [Nf TOJYYeHMAs NPOTHBOPeYHS DaccMOTPETh MHOKeCTBA f.q (P)

u fn+1 (Q) ]o



UCTOPUYECKUN OYEPK
K IIABE 111

Pumckne nndppu oTHOCATCA K 6GHGamorpadmm, moMemeHHOI
B KOHIle HaCTOAINEro OYepKa.)

O6masA TeopAs TOMOJOTUYECKHX TPYNI ABJIAETCA OfHON M3 CaMLIX MOJIOARIX
BeTBeit anaansa; ofHAKO OTJENbHHE TOMOJOrNYeCKHe TPYNIH OWJM H3BECTHH
yKe fJaBHO, a Bo BTopoil moaoBune XIX Bexa Codyc JIm cosgan olmmpHYIO
TEOPHI0 TOMOJOTHICCKHX TPYII, HASBAHHHX MM IEMPCPHIBHHIMM T PYMIaMH»
7 M3BECTHHX B HACTOSIEEe BPeMs IOJ HasBammceM «rpynn JIm»;, 9uraTcib Haimer
GoJlce MOMHLIC CBEMEHHA O BO3HAKHOBEHHII H DasBUTHA 3Toi Teopun B HMcropu-
9ECKOM OYCPKC K KHWIe DTOr0 TpaKraTta, KoTopasa Oymer eil HocBsmena.

Hagano mayuenmio o0mMX TOMOJOTMICCKAX rpynnm modosmn B 1926 r.
O. [Ipeiiep (1); oHo cmenanock ¢ Tex mOP O6BEKTOM MHOTOYACIeHHHX paor,
KOTODH® 1I03BOJIMJH BHISICHUT B BHAYATEJHHOH Mepe CTPYKTYPY JIOKANBHO
KOMIAKTHHX Ipyni. Mu mMesan B BHAY JaTh 3[€Ch TOABKO CaMbe 3I€MEHTapPHLIO
OmpefeJIeHAA M pPeaysNbTaTHl TEOPHH H OTCELIAaeM YATATEN]A, MHTEPECYIOmerocs
Homee yrayGlICHHHM H3A0eHueM, K MoHorpagpusm J1. Monrparuuna (I1), A. Beii-
as (11{) m JI. Monrromepn — JI. Hunnnrua (IV).
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TIABA IV
BEINECTBEHHBIE 4YNCJIA

§ 1. Onpepenenue BeHieCTBEHHBIX THCET

1. Vnopsaiouennas zpynna pauuoHaibHLX 4UCER

B anreGpe (Aar., ra. I, § 9, n° 5) onpesensgerca orHoluenye nopa-
Ka 2 < y B MHoxecrtBe () BceX pDaljMOHAJBHLIX 9MCe’d; OHO IIpeBpa-
maer Q B cosepuenno ynopsadouenioe MEOKECTBO U I PUTOM COAACYEMCR
Co cTpYKTYpOIl addumusrotd epynnu 8 Q, 1. e. (Aar., ra. VI, § 1, n°1)
naa Kamjoro z€Q ornomenue x < Yy DKBUBAIEHTHO OTHOUIGHUIO
z + z2<y -+ z (uTo BHpaKAIT elle, TOBOPA, UTO ROPAdok UNHeapUAaH-
men omuocumeawvio nepeitocog). Hanomuum, uro B Q (Kak u Bo BCAKO{i
COBePIIeHHO YIOOPAOMEHHON I'DynIe) BBOJAATCA 0003HAYEHUA

z* = sup (z, 0), 27 = sup (—z, 0) = (—2)*, |z| = sup (z, —7);

lz| HA3LBAIOT abCcoAlOMHbLIM 3HAYEHUEM X, UMEIOT MECTO DAaBeHCTB:a

r=xt*—2zx, lz|=atL+z"

U Hepasercmeo mpeyzoabHuKa

lz-yl<|z]+ ]yl (1)
U3 KOTOPOTO HENMOCPEACTBEHHO BRITEKACT TAKKe HEePABEHCTBO

Hzl—]yll<lz—yl; (2)
TOYHO TAK IKe

lzr—yr|<|z—yl. (3)
Ormomenua z >0, z =2, 2~ =0, || == a2 (cootB. z<0,
z = —z, 2" = 0, x| = —z) pasHocuabHH. OtHomenue |z| = (

PAaBHOCHJIBHO oOTHOeHNnw z = 0; mpu ¢ > 0 orHOwenue |z| < a
DPAaBHOCUJIBHO OTHOIIEHHI —a < < @, a OTHOIleHHE |T| > @ —
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OTHOIICHMIO & > a mwiH ¢ £ —a», Kakosn 6w =HE GRIH Z, Y, 2 € Q,
nMeeM

sup (z, y) + z = sup (z + 3, y + 2), 4)
inf (x, y) = —sup (—z, —y) )
M, B Ka4YecTBe YACTHHX CJYYacs,
Sllp (xvy)=x"}"(y_x)+=x+(x—y)-v (6)
inf(z,y) =2 —(y — 2" =2 — (x —y*. (7)

Haxonen, of6o3nagas depes Qi MHOMECTBO BCeX DPalMOHAJIBHEIX
qucen >0, nmeem

Q+ + Q+ < Q+1 (8)
QN (—Q4) = {O}, ' 9)
QU(—Q)=Q. (10)

Oraomenne x < Y pasHOCUtbHo OTHOMEHUI0 ¥ — x € Q.
C moMompi0 3TOT0 OTHOIIEHHWA NOpAAKa MH ompeaeasM B Q
MONOA0SUI, COZAACYIOWYIOCE C e20 cmpykmypol addumuenoil epynnbi.

2. PayuoraasvHaa npanas

PaccvMorpnM MHOKECTBO $§ CUMMEMPUYHBLT OMKDPWUMBLE URMEDSA-
208 |—a, +a], rae a npoberaeT MHOMECTBO BCEX PaMOHAJbHHIX
qucenr >>0; MH HOKaKeM, 410 §§ ecTh GHYHOGMEHMALbHAL cucmeMa
oxpecmuocmell hyas RIS TONOJNOTHH, COrAACYIOMEHCA €O CTPYKTY-
poit amgguruBHoit rpymne B Q.

Q cctp KomMmyratuBHaA rpynna u axcuoma (GVi) ouesupgHo
BLINOJHEHA;, [OCTATOYHO, TakuM o6pasoM, yOeguTbcad B TOM, 9TO
BHIOJHEHA Tarxe akcuoma (GVy), T. e, uro aua awboro a > 0 cyme-
creyer b >0 rakoe, uro ycaoBua |z |<<b, |y|<<b Buexkyr
lz 4+ y | <a; HO B cUIy HepaBeHCTBA TPeyroJbHUKA HAJA JTOTO

JIOCTATOYHO B3ATH b = % .

Onrepeaenne 1. Payuonasbroli npamoti Ha3visaemces monosozuve-
CKOE RPOCMPAHCMB0, NoAyYeHHoe nymem Haldeaenus mHoxcecmea Q
monoaozueli epynnv. ¢ PyHOamenmarbHoll cucmemoli okpecmuocmerl
HYaf, 00pasosanHoli CUMMEMPUYHBIML OMEDLMBMUY UHMEPBALAMU
]—a, +a] (@ > 0).

Onpedenennas marum obpasom monoaozudeckas zpynna Q Hasvi-
saemcs addumusroll epynnoll pAyUOHALLHOL NPAMOL.
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Kakxopo OH HE OHNO PallioOHAJBHOE TACIO a4 >0, CymecTByeT ILejioe

1
gacao n >0 Takoe, 9T0 -'T< a; TeM CaMBHM OTKDHTHE WHTePBAJH

]-——:- ) +-’1T! (n=1,2,...) ofpasyoT ¢QyEZaMEHTANBHYI0 CHACTEMY

OKPeCTHOCTeil HYNA Ha pPanWOHAJBHON IIPAMOIL.

(DyHIaMEHTANABHYI0O CHCTEMY OKpeCcTHOCTell IPOM3BOJBHOH TOYKH
z€Q momnydwM, BSAB OTKDHITHE WHTEpBaaH |x—a, z-+a[, TR a
mpoGeraeT MHOKECTBO BCeX panMOHAABHEIX qucena >0 (Mim TOABKO
MHOKECTBO 4UCe %).

TakuM oGpasoM, onpeseseHne 1 PaBHOCHJIBLHO ONpeneeHNI0, NAaHHOMY
Hamu B rnase I, § 1, n° 2,

HOas mioGoit mapm (a, b), tme a<<b, cymectByer ¢€Q Takoe,

4.
9T0 a4 << ¢ <<b (mampuwmep, ¢= a_2_b); OTCIORA CIIeAyeT, 4T0 paIu-

OHAJAbHAA NpAMag eCTh omdeiumoe M Heduckpemioe NPOCTPAHCTBO.
NMyers U, nus xkamgoro a >0 o3HavaeT MHOKECTBO BCEX Tap
(x, y) € Q X Q rakux, 90 | z — y | < a; Korga a npoberaer MHOE-

1
CTBO BCeX PanMOHANBHEX yuced >0 (n1n TOTbKO MHOMKECTBO TuUCeT ) ,

MHOkecTBa U, 006pasynor @BynOamenmaivHylo cucmeMy OKDYAHceHUl
PaBHOMEPHOiT CTPYKTYPH aAIWTHBHON TIpynne Q panuoHaJIbHON
npamoit. Hepasencrsa (2) u (3) mokaseBaioT, 910 |z |, ¥ u ™ pasro-
Mepro Henpepwent Ha Q. Orcroopa ciaegyer, 910 GyHKOUM Sup (z, ¥)
n inf (z, y) paBHoMepmo HempepwBHH Ha Q X Q.

3. Qucaoeasn npamas 4 6eujecmeerNNuvle YUCAA

Onrenenenue 2. R 6ydem osnavambv monoaozuveckylo epynny, As-
AAIOUWYIOCA Nonosreruem addumusroti epynnit Q payuonasbHol nPAMOL.
Juemenmur u3 R Haswsaiomes seujecmeeHHuIMU YUCAAMU;, KaK MONO-
aozuveckoe npocmpancmso, R naswsaemes wucaosoli npamoi, a kak
monoaozuveckas zpynna — adoumusnol 2pynnoti HUcA08oll NPAMOL.

Q Bcerga GYAET OTOMMIECTBIATHCA C KAHOHMIECKM usoMopgHOk
eif Bcloxy WIOTHON moarpymmoit rpymmum R; mpm arom ycxoBuu
BCAKO® panMoHANBHOE 4YHCIO eCTh BelecTBeHHoe ducjio. Beakoe
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HE DAIMOHAJBHOE BEUIECTBEHHOE YUCI0 HASHIBAETCHA UPPAYUOHAALHLIM;
B rmase II, § 3, n° 3, Mul Bmjeam, 49To Takue UMCIA CYIECTBYIOT
(apyruM cnocoGoM s10 yaer moxasano B n° 3 § 3 macrosameit riassl;
cM. Tawre ynpaskuerue 2 § 2); tem cambM (ra. 111, § 2, n° 1) MuOME-
crBo CQ wuppanuonanbHBX gucerx gciody naomuo B R.

IlorameM, uro empykmypy nopadka B Q Momuo npodoascume
Ha R rak, 4ro0R NpOOKEHHAA CTPYKTYpa MOPAJKA COTacoBajach
€0 CTPYKTYpo#i ajauruBHoil rpymnmst B R.

Nregaomenne 1. Omrowenue y —z € Q, ecmv omuowenue nopadka
e R, romopoe npespawyaem R g cosepuenno ynopadouennoe MHO*CECMB0,
cozaacyemca co cmpykmypoii addumusnoli epynnw ¢ R uw undyyu-
pyem ¢ Q omuoweitue nopadra x<y.

Tlokaskem mpesiie Bcero, uro orHoueHns y—z€EQ, u z—yeQ,
BIEKYT 2—X€ 6+; B CaMOM jesie, TAK RaK QYHRiUA -y Hempe-
peiBHa Ha R X R, To Ha ocmosamun (8) mmeem Q. - Q, Q. (a1,
§ 2, teopema 1). Bo-Brophix, moxameM, uro oTHOueHms y— € Q.
n z—y€Q, Baekyr r=y, ueM OygeT yCTaHOBIeHO, uTo y— € Q,
ccth  omHowenue nopadka B R. JlokaskeM pgaA asroro, uro
Q. N(—Q,)={0). Beuuy pasHOMEPHO{i HempepHBHOCTH QyHKLMIL
zr— 2t U > 2" Ha Q, UX MOYKHO MPOJOJIKUTEH N0 HENDPEPHBHOCTH
Ha R (ra. II, § 3, teopema 2); mycts f M g— COOTBETCTBEHHO HpO-
nomuenun atux Pyuruuit. [lo npogoamernmio umeem z={ (z) —g (),
kakoBo O Hu Obto z€R; maa z€ Q. nmeem g(x)=0; ¢ jpyroit
CTOPOHLI, TAaK KaK (BCJE;(CTBUEC HENPEPBIBHOCTH -— ) ——(—L ecTh
samukanue —Q,, to f(r)=0 gua r€ —Q,. Takum oGpasoM, ecin
z€Q.N(—Qu), 10 f(2)=g () =0, orkyra z=0.

Ha ocuopammu (10) umeem Q.| (—Q,) =R, tar uro R cosep-
WeHKO Yynopsadoueno oTHOUIEHWeM mopAmKa y—x € Q.

C Jpyroii CcTOPOHLI, HOCKOJABKY OTHOIIEHMA Y — Z € Q+ n
(y +2) — (x +2) € Q4 PpABHOCWIBHEI, OTHONIEHHMe  TOPAKA
y—zxE€ Q+ corjlacyerca co CTPYRTypoii agautusmod rpynms B R.

Haxkonen, ecin x u y npuragaemar Q, oTHowerna y — x € Q+
m y —x€ Qi DaBHOCUNBHL; ODTO 'NOKA3HBAET, 4TO OTHOUIEHIE

nopaAaka y — & € Q. mEgymupyer B Q oTHOWeEHME T < y, 9eM JoKa-
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sareabcrBo u sapepimaercs. OrTHomenne y — x € Q4 Oymer sanuch-
BaThCA CHOBA B BHIAe I < V.

Q. coBmagaer ¢ MHOecTBoM Beex umcen z >0 ma R; mm Gyaem
oGosmauats ero Ry; 910 — samknymoe Muoskectso. R* 6yser oGosua-
4aTh MHOKECTBO BCeX uucel 1 >>(; OHO HBJIAGTCHA jIOUOJIHEHUEM
K —R, u tem caMmM omkpumeim MHOMecTBoM B R.

4. Ceoiticmea unmepesaros uz R

Hvegnomenue 2. Beakull samknymuii (CoOoTB. omkpuimuiii) uHhmep-
eanr u3 R ecmv samrnymoe (cooTB. omkpwuimoe) mioxcecmso ¢ R.

B cavom gpeie, wmuoskectBa Ja, - = a - Ry u |« q] =
= g — R4 noxyuaroTcst myrem mepeHoca coorBercTBeHHO R m —R 4
u moroMy (rit. IIL, § 1, n° 1) samxuyTts; MHOKecTBA J<—, af ¥ Ja, —{,
KaK UX JIOIOJHEHNs, OTKPHITL; HAKOHCL], 3AMKHyTH uHTEpBaT [a, b]
{COOTB. OTKPHITHIl HHTEPBAI Ja, b]), ABIAACH LCPeCCYCHNICM HHTEPBA-
aos [a, =] u }«, b] (coorB. la, -] u ]J«, B]), ecrp 3amkmyTOE
(COOTB. OTKPBHITOE) MHOKECTBO.

Taxum ofpasom, saMkHyTHe MHTCPBambl [—a, -+a] (¢ > 0) uuc-
J0BOi mpAMoit R ABIAIOTCH OKPECTHOCTAME HY/A; HMORAMKEM, 9UTO
oHn o0pasywoT @yrdamermanrbrylo cucmemy okpecmuocmell HyAs,
Korga a mpoferaer R*. Ilas droro ocTaTtoyHo YCTAHOBUTh CJlefyio-
mee TpeaoXReHue:

eepaomenue 3. Koeda r npobezaem mHoNCCCMBO 6CCX DAYUO-
HaavHsr wucen >0, unmepsasnr S, = [—r, —+r] uwucrosoii npamoii R
obpasyiom @Gyrnlamenmarviylo cucmemy okpecmHocmel HYaAs.

B camom pmese (ru. III, § 3, mpegmaosenue 7), QymaaMeHTaIb-
HYI0 CUCTEMY OKpecTHocreil Hyass B R Moxuo moayunrh, Gepa sambi-
®xanusa B R wumrepsanoB S, Q = |—r, --r] payuonasvroli npsa-
Mmoii Q. Ilpegaokerne OyjleT OOKA34HO, CCAM Mbl YCTAHOBMM, YTO
S, ecrp sampmikauue MHOmecrBa S,(] Q. Ilockoanky S, 3aMKHYTO
B R, mocratoumo mOKasarb, YTO BCAKOC BeLIECTBEHHOE WMCJIO X
Taxkoe, UT0 —r << ¥ << r, ecTh TouYKa mpukocHoBeHna pus S,.M Q.
Ho rak wak |—r, +r[ — orkpsiroe Muosecrso B R, To gns Beakoi
JocTaToTHO Maoil okpectsoctd V Hyas 8 Rumeemx - V < |—r, +1|;
nockojdbKy Q Bciofy mIoTHO B R, cyllecTByer palHoHAILHOE UNCI0
réex+V; roma —r<<r' <r, 1. ¢. €S8,n0Q.
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CaencrBnE. Beakas mouka uucaosoii npamoii obaadaem cuemmot:
dyndamenmanvroll cucmemoli okpecmrocmei.

repnokerne 4. Jas aoboi napw eewecmsennnzx wucea (x, Y),
20e x < Yy, cywecmsyem payuOHAALHOE YUCAO T maKoe, ¥mo x < I < Y.

Tar rax Q Bciopy miorao B R, 10 mocratouno yGemurbes B TOM,
aro ]z, y| He nycmo; myreM mepeHOCA BONPOC CBOTUTCA K CAYYAIO,
vorga £ = 0, ¥y > 0. Ho rak mak R — orgenrnMoe mpocTpaHcTBoO,
TO IO HNPEfJOKEHWI0 3 cymecTByeT panuoHaIbHOE wuciao r >0
takoe, uro y ¢ [—r, +r], orkyma 0 <r <y.

eemnoxenns 5. ITycmo I — npoussoavnuill uHmepeas wuca080i nps-
moti R. Tonoaozusn, undyyupyemas ¢ I us R, nopoacdaemes mroocecm-
80M 6CEX OMKDWIMBLL Unmepgaao8 MmHoxcecmea I (paceMarpuBaeMoro
KAk MHOKECTBO, COBEDIIEHHO YHOPANOYeHHOE oTHomenwneM & < ¥)-

Besxnii oTKpHTHIE wHTepBan us | sBasercA ciemoM Ha | OTKPbI-
TOro METEpBaia M3 R; mas orpaHuveHHOro MHTEPBAJA 3TO OYEBUAHO;
HEeOTPAHWYEHHHN ke MHTepBalx Ja, —[ 6 I ecrb ciey HeorpaHWMYeH-
Horo uHTepBana |a, —[ us R; Takum oGpasoM, gocTaTouHO paccMo-
rpers roabko caydait /] = R; "o torma rpeGyemoe ciegyer us mpea-
noxeHuna 3, uGo BCAKas OerCTHoCTb ToYKM x € R comepiKuT HEKO-
TOpe#l OTKPHTHH uuTepBan Jr — a, z + af.

3amMeuanmne, Ilyctb A — MHOKECTBO, 6¢c10dy naommuoe B R; Torla
TomoJIOTMA B R IOPOKIAGTCA TAKKe MHOMKCCTBOM BCOX OTKPHITHX
WHTEPBAJIOB, KOHIH KOTOpPHX mpuHamieskatr A. B camom pene, ecanm
Jr — a, z + a| — oTKpHTHII NATOPBAJ, CONOPIKAIMMIX T, TO CYMECCTRYIOT
TOUKM ¥, 2z W3 A Takme, 9T0 z — a << y << z U z < 2 < = + @, TaKUM
o6pasoM, mHTepBad |y, z| CONEPIKHMT z M comepskuTea B Jr — a, x + af.
JTO pacCy:KIEHNe IMOKA3HBAET TAKKE, UTO PACCMATPHBAGMEI® WHTOPBAJK
o6paayioT 6asuc (ra. I, § 1, n° 3) romoaorun uncaoBoir npsimoit R. B wacr-
HocTH, Oepa A = Q, BHAMM, 94TO TONOJOTHA WHcioBoit npaMoii R ofaa-
IaCT cuemHblm Oasucom.

5. Jauna unmepsaaa
OurepenacrnE 3. JauHol 02pAHUNEHHO020 UHMEDPBAAA € HAYALOM

a u komyom b naswealom eeuwjecmeennoe Hucno b — a>0.

TaxuM 06pasoM, BCAKMII OrpAaHNYEHHHI MHTEpBad, CofepKAmMMi
Gonee onmoit Tourm, mMeer aampy >0. Warepsaam [a, b], ]a, b,
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[a, b[, ]a, b], rme a < b, obxamator ofHOI U Toif ke mamHOR. UHTEp-
Bal ¢ KOHIAMH ¢ + ¢ u b - ¢ MMeer Ty iKe NIWHY, 9TO M WHTEPBAI
C KOHIIAMU a ¥ b; IPYTHMH CIOBAMH, 04UKA UHMEPEALA UHBADUAHMHA
OMHOCUMEeAbHO nepeHoca.

Ecmma e db, 10d—cb— a; rakum obpasoM, ecau
OTPAHNYeHHH HHTEPBAX / COTEPIKUTCA B OTpPAHMIEHHOM MHTepBase /',
to mimEa J/ He npesmmaer imHE .

lyers Iy, Iy, ..., I, — monapHo HemepeceKAIOIMUeCA OTKPHITHE
HHTEPBAJIH, cofep:kamuecsa B uHTepBaae [a, b] (a << b); nycrs [, =
= |c, di|; MHAYROUeN# Wo n jgerko yOeskgaeMcA B CYNIECTBOBAHUU
nepectagoBKM ¢ uupexcoB k (1 < k < n) rakoit, uro dyny < Co (he1y
(1 <k n—1). Orcioga cpasy caegyer, 4To CyMMa JJIMH HHTEPBa-
aos I, camoe Gonbmee pasHa auuHe uHTepBaxa [a, b]; mpm aTom
OHA MozkeT ORIThL PaBHA €il, TONABKO €CIU Cq (1) = &, Qg (n) = b U dy ) =
=y I <<ELn—1).

6. Addumuenan pasromepraa cmpyrmypa é R

ITockonbky R — coBepIeHHO YHOpAJOYEHHAA TPYIIA, QYHRIME
zt, = n |z| ompepensiorcs Ha R Taw ke, Kak u Ha Q, U ygHoBie-
TBOPAIT BceM oTMeYeHEHM BHIe Aasa Q coormomenmsam (1) — (7).
Ilvers a — Bemecrsennoe yucao >0 m U, — MHOMKecTBO Bcex map
(z, ¥) € R X R ragux, 9ro |z — y | << a; KoTga g mpoGeraer MHOMKECTRO-

1
BCeX BeIeCTBEHHHX gucex > () (WIu ToTbKO MHOKECTBO THCE 7) , MHO-

mecra U, o0pasywr @yndamenmarvnyio cucmemy oKpysicenuli paBHO-
MepHoli CTPYRTYPH ajnurusHoil rpynmns R ancaoBoit npsamoit (HassiBa-
eMoil Takke addumusroil pasnomeproli cmpyrmypol Yucao8ol NPAMOLL).

Qyurnnu |z |, 2t 1’ 2~ paswomepno Henpepwsns Ha R, dynrmum
sup (z, y) u inf (z, y) pasnomepro nenpepwsenn Ha R X R; caejoBa-
TEIBHO, OTH (YHKIMH COBHIAJAIOT C TEMH, KOTODHE IOXYYAIOTCH
nyreM npodoaxcenus N0 HenpepueHocmiy OJHOUMEHHHX (YHKRIUI,
onmpefeJeHHHIX cOOTBETCTBEHHO Ha Q m Q X Q.

Ynpasknenus

1) T'oBopaT, 4To Tomodorua J B YHOPANOYOHHOH KOMMYTATHBHOIR
rpymae G coesacyemca €O CTPYKTYpod YHOPAXOYOHHOE TpYNOL, ecJay
OHA COINIACY®TCA CO CTPYKTYPOit rpynmel G M MHOMOCTBO G, BIAGMEHTOB
z > 0 samxnymo B Tomoxormn I,
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a) Ilyern, 9 — oTpeamMas TOTOJNOTHA, COTAACYIOMAACA CO CTPYKTY-
poli ymopsigogenHoil rpynns B G, n G — Homoanende rpymmu G (mo .7);

B rpynmne ( 3aMnkanne P MHo)kecTBa G, 0GJajaer TeM CBOMCTBOM, 9YTO
y — x € P ecthb OTHOmEHN® NIPEATIOPANKA, COTIACYIOmeecAa CO CTPYKTYpoil
rpyniel B G.

6) Hycrs O — MppanmonaiLHOC YHCHO; paccMoTpum B Q2 oriomie-
IHC HOPHAKA, s KOTOPOTO MIIOMRCCTBO MOAMKATCALHBIX 3JACMCHTOR
cocrour u3 (0, 0) u Tex map (z, y), AAA Rotopex y — Bz > 0. Orhe-
CHTENILHO 3TOI CTPYKTYPHI MopsaKa Q2 ecThL cOBepmCilio YHOPAKOIEnHA A
rpynna G, 1 NPOM3BeNEeHUe TOIOJOTMH PallMOHANBIION HpaAMoll HA celst
COTIACYCTCA ¢ 9TOH CIPYKTypoif ymopapgoweuuoir rpynmel. Opnako

na G = R? oTuomenne y — x € P = G, ue GymeT oTmolrenHeM IOPANKA.

B) B comepmenno yunopsirowennoit rpymme G TonoJiorus G g (G)
(ra. I, § 2, ympaskueuuc 5) ecth cmabefinas N3 ToMOMOrMil, coriacymn-
U[IIXCA CO CTPYKTYpoil yuopAgoweunoii rpynnut. [Pasausats gsa cayusas,
CMOTpSL TI0O TOMY, EMCETCA JIH B MIIOJKECTBC 3J€MONTOB x > () HAMMCHBIIHI
smeMedT Wi Het |. Bestkast Tomoszorns B G, cOTIACYIOMAsACA CO CTPYKTYpOit
rpynnel B G 1 Maskopupywomas J o (G), COrIacyeTcst ¢o CTpYKTypoil ymops-
KOMCeHHON TPYIIILL, M IIPH TAKOM TOMOJOTNN 0TOOpasKeiine z p=» x* HEIIpe-
PLIBIO; - TIOKA3ATH, OIAKO, 9T0 Z t=—s 2+ PaBHOMCPHO HETIPCPHBHO IIPH
tonozgorun J  (G), Ho He 065A3aTEILHO IPA IPYNNOBOiM Totlodorun J B G,
MazkopupywIeit 7, (G) [em. §)].

2) a) Mlycth G — KOMMYTATHBIAA PCillETOYHO YHOPANOYeHliad Tpyn-
na; masg xKaxporo x > 0 m3 G oboszuazum gepes [ (z) nurepsan [—=z, z]
B G (Tecop. mu., ra. III, § 1, n°® 15). Jlaa Toro 4TobH HCIYCTOE CeMeEii-
CTBO (cn) da€MCHTOB >0 M3 G 061agaso TCM CBOICTBOM, YTO MUTCPBAJLL
I (cy,) 06pa3ayor QyngaMeHTajIbHy0 CHCTEMY OKPCCTHOCTEH HYIs MIH
HeKoTOpoil TomojormH J B G, COTNACYIOUICHCA €O CTPYKTYpoit rpyn-
G, HeobXoguMo M JOCTaTouHO, YTOGH MHOMECTBO BCeX ¢, OBIIO QHIh-
TPYIOMMMCA M0 YORBAHMAI W [iA a060T0 & CymCCTBOBAJO Takoe P, 910
2¢4 < g Ecam 910 MMEET MECTO, TO OTOGPAIKONNE 2 e z+ TPYIIKE G B €65
paBiuoMepHo uempepmBuo. [Cm. Auar,, ra. VI, § 1, ympamueune 14.]
JLats1 Toro 9ro0H TonosToruA J OLlIa OTACANMOIL, HEO6XOMAMO 1 JOCTATOYIIO,
arobet 0 = inf ¢,; Torga J coryacyercsa co CTPYKTYpoil yIop#apouenuoi
Tpynnel B G.

6) Bo smoane pewnreTouHo YUOPANOYCHHOI Tpymme G = ZN, npoms-
BENCHMH CcueTHO-GecKonewHoro Habopa BK3EMIASPOB COBEPIIEHHO YIIO-
psiioueuHoi rpyunsl Z, HET HU OMHOH HEAMCKPeTHOH TOMOJOTUH, ompe-
JleaseMoit crmocoGoM, naMegeHRIM B a); OfHAKO NMPOM3BCACHUC HUCKPETHRIX
TOMOJOTHIE COMHOMHUTCIEH Z coriacyercd ¢O CTPYKTYypoil yuopamodcunoi
Tpynnsl B G N SIBJIAGTCA OTAEJIMMOI M HOANCKPETHOI TOMOJIOTHE.

B) B copepmernno ymnopspodennoit rpynme G emuiiCTBEHUOIl oTHE-
JIIMOIl TOMOJIOTHEl, ONMpefedsneMoil Mo cmocoby, HAMEYEHHOMY B a), CIy-
JIKAT TOMOJOTHA J o (G) (ra. I, § 2, ympaskueume 5),
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*3) Ilycrs G — KOMMYTATHBHAM PElIETOTHO YIOPAMOUCHIAA I'pyINa,
M -— moaypeuweTOYHNH CHM3Y MOHOHUI M3 sblcwuxr MHOMECTB B G (Aar.,
ra. VI, § 1, yupaskucnne 30); Bcsikag MajykopupyeMas (COOTB. MULODH-
pyemas) dacth B M oGnagacT Bepxseil (CooTB. HUKHeiH) rpaiinio, u (7 Kalo-
HHYECKH OTOMACCTBMMO C TIOgMHOMecTBoM u3 M. OGosnaunm ucpes

¢’ nambonpuiyio moprpymnmy B M (MHOMCCTBO BCEX CHMMETPU3YCUMBIX
9JE€MEHTOB H3 M).

a) PaccmorpuM B G TOIOJIOrNIO 7, ONIPENCIACMYIO IO CHOCO0Y yIpas-
Heuus 2a; nycrb V, - MIOMKECTBO Tex map (z, 2') 3 M X M, gus Koto-
PHX 2z — ¢y < 2 < 3-- ¢y, IIOKA3aTH, 9TO MHOECTBA V, obpasyior
QYyHZAMEHTANHHYI0 CUCTCMY OKPY/KEHMH HEKOTOPOUl PABHOMEPHOU CTPYK-
TYpPH % B M ¥ 4TO TouodOrHs 7', HopoMgaeMan %, uugynupyer B G Touo-
JOTHIO 7} ecu 7 OTAENMMA, TO % ecTb oTHeauMad PABHOMEPHAS CTPYK-
Typa [3aMeTmThL, WTO TOrfA 2JEMEHTH MHOMKecTsa M, paccMaTpUBaeMble
KaK TOOMHOM{CCTBA U3 G, BaMKHYTH]; KPOME TOI'0, ONpENCJICHHOE TaK
paBlioMepHoe npoctpainctso M Oymer Torga noaro. IlokasaTh, WTO OTO-
6paxkenne (z, z') > z + 2z’ mponapemenuss M X M B M paBlOMCPIIO
HenpepuBuo. Ilpejnonaras J oTmeanMoil, IokKasarb, 4To B M MHome-
CTBO BCeX MaKopaur (COOTB. MHHOPAHT) JI0GOro IOXMIOMKECTBA 3aM-
KHYTO B Tomojorwi .7 '. [[lokasaTL 9TO cHadada [AJA MHOMCCTBA
Ma)KOPAHT WM MUHOPAHT OHOTO 3ueéMeHTa B M, paccMaTpMBAsg ACMCHTLI
m3 M Kak mopmuoskectBa B G.] Orobpameune (z, z') m= inf (z, 2')

mpomsBegesras M X M B M paBuoMepuo  nvenpepbBuo.  [Tor
JKE MeToq. ]

6) Bynmem npefnosarars janee, aro J OTHAeNAMA; 3aMbikanye G MHO-
skectBa G B M Oymer rtorjga B TOMOJNOTMH, MHZYIIPYeMoii TONOZOrHeil
J', MONMHOI PpeUleTodNo yHopsAxpoucHHoM rpymmoit. I'pyuna G samknyra
B M [3aMeTuTh, 9TO €€ 3aMHKANHC 6CTL MOJIPYNHmAa Tpymmsl M], u Toro-
JOTWA, AHAYRHEpYeMas B G’ TOHOJdOTHElH 7', COTNACYETCHA CO CTPYKTYPOit

ynopagouenioil rpyuns B 6. Ous Toro arobut G == G, [0CTATOYI0, TTOGH
BCAKBI HENYCTOi OTKPHTHII muTopBal la, b B G' cogepkail neKoropLiit
aaCMEHT U3 G, 9TO BCETJa HMEeT MeCTO, eCa¥ ( COBCPIIEHI0 YHOPARO-
geno. B aroM mociepmnem ciywae TomoNorus, HEAyHApyemas B G TOIO-
gormeit 7', cosmagaer ¢ J, ().

B) Bospmem B KauccTee G ymopsgoucunyio rpymmy Qf — nponsse-
Aenye COBEPICHIO YHOPAZoueiol rpynnsl Q ma cebs; Torga G’ = M ==
== R2?, mageaenuomy mpoussemenseM nopankos. Ilokasarn, 170 B G MMeCT-
CH TOABKO TPH Pa3iaUYHLO HCHMUCKPETHHE OTHEANMEIE TOLOJOTUM, Onpe-
HedseMBle IO cIoco0y yIpasKHOHMA 28, a MMENHO IOJYy9aCMEC, €CJn
NPUHATH 38 MHOKCCTBO BCEX ¢, COOTBETCTBEHHO MHOMECTBO Tex uap (x, ¥),
B KOTOpHX z > 0, y > 0, au6o muokecTso map (z, 0), B KOTOpHIX z > 0,
anb6o muowkecrso map (0, y), B wKotopmx y > 0. Illpm mepmoii 13
9THX TONOJNOTHiA umeeM G = (', XOTA B 3TOM CJIYHae UMCIOTCH HEIYCTHO
OTKPHITHE MHTEPBAJH B G', e cogepsKalie¢ Nu OflloTO 3JCMEHTA

#3 G; TpPU OCTANLHHX [BYX TOIOJOTHAX _Gz/-G’. TIpu ®wamaoir u3
0 . Bypbaiu
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BTHX TPEX TOMOJOTHH MHOMKECTBO BCeX omementoB z >0 B G — Re
OTKPHITO®.

r) Boanmem B Kagectse G rpymny Q2, najenemmymo JeKcuxorpadu-
uecknM mopsapkom (Teop. mu., ra. III, § 2, n® 6), npeppamalmim ee B
Ilea pXEMOOBY COBEPIICHHO yIopsARoucuuyo rpynmy. Torna G=G' == M; M
COBOPINICHHO YHOPAXOYEHHO, HO B HEM TONOJNOTAA J ' OTIAMIHA OT TONOJNO-
rnE 7o (M); G’ maoMopduo rpymme R X Q, HagedenHo# rekcurorpadue-
cKHM mopsinkoM; B G' moprpymma H = R X {0} oTKpHTa M H301HpOBal-
Ha, HO B Qarroprpymme G'/H QakTopTomONOrAs OTIHYHA oT J o (G'/11).

*4) a) Ilyers E — cOBOPUIGHHO YMOPsf0YeHI0e MHO;ecTBo. Ompe-
meanM B Z-mMomyne F (GopMaJAbHEIX JHHEHIEIX KOMOMHATME BICMCHTOB
n3 E ¢ Kodppunuentamu u3 Z CTPYKTYpPY COBEPMIEHHO YIOPAAONCIHOI
TPYINL, NPHHAB 32 MHOKECTBO F, BceX 2JI€MEHTOB > 0 MHOMKECTBO, COC-

toamee u3 0 H TeX JHHEHHKX KoMOuHAI(Mil Z n(E) ¢ %0, y Kortopmx
EEK

n () > 0 pas mamboabmero siementa § € E Takoro, uro n (§) == 0.

IMokasarp, 9T0 K OTOMIECTBAMO C KO(PHUHAJNLHOI 9aCTBIO F .

6) IlpepmososknM, 910 E BIO;THC YyIOPAXOYEHHO, U PACCMOTPUM TPYII-
ny G orpanngensmx orobpaskennit E B F; onpemennm B G CTPYKTYPY
COBEpIIEHHO YNOPANOYOHHON TPYNOHE, NPHHAB 3a MHOMKeCTBO G, BCex
axementoB >0 MHOMKECTBO, cocToamee M3 0 m TeX OTrpamAYeHHEIX 0TO-
Gpamennit z muokectsa E B F, upH KoTopux z (§) > 0 pgas HamMCHb-
mero § € E Taworo, uro z(§) £ 0 (aexcmrorpadmueckuit mOpALOK).
IMokasaTs, gyro Tpymma G B TONOJOTHH 7 o (G) TIOMHA; €CJIi, KpPOMO
toro, E HecueTHo, a BCAKAIT 0TPe3ok [«, &) (§ € E) ne 6once wem cweren,
TO mepecegenue JI060ro CYETHOrO CeMeliCTBa OTKPHTHX MHOMECTB B G OT-
KPHTO M BCAKOE KOMIIAKTHO® MHOKecTBO Komeywo. [Cm. ra. I, § 9,
yrpakuenne 4, ]

B) Bynem mpepnonaraTs pauee, 9To E BIojHe YOOPSJOYEHIIO M HOCYET-
0, HO BCAKAIl 0TPeaok |+, §] ne Gosee uem cueren. IIycrs ¢ pas Ramgoro
§ € E osmawaer mocrosmnoe oTobpamenne E B E, paproe §; cg oGpasyior
KoQUHAJBNO® MHOMKECTBO B G,. IlyeTs Ey — MHOKECTBO, HOAYIACMOC IIPH-
coegunenneM Kk E ajementa ©; paccMoTpuM B MHOiKecTBe H = G X E,
TOMOJOTHIO 7, MOPOKAAEMYIO CllelYIOLAMI MIIo;kecTeamm: 1° Vav,e =
= Ja, Bl X {(§} mag a<<b B G m L EE; 2° W, ¢, onpemencn-
HOME 38 o << b B Gurarax § € E, uro cx > sup (|al, | b)), caeaymo-
mnm ofpazom: Wp p,¢ COCTOHT M3 BCEBOBMOMHMWX (z, @) ¢ a << z <C b
urex (z, [), B korophx [ € E, { > § manbo a << z < b, mubo 4cp + a <
< & << 4cc -+ b. Iloxasarbh, 9TO TOWmOJOrWMH .7 OTHEJAMa H BCAKOC
KOMIIAKTHOC IIp: 7 MiIOKecTBO B M Komewymo. Kpome Toro, G gelictsyer
nenpepuisao B H 1mo 3akony (r, (y,()) e (x -+ y, {); opumaro G ne
meitctByer B [l coBepuemno, xors yejdosusa a), 6), B), r) mnpemosic-
unst 4 § 4 rmasel IIl BHmomHCHM B AJdA 110GOH TMapH KOMHIAKTHLIX
suoecTB K, . B H wmuomectso P (K, L) (ra. III, § 4, teopema 1)
KOMIIaKTHO,
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§ 2. OcHoBHBIE TONOJNOTHYECKHE CBOHcTBA WMCAOBON mpAMOiL

1. Axcuona Aprxumneda

Tomonoruueckue cBoiicTBA TUCTOBON NMPAMOH, KOTOPHIE MBI M3JIO0-
UM B 3TOM maparpade, BHTERAIT W3 CJeYIOMEN TEOpeMh:

TeoreMA 1. Kakosw 0w Hu Gwau eeujecmsennwvie uucaa x > 0
u y >0, cyypecmsyem yeaoe n >0 makoe, uwmo y << nx.
B camom nmeme, tak kax orkpsiteie mHrepBass |0, z[ u ly, —|

r
He TIYCTH, TO CYIECTBYIOT PaNMOHAILHBE YHCAA —Z— M — Takue,

r
4T0 O<§—<x ny<-— (§ 1, npesnoskeHue 4); UuMCIO 1 [OCTATOYHO

R3ATL TAK, 4TOOH nps > gr.

Bameuanne, B § 2 rjpasm V Oymer nano aKCHOMATHYECKO®O
TOCTPOEHM® TEOPHM BEMECTBEHHHIX YHCEJ, B KOTOPOM BLINIEIIPUBENCHHOE
yTBep;KINEHNe (UIYPHUPYeT B KadecTBe aKCHOMH; moppobuee o6 »Toi
akcuome cM. HMeropuuecknii owepk K raase IV.

2. Koxnaxmmnusie muoxwecnisa ¢ R

TeorrMa 2 (Bopear — JleGer). /las komnaxmuocmu Muoscecmsa
Ha qucaosoll npamoii R Heobxodumo u docmamoino, ¥mo6s o0Ho 6bia0
BAMEHYMO U 0ZPAHUMEHHO.

1) Yeanosne wneobrodumo. Ilyers A — KOMIIAKTHOE MHOMKECTBO
B R u ¢ — BemecrtBennoe unciao >>0. MuoskecrBo A samruyro (ri. I,
§ 9, npeamoskenue 4), u B R cymecTByer KOHEYHOE UUCIO TOYEK Xy
(1 < i < n) rakux, uro A cojep:urcs B 00be/UHEHNN OKPecTHOCTEH
|z —a, 2; + a] (ra. I, § 9, n° 3). Ilycrp b — manGosbliiee U3 Tucesn
| z;l; Torma A < |[— b —a, b a].

2) Ycnosue docmamourno. Urobul B dTOM yGeaurhes, JOCTATOYHO
nokasaTb, 4To BCAKUI mHTEpBAl |—a, @] (a > 0) komnaxmen;
HOCKOJHKY OH CCTh 3AMKHYTOC MHOJKECTBO B IIOJIHOM PaBHOMEPHOM
IpocTpaHCTBe, ;OCTATOUHO TOKa3aTh, uro mpum aobom b >0 ero
MOKHO HOKDHITh KOHEUHBM UHMCJI0M MHTEPBa10B BWja [r — b, z - b)
(ra. 11, § 4, caeaerBue teopenut 3). Ilyers n — nemoe > 0 taxoe, 4ro
a<nb, ecam z €[—a, a] 1 m — HauGosbwee (MOTOIKUTEIbHOE
WIH oTpumarenbHoe) wermoe tawxoe, 4ro mb Lz, 10 —n LmLn

) 10*
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u mbLx<<(m-4 1)b; rakmm o6pasoM, 2n + 1 uHTEpBaJIOB
[k — 1) (k 4+ 1)d] (— n < k < n) obpasyoT nokpurme Tpebye-
MOro THIA.

Caencreue 1. Jlaa mozo umobv mHodcecmeo na wucaogoli npamoii
R 6uo ommocumesvho Komnaxmuwim, Heobrodumo u docmamouwo,
ymobs. OHO OBLIO 02PATLUYEHTLO.

Caencrue 2. Yucnosas npamas ecmv HeKOMNAKMHOE JOKAALHO
KOMNaKmHoe npocmparcmeo.

3damceuanue Teopemy 2 gacTo HaswmBalOT «Teopemoii [eitme —
Bopeasy»; cm. MeTopnueckue ogepkn k raasam II # IV,

3. Bepxunaa zpanv mnoxecmea ¢ R

Hanomunm (Teop. mu., CBoaxa peayasbr., § 6, n° 7), uro sepauas
(cOOTB. HudMNAR) 2panb TOIMHOMKecTBA A yHOPAIOUEHHOrO MHOMe-
crBa E (eciu OHA CYIIECTBYET) — BTO HAUMEHLULAR MAACOPAHMA
(coorB. Hauboavwas MmuHoparma) MuOMecTBa A.

TreoreMA 3. Beakoe nenycmoe oepanutenioe ceepxy (COOTB. CHUSY)
MILOAHCECMBO HA HUCA080L, NPAMOL UMeem @epIHI0 (COOTB. HUMNCHIONW)
2pams.

B camom pexne, mycrs A — HEOyCTOE OTPAHUYEHHOE CBEPXY MHO-
mectBo U3 R m b — ero wamoparra, Tar 4910 A < |, b]. Hdan
Rakgoro z € A paccMoTpUM MHOMecTBO A, BCeX €ro MajKOpaHT,
npuHamae;kamux A; MuoxectBa A, obpasyior 6asuc guabmpa B
BR,u60 4, — A,, ecan y > z. Ilycrs @ — TouKa U3 A; gA BCAKOTO
z > a, IpuHajgiexamero A, MHOKecTBO A, COUEP/RUTCA B KoMnakm-
rnom uutepBase [a, b], u moromy Oasuc ¢uabrpa B MMeeT TOUKY
npurocHoBerus ¢. Tak Kak uHTEpBAIH [, —[ BaMKHYTH, TO ¢ mpn-
HAJIESKNT HX IIePeceueHHd; W SABJAETCA, TAKHM o0pasoM, Maxco-
parmoti mns A; ¢ APYroil CTOPOHEI, BCAKAA APYras MaKOPAaHTA 2
mHOMecTBa A Oymer >c¢, u00 B IPOTMBHOM CJIyuae OKPECTHOCTD
}2, —{ Toukrnm ¢ He comepsxaia OB HM OJHOH TOUKM M3 A; DTO N HOKa-
BHBAET, UTO ¢ €CThb 6epITHAA 2PaHbL MHOMKecTBa A,

Tar ke MOKHO PACCYKIATh U B CJIyYae HEIIyCTOTO OTPAHWYEHHOTO
CHHBY MHOKecTBA B; BIpoueM, B 3TOM CJy4de MOKHO IIPOCTO 3aMe-
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THTD, 1T0 —B He MycTo U OrpaHMYeHIO CBEPXY U UTO €C.Iy ¢ — BepX-
HAA Tpadb maa —B, o —c¢ Gymer HumkHeit rpambio mias B.

Bepxusas rpadb ¢ MHOmecTBa A Mosker GHTh 0XapaKTepPU3OBAHA
CIAEYIOIUMN ABYMS CBOCTBAMMU:

1° xaroBo 6bi HM Obuto 2 € A, 2 L ¢

2° kakoBo OW HHM ObI0 a <C ¢, cymecTtByer z € A Takoe, 9TO
a<<zLec.

Bepxussi rpaHb 3amknymozo MHOMeCTBA (OrPAHHYEHHOTO CBEPXY
N HeIyCcTOro) IPHHATE;KNT STOMY MHOJKECTBY M SIBJISETCS Or0 HAU-
GoALULUM INeMeHMOM; BEPXHAS I'PAHb JI060r0 HEIyCTOro OrpaHWYeH-
HOro MHOMKecTBa m3 R Mosker ObiTh, TakuM o6pasoM, ompejeseHa
RAR Hauboavliee geujecmeennoe HUCAO, ABALIOUEECs MOUKOL . nPUKOCHO-
genus dan A.

4. Xapaxmepusayus unmepea.noes

Irepaomenue 1. Jas mozo umobu nenycmoe muoxceemso A < R
6vii0 unmepeasom, Heobxodumo w Oocmamouno, wmobu Oas aONZ
mouek a u b us A makux, umo a << b, samknymuii unmepeas [a, b}
codepacaacs 8 A.

Ycaosne, ouepupHo, HeoOXxoammo. OOparHO, TPEANOTOMKHM, UYTO
OHO BEIOAHeHo, Ecam A He orpadnyesHo HH CBEPXY, HM CHU3Y,
to oHO coBmagaer ¢ R, mbo rorga gas aoboro x € R cymecTByior
TOUKH a, b B A Takue, uro a << x << b, Ilycrs A orpannvedso ceepxy,
HO He CHM3Y, M HYCTh K — ero BepPXHAA IpaHb, KAKOBO GBI HH OBUIO
z <<k, B A Gyayr CymecTBOBATb TOYKH a M b TaKWe, UTO 4 < I <<
< b Lk, orryna x € 4; rakud oGpazom, A MoKeT OBITH TOIBKO OJHUM
s wuuTepBasioB |<«, k], |« k[. Tar ke paccy:xnaeM m B ocranb-
HHIX CJOyYasX.

5. Cananvte mnomcecmea 6 R

TeoPEMA 4. Jlas mozo umobur muosxcecmeo A — R 6uao csaanvm,
Heobxodumo u docmamouHo, umobvl 0HO Obli0 UHMEDEALOM.

1) Ycnosne weobrodumo. llpegmoromum, wro A cBsA3HO; ecam
OHO CBOjIUTCA K OJHOI TouKe, TO 8T0 mHTEepBak. Ecau mer, To mycrs
a u b — toukn us A rtakme, 410 ¢ << b; coraacHo Ipegroxkennio 1
JOCTATOYHO IMOKA3arh, YTO BCAKAA TOUYKA X TAKAA, 9T0 4 < ¥ << b,
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3

upunagaesxur A. Ho ecan 2 ¢ 4, o 4 = C {z}, u rax xax C {z}
ecTb O0BEIUHCHYUE HCTIEPEeCeKAKINMXCSH OTKPHTHIX MHOMKECTB |« ]
n |z, - [, Raxj0e U8 KOTOPHIX mepeccraercs ¢ A, To, cjejoBa-
TeabHO, A He MoeT OHTh CBA3ZHEIM, B NPOTHBOPEYME ¢ IIPeIIo-
JIOKEHIeM., '

2) Veaosue docmamouno. lloKaskeM cHauada, UTO BCAKRRMI Kom-
nakmubii wnTepBan [a, b} cmsizen. Iycry V4 mas kasgoro neaoro

3
n>>0 ecrp OKpysxeHme, ofpasoBanHoe UApaMH (z, y) TAKEMU, UTO
1

[:c—y]<—n—, cor;jjacHo mpepsoykeHnmo 6 § 4 rmaem I gocraroumno

y0equrbcas B ToM, uTO moOHe JiBe TOUKU z, y u3d [a, U] Takume, uro

z <y, cocguHMME mocpejcTBoM V4 -memu. Ilycts p— mauGoanince
n

1eaoe  TaKoe, UTO %< z, 1 ¢—mnauboibiiee LEIOE TAKOE, UTO

—%<y (cymectBytompe 110 TeopeMe 1); odesupno, p<<q. Ecau g=p,

TO y—x<%, K TOUKH Z, § ywe ofpasylor V_L—uem,. Ecan ¢ > p,
n
p+i (i
n

1
TO HOJOMNAM Z; = i=1, 2, ..., ¢g—p); 7rorga T — T

?
1 1 S
Y= Zq-p < M Ty —Zy=--, TAK TT0 TOUKH T, Tyy Tgy o+ oy Tgops Y
oGpasywor V | -menb, COEIUHAOMYIO T U ¥,
n
IIycrs teneps [ — mpomsBouabubil HHTEPBAJd, HE CBOXAMICH
K OZHO# TOYRE, W a, b — xao0ble aBe TouKkn u3 / Takue, 410 @ << b;
unrepsai [a, b] copepxurcs B ] 1 cBsi3eH, cileioBaTeabHo, u ] cBf3ew,

CaexcrBue 1. Yucnosas npamas ecmbv c6s3no0e AO0KAALHO C6H3HOe
npocmpancmso.

CaryierBur 2. Eduncmeennbimu COs3HbMU KOMRAEMHBMUIL MHONCE-
cmeanu ¢ R seasiomes oepanudernmvie 3amMEHymble UHMEPEAALL,

B cuay teopemn 4 MuoykectBo u3 R, He comcpskamee Il Ofioro
HAHTCPBAJA, HO CBOAAMErocA K TOYKE, 6noaHe receAsro, B 4aCTIIOCTH, 3TO
OTHOCHTCA K MHOMKECTBY () panmoHANBUBIX YHCeN, IMOCKOIBKY MHOMe-
crBo CQ uppaunonajJLHEX YHCEJA BCIORY ILIOTHO.

lirennomeune 2. Beskoe nenycmoe omkpwmoe Muoxcecmeo 6 R
ecmv  00wedunenue He 6Goaee wem cuemi020 cemelicmsa NONAPHO He
nepeceKaruyuIcs omKEpHMbT UHMEPBAL08.
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Ilycts A — Hemycroe oTKpHTOE MHOMecTBO B R; rtak kax R
JOKATBHO CBA3HO, TO BCAKAA CEA3HASA KOMNOHenma MHoxecTBa A
eCTL CBA3HOE OTKpHTOe MHOMecTBo (ra. I, § 11, mpemmomenune 11),
T. €. COTVIACHO TcopeMe 4 omkpumuli urmepsas. Huraraa mapa
OTUX MHTEpPBAJOB He MMeceT HU OAHON ofmeil ToukM; ¢ Apyroii cro-
POHBI, Ka/KIHH U3 HUX COZEPHKUT PALMOHAJBHOC YMCIO, TAK 4TO
MHO/RECTBO JTHX HUHTEPBAJOB MMEET MOIIHOCTb, He IPEBLIIAIILYIO
MomHocTH Q, T. €. He Goaee uem cuemmo.

Taxum ob6pas3oM, BCSAKO® aamknymoe MHOMCCTBO B R ecTh momosne-
HHMe o0BhCaMHEHMS (KOHEWHOU MM GCCKOHETHOH) IOCIA8m0BaTeIbHOCTH
(7/,) TOWMAPHO HC NCPCCEKAIOMMXCS OTKPBITHIX MHICPBAJIOB; 9TH HHTEp-
BaJbl HAa3HBAKITCA cHMeX/nuMU K PAacCMAaTpUBACMOMY 3aMKIYTOMY MIO-
sxecTBy. O6paTuo, Ccam flaHa TaKas MOCAEJOBATENHLHOCTL HMITEPBAJION,
TO JONOJHEHUO uX 0GBeMHEHUs CCTh 3aMKHYTOE MHOKEeCTBO, A KOTO-
pOro OHH CIYMaT CMEKHEMY KHTepBaJaMH.

MIprMep. OmpegenruM WO HHAYKUHMH CYOTHO® cemeiicTso ([, p)
MONAPHO HellepecoKAIMUXCA OTKPHTHX WHTOPBAJOB caepyloimuM obpasom.

ITycTe 1ex0e wnc/ao n NpMEMMAaeT BCe 3HawYeHus > 0 ¥ 1A Kak(0-
ro n yMCJO p UpuHHMMaeT 3Hauenms 1, 2, 3, ..., 2", Bce unrepsaun I,
cojepkaress B A -==[0, 1), opuuem ,10,1=J—;— , %[ («CpegHsIs TPCTLY
untepsana 10, 1{). llpexnoroskmm pa:ree, uro 2M+!—1 wuuTepsaion
Iy, p (0 <n < m) yxe ompejiesieHHl, npuueM, ecan J,, —ux odseguHenue,
muoxecTBo A (| CJ,, dAsisercs obwejuHenueM 2™+! nomapHo Hemepece-
KalOWUXCA 3aMKHYTHX HOTEPBANOB Ky, p (1 p 2™,  Raswl

1
13 KOTOPHIX UMOeT MWTIHHY 3ot . Mycts Kmn,p=Il[a, b]; B KauecTne

b— b—
Ip:y,p OepeM OTKPHITHIL MHTePBAI ]a—|— 3a , b— e

3 [ («cpe;uioro

Tperb» HWHTEpPBama Ja, b[). Hemocpemctsenmasa mpoBepka NOKa3LIBaeT,
YTO MHAYKIMA HEOTPAHHYGHHO Tpojoiskaema (puc, 1).

. jz,t / 1 /. 2,2 /, o . 23 Y/ 2 / 24
WTWWWW%W%W
NenTs L A
\\\'i f{:,z, / N o ﬁﬁ,”

Koy s
Puc. 1.

Ilyers K’ — momommenue obwmegmueHMA Beex [, .5 3aMKHyTOe
MHOKOCTBO K = A [| K' Ha3HWBAaOTCHA KaHMOPOSWM  MHONCECREOM!
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O4YeBUAHO, OHO Komnakmho (TeopeMa 2); KPOME TOTO, OHO 6ROAHE HECESABHO.
B camom pgexte, ecan 6x1 0HO cogepkaao uatepsan I gauusl >0, To ] Heo6-
XOMIMO cofiep;Kkaica GH B OTHOM M3 MHTePBANOB K, , M aadua [ Guia

on < opn niofoM m, 9TO HEBO3MOKHO.

3t

6. lomeomopPuamst unmepsaia Ha& UM EPEAR

TeopEMA 5. Jas mozo wmoby omobpascenue f unmepsasa I — R
8 R 6bva0 zomeomopdusmom I na f(I), neobrodumo u docmamouro,
ymobtr f 6v10 cmpozo MoHOMOHKO U HenpepuisHo wa I; f(I) asasemes
mozda unmepsasom 8 R.

1) Yeaosue neobrodumo. B camom mene, mycTts a u b — JBe TOYKU
u3 I rarue, ut0o a < b; m nmycrs, Hampumep, f(a) << f (b). Tokamenm,
yro f cTtporo Bospacraer Ha [J. Ilpesxae Bcero, ecam a << ¢ <T b,
to- Heobxogumo f(a) << f(c) << f(b); B camoMm gene, ecaum GbI, HAIpH-
Mep, 6wis10 f{a) << f(b) << f(c), To Tak Kak oOpas murepBana [a, c]
upu otobpaxkennu f, 6yaydau cBA3HBEIM MHOecTBOM (ra. I, § 11, mpex-
doeune 4), comepsxut uHrepsaa [f(a), f(c)], cymectBoBaO 6HI
z € [a, ¢] takoe, uTto f(x) = f(b), B mpoTHBOpEYHEe ¢ IpPeIMO.IOe-
HUeM, 9TO [ MHBEKTUBHO,

W3 ckasaHHOTO BHTEKAET, 4TO €CIU x U §j — IBe TOYKU u3 I TaKue,
aro z << Y, 10 f(z) << f{y); B caMom [exe, mpm a << x << b uveeM
@) <f@) < f(b), mpm b<z mmeex f(a) </(b) <f(z) m mpu
x << a umeeM f(x)<<f(a)<<f(b); TOBTOPAA pacCyKueHHe A
a, x 1 y BMecTO a, b u z, BuguM, uro f(z) << [ ().

2) VYecaosue docmamouno. llpepmomoskum, urto f HempepsBHO
M CTPOTO MOHOTOHHO (HAIpuMep, cTporo Boapacraer) Ha I; f (/)
CBA3HO M IIOTOMY fABJIAETCA MHTEPBANOM, a TaK KaK [ cTporo Bo3-
pactaer, To OHo oTo0paskaer GmektuBmo [ Ha f(/). Hpome roro,
o0pa3 OTKPHITOrO MHTEPBaNa u3 I mpH oTodpaskeHUN f eCTh OTKPHITHLIL
unrepsay ¢ f (I). Cnegosatensno (§ 1, mpeamoskenne 5), f ecTb romeo-
mopduam I ua f(I).

3amMeouanue, IlepBas 9acTh OPOBEIEHHOTO JOKAB3ATENBCTBA yCTa-
HABJMBACT B /IHCTBUTOIBHOCTH, YTO LHBEKMUSHOE Henpephsnoe 0TOGpa-
sxenue I B R cmpozo mornomonno, a BTOPAs IaCTh IIOKASHIBAOT, ITO 4cAKoe
HenpepusHoe uHBermusnoe omobpaxcenue f unmepeasa I ¢ R ecmov zomeo-
smopfusm I na f(I).
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1) Touka a € R Ha3HBAeTCA /€608 MOYKOI NPUKOCHOSEHUA MHO-
kecTBa A < R, eciu oHa ABAACTCA €ro TOYKOI NPUKOCHOBEUMA W
cymecTsyer wuATepBan la, b] (a << b), 16 comepKamUit HHE OHOIL
Touku u3 A. IIoKasaTb, UTO MHOIKECTBO BCEX JEBRX TOUCK IPHKOCHO-
BeHNHA BCAKOrO MHojkecrBa M8 R cwerHo. [VcranmoBmTh B3amMHO OfiHO-
3HAYHO® COOTBETCTBME MEKAY 9TUM MHOMKECTBOM M HOKOTOPHIM MHO-
HECTBOM TIOTIAPHO rerePecCKalomuXcs OTKPHTHX HHTepBanon.] Brusectn
OTCIOfia, 9TO BCSIKOE BIIOJHO YHOOPSAOYSHHO® MUIOMKECTBO B R cueTHo.

*2) CueTHOoe BCIOAY MIOTHOE MHOMKECTBO A (— R He MoeT OHITI
samenyteiM. [ITyctn  (a,) — nocjemoBaTebHOCTH mepelyMepOBaHHBIX
ONpCACHOHHEM 06Da3oM TOUOK MHOMKECTBA A; ONPEeNNTH mOCIefoBa-
TeNLHOCTD MHTEpBAJNOB [b,, c,] Tak, ITOOH HpH AOGOM n BHIOIHAIHACH
HepaBeNCTBA b, 4 << b, << ¢, << ¢,y U HHTOPBAXA [b,, c,] ne comepxan
HM OJHOIl TOUKHM ap ¢ 1oMepoM k < n; B 3aKIIOY6HNE BOCIOJb3OBATHCH
reopemoii 2.] BrBectH orcioma, ato R HecwerHo. [Cm. § 8, n° 6.]

3) Hycrb (I,) — GeckonewyHas NOCIAEJOBATONIHHOCTD HEITYCTHX OTKPHI-
THX UUTOPBaNoB B R Takux, wro I, N I, = & nas m == n. [loxasaTs,
9T0 M[OUONHCHHEe OGBCgMHEeHuA BcoX [, eCTh COBEDHICHHO® MHOKECTBO
(rm. I, § 1, n° 6); B wacTHOCTH, KAHTOPOBO MHOKECTBO COBOPIIEHHO.

4) CyMma JJIMH CMCIKHWIX MHTEPBAJIOB KAHTOPOEA MHOMKECTBA paB-
Ha 1. Onpepmeaurtk TAKUM ke CHOCcOGOM BIIOJNHE HECBA3HOE COBEPIIOHHOE
MmuoxectBo 4 < [0, 1], cyMMa AJIMH CMOKHEIX HHTePBaJIOB KOTOPOLO
6elnma 66 paBHa Ja106oMy Hamepeq 3aJanHOMY YHCIY m, YAOBJETBOPAIO-
meMy HepaseuctBaM (0 << m < 1.

*5) IIpeaNoaoKuM, uTO KaKaoH Touke z € R cooTBeTCTBYOT OTKpH-
trit uuTepsaa / (z) ¢ ueHTpoM z ¥ gauHOU < I, rge ! — s3aflaHIoe JHUCIO
> (0. IlokaaaTs, 4TO BCAKWiT KOMIOAKTHHI UHTEPBad [a, b] MoyeT OHITH
MOKPHT KOHeuNbiM wuucIoM uHTepBasoB [ (r;), cyMMa [JIMH KOTOPHIX
LI+ 2 (b — a). [doxasarb, 9TO ecau YTBEP)KACHUE CHIPaBegIHUBO AJIA
BCAKOro MATepBana [a, z] Takoro, 4r0 a < z < ¢, TO CYmeCTBYeT d > ¢
TAKOe, UTO yTBep;KAcHME (ymeT BEPHHM H JJA BCAKOro MHTepBa’a [a, yl
Takoro, uro a << y << d.] Ioxrasarb, yto nupu ! = (b — a)/n, TA® N —
uemoe > 1, pesyanraT He MOKeT OHITL YIywileil.

*6) a) Ilycth E — memycroe COBePHIEHHO YHOPAMOYEHHOe HPOCTPAaH-
CTBO, HafIeJIeHHOE Toloxorueit 7o (E) (ra. I, § 2, yupameenune 5). [aa
toro urobn E Ona0 KOMHAKTREIM, HE0OXOOMMO M AOCTATOYHO, JTOGH
BCAKO® ero IHOJAMHOKeCTBO HMMOJI0 BePXHIOI0 IpaHb, T. e, gyroGe E Ommo
noanum (Teop. mu., ra. III, § 1, yupamuenne 11). [[dnsa ycTaHOBJIEHHS
HCOBXOMMMOCTH YCAOBHA PacCygaTh, KaK IPH J0Ka3aTeJIbCTE® TEOPEMEI
3; utob6H yGemAThCH B €ro [OCTATOYHOCTH, PACCMOTPeTH QUIABTD §
B E u, ofosnayus wepes A MHOMKECTBO HIDKHMX TIDaHed BCEBO3MOKHBIX
MUOKOCTB M3 ¥, FMOKA3aTh, YT0 BOPXHAA TPAHb MHOKeCTBA A €CTH TOYKA
NPUKOCHOBCHEA AnA F.]
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6) Jlatp mpumep moaHoit pemeTrku E, Koropasa mue 6bina Gbl KoM-
NaKTHO@ B Tomosmormu J, (E).

*7) Ilycte E — HEOycTOe COBEPLIEHHO YIOPHAOUEHHOE MHOZKCCTBO,
HajeJeHHOC ToNOJOrHer T ¢ (K).

a) TlokasaTs, uTO ccaM E CBH3HO, TO OHO obnamaeT clemyloILuMI
ABYMS CBOHCTBAMMU:

o) Bcrakoe HemycTroe OTPaHMYEH10® CBCPXY HOIMHOKCCTBO MHOMKC-
ctBa E pmeer Bepxuiowo rpans. [IIycts A — HemycToe MHOKECTBO, Orpa-
HUYEHIIO8 CBEpXY, B — MIIOMECTBO BCEX €T0 MaKOpaunT B C — MHOKeCTBO
BCeX MMHOPaHT MHOKecTBa B; noKasath, uto B |J C=FE uyuro B u C 3a™-
KHYTHI. |

B) Muosxecrso E ne umeem dup, 1. ¢. (Teop. mu., ra. III, § 1, yupask-
neune 18) Bcaruit oTKpHTHE urTepBad la, b] (¢ << b) B E ue nycr. {Pac-
cy’KaTh, Kax B Teopeme 4.]

6) O6partno, ecan E obmamaer cmoifictsamu o) u f), To OHO CBA3IO.
[[lokasaTe cHagama, 9TO BCAKMIl 3aMKIUYTHi HuTepBaX [a, b] cBasen:
npegrosiaras, 9T0 CymecTsyeT pa3bucHue 9TOro MiTepBaja Ha ABa HeEIyc-
THX 3aMKHYTHX MuO:KeCTBA A, B, nupuueM a € A, paccMOTpeTh HHIKIIOW
rpaHhr MHOKeCTBa B W mpuiiTy K IPOTHBOPETMIO. | )

B) Ilorasarp, uTo ecau E CBA3HO, TO OHO JOKAJbLHO KOMIAKTHO
U JIOKaJbHO CBA3HO, H YTO EJMHCTBCHHBMH CBf3HILIMA MHOKECTBAMYU
B E aBnaiorca uHTepBajbl (OIPaHMYENIKIE MJU UET).

8) Ilycte £ u F — cOBepUIENIHO YHOOPAAOYEHHK® MHOIKECTBa, Haje-
JIEHHHO TONoJOTHAMU Ty (E) M T ¢ (F).

a) IIpegmonokuM, w10 E cBsisHo. IlycTh f — uempepmnBHOe oTolpa-
menue E B F. Ilorasarb, uyro gasa mobux z, y u3 E Takux, uro z << y,
BCAKO® z € F, OpUHAJIO/KAmMEd 3aMKHYTOMY HHTEpBaJy ¢ KOHmamm f(z)
n f(y), npunagnemur f(E). [HUcuombsosath ympakuenue 7.] Brusectu
0TCI0fa, YTO AJA TOro, yTobnl f 6RI0 roMeoMopduamom E ua f (E), neobxo-
AUMO M MOCTATOYHO, UTOOH f OBIIO HEHIpPepPHBHO M CTPOTO MONOTONIO.

6) laTe OpuMep ke CTPOTO MOHOTOHHOTO T0MEOMOpPH3Ma parHo-
HaJbHolt upamoii Q Ha cebs.

*Q) a) IIycts £ — cYeTHOE COBEpIIEINII0 ymOPAJOYOHHOE MHOZKECTBO
6e3 puip (yopakuenue 7). ITokasaTth, UTO CYmECTBYCT CTPOTO BO3PACTAIO-
mee 6uekTBHOE oTOGpaKeHHe ¢ MHOMECTBA £ HAa ONMH M3 YeTHIPeX HNTep-
BasoB B Q ¢ xouuamu 0 u 1. [PacnonosxuTs 3neMenTn MHOKecTBa £ u Hafg-
JIO}KAMEro 3 YKasaHHHX HHTOPBaJoB 8 ( B mOCIeOBATEIBHOCTH (ay),
(b,) m ompemenuts ¢ uo wWHAYKNMH.] Ecau uageaurs E rtonoldoruei
Ty (E), T0 ¢ OGymer romeoMopdusmom E Ha ¢ (E).

6) Briectm uM3 a), YTO BCAKOE CUETHOO MOAMHOKECTBO OTKPLITOTO
untepsaia |a, b 8 R, mioruoe B 3TOM MHTOpBaye, roMeoMopduo Q.

B) BuBecTH u3 a), 4TO ANA JI060T0 CUCTHOIO YHOPAMOUEHHOTO MHO-
skecTBa E, HageseHnoro TomoJiorueii J 4 (£), CYIECTBYeT CTpPOro BO3-
pacralomyit romeomopdusM E Ha HOKOTOPOe MIOANPOCTPAaHCTBO pallo-
uanpuoil npamoit Q. [Ilorpysurs E B cueTHO@ COBOPIIERHO YHOPALOYEH-
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noe mpocrpancrso E’ 6e3 gwp rtak, gTo6Ll Tomomorus .7, (E) ungyumpo-
Bajach Tomnogoruen I, (E').1]

10) IlorkasaTh, 9TO BCAKOC CYETHOE IOIMHOKECTBO KalTOpoBA MHO-
sreeTBa K, ICIOTHOE OTHOCHTENILNO A W 1le cofepsKallee 1M OFHOTO U3 KOH-
oB CMexHHX ¢ K wuurepsagos, roMcoMopdHo pauMoHa;bnoil mpA-
yoif Q. [HcnoanzoBarh ynpaskuenue 9. ]

*41) a) llycrs E — coBepmeintHo yHOPAJOUCHHOE MHOJKECTBO, Hafie-
aenmoe Tomodornei J o (E). Ilokasarh, aro ecin £ CBA3HO U COJEPHINT
CYE€THO® BCIOAY IUIOTHO® [OAMHOMECTBO A, TO CymecTBYeT (CTPOTO MOHO-
TOHHBIA B cuay ynpaskuenus 8) romeomMopdmsM E Ha OAMH K3 HHTCPBa-
108 B R ¢ Konpamu O u 1, orobpaskatomuit A i1a mepeccuennce Q ¢ sTmm
nnrepsagoM. [WcunoxssoBats ynpasxuesus 9 u 7).

6) BumBecTH M3 a), HTO eIt B — MHomecTso U3 R, umeiomee sciogy
NJIOTHOE [oloJHenue, TO cymecTsyer romeomopdusm R ua cebs, oro-
Opaskalomuit B ma mogMHOMecTBO MHoecTBa CQ uppanmonajbHEX
qicen. [PaccMoTpern cuetinoe Beiogy wioTioe MHOmeCTBO A < R, comep-
yrameeca 8 CB.]

B) B muomectse R X {0, 1}, COBCDIICHHO YNOPHA10YEHHOM J€KCHKO-
rpaduuecku, o6osmauum gepes R’ momomnenme k¥ Q X {1}. Ilokasars,
yro R’, magenennoce Tomoiorucit 7o (R’), TOKanbi0 KOMHAKTUO, BIHOJIO
HeCBABHO, COAEP/KUT CUeTIIoe IJIOTHOe MiokecTBO Q', romeomopdHoe
Q, HO MHAYUUPOBAHHAS TONOJOTHA B HEKOTOPOM HEIYCTOM OTKPHITOM
unTepBase U3 R’ He mMmeeT cucrioro 6asuca; B YACTHOCTH, TaKOil WHTep-
Bal He MoOykeT GRTL roMeoMopden unkakoit zacTu R.

*12) a) [lycts A — BHOANC yHOPAZOUENHOE MUOKECTBO, / — HMHTED-
Baa [0, 1] < R; mnokasate, uTo MuosxectBo E = A X I, cosepmeHno
YIOOPAMOYEHHOE JEeKCHKOrPaQUUYecKH M HafeJeHHoe TomoJormeir 7, (E),
cpA3H0 [ynpaxuenne 7]; takuM o6pa3oM, MMEIOTCA COBEPLIEIIIIO YHODPH-
AOYeHHRe MHOKecTBa E, CBABIEE B TOMOJOTHII .7 ¢ (£) ¥ nMenomue npona-
BOJBHYI0 MOmHOCTb [cM. § 4, ympaskuenme 76].

6) IIpumMem 3a A mecueriioe BHOJANE YHOOPAZOYEHHOE MHOKCCTBO,
BCAKHI 0TPE30K )«, t] Koroporo He 6Gosee yeM cueTeH; COOTBETCTBYIONIEO
TOIOJOrMYCCKOR NPOCTPAHCTBO E HasmBaeTcA TOTAA noaynpamoli Asex-
candposa. TloKasaTh, UTO AJA BCAKOTO uHTEpBana [a, b] ua E cymecrsyer
¢Tporo Boapacralomuii roMeomopdusM [¢, b] Ha unrtepsaxm [0, 1] < R.
[[okazars ¢ moMombi0 TPancPUHUTHON MHAYKUMM, HUTO CYIMECTBYET
crporo Bo3pacraiomuit romeomopduam A () [a, b] (rme A orompect-
BIEHO C MHOXecTBOM Touek (¢, 0) ma3 E) Ha HEKOTOpOe HOJIPOCTPALCTBO
B [0, 1]).]

*13) IIycts a — mppanuoHAILHOC YUCAO0 >>(; COMOCTAaBUM KaKIOMY
PanMoHaABPHOMY MECIYy z TO BemEeCTBeHHO® uHca0 f, (z) € [0, «], gnsa
KOTOPOTO z — f, (z) ecThb Lieloe KpaTHoe gucia a¢; IOKasaTh, 410 f, —
HeOpePHBHOC HHBeKTHMBRO® oToOpamcrue Q B [0, af. BmBectn orciona
¢ OOMOmBI0 yupaykHeHMA 9, yTO CYMECTBYIOT HerpepHBHHO GHCKTHBULIE
orobpasxennsa Q ua ceGa, obparusle K KOTOPBIM HC HENIPEPTIBHLI HH B OfHO
TOYKS.
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*14) Ilycte E — CcBA3HOE OTACHMMOE HEOMHOTOYETHO® TONOJIOTHUYe-
cKoe mpocTpancTso M A — pgmarouwans Opomseefienma E X E.
a) ITorasars, uto CA He Momker obGaamaTe pasOuenHmem, oGpasoBaii-

=1
HEIM TAKHMN ABYMA OTKDHTHIMHM MwoMKecrBamMn Dy, Dy, 910 Dy = D,

-1
u Dy = D,. [3amMeTurh CcHagalNa, HCHOONB3YH Yyupaxkpenme 4a § 11 ria-

B I, ut0 Dy (z) m D3 (z) cBA3HH OiA BCAKOro z € E; BHIBeCTH 0TCI0A,

qaro ecau y € Dy (z), 10 D3 (2) X {y} < Dy, n nokasars, 4TO 3TO BieHCT
OyCTOTY ONHOLO M3 MHOMecTB Dy (z), Dy (z) gaa moGoro z € E; 3akuo-
9UTH, YTO OJHO U3 MHOkecTB Dy, D, WycTO, B IPOTUBOpEUNe ¢ IIPefoao-

sxenneM. ] Buseetn orcioma, wro CA nuGo c¢sAsno, aubo mMeer POBHO
-1
7Be CBA3HBIC KOMIIOHEHTH A, B Takme, uto B = 4.

6) 'oBOPAT, YTO CTPYKTYPa COBEPIUEHHOTO NOPARKa B E coztacyemcs
¢ tomoxormeit I B E, ecin J o (E) munopupyer .7. BuBectn u3 aj}, uro
ans Toro, 4robm B E cymecTsoBajia TaKaf CTPYKTypa COBEpIIeHIIOrO
nopsaka, meobxomuMo u gocraTouHo, IT06H CA OO0 HECBA3HO; TOTia

‘CYWIECTBYIOT POBHO fIBeé TaKue CTPYKTYpHl nopsinka. [B oGosmagemax

IYHKTA a), NOKa3aTh, 970 TPeOGYyeMHM OTHOINEHHEM HOPAAKAa HEoGXOAMMO

caykur (z, y) €A nau (z, y) € B = Al.] ITokasaTh, 49TO HHTECPBAJH
OTHOCHTEJIBHO 3THX CTPYKTYP HODAMKA CBASHH B TOOOJOTHM J , HNPHYCM
3TO eMUHCTBOHHHO CBABHEI® B .7 IOAMIIOMECTBA NpocrpaHcTea FE.

B) Ilokasarb, 9To ecit £ B 9 JAOKAABHO CBA3HO HJM JIOKAJBHO KOM-
nakTHO B B E cymecTByer crpyKTypa COBepHIEHHOro IOPAAKa, COTJa-
cywomascs ¢ 7, To neobxogumo J =7 o (E). [B cayuae, korga E JTOKaanHO
CBA3HO, HcuOAb3oBaTh G). B cayuae, Korga E JOKaAbHO KOMIAKTHO,
NOKAa3aTh, YTO BCAKAA KOMIAKTHAA OKPECTHOCTh TO4KM z € E pas 7
eCTh TAKKO OKLECTHOCTh z Aaf J o (E), paccMOTPeB rpaHHuLy sTOil OKpe-
CTHOCTH. ]

°r) Iyers E — momupocrpanctso B R2, coctosmee ma3 Touku (0, 0)

.1
A MHOMKecTBa BceX map (z, y) Takux, yto z > 0 u y=sin - 3 moxasarh,

g0 B E mMeercss CTPYKTypa COBEpIIENHOIO TOPAAKA, corjacynmasn-
cA ¢ TONOJOruey, muHgynupyeMoii ums R2, Ho mociaegnAss cHIbHee, weM
T (E).,

JlaTe npuMep CBASHOTO OT/€NHEMOro mpocrpancrsa E, HH ofHa TOYKa
KOTOPOro He o6magaeT QyHEaMEHTAaJbHON CHCTEMOi CBASHBIX OKPECTHO-
creif ¥ B KOTOPOM WMEETCsA CTPYKTypPa COBEpIIEHHOr0 MOPS{Ka, COria-
cylomascsa ¢ Tomojormeir mpocrpasctsa E. [CM. ympakmenme 26 § 11
raasu I.]

*15) a) Ilycte E — Takoe CBA3HO® OTAEHMMOE IIPOCTPAHCTRO, YTO
C {z} mMeeT pOBHO [Be CBA3HHE KOMIOHEHTH AJaa Jdioboro z € E; pas
Kot M3 OTMX CBABHWX KommomenT K mMeeMm rtorga K = K U {z}
[ra. I, § 11, yupamuemme 4a]. IlycTh z, y — ABO PABAMIHEIC TOTKU
mE,aA,BunA’, B’ — cBA3HHE KOMIIONIEHTH COOTBETCTBEHHO MHOKECTB
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C {z} n C {y). IloKasaTh, 9TO ORI0 M3 Muomects A, B comepmuTcs
B A’ uanm B’.

6) Ilycte z9 € E m A (z4), B (z9) — CBA3HHO KOMIONOHTH MHOMKE-
ctBa C{zo}. Hlnsa Kammoro r = z, MMEOTCS OTHOBIIATHO OMpeENeNeHHAA
cBA3HAA KoMOOHeHTa MHOMecTBa C{z}, comepamasca B A (z,) uim
comepmaman A (z,); obo3naunM ee A (z). Ilokasarb, aTo A (z) < A (y)
CCTh OTHOUIEHH® COBOPMIEHHOTO NOPsAAKa, coriacylomeecs (yrpaskde-
nue 14) ¢ romoxgorueit mpocTpaucrsa E.

B) PacupocTpanuTh sakmiouenne OyHKta 0) Ha caydwait, korga C {z}
UMeeT [Be CBA3HHE KOMIOHCHTH AJA BCeX z, 34 HCKIIOUEHUEM O] HOTO
a € E, gna xoroporo C{a} cBaauo.

°r) llyctse E — mogupocrpauctso B R2, obpasoBamHoe TOuKaMn
a=(0,1), b= (0, —1) u BceMH TouKaMM (z, y), ¥ KOTOPHX z 7 0

| . = 2
" y==8in - IlokasaTrs, u¥TO B TONOJOTMHM J , MAAyLHpyemoit ua R2,

npocrpanctso E csasno, C{a}n C(b} cBAsui, a Ana moboro z, oTany-
noro or a u b, C{r} nMeer poBHO NBE CBA3HHO KOMIIOHEHTH, HO B E
e CYmecTBYCT COBOPIICHIIOTO HMOPAAKA, COIAacylmeroca ¢ 7.,

*16) ITycrr E — CBA3HOE OTAEJMMOE IPOCTPAHCTBO, #ROAMNE Henpu-
e00umoe MEXAY JABYMA Ppa3IMINEIMM TOUKAMH a, b, T.e. TaKoe, 4TO
B E ne cymectsyeT HU OZHOTO CBA3HOTO MHOMKECTBA, CTIMIHOTO 0T K
n cogepskamero a M b. Ilokasare, gt0 E = C{a, b} cBA3NO
I gonosanenue jwboro z € E’ B E nuMeer poBHO [Be CBA3HHE KOMIIOHEHTHI
A(z) m B(x) ragme, uto a €A(r), bEB(z), aé B(x), bgA(x).
[Mcnoanays ynpaskneune 4a § 11 rmasu I, mokasars, uto C {z} He MoeT
AoUycKaThL pasbuenus Ha TP HEIYCTHIX OTKPHITEIX MHOKecTBa.] BuBectu
OTCIOfA, 9TO0 B E MMeercs CTPYKTypa COBEpHIEHHOTO IOPSAKA, coraa-
cylomasca ¢ Tounoxorneir B E. [HcmoawaoBats ympakuenme 15.]

*17) Ilycts E — CBA3HOC OTAEaMMO€ INPOCTPAHCTBO TaKoE, UTO AJIA
21060T0 6ro MOKPHITAA CBABUBIMU MHOKECTBAMM, OTJINYHLIMHU 0T E, KaKue.
TO ABa W3 3TUX MHOMOCTB HMEIOT o0BeguHEHHe, oT.JuuHoe OT E.

a) Ilorasatn, uro C{z} paa awboro z € E umeer ne Gomee mByx
cBAsnslx Komuonent. [ToT ke merom, wro u B yupaskHeuuu 16.]

6) ITokaszath, uto B £ uMeercAa He 6oiee ABYX TOWEK CO CBABHLIM
nomomuenueM, Kpome Toro, ecam a, b — fBe pasianuieie TOWKM, obma-
Jaomue 3TUM CBOMCTBOM, TO AJdA Ji060ro z, OTAMYIOro OT a U b, am b
NPMHAMJIEKAT PA3NHYIEIM CBABNEIM KoMmouentaM muoyecrtsa C {z}.

B) Busecry n3 a) u 6), uro B E uMeeTcs CTPYKTypa COBEPHIEHIIOr0
opAAKa, corjacylomancA ¢ Tomojormeir B E. [Ucmoab3oBaTh yupaim-
nemne 15.]

*18) a) IIycts E — KoMOaKTIIOC CBA3H0® JIOKAIbHO CBA3HOC IIPO
€TPAHCTBO, HOUIPUBOXMMO® MOy ABYMA CBOMMM ToukamMu a, b (ra. II,-
§ 4, yopamuenue 19), u z — touxa u3 E, orauuHas oT ¢ u b. IToxasars,
yto C{r} uMeer POBUO [BE CBA3NHIC KOMIIOHEHTH, OPWYEM a U b mupH-
HAJJIe/RaT Pa3mMUUKM Ero CRABUEIM KoMmmoueHtaM. [Paccy:imas, xak
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B yopaxknesuu 16, mokasaTe cradana, uro C{z} He MoikeT UMeThH Golee
OBYX CBABHHX xoMmmnoHenT. C pgpyroif CTOPOHH, IycThb AAA Ka)moil 3a-
MKHYTO CBA3HON OKPOCTHOCTH V TOUKM x, HE COiepsKalleit HM a HO b, Ay
u By 03HAYAIOT CBA3HEIE KOMIIOHEHTH COOTBOTCTBEHHO ¢ M b B CV; noka-
3aTh, 4TO OHU Da3JM4HE, MCHOAL3YA yupamneHnwe 17 § 4 raasum II; pac-
CMOTpeTh, HaKoHen, ofbeguHerue Bcex Ay (cooTBeTcTBeHHO By), KoTna
V npoferaer MHOMECTBO BCeX CBASHHX BaMKHYTHX OKPeCTHOCTECM
z B E.] Busectn oTcioga, uTo B E cymecTByeT CTPYKTYPa COBEDLICHIIOTO
nopsAka Ttakag, uto J, (E) cosnmagaer € B3agaHHON Tomojorweii B £
[yupamneaus 15 u 14s.]

6) Ilyctb E — CcBA3HO® KOMIAKTHOE IIPOCTPAHCTBO, HEIIPHBOLHMOE
MCKAY CBOMMHE ToukaMu a, b. Ilokasarp, 9to ecau E cogepsxmt Oojce
OfHoIi mpocToil cocrasasiomeii (ra. II, § 4, ympasknenwe 20), TO npo-
cTpaHCTBO E’ NPOCTHX COCTABIAKIUX NIPOCTPaHCTBA E (TaM 3xe) Heupu-
BOJMMO MEKIY IPOCTHIMYU COCTABJANIMMEA TOICK a 1 b, ¥ uyTo B E’ cyme-
CTBYET CTPYKTYPa COBEPIIEHNOT0 NOPAAKA TAKasd, YTO TOUOJNOTHA B E’ cos-
nagaer ¢ 7o (E’). °Hate mupumep, B xotopoM E’ O6wimo Om oTINiuno
or E [cMm. yupamuenme 15r].,

*19) a) Ilyctb E — OTHENUMOE CBA3INO0® MPOCTPAHCTBO W a, b —
TAKHE JBe Pa3juUvHEIe er0 TOUKM, uro B F 0O cymecTsyeT HM OfuHOTO za-
MEHYMOeo CBA3HOI0 MHOYKCCTBA, OTINYHOr0 0T E n comepyxamero au b. Iasn
TOro yTo6H OTIMuYHAA OT a ¥ b Touka r € £ obiagana HecBA3HHIM MONOJ-
renneM C {z}, neobxoguMo u moctaTouHo, uTobH mas mo6oro y € C{r}
B C{y)} cymecTBoBano CBA3HOE NOMMHOKCCTBO, 3aMkuyToe B E m cojep-
JKamee r M ONHY M3 TOWeK a, b. [JlnA AoKa3aTeancTBA HEOGXOAIMOCTH
NCIoas30BaTh yupaskHenue 4a § 11 raasm I. Urobsl ybepuThest B moc-
TATOYHOCTH YCJOBHHA, PaCCMOTPETL MHOMECTBO A (cooTB. B) Tex y, jias
roropux B C {y } nMeercs cBA3HOE HOJMIIOMECTBO, 3aMKnyToe B E U cogep-
yKamee a ¥ z (COOTB. b M z); NOKa3aTh, YT0 A u B OTKPHITH, 1€ MYCTH,
He mmeroT obmux toyor 1 wro C{z} = A | B.]

6) Ilycts E — cBs3nOE KOMAAKTHOE TIPOCTPAHCTBO, HEIPHBOAUMOE
MeKIY JABYMHA CBOMMM TouKamMu a, b (ra. II, § 4, yopammuenne 19).
lloxkasare, uto ecanm paas ai000if TAPH PA3JHMYHBIX TOYeK %, y £ I
B E cymecTByeT CBS3HOe KOMIAKTHOE MIOKECTBO, COfiep;KaIlee y H Ojiny
U3 TOYeK a, b, HO HC coepsKamee z, TO B K CYmecTByeT CTPYKTYPa cosep-
HICHIIOTO TOpsAJAKAa TaKaf, 910 J ¢ (EF) coBmagaeT ¢ 3afamioii Tomomorueii
B L. [Yupamneuus 15 u 16.]

20) Iycrs B KomeTpyKuun ympasxHenus 24 § 9 rmasot [ B xraue-
ctBe X, B3ar murepsan [0, 1] ua R. Tlokasarn, uTo roMeoMopduaMul
X Ha cebsa — Te yke, WTO U roMCOMOpPU3MH X o Ha cels, XOTA TOUOJIOLL

B X cuabuee tologorud B X,. [MenonpsoBath yupasknenno 206 § 8 ria-
B I.]

21) Ilokasatn, 9TO MPH 7 >> 2 HE CYWICCTBYCT r-KPATHO TPAHIHTIB-
uoii rpyune (Aar., ra, I, § 7, yopaskreuue 9), cocroAmel 13 roMco-
Moppuamos R Ha ceGa. [Paccmorpers mogrpynuy, ocTaBJIAKILYI0 HIIBA-
puanTupiMu Ase Toukn H3 R.]
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§ 3. Iloxe BemreCTBEHHBIX THCEN

1. Vunowertue 6 R

Tomomorusa pamuouansHOil mpaMoii Q cormacyercs He TONBKO
€O CTPYKTYPON addumusnoil zpyrns B Q, HO TaKKe CO CTPYKTYPOM meaa
B Q. B camom gene, ¢yrruua zry mempepsiBHa B Touke (0, 0)€Q x Q,

u6o pasa awboro nenoro n>0 us ‘x]\<—1— n \y|<-:? caegyer |zy| <

L

1 .
<L—z<{5-} ¢ APYroil CTOPOHHI, A a1000T0 PAMOHANLHOTO UYHCIA

a0 ¢yuxrmusa az HempepsBHA B Touke z=0, ub0o mIa meEIOro
n>0 n3 [x|<—”|17| ciaexyer |ax[\<71l—. IT0 MOKA3HIBACT, 4TO PyHK-
1uA ry HeUpepHBHA BO BCeX TOuKax Ipoussemenns Q x Q (ra. III,
§ 6, n° 3).

Iaa moKa3aTenhCTBA HEmPepHiBHOCTH % B Q* mokaykem, dro ara

byurnus, Golee TOro, PABHOMEPHO Henpepbiéha (OTHOCUTENLHO Aij\M-
TUBHOH CTPYKTYpH) Ha JONONHeHMU 060t OKpecTHOCTH uHyns V.

B camom pmeae 'i_ilz_l_z_—_y_l_ M TAK KaK CYHIeCTBYeT Iesioe
: ’ T y ! lxyl ] y e,

1
m> (0 Takoe, 4TO |x|>7— nasa aoboro x€ CV, 10, B3AB IBe TOUKH

n
L MOAYUUM | 1 1 ‘ A
min » TOAYIIm (x 0

z nu y us CV rak, urobs |z—y|< ”

l
INpu oroGpakenunm nocpeicrBoM QyHKIUU - oGpa3 BCAKOTO

¢uwanrpa Komm uz Q* (orHocuTeapHo amuTUBHO DaBHOMCPHOI
CTPYKTYPH), He uMelomero 0 cBoeli TOYKOH NIPUKOCHOBEHWA, €CTL
cuopa ¢maprp Homm (1A apIMTHBHON pPABHOMEPHOII CTPYKTYpPUI).
Tarus oGpasom (ra. III, § 6, mpenronenue 7):

1
Mrepaomerue 1. Qyuryuu zy u — 1+ onpedesenitvie  coomeem-

emeenno na Q. X Q u QF, moeym b6umv npodossicentt no Henpepvis-
nocmu coomsememeenno na R X R u R* u onpedeasom ¢ R cmpyk-
mypy kommymamusrozo meaa. Hadeaennoe omoii cmpykmypoii, R
Ha3bIBACNCR NOAEM BEUJECTNBEHHBLL HUCE.



160 BEIIECTBEHHBIE YUCJIA LIv, § 3

Bce cmoiicTBa ToIloJOTMYECKUX Tes, ycraHosjeHusic B § 6 rma-
Bu I[I, pasyMeercsi, IDUMEHUMEI; B YACTHOCTH, BCAKASA PAYUOHAALHAR
PyHEYua n BEHIECTBEHHBIX IEPEMEHHBIX C BEIIECTBEHHHME K03 ¢gdu-

HEeHTAMU HenpephisHa BO Beakoit Touke us R™, rje ee 3anaMeHarersb
He PaBeH HY.TIO.

2. Myavmunauramusiasn epynna R*

Kax mu anaem (ra. III, § 6, n° 7), Tono:rorna, nrgyiuupyemasa s R*
TOIOJOTHell YMCJIOBOIl LpAMOH, coeqaacyemcs €O CTPYKTYDOH MYyJb-
TUOMUKAaTUBHON Tpynue B R*; mockoasky R* omkpumo B ad0KaabHO
KOMIIAKTHOM TpocTpaHcrBe R, 0HO SIBISETCA 40KAAGHO KOMRAKMHOU
Toronorugeckoit rpynmoit (ra. I, § 9, npejuioskenue 13), reM caMbiM
noanoli {ra. 111, § 3, caeacrsue 1 mpemiaosceHusA 4; BHITEKAET TAKIKE
u3 npeguoskennsa 8 § 6 raasst 111); Komeuno, 3To mocaeiHee CBOCTBO
OTHOCHTCH K MYALMUNAUKAMUSHOL, PABHOMCDPHOH cTpyKType B R*,
a He K paBHOMepHON CTpPyKrype, mugyuupyemoit B R* amgiutusHOil
pPaBHOMEpPHOU CTpYyKTypoil, 3ajaunoil B R.

Oyrknua zy orobpaskaer MHOKecTBO Q1 X Qi B Qi u motomy
Ri X Ry B Ry (ra. 1, §2, reopema 1); 8 dpyeuxr mepmunax: npous-
sedenue 08Yxr NOAONHUMEALHBIT BEULECTNECHHBLE HUCEA NOAOHCUMEALHO.
Oopuyan (—z)y = — zy, (—z)(—y) = zy IIOKABBIBAWT TOT/IA,
UTO TPOU3BEJEHUE IMOJOUTEIHHOTO YUCIA HA OTPUIATEIHHOE OTpU-

HaTeJbHO, & IIPOU3BE/leHNEe IBYX OTPHLATEJIBHAIX YTHUCEX II0J0/KU-
TEeJIBbHO, OTCIOJA BHITEKaeT COOTHOILICeHHE

lzy |= |z |yl 1
(koTOpoe MOKHO ObI0 Obl BHIBECTH TYTeM IPOJOJKEHHA TOTO Ke
coOTHOIIEHNA, uMeplteroca 8 Q X Q).

Ecmm 2 >0 u y >0, ro 2y = 0 n, caegnosateiwvuo, xy > 0;
TOTHO TaK ke, ectn x << 0my >0, 10 2y < Qjecm z << O m y < 0,
10 zy > 0. B uacrrocTH, ecam z 5= 0, 10 22 > 0; cymma xéadpamos
BeLEeCTBEHHBIX ylceTl MOKeT OHTH paBHA HY.JI0 TOJIbKO B caydae,
KOT/[a KajKJoe M3 3TUX 9iCell PABHO HY.JIO,

Ecmm 2 > 0n y < 2 (coors. y << 2), 10 2y < 22 (COOTB. 2y < x3);
HHa"Ye ToBODA, 2omomemus ¢ Koagpguyuenmom > 0 coxpansem nops-

dok B R; mocronbKy (—2z)y == — zy, roMorerus ¢ Koz(uiyeHToM
<< 0 samenser mopA/(0K B R Ha mpoTHBOMONO HbIIA.
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Ecmm >0, 0 %>0, ubo x-(1):—-1>0; eciu 0 <<z <<y,

z
1
zy

10 2y >0 u moromy z- (71_1[) <y- (

1 x :
HHC &> — MIOMECTBa R} Bcex BemecrBeHHHX yncex >0 Ha ceba

1 1 ~
) , T. €. 7<5—; orobpaske-

ABJAACTCA cmpoeo y6b18a;0u4um.

- 1
Takum ke ofpasom yOemaemcea, uto Qyuxius - —cTporo yOntBa-

1
waA B uATeppanxe ] <—, 0, oTKkyaa BwTCKaeT, 4To (QyHKLUA Py
cTporo y0wBaomas B KaKJOM M3 uiTeppanoB ]<—, a[ u la, —[.

WNa mpeprimymero caeayer, uro R} ecth nodzpynrna MyabTUILIH-
wkatupHO# rpyunst R¥*; npu aTom orHomeHue mopsaxa x < Y cozaa-
cyemes €O CTPYKTYpPOit MyldbTunamKaTusON rpynnn B RY, musMn

CJIOBAMM, IOC.IENHSAA SBIACTCS COBEPUWENIO YnopadouenHoll 2pynhoti
(Aar., ra. VI, § 1).

Tor daxr, 9T0 HPOUIBCACHUE ABYX MOJOMKUTENLHHX BEIIECTBOINILIX
qicesa IOJOKUTCALHO, BHPAxKAKT eme, roBops, uto R ects ynopsdo-
yennoe nose (Aar., ra. VI, § 2); n B AxnreGpe Obuto mowasano (cM. Tam

MC), 4TO Bce MIpPeALAYHIMC CBOHCTBA HBJAAKTCA OOUMMH CBoCTBaMM
VIOPAJOYCIHHBIX TOMei.

Orepaomennt 2. Myavmunaukamusnas epynna R* eeujecmeen-
nox uucea = 0 ecmu monoaoceudeckan epynna, usomopdras Rpous-
eedenuio ee nodepynn R u Uy = {—1, +1}.

. .
Hua xamporo z %= 0 mojoKum sgn x = = (snak wumcaa zx);
|

$yHruMs sgn ABIsAeTcsa mpeacTasicHueM rpymiel R* ma Uy; nmeem
z = |z !|-sgnx, W 9TO pPABIOKCHME IJTEMEHTA & B IPOUIBCICHHUE
anementa n3 R} m onemenra m3 U/, egxmHCTBeHHO; TakuM olpasom,
cTpykTypa rpynmsl B R* ecth npomssenenue crpykryp rpymm B R}
n B Uy. C ppyroit cropons, orofpaskeHne xr —» | £ | HENPEPHIBHO,

x
a 110TOMY HeIlPepPhIBHO K OTOGPaH(GHI/IG T b SO X == m ; MOCKOJABKY
1

2z 0; TeM CcaMHM MNPEATOKEHNE TMOMHOCTHIO JIOKa3aHo.

Oyyrouo sgn z npogokaoT Ha Bee R, mosaaras sgn 0 = Q.

Mu yBupum B riase V (§ 4, teopema 1), uTo Tomodoruueckas rpym-
ma R* usomopPuna addumuenoili rpynme R, ueM u OymeT oxomyatersHO
ompegeseia CTPYKTypa TONONOTMYIecKoid Ipynmu R*,

11 11. Byp6Gaxn
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~

3. Kopnu n-it cmenenu

Mycrs n — mpomaBoabHoe nestoe > 0; u3 oTHOmEHNA 0 << z < v
unayknueir mo n moayyaeM O << 2™ << y™; mnade romops, GyHKIWA
z = 2" — cmpozo éospacmarowas npu x > 0; oHa, OYEBUAHO, Henpe-
puiska B KaKpoil Touke u moromy (§ 2, TeopeMa 5) mBagerca comeo-
mopgpusmon R, Ha umeroropwit murepBan I; ¢ Apyroit cropousl,
Tak Kak z > 1 Baeuer z"! > 1 u smaunr 2" > z, o maTepBaT / He
orpaHuYeH H, caegoBareanno, I = R..

3HaueHuA omobpaicerus, o6pamuozo K T z*, maa z >0 obo-

4 n "
3HAYAIOT Z™ WAM Y & U HABHBAWT T 6 CMENEHU — UAU KOPHEM n-it
cmeneu u3 x (opum n=2, 3 COOTBETCTBEHHO K6adpPaMHHM KOPHEM,

2, — -
Ky6uveckum KODHEM; NPH n=2 BMECTO 1/ I OunyT V:c). Heorpuna-
A .
TeALHOC YHCIO I™ OIpejelIeHo, TakuM o0pa3oM, KAk eNMHCTBeHHoe
HEOTPUIATENBHOE PelLleHNEe ypPaBHEHHA
‘ y'=z (z>0). (2)
B gacrHOCTH, BHAMM, 9TO CYMECTBYOT BEIECTBEHHO® TUCAO z, s
KOTOpOro z? = 2, TOrfa Kax HOKAK0e PamuoHAJNLHOE HUCHO HE obJafaer
9TUM CBOﬁCTBOM; TéM caMhlM 2TO BHOBb NOKA3KIBACT, 4TO paunoaanbﬂaﬂ
npsmMast Q e ABIAGTCA TOJIHRM IPOCTPAHCTBOM.
1

Orobpasenne r+—> z™ MHOmectBa R, na ceba— cmpozo so3pa-
1 1

cmarowee un nenpepusroe. Ha ocmopannm (2) mmeem 07 =0, 17 =1
H, KpoMme TOro,

(xy) | J— .’E"y , (3)

OTKY[[d BUJMM, 4YTO Z > Z™ €CTh a6MOMOPPHU3M TOLOJOTUIECKOMN
rpyunst RY.

B n®1 § 4 rmaeu V MH 0600mEM 9TOT pesyabrar, HafifA ece aBTO-
MOp(H3ME MYJNLTHIUINKATUBHOR rpymoel R,

Yupamueans

1) Myers z—pemecTsennoe Iucio >0, p 1 g—neaune >0, JloKa=
3aTh COOTHOIEHUS
L T S S A | Y
(aP)d = 2PY, (7)== ()P, 2Pz mm (2PH)PY,
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2) a) PaceMorpmM B Koabne wmonmHoMoB A = R [X] crpyxrypy
cOBEePImEeNHO YHOPAOYeHHOr0 KOJbIA, AdA KOTOPOil snemenramu >0 cay-
mar 0 nm mommHOMH =£0 co crapwmM koaddmiuenrtom >0. Tloxasars,
yro TOmOJOIMA J ¢ (A) He coryacyeTcsa CO CTPYKTYpPOl Kousna B A,

6) B ymopsagosennom mome K (Aar., ra. VI, § 2, n® 2) Tomoxorus
T o (K) cormacyerca co CTPYKTypoii koabna B K, W MHOMECTBAMHI, orpa-
HOYCHHRME B 2TOH Koabnesoi romosormu (ra. III, § 6, ynpaskuenne 12),
CAYMAT MHOMKECTBA, OTDAHMICHHEE OTHOCHTENBHO CTPYKTYPH NODAMKA.
Tomonorna J ¢ (K) noxaasno obpatno orpannuenna (ra. III, § 6, ympam-
Henme 22) W, B MaCTIOCTH, COTJIACYETCA CO CTPYKTYPOil moas B K; Kpome
toro, momonmen#e K moas K mO BTOH TOMOMOTHMH, ABIAIMEECA MOTCM
(raM Ke), KAHOHMYCCKHM HAMENEHO CTPYKTYpOHl YHNOPAKOYOHHOT'O IOINA.
[§ 1, ympakeenue 36.]

8) B moe K= Q ('1/2—), paccMaTpuBaeMOM Kak YHOpAZOYeHHOe
mogmoJie B R, paccMOTpMM TONOJOIMK J , NONYYOHHYI IepeHecemmeM
romoyoran mponsseferusn Q2 mocpesicTnoM Suexwun (z, y) > z -+ y /2.
Jrta TomoONOrNsA MaXKOpPHPYeT J o (K) M coraacyerca co CTPYKTYpPOit mons
B K; HO NIONOJHEH® STOTO TOHONOTMYECKOTO HOJNA HO eCTh MoJe.

r) Ilone KX = Q (;/ 2), paccMaTpMBaeMo® WAk BOKTOPHO® OpOCTpaim-
cTBO Hapi Q, ecThb mpAMAaA CYMMa BEKTOPUOTO HOZmpoCTpaHcTBA G', mOpoO-
muennoro 1 W /2, W BEKTOPHOTO IOANPOCTPRHCTBA G”, MOPOKIEHHO-
ro i’/ %. Pacemotpnm 8 G @ G” TomoJornu, mugynupyemue n3 R, a B K —
npomnseefeHne J STUX Tomoorwii b G u G”. TloxasaTs, uto 7 cormacyercs
€0 CTPYKTYpoOil ajauTusHoil rpyunst B K u Mamopmpyer T4 (K) (rne
K paccmarpueaercA KaK ymopsagouendoe uoxmonxe B R), mO HE ocria-
cyeTcsi €O CTPYKTypoit koasma B K.

*3) a) Ioxasars, 970 MaoMopduaMm f moaa R ma ero mogmone meoG-
XOAMMO €CTh TOKAecTReHHOe OrTobpaskemme R Ha ceGa. [3amerdTn, uTO
PADMOHANBHEIE YHCJIA WHBADMAHTHH OTHOCHTEJBHO f, & ¢ APYroit cro-
ponsl, f(z?) = (f (r))?> > 0, Tak wT0 f — Bospacraiomee orolpamenne. |

6) Iycte Ko — mone R (X) pannoHanbuex fpobeit ¢ ogmoit mepe-
Mennod Haj R, ynmopspmodenmnoe NpHHATACM 34 HOJIMHOMH >0 MOJMHOMOD
co crapmnm Kostpdurmmentom >0. ITycrs K — MaKcnmallbEO® YIOPAMNO-
ueHHOO aiarebpamueckoe pacmupenne moxs Ko, Iloxasars, wro cywe-
CTByeT BOapacTalomuii aproMopdmam / moxas K taxoif, uro f(§) = & mua
pcex EER u f(X)= X?¥%),

*) HcmonbsopaTh CBOMCTBO 6MHCTBEHHOCTH, C TOYHOCTBIO N0 H3OMOpHuaMa,

MAKCHMAIBHOTO YNODPAZOYEHHOTO ajre6pamdeckoro PacmNpeRWs YHOOPALOYeH-
goro moaa(B. L.van der Waerden, Moderne Algebra, r. I, 1-e nap.,
Berlin, Springer, 1930, crp. 232—234). [Bo BTOpoM w3gamuMU coxpaHeHo
[OKa3aTeIbCTBO TONBKO AJIA CHydas CYETBHX NoJeil; cM. DyccKmit mepesop:
B. Jl. Bau-gep-Bappgen, Cospemennan aarebpa, w. I, l‘oc'rexnaua'r,

1947, cTp. 294—296, a Tarme npenuciopme A. I'. Kypoma x sTomy mepesogy.—
Ped, ]

11+

13
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§ 4. Pacumpennan uncnosas mpaman

1. I'omeoMOPPHU3M OMEPLLMBLL UHMEPEAN0E UUCNOGOT
npaxott R

Nrerpnomenne 1. Bce nenycmyie omkpumeie unmepsass wic.ao6oii

npanoii R 2omeomopgfun R.
Paccmorpum crauanma oepanuvermnslili OTKPHITHIA u"HTepBaa [ =

ot

r—q

=]a, b (a<<b). Has wamgoro z €I moxommm f(z)= ——-(

1
+T:b—) . JTO CTpOrOo BO3pacTalomiasd HenpepsBHAA OYHKuuA Ha I,

u60, RaK MB BHJEIH, crporo y6uBaer B ] «—, 4], a CTPOro

1
z—b z—a
ybumaer B ]Ja, —[. Orciona caenyer, ato f ects romeomopduam 1
na wuarepsan f(/) =R (§ 2, reopema 5); mpu srom f (/) me orpa-
HIYCHHO HH CBCPXY, Hu cumay, n6o ecam G, manpumep, opu sa06om
z€1I Omiuo f(x)<¢, 10, mockoNbRY b— x>0, oTCrIOna caexoBanO OB,

b—=zx .
<c(b—zx), a >ro NPHBOAMT K NPOTHBOPEUMIO, KaK

q10 11—

z—a
TOTRKO X B3ATO JlocTaTOuno Oam3Kko K b (B cmay HempepeBHOCTH
pauuoHanbHEX QyHKImi, croAmuX B o00eMX WacTAX HEPABEHCTBA,
B Toure D).

‘Taxum obpasom, f(I)=R, weMm ycraHOBJEHO, YTO BCE OrpAHUYEH-
Hile OTKPHTHE HATepBainl romeomopdrsr R. Ilyers g— oroGpamenue,
ofpatHoe K f; OHO TEpEBO[NT BCAKMI HEOTDAHMYEHHHINA OTKPBITH
uarcpsaa w3 R B umrepsax J, comeprkamuiica B / w OTKpHiTHIA
orHocuteasHo [. llockonsry [ oreper B R, Tamke J orkpwir
B R; Oynyum orpanwmtenuwM, nHTepBai J romeomopden R, uem
TOKA3aH0, IT0 M BCAKMI HEOTPAHWYCHHRIN OTKPHITHIA MHTEPBAJ TOMeo-

mopden R.

BaMeuaumne. [ada A0Ka3aTeIbCTBA TOTO, 9TO BCE 02paHuuenitble
OTKPLITHIE HHTEpBANH ToMCOMOPHHH Memuy co6oil, [ocTaToMmo 3ame-
TATH, UTO WPH a == b, o' 5= b’ cymecTByeT (M OPUTOM eXUICTBEITHEIIH)
romeomopdmam R na ceGst Buga z = az 1 B, orofpamaromnii a Ha o
n b ua b’, a MOTOMY Bech OTKDHTLIE (COOTB. 3aMKHYTHIA, TOXYOTKPHITHIL)
MHTEPBAJ C KOHNAMHA ¢ M b Ha OTKPHTHEA (COOTB. 3aMKHYTHL, MOMYOTKPEI-
THII) HATEPBAJ ¢ KOHNIAMu ¢’ 1 b'; 4MTaTeas NEerKO MPOBOPHUT 9TO, BEIUMC-

ams o u B.
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2. Pacwupenran npamas

Hameit menso Temeps 6ymer, myreM npucoedunenus & R pmByx

HOBHIX 3JICMEHTOB, ONpeNeNMTh TOMOJOTmiuecKoe mpocrpancTso R rak,
9r00H BCAKUN romeoMopdmam mpocTpancTsa R Ha orpaHwYeHHEIR
OTRPHTHI uHTepBal I < R Mor GHTH mpomo/ukeH j10 romeoMopduama

npoctpancTea R ma 3aMKHYTHI WHTEPBAI C TEMM JKe KOHIAMH,
qro u /.

ITyers R —wMnuomecTso, momydensoe myTeM mnpucoeamHenusa k R
(Teop. mH., Crogra pesyant., § 4, n° 5) ABYX 2/1eMEHTOB, KOTOPHE

MH 0003HAYNM COOTBETCTBEHHO — o0 U -+ oo. IIposo:xny Ha R cTpys-
Typy mopsaaka B R, momomus —oo<< a, a << -+ 0o, KakoBo Obl HE GBLIO
a€R, 1 — o0 << +o0; O0Y4EBUHO, MH INOJIYYUMM TaK COBEpPIUEHHO
YHOOPANOUCHHOE MHOMKECTBO, CTPYKTypa mopApka KOTOpPOTO MHIY-
pupyer B R cTpykTypy mnopagka wmcnosoit mpamoi. Jlazee, pac-

cMotpuM B R Tomomormio, mOpPosKIaeMyl MHOMKECTBOM BCEX OTKPHI-
THX uATepBanos u3 R; Tak kak caepom ma R oTepHTOro mmrepsana

n3 R spaserca orepuTeil uarepsan B R, 10 ara Tomomorma mHyLH-
pyer B R tonomorumio 4menoBoit mpAMoi.

OnveneEnenue 1. Pacwupennoll u4ucaosoli npamoli Hasvleaemcs

muoxcecmeo R, wnadeaennoe cmpykmypoti nopadka u monoaoeuess,
onpedeseHKblMY YKA3AHHBM 06pasom.

B paccyXACHMAX, OTHOCAIINXCA K pacUIMPEBHOI 4YNCIOBOM Mps-
moit R, wacto GuBaer yro6HO, MOIyCKasA BOJHHOCTH pedd, "HA3HBAThH
N ee TOYKU cewyecmeennblmi wucaarmu; TOURM u3 R (KoToprM 9TO mamme-
Hopauue OBLIO NPUCBOEHO WPEKHAC) HABBIBAIOTCH TOLJA KOHeulblMl deuje-
cméennumu wucsamy. ME IpuUMeM 3TO COTNALIENNC 6 NacmoAWeM napa-
epagie u mpex caedyowuzr; BCAKMII Pa3, NMPHITHMAA CTO B NMOCHEAYIOMEM,
MH OyIcM TOYHO YKasHBaTh, 1la KAKYI0 9acTh TEKCTa Oll0 pacmpocTpa-
mnaeTcs.

IIycrs ¢ — KoHeumoo BOmMECTBEHIOC WHCI0; HMHTEPBAAL [a, -+oof
u |—co, a] (coors. la, +-0of u |—c0, af) ms R comepsxatesi B R W cop-
najlaloT ¢ maTepBasamMn B R, o6osHauapuiuMmcA g0 cMX MOP yepes [a, —[
n |<«, a] (coors. Ja, —[ u |«, af); oTM HoBRE oGo3nHAYCHMA WMCHONB-
3yoTca ropasfao uwame. Touno Tak e R cosmafaer ¢ uaTepmaioM

J—©, +co| w3 R m mEOTEA 0G0BNAIACTCA DTHM CHMBOIOM.
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Ilpepnoxenne 2. Beakuil someomopfusm f npocmpancmea R
na uwmepéas §la, b[ momem 6umov npodoaxcen do eomeomop-
dusma f npocmparcmea R na la, b]; ecau f—eospacmarowas
Pynryus, mo.f ecmv usomoppusm cmpyrmypu nopadke 6 R na
cmpysmypy nopadka e [a, b].

B camom pene, mpepgmonosimM cHAwama, uTO f— BO3pacTAIOMMil
romeomopduam. Ecam npogomsmrs f ma R, monmomms f(--oo)=a,
}‘(—}— oo) =10, TO ACHO, 4YTO ? Gyper cTPOTO BO3PACTAIONIEM (M NOTOMY
GuexTuBHEM) otoOpaskenmem R ma [a, b]. IHosromy f 6ymer
otobpasKaTh Bc;mm“q_'ompbwmﬁ NHTEPBAN W3 R na MHTEpBaJ, OTKPHI-
THl oTHOCHTENBHO [a, b], m, ciemoBaTeNbHO, COIIACHO oOmpeC/E-
denuio 1, a rawse mpeptomenmo 5 § 1, 6ymer romeomopdmsmom R
Ha [a, b].

Ecam romeoMmopdusm f y6uBanmumii, TO HYMHO TOJbLKO HpUME-

HITL CKa3aHHOEG K BO3pacrampiieMy romecMoppuamMy z w— — f(x)
wcaoBoil mpamoit R ma | —b, —al.

Bce monyuennrie B § 2 cpoiictBa mHrepBana [a, b], cBasanmme
TOIBKO €O CTPYKTYpoil HopAgKa W TOMOJOTHEH »TOoTo MHTEpBaJa,

nmepeHocATca, rakuM obpasoM, Ha R, oTkyga BHTEKAOT CjeqyoIue
NPeIO/KeHNA:

Heepnomenne 3. Pacwupennas uucaosas npamas KoMRAKMHG.

Tawnm ofpasoM, cymecTtsyeT (ra. II, § 4, teopema 1) ogHO3HAawHO
ompeniesiennas paBuoMepHas CTPYKTYPa, COTIACYOmMAanacAa ¢ Tomojormei
B8 R; ora CTPYKTYpa MaoMopdHA DPABHOMEPHOII CTPYKTYDe, HHAYLHpYe-
Mo# B [a, b] apguTuBHOW DAaBHOMEDHOH CTPYKTYPOH uMcAOBOH Npsa-
moit R. Mo caenyer sameruTh, UTO pPaBHOMEDHas CTPYKTypa, undyyu-
pyeman B R n3 R (1 coraacyomasca ¢ TONOJNOTMEH MHCIOBON IpAMOi),
He coenadaem ¢ addumuenoil paeHomepHol cmpyxmypoil INCIOBOH WpsA-
moit R; B camoM fene, mpm aToii Dmociegmeil cTpyKType R CCTB noanoe
MpPOCTPAHCTBO, TOrAa Kak R ne ABIAGTCA MOJHEM HOAIPOCTPAHCTBOM
npocTpancTsa R, mockomsky R me saMxmyro B R.

[IeennomenuE 4. Beakoe nenycmoe mroxcecmso 6 R umeem gepxuion
U HUNCHIOW 2DaHU.
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Bepxmaa (coorsB. HW/KHAA) rpaHb MHOmecTBa A R oGosna-
vaerca sup A (coors. inf A). OueBumno,
inf A L sup 4. N
Ecim A < B, 1o sup A sup B u inf 4 > inf B (Teop. M=.,
ra. 111, § 1, openmosxenue 4).

IeEpnoxenue 5. HJasa mozo umobu muoxcecmso A < R 6sro
CBA3HUM, HeobxoduMo u docmamouno, ¥mobul 0Ho 6bli0 UHMEDSAAOM.

CJIE}ICTBI/IE. Pacwupennaﬂ HUCA08AA NPAMASL, €cmb  C853H0€ A0~
KaAbHO C8ASHOE npocmpaHcmaeo.

Iregnomenue 6. Jasa mozo umobu omobpaxcenue [ unmepsara
I =R ¢ R 6u0 zomeomoppusmom I na f(I), neobrodumo u docma-
mouro, umobsl | 6blio cmpoco MOHOMOHIBLM U Henpepuiskuim na I,
f (1) s6asemes mozda unmepsaom 6 R.

Haxonen, ¢pynsnuu sup (z, y) u inf (z, y) nenpepusrn ma R X R.

3. Caoswcenue uw ymnoxcenue 6 R

3aMeruM, mpeKae BCETo, YTO PYHKIMA —2x MOKET OHTh TPOmOJ-
’KCHa N0 HempepHBHOCTH Ha R ¢ moMompio dopmys — (+o0) =
== —00 U — (—o00) = -+oo0; mpojposyKeHHasg TakuM o0pazoM OYHK-
wus Toxe OyneT romeomopduamom R Ha cefs.

Bo-propeix, paccMorpmM O$yHRNEEM z + y WM zy, OUpEACHCHHKIE
ga R X R, co smavemusamm B R; cumras st yHwmum OpHAEMAIO-
UMY CBOM BHAUEHUA 6 MONOA02UMECKOM npocmpaiicmée R, mHoxa-
KEM, 4T0 BTH YHKINE TaK/Ke MOKHO IPONOIKUTH 0 HCIPEPHBHOCTH
Ha HEKOTOpPHIE TOYKH U3 R x R.

Yro kacaerca z + y, 1o, monomus A’ = |—oo, +oo] m A" =
= [—o0, +oof, Oymem wuMerhb cienyolIee NpeAI0KEHNE:

Ilpemnosxerue 7. Qynkyus = + y mosxcem 6uumb npodoadxena no
Henpepblgnocmu Ha Kaxcdoe u3 muowmecms A’ X A" u A" X A"
€ NOMOWDIO iopMYyL

4 (+o0)=(+oo)+tr="L0c0 (r5=—o0), )

T4 (—o0)=(—o00)x=—00 [(xz+ o0). I (2
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Iloraskem, mnanpuMep, 9to ecam (r, §y) CIPEMHTCA K TOUKe
(a, +o0) (a s —o0), ocrabasck B R X R, 10 z -+ y crpemurca
K +o0o0. B camoM gene, cymecrsyer koHeunoe uncio b < g, U HHTEP-
Bax |b, +-oo] mBaAeTcs oKpecTHOCTHIO 4 B R; KakoBo Ow HU GbIIO
KOHeYHOe ¢, 3 £ > b, y > ¢ — b caenyer x -~ Yy > ¢, OTRyJa BU;(HO,
yro r -+ Yy CKoJb yrojmo Oam3ko K oo, ecam (r, y) jIOCTATOUHO
Oumako Kk (a, +oo0). Taxr e paccymmaeM u B OCTANbHBIX CAYyYafdX.

Hanporns, z -+ y ne umeem npedesa B Touxax (—oo, -oo) n (400,
—co) mpouspeenna R X R; B camom fexe, ecau O z - y MMeJo (KoHed-
Hplit AN Geckonewnwil) mpeaea k, Koraa (z, y) cTrpeMutcA K (--co, —oc),
ocraBasich B R X R, To oTciofia caemoBanio Owl, 9T0 /151 JI0G0T0 KOHETHOTO
a Oyurnus (z + a) — z cTpemuresa K k, Korga z cTpeMUTcesa K -+oo, ocra-
Basick B R; 10 3T0 abcypAmo, MOCKOIBKY (z -+ a) — z = a, T a Upo-
H3BOJBHO.

@Oynrkuusa x + y orobpamaer A’ X 4’ (coor. A" X A") B A’
(coorB. A”). Oma spasercsa, TakuM o0pa3oM, 3aK0NOM KOMROSUYUL
B A" (coorB. A”), mpomoiRa0INM C/l0MeHNE, 3ajaHH0e B R; B cmty
npuHNMOA npojomkenns romgects (rv. I, § 8, caegerBue 1 mpeasmo-
AEHMA 2) DTOT 3aROH Kommymamuseli B accoyuamuser. 0 ecrh Heit-
TpaJAbHbI DJIEGMEHT A HEro; €, [MHCTBEHHWM He peeyaspnbim (Aar.,
ra. I, § 2, n° 2) axementom A’ asasgerca, no dopmynam (2), —oo.

Iycers x, y, 2, t — Tourn u3 R rakue, uro r < y u z < ¢; TOTAR
z--2.L Yy -+t ecanm ofe yacTH 9TOTO HCPABEHCTBA HMEIOT CMBEICI.

OTtmernM, aTo B R, coraacuo dopvyaaM (2), z << y BICUET z -+ 2z <
< Y -+ 2, TOILKO KOTA z K0neuHO; JICTKO yOeguThCH B TOM, 4TO M3 = < ¥
U z < ¢ MO-TIPCIKHCMY ciacuyeT z + z < y + t, Korja ofe gacTy MOCICH-
HEro u¢paBeclcTBAa UMCIOT CMBICI.

Beegem u B R oGosnayemns z* = sup (z, 0), 2~ = sup (—z, 0),
|z | = sup (x, —2); rorma (--00)* = (—00)” = oo, (4o0)” =
= (—o0)* =0, |[4oo|=]|—00|=-4o00. Cymmn z* — 2 m

z*+ -1~ 7 mMeoT cMeica npu apoboMm z € R U, 3HAUYUT, PABHE COOTBET-
CTBEHHO £ M | x | MO UpMHIHUIY HpojoKkenusa tompects. Hpome
TOTO, BCAKUIA pas, KOrja cyMMa r - Y onpejeneHa, uMeeM | z -y |
Ltzl+1yl

OTMeTuM, 49T0, anporus, ¢opmyant (6) u (7) n° 1 § 4 Moryr more-

PATH CMBICT XS HEKOTOPMX 3uaveumii x uw y ma R; mampumep, gas z ==
= — o0, y = 0 umeeM sup (z, y) = 0, cymma xe z -+ (y — z)* He ompe-
pexena, mbo (y — z)t = + oo.
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O6osnaunM teuepb ucpes R* jonmonmesue Hyaa B R; anamorom
npeliIoRCHNA 7 JLIA YMHOMKEHHA Oymer

Ivegaomeane 8. Qyukyus xy moxem 6umv npodoascena no
nenpepuigiocmu 1a muoxecmso R* X R* ¢ nomowwio gopmya
+o00, ecam x>0,

x-(+oo>=(+oo>-x={

—o00, ecau z<<0,

3y

—oo, ecmm x>0,

x-(~oo)=<—oo>-x={

-}oo, ecanm x<<0,

JoKa3aTenbCcTBO 9TOTO NPEINOKCHAA, AHAJOTHIHOC TOKA3aTElhb-
CTBY NPEIJIOMKEHUA 7, MBl IPEOCTABIACM YUTATEII.

MoxHo TtakKe NOKadaTh, 4TO ZY He umeem npedeid B TOIKAX
(0, +00), (+o0, 0), (0, —o0), (—oo,0)eRXR.

DyHKnuA zy ABIACTCA 3AKOHOM KoMRosuyuu B R*, IPONOIKA-
IOIM  yYMHOMKEHHe, 3agmanHoe B R*; aror 3akom accoyuamuéen u
Koummymamuger (NIPUHIAN IPOAOKEHMA TOXAecTB); 1 caymur ana
HETO eIUHMYHEIM DJICMEHTOM; HE DTy ADHHIMM dJIeMeHTaMp B R*
Oynyr oo M -—oo.

Eeanm 2 <y u 2 >0, 1o 2z  yz, worga ofe 4acTH IIOC.JICIHEro-
HEPaBEHCTBA ompejieneHbl, Eecam nmpouwsBefeHne zy NMEET CMBIC,
o |z ||y | rome mmeer cverca, m |xy| = |z]|- |yl

ITaxomerr, B cmay upHHIMOA TPOJOIKEHUA TOMAECCTB HMMECT
eie Mecro gopMyna pucTpudyTUBHOCTH

z(y -+ 2 = 2y + 3z, (4)y
ecju gce omepanuu, QUIYPHPYIOILMC B J1€BOil K NmpaBoil ee yacrAXx,
OIIPE/IeIICHEL,

OTMmeTUM, YTO JeBasg 4acTh GOPMYIH (4) MOMKET MMETL CMBICI M TOTJA,
KOrfla WpaBas ue ONPeelICcHa; JOCTATOIHO, HATIPUMEDP, pPACCMOTPETI»
caydaii, vorga = = -+oo, y == 2, z = —1. Taxum ofpasoM, dopMyoii

AuCTPUOYTHRIOCTH B R CACAYCT MOZL3OBATLCH OCMOTPHTENHIIO.

YupasueHna
1) MMoxra3aTs, aTo B R BCC OrpauUnICHHbe HOJYOTKPHTHE HHTEPBATLY
H feorpanivelnible ¢ OAION CTOPOHBL BaAMKHYTHiE HIITEPBAJE TOMEOMODPQ-
upl Me;spy coboit. Hm omgum us tpex untepsasos la, bf, [a, D[, [a, b]~
rae a << b, ue romeoMopden HUKAKOMY M3 [ABYX [PYTHX.
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2) MoxasaTs, 4TO OTOGpAKEHUC T —> €CTh TOMeOMOpPUIM

_r
14z
R Ha orkpeTEil MHTepBan |—1, 1[.

3) Ilyers J — muropsan [0, 1] B R ®m f — Taxoit TroMeomopdnam
I ua ceGsa, wro f(0) = 0, f(1) = 1. ToxasaTs, 4TO CYmMECTBYET HEIpe-
pusnoe orofpasenue g uponspefenua I X I B I taxoe, uro: 1° g (z,0) =
=1z, g(z, 1) = f(z) nua scox z €I, 2° guaa awloro y € I gacTNyHO®
orolpanenue z > g (zr, y) ecTp romeomMoppusm | na cefa Taxoit, uro
g0, =0m g, yy =1, '

4) TMorasaTh, 49TO paBHOMepHasaA CTPYKTypa B R, magynmpyemas
CHNRCTBENHO paBiIOMEPHON CTPYKTYpOi N3 R, cnabee aggnTuBHOil paBHO~
MepHOU cTpyKTYypPel B R.

5) Ilokasars, uTO, KOIma Touka (z, y) crpemarcsa ¥ (-oco, —oo),
ocrabpasick B R X R, muoxecrpoYmpegedbusX Touek GyHKINM z -+ y €OB-

magaet ¢ R, Touno Tax e, xorga (z, y) cTpemutes ¥ (0, 4-oo), ocTapasch
8 R X R, MHO:MECTBO NpeACHbHEIX Touex (YHKQAM zy cOBHajacT ¢ R.

P ()
e
nuenramMn M3 R, ompepgenenmas Ita MHOmECTBe TeX ToweK, rae Q (z) # 0,
MoKeT OHTH TPOROJKeHa 10 HeNmpepPHBHOCTH HA TO4KM 400 M —0O
(ccaTit cYMTaTh ee OpUHMMAIICH 3mavesnms B R).

*7) Ilycts E — COBePIIGHNIO YHOPANOYCHHO® MHOMKECTBO.

a) Nycres E; — nonoanenue E (Teop. mu., ru. IIT, § 1, ympasxne-
Hne {5), T. e. COBEPIIENHO YIOPSAAOUEIIHOE MHOMECTBO, SIIEMEHTAMH KOTO-
PoOro ABIAIOTCA Takume MuOKecTBa X — E, 9ro: 1°ecim z € X n y K =z,
70 y € X; 2° ecnmn X ofmamaer Bepxmeil rpaHsio B E, TO 9Ta I'paHb HpH-
Hagme:knt X (yciaopHe, 03HAYaOmee 3aMKHYTOCTs X B Tomodorun 9, (£));
BJeMeHTh! MHOKectBa E; ymopamodens! 1o BKaloweumio. E, B TOIOJOTHH
J o (E) goMmakTHO. [§ 2, ynpaxuenne 6a.] Otobparkenue z r— ]| «, z|
muoxecrsa E b ¢ CTPOT0 BO3PACTAINIEE, M IPH OTOAOCTBIGHAN CO CBOMM
00pasom mpu aToM otobpaskennu E niorno B Ei, a .7, (Eq) nugyunpyer
J o (E). Qaa Toro urofur J7; GRIO CBHBHLIM, HeoOXOgNMO M [OCTATOYHO,
qrobu E Gburo Ges mnip (§ 2, ympaskwmerue 7).

6) Jdaa nioboro KapAuMHAABHOI'0 YMCIA ¢ JATh IPHUMEP COBEPIICHHO
YIOPAMOUSHIIOTO UpocTpancTsa E, CBA3HOTO B TOHNONOTHH .7 (E) M Taro-
ro, 9TO BCsAKaA QYHAaMEHTAa,IbHAA CHCTeMAa OKPeCTHOCTOI M1060it TOUKH
u3 E mveer MomHoCTh 3> ¢. [Mcnoansopars a) 1 MeTof], yrpakuennsa 46 § 1. ]

B) Ilycrs, B ofoanauennax na &), E; 03HauaCT WOAMHOKECTBO JOK-
curorpadmaeckoro mnpoussegenns E; X {—1, 0, 1}, momoxHuTembHOE
K Muoxectpy, obpasosamuomy: 1° touxamnu (z, 0), rae z ¢ E; 2° Tou-
KaMmu (z, 1), rme = € E 1 MHOKECTBO BCeX y > z B £ IMECT HAaNMEHLOIMIl
saement; 3° Toukamn (z, —1), rge z € E ¥ MHOMCCTBO BCOX y << z B E
umeer mnanbonewinit saement. llokasath, uto Ej, HalCJeHHOE TONOIO~
rneit 7 (E2), KOMOAKTHO M BIOJHE HECBA3HO, YT0 E OTOMKIECTBUMO TIO-
CPEefICTBOM CTpPOTO BO3PACTAlomero oro0pamenua z w (z, 0) co BCOAY

6) MokrazaTk, uTO BCHKas paguoHansHas QYHKRINA

¢ Koaddu-
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OJIOTHHM MOIMHOKECTBOM N3 £, N 9T0 TONOJOTHA, HBAYyunpyeMasn B E Tomo-
xormeit 7o (E;), AWCKpeTHA,

r) Ilyers E’ — coBepIIEHHO YHOOPAOYCHIOE MHOMCCTBO, CORep-
ykamee K, uHgynmpyomee B E 3aganHyo CTPYKTYPY NODARKAE, KOMIOAKT-
HGe B TOMONOTHN 7 o (E') u Takoe, uto E naorno B E' opwm aToli Tomosornm.
1lokasarh, 9TO CYLIECTBYIOT HCIPCPHIBHOE BO3PACTANICE CIOPLCKTHBHOO
orobpaskenne f: E' — E; W HenpepHBHOE BO3PACTAmCC CIOPLOKTHBHO
orobpasenue g2 E; — E', csogammecs K TOMIECTBEHHOMY OToOpae-
vno Ha E.

§ 5. Yncaosnte dyHKOHH

1. Jucaosvle Ppynryunu

Onrepenenne 1. Omobpascenus mnoscecmsa E e wucaosyw nps-
MY HAIBLEAIOMCR HUCA08MY PYHKYUIMY (UL seuyeceeKHBIMUL PYHK-
yusamu), onpedeaeunumu Ha E.

Jlomycraa BONbHOCTD PEYM, aHAJIOTHIHYIO OTMEUEHHOH B n° 2 § 4,
MEL 8 HACTNOAWEeM U caedyoujem napazpagax GyneM HasHBATD YUCAObLMY
PyrKEyusmu, onpenereHHEME Ha E, orobpamenns E B R; oroGpane-
ans e £ B R GyAYT HA3HIBATHCA KOHEUHbIMU HUCA0BUMU HYHKYUAMU.

Iycrb f u g — umcaossie QYHKIMH, onpeesieHHsle Ha E; mo onpe-
nexenuio orHollenwe f < g sKBMBajenTHo oTHomexmo «f (x) < g (),
KaKkoBo 6b1 HE Obio x € E»; 3T0 ecTb omHoWeHUe nopsdka B MHO-

mecrse RE Bcex uMcioBHX (yHRnumii, oupepmenennsix Ha E. Ilpm

stoM RE, ymOpANOUEHHOe 3THM OTHOILEHHEM, SBJSCTCA pelilemKoll;
B CaMoOM fieNe, eCiId [ W g — ABC UNMCIOBBIE (GYHKIUE, TO UACIOBAS
dyuxuua h Takas, qaro h(z) = sup (f (z), g (x)) npu mwbom z € E,
Oyzer HauMeHbIleli cpegu YMCJOBBIX (YHKIWIf, KOTODHE OIHOBpe-
MEHHO >f I 3>g; B COOTBETCTBHN C OGIIMME COTJIAMEeHUAME Mbl GyHeM
0603HaYaTh 3Ty QYHKUMIO (ABIAIIIYIOCS BEpXHeil rpambio f u g
8 R¥) sup (f, g); Toumo Tak' ke umciaoBag (YHKUWA, paBHAsA
inf (f (), g (x)) paa wamporo x € E, Gyner oGosmauarses inf (f, g).
3aMeTEM, 910 Sup (f, g) ecTh KoMmosmuusa oroGpaskenna (u, v) >
—> sup (u, v) mpoussepernst R X R 8 R n orobpamermst z > (f (2),

g (z)) muomecrsa E B R x R. Anamormunoe mepro pas inf (f, g).

Yncnosas ¢yHemus f, onpemejsenmad na MHoxectse E, naswh-
BaeTcs ozpanuvenioii ceepry (coors. crusy) Ha E, ecum f(E) ecrb
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OTDAHWYEHHOE CBEPXY MHOKecTBo B A" = [—oco, oo [ (coors.
OrpanmyenHoOe CHM3Y MHOMecTBo B A’ = ] —oo, Loo]); pyurmma f
HassBaeTCA o2panunennoll Ha F, ecan oHa OJHOBPEMCHHO OTPAHNICHHA
cBEPXy M CHm3y, T. e. ecau f(E) ects orpanmveaHoe MHOMecTBoO 8 R.

TaxnM o6pasoM, BcsKas orpanwdennas QyUxunA xoneuwna; obparnoc

1
HEBEPHO, KAaK MOKAasHBaeT mpmMeD (yHKuHM — Ha R} = |0, +oof.

2. Yucaosovte Ppynryuu, onpedeseHmtsvie
HA PUAMPYIOUEMCSt MHOICECTNEE

Mrennoswenne 1. Tycms f u g — uucaosvie Pyrkyuu, onpedeaern-
nbie Ha Mmuoxcecmee E, dusvmpyrowemcs no guempy K. Ecau
limg f u limg g cyyecmeyrom u ecau das w06020 mrosxecmsa A € F

cywecmeyem x € A makoe, umo f(z) < g(x), mo limg f < limy g.

[asa ycraHOBJIEHMA CHPABEJAIMEOCTH DTOTO MPEATOKEHUS MBI
JORayKeM CJIe/[VIONee DKBUBAJICHTHOE eMY YTBCDHK/eHNe:

eepnowenne 2. IHyems f u g — uucaosvie Pyuryuu, onpedeaet-
Hbie Ha mHoxcecmee E, dursmpyroyemes no guasmpy 5. Ecau lim% f

u limg g cyyecmsyiom u ecau lim% f>limg g, mo cywyecmsyem

mHoxcecmeo A € § makoe, umo f(x) > g (x) 0aa ecex z € 4.
HoaoknM @ = limg f, b = limy g, u nyers ¢ Taroso, uro b <<

< ¢ << a. Unrepsan Je, -~oo] (coors. [—oo, ¢[) B R ecrs oxpectHOCTE
TouKM ¢ (cooTB. b); caemoBaTesIbHO, cyllecTByer MHoxecTBo M € F
(coors. MHosectBo N € §F) Takoe, uro f(r) >c¢ ana Beex x € M
(cootB. g(x) << ¢ masm mcex x € N); muosecrso A = M\ N npn-
HamueRAT §F, ¥ f () > ¢ > g (x) nas scex x € 4.

W3 opepmokenuss 1 BobiTeKaeT Kak YacTHRE coydait ciaegymoolmas
Teopema:

Treoreva 1 (mpmunun npopio/pKenws uepasencTs). ITyems f, g —
yucaogble PYnKEyUL, onpedeschible Ha miioxcecmee E, durvmpyrowemecs
no guaompy . Ecau limy f u limy g cywecmsyrom u [ < g, mo
u lim% F< limg. g.

damecuarue Ecnu, B wacTuoctd, f (z) < g (z) gas Bcex z € £

(unm xota O AJSL BCEX TOYCK NOKOTOPOTO MHOMCCTBR, MPUIIARJIEKAMCTO
ouaLTPy ), TO OTCIOmA mO TCOopeMe 1 MOMKIO 3AKINOYUTH, YTO limc(,s I<<
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2 < lim% g, 110 ne caedyem Oymamb, umo Mmoxcio 6v10 Gvl gusecmu Gosee
mouioe 1epasercmeo lim& f<< limg_ g. Hampumep, ccan 3a E BaaTh MO~

meetso N Harypanpumkix uuced, ¢umprpylomeeca mo ¢uantpy (dpeme,

u ccau f (n) -0, g(n) 4 ,T0 [ (n) < g (n) mpm m0GoM n, wo lim f (n) =

n Nn—00

= lim g (n) = 0.
oy :

— 00

Donee o6pasHo MOKHO CKa3aTh, YT TPU NEPCXOAE K MPCRENY B cmpo-
20M NEPABCHCTBO MPOUCXOAUT nomeps MOUHOCMU.,

TrorEMA 2 (Teopema o npefene MoHOTOHHON QynKmun). Hycms E —
ynopadouernoe miodcecmeo, A — ezo nodmuoxicecmso, gusbmpyloujeecs
énpago *). Beakas monomonnas uucaoeasn Pywkyus f, onpedesennasn
Ha A, umeem npedeano A (ra. 1, § 7, n° 3); ecau gynryus f soapacmaio-
was (coorB. ybmeawujasn), mo smom npedea pasen gepxiielli (COOTB.
nuxcneis) epanu muoxcecmea f(A4) < R.

IIpeanonoxum, Hampmmep, uTo [ — Bo3pacrawinas GyHKIMA,
n nyctb ¢ = sup f(A). Ecau a = —oo, TO TeopeMa TPUBHAILHA.
Ecauy a > — oo, T0o gasa ao6Goro b << a cymecrsyer x € A Taxkoe, 9T0
b < f(2) < a; o6osuauns qepes S, ceuenue MHOKecTBa A, oTBEUalO-
mee & (MHOMGCTBO TOUeK y > x, cM. . I, § 6, n° 3), sarmouaewm,
uro f(S,) cofepKuTCA B OKpeCcTHOCTH |b, --oo] TouxM @, UTO M MOKa-
sniBaer reopemy. B cayuae yOmsanns f gokasareibcTBo aHAJIOTHIHO.

CagncrBuk. Jlas mozo umobu goapacmarwuas (CooTB. ybueaoujas)
wucaosas Pynkyus, onpedesennas na guibmpyrouiemcs nooMHoxicecmee
A ynopsadouennozo muorncecmea E, umera npedea no A, neobxrodumo
u docmamouro, ¥mobs oHa 6blia 02paHuUYeRHa ceepry (COOTB, CHUIY)
Ha A.

ITpumensss reopemy 2 k ciayuyaw Muoecrsa 4 — E = N (ynops-
[OYMEHHOTO OTHOIIeHHMEM <), MMeeM cCiaenyiollee MpejIoKeHue:

Ilpepnowenue 3. Beakas monHomonnas nocaedosamenviocms
eeuecmeen bl uucea umeem npedes 8 R.

*) Jra GOpMYNAMPOBKA COFEPKMT HEABHOC IIPE/IOI0KCHUE, YTO OTHOMENNe
nopagka B E oGosuavaercs z < y. Ecan ouo obosnauacres z (0) y, Tae (o) —
HEKOTOPHIl 31HaK uwiau HaGop 3HAKOB, XapaKTCPU3YHIUII paccMaTpuBaeMoe
OTHOIUCIUE, TO ¢j0BA «PUALTPYIOIEeCS BMPaBo» B (GOPMYAMPOBKC TCOPCMBL
CICAYCT 3aMENATHh CJAOBAMU «QHIbTPYIOMECCH 110 OTHOWEHUIO (0)».



174 BEIIECTBEHHBIE UMCJIA ri1. 1v, § &

B uactHOCTH, BeAKas Bo3pacrampmas (cooTB. yOmBaiomas) mocie-
JOBATEJIBHOCTh KOHEUMblZ THCENl CXOAWTCA K KOHEUHOMY BEeU[eCTBEH-
HOMY 4MCAy, ecil 0HA OrpaHWYeHHA CBEpPXY (COOTB. CHHU3Y), H K -oo
(coorB. —oo) B mporuBHOM caydae. Hampumep, mocienoBaTeIbHOCTD
MOJIOATEABHBIX IEJEIX gMces CXOAUTCH K -+ oo,

Orciona m Bemer Haya’do obGosmauenme lim u, pas mpepema mocie-

n—00

nopareaspocTn (ra. I, § 7, n® 3).

Touno Tar Ke BCAKAA Cmpo20 603pacmailouyas TMOCIEHOBATEb-
HOCTH IEJHIX uncerd (p,) cxonuress K --oo, u60, KaK yCTaHABINBaeTCA
0 WHAYKIWH, P, > Do -- n giasa uwboro n.

3. II'pedeast ecnpasa u caeea PyYHKYUU GeULeCMEeHHOU
nepemennoll
Mycts A — Hemycroe MHOMeCTBO 3 R ¥ @ 55 —o00 — TOUKA
NPAKOCHOBeHUA MHOKecTBA B = A (\[—o0, al B R. Muoxecrso
B — ¢uaprpyomeecs mo OTHOIIEHMIO <, ¥ ero MIBTD cedeHmil 3
coBmagaer co caedom Ha B ¢uabTpa opectHocreil rouku a B R.

Oneegenenne 2. Dycme f-—Pynkyus, onpedeseHnas Ha MHO-
acecmee A < R, co smauenuamu 6 monosoeueckom npocmpancmee E.
ITpedes f no duarmpy §, ecau smom npedea cywecmesyem,
Ha3vleaemcs npedesom caeea BYHKYUL [ 6 mouke a OMHOCUMEALHO
mHoHcecmea A u obosnavaemcs lim  f(z) uau f (a—), ko2da E

Xoa, x<a, XA
omdeaumo.

Ecan a 5 - oo — Toura npuKocHoBeHus MHoectsa A ()] @, 4 oo],
TO TaKWM ke o0pasoM onpepexsierca npedes cnpasa (€CIH OR

cymecreyer) QyHkuuA f B Touke a; 06o3HATAETCA OH lim  f(2)
. x—-a, x>a, X§A
wm f(a+), rorga E ormemxmMo.

N3 TeopeMl 2 HemoCpeNCTBEHHO BRITEKACT CJEAYIOmMEe IpeaJo-
meune:

Mpennosxenue 4. ITyemv A < R u @ 5= —o00 — mouka npuKocHo-
eeHus MHowecmea A \[—oo, al; 6cakas monomowhas uucaosas

pynryus f, onpedeqennas na A, umeem npeden caesa f(a —) ¢ mouke
a omuocumeavro 4.
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4. I'panu wucaoeott gynnyuu

Onrepeaenne 3. Ilycrs f—wuucaosas @ynkyus, onpedesennas.
Ha muoxecmee E; ee sepxmetli epanvio supf(z) (cooTB. Huxcheli
xEA
epanvio inf f (x)) na nenycmom mhosxcecmse A < E nasviearom gepxhiorn
XEA
(cooTB. HuMHIOW) eparne muoxcecmsa f(A) ¢ R.

B gacrdocrH, miIs HemycToro MHOMEcTBAa A — R

sup A=ilel§x. (1)

Hast o6o3Hagenus BepxHeil TPAauU MUOKECTBA A 9acTo GHBaeT yRo6-
Hee NOJNHBOBATHCA MPaBOil 9aCTbI0 9TOL0 DPABEHCTBA.

UYncao a = sup f(x) xapakTepuayercsl CleIyIOMMME JIBYMA CBOi-
XEA

CTBAMMU:
1° f(z) < a pua Beex € 4;
2° rakoBo OW Hm GOm0 b << @, cymecTByer z € A rTakoe, 4TO
b<f(2) < a

Uncna sup f (x) u inf f (x) npuBagmexaT samukanuio MHOMKECTBA
xgA XEA
f(4) 8 R. TIpu arom inf f(z) < sup f(z); AaA Toro arobH 2T; mBAa
xXEA XEA

aucla cosnadail, HeoOXOAMMO M JOCTATOYHO, yToGM [ Geaa nocmo-
AHHa Ha A.

Has toro uroGnt umcsioBas OVHKIMA f, olpegeseHHasg Ha MHO-
mecte E, Oblia oepanunenna céepry (COOTB. CHUIY) HA €TI0 HEHYCTOM
mofMHO«keCTBe 4, HeoOXOOUMO M J0CTaTOUHO, YTOOBI sug flx) < +oo

x€

(coors. inf f(z) > —oo). Husa toro uroGel f Oba oOzpanUMeHHa
xEA

Ha A, HeoGXxoamMo u gocrarouro, uTobn Gynxmus |f| Ooiia ozpa-
Hunenna ceepry Ha A, 1. e. wrobut sup |f(x)] << +oo.
XEA

Mmeer Mecto cooTHOIIEHWE

inf f (2) = —sup (—f (x)). (2)
xEA x£A

OHO cBORMT BCe CBOMCTBA HYKHEM I'DaHM K cBoficTBaM BepXHEM I'DaHU;
MO9TOMY MHE Oy7eM TroBOpMTH BOOOIIE TONBKO 00 BTHX IOCHETHUX.

Mregnoxenue 5. ITyemv f-—uucaosas Gynkyus, onpedeacrnnas
Ha mHoxcecmee E. Ha muoscecmee 55 (E) acex Koneunnx nodmnoxcecms
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MmHoxmcecmsa E, ynopadouennom u Puavbmpylouemcs no omuouue-
Huw c, uucsosas gyunryus H — sup f (x) so3pacmarowyas, a wucrosas
xeH

gynkyus H > inf f(x) y6usarwwas, npuven
x6H

sup f (z) = lim (sup f(2)),
ek Hed(E) “eH

3

inff ()= lim (inf f (z)). %)

Toaownm ¢ (H)=sup f (z); ouesmamo, ¢ BoOzpacTaeT M IHOTOMY
xeH

UMeeT HEKOTOpHll mpermesx a (reopeMa 2); Tak Kak mpM atoM @ (H) <
< sup f (r), xaxoo Ger Hm Owto H, To a<supf(z) (reopema 1).
xXEE xEE
Ecau O mMmeno MecTo HepaBeHCTBO a < Sup f(x), TO CYIIECTBOBAIO
xCE
Obl 7y € E Taxoe, uto a << f (), a 310 HeBoaMmokHO, ub0 ¢ (H) > f (x)),
ecau x,€ H.

B uwacrmoctn, coraacHo (1) mas n000T0 HEnycTOTO MHOMKECTBA
AcR
supA= lim (supz). (%)
HeFa) *€H
Meemowenne 6. [Tyemev f u g—uucaosvie Pyrnkyuun, onpede-
aennbe o E. Ecau f(r)<g(x) 60 ecexr mitkar Hmenycmozo Muo
acecmea A E, mo
sup f (z) < sup'g (z),

XEA xEA
inf f (x) <infg (). )
xEA xE Aj

Meepaomenne 7. [Iycme f-—uucaosas @Pynkyus, onpedesennas
na E; ecauw A u B—nenycmue nodmnoxcecmsa muoxcecmea E maxue,
ymo Ac B, mo

sup f (z) <sup f (2). (6)
XEA xER

HMrennomenne 8, ITycme f—uucaosas Gyrnkyus, onpedesennas
wa E, u(A)cr —cemeticmao 1nenycmuxr nodmmoxcecmes muoxcecmea E;
mozda

sup f(x) = sup (sup f (z)). (7)

xeUAa, LI x€4A,
Vel
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ITH UpeI0KeHNA — YacTHEI® CIy9au npepioskennii 5 u 6 u caen-
creua npeanomenusa 4 § 1 rmasu III Teopum MHoKecTs.

lycry f—vumenosas GyEKDAA, onpenesieHHAs HA IPOM3BEHeHWH
E, X E; muOmects E, u E,, u 4,—Hemycroe MOAMHOMECTBO MHO-

xecrBa E,; obGosHaumm wepea sup f (z;, ) BEPXHIOW IpaHb HAa A,
. Xa€ Az

UMCIOBOH (QYHKOME Zp —> f (Zy, 73), ompenexenHoi Ha E,. Us mpen-
JOeHAA 8, B YACTHOCTH, Cjhefyer

Irepnoxenue 9. ITycme f—uucsosas @Pyrryus, onpedesennas
ra npouseedenuw Ey X Ey muoxcecme E, u E,. Kakrosw 6u nu 6uiau
Henycmbie mHoxwcecmsea Ay < Eq u Ay < E,, umeen

sup  f (s, 2z) = Sup (sup f(z, zp)) = sup (sup f (21, 3)). (8)

x1, x2)EA1X Ag X1€AL x2€Ag xagAg x1£A]

5. Ocubawuwue cemeiicmea YuUCAO8LX PYHKYUTL

Onrenenenue 4. ITycmb (f,).cr— cemeticmeo uucaoswx @ynryui,
onpedeaenntir na muoxecmse E. Bepxuell osubaroweil sup f, (coors.
. oI

HudxcHel oeubalowell inf f,) cemelicmea (f,) wasviealom onpedesennyio
Vel

Ha E uucaosyro gynryuio, sHauenue Komopoii 6 kawdoli mouke x € E
pasto sup (f, (z)) (cooTs. inlf (f, (@))).
WEl \E

Bepxusaa ormbaiomas cemeiicTea (f,) ectb He uTo MHOe, Kak

o TE o

6¢pTHAR 2DPAHb 3TOTO ceMelicTBA B pemweTke R 4@CiOBHIX (yHKIMIL,

ompefesieHHEIX Ha [E, dWeM mu omnpapamBaeTcs o0oaHaweHme sup f,,
L

E o
Hamee, ectn Hamemutds R™ npoussedenuem monosozuii ero coMBo-

muTeneil (Kamab# W3 KOTODHX COBHAZAET C —I_{), to OyaeM mMeTh
clenyiomee Ipeajio:KeHue:

Meepnoxerue 10. B npocmpancmee R° geprnas oeubarwas
sup f, cemelicmea uucaosvlr Gynkyull (f.)c1 ecmv npedea no gdusvm-
1 ]

pywenycs muozxcecmsy K (I) acexr kKoweunblr nodmwoncecms H
muoxcecmea I omobpascenus H > sup f, (comocraBnmiomero Kasx-
H

zomy H < I sepxmioio orubaromyo Komeusoro mogceMeiicrsa (f,).cx).
12 H, Bypbaru
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Adro cpasy smreraer us caefersud 1 mpepgaosxerus 10 § 7 rnasm I
M IIpejIoKeHns I,

TaxkuMm o6pasoM, MoeM Hammcarb

sup f,= lim (sup f.). 9
el HES(I) €H
Onrepeaeuue 5. Cemeticmeéo (f)er uucaoshix @dynryuii, onpede-
aeHHBL Ha muoxcecmee E, Hasvieaemcs paSHOMEDHO 02pAHUMEHHBLM
ceepxy (coots. chuay) na E, ecau cywecmeyem koneunoe wucao a makoe,
umo f, (x) < a (coorB. f, (x) > a) npu a6z x € E u v € I. Cemeti-
cmeo (f,) Hasvieaemcs pagHomepHO ozpanuuennbvm Ha E, ecau owno
00H06pEMERHO DABHOMEDHO o02panuuenio ceepry u cuusy na E.

TaxuM o6pa3oM, i1 Toro 4robn cemeiictBo (f,) OBLIO paBIOMEPHO
orpaHEnueHHo csepxy Ha FE, meo6xommMo m AocraTrouHo, 4roOHl ero
seprnan oeubarowas On1a oepanuvenna céepry wa E. [lasa Toro urobu
(f) 6nI0 paBHOMEpHO oTpaHMueHHO Ha E, meoGxogmmo u gocraTovHo,
gyrobH BepxHAA ormbapomas cemeiicrsa (|f,|) Omia orpaEmueHHa
ceepxy Ha E (r. e. uro6m cymecroBano wmcno a > 0 raxoe, uro
| f. (@) < a aaa awboro « € I u mwboro x € E).

6. Bepxrnuti u NUICHUL npedesvt YUCA060W PYHKYUU
no guaovmpy

Mycrs f —uncioBas ¢yHKNUA, ompeleNeHHad Ha MHo:xecrse E,
gusempyrowyemcs no ¢ursrpy . Kax masecrno (ra. I, § 6), & ecrs
YIOPATOUCHHOE MHOMKECTBO, @fuibmpyioujeeci MO OTHOWEHMIO D.
ComocraBuM EKaxpoMy MuoxectBy X € & pemecTBeHHOe UHCI0

sup f (x); armm Gyzer onpesieseno orobpaskenue X > sup f (z) dman-
xeX xXEX

tpa @ B R, no npemnomenmio 7 ybusalowee va &. TeM cavmiM, Ha
OCHOBAHIM TEOPEMH 2, OHO OymeT uMeTh npedes Mo GUIBTPYIOMEMYCS
MHOXecTBy &.

Onregeaerne 6. [Ipedes wucaosol gynkyuu X —> sup f (z) no
xeX

Puasmpylowemycs Muoxcecmey & nasvieaemcs eeprrum npedeaom f
no gusbmpy @ u obosnavaemes lim supyf uwau lim supy, g f (2)-
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Tar se onpemensiercsa wusnuil npedesa pyrrnun f mo ¢uasrpy &,
oGosmauaemurit lim infy f wau lim infx' g (@)
Taxum o6pasoM, 0 oIpeIeIeHUIO

lims = lim (s , liminfg f=1Iim (inf .
imsupg f = lim (sup (@), lim infg f=lim (inf/ @). (10

B cayuasx, Korga 8TO He MOMKET MOBECTH K HEJ0pPa3dyMeBHIO,
¢uabTp @ wWacTO He YKASHWBAIT ¥ OWINYT OpotTo lm sup f, manm
lim sup, f (z), man lim sup f (z).

Tlo dopmysnam (10) m Teopeme 1 mmeem

inf f (z) <liminfg f <lim supg f < sup f(z). (11)
xCE xgE

Ilo TeopeMe 2 MO:kHO TaK)Ke HANMCATh

limsupg f=1inf (sup f (z)), liminfg f=sup (inff(x)). (12
of=inf (upf (@) of=sup(intf (). (12)

Ilpu srom B mpasmx uactax dopmyn (10) um (12) cbnnb'r'p 8
Momer OHIThL 3aMeHeH m00OHM m3 ero 6asucos B,

Coraacuo (2) u (10)

lim infg f = —lim supg (—7), (13)

9T0 MO3BOJNAET OrPAHWYNTHCH HM3yUeHMEM JHMING CBOMCTB BepXHero
mpenedna.

Trorema 3. Bepxnutli npedea uwucaosots gynkyuu f no gusvmpy &
paser Hauboavuieli us npedeavrbir mouek gynkyuu f no gusbmpy .

B camom gere, nyctb b-—OpefelrHAs TouKa QYHKIMHU f 0o
PunrTpy &; mpu ao0om X €@ oma Oymer TOUKON IPUKOCHOBEBHA
mpia f(X), Tak d9ro b<su§f(x), OTKYZHa, Ha ocHopagum (12),

x€
b<limsupg f=a.

C mpyro#i croponsl, mycTh V —karkag-1u00 OTKPHTAS OKPECTHOCTD
roux: @ B R; cymectsyer X, € @ Takoe, aTo sup f (z) €V mas Beakoro

xeX
X €®, comepskameroca B X, MOCKONBKY V OTKpDHTO, OTCIOHA cle-

nyer, uro f(X) mepecekaerca ¢ V; Takmm o0pasoM, & eCTh npedesr-

Has mouka ¢yuxkumu f mo ¢uabTpy &, 4To ¥ 3aBepmaer HoKa-
3aTeNbCTBO.

12%
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Caencteue 1. Juas moeo wmobu lim supg f = lim infy f, neobzo-
dumo u docmamouro, ¥mobw Pynryus f umera npedes no usvmpy &;
mozda

limg / = lim supg f = lim infg f.
B camoMm mene, Tak Kak R KOMIAKTHO, TO JIJIA TOro, 4TOGH 6a3suc

¢uabrpa f(®) uMen mpenen, HeoOXOOEMO M AOCTATOIHO, YTOOH €ro
8aMHKaHWe CBOAMIIOCH K OfHOi Touke (Ta. I, § 9, cnexcreue Teopemu 1).

Crnencreue 2. Ecau § — dusvmp, mamopupyrowuli &, mo
lim infg f < lim infg f  lim supg f < lim supg f.

B camom pexe, BcAKasA npereiabHAA Touke yHKRNUE f mo QUIBTPY
$ABNAeTCA TaKKe npefenbHoll TouKol ¢yErmmm f mo ¢uarTpy &
(ra. I,§ 7, n° 3).

B gacrmOCTH, eciu limb f cymecrByer, TO
lim inf f < 1im© f < lim supg f.

Caencrut 3. yemb A — odno us muosxcecms gusvmpa &, B, —
puasmp, unoyyupyemwii guavmpon & Ha A, u fa — cynenue f

Ha A; moeda ) .y
lim Supg fa = lim supg /.

B camMoM fene, BCAKas TOUKA NPUKOCHOBeHWs Oasmca ¢uibrpa
f (®) ecrs TouKa mpUKocHOBeHMA Gasuca guubrpa f4 (84), u oGparno.

Ecnn $yurumsa f ompepgeseHa TONBKO Ha MHo)Kecrse A — E, mpm-
Hajgne;KaieM ¢, T0, OCHOBHBAACH HA CKABAHHOM, 9aCTO, HONYCKAA BOJb-
HOCTL peu#, BMecto lim S“p(g f meEmyr lim SUPp f.

A

Tpennomenue 11, IIycms f u g — uucaosule Pynryuu, onpedenen-
nwe Ha guavmpyrowemcs mHoxcecmse E. Ecau f < g, mo
limsup § <limsupg, liminff<liminfg. (14)

9ro—menocpencteeEHoe cxeneTBEe dopMmyn (12).

Ecnm E—monosozuieckoe npocmpancmeo B & —pusvmp oxpecm-
nocmeti touku a€E, To BMecro limsupgf (coors. liminfgy f)
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mamyT limsup f (x) (coors. lim inf f(z)); owesmaHo,

X—>a

lim inf f (2) < J (a) < lim sup f (2). (15)

Boaee o6mum o6pasoM, korma E—nodrnpocmparcmeo TOUONOTE-
geckoro npoctpapcrea F, a @ —caeq ma E dmasTpa OKpeCTHOCTEH

HeKOTOpOl TouKH a € E, BMecTo lim supg f (coors. lim infg f) mamyT

limsup f (%) (coors. liminff(z)); rosopar, uro limsupf(z) ecrs
x—+a, XEE ) x—+a, XEE x—»a x€E

eeprnuli npedes @gyuryuu f(x), Koeda x cmpemumcs K a, ocma-
éascv ¢ E. Ecam E— pomonHerne MHO:kectsa {a}, To B 8THX 06O-
sHAdYeRNAX «x € E» BaMeHAIOT HA 4T 7~ a».

Ecnu A —nopmaomectrso MHOkectsa E rtakoe, 9T0 aEZ, T0
(caegcTBue 2 TeopeMH 3)
liminf f (z) < lim 1nf j (2)< hm sup f (x) < lim sup f ().
x-+a, xEE

x—a, x€E X—>a, X
Eenun V—OKpECTHOCTB TOYKHA @& B F , T0 (caemcreme 3 TeopeMsl 3)

lim sup f (z) = lim sup f (z).
x—+a, XEVNE x>a, XEE
Nnage TOBOPA, HNOHATHA HHXHETO M BeDXHEro nopefesioB B TOUKe

TOTIOJIOTUYECKOr0 NPOCTPAHCTBA HMEIOT, KAK M HOHATHE Hpefesa, A0Katb-
uul XapakTep.

Haxonen, eciu & —gusvmp Ppewe B N, TO BepxHuit (COOTB.
HWKHMIY) npefen mo & orobpamenma n - u, wmAGKecrsa N B R
o6osmayaercss lim sup u, (coors. 11m mf Up) B HABHIBAGTCH GEPTHUM

n-—»oo
(cooTB. HuUMCHUM) npedesom noc./ze@oeame./zbnocmu 8euecmeenHolx
uuces Up.

Taknm o6pa3oM, orHomenmeé lim sup u, = ¢ € R 9SKBHBAJEHTHO

n—o0
cnepyomeMy: Kakoeo OH HE 60 & > 0, cymecrsyer nenoe ny Takoe,
410 U, << a + € Ondg BCAKOTO n > ng # u, > a — & ANA 6ecKOHeYHOoTo
MHO)KecTBA 3HaweHH# n. AHaJOrmyHO pacmAPOBHEBAETCH OOpe/eseHH®
BEDXHETO TIpefiena TOCTeROBATOABLHOCTH B Clyuae, KOrfla OH HMeer 3Ha-
yeHHe -0 RIAE —CO.

[Iycrs pama mocnepoBatennHOCTH (f,) YmCHOBEIX (QYHKIMA, ompe-
JleTIeHABIX Ha MHOMectBe K; wuepes limsup f, (coots. liminf f,)

n—oo n—+o00

oGoanauaerca umciopas QYHKOHA, SHAYeHHe KOTODPOii B M0G0l ToTke
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z€ E pasro lim sup f, (z) (coors. lim inf f, (z)). Cornacuo (10) u (12)

lim sup f, = inf (sup fm) ==1lim (sup fn,),

n—oo neEN m=n n~»00 M=2N 16
lim inf f, = sup (inf f,;) = lim (inf f,,), (16)
n-»00 ngN m>z=n n>00 M=2n

npudeM mpesenst Gepyrca B npocmpancmee RE. Ilam toro wroGs

HOCeA0BATENBHOCTH (f,) MMena npedes B R, meo6xogumo u pocTa-
T09HO, 4To6kt lim sup f,=lim inf f, (caegcreme 1 Teopemn 3 aroro

n—oo n—o00

nmaparpaga u caeactsue 1 mpepgnomenua 10 § 7 rmasm I).

7. Aazebpauueciue onepayuu HaAd YUCLOGHIMU
Pynryuanu

IIycry f w g-—uncaosrie QyRKnEM, ONpefeieHHBe HA HEKOTOPOM
MHO:kecTBe E; ecam cymma f(z)+g(z) (coorB. mpoumsBefeHme
f (z) g (x)) mmeer cMmpicn opu m6om z€ E, To yepes f--g (CooTs. fg)
0003RaYA0T UHACJI0BYI0 (yHKIUIO xr—»f(x)—%—g(x) (cootB. Z V>

r-»f(x)g(z)) Touno Tak e, ecnn f( ] HMeeT CMBICSI HPH J1000M

z€ E, To uepes -;—-060333‘{310'1‘ GyERONI0 T —> — f(z)

Taxuy obpasom, ara mocnegnsaa QYHKOWA OmpejesieHa, Korfa j He
npuruMacT 3sfavesuAa 0. Ecam QyHKUMA [ OpAHMMaeT 3HAYEHUA W3
maropeana [0, -}co] (coors. m3 [—oo, 0]), TO MOKHO YCIOBHTHCH

1 A
CYHTATb, 4YTO -—— ONpefeNeH0 BCIOAY, Ionaras —0—=—|-oo (cooTs.

f(z)
1

1
o= —o0); Pynruua — Gyfer ompejeneHA H B 3TOM CJydae.

f

UpennososxuM, 910 MEOKecTBO E — drapTpyomeecs no GuabTpy 3
H CYIIEeCTBYIOT Ipereiul lim%f i lim% g, ecad, BO-NepBHX, QYHEK-

nusa f-+g (coors. fg, %) ompegejiesa ¥, BO-BTOPHX, BhHIpa)KeHue

limg f+limg g (coors. limg f-limy g, ) MMeeT CMBICA, TO

lim% f
limg (f +g) (coors. limg (fg), limg —;—) CyIeCTBYeT H PABeR 9TOMY

1
BHIPa/KERHMI0 B CANy HempepuBHocTH $yEROEE z-}y (COOTB. Z¥, —1—)
B TeX TOYKaX, IJe oHa ompefieliena.
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Ueegnomenns 12, Hycmv [ u g—uucaocevie Pynryuu, onpedeaen-
nbie na muoxcecmee E, u A—ez0 wenycmoe nodmrodsxcecmeo.

1° Umeem
sup (f(x)+g(2) < sup f(x)+ sup g (2), (17)
f_ggi( )'r mfg(z) sup (f (z)+g( ) (18)

ecau obe uwacmi. sMUT HEPABEHCME OnpPedeseHbl.
2° Ecau f(x) u g(z)>0 npu awbom z€ A, mo

sup (f (z) g (x)) <sup f (z) sup g (z), (19)
xXEA xE A xE A

sup f (z) inf g (z) < sup (f (z) g (2)), (20)
xXEA XEA x€A

ecau obe wacmu smur Hepasecms onpedeaeiisl.
3° Ecau f(x)>0 npu awbom z€ A, mo

1 1
su _ —
o T® 7@

(21)

(rme mo yénomzuo 11)—-—: + o0).

B camom jiene, mycts H —IIpon3BOILHOE KOHEYHOE TIOMHOMECTBO
MEOMecTna A; ecam xp—Touka uad [, B woropoil f--g mpmHmEMaer
CBOE MaKCUMaJbHOE 3HAUYEHWE, TO

fx )rg(zo) qup]‘(x)+%upg(x)

¢ Apyroi CTOPOHH, €CJHM I,— Touka ud H, B KoTopoil f mpmEHMMaer
cpoe HanGosblee sHadeHHE, TO

f(z1) -8 (z1) > supf () + 1nf g ();
103TOMY

zg}[) = )+ 1nf g < un (f(@)+g@@)< sup f () —l—gup g ().

Tlpumenas npegnomefme 5 m TeopeMy 1, moaydaem oTCiOfla He-
pasesctBa (17) m (18). Amanormyso [OKa3HBAIOTCA OCTAIbHELIE
HePABOHCTBA.

Cnepcreue 1. ITycmd f— uucaoeasn gynryus, onpedeaernnas na E,
ke — eeugecmeennoe wucao. To20a

sup (f (z) + k) =k -+ sup f (z) (22)
xXEA xEA
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8 npednosodcenuu, umo ofe wacmu pasencmea onpedescnbl; Oaaee,
ecau k>0, mo

sup (kf (z)) =k sup f (x) (23)
xEA xEA
6 npednosoxcenuu, umo o6e wacmu pasencmea onpedeseHsl.

CaepcrBue 2. [Tyems fi u fu— uucaosvie gynkyuu, onpedesernnle
coomeemcemeenio Ha Muoxcecmeéaxr Ey, u Es; kakoew 68 Hu Obau
Henycmele nodmuoxcecmea Ay — E,, Ay < E,, umeem

sup (f1(x1) + fa (%2)) = sup fy(zy) + sup fa(xs)  (24)
x1€A1 x9€ Ag

(x1, x3)EA1X Ag

6 npednoaoxcenuu, wmo obe uacmi pasencméa onpedeseHdl, ecau [y
u fa 0 coomeememsenno na A, u Ay, mo

sup  (fy(x1) fa(z2) = Sup fu (ay)- sup fa(zs)  (25)
(x1, x9)EA1X Ag x1€A1 xa€Ag

8 npednoaoscenuu, umo obe uacmu pasencmea onpedesensl.
JTO BHITEKAaeT HENOCPEACTBEHHAO K3 NPeAHAYINETO0 CJAeACTBHSA
1 npepno;ierns 9.

B gactHOCTH, ecik 4 W B—pBa nogMHOMecTBa MHOMKecTBa R
raxde, 910 MHEOecTBo 4 1+ B Bcex cymm z-+y (x€A4, y€B) ompe-

7eNeHo, TO
sup (A + B) =sup A+ sup B, (26)

eciy mpaBag YacTh HMeeT CMEICA. To4mo Tak e, ecam A m B—
noaMuOoxecTBa HETepBana [0, 4- o], TO

sup AB =sup 4-sup B, (27)
eciu 006 9aCTH WMEIOT CMBICIH.
Ureanoxerne 13. IHyemy f u g — wucaosvie gynxyuu, onpede-

AenHble Ha guavmpyouemcs mroxcecmse E.
1° Hmeem

lim sup (f + g) < lim sup f 4 lim sup g, (28)
lim sup f + lim inf g  lim sup (f + &), (29)

ecau obe wacmu dmuzx HepaseHcme onpedeneHul.
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2° Ecaufug>0naE, mo

lim sup (fg) < (lim sup f) (lim sup g&), (30)
(lim sup f) (lim inf g) < lim sup (fg), (31y

ecau o6e wacmu smuz Hepasencms onpedesenil.
3° Ecau f > 0 na E, mo

. 1 1
lim sup 7=

lim inf f

(32)

(rge mo ycmoBmio —(1)—= -+ o00).

Jdto—caefcTBasa mpeasaokernda 12 ® coormomenmit (10).

CnegcrBue 1. ITyems f u g — uucaoeule ynryuu, onpedesertve
Ha @Puasmpyiowemca muoncecmee E. Ecau lim g cywecmsyem, mo

limsup (f + g) = limsupf + lim g (33p

8 npednosoxernuu, umo o0be uacmu pasencmeéa onpedeneHbl; ecau,
kpome mozo, f u g > 0, mo

lim sup (fg) = (lim sup f) (lim g) (34)
6 npednoaoiceruu, wmo obe wacmu pagencméa onpedeserdi.

CnepcrBue 2. Ilycmbv f u g — wucaosvle gynryuu, onpedeaenmbie:
Ha guasvmpyrowemcs umroxcecmee E. Ecau lim f = oo, lim inf g >
> —oo u cymma f + g onpedesena, mo lim (f + g) = +o0. Ecau
limf = +oo, liminf g >0 u npoussedenue fg onpedeacrno, mo-
lim (fg) = +oo.

Yuopaxaennsa

1) HNycrs E;, E; — yHopspoyenHHE MHOMKECTEA, PUILTPYIOMHAECH
BIIpaBO, M f — yACHOBAsA QYHKIHA, onpemenenHasn Ha £y X E,, Takaf, 910
oTobpamenne z; > f (z;, ;) BoapacTaomee Ha E; mpm mwoboMm z, € E,
n orobpaxende z; > f (24, 7;) BOspacTalomee Ha E, npm mo6oM z, € E,.
Ilokasars, wro f mMeer B R mpefiel 1m0 HPOH3RefCHHI dmnmpon ceve-
il B Eq m E,, papHHI ee BepXHeil rpaHA,

2) a) Ilycrs f—umcnosas GyHKIEA, OIpefieleHHAS] HA MHOMeCTBe E,.
A-—ero HellycTo® MOAMHOKECTBO H (p— BO3pacTalomas uucjioBafd (GyHK-

nms, onpenesennasn Ha f(A). Ecam ¢ mempepniBHA B TOuKe a=3sup f(z),
xEA

10 :lexg P(f(x)=09 (glelg f (@)
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6) Hycrs f — unciioBan QyHKOHUA, ONIPEJENEHHAS HA MHOKecTBe E,
Punerpyomemca mo GuiabTpy F, @ ¢ — yncaoBaa GYHKIUH, OMPEIeseH-
HAA HA OTKPBEITOH OKpecTHocTM V MHO)KECTEA BCEX IIPE[CALHEIX TOYOK
¢yrkiun f mo %F. ITokasaTh, wWTo €CAM (¢ BO3PACTAGT W HeMpePHBHA
Ha V, 1o

lim supx (9o f)=0 (lim sup~. ).

3) Ilyere f — gmesosasg QyHKIUA, OHpeRejeHHas Ha GECKOHEWHOM
Mioxectse E, 1 & — OUARTD JOMOJHOHNI KOUEYHHX HOAMHOMKOCTB U3 E.
ITokasarn, uto lim sup © f ecTh BODXHAA rpalbh MHOYKECTBA TeX BONOCT-

BOHHHX YHCEJ I, AJIA KOTOpHX MHOMecTBO f (Jz, +co]) Geckonewwo.
4) Ilyers f m g—uncaosne GyHKMU, OlpeAeSeHHHE [1a MHOMKe-

<TBe I, PpuasTpyromemes no duantpy §. ITokasarn, uto

lim Supg (sup (f, g))=sup (lim Supx f, lim sups. g).

Jath npnMep muoxectsa [, duarTpylomerocsa mo ¢miabtpy T, u Gec-

KoHewmnoro ceMmeciictsa (f,) umca0BHX QyHKION, OlpeJcHeHHHX Ha [7,
A KOTOPLHIX

sup (lim supx i) < lim supy, (Slfp fu).

5) Iycre f M ¢ —uncioBHe ¢yHKUKRK, ONpejelIeHiiHe 11a PUABTPYIO-
Inemcsi Muokecrse. Ilokasats, uro ccam lim g cymectsyer m >0, TO

lim sup fg = (lim sup f) (lim g)
B NPeANOIOKCNNN, YTO 00e YacTH PABEHCTBA OIPC/IEICHE.
6) Ilycts [y (cooTB. Es)—MuonecTso, duianTpylomecca no GuaLtpy 5§y

(cooTB. Fa), m f—unciosaa GyHKOUA, OUPeAETCHHAS HA IPOM3BEJEHUN
Iy x Il5. 1lokagaTs Ha LpEMepe, 4TO upciaa limsups o f(x1, Z3),
1 2 FixFa 1, Z2

lim ssup?s:1 (lim :atup?§2 f(xg, 29)), lim sup;gz (lim supm f(x1, x2)), BOOGIIE
rOBODH, Pa3lMYLiLL. )
*7) Mlycte f—vunciropad QYHKIUA, ONpejeleHHas HA 3AMKHYTOM

muoxecrse 4 (- R. OBoanaunm wepes lim sup f (2) (cooTs. 11m sup f(x)
X—>a, x2a x->a, X%a

Bepxumnit mpegea $yuxkunm f(z), Korga x CTPEMATCA K TOUKC a € A4,

-ocraBasick B 4 [} [a, +co] (coors. B 4 1 [ —00, a]). [Tokasats, uT0 MHO-

MECTBO Tex ToueK a €A, aasa koropux limsup f(z) = limsup f (z),
x—a, X2a x—a, x<a

ue GoJiee ueM cuerno. [Wcnone3ya ympamuenue 1 § 2, nokasars, 4To A

060l napH panMoBANLHHX wucen p, ¢, Tjie p< g, MHOMecTBO Gp, 4

ToueK a € A Takux, 4ro
limsup f(2) <p < ¢ limsup f(x),

x—a, xX2a x—-a, Xsa
He Gojiee ueM cUeTHO.)

8) Bupectn u3 ympakuennsa 7, uto wnciaoBaa QymKmua f, ompene-
JeHHAS HA 3AMKHYTOM MHOMKecTBe A < R M MoHomoHHan HA HeM, HeIpe-
DHEBHA BO BCEX €ro TOYKaX, KpoMe He Gollee weM CYeTuoro MX MIOKECTBA,
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*9) Ilycr, £ — TOMmOJIOTHYCCKOe IIPOCTPAHCTBO CO CHUOTIHIM OasncoM
n f — uncnoBas dyuxuns onpenenesrsan ka E. IloxasaTh, 4T0 MHOKeCTBO

Tex Touek a € E, ana wotopelx lim f(z) cymecrmyer m oramwen or
X—>a, X#a

f (a), He Goxee uem cuerno. [Tor ke MeToM, YTO M B yHpaHeHMH 7. ]

*10) Iycrs E — TOHmOJIOIMYCCKO® IPOCTPAHCTRO, 00J8ja0mee cyerT-
#uM Gagucom (U,), m [ — uncnosan ¢Qyukmus, ompegeinennag ua L,
ToBOpAT, 4YT0 f wuMeeT B TouKe a € E cmpozull omHocumesbHblE
MmakcuMym, €CIH CYmMECTBYOT TakKafl OKDPECTHOCTh V 95TOM TOUKH, YTO
f(x) < f(a) pna soboro z € V() A, ornuysoro or a. I[lokasarh, 4TO
MuEOKecTBO M Touck 3 E, B KOTODHX f MMeeT CTPOrmil OTHOCHTEJBIKH
MaKcuMyM, Ho €oIee yem cueTHo. [PaceMorpers MuomkecTo Takux U, 4to
/ MMeeT B HCKOTOPOiHl Touke M3 U, CTPOrMil OTHOCHTEJHHBIEI MAKCHMYM,
paBuHil ee BepxHeil rpaun B U,; moKasaTh, ¥To cymecTsyeT orobpaskenne
9TOT0 MHOKecTBA na M.

11) ITyers (up)—Tarkafd noOCHeJ0BATENIHLHOCTh BEMIECTBOHHHX YHCEJ

>0, uro lim up==0. [Tokasarp, 4TO cymecTByeT OecKomeuHoe MHOKe-
Nn-—>00

CTBO TAKNX HH/JGKCOB n, UYTO Up > Uy AJA BCeX m > n.
12) IIyers (up)—TAKam TOCICAOBATEILHOCTH BEMICCTBEIEFHLIX YHCENT

>0, uro lim inf u, == 0. Ilokasarn, 4TO CyIECTBYCT GCCHOUEYNIOE MIO-
n=»20

KECTBO TAaKNX HIJIGKCOB 7, UTO Up < Um AJA BCEX m < M.
13) Hyers  (u4p)— UoCAEJOBATEILHOCTL KOUEYHHX  BEI{ECTREHHHX

9nce’x M (8,) — TAKas NOCJIGAOBAaTeJbUOCTE wmced > 0, uto limep=0
n-~>00

U Upiy o> Up—ey A ao6oro uesoro n>» 0. IMomomum a=Ilim inf u,,

H—>00

b==1im sup u,; NOKasaTL, YTO MIOKECTBO NMpPEAGIBHLIX TOYEK NOCIe0Ba-
n-—->00

TeIbHOCTN (up) ecTsr mHTEepBAX [a, b].

14) Hyers (r,) — Bo3pacTraOmas TOCTOLOBATCILHOCTh KOHCUIIRX
gucea > 0 Takad, uro lim r, = 00} ANA KaMAOTO KOHEWHOro BCIIe-
cTBenHOro umeya r > 0 o6osmagnm wepes N (r) Hauboanmmii MHIEKC n
Takoit, aro r, < r. IlokasaTn, 4TO

. N{(r . n
lim sup L::11m sup — , lim inf N )—llm inf —
T—>00 r n—0 'n r=y00 nsoo I'n
*15) Ilyerh (xp) —IHOCHe0BATENBHOCTH KOHEYHHIX BeleCTBEHIIHX
quces M (pp)-—TAKafA IMOCIEJ0BATEILHOCTh KOHEYHHX wHucen > 0, 4To

lim (Z pi) = -+co. Toaomny -’/"—(2 p,xi)/(V pi) AnA BCex Ta-

n—>o0 1=0

KHX n, 4TO 2 pi =+ 0. Ilokaaatb, uTO
i=0

lim inf 2, < lim inf y, < lim sup y, < lim sup z,.
N-»00

n—oo n—o0o —00
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Ilycrs H —mpomsBonbHOE HENyCTOe MOAMHOMKECTBO MHOKECTBA IIpe-

NenbHHX TOYEK IOCHe[0BATeNLHOCTH (rn) B R; mokasarth, uTo MOMMO
onpeuennu OOCHeOBATONBHOCTE (pp) wMCenm >0, QpAA  KOTOpOH

lim ( 2 pi)= + 00, TaK, uTo6N MHOKECTBO MpeJeAbHHX TOUEK COOT-
n—+o0 i=

ne'rc'rnyromen IoCIe0BATeNbROCTH (y,) cofiep:xamo H. [CeecTm K cay-
yaio, korna H He 6Gomee ueM CyeTHO, M 38TeM ONpeJleNATh HOCIEH0-
BATONBLHOCTD (pp) DO MHAYKNHH, Gepa ee wreHH paBHmMH O mam 1.}
BuieecTm oTCIOmA, YTO ANA T(r0, YTOOH IOCHEAOBATENBHOCTH (Zn)
cxopEaach B R, He06X0ZHMO M OCTATORHO, YTOGK HOCHGHOBATEIBHOCTD J/n
CXO/uIach B 'R AR KancOoli HOCIeMOBATeNBHOCTH (py) uncex >0 rakoi,

aro lim (2 pPi)=+4oo.

n—»o0 i=0

16) Ilycrs g, yo — BellecTBEHHKIe YACAA TaKHe, 910 0 < ¥ < xp; onpe-
ReamM paA n >0 WHAYKIHeR mocIeX0BATeAbHOCTH (T,) U (yn), CBA3AHHHE
COOTHOMGHHAME Zn.y=(Zn+¥n)/2y Yns1= 'l/xnyn. IlokasaTh, 4TO OHH
CTPeMATCA K OHOMY H TOMY e Ipeflery o («cpefimeMy apHdMeTHKO-
TreoMeTPHYECKOMY» THCON Zg H Yo); KpOMe TOro, CyMEeCTBYIOT TAKI® YHCIA

n

a>0nv¢€]0, 1[, uro zn—y, <ay2" puA scex n. [YuecThb, YTO Zpyq—

—Yn1= (zn—1n)? .
4(Zngs+Ynsr)
17) Iycrs g — rakoe oto6pamenme J0,1] s [ — 1,1], 970
(1)im>0g(x)-=0. IToxasath, 9YTO CymecTBYIOT BO3pacCTAlOIlee HEIPEpPHIB-
x=0, x

Hoe orobpamenme g, m yOHBaloomee HempepHeHOe orobpaskenme gy
nutepeaxa [0, 1] & |—1, 1] Takme, wr0 g£;(0)=g2(0)=0 m gy (x) <
<g(x) <gz(r), worma 0 <z <<1. [lna xampmoro memoro n >0 pac-

1
CMOTpeTh HEVKHIOI [DaHb In TeX z, AAA KOTOPHX g (x) 3z —-.]
rl

18) PacmpocrpammTh ompefenemms @ pesyabratl n°n® {—6 ma
QyHROME, DPUHAMAIOMKE 3HAYCHAA B COBEPIOHHO YIOPAACYEHHOM
MHO;kecTBe FE, KOMHAKTHOM B Tomogorma J o (E). [Cm. § 2, ympask-
menue 6.]

§ 6. HenpepuiBable u moayHenpephIBENe wdcHOBhbie (GyHKmHE

1. Henpepbvieste yucaosvle ynnxyuu

IlomMrMo 0GmHX CBOiCTB HeNpEpHBHEX OYHKOUA CO SHAYCHAAMHE
B IPOM3BOTHHOM TONIOXOTAYECKOM IIpocTparcTse (Ta. I, § 2), menpepris-
HEle YHCNOBEe (QYRKEME 061afaloT ClegylOW¥Mm IByMA QYHIAMEH-
TaNbHEIMA CBOCTBAMH:
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Teorema 1 (Beitepmrpace). ITyemv [ — uucaosas Pynryua, onpe-
0e/eHRAA U HENPEPLGHAs KA HENYCMOM K6aSUKOMRAKMHOM NpPOCMpaH-
emes E. Cywecmeyem no xpaiineil mepe o0na mouxa a ¢ E maxas,

umo f(a) = sup f(z), u no xpaiinet mepe odna mouka b € E makas,
xEE

umo f(b) = inf f (z).

xEE
B camom gene, f(E) xommaxTHO (ra. I, § 9, reopema 2) m motomy

samrHyTO B R; cnefosarensro, f (E) cogepskur ofe cBoM rpamm.

91y TeopeMy 49acTO BBHIDAYKAKT, TOBOPA, UTO HENPEPHIGHAR HUC- -
40648 PYHKYUS HA HENYCMOM K6ASUKOMNAKMHOM npocmpaxrcmee docmu-
2aem ceoux epamel.

Caepcrsue. Ecau wucnosas gynryus f, onpedesennan na nenycmom
reasuKomnakmuom npocmpancmsee E, xomewna u nenpepwisna na E,
mo ona oeparuienna Ha E.

Trorema 2 (Boasunamo). ITycmov uucaosan gymkyus f onpedescna
u Henpepbisna Ha ceéaznom npocmpancmee E. Ecau a u b — awobue
dee mouku u3 E, a oo — eeuyecmeennoe wucao, npuHadiexcaijee 3aMERY-
momy unmepéaay ¢ Konyamu f(a) u f(b), mo cywyecmeyem no Kpai-
Heti mepe o0na mowka x € E makasn, umo f (z) = c.

B camoM pgene, f(E), 6yayun cBasmeM (ra. I, § 11, mpemnosxe-

Hre 4), ABnserca umrepsanoM B R (§ 4, mpegnosemme 5) m motoMy
CONe/HAT B3AMKHYTHH mHTepBan ¢ xommamu f(a) u f(b).

JTO CBOMCTBO 9aCTO BHIPAKAIOT TAK: HENPEPLIGHAR HUCA068as PYHK-
yus Ha C6ASHOM NPOCMPAHCMEe He Moxcem nepexodumdv om odnozo
snaueHus K Opyzomy, He nporods wepe3 ace NPOMEICYMOLHblE 3HAMCHUS.

OnHako 98TO CBOMCTEO HA B Kol Mepe He XapaKTePHCTHYHO [IIAA
HOHPePHBHEHX (YHKO@A; MOKXHO yKasaTh OPpEMepH (YHKUHHE, KoTOpLe
olpefleleHKl HA CBABHOM HPOCTPAHCTBe M 0GIAKAIOT YKABAHHHM CBOIi-
CTBOM, HO paspens & xaxfoli mouxe (ympamHeHme 2).

2. IIoaynenpepstenste yrnnyuu

Ilyerys f — umcnoBasa ¢GYEKOHA, ONpeflelleHHas Ha TONOJOTHYe-
cKoM mpoctpaHcTBe E; ausa tvoro 4ro6nl f 6Ghina HempepsiBHOH B TOYKe
a € E, geo6xogumMo u gocrarodro, drobu: 1° ana moboro Bemecrsen-
Aoro umcna k << f(a) cymecrtBoBana OKpecTHOCTH V TOYKW @ Takas,
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aro h < f (z), xakoBo 65 EHE Gnno z € V; 2° gna mroGoro BemecTsen-
Horo 4mciaa k > f(a) cymecrBoBala oxpecTHocTh W TOuKH ¢ Takas,
aro k > f(z), vakoBo 6m uu Gwuio z € W.

B apanuse BajkBy0 ponbh WrpaloT QyHKLAU, IAA KOTOPHX BHIOI-
HeHO Mmoavko 00HO U3 YKA3aHHHX /ByX ycioBmil. Beegem caenyiomee
olpefe/ienne:

Onvenenesnr 1. Yucaosan Pynkyus f, onpedesennas wa mono-
Aoeuneckom npocmpaincmee E, nasweaemcs nosynenpepumenoii crusy
(cooTB. ceepxy) 6 mouke a € E, ecau Oan awbozo h << f(a) (coors.
k > f (a)) cywecmeyem oxpecmmuocmv V mouku a makas, wmo h < f(x)
(cootB. k& > f(x)), Karoeo 6w nu 6wao x € V.

Hucaosan Pynkyus nasvieaemcs nOAYHEnpepLeHol CHU3Y (COOTB.
céepry) na E, ecau ona nosynenpepvisna chusy (CoOTB. ceepxy) 6 Kadc-
dott mouke us E.

Haa Toro uroGH umcnoBas QyHKUMA GHIa Menpepbiéha B TOUKe a,
Heo6X0oiuMO | [oCTaTOUHO, UTOOH OHAa OHNIAa B 9TOM TOUKE 00HO6pe-
MEHHO NOAYHENDEPHIEHA CHU3Y U ceepry.

Ecau f monyuenpeprnsHa cHu3y B HEKOTOPOIl TOYke, TO —f mONy-
HempephIBHA CBEpPXY B JTOH Touke, M o6parHO; HMOITOMY B AanbHel-
meM MBI OTPARMYHMMCA pACCMOTpedneM cBoOlicTB (QyHKIuUi, moayHe-
NPEePHBHBIX CHU3Y.

flcHo, uro ecnu QyHKUMA HoNYHeNpepHIBHA CHHE3Y Ha IPOCTPaH-
CTBe, TO OHa MOJYHeNpephBHA CHM3Y Ha BCAKOM nodnpocmpancmee.

ITpumepn. 1) Ecau dyskuma f uMceT B TOUKe a omuocumesvrbls
MUHUMYM, T. €. CYDIeCTBYeT OKPeCTHOCTh V TOUKM a Takafl, uTo f(a) <
< f(x) nmasa wamgoro x €V, TO f TMONYHONDEDHBHA CHH3Y B TOYKe a.

B wacrrocTn, ecam f(a)= —co, TO f mModyHeIpepHBHA CHHU3Y B TOYKe 4.
2) OppegeanM uucioByl0 ¢yakomoo f Ha R, monoxms f(r)=0,

1
0CIN T HPPAUAOHANERHO, W f(x)=7, eclIM r pannmoOHaJhLHO M DaBHO He-

CoKpaTHMOR apobm % (g >0). Jdaa moboro nesoro n>0 MHOKECTBO:

TeX PANMOHANLHHX THCEJ %, AaA KoTOpHX g < n, 3aMKHYTO W BCe ero

TOYKH — M30;IHPOBAHHEE; TAakaM o06pasom, soboe wppaunoHansHOe x
- 1

obmagaeT okpecTHOCTRIO V Taroif, uTO f(y)<—; onA Bcex y €V, a ato

MOKa3KBAOT, YTO f B TOYKE & HelPEPHIBHA; C APYroif CTOpOHE, TaK Kak f
B KO)KA0H DANHOHANLHON TOUKe HMEET OMHOCUMEAbLHHI MakcUmym, TO f
noJyHepepuiBHAa cBepxy Ha R.
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YcaoBue monyHePEPHIBHOCTH CHHU3Y (GYHKIMM f B TOYKE @ MOMKHO-
elle BHPA3UThb, CKaszaB, uTo mIA Jo0boro h < f(a) MHOMKECTBO:

? (12, +oo]) ecrv oxpecmrocmv TOUKH a.

Bupowem, mocTaToynHo NIPeRIIONAraTh BTO YCJIOBHO BEIIOJHEITHEIM:
TONBKO [N  goapacmaiboujeis nocacdosameavnocmu (hp) BEMIECTBOHHLIX
gqucen << f (a), cTpeMsampeiica K f(a).

Hagenum R Tomosormeit, OTKPEITEIMH MIOMECTBAME KOTODOH cary-

WMaT & W BCE HE02PAMUYEHHBE CNpaéa OMEpumbue UHMEPEALt U3 R (T. e
HHTepBaJIH Ja, +00] ¢ KoHeYHHMH a m HHTEpBal [—oo, —+oo]). Hasx
TOoro utobGnl uynciioBas QyHKIMA f OHJNA TOJYHENPEPHIBHA CHU3Y B TOY-
Ke g, HeoOXommMO W JMOCTATOYHO, 4TOGH oHA OLIJIA mHenpepwiéna B DTOH

TOUKe, eCJU paccMaTpuBaTh ee Kak orofpaskeHHMe B MHOMecTBO R, Hajie-
JIOHHOe YKa3aHHOI TOIOJOTHeH.

Ilregnomenur 1. Jas mozo umobw wucaosas @yrnkyus [ na mono-
aoeuxeckom npocmpancmee E 6uaa noayrenpepuiena cHudy, Heobrodumo
u Odocmamouro, umoOw Oas w6020 Konewnozo uucaa k mnosxcecmeo
~1
f(Jk, -oo]) (rex z € E, paa xworopeix f(z) > k) 6wio omrpumo

-1
¢ E (mam, uro to e, umobtt f ([—oo, k]|) 6euio samrnymuim mHO-
scecmeom ¢ E).

-1
B camoM pmeme, 810 yciaosme Bripaikaer, uro [ (Jk, +o0]) ecrs
OKDECTHOCTh KajKJoi CcBOE TOYKH.

IOns Toro wrobu f OWJjia HOJYHENPOPLIBHOi cHU3Y Ha E, MocTaTodno,

-1
qT06ut f (Jk, ~+oo]) OEIO OTKPHITHIM MHOMECTBOM B E [iA Bcex Beme-
CTReIHLIX YuceN k, NPUHANJIEIKAIUX 6ciody naomHomy MHOMKeCTBY B R,

CagncrBue. J{aa mozo wmobu nodmuoxcecmso A monosozuieckozo
npocmpancmea E 6vao omkpumsim (cooTB. 3amrHymum) 6 E, neol-
zodumo u docmamouno, umobvl e20 rapakmepucmuueckas @GyHryus *)
@a Oblia noaynenpeptisha cruay (CooTB. ceepxy) Ha E.

B caMoMm gere, ?6,\ (e, +oo]) paBmo ¥ mpu k> 1, paBuo A,
rorma 0 < k << 1, u pasno E npn k << 0.

TroeeMa 3. IIyemv f — noayHenpepwsnas CcHUsy @PyHKyua Ha
HenycmoMm KeéaaukomnakmHom npocmparcmée E. Cywecmeyem no

*) Hamomunmm (Teop. mu., ra. III, § 5, n° 5), uT0 Zapakmepucmuuecras
dynryus ¢, mOxMHOKCCTBA A MHOKecTBa E — aT0 ompepesennas Ha E ¢ynx-
s taKas, uto Q4 (z) = 1, ecim x € A, m @4 (x) = 0, ecam z € CA.
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xpalineil mepe o0na mouka a € E makas, umo f(a) = inf f (z) (unage
xeE

ToBopsA, [ Oocmuzaem ceoeil HuscHel zpanu Ha E).
B camoM pene, paccMorpmM masi Kaznoro k € f(E) MHokecTBoO

Ay =}l([—-oo, k]); atm MHomectBa He HycTh H o6pasylor 6asuc
guavmpa B E; covnacHo mpemnomennio 1 oHE 3aMKKYmb M HOTOMY
mMeloT mo KpaiiHeit Mepe onmy ofmyio Toury a (axcmoma (C") kBasm-
KOMHAKTHEIX npocrpancts). Tem camuM f(a) < f(x) nas Beex x € E,
9ro U [JOKA3HIBAET TEOpEMY.

CuepcrBue. Iycmv f — noaynenpepusnas cHusy @Gynkyua Ha
Henycmom  Keasukomnaxmiom npocmpancmee E; ecau f(r) > —oo
das ecex x € E, mo f oepanunenna crusy Ha E.

OTMeTHM, YTO 2TAa TOOPEM& M COOTBOTCTBYKOINASA TeopeMa AJA IOXY-
HOIIPePHIBHHX CBEPXY QYHRUMA BHOBb HAIT KAK YACTHHIA CIAy9adl Teo-
pemy Beitepmtpacca (teopema 1).

Ileepnosxenus 2. IIyemv f u g — uucaoswe Gynryuu, nosyrenpe-
pusnble chudy ¢ mowke a € E. @ynxyuu inf (f, g) u sup (f, g) noay-
HenpepuigHsl cru3y 6 mouke a. To ace eepHo u Oan f + g, ecau ama
Pynrkyus onpedesena, a marsce 048 fg, ecau f u g > 0 u ux npousse-
denue fg onpedeaeno.

MposeneM, HampmMep, mokasareabcrBo miaA f -+ g, OAA APYTHX
CcllyuaeB DACCV:KIEHAA AaHAJOTHYHH. lIpennosxenme oueBHIHO, eciM
f(a) unm g(a) paBHO —oco0; B HIpPOTHBHOM ciyiae OyZeM wuMerb
f(a) + g(a) > —oo. Beakoe komeunoe umeno h << f(a) + g (a)
MoeT GuTh 3anmcaHo B BUie h =r + s, toe r << f(a) ® s << g (a)
KOHEYHH (HOCTAaTOYHO BBATH § TaK, 4robu h — f(a) << s << g(a));
0 TPEANONOMEHHI0 CYIMECTBYIOT OKPeCTHOCTh V TOYKM @ TaKas,
gro r << f (x) gns Beex x € V, m oxpecrHocts W Takas, 4o § << g (x)
nnsa Beex x€ W; o Totga b = r + s << f(x) + g (x) pas Bcex ToUeK
x oxpecrHoct® V(| W.

HerpynHo BmoeTs Tax:xe, uTo ecim [ HONYHENPEPHBHA CHMU3Y

B Touke a ® f > 0, To -%- HoJyHeNpepHBHA CBEPXY B ToUKe 4.
TroPEMA 4, Bepanas ozubaowas cemeticmea (f,) Pynkyuil, noay-

HenpepulsHbL cHU3Yy 8 mouke a € E, noaynenpepvisna cHusy & amotl
mouke,
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B cavmom gerne, mycth g — ora BepXHAA oruballas; KaxkoBo Obl
HH Oniso h < g(a), cymiectByeT uHAEKC L Taroil, Tro kA < f,(a) <
L g(a), u, naiee, oKpecTHOCTH V TOUKM @ rtakad, qro h < f (2)
aaA Beex x € V; torma tem Gosee h << g(z) adas Beex x € V.

ITo mpepnomennio 2 nuscnan ormbatomast korewi02o THCIA no.n'f
HempepeIBiLIX cHU3dy QYNKINI TOKE MOJYNCTIPePHBHA CHHAY; 110 MOCJe]
nee, BoolIe rosops, yke He HMECT MecTa I HKHeH orubaoueit fec-

2 KOHew1020 CeMeUcTBA uoJayuenpepuphbix cundy ¢yuwnmii. Ilycrs, nanpn-
Mep, f, Wis T060ro paMonainiioro gucia r — QynKiud, paslas 1y.1io
B TOYKC r M EEWNUIC Jijis J060TO BEUCCTBCINOLO £ 7= r, HIDKNAA OTH-
Gatoman g pynknmii /, Gymetr pasuna 0 a5 KaKEOTO PalMoHaIGHOTO 3na-
GCHIA apryMenta u 1 [ast Kamgoro nppaiwonaibinoro («pyuruns Jupnx-
ae»); ona ne Oyaer, TakuM o6pasoM, MOyCIpePHBHOIl CIIM3Y B WPpamno-
HAJMILIBLIX TOYKAX.

Cavjcrsue. Bepxnas osubaoujas cemeticmea Henpepulénss Hucio-
euxr Pyuryul na npocmpancmée I noaynenpepuwsna cuusy ha L.
B ramape 1X, § 1, mpemiomenme 5, MLl DOKaMCM, 9TO 0fpaweriue

9TOT0 MPERJIOKCTIIAA CIHPABCANNBO, cciau E  pasromepusyemo (M TOILKO

B OTOM CIy4ae): BeAKas HVHKUMA, MOJYHCUPEPHBIas CHU3Y NA paBlio-

MEPIyCMOM  HPOCTPAHCTHE, HBISCTCS pCpXHeld orubaoumieir ceMeiucTna
HEeIPePLIBHLIX DY IKIKIL,

Meensomennr: 3. Jas moeo wmobu sucaosas @ynkyus f, onpede-
AeHias Ha monoaozudeckom npocmparcmee E, Owaa noaynenpeprisna
cnudy e mouke a € E, neo6xodumo u docmamouno, umobu lim inf f (z)=—

X—=a

= f(a) (mnu, yro cBojuTes K TOMYy e, uTolsl lim inf f(x) > f(a)).

X
Yeaosue neob6xodumo. B camoM nieste, kakoBo Gl HE G100 b < f (a),
CYILCCTBYET OKPECTIOCTH V TOYRM a Takas, 4uro h < f(x) mis Bcex
z €V, rag uro A L inlf(x) < lim inf f(x) (§ 5, dopuyast (12))
pN=% x>0
n, ciejosarensuo, f(a) < lim inf f (z).
a

x>
Yeaosue docmamouno. B caMoM jiede, ecam OHO BBIOJHEHO, TO
masg aoboro h << f(a) cyluecTByeT OKPeCTHOCTH V TouKM a Takad,

aro h < inf f(z), m rem caMnM [ mosyHelnpepHBHA CHM3Y B TOUKE 4.
xgV

Iresaosenne 4. Hycmo f — npoussoavras uucaosas Gynryus,
onpedesennan Ha éciody naomiom nrodmuoxcecmee A monosoeuneckozo
npocmpancmsa E; ecau Oas Kawmdoeo x € E nosoxcumv g(z) =

= lim inf f(y), mo g 6ydem noaynenpepwena crudy Ha E.
H—rx YEA

13 H. Iyphakn



194 BEINECTBEHHEIE YMCIA . 1v, § 6

B camoM pmese, KakoBo 6H HU 6vu0 h <C g (), CyIEecTBYeT omKpbi-
mas oKpecTHOCTb V TOUKM x TaKas, 4ro h < f(z) mas Beex z € V1 4;
HO V ecTh OKPeCTHOCTH KayK[Koit cBoell ToukHM y; modroMmy lim inf f(z) =

-y 2EA
= g(y) > h pua awoboro y € V, deM NpefJIoxeHNe M HOKa3aHo.

g HABHIBAETCH NOAYHENPEPLSHOU CHU3Y pezyaapusayueti ByHRIMU f.
AHAJIOTHYHO OLPENENALTCA H NOAYHENDEPLISHAS C8ePTY PeYalpusayus
dyurnuu f.

DYHKIAI g MOKHO €@ OIpPEeAeNNTh KaK Haubosbduiyio N3 yHE-
uuit @, MOJYHeNpepHBHKX CHU3Y Ha E U Takux, uro ¢ (z) < f(z) nns
Bcex x € A, Ecau f noayunenpeptiena cnusy Ha A, To B Crly IpeJiioiKe-
HNsL 3 g CHYRUT npodormcenuem [ ma E.

VnpamHeHns

1) Ilycte f — nempepeiBHOE OTOOpaiKene OTKPHTOTO HUITCPBala
. —1
I — R B R; mnokasarth, aro ecau f (/) OTKpoITO ¥ MHOMCCTBO f(y) maA

mo6oro y € R umeer Ho Gosiee pByX pas3iMYHEIX TOYEK, TO f MOHOTOHHO.

*2) Mlycre B — Gasnc B R, paccMaTpmbBaeMoM Kak BCKTOPHO® Hpo-
cTpaHcTBo maj moyieM Q («Gasme Xamexs»); B Hecwetno (§ 2, ympaskme-
nue 2). Tycre ¢ — Oueriua nopmuoxectsa C = B Mmnoxectsa B Ha
B. Oupenenum orobpaxenne f mpoctpaHctBa R B ceGs, monowus f (z) =
= MM (E ¢E) mia xkaomgoro z = Y M(E)E (tae M(E) € QuA(§) =0

geC H3E

OJA BCEX, KpOMe KOHeWnoro wgmcjaa, osaementos £ € B). Ilokasars, uTo

—t
flea+y=7F@ -+ 7)), no f(z) Bclogy miotHo B R [misa Kamporo
z € R, oTKynma cJiegyeT, 9T0 f Ilé OrpaHMYelia HU CBepXYy, HM CHU3Y
HH B KakoM mHTepBalie u3 R,

*3) a) Oaa xagoro nuTepBana [ < R oGosnagzum uwepes G (I)
rpynnoy romeomopguamon I na cebsa. Iloxasars, ato G (I) m G (J) uso-
MopdHu s o0HX neognorodeyntix wntepsastos [ u J us R. B G (1)
MHOMecTBO F (/) BCcex BO3pacTalonMX roMeoMop@uaMOB €CTL TOPMANBHEIL
[eJIUTCNb ¢ HHACKCOM 2,

6) Hyers G = G (R) u F = F (R). jlaa ramporo f € G 0 KaRKOro
z € R monoskuMm O (x; f) = sgn (f () — z). Mycers T+ (cootB. T-) —
MIIO3KeCTBO Tex f € F, A KOTOpHX O (x; f) moctosnno n paBuo 1 (cooTs.
—1). Ilorasatb, 9TO BeAKMil ajieMerT m3 T+ (coorB. T-) compmken
B F ¢ mepenocom z > z -+ 1 (cooTB. z = z —1). [PaccMorpers pus
/ € T+ mnocaegosatenbhocTb f* (0) (n € Z).]

B) [lyerp T = T+ |J T-. lloxasarn, 49T0 BCAKME ajeMenr f € F,
HO mHpuHamIekamuit T, ecTh mMpoM3BeAenue B F gByx siaeMenToB us T
[f = fif2 8 F, tie fi(z) = sup (¢, [ (z)) m fy(z) = inf(z, {(x)); ecan
g ©cTh mepeHoc x r» z - 1, 10 fig m g~'f, npumapneskar T.)
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r) JxA TOro 4TOGH DIEMEHTH f A g OLIIN COIpAMKeHHEIMHU B F, Heol-
XOJIIMO M KOCTATOMHO, YT00H CymecTBoBajgo s € F Taroe, uto ¢ (x; f) =
= o(s(z); g) nua Bcex =z € R. [PaccMOTpeTh CBABHHO KOMIOHEH-
TH I,, OTKPHITOTO MHOKECTBA TeX z, A KOTOpHX o (x; f) 7 O; samerurs,
aro B cuny a) F(/,) m F usoMopdHE, u ncroiabsosars 6).] B gacraocTH,
ecin [a, b] — Taxoi umrepsan B R, uto o(a; f) = o(b; /) =0 mun
HeKOTOpoTo f € F, To ajeMeHnt f' € F, papHulit f A z < a una z > b
7 Takoit, ato f (2) = z+ e(f(z) — z), vorla a << z << b, THe 0 < & <
<Z 1, conpssken ¢ f B F.

n) Ilyets fE€EF, a, b, ¢, d — TAKUO® BEIECTBEHHH® YmWCia, 9UTO
a<<c< b<d, f(x)y —x=0 wpn zr=a, z=05b, z=¢, r=24d
uor; f)=1, Korfia a<< z << ¢ M Korjia b << x << d; mojoykuM J =
= la, b] m J =[a’, b'), THE a < a' <e¢ bV d u obosma-
yuM Yepes f, cyxennme f Ha J, aBiswmeeca anemenrom us F(J). Tloxa-
3aTh, 4TO CYIECTBYET BO3pacTalomuii romeomMoppusMm s unTcpsaia J Ha
J’ Taxoii, 4TO 2AEMEHT f, = sf;s~) U3 F (J') obnagaeT TéM CBOMCTBOM, 4TO
f2 (x) > f~t (), worga o’ << z << b’. [Wcnmoun3omath T).]

e) Ilycrs f € F, [a, b] — untepBax B R rakoif, uro f(x) —x =0
upn r=a n r=25b, o(r; )= —1 gis z<<a WM o(z; f)= 41 pan
z > b. IlorasaTh, 4TO CYWECIBYeT aJieMEHT g € F, coIpsiKewHml ¢ f
B F n Taxoif, a10 g (z) > f(z) pas Bcex z € R. [Tor xe meron. ]

m) O6osuagum uyepes Ht+ (coorB. H~) nopManpHHH IeJUTeNh TPyn-
nu ¥, cocrogmuit m3 Tex f € F, ANA ROTOPHX f(r) = x B KaKo#-1nGo
OKPEeCTHOCTH TOYKH oo (cooTB. —oo). Iloxasars, uro HY, H-u H =
= H+ (| H- — e[UHCTBeHHH® HODMAJBHHE NeXUTENN Tpynns F, oTiany-
nute ot F u {¢}. [[Joxasars, uTo eciu N — HOPMalbHEI feJnTeNb rpym-
sl F, oTamuesii or F, m f € N ne npunagiexur H+, o B N cymecTsyer
TAKOH 2JIOMeHT g, 4TO MHOMKECTBO TeX z € R, mnsa koTOpHX O (z; g) =
= -1, ectr unTepBan Ja, +oo)l u g(z) = z gna r < a. Wcoonpsoparn
IJis 3TOT0 IOCTPOSHMA U3 f) U ©), a Tarke 6) u B). UTo6u n0KasaTh, YTO
1] we comep!KUT HU OQHOTO HOPMAaJIbHOTO HEJINTEeJIA TPYUNH F, OTIUYHOTO
ot H n {e}, paccMoTpeTs ajieMenT f € H, OTIMYHEIM 0T ¢; OycTh a ¥ b —
(KOHEYHHO [0 IPEeAION0KOHAI)) BEPXHAS M HIGKHAA TPAHH MHOKECTBA
Tex z € R, pusa roropeix o (x; f) = 0. 3aMeruts Torfla, uTo F (ja, b])
uaoMopdHO F, U BOCHOJB30BATHCA IIPEfBIAYINM pe3yJbTATOM. ]

8) Ilokasars, wro rpyuna H mpoctasg. [Tor ke Merof, wTo ® mpu
JOKa3aTeJIbCTBE TOT0, 4T0 H HO COMEPIKUT HeTPHBUAJBHHX HOPMAJLHHX
jgexuteneit rpynmu F.]

4) [Iyers f — monyHeIpepHBHAA CHH3Y QYHKIAA ma TONOJoIMYe-
€KOM mpocTpaHcTBe E M ¢ — BO3PACTAOMASN  HOJYHeNpPepEIBHASN
causy ¢ynrnusa Ha f(E) < R; mokasaTh, uTO Qof mOJYHeIpepPHBHA
cundy Ha E.

5) Mycrs f — moxyHempepuBuaA CHM3Y OYHKUUA HA TONOJOTHYe-

ckoM IpocTtpascTBe E. Ilokasars, 4T0o sup f(.Z) = sup f(4) AnA Kammoro
HeIycToro MHoykectsa A — E.

13%
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*6) Ilycerh f — anciaoBas QYHKUMA, OIpefcieHHaH Ia TOMOJOTWYe-
ckoM mpoctpatctse K. Koaebanuem f B Touke a € E paauipaercsi KOHCY-
noe miu OecKonedioe 9nCIio

o (a; f) -limsup f(xr)—lim inf f (z),

KOIJa IIpaBasl 4acTL MMCET CMBICI.

a) Iloxasarn, 4T0 z = © (x; f) DOJNYHCHPCPHBHO CBOPXY Ha IIOA-
mpocrpancTse A < E, COCTOAMIEM M3 TexX TOYCK, THC 3To oTOGpaKenne
oIIpepesicHo.

6) Ecau f roneurna na E, o0 A = E u gua noboil Toukn a € E

o (a; f)— hmaup (/ (&) —fWwh-.
(x, Y)—=(a

B) Mycts f—nodynenpepuBHAA CHU3Y KOHEHNAsA MHUCTOBAA (YIHRLMSA

na E. llokasatn, ato eccm o (a; f) MMeer konewnoe 3HAYENUEe B TOUKE

a €k, o lim inf w(z; f) : 0. [Paccy:;1aa oT npoTHBHOTO, MOKABATL, 9TO
X->(l

MHAYe CyIUCCTBOBAMM OBl TOYKM z, RaK yrojio OJM3KUMe K a, B KOTOPBIX
f () OuL10 OBL CKOL YTO;HO BOJMKO. |
r) Jlaa Kamjo'0  paiodaIsHOTO YHMCHa r, 3ANMCANHOTO B BUXE

1ecoxpaTuMoil spolbu r. —Z— , mje ¢>0, nosmomum f(r)==q; HOKaaTL,

4yTOo | HOJyHeupepnsHa cHuay Ha Q, Ho @ (r; f)-:-{-cO B Kamj0li Touke
reqQ.
*7) Myers f—mnoayuenpepulBHag CHU3Y QYHKIUS HA JOKAJIKRHO KOM-
MAKTHOM IIpucTpamcTse /.
a) lHoxkasate, yto ecayw lim sup f (r) =-+oco pua scex a € E, Tu MHO-
x~>a

#EeCTHO f( +-00) BewAy 1miorino B K. [[{#n wkampoit Toukm ¢ € E v nram-
10it ee owpecTHOCTH V mocTpouth mociejiosatensaocts ({/,,) aTHocuTeABIO
KOMIIAKTIGIX OTKPBLITBIX MHOMKOCTB TaKUX, UTO Un+1CUn u f(z)>n
aasg seex x €Uy

°0) 1TycTh 1 pmep rp €CTH GueriMA N HA MHOMKECTBO BCEX PAIMONAIL-

nmix auced us [0, 1] 1 ¢ (2) #_ (c @ (0) - -}-00). Dyuruns f (z) -
x

—1
- 2 2= (x —rp) HONMynenpepusHa cuudy na [0, 1], mMHOMKecTBO f (-1-00)
n=_0
IFIOTHO HA DTOM MHTEpBAJe BMECTe CO CBOUM ;jonojHeHneM. [Yrtobm poxa-
1
3aTh IOCI¢Iee, 3aMETUTE, 9TO0 DAL ¢ o0LUM WieHOM 27 S ¢(x—ry)dx
0
cexopurcs (Unrerpnp., roin. IV, § 3, Treopema 5).],
B) Tlokasars, 4ro ec:iu QYUKIHA f KOHOYHA, TO MIOMKOCTBO Tex
TOYeK ¥, B KOTOpbLIX ® (z; f) KOHeuHo, seioxy maoTuo. [Mcmosinsonats a).]
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r) TokaaaTh, 9TO MHAOGIKECTBO TOYEK HENPOPHIBHOCTA (pyHKuMU f
(koweumoit waM Her) BCOAY MAOTHO. [CnecTH K cilyyaio, Korja f orpa-

HHYCHHA, 3aMEeHAA f Ha (ynpaxcmenie 4); 3aMeTUTh, 470 PyHEK-

I
14| F]
uusg U(_}ff)— HOJi yRelpephiBHA CIMAY, UCTIOJIb30RATE a) U yupanicuue 6s.]

8) Iycre E—TOmosoruueckoe MpocTpaHcTBO U A —3aMKHYTO® MHO-
mectso B E x R, Tokasats, uro orofipanenue x +=» inf (A (x)) npoeximu
pry A B R monymenpepupno cam3y. O6parno, eciu f: E— R ecth Hony-
HenpepuBHAA CHHM3Y QYORIMA, TO MUIOKECTBO BC ExR, cocrosniee
u3 Tex mnap (z, y), B KOTOpRX y > f(x), 3aMKHyTO B E xR.

*9) a) Ilyers E u F — orpesuMele MpocTpancTsa, 7l — COBEPHICIIIO0e
(rr. 1, § 10, n° 1) neupeposioe orobpanenue E b F, ¢ — DOnynenpe-
pLIBHAS CHHBY gHCAOBag Gynkums na E um f(y) muas wamporo y € F —

-1
HWKIAR Tpanmh QynKuu¥ g pa MiomecTse o (y) (paBuas --0o, eCJIH
-1
o (y) = @). TlokasaTs, 9to f nosynenpepusua chusy na F. [Vcnoin-

30BaTh TOT QaKT, yTo N (E) BaMKHYTO, 8 MUHOMKCCTBO .'[l(y) IJtsi KayKporo
y € n(E) KOMOAKTHO, MPUYEM BCAKAsSI CTO OKPECTHOCTH COAEPHMUT OKPeCT-
HOCTL, 1ACHIMENIYIO MO OTHOMENWIO SKBUBAJeHTHOCTH TU(z) = 7 (z).]
6) llyer g — nempepuBnas QyuKUMA | zyrp — 1|, onpeaeacnnas
Ha R X |0, 4oo[, u f(x;) = inf g (z1, zp) pos wampgoro g € R; Hoka-
RO
3aT5, 9T0 [ 16 IOJylenpepuiBHa Ciudy.

10) PacmpocTpanuTt ompefeacnue 1, npeaomenune 1 u Teopemy 3
na  Gyuknuu, oupemenenuble na TOMONOFMYCCKOM ItpocTpauctse £ H
NPUHUMAOIUO 3HAUCLIMA B NPOU3BOJLHOM c08epuULenIo .l/IlOle(')O‘telllloM
muoxecrse F. Eciiu f u g — pgsa otoGpamenns E B F, H0JIyncIpepuiBIbiC
CHU3Y B TOUKC a, To inl (f, g) u sup (f, g) TakKe HONYHCHPEPLIBHLI CHUBY
B To9KC «. To ke cnpasemyiuBo u gis [ -+ g, ecau & — cosepmiesuo yno-
psgodYeHHas KOMMYTATUBHAs TPYIIAA.

B caywae, korga F, napeacnpoc Tonoloruei 7o (F), womnarxmmo
[§ 2, ynpamnenme 6], pacmpocTpanuTh Ha (YNKHMA €O 3UAICHUAMH
B I' TeopeMy 4 M mpepgaoskenus 3 u 4.

*11) Hapeaum R npasoii Tomonorueit (ra. 1, § 1, ynpasnenue 2); ais
Toro uto0H oToGpamenme | TomoJoTHyeCKoTo mpocTpancTsa £ B R Obixo
HCIIPEPRBILIM B CMBICJE OT0il ToHOJOI'MU, NEo0XORWMO U J0CTATOYNO,
9TOBH [ UMEN0 OTHOCHTCHLNBIH MUHUMYM B Kawdol Touke ms E. Ifoka-
3aTh, urTo ccam E = R (¢ o6manoii Tomosoruci), To Muomectso f(E)
TOTHEA ne Goaee uem cuemio. [Paccykmast oT IPOTMBHOIO, HPCANOAOIUM,
aro untepsax [o, PB] () f (E) mecweten; jpas kamporo y € [o, Bl pac-

-1
cMOTpUM omxpwmoe B R Muomectso U (y) = [ (ly, -Foo)). Iyers (Ia) —
Koncuxast wamn GecKoHewmasl IOCICKOBATENbIOCTL CBASNHX KOMIOHENT
muomecrsa U (B) u z, € /, must saxmoro n; oGosmadnmM dcpes gn{y)
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(cooTs. hky (y)) mpm moboM y € [o, P] Bazano (COOTB. KOHen) CBASHOM
KOMMOHEeHTH MHo)kecTBa U (y), cofiepKameit z,; IOKa3aThb, YTO XOTA
Obl {751 OXHOTO n OfiHA U3 QYHRIMUI gn, h, MOIIKHA IPUHAMATH HECYOTHOE
MHOIKOCTBO PA3NMINBIX 3Havonmi B [, f], M B BAKNIOYGHH® BOCIOJIL3O-
BaTbcA ynpaykpeuuem 8 § 5.]

12) TlycTp [ — HENOCTOAHHAA HEOPOPHBHAA KOHOUHAR YUCHOBAH
OyHKIMA HA KOMNAKTHOM HHTepBase [a, b] — R Takraa, uro f(a) =
= f(b) =0, 1 Z — 3amMKuyTO® MHOECTBO B [a, b], cocTosmee ua3 Tox
z, MIA KOTOPHX f(x) = 0; obGo3mauuM wepes ¢ HaNGOABMYI0 M3 IJIHH
CM@IKHEIX ¢ Z UHTCPBAJOB B [a, b]. IlokasaTh, 9To AJNA Kampgoro ¢ € JO, |
CYmPCTBYeT Takaa Touka z € [a, b], wTo .+ ¢t €fa, b] u f(z+ ) =
= f (2).

13) IlycTh f — He CTPOT0 MOHOTOHHAS HEIIPePHIBHAA KOHEWHA s YUCJIO-
pag QYHKIUA Ha KOMHaKTHOM HHTepBade [a, b] — R. IlokasaTth, uTo
CYIIeCTBYGT TO4YKA ¢ € Ja, b] Taras, uTo maa modoro € >0 B [a, b]
CYHIECTBYIOT TOYKM y U z, YAOBIETBOPAIOMNe YCHOBHAM Zy — € << y <.
<ze<<z<<zot e m fy)=f(a

14) Iycte §f — mempepuimoe oTobpakenue R B ce6A.

a) ITorasaThb, 4TO ecau f paBHOMepPHO HempepeBHO HAa R, To cyme-
CTBYIOT BOmECCTROHHWEe wucaa o >0 u f§ > 0 Tarme, uwro |f(z)| <
<alz{-+ B mua Beex z € R.

6) IokasaTs, 4To ecjM f MOIOTOIHO M OrpaHNdYeHHO Ha R, TO f paBuo-
Meprno HempephBHO na R.

*15) Ilyecre E — monympsaMmas Anencaunpona (§ 2, ympaskue-
ane 126) u E’ — ee KOMIMAaKTHQUKALUA IIOCPeACTBOM NPHUCOeXMHOHMH
Geckoneuno ymaxenuoil Toukn Q. IlokasaTs, 9TO AAA N06OT0 HOMpPOPHIB-

Horo oToGpaskennsa f mpoctpanctBa E B ceba mmbo lim f(z) = Q,
xR, xEE

mmbo cymecTeyer Takoe z € E, 4T0 f noemosrxo Ha HHTepBame [z, — |.
[(Tokasarp, yT0 ecau f mpu CTPOMJBHHM z K ) ofuafgaeT mpefielibuoi

TouKoit ¢ € E, To meabxomumo lim f(z) = ¢; niAA JMOKA3aTeNbCTBa
x~Q, xEE

TOTO, 9T0 [ @ MOKeT UMeThb APYrofl mpeesbHO# Toukm B E’, BOCHOJbL-
30BATbCH TeM (aKTOM, UTO BCAKAA BO3PACTAKIIAS IOCJE[0BATeJBHOCTH
B E cxopurca. HemonbaosaTh, Hakomern, ynpaskusenme 126 § 2 u To, uto
B E’ mepeceuenne BCAKOIO CYCTHOTO COMEHCTBA OKPOCTHOCTOH TOYKU Q CiO-
Ba ©CTb OKpPeCTHOCTL 3TOH TOYKH. ]

§ 7. BeckoHedHNE CyMMBI 1 HPOH3BeJeHNA Bem[ECTRCHHBIX YMCEN

Tax xaxk BcAkaA rmouka B R oGnapgaer cuemnoill QpyHgaMeHraib-
HOll cucreMoii okpecrHocreir (§ 1, caemcrsHe mnpemuomenus 3), TO
CeMeHCTBO (r,) KOMeYHbZ BEMIECTBEHHRIX UHCEN MOKEeT GBITh CyMMU-
pyeMo B R ToabKo €cim MHOMECTBO MHIGKCOB L, MAA KoTOpHX x, 7 0,
He Goxee ueM cuemno (ra. 111, § 5, caencreme mpenmoncenus 1). Taxum
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ofpasoM, Maydyenme cyMMUpPYeMuX ceMelicte B R, mo cymecTBy,
CBOJUTCA K M3YYEHHUID CYMMHDYEMBIX nocaedosameabrocmeri. OgHARO
MHOTIZa HPUXOJUTCA PACCMATPUBATh HECUETHOE CEMeicTBO (x,) Komed-
HHIX BEIIECTBEHHEIX UMCEJ, UYJIeHH KOTOPOro ABAAKITCA (QYHKIUAMH
HEKOTOPOTO HapaMerpa t; MOMKeT CIYUYMTBCS, 4YT0 TaKoe CeMeicTBO
cymMMupyeMo npH ao6oM ¢, Ho (He Gojee YeM cueTHOE) MHOMKECTBO
HHIEKCOB L\, NIA Koropwix z, = 0, sammcur ot t. IloaroMy ME He
6yneM B pmadbHeilleM [AedaTb KaKue-nubo MpeAnoioeHHsA OTHOCH-
TEJIBHO MOIIHOCTH MHOMKECTBA MHIEKCOB.

1. Cymmupyemvie cemeticmea NOAOIHCUMEALHHIX HKOHEUHBLL
yucea ¢ R

TeoreMa 1. Jl1s mozo umoGw cemeiicmao (x,) KOHEUHUT elyecmeeH-
Hotx yucea >0 6vito cymmupyemnm 6 R, Heobxodumo u docmamouno,
Umobvl MHONCECMB0 KOHEUIBLE YACMULHBLE CYMM amozo cemelicmea Ovlio
oeparunenno ceepxy 6 R. Bepxras epanv smoz0 MHOXdcECmEa feasemcs
mozda cymmoll cemeiicmea (x,).

-
B caMoM gede, mycTh Sy = 2_, z,, roe H — nwboe KoHeuHOE
EH

HOIMHOKECTBO MHOMKECTBA WHACKCOB [; TOCKOIbKY Bce x, > 0,
H = H’' snever sy < sgr. dpyrumu ciaosamu, oroGpaskcune H r— sy
go3pacmarnuee Ha QPUIABTpYIOmMeMcsa MHOxecTBe (/) Bcex KoHeu-
HHIX DONMHOKecTB MHoskecrBa I; caepopareabmo (§ 5, ciegcTsme
TEOPEMHL 2), 1A TOTO YTOOH OHO MMeT0 KOHEUHHH npenes, Heo6XoMuMo
B JOCTAaTOYHO, YTOOK OHO GELIO 02DAHUHMEHHO COEPTY.

Bameuaunne. Ilycrs (H)) — ceMeiicTBO KOHEYHHX HOIMHO-
secTB MHoM<ectBa [, oGinamaiolmee TeM CBOHCTBOM, 4TO AAA JA1060TO
KOHEYHOTo noaMHoskecTrsa H MHomecTsa I cymecTByer HHIEKC A TaKoii,
yro H < H); oueBupHo, mia toro uroGu (z,) GBLIO CyMMHpyeMo,
HeoGXORMMO M [OCTATOYHO, YTOGH CEMEHCTBO YACTHYHEIX CyMM sm,

OrI0 oepanuuento ceepzy B R. B wacrmoctu, mycrs (z,) — mocie-

n
n

0BATETBLHOCTh KOHEWHBIX wucen >0 u s, = D'z, mIA xo6oro
p=10

genoro n > 0; gia Toro 4roGu HOCHEIOBATEIBHOCTH (2,) OHIa CyM-

MupyeMoit B R, HeoGXomuMo H ZOCTATOYHO, YTOOH A KAKOL-AU60
CTPOTO BoO3pacramlieit nociedosamesvHocMu HOMEPOB (n) HOCHERO-
BATEIbHOCTh MACTHYHEIX CYMM (Sp,) Ouia oepanuuerna ceéepry B R.
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lpumepw. 1) /[las rasioro umeaa g€ [0, 1] nocaeponarens-

HoCTh (") («reoMeTpuyeckas HpPOrpeccHs CO 3HAMEHATENCM ¢») CyMMH-
1_qn+1

pyema B R, ubo s, -= <T1=7 ; CYMMOI DTOH MOCJ€;10BaTeNLHOCTH

1—q
. 1
COYKHUT liI sy = .
n—>00 1 —q
2) Eemma, b €10, 1], To cemeitcTso (™0™ . myexxn CYMMUDyeyo B R.
B camom peite, Beakoe KoHednoe moaMuomecTBo MuomKectna N X N coaep-
YKHTCA B HeKoTopoM Mmuo:kectee suja [0, p] X [0, pl, a

r v P n
S S e () (Do)
m==() n=:0 m=0 n=0
{—artl 1 —pp+l 1

1—a 1—0 T (I—a)(1—=0b)"
3) jlna Beaworo uyeaoro p>1 mocaejonatedanuocts (n=P) (n>0)
cymMupyema, ubo
2)’1,
J - -
3{,n+1_32'n= Z (Zn_ k) p<2n.(2n) B,
= k=1
OTKY/ A HOWJICHHHIM CAOKEHHEM JTUX HepaBellCTB [oyaaeM

1
327l< 1__21__,, .

1 -
4) llocaegopateasuocrtn (;) (n >0) ne cymvupyema B R, uio

ZIL
1 21 1
Sgumt == X g > T g
h==1 )

OTKYla NOWICHHBIM CJIOKEIICM [0Jly4aem snn>—2n— , TaK 9TO Kpurepuii
TeopeMnt 1 1€ BLITOJHEEH,

5) llyern (J,) — mocregoBaTeInlOCTh MOMAPHO HEMCPeCCKAIUXC s
HCHYCTBIX OTKDHITHIX HHTEPBAIOB, COJCPHKAIUXCH B HCKOTOPOM UNTEp-
Ba;IC KOIiegHOoIl EJAWEBL [; TaK KaK cyMMa JIIMH KOIOMIOTO GUHCIA UHTCP-
BajoB oT0ro cemeiictsa I (§ 1, n® 5), TO cemelicTBo ATHH MHTepPBA-

noB I, cymvupyemo 8 R u ero cymma /.

TeorEma 2 (mpungun cpasmerusn). Hyemo (x)er v (Y)er—0sa
cemeticmea komeunwr wucea >0 makue, wmo z, <y, npu awbom L.
Ecau (y.) cymmupyemo ¢ R, mo mo sxe eepno u 0as (x), npuuem
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Wl Al 'l

th ~<Zyt; ecan npu IMoOM cyuiecmeyem unlekc ® makoil, wno
L L

Ty <Yy, MO Ext<2yt-
v i

N3 npeniio0ykeHna BHITCKACT, 4TO jUTA 41060T0 KOHETHOTO MHOJI-

Y .l
muomectsa /I Muomkectsa I HMeeT MecTo HepaBeHCTBO D a1, < O Y,
teH (EH

OTKysia mo Teopeme 1 cuejgyeT mepBas wacTb TEOPEMBI; HEPABEHCTBO:
ATA  CYyMM  BLITEKAeT U3 MPMIKHUNA HPOJIOMKeHHA HEPaBEHCTH
(§ 5, teopema 1). Ecam x, < yx, TO

ZxLT-Tu‘lL‘ Z T, < Yn-i- Z‘I lth /I

t [ Li% L

JTa TeopeMa Jocrasaser Hambollee YNOTPeOUTEABHEIH KpurTepuii

JLIS peleHNA BoIpoca o TOM, cymMMupyeMma Jju B R mocaeposare.in-
HOCTD IIOJIOYKMTEIBHLIX Huced (¥,) MAW HET; ee CTAPAIOTCHA CPAGHUMD
¢ Oouee npocToit HOCACOBATEILHOCTLIO (Y,), OTHOCHTEABHO KOTOPOIi
yIKE M3BECTHO, CYyMMUpyeMa OHA MAW HET; eciu CyIecTBYeT KoHeu-
Hoe umciao a > (0 raroe, 4ro 2, < ay, AIA KaM0ro n, HAUMHAA
¢ HEKOTOPOTO, M ecan (y,) cymMMmupyeMa, 10 (x,) TOME CyMMUpyema;
HallpOTWUB, €CJIM CYILEecTRyeT KoHeuHoe uucsao b >0 rakoe, uro
Z, > by, 78 KAIKIOTO n, HAYMHAA ¢ HEKOTOPOTO, U ecau (y,) 1e cyMm-
mupyema B R, 10 u (,) He cymMupyema 8 R. Mul ysuauM Brocsiejic Teun
(Kuura IV, ta. V, § 4), kakuM 00pa3oM pa3bICKUBAIOTCA TOCJE;0-
BaTeJAbLHOCTH CPaBHEeHMS B HaulOosee WacTo BCTPEUANHIMXCA CAYUaAX,

113

Il pumepu. 1) PaccMoTpuM nociezoparted bHOCTL (——-'—) '8 a — Ko-
n!

HEYTIOEe BEIIECTREHHOE 4uCio > () 1ycTh ng—HAaUMEHLIICE Ilelloe TaKoe,.
uto a < ng. JlAs1 BCAKOro n > ng uMmeeM

n! I’lo.'

’

at  _a"o ( a )n~nn
ng
a —
HO TaK Kak g —— < 1, To uocacgopareavuoets (¢~ ") cymmupyoma;
]
an
CJe/lOBATE L0, CYMMUpPYeMa H 110C1€40BATEIBLIIOCTE (——')
nl
2y llyern (4,) —cyMMupyeMasi 110CJI€I0BATCALHOCTL 110 OHUTEILHBIX

Yyuce!l; Tak Kak lim an—-—-(), TO CYLLECTBYCT IC/I0e ny TAKOEe, YTO a, §1
n—>o00

ML BCEX 1 > ng, CNejoBaTeinHo, af < ap JUIA BCeX n > ng, OTKYAA
SIBCTBYCT, TO 110CIeJ0BATEILHOCTL (a%) cymMupyema B R; To e Bepuo

st (ak) upw aobom wesom p > 1.
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3) Hycerh ¢ ¥ b— BemmecTBeHHRN® 4ncxa > 1; Torfa
1 P 1
am+ bn > 2 (Vz)m (V‘I;)u !

. 1
U, CleJ0BaTeJLHO, CeMeHCTBO (mﬁ) cymmupyemo B R.

Cnencreue. IHyeme (x,)cr — cymmupyemoe ¢ R cemelicmeo koweu-
wuxr uucea >0; 0aa awbozo nodmrorscecmea H muoxcecmea [

umeem

2 xt\<~ 2 Lyy

\EH 133
npuvem 4eeas U npasas wacmi pasHs. mexcdy coboil moavko € cay-
yae, rozda xz,=0 0aa Kamcdozo € CH.

2. Cymmupyemvie cemeticmea KoOHeUHbLIE YUCEA
npouseoavrozo avaxa 6 R

TroreMa 3. Iycmb ()1 — CeMEUCMBO KOHEUHL 6EUJECMEEHHBLT
qucea. Caedyiowue ceolicmsa pPasHOCUABHDL:

a) cemeticmeo (x,) cymmupyemo ¢ R;

6) cemeticmso (|z.]) cymmupyemo ¢ R;

B) MHONECMBO 6CexT KOHEUHbIX HACMUYHMZ CcyMM cemelicmea (x,)
ozpanuiento 8 R.

Iycrs Iy — MHomecTBo Tex t € I, pus woropeix z, >0, u I, —
mEOoMecTBO Tex \ € I, mia woropmx x, << 0. Ilna toro urobu cemeii-
ctBo  (x)er (coorB. (|z,|)er) OBlTIO cymMMEpYeMEIM, HeoGXoxmMo
W JOCTATOYHO, 9TOOH ORIO CYMMHDYEMEIM KajKjpoe H3 ceMeHcTB
(@)er; # (@)iers (coots. (12,0 )er, B (12| )r) (o I1I, § 5, mpen-
nomenusas 2 u 3). Ho Bce pasmo, ckasate am, 4T0 (Z),er, CyM-
Mupyemo, 9r0 (|x.|).er; CyMMHPYEMO WJIH 4YTO MHOKECTBO BceX
KOHEYHHIX TACTHYHBIX CYMM ceMejicTBa (I,),c;, OTPAHMYEHHO (TEO-
pema 1); u 10 e BepHO npu 3aMene I, ua J,. A orciofa cpasy caegyer
CIIPABEIUBOCTD TEOPEMEL.

Teopema 3 morasmBaer, 4To HCciegoBaHWe cyMMupyeMoctd B R
CEMeNCTBA KOHCYHHX BEMECTBEHHHEIX YHCEJ IEJMKOM CBOAUTCH K HC-
CeIOBAHNI0 CYMMHDPYEMOCTH ceMeiicTBa mX a0COJIOTHRIX 3HAYEHWI.

Hamomuum (ra. III, § 5, npepuosxenue 6), aro ecau (z,) u (y,)—
CyMMUpyeMBle ceMeliCTBA KOHEUHBIX BelleCTBeHHHIX YHCeN, TO ceMeil-
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ctBO (2, +y,) cymmmupyeMo m ) (z,+ y.) = Xz, + D! y.. Kpowe roro,
L L L .

ecau (z,) —cymMMupyeMoe ceMeHcTBO KOHEYHHIX BELIeCTBeHHBIX uucel
¥ a— IIPOM3BOJBHOE KOHEYHOE UHCJIO, TO CeMei#cTBO (ar,) cymMmu-

pyevo B R, mpuuem Zaxl=a2:zt.
L L

3. IIpouszeedenue 086Yx GecroHeUHLLX CYMM

Ilrepnomenne 1. Ecau cemelicmea (Zi)ier U (Yu)ucm KOHEUHWIZ
eewjecmeennnir wucea cymmupyemss ¢ R, mo cymmupyemo u cemeii-
cmeo (ZrYp)(, weLxM, NpULeM

3 = (S ) (3 ). 0

(A, B)ELXM

Besagroe noneuHoe mogMHOMKecTBO MHOMecTBa L X M comepmutcsa
. B KOHCYHOM MHOkecTBe Buua H X K, rne H um K — KoHeYHBHIE INOJ-
MHOMKeCTBa cooTBeTcTBeHHo MHoKecTB L u M. Ho mo npepmosone-

HUIO cymecTsyer uucao a >0 Takoe, 9t0 ) |z |<a u D |yu|<a,
AcH nEK

raxosn Onf Hu Opim atm H m K, ciaejobaTesnbHO,

2 dagel=(2 1z ) (X 1y ) <a?,
AEH WEK

(A, WEHXK

OTKyxa corsacHo TeopeMaM 1 m 3 BHITEKaeT, uTo ceMeHcTBO (Z2y,)

cymmupyemo B R. B cuany acconmaTHBHOCTH CYMMBI MOKHO HAaIHCATh
(ra. 111, § 5, dopmyna (2))

2 TalYp = 7§L (uEZM -T?-yu) = 2 3 (u%]M yu) = (AEZL -731) (uez’;l yu) ’

(A, R)ELXM AeL
M IDeAoKeHHe [OKa3aHO.

4. Hepemroaxcaemvie cemeticmea ¢ R*

B myapruniukatmpHoit rpymme R* Bcex KOHEYHEIX BelleCTBEH-
HEIX umcesa, oTaugHeiXx ot 0, ceMeitctBo (2,),er MOKeT GHITH mepe-
MHOKaeMBIM TOJbKO B ciry4ae, Korfga lim z, = 1 mo ¢uastpy momou-
HEHHH BCeX KOHEYHHIX MOAMHO}KecTs MHo:kectsa [ (ra. III, § 5,
npeiokenue 1). B wacTHOCTH, MoMeT OHITH TOJIBKO KOHEUHOe YNCJIO
nHEekcoB U Takux, 910 z, << 0. IosTOMy ME MoKeM OTpaHUUUTHCA
paccMorpenneM ceMelicTB (), BCe UIEHE KOTOPHX CmMpo2o noao-
JHcumeabHbl; TOTAA YEKOOHO monomuth x, = 1 -+ u,, THe BCe u, MOHYU-
HeHBl yeaosnio —1 << u, << +oo. Tark Kak BcARasg Touyka B R*
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nMeer cueTHyo (YHIAMEHTAJIbHYI0 CHCTEMY OKPeCcTHOCTell, TO MHO-
PKECTBO MHIEKCOB 1, JIA KOTOPHX U, 5= 0, ne Goaee uem cuemno, ecam

ceMeiictBo (1 -+ u,) mepemHokaeMo B R*,

Trorema 4. Jlas mozo umobu cemeticmeo (1 - u,) 6vta0 nepemio-
acaemvim 6 R*, neobrodumo u docmamourno, umobs. cemeiicmeo (u,)
oviao cymmupyemo ¢ R.

JdEMMA. 1° Ecau (a;)1e i, — KOHEUHAA nOCACOOEAMEALHOCTL YUCEA
>0, mo

Y P

“1 (1--a;)>1-- _21 ai. (2)
2° Ecau, kpome mozo, a; <1 npu awbom i, mo

I n

i!jl (1—a;) > 1 T-Zi a;. (3)

ITH HEPaBEHCTBA, OUCBHJHLIC MPH p=:1, JOKA3LBAIOTCA HUH/]YK-
nueit mo p. Ecau

TO

D - n
A-ayzlta) (X a)=11Qaa, 2 =112 a.
») ;
; ; 1 i1

i=1 i1 - i-s i=-q

Toumno tar #e, ecan

TO

» p—1 1: p—1 r_>‘
1 1 (1—a)>»(1—ay) (1— 21 a;)=1— }_1 a;--a, .21 a;>1— 'Zt a;.
[ i- i== [ is=

TeMm caMuiM JeMMa JoKazaHa.

3aMernM Temepb, uTo ecau ceMeiicrBo (1 - u,) 1epeMHOMkaeMo,
TO NepeMHOKaeMbl Takyke cemeiictBa (1 -+ uf) m (1 — uy), HOCKOABKY
R* ectp nmoanasa rpynna (ra. III, § 5, npenaomenne 2); " oGpaTtHo,
ecnu cemeiictea (1 4 u!) u (1 — uy) mepeMHOMaeMbl, TO IEpPEMHO-
skaeMo u cemeiicrso (1 -+ w,) (ra. I, § 5, npejnorenue 3). lloatromy
MOXHO OTPAaHMYUTHCA OTJAEIbHBIM DacCMOTpEHUEM cJjyvas, Korga
Bce u, > 0, m cayyasa, korma Bce u, < 0.

llpegmonosknv cHawama, 4yto Bee u, > 0. Fcau cemeiictso (1 -} u,)
1lepeMHOKaeMo, 1o jaA woforo &> (0 cyliecTByeT KOHEYHOE TIOJ-
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muOMecTBo J MHOecTBa mEAekcoB I rawoe, wro 17 [[ (-1 u)<
WEH
< 14e, kakoBo Oul nu OLLTO KOHEUHOe IOAMHOMKecTBO [I MHOMe-

crsa [, me mepecekawonieeca ¢ J; coraacuo (2) orciojga caeayer,

aro > u,< €, a 910 B cuy kpurepus Romm (ra. III, § 5, reo-
LTl
pema 1) moraawiBaer, uto (u,) cymmupyemo B R,
O6paTno, npepmonoxkuM, 910 (u,) cyvmupyemo B R. Jlas
JioGoro €, saxnwoderHoro mesxay 0 m 1, cyHiecTByeT KOHEUHOE IOf-
al
Muoecro J Muoxecrsa / takoe, uto 0< O u, < €, KaKoBo O
EH
HH Owmio He mepecexarpileeca ¢ J KoHeuHOE HOgMEOMecTBO H MHo-

swecrsa J. Cornacuo (3) umeem moatomy || (1—u)>1—e. Ho ran
WEH

1
T ecau 0<u<c1, ro, clenoBarenbHo,
1

1< T u) < s
vl

a oTo noxaseigaer, uro (1--u,) mepemuomaemo (kpurepuit Komim).

IOua caysas, worga Bce u,<C (), MOKA3aTENBCTBO AHATOTHYHO.
Yro0nt BoIBECTH CYMMHPYEMOCTB (u,) u3 HcpeMHomaeMocTn (1 -4-u,),

1

1-1-u
(0Lu<Cl), a jgasa BmBoja nepemuoxkaemoctu (1--u)) u3 cymmu-
pyeMocTtu (1,) Hcroabsyerca gopmyaa (3).

rKag 11 u<?

agech Hcmoabayiorca ¢opmyna (2) u  HepaBencTBo 1-—u -7

B raase V (§ 4) Tomosgorunueckoe mcciaemopalne rpynns R* r1o3so-
JUT MOJYUMTL [IPYTOit KPHUTEPMIT IepEeMUOMKACMOCTH cemeiictsa B R*,
UCIOAb3YOIUIT JToTapudMUICCKYI0 GYHKIHIO; a BIOCICACTBMU Mbl yCTa-
1IOBMM OKBMBAJICHTHOCTL O0OOMX KPUTCPMCB, OCIOBHBasich na auddepeu-
nuanaLubix csoiictrax sorapudma (Knura 1V, ta. V, § 4, n° 3).

I, Cymmupyemuie cemeticinsa u nepemHoNcaemsie
cemeticmea 6 R

B unrepsane [0, +o0] < R ciosieHMe ecTh accONMATHBHbLIL
I KOMMYTATHBHEIA 3akoH Kommosuuun (§ 4, n° 3); mooroMy moHATHE
CYMMUPYEMO20 CeMelicTBA YHCeN 3TOTO MHTEDPBAJIA COXPAHHET CMbICIH
(ra. 111, § 5, 3ameyanue 3).

Meepnoxenue 2. Beakoe cemeiicmeo (x,) nososcumenvibx seujecm-
eeHnbx uucea cymmupyemo é R.
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B camowm niene, oroGpasienne H v sy QuiabTpyOIMEroca yuopsao-
wennoro MuomectBa %5 (I) B R — sospacmarowee m moromy (§ 5,
TeopeMa 2) uMeer mpexe.

Taxoe e paccy:peHne HOKA3LIBACT, 9TO BCAKOE ceMeiicTBO ompu-
yameavHblz BENIECTBEHHHX 9HCed CyMMHpyeMo B R.

Touno TaK e yMHOMEHHe eCThb ACCOIMATHBHEIA U KOMMYTATHB-
HEI/i 3aKOH KOMIO3WMIMHU B KaskjgoM u3 muTepBasos [0, 1] u [1, oo}
pacliupeRHo# OpAMoii R; M03TOMY HOHATHE TepeMHOKAeMoTo ceMeli-
CTBA COXPAHAET CMEICI B Ka)KIOM U3 9THX HHTEPBAIOB.

Ilregnoskernr 3. Beakoe cemeticmso (1 + u) (coots. (1 — u,))

wucea >1 (coots. >0 u < 1) nepemnorcaemo s R.
JlokasateabCcTBO TO 3Ke, YTO M JIA IPEIIOKeHHA 2.

CnexcrBue. Jasn mozo umobv. npouseederue H (1 -+ w,) (coors.

[I 4 —w)) wucea>1 (coors. cmpozo nosomcumeavwnz u < 1) 6sao
L

pasno +oo (coors. 0), veobzodumo u docmamouro, umobsl Y, u, = --oo.
L

B camoM feine, Ha oCHOBAHHH TeOpeMH 4 U3 KOHETHOCTH Z Uy
L

caexyer, aro [[ (1 + w) u [[ (1 — u,) npmnagmexar R*, n o6parmo.
L L

3amevanue. Teopema accommarusHocrn (ria. III, § 5, Teope-
Ma 2) ocraercs cme B cmiae mpm 3aMeHe G Ha R B mpenmonoskenunm,

N
uro Bce x,>0. B camom perne, 310 04eBUJHO, €CJH th KOHEUHA.
LEL

.

IIpeamo:omnym, 9t0 P, x, = -+ co. Torya ana moGoro KomewHoro a0
(134

CYmeCTBYCT KOHeYHoe mnopmiozkectBo [ MuomecrBa [ Taxoe, €TO

)j x, > a; nycTh A — KOHeyHOe HOXMHOMKECTBO MHOMecTBa L Takoe,
€H

IO HCUIA, TaK Kak $§p > 2 z, nas Bcex AEK, To st
ALK tEI;ﬂH

th > a, 4eM J0Ka3aHO, 4YTO st— -+ oo, HpenocrannﬂeM qaTa-
teH

Tea0  chopMyIMPOBATE aHadomtmoe HpeInoienne JJIA IHepeMHO-
naeMplx cemeicts umcen u3 [0, 1] mam [1, +oo].
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G. Paovt u OecroHeuMdble NPoOUIGEIEHUSN GEUCCMBEHHHLYL
yucea

PAjn KoHeYHBIX BeIIECTBEHHHX uucesa, crodawuiica ¢ R, Hazm-
BAOT IPOCTO CXO0AUUMCS PATOM.

OnreneneBuE 1. Pad koneunbx écujecmécHibiz Hucet HAILEAlOM

abcontomro crodauumcs, ecau pad abcolOmMMBLT FHALEHUL e20 Hae-
HO8 CxOo0AUWUTICA.

Ilregnomenne 4. Jas mozo wmoGh pad KOHEUHBIT 6eUjecmEeHHbLT
yucea Ovla KomMmymamueno cxodaujumcs, neobrodumo u Gocmamouno,
umobl on Obia abCOAOMHO CXOORU UMCS.

HeiicteurenbHo, aT0 BHITeKaeT w3 npemiosxennsa 9 § 5 rmasm 111
1l IOKA3aHHOH BHIIIE TEOpeMHl 3.

Hdpyrumu caosamm, ecam (u,) — II0CAETOBATEIBHOCTh KOHEUHBIX
BeMEeCTBEHHHKIX YHCEN, TO BCE PABHO, TOBOPHTH JH, YTO pad ¢ oOmIuM
YIXEHOM U, KOMMYMAamueHo cxo0umcs, AIU 9TO OH abCOAIOMHO cxodum-
¢a, uaa 910 nocaedosameavnocmo (U,) cymmupyema ¢ R. Bee cpoiicTBa
CYMMHUDYEMHEX ceMeiicTB, goraszauubie B § 5 ruasel 111, mpumenumsr,
takuM o0pasoM, K aGCONIOTHO CXOJANIMMCA pAjgaM. B wacTtHOCTH,
ecai DA ¢ OGU[MM SICHOM U, a6COMIOTHO CXOMUTCA, TO CYMMa D Uy

nell
cyllecTByeT, KaKOBO OB HM ObUIO HOgMHOMiecTBO H MHOmecTBa N;

X0
.
n ecan (H,) — pasGuenme muomectBa N, 10 X up = 2 (D) un)
n—0 ) neH
(accoyuamusnocms alCOIIOTHO CXOAANUXCA PAIOB).

Kax y:xe 6o otmeueno (ra. 111, § 5), pAx BemecTBeHHLIX Ynce:n
MoykeT OBITh CXOAAIMMCA, He OyIyid KOMMYTATHUBHO CXOJMHIINMCA,
NI, 90 TO e, He OyXyYn a0CONITHO CXOAAMUMCA.

Il pumep. 3uakouepedyrouueca psdw. PAx, oupepenelunii mocae-
JOBATeILHOCTLIO (#5,) KOHEUHLIX BOUIGCTBEHHLIX MMCEN, TA3bLIBACTCA SHAKO-
uepedyoupumcsa, ecau u,==_(—1)" vy, rue vy > 0 1A Beex n. [loKamew,
YTO IS CXOAUMOCTH TaKoro psapa docmamowio, uToOLl nocacdosamens-

nocmy (vn) Oviaa yGuearueil u umeasa npedeaon 0. B camoM pene, mycip
n

Sp == 2 u’,; TOTjla W3 IPETNONOMOHHOTO yGMBaHI/m fociiefoBaTeJIbHO-
=0
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cTh (v,) CHelyeT, UTO AIA BCeX n > ( ClpaBefJMBbl HEPABEHCTHA
Sont1 K S2n+3 <K Son+2 K Sone

MocresoBaTeILHOCTL  (Son) (COOTB. (S2n.1)) yOniBaeT ¥ orpamiyeiina
cHU3Y (COOTB. BOIpACTaeT M OIPaHMYCHHA CBEPXY); CNEIOBATEILHO, OHA
NMeeT KOHCYHLL upejed a (coorB. b), upuueM b < a; TaK Kak @ —b=
= lim (spp—sop,1) =~ lim v, -=0, To npejuIO;KeTHe [TOKABAHO.

n—o0 n—oo

- 1
Fenn B3ATh, HafnpuMmep, vn ::‘7, TO Hpe/bLylline IpeAHosI0Kenun

(=1)"
n

OyayT BHIMOJHEHL!, W, TaKuM 00pa3oM, psAj ¢ ofiuM ujeuoM

(«3HAKOuCPeYIONIMIICA rapMOHUUCCKUI PAJ/Y) cXoauTcA; HO B n° 1 Mnr
1 N

BUJICTH, YTO Psiig € OOWUM 4jleHOM - (¢rapMOTIHYCCKUIT Psijin) — fiC CXo0-

AAmuiics; caejoBaTe b0, 3JHAKOYCPEAYIOIMMUCA TapMONMYECKHN DA —
He abcodTHO CXOMAIMIACS,

Hanomuum (ra. IH, § 5, npepnomxenue 7), yro ecan (u,) u (v,) —
CXOJIAIMECA DAL KOHEEHHX BElleCTBEeHHBX UKnceT, To pax (i, -~ v,)
cxofAmuiica n

oc

oo oo

S (un -t Uu): S u, — S Uns

n=10 n=0 n=0

TOUHO TAK ke, ecam PAA (U,) CXO;AIUUCH, TO, KAKOBO Obl HU
[ ]

OblJ0 KoHeqHoe wHcao a, pAx (au,) OyieT CXOAAmUMCA H S au, ==
n=0

[ ]
=4a S u,.
n=0
Haxkonen, ecau panpl (4,) u (v,) CXOJAUMECA H U, < U, IPH
[ ] [+ <]

S11000M n, TO S U, << S Unp B CUNYy OPpUHIMOA IIPO/IOIREHUA Hepa-
n=:0 n==0

pencts (§ 5, Teopema 1).

CaepyeT 3aMeTnTh, UTo ccam pag (v,) cxoasmuiics, 1o ue abconioTio
cxofsmpiica B | u, | << {v,| npu awboM n, TO oTciofia nU B Koeil mepe
HEIB3A BaKAUNTH, 9TO ¥ DAL (u,) CXOANTCA, B ueM yberkmaeMcs, B3fB
up, = |vgl.

Beckoneunoe npoussejenne oramiHpix oT 0 KOHEUHBIX Berect-
BEeHHBIX umces, cxodaueecs ¢ R¥*, HA3BIBAIOT HPOCTO Ccxo0AWUMCS;
ero 3EAYeHNeM ABJIAETCA, TakuM 00pa3oM, omAUYHOEe OM HYAR KOHEY-
HOe YHUCJIO,
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Oneeneacune 2. Beckoneunoe npoussedenue ¢ obwum uaenom
1 + u, nasvsaemes abecoaromno crodayumes, ecau crodumcei npous-
gedenue ¢ obwum daernom 1 + |u,|.

IIregnomennr 5. Jas mozo umobvu Oeckonewrnoe npouseedenue
KOHEUHBLY GeUjeCMEeHHbLT Ylced OO KOMMYMAMUBHO CXOOAUUMCS,
neobzodumo u Gocmamouno, umobs 01o 60 abcoatomivo cTo0AUUMCS.

910 Buteraer m3 mpemiaoykenua 9 § 5 raasm 111 m norasamuoit
BEIIIE TEOPEMH! 4,

KpoMe Toro, maa Toro 4roOnl IpoussegeHue ¢ o0IWUM YJIEHOM
1 + u, ObIO abcoaromuo crodswyumcs, HEOGXOAMMO M JOCTATOMHO.
q9T00K pPAZ ¢ OOWUM IIEHOM U, OblT abcotiomuo CTodAWUMCS.

IIpounasenenne oraugHnix oT ( BeuleCTBEHHHIX 9HCEJ MOMKET OHITH
CXONAMAMCA, He OYAyYM KOMMYTATHBHO CXORAIIUMCH, WM, YTO TO
e, He Gygyunm abCoOMIOTHO CXOTAMIMMCH.

Mpumep. lMonowum npu n»2 uzn_1=—%, u2n=—:;; TOT;1a

upoussefcnne (1--u,) He Gyner aGeonwrTuo cxomamumcs, ubo psag (up)
ne abconioTHO cxnnnmuﬁc;{; HO TAK KAK

I =1 ().

2n+1 _1'2 n "
I a+up=(1—75) 11 (1-5) -
=3 =2

TO W3 TEeOpPCMLI 4 BBITEKaeT, 4YTO paccMaTpuBaeMoe TIpOM3BeJlelIHe CXO-

OIUTCA K 3HavYeluio
oo

H (1——).

Kpome Toro, caegyer 3aMerutTb, UT0 cxodumocmb PAAA ¢ obmmuM

2 WICHOM U, HE ABARemMCs Hu neobrodumvim, Hu JocmamouHslM YCJIO-

BHEM JIJIA ToTo, 4TOOBl Ipou3BeneHne ¢ obmuM uiaeHoM 1 -+ u, GbuIO
cxodsuyumca (cM. yupaskaenus 21 u 22),

Y npaxuenusa
1) ITycth (xt)—cemeﬁcmo BEILECTBeHHEIX YHCCJA, TPHHAMJIEHKAITNX
vHTepBany A’'=]—oo, +co] (coors. unreppany A’==[—co, +m][).
Hasa Toro wurobm  cemeiicTo (r,) OmHNO cymMMuHpyeMMM B R,

14 H. BypBaxu
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HCOOXOMMO M [OCTATOYHO, 4YTOOH OHNO BHIONNEHO 00HO U3 Cle-
AYIOIAX YCIOBHII:
a) xoTd 6K OFHO U3 umceNn T, PaBHO - CO (COOTB. —0);

6) xota 6K ogHA W3 CyMM 2 z:f HIn Z z7 KOHe4Ha.
t L
B mepsom caysae uMeem 2 z,= 400 (CO0TB. —CO); BO BTOPOM
L
— + —
2 z,= 2 z 2 zy-
L L L

2) Myerb (z,) —cemeitcTBO BEMECTBOHHLIX 4HCEN, NPHHAJJIEHKAN[AX

nATepRany A’ (cooTB. A”) M YAOBAGTBOPAIIMMUX YCIAOBHIO 6) ynpaskme-
auA 1. [lokasaTs, YTO BCAKOE MOACEMEICTBO ceMelicTBa (z,) cyMMEpyeMO

B R ¥ 9T0 cymma uncen z,
3) Myers (an)y»¢—ybbi6anwtyas  HOCNEJOBATOILHOCTE  KOHEYHHX

accomuaTHrHA. [CM. Teopemy 2 § 5 ruapm II1.}

yncen > 0. Jlaa Toro uToGH 3Ta HOCIEM0BATENBHOCTH OHJIA CYMMH-

pyemoit B R, meofxomuMo u [10CTaTOYHO, YTOOH IIOCHEA0BATEABHOCTh

(znxzn),go 6rmna cymmupyemoit B R (¢mpusmak crymennsa Homm»).

o 1

BrBecTs oTciofia, YTO pAA ¢ O0IMIUM MICHOM —5~ CXOMUTCA MpH a>1
n

u He cxomutes, ecau 0 << o<1,
4) Tlyers (ap) —IpON3BONLHAA NOCHEAOBATONBHOCTL KOHOUHEIX 4YHCe]

a
> 0. TlokasaTth, UTO II0CIe0BATCJILHOCTL ((1 PN I )
T4y

14as)...(14an)
cymmupyema B R. [IIpencTaBnTs KaKAHIT wien aToli mocsefonaTesbHOCTH
B BH/I® Pa3HOCTH.]
5) Mycrs (dp)—HOCAe0BATENLHOCTE KOHEYHHX wuncea >0 Takux,

(=]
aTo Z dp = --00. UTO MOMKHO CKa3aTh OTHOCHTENbHO CXOJAUMOCTH PAIOB

¢ OOIIMM WIEHOM

dn . an ., dn dn o
14-dp ' 1+ ndy’ 1+4n2d,’ 1_{_,1;2"

[+ <]
S\ .
6) YeranoBuTh, 4TO cyMMa §= 2, —; bapma 00, ILoKasas, 4TO
n=1
LT
>/s+-§- . [Oucnnrs cHI3Y, B QYHKHUH OT s, OTAEILHO CYMMY 4UJeHOB

¢ YeTHHIMU MHJIEKCAMH W CYMMY 4J€HOB C HedeTHHMHU HHAEKCAMH.]
7) MokasaTb, uTo ecau p—meaoe > 1, To

A B

n=1{ n=1{
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8) Iloxazarp, 910 gaA m mexoro >0

> S S
me—n2~  4m?’
nzi, n#£m

[PasnomuTs Ha mpocTeiimme npobu.)

m?2 — z2

9) IToxasaTp, 4TO ecam papn ¢ oOmMHUM YJIeHOM r, cxopnuTca B R, TO
lim inf nz, <0 < lim sup nz;,.

N—>00 N=»00
*{0) Naa cxogumocte B R psapa ¢ obmam wnenom u, HeoGXopgmMmo
W JOCTATOYHO, 4TOOH [JNA 6cAxod BO3PACTAIOMER IIOCTE0BATENb-

HOocTH (pn) wmcen > 0 rakoit, yto lim p,= -+ 0O, BWNOJHANOCH YCIO-
Te—>»00
n

u
pue lim Z —’F—:O. (UcnonbaopaTe ynpamenue 15 § 5.]
n
11) PaccMOTpUM nOCHENOBATENBHOCTL (4,), KaKAKRH YJIEH KOTOPOH
ABJIAGTCH CYMMOH KOHEYHOIH IOCTE[0BATEJbHOCTH KOHEYHHX BemeCTBEeH-
HHX wHCen: ap=bn,1-+bn,2-+...+b, , . Jlan seaxolt napw (n, p)
HEJHX NOJOKHUTEJNbHLIX YHCeN, B KOoTOpoil p<k,, NOJOKAM cm-=b,,_p
n-—-1{

upu m= 2 ki-+ p. ITokasarp, 9TO ecil pAj ¢ oOmuM uieHOM 4, CXO-
1=0
mates B R, a

dn=lbn,1l+lbn,2l+---+lbﬂ,hnl

cTpemuTcs K O npm HeOTPAaERMYeHHOM BO3PACTAHHH R, TO pAA ¢ o6mmMm
9YJ€HOM ¢y, CXOAUTCA M HMEET Ty Ke CYMMy, 49TO W Paf ¢ o0muM wire-
HOM ap.

*12) IHycts (up)—IOCHENOBATENbHOCTh KOHEYHKIX BCMECTBeHHEIX
gnces. JAs KaI0il mMepecTaHOBKH O MEOKecTBA N HOJOKAM

r(n)=lo(n)—nl-;gg um|.

a) Ecam pag ¢ o6mum wienoM u, cxogurest m limr (n)=0, To pag

n-—» oo
¢ o0muM 9JiaeHoM Une==Ug(yy CXOMIUTCA W HMeeT Ty ke cymmy. [Paccmo-
n n
TPeTh ANA GONBMIMX 3WAYeHMiA R PasHOCThH E vp— E Uy W 3aMETHUTH,
h=0 h=0
49T0 ecaM h ecTh HaHMeHbIIEe IeJoe < n Takoe, uro o (h)>n, To
B KaKAOH m3 [BYX CYMM OTOH pasgHocTu wuMeerca caMmoe G60OJbmee
0 (h)—h uwienos, He oGpamanMAXCH B HYIH.]
6) [pepmonoxmm, 9T0 pafx ¢ obWEmM <WdeHOM u, cxopatca. J[aTh

npEMep IEePeCTAHOBKHM O, Aist KoTopod limr (r)=0, mO xpurepui
n-—>o0

yupaknerna 6a § 5 raasw III me smmonmen. [Onpepeamts HajIeska-
muEM 06pasom cemefiCTEO NONAPHO HONCPOCEKAOMUXCH HHTEPBAIOB

14



212

BEHMIECTBEHHHE YNCIIA rLv, § 7

Iy =[nyp—2k, ny -+ 2k] us N u B3ATE 0 Tak, wTO6H ©(n)==n, KoOrjga n
16 NPUEAJIeKHT 1M OAHoMYy U3 [, u O (np—2j)=ny+2j, 0 (ng+2j) =
=np —2j paa moboro k u j€[0, k].)

13) IlycTs (un)-—lIOCJIeJ.LOBaTGJILHOCTL BemECTBeHHRX uucea =0

Takasd, uro lim up,=0 u Z‘ up= +4oco. Ilycts, panee, (pp)— cTporoe
n— oo n__o

BO3pacTalonas 10CIeA0BATEIBHOCTL quces > 0 Takas, uto lim pp, = -+ co.
n— oo

Hoxaaa'rb YTO CyIIECTBYeT MEepeCTAHOBKA 0 MHOKECTBA N rakas, 4ro

z Ug ny < < pn nas Kaknoro n € N.

*14) ITycTo (up)— N0OCJIEAOBATENBHOCTE KOHETHHX BeeCTBOHHEIX YMCes
TaKadg, d9TO pHA ¢ OGWIMM dJeloM u, CXoauTcs, HO He abcomoTHO,

(o]
U NYCTh 8= S u,. lloxkasaTe, 9TO [Jisi Ka)KAOr0 yucia s’ > s cyulecrt-
n=0
ByeT I1lepecTaHOBKAa O MHOKecTBa N Taxas, 9To o (r)==n AJA BCeX
(o]
HOMEpOB n, NHPH KOTOPWX up, >0, a S uo(n)zs’. [[ToxasaTe wmAmyX:-
n=0

Hueil 1o m cymecTBOBaHME HCPECTAHOBKH Op, MIOMKecTBA N, yAOBIETBO-
pAlollell caefylolUM YCIOBHAAM: Opy (k) =k npm nwoboMm k, pas KoToporo

up > 0, B, ecaId NOJIOKHTE u}tm)=u° (k) nMeeTcA Lenoe p,, Takoe,
m
: 1
s’——Z ugm)l<-'; ana BceX k> pm. IIpun 3TOM 0,41 TAKOBO,

1=0
410 Oy (k) =0m (k) AIA Kamporo k Takoro, 4T0 Opm (k) < pm, M K-

9T0

1
nOTo k TAKOTO, YTO Up <—; N

15) MycTts (4,)— nocxenoBaTeNbHOCTE KOHEYHBIX BElCCTBENHLIX YHCC

Takas, 9To lim u,=0 u Zu*‘—Zu == --00; mnycTb, nance, a4 u
n— o0

b— npom3BonkHELe BeueCTBeHHHE YHCAa (He 06A3aTENBHO KOHCMULIE),

npugeM a < b. Ilokasats, wuTO cymec'rBye'r 1lepecTanoBKa O MIIOKC-

crBa N Takrasd, 9To, HOJNOKUB Sp= Z Ug (h)? 6yneMm mmets lim inf s, =a,
- 00

lim sup s, =?b. Iloxkasath, 4TO MHOKECTBOM NPEjeJLHEX TOYEK MOC/Ie-
T —> 0o

NOBaTEJBLHOCTH (S,) CAYMKNT Bech MHTepBald [a, b].

*16) IlycTp (up)~—TOCHEA0BATEIHHOCTh KOHOYHKX BOIGCTROHHEIX TUCE]
TaKad, uTo pAjg ¢ oOmMUM YJNEHOM u, CXORUTCH, HO le abco.a10THO.
IToxasaTh, 4YTO CYMIECTBYeT INepecTaHOBKAa 0 MHOMKecTBa N, yHOBJIeTBO-
pAomas ycixosuio ynpaskueana 6a § 5 rmasu I1I, mo Tawas, grto psp

¢ o0muM 4ienom Ug-1(ny HE CXONMTCH. [Hycu, h, k, m —mensc uucaa,
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ofnapalpmue clenyIOMUMA CBOUCTBAMM: €CIM Py, ..., Pr CYTh HeJHE R
TaKkKe, 4yTO h <n<h-f—m nup>0, 10 uy +...duy, >2 1 h4m<

< k—r; Kpome TOrO, [ Z unl <1, KaxkoBw O HH OHJIE DENBe [, V
n=u

takue, yto h--m < p < v. lMonoum s=m—r u oGo3maynM ¢y, ..., g
neasie n Takne, 9ro h<{n<h-+4m n u, < 0. PaccMoTpuM uepectanoe-
Ky ©t untepsana |k, k-s] ua N, nna xotopoit m(p;))=k—i-41, eciu

1<igr, n(g))=k+j, ecnu 1<<j<(s, n(k+j)j=hLts—j, ecmm
1<j<s, n(k—i+1)=h4-s4i—1, eciu 1 i K r, u, HAKomeL, Tt (n)=n,

3 R
; . S 3
ecan h--m < n k—r; noxasars, 4o | .>_1’ u;— Z/ Uprgy | > 1]
1=n 1=N

17) TyeTs upmp = ecaIn m = n, U Upyy, =0; nmoxkasarp, 4TO

m2_—n2 *

E Zumn)=-2 (Z ¥mn) # 0.

ms== n=1 m==1
[Wicnonn3opaTs ymparkiienme 8.]

18) IlyeTs (14 u,)— ceMeiicTBO BeIECTBEHHEIX UMCEN, UPUHAJJIEHKA-
wux #nrepsany [0, 4-oo[ (coors. ] 0, -}-co]). Ham toro utobH cemeil-
¢80 (14w} GEIO LCpeMHOMKACMNM B R, HeoGxomuMo H JIOCTATOYUHO,
qT00n1 ORIIO BHIIOJHEHO 00io W3 CHEAYIOMHUX YCIOBHIi:

a) xorss On opHO ua gmcen - u, pasuo 0 (cooTB. + c0);

6) cemeiicTpo (1,) cymmmpyemo B R.

19) Iyers (1 +ut)t€I——nepem{omaeM0e cemeitetBo B R. [Jas noboro
uemyctoro komewnoro muoxectsa H I nomowum vg= || u. Tloxa-

v H

3aTh, UTO CceMeiicTBO (vp) cymvmupyeMo B R m 1—}—21;H=
H

HEF (D
:H(1 -+u,); m obpatHO. BmBectm oTciopa, uto ecau —1 <z <1, TO
Vel

nI—_Jo (1+a")= "1—17 )

20) IlyeTh (up)— HOCHSAOBATENHHOCTS KOHEUNEIX BEIECTBEHHLIX JMCEJI
n
> 0, npuueM uy >0, u sp= E up gas moGoro n> 0. Ilaa Toro wrobh
k=0
[OCTeA0BATENBHOCTD (Uy) Onla cymmmpyemoii B R, meobxoaumo @ pocta-

Un

TOYHO, 4YTOOBI MOCJE0BATEIbHOCTD ( ) Ooita cymmupyemMa B R.

Sn

Un
[IIpuMennTs TeopeMy 4 K UOCIEN0BaTEIbHOCTH - .] To xe
n

. o u u
CBOHCTBO C 38ME€HOHM NTOCNENOBATENLHOCTA ( sn ) Ha ( 3 1 ) .
n n—1
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(="

21) ITyetp up= AN BCOX n > 2; mpom3BefieHme ¢ obmmEM

Vn
gnenoM (1--u,) HO cxopmTes, HO psAn ¢ OOIMAM YJIEGHOM U, CXOANMTCH.
1
22) TyeTs upp_q= — B u2n=—+ni mas scex n> 2. Ilpo-

m3Benerne ¢ obuuM 4aedoMm (1--u,) cXOmEHMTCA, HO pAA ¢ obmum gie-
HOM U, HE CXOJHTCH.

§ 8. YnorpeGurexbnble pasnoieHns BOM[eCTBEHHBIX gHCEN

1. II'pubaudcennvie IHAUEHUN BEULECMEEHNHO20 UUCAA

Oureneneune 1. Hycmy dano uwucao & > 0; zosopam, umo eeuje-
CMEenILoe HuUCA0 T ecinb npubauicernnoe ¢ modnocmblo 80 & 3HaueHue
eeujecmeenozo wucaa x, ecau |x — r| < e; npu amom r Hasweaemcs
npubauscennbim 3Haieruem no redocmamry, ecau r < Z, U RO u36bzm-
Ky, ecau r > x.

Ilyere A — 6ciody naomioe mogMHOMecTBO MHOMecTBa R; mus
rammgoro z € R u rasxgoro ¢ > 0 cymecrsyer npAGIMKeHHOS ¢ TOY-
HOCTBLIO /I0 € BHAYEeHWEe YUCJIA & IO HEJOCTATKY (coom no u3bHTKY),
npnRafaexamee A, ubo mATepBan Jr — e, 2| (coors. )z, z 4 e)
COllepKUT mo Kpaiireli Mepe ofHY Touky u3 A. Ilycts Temeps (e,) —
sadannas cmpozo ybsealowas MOCIegOBaTeIbREOCTy ddcex > 0, cmpe-
maujascs £ 0, u oyeth r, € A ecrb npubIMKEeHHOE C TOYHOCTHIO 70
£, 3HAYEHME TUUCIA Z; TOT/ia IOCIAemoBateabHocTh (r,) IpH Heorpa-
HWYEHHOM YBEIWYCHUH 1 MMEET CBOMM npedetom Z.

B cayuae, korma A — nodzpynna agmutuBHOHN rpynnel R u Bce
&, npuHadaexncam A, MONHO KAHOHNYECKU ONPENENUTh AJIA KAMKIOTO
z € R mocaemopareiabHoCTE (r,) OpUGHKeEHENX 3HAYEHUN Z MO HENO-
CTATRY, IpPUHAMJIe:KAIuX A.

B camoMm pene, B cmny axcumoMnt ApxmMena (§ 2, Teopema 1) MHoO-
HECTBO I[JIHX p TaKuX, 49T0 p&, < z, WMeeT HAuboAbWUll 3sae-
MeHm Dp; OPYIrUMH CIOBAMM, CYIIeCTBYET O{HOSHAYHO OLPeNeleHHOE
neaoe p, Takoe, UTO

Pren L 2 < (py + 1) &,. (1)

Tax wak |z — ppen) < €., TO ppe, ecTs npubamixeHHEOE C TOY-
HOCTLIO JI0 €, 3HAYEHUEe r IO HENOCTATKY, HPHTOM NPHHAJJIEKAIIEe
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A B cuny upepnoioskerud. AHajorudHo (p, -+ 1)&, ectb npuHag-
aexxamee A NpubIMKEeHHEOE ¢ TOYHOCTHIO [0 €, 3HAYeHHE T O U3GHIT-
Ky. Ilpm aToM ofe mocacaosarenbHOCTH (Pr&,) ¥ ((p, + 1)&,) umeror
npegenoM 4ucio .

2. Pazaoicenus geuleCciGeHNblY Hucen no 6a3ucHoll
NOC.1ED08ATINEALBHOCIH U

Mu orpaHuuuMcA M3Y4YeHUEM CjIydas, Korga enzé, rae (d,)—
CTPOTO BO3PACTAION[AA HOCHENOBATEILHOCTh HEAKX YUCEJ TaKkas, 4TOo
dy=1, a dn Epamno d,_y mia n>1. Ioxomum an=3%’i—1 (n>1)
310 —Uenoe umcao >1. B atom cnyuae mocaesoBaTeabHOCTL NIpH-

ONIDKeHHNIX BHAYEHWH N0 HEIOCTATKY rnz—%l—eoapacmmwaﬂ:
n

B caMoM [ecie, pn——ﬂan()onbmee HeJoe Taxoe, 410 —IZE—
n
Pn—-1 Pn-1an _- Pn-1+1_ Pnaan+an
—_—— X =

dn—l dn SES dn-—i dn ’

< x; HO

OTRY/& apPn-y < Pn << @nPn—t + p H, CJIEN0BATEIIbHO, T,y < Iy <z,
Honomum
Prn == QnPn-1+ Un; (2)

rorga 0<u,<<a, wax, uto pasHOcWIbHO 3dToMy, O<up,<Ca,—1,
u6o u,—mnesnoe. Otcroma

n

Un O Uk o)
Tp =Ty —f-—d;': Do+ a4 (9)
h={
¥ TaK KaKk z == lim r,, To
n—oo
(o]
! “n
Z = po+ Z Rk (%)
n=1

Pag B mpasoit wactum ¢opMyan (4), uMeoummil x cBOEll CyMMOii,
HA3KBAETCH DA3A0NCCHUeM Hlcaa x o 6asucholi nocaedosamenviocmu
(d,). Bece roaddumuentsr u, > 0; p,, Oo oHpeJe/peHNHI0, €cTh Hay-
GolblTee U3 IEJABIX UHCCI P TAKKX, YTO p < Z; €ro HashBAIOT yerotl
¥acmuio z U YacTo oGo3HavAlT [z].
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3. Onpedeaenue geuiecn8eHHoOz0 YUCAG
ez0 paazaoxncernuen

O6paTtHO, IycTh 3agaHBl LE/0€ YMCIO Gy # TOCIE0BATEIHHOCTD
(n) (n>1) meaeix gmeesr rtakmx, 49ro 0<v, <a,—1; Hmccaemyem,
CYIECTBYeT JM YHCAO Z, B pasjomkeEMu (4) KOTOPOTO pPo== g
M U, =70, 1a4 Bcex n. Ecam takoe umcio cymeerByer, To 0HO edukh-

(o]
cmeenno, OYOYyUM PaBHEIM qo—{—z -';l‘n- .
n=1
Hns ramporo mexoro m >0 nMeeM (OPMEUMI CPaBHEHMUA)

NM s

( 1 __1_)~1
dn—i dn N—dln,

00 00
Un an—1__
< 2 = 2
n=m--1 n=m--1 n=m -1

OpuueM KpaiiHMe WieHel PAaBHE TOJBKO Korjla v,=da,—1 npua
raxoro n>m (§ 7, teopema 2). Takum oOpasom, pag ¢ ob6mum

o0

Un . "
YJIeHOM -E CXO/IATCA, KpOMe TOro, eclIn r = qo + Z dn. , TO
n=1{
- 1
Un —
Sm == (o -1~ E -d:\gx\\‘s’"—l__dm s
n=1

1
UpUIEM PABEHCTBO I = Sy -+ —— MOMKET UMETh MECTO TOJIBKO B CIY-
122

gae, ecId vp=4a,—1 maa wkakgoro n>m. I[locKoabky s, ecThb
npobb co amaMenaTteseM d,,, TPUOIWKEHHOe BHAYEHAC Iy HHCIA T

1 1
¢ TOYHOCTBIO 70 —— IO HEJIOCTATKY PABHO Sp MM sm-';--d—, npuYeM
. m m

mocleqHee MOMET HMEThL MECTO TOIbKO ecian U,=da,—1 #1a Bcex
rn>m. ViTak, ML OPUOLTA K pPa3jIMYEHUIO JBYX CJY4aeB:

1° CyutecTByeT Geckoneuno MH020 3HA'NCHHI N TAKUX, UTO U, <C

[v.¢]

<ap—1; pan ¢+

n=1

v
dn copmajgaeTr Torja ¢ pasjioyenneM ero
n

CYMMBL Z.
2° Cymectpyer meaoc m>» (0 rtawoe, 4t0 Up=a,—1 #ana Bcex
n>m, a Up<<ap—1 (ecam m>0); Torma cymma z pafa
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o0
v
qO—E— 2 7’:: pPaBHA PAmUOHAJABLHOMY YHNCIY
n={

m
Up 1
fI(H 2 d, dm ] (5>
k n=1
uMelomeMy BUL —— , ITe k—muenoe; pasaoxcerue uuciaa xr COBOANAET
m

¢ pAxoM (9), BCE YJIEHBL KOTOPOr0o ¢ HOMEpaMy >/ DPAaBHR HYJIIO;
TAKOC DPa3jJoKeHNe HABHIBAT KOHeuHulm. Pap

00 m oo

! “n___ \! Un apn—1 )

0w+ T =0t 7+ X I (6)
n=:1 n=1 n=m--1

HABBIBAETCHA HecOOGCMEeHHUM Da3AoNceHUeM TUCIA Z.
O6paTHO, TYyCTh ¥ — PalMOHAJIBHOE YHCIO, AONYCKAIOMee mpef-
cTaBjepve B BWAC Apo0M co 3HaMeHaresieM d, OpPH HEKOTOPOM n;

k
OyCcTh m — HauMeHblleC meJioC TaKoe, 4YTO r UMECT BU[ T C I[eJIlM
m

k; rorpa r, << x AuA BCeX n<lm M T, = I, TakuM oOpa3oM, pas-
JOKEHMe THcJaa x uMeer Bufi (9), u z obmamaer HCCOOGCTBEHHAKIM pas-
JomenneM, 3ajasaeMeM Qopmyinoit (6); oTo HecoGCTBEHHOE PAa3IO-
JKEHIe TPUTOM eJUHCMEEHHO.

JOaa toro urofel papMOHAaALHOC YHCIO, DOpPECTABJEHHOE B BUJE
HECOKpaTuMoii apobu % , OrLIO paBHO ApobH co 3HaMenarteleM d,, Heo0xo0-

JUMO U flocTaTtoqilo, 9To6et ¢ Guno geaumeaem d, (anciao m Gypet Torma
HAUMEIIHLIWIKUM LeJbiM 7, NPU KOTOPOM d, fenuTca Ha ). MoKHO cuedaTs.
TaK, YTOOR 6caxoe payuonatvroe wucao 00Janano aTUM CBONHCTBOM (mis
Hapge)Kame BHOpalnHoTro n): AJsI aTOTO HEOOXOAMMO M AOCTATOYHO, ITOGH.
Besikoe negoe > 0 Gulzo geawTeneM HEKOTOPOTO d,, 4To OyneT umMeTs MecTo,.
HampuMep, B ciayuae, Korua d, = n!. Ecam d, obiagaior aTuM cBoitcTsOM,
TO ML PAI{HOIIANHLHOCTH 9quciaa neo0XOAMMO M JOCTATOMHO, YTOOH €ro-
pasiomeuue no TocacfoBaTeakHOCTU (d,) GBHLJIO KONleYHO.

HNrar, BcAKOH mocaeioBaTeIBHOCTY S, MEPBHI YIEH KOTOPO ¢
€CThb [POMBBOIBPHOE HEeJ0e UUCiIo, a 4JieH v, (7> 1) yuoBieTBopseT
yeaosuw 0 < v, < a,—1, cooTBeTCTBYET BeIMECTBEHHOE YMCJO, DPaB-

o0
Ho® qo—}—z Z—’;; obospayass ueped [, wmmrepsax [0, a,—1]< N,

n=
o0

uMeeM, TakmM o6pasoM, orobpakenme ¢ MmomectBa E=2Z x || I
n=1{
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#a upcrnosylo npaMyio R; mpw sToM ypaBHeHHe @ (s)=2x ¢ 3agaH-
BEBIM TER umeer odno peuleHme, ecim x He ABIAETCA IPOGLIO
€0 3HAMeHaTeleM d, (V1A HagIe;Kamme BHOPAHEOTO n), U déa pemenus
B IPOTUBONOJOKHOM ClIydae,

4. Cpasnernue pazionenuti

3HaHuWe Ppa3NOKEHHA [ABYX pA3IMYHBIX BENECTBEHHHIX YMCeN X
U Yy DO3BOJAET ONpPEHEeINTL, HWMeeT JIU MecTo <Yy HIM I > y.

P s
B camom pene, mycth x = pp-- Z %, y=qo+ Z %’i—paano—
n==1 n=1
skeHus yucead x u Y. Ecam py << gy, 10 <y, ubo
Po<z<<p+1<q<y.
Bonce o6muM ofGpasoM, myeTh py= ¢y U U, =1Uy,, Korja 1<n<<m,
HO Up < Up; MHOJOMUB

n n
uy Uy
Tn=po+ N rAk Sn=qo+ D) )
h=t k=1

OyneM uMeThb I, =S, A n<.m, ¥ TAK KaK Upm-+1<Um, TO I'm+

1 1
—{——d——~< Smy HO rp<ax<rrm —!—d—<\f Sm<<Y, CJIEI0BATCIBHO, CHOB&
m m

x <Cy. Nnade roBops, omuowenue nopadka uucea x u y cosnadaem
¢ omHouleHeM NOPAOKA nepeblx Oeyxr pASAUNHBLEY HUACHO8 UX DAa3-
A0KHCEHULL.

OTcioga BHITERAET, 4YTO CCIM Po=(¢ U Up=U, TIA n<<m,
TO NEPBLIE M WJICHOB PasiomeHNs J00oro dmela z, TPUHAIAEKALIETO
3aMKHYTOMY HHTeDBAaIy C KOHUAMHU r W Y, me e, 9T0 U NJAA pas-
JIO}KeHNN qucenx x U y.

1
3aMeTum Take, YTO B 3TOM ciy4ae |y — 7| Ty Taxum obpa-

30M, ecau mazeidnTh Z m uHTepBaNdbt [, duckpemroi TONMOJOTREH, TO onpe-
AejleHHO® Beime oToOpaskenne ¢ GyneT nenpepuisno 1a npoussedenun E.

3. Pagaowernusn ¢ ocnosaruemn a

Baskueiline ua 0OasucHHEX nocienoBaTeibHOCTEll -— 3To Te, AIA
KOTOPHX d, = a", rje a — nemoe > 1; B 3T0M cjyuae rOBOPAT, UTO
4 eCThb (OCHO8AHUE COOTBETCTBYIOWMX pasioykcHmit. Jlas ducioBBIX
pacueTroB HCHONB3YIOT pPasioxkeHus ¢ ocHopauueM 10, HaspBaeMuie
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decamuuHbiMu PA3LONCEHUAMY; B TEOPETUIECKUX HCCIENOBARUAX. 4ACTO
HCHOONb3YIOT PA3NOMKEHHA ¢ OCHOBAHWEM 2 (HA3HBAEMEIE OGOUUHBLMU
Pa3NOMEHNAMY) M C OCHOBAaEHEM 3 (Mpouurbie Ppa3IOHeHUsA).
Ina upencraBieEus OpPUOIMIKEHHBIX 3HAYEHMH 7, wuceqaa x>0
[0 HETOCTATKY B €r0 Pa3jioyieHNN ¢ OCHOBAHUEM 4 MCIOJbL3YIOT Cie-

OYIOIYI0 CHUMBOJIMKY: RaKmoe menoe u Takoe, uto 0 Lu La — 1,
n

' u
0003HAYAI0T OCOOKM 3HAKOM, W €cjau I, = pg | 2 i, TO 3AMUCH-

h=:1
BAJOT CHAYAJA C IIOMOMLI0 3TUX 3HAKOB IpefCcTaBjdeHne Iejqoro moJI0-

MUTENbHOro umcaa po = [z] Do ocmoBamwio a (Teop. mu., ra. III,
§ 5, n° 7), manee cTaBAT 3amATYI0 U BEIOVICHBAIOT BCJeq 3a Heli mocJe-
NOBATEIRHRO 3HAKM, NPEJCTABIAWIINAE TUCHA WUq, Uy, . .., U,. KCIH
S — moJNyYeHHHH TAKWM 00pasoM CHMBOJ, TACTO, MONYCKASA BOJb-
HOCTBL peuan, Uminyt z = S .. .; cJegyer pas HaBcerga YCJIOBUTHCA,
9TO TAKOE PABEHCTBO ABJIAETCHA JHUIIL CHOCOGOM KpaTKoro ofo3made-
HYUA TOro, UTO OPaBas Cro 41acth €ctb NPUGINKCHHOe 3HAYCHUE YUCIa

1
Z ¢ TOMHOCTBIO 10 — no nedocmamey.

Jlag oTpuuarelbHBIX UHce YcTaHOBUBIIMiicA oOH4Yail — HEOMH:
DONbL3yACh NPEeIHAyIIell CHUMBOJWKOI, BanmchBaloT NpubiumKeHHOe
aHaueHme unpcaa £ = — x > (0 M craBAT BOEpENU 3HAK ¢—»; TAKHUM
ofpasoM, Ha caMoM jexe BTUM paeTca UPUOIIGKERBEOe BHAUEHHE

1
qycJia x ¢ TOYHOCTLIO JO o no uaéumny.

9ror cmoco® paelicTBMA 1€ TpeACTaBAseT HEYAOGCTB NPA YHCIOBBIX
pacueTtax; mas ofo3Hadenus e OTPHUATEJHHHX JOTAPAYMOB HCIOIDL-
3YIOT TY K€ CHMBOJRKY, UTO M [t MOJOMHUTENLHBIX qUCeJ, CTABA NPOCTO
qepTy Haj 1eJsod gacThio, YTOGH yKA3aTh, Y4TO NOCICAHAA DaBHA THCAY,
NPOTHBONGJIOKHOMY HaNNCAHHOMY.

6. Mowrnocmo mnoxncecmaea R

R = U [r, n + 1] u Bce wmmTepBadH [, n 4 1] paBHOMOLHLL

nezZ
untepsany [0, 1]; Tar xax [0, 1] — GeckomeYHoe MHOKECTBO, TO 3a-

raiouaeM (Teop. Mu., CBoika peayusr., § 7, n° 9), uro R pasnomowymo
unmepeany [0, 1[. PaccmaTpnsas dsounroe pasioxenue 4ucesr WHTEP-
sana [0, 1], MH moxaeM, YTO 2TOT MHTEDBAJ PaBHOMOMEH MHO-
7KecTRY S BCCBOBMOMHBIX IOC:Je0BaTeNbHOCTeH (U,), YIEHH KOTOPHIX
pasHR O unm 1.
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[Iperkue Bcero, oH paBHOMONIEH NOAMHOMCCTBY S MHOMecTBa S,
COCTOAIEMY W3 INocaemnoBaTelbHOCTEN (u,) Takux, 410 U, = 0 muaA
fecKOHEYHOro umcia sHadennit n. C APyroit cTOPOHH, MHOMKecTBO S”,
JOLONHATENbHOE K S’ OTHOCHTENBbHO S, pPABHOMOIIHO MHOMECTBY
HecoOcmeeHHbLr PABNOMEHNIl PAOUOHAIBHLIX YHCEN, PABHKX [Apobu
co 3naMeHartelneM 2"; MOCKOJIbKY BTH YMCJIA COCTABAAIOT 4acThb MHO-
mecrea ), MX MHOMKECTBO CiemHo, a 3HAYUT, CUETHO M MHOMKECTBO
S”. Tax rark S’ GecxkoHe4HO, To 0HO pagnomowyio S (Teop. mu., CBon-
Ka peay:bT., § 7, n° 0), U yTBepKIEHNE HOKA3AHO.

3amerny Temepsb, uro S paswomowno P (N); B camMoM pene, Ml
HonmydnM OumekTuBHOe orolOpamienme MHoskectsa 3(N) ma S, como-
CTABUB KOKIOMY IogMHokecTBY X MHOMecTBa N IOCIEN0BATENL-
gocth (u,), B Kotopoit u, =0 qma n€ X uu, =1 gaa n € CX.

B wurore mamum jloRasaHa cJemylImas TeopeMa:

Teorema 1 (Kamrop). Muoaxcecmeo éecex sewjecmeennbz uuces pas-
HOMOWHO MHONCCCINGY 6Cex NOOMHONCECNE CHEMHO-6eCKOHEeUH020 MHO-
Jcecmea.

CaencrBue., Mownocmsb MHOXMCECIBA  8CeX  BEUECINEEHHBLL  HUCER
Goabuie MOUHOCIU CUEMIL020 MHOHECMEA.

Fosopstr, uro MHOKecTBO, pasHOMoWHoe R, umeern mowymnocmo
ronmunyyma. B cuny npegiomenus 1 § 4 Bearwilt unmepsas, He
CBOAAILMUCA K ONHOI ToUKE, MMeeT MOMHOCTL KOHTHHYYMa, TOYHO
TaK jKe JONOJHEHWe BCAKOLO CYeTHOro MuOecTsa B R mMeer Mom-
HocTh KoHTHHyyMa (Teop. Mu., Cromra peayanpr., § 7, n° 9), B wacTHO-
CTH, MHONCECME0 60X UDPDAYUOHAALHBLL HUCEL UMeem MOUHOCMb KOH-
MUHYYMA.

¥YnpakaeHus
1) Ecau z m y— BenicCTBeHHBIE Yucna, TO
[z+-y] =[x]+[y] +¢€, tne € pasao O man 1,
[t—y|=[z]—[y]l —e, rae & paBuo 0 wau 1,
fz] + 1z +yl+ vl <[22] -+ 20];

fal [t | o [ a4 250 ] =

n

I8 peawx n> 0.
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2) Myers (g,) — crporo yOGeiBaomas HOCHEAOBATENLHOCTH KOHEq-
nnx uncen >0, crpemsmasica k 0, 1 r,(z) npu awbom x € R osnavaer
KpPaTIoC &, OPNOAMKOHHO® 3HAYCHM® I C TOYHOCTLIO JI0 €, 10 HENOCTATKY.
Ilas Toro 4ToBH HOCHEHOBATENBHOCTH (r,(z)) mpm xnw6oM z € R Oula
B03DACTAIONMCH, HeOBGXOMMMO M [OCTATO4HO, dUTOOH Kammoe &, Guao
LeJHM KDATHBIM £,,4.

3) Myert a — nemoe >1. Jlas Toro 49robn BENICCTBEHHOE HHC-
10 z GHIJIO panMOHAJBHHIM, HEOGXOXMMO M XOCTATOYHO, 4YTODH €ro paa-

[ee)
IoMenue ¥ = py + Z u,a~® ¢ OCHOBAHHOM a OBINIO nepuoduueckur, T. €.
n=0
CYmECTBOBANM TEAne ny M r >0 Takue, 9T0 Up,r = U, [NIA BeCs-
KOTO n > ng.
*4) Tlycrs (up)—cymmupyemas B R mocienoBaTe;sbHOCTE YMcen >0,

o0

YAOBACTBOPSAIOUIAS CACAYIOIUM YCIOBMAM: Upiy-<ip M Up < Z‘ Unyk
k=1

nasa seex n 3> 0. Iokasatn, 94T0 AJis Jjoforo 4uc:a a, y4OBIeTBOPAIOMIETO

o0
uepasencTsam 0< a 5= Z Up, CYUleCTBYET TORMHOMCCTBO [ MHOMKe-
n=0
crta N raroe, uTO ¢ == 2 Up. YKazalunle yCJIOBAA BHLITONIIAIOTCS, M 4acT-
nel
HOCTH, €CJH Up, (< lp << 2Upyy AAA KOKAOrO n: CAyHail JBOMYULIX pas-
J0KeNni,
*5) Jlnsa Kaxmoro semecTseHHOro wucaa z € J0, 1] cymectnyer ogmo-
31aYHO ONpejeNleHHAs BO3PACTAIONIAS OeCKOHEUHAH  MOCICHAOBATENB-

HOCTH (gn), COCTOAmAA M3 wuednx umcen >0 m Takam, 40 z=
oo

1
- 2 v e Jins Toro uToBH x GhI0 PANMONAIBILIM, HCOBXOXMMO
192+« - Qn

n=1
¥ [O0CTATOYHO, YTOOH n4q==gn AJA BCeX 3HAYEHMil 7, HAUYMHAS] C HeKO-
TOpOIO.
*6) JIAA KaMKEOTO BEMECTBOHHOTO 4meiIa z >1 CymecTByeT OfHO-
3HAYHO ONMpEeJCICHHAS OeCKOHEeYHAS MOCJE/IOBATEIBNOCTE (£,), COCTOAMANA
U3 meawx umcesx > 1, yposiersopsiommx npu awobom n > 1 yeaosmio

o0

oA

Inyq > 12, W TaKasg, 910 T = H (1-1——1—-) . |Mcnoas3osate ympakme-
net n

sme 19 § 7.] Jaa Toro 4To0H z ObIN0 DPAaLMOHAJIBHLIM, HCOBXOHHMMO

H AOCTATOYHO, 4TOBH f,.4=12 AJA BCex 3HAYEHM n, HAUMHAA C HEKO-
toporo. [Hus pokasaTeabcTBa HEOOXOMMMOCTH  YCJOBHS IOKAa3aTh,

o0
1 ,
TOMOMAB Ty = l-[ 1+Th- , ITO 3HAMeHATeJNU [pobei
h=n-11
8 HOCOKpaTHMOil ¢opme) 00pasynT yGHBAIMYIO IIOCIENOBATEABHOCTS. |

Zn
(B3ATHIX
zp,—1
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*°7) Ilyeth (&p),>¢ - NOCIENOBATONBLHOCTH dMCed, papHEX 14
wian —1; mOoKa3aTh, YTO BEMECTBOHHO® TUCJIO

In==§&p 1/2—[—811/2—[—82 VZ—I—...—{—en VQ

CymecTByeT ¥ PaBHO

n

. K €04 ... 8
Zsln(4 Z————zh )

h=0

Bueectn otciofa, 4ro lim r, cymecrsyer m 4To fgas jawGoro pemecT-
> 00

BCHHOTO 4YHCJAA z, YHOBJIETBOPAIOMEro yclosusaM —2 <z <2, cyme-
CTBYeT NOCIeNOBATEJNBHOCTh (E;) YKA3AHHOI0 BHMA TAKafd, YTO & PaBHO
npefiesly COOTBETCTBYIOMEN 10CHeXOBATONBHOCTH ((Z,). JIJsi KaKkux 3made-
HUiA  TOCNENOBATEILHOCTH (85) eAmECTBONNA? JlNg KAaKUX 3HATCHHA z
OHA TePMOJMYHA (CM. ynpaskaeHHe 3)7,

8) IlokasaTh, YTO He CyIIeCTBYeT OTJIMYHOIO0 OT NOCTOSIHHON O0TO-

gpa'ﬂ(eﬂﬂﬂ Y mutepsaia I C R B MHOmecTRO NN scex mnocaeposaTean-
HOCTEeH HATypaJbHHX UMCeX, KOTopoe AJaA Kampmoro x €/ obnanano Ow
ClefyIOIMMM CBOHCTEOM: KaKoBo O Hu G0 mejoe n, CymeCTByeT
oxpecTHoCTh V. ToukM z B I Takam, 910 maA aioboro y € V nepsue n
9JIEHOB MOCJHCHAOBATEIBHOCTH P (y) COBHAJAIOT C MEPBHIMKM 7 4JeHAMIL
nociefosaTeapHocTH Y (x). [3aMeTHTh, UTO 5TO MOBJEKNO OH HEIpepsB-~
HOCTh Y ©NpM HAJeNeHAM KaAOro M3 CoMHOMkuTeneid N xucKperHOR

TOMOJOTHel, a NN—HPOMBBQJIBHHGM 9THX TOIIONOINMIA.]
9) IMokasats, 4TO KaHTOpOBO MHO}kecTBO K (§ 2, n° 5) cosmagaer

¢ MHO/KCCTBOM BCCX BelecTheHHHX wmcen r € [0, 1], TpomuHoe paszioske-
o0

u
HpEe KOTOPHX Z= Z 3—71 (coorB. HecoOGCTBeHHOe TPOMYHO® pa3iONe-

n==1
HHREe, €CJIH r ecTh Hadajlo MHTepBaja, CMCYKHOIO C K) TaKOBO, 4YTO BCe

up <1 (tak 410 Up=0 mam up=2). IlokasaTh, 4TO €CAH [OJOKHUThH
o0

TOIJIA vp = Up/2 OAs Kakgoro n U f(z)= 2 vp2~™, to f Bymer ciopvex-
n=1

mueHbly HenpepuBELIM oTobpamenneM K B [0, 1]; BusecTn orciofa, ato K

HMeeT MOIIHOCTh KOHTHHYYMA.

d
T (n > 1),

dn_y

(n;}y —cTporo BO3pacTAIOMAs NOCHENOBATENBHOCTD I[EJKX HOJOMUTEIBNEX

uncea ® (b;)—MOCIeXOBATONRHOCTh LEAHX wucen Takas, uro 0< b; <

< a, ~—1 pas Beex i, IlycTs, ganes, G—MHOMECTBO TOX ToueK x € [0, 1],

!

*10) Mycth (d,) —OBasmcHass nocaex0BaTeNbHOCTD, dp=
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o0
u
B PA3JO;KOHUM I == 2 7"— KOTODHIX MIM B HECOOCTBEHHOM pAa3lOKeHHH,
n

n=1
ecnM OHO CYImecTBYyeT, u, == b; maa wampmoro i€ N. Iloxasars, uro
12

G —BIOJIHe HECBSI3HO® COBEPUICHIIOE MHOMKOCTBO M 4TO eCJH |l —cyMMa
mmu CME)KHBIX ¢ G HHTepBaXnoB, cofepxammxcs B [0, 1], 10 1 —I=

.H (1——7) ~

! *11) Ilycte E — orpennMoe TOHOJOIMYECKOEe IpocTpaHCTBO. Ilpex-
HOJOMHUM, YTO [JIA JIO0O0M KOHEdIIOH MOCIeN0BATeNBHOCTH §, YJEeHH KOTO-
poit pasuu 0 mam 1, cymecrsyer Hemycroe MHoecTso A(s) — E, ymon-
JIeTBOPAIOMIES CACHYIOMAM YCIOBMSM:

1° Ecam s COCTONT U3 n Y:IEHOB, a NOCAEHOBATEILHOCTH ' M s” cofgep-
sKaT n + 1 unenoB (paBunix 0 mam 1), Nepsse n W3 KOTOPHIX COBHAXAIOT
C COOTBETCTBYIOMUMH WICHAMHM IIOCJHCHOBATENBLHOCTH §, TO A(s) == A(s )
1) A(s"); wpome Toro, A(sy) = E pnsa nycroil mocieqoBaTeNLHOCTH Sg.

2° Ecau pas wampo#dl 0GecKOHEWHON NOCHEOBATEABLIOCTH (i,)ng,
gjeHH KoTopoil paBuel 0 miu 1, 0603HAYMTH 4YePe3 s, KOHEYHYIO IOCIHO-
JAOBAaTEABHOCTh (Up)os p<n, Oasmc ¢(mabpTpa, OOpA30OBAHHBII MHOMECTBA-
Mu A(s,;), CXOOUTC K HEKOTOpPOil TOuke mpocrpaHCcTBa E.

IToxasaTh, 9TO HPU ITHX YCHOBUAX CYIECTBYET HENPEDPLIBHOE clOpbek-
musenoe OTo0parkeHpe KaHTOpoBa MHoectsa K B E.

*12) BrBectm u3 ympakHemusa 11, wro:

a) Hna xakmoro KoMHaxTmoro Muo:kectBa A — R cymectByer
Henpepnpuoc oro0paskenne xamtoposa MmuoskectBa K na A. [Banarp
B Kadecrse A (s) mepecedenms ¢ A HafJekame BHOPAHHHIX MHTEPBAJIOB. )

6) Ecam, Kpome Toro, A COBEPUIEHHO M BNOJHE HOCBS3IO0, TO OHO
romeoMopdpuo K. [lIpuMennTs TOT M@ MeTOx TaK, 4TOBH A (s;)(NA(s) =
= g, KaKopH OH H@ OBLIM ABE pasiudHLe IOCJEA0BATEIBLHOCTH S M S
C ONNMM W TEM e gucjoM 4jenoB (paBHux 0 mau 1).]

*13) Ilyers E — me 6oaee uem cuemroe OTHCNAMMOS TOLOJOTHYECKOO
npocrpaHcTso. IlpegnonoxmM, uro Ans Jg060il KOHeWHOU NOcJeqoBa-
TEJBHOCTH §, WJICHH KOTOPO# paBHH 0 mam 1, cymecTnyer HENycToe MHO-
#wecTBo B (s) © E, yHOBJIETBOPAIOmMEEe CACHYIONMM YCIOBHAM:

1° Ecam moCaef0BaTeNBHOCTh § COCTONT M3 7 WIPHOB (PaBHBEIX
0 nmam 1), a mocmegosarTenbHOCTH s' M s” comepar n -+ 1 unenos (pas-
HEX O mam 1), MepPBH® n W3 KOTODHIX PABIH COOTBOTCTBYIOMMM YJIEHAM
10CJae0BaTeNIBHOCTH s, To B (s'YB (s") = B (s} m B (sY"\B(s") = &;
KPOM® TOT0, OCIM sy — IYCTasl MHOCAEeN0BaTeNbHOCTh, TO B (s¢) = E.

2° Kaxopo OW HE 6ma0 z € E, ecam s, 03HAYAOT (€AMHCTBEHHYIO)
NIOCJI8Z0BATENbHOCT) M3 n 4J€HOB, paBHHX 0 uan 1, Takyio, uro x € B (s,),
TO Gasnc ¢uapTpa, 06pasoBaHRKI MHOMecTBAMA B (s,), cxopurca k z B E.

IlokazaTh, uTe mpum o™X ycaonmax E eomeomopdio payuonasvrol
npanod Q. [Veramosuth cHagana, uro E TOoMeoMOpPPHO CUETHOMY
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NOAMHOKECTBY KAHTOPOBAa MuoecTsa K, nioTuoMy oruocuresnino K n ue
COIEPHAIeMy KOHILOB HWKAKOTO CMC:KHOTO ¢ K murepsaxa. Ias aroro
3aMETUTh, 9TO C[CJAHILE NUPERIONOMEHUA CONOCTABIHIOT KAKIOMY
z € E GeckoHeUHy0 HOCIe0BATENBHOCTL (U, (x)), WIEHH KOTOPOil pas-
uel 0 uam 1; UCHONb30BAaB CYETHOCTh FE, NOKa3aTh, 9YTO MOMKIUO BHJO-
N3MennTh OMeKuMIo s +—> B (s) TakK, 9T0OM u, (z) uu Kx1a xaworo z € E
He 00pa3oBHIBANM CTAIMOHAPHOI HOCJCHOBATENBHOCTH. B 3aKa04eHHe
HCcHON530BaTh ynpakHenme 10 § 2.]

BoiecTH oTCIOf{a, 9YTO BCAKOE CYETHIOC 1I0ANPOCTpancTso B R, He
UMeIomee M30JMPOBAHHKIX TO4CK, romeomopdmo Q.

14) TlokasaTs, 4YTO BCAKOE 3aMKHyTOe MHOecTBO B R ne Goxee
9eM CYeTHO MAM MMEeT MOMMHOCTh KOHTHMHYyMa. [HcemonbaoBaTh ympac-
uenme 126 sroro maparpada, a tarore ynpaskucume 17 § 9 rmamn I.)

15) Iloka3aTh, 94TO MHOKECTBO BCEX OTKPHITHIX MIOKECTB U3 R u mMuo-
JKECTBO BCEX BIOJHE HECBSHHIX COBEPIIEHHHIX KOMHAKTHEIX MIIOMKECTB
u3 R ¥MMCIOT MOMHOCTH KOHTHMHYYMa.

16) a) Ilycth A — me Boacc ueM CYETHOE BaMKHYTOC MHOMCCTBO B R
1 { — HenpepuBHast uncaopas Qyuxnmsi, onpepmeaennas na R, Ecan f
DOCTOSHHA Ha KamgOM M3 CME}KHBIX ¢ A MIITEpPBAaJOB, TO OHA LOCTOSHIIA
na R. [UcmoarsoBarh Teopemy bBosnnaHo.)

6) Ilokasarb, YTO HEHPEPHBHOC OTODpPa)KeiiMe f KaNTOPOBA MHOKE-
crea K B [0, 1], ompepenenHoe B ynpaskHenuu 9, MOMKHO HPONOJIKMTD
A0 HempepoiBHOH (QyHkmuM Ha R, DOCTOANHOM 1A KaKgOM U3 CMEMKHBEIX
¢ K wuntepsanos.

17) llyers E — TOmoJOrMUCCKOE HPOCTPAHCTBO, COACPKamiee BCIOLY
II0THOE e fojec weM CYCTIIOE MuOMecTBO. llokasarb, 4TO MHOKECTBO
BCOX §ENPEepPHBIIEIX YHCHOBHX (QYHKUMI na E HMMecT MOMmMHOCTh KOUTH-
HyyMa.
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IR TVIABE IV

(Pumckne nudpu orHOCcHTeS K Gnbéamorpadum, moMemeHHO
B KOHL@ HACTOSIETO OYEPKA.)

Beskoe maMepeHMe BeJIYMH HPEANOJAraeT CMYTHOE HOHATHE BemECTBeH-
HOTro umcnaa (feficTBUTeNBHBI® OCHOBAHMS wero OYAyT BsIcHeHH B § 2 riaa-
Bul V). C MaTeMaTHYCCKO# TOYKM 3PCHMsS HPOMCXO/IeNHNEe TCOPMM BEIeCTBCHHEIX
qUCeN CICIyeT BECTH OT o0pasoBanms B BABMJOHCKOI Hayke YmawHOIl CHCTEME!
HyMepauuu, jaomeil (B NPUHIMIOS) BO3MOMHOCTH 0003HAWATH CKOJIL YI'OLHO
TouHLe OpRGIIDKEHNA mMoboro semecrseHHOro yuciaa (I). Bragemme rakoii cmc-
TeMOM M YBEPEHHOCTh B YUCIOBHIX DPacuerax, KOTOPYIO 5TO HO MOIJIO He HOpO-
IUTH, AeiicTBUTeNbHO, HeM30eHHO NPUBOJAT K (HAMBHOMY» HOHATHIO BEMEOCTBEH-
HOT'0 4MCJa, HUYEM HE OTIMYAIOMEMYCS OT TOr0, KOTOPOe BCTPOYAeTCA M COTOAMA
(B CBABA ¢ [ACCATAYHOI CHCTEMOII) B BNCMEHTAPHOM OOYUCHMM HIM y (PUBNKOB
U UIKeHepOB. JTO HOIATH® He HOIJAETCS TOUHOMY ONPCAeJeHHMI0O, HO eT0 MOKHO
BHIPA3UTh, CKA3aB, YTO UMCIO CUMTACTCS 3aJAaHHHIM BO3MOMKHOCTLIO HONYYaTh
ero npuGiKeHHBe 3HAYOHNA M BBOJMTH MX B BHIUMCIGHUS; BOPOYEM, HTO HOH3-
6ex110 CBA3AHO ¢ HEKOTOPOil CTONEHHI0 HOCOOTBOTCTBMS MOy MepaMu BOJIMYMH,
JAHHLIMM B ONHIT®, KOTOPHE, KOHEYHO, HE JONYCKAIT HOOrPaHMYSHHOI'0 HpH-
6amKenns, U «IHCIAME» BpOHE 'l/2— (B DpeNIONOKEHAN, YTO MMOOTCA anropudm
AIA UX HEOrPAHMYEHHOTO IPROINMAHOHMA).

TlogoBuas «mparMaTHdecKasy TOYKA 3DeHMS HOMABISETCS HOITOMY BO BCOX
MareMaTHYecKHMX IIKOMaX, B KOTODHX MCKYCCTBO BHYMCInTensd OGeper Bepx
Haj 3a60TOH 0 CTPOrOCTH M TEOPeTHUSCKUMH coobpasenisamu, Haobopor, umMenno
noclegHMe ABIAITCA JOMHHAPYOMMMHA B rpeueckoil MareMarnke. Eit Mul o6s3ans
TalyKe MepBOMl CTPOTOH M CBABHOH TOODHOHl OTHOIIOHW BEJNMYMH, T. 6, IO CYMe-
CTBY BEMECTBeRHHIX YHCOMX. JTA TEOPHMA SBASGTCH 3aBODIIOHHMEM DsAa OTIOCS-
muxcsd K DPONOPNMsAM M, B 9aCTHOCTH, K HOCOMBMOPUMLIM OTHOIIOHMAM OTKPHITHIA,
3HAUCHHME KOTOPHIX B MCTOPMHM TDeqeCKoll MLICAM TPYQHO HODPEONOHMTH, XOTHA
H3-3a OTCYTCTBHSA TOYHEIX TEKCTOB MOJKHO C TPY/OM HAMOTHTBH JIMIIb CaMbi® o0mue
mx uept. ['peweckas MaTeMaTHKa ¢ CAMOTO BO3HWKHOBOHHS HODAa3PRIBHO CBSI3aHA
¢ OTYACTHM HAYYHKIMA, OTYACTH (PMIOCOPCKMMM ¥ MHCTHYOCKMMH YMO3POHHAMH
0 IPOHOPUYSX, MOfO0NAX ¥ OTHOLIGHHAX, B Y4CTHOCTH O ¢IPOCTHIX OTHOIIGHMIX»

15 H. Byp6axn
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(BHpaKaeMHX pApPOGAME ¢ MAaJLIMM YHCAWMTON6M W 3HAMOHATONEM); M OfHOMH
U3 XapaKTepPHHX TeHpeHnmii Oudaropefickoffl NIKoAnl OHIO CTPOMICGHH® BCO
0ODBACHATH NOJNEIMM WHCHAMH M MX orHomenusMu. Ho mmemmo mmdaropeiickas
IIKOJA OTKPHJIA HOCOM3MEPMMOCTh CTOPOHH KBajpaTa ¢ €ro JWATOHANGI0 (Mppa-

IIMOHAJIBHOCTE '[/5) — HOCOMHEHHO, HODBHII HPHMMeD [OKAa3aTeJIhCTBA HOBO3-
MOMKHOCTH B MAaTeMaTHK®; OfMH (aKT MOCTAHOBKH TAKOILO BOIPOCA HPENMOJaraeT
DPOBEICHNO WSTKOTO PAasNMdINsA MEAY OTHOIIOHMEM M ero HpMOaMyKeUHLIMH 3Ha-
YEHMSAMEA B ZOCTATOYHO OYEPIMBACT FIYGOKYIO NPONACTH, OTHOMAIOMYIO TPEISCKIX
MATEeMAaTHKOB OT MX MPEeANIeCTBOHHMKOB *),

Mn m70X0 OCBJOMIGHH O pA3BUTHM HMEH, KOTOPO® COIpPOBOKAANO ITO
Ba’KHO0e OTKPHTHO M HOCJSZOBATO0 38 HAM **). MH orpanMumMCs T6M, Y4T0 HaMETHM
B 06GmMX geprax I'JaBHHE MAeN, JIOKAMMO B OCHOB® TEOPHHM OTHOIIOHMI BeINYHH;
9Ta TOOpHs, HMOCTPOPHHAS BOJIMKMM MaTeMaTMKOM EbfoKcoM (COBDeMOHHmKOM
n ppyroM Ilmarona), OHIIAa IPOYHO BOCHPHMHATA KJACCHUECKON rpeueckoil marte-
MaTHKO# N maBecTHa HaM mo JxeMenraM Epkrwmpa (I1), roge oHa MacTepcku M3jno-
sena (B HKumre V srux Imemerros):

1) C1oBo ¥ DOHATH® ¥UcA0 CTPOT'O YASPAMBAIOTCS 3a IEJEMM HATYDAJHHHMH
guciamMn >>1 (1 ecrh MoHaga, a He umMCJO B COOCTBCHHOM CMBICJHO CJOBa), 4eM
HCKIIOIAIOTCA He TOMBKO HANIM HppaIoHaIbHEIe YACia, HO JaXKe TO, 4TO MH HA3H-
BaeM pAIMOHANHHEIMA 4HCAAMHA, KOTODHE [Js I'DEYeCKHX MAaTOMATHKOB KJIaccH-
4eCKoMl sHOXM ORI OTHOIICHMSMM 4YMCe]. ITO OTHIOAb HEé HPOCTO BOHPOC TOp-
MIIHOJ OFMM, IOCKOJBKY CIOBO «4MCJO0» GHINO CBA3aHO Y I'POKOB (KAK M B HAIY
BHOXY 0 HOAABHETO MPONINIOro) C UAEEH cucmemu ¢ B0UHEM BAKOHOM KOMNOIUY UL

*) OTKpHTH® RppauuoHANbHOCTH |/2 ofHM DpmmmcHBalor camomy I[luda-
ropy, mo-BHAMMOMY (€3 ZOCTATOYHOIO OCHOBAHMS, APYIMe — HOKOTOPHM Hupa-
ropeitnaM V Beka; cornacHO csujerenbcTsy Ilnaroma B cro «Tearare», Teogopy
KnpencKoMy NpMIHMCHBAETCH [OKA3aTeibcTBO Mppanmmonansmocrn V3, /5
«u maxk Baaee do '[/1_7», nocye gero TesTaT TO JM MOJYydna o0mee J0KasaTes]bCTBO
g VN (cpe N — memoe, He ABISIOmMESCs TOIHEIM KBAXPATOM), TO JIH, BO BCS-
KoM cayuae (eCim, 9T0 BOBMOMKHO, JOKA3aTeAnCTBO Teoxopa GeINo HO CYymecIBy
06muM), TpoBen KaaccuPuKALMI0 HOKOTODHX THHOB MppanMoHambHocTeit. Hema-
BecTHO, ORLIM M 3TH HEPBHI® AOKABATENHCTBA MPPAIMOHATBHOCTH HPOBOXEHLI
apupMeTHIeCKNM nuam reomerpmueckuM myreM. Cum. eme G. H. Hardy and
E. M. Wright, An Introduction to the Theory of Numbers, Oxford, 1938,
ra. IV; cum. taxme Sir Th. He a t h, A History of Greek Mathematics, 2 r.,
Oxford, 1921; II. V o g t, Entdeckung des Irrationalen..., Bibliotheca Mathe-
matica (IIT) 10 (41909), crp. 97; H. Hasse und H. S ch o1z, Die Grundla-
genkrise der griechischen Mathematik (Pan-Verlag), 1928.

#+) B gacrHOCTH, CM. HO 9TOMY moBoxy crarbn Bekepa (O. Becker) n crarbn
Tomnuna (O. Toeplitz), mossusmmecs B Quellen und Studien zur Geschichte
der Mathematik (Abt. B, Studien), Tr. 1—3, Berlin (Springer), 1931—1936,
1, KPOM® TOI'0, COYMHOHHA, YKABAHHHO B IDOALAYMEHl CHOCKe, & TAKIKE CTATHIO
B. L. van der Waerden, Zenon und die Grundlagenkrisc..., Math. Ann.,
r. CXVII (1940), crp. 141.
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bvid

(cToskeHuMeM ® yMHOMeEueM). OTHOMOHHA NENHX WHCEN NOHHMANHCh JPEBHO-
IPOYECKMMHM MATEeMATHKAMH KaK OnePaTOPH, ONPEHOJCHHEE HA MHOOCTBC BCEX
neJbIX YHCeN MM ero gacTH (oTHoNIeHune p/gq ecTh omepaTop, oTHocAmu#d wucay N,

ecal OHO KpamMo ¢, 1IN0 WHCIO p-?) 1 ofpasyomme MyIbTHIIHKATABHYIO

TpYONy, HO He CHCTEMY C ABOMHEIM 3aKOHOM KOMIO3WIMH., B 3TOM rpegeckme
MaTEMATHKH COBHATONHHO OTMEHKOBHIBAIMCH OT «IOTMCTOBY HJIM NPO(ECCHOHANb-
HHX BEIYMCJIMTEJEH, KOTOPHE, TaK X6 KAK MX H[PCAMECTBOHHMKH OTMIITIHO
W BABMJIOHANE, HO 3afyMHBAAChL DACCMATPHUBAIM APOOM WJIM CYMMH I[€JIOTO
¥ Apo0M KaK uncja. BopoweM, 1o cyMeHme naen 4ucia GblI0 BH3BaHO, HO-BUIL~
MOMy, MOTHBaMu Goaee ¢GmIOCOPCKOrO, YoM MATOMATHIECKOr0 XapaKrepa, M ABH-
MOCH Pe3yABTATOM pa3MHIIIEHui! MOPBHX TIpevecknx ¢maocopoB o eguHOM
W MHOMKECTBOHHOM, B CHCTeMe Mfeil KOTODHX OgiaMpa He Moria OHTh pasgeneHa
118 qacTH, He HOTEDPSB TEM CAMHIM CBOOTO XapaKTepa eNMHHIH *).

2) TeopHMs BeAMYMII CTPOMTCS AKCHOMATHYCCKH M CPasy AN BEJNMYMH BCEX
pofioB (MMEIOTCS HAMOKM Ha OPe[IIecTBOBABLIMG® TEOPHMM, B KOTODHX, HO-BHAM-
MOMY, pAacCMATPMBANMCH OTAGNBHO [JMHE, [JNOmMAAgH, OGBEMbl, BpEMeHa
A T. A.). Beuannmn OgHOro M TOTO 6 POfa XAPAKTEPH3YIOTCS TEM, 9TO OHH JOMyC-
KaloT CpaBHOHM® (T. ©. HPOJNONaraloTCs ONPeNeJeHHHMH DAaBOHCTBO, HPEHCTaB-
aswomee coboit, coGCTBOHHO TOBOPHA, 9KBMBAJEHTHOCTh, W OTHOMGHHA > M <),
HX MOMKHO CKIAfLIBaTh ¥ BHUNTATh (ompexeneHo A -+ B, a Tawxe 4 — B,
ecim, A > B) ¥ OHM YAOBIETBOPAIOT TAK HABKIBAEMOIl «aKCHOM® ApXmMenar»
(reopema 1 § 2). Hoceguas ¢ caMoro HavaJa ¢ HOXHOM sICHOCTHI0 BOCHPHHNIMA-
JaCh KAK KJIY KO BCEMY 3[aHHMIO (OHA AEHCTBMTENbHO Hema(e)iHa WIPM M0GOM
aKCHOMATHYCCKOM XaPAKTePHM3anUd BeHmeCTBEHHHX qucen; cM. . V, § 2). Vima
ApxnMega HpHCBOEHO 3TOIl aKCHOM® o wHMCTOH CaydaitmocTH; caM ApPXHMeEN BO
BBeIeHMH K cBoeit ¢KBagparype mapaGomm» (I1I) mogueprmsaet, aTo aTa aKcuoMa
UCHIONb30BaJacCh eT0 HPERNICCTBEHHMKAMM, YTO OHA MI'PAeT CYMEOCTBOHHYIO poib
B Tpynax EBpokca m 49To €0 ciemcTBus HO MOHE® [OCTOBEPHHI, YeM OIPOMCIOHMS
momaneil ¥ 065eMoB, BEIIOMHOHAH® 0e3 ee HoMOMM **),

B raare V (§ 2) MHl yBUEMM, KaK H3 9THX aKCHOMATHYECKNX OCHOB ¢ Heolxo-
AMMOCTLIO DPasBepPTHBASTCS TEOPMsl BEIECTBeHUHIX wmcen. OTMermM, 4To p[Jast
EBfoKca BeauumHB 3aXAHHOTO poja o6pas3ylOT CHCTEMY C Odnum BHYTPEHHEM
3aKOHOM KOMOOZMIUM (CAOMKEHmEM), HO YTO »Ta CHCTeMa O0GIafgaeT 8HewHUM
83aKOHOM KOMIOBMIMH, MMOIOMMM B KAa4ECTBE OHNOPATODPOB OMMHOULEHUR 6EAUYLMN,

*) IInaron (Pecny6amka, Kumra VII, 525) macMexaercs majg BHYACIMTE-
JAAMM, «KOMopble pagMenldam efuruyy HA MEAKYI MoHemy», M TOBOPHT, UTO
TaM, Ie OHH JeJisIT, yieHHe YMHOMAIOT; 9T0 03HAYAOT, YTO, HAIPHMEp, RIS MaTe-

. a c
MAaTNKa PaBeHCTBO [ABYX OTHOIICHWH T n —E YCTaHABAMBAOTCA HC [eJIenneM

@ Ha b u ¢ HA d, 9TO BOOOmMP LPEBORUT K JGHUCTBHAM ¢ APoGsMM (KaK ¥ moCTy-
nnam OH eruuTsHe W BAaBMIOHSHE), HO IPOBEPKOil Toro, 4To ad = be;. m Tak
#e B APYrAX NOKOOHHX CIydasx,

#*) fIBHNAl HAMOK Ha He JOMEAIIYI0 KO Hac IOJMOMHKY; mpexcraBbre cebe
HallleTo COBPEMEHHMKa, roBopsmero o6 axcmome Llepmerno.

15+
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KOTOpHEe BOCHPHHMMANNCH KAaK ofpasylommne KOMMYTaTHBHYIO MyAbmuniuxamus-
nywo spynny. Ecan A m A’, paBHO kak B ¥ B’ ,— BeaugmHLl ORHOIO U TOr'O K6 Pofa,
1o omnowenus A X A’ u B ¥ B’ no onpedesenuio paBaH, 0ciu, KaKOBH 6K Hu 61L1H
pensle m u m', mA << m'A’ Bnewer mB << m'B' m mA > m'A’ Bnewer mB >
> m’B’; aHATOTWYHBIMA cmocoGaMu OHmPENNIAITCS HOPABOHCTBA MOMKAY OTHO-
mesnaMu. To, 9TO 3TH OTHOMEHMA 00pAsYIOT 06aacmb onepamopos NS BOIMUIHEH
ao6oro pofta, PaBHOCHJIBHO (SIBHO HO BHPA)KEHHOH, HO MHOTOKDATHO MCHOJb-
soBaHHO# B M3nokeHMm EBKIAAA) aKCHOMe CYNIeCTBOBAHMS YeTBOPTOH Hpomop-
DROHANBHON: st MOGHX MaHHHX orHOMeEHVS A /A’ v BeawumHW B’ cymecTsyer
pesuunHa B TOro ke popa, 9T0 m B’, Takas, uto B/B’ = A/A’. Tak resuanb-
HEasa uaes EBgokca HOSBONMIA OTOMAECTBHTH MOMAY coboil o6macTi omepaTopos,
OTpOeNeHENe [NA BOJNWIWH J0Goro pofa *); anAJIOrMYHEIM 06pasoM MOMKHO
OTOMIXECTBUTH MHOMECTBO OTHOINGHMIT IOJHIX YHCea (CM. BHINIG) C uacmbl) MHO-
JKOCTBA OTHONICHWII BeJIWYHH, & MMEHHO ¢ MHOKOCTBOM DAI[MOHAJIBHEIX OTHOIIO-
Huil (OTHOINEHMH COMBMEPMMEIX BeamanH)., OfHAKO, NOCKOIBKY 3TH OTHOLIGHMS
KaX ONePATOPH, HPMMOHfEMH® K IeJblM WMCIaM, oNpefefens (B0o6me roBops)
JMIIb Ha 9aCTH MJOKeCTBAa BCeX IEJHX IHCeN, 0Kasdanoch HeoOXOfnMHM pasBuTh
ux reopmio ocobo (EBranm, Kmmra VII).

Tak DOCTpPOeHHAsl YHEBepcalbmasi oGmacrh omepaTopoB OBIa TeM CaMBIM
RJs TPeYeCKUX MATEMATHKOB SKBHBAJNOHTOM TOTO, 4€M /IS HAC ABJIAETCH MHOMKO-
CTBO BCOX BEIECTBEHHBIX YNCEJ; HPHM HTOM SICIO, UTO CO CA0XenueM BOJIMIAH
W yMHoNEHUEM OTHONOBRH BENMYMH OHM O06MamamM SKBHBAJCHTOM TOTO, WeM
RIS HAC SIBJSIOTCSI Mo.e BEMECTBOHHEIX 4MCeN, XOTSA M B Iopasjgo MeHee ymXoGHOH
¢opme **). C [pyroit CTOPOHEI, MOHO 38/laTHCH BONPOCOM, 0COBHABANMCE JIM MMU

*) Opa H03BOJMMIA, TAKNM 00pasoM, MelaTh €O BCeil CTPOLOCTHIO TO, UTO
HO BafyMHBasCh eJaln TepBHe TPevYeCcKHe MAareMaTHKH, KOLKA OHM CUNTAIM
Kakyo-Tn60 TeopeMy O OPONODPUMAX KOKa3aHHON, KaK TONBKO OHA [OKazana
Ans BceX paUMOHANLEHX oTHomenuit. Ilo-smpgmmomy, mo Esgoxca pcmanich
HOMEITKY HOCTPOMTH TEODPMIO, KoTOpas Oul AOCTHINA TOM e IeNm myTeM oIlpe-
[ONIOHAS OTHOWeHHsS A /A’ IBYX BeMYMH TeM, YTO MH HA3LBACM Ha COBPEMOIIOM
S3LIKe WIOHAMM LeNHOM APOoGHM, BHpaalomCii 9T0 OTHONIEHMe; MO0 HOBOXY 9THX
HOMKTOK, K KOTOPHM eCTOCTBOHHO PUBOXHI HABBAHHKEIA (@BKIMIOBHIMY aIroOpnpM
LISl oTHICKAmAs o6meil MepH 4 M A’, eciu oHa CymecTBYeT (MM [ HaXOMpie-
HEsi HanGoJbmero o6mEero XCAMTENS), CM. OTMeWoHHBLIC BHIIG crTathn bexepa
(cHocka **) ma crp. 226).

. **) Hacroabko MeHee yaobHO#, 4TO ANA TOTO, 4TOOH IOpPOBECTH HA CBOI
s3HK aare6pamdecKyld HAYKY BABUNOHSAH, CPEIECKMM MAaTeéMaTMKAM NPHIINOCH
CHCTOMATHYCCKH IONB30BATHCA CPEACTBOM COBCEM APYTOTo HOPSAKA, 8 MMEHHO
COOTBOTCTBYEM MOKLY /IBYMA AJIMHAMM M NIOMAAbI0 HPAMOYTONBANKA, HOCTPOOH-
HOTO Ha STHX ABYX AJHMIIAX KAK HA CTOPOHAX, ¥TO, COGCTBOHHO, HO ABISETCA
3aKOHOM KOMIOBHIMM M HO JaeT BO3MOMHOCTH yRoGHO 3amMCHBaTh ajreGpan-
9OCKH® COOTHONIGHMS CTONEHM BHI® BTOPOi.

OTMOTHM €Ie, UYTO BO BCOM HTOM M3NOMEHMH MH HOJHOCTBIO OTBIGKIHCH

oT BOIpOCA 00 OTPHIATeNHHHX YHMCIAX, OTCHIAA N0 BTOMY HOBOAY K Hcropn- .
4eCcKOMY OUYepKY, DpHUIoXeHHOMY K riaBe 1 AmreGpsl.
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9TH MHOMKeCTBa (MHOMKECTBA BOJIMMMH 3aJ{aHHOTO POfa MM MHOMKECTBO OTHOIIE-
Huil BOINYWMH) KAK no4xbe B HANIEM CMEIC]O; MHAY® HOACHO, IOYEMY OHHM fOoNycC-
Kall (He MCOHTHBAS Aae MoTrpeGHOCTH CAeNaTh dTO AKCHOMOI) CYMOCTBOBAHNE
9eTBOPTOil mPOHMOPIMOHANBHOM; Gojlee TOr0, HOKOTOPHE TOKCTH, IO-BHRWMOMY,
CCHLTTAIOTCS Ha HMAPHM HOROGHOTO pORA; HAKOHeI[, HOCOMHOHHO CYHTAJNIOCh OMOBH[(-
HbHIM, 9YTO KpHBasi, KOTOpasA MOeT OHTh OOMCAHA HEOPOPHBHHM [BHIKOHHEOM,
HO MOMOT mepeiiTm ¢ OfHOE CTOPOHW mpsAMoil Ha KPYryio, He MOPECOXKmMA BTy
OpSMYI0,— OPUHINN, KOTOPHI OHM MCIONB30BAJIH, HANpHMep, B CBOMX HCCIE-

ROBAHHAX MO YRKBOSHMIO Xyba (mocTposHEe %/5 IOCPeCTBOM NEpeceYeHNd KpH-
BHIX) ®W KOTOpHIl, IO CYIECTBY, PABHOCWIOH CBOJCTBY, O KOTODOM ERT pedn;
MY TOeM TOKCTH, KOTOPHME MH DacIojaraeM, He HOSBOMAIOT Y3HATH € UONHOI
TOYHOCTHI0O WX HAGM HA 9TOT CUGT.

TakoBO COCTOSIHME TEOPMHM BEmMECTBEDHHX YHCOA B KIACCHYECKYIO 9IOXY
rpeueckoit mareMarmkm. IIpm BceM BocXMmeHmM, BHI3HBA€MOM IIOCTPOOHHOM
EBfiokca, He OCTABAAIMUM KOJATh HMYEro JYYMEro B OTHOIGHMN CTPOTOCTH
W CTPOAHOCTH, CIONYeT HPHM3HATH, ¥TO My HeZoCTaBajo rMOGKOCTH m OHO OuAo
Maj0 MORXOAAMMM RAA PA3BUTHA BHUACIMTONBHOE TOXHMKM M OCOOGHHO are-
6panueckoro meumcieHns. KpoMe Toro, oHO MOTIIO Ka3aThCS JOTHYECKE HEODXO-
AAMEM TOJNBKO yMaM, BRIOGIEHHKM B CTPOTOCTh M MCKYIIOHHHM B A6cTparumd;
©CTeCTBEHHO IOATOMY, 9TO HA 3AKATe IPEYOCKON MaTeMaTHKHM MH BHMAEM IOCTe-
[OHHO® BOBPOKACHNE (HAHBHONY TOMKE SpeHMs, COXpaHsBitefics B TpafHLAH
noracToB. Vimenuo ona momuumpyer y Mmodanta (IV), GHBIIEro B 3EAYHTONHHO
Gomphieil cTemoHN IPONOMKATEIOM BTOH TPARKIMH, WeM OPRIMATBHOH IPesecKol
HAYKH; BOCHPOM3BOAS AAA $OPME eBKIHAOBO ONpPEENIOHNe YHCIA, OH HA CAMOM
HeNe moj CIOBOM «YHCIO» IOHMMAET HOM3BOCTHOO anreGpanvecKWX sajfad, peme-
HME KOTOPHX MO;KeT OHTH KaK NONHM, TAK B APOOHHM HMIM Hake MppamnoHANb-
BHIM YHBCIOM *), XOTS 3TO HM3MOHeHNe OTHOMOHHMA K MOHATHIO 4MCAa CBA3AHO
C OXHMM M3 CAMHIX BaYKHHX AOCTHKOHWIl B MCTOPHHM MAaTOMATHKH, & MMOHHO pas-
ButHeM axareOpH, caMo mo cefe OHO, KOHEWHO, IPEACTABJISIIO He Iporpece,
a CROPBB mar Hasafg.

MH He uMeeM BO3MOKHOCTH HpPOCIEIHMTh 9/leCh NPEeBPATHOCTH, KOTOPHe
OpeTepHeNa MAes YNCia B MHAMIACKOI, apabckofl # 3amafiHOll MaTOMaTHKe BINIOTH
KO KOHIA ¢pegHEX BeKOB: HpeofmagaiommM OO «HAMBHOe» NOHATHO YHCAA;
W XOTH OCHOBOW MATOMATHYOCKOTO 06pa3oBamMsa B TOUGHHe BCETO 3TOro MepPHOAA
caynau dneMeHTH Epxinpa, BeckMa BeposiTHO, 4TO yuenme EBkamaa ocraBa-
J0Ch, KaK MpPAaBHIO, HAMOHATHM, HOCKOJABKY OHO Y¥Ke He NpPeACTaBlANOCh
Gonpme HOO6XOAMMEIM. «OTHOmOHWs» EBKiMga wame BCEro MMOHOBANNCH €IHC-
NaMm»; K HEM OPMMOHANM NPaBWja AEACTBIA HAK NONLIMHA YACIaMA H, DONy4asd
TaK TOYHLI® PE3YJNBTATH, HE OHTANNACH JOHMCKUBATHCS NIpPHIMH YCOEXa 9TEX
cnocoboB.

*) «Imo ,uucao® oxasmeaemcs He paylonasvnuim», lmodanr, Kmmra 1V,
sagaga IX. O6 eToM BosBpaTe K HAMBHOMY IIOHATHIO YHCJa CM. Takxke y EBrorcnsa
B ero «HommemTapmsax w Apxmmemy» ((III), r. III, crp. 120—126 2-ro msp.=
=crp. 140—148 1-ro mag.).
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Moy Tem yske B cepepmne XVI Bexa P, GomGennnm mamommt Ha 3TOT cueT
B cBoeii Axure6pe (V)*) TOURY BpeHMs, KOTOPAS (ECHHM CIMTATH YCBOCHHHIMA
peayasratH V Humrm EBkampga), Do cymecTBy, KoppeKrHa; OPMHAMAS, 4TO,
KaK TONBbKO BHIOpAHA eAMHNNA AJMHH, YCTAHABIMBAETCH B3aMMHO OXHOBHAYH 08
COOTBOTCTBHMO® MOAY NIMHAMA M OTHOIIEHMAMH BeJWYHH, OH ONpPOeNseT pas-
JRYHE® ajnrebpamueckme omepanmuM HAR [AIMHAMA (CUMTas, KOHOYHO, €MAHONIY
{UKCHpOBAHHON) W, HOPOACTABIsA WHCIA AJMHAMH, HONYYIaeT TIeOMOTDHIECKOO
onpefeenne® MOJs BOINECTBOHHHX 4MCON (TOYKA 3POHMSA, KOTOPYIO Halme BCEro
craBar B sacayry Jexapry) m pmaer TakmM ofpasom cmoeit Anre6pe HpowHYIO
TOOMOTPHUYBCKYI0 OCHOBY **).

Opnako Anre6pa Bombenam, Xors M NOpasHTIENHHO ONEPOAMBIIAS CBO®
BPOMsI, He IIa [anee M3BIeYeNNs KODHeid ;i pelleHNMA B pagnKanaX ypaBHOHME
BTOpOit, TpeTheil M WeTBepTOil CremeHeil; pazyMeeTcsi, BOBMOMKHOCTH HM3BJIOUOHMS
KoDHeji mpmAMManach uM Ges oGcympuermna, Cumon Cresmu (VI) Taxme cMorpmT
Ha YHCIO C AHAJOrMYHON TOYKM B3POHMs; OHO 060sHaYaeT NS HOTO MDY BOJIM-
SHUHE, ¥ OH PAaCCMATPUBAOT er'0 KaK CYINECTBOHHO «HOMPOPHIBHOSY ($03 yTOUHOHMS
CMEICJIa, HPHABAEMOT0 MM 3TOMY cioBY). Ecam oH M pasmmuaer «reOMeTDPHYECKNO
gucnay 1 «apupMeTHdecKHe YHCAA», TO JHMINE MO cIydaiiHoMy cmocoly MX ompe-
HeleHusi, 663 TOro, YTOGH BUASTH BHECH PA3NMYKe HO CYMECTBY; BOT, BOPOYEM,
6T0 HOCJIegHEee CJ0BO IO 3TOMY HOBOAY: «M mak, My sakawvuaem, YmMo Hem HUKAKUT
yuces abcypOHBT, UPPAYUOHAALHBL, HENDABUALHUZ, HECHPASUMBL UAU BAYTUZ,
HO ©Ymo cpec?u yucea yapum makoe coeepweucmeo U coeaacue, ymo Myl uUMEEM OCHO-
8anUe pasmBULARMb oYL U denb 06 uzx ydusumeavroll sarornennocmuy (VI, erp. 10).
C Rpyroil CTOPOHH, CO37aB BOODPBbie M3 MHCTPYMOHTA AOCATHIHHX Apobeil BEumC-
JMTeNbHHH MCTOR M NPEHJIOMAB A HUX 0Go3HAYEHHE, Y)KO GAMBKOe K HameMy,
OH OTYOTAMBO HOHMMAI, Y4TO 3TH Po6H J0CTABAAIOT alXropudM HEOrPAHNYGHHOIO
ppubmmKerds K JI060My BOIECTBEHHOMY YHCIY, KaK ®T0 SBCTBYeT M3 Oro
Appendice algebraique 1594 ., «coBepaawezo o6uyee npasuro d48 8cex ypasHeHul»
(6pomopa, eIMHCTBEHHEI W3BECTHHIH 9K3eMIIAp KOTOpoil cropex B 1914 r.
p Jlypene; cM., ogpaxo, (VI), T. I, cTp. 88). 3anncaB Takoe ypaBHeHMe B BH®
P(z) = Q(z) ‘rme P — HONMHOM, CTEHOHb KOTOPOTO BhHIIE CTONOHHW IOJWHO-
Ma Q, u P(0) << Q (0)), mopcraBasteM BMecTo & gmeaa 10, 100, 1000, . . . go Tex
mop, Woka He moixyumM P (z) > Q (z), 4eM, TFOBOPHT OH, OIPERSIMTICS WHCIO
undp KOpHs; fajee (€CIH, HANPMMOD, OKABAJOCh, YTO KOPOHbL MMeeT ABe UG pHI)
noacrasaseM 10, 20, . .., 4eM OHDPONSNMTCA 4MCIO [ECATKOB, WM [aj6e TaK
e IIA MOCIeMOBATCIBHHIX NCCATUYHHX 3HAKOB: «M npodosxcas max Heozpa-
HUYeHHO,— TOBODUT OH,— Mb NpUBAUSUMCR K mMpebyemomy ¢ HE0SPaHUYEHHO

*) 3pech muet peub o Hunre IV aroit Anre6prl, KoTOpast OCTaBajJach HEM3-
HaHIOof BONIOTH A0 HAWIMX JHEH; AAA Halmmx peseit He BaskKHO, OBLIM TH MEEH
BoMGennu M3BeCTHH 6ro COBPOMOHHMKAM WM HOT,

**) MH He BaeMcs 8f1eCh B HCTOPHI0 ymoTpeGieHHMs OTPHIATONBHEIX YHCOJ,
KoTopas oTnocuress K Axrebpe. Ormermm Bce ke, uro BomGeanm TaM ke gaeT
COBOPIIOHHO OTYETIMBO 4MCTO (GOPMAJBHO® ONPOAENOHM® (KAKO® MOMKHO OHIIO
6ul HAllTM B Kypce COBPOMOHHOM anreGpH) HO TONBKO OTPHIATONHHHX BOJXMUNH,
HO M KOMOJOKCHEIX YHCEJ.
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Goavutoii mourocmeroy (VI, crp. 88). Kax smamM, CreBnu (HOCOMHEHHO IEPBHIA)
EMeJI OTIETIMBO® TIpeficTaBienue o Teopeme 2 § 6 W yCcMaTpHBal B Heit OCHOBHO®
CPefiCTBO CHCTEeMATHIECKOTO PpONIeHWs YNACJIOBHX YPABHOHWiI; BMECT® € TOM
MH BUAUM Y HOrO CTOJNL SICHOC WHTYATHBHO® IPEACTABICHAE® O IMCIOBOM KOH~-
THHYYM®, ITO OCTABAJOCH CARJATHL COBCOM HOMHOTOE MJA €ro OKOHYATENHLHOrO
YTOTHOHUSA.

OpHako B fBA HOOCI®AOBABLUIMNX BOKA OKOHIATENHHO® YCTAHOBJEHAE KOP-
PEKTHHIX MOTONOB ABAKAH BafOP’KNBAJIOCh PABBATHOM ABYX TEOPHH, WCTOPHH
KOTOPHIX MH 3fleCh KacaTnca He 6ymeM: mcudcienms 66CKOHETHO MAJKX M TEOPHH
pAmoB. B clopax, MOAHATHIX B CBASH C STAMM TEOPHAMH, KAK W BO BCE SIIOXH
ACTOPUHM MAaTOMATHKH, HAGIIOMAeTCS TOCTOAHHO® OANaHCHPOBAHME MEKAY MCCIe-
HOBATONAMA, 3AHATHIME TOM, YTOOH WATH BIepen, XoTA Ol HeHOH HeKoTOpOH
HOYBOPEHHOCTH, B yOO:XAeHWH, YTO BUOCIOACTBAN BCCTAAa HANAETCA BpeMA RIA
OCBOGHAA 3ABOCBAHHHIX TEPPHTOPWH, N KPATHIECKAMA yMaMm (H® 00sA3aTeILHO
B 9eM-In60 YCTYNaBIIAMH IIePBHIM B OTHOUIOHWN WHTYWTUBHEIX crocobHOCTOM
U TBOPYECKOT'O IAPOBAHNA), HO CIATABIIAMA MOTEPei TPYAA MOCBATATL HOKOTOPHIO
YCWIAS TOYHOMY BHIPAKEHHIO W CTPOroMy 0GOCHOBAHHIO CBOMX KOHIOIIMIL,
B XVII Boxe riaapHuM 06BOKTOM Re6aTOB ABIAOTCA NMOHATHE GOCKOHEYHO MaJioi
BEJIMIAHKL, KOTOPOe, GYALYdIH ONMpaBAAHO AIIOCTOPHOPH IOJYYEHHHIMA C OTO IIOMO-~
MmBI0 Pe3yNsTATAME, Ka3aJoch HAXONAMMUMCA B SBHOM IIPOTABOPEYHA C AKCHOMOM
ApxmMepma; W MH BHAWM, 9TO HAaHGOIIE® HPOCBOMEHHEI® YMEL DTOTO BPEMOHH
YCBAWBAIOT B KOHIO KOHIOB TOYKY BPeHMs, MaJO 9eM OTIUYAIONIYIOCH OT TOTKHA
spennss Bom0enaw, IpuYeM rjaBHOe PasiUIWe COCTOANO B 60ibIEM BHAMAHAN
¢ NX CTOPOHH K cTpormM MetopaM mpesumx; Mcaax Bappoy (yumrens Hulotona,
W caM TIpMHABIUNMIT Ba)KHOE YIACTM® B CO3NAHNMA ACYACICHUA GOCKOHETHO MAJKIX)
JaeT GiecTAnee WM3JIOKEHW® STHX MOTOROB B CBOMX Jekyusx no mamemamure,
npoyntanuux B Hem6pumuxe B 1664—1666 rr, (VII); npmsnasas zeo6xommMocThb
BEPHYTLCA K Teopum EBJoOKcA A TOro, YTOGH BHOBL 06PecTH B BOIPOCe O TACIIO
BOLIEAIUIYI0 B IIOTOBOPKY (TOOMETPHYECKYI0 [OCTOBEPHOCTLY, OH MIATOINLHOS
BPOMsA BOCHMA 3APABO 3aIMIIAET 3Ty TeopWI0 (KOTOpas, 1O 6ro CBUASTONBCTBY,
Kadajiach HENOHATHOU MHOIAM €ro COBPCMEHHWKAM) OT TeX, KTO OOBMHAN 66
B HCACHOCTH U Aayke abeypmroctm. C ApPYroit cTOPOHH, ONpeReJAs IACAA KK
CHMBOJEI, 0603Ha7AION® OTHOUIGHHA BEJUIWH WM CIIOCOGHN® KOMGMHAPOBATHCH
APYT ¢ KPYyroM 1o IpaBmiaM apUMETHYECKHUX OMepammit, OH IOIyIAeT IOMO
BOIIECTBOHHEIX YWMCOJ B TEPMHHAX, KOTOPHIX IPHROP:KmMBaeTcA 3aTeM HbBOTOH
B CBOGH Apugmemure u B KOTODPHX ero mociegopaTensM po Jemexnmaga u Han-
TOpa HO TPHULIOCH HUYEro N3MOHATH.

Ho xak pas K 3TOMy BpPOMOHN NOABIACTCS METON DPA3lOKOHMA B PAMH,
KOTOPHI CKOPO B pYKax 3aKOPOHEJbIX anrebpancTos npruoGperasT ACKIIOTATONLHO
¢opMalbHEIA XapaKTeép M OTBJCKAOT BHEMAaHNe MaTOMATHKOB OT BOLPOCOB CXO-
AAMOCTM, TORHWMAEMBIX pPAa3yMHRIM NCHOJNB30OBAHMEM pAMOB B o6iacTm Bemie-
cTBeHHRX qnces. HbioTon, TIABHEI -CO3MATONb METOHA, OINe TMOHAMAal Heobxo-
JVMOCTL PAacCMOTPEHWSA 3THX BONPOCOB, W XOTA Ol 1O B MOCTATOYHOH CTeICHA
BRIICHHJI WX, BCE JKe 110 KpaifHo# Mope 38aMETHII, ITO BBEICHHHE AM CTOTIOHHL® DAL
AU MaJIHIX 3HAYOHMIT APryMOHTA 9aue BCOrO CXONATCA [0 MOUBLINEH Mepe CTONDL
K@ XOpomo, KaK M TeoMeTpHYecKas IPOrpeccHsa (CXOAMMOCTH KOTOpoit Guiaa
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m3nectHa y:ke ApeBHmM) (VIII); K ToMy ke mpemenm JIeHGHMWI, HOAMETMI, 9TO
SHAKOYOPeNYIOMMACA PSR, YIAOHH KOTOPOro YGHIBAIOT 10 aBCONIOTHON BeJHIHHe
n crpeMarca k 0, cxogmresa; Bex cuycrs, B 1768 r., JanamGep BHpasKaeT coM-
HeHHA OO MOBOARY yHoTpeGlloHHA pacXomammxcs pagoB. Ho Guaromaps apropd-
ToTy Beprynnm m ocoGenHo Ditzepa sTH COMHOHHA OHIIA B TO BPeMA HCKIIOTH-
TEJIBHEIM ABIIOHAOM,

flcmo, 9TO MaTOMATHKA, KOTOPHM 9acTO NIPMXOAMIOCE HOJNL3OBATBCA PAXAMHE
RS 9ACIOBHIX DPacYeroB, HUKOIAA HO HpeHeOGperajm HomoGHHIM o0pasoM MOHSA-
THOM CXORHMOCTH; W HE CJy9aliHO, YTO HOPBRIM, KTO B 3TOit 0GNACTH, KAK A BO MHO-
THX fpYI¥X, CTAJX MHALHATOPOM BO3BPANIOHAA K KOPPOKTHRIM MOTOLAM, OKABAJCH
MaTeMAaTHK, ¢ paHHeill ModoRocTH NIo6GmBIRi gmexoBne pacyerm: K. @. Tayee,
KOTOpPH# MOYTH peGeHKOM NPHAMOHMI aixropmdM CpegHero apmeMOTAKO-TEOMOT-
pmieckoro *), me Mor Gu oGoliTmch Ge3 IpeBPANIOHAs IPEANA B OTYSTIMBOE
HOHATAE; ¥ M BAAAM, KaK OH B ofHOM dparMentTe, farmposaarom 1800 r. (o omy-
GnmxoBanHOM TONBKO B Hame ppeMms) (IX, T, X!, crp. 390), Touno ompepenser,
€ OfHOH CTOPOHEI, BEPXHIOK W HIKHIOW I'DAHM H, ¢ APYrof,— BePXHAH M HAMHMIL
TIPeMeNsl  MOCJAEOBATONHFHOCTA BOIOCTBOHHEIX THco). CymecTBOBAHUO IIOPBEIX
(M1s  orpaHmYeHHOHM IOCIHOXOBATENLHOCTA), TNO-BAAMMOMY, RONYCKAJNOCH KaK
OYOBW/IHOO, & BTOPH® KOPPOKTHO OIPEAEJIeHH KaK IIPefesisl sug Upip B igf0 Untp

= P

=

Tpu n, crpeMAmeMcA K +co. C gpyroit croponsl, l'ayce B cBOOM MeMyape 0 THIeD-
TeOMOTPHUECKOM psafle, onyOamxoBauxoM B 1812 r, (IX, T. III, ctp. 139), maer
TaKKe TepBHil 00pasel HCCAOLOBAHAA CXOLAMOCTH, MIPOBEACHHOr0, KAK OH TOBO-
PHT, «co éceli cmpozocmblo U 6blnoAHEKHO20 Mak, ymobs ydosieméopumb mex, Kmo
omdaem npednoumenue cmpozum memodam Jpesnur zeomemposr; IIpaBEa, aTo
HCCIIOf0BAHTE, ATPAIONIE® B MEMYApe BTOPOCTEHNEHHYIO POJIb, HO KACAETCH OCHOB-
HHIX IPWHIWNOB TOOPMH DAKOB; OHM OHIIM BHEpBHE ycTaHoBieHn Homnm B ero
Kypce anaausa 1821 r. (X) BO BCOX OTHOIIEHMAX KOPPEKTHHIM cHOco6OM, OTIIpaB-
aaomuMesn or Kpatepna Homm, cdopMynamposanHoro yeTKEM o6pasoM M Jomy-
TIEHNOr0 KaK OYGBAAHEIA; TAK KaK B TOM, 9TO KAaCAOTCH OLpefielIonds gwWcia,
Homn npmpep:xupaicsa Touxn 3penns Bappoy m HbioToHa, TO MOMHO CKasaTh,
9T0 [JISA HEro BEMIECTBEHHEI® gUCIA ONPOACIAIACH AaKCAOMAMM BEJIHIMH M KpUTe-
pueM Homm, 4T0 1 B caMOM [ieJ16 JOCTATOYHO AJIA UX ompefenenns (cM. riu. V, § 2).

K oromy jKe BpeMenm OKOHYATEJLHO BHIACHACTCHA APYroll Ba)KHHIA acliekT
TOOPHA BEmECTBEHHHX qmced, Hax y:e GHIO ¢KAa3aHO, BCErga CIMTANIOCh I'60-
METPHYECKH OYEBUAHHIM, ITO ABE HONPEPHIBHHE JIHHUW HE MOTLYT IEPEeXOAHTH
OflHa J0pe3 APYTryl0, He HePeCOKAACh,— LPUHIUI, KOTOPHIT (6YRyqYn HaAJIeKaIAM
o6pa3oM yTOgHOH) B CBOIO 0OYepefib PABHOCHIEH CBOMCTBY IpPAMOI GHITH HOJNHEIM

Zn+-Un e
*) Ilpm 8agaHHHX Zg, Jo => 0 MYCTh 2,4 = g Ynpt = '[/x,,yn, KOT iy
n CTPeMATCA K —-CO, I, M Y, CTpeMATcA (BechbMa OHICTpO) K o6GmEOMY IIpemeny,
AASKIBAGMOMY CPeIHEM apAPMETHKO-TCOMOTPUISCKHEM THCEN To M yo (§ 5, ympam-
Hexnme 16); sTa QYHKHHEA TOCHO CBA3AHA € PIJINNTAYECKHMH QYHKOHAMHA O SABI-
Nach OTHMPABHEIM IIYHKTOM fAJs OTHOCANIAXCA K HUM BA’KHHIX HCCIGNOBAHUEA

Taycca. !
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npocrpascTeoM. OH J€XAT TAKKe B 0CHOB® AamHOro 'ayccoM B 1799 r. «crpororor
RoKasareqperBa TeopeMir Jlamamfiepa, cOrgacHO KOTOPOH BCAKMEA IOIMHOM
€ BCIECTBOHHRIMA Kos(dEmEeHTAMA pMeeT BOIIOCTBOHHHIH WMIN KOMILIOKCHEH
xopens (I1X, 1. III, crp. 1); mOKasaTeNMBCTBO TOH O TEOPEMEI, faHHOE I'ayccoM
B 1815 r. (IX, 1. III, crp. 31), ommpaercs, kax u Gomee pammsAs monmTKa Jlar-
Pamka, Ha AaHAJOTWYRHN, HO Gosee mpocTOoli HpPHMONMI, COTM&CHO KOTOPOMY
MOJIMHOM HO MOKET MS8MEHNTHh 8HAK, He OOPATHBIINCH B HYAb, 3TO — YACTHHH
ciygait TeopemMel 2 § 6, KaK MH BHEAW, YKe HCIONb30BAHHHHE CTeBHHOM.
B 1817 r, Bonsnano faer, oTnpapiaAsch oT Kpurepusa Komm, noiroe KoKasaTesn-
CTBO BTOTO TOCHEAHEro HLPUHIANA, KOTOPHIA OH TONYYaoT KAK YaCTHHI caywait
AHAJIOTAYHOA TEOopeME! AJA HENPePHBHHX YHCIOBHX (YHKUMI wHcioBoil mepe-
menmoit (XI). OrwernmBo cdopMmynmpopaB (no Komm) expmrepmit Homm»,
OH YhiTaeTCs 06OCHOBATH €ro PACCY)KAOHMEM, KOTOPO®, 8a OTCYTCTBHEM KAKOTO
6n To HE 6Ll apHdMETHIECKOTO OWpPENENIOHAA BENMIECTBEHHOTO YACIA, HE 6o
7 He MOrio GHITh HAYEM, KPOMe IOPOYHOTO KPYra; HO pas3 TONBKO BTOT HMYHKT
HOPHEHAT, €r0 paboTa BIIOJNIH® KOPPOKTHA W BEChMa 3aMeYaTeNbHa, CORXePsKa HE TONb-
KO COBPEMOHHO€ OIpejeleHNe HENPOPHBHON (YHKuAM (TaHHOe 8RECH BIIEpBHE)
€ ROKABATEILCTBOM HENIPOPRIBHOCTH IIOJIMHOMOB, HO fajke AOKABATEJNBCTBO CyIIe-
CTBOBAUMA HUKHEHX TPAHN NpoussoLbH0z0 OTPAHUICHHOTO MHOYKECTBA BEMIECTBEH-
HHIX YNCeJ (OH FOBOPAT HE O MHOKECTBaX, HO, YTO CBOEATCA K TOMY 6, O CBOii-
CTBaxX BemecTBOHHHX 3mcen), C Ampyroi croponn, Homn B cBoeM Hypce ana-
ausa (X), ompesienus HeNMpepHBHLE (QYHKOAA ONHOH MIM HCCKOJNLKHX IHCIOBHIX
TIepeMEHHLIX, TOKe JOKABHBAeT, ITO HeNpepupHas QYHKuHMA OfHON MepPeMOHHOI
He MOKET M3MEeHHTh BHAKA, HO OOPATHBIIACH B HYNb; M 9TO AENAETCH ¢ TOMOIIBIO
TAKOTO e paccyuennsa, Kak y Cmmona CreBuHa, KOTOPOE, PABYMEOSTCH, CTAHO-
BHTCA KOPPOKTHEIM (Pas yie OIpe/ielIoHa HENIPOPHIBHOCTL), KAK TOALKO HA IOMOMb
[IpEBJIeKAeTCA KpuTepuit Homm (mam mouymeH, KaK IOCTYNaeT B BTOM MECT®
Homm, paBHOCHIbLHHIL €My NpPUHLEI «BIOYKOHHEIX MHTEDBAJNOBY, NHIIL TACTHHM
ClIy9aeM KOTOPOTO ABJIAOTCH, OYEBUAHO, CXOAAMOCTh GECKOHOTHBIX HECATHUIHBIX
Apobeit),

Ho nocTEAwWHAN 9TOr0 NMYHKTA MATOMATHKAM OCTABANOCH JAIIb YTOTHATH
U pa3BUBATH IIONYIOHHLIO POBYJNBTATH, WCIPABIAA HOKOTODHE oWHOKA H SaIol-
HAA HeKoropHe npobenu. Hanpamep, Womm ommo BpeMms cauTail, 9T0 CXORA-
mEiCA PAR, TNEHAMH KOTOPOTO ABIAIOTCA HeNMPePWBHES QYHKIHHE ORHOHE mepe-
MEHHOH, HMOeT B KAYOCTBE CYMMHl HEMPEePHBHYI (YHK{WIO; WCIPABIOHHS,
BHECOHHOE B 9TOT MYHKT AGeseM B ero Ba)kumx paGorax o psamax (XII, t. I,
cTp. 219; cM. tawxe 1. II, crp. 257 m caen.), IpUBENO B KOHIE KOHLOB Befep-
WTpacca K BHIACHOHUIO B 60 (HEONMyGIAKOBAHHEIX, HO MMOBUIHX SHAYATENLHOE

BIMALNG) JOKIAAX HOHATHA DPABHOMEDHOH CXOEEMOCTH (cM. Mcropmaeckmit
ogepx k raase X). C apyroit cropons, Koun B 0gHOM H3 JaHHKIX AM AOKA3aTeILCTB
CYWIECTBOBAHMA . KOPHOH HONWHOMA MAOMycTHN (63 ROCTATOYHOrO O6OCHOBAHMA
CYMECTBOBAHN® MUHUMYMA HETIPepHIBHON (YHKIHM; H CHOBA FCHOCTH B BOIPOCH
TAKOTO pofia BHe¢ Beftepmrpacc, MoxaaaB B cBomX Jexuasax Teopemy 1 § 6 man
QyHKNAIl IACAOBEIX MOPEMEHHHX, ONpOAENCHHLX HA OTPAHHICHHHX BAMKHYTHX
HHTEPBAJaxX; HMEHHO €r0 KPATAKA HEOOOCHOBAHHOTO TIPMMOHEHWS BTOMl TEOPEeMbE
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¥ MHO)KecTBaM (yHKunmE (HamGoiiee H3BECTHRIM IIPHMOPOM 9ero ABIAGTCSA «NPHH-
oun [[apuxiies) nOJIOKAAA HAYANO PasBATHIO HASH, MpUBERIIEMY, KaK MH BHIOIN
B McropmaeckoM ogepke K riape I, K o6meMYy OIpPOAENIOHMI0 KOMIIAKTHHIX IIpO-
CTpaHCTB W JAaHHOH HAMA COBpeMeHnoil $OopMyNIHPOBKE TEOpEMEI.

B 10 e Bpemsa Beiiepmrpacc B CBOHX JNOKIWAX OCOBHAOT JOTHICCKHI WHTO-
pec, MPeACTABIACGMEIl IIONHHM OTAGJIECHNOM W/SW BOIECTBOHHOI'O IHCIA OT TEOPHH
BOJIAYUH; B CAMOM JI0JI6, NCIIOJIL30BAHNE HOCASAHeH CBOAATCA K AKCAOMATAIOCKOMY
OTIPEfieNIOHAI0 MIOMKECTBA TO4EK MpaAMoil (T. . B KOHETHOM CYOT® MHOKECTBA
BEIECTBEHHLIX YHCE]) H MONYIEHWIO CYMIECTBOBAHWA TAKOTO MHOJKOCTBA; XOTH
BTOT cmocol ACHCTBHA 1O CYNIECTBY KOPPEKTOH, OYGBMAHO, HPEATIOUTHTOJILHEO
OTIPABAATHCA OT OfHAX PANAOHAJBHEIX IHCEJ M MOJYINTh N3 HAX BOHISCTBEHHEIS
g9ucaa MyTeM TOTOMHOHAA *). 3TO CAeJAIN, PA3NAIHEIMA METOLAMA W HO38BACHEMO
APYT oT Apyra, Beilepmrpace, emexnng, Mepe m Kantop; B To BpeMsA Kak TIpef-
noennanrin Jegexungoum (XIII) croco6 «cegenmity BechMa 630K K OIpPEReIOHAAM
Esgorea, gpyrae NpeaoKeHHL® MOTORH GIMSKA K HABJIOKECHHOMY B HACTOAMIOM
Tpakrare. B o1o ke mBpema HanTop HauMHAeT pDA3BHBATh TOOPHIO MHOKECTB
NCMECTBOHHKIX THCeJI, BHepBHe 3amymaunyio JemexmamoM (cM. GmGamorpadmio
K ra. I), m Tmonydaer TakmM o6pasoM OCHOBHLIE DJIEMOHTADHE® PO3YIBLTATH,
OTIIOCATAOCH K TONONOTWH TPAMOM, CTPOGHMIO OTKPHITHIX M SAMKHYTHIX MHO-
JKECTB, MOHATHAM TIPOH3BOJHOTO MHOMKECTBA, BIOJNHE HOCBABHOTO COBCPINEHHOIO
MHOJKECTBA M T. [.; BMCCT® C TeM OH IoJyqaeT Teopemy 1 § 8 o MomHOCTH KOH-
TANYYMa H TOT9aC BLIBOAWT H3 Hee, 9TO KOHTHHYYM HOCYETeH, ITO MHOKECTBO
TPAICHEHACHTHRIX TMCEJ MMCET MOIIHOCTh KOHTHHYYMa, & Takke (pesaynbTat —
JIA TOTO BpEMCHII IAPAAOKCANLHHHA) 9TO MIIOKOCTBO TOUOK ILIOCKOCTH (HIH
OPOCTPANCTBA) MMEET TY KO MOIMHOCTH, YTO M MHOKECTBO TOYEK IpPAMOil.

C KautopoM BOTIPOCEI, HM3ydaeMule B HACTOSMIECH TiaBe, IPAHANA, 3a HOMHO-
THMHI ACKITIOYCHWAMHA, CBOK OKOHYIATONLHYI0 dopMy; OTChIas k MeropmieckoMy
O9epKY K rnaBe | Mo HOBOAY HENOCPeNCTBOHHHEIX OTKIMKOB HA ©TO TBOpPEHME,
OTMETHM KOPOTKO, B KAKAX HAIIpaBIeHWAX oOHO Owno mnpomoinxeno. ITommmo
pa6oT 1o o6mie#t Tonomoran (cM. Ti1. ) B MPHIOKEHMA K BOIpPOCcAM MHTErpHpoBa-
HAA, KoTopule GyAyT noxpoGHEIM 06pasoM DacCMOTPEHH B RPYToM MecTe, pedb
AT TpeKae BCero o6 HCCIEMOBAHMAX, OTHOCANIEXCA K CTPOSHMIO H Kiaccmdm-
KamAd MHOKOCTB TOYEK HA NPAMON WM INCIOBHX (YHKuUA BOMIGCTBOHHEIX IOpe-

*) B camoMm pmexe, TakmM o6pas3oM BOIpOC O CYMISCTBOBAHMH, T. €., BLIPa-
JHAACh COBPEMEHHHIM A3KIKOM, HOIIPOTABOPETHBOCTH TEOPWN BOIECTBOHHKIX IHCEJ
CBOIUTCA K AHAJNOTATHOMY BOHPOCY MIA PAIAOHANBHHEIX THUCEIN, 08nako npu ycao-
auu, wmo meopus abcmpakmuur mHoxIcecma npednososcena Uagecmuoli (IOCKONBRY
HONOJIHOHAE OMAPASTCA HA MOHATAO MPOMBBOJLHOIO MOAMHOKECTBA 6ECKOHETHOrO
MII0KeCTBA); RPYTHMHA CIIOBAMHA, BCE CBOTATCA K 9TOM MOCIORHE ii TEOPHH, TTOCKOJIb-
Ky TeOPHI0 PAIAOHAJBUKIX THCEN MOMKHO M3 Hee BuBectnm (cM. Teop. ma., ra. III,
§ 4m Anr., ro. 1, § 9). Hanporns, ecam He MpeguonaraTsh, 970 Teopus abcTpaxT-
HEIX MHOKOCTB B HALIOM PACIOPSIKCHUNA, TO HEIPOTHBOPEIMBOCTH TEOPWHA BeLIG-
CTBEHHKIX YUCOJI HEBO3MOKHO CBECTA K HONPOTMBOPEYWBOCTH apAPMOTHKH M CHOBA
CTAHOBUTCA HOOOGXONWMEIM AATh BTOH TCOPMM 1E3aBHCHMYI0 aKCHOMATHIOCKYIO
XapaKTe pA3aIHIo, :
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MOHHHIX; OHH BefyT Hadajo ot pabor Bopena (XIV), Korop:e opueHTHPOBaHH
{IpenMYyIEeCTBEHHO HA TOOPHIO MEPHI, HO CPERN MPOYOTO MPUBOAAT K OTPEASIICHHIO
«6OPeIEBCKAX MHOJKECTBY, COBOKYIIHOCTh KOTODHX o6pasyer MAnmManbpaoe
cemeiicTBo MHOMECTB W3 R, comepskamee MHTEPBAJL W 3AMKHYTO® OTHOCHTEILHO
cuemntizr o6veguHeHmit m mepecewennii m omepamum C (em. ra. IX, 2-e map.,
§ 6, n® 3). C sTMm MrOKECTBAMH TECHO CBABAHH TaK HAa3HBAOMHIe «bopeneBcKAe»
uan «GopoBckme» PYHKUEA, T.©, PYHKHHAA, KOTOPH® MOTYT GHITH MONYIEHH
VICXORA W8 HEeNpPOpHBHHX (YHKIUA «TpaHCOWHATHEIM» TOBTOPEHVWOM OTEpamuu
Tepexofa K HpefeNy MOCIEM0BaTedLHOCTH; OHM Oulnm ompepesens BapoMm B xome
BayKHHIX ACCJICAEBAHMI, ILE OH TOJHOCTLIO OCTABIACT TOYKY SPOHMA MOPH W TIope-
XORAT K CWCTEMATAIECKOMY PACCMOTPEHNIO KAYECTBEHHOI'O M (TOLOJOTHIECKOIrO»
8CIIOKTOB 9THX BoupocoB (XV); MMeHHO B CBA3H C 9TWM OH LEDBHII OIpeenseT
W M3yQA6T IOJYHCIPEPLBHEE GYHKIAN U B HEIAX OXAPAKTePH30BAHAA QYHKIAHA,
ABIAIOMAXCA TIPEAeNIaMy HOMPEPHBHEIX, BBOLUT BRKHOE IIOHATHE (MHOKECTBA
fieppoit Kareropmm», KoTopoe Mu GymeM maysats B ruase IX. YUrto kacaercs
MIOTOYHCIOHHEIX PaGoT, IociefoBaBIInX 3a paboramm bapa m 06A3aHHHX TiaB-
HLIM 06paaoM pycckoil M 0coGeHHO TMONHLCKOH LIKOIAM, TO MEL MOYKEM 3eCh TOJILKO
OTMETHTL MX cymecTsoBanme (cM., maupmmeD, (XVI) m ypman Fundamenta
Mathematicae)
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FTTABA V
OMHOIIAPAMETPRYECKUE TPYIIIbI

§ 1. Hoarpynns: u ¢arroprpynnst rpynnst R
1. 3amxnymote nodepynnst epynnvt R

leepnoxenue 4. Beakasa samenymasn nodzpynna addumusnoil epyn-
no R, omauunas om R u om {0}, ecmv Ouckpemuas zpynna suda
aZ, 20e a >0 (apyrumu cioBamu, 00pasoBaHA IENHMH KPATHHMH
quena  a).

[ToxameM cHAwaTa, UTO BCAKAA HEJUCKPETHAS MOArPYyINa IPymH-
msl R Belony mwiaorna. Ecau moprpymma G rpyumst R He guckperma,
to 1aA awboro € > 0 cymecrByer Touka z == 0 ua G, npuHagIeRaman
uuTepBany |[—e, -}-e]; Tak Kar BCAKOe IeJOe KpaTHOe YUCia Z NpH-
Hagaexur G, To jmo0oil HATepPBAN [AJIMHHE > € CORPPKUT TAK0e Kpar-
HOE; 9TO M O3HAaYaer, 9to G Belony maorHa B R.

Bearas orauunan or R samkryras Noprpymnma SBASETCA IOBTOMY
puckpernoit, Ocraerca mOKasarb, 9TO BCAKAA AUCKPETHAs IOLTPYI-
na G rpynmu R, we csopsamasncsa x {0}, umeer Bugm aZ, rae a > 0.
Ho wm3 pasemcrBa — G = (G ciaepyer, 9rTo MHoMecrsBo H »ieMeH-
toB > 0, mpuHagaeskamux G, Ae mycro. Ilycre b € H; mepecedenue
narepsana [0, b] ¢ G ectb Juckpemnoe Komnakmroe U IOTOMY KOHeY-
Hoe MHOMecTBO. IIycTh g — HAMMEHBIIMI M3 DJIEMEHTOB MHOYKECTBA

H, copepmanmuxea B [0, b]. Has kaxmoro z € G moaoxuM m = [;—J

o x
(nemoit gactu 9mcsaa 7); rorga £z —ma € Gu 0L x — ma<<a; mo

ompedeNeHnio 4ucia a uMeeM ¥ — ma = 0, WeM U [OKa3aHO, 4TO
G = aZ.
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R, ®axmopepynnu zpynnvt R

Bcearaa omdeauman daxroprpymma rpymust R mmeer sup R/H,
rne H — HeKoropaa samrknymas noprpymma rpymnu R (ra. 111, § 2,
mpepsoskenne 48); TakuM oGpasoM, cornacHo mpemnoskenuioo 1 mMeem:

Ipepnomenne 2. Omdeaumvie @Paxmopepynnv zpynne. R, ne
ce00awjuecs K nelimpanvHomy aaemenmy, cymsv epynnst R/aZ (a> 0).

b
Ecau ¢ uw b — aucaa > 0, To asroMopdusMm z — —& TPYNIH R

npeoGpasyer aZ B bZ; cnegoBareasno (ra. 111, § 2, n° 8, samewanue 3),
daxroprpymnu R/aZ u R/bZ wusomopdHH; [PYruMHU CIOBaMIH:

[lregnoxenue 3, Beakas omdeaumasn gaxmopepynnra epynnu R,
omauinas om R u ne ceodawyanca K HelimpasbHomy daemenmy, uso-
mopgra epynne R/Z.

Onpenenenue 1. Tonoaoezuueckas epynna R/aZ (a > 0) wasw~
saemes addumusnoll epynnoli BelyecmeeHHBE YUces, NDUSEIEHHBT no
modyaro a. Tonoaoeuneckas epynna R/Z o6osnauaemcs T, paccmam-
pusaemoe kKak monoaozuieckoe npocmpancmeo, T rnaswieaemcs 0dno-
MepHBLM mopoM (ZOLYCKas BOABHOCTH PEYM, (OSHOMEPHEIM TOPOMY»
Ha8HBAIOT TaKKe monoaosuveckyno zpynny T).

damMevands 1) Orsomenne z = y (mod aZ) 3aNMNCHBAIOT Tame
B BUA® x = y (mod @) MIM TpPOCTO z = y (@) W TATAIOT X W y CPABHHEME!
00 MORYNIO @»; OHO O3HAYACT, TAKAM 06pasoM, 4TO = — J ©CTh yesoe
kpamuoe uqHCHa a. Ecim a — menoe, TO 3TO OTHONICHM® HMHAYHAPYET
B Z OTHOUIEHVE 5KBABAJOHTHOCTH, ABJIAIOMPECH HO I0M WHHIM, KAK CPaBHH-
MocTbI0 To Mopyimo a (Axr,, ra. I, § 4, n° 3), ueMm m ompapguBaeTCs
npeaupymee 0603HaTCHHS,

°2) Kax mu yempuM B raase VI, § 2, n° 4, romosorageckoe Impo-
crpaucTBo T romeomopdHo oxpyxcrocmu z2 - y2 = 1 Ha IMCIOBON miIO-
croctr R2; npomapegenne T2 romeoMopdHOo mopy epawyenun B R3 (rar. VII,
§ 1, ynpaxkmenme 15); oTcioga U HA3BaNWe® «OXHOMEPHHH TOp», HmpHMe-
Haemoe ansa namMenopands T (B raase VII, § 1 Mu TogHO Tak ke HasH-
paeM T" «n-MepHEIM TOpOMY).,

eepnomenue 4. Top T ecmwv npocmpancmeo, zomeomopgroe
gaxmopnpocmpancmsy npoussoabH020 saaMKRYM020 unmepsaaa [a, a-+1}
yucaosoli npamoii R, noayuennomy nymem omoscdecmenenus Kouyos
amoz0 UHMEDPBAAA; OHO KOMNAKMHO, CEA3HO U JAOKAALHO CEA3HO.
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B camom pexe, Beaxroe z € R cpasuuMo (mod 4) ¢ uncaoM us unTep-
saina [a, a + 1], a uMenBO ¢ 2 — [r — a]; moaromy T ectr oGpas
9TOr0 WHTEPBaJla NPH KAHOHWYECKOM OTOODayKeHAM ¢ IPOCTPAHCTBA
R ma R/Z, a cnepoparennHo, KoMmakrao u cesaszHo (ra. I, § 9, Teo-
peMa 2 m § 11, npepnomenne 4). C Apyroil CTOPOHH, ABA PASAWYHEIX
snemenTa uHTepBasa [a, a 4~ 4] Moryr GmTh cpaBHmME (mod 1)
TONBKO KOF[a OHH ABJIAIOTCA €ro KOHIAMH; B CHIY KOMmaKTHoCTH T
sakmlodaeM orcioaa, uro T romeoMopdro dakTOpPHpOCTPAHCTBY MHTED-
Baia [a, a + 1), moaydemHOMY IyTeM OTO)KEECTBIEGHHA €ro KOHIOB
(ra. I, § 9, cnencrsue 4 reopemur 2 1 § 10, npennomernue 8). Hakomern,
Tak Kak Z — puckperHas moxrpymnmna rpynns R, o T = R/Z aokans-
#o usomopguo R (ra. III, § 2, mpegnosxenme 49) m, B wacTHOCTH,
JOKAJIbHO CBA3HO (UTO ABAAETCA TAKIKE CJIENCTBHEM IpeAjaoxeHna 12

§ 11 rxasm I).

daMevwanne, 3JamMeraM, 9TO CY/KeHUE KAHONUICCKOTO OTOGpA-
meHna @ mpocrpancTBa R ma T = R/Z na nOXyoTKpHTLII MRTOPBAN
[a, a + 1] ecTv wenpepuenoe Guexmusmoe orofpasKelue ?TOr0 MHTED-
Bana Ha T; obpatrHoe K HeMy oToOpasKeHMe nenpepbieno BO BCOX TOTKAX
npocrpascrea T, oraugaisix or ¢ (a), 1 paspusno B ToUKe ¢ (a)., WUHorpga
npocrpancTtBO T oToMuecTBAAIOT ¢ WHTEPBAIOM [a, a + 1, HajedcmubiM
npoo6pasoM TOMONOTHE mpocTpancTBa T OTHOCHTENLHO OTOOpAMEHHA @
(rn. I, § 1, n° 3); aTa TomosOrdAsA, KOHCYHO, OTJMIHA OT TOIOJOTHU,

AHAYnupyeMoir B [a, a 4 1| Tomomormeit mpocrpancrsa R.

3. HenpepueHoie npedcmasaenusn zpynnst R 6 cebsa

Heegomenne 5. Beakoe menpepuénoe npedcmasaenue f monoso-
auneckoii zpynntt R 8 ceba umeem eud x> ax, 2de aCR; ono
agasemca asmomopusmom zpynnut R, ecau a== 0.

B camom menme, ama sesikoro z€R m Beakoro mesoro pEZ

umeeM f (px) = pf (z); samensina r Ha %x, rge p=%=0, momysaem

1 1
j(;x):-p—f(x); CJIEJIOBATEABHO, TpH JIOOEX mennx p u g=%=0
nMeeM f(—g—x) =-‘;l f (z); muaue rosopsa, f(rz)=rf(z) piA BeAKoro
pannoHaALHOro 4ncna r. Ecau remeps t— opousBoNbHOE BelECTBEH-
HOE TUCI0, TO B CUIy HempepuBHocTH f Ha R mMeem

f(z) = Hltl'r,r'lle (rz) = r—»ltl:lféQ rf(z) = (Hlti'rrréQ r)-f (z) =tf (x).
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B uwacraocru, moxarasg ¢ = f (1), monysaem f(f) = at, u mpemao-
JMEHIEe JA0KA3aHO,

Takmm o6pasoM, zpynna asmomopdusmos TONMOMOTMYECKOH Trpym-

o R maomopdma mysvmunauramusroil epynne R* HeHyJCBHX Bemle-
CTBeHHHIX YHCe.

Cuencroue, ITyemv G — monoaoccudeckas epynna, u3omop@pHas
epynne R; moeda das awboeo a € G cyyecmsyem, u npumom edurcmeen-
Hoe, Henpepuenoe npedcmaédaenue f, zpynns. R ¢ G makoe, umo
fo(1) = a; ecau a omauxno om HelimpaavHozo asemenma zpynny G,
mo amo npedcmasdaerue ecmb usomopgusm R ra G.

4. JorasvHoe onpedesaeHue HeERPeEPsLLEHOZO
npedcmasaerus epynnst R 6 monoaozuvecriyio epynny

Ilycrh pmamm rpymma G u nopoxcdawowee ee MHOmectBo 4 < G
ACHO, UTO ecidH ABA IIPEJICTABJCHUA f, £ rpynukt G B rpynny G uMeror
OJMHAKOBLIE 3HATCHUA B Kakmoil rouxe na A, ro oun pasusi. Ho npen-
crapiaesre f rpyous G B (', BooGle rosopsa, He MoskeT GHTBL 3amaHO
Ha A mpousBoabHO; ecad G M G' — rpynme ¢ MYILTHIIHKATHBHO
3aIMCHIBAGMOM ollepanueii, To 3HAUeHWA f HA A JOKHH YIOBIE-
tBOPATL yeaosulo f(xy) = f(x)f(y), xakoa On Hu Opra mnapa
(z, y) raras, uto x € 4, y € 4 m 2y € A; BrpoueM, 310 HeobxoauMoe
yCIOBHMC He ABIACTCA B 0o0IIEM CIyuae MOCTATOUHHIM,

mbt (¢ B TONOJOTMYCCKYID Trpymmy G’ me Bcerga MoieT GHITH NMPOZOJIKCH
FO TpeACTABICHHS (HCImpepsIBHOrO MM HET) G B G'. Hampmmep, mokain-
prii usomopdmam f rpynmst T B R He MoykeT GHITH IpPOmO/IKeH [0 mpef-
crasaenua T B R: B caMoM fenc, OyCTh f OHPCHC/ICH B OKpecTHOCTH V Hyus;

2 B 49acTHOCTH, JoKaabMbl  UsoMopusm  TOMOJOTMIECKOH TIPyII-

cymecTnyer nesoe p > 0 Takoe, yro Kaacc x (mod Z) anciaa Lp TmpUHAJIC-

UT V; Tak Kak x Apiaactcs B T ajeMenToM Iopagka p, To ¢ro o6paa mpn
BcakoM mpepctaBaenud T B R meobGxomumo pascn 0 m, cacgoBaTeiasHo,
ne copmagaer ¢ f (z).

Tomosorndeckaa rpynma R o6aafaer B 3T0M OTHOIGHUHU CIEAYIO-
MM CBOMCTBOM:

Nrepnoxerne 6. IHycms I — unmepéan wucaosold npamoii R,
codepmcawyuii 0, Ho He ceodawulica K smoli moike; nycmov | — Henpe-
puisnoe omobpaxcenue I 6 monosozuveckyio epynny G (¢ MyILTHIIH-
16 H. Bypbaxn
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KATHBHO 3aNMCEIBAeMoil omepauueit) maxoe, umo f(z + y) = f(z)f (y)
0as 6cAKOU napw. movek z, y makux, wmo x €I, y€l u x+ y€ 1.
Tozda cywecmsyem, u npumom edurcmeenHoe, HenpepuisHoe nped-
cmasaenue zpynns. R 6 G, npodoancatowee f.

EnuncreenHocTh Takoro mpofoikeHuA (ecM OHO CYIIECTBYET)
ciefyer M3 HpeAIeCTBYIUX 3aMeiaHuM, mocKoabRy [ mopoxkzaer
rpyuny R; ocraercAa AokasaTh ero CymeCTBOBaHINE. .

ITyers n—mnenoe >0; ecim €1 m nz€l, 1o f(nx)=(f(x)".
KAK YCTAHABJAUBAETCA MHAYKIMEH IO 7, €CIM 3aMeTuTrh, 9ro mz € ]
o4 BCex Ieaux m raxkux, aro 1<m<n. IMomomum J=Un1;

neN
J ecrs upamas R, au6o ogun ua uHrepnanos [0, + oo mau j—oo, 0],
cMorpa mo tomy, Haxogurca au O sHytpu / mam Her; ecam z€J,

xr
TO 76[ nas peex gocratogHo Gompmnx weawmx n>0. Ilycrs z€J
xr

x X
U m, n—ueiase gueaa >0 raxme, 9ro —€ln— € I; rorma ——¢ I,

a moroMy f(%) = (f (%n))n " f(%) = (f(-"%))m; uHage roBopd,
HMEMCHT (f(%) )" rpyuns G OMH M TOT Ke A BCeX Lemnx n> 0,

xr
YAOBICTBOPAIOWAX YCIOBHI — € I. OGosmaumm BTOT BIEMEHT Yepes:
fi(2); fi ectn orobpaskenue J B G, copmajamomee ¢ f Ha [ m motoMy
HenpepusHoe B Touxe O (orHocmrearsHo J). Ilycrb z, y — aBa anemenTa
4y, g,
el;

n

uz J, n—uenoe >0 cronp Goabuioe, UTO %EI, —i—e[

1) =131 =1(3)1(5)
ueM [OKABaHO, 9Ur0 f(%) " f(%) IEePeCTAHOBOYHK; II0 OIpefe-

nemmo f; mMeeM modtoMy fi(z + ¥) = fi (@) i (y). Ecau J = R, To
HpeIoske e 0Kas8aHo. B IpOTHBHOM cayuae IPeNNONI0KIM, HAIIPH-
mep, 910 J = [0, +-oof; ana xakporo z << 0 momommMm f,(z) =
= (fy (—z))"t. PasencrBo f;(z + y) = f;(2)f; (y) ocraerca Torma
B cuie g awobux 2 € R, y € R: opn 2 << 0 1 y << 0 sro Hemocpen-
crBeEHO scHo; mpu z >0, y<<0, z-+y >0 mmeem f,(z) =
= fi(x + y)fi (—y), oTRyma ciefyer YTBep:KIAeMOE€ CBOIHCTBO;
To me npu x>0, y<<0, =+ y<<0, mbo torma f,(—y)==
= fi(—z —y)fi(2); npn 2 <0 m y > 0 poxasareabcrsa aHAIO-

TOTHA
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ruaps. TaksM ofpasoM, MBI BHAMM, 4ro f, ects mpeacraBieErme R
B G; caenosatennHo, fi (0) = e (mefiTpadbHOMY 2JeMeHTY rpynnH G),
UM TaKk Kax f; HelpepHBHO OTHOCHTEJbHO J, TO OHO mMeeT B Touke 0
npefes copaBa, paBHHE e; Tak Kak fi (—z) = (f; (2))"1, 1o f; mMeer
B Touke 0 Takyke IpejeN CJ1eBa, DABHHIH e; CIefOBaTeAbHO, f; Hempe-
puiBHO B Touke (, 9eM [[0Ka3aTeAbCTBO M 3aBePUIAETCH.

CarpcrBui. ITycmbv [ — aokaavusul usomopgusm R 6 mononoeu-
veckylo ezpynny G; cywecmsyem, u npumom eOuncmeeHHWI, 20MO-
mopduam zpynnvt R na ommpwmyw nodepynny epynnu G, cosna-
darowuii ¢ 60 scex moukax HeKomMoOpol OKpecmHocmu Hyas.

B camoM mene, nycth f — HempephlpHoe mpeacrasieHme R B G,
coBnajlaomee ¢ f BO BCeX TOYKAX OTKpHITOro mHrepmaia [, comep-
mamero 0 u cogepramerocs B MHOKECTBe, Ha KOTOPOM ONpeNieaeso f;

no upenuonoxkenuo f (R) comep:kHT oOKpecTHoCTH HeHTpaabHOTO
smeMeHTa rpynnsl G u moromy (ra. 111, § 2, cmeacreme npepnoxenns 4)
ABAAETCA OTKPHTOH MOArpymmoi rpynmel G; KPoMe TOTO, O Dpegio-

memmo 24 § 2 rmasm 111, f ects crpormit Mopduam R ma f (R).

[eepnomenne 7. Beskas césswas zpynna G, 10Kaavho usomopgh-
nas R, usomopgprna R uau T.

B camom pene, noxaabHH# maoMopdusm R B G nponomklaeTc;{
no crpororo Mopduama R Ha oTKpHTYIO mOArpynny rpynmu G (caen-
cTBUE TpPemoerns 6) u, 3HauUT, Ha caMy rpynny G, mOCKOIBLKY OHA
ceasHa. Orcrona caegyer, 9To G m3oMopgHa Hekoropoit Parroprpynme
rpynne R; nockompky (6ymyam noxanbHo msoMopduoit R) G orme-
AuMa M He CBCTMTCA K HeHTpanbHOMY dleMeHTy, oHa miomopdma R
niu T COrnacHo IpPeIoKeHnio 3.

Yopaxueans

1) °a) Iycts f — BHempepHBRO® NpeACTaBIeRMe ARXMTABHOMN rpynmR
R B ce6a. IoxasaTs, uTo ecam ero rpadux ne mnoten B R2, To f mMeer
BUL « > azr. [PaccMorpers B R2 saMukanme rpaduxa f m NCLONB30BATH
TEOpeMy O CTPOCHRM 3aMKHYTHX moprpymn B R2? (rm. VII, § 1, teopema
2).], [Cpapmare ¢ ympamnmenwem 126 § 1 ruaBm VI m ynpammenneM
2 § 6 raasm IV.]

6) Ecam rpagmk f mroren B R2, To mpoolpas Toloxornm mpocTpan-
c1Ba R? oTHOCHTeNbHO OoTOGpaskenns = —» (2, f (x)) cormacyercs co cTpyx-
Typoil rpynnk B R m cnupnee obwumnoit Tomomormm B R. Ecau, xpome
TOF0, f UHLEKTHBHO, To mpoo6pas ofnunoit Tomomormm mpocrpanctBa R

16
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OTHOCHTEJLHO f COTIAacyeTcA cO CTPYKTypodl rpymns B R W He cpaBuuM
¢ obmamoit Tomojorumeir B R. .

*2) Ilyers J — ormentmmasn Tonosior®a B R, cornacyomasncs ¢o cTpyk-
Typoi rpynnel B R M 6oaee caaban, yeM oOHYHAA TOmojorHsa 7, B R.

a) IlokasaTp, 9T0 BCAKASA OTKPHTAsA OKPECTHOCTh HYJIA OJA .7 HE orpa-
guuensa B R. [3aMerntsh, 4To OTHeaNMMAaA TOHOJOIWS, MajkopHpyeMas
TONOJOIMeHl KOMIAKTHOTO IPOCTPAHCTBA, HeobGXogWMo coBHAapgaeT ¢ IocC-
JegHei. |

6) Hycts V 5= R — cNMMeTPMUHAA OTKPHTAaA OKPECTHOCTh HYJIS
ana 7, a W — Takag cHMMOTPHYHAsA OTKPHTAaA OKPECTHOCTH HYJA HJst
J, aro W+ W < V. IlokasaTh, 4TO €CIM a €CTL [JNHA CBABHOM KOM-
MOHCHTH MHOKecTBa V (oTHOCHTENBHO T o), comepsameit 0, To BeAKas
CBA3HAA KOMIIOHEIITAa MHOMecTBa W (OTHOCHTENBHO .7 o) UMeST JuauHy <Ca.
Kpome Toro, MHOMECTBO [JINH CBA3HEX KOMIIOHGHT BHYTPCHHOCTH MHOMKe-
crBa R — W (oTHOCHTeNBHO 7 o) orpanngenHo. {HcmoangoBarh a) U cyIme-
CTBOBAHNe CUMMOTPHUYIIOA OTKPHTOH OKpecTHocTn Wi nynasa piad 7 TaKoi,
gro W, + W, < W.]

B) Beisecru u3 6), at0 R npedromnaxmmo B TONONOTHMN .7, HO HE J0-
KaJIbHO KOMIIAKTHO.

r) HoxasaTp Taxoe, 9T0 Z NPETKOMIAKTHO, HO HE JOKAJILHO KOM-
NaKTHO BO BCAKOM HEUCKPCTHOMR TONOJAOTHM 7, COTIACYIOMICICA O CTPYK-
TYpPOil TIPYIIH.

g) Ilyery f — HeupepHiBHOE IpepcraBienme moprpymmst I' rpyn-
nel R, me coopsmeitcs k 0 (m HapenenHoi#f ToIloJIOTHeit, MEAYNUpPYeEMOii
TONOJNOrUCH 7o), B HOJHYIO oTHeauMyw0 rpynmy G. Ilokasarn, wto ecau
f me ecrs maomopdpusm rpymnu I' Ha mogrpymmy f (I') rpymmu G, To f(I')
oTHocHTeNbIo Komnaktno B G. [HcmomxsaoBath B) I r).]

e) °laa aw6oro nemxoro n > 2 faTh HPUMEPH TAKMX MHLCKTHBHBIX
HeIIpepHIBHEX mpepcrasiacnmii f rpynner R B T", wrobsr f (R) Guto mroTHo
B Tr. [Cm. ra. VII, § 1, cuepcrBue 1 mpepaomennsa 7.),

3) Hoxasarb, urto rpymna T axareGpamgecku naomopdiua mpousse-
mermo R X (Q/Z). [Baars B R magmemamuii Gasuc Xamens.] Bupectu
oTcnA, 9TO B R MMeeTcs oTHeIMMas TONOJOTHA, COrIacYRIMANCH ¢o CTPY K-
TYpoOil TpYINHl, HO cpaBHUMAas ¢ OGHYHOZ TOMONOTUCH M TaKas, HTO
R B Heil mpeskoMHOanTHO.

§ 2. lamepesne BenmanH

Msr Bumenu (cM. Mcropudeckmit ogepx x raase 1V), uro B ocHoBe

HOHATAA BEIECTBEHHOTO THMCJIA JEKHT mpobiaeMa uameperus seaudult;
TOYHEEe TOBOPHA, BEIMYMHL PABTMIHOTO pOfla, M3yIeHHE KOTOPHIX CTa-
HOBHJIOCh IIOCTEIIEHHO Bce 6ojee BAKHWM HO INPUYMHAM IIPAKTHU-
TeCKOro MM TEOPEeTHIECKOTo XapakTepa, paccMaTpUBAMMCHL CHAYAlA
pasfenbHo; a BO3MOKHOCTh M3MEPATH UX BCe ONHOM M Toji ke cucre-
Moit uMCeN cTala 9KCIEePUMEHTANBHHIM (AKTOM 3af0Ar0 JO TOTO, Kak
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y IpeuecKMX MaTeMATHKOB POMiIach AepaKas Uues Clenaarh ee 00Bex-
TOM CTPOTOr0 MOKA3aTeAbCTBa. B CO3NAHHON MMM aKCHOMATHYECKOI
TEOpUM MJesl BEJUIMHE CBS3HBANACH ¢ 3AKOHOM KOMOOBHIUH (¢CJI0-
JHEHMEM» BEJIHMIMH OTHOTO M TOTO K€ POAA) M OTHOUIEHMEM IOPARKA
(otHoutenneM «A Meubure B», HABHBAEMHM OTHOIIEHWEM CpaBHEHMH
BeavdanH)., Mu paccMoTpmM Temeph Ty ke mpoGaemy, T. e. Oymem
PA3HICKMBATL YCIOBUA, KOTOPHM MO/KHEL Obiu OB yIOBIETBOPATDL
34KOH BHYTPEHHEH# KOMIOBUIMM H OTHOLIEHNE MOPAAKA B MHOMKECTBE
E nas Toro, aro6ut 0HO G0 usomopgro mMuomkecrsy E' < R, Hage-
JIGHHOMY CTPYKTYpPOHN, WHAYUMUPOBAHHON CIOMKEeHNEM M OTHOLIEHWEM
< u3 R. Tak Kak KOMMYTATMBHOCTh 3ajjaHHoro B E pakoHa kKoMmo-
3UIMM ANPHOPM HE IPEmoaaraercs, TO MH OyaeM 3amuCHBArTh ero
B MYIbTUININKATUBHHIX 0003HATEHMAX; 3a MCKIIOYEHUMEM 3TOTO, MBI
HU B 9eM He OTKJOHMMCA OT KIAACCHYEeCKUX PACCYIKACHMIl, OTHOCAIINX-
¢ K U3MEPEHNIO BEeJIMYNH.

IIycte E — MHOKECTBO, cOBepULEHHO YnOopAdoienHoe OTHOIIEHWEM
nopAnKa, o6osHagaeMuM z < Y, ¥ NMeOIIee HANMEHBIINH 3JeMeHT W,
IIycrs I — nopMuokecTBO MHOkectBa E rakoe, uto 0 € I mus x € I,
y < « caenyer y € I; npegmoxoxmM, uro B E 3ajaH 3aK0H KOMIO3U-
unu (z, y) — xyY Tax, 9T0 KOMIOBMIMA Iy oIpejeleHa A BceX map
onemenros ua I (mpuuem zy mpmuamme:xur E, Ho He o6sizartenbHo /;
em. Aar., ra. I, § 1, n° 1). Crenaem, xpoMe Toro, cienyomgue Ipei-
NOJMOKEHUA:

(GR1) ® ecmv nedimpasvubili onemenm (0x = x® = z gua aoboro
x € 1), u sakon kKomnoduyuu accoyuamuéer, (B CIENYIOMEM CMHICIC!
ecmw xz €1, yel, z€lI, ay€l u yz€l, 710 2a(yz) =
= (2y) 2).

(GRy1) Omuowenue z << y mexndy snemenmamu u3 I eaevem 0as
scex z € I omnowenus 22 << Yz u zx << zy.

(GRir) Muoncecmeo acex anemenmos > o us I ne nycmo u ne ume-
em HLAUMERBULE20 IAEMEHMA, U KaKosbl 6b nu Gbiau daemenmu x, Y € 1
makue, ymo x < y, cyuyecmeyem z > ®, 0148 komopozo 7z < Y.

Ycnosue (GRy;) BIeTeT BOBMOMKHOCTH IIOWJIEHHOTO IEepPEeMHOKe-
HISl HEPABEHCTB, CBABHBAKNMMUX 3ieMenTH us [t ecmmz <<ymz' <y,
To 2z’ < yy' (ubo xzz’ <yaz' m ya’ < yy’). B wacrHocru, y < yz
aAa Beex x> 0 (€I, y el
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Jna xaxmoil samaHHON KOHEYHOH HOCHENOBATEABHOCTH (Z;)igicp

BJEMEHTOB M8 [ MOMHO UHNYKIWEeH N0 p ONpeNeNNTh XOMIOBUINIO
14 p—1 p—1

[[ zi xax (][] )2, woap cxopo wommosmmma [] 2; yme ompe-
=1 =1 i

= i=

JelleEa M OpHHEANIEKUT I; ecam KOMIOSHIUS ” Z; ompefieslieHA, TO
i=1

1=
TEeM CaMHM OnpefielleHa W OpHEAIOKHT [ Kaskgas U3 KOMIosmimil
q

[I z; (2<g< p—1). B gacrHOCTH, B3AB BCe Z; pPABHEIMM OJHOMY
i=1

H TOMY jKe oimeMmeHTy z€ I, pmmmM, uro ecaum z” ompepemeno, to x7
ompefieleHo u OpuHAfAexuT [ [iA Bcex ¢ rakux, uto 2L g p—1;
no yeaosmio camraeM z°=w mua xamxporo z € I. Cormacmo (GRyj),
ccam z>® H 2P ompeneneno, to o <<x? <z’ A BCEX ¢ TAKUX,
4TO0 1<g<p—1; ecim <<y m y® onpemencuo, To, Kax ylexnaemMmcs
UMHAYRIue# Mo p, zP ompemeneno m zP << yP. C ppyroii CTOpoHH,
ycaosme accouuarmeHocTH (GR;) Bmeder, kKak cHOBa IOKashlBaer
HHAYROMA O0 n, 4T0 ecaum z™™" ompepmeseHo, To ompesieneHo m ™z,
npmieM ™ "= 2"z". O6parno, B cmay (GR;) m (GRy), ecam z™z"
onpepeneHo n mpuHagaexkur I, to ™" ompeneneno m ™" = g"a™:
m B 9TOM YOe/KHAeMCA MHAYKOMed DO n; B caMoM jelde, TAaK KAax
"1 <", 10 2™ onpeneneno m mpumAgme:xur I; WO IpeRIOTO-
MEHMI0 WHAYKUMM 272" '=z™" e[ a moromy (2™ z=a™"
ONIpefeNeH0 M paBHO 272" COIJIACHO IHpefHAYIEMY pesyabTaty.
Toumo rax me mmpykumeit ‘mo n y6esxnaemca B Tom, uro ecam z™"
onpesexeHo, ro m (™)™ ompepenero m z™" = (z™"; olparHo, ec.au
(™™ onpemenero m npmragmexmt I, To z™ ompeneneHo U paB-
Ho (z™)"

Haxomen, axcuoma (GRyr) Bmeder, uro mas Bcex z € [ Takux,
4YTO Z > @, CymecTByer ¥ > ® Takroe, 9ro y* < z. B camom pemne,
eCcau x > ¥, TO CYMECTBYIOT 2 > ( TaKoe, 4To 2 << &, I I > o Taxkoe,
4To 2! < z; 3a y OPUMHMMAaeM MEHBIIWN M3 2JeMeHTOB 2z, {. UHayk-
Mel Mo n 3akaIouaeM OTCIONA, YTO CYMECTBYET U >> ®, I8 KOTO-
poro u®" < x.

BeemeM Tenepn caemylomee momymenme:

(GR1v) (sArcmoma Apxumenary) Kakosw 6w nu 6w x € T u y € I,
20e z > o, cywyecmsyem yesoe n >0 makoe, umo z™ onpedesero
u " > y.
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Ecau 3a E npuuATH MHOMKECTBO BemecTBeHHNX 4ucex > 0, comep-
sxamee 0 M mpomsBosbHO Mankre umcxa > 0, sa I — mepecedenue E
¢ urTepBamoM m3 R, wMenomwM ceomM HadamoM O m He cBOIAmMuUMcs
K OfHO} TOUKe, a 32 BaKOH KOMOO3WIMH — CJIOKEHNE JBYX YHCeJ]
ua I, u ecam mpexgmonoxnTh, ro z - y € E, worma x €I m y €1,
T0 sicHO, 9t0 axemoMul (GRy), (GRyp), (GRur) ® (GRyv) 6ynyr Bumoa-
Hemn *). OGparmno:

Meennoxenne 1. Iyemv E — cosepuwiento ynopadouenrnoe MmHo-
acecmeo, uMewee HAUMEHbUWUL atemenm ®; nyemb I — nodmmoce-
cméo muoncecméa E, codepacawee © u maxoe, wmo us z€ 1, y < z
caedyem y € I; nyemo (x, y) — xy — 3akon Komnosuyuu ¢ E, onpede-
aennvill Ons écex x € I, y € I. Ecau mozoa ennoanenst akcuoms (GR;),
(GR), (GRi) u (GRrv), mo cywecmeyem cmpozo eodpacmaioujee
omobpaxcerue | muonecmea I 6 muomcecmeo Ry sewecmeennuz wuces
> 0 makoe, umo

flzy) = f () + @),

xoab ckopo x €1, y €I u zy € I, kpome mozo, nepecevenue obpasa
f(l) co ecarum urmepéarom [0, f(b)] < R, 2de b — aioboli saemenm
us I, naommo ¢ amom urnmepsadse.

Jdnsa moGHX ABYX MaHHEIX 3iIeMeHToB z, y 3 I, rme y # ®, o6o-
3gauuM dYepe3 (z :y) HamGoablwlee m3 Leawmx Tucea n>0 raxmx,
uro y" ompefeneHo M < z **); 3To Iel0e YMCIO CYMECTBYET B CHIY
arcuomu (GRyy); ecan (z : y) = p, ro y"*! onpeneneno n > z. Ecau
€Tl yelunayel, ro

@:2) @< (< l@:2)+ @:2) 4+ L (1)

*) B mEOMecTBax «BeJUYWH», BCTPEYAOMMXCA B 3KCIOPUMEHTANLHEIX HAy-
Kax, akcHoMil (GRp) m (GRypj), BooGme roBops, ROIYCKAIOT DKCHOPHMEHTANEL-
HYI0 NpOBEPKY, IO Kpaifneii mepe ¢ WssecTHHM mnpubmmuxenneM. Hamporms,
axcuoMa (GRyyr), mocTyaMpyomas CymecTBoBaHMe «¢KOIh YTORHO MAJEIX» BEJU-
qnn, 0YEBHAHO, HE MOMKCT GEITH 060CHOBAHA TeM jKe ¢IlocoGoM; OHAa HpPefCTABIAET
cofoil wmcto anpuoproe TpeGoBanme. Yro kacaeres akcuoMi (GRjyy), To oma
MoxeT OHTL paccMaTpMBaeMa KaK (9KCTPANONANHMA» (aKTA, BKCHEPUMEHTANbHq
NMpOBEPAEMOTo RIS BEeJWYMH, He (CAUIIKOM MAaJBIXy,

*+) Ecin E = ] ecrb MHOMCCTBO BCeX HATYPAJbHEIX WHCEI W 3aKOIOM
KOMIIOBUIUN ABJAETCA CJOMOHHE, TO (r ! y) eCTh HC YTO MHOE, KAK [CIAA YaCTh

x
Apobu n M0, KAK I'OBOPAT €I, «NPHGAMKeHNe OTHOINERNA £ K 10 HEOCTATKY

€ TOYHOCTBIO [0 eOMHUILIY,
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B camom peme, mycts (2:2) =p, (y:2) =g¢q; Torma z°’ < =z,
29 y; rax wak zy € I, vo z'z? oupeneneno n upumamaexur I, Tak
aro zM'? ompenereno m z'*? = z"29 <y, Kpome ToroO, ecnm zPtI+2
ounpenenaeHo, 1o zPY9*2 > gy, wubo 'l >z u ™ >y,

HoxaskeM rtereph HepaBeHCTBA

(z:y)(y:2) < (2:2), } 0
(@) 1) (59 +1) > (22 +1. o

Ilyers (z:y) = pu (y:2) = gq; roraa y* < z u 2?2  y, Tax 9ro
(2%)? ompegeneno m < z, a TeM caMbiM npuHaasesur I, u, sHauur, z°9
ompefnieneno, npmyeM z'? = (z9)  z; oTcooa-u cienyer mepsoe Hepa-
BecrBo, G papyro#t cropomsi, ecam z(P+HD)@+1) ompepmemeno, TO
g @) > g w6o y™*! > z u 29! > y; orcroga — BrOpoOe Hepa-
BEHCTBO.

OGosnaunv uepes F PuAbLTP ceuenMil YHOPAMOUCHHOTO MHOMKC-
CTBAa 3JEeMeHTOB > ® u3 I, QUABTPYOIErocAs 1O OTHOUIEHAH >
WHTepBAAH [®, z], TMe 2z mpoOeraeT MHOMKECTBO DJIEMEHTOB >,
obpasyior 6asuc ¢usabrpa §F. [lowaskeM, 9To 1A M0OBIX BJIEMEHTOB
aun zus I, rae ¢ > ©, OTHOIIEHNE g—z;, KOTODPOE OLNPEeReaeHo A
2 < a ¥ ABIACTCA PAUMOHAMBHEIM umciaoM >0, ecrb §yHruma or z,
nmepmasn npedea no ¢uabrpy . Ilpu = = ® sro oueBugHO, uGO
torna (z : z) = 0, kakoBo Gel mm Gmao z. Ilyerhb z > ©; mokaskeM,
(x:2)

(a:2)

uro oGpas & ¢uarrpa ¥ nmpu orobparkeHUU Z V> (paccmarpu-

BaeMOM HAa MHOMeCTBe TeX Z > ®, Korophe <z ¥ <a) fABjgerca
OazucoM ¢mabrpa Homu mas paBHOMEpHOIl CTPYKTYDPH MYyavmunau-
kamuenoii rpynmsl R} u, ciegoBareibHO, CXOAUTCA K HEKOTOPOMY
BewiecTBeHHoMy gucay >0. B camoM meme, saMeTuM CHavaja, 410
(v :z) mpm mobOM 3aJdHHOM U > ( UMeeT Ipefea --oco mo Puiab-
27L
TPy %%, ubo cymecTByer z > ® Takoe, 9T0 z° < u, orkyma (u :z) >
> 2" > n. Ilyctb Temepb JlaHO HpOMBBOAbHOE yuciao € > 0; cyme-

¢TBYCT ¢ > ® Takoe, uro (x :1) > % u(a:t) > —:—; HANIIEM JIBOI-

1H0e HEepaBEHCTBO

(z:1) ((iz) _(zrz) (z:t)+1 (t1z)+1
(@ O)+1 (@41 S(@a:a) ™ (2:0) (t:3)
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HemoCpe/[CTBEHHO BHTeXaomee us HepaBeHCTB (2). CymecTsyer 2> ®

1
TaKoe, 4To z< Zp Baeder (i :z)>? M, CIe0OBATeJbHO,

1 (z:t) (z:2)
(1-e2(a:t) “(a:2)

(z:1)
<(1'—{h8)2 a:t)’

(
9eM fgokasano, 9o & ecrb Gasuc ¢uabrpa Homm pmua Myabrunaun-
KATUBHOH pPaBHOMEPHO! CTPYKTYpH.

QuxcupyeM OTHHHE 3JIEMEHT a4 > ® ((eMHHUIY W3MEpEeHUs»)
U TIOJOMKUM JJIA BCex x € [

f(2) =1im5,g—;2.

Coranacno mpepmecreyomemy, f(©) =0, f(2) >0 opn z > o
u f(a) = 1. Jena muepasencrsa (1) ma (a :2) m mepexoas kK mpe-
pexy mo ¢uawsTpy $, BugmM, uro f(zy) = f(z) + f(y), worma x € {,
y€l uzyel Touno Taw xe ms z < y caenyer (z: z) < (¥ : 2),
OTKyna, AelsA Ha (¢ :2) M mepexofd K Ipeneny, moaydaeM f(z) <
L f@), 1. e. f 60spacmaem na I. Otciopa caemyer, uro f cmpozo 60s-
pacmaem Ha I; B camoM fene, ecam x << Y, TO CYIIECTBYCT Z > .
tTakoe, uro zz < Y, orkyma f(x2) < f(y), m rtak kak a2z € I, To
[ (@) =+ f(2) =f(x2) <f (y); HO f(2) >0, caemomarensHo, f(x) <<f(y).

Haxonen, nepecegenue f (/) ¢ mrrepsaxom [0, f(b)] = R miorno
B 9TOM MHTEepBase AaA xaymoro b € I; B camoMm geme, miasa aw6oro
neaoro n > 0 cymecrsyer x > « raxoe, 9ro f(z) < 2°™: mocraroyHo
B3ATH Z Tax, uro6m 22"  a; 0608HAUAN Yepes p HANMEHBILEE LEI0e
rakoe, aro zP* > b\ umeem (p -+ 1)f(z) >f(b) m ¢f (z) < F(b),
ecmn 1 < ¢« p; moatoMy BCAKUE MHTEpBAX MIMHHE >2"", comep-
mampuiica B [0, f(b)], comepsur mo kpaiineit Mepe ofHY TOUKY Buja
qgf (@) = f@@) € f(). Tem cammm mpennoskenue 1 HOTHOCTHI-
NOKAa3aHo.

Bamewanunga 1) Ecmmzel, y€I, zy €1, yr €1,10 f(ay)=
= f(x) 4+ f(y) = [ (yz) u, cAemgoBaTeaLHO, Ty = yz, HOCKONBKY f CTPOrO
BO3DACTACT; WHA4e TOBOPA, samaHHHH B E 3aKOH KOMIO3WNMM UHTYIA-
pyer B Hapie:kame BHOGpannoM murtepsaue [0, b] (rme b B3aro, Hampu-
Mep, Tak, 4TOOH b2 < a) kommymamuenwii 3aKOH,

2) Bcaroe ortobpaskenme g mHuomecTsa J B R,, ymoBieTsopsiomee
TeM je YCJAOBHAM, 4TO W f, mMeeT BUF zr > Af (), rme A > 0. B camom:
nenxe, mycTh A = g(a)>0; B CHIYy NPERNOI0MKEHHNA, OTHOTIEHMS
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P Lz L 2P, 29 L a K 29 BaHGKYT

re(2)<g(@)<(p+Ne(z), aw(z)<g(a)<Lg+1)eg(2)
OTKYyJa

(z:2z)
(a:2)+1

(z:2)--1,

(a:z) '

<g@<A

mepexofs K mpemexy mo ¢mRAbBTPY §, MoxygaeM g (z) = Af (z).

BuisicunM, npn kaxmx ycaosuax f(I) ecrs unmepsas 8 Ry, Oue-
BATHO, MMEeM [[Ba HEOOXONMMBIX YCIOBMUA:

(GRira) Muoxecmso écex saemenmos >o usd I ne nyemo u né
UMeem HAUMEHBWEZ0 IAEMEHMaA, U, Kakosw Obvi Hu 6uau asemenmb
x, Yy € I makue, wmo x << y, cyuyecmeyem z € I maxroe, umo 2z = Y
{«BHMHTAHNE» BCINTHH). '

(GR1va) Beakasa eospacmaiowyas nocaedosamesbHocMb 34eMEHMO8
us I, maxcopupyeman onemenmom us I, umeem ¢ I esepxniow epans.

JloxaskeM, uTO 3TM YCHOBHA KOCTATOYHH M, KpoMe Toro, mabas-
asawT or pocryaupoBanug akcumoMn (GRyy) (arcmomer Apxumena).
Toumo roBops, MH JOKQKEM CJIEyiOmee HpPeIoKeHNe:

ITeenmomenne 2. Ecau cosepwenno ynopadouenmnoe MmHONCECMEO
E u ezo nodmnoncecmeo I ydosaremsopsiom axcuomam (GRp), (GRyp),
(GRu) v (GRrva), mo cyuyecmsyem cmpozo sospacmaioujee omo6-
padcerue [ mrnosxcecmsa I na uwmepsas wucaosoli npamoti R ¢ Haua-
aom 0, makoe, umo f(w) = 0 u f(zy) = f(z) + f(y), Korw cropo 2, ¥
u xy npuradaexmcam 1.

Iloxamem cmagzama, d9ro shwmosmena axcuoMa (GRpy). Bynmem
paccy:XmaThb OT IIPOTHBHOTO: IpenmososkuM, 4dro z €1, y €l
nz > ®,az" onpeneneno un <y AIA BeAkoro Leaoro n > 0; cormac-
#o (GRpya) Bospacramomas mociaefoBateilbHOCTh (™) HMeeT Bepx-
Hioo rpaEb b € I. Tak xak z << b, ro cornacEo (GRija) cymecreyer
¢ € I raxkoe, 910 z¢ = b; mpm 3roM ¢ << b, mocKoabRy z > ®. Ho,
KakKoBo G HE Ghuto n, 2" L b = ze, orkyna B cuay (GRy) 2™ < ¢;
TakuM 00pa3oM, BepXHAA T'PaHb b MOCIENOBATENBHOCTH (x") MOEKHA
OBTH ¢, W MBI NPUILIE ¥ IPOTHBOPEIHIO.

Urax, Bce ycaoBMA DPMMEHMMOCTHM HPENNOKeHAA 1 BHIOJHEHH.
Qcraerca mokasars, 4ro ecam y = f(c) (¢ > ©) — moGoit axEMeHT
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w3 f(I) u f — BemecTBenRoe umcio Taxoe, uro 0 << f << y, TO cymie-
creyer b € I rtakoe, uro f(b) = f (ra. IV, § 2, npemmomenme 1).
Ho rax xax nepecesemme f(/) ¢ mmrepsamoM [0, y] maotro B atom
WATepBaNe, TO B | CymECTBYeT BO3pacTalOmas NOCIeRoBATEIbHOCTh
3NeMeRTOB (r,) TakasA, uro f(z,) mMeer mpemeroM B. Iycrs b —
BEePXHAA Tpampb mocaefopareabnoctn (z,) B I. Tax xax f(d) > f(zx,)
ana Beex n, To f(b) > P; Ho mepaBenctBo f(b) > B HeBoaMOkHO,
u6o Torma cymectBoBamo Om y € I rtakoe, uro P << f(y) <</ (b),
¥ TaK Kak f} ecTb BePXHAA rpaHb mociaegoBateabHOCTH (f (z,)), TOo MH
umemu 6u f(z,) < f(y) << f(b) npm nwoGoM n, oTKyma z, <<y << b
npu n06oM n, yro abecyprro. Taxmm oGpasom, f(b) = B, m uperno-
yeHre 2 ;JI0Ka3aHo.

JaMmevwanue. Ecim I = E, 1o obpasoM f(J) = f(E) caymnar
Bcé R,; B camoM xene, b™ mus b > o onmpepeneno upu jo6oM n, 1, ciIe-
moBatenbHo, nf (b) mpmHagaekntr f (E), kaxopo 6u Im OLIJIO 7] a OTCIONA
caegyer, uto f(E) He orpaHmYeHHo, MocKoanky f(b) > 0.

Ynpamnenna

1) Ilyers E — COBEPIIGHHO YHOPAZOYEHHOE MHOMKECTBO, HMEIOIICe
HAWMCHBIINI 3J6MeHT @, m J — murtepsas B E ¢ HagajgoM , co-
nep:xamuit . IlpexpmonomnM, wro £ 1 I ypoaerpopaior akcnoMam (GRy),
(GR11), (GRpy) ¥ cicnyiomeil axchmome:

(GR1116) MHOKECTBO BCEX BIEMEHTOB > W3 I He mwycTo, A s m060T0
2> o n3 I cymecrsyer y > o B I taxoe, uro y? < z.

Ilokasarn, WTO cymecTBYeT Taxoe BoapacTanmee orobpaiKkorye
f matepBana I B R, uro f(w) = 0 n f(zy) = f(z) + f(y), Koan cxopo
x€I,y€] nazy€l;, xpome Toro, f(I) N [0, f ()] mnotrO B [0, f(b)]
oA Rraxporo b € 1.

2) Ilyers G — coBepmeHRO yHOpAAOYeNHAaA HOKOMMYTATHBHAA Ipym-
1a, HG CBOAAMAACA K HCHTPAJLHOMY 2JI€eMEHTY (IAIpuUMep, MYJILTHAIIIA-
KaTApHaa rpymma K* HEKOMMYTaTHBHOIO yHWopspgoueHmHoro Tema K; cM.
Aar., ra. VI, § 1, yopaskuenue 1 n § 2, ympamneune 23). PaccMorpnm
B mpomssegenmn R, X G Muomxectso E, cocrosmee ns mapw (0, e) (rne
e — Heffrpanbnuit oxement rpymnu G) m map (z, y), raé z mpoGeraer
MIIOKECTBO BCeX BCHICCTBEHNHX umcea >0, a y — rpynny G. Beepem
B E saxon woMmmosmuuu (z, y) (2, y') = (z+ 2', yy’') m ywnopsapounm
E nercmrorpaduuecku (cuMras (z, y) << (z’, y’), ecan x < z’ mam ecam
z=2"uy<y'). Upunas I = E, nokasars, gro akcuomu (GRy), (GRyg),
(GR1116) (yupamuenne 1) m (GRpy) 6yqyT BHIIOJHOHN, HO HAKAKOS BO3-
pacratomee orobpaskernme f MHomecrsa E B R, Takoe, wro f(zz') =
= {(z) + f(z') nna mcex z, z’ ma E, He Gymer cTporo BOBPACTAIOMMM
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§ 3. Tononoruueckasa xapakrepusanua rpynn R u T

TroreMA 1. Tonoaozuneckas epynna G, 8 Komopoil cywecmsyem
ORPECMHOCMb HEUmMPAALHO20 S4EMEHME, 20MEOMOPPHASL OMEDHMOMY
unmepéany uucaosoli npamoti R, aokasvno usomopgra epynne R.

JTa TeopeMa MHTEpPECHA TE€M, UTO OHA II03BOJISAET HA OCHOBAHUM
UNCTO TOIMOJOTHYECKOTo CBOMCTBA TPYIIH ( BaKJIOUHThL O CBOMCTHE
cmpyrmypwt epynns. B G.

3mech M mMeeM feJo ¢ (eHOMEHOM, CBOHCTBEHHHM HMEHHO TPYl-

e me R m He mMeomuM aHajiora gasd rpymm R™ mpm n > 1 (eM. ra. VIII,

§ 1, n° 4). Tpynmul, aoxansHO M3oMopdume R, MuOTHA HASHBAKT 08HO-
napamempuieckumMu apynnami.

Ilokazarenscrso TeopeMel 1 Mu cBegeM K npepioskennio 2 § 2,
ITo mpepmonosenuio CymecTByeT ToMeoMopguaM ¢ OTKPHTON OKpecT-
HocTH U HeHTpPAIbLHOTO 9JEMEeHTA ¢ TPYInbl G HA OTKPHTHI HATEPBAJ
uncaoBoit npamoit R. ITocpencrBom orobGpaskenus, o6paTHoro kK @,
B U Mokuo mepemecT® m3 waHTepBaga ¢ (U) CTPYKTYPY COBEpIIEHHO
YIOPAJOYEHHOT0 MHOMKECTBA; Tomoaorusa B U (MHAYLPOBAHHAA TONO-
Jormeil rpynnel G) Oyner Torma uMerh cBomM G(asMCOM MHOMKECTBO
BCeX OTKPHITHX HureprasoB u3 U (ra. 1V, § 1, opemwnoxenue 5).
Moxuo HAUTA CUMMEMPUUHYIO OKPECTHOCTL V 3JeMEeHTa e, ABJAK-
IIYIOCA OTKPHITHIM HMHTEpBaJOM U Takyl, uro VV < U; B camom
mesie, CYLIECTBYET OTKDPHITHII HHTEpPBANX V', copepamuii e u TakKoii,
uro V'V cUNUY, VVi'c U u V"W < U; rorpa V ==
=V" V'~ orkpriTO, CUMMCTPHIHO, YIOBJIETBOPAET YeiaoBuw VV < U
n CBA3HO, a IOTOMY ABiAercA mHTepBasoM (ra. IV, § 2, teopema 4).

Iloxaskem, uro ecau x, y, z mpuHamiaeKar V, To x <y Baeuer
xz << Yz W 2x < zy; B caMoM jexe, QyHKnum fy (z) = ¢ (yz) — ¢ (x2)
u fo(2) = ¢ (zy) — ¢ (sxr) BeupepwBEN Ha V, >0 mpu z = ¢ n npn
z € V ne o6pamaiorca B 0 (mbo, mampumep, us ¢ (y2) = ¢ (xz) cuae-
noBamo Gnl, 4TO Yz = zz W motoMy y = z). Tax wax [, (V) u f, (V)
ceasEw (ra, I, § 11, mpenaoskenme 4) m TeMm caMmM saBagorcs B R
naTepBasiama (ra. IV, § 2, teopemMa 4) ¥ Tak KaK OTH MHTEPBAJILI
conepar umeao >0, mo He comep:xar 0, 10 omu copepikarca B R*;
unaue rosopA, f,(z) >0 m f,(2) > 0, xaxoso Om mEM Ormno z € V.

Ecam z m y — oaements u3 V Takme, 4T0 £ > €, §y > €, TO, B 4aCT-
HOCTH, Y > e. OGosmauuM uepe3 E (coBepmieHAO YHOPAKOYEHHOE)
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MHOMECTBO TeX »ieMeHTOB W3 [/, KoTOpme >e, W uepes I — MHO-
#KeCcTBO Tex ajeMentos u3 V, woropme >e. AxcmoMil (GRj), (GRp),
(GRua) m (GRpva) OymyTr Torja BHIIOJIHEHH (ecia®m 3a  NIPHHATH
JJEMEHT e, 4 38 3aKOH KOMIIO3UIINY — 3aKOH KOMITO3HMIAM, 8ajlaHHEIH
B rpynne G); masa (GRp), (GRy) u (GRyva) 910 aBcTByer us mpensi-
nymero, a ana (GRppa) 10CTAaTOYHO 3aMETHTh, UTO eCHM e < & < Y
(x€V,y€EV), T0o €V, amoromy s ' <e<<alymaly<y;
CIeNOBATEeNbHO, 7 = & 'y mpumrapaexuar I 7 mpm atoM 2z = y. Tem
€CaMRhIM COTJIACHO IIPeUIOskeHHuI0 2 § 2 cymecTBYeT CTPoro BO3pacraio-
mee orobpaskenue f Muoxecrsa I mHa maTepBax B R, ¢ mauaiaom 0
raroe, uto f(e) = 0 7 f(xy) = f(x) -+ f(y), woun cropo z, y m Y
npunanie;kar I (4To, B UACTHOCTH, MMEET MECTO, KOTJa & U y Ipu-
Hajuieskar W I, rne W ecth OKpecTHOCTH ¢ Tawaf, uro WW « V).

Ilig Beaworo siaemenra z € V, He mnpmuajiae:kamero I, umeem
I < e B OOTOMY 2~} = ¢; CJIeIoBATENBHO, [ TIPONOIAALTCA [0 CIMPO20
so3pacmaiowezo 0TOOPANKEHIA 7 MHOMecTBa V M@ MHTEpBAJ YHCIOBOI

upamoit R, ecam momommts [ (z) = —f (27Y) amxa Kamporo z << e
us V. Tak kax mpooGpa3 OTKDHTOI0 HHTEPBANA, COJEPHIANIErocsH
87 (V), OTHOCHTENBHO f €CTh OTKPHEITHI uETepBax B V, TO f—Henpe-
puBHO Ha V; oGpaTHo, 06pa3 OTKPHTOTO MATEPBAJA M3 V IpH OTo-

Opaskenuut f ecTh OTKpHTHIA uATepBan B f (V); TeM caMmM f ecTh
20meomopgusm V Ha HeKoTopyio okpectHocTh Hyas rpynnsl R. C npy-
roit CTOpOHBI, JeTrKo yOenuTbeA (myTeM pacCMOTPEHHA DPa3iUUHEIX

BO3MOKHLIX CIYYaeB, Kak B ripegiosxennu 6 § 1), aro —f—(xy) = 7(3:) -+

-+ f(y), Worma x, y W xy TpHHANIEHAT V; 0TCIOHA 3aK.JI0YaEM, YTO
Cy)KeHHe [ Ha HAJUIC/KANIYI0O OKPECTHOCTH DieMeHTa ¢ B G ApigeTcs
JokaiIpHEM m3omopduamom G B R (ra. III, § 1, mpennomenne 3),
410 ¥ TPeGoBAIOCH JIOKA3ATE.

TeoreMA 2. Ceasnan epynna G, ¢ romopoil cyuecmeyem oxpecm-
HOCMb HeUmpasbHo20 daeMeHMa, 20MeOMOPPHAR OmMEDBMOMY unmep-
eany wucaosoii npamoti R, usomopgrna R uau T.

JT0 — HemocpejCTBEHHOE CJIE/(CTBHE IIPeNbIymeii TeOPEeMLl 1 Ipef-
nowenna 7 § 1.

damewgannasa 1) Ecan gana rpynna G, yIoBIeTBOPANIAA YCIO-
BUAM TEOpeMEl 2, TO [AIA TOro, 4roOL yCTAHOBATH, M3oMopPdrAa @ oHA
T mau R, f0CTaTOYHO BWACHATH, KOMIAKTHA OHA WJH HeT.
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2) Teopema 2 moxasWBaeT, B HaCTHOCTH, YTO BCAKASA TONOJAOTMYECKaR
rpynmna, zomeomopgran rpymme R, HeoGXopmMoO usomopgdna ei.

3) B moayweHHoll ToNONOTMyEeCKOH xapakrepmsaumm rpynm R m T
Y9aCTBYOT B KaveCTBO BCIIOMOTATEJBHOTO MHOKECTBA TOIOJOTAYCCKOE
npoctpaHctBo R. MoOMHO oXapaxTepmaoBaTh CTPYKTYpPH TomOJOTHYe-
ckux rpynn R 1 T akcmomMamm, He BBOJANIAMA HHKAKOTO BCIOMOTATEb-
HOTO MHOMKeCTBA (CM. yrpamKHeHds 4 # 5).

YupaskaennAa

1) CopepmmeHHO ynopsAmoueHHYI rpynny G (He o6s3aTeNBHO KOM-
MyTaTupHyo; cM. Axr., ra. VI, § 1, ynpaxkecrme 1) HasHBaKwT apru-
Medosoti, ecam MHo:KecTBo [ 2iIeMEHTOB »e (TAC e — HelTpasbHLE aJc-
MEHT TpynOoH G) ymosierBopsier akcmome (GRpy) § 2 (cM. Aar., ra. VI,
§ 1, yopaxmenme 33). IlokasaTs, uwTo paa Toro, uwTOoGH COBCPIEHHO
yrnopsaoueHHaA rpynma G 6hia  MsoMOpHA MOATPYIINC AMIUTHBHOK
rpymmsi R, Heo6XOmAMO H JocTaTouHo, uTo6n G 6uta apxmmenosoil. [Paa-
JAYATH ABa CJIydast, CMOTPA IO TOMY, MMEETCA JM B MHOMKECTBC 3Je—
MEBTOB =>¢ W3 G HAMMCHBIMNA BJIEMERT MJM HCY, B HCIOJL3OBATL IDENJ0-
wenmo 1 § 2.]

2) Ilyets G — COBOPIIOHHO YHOpAjOUeHHad rpymma (HO obA3aTes b
o KOMMYTATHBHAsA), H® CBOAAMANACA K HEHTPAJbLHOMY JJIEMEHTY; TOMHO-
aoras T (G) (ra. I, § 2, ynpasknenue 5) coryiacyerca ¢ rpynmopoil CTpyK-
rypoit rpymmt G. Ecam G B 3Toll TONOJOrME c8dgHa, TO OHA MBOMOPPHA
amTasHOol# rpymme R. [McmonnsopaTh ynpasksenmé 7 § 2 raasm IV
n npegnoxkenue 2 § 2.]

3) IIycTb G — cOBepPIEHHO yHOpAmoYeHHAs rpymma (He ofssaresin—
110 KOMMYTATHBHAA); €cIM G NpA HafeJeHUM TOHONOrMell 7o (G) 1oxassho
rxomnaxmua M HO THCKPOTHA, TO OHA JOKAXLHO m3oMopdua R, a cpasuasn
KOMIIOHCHTA HOATPAJILHOTO 3JIeMEHTa €CcTh OTKpPHITAd IOATpymma rpymn-
om G, maoMoppmasx R. [UcenmonnsoBars ynpaskuenme 6 § 2 raasm IV
n mpepioskenue 2 § 2.]

*4) Ilycts G — Tomoaoruyeckas Tpymma, YAOBJETBOPAMOIIAA cie-
AVIODIAM  YCJIOBHAM:

(R1) G ceasna. .

(Ry1) Mononrenne G* HEHTPANILHOTO »JCMEHTA ¢ B G HECBABNO.

Ilpm aTHX YCHOBHAX CYMECTBYOT GuexmuéHoe HenpepulgHoe npedemas-
senue G na R (nHawe ropops, G anreGpamueckn maoMopdra R, mpuuem
ce TOMOJIOTHA Mamopupyer tomodormio #3 R). ITocaemosaTeinbuo yCTano-
BUTh CJICLYIOMUE CBOHCTBA:

a) Hycrs (U,-)lgén (n > 2) — pasbueHme MHOmecTBA G*, cocros-
wwee U3 MHOMKCCTB, OTKPHTWX ¢ G*. IlokazaTh, YTO KasKmoe M3 MHOKCCTB
U; OTKPHTO B G, 4TO e CAYIKAT TOUKOM NMPAKOCHOBOHHS KAMIOTO U3 HHX
M gro G oTnennMa. BuipecTn oTcioga, 4TO BCS 3aMHIKAHAA U, =U, U {e}
B G cmsasuu. [Ta. I, § 11, ynpamsaenne 4.)
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6) Iyets A—cpasHag KOMNOHeATa MHoO;KeCTBa U;; moxasats, 4Te
A tW;=A"1 paa Beex j = i. [3amermts, aro A-1U; ceasmo m co-
pepxnr 4-1 m uro AU ;C G* npm | # i.]

B) Ilokasare, uro meobxommmo n=2. [Haa wamporo i, 1<i n,
B3AThL CBABHYIO KOMNOHEHTY A; MroXecrea U;; HA ocnoBaumm 6) mnpm
I = i OypmeM umets A7'A;C A7, A7'4; C 451 C UG, otkyma ATPC U]
Busectm orciofa, 4To G* mMeeT B TOYHOCTH 0¢e CBABHHE KOMNOHEHTHW A,
B, npmuem B=A~t 1 A=C (471),

T) yz~1 € 4 ecTh OTHOMEHME MOPH/IKA, IPEBPAIIAIONIee G B COBEPINOHHO
ynopsiouennyko rpynny. [[Iokasars, urto A2=A n zAz-1=d4, xaxoso
6ur nu Ouao z€G.)

B) Tomonorma J , (G) MaopapyeTcs saganHoil Tononormeit J rpyn-
mn G. [3amMeTnrh, 9T0 A OTKPHITO B TONOJIOTAA J .]

B zakaioucHMe BOCHOILBOBATBCA MPEALAYHIAM YIpaKHeHueM 2 n
npepsioxenneMm 4 § 11 ramasw 1. [Cm. ra. VI, § 1, yupaxaenne 126.]

e) Iloka3arb, 9TO €ciM, KPOM® TOTO, G 40KkaAbHO KoMnakmHa HIK
AoKasbro césana, TO G msoMopdua R.

°5) JlaTh mpAMep TomOJOTMH B R, coriacymomeiicsa ¢ ero TPYNNoBoir
CTPYRTYpoil M Takoll, aTo6m R O6uI0 CBABHO, JIOKAJBHO KOMIAKTHO,
JIoKanbHO CBA3HO W fomoianenue k {0} B R 6uuro cesasdo. [Mcnoassoparh
tor dakT, wto R m R" anreGpamueckm maoMopduuI. |,

*6) Ilyern G — Tomosnormueckas TpyHma, YAOBIAGTBODRIOMAS CJC-
AYIOIHEM VCIOBHAM:

(LR1) G orneauMa m JOKAJLHO CBSBHA.

(LR11) Cymecrsyer cpAsHas okpecTHocTh U HEHETpajLHOTO 3Jle-
MEHTa e TPYNOH G Takas, yTO €T0 AOMOJIHEHNC OTHOCHTeNbHO U Hecpsauo.

ITokasaTs, uTo npy »THX YCHOBAAX G €cTh TOMOJIOTAYECKAs TpyIna,
A0kaabno usomopPran R.

[VcraHoBuTh cHawajla, paccydmasi, KaX B YOpPaKHeHHA 4, 94To AJs
moboii cBABHOIl oxpecTnocTn V saementa e B G, copepmameiics B U, Muo-
acerso V() C{e} mHecsano, uTO e ABJACTCA TOYKOH IPAKOCHOBEHM:
A5 Kao#l ero CBABHOMU KOMNOHEHTH M 4TO TO MHOMKECTBO MMEET POBHO
JBE CBH3HBIE KOMIOHENTH. BB3sThL 3aTéM [QOCTATOYHO MAJNYI0 CBABHYIO
OKpCcTHOCTE V M onpepennth B V ¢TPYKTYPY COBEDPHICHHO YIIOPSALOYEH-
HOFO MHOMKECTBA Tar, 4ToOH Tomoyorus J o (V) MasKopupopajiachk Toro-
Jormeit, mupyumpyemoii 8 V Tononormeil rpymme G, m 9ToOH 1pepJio-
meume 2 § 2 Obulo MpUMEHHMO K MuOMeCTBY E BCCX JIOMOHTOB >e
us V.]

7) Ilyers G — HERMCKPCTHAA JOKANbHO KOMIAKTHAA rpymma, obia-
Aapmas cYeTOHM (GasAmcoM OTKPHITHIX MHOJKECTB, M Vo — KOMINAKTHAS
OKPECTHOCTh HEMTPAaJbLHOIO 2JEMEHTA e B (G, HE COmepKamAs Hukakol
nodepynnu TPyOOW G, oTaMuHoll oT {e).

a) Oycts (z;) — MoCHeAOBATENBHOCTL TOMOK W3 V,, CXOmATIASCS

K e, J{na Kaxporo n cymecrsyeT pejioe p (n) > 0 Taxoe, ATO Z',‘,EVu



]

6
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npu peex k< p (n), 2™ ¢ vy llm p (n) = =4-co. Morasars, 110 (z,)

06J1agaeT MoAIoCHeA0BATOAbHOCTLIO (zhn) TaKOM, 9T0, KakoBo 6B um Gmio
PanmoHaNbHO® YACHo r, TaKoe, yTo |r|<l, MocieROBATENIbHOCTD (zilp(h")])
crpemarcas B Vo kK Hexotopomy upemeay f(r). [Hcmoapaoparn pmaro-
HaJLENE nponece. ] Ilpm aToM mua aIO6GHX ABYX panmMoHAJLHBIX wACe] r,
¢’ orakmx, wro |r| <1, [Pl <1 v |r4 | <4, maMeeM f(r+ 1) =
= f(rf ).

6) IloxasaTh, 4ro f HeNpepWBHA HA HOKOTOPOW OKPECTHOCTA HYJAA
ns Q. [Paccyskpas oT IpOTABHOIO, AOKA3ATH, 9TO 6CAM GH CYMECTBOBAJA
TOCIIeOBATEJILHOCTD (r,) PAMOHANBHEIX YHCOJI, cTpoMAmasncsa X 0 I Takas,
uro f(r,) cTpeMmTcA B Vo K 9J6MEHTY y 5= e, ToO MH mMendm Ok y™ €V,
UIA BCOX NEJNHX m.]

B) Bueectm m3 6) CYmECTBOBAHMe HETPABMAIBHOIO HEIIPEPHIBIIOIO
npencrasiesnss R B G. [Henonabsoparn mpemmoykenue 6 § 1.]

r) Ilyers H — 3aMEKHYTHIA HOPMaJILHMWEl feimre]hb rpynnd G, oTiang-
Huif or G; mpepmonoxkAM, 9T0 B G/H CymEecTBYeT OKPECTHOCThL HOUTPAJL-
HOTO »JjleMeHTa, He comepKamiafd HA OSHOW HETPUBMAJLHON MOEIDYIIIEHL.
ITokasaTh, 4WTO CYMECTBYeT HeNpepnIBHoe upencTanjcuue f: R — G,

IS KOTOPOTO COCTABHO® Ipencrapiaenme R —f> & — G/H HOTPHUBHAJILHO.

8) Ilyctt G — Tomonornueckas rpynna, II — ec saMKEYTas I0f-
rpyuma, cogepamasca B EHTpe A TAKas, 9T0 CYMECTBYeT CIOPLeKTUBHOE
HempeprBHO® wpencrasiacHne ¢: R — G/H. JlokazaTh, 9T0 G KOMMY-
TATUBHA, [3aMeTATH, YTO €Cam ao — dJEMEHT W3 (, HC NpHHaHJIeKa-
wuit H, 1o cymecTByioT nocnenona-renbuoc'm aneMenros (a,) B G 1 (cp)
B H Taxue, uro g, = c,.an+1, NpAYCM NOATPYNIa rpymm G, moposkrpae-
mas Il m_BceMm a,, mioTHa B G.]

§ 4. IlokasaTtenpuble QyHEUME M JorapAdMbI

1. OnpedeaeHue a* u log,x

TeopeMa 4. Myavmunaurxamusnas epynna R} ecex seujecmeennmx
yucen >0 ecmb monosozudeckas epynna, usdomop@ran ad0umusHoll
epynne R sewecmeennbuiz wucea.

B camom pexe, R} = ]0, ---oo| ecty orkpmraii maTepBanx B R,

a motoMy zomeomopgro R (ri. 1V, § 4, npepmnosenne 1); TeM caMuM
no teopeme 2 § 3 romomoruveckas rpymuma R* usomopgra R.

Ilo caepcrsuio mpemiomenua 5 § 1, pag mioGoro wmcaa g > 0

CYIECTBYeT, W TMPHTOM e[MHCTBEHHOE, HEIPEePHBHOE IIPe/CTABJIEHNe
/o rpynoer R B RY rakoe, uro f, (1) = a. Haxosu 65 mu Oputn z € R
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u y € R, umeem, TakuM obpasoM,
1
foz+W=Ffa @) fa(y) fa(—2)=775s
fa (%)
OTKYHKa, B WaCTHOCTHU, A mwoboro Imenoro n € Z momydaeM
fo(n)=a".
B COOTBeTCTBHM ¢ OTHM IHIMYT fq(r) = a® paxa moGoro z € R;
dymxkumm a* (317 BceX 3HAYeHHMit a > 0) HA3LIBAIOT nOKA3aMEAbHBLMY

pynryuamu. Kaxoso 6w mu Gerio z € R, nveem 1*=1; mpma+~1
¢ynkuna a* ectb usomopgusyu rpymnst R Ha rpynmy R3.

Ilpa a = 1 wmsomopdusm R? ma R, obparmstit K a*, HasmBaioT
aozapug@dmom ¢ OCHOSAlUEM @, & eTro 3HAYeHme A I € R} oGosHa-
yator log,z. Taknm o6pasoM, B 9TUX ofo3HaueHNAX HUMeeM:

a*tV = a*yY nng z€R, yeR, a>0; (1)
a"‘:—;:? aag z€R, a>0; (2)
logs1=0, log.a==1 g a>0un %=1, 3
logs (zy) = loge x+-logay mas z>0, y>0; (4)
log, (-1—) == —log, na x> 0; (5)
A% g . naa z>0; (6)
log, (a*) == aaa x€eR. (7)

BeaencrBne npemiaoeHua 5 § 1 BcAKoe HempephIBHOE IIpefi-
crapierme Tpynnet R B R} mveer Bug y > o™, rne z € R; Tar rak

ero sHaucHmeM npu y = 1 cayxuT 4%, TO HMeeM TOMK[ECTBEHHO
(@) =a" pua z€R, yeER, a>0 8)

WM, B N3MeHeHHHIX 0003HAYEHMAX,
2 =a"'%e* qag 2>0, yeR, a>0 u =1. (9)

n
@opmyna (8) moiasuiBacr, YTO (e'/™" =a gaa moboro nexoro n>0,
YyeM W ompaparBacTcd ofosnadenne al/", BBOJMMO® [I5l KODHA N-li cmenenu

Va_, onpefeincasoro B § 3 raasu IV,
Dopmyast (7) m (9) LokaswBaloT, 4TO

loge (") =ylogex pna x>0 u yeR (10)
17 H. Byp6akn



258 ONHOIMAPAMETPUYECKHUE TPYIIITEI TV, § 4

WU, B N3MeHEHHLIX 0003HAaUeHMAX,
log, z —=log, blogyz maa >0, a>0, >0, a n bs=1 (11)

(PopMyna «iepexona K HOBOMY OCHOBAHIION),

PasoiimeM, HaKOHEN, BCE HenpepueHble npedcmasaelus TOMOJO-
rnueckoil rpynmer R} B ceba; ecaum g — rakoe IpefcTaBiIeHHe, TO
log. (g (a*)) ectp wnempepmBHOe mpeicrasierne R B R m, caeno-
parenbrOo (§ 1, mnpenmoskernme 5), cymecrsyer o € R rawoe, uro
log, (g (@) = ax, ®akoBo Ol Hu Gei;10 x € R; oTciofa Ha OCHOBAHWN
(8) moayuaeM TOKEECTBO g () = x%*, KaroBo OB HHM Owiiro x > 0,
TeM caMniM uMeeM TOJKIECTBEHHO

(xy)* — z*y*, xarosbl Gb1 EM Obuim z >0, y >0, a € R. (12)

B cuny ¢opmyas (4), cBofsameil BCAKO® YMHOMCHWO K CIOMKCNAIO
(eansicTBenHoil oMepanMM, K XKOTOPOI IO-HACTOMIIEMY IpHCHOCOG.ICHA
yuorpeburennnas cucTeMa HYMODPAnuH), JoTapmMel MOATOE BpPCMs GLIIN
IIC3aMEHAMBIM HHCTPYMOHTOM 1A WHCJAGHHHBIX pacueToB (cM. Mceropmue-
cKUil owepK K 9TOM TJABC).

[Tpn mx MCHOIH30BAHWM B BTHX LEAAX BHOMUpAIOT ocnosaime g == 10;
M CYWECTBYIOT TalaMUu, pamoumuc snaucHus GyHruuM log 2 (¢ Mapecr-
10 TouHocTLbo)., B amanmae, Kak Mel moaKe ysummM (DyHKi. aciicrs.
nepem., ra. III, § 1, n® 1), Goxee ecrecTnen ppyroii BLIGOp ocHoBanms,
Koropoe (ofosnavaeMoc yepea e) Geperes rtak, wrofm  lim logez -1

xrt, acpt T —1
(cm. ynpamneune 1),

2. Hamenenue ynryuit a* uw log, x

ITo reopeme 5 § 2 rnan IV z +—> a* npu a == 1 ectb cmpozo mono-
monnoe orobpaenuc R Ba mutepsan R* = |0, +oof. Ecau a > 1,
0 al = a > 1 = 4% rak uTo a* cmpozo go3pacmaem; KpoMe TOTo, Tak
kak R} BHe orpaEuuenno csepxy, To a* He oTpaHMICHHO cBepXY Ha R,
U, 3HAYuT,

lim a* = +o00 (a>1); (13)
x->-}-00
OTCIJia COrIacHo (2)
lim ¢*=0 (a>1). (14)

Hamporus, ecan a << 1, 10 ¢pyusmua a* crporo yousaer ma R,
crpemntca K 0, Korma z CTpeMHTCA K --oo, M CTpEMMTCH K -+oo,
KOIJIa & cTpeMuTcsa K —oo (puc. 2).
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W3 atux ceoiicts u (12) sureraer, uro ecan 0 << a << b, To a* << b*
gia x>0 u a® > b* qaa x << 0; B caMoM jele, 3T0 CBOJMTCA K KOH-

XY
cTaTali TOro, 4To (—Z«)x >1 gaa z>0m (7)T <1 nag 2z < 0.

N3menenne log,z ma R* ompe-
fesigercs usMeHeHueM a° Ha R; 14
ecim a >1, to log,z — crporo
Bo3pacralmas (YHKIUA, CTpeMA-
mMAaaAcA K —oo, KOTAa T CTPEeMHTCH
K 0, ¥ K 400, KOTIa  cTpeMurea
K —-o0; ecau a<<1, o logy,z —
cTporo  yOmparomasa  (yEKouA,

y=l0g,z (a>1)

z

y=a” (g>1)

=log, = (7<)

Pmc. 2. Pnc. 3.

crpeMAmanca K oo, Korga x crpemnrea K 0, @ ¥ —oo, Korna &
crpeMures & oo (puc. 3).

Dyxew paccmarpusare a™ (coorB. log,z) kak ¢ymuuw, ompe-
JeJieHHYI0 HA YaCTH pAacimpeEHOil mpaMmoii R u NPUHNMAIOLIYIO
sHavenwss u3 R; TOIJla ee MOMKHO Npodoaicumb no Henpepuenocmu
a R (coors. ma mmrepsax [0, Loo] — R), nmpusas eii B Tourax
+oo m —oo (coorB. B 0 um -}oo) coorsercrsyoluue IpeneTnHHE
3HAYEHUS. .

Bonee obmum obpasom, gopmy:a (9) moxaseisaeT, 4To QyHKIUA
zY HempepmBHa Ha moampocrpadcTse R* X R mpocrpamcrea R®
W CTPEMUTCH K Ipejiety, Korua (x, y) CTpeMuTcA K touke (a, b) € R?,
ABAKmedca Toukoli npumkocHoBemma niuA R* X R, 3a uckmoge-
mem touek (0, 0), (4+oo0, 0), (1, +o00), (1, —oo). IlosTomMy u z¥
MOSKHO TIPOJONAMTG IO HENPePHBHOCTH HA Te TOUKH M3 R2, rae

17*
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CyUIeCTBYyeT ee Iipefei; Io NPUHIMIY MPOIOTKeHNA Tosrpects (ru, I,
§ 8, cuepcreue 1 mpemaomenua 2) gopmyas (1), (4) m (8) 6ymyr
TMO-IPEeRHEMY UMETh MeCTO, €CIH KaMbiil 13 0GOMX WX UYIEHOB MMeeT
CMBICIL.

OTMETHM, 94T0 NPOJOINKOHNC IO NCOPCPHBHOCTA GYHKUAM z¥ HE NO3-
BOJIET MOJYYUTH 3aHOBO dopmyay 00 = 1, puTeKalomylo H3 corjaiie-
Huit, npuusruix B Aare6pe (Auar., ra. I, § 2, n°® 1); caegyer msGemarsp
BCHKOW HESICHOCTM B 9TOM OTHOINEHMH,

daMeTHM TAIUKE, 9TO ONPEACJICHHC IOKA3aTeNbHON (YHKINA MO3BO-
JACT UPOROMKUTS Ha R QYURIULIO 1 = @™, ompejenenHylo Ha Z, JIA
BCAKOro a > 0; 10 TaKMM IyTeM HO MOJNYYaeTCH MNPORONMEHHe JToil
dynxuuu, ecan g << 0; «ecTecTBeniioe» IPOJOIIKEeHNE 2ToH QyHKIME
MosKeT OBITh ONpefeJeHO TOJABKO C IOMOIIHI0 TEOPHH AHANMTHICCKUX
dynxumit.

3. ITepemroxrcaemvie cemeticmea yucea >0

U3 uzomopdusma ronomormueckux rpymn R m R} cpasy caeayer,
YTO JIAL TOTO, UTOOH ceMeiicTBO (Z,) KOHEUHHX BeMECTBEHHHX YHCel
>0 Gosio nepemmoxcaemum (va. IV, § 7, n° 4), reoGxoguMo u jocra-
TouHO, YTOOH cemeiicteo (log,z,) (rue a — moGoe uucao >0 m 5£1)
OBLIIO cymMMmUupyemo; IIPU BTOM

2[0 25
He—at (15)

Tourno Tak e, Aas TOro uToOH OeCKOHEYUHOe IIpon3BejeHue,
ompejensaeMoe mocsaenoBareanrHocThio (1 + u,) Komeunsix wucea >0,
6eu10 cxodsyyumcs (ra. IV, § 7, n° 6), meoGxoxuMo W JOCTATOUHO,
aro6m pag ¢ obmum wienoM loge (1 + u,) O cxodswumes, u Torga

- § tog, (14-u,)
P (+u)=a""" . (16)

n=0

Uayyenne GeckoHeIHEIX NpousBeneuuii sewmeersennsvix gicesa >0 mpn-
BOJANTCH, TAKUM 00pasoM, K H3YYenuo GeCKOHEeYNBIX CYMM BEIICCTBCHHBIX
qyceJ ¢ wjaenaMu, HPe/ICTABICHIULIME B BH/C J0rapydMon; MB YBHANM
mo3mke, KAK CYMMBl 9TOTO BHEa yAo6HO uaygaTh ¢ moMounlo gudde-
PeNUANLHIIX CBOICTB JorapEdMa.
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Ynpaknemna

1) a) Iycrs (xp, yn)nez——comeﬁcwno Touek w3 R? Takmx, uro a1
moboro n € Z aveeM T, < Tpyq W
¥n+t—V¥n Yne2— ¥n+1
Tnyt—In Tne2—Znyt
f0Ka3aTh, YTO, KAKOBL Onl Hu Owiom geanie n€ Z, m >0, p >0,

Ynim —Un Ynym+p—1Un

Tnem—%n  Tnymap—n

aXx —

0) Hyets fq (x) == ! s TRe a >0 u z=£0; nokaszath, uTO ecA:m

zly, +0, y5+0 n a=+1, 10 f,(2) <f,(y). [Jowazare 310 cCHA-
uaja QAd UeJasiX z, ¥, MCHOOAB3YA a), 3aTeM IJA DalMORanbHBIX z, §
W, naxoHeN, A 00Iero ciayuas.)]

B) BuiBecTm oTCiofia, uTo, KaKoBo Oul Au Oni10 a > 0, dyHunms j, (z),
oupeneneHdas 1aa Z ==0, umeeT Ipejens! CIpaBa M Cicka npu r, CTpe-
MmsimeMcH R 0; IoKasaTh, WTO OTH [BA Upejesa KMEIOT OJHO M TO e
3Hayenue @ (a) u uro ¢ (a) 0, echm a1 Iloxasars, uTo ecau a =1,
log, 1
z—1 o)’
Korfa « ctpemutcs K 1.

r) Ioxasatk, uro ¢ (b)=¢ (a)log, b, Kawosul O HM Cwam a >0
m =1 1 b>0; BLIBECTH OTCIOHA, UTO CYIECTBYET TUCIO €, BAKMIOUCHHOC
Mexagy 2 n 4, taxoe, uto @ (¢)=1 m @ (a)=log,a Ana KamgOro a >0.

T0 QYHRUMA , OIpefoNeHHas AnA z== 1, mMeer mpepexn

. n~ n(n+1)
2) Tlokasats umpykumefi mo n, uyrt0 2" >———" pmna moGore
weaoro n > 0. BuiBecTn oTcwoja, 4to gast ¢ >1 nm a >0
X
im % oo, lim %8aZ_g
X-r00 T x-»t00 T

[Cravana mokasath nepBywo u3 3thX dopMya gas a=2 u a=1.}



NCTOPUYECKHNN OYEPK
K TJIABE V

(Pmmckme 1ugpH oTHOCATCA K OmGamorpadmm, moMermeHHOI
B KOHII® HACTOSIIEro O4YepKa.)

Wcropua Teopms MyabTUNAMKATHBHOA rpymmel R% BemecTBeHHWX uMCeN
>0 Tecuo cBA3aHa ¢ NCTOpMeHl Pa3BUTHMA MOHATHA cmeneneld Yncaa >0 u cmo-
cofoB ux ofosHagennsa. KHonmenmma «reoMeTpmueckoit mporpeccmm», o6pazoBaH-
HOM HOCJe[oBATeJLHRIMU CTENeNSIMU OJHOI'0 M TOTO Ke YMCJA, BOCXOAMT K erui-
TAMAM W BaBWJIOHAHAM, OHA OHIXa XOPOUIO W3BECTHA IPEYECKMM MaTEeMaTHKaM,
n e y Epranpa (Hagana, [X, 11) nmeercsa ofmee yTeepsi/IeHNe, PABHOCHIIBHOO
npaBuay a™a®™ = a™" gaa menmnx moxasarencidr >0. B cpepmeBeroBne ¢pan-
ny3sckuit MateMatuk H. Opem (XIV Bexk) BHOBb HaXOQUT 3TO HPaBUIO; Yy HEILO
BLICPBHE MOMBJNAETCA TaK:Ke IIOHATHE CTENEHM C APOOGHHM moxaszaTteneM >0
B 0003HAUCHAHN, yyKe GAU3KOM K HAIIEMY, M C OTHOCAIMMHUCH K HeMy (chopmynn-
poBanlEIMU B 0o6meM BHje) MpaBMiIaMy MCYUMCACHMs (HaupmMMep, ABYMA HPaBU-

LA A | P 1

JIaMH, KOTODHE MBI TeIlephb 3amucuiBaeM B Buge (ab)” = a™b", (a™)? = (a™P)?) *).
Ho upenm OpeMa cANMIKOM ONEPefMaM MATeMATHKY 6ro BpPOMEeHM, UTOOR OKa-
8aTh BJIMAHWE 114 COBPCMEHHMKOB, U €TI0 TPAKTAT CKOPO OBl Ipepan 3a6BeHMIO.
Bexom nosxe H. [llioke BEOBE (jopMyanpyeT opaBmio Epxiujga m BBOAUT, KpoMe
TOr'0, SKCIOHEHIMANBHOE 0003HAYCHN® s CTelleHell HeM3BECTHRIX B CBOMX ypaB-
HCHUAX, He Konebasnce ymorpeGiass moxasaredb ( U HENE MOKasaTedam <0 **),
C »srtoro Bpemenm (xors coumsenme I[[0Ke OCTaBaioChL B PYKONMCHOM BHAE M»
HO-BUJUMOMY, i€ HOJYYHIO GONBIIOTO DPACHPOCTPAHEUMA) MAesa M30MOpmaMa
MeRay «apudMeruyecxoit mporpeccueily moxasareaed M («reoMeTPMUECKOR IHpo-
rpeccueily crenemeit Goanlne yie He TepseTCs W3 BHAY; PacHpoCTpPaHEHHAH
{lrudenem HA oTpPMUATENBHBIE N Ha APOGHLIe MOKA3aTeaM ***), oHa 3aBepUIAeTCS

*) Cm. M. Cur tze, Zeitschr, f. Math. u. Phys., 1. XIII, Supplem., {868,
cTp. 65.

**) [[lroxe mmmer, manpuumep, 12!, 122, 123 n . . BMecto 12z, 1222, 1223
@ 7. 1., 120 BMecTo wmeya 12 M 1227 Bmecto 12z-2 (Bull. bibl. storia math.,
t. XIII, 1880, crp. 737—738).

**+) M. Stifel, Arithmetica integra, Niiremberg, 1544, fol. 35 u 249—250.
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HAKOLCIL olipeJesiclineM JOrapupMoB 71 COCTABICHMEM IepBHX ralaMm, npen-
NMPHIATHIM HE3aBUCUMO APYT oT apyra woriaspnem k. Hemepom B 1614—
1620 rr. n wseituapnem . Bioprn (couunenme KOTOPOTO IOABWIOCH JUIIB
B 1620 r., xoTs 3aMpicesa BocxopuT K nepsuiM rogaM XVII sexa). ¥ Bropra nempe-
pPHBHOCTE H3oMOpdu3Ma, ycrauosaenuoro Mexagy R uw R¥, nmessuo npennona-
raeTcs MyTCM MCHOIb30BAHUA HHTOPHONAMUA NPH obpameHuu ¢ Taluunamii;
HAmpoTKB, B onpexaciacnund Hemepa ona dopMyrupyercs sBHO (IO KpaifHell Mepe
HACTO;IbKO $IBITO, HACKOXLKO 3TO OLLIO BO3MOKHO IPU CTOIL CMYTIOM IpencTan-
JIEHHH O NCNPCPHBHOCTH, KAKoe NMEJ0Ch B TO BPCMS) *).

Mu ne GyaeM ocraHaBAMBATBLCH BAeCh HA IIOMOMIM, OKA3EIBAEMOU JoTa-
pHpMaMM B YHMCJOBHIX pACIETAX; € TEOPCTHYECKON TOYKM 3peHus UX podb
CTANOBUTCH OCOGCHHO 3HAYMTCIBHOIN IOCTIe BO3HUKHOBEHUS HCUMCICHUS (CCKO-
HeQHO MalkX, ¢ OTKPETHEM pAxoB Jast dyuxumit log (1 + ) u e u nuddepen-
LUJILUBIX CBOMICTB aTHX QyHKuumil (cM. Dyuxn. peitcts. mepem., VcTopuueckue
oyepku k riasam I — [II). Yro xacactcsa ompefielleRusa NoKa3aTelblsiX Qynk-
quit ¥ RorapugmMoB, To g0 cepenuiill XIX BeKa orpagHYHBAIMChL HHTYUTHBHBIM
AONYyUIeHNeM BO3MOKHOCTH HPOAON/KeHUA IO lLieTIpePRIBIIOCTH GYUKLAN g*, ompe-
BeICIHI0N JI4 BCCX PALMOHAABHEIX I, HA MIIOMECTBO BCEX BELIECTBEHHBIX UUCEN;
U TOJILKO 1OCAC TOr0, KAK HOHATHC BEHMICCTBCMIIONO YMCTa OLIIO OKOIYATEIBHO
YTOUIl€Ho M BHIBE[EN0 H3 NMOHATHA PALMOHAJBLOrO yHCIa, HO3a6OTHIHCH RATh
9TOMY 1IPO;I0JFKEHNIO CTporoe ofocHoBaHWe. AHAJOTUYHAEIN IPUHNUI IPOOIAIKE -
HUS, TPUMCHEHHLIH HaJIeHaIHM 00pa3oM, JEHUT TAKIKE B OCHOBE PACCYsK/ICINASA,
TOCPCACTBOM KOTOPOI'O MBI YCTAHOBNAM Npepioskenud 1 m 2 § 2, oTKyma BuTe-
KAeT IC TONbKO OIpefeseHHe CTepeHedl u norapudMon, 10, KAK MEL 3TO YBHIHM
B miape VIII, 1 nmavepenue yrios.

*) Henep paccvarpusaeT gBe Toykn M u N, ABMIKYIMECA ORlIOBPEMELINO
10 ABYM NPSIMBM, IpRYeM jBwykenne M paBHOMEDHO, & jABWKenUe N TAKOBO,
910 cKopocTL /N mpomopmuouansHa ee abcrucce; aGcnuecca Touku M ABAACTCSH
TOTAA N0 oupegescHuio gorapudgmoM abcuucest Tourum N ((II), crp. 20—21).



BUBJINOTPA®U A

(1) Euclidis Elementa, 5 r1., n3g. J. L. Heiberg, Lipsiae (Teubner), 1883—1888.
[Hazana EBkamga, 3 tr., Iocrexmagar, M.— JI., 1948—1950.]
(I1) J. Neper, Mirifici logarithmorum canonis constructio, Lyon, 1620.



TJIABA VI

YHCJIOBBIE I IIPOEKTHUBHBIE NNPOCTPAHCTBA

§ 1. Yncnosoe npocrpamerso R"

1. Tonoaozusn npocmparcemea R*

Onrenparan®e 1. n-mepnwn wucioswm npocmpancmeorm R™ (wuc-
080T, RAOCKOCMBIO, ecau n = 2) Ha3blealom MonoLoZuieckoe npousee-
denue n npocmparcme, cosnadaowux Kaxdoe ¢ Hucao060li npamoli.

3avewaanue. ITpoctpancrso RO cBoguTcA K OAHOK TOUKe.

Kax ussecrno (Teop. mu., ra. I1I, § 6, coegcrsue 1 reopemut 2),
ecaiu E — GeckoHeuHoe MHOectBo, t0 E” um E paBHOMOUmHL TPH
JaiodoM neaoMm n > 0; takuMm olpasoM, mpu n > 0 mpocrpanctso R"
pasmomomuo R, 1. e. uMeeT mowmocmeb Konmmuwnyyma (CM. ynpask-
memgusa 1 n 2).

OnpenenrHuE 2. OmEepumsix  (COOTB. SAMEHYMBM) EuUPRUNOM
npocmpancmea R™ nasweaemes ecaroe muoacecmeo 8 R™, asasoueecs
npouseedernuem n omkpuimblr (COOTB. 3aMKHYymuL) urmepeasos us R,

OTkpoiThie KUpHWYM 06pas3yor Oasuc TOMOJIOTHM mpocTpaHcTBa R™
(r. 1, § 4, n° 1); OTKpPHTHE RUPHHYM, COACPIKAIUE TOUKY & =
= (£;)1<i<n NpocTpanctBa R", 00pasyor @yHgaMeHTAJIBHYI CHCTC-
MYy OKDPecTHOCTEH DTOIl TOUYKM; TO 7K€ BEPHO M AJA 3AMKHYTHIX KMPIU-
gejii B R", coflepamux o B KauecTBe BHYTPEHHEN TOYKH.

Beakuit Henycroii orkpeiThit kmpuue B R™ zomeomopgern R"
(ra. IV, § 4, npegnoskenne 1).

Orcioga caegyer, 9To OPK 7 > 1 BCAKOE HEIYCTOE OTKPHITOR MHOME-
cteo B R" umeer MOIHOCTL KONUTHIYyYMa,
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Omrpoumsim (COOTB. 3umrnymuin) Ky6om B R™ HAZEIBAIOT OTKPHI-
THit (COOTB. BAMKHYTHI) KUPHHWY, ABJAIONIUIACA HOPOU3BEXEHUEM I
02PAHUYCHHBZ UHTEPBAIOB 00uHaKo6oll Oaunbt (IpH n = 2 ero HAa3H-
BalOT omepumuim (COOTB. 3amEHymuM) KéaOpamom); 0oGHIAsA IMHA
ATHX MHTEPBAJOB HA3BIBACTCA cmopoHoli wy6a. OTKpHILIE KYGHI

K, — H ]xi —L, z; —;—'17 (rste m mpoGeraer MHOYKECTBO BCEX
f<i<n
ueinix >0 uiIn HeoTPaHMYEHHO BO3PACTAIINYIO MOCIER0BATCIBHOCTE
QeNHX vucea) o6pasylor cuemuylo PyHIAMEHTANIBHYIO CUCTEMY OKpecT-
gHocTedl TOUKM X = ().
Beaxuit orkpuithiss (uam 3aMruythil) kupnuy B R™ ceasen (ra. I,
§ 11, npemiaosienne 8); B vacTHOCTH, R™ €CTh c8A3H0€ L0KAALHO C8A3ILOE

IpPOCTPAHCTBO.

TaxuM 06pa3oM, CBABHEE KOMIIOHEUTL NEIYCTOTO OTKPHITOIO MILOYKC=
ctBa A < R" aBasiorea omrpwmunu MuoimecrBamu (ra. I, § 11, npen-
noxenue 11); npu 9TOM MHOIKECTBO 9THX KOMIIOHCHT He 6oaee ueM CHEmHo,
u6o R™ comepKUT cueTHOe BCIOAY ILTOTHOS MIOMKeCTBO (llampumep, Q).

ITaiigem ycaosume pus rtoro, vro6n muosxectBo 4 < R™ Gwuio
omiocumeavio Komnaxmuuia; mo reopeme Tuxonosa (ta. I, § 9, Teope-
Ma 3) AJ8 9TOTO HEOGX0ZUMO M JOCTATOUHO,YToOk Npoeknuu A Ha mpo-
CTPAHCTBA-COMHOKNUTEIH Mpousne/leHua R™ OpliiM 0THOCHTCIIBHO KOM-
maxtuel; mo rteopeme Dopeuns — JleGera (ra. IV, § 2, reopema 2)
BTO PABHOCUJIBHO oepanudeniiocmu B R yKaBaHHEIX 1LIPOGKITMIL; €CiIH
DTO UMEET MECTO, TO TOBOPAT, uT0 A ozpanutenro B R™; Takum oGpasom:

IMeegnomemur 1. Jlua mozo umobu mmomcecmeo A < R™ 6Ouio
OMHOCUMEAbHO KoMnakmitblm, neobrodumo u docmamonno, ¥mobul 0ito
6810 02DAHULCHHBLM.

Caxpcreue. IIpocmpancmeos R™ aokaavmo komnasmwo u npu
n > 1 ne Komnarmuo.

2. A00umuenan 2pynna R*

Muoxxecrso R", Hapmedensoe npousgedenuer CTPYKTYDP TpyRn
€ro n COMHOMMTENEH, ecrb KOMMYTATMBHAA TPymHa; TCPYyLIOBas
onepanusa B Hell BAMCHBAETCA B afATUBHLIX 0603HAUCHUAX, TAK 9TO,
ecnu o = (z;) @ y=(y;), ux cymma & -+ ¥ =(z; -+ y;). Tonomorua
YHCJIOBOTO IPOCTPAHCTBA COTVIACYETCA € HTOH CTPYKTYPOH TPYHHE;
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HAJEJEeHHOE OTUMHM ABYMA crpyKrypamu, R” ecrb romosoruieckas
rpynna, HasbBaeMad adoumueroll 2pynnoil n-mepHo20 HUCL068020
apocmparemsa. Ilpu n = 0 ycnosuMes cumrars, yro R ects rpynma,
CBOIAILAACA K HEHTPAIBHOMY DIEMEHTY.

PaBHoMepuasa crpykrypa rpyuns R™, masnBaeMas ce addumuenoii
DASHOMEPHOT cmpYykmypoti, ABIAETCA IPONU3BEJEHUECM DPABHOMEDHHIX
cTpyxryp ee comuomurexeii (ra. 111, § 3, n° 2). Iycers V, naa rak-
jgoro meaoro p > 0 — MmHoecrBo Bcex map (a, 9) touek mz R7
TAKUX, UTO 1m'ax lz; —y: | < —;—; MHOkectBa V, oGpasylor dyn-

sign
damenmaabrylo cucmemy OKpYuceHUl DTOH DPABHOMEDHOU CTDPYKTYPH.
Paccmarpusas R™ kaxk paBHOMEpHOEe MPOCTPAHCTBO, MK (y;ieM Bcer/a,
€CJIM He OTOBOPEHO IPOTUBHOE, UMETHh B BUAY DTY aJIMTUBHYIO PABHO-
MepHYI cTPYKTypy. R™, HajeleHHOe 3TOHl CTPYKTYPOil, €cTh nosHoe
pasHoMepHoe lipocrpauctso (ra. 1I, § 3, mupennoxkenue 10).

3. Bexmopioe npocmpancmeo R*

IMockoabky R — noze, B R™ MOMHO BBECTHM CTPYKTYpPY 6eKmop-
tozo npocmpancmea orHocureabno moag R (Aaxr., ra. II, § 1), ompe-
1CAA HpousBeenHue ta ToYKN (Min sBexTopa) o = (x;) € R™ Ha craasap
t € R kak roury (fz;); oTMeTuM, 4ro ToMorerusa (t, ¥) — ti Henpe-
pusra ua R X R™ Ilyers e; — Bexrop us R", Bce KoopjuHars KoTO~
POTO paBHBI HY.0, 32 MCK.JIIOUEHUEM KOOP/UHATHI C HOMEPOM i, paB-
Hoit 1; BeKTopm ¢; 0GpasdyioT 6asuc BeKTOPHOTO IpocrpaHcrBa R™,
HA3KIBaeMBil Kawonuueckum 6asucom 3TOTO upocrpamcrBa (Adr.,
ra. 11, § 1; 3-¢ m3n., § 1, n° 11); Beakmii Bekrop x = (z;) € R" 3anu-

n n
& 8
ChIBAETCA B BuUAEe X — Z Zxi€;, M OTHOIICHUE Z te; = 0 Biaeuer
i i=1

i=

¢ =0 ;ma seex § (1 Lign).

TaxuM oGpasoM, BCKTOPHOC mpocTpaHcTBO R™ mMeer pasmeprocmb
n oTHOCHTeJbHO Hoas R B cMuicte, onpefeneHHOM B AurcGpe (Aur.,
ra. II, § 3; 3-e mag., § 7, n® 2); orciona M 6r0 HAEMEHOBAHHC n-MCPIIOTO
YIICAOBOT'O0 IPOCTPAHCTBA. :

Ilycres f — aggunnoe oroGpamenue (Aar., ra. II, 2-e wuap.,
Ilpunomenue 11; 3-e uan., § 9, n° 4) Bekropnoro mpocrpancrsa R"
B BexkTopHOe Ipocrpancreo R™ (rpe m m n — neanie >0) u g (x) =
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= f(x) — f(0); g — .auneiinoe oroGpamenue R™ B R™, Ilycrn ay;
n b; (1 <j< m)— roopumuarei Bekropos g(e;) u f(0) B R™;
ecin z; (1 < i< n) — woopnuHatel Bektopa £ € R", a y; (1 <
L j < m) — roopanmHatk Bektopa ¥ = f(x), 10 uMeeM

m
¥, = D ayxz by (1<j<m).
i=0

Tax Kak BCAKWIA MDOJMHOM IepBOIii CrelleHH OTHOCHUTEJILHO
Zi, . .., T, paBHOMepHo HempephBeH Ha R", 1o BCcakoe adduHHOC
auneitnoe orob6paxenme R™ B R™ pasnomepno nenpepwsno ma R™
(rx. 11, § 2, mpennoxenue 7).

B wacTHOCTH, KAK M3BecTHO, BeAkoe adgdunHOoe orobpamenue R™
na cebsa 6uekmuero, a obpaTHoe orobpaskenue cHoBa ABnaAercd appun-
guiM oroGpaskenmeM (Aar., ra. II, 3-e uan., § 7, cuaepcrBue mpenmo-
swenna 9); tem caMbmiM Beaxoe addunnoe oroGpaskenme R™ mHa cebs
ecTh 2omeomopdusm (u asroMopdusM pasHOMepHOH crpykrype B R™).

Nycrb (@4;)1<i<n — c60600nas cucmema n Bexropos B R™ (mim,
yro to e (Axar., va. 11, 3-e uag., § 7, npennosxenue 1), 6asuc Ber-
ropHoro npocrpancrea R") m b — mpomssonbHag Touka m3 R";

n
", .
MHO;ecTBO P Touer o = b + Z w;a; raknx, uro —1 <u; 1

i—1
(1 L it K n), ectb Koxnakmuas oKpecmiocmd TOUKU b; B camoM pede,
cymecrByer GuekTuBHOe adduHHOe orobpaskenme f mpocrpancrsa R™
Ha ceba rakoe, uro f(D)=0u f (b + a;) =e; (1 L i L n), rax uro
f(P) ecrs ky6 B R", apmaiomuiicA npoussejenMeM n MHTEPBaIOB:
[—1, --1] 3 mpocTpaHCTB-COMHOKUTENCH. P HA3HIBACTCA 3AMERYMbLM
napasseaenunedon ¢ NEeHTPoM b, IOCTPOPHHHM Ha Ga3sMCHEIX BEKTO-

n

L
pax a;. Ero BHyrpemnocTh cocTOUT u3 TOYeK b + 3 ua; Takux,

i==1
o —1 <u; <1 (1 i n); ee HABHBAKT OMEPLIMBLM NAPALILE-
aenunedom ¢ MEHTPOM b, ICCTPOCHHKM HA BEKTOpax ;.

4. APPunnsvie aunetinosie wnoz2oo6pazusn ¢ R"

Ilycrs V — afpunnoe .aumetinoe mHoz000pasue pPasMECPHOCTE P
B R"; xax masectuo (Auxr., ra. I, 2-e usn., Illpunoxenne I1; 3-e uaz.,
§ 9, n° 3), cymecrsyer addunnoe orobpamenue f npocrpancrsa R
Ha cebs, mpeoGpasywmee V B koopduramioe MHOT00OGpasue pasMmep-
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HOCTH p, T. €. B BEKTOPHOE NOFNpocTpaHcrso V', mopoxagaemoe p
BOKTOpPAMM KaHOHM4YECKoTo Gasmca (e;) mpocrpancrBa R™. Cyme-
cryer orobpaskenme V' ma RP, aBagwlneecs maoMopdusMoM CTPYK-
TYp BEKTODHOTO HPOCTPAHCTBA M TONOJOTMM B V' Ha COOTBETCTBYIO-
uue crpykryph B R? (mpmuem uacro GeBaer ygoOHO omojcdecmesnmd
R” ¢ raKkmM KoOpAMHATHHIM MHOTooOpasmem V', Hampumep C BeK-
TOPHBIM IONIPOCTPAHCTBOM, LOPOKTAEMBIM BEKTODAMHU €1, €2, . . .
..., ep). Ilpu arom V' ecrdb samrnymoe Muomxecrso B R™ (v I, § 4,
ciaejicrsue upegaoxenus 7). TaxuMm obpasom:

NrEnnoKEENE 2. Bcakoe p-meproe agunnoe aunelinoe muozo-
obpasue 8 R™ ecmv 3amrnymoe muoxcecmeo ¢ R™, zomeomopgroe RP.

Umenno mcxond W3 3TOTO pe3ylbrara, odwoMepHoe (CO0TB. dey-
Mepoe) apPurHOEe NHEEIHOE MHOTOOOpa3Me B BEKTODPHOM IPOCTPaH-
«CTBC HAj TPOM3BOJILHEIM TEIOM MMEHYIOT npamoti (COOTB. naockocmbio)
(Aar., ta, I1; 3-e uan., § 7, n° 3). HanoMumm raxxe, aro npu n > 1
(n — 1)-mepuue adpduHHbIe AUHELHLIe MHOToOGpa3ua B R"™ HasuBaroT
2unepnaockocmany (TaM Ke).

n OMHOMEPHHIX KOODAMHATIIEIX MHOY000pasuit, T. ¢, n YIPAMEIX, IPO-
xogamux yepes O ¥ COOTBETCTBCHIIO YCPE3 n TOYCK ¢;, HA3WBAKIT K0Op-
dunamuumu ocamu. 1Ipu n = 2 ocn, IPOXOTAIYI0 4CpPC3 ¢4, HABHBAKT
ocul0 abryuce, a OCh, HPOXONALIYIO uCPe3 ¢,,— 0cbio opdunam; UEPBYIO
.KoopaMuATy TOYKH z € R? Ha3LIBalOT ¢6cyuccoli ATOH TOUKM, BTODYIO —
opdunamoii.

Beakan unpavas D, npoxogamasa wepes TOYKY @, HOMYCKAaeT
1apaMerpuiecKoe mpejacrasaenue t = ¢ - th, rne t upoberaer R,
a b 5 0; aro orobpaskenme ecth romMeoMopdmam R ma D; Bextop b
Ha3BIBAIOT HANDAGAAOWUM Gekmopom npaMoun [, a ero KOOPAWHATH
b; (1 i < n) — nanpagasiowumu napamempanu (UIN HPOCTO naAPa-
Mempanmu) ¥T0it NpAMOI; ecam D' — APYroil HANPABIAONME BEKTOD
TOil ke mpaMoil, To cymecrByer h %= 0 rakoe, uro b’ = hb.

MHoskecTBo Touek @ - th, rie t mpo(eracr BCe BeIeCTBEHHBIC
yucaa >0, HasLBAOT 3aMEHYMoU noaynpamoli (MiAM LUPOCTO NOAY-
npamol) ¢ Havaslom @ U Hanpasisioujum éekmopom b (UIU HARPAGASIO-
wyumu napamempanu b). Iro — samrnymoe muoxmectso B R™, romeo-
mopdHoe unrepsany [0, +oo] uncaosoit mpamoit R u moromy cesns-
ioe. Ilpamaa D ecrb o(beguHeHUE ABYX NOJIYIPAMHX C HAYAJIOM @
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M HANPABIANIMMA BeKTOopaMu & M —b, HA3BIBAEMBIX RDOMUGORO-
LONCHBLMU .

Jlonycrasi BONBHOCTH peuH, MHOMKECTBO TOUek @ + tb, rae ¢t mpobe-
ract BCC BeICCTBCHHBIC gucaa > 0, Ha3BIBAIOT OMEpHMOlL nolynpamoil
C HAYAJOM @ W HAYPABJHIOIINM BCKTOPOM h; 3TO MHOIKECTBO, roMcoMopd-
noe uuTepBany JO, ~+oo| (a Tem caMeim 11t meemy R), He gBaAeTcH OTKpPHI-
TeIM B R" opu n > 1, HO 0110 OTKPHTO OTHOCHTEIBHO cOfepsKalieii ero
TIIPAMOH,

IMpavas, npoxojpauias uepes jiBe PasiIvUHble TOUKM X U 3, HONUY-
CKACeT TaKMe IapaMCrpwuecKoe mpexcramieHue (u, v) == ux -+ vy,
rae (u, v) mpoleraer MHOKECTBO BCEX ITaD BGMIECTBEHHHIX dHCE
TARNX, 4T0 U + U = 1. Samknymum ompesxom (MU HPOCTO 0MPe3KoM)
¢ KOHIaMH & U 3, e & u Y — xwolnie /(Be TOYKM (pasiinvHble WIK
HeT), HA3BIBAIOT MHOM{CCTBO TOYex ux - vy, rme (u, v) mpoleraer
MHOMECTBO BCeX Immap BeICCTBCHHLIX UYWCCT, YAOBJIETBODAIOMKX
yenoBuaM u >0, v >0 u u -~ v = 1, 3aMKHYTHIl OTPE3OK KoM~
nakmer W cesser, nfo, ecam €ro KOHIb OTJIIHBL XPYT OT Apyra, OH
romeomopden mnurepsany [0, 1] < R.

To4HO TAK KC omEpumuM ompesakor C KOHLAMMH X, ¥, [AC & F* ¥,
11a3LBAI0T (JOMYCKAA BOALHOCTH PEYM) MIOKECTBO BCeX TOYCK ux - vy
TAKHX, 4To u > 0, v > 0, u + v == 1; 970 — MuoKecTBO, ToMcoMopdiioe
orkpuiToMy nurepBany J0, 1] (a Tem cambin u Bcemy R). Haxowen, ompes-
KOM, OMEpUMbLM 6 I U saMKHYyMuM ¢ I, HA3bIBAIOT WHOLOA 06'1-0;{“11(‘11119
% C OTKPLITLIM OTPC3KOM € KOHLAMIL & I §f; 3TO — MHIWKECTBO, ruMeo-
mMopdnoe untepsauy [0, 1[. Bee orpeakil ¢ Konuami o, §f CBABILI L UMCIOT
CBOIM 3aMBIKANHCM 3aMKILYTHI OTPCROK € TCMH JKC KOMI[AMH.

Mregnoxenwe 3. Hyems f(x) = f(z, z2, . . ., &,) — NOZUHOM

¢ eewyecmeenubimu KorPPuyuenmanu, onpedeaennunti na R™ u ne pas-
-1
il moscdecmeenno wnyar. Jlonoanenue muoxcecmeéa f (0) acrody

nazomuo ¢ R",

B camom jpieme, uycTs & — TpousBosibHas Touka u3 R™ u ¢y —
rouka us R™ rawas, uro f(y) = 0; rorma ¢ (&)= /f(x + ¢t(y — @)
€CTh HOJUHOM OTHOCUTEIbHO BELIECTBEHHOIT MepeMeHHON £, He PaBHBIi
TORAECTBEHHO HYJIW; CJAEIOBATEIBHO, CYINECTBYIOT CKOJb YTOMHO
Ma;Tble sHavenus I, AAA Korophix ¢ () 5= 0, a 310 mokasmBaer, UTO

-1
a ecTh TOYKA HPUKOCHOBeHuA maA jouonuenus K f(0).
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CaencrBur. Jlonoanenue afunnozo aunelinozo MmHo2000pasus
paamepnocmu p << n ecody naomuo 6 R".

Tax kak Bcaroe addwHHOE NMMHEiiHOE MHOTo0Gpasue paaMepHOCTR
p < B CONEPRATCA B HEKOTOPOH THMIEPIUIOCKOCTH, TO JOCTATOYHO
[I0OKA3aTh CHPABEUIVBOCTD YTBEDHJEHUA CJEJCTBUA JJIA THIEPILIO-
CKOCTH; HO THIEPILIOCKOCTH ompejeneHa ypasrenwmeM g (x) = 0, rae
g — TOJIMHOM IIePBOM CTCIEHH, HE PABHLIH TOMIECTBCHHO HYJIO.

Negpromernt 4. Jonoanenue écakoii eunepnaockocmu ¢ R™ (n > 1)
umeem 0ge cea3nble KOMIOHEHNbL.

B camom nexe, nycts g (%) = 0 — ypaBHeHue rumepriaockoctu H
B R", rae g — moammom mnepsoit crememu. MuoskectBo CH ecth
o0beuHeHNe MHOMeCTBa Ky Touer o, Iiad KotopuXx g () > 0, u MHO-
aecrsa Eo touexr a, pua woroprix g (x) << 0. E; n E, cBasuil, ubo
ecnt g(x) >0 m g(y) >0, To g (ux--vy)=ug(x) + vg(y) >0,
korga u + v = 1, u > 0, v > 0, unave roBopdA, Bech OTPE3OK ¢ KOH-
naMu & u ¥y cofeprurea B Ey; maa E, foka3aredanbcTBO AHATOTHUHO.
C npyroit croponu, CH He cBsidHO, M60 ero o6pas B R mpu oroGpa-
yewnu g ectb ofbennHeHme mETepBasnoB J0, +oof m ]—oo, Of.

Cpasnabie KoMunoHeH™H E( u E, ponoanenug CH runepmiockoctn
H Ha3niBAT OMEPLMBMU ROAYNRPOCIAPAHCMEAMU, OTIPEeTIAEMLIMA
9101l TUTEPIIOCKOCTRIO.

3aMmpikanudg MuokeeTB E; n E,, coBmajamoliye COOTBETCTBEIIL
¢ Ey UH wn Ey, U H, HasuBaIOT 32aMKHYMBMU NOAYNDOCMPANCMEAM U,
OIIPCAEIISIeMLIME THIICpIVIOCKOCTRIO H.,

OrmeruMm, 9to adduunoe JmMHEiHOoe oToGparkenne NTPOCTPANCTBE
R ua ccGs, mpeobpasyomee Il B Kakylo-nn6o KOODAMHATHYIO THOCp-
INIOCKOCTD, HaupuMep B THICPIUIOCKOCTH, BAMHCEIBACMYIO YypaBleineM
z, = 0, mupcofpasyer OTKPHTHC IOJYIPOCTPALCTBA, OLPECIALMLLC
I'MIIePIIOCKOCTHI0 H, B OTKPHTHE IOJYOPOCTPAHCTBA, OIPENeJACMEI0
COOTBETCTBCHHO HOPABEHCTBAMH 2, >0 ® z,<C0; 3TH moCIeXHUE
AIBISIIOTCH OTKPHITHIMM KHPUMYaMM M, CAEXOBATENABHO, zomeomopprs R'.

3. Tononozust GeriNOPNLLE NPOCHPANCING
u aazebp 1uad noaex R

Ilycts E—n-MepHOE BEKTOPHOC MPOCTPAHCTRO HAX IOJEM
R u (a))1<icn—06asuc B E; Bcsaxag toura x € FE mpeacraBuma,

n
q
H HPUTOM E€JUHCTBCHHLIM O6pﬂ30M, B BHUIAe X = Z Zi;, THC

1=
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n
3

Z;— BEIECTBEHABE UHCJA; oTobparcenne (I;)e—> D) Z;@; CCTH TEM Ca-
i=1

MHM B3auMHO OZHO3Ha4YHOE JuHeiHOe oToGpaxkeHme R™ mHa E. Ecan
HOCPEeRCTBOM 3Toro otolGpaskenus nepenwecmu 8 E tomoaormio ms RT,
to E OygeT HajeJeHO TOIOJOTHMEi, COrJIacyIomeica ¢ ero CTpyKTY-
poii agmUTHBHOM TPYNIK, ¥ B JTO Tomosoruum orobpameHnme
(t, x) > txx npoumssenenus R X E B E 6ypner Henpepusro. Iloxy-
sepgana B E Tomosormsa Heszasucuma oT BuOopa Gasuca B E; B

caMoM fiene, mycts (ai)—apyroi 6asuc 8 Eu x = }_ ria; = Z 0Ly

‘L_
Tora oTobpaskcHue (z;) = (x;) mpoctpaHcTsa R™ Ha ceba nmmeitno
U, CIEJOBATEIHHO, ABIAETCA roMeoMopdmamMoM.

39ro 0ofcTOATENIBCTBO HABOXUT HA MHEICIL, YTO OIpPeMleJIeHHAA yKasali-
HuM o0pasoM TomoJorus Momer OHThL oXapakrepuaoBana 6€3 IOMOMM
fasuca npocrpaucrsa E. U peiicTBUTeSIBHO, MEL YBHIUM IO3Me, 4TO 3TO —
eduncmeennas OTACAUMAA TOMONOrNA B E, nna xoTopoll QyHKIuM x — ¥
U tr wempepuBHH (cooTB. Ha £ X E n na R X E) (Tom. Bekr. mpocTp.,
ria. I, § 2, Toopema 2).

[lycts Temepp A — ascebpa KoHewHOTO paHra r Hax moaeM R;
omucalHasg BHLIe Tomosorus B A (paccMaTpuMBaEeMoM KaK n-MepHoe
BEKTOPHOE IpocTPaHcTBO HAJ R) coruacyercd HE TOJBKO CO CTPYK-
TYpoOil AJAMTUBHOU TPYyInmel B A, HO TAKXKE CO CTPYKTYPOil Koavya
B A. I9to BHTeKaer M3 ciaejywiero Gojsee o0mero mpenIoKeHNA:
Neepaomeane 5. Iyecmov E, F, G — Koneunomephvie éeKkmopHbie
npocmpancmea Had noaem R; ecaroe Guauneiinoe *) omobpasxcenue f
npousgedenus E X F ¢ G nenpepuisho.

B caMom pene, MosHO mpegmoiarate, uto E = R™, F = R",
G = R”, 1 Bce cBOmMTCA K JOKABATEJIHCTBY TOrO, 4TO KOOPIMHATH
f(xe, ) B R” apagiorca nenpepuBHEMM QyHKuuaMH ot (x, 9) €
€E X F (ra. I, § 4, npexnoxenne 1); uHA4Ye® roBOPH, HOCTATOYHO
II0Ka3aTh, YTO BCAKAA OuakHelnas (fopma g HempepnBHA HA E X F,
a JTO HEMOCPeJCTBEHHO fACHO, MO0 g (v, 4) ecTh IOJIMHOM OTHOCH-
TEJIBHO KOODAMHAT BEKTOPOB & W ¥/,

*) Hauomuum (Aur., va. I11; 3-e uax., ra, II, § 3, n°5), aro ecan £, F, G —
BEKTOPTIEE MPOCTPAHCTBA OTHOCUTENLIIO 110JA K, To 0TOGPakeHue f mpouaBefenus
E X F B G nasuBacred Guaunetinum, ¢can f (z + ', y) = f(z,y) + f (&', p),
flz, gy + y) =1z p) = flz, ¥')s [ Az, y)=f (2, Ay)-=M (2, y), KavoBH Ou
nu Ouau vaemeuts z, ' w3 E, y, v’ usa F u A€ K.
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6. Tonoaozus npocmpancms mampuy Had R

B xadectBe BasKHOIO HpHMepa BEKTOPHOTO MpocTpamcTBa HaZ R
paccMorpmM mpoctparcTtso M, , (R) mampuy ua m cmpok u n cmoa6-
Y06, 3NEMEHTH KOTODHX NpHHAAIEkKAT R; 910 — NpocTpaHcTBO pas-
MepHocTH mn Hag R, tem caMeiM romeoMmopdmoe R™™. Ilo mpen-
doenmio 5 npouseedenue XY pgByx wmarpmy X € M, . (R),
Y € M, » (R) ecrp menpepuBrag ¢yrknma or (X, Y). B wacrmocrn,
ronoaorud mpocrpanctsa M, (R) xeadpamrbuiz MaTpui n-ro nmopAgKa
(em. Auxr., ru. 11, § 6, n° 5; 3-e waz., § 10, n° 7) cormacyercs co cTpyx-
rypoit koxsa B M, (R). Hpome Toro, umeer mecro

Hregnoserne 6. I'pynna GL, (R) obpamumeiz mampuy ecmo
sctody naomroe omrpwmoe nodmHoxcecmsgo Koavya M, (R), u undyyu-
DOBAHHARL 6 SMoM NOOMHONCECTEE MONOAOSUR CO2AACYEMCS CO CMPYK-
mypoil epynnbi.

B camom pexe, ectm X — obparmMas KBajparHaA Marpmua, To
9JCMEHTH Martpuusl X~! ABIAIOTCA panvoOHANLHEHME QYHEIAAME
3J1eMEHTOB MaTpunk X; CIeoBATEAbHO, 3TH QYHKIEA OIPefeIeHb
¥ HEeNpepLHBHE B HEKOTOPOH OKpecTHocTH Marpmums X, a 3TO IOKa-
3HIBAET, UTO BCAKAS MATpuma Y, NPHHAIEMKAMAA 3TOA OKPECTHOCTH,
obparmMa u orobpauernne Y s> Y -1 HenmpephBHO B Touke X; ciefo-
sareasno, GL, (R) orkpuro B M, (R) u tomonorus B GL, (R) coriua-
cyercd €O CTPYKTYDPOH TpPyNnsl.

Haxonrern, GL, (R) ecrp momolHeHNe MHOKECTBA TeX KBajapaTHHIX
matpun X, ompefielATeNb KOTOPHX DaBeH HYJXIO; TAK KaK 3TOT ompe-
ACAUTEIb eCTh IOJIMHOM OTHOCHTEIBHO 3jeMEeHToB Matpmmu X, To
npeanokenne 3 moxasmiBaer, 9ro GL, (R) ecrody naomro.

Yupa:xHeHn s
1) Jloxasats, 9To R™ paBHOMOmEo R, mcmoxsays teopemy HamTopa

(ra. 1V, § 8, Teopema 1) m coormomernwe 2°2% = 2%, cmpasexawsoe muIA
nioboro GeCKOHEWHOro0 KapPRAHANBHOTO YHCAA d.

*2) CymecTByeT nenpepueroe oToGpaskenme mutepsaia I = [0, 1] C
—R ma kBagpar I X I «— R? («vpupas IleaHo», cM. yupamHxeuane 8),
[IorasaTh cHauaga ¢ noOMonbio yupasknenna 14 § 8 raasm IV, yro cyme-
CTBYET HempephrsHoe oToGpaskeHwe KaHTopoBa MHodectsa K Ha I X [,
7 3aTeM mpopomkuth f ma I.] '

18 H. Bypbaxu
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*3) Ilycte A u B — cueTHne By mrotnsie Muosectsa B R2. Iloxa-
3aTh, 9To cymecTByeT roMeomopduam R2 ma cebs, orobpamaronmuii 4 Ha B.
[lIokasarh cHawana, 9TO IOCPCACTBOM BPAMIECHHA MOMHO CBECTH HCJO
K cay4ao, Korja TPOCKUHMM Pry W Pre ABIAKTCH UIBCKTUBILIMA oTOGpa-
meHNAME A ¥ B B R; mOCTPONTL 3aTeM NIyTeM HAMJICHKAMEH HHIYKLAA
fuexknuio A Ha B Tak, 4ToGH OHa OIpenesAla MOHOTOHHO® oTobpaske-
Hue pr; A na pr; B, a TakmKe MomoTonHoe oTofpastenue prs A Ha pry B;
HBKOHOIl, NCIIOoNb3yA ynpasucuue 11 § 2 raasu 1V, mokasaTnh, 9T0 3T0 0TO-
Opamenye ccTb TOMEOMOPPN3M, KOTOPHI MOMKIO MPOXOJAHMTE 0 TOMEOMOP-
¢usva R2 na ce6Aa.] BuBectn otcioma, gto Muomecrso C B R2, mmero-
Ilee BCIONY ILIOTIiOE HOMOJIHCIIIC, TOMEOMOpPIOo IEKOTOPOMY HOXMHOMKECT-
By pomnosHenua k Q2 8 R2, O6o0muTs aTh pesyxabratl Ha R™ ¢ n > 2.

4) Bcsakoe cyeTHOC TMOANPOCTPAHCTBO mpocrpalicTBa R, me mMeromee
H30JMPOBANHKYX TO4CK, roMcoMopdio panuonasbioit mpsivmoit Q. [[Mpu-
MernTh yupaykuenue 13 § 8 ruaser IV.]

5) Besakoe BmodHC HECBA3HOC KOMIAKTHOC IOANPOCTPANICTBO MpO-
crpaiictBa R™, He WMcIOmee W30JHPOBAINIHX TOYOK, rOMeOMOpIO KaH-
topoBy MHOmecTBY K. [Wcmoxansosats ympaskuennma 11 w 12 § 8 raa-
BH IV wn mpepstomenne 6 § 4 raasm II.]

6) Muomecrso L — R™ nasuiBaoT somanoil aunuet, ccan 8 R™ cyme-
CTBYOT TaKad KOHEWHAA MOCTEJOBATCABHOCT TOUOK (&i)ycjccy,y UTO
L ectp ofpeguHenne 3aMKHYTHX OTPE3KOB §; ¢ KOHOAMHM x;_y 1 x; (1 <
L i< p); §; HAsHBAOTCA TOTA CMOPOHAMU JIOMAHOH L OTHOCHTEIbLHO
mocsefosaTeJbHOCTH (i0;) (B R’ cymiccTByer BooGme GCCKOHEUHOE MHO3KE-
CTBO KOHEYHHIX IIOCJHeNOBATEJBHOCTEH TOYCK, OUPCHEJHIOMUX OXHY
I Ty e JoMmauyw aueuio L), Jlomanas aIuHHA ecTh Taxke o6pa3 oTpes-
ka [0, 1] mpu TaxoM ero orobpamennu u B R™, Koropoe [;is HeKoTODOI
CTPOr0 BO3pACTAlOMIe# MOCIEKOBATEILIOCTH (tj)Ostq B [0, 1] ¢ £, =<0
u t, = 1 AaBageTca adGUHLHM JINHEHHHM 0TOCpAKERNeM & pm @; - thy,
rorma t;, <t < 07 <9 (rakoe orofpamenue u HA3HBAWT
«kycouro auneitnun»). Ilyers pano memycroe MuomectBo A — R™; romo-
PAT, UTO ABE €r0 TOUKHA @ ¥ D coedunumv. soMmanoli sunueii 6 A, eciu cyme-
cTByer JnoMamas Jauuua L < A, oupegeasieMas TOCICZOBATENBIIOCTHIO
(®1)ggijgpr B KOTOPOIE Xo=@a 1 Xg-=b. Ecim mobrie xBe Toykn u3 A co-
enuHUMEl JgoMamnoif auuameit B A, 10 A cBasmo. Ilorasars, wro, oGpatio,
eciu A — ceaznoe omrpumoe MHOMmecTBO B R, to Ji006ne xBe Tow-
KU U3 A COGTMHMMEL jJoMauoif juinueir B A. [PaccMorpers oTHomeime
«C M Y COCNMHUME JIOMAHOH JIMHUCH B A» MeAlly TOURKaMII &, i U3 A;
MOKa3aTH, YTO BTO — OTHOLICHHMEe dKBMBAJEHTHOCTH M KJIACCH IO HEMYy —
OTKPHTHE MHOMecTBa.] MoMHO xame Bcerga mopepmosaraTh, 4To 9Ta
JMHUA ©CTh OGBbemHEelHe OTPe3KOB, KAMIHI W3 KOTOPHIX IapajieieH
omuolt M3 KoopauHarHmX oceif. [Tor jxe merox.] Bmpecrm oTcroma, uTo
B HENYCTOM OTKPHITOM MioecTBe A — R™ ¢BAsHas KOMIOHEHTA BCAKOI
TOYKU @ € A ecTh MIIOMECTBO BCCX TOYCK M3 A, COCHMHUMEX € @ JIOMAloi
auuueil B 4.
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7) Mycts A — HemycToe CBA31I0¢ OTKPEITOE MHOMECTBO B R™ (n > 1),
(V,,)pEN — cyeTiioe¢ cemeiictBo JmnCiiHEx MiorooGpasmit B R™, pas-

MEPIlOCTh KajKEOTO M3 KOTOPHX n — 2, W B — ofbegumrenne BcexX
Vp. loxaaars, atro A (| CB Bclogy WIOTHO B A W CBABHO. [doxasaren-
c¢tBO TOro, wto A () CB Bclopy miotao B A, mposecTH HHmyKuueli
10 n. IlokasaTs 3aTeM, 9T0 €CJIH o, I — [BC PA3IAYULIC TOYKH U3 A, TO LA
Kamgoro & > 0 cymecrsyer Takas Touka ' €A, uro gy —yl<Le
M 3aMKHYTH OTPE3OK ¢ KOHUAME & ¥ ' HC WMeeT HM ofHoil o6meir Tou-
Kd ¢ B, kpome . B saxnloucune MCIOJL3OBATH yIpaskHenne 6 nisa goxa-
sateascTBa cBusHocTH A (| CB.}

8) BmiBecTM M3 ynpaskuenus 7, 9T0 XAA n > 1 HeI'ycToe OTKPHTCE
MuokecTBo B R™ mo romeoMopduo HHKaKOMY MHOMecTBy ma R *),

9) Jdomanyw gwamio L B R"™ (n> 1) (ynpamuenne 6) mHasmBaioT
npocmoli, eciy oma romeoMopdua wurepsaxy I = |0, 1] < R nam, uro
PaBHOCHJILHO ATOMY, CCHM CYMECTBYCT KYCOUNO IMHCHHEEA (ympasHe-
nne 6) romeomopduaM u unrepsana / ua /.. Tloxasarn, wro ecam A —
CBA310C OTKPHTOE MHMKCeTBO B R2 1 [, (C A — mpoctas joManas Junug,
T0 A — L cBasuo. [IlppMenuTh WBIYKUHI0 [0 YUCIHY OTPC3KOB, 0GBEIH-
HEINCM KOTOPHX caysuT [, U HCIOJL30BATL ynpaskeeuuwe 6 § 11 raa-
Bu I.]

*10) a) IIycte M — womcwnoe MmnoxectBo u Rz, y| — cuMmme-
TPUYIOe OTHOLIGHNE Merpyy ero smemenramu. Ilpepmomommum, uaro cyme-
CTBYIOT {BA PA3JINYIHX 37I€MEHTA a, b U3 IN CO CICAYIOMIAMM CBOMCTBAMM:
CYMECTBYIOT & %= a U y 5= b TaKkue, 4To x (COOTB. y) €CThL eIWHCTBCHNL
omement z € M, maa Koroporo It a, z, (coorB. R (b, z}) ucrumuo,
u, KpoMeé TOro, AaA BcAKOTO ¢ € 9, OTIMYIOrO OT a ¥ b, MHIOMKECTBO
Tex z € MM, aaA worTopmXx R | t, z| UCTUHHO, CCTH MHOMECTBO 3 JBYX
DACMEHTOB, OTJMYHHX OT t. IlokasaTh, 4TO IPH ATHX YCJIOBUAX cyme-
cTByeT TaKas Omexums ( > x; unTepnana |0, n] < N na 9, yt0 2y = a,
xn = b m giaa Beex ( rakux, 910 1 < { < n, CUPABCHAMBO OTHOMIEHUE
R i z;_y, z;l. [Onpegenntsh z; mHIyKnueil mo i.]

6) Mycrs L u L’ — nomansie quaue B R™ (tge n > 2), oTosumecraen-
nom ¢ R X ’R, OIIpeneIAeMLIe COOTBETCTBOHIIO ITOCIEL0BATEIBHOCTAMI
(@) ggicp ¥ @iogjcqr THE ® = Wi, 2), ®j = (¥, 2j), 1 obnagatomue
CHeAYIOMUMY cBoficTBaMu: 1° zg = 2 =0, zp = z(} =1, 0<z531<1 1K
LiKp—1) w 0<zi<1 1<<7<qg—1); 2° Bee p+ ¢ — 2
ameen z;, 2; 1 <i<p—1, 1<j<q—1) momapro passmans;
3° gse pasawunnie cropoHu B L (coorB. L’) umeror ue Gosiee ommoil oOmieit
ToukH (18 06A3ATCILII0 COBUANAIOMEH ¢ ONHOI M3 TOweK @; (COOTB. ;).
1lokasaThb, 970 CYmECTBYIOT CIOPLCKTHBIIHC KYCOYNO JHMHCHMBIO (yImpas-
neuwe  6) orobpamemus  wu:l > L, w':J — L', rpe I — nurepsan
[0, ] R, a w ()= (¢ (1), L (1), o' ()= (' (), ' (t) maax tel,

*) Moo IIOKa3aThk, 9TO OTKPEITOE MHOMECTBO B R™ He romeoMopdno HuKa-
KoMy Muokectsy na R™ ¢ n<C m.

18*
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rarne, gyto { () = (¢) paa gcez t €I, E(0)=¢ (0)=0m (1) =
= (1) = 1. [[ycrs (“h)lshsp—l—q—z — CTPOro BO3PACTAOMEANA IOCIHE-

MOBATCIBHOCTL TeX z; M Zj, KOTOPHE OTMHMYHKE OT 0 W 1 MOJMKAM, KpoMe
Toro, ag = 0, apyq_t =1 u obosraumm wepes B; (1 i Lp+ ¢g—1)
MHOKecTBO Tex « = (¥, z) € R™, paa Kotopuix gy < z < a;. Hyers
M — muomecrso Bcex map y = (C, C’), rge C (coorB, C’) — mepe-
CeueHMe 0dn020 u mozo e B; ¢ Takoil cropoHoit m3 L (coorm., L’), uto
aa C, uu ' He CBOEUTCA K ofHOHl Touke. OGo3HaumMm wepes R |a, P |
cleyonee oTHoNIeHNEe MeKny saemenTamMu us IM: «o == P; ecanm a =
= (Cy, C;), B=(Cy, C3), Cy N Ca m C; | C; HO WYCTH H OfHO M3 HHX
CBOAMTCA K TOYKE, He COBNANAIOmEN HY ¢ of{HUM &; (COOTB. &;), T0 Cy ¥ Cp
(coorB. C1 m C;) comepsxaTtcsa o6a B OXHOM ¥ Toil 3xe cTopome goMaHoil L
(cooTB. L’)». TlokasaTh, WT0 K OTHOIEHMIO [i MOMHO IPHMEHHTH a).]

B) Mycrs K — cBA3HOE KOMIAKTIIO® MHOKecTBO B R™, oToxpmecTBIeH-
moM ¢ R™! X R, takoe, aro K [} (R™! X {0}) me mycro u He cBoguTCH
k Toure. ITokasarb, uto ecim K’ = K — K (MHOMOCTBO Ecex & — ¥/,
rme @, y upoberawt K), To K’ (| (R™1! X {0}) comepuar cBA3HO® MHO-
JKECTBO, He cpofAmeecst K Toyke. [Mcmoan3oBars 6), OpMMeHAsa Mpemyo-
menue 6 u ynpamuenue 15 § 4 rxasm I11.]

11) PacnpocrpannTit Ha mpocrtpancrBa R"™ (n 2> 2) ympamuenus 14
n 15 § 8 raasm IV.

*12) a) Mycre | — orobpaskerme R B R u G — R? — ero rpadux.
Tipexmostoskum, uro G maorHo B R? M mepecexaeT BCAKOC COBEpPIIEHHO
MHOMECTBO, coftepykameecs B R2 1 He cofjeprameecs HU B KAKOM CUETHOM
ob6nexunenun upamMux {r,} X R. Iokasars, gTo G cBasHo. [Vcmonbaya
cBAsHOCTL R, 3aMeTuTh, 9TO B IPOTHBHOM cjxydae B R2 cymecTBoBadn
6Bl TaKWe HCIYCTHe OTKPHTHC MilokectBa 4, B 6es o0mmEx Towek, uTo
G 6u110 661 o6bepuHenneM G (1 A u G (| B u cymecTBoBaan G 10 Kpaii-
Hell MEpe OgHA TOYKA B A M OZHA ToYKa B B, KOTOpHE uMeiu OH OFHY
¥ Ty Ke UCPBYI0 NPOEKUMIO; B 3aKIOWEHNO WCIIOJb30BATL YHParkHe-
ume 11.]

6) BrmiBecTu W3 a) CymecCTBOBAHWE .uwmelinozo orobpaskenmsa [ mpo-
crpanctsa R B cefs, rpagnx xoroporo G naomen B R? u coazen. [Acmons-
3ya a) W yupamuenne 11, ompepesuth TpaHCHENHMTHOH WHAYKuHeil sHa-
geHuA f B TOYKAX Karkoro-iu6o 6asuca Xamens B R, IpUMeHAA TOT 3Ke METOJ,
yro u B Teop. M., ra. III, § 6, ympamuenne 24.] BmBectn oTcioxa,
wT0 moxarpynma G rpymnm R2? ymomiersopser yexosuaM (Ry) m (Ryp)
ynpaskHeHMA 4 § 3 rIaBH V, HO He JOKANbHO KOMIAKTHA, 001aKaA, TAKIM
o6pasoM, TomoJIorneil 6ojee cuIbHON, YeM ofuuyHas Tomoaorud B R; xpo-
Me TOoro, G He JORAJLHO CBA3MA.

13) Tlyers f — HempepwiBnO¢ 0TOGpaskeHHe OTKPHITONO MHO)KECTBA

‘A < R*" 13 RuS — erorpadiuk; MIoKasarb, 4T0 TOXIPOCTPAHCTBO § IIPO-

.cTpancTea R™, orommecrsaennoro ¢ R~ X R, romeomopduo 4, a gomoa-
HeHwe K S B «umaungaper A X R ecTh BCIOZY mI0THOE OTKPHTOE MHOMECTBO
B A X R, nMeroniee pOBHO JIB¢ CBABHEE KOMIOHHTH, KOrAa A 'CBA3HO.
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§ 2. EpkampoBo paccrosnne; mapbt 1 cdepb
1. Eexaudoso paccmosarnue ¢ R*

B coorBetcTBEM ¢ 0OmuME ONIpeReICHMAMYU, JaHHRME B AnreGpe
(Anr., ra. IX, § 7, n°1) esxaudgeum paccmosnuem MewRmy ABYyMA
TogKaMu X = (r;) M 9 = (y;) npocTpaHcrsa R" HasmBaloT d9mcio

n
d(x, y)= ]/izl (:—y:)?>0; HamoMHUM er0 OCHOBHEIE CBOMCTBA:

d(aw, y)=0 paBrocmipHO X=1Y; d(y, x)=d(x, ¥); d(tx, ty)=
=|t|d(x, y) paa moboro ckaaapa tER; d(x+2, y+2)=d(x, ¥)
nna nwoboro #€R™, T. e. paccTogHue Mexay ABYMA TOTKAMH UHEA-
puarmuo omruocumeavno neperoca. Paccrosuue d (0, a) or Hagama 0
1o TO4KM X 00603HAYAOT Takike ||| M HAsHIBAKT e8K4ud080L HOP-
MOTi BEKTOpA ¢ (WJIM IIPOCTO HOPMOL X, €CIM ITO HE MOXKeT IOBECTH
K Hejgopasymenmio; cM. Ta. IX, § 3, n°3); umeem d(x, y)=|y—2x!

IIpn n = 1 eBRIMEOBO PACCTOAHIC MeY TOYKAMH z, y HPOCTPaH-
crBa R cBopmTcA K pamHe |y — x| HHTepBaNa C KOHUAMH I, y; 1UpH
IIPOU3BOABHOM n d (X, ¥) = || ¥ — & || TaKMKe HABKBAIOT A4unoil OTPE3KA
¢ KOHIAMH X, Y.

EBKJ]I/IJ.IOBO paccToAHNE YIOBJETBOPAET HepaseHcmay mpeyzoib-
HUEKQ

d(x, y)<d(x, 2)+d(z, y) (1)
npu awo0wux o, ¥, 2€R™

HamomuuM, 9T0 JOKA3aTeJLCTBO HepaBeHCTBA (1) npuBoXwMTCH K NOKA-
3aTeALCTBY HePaBeHCTBA

n n n
(2 @+ < (F o) 2+ ( X )
i=1 =1 i=1

PaBHOCHJIbHOTO HepaBeHcTBy Homu

n

(5w < (3 (3

=1

a nocliefHee caMo ABJIAETCA HEmocpe/1CTBeHHBIM CJIeJCTBHEM TOMAECTBA
Jarpamma:

(37) (Zw0)~( B 5w) =4 Do

i=1 1=1 =1 i, 7
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ITO FOKA3ATCABCTBO MOKAILIBAET B TO KE BpPeMs, UTO 3HAK PABEICTBA
B (1) MOKeT MM2TL MeCTO, TOJILKO KOr;a 2 ecTh TOYKA OTPE3KA C KO-

naMu @, /.
N3 (1) BuTekaer HEpaBEHCTBO
d(x, y) > |d (>, 2)—d(y, #)|. (2)
Haxomen, ecan x = (z;), ¥ = (¥:), 10 '
sup |&i—yi| < d(w, y) < V'n osup |ui—yil. (3)
1<i<n igign

Orcroga BhITCR1ET, YTO A Toro, uToOB MHoykecTBO A — R
Gsu10 oepanudernoin (§ 1, n° 1), HeobxogumMo m NOCTATOUHO, ITOOH
sup|| || < - oo.

XEA

2. Jouscenusn

HamomauMm ewe (Aar., ra. IX, § 6, n° 6), aro adpdunnLe oTO6pA-
menna [ mpocrpaHctBa R™ ma ce6s, OCTABIAAWIME LHEADUAHIMHHM
paccTOHHe MeK1y Jmo0bMH ABYMA ToYKaME (T. €. Takue, 4YTo
a(f(a), f(y)) = d(x, ¥), KakoBH Oul My OBLIE X U ), HABLIBAIOTCH
eekaudosulmu deuscerusmy (MIN MPOCTO dsuxcenusmu) *); omm obpa-
8yWT TPYOIY, HAa3HIBacMyi zpynnol deuxcenui; B R". 9rta rpymma .
neiicrByer B R™ TpaHsmtusHo; Gosee o6muM o6pasoM, KaKoBur OLI
M Onnn addunmnie auneciitnue Maoroobpasug V u V' 3 R™, nmewumue
O/IMHAKOBYK DPAa3MEpHOCTh, BCETa CYIECTBYET [BWKEHUE, mpeolpa-
syiomee V 8 V', JipwskeHnd, ocrTaBiaAomye WHBAPMAHTHHIM HAYallo,
HA3HIBAIOT OPIMOZOHAALHBMU npeobpasosanusmu; OHH 00Pa3yOT IOI-
Irpynny rpynnsl JBW/KEHWI, HA3hIBAEMYIO OpMO20HAAbHOIU 2pynnoll
OT n BemecTBeHHbX nepeMenusix (Auar., ria. IX, § 6, n° 2); aunneii-
Huie oTolpaseHusi, ofpasyoomue 5Ty TpPYNOIy, XapaKTepH3YOTCA
TEM; YTO OHHW OCTaBIAIT UHBADMAHTHON Hopmy |||l mMw060# TOYKHU

n

D ) 3

a € R", nam, uro To e, keadpamuunyo Popmy ||o | = D) zi.
i=1

HanomamM, makomel|, 4T0 ckasapubim npoussedeHieM TBYX BEKTODOB

n
Al

® = (r;) my = (y;) npocrpanctBa R™ HassBalOT 3HAUCHEE ) I,V
i=1

iz=

*) Bumpowem, wu3 opsoro Tosbko upeguoiomenus, uro d(f (x), [ () =
= d(r, y) upu mobux X U ¥, Ve caenyer, uTo f ecrb apuuHOoe 0ToGpaKeHHe
", 3Ha4MT, ABIGKenHe (cM. Auxr., ta. IX, § 6, yopamueune 21).
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6uomneitnoin dopMur, accormuposannoit (Axr., rax. IX, § 3, n° 4) ¢
n

. . 1 -
KBagpaTHuyHOU (opmoit 5 > 2% oHO o6osnauaerca_(x | ) mam mpo-
i=t1

CTO 23, €CIM MOKHO HE ONACATHCA HEJOPA3YMEHWA; BCAKOE OPTOro-
HAThHOE MPeodpa3oBaHAe OCTABIAET MHBADMAHTHEIM CKAJIADPHOE IIPO-
u3BefeHre T0HX JIBYX BEKTOpPOB. BOKTODEH X, 7 HABHBAIOT 0pMozo-
Haabrbimu, ecau (¢ | y) = 0; mBa BEKTOPHRIX IOANPOCTPAaHCTBA
V, V' npocrpamcrBa R"™ HA3HIBAIOT 0pMOZOHALLHbIML, €CAN BCAKMIL
BeKTOp 2 € V OpPTOTOHAJEH Ko BCAKOMY BekTopy 4 € V'; nsa addun-
HBIX JWHEWHHX MHorooGpasma P, P’ HasHBAaIOT 0pmo2oHAIbHBMU,
ecIH ODPTOTOHAJBHE BEKTODHEIE IOANPOCTPAHCTBA, NapajielbHEIE
cootBetcTBenHo P n P’

3. Ferxaudosut wapst u cfepve

Iycers p — aioboe mexoe > 0; oGosmaumm depes U, MHOeCTBO
1
Tex map (x, y) Touex w3 R", mam woropmx d (w, 9) << - Hepa-

BeHCcTBa (3) mokasmBaroT, 9r0 MHOkectBa U, ofpasyor gyndamer-
MaAbHYI0 cucmeMy OKpY¥cenuli PAaBHOMEDHOH CTPYKTYPH IIPOCTPaH-
crBa R" (cu. ru. I1X, § 2).
Orciofa ¥ 93 HePaBEHCTBA
fd(x, y)—d (@', y) | <d@, 2')--d (Y, ¥'),

SBIAIONICTOCA cjexcTBueM Hepasencrsa (1), BuTexaer, uro d (x, ¥)

pasnomeprno Henpeptsno na R™ X R™; chemoBaTennHo, HopMa || X ! =

= d (0, ®) pasnomepno wenpepwena Ha R".

Ourgntaenaue 1. Hycme danw mouka xy € R® u uwucao r > 0;
omEpumsiM  (COOTB. 3AMEHYMbBIM) R-MEPHBLM  eBKAUD0GHM  ULAPOM
¢ yenmpom xo U paduycom r Ha3wewom muoxcecmso mex mouek x € R",
das Komopwx d (xg, x) < r (coorB. d (g, o) L 1); (n — 1)-Mmeproil
eskaudogoll chepoil ¢ yenmpoMm ary u paduycom r HAIBLEAIOM MHONCECIE0
mex mouex X%, das komophix d (xy, X) = r.

Korga Her omacHOCTM HeZOPasyMeHWil, BMeCTO «eBKJMJOB IIAM
(coorB. «eBKINFOBA cepar) TOBOPAT WPoCTO «mapy (CooTB. «chepar).
IIpn n = 2 BMeCTO «IBYMEDHHII MIap» TOBOPAT (KPYI» M BMeCTO «ORHO-
Mepias cdepay — «OKPYHHOCTEY,

Ilpu n = 1 OTKPHTHI (COOTB. BaMKIYTHIl) IIAP C UEHTPOM z¢ ¥ paguy-
COM r eCTh WHTepPBAJX |zg — r, zg -+ r| (coorB. |xq — r, z¢ -+ r]); cdepa
C LEHTPOM B Z¢ ¥ PAgNyCcOM T €CThb MHOKECTBO, COCTOsee M3 KOHIOB
Zy — r, &y -+ r 9TUX WHTEPBAXOB.
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CormnacHo npeamecTBYIOMEMY BCEBOBMOKHLE (OTKPHITHE WM 3aM-
KHYTHIe) IIapH ¢ MeHTPOM Xy (MIH TONbKO T€ M8 HHUX, KOTOPHE HMEIOT

1
paguyc —, rae p npoleraer MHOMeECTBO BceX meamx dgucen > ()
06pa3yioT GYHOAMEHRMALLHYIO CUCMeMY OKpecmHocmell MOYKL Xg.

ITrepnoxEmmE 1. Beakuil omkpumuii (COOTB. 3aMrHymull) wap
B R™ ecmb omkpuimoe (COOTB. Komnakmmoe) MHoxcecmso. 3ambikarie
OMEDHIMO20 WLAPA eCTNb 3AMERYMBLIL Wap ¢ MeMU Ke YeHmPoM U paduy-
COM; 6HYMPEHHOCMb 3AMEHYMO020 Wapa eCMb OMEPUMbL Wap ¢ memi
xHee YyeHmpom u paduycom.

OTKpHTH#E (COOTB. 3aMKHYTHI) Iap ¢ LEHTPOM Xy W PagumycoM r©
ecth npoobGpas maTepBasa |—oo, r[ (coorB. |—o0, r]) orHOCHTENBHO
HenpepuBHON ¢yHKIMKM d()y, X), CAEHOBATEIbHO, 3TO — OTKPHITOE
(cooTB. BaMKHYTO® M OTpaHMYeHHOe, & IOTOMY KOMIIAKTHOE) MHO-
mectBo. Ilyctb d(xy, x)=r m y=ux + t(x — a) (0 <<t <<1) —
TOUKA OTKPHITOTO OTPe3Ka ¢ KOHmaMu Xy ® &; torma d(ay, ¥) =
= tr <<r, npuaeM d(x, y) = (1 — t)r Moer OHTH CKOJb YTOJHO
MajbM; ClefoBATeNBHO, X 6CTh TO9YKAa NPHKOCHOBEHHS OTKPHITOTO
mapa C IeHTPOM iy M pajuycoM r. Toumo Tak e, ecam » = X —+
+ t(x — x) (t > 0) — ToIKA OTKPHTON MOJYNPAMON ¢ HATAIOM X
U HANPAaBIAIIMMUM BEKTOPOM & — Xg, To d (¥, 8) = (1 + ) r>r,
npuueM d(x, #) = ir Moter OHITH CKOJb YTOJHO MAJLIM; CJIeoBa-
TeIbHO, ¢ He GyJeT BHYTDPEHHeH A 3aMKHYTOIO IDapa ¢ HeHTPOM
Xy N PAIMYCOM T.

CunepctBuE. Beakas eskaudosa cfepa ecmov komnarmuoe Muoxce-
CMBo, ABAKI0UEECH 2PAHLUYEl, OMEDHLIN020 U 3AMEHYMO20 ULAPOS C INeMU
aHce yeHmpom u paduycom.

Orobpasienne Z > —1— (¢ — 2ro) mpeo6pasyer cdepy (COOTB. OTKPHI-
THIl Wap, SaMKHYTHi I1Iap) C IEHTPOM X, ¥ PaguycoM r B cdepy
(cooTB. OTKPHITHI map, saMKHYTHIA map) ¢ uearpoM 0 m pagmycom 1;
aTy cdepy oBosHagawT S,y W HABKHBAWOT edunuurol cgepoil mpo-
crpamcrBa R"; gepes B, o6oamagaercsa samkmymuil map ¢ neatrpoM 0
u pagaycom 1, HasmBaeMui#l eduwuumwm wapom mpocrpaHctsa R™.
Taxum oGpasoM, rtomoiormdeckoe maysenme (n — 1)-mepHoit cdepn
(coOTB. 3aMKHYTOrO n-MEpPHOTO IHapa) CBOJATCA K TOIOJOTHIECKOMY
naygennio cepst S,-; (coors. mapa B,). Uro kacaercs OTKPHTHIX
IapoB, TO WMEOT MECTO CIeAyImee IPEIOoKeHne:



3 EBKJINOOBO PACCTOAHME; IIAPHL M COEPHI 281

Neennomenne 2. Beakuil omrpumulii n-meprblil uwap 20Meomop-
gen R".

B camoMm geme, orobpamenme wv—»—lﬁ nenpepusao Ha R
n mpeoGpasyer R™ B OTKpHTHHA map ¢ yentpom 0 m papguycom 1;
TAK KaK OpU 9TOM K3 yzﬁ%ﬁ BHTEKAET ac=—1-:!l|yT, TO YKa-

3aHHOE OToOpa)KeHmme OMEKTHBHO M B3aMMHO HETPEPHIBHO.

OGosnauum 1epes Rj momonmenue x 0 B R™.

IteepnoxenuE 3. IIpocmpancmso Ry zomeomopgrno npousseedenuio
cpeper S,y na muosxcecmeo R} scex uucea > 0.

B camoM pgese, rammaa Touka x=%0 Momer OHTL 3anucana,
u OPATOM eNMHCTBEHHHM obpasoM, B Buge tz, rae t >0 u ||z|| =1,

ubo m3 x =tz cuepyer t=|x| u #= Ho tz mnempeprsmO

X
el
na npoussegenuu R X R", amaunt, Tem Gomee ma RY X S,_y, a ||oc]|

1
" T=T HenpepuBHH Ha R;; 0TCI0Oma u BHITEKAaeT CIPABENJIUBOCTH

YTBCPH{TCHMIA.

X
Orobpassenue x r—> ][ FASHBACTCH YEHMPA.LbHUM NpOeKmUPO-
sanuenm mpocrparcTBa R}, ma S,_. Tak e onpengenserca yenmpaavroe

npoekmuposarHue NOIOJHEHHA K TOTIKE 4 HA C(bepy C LeHTPOM .

Cnepcrsue 1. Cdepa S,y zomeomopgna @armopnpocmparcmsy
npocmpancmea RY no ommuowenuw skeusasenmuocmu, raaccamu
KOmopozo cayxcam omrprimbie noaynpsmse ¢ Haiaaom 0,

Ot Kmacce! MOMHO ObIIO GBI TAK/Ke OIPCASNHMTL KAK OTIUYHBIO
or {0} Kaaccn urmpawsumuenocmu TPYNIOHL TOMOTETHI ¢ Koaddriuen-
Tamu >0,

Cagncreue 2. IIpocmpancmeo R}, zomeomopgrno R X S, 4.
B camom gmeme, R* = |0, +oo| romeomopdro R (ra. IV, § 4,
npenio:xenne 1).

damedqanne. Ilpusegennsle NpepoXeHrA He ABIAITCA CIIELH-
PruecKIME 15 eBKIMIOBLIX IAPOB, AOIYCKAs PACIPOCTPAHEINO HA BCAYI0
KATCTODHIO KOMIIAKTHLIX OKPECTHOCTeH Hyms mpocrpancrea R™ (cM. ynpam-
nenne 12).
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Muosectea S,.; u B,, oueBugHO, MHBAPMAHTHEL OTHOCHUTEILHO
JI00HIX OPTOrOHAJNBLHEX mpeoOpasoBamuil, [las rakgoro p-mepHoro
BEKTOPHOTO mogupoctpaHcTBa V mpocrpancrea R™ cymectsyer opro-
roHaJbHOE mpeobpa3oBaHue, mepeBojfmee V B p-MepPHOE KOOPAH-
HaTHOe MHOroo0pasme; oTcloga BHTeraer, uro V(1S,.; (coors.
VN B,) romeomopduo S,_; (coors. B,).

4. Cmepeospapurecras npoexyun

Paccmorpum Toury en=(0, ...,0,1) chepu S,_; u rumepmro-
ckoct H ¢ ypaBHeHueM z,=0, OPTOrOHAJIBHYI0 K BEKTOPY en.
Raszpot ornuuHolt oT e, Touke X ={(x;) cdepu S,_; comocraBmm

d

b

(4

Puc. 4.

TOYKY 9/ TlepecedeHud NPAMON, Tmpoxojsfiieil uepes e, U X, C TUIeEp-

nnockoctsio If (puc. 4). Jlerko Bupmern, wTO ?/=1—J[—(m~—xnen)
—4n
| ylE—1 2
U o= . 2 — .
IR I

Idtu GOpMYNH NOKA3LIBAIOT, UTO OMMCAHHOE OTOOpa)keHHe ompe-
nexsier zomeomopgpusm pomonnenus A k {e,} orHocureanHo S,_;
Ha TAnepmiIocKocts H. J10T roMeoMopdu3M HABLIBAT CMepeozpa-
Ppuneckoii npoexyueli A na H niau, gonyckasg BOJLHOCTH PeId, CTEPEO-
rpaduueckoil mpoexmueii S,.; ma H (cM. Auar., ra. IX, § 10, ympass-
nenue 14); e, HA3HBAIOT MPH dTOM yekmpom npoexuman, a H — aunep-
naockocmulo npoexyuu. TaxmM e o0pasoM ompenessercs cTepeorpa-
¢uuecKas MPOEKNMA C IEHTPOM ¢ HA TUIEPIIOCKOCTH Ipoekmuu H'
B ToM Goxee oGmem caydae, Korga H' — mpousBoJLHAA THIEPILIO-
CKROCTB, mpoxopsamad depes 0 (Juamempaavnas eunepnaockocms wapa
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B,), u @ — ogna us ToYek mepeceueHus S, ., ¢ MPAMOIL, mpoxoxAllel
aepes 0 oproromaabHo k H'; BmpoueM, aTa NPOEKUMA NPUBOAMTCH
K TpeabiAymeil ToCcpeicTBOM OPTOTOHAJLHOrO mpeofpa3oBanus, nepe-
pogamero H' B H u a B e,.

ITpepnoskenne 4. IIpu n > 1 eskaudosa cgepa S,y omeomopPra
wucaosomy npocmpancmey R, pacwupennomy 0o Komnarmrozo
npocmpancmeaa nymem npucoedunenusn «beckoHeurno yoaaenrnol mouku»
(ra. I, § 9, Teopema 4).

B camom geme, crepeorpaguueckas NPOEKUUA YCTaHABIHBAET
roMeoMopduaM Memay OONOJHEHMEM K Touke B S, ; M rumepiuio-
ckocteio B R"®, romeomopduoit R™1,

Cnencrsue 1. Cgepa S, ecomeomopgra @armopnpocmparcmey
wapa B,, noayuenromy nymem omoscdecmeaenus 6cex mouek cgepul
S,

B camom pmene, wap B, ecth peeyasproe mpocrpancrso (ra. T,
§ 8, n° 4); mostomy ¢axropnpocTpancTBo F mpocrparctBa B,, momy-
HYEHHOE IYTEM OTOMIECTBIEHUA BCeX ToYeK ofepur S,_;, omdeaumo
(ra. I, § 8, mpegnomenue 15). Tak kKak B, — KoMmakraOe mpocTpan-
cTBO, To F KOMmaKTHO M, CJeJ0BaTeJILHO, B CUIY TeopeMu Ajek-
caugposa (ra. I, § 9, reopema 4) roMeoMop@HO OTKPHITOMY n-MepHOMY
uapy, paciiupeHHoMY X0 KOMIAKTHOrO MPOCTPAHCTBA TYTEM NPHCOC-
JuueHusa 0eCKOHeYHO YAasIeHHON TOUKHN; MOITOMY YTBEp:KJdeMoe CJe/1-
CTBME BHTEKAeT M3 IPeIokenuit 2 u 4.

B wvacrmoctu, mpu »n = 1, npuUAMMas BO BHMMaHHE NpPeEJIOKe-
aue 4 § 1 raasu V, noayyaem:

Cavjcreue 2. Orpyacrocmv S; eomeomopgna mopy T.

B ra. VIII, § 2, n° 1, MW BnoBL HOJYYHMM 3TO TIPCAIOKEHMC KAk
cachcTBHe (0JCCG TOYHOII TCOPEME.

Meeraomenaus 9. [pu n > 1 eskaudosa cgepa S,_; ecmb cea3noe
AOKAALHO C8A3H.0e NPOCMPAHCMEO, Kaxcdas movka Komopozo obaadaem
omkpwmoii okpecmuocmyio, gomeomopgroti R™ 1.

B caMoM pmeme, [0TMOJHEHME K TOUKEe B S,_; €cTh BCIOjIY TWIOTHOE
cBsi3HOE MHOMecTBO, Tak uro (ra. I, § 11, nmpemnosxenue 1) cdepa
S,_; cBasHa. Urobu yGegurscs B TOM, 4TO BeAKas ee Touka obmajaer
OKpPECTHOCTBIO, roMeoMopdmoir R™!, mocraTourHo BHITOJIHUTL CTepeo-
rpaduyecKy0 HPOEKIHMIO ¢ IEeHTPOM, OTIMYHHM OT 3TOHl TOTKW.
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*
13 aTOTO0 IpenIomMeHud B MpepoKenus 3 BuTeKaeT, uro Rn, 6yayqn
[POM3BENeHUEM [BYX CBS3HLIX IDOCTPAHCTB, cBsizHO (ra. I, § 11, mpen-
aomenue 8; cM. § 1, ympamumenue 10).

(n — 1)-MepHOit samrHymoli (COOTB. omkpumoll) noaycgepoli Ha3bI-
BaloT mepecedenue S,y ¢ samEHYmbM (COOTB. OMKPHIMBIM) NOAY-
nPOCMPAHCMEOM, OIPENeaAeMbIM IHAMETPATBHON THIEPINIOCKOCTLIO
iwapa B,; mocpemcrBoM crepeorpauuecKoil NPOEKUME HA TaKYIo
TMIEPIIOCKOCTh 3aMKHYTAaA (COOTB. OTKPHTAfA) monycdepa, HE comep-
Maas [EHTpa mpoeruum, otobparkaercs Ha gamkHymuii (COOTB.
omrpumuii) (n — 1)-MepHHil wap, KOTOPOMY OHA TEM CaMHM 2oMeo-
Mopgra.

Ipr n =2 BMecTo «modycdepar rOBOPAT «IOJYOKDPYIKHOCTLY.

YnpaskHenus
°{) Mycrr I — saMruyrnit Ky6 B R", sasagiomuiics mpouspesie-

L4 n .
H¥eM 1 DK3CcMILUIADOB MHTeDBaJja ———2—,+—2- . Kampout Ttouke

x = (z;) €I comocrasuMm TOoIKy ¥ = (y;) € R™, pmaa xoropoii

y1 = sin x4,

Yp = COS &y COSZp . .. COSZ, ySinz, QLpLn—1),
Yn = COS &3 COS Xy . . . COS Zp_y Sin 22,

Ynty = COS T4 COS X2 . . . COS Z,_q €COS 2%,

IToxkasath, MTO 06pasoM KyGa / upn »ToM OTOGpaKeHHMH CIYEHT
chepa S, ¥ 4TO CyHeHMe 3TOr0 OTOGp@MeHMA HA BHYTpeHHOCTH [ ecTh
roMeoMOpdUaM HA BCIOAY ILIOTHO® OTKDHTOE MHOMOCTBO B Sp.o

2) Ompegennrs romeoMopduam npoussegcHns Sp, X S, Ha wacth
cheprl Spiy4q. [IIpHHATL BO BHUMAHMe, UTO ypaBHEHHME ITONl cPeph 3a-

nuckBaerca B suge (23 + ... 4 x;H) -+ (x;H “+ ...+ x;+Q+2) =1.]
3) a) IloxkaszaTte, 9TO HeNpepuBIOe OToOpaskeHne [ OKPYIKHOCTH
S, B R™ MoseT GHTH MPOJOJIKEHO [0 HCNPEPHBHOrO OTOGpaeHus Kpyra
" B, B R* [Toure tax € By (¢t 3» 0, ® €S;) comocTasuTs TOUKY If (). )
0) BriBecTn 0TCIOfa, YTO HEIPEPLIBHOE OTOOpaYKeHHE f OKPYIKHOCTH
S, B S, raxoe, qT0 f(S;) % S,, MOKeT OHTH IPONOSHIEHO [0 HeIPOPHIB-
moro orobpaskemust xKpyra B, B S, [Bocmonssosarscsi crepeorpaguuc-
cKoit MpoeKnMeil ¢ LenTpoM, He npuuapmeskammMm f (Sy)] *).
4) IloxaszaTh, 4YTO HE CYINECTBYET HMKAKOrO roMeoMopduaMa OKDyik-
poct S; B R. [IIpuusaTh BO BHMMAHME, YTO AOIOJHCHME K JI0G0H TOuke
B S, CBA3NO M yTO BCAKOe CBH3HOe MHOyiecTBO B R ectb MHTepBa. |

*) Huwe MBI yBUAMM, 4TO IIpH n > 1 NpegIoKeHHC OCTAETCHA BCPHLIM
TakKe B caydae f(S;) = S,.
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Bupecrn orcioa, uto BeARmit romeoMopdusM S, ma ceoe mopmpo-
CTPAHCTBO Heo6xognMo ABianeTcs romMeoMopdmamoM S, na ceba. [Wcmons-
30BaTL MNpepnokenue 4.

5) Iloxasars, uto cepa S,, rme n > 1, 1e roMeoMopdma OKpyik-
moct S;. [Cm. § 1, ynpaxuennme 8. ]

6) Orompectsus S; ¢ TopoM T, T. 6. AKTOPNPOCTPAHCTBOM ITPOCTPAH-
crBa R 1o orHomenmo z = y (mod 1) (cnepgcTBre 2 mpepgmomenus 4), 060-
3HAYAM Yepe3 ¢ KaHommweckoe oTobparkenme R ma S;. Hempeprsaoco
oTo0 pasKeHue f TONOMOTHIECKOr0 NPOCTPaHCTBA E B S, HABHIBACTCA Hecyuye-
Cmeenntam, eCHAU CYIECTBYeT HeIIpCPHIBHOC OTOGpaskeHmMe g IIpocTpai-
ctBa E B R Taxoe, uTo f = @og*); orofpajcHEe, HC ABIAIOLICCCH
HECYMECTBOHNLIM, HAJLIBACTCH CYUfECMOEHHBM.

IToxazaTh, UTO TOKLECTBEHHOE OTOGpasKemMe S, ma S; CYIICCTBEHIIO.
(Ucnonrsosars yupamuenue 4. ]

7) Iloxasarh, 4TO CYWECTBYCT OKpYKeEMC [/ DABHOMBDHOH CTPYK-
TYPH B S; TakOe, 9TO ecAW f — HECYIIECTBOHHOC OTOGpaeHMe TOIO0:I0-
IM4ecKoro mpocrpanctsa E B S;, To BeAKoe menpepniBHOe OToGparke-
nue f' npocrpancrsa E 8 S; raxoe, ato (f (z), f’ (x)) € U npu xwobom z € E,
TOYKe HeCyi[eCTBEHHO.

8) Ilorasars, UTO He CYHMECTBYOT HENPOPHIBHOTO OTOGPAKOHAR f KpY-
ra B; ma S;, Koropoe 0w cOBNagano Ha S; ¢ TOMAECTBEIHHM OTOGparke-
nueM. [Vemonpsys ynpamueHue 7, MOKasarh, 9TO CY/KOHMO f HA OKPYIK-
HocTh ¢ uenrpoMm 0 M pagmycoM r < 1 Oburo G Bcerjga HECYHIGCTBENHLIM
orobpasenneM sToil OKPYIKHOCTH B Sy, M IOJYUUTH OTCIONA MPOTHBOpETNE
npa r = 1.}

9) Ilyers E — TomOMOrMuecKoe IPOCTPAHCTBO, COfepiKamee 0osee
opHofi Togku. IlokasaTh, UTO cylecTBYeT HeNpepuBIOe oTobpaskemntie
f oxpyxnoctn 8; B mpomssefiennc F = E X S,, yfaosiersopsAwmee ycio-
Ba f(Sy) %= F M He MNONyCKaouee NPOJOJIKEHUA MO HONPePHBHOLO
oro6pamenna Kpyra B, B F. [Wcnonbsosarh ynpaykmemde 8.] Brsectn
orcwoaa, 9to S,, R® n B, npn n > 1 He romMeoMOpHE! HUKAKOMY IIpo-
crpacrBy BHfa E X 8, rie E — m10606 TONOJOTHYCCIKO0O IIPOCTPAHCTBO.
[Cm. ympamenue 3.} B wacrnocry, S, npu n > 1 e romeomopduo (S;)",
a B, ne romeovopdmo (S,)" HM mpH KaKOM n.

IToxkasare Takxe, uro R? me roMeoMopdHO HOMOJHEHMIO K TOYKE
B R? u uro S, me romeomopdro B,. [B mporusmom ciayuac R? Gumo Gu
roMeoMopdHO NpPOM3BENEHUI0 OKDY:;HOCTHM S, na nurepsax |0, 1].]

10) O6osnaanm uepes Ho,, p, ¢ (Tae p -+ g < n) «xBappHKy», ompe-

n 2 2 2 2 = -
Hensiemyio B R™ ypasHeHAeM 11+--~+’~p 22 3 q 1. ITo

Kasath, uro H,, p, 4 romeoMopduo mnpomssemenmo Sp_; X R"-P.

*) B mnocnepywomem Oyaer maHo o0mce OIpefescnne HeCYHIECTBEIHOIO
oTofparkenst TOMOJOrHYECKOT0 IIPOCTPAHCTBA B IIPOM3BOJLHOE TOIOJNOTHYE-
ckoe mpocTpaHcTBO M GydeT nokasamo, 4TO gJiA oToGpaskenMA B S, aTO OIpene-
JICHIIO DABHOCHWILHO TOJLKO YTO MAHHOMY.
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11) Ilyers Cp,p, — «KOHyC BTOpOro MopAxKa», oNpejcascmutit B R
ypaBHeHHEM

zi ., +12_Ii+1 con—a2 =0 A<pLn—1.

ITokazaTh, aTo pomoaHcune K Touke 0 B Cp,, romcoMopdiio mpomaseje-
a0 Sy X Sp_py X R.

*{2) MuomectBo E — R"™, copgepmamee 0, HasmBawOT ascadnbin
(ornocureasuo Toukn 0), ecan tx € E, Kagosu 6u nn Obiin ¢ € Em ¢ € {0, 1].
lepecegenne Mpo)kecTBa8 E ¢ 3aMKHYTOM TOAYNDPAMON, BHIXOUsILEH
n3 Touku 0, ecTh INGO BCA dTA MOTAYIpsiMas, NGO OTPO3OK C OLHMM K3 KO-
0B B 9TOH Touke. Ckopaynoii MHOMeCTBA E TA3HIBAGTCA MHOMKECTBO
K, 00pasoBanHOe KOHIIAMK 3THX OTPE3KOB, OTJIHYHKMM OT Toykm 0, it TOU-
xoit 0, ecim K HeHl CBOXMTCA TMepecedYCHME HCKOTOPOM TOJYNPAMOlt
¢ E. Hwxe npepnosaraercs, uro 0 4 K.

a) ITokasarh, 4TO CKopayNa Muoykecrsa E COACPKHTCA B ero rpa-
uUKLe; [aTh IIpUMEp, B KOTOPOM JTH [gBa MHOMECTBA pas3lUYIILL.

0) Iloxasar,, 49To ecqam cropayna K MiuomecTBa E KoMIakxTia,
TO cymmecTsyetr roMeoMopdmam R™ ma cebs, orobpaatomuit K ma S, 4,
¥ na B, n Buyrpennocts E na suyrpensocts B,. [Comocrasmth Kampoii
rogke « € K ec UHEHATPANLHYIO NpOoexnuo ua S, ; M 3aTeM HPOJO.KHTH
210 orobpakenme Ha Bcé R™.] BuiBecTm oTcloma, 9TO Tpaniia MiuoKe-
crsa E cosmagaer ¢ cro ckopaymoii K, a BHYTpewHocTh E — ¢ Muoie-
cTBOM TOYCK tx, rge & upoberaer K, a t — muteppax [0, [ = R

B) Ecau E HeOrpaHMUYCHHO H €T0 rPanMua COBIAACT ¢ Cro CKopay-
noit K, To BuyTperHocTs E romeomopdia upocrparcrsy R, a K — oTkpnl-
TOMY IIOAMHOMECTBY C(X)epm S,_y. [[Tokazars, uro oGpas E Ipm romco-

MopdusMe & —> V/IOBICTBOPACT YCHOBMAM IyHxra 0).]

1-Lll T+
r) JlaTh NpHMep HEOrPAHNYEHHOTO 3BOIAIOr0 MHOKECTBA E, CKOpIy-
Ia KOTOpOro 3aMKHYTA, HO HC COBIIajJaeT C TpaHuLeil MIOKecTBa.
13) Ilokasars, 4To B mpocTpaHcTBe S, (n > 1) rpaunna Hemycroro
OTKPHTOI'0 MIO}KECTBA, BHOITHOCTH KOTODOTO HE NMyCTA, MMEET MOIMUOCTH
KonTunyyMa. [Wchonn3osaTs Npepiloxentue 4.}

§ 3. BemecTBeHHBIC NPOEKTHBHBIC NPOCTPAHCTBA

B macrosmeM mnaparpade Me GyneM NOCTOSHHO IOJB30BAaTHCH
DOHATUAMU W pe3yiabTaTaMi, OTHOCAWUMUCH K ¢darmopnpocmpar-
emeam (ra1. 1, § 3), u ocoGeHHo ciaexylomuMu ABYMA CBO#CTBaMH,
KOTOpHE AMA ynoGeTBa copMynaupyeM B BUAE JeMM.

Ilycts E — Tomosorugeckoe HpocTpaHCTBO, B — OTHOWIEHNUE IKBU-
BanenTHocty B E, A — E, R4 — oTHOUIeHue JKBUBAJEHTHOCTH,
ungynupyemMoe B A ormomenuneM R; mycrs, HakoHen, f — KaHOHM-
veckoe orobpaxenue H Ha E/R. B sTtux 0G0o3HAUYCHHAX HMeEeEM:
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JIEmMa 1. Ecau écaroe omrpsimoe (COOTB. 8AMKHYMOE) MHONCECMEO
¢ A, HacuiyernHoe no ommuowernulo Ry, asasemcs caedom na A nexo-
mopozo omkpuimozo (COOTB. 3AMKHYMO20) MHoxucecmea us E, wnacwl-
wennozo no omuowenulo R, mo garmopnpocmpancmso A/R 4 2omeo-
mopdro nodnpoemparcmey f(A) npocmpancmea E/R. B wacmmuocmu,
Mo uMeem mecmo, ecau A OMEPUMO Ual 3aMkrymo 8 E u nacwiyeno
no omuowerulw R.

Jro sritekaer n3 npeniaoskenus 10 § 3 rmaswr I,

Jlemma 2. Ecau cywecmeyem mnenpepuisnoe omobpaxcenue g npo-
cmpancméa E na A maroe, umo g (x) npu aobom z € E npunadae-
HCUM KAGCCY IKBUBAACHIMILOCINUL INEMERMA X, MO GaKMOPNPOCMPAHCME0
A/R, eomeomopgpro E/R.

JT0 — He uTo MHOoe, Kak caejcrue 2 npesaoxenud 10 § 3 ruaspl.

1. Tonoaozus GeuwfeCmMBeHNHHLY NP OEKM UCHHLX
npocmpancme
HamoMuum ciepyromue nonsATus, oupesiesiennsie 8 AareGpe (Aar.,
ra. 11, 2-e usp., Mpunomenune 111; 3-e uan., § 9, n° 5). Ilyers gamo
teqo K (KOMMYTaTMBHOE WJIM HET); MHOKECTBO BCEX NDAMBLL, TPO-
xopamux gepes 0 (OMHOMEPHAIX BEKTOPHHX MOANPOCTPAHCTB), JEBOrO
BEKTOPHOTO IIPOCTPaHCTBA K™ man tesom K masmBaercs n-MepHbM

€M NPOCKMUBHBM npocmparncmseom Had meaom K m obosHadaeTcH
P, (K).

Ecau xamjoi mpaMoil mpocTpaHCTBA K?“, npoxoasamei yepes 0,
COMOCTABUTDL TY e MPAMYIO, JUULEHHYIO HaAYAAd, TO DTHM OHpeje-
aurca Oueruust P, (K) Ha @Parxmopmuoscecmeo MHOmecTBa Ky
(romommurensroro k {0} B K™!) mo cienyromeMy OTHOIIEHHAIO DKBH-

sajeHTHOCTH A, (K) Mexay Bekropamu x, iy u3 K7 1: «8 K cymecrsyer
t == 0 raxoe, gT0 9 = ta». Mot GygeM B pajbHeiileM omoxcOecmeasmo
P, (K) ¢ atamM ¢arropMHO:kecTBOM. B Teopum HpPOEKTHBHEIX TpO-
CTPAHCTB B KAUeCTBE MHOJKECTBA MHIEKCOB KOODEWHAT TOYKHM IIPO-

crparctea K™ Geperca wmmrepBan [0, n] = N. Hoopmumarn
z; (0 < i < n) a06oit Toukn u3 K7y, KAHOHMYECKNM 00pa3oM KOTO-
poii sBagerca Touka & € P, (K), o6pasyor Tak Ha3LBaeMyIo cucmemy
0dnopoduuiz koopdunam touxku % (Anr., ra. II, 3-e usg., § 9, n° 6).

D-MepHBM NDOCKMUSHBIM AuHElHBM MH02000pa3ueM B TPOCTpaH-
cree P, (K) pas. gaxpgoro memoro p rtakoro, aro — 1 L p n,
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Ha3LBAT KaHOHW4ecKmil oGpas B P, (K) (p + 1)-MepHOrO BexTOp-

HOro mognpocrpancTBa (Ge3 magaiga) TIPOCTPAHCTBA K7, Cucrema p
rogex us P, (K) masmBaercs c80600H0l, €cad OHA COCTOAT M3 KaHO-
AuTeckux o0pas3oB p TOYeK, mpuHagme:kamux K74 ¥ obpasyomux

c806001Y10 CHACTEMY B BEKTOPHOM IIPOCTPAHCTBE K, TIPOEKTABHOE
auneiigoe MuorooGpasue B P, (K), moposxpennoe cBoGopmoii cmcre-
Moit p + 1 Towexk (T. €. HAMMEHLINCE NPOEKTHBHOE JIMHEHHOe MHOIO-
obGpasue, cogepkamee ath p + 1 rouek), p-MepHo.

Eciu K — moae R BemecTBeHHHRIX 9uCed, TO COOTBETCTBYIOMEE
NpPOEKTUBHEIE TIPOCTPAHCTBA MOKHO HANIENIUTh MONOA0ZUSMUL, KOTOPHE
MEl ¥ TIOZBEPrHEM H3YIEHHIO.

OnPEREAEHME 1. n-mepubMm eewjecméenHbM npoen'mﬁenbm npo-
cmpancmeom Hasueatom npoexmuskoe npocmpancmeo P (R), Hade-
aennoe Paxmopmonoaozueli monosozuu npocmpancmsa Ry 1 no omwuo-
wenuto sxsusarenmuocmu A, (R).

[IpoexrusHoe mpocrpancTso Py (R) HABLIBACTCS sewyecmsennol npoex-
muenoil npamoli, a MPOCKTHBHOE IpocTpamcTeo P, (R) — sewyecmeennod
npOEKMUEHOT NAOCKOCMbIO.

TaMm, rge He CMOKET BO3HMKHYTh HUKAKHX HENOPA3yMeHMH, MH
smecto P, (R) u A, (R) 6ynem mucars P, u A,,.

Ipennosseanr 1. IIpoekmusnoe npocmpancmeo P, omdeauno.

TlokaxeM cHawaja, uTo orHowenme A, omkpwmo (ra. I, § 5,
n° 2). IIycts A — orkpuToe MHEOMecTso B Rj4y; 7r00H HacHTHTL A
mo ormomenmio A,, caegyer of6pasoBaTh O0GBeIUHEHNAE IOMOTETHIHHEIX
oGpasos tA mmomectsa A, rme ¢ mpoberaer MHOMKECTBO BCeX BelmecT-
peEHnx umcea =0; Tax Kak KaxKgoe M3 3THX MHOKECTB OTKPHTO,
TO OTKPETO M uMX oOBexuHEeHUe.

TTo mpeanoskenuto 8 § 8 riasu I, mpemrosxenue 1 Gyner noxasano,
ecau M HoxakeMm, uro MHOmectBo M < Riyy X Riyy, ompene-
a1seMoe oTHOmenueM A,, samxnymo. Ho mycers (o, ) € R311 X Riuy
ecTh TOUKA TpPHUKOCHOBeHMa MHO)kectBa M. Ecmm x = (z)),
TO CymecTByer KoopiuHAta z; = 0; CIeRoBarenbHO, CYIMECTBYeT
okpectHocTh V Touru (¢, ) Takas, 9ro, Kaxosa Oul HE Oblia TOUKA
(«', 4') € MV, xoopauHara z; ¢ HoMepoM i Touxn X' Gypmer orianu-
ma or 0; xorma (a, 9') crpemurcs k (x, %), ocraBasck B M, yizi™
crpeMmres K t = y;27', ® Tak Kak ¥y = (yizi")x', TO, Iepexosid
K Ipefely, 3aKIoTaeM, I10 ¢ = tor, 9eM ¥ foxasamo, Iro (¥, y) € M.
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Meegnoxenne 2. IIpoexmusnoe npocmpancmeo P, ecmb ceasmoe
KOMRAKMHOe NPOCMpancmeo, 2omeomopgProe darxmopnpocmpancmey
cihepu. S, no omHoweHul SKsusaLeHMHOCMU, UHOyyupyemomy é S,
omHouenuem A,.

IIycrs A, — oTHOIIeHHME JKBUBAJEHTHOCTH, MHAyUHMpyeMoe B S,
oTHOIeHMEM A, (Tak 9T0 KJaccaMM 3KBMBAJIEHTHOCTH M0 A, CJaysKar

napet duamempaaviio nRpomusonoaodcHvizr Touex chepnt S,). Tak kak

X
oToOpasKenue w»ﬂw—“ upocrpanctea Ry, ma S, uHempepmsHo,

10 (1emma 2) P, romeomopduo S,/A,. Ho cpepa S, koMnaxTHa u cBsi3-
Ha, a TTOTOMY U BCAKOE ee OTAeanMoe GaKTOPIPOCTPAHCTBO KOMIAKTHO
u ceasuo (rx. I, § 9, caexcrsue 1 Teopemu 2 u § 11, npemiomxenue 7).

Ilregnomenue 3. IIpu n > 0 npoexmusnoe npocmpancmso P,
2omeomopgro armopnpocmpancmsy wapa B, noayuennomy nymem
omoscOecmenenus kaxcdoii mouku cgepwr S,_; ¢ duamempaavho npo-
MUEONOA0HCHOU MOUKOL.

ITycts H — saMxHyras noaycdepa cdepn S,, ompemenseMas
HAepaBenctBoM x; < 0. Ilpoctpamcreo P,, romeomopdmoe ¢aktop-
TIpPOCTPAaHCTBY IpoCcTPancTBa S, mo oTHOWeEHHUIO A, (mpexio:xenue 2),
romeoMopdro Tare ¢arTopnpocrpamcTBy wactu H cdepm S, 1o
orHomeunwo A,, uagyuupyemomy B H orHOommenumeM A,. B caMom
feIe, Ka#(IHM KaacC JKBHBJIEHTHOCTY N[O OTHOMEHMIO A, mepece-
raercs ¢ A mo kpaiiHeil Mepe B OZHOII Todke, a MOTOMY ZOCTaTOYHO
(nevmma 1) mposeputs, 4To Mpu Hackmenuu no A, Maoskecrsa U < H,
oTEpHTOro B H M HacHIEHHOro mo Ajy, NMOJAY1aeTcHd OTKPHTOE MHO-
swecrso V B S,. Mo ecom a = (a;) € U n ao << 0, 10 cymecrByer
okpecTHOCTL W TOouKM @ ¢ S,, copepmamasnca B U; oOveaunenue W
u —W Oyfer OKPeCTHOCTHIO @, HACHIIEHHO® O orHOWeHWI Ag,
u coqepsrameiica B V. Ecam, nanporus, ag == 0, T0 —a € U u cyme-
creyer r > 0 Takoe, 9TO MHOMECTBO Bcex Touek X € H, ynmomierso-
PAIONUX OfHOMY U3 HepaBeHCTB ||a — a|l<<r, |l +all <r,
copmep:xutca B U; MHOMeCTBO BceX Touek & € S, yAOBJIETBOPAIOMMAX
TOMY WJIM EPYTOMY U3 9TUX HePABeHCTB, OyAEeT OKPECTHOCTBIO TOUKU &,
HACHOIEHHOI TIO0 OTHOIIEHHIO A, M comepskameitcs B V.

3amerum, uro (akxropmpocrpamctso H/A;, momyzaerca myreMm
oropmecTsicHUA B H Kammolt Touku nepecezenms S, ; Moaycepr
H n ruuepmiaockocta zp = 0 ¢ pguaMeTrpajJbHO IPOTRBONONIOKHON
19 H. BypGaku
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roukoil. [Jlna 3aBepllenns JA0Ka3arelLCTBA NOCTATOUHO 3aMETHTh,
aro cTepeorpaduIecKas MpPoeKuud ¢ meHrpoM ey (§ 2, n° 4) aBasercs
romeoMopduamom H Ha B,, oCTaBIANINM VMHBAPHAHTHEIMU TOYKH
edepur S, 4.

2. IIpoexmusnbie auHetinble MHO2006DAIUSR

HamomMunm (Aanr., ra. II, 2-e man., IIpunoskenue I11; 3-e usn.,
§ 9, n° 10), uTo BcAKOe MHBEKTHBHOE JIMHEHHOE oToGpaskenue f npo-
crpaacrea R™! 8 R™1 (m > n) onpenensier myteM cymenus Ha R} 4
¢ mocnemynomeit Qaxropmsanueii mo ormomeHusm A, u A, (Teop.
Mu., CBogKa pesyasT., § 5, n° 8) maberTUBHOE OTOGpaskenue g mpo-
crparactBa P, B P,,, HasniBaeMoe npoexmusuulm AuHellHM omobp asxce-
Huem. Ilyerb @ m ¢y — ramommveckue oroGpamenmns R}, mHa P,
u Ry +y na P, cOOTBETCTBEHHO; TOTAA go® = P of, 9TO JOKA3LIBAET
HenpepuisHocmy g Ha P, (ra. I, § 3, ciemcreue mpemiomenus 6).
B uacTmocTH, BCAKOE npoekmuskoe aukelinoe npeobpazosariie IMPO-
crpancrea P, (r. e. mpoextmBHOe sauHeiiHOe orToOpaskemue P, wHa
cels1) ects comeomopgusm P, Ha cebs.

HamoMuuM Takxe, 910 ;I8 JIO0HIX JBYX p-MEDPHHX IPOEKTHBHHIX
auHeitHeIX MHOrooGpasmit V, V' «— P, cymecrsyer NpOSKTHBHOE
auHeitpoe mpeoGpasoBanue mpocrpaucrsa P,, mepesogamee V B V.
B wacrrocTi, mpu p > 0 cymecTByer mpoeKTHBHOE JTHHENHOe peolpa-
30BaHMe, TmepeBo/Amiee V B koopduHamuoe p-MePHOE MPOEKTHBHOE
nureitRoe MHOrooGpasue V' mpocrpanctBa P,, T. e. B KaHOHMYECKUI
oGpasa (p -~ 1)-MepHOTO KoOOpEMHATHOrO MmEOroofpasus W' (Ges
toukn 0) mnpocrpanctea R™L. IIpm oroxiecrsmennn W' ¢ R},
oTHOIIeHKe, UHAynupyeMoe B W’ ornoutenneM A,, Gy1er He 4eM MHLIM,
rak Ap; mockoabky W' 3aMKHYTO M HACHIIEHO [0 OTHOUEHHI A,,
ademMa 1 moraseiBaer, uro V' romeoMopdHo P, u 3aMKHYTO B P;
TIpU DTOM, €CIM p << n, gomoanenue & V' B P, Bco1y mrorno (§ 1,
caegcreue npemioxenud 3). Takmm oGpasdoM:

[TeeniosKERUE 4. Beakoe p-meproe npoekmusnoe aumetinoe mHozo-
ofpasue npoexmugnozo npocmparcmea P, samxnymo ¢ P, u zomeo-
mopgro Pp; ecau p << n, mo ezo donosanenue ecody niommo.

Ucxons ma aroro pesyanrara, odnomephoe (COOTB. Osymeproe)
POEKTUBHOE JHUHEHHOC MHOroo6pashe B MPOEKTHBHOM IIPOCTPAHCTHE



2 BEI[ECTBEHHEIE IIPOEKTUBHBIE IIPOCTPAHCTBA 291

HaJ{ IPOU3BONBHLIM TEIOM HMEHYIOT NpoeKmusHol npamoil (COOTB.
npoexmusgroli naockocmoio) (Aar., ra. 11, 2-e nan., Ilpuaomenne I11;
3-e u3g., § 9, n° 7). HanomMuuM raksxe, 910 (n — 1)-MepHO® HpOEK-
THBHOE JUHEIiHOe MHOrooGpasue B P, HaswBalor npoekmusHoll sunep-
NAOCKOCMbI0; BCAKAA TIPOEKTUBHAA THNEPINIOCKOCTh COBIALAET ¢ MHO-
JHECTBOM TOYEK, OJHODOJHLHE KOOPAMHATHL KOTODHIX YIOBJETBOPAIOT

n
COOTHOmeHMIO BuAa 2, a;x; = 0, rxe
i=0

He BCe @¢; PAaBHH HYJIO (¢ypaBHEHHE»
CHIIE PINIOCKOCTH). .

[IPeano:KERNE 5. B npoexmusHom x.,"i'\l*\
npocmparncmee P, (n > 0) onosnerue
K hpoekmuenol eunepnaockocmu H
comeomopgro R™.

ITocpencTBoM MPOEKTHBHOTO JHREH-
HOTO Tpeolpa3oBaHEA [0 CBOJIUTCA K
TOMY caydaio, kKorga H ecTs runepiuio-

_
!
!

/

/

8 .

CKOCTB, 3aflaHHasd ypaBHeHHeM z=0. Puc. 5.
Muo:xectBo A Tex Touek x={x;) ER: 41,

IIA KOTOPHX 2o 5% 0, OTKPHTO M HACHIIEHO [0 OTHOIUEHHID A,;
cefloBaresIbHO, €ro KaHoHM4ecKuit obpas C B P,, ABaAmomuiicsa
nonoauerneM K H B P,, roveomopder GakTopMHOMKECTBY MHOMKE-
cTBa A MO OTHONIEHMI0 HKBUBAJNEHTHOCTH O, MHAyUMpoBanHOMYy B A
ornoienueM A, (xemma 1). Ilycrs B — rumepmiockocrs B R™1,
ompefeasgeMas ypaBHeHMeM z, = 1; comocTaBuM Kaxnoit Touke x € A
TOURY &'X, B KOTopoil mpAMas, npoxonamas yepes 0 u ¢, epecexaer
B (pme. 5); oTHM ompegeMTCA HENMpEPHIBHOE OTo0paskenme g Miuo-
mecrsa A Ha B rakoe, uro g(r) OyAer eIMHCTBEHHOW TOYKON H3 I3,
JKBUBAJCHTHOI ¢ 0o OTHOmeHMI0O O; oTcioia ciaexyer, 4to B romeo-
Mopduo A/0 (memma 2), a s3maumT, u C; MOCKOIBKY B romeomopdHo
R", mpeioxeHne NOKABAHO.

Caenctsue. Beakas mouka npocmpancmea P, o6aadaem omepumor
okpecmrocmylo, zomeomopProli R™.

Orciofa, B 9aCTHOCTU, CJIEJyeT, 4TO BELeCTBEHHHIE NMPOCKTHBHHIE
NPOCTPAHCTBA LOKAIbHO C6A3HB (YTO BHITEKAeT TakK)Ke U3 HpeIoxe-
mua 12 § 11 raasmr I).

19%
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3. ITozpyrcenue Yucao06020 nPoOCMParHcmea
6 RPOEKMUBHOE NP OCMPANCINGO

IIpegnoxenne 5 mokassIBaeT, 4To NJIA Ka[oil 3ajaHHEON Mpo-
ekTHBHOM runepmiaockoctn H B P, (n > 0) cymecrsyer romeomop-
¢uam npocrpancrea R" na ee rononuenne CH. Kak ronsko H BuGpa-
Ha, gacTo OmBaer ynoGHo omoscdecmessmo npocrpanctso R® ¢ CH
OOCPEACTBOM TroMeoMopHU3Ma, ONpEeJeHHOTO B NPENIOMKEeHHH J;
OPOEKTHBHYI0 TIMIEPINOCKOCTs H, a Takke NpUHAJISKaIAe -eif
TOYKM M MHOKECTBA HA3HBAOT TOorRa «0ECKOHEYHO YHAJIeHHRIMUY,
Yame Bcero B KawectBe H Gepyr «KoOpPJAUHATHYO» FHIEPILIOCKOCTE,
onpepensaeMyi0 ypasHerneM z, = 0; Torma 1ouka z = (z;) € R™ otom-
JICCTBJIACTCA C TOUKOM mnpocTpaHcTBa P,, uMelomeir OJHOPOAHBIE
woopaunarsl 1, 24, 2o, . .., 2,.

Hak ToJNBKO TaKkoe OTOMIECTBIEHHE CHENAHO, BCAKOE p-MEpHOE
appunnoe auneiinoe Muorooopasne V npocrpancresa R™ mmeer samei-
kanuem B P, p-MepHoe npoexmusnoe auneiioe MHorooGpasme, He
coftep:xameeca B OECROHEYHO YIAJeHHOl THMEPIIOCKOCTH M COBIA-
nammee ¢ MPOGKTHBHLIM JTHHEMHBIM MHOrooOpasueM, nropoxciaemvim
V. OGpaTHo, BCKOE p-MepHOE MPOEKTHBHOC JTuHEelHoe MHOT00Gpasue,
HE cofieprRalleecs B OECKOHEUHO YIAJICHHOH THIEPINIOCKOCTH, HMEeT
ceouM caemoM Ha R"™ p-wepuoe addunmoe .iuHeitnoe MuorooGpasme,
3aMBIKAHHEM KOTOPOro OHO ABIAETCH.

B uwactHOM caytae, Korga n = 1, GeCKOHeYHO y/JajelHO#l rmmep-
IUIOCKOCTBIO ABJIACTCA MOYKd; MOCKOABKY P; KOMIAKTHO, M3 TEOPEMBI
Anexcannposa (ra, I, § 9, reopema 4) caenyer, uro P; romeomopdHo
KOMIAKTHOMY NPOCTPaHCIBY R, HOLY4CHHOMY IIyTeM IPHCOeMHEeHNS
K JIOKAJIBbHO KOMITAKTHOMY IpocTpaHcTBY R «0eckoHeyHo yoasleHHOI
toukn. Ha ocHoBanmu mpeIoskenua 4§ 2 BUUUM Takke, 4TO gewyecms
sentan npoexmuenas npamas Py (R) zomeomopdra oxpyscrocmu S,
u mopy T.

Hanporus, npu n > 1 npoexkrtusHoe mpocTpaHcTBo P, (R) He romeo-
MOpJHO Sp, KaK MB 9TO TO3IKE YBW (UM (yNParKEERHC 4).
«BeckoHeTHO yhaJdeHHaA TOYKa» mpoctpanctBa R ofosmasaerca

CHMBOJIOM oo, 6e3 aHaka. BaxkHO oTiMUaTh IPocTpaHCTBO R, B KOTO-
poe TakuM 00pa3oM NOrpy;KEeHA YMCJIOBAA INPAMasA, OT PAacCIIHpeH-

moit mpaMoit R, ompenenennoit B § 4 raaem IV u o6nagaromeit dsyma
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«0ECKOHEYHO yHAJEeHHHIMA TOYKAMH»; 3aMermM, 4ro R romeoMopduo

$aKTOPIPOCTPAHCTBY NpocTpaHCTBa R, MOAYYCHHOMY IIYTEM O0MOXC-
decmesenus TOUEK 00 H —00.

4. II'pumenenue K npPodosweHUN HUCA08bLX PHYHKYUTE

ITockonbky R Mmomer paccmarpmBarheA Kak dacTh R, Besakoe
otobpaskenue Muoykectsa E B R (umcinoBag QyHKuMA) MomeT pac-

cmaTpuBaTbca Kak orobpamenme E B R; B wactHocTH, Korga E —
IOMHOKECTBO TOIOJOTMYECKoro mpocrpancrBa F, a f — oroGpase-
mme E B R, MOMer CAydYHTBCA, YT0 [JIA HEKOTOPHIX TOYEK 3aMbl-

kauua E MuoskecrBa E Qyukuma f(z) cTpeMHTCA K mpemeny oo,
KOTJa I CTPEMHTCA K DTHM TOYKaM, ocraBasch B E; TeM caMeM QYyHK-
musg [ IMpoo;KAeTCA 110 HEMPEePHBHOCTA NyTeM NPHJIaHWA el B 3THX
roukax sHadenuma oo (ria. I, § 8, reopema 1).

PaccMoTpmM, B 9acTHOCTH, ciydaii, Korna £ ecTb MOAMHOKECTBO
npoctpancrsa R”, mpuuem R™ caMo cyMTaeTcs MOTPY/KEHHHM B IIPo-
" eXTHBHOE NpocTpaHcTBO P,; mpenmosaaras, 910 (GeCKOHEYHO YAAJeH-
HOH THIEPILIOCKOCTBIO CIYIKUT ro = 0, ME MOMEM BCAKYIO YUCIOBYI)
dyHKIUWO, ompepeNeHHEYI0 HAa E, OTOXICCTBHTH C OTOOpa)KeRHeM

4 T2 In
(1’0, Zyy Loy ...,‘Tn)»f(*a,x, ey ?0—)

muoskectBa £ B R; ecinm NPUMEHHTH BHINECKA3AHHOE, TO MOIKET
OKA3aThCA, YTO HPOROJIKEHHE 9TOH QYHKUUH II0 HENpepHBHOCTH
BO3MOKHO HE TOJBKO HA TOYKM NPHKoCHOBEeHWA MHOKectBa E B R7,
HO TAK)K€ M HA HEKOTOpHE «0eCKOHEYHO YHAJeHHHE» TOYKHM IIPO-
crpaHcTBa P, cay)kamme ToukaMm mnpmkocHoBenus aia E B P

IMoxkaskem, nampumep, 910 TakuM 00pasoM BHOBB IONYYaeTCA
NPOOJKEHNEe M0 HeNPepHBHOCTH Ha BCO R payuoHaabHoll PyHEYUY
0jHOft BEMIECTBEHHOI IEPEeMEeHHOH, YyKe ompesenenHoe B Ajurebpe’
(Aar., ra. II, 2-e nan., Ilpuaoxenme 1115 3-e nan., § 9, n° 9). Orox- -
nectsEM R 1 P IIyTeM 0TOKAECTBICHNA BEAKOIO BEMICCTBEHHOTO YHCIA
z € R ¢ Toukoit, uMemnlleit ojHopoxHEe Kooppuuarsl (1, z), a TOYKH

00 — ¢ TOYKOM, HMelomeit ogmopoaauie wxoopmmEartsl (0, 1). Ilyers
uxr
U—Ez; — pauuoHAJbHAA (YHKOHA, TNE U B U — B3aEMHO TPOCTHE

MOJIMHOMEI, CTEIeHH KOTOPHRX PABHH COOTBETCTBCEHHO m MU n;, €CJIH

NPEIOIOKHTE, HANPHUMED, M < 72 B NMOJNOKUTE Uy (X, YY) = :c"u(%) ,
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Y

vy (x, y) = 2" (7

paccMaTpHBATE Kak cysxeRHe oTobpaskerud (z, y) w> (v (2, ¥), us(z, ¥))
Ha MHOKECTBO Te€X BEUIeCTBEHHHX YHCEN, B KOTOPHX TOJHMHOM

), TO PAIUOHAIBHEYI QYHKIHIO -':— MOKHO Oyner

u
v(z) otmuer or Hyna. Hdpyrumm cioBaME, OGYBEKOUS - TPofoII-

JAeTCA N0 HENPEePHBHOCTH OYTEM IpHAAHMA et B TouyKax z € R,
rie v(z) = 0, 3HaYeHHA oo, a B TOYKe oo — 3HaveEma 0, ecam
m < n, 3RAYEHNA 00, €CJAN m > n, ¥ 3HAYCHHUA, PABHOTO OTHOMIEHHIO
K03QPNOUEeHTOB IpE WIEHAX CTENeHH 2", eCIHm m = n.

1
B uacrrocTu, dynxuua - TPOROIKAGTCA HA TOIKY 0 myTeM mpupa-

HUj B Helt 8HAYEHMA CO W UAa TOYKY OO LyTeM NPUIAHRAA B Hell 3Hage-
#ua 0; ata mpogoiKeHHas QYHKOUA SDBJACTCH, OUCBURAHO, 20MeoMOpPHus-
=~ . az+b
xox R Ha cebsn. To jxe BepuoO [t dpo6Ho-suneiinol @ynryuu _—czj——d ,
‘rpe ad — be 5= 0.
Touno Tak ke ¢yuruua z", Tne n — uenoe >0, HPONOIKASTCA
Ha TOYKYy OO OyTeM NIDHAAaHUA el BHAYEHUA CO.
Hanporns, panuouanbHylo OQYHKIUIO [BYX BemECTBCHHRIX mepe-
MeHHHX Boo0nle HeJbsA IpOOJKATL IO HENPePHBHOCTA HA Xa IpocTpau-
ctBo Py X Py, HM Ha mpocTpaHcTBO Py (cM. ympamkHenHe J).

3. IIpocmpancmea npoexmueHsLe AUNETUNBLY
HHOo2000paauti

IIycrs K — sapammOoe rexo. MmoxecrBo P, ,(K) Bcex p-mep-
wuzr (p > 0) npoermuenblr aunelinvir Mro2000pasuil TeBOTO TPOEK-
THBHOTO npocrpaHcrBa P, (X), oueBmjgnHo, HAXOMHTCA BO B3AMMHO
ONTHO3HAYHOM COOTBETCTBHM C MHO}KecTBoM Bcex (p -+ 1)-MepHEIX
BEKTOPHHIX MOANPOCTPAHCTB J€BOTO BEKTOPHOro mpoctpamctea K71,
OGosrauny uepes L, iy, p .+ (K) MHOKECTBO Beex c0000H®X cucmem
{%r)1<h<p+1 MO p -+ 1 BeKTopoB IpoCTPaHCTBA K7 mmoxectso
P.,» (K) Oymer HaxogurbCA TaKyKe BO B3AaMMHO OJHO3HAYHOM COOT-
BETCTBHH ¢ (AKTOPMHOKECTBOM MHOMKECTBA Ly 44, p 44 (K) Do cie-
AYOIIEMY OTHOLIGHHI0 3KBUBATEHTHOCTH A, p(K): «(ar) m ()
MOPOKAAIT OfHO K TO ke (p -~ 1)-MepHOe BeKTopHOE MOANPOCTPAH-
¢TBO npocrpancrea K+, Mu GyneM B ganbmEeimeM omoxcdecmeasmb

P, ,(K) ¢ arum ¢axropmuosectBoM. C npyroit cropomsi, eciam
KaK0# cBoGoxHOi cucteMe (ap) U3 p -+ 1 BEKTOpPOB mpocTpaHCTBA
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K+t ormecru mampuyy X us p + 1 crpox u n + 1 cronbmos, k-it

crpokoit kotopoit caymnr ax (1. Lk L p + 1), To aTEM OmpenennTes
B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY L, 44, p+1(K) n MEOMKE-
CTBOM BCeX Marpun pawea p + 1, mmelomux p + 1 crpokwn -+ 1
cronlmnos; Mu Oymem omoscdecmeasame L 44, p 44 (K) ¢ 3THM MHOMKeE-
CTBOM MaTpmm; ortHomeHme A, , (K) mexnpy marpumamm X, Y Gyner
TaKoBO: «cymecTByer oGpaTmMan ksafparHas matpuna I (p 4 1)-ro
nopagka rakag, uro Y = T'X»,

B nanpHeiimeM M OymeM mpenmoxararb, 4ro K ecrb moie R,
¥ BO BBEIEHHHX HaMH 00O03HaYeHMAX OyJeM ONyCKAaTh YKa3aHH®
aroro moaa. B P, , MoxHO ompeneiumTh TOMOJNOTHIO cmocoGoM,
0000MAamMUM BBeJeHHEe TOIOJOTHE B BEIHECTBEHHHIX IIPOEKTHBHEIX
npocrpancTBax. B camom pmene, L, .4y, p+1 COREPIKETCA B NMPOCTPAH-
ctBe My, 1, 41 BCEX MaTpHI C BEIIECTBeHHKIMH B3JIeMEHTaMM, MMeIo-
mux p+ 1 crpok mw n 4 1 cronbuos; m Mb HageauMm L, ., p4q
TOMOJOTHEH, MHAYUUPYEMOil TOMOJOruei 3Toro HOpPoCTPaHCTBA Mar-
pun (§ 1, n° 6).

Onreneaenne 2. Ipocmpancmeom p-mepubiz (p > 0) npoermus-
nulx AuHelnur MHOZ006pasuil npoekmuerozo npocmparcmea P, Hasw-
eaemca gaxmopnpocmparcmso P, , monoaozuueckozo npocmparncmea
Lyy1,p+1 N0 omuoOwen U0 aKeusasenmuocmu A, p.

Mu GymeM moap3oBarbca CAeAyWIMEMH oGosHavermAME. IlycThb
X — sagaHHag Marpuma ¢ p + 1 crpokamm u z -+ 1 cronGmamu;
JUIA  KQKZOW CTPOTO BO3PACTAIOUIEH IOCIENOBATENBHOCTH ¢ =
= (i3, i, - .+, ip+1), oOpasoBaHHO#l p + 1 HWHHEEKcaMum M3 MHTEp-
Bama |0, ] © N, mm Oygem oGosHauaTs depe3 X, KBAaJpPATHYIO
mogMarpuuy Marpuoi X, oGpasoBaHHYIO croJbmaMd ¢ HOMEpPAMH
iy @9y «« .y Ip+1. Yepes A, MH GygeM 00G03HAYATH IOJMHOMKECTBO
MHO:eCTBA Ly, 41, p +1, 00pasoBannoe temMu MaTpunaMu X, JIA KOTO-
poix matpuna X, oGparmma. B cmay mpepaosermna 6 § 1 A, ecrs
6clo0y naomuoe omEpHIMOE MOAMHOKECTBO IPOCTPAHCTBA My 44, 5 +4
u pysxuna X X' nenpepuisna Ha A,.

MuonecTB0 Ay HONMYCKA®T CHEAYOMYI0 TEOMCTPUYECKYIO HHTEpHpe-
Tauao: 0ycTh E; — BEKTODHOe HOJNPOCTPAHCTBO mpocTpameTsa R™H,
HOpOIERHOe TEMU BOKTOpaMi €; KAHOHAUECKOro 6asuca, AHEEKCH KOTO-

’
PHX HpuHafiexaT ¢, A Eg¢ — [OHOIHATENbHOE HOANPOCTPAHCTBO, LOPO-
FIOHAOe TeMu €;, MHIEKCH KOTOPHIX He NpPHHAJIIeKAT O; HPUHALJIeH-
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HOCTH MaTpurul X MHOKeCTBY A ; 03HAYAeT, 9TO NpoeKnuy Ha E; ee p -+ 1
CTPOK ap 06pasyoT cBOGORHYIO CHCTEMY, Mid €@ 4YTO BEKTOPHO® IO~
OPOCTPAHCTBO, HOPOKNEHHO® DBEKTOPAMH &y, FHBIAGTCH JOROLHEHUEM
k Eg (aam 4ro ero nepecedyeHue ¢ Eg CBOXATCA K TOUKe 0).

IIpennoxerne 6. IIpocmpancmeo P, , omdesumo.

ITpexne Bcero saMeTuM, 4ro OTHOMEHHE A,,, OMEPHMO; B CaMOM
pexe, eciu U — OTKPHTO® MHOMKECTBO B Ly 44, p4q, TO JIA HACHIE-
HUA ero mo OTHOINeHmio A, , HYKHO B3ATH o0begumHeHHE 0Gpasos U
mpu orobpaskeruax Xw+>TX, rme I mnpoGeraer MHOMECTBO BeCex
o0paTMMHX KBajJ(PAaTHREIX MaTpuI NopAfka p -+ 1; Tak Kak Kaxjgoe
3 BTHX OTOOpaKeHMH B3aMMHO HENPEPHBHO, TO BCe BTH 00pa3nl
ABIAKTCA OTKPHITHIMH MHOKECTBAMM, & 3HAYMT, OTKPHTO M HX 00be-
mumenne. llo mpepnomennio 2 § 8 raasm [ paccmarpusaemoe mpen-
AokeHHe OyOeT YCTAHOBJIEHO, €CIH MHI JMOKAKEM 3aMEHYMOCMb MHO-
mectBa N, ompegeaAeMoro OTHOmeEHHeM A, , B I[POM3BeleHUN
Lyy1, p1 X Lyyq, p+y. Hyers (X, Y) — mapa marpun, ABisio-
MAaACA TOUYKOH NPUKOCHOBEHHA Iid N, M 0 — IOCIeK0BATEIBHOCTD
HHJIEKCOB Takad, 4o Marpuna X, o6patuma; mocKoxbKy Ag OTKPHTO,
cymecrsyer okpectHoctb V toukm (X, Y) Takas, 4ro mas noGoi
napat (X', Y)EN N V marpuma Xg obparmma; Cief[0BATE.I1bHO,
rorpa (X', Y') crpemurca k (X, Y), ocraBascsy B NV, matpuna ¥YoX o !
crpemurea k I = Y X' rak kax Y’ = (YsX¢ 1) X', To, nepexons
K mpeneny, moayiaem Y = TX, M Ipefiio;Kenne [OKa3aHO,

Meepaoxenne 7. IIpocmpancmeo P,,, romnarmuo.

Mu moKaskeM, 4YT0 CYM[ECTBYeT KOMIIAKTHO® IOANPOCTPAHCTBO
npocTpaHcTBa L, 44, p 44 TaK0OE, 9TO BCAKMI KJIACC BKBHBAJEHTHOCTH
no A, , mepecexaer 5To MOAIPOCTPAHCTBO 110 KpaifHeH Mepe B ONHOMN
TouKe; Torga u P, ,, ABIAACH 06Pa3oM 3TOro IOANMPOCTPAHCTBA IPH
KaHOHHYECKOM orolpaseHuu L,y p+1 HA P,',, Oyner xommakrao
(rx. I, § 9, Teopema 2).

Myers V, 44, p+1 — MOANPOCTPAHCTBO TpoCTPaHCTBA Ly 44, p 41,
oGpasoBaHHOEe cHCTeMaMH (Xy), COCTOAmMEMH U3 p -+ 1 Bexropos,
o0pasyomux opmoHOPMALLHEL e6KAU008 6a3uc TOPOKTAEMOr0 MMU
BeKTOPHOro mopgmpocrpaHcrsa (Aar., ra. IX, § 6, n%1), 1. c.
TakuMn cucremamu, 4ro (xp | xp) =0 mpm A £k m (cy | wrn) = 1
(1 Lh<Lp+1). Kak ussecrno (Aar., ri. 1X, § 7, n° 1), Bearoe
(p + 1)-MepHoe BexkTOpHOE WOAIPOCTPAHCTBO IpocTpaHcTBa R+
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obGianaer TakuM 6asHCOM, M, CJIEJOBATENBHO, BCAKUH CMEMXHEI KIace
mod A,,, mepecekaerca ¢ V., p+1. C APyroit CTOPOHH, MATpHIH
X = (21;) € Vi 41, p +1 ONPEAEIAIOTCA COOTHOECHUAME

n
'ZOx?,-=1, ecit 1<i<p+1,
J:

n
Dz =0, ecam == k.
i=0

OnE 00pasyiT IODTOMY 8amkHymoe MHOMKECTBO B Mp .41, n+1, ¥ TAK
KaKk W3 DTUX COOTHOINEHMit BHTeKaer, 4T0 |xzy;| << 1 nua moGoit
napH HHAEKCOB (i, j), TO BTO MHOMKECTBO O0ZDAHUYEHI0 W, CIEHOBA-
TEIBHO, KOMNAKMHO.

IIregmoxenne 8. P,,, ecmb cesa3noe 10Kasbio ceasroe npocmpar-
cmso, Kaxfas mouwka Komopozo obsadaem omrpumMol OEPECTMHOCIMbIO,
eomeomopgroti RP+Dn—p),

Hiaa wampgoit (crporo Boapacraiomei) MOCIEN0BATENBHOCTH ¢
MHIEKCOB MHOKeCTBO Ag OTKPHTO B Ly 44, p+1 ¥ HACHIEHO TI0 A, 3
IodTOMY ero KamoHHdYeckuit o6pas Cs; B P,,, ABIAETCA OTKPHITHM
MHOKECTBOM, ToMeoMOPOHHM (aKTOPMHOMKECTBY MHOMKecTBa A, WO
OTHOINEHNIO SKBHMBAJEHTHOCTH] ®y, HMHIynHpyeMoMy B Ay OTHOIIe-
mueM A, , (1emma 1).

Ilycrs By — mogMHOMKECTBO MHOMecrBa A,, cocTosmiee M3 Tex
Mmarpun X, AIA Kotopux X, — edunuunas mampuya (p + 1)-ro
MOPAJ(KA; TOrMa BJIEMEHTHl Marpuukl X, He Bxogamue B Xg, npous-
804bHbL H, CIE0BATEIbHO, B, romeoMopdro mpocTpanctsy R(EP+1D(—n),
Comocraum kaxnoil Marpmme X € A, marpuny Y = XF7X, npm-
HaJJIesRamyio By, 5THM Ompefeurca HeNmpepHBHOE OTOOPaKEHHE g
MuoxectBa A, Ha By Takoe, uto g (X) Oymer equHCTBERHON Marpuneit
u3 By, oxBuBasentHoii X mod ©,; oTciona BRITEKaer, uyto By roMeo-
mMopduo A,/0, (1emMa 2), a caegosarenbno, H Co.

Tem camunM MHOMecTBO C; CBA3HO; TaK Kak Ag BCIOIY ILIOTHO
B Ly41,p+1, TO C5 BCIOAy miaotro B P, ,, oTkyna caenpyer,
aro P, , Toxe casno (ra. I, § 11, npepnosxenne 1). C mpyroit cro-
poHbI, BCAKAag TOYKa u3 P, , npuEagme:xmT MHOMecTBY C, IIo
Kpaiineit mepe A OAHOI IOCIEqOBATEIBHOCTH O HHJAEKCOB H, cle-

JoBareabHo, o0xamaer OTKPHTON OKPECTHOCTBIO, TromMeoMopdHoil
Rp+Din—p),
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Marpuny Y = g(X) MOHO HHTEPIpPETHPOBATL eINe CHELYIOmuM
00pa3oM: mpejHoIOMUM JJIst IPOCTOTH, 9TO HOCHEOBATENALHOCTh O o6pa-
sosaa p 4 1 mpomepamu n —p, n—p-+1, ..., n, 1 o0603HAUNM
weped a1y 1 <i<p+1, 0Kj<n—p—1) saeMeHTH DepBHX
n — p ¢Ton6IOB MaTpHIK Y; TOTHa BEKTOPHOE HOMMPOCTPAHCTBO IIpO-
crpanctBa R™*!, moposkiennoe cTpoRaMu marpui(il X, ecTh He 4TO HHO®,
KaK HOANPOCTPAaHCTBO, OHpELEeNAeMOe YpaBHeHUASIMIA

pi-1
Zj= z @ jTn—pyi-1 0/ <n—p—1).
i=1

6. I'pacemarnuarst

IIycre K — samammoe kommymamuskoe teno. Naa wammuolt Mar-
punsl X € Ly 44, p4+1(K) oGo3Baumm 4wepes c¢,(X) ompepenmrenas
marpunghl Xq; TakuMm ob6pasom, kaxmgoit Marpume X € L 4, p 41 (K)

OymeTr COOTBETCTBOBATh K == (;ii) ompegeuTeneil, U3 KOTOPHX
HEe BCE PAaBHH HYJIIO (COCTABJAMINNE BHEIIHEr0 mpoussegeEnsa p + 1
crpok Marpuni X). Ecam comocrasnrts Marpume X TOYKY NPOEKTHB-
HOro mpocrpanctBa Py (K) ¢ 0fHOPOAHEME KOOPAUHATAMH C4(X),
t0 atuM Oyder ompeneneno oroGpaskeBMe L, .4 p+1(K) B Pury(K),
coraacyiomeeca ¢ orHomenueM A, , (K); mnyrem daxrropusamun
orciofia noayuurca oroGpakenue f npocrpanctea P, , (K) B Py (K);
o6pas G, p,(K) mpocrpanctea P, ,(K) npm srom oroGpa-
JKEHNW HA3HBAGTCA 2paccmaHuanom ¢ uHiexcamu n, p (Auar.,
ra. 111, 3-e man., § 8, n° 12). Hanomaum raksxe, 4to oroGpaxkenue f
unwvexkmusno, ubo ectm X — marpuna, 4ias Koropoit X, oGparmMmo,
10 Matpuma Y = X 'X u3 B,, COOTBETCTBYOIAA KJaccy MaTpu-

i X mod A,, ,(K), ecrb He 4TO0 HHOe, Kak MaTpHOa (c—d('.;{r)
g

)
1LiLp+1, 0Ljn), tne d;; o3Eavaer oNpefesuTeNb MAT-
PHOE, TOJIydaeMHil myreM 3aMeHH i-ro c1ojbma B Xg j-M CTOi0mOM
matpunil X (OTKyZa ciemyer, 4ro d;; PaBHO, ¢ TOYHOCTHI) [0 3HAKA,
onaOMy M3 ¢ (X)).

B cayuyae, wmorga K ecrp mone R, ykaszaHHoe orobpaskemme f,
OYeBHHO, HenpepigHo; oOpaTHOEe K HEMY oTo0parkeHHe g ToXKe Hempe-
PHIBHO; B CAaMOM [eJe, MaTpuma, npuHamiesxamasa B, mnmeer aie-
MEHTAMHE pPANMOHAJNBHNE (QYHKOUH OJHOPOLHHX KOODIMHAT TOYKH
COOTBETCTBYIOmMEro eil rpaccvManuaHa; Tak Kak f(Bg) = By ectb
MHOXKECTBO TOYeK m3 Gp,p, Y KOTOPDHX OJHOPOJHAA KOODAMHATA
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€ MHEKCOM O oTaH4HA 0T 0, TO BTO MHOKECTBO OTKPHITO OTHOCHTEIBHO
G,,p; TEM caMHIM g HETNPEPHIBHO BO BceX TOukaX m3 By, a Tak Kak
BCAKAA Touka M3 G, , NPUHALISKHT MHOKeCTBY By 1o KpaitHeit
Mepe [JIA OfHOTO T, TO § HellpepLBHO BO BceX ToukaxX. TakmM oGpasom:

IlpepmomenuE 9. I'pacemanuan G, , zomeomopger npocmparcmay
Pn’p-

HanomunM, Hakomen, 410 rpaccMaBMaHH G, p (K) 1 Gp, ,-p-y (K)
ABJATCA MOAMHOMKECTBAMHA OJHOTO M TOTO 3Ke NPOEKTHBHOTO Ipo-
crparctBa P, (K) m momywawrca Jpyr U3 Kpyra MOCPEACTBOM
TPOEKTHBHOTO JuHEIiHOro mnpeoGpasopamma (Aar., rx. III, 3-e mag.,
§ 8, n® 12); orcioma caemyer, 4T0 G,,p ¥ Gy n_p_y 20MEOMODPHL.

Ynpaskaeaus

1) PaccmoTpnm otoGpaskenue f cepst S; B R%, comocraBisomee

Ka[0it TouKe & = (24, q, 3) € Sy TAKYI0 TOURY ¥= (Y1, Y2, ¥3» b4) € RY,
q9To

yr=2ai—13, pa=24Ty Y3=21T3, Y,=ToZs.

Jdta QyuUKmUA MMeeT ONWMHAKOBHE 3HAUEHMS B JIOOLIX ABYX JUaMeTpPaibHO
OPOTHBOMOJIOKHEX TOuKaXx cepr Sp; MOKaszaTh, UT0 npu (PaKTOpU3AIMH
OHA jaeT romMeomMopdusaM IIpOCTPaHCTBa P; Ha HEKOTOpPOE NOALIPOCTpaH-
ctBo B R4, Tloxasath Take, uro otobpasenue g cdeput S; B RS, or-
Hocsiliiee TOYKe (x4, 29, T3, Z;) TAKYIO TOUKY (yf)lsjse’ 4TO

yy=2i—23, yp=2x47p, V3= 2123+ 107y,

We=2y—2%, Ys=ia3%;, Ye=T1Ty— ToT3,

onpefenser GaKkropusanueit romeomopdnam P; B RS,

2) OTokgecTBiAsiA IPOeXTMBHOe IipocTpamcTBo P, ¢ dakropupo-
cTpaHcTBOM Imapa B,, oupepesenEnM B npexroxenud 3, 0603HaunM
gepe3 (¢ KaHOHHYecKoe oTofpaskenne B, wa P,. HenpepuBrHOe oTo6pa-
JKeHWe f TOIOJOTHIecKOro mpocTpancTea E B P, Ha3KIBAETCH Hecyujecmeer-
N®M, ecid CYIecTBYeT HeOpePHBHOe oTo0paskenue g NPOCTPAHCTBA
E B B, Taroe, 4T0 f = Qo g, A cyyecméennuMm — B IPOTUBHOM CIyuae
(cM. ynpamxuenne 6 § 2). ITokasars, 910 cymecTByeT OKpysseuue U paBHO-
MepHO#i CTPYKTYPH mpocTpaHcTBa P, Takoe, 9To ecid [ — HeCYMmECTBEH-
HOe oToOpaskeHme TOHOJOTUUYeCKOro mpocTpamcTea E B P,, TO BeaAKOC
mempepuiBuoe orobpakemue f° mpocTpasctBa E B P, Takoe, dTO
(f(x),f'(x)) €U mas Kawgoro z € E, TOe HeCYH@CTBOHHO,

3) CymecrBennoe (ympaskmeHme 2) HempephiBHOe oOTo0paienue Sy
B P, HEBOSMOKHO OpPONOIDKATH [0 HEIpepHBHOro o0ToOpaxkenus B,
B P, (cM. yupameenue 8 § 2).
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4) Ecmu n > 1, To CymeCTBYeT CYMECTBEHHOE OTOGpaienne f OKPyK—
gocra S, B P, Taxoe, uto f(S;) =% P,. [Baars 3a f(S;) o6pas puamerpa
mapa B, npn orofpaskenan ¢; aToT 00pa3 ecTh IPOSKTUBHAS HPAMAA.}
Brisectu oTcloga, 4To mpm n > 1 npocrpasctso P, me romeomopdro
ua S, nu B,. [McnoansoBars mpegnaymice yIpaxHenue 3 W yHPask-
menme 3 § 2.]

5) Cumran R? morpyscennbiM B R X R, a R — B R, moxasars, 410
orobpaxenne (z, y)m> -y mpocrpauctsa R2 B R Mmosker GuiTh Hpo-
JNOJKEHO IO HeNpepHBHOCTH HA TOYKM (0O, a) # (a, o0) U3 R X R gan
BCeX KOHEYHHX 3HAYeHui @; OHO He MOKeT OHTh IPONONKEHO N0 Hempe-
PHIBHOCTY HA TOUKY (00, 00). FEcam cuatars R? morpyskemHHM B P,

(a R mo-mpe)xHEMY HOTPY/KEHHEIM B R), To z--y MoyeT GHITH IPOJOJ-
KEHO TI0 HCIPCPHBHOCTH Ha BCe TOUKHM (eCKOHEWHO YAaJeHHON HPAMO,
OT:IMYNEIE OT TOUKM € ORHOPOAHEMMK KooppuHatamu (1, —1, 0).

ChopMmynupoBaTh W AOKAa3aTh AHAJOTMYHLIC CBOMCTBA [Jsf HIPOU3Be-
HeHus ay.

6) HycTs & — MHO/KECTBO BCEeX BAMKHYTHX NOJMHOMECTB NPOCTPaH-
ctBa P, (n > 0), HapmeneHnoe paBHOMEpHOH CTPYKTypoii, mOXydaemoil
M3 paBHOMEPHOH# CTPYKTYpPH mpocTpanctBa P, mo cmoco0y ympamne-
nus 66 § 2 rnasu 11. [Tokasars, uto B § MHOMecTBO P, , BCeX p-MEPHHX
(p > 0) mpOEKTHMBHHIX JuHeWHEIX MHOroofpasuii mpocrpancrsa P, sam-
KHYTO ¥ 9TO TONOJOTHMS, @Hmyuupyemast B P, , Tomomorueii mpocTpan-
cTBa §, COBIIafaeT ¢ TOLOJOTUEl, BReNeRnol B onpenenenan 2. [[as ompe-
Jenendst OKPY/KCHHMIT paBHOMEPHOII CTPYKTYpH HpoCTpaHCTBA P, MOMKHO
paccMarpuBaTh P, Kak QaxTopmpocTpamcTBO cepH S, (mpemioe-
uve 2) U 6paTh KOHeWHHe HOKpPETAsA S, mapaMsa, pPaguycH KOTOPHIX
crpemsitest K 0.}

7) a) IlokasaTs, uro (B oGosmawenmax n° 5) mpocrparcTBO Ly p

p(p+1)
romeoMopdrio mpousBemeERmI0 Vi, X R 2, Bamerum (Aar., ra. IX,
§ 6, nmpepnoxerne 1), uTo BesiKan Marpuna X € L, , Momer OHTbL OEHO-
3HAUHO npejcraBiena B Bupe UY, rme Y € Vi, p, v U = (u;;) TakoBo, 9TO
ui;=0mnpa i<<juu;>001<i<p). Homonum Y = f(X).

6) ITokasaTh, uro (B 0GO3HaYeHMAX IpennokeRHA 8) f ecTh TOMeO-
mopduam By Ha f(Bg). [3amerars, uto X+—f (X'X) ecTsb HeIIPe PEIBHOE

oro6pakenue Ag Ha f (Bg) M 9TO f(XE’X } OpUHANJIeIKUT TOMY e Kiaccy
mod A,, ;, aro u X; mpuMenuTh 3aTeM Jemmy 2.] BrBectu oTcofa, 4TO
nepecevenne Dy muomectsa Ag ¢ V, ', romeomopdro mpoussepennio mpo-
crpaucts Vp, , 1 RP=P), [Beakan marpuna, opadagiesxamas Dy, oguHo-
BHAYHO NpEefcTABAMA& B BWAEe NPOM3BENeHAA MATpHnb u3 V, , M MaT-
puok u3 f(Bg).]

8) Ilyerr g — orofpakeHye, cOMOCTABIAIOMEe K&XION MAaTpUIe
X €L, p, Marpuny X', o6pa3oBanmyl0 ¥3 q HEPBHX CTPOK MATPUIH
X (9 < p). ITokasaTp, 4T0 cy:eRne oToGpaskenus g ma V,, p ecTh OTKpPH-
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-TOe HempepHBHOe OToGpamenue V,, , na V, 4. [Bocnonssosarnes ympam-
HenmeM 7a, 3amernmB, 4r0 ecam X = UY, 10 g(X) = U'g(Y), rne
U’ — marpuna, nDojydaeMas yaajenneM um3 U CTPOK H CTOAGIOB ¢ HOMe-
paME >>g; C JpYroil CTOPOHH, y9eCTh, 9TO f — OTKPHTOE 0TOOpasKenue, ]
Busectn orciopna, 4ro QaxropmpocTpancTBO Vi, ,/Q, rae Q — oTHO-
[IeAMe HKBUBAJIEHNTHOCTH g(X) = g(Y) Mepy Mmarpmpmampg m3 Vi, o,
romeoMopdpuo V, 5.

9) Hcmons3ysa npean;iymee yupayiHenme 8 m mpegioxenme 7 § 11
raapu I, nokasath, uto Vy, , nmpu p < n cBA3HO.

10) IIyeTs B MpOCKTHBROM TIpocTparcTse Pr naHa «kBagpukay Hp, p,
onpefesseMas ypaBHOHAEM

x%-{—xﬁ—:—...—%—xf}_l—x%——...—x'fL:O 1 <p<Ln).

Ifoxasats, uro H, , n H,, , romeomopdou S, ecam 2L p<Ln—1,
10 Hp, ,, ToMeoMopHO mPOCTPRHCTBY, NONYICHHOMY IYTEM OTOXMIIECTBJe-
HAA KKIOM TOUKA mpomasenemna S,_y X Sp—p (PACCMATPUBAECMOTO KaK
IOANPOCTPAaHCTBO mpocTpancTBa RP X R*-P+l) ¢ nmamerpajashno IPOTHBO-
TOJIOKHON TOUKO. Beakasa Touxa u3 Hp, p IMECT OTKPHTYIO OKPCCTHOCTD,
romeomopdHyio R™-1,

Itoxasats, ato Hga o romMeomopduo Sy X S;. [Ortomaectsuts Sy X Sy
¢ TXT, OTOKiECTBIAA HAPY RMAMETDAJHHO IPOTUBONOIIOKHEIX TOYEK

. 1 1

m3 S, xX8; ¢ mapoit TOouex (u, v) m (u-{—-z-, v-}--?) n3 T X T; 3arem
paccMOTpeTh oTobpaskenue (u, v) = (u--v, u—v) npouasejerus T X T
B cebs.]

11) Ilyers Cp, ,— «KoHyC BTOPOr0 HOPA/IKA» B HPOSKTUBIOM HPO-
crpancree P,, onpemenscMmulil ypaBaeHHeM

xﬁ-{—x%—{-...—!—x;—-xi“—... —z2=0 (1 L<pLn—1).

IToxazaTs, 910 gomoamennce ¥ {0} B Cp, p roveomopgro R X ITn_q, 5 (B ofo-
8HATGHNAX ynpaykuenus 10).



HUCTOPNYECRIN OYEPK
K I'NTABE VI

(PrMckme nudpl oTHOcATCA K GmGanorpadmu, noMemeRHOR
B KOHII® HACTOAMMOIO OTOPKA.)

Mmu y:xe nMenm ciryTail roBOpATH O TOM, KAK PA3BATHE AHAJINTHIOCKON reo-
MCTPHH HA INIOCKOCTH M B IIPOCTPAHCTBe HpPHBEJIO MAaTeMAaTHKOB K BBE/OHAIC
TOIIATAA n-MepHOTO HPOCTPAFCTBA, KOTOPOe AAJ0 MM TEeOMEeTPHYeCKHMHE H3HIK,
9pe3BIgaiinoe yRoOHH [JIA KPATKOTO H IPOCTOr0 BLIPAMENNA ajrebpamdecKmx
TCOPEM, OTHOCHIOAXCA K YPABHEHAAM C JIOOBIM GHCIOM HEHU3BECTHLIX, M B 0CO-
GenmocTn 06mux peayiLTaToB JMHeiHON asurebpm (cMm. Meropmueckue ouepkm
K raaBaM II—IIIu IX Aure6pur). Ho xoTa k cepepnnme X1X BeKa 5T0T A3KK AndA
MHOTHX TeOMETPOB CTAJ OOBITHEIM, OH OCTABAJICS YUCTO YCJIOBHHM, H OTCYTCTBHO
«MITYUTHBHOTO» IPEACTABJICHAH IPOCTPANCTB € WHCJIOM H3Mepenmii OOanmmm
Tpex, Ka3ajoch, IPEHsTCTBOBAJIO TPOBCASHUIO [IIIA HAX PACCYKIACHHI (IO HOIpe-
PHIBIIOCTH», MONYCKABIIAXCA HA INIOCKOCTH M B IPOCTPAHCTBE® HCKIIOUMTEJHHO
Ha OCHOB® «MHTYMOMN», PMMan HepBHIi B CBOMX HCCJEAOBAHUAX N0 A wHaauay
noaoscenus ¥ OCHOBAHWAM T'eOMETPHY OTBAMKIJICH PACCYKAATH TAK IO AHAJOTHII
CO CayYaeM TpoxMepuoro mpocrpancTBa (cM. Mceropugeckuii oaepk K riase ) *);
BCJIe[ 38 HHM MHOTHC MATOMATHKH CTajJd HCIOOIL3ODATH ¢ OOJBIMEM ycmexoM
TAKOTO POja paccymjeunms, ocobenHo B Teopum anrefpandecKux QGyHKuit
HECKOJIBKMX KOMIUIOKCHHX IepeMenHWX. Ho IOCKOJIBKY cpecTBa KOHTPOJH
MPOCTPAHCTBEHHON MHTYHUMH ORLJIO TOrga BechbMAa OTPABMIGHHHI, MOMKHO OHLIO
¢ MOJIHEIM OCHOBAHMEM OTHOCHTHCA CKEITVICCKH K J0KA3ATeNbHOIT CHiIe momoBHEX
paccy:KaeHMH ¥ JOMYCKATHL UX JIMIG HA IPABAX UNCTO BBPHCTHIECKOIO CpeCTBa,
ACNAIONIET0 CIPABEJJIMBOCTG HOKOTODHIX TeOpeM BechbMa HpaBRoNofoGHO#. Bot
nouemy A. ITyamxape B cBoeM MeMyape 1887 r. o BLIgeTax [BOMHBIX MHTEIPaJOB
QYHKOMI ABYX KOMIUIEKCHWIX IepeMeHIHX Nn30eraeT, HACKOJILKO OH MOMKeT.
ofpamenusa K HETYHIAN ICTHPOXMEPHOIo NpocTpaucTsa: «Il ockosbry smom eunep-
eeo,uempuuecnuﬁ ALK BHyULtaem ewe 0mepalycrue MHOZUM CepbeZHLIM YMam, —

*) Cm. rakmke pabotet L. Schlifli, oTnocamuecs & ToMy e Bpemenm,
HO omyGnuKoBammEse gumb B XX Beke (Gesammelte mathematische Abhandlun-
gen, r. I, Basel (Birkhiiuser), 1950, crp. 169—387).
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TOBOPHT OH,— & 6y3Yy noabaosambves um pedxoy; SYXMIMPeHNA», K KOTOPHM OH mpn-
6er naA aroro, MO3BOJMIH eMy CBECTH [eJI0 K TONOJIOTHIOCKNM DPACCYKACHUAM
B TPeXMePHOM IPOCTDAHCTBE, Ije OH YyKe HO Kojebjsach ONMPAeTCsa HA HHTYH-
nao ((I), v. III, ctp. 443 = caep.).

BnpoueM, oTkpriTiHA KauTopa 1 0cOGeHH0 3HAMOHNTAA TEOPeMa, yCTAHABJIM-
Balomasa paBHOMomHOCTE R m R™ (xoropas, Ka3anoch, CTABHUT IOA BOIpPOC Aaske
IOHATHe Da3MepHOCTH *)), mMOKa3ayd, ITO [AJA IOABOACHNs HANKHOH 6asknl IO
paccy:eHnsi B TeOMETPHHM M TONOJIOTHH HEOOXOLHMMO IOJHOCTHI0 OCBOGOAMTL
X OT BCAKOro obpamenna K METyHnmun. M ymxe rosopmianm (cMm. Vcropmieckmit
ogepk K TyaBe I), 9To 3aTa HOTpPe6HOCTL MOPOAMIIA COBPEMOHHYIO KOHIENIMIO
oQmeit TOMOJIOTUNA, HO €me A0 CO3JAINA 3TOI MOCJIeAHell HaTaJOCh CTPOroe Uay-
9eRNe TOIOJOTNY THCJIOBHX IPOCTPAHCTB N Han(oJlee HOIOCPOACTBOHHEIX HX '0606-
meHnit (¢«n-MePHBIX MHOT0OGpa3mily) MeTONaMH, OTHOCAIMEMHUCA TJIABHHIM 06pa3om
K TOil BOTBM TONOJOIWH, KOTOopylo Ha3mBalT «HoMmOmmaropHOii Tomosormeii»
nin, Jgydine, «Ajnre6pamveckoir Tomojsiormeit»y. ITod Teopmm 6ymer HocBAIena
clenUaJIbHAA KHWUFA HACTOAIEro TPAKTATa, W TAM YATATeJNb HAHAET CBejeHUs
00 MCTOPHMYECKNX 9TANIAX €6 DABBHUTHA; B NMACTOAMEN IJIaB6 Mh OTrPaHAYHINCH
yCTAHOBJICIIMeM HambOJiee DJIEMPHTAPHHX TONMOJOTMISCKHX CBOHCTB WHCJIOBHIX
A NPOEKTHBHHX NPOCTPAHCTB, KOTOpHE HMCTOPHYECKH NOCAYHUAHN OTIPABHHIM
IIYHKTOM [JIA MeTOMOB aareGpamvyecKoil Tomojormm,

*) VuTepecHO OTMOTHTL, UTO, O3HAKOMACL G STUM pe3yaALTATOM, JeAeKMHER
DONAJ NPHYMHY €r0 BHAHMOM NapajoKcajsbHocTH M coobmmn Haurtopy, dro,
MO-BHAMMOMY, MOHO ORIZIO OH JOKA3aTL HEBO3MOKHOCTh 63AUMHO 0OHOZHANHOZ0
U é3aumid wenpepuisnoeo COOTBeTCTBHs Mexay R™ m R™ mpm m == n (II).
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I'TABA VII

AJAUTNBHBIE TI'PYIHIIIbI R

§ 1. Hoprpynner n ¢akroprpynnsr rpymnsr R”

BeeneMm mpe:xpe Bcero caeayioilige corjamienue; mycrb G — Tomo-
IormuecKas rpynma, a G" opu amoboM 1eiaoM n > 0 oaHaTaer, Kak
B raase III (§ 2), npoussenenvie n rpynn, pasHBIX G; B HACTOAILEM
paparpade ME paclipoCTPaHUM 3TO ODPefeNeHNe Ha cayiait n = 0,
yenosuBunes oGo3Hagath 4epes (Y rpynny, CBOJAALUIYIOCH K Heli-
Tpa;bHOMY daementry. Hakosa 6ut Hy Obina rpynna H, G° X H Gyaer
OTOMRAECTBAATECH ¢ H.

B srom maparpade mm OyneM paccMarpusaTh B MHOMecTBe R”,
¢ O/iHOH CTOPOHHI, ero CTPYKTYpy (agmuTwBHON) monosozudeckoll
2pynnal, ¢ IPYTON CTOPOHLL, €T0 CTPYKTYPY 6eKMOPHO20 RPOCIPAHCTBA
orHocnresbuo moia R (rx. VI, § 1, n° 3). Bmecre ¢ 3agaHHnyM MHO-
xecthoM A < R™ M OysmeM paccMaTpuBarTh KAk HOPOKIAEMYI0
nm nodzpynny rpynosl R™ (MHORECTBO BCEBOBMOMHEIX JHMHEHHDBIX
KoMOMHATMI Touek M3 4 ¢ yeavimu KOdQOUIUCHTAMU), TAK U HOPOsK-
maeMoe MM 6ekmopHoe nodnpocmpancméo mpocrpadcTsa R" (MHOMKe-
CTBO BCEBOBMOKHLIX JUHEHHKX KoMOmHanuit rogex us A ¢ eeuyecmeen-
Koy KoddduimeHTaMm); He CIeAyeT CMEIIMBATH DTH [ABA ITOHATHA.
B coorsercTBum ¢ oupeneneHusaMM, faHnanMu B Aaredpe (Aar., ra. I1,
3-e usa., § 7, n° 2), uu GyjieM Ha3HIBaTh paHzom MHOMecTBa A pasmep-
Hocmb TOPOKTAEMOTO MM BEKTOPHOTO IIOANPOCTPAHCTBA V; TaKUM
ofpasoM, crasarh, 910 A mMMeeT paHr p, BCe PABHO YTO CKasarh, 910
CyIlecTBYIOT p To4ex a; € A, obpasyomux ceo6odnyr cucmemy

\
otTHOCHTETbHO nmosasi R (1. e. Takyw, 9T0 COOTHOLIEHME Z tir; = 0,
i

rae t; — seujecmeennsie uucma, Bjeder f; = 0 paa Bcex i) M

20 H. Bypbaxn
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cocraBIAmuX 6asuc mpocrpadcTBa Vo (4ro o3Hawaer, YTO BCHKAA
Touka ua V ABaAercs INUWHEHHON KoMOuWHamueil ToYeK a; ¢ Beuect-
BOHHBIMU Koaddunuenramu).

B nociregywomem GymeT paccMaTpHBATLCA TAKIKe HOHATHO CHCTEMH
To9eK IpocTpancTBa R", ceo6odmol omrocumeavno noan Q payuonase-
HRE dlcet; TAKASA CHCTeMa ABJIAETCA KOHOTHHEIM MHOKecTBOM (X;) € R",

ANA KOTOPOTO COOTHONICHME Z rix; = 0, Iae r; — payuonasvrbie (LI, 9TO
i

CBONIUTCA K TOMY 3Ke, yeawe) umcja, Biacder r; = 0 guas Beex i, He cue-
AYET CMEIIMBATL 3TO NOHATHA® ¢ MOHATHEM CHCTOMHE, cBoGogmoOit oTHO-
cuTenbHo R; BeAKaa cmcreMa, CBOGOIHAaA OTHOCHTONhHO R, cBoGOmHa

11 OTHOCHTENbHO Q, HO 06paTHOe HeBepHO; Hampnmep, Tucia 1 1 /2 o6pa-
3ylT B R cncremy, cBOGOAHYI0 OTHOCHTEJBHO , HO He CBOGOAHYIO OTIIO-
cuTenbHO R; roBops ceobodnas cucmema, ML BCerpa 6yneM mMMeTn B BHUAY
cucreMy, cBoGOAHYI0 omuocumeabno R. Ciemyer, Taxum o6pasoM, THa-
TeJLHO pa3amiaTs B R™ CTPYKTypy BOKTOPHOIO HIPOCTPAHCTBA OmMHOCU-
meavo R OT CTPYKTYDPH BEKTODHOTO HpPOCTPAHCTBA omrocumeavhe Q;
B UACTHOCTH, BEKTOPHHM IOANPOCTPAHCTBOM omuocumesbno Q, mopo-
HIAeMHM MHOKecTBOM A < R™, ABjiAeTCA MHOMKeCTBO {/ BCEBO3MOMHGLIN
A¥HEHLX KoMOmBanui ToueK W8 A ¢ payuonasbubxi KOdOOUIMeHTAMM;
OHO COAICPYKUTCS B BEKTOPHOM HORmpocTpancrse V (oTHocuTennHO R), mopo-
JKIA6MOM MHOHeCTBOM A, HO, BooOme roBOps, He COBIAgAET C HMUM.
Paamepuocts U (omuocumeavro Q) HASHIBACTCH DAYUOHAABHBM DAHZOM
MHOMKECTBA A; OH No menbwiel Mepe paséen panzy MHOMKECTBA A, ompe-
gesexHoMy BHme (pasmepHocT:H V oTnocuteabno R); OB MoMeT GuITh
Geckoneunbim, ecanm A — GRCKOHGIHOE MIOMKCCTBO, TOrAa KaK PaHr uemyc-
TOro MHOMecTBa B R"™ pcerma <Cn; B 9ACTUOCTH, PANMOHAJBILII paHr
necuemnozo MHOIKECTBA M3 R™ Beerma 6eckoneueH, M60 BOKTOPHOe HPO-
CTPAHCTBO KOHOUHOIl pa3MepHOCTH Haj IoxeM @ cuerHo.

B macrosamem naparpade Mul IpeRfie BCErO BLIACHUM CTPYKTYPY
samEnymux nodzpynn agpuruBHOM rpymmet R™,

1. jluckpemmnsse nodepynnst zpynns R"

Kax msr Bumemu (ri. V, § 1, mpegaoxenue 1), enuHCTBEHHBIMH
3aMKHYTHIMHA IOATPyINaMy B R, oramansiMu ot R, asasioresa duckpem-
Hble TOATPYHONH rpynmst R, mopoxpgaemeie od0num diaementoM, Mes
AadHeM ¢ M3ydeHHs duckpemmsiz norpynm B R™.

Ipespe Bcero, moarpynna rpymiel R™, nopompaemasa p Bexro-
pamu (p < n) kaHoHmIeckoro Gasmca (rm. VI, § 1, n° 3) mpocrpan-
crea R", ecrp MUCKpeTHas rpynna, uaomMopdHas mpomasefienuio Zr
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p rpynu, copnagaiomux ¢ Z. Bosee o6mum o6pasom, omycrs G — mog-
rpynnoa, moposkpmaeMas p toukamu a; (1< i< p), obpasyomumu
c80600nyI0 cucTeMy; cymecTByer GMeKTHBHOE JMHEHHoe oTofpamkeHnme
R" ua cebs, npeoGpasyromee a; B e; (1< < p); DOCKONBKY TaKoe
orobpaskeHue ABIAETCH aBTOMOPPUBMOM TONOJIOrMYeCKOM Fpynmar R™,
G ecrn TomojioTMYeckas rpymna, maoMopdHas MNoArpynne, Hoposk-
naemoui roakamu e; (1. i < p), T. e., cuenoBarenbHo, Juckpemnas
IoArpynna panra p, uaomopduas ZP. ,
Crpoenne rpymos ZP, a ciegoBaTeNbHO, U IPyNnu G Grilo may-
ucno B AnreGpe (Anr., rot. VII, §§ 3 n 4); HamoMHUM OCHOBHEIE peayIb-
TATHl 3TOr0 uaydeHusa. Basucw rpynns G OTHOCHTENBHO KOJbIA

P
7. — pro cucreMm p Touer b; = Z rijdj, The ry;; — Iejable TaAK@e, 9To
=1

onpegeanrens det (r;;) pasen -11—1 wnmn —1. Bearan nodepynna H
rpynnsr G THCKperHA M MMeer PaHr ¢ < p; DPHE 8TOM NIA 3aXaEHOM
noprpynner H panra g cymecTBylor CBOGOJZHAA cHCTeMa p TOueK
b; (1 < i< p), mopoparoman G, u cucreMa g Toaek ¢; (1. i < 9),
noposknawman H, taxue, aro ¢; = ¢;b; (1 < i < q), rue e; — uenase
uncia (uneapuanmisie muoxmumeauw H orHOCMTensRO G), ‘Hpmuem
€1 =0 (mod¢;) (1 i g—1). Dakroprpynna G/H ecrs mue-
KperHasg rpymnma, usomopdraa mpoumssefenmioo ZP~7 X F, roe F —
KOHeUHas KOMMYTaTUBHAs FpPYINa, ABIAKMAACA DPAMBM IPOM3BE-
JIeHMeM ¢ UMKJIMYeCKEX HOATPYHR  COOTBETCIBEHHO IOPAKKOB
ey, €3, . . ., €q.

Mpr noxamem Temrepb, uYro paccMOTpeHHHE HaMU IECKPETHH e

noxrpynnu rpynnsl R ABxsores ee eduncmeentnmy RucKperHEMu
NO/TPYOIIAMA.

Ueepnomerue 1. ITyemoe G — duckpemmas nodepynna pauea p
epynne R™, (a)1<i<p — c60600nas cucmema p mouek epynnw G
u P — samxnymuii napassesenuned c yenmporm 0, nocmpoennuii
na gekmopazx a; (ra. VI, § 1, n° 3); mozda G N P — koneunoe muo-
oecmeo, nopoxwdaiowee G, u 6caxas mouxa us G Asafemes AUHEHHOG
kombunayueli 6eKkmopos @; ¢ PAYUOHANLHEMY Koafifuyuenmanu.

B camom peme, GNP KoMnakTHO ¥ HUCKpeTHo, a HOTOMY KO-
newro, Ilyers a— mpoussonbHas Touka us G; oHa PaBHa HeKoTopoit

P
AumeiiHON KoMOWBamuE D) ta; BEKTOPOB @; € BemeCTBEHHLIMU
=1

20%
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xoaddunuenramu. [aa xamporo memoro m>>0 paccMOTpUM TOUKY

4 14
:m———mx—i_z: [mt,-]ai=12,: (mt;—[mt;])a;*); oma mpumagnexur G,
n rak Kak 0<mt;—[mt;] <1, 1o oHa copepsmurca B P. Orcioga

14
Ipesae BCero BLITEKACT, YTO0 & =2;-+ Z[t,] a;, Tak uro G mopo-
i=1

mpaerca Muomecreom G(VP. C njpyro#t cropoHu, tak kak G| P
KOHETHO, TO CYIIECTBYIOT [IBA Da3NM4HBIX UeNHX gucaa h, k rakue,
9To #p = &y, & OTCIOfiA caenyer, yto (h—k)t; = [ht;|—[kt;] (1 <i<p),
K TeM CAMHM {; paluoHAJbLHH.

Cnemcrsue. IHlyemov (a;)1<icp—c80600nad cucmema p mouek

v
7 o« -
epynnot R™ u b= D\ t,t;—uzx AunelHas KomGULayus ¢ eewjecmeen-
=1

Humu kodpguyuenmanu. [as mozo umobu nodepynna G epynnu R",
nopoxcdennas p-+1 moukamu a; (1<i< p) u b, 6vaa duckpemnoit,
uneobrodumo u docmamouno, umobv uucaa t; Obliu  PAYLOHAABHAL.
ITpemnosenue 1 noxasmiBaer, 4ro ycaosue Heob6xommmo. OHO
m
T ’
rpe d u m;—mnenste (1<i<p), Tak 9ro b oxasniBaeTCA JIWHEHHOH

ZocTaTodHo, ubo IpM ero BBHIDONHEEMN MOKHO HANMCATH [;=

" 1
KoMOuHanuell p TOUYeK 7 @ © HeJBMu rospdunmenTamMu, orxyaa

BHITEKAeT, 9T0 G €CTH MOATrPYIOA JUCKPETHON I'PYOIE, IOPOMIACMOil
STUMM TOYKAMH, M, CJIEMOBATEJIBHO, CaMa JIUCKDPETHA.

PeayanTaT mpepiloxienus 1 MOMKNO BHPA3uThL emme caegyloumM obpa-
soM: ccam q Touek x; (1 << i< q) AQuckpemrnoii moprpynuuw G rTpyvn-
o R" 06pasyioT CHCTOMY, 4UHellHO gagucumyio omuocumesnno IR, To onu
06pasyIoT TaKIKe CHCTCMY, ALuneilno sasucumyio omuocumesvio Q. OTcwofa
cpasy cJemyeT, 9TO payuonaabHuii panz AUCKPETIOR HOAPYNUH I'pyil-
nn R" paBen ee¢ pacuey.

[IpuMeneHve caegcTBusA Hpegnoxenusa 1 K ciyyalo, Korja Bek-
TOpaM; @; ABAAIOTCA n BEKTOPOB e; KaHOHMIecKoro 6asuca, mpuso-
AUT K CIETYIOMEMY HDEJIOMKEHUI0:

*) Hamomumy (ra1. IV, § 8, n° 2), 9To, KaKOBO O MM OBIAO BOMECTBOHIIOE
qneso x, [x] osmawaeT ero yeiyw wacme, T. ¢. HAHOOJBIICC LOJO0G DPANUONANB-
HOE WHUCJO, KOTOpoe <.
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Ileemnosxenue 2 (Kpomewep). ITyemwv 0y, 6, ..., 6, — n 6e-
wecmeeHHuLx wucen. Jlas mozo umobu npu awbon & > 0 cyuyecmeosaru
yeavie q u p; (1 < i < n) makue, umo

g6, —p 1 <e 1LiLn),

npudem no kpatHnell mepe 00na us aeewx uacmell Imuxr Hepasencme
OMAUNAAACy OM HYAR, Heobzodumo u Odocmamouno, wmobs no kpaii-
Hell mepe 00Ho u3 wucesa B; 6vi0 UPPAYUOHAALHO.

TrorEMA 1. Beakas duckpemhas nodepynna G panea p zpynns
R" nopoxcdaemes ce060drnoii cucmemoti p mouek.

B cnny orveuwemmmx Bmmme cBoificts rpynu, usoMopdmmix Z7,
AOCTATOYHO NOKasarh, 4r0 G ecTh nodepynna AUCKPETHOH TPYIIH,
nmopoxgaeMoil cBoGofHO# cucreMoit p togek. Ho rTak Kak G — moOA-
rpynna paHra p, T0 B Hell uMeerca CcBoOOJHAA CHCTEMa p TOYEK

a; (1 < i < p) rakas, 910 BeARHA daemenT &« € G ecth UX JUHEHHAA
4

- QU
KOMOVHAIMA ) f;t; C BEIECTBEHHHIMH KOA(QUIMCHTAMH; TAK KAaK
i=1

(i svckperHa, To TpefgmoxeHMe 1 HmokasmBaer, WT0 f; PAYUOHAALHbL.
Ilpn aroM, kak moxasmpBaer mpemsiomenme 1, G mopompaerca koreu-
ItbtM UMCJIOM TUYEK; HOCKOJbKY IOCHeqHNe MABIATCA JIUHEHHBEIMUI
KOMOUHAIUAMY TOYEK (; ¢ PAIMOHANBHEIMM KoddpdurmeHramu, cyme-
¢TBYer Iemoe d TAaKoe, 4TO OHU HBJAAKTCA JUHeHHHIMEM KoMmOuHa-

IMAMI p TOUER — d; = a; ¢ yeawmu KOdPPUIMEHTAMH; CiefloBa-

TeJBHO, G ecThb MOATPyNNA TIPYNOHE, HOPOMTaeMOll TOYKAMHM dj.

Teopemy 1 Mojkuo KoKasaTh Ges IpHBJIEYeHNA TeOPUHM HHBAPWAHTHAIX
MHMKHTCRCH (CM. yopakuerue 1),

JnckpeTHre mOATPYHUE panra »n rpyulnl R” HaswBawTcA Taxmke
cemsxmu B R™ (cM. Kommyrar. aar., ra. VII, § 4).

2. Bamxnymoie nodepynnout dpynnst R"

Mu yske 3HaeM [[Ba BUa 3aMKHYTHX Doarpynn rpynnsl R™: ¢ ogmoi
(TOPOHH — @eKmopHyie nodnpocmparcmea upocrpancrsa R™, wu3o-
mopdrre rpynnaM R? (p < n) (ra. VI, § 1, npexnoxenue 2), ¢ apy-
roit cropoun — duckpemnwie moprpynmer (ra. IIL, § 2, mpepmosxe-
e 5), KOTOPhie, KAk MH Bufemu, udomopdrer rpymnam Z9 (g < n).
Cefinac MBI  TepeiileM K BBHACHEHMIO CTPOCHMH  NRPOU3BOALHOU
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3aMKHYTOU NoArpynnuw rpynos R™ @ mokamkeM, uro Taras HOArpyniia
m3omopdHa npouseederuro Buga RP X 27 (0L p + g < n).
Jdna aroro HaM mnoHamoOWTCA CHexyiomee IIpefJIOKOHEE:

IpegnoskennE 3. Beakasa HeduckpemHas 3amkHymas nodepynna
G epynnu R™ codepacum npamywo, npoxodawyno uepes 0.

B camoM pmeme, mycrs (irp)pen — 0eCKOHeYHasA MIOCHENOBATENh-
HocTh ToIeK u3 G rTakux, aro »p %= 0 m lim ¢, = 0; takas mocie-

p—oo

IOBATEJIBHOCTH CYMECTBYeET Mo Ipefi-

. * momomenmio. Ilyers P — oTKpHI-
as, x Tl Ky6 ¢ memrpom B Touke O,

1 k,afp x Wrﬁﬂ)‘z? comepmamuit BCe x,. OGo3HATMM
aepes k, mauboabliee M3 MEAHX 4H-
cer h >0, gna woropux hx, € P
(HocKONBRY P — orpaEngeHHNI
KUpOua ¥ &, = 0, cymecTBOBaHNC
unciaa Kk, BLITEKaeT M3 AaKCHOMLL
Apxumena). Toukm kpox, mpunan-
Puc. 6. JIEHAT KOMIIAKTHOMY MHOMKECTBY

P, Tak 9TO0 mOCHELOBATETBHHOCTD

(kpocp)pen MMeeT npeeasuyio Touky @ € P, Ho ecan || kpap —a |l L
<e o lltky + e, —all << et |2 ]I, # Tar kar lim o, = 0,

P

b3

L7

©
b e

TO ¢ CIHYKHT TaKde IMIpelenbHOl TOYKOH MocaefoBaTenhHOCTH
((kp 4 1) xp), ToukM KoTOpOIi, IO Onpeaenenuio wucen k,, TpPHHAMLTE-
HaT 3aMKHyTOMy MHOMectBy CP; tem cammim a € P (| CP (rpa-
nune P; puc. 6), orkyna cnenyer, uro @=40; IpH 9TOM, HOCKOILKY
G — 3amrryras moArpynna, & € G. Ilycrs Temepb ¢t — mpomu3BoJiBHOE
DemmecTBeHHOe 1ucao; Tak Kak |th, — [th,] | <4, 10 us || kpw, —

—all e cnenxyer |[lthplap, —tal|l < Itle+l|apll, u, mo-
ckomxbKy lim 2, = 0, ta ects npemesbHaA TOYKA HOCIETOBATEh-
P

moctu ([tk,)ap); Tak wax Touwm orToii mocTEmOBATENBHOCTH LpPHHA-
aexar G, 10 ta € G, mockonbky G — 3aMKHyras moprpymma. Tem
caMBIM IPeJIOKeHNe OKA3AHO.

Trorema 2.  Iyemv G — samxnymas  nodepynna paiea
r (0 < r < n) epynna R™. Cywecmeyem nauboavuee sexmophoe nod-
npocmpancmeo 'V, codepicaweecs ¢ G, Oas 6cakozo0 eekmopHozo nod-
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npocmpancmea W, donoanumeavnozo k V, W\ G duckpemno, u G ecmd
npamas cymma nodzpynn V. u WNG.

ITpesxpe Bcero, cymecrBoBamue V ciemgyer ma TOro, 49ro obbemm-
HeHue MPAMEIX, cogepKamuxca B G u npoxopamux uepes 0, asnaerca
BEKTOPHEIM IIOANPOCTPAHCTBOM: B CAMOM [ejie, BEKTOPHOE IOAIpPO-
CTPAHCTBO, IOPOMKIaeMoe O0beMHEHWEM JTMX NPAMEIX, COBHAHAET
¢ HOArpynumoii, mopoMKueH-
HOU 3TUM OOBeUHEHHEM.
I'pynna G ecrb npamas
cymma V. u WNG. B ca-
MOM pe.le, aas adoro x€G
nMeeM £=y-+#, rae Y€V,
c€W, u tar rak V<G,
To # =a—y € G, Tark 4TO
2 € WNG. Ocraerca po-
Kasars, 4ro WNG 0duck-
pemHo; 9TO BHTEKaeT H3
nperoncenua 3, ubo WNG
€CTh 3aMKHyTafg NOATPYM- :
ma, He CofepHamast HN OAHOW NPAMOA B CHIY caMmoro oipefe-
JIEHHA NopmpocTpascTea V.

Pnc. 7.

Ecanm G=£V, 10 00pasHO MOMHO CKa3aTh, 4YT0 G ecTh O6TLEAMHEHHUC
c4eTHO-GeCKOHeYHOr0 MHOKeCTBA JMHGHHLX MHOT000pasnii, napattenbioix:
V, npoxomAmmx dYepe3 TOYKKM TUCKpeTHOH rpynunl WG (puc. 7).

Ecam p — pasmepHoCTH BEKTOPHOrO IOgHpocTpaHcTBa V, ToO
p<r,m W G ecrb puckperHas HNOATPYNNA pPAHTA T — p.

Cnegersue 1. B R" cquecmeyem basuc (d;)i<icn makoll, umo
wcG (1 <i<Lr), aiEV (1 <i<p) u G cosnadaem ¢ MmHOFNCECTLGOM

mouer Z Lia; + 2_, n;a;, 20e t; nNPURUMAIOM 6CEB03MONCHIE Geuye-
i=1 j=p-1
CIMBEHHBLE 3HAUCHUR, A Nj— 6CCE03MONCHBLE Leable 3HAYEHUS.

910 BHITEKAET W3 TEOPEMH 2 U TeopemH 1, MPUMeHEHHON K guC-
KpetHoit rpymnme W G.

CnepcrBue 2. Cywecmsyem asmomopgusm cpynnw R, omobpa-
warwowyul G na spynny G', usomopgryio npamoii cymme RP X Z7-P
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6eKEMOPH020 nodnpocmparcmaea, nopo#daemozo 6EKMopam, €y, €5, . . .
., €p, u (mMckpeTHoii) addumusnoii nodepynne, nopoxcdaemoll
6EKMOPAMU €p 41y, €p 42y « « +y €.

IT10 HemocpeAcTBeHHO BHTeKaeT M3 ciaefdcTeusa 1.

CnegcrBue 2 TeopeMsl 2 MOKA3HIBAT, 4YTO 33MKHyTasg NOACPYI-
na G rpymnel R™ Bmoane onpefenena, ¢ TOYHOCTBIO fo H3oMopdua-
Ma, 3agaHueM [AByX meanx yucen >0: ee panea, korophiii ML Gymem
ofo3navare r(G), ¥ pasMepHOCTHM HAMOOJLILEr0 BEKTOPHOTO IOf-
NpPOCTPAHCTBA, cogepauierocd B G; IoclefHee 4YUCIO MH OymeM
oGosnauarb d(G) u HaswBaTh pasmeprocmuio moprpyunul G. Epun-
CTBEHHHIMM YCIOBMSIMHM, KOTODHIM [O/KHEL YIOBJIETBOPATH OBTH JBA
neaLx uucaa, ApaawTes HepapeHctBa 0 L d(G) L r(G) < n.

3. Accoyuuposannsie nodepynnvt

ITycte G — mpoumsBoabHAasg (3aMKHYTas WJIM HE3aMKHYTas) IIod-

rpynna rpymomet R™ Pacemorpum  MHOmectBO G* BCex Touew
. n
u = (u;) € R*, nna roTopux umcao (u

'
x) = Z u;r; yeaoe, KaAKo6a
i=1

6oL nU Gblaa TOYKA X == (x;) € G. flcHo, uro G* — nodzpynna rpyuist
R", ee wa3mBawT NOArPYNNoOM, accoyuuposankoii ¢ G *). Ecam G
u H — nogrpynmst rpynmst R™ rakwme, uro H < G, 1o, 0o4YeBHHO,
G* — H*.

Mreanoeuue 4. ITodzpynna G*, accoyuuposannas ¢ nodepyn-
noti G epynnu R™, samknyma u (G)* = G*.
B camoM pgeme, gis xamkaoro x€G monowmMm f. (u) = (u|x);

byuxima f., Oyayum mamHeitHoit Qopmoit, HenmpeprsHa; TaK Kaxk G*

-1
ABIAETCA IepeceveHueM MHOMecTB [, (Z), rne x mpoGeraer G, a Kam-

*) 3T0 HOHATHE HABJACTCH COOTBETCTBYHOMHUM rpymime R'* 9acTRHM ciy-
yaeM ofHOro OoOIMEro IMOWATHA TEOPUH déolicmeennocmu JIOKAJIBHO KOMIAKT-
HEIX KOMMYTATHBHHX rpynm (cM., Hampmmep, A. Weil, L'intégration dans
les groupes topologiques et ses applications, Actual. Scient. et Ind., n° 869,
Paris, 1940, crp. 108—109 [pycck. mepesog: A. B e i x5, Wnrerpuposanue
B TOHMOJNOTMYECKHX TPYHHAax H ero mpumencnus, WJI, M. 1950, crp. 124]). Ynra-
TCJb IIOJMETHT TECIYI0 aHAJOTHI MOJKIY CBOMCTBAMM ACCOLMMPOBAMHEIX HOH-
rpynin 8 R" i CBOACTBAME 0pmo2oHaabHbz BCKTOPHULIX HOJHPOCTPAHCTB JANHOTO
BOKTODHOTO HPOCTPAHCTBA M CONPAKEHHOTO ¢ HHM Hpocrpancrea (cm. Adnr.,
ra. II, §4; 3-e wsm., § 7, n° 5, u Kommyrar. anr., ra. VII, § 4).
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A0e U3 dTMX MHOKECTB 3aMKHYTO, T0 G* 3aMkuyTa. C mpyroi CTOPOHH,
ecid u € G*, 10 (u|x) € Z pgns wamporo x € G, U, CIGHOBATENBHO,
B cuny samrpyroctu Z B R, (u|y) € Z pna nioGoii TOURM mpu-
KOCHOBeHHs y ToArpymmsl G; umaue rosops, u € (G)*; Ho Tak Kax,
¢ apyroii cropons, (G)* < G*, To (G)* = G*.

MNayunm crpoenue mogrpyunst G* B ciyuae, xorma G samxryma.
Ilo cnemcrBuio 1 Teopemu 2 B R™ cymecrByer Gasuc (@;)i<i<n TAKOMH,
P+q

3
Z nid ;.
j=p+1

riae !; NpUMHUMAIOT BCEBO3MOJKHEIE BellleCTBEHHHE 3HAYEHWA, & n; —

BCEBOBMOKHHE 1enble 3HaueHus. asg toro 4ToOu (w | a¢) 6o meamm
LIA 6cex DTHX TOUEK o, HEOOXOAUMO U JOCTATOUHO, YTo6H (¢ |a;) = 0.,
rorma 1 < i < p, u(u|a;) 6sumo nensm, vorpap +1 i Cp+q.
OGo3HaunMm uepes (di);<;<, Gasuc B R" rawoir, uro (a;la;) =0
nupui 5= ju (@i fa;) =1 pas scex i (6asuc, «CONPAKEHHRN K (A,;); CM.

v
yro G CcOBmAZaeT ¢ MHOMKECTBOM TOUEK & = Z Lia; +
i=

n
Aar., ra. II u IX; va. 11, 3-e uan., § 2, n° 6); monossus u = 2 Ui,
=1

BUUM, YTO TOYKM % € G* XapaxkTepHaylOTCA CIAeNYIOIMMH yCI0-
suamn: u; = 0, xorpa 1 i < p, ®wu; —ueane, xorga p+1 L i K
< p -+ ¢ rem caMeM G* ectb HmpAMAA CyMMa BEKTODHOTO IO(IIPO-
crpaucrBa W, Gasumc Koroporo o0pasyiT TOUKH @i, NI KOTODHIX
p+g9+1<<i n, 1 AUCKPeTHONX HNOATPYIHNE, MOPOKAAEMOI TOU-
kamu @i, pasa roropeix p L1 Li<p+49.

Wnaue rosops:

-

Teegnomenue 5. Ecau G — samkuymas nodepynna epynnu R,
mor(G*y =n—d(G) udG*) =n—r(G).

Ilpumennm re sxe paccympgennma X G*; sameuas, uto 6GasucoM,
COUPSIKCHHLIM K (), CIYIKUT (@;), MOIyJaeM:

Nvepnomenur 6. Jas kaxcdoti nodepynnu G epynnw R™ umeest
G** = G.

Caggctene. Jlas mozo umobs. mouka ¥k Guaa moukol NPUKOCHO-
senus nodzpynnu. G 2pynnu R™, neobrodumo u docmamouro, ¥mobur
(¢ | o) 6vrao yeavim Oasn acarozo u € R™ maxozo, umo (u | 9y) — yeaoe
npu awo6om y € G.
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ITpumenum Ty xapaKkTepM3anui0 TOYEK IPUKOCHOBEHHMA MOATPYIH-
ne G K TOMy caydaio, Korfa G HOpPOKIAeTcsl 1 BEKTOPaMM €; KaHO-
uugeckoro 6aauca (1 < j < n) ¥ mo6em ynciaom m rouer @; (1 < i <
< m) us R". Crasarb, uro (u]|e;) — umemoe, rorga 1 <j < n,
BC¢ DPaBHO YTO CKAa3aTh, YTO BCE N KOOPAMHAT TOUYKH ¥ — IEJIHI8
uncaa. [loaToMy mmeeM:

Ipepnomenne 7 (Kponexep). Tycmo ¢ R™ dans m mouek a; = (a;;)
(IlLigm 1LjLn) umowka b = (by) (1 L j< n). Jas mozo
umobs npu ato6om & > 0 cyuecmeosaau m yeaviz wucea q; (1 < i < m)
1w n yeanx yucea p; (1 L j < n) maruz, umo

[q1a1; + Qeazy + . o . + Gmams — Py — b1 < e (1 L7 n),

Heobzodumo u Gocmamouro, 4mobvt daf kaxcdoli kKoneunoll nocaedo-
aameavrocmu (r;) (1<j<n) n yeanz uucea maxod, umo ece m

n "
Al . N
wucea D, airy (1<i<m)—uyeaste, wucao 3, b;r; mosxe 6bi0 yessm.
=t i=t
CaepgerBue 1. [uas mozo umobvr das kasxcdozo &« =(x;) (1< f<n)
u kaxdozo e>>0 cywyecmeosasu m yeanx wuces g; (1<i<m) un
yeanr wucea p; (1<j<<n) makux, umo

(@181 + Ga@j -+ . . . +gmamj—p;—z;i<e (1<j<n),
neobrodumo u docmamoino, umobv He cyuyecmeosaro Wu 00HOUE Ko-

HeWHOL nocaedosameabnoCnu (r;) i YeabT wuced, U3 Komophlx He éce pas-
n

. N

HBL HYal0, 048 KOMOPOU kKaxcdoe u3 m uucea }J a;;rj 6va0 6vl yeasim.
=t _

B camom pene, ecim G Bewgy miormo, T. e, G=R", 10 G*

cBopuTcA K offHOMY aaeMeHTy (), u 00parHO,

B uactHOCTH, TIpM (M =1):

Caepersue 2. ITyemb 0y, 05, ..., 0, n seujecmeennux uucea.
A4 mozo ymo6s npu AO6GHE 6eU,CCMEEHHNE HUCAAL Zyy gy « .., Ln
u &>0 cywecmsosasu yeaoe g U n Yyeawr p; maxue, Ymo

|g0,—p;—z;|<e  (1<j<n),

nHeobxodumo u Oocmamouno, 4mobol HeE CYUYECmeosaro Hu 001020
n

coommnowenus euda  rfj==h, 20e r;—yeasie wucia, He 6ce PAGHHE
=1
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Hy.tio, u h—yeaoe (yciaoBume, KOTOPO€ 03HAYAET, B YACTHOCTH, UTO
Bce 0;, Tark ke Kak u oTHomeHusa 0;/0, npu j=£k, nomKHEN OHTb
UPDPAYUOHAABHEL).

JTOT PesyNbTAT MOKHO MHTEPHPETHPOBAThH ClefylomuM ofpasoMm:
nyeTb g ANA KaKAOTo menoro ¢ € Z — TOYKA € KOODAMHATAMU
q9; — lg8;1 (1 L j n); rTorma caencrBue 2 pmaer HeoGxommmoe
U 0CTATOYHO® YCIOBUE TOT0, YTOGH MHOMKECTBO TOUEK &y OHIIO naom-
#o B KyGe, sBiAnmeMca mpousBegeHumeM uHTepBamoB [0, 1] mpo-
CTPAHCTB-COMHORMTENeH mpoctpanctea R,

Mrenaoserue 8. Kakoewt 6o Hu Obiu 3amknymuvie nodepynni.
G, Gy epynnw R", (Gy+Go)* = GING; u (GiNG)* =G} + G;.

B camom peme, B cuay paseHctBa (% | o - ) = (u |x) + (u | ¥),
Ut Toro yroGel (e | & + ¥) Gruo meanM npu NIOGHX o€ Gy U Y € G,
Heo0XOMUMO M XOCTAaTO4HO, YTOGH (% |2¢) OBUIO IeNHIM IpH J0GoM
> €Gy, a (u|y)—upu moboM y € Gy, rteM caMuM (Gy + Gy)* =
= G¥NG, pna nwoGoit mapn uoarpynn Gy, G, rpymnu R". Ecan
Teuepb NPeanonoxuTh Gy n G, 38MKHYTHIMHU, T0 B CHIY IDeIJIOKe-
uns 6 Oymem mumers (G7 + GY)* = GGy, oOTKYZa, mepexons
K ACCOIMUPOBAHHEIM CPYIIAM M CHOBA HPUMEHAA Npefoskenue 6,
moayunM (Gy 1Go)* = G¥ I G

3ameuanmne. Hycrs Gy, Go—cemu B R* (n° 1), npuuem G. < Gy;
torna (mpegnoxenue 5) Gy n G -— raxue cemu B R", uro G} < G;. Mul
sunean (n° 1), uro cymecrsyer nemoe m > 0, pisa koroporo mG; < G,
CiesoBarensro, ans € Gy u w €GY uveeM m(ul|ax)€Z, OTKyAA
(u | x) € Q. Kpome Toro, ecan ¢ € Gy m v € Gy wam ecam o € Gy w u € GY,
10 no onpegeneEnio (u |x) € Z. Orciona, nepexona x darroprpynmam,
sarmoyaeMm, 4ro Z-OunuHeiinoe oroGpasieHue (X, ¥) > (U | ) MPOuU3-
senenns Gy X Gy B Q onmpepensaer Z-6uinneiinoe oroGpaxenne B mpo-
n3Begerns (Gy/Gy) X (G3/GY) B Q/Z. C ipyroii cTOPOHKL ACHO, Y4TO €CIN
x40 €Gy/Gy (cooTB. UoE GY/G*) 1aKOBO, uTO A 6CAK020 ucGGE
(cooTB. 6cakozo & € G1/G,) nveeM B (xo, w)=0 (coors. B (x, ug) = 0),

10 HeoGxomuMo ¥o=0 (cooTB. o= 0). OTCIOA Clegyer CymecTBOBa-
Hue TaKoil Z-nuHeitHON 6uesyuu h daxroprpynns G;/G} Ha D (G4/G,)
(B obosnavenusax n°8 § 4 rmaBm VII AnreGpm, 2-e wusp.), 4ro
(o, h(w)) =B (x, u) pna €€Gy/Gy n u€ GG (ram xe); B YACTHO-
ctu, KoHeuHsle rpynnsl Gi/Gy, u G}/GY usomopgpuu.
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4. Omoeaunvie gaxmopzpynnut epynnst. R"

Bearaa otmenuman dawroprpynma rpynnsl R™ umeer sug R™H,
rge H — samrnymas unogrpyuna rpyoost R™ (ro. [II, § 2, mpemio-
senue 18). Ilo caemgcrsuio 2 TeopeMun 2 cymecrsyerT aBToMopdusm f
rpynnt R™, npeo6pasywmuit H B moarpynny H', apasomyocs npamoii
CYMMOi1 BEKTOPHOr0 HONMPOCTPAHCTBA, MOPOMHAAEMOTO p BEKTOPaAMA
€; KaHOHMYeCKoro 0(asmca, ¥ JMCKPEeTHOW TPYNIE, HOPOMKITAeMoi ¢
BeKTOpaM¥ U3 ocTaBmmxc n — p BextopoB e€; (0 L p + g < n).

IIpn mepexoge ® darroprpynnam f gaer waomopdusm R"/H ua RV H'’
(var. 111, § 2, n° 8, sameuanue 3); vo R"/H' nzomopdua R*-*-9 x T¢
(ra. 111, § 2, caemcrBue mpemioskenust 26); coemoBaTe bHO, UMEEM:

Mregnomenwr 9, Beakas omdeaumas daxmopepynna zpynns R™
usomopra Hekomopomy npouseedenuro R* x Th (0 < b + &k < n).

IIpocrparctBo T™ (u, pgomyckasa BOJNBHOCTE peud, MONOA02U-
yeckylo epynny 'T") HASBIBAIOT N-MEPHBLM MOPOM; COTIIACHO HPENJio-
meanio 4 § 1 raaBel V 9To — KOMIIAKTHOC CBA3HOE ;JOKAIBLHO CBf-
HOe IPOCTPAHCTBO.

Kpome Ttoro, T" romeomopduo (GaKTOpmpocTpaucTBy 3aMKHyTOIn

Kyba C — R" co croposoit 1 10 OTHOMEHNIO PKBUBAJEHTUOCTH «I; = y;
(mod 1) mpu Bcex i» MEKAY TOoUKaMH X = (r;) W ¥ = (y;) Kyba (.
TFosopsa Gonee marasamguo, T" monxywaerca w3 Kyba C «0TOKEECTBIEHNEM
HPOTHBOTONOKHELX TPaHEHy,

[Meepaomenue 10. Tonosozuueckas epynna T aokaavro uzo-
mopgrna R™.

B camom gene, T" = (R/Z)* wusovopdpma R™Z" (ca. III, § 2,
caefcTsue mpemsioskenun 26), a Z" — mMCKpeTHas TOArpynna rpyi-
o R™, u ocraercs npuMenuts upepiaosxenue 19 § 2 rmaswt 111,

Orcoja caejpyer, uro rpyniam RP X TP (0p<n) JI0Kahbuo
usomMopdrer R”; Me yBUAUM B n° 2 § 2, 4TO 3TO— e AACTBEHIC
casgnble TPYNNB, o0najaomie TAKKM CBOICTBOM.

3. Hoodepynnvt u Paxmopepynnst zpynnot T"

OrompecteuM T" ¢ RYZ™, n nycTs ¢ — KaHOHUYECKUH roMo-
mopdusm R" ma R"/Z", Bcakasa moprpymna rpynnn T" umeer Buj
G = ¢ (H), rge H — poprpynna rpynonn  R", comepwaman 7™
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(Aar., ra. I, § 6, reopema 6), u usomopdua H/Z™ (va. 111, § 2, npenito-
swerne 20); maa toro urobm G Guaa samknyma v T", Heof6xomumo
u focTatodHo, yToOH H Onaa samMrryTta B R™ (ra. I, § 3, n° 4). Taxum
oGpasoM, OTHCKAHME BaMKHYTHX wonrpynm rpymosl T" cBogurcs
K ompejeneHuio 3aMKHyThX moarpynn H rpymmer R™, cogepsramux
1", ans 9TOro MBl MCIOJb3yeM IIpejijiokeHMe 6 ¥ ompemeauM cHa-
yasta moArpymny H*, accomuapoBaHHYW ¢ TakKoil moarpynmoit H.
Tax rax Z" accomumpoBama cama ¢ coboit, o H* < Z"; cuegosa-
reasHo (n° 1), cymecrByior Gasuc (a;) (1 i < n) 8 R?, mopomparn-
muit Z", u Gasuc B H* (orHocMTeNBHO Koabua Z), COCTOAIUA u3 P
rouer b; (1 < i p) ravux, uro b; = eya; (1 i p), vAe e; —
ieJable  THCAA, YOOBAETBOPAKIIME YCAOBUAM ¢; 13 = 0 (mod ¢;)
(1< i\< p —1). Illyers (a@i) — Gasuc, compssxeHHRI X (@;); mias
n

Toro urtoGH ® = ), u;a; mpuHagaeskazo (H*)* =II, wueofxomzmmo
i=1

u Jocratouno, urobn we; (1 i< p) Ouam uewmvm YHCIIaMH,;
uxaue rosopa, H ects mpsMadg cyMMa BEKTOPHOTO DOANPOCTPAHCTBA
V, TOpPOKEAEMOTo BEKTODAME @piy, . . ., (n, N JUCKPETHOH WOJ-

rpyunst K, mopokmaeMoif p TOYKAMH p—liai (1 <ip), c apyroi

cropouni, Z" ects mpAMaga cymMMa V(1Z" u K Z", mOCKOIBKY
ai (1 i n) nopomparor Z". Tlostomy daxroprpymna H/Z"
usomoppua (V/(VNZ™)) X (K/(KNZ™Y) (ra. III, § 2, cuencrt-
Bue mpegmoskeHns  26); spmecs V/(V(Z™  usomopdma TP,
a K/(KQZ") — konewHas rTpynna, SBIAKOINASACA NPAMOR CyMMOi
p UMRIMIECKHX Tpynn coorBercrBeHHo mopAnkoB ¢; (1 < i< p)
(em. n° 1),

B tex me ofo3HaueHMsIX BeArad orpeamMas Gaxroprpymma rpyn-
nbt T" umeer sug T ¢ (H) u nsomopdpna R*/H (va. 111, § 2, cnencreue
npejioendn 22), a R"/H usomoppua W/K, rme W — Berroproe
MOANpPOCTpancTBo, mopokgaeMoe mogrpynmoit K (ra. III, § 2, cnen-
crBue npepioscernsa 26), t. e. rpymme TP, Pesomupys, moayuaem:

Meegnomenne 11. Beakas 3amknymas nodzpynna epynnw T"
uszomoppra epynne euda T X F (0 L h K n), 20e F — Koneunas
KEOMMYMAMUEHAs 2ZpYnna maxas, HMO NAUMEHLULEE HUCAD YUKAU-
ueckux nodepynn, npamol cymmoti komopux cayxum F, ne npeswuaem
n — h, Bcakas omdeaumas Parxmopepynna epynns. T" usomopdra
epynne euda T (0 L k < n).
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B wgacrmoctu, mpu n = 1:

CnencrBur. Beakas samknymas nodepynna epynnw T, me cosna-
daroyasn ¢ T, ecmv Koneunas yurauneckas zpynna. Beakas omdesumasn
garxmopepynna epynnu T, He ceodawascs K nelimpaavhomy saemenmy,
usomopgra T.

HHepuoduneckue PHynryuu

OnreneneruE 1. @yuryuio f, onpedeaennyro na R™ u npunumarn-
WYI0 3HAYEHUs 6 npoussosbiom MHoxcecmee E, nasweaom nepuodu-
yeckoll, ecau ¢ R™ cywecmeyem mouka a == 0 makas, umo

flx + a) = [ (x), . (1

/
xaxoso 6w nu 6uao x € R". Ecau f — nepuoduueckas gynryus. mo

ecaryio mouky a € R™, das womopod (1) ecmv moawcdecmeo ommocu-—
meanko X, Hasvieaiom nepuodom Pyrkyuu f.

MuoscecrBo G mepmonoB nepHogmveckofdt ¢yuruum f sAsasercs,
oueBMAHO, nodepynnot agputuBHOM rpynni R"™ (me cBomameiics,
mo npepmonomxenuio, K 0). Ecaum f — nenpepusioe mepuopuueckoe
oroGpamenne R™ B omdesumoe romonormuyeckoe mpocrpascrso E,
To ero rpynma mepuogoB G samrxnyma. B camom peme, mycerb G, —
MHOsKecTBO Beex Touek a € R™ rarux, uro f(a -+ a) = f (x) nqua dan-
noti mouku x € R™ G ectb mepeceuenne MHoecTB Gy, THE & mpobe-
raet R", a ramaoe G, samknymo (ra. I, § 8, npennoskenune 2), Ilycrs
torna V — mauGoibliee BEKTOPHOE NMOANPOCTPAHCTBO, COAEPIKAMEECH
B G (teopema 2); QYHKIMA f nocmoanra Ha BCAKOM Kjaacce mod W
1 ONpefieNIALTCA CBOMM CY/KeHMeM Ha BeKTOPHOe IOAmpocTpaHcTBO W,
nomoxeureabroe K V. MHave roops (mockoasky W ecTb Tomomo-
TMyecKag rpynma, usoMopdram mHexoropomy RP), maydyenume Hempe-
pHBHBIX nepuopuyeckux ¢yuxrmit Ha R" cBogmres x mayuenmio Tex:
n3 otux QyHruuii f, rpynnma G nepuoyioB KOTOPHX Juckpemia; eciaw
3T0 — TpyNIa pasra ¢, To [ HaseBaerca g-nepuoduieckoli GyHKIMedi,
a BCAKAs CBOGOIHASA CHCTEMA ¢ TOYEK, HMopogaroumas G, HasnBaeTesd
2aasnoli cucmenmoli nepuodoé GyHKIUN f.

Mycrs (@;) 1 (b;) — ABC TIABHEIC CHCTEMBI MepHOOB GYHKUMHM f; KaK
vt Bupenw (n° 1), Kakgas W3 EMX NOJydaeTcA W3 NPYroit mocpeacTBoM
JImHeitEOr0 mpeobpasoBaHAs ¢ uenmun KoapdnumeHTaMI M OHpeeNn-
Te;eM, paBBuM -+1 mam —1.
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Ilycrs @ — xanomnmyeckoe orobpaxenune R"™ ma R"/G; ramnomy
oto0pamenuio g rpynnst R*/G B MuomxecrBo E coorsercrByer $yHK-

uusA g = go ¢, ABAAKHIAACA mepuoguueckuM orobGpakenmeM R" B K
¢ TPYNIIOH NMepHomoB, comepalueir G; u o6paTHo, BeAKoe OToGparke-
uue R"® B E, o6najalomee rpynmoit mepuonos, cofep:ameil G, umeer
TAKOH BHJI, MOCKOJLKY OHO coatacyemces ¢ OTHOmMeHHeM & = ¥ (mod G)
(Teop. mu., CBopxa pesymabr., § 5, n° 7). Takum obpasoM, YCTaHOB-

JeHO Guekmusroe oTOGpasKeHMe gr—>g¢ MHOKECTBA BCeX 0TOODAMKEeHMI
R"/G 8 E ma wmuomxecrso Bcex orobpamenuit R® B E, ofnagarolmux

TpyNnoi mepuonos, copepmameit G. aa Toro 4rolu g ORLIIO Hempe-
PHIBHHIM (B ciyyae, KOria E — ToImo10THYeCKoe IPOCTPAHCTBO), HeoO-
XOAMMO M TOCTATOYHO, yTOOH g OHio HempeprBHuM (ria. I, § 3, mpen-
Joyenme 6).

Ynpaxknenua

1) TIIyers G -—JucKpeTHas HOATpymma padHra p rpyons R©
U (@)) g ;¢ p—CBOOOMHAA cucTeMa p Todek m3 G. Hak yera-

HOBJIEHO 11pM [KOKasdaTedbcTBe TeopeMH 1, G ecTh MOArpynma TPYIIFbLL,
w 1

MOPOKIAeMOli p TOUKAMH —- &, I8 d —HagnekamuM o0padoM puibpan-

noe neyoe guciio. floxasars, me HcnoaRdyd TeopeMy 1, uto B G cyue-

D
crByer cBOGOIHAsI cucTeMa p TOUeK b= 2 bije; Taxadn, 910 guA moboir
j=1
P
Ipyroit cBOGOTHOH CHCTOMH p TOYOK &= z z;;a; B G HMOIOT MeCTo
J=1
nepapencTBa | det (z;5) | > |det (b;;)| > 0. Bumectu oTcioga JoKasaTesib-
CTRO TeOpeMH 1, Ho3aBHCHMOe OT TEODHH MHIBAPHAHTHEIX MHOMKHTENEH,
yCcTaHOBEB, 4TO b; mOpoxpaT G. [Paccyx&pmaTh OT NpPOTUBHOrO: IoKa-
D
3aTh, 9TO eCHE OH [iIA HEKOTOPOH TOUKU Z = 2 z2;h; € G xaroe-1ub0 :;
i=1
He OLIO WeJHIM, TO B TpYHIe, TOPOKAAEMO TOYKaMHU 2 U b;, CYIRECTBU-~

»
pajia OB ToUKa w= 2 u;b; raras, 210 0<<u; <1 aAA HEKOTOPOTO i.
i=1
I HONYyYUTL OTCIOJa IpOoTABOpeuHe.]

2) Ilycts G— puckperHas mOArpynma rpymumu R”; ecau G ecTh mpsA-
Masi cymMma moarpynn A m K, To mepeceueHme HOPOKTAGMHEIX HMH BeK~
TOPHHIX HOAMPOCTPaHCTB cBoguTcA K 0 m paur G papeH, TakuM ofpa3zom,
cymme panroB / u K. [3aMeTHTb, 4TO BOKTOPHO® MOMIPOCTPAHCTBO IIPO-
ctpancTea R", mopoxaemoe J060i gucKpeTHO MOArpynnoi G rpynoet R™,
KaHOHMIECKA M30MopdHO G Q) R.]



320

AOONTUBHEIE I'PYIIIELR" rd1. vir, § 1

3) Ilyers G — muckpernas nogrpymma rpyummsi R™, lns Toro 9toGhl
nogrpynma /I rpynmel G 6bijia €6 mPSMBIM COMHOMHTENeM, HeOoOGXOxMMo
U mocTaToyHo, yrobut I/ mmexa sux V N G, rme V — HEKOTOpOe BOKTOD-
noe mognpocTpaHcTBo. [[as ycraHOBJICHHA HEOOXOZMMOCTH YCJIOBHA
BOCHOJIL30BATLCA YNPaKHCNWeM 2; yToOH TOKA3aTh €T0 [0CTaTOYHOCTD,
3aMeTuTh, 4T0 H sBAsiercA TaKiKe MepecoyenueM G ¢ BEKTODPHHIM IION-
OpPOCTPAHCTBOM, HOPOKAAeMEIM H, N BOCHOJNDb3OBATHCA CICNCTBUEM TeO-
pemer 1 § 4 rmasm VII AxreGpu. ]

4) Ilyerpe H m K — pguckpeTrune Hogrpymim rpynoel R™, cymma
H + K KoTOopHX sABIsCTCA 3aMKHyTo#l mnoprpymmoii, Ilokasarn, uro
Torga H -- K pguckpera u r (H)-- r(K)=r (HN\K)+ r (H + X).
{IIycrs V — BexTOplIOE HOAMPOCTPAHCTBO, HOPOKIAGMO IHEDPECOyeHHeM
N\ K; ncnonpaysa ympakHoume 3, pasuoisurbk /I B OPAMYIO CyMMY
VO H m weroTopoil puckpernoit rpymmu H;, K — B HpAMyI0 cymmy
VMK m mexoropoil AWcKperioil rpymint Ky, a 3aTeM MOKa3arh, 4TO
cymMmma Hy -+ K — mpsMasi, W BOCIOJNHL30BATHCH YHpayKHEHWEM 2. ]

5) Ilyers G 1 G' — 3aMKHEYTH® HogTpymmel Ipynmal R™ rtakue, 4to
G <= G,a VuV' — mHauboubmne BeKTOPHLI® ONHPOCTPAHCTBA, COMEpPHa-
muecss CooTBeTCTBEHEO B G 1 G’. TlokasaTh, 4TO CYIMECTBYET JOMOJMF-
TeIpHoe K V BOKTOpPHOE HoAgnpocrpaHcTBo W Ttakoe, 9To G ABIAGTCH
fIpAMOl cyMmoit V m puckpernoi rpyunk K = WG, a G' — mpamoii
cymmoit VNG m KNG = WNG'. [Iyers U — momipocTpailcTao,
nomonnureasnoe K V', Ucmoabaysa ympaHeume 3, 3aMeTHTL, 4TO MHC-
Kpernas rpymma UNG’' ecth mpsaMast cymma U\ VNG’ n meroropoit
Auckpernoii rpymunt K’, M B3ATh B KauecrBe W HEKOTOPOE BEKTOPlioE
fIOATPOCTPAHCTBO, copepKamee K'.]

BrrBecTH oTCI0/1a, 4TO:

a) dakroprpyuna G/G’' naomopgira rpynne suma R X T X Z7 X I,
rae F — Kolleywasd KOMMYTATHBHAA TpyHHa;

6) BcAKag JaMKUyTass HOATPYNIA H BeAKasa orgeauMas (akTop-
rpynna rpyom Buma RP X T?1 X Z' X F (rae F — KOHCYHAA KOMMY-
TATHBHAs TPyHOa) ecrs TPYHHA TOTO Ke BHAA.

*6) Mlycre H m K — 3aMKHYTHE HOArpymmel rpymobi R, cymma
G = II + K KOTOPHX TOXe ABJSCTCA B3aMKHYTON HOATPYIMO.

a) Hoxasars, aro ecam V m W — nanGosbinue BEKTOPHBI® MOANpOU-
crpancTsa, comepimammecd coorpercreenHo B H u K, o V4 W eccrh
HamboNbImee BOKTOPHO® HOAIPOCTPAHCTBO, cofmepdiamieecs B G, m, cue-
mosarenvko, d(H)+ d(K)= d{(HNK)+ d(H-- K). [3amernT,
9T0 pauMoHaJbHEIUM paur Qawroprpynmet G/(V + W) KoneueH w,
caefoBaTeNLHo, G HC MOMKET CONepKaTh TPAMOH, He ComeprKamesics
s V-4 W.]

6) Nlycrs U — gomoanuTeanHoe MOMIpocTpaHcTBO K V - W Takoc,
wro G aABJaAeTcA HpAMoi cymmoir V 4+ Wu M = GN\U, a INK —
apamoit  cymmoit (V + WYN(HNK) u L ==HNONKNU (yupammue-
nue 5). Iyerb A’ (coors. K') — monrpymma rpynmel M, obpasosanuas
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cocraBasonaMu 109ek u3 H (cootB. K) B pasnokennn G B IPAMYIO CYMMY
V+ W n M; noxasath, uto M = H' + K’ n H'NK' = L.

B) Iloxasarb, 910 ecoim H" = HN(V + W)n K" = KQ\(V + W),
o r(I"Y4+ r(K")=r(H"NK")+ r(H" 4+ K*"). {CBectm K cay-
wafo, korga V(W = (0}; noxasars, gro Torga H"(K” ecrs mpamas
cymma VONK” m WNH".]

r) ITorasare, at0 r(H)+r(K)=r (HNK)+r (H+K). [Ucoous-
30BaTh B) W YynpaskHeHme 4, sameTtms, uro r (H)= r (H')+ r(H")

ur(K)=r(K)+ r(K").]

*7) Ilyers G — samxuyrasa noarpynna rpynow R, Jlaa toro gro-
Oul G Obla mpsAMoO# cyMmoil cBoell 3aMKBYTON moarpynnu H @ HeKOTopoit
apyroil s3amkHyToX nmoarpynos K, Heo0xXogmMo m JOCTATOYHO, 4TOOH
H Gnna pepeccueHmeM G ¢ HEKOTODHRIM BeKTODHEIM HOANPOCTPAHCTBOM.
[Ana ycraHoBaeHnmsa HeoGXONMMOCTH YCIOBHA HCHOJIb30BATh YHparHe-
HOe 5; giA yCTAHOBJIEHWS AOCTATOYHOCTA UPAMEHWTh HafjJdeKanmMm obpa-
3oM Teopemy 2 K G m H m mcnoap3oBarh yunpaxHenme 3. ]

8) a) IIyere H m K — 3amMkryThe nooarpynne rpynmu R7, Tloka-
3aTh, gto ecau r (H) + r(K) = r (HNK) + r (H 4 K), To mogrpynna
H + K 3amkryra B R". [C moMompl0 ynopaskHeHMs 7 W CHGJAHHHIX
OPEeANoJNOKeHN N CBECTH K ¢Aydalo, KOFAAa BEKTODHBIE MOANPOCTPAHCTBA,
noposxnaemeie moarpyonamn H, K m H\ K, coenadarom; ¢ DOMOIIBIO
yOopaskHeHMs O TI0OKa3aTh, 4TO HambOJbBIIe® BEKTOPHO® HOANDOCTPaH-
c¢tBo V, copepxameeca B H, coBDajaer ¢ HOANPOCTPAHCTBOM, HOPO-
mpaemsiM V(N K, a manGoapinee BeKTOpHoe mnoaupocTpancTso W, comepe
ameeca B K,— ¢ HogmpocTpaHcTBOM, nopodpmaemMeM W\ H; Hako-
Hell, DOAB3YACH ynpaskHeHmeM 7, pasiaoxuTh H[1K B DpaMyr CyMMy
HNOKNO(V + W) m HexoTopoil AMCKPeTHOH rpYynOH. ]

6) BriBectnn u3 a) m ympakueHna 6, gto ecam H u K — 3aMKHYTHe
nogrpyno rpymmn R™ takme, gto H -~ K ecTh 3aMKHYTas DOArpynna,
To cymMa H* + K* poarpymm, accomumpoBaHHEX ¢ H m K, ToXe ecTh
3aMKHYTafd Dogrpymmna.

B) BuBectn u3 6), 9r0 ecim H n K — 3aMKHYTHE DOArpynOoH rpyn-
ot R* raxme, uro d (/I) + d(K) = d (HNK) + d (H + K), 10 nog-
rpynua H 4 K 3amxHyTa.

9) Ilycre G — ne o6asamenvro samknymas ODOOrpyIia panra p rpym-
1 R™ m V — panGoapllee BCKTOPHOE HOAHPOCTPAHCTBO, COX@PIKALICeCH

B G; mokasaTh, 9ro ecim V-—pasmepmoctm ¢ < p, To G ecTb mps-
MaAa cymma V(G m ANCKPeTHOH NOATPYNNE paBra p — ¢, COfepKa-
meiicad B BEKTOPHOM NOQUPOCTPAHCTBE, AOHOJHATeJ HbHOM K V. [3ame-
TUTB, 9T, KAKOBO Gh MU 6ruI0 z € G, (z + V)G DIOTHO OTHOCHTONBHO
JuHeiHOTO MHOrooGpasmusa z + V.]

10) IIycTh a—BemecTBeHHOE yucao M n—uenoe > 0; paccMoTpuM
ymena zp=ka—{ka] (1 <<k<n+4+1) us unteppana [0, 1]. OGosmauas

gepe3 [y mATepBaX [ -’-'%1 v (1 € h< n), Doxasars, 9TO CymeCTBYIOT

. Byp6axn
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lBa DasIMYHHIX HMHAeKca k, k' Takmx, 9T0 Ip ® . OPHHAJIE-

/KAT OfHOMY W TOMYy ke mHTepBaxy Jp (c mapierkamwum h). BrBecTn
OTCIOfA, UTO CYmIecTBYIOT ABa HeJHX 9YHCIS p, ¢ Takux, 9T0 1<p<n

nlpe—gf<—.

11) Myets @y =(a3;) (1 <i<m, 1 <f<<n) m 10ueKk w3 R u ¢—
mexoe > 0; maa [kaxpmoil tToukn k= (k;) (1 <i<m) n3 R™, nmelomeii
neaHe KOODAWHATH, He éce pacHbie kYo A YHAOBIOTBOPAIOmMEe HepaBeH-
cream 0 ki < g, BO3BMBM TOUKY wkz(xj' k) (1 <7< n) m3 R* ¢ roop-
auHaraMy, npmHaguexallumm [0, 1], cpaBEmMylo mo wmoaymo Z"

m m m

¢ D) ki@ (1. e. Touky ¢ KoopmmHAaTAME 2y g= 2 kia,-j—[z kiaij]).
i=1 =1 i==1
n

IlycTs p— HamMeHBbINee LEl0® YUCIO TaKoe, 4To g-+1>> p ™. IloKa-
3aTh, UTO CYIECTBYIOT J[Be pasimyHunie TOYKn K, K’ Takme, 4ro ofe

.1
TOYKE ¥, L}, DPEHALTOIKAT ONHOMY H TOMY ke KyGy cO CTODOHOM -

[Meron ynpaxsxenus 10.] BmiBecTm oTcioga, 49TO CymeCTBYIOT m LEJIHX
9ucell p;, B3 KOTOPHIX He BCe PABHH HYJII0, H n mexsx unucen rj (1 <f <n)
Taknx, 90 0 i< (IKCEIKm) n

m
!Z Pidiy — 'j!<—;7 1 <j<n)
{=1

JaTh ¢ DOMONIBIO JTOTO Pe3YJLTATA BTOPO® MOKA3ATENBCTBO Mpef-
JOoeHnA 2 («OPHHIOUI ANAKOBY),

*12) Jlasa Kamoff napsi BemecTBeHHHx umcen (0, B) [cymectsyer
fecKOHegIHOe MHOMKECTBO TPOSK (P, q, r) MEAHX 9nacCe]a TaKmx, 4to r >0,

|q|<é—r n —%<9q+p—ﬁ<—:—. [[Iyete m m n—melble unclia
TaKme, 9TO |n9—m]<7il— (ynpasgenne 10); B3ATH r==n u BHOpaTb p

1
¢ TaK, 4ro6H pn-+gm oramyaiocs OT nf MeHLI? uem Ha -:z-‘.]

13) I ocaedosameasnocmoio Papes ncpaAgka n (rne n—penoe > 0)
HA3HBAIOT PACHOJIO}KEeHHO® B IOpAAKe BO3paCTaHHA MHO;kecTBO F, pammo-
HANBHHIX YMCeJ, HpPe/ICTABIGHM® KOTOPHX B BHAS HECOKpATHMOI Apo6m

—‘;i- ynosneTBopseT yeaosuam 0 < p g <n.

’
a) ITorasaTrs, 9T0 €eCAHM pAINOBAJABHEE YHCJA r=—§- n r’=—&,

TAKOBH, 4TO ¢p'—pg’ =14, To BCAKAA mapa mnexsx d9mcex (p”, ¢")
Moser OulTh HpefcTaBIeHA B Buae p"=px-p'y, ¢"=gqx-t+q'y, The x
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” \
¥ y—neasle 4mcaa; gaA Toro 9robH apobh % TIpUHapgekajyia 3aMKHY-
TOMY HHTEpBany ¢ KoHNamMu r B r’, Heo6XOoMMO M ROCTAaTOYEHO, ITOOH z
B y MMeJIH OMHAKOBLE® 3HAKMH.

’

L l;’—, — PALMOHANBHKE THCIA,

q
npuHagnexamme uHTepsany [0, 1] m Takme, ato ¢ >0, ¢ >0 u gp'—
—p¢’==1, To r mr’ gBIAIOTCA coceAAMH B IlOcAefoBaTeanrHOCTH Fp,
rge n—uanboablee W3 MEARIX 4mced ¢, ¢'; KPOMe TOro, HaMMEHBIIHM
M3 MeJHX 9uce] m TAaKMX, 9T0 omxpuimbiii MHTEpPBAJd ¢ KoHmaMd r, r’
COAEP/KAT HEeKOTOPYI0O TOYKY IOCHENOBATONBHOCTA Fyp,, CIYHKAT peJxoe
9ucino g-+-¢’, ¥ B 3TOM HMHTEpDRaJe COAEP/KHTCA TOIHKO OfHA TOYKA
p+p’
R

B) [Tokasars, uro, ofpaTHO, ecam r W r’—pJBa MNOCIE[OBATONLHAEIX
qneHa u3 Fn, To gp’ —qp’' =+ 1. [[IpuMeHHTs MHAYKnuIO MO n.]

r) BeipecT# @3 B), 9TO A BCAKOTO BOWECTBOHHOro gmcia § Takoro,
aro 0 <0 <1, m BCAKOro mexoro n>>»1 cymecTByeT mo Kpaiimek wmepe

6) BeipecTH W3 a), 9TO €CHH r==

n3 Fq+q,, a IMeHHO Apobb

OfHA HecoKpaTmmasa Apobn —]qJ— raKkag, 4t0 1 <<g<n n 9—7‘:—- <

<("’_':1_)—§ . [Cm. yopasxnenne 10.]

LI
¢

2
q
Torga 6 DpmHALIEKUT OTKPHITOMY HHTEPBANy, KOHOAMH KOTOPOTO CjIy-

AT nBa cjaeaymmmx 3a —E- qjIeHa NoCaefoBaTeJdbHOCTH (Dapen Fq.

1) ycts -:i—- HecOKpaTHMas Apo6p Takag, dTO le--

14) TIycte ¢ — wanoumweckmit romoMopdusM R mHa T, O — ajemenr
GecronegHoro mopaAnka rpynnn T n 0y — BemecrBeBHoe (nmppannoHaJbLHOS)
yucao Taxoe, uro ¢ (0¢) = 0. ua ramporo mejyoro n > 0 o003HaUMM
yepea S, mMHOKecTBO osiaeMenToB kO m3 T, rme 1 < k < n, m yepes
N (I, n), tne I — moGoit mutepsan u3 R, — unciao 33EMEHTOB MHO-

3KOcTBa Iﬁcp1 (Sh).

a) Baas I = [0, 6,[, nokasars, uro N (I, n) = [nB,]. [3amerurs,
yro N (I, n) paBHO Torga uWWCIy pap meawx wuncedr (r, y) TAKHX, UTO
1<y<nm 2 CYby< x4 0,.]

6) Bonee ofmmM ofpazoMm, ¥orma I = [0, mB¢], rge m — me-
joe ugmcno, umMmeeM m[(n — m)0y] < NI, n) < m[nBy]. [Tor me

meroft, |
N(I,n)
B) Bmipectn orcioma, uto aas jioGoro mHTepBama I wYACIO —
OpY HEeOrPaHAYeHHOM BO3PAaCTAHMH n CTPOMHATCS K Hpepgeny, pPaBHOMY
AJWHe 3TOTO MHTOpBAJa [Mcmonbays ), AOKA3aTh aTO CHAwAJNa AJA CIY-
qyasg, Korga I umeer Bupf [mB@y + a, m'6y+ 4’|, tne m, m', a 1 o’ —
21*
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HeaHe quceaa; mepeiiTn 0TCIofa K of6meMy caydalo, annpoKCUMUADYS KOHIK
nHTepBana [ uumcaamm Bupa mBy 4+ a] («pasnomepnoe pacnpedeneriue
nocaedosameavrocmu (k0) no modyaw 1»).

°15) Mycrp [—gsaMKHyTHiZ Ky6 B R™ co cToponoii 2m; comocTaBmM
RajKJIoil Touke &= (x;) € [ Toury ¢ =(y;) € R"*1 Takylo, uro

yy==sin xy,
p—1
Yp= (2"‘l + 2 2=t~ oS 2 COSTp 4y - o . COS xp_i) sinz,
h={
E<pr<n),
n—1
Yni1= 2 2%-k=1 08 7,1 COS Tn_pyt oo+ COS Tn.
h==0

ITokasaTh, uto ofpas I mpm atom orobpamenun romeomopden T™.
[[IpuMeHnTH MHAYKUIUIO OO n, 3aMedas, 4TO yp IPH p < n BCerga mMeeT
TOT e 3HaK, 910 u Sin zp.] Ilpm » = 2 Doayuemnoe TakuMm oGpasoMm
MHOeCTBO B R HABHIBACTCA mMOPOM 8paUCHUS.,

*16) Ilycrs G — pogrpymma rpynow R™, npepmoltodmMm, dro
B G CYmECTBYeT cénsHoe KOMIAKTHO® NMOAMHOMKECTBO K TaKoe, 4To mopo-
smpaemoe uM addunAHoe amueiiHoe MBOroo6pasme mMeeT Pa3MePHOCTh p.
IToxka3aTh, 970 TorAa G COOSP/KUT BEKTOPHOS NOANPOCTPAHCTBO DPa3Mep-
goctH p. [[IpMMennTE MENYKOMIO 0O n, ACOOAB3YyA ynpaskaexue 10B
§ 1 rmasst VI.] .

*17) Mlycre E — npomasegerne (Qp)"* n COMHOMHTeNEI, . KaKABIA
W3 KOTODHIX COBIajaeT ¢ noiem Q, p-apmuecknx gucexn (ra. I11, § 6, yopask-
menmne 23), HAgeJeHHOe IPOWSBONGHMEM CTPYKTYD ajfuTABHEIX TOHOJO-
rMIeCKNX TPYOI COMHOMKHTeJedl, a TaKike CBOS#l CTPYKTypoil n-MepHOro
BEKTOPHOIO IIPOoCTpaHCTBA Haj moxeM Qp. IIycts v, — apmwruBHas
p-aguueckas HopMa B Q; mua Kamporo z=0 u3 Q, moxokmm |z|p =

—vp(x);

€ E nonomuM ||| =1 sup |z;|p (em. ra. IX, § 3, n°n° 2 m 3).
<i<n

mia z = 0 noxomum |z]|p =205 paa KAKAOTO &= (T4);cycp €

’ a) Oas Toro urobm MHOKeCTBO A — E OHIO OTHOCHTONHHO KOM-
UaKTHHM, Heo6XonmMo M JocTaTogHo, wrobn sup ([ || << +co. [3ame-
WA

TATH, YTO Up 6CTH BeNpepuBHOe orofpakemme Qp, B MHOMecTBo Z, Hage-
JIeHHO® JUCKpPeTHOH Tomolloruei. |

6) BeAkasa 3aMKHYTas HOArpynna G rpynmet E ABAAGTCA TOMOJNO-
TrAYeCKAM MOnyJdeM Hajg KoabnoM Zp neawx p-agmdecknx guced. [Ecam
x €G, 1o nx € G gas xkamporo n € Z, a Z nunotHo B Zp. )

B) Ecam K — KoMmaxkrHad @ogrpynna rpynms E, 10 cymecTByer
cBofogHanA cucteMa m<{n Towek a; (1 i< m) na E Taxan, uro K ecrb
upamas cymma m rpynn Zya;. [Vcumoassya a), mokasarh, 9TO eciaH
(e;); <i < n — KaHoHmweckuit fasuc mpocrpancrBa E, To cymecTsyer
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uenoe k € Z taxroe, aro K COAEPIKUTCA B OPAMOI CyMMe n IpyIn pr"ej;
3aTeM NpPAMEHUTH TEOPMIO MojyJdeH HaJ KOJIBLOM TJIABHEIX H/IEaJIOB
(Aar., ra. VII, § 4, n°® 2).]

r) Besakasa HexomMmakTHas 3aMKHyTafA HOArpynna G rpymnnm E comep-
JKUT OHOMEDHOE BEKTODHOC HOAIPOCTPAHCTBO Qya, rme a = 0. [[IycTs
C — KOMIaxKTHO® MHO:keCcTBO B E, ofpasoBaHHO® ToYKamm & TAKWMA, ITO
[[@]|l = 1; noxasars, ur0 G[\C COEPKHUT NOCIENOBATENHHOCTE TOUGK
(ac,)rEN TaKyl0, 9T0 p~"x, €G, W B3ATH 33 @ Kakylo-aiunbo NpegeabHYIO
TOYKY 9TOHl IOCIEeZOBATCABHOCT. |

a) HOyers G — saMrHyras moarpynma rpynnws E, V — manfoasiiee
BEKTOPHOE NOAIPOCTPAHCTBO, copep:xameeca B G, u W — pomoaHuTeNn-
Hoe K V DopnpocTpaHCTBO; HOKa3aTh, 4T0 rpynma WG KomDaKTHa,
a G ectp npamas cymma V m W G. [Paccy®paTh, Kak Ipy JOKa3aTedb-
cTB® TeopemMH 2.]

e) Iycrs G — nogrpynna rpynne £ u G* — MHOMKECTBO BCEX TOUEK
n

u = (u;) € E ragnx, 910 (| ax)= }J u;x; npnHagaesut Z, nasa xaxdozo
=}
a = (z;) € G. ITokasars, uto G* 3amruyTO, (_G)* =G* n (G*)*=G.
w) Jas saMKHYTHX Ooprpynn rpynow E chopMmyampoBaTh W [OKa-
3aTh MPeAJOKeHNAsH, aHAJOFAqHH® CORCPKAmMMMCH B yHpaskHesmax 2-—8.
B wacrHoCTH, BCAKAaA 3aMKHYTasl HOATPYIIA M BCAKaA oTaeinMas akTop-
rpyuna rpynos Bmma (Qp)" X (Qp/Zp)? X (Zp)! X F (rme F — mpo-
M3BeJeHNe KOUEYHOTO YMCIA MWKIMYeCKWX TIpyONl, HOPAROK KOTOPHIX
PaBeH HEKOTOPOHl CTeleHM p) ecth TPyNIa TOTo K6 BHAA.

§ 2. Henpepmienbie npepcrapaenus rpymnsr R™
u ee Qaxroprpynn

1. Henpepvienusie npedcmagaenus zpynnst R™
é epynny R

Bcsaxroe nuneitnoe oroGpamenne (cM. rir. VI, § 1, n° 3) R™ 8 R™,
0O4eBUIHO, €CTh Henpepbigroe npedcmasienue AaIIUTHBHONW TPYINH
R™ B aggutusEyo rpynoy R™ OGparmo:

IIeepnomenue 1. Bceakoe nenpepusnoe npedemasaenue f addumus-
oti epynnot R™ ¢ addumuenyro epynny R™ ecmv auneiinoe omobpadice-
nue R" ¢ R™,

JlocraTouHo mMoka3aTh, 4T0, KakoByl 6u Hu Obiim ¢ ER™ n t € R,
f(tr) = tf(x). Paccympennme TO K€, UTO M IIPH JOKa3aTeJbCTBe
npenoskenusa 5 § 1 raasw V, ¢ saMenoit  ma o u R ma R™.
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2. JoxaavHoe onpedesenue HenpepvieHo20 NP eocmasacHuR
zpynnst R® 6 monoaozuyecrkyio zpynny

ITpepsoncenne 6 § 1 rnaBm V oGo6maercs ma Bce rpymnsi R™

IMeenomesnE 2. IHycms A — napaaaeaenuned ¢ R", codepaca-
wuii moury 0, u f — nenpeprisroe omobpadicerue e2o 8 MONOAOZULECKYIO
2pynny G (3anucHBaeMy10 MyJbTHIINKATABHO) makoe, ¥mo f (¢ -+ y)=
= f () f (y) 0as11060ii napw mouek a, Y, Yy0064eMEOPAOUUTL YCAOBUAM
x €A, yeA, x +ycA. Tozda cywecmeyem, u npumom eduHcmeer-
Hoe, Henpepushoe npedcmasaenue R™ ¢ G, npodosscarowee f.

ITpesxze Bcero, TeM ke pacCysxjeHHeM, 9TO M NpPH [OKABaTeNb-
ctBe mpenioxennsa 6 § 1 rnass V, mokassiBaeM, 9TO ecau IpejcTaBle-
HEe, OpojoJskamiee f, cymecTsyer, To oHO edurcmeenno. C npyroi
croponsl, noarpynna G, rpynns G, moposknaemas maoxectsoM f (A),
KOMMYMamusena; B CaMOM nene, KaKoBH OH HM OBUIM TOYKH & H 9

us A, TOYKH ; x, 2 Y, = (ac—i—u) opuHAnaeKar A, TaK 49TO
Fg@tm)=1(3)t (-2-?/) =1 (3v) f(g%); oo noxam-
BaeT NEepecTaHOBOYHOCTH f(-é—ac) u f (—;—y) , & TeM CAaMBIM TaKKe

NepecTaHOBOYHOCTD [ () = (f (—;— oc))2 7 f(y)= (f (—12—?/))2, T. 8.
a06ux RByx anementos ua f(4).

Ilycts a,, a3, ..., @, — HeHyJeBHEe BEKTODH, COjep;KRamuecs
B Hapaniixenenwmefne A U IPONOPUMOHANBHLE ero (GasuCHHM BeKTO-
pam; nycrs D; (1 i < n) — npamas, npoxoasamas uepes 0 u a,,
T. €. MHOKECTBO To4Yex ta;, rae ¢ mpoGeraer R. OGosHagnMm gepes A;
MHOMKecTBo BHadeHmY £ € R, ama Koropuix fa; € A; A; ectb mHIEp-
Bax, comepskammii [0, 1], a ¢ymkmma f;(¢) = f(ta;) ompenemena
¥ HeNpepHBHA Ha A; M YHOBIETBOPAET CoOTHOWreHWo f; (t - ¢') =
=f{®)fi (t') pua t € A;,, t' € A;, t +t' € Ay, Ilo npemaomenuio 6
§ 1 rnass V cyllecTByeT HenpepwigKoe TpejicraBiaenue f; rpynms R
B G, npogomxamnmee f;. Tax xax R" ects npamas cymma noarpynn D,

TO MHl omnpesenauM mpexacrasiedue f rpynoe R™ B KOMMyTamBHyIO
n

rpynny G, AnA Kamporo & = O t;@; TOJOMKUB | (a H fi (6:);
i==1

f ABNAeTCA MpogoMEeHWeM f, uGo €CaM BEKTOD o MpuHAAnexuT A, To
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BCe €0 cocraBIAlmue Z; 1o npaMeM D; Tome npumagrexar A
B cuny BeGOpa BEKTOPOB @;; KPoMe TOTo, | HempepsBHO Ha R™,
MOCKOJbKY OHO HEOpePHBHO Ha KakAoif npamoit D;, a x; ecTb JIuHEH-
Has (U TeM caMblM HempephBHAM) PYHKIUA OT .

Creacreue 1. IMyemv V — okpecmmocms mowku 0 ¢ R™ u f —
Henpepbignoe omobpaxcenue V 6 monoasozuueckyro zpynny G makoe,
umo f(x -+ y) =f(x)f(y) 0ss awboii napw movex x, 3y, ydossemeso-
parowel yeaosuam €V, yeV, x-+ y € V. Cywecmsyem, u npumom
eduncmeennoe, uenpepviéHoe npedcmasaenue R"™ 6 G, cosnadawouee
c f 60 ecex moukax Hewomopoli okpecmuocmu W mowku O.

Hocrarouno npuHEAT: 3a W oOTKpHTHIG kupnuma ¢ peatrpoM 0,
comep:kamuiicas B V, M OpUMEHMTH K HeMy Upe/joskeHue 2.

IToz;xe Mu yBMANM, ¥To ato cBoiictBO R™ pacmpocTpansercs Ha GoJee
ITHPOKYI0 KATETOPHIO TONOJOTEYeCKHX IPYNI — «OQHOCBA3HEE TDYNIbIY,

Crnepcreue 2. ITycme | — aokeavnbuili usomopgusm zpynne R"
6 monoaozuneckyro epynny G; cywecmeyem, u npumom eduncmeen-
Hbil, cmpozull mopgusm epynnw R™ na omrpumyo nodzpynny spynnu
G, cosnadarowuti ¢ f 60 écex moukaxr HeKomopol OKpecmHOCMU HY4f.

B camom peme, mycTh f — HempepHBHO® NPOICTABIEHN® TPYIIILL
R" B G, coBmajjaomee ¢ f BO BCeX TOYKAX HEKOTOPOH OKPECTHOCTH
HYJIA; To mpenmonoernuio ; (R") CofepsKuT OKPECTHOCTH HelTpadbHO-
To ByeMeHTa rpynnsl G u noromy (ri. ITI, § 2, cneacTeume npennosxenus
4) eCTh OTKPHTAA HOATPYNHA rPpynun G; IPH 9TOM B CHIY HPeNJIOHe-
wms 24 § 2 rrasm 111 f ects crpormii Mopdusm R™ ma f (R™).

TeopEMA 1. Beskas ceasnas epynna G, aokasbro usomop@ras R*,
usomopgrna 2pynne euda RP X T™? (0 L p L n).

B camoMm pexne, Hamne;xamuii JoKanbHM@ usoMopdusMm f rpynnsl
R" 8 G npopomkaerca mo crpororo Mopdmama R™ Ha oTKpHTYIO mOA-
rpynny (ciefcTBHe 2 mpefsloKeHHuA 2), T. €. HAa caMy G, moCkonbRy G
ceasHa. Orciona BHTeKaer, 4ro G msomopdua darroprpymme R™/H
rpyunst R?, rne H duckpemua, uw6o muade B H cymecrBoBanu Ou
Touku & %= 0, cxonp yropmmo Gumskme x 0 u Takme, 4ro f(x) = f(0),
B OPOTHBOpEYHE C MNPEAONIOKeHNeM, 9T0 [ — JOKAJbHHHE U30MOP-
¢usm. Tem cammv Teopema sBaseTca ciaepcrsueM TeopeMusr 1 § 1.
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3. Henpepsvtenvie npedcmasaenus R™ ¢ T"

IIrennoskEnnE 3. Beakoe nenpepuwsnoe npedcmasaenue R™ ¢ T*
umeem 6ud x> ¢ (u:(x)), 20e @ — Kanonuxeckuli zomomopguam R™
ra T" (otosmpectsnemsoe ¢ R™/Z™), a u — odnopodnoe aunetinoe
omobGpaxcenue R™ ¢ R™.

ITycte f — mempepmBHoe upeacrasimenue R™ B T™ mnoxamewm,
9TQ CymiecTBYeT IWHeiiHoe oroGpaienmuwe u mpocrpancrsa R™ B R"
Takoe, 4T0 IpefcTaBaeHUs X+—> f(x) M X — ¢ (u(a)) coBmanaT
BO BCeX TOYKax HOKOTOPOH okpecmHocmu Hyas 8 R™; B cuny caen-
creusa 1 upepioskenus 2, npepjoskeHne Oyner TeM CaAMHEM [OKa3aHo.
Urak, mycrs V — oxpecrHocth Hyns B R™ Takas, uro cymeHue ¢
ga V ecrb nokansHHE uzoMopdusm R™ ma T®; mycrs ¢ — obparHui
noKanbHHI u3oMopdusM, onpenerenunit Ha ¢ (V). Tak rar f mHenpe-

puBHO, TO V' =3‘l((p(V)) €CTh OKpecTHOCTH Hyas B R™; cyxenme
orobpamenus kP (f(x¢)) Ha V' ecTp HempepniBHOE oTOOpayicHHE
V' B R® raroe, garo Y (f(xx -+ u) =9 (f(x)) +¢(f(y)) maa nwbex
nByx Todex w3 R™, ynosaersopsaromux ycaosuaM x € V', y €V,
x-+y €V’ reM camuM (crencrsue 1 mpepnoxerus 2) sto oroGpa-
JKeHVWe COBOANAET C BIOJHE ONpeJesieHHKM HENPEPHBHKM Opef-
craBaerneM u rpynmsi R™ B R™ Bo BCex TogKax HEKOTOpolt OKpecT-
poctu W myaa B R™; npm artoM, coriacHo mpemiaoskenmio 1, u ecrts
auHeitnoe oroGpaxenme R™ B R®; Taxmm oGpasoM, f(a) = ¢ (u(x))
nasa Beex a € W, m upepiioykeHne NOKa3aHO.

3amMeugangue, To ke paccy;iennme HokassiBaeT, Goaee obmuM
ofipaszom, 4T0 ecanm ¢ — crporuit Mopduam rpynnu R'* B rpynmy G, cyske-
HA@ KOTOPOTO HA HEKOTOPYH OKDECTHOCTh HYJAA €CTh JOKAJAbHHN W30-
mopdmsm R? B G, TO BCAKOE HEIIPEPHIBHOC mpefacTaBaerue R™ B G mmeer
pag o > ¢(u(x)), roe u — auneitHoe orofpaxkenne R™ B R

B cayuae, worma m = n = 1, mpemnoxennue 3 Jaer CIeAy0OINuii
peayibrar:

IIrvEntOMERNE 4. Ecau ¢ — Kanonuveckull zomomopgusm R na T,
mo ecaroe nenpepuisnoe npedcmassernue R e T umeem eud xw—>¢ (ax),
2de a € R; npu smom, ecau a =0, mo ¢ — cmpoeuii mopgusu R
ra T.
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4. Aemomoppuamet epynnet T"

Ilycte H — samxmyras moarpymma rpyonsl R™ u ¢ — KaHOHHU-
gecknii roMoMopduam R™ ua daxroprpynny R™/H. Ecan f — uenpe-
puBHoe mpefcraBiaenue R™H B Tomosorudeckyio rpyany G, to

f= fo@ ecTh mepuogmueckoe HempepuBHOe mpeacrasierue R" B G,
rpynna HOepHoOfioB KOTOporo comepsunr H; o6paTHO, BCAKOE mEpHO-
Judeckoe HempeprBHoe mpencraBiemnme R™ B G, rpynma mepuwofos
KoToporo conep:;kur H, uMeeT 3TOT BUA.

B cayqae, rorga H =Z", daxroprpymna R"/Z" = T" somnaxm-
Ha; CIEfOoBaTelbHO, BCAKOE HENPEPHIBHOE NpPEACTABICHME [ TPYIIE:
T" B ormenmMyio Tomoxorwieckyw rpymuny G ABIAETCA cmpozum

mopdusmon T" 8 G (rn. 111, § 2, n° 8, zamegarme 1), a f =foqp —

g

crporuM Mopduamom R"™ B G; npum arom f(T") = f(R™) ecrb kom-
ngkmias noATpynna rpynns G, nsomopduas rpynnme T (0 < p < n).

B wacrHOCTH, BHAMM, YTO €NHCTBEHHHM HeNPePHBHHEIM IHPeJCTABJe -
Huem T'* B rpynny R™ sBasiercs mowcdecmeenro myaesoe 0Tobpamenwe
n6o {0} ecTr egMHCTBOHHAas KOMDAKTHaA DOArpymma rpyomst R™,

ITpuMennM upepnecTByiOmee K HENPEPHBHHEM NPEJCTABICHUAM
T 8 TP, mycrp f — rakoe NpeACcTaBieHWEe, a ¢ — KAHOHHICCKUI
romoMopdmam R™ ma T"; Torfia fo ¢ ecrb HempepeiBHOE IpefCcTaBiIe-
gue R" 8 T?, a noromy (npemmoskenme 3) cymecTByeT JUHEHHOE 0TO-
Opamenue u mnpocrpascrBa R™ B RP rakoe, 910 fop = You, rae
P — kagonmgeckuii romoMopdusm RP ma T, Ecam x € Z", 1o f (¢ (x))
ecTh HelTpanbHbll daemenr Trpyoosl TP, rax uro mHeoOxomuMo,
u(x) € 27, mupMu croBaMu, fo/KHO OHTh u(Z™) — ZP. OGpartHo,
KakoBo On HW OBNO nuHeilHoe orToOpajkeHme u mpocrpaHcTBa R™
B R”, yhoBierBopsAnmee 9roMy YclIoBHMIO, {Ppou e€CTh HENPEPHBHOE
nepuopnueckoe npexncraBiaesne R™ B TP, rpynma mepuojgoB KOTOpOTO
comepur Z"; TeM CaMBKIM OHO ONpeleliseT HEeNpepHBHOE NPEACTAB-
neame T™ 8 TP,

BrsicEuM, Tpu Kakumx yciaoBusax f ectb ugomopguam T™ Ha mop
rpynny rpyons TP, Ilpempe Bcero, HeoOxommmo, d4roGel u OnlIO
uHwvekmueHum oroGpaskerueM R™ B RP, u6Go B nporusHoM ciaydae

-1
BeKkTOopHOe mogmpoctpaHcTBO 4 (0) comepskalo 6ul ToukE X 5= 0, CKOJIb
yrogHo Gimskme k 0, m B TaKoit Touke MH mMenm Oml f (o (x))=
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=f(9(0)), o @(x)== ¢ (0), B mporusopeume ¢ UPEANONOKEHIEM.,
JTO0 yClIOoBHE BiIEYeT IOTOMY B IEPBYIO odepens, 410 p >n. O6pas
u(Z™) apasercs Torga AUCKPETHOM moapymmoii pamra n rpynms ZP.
Hneapuarwmusie MuOMUMeAU 9TOR NOATPYNNH OTHOCHTeNBHO ZP°
(§1, n°1 u Aar., ra. VII, § 4, n° 2) pmomsusl OwTh BCE paBHH
eduHuye; B caMoM pele, WHA4Ye CYmecTBopaam Om TOouka X EZ"

n neaoe k> 1 taxme, uTO u(%x) €Z", HO %xé{Z", a orcloja

1 1
BHITeKamo O, d9TO f(cp(fac))=f(cp(0)), HO cp(Toc);&(p(O),
B IpoTuBopeddme ¢ mpenmonoskenueM. OOparHo, ecam ato yCIOBHe

pumonreno, To u(R®)ZP cosmajaer ¢ u(Z®), u f ecrb wusbmop-
¢usm T™ ma u (R™)/u(Z").

ITpuMenana aTo paccy:xjeHue XK Ciaydal0 p = n, IOJXydaeM Cle-
Ayomuit peayabrar:

IIpEmaoRERNE 5. Beakuli usomopgusm monosozuseckots epynns T
nHa kaxyo-aubo ee nodepynny ecmv asmomopgpusm epynnwv T, noay-
yaiowuiics nocpedcmeom Harmopusayuy HeKomopoz0 AUREUH020 omo-
6pascenus u npocmpancmea R™ na cebs, cyscenue kKomopozo na Z*
daem asmomop@dusm smoil nocaeduell epynnul.

n
Iro ceoguress k Tomy (§ 1, n°® 1), 9o ecam u(e;) = Za”ej, TO
=1

a;; TOKHHL GHITB Yeasmu YuciaMmu, onpefennreds koropsix det (a;;)
pases +1 mam —1.
B wacrsOCTH, IpU N = 1:

Meepnosenne 6. Eduncmeennuimu usomopPusmamu monorozu-
ueckoti epynnu T Ha Kakylw-aubo us ee nodzpynn A6A80MCI Moxcdecm-
8eHHoe omobpaxcenHue U CUMMEMPUR T > —Z.

Yupa:xaeang

1) Hycrs ¢ — Kaponmgeckmii romomopgusv R™ ma T" u u —
anHeiiHoe oTobpaskenme R™ B R™. JudA toro urobu @ o u Guimo crpormm
voppumamom R™ B R™, Heobxofmmo u AOCTATOTHO, YTOOH BHIOIHAJIOCH
OfHO W3 CJHeAYOIUX YCIOBHIL:

a) U(Z") uMeeT paHr m;

6) u(R™)(1Z" mMeer paHr, paBHHii pasmeprocTm u(R™).
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2) IToxkasaTh, YTO ©XWHCTBEHHOE HEIIPEDHBHOE IIPEACTABJIEHWE ALAM-
THBHOI TOIOJOIMYECKO! IPynnk p-agnaeckux gucen (ra. III, § 6, ympam-
Renme 23 W cJex.) B aggMTHBHYI0 Tpynmy R TOKpecTBEHHO PaBHO HYJIO.

*3) BeAKoe p-agutueckoe YHCIO z (YOpa)Kpenme 2) MoxeT ObTh 3amm-

o0
CaHO B BHIE Z axp®, rme o —mejble pPaUMOHAALFEE WHMCIA ¥ JIMIID
— 00
KOHeuHOe quca0 K0ahPUIMeHTOB ap ¢ uHAeKcoM k << 0 OTIAWYHO OT Hyad.
00 00 -1
Tipu aroM, ecam Z appt = Z Brp®, TO panmoHaNBLHBE WHCAA Z agp
] —00 — o0
-1
wu 2 Brp® cpaBamMu mo momymo 1. Ilycrs ¢p (r)—Kaacc panmonaldnb-
— 00
-1
gHoro wncaa ) app® (mod 1).
— 00
a) IlokasaTb, 9TO ¢p €CTb HeIpePHBHOe IPeNCTABJICHHE TOMOJOTHU-
geckoil Tpynmu Qp B T B 9TO fiA BCAKOrO HEINPEDPHIBHOTO IIPefCTABIEHNAA
f rpymna Q, B T cymecTByer, ¥ mpuToM eguHCTBeHHO®, a £ Qp Taxoe,
aro [ (z) = ¢p(ax) mas Beex z € Qp. [3ameruts, uro f ompepenserca
3narmeM sjementoB f(p") ¢ k < 0; mOKa8aTh, 9TO KAYKKHIL W3 aTHX dile-
MerTOB ecTh Kiacc (mod 1) mexoTopoil gpoGm, WMMelomeil 3naMeHaTejeM
CTeIeHb p; BHIBECTH OTCIOa, 4TO CYIECTBYeT Takoe af€ Qp, wure f(ph) =
= ¢plap") maa Beex k < 0.]

6) Iloxkasarb, 4To ecam z € Q, To ¢(z) = 2 ¢p (x), THE cyMMm-
P

PoOBaEne PACIPOCTPAHCHO Ha BCe IpocThie 4ucaa, a ¢! R — T ecrs xano-
HuYecKuil romoMopdusM. [3aMeTHTH, 9TO BCe LiIeHH! 3TOU CYMMEI, 38 MCKJIIO-
9enMeM KOHCYHOT0 WX qMClIa, PAaBHR HYJIO. ]

*4) a) Ilycrp G — KoMMYTaTHBHAA JIOKaJbHO KOMIAKTHAf TIpPymNIa,
I — ce 3aMxmyTrasa moprpymma, usoMoppuaa Rr X T9¢ ¢ neasimu p 3> 0,
q > 0; npepmonowuM, aro G/H mnsomoppra R wumm T. IloxasaTs, 4urto
G wu3oMoppHA mpousBeaeRMI0 H Ha HEKOTODYI0 3aMKHYTYI0 NOATDYI-
ny L, msomopduyio G/H. [[IpuMenwuTh ympaskHeHwe 7r § 3 raasu V paa
MMOJy4eHNA TAaKOr0 HENMpepPHBHOTO IpexcraBienua f rpymmet R B G, uro
f(R)y CH; NoayawTs OTCIONa HPYTOe HeNPepPHBHOE IIPEHCTABIEHWE
¢ rpynoet R B G, gua xoroporo f(i) — g(t) € H upm Bcex t € R,
a f(R) N H = {e}; 3aMeTuTh, 4TO fl(H) e€CTh 3aMKHYTafa HOAIpym-
na rpymns R, omimgrasg or R, W 9To gaA KaykEoro, biIeMeHTa z == e
u3 H cymecTByeT HempepeHBHoe IpexcTaBjeHWe u rpymnmkl R B H Taxoe,
gro u(1) = z.]

6) IMyctb G — oTAeAMMAaA KOMMYTATHBHAA TOLOJOTHIECKAA IDYINA
u H — ee 3aMKHyTas Moarpynma, usoMopdrasa RP X T9; mpepmonomu,
9TO CYINECTBYET CIOPBEKTHBHOE HenpPEePHIBHOE mpepcTaBicHWE ¢: R —
— G/H. IlokasaTh, 9TO CYIMECTBYET TaK0e HEMPEPLIBBOE IMPE/ICTABIEIHE
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ffR~>G, aro f(R)NH = {¢} u G = Hf(R). [CBecth x caydam
a), paccMaTpuBas B G BePXHIOIO I'DaHb 3aJaHHOU TOLMOJOTHH ¥ TOLOJOTHM,
(GyRIAMERTANLHYIO CHCTEMY OKDECTHOCTeH HYAA Koropoil o6pasyior MHO-

-1
secrBa p (¢ (I)), rme p: G — G/H — xaHonwmuecxoe orobGpaskenve, a I
npoGeraer yHEAMERTANBHYIO CHCTEMY OKpecTHocTeit yaa B R; goxasath

JIOKANbHYI0 KOMHAKTHOCTH G B 9TOUl HOBOM TOHMONOTMH (CM. YyOPaOKHEHWE
10g § 4 rmamwr I11).]

B) ITpmBectn mpuMmep, rae cysenrne orofpaykennsa p Ha f (R) He Gniio
6H B3aMMHO HenpepoBHHM. [CM. yupakuenwme 2e § 1.]

5) Iyerr G — cBa3nas ToUOJNOTMYECKAA TIpymma M H — ee KoM-
MaKTHRIAI HOpMaJbHEIiT JENNTeNh, He MMEIOMMII CKOAL YIOXRO MaJHX MOX-
rpyun (ra. III, § 2, yopaskmenme 30). IToxasath, urc H copepHTCA
B meHTpe rpynnu G. [3ameTnTs, 4To masA s, gocTarouno GnusKux X ¢ B G,
o6pas H mpn oToGDaKeHNN rp—»sxs~' CKONb YTORHO GIH3OK K e.]

6) Iycrs G — Tomonoruueckasa rpymma, a H — ee 3aMKHYTHE HOpP-
MAJBHBIY pestuTendb, maomopdrui R" (n > 1) n Takoii, wtro G/H KoM-
MYTaTABHA.

a) IlpeamonoskuM, KpoMe Toro, uro H He comep;KUT HH OJTHOIO CBA3-
HOT'0 HOPMAJIBLHOTO fAeJnTead rpynusl G, 3a AcKaodenneM camoro H u {e},
" HE COMepKUTCA B lieRTpe rpymnn G. IloxasaTh, 9TO NpA 3agaHHOM
zol € G, 116 MePECTAaHOBOTHOM CO BCEMH HieMEHTaMH M3 H, pad KaMgoro
v € H cymecrByer, 0 OPHTOM eXMHCTBEHRHI, djJemeHT u ¢ H Taxoii, 4ro
rluzou~! = v. [3amMeTATH, uTO MPH ARNATHBHHX ofosHauennax B H sro
YDaBHeHMWE 3aNNChHIBaeTCA B BARE u — xpluzrg = — v W 9TO HEIIPEPHBHAIA
aIOMOpdHaM ut— u — z7lur, rpymmst H ecTs jumHeiiHoe oToGpake-
Hme R™ B ce6a. JlokasaTh, 9TO €ro AXPO ABIAETCA HOPMAJbEHM ACIATE-
aem G.] Ilpm oroMm, ecam f (u) — TOT emMHCTBeHHHII saement u € H,
Rt KCTOporo z;luzqu~! = v, TO f — B3AMMHO HeNpPepPHIBHEIU aBTO-
Moppmam rpymmu H.

6) IloxasaTb, 9TO, B HOPERIOJOMKEHMAX IYHKTa a), HEMpepHBHOE
oroGpamenne g: yr»(f (x5 yzoy~1)) 'y rpymsl G B ce6a mMeeT oGpas3oM
moprpynuy L, COCTOAIYI0 W3 5JA€MEHTOB, IIePECTAHOBOYNHX C o, H 4TO
oraomenne g (y) = g (y') paBRocunabmo yy' ™ € H. Brmsectn oTrciona,
9TO CYIIECTBYCT LempepuBras GmexuMsa h: G/H — L, o0pamenneM KoTo-
poit cay:knAT cyseHne Ha L xkauoRmYCCcKoro oroGpaskeumsa p: G — G/H-
A 3aKJIOUATL, 4T0 G W30MOpPRA HOAYIPAMOMY TOHOJOTHYCCKOMY HMPOM3-
pegenmio I u L.

*7) Ilyere G — Tomojormueckana rpymma ¥ H —ee HopMalbHEIA
meantens, naoMopdmuii RP X T9(p > 0, ¢ > 0); upcamoONOKUM, UTO
CYmeCTBYeT CIOPHEKTABHOE HEIpeprBHOoe mnpexcTaraenwe ¢: R — G/H.
IloxaszaTs, uTo CymECTBYeT TaKoe REIpePHIBROE mpepcTaBiaeHme f: R — G-
aro f (R) N H = (e} m G = Hf (R). [Mcmonssyn yupaxrenne 46, a Tax"
e ynpaxpenne 8 § 3 rmasm V, cBECTH K caydaio, Korga G He KOMMYyTa-
THBHA; 3aTeM, WCHOAb3Yd YIpaykHeHWe 5,— K cayuaw, Korga g¢=0>
nocie 3Toro OPUMEHATb MHAYKIWIO IO p, MCIONL3YysA yIpakHenrue 6.]
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§ 3. Beckoneynsie cymmbl B rpynnmax R"

1. Cymmupyenvie cemeticmaa 6 R"

Tar war BcAkaa Touka m3 R"™ obGaagaer cuemmoli dyHmTaAMER-
TaJbHOI CHCTEMOIl OKpecTHOCTEH, TO ceMmeiicTBo (,) TOYeK ajumu-
tusHON rpynmkl R® Moxer OHTH CyMMUDYEMHEM TOJIBKO KOIJla MHO-
JKECTBO TeX HHIEKCOB |, /A KOTOPHX &, 7%= 0, ne Goaee uem cuemmo
(rn. III, § 5, cmemcreue mpemnosxemma 1), 9T0, mO CymMeECTBY, CBO-
JNUT HU3Y4YeHRUE CyMMHUpyeMux cemeiictTB B R® K mayuenuno cymmmpye-
MBIX nocaedosameasvrocmeti. OTHEAKO DO TeM Ke CO00PaKeRUAM, KOTO-
pre ORI M3I0KeHH IIPH PACCMOTPEHMHM CYMMHDYEMHEIX CEMEHCTB B
R (ra. IV, § 7), Me me 6yeM B NOCIHeAYIOMEM HaKIagsBarh Ha MOII-
HOCTh MHOKECTBA MHIEKCOB HUKAKUX OTPAHNYCHMIT,

Ilremnosxenne 1. Jas mozo umobu cemelicmeo (a\)er Mmodex
x, = (x,1)1<nen 2pynnet R™ 6uso cymmupyemvim, neobrodumo u do-
cmamouno, umobv xaxicdoe us n cemeticms (T, r)er BEUECMBEHHBLE
qucea Goli0 cymmupyemo ¢ R.

CrpaBe[TUBOCTE yTBEP:K/EHUA BHITEKAET M3 mpegmoxenusa 4 § 5
rinasu 111,

dro ycaoBme Mo;keT GHITH NMPeoGPa3oBaHO CAeNyIOMHUM 06paszoMm:

Treorema 1. Juas mozo umobu cemeiicmeo (X.),cr mouex us R"
6bl10 cymmupyemsm, Heobrodumo u Jocmamouno, umobul cemelicmeo
¢l |]) eswaudosur wnopm amux mouex 6wao cymmupyemo 6 R,

dro Ges TpyZKa chemyer W3 NpemAOKEeHNA 1, YCIOBUA CYMMHU-

pyemocTH cemeiicTBa BemecTBeRHHIX umcen (ra. IV, § 7, reopema 3),
n

HepaBemcTs Sup |z, x| <|l%.]|< X |%,:| u npumnuma cpasmenus
<kgn =1

(ra. IV, § 7, reopema 2).

MosxEO moCTymaTh HECKOAbKO WHA4Ye, YCTAROBHB CHAYANa Clie-
JIyIoIee IPeIJIOKEeHne:

IleepnomERuE 2. [Jas 6CAK020 KoHeuH020 ceMelicmea (X;);cr mouek
ua R™ umeem mecmo mepasencmeo

2 o]l < 2n-sup| 3 o] (1)
{e1 Jcr ier
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B camom geme, ecim x; = (Zi7)1<j<n, TO || 2 || < Z |zi;], m mo-
=1

TOMY ZI[J{',H<_X (zlxi,l) Ho le”|=2 xz}—l—Zx{j, U TaK KakK

Oas awbozo nodmmonmecmea J muomecmea I —-Zx,, — D <
ieJ

%xu quaz.zu,ro BAKIII0UAEM, qToZ[x,,|<2sup’2 x,jl
1

3ameuas, uTo |2 z ,I H 2 x; H TIpUXONMM K HEpaBeHCTBY (1)

C nmpyroit CTOpOHbI, TeopeMa 1 paBHOCHJIBHA ClEIyIOMEMy Xpex-
n0ernio (mockoabky R® — moaHAs Ipyima): [Is Toro 9ToGH ceMei-
creo (a,) ymosaersopano kpurepmo Homwm (ra. IIT, § 5, reopema 1),
He0oOXOMMMO M NOCTATOYHO, YTOOH 3TOMY KPHUTEPHMIO YOBJIETBOPSAIO
cemeiictBo ([joc,||). B camom pmeme, aT0 ycaoBHMe JOCTATOYHO B CHIY
HepaBeHCTBA TPEyroasHMKAa ¥ Heo6Xomumo B cuiny HepaBencrBa (1).

Kpome roro, nMeeT MeCTO HOPABEHCTBO

I@ o, || < 2 EX (2)

noJiygameecs IyTeM NpeneabHOro nepexona n3 aHaAJIOrAYHOrO HEpa-
BEHCTBA JJIfA KOHEYHBIX JaCTHYHBRIX CYMM.

CuepcrBue. Jas mozo wmobw cemeiicmeo (x,) mouex zpynnu R™
60 cymmupyemuim, Heobrodumo u docmamouno, umobs MHOIceCME0
KOHEUHBLE YACTRUMHBLT CYMM 9Mozo cemelicmea 6uao ozpanuderto ¢ R™.

J9ro ycnosume Heo6X0aMMO B CHAY TeOpeMH 1 M HepaBeHCTBa Tpe-
yroapHEMKA, OHO JOCTATOYHO B cuay HepasesHcrBa (1) u reopemmr 1.

Iregmomerue 3. ITyemv (2 )aeL— cymmupyemoe cemelicmeo
mouek epynnst. R™, (Yu)uem— cymmupyemoe cemelicmeo movex zpyn-
not R® u f—6uaunetinoe omo6paxcenue R™ X R™ ¢ R?. Tozda cemeti-

emeo (f (Xr, Yu)r, weLxM CYMMUDYEHO U
2 flen, w)=F(2 o, 2 Ya). (3)
() WELXM AEL neM
Yro6u goKasaThb cyMMmpyeMocth cemeiictBa (f (o, ¥u)). Hocra-
TOYRO (npennoskerue 1) yCTAHOBUTP CYMMHPYEMOCTh Kax[OTo U3 P
ceMeiicTB, 00pa30BaHREIX KOOpAuHATaMu ToueK f(xa, ¥,) € RP; uHaUe
roBopA, MOKHO OTDAaHMYMTBCH CiIyuaeM, Korjga f ecTb oununreitHaA

gopma; mO Torma f(ar, y)=2au.z,yj, 9TO CBOXUT KEJI0 K CAYydIaAw
7
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f(x, y)=zy;, a AIA HEro MNPEJIOKEHHE YiKe JIOKA3aHO (ra. IV,
§ 7, npepmoskenue 1).

Cnenuanusupya ¢ymenuioo f, moirydaeM, B YaCTHOCTH, TaKHe
CJIe/[CTBHA:

Cnencreue 1. Ecau (@a)er—cymmupyemoe cemeilcmeo eeuje-
cmeenwax uucea U (Xu)pem —Cymmupyemoe cemecmeo mouex us R,
mo cemelicmgo (AX,)(h, p)iLxM CYMMUPYEMO U

2 ahxu=(2 ak) (Z f”u)- (4)
AL WEM

(A, WELXM
CnemcrBuiE 2. Ecau (Xa)acr ¥ (Yy)uem—Cymmupyemvie cemeli-
cmea mouex u3 R®, mo cemeticmeo ((2¢3,|yy)) (eM. ra. VI, § 2, n° 2)
cymmupyemo 6 R u

2 M(xk!?/u)::(z xxlz?/u)- ()
ML neM

(A, WELX

2. Psadve ¢ R

JIlas Toro 4robk pax ¢ OOMUM WIEROM Xp = (Tmi)i<i<n OHLA
cxomamuMca B R®, oueBugHO, HEOGXONMMO M MOCTATOYHO, YTOGH
KayKJEIA U3 1 PANOB (Zmi)men OB1X cxomamumes B R.

Onrepenerne 1. Pad mouex us R" nasweaemca abcoarwomuo cxo-
dawumes, ecau crodumes pad eskaudosblr HODM IMUTL MOUEK.

IIrennoxeRKE 4. Jas mozo umobu psd mouex us R™ 6us Kommy-
mamueHno cxodawumcs, Heobrodumo w Oocmamouno, 4mobor on Gvia
abcoaromuo CrodayUMCs.

910 — caencreme npemnoskerua 9 § 5 raaBu III u gorasammoit
BHIIIIE TeOpeMu 1.

Hpumepnt § 7 rnasu IV mokasmBalor, uro pax B R™ mosxer 6rTh
cxodsuumca, He OYIyIH abCoalomuo CrOdAUUMCS.

YnpamHenusa
*1) a) Ilyerb  (Zg)ycpem — KOBEYHAA  IOCHENOBATENBHOCTDH
BEIIECTBOHHEIX  WHCel Takasg,  9TO [y <1 1 < k< m)

m
u Y| 7, = 0. Toxasats, 910 CYMECTBYeT NEDECTaHOBKA ¢ WHTEpBAIa
k=1

P
[1, m] = N, maa xoropoil |2 %(h)l <1 upn awbor p (1 <p K m)
k=1

H KoTopad coXpaHAeT NOPAROK TeX WHAEKCOB ki, AaA KOTOPHX zn, >0, m
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TeX HBIOEKCOB A, AJA KOTOPHX zp < 0 (T. e. ecit h<< k, 23, > 0 ¥ 2, > 0,
To O (k) << 0 (k); ¥ aHaJOTHYHO A WHUEKCOB h, HPH KOTOPHX zp << 0).
6) Ilycte (on))<pem— KOHEUHAA MOCTEAOBRTEJNHEOCTh TOYEK X =

= (Zri)) cicn W8 R" Takad, waro |jop || <1 (I<<hkCm) u 2 xp =0
) k=1
Iloxasars, 9TO cymieCTByeT MepeCTaHOBKa O MHtepBada [1, m]C N, pmasa
n—1

P —_—
KoTOpOit ” D ®ow ” <5 2 npum awbon p (1 <p<m). [IpaMernts
k=1

MHAYKOMIO o n, paccMatpuBasd R™ kak mpoussenenne R"~1 X R u moxarasa
Xy = (T}, Tho)y THe X, €R™1, Baars nopmHOkecTBo H uHTEpBasia

{1, m] C N, npu xortopom ” Z T “ MaKCUMAaJbEO; MOCPeRCTBOM Bpamie-
k€H .

HUA NPHBECTH K CIYy4alo, KOTHa 2 ®;, =0, u moxasats, 4TO B 3TOM
REH
clygae HeoOXoguMo zp, >0 mast k€ H u zpp <0 pgua k ¢ H; B 3axaio-

9eHNe WCHOJb30BATH ) ¥ MPEANONOKeHNe WHAYKII . |
B) IIycTh (®k)(cpgm— KOHEUHAA nocnenoaaTeanocn roex u3 R™

Taxad, wro ||xp || <1 1<k m) u ” 2, xn ”—-a>0 I0Ka3aTh, 9TO

cymecmye'r MepecTaHoOBKA C vm'repna.ua {1, mM]C N, npaa xortopoit
n—1{

” 2 wa(k)H (a+1)5 2 npu awbor p (1 <p<<m). [CBectH ® c.uy-.

9210 6).]
*2) IIycts (acm)mEN——6ecuone'maﬂ MocjeloBaTeabHOCTh TOUeK u3 R™

taxad, 910 lim &, =0. aa xakgoro xoHewnoro H C N mojomuM
m—oo

sg= Z &m. IlokasaTb, 9TO MOryT IpeACTaBHTLCA HABa CAYyTas:

1° JIn6o llmof | sg|l=+4o0, rEe ¢ —MHOKECTBO BCeX KOHEYHHIX

nogmuEOecTB u3 N, GuibTpylomeecsa MO BO3PACTAHHIO.
2° JIubo cpen¥ mepecTAHOBOK O MHOeCTBa N CYIIECTBYIOT TakKue,
JANA KOTOPHIX PAR ¢ OGMUM 4IEROM Lg(m) CXOmuTCcA B R"; B aToM caygae

MHOMKECTBO A CYMM S @g(m) DANOB, OTBEYAIOmMUX BCEBOBMOMKHEIM TAKKM
m=0
mepecTaHOBKAM, eCTh ai unnoe suneiiroe mnozoobpazue p R™. [C moMompbio
ynpakHeHHMA 10 IOKasaThb CHa4Yaja, YTO BCAKAA IpepnedbHAasdA TOUKA OTO-
OpaskeHEA H w8y [0 QUALTPYIOMEMYCH MHOMECTBY § €CThb CyMMa CXO-
aalieroca pApa (Cgm)), OTBEUAOMEro HajjeyKaIleil mepecTaHOBKE O.
NcmonbzoBars ynpakueane 3 § 5 raasut 111 pia goxasareiaseTBa TOro, UTO
MHOKECTBO A, €CJN OHO He IIYyCTO, ABJACTCA CMEKHHRIM KJIACCOM IO HEKO-
Topoit 3aMKHyTo# moprpymme rpyunmsl R". Haxonen, Mcmoasaya ympask-
HeHnue 1B, a Tawoxe ynpakuenne 15 § 4 ruasmll, moxasars, uTo 4 cesano. )



NCTOPUYECKNN OYEPK

K ICIABE VII

(PuMcrue mudbpu otHocaTcAa K Gubawmorpadhum, uovemennoi
B KOHIIE HACTOAIICTO OYEpKa.)

C TO4NOCTLIO [0 F3BIKA, OCIOBULIC PE3YIbTATHl MCCIACHOBAHHA IMOATPYIIN
n $akTOPrpynn agmuTAsnbeix rpynn R Guam naseetHsl ® wouny XIX Beka.
B caMoM pese, MHOTOYMCIEHHBIC BONPOCH apupMETHKW M auaidusa NPABEJI
K ACCJEOBAHNIO CTPOCHUA Norpynn rpynu R', MOpoMIaeMeIX KoHeunblM YACTIOM
rogek. Tak, Jlarpami, pasBuBaf TEOPHI0 «HEIPOPHIBILIX Apobeily, IMOKa3LTBaeT
MONYTHO, 4TO JI;TA BCAKOIO BOUIECTBEITHOro uucaa 0 cylecTsyor mesasie m, n, He
paBibie OfiIOBPEMCINO 1Y M Takmo, 910 m — nl CKONDL YOO Majo
((I), . VII, crp. 27). B 1835 r. fIkobu, B CBA3I CO CBOUMH WMCCACTOBAHUAMH
NEepPAORAYECKNX AaHANUTUYCCKUX QYHKOUA HCCKOILKUX KOMIUIEKCHWX IepeMeH-
ARX, IOKA3LIBACT, YTO JJIA JHOGHX TPeX BeKTOPOB &, ¥, & € R2 cymecTByoT nenie
m, n, p, NC PAaBALIC OMIIOBPCMCINIO YK M TAKHC, YTO BEKTOP mX -~ ny - pz
croan yrogno max ((IT), T. I, crp. 25). Heckonbko moamee J[Mpuxye, B CBA3M
¢ paGoTaMu U0 TCOPHUH AaJreGpamyeckUX YMCCJ, OTKPHIBACT CBOIl 3HAMCHHUTLII
QIpUHOAI AnHKony (yupasdenna 10 m 11 § 1), ¢ moMomp0 KOTOPOro ou ycra-
HapauBaeT, 4T0 p GOPM oLy - Oamy & ... am, — ¢ (1 L i < p)
¢ NPOMBBOJLILIMA O;; M LCJALIMA m; U ¢; (HC PAaBHLIMH BCe HY.0) MOLYT GITE
ofIoBpeMeTo cedansl croanh yroguo Magumu ((II1), 1. I, erp. 635). C woMoursio
COBEpIIEHHO APYTOro Meroga IpmuT mpuxogur B 1850 r. K TOMY e PO3yaLTATV
mas gactioro caydas gopy suga m0; — ¢; (1 < i < p) (IV), 1. I, erp. 105).
Haxomen, B 1884 r. lponekep ycrauasampaoT O pe3yanTar, chopMyai-
poBamHulit B mpemirowenun 7 § 1 ((V), 1. III, ctp. 47).

Bce aru paGorni, pasyMoeTcs, He 3aBHcedH OT 0O0meil Teopuu JNOKAILIIo
KOMIARTHLIX KOMMYTATMBHEIX TpyUM, coagaunoil Jumn negasuo (eM. Hceropm-
qecknit oucpx ¥ raase III); 1o mocnegHsaa TCOPHs, M B ocoGeHHOCTH Teopus
ABoficTBeINIOCTH *), MO3BOJINIA NPCACTABUTL ITH CTapeie paGoTsl B HOBOM cBeTe,

*} Cm., Hampumep, A. Weil, L’intégration dans les groupes topologi-
ques et ses applications, Actual. Scient. et Ind.. n° 869, Paris, Hermann,
1940, crp. 108—109. [Pycck. uepesox: A. B e it a 1, Wurerpuposauue 8 Tomo-
JIOTHYCCKVMX Tpynmax u ero upumewenma, WJI, M. 1950, crp. 124.]

22 H. Byp6akn
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BHIABUB ¢ 0CO0OH MALTAKNOCTLI0 QynIaMeNTaIbHOC TOHSATHE aCCOIHIPOBANIILIX
TMOATPYIIl; AMEIHI0 Ha HTUX MACAX HOCTPOCIIO M3MOMEHHEe, JaHHOC B TOKCTC *),

Touxa 3peHMA. Ha KOTOPYI0 MBI CTANH B ITOIl rjiaBe MpM M3JIOIKOHUM YRa-
3aUIEIX PEe3YALTATOB, ABIACTCS HCRIIYUTENBHO kKauecmeeiioli, T. €. ML AOKA-
3HIBaeM cyljecmeosaiie JIMACITNLIX KOMOMNALIE p TOYeK € ueaeIMua Koaddummer-
TaMH, CKOJNb YTOANO OIMAKMX K 3a[altHOil TOyke (BOBMOMKIIO, MOTUMIICHIION Hag-
Ie;KAMUM YCJAOBMAM); HO MOMKIIO 3aaTbCA BOIPOCOM, MMECTCA JU 3aBUCHMOCT.
ME}RIY HOJYIeHHHIM IPUGIIKeHeM ¥ BOJXHYAION K0dPPHIMCHTOB MOCTABUBINIIX
€ro IMIeHHLIX KOMOATauMil: 9T0 — xosudecméennas TOUKA 3peHAA «muodanTOBEX
npuGaKentiiy, 1a KOTOPoH CTOMT OOJLIIMHCTBO YHOMAHYTHIX BHIUE ABTOPOB.
JTH BOMPOCH ORI B TEYCHHE BOKA NPCAMETOM HENpeKpallaBIIMXCA BOCLMA
MHOro4iCcIeunsX U pasyooGpasiitix MccIcgoBanuil, 6oraThX MPILIOKEHMAMH
K TEOpHM YuceN; B Haluy aMepenma ne BXOXHT M3JaraTh WX 3[1€Ch, H Mbl OTpa-
HUYGAMCS T€M, 9TO OTOWIJICM WITATCAA, FKEJAIOWECTO BOWTH B KPYT 9TUX Teopwil,
K ¢pynpamentaasHeM pagoraMm Munkosckoro (VI) n['. Bejina (VIL), mocaysuus-
UM MCTOTHAKOM BECLMA OGUIMPIOH JMTEPATYphL **).

*) HaGpocox aHajsorM9HOrO M3IOKeHMA mmeercA yme y Mapceas Pmcca.
(M. Riesz, Modules réciproques, Congrés Intern. des Math., Oslo, 1936,
r. [I, erp. 36.)

*¥) BnGanorpaduio 9THX BOMPOCOB, COEEpKaIlyid U PAGOTH CpPaBUHTENbHO
HOBOTO BPCMCHHM, MOYKNo Haiitd, nampmmep, B kumre J. K o k sm a, Diophan-
tische Approximationen, Berlin (Springer), 1936. .
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TIABA VIII
KOMILJIERCHBIE YHCJIA .

1. KoMmieKkcHhle 9¥MCia; KBATEPHHOHBI
1. OnpedeaerHue ROMNACKCHBIX YUCEA

Monurom X? -+ 1 He umeer xopueit B R, mockoaskry 22 + 1 > 1
npu moboM x € R; Takum o6pasoM, HTOT MOANHEOM HenpueoxuM uap R.
BrpoueM, 5T0 — 9acTHHE cayuail aHANOTMYHOTO PesyNbTaTa, HMMEIO-
mero Mecro jns BCAROTQ ynopadouewnozo noas (Aar., ra. VI, § 2).

Onrrjeneaur 1. Hoaem C womnaexcubir uucea naswviearom (kKom-
mymamusroe) noae RIX1/(X? 4- 1); kanonuueckuti obpas X e C
obosnauaiom i, max umo C noayuaemecs nymem aacebpauiecrkozo npu-
coedunenus k noao R kopus i noaunome X% 4 1; saemenmu nors G
Ha3v68a10m KOMNAEKCHWLMU HYILCAAMU.

C aarefpamyeckoii Touku 3peHnd BakHOCTh moasa C Kopenures
B cienywouleit yugaMenTaabHOi TeopeMe.

Trorema 1 (reopema HanamGepa — Taycca). IToae C KOMNAERCHOL
wucea aazebpauticcku 3aMKHYMO.

Ina mokasareasctBa jocrarouno (Aar., ra. VI, § 2, teopema 3)
YCTAHOBUTE, uTo: 1° Bearuit snementr >0 umeer keadpammbili KopeHs
B R; 2° BcAKUil MONMHOM HeuemHol cTeneBn ¢ Koddduiuenramu us R
mMeer no kpalineii mepe 0dur kopernsv B R. IlepBoe us atux mpemsiomxe-
Buit ME yxe jokasaau (ra. IV, § 3, n® 3). C npyroit cropoHs, eciu
f(X) = aoX™ + a;X™' 4+ ...+ a, ecTp HOJMHOM HEUETHON CTe-
nenu n (ap 5= 0) ¢ BewecTBeHRHIME Kodddunuenramu, To npu r = 0

a4

MokHO mamucarb f(2) = quxg(x), rae g(r) =1+ ps + o
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a
e a—;‘n cTpeMHTess K 1, KOTEA T CTPCMUTCA K 0o HJAM — 00,
0

ITooromy cymectByer gucao a > 0 rakoe, 4ro f(a) uMeer 3HAK YHCIA
ag, a f(—a) — sHaK 9mcaa —a,; mo rteopeme Boabmano (ra. IV,
§ 6, Teopema 2) f umeer B unTepBasie [—a, a] o Kpaiineil Mepe ogHE
KOpPEeHb,
JamMewganusn 1) Teopemy 1 MoKHO mokasaTh Ge3 IpUMEHEHHSN
TEOpHN YHOPANOYEHHWX II0JIeH, BOCHOJbL3OBABILMCH CBOMCTBAMH mono-
aozuu moas C, koropas Gymer ompepmesera Bmwke (n° 2); cM. ympasmue-
HUe 2 § 2, a TAK)KE JACTb HACTOAIIETO TPAKTATA, MOCBAIMEHHYIO aareGpan-
9eCKOil TOIOJOTEN, re Teopema JlanamGepa — I'aycca 6ymer ycranosuena
K8K CJENCTBAE pe3yJdbTaTOB, OTHOCHUIUXCHA K cmenenu O0mobpamceHus.
2) Tak xax C — BTOpPOUl cTEIENMm OTHOCHTENBHO R, TO MH BHIAM,
4T0, C TOYHOCTHIO O M30MOPPH3Ma, 0HO BCTD edurcmeennoe alredpandecKoe
pacmupenne noas R, oramgHoe ot R, W He cymecTsyer IOIA, COAep:ka-
merocs B C n cogepkamero R, koropoe 0o 661 oramaro or Rmor C, -

Hax ussecrmo (Aar., ra. V, § 3), R Momer GuLiTL 0TOMIECTBIICHO
¢ noxnonem noas C m Beakuit anement z € C mpepcTaBuM, W TpPHTOM
efuHCTBEHHHM o06pasoM, B BMJE x + iy, T/IC £ M JJ — BEINECTBEHHH®
9mcaa; xr HA3HBAKT éeujecmeennoli wacmul z u oGosnawawor R (z),
Y — MmuUuMOL Yacmbio © 0603HAYAIOT 3 (2); KOMOIEKCHBIC IMCIA BUAA LY
(rme y BemecTBeHHO W 5<0) HaswBawT YucTo MHMMLMU. OTHOIIEHNM®
2+ iy=0 (rme z W y BemCcCTBEHHH) DPABHOCHILHO OTHOLIEHHIO
w@w=0 unu y= 0

Tax kar i? = —1, to saemenrs noas C, 3ajladHpIe CBOMMMN BCIIECT-
BeHHOUW M MHUMOM 9acTAMH, YHOBJETBODAIT CIAELYIONINM BLIYUCIH-
TEJIHHHIM TIPABMIAM:

(z+iy)+ @ +iy)=(@+2)-+iy+y), (1)
(x+iy) (2" +iy') = (22’ —yy') + i (xy’ +ya'). (2)

B uacraocru, (z+iy) (r—iy) =22+ y*€ R, orkyza npu 2+ iy == 0

noJryqaeM
r . [/

I—i1—i!/ Ty 12—.(112 ’ (3)

BropuiM KopHeM monuaoma X2-+-1 B C caymur —i; caegoBaTeabHO

(Aar., r1. V, § 6, n° 2), egurcTBeHHNM asmomopPuamon noag C,

OTIMYHBIM OT TOHZECTBEHHOrO OTOOPAXKEHUA W OCTABAAIONINM HHBA-

PMAHTHHIMM BEIECTBEHHHE UHCJA, ABIACTCA OTO(pa:KeHHE, COMO-

CTABJAKIIEe KargIoMy KOMINVICKCHOMY YHMCIY 2= Z-} [ KOMIIeKCHOE
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gmcao r—iy, o0osHagaeMoe 2 W HA3HBaeMOe (B COOTBETCTBUH
¢ ofmuME ONpeAeNeHNAMHE) KOMILIEKCHHM YHCIOM, CORDANCEHHbLM

x 2. Mmeem R (2) =4 (2-2), 3(z) =~ (:—2). Boan f () —noan-
HOM C 6elyecmeeHHbMU KOIPPHUMEHTAME, TO B CHJIY 3TOr0 aBTOMOP-
$uama f(z) =7 () mas kamzuoro z€C.

BemecTBeHHOE umMcio 22=x2--}y? HA3LIBAGTCHA au2e6pauteckoit

Hopmoll 4mcaa z (MAM DPOCTO HOpMOU 2z, €CJAH dTO HE MOJKET NOBJIEYb
HemopasyMeHus); oHo >0 wu obpamaerca B Hydh, TOJABKO KOr/a

z=0. TIlonomurensrnoe umcao Vﬁ:]/xz—!— y* pasHO abcosoTHOMY
3HAYCHMIO Z, €CJIM Z BEI(€CTBEHHO; CTO HABHBAIOT abcoalomHblM 3HA-
yenuem z 1 o0osHAyalOT |z| Takike B CIydae NPOMBBOJILHOTO KOM-
miaexcHoro z (Aar., ra. VI, § 2, n° 6). Ornomenus |z2]=0 u z==0
paBHOCHIBbHB. HakoBor GB HE OpIM KOMDJIEKCHHE WHCIA Z M 2,
49HCIOM, CONPSIKEHHBM K 2z, CHYMUT zz', Tag 910 | 22’ |2=zz'z7:
=|z|2{2"|%, oTkyma |2z'|=|z||2'|, T. ¢. abcoatomhoe 3HaueHUe
npoussedenus pasHo npouseedeniio abcoslomMHBLL FHAYEHUT COMHONCU-

. 1 1 1
meaeli. B gactHoctu, npu 240 n 3’ =-— moaydaem ‘—z—‘=—|—zT.

Haxonen, paa nwo6bniX KOMOJIEKCHHX TNCEN Z, z' HMeeT MeCTo
HepaseHcmeo mpey204bHUKA '

lz - 2" [zl 2]

2. Tonoawozust noasn C

Orobpaskerne (xz, y)w—>x 4+ iy uncaoBoit maockoctu R? ma C
OHeKTHBHO; NHOCPEJCTBOM DTOTO OTOODAKEHHA MOKHO neperecmi
B C romonoruio u3 R? (em. ru. VI, § 1, n° 5). Oupegenennas rakum
o6pasom B C Tonosorus coesacyemes co crpyxrypoit tena B C (o, 111,
§ 6, n° 7); B caMoMm jiesre, OHA COTIACYETCA C €r0 CTPYKTYpPOil KOJbLA

(ra. VI, § 1, n° 5), u B cuay (3) dyurnua —1— HeNpepHBHEA HA JIONOJ-

geHum C* & Touxe O B C.

Tem cameiM, Hagenas MuokectBo C 3Toit TONoOJOrHeH M CTPYKTY-
poii Teaa, ompejeiaeHHoil Beiwie (ompenenenue 1), Mu moaxydaem B G
CTPYKTYPY monoaoeuueckozo meaa (ra. 111, § 6, n® 7); rosops o Tono-
adormu B C, Mel Bcerma GyfieM MMETh B BHAY YKA3aHHYI0 TOIOJOTHIO.
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B pasvueiiweM Mbl OyaeM 4aile BCETO 0moicdecmeasims MHOKECTBA

C n R? paccMarpuBaeMbie Kak TONOJOTHUECKHE HPOCTPAHCTBA;
nonone R mosna C Oypmer Torjia OTOKAECTBIAATHCA € 0OChI0 abciuce
mrockoctn R®, HaspiBaeMmoli mo 3TOU NPHUMHE GewjecmeerHoll 0cuio;
aHaJIOTMYHO OCH OPAMHAT ILIOCKOCTH R? HA3BIBAGTCH MHUMOU O0CLIO
(3ameruM, uro oHa mHe amiaerca moxmnoaeMm mossa C). Iloaynpamasn
¢ napamerpamu (1, 0) (oro:xpecreasiemas ¢ R.) masmBaerca noso-
HeumeaLnol eeuecmseeRiol noayocvio,
a TPOTUBOHOJIOMKHAA el HOoJyNpA- |
mafg, ¢ mnmapamerpavm (—1, 0),— '
ompuyameaLHoll eewjecmeennoll no- i
AY0CHIo. !
7 > ZaTHY

UTo6Ll WIIICTPUPOBATH Yep- | '
TéHaMu TO, 4YTO 6yner FOBOPHATL-
ca ornocureanno C nau R2, uenonp-
3yI0T (xopowmo m3BectHoelms ame- 7
MeHTapion AHAMATHYECKOI e OMEeT-
pum) mnpejcrasaenue \R? Toaxamm Pyc. 8
ILTOCKOCTII, HA KOTOPOM MPOBEJCHLI
ABeé B3ANMHO MNEPICHAHMKYJIADHBC KOOPAHUNATIRIC OCH, naoGpamamee
COOTBETCTBEHHO BEmMECTBOHHYK u MHuMYyK ocH moas C (puc. 8).

)y
1 I,
N

Hax m BO BCAKOM TONOJOTHYECKOM Tejle, BCAKAA DAYUOHAIbHAR
PYHEYUA N KOMINICKCHBIX NEPEMEHHHX ¢ KOMINIEKCHHMH Koypdu-
LIMEeHTaMK HEIPepHBHA B KasKMoil Touke mpocTtpancrBa C", B KoTopoi
3HAMEHATEIb DTON PYHKLMM OTIMYEH OT HYJIA.

Iepecranoska z+—>Z B C Henpepbigna;, TeM CaMBIM OHA ABJIACTCA
asmomopguamon tonoaormyeckoro moxas C.

Tlpm 9TOM MOKHO IOKA3aTh, UTO BTO — edurcméennsili aBToMopHuaM
TOMOJOIMICCKOTO MHOoAA C, OTIMTIHHI OT TOMHECTBEHHOTO (CM. YIpai-
neuue 4),

Oyaruun N (2) 1 J (z) — ue uro unHoe, Kak npoekyuu B R®u noro-
MY HEnpepbiéHbl; TO KE BEPHO W JUIA A0COJIOTHOrO 3HadeHMA |z ],
ABJIAIOINCTOCA HE €M WHHM, Kar eekaudoeoii wopmoi (ri. VI, § 2,
n° 1) rouxn (z, y) 8 R%

CpoiictBa aGCOMIOTHOrO 3HAYCHUA NO3BOJAIT JATh JPYroe HoKasa-
TeJILCTBO TOro, 4ro Tomojorma B G corjacyercs co CTPYKTYpO#
tena (cM. ra. IX, § 3, n®2). B camom nese, HempephiBiiocth z -~ 2z’
BEITOKACT u3 LepaselcTBa  Tpeyroaemuka |z - 2| |z |- |2,
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HETPEPEIBHOCTE 2z — Y3 TOrO, 4TO
| 22" —202g [ = 20 (2" —25) - |- (z— 20} 25+ (z—20) (2" — 2) | <

Llzollz =z |+ 125 [|z2—zo |+ 2—20] | 2" — 2]
Haxouern, nempepsistocts z~1 cirexyer us gopmyan

|tz =] 2|t 2—20] L 2o 1.

3. Myavmunauramuenas spynna C*

Rax masecrtno (ra. III, § 6, n° 7), romosorus, mHpymupyemast
u3 G B mynbprunaukartusuoit rpynne C* xommaexcHmx ugmeesn 40,
coraacyercss co crpykrypoil rpynne B C*; Gynyun omkpwmoii 8 C,
C* asnsercA aokarvbHo KoMRakmHoU TOMOJOTHYECKON rpynnoit (ra. I,
§ 9, npejaoenue 13), TeM caMHM noanoll (Pa3yMeeTCH, OTHOCHUTEILHO
MYJBTUININKATHBHON DPABHOMEDPHOU CTPYKTYDH; CM. mpejiiomeHue 8
§ 6 raaesr III). MynerunnukarueHas rpynoa R BelmecTBeHHBIX
auce.r >0 ecTh samknymaa nodepynna rpynns C*. Hpyryo noarpymn-
ny ofpasyer MHOecTBo U Bcex KOMINTEKCHBIX TUCEN C a6COLiomHbLM
anaueruem, paenvim 1; OHa OTOIKIECTBEMA C eQUHUMHOU OKDYNCHO-
emoio S, B Iockoctr R? m, cneJoBaTeAbHO, ABIACTCA KOMRAKMHOL
rpynnoi. IIpu atom:

Meepaosenue 1. Tonosozuneckas epynna C* usomopgra npous-
sedenuto monoaozuveckuz epynn RY u U.

. zZ
B camoMm gene, otolpamenue z+—->(lzl, I_Z—l) €CTh 20MEOMOD-

guan C* ma R* X U (ran. VI, § 2, npemaomenuc 3); ¢ gpyroit cro-
POHBI, HENOCPEJICTBEHHO fICHO, YTO 3TO €CTh M30MOPOU3M CTPYKTYDhi
rpynnst B C* ma crpyktypy rpynmel B npounasejcun R} X U.

Kak mu anaeM, tomosormueckaa rpynna RY msomopdra apmgurus-
Hoit rpynne R (ra. V, § 4, rcopema 1); mostoMy usyueHHE TOMOJO-
rudeckoit rpynnst C¥ cBogurcs ® mayteHmw rpynnet U, koropnim
MH 3aiiMeMmcs B § 2.

4. Teao KeamepuoIog

B cuay teopemst 1 moxe R ects maxcumasbroe ymopapoueHHOE
mone (Aar., ra. VI, § 2, n° 5); noaroMy equHCTBEHHHM (C TOYHOCTBIV
10 M30MOpPPU3MA) HEKOMMYymAamusHumM TEJIOM KoHewHozo paHTa Hajy R
ABasercd Teao ksarepuumonos Hax R (Axar., ra. VIII, § 11, reopema 2);
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oHo Gymer oboanagarbca H m HABHIBATHCA MEAOM BeWyeCMBEHHBLL KA~
mepriLono8 (MIU IIPOCTO MELOM K8AMePHILOH08, KOTHA He Oyler omac-
HOCTH HEJOPa3yMeHmi1).

Tax kax H — panra 4 majg moaem R, ro B H MosxHO ompemesnnTs.
TONOJIOTMI0, roMeoMopduylo Tomosiorn:m hpocrpanctea R* (ra. VI,
§ 1, n° 5). Tounee roBops, Mul OyaeM o6piuHO omoacdecmeaams H u R?,
OTOKIECTBAAA daeMeHTH 1, i, j, kK wmanoHmueckoro 6Gasuca rteaa H
(Aar., ra. 111, 3-e uap., § 1) COOTBETCTBEHHO C BEKTOPAMU €g, €1, €3, €3
KagOHHIECKOTO Ga3uca mpocrtpancrea R*.

HamomMuuM, 1gro Tabauna yMmuoenms KanoHumgeckoro 0asuca Tema,
H 3ajacrea dopmymamu

2=j2=k2a= —1, ij= —ji=k, jhk=—kj=i, ki=—ik=].

Tonosorua B H coriiacyerca He TOJIBKO CO CTPYKTYPOil KObL(a
B H (rn. VI, § 1, n° 5), Ho rarske co crpykrypoit meaa B H, afo ecan
X — KBaTEPHUOH =%=0, TO KOODAUWHATH KBATEPHHMOHA X~ HBJIAITCAH
PANMOHAJIBILIMEA QYHKIMAME KOODAMHAT KBAaTEPHWOHA o, MMEIOIUMU
BHAMCHATE:Ib, OTANYHEK OT Hy:aIs. Teao H, Hageaeranoe aToit Tomosio-
rueil, ABAAETCA, TAKUM 00 PA3OM, HEKOMMYMAMUBHELY MONOL0ZULECKUM.
meaom; KBATEPHMOHL! a -+ bi (re a w b — BelmecTBeHHbIE 4YHC.Ia)
o0pasywr (Tomosmoruuecroe) nodmeaso tena H, msomopduoe momo C,
¢ KOTODHIM OHO OOBIYHO OTOKIECTBIACTCH.

Urax, Hapsiny ¢ R 1 C MB TOAYyYWJIH elle TPeTHil HpPUMEpP 8831020
A0KQAbHO KOMRAKNIHO20 TOMOJOTHYECKOr0 Teja; MOMHO IOKA3aTh, YTO
9TO—edUHCmeeHHEe TOMOJOTYCCKUe Teda, o0majawilye YKasaHHBIMI
uBymsa csoicrBamu (Kommyrar. aar., VI, § 9, cmepcrBue TeopeMur 1).

HamomumMm (Anr., ra. VIII, § 12, n° 3), uro aareGpamdecran
HOpMAa KBATePHHOHA & = Zo + Z8 -+ xof + 23k ccrp umeno N () =
= a; + x} + 25 + 2 = ||> |} (1. e. KBagpPAT €ro esk.1ud080U HOPMbL).
Tak wag N (ry) = N(x) N(y), 10 BEANM, YTO MHOKECTBO BCeX
KBaTepHMOHOB ¢ mopMoii 1, cosmajawmee co cdepoit Sz, ofpasyer
KOMNAKTHYI IHOATPYnmy My brulinkaruBHoil rpyumst H* xsarep-
HuouoB ==0.

MrepnosweruE 2. Myavmunaukamuswas epynna H* keamepruo-
nos 540 ecmb monoaozuueckas epynna, uzomop@rHas npoussedeniir
*
ee nodepynn R* u 8,
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B camom pene, Beaxmit kBatepEMOH o =0 Momer GuiTh 3anHcaH
B Buge x=jlall&, rme #—xKsaTepHUOH ¢ HOpMO 1; TaK Kak

X
Hoaew | =='oell|loe" |, TO oToGpaskeHMe X +—> (l!.)r|l, _H—-DI_I) TPYUNH

H* na R¥ X S; ects usomopduam crpyxrypst rpynnet 8 H* ma crpyk-
Typy rpynnont B R} X Ss; ¢ gpyrofi croporn, kak Msl 8HaeM (ra1. VI,
§Y2,"npennosenue 3), vro ecrr romeomopduam H* ma R* x S;.

damewanma 1) C mnomowslow coornomennid |jx+ | <
<lHell-llull mlleyll= x| |'y || Moo (oxasaTs 1emocpefcTBEH -
110, KaK BHULC JUIA HOJA KOMILIEKCIHbIX guces (n° 2), 9T0 TOMOAOrAA MPO-
crpaiicrea R4 cormacyercs co crpykrypoii renas H (em. ra. X, §3,n° 2)

2) Corxacno mpepsimymeMmy, B cpepax S; m S; CyLIECTBYeT CTPYK-
Typa IpPYINH, COTJAcyomascAd ¢ WX Tomojormeil. Mol YBHEUM MosKe,
4TO HU IPUA KAKOM LEJOM 7, OTIAUYUOM oT 1 W 3, B 8, He CYIIECTByeT
Hukakol CTPYKTYPH TPYIIK, COIIACYIOMEUCH ¢ Tomoaoruci s S,.

3) Besaras Togka rpymme Sz o6ramgacT OKpecTuoCTRHIO, TOMEOMO pdiioi
R3 (ra. VI, § 2, mpepao:xenne 5), Ho S; HC J0KaaLuo udoMopdua rpym-
ne R3, uGo nnave, Gynyau cpasnoii, ona Oeya 66l xoMmyrarusua (ra. VII,
§ 2, TeopemMa 1), 4TO HE MMeeT MecTa, MOCKOJBLKY [ M j IPWHAICHAT
Sy, 110 ij %= ji (em. . V, § 3).

YnpaxHeHua

1) Hyers f(z)=2"+ayz" 1} ... apn_4z |-ap— UOJIAHOM CTElEHH -
n
€ KOMILUTOKCHHIMI KOdPHuumeHTaMu; 11000/KuM | (2) = H (2—z;), A NYC Th
i=1
ro=sup|z|.
1
a) TToka3arb, YTO €cid BEMIECTBCHHOC THCI0 r > 0 TAKOBO, 4TO

Mmzla [l ag et 2 - A laa g | -l an

n
“TO rog < I'; BRIBECTH OTCIO[@, YTO Iy« SUP (1, 2 |an |)
k=1
6) IMoxasars, uto ecau (A} ;. , —KOACYHAA NMOCIEHOBATENLHOCTE Nt
n 1
1 R
guces >0 TaKux, UTO 2 o= 1, 10 rg<<sup(hp|ani)” . (Menoanao-
i 13

i—=1

BaTh a).]
B) BriBectn u3 a), uto ecam Bce a; == 0, 1o
|||, | o
r0<sup(2[ai|,2—l,...,2 | :
ay i n.2 | Qn-y |

r) BriBectn n3 a), uro
ro<lag—1!4Jag—ag |-+ ap g —an |+ ap |
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|Pacemorpers 1moauHoM (z—1) f (2).] 3aKMOUATL OTCIOfA, UTO €CHHM BLE a;
semecTrenuste > 0, T0

ro << sup (al, Le L, et , _In )
ay An-2 An.yq

2) Aaeefpauneckumu wucaamu NAIHBAIOT KOMIJICKCHHE YHUCJA, ajare-
Opavgeckie waj HomeM Q paymonaapneIX uHcen. IToxasatn, 9TO yIIo-
pAgodCHHO¢  Toje B BCLUIECTBOHHEIX  aarefpaMgecKuX THCCT CCThH
MaKCUMAJIBHOE YIOPAZOTenloe Iojie, KOTOPGe He TOINO B TOIOJOTNW,
ungynupyemoir u3 R (m cosnagamomei ¢ .7, (B); cM. ynpawuenue 26 § 3
raasu 1V ).

*3) a) Tlyers K — MaKcmMaanHoe ymopsApodenumoe moae  (Aur.,
ra. VI, § 2, n°?5), nageneunoe Tonomorneit 7, (K), coramacylomeiica ¢ ero
crpykrypoit rexa (ra. 1V, § 3, ynpamnemue 2). ITvers

F (X)) qpX o X1 L by

— nonusoM u3 K [X]}, oGmamaromuii npocmeum kopuem o B K. Iloka-
3aTh, YTO [UIA BCHKOILO syemerra ¢> 0 3 K cymecrtsyer Taxkoe M > ()
B K, uwro wampumit nomunom g (X)= b, X" 5, X714 . .. 4 b,
y Koroporo |e; — b; | < v mpy moGom i, o6najaer, u IPUTOM €IHR-
cTBCLHLIM, KOpHeM P € K TakmM, wro |P —a | << e [Pasmomurs f
¥ g 1o cremeHAM X — o M WCHOAL30BaTh ympaskHenue 13 § 2 ramasnt VI
AgreGput. | JlaTh oneHRy cBepXy pmas v B QynKumH OT a;, o H €.

6) Bupectn m3 a), uro ecam K — MaKCHMalbLHO® YIOpPAXOYeHHOe

oae, T0 ¢ro nonoanenue K B Tomomorum 7 (K), ABAAKIICECHA IOTOM,
CCTOCTBCHHO HAJCJHEHHHWM CTPYKTypoii mopsmka (ra. IV, § 4, ympas-
HeHue 2), ecTh MAKCHMAJBbHOE YIODPSMOUeHHoe IOJe,

B) Mlycrs K, — ynmopsapouenunoe mome u S = K, ((X)) — moxe ¢op-
MaJBULIX PAXOB OT OXHON DepeMeHHoH Hay Ko, yHOPHEOIUM (CoBEPHICIH-
10) S, HPUHAB B HEM 32 djaeMeHTH > 0 sxement (0 W dopMamblinie PAILI
¢ wxosppunwenramm >0 upu giene wammenpmweir cremenm. ITokasarb,
qro §, Hafiegenitoe Tonoxorneii J o (§), noano, 10 HC €CTbh MAKCHMAJLIIOE
ynopsgouacnuoe mome. [Joxasarh, uro HogmHOMLI YP — X m3 S[Y]
HCHPUBOOUMEL JUIA Kaskuoro nedaoro p > 1 (Aar.,ra. V, § 11, ympamne-
ume 12).]

r) Bosvmem B mpumepe mynxra B) Ko:- R. Ilyern K — makcu-
MaJXbHOC YIOpPAXOUCHHOE aarefpaudeckoe pacuimpeiine mosis §; MoKasars,
gTo K He moano B romoxorun 7, (K). [[lorpysurs S B mone £ gopmadan-
fIRX PSASOB € BIOJHC YHOPAHOYeNNLIMH MoKasareiaMmu (Aar., ria. IV,
§ 5, ympa:xnenne 116), ynopsafosenoe TeM ke cnocogom, aro n S, a K —
B MAKCHMaJbuoe yHOpsjodenHoe pacinupeume Q moas F. 3aMeTnTn,
w10 E MONHO, M maThL mpuMep mociejgosareaptioctn Houiu, oGpasoBannoit
aaemeHTamMu u3 K M cxopsmelicss K HeKoTopoMy saemenry f € E, ne amve-
OpamueckoMy Hag S; Bebpars f Tak, ITo6H cymMecTBoBad0 OeCKOHCTHO
MHoro S-msoMopduaMop nogasi E B aareOpauueckoe saMselKanme nons
Hpit KoTopeX olpasu sxeMmenra f 6siam 66 BCC pasaugiibl. }



348 KOMILIEKCHBIE YUCJA ra.ovir, § 2

4) IToxasarb, 9TO BcAKOE (HEOOXOXMMO WHHEKTHBHOE) HEIPOPHIBHOE
NpeACTABJEHNe f TOMOJOrugecKoro mojas C HA HEKOTOpPO® ero IoxIole
ccTh amGo TOMEECTBOHUEIH aBToMopdmam moas C, auGo asToMopgmaM
zh>z. [3aMeTnTs, TT0 HeoGXomnMO f(r) = z mus Beex z € Q, n BHIBCCTH
orcwopa, 910 f(z) = z mas Kaxkgoro z € R.] Hokasars, 910 cymecrsyer
GCCKONEYHO MHOTO paspeiBHHX H3oMopduaMon moas C Ha ero MOANOJA,
ornugnne or C [em. Aar., ra. V, § 6, ynpaknenne { u Kommyrar, aar.,
ra. VI, § 9, ynpaxxnenne 2],

*5) a) Mycrss, K — nexommymamueitoe TIORTEJO TOJa KBaTePHUO-
HoB H; moxasats, 4ro uenTtp Z Teqma K ecrb moamoae uentpa R tema H.
[BaMeTuTn, 9T0 BCAKHU siaeMeHT M3 K MepecTanOBOYEH €O BCAKHAM dJe-
MeHTOM Noasi L, mopoikgaeMmoro MHoskectBoM Z{JR; ecim Om ZQ: R,
T0 L Onmo 6B MaKCHMAJLIBIM KOMMYTATMBHHIM TIomredom rtema IT n K
coucpskanocs 6u B L, B mpoTupopeune ¢ IPeRIIOJOKEHHEM. }

6) Buisectn orciopa, Wro BCAKHME (He 00A3aTeabHO HETIPEPHIBHEIL)
n3oMopdpmam f Tena H Ha ero mopreso ecth BHyTpeHHmi aproMopduam
zr>aza~! Tena H. [Cyenue f Ha R ecth B cmay a) maoMopdmav moxst R
HA €r'0 NOAIOJNE; HCIOAh30BaTh yupaskHenue 3 § 3 raasw IV O6weit Tono-
aornn U caexcrsue Teopemur 1 § 10 rmasm VIII AgreGp. ]

§ 2. Usmecpenve yraos; TpUroHoMeTpudeckue (PyHKIHU

1. Myavmunaukamusnan epynna U

TeopeMa 1. Tononoeuneckan (myavmunauramusrasn) epynna U
KOMNACKCHLT uuces ¢ abcosromubim sHauenuem 1 usomopgna monoao-
euueckoli (a00umusnoti) epynne T eeujecmsennvx wuces, npugedenusls
no modyauo 1.

B camom peane, rpynma U = 8, Komnakmna, ceasna m olGaagaer
OKDPECTHOCTHI0 HCHTpajibHOTO 3jaeMeHTa -1, roMcoMOpdHHOH OTKDHI-
TOMY mHTEpBany uuciaosoil mpsamoit R (ror. VI, § 2, npegaomenne 3);
TeopeMa MBAAETCA MODTOMY CJHEACTBHEM TONOJIOTHMYECKOUl Xxapakre-
pusanuu rpynns T, ganunoit 8 § 3 raanst V (Teopema 2).

Cnencreur. Myavmunaukamusnas epynna C* komnaekcnmx vucen
#0 usomopgpra epynne R X T (cMm. mpepmosxenne 1 § 1).

Jameganne., Mzomoppuam rpynn C* m R X T paewer cyme-
crBoBanue B mojic C KOpHell BCAKOI'O «IBYWICHHOI'O YypaBHCHHM» z'' = a;
ONUpasch Ha 3TO CBOMCTBO (M HA JIOKAALNYKH KOMHAKTHoCTh moas C),
MOMKHO TOJYYATH HOBOC J0KasaTeanctBo teopemul [[amamBepa — Taycca
(yupaskuenue 2).
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CymectBytor ToAbKO Jsa pasnuuHmx wuaoMmopdmama rpynmet T
Ha tpynny U; B camoMm jeine, ecan g m g'—musoMopduamu T na U
n h'—wusomoppusm, obpatumii k¥ g’, To h'og ects aBroMopdhusm
rpynnut T, u, caegoBareasuo (ra. VII, § 2, npepnoxenue 6), nmeer
Mecto TosgccTBo g (r) =g (x) mm g’ (x) =g (—x). Moxnmo Bcerga
mpefmoNarath, 9To W3oMopdpusM g BHOpDAH TaK, 9TO I ABJIACTCA
obpasom raacca (mod 1) Toukm % npu orobpaskeHnu g; Torja, 0bo-

3HAUNB uYepe3 ¢ KaHoHmueckmii romomoppmsm R ma T, zaknwouaewm,

uro BeAkUE crporuii Mopbmsm ajggurupHo#i rpynna R Ha MmyasTH-
¥ x

mmkatuBHyl0 rpynny U uMeer Buf v+ g (cp (7)) , Te a — Beme-

ctBeHHoe gncao =0 (ra. VII, § 2, npegnomenne 4); oTmeruM, aro

al a . . o
]——l—z—‘ , —lz—l{ ecTh HAUOOMBUING CHMMETPUYHEI OTKPHITHIl WHTED-
sag B R, B3auMHO OJHO3HAUHO 0TOOPAMKACMHIN 9TUM CTPOTMM MOp-
. 1 ,
dusmoM Ha cBoll 00pas, M 910 g (@ - )=t Muer 6ygem o6o03Ha-
yath roMomopduaM z — g (¢ (z)) Hepes z ~> e (z); TaruM o0pasom,
w Y x
Beakmit ctpornit MopdmwaM R mHa U wmmeer Bug z+— e (—a—), rue

a50. e(x) ecro HempepupHaa ¢yHKnuaA Ha R, npuEuMalmas
KOMIIJICKCHEIC BHAYCHUA, YHOBJIETBOPAOIINE TOMEECTBAM

le(z)|=1, (1)
e(z+y)=e(z)e(y), (2)
a TaKKe COOTHOIEHUAM

e@=1, e(g)=i, e(5)=—1, e(4)=—1 et)=1. (3

Ns (1) u (2) BuTCKAOT TOMIECTBA

1 —_—

= e (), (4)

¢ (D=3
a us (2) n (3)— romuecrsa
p (x———i—) — ie (2), e (x—}—%) = —e (),
e (z L) = —ie(a), e(z+1)=e ().

‘DyRKnuA e (r) nepuoduneckas ¢ TIABHEIM TCpHOmOM 1.
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3amegannme, Orobpameune z - fym—se¥e(y) ecTh cTpOTHI
Mop¢maM apputnBROll rpynon C Ha MyJdbTHIVIMKATUBLYIO Trpynmy C*.
a ero cy)xkeuue Ha HAJJIORAIIYK OKPECTHOCTDL nYJIs — JOKAJdbUBIH H30-
vopguam C B C*, Cregosareasno (ra. VII, § 2, n® 3), sesxuit crporri
Mopduam € ma C* umeer Bug z-|- iywe®*1Blo (vz - 8y), rme a, B, ¥,
8 — mpousBOALHBIC BEMECTBEHNHC TUCAA, NI KOTOPhx ad — Py = (.
Mu ysupgum noswe (Oynkn. pgeifers. mep., ra. III, § 1, n° 5), gro cybie-
CTBYET TOJALKO OUII IR DTUX FOMOMOPHUIMOB,— 0H03HATAEMBIN Z4—be?, —

.. R |
TaKoi, 410 lin ——- == 1; cysKenme »TOT0 rOMOMOp(YU3MA HA BELICCTBEl-

Nt 4

HYI0 oCh copnafaeTr ¢ e* (deMm 1 ofpacHseTcs ofGoanadenue).

2. Veavt MeNcO) MoAYRPAMBLIMU

Ioasaysick ynopsadouennocmoio monsa R, opuenmupyem uuciaoByio
miockocts R%, npunas e; /\ €; (T1e €y, €; — BEKTOPH KaHOHUYECKOTO
Gasmca) 3a MOJIOKUTENbHEI GUBEKTODP; HA OPHUEHTMPOBAHHOM YMCTO-
Bo#t tockoct R? (oTompectBiasemoit B pmampHeitmem ¢ C) MoxHO

TOTHA OIpEeIeIUuTh Y204 (AfE), oGpasyeMulil TpPOM3BOJNBHON napoit
(Aq, Ap) monynpameix *). MuomecTBo Y BCEBO3MOKHBIX YINIOB MEIRLY
NONYNPAMBIME ~ HAJENEHO CTPYKTYPOM KOMMYTATUBHOW TPYNIBE
(c apmuTUBHO 3amMCHIBaeMOM omepamueit), OMpPeseIseMoil OTHOWEHUEM

N P S
(A1, Ag) = (Ay, Ag)+(Asy Ay),
S T ~
OTKYJila, B 4YaCTHOCTH, (Aly Ai) :’-O, (A2, Ai) == —(/.\1, Az)-

o~

Pazseprympiit y2oa o ecTh HEHyJEBOE petieHNe ypaBHeHMA 20 — 0
B U; aro — yroa, ofpazyeMmnil oTpumaTeTbHON BEINECTBEHHON MOJY-
0ChI0 C TOJIOMKHUTEJIHHOM BEIECTBEHHOH IOJIYOCHIO.

Ilyers 2z — upoussosibHOE KOMILUIEKCHOE umcao #0; ero amnau-
mydoii, obo3HaYaeMoik Am (z), Ha3BIBAIOT yroJ, o6pasyeMuil ¢ mo.o-
JKUTENHPHOI BEINECTBEHHOH OCBHI0 MOJYNpAMOK ¢ HadamoM O, mpoxo-
nameit wepes z. OtobpameHme z+—> Am(z) ecth npedcmasaenue

*) Hanomumm (Aar,, ri. IX, §10, n° 3), aro B MmEokectse seex nap (A,, A,)
HOJTYIPAMEX ¢ HadadoM O MOMKHO OIPEIEIHTh OMHOWLEHUE 3FKEUGANCHMHOCTIU,
cauras maps (Ay, Ap) u (A[, Aj) 9KBHBaJCHTHRIMH, €CJIN CYIMECTBYET épalyeniie,
nepesofAlee OXHOBpeMeHHO Ay B Af m Ay B A yeaom uapm (Ay, Ag) (man
yaaom, obpagyemuir Ay ¢ A() nasmBaercsd, 1Mo ONPERENCHUI0, KIACC DKBHUBAJEHT-
HOCTH 3TOii TapLl. )



2 U3MEPEHHUE VYI.IOB; TPUTOHOMETPHYECKIE ®YVHKIIUKT 301

My bTHICTUKATUBHOW Tpymant C¥ ua agawrussyio rpymny ¥U; rarm
o0pasoM,

Am(zz’) = Am(z) +- Am(z') 1 Am(z) == Am(z"!) = — Am(2).

Yronx 6 = Am (i) 1a3bIBACTCH nO.L0NUMEALHLLM RDAMBM  Yo10M)

OTO — OO0 W3 pememnmit ypasHeaus 20 == o B rpynne 9; gpyruM ciay-
_
Hutr — 6= 6 |+ o.

Cysmenue npegctaBaeana z—Am(z) Ha poarpynny U rpynmso
C* ectp maomopusm cTpyxrypht rpynnst B U Ha CTPYKTYPY TDYNIEL
B A *); ecam mocpencTBoM dToro usoMopdusma neperecrnu B U romo-
aoruio uz U, 1o ¥ cTaHer KOMHOAKTHON TONOJOTHYeCKOH TpYNIoif,
a upencraBieHue ze—>Am(z) Oyier cmpoeum mopdusmom TomomOru-
qeckoit Tpyunst C* mga tomonoruueckyio rpynny 2.

O6osnauuM wepes Om>7(0) unszomopdusm A ma U, obparHsit
k umaoMopdusmy ze—>Am(z) rpymam U mHa U. Ilo ompegerernuro
(Axr., ra. IX, § 10, n° 3) R(f(0)) obosmaualor cos® m HasHBalOT
kocurycon yraa 0, a J(f(0)) ofosHagaoT Sin u HAIBIBAWT CUHYCO M
yraa 0. 9tu PyHKUMEM Henpepsignst HA TONOJOTHIECKOR rpymme 9
U YAOBIETBOPAKT CHEAYIOMM COOTHOUIEHUAM (TaM Ke), HeIocpej-
CTBEHHO BLITEKAIMNM U3 IPEIRIYIIX OI peJeseHuii:

cosO0=1, sin0 =0, coso=—1, sin6=0,
c0os (—0) == cosB, sin(—0)= —sing,
cos (0 +0) =cos 0 cos8 —sinOsin b,
sin (0 +-0") =sin 6 cos 0’ --sin B’ cos O,
cos?0 -4-sin20=1.
ITo oupepenenuro marnzenc yraa 8 €% cymecrByer, Korja cos 0=

sin B
=, u paBeH P (ram we); aTo— HempepriBHAA QYHKRUMA, KOTO-

pasg Npoflo:lKAeTCA Mo HempepsisHoct ma R (ra. VI, § 3, n° 4),
upuHEMMas J1A yriaos O U —O 3HaveHue oo; nMeeM tg (6+6): tg 0,

—~ - 1
Komaneencom yraa 0 masmsaior axement ctg 0 uz R, pasunit w0

3ameTnm, u9ro ecanm Am(z) =0, TO == | z| (cos O -~ i sin 0);
DTO BHRIPAKOHHC HASBIBAKT mpueoromempuieckoli gopmol KOMIITEKCUOro
ywcJa.

*) 3to 06yca0BICHO TEM, 9TO BCAKAM MOJYyNMpAMas, Buxoasmad ua 0. mepe-

CeKaeT OKPYRHOCTE S;, MocKaLKY e R nugazoposo (Aanr., ra. VI, § 2, vupamk-
nenue 8),



352 KOMILIEKCHBIE 9HCIA ra. vir, § 2

3. Hamepenue Y208 Medlcdy NOAYNPAMLIMU

B cuny reopemm 1 Tomomormueckas rpymma 9 yriaos Memmy
nonynpaMeMu  usomopgra T. Beawuii crpormii mopdusm R ma A
710Ty9aCTCA TOCPeACTBOM KOMIOSHIMH H30MOpPHU3MA ZmsAm (z)
rpynnsr U ma U # crpororo Moppusma R wa U; takum oGpasoM, ecan
monokuTh ¥ (r) = Am(e(z)), Bcaxuit crpormit mopdusm R ma

uMeer BUJ Z+—> 1‘}(%) (a 5= 0). Ilyerb a — pa3 mamcerpa saduxcu-

Zz
poBaHHOe 4mciao >(; roMoMopduam xr—»ﬁ(;) OTHOCHUT BCAKOMY

yrity 0 Kaacc BelleCTBeHHHX YHCES, CPABHUMEIX [0 MOAYJIO @ (9J1eMeHT
darroprpynnn R/aZ); on HaswmBaerca mepoil yriaa 6 oTHOCHTENBHO
OCHO8aHUS a; MOMYyCKAA BOJLHOCTH PEYH, BCAKOE BEIECTBEHHOS

o x
YUCHO M3 HTOTO KIACCA TAKiKe HABWIBAIOT Mepou yraa 0; yrox ﬁ(—(l—)

ecTh Yeonr Mepsl T (OTHOCUTEILHO OCHOBAHUA ). Ecam z ecth Mepa
yraa 0, a ' -— Mepa yria 0’ (0THOCHTEILHO OJHOTO M TOTO K€ OCHO-
BaHug), 10 = -+ &' Avasgerca Mepoit yraa 0 4- 8', a —z Mmepoit yraa
—0. UHorna aaasioii mepoti yriia (OTHOCHTEIBHO OCHOBAHMA @) HA3LI-
8410T Ty M3 €ro Mcp, KoTopaa HpuHajxe:xkur uurepsaxy [0, af.

Bub6op ocnosanusna a. Mu Gyaem Bcerga OrpannauBaThes |
paccMoTpeineM ocHoBaHMU a >> 1. HammoMy a >> 1 orsewaer yrosa Mesxny

1 .. .
MOJAYUPHAMBIMA @ = ¥ (-—) , TIMCTOLLMii TJIaBiylo Mepy 1 M Ha3wiBaeMELil
a

eGUIUNILELM  Yea0m OTIIOCATENIhHO OCHOBALMA a; o0paTHo, MJIA JT06Oro
yriaa o 5= 0 cymecTsyer, M NPHTOM egHHCTBCHIOE, g > 1 Takoe, 970

1
13(——) = ®; TaknM 00pa3oM, B3ajaHMe eJUNAYIIOr0 yria () BHOJHO
a

omnpegenser ocuosanue a > 1.

Ilaa quciaoBux pacuetoB o6nuio 6epyT a = 360 wrm a = 400; coor-
BCTCTBYIOIAIT eTUHWUNBIL YT0I La3bBaeTcs 2padycom (s a = 360) nau
decamuunum epadycom (1A a = 400).

B anaause 1n Bo BeeX pasfCJIax MATCMaTHKW, TAC WE UMEIOTCH B BUAY
qIfCI0BLIE PACYCTHI, MOJBLIYIOTCA OCHOBAUMCM ¢, OOPCEJSACMEIM YCJIOBHEM
lim lzle) =1 a

x50 z
1 o0o3HagacMbIM 201 (MLL JORaxkeM B jlaanhueiineem (Oyuxi. geiiers. mep.,
ra. I, § 1, n° 3) cymecTBOBAHMC TAKOTO GHCJIA U YRKAKCM CHOCO6 BRIAAC-
JeHHA CT0 MpubIMKeHBKX 3NAYCHMIA); COOTBCTCTBYIOIIMI eIMHATIHAIN

‘'TOJl HABKBAOT paduarom. Ilo npuBCACHHOMY BLIDEe ONpeesIeHUIO e? IJIA
y p

2mix

KOMIUJICKCHHX z mveeM ¢ (x) = ¢ ana Kawporo z € R.



4 U3MEPEHHE VYIJO0B; TPUTOHOMETPUYECKHUE O®YHKIIUK 353

Pa3 ocroBanume g BrOpano, MO yenom MeKAy HOJYHPAMBIMY YAlIe
BCEro NOAPA3yMEBAIOT Mepy 3TOTO YIia OTHOCHUTENBHO OCHOBAHUA 4}
3Ta BOJBHOCTL peud He co3fgaer HeymoOcTB, ecaum (Kax BceT[a, KoTAa
HC HMeIT [ella ¢ YKUCJIOBRIME PacueraMu) OCHOBAHHME @ OCTAETCA BCe
BpeMA (UKCHUDPOBAHHLIM W €CIM NOMHHTBL, 4YTO [Ba BEMECTBeHHBIX
4KCiIa, CPAaBHUMBIX II0 MOAYJ0 @, COOTBETCTBYIOT 00HOMY u momy e
YIay MekAy MoJdyNPAMEIMH.

Hanpamep, TO, 9TO 4Yalle BCOTO NOHMMAIOT NOA amnaumydoil KOM-
NACKCHOTO 4Hcaa z 5= 0, 6yAer paduannoli mepoii dTOrO yria, ompeaese-
MOro YCIOBHAMH, 3aBHUCAIINME OT M3yJaCMOro BOIpOca; IIOCJHE TOTO,
KaK 3TH YCJIOBUA TOCTAaBJeHH, yepe3 Am (z) 0603HATAIOT U MePY BHIGpaH.
HOW TaKuM 06pas3oM aMIIHTYOHI.

4. Tpuzonomempunecxue Pynrxyuu

Ecau oGpasoeats koMmosuuuio ¢yakuuit cos6, sin6, tg0, ctg

(ompenenenHnix Ha ) u roMoMopduaMa x> 1‘}(—;—) rpynns R wa ¥,
T0 DmoaydaTca  QyHKIHM cosﬁ(%) , sin® (%) , tg® (%) ,

x
Ctgﬁ' (7) , HA3bIBAEMEI€ COOTBETCTBEHHO KOCUHYCOM, CUHYCOM, MAH-

2eHCOM T KOMAHZEHCOM HUCAAZ OTHOCHUTEIBHO OCHOBAHUA a M 0003HA-
qaeMBle C0SqZ, Sing z, tg.2, ctgez. Ortobpamenue x+>cos,z -+
4+ isingz ecTb KoMmo3uumsa oOToOpakeruii O > cosO 4 isinf

u x.—»ﬁ(%) , OTKyJa B cuny onpexmenenus cos O u sin 8 (n° 2) cae-
IyeT TOMAECTBO
e (-;-) = C0Sq £ i sin, z, (5)
PABHOCHIBHOE TOMIECTBAM
cosgx =R (e(—:—)) , sinax=3(e(—:—)) ,
a TakKe, B cmiy (4), —TOoKAECTBAM
1 z z
COSq =5 (e(—a—) +e (———a-)),
sin x—"—i—(e(w) e( g )
a2 3 T) )
Ortciona BHTEKAIOT TOMIECTBA
ax . . azx
COSp I == COSg (_b_) , Sinpz=sing (T) (6)

23 H, Bypbarn
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EfaHCTBOHHKIMH TPUTOHOMETpHIeCKAMA (QYHKOHAMH, BCTpPedalOmu-
MHCA BO BCEBO3MOJKHRIX pa3jgelNax MaTeMaTHKH, I'le He WMEIOTCA B BHAY
9qUCIOBHIE PACUOTH, ABJAIOTCA TPHTOHOMETpHUecKHe (GYHKUUH, OTHECCH-
HLI® K OCHOBAHUWIO @ == 21, 0 KOTOPOM I'OBOPHJIOCH BHIIIE; BMECTO COSpy Z,
Singy z, t@2n z, Ctg2,/c MX O0003HAUAIOT HpOCTO COSz, sinz, tg z, ctgz.
I BHYMCIATENLHNX Nexell cymecTBYIOT Tafauibl TPHIOHOMETDHYECKHX
¢$yHKIMIL, COOTBETCTBYIOIMME OCHOBAHWMAM a = 360 m ¢ = 400; Bupouem,
dopMynsl (6) MO3BONAIT ¢ MOMONMBIO 3TUX TAGJMUN, HOJYINTh 3HATEHUS
TPHrOHOMeTpUdaeCKHX (GYHKIUil, OTHeCeHHEHIX K JIO6OMy ApPYroMmy ocmo-

.
BaHMW.

HpnneneHHme BhILIEe COOTHOINEHHS MEKIAY KOCHMHYCOM H CHHYCOM
Yesa068 NAIOT, QUEBHIHO, TaKMe K€ COOTHONMIGHHA MeExOTy KOCHHYCOM -
I CMHYCOM Yuces, U3MEDAOIINX 3TH YIVIH; B YaCTHOCTH, HMeeM

€08q (Z -+ ¥) = €084 T c0Sq Y — Sing z sin, y,
sing (z +¥) = sing £ cos, y -+ sing y cos, ,
€08q (—Z)=1008, 2, Sing (—x)= —sing 7,
cosiz+sintz=1.

QyusnuM oS,z ¥ Singx HempepsBHKM Ha R ©n mepuopmaummt
C TepHOROM a; NP DTOM @ ABJIAETCA UX 24G6HHLM Nepuodom; B caMoM

Jede, €CllH CO0Sqg X =C0SyY, TO Siny, Z=Singy mam Sing r=: —sing y,
) — y Ll=e(—-L =

T. €. e(a)—e(a) mme(a)—e( a),omyna z =y (mod a)

mix = —} (mod a); Tak ke yOe:xmaeMca B ToM, 4To Singz=singy

1
PAaBHOCWIBHO TOMY, 4T0 z=y(moda) mmm z-+ty= 5@ (mod a).
W3 mnpepguiectBYIOMEro BHTEKaeT, 4YTO c0Sq% HE NpPHHEMAeT
1
ABKIEL OMHOTO M TOTO 7K€ BHAYEHUA B HHTepBaJIe [0, —z-a] ; TaKuM

oGpasoM, paccMaTpuBaeMoe Ha dTOM WHTepBaie, 310 — GuexKmugHoe
oroGpameune ero Ha uHrepBax [—1, +1]. Tax kak cos,0=1

H COSq (% a) = —1, To Z+>cCoSqz ectTs cmpozo ybusawuee oTO-
OpaskeHUe WHTEPBaA [O, %a] K@ WHTEPBAJ .[—1, +1] (ra. IV,
§ 2, Teopema 5 u Bsameuauue). HNMeem cos,z=0 npun z= »Z— ,
cos, z >0, ecan O<z<-§-, cos, << 0, ecan %—<x<%. puuse

BO BHUMAHHE, UTO COS; (——I)=C0Sq.Z, MoJydaeM OTCIOf]a H3MeHeHue
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1
coS,r HA HHTEpBaye [——-711,0] , & B CHIY [ePUOJHYHOCTH—

n Ha BceM R (pme. 9). Tar xak singz= —cos, (x+—'Z—), TO MHOJY-

4aeM OTCIOJIa M WBMEHeHue singz ma R (puc. 9).

lv
m I /
i” \></
!
Ly YTO0SeZ
i
Pmec. 9

Oyrrnus tg,« ecrb Hempepuenoe otcOpaxemme R Ha f{; OHA

. a a
IPUHIMAET 3HAUEHHe 0O [UIH BHAYCHUM T =+ k? (rme k—npous-

tf &
]

S
D

)
ol

Puc. 10,

BosibHoOe ILeinoe dmeno). Ilockomsxy oma obmagaer mepmomoM -%—a.

OH sABJAETCA ee 24a8huM  nepuodom. Ha wunarepsame [0, %]

23
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¢yuruua sin, 2 sospacraer or 0 mo 1, acos,z yOmBaer or 1 mo 0;

a
ciIefloBaTeNnbHo, tg, X cmpozo so3pacmaem Ha [O, —1:[ u oTobparkaer
a
[O’ 'Z[ na [0, +oo[; orciona sarmiouaeMm, 4ro tg,z ctporo Bospa-

a a

craer Ha |—— , —0 # ABIAerca romeoMopdusMoM ITOrO UHTEp-
47 4

Baina Ha R (puc. 10).

3. YVeaoeste cexmopuvt
ITyere Ay, Ay — nBe pasauurble 3aMKHYThle MOJNYIPAMbIEe ¢ HAYA-

aoM O m z — raBHAd Mepa yria (A/l, XZ) (oTHOCHTENBHO BEPAHHOTO
pas HaBcerma ocHoBauua a). O0venu-
HeHHe 3aMKHYTHX (COOTB, OTKDLITHIX )
noxynpaMux A ¢ navaxoMm 0, jansa
KOTOPLIX TIJAaBHAA Mepa ¥ yraa

-

-
(A{,A) ynmomieTBOpAeT HEpaBEHCT-

BaM 0Ly <z (cootB. O0<<y<<x),
COBII3IAeT C oIpejesieHHHM B Al-
re6pe (Aar., ra. IX, § 10, n° 4)
samkrymblM  (COOTB.  OMKpHMbLM)
Y2066l cekmopom S, Ha4a;I0M KOTO-
poro caysur Ay, a KoHUOM A,.
Pue. 11 B camom peite, mocpemcTBOM
BpAIleHUA BCETAA MOKHO CBECTU
meno K caydamo, Korma S He coTepKUT NOAynpAMoiM, Ipoxopaiel
gepes Toury —1. Ecaum o u § — yras, koTopsle ofpasynor TOT/I
COOTBETCTBEHHO A; M A, ¢ NONOKUTENLHOH BeljecTBeHHOI Hoxy-
0CBI0, TO 3aMKHYTHIl yrioBoll cexTop S ecth He dro mHoe (AJr.,
ra. IX, § 10, nopemnoxenue 12), Kak oObefuHeHHE 3aMKHYTHIX
moaynpaMux A, ofpasyomuXx ¢ IOJOAKUTCIBHOA BeIecTBeHHOU

0
moiyochilo yroa 6, anaa KoToporo tg%—< tg—2—<tg—g-. Ho »atu

u t v
HEepaBeHCTBA pPABHOCHJILHH HEpaBEeHCTBAM tg, 5 < 12, 0 < tgq 5

rme u, v, t—CooTBeTCTBeHHO MEpH YrioB o, B, 8, cogepsmamuecn
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B HHTEpBaJe ]—% , —}-%[ ; a TaK Kak tg, z— Bo3pacraroman PyHK-

a a
UMA B WHTepBale ]-——/: , +T[ , TO HOCJeJHNe B CBOIO o4epenb

PABHOCHJIBHK HepaBeHCTBaM U <t<v win O0<f—u<v—u; u TaK
Kak Z=v—u, y=1=It—u, To NOpello/KeHNe OKA3aHO /A 3aAMKHYTHIX
YIJIOBEX CeKTOPoB. Tak iKe NPOBOAUTCA DACCYKAeHUE M A OTKDE-
THIX YTJOBHIX CEKTODPOB.

3amrrymuwil yraoBON CEKTOD eCTh 3amkHymoe MHoxecTBo B R?,
a omkpumeill YIIOBOW CEKTOD C TeMH jKe HAYaJIoM M KOHIIOM eCTh ero

N
gnympernocms 8 R? (o, VI, § 2, mpemnosenune 3). Yroa (A;, A,)
¢ ITaBHOM Mepoit ¥ Ha3LIBAETCA pacmeopom cextopa S; S HasHBaercs

1 .
gucmynaowum, e I < - @, pasephymuim (WA 3AMKHYMOL noay-

1 1
nAOCKOCMEN)), €CAU X = 5 @ sxodauyum, €cau r > % @; BEICTYNAO-

, , a
Wil yIJI0BOit CEKTOD HABLIBACTCA OCMPHLK, €CIU T < —, NPAMHM
a a
(nnu k6adparnmon), eCIu £ = - , mynsiu, eCIu £ > — . Buccekmpuca
cexTopa S ecTh He UTO MHOe, KaK noaynpamaa A, obpasymomasa ¢ A,

yroa y = % z.

Orauguele APYr OT Apyra 3aMKHYTHe HOJynpAMbic A; u A, ompe-
HEJAIT [BA 3AMKHYTHIX YLIOBHX CEKTOPa: Ol ¢ LiadajoM A, ¥ KoOH-
oM Ay, xpyroii ¢ nauaaom A, u KoHmoM A,; ux ofneaMHERUE ecTh THCIO-
Bad MiockocTs R2, ux mepeceueHme ecTn OGhOAMHEOHNO TIONYOPAMEX A H A,

G. Veasl mencoy nPAMUMU

B Aare6pe (Aar., ra. IX, § 10, n° 3) onpegeasiercs taxke monATHE
yeaa MeEIy NBYMA NpAMbMU B IBYMEDHOM BEKTOPHOM NMPOCTPAHCTBE
HaJl MaKCUMAaJLHLIM YIOPAMOYEHHEIM IojeM *); 9ro ompejcaeHue
NpUMEHUMO0, B 9aCTHOCTH, K 4mcioBoil miockoctm R2. MHomectBO

*) HamoMunM, 4T0 B MHOKeCTBe BceX map (D;, Dj;) HEU3OTPONHHX OPAMEIX
OTPeeNIAIOT  OTNOIIEHHe IKBUBAJCHNTHOCTH, camtast napel (Dy, D3) m (Dy, Dj)
IKBABAJCUTHLIMM, ecld CYIIECTBYET npeoGpasosaiue nodobus nepgozo poda,
mepesogsAmee ognoppeMenso Dy B Di u Dy 8B D) yeos MEXAY TapOHl OPAMBIX
(D, D) ecTh Knacc IKBUBAJCHTHOCTH 3TOM mMaphi.
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Uy yrmop Memmy NpPAMEIME HafleleHo CTPYKTYPOH KOMMYTAaTHBHOM
Ipynns (C afAMTHBHO 3aMHMCHIBaeMoil omepamuei), oOmpeesscMoi
OTHOIIEHAEM

N N S
(D4, D3) = (Dy, Dy)+ (D3, D),
OTKyZa, B JaCTHOCTH,
S P P
(Dy, D1)=0, (Dg, Dy)= —(Dy, Dy).
lIpamoti yeon 8, ecth memymeoe pemeume ypasmemua 26 == 0
B YUp; 310 — yrom, obpasyemuit MHuUMO#t oCLI0O C BeMIECTBEHHOI.
Ornocst yray, oGpasyeMoMy HONYHPAMOR A ¢ IOMOMHTEILHOMN
BEMIeCTBEHHOH Noxyochblo, yrox, ofpasyemstit npamoit D, comepixa-
med A, ¢ BemecTBeHHON 0CHI0, MONYYaeM KaHOHUYECKoe npedcmasienue
¢ rpynnst ¥ yriaoe MesAy DodynpAMEME Ha rpynny A yrioB Memxny
npamemu (Aar., ta. IX, § 10, caeacrsue npemnoxenus 3); yrox 8,
MEMIy NPAMBIMH ecTh o06pa3 npm oroOpaykeHu:m ¢ aByx yriaos O
¥ 0 4+ 0 MexIy MOTYNpAMEIMY; Apyruma caosamu, rpynna Uy uso-
Moppra dawroprpymme rpymmm ¥ mo mnoxrpymme {0, o). Ecam
neperecmu Ha U, tonomormo daxroprpymmsr A/{0, ©} (mocpencTBOM
OMeKTHBHOro IpeJCTABJIEHUA, ACCONUMPOBARHOTO ¢ ¢), TO Ay Cramer
KOMIIAKTHOI TOIOJOTMYECKOil Tpylmoil, & ¢ — cTporuM Mopduamom
A wa U,.

Cocrasnaa xoMmmosunmmioo roMoMopdusma ¢ rpymnsr A ma A

# roMoMopdusMa xr—»ﬁ(%—) rpynns R ga 9, momyyaeM roMoMop-
ousMm x p—n‘}o(%) rpynnst R na Uy, Beaxumit yrox 6y € Ap coorBer-

1
CTBYEeT NMpU JTOM roMoMop(uaMe K.accy CPABHUMEIX IO MOAYIIO - d
BEHECTBeHHBIX YHCeJ, HA3KHBACMOMY NO-IIDEKHEMY Mepod yria O
(orHOCHTENBHO OCHOBAHMA q); MONYCKAA BONBHOCTL pedH, TAKKe

KOKI0e YUCIO 3TOr0 Kiacca HA3BIBAOT Mepol yriaa 8y, a To, KoTopoe

a
OPUHAIEKUT NHTEPBAJ 0 50 y— SAABHBM BHAYUECHUEM MEDHL lYeaa
v §0. 3

x
0¢; yrox O, (7) eCcTh yzon mepwvl & mexncdy npamwmu. Hampas mepa

yria 0 ecTh BMecTe ¢ TeM Mepa OZHOTO M3 AByXx yrios 0, 0 4+ o
MOy NOJIYNPAMBIMU, UMenmux O, cBOEM 00pasoM mpu TOMOMOpP-
duame .
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W 3nech, pas ocHOBaHue ¢ BEIGPAHO, TOBOPA Y204 MeKAY NPAMLIMHE,
4aIe BCero, HONycKad BOJBHOCTH peud, NOAPA3yMEBAIOT MepPy 9TOTO
yria OTHOCHTCJABLHO OCHOBAMHUA a.

SBaMegarnune. OTHOCA KaKIOMY HKOMILUIEKCHOMY 9HCIy 2z == O
yroa, o0pasoBaHHuil OpPAMOH, mpoxopameit aepes 0 M z, ¢ BemecTBEHHOMH
ocbl0, TmoJydaeM mpepcrapieHue rpyomst C* Ha Uy, OUYEBHHHO, OHO AB-
NAETCA KOMOO3MIMeH roMoMOpPH3Ma ¢ ¥ HPeHCTaBIeHHs z>Am (z) rpyn-
ou C* ma U; TakuaM 06pas3oM, 8TO €CTb cmpoauii mop@uam TOHOJOTHIECKOMR
rpynoer C* Ha TODONOrHIecKYIO rpynny o, & AacCONHHPOBAHHOE C HUM
OUeKTHBHO® [IPe[CTABIeHEe ecTh ugomopPusm Parroprpynmsl C*/R* Ha ¥,.

Kax masecruo (Axar., ra. IX, § 10, n° 3), ecan D — opaman, obpa-
3yIOIMasA ¢ BeIecTBEeHHOH ochio yrox 6y, u (a, b) — mapa ee HampaBAAK-
mMEX NapaMerpoB, TO mawnzenc yraa 8, (0603HauaeMHil mO-Ipe;KHEMY

b ~ .
tg 0,) ectr amement - ® R (= oo, ecnx a = (), HA3HIBAEMREIH TaAKKC

Haxaononm Opsmoit D. Ilyerb 0 1 6 — o — pxBa yria MesKny DOXYHOPAMBIMH,
nMeiomue 6, ceouM o6pazoM mpH roMoMopduame @; Toraa tg 6, = tg 6 =
= tg (0 4 w). Oro6paxenno Oy m»tg 0, ecTb 20mecomopPuan Uy HA R, ubo
TOHNOJIOTHICCKOE IpoctpaHerBo C*/R* ecTp He UTO MHOE, KAK Sewyecmeer=
Haa npoekmuenas npaman Py, a Mu 3Haem (ra. VI, § 3, n° 3), gro oro-
6paskedme, COMOCTABJIAIOMEe HPAMON (paccMaTpMBaeMO KaK  TOUKa
n3 P,) ee wakion, ectr romeoMoppuam Py Ha R. Ecam temeps nocpen-
cTBoM orobpameHna Ogw>tg 6, mepeHecTw Ha R CTPYKTypy rpynmel
n3 %, To B R Gymer ompepexena CTPYKTYDPaA KOoMMYymamuéeHoli monoaso-
cuueckoil epynnil, B KOTOPOH KOMIO3Wuueidl »iIeMeHTOB I;, ,, IPUHAMIE~
1—t49
L+t _
He YAUBJICTBOPAOIINX 3TAM YCIOBAAM, KOMIO3UIMA iy H I3 MOJYYAETCH
T4y
1—zy

skamux R o Takmx, 910 Uty %= 1, caymur , a mua map (8, ta),

IyTeM HPOAOJKEHHA M0 HeHPePHBHOCTH HYHKIAN #a R x R # sama-

l+1g
CHBaCTCA HO-MPEXKIEMY B BUJS T2 .
— 1ty

VYnpamEeBEnd

1) Ilyers a — KoMmmiaekcHoe umcio =£0, n —nemxoe >(; mokasaTs,
4TO [JIA BCAKOrO uMcia r >0 Takoro, 9to r" <|a |, cymecrsyer Taroe
z€C, aro jzl=1r u |a- 2| = |a|—0r". Busecrm orcioga, uro
ecau f — monmHOM cremeH >0 ¢ KOMIJIEKCHHMH Ko3dPHNueHATaMu, TO
HepaBeHcTBO | f (zo) | < | f(2) | MomeT uMeTs MecTo JNA BCOX z H3 HOKOTO-
POil OKPECTHOCTH TOUKH Zq, TOJBKO Koraa f (zo) = 0.

2) Ilokasarb, 9TO [AA BCAKOTO MOJNHOMA f ¢ KOMIUIOKCHHIMH Ko0ad-
dunmeHTaMi, He PABHOLO TOMKMIECTBEHHO HYJIO, CYWIECTBYeT TaK0® 9HCIO
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r>0, wro ecma |z|>r, 10 |f(z){>|f(0)!. Ioxyuurs orcIOZA
¢ moMompblo ympakuenua 1 u reopemu Beilepmrpacca (ra. IV, § 6, Too-
pema 1) HOBOe poKazaTeNILCTBO aarefpamgeckoir saMxHyTOCTH mOXMA C.
[Paccmorpers QyHKIEIO f HA KOMOAKTIIOM MUOKCCTBE TO4EK z, JJIA KOTO-
prx |z] << r.]

3) Toxasarh (He mpuMenas Teopemy 1), 9TO OTOOPAKEHHC Zi—>z/2Z
eCcTh cTporuit Mopdmam tomosoruweckoit rpymmel C* Ha TOMOJIOTMICCKYIO

1-+it 1=t
rpynny U. Busecru orcioga, uto oTofpaskeHHe t_p—»% Tae 1——7—_
= —1, ecan t == 00) CCTb WBOMOPPYU3M TOHOJOINIECKONl TI'pPYyHObI R

(n° 6) ma Tomosoruueckyio rpynmy U; modydHTh OTCIOfA APYToe [AoKasa-
TeJILCTBO TEODeMHE 1.

*4) Mlycrs K — maumensiuee nudaroposo mopmose (Axr., ra. VI,
§ 2, yompaxuennme 8) moma R, K' — mose, mosywsaemoe TpUCOEHIie-
uaeM I K K, @ G — MyJapTANAWKATABHAA Tpydma BCEX 3JIEMCHTOB
u3 K’ ¢ abcomotunim suadenvem 1 (moarpymma rpymmnt U). IToxasars,
g0 G He usoMoppHa AAAMTHBHON rpymme uucea w3 K, HPUBCACHHLIX
mo mopynio 1., [3ameruTh, 9TO B 9TOH NOCKeLHEH IPYNI® CYMIECTBYIOT
5JICMEHTH JI060r0 WPOCTOr0 HOPANKA p; ¢ APYTofi CTOPOHH, §epA p Taxk,
91066 p — 1 He GLUIO CTEHOEHLIO [BOIKM, MOKa3aTrh, 4TO G HE MOMKeT
coflep;KaTh KOpHA p-it cremenw W3 1, oramgHoro or 1, MOCKOIBKY CTC-
meun nwboro saeMenta w3 K’ oTHocurennHO Q pasHa cTemeHH aBoiikn. ]

§ 3. BeckoHeunble CyMMBI ¥ HPOH3BEJEHNA KOMINIEKCHBIX 4HCE

1. Becrorneunvie cymmol KOMRAECKCHHLY YUCEA

Tax wak ajgruruBHaa rpymna moiasa C cosmagaer ¢ afgHTHUBHOM
rpynmoit R%, To Her HamoGHOCTH BO3BPAMATLCA K HM3YUEHHIO CYMMH-
pyemnix ceMeiicTB u pajfoB B C, cogepxameMycs B oOIieit Teopuu,
vanoskenHoi B § 3 rmaent VII; M IpefocTaBifeM UHTATENO Iepe-
BOJl Pe3YJLTATOB BTOW TEOPUM HA A3HK TEOPUN KOMITEKCHEIX YHCeJ,
OTMeTHM TOJLKO Caeflyiolee MPemIoienne, ABIAIIEECA CIeICTBICM
npegnoxernsa 3 § 3 raaewr VII:

MeemnosenuE 1. Ecau (ua)ier @ (Vp)uem — cymmupyemsle cemeli-
CMBa KOMNACKCHBEL Huced, Mo cemelicmso (UaVu)a, w eLxd CYMMUpye-

MO U
Y wvu=(2u) (2 ). (1)
(h, WELXM AL weM

IIpepocrapiseM unraTemio ¢OpPMyINPOBATL AHAJIOTUIHOE ITPEAJIONKE-
HHe HJaA KBATePHUOHOB.



2 BECKOHEYHRIE CYMMBI M IIPOM3BEIEHUS 361
2. HHepemmonwaemvie cexetlicmea e C*

B wmyasmmnnukarusHoit rpymme C* kommimexcHmx uncen =40
ceMeiicTBO (2,),¢; Moer OHTH MEPEMHOKAEMBIM TOJIBKO B TOM CIY-
vae, Korga lim z, = 1, rme npepen Geperca mo GUABTPY FomodHEHW
K KOHEUHBIM NofMuomectsam MuomecrBa [ (rm. III, § 5, mpemmosne-
Hue 1); mpu 3TOM, MOCKONBKY BCAKAA Touka m3 C* mMeer cuermymo
dyHaaMeHTANBFHY CHCTEMY OKPECTHOCTEeH, [Jifi MepeMHOMKAeMOTo
ceMeiictBa (z,) MHOKECTBO 3HAYEHME | TAKHWX, 910 3, 5= 1, He Gomee
gem cuerno (ra. II1, § 5, caepcrBue mpemmosxenus 1).

Meegnomenue 2. Jas mozo wmobe cemeticmeo (z,) KoMnAeKcHuZ
yucea 3z, = r,(cos0, + isin 0,) 6rao nepemuoncaemuin ¢ C*, Heo6-
x00umo u docmamouro, ¥mobu cemeticmeo {r)) ux abcortommviz sHaxvenull
60 nepemnosxcaemo ¢ R, a cemeticmeo (6,) amnaumyd cymmupyemo
¢ zpynne yaaoe .

Benencreue crpoenns rpynust C* (§ 1, mpexgmosxenne 1) aro upeq-
JOJKeHHe €CTh HEMOCPE[CTBEHHOE CIeSCTBHEe NpenioeHusa 4 § O
rnase 11,

Orobpamenne, comocrapnAamee KaxioMy yray 0 Ty uas ero mep
(OTHOCHTEJIBHO TPOM3BOJIBHOTO OCHOBAHHA @), KOTODAA CONEPIKMTCSA

a a o
B MHTepBa.e ] — 5 —2—], ecTh soKavrtil usomopdusm A 8 R (§ 2,

n° 2); rak kak lim 6, = 0 mo ¢uABTPY HOMOMHEHHMH K KOHETHHIM

NORMHOECTBAM MHOkectBA [, To B QODMYAMpPOBKE NpEHIOKEHHS 2

yeaosue cymvupyemoctu cemeiicra (0,) B U MomkHO samenuTh yeoio-

BueM cymmupyemocmu ¢ R cemeiictBa (t,) mep yraos 0,, mpmmaj:ic-
a a

AIX UHTEPBANY § — =) '5]

Crnepyromas TeopeMa [aer APYroit Kpurepnil HePeMHOKAEMOCTH
B C* cemeiicTBa KOMIUIEKCHEIX 4YMCe], 3amumcaHHOTo B Bume (1 -+ u,)
(o6o6maromumii reopemy 4 § 7 rnasm 1V; em. rnaBy 1X, Ipunosxenne,
npeasiokerue 1):

TropEMA 1. Jlas mozo umobu cemeticmeo (1 + u,)e1 6vi10 nepe-
mroxcaemoin ¢ C*, Heobrodumo u docmamoxno, ¥mobw cemelicmeo
(Ju, | ) 6wao cymmupyemo ¢ R.

A kKagoro KOHEWHOro mogMHoMecTsa J MHoecTBa [ TOIOKUM

Pr= [I(1+at)1 3J=Z‘au G.I=Zlatl-
LS WEJ Vg
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JIemma, 1. Iyemv ¢(J)=sup|p,—1| d1s kaxdozo koHeunozo
Lcd
J = I. Toeda das rkaomcdoeo L = J umeem
|pp—1—s.|<o(J)or. (2)
Jlemma oueBmpHA, Korga L Tycro; IpoBefeM foOKA3ATENbCTBO
uapyknueir mo Card(L). Ilycrs L=K | {A}, rme A & K; Toraa
pr=pg(1+ar)ns,=sg-+ax orkyma pr—1—s,=(pr—1—sk)+
+(px—1)ax ¥, B cuny IpegUoONOsKeHNA nnnyxnnn U OoIpefmelieHus
o), |pr—1—s.|< 0K+cp(.f |ar|=¢(J) oL, n mokasaHa.
Jrmma 2. Ecau cp(J ) <—4— 048 Konewnozo J < I, mo
4o (1)
o< =2 -
Tak kak o, < 0y gas scex L < J, 10 coraacHo (2) sy | <@ (J)o;+

+|pr—1|<(1+0;) 9(J); HO B cuny mpertoskenns 2§ 3 raasn VII
|os]<4 sup|s|, nosromy 6; <49 (J)(1+0;), 1 JeMMa KOKazaHa.
L

Teneps foKakeM cHAYANA JdocmamoxHOCmb YCIOBUA TeopeMhr 1.

Ouo Bneuer nepemuonxaemocmd cemeiicrsa (1-+|u,]) 8 R (ran. IV,
§ 7, reopema 4); TakmM oO0paszoM, amsA Kaxkporo e >0 cymecTByeT

KOHCuHOe MHOMecTBo Jo < [ Takoe, uto H(i—f—lul —1 < e, KaKoBo

Ost BEm Oma0 Komewnmoe LI, He nepecexammeecﬁ ¢ Jyo. Ho
[L(l—}—ut)—-l:Z(H u,), TAe M mpoGeraeTr MHOMECTBO BCEX

HEIYCTHIX MOAMHOKecTB M3 L, M TaK Kak Hull— [Jull 10
[T A+w)—t <D ju) =]l t+lu)—1<e
eL M &M LEL

3THUM, B CHLY Kpnrepus Homm, Hame yTBep)KIeHNe [OKA3aHO, MO-
ckonpky C*—monHasa rpynma.

Horaxem remeps Heo6rodumocmv yenosus TteopeMil. IlelicTBu-
TexsHO, ecan (1 u,),er—uepeMuoaemoe cemeiictso B C*, 10 cymie-
cTByeT takoe KoHewHoe J < I, uro mnA mo60ro Komeynoro H — 1,

He IepeceKalmeroca ¢ J, I H (1+u)—1 , . ITo aemme 2 orcioza
LEH
cienyer, 4ro ) |u,| <1 mas rasmmoro koHewnoro H — I, He mepe-
e H
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cekawmerocs ¢ J, a 3To BiregetT cymmupyeMocts cemeiictBa ((u,|) B R
(ra. IV, § 7, reopema 1).

Iosske MH HajAM 9TOM Teopeme (068 TPOCTOO [(OKABATONHCTBO, OCHO-

BaHHOe Ha pudepeHnmajLREX CBOUCTBAX MOKA3aTeNBBHX W Jorapudgmii-

qecknXx ¢ymEruwii (OPymEkn. meitcts. mep., ra. V, § 4, n° 3). IlpmBenennoc

JI0Ka3aTeILCTBO HMEeT TO NPEeMMYIICCTBO, YTO €r0 NPWHOUI NPAMEHAM

TaKKe K (ymopapoueHHHM) GeCKORCYBHM TIPOMBBECHUAM B HOKOTODHIX

HEeKOMMYTAaTMBHHX TeJlax W aJare6pax (cM. ynpaxkeenne 6 m riaBy
IX, Ilpunosxenue).

3. Becroneurnsie npouzeedenus KoMnACKCHuLEL Yucen

Hns Toro urofm GeckoHeuHOe IMPOU3BEIEHNE KOMIIEKCHRIX Yuces
50 ¢ obmuM uwieHOM z,=r, (cosO, -- isin6,) Owno cxomsmuMcs
B C*, Heo6xoAuMo M [OCTATOYHO, BCJEACTBUE CTpOeHHA rpymnn C*,
uTo0H TpousBeleHne ¢ oOmMMM WieHOM I, 0o cxopamumca B R,
a panx ¢ obmmM wieHoM ¢, (Mepoil yriua 0,, mpuHAANEKALEH HHTED-

By ] —_ %, —%—]) Oonr cxofammMesn B R.

Ouvepenemaue 1. BeckomeuHoe npouséedeHue KOMNAeKCHWIX Hucea
¢ obwyum uaenom 1 -- u, Hasvisaiom abcoriOmMHO CTOOAWUMCR, €CAU
cxodumes npouseederue ¢ obuum yaerom 1 -+ |uy, | (wam, uro 10 %€,
eCIM CXOAMTCH DHA ¢ ofmuM aieHoM |u, |).

Hregnoskenue 3. Jas mozo umobw Geckoneditoe npousgederue
KOMNAEKCHUE Hucea ObA0 KOMMYmamusHo crodaujumcs, HeoOzodumo
u docmamouno, umobw, oo Obwiag abcortomMo Cxo0awumces.

10 BEHTCKaer m3 upennoxenua 9 § 5 rmasw 111 m npemmiaymeir
reopemur 1.

3amMeaarna 1) Ilpoussenenme ¢ o6mmaM uixenoMm |1 -+ u, |
MoeT GHITH cxopsmmumcA, W fpame abcomoTHo cxougsmmmca B R¥ Ges
TOro, 4Trobhl mpomaBefenue ¢ obmmM wicEoM 1--|u,| cxogmioct
(cM. ymparkuenme 4); pasyMmeercd, dTO 11€ MOMKeT WMeTh MeCTa, €CJIn BCe
1 4 u,, HaAYAHAA ¢ HEKOTOPOr0 HoMepa, BemecTBeHHH m >0,

2) Kak yie 6HJI0 oTMe9eHO Ayl GeCKOHEYHHX NPON3BENeHMit € wie-
namMm >0, crodumocms psafa ¢ OGMAM UICHOM Un HE SEAAEMCR LU HEOG~
rodumbimn, HU Gocmamounbim ycaoguem cxodumocmuy MpON3BeNeHuA ¢ obmmM
gureHoM 1 + uy.
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Ynpamxneana

*1) s wawmpuoil KOHOYHOW  TOCHENOBATCALIOCTH S == (Z)ner
KOMIUICKCHHIX 4WCeJ NOJOMAM (cM., mpepiaomenume 2 § 3 raaser VII)
2 Ian—pssupDJ .
hel

a) °IlyeTs zp=: r;{(cos @p-+isin @g), rae rp=|zx|, a @y ecTh ria.-
Haf pafilaHHAA Mepa AMIINTYAH UHCIA 25 AJA KaMAOTO @ N3 HHATep-

paJa [0, 2] momoskuM f (@) = Z ry (cos (¢ —@gr))*.

herl
IToxasars, 49T0 BepxBAA rpaEb f(¢) B unteppaie [0, 2n| pasna
27
%up ‘ 2 zh‘ PaccmaTpuBass MHTerpas ? 1 (®) do, BriBecTH OTCHOfA, UTO
i

ked
Ps < 7 AJA aroboii KoHednoil nocne,r:ona'renbnocm $ M YTO HE CYIIeCTRyeT

KOHEUHOW MOCTeA0BaTENBHOCTH §==(2}), AJAA KOTOPOM Obl pg=T.

6) IloxkasaTp, 9TO AsIA BCAKOro € > ( CymecTByeT KOHEUIAs LOCJe-
NIOBATEJNLHOCTE § == (z3) TaKad, 4T0 Pg > N — &, [Baars 3a z;, wopmm
ABYWIOHOOTO ypPaBHEHMA JOCTATOMNO BHCOKOIl CTemend. ],

2) Ilyets  (3) — OecKOHEWHAH MOCJEAOBATETLHOCTL KOMILICKCHLIX
qncesl Zp=Ip-+iy, TaxKag, 4T0 r, > 0 gaa xampmoro n. Iloxasarn, 4ro
ecan pAAH ¢ OOIMMM WIeHAMH z, M z2 cXomaTcs, TO pAf ¢ obmuM dw:ic-

uoM 22, abcomorEo cxopmres. IlpusecTu mpmmep, Korna OTOT Pe3yJLTaT

TepAeT CHJIy IPA 3aMeHe YCJOBHA I, >» O(T e. — 7 <Am (z) < %)
ycaosmem — (1-4-g) —g— < Am (zp) << (1 +¢8) -;L , CK0.1b Ol MaJio HU-

6o gucao & >0 (uepe3  Am (z) o6o3gadeEa pajgmaHHAA MeEpa aMi-
AUTYNm 9ACIA 2, 3aKNTIOYOHHAA B METepBANe |—i, xt]).
3) Ilyets  (2,),cy — CeMEHCTBO KOMIVIGKCHHBIX YHCET TaKoe, 4TO

n | 7, |= —4-co (coors. H | z,|=0) . [lokasats, 4TO B NPOCTpAHCTBE <
4 n° 3) (z nepewuomaevxo A HMeeT npousBerenneM oo (coors. 0).
v p

14
4) IlorasaTtk, 9T0 GecKoHeuHO® MponaseieENe ¢ oOmmM TaeHoM 1-|- -

: HEe cXonnIcA, HO npomapefeRne a0conmoTHEX 3HaYeHMIl ero 4ieHoB alco-

JIOTHO CXONATCA.
5) IIycts  (2p)— GeckOHEYHAA  MOCAEAOBATENLHOCTh KOMILICKCHBLIX

ancesx = 0 rtaxasg, uro lim z,=1. Ilokasats, 4TO eciAm CYIIECTBYIOT
NnN—=00

ﬂepeCTBHOBKPI ¢ MHOMecTBa N TaKHe, 4TO GecKoHedHOE opomdsepcuue
o

¢ oBmuM WICHOM Zg(n, CXORMTCA, TO MHOMECTBO mpomasexenmit P zgq,,
n=0

COOTBOTCTBYIOIIAX BCEBO3M OKIIBIM IIEPECTAHOBKAM O 3TOTO pOfla, €CThL
anbo touxra, muCo Bcg rpynma C*, an0o OTKpHTaA HOAYNPAMAA ¢ Hada-
aom 0, 6o oxpyxHOCTL ¢ mentpom B 0, 1ubo, maxoRen, «orapudsmn-
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qecKag cuMpainy, T. e¢. ofpas mnpamoii R mpu  orobpaxeuun

Lt (cost+-isint) (rme a >0 m =~ 1). [Paccysnars, Kak B ympam-
genny 2 § 3 raaeu VII, memoandys toT daxTt, 4TO MYALTHILIMKATHBHAA
rpyrmna C* usomopdua apmrusuoil rpynme R X T.]

§ 4. KoMnnexkcupie 4ncioBbie W MPOEKTUBHbIC MPOCTPaHCTBA

1. Bexmopiroe npocmparcmao C»

Tax rar Ttomomormyeckoe mpocrpanctso G orompecrsumo ¢ RZ
to C", mpomaBesieHne n IpocTpaHcTs, copnagaiomux ¢ C, KAk mono.ao-
eudeckoe mpocmparncmeo, oToskjaectsuMo ¢ R®"; amamoruusmo u CTpyk-
Typa Ttomogormdeckoil rpynnmm B C", ABIAIIAACA NPOM3BCAEHUEM
CTPYKTYD @JANTHBHKX (TOMOJIOTMYECKMX) TPYIN 7 COMHOMHUTETCH
upoussesierns C*, orokmecTBMMa CO CTPYKTYPOil ajANTUBHOIN TPYIIIEL
B R?>*. Ho nmockoapky C sBasercs momeM, B C" MomHO ompejenurs
CTPYKTYDY 6€KMOpIt020 NPOCMPAHCMEd PAIMEPHOCMU Nt OMHOCUMEALHO
C, mpuHAB 3a IpOM3BEJEHVE (Z KOMILIEKCHOTO YMCIA & M TOUKM
& = (z;) € C" roury (az;); cmenyer TIATETbHO PA3aMYaTh 3TY CTPYK-
TYpPY M CTDYKTYDY 6€KMOpH0O20 NPOCMPAHCMOA pasmepHocmU 2N
omnocumeavro R, onperenennyio B R*" (ra. VI, § 1, n° 3); Mt 3akpe-
nuM obGosmauenne C" 3a NpoM3BeCHMEM 71 TOMOJOTMUYECKUX IIPO-
crpaHcTB, copmajlatomux ¢ C, HajleseHHKM, KPOMC TOTO, OIIpefeleH-
HOii BHITE CTPYKTYPOil BEKTODHOrO NPOCTPAHCTBA OTHOCHTE.1bRO C.
u Oy/ieM HA3LBATh €ro N-MePHHIM KOMNAEKCHBM YUCA08BLM NDOCMPAiL-
cméom. Or™ernM, ywro (¢, 2)~>tz HeupepuBao HA C X C".

Addunnoe numeiitHoe otoGpaskerme C" B C™ ecTh TaKOKe
adpduunoe nuHeitnoe orobpakenme R*" B R*™, Ho o6paTHoe HEBCDHO.

HanpuMep, orofpamenue z—»z ecTh JWHERHOC orobparkenue Bek-
TOpnoro mpocrparcrsa R? na cebs, HO He ABAAeTCA JWHellHEM OTOGpa-
JeIHeM BexTopHoro mpocrpancrsa C ma cebs.

Tem cambiM BeAroe addmnnoe ammueitHoe oroGpaskemme C* B C™
DasHOMEPHO HenpepvlsHo; B 4acTHOCTH, BCAKoe addmHHOE JmMHEliHOe
oroGpaxkenne G Ha cebs ectb zomeomopghusm.

Besiroe aggunnoe aunelinoe muozoobpasue pasmeprocmu p (<n)
BeKTOPHOTO mpocTpaHcTBa C" sBusercsa rakske agunnum AuHeliHuM
MHO2000pasuem pasmepHocmu 2p BEKTOPHOIO TpocTpaHcTBa R2™;
‘'u 37ech obparnoe HeBepHO. UToOH M3Gearh WyTaHMIE, JHHEHHHE
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(addnEREIE) MHOrOOGpaA3msa pasMepHocTH p mpocrpaHctBa C* Hashbl-
BAOT KOMRACKCHBIMU AUHEUHBMU MHO2000DaSUAMU PASMEPHOCMU D
(a numeiinse MHOT006pasus mpocTpaHcTBa R2" — gewecmeeHHuMU
AUHETHBIMU MH02000pa3uUsMU, KOTHA XOTAT ofesomacurs ceGa oT BCs-
Koit omubkm). B wacrHocTH, KomnaekcHuMmu npambimu (COOTB. KoM-
NACKCHBLMI, NACCKOCMAMU) HA3KBAKT OJHOMEpHHE (COOTB. AByMep-
HHle) KOMIUIEKCHHe JuHefHEHe MHOTooGpasmsa mpocrpanmctea C,
a KomnaekcHuMu 2unepnaockocmamu — (n — 1)-MepHEIE KOMILIEKC-
HEle JWHelHe MHOTo00pasud.

Yacto GriBaer yroOHO cuMTaTh umcaosoe mpoctpaHetso R™ nozpy-
JHCeHHBIM B KOMILIEKCHOE uMcs1oBoe mpoctpamcTBo C", oTosmaecTBIsSA
¢ R" gacts C", onmpenenaemywo ycaosusmu § (zx) = 0 (k =1, 2, . ..

. ., ), CTPYKTyDA TOIOJOTHYECKON TPyNOH KOTOPOM (MHAYLMpYe-
masg ns C™) msomopdHa cTpyrType Tomogormdeckoit rpymmet B R™.

OrMernmM, 9ro R", morpyseHHOe yKasaHuLIM o6pasoM B C",
He ABIAGTCA KOMIUIOKCHHIM JHHOWHHM MHOrooGpasmem B C%,

Cucrema p BexropoB us R", ceo6odHas orHocureasHo mois R,
ceo6o0na m orHocurenabHo moxasa C; BeAKoe sewjecmeerHoe JUHEHHOE
mHoroo6pasme V pasmepHoctw p npocTpaHctBa R™ nopoacdaem
B C" wKoMnmexcmoe numciimoe MHorooGpasme V' pasmepmoctu p,
caedom woroporo Ha R" omo sBamerca (Aar., ra. II; 3-e uan., § 8);
nycts V ollpeneseHo cucteMoll n — p AuHEHHHX ypaBHeHui f; (a) =
= ap, rge fp — nuneiiane gopmn Ha R™ (¢ BemecTBeHHRIMM Ko3¢-
dunueHTaMy M NUHEHHO He3aBUCHMMEE), a d; — BEMEeCTBeHHRE YHCIIA;
TOTJIa me e ypasHEHWsA, HO ¢ NPUAAHMEM KOODAMHATAM BeKTOopa I
KOMILJIEKCHKX 3HA4YeHUH ompepensior u V',

O6parHO, ecliM KOMILIEKCHOe JHHeiiHoe MHOTooGpasme pasmep-
HOCTH p wWMeer HemycToe Iepecetesme ¢ R", To 210 IepeceueHnme
ABAAETCA BEM[ECTBEHHHM JHMHEHHIM MHOToOOpasmeM; OJHAKO pas-
MEpHOCTE 3TOr0 MHOroo6pasmsa Moker ObITE <p.

2. Tonoaozus 6EKMOPHUL NPOCMPAHCME
u aaze6p nad noarexn C

Bee onpenenenna u pesynbrarst n°n° 5 u 6 § 1 raasm VI, kacao-
HIMeCA TONOJIOTUNl BEKTODPHHX HpocTPaHCTB M anrebp max moaeMm R
M, B 9aCTHOCTH, IIPOCTPAHCTB ¥ anre6p Marpuim c 3neMeHTamMu u3 R,
ocraloTca B cuie Ges wWsMeHenmid, ecam 3ameHutb Bcoay R ma C.
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3. KomnaerxcHole npoexmusHsle npocmparcmea

Ucnoassys repmmboaormo u obosmadeHus n° 1 § 3 raasm VI,
BBOAEM CJe[yllee ONpefeaeHre, aHAJOTHIHOE OIPEJeeHNI0 BemecT-
BEHHHIX IPOEKTHBHLIX MPOCTPAHCTB:

ONPERENAEHNE 1. n-MeDHUIM KOMNACKCHBLM NDOCKIMUSHBLM RPOCIDAH-
cmeom Hasvieaemces npoexmuehoe npocmpauncmeo P, (C), nadeaennoe
gaxmopmonoaozueti monosoeuu npocmparcmea Cpiyy no omHouweHuio
axeueaaenmuocmu A, (C).

IIpoexTnBHO® mpocTpaHCTBO P;(C) HABHBAGTCA KOMnNAEKcHOU npoek-
muenoii npamol, NPOEKTHBHO® mnpocTpaBcTBO Py (C) — xomnaexcroi
npoeKmMUsHOL nAOCKOCMbIO.

Bo Bcex Bompocax, rfie paccMaTpHBaOTCA HCKIIOYATOIBHO KOMILICKC-
Hble TpPOCKTUBuBIC HpocTpamcrBa, Bmecto P, (C) Mm mmmem mpocto P,.

boasmuucTBo paccysuenuit, OTHOCAHMXCA K BEIECTBEHHHIM ITPO-
eKTHBHBIM NIPOCTPAHCTBAM, DPACIPOCTPAHAETCA ¢ OYeHH HE3HATMTENb-
HHIME HW3MEHEHMAMHU HA KOMILIEKCHEE IPOCKTMBHEE NPOCTPAHCTBA,

IIpe;xpe Bcero, tomouoruveckoe mpocrpaHcrso P, (C) omdeaumo,
KaK IIOKashBaer JgoKasarembeTBo npemimomennsa 1 § 3 rmasm VI,
MOJHOCTRIO NEepeHoCANeecs HA KOMIIEKCHHR Ciydail myteM IIPOCcToi
samenn R Ha €, TouHo Tak ke [OKA3ATEALCTBO NPEIJIOKOHUA 2
§ 3 rmasu VI morasmsaer, uro P, (C) xomnarxmmo, cessmwo M romeo-
mopduo arTopmpocrpancTBy cdepnsr S, 4+ (KoTOpas cumTaerca
norpy:ennoii B mpocrpancrBo (i, orokmectsaeHHoe ¢ RE,.p)
00 OTHOWIEHNI0 3KBUBAJEHTHOCTH, WHAYHHDyeMOMy Ha 3Toil cdepe
oraouwreHneM A, (C); ormeruM ToabKo, uTo mpu n > 0 KiIacch 3KBH-
BAJIEHTHOCTH U0 3TOMY OTHOMEHHI0 OYXYT 37{ech MHOMKECTBAMH, [OMCO-
MODPQHHMH OKpYmHOCTH S,

Nmvenno no aToit mpmunne mpepnoxenne 3 § 3 raaBu VI He mmeer
aHQJIOTa JIA KOMINIGKCHLIX NPOCKTWBHEIX IPOCTPAHCTB.

Hanee, vak n 8 n° 2 § 3 rnasw VI, ycramapaupaerca, 410 BCAKOe
NpOEKTUBHOE JMHeiiHoe MHOTooGpasme pPasMEpPHOCTH p NPOCTPAH-
crea P, (C) ecre 3aMkHyToe MHOMecTBo, romeomopdmoe P, (C),
TOMONHEeHNe KOTOpOro BCIOJAY ILTOTHO, ecaum p << n. JokasarenancTBo
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upepaokenna 5 § 3 raasu VI mepenocurca 6es raxkux Gor 70 Hu GO
na3MeHeHH ! nyTeM npocroii 3aMenn R Ha C n nokasnBaer, aro B P, (C)
(upr n > 0) pomonHeHme K HPOSKTHBHON TI'MICPIIOCKOCTH T'OMEO-
moppuo C", a caecmosarenbHO, BCAKAA TOYKA MMeeT OKPECTHOCTD,
romeoMopduy0 C". I10 MO3BOAACT NOZPY3UMb KOMILIEKCHOE YHCIOBOE
npoctpaHcrso C" B KoMmieKcHoe NpoexTmBHoe mpoctpanctso P, (C),
OTOMRIECTBISAA €ro C jIONOJHEHUEM HEKOTOPOH MPOEeKTHBHOHN rumep-
IJIOCKOCTH, HA3HIBAEMONl «GEeCKOHETHO YMANEHHOH THIEPILIOCKOCTHION
(4amge Bcero — rumepILIOCKOCTH, 3aNMCKIBaeMoli ypasHeHneM z, = 0).
B uacrHOM ciryuae, Korga n = 1, GeCKOHEYHO YHAJAEHHAA THIEpILIo-
CKOCTBL €CTBb Mo%¥Kka; TeopeMa AmeKcaH{poBa ITOKA3HBAeT TOTHA, UTO

P; (C) romeomopdno komMmakrHoMy mnpoctpamcrBy €, nomydennomy
N3 JOKANIbHO KOMIAKTHOTO mpocrpamcrBa C myreM upucoenwHeHNA
«6CCKOHEUHO YHAJIEHHOM TOUKMY, 0003HAWAEMON o00; TpEeRIOKeHne
4 § 2 rmaset VI mokasmiBaer TOTHA, UTO KOMNACKCHAS NPOCKMUSHAS
npamas Py (C) comeomopgrna cgepe S..

Mu upemocraBnseM uaumrareno cdopMymupoBars [aA  GyHRumI
co smauenusimu B C pesyabrarthl, aHajormuHbie pesyabraraM n° 4
§ 3 raaser VI,

ByneMm cuurars mpocrpanctBo R™?! noepyacennmm B C*1 (n° 1).
IMyers f — wamoHnueckoe orobpaskenne G}, Ha PakTOpUPOCTPAHCTBO
P, (C). IomompocrparctBo f(R;i.i) 6Gymer cocroATh M3 TeX TOYEK
npocrpamnctBa P, (C), koropnie oGaagaror mo KpaiiHei Mepe OAHON
CHCTEMON  6eujecmeeHHbs OFHOPOTHLIX KOODHWHAT, HOK3KeM, 4TO
f (R%44) romMeomopdHO BemecTBEHHOMY HDOEKTHBHOMY HpPOCTPAHCTBY
P, (R), 4T0 IIO3BOJIAT, OTOMECTBIAA €T0 C ITUM IOCHETHHUM, CUH-
rarh mpocrtpanctso P, (R) noepymennum B P, (C). 3amernm puas
3TOr0, YTO OTHOLICHHE, uagymupyemoe B R,y orHomenuem A, (C),
ecrb He uro mHoe, Kak A, (R); waHoHMYecKoe e oroGpakeHme @
dpakropupocrpancrsa Ry 4/A, (R) = P, (R) Ha [ (Ri11) HenpepusHo
(ra. I, § 3, upepaoskenue 10); mocronsky P, (R) koMmakruo, @ ecTs,
rakuM olpasom, romeoMopdusm (ra. I, § 9, caencreue 2 TeopeMu 2).

To, 9T0 ¢ B3aHMHO HeIIpePHIBHO, MOMKHO JOKA3ATL TaKMe C IIOMO-
mpi0o KputepAd npepioxenAsa 10 § 3 raaBu I, He MCHOAL3YA KOMMNAKT-
wocte P, (R) (cM. ynpamsenne 3).

Tak kak Bcakoe (p - 1)-MepHoe BEKTODHOE NOJIPOCTPAHCTBO
npoctpanctBa R™! mopommaer B C*! (p 4 1)-MepHOe KOMIIEeKCHO®
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BCKTODRO® TOJNPOCTPAHCTBO, TO Mbl BHAWM, YTO BCAKOE p-MepHOE
IIpoeKkTHBHOe /JWHEHHoe MAEOrooGpasue V npocrpancrea P, (R) (Hasu-
BACMOEC  GeU|eCMBeHHNM TPOSKTUBHRIM JMHEHHBIM MHOTooOpasueM)
nopomxkaaer B P, (C) p-mepHoe mpoexTHBHOE NTUHEHHOE MHOT006pasue
V' (HasniBaeMoe KoMMAeKCHBLM TPOCKTUBHLIM JIHHEHHEM MHOIooOpa-
auem), caegom Kotoporo Ha P, (R) OHO CAYKHT; IDH 9TOM BCAKAA
cucreMa (OXHOPOJHEIX) ypaBHeHMit MuHOTOOOpasma V Oyaer BMecrte
¢ TeM cucTeMoil (oZHOpOAHMX) ypaBHEHuN MHorooOpasus V', ecan
NpyujaBarh MepEeMEHHKM KOMILTEKCHBE 3HAUCHNSA.

4. Hpoemparemea KoMNAEKCHBIY NOeKnt UGN
JAunetiHLr HH02000p a3 uil

Ucuonsays termumosoruio u oGosuavenus n° 5 § 3 raasm VI,
ONPEJeNNM, TaK e KAK TaM, IIPOCTPAHCTBA IIPOEKTHBHHX JMHEI-
HBIX MHOroo6pasmit KOMINTEKCHOTO MPOEKTUBHOTO NMPOCTPAHCTBA.

Onrvjpengang 2. IIpocmpancmeom npockmuensr AUHERL MHO20-
obpasuti pasmeprocmu p>0 npoexmusnozo npocmpancmea Pp (C)
nasweaemes (paxmopnpocmparcmeo P, ,(C) monorocuneckozo npo-
cmpanemea L.y, pet (C) mo cmuowenumw sxsusansenmrocmu Ay, ,(C)

N3 nokazartenbcrBa npepnosxkeRya 6 § 3 raasm VI mpessae Bcero
pugaM, uto P ,(C) omoesunmo. Jlamee pnoxasmBacM xomnaxmHocms
P, »(C), samensdsa B nokaszateancrBe mnpepioskenus 7 § 3 raasm VI
NOANEOCTPARCTES Vyyy poy TlOATpOCTpancTBCM Wiy pyy TIPOCTPAHCTBA
L.+, p+1(C), oGpasoBananiM cucTeMaMu u3 p i-1 BekTopoB, ofpasyio-
IUX 0pMOHODMUDOBARKBL spMUMOE Gasuc TOPOMIAEMOTO UMM BeK-
Toproro mojimpocrparcTea (Aar., rix. IX § 6, n° 1); To xe MoxHO
BhIPA3UTh, cKasaB, 4T0 Wi,y 5.1 COCTOMT U3 MATPUIl X =(zy3),
VIOBJETBOPAIGIIUX YCHOBUAM

n n
inj;ijf'—"1 (1~<'l'-<p-+—1), 21 x,j.%_kjr~() upn i==k,
=0 =o

Hokasarcaperso npepnorenna 8 § 3 raassr VI nepemocnrca
Ha cayuait mpocrpaHctBa P, ,(C) Ge3 usmeHemnit u mnorasmBacr,
4T0 9TO NPOCTPAHCTBO CEA3HO M JAOKAAbHO C6A3HO W 4TO Karknas
3 ero Touck o0nanaer oOKpPecTHOCTbIO, roMeoMopdHoii CP+Hh—v
Haxonen, poxasareascTBO mnpepmoskenuma 9 § 3 raaser VI Tome
179 24 H. Dyp Gk
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npuMeHHMo 6e3 BCAKMX M3MeHeHMI, TAK 4TO Mel BMUIMM, uTO rpac-
cMaHuaH G, »(C) romeomopden P, 5(C).

3amMeuanne B6apmas gacre CBolcTB, o6mux A BemecTBeli-
HHX W KOMIUIEKCHHX YHCIAOBHX (MJIM IPOSKTWBUAIX) IPOCTPAHCTS,
OCTAETCA B CHJIe M JUIfl YHCJHOBHX (COOTB. HPOEKTWBUBIX) HpPOCTPAHCTB,
OlpefelieHHpIX AHAJIOTAYHKM 06pa3oM, OTHPABIAACE OT meaa kéamep-
ruoros H; oHM pacmpocTpalmMBEL [a)@ HA MHOTHe ApYI'ue TONoJOorHYc-
cKme Teaa (cM. yopamuenus 2 ®m 6).

Ynpamuenus

1) IIyers f — moamuoM € KOMIJIeKCHHMA KoadduuyueHTamMd oOT n
KOMIUTOKCHEIX MOpeMeHEHX, He PaBHHI TogeCTBeHAO nyaw. IloxasaTn.
gro B C" [omosHeEHMe K MHOMOCTBY S TakuxX TOUeK & = (z;), 9TO
f (21, 22, . .., 3z) = 0 («anrebpamaeckoMy MHOT00GDa3NOy, ompexesse-
Momy ypasHemmeM [ = (), cBAsHo. [PaccMorperh mepecegemme S ¢
KOMILTEKCHOH mpAMoil, mpoxoxAmeit g9epea mioGhe pxBe ToUYKWM @ u b
na CS.]

*2) Iycre K — HegWCKpETHOE OTHEJNMOe TOMOJOTHIECKOe Telo.

a) Mlycth E — JMeBOe BEKTOpHOe HPOCTPAHCTBO pasMepHOCTH n Maj
K m (@i)jcicn — Gasuc mpocrpaEctBa E. Tomosorms, momxyzaemas
nyTeM TepeHocesns B E mocpescrBoM OGmeKTHABHOIO jmmeiHOro orofpa-

n
HOHHA (Z;) F=—> 2 z;@; TOMOJOTHN IpouaBeflenna K™ (nponaneuemm
i=1
TONOJIOTHH COMHOMKHTENEN ), He 3aBACAT OT paccMaTpABaeMoro 6asmca (¢;),
COrJacyercs co CTpYKTYpoil aguTHBHOM rpynmel B E m Takoma, 4To 0TO-
6pamenne (¢, )t nponspepenns K X E B E wuempepniBuo. Ilycrth
F — BexTOpHO® HmOAMpPOCTPAHCTBO IpOCTpaHCTBa E; TOHmOJOrMA, MHIYUH-
pyemas B F m3 E, coBmagaeT ¢ TOIOJOTHei, OmpepenseMoir B F onMcau-
HEM cnocofoM, mcxond m3 Jg06oro 6aamca mpocTpaHcTsa F; F 3aMKHYTO
B E, u ecin F = E, To CF Bclogy mioTHo B E.

" 6) 0606muTs Ha ToJM0 K npeptoxerns 4, 5 m 6 § 1 raaset VI. [B cay-
930 HEKOMMYTATHWBHOTO Teja K J(0OKA3aTeJLCTBO HeNpepHBEOCTA 0TOGpa-
megnd X X1 B oKpecTHOCTH JMI060i 06paTHMOll KBagpaTHOH MaTPHII
n-ro mopspka Haf K IPOBeCTH MHAYKuWeil IO n; OrpaHMYMBAACE OKpe-
CTHOCTLIO efAHMYHON MaTpuuil I, n-ro mopAjxa, 3aMeTHTh, YTO BCHKAs
Marpuia X, 10CTaTo9HO Giuakas K /., MoXeT 6HThL IpejcTaBICHA B BULe

1.0 ...0 giuz...pn

N . Y ’
Ar 0
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rpe I,y — equunyeas Marpuna (n — 1)-ro nopsaka, a Y — of6paruman
marpuna (n — 1)-ro mopsnxa.

B) Ecam K wommyTatmsuo, & E — anre6pa paura n Hapg K, T0 TOTIO-
aorusa B E cornacyerca co crpykrypoit koarna. Kpome toro, ecan E obxa-
JacT eNWHMYHHIM BJEMEHTOM, Ipyrma G 06paTHMBIX 3JeMeHTOB airel-
pol E oTKpHTa M Bclogy mwioTHa B E, & TONOJOTHA, MHAYLUHpYyeMasi
B G n3 E, cornacyercs co cTpykrypoit rpymns B G. [Ecan e — egwrmu-
HHI, & & — o6paTNMBI 9JieMeETH B E, T0 Kaxpoe N3 ypasHeHU# XY = e,
#/it = @ OTHOCHTOJLHO Y MMeeT 0JH0 M Mmoabko 00no pPellleHNe; pacCMOTPeT:
AJISL KasKAOT0 M3 BTUX YPABHOHWH DABHOCHJILHYIO eMy CHCTeMY n JNHEi-
HRIX YpaBHEHNWH, JA0IIYI0 COCTABNAIOMME ODJOMEHTA Y OTHOCHTENLHO
HeKoToporo Gasuca B E.]

r) lycrs K — Hemonmoe KoMMmyrarnsHOe Teiio m E — ajnre6pa pan-
ra n uapn K; ecan mononnenne K Texa K ecTh TeJO0, TO NONOJHENHE E anre6-
pu E ecrb axre6pa, HojyiaeMas OyTeM PacIINpeHHs A0 K xomsma ore-
paropos axreGpm E (Auxr., rx. II1); moayunts oTciona NpHMepH TOMO-
JNOTHIECKMX TeJl, NOMOJHeHNe KOTODHX He ABJANOCH OH TeNOM.

3) Hokasatrs ¢ nmoMompio npemioxennss 10 § 3 rmasu I, 9r0 Beme-
CTBEHHOE IPOGKTHBHOE NpoctpaHcTBo P, (R) romeomopdro mopmpocrpa-
cTBy npocrpancrsa P, (C), cocrosmemy M3 BCeX ToUeK, obiafaiomux
1o KpaiilHeit Mepe OfHONH CHCTeMOH BEemCCTBOHHHLIX ONHODOLHHEIX KOOPU-
nar. [llyers A — 3aMrnyToe MuOMecTBO, HacHmeHHoe mo A, (R),
B R;‘;_*_i, paccMaTpHBaeMOM KaK MOTPYHeHHOC B C:-Hv 4 B — MHOMeCTBO

ToYeKk (&, Ime & mpoberaer A, a [ — CAWHMUHYIO OKPYkHOCTh U; DOKa-

3aTh, 9T0 B wacumeno no A, (C) u ato A ecth cep B ua R;’;_H.]

4) Ilyers H, —«KBagpuKa» B KOMIJIOKCHOM IPOEKTHBHOM NPOCTPAH-
ctBe P, (C), omnpeneasieMas, ypaBHCHHOM xg + :rf + ... 422 =0. Ilo-
KasaTb, WT0 KaykpaAA ToYKa B /1, MMeeT OTKPHITYI0 OKPECTHOCTH, FOMEO-
moppuyio C"-1, m yro H, cBA3LA, TAK ’Ke KaK H ¢ HepeceUeHMe ¢ OG0
KOMIUICKCHOM MPOEKTUBHON THICPINIOCKOCTHIO. [CBECTM [0Ka3aTeNLCTBO
HOCJICANEro MYHKTA K CJaydYal, Korma n = 2,

IToxaszars, uto H, roMeomopdua S,, a Hz — nponssemenuro Sy X S,.
[Mcronp3oBaTh ITa paMeTpUYeCKOe INPCACTABJICHHe DTON KBAAPHKM C TIO-
MOmBI0 ee NpAMOJUHEeHHHX o6pasyomux. )

5) PaccmarpmBas cepy S; Kak mopgumpocTpancrso mpocrpaucrsa C3,
paccMoTpuM otoGpaskennme S; B R7, conocraBiasioniee Kampoit TOUKe
& = (x4, &3, x3) € S5 (24, o, T3 — KOMIJIEKCHBIC YUCJIA) TOUKY 9 ==
= (yi)1< 1g7 € R7 Tarymo, uro

yr=|xg|2—|x2|?, y2=R (z422), yz= G (ryxy),
Yu=R(2123), y5=3 (¥123), ye="R (x273), y7= 3 (2o73).
9ta QyHKUUA NpPHHUMAET OAMHAKOBHE 3HATCUMA B JIOGHX TouKaXx

a, ®' €Sy Takux, uto ®'={x, rue | {|=1; nokasars, 4To npn hakTOpnaa-
uu¥ ona aet romcomopduam P, (C) Ha nopnpocrpancTso mpocrpancTsa R7.

24%
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*6) Mlycts K — HEAMCKPETHO® OTASNHNMOe TOHOJOTNYECKOE Teldo
(KOMMYTaTHBHO® WJIH HeT).
a) Hamennm neBoe NpOeKTHBHOE IPOCTpaircTso P, (K) daxropromno-

JIOTHeil TOMOJIOTHH YIPOCTPaHCTBA K,‘..H M0 OTHOMICHHI 3KBHBAJACHTHOCTH
A, (K). Pacmnpocrpanurs ua P, (K), najeacHuoe 3Toii TOUNOJOrueH,
npennoennst 1, 4 m 5 § 3 rnasu VI; ecau K cnasno, 1o P, (K) cpasio;
B npormsnom caydae P, (K) BnoJHe HeCBA3HO.

°6) Iloka3aTh, 9TO ecid K — (HEMUCKPETHOC) JIOKAJIBNUO KOMIAKTHGE
reno, 70 P, (K) KomnaktHo. [IIycts U — KOMOAKTHAs OKPECTHOCTL (LYIA

8 K u a — anement n3 A Takoit, aro lim a™ -~ 0 (cm. HoMmmyrar, aar.,
m—0

ra. VI, § 9); nycrh § — MIloKCCTBO TeX TOUCK B A'F |, BCce KOOpAKIATH
Zj KOTOpHX npmxa;mema'r U n cymecmye'r l(()M(}p ke A K()T()])()l'(i
2, € aCU; norasars, wro P, (K) ccTh Kanonuockuii obpas S.],

B) TOWHO TaK JKC PACHPOCTPAHHTE HA MHOMKOCTBO P, , (A) 1pocKTHR-
HHIX JMuefiHeIX 'MiHorooGpasmii pasmMepmocTH p o> U mpocTpanctsa P, (A)
onpeneiennie 2 H npegaoskenusa 6 m 8 § 3 rmasbl VI, “a takme upepdo-
meune 7, ccam K Jokanpne KommaktHo, [[{mst mpeguomenust 7 cono-
CTABUTH KamI0#l MOCJCAOBATEALIIOCTH HMHACKCOB O MHOMKecTBO S5 < Ag,
COCTOANIC® W3 MATpil, BCE CTPOKN KOTOPHIX NMPUHANNOMKAT MHOMECTBY S,
onpepenennoMy B 6); mokasars, uro P, , (K) ecth Kanouwdeckuii oHpas
06TeIHeINA MIOKCCTB Sg.], B caydae, rorna K KoMMyTaTHBHO. 0G06-
IMATH TakKe npepioskenne 9 § 3 raasar VI,

r) flyetn K e komMmyTatusuo mu P » (K) vBosnagaer npocTpancTo

IPOSKTHBNLIX JHUHCHHKX MHOr0oo0pazuil pasMepuocTH p npasozo TPOeK-

"TUBHOTO YPOCTpPaHCTBa PasMCPUOCTH n Haf TEJ10M K (npuqu TOIONOTUA

B P, ., (K) ompepesena TeM ke criocoboM, uro u romogorus B P, (K).

[oxasats, wuro P, ,(K) n Py ,_, 4 (K) roveomopdun. [Rampomy
{p + 1)-MepHOMY BeKTOPiHOMY mopmIpocTPalcTBY V JeBOIO BCKTOPHOLO
npocrpancrea E = K;'” COIOCTABHTh BEKTODIIOE IOAIIPOCTPAUCTBO ItPo-
crpancrsa E*, compsxesuoro K E, oproronanshoe K V (eMm. Aar.,
va. 11, § 4; 3-e nag., § 7, n° 5).]

7) Pacnpocrpanuth pesynnTaTsi ynpa:kueuus 6 § 3 raasus VI nHa mpo-
¢TPaNCTBA IIPOCKTUBHHIX JIMHCHHHX MmHovoobpaauit nam remamu C m H.

*8) Pacmpoctpanuts pesymbTaTil  ympamuenuii 7. 8, 9 § 3 raa-
Bt VI na npocrpauctsa W, , (n° 4).

flycTr B BekTopHoM mpocTpamcrse H™ Hajg TeloM KpaTepitMoiion
Wy, p o003Ha"aeT 1O-IPEKHEMY MIOMKCCTBO BCeX TAKHX TIOCIeI0Ba-
TOABHOCTEH (T4), ., ;, M3 p BEKTOPOB iy "~ (Zh g jorns UTO

n
2 ITITR (V=i I p), by Xy 0 npm =k
jucd jz=i
(rae z ofosnadaeT KBaTCPHIOH, CONPAMCNINIL ¢ KBaTepunoloM z). Pacnpo-
cTpaunTh Ha W, , peayanratit yrpasaienuit 7. 8, 9 § 3 rmasn VI.



UCTOPUYECKUN OYEPK
K TVIABE V1II

(PuMcEne nudpn otHocaTcAa k 6ubamorpaduy, loMenieHHOI
B KOHI® HACTOAUIETO OvMepKa.)

M He GyAeM BHOBB faBAaTh 3/1eCh IOJHOTO M3JIOKEHHMH HCTOPHYECKOTO pasds
BATHA TEOPHN KOMIUIEKCHHIX WHCeJ HJY KBATEPHHOHOB, MOCKOJLKY 9TH TeOpRH
ABJAITCA B OCHOBHOM JocTosiHMeM AxnreGpn (cm. Axr., Mcropudeckue odepkn
Kk rnapam II—11I m VIII), HO cKameM HecKOJIbKO CJHOB 0 TeOMETPHUECKOM IIpe-
CTaBJACHMM MHHMBIX THCCJ, KOTOPOE BO MIIOIHX OTHOWEINX 03112740 PCIUAIOINil
mporpecc B IHCTOPUM MATEMATHKI.

ITepBast oTYCTHIMBAS KOHUPIMS B3AMMHO OJHO3HAYIIOIO COOTBOTCTBMA
MeKy KOMIIJIEKCIIBIMI YMCJaMH H TOUKaMH IIOCKOCTH Geccroplio HpHHANJIeRUT
H. &. Tayecy *), ocobennoil 3acayroit KoToporo SBIJIOCH TO, UTO OH HEPBHIi
HPHMCHIT 9TY MK K TCOPHA KOMHICKCHBIX 9ICEJ U $icHO NIPeABU/IEN BCIO TY ITOJb-
ay. KOTOPYI0 cMoran uasieub Ha yee anaductht XIX Bexa. B teuenne XVII
i XVIIL pexkos maTeMaTHRM MaJjo-mioMany UpHHIIM K yOCHIeHHI0, ITO MHHMMbLE
4rcia, UOSBOJAIOIMUE PerlaTh ypaBHCLHH BTOPOIl CTeMeHM, LIO3BOJAIT TakKke
petnart aarebpangeckue ypasuenus aoGoii cremenn. Ha npotssxenun XVIII sexa
Golin onyGIKOBANLL MHOTOTHCIICHHDIE TIOUBITKH JOKA3ATCALCTEA JTOH TCOPEMb;
HO CPCAY 1IHX, He IOBOPA YKe 0 BIAAABUIMNX B 10O KPYT, ite ObLIO IIH O0H,
KoTopas 11¢ mogasaja Ol mMOBOj| K CCPBLC3IEIM BodpakennsaM. Iayce, mociae Tma-
TEALHOTO M3YTeHUA 3TUX MOULITOK M OGCTOATEN LU0 KPHTHKM HMEBIWIMXCA B HUX
npobeos B cBOelt jguccepraynu (nanucamnnoii B 1797 . u waganuoit B 1799 r.).
3amadca 1eJabl0 NaTh, HAKOICL, CTPOIOC MOKA3ATCJLCTBO, HOPHYBILHCH K HAaee,
MNMOXOIOM BHICKaszauuoii [lamambepoM (B pnokasareancTse, ONYOGIIKOBAHHOM
nocaenaM B 1746 1. **)), ou 3amevact, uro ToUKIr (a, b) UIOCKOCTH, AJIA KOTOPHIX

*) Unes mopo6ioro coOTBOTCTBMS NCCOMHCINIO BIePBHE ObIa BHCKazaHa
BaxucoM B ero Treatise of Algebra, onyGankosannom o 1685 r.; 10 ero coobpa-
YRUILHST 110 3TOMY BOIIPOCY OCTaBAJUCH IeACHHMII II HE OK&3&JH BJIMSHIUI 1a& CO-
HPEMEHHHUKOB. )

**) 910 foKasaTeXbcTBO (B Kotopom Jlamambep K TOMYy e CoOBepIIeHHO
e MCMOJNB3YeT 3aMedaHus, MOCJIYKUBIIEr0 OTMPABHHIM NYHKTOM jiis [aycca)

ABRJIACTCH TEPBEIM II0 BpeMeHH, fie cBOAANMMMCA ¥ TpyGoit norndeckoil ownbke;
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a - ib ecrs xopens mommpoma P (r 4 iy) = X (z, y) + iY (z, y),— 970 TouKR
gepecedennsi KpuBnX X = 0 m Y = 0; myreM KauecTBEHHOI0 H3YTeHNA ITHUX
KPHUBBIX OH IOKA3HIBAET, ITO HeKOTODaA HempepHBHAA [Ayra OmHOH M3 HAX coc-
AWHACT TOUKM ABYX DasuMUHHX o6jacTelf, orpanMueHHHX Jpyroff, W 3aKII0-
4aeT 0TClofa, ITO KpHUBHle mepecekatorea ((I), 1. I11, crp. 3; cm. Tarme (I bis)),—
MOKA3aTe/IbCTBO, MO CBOEH fACHOCTM M OPMIMHANLHOCTH YIPE[CTABJAIOMEe 3Ha-
9UNTeJIbHKIE WAl BOepen HO CPABHEHMIO C NPEOKHMMHA IONMBITKAMM M HECOMHEHHO-
ABJAOMmMeecs OfHUM M3 NOPBLIX IPAMOPOB YHCTO TONOJOTHYECKOTO PACCY/KICHMS!,
npNMeHeHHOTo K anreGpanmdeckoit mnpobieme *).

B cpoeit nuccepranum I'aycc He ompepesaer ABHO COOTBCTCTBUA MOIKAY TOU-
KaMH MJIOCKOCTH ¥ MHMMBIMM WHCJAMH; YI0 OTHOIIGHHIO K DTUM MOCJASAHAM M BOI-
pocaM (CYmECCTBOBAHMAY, KOTOPHe OHM BO36YKmaiN HA NPOTAMEHUM ABYX BEKOB,
Ol 3aHMM&eT JAOBONBHO-TAKH CAEP/KAHHYIO YO3MUMIO, HAMEPEHHO YIDE/CTABIASN
BCC CBOM DacCy/eHHMA B TaKoil HopMe, Tme BCTPETAIOTCA TOJLKO BEMECTBEHIIbe
ancna. Ho Xop mpeit ero poxasarexncrsa 6ha 6K COBOPIIEHHO HEIOHATEH, €CJ]u
OBl OHO He NPEANO0JAarajo BIOJHEe CO3HATENLHOTO OTOKASCTBICHUA TOUCK ILIO-
CKOCTM ¢ KOMIJNOKCHHMM YRCJIAMH; M OTHOCAMMECA K TOMY JKE BPEMCHHM €ro
MCCJICIOBAHNA N0 TEOPHU THCEJ N TEOPHH HIIHNTHIECKMX PYHKLMIH, B KOTOPHX
TOME YUACTBYIOT KOMILICKCHLI® YHCH&, TOJNHKO NOLKPENJAT 3Ty THIOTC3Y.
Jlo Kakoil cTelmeHM TeoMeTpAYeCKoe NPeNCTABNEHME MEHMHLIX YHCCH CTAJO IS
Hero NPUBHIYHEIM M K KAaKMM De3yJhTaTaM OHO MOTJIO NPHUBECTH B ¢ro PyKax ,
AICHO MOKA3KBAKT 3aMOTKM (onmyOaMKOBAHHBE JWINL B HAllM AHA), B KOTODHIX
OH NpPHUMEHAET KOMIUIEKCHbI® WHCJIA K pPeIIEHRMIO BOHPOCOB 3JIeMEHTAPIOH reo-
merpuu ((I), 7. IV, ctp. 396 m 1. VIII, crp. 307). Eme Gomee ompepemeniiir
xapakTep mmeer mmceMo K beccearo ot 1811 r. ((I), 7. VIII, crp. 90, 91), rige -
oH HabpacHBaeT OCHOBBI TEOPHH HNTErpupoBanud GYnKnuil KOMIIEKCHOR mepe-
MenHoit: ¢llodo6no momy,— TOBOPUT OH,— Kak 6cl0 064acmb GeUyecmeeititbly
BEAUNUH MONHO npedcmagume nocpedcmoon GecKoHeuHOl npamoll, noanyw obaacm i
6Cex BEAUNUH, BCUECMBEHHBY U MHUMHZ, MOoHHO npedcmasums cebe («sinnlich
machen») nocpedemaom Geckoneuroll naockocmu, kaxdas moura Komopoi, onpe-

u Taycc, crnpaBeJitBO KPUTHKYA €ro cjabbie MecTa, HC OTKABKIBAETCH, OfHAKO,
npu3naTs IEeHHOCTh ocHOBHoil Hacw [lanambepa. «Hcmunnni cmepacenv doxa-
sameabcmaea,— TOBOPDHT OH,— Kak MHE npedcmasisemcs, He sampazusaemces
scemu amumu gospaxcenusmun ((I), 1. II1, crp. 11); HeckomsKo panee oH name-
9aeT MeTOf, KOTOpHIl I03BOJIsieT NPHUAATh paccykKmennsM JlamamGepa CTPOrocTh
H COBMajgaeT, ¢ TOYHOCTBIO [0 HEKOTOPHIX petaleil, ¢ paccykgeHneM Koun
B Of[HOM M3 €r0 [0KasaTeJhLCTB TOil ke TeopeMsl (cM. § 2, ympaskHende 2).

*) Bcero T'aycc omyGamkoBaj WeTHIpe [OKABaTEJLCTBA «Tcopembl Jlamam-
Gepa — [aycca»; MocIefHeC ecTh BAPMAHT II6PBOTO M, KaK H [OpPBOC, aNeJINpyer
K MHTYATHBHO OTEBHAHBIM TONIOJOTHYECKAM CBOHCTBAM ILIOCKOCTH; HO BTOPOO
H TPeTLC OCHOBLIBAIOTCA HA COBEPIUCHHO APYLHX NpHHUHMNax. [[OKasaTeNLCTBO,
IPUBCAENHOC HaMH B § 1, B CYIIGCTBCHHBIX W6PTAX COBHAJACT CO BTODHIM [OKa-
sateahcTBoM [aycca, KoTOpoe B CBOIO OUepennb npexcTasisier coboil He uTo Mnoe,
Kak npuMmcHenne opnoft mpem itmepa m pe MouceHe, Kak 3T0 yse 6o oTme-
qeno B Anrebpe (cMm. Mcropmueckmit owepk k rnaBam VI — VII Hunru II).
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[

dedennan céoeil abeyuccold a u ceoeti opdunamoil b, npedcmasisem & mo ue spems
seaununy a + bi. CaedosamesvHv, Henpepuswbili nepexod om 00H020 sHaue-
Hus T K Opy20Mmy 6uNOAHAEMCR 6004b HEKOMOPOU AUHUU U MOJCem Gumb nmoamomy
ocyuecmobser GecuUcAeHHBIM MHONCECMBOM cnocobod...»

Ho Tompxo B 1831 r. (B CBABM C BBENEHHMEM (TayCCOBHX THceN» a + bi,
rae e 1 b — mexnsle) layce my6andHO H3naraeT CBOR MHCIM Ha TOT CYOT BIIOJHe
vrgeransuM obpasom ((I), t. II, Theoria Residuorum Biquadraticorum, Com-
mentatio secunda, art. 38, crp. 109 m Anzeige, ctp. 174 u caexn.). Tem BpeMeneM
Hleft TEOMOTPAYECKOTO MTPENCTABJEHAA MHMMEIX wYucex Ohila BHOBL HAIICHA
HE38BACHMO [BYMS CKPOMHHIMHA HCCIE[O0BATENsAMH, KOTODHe 00a GLIIM MaTeMa=
TUKaMR-JI06NTenAmMu, Golee Wi MeHee CaMOYYKaMM, CHeNaBIIAMH STOT CBOi
e/IMHCTBOHHHIN BKJaJ B HAYKY NOUTH (€3 BCAKOro KOHTAKTAa ¢ HAYYHHIMA KPyraMn
‘Toro BpeMenn. B cBsi3m ¢ 9THM MX paGoTaM yrpo)Kalla OIIACHOCTH OCTATHCHA COBED-
HICIIHO He3aMeUeHHHMHA. JT0 M NPOM30UUI0 € NMePBHM M3 HAX — [AaTYaHMHOM
K. BecceneM, re6oipinoe, 09eHDL ACHO H3JI0KEHH0O COYMHOHNe KOTOPOTO, MOABUB-
uiceca B 1798 r., Ou0 N3BjedeH0 M3 3a0BCHUA JIMIIL BEKOM II03e; M TaKoe
Me 3BJOKIIOTeHH® YUYTH He MPOH3OULI0 €O BTODHIM U3 HUX — IIBeMiapmem
HR. ApramoM, COUMHEHNE KOTOPOTO 6HLNO XUk GiaromapsA caydaifuocTH obHa-
py#eno B 1813 r., wepea ceMn JieT 10CJe ©I0 ONYGIMKOBAHHA *). 3T0 COIMHEHHE
BLI3BAJIO OJKMBJEHHYI pauckyccuio B Annales de Gergonne, m ero tema craua,
Bo @paHnuM B AHTJINA, MPEAMOTOM HEeCKOJBKMX NyGamKaunmit (MaJIOM3BECTHBIX
apropos) Memay 1820 m 1830 rr.; o me XBaTajo aBTOPHTCTA KPYNHOTO MMEHH,
9T00R TMOJOKHTH KOHEN, 3THM CIIOPaM M CKJIOHUTH MaTeMaTHKOB K HOBOH TOYKe
3PCHAA; W TONBKO K Cepefuile BEKa reoMeTPHYCCKOE IIPEACTaBJIOHH® MHHMEX
YyHCENl CHeNajoch, HAKOHer, OOHIENPUHATHM Iocie (YKa3aHHHEIX BHIILe) MyGIu-
raynit Taycca B Tepmanuu, paGor lammasTona m Kann mo rumepkoMiiIcKCHBIM
cucTemaM B AHTJIMR M, nakonel, 80 Opannuy — MpUBHAHAA co cTOPOHHE Komn *¥),
BCel'0 38 HECKOJBKO jJieT A0 Toro, Kak PHMaH nyTeM renvajsbHOro o{obmeHus

eme 0oJiCe DACIIMpseT pOJb TCOMETPHMH B TEOPHM AHANUTHICCKMX (yurumit
H JA0JHO BRI3LIBAET K JHHU3HM TONOJNOTHIO,

*) B mporusomomomuocts ayccy, Beccens m Aprar Gomsme o03abouens
070cHosanuem ICHCTBHA HAN KOMIUIOKCULIMHA YHCIAMH, WeM HCIOJbh30BaHUOM
HPeUIOHEeHHOr0 MMA reOMETPHIECKOT0 NPEACTaBJIGHAA B HOBHX MCCJ6[OBAHMAX;
Beccestb He MPHBOAMT BooOme HRKAKMX NPHIOMKEHHIl, a ©TUHCTBOHHHM NpH-
IO’KeHMeM, KOTOpoe naeT Apram, CJAYKAT [0Ka3aTeldbcTBO TeopeMul [ajam-
Gepa — T'aycca, sBiaflomeecs JWIIL BapMaHTOM MoKasaTenbcTBa J{anmambepa
M BBI3BIBAIOIE® Te KO BO3PaKeIHA. .

**) B cpoux mepsmx paforax o6 muTerpasax QYHKnHI KOMIIOKCHBIX Iepe-
mMeHHBX (Meny 1814 m 1826 rr.) Homm paccMaTpmBaeT KOMIJICKCHBIE YHCIA
KaK ¢CHMBOJMYCCKME) BHIPAKCHUA M HE OTOMIECTBAACT NX C TOTKAMM ILIOCKOCTH,
110 ATO He MeNiaeT CMY IIOCTOAHIIO CBASHBATH ¢ TACIOM T - [y TOUKY (z, y) U CBO-
6onno LOJNLROBATHCH NPH HTOM T'eOMETPHIECKHM ASHIKOM.
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Wamepenre yrios gyraMu, 0TCEKaeMEIMA NMU 1la OKPYHKIUOCTIH. TaK e CTapo,
KaK N CaMo MIOHATHe Yria, M GBINO yiKe WM3BECTHO BABWIIOHAHAM, OT KOTOPHIX
Yy Hac COXPaHWJIACh €AMHMUA YTAa — rpagyc; BHNPOUCM, [Jf HUX WMeJO 3Ha-
geHue TONBKO M3MEPeHNe YTIJIOB, 3aKJIOUEHHBIX Memay O u. 360°, uro 6wbuio
MM [OCTATOUHO, IOCKOJNBKY YTIH CIYHJIH MM IIPEKIE BCETO RJIsi OXpefelieniitst
nojoxenns HeGecHHX Tel B TeX WM WABIX TOUKAX MX BHAHNMEIX TpPaeKTOPHii
M JJIA COCTaBJeHHsi TAGJMI[, HCIMOND3YyeMBIX B NAYIHRIX WJIN ACTPOJNOTMYECKIIX
eI AX.

VY rpedeckux reoMeTpoB KiacchdecKo amoxu ompefenenne yraa (Eucl.
El., I, onmpemenenns 8 u 9) eme Gonee y3KO, IMOCKOJNbKY OHO OTHOCHTCH JHIIH
K yILiaM, MeHpIIMM [IBYX IpPAMBIX; M TaK KaK, ¢ JAPYToii CTOPOHBI, MX TeopwWs
OTHOHICTIAA M MepH OCIOBHBAJach Ha CPABIIGHMH MPOM3BOJIBHO GoJLHINX KpaT-
HBIX MBMePAEMLIX BCOJIMTIAN, TO YIAHW Ne MOTAM GHTH AJNA HEX H3MepHMoil Bexn-
YUHOI, XOTA ¥ HHX, €CTECTBEHHO, HUMEJINCL MOHATHs PaBuUBIX YTIOB, Yrio08 HOAbL-
HIMX N MEHLUMX OfMH ApYToro, a TakMe CYMMBI IByX YIJIOB, GCJIM 3Ta CyMMa
HE TPeBoCXopuT ABYX mNpsAMbLIX. Tak e Kak caomenue apobeii. uamepeuire
YyraoB OMKI0 Ghijie GBHITL IMOITOMY B MX Triasax sMIMPRICCKOH MpOnREfypoi,
¢ MMewlIel Jay1Inoro 3nadeHus. 3Ta TOUKA 3PeHMA XOPONI0 MILIIOCTPHUPYeTCs
GrecTamuM MemyapoM Apxmmena o cmmpaxsx ((III), r. II. erp. 1—121), race,
He MMest BO3ZMORHOCTH ONPCACHNTH HX MPOIOPIHOHANBNOCTLIO PagHyca-BCKTOPA
M yria, OM [acT UM KHIIeMaTmieckoe onpefelienwe (ompenexenme 1, crp. 44;
cy. GopMyaHMpoBKY npemnoskenna 12 mua crp. 46), ¢ moMomnio KOTOpPOTo eMy
yaacrcs TMONY4NTH, KAK [O0KA3HBACT AaslbHeillias TacTh CrO COUMUEHHH. BCEe,
gro MoTno 66 emy naTh ofllee TIOHATHE Mephl yrioB, ecan Obl on UM obnajac.
Y10 KacaCTCs TCPEYeCKMX aCTPOHOMOB, TO, IO-BUAMMOMY, B 9TOM NYHKTC, Kaw
i BO MIOTHX JPYTHX, OHH ROBOJILCTBOBAJIUCH TeM, UTO CJCAOBAJLI CBOMM HpCjHiC-
CTBEHHIIKAM — BaBUJIOHAIIAM.

Y 31ech, Tax JKC K&K B BBOJIONNM TOISITUA BellecTBeniioro yucaa (cM. Mero-
pUYCCKMI OYCPK K TiaBe [V), ocaabienne gyxa CcTPOTOCTH B IIpouecce YIAIKe
IpeUecKOil HAYKN HPHBOAUT K BOIBPATY K ¢HAMBIOIH) TOUKe apelHA, B HEKOTOPLIX
oTiontenusux Goxee GaM3KON K Hanmicl, 4eM CTPOras €BKIHMAOBA KOHICIINLHH.
TaK, STHM BHIZBAIIO, YTO OJMH MAJI0 OCBELOMJIEHHbLIN MHTEPHOJATOP BCTABAACT
B TekeT EBkanga snmamenutoe npepioxenne (Eucl. EL. VI, 33): «Vram upo-
MOPLHORANLILL AYTaM, KOTOPHE OlIH OTCEKAKT LIa OKPYIKIHOCTHY *), a anomMubil
€X0AaCT, KOMMEHTHDYIOMMil «1OK&3aTeMbCTBOY DTOrO IPCRIOKEHHA, HC Kojaef-

*) To, 4TO 3TO MEHCTBHTCALHO BCTABKA, He MONJCIKUT HIKAKOMY COMHEl tity
BBHAY a6CYPANOCTH [OKA3aTeNLCTBA, HEYMeJO NOMPAarKalomero KiacCHIecKus
oGpasyam MeTofia EBlOKCa; KPOME TOTO, OU6BHJ(HO, TTO 3TOMY PE3YJILTATY CORCEM
e mecro B xomme Kumrm VI, Jlobonmitao ormeruts, uro Teow, B IV Beke
1. 3., HAMBHO CTABUT cefe B BACHYTY CAGNaHHO® MM [IOTIONHEHHMe K 3TOH BCTAaBKC,
TpeTeHYIomee HA [OKA3aTeALCTBO TOTO, UTO ILUIOMASM CEKTOPOB Kpyra upo.
TOPHMOHANLHEL HX ICHTPAJBIBIM YIIaM (Eucl. El., wmsn. leitGepra, 1. 5.

erp.  XXIV); ® »HTo cmoycTA MeCTh BEKOB [OCHEe HAXOMJCUNA ApxumernoM

UI0IE@I COKTOpOB CIIRpadeii.
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NACH BBOJHT, KoleuHO 6e3 Kaxoro 66 TO HM 6bLIO 0GOCHOBAaHMSA, AYTH, DABHBHI®
HPON3BOJBHO GONBITAM KPATHHIM JJAWHB OKPY/KHOCTH, H COOTBETCTBYIONIME BTHM
ayram yrao *). Ho pame Buera, B XVI Bexe, Kak 6YATO BILIOTHYIO MONOMIENIIHME
K HaileMy COBPeMeHHOMY IOHMMAHMIO YIJ&, OTKPHB, UTO YPaBHOHHMe 8in nx =
= sina obmagaeT MHOTMME KODHAMH, YONy9aeT JMIDB T6 M3 HHUX, KOTODHE
COOTBETCTBYIOT yrjiaM, MeHsIIMM fBYX npamux ((IV), crp. 305). Oxonuartenbro
3Ta ToUKa 3penmsa Onlya rpeogoiexa ToxbkKo B XVII Bexe; m mocie TOro, kak
oTKpHTHe HbhioTOHOM pasiomennit sinz H cosz B PAR AAN0 [IA 9THX QYHKIMI
BHIPaeNNsl, NPATORHEE AJIA BCOX 3HATEHUH apryMeHTa, MH HaXOLWM HAKOHeI|
y Sitnepa, B CBA3H ¢ PacCMOTPeHMOM JOrapadMOB (MHHMEIX» GUCEN, TETKYIO
KOHUOIINIO MOHATHA MepHl Mpou3BodbHOro yraa ((V), (1), . XVII, crp. 220).

PasyveercA KiaccHYeckoe OmpefefeHHe MepH YTia [UTAHOH AYTH OKPYHK-
HOCTW He TONbKO UHTYMTHBHO, HO H YO CYTH KODPEKTHO; OfH&KO, UTOOH cpme-
J8TLCA CTPOT'MM, ORO TpeGyeT MOHATHA AJMUHH AYTH, T. ©. HHTET PAJILHOTO HCYNC-
seHus. G TOYKM 3PeHMS YUaCTBYWMMX 3peCh CTPYKTYP ATO OUeHb oOXomHbiil
NyTh, A MOKHO, K&K Mbl BHREJIH B TeKCTe, He MCIOJL3OBATh HMKAKHX CPEJCTB,
KpOMe [JO0CTABJAGMEX TEODHeit TONMOJOTHIECKUX TpyIN; BEINeCTBCIIHAA M KOM-
IJIeKCHAsA TOKa3aTeJbHHC (QYHKUHH [OJYYaloTCA, TAKMM o6pasoM, M3 OfHOTO
U TOTO jKe HCTOTHHKA — TEOPEMBl, XapPaKTepH3yIomed «O/[HOI&paMeTpHIeCKue
rpynmsy (ra. V, § 3, teopema 1).

*) Eucl. El, nag. Teit6epra, T. 5., erp. 357,

25 H. Bypbaxu
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