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NMPEINCJOBUE K TPETBEMY U3J1AHHIO

TpeTse M3AaHME OTJHYAETCS OT TEPBOTO JIMIIb  HEMHOTUMH
yamenchusivi. Camoe CyLIECTBEHHOE H3 HHX COCTOMT B TOM, 4TO
s BHUEPKHYJ CTIPHHIWMI HHAYKUMH> M3 ducia OCHOBHBIX JIEMM,
BCJIGACTBHE 4YEr0 BCE ONMpaBulMecs Ha STOT MPHHIWM NOKasa-
TenpCTBA TNPHULIOCH 33aMEHHTH APYFHMH. ¢l napeioch, 4TO NS
GONBILMHCTBA UMTAaTeNel s STUM OOJEryusl yCBOCHHC KHUTH, TaK
KaK MHe MPEJACTaBJseTCsl, YTO STOT NPHHUMI H onupasolyecs Ha
HEro PAaCCYW/IEHHs MPEbSIBAISIM TMTATEIIO B OTHOLIGHHH JIOTHYEe-
CKO#i KyJbTyphl TpeGOBanHi HECKOJBKO Gosiee BHICOKHE, 4€M 3TO
Boo6lile MPUHATO B HACTOFLIEH KHHTE.

V3 mpyruX H3MeHeHuH 3aC/yXHBAIOT GbITL  OTMEYEHHBLIMH
TONBKO HOBAsl TPAKTOBKA (GOPMYJIbI Tejinopa u naparpaga O QyHK-
[usiX C OFpaHHYCHHBIM H3MEHEHHEM.



NPEIUCIOBHUE K NEPBOMY H3NAHUIO

Kypc Bblciiell mMateMaTHkd B TOM HJIH UHOM OCDbEMe 4MTaeTCsi
B 3HAYHTEJIBHOM OOJBIUMHCTBE BBEICIUMX y4YeOHLIX 3aBeaEHHH.
C oCHOBaMH MaTeMaTHYeCKOro aHanM3a 3HAKOMATCH CTYAEHTH
BCEX TEXHWYeCKHX u Oosblliell YacTH BOEHHHIX, ArpPOHOMHYECKHX
H SKOHOMHYECKHX BY30B, He TIOBOpS Yywe O cllelHansHbix ¢a-
Ky/JbTeTaX YHHBEPCUTETOB M II€arOTHYECKUX HHCTHTYTOB. Bce
STH MHOTOYHMCJICHHBI2, YHTAaeMble B Pa3HLIX Yy4YeOHbIX 3aBeneHHAX
KypChl BechMa pas/uvHb KaK 110 cBoeMy OObéMy, Tak W Mo ToH
NPUHIMIKHANBHOH, uIelino¥ H Jornyeckol 6ase, Ha KOTOPOH OHH
cTpositcs. B nocnemnem oTHOUIEHMH, B CYIIHOCTH, TOJIBKO YHH-
BepcUTETCKHE KYypChl DOAHMMAOTCs 1O 6ojiee WM MeHee COMMA-
HOTO HAy4YHOIO YPOBHSI; BCE OCTa/IbHBIE BLIHYMAEHbBl ROBOJIbCTBO-
BATLCH YIPOLWEHHBIM, TAJIEKO OTCTAIOUMM OT COBPEMEHHBIX HAyYHbIX
BO33peHUl HIAeHHO-JIorHUeCKHM (PYHIAMEHTOM, a MHOTHA U BECHMA
OTPaHU4eHHOH NpOrpaMMoH.

Mexpy TeM, MBI 9acTo BCTPEYACMCH C TAKHM [OJIOWKEHHEM,
KOTla HHXEHED, YYHTEJb, SKOHOMUCT, B CBOE BpeMsl W3y4aBluui
BLICIIYIO MaTEMATHKY 1O TAKOMY YNPOIIEHHOMY KypCy, HauuHaer
OILyLIaTh NMOTPeOGHOCTH B PACUIMPEHHH H, IJ1aBHOE, Gosiee NMPOYHOM
060CHOBaHHMHM CBOMX MaTeMATHYECKHX 3Hauui. Bo3nukaer s sTa
NOTPe6HOCTD BCIENCTBHE TeX WIH IPYTHX KOHKPETHBIX HCC/iei0BaHui
TAKOTO CreLMa’ucTa B ero CcOOCTBEeHHOH HayuHoOH o6nacT, .l
OHa BCTa8T Kak HeusOexHbll mnog O0O6WIEFO paciiUp2HUA ero
HAay4YHOTO M IKH3HEHHOTO TOPU30HTA, —— HE3ABUCHMO OT 3TOrO
OHa, KOHEYHO, NoJnkHa ObITh yaoBierBopena. Kaszanocy Gwl, 3To
CIenaTsh MPOCTO: B3AITh KAKOH-HHOYAb NMOJIHLIH KyPC MaTeMATUYECKOTO
ananusa, ppone Hewmeiikoro 1) unu Puxrenronsua ?), u mtyndposats

) Hemprukuit u np., Kypc MaTeMaTHYecKoro anaausa, 1. 1—II,
loctexu3nart, 1944.

?) PuxteHroann, Kypc nuddepenuuanssHoro H HHTErpanb-
HOT'O ucuucnedus, 1. I, octexusnar, 1947,
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ero CHUCTeM4THYEeCKH, ONHUPAsCh Ha yxXe uMeroluecsl MeHee coJun-
Hble ¥ rayGokue noaHanusi. OJHAKO, OMLIT NOKA3LIBAET, 9TO STOT
npeacTaBNSIOUHACS CTO/b €CTECTBEHHLIM ITyTh [OYTH HUKOTAA HE
NPUBOAMT K LE/H W, 33 PEAKHMH MCKAIOUCHHSIMU, BEJIET K Pa30Ha-
POBAaHHIO, @ MOAYAC H MapanusyeT JAJpHEeHIMe NONLITKH B Ha-
MCUEHHOM HanpaBiedud. Jleno B ToM, 4YTO, € OAHOH CTOPOHH,
Haly yyauficsl, K4k IpaBwIo, pacnonaracT sl TOW LeJd, KOTO-
pYyi0 OH ceG2 TOCTaBwWJl, JMllb BeChbMa OTPAHMYEHHBIM KOJIHYECTROM
BDEMEHH M CHCTemaTHyecku Tpopaborars 6onpioll Kypc B He-
CKONBKHX TOMAax ye 10 STOH IpUYHHE JHIIEH BO3MOXHOCTH.
C npyrod e CTOpPOHBI, H 3TO, nowainyi, BCEro BaxKHee, — HE
pMest en(E TBEPAOH HAYYHOH 06asbl W H2 Oymy4d MaTeMaTHKOM
10 CIEelMalbHOCTH, OH CaM, 0e3 pPYKOBOACTBA, HE MOXET BhblE-
JMTH B M3y44eMOM [MPUHIMOHAILHBIX MOMEHTOB, BbLIHYN/EH yle-
JSITH  T0STOMY TIOJIBYIO JIOJI0 BHHMAHHMSL HE HMEIOUIMM  CylIecT-
BEHHOTO 3HAYGHHsI MeJoYaM U KOHuaeT TeM, YTO Tepsdercsi B
STMX MeJoyax, TNepecraBas, TaK CKa3aTb, BHACTH JIEC 3a Je-
PEBDBIMH.

A wmexay Tem, i TOTO qrobbl  maTh TOTPEeOHOCTSM M 3a-
(pOCaM TAKOTO YHallerocs mojHoe YAOBJICTBOPEHHE, HYXHO BeChMa
uemHoroe. Heckonbko JsieT Hasam §1 MMeN Clydall npovYHTaTh
CrielMaNbHbli, TMOCBSILEHHHE 3TOH ueid Kypc, COCTOSIBHIMH BCETrO
y3 12 1ByX4acoBbIX JeKLwH, CIylaressiM KypCOB IIO NOBBILICHHIO
MareMaTHueckod KBanuduKaluyd HHXEHEpPOB IIpH MOCKOBCKOM
rOCyAapCTBEHHOM  YHHBEDCHTETE. JloJ/keH TPU3HATLCSI, YTO BHA-
yaje MHE 9T4 3a7aua Kasajachb MOuTH Oe3HANENHOW; MEKAY TeM,
J UMEI0 OCHOBaHHs MOJaraTh, 4TO Kypc MOH ymOBJICTBODHI 3a-
TIpOCHl CJIylIaTesied, HecMOTps Ha CBOIO KPATKOCTD. Cekper 3TOTO
ycrexa 3aKodalcs B TOM, 4TO MHE ynaloch HAUTH 1PABUJIbHLIN
K04 K PEeLUEHHIO CTOSIBIIEH nepeso MHOM HEeJAroTHYeCcKOl 3ajaun:
s C CAMOrO Hayaia oTKa3ajcs OT MBIC/IH H3JaraTh XOTd Obl OHY
rnaBy CBOeTo MpeaveTa B MONHOM NOAPOGHOCTH; BMECTO STOrO s
OTPAaHUYMBA/ICH BO3MOXHO BbINYK/BIM, KOHKPETHHIM H BICUATISIO-
{IIAM DPA3BHTHEM IPHHUMMHAILHBIX MOMEHTOB, sl TOBOPHJI Oonbiie
0 Uensix M TeHAeHIusx, O mnpobieMax H MeTOAdx, O CBiH3sIX
OCHOBHBIX TTOHSTHE M WIeH aHaiu3a Mexay coOoH W ¢ mpriowe-
HHAMH, 4YeM 00 OTAE/bHbIX TEOpeMax W uX JLOKa3aTeNbCTBax . S
He GosiICs B LIEJOM psiie CJyddeB JUIst O3HAKOMIICHHs] C HE HM2f0-
HEMH  OPUHUMOMATIBHOTO — 3HAYeHHsl  JIeTansMd  JI0Ka3aTelbeTB
(a uHorga M C LEbiMM LEMIMH TEOPEM H JLOKA34TEJIbCTB)  OTChI-
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JaTb MOMX caymatenelt k yuebuuky. Ho 3ato ana ocBeuiesust
Kakoro-1MGO nowsiTHSI, METOJa MM WIEH, HMEIOMX Bemyuiee,
NPUHUMIIMANILHOE  3HAYEHHE, f YxXe T103BoJsi1 cebe He waleTh
BPEMEHH, CTApasCh BCEMH CPEACTBAMH, IyTEM CAMBIX PA3HOPOAHLIX
OMHCAHUH, HArSDIHLIX 0Opa3oB M T. M. BO3MOXHO sip4e W 3chdek-
THBHEE BHEAPHTb 3TH OCHOBOIIOJIOXHLIE MOMSHTH B CO3HAHHE
MOMX caywatenel. $1 ¢ OCHOBaHHWEM pacCYWTBIBA] Ha TO, 4TO
nocie TAKOH 1OATOTOBKM KaXJbil H3 HHUX, OLLyTHB KEJAHHEe
WK 00TPEGHOCTL B Gosiee . T/lyGOKOM H3YYEHHH TOH Wau Apyro
[JI4BLl aHA.1M3a, CMOXKET YXKe CAMOCTOosITeNbHO, Oe3 mocTOpOH-
HEH [OMOLIM, BO-NEPBbIX, HAHTH HywHBIH €My MaTepwal M, Bo-
BTOPbLIX, MONOATH K €ro H3y4YeHWIO, T4K CKa3arb, NO-XO3SIHCKH,
yMesl OTARJUTH IJIABHOE OT BTOPOCTENEHHOTO K MaJloCyHIeCT-
BEHHOTO.

Bce mHorokparhbie Gecefbl MOH C OTAENBHLMH C/YIIATENSIMH,
C rpynmamu caymartesed H co BCell ayaumropuell B 1|e/IoM HeH3-
MEHHO YO€XK/1ann MeHsi, 4TO H3PPARHBLIYl MHOW 1yTh ObLW eNMHCT-
BEHHO TMpaBUAbHLIM. [TONL3yloch C/lyuaeM OTMETHTB, YTO OYeHn
6osbiuiast  aymMTOpHUsl, HABOAHMBINASL BCE YHTABIUHECS HA STHX
Kypcax JieKuMM M B CBOEM OOnNpbIUMHCTBE HE OTCesSBIIAsCSl J0
CaMoro HX OKOHYaHHs, HAaWIy4YllMM OOpa3oM CBUAETENLCTBYET O
TOM, KaK INHPOKO pacmpocTpaHeHa Cpend HalluX HHXKEHepoB
NOTPEGHOCTL B MOBHIIEHHH YPOBHS HMX MATEMATHYCCKHX 3HAHUI.

llpennaraemast kuura craBur cebe Ty ke UeJb, 9TO ¥ MOil
TOIPKO 4YTO YMNOMSIHYTHIH JNEKUHMOHHLIA Kypc, W CTpEMUTCsl OCy-
LIECTBUTL €€ TEeMM e CaMbIMM CPe/iCTBaMH. YuTaTtens, CJemoBa-
TeIbHO, € C€aMoro Havana JomkeH ObTe OpeaynpexaéH, 4To
3llecb OH He HANAET CKOMBKO-HMOYJAL MONHOTO H3/MOMEHHs YHH-
BEPCUTETCKOrO  Kyp€a aHanusa Wi XoTsl 6bl OTIeMbHbIX u30pan-
HblX  IJIaB 3TOro Kypca. ABTOp CTaBUT cBOEH 3amauell TOJNBLKO
aarb o6lmi, HO 3aTO BO3MOXHO OOCTYOHLIA W 3a00MHUHAIOLLUKCS
O4YepK OCHOBHBIX wu/el, OOHSITHH M METOAOB MATEMATHYECKOTO
AHAIM3a — TAKOH 04YepK, KOTOpLIH Jierko Obl 9uTancst v ycBau-
BaNCsl  BCSIKHM, KTO 3HAaKOM XOTH Onl € caMbiM  yOPOIEHHBIM
USOYKEHHEM  3TOTO  TIpe/iMeTd, M KOTOpLI, Ioc/ie TaKOro YCBoe-
HUsl, yXKe 103BONMA Obl YUTATNO CO3HATENbHO U CAMOCTOSITENLHO
M3yquTh BO BCeX JeTa/six JMoGOoH oraen v mobGyio IaaBy 3TOro
npeaMera.

S Gepy Ha cebs, 0IHAKO, CMeNOCThH JyMaTh, YTO 4TEHHE
STOH KHHUTH CMOXET MPHUHECTH CYUIECTBEHHYIO MOJb3Y M MHOTUM
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CTYNIEHTaM MaTeMaTHyecKnx (aKy/nbTeTOB HallMX YHUBEPCHTETOB.
Ileno B Tom, 4TO HA y4eOHHMK, HH JIEKTOD, GyLyur €CTeCTBEHHO
CTecHeHbl paMKaMid BpeMeHW W MPOTpaMMbl, HE MOTYT yIEUTh
JOCTATOYHO BHHMAHWSI AMCKYCCHM NPHHIHMIHAILHLIX BOIIPOCOB M
B OCHOBHOM JIOMKHBI OFPAHMYMBATL CEOsl MBNOWEHUEM BCEX nera-
nell  KOHKPETHOTO MaTepuana. A Mexiy TeM, BCSIKMI 3HaeT, KaK
lONIe3HO MHOTMA OTOPBAThCA OT AEPeBbeB M TOMANETL HA JIEC, 1
XOuy HALeSTbCS, YTO TpearaeMas KHWra NOMOXET B STOM
KOe-KOMy W3 OylylIMX MATEMATHKOB, BIEPBLIE NPUCTYNAIOLHX
K HM3y4eHHIO MaTEMaTHYECKOTO aHanu3a.



JEKUHWSA 1
KOHTHHYYM

IMoyeMy MaTeMaTHYeCKHH aHaJM3 [OJIKEH HAYHHATLCS C H3YUeHHSH

KOHTuHyyMa? — [loueMy KOHTHHYyM He MOxeT ObiTb u3yuyeH Ge3 MO-

CTPOEHHs IOJHOH TeopuH BelecTBeHHbIX uuced? — [locTpoeHHe Hppa-
nHoHaIbHbIX yucel. — Teopus kKonTHHYYMa. — OCHOBHbIE JE€MMHBI.

Tlouemy maTemaTH4eckuii aHaau3 NOJKEH HAYNHATBCHA C
n3y4yenuss KOHTHHyyma? c«llepemenHasl BelMYHHA y HA3LIBACTCSI
yHKuMel nepeMeHHOH BeIHYHHBLl X, €C/M KXAOMY 3HAYE€HHIO BE-
JIMYUHBI X COOTBETCTBYET €IMHCTBEHHOE ONpeAeséHHOE 3Ha4YCHUEe
BeJMUMHLL y». Ty (Ppasy MOKHO ynoaoGutb BOpOTaM, OTKPHIBAO-
UMM BXOZX B 00GNacTh BbICIIEH MaTEMATHKH; C MOMOLLBIO 3Tol ¢(pasnl
MBI OfpejiefisieM BaxcHeHiliee, OCHOBOMOJIOXHOE MOHSITHE MAaTeMaTH-
YECKOTO dHaNu3a — NOHSITHE 00 VHALUOHAAbHO 3Q8UCUMOCIHL, B
KOTOPOM, KaK B 3dpojbllle, Y€ 3aJI0XKEHa BCSI uAesl OBJIAACHUSI
ABJICHUSIMM MPHUPOObI KU MpoLeccaMy TEXHMKH € TIOMOLIbI0 MaTema-
TUYECKOTO ammapata. BoT moueMy MBl JO/KHBI CO Beel Gecrowan-
HOCTBIO TpeGoBaTb OT STOTO ONPeJEJIeHHs! NOJIHOH, O23YKOpH3HeH-
HOI ICHOCTH; HU ONHO CJIOBO B HEM HE JIONKHO BbI3bIBATH H TEHH
COMHeHHsI; Majeiiuast ABYCMbICIGHHOCT 3€Ch TPO3WT clenath BCE
BE/IMYECTBEHHOE 3AHHE, KOTOpOE CTpOMT Hayka Ha 6aze 9TOro
OCHOBHOTO TIOHSITHSI, HECOBepIleHHbM, TPeOyIOUIMM KamMTaIbHOH
niepecTpoiku.

A mexay teM, Ta KpaTkasi (OPMyJIMPOBKA, C KOTOPOH Mbl Ha-
yanud, npH OsmkaiieM pacCMOTPEHHH OKA3LIBAETCSl BO MHOTHUX MYyHK-
TaX HMOTOBOPEHHOH U JONYCKAUIEH pasiduyHbie TOJAKOBAHMSA.
Mbl 37€Ch OCT4HOBUMCSI TOJBKO HA ONHOM TaKOM HEOTYETIHBOM
nyskTe, n6o KaK pa3 TMONLITKA BHISICHUTH €r0 COAEpPXaHHE 10
KOHIAa ¥ TpuBeA&T HAc BINIOTHYIO K NpeaMeTy HalueH cerofusiiHeil
JIEKLIHHU.

Hawe ornpeneneHne conepuT cjioBa «KauIOMy S3HAYEHHIO Be-
JUYHHLL X»; IS TOTO 4TOObl y HAC HE OCTaBanoch HUKAKOH Hesic-
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HOCTH, MBI JIOJDKHBI, CEJ0BATENbHO, HEYKOCHUTENBHO TP200BATH,
4TOGH HaM Obil Pa3bSICHEH CMBICA TEPMHHA «3HAYECHHE IEPECMEHHON
BE/IMYHHBI»; HO 3TOTO Majlo; B HAalIeM OIpelell2HUH [OBOPUTCH O
«KaXIOM 3HAYCHUH»; OTCIONA CleayeT, YTO IJIsl MOJIHOTO MOHUMA-
HUsl 3TOTO ONpENe/eHUs] HeNOCTATOYHO HMEeTh MPEJICTABIEHHE O
HEKOTOPbIX OTAENbHLIX 3HAYCHHSIX BEJHYHHbl X; Mbl JLOJIXKHBI, CBEPX
TOTO, COBEPIUEHHO OTYETIMBO MpEICTaBAATH cebe B8C/0 COBOKYII-
HOCTb, 6eCk «3anac» 3TUX 3HA4eHud, J060My H3 KOTOPHIX NO7-
HO COOTBRTCTBOBAThH OMPENCNEHHOE 3HAYCHHE BeNUYMHBl Y. Mbl
JOMIXHBl 3HaTb TO, YTO B dHajM3e Ha3LBAT «06JACTHIO Onpene-
JieHus» JAaHHOH (QyHKuMH.

Yro mpenctaBasior cobGoH  OTHENbHBIE 3HAYEHHSI MEPEMEHHOH
Be/MuuHb? MBI 3HaeM, uT0 310 — yucna. Ecam Tak, To COBOKyI-
HOCTp BCE€X STHX 3HAYECHUH eCTh HEKOTOpas COBOKYMHOCTb YHCEs —
HEKOTOpOe, KAaK TOBOPNT, %ucr080e MHOMCecmeo. Kakoe ke
3TO MHOXKECTBO, KAaKHe 4HCJd OHO COMePX)UT? Mbl ¢ caMoro Hayana
UCKJIIOYMM M3 PACCMOTPEHHUsI O6/IACTh MHMMBIX YHCEJ, OpesroJarasi,
4YTO BCE 3HAYEHHsI BEJMYMH X M y—4yHucaa BeulecTBeHHbie. Ho
BCE. JIM BEUICCTBEHHbIE UHCJIA MOryT OLITh 3HAYEHUSIMH BEJHYMHE
X; @ eCJIM HET, TO KAKHe MOTYT M KaKue HeT?

O60 BcEM 3TOM B HaieM OTPEANIEHMH HUYErO HE CKA3aHO, U
3TO BMOJIHE MOHSITHO, MOTOMY YTO HA 3TOT BOMPOC HeJb3sl OAUHA-
KOBbIM OOpa30M OTBETHTH INsl BceX (yHKUHH (@ B CymHOCTH ke
U st ofHOH (QYHKIMH B pasHbix 3ajpauax). O6nactb oflpenenesust
QyHKIMH 34BUCHT KdK OT mpUpoabl 3TOH (YHKUHM, TaK U OT TeX
CrieNHanbHbIX 3a0ad, Wil pelleHHusl KOTOPbIX HaM 3Ta  (PYyHKLMS
HY’»KHAa B J4HHOM MCCJI€/IOBaHUM; BEIb OYEHb JETrKO MOHATH, YTO
ONHY M Ty ¥e QYHKIMIO B pa3HbIX 3a/a4aXx OPUXOAUTCST UCCAENO-
BATH MOpH PA3J/IMYHLIX 3HAYEHHSIX HE3aBUCUMOM mepeMeHHOH. Bceemy
TOMy Mbl 3HAaE€M MHOIO TfipuMepoB. Tak, dyukluMio y—x! (mo
Kpalue#l Mepe B (peesiax 3/eMEHTAPHOH MATEMATHKU) UMeeT CMBICH
paccMaTtpuBaTh JIMIUL JUIS LEAbIX OONOXKHTRIbHBIX X; (YHKLHIO
y=lgx—Ttomeko s x>0, u T. 4. MOXHO JIeTKO NPUAYMATD
W TaKWe MPHUMEPHI, T/Ie eCTeCTBEHHON 061acThio onpenenerus QpyHK-
muy  GyneT CIy»¥HThb YHUCIOBOE MHOKECTBO ropasmo 6Gomez crow-
HOTO CTPOEHHSI.

Onsako, ecnu Mbl cnpocuM cefsi, KAKOBO K€ MHOXKECTBO 3Ha-
qeHut BeJMYMHBI X, C KOTOPbLIM (DAKTHUECKM Yallle BCEro MOpHXO-
JIUTCSI UMETh JIENO KAaK B CaMOM MaTeMaTHYECKOM aHanu3e, Tak M
B €ro MPUJIOXKEHHSIX, TO Mbl JOJMKHB GyJeM CKasaTe, 4TO B 1loAa-
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RASIOLIEM OONBIIKHCTBE CJyYaeB TaKOH OONacTei0 ONpenenenus
(YHKUMH CNYXHT «OTPe30K» (3aKpLiThifi WIH OTKPHITHIE), T. €. cO-
BOKYIHOCTh 8CeX BRIUICCTBEHHBLIX YHCEN, 33AKIIOYEHHBIX MEXAY JABYMS
JaHHHIMH YHCHAMH  (BK/IOYAS HIIM HCKnouas nocnenuue). Mnoraa
3TOT OTPE30K 3ameHsiercss mnonynpsimoll (manpumep, x > 0), — 3710
3HAYHT, YTO MHOXKECTBO 3HAYEHHI! BEMHYHHLI X €CThb COBOKYI-
HOCTb 8CeX BEILECTBEHHLIX 4YHCen, KOTopsie 6onbllle (HIH MeHbllle)
HEKOTOPOrO wucha (uHoraa TpeGoBanue > HiIH < 3aMEHSIeTCH
TpeOOBAHHEM == MW =<I); HAKOHel, OLBAIOT CNyyaH, KOTLA OTpe-
30K O0pallaercsi B MONHYI NPAMYI0, T. €. KOrNa 3HAYCHHSIMH Be-
JMYHHBL X MOryT OBITh 8Ce BeleCTBEHHbie uucia. B 3toM ciiyvae
TOBOPSIT, YTO 0GsacThio onpenenchus QYHKIHH CIyXHT BCS BellecT-
BEHHAs OCb HJIH «YHCIIOBASl MPAMASY.

Tak wm pRave, MBI BUANM, YTO ISt (DYHKUKE MAaTeMATHIECKOTO
ananu3a ToH oOnacTeio, TeM roneM, Ha KOTOPOM OHH Pa3BHBAIOT
H Pa3BEPTHIBAIOT CBOH HHIHBHAyaNbHBIC YepThl, TOH cpenof, rie
OHH BHIPACTAIOT B MOIIHLIE MaTeMaTHYeCKHe OPYAHS ecTeCTBO3Ha-
HUSL H TEXHHKH, SBNSIETCS COBOKYIIHOCTH BCEX BeIECTBEHHBIX 4H-
cen. ITy COBOKYMHOCTE B MATEMATHKE HABWBAIT KOHMUHY YMOM
(rounee — sunelnbin KORMUHVYMOoM). W coB2pliieHHO TaK ke, Kak
Mbl JIO/DKHBI TIATRNBEHO HCCNefoBaTh MOYBY, MPeXie yeM Jarh el
BLIPALIHBATE HYXHKIC HaM pacTeHHsl, Mbl B BhICIIEil MareMarHke,
wenasi OblTh PAUHTENbHLIMH H HAY4YHO, & He Haylayy nelcTByio-
IMMH XO39€BaMH, Mpekie YeM CTPouTh Ha 0a3e MOHATHS (PYHK-
LMOHATBHON 3aBHCHMOCTH BCE 3/1aHHe 3TOH HAYKH, IOJAHBI TILA-
TenpHEHIIMM 00pa3oM H3YYHTL TY Cpeny, B KOTOpPOH HBET H
Pa3BHBAeTCsl 3TO MNOHATHE. BOT modyemy BO BceX Cepb&3HbIX, HAYY-
HO MOCTPOEHHHLIX KypCax MareMaTHYeCKOro aHann3a KOHTHHYYM
SIBTISICTCH MEPBBIM [PEAMETOM H3y4YeHHS; H TONBKO 1ociie TOro, Kak
€ro CYINHOCTL H 1IPHPOJAA B JOCTATOYHOH CTElEeHH YCBOEHLI, MO-
JKHO nepelTH K OCHOBATeIBHOMY H3YUYEHHIO NOHATHS (PYHKIIHOHAb-
HOH 3aBHCHMOCTH. A CTpOeHHe KOHTHHYYMd OKa3WBaeTCs HE Ta-
KHM OpOCTHIM, KAK MOXKHO Obiio O6ut npeanojiarats Ha l'IepBblﬁ B3risdn,
MHD BELUECTBEHHLIX YHCeJl pa3BéprIBaeT cebs nepen HauruMH rna-
3aMH, KdK cJoxHas, Goraras pasHooOpaszueliliuvy JeTansiMH KOH-
CTPYKIlHsl, BCECTOPOHHEE H3yueHHe KOTOPOIl Hayka He MOXKET cuu-
TaTb 3aKOHYEHHBLIM H 10 HACTOAUILSIO BPCMECHH.

Ilouemy KOHTUHYYM #He MoKeT GbiTh M3yueH He3 mocTpoe-
HUs MONHOA TeOopuu BelleCcTBeHHBIX uWcen? Wrak, uto we Ta-
koe KouTHnyym? Kakme cymecrByor BemectBennnie umncna? Ko-
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rIa ¥ NoyeMy Mbi MOxeM OBITb yBEpeHb, 4TO JelCTBHTENbHO
OXBATHIH COBOKYTIHOCTb BCEX BEULECTBEHHLIX WHCEN?

B snemenTax anreGpel Mbl OB/AJEBaGM MHOXECTBOM BCEX pa-
LUOHGAbHBLX YMCEN, T. €. BCEX Uembix umcesn W npoleld, kaK mo-
JIOWHTENbHBIX, TAK H OTpHIlate’bHbiX. Fo oYeHb cCKOpO Mbl HAuH-
HaeM 3aveyaTh, YTO 3THX UHCEN Ham Hexsamaem. 'Ito 3TO 3Ha-
unt? [Touemy Obi He OFpPaHHYHTBCS ONHHMH pauHoHaNbHLIMH  YHC-
gamp? M HE MOXeEM COTJIaCHTBCS Ha 3TO MOToMy, 4TO CpeH
palHOHANbHHIX YHCeN HeT, HafpHMep, 4qMCIa 2, T. €. HeT YH-
cna, KBaZpaT KOTOpOro papusnicst Owl unciy 2. A nouemy TaKoe
auco HeoGxomauMo uMeth? Ilotomy xoTs Obi, 4TO JAHAroHanb KBa-
fpaTa, CTOPOHAa KOTOPOTO paBHa 1, MMeeT Kak pas JUHHY Ve,
CIeIOBATeNBHO, i Obl Mbl HOXEPTBOBAJH CyLUCTBOBAHHEM Ta-
KOTO UMCNa, TO HAM OPULUIOCH Oh MHPMTbCS € TeM, YUTO JUIHHDI
OTPe3KOB, KOTOpHi€ C TakOH MPOCTOTOH BOSHHKAIOT B TCOMETpHH,
MOTYT HE BHPAXATHCS HHKAKHMH 9uCI1aMH. SICHO, 4TO Ha TaKoi 6ase
M3MEPHTENbHAS TeOMETpHSI Pa3BHBATLCS HE MOMET. 3uaunr, V2
JOMmKeH HaiTH cefe MeCTO CPelH BEILeCTBEHHBIX YHCEN; HO Cped
DAUHOHANBHBIX YHCEN TO HET; MOITOMY Mbl HA3LIBACM STO 4HCII0
uppauHoranbibiM. OnHako STOT V2 ormions He yNOBRETBOpSETCS
TeM, YTO Ml TNpPH3HANH €ro CyUIeCTBYIOLIHM; OH HEMCIJICHHO
HauHHaeT TpeGOBaTh, BO-IEPBBIX, YTOOH CPelH PAUHOHAIBHBIX HH-
cest eMy OTBENH COBEPIIEHHO ONpelenEHHoe MeCTo, T. €. TOHHO yka-
sann, KAKHe pALHOHATBHEIE UHCNA MeHblIe ero M Kakue OGonbuie
(TaK, V‘§>1——Lmaronanb KBagpara OOJblile €ro  CTOPOHBI);
BO-BTOpHIX, OH TpeGyer, YToOnl MBI HAyYHNHCh MNPOH3BONWTL HAl
UM JeHCTBHSI, KaK HAJA pallHOHANbHBIMH YHCIAMH H COBMECTHO

¢ HHMH (TaK, CyMMa CTOPOHBI H IHArOHANH KBaJpaTa paBHa 14 ]/2,
410 MOGYXMACT HAC MPHIMCAThL CMBLICH H STOMy qHCY, T. €. [pH-
COEJHHHTE H €r0 K COBOKYIHOCTH BEIECTBEHHBIX YHCed), Bce 3tH
tpeboBaHHsi HOBOTO HYHC/IA BIOJHE OCHOBATENbHH H 3aKOHHMI, u
€C/iH Mbl B JI@HHBIH MOMEHT HHYEro Ha HHX He OTBETHM, TO 3TO
TONBEKO MOTOMY, YTO MBI cCeifyaC *e peenéM B HAml MHp eIle
MHOTO JPYTHX HOBBIX YHCEN; BCe OHH Oe3 HCKITIOUeHHs! OynyT Npenb-
GBASTH K HaM TE K€ caMpie MpeTeHsHH, M Hay npoine Oynmer
[IOTOM YNOBJICTBODHTL BCE 3TH MPETEH3HH ONHOBPEMCHHO, uCM 3a-
HUMAaTbhCs B JETaNfX KaXAbIM YHCJIOM B OTACTHHOCTH.

3a unciom }'2 B mau MHpP ©CTECTBEHHO H HeH3GeKHO BXOIST
BCe (MONOKMTENbHLIE H OTPHiaTeNbhbie) KBaApaTHLIE KODHH H3 pa-
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[[MOHANbHHIX YHCeN, 3aTeM KyOHueckHe KOPHH H BOOOLuEe BCe 4YH-
caa BMAA

r, (1)

rae r— nmoGoe MOJOXMHTENbHOE pAIHOHANIBHOE 4YHCNO, 8 £ ~— Jiio-
Goe nemoe yucao ==2. Ho 3stum, Kak HM3BeCTHO, HeN0 He Orpa-
HHUYHBAETCS; CTONb e KOHKPETHLIE 3alpoChi, KaK BhilIENPHBIEH-
HOE coOoCpaxceHHE O IHAroOHaIM KBanpaTa, B LIENIOM psilie Cliyuyaes
3aCTaBNSIOT HAC BBOLHMTH B KaueCTBE HOBBIX YHCEN KODHH TE€X HIH
Apyrux anreOpaHyeckHX ypaBHeHHil: 3TO Cay4aercs BCSIKHH pas, Ko-
rla JaHHOR YPABHEHHE HE HMeeT KOpHEH CPelH YXe BBEIEHHBIX
HAMH YHCEJl, MeXIy TeM, KaKk Mbl He MOAKeM OTKAa3arb 3THM Kop-
HSIM B CYLLECTBOBAHHH, HE JHILIAS STHM UHCJIOBOH XapaKTePHCTHKH
KaKOH-HHOyb BIOJHE KOHKPETHO ONpeaeNseMOH BenHYHHBL
I[Toingm B 3TOM HamnpaereHHH 10 Kouua. Hasosém auszebpau-
yeckuMm 4ucAOM BCSIKHI KOpeHb (BeulecBeHHbLIH) ypaBHeHHs BHIA
P(x)=0, rme P (x)— moGoil MHOrO4WIeH C UENBIMH KO3(pQHUHER-
TaMH, M BBEIEM B HAalll MHD BCe BelLEeCTBeHHhIE anreOpaHyecKue

YHC/Ja; B YAaCTHOCTH, ME TeM CaMbiM BBOJIHM H BCe yHCra Buma (1),
1

H0O0 yHCJIO r* onpefiensercss KaKk KOpPeHb ypaBHeHHS gx—p=—0,
rie P ectn NPEACTaBlICHHE PAUHOHANBHOTO 4YHCNA I B BHAE

npocroll ApoGH; B KadecTBe el Oonee YACTHOTO Cyuas BCAKOE

AILHOHANTBHOE YHCHO F— P TAKXKe [IPHHAINCHKHT MHOXKECTBY alire-
pain

Opanuecknx uHcesn, OyayuH KOpHeM ypasHeHHst gx — p==40.

Quenb erKO, KaKk TrOBOPST, «yMNOPSIOYHTEY BEChb 3TOT MHp
anreCpandyeckHX YHCeN, T. €. yKa3arb NPAaBHIO, MO3BOJSIOIIEE Jns
moObIX JIBYX aireGpauyecKHx 4YHCen OMNpERensiTb, KAKOe H3 HuX
Gonbllle H KaKOe MEHbIle; HEeCKOJMbKO TPYIHEE, XOTH TOXE He
oueHb CNOXKHO, ONPEAENHTH [pPaBHTA BceX OOBMHBIX anreGpaunue-
CKHX [eHCTBHH Hal STHMH YHCNAMH H NOKa34Thb, YTO PEe3yNbTATAMU
5TUX OelCTBHI BCerla sIBASIOTCH CHOBA anreOpaHyecKHe 4YMcna,
TaK YTO — 3TO OYEHb BawHmLi MOMeHt! — anreGpanueckue onepa-
UMK Haz anreOGpaHyecKHMH YHC/IAMH BCErAa NPHBONAT K ajreOpawu-
YecKHM iK€ YHMCJIaM H, 3HAaYHT, HHKOTAA He MOryT noarpe6oBarthb
BBEIEHHS] KaKHX-NHOO HOBHIX YHCEN.

Moxer OHTBH, Mbl MOraH Obl Temepb OCTAHOBHTECS, CYHTATh
MOCTPOEHHE MHpA BELLECTBEHHLIX YHCeN 3aKOHYCHHBIM H TIPHHS b,
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C/IeOBATENbHO, 33 KOHTHHYYyM COBOKYMHOCTh BCeX anreGpanuec-
KHX 4HCen?

XOpOLIO H3BECTHO, YTO Mbl STOFO CHENAThb HE MOXEM, H H3Be-
CTHO, TIOYEMYy HMEHHO He mowem. Ecam sl MHOTHX anreGpanue-
CKHX TeOpHil NOCTPOCHHHIMH HaMH 10 CHX [MOp 1HCIaMH MOXHO
yIOBNETBOPHTLCS, TO KaK pas JUIs aHalksa TakOe Orpasiueshe
ABJISIETCS COBEPUIEHHO HEBO3MOXHLIM. [leno B TOM, HTO MaTeMaTH-
yecKMil aHanu3 K SNeMeHTapHBIM orepauusM anreGpni yxe Ha rnep-
BLIX CBOMX LIArax NPHCOELHHSET OCHOBHYI0 M BawHCHUIYIO aHasu-
THYECKYIO OMEePALHIO — NpedesbHblil nepexo0. bBriBaeT OUeHb MHOTO
ClyuaeB, KOFJIA BHOONHE KOHKDeTHbIE cOo0paykeHHst 3aCTABNSIOT HAC
NpH3HATh CyleCTBOBAHHE MpEsena y TOH HiH ApYro#l nocnenoBa-
TeJbHOCTH UYHCEN; Mano TOro, mpemen 3TOT BCTAET LEPe] HamH
KaK YHCITO, KOTOPOE HMEeT KOHKPETHOe H pealbHOE 3HAYUCHHE H
HAl KOTOPHIM HaM B IanbHellieM XenarelbHO MPOH3BOIMHTL anre-
GpanueckHe H AHATHTHYECKHE ONEpaLuH. Ecin 66l meno o6erosno
TaK, YTO A/s BCSKOH TOCHeNOBATENLHOCTH anreGpaHyecKHx uuces,
KOTOpPOH Mbl CYHTAEM HYXHLIM MDHIHCATD onpesieEHHbIA  MIpenen,
TaKolf mpemen CyLeCTBOBAN AEHCTBLTS/BHO B Tolf ke oOnacTH
anreGpaHuecKHX UHCEN, TO MOWHO Obino Onl  CMEJIO JIOMNyCTHTD,
41O 3Ta OGJAACTh H SBJAETCS KOHTHHYYMOM, YTO HH B KaKHX HHBIX
BELIECTBEHHBIX YHCNAX, Kpome anre6paHyeckHX, MareMaTHYeCKHi
aHaNH3 HE HYWILAeTCs,

Ho neno ofctouT He tak. Ecnn mbi BO3bMEM Kpyr paauyca 1
u GyneM BIHCHBATL B HErO MPABHIBHBIE MHOMOYrOJbHHKH, Beorpa-
HMYEHHO YBEMHUMBASL YHCJIO HX CTOPOH, TO MEPHMETPhI BCEX Td-
KHX MHOTOYTONBHHKOB BHIPA3ATCS anreOpaHuecKHMH HHCIIAMH. [pe-
el STOH UHC/IOBOH IOCNENOBATENBHOCTH MBI HA3LIBAEM IUTHHOH
OKpy*HOCTH. [IpH3HATb STOT MpejeN HEeCYIUECTBYIOWHM O3HANATO
Gnl 3aNpeTHTh B TEOMETPHH TOBOPHTE O [JHHE OKPYXHOCTH; BHI
JIerko MOWeTe MNpeICTaBHTH ce6e, K KaKOMy KpYIICHHIO MpHBEN
Gbl TAKOH 3ampeT He TOJBKO FeOMETPHIO, HO M BCe IPyrHe TOUHHIE
HayKH, MOJNbL3ylouiHecss o6pasoM Kpyra.

M Mewsly TeM, MOMHO J0Ka3aTb, 4TO CPelH AnreOpaHYecKHX
yucesl TAKOrO mpenena HeT. [7ie e BHIXOA W3 3TOFO TIOJOYKEHHST?
BuiXo siceH. Mbi BLIHYXIEHH PH3HATD, UTO JUIST Lle/ell MaremaTH-
YeCKOr0 aHaH3a OMHHX TOJbKO anreOpaHyecKHXx YHCeN HenoCTa-
TOYHO, 4TO HEOOXOMMMO TMPHCORJMHHTL K HHM eLIE HOBHE Beule-
CTBEHHBE UMCAA; Bce TaKHe HealreGpaHueckHe —BeLleCTBeHHBI
YHCNA HA3LBAOT OOLIYHO «TPAHCUEHIEHTHBIMH?; IIOCTPOCHHOE  HAMH
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Bhillle YHCJIO (ANMHY OKPYXHOCTH panuyca 1) 0603HauaT wyepes
2m; 3HAUMT, T €CTh WYHCJIO TPAHCUEHIEHTHOe. JIPYruM BawHbLIM
NCHMEPOM  TPAHCUEHAEHTHOIO YHCNA B aHANW3e SIBJSIETCS H3BecT-
HOe uucno e=—2,718..., KOTOpOe, KaK Bhl 3HAeTe, TAKKE nopo-
MIACTCH MPOCTHIM HPEIETbHHM EPeX0NOM, HCXOAsS OT PaljHOHAND-
HeX uucen. TpaHcueHneHTHOCTH uucen e W W Owia  NOKasaHa
JOBOJBLHO MO3/1HO, BO BTOPOH TMOJNOBHHE NPOLINOrO CTONETHSI.
OnHako HeOOGXOIMMOCTb BBEICHHS TPAHCLUEHIEHTHBIX YHCen Obina
NI0KA3aHa HECKOJIBKO paHee, B CepelHHe MPOLLIOr0 CTONeTHS, Ha
APYTHX, Coniee npOCTHIX, XOTH H MEHEe BAKHHIX, TPHMEpax (dppan-
lly3CKHM MaTeMaTHKOM JlnyBHnnem).

Wrak, wanl KOHTHHYyM BCE ew® He mocTpoeH. Kak we nam
CrenyeT MOCTYNHTL Janee? Moxem JiM MBI OCTAHOBHTBCS 37eCh u
CKa3aTh, HANPHMEP, TAK: «KOHTHHYYM €CThb MHOXECTBO BCEX ajre-
OpanyecKuX uucell, K KOTOPHM M0 Mepe HaNOOHOCTH MBI MPHCOeny-
HSeM (B KauecTBe TPAHCIEHICHTHBIX) YHCMA, MONYYAKOLIHECs (ro-
JNOCHO € W ) H3 anreGpaHuecKHX MyTEM NPENeNLHOrO nepexona,
HO camMH He sBAsOWHecsT anrebpavyeckuMH»? MBI cTaBHM 3TOT
BOMPOC MOTOMY, YTO BeAb HMEHHO HA TakKoi Ga3e (nmpapna, oGLMUHO
He BLICKA3RIBACMOH SIBHO) CTPOSITCS B OONBLUMHCTBE CJIyqaeB «ympo-
LIEHHBIE» KYPChl MAaTeMaTHUeCKOrO aHanM3a, H3GEraioipe Hano-
WEHHS MOJIHOH TeOPHH HPpPAaUHOHANBHBIX YHCel.

Her, koneuno, tak ckasarb Henb3sl, HeNb3st H OCTAHOBHTLCS
TaM, [I€ Mbl CeHyac HAXONHMCS, H HA 5TO HMEeTCSl UenblH psig
BeCEMA MPOCTHX M yOeluHTenbHLIX nNpuuud. [lpewne Bcero, kon-
THHYYM, OyJy4H COBOKYNHOCTBIO 6C€X BEIUECTBEHHBIX HHCEJ, 07
KCH ONPENENTECS KaK HeKoe TBEP/OE MHOXECTBO (MO 0Gpasity,
HanpHMEp, BHIIIEYCTAHOBNEHHOrO ONPENeNeHHs] COBOKYMHOCTH BCex
anreObpanyeckux yuces), Ge3 OCTABNEHHS BO3MOMCHOCTH BIIOC/ICJT-
CTBHH NOCABNSITH K HEMy BCE HOBhIC W HOBhie uncna. [aree, crioba
«I0 Mepe HAanOOGHOCTH» B HAILEM [POBH3OPHOM ONPENCNEHHH SBHO
JHIIEHLI TOYHOIO COAEPXKAHHA, €CIH Mbl HMeeMm nocnenoBarTenn-
HOCTh anreOpPAaHYECKHX 4YHCEN, He HMEIOILyI0 anreGpanieckoro
[pefiena, TO B BOMPOCE O TOM, NPHIHCATb JH el TPaHCIIeHIeHTHLI
UpEneN HiM MPH3HATL €€ BOBCE HE HMeIOleH Mpesena, Mul C ¢op-
ManEHOW TOYKH 3DEHHS B JIaHHLIH MOMEHT BrpaBe MOCTYyIMaTh BCS-
KHil pa3 Mo HalileMy npOM3BONY, H BHOpaTh T0 WIM IPyroe pe-
UleHHe HaC 3aCTaB/ISIOT He (POpManbHble, a KOHKPETHO-peanbHhe
COOOpaxeHys, KOTOpHe, CKOb Ok BECKH OHH HH OHUH, He MOTryT
HafiTH ceGe MecTa B MareMaTHUYECKOM ONpeeneHHH. PopmanbHo
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M MOEM OTKAa3aTb YHCJy T B CYLUECTBOBAHHH; B JAHHOM CiyHae
5T0 KpalHe HeBHIOIHO, HO B JIPYrHx CIyHasx noxoOHBI  OTKa3
MOKET YW He NPHBOIMTL HM K KaKHM Heyn00CTBaM; HO SICHO, H4TO
KpuTEpHH, KOTOphIli XOTen Gbl 3aCTABHTL HAac BBOJMTH TPaAHCUCH-
JEHTHOE 4HCNO «BCsIkMM pas, koraa 6es sTOro HeyTOOHO 00Xx0-
IWTECST», HE eCTb M MpH JI0GOH fepe)pasupoBKe HE MOWEr CTarth
MaTeMaTHuecKnM KputepHeM. HakoHeu, HHOTKyJa He ClelyeT, HTO
pEeIEHHBIMH TAKHM OyTEM YHC/IaMH Mbl CMOTJH Onl yAOBNETBOPHTHCS;
BeJlb HOBHC YMCJIA HAM MPHULIOCH OBl CKIAILIBATH, MEPEMHOKATD,
NOZIBEPraTh MpPeJeNibHBIM MepexosiaM (C YHCIavH, He JIOTY CKAOLLUMH
STHX Olepauuii, MaTeMaTHYeCKOMY aHaJIH3y HEYero Jenarb); OT-
Kylld Mbl MOYEM HMETh YBEDEHHOCTDH, UTO pe3y/bTaThi BCeX Ome-
paunii OyaAyT BELIECTBEHHHIMH  HHC/TAMH HAaNIero KOHTHHyyMa?
A ecsH HET, TO HX CHOBA npHioErcs n00aBUTh, H CJIEAOBATENLHO,
Halll KOHTHHYYM HE MOT BKJIOUATh 8CeX BEIECTBEHHBIX HHCell.

Msl BHIMM, TAKHM 00pas3oM, YTO Ha [MO3HUHH, 3aHMMaeMOH
savi B HAHHBI MOMEHT, YJAEPXaTbCsl HEJIb3sl; HEMb3s, MOCTPOHB
£ BMAE MPHMEPA ONHO WM IBA TPAHCUCHICHTHBIX HHC/A, CKA3ATH
«M TaK IJanee» M Ha STOM YCMOKOMTBCs, HOO, KaK Mel TOJLKO
410 yOemHnuch, HHKAKOTO KOHTHHYyMa MBI TAKHM ofpa3om He
onpenenuM.

Mbl BHAHM, TakuM 0OpasoM, 4T0 /sl MOJHOLEHHOrO o0ocHOBa-
HuST MaTEMaTHUECKOTO aHAH33a Mbl HHKAK HE MOXEM oGofiticr Ges
nocTpoeryst oOiiell TeOPHH BELUECTBEHHBIX HHCe, T. €. TaKoH
TEOpHH, KOTOpasi He OrpaHH1HBaNaCh Onl MpHMEPaMH KOHCTPYKUHH
HOBLIX uMCes, a comeprkana B ceGe oOuwe MPHHLMML TaKOH KOH-
CTPYKIIHH, HCUCPIILIBAIOLIHM 006pa3oM xapaKTeph3ylonse coGol BCio
COBOKYMHOCTDL BEIIECTBEHHBIX YHCEI.

[ocTpoenne MPPaNvOHANBLHBIX HNACEJ. B Hayke cyllecTByeT
HECKOJILKO pa3NIHYHbIX TEOPHH KOHTHHyyMa. OnHako Bce 3TH TeO-
puH—H 00 3TOM BaXHO BCEria NOMHHTB — COBEPLIEHHO OJIHHA-
KOBO B HMICHHOM OTHOLIEHHH TOIXONST K cBOed 3anade. ITo
CpaBHQHHK) C 3THM HX l'Ipl/lHllPll'IHaHbeIM eHHCTBOM TO, YTO HX
Mex(Ty COGO0IO pasiHiaeT, MONKer ObiTh OLIEHHBAEMO TAK e, Kak
feTal¥ KOHCTPYKLHH OLEHHBAIOTCS B CPABHEHHH C apXHTEKTyp-
HbHIM IVTAHOM 3JIaHHS.

Bce STH TEOPHH HMEIOT CBOeH MeJblO, MPHHHMAsE B Kauecrse
MepBOHAYANBHON JAHHOCTH MHOXCTBO PALMOHANBHAEX HHCE, MO
Ny4HTb H3 HEro cpasy BCIO COBOKYIHOCTE BCEX BeILECTBEHHbIX YH-
el C MOMOLIBI0 EeMMHOro KOHCTPYKTHBHOTO [pHHUMIA. dbopma
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STOr0 MPHHIMNA PasnuyHa B Pa3/HYHBIX TEOPHAX; ONHAKO CXOI-
CTBO MEXJY 3THMH TEOPHSAMH €IUE JaleKOo He 3aKaHuyuBdercs Ha
yKasansom HaMi mnysnkre. [leno B TOM, 4TO BHOOP KOHCTpYK-
THBHOTO MPHHLHMMA, BEAYIIEro K MOCTPOCHHIO HOBHIX, HPPALHOHAIb-
HBIX YHCes, BO BCEX TEOpHSX, HECMOTPS HA CyLlecTBeHHBIe (op-
ManbHHE OT/IHYHS, OCHOBAaH Ha OMHOH ¥ TOH ke Haee. IJra Hues
COCTOUT B TOM, YTO [/1dBHAs, JOMHHHDYIOLLAsh POAb MPH KOHCTPYK-
UHH HOBBIX 4YHCeJ NPHAAETCH OCHOBHOH aHalHTHYeCKOH oOrepauHH
NPENENnbHOrO Mepexona, Bee e JAPyrHe Berpedaruivecs crnocoGhl
NOPOX/CHHSE CBOASTCA K Hel, paccMarpuBalics Kak el yacTHhle
clydad. Bol 3Haere, 4TO IeliCTBHTENbHO, HANpHMep, KBalpaTHbe
KODHH M3 LQMbIX YHCeJ SIBJSIIOTCH Mpefenamy Hajjexanie BhiOpaH-
HBIX MOCTeNOBATeNbHOCTeH palHOHANBHBEIX 4HceN (<NPHOTHKEHHBIX
KopHeli»); Tak »e OOCTOHT [eno u B APYTHX ciydasix.
Bsuny ckasannoro, nns Gojee KOHKPETHOrO O3HAaKOMIEHHS
C MOCTPOEHHEM TEOPHH KOHTHHYyMa HeT HeoOXOOMMOCTH paccMma-
TPHBATHL B JeTandx BCe 3TH pPa3nHusblie CnocoOhl 0BOCHOBaHHS,
% a BOOMHE JOCTAaTOYHO B3ATh B KauvecTBe oOpasua KakoH-HHOyIb
ONIHH M3 HHX; BCE IMPHHUHIHATLHO BaXHOE, 4YTO Mbl M[PH 3TOM
lﬁ yBUIAHMM, OyIeT B PaBHOH Mepe OTHOCHTBCSI H K JIPYFHM TCOpHSIM.
§Mu BRIOMpaeM B nmanbueiilieM Teopuio JleneKunaa He MOTOMY,
4TO OHA HMEeT KaKHe-MHOO CyHIeCTBEHHBIC MNpEeHMyLIeCTBa Mepes
JIpDyTHMH, @ NHUIb [0 TOH 4YHUCTO BHeLIHell MpHUHHE, YTO HMeH-
HO OHA NpHHATA B MOAaBJsAOLIEM OONBUIMHCTBE HanOojee pac-
%npocrpauéﬂnux PYKOBOACTB, TaKHM 0Opa3om, IS 4YHTATeNs He
OpefCcTaBUT 3aTpPyJdHEHHs] OTBICKaTb Takoe [ocobHe, Tae OH
CMOXET O3HAKOMHTbCA C JIeTalAsiMH, MPONyLICHHHMH B HailieM
H3J10XXEHHH.
1. Ilpewsae 4YeM MAPHCTYNHTL K BBENEHHIO HPPAUHOHANBHLIX
YHCEN, Mbl JIOMKHBl HECKONbKO OGoyee BHHMATENBHO BIISIIETHCS
B MHOXKECTBO palHOHAJbHBIX YHCEeJ, KOTOpO€ MBI 00603HaunM qepes
R. Cuauana o6paTHM BHHMAaHHE Ha OJHO OYEHb 3NEMEHTAPHOE
CBOHCTBO 3TOrO MHOWECTBA: MeHCOY SI00bLMU OBYMS PQULOHAAb-
HbLMIL HHCAQML T I T, 8Ce20a HAUOSMCes mpemse; TPOLIE BCErO

rn+r
2

Mbl B 3TOM y6e)KlIaEMCH, 3amedasi, YTO nONyCyMma €CThb

BCEr/Ia PAUHOHANBHOE YHCIIO, JIeHAIEe MEXIY Iy M Iy; Kak cles-
CTBHE 3TOr0 (hakTa Mbl NOBTOPHBIM €ro INpPHMEHEHHeM ceHyac e
yCTaHaB/IUBACM, 4TO MEKIY F; H I, BCerJa 3aKJIOUYCHO OecKOHeu-
HOE MHOXECTBO PallHOHANBHBIX YHCE.

2 A, 5. Xubuun, Bocemb fexumi

BHUBMOT
Soparapyy

Banomy H c
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2. Tenepb mocTapaeMcsi BHHMATeNbHO BCMOTpPETECA B Ty Kap-
THHY, KOTOpasl MOpOX/JAeTcs NpH MONBITKax HaHTH HWIH omperne-

e V2 (mu OyneM HMETH B BHIYy TOJOXHTENbHOE 3HaYeHHe
panvikana). Ilpexne Bcero Mbl HILEM CpeAH PALHOHANBHLIX YHCEn
(HHKAaKHX IpYrHX INIS HAC MOKa He CcyulecTByetr!) Takoe 4HCIO,
KBajipaT KOTOPOro paBeH YHCNY 2, H JIerKO OCHapyxHBaeM, 4TO Ta-
KOTO (paiHMOHaNBbHOTO) YHCNA He CyLIeCTBYeT (Ml He Oymem mpH-
BOIHTH 3€Ch H3BECTHOrO H3 Kypca cpenHeH WWKOnL apH(pMeTH-
4yecKOro JMOKa3aTeNbCTBa STOro (akra). JTO BHAYHT, 4YTO, KAKOe
Ol PALMOHANBHOE 4YHCIO r MHl HH BHIOpanH, Mel OyleM HMeThb
an6o r2< 2, nu6o r? >>2. PaccMotpuM criepsa OIHH TONBKO 110-
JIOXKHTENbHBIE PauHonanbubie Yncia. OHH ecTeCTBeHHO pa3buBaloTCs
[0 TONBKO YTO PAaCCMOTPEHHOMY MPH3HAKY Ha JBa KJjacca: Knacc
A TeX HONOKUTEIIBHBIX PALMONANBHBIX YHCEI Iy, I KOTOphIX rf < 2,
W Kjacc B Tex MoJONHTENbHBIX PAIHOHAIbHBIX UHCR 7, 11T KOTOPhIX
r§> 2. Tax KaK r; W r, MONOWHTEbHE, TO H3 rf<2<r§ clie-
nyet ry< 7y, T. €. Kaxc00e 4ucA0 Kracca A menbue kaxc0020 4ucia
kracca B. O‘{EBHIIHO Tenepb, 4TO B 3TOM IMOCNCJHeM 3aKIK4YEeHHH
HAYEro He H3MEHHTCSsl, ©CNH Mbl MPHCOENHHHM K Knaccy A Hynb
W BCe OTpHUATEeNbHble (pPALHOHANbHLIR) YHCAA; HO TOrJAa ™Mbl Oy-
IeM uMeTh yxe pasCHeHHe BCero MHOXecTBa K Ha IBa KJacca
A u B, npuuEM KaxIoe YHCIO Knacca A MeHblle KaKIOro HHcia
knacca B. YcnoBuMcs HasbLiBaTh ceyerues (TOUHeE — CeUeHHeM
MHOMWECTBA R) BCsKOe pazCueHMe MHOXECTBA R Ha 1Ba HemycTHx ')
Knacca, ISl KOTOPOrO HMEeeT MeCTO STO YCNOBHE; MH OPHUUIH,
TakuM 06pasoM, K HeKOTOPOMY ONpesie/iEHHOMY CeHEHHIO MHOXeCTBa R.

CeueHnst MHOWECTBA R Mbl MOxeM CTPOHTb CaMBIMH Pa3nH4-
HBIMH crocofami, B TOM YHCIE H COBEPIUEHHO 3/IeMEHTaPHBIMH.
Tak, orHocs K Kiaccy A BCe pallHOHanbHele 4YHCAa r; <=5, a
K Knaccy B—Bce pauHOHAaNBHHE YHCHA Iy > 5, Mbl, OYEBHIHO,
TaKwe noJyddM HeKOTOpoe OnpelleNiEHHOe CeYeHHe MHOXKecTBa R.
Ecnp oOpuHBIM 00pa3oM H300pawaTh YHCIAd TOYKAaMH Ha MpsMoOH
JIHHHH, TO BCSKOE CEYeHHE, OYEBHJIHO, H300pa3HTCS HEKOTOpHIM
pa30HeHHeM (pauHOHANbHBLIX) TOYEK TMPSIMOH Ha IBa MHOXECTBA,
U3 KOTOpHX TmepBoe (A) 1EeNHKOM pachoiOXeHO BJI€BO OT BTO-
poro (B).

Ha nepBuil B3rJisin MOXET MOKa3arbcsl, YTO BCE CEUEHHST MHO-
wecTBa R SIBISIOT HaM COBEPILUEHHO OMHHAKOBYID KAapTHHY, 4TO

1) T. e. comepiamux Kaxjabi X0Ts Obl OAHO YHCIIO.
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IB3d PASNHYHBIX CEYEHHS OTJIMYAIOTCSl APYr OT IPyra TOJBKO TeM
MEeCTOM, IJIe OHH MpPOH3BENEeHH, H YTO MNOSTOMY OIHO H3 HHX
MOXkeT ObTh MepeBeNeHO B JPYroe MpPOCTHIM CIABHIOM. YpesBul-
HaliHO BAXHO, YTO MmMaroe npedcmasrerHue OwUOOYHO, YTO B Ca-
MOH CTPYKTYpe ceuenuii BO3MOMHO TiNyOokoe (M sl Hawedi uenu
(pyHIaMeHTanbHOe) paszJjHuHe,

B cavmom fene, B Haulem MOC/TelHeM INpHMEpPE CYILECTBYET
YACIO (T. €. panHOHANbHOE YHC/I0, HHKAKHX JIPYrHX Yy Hac Mo-
Kyna Het!), oOnanalouiee TeM 3aMeuaTellbHBIM CBOHCTBOM, 4TO
BCE YHCJA, MeHblUIHe ero, MpHHaleXar Kiaccy A, a Bce 4ucna,
GOnblLIne ero, — Knaccy B; B HauieM NpHMEpe STHM YHCJIOM $IB-
NfeTcs, OYEBUAHO, 4YHCa0 5. Yueno, obaapaiouiee STHM CBOHCTBOM,
Mbl GyneM HA3HBATL PYOeNHCOM NAHHOTO CEUCHHSI; TaKum 00paszom,
B HallleM MOCNeHEM NPHMepe NMPOH3BENEHHOE CeyeHHe HMeer pylOex,

Hanporus, 8 Hawem nepsomu npumepe (CBHBaHHOM c ]/2)
marcoz20 pyberca Hem. [lokaweMm 3TO.

[Tyctb pyGexom CIymuT (pauMOHANBHOE) YHCIO F; KAK JUIS
BCSIKOTO (pailHOHATBHOTO) 4HCIa, Mbl JOMKHBL HMETh JHGO r<2,
mubo r2>2; nycts ans onpenentuHoctH r2< 2; mo CBoBCTBY
pybexa ans. Kawaoro r’ > r Mul IOmKHE umMerh r'? > 2. Ho ecmm
r<1, 10, nonarasg r —1, mul y¥e TPHXOIHM K MPOTHBOPEUYHIO;
ecan ke r=1, to r?= r; nostomy, nonarasg 2—r2—=c¢ (>0)wu

r—=r-}- —:—, MBI HMeeM:
o re c2 ric @B - 7 o
r=rtrtp<=rtote=2—5"<2

4TO ONSITB-TAKH NPHBOMHT K TPOTHBOPEYHIo, HGO r’' > r.

Wrak, Bce ceyeHuss MHOmeCTBa R pacmajaroTcsi Ha JBa THIA:
uveroue pybexk H He umerollHe pyOewxa; npu STOM HamO HMeTb
B BHIY, 4TO:

a) mByx pyOexell ceueHne HMETb HE MOWer, HGO eClH r H
r'—takue pyOewn u ecnn r<r', ToO B Cwly nmyHkta 1 cyugecr-
ByeT Takoe uHcno 77, yro r< r"< r'; Ho TOrJa o CBOHCTBY pyGe-
well u3 r" >r cnepyer r" € B1), a nua r’ <r' ciemyer € A, 4to
CO37AET IMPOTHBOPEYHE;

b) pyGex, eciu OH CyllleCcTByer, OYEBHAHO, €cTb JHOO Hau-
bonpLIee yHCaAO Knacca A, nubo HauMeHbluee 4HCAO Knacca B;

1) 3anuce 2 €M o03nHayaeT: @ ecTh SAEMeHT MHOMXeCTBA M.
2*
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ecnu pyGexa HeT, TO HeT HH HAaHGOJBLIEro 'YuCja B Knacce A, HH
HAHMEeHBIIEro uucna B knacce B

C) KaOKNOe (pALHOHAILHOE) HHCIO Tg CIYKHT py6emoM IByX
pas/puHEIX cevenHil. B OAHOM M3 HHX KJACC A COCTOHT H3 4HCel
r<<r, (a wiacc B u3 4ucel r' >r,), B 1pyrom — Kiacc A co-
crout M3 uncen r< r, (a knacc B u3 umces r=r,)

d) pacmanenue Bceill COBOKYMHOCTH CEYCHHH MHOXECTBA R na
JIBA THIA — HMEIOIHX pyGen H He HMelollux pyOexa, — OYEBHIHO,
ABNISCTCS BHYTpeHHell CTPYKTypHOH OCOOEHHOCTBIO MHOMECTBA R;
970 ecTh (hakT, KOTOPHE ocTancsi Ol B NOJIHOH CHJIe W B TOM
cyyae, €I Ohbl Mbl H HE IIOMBIULIS/IH HHKOIJIA O BBEICHHH KaKHX=
Au6o APYrHX 4YHCEJ, KPOME PALMOHANIbHBIX.

3. Tenepp ywe MPHMEP C 4YHCIIOM V2 npsmo nonckaswiBaet
Ham JanpHeiduini o6pas neHcTBHsl. [fapThH2 sicHa: C HHTYHTHBHOIi,
HACASIHON CTOPOHB! Mepel HaMH — YHCoBasl MpsMas, BELIECTBEH-
Hast OCh, KOTOPYI0 Mbl B OMpEJENEHHOM MeCcTe pas3pesanH, MPHYEM
oKa3ajoch, 4TO B MeCTe pa3pe3a HaxOmWIach TO4KA, KOTOPOH
HUK3KOe PALMOHILHOE UHMCJIO He COOTBETCTBYET; Mbl HE MOMEM
OTKa3aThesi OT MBICIH O CyLIECTBOBAaHHM STOH TOuKM; 6e3 hed
Hauia MpSMast H TOT KOHTHHYYM, TO MHOXECTBO, YHCEN, KOTOpoe
npoGeraet nepeMeHHasl BeJHUHHA MPH CBOEM H3MEHEHHH, yTpaTHIH
6B CBOI) HENPEepHBHOCTB, CIUIOWHOCTh, T. €. HMCHHO Ty 4epTy,
OT KOTOPO#l KOHTHHYyM TOJy4YHI CBOE HMSf; IOBOpsi HCCKONBKO
rpy60, HaM MpPSIMO BMJIHO, 4TO €C/H Obi Mbl 33CTABHJIH Hally MCpe-
MEHHYIO M3MEHSITBCS, MPHHHUMAST OMIHH TONIbKO —DAlHOHANBHEIE  3HA-
yeuus, TO el npuuioch OB NPH 3TOM OT ONHOrO 3HAUCHMS
K IPyroMy NepefiphirHBaTh 4epes 3usioume MycToThl, €O CTOPOHH
NpakTHYecKOH, KaK Mb Ye panplie 06 3TOM TOBOPWJH, BEE TpH-
(IalHKE HAYKH (M MPENUIE BCErO TeOMEeTPHs) BHHYWCICHH OblIH
6l MCNLTHBATL BECHMA 3HAYHTEJIbHBIE HeynoGCTBa, ecnn Obl Mb
NPHMHPHIMCh € OTCYTCTBHEM KAakoro Oni TO HH Omno pybe:xa
MEXIY HalluMH IByMsl knaccamu. [lostomy Ml noGy#1aeMble
KaK TpeGOBAHHSMH Halero HarjsjIHOrO MpesCTaBneHusl, TaK H BeCs
KHMH TMPAKTHYECKHMH COOGPAaKEHHSIMH, BBOJHM B Halll YHCIIOBOH
MHP HOBOE YHCJIO V2, KOTOpOE MO ONPENENeHHI0 CIyWuT py6e-
JKOM HALLETO CeYeHHsl ¥ KOTOpPOe Mbl HA3LIBAEM UPPalLUOHQNbHbLM
YUCAOM.

Ho BLGpanHOe Hamy cedeHHe HUYEM MPHHIMMHANBHO HE OTINH-
yaeTcsl 0T /OGOr0 APYTOTO CEYEHHS MHOWKECTBA R TOTO e THNA,
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T. €. He HMelollero (panuonanbHOro) pyGewa. B nopsike nocTpo-
eHHs o6ueldl TEOpHMH Mbl fI03TOMY eCTeCTBEHHO pacrnpocTpaHaem
Halle OnpeneneHue Ha cayuail no6oro Takoro ceuenus. Kawnomy
CEUeHHIO MHOWecTBa KR, He HMelolleMy paldoHANIbHOrO pybexa,
MBI CTaBUM B COOTBETCTBHE HEKOTOPOE HOBOe, HppaldOHalbHOe
YHCJI0, KOTOpPOe fl0 OfpelefieHHI0 ABIAeTCR ero pyoeioM.

Takum 06pa3oM, € MOMOLBI 3TOrO EIHHOrO MPHHLMO2 Mbl
cpady ompezeisieM BCE MHOMXECTBO HppalHOHalbHHX 4YHcen. Bae-
CT€ ¢ CyLIeCTBOBABIUHMH y)e paHee PalHOHAJLHBIMM YHCJIAMH OHH
06pa3yioT MHOMWECTBO BCEX BELIECTBEHHBIX YHCEN WIH KOHTHHYYM,
KOTOpLIH SIBNSIeTCA Tenepb fI0JHOCTBHIO ONpPENeNEHHLIM.

Teopua xoHTuHyyma. OmHAKO BBEHNEHHLIM HAMH MPHHLIHIOM
NOCTPOEHUS! HPPALHOHAMBLHLIX YHCEJl TeOpHst KOHTHHYyMa, pasy-
MeeTcsi, He HcuepnbiBaeTcs; HAoOOpOT, 3Iech OHAa B CYHHOCTH
TONbKO HAYHHAETCS; fnporpaMmMa paGoT, KOTOpble Mbl IOMKHLI Bbi-
fONHWTh, fIpewe 4YeM Mbl CMOXeM TFOBOPUTb O HeHCTBHTE/IbHO
3aBepIIEHHON TEOpHH KOHTHHyyMa, em 4pe3BbiyalHO oOlMpHA.
Mbl IOMDKHLI, MPEXIE BCEr0, ynAOpsOOuumMms HAL KOHTHHYYM, T. e.
TOYHO OfpEeneNuTb, MPH KAKHX YCJIOBHSX JIAHHOE BELIECTBEHHOE
YUCJI0 Mbl  GydeM CYHTaTh OOJbUIMM WM MEHbUIMM IPYyroro nax-
HOTO BeulecTeeHHoro uucna. Ilasee, Mbl IOMKHBI ONpeleNHTh nei-
CTBMSl Hal BeleCTBEHHBIMH 4YHCIaMM; Belb IO CHX fOp Mbl He
WMeeM, HampHMep, HH Majedllero ApencTaBleHduss O TOM, YTO 3Ha-
YUT CJIOKHTH Mexcay co6Goro uucaa 1 u l/2 zanee Mbl IO/DKHH
TiLaTesbHbiM  06pa3oM ybOenuTncs, 4YTO 3TH HeHCTBHA 006ianaioT
BCEMH TeMM CBOWCTBAMHM, K KOTOPHIM Mbl TMPHBLIKIH B 0GIacTH
PALMOHANbHBLIX 4HCEN; TaK, He3aBHCHMOCTbh CYMMH OT MOpsiEKa cia-
FaeMbiX (KOMMyTaTHBHBIHl WM flepeMecTHTeNbHLI 32KOH CJIOMEHHS)
eCcTb TeODeMa, KOTOpyl0 Mbl 0083anbl 3aHOBO OOOCHOBAaTb AJs JO-
OblX BELIECTBEHHLIX ~ YHCeJ; HaKOHell, Mbli INOMKHLI H2HTH Crocob
yOenuTbcs, 4YTO OfipedeNEHHbI HaMM KOHTHHYyM IeHCTBHTE/IbHO
OTBEYaeT BCeM TeM 3arnpocaM [fIPAKTHKH H HAILLEro HarJismHOro
fIpeCTaB/leH s, 1N yIOBIeTBOPEHHS KOTOPLIX OH Obil HamH mo-
cTpoeH. Pasymeercs, meTanbHOe BHIMOJNHEHHE 3TOH mpoOrpamMmel
B paMKaX HaWHX JEeKUMHd COBepileHHO HEeBO3MOXHO; Dd OHO OhuIo
Obl H B BLICILIEH CTENeHH CKYYHbIM; Mbl B IaJbHEHIIEM KOCHEMCSH
JUllb  HEKOTOpLIX, MPHHLHNHAABHO HaHbosee BaWHLIX MOMEHTOB
9TOH MApOrpammet,

[lpexcne Bcero, OYeHb Jerxko ymOpPSAOYHMTb Hall KOHTHHyyM.
[lycib Mn MMeeM IBa BelUECTBeHHbIX 4HCNA @, M Q,; TpebyeTcs
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ofMpenenuTh, Kakoe H3 HHX OConbille H Kakoe MeHblle Apyroro.
Ecnu 06a yucna paloHalbHb, TO STOT BONPOC pelaetcs B apudg-
METHKEe W 37ech HAaC 3aHHMaTb He JOMKeH; €C/H, HanpuMep, d,
HppalHOHANLHO, a O, PaNMOHANLHO, TO BOMPOC TAKKE HEMejl-
JIeHHO PelIdeTcR: dy €CTh Py6ew HeKOTOPOro CeUeHHs MHOXECTBA R;
B COOTBETCTBHH C CamuM ofipejesieHHeM py0exa Mbl fl071araem
a,< @y WIH Gy >@; B 33aBUCHMOCTH OT TOTO, fIPHHALNEKHT JIH
panuotiaZibHoe YHCIO Oy K Kaaccy A WM knaccy B B 3ToM cede-
nud. [lycts, Hakomel, uMcia oy H o, 00a HppalMOHANbLHBI, TaK
KaK 3TH 4YMCIa MeM(ly coOOK pas3jiiiHbl, TO pasfHuHbl Mewjy Co-
600 W Te 1Ba CeueHHss, pybexamu KOTOpbIX OHM CJyXaT; B 4act-
HOCTH, pa3/HyHbl mMewJy coOow neBhie Knacchl Ay U A, 3THX NByX
CeueHH; 3TO 3HAYMT, YTO B KaKOM-HHOYAb H3 3THX MHOXECTB,
HafipuMep, B A,, nadigrcs Takoe panHoHanbHOE YHC/IO r, KOTO.
poro Her B A,; M3 r€A, cnenyer r<ay W3 r€ A, ine-
nyer r€ B, H, cnenoBaTelbHO, r>a1; Takum o6pa3om, cyle-
cTByeT Takoe pallMOHaNbHOE 4HCIO 7, 4T0 ay < r< dy; B 3TOM
clydae Mbl yCTOBHMCH CuMTaTh @ < do; €cau Obl, nHaoGopor,
Haloch Takoe r', uTo dy < r' < ay, TO Mbl CHHTANMH Gbi dy < 0y;
O/HO M3 JByX, KaK Mbl ceHyac yOenwnuch, 0GR3aTENbHO JOMKHO
HMETb MeCTO, W 3THM, OYEBHIHO, YMOPANOYEHHE KOHTHHyyMa 3a-
BepILIeHO. .

Brpouem, 3aBeplieHO TOJIbLKO OfpesieNieHye, CBOACTBA ero euig
IOMKHB GbITh [OKA3aHL; HAano yOemuTbes, YT0 G, < Oy HECOB-
MECTHMO C @ >y HYTO H3 &) < 0, BuTEKaeT Gy >y, W 06-
PATHO; HaKOHeIl, 4TO M3 Gy < Oy M Oy < a, BbitekaeT ay < g, —
CIOBOM, 4TO HEPAaBEHCTBd MeXJy BeleCTBEHHbIMM YHCIaMH MOJ-
YMHSIOTC TEM e OCHOBHLIM 34KOHAM, 4TO H HEPABEHCTBA MEMY
panyoHanbHbiME uucaavMd. Bbl nerko cnpaBuTech caMH ¢ IOKa3a-
TeNbLCTBAMH BCEX 3THX MpeLoKeHWH. :

[Tocnenuee npoBenEHHOE HAMH paccyXeHHe TOKa3biBaeT, Me-
Wiy MPOUMM, YTO MexAy JIOOLIMH NBYMSl WPPANMOHANBHLIMH  HC-
namMM  HabgETcR BCerna palMoOHanbHOe 4YHCIO; MLl 3HaeM, YTO TO
e camoe OCTaéTCs BEPHLIM, ec/ii 00a JAAHHKIX YHC/A PAlHOHANBHLI.
[TycTs Tenepb YHCIO 7 PallMOHANLHO, YHCIO Q@ ~~ HPPAalOHA/IbHO
M nycTh sl onpenen&HHOCTH 7 < @; MOKa3eM, YTO U B 3TOM Cily-
yae MeXy r U d HafdyTCs PanuoHalbHbie 4ucia. Yucio & ecThb
py6ex ceuenns (A, B) mnowectBa R, npuugm u3 r < Q BuiTe-

1) 3anuck @ € M o3HayaeT: a He €CTL 3JEMEHT MHOwecTa M.
L J
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KaeT r € A; HO B CeYeHHH C HppaldoHalbHbiM pybewoM knacc A
He COIepHT HauGoIblIero 4YMcia, MO3TOMy CYLUEeCTByeT paumo-
HalIbHOE YHCIO 7' > 7, KOTOpOe TaK e, KaK H 7, (PHHALIEKUT
Kknaccy A M NOTOMy MeHblle, yeM a; Takum o6pasom, r< r' < a,
4TO W TpeOOBajOCh JOKAa3aTh.

Wrak, mb y6Genunmnch, 4To Mexcly IByMS JIOORIMH BelleCTBEH-
HbIMM YMC/IaMH HAHAETCA pALHOHANbHOE YHCJIO, a 3HAYWT, oue-
BUJIHO, H O6ecyuc/ieHHOe MHOKeCTBO PpalUHOHANbHBLIX YMCeN;, 3T0
BakHoe CBOHCTBO MHOXeCTBa R BhIpa}aioT OObMHO, rOBOpS, YTO
R 68cwdy naomro (Ha kouTHHyyMe). Jlerko yGenuTbes, 4ToO H
MHOXECTBO MPPAaHOHANLHBIX YHCe BCIOAY [VIOTHO; fpolEe BCEro
crenath 3TO, pacCMaTpHBas COBOKYMHOCTL BCEX YMCEN BUIA rVa,
rie r— mo6oe palnHOHANBHOE YMCHIO, BCE Takhe HHCJA HppauHo-
HallbHbl, H yXe OHH OfHH 00pasyloT BCIOAY MUIOTHOE MHOXeCTBO;
BrIpOYeM, [OBOPR CTPOTO, BLIPRXEHHE rV'2 nonyuaer tounwil
CMBICTT TObKO flOC/e TOrO, Kak orpejesieHnl AeHCTBHR Hall Belle-
CTBEHHBIMH YMCJAMH, K 4YeMy Mbl Teflepb H TepexOiuM.

Y Hac Her oOcHOBaHM#l paccMaTpHBaTb 3TOT BOMPOC BO BCEX
meTanax, Tak Kak A8 BbiICHeHWst BCeHd HAeHHOW CTOPOHBI 3TOrO
onpelenents HaM JOCTaTouHO OyneT BHMUMAaTENbHO pa3oOparTh OZMH
npumep. IlycTs @, M @, — B2 BeLUECTBEHHBLIX YHC/IA H MYCTh Ml
XOTUM ONpeNeNHTh HX CymMMy @, —|-d,. ByayT nu udcna a, H a,
palMOHANbHLIME  HIH  HPPANHOHANbHEIMH, BO BCAKOM Cly4ae OHH
06a cnywar pyGewaMH HEKOTOPHIX ceuenHl MHOwecTsa R, KOTO-
puie Mbl 0G03HAaUHM COOTBETCTBEHHO ueped (4;, B;) u (4, By).
[lycts, nanee, a,, by, a,, b, o3nayaT moCwe uHcna, MpHHAL-
JeXcalie COOTBETCTBEHHO MHOWeCTBaM A, By, Ay, B,. Ouesunno,
YTO BCSKOE pAalHOHANLHOE YMCIO BHIA @y - @y MeHblie oGoro
pallMOHalNbHOrO Ydcna Buna by 4 b,. Mu Tenepb ycTaHOBUM Cy-
LLECTBOBAHHE M €JMHCTBEHHOCTh TAKOro BEL1eCTBEHHOrO 4ucia a,
yTo MpH MOOLIX ay, @y, by, by (NpHHaANENALHX, KOHEYHO, COOT-
BETCTBYIOLUMM MHOX<ECTBaM)

o ta,<a<<b, b,

STO YMCIO @ Mbl eCTeCTBEHHHIM OOpa3oM H ONpeNesHM KakK CyMMy
yhcel O, W Gy, CYLLECTBOBaHHE M eJMHCTBEHHOCTb KOTOPOH GylyT
TeM CaMbiM YCTAHOBNEHbl I/ BCeX Clydaes.

Paccmotpum ceuende (A, B) mHowecTBa R, onpenensemoe cre-
OyolMM 06pa3oM: eCc/H panvOHANbHOE YHC/O 7 MEHbIe BCeX ‘M-
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cen Buma b, -} b,, M OTHecEm ero k knaccy A; B fIpOTHBHOM
cnyyae — K knaccy B (Bb yGenmTech OYeHb JIerko, 4YTO TaK
onpegentnioe paabueHHe MHOwecTBa R NeBCTBUTENLHO eCTh Cete-
nue). Pyfex storo ceuenust o603naynM uepes a. OueBuano, UTO
BCe uHC/Ia BHNA @; |+ a, fnpuHamexaT kiaaccy A, a BCe uWcIa
Buna b, -} b, — knaccy B; nostomy

o F-ay<<a=<<by by, (2)

T. €. YHCIO O NeHCTBUTEsBHO YIOBIETBOPSIET fIOCTABIEHHBIM yClIO-
uam. HaM ocTaTcq yCTaHOBMTL €ro eIHHCTBEHHOCTD,

C sTtoif uenblo yOeauMcst CHayana, YTO uHCAa @y H by mbl
MOXeM BLIGpaThb C TaKHM pacy&ToM, YTOOH HMX pasHocTb by —ay
6hla kak yromHo mManod. B camom mene, nycTh @ — n1060e paiHo-
HaNbHOE YMCJO Kjacca A, W MyCThb € — KaK yroJHO Maloe floJo-
WHTE/NBHOE PAlMOHANBHOE YMCJIO; B MOCIEHOBATENLHOCTH paluo-
HaJlLHBIX YHCeN

a, atc, a+2, ..., atnc, ...

nepBhLii WieH TMpPHHAVIOXHT Knaccy A,; B HanbHedlllleM, BOOOLIe
roBopsl, ewE HecKoIbKO WIeHOB OynyT fpHHAImexartbh knaccy A,;
HO C HEKOTOpPOrO MeCTa BCe MoCenymouide YIEHbl yxe OyayT fipu-
Hamnexarb knaccy B), Tak kak @ -f-n¢ Ge3rpaHHyHO BO3pacTaer
Buecte ¢ #. [l0sToMy HalimgTcs Takoe IleJoe YHCIO K, 4TO

a-tf-ke=a,€4, a-+t+(k+1c=b¢€h,,

OTKyla pasHocTb b, — a; ==¢ W, CIeNOBaTe/bHO, CKOb YIOAHO
Mana; STUM Halle yTBepxaenve W nokasano. [lo Takoil we npu-
YdHe, pas3ymeeTcsl, H YMCNa @y, by, @ 3HAUMT, M YHCIA @y - a,,
by -+ b, MoryT ObiTh BHIOpaHbl CKOMb YrOAHO GIM3KMMH Jpyr
K Ipyry.

[TycTs Temepb, €CAH 3TO BO3MOXHO, CYyLIECTBYIOT IB2 BeLLeCT-
BeHHBIX YHCI2 @ M @', yIOBIETBOPSAIOLIAX BCEM HEPABEHCTBaM BHIa (2),
M mycTb AR onpenengnHoctH a < a’. Kak Mbl 3Haem, CylunecTyeT
Takas Napa paluMOHalbHBIX uyucen r, r', 4TO

alrra

BMECTe C HepaBeHCTBaMH (2) 3TH COOTHOLUEHMSI MOKAa3HBAIOT, YTO
n060e YHCI0 BHAA @, -+ @y OTCTOHT OT MOGOro yHena suaa b, -+ b,
HA BeJIHYMHy, MPEBLILAIOLYI0 MOCTOSHHOE YHCIO I’ —r. 3TO e,
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OUEBHJIHO, (IPOTHBOPEYHT TONLKO YTO MONyYEeHHOMY HaMH pe3ylb-
TaTy. Takum 06pasoM IIOKa3aHa W €AWHCTBEHHOCTH 4YHMCJA A.

[NpuBentHHoe Bamu onpeleleHHe CIOXEHHH MO cBoed ¢opme
yAO6HO B TOM OTHOLIEHHH, YTO TMO3BOJSET HEMOCPEACTBEHHO pac-
NPOCTPAHUTL BCE OCHOBHLIE 3dKOHbi, KOTOPLIM MOAYHHSIETCH CJIO-
WEHHEe PAlMOHANLHBIX YMCEJNl, Ha CJoXeHne JOChIX BeuleCTBEHHDIX
ypcen. [lonmtaliTech nposenats 3TO XOTS Obl AJISt flepEMECTHTEb-
HOTO 3aKOHa, W BH HEMEIJIEHHO YBHJHTe, Kak fIpoCTO BCE 3TO
BbIXOJIMT.

Kak wmw ywe ckasam, Mbl 3lech He OGyneM OCTaHABNWBATHLCS
Ha OnpelefeHUH APYTHX ACHCTBHE M [OKA3aTe/IbCTBE  ylIpaBJsflo-
LIMX WUMH 33KOHOB. 3aMeTHM TOJBKO, YTO YMHOXEHHE Jy4mie BCero
ofnpenensTh anaJOCHYHO CJOMWEHHI0, a BbIUMTAHHWE H IelleHHE —
Kak oOpaTebie AeHCTBHS.

Mb e Temepb 0OpaTHMCSl K flOCTeNHEMY Kpailhe BaXcHOMY
B 3TOM Kpyre uiae# Bonpocy: Kak yOenuThest, uio Onpenen&HHbI
HAMHM KOHTHHYYM HeHCTBUTENbHO fBNSET COOOH Ty HEMpPephiBHOCTD,
CILIOWHOCTB, KOTOpas HeoOxoauma eMmy Kak Oa3e maTemaThue-
CKOFQ aHa/li3a M OTCYTCTBHE KOTOpPOH y MHOWeCTBa R 3aCTaBHIIO
HAC B CBOE BpeMs MPHOErHyTh K BBEIEHHID HPpPanHOHaNbHbIX
qycen’?

Uto6bl OTBETHTH HAa 3TOT BOMPOC, BCAOMHWM, YTO JaJ0 HaM f0-
BOJ TOBOPHTb OO OTCYTCTBHH TAKOH HENpepLIBHOCTH y MHOXe-
ctBa R. IJT10 Owbil TOT (akT, YTO CpPedH CcevyeHH# MHOXKecTBa R
0Ka3alHCh He uMeloue pybewa, MNPHHALIEKALIEFO 3TOMY MHO-
wectBy R. Ilostomy, ecsJH Mbl fioKakeM, YTO AAS KOHTHHYyMa
Takol (PakT HUKOFLA He MOWET HUMeTb MECTa, T. €. 4YTO B8Csxoe
CeueHue KOHMUKYYMQ uMmeem pyOeyC, NPURAOAEHCAUWUL IMOMY
CaMOM) KOHMUKYYMY, TO Mbl CMOXEM CUYHTaTb cebsl yAOBIETBO-
PEHHLIMH H HanesTbhCs, YTO KOHTHHYYM, MOCTPOEHHbLIA HAMH B Ka-
yecTBe 6a3bl MATEMaTHYECKOrO aHanW3a, OyJeT OTBeuaTb MpelbsiB-
J9eMbiM K HEMy 3ampocam.

3ameTHM BO H36exkane HeNopadyMmenHi, uUTO TOJBKO uTO Gop-
MYJIHPOBAHHO€ HaMH MpeJOXEeHHE He BbLITEK2eT HerocpelCTBEHHO
H3 Mpenbiayuiero, H60 IO CHX fOp Mbl BCerja OBOPHIH O cede-
HHAX MHOWecTBa R, Ternepb e BrepBbie TOBOPHM O CeYeHHH KOH-
THHyyMa; (OpMalbHO OfipelelieHHe CeYeHHS! Mbl MPH 3TOM MbIC/IWM
ce6e HEH3MEHHbIM.

Hokaxem tenepp nawe yteepwaenue. [lycts (A, B) ecrtb Jio-
Ooe ceuenHe KOHTHHYyMa; BCSIKOE PAallMOHANLHOE YMCJIO, KaK
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BOOOLLE BCAKOE BELIECTBEHHOE YMUCIIO, NIPHHAILIEKHT NHOO Kknaccy A,
mbo knaccy B; Takum 06pa3om, ceuende (A, B) xoHTHHyyma
HEMOCPeJCTBEHHO HHAYUHPYeT HEeKOTOpPOe COBEPIIEHHO OfipeneséH-
noe ceuende (A', B') muowectBa R. [lycth a — BeulecTBeHHOE
uMcno, caywaniee pyGewom cedenus (A, B’); y6emumcs, 4TO OHO
we cayxHT pyGexom ceuenus (A, B), yem Hallle yTBepxIeHHe H
OyneT I0Ka3aHo.

Haw npencToHT nokas3arh, 4TO BCAKOE BelIECTBEHHOE 4YHCJIO
a; < @ npHHALNIeRHT Knaccy A, a BCSIKOe BeLIeCTBEHHOe UHCIO0
a, >a - knaccy B; u3 coobpawenufi cHMMETpHH NOCTaTO4HO J10-
Ka3aTh fepBOe yTeepxende. [lycTb r— palHOHaNbHOE YMCIIO,
nexaillee Mexway @ H a; TaK Kax rda, To rc AcCAl); arak
Kak a1<r, TO OTCIofla BBITEKaeT, uTo H a; € A, 4T0 H TpeGo-
BaJOCh IIOKa3aTh.

OcHoBHbIe JiIeMMbl, JIorHieckuit ¢yHIaMeHT MaTeMaTHYecKoro
auanu3a, Takum 0Opa3oM, nocrpoeH. llocnenosatenbHo BO3ABHTas
ua sToH 6a3e OCHOBbI aHanW3a, Mbl, padymeeTtcs, ObiBaeM BbiHY-
MJIEHbl OYeHb YacTO CChIIAThCS HA 3a70ewHbIH (yHIaMeHT, T. e.
06pallaTbCs HEMOCPEACTBEHHO K YCTAHOBNEHHOMY HaMmM Ofipejene-
HUIO BELLECTBEHHOrO YMCaa. ITO COMPSHKEHO C M3BECTHHIMHM He-
yno6cTBaMH, TaK Kak MOCTPOEHHE H MCC/ENOBAHHC HEOOXOLMMKIX
HpH 3TOM ceyeHuH OOGbuHO ObIBa€T B JOCTaTOYHOH Mepe Ipo-
MO3J1KHM.

Tor nyTh, KOTOPbIM HAayKa HAXOIWT BbIXOJ H3 3TOTO 3aTpyl-
HeHMs, B BhICIIeH CTefleHd MOoyuuTeleH, TaK KaKk €ero MOXHO CUH-
TaThb THIMYHLIM 1Sl BCeX NOAOGHOrO poAa JIOrHYECKMX CHTyaunH,
YaCTO BCTPEYAlOLIMXCA B MaTeMmaTHueckoll nayke, B xone passu-
THS MaTeMaTHUYeCKOro auaiui3a ObiIo 3aMeuyeHo, YTO XOTs Hero-
CPEACTBEHHO MPHUMEHSITL B PACCyWAEHHAX OfipelelleHHe BEel(eCTBeH-
HBIX YHCEe] ¢ MOMOLILID CeYeHHH MNPHXOJWTCH OYeHb 4acTO, OJHAKO
MHOTHE MX 3THX MpHMeHeHHit B (OpMalbHOM OTHOUIEHHH BECbMa
NOXOXH JPyF Ha Ipyra, TaK 4TO (PaKTHYECKH MOYTH BCH COBO-
KyfHOCTb 3THX TpHMEHEHHW# CcOBepuIaeTcs Mo TPEM-UETBLIPEM
dopMaNbHLIM CXeMaM (HafoNHSeMbiM, KOHEYHO, BCAKHH pa3 oco-
6LiM conepxandeM). Ho ecan cosnanoch Takoe fIONOXEHHE, TO
610 Obl, KOHEYHO, OYEeHb HESKOHOMHO M BeCbMa 3aTPYIAHHIO Obl
KaK fOCTPOEHHE, TaKk H YCBOEHWE IIaHHOW IHCHMIUIHHEL, €CIH 6bl

1) 3anuck A C B 03HayaeT: MHOMECTBO A COINEPKHUTCA B MHOMKE-
cTee B.
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Mbl CT@lH JECATKH pa3 MOBTOPATh OHHY M Ty e JIOTHYECKYIO
KOHCTPYKLIHIO, HafojHds €€ TONbKO BCAKHA Da3 HOBBLIM fIpelMeT-
HbIM  colepxanHeM. MaTemaTvueckas Hayka yXe [aBHO —H,
KOHEYHO, C fIOJHLIM OCHOBaHHWEM — yCBOMIA OObiuail BO Bcex
07106GHOTO pola clyyasx SIBHO (HOPMYJIHPOBaTh TaKyld JIOTHue-
CKyl0 CXeMy B BHJE HEKOTOPOIO BCIOMOTATENbHOIO fIPEJIONKEHHS
(memmbl), ¢ TeMm, uTOGH, pa3 HaBceraa JUKA3aB 3Ty JeEMMy,
B JaNbHedllieM YyXe WMEeTh BO3MOXHOCTb HE TMOBTOPATH BCRAKHEA
pa3 ToH ¢opManbHON KOHCTPYKIMH, KOTOpas JEeXHT B OCHOBe
STOH JemMbl, a MPOCTO CChJIAThbCA Ha FOTOBYIO JNemMy. [loka3as
TpH-YeThIPpe TAKHX BCOOMOTaTelbHbIX NPSUIONKEHHS, Mbl MoJlyyaem
BO3MOXHOCTb BO BCEM JalbHeHlleM yx»e [OYTH HWKOFIA He BO3-
BpalATBCS K KOHCTPYKLIMHM CEYeHHH, BCAKMH pa3s 3aveHasl Takylo
KOHCTPDYKIIMIO CCHUIKOHW HAa OAHY H3 OCHOBHLIX JIeMM, COCTaB-
ASIOIMX  Kak Obl  He6ONbLIYID  rpynmy  MOCTOB, COEAMHSIO-
U(HX MaTeMaTHYeCKHH aHanu3 ¢ ero Jsorvuyeckoét OGasoit. Camo
COOOH pasymeeTcsl, YTO BLIOOD 3THX OCHOBHBIX JIEMM MOXKET GbiTh
Pa3qWuHKM B pPAa3NMYHBLIX H3JIOKEHHSX; OAHAaKO BO BCEX cly4asix
MOXHO PEKOMEHIOBATh He KalleTh BPEMEHH H CHJI Ha BO3MMKHO
TLATE/IbHOE YCBOEHHE BO3MOXKHO OOJIBIIEFO YMCAA TAKHX JieMmw,
ub0 Kaxciasi M3 HHX HMeeT CBOHM Ha3HaYeHHWEM Cyl{eCTBEHHOe
obneryenne paboThl B OyaywuieMm, H MO3TOMYy 3aTPau€HHLIE Ha
OB/aNeHHE el yCHIHA 6e3 BCAKMX COMHEHHH HE MpofafyT AapoM.

IIpumepHbift  THN OPMYNHPOBKH M  [0KA3aTeNbCTBA TaKOTO
poza neMM Mbl fIOKQXEM Teflepb HA HEeCKOJIBKHX MPHMepax.

1. JlemmMa 0 MOHOTOHHOH NocJenoBaTeabHocTH. [locneno-
BaTeJIbHOCTh BELIECTBEHHBLIX 4YHCel

@ho @hp ool Gy soa (3)

Ha3BIBAETCA MOHOMOKKOI, ecnd nubo mas moboro n a, <<a, ,,
mibo st moGoro n a,>=>a,. ;; B MEpPBOM clyyae Mbi COBOPHM,
TOYHEE, O MOHOIMOHHO HeyObiBalouel, BO BTODOM — O MOHOMOHHO
Heso3pacmaiolyell noCnenoBareNnbHOCTH. [locnenoBatenbHOCTD (3)
Ha3LIBAETC OZPAHUYEHHOL, €ClIM CYLIECTBYET Takoe MOJOXHTElb-
HOE YuCJIO ¢, YTO

la, |<c¢ (n=1, 2, ...

Jlemma 1. Besiwass mMOHOMOHHAS 02PAHUYEHHAST NOCAeO08Q-
meavtocms uMeern npeodes.
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[lycTs ans onpenen&HHOCTH a,<<a,  H|a,|<c(r=1,2,...).
Pa306béM KOHTHHyyM Ha mBa MHOxecTBa A M B, nomewas B B
BCSIKOE BELIECTBEHHOE YMC/IO, [PEBOCXOLfIIee gce uucna ad, (Tax
YTO, HampHMep, HYMCJIO ¢ BXOAMT B MHOwecTBO B), a B A —Bce
ocTa/ibHble YHC/IAa (B 4acTHOCTH, Hanpumep, BCe @,); OYEBHIHO,
yTO 3TO pa3bMeHHe KOHTHHyyMa ecTb ceuenue. Ilyct, a—py-

Gexc sToro cevenus. [lokawem, uyro lima,=—a, 4yem Jemma 1 H
n—->od

OyleT ImOKa3aHa.
[Npexne Bcero 3aMeTHM, 4TO st NKOGOro 7
a, < a;

B camOM llenie, NpH @, >a Mbl N0 OnpeneneHqio pyGexa Hmenn
6b @, € B, 4TO NPOTHBOPEUHT Ofpe/Ie/IeHHI0 MHOXECTBa B. Ecau,
BOMPEKH HallleMy YTBEpMCIEHHIO, O He eCcTb fipenes noc/ienoba-
TenbHOCTH (3), TO CYIIECTBYET TakOe fOCTOSHHOE fONOXHTENDL-
HOE UMCIO €, YTO AR GEeCKOHEYHOrO MHOXeCTBa YHCEN 7

a—a, >¢,

oTKyna a,<a—¢; HO B CHIy MOHOTOHHOCTH TIOC/IENOBATE b=
HOCTH (3) 3TO HEpaBEHCTBO, BLINOAHAACH IS GECKOHEYHOTO MHO-
JeCTBA 3HAYEHHMH 7, IOMKHO BHIMIONUATLCA IS 8CeX I, 10 Onpe-
IeneHul0 MHOXecTBa B orciona cnenyer a—€ € B, Torna xak
BBHIYy a— &< @ YHCIO @ — € JIOJDKHO MpHHaLIexaTh Kkilaccy A
[u60 a ecTb pyGex ceyenus (A. B)]. Tonyuennoe npoTHBOpE-
yHe [NOKa3biBaeT Hallle yTBEPWIEHHE,

Pasymeercsi, B MNpeanochbiikaX JeMMbi MOHOTOHHOCTb He MO-
weT OLiTb OTOpOLIEeHa; M3 OHHOM TOALKO OrPAaHWYEHHOCTH moc/e-
JOBaTENLHOCTH (3) He BBLITEKAeT Cyl(ECTBOBaHWE Mpenena, Kak
nokasnBaer fpumep a, = (— 1)".

JlemMa O MOHOTOHHOH MOC/ENOBATENLHOCTH HAXOLHT cele
BECbMAa MHOTOYHCIEHHLIE fIPHMEHEHH HE TONbKO B aHANH3e, HO
Jaxe W B 3IeMeHTapHOH MaTemMaTHKe; B MOCNEOHEM Clyuae eg
4yacTO BBOAST B KauecTBE «aKCHOMBbI», HHOFI2 HE y4HThiBas TOro,
YTO [pPH MMEIOLIEMCS B PacliOpshKEHHH y4au(uxcs BecbMa CKyIHOM
3amaceé BereCTBEeHHhX 4YHCel 3Ta «akCHoMa» TMpOoCTO HEeBepHa;
BMpOYeM, 3TOT HedeKT MPHXOAMTCS Habnonath He TOMLKO B 3Je-
MEHTapHOH MaTeMaTHke, HO H B €yMPOLUEKHHHIX» KypcaX Martema-
THUECKOTO aHa/aM3a.
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B vacTHOCTH, CyliecTBOBaHHe JJIMHbI OKPYXHOCTH (T. e. fipe-
IeNa fepuMEeTPOB BIIHCAHHLIX MPABHJLHLIX MHOTOYrOJIbHHKOB MpH
6e3rpaHMyYHOM yBeNHYEHHH 4YWC/a CTOpPOH) B TeOMETPHH H Cymie-
CTBOBaHHE 4YHCJa e:lim(l—k%)" B OCHOBAaX aHalH3a JOKa-

n—>oo
3LIBAIOTCA MPOLIE BCErO CChUIKOH Ha 3Ty JeMmy.

Hapsiny ¢ nemmoit 1, xapaxkTepH3ylouie#l OCHOBHYIO 4epTy
MOHOTOHHBLIX OFpaHWYEHHLIX MOC/IEHOBAaTENLHOCTEH, He MeHbLiee
3HaYeHHE MMeeT IS aHalH3a W aHAJNIOTHYHOE MpelnokeHHe, Ka-
caouleecs MOHOTOHHBLIX (DYHKLHMH HerpepbiBHO HameHsloulelicss Be-
JIHYHHBI.

Jlemma 1. Ecau sesununa x, s03pacmas, cmpemumcs
k& au ecau pynxuus f(x) 02paruneHa & MOHOMOHHA 8 Heko-
mopom ompedice, UMEIOWEM MOUKY A CBOUM NPABLLKE KOHLOM,
no f(x) cmpemumcs k OnpedenéHHOMY npedesy npu x—a.

IIpu sTOM oOrpanHuennHocTs ¢yHKIHH f(X) BHYTpPH OTpeska
€ KOHuaMmM @—¢ 1 a (¢ >0) 03H4YaeT CylwecTBOBaHHE TaKOFO
yucaa ¢, 4to

) <le ta—elx<Lla)

5 Xy —
MOHOTOHHOCTL e e€ O3Hauaer, 4YTO OTHOLUEeHue M

X1 — X
m6o =0 ana moGoi napu x|, X, X,F=X,, qnceln STél‘O
orpeska, 160 =< 0 ansg Mmool Takol napbi.

HokazaTenscTBo JemMmbl 17 OHedb OpOCTO MPOBOAMTCS Ha
ocHoBaHuH Jemmbl 1. [lycTb nns onpesiengnnoctd dynkums f(x) —
HeyObiBaiouas, T. e.l flx)=flx) npu @ >x, >x, >a—-e.
Tak xax npu n > T

a—6<a——%<a,

€
pacnojioxkeHa BHYTpH OTpe3ka ¢ KOHUAMH @—€E U @ H HMeeT

1 1
MpenenoM a; MOcleNoBaTe/bHOCTL YHcen f (a— 7) (n>—),

1
TO BO3pacTaroiiag 4ucioBaq rnocjaenoBarelbHOCTE @ — ; (ﬂ> l)

€
O4YeBH/IHO, OrpaHH4YeHHas H HeyﬁblBalOuJ_aﬂ; flOSTOMYy B CHIY

nemmbl 1 cyinectByer mnpemen lim f(a -——’1;): b. Ecau yucno x
n—>o0
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IOCTAaTOYHO ONHM3KO K a, TO HaHn&rca Takoe n=—rn(x), yYTO
1 1
a— —<<x< a— ———
B < nt1’
a 3HayuT, H

fla—5)=r0=f(e—7) (@

B CHIy MOHOTOHHOCTH ¢yukunu f. Ho mpd x -— @, 04eBWIHO,
n—> 00, BCAEACTBHE Yero JeBas M mpaBasi YacTH HepaBeucts (4)
MMEIOT CBOMM fipefenom b, OTKyaa cienyer, 410 M f(x) —b
npH x —@; 3THM semMa 1’ nokasana.

2. JlemMa o cTarhparoneics nocJiedOBaTeJbHOCTA OTpe3-
KOB. YC/NOBMMCS 3aKpLIThil OTpe30k ¢ KoHLamu a W b, T. e.
COBOKYMHOCTb BCEX BELIECTBEHHBIX 4YHCEN X, YIAOBJETLOPSIONHX
HEpaBEeHCTBAM @ << x << b, o6o3nauath uepes [a, b], a OTkphi-
Thil OTPE30K € TEMH )€ KOHNaMW, T. €. COBOKYMHOCTb BCEX
BEL(ECTBEHHLIX  YMCENl X, YJOBJIETBOPAIOUIMX  HEPABEHCTBAM
a<l x<b, o6osuayath uepe3d (a, b). IllocnenosarensrHocTb

OTpe3KOB
CN b L B (7 R 1S ()

Mbl GylleM Ha3biBaTbh CMS2UBQIOWeEliCsl, €CId OHA MOAUYHHEeHA Clle-
OyIOUIMM IBYM TpeOOoBaHHAM:
o _—
1° g, <a,, ,<b,,,<b, (n=1, 2, ...), 7. e. xaxuni
nocneAyouMil  OTpe30K UETHKOM  COAEPXKHTCS B MpEAbULYLIEM;
2°. lim (b, —a,)=0, T. e. A7HHb OTPE3KOB fIpH Ge3rpaHu-
n—>co

=
HOM BO3pacTaHHH MX HOMEpPOB CTPEMATCH K HYJIO.

JlemMma 2. Ecau (5)— cmseusaow,ascss nocaedosamens-
HOCMb OMpe3sr08, mo cyuwecmsyem eOUHCMBEHHOE Beu,ecINBeHHOe
YuCA0 O, NpUHAOAEICAuiee BCeM IMUM OMpPE3KaH.

MoxHO O6bi10 6bl, KOHEYHO, TPOBECTH IOKa3aTelbCTBO 3TOM
(4acTO OYeHb I0JE3HOH) JIeMMbl, KOHCTPYHPYSl COOTBETCTBEHHLIE
CeyeHHUsl; OIHAKO 3HAYNTENBbHO MpOLLE — COCaThed Ha nemmy 1.
B camoM zZene, B cuiy ycaoBus 1° noclemoBarenbHOCTD

iy Qgy ovoy Qpy wne
MOHOTOHH2 H OTpaHHYeHa (NoCTefHee BHAHO M3 TOro, uto a, < b,
o1 Bcex n); B cuay nemMbl 1| OHa HmeeT npenen; fON0XHM

lima,—a.
n—>oQ
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Tak kaxk npu mobom & )
a,<b, (n=1, 2, ...),
TO H
a<<b, k=1, 2, ...),
TaK 4TO
a,<<a<<b, (n=1, 2, ...). (6)

Takum 06pa3oM, YMCIO @ MPHHAIVIEWHT KaWIAOMy H3 OTPEe3KOB
[a,. 0,] u, cremomatennno, ymowneTBOpsET yCJOBHMsSM NeMMbL
EnuHCTBEHHOCTL €ro BuTeKaeT W3 TOFO, UTO NPH HaJlHYMH JBYX
uncesl @ u f, yIOBIETBOPSIOIMX HepaBeHCTBam (6), Mb MMesu
i (Mpeanonarast Ans ONpenensHHOCTH a < §)

a, <a<f<b, (n=1,2, ..,

n
OTKyza

bp—a,>b—a (a=1, 2, ...),

YTO MPOTHBOPEYHT CBOKCTBY 2° cTaAruMBaiolledics cHcTeMbl. Takum
o6pa3oM, semMMa 2 NOKa3aHa.

CronT 3amMeTHTh, YTO WIS JIEMMbl 2 BeChMa CyLIECTBEHHO MpH-
YHC/ICHKE K KaOWAOMy OTpe3Ky €ro KOHUOB @,, b,; ecan Ob Mul
OTKa3a/Chb OT STOFO M BMeCTO [a,, b,] paccMaTpHBatM OTKpHITHI
orpesok ¢, < x < b,, To nemva Onna On HeBePHA; TaK, MOCE-

1
JIOBaTENbHOCTh OTKPHITHIX OTPe3koB 0 <x<—5 (n=1,2,...) ne

nveeT oOuled BceM OTpe3kaM TOUYKH.

3. Jlemma leiine-Bopens. 1o BcnomoratensHoe npeLONe-
HHe Goslee HeNABHEro MPOHCXOWAEHHH TAKWE YACTO OBIBAET OYEHB
yHOOOHHIM OpylineM JIOKa3aTeNbCTBA TEOPEM aHaJIH3d.

Yca0BuMCs roBOPHTD, 4TO (BOOGLIE TOBOPS, GeckoHeuHoe) cemeii-
CTBO M OTpe3sKOB noxpeisaem OTPe30k (3akputhil) [a, b], ecan
Ka¥(1a8 TOUKd ITOrO MOCTENHEro JIeKHT BHYTPH IO MeHbiued Mepe
ONHOrO M3 OTPe3KOB CHCTeMH M.

Jlemma 3. Ecan cucmema M noxpeisaem ompesor [a, b),
MO U3 HEeE MONCHO Bbi0esumb KOHELHYIO CucmeMmy ompe3ros M,
marce nokpesaiowyro ompesok [a, b).

B camom nene, ecnn orpesok A, =—|a, b] ne monyckaer Tpe-
GyeMOro n1eMMOH KOHEYHOTO TOKPHITHSI, TO, PA3AeJHB €ro fonoJam,
Mbl MOXEM YTBEPMJIaTh, YTO MO MEHblLIeH Mepe OfHa M3 AByX MO-
JIOBHH TdKi€ HE NOMyCKAeT KOHEYHOr'O MOKPHITHA (TaK Kak, oye-
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BHIHO, ecsH G6hl “e6e ero JOMyCKanH, TO IOMyckan Gkl €ero u Bech
orpe3ok A). O6Gosnaynm 3Ty nosnosudy 4epes 3, (ecau o6e no-
NOBHHE HE JOMYCKAIOT KOHEYHOrO MOKPHLITHS, TO A, MOWeT O3Ha-
yaTh MOGYI0 W3 HHX) M pasjejuM €€ OonsTh MNOMOJIaM; CHOBA MHI
MOKEM yTBEPWIAaTb, YTO (10 MEHbLIEH Mepe OJHd W3 1IBYX MOJO-
Bun (0603HauuM e& yepe3 A;) HE IOMYCKAET KOHEUHOIO MOKPhITHS.
STOT, NPONECC Mpl MOMEM MPOAOMKATh G€3rpaHHuHO, NpHYEM OT-
peakd A}, A\, Ay, ..., OueBnaHO, OOPA3YIOT CTSTHBAIOILYIOCH CHCTEMY
OTpe3KOR. Ha OCHOBaHWH JleMMbl 2 CyLleCTBYeT €NHHCTBEHHAH TOuKa
@, npuHannewallias BceM STHM orpeskam. [lycrk A — oTpesok
cuctemMbl M, comepxaluituii BHyTpH cebGsi TOYKY @; TaK KdK [pH
n—>oco nJMHa OTpe3ka A, cTpeMHTCs K HyJIO, MPHYEM a €,
TO ISl AOCTaTOYHO GoapliHx 72 A, C A, H Mb [PHXOAHM K 1IpO-
THBOpEUMIO: OTPE30K A, MO CBOeMy OIpeLe/IeHHI0 He JIONyCKaio-
1Kl  KOHEYHOTO MOKPHITUsl, [OKPHIBAETCS OXHHM OTPE3KOM A
cucTenbl M. DTHM MPOTHBOpEYHEM H JOKA3HBAeTCH Jiemma 3.

Tenepb MHl HE TOJLKO HaYUHJIMCh CTPOHThL (PYHIAMEHT MaTe-
MaTHUYECKOro aHa/u3a, HO, J0Ka3aB TpH BaYKHEHIIHX BOCIOMOra-
TeJBbHLX MPEIJIOWEHHSI, MOArOTOBUIK STOT (yHmaMeHT K HaunOosee
yAOGHOMY TPHMEHEHHIO €ro B Mnpoilecce albHefiliell KOHCTPYKUHH
OCHOBHOro 3naHug. Kakumu meTOonamu BO3LBHIaeTcs 3TO 3JaHue,
KA4KOBH OCHOBHHIE TOHSATHS, WIE€H M CAOCOOH PAaCCyXAEHHS, yIO-
TpeuTenbhble TIPH €ro MOCTPOEHHH, — BCE 9TO BH y3HaeTe H3
CeAYIOWHMX JIEKLHH,




JJEKLHUS I

[TPEEJIbI

Uto Ttakoe mupenen. — PasiuyHble THOW CTpeMJeHHs K npeneny. —

[Ipenen nocTosiHHOH BeNHUHHH. — BECKOHEUHO Malbie H GeCKOHEYHO

donbime. — Kpurepuii Komu. — 3ameuanne 06 ocHOBHbBIX TeOpeMax. —

YacTuunble mpenennl; BEPXHUE Openen uw HmKHME Ipenen. — [penenn
(YHKUMH HECKOJbKHX HEpPEMEHHH X.

Yro Takoe mpenen. IlonsTHe npenena, Hapsiay € NOHSITUEM
GYHKIHOHAILHOH 3aBHCHMOCTH, €CTh OfHA M3 BaXHeHUIMX KOHLEMN-
UWH MAdTEeMATHYECKOro aHann3a. Bu, KoHeuHo, 3HaeTe MHOrO
TeOpeM O mpejesiax; H TE€M He MeHee, HaM MPUAETCS CO BCel OCHO-
BaTe/IbHOCTLIO 3dHATLCH STHM MOHATHEM, 4TOOL OTYACTH YTOUHMTD,
a OTY4aCTH AOMOJIHHTDL, yrAyOWTbh M PACUIHPHTL Ty €ro KOHUEMUHIO,
K KOTODOH Bhl [PHUBLIKJIH.

BaltMEmcst npexnae BCero BONPOCOM O TOM, uTO O3HAuAET (hpasa
«IIepeMEHHas BeNHYHHA X (B NaHHOM SIBJEHMH WK Nponecce) cTpe-
MWTCHl K YMCay @ (WM, YTO TO Xe, HMeeT CBOMM IIpEJe]oM 4h-
c0 a)»,— ¢pasa, KOTOPYIO Mbl CHMBOJIMYECKH 3dMMCHIBAEM OmHHM
M3 JIBYyX COCO60B: x—a@ W limx—aqa. Eciu M XotuM npwu
onpejieneHWH mpenena CcoOJIOCTH Bce dopManbibie TpeGoBaHMs
(a Ges 3Toro BOOOLIE HENb3Si CTPOHTL MATEMATHYECKYIO HayKy),
TO Ml CeHyac e CTAIKHBAEMCSI CO CBOEOGPASHHIM M XAPaKTEPHHIM
3aTpynHestiem. [leso B TOM, 4YTO B TOYHOM ONpeAeNeHHH MOHSITHS
Npenesd, KOHEYHO, He MOweT OHTb MecTd TdKMM TEDPMHHAM, KaK
«SIBNEHHE» HIH <«MPOLECC», MATEMATHYECKHEH CMBCI KOTOPHX CO-
BEpUIEHHO HesiceH. A Mexcny TeM, Ge3 3STHX (WNH pPaBHO3HAYHBIX
HM) TEPMHMHOB (DOpMY/IIMDOBATb OOLIYHOE, 3HAKOMOE BaM Onpelelne-
HHE TOHSITHSi Npenesna O4yeHb 3ATPYAHWTENbHO. MHl Beib OOLIUHO
FOBODHM TaK: KakoBd Ow HM Ohina okpectHocth U umena al),

1) OkpecTHOCTb uMCna @ ecTb NI060H OTKPLITHIA OTpPE30K, Ccoaep-
WAy 4uCcn0 a4 BHYTPH CeOsi.

3 A. . Xunuun. Bocems nexkumnh
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Bce 3HAYEHWS BENHUHMHW X, HAUUHQS C HEKXOMOpO20 MOMEHMA
0aHHO20 NPOKECCa, NPHHAIIIENAT OKpPECTHOCTH U1). Y1 Bor tenepb
Mbl DOMKHHE HaliTH cnocob Tak ¢(OpMy/MPOBATbL 3TO onpeseneHuye,
yro6bl UHO HE COIEpkajo HMKaKHX TepPMHHOB, TOYHKI] MaremMaTH-
yecKHil CMbiC/l KOTOPHX He Obin Obr ornpenenéH 3apanee. Hano
ApSMO CKa3aTbh, YTO 3adaua 374 Bpsl JH  yIOBJIETBOPHTENBHO
paspeminma.  CoBpeMeHHbIE MATEMaTHKH [PEANnouMTdrOT  BOBCE
OTK434Tbesi OT €€ pelICHHST M CUMTAIOT 3arHCh lim x = 0 numén-
HOil MATEMATHYECKOTO COmepaHus. IJTO ne 3HadHT, KOHEYHO,
YTO OHHM BOBCE OTKA3HBAIOTCSl OT [OHSTHS MpeAend. Kak we OHH
BLIXOISIT M3 ITOTO 3aTPYAHEHHsi P

Jleno B TOM, 4TO (DaKTHUECKH MbI' B auanu3e Bceraa BCTpeuda-
eMcs C TaKHM TOMOWeHHeM Belled, Korna Kk Mpeneny CTPEMHTCst
wekoropast (oyriuus v 1PpH HEKOTOPOM onpeaenéHHoM MOBeNSHHN
HE3ZBUCHMOH [epeMEeHHOH X, T. €., HAlpPHMep, «y HMEET npenesioM
b, korna x CTPEMHTCH K @» W <a, CTpPeMHTCS K &, Koraa n
6GearpaHidHO BO3pacTaer», W T. M. Takas ¢pasa (1 COOTBETCTRYIO-
wasg ed aanuch y— b, MM lim y=2>0, wm a,— a) HMeeT

x—>a x>0 n—>co
y¥e COBEpILICHHO OrpenesiEHHblii CMBIC. Tax, supaxenne lim y==>=
x—a

osHayaeT cjenylouiee: karosa Ob Hu OblAG orxpecmuocms V.
wycaa b, cywecmgyem Maxas OkpecnHocHib U uucra a, #mo
yE€V seaxud pas, Ko0z0a x € U, 3a ucknio1eHuem, b6bimb  MO-
aicem, x=—a?). Bu Bunute, 4YTO 3TO 6e3yKOpH3HEHHO 4YETKOE
onpenesieHne MOHSITHsL Upenena JEHCTBUTENLHO HE HYXKIAETCH
8 MpEeACTABJIEHHW O TMpouecce. QHO MpOCTO FOBOPHT, YTO Y CKOb
yrogHo GnMaKo K b npu x, 1OCTaTOYHO ONM3KOM K a ®). KoneuHo,

1) KoleuBo, HHOTHa PEIaKTHPYIOT 3Ty Qpasy W HHAue, TaK, TOBOPSATY
CKOJMb 6bl ManoO HE ObUIO MONOMHTENbHOE YHCJIO &, BeNMuHHa X — a4
C meueHuesm OaHHOzO npogecca CTAHOBWTCA M ocTaéTcs no abcoatoT-
HOMY 3HaueHHI0 MEHbIIE, 4eEM E. Kak 6n TO HE OBblJIO, BO BCEX paclpo-
CTPaHEHHBIX ompeneneHusx Qurypupyer sTo yNOMHHAHHE O NPOUEcce,
6e3 KOTOPOro caMoe MOHATHE I[penena KaweTCs JMIUEHHbIM OnpeneneH-
HOCTH. .

2) OyHKUHS y MOMET OHITb HE onpejeseHa Npu X =a, MOMET TaKHe
CYuHTHCS, YTO y NpH X =a HMEeT onpeneaEHHOE 3HaYeHHe, HO 3TO
sHAYeHHe OTJAHYHO OT b.

3) [Ipi 3TOM CAYHAH X — 00y X —> — 00, } —> @, Y > — o HE Tpe-
GyI0T clenHaNbHbIX onpeneseHuil, €CIH MO OKPECTHOCTLIO + o (— =)
NOHMMATh Al000e MHOXECTBO 4uCel, 6ONbIIAX (MEHBIIHX) HEKOTOPOrO
onpenea€HHOro YHCaa.

o —
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/I TOFO, KTO HE CBHLIKCH el C THUIHYECKHMH YepTaMM MaTema-
THYECKOro (hopManu3Ma, MOWET MOKA3ATbCSI CTPAHHBIM: KAK e,
B camom gene, ¢pasa (A): «npemen y paseH b nNpH  ycnoeuw,
4TO MpefieNl X paBeH a» MOWeT HMeTb OfipeleNEHHHI CMbICH, B TO
BpeMsi KdK CQMO YCAOBue: «Ipelell X pdBeH @» HE MMeeT CMuLCIa?
Ha camom e gene, B TAKOM MOJIOXEHHH BeLleH HET HHYero He
TOMBKO HENPHEMIEMOro, HO Jaxe u HeoOwyHoro. ®pasza (A) ompe-
JensieTcsi K4k He4YTO MOHONMTHOE, LeNoe, H BOBCE He o0si3aTenbHo,
yro6bl OT/ie/bHBHIE BLIXBAUEHHHIE HAMM €& 4daCTH TdKke HMesu
CMLIC/T, €C/IH TOABKO BCeil 3TOH (¢pase, B3MTOH ULEJNHKOM, MpHIW-
ChIBA€TCS TOYHO oOnpenes€HHOE conpepHanHe.

Camo co60# MOHATHO, UTO AdHHOE HAaMK ONpEAENieHHEe TOHSTHS
npesena BKAOYaeT B cebsi ofa HauboNee BAKHLIX 1A aHATH3A

ciyuas — mpenesl MocaenoBarenbHocTH lima, W npenen ¢yHkumm
n—>o0
OT HeNpepHBHO H3aMeHslOIeHcs Bennumun lim y, rie a ects mb60
X—=>a
BeLUECTBEHHOE YHCNO, TG0 - oo, 1160 — 0o; TOUHO TaK e npenen
camoli (yHKuMM y MOXET 31eCh MOHMMaThCcs B JIOOOM M3 STHX
TpEX CMRICJIOB.

Paznvydbie TuMbl cTpemyienus K mpenedy. Ilycte y— f(x)
ecTh (yHKuMS OT x, MMEKWas npenenoM uMciao b, Korma x crpe-
MUTCS K @, NPHYEM a TdK¥e YHCIO; NPEeAnoNoWHM AN OpPOCTOTH,
4TO BCE 3HAYEHHS] BEJHYHHH X OOJblIE @; CHMBOJMYECKH 3TO
BBIP@XAIOT OYeHb yno6uol 3amucelo x— a0 (BMecto x— @,
X > q); TdKuM O6pa3soM, MH HUMEEM

lim f(x)=02o. (1)

x-»a+0

JlonmyctmM CHauana, yTo AJE BCEX X > 4@, NOCTATOMHO O6.M3-
Kk¥X K a, Mol Mmeem f(x) > b; torna ¢yukuus f(x) umeer B6mm3u
TOYKH @, B OOLMHOM TrEOMeTPHYECKOM H300paMEeHHH, OAMH H3
JByX BUIOB, HOCTPHPyeMblX Ha 4YepT. 1 u 2. B cnyyae uepr. 1
f(x) tem Gmmxe k b, yem x Gimwe Kk @; y—b, MOHOTOHHO
ybmBas opn x —a-}-0. B cayuae uwepr. 2 Bcé 3TO He Tak:
y— b, 1O npubmmkasch, TO yansisick OT CBOEro {fipenena: mpu
x —a-}-0 dyskuus f(x) H3MeHsieTcs He MOHOTOHHO: oHA TO
Bo3pacTaeT, TO yOnBaeT. Pasymeercsi, YTO BCE€ 3TH CYLIECTBEHHHIE
pa3nuyug He NPEensaTCTBYOT HAM AHANHUTHYECKH BHpAWaTbh obe
KapTHMHH OflHMM M TeM ke cooTHoweHdem (1), omucwBamOumM

3*
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ocHoBHOM ¢hakT, OOuWE o6ouM cayuasm: y Kak yroaxo Onu3ko
Kk b, ecnn x nocratoyno 6nM3KO K Q.

Cnyuvaii, Korna Lnsi BCEX X >@&, IOCTA4TOYHO OMM3KMX K &,
mbi umeem y<C b, COBEpLIEHHO dHAJIOTHYEH NpenkayiieMy; OH

¥ ¥

a a Z g a I
Yepr. L. Yepr. 2

OXBATHIBAETCH K4APTHHAMU, M300pawEHHbMM Ha dept. 3 v 4, W,
OYEBMIHO, HE HYWAaeTcsi B MOSCHEHMSX.

Hakoseu, moxer OWTb cayyail, koraa BIPAaBO OT TOYKU @ H
B /MOGOH OMM30CTH K STOH TOuke (yukums y=—f(X) npuHumaet

y ¢}

7 a z 17 a Z
Yept. 3. Yepr. 4.

KaK 3uaueHusi, GOnbuIHe yYeM b, TAK W 3HAUEHHSs, MEHbIIME YeM
b (uept. 5). B 3TOM ciyuae cTpemjeHHe BeJHUHHBI Y K [Mpeneny
b npn x—a-+0 He MOWeT, OYEBHAHO, OWTH MOHOTOHHHIM. [lpn
3TOM eCll QyukuHst f (X) HenpepblBHA (KAK MBI HeSIBHO TPEANOJa-
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Ta/ln Ha BCeX YepTewax), TO OHA HEOOXOIHMO CTAHOBUTCSH pasHoii
CBOEMy TMDENEbHOMY 3HAUEHHIO b B 0ecUMC/IeHHOM MHOMECTBe
TO4EK, JIeWauMx BIPABO OT @ M CKOJNb YLOAHO ONH3KMX K a;
OBOps) FE€OMETPHUECKH, rpaduk yukuuH f(x) B cOCencTBe TOUKH
a GeculcreHHoe MHOWECTBO

pas nepecekaeT mnpaMyio 4

y:b.
ItuMM  cayyasMu -
YEPMbIBAIOTCS,  OYEBMIIHO,

BCE BO3MOMHBIE THIH He-
NPEPHIBHO  H3MEHSIIOLLMXC S
BEJIHYHH, CTPEMAUIMXCSH K b
mpy x—a—+0. Mu He
Gynem oTAeNbHO —paccMmat-
puBath cayuas x —a— O, Y
KOrld BC€ 3HAYEHHS BesU-
unHE X < @; COOTBETCTRYIO-
ILHE  KapTHHH  TONYYAIOTCS,, OYEBHIHO, 3€PKAJIbHHIM OTpaXEHHeM
uepr. 1 — 5 B npavoli x=a.

Ecin, kak mb npeanonowumnu, y—0b npu x —a, T0, KoHeu-

HO, Mbl HMeeM Kak y-—b, Tak 1 y— b; npu 3TOM JN1060H M3
x—>a-1-0) x—+a—0
[STH yMOMSIHYTHX HAMH THIIOB NpuBeneHus (YHKUHH y BOPABO OT

Yept. 5.

¥
y
y y=0
b b
0 .t‘ Y/i T
Yepr. 1'. . Yepr. 2'.

TOUKH @& MOXeT CcOYeTaAThCs € JHOBM H3 MITH AHANOTMYHLIX THIIOB
eg rnoBeneHusi BAEBO OT TOYKH a, TaK 4YTO Mbl NoJaAy4aeM BCEero

25 pa3/MUHLIX THNOB (OBeleHHsl (PyHKLHH ¥, cTpemsiteiics k b
upy x— a.
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3amMetuM ew®, uTO Cayyau, H300paw&HHHE Ha YepT. 142
¥ 3, 4, ymoOHO HHOIJAa 3aMHCHIBATL COOTBETCTBEHHO B BHLE
y—b+0 u y—b—0.

x—»a+40 x—a40
Io cux nop M npemnonarany @ u b uucnamu. Hertpynko
Nepeuc/uTb BCE BO3MOMXHHE THMH MoBenetns QyHkuuM y U B

y ¥4

Yepr. 3'. Uepr. 4°.

Tex ciyuasX, KOraa onHa u3 STHX Oyks (mam oGe GYyKBLI) 03Ha-

yaeT | 0o maM— o<; B camn Ge3 Tpyaa ux nainére; st rpu-

Mepa yKaxeM, YTO B Clyyae,

Yy koraia @ — - o0, a b—uncio,

BO3MOWHB THINH, H300paweu-
wole Ha uepr. 1" —35'.

®yukuns  f (x) MOHOTOHHA

5 5" B ciyuae uepT. 1’ n 3

HE MOHOTOHHZ B OCT&JbHBIX

cayuasix; B cayuae uepr. o

¢dynxuus f(x) (ecnn oHa He-

Yepr. 9. NpepHEBHA) CTAHOBUTCSI PaBHOH

cBOEMY MpeieTbHOMY 3HAUCHHIO

b 6GecuucreHHOE MHOXECTBO pa3 M MPHTOM MUt CKOJb  yIOLHO

GOMBbIIHX 3HAUECHUH X.

B ciyuyae, korma @ — 4HCIO, b=— -|- o0, BO3MOWXHH, Oue-
BHIHO, mpy x—a-}-0 ToMbko ZABd THOA, M300pawEHHHX Ha
yept. 6 ¥ 7. .

[penen NOCTOAHHON BenVYWHBI. Bbi, KOHEYHO, 3HaeTe, 4TO
npesiel NOCTOSHHOM BENHUYHHH, T. €. BE/IHUMHH, croco6HO 1pH-
HMMATb OIHO eMHCTBEHHOE 3HaueHHe, NPHHHMJETCS BCernd Cylde-
CTBYIOLIMM H PaBHLIM 3ITOMy EAHHCTBEHHOMY 3HAaUEeHHIO; TAKOe
coMIailieHHe MHOFA@ BH3LBAET HENOyMEHWE; Belb Mbl BHAUAIE
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TOBOpUM O Mpelene HepeMmerHON BeNMYMHB; KaK e B TAKOM
Cfyvyae MOXMET CyHIECTBOBATb Mpenesl y BeJHYMHBI TOCTOSHHOH?

OnHako Takoe corJallleHue, BO-MEPBLIX, JOTHYECKH 0053a-
Te/ILHO JiAsl HAC, €C/H MH He XOTHM BITYDdTh B NPOTHBOPEUME
¢ HAliWM OrpejesieHHeM Npemnend;

B camoM nene, ecnit v=2bupu y

M060M 3HAUEHHH BeJUYunhbl X, TO,

KakoBa Ob HH Onna OKpecT-

HOCTb V' TOukH b, Mbl uMeeM pu

moboM x cooTHouienne y €V,

y

0 a I 0 a z

Yepr. 6. Yepr. 7.

OTKyNd MO ONpENENeHNIO Mpeneia Mbl 00S3aHb  34AK/IIOYMTL, YTO
upu mobom a
lim y=2#. (2)
x=>a
Ho Ttakoe cornaumense, BO-BTOpPHX, BechbMa Ienecoobpasto
(B CyulHOCTH, MOYTH HeU36ewHO) W NPAKTHUECKH; B CAMOM JENE,
JOMyCTUM HA MHHYTY, YTO Mbl YCJIOBWIHCh CUMTATL MOCTOSIHHYIO
BeJHUHHY He HMelouled mpenend, W MycTb AN8 HEKOTOPOH (yHKIMM
HMEET MEeCTO COOTHOLIeHHe (2); Torma, Kak W3BECTHO,

lim (— y)=—= —b.
x—>a by

Ho y—-(— v)=0 npu mobom x; cymma BeuuHH y H— y,
Kaxas H3 KOTOPHX HMEET [IDEXENT, OKAZWBACTCA BEAHYHHOH (10-
CTOSHHOH M, 3HAYMT, 10 HALIEMY COrMAuUIeHHIO, He MMeroulell npe-
zena. Takum 06pasom, GOpMynMpys H3BECTHYIO TEOpEMy O Ipernese
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CYMMbl JIByX IM€DEMEHHLIX BEJIHYHH, Mbl BBIHYX/IEHH BHECTH B Hed
OrOBOPKY: «eClH TOJLKO 3T4 CyMMa HE eCTb [MOCTOSIHHAS BEJIMUM-
Ha»; NOAOCHLIE e OrOBOPKH, HCKYyCCTBEHHOCTb H  OOpeMeHHTENDb-
HOCTb KOTODHIX $ICHH CdMH CO60H, HaM MpUIUIOCh OH BHECTH
NOYTH BO BCe Teopembl TeopHH mnpeaenoB. Ot BCero 3TOro Ml
MOJIHOCTBIO OCBOGOMAAEMCS, MPUMHUCHIBas Mpefed BCSAKOH MOCTOSIH-
HOHM BesMuHHE. A TdK KdK NPH STOM, KAK MBI TOJbKO YTO BHIIENH,
MBl HE COBEpIIaeM HUKAKOH IMOFPEIIHOCTH MPOTHB YCTAHOBJIEHHOTO
HaMH OnpenesieHHs MOHATHS Mpejena, TO 3TO corjauleHue BCeraa
NPHHUMAETCSl T1PY  H3JOWEHHH OCHOB MAaTeMAaTHUeCKOrO dHANMH34.

beckoneuno manrie w Geckomweyno Gombumme. Benuuuna
y==f(x) nasniBaeTcss GECKOHEUHO MaNOl NpU X -—a, €CaH y—0
NpH x — a. BO MHOIMX H3NOXKEHHAX aHANH3A MOHATHE OECKOHEeUHO
MaJIOH HMrpaeT B TEOPUH MpPENENOB .OCHOBHYKO pOJb; OHO OMpeie-
JS€TCA paHbine, Yem obuiee NOHATHe Mpelend, W, HANPOTHB, OMpe-
N€NeHHe MOC/eNHer0 PEeNYyUMPYETCsi K MOHSITHIO GECKOHEYHO MaJokH
BEUUMHLL. B NPOTHBONOAOWHOCTL 3TOMy HEKOTOpHE COBpeMeHHHe
yu€Hbe PeKOMEHIYIOT MPH U3JIOKEHHH KYPCd 4Hanu3a OGXOAMTbCS
BOBCe Ge3 mNOHSATHS GeCKOHEUHO Ma/loN BENMUMHBI, MOdras, 410
NOHSITHE 3TO, OyAyuH M3/MHILHUM, B TO M€ BpeMs crnocobHO ro-
CefiTh, M (PAaKTHYECKH CeeT, MHOXECTBO HEeROPa3yMeHHi.

[lo sTomy moBomy cnenyer 3amerutb, 4TO peub MAST 3;1€Ch,
KOHEUHO, HE O NOHAMUuL BETMYMHK, CcTpeMsieHcss K HyMO (3TO
TNOHATHE TIpU JIOOOM MOCTPOEHMH aHANK34, a TAKKe M BO BCEX €ro
NPWIOKEHNSX, WIpaeT O4YeHb CYIMECTBEHHYIO pOfb), a JHub O
mepiure «GECKOHEUHO Masas BenHuHHA». DTO Ha3Bauve NeliCTBU-
TEAbHO BECHMA HCYNAYHO M 4acTO Na&T MOBOJ K HElNOpA3yMeHHsM;
OHO KaK Obl CTPEMUTCSl OXapAKTEPHU30BATL PA3Mep TOI BeJMUMHBI,
K KOTOPOii OHO OTHOCHTCSl, — KaK-TO HEYNOGHO Ha3LBaTh GECKO-
HEYHO MaJIOH Be/NHYMHy, KOTOpAsi HA M3BECTHHIX CTalUAX CBOETO
M3MEHEHHs] MOXET ObTb M ROBCE HE MAJIOH; MEWJy TeM, Ha CaMoM
JeJle OHO, KOHEYHO, NMPU3BAHO ONUCLIBATL TONBKO Xapaxmep u3-
MeHerus. JIAaHHOM BeNMUMHLI, 4 OTHIOAb He €€ pasMeph; 3Ta Tep-
MHHOJIOrM4eckasi Heyjaua #BnseTcsl CreICTBHEM MCTOPHUECKOTO
nepexuTka: GeCKOHEYHO Manbie BeNMUMHB [OMyumId CBOE HauMe-
HOBaHHE B 3MOXy, KOrja CMLICJ 3TOr0 MOHSITHE OB/ COBEpLLEHHO
HHBIM, YeM MH €ro yCTaHaBlMBaEM Teuepb.

OnHako BeNMMUMHB, CTPEMSIUMECS K HYJIO, BCTPEYAKOTCS B aHa-
JIH3€ M ero NPHJIOKEHHUSX, KdK Mpl YK€ 3aMeTWM, CTOJb YdcTo,
4YTO OTKA3aThCsi OT CIENHANLHOTO KPATKOr0 HAWMEHOBAHMS IJIf
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HUX Obil0 6b Ouesb TpyaHo. C Ipyroft CTOpPOHLI, 3aMEHSITH HCTO-
PHYECKH [IPOYHO, BEKaMM YTBEPIMBILIEECS HAUMEHOBAHHE KaKHM-
Jub0 npyruM 03Hayano Obl TaKyl0 TEPMHHOJOTHYECKYIO KaTacTpo-
¢y, Kakas B MareMaTHKe BCeria OLIyUIaeTCsl O4YeHb MPOIOKH-
TeJbHO U OonesHeHHo. Hakowner, ecsau, kak 310 menaem ceiiyac
Mbl, HE MPHHHMAaTh OGECKOHEYHO Ma/yl0 BenHUMHY 3a OCHOBAHHE
TEOpUH [MpCAEeIOB, a MOHHMATh €€ JNMUIb KaK YacTHb cayyqail
oOLIero MOHsITHS BENHYMHBLL, CTpeMmsiIelics K mpenely, TO oOnac-
HOCTb 3JIOKaYeCTBEHHOrO CMeHIEHHS He TaK yxX Be&IHKa U He rpo-
3UT CTOJIb TSOKENBIMH MOCJAEACTBHSIMH.
Bennunna y HaswiBaeTcst GeckOHeuHO GOAbWLON, ecH

lim| y|= —}- oo.
x—=>a

Takum o6Gpasom, GeckoHeuHO GOJiblLAst BEMMYHHA JHOO CTPEMHTCS
K-} oo, 60 cTpemMuTcss K — o0, AMO0 HE CTPEMHTCS HH K Ka-
KOMy mnpenesy, NPHHUMAsl 3HAYEHHS TO MOJOWHTEJbHHIE, TO OTpPH-
LateJbHbe, HO 10 abcoNIOTHON Be/iMYHHE 6E€3rpaHHYHO BO3PACTal0-
wue. [lpumepom nopenennst mocseAHEro THNA CAYKHT BEJAMYHHA
y=(—1)"n npu n— - oo, npuuém n, Bo3pacras, HpPHHHUMAET
TOJNLKO Lienble 3uadennsi. O camoMm TepMuHe «6ecKOHEYHO 6Ob-
1iag» MOXHO MOBTOPHTb BCE TO, YTO BHIE CKa3aHO O «Gecko-
HEYHO MaJioi».

Ham neT Hamo6HOCTH OCTaHaBMHBATLCS 3MECh HAa XOPOLIO H3-
BECTHHIX BaM TeopeMax O CcyMMe, pa3HOCTH H MNpPOH3BENEeHHH
OecKOHEYHO Manbix BesHuHH. HarnoMHHM TOABKO JBa MOMEHTa,
HEIOCTATOYHOE BHHMaHHE K KOTOPHIM 4YacTO NPHBOAHT K Hemopa-
symenusm: 1) B teopemax 0 cymme u npoussenenud GecKOHEYHO
MaJIbiX OYeHb CyIleCTBEHHO TpeboBaHue, YyTOOb YHCJO CAraeMhbix
(n1M comHOXMUTeNeH) OCTaBasJoCh *OrpaHHYeHHbIM; 6e3 9TOil OroBop-
KH 00e TEOpeMEl CTAHOBSTCS HEBEPHLIMHM, KaK Jerko y6enutscsi
Ha pocThix mpumepax. 2) O6 omHowenuy IByx GeCKOHEUHO Ma-
JbIX HeNb3sl cleiaTh HUKAaKoro oOluero yTBepwKIEeHHs; Takoe OT-
HOLlEHHE MOXET HMeThb MoOOH xapakTep HM3MEHEHHMsl, B YACTHOCTH,
MOXeET H He CTPEMHIbCR HH K KaKOMy npefeny.

[Ipewne yem MH nmoMméM maneplle, HAM HAamO CHAenarth einé He-
CKOJIBKO 3aMeYaHHli O CHMBOJIAX -}-00 M — 00, € KOTOPHIMH Mbi
Tenepp ywe NOCTATOYHO YACTO BcTpeyasinch. Bhl 3HaeTe, koneuto,
YTO STH CHMBO/ILI HE CAyWaT 0603HayeHueM Jis KaKHX-JHOO uuce,
Ha sonpoc o TOM, 4TO 0O3:Hayaer, HampuMep, CHMBOJ —+ oc, mpa-
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BH/IbHEE M ficHee BCero OyneT OTBETHTh, YTO, B3ATHI caM mo cebe,
OH JIHIIEH BCAKOPO CMBICAA; CMEICJI OOAYY4deT TOMbKO Bhipaxe-
HHE OKPECTHOCTb —|- 00», H MOL STHM BHPAWEHHEM pasymeercs
COBOKYIIHOCTb  BCEX BELUECTBEHHLIX YHCE/, MPEBLIUIAIOUIHX HEeKO-
Topoe {(mo6oe) YHCno &; uMeTh AN Takol COBOKYINHOCTH KpaTkoe
HAaHVEHOBAHHE OyeHb yNOGHO, TaK KaK € COBOKYMHOCTAMH TAKOIO
pora Mbl B aHajiM3e BCTpeyaemcsi Ha Kawaowm miary. Ho smecte
€ BHIPAXEHHEM <OKPECTHOCTb —|- O0» TOTYAC WKE MONYYAIOT CMBICH
H Takue Bblpaxenud, kak limy—-l-oo (rme camo a moxer

xX—=>a
Tak:kKe OhTh OIHHM W3 CHMBOMOB —|-00 M —0); B camMOM Helle,
B J1aHHOM Havu ompenesiennd npepena limy—4& o Gyksax a u b

x—>a

YMOMHHAETCSl HCKMOYHTENIBHO B CBS3H € HMX OKPECTHOCTSIMH; MO-
3ToMy moGast M3 5THX GyKB MOwerT OBbTb €O CMBICJIOM 3aMeHeHa
CHMBOIOM —|-00 (WIH — ©C) MOCie TOTO, KAK Mbl  yCTAHOBHIH,
KdKHE MHOXECTBA Mbl Ha3LBAeM OKPECTHOCTSIMH 3TOrO CHMBONA;
MpH 3TOM HET HALOGHOCTH MPHIHCHIBATH KAKOH-THOO CMBICH caMoMy
3TOMY CHMBOJY.

W3 Bcero 310ro fcHO, ¢ KakOH OCTOPOWHOCTLIO HEOGXOHDHMO
OTHOCHTBCS K YNOTPeG/IeHHI0 CHMBONIOB —+— 0C M — OC; B YaCTHO-
CTH, COBEPIUEHHO HEAOMYCTHMO MOPHMEHSITb K HWHM KaKHe-HGo

1
apupMeTHYECKHE  Onepannu (;.—_O H T. M.), KaK STO MpPHHATO

B HEKOTOPHIX «yMpOIUBHHBLIX» Kypcax asaiu3a. PasuniM oGpasom
JIHMILIEHBI CMBICNA M BCAKOTO pONA PaBEHCTB4d, B KOTOPHIX CHMBOJ
~-00 WM — o0 BHCTYMaeT He B NPSIMO yKa3aHHOH POMHM Mpe-
Inena, Kak, HalpHMep, pacnpoCTpaHEHHbIE B TPHFOHOMETPHH 3aMHCH

T
BHIA tgyziool), W T. 0. HanpotuB, HepaBeHcTBam BuIa

al 400, b>—o0, —axw< e} oo npunaéres onpene-
NEHHBIA CMBICK; OHH MOC/ENOBAaTENbHO O3HadaoT: 1) 4To a ecTb
anGo uucno, mM60 cumBon — oo; 2) 4ro b ectb /6O umco,
AHOO CHMBO —}-00; 3) 4TO ¢ eCThb HMCIO. '
Haxkonreu, #eo6XonMMO TOYHO yrOBOpHMTbCS, GyleM JIH MHI, TO-
BOpSl O CyiuecTBoBanuM npenena ¢ywkuun y=— f(x), nompasyme-

1) IlpaBunbHas GOPMyAHPOBKA, KOHEYHO, TAKOBa:

lim tg x=- oo, lim tgx——eco.
=

x—v;——O x—>2—|—0
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BaThb NPH STOM CyLIECTBOBaHME HuCAQ, CAYWAIero NpeuaeioMm sTol
BEJAHYMHL, Wi Oynem OONycKaTh B KayeCTBe MpefesioB TaKwke
H CHMBOJAH -+ oo, — 00. $ICHO, KOHEYHO, YTO B STOM TE€PMHHOJIO-
rHyeckom Bornpoce Mbl GOpMaJbHO MO¥eM MPHHATH J1I000e H3 JABYX
peilleHuil W 4TO, CNENOBaTe]bHO, BHIOOD NOMKEH ObIThb MPHHAT HA
ocuoBe Uenecoobpassocti. OO6hYHO COMAILAIOTCSH IOHHMATL YTBep-
WenHe «) HMEET mnpenesi» B .CMLICIE CYINEeCTBOBAHHS i(Aa,
CAyXAUIEr0 OPENENOM BeNHUYMHBl Y, €C/IH e HUMeercs B BHAY
[IHPOKOE MOHHUMaHHE STOTO YTBepXJ/eHHsl, TO NEeNalTCs CreuHans-
Hple OroBopkH. Tak Mbl K OydemM noctynath B HanbhedieM.

Kputepuit Kown. Onxolt M3 Bawwseililnx 3amay TeOpuM npe-
JICJI0B §IBASIETCSI, OYEBMAHO, caemyowias: dana @vuxyus f(x)—=y;
onpedesums, umeem sAu OHA npefes npu x—a. llpn stom:
1) cornacHO TONBKO YTO NPHHATOMY HAMH COTJIALIEHHIO PEYb WIET
O CylIeCTBOBAaHMM TaKoro xucAa b, 4to y—0b nupn x-—a;
2) HAnpoTHB, @ MOXeT O3HauaTb JM60 4YHCI0, JM6O ONHH H3
cuMBOnOB —}-oc, —oo; 3) B 3TOH 3amaue CTaBHTCS  BOMPOC
TONBKO O CVijecmsosanun MpEenena; OTHICKaHWe e STOro mpenenia
B II&HHI)H’] MOMEHT HAaC COBCE€M HE€ JO/NKHO 3aHHMAaThb.

Crnenytounii BawHuH MpPH3HAK CylUEeCTBOBAHMS mpenesa Clio-
co0eH o0Kas3aTb BecbMa CYLIECTBEHHBIE YCAyTH, B OCOGEHHOCTH
B TEOPETHYECKHX HCCIENOBAHUSX.

Kpurtepuit Kown. Zsas mozo umobu ¢hynxuus y = f(x)
umesn npedes npu x— @, He00X00umo u OOCMaAMO*HO BbNO0/-
Henue caedyiouezo yeaogun: (A) xax 6vr mano Hu 6ba0 n0AO0-
HeumeabHOe HUCAO &, cyuecmsyem makas Oxpecmuocms U ducaa
(usu cumeoaa) a, 4mo 045 awbbix 08yX wuces x; u X, Okpecm-
nHocmu U

|f(x1)'—f(x2)| <&'
DokasatenbctBo. 1) Ilycts npH x-—a BeJHYMHA Y

crpemurcs x uucay b. Ilo onpenenennio mpelnena cymecisyer
Takas okpectHocts U umcna a, yto npu x EU

\
b— > fl)< b5

nostomy, ecin x; €U u x, €U, 10 f(x)) u f(x,) 3aKmouenn

MeXy [)—% nb+ —; , 4 CleNoBaTe/ibHO, OTAHYAIOTCH IPYF OT

Ipyra MeHee, YeM Ha €. IJTO IOKAa3HWBAET HEOOXOIHMOCTH YCJIO-

sus (A).



44 JIEKLIHSI BTOPAS

2) Honyctum Teneps, 4To ycnosue (A) BhmonHeHo. Lns-kaw-
AOTO HATYPaNbHOLO YHC/IA M CYINECTBYeT Takas OKpecTHOCTh U,
4Hcna a, 4T0 Npu x; € U,, x, € U, ™Mbl Bcakuii pas umeem

|f o) — £ )| < o (3)

Kawayio Takywo okpectHocrs U, Mbl Gynem cunMTaTh (3aKPHITHIM)
OTPe3KOM; 1P STOM MEl HMEeM NpaBo Npeanonarats, yro U, ,c U,
(n=1,2,...); 8 camom zene, ect 6Ll OTPe3OK U, 1 He €cOCTaB-
agn 4acTH orpeska U,, TO Mbl MpPOCTO 3aMEHWUNH b1 OoTpe3oK

LI% (’)61ueu 4aCTbIO U,,+] orpeskos U, u U,,,!); ouesuiwo,

410 U,,+1 €CTh  OTPe3OK, MpHUEM U,,+1CU H g moObIX
xIEU,H], xzeUn+1 MH HMeeM

|f () — Fle| < g

TaK 4TO OKPECTHOCTb U; +1 MOXeT BO BCEX OTHOIIEHHAX 3aMEHHTh
okpectHocts U,

Tak kax ¢ynknus f(x) B orpeske {J, nomuMHeHa yC]OBHIO
(3), TO BCE MHOXECTBO M 3Ha4YeHHl, OPHHUMAeMHX €0 B 3TOM
orpeaxe, MOXeT OHTb 3aKJIY€HO BHYTPb HEKOTOPOro orpeska \,

mwnel —. Ho U, ,cU,; crenosatemno, M, ;cM,, a notomy
OTPE30K An +1 MOXeT 6bITb B3T LIETHKOM 33K/IOUEHHHIM B OTpE3Ke

A: A .cA; a rtak Kak lLJIHHaL oTpeska A cTpemuTcH
n- n 1 n? n p n P

K HYMO OpH #— 00, TO MNOC/IEN0BATENbHOCTE ~ OTPE3KOB
A, (1,2,...) o6pa3dyeT CTACHBAOLLYIOCS CHCTEMy OTPE3KOB;
B cuny nemmbl 2 nekimi 1 (ctp. 30) ™Mb moOwem yTBEpwWAaTh,
YTO CYILIeCTBYeT eNMHCTBEHHOE YHCJIO b, mpuHALIeXainee BCEM
orpeskam A,.

Hakownen, y6enumcs, yro lim y=—254. C st0ii uenbio 0603Ha-
x=>a

ynM uepes V'  moOyi0 OKpPECTHOCTb uyMcla b; 10 OMpenesneHHio
storo uucna A, V mag Bcex JOCTAaTOYHO GOJBIIHX 7: MOSTOMY,
e x€U,, 10 f(x)EM,cd,cV, OTkyla N0 ONpEREIECHHIO

npenena u caenyert, 4ro lim y—=b.
x—>a

1) Kotopas, oueBuiHO, He mycTa.
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Taxum o6pasom, kpurepmii Ko noxasau nonuoctsio. B uact-
HOCTH, IAf TOFO YTOOHLI NOCAENOBATENLHOCTH HHCEJE

a]y ag’---,an»---

HMena mpeneni, HEOOXOAMMO U NOCTAaTOYHO, UTOOH npH mo6oMm
E>O H BCeX AOCTAaTOYHO OOMbIUHX #2 U m

la,—a,|<=.

Kpurepuit Komn nmmp B peikmx cydasx nosyyaeT KOHKPETHOE
NpUMEHEHHE B CMHCJIE IOKAa3aTeNbCTBA CYIIECTBOBAHHS Mpenena
Yy HEKOTOpPOH HHAMBHAyanbHOH (YHKLMH, ¢ 3TOH LENbl0 OGLIYHO
TIPUMEHSIOTC KpUTEpHH GoJsiee MpOCThie, HO 3aTO HE SIBJAKOLHecs
XapaKTePHCTHYECKHMH, T. €. OMHOBPEMEHHO HEOOXONHMMBIMH M HO-
<TaTOyHbiMH. HanpoTus, B O6IIMX TEOPETHHECKHMX HCCAEI0BaHHSIX
3Ta OCOGEHHOCTb KpuTepHs Koulm Ienaer ero, Kak MH YBHIMM
JaaplIe, MOYTH HE3aMEeHHMBIM OpYIHEM.

3ameuanne 06 OCHOBHBIX TeopemaX. OcHOBHLIE Teopemul
TEOpHH TMpeJe/iOB, T. €. TEOPEeMb O Mpejeiie CyMMH, pasHOCTH,
MpoOH3BeIeHHs H T. O., Bawm, KOHEYHO, XOpOILIO H3BECTHbI; HAM
HET HaNOOHOCTH 31€Chb HE TOJLKO JIOKAa3kBaTh, HO naxe ¢opy-
nvposath WX, OnHako OgHO 3ameuamye, CBI3aHHOE C STHM LIMKAOM
TEOpEM, HaM BCE e MNpUABTCH CcAeNaTh; MPH 3TOM, TAK KAaK OHO
Oyner B paBHOH Mepe OTHOCHTLCH KO BCEM TEOPEMaM STOro LHKIE,
HaMm JOCTATOYHO OyneT HAMOCTPHPOBATH €r0 Ha KakKOH-HUGyNb
OIHOHM H3 nMXx.

Korna mh rosopum «nmpemen cymmbl IByx Benwumn pasen
CymMME MX [MpenesioB» (4 HMEHHO B STOH KPATKON pemakuuM Teo-
pemMa BCTpeyaercss B GONBUIMHCTBE «YNPOLIEHHLIX» KypCOB), TO
TEM CaMbiM MBH NOAPA3yMeBaeM (XOTH W HE YNOMHHAaeM STOro),
4TO BCE€ TpH BeNMYHHE (06a CjaaraeMHX M CyMMa) CTpemsiTcs
K OpeneiaM, H BONpPOC HAET JHUIL O B3aMMOOTHOIIEHHH STHX
npeneno. Ha camom nene, Mel mpu 3TOM mpenmnosiaraeM GoJbiie,
YEM HYKHO; NOCTATOYHO [PEANOJOWHTL CyLIeCTBOBaHHE npenena
Yy KaxI0ro M3 cJjaraembiX; TOrma MOMXHO JA0Ka3aTtb, 4TO U CyMMa
IO/KHA  MMeTb mpefen (paBHbfl CyMMe npcleloB  caraemmix);
AOKA3aTeNbCTBO  STO He  TpeOyeT HHKAKHX JIOTONHHTENbHHX pac-
CYXIEHHH, aBTOMATHYECKH BHTEKasds B BHIE JOMOJHHTEIbHOIO

pesynbTaTta mpu  moOOM NOKA3aTenbcTBe TEOPEMLl O TMpejese
CyMMBI.
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Hanpotus, u3 TOro, yTo cymMma uMeeT mpenes, €Ul He BbiTe-
KaeT CyuleCTBOBAHME MpENeNa y KaXAOro H3 cJaraeMnix; B CaMOM
Aene, MycTb BEJIMYHHA Y [PH X —>a He CTPEMHTCH HH K KAKOMY
Mpenesty: OYEBHIHO, YTO TO e camoe GyHer uMerb MECTO LISl BeNH-
uuHb 1 -— y; Meway TeM, CyMMa STHX AByX BEIHYHH, GyIyyd mo-
crosnuoit (v-f 1 — y=—1), umeer npenen 1 npu x — a.

Takum oGpasom, nanGonee corepiuenHast (OPMYJIUPOBKa TEO-
peMbl O mpenesie Cymmbl HOMKHA TNACHTh: ecau kaxwcoas u3 OaH-
HOIl IOHEYHOU COBOK YNHOCMIL BEAUHUH uMEeNm npedes npu x —a,
MO u CyMMQ ux umeem npeOesr npu 3MOM YCAOSUL, U npedes
CYMMBL DaBEH CYMME npedenos caazaembix. AuHanornunyio ¢op-
MyAHPOBKY MOJIy4HalOT H BCE JPYTrHE TeOpeMbl STOr0O LHKJA.

YacTuyHbie mnpenesibl; BePXHUIl mMpenes W HHWXHWA mpenes,
Mul Tenepb IOMKHBI NOAPOGHO 3aHATHCA U3YYEHHEM TakuX (yHKUnik
BE/IMYUHLI X, KOTOpHE NpH X — @ HE HMEIOT Mpefena; TakK Hasbi-
BAEMHE <¢YNPOLIEHHKE» KYPCHl OCTaBAAIOT OGBLIMHO STOT BOMPOC
coBepuieHHO 6€3 paccMOTpPEHuUs.

YcnoBumcsa HasbiBaTh 4HCAO b wacmuunbiM npedesom QyHkuun
y—=—/[(x) npn x — @, eciu, KaKOBHl OH HH ObUIH OKpecTHOCTb {J
4yHcia @ W OkpecTHocTh V' uncna b, Hailnéres takoe x € U, o1-
qMYHoe OT a, 410 f(x)E V. D10 npocroe ompenenenue 6e3
BCAKHMX HM3MEHEHHHl pacnpocTpaHsieTcss H Ha TOT cayyal, kKorma b
€CTb OIUH H3 CHMBOJIOB -}- 00, — oc. TakuM 06pa3om, YaCTHYHBIH
npenen b ©CTH TaKoe 4YHCIO, YTO KAK yroaHo Onau3ko K @ Haii-
OyTC 3HAYeHHl BeJMYHHBE X, 0OPH KOTOPHIX BeJIMYHHA Y KaK
yronHo 6mu3ka K b [B cnyyae, korma a umm b ectb -} oo, Mu
[LO/MKHH, KOHEYHO, BMECTO YHCesn <«KaK YFOmHO ONH3KUX K @
(wm O)» rOBOpDHTH O YMCNAX «KaK yrOAHO GONBIINX»; aHAJOTHYHO
H B ciyyae, KOrna a umi b ectp — .

Ananornuno ompeznensiercs 4YacTHYHBIM mpelien nocnemnoBarenb-
HOCTH @y, @y, . .., Qpyy ... IPH 1 —>0O.

Ecnu limy cymecTByeT, TO OH, KaK Mbl HENOCPEICTBEHHO

x>
BUIHM H3 onpenejeHHs MNOHATHA Npelena, ecTb BMeCTe € TeMm
YacTHYHHE mpenen (W MPHTOM EJWHCTBEHHHIM) BENHYHHBI Yy, HE3a-
BHCHMO OT TOro, SBJASETCH JH STOT Openes YHCAOM HJIH OHHHM
H3 CHMBONOB -}-00, — ©O; HO ec/M 3TOro mpefesa Her, To
BEJIMYHHE y HeOOXOINMO MMEEeT M0 MEHpLleH Mepe IBa pas/iHYHBIX
4YacTHYHHX mpenena; TakHM oOpasom, mobas ¢QydkiHg y— f(x)
HMeeT [IPH X — @ N0 MeHblledl Mepe OIMH yacTHYHbIH npenen;
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NS TOTO 4TOGH OH Ghil eNIMHCTBEHHWM, HEOGXOIMMO H JIOCTATOUHO
cyuiectBoBarue lim y.

x—>a

Yrobu yOeautbest B CTIPaBelNIHBOCTH BCEX STHX yTBepPWaeHuH,
MBI, OYEBHMIHO, JAOMKHHLI JOKa3aTh /ABa npernowenus: 1) swbas
@vuruus v=— f(x) umeem npu x -—a no memHvutedd Mmepe oOuw
yacmuuHel npedea u 2) ecauw b ecmv eduncmeennsui wacmuv-
Kol npedesn hyrxyuu y= f(x) npu x— a, mo

limy: b.
X—=a

Ipu 3TOM BO BCEX CAyuasx BCE OPENENHN M YACTHYHBE Mpe-
Jeabl MOTyT OHITh KAaK 4YHCAAMH, TAK M CHMBOJAMH - oo M — oo,

HNokasatenvctTso yrBepxaenuns l. Ecam omun b3
CHMBONOB +00 WIH — OO CAYWKHT 4YaCTHYHLIM npenenoM BeJiH-
YHHR V OpH X — @, TO yTBEPWJEHHE JOK33aHO; MO3TOMy MH
[ONycTHM, YTO STO HE TaK, H MOKa)eM, 4YTO B TAKOM ciyyae
CyLiecTByeT 4YHCAO b, sABifiolLIeecs YAaCTHYHLIM MOPENeNOM BEJH-
YHHbl V OpU X — Q.

Ho ecnn Hu ~}- o0, B — o0 He cayKHT YACTHMHHM npe-
nenom ¢yukuuM f(x) npu x —a, TO, OYEBHAHO, CylUECTBYET
Takas mapa uucenr a, {(a<f), 4TO mAS BCeX X, MOCTATOMHO
6/M3KHX K a,

a<< fx)<<§.

B uacTHOCTH, 3HAYHT, 8 410606 OKpecmuocmu 4ucia a Haii-
08mces maroe 4ucao x, «mo f(x) npunadsencum ompesry [a, B],
KOTOpHH  Mbl st KPAaTKOCTH 06Go3HauuM depes A; ycnoBumcsa .
obo3nayaTb 4epes A TONbKO YTO (HOPMYJIMPOBAHHOE CBOLCHIBO
oTpeska A,; ecin Mbl pasfeiuM STOT OTPE30K MONOAaM, TO 110
MeHpuledl Mepe oOnmHa M3 ero MOJOBHH JOMKHR 00JajaTh CBOHCT-
BoM A (u6o, ecnu Obl, Hanpumep, okpectHocTs U, uyucna a we
colepkana HW OLHOIO X, JUI KOTOPOro f(x) mpHHALNEWHT JEBOH
nonosue A;, a OKPecTHOCTL {J, — HH OMHOTO TAaKOTO, A KOTO-
poro f(x) nDpHHANNEWHMT MOpaBOH MOJNOBHHE 3TOTO . OTPE3Kd, TO
okpectHocts U, cayxawas o6we#t yactbio U, n U,, odesunHo,
He mOria OBl COLEP¥ATb HH OLHOTO X, I8 KOTOPOro f(x) €4,
T. €. 0Tpe30k A, ve O6naman Obl cBo#cTBOM A). O603HaUMM ye-
pes A, nonospmy orpe3ka 4,, obnanapouryto csolicteom A, u
NOCTYIMM € Hedl TaK, Kak Mbl TOCTYNMAH ¢ OTpe3koM A, T. e.
pasnesuM e€ romonam u BO3bMEM €& nonoBHHY A,, obnanaiouryio
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ceoficteoM A. Tlpomomkast 3TOT npouecc Ge3rpaHHYyHO, MBI, O4e-
BHIIHO, 0]y4aeM CTArMBAIOLLYIOCS CHCTeMy OTpe3koB A, A,, A, ...,
A,, ... [lycts b— cyluecTByiomiee B cHAy JIEMMBl O CTSCHBAaIO-
wie#csi cucTeMe OTPE3KOB €IMHCTBEHHOe Ofluee HHCIO BCeX 3THX
orpe3kos MW nyctb U u V 03HAa4alT COOTBETCTBEHHO NIOOhIE
OKpecTHOCTH uMcen a W b; no onpenenenuio umncna b wnalinércs
orpeaok A\, < V; HO kaxawl orpe3ok ), o6sanaer CBOHCTBOM A,
C/Ie7I0BaTENbHO, CYUIECTBYET TaKoe yucno x € U, uto f(x) € A, V.
Ho 5To M 3HauuT, 4ro O eCTh yacTHYHWIH Npene/l BeNHYHHL Y
npH X —a.

OokxasarenbcTBO yTBepxnenus 2. B cuny yrteep-
whaenuss 1 BeaMynHa y uMeeT npH X — @ 0O MeHblied mepe

onuH yacTHuHL npenen b; ecm cootnowenue lim y=— b nesepuo,
Xx—=>a

TO CylIeCTBYyeT OKpecTHocTh V' umcna (wim cumBona) b, obaanaio-
w@as TeM CBOHCTBOM, 4YTO B mo0O# OKpectHocTH  yHcna
(wm  cumBONd) @ HAWOETCS TaKoe 4HCJIO X, I/ KOTOPOro f(x)
nexut Bue V. OuyeBHIHO MOSTOMY, YTO IOMKHA HMETb MeECTO
olHa M3 CAENYIOIMX JBYX CHTyauud: su00 OOHH H3 CHMBOJIOB
-} 00, — o0, M npuUTOM  Omaudnbt Om b, SBASETCS YaCTHYHBIM
NpenenoM BeNHYHHH Y MpH X —> @, JH00 CyUIeCTBYeT OTPE30K
[a, ], sexcawuir ewe V w Takoii, uto mobasi okpectHOCTH U
ypcsia (1M CUMBONA) @ CONEPXKHT YHCIO X, MJiIsE KOTOPOTro
flx) € [a,B]- B nepsom ciyuae yrsepwunenne 2 mokasano. Bo
BTOPOM cJiydae Mbl B TOYHOCTH TE€M W€ MNyTEM, KaK [MpH NOKa3a-
TeNbcTBe yTBepkaeHus: 1, yOenumcst, WTO BE/JHYHHA Y HMEET MpH
X -—a uyacTHuHbi npenen b, opuHamnewaiunii orpesky [a, f] u,
CnRenoBaTenbHoO, OTMYHLE OT b; TakuM 06pasoM, H B 5TOM
cnyyae yTBepweHHe 2 NOKa3aHO.

WNtak, MH ycTaHOBWAH, 4YTO BCfIKas BeJHYHMHA, KOTOpas
B H4HHOM MpoLecce HE HMeeT [pelena, NOmkHa obaanath M0
MeHbIIEH Mepe IBYMs 4acTHuHbLIMH mpenenamu. BooGire rosops,
HHYEro GoMbIIEro yTBEPwIaTh HeNb3s; TaK, BeaHuuna y—(— 1)
(rie n— HaTypaJbHOE YHC/I0) MMEET MOpH H-— 00, OYEBHIHO, B
TOYHOCTH 7BA uYacTHuHhX npenesa 1 u — 1. C mpyrodt cTopoHHl,
CYLIECTBYIOT BEJIHYHHLI, KOTOPHIE B ONPEAENEHHBIX POLECCAX H3Me-
HEHHS] MOTYT HMeTb H OeCKOHEYHOE MHOWECTBO YAaCTHYHBIX Mpe-

]
IenoB; TaK, (PyHKUMs ¥ = Sin — HMEeT MpH x—0 B KayecTBe

YaCTHYHBLIX [pEenoB BCE HYHC/IA OTpesKa [—— 1,+ 1]; B CaMOM
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1
dene, npu x — 0 BenuMHa +» BO3pactas HenpephiBHO H 6e3rpa-

HUUHO, MMEET CHHYC, GEeCYHCIeHHOe MHOXECTBO Pa3 HeNpepbBHO
usmensiolmitcst or — 1 1o 1 n 06patHO; KakOBO Ow HH GHITO
YHCIO {§ OTpPe3Ka [— 1,+ 1], Mbl MOX(eM, C/IENOBATENIBHO, HANTH
CKO/Ib YFOAHO Manoe (T. €. MpHHaljiewallee KaK YromIHO Mano#

| .
okpectHoctH  yucrna 0) uneno @, mis KOTOporo sin — =§.

HecmoTpss Ha TO, YTO pa3yiMYHbIE BEJIHUHHLI, KAK Mbi TOABKO
YTO BHAECJIH, B CMLC/IE MHOWECTBA HMEIOIUHXCH Yy HHX YaCcTHYHBIX
TpesenoB  SBASIOT cOOOH BecbMa pA3NHYHYIO KapTHHY, BCE we
B CTPOEHHH MHOXEeCTBa YaCTHYHbIX npenesioB  HMEKTC] YEPTH,
Oéume AN BCEX [€epeMEHHBX BeJHYMH, H YEepPThl 3TH KaK pas
I/ aHanv3a HMEKT CYUIECTBEHHYIO BaxwcHocTh. Ha HEKOTOphIX H3
HHX Mbl AOJXKHBI 6yIIEM TEernepb OCTAHOBHTHCH.

CeotictBo 1. Ecau uucao (uau cumeon) b me ssasemcs
YOO UHHbIM NPECENOM EEAUHUHBL Y Npu X — A, MO CYUeCHEyem
vrpecmuocme  V  wucaa (wau cumgosna) b, wHe codepocawasn
enympu cebsi HL O0OHOZO MOK020 HACIMu¥HO20 npedeia.

B camom nene, ecnin b He ecTb YAaCTHURBIA MpEIEN BEIHYHHKL Y
IpH X — @, TO CyIUECTBYIOT Takas OKpecTHOCTh V uncna (wm
cumBonia) & u Ttakar okpecTteocth {J yHcna (WM CHMBOJA) a, 4HTO
Yy HE MOXeT (pHHalllexaTb OTKphTOMy OTpe3ky V npu x € U,
HO TaK Kak OTpe3oK V SBJSETCS OKPEeCEHOCTbIO JI0OOro cBOEro
BHYTPEHHErO 4YHCJa, TO B TOYHOCTH TO e CamoOe HMeeT MeCTO
U Juis moO0r0 Takoro BHYTPEHHErO 4YHC/A; HH OJIHO H3 STHX
yucen Ha MOXeET, CJIeNOBAaTEsbHO, OHTH YaCTHYHBLIM  MpeenoM
BEJHMYHHB Y NpH X-— @, YeM W [0KaskwBaercs CBOHCTBO 1.

[Mpexne uem mnepeliTH KO BTOPOMY CBOHCTBY, 3aMETHM cne-
ayolee.

Ecnu cpeam yacTHYHLIX MpeaenoB AAaHHOH BEJIMUMHLI Y [pH
X ~—> @ BCTPEYAeTCH CHMBOA —}- 00, TO Mbl €CTECTBEHHO MPHHH-
MaeM STOT 4YacTHuYHbI npeaes 3a HauOosnbmufl; NOKOGHKM ke
06pa30M CHMBOJI — OC, €CIH OH CIYWHT 4acTHYHHIM MperesioM
Haulell BEJIHYHHBI, MBI CYHT34€M HAHMEHbILIHNM H3 €& YacTHYHbIX
OpEeRenoB. YCNOBHMBUIMCH B 3TOM, MBI MOWeM Tenepb (opMyau-
poBaTh CBOHCTBO 2.

CroiictBo 2. Cpedu uacmuumblx npedesos 1000L nepe-
MEHHOI BeAu4UHbl 6C€20a UMEIOMCST HauboAbuull 1 HAUMEHbULLLL.

Bu nownmaere, KOHeyHO, 4YTO STO YTBEPWACHHE NA/leKO He
CaMOOYEBH/IHO: BeAb HET Ke, HAmpHMep, HH HauOOnbIlero, HU

4 A, 5. XuHuMs. Bocemb NeKUM
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HAMMEHBINEro yucsia B OTKphTOM otpe3ske (0, 1), u Boofure na-
JIEKO He BO BCSIKOM MHOXECTBE YHCEN HMEWTCs Haubo.bluee u
HaHMEHplllee YHCAZ (MAH CHMBOM), CMbICJI HAlUEro YyTBEPHAEHHN
B TOM M 33K/IOYEETCS, YTO MHOKECTBOM Y4aCTHYHBIX  MOPeelion
IaHHOK mnepeMeHHON BenHYMHK MOweT ObIThb OTHIOAbL He Jboe
MHOXECTBO (YTO, KOHEYHO, BHIHO W3 cBoHcTBa l); OHO HOMKHO
o0/alaTh HEKOTODhIMH CHELH(HYECKHMH YepTaMH M, B YACTHOCTH,
conepxarb Havbonpuiee H HaWMEHbLIEe YHCIO (HAHW CHMBON);
JIOKa}eM 5TO.

[lpexne Bcero Gynem FrOBOPHTL TONBKO O HaubOAsuiest
YaCTHYHOM [Mpejiesie, TaK Kak Ui HaHMEHbIIEro (370 3apaHee
OYEBHIHO) BCE paccyxienusg OYyAyT MpOTEKaTh COBEPIIEHHO
aHanorH4Ho.

Mp MOYWEM NOUYCTHTB, YTO CHMBOMI |- 00 HE ABJASICTCS YaCTHY-
HbBIM [pENesIOM NaHHOW nepeMeHHOH Be/NHYHHB (HHAYe OH, KaK
ye 3aMeyeHo, Oni Obl HaWGOJBIIHM YACTHYHKIM MOpPENENOM, u
cBOICTBO 2 Ghwio Okl nOka3avo). B cuny ceeiictea | orciona
cnenyer, YTO 4YaCTHYHBLIX MPENENOB HET H B HEKOTOPOH OKpecTt-
HOCTM CHMBOJZ - OO, fPYTHMH CJIOBaMH, BCE HYACTHUHHIE Mpe-
Ienbl MEHbLIE HEKOTOpOro uncna. Eciu 6bl €MHHCTBEHHBIM ya-
CTHYHBIM MDEAENOM Hamel BeJIHYHHH ObUI CHMBOJA — 0O, TO OH
66t 6 W HAWGOMLILKM YAaCTHYHBIM MPEIENoM, H CBOACTBO 2 GhuiO
6 okazano. [1osTOMy Mbl MOWEM MpEANONQKHTL, YTO CPedu 4a-
CTHYHHIX MPELE/IOB NAHHON BENMYHHLI HMEETCS HEKOTOPOe YHCIOo b.

PasoOb&M Temepb COBOKYMHOCTb BCEX BEILECCTBEHHHIX UMCEN
Ha IBa KJacca A W B no cieayouweMy OpHHuMny: x € A, eciw
BNPABO OT X HMeelcss xovs Obl OJMH YaCTHYHLIL TNperes NaHHOL
BEAHUYHHL, H X € B— B npoTuHBHOM cilyqae. Bo camu Jjerko yGe-
auTech, 4TO 3TO pasbuenue ectb ceyenwe. [lycth a — ero py-
Gew. nokawem, 4Yrto o ecTb HauGonbuiMy wacTHYHME Dpenen
nauHOH BenmyMubl. B camoM nene, mpewe Bcero a ecrtb 4acTHy-
HEI fpelle], Tak Kak B OPOTHBHOM Clydyae B CH/y CBOHCTBA
1 nexoropas okpectHoCTh (@, @) (@; <l a< a,) uucia a we
conepwana On HH ONHOTO 4YaCTHYHOTO MpENeNa; HO B  CHIy
HepaseHCTBa @, < a Mb MMeeM @, € A, Tak 4TO BNPABO OT @,
JO/MKHB ObiThb  YacrHudbie MNpedesibl: TaK KaK WX HeT B OTpe3ke
[a,, @], TO OHH HOMHBLI NeKaThH BUPAaBO OT @,, YTO HEBO3MOXHO,
TaK Kak 2, € B B cuiy wepaseucta a, >a. Hanee, snpaso or
@ 4YacTHYHBIX fpenenos OHTh He MOWeT, TaKk Kak eCJd {$>a
€CTb YaCTHYHKIA mpenen, 70 s moGOro Y, 3ak/IOYEHHOIO MEeKAy
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an B, aly< B, Mo uvesn 6n YEB B cuty Y >a K B TO
we Bpems YE A B cuny 3 > Y. Takum obpasom, uncno a neicr-
BHTEJIBHO €CTb HauWGOAbLUHA YacTHYHLIA npenen NaHHOHW BEJHYHHHKI,
H CBOHCTBO 2 nOKa3aHo.

Wrak, mobasi nepeMennas BenwyuHa B moGom npoiiecce v3me-
HEHHS! HMCeT HanOOonblMH H HAaWMEHBIUHH YaCTHYHbLIE MPENENH.
OT¥ [Ba YaCTHUHBIX MPEAENa HMMEIOT BAXHOE 3HAYEHHE: MX Ha3bl-
BAIOT COOTBETCTBEHHO BEPXHUM W HUMNCHUM NPEACNAMH BEJTHYHHBI
Y= f(x) npy x — a n o6Go3HauaOT uepes

lim f(x) u lim f(x)
xX—>a xoa
HITH
lim sup f (x) u liminf f (x).
x>0 X—=a

Ouesuano, Bcerna

lim sup f (x) == lim inf f (x);
x—=>a x—=>a

B OCTaNbHOM 3TH B3 YMCAA MOFYT MPUHHMATh KAKHE YyTOLHO 3Ha-
YyeHusl, MPHYEM KaXIOE W3 HHX HWIH Aaxe 006a MOryT ObiTh W
cHMBONaMH - oo wiM —oo. BenwuuHa y Ha3wiBaeTcs  ozpanu-
4eHHOU NpH X — @, €CNH BepXHWél W HWKHUA npenenn e& npu
X —> @ ABIMIOTCS YHCNAMH, W HE02PAHUYeHHOU, — eCnn  XOTsi Opl
OIMH H3 HHX €CThb CHMBON —|- 0O WIH — OO; OYEBHAHO, OTpaHH-
YEHHOCTb BEJHYHHL ) NPH X —> @ O03HAYaeT CyLIEeCTBOBAHWE Ta-
kux uucen a, B (a<f) u rakoft okpectHocTd U ynena (unu
cHMBOsIA) @, 4TO mpH awbom x € U

a < f(x)<B.

Ins cywectsoBanus lim y (B cMblene uucna WM CHUMBOAA)
x—=a

HEOOXO0IMMO U JOCTATOYHO COOTHOUIEHHE

lim y =1lim y,
x=>a x—>_a
.

ubo cosnaneHue BEPXHEro npenena € HUXHUM pABHOCHJALHO €IOHH-
CTBEHHOCTH 4aCTHYHOrO npenpena.

YUucna, 3akmouéunbe mexay limy u limy, moryT kak 6with,
x—a x—a
TaKk W He GbiThb 4YaCTHYHBIMH NPEE/]aMH BENHWYMHB Y TpH X — @;

4%
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Bblllle Mbl BHIENH TpHMEpHl JBYX KpalHUX ciyuaeB, korma 1) uu
OIHO W3 3THX YHCeJ He CJYXMT YacTHYHBbIM MpefesNoM W 2) Ha-
NpOTHB, KAXKIOE M3 HUX NBASIETCH YACTHYHHM npenenoM. B obuiem
C/lyuae HEKOTOpble M3 HHMX OyNyT YaCTHYHLIMH MpENeNaMH, a Apy-
rue — Hert.

Vhorna BepxuuH W HmKHMH Tpelens ONpefensiorcs HHaue,
W S5TH HHbIE ONpEENIEHHs] NONe3HO 3HATh KAK ISl PAaCLIHPEHHs B
KOHKPETH3alWH CaMOro MpEeACTaBjleHdsi 06 3THX MOHATHAX, TaK H
s npunowenndl. Yucao (wsu cumsos) b maswsarom sepxHum
npedeson Beauwunv, y=— f(x) npu x — a, eciu, Kaixogsl Ov Hu
Ovian wucna (wme cumsons) a,Bla< b< ), Haioémes cronw
Y200HO Masas okxpecmruocmes U wucaq (uat cumgoqa) a, codep-
HCAUYAS HUCAQ X (X == a), 0451 KOMOpbiX O << ¥ << B, HO He colep-
HCAUAS MAKLX Huces X (X F=a), 04 KOMopelx y > 3.

Hro6bl MOKa3aTh, YTO HOBOE OMPENENEHHE PABHOCHILHO MpEeX-
HEMY, 3aMETHM MpEeX/e BCEro, YTOo €CJW YHCIO HAW CuMBONn b
€CTb BEPXHHH npenen BeAHYMHE Y N0 HOBOMY ONpENeNeHHI0, TO
b, o04eBHOHO, SBNSETCS YACTHYHBLIM fIPENENOM 3STOH BENHYMHEL
ecnd Obl CywecTBOBaA 4acTHuublii npenen b’ ~> b, 10 Mul Mornu
Oul Haiity uuena a, f§, a’, §' Tak, uto

a <6 p<la b <B

npH 3TOM, TaKk Kak b’ ecThb yacTHuHbil mpenen, moGas okpecT-
HOCTh {/ yWCna (MW CUMBONA) @ HOMKHA COLEPXATh YHCIO X,
ans xoroporo a' < y < f§', otkyna y > p; HO 3TO, OuesHaHO,
NPOTHBOPEYMT TOMY, YTO b €CThb BEPXHWI Mpee] COFNaCHO HOBOMY
Olpeae/ICHHIO.

Ilycte Tenepnb, of6patho, & ectb HanGOMbIKE YaCTHYHMI Npe-
ZEJ1 BEJIMYMHBL Y NPH X — O; €CAH a <h< B, TO Jwbasi OKpecT-
HoCThb {/ uynCna (KWW CUMBONA) @ COLEPWMT YHCIO X, IS KO-
Toporo a < y< B (no onpenenenuio yacTHyHOrO npenena). Yto6n
yOenuThCsl, YTO b ecTb BEPXHHH mnpeden BeNMYHHb y B CMBICTE
HOBOT'O OMNPCACJIEHHS, OCTAETCS IMO3TOMYy TOJLKO MOKA3aTh, 4TO
npH Hamnexauem Buibope okpectHoctH U Mbl nns moboro x € U
Gyzem umeTh y =< f.

Ecmh b= o0, To nokaswsath Hewero; ecau HET, T0 —- co
HE MOXET ObiThb YacTHYHLIM npelenoM (w60 b ecTb HauboAblui
4aCTHYHRIA Tpefien). 3HAYMT, CYHIECTBYIOT TaKoe UHC/IO Y, W Ta-
Kasi OKpeCTHoCTh {J, umucaa (und cumsond) @, uto y <y, 41
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Beex x €U, Ecnn y,=<<f, 10 BCE Tpebyemoe mokazano. Ecnu
Y¢ > p, TO Kaxaoe uucno ) otpeska [B, y,], He Gymyun uacTmy-
HEIM TIPELEIOM, HMEET OKPECTHOCTh V), KOTOpoH cooTBercTByeT
fakasi okpectrocts U, umcna (unu cumsona) @, uto mas mo6oro
x € Uy f(x)=y newur BHe V,. OTKpbITHE OTP23KH V, mokpui-
BaloT o1pe3ok [f, y,]. [lpuvenss nemmy [eilne-Bopens (nemma 3
AeKIMH 1), Mbl HAXOIWM KOHEWHYI0 TIpynny okpecTHoctel V),
Vs « + .5 Vi, nokpsiBaomyio orpesok [f, y,]. [ycts toraa U ects
o6uiasi yacte okpectioctedt U, U, Uy, . .., Uy, O4EBHIHO, 4TO
U ectb OKpeCTHOCTb YHC/A (MAH CHMBONA) a@ M 4YTO ecad x € U,
TO COOTBEICTBYIOULEE 3HAYCHHE ) HE MOXET NPHHANIENKATH HH Of-
HoMy ua oTpesko Vi, Va,...,Vy,; npyrnmu cnopamu, y<f
1A mo6oro x € U, yem Haule yTBEPWIEHHE M OOKAa3aHo.

Camo co60H pasyseeTcsi, YTO aHaNOFMYHOE HOBOE Olpenesne-
HHE NOJYY4eT W HHXCHWE npeaen H YTO pPaBHOCHABHOCTH CTapOro
M HOBOFO OMpedeNeHHH 3[ech NOKa3biBAETCS COBEPLUEHHO aHajo-
rHYHBLIM 00pasoM.

Ecin wenatenbHo 6pocHTh 60/ee KOHKPETHLIH B3rAsil Ha BCIO
3Ty abCTPaKTHYIO CXeMy, TO HAIllMM F/1a3aM OTKPLIBAETCS KapTHHA,
KOTOpYIO 6e3 BCAKOH npeTeH3nH Ha (hOpMANLHYI0 CTPOrOCTb MOXHO
NONLITATLCS OMHCATH CACLyIOLMMH OCHOBHBEIMH LITpHXxamH. [lepe-
MEHHAsl BEJIHYHHA, HAXONfCh B HEKOTOPOM MPOLECCe H3MEHEHHs,
npubNHKAETC TPH STOM TO K OINHOMY YHCIy, TO K IpyroMy, TO
K TpeThbeMy M T. A. Mbl Ha3biBaeM YHCA0 O 4aCTHYHBIM NPELENOM
JaHHOHW BEJHYMHBI, €C/MM OHa Ha CKoJb yTOOAHO nanékWx (nosn-
HUX) CTANMAX npouecca BcE BHOBb W BHOBb Kak yroaHo Onn3ko
NOAXOMMT K ywucay b (npHyYéM BMOJHE BO3MOXHO, 4TO- B NpOMe-
WyTKE MeWUly IBYMSi TAKHMH OPHUOIMMEHHSIMM OHA  yKJIOHSIETCs
or b BecbMa IaneKo; BawHO JHUIb, YTOOb PAHO KW NO3LHO OHA
cHoBa nojouna K b Ha ckonb yrogHo manoe paccrosive). Ecau b
eCTh eOUHCMBEHKBI TAKOH UEHTP MPUTSKEHHS, TO ITOHSITHO, YTO
HaUla BEMHYHHA ) HE TOJBKO CTAHOBUTCS, HO B KOHIE KOHLOB M

ocmaemcs Kak yronHo Omu3kod K b, u Mbl umeem lim y—b.
xX—a

Boobiue e rosops, y He CTPEMHTCS] HU K KaKOMy TIpENENy, HO,
CKOMb Obl AANE€KO Mbl HH CNEIOHTH 34 MPOLECCOM €F0 HM3MEHEHHs],
0p LOMKAeT, MOROOHO HE3ATyXaloIeMy MasTHHKY, KOneOaThCs B
M3BECTHLIX [PaHWIAX; 3TH TpaHMibl (CpenH KOTOPLIX MOFYT BCTpe-
4aTECS] —- OC W -+ ©O) W TMpPEACTABAAIOT TO, YTO Mbl HA3LIBANH
BEPXHHM M HHXHHM Npeaenami JasHHOH BEJHUYMHDI.
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lpenennl ¢pyHKUME HecKOJBKHX MepemMeHHbIX. Haum ocTadres
ell¥ paccMOTPeTh HECKOJNbKO HECJIOXHbLIX —BOMPOCOB TEOPHH Tpe-
JEN0B, CBI3AHHBIX € (QYHKUHAMH HECKOJBKHX fePeMEHHbIX; Mbl Oy-
IeM TPH STOM, yTOOL yNPOCTHTL H3/NOXEHHe, TFOBOPHTDH JHIIb O
dyrKuMax 08yx HE3ABUCHMbIX MEPEMEHHbIX; BCE CKA3aHHOE HAMH
NpH 3TOM MOXET ObiTh, € COOTBETCTBYIOIIMMH OYEBHIHBIMH W3-
MEHEHHSIMH, MepeHeceHo M Ha cayyadl ¢ynxumd moboro uucna
MEPEMEHHDIX.

Kawpas napa 3HayeHH#i HE34BUCHMBLIX MEPEMEHHBIX X H Y
H300paraeTcs TOUKOH KOOPAMHATHOH MAOCKOCTH (XY}, H Mbl B Ha/b-
HefilieM nox WMeHem mourku (a,b) OynmeMm a8 KPaTKOCTH NOHH-
MaTh mapy sHauennt x—a, y—2~0 3tux nepemennbix. [lom ok-
PECTHOCTLIO TOYKH (@, ) mbl GyneM noHuMaTtbh a300yil0 o6aacthb
IVIOCKOCTH (xy) 1), comepikallyio STy TOuKy BHYTpH cefs; 3ta 06-
JacTb  MOXET ObiTb KPyroM, MNpSMOYroJbHHKOM — HIH  HMETh
Gonee cnoxwyio c¢opmy. TepmuH «okpecTHOCTH TOukH (a, b)»
MBI CYHTA4EM COXPaHSIOIMM CBOH CMBICA M B TOM Cly4ae, €CH a
Wi b, uu 06e GyKBb 03HAYAIOT KaKOH-JMGO H3 CUMBONOB —}- oo,
— 00; TaK, €C/Id @ —uHciao, a b — cuMBON ~ 0O, TO OKpect-
HOCTLIO TOYKM (@, b) mbl Ha30BEM JoOOYI0 061acTh BHAA a <
< x<B,y >y, rrea< a<B, a uncao Y npoussobHO (4epT. 8);
e a ecTb — oc, a b nompexHeMy - o0, TO OKPECTHOCTLIO
ToukH (@, D) caywur moGas obnactb suaa x< a,y _>f, rme
a W f— nponssonbhbie wucna (wept. 9), u T. I

Mu rosopus, uto dynkuus 2=—f(x,y} npu x —a, y—s b
HMEEM CBOMM MpeNenoM 4HCAO0 (WIH CHMBOA) ¢, ecnM Aias moGoi
okpectHocTH V' yuena (MM cMMBOna) ¢ CymIecTBYeT TaKasi OKpe-
ctHocte U ToukM (a, b), uTo B moGo Touke (x, y) € U|[(x, y) 5~
== (a, b)] mb umeeM 2z € IV, 3anuchBaeTCcs 3TO MOJOKEHHE Benieh
crenyonm obpasom:

limz=¢ wm z—ec 4
x—>a x>0
y-b y—>b

[Ipn 3aTom onpenefieHHH BCS TEOpPHA MNPENENOB, MOCTPOEHHAs
nast pyHKUMH onHo#l He3aBuCHMOH nepemeHnofi, Jerko W ecrect-

1) O6nacTbio Ha NIOCKOCTH HA3BIBAKOT MHOXECTBO TOYEK IJIOCKOCTH,
obnanaroniee CAENYIOIHM CBOHCTBOM: €ClH TOYKa NPHHANJCKHT STOMY
MHOXECTBY, TO Hatnérca Kpyr C LEHTPOM B 3TOH TOWYKe, LEJTHKOM CO-
Jepwanuica B TOM Xe MHOXECTBE.



MPEJIEJBI 55

BEHHO NEPEHOCUTCS1 HAa ABYXMEpHbiH Ciy4all; B 4aCTHOCTH, MOHS-
THSl YACTHYHOIO, BEPXHEIO W HUXKHEFO MPENEsoB COXpansiioT CBOH
ONpeneseHHsl W CBOM CBOWCTBA; TOYHO TAK e B CHIC OCTa&TCH
npu3nak Kouwn v ero nokasarenbcTso.

Yro KacaeTcsi OBGOCHOBAHHSl, TO OHO MPOMCXOAMT B TOYHOH
aHaNIOTHH C OIHOMEPHBLIM Cnyddem;, C€IHHCTBEHHOE OJIM4HE COCTOHT
8 TOM, YTO Temepb HaM MPHXOAMTCE M01bL30BATHCS IBYXMEPHBIMH

BCMIOMOraTENbHLIMH - TEOPEMAMH, HAa- ¥
upuMep, nByxmepHo#l  Teopemofl 7// 2
/]
Y £ |
[}
0 a a F T [/] z
Yepr. 8. Yept. 9.

O cTAruBaionefics cHcTeMe oOKpecTHocTeH, HByXMepHOH Jemvol
Feiine-Bopens w T. M.; BCe 3TH BCMOMOraTe/bHLIE NPEMJIOKCHAS
[OKA3bIBAIOTCS TAK € NPOCTO M TeM Xe nyTéM, KaK W COOTBET-
CTByIOLUME OIHOMEpHbIE, TaK YTO HaMm HeT HAaZOOHOCTH 3IeCh HA
HHX OCTaHABIHBATLCS.
Ot nBoiiHoro mpexena (4) HeoGXOIMMO CTPOro OTJH4aTbh no-
BIMOpPHbe TIPEIENb
lim(limz) w lim(lim 2); (5)

y—b x—a x»>a y-»>b

3716Ch BMECTO OIHOPO IBYXMEPHOPO Mhl HMEEM JIBa noc/enoBarTe/b-
HBIX OIHOMEPHbIX NPEJEbHBIX MEPEeXOLd; FeOMETPHUECKAs KapTHHA,
CBSI3aHHas ¢ OKPECTHOCTSIMM TOYKM (@, b) B nmnoCKOCTH (Xy), 30eCh

JONHOCTBIO MCYE3deT; TaK, ais noaydenns lim(lim z) mb momims
y—=>b x-a

cHAyana npuIath y Kakoe-nn6o TMOCTOSIHHOE 3HaueHWe H, Clelas
TakuM 0Opa3om BenuunmHy z (yHkuneH oOwod nepemeHHol X,
HcKaTh €& npenen fpd x —- a@; 3TOT Npeles MOXET CylEeCTBOBAThL
IVl ONHMX 3aKPeILIEHHbIX 3HAYEHHH BEJAHYHHBI Y H OTCYTCTBOBATH



56 JIEK1[HSI BTOPAf

ons Apyrux e€ 3HaueHui; ec/M OH CYINECTBYET Il BCEX 3Haue-
HUH ¥, JAexaulyx B HEKOTOPOH OKpeCTHOCTH V' TOukW (WnW cum-
sona) b, 10 B 3TOH OkpecTHOCTH lim f(x, y) ecTb ¢yHkuus onHoii

xX—>a

NEpPEMEHHOH Y, W MB MOXeM HCKaTth €€ mpenen npu y— b; 1ot
nocnennuil, ecau oH cyuiectsyer, W ectb lim (lim z).
y-b x-a

Moxetr cnyuuTrLcs, uTo 06a MOBTOpHBLIX npefena (9) cyuie-
CTBYIOT, B TO Bpems Kak asoinoii npexen (4) orcyrtcrByer. Pac-
CMOTPHM, HanpuMep, nobeneHde QyHKUHH
_ 2xv
RS
B COCENCTBE H3yalNa KOODAMHAT (TO, YTO 3Ta (YHKUHA B CaMoMm
HAYaJe KOOPIAHHAT HE ONpENENeHa, He MMEET 31eCb HHKAKOrO 3Ha-
YeHds, U00 B OMpENENEeHHH Kak JIBOHHOro, TaK W MOBTOPHLIX Mpe-
oenoB BenuuuHa f(a, b) BOBCE He yyacTBYET, €ClIH 3T0 YromHo,
MOXHO MpHIMCATL (yHKUMM 2 npd x—y— 0 mo6Goe 3HayeHue),

[Mpu nocrosinnom x=4~0 1im z— O; npu nocrostHoM y=~0 lim z=—0;.
y—0 x—0

F4

C/eaoBaTeNbHO,
lim (lim z) = lim (lim z) = 0.
x>0 y-3 y—-0 x>0

C apyro#t croponsl, mo6asi okpecTHocTb Toukd (0, 0) comepwuut
K3aK TOUKH, B KOTOpHIX X—0, y=£0, Tak ¥ TOYKH, B KOTOPLIX
x—y = 0; Tak kak B TOykax neppoio Turma z—0, a B TOYKax
BTOporo Tuna z—1, 10 06a uncna O v 1 ABASHOTCH YACTHUHBIMM
npenenavn  Qyskimun z npu x — 0, y— 0; Hanuuue xe 1o

MEHL 1llefl Mepe NBYX Pa3fHyHLIX MPENENOB NOKasumbaer, 4ro lim 2

x—0
y—0

HE CyLIeCTByeT.

Moxer wumeth MecTo W OOpaTHOE MOMOKEHHE BewleH, Korna
IBOHitoN npenen (4) CymecTsyeT, B TO BPeMsl KaK HET HH ONHOrO.
H3 MOBTOPHALIX Mpenenos (9); paccMoTpuM QyHKIHIO

1 2 2} 51 1
z:{ (x24-y2)sin ! ecm xv =40,
\ 0 ; e xy—20
B COCEACTBE Hauana KoopauHaT; Tak kKak |2|<e? mas Bcex TO-
dex kpyra x?-|- y2<e?, 10 limz=0; ¢ apyioit cTopOHb, npH

x>0

y—=0
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nocTosiHHOM X =~ 0 n npu y— 0 (a Takxke npH NOCTOsIHHOM Y == O
H npn x — 0) sin 0 a C/enoBaTENbHO, M (yHKUMS Zz, He CTpe-

MHTCSl HH K KJAKOMY TMpENeny; Takum 00pa3oM, ywe npelein
lim z(y=£0) u limz (x=£ 0) orcyrcTByI0T; TeMm Goiee, KOHEYHO,

x—0 y—0

HE MOXET ORITb H peyH O CyLIECTBOBAHHH KaKOro-JHGO W3 IOBTOp-
HbIX Mpenenos (o).

Moxno, onnako, nokasaTb, 4TO B CJyyae, KOULa BCE TP
npenena (4) v (O) CyLIECTBYIOT, OHH HEOOXOMWMO COBMAAAIOT
mewny cobod. B camom nene, nycTb, nHanpumep,

lim (lim2)=¢; (6)
x=»a y-b

nycts ¥V — mo6Gasi OKpecTHOCTh 4dcida (win cumsona) ¢ v U —
nioGasi OKPECTHOCTL TO4KH (a, b). B cuny (6) cyuectsyer rtakas
OKpecTHOCTb A 4Yucna (Mnmu
cumBona) @, 4ro ILias Bcex Y
xX€EA

limz€ V;

]
3Ta OKpPECTHOCTb _A ecCTb
HEKOTOPHLIH  OTPE30K  OCH
Ox; OYEBMIAHO, Mbl MOXEM
BLIOpaTh HAa 3TOM OTpe3Ke
YHCIO X, CTOMb GIH3KHM
K a, 4tobnl Touka (x,, b) Yepr. 10.
OpHHAIIeXKala  OKPECTHO-
cru U (yepr. 10). 3akpenus 5To 3HaueHWe X, Mb B cuy x, € A
uMeeM:

cx,—limzeV;
y—b

HO COrjacHO ONPENE/IEHHI0 MJHATHS Npelesia 3TO O3HAYaeT, YTo
st moGOH OKpecTHOCTH V'’ uMCna (WM CHMBOMA) €, MOXHO yKa-
3aTb TaKyl0 OKPECTHOCTb By uucna (unW cumsoaa) b, uro z € V*
pH X —Xx, W MoOoM Y€ B, ; rhO, OYEBHIHO, HUYTO HE npensT-
CTByeT Ham BbiOpaTb OKpeCcTHOCTb V' cToab Mano#l, uyTo0Hi
V'V (u6o ¢y, €V); ¢ apyroil cTOpoHb, TaK KAaK TOuYKa
(xy, &) €U, 10 mbl moxem BbiOpate uncno y,€ B,, ctonb Gnus-
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KuM K b, 4TOOb M TOuKa (X,, ¥,) NpHHAaLIekKana OKPECTHOCTH
U (uepr. 10).

B cuny v, € By, npu 310M 2 € V'V B TOUKE (X, V). Benom-
HUM Tenepb, 4t0 U — sm06as OKPeCTHOCTL TOYKH (@, b)Yy w V —
2100451 OKPECTHOCTb YHCAd (WIM CHMBOZA) €; TO, YTO Mbl HaUUIH
TOUKY (X4, Vo) € U, Ins KOTOpO# 2 € V, moKa3niBaeT nosToMy, 4To
¢ eCThb 4acTHYHKWH Npeien BeJM4uHHl 2 OpH X —a, ¥y —b. Ecnu,
KaK Mbl onmycTuiH, lim z cyuiecTsyer, To OH fIBASIETCS €IHHCTBEH-

x—=>a
y—b

HLIM 4Y4aCTHYHHIM MIpENeIOM H nNOTOMY IOMKEH paBHATLCH €, YTO
W rpeboBanoch MOKa3ath. ;




JEKLUWSA I
$YHKLHHA

Y1o Takoe ¢ynkuns. — Obnacte onpenenenns ¢yuxunn. — FlenpepbiB-

HOCTh. — OrpaumnueHible §yHxunu. — OCHOBHbIE CBOHCTBA HenpepbiBHbIX

¢ynkuuil. — HenpepbiBHOCTb  sAeMeHTapublx ¢ yHkumi. — Konebanne

¢yHkuma B Touke. — ToukH paspbiBa. — MOHOTOHIBIE  QYHKUMH. —
PyHKUMN C OTpaHMYEHHOH Bapuauueit.

Y10 Ttakoe ¢yukuus. To onpeneneHue nousiTHs (HYHKIHO-
HaJbHOH 3aBHCHMOCTH, KOTOPOE Mbl HAIOMHHAH M B HEKOTOPHX
OTHOUIEHHSAX MCCJAENOBalH B CaMOM Hayane NepBod JIEKIHH, POIH-
JIOCh M OKOHYATENbHO BOCTOPXKECTBOBANO B Taw&nod Gopnbe; ne-
PEXHTKH M PELUAHBBL 3TOH 60pbObl NANCKO HE JHKBHIHPOBAHLI
CME W B HACTOSILIEE BpPEMsl, XOTSl, KAXKETCsl, HAyyHAs aKTyalbHOCTb
NpHBEAEHHOTO HAaMH ONpENENeHusl HUKEM yie He ocnapusaercs ).
OCHOBHBLIM JI03YHrOM 3TOH 60pbLOLI OLUIO W OCTA4ETCSl NPEOAONCHHE
TOrO 3acHIHsl aHAJUTHYECKOro annapara, kortopoe ¢ 18-ro cro-
netus: TAroteeT Han uaeed QYHKIHOHANBHOH 3aBHCHMOCTH. JTO
33CHIHE, ITO NPEBPALIEHHE aHAIHTHYECKOTO BLIDAKCHHS W3 ynoO-
HOTO OPYIHsl HCCNENOBaHusi B JECMOTHYECKOIO BIACTHTENS HICH
dyHKLHH, IHKTYIOUEro €f CBOHW 38KOHBI, CKOJbKO-HHOyIb MOJIHO
H3XHTO TOJLKO B mpemenax caMod MaTeMaTHYeCKOH HayKh;
3 NPHKNafHKX HAyKax H B NpenoiaBaHvW (naxe B BbIClUeH Tex-
HHUYECKOH LIKOJE) OHO enié B BECbMAa 3HAYUTENLHOH CTEleHH Co-
XPAHWIO CBOE BIMSIHME, W MOYTH KawIbHl HIkeHep, ¢opualbHo
{ipH3HaBan HayuHoe omnpeneneHHe (YHKUWOHATBHOH — 3aBHCHMOCTH
(8 KOTOPOM HHM EIHHLIM C/IOBOM HE YMOMHHAeTCs 00 dHanuTHye-
CKOM BHLIp@XEHHH), BCE e NpeacTtasaserT ceGe (QYHKUHMIO Mpexie
gcero Kak (opMyny, Kak aHaIMTHYECKOE BLIDAXEHHE W BHE ITOH

) Ecau He CYMTAaThb MHTYMUMOHHCTCKOH LIKOJABI; BIpOYEM, €€ KOH-
nenuus (YHKUHOHANBHOH 3aBHCHMOCTH BO BCAKOM (aydae He 3Hame-
HyeT COOOH BO3BpaTa K CTAPbIM NpPENCTABACHHAM.
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CBSI3HM, KaK NpaBwjo, BOOOUIE HE yMeeT MbIC/IHTL O (PYHKLHOHANb-
HON 3aBHCHMOCTH; 3THM OH CYIECTBEHHO OTNHYAeTCs OT MaTeMa-
THK4, OPHBLIKUIErO MPHHMMATL BCEPbE3 ONPENE]ECHHS] CBOMX MOHSH-
THH u’nommy npH cnose «(QyHKUMS» BCEraa MBICASIEIO0 O TOM
COOTBETCTBHH MEXIY IBYMS MHOXECTBAMH, O KOTOPOM FOBODHT-
€l B OMpEAENeHHH 3TOro NOHATHS, HHKAK HE aCCOuHHPYsl ero c
KaKWM-IHO0 aHaNHTHYECKHM
q annapatoM. Bn  noiimére,
1 YyTO BBHAY TAaKOro I[10J0-
weHHs Benied Ham rnpunéicy
HECKOJbKO OCTAHOBHTBLCS HA
uaee (pyHKUHOHANLHOH 3a-
BHCHMOCTH H  HEKOTOPhIX
CBSI3aHHbLIX € HEKOD NOHATHAX

/1 i {—Jr H NpencTaBIeHHSIX.

Bynet, MoxceT GRITh, 1yy-
Lile BCero, eC/I4 Mbl, OTKa3aB-
IUHCH OT NPOBEIEHHS IOTHOFO H CHCTEMATHYECKOFO aHANN3a (Ha KOTO-
puil y Hac W Hexsarwno Obi BpEMEHH), NPOCTO OCTAHOBHMCSl Ha
HECKONBKHX THMIHYHBIX OCTPbIX KOH(JIHKTAX, BO3HHUKAIOUKX 37eChb
Mewily noHuMaHdeMm (YHKUHOHANLHOH 34BHCHMOCTH, C OINHOH CTo-
pPOHBbI, MAaTeMaTHKOM, 4 C JAPYI'Oif — YE/NIOBEKOM, BOCIHTAHHLIM HA
yCTapeBlIWX TpaIMUMAX; KOH(AUKTLL 3TOrO POAd Mbl, npodeccopa
YHHBEPCHTETOB, EXErOAHO HMEEeM C HallMMH CTyINeHTaMH-1IePBO-
KYPCHHKaMH, MPHHOCALIMMY W3 BOCHWTABUIEH WX CpelHeld WKOnbl
HABLIKH W TPAAHLMUH MHHYBIIHX CTOJETHH.

[lycts peub HUNET 06 aHANMTHYCCKOM BbIPAKEHHH (DYHKIIHH,
ipacpuiueckoe wn3obpaweHuwe KOTOpoH MBI HMeeM Ha 4epT. 11,
Onun B3rSL HAa STOT NpocToil rpaduk y6exwmaeT Hac, YTO MbIC/bL
O peanbHOH BEJHYHHE Y, H3MEHEHMS] KOTOPOH npoucxonsit Co-
r1acHo yKasblBaGMOMY HM 3aKOHy, He COOepWHMT B cebe tu-
Yero HempHeMaeMOro; M B 3TOM YTBEDXIEHHHW, MOXanyH, HHXEHep
unu u3nk OyneT yyBCTBOBaTL ce6Gf JHaXe YBEPEHHEE, YeM Ma-
TEMATHK .

Ho nns rnocrasnenHol 3amaud — BLIPASHTL IAHHYIO (DYHKIMIO
AHATHTHYECKH — MATEMATHK CPA3y HaMuILEeT EeAHHCTBEHHOE nNpHeM-
JIEMOE C €10 TOYKH 3DEHHsl pelieHHe:

Yepr. 11.

y_{ 1+4+x (x=<0). M
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Bot 1yt M Hauunaercsi kondnukT. Mikenep (ycnosumesi mns
KPaTKOCTH Ha3biBaTb 3THM WMEHEM MPEJACTABUTENs] YCTAPeBUIHX
TPaaHuKi, MPHCYTCTBYIOLUME CPEAM BaC TOBAPUUIM-HIXKEHEPH HE
OCYISIT Hac 32 9TO) HEMELJIEHHO BO3PAXKACT, 3asBAAT MATEMATHKY,
YTO TOT «Hamucan He OmHy, a nse ¢yHkuuu». Ha 310 Matema-
THK OTBEYAEeT: a) 4TO «HamMcaTh QYHKUMIO» BOOOIIE HEsb3sl,
4 MOXHO MMCaThb TOALKO aHaNMTHYECKHE Bbipa)kenust; ©) 4to OH,
MaTEeMaTHK, NEHCTBHTEBLHO HAMHCaN B3 aHANMTHIECKHX ShiPaKeHHUs,
TOYHO YKa3aB MPH STOM, MPH KAKHX 3HAYEHUSIX HC3ABUCHMOH rie-
peMeHHOi x caenyer ynorpeCasith TO WM APYTO€ M3 STHX BhIpa-
MEHHH 1151 BHIYHC/ICHUS! COOTBETCTBYIOLLEIO 3HATCHUST (YHKUMH V;
B) yto 3anande (1) B cuny MPUHATOro onpejenenus GyHKUMOHAb-
HOH 32BMCHMOCTH OfpenensieT B TOYHOCTH OOHY (QyHKUMIO, HOO
Ha OCHOBaHMM STOFO 3aLaHUsl Ka¥IOMY 3HAYEHHIO BEIHYHHLI X
COOTBETCTBYET TOJbLKO OAHO 3HAYEHHWE BEIHYMHLI v r) 4YTO, HAKO-
Heu, aHaluTHyeckas 3amuch (1) B TOYHOCTH BOCOPOM3BOAMT 3aBu-
CUMOCTDb, rpadMyecKd 3amanHylo Ha uepr. 11, u TeMm caMmbiM mon-
HOCTBIO pELLaeT MOCTaBlCHHYIO 3apauy. MaremaTuk Mor Ounl ewd
A00asuTh (HO HEe AENaeT 3TOr0 M3 MeaarorH4ecKux coobpaxceHnit),
4TO B ¢J/lydyae HacTOHIMBLIX TpeOOBaHMH OH cymesn Obl MPEACTABHTL
¢pyukumio depr. 11 u onnoii dopmyno#

y=1—|x|, (2)

TOJIHOM L1l BCEX X, W He ILeNaeT STOro JMMb [OTOMY, YTO CYH-
Taet 3ananue (1) npakTHyeckn ynobuee 3ajgauusi (2), B TO Bpems
KaK ¢ MPUHUMITHAALHOH CTOPOHBI STH ABa 3aJIaHUsl B €ro raasax
COBEPIIEHHO paBHOMpasHbl. OH MAET elIE manbuie W HacTadBaer,
CChIasich HA OrpelleneHne PyHKUHOHANLHON 3aBUCHMOCTH, HAa TOM,

4TO, HanpuMep,
mpu x <0,

mpu x—20,
1-4x apu x>0

€CTh MOJHOUCHHOE 33/1dHKE ONHOH € IMHCTReHHON Py HiumMM (uepT. 12).

Mbl He 3HaeM, YTO MOXET BO3Pa3HTb Ha BCE 3TO HINEHep,
HO HZ OCHOBE JIHYHOrO OMLITa TEM He MeHee Oep&mcsl caenarhb
TPOTHO3: €C/IM OH W HHYEro HE BO3Pa3uT, OH BCE e YHAST we-
yI[OBJleTBOpéHHbIM; [MIPUBHTRLIC TOJAMH HABLIKH HE H3KHUTb, KOHEYHO,
OIHOH KpaTKOH NHCKYyCCHeH.

y:
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B mpyro#t pa3 MaTeMaTHK PacCKaXeT OMpEeNeNeHHe TaK Ha3bl-
BaeMoil «yHKUMM JlHpuxae»:

__f 1, ec1n x — palMOHANLHOE HKCIO,
Y==10, ecu x —uppaumonansioe HHCnO.

Wiwenep B nenoymenun cnpocut: «Kakas we sto ¢yukumsa? E&
Heb3sl HH 3amucath (opmynoit, HM M300pasuTh rpagukom!» Ha

3TO MareéMaruK BO3pas3uT: a) 4To
y B onpeleneHuy  (PyHKUUOHANLHOW
33aBHCUMOCIH HHM C/IOBOM HE  yRO-
MHHAETCSI HH 00  aHaJIMTHYECKOM
BLID2XEHHH, HH O TEoMeTpHye-
CKOM H300paweHuH QyHKUHH H 4TO
MO3TOMy  NOJHONEHHOCTL  3alasMsi
PpyHKUMOHANLHON  3aBUCHMOCTH  HH-
CKO/ILKO HE 3aBHCHT OT TOro, MO-
WeT Jid orpelensieMasi STUM  3ana-
HHEM (PYHKLHst ObITh BbIpaXKe€Ha aHa-
JUTHYECKH WAM H300paxena reome-
TpUueckd, 6) 4YT0  QOpMyaupo-
BaHHOE MM OfpelneieHHe  (yHKIHH
JlupHxJie OTHOCMT KaXIOMY 3HAYEHHIO BEJHYMHB X CHMHCTBEHHOE
3HAUCHHE BEAMYHHBI V¥ H TI0TOMY $BASETCs GE3yKOPH3HEHHO Mos-
HOLIEHHBLIM, B) YTO, HaKOHEll, FeOMETPHYECKOE H300parkeHue QyHK-
uud [upuxne HNeHCTBUTENBHO 3aTPYOHHTENLHO, B TO BpeMs Kak
BHIPA3HTL €8 (OPMYJIOR BechMa MPOCTO: IS 3TOIO  IOC1ATOYHO
0003HaunTL €& uepes f(x).

Wiwenep, BHayane C1yllaBUIMH  CIOKOHHO, MPH MOC/TENH2M
3aMCUAHUH HCIMBLITHIBAET B3PHIB  HCKPEHHErO BO3MYUIEHHS, B pe-
3y/bTaTe KOTOPOrO BO3HHKAEl CJEAYIOUMH auanor:

WU. — Ila passe xe 310 -— opmyna?

M. — Y70 BN HaswBaete ¢GOpmysOH?P

H. — Hy, KaKoe-HuGyab aHaIMTHYECKOE BHpaKeHHe y—x2 — x?
WIM y—=sin X, HO kakas we Qopmyna y=f(x)?

M. - OueHb xopowo. 3HAYMT, 3auMCh y=—SinXx A1 H3BeC1-
HO (PyHKUHH. Ha3hLBAGMOH CHHYCOM, [0-BalieMy, SIBJISIETCH aHa-
JMTHYECKHM BbipakenueM, a sanuch y=—f(x) mna ¢ynxumn Ju-
pHxn2 TakoBbiM He sipasiercsi? Kaxoe we npunuMnuanbHoe pasnnuue
3aciaBasieT Bac CTO/b PasNHyHO OLEHMBATL CHMBOAH sin u f( )?

E S
o

Uept. 12.
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H. — Ho senb kaxabiit rpaMOTHBIH YesOBeK 3HAET, YTO O3HAYAET
popmyna v=sinx, a obosHauenie y— f(x) mas 10ro, YTO BHI
Ha3biBaeTe ¢ynkuuet Jupuxne, celiuac BaMH NPUAYM3HO W HHKOMY
HEH3BECTHO!

M. — Bot Mbl ¢ BaMM, Ka¥eTCsl, H JOTOBOPHJHCH; YKa3aHHOE
BAMH pasiuuHe (KOTOPOro si He OTPHUAK), KakK Bbl CaMH MOHH-
MaeTe, MM2eT HE MPHHUMIIMaNLHBLIH, a8 MCTOPHUYECKHI XapakTep.
Benb 6bin rako#t momeHT, KOTZa KTO-TO B NI@PBbid Pas 1PELIOKUI
00603HayaTL 4epes sinx (QyHKUMIO, IS KOTOpO# IO Te€X nop Hu-
Kakoro OOULEMPHHATOrO 0603HaYeHUs] He OblI0; STOT MOMEHT AAs
dyHkunn y=—sinx Obl TeM XKe, YeM HACTOSHIMH MOMEHT siBAsieTCsi
ans ¢yukuun Iupuxne v=— f(x): ckaxere nM Bbl, YTO [0 9TOTO
MOMEHTA (YHKUMSI V=—=sSinx Obi1a aHAaNATHYECKH HEBLIPA3UMOH,
a rocie Hero, 0co0EeHHO KOraa MpemjoxeHHoe O0603HAYEeHHWE Mpu-
BUIOCh M CTano OGLUENPHASTHIM, CAeadach AHAJHTHYECKH Bbipa-
3uvoii? KM ecan npeanowenHoe MHOW CerofHsi  0603HayeHHe
y="1F(x) mna ¢yuxuuu Jlupuxne 4epe3 HECKOMBKO ner Oymer
MPHHATO BCEM HAY4YHbBIM MHPOM, CKaweTre JW Bbl TOrAa, 410 OHO
ctano GopMyno#, aHaNHTHYECKHM BbipaXKeHHEM, a cawa QyHKuus
Iypuxne — aHaNMTHYECKM BbIpa3uMoON? Bam $ICHO. KOHeuwHo, Yto
TAKOE ane/UiHpyloulee K HayYHOR MOJE TMOHHMAHHE AHANHTUYECKOH
BLIDA3UMOCTH HM MaJeHuiero MateMarH4ecKOro 3HaueHMsl HE UMeeT;
€C/IH e OT 3ITOrO TMOHUMAHHS OTKa3aTbCsl, TO Bbl HE MOXKETE He
NPU3HATh, 4TO CUMBOAN f( ) MPHHUMOHANLHO CTONbL XKE MOJHOLEHRH,,
Kak W CHMBOJ Sin, W 4TO, CTaNn0 Obitb. ¢yHkuMsl [lupuxne B Tta-
KOH K€ M2pe M B T4AKOM e CMbIC/I2 dHaIUTHYECKH Bblpasuma,
K3aK CHHYC H KOCHHYC; BOOOUle JHCKYCCHA 00 aHanuTHYECKOH Bbl-
pPasUMOCTH TOH WM APYrol (yHKUHM BO BCEX CJy4asix JO/DKHA
ObITh MpH3HaHa OEecCoAepMA@TeNnbHOMN, TaKk Kak M MOweM 0003Ha-
4T 3Ty QYHKIMIO J1006M  CHMBONOM M C MOJHHIM  OCHOBAHHEM
cyMTaTh 9TO 00O3HayeHHe €& aHaIMTHYECKHM Bhipawendem. Hako-
HEH, MOTy BaM COOOUWMTBL. YTO Mbl yMeeM Bhipa¥aTh QYHKHHIO-
Jupuxne u € MOMOWLBIO TIPUBLIYHBLIX BaM CHMBOJIOB; HO Mbl 1IOYTH
HHKOTIA He TIONL3YEMCS STHM BLIDAXCCHUEM, MOTOMY YTO OHO CIIOWHO-
M He Nna¥T BO3MOKHOCTH Y3HATH 4YTO HHOYAbL CYWIECTBEHHOE O
CBOHCTBAX 3TOH (PYHKUMH, B TO BpEMst KaK NaHHOoe Hamu Gecdop-
MY/JbLHOE OMpeleNneHre [OKa3bBaeT BCe STH CBOHCTBA, Kak Ha
JNanotd. Me BooGule He moOUM (ETHIIH3WPOBATHL AHATHTAYECKHX
BHIPAXEHHH. Mbl OXOTHO MONL3YEMCH HMMU B TeX CAVYasiX, KOrnIa,
OHH MOMO1ZI0T HAaM HCCAENOBAThb HAHHYIO (YHKUMOHANLHYIO 3dBH~
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CUMOCTb; M Mbl 6€3 BCSKOro cowxaneHusi or6GpachiBaeM uHX, Kak
HETOJHOE OpyAMe, TaM, TAE HMCCenOBAHHME MpoUle BeCTH 0e3 HuX,
KaK 3TO HMEeT MeCro, Hampumep, B TOALKO YTO PacCMOTPEHHOM
HAMH CJyyae.

Mbl IOMKHBLI MPU3HATh AMCKYCCHIO Ha 3TOM 3aKOHYEHHOH, Tak
K4K Mbl CHOBA HE BHAMM, 4TO Obl MOI' BO3Pa3WTb HAUl HHWKEHED;
£ LPYrod CTOPOHbLI, HAlll MATEMATHK C TaKOW UYETKOCTHIO OXapak-
TEPU30BaN OTHOUIEHHE COBDEMEHHOH MaTeMaTHYeCKO® Hayku K
£B3K Mexny yHKuned Y aHaNMTHYECKHM BbLIPAXKEHHWEM, YTO Bbi-
BOIbLI SICHbI BaM CamMd COOOR M HE HYWHAIOTCH HH B KaKMX KOM-
MEHTapHsIX.

O6aactb onpeneyennss ¢yHkund. Kocuémes ewm€ TembKo
OOHOrO BOIIPOCA, TECHO CBSI3aHH TO ¢ npeabiayuwM. Jlng Toro
41O0OH MBI MOTRM cuMtaTh (QyHKUMIO y=— f(X) 3amaHHOil, BOBce
He Bcernra HeoOXoAWMO OnpenendTh €& 3HaueHds Iast scex Oes
MCKMOYEHUst 3HAYCHHE BENHUYMHBEI X; OYeHb 4acTo Caydaercs, 4YTo
LKONBbKO-HUOYAb ~ AKTyalbHbM  OBIBAET TOABKO TOT WIAM JAPYIOH
y4acToK BceH COBOKYMHOCTH 3THX 3HAYEHWH, TaK YTO OMpenenfirtnh
¢yskiHo f{x) BHE 3TOrO yuacTka MpPEACTABNAETCH OGeCUenbHbIM,
a MHOTOA M HEJNeNbIM; MPH 9TOM MOBOALI JUIS TaKOrO OrpanuYeHust
COBOKYIHOCTH PaccMaTPUBAEMbIX 3HAYEHHH BENMHUYHHBI X MOTYT ObiTh
£aMble pa3nHoo6pasHbie, Kak YMCTO JIOTHYECKHe, Tak M Oonee pe-
anbHble; OTYACTH Mbl yXe roBOpuad o0 3ToM B nekumd l. Ecan
MBI, HAMpUMEp, ONpenensieM BeauuuHy f(x) Kak mepumerp mpa-
BHJILHOTO X-yTOJbHMKA, BIMCAHHOrO B OKPYXKHOCTL paauyca 1,
TO camoO cOoOOH fICHO, YTO STHM YCJIOBHEM OHAa ONpeneneHa ans
BCEX UENBX X>==3, U MOAbKO ]Sl HAX; MB  TOBOPUM, 4YTO
y—f(x) ectp B 3TOM Cayuae dyHKUMsI OT x, onpementHHas Ha
MHOXECTBE BCeX uenbX x==3. POopMaZbHO HHYTO He Memaer
HaM, KOHEYHO, Joompeenutb QyHKuMio f(x), npoM3BOAbLHLIM OG-
pasom 3amasast €& 3HAUEHHST VISl BCEX OCTaNbHBIX 3HAYEHMH BeJIM-
4yyHB X; HO €CAH B STOM HET HamOOHOCTH, TO Mbl 3TOMO W He
nenaeM, octapnsis (YHKUMIO f(x) HMKak He onpenen&HHOM BHe
BLILEYNOMSHYTOrO MHOXeCTBA, [Ipyrodi mpuMep: ecad B OaHHOM
«(PM3HYECKOM WCCTENOBaHHH X O3HAYAET TEMIIEPaTypy Kakoro-idGo
Tena, BLIpaxeHHylo B rpangycax lLleabcus, to, BepositHo, Oyner
COBEPILEHHO OGeCccMBICAIEHHO M GecUeNbHO ONperensith  (PYyHKUMIO
f(x) mnst 3HadeHHH BenMYMHLL X, MEHbUIMX 4em — 273.

Bbino 6n, TakuM 06pa3oM, HeueaecoobpasHo TtpeboBaThb OT
Kawnod ¢yHkuMd y=—f(x), uT0o6bl OHa Obia onpegenexa s

N\
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8cex 3HAYCHNH BEJMHYHWHBLI X, HOO, HACTauBas Ha 3TOM, Mbl JOKHBI
Oblin Ol BO BCEX peanbHBIX 3agayax MPCH3BO/AbHBIM, HCKYCCTBEH-
HBIM M COBEPLIEHHO HEHYXHBIM 006pPa30M paculMpsiTh €CTECTBEHHYIO
06712CTh TE€X 3HAUeHWH He3aBUCHMOH MEPEeMEHHOH, Ul KOTOPhIX
NPeACTaBasieT MHTEepeC pacCMarpuBaTh JaHHYl0 (QYHKUKIO. ITO
3aCTaBAsIeT HAC BHCCTH HeoOXOAMMOE YTOYHEHME B Camoe onpene-
nende (QYHKLHOHANBLHON 3aBUCHMOCTH.

YCAOBHMCA TOBOPUTD, YTO 8esutuna y— f(x) ecmb O yaruus
gesunuHbl X, OnpedeséHHas Ha MHOxycecmge M seujecmeeriblx
yucen, ecalt KawcooMy 3Hauenwo x € M coomgemcemeyem Heko-
mopoe onpedeséHHOe 3HAUenUe GeAunuHbl Y. ITO ONpenenenne
(YHKLUMOHAILHOH — 3aBUCHMOCTH, HECKONbKO 0Onee TO4HOE, YeM
JIaHHOE HaMM B Havaje JieKuuu |, cpa3y paspemiaer BCE COMHEHHS
W M03BOASIET HAM NPH HCCJICAOBAHHH Kawaoi OTae/ILHOH yHKUHH
OPPaHUYUTLCS TeM MHOXECTBOM 3HAUCHMH BENMUMHbLI X, TOM ecre-
CTBEHHOR «O6MACThIO OfpejeneHus» (QyHKUMM V, Kakasg OUKTye1Cs
LENLI0 NAHHOTO HCCAENOBAHUS.

BuiGop sToit o6aacTd onpenenexus (QyHKUHH MOXET, Kak Mbl
ye 3HaeMm, OUKTOBAThCSl KaK YMCTO MaTeMaTHYEeCKWMH, TaK H pe-
anpHLIMK, HanpuMep (H3UYECKUMH, COOOpaxenusMi. 3aech HeoG-
XOjMMO TONBKO MpemocTepeyb Bac OT OMHOrO fedyaJbHOro CMerie-
HUH, K COXaleHulo, elm& oyeHb 4YacTo BCTPEYAIOLIErocsi M
OCHOBAHHOTO BCE HA TOM e DPYAMMEHTapHOH TpamMuWd — HE ge-
NaTh Pasavudsl Mexay (YHKIMER W aHAMTHUECKHM BbIPAXCHHCM.
O6nactb onpejeneHusi QyHKUMH 4acTO XOTST [MOCTaBUTH B 33BH-
CHMOCTL OT TOro, B Kako# O6GJ4CTH HMMEET CMbLIC/ TO MW Apyroe
aHanMTHYECKOoe Bbipamenue. Tak, rosopsit, YTO «06nacThio onpe-
nenenust dynkunn | 1 — x® seasercs orpesok [ — 1, 1]
«06aCcThI0  onpenenenust ¢yHkuud g x siBisercs  nonynpsiMas
x>0». Ha camom nesne 3mech peub MAET, KOHEYHO, HE 00 00-
JacTv onpenenenus Kakod-au6o dyukimM, a o toil obnacTu, B
KOTOPOH MMEeT CMLIC/I [AHHOE aHanuTH4eckoe Bhipawende. Tak,
O4CHbL MOKET CJAYHHTECS (MaTeMaTHKa 3HACT OrpoMHOC MHOXKECTBO
MPUMEPOB 3TOCO poja), YTO HaM MPUAETCS MMEThH [0 ¢ HEKOTO-
poil ¢yukumeii y= f(x), onpemenénnoit na orpeske [0, 2] u
NeHCTBUTENLHO MHTEpecylouel Hac Ha BCEM 3TOM OTpPe3Ke, W 4YTO
o 0Sx<<1

y=V1—x%

5 A. A, Xunuun. Bocemb nexunii g
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M3 STOr0 MB HHKaK HE MOXeM 3aKJIO4HTb, 4TO oTpesok [1, ol
JNEXUT BHE 06nactd onpepeneHuss wnamieH (yHKUHMH H [OTOMY Hac
HHTEpeCcoBaTh HE [OJ/DKEH; HamnpoTuB, Mbl OyneM HCKatbh gasi OT-
peska [1, 2] npyroe aHanMTHUECKOE BHIPAXEHWE 3TOH (QyHKUMH
(OCHOBBIBANCh, KOHEYHO, Ha €& oOrMpeme/eHHM); a €C/IH  HaM He
yHoacTcsl TAaKOro Haiti, 10 Oyaem uccaenosath €€ Ha STOM yyacTke
IPYyTHMH, HE aHAJIMTHYECKMMM METOLAMH.

O6nacrb onpenenceHust Kawnoi ¢yHKUMH BLIOUPAETCS HA OCHOBE
coobpawenufl JHO0 YUCTO MaTeMaTUdecKMX, JHMOO MPUKAaIHbLIX]
HO BO BCEX C/yyasix 3TH COOOP@KIHMY MCXOOST H3 CyILIECTBa
nena M He NOMKHBI HWTITH HA [MOBOAY y YHCTO (POPMaibHBIX OCO-
OeHHOCTell TOro WM ApYroro CreLuanbHOrO  aHanuTHYecKoro au-
napara.

HenpepbieHocTb. [lpHeTynasi kK W3yyeHnio (yHKUMOHA/bHbIX
32BHCUMOCTE(!, Mbl HOKHBI, KOHEYHO, MPEWAE BCEro C IOMOLLLIO
uenecoobpa3noil  kaaccM(HUKAuMKH  BHECTH XOTH Obl HEKOTOPbIH
MOpSiNOK B MPENCTOSIIME HaM MHOrooOpasubiit mup. Ilepshim Ta-
KUM KAACCHQUUHPYIOUMM M  OPraHW3yIOuMM 1NPUHUKIIOM  CAYWKHT
O06LIYHO (M C MOMHLIM OCHOBaHMEM) pasgeneHde BCex (PYHKIMHA Ha
HenpepouiBHble Y pA3PbISHbe, NMPUYEM MaTeMaTHYecKHit ananu3 ak-
THYECKM MMEeT €10 MOYTH HCKJ/IOYMTEJbHO € HENpPEpPhiBHbIMH
YHKUMSIMH, NMUlb B CPABHMTE/IBHO PEIKMX C/Nyyasix NpUBieKasi K
paccMOTpeHuo K npocreiilive 13 paspsiBHbx. Henpepoisuee ¢yhk-
uHy 06N1anaoT LEeNBM PSAOM OCOOLIX CBOMCTB, KOTOPbIX JHLUEHLI,
BooOLIe rOBOPS, (YHKIMH PaspbiBHLIE; Onarogaps STUM CBOHUCTBaAM
WCCNEAOBIHHE M NPHMEHEHHE HETPEphIBHLIX (YHKIWH BechbMa 3Ha-
YHTEIbHO 00nerdaiorcsi, TaK 4TO M3y4YeHME ITHUX CBOHCTB CTaHO-
BHTCSl ISl aHANW3a YPE3BbYaftHO BAKHLIM AEJIOM.

Mer roBopuM, uto Qyskuus V= f(X) HenpepeisHa npu X —a

(unu, Kopoue, 8 mouke a), ecnd lm f(x) = f(a), wumu, yro B
X

Culy Onpele/eHus MOHSITHSI npeneja PaBHOCHIABHO TOMY Xe€, €C/H
mns moboil okpectHoctH Vo uucna f(a) ualinEres Takasi  OK-
pectiocts U uucna a@, uro ansi mo6oro x €U Mb HMeeM
f(x)€V. Takum o6pa3om, Aaf HENPEPLIBHOCTH (PYHKLHH B TOUKE
a tpebyercsi, BO-NEPBLIX, CyLIECTBOBaHWe mnpexena lim f(x) u, BO-

x>0
BTOPbIX, COBMageHHe 3TOr0 mpejesna ¢ TE€M 3HAYeHHeM, KOTOpOe
(yHkuusi npuHKiMaeT npu x—a. Camo co0o# pasymeercs, YTO
BTOpPOE M3 MEpBOr0O ClE HE BLITEKAET, KaK MOKa3bniBAET MpHUMEp
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PyHKUHH
o kil ®

[lo moBomy STOrO ompemeneHHst HagO MPEWIE BCEr0 3AMETHTD,
4TO TAK [OHUMAeMas HENpPEPbIBHOCTL €CTh 20KAAbHOE (MECTHOE)
CBOHCTBO (YHKLUHM, T. €. Takoe CBOHCTBO, KOTOPHIM (PyHKUKSI
MOxer obnajarh B OOHOH TOYKe M He o0namarb B NOPYroH; Tak,
dynkuus (3) pa3pbiBHA (T. €. He HelpephiBHA) MPH x—0 U He-
NpepLiBHA (pH 11000M HpyroM 3HadyeHHH X; 3TO — OYCHb BaXHOC
06CTOSITENLCTBO, KOTOPOE HUKOTAA He HAmO yINyCKatb W3 BHIA,

Ianee, Mbl HasbiBaeMm (QYHKUHIO HenpepbisHOl 8 OAHHOM OMl-
pesxe |[a, b], ecnn oua B BbLIULENPUBENEMHOM CMbIC/IEC HEMPEPhIBHA
B Ka¥(nol TOUKE 3TOrO OTPE3Ka; lpH 5TOM B TOYKE a Tpelyercs

JHUlL HENPEPHBHOCTL CHpasa, T. €. cooTHomenue lim f(x)= f(a),
x—a+0

a B T04Ke O — HENPEPLIBHOCTL ¢/€6a, ONpENnesieMast aHanoOrHyHbIM
COOTHOMICHMEM, KOTOPOE Bbl HAamuuleTe CaMu (€C/NH HMMEeTCs B BHLY
o puimblil. OTPE30K (a, b), To, pasymeercsi, B TOukax a M b or
¢yHKuMM HHuero He Tpefyercsi). 3aMerHM KCTaTH, 4YTO MaTema-
THKKM J4BHO YK€ MOAb3YIOTCs OueHb ynoGHeM oCo3nayeHuem
lim f(x)=—=f(a-0), lim f(x)=fla—0),
x—>a10 x—>a—0
C MOMOIBIO KOTOPOLO ONPENE/NeHHEe HEempepLiBHOCTH PyHKIKMH f (xX)
B TOYKE @ MOXHO 3amHcaTth MOCPEICTBOM BECbMA [MPOCTOrO COOT-

HOIHEHHS1

fla+0)=f(a—0)=f(a)

370 0003HaueHHE HE MOXET MPUBECTH HHU K KAKUM CMELIEHHSIM,
€cau TONLKO MOMHUTL, uto f{a - 0) u f(a— 0) mnpeacrasnsior
coboit He 3nauenust QyHkuuM f(x) B Kakux-1uCO TOYKax, a mpe-
Jebl TAKMX 3HAUeHMH (pH HEKOTOPbIX OMPEAENEHHhLIX H3MEHEeHHRX
BEJIMYHHBI X.

Orpanpyentbie QyHkivin. Tetleph Mbl DONA bl O3HAKOMHTLCS
C IpyruM CBOHCTBOM (PYHKilWH, KOTOpOE B MPOrHBONONOKHOCTDH
CBOUCTBY HEMPEPHIBHOCTH SIBASETCS HE JIOKAIbHBIM, @ LHImezpats-
HblM, T. €. MOXeT ObiTh OMpPEAeaeHO Cpady s MOGOro MHOWECTBa
3HAYCHHI HE3aBHCHUMOM [EpeMEeHHOH, HE HYXasiCh B MpeaBdpH-
TENLHOM ONpEeneneHHud 1751 OTAe/bHbIX €€ 3HayeHuit (B OrAc.ib-
HbIX TOYKaX).

5'k
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PyHkius y— f (x) Ha3LIBACTCSH 0?2PAHUYEHHOT HO MHONCecmBe M,
€C/IH BCE 3HAYCHHS, MPUHHMACMBlEe €10 HAa STOM MHOXECTBe, MpH-
HaQIeXaT HEKOTOPOMY OTPe3Ky; OYEBHOHO, BMECTO STOrO Mol MO-
MEM MPEIbSBUTL H COBEPILCHHO PaBHOCHABLHOE TPeOOBaHUE: Cylile-
CTBYyeT TaKoe NOJOXMUTenbHOe Yucno ¢, 4to | f(x)|<c mns Beex
x € M. Bonee nerancHo, Mbl Ha3niBaeM (QYHKUHIO V 02DAHUYEHHOU
csepxy (cHu3y) na M, ec/id CyliecTByeT Takoe uucio ¢, 4to f(x) <
<c(f(x)>¢) ona Beex x € M. PyHKuMs MPOCTO OrpaHMyeHHast
NOMKHA ObiTh ANl 3TOrO, OYEBMOHO, OTPaHWYEHA KaK CBEPXY,
TaKk M CHM3Y.

CBOJCTBO OrpaHHYCHHOCTH HE €CTh, MOLOGHO CBOWCTBY Hempe-
PHBHOCTH B OTPE3Ke, COBMECTHOE BBLINOJIHEHHE W3BECTHHIX TpPeGo-
BaHU B KamIOH TOUYKE 3TOro orpeska. Yucno ¢, 0 KOTOpPOM roBo-
pMTCSl B ONpeeNieHMH OrPaHHYeHHOCTH, BLIOWpaercsi cpasdy Aans
Bcero MHoxecrBa M. B kaxmolt ormenbHOH TOYKE 3TOr0 MHOWe-
CTBa, ecnu (yHKLUMS B Helt onpenencHa, TaKOe YHCIO ¢ CyLIECTBYET
TPUBHANbHLIM O6GPa3oM: ISl TOYKH X JIOCTAaTOYHO [ONOKHTE,
nanpumep, ¢=|f(x) -+ 1. Ho dynkuus, onpenenduuasi, Hanpu-
MEp, B KaXKIOH TOUKE HEKOTOPOro OTPe3Ka, MOWeT ObiTh M He-
OrpaHHYEHHOH B 3TOM OTpe3ke; 4TOOb B STOM YOEIUThLCS, BCIOM-
HHM, 4TO tg X BO3pacTaer Ge3rpaHuuHO Mpy x~—>%—— 0, tak uro
Gyrxums

o tg x (0<x< %),
‘5 0 (x: %)

(s
2

Kak nn1si MHOTMX MATErpanbHLIX CBOHCTB, MOWHO, OIHAKO,
W O1sl OTPAaHUYEHHOCTH (DYHKLMH Ha JaHHOM OTpe3Ke yKa3aTh Takoe
JIOKaNbHOE CBOHCTBO, BLIIOJHEHHE KOTOPOFO B KaXIO# TOYKe
JAHHOTO OTPE3Ka PaBHOCWILHO BHUIOMAHEHHIO PAacCMaTpUBAEMOro
MHTErpanbHoro cBOfcTBA. Y CIOBHMCH Ha3biBaTh (QYyHKILIO y Ozpa-
HUYEHHOU 8 MOYke X, €C/IM OHA OrpaHUyYeHa B HEKOTOPOH OKpecT-
Hoctd U uucna x (o6paTture BHUMAHKE, YTO 3[€Ch JIOKanbHOe CBOM-
CTBO ONPEAENSIETC 4YEPE3 paHee ONpemen&HHOE HHTerpaibHOE;
B C/ly4yae HEMpepLBHOCTH Neno 00CTOsN0 Kak pa3 HaoGopor). Mmu
MOXEM Teleph yTBEPXAATb, UTO 048 O2PAHUHEHHOCIN O VHALLL
y=—Ff(x) ra ompesrce [a, b] (3arpsimonr) Heobxo0umo 1 docmamouro,

HE OrpaHHyeHa B OTpE3KeE [O,
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4MO0b. OHA OblAQ O2PQHUYERA 8 KAXHCOOL MOUKe 3M020 OMPe3rKa.
HeoOx0muMOCTL 3TOr0 ycnoBHsl BHITEKACT W3 CaMHX  OmpeleneHWH
M HE HYXJaeTCsd B HOKa3aTe/NbCTBE; 4ToOh IOKa3aTh ero JocTa-
TOYHOCTb, JOMYCTHM, YTO KaxiOe 4YMCI0 X oTpeska [a, b] mower
ObITh . OKPYX€EHO OKPECTHOCTbIO U, B KOTOpPOH (pyHKUHS ¥ OrpaHu-
yeHa; npumenssi nemmy ['eitne-Bopensi, Mbl HaxomuM, 4YTO OTPE30K
[a, b] nokphiBaeTCH KOHEUHLIM YHMCAOM OTPE3KOB=—=A,, \,, ...,
B Kaua0M M3 KOTOpbX y orpanuuena. Ecmu |v|<e¢; B orpeske
A;((i=1,2,...,n) n e ¢ ectb haubGonpulee M3 YMCEN ¢,
CoyneeyrCy TO | ¥| < ¢ nnst Becex x € [a, b], yem Haumte yTBepwce-
HHE U JOKa3aHo.

Yci1ioBUMCS  Ha3bIBATL MHOXECTBO udcen N ozpaxuueHHsiMm,
ec/id BCE BXOASILUME B HEro 4YWciaa MOTryT OBITh 3aKJIIOHEHbl B HEKO-
TOpbI# 0TpPe3ok. OUeBHAHO, YTO OrPaHHYEHHOCTD PyHKUMH ¥ — f(X)
HAa MHOXecTBe /M paBHOCHNbHA OrPaHHYSHHOCTH MHOXecTBa N
3HaueHuil, TpUHKUMaeMbiXx STO QyHKuMeH, Korga BeaWyYuHa X
«npoberaer» MHOXECTBO M, T. €. MPUHHUMAaeT BCEBO3MOMXHLIC 3Ha-
deHusl, OPUHALEKAIKEe STOMY MHOxkecTBy. Camo coGolo SICHO, 4TO
O3HAYAIOT TEPMHHLI «MHOXECTBO [N OrpaHHyeHo CBepxy (Wau
crpaBa)» H ¢MHOKeCIBO /N OrpaHHYeHO CHH3y (HMAM cnesa)».

YcnoBuMcs Ha3uiBaTh 4YMCIO § sepxHeil 2pansr0 MHOxectsa N,
ecau: 1) MHOXecTBO N He comepwHT uyucen, OOnblIMX dem {f,
M 2) B moOOH OKPECTHOCTH YMCIa [ HaMAETCS YMCNO, MpUHALTexa-
mee sTomy MuowectBy. I1onoGHbiM ke 06pasoM HuvicHell zparsio
MHOXecTBa N Mbl Ha30BEM Takoe yucao a, yto: 1) B MHOKecTBe
N Her uuCen, MeHbIIMX YeM d, U 2) B a1060# OKPECTHOCTH YHC/A
a Halnrcs  4deno, MpuHamiexanee MuowectBy N. OueBnmuo,
4TO MHOXKECTBO, HMEIOIICE BEPXHIOI (HMXHIOW) rPaHb, OrpaHH-
4eHO CBepXy (cHM3y). B ananuse wurpaer 3HAUMTEABHYIO POTb
oOpaTHOoe MperIokeHHe:

Teopewma. Besrwoe mHoOMCECINBO Hlicen, OZPAHULEHHOE C8EpIXY
(cHu3Y), umeem eOUHCMEBEHHYIO BEPXHIOD (HUNCHION) 2DAHb.

B uyactHOCTHM, BCfIKOE OFPaHWYEHHOE MHOXECTBO MMEeT Kak
BEPXHIO, TaK M HWXHIOIO rpaHb. )

JokazatenbcTBO. Pa3o6béM BCce BelECTBEHHbIE YMCIa
Ha 1Ba Knacca A u B no cnenyouieMy Npudiuny: x € A, ec1u BOpaso
OT x uMeercsl XOTs Obl OmHAa TOYykKa MHOwkectBa N, u x€B—
B MpPOTHBHOM cayuae. Bul camu 6e3 tpyma ybemurech, 4t0O STO
pa3buende ecTb cedeHde; MOyCTb A —— PyOeK ITOrO CEYEHMST; 110-
Ka)ceM, 4YTO O eCThb BEPXHfsl FpaHb MHOxecTBa N.
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[Tpesne Bcero yGeaumcs, TO BOPABO OT & HE MOMET ObLITh TO-
yek muoxectea N; B camoM gmene, ecav BEN u §>a. To, nona-

ras «(__% (@ - B), Mr umeem a <y < B u3 Y >a crenyer Y € B,

au3 >y u BENcnenyer Y€ A, u, TakuM 06pa3oM, Mbl PHHIIH
K [pOTHBOPEYHIO.

Hanee, nyctb U=—(a,, &,) (a, < a < a,)— 1odast OKpeCTHOCTb
TOUKM d.

OueBunHO, 4TO a, € A, d, € B; B cuay MEPBOIO U3 STUX COOT-
HOIICHUE WMEIOTCR TOYKM MHOkecTBa N BIpaso OT d,, B CHy e
BTOPOFO COOTHOWICHMS TAKHX TOYEK HET BIPABO OT &p; SHA'MT,
TaKMe TOYKM MMEITCH B OTpe3Ke (a;,a,).- Hucno a obGnanaer,
TaKuM O6Gpa3oM, OGOMMM CBOMCTBAMM BepxueH rpahH, CyLUECTBO-
BaHME KOTOPOH TeM CaMbiM JOKa3aHno.

dra rpaib emuHcTBeHHa. JIeBCTBUTENLHO, €CJH 6Ll MHOYE-
¢80 N umeno nse sepxuue rpand M p’ (f < B’), TO MbI Hemen-
JEHHO MOAyYHIn Obl  MPOTHBOPEYME, 3ameyasi, 4TO, ¢ OJHOH CTO-
pOHLI, MHOXeCTBO N HE MOWKeT Comepxarh Huces > f (rak kak §
€CTh ero BepXHsisl rpakb), a ¢ APYro¥ CTOPOHK, OHO NO/KHO COMEp-
 kaTh TakHe Yucia B CHIy TOrO, 49TO MX JOMKHA COOGPXKATh CKOMb
yTOOHO Manasi OKPeCTHOCTh YHCAa p'. OuyeBHAHO, YTO AIS Cayyas
uikHel TIpaHd TeopeMa [OKa3hBaeTCs COBEPUIEHHO aHANMOTHYHO.

HarnsigHo Mbl  DOMKHBLI TPEACTaBAsATb ce6e IpaHd IaHHOrO
OrpaHMYEHHOTO MHOXECTBA, KaK KOHUB HAUMEHbILErO OTpE3Ka,
CONEPKAILEFO BCE YMCIAA STOrO MHOXECTBA. QOueBUIHO, Mbl MOXEM
OMpeneNuTh BEPXHIOID TPaHb J@HHOTO MHOXWECTBA M Kak HaUMEHb-
qlee u3 TeX uYMcea ¢, [0 OTHOIIGHHIO K KOTOPOMY Bee yucna x € N
YIOBNETBOPSIOT HEPABEHCTBY X <<€, W UTO aHanoruyHoe ornpene-

2HME BO3MOXKHO M ANS HHXHEH rpatu.

QOueHb BAWHO HUMETh B BHAy, UTO Kawsasi M3 TPaHeil AaHHOTO
OrpaHuieHHOr0 MHOWecTBa N MOWET Kak MpHHAIIEKATh, TaK W HE
npuHaanexath 3Tomy MHOWecTBy. Tak, 3aKpbiThiH OTPE3OK colep-
»HUT CBOH I'PaHu, a ()_TKpblTblﬁ HX HE COACPMKHMT, MHONKECTBO 4HCEN

1
BUOa i rne n— moboe HatypaibHoe 4yucao, CoOaepKHT CBOIO

BEPXHIOI0 rPaHb (4ucno 1), HO HE COMEPNKHUT CBOEH HMwHEH rpaHud
(uucna 0).

Ecan ¢ynkuun y=—=f(x) OrpaHHyeHa Ha MHOKECTBE M, To,
KaK Mbl ywWKe 3aMeTH/IM, MHOMECTBO N 3HaueHud, MPHHUMAEMbLIX
€10 HAa 9TOM MHOWECTBE, OrpaHHYeHO H, CICAOBATENbHO, HMEET,
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B CHNy JOKa3aHHOH TeOpeMbl, BEpXHIOI0 M HHIHIOK TDaHH. JtH
rpany mHOWecTBa N Mbl YCIOBHMCS Ha3biBaTh Zpawamu PVHKUuU
v na mrnozicecmse M. Taxum 0OpasoM, BCAKQA () YHKUUS, 02pAtU-
YOHHAST HOQ OQHHOM MHOITECMBE, uMeem HQ HEM eOUHCMBEHHYIO
BEPXHIOI0 U eOUHCMBEHHYIO HUJMCHIOIO ZPAHS.

Kaxnasa W3 3tux rpadeil mMomeT ObiTb HEKOTOPhIM 3HAYEHHEM
JaHHOH (DYHKUHH; TOrAA OHA CJIYWHT HAWOOIBLIHM HIH HAHMEHB-
MM 3HAueHHEM 3TOH ¢YHKIIHH Ha I4HHOM MHOXeCTBE; HO MOXET
CAYYMTHCH, YTO Ta WM Jpyras M3 rpaned BOBCE HE NPHHAILIEHHT
K COBOKYIHOCTH 3HAuYeHHH (QYHKUHWH Ha NAHHOM MHOXECTBE; B Ta-
KOM cryuae (yHKLHsS HA 3TOM MHOMECTBe BOOGHIE HE HMEET Hah-
Gonbitlero (HaH HauMeHbulero) snauesud. Tak, QyHKUHS

_ fxopn O=x<1,
*y_—{ 0 npu x—1 4)

wveer, oueBuIHO, rpau O u 1 na orpeske [0, 1]; nmxkuss rpap
spaseTcs (HauMeHbliHM) 3Hayennem 3Tol ¢dyHkuuu (npn x =10
w x—=1); Bepxusig e rpasb —uucno 1 —cpenn e& 3HaueHHH
He BCTpedaercd; (yHKLHA He HMeeT Haubonbllero 3HAYCHHS Ha
orpeske [0, 1].

OcHoBHble cBoiicTBa HeupepbBHbIX GyHkumil. Tenepb Mu
YCTAHOBHM U€Thipe BarHEMHX CBOHCTBA HENPEpPHIBHAIX QyHKLHE,

Jlemma. Ecau bywrcuun v—f(x) HenpepvigHa 8 moxe
a u ecau f(a) < b, mo cyuecmsyem marxas orpecmHocHy U mouru
a, umo 0an ecex x €U mot umeen f(x)<b.

310 — NMOYTH TPHBHAbHBI BHLIBOL H3 CaMOro oOripeleseHus
HerpepuBHOCTH (yHkuuH B TOuke. B camom nene, ecnu uucna
a u B BHGpann Tax, uro a < f(a) < B < b, 1o B CHy 3700 ONIpE-
JeJeHHsl U1 BCEX X HEKOTOpOH OKPEeCTHOCTH YHCIA @ Mhl LOJKHE

METh
a<fx)p<b

4yT0 W TpeboBanoCh IOKAa3ath. )

CaMo coBOl fICHO, YTO JIeMMa OCTadTcs BEpHOH, €C/H BCIORY
B e& (opMyaHpoBKe 3Hak < Mb 3aMEHHM 3HAKOM .

Teopema 1. Oyuryus y=— f(x), HenpepbiBHas HQ 3aKpbL-
moxm ompesre .[a, b]|, ozpanutena HA 3IMOM OMpesKe.

Ilns noKasarenncTBa 3aMETHM, uTO QyHKuus y, Gyayud Herpe-
pHBHOH na ortpeske [a, b], HenmpephiBHa B Ka}IOH TOUKE 3TOrO
oTpeaka; mycth h— niofas TOuKa oTpeska [a, b]; no camomy orpe-
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IEMCHHIO HENPePHIBHOCTH CYHIECTBYyeT TakKasi OKpecTHocTh U uu-
cna 4, 4ro ana moboro x € U

fO)—1ffhy+ 1

HO 3TO TIOKa3biBaeT, YTO QyHKuMA f(x) OrpaHHueHa B OKPeCTHOCTH
U (Bce e 3HaueHHMS COMEPWATCH B HEKOTOPOM OTpE3Ke); 3IHAYMT,
OHa OrpanHyeHa 8 moxxe k (HOO OrPAHHYEHHOCTb B TOYKE HAMH
OflpefiesieHd KdaK OrFPAHHYEHHOCTH B  HEKOTOPOH OKPECTHOCTH
3T0H TOYKH). Bynydn e orpanndeHHol B 000l TOuKe OTpe3ka
[a, b], dyuxknms y, kak mMn Bamend BbiLe, HONKHA GbiTh Orpa-
HUYEHHOH W BO BCEM 3TOM OTpe3Ke.

Teopema 2. Dyurxnun y— f(x), nenpepwisran wna 3arxpoi-
mom ompesrxe [a, b|, useem na wém naubosvuee u HaumeHb-
wee 3HoYeHus.

HokaszarenbctBo. B cuny reopembi 1 dynkuus v
orpasuuena Ha ortpeske [a@, b] M, 3HAUHT, WMEET Ha HEM HIKHIOW
TPA4Hb G W BEPXHIOID TpaHk f; HANO TONBKO TOKA3aTh, YTO 3TH
TpaHH SIBASIIOTCH 3HAY€HWAMH (ynkuHH y. [lokaweM 310, HanpH-
Mep, IS BepxHel rpauu f.

Ecau O § ne Owiio 3nauennem ¢yHkimu y B orpeske [a, b],
TO 3TO 03Ha4ano Obi, uT0 f(x)< f nmnf Bcex uucen x 3TOTO
orpeska. [lycip f,— moboe wuncno, 3akniouéHHoe wmewny f(x)
n B, 1a uro f(x)< B, < B. B cuny nawelt nemmbl Mb MOMEM
OKPY7HTb TOYKY X OKpPeCTHOCTbIo U, mnsi moGoli ToukH x' Ko-
T0poit f(x") < f,. Cucrema oxpccrroctedt U,, (0CTPOGHHHX It
BCEX TOYeK X OTpe3ka [a, b], NOKpHBAET 3TOT OTPE30K H B Cuny
Teopembl ['eliHe-Dopenst comepuT KOHEUHYIO 1OICHCTEMY OKpecT-
Hocrell Uy, U, ..., Uy,, TaKkKe MOKPHIBAONIY) OTPE30K [a, b).

2

Ho ans mio6oro umcna x' orpeska ka Mbl HMEEM f(-”')<f5.vk;
O6o3nadast vepe3 f§' waubonruiee W3 UMCEN Py, Pay ---- By
MBI BUIHM, YTO 475 Beex x € [a, b)
fle) <" <8,

BCJEACTBHE uero f He mower OwTh Bepxned rpanblo QyHKuHu
f(x) na orpeske [a, b]. [lonyueHHoe npOTHBOpEYHE U HOKA3bi-
BaeT Teopemy.

Brune [cm. (4)) mbl BHnenu npumep orpanuuentol dynkimu,
He uMeioulel B HAHHOM OTpe3Ke HAUOONBIIETO 3HAYCHHS; MbI
3HAeM Terieph, UTO 5TO BO3MOWHO JMIUb ISl PAa3PhiBHEIX (yHKIKH;
H nefcrButenbHo, QyHkius (4) paspbiBHa npn x=—1,
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Bawxno em® nomuepkHyTb, UTO TeopeMma 2 cripaseisiiBa TOTbKO
Infl 3aKPLITHIX OTPE3KOB; TaK, ADKE CTOAb MPOCThie (YHKI{HH,
KaK y-—Xx H Vv—x?, JHIIeHb HaHOOMbLIMX W HAWMEHbLIHX 3Ha-
4eHH# B OTKPHITBIX OTPE3KdX.

- Teopema 3. Ecau ghvuruns f(x) Henpepvl8Ha Ha ompesie
[a, b] u ecan fla)< < f(b) uwme f(a)>p > f(b), mo nai-
0émes maroe uucao ¢ 8 ompeswe [a, b|, umo f(c)=p.

Kopoue rosops, HenpephiBHasi (QYHKLHA Mex<ny JIOObIMH IBYMS
CBOHMH 3HauYeHHIMH 006§3aTeNkEHO IpoOXoanT 4depe3 BCe IPOMENKY-
TOUHbIE 3HaueHud. Pasymeercsd, paspeiBHbIe (QYHKUHH, BOOOuUIE
roedpsi, He obnanalor 3THM CBOHCTBOM; Tak, (ynkuns Hupuxie
B nwbom orpeske MNpuuHumaer 3nauenuds O u 1, HO HurOe He npu-
HAMAET HH OIHOTO TMPOMEKYTOYHOIO MeXJIy HHMH 3HAYEHHS; Is

dyHkuun (4) Mb HMeeM f(%) :%, f(1)=0, no mu mns on-
HOrO X OTpe3kKa (;—, 1) f(x) He NpUHHMAET MPOMEXKYTOUHOIO

3HavueHus —- .
4

HokasarenscTBo Teopemb 3. Ilycth crauana pu=—=0,
f(a) <0, F(b) > 0; Tpebyercst mokasatb, 4uto f(x) obpauraercs
B Hylb B HEKOTODOH BHyTpeuHel TOuke oTpeska [a, b]. Honyctum,
YTO 3TO HE TaK, W pasnenuM OTpes3ok [a, b nononam. OueBuinyo,
YTO B ONHOH M3 IIBYX MONOBHH f(X) HUMEET pa3HLIC 3HAKH B KOH-
Lax TONOBHHBI; 3Ty [MOMOBHHY Mbl CHOBA [AENHM TIOMOJAAM H CHOBA
BhOHDaeM Ty TIONOBHHY, B KOHLAX KOTOPOH f(x) WMeeT pasHbie
3HaKH, H T. A. Mub monyuaem, TakuM 06pasoM, CTATHBAIOLIYIOCS
CHCTEMY OTPE3KOB; MyCTh & —— HX O0Uiafi TOYKE; N0 MpemIIoNoHE-
Huo, f(a)==0, no ecmn f(a) >0, 1o B cuiry nemmn crp. 71
Mbl HMeem f(x) >0 mim BCex x HekoTOpo# oxpectnocTn U
TOYKH @; 3TO #e HEeBO3MOXHO, TaKk KaKk U comepwkut GecuncicH-
HOe MHOX<ECTBO OTPE3KOB HallleH CTArHBAIONIEHCs CHCTEMbI, B KOHIIAX
KamJIOro H3 KOTOPbIX f(X) NpHHUMAeT pasubie 3uakH. TeMm e
nyrém Mei yGeknaemcs, uto f(a)< O HesosamoxHno. [lonyuennoe
IIPOTHBOPEYHE H IIOKA3hBAET HAllle yTBepIKIeHHe.

Hakoneu, ecnv p=~0, To 419 HOKAa3aTenbCcTBA TeopeMb 3
LOCTATOYHO NPHMEHHThL TOJIBKO HTO MOAy4eHHbi HAMM PE3yNhTAT
K ¢ynkuuu f(x)— p.

[lpexae 4yem HOPMynHPOBATH HETBEPTOE CBOHCTBO HENPEPHBHBIX
QyHKUMH, Mbi JOMKHH BBECTH OLHO HOBOE [MIOHITHE, HMEIOLiee
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A5l W3yueHHs STOro  Kjaccd Gynkuuii  BawHeHnee 3HAYEHHE.
Bb nOMHHTE, KOHEYHO, YTO HENpEepHBHOCTE €CTH JIOKabHOE CBOH-
cTBO (yHKIMH; 3TO MONOKEHHE HHCKO/BKO He MeHsieTcs OT TOro,
4TO Mbl TOBOPHM O &(QYHKIHH, HerpephIBHOH Ha JAHHOM OTPE3KE”,
160 HerpepbBHOCTE HA OTPESKE o3naudaer He Oonblie, HYEM HE-
NpepHIBHOCTD B K&WIOH TOUKE STOro oTpe3ka, H MOTOMy HH B
KaKol Mepe He H3MEHSieT JIOKallbHOro Xapakiepa 3TOrO MOHATHS.
MokHO, ONHAKO, BHIPA3HTH HIEIO HerpepLIBHOCTH ¢ynkunH  Ha
JAHHOM OTpe3ke H HEeKOTOpbIM IPYTHM obpa3oM, MnpHuEM OHA
[osyuaeT UHMezZpasbhbll XaPAKTEP, T. €. HernocpencTBeHHO HE
LCXOMHT HH M3 KaKHX JIOKaZbHbIX CBOHCTB, 2 xapakTepusyet QyHK-
0 Cpasy BO BCEM OTPE3KE.

YCnOBMMCS HA3HIBATL (PYHKUHIO Y= f(x) pasnomepro Henpe-
puisHOil ha OTpe3ke [, b], ecnn ona obnanaeTr CrenylouHM CBO#H-
cTBOM: CKOAb Obl MQAO Hi 0bL20 nosoNcumMeApHOe HUCAO E,
cymecmsyem maroe Apyz0e nOLOHCUMEALHOE HUCAO 6, umo 0aa
2100blx OBYX HuCen Xy U X, OMpesra [a, b), omemosuux opye
om Opyza MeHee 'HeM HA g,

Lf () — f ) 1< 2

Bbl BUIOHTE, YTO STO OMpenejeHue He [pHypOYEHO HH K KaKoH
oTHEeNbHON TOYKE, d CTPEMHTCS 0xapaKTEPH30BATh NOBEIEHHE pyHK-
1iHH BO BCEM OTpE3Ke [a, b], roBops, uTO B JBYX TOUKaK, HOCTa-
TOUHO GIM3KHX JPYT K IpYyry, 3HAdeHHs yHKLH  JIOMKHEL OuTh
ratoke CKOAp yromHo OGau3Ku Ipyr K npyry. IlowsTho, noteMy
STOT BHI HENPEPHBHOCTH Ha3bIBAIOT «PABHOMEPHBIM»:  BCH  CrIEHH-
(uka €ro HMEHHO B TOM, 4YTO 3A€Ch TpeByercsi HeKas OIHHAKO-
socTh B TOBenenHH (yHKLHH BO BCEX MECTax IAHHOIO OTDE3Ka;
TOUKH X; H X, MOryT 6LITh B3AThl L€ yromHo B OTpe3ke [a, b,
aumpb Obl MX B3aHMHOE paccrosinpe HE NPEeBbILIAN0 YHCAd 0.

CoBepiieHHo fCHO, HTO (ynKuus, PaBHOMEPHO HernpepsiBHAs
s orpeske [a, b}, no HeoGXOAHMOCTH HerpephiBHA B KaXno# TOYKE
5TOrO OTPe3Ka (4 3HAYMT, H BO rcEéM oTpe3ke), HOO B CHIly paBHO-
MepHOH HENpEpHIBHOCTH M3 |X — a|< 3 shiTeKaeT |f(x)——f(a)|<e,
. e. mna miobok oxpecrroctH V (f(a)—Eé, f(a)-\-¢) uncna f(a)
natimétcs Taxas OKPECTHOCTb U(a—8, a-}-8) uncna a, uto U3
x €U BhITEKACT f(x)€V; a 310 M 3HAHMT, yro dynkums f(x)
HerpephiBHA [MPH X =—=0. YpeashiualHo BaXHO, HTO uMeeT MecTO
1 0BpaTHOe NpELJONEHHE, T. €. YTO W3 HErpepHIBHOCTH (PyHKIH V
B mioGOl Touke (3AKpHITOro) OTpeska [a, b] BuTeKaeT e€ pasno-




GYHKI{HH 75

MEpHASl HEMPEPHIRHOCTh HA 3TOM OTpe3ke; TpeGoBaHHe paBHOMep-
HOM HeNpephBHOCTH He CyXkaeT, TakuM 00pa3oM, Kjaccad Hempe-
PhIBHBIX (YHKUHH (MOCKONBKY peub HAET O 3aKphHITOM OTpe3ke).
Teopema 4. Pynxyun y—f(x), Henpepsisras 8 raxicood
moure 3akpuunozo ompesxa [a, b), pasnomepno wenpepeisha Ha
Imom ompesre.
HOna oTKpbITHIX OTpe3kOB TeopeMa HeBepHd. Tak, ¢yHKLHS

V==si0 —, OYEBHIHO, HEMPEpLIBHAS B KAXIOH TOUKE OMKpHINOZ0

orpe3aka (0,1), ne MoweT ObITb PaBHOMEPHO HENpPEpPHBHOH Ha
5TOM OTpe3Ke, TaK Kak, CKolb Obl Mano HH O6bIO 6> 0, MOHHO
HaliTH (BOMKM3H HyAf) IBE TOYKH, OTCTOSILIHE APYT OT APYyra MeHee,
yeM Ha @, H BMecTe C TeM TAKHE, YTO PA3HOCTL 3Hauenuil yHk-
UMK Vv B HUX Ooablue, yeMm 1.

HokasartenbrctBo teopemb 4. Ilycth dynkuus y
HenpephiBHA B KaXAOH Touke ortpeska [a, b|; Torma mas
mo6o#t TOYKH x 3TOr0 OTpe3ka haiin&rcs Takoe uncno 6, >0,
4TOo |f(xl)—\f(x2)|<e, €M x; H X, MNpHHALIEeXKAT OT-

pesky [x—8&,, x-48,]. OGosnaunm wuepes A, orpe3ok

o3 -3 c
[x— 50, x5 ox] . OueBHIHO, COBOKYNHOCTb BCEX OTpes-

ko A, nokpwBaer orpe3ok [a, b]. Ilostomy Ha ocHoBanHu nem-
mei Bopenst  cyuiecrsyer koneunas cuctema M orpeskos A,
TaKKe MoKphBawwas otpesok [a, b]. Ilycts ¢ — miuHa nau-
MEHBIIETO W3 OTPE3KOB CHCTeMW M, W NyCTh X, H X, — IBE Ji0-
Oble TOukH oTpe3ka [a, b], orTCTOsIUKME APYr OT OPyra MeHblLe

yeM Ha 56. S yteepwucnaio, uro |f(x,)— f(x,)[<e (uem Teo-

pema 4 u Oymer nokasana). B camom nene, touka x, ripuHanne-

B 3 = ] N 1 o

KHT KakoMy-HuOynb oTpesky A, lx— 5 G x4 50| cHcTemBl
1

M; HO TOTIa TOYKA X,, OTCTOSILLUAST OT X, MEHEe YeM Ha 7 6= ,0,,

MpHHalnewHT oTpesky [x—&,, x-+8,.], B KoTopwi BxomMT,
KOHEYHO, " H x,; oTClona, o CaMOMy ONpeae/IeHHIO 4YHcna O\x, MHI
neiictentensHo UmeeM | f (x,) — f(x,) <le.

HenpepoiBHOCTS 3JleMeHTAPHBIX GyHKUMiA. Bhl, KoneuHo,
3Haete; 4ro anrebpamueckas CymMmMa M npou3senenve no6oro
YHCNA HEMNpPEphiBHHIX (QYHKIMH Takwe SBNAIOTCH HENpEePhIBHHIMH
GYHKUMAMH; OTHOLIGHHE IBYX HENpPEepBBHHX (QYHKLMH HENpephBHO
B K2XIOM OTPE3KE, B KOTOPOM 3HAMEHATeNb HE O6pPaIaeTCs B Hyllb;



76 JIEKIIHA TPETHS

BCe STH TPENJOWEHHS CTpaBed/IMBb KaK B JOK4JbHOM, TaK H
B HHTErPasbHOM [MOHHMAHHH, T. €. HE3dBHCHMO OT TOro, MMeeMm
A Mb B BHAY HENPEPHBAOCTE B TOYKE MW Ha OTpE3Ke, HJH,
HAKOHEL, DPABHOMepHyio HenpepeiBuocTh. JlokasatenncTBa BCex
3THX lpeanoXeHuii MOwHO ~HaltH B no60M Kypce aHanH3a; OHH
HE [PEeNCTABMSIOT IPUHIMIHANLHOIO HHTEpeca, H 3/eCh HaM HeT
HaZOOHOCTH HAa HHX OCTAHABJIHBATHLCS.

3HAUHUTENBHO HHTEpecHee BOMPOC O HENpPEPLIBHOCTH TAK HAa3bi-
BaeMblX eMeHTapHhIX (yHKUHIT, T. e. TOro HeGOABIIOro Knacca
dyskuni, ¢ KOTOPBIMH OflepHpYeT 3JIEMEHTAPHASl MATEMaTHKA
H KOTOphi€ H B BBHICLICH MaTeMaTHKe (OJHOCThIO COXPAHSIOT CBOE
penyiuee 3Hagenue. Clona OTHOCATCS MpeXae BCEro Bee yHKINH,
3Hd4YeHHs KOTOPHIX MONYyYdloTCA W3 3HAYEHHH He3aBHCHMOH uepe-
MEHHOH [pHMEHEHHeM LIeCTH OCHOBHbIX anreGpanueckux oilepa-
i, a 3ateM — Hebonbliloe YHCIO TPAHCUEHOEHTHHIX QYHKUMIL
TPUTOHOMETpHYECKHE (YHKIMH (TIpsiMbie H 0OpaTHhie), N0KasaTelh-
Hbi€ W Jorapudmuyeckne (QyHKIHH; CIOIA e OTHOCATCS, HAKO-
Hell, H BCEBO3MOXKHbLIEe KOHeYHhie KOMOHHAIMH I€PEYHCIEHHBIX BULOB
ynxumii, nanpumep, x2(1-— xsinx) w4 cos 2%°.

Bce anementapHbie QyHKUHH B OCHOBHOM HENpPEPHLIBHAI; JIHILb
HEKOTOphle H3 HHX MIpeTeprneBalT Pa3phiBbl B HEKOTOPHIX OTHE:ib-

1
HBIX TOYKaX [} npu x=—0, tgx npu x—%, H 1. 0.1)].He

ISl BCEX 3JeMEHTAPHhIX (DYHKUHMH, OIHAKO, IOKA3aTeNhCTBC 3TOrO
(akTa nerko; B Kypcax aHanusa oObIYHO 3TOT BONPOC HE pac-
CMAaTPHBAETCS BO BCeH MONHOTE; MEXIy TeM, OH HMEeT BarcHoe
3HaYeHHe, W HaM MNPHAETCH crenarh MO 3TOMy MOBOAY HECKOJBKO
3aMEYAHHH,

[Ipewne Bcero odyetib JIerKkO yCTAHABIMBAETCS HENPEPHIBHOCTH
BCeX MHOTOY/IEHOB MNPH JIOOBIX 3HAYEHHAX HE3aBUCHMOH MepeMeH-
HOl; B caMoM 1ene, TaKk Kak Jns moboro MHorounesa P (x) u
st moboro uucna a passocte P (x)— P(a) anrebpanyeckH ne-
aurest Ge3 ocTatka Ha pa3HocTh x —a (reopema beay), 10

P(x)—P(a) = (x—a) Q(x),

rie Q(x)— MHOTOWIEH; OTCIONA NPH X —> @, TAK KaK MHOIOYNeH

1 »
1) 3ameTHMm, 4YTO QYHKIHH — tg x HenpephiBUBl BO BCeH 061acTH

CBOEro OnpeneneHus. B ToOUKax paspbiBa, 0 KOTOPHIX MAET pelb, GyHK-
win 3TH He onpeneiteHbl. O TakMx TOYKax paspbiBa cM. c1p. 8l.




®YHKI[HH 77

Q(x), OYEBHAHO, OrpAHHYEH B TOYKE @, MBI HMEeM P(x) — P(a),
T. e. MHorouneHn P (x) wenpephieH B Touke a. Janee, uz He-
NPEpPHBHOCTH MHOTOYIEHOB HEMOCPENCTBEHHO BHITEKAET HeNpephiB-
Py (x)
Py (x)
TOpoM P, (x) HH B OnHOH TOYKE ne oOpauiaercs B HYJIb .

Cronb e mpocTo BOMPOC periaercs W ns TPUTOHOMETPUYE-
CKkux Qynkuuit. Popmyna

HOCTb BCSIKOH pauMOHanm#oil apoGu B mobom orpeske, B KO-

x+a . x—a
3l

sin x —sina = 2 cos

W BhITE€KANOLIee H3 HeE HepPaBEHCTBO

|sinx—siua|<2|sinx_” l g2,x—” =|x—aq|

2 2
TIOKA3LINAIOT, YTO SiNX—>siNaQ NP4 X— @, T. €. 4TO CHHYC —
HernpepbiBHasi Qynkims. CoBepiieHHO aHANIOTHYHO yCTAHABIMBAETCS
HefpepriBHOCTL KOCHHycd. OTcrona dyHKumMs

- x_sinx
VSN T cos x

HeMPEPHIBHA NP BCEX 3HAYEHHSIX X, IUIsl KOTOPHX €Os x40, T. e.
e 2
Iyisl 3HAYeHHH Buma x4 (2k-1-1) 5, The k—moGoe uenoe

4UCNO0.

Cnowree 10Ka3aTeNbCTBO HENPEPHIBHOCTH 0K A3aTeNLHOM (yHK-
und  a*. JlonyctuM AN OnpenendHHOCTH, 4TO a>1, Ttak
4TO (yHKuMs y=—a* Bo3pactawwas. [lokawem cnepra, wTO
a* —a’=1, xorna x — 0. CwoBa nnsi onpenendHHOCTH nomy-
cruM, uro x —-+0, 1. e. Gynem paccmarpuBark @* nMuIIe Oad
NONOWMHTENbHBX 3HaYeHHH Xx; cayuyalh x —-— 0 paspemiaercs
cosepuleHHo aHanoruyuo. Ilpu x >0 a* > 1, W uto6H nokaszarb,
uro npu x— -0 dyskuns @*— 1, HALO TOMBKO yGenHThCS,
uTO0, CKOMb GBI Mano wu GL0 € >0, a* < 1 -} ¢ npu nocrarouno
maneix x. Ho ans mo6oro watypanbHoro uncna n

(148 =14ne4...>ne

orkyna (1-4-ey*— 400 nmpn n— -} oo. 3Bnauur, npu mocra-
TOYHO GOBLIOM 7

1
(14+e>ea, o <145

4 TaK KaK a* —— Bo3pacrailas QyHKIUSg, TO W OIS BCEX H0CTa-
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TOUYHO Manhbix x

1< a*<1+}e,

1. e. nedctBurensho af — 1 npu x — 0. [Hanbnefiniee ywxe
npocro. CoorHowienne

ax___aa:au(ax—a___ 1)

NOKa3LBAET, 4TO 0OpH X —a QYHKIHE a* WMeeT npenenoM a2,
T. e. 4t0 3Ta ¢yHKUHS HenpepbiBHA MPH BCEX 3HAYEHHAX X.

Borpoc 0 HenpephBHOCTH HPPALHOHANIBHBIX, 7101 aDHPMHUECKHX
¥ OOpaTHBX TPHUTOHOMETPHYECKHX QyHKUHME MOXKeT Teneph GhiTh
penidH Ha OCHOBaHHH OOHIeH TeopeMbl O HENpPEPhLBHOCTH obpar-
Heix GyHKuni: ecau ghyHrnusa y — f (x) — HenpepuisHas i 803pa-
cmaiowas Ha ompesre [a, b|, mo obpamuas @yrrcuusn x = ¢ ( ¥)
marwce Henpepwsna na ompeske [a, B], 20e a = f(a), = f ().
B camoM mene, nycth | — moGas TOuka OTpeska [a, 3]. Hamo
I0KAa3aTh, YTO

m e (y) =9 (})-
>
[lycts cHavana v-—Y— 0, T. e. y npubamikaercd K Y CHU3Y;
Tak Kak sMecte ¢ dymHkuneH f(x) u obparnas QyHKuHS P (V)
Take — BO3pACTaloulag, TO lim @(y) BO BCAKOM C/yvae Cyluect-
v—>7—0
Byer; 0003HAYHM STOT TIPELen Y€pe3 ¢ H TOKAXeM, 9TO c=—=15(]-
Tak kak dyuxims f (x) HenpepuBHa H P (Y) -—> € IPH Yy — — o,
10 mpu y-—y-—0 y=flo(]—f(e), otkyna f(c)=Y; wo
370 Henocpencteenno naét: c=—=2o [f(c)]=¢(y), 1. e.
lim o (v)=1%(});
y=>1—0
a TaKk KaK, OYEBHAHO, Mbl TeM e IMyTéM jerko ybewnaemcst,
4YTO H
lim o(y)="2(Y)
y=>i+0
TO
lim ¢ (y) =2 (Y),
y=1
4ytO H TpeboBalOCh IOKA3aTh.
[l TOro yToOL HMETb BO3MOWKHOCTL 63 CHelHabHOro Mc-
CNENOBARHS YTBEPHAATh HENPEPHBHOCTL TAKHX KOMOHHHPOBAHHLIX
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3NeMeHTapHbIX  QyHKund, kak Igsinx, 23¥—4* y 1. 0., HymuHa
ewg CIedyloLast «T€opemMa o HenpePLBHOCTH QyHKILHH OT Dy HKIMY »

Ecau y—= f(x)—dhynryusn, nenpepvigrnan npu a<< x<<b,
a 2=y (y) — Pyuruus, Henpepoignas npu a << y<<f, 20e a u
Cymb COOMBENICINBEHHO HauMeHblUiee U HAUOOAbUILE 3HAYCHUS
Pyureguu f(x) na ompeswe [a, b), mo Pvurnus z=q[f(x)]
Henpepsska Ha ompesre [a, b).

HNokasatenpctBo. [lycthk ¢— miobas TOuka OTpeskd
[a, 8], f(e)==7, 2(Y) =10 [f(c)]="{§ nyctr W — mio6as oxpect-
HOCTh TOYKH §; B CHIY HempephBHOCTH (YHKIHH @(y) Cyilect-
Byer Takass OKpectHocTh V' ToukH Y, yT0 @(y) € W npu yev;
HAKOHELL, B CHJly HENnpPepuBHOCTH QyHKUHH f(X) cymecTByer rakas
okpectiocTe U Toukm ¢, 4t0 mpu x € U mbl umeem f(x)EV, a
3nauut, ©[f(x)]€ W. Tak kak W ects mobas OKPECTHOCTH
ToukH 5= f[¢(c)], T0 orciona cneayer

i) [¢ ()] =f[p (),

T. €. HempepuiBHOCTL Gynkuuu f[ ¢ (x)] B npoussonbHoH TOUKE €
orpeska [a, b] mokasana.

Kosne6anue d¢yHruun B TOuke. Mul nonyuaem Haubonee
YHOOHBIH TOAXON K H3YYEHHI0 pa3pbisHbIX (QYHKIHE, BBOAS 110-
HATHS KoneGanus (DYHKIMH HA HAHHOM OTpe3Ke H B JAHHOH
rouke. [lycte Ha otpeske |[a, b], 3a uckniouernneM, GuTh MO-
WeT, KOHEUHOIO 4HC/IA €ro TOYEeK, OfpeieseHa COBEPILEHHO Mpo-
H3BOMbHAS  GyHknus  f(x). Ecan ona na mamHom orpeske we
OrpaHuyena, Mb OyneMm roBOpHTL, 4TO KoneGaHHe e& Ha 3TOM
OTPE3KE DPABHO | ©O; €C/H Ke OrpaHH4yeHa, To KonebaHuem eé
Ha orpeske [a, b] HazoBEM pasnocTh M-—m mewny e& BepxueHd
rpauptld M © HHXHEH T[paHpl0 M Ha 3TOM OTPE3Ke; BO BCEX
caydaix 6ynem obosnauath koneGarne dyukuud f(x) na orpeske
[a, b] cumBosIOM ws(a, b).

Econ orpesok * [a’, '] cocrasnser uacth orpeska [a, b]
(r. e. ecit a<ta’ < b =<b), 10, oueBnmHo, rpawu M, m’
¢ynkuun  f(x) na otpeske [a’, b'] monuMHsIOTCH HepaBeHcTBaM
m<<m <<M <M wu, cnenoBatenbHo, we(a’, b')<<oa, D).
[TostoMy, ecny mbl BeiGepem Ha orpeske [a, b] mpowusBonbHyO
TOYKY €1), OKpywHM e& B3aMKHYTOH OKpecTHOCThIO [a, §] n 3a-
CTaBUM KOHUB O M [ 3TOH OKPeCTHOCTH NPUEBAMKATLCS K TOUKE ¢,

1) B s70# TOUKEe QyHKUME MOMKET ObITL H He olpeneteHa.
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10 ©/(a, B), u3Mensisick NpH 3TOM -NpUOAMKEHHH, HIKOTAA HE
MoweT BO3pacTarTh, a nM60 yObiBaer, mubo ocraéres MOCTOSIHHOMH;
a Tak kak konebGanue ©c(a, B) Oyny4yH HEOTPHLATC/IBHOH BeJH-
YHHOW, OTPAHHYEHO CHH3Y, TO B cHily nemMbi | nexumu 1 (cTp. 27)
OHO IOMKHO fIpH STOM CTPEMHTRCH K HEKOTOpPOMY [Mpendeny, KO-
Tophill Mbl Gynem 06O3HauaTh 4Yepe3 0 (c¢) u Ha3hHBaTH Ko2800-
Huemn Qywxnun f(x) 8 moure c. Takum oGpasom,

w,(c) :uE:n—o(of(a, B).
B—>e¢t-0

BBeneHue STOr0 MOHSTHA TO3BOJSET TMPEXKIE BCErO I0-HOBOMY
B3MASHYTh HA HENPEpPLIBHOCTE (YHKIMH B IAaHHOH TOUKe, Kak
rokaspiBaeT Clenyruias

Teopewma. Jas mozo umobs hyuruus f(x), onpederit-
HOSL 8 mokike ¢, Oblia HenpepwisHa 8 3mol mouke c, Heobxo-
Oumo u Oocmamouno, 4moodsl o,(c)—~0. ’

NMokasarennctBo. 1) Tlycte ®,(c)=—0. J10 3HauWMT,
yTo B 10CTaro4Ho Manoi okpectnoctd Uf(a, B) Toukn ¢ koneba-
nie Qyukimu f(c) CTAHOBHTCS Kak yromHo MaibiM. A TaK Kak,
oueBHIHO, s nwboro x € U

|f(x)- flo)|<M—m=uwv,(a, f)

(rne M n m— rpaun ¢dynkuun f(x) B okpectroctu U), 1o u
nouaso | f(x)— f(¢)| kak yromno Mano npu x€U; mo sro
o3nauaer, uto QyHkuHs f(x) HempepriBHA B TOYKE C.

2) Ecan 0 (¢)=0 >0, 70, KaKoBa Obl HU ObIa OKPECTHOCTH
Ule, b) toukn ¢, M—m= w; B cuny Teopemn 2 (crp. 72),
CyuecTByloT TakHe uucna a € [e, b u B € [a, b], uro f(a)=m,
f)y=M; ro

fB—f@=lf®—fO]+[f(e)—fa)];

u3 T1oro, uro f(B)— fla)= o, BuHTEKaeT, 4TO MO MeHbLIeH
Mepe OHHO M3 JByX C/lardeMbiXx [MPaBOH 4YacTH JOMWHO ObiTh

w
= 5 TaKuM o6pasom, CyluecTByeT TaKasg TO4YKa X OTpe3Ka
w
[a, b], uro |f(x)— f(e)]| = - ; TaK KaK OKPeCTHOCTh U npous-
BOTbHA, TO (hyHKHHS f(X) He MOXET OHTh HENpPEpHLIBHOH B TOUKE C.
Ecnmn ¢dyHkuns uMeeT B HEKOTOpOH Toyke (B KOTOPOil OHa
MoxeT GbiTh W He onpeleneHa) konebawue, GoObIUEE HYNs, TO I'O-
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BOpSIT, YTO OHZ pa3pbiBHA B 35TOH TOuke. TGHKH, B KOTOPHIX
nauHasi (YHKUHS HERpephBHA, HA3LIBAIOT IS KPAaTKOCTH €&
MouKaMlL Henpepbl8HOCMIL, A TOYKH, B KOTOPHX OHa pa3phbiBHA, —
mouramy paspeisa. Mbl BumMM, 4TO ®,(c)=0 B TOYKax Hemnpe-
PLIBHOCTH H © (c)>0 B TO4YKax paspbma.

Toukn paspbma Yxxe 910 OOGCTOSITENLCTBO HAET HAM 110-
BOI CH€NaTh TMONBLITKY BHECEHHS HEKOTOPOro MOpSIKa B 4Ype3Bbl-
4aiiHo pa3Ho06pasHyl0 COBOKYNHOCTh BO3MOXHBIX THIOB TOYEK
paspeisa. Pas ycnoBue ©(¢) >0 ornHuaeT TOYKH paspeiBa OT
TOYEK HENpPEePhIBHOCTH, TO Mbl, €CTECTBEHHO, OXHIAEM, YTO BellH-
duHa ©(¢), T. e. KoneGanve (PyHKUMH B NAHHOH TOYKE, CMOWET
Cny®uTb pasyMHOH M yHOOHOH wmepod pa3pbiBHOCTH (PYHKIIHH
B maunoit Touke. Mbl ew® OGonee ykpemumcs B 3TOM O¥HIAHHH,
ecl  BCIOMHHM OnpefesieHHe BeJHYMHBI mf(c)' Benb . (a, f)
SIBNSIETCSl  MepPoit B3aUMHOTO  PACXOXKIEHWS] 3HAueHuit - QyHKUMH

f(x) B OTpeske [a B] npenes SToil BeJHUYHHBLI MDH YCIOBUH,
4To oTpesok [@, B] CTAruBaercs K TOUKe €, MOKET MOSTOMY
paccMaTpuBaThcsl HaMH KaK Mepa B3aHUMHOTO PAacXOXAEHHS 3Ha-
YeHHH (yHKIMH B TOYKaX, CKOMb YyroaHo ONHM3KHX K ¢, T. e.
Mepa HMeHHO ToH ocoOeHHOCTH 3Toit (QyHKUHH, KOoTOpas 06yc/ioB-
JHBAaeT NpeTepreBaeMbii €0 B TOYKE ¢ Pa3pbiB. YCIOBUMCS,
TakkM 06pa30M, Ha3LIBATbL BENHUMHY @, (C) Mepol paspssa QyHk-
uud  f(x) B Touke ¢; 9TF0 na&T HaM BO3MOXHOCTb CPaBHUBATh
Mexay coBGOH pasiMuHBie TOYKH pasphiBa MO TOH «CTErmeHd pas-
PHIBHOCTH», KaKyi0 B HHX OOHapy»HBaeT HanHasl (yHKUHs; B HacT-
HOCTH, HAaHOONLILYI0 Pa3PLIBHOCTL (YHKLMSI HMEeT, KOHEUHO,
B Te€X TOYKAaX, B KOTOPHLIX OHA H2OrPAaHUu€HA (u)f(c)__—l—-oc)

C nonsiTHeM Mephl pa3pbiBa (UnH KoneGanusl GyHKIHK B TOUKE)
CBfI3aHO OJIHO BAXHOE MNPEANOKEHHe, CJYKAIee HEeNOCPEJCTBEH-
HbIM 00C00iieHHem TeopeMbl 4 O PpaBHOMEPHOH HENpPEephBHOCTH
(cM. cTp. 75).

Teopema. Ecau Mepa paspwsa (m. e. xosebanue) bvHi-
uun f(x) 8 xascooid mourxe ompesxa [a, b] He npesocxodum
yucra h=0, mo, ckosb 0bl MaAO Hi ObLAO NOAONCUMEABHOE
HHCAO €, HAUOEMES maroe Opyzoe NOAOHCUMEABHOE HUCAO €,
umo rosedanue ehyHxuun f(x) na swobor ompesre Osunbr < 8
He npegocxodum ) g

Takyio yskuuioo MoxHO Oblo Obl  HAa3BATh  «HENPEPHIBHOM
€ TOYHOCTHIO JO )»; HIpH A—0 MB mNonyyaeM, B 4HaCTHOCTH,
Kak pa3 TeopeMy 4. Bbl 6e3 BCAKMX 3aTpymaHEHH#t CMOWETE Camo-
€ A. 5. Xunuun, Bocemsn nexumit

.
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CTOSAITE/ILHO APOBECTH JOKA3aTe/JLCTBO HOBOM TeOpeMbl Mo TOH we
cxeme, KaxKoOH Mbl 107b30Baj/MCh B Cllyyae TeopeMul 4; BCE OT-
JHude OynmeT COCTOSITb B TOM, -HTO POJb IIPEXKHErO € Tenephb
6yneT urpatb 4ucio k- e.

Bul BumuTe, TakHuM 00pasoM, 4YTO He TOJBKO JIOKAjbHasd He-
NpepLBHOCTE, HO ¥ JIOK&JbHOE ' CBOUCTBO, COCTOsILEe B OrpaHd-
YEeHMH Mephl paspbiBa (QyHKIMH B I2HHOH TOuKe, HMEET CBOH
HHTErpajbHbLil SKBUBaneHT. [loka3aHHasi HaMH TeopeMa HMEET lle-
Jbift PSIL OPHIOXKEHUH, B 4aCTHOCTH, B HHTErPaJbHOM HCYHCJIEHHH;
Mbl BCTPETHMCH €H[E ¢ He0 B OAHOH H3 clenylouHx Jexiui.

Becbma BaxHBIM A4S TOYEK pa3phiBa OKa3hBAETCH M APYroi
KNaCCHPUKAIMOHHBIE NPUHUMO, B OCHOBHOM MO3BOASHOLIMH CpaB-
HUBATE HMX Mexay coOoH He mO Be/JMuHHe, 4, TaK CKas3aTek, MO
¢opme paspuiBa. Kak Mbl 3HaeM, KpPHTEpHEM HENPEPLBHOCTH
QyHkusH - f(x) B Touke @ MOTYT CJyxuTh pasenctsa f(a - 0)=—
= f(a)= f{a— 0); mokeT cayudtbes, yt0 f(a -+0) v f{a—0)
CyWleCTBYIOT, HO MO MeHblIeli Mepe OJHO M3 STHX IBYX dYucen
OTIHHHO OT f(a); B 9TOM Cllyyae Mel HA3LIBA€M TOYKY @ TOYKOH

¥ y

Hlo+q)

le-0=l-g

Tlc-g/

g c z 0 . C z

Yepr. 13. Yepr. 14.

paspuiBa nepgozo pooa mnsg ¢ynxkuud f(a). Takum obpasom,
TOYKA pa3pbiBa NEPBOrO0 poja XapakTepH3yeTcs TeM, 4TO [pH
nonxofe K Hell Kak cnpaBa, Tak M CJIeBa CyUIeCTBYeT npenen
Qynkuny f(x), HO yYTO JAMOO STH [BA NpPENENd DPABNHUHBL MMy
coboio, 160, copmamas Mexay coCot0, OHH OT/JHYHL OT 3Haye-
Husl QyHKUMHY B 9TO# TouKe. [lpumep nepsoro Tuma na&r (cxema-
THYeckd) wepr. 13 (31eck 3Hayende (PYHKIHMH B TOYKE Pa3pbiBa
MOoxeT ObiTb KaKHM YyTOmHO), NpHMEpP BTOPOro THNA — 4epT. 14,

Touxn paspbBa mepBOro poja NpencTasnsioT coboft mpocTeit-
I THN TOYEK pasphiBa; CPABHUTENbHAS JIEFKOCTE HX H3Yy4eHus
06y CIOBIHBAETCST, pasymeeTcs, CyLleCTBOBAHHeM npenenos f (a - 0)
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L
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u f(a—0). Bce npyr#e TOYKH paspeiBa Ha3HBAIOT TOYKaMH
paspriBa 8mopoz0 poda. 3HauuT, B TOYKE pas3pLiBa BTOPOro poja
¢YyHKUHSI HE CTPEMHTCA HH K KaKoMy mpeneny no Medbiuefl mepe
1IpY OZHOM H3 JIByX MNOAXOMOB (CNpaBa WM C/ieBa) K STOH TOdKe;
\/

+/|

Yept. 15.
MPHMEP TAKOrO MNOBENEHHS JAaET HEONHOKPATHO Y€ yNOMHHaB-
1
Wasicsi  HAMM, BeCbMa [OYHHTENbHad (YHKUMS y==sin— mpy

x—0 (uepr. 15). 3nmecy B mobom oTpe3ke, comepxaigem 0,
Bepxusf rpanp GQyHKMM paBsa -1, a HHKHAS rpaHb (yHKLHHU
pasHa — 1, noaTomy m,.(O):—.2. dynkuus  [updxie, KOTOpyio
Mbl paccMaTpHUBaliM B Hayane STOH JeKiMH, B KamIOH Touke
MMEET, OYEBMIHO, Pa3PbIB BTOPOrO posa.

Monoronnbie ¢Qyaxuun. Pynkuus y—f(x) HaswBaercs
HeyObisaowel Ha otpeske [a, b], ecmu 1ipn e << x, <<x,<<b
Becerna f(x,)<< f(x,); e nOpH  TOM Ke yCNOBHMH BCerna
f(x)) = f(x,), Qynkuua f(x) nasbBaeTCs Hego3pacmauwell Ha
orpeske [a, b]. HeyOniBawoume u neBo3pacTaiowme QpyHKIHH BMe-
cTe 00pasyioT knacc MOHomoH#bLx GyHKIHH. MoHOTOHHBIE (YHKIHK
00nafaoT 1enbiM psaoM CrelHanbHbX CBOHCTB, KOTOpHIE HENaoT
HX BO MHOTHX CllyyasX oO4eHb YJOOHbIM OpYHHEM HCClenoBaHus.

[Npexxne Bcero Bcsikast ¢yHxuMs f(x), MOHOTOHHAs Ha JaH-
HoM oTpe3ke [a, b), orpasMyeHa Ha 9TOM OTpeske [KaK OGLMHO,
OTPE30K mpearnonaraercss 3aKPHITHM; U OTKPHITHIX OTPE3KOB

YTBEPXIEHHE HEBEPHO: (YHKUHS y= — MOHOTOHHA, HO He Orpa-

HHyena B OTkphiToM ortpeske (0, 1)]; B camom nene, mnpu
o6*
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a<<x<<b f(x) sakmoueno wmexny f(a) u f(b); oueBumno,
Janee, 4TO TIPaHIMH MOHOTOHHOH (QYHKUMH CHyXKaT e 3HaueHus
f(a) m f(b) B KoHUAX NAHHOTO OTPE3Ka; STH KE YMCNA CHyHKaT
HAWGONMBIINM M HAUMEHBIIHM 3HAYEHHSMH MOHOTOHHOH yHKIMU
f(x) B orpeske [a, b).

MouoToHHast (QyHKNMS MOXET HMeTh TOYKH pas3phiBa, Kak
Hac y4duT omMH B3rngn Ha depT. 13. Onwaxko paspeiBel TakoH
(yHKIMH OrpaHHdeHbl KAaK N0 CBOEMYy XapakTepy, TaK M MO CBO-
emy umcay. [lpewne Bcero, B CHly OrpaHUYEHHOCTH MOHOTOHHHI@
@yHKIMH HE MOryT uMeTh PasphiBoB OeckoHeyHofl mepni. [anee,
HUCAO MO%eK, B8 KOMOPbIX Mepa paspbisa MOHOMOHHOL cfyHi-
nun f(x) npesocxodum raroe-aubo nOAOHCUMEABHOE HUCAO T,

8 ompesre [a, b] He Ooaviue, uen M. B cawom nere,

nyctb nast onpexengunoctd  f(b) > f(@) u nycte Qywkumus f(x)
uveeT B otpeske [a, b]n Touek, B KawmoH M3 KOTOpHX Mepa
paspbiBa 5ToH (GYHKUKH NPEBOCXOAMT T, 0603HAYUM STH X TOYEK,
cuuTas creBa Hanpaso, 4Yepe3 ¢,, €y, ..., C,, TdK 4TO npH
CKOMb YronmHo maiom g >0 ‘

flepte)— fle,—e) >t (1<<k<n)
€C/H Mbl (NTO BCerna BO3MOXHO) BbiGEpeM € CTOAb MaibiM, YTOGH
a<leg—e, ¢,+elbn

Gtele,,—¢ (Isk<sn—1),
T. €. 4YTOOHl OKDECTHOCTH (C,~—€, ¢, €) NOMapHo He HMeJH

OOUMX TOYEK M [ENMKOM yMellaluch B oTpeske [a, b], To,
O4EeBHIHO,

nt < kE_}l [f (cr+2) — fle,—e)) < f () — f(a),
OTKyZa L

e tO—1@

4yto ¥ TpeboBanock nOKasath. B 4acTHOCTH, TakuM 06pa3oM,
MOHOTOHHASI (PYyHKUMS MOXET HMETb JIMIIb KOHEYHOE YHCHO TaKHX
TOYEK, B KOTOPHIX Mepa pasphBa €& NpeBOCXOOMT HAHHOE MOJ0-
wuTenapHoe uucno. Jns ¢yHxuM#i - HEMOHOTOHHEIX HeNno OGCTOMT
HHa4ye; Tak, Mepa pasphiBa QyHKiMH [lHpuxie B Kawmo# Touke
paBHa €IHHHIE,
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Hakonen, ecmm ¢dynxuus f(x) monoTonna wa otpeske [a, b],
10 npedensl f(c4-0) u f(e—O0) B cuny nemmb 1’ nexumy 1
(cTp. 29) cyutecTByIOT B KaX<IOH TOYKE ¢ 9TOTO OTPE3Ka (B TOUKE @
CYWECTBYET JIMIUb NEPBLIH, B TOuke O — nuiup BTOpoH u3 3THX
NpesiesioB); OTCIO@ CHAENyeT, YTO MOHOTOHHAS (DYHKLMS MOXerT
UMETb TOUYKH paspbiBa TONLKO MEPBOr0 poxa.

PyHKIHA c OrpaHHYeHHOW Bapuauueil. ITycTb Ha oTpeske
[, b] onpenenena ¢Qynkums f(x). PazoGbém stor OTPE30K JI0-
ObiM crnocoboM Ha J060e YHCJIO 7 YACTHYHBLIX OTpe3KoB, 0603Ha-
UMM TOYKM J€NIEHHST CJIEBA HANPABO 4EPe3 X, Xpy ... , X,_,
H nNonoXuM ewd nas  oObuHOCTU a=x, n b=x,, Tak uT0

a=xy < X < x3< ... Xy < X =b;

cymMma .
S 2 | flxp)— flxp_y)
k=1

33BHCHT OT NpPOM3BENEHHOrO HAMH Pa3GHMEHHs OTpe3Ka [a, b);
Lnst PasnMuHbLIX pasCuenuii 9Ta Cymma HMeer, B0OOGuie rosops,
Pas/MyHyi0 BeNMYMHY; MPOK3BOAS ykKa3aHHoe pa3CueHHe BCEBO3-
MOMHBIMK  CMIOCOGAMM  (MPHYEM M HHCIO 7 MOXKET MEHSITBCH MpO-
M3BONBHEIM  06pa3oM), Mbl MOmy4aeM GECKOHEMHOE MHOKECTBO
cymm S. BepxHiow rpaxb A 9TOro MHOXECTBA (KOTOpas MOMET,
KOHEYHO, OHTb M paBHoH -} 00) HA3WBAOT HOAHOL sapuauuel
QyHkuuu f(x) na orpesxe [a, b); mb GynmeM oGo3nauath e& ge-
pes V(a, b). Ecau V(a, b) ecrb uucao (Vla, b)<-+ ),
mo pyVHKELWIO f(X) HA3BBAIOM f yHIULED ¢ 02PAHIMEHHOG sapua-
uued Ha ompeswe [a, b]. Ilpu V (@, b)==-} co rosopsrT, uTo
Bapualust Qynkuuu f(x) na orpeske [a, b] Geckoneuna (wm
Heorpanvyena).

Knacc ¢yuxumii ¢ orpamuuennofi Bapuaumeli wrpaer pechbma
3AMETHYIO POJb B aHA/NM3e H ero mnpuiowenusix. OueBMIHO,
B HaCTHOCTH, 4TO BCKasg QyHKUMS, MOHOTOHHast Ha oTpeske [a, b),
ecth (QYHKUMA C OrpaHHMEHHOH BapuauueH Ha STOM OTpe3Ke;
B CAMOM JLiesle, A1 MOHOTOHHOH cynkumu f(x) cymma S npu
moGom pa3buenud pasua | f(b) — f(a)|, BcrencTeHe wero u

Vi(a, b)=|f(b)— f(a)].
Jns uccnenosanus o6Guiux csolicTs dyukiMi ¢ orpanudennoft

BapHaiHeldl MMeeT OCHOBHOE 3HAYeHHe OHA Teopema, B CHIY KO-
TOPOH HCC/IENOBaHKE CaMbIX OGL(HX THIOB TAKHX QyHxubii Mower
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6bTh IENHKOM CBEAEHO K H3Y4Ye€HHI0 MOHOTOHHHIX pyHKLM;
HMEHHO, OKAa3blBAETCS, UTO BCAKQA (DYHKUUS ¢ 02DAHUYEeHHOU
sapuauuel ecmy passocms 08Yx Heyowsanuwux Pynruul (UM,
4TO TO €, CyMMa JIBYX MOHOTOHHBIX (DYHKLMH, H3 KOTOPHIX
onna — veyOhBaloliasl, a Japyras — HeBo3pacTawoulas). B cuiy
STOr0 MPEJUIOKEHUS BCE OCHOBHLIE CBOHCTBA MOHOTOHHBIX (DYHK-
LM, Kacamu(uecs Yicia U XapakTepa BO3MOXHBIX TOYEK pasphbiBa,
pPacnpocTpaHAIOTCS M HA BCe (PYHKLHH C orpaHv4eHHol Bapuaile.

Yr1o6Ll m0Ka3aTb STy OCHOBOMNOJOXHYIO TEOpeMy, YCJOBHMCS
ns kpaTkocTd nucars V(x) smecto V  (a, X) W MONOXHM

LIV 7o) =Pw), 3 [Vin—f@]=N);
oTCrola
fl =P (x)— N (x),

¥ Hama TeopeMa OyneT NOKa3aHa, €C/IM MH MOKaweM, 410 (yHK-
ue N(x) # P(x)— neyOhBatouige Ha otpeske [a, b).
Mycts a << x; < X, << b; Tak KaK

2 [P (xg)'_ P (x|)] =V (xz)—’ 4 (%) + [f(xz) Jae f(xl)]’
2 [N (x5)— N(x)}=V (x)) —V(x,) — [f(xz)'_ )
TO nad Haiie#l 1lesy MOCTATOYHO NOKa3arb, 4YTO
V(xg)—;v(x])?If(xg)—’f(xl)l- (5)

IMycTb € — NpPOH3BOJLHOE MONOKHTENLHOE HUC/IO; 10 Onpese-
Nenmio BeauuMHb V (x,), Kak BepxneH rpamu cyMmm S, Cyuwect-
ByeT Takoe pa3buende oTpe3ka [a, x,], yTo cooTBeTCTBYytOULAS
cymma S=S(a. x,) npesocxoaut V (x) —¢&; Ho cymma S(a, x,)+-
—+ 1 flx,) — f(x,) =S (a, x,) ecTb, O4eBHAHO, ONHA U3 CyMM A
Ins otpe3ka [a@, X,] ¥ MOTOMy He NMPEBOCXOAMT BepxHeH rpanu
V(x,) Takux cyMM; TakuMm OGpa3OM, Mbl MNOJydaem

V() —e4| flxg) — fle) | << S, x)+| f1x:) — fle)l=
=S(a, x) <<V (x,),
OTKyIla
V(x) — Vix)) > 11 (x5)— flx) | —=&
TaKk KAaK € NPOM3BOJBbHO Mano, TO OTCIoNa ciefyer (5), ¥ Haua
TeopeMa IOKa3aHa.



JJEKLIHUA IV
PS11bl

CxonuMocTh M CyMMa psina. — Kpurepult Kommu. — Pansl ¢ noso-
WKHUTENbHLIMU  YAeHaMH. — AGCONIOTHAs M YCJIOBHAas# CXOIHMOCTb. —
BeckoHeunble mnpouspelenus. — Pager  dyukuull. — Crenesnple panbl

CxonumocTh # cymma psind. Ceroinsuifiony JIEKUHIO, ME
NOCBATUM OJHOMY H3 BawHeHIIMX HHCTPYMEHTOB MAaTeMaTH4e€CKOro
ananusa — GecKoneuHbiM psigaM. Kax BaM H3BecTHO, Nepej JHIOM
Gonbillux aHanuTu4eckux 1npobneM OeckoHedHbl pan npeacTas-
NSI€TCS HAM YHCTO TEeXHHYECKHM OpyJHEeM MCCJIe0BaHHsH, OYeHb
noJ€3HbIM U yﬂOﬁHHM, HO CKPDOMHLIM 1O CBOEMY anHuunuaanomy
3HayeHuto. TeMm He MeHee, OpyAMe 3TO BHOJHE 3aCayXHBaeT TOro,
yToOb Jaxe B HAllleM KpaTKoM Kypce emy Obila nocesilieHa oco-
6asl JeKuHs; M HE CTOJBKO MOTOMY, YTO MHOTOYMCJEHHLIMH MPU-
MEHEHHSIMH €ro NPOHUKHYTO BCE 3MaHMe KaK CaMmMoro aHanusa, Tak
M MOYTH BCEX OMHPAIOUHXCS HA HEro MPHKIAJHLIX HAYK, CKOJIbKO
no TOH MpuuKHe, YTO HA CPABHHTENbHO HECNOXHOM MaTepHarne,
Kakobk mnpenctapiser HaM Cco00l0 TeOpHd pSIOB, THNHYHbIE M9
BCErO aHan{3a Xoibl Mbic/ell, lend npeacTasieHHd U oOpasos
Y Jaxe Ueble JOrMYeCKUEe CXEMbl  BLICTYNAlOT B TEOPHM DHJIOB
c ocoﬁeﬁﬂ.oﬁ SICHOCTEIO K PeNbepHOCTbIO; XOPOLIO H3BECTHO, UTO
ydameMycs, KOTOpLIH aKTHBHO H NPOYHO OBJalen Teopuel psos,
nanbHeidiliee yCBOEHHE OCHOBHBLIX Da3nenoB aHanH3a OCbMHO He NO-
CTaBJSIET yXWe HHUKAKMX 3aTpylHeHui.

BecKOHEYHBIM YMCNOBLIM PSOOM HA3LIBAETCSl BLIPAXKEHHE BHIA

wtup . A (1)

HJIn

oQ
2 an’
n=1
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IIe BCe /4, ——4Mcaa, KoTophie Mbl Oynem npemnoniarath BelLecT-
BenHbIMH. HHcna u,, HaswBatoTcs useHasmi psna. KoneuHeie Cymmbl

n
s==3u,

Mbl GyJEM Ha3bBATL 4acmutHsimi cymmaru psna (1).

OCHOBHOH BONPOC, KOTOPHI CTaBHTCA B OTHOLIEHHH KAXIOrO
nausoro psina (1), ectb Bompoc O ero cxodumocmu. Ecnv npenei

lims, =—s

n—>co
cyurectByer, psi (1) Ha3LIBAETCH CXO0AWUMCSA, & YMCIO § — €ro
cymmoi. B nporushoM ciydae psan (1) HasbBAETCS pacxodsuumcs
H cymMel He umeer. Cnyuali, Korma §, — 00 W S, — — O
npy #n — o2, Mbl (oOpMaNbHO BIpaBe, KOHEYHO, OTHECTH K Jo0oH
M3 9TUX NBYX PAa3HOBHAHOCTENH GECKOHEUHHIX PSI0B; OOLMHO B 3TOM
Cyyae MPU3HAIOT PSS pacxoasiuidMcs, T. €. 0ox CcyMmoll puina
BCErNd PAa3yMeloT HEKOTOPOe 4YMC/IO; OAHAKO, NpPH 3TOM Mbi, 00b-
eJIMHSIST N0 OJHMM WUMEHEM PACXONSALIKXCH KaK psiib ¢ GecKoneuy-
HbIMH CyMMavH, TdK ¥ Pfjibl, BOBCE HE HMEIOIUIHE CYMM, IOKHbI
OOMHKTbL, 4TO STH JBa THOA PANOB HE MMEIOT B CBOEH OCHOBE
puuero ofuero H oOBEAMHSIOTCS JMillb HOTOMY, YTO ofa npoTH-
BOCTOAT (XOTSl MU B Pa3HbiX CMBICJAX) PsSAAM C KOHEUHHIMH CyM-
MaMH.

B OCHOBHbIX CBOMX paspgenax aHanH3 onepupyer TONbKO CXO-
IAWMMHCS pSiiavk. Y TOro, KTO BIEPBHLIE NPUCTYHA€T K H3YYCHUIO
PSLIOB, NEPBUYHOE NPENCTABIEHHE O CyMMe psiia M mpouecce eé
nony4eHHst HEH3GEKHO CKIANLIBAETCA MO MOJHOH, YaCTO He MOJ-
BEPraeMoil KPUTHYECKOMY aHaNM3y, AHANOTHH C KOHEYHBIMH CyM-
MaM{: S, — 9TO CyMMa 7 TEpBbIX WIEHOB psifia, & § — GyMMa 8cex
ero ynenoB. OdeHp 4YacTO H CaM JIEKTOP CTHMYJHDYeT M Jlawe
NpsIMO BOCHMTHIBAET TaKoe mpexacTasnexve. M namo npuanarsb, 4ro
€CJIY OTHOCHTBCSI K HeMmy J0CTaTo4HO OCTOPOXKHO H HE yTpauuBaTh
KPMTHYECKOH HACTPOEHHOCTH, STO MpEACTaBIeHHe IEHCTBUTEIBHO
criocoGHO KaK COMEHCTBOBATL YCBOEHWIO OCHOBHBIX (DAKTOB TEOPHM
PSUIOB, TAK M SBPHCTUYECKH MPENBHIETH HOBLIC, €LIE HE 3HAKOMbC
aakoHomepHocTH. OIHAKO HH HA ONHY MHHYTy HEnb3si 3a0biBath
u 00 onacHocTH 3afiTy B 9TOH aHanoruy CIMIIKOM JaJ€eKo, a TEM
6onee — npuaaBath eH Jokasarenbnyio cuny. Kak BH 3uaeTe,
ananordsi Mexny OeCKOHEUYHBIMM pPslaMH M KOHEYHHIMU CyMMaMu
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CKOJMbKO-HUOYIb Naneko MoxeT OLTh NpOoBeleHa TOJAbKO IS TaK
HA3bIBaEMbIX a6COMOTHO CXOASILMXCS PSIOB (O KOTOPHIX Mbt Oynem
FOBOPHTL HMXe); ISl PALOB IKe <¢YCJOBHO CXOASIUMXCSI» HAIle
CTpeMJieHHe MpencTasaatk cebe HUX Cymmbl 0OpasyouMMucs aHa-
JIOTHIHO KOHEYHLIM CYMMaM HEMEIJEHHO HATaNKWBAETCSl HA HEOIO-
JUMLIE MPENSTCTBUS; TPYAHO, B CAMOM Rejie, MPeACTaBIATh cebe
«CYMMOK) 8Cex 4JEHOB PHfa» TaKyl) CyMMy, BEIUYMHY KOTOPOH
Mbl MOMXEM M3MEHHTb, W3MEHHB NOPSUIOK Craraembix. Hakouei,
CIHIIKOM KpenKo yrue3nuslleecsl MpeACTaslieHHe O CyMMe psija,
KaK O 4Y&M-TD OYEHb MOXOXKEM HA KOHEYHhLIE CyMMBbl, TaHWT B cebe H
CEepbESHYI0 METONONOTMYECKYI0 OMaCHOCTb, YrpOXas BbIXONOCTHTb
BcE cnenuduyeckoe HaeHHOe N NpeAMETHOE COIEPIKAHME CYMMBI
6eckoneuHoro psnma. Ileno B ToOM, uTO mnpouecc oOpasoBauus
CyMMbl psifa BOBCE He MOAOGEH MPONECCY KOHEYHOrO CyMMHPOBA-
HHSl M BOBCE HE COCTOMT B TOM (Kak uHoraa cebe npencTasnsior),
410 ufeHbl psina NpUGaBAsIOTCS ONHH 3a APYIHM, «mokyda e Gy-
OYyT BCE HCUEpHaHbl»; 3TO Obilo Obl, pasyMeeTCsl, COBEPILEHHO
Ge3uanéHpiM NPeJINpUATHEM; HCUepNaTh 4YEHH Psfa NOC/SAOBA-
TeNbHLIM NpuOaBneHreM Heb3si, HOD Ux GEeCKOHEYHOE MHOXECTBO
H eclH Mbl BCE e HMEEM BO3MOXHOCTh FOBOPHTb O CyMME psiia,
TO 3TO MMEHHO MOTOMY, YTO MBI OTKa3piBaeMmcsl OT ITOro Ge3Hamm-
HOIO Mpolecca GecKOHeYHOro NpubGaBNEHHS! K 3aMEHSIEM €ro COBCEM
Opyroil onepauvedl (Mpede/ibHbM NEPexofoM), Cpasy NpHBOAsuLeH
Hac K uemi. Bor nompoGhoe ommcanue Toro, Kaxk opmupyetcs
CyMMa O€CKOHEYHOrO PSilla: HAYKHHAEM Mbl, PA3YMEETCS, KAK U B
CNyYae KOHEYHbIX CYMM, C NOCHEZOBATENLHOrO NpHOABIEHHs, T. €.
ofpasyeMm CyMMbi Sy, Sy M T. J.; HO Mbl BOBCE HE HMEEM B BHIY
NPONOMKATE ITOT nporecc Ge3rpaHHyno; 06pasysl 4aCTHYHLIE CyM-
MBI, Mbl BHUMATEJIbHO MCCJIZlyeM MX NMPHPOLY H CTPOEHHE, MpeiKie
BCEr0 — MX 34BMCHMOCTE OT YMCJIA 72 B3SITHIX YJIEHOB; APYTUMH
C/IOBAMH, MPEJMETOM HAUIETO H3YYEHHS] CNYXWT BeAUYUHA S, KAK
yurnus om n (BO MHOTHX CJydasx AJs MOAYYEHMs MONHOH Kap-
THHb! 9TOH (DyHKLMOHANBHONH 3aBUCHMOCTH BOBCE HET HaJOGHOCTH
B M3YYEHUM CYMM S§;, S; M T. J. He00abL 020 'HCJA HIEHOB, a
yaa€rcs Cpasy nofdy4YuThb, HAanpuvep, yAoGHOe AHANHTHYECKOE Bhi-
paxkeHue (YHKUHM §,; HMEHHO TaK oOCTOMT JIe/0, HANPHMEP, B H3-
BECTHOM H3 37eMeHTapHOH anre6pbl ciyuyae reoMEeTpHYECKo# Mpo-
rpeccud). Tounece, Mbl CTapaeMcsi y3HaTb, CTPEMHTCS JiM Be/u-
HYYMHA $, MPH N — OO K HEKOTOPOMYy Mpejieny U €C/Ad CTPEMUTCH,
TO K KakoMmy wumenno. Takum o6pasom, (OPMHPOBAHHE CyMMBI
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GECKOREYHOTO PAJid cjaraercss M3 AByX MOCJENOBATENbHBIX MO-
mentoB: 1) dopMUpoBaHHe 4YacTHYHBLIX CYMM S, H H3YyYeHHe uXx
3aBUCMMOCTH OT #; 2) nepexol K npeneny mpd n—soo. Bhl, KO-
He4HO, BUIMTE, YTO BCE STO BECbMa Majo MOXOxe Ha «mnpHOasle-
HHWE IO NOJMHOrO HCYepnaHusi»; 4 3aleiBath 00 ITOM pasnaMuvH,
KOHEYHO, HM HA MHHYTY HeNb3fl, €CJH Mbl HE XOTHM HMETb Han
co6oH mocTosHHOH yrpo3sl Bnazath B OIKMOKH HA 6a3e nHeoOOCHO-
BaHHKIX AaHANOrHH.

Cnenaem ewd cnelyiolllee 3ameyanue. Mul BHAMM, 4TO BOmpoOC
0 cymme HaHHoro psiia (1) mesMkoM CBOAMTCS K BONpOCY O IMpe-
J€Ne CBI3aHHOH C 9THM DPSOM MOCJEN0BAaTENbHOCTH

S‘v S2)---!.Sn"--; (2)

o6paTHO, €C/IH 3aJaHa COBEPILEHHO MNPOH3BOJbHAS MOC]EIOBATEb-
HOCTh (2), Mbl BCerma Moxem, fosarasi

Uy=—=8,, Uy =8y — 8y U3—=83— 85, ..., Uy=—= S8y — Sy_15 -«

CBECTM BONPOC O Mpelese MNOCAeR0OBATENLHOCTH (2) K BOmpocy
o cymme pana (1); takdm obGpasom, C 3TOH TOYKH 3PEHHS OCHOB-
Hasg 3amaya TeopuM PSUIOB HHYEM He OTJIMYaeTCsl OT OCHOBHOH
3a4aYy TEOPHH MOpeneloB (4Js MocjenoBarelbHOCTeH).

Ha camom nmene. kKoHeuHo, cnenduka TeOpUM psiIOB, €& 3axay
H e MeTonoB 00ycnoBieHa HMeHHO ToH oCo0of konuemiued, Ko-
TOPYIO0 MOJYHAIOT 4JeHbl MOCAENOBATENLHOCTH (2), KOrma Mhel pac-
CMAaTPHBAEM HX KAaK MOCJIEA0BATENLHLIE 4aCTHYHbIE CYMMbl HEKOTO-
poro psma (1) M 5Ta KOHUENIM$ OKA3bIBAETCS] JIOCTATOYHO
yuTepecHod B uIelHoM H AOCTATOMHO BAXHOH B NPHKJIAJHOM OT-
HOUIEHHM, 4TOOb COCTaBKHTb OO0 npeaMeT 0co0OH TeopuM; 3Ta
TEOpUs! U €CTb Teopusi OECKOHEYHbIX PSIOB.

Kpurepuit Kown. Ecaa pao (1) cxodumces, mo u, — 0 npu
n— oo. B camom pmene, ,—s, — s, _,0pu # > 1; T3k kak npu
n— 00 S, U S, _, UMEIT OJMH W TOT e npexen s, 70 &, —0.
aTO CBOUCTBO CXOmSALLIMXCH paOooB BaXHO NHOTOMY, YTO BO MHOTHX
CJlyyasix NO03BOASET JIErKO YCTAHOBMTL PAacXOAMMOCTb psnaa: aast
9TOTO OOCT4TOMHO TNOK43aTh, HTO 4, MpPH Z— OC HE SIBAAETCS
6eckoHedyHo ManoH seauuuHol. OInako, kakK Bol 3HaeTe, H3 TOrO,
4To 2, — 0 NpH # — 00, HEAb3S ewd 3aKuOYMTh, YTO psa (1)
CXOOUTCH; TaK, «TAPMOHUYECKUI> pslL

4 5+3+...+24+.0,
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KaK BaM H3BECTHO, PACXOMHTCH (S, — oo mpH 7 — -1 o), x0TH
n-#f unen ero W GecKkOHeYyHO Man TpH n— 0o. Takas OAHOCTO-
POHHOCTh PacCcMaTPHBAEMOro MpH3Haka (heoOxomuMOcTh 6e3 mocTa-
TOYHOCTH), KOHEYHO, B 3HAYHTENBHOW Mepe oOrpanuyuBaet cdepy
€ro MpHMEeHEeHHUs.

Borpoc 0 cxofimMOcTH psiia ecTb, KaKk Mbl BHIEJH, TOJBKO
cnieunanbiad (opMa BONPOCa O CyLI2CTBOBAHMH TIpeZiesia y HEKO-
Topo#l 4ucnoBo#t mocnemosateNbHOCTH. [losToMy MBI monywaem wue-
OGXOIUMBIY M JOCTATOYHLI MPU3HAK CXONHMOCTH DPSla, NepeBons
Ha f3hK TEOPHM PHANOB U3BeCTHLI Ham yxe Kkputepuit Kowmu
CylulecTBOBaHMA Mpemena y mochaenoBatenbHocTy  (nekums I,
cTp. 43—44). Ina toro uroGhl MOCAENOBATENBHOCTh YACTHUYHBLIX
cymm s, pana (1) umena npenen mpu 72— 0o, HEOGXONHUMO W HO-
CTaTOYHO, KaK Mbl 3naeM, 4TobLl npu mobom & >0 mns Becex no-
cTatoyHo Oonblipx 72 ¥ 419 Jaw6oro k= 0 BLMONHAIOCH HEpa-
BEHCTBO

[Sppr=—Sn1 <&
n4k

Tak xak s, ,—s,= 12+1 1;, TO Mb HENOCPENCTBEHHO MpPUXO-
=T

INM K C/IeNyIOUleMy TPeI/IOKEHHI).

Kpurteputt Komu. Zas cxoounmocmu psida (1) weobxo-
Oumo u Oocmamouro, umober 0451 mobozo & >0 npu scex Oo-
cmamouHo 6oabuinx n u AI060M HAMYPAALHOM K BbINOAHANOCH
HepaseHcmso

|un+|+un+2+"'+un+kl<e' (3)

Boipaxcasicb 06pa3Ho, ycnoBue kputepus Kolup cocTOMT B TOM,
4yTOObl MOCTATOYHO yNANEHHLIA M KaK YTOAHO JNHHHBLIA €KYCOK»
psla CTaHOBWICH CKONb YTOIHO MaJbiM MO aGCOMOTHOMY 3HAYeHHIO.
Pa3ymeetca, kak v B Teopuu mpenesnoB, kpurepudt Kowwn mowcer
TOJLKO YCTAHOBMTb CYLIECTBOBAaHME CYMMBbl pSiia, HO HHUYEIO He
TOBOPUT HaMm O e& BeJHuMHe.

Kpureputt Komm, Oynyus oueHb MIOLOTBOPHLIM OpyOHEM
0o0L1eTEOPeTHYECKOTO UCCNEeNOBaHHS, CPABHUTENIbLHO PEeIKO MpHMe-
HAETCS, KaK Mbl yXe TOBOPW/M M0 aHaIONMYHOMY TMOBOLY B JieK-
uvu ll, K yCTaHOB/IEHHIO CXOIMMOCTH MHIHBHMAYANbHbIX, KOHKPETHHIX
pANOB; MPHYMHOK 3TOro fBJIAETCH TO, YTO OOLMHO OBIBAET HEJETKO
YCTaHOBUTb, BHIMONHSIETCS JIM M JAHHOIO KOHKPETHOIO psiaa
ycaoere (3).
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IosToMy, Kak BHl 3HaeTe, TeOpHS pSAOB CTPOMT GOAbIIOE
YUC/IO IIPYTHX TPH3HAKOB CXONMMOCTH; 3TH MPU3HAKH, HE uMes
npucyuiett xputepuro Koium xapakTepucTHyHOCTH (T. e. HeoGxomu-
MOCTH M JOCTAaTOYHOCTH ONHOBPEMEHHO), 3aTO ¢ HECPaBHEHHO GONb-
UMM yAOOCTBOM MPUMEHAIOTC K OTHEJBHBIM KOHKPETHBIM PSIaM.
BonbIMHCTBO STHX MPH3HAKOB OTHOCHTCS K panaM € MOJIOXHUTeNb-
HLIMM  wieHamy., IJToT mpocTeMiuMil M BvecTe ¢ Tem BawHeRiui
KJlacC PANOB METONOJOTHYeCKH yIOOHO paccMOTpeTb B CavOM Ha-
yane, 4ToOLI 34T€M MOCTApaThCA MO BO3MOKHOCTH CBECTH H3y'e-
HHE MPOHU3BOMBHOIO Psilda K HCCICAOBAHUIO PSIOB 3TOFO MPOCTel-
HIero Tumna.

Pansl ¢ nonoxutensHniMn wiedamu. Ecnu sce ynensl pana (1)
HEOTPULATE/IBHEI, TO §,, OYEBWIHO, €CThb HeyOwBawowas QYHKUUS
OT n; B cuny nemmbl 1 sieKinuun | BO3MOXKEH M0ITOMy JIMLIb OIHH
M3 IByX Caydaes: nubo psan (1) cxomurcs, aubo lim s, —-1- oo;

n—>co
IOpyruMy cnosamu, psan (1) cXOmMTCs WM PacxomuTes, CMOTPR MO
TOMY, OTPaHUYEHa MM He OrPaHWYeHA BEIHYMHA S, TpH N—=00,
Bce mpu3HaKM CXOAMMOCTH JIUIR PSLIOB STOIO KNACCA yCTAHABIM-
B3IOTCH MOSTOMY TAKMM 00pa30oM, 4YTO IOKA3LIBAETCH OTrPAHUYCH-
HOCTb ()YHKUMM S, MPH COOTBETCTBYIOUIMX yCJOBUAX.

B ocxose OONbIUMHCTBA 3THX MPH3HAKOB JNIEKHT CAEMYIOLIMH,
Ype3BbIYANHO MOWHLI TPUHUMN cpaBueuus: FEcau 6ce  uinerst

psoos
L A T Y/ S (A)
o,tv,4... 49, 4... g (B)

HeompuniamebHbl U ecin npu n = n,

ly << Uy (C)

u

mo u3 cxolumocmu psoa (B) swmeraem cxodumocms psda (A)
(¥, 3HauuT, U3 pacxomMMOCTH psina (A) BoiTeKaeT pPacXOXMMOCTD
pna (B)).

Jloka3aTenbeTBO STOTO OCHOBHOTO MPHHLIMIA  OYEHb {IPOCTO:
0603Ha4YHM COOTBETCTBEHHO Yepe3 §, H S’ YaCTHuHblEe CyMMbl PHIOB
(A) u (B); ecan psan (B) cxomurcs, TO BenMuyuHa S, Orpanuyena;
a TaKk xak B cuny ycnosus (C)

r 4
Sp— Sp, << S, — S,
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TO BeNUYMHA .s'"<.<>';‘~|--(s,,o —s;.) TaKX€ OrpaHHYeHa, a cneno-
BaTenbHO, CXOOHTCH U psin (A).

Bssis B KauectBe psina (B) wxaxoB-wuGynb psii, CXOmMMOCTD KO-
TOPOTO yx€ yCTaHOBNEHA, OOHYHO 3aTeM NOKa3bBalOT, YTO B CJY-
yae, korma psa (A) nonymssercs Kakomy-nu6o OnpenensHHOMY
YCTIOBHIO, 4NeHbl €ro HeOOXOAMMO CBSI3HIBAIOTCH C Wienamu psiza (B)
coothomennem (C); BesiKoe Takoe yCOBHE M MOXET CYKMTh NPH-
3HAKOM cxonuMocTH s psana (A). Tak, ecau sriGparth B KayecTse
pina (B) OOLIKHOBEHHYI0 FEOMETPHYECKYI0 NPOTPECCHI), TO Mbl
STHM myTEéM nonyyaem anst psina (A) kak pas npocrefiime, pepo-
AITHO, XOPOUIO H3BeCTHhE Bam mpushakn cxommmoctu [lanamGepa,
Kowmw n T. n. Kak 3Ty, Tak ¥ Bce npyrue npu3naky scerna npencta-
BIAIOT CcOCOH ycnosust, B TOH mnu Jpyro#f Koukpetso# (opme
BhICKa3blBatoline TpeGosanue, 4TOOk unens psna (A) docmamoune
Ovicmpo yObi8au € POCTOM 11; TAK, H3BECTHRIN MPH3HAK Hanam6epa

Up iy 6
TpebyeT, 4TOGH OTHOLLIEHHE ~ TIPH IOCTaTO4HO GOMBILIOM 72 OCTa-
n

BanoCh He GONblE YHC/IA, MEHBIIETO E€NMHMIBI, YTO OYEBHIHBLIM
00pa3oM XapaKtepusyeT COGOH MMEHHO NOCTATOUHYK) OHICTPOTY
yOBIBaHUS BEIMYMHKLI 1, C POCTOM 1.

3necb HaM HET HAamOOGHCCTH OCTAHABIMBATLCS HA MPU3HAKAX
STOro THMNA; Bbl HAWN®Te WX, BMECTE C WCYEPILBAIOLIMMH JOKA3a-
Te/bCTBAMH, B OO/BIIOM YMCIe B KAXIOM KypCE amanu3a. Bmecto
9TOl, B OCHOBHOM (DOPMAJIbHON, FEOPHH MOCTAPaeMcs JIy4ille MOBHU-
MaTesbHee BrASAETbCA B HAIM MPENCTABICHUS O GBICMpOme Cxo-
Oumocmu pAna ¢ MONOXMTe/bHBIMK unewamu. Bompoc stot, xots
MM MOYTH HUKOIIA HE HHTEPECYIOTCH KypChl, IPEXHA3HAYEHHbLIE JUIS
Gynyumx NpaKTHYeCKUX paBOTHMKOB, KaK pa3 UMeeT, He3aBUCHMO
OT CBOEIO MPHHIHMHATLHOTO HHTEPeca, W HEeMOCPEeACTBEHHO [PakK-
THYeCkoe 3navenne. B camom nene, ecan psin cxonutes memnento,
T. €. €C/M NS HOJMYyYEHHS CYMMBl S, CKOAbKO-HMOYIb 6Gnu3KOH
K TpPeAENbHOMY 3HAYEHWID §, MPHXOIMTCS CYMMHPOBATL OYEHDb
60NbIIOE YUCTIO 72 €r0 YJEeHOB, TO TaKol psin, npy Bcell cBoell Teo-
PETHYECKOH NOMHOUEHHOCTH, HE MOMXET CIYWMTb HHCTPYMEHTOM
ATl MPUOMMKEHHOTO BLIYMCHEHM YMCAA § W NOTOMY B NPaKTH-
YECKOM OTHOLIEHWH, MO KpadHed Mepe HEMOCPEeNCTBEHHD, HE MOKET
NPDHHECTH 3HAYUTEJIBbHOM MOJIb3Bl, 3aMEeTHM BCKOAbL3b, YTO MHOIA
NPUXONUTCS BCTPeYAThCH M ¢ OOpaTHHIM MOJOWenueM BeuleH: pac-
XONAWMACA Pl NPH H3BECTHLIX YCAOBHAX MOMET OKA3aThCS OYEHD
YROOHbIM OpyAMeM ISl NPaKTHYeCKOrO BBIYUCACHHS HEKOTOPhIX
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BEJIMYHH. DTO OGCTOATENBCTBO HAJIO [IOBOL H3BeCTHOMY (hpanilys-
ckomy yu&nomy Anpu Ilyankape, 3anuMasliemycst uccneloBa-
HMeM 3TOTO SIBJEHHSl, BLICKA3aTh MAPalOKCaNbHYIO MhIC/b O TOM,
YTO CXOASILLMECS PsiOhl HHOFAA OKa3bIBAIOTCS «TPAKTHYECKH pacxo-
OAUMMUCSI> B, HA060pOT, pacxoAsuyecs Pslibl — «NPaKTHYeCKH
CXOOALUMMUCH Y. |

J1y152 BCAKOrO CXORALLETOCS PSifia «OCTATOK» F=—=8§ — S,=—=u, |
-2, 5. .. ecTs BenMuNKA GeCKOHEUHO Manasi MPH 7 — 00 OkiCT-
pOTA CXOINMMOCTH PSUIa LIGTMKOM 3aBUCHT OT mopsiaka STol Gecko-
HEeYHO ManoH, T. €. OT TOro, HAaCKONAbKO OBICTPO OHAa CTPEMMTCH
K Hy/o npH 72 — 00, OGBIYHO CUMTAIOT, YTO PAL CXOAMTCS ¢ XOpoLIeH
GLICTPOTOH, €C/IM NIPH 71 —> 00 OCTATOK 7, yOniBaeT nmoaobHO wieHy
reOMeTpHYECKOH MPOrpeccuu; ANs TOLO AOCTATOYHO, YTOOH WieHb!
4, NAHHOTO pPsila MPH NOCTATOYHO OCOMBIIOM 71 CamH He TMpeBoc-
XOIWIH COOTBETCTBYIOLIHX YJIEHOB HEKOTOPOH reoMeTpuyeckKoH
Nporpeccuy; B caMom lene, u3

u,< aq® (n=ng),
rae a > 0 n ¢ (0 < g< 1) — nocTosiutbie, BLITEKART, YTO IPU NZ==11,

ralalgH gt 0= g

3HAYHTENbHO MEJIJICHHEee CXOOATCH psibl, y KOTOpHIX C pOCTOM 77
OCTATOK y6blBaeT, KaK HeKoTopas OTpullaTenbHas cTene’b yudiaa 7,

1 1
T. €., HaNpUMep, MEeT MOPsIoK 2, 5 U T. . Takue psann yacto

NPEeACTaBMSIOT YK€ 3aTPy[HEHHs JUIR MPaKTHYECKOrO HCNob30-
Banpst. [lpy STOM HAIO WMEThb B BHIY, YTO €CNHM 4, IPH AOCTATOYHO:
GONbLIOM 71 OKA3LIBAETCA MeHble, ueM an” %, riie a >0uk >1—
nocTosiHEbe (MPUYEM 4YMCIO £ OTHIONL He OOA3aTelbHO 1IeJ0e),
10 r,, < bn—%H, rne b — npyras NONOXKKTENLHAN IOCTOSHHAS; B Ca-
MoM nefe, mpuMensisi K ¢ynkumu f(x)=x*—! Teopemy Jlarpamxa
O KOHEYHOM MPHPALIEHHMH, Mbl HaxOHuM mpu x > O:

(o 4 11— b=t = (k—1)(xx - 02> (& — 1) *—2(0 <6< 1);

oTciona, nonaras x=n— 1 unens obe wactu Ha nf~1(n— 1)*1,
k=l (n — 1)e=1

nk—1 (" — l)k"l
E—D@r—r2 _k—1
> nk—1(n — 1)1 nk

(n— 1)—k+1 — gkl —
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M, CJIeNIOBATENBHO,
Fllé < ki_][(n__ ])—k+1 _n-k+l];
ecnv u, < an—*, 10 370 HAkT:
4, < [(n— 1)kt — pke],

H, CIenO0BaTeNbHO,

rn:; u,,; < # ;[(n+j_ 1)=#+1— (1 - f)=A+1] —
a

. —k41
=% =il

4TO Mbl M YTBEPXKIAANH,

Bosspawmasce tenepp k BOMPOCY O MNPU3HAKAX CXOAMMOCTH,
clenaem cnenywoulee 3amedaHue. Mg Beskoro cxonsiuierocs psna
u, — 0(n — o0); onHAKO, nawe INA PAAA C NONOKUTENbHLIMU uJie-
HAMH 3TO CTPCMIIEHUE «OOUlero YjeHa» 4, K HYJIO MOXeT He OblThb
MOHOTOHHLIM;  [IPOCThLIM MPUMEPOM  MOXET CAyXHTb psid, [0Jy-
YEHHHI M3 reoMeTpPHYecKoH NpPOrpeccHy ¢ NOMOLLbIO 1lepeCTaHOBKH
n; C Uy, 4g € uy U T, 0., T. €., HAIPUMED, DAL

R I !
atetatst-tmtmat..

Ouxnako B nozmaensiouieM GONbLIMHCTBE ClTyuaes KOHKpeTHLIe
YUCNIOBLIE PSALI C  MONOKHUTENbHLIMM  Y/€HAMM, BCTPEYAIOLIMECS
B 2HalM3E W eT0 MPUIOWEeHusX, o6iamaioT TeM CBOHCTBOM, yTO
L, y<<ug,(n=1, 2,...), 1. e. u,— 0 B 3TUX panax, MOHO-
TOHHO yGhBasi ¢ BO3pacTanuem n. [103TOMy 3aciyxuBaer 6omb-
LIOr0 BHMMAHHsi FPYMIa CTELHAIbHLX KPUTEPHeB CXOLUMOCTH PRIOB
€ MOHOTOHHO YObIBAIOLIMMH [OJIOXUTEJbHBIMH YIeHaMM, TeMm 6o-
Jiee, YTO B STOH Ipyrnmne MMEIOTCA TMPU3HAKM XAPAKTEPUCTHUECKHE
(T. €. HEOOXOOMMBIE W HOCTATOYHLIE) U B TO ke BpeMs 4yacto
HaXonsulMe cebe ymoOHOe [pPUMEHEHHE K HCCACLOBAHMIO OTHeNb-
HbIX KOHKDETHBIX pAnOB. Mb pacemoTpum mBa M3 sTOro pona
MPU3HAKOB.

Teopema. (Muterpanbunil npusmak Komn.)
Ilycme  f(x) — nosoxcumessnan Henpepwisnas u Hego3pacmaio-
was. GYHKLUS HQ NOAYRPAMOL 0<<x <+ o0. Toz0a dasn cxo-
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dumocmu psioa )
fOH4+f@ 4.+ fim--.. (A)

Heobxo0uMmo u Oocmamouto, 4mobbt cyl,ecmeosas FOHeYHbL
npedes npu a— oo (a > 0) unmezpara

{ f @ du ®)
0

(s 4ero, B cBOW oOuepenb, HEOOXOAMMO H JOCTAaTO4YHO, pasy-
MEEeTCsl, 4YTOOL 3TOT MHTErpan OCTaBaJCsl OTPaHHYEHHBIM TIDH
a— o).

Jlns ymo6etBa pacrioNokeHWsi NOKa3aTenbCTBa Mul Gopmysin-
pOBanM STOT MPU3HAK, OTMpABAAACH OT nanHoH QyekuMM, a we
OT [AHHOTO pRla; SCHO, ONHAKO, 410 Jns moboro psima (A)
C MOHOTOHHO yOLIBAIOUIMMH MOJOXHTEbHBIMH  HWIEHAMH  MOXHO
JerKO MOCTPOMTh CKOJBKO Yroawo ¢yskumit f(x), yHOBneTsopsi-
JOLLMX TPEGOBAHUSAM HalleH Teopembl W TaKuX, uTo f (n) =&, (n =1);
TakuM 06pa30M, Hailla Teopema MeHCTBUTENBHO CJYXHT XapakTe-
PHCTHYECKUM KPUTEPHEM CXOAMMOCTH IR PSIOB yKA3aHHOTO THMA.

IHokasatenbcTBO. Tak Kak, OYEBWIHO, B CHJIYy MOHOTOH-
HOCTH (HEBO3pacTanus) Qyukuun f(x)

n - )
\ fwae=fm= \ f () du,
n—1
TO
a-H1

Sf(u)du Zf(k) | fwas
1

3TH HEPABEHCTBAa HENOCPEIACTBEHHO MOKa3uIBAIOT, YTO IIPH 71— OO
n

n
BEJIMYHHDI Z f(k) u Sf(u)a’u au6o o6e orpaHuyenn, nUGO
k=1 0

06e He OrpaHdueHbl, YeM TeOpeMa H [0Ka3aHa, TaK Kak B OOOHX
C/lyuaniX OTPaHMMEHHOCTh PABHOCWIbHA CYMIECTBOBAHMIO KOHEYHOIO
npengna.

[IpuMeHennsi STOFO KPHTEPHsi K OTHENbHbIM pRIaM, Kak Mbl
yKe 3aMeTHaH, BO MHOTHMX ciydasx ouedb npoctul. [lyctsb, na-
npumep, u,=n"%(a > 0). [lonaras

T o=x<,
f(x)—{x—a (1<x<+oo),
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MHI, OYEBHIIHO, 0OJydaeMm (yHKIMIO, yIOBIETBOPSIOLIYID BCEM Tpe-
GoBanpsiM Haiuel Teopemu; HO MpH a =~ 1

jf(x)a'x__l—i—j x—de=11} alla__:1 \

OTKyNa B CH/Jy WHTErPAanbHOrO MPH3HAKZ HALI PAN CXOLMTCR MpPH
a > 1 n pacxonutrca npu a < 1; Hakowew, npu 2 —1

Xf(x)dx:]-k‘s‘%:]:lna—»oo
0 1

foe]
1
npy @— -}-00, T. €. rapMOHWYECKHH psa E 7 bacxomurcs.
n=1
[lepexonuM kO BTOPOMY KPHTEPHIO.
Teopema. Ecau w,=>u, , >0(n=1), mo osa cxoou-

smocmu psida (1) HeoGxodumo u Oocmamot#xo, 4mobbi cxodurcs

paod
n
ty - 2y - 4ary - B - -2 @)

IokazatenbcTBO. B cuny monotonnoro yObiBanus uie-

HOB 4, pana (1),
on
2" yon— = Z U, = 28—1gon
k== 11

(YUCJIO YNEHOB CYMMBI B CpelHefl 4aCTM HEPaBeHCTB ecTb 2"1),
OTKys2

n—1 20 1 n
3,
GR k
E 2Pusk = S U= ) 2%ugk,
=0 k=1 k=1

ITH HEPABEHCTBA HEMOCPEINCTBCHHO TOKAa3blBAlOT, YTO YaCTHYHBIE
cymmbl psnoB (1) v (4) 1MGO OLHOBPEMEHHO OFPaHWYEHRI, JHGO
ONHOBPEMEHHO HEOIPaHWYeHH, OTKyJa W dIenyeT yTBeDkAEHHe
Teopemsl,
B cayvae u,—n—(a_>0) pan (4) uveeT oOUIMM YJIEHOM
o

2ml—a); g cuny nocnenHell TeopeMbl Al 2 n—* TO3TOMYy CXO-
n—1

outcst upu @ > 1 u pacxomutes mpu o << 1.

1 A. 51. Xunuun. Bocems nexkuubl




98 JEKUMA YETBEPTAR

AO6comoTHAs M YCHOBHAsi CXONMMOCTb, Mu mepexonum
Temepb K PAIaM C WIEHAMH TIPOM3BOJIBLHOIO 3HAKA; KaK BHI 3HaeTe,
cXonsiIHecs psabl 3TOro O6LIEro THUMAa MPHHATO C CaMOro Hawana
pasjenats wa OBa Kjnacca, AeHCTBUTENBHO CYUIECTBEHHO pasiny-
HLIX TIO CBOMM CBOHiCTBaM: pfllbi, aGCO/MOTHO CXOusLIMecs, W Psiibl,
cxonsimecss yenoswo. Mul roeopum, uto psn (1) cxomutcs abeo-
AIOMHO, €CAH CXOAUTCS PSin

lag | 1apl . e 14205 ()

ecay ke pan (1) cxomures, a psag (5) pacXoAMTCA, T® MLl Ha-
3niBaeM psn (1) ycso08ro cxomsinumcst.

3pech mpexae BCero Hajgo o6paTHTb BHUMAaHME HA TO, 4YTO
abcosomAias CXONMMOCTb NAHHOTO psAa ONPENensierTcs, KakK CXO-
IAMMOCTb HEKOTOPOTO Opy2020 pfina; MOSTOMY COBCEM HETPUBHAlIb-
HOW 9BAsieTCH (M3BECTHAsi BaM, KOHEWHO) TeopeMa: 8Csikuli abco-
AIOMHO CXO0sIuics: psi0 cxooumcs.

CMbicn 3TOH Teopembl COCTOMT, KOHEYHO, B TOM, YTO M3
CXONMMOCTH psiga (5) BHITeKkaer cxomumocTh psima (1); nHokasza-
TeJLCTBO €€ 1poute BCEro MPOBOLMTCH Ha OCHOBE KpuTepus Kouiu:
TaK KaK npH JmoOhIX n> 0, k>0

lzun-l-ll _:leun+il

M TaK KaK, cOrnacHo kpurepHio Kowm, B cIydyae CXOIMMOCTH
pana (8) mpaBad 4acTb CKOMb YrOAHO Mana TpPH BCEX IOCTATOYHO
6oJbIIMX 77 U MOOOM £, TO TO e COpaBemiuBO M JANA JesoH
YactH, OTKyAa B CWIy TOro e kputepusi Koium BhiTeKaeT cxo-
IMMOCTbL psma (1).

AGCOMOTHO cXOmsAUMECs Pl OGHAPYHUBAIOT B CBOMX CBOHCT-
BaX JA/leKO HAyLiee CXOACTBO C KOHEYHHIMM CyMMaMH: HX MOXHO
NOY/IEHHO TIEPEMHOXaThb, KaK KOHEYHLIE€ CyMMbl (pacrpenesnTesb-
HbIli 32KOH); 4J€HBl HX MOXHO MPOH3BOJbHO MepeMewaTh (mnepe-
MECTHUTENbHBIA 3aKOH) M TIPYNNHPOBaTh (COYETATENBHBIH 3aKOH),
HE Hapynias 3TUM CXOIMMOCTH pANA H HE W3MEHsid €ro Cymmbl
(B 4acTHOCTH, BCeMM 3THMM CBOHCTBaMM 00Nanaiot, KOHEUHO, pPSibI
C TONOXKHUTENbHHMH 4YNI€HAMM, CXOZMMOCTH KOTOphIX BCErJa HMeeT
aGconoTHLI! XapakTep). Mbl ne Oymem 3mech OCTAHARNAUBATLCH
Ha IOKa3aTesJbCTBAX 3TUX CBOKMCTB; OHM 4YHCTO dOpManbhbl, H Te
U3N0WeHus,, KOTOpHie Bhl HalinéTe B DyKOBONCTBaX, He BBISOBYT
y Bac uukakmx 3arpynuenu.
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BrasgaMMcs 3aTO HECKONBKO OOAPOGHEE B YCJIOBHO CXONSILIUECH
psIbl; BOT TMepen Hamu cxodsiuyudbcst pan (1), mpeactasnre Cele,
nanpumep, usBecTHoiil pan JlehGuuua

1 1 1 1 1
Sl e aebatumes T, 5, 1

pcE 0OCTOMT 6/1aronosyyHo, YacTHYHBIE CYMMBl CTpeMATCd K mpe-
neiy, OCTATOK CTPEMHTCH K HyMO (M Iaje He CAMILKOM MEIUIEHHO),
KaKk y BCAKOro cxomaiuerocss psaza. Ho kak wmatko sto Gnaromno-
ayune! CTOMT TOJIBKO HamiexauidMm o6pa3oM M3MEHWUTb MOPSIOK
4/leHOB, W pHAL MOJAyYaeT APYryw CyMMmy, a TO u BOBCE flepecta&ér
cxonuthesi- KM BcE 310 moTtomy, uTO pan (8) (B nalleMm mpumepe —
9TO rapMoHHyecku#l psin) pacxonutcs. Bu monumaeTe, KOHEYHO,
YTO TaKOe CyMMMPOBaHue, OPH KOTOPOM pe3yJsbTaT 3aBUCUT OT
NOpsifiKa CJAaraeMbiX, He MOXeT [PUBOIUTL K KOHCTPyKLIHSM,
CKOJILKO-HHOYIb AHAJIOTMYHBIM KOHEUYHBIM CyMMaM; CaMOE HAHMEeHO-
BaHHE «YC/IOBHO CXOAflIMecss psAbl> HMEeT, NOBHAMMOMY, CBOEH
MCUXONOTHYECKOH MpennocuiaKof kesnaHWe Ha3biBaTh TakHWe PAIb!
CXONALIMMUCA TOJIBKO C H3BECTHOH OrOBOPKOM.

YTo Kacaercs BO3IMOXHOCTH M3MEHATb CyMMy H I&xe Hapy-
ath CXOAMMOCTb YC/IOBHO CXOOSIILIMXCA PANOB C (OMOIUBID Mepe-
CTAHOBKM WX WIEHOB, TO B 3TOM HAaMpaBJACHHH JIOOOH yCJIOBHO
cxonsiuMiics paa mefcTBUTENBHO MPENOCTapJsieT HaM COBEPILEHHO
HEOrPaHHYEHHBIE BO3MOXHOCTH, KaK MOKa3bLIBAET CJ/enyroLias npo-
€¢Tasa, HO H3gulHaa

Teopema. Ecau psd (1) cxodumcs ycaosHo u ecsu q—
a060e wucao wau 410600 u3 CuMBOAR08 - 00, MmO Hadsexcaue
BbIGPQHHOL NepeCcHmaHOBRON HALHO8 3020 pPsIOQ Bcez0Q MONCHO
3acmasums HOBbII PO cxo0umscs K Q.

Inst mokasaTenbcTBa yCTAHOBHM MPEXAE BCEro ONHY JiemMy,
_KoTOpasi U cama no ceGe He nMillena HHTepeca: ecau psid (1)
CXO00UMCST YCAOBHO, MO €20 NOAONCUMENbHbIE *ACHb! obpasywom
pacxodsuuiics pao (1), u MOYHO MaK Jce €20 OMpuyaAmenb-
Hble Y/eHbl 00pasyiom pacxoa,qmuuc;z pao (17). B camom neJe,
ayctb S, =s, s, TIe S, -—cymma MONOXHTEeNbHBIX, a S, —-
OTpHUIATENIbHLIX 4/1€HOB psna (1), BXOIAUIMX B YaCTHUHYIO CYMMY S,,.
Ecom 6m o6a pama (1) u (17) cxommnmes, 710 8, B S,
umeny 6Bl npenensl OpH n2— 00, @ CNeNOBaTeNbHO, H
s,—Sh=u ||yl +... 4|z, crpemunocs 6hi Kk HekoTopoMy

1%



100 JEKLUHS YETBEPTAS

upeneny, T. e. pan (1) 6bin 661 a6COMOTHO CXOARLIMMCS; €CnH Obl
onun w3 psinos (1°) u (17), nanpumep (1°), 6bi1 pacxomaummcs,
a npyro#t, (1”), cxogsuwmMcs, TO NPU N—> OO Mbl HMENH Obi
s — +oc, §7—>¢, ‘rme c-—uncno, OTKyna Sp=s, 4
L8’ .+ oc, 1. e. pan (1) 6un Obi pacXOAALIMMCS; Takum 00-
pasom, pansl (1) u (1”) Heo6XomuMO AOMKHE 062 PacXOIMTHCH.
- Tlepexonum Temepb K HOKa3aTeNbCTBY Teopemb. PaccmoTpum
IBa cny4as:

1) @ ectb uncio; mycTh s onpenengHHocTH o > 0; Gynem
TOra pacrionarath unenb psina (1) B credyiomieM nopsanke: cHa-
yana Oynem OpaTh MNOJOXHTENbHLIE UYNEHH B HX €CTECTBEHHOM
nopsinke (T. €. B TOM TMOPAAKe, B KAKOM OHM BCTPeHalOTCH
B pange (1)); Opu 3TOM CyMMa B3ATHIX UneHoB OyIeT BO3pacTath;
KK TOJIbKO 3Ta CymMMa NpeB3CHNET o, Mbl HAa30BEM €& nosopom-
HOil cyMMOH W HayHEM TPUCOGAMHATL K HEH Moc/ienoBaTebHo
oTpuuatesbHbie uneHs psana (1), onaTb-Takd B MX €CTECTBEHHOM
(OpRAKEe; MPH STOM CyMMa B3ATHX 'WIEHOB Oyaer yMeHbillaThes;
KaK TONbKO OHA CHE/deTCR MeHblle «d, Mbl CHOBA Ha30BEM [1O-
AyHCHHYI0 CyMMY MOBOPOMHKOL M ONsiTb HAaYHEM €€ YBC/IMYWBATD,
1pubaBiss  Clelyiolide 110 [OPAJKY  TOJIOWHTENbHbIC  YJeHbl
psna (1), u 1. n. Ilponomikas 3TOT fIPOLECC HEOTr PAHHYEHHO, MbI
TeM CAMHIM, OYEBMIHO, PacnonoxuM 4wienn psana (1) B Hexoto-
pom onpemendnHoM mopsake. Mel nOmkHH GyleM MOKa3aTb, 4TO
BHOBb 00Opa30BaHHLI psaA MMEeT CyMMy @, OIHAKO MPEXIe 3TOro
MBI JIOMKHBI eulf OCBeTUTb OIHY M3 HIeTaiell mpou3senguuon
KOHCTPYKUMH: OTKYLa Mbl 3H3€M, 4TO Mbl MOxeM, Gepst nocra-
TOYHO MHOTO MONOKHTENBHEX 4ienoB psxa (1), momyuutbh cymmy,
60ubllyl0 yeM QP 31ech MPUXOAWT Ha MOMOUIb Halla JeMMa;
B CWiy He& psl, COCTABJIEHHbLII W3 TIOJOXHMTEJbHLIX  YJICHOB
psia (1), pacxomurcs, M, CAEHOBATENbHO, 6epA JOCTATOYHO 60J1b-
[I0€ YUCAO STHX TMOJNIOWKHTEJBHBIX 4YJIEHOB, Mhl MOXEM TMOAVYMTD
CYMMY KaK yrofino GOJBLIYIO — B 4YacTHOCTH, OO/billylo 4em a.
B cuny 370# e semMbl Mbl H, B JanbHeBilleM XO#e HallleH KOHCT-
PYKiMH BCSKMA pa3 MOXeM GHITb yBEPeHH, YTO (1 HGasnenue mo-
NOKHTEJIbHBIX YJIEHOB PaHo WM MO3IHO CHENaeT CyMmMMmy BCex
B3SITHIX 4YNEHOB GoJblle ¢, a MNpuOaBieHHe OTPHLATENbHbIX —
MeHblLe d.

V6emypiuMch TaKMM OOGpasoM B BO3MOMHOCTH HaleH KOHCT-
PYKUMH, Ml LO/KHBI TEMepb MOKa3aTh, 4YTO YaCTHUHHIE CyMMbl
HOBOTO pfiga, cTaHoBACh TO OOsbile, TO MEHbiIe YeM 4, 6earpa-
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HHYHO NPHOGAHIKAIOTCH K 3TOMy uucily. M3 Haulero noctpoeHHs
OYEBHJHO, YTO €CJM Mbl BO3bMEM JBE MOCJEOBATE/bHLIE MOBO-
pPOTHbIE CyMMbI HOBOTO psilda, TO BCe JajibHelilllHe €ro CyMMH
OynyT yke 3akMOYeHol Mewny HMMH. [lo3Tomy HaMm JOCTAaTOYHO
I0Ka3aTh, UTO NOBOPOTHLIE CyMMbI OyIyT MMETb CBOMM MPENENIOM d.
Ho sicho, uwro kaxknasi NOBOPOTHas CyMMa OTCTOMT OT @ He
fonbiie, yeM Ha aOCOMIOTHYIO BEJMYMHY CBOErO MOCAeNHero YjieHa,
T. €. BeJIMYHHY, 3aBelIOMO CTPeMSLLYIOCH K HYJO, TaKk Kak 5TOT
YlieH ecTb YJieH Halero [epPBOHAYaNbHOTO (CXONSLIErocs) psaa.
Takum 0Opasom, B 3TOM Cjyyae Teopema IOKAa3aHa.

2) Ilyctb Teneph a=—-occ (B ciyyae a=——oc INOKa3a-
TEJLCTBO COBEPILEHHO AHANOTHYHO); Tak Kak u,—> 0 npu n— o0,
TO MHOWECTBO uucen |u,| (n=1, 2,...) orpansuyeno; ImyCTb
p — €ro BepxXHsii TPaHb;  PACCMOTPHM MOC/ENOBATENBHOCTb MOJIO-
WHUTEJIbHLIX 4JieHOB psina (1) # pa3oObEM e& Ha y4aCTKH Tak,
YroObl CYyMMa UJIEHOB KaXJOro ydacTka Owwia Gonbiue, 4em 28
(3TO BO3MOXHO B CHMJIy NOKAa3aHHOH HaM{ JieMMHl); PacIONOKHM
Tenepb wiensl psfa (1) Tak: cnepBa BO3bMEM [EPBLIA W3 TOJIbLKO
YTO MOCTPOEHHLIX Y4acTKOB (B €ro €eCTECTBEHHOM [OpsiiKe), 3a-
TEM MPHCOEJMHHM MEepBLIi OTPHLIATENbHLIH WIieH, 3aTeM BTOPOH
yuacTOK, BTOPOH OTpuLATeNbHLI wieH, ¥ T. A. Tak Kak cymma
YIEHOB KawJOro y4acTka > 2f, a KawImii OTpHUATesbHLIH WIeH
10 aGCOMOTHON BeJMYMHE =< f§, TO NOCJE B3ATHS 7 MONOKHTENb-
HbIX Y4aCTKOB H 7 OTPHLATEJbHLIX YJIEHOB Mbl [OJyYHM CyMMY,
npepocxonsiuyio 2fn — 3n—[fn, OTKyna u BHIHO, 4TO 4YacTHy-
HBIE CYMMbl BHOBb NOCTPOEHHOrO psina Oe3rpaHHyHO BO3PacTaioT
npH 7— Q.

Mel HApOYHO € TaKOH nOXPOOHOCTBIO OCTAHOBHMJIMCH HA 3THX
KOHCTPYKIMSIX; OHH CTOJb K€ HHTEPECHb, KaK M IOYYHTEJIbHDI,
34CTaBJAs HAC BIJIOTHYIO BIVILALIBATBCH B CTPYKTYpY psina, Kak OW
JOrv4YecKy aHaTOMMPOBATH ero. Jinfg Bac OymeT HHTCPECHBLIM H
[OJIE3HLIM  YINPaxKHEeHHeM T0Ka3aTb, YTO Hamjexkaulell nepecTaHOB-
KO# YJEHOB M3 KaWIOTO YCJIOBHO CXOMSILIETOCS pafa MoweT ObTb
MOJy4eH psil, He MMEIOLIMH HH KOHeYHOH, HH OGeCKOHEYHOH CyMMBbI,

beckoHeunsle mpou3Benenusi. Hapsiny co ciowendeM H Ipy-
roe apudmernyeckoe nefcTBHE — YMHOWKEHHE — MOXeT ObITb npH-
MEHEHO K CKOJIb YrOAHO OO0JBbLIOMY 4YHCJY 4YHCET, KaKk TaM MH
HCKaH npejeni CyMMbl Oe3rpaHHYHO BO3PACTAIOLIEr0 YHCNA Clia-
raeMbelX, TaK M 3JeCb Mbl MOXKEM CTaBUTb BOINPOC O mnpenenie
NpOH3BeNEeHHsI Oe3rpaHHYHO BO3PACTAIOUIETO YHC/IA COMHOWKHTENEH;
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MH MOXeM, NMONOOHO TeOpHH OCCKOHeYHLIX pSOOB, CO3AATb TeO-
pHIO OecrOHenHblX npoussederuli. 3Ta TeOpHs, CO3IN2HHAT B OC-
HOBHOM yXe OuYeHb JaBHO, HMeeT, MpaBua, RO CHX IOp HE CTOJb
HCKJIOYHTeNIbHOE YHCIO TpHMEHeHWH, Kak TeOpHsi pSNoB; TeM
He MeHee OONacTb STHX NpPHMEHEHHH yXe HACTONLKO MIMPOKA
(H ¢ KawIuM RecsiTHieTHeM BCE OoJiee pacLIHpsieTCsl), YTO B HaIIH
HOHH OHa HeOOXONHMO BXONMT B apceHall oOpyauil Kawaoro obpa-
30BAaHHOTO MaTeMATHKA.

BeckoHeyHbIM MpoH3BeleHHEM HA3LIBAGTCH BLIDAXEHHE BHIA

(=]
zlzz...z"...——l_] Gt 6)
n=1
BEeJIMYHHE T, — 2,2, ...2, (n=1, 2,...) Mol nasuiBaem xacmux-
Kbkl npoussedeHusimy, a lim m,, eclH OH CyllecTByeT, — BesH-
n—>00
uuHoll npouseenetus (6).

Bo BcéM panbuefiieM M 6yleM CYMTATb BCETa.BCe COMHOXH-
TeNlH 2, NOAoxcumesbHbimy. TaKoe OrpaHuHyeHHe, BCETNA TPHHH-
MaeMoe B OONacTH BenIeCTBEHHbIX MHOXHTeseH, eCcTb CJielCTBHe
OTHIONb HE WeJaHHfl YMPOCTHTh MICACLOBAdHe, a IMPOCTO TOro
dakTa, yTO H3yueHHe NpPOH3BeleHHH ¢ OTPHLATENbHEIMH MHOXKHTe-
JIIMH, C ONHOH CTOpOHH, H3MeHeHHEeM 3HAaKa BCero Mpou3BeneHHS
Cpasy TNPHBOIHTCA K CHy4ald TMOJOXHTENbHLIX COMHOXCHTeNeH,
a C Apyroii, — He NpenCTaBisieT peaJbHOTO HHTepeca; K TOCHen-
HeMy 3aKJIOUeHMI0 NPHBOOMT Lesblfl psl cooOpaweHHH; Tak, MO-
HOOHO TOMY CBOICTBY CXOHNSILLIHXCSL pSANOB, YTO n-H wied psna
CTPEeMHTCS K HYJI0 NpH n—> 00, B cXoasieMcss OeCKOHEYHOM
TPOUSBENICHHH 7-fi MHOXMTeNb 2, NO/hKeH (KaK JIerKO NpeIBUAeTb
H KaK Mbl CKOPO NOKaweM) CTPEMHMTLCH K elHHHLE, H, 3HAYUT, BCe
MHOXHTE/IH, HaYHHasg C HEeKOTOpOro M3 HHX, IOMKHHE OHITb He
TOJIKO MOJIOXKHTENbHEl, HO Naxe CKOMb yrONHO GNH3KH K elHHHIle.

B cnyuae mofioxuTeNbHLIX COMHOXMTeNeH HccnenoBaHHe Oec-
KOHEYHOTO MPOHM3BENEeHHS, OYEBWAHO, MPOCTHM JOrapHPMHPOBA-
HHEM TNIPHBOIMTCH K HCCIENOBAaHHIO OeCKOHeWHOro psifla; fosaras
v,=Inz,, z,— e7n Mu BHIKNM, UTO CXOIHMOCTb NpOH3Benenyst (6)
PAaBHOCHJIbHA CXOINHMOCTH psilia

R 2 S S P S (7)

H YTO CyMMa § STOrO psila paBHa (B Cllyuae CXOIMMOCTH) JIO-
rapugMy BelHUHHH T mnpoHsBeneHHsi (6). EcTb To/ibkO 0OnHO
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HCKJIOYeHHe M3 3TOro mpasuna: ecqh m—0, 1O pam (7), oue-
BHIHO, PaCXOIHTCA (YACTHYHLIE CYMMbl HMMEIOT TMPELEIOM -— OO).
HO OeCKOHeYHbIe MPOM3BENCHHS, BEJHYHMHA KOTOPLIX PaBHA HYyJIO,
H BO MHOTHX JIpyTMX OTHONIEHHSIX HMEIOT COBepuIeHHO 0coboe
nopenenye, npubnuaiouiee HMx CKOpee K pacXONsILIMMCS  psaaM.
yeM K CXOmfLIHMCH; TaK, B cliysde m—0 He06A3aTeNbHO, YTOOH!
6010 2z, — 1 npE n— oo (MpuMep: zn:-lz—‘, =y, 2. )"
Bce sTH 06CTOsITENLCTBA MPHMBENH K TOMy, uTO mpy m=—0 npo-
H3BeseHye (6) OOLYHO HA3LIBAIOT PACXOMAIIUMCH, TaK YTO CXO-
IMMOCTb 3TOrO NPOM3BENEHHS OnpeneniseTcs KaK CyLecTBOBaHHE
nosoxcumensro20 npesena w==limm,. [Ipy TakoM onpeneneHHu
. n—>co

CXONHMOCTb MpoH3BeleHHsi (6), OYEBHHIHO, B TOYHOCTH SKBHBA-
JIEHTHA CXOOHMOCTH psina (7).

BO3MOWHOCTb YKa3aHHOM HAMH TOJHOM pEeNyKIHH TeopHH
O€CKOHEYHBIX NPOH3BENeHHH K HCCIEIOBAHHIO PSANOB Morja Ow
nonatb INOBOA AyMaTb, 4TO B MOCTpoeHHH 0cO60ro yyenusi o Gec-
KOHEYHBIX TPOH3BENICHHSIX HeT HUKakoH HamoGHocTH. Onnako,
KaK W BO MHOTHX NONOOHLIX Cly4yasix, TaKoe 3aK/Ho4yeHHe Ownio O
OWHOOYHLIM; KaK 3TO 4YacTo ObiBaeT B MaTeMaTHke, HOBasi ghopHa
nocmaroskl TPEKHEro Kpyra mpobJiem 31ech, C OJHOH CTOPOHHI,
NPUBOAMT K COBEpUIEHHO HOBOH mNpobneMaTHke, a ¢ Apyro#, —
3BPHCTHYECKH CTHMYJHPyeT METONR peIlleHHs] MOCTABJEHHLIX 3a71aY.

B teopuy GeCKOHeYHLIX MPOH3BENEHHH MPUHITO MHCAYb MHOMH-

Tenv 2, B Bune 114, rne, suaunt, — 1 <u, <} oo; npu
(=]

STOM W, =— [1 (1-+2#,), a npousBenenne (6) 3anHchBaeTCs
k=1
B BuIe

O4z)(1da)...04g)...— [_]1 (S ).y 4(B)

. Ecin mpouseenenue CXONWTCH, TO NPH N—o0 T, —>T,

0<n< - o0, BeJRNCTBHE YETO MPH 72— OO
unzﬂﬂ" —1—'-0, z":ﬂﬂ" —»1,

n—1 n—1

ConocTapnenne npoussenenusi (8) ¢ pamoM (7) NOKAa3LIBaEeT,

4YTO PRAlaM C MOJOWKHTRIbHLIMH WIEHAMH COOTBETCTBYIOT NPOM3BE-

IeHusl, Y KOTOpHX 2, = 1 nnu, yt0 TO *e, 4, =0(n=1, 2,..))

(a psimam C OTPHLIATENIBHLIMH UJIEHAMH — [POM3BENIEHHS], UMEIolHe
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z, <1, u,<0). 310 3acTaBiasieT HAC B MEPBYI0 Ouepenb HC-
C/IeIOBaTh GECKOHEUHLIE NPOW3BENEHHs, y KOTOPbIX BCe &, MMEIT
onun W ToT we 3Hak. OcuHoBHOe, HauGoNee YNOTPeGHTE/D-
HOE TIPEIVIOKEHHe, KACAIOIIEeCs TAKHX NpPOM3BENEHHil, COCTOHT
B C/IEIYyIOLIEM.

Teopema. Ecau sce u, umerom o0urn i MOM e 3HAK,
mo 0as cxodumocmu npoussedenuss (8) Heobxo0umo u Oocma-
mourHo, umobs. cxoluicst pso

s R ol " o )

HNokazatenbcTBO. [Ipexne Bcero, Mol BOpape Mpenro-
NOWHTb, 910 #,— 0 mpu n-— o0, TaK KaK B NPOTHBHOM CIy-
uae, KaK Mol 3Hae'w pacxonuTCsl KaKk mnpou3seneHHe (8), Tak H
pan (9), ¥ crenosartenbHO, TEOPEMA OKa3LIBAeTCs BepHOH. B naiib-
HeiillleM Mbl pas/iH4aeM 1nBa ciyyvasi.

1) Myetp 2, =0 (n=1, 2,...); Tak kak npu x—0e®
oriuaercss o l-}-x Ha DONOWHMTENbHYIO OECKOHeWHO Manyio
BTOPOTO MOPSIIKA OTHOCHTENBHO X, TO NpPH ACCTATOYHO GOJBLIOM 12

—”n<1—|—u = e¥n; (10)

o6o3Hauasi yepe3 s, yacTHuHbie cymmbl psina (9) u mpennosaras
ISl IPOCTOTH, YTO HepapeHcTBa (10) BLINONHSIOTCS Ui BCEX It
(3TO He orpanxuuBaeT OOUIHOCTH PacCyxXIeHus, TaK Kak B BOI-
pocax CXONHMMOCTH MOXHO BCerna orOpocuTh, 0e3 BMsHHMS Ha
peaynbTar, M060e YHCAO HAyaJbHEIX WIGHOB Kak psna, TaKk H
MPOU3BENEH ), Mbl HAXONHM TOYJEHHBIM [EePEMHOXKEHHEM 3ITHX
HepaBeHCTB pu n—1, 2,..., m

o Sm < 1T esm .

ecin pan (9) cxonutes, To OpH m—so00 S, < s< H+ <, a
notomy T, < e5< -} oo, T. e. BelIMYMHA T, OCTAETCH OrpaH-
4YEHHOH, H, cneAOBaTe.ano, npouspenette (8) cxonmcn O6patHo,
ecnu cxonuTcst npowasenenne (8), To npu m— oo 1w, < W<+ oo,
a 3HAUHT,

—‘l)—sm<1nn<—|—oo,

T. €. CyMMa §,, OCTa&Tcs orpanuyentodi u psin (10) cxommres.
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2) Nycte u,<0 (n=1, 2,...); NONOGHO mpensAyLIEMy
HaxonuM (3mech S, << 0):
e?Sm < Ttm < eSm,

OTKyla dHAJOTHYHO  mpelbiaylieMy yGemnaemcs, 4YTO [pH
S, >S8 >—oc (ciyualt cxomumocts psna (9) m, >e* >0, u
npoussenenye (8) cxomurcs; o6paTHO, mpH M, > >0 MLl HMeeM
S,=lnn, >1Inn>-—00, T. €. H3 CXOAMMOCTH NPOHMIBENEHNHA
(8) BuiTekaer cxomuMocTh psina (9).

Conocrasnenye npoussenenus (6) wm (8) ¢ panom (7) weno-
CPENCTBEHHO NPHBORHT K #Kpumepuio HKoww nnsi GECKOHEYHDIX
npouspenenul; 0an cxodumocmu npousgeOerus (8) Heobxodumo
u OGocmamouHo, umobwl, Kak Ob. Mas0 Hu 6bino € >0, npu
8cex docmamourno Goavuux n u a060osm k>0 mb umess

ni-k

VL (T R g LT (11

i=n-t1

Opnako nnsi NpOM3BENEHHI, B KOTOPLIX &, COXPAHAET MOCTOSIH-
Holfl 3HaK, 3TOT KPHTEPHH B CWIy IIOKa3aHHOH HaMM TEOPEMH!
3aMeHsleTCs IpyrHM, B OOJNBIUHHCTBE Cly4ydeB 3HAYMTeNbHO Oonee
ynoOHLIM (Tak Kak OUeHHBAaTb CyMMol OliBaeT, BOOOwie TrOBOpS,
3HaYHTENbHO Jierye, YeM [IPOM3BENEHHA); HWMEHHO, Mbl MOXKEM,
OYEBHIHO, HHYEro He MeHsisl B CJIOBECHOH OpPMYJIMPOBKe IJOJBKO
YTO [PHBENEHHOTO KPUTEpHs, 3aMeHHTb HepaseHcTBa (11) nepasen-
CTBOM

HeOOXOMHMO TONBKO IOMHHTb, 4TO 39Ta ¢opma Kputepus Koiuu
HMEET CHIy JiHMOIb B CJy4asiX, KOTIAa BCe K, COXPAHSIOT OIMHAKO-
BbLIfi 3HAK.

K coxanenuro, B pamkax HacTOSIUIEr0 Kypca Mbl MO HHTEpec-
HOMY BONPOCY O OECKOHEUHLIX MpPOM3BENEHHAX MOMKHLE OrPaHH-
YUTbCSl CKA3aHHHIM H MepeiiTH K caedyioniel Teme,

Pann ¢yHknmii. Jlo cux 1op wieHn paccMAaTpPHBAEMBIX HAMH
panoB  Obik  uucnamd. Ho Be 3HAaeTe, KOHEWHO, YTO aHanH3y
B IIEPBYIO O4Yepenb HYWHH () VHAUUOHAAbHBIE PSNH, T. €. TaKHe
pSiibi, WIeHbl KOTOPHLIX SIBASIOTCH (DYHKIMAMH ONHOHU HJIH HEeCKOJb-
KHX HE3aBHCHMBIX TlepeMeHHbiX. Jlns TeopuH STHX pSIOB BCE,
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9TO MH IO CHX TMOp paccmartpuBaliv, Hrpaet POMb MOATOTOBHTEb -
HOTO MaTepHana.

[Tycts
4y () -ty () = - (6) - W)

eCTb psill, WIeHbB KOTOPOro — (QyHKIHH ONHOH H TOR ke He-
3dBMCHMOH TepeMeHHOH X, onpenesi®HHHE B HEKOTOPOM OTpe3ke
|e, b]. Iasas sToh nepemenHHON KaKOe-HHOYNb YMCTOBOE 3Haue-

HHEe X =—=a, Mbl npeepauwaeM pan (12) B 0GbKHOBEeHHHH YHCIOBOM
st s

pan 2 4,(a), ¢ TOYKM 3pEeHHs TEOPHHM UYMCJOBHIX PSANOB MOXHO
n=1

NO3TOMYy CKas3aTb, 4TO ¢opmyaa (12) eupaxcaeT co6oH He oOmuH

psif, a uenblif KOHTHHYyM pasfiv4HLX pPSAOB.

SicHO, KOHeuno, 4TO Ins (PYHKUHOHANLHEIX PHNOB mpobneMa
CXONMMOCTH  CTABHTCS COBCEM MHaye, yeM NSl YMCIOBLIX] MO OT-
HOLIGHHIO K psmy (12) me mMeeT cMbIC/Ia CTABMTH BOIPOC O TOM,
CXONMTCSL OH WM PAaCXONMTCH, TaK Kak, BOOOLle ropopsi, oH OyneT
CXONMTbCA [IDH  OIHHMX 3HAYEHHSIX X M DACXOAMTHCH TpPH APYTHX
3HayenusX. OCMHC/IEHHAs MOCTAHOBKA BOMPOCA 31eCh TJACHT: TpPH
KaKHX 3HAYEHHSIX BE/IMYMHBI X B NaHHOM oTpeske [a, b] psn (12)
CXOIHTCS H MPH KAKHX PACXOMMTCH? Y CAOBMMCS HA3LIBATL 064QCHLbIO
CX00UMOCMY NAHHOTO pSiIa MHOMECTBO TeX 3HAYGHHH X, [pH
KOTOPLIX OH CXOINMTCS, H 004GCMbIO  pACXOOUMOCHIL — COBOKYII-
HOCTb 3HAYeHHH, NENAIUIMX €ro pacxonsiuMcsi. Mul BuauM, yTO
npobnemMa CXOAMMOCTH Il PYHKLHMOHAIBHOTO Psiia COCTOMT B Mep-
BYIO Odepelb B OTHICKAHMH ero o0jacTH CXOmMMOocTH. Mub He
OyneM 31ecb TpaTHTb BPEMEHH HA4 PAacCMOTPEHHe MPHMEpOB, TaK
KaK y Hac HX HOCTAaTOYHO OyneT B najibHeilieM.

Ing BCex aHaNMMTHUECKHX MpPHMEHEHHH TEOpHM (yHKIMOHAND-
HbIX DSNOE HMEeT OCHOBHOE 3HAYeHHe [OHSITHE paBHOMEPHOR
cxonuMocTH. BOT Kak  nyumie BCEr0 NONOHTH K ONpeleNeHHIo
s10oro noHstva. Ecan psin (12) cxomutcs B kawnol Toyke He-
KOTOpOro meoxkectsa M (T. e. nns Bcex 3Havenud x € M), To
OCTaTOK

r,(x)=s(x)—s, (x)

storo psina (GymyuH, KOHeyHO, MONQGHO Cymme psima s (x)
YACTHYHBIM CymMaMm s, (x), ¢yHKumel oT x) nag Jwboro x € M
CTPEMMTCH K HYJIO MpH 72— oo . [na mamell uend nam notpeby-
eTcsl Gojlee  JIeTanbHO  OMMCATh STOT (haKT: KAKOBO Obl HU OLIO
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XEM w kakoBO On HH OmO € >0, cyuiecTByeT Takoe n,
(3aBucHLIEE, KOHEYHO, Kak OT €, TdK H OT X), 4TO IS BCEX
n=n,|r,(x)| < e. OcrapHM Temnepsr & HEH3MEHHHIM, HO 3aCTABMM
YUCNIO X mpoberatb BCE MHOWKECTBO M; npH STOM Ijsi KawAOTO X
HaHNETCH CBOE My, T. €. CBOE «MeCTO» B NIaHHOM Dsilly, HAUHHAs
¢ KoToporo |r, (x)| < &; HO CyNIECTBYET JIH B 3TOM PsLy TaKOE
«MeCTO», HauuHasi ¢ KOTOPOro HepaBeHCTBO | r(x)| < e BLINOARS-
A0Ck Obi ywe st gcex x € M? OueBMAHO, STO 3aBHUCHUT OT TOrO,
Oymer 5H MHOWKECTBO Te€X 4HCEN #;, KOTOPLIE MBIl BHIIE MO-
CTPOMJIM IUVISl PA3JHYHLIX X, OFPAHMUYEHHLIM HIH HET; €CJiH CpenM
3THX 4Hcell ecTb HauCosbuIee. TO OHO, OYEBHIHO, H CMOXeT
CIYXKHTb TeM «MECTOM», HayHHasg ¢ KOTOporo |r, (x) | <e nast
8cex x€M. EciH e CpeiM MOCTPOEHHBIX HaMM uqMcen n,
BCTPEUAIOTCA CKOJMb  yrogHo OCosblilHe, TO STO NOKA3LIBAET, 4TO,
Kak Obl naneko Me HH MPOIBHTAJKHCh B HAlEM psimy, BCErka
HalinyTca Takue X € M, Insi KOTOPRIX MCKOMOE «MeCTO» edllE He
HNOCTHTHYTO H JIOKHT [aJblie; B 3TOM Cly4ae BbOOD TaKOTO 1,
KOTOpO€ B YKa3aHHOM CMLIC/IE TOAHNOCH Ol IAsi BCex x € M,
OYEBHIIHO, HEBO3MOXKEH.

IlpuBen&M npuMep sTOrc mocjemHero THna. [lycts mmg n =1

Sy (x)=x2*(1 —x7) O<x< 1,
T. €.
g, (xX)=x"(1 —x") — x"1 (1 —x"1),

OueBupno, 075 Jit06GOrO xE[O, 1] Sy (X)—0 mpH n— o0, TAK
4TO

ry(x)=—s, (x) =— x"(1 — x™);
otciona
1 1
W E@H=—F =12
1
TaKk Kak uMcio 27 " mpu JOGOM 71 MPHHAINIGKHT OTPE3KY fo, 1],

TO CKOJIb Obl BeNHKO WU ObLUIO MHC/IO 71, HepaBeHCTBO | r, (x) | <
< 7 He MOweT OuTb BhMONHEHO mist BCex X €[0, 1]. 3nauwmr,

MBI HMEeM 31eCb, HeHCTBHTENbHO, [IeJI0 CO BTOPHIM M3 BHILICOMHCAH-

HuIX cayyaeB. Ha wuepr. 16 u306pameHn il  HArasAHOCTH

KpuBne V= |r, (x)| u (cxematnueckn) y==|r,(x)| mna Gonb-
1

woro n. Kpusasi y—=|r,(x)|npy x==2 " HMeeT Makcumym,
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.1
PaBHHH ——; BJIEBO e OT 3TOH TOYKH BCIOAY, 34 HCKJIIOHYEHHEeM

6mnkaiimero €& cocenctba, |r,(x)| upe3BbualiHO Mano; InpH
1

A

BO3pACTaHHM 7 TOYKA 2 " HEOTPaHMYeHHO nNpHOmKaeTcs K 1.

M3 3TOro yeprexa Mbl HEMNOCPEACTBEHHO BHIHM, KaK [POTEKaeT

siBJEHHE; TOT MNAPaNOKCa/ibHLIH HA NEpBLI B3NN (aKT, YTO 115l

)
y=Intxl y=z -x?
[l 1
3 1
| V \g=in, (zh
At :
1 1
:
0. &
[/ E’ 2_;
Yepr. 16.

Kaxaoro x Mbl umeeM r,(x)— 0 npy n—oc, B TO BpeMs Kak
7S K&OKIOTO 71 CyllecTByeT Takoe X, 4To | f, ()| :_——i— 06b-
SICHSIeTCsl HMEHHO TEM, YTO TO4YKA, B KOTOPOii | r,, (x}| mOCTHraer 3Toro
MAKCHMANbHOrO 3HAYEHHMs, [pPM BO3paCTaHMH # He OCTAETCH Ha
MecTe, a MPOJIBUraeTcsi BIIPaBo, 6GearpaniyHo npHOHKasach K 1
npy n— 00, STO fBJIEHHE «OTCTABAHMS» I, (X¥) B ero crpemne-
HMM K Hy/HO TepeMmeliaercsi, TakuM 0Opa3oM, BCE Oamxe K Touke 1,
KOLIa 71 BO3PACTaeT; Mbl HEBOJIBHO O:MIAEM, YTO B CaMOi Touke 1
5TO OTCTABaHHE, CTYCTHBILHCH, CO3MACT PacXOAMMOCTD psifa; HO
na camom mesne B Touke 1 BCE OOCTOHT B BLICIIIEH CTeneHwu
Gnaronony4Ho, TaK Kak 3JeCb I, (x)—=0 npu moboM n.

Bepuémcsi Temepb K TeM IByM CiydasiM, KOTOpble Mbl yCJIOBH-
JMCh pasnuyath Bhuue. B mepBOM M3 HMX MBI NOBOpHM, 4TO
psg (12) CXOIMTCS PABHOMEPHO Ha MHOXKECTBE M, a BO BTOpOM —
nepasHomMepHo. Takum 0Opasom, pso (12) pasmomepro cxodumcs
HQ HexomopoM MHONTecmge M, ecau npu Ckoab Y200HO ManoM
e >0 cyuecmsyem maroe n, (3asucsiujee Moabko om ), umo
0s5 8cex n=n, 1 Oas 8cex x€M

| rp(x) | <e.

Mu nogpo6HO pacCMOTpeNiH  BhIlle MPHMEP, MOKA3LIBAOLLMA
TUIMYHYI0 KAPTHHY HEPABHOMEDHOH CXOIMMOCTH. 3aMeTHM euig,
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4TO B TOYHOCTH TaKHM ke 00pa3oM ONpeNeNnsuTcs paBHOMEpHAsH
CXOIMMOCTb HOCAed06amenbHocmi GyHKuHH

fl(x)v f‘z(x), ey fn(x) co B

K npenesibHOH  (yHKLHH f(x), ecnu nmom r, (x) nompasyMmeBaThb
pasuoctb f{x}— f, (X); MBIl MOWEM, TaKHM o6pa3oM, CKasaThb,
yTO paBHOMEpHAS CXOJAMMOCTH psiia  PaBHOCH/IbHA paBHOMEPHOH
CXOOMMOCTH TIOCJIEOBATENLHOCTH €T0 HaCTHYHHX CyMM.

Ecny st apuMETHYECKOTO ONEpPHPOBaHHsT HALl PSIOM BawHa,
Kak Mbl BUIEJH, ero abCOAIMHAS CXOAMMOCTD, TO IUIs 3HAYHTENb-
HO#H 4aCTH yMO3AKJUOYeHHH aHANIHTHIECKOTO XapakTepa OueHb ynoo-
HOH, a MHOrZa ¥ HeM3OemHoH NPENNOCHIKON  CIYXKHT pasHo.Mep-
Has CXONMMOCTb €ro; Mbl Cefiyac pacCMOTPHM HECKOJIbKO NPHMEPOR,
MOATBEPKAAIOLIHX 3TO.

B nepeylo ouepenb paccMOTpPHM BOIPOC O TOM, OpH KAKHX
YCNOBHSIX MOXHO OBITH  yBEPEHHLIM B HENpepHIBHOCTH CyMM S (X)
pana (12), ecu H3BeCTHO, 4UTO BCE €ro YJIeHbl HENPCPHIBHE B OT-
peske [a, b]. Hro cymma §(x) MOWeT OpH TOM OKAa3dATbCH H pas-
pbIBHOH, NOKA3LIBAET CReNyIOUHid TpUMeED: &, (X)=xr"1l—x"(n>=1,
O=x=1) s,,(x)::l——x"(n;l);

1 opu 0=x <1,
N (x) = { 0 i
upH x — L.

[Toxawem Tenepb, uto ecau psd (12) cxo0umcs: PasHOMepHO,
MO 43 HENpepbiBHOCHL €20 HAeHO8 Bbimeraent HenpepbBHOCHb
cvmmp. B camom nene, MyCTb Ha OTpEske [a, &) psan (12) cxo-
IMTCS PABHOMEPHO H MyCTb BCE 4, (x) (a 3nauut, H BCE HACTH4-
Hme - CyMMBl S, (X)) HeNpepHBHE Ha [a. b]; nmyctb a— moGoe
yucno oTpeaka |a, b] u & CKONb YrOIHO Malioe HONOAHTEb-
HOe WuMCJIO; B CHJY [PEINOJIOWEHHOH PaBHOMEPHOH  CXOAMMOCTH
psna (12) me MoweM B3Tb 72 CTOMD 60/ib1IMM, 4YTO

sy — s <5

s Beex x € [@, b]. 3axpenup BpeMEHHO STO SHAYEHHE 7 H TOJIb-
3ysicb TeM, 4TO QYHKIKA S, (x) HenpepmiBHa B OTpe3Ke [a, b] u 3Ha-
quT, B YACTHOCTH, B TOUKE @, MBI MOXeM yTBEPHKAATD, HTO JUIH BCEX
TOUeK X HEKOTOpO# OKkpecTHOCTH U TOUKH A

5,00 — S, (@ 1< 55
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HO B TakoM cllydae Iisi jaoboro x €U
|s(x) — s(@)| <<|s(x) — s, (%) | 5, (%) —s, (@ +'s, (@) —
—s@|< £+ 5 +5=¢

a 3TO ¥ MOKa3blBaeT, yto QyHKIMS §(X) HEmpepLBHA (pH X =—a.

IMpennoxenune, o6paTHoe TONBKO 4TO NOKa3aHHOMY, ObIO Obl
nesepuuiM. CyMMa psima MOXET OKa3arbCsl B HEKOTOPLIX Cliy4asx
HerpepbBHON (PyHKIMEH H [pH HEPABHOMEDHOH CXOIMMOCTHM 3TOrO
pfna; STO MOXHO YCMOTPETb W3 MpHMEpa, MPUBEAEHHOTO HAMH HA
ctp. 94, rhe pANL CXOOMTCSl HEPABHOMEPHO, MEKIY TEM KaK CyMMa
ero paBHa HY/MO Ha BCEM pAcCMATpHBAeMOM OTPE3KeE. Pagnomepuas
CXONHMOCTb psifia HempepHBHHIX (DyHKUWH, TrapaHTHpysl HEnpepbiB-
HOCTb €r0 CyMMbl, He SIBJISIETCS, TakuM O00pasoM, Heooxooumou
NPenrockiKOH  3TOH  HepephBHOCTH; TEOpHsi, HECKOJbKO 6oaee
passuTasi, YeM TMpHBENEHHbLIE HaMu COOOpaweHus, MO3BONSET yCTa-
HOBMTb M XapakTep CXOOMMOCTH, Cly»alui HeoOXONHMOH H 10CTa-
TOYHOH MPEIIIOCHIKOR HEenpPepHBHOCTH CyMMbLI; OIHaKO, Ha Mpak-
THKE [OYTH BCErIa HEHNPEpPHIBHOCTh CYyMMbl YCTAHABJIHMBAETCS Kak
C/IeNCTBHE PaBHOMEPHON CXONHMMOCTH psia.

Jpyro#t Bompoc, B KOTOPOM HIest PABHOMEPHOH CXONHMOCTH
naxonut cebe CylecTBEHHOe MPHMEeHeHHe, 5TO — 3aa4a O «No4wieH-
HOHl unTerpauvi» ¢yHKIHOHANBHOTO pAna. [MycTp Bce uneHsbl psna
(12) — ¢yHkiuH HempephiBHLIE (H, C/Ien0BaTelbHO, HHTETpHpYyEMbIE)
na otpeske [a, b]; MOWHO aM yTBepXnarh, YTO B TAKOM Ciydae
H CyMMa §(x) STOro psina WHTErpHPyeMa Ha 3TOM OTPE3KE H 4TO

c b
Ss(x) dx — E Sun(x)a'x, (13)
a n—l a
nono6HO TOMy, KaK MH 3TO HUMeeM Iif KOHEYHRIX cymm? Jlerko
BUAETh, YTO BO BCEX PACCMOTPEHHLIX HAaMH JO CHX MOp NpHMepax
paBencTBO (13) neHCTBUTENHHO HMEET MeCTo. OHO paBHOCHJILHO,
KOHeuHo, JiI0O0OMy H3 paBeHCTB

b b
lim S s,(x) dx :S s{x)dx,
n—>0o 4 a

b
lim S r, (x)dx=0.

n—co g
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MoxHo, omHako, NOKa3aTb, YTO STH COOTHOLIEHHS HE BCETHa
uMeroT Mecto. Ilpexne Bcero Mower okasaTbes, UTO (pyHKUMS S (x)
HeMHTerpHpyeMa B oTpe3ke [a, b); misi 3T0ro AOCTATOYHO, HAMPH-
mep, BuiOpath (uepr. 17)

J néx (O<x< 1),

Sa (%)= .
L (e
X n
(cooTBeTCTBEHHOE BHpaXeHHe IS 4, (¥)=s,(x)—s,_, (x) Bn,
yl
4
5
¥
> 8
) L
& ¢
p 7
1
0 777 P
o K ol =
Yepr. 17. YepT. 18,

€C/IM YrORHO, JIETKO YCTaHOBHTE caMH); (DYHKIHs

1

— 0 1

s(x)= ({x S U el
0 npy x=0,"
1

Kak BH 3HaeTe, HEMHTErpHpyeMa Ha otpeske [0, 1] (1»1603 S(x) dx =
= In %—»00 npu a —- 0).

Ho moxer cayuntbes n Tak, uTO ynKums s (x) unrerpupyema
B oTpeske [a, b], a pasencteo (13) BCE ke okasmBaercs HEBEPHLIM.
Hanpumep, mycrs (uept. 18)

Spx)=nx""1(1 —x*1) (n==1, 0<<x< 1).
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Tak kak npn 0 << x<1 lim nx-"1=01), 10 s(¥) =0 (0<x<<1
n—>cc
H, 3HAYHT,

s(x)dx=0;

(ST

MEXKLY TeM, KaK JIErKO BRIMHCIMTD,
g 1
- —1 =0 SR |
sn(x)dx.__ng(x —x2 ) dx = 3
(4]

y 1
202n—1)’

Clwy

BCJEenCTBUE YEro PaBeHCTBO (13) neficTBUTENbHO HE MMEET MecTa.
Ho nerxo y0OemuTbes, 4TO Nl BCAKOZO PABHOMEPHO Cx005iuje-
20c8 psda Henpepolerblx yHIUUT PABEHCE0 (13) enpasedauso.
[lpewcie BCEro, B STOM cyude, Kak Mbl yoe 3naeM, GyBKums s (x)
HenpepwBHA H, CllenoBare/ibuo, uHTerpupyema Ha otpeske [a, bl
ranee, aas moGoro g >0 cyulecTsyeT Takoe LEoe YMCIIO Mg, UTO
npu n==n, K mobOM X OTPEsKd [a. b]

[r, ()< &
[lpuMeHsisi H3BECTHYIO BaM TEOPEMY HHTErpa/ibHOr0 MCUMC/ICHHS,
cornacko Kotopoil K3 |f(x)| <S¢ (%) (a << x << b) BhiTekaeT
b

|

Mbl HaXOJIHM 1o3TOMY
b

lS rn(x) a'xl =< € (b——a) (n= n());

a

f(x)dx‘égw(x)dx,

Se—

a

BBHIy MPOW3BONBHOCTH € STO H NOKa3biBaeT, UTO
b
S r, (x)dx — 0 (n—> <),
a

a 570 PABHOCMJILHO PABEHCTBY (13).

1
1) DaeMeHTapHO 3TO IOKA3bIBACTCH tak: nycts 0 < x < 1, <=5

e

— 1=y Oprornazi=(-+4yy>1+ny +$r,—l)y’>'ﬁz_—_l) v

n
u 3HauuTt, nxt = — < — 0 opu n—> .

zn S —1)y3
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PagHoMepHasi CXOLMMOCTb, GyayuH, TakHM oGpasoM, AOCTATO-
HOH MPEANOCHUIKOR MOWIEHHOH HHTErpHpyeMOCTH DpHAd HENpEPhIB-
HbIX (yHKUMH, He #ABIAETCH, KaK M B npenbinylieii npobGneme,
HEOGXORMMHIM yC/IOBHEM 3TOfi  HMHTErpupyeMOCTH. HTOGH B STOM
yOeLHTbCs, NOCTATOYHO CHOBA PACCMOTPETb MPHMED, NpHBeAEHRLIA
na ctp. 107; 3nech CXOIMUMOCTb HCPABHOMEPHaA, HO B TO M€ BpEMi
opu n — oQ

¢ h c 1 “ il
I 2n — 7t e = 0
érn(x)dx——(gx dx Sx d)c._2n_1_l ZEEI
0

T. e. UMeeT MecTo pasenctBo (13).
PasroMepHasi CXOLMMOCTb KOHMKDETHO 3ajaHHBIX DSIOB “aIle

BCEro ycTaHaB/IHBaeTcs € MOMOUIBIO CAEAYIOLLErO NPOCTOrO NpH3Ha-
0

Ka: ecal 2 a,, — CX00uUlics PAO € NOAOHCUMEAbHbIIMIL HACHAMU
n=1
U ecau Oas scex Oocmamouro Goavuux n u scex x €M

lun (x) | = an’

mo psid (12) pasromepro cx00umcst Ha mHoycecmge M. B camom
fienie, B yCIOBHAX TEOPEMbl MpH JOCTaTOMHO GOZBUIOM 7 M JoGoM
k>0 nns Bcex x€M

| g1 (%) + Baga(x) 4. - (XN

3 ntk nik
Dzl < X a,<z
i=n-}1 i=n+1

(mocnenHee HEPABEHCTBO BHIMOJIHACTCS B CHIY KpHIEpHS Koun
JUTS BCEX HOCTATOYHO GOMbLIMX 72 Nph moGom &k > 0), 0TKyia B CHiy
kputepust Komm psn (12) cxonutes, H PH NOCTATOUHO ConbUIOM 1t
AN BCeX x € M.

|rn(x)lée!

yro W TpeBOBANOCH YCTAHOBHTD.
Crenennsie psan. beccriopHo nauGosnee BakHbIN 15 aHaIM3a
ciepManbHpf  KAAce  (PYHKIMOHANBHLIX  PAIOB  COCTABASIOT — TaK

8 A. 31. XunumuH, BoceMb JleKUMI



114 JEKUHS YETBEPTAH

Ha3blBaeMble cmenenHsle psi0b., T. €. psSOb BHIA
aytax+fapxP-... a4, (14)

THE Qg Ay, Qgyee.y Ay, ... CYTh HaHHbE BellleCTBEHHBIE yucaa. Mul
pacCMOTPHM 371eCh HEKOTOpHe BawHeliliMe CBOHCTBA 3TOTO KJAac-
ca pfaooB. .

Bhl 3naeTe mpewae Bcero, 4YTO U CTENEHHOrO psila BCErAa
CYLIECTBYET HEKOTOPHIi OTKpPHLITHIT OTpe3ok (— 7, -1-r) ¢ nenTpom
8 Touke 0, TaKk HasnBaeMblil UHMePBas cxOOUMOCIMU, BHYTPH KO-
TOPOIO HaHHbIl psin CXOMMTCS, @ BHE — PACXOIOMTCH; YHCIIO 7 HA3h-
BAETCH pPaduVcOM cx00UMOCM NABHOTO PsRd; 7 MOXeT UMeTb Jo-
60e 3uavene ot 0 mo —- o, BKIIOYas 06a 3TH Kpaiinne 3Hauenus

1
(rak. r=20 npu a,—n!, r— -} oc pu an’:;!)' 3anaHHeM pa-

IMyCa CXOMHUMOCTH 061acTh CXOOMMOCTH LaHHOTO psja onpelensercs
¢ TOYHOCTBIO IO ABYX FPaHHYHKIX €€ TOUeK; HMeHHO, 061acTh CXOMHU-
MOCTH MOXeT ObiTb JHOO 3aKpHITHIM, JMOO OTKPHLITHIM OTPE3KOM,
au00, HAKOHEL|, «MOAY3aKphITHIM», T. €. COAepXalluM OHMH M3
CBOMX KOHIIOB W HE COAepXallHM APYroro; Tak, Kaxabi#l M3 Tpéx

1
PSIOB C KO3(PHUMEHTaMH COOTBETCTBEHHO a,— 1, a":n_—|—l 9
1
@, == ;T MMEET PaluyC CXOIMMOCTH, paBHbiil enuuuue. Ilep-
Bblfi U3 3THX PAAOB pacxoiautes mph x=—1 n x=——1, 1. e.
B 00OMX KOHUAX MHTepBa/ia CXOHAHMOCTH (3TOT PSI €CTh TeOMeTpu-
yeckasi IpOIpeccHsi Co 3HameHarteseM x); BTOPOi paa npy x— |
00palllaeTCs B FapMOHHYECKHil psll, a npp x—— 1 B «psun Jleio6-
HHLa»
1

1 1 1 1
l—g+3—3+tg=r—gm+--

OH, CJIENOBATE/ILHO, PACXOAMTCH mpH X—1 W YCJIOBHO CXOIUTCH
npi x=—=—1; TpeTnil psin aGCOMOTHO CXOOHUTCA B OGOHX KOHIAX
HH1E€PBaNa CXOLHMOCTH.

Hanomuum BkpaTune, kak ycrasasiuBaeTcs 9Ta CreuHanbHas
¢opma 06nacTH CXOHDMMOCTM IS CTENEHHHX psnoB. Buson ed
OCHOBaH Ha 3aMeyaTeNbHOH TeopeMme: ecau psd (14) cxodumcea npu
X==0 Mo OH AOCOAIOMHO cX00UMCS npu AI00IM 3HQHUEHUU X, ONs
romopozo |x|<a. Bor e& moxa3aTenncTBO: W3 CXORMMOCTH psina
(14) npy x=—=a BHTekaeT, YT0 @,a"— 0 NpPH n— OC; 3HAUMT,
cyuectsyetr Takoe ¢ >0, uro |aa"|<c(n=1,2,...); nycm
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tenepb |x|< a|, Torza
n n B n Py o B
X X X
Y =Ylaat| I <3 F <o X 5[ =
k=1 k=1 k=1 k=1

. i

Td4K KaK Mpasas 4YacTb OT A HE 33aBHCHT, TO JieBasi OCTa&TCs OrpaHH-
YeHHOH mpr 71— oc, T. €. pal (14) aGconwTtHo cxoaurcest. M3 sToi
TEOpeMbl Cpa3y BLITEKAET Chne€uManbHas opma 00JacTH CXOLHMO-
CTH JJIA CTENEHHLIX PSLOB, TaK KAK BMECTE ¢ TOYKOH X 3TOH 06/1aCTH
NPUHA/UIeAT M BCE TOYKH, Jewallne K Hymo OiaMKe, 4YeM Xx.
Lpyrum c/encTsHeM 3STOR TeopeMhl IBASETCS TO, YTO B KaKIOH
BHYIMPEHHell TOUKE HHTEPBajla CXOOMMOCTH pan (14) cxoaurcs
abconomro. UTo Kacaercsi paBHOMEPHOH CXONMMOCTH, TO AJsl BCETO
MHTEpBa/la CXOOMMOCTH Mbl €€ YTBepWHaTb He MOXeM, KaK MOKa-
3bIBAET yXKe [MPHMEP reoMeTpHyecKOdl mporpecchu (e, —1): kak
oo

Obl BENHKO HH ObUIO #, 7, (X) = 2 Xx® CTAHOBMTCH CKOJb YTONHO
k=n-}1

OO0JbIINM, €C/IH X HOCTATOYHO 6.rm3xg K enuuxue. Ho znerko moka-
3dTb, YTO CIMENeHHOU Ps10 CX00UMCS PaBHOMEPHO 8 L1060M Ompeske,
KOHUBL KOMOPOZ0 AeXcam EHympu uHmepsasa cxooumocmu. B ca-
MOM Zlene, MycThb 7 eCTh PajHyC CXOOHMOCTH psana (14) um mycTs
O< r < r, Ins BCEX X, YAOBJETBOPAIOIHX HEPaBeHCTBY | x| < 7',
Mbl HMEEM MpH JI0OoM 7t

la,x"|<<|a,|r'
(e}
a Tak Kak |a,| 7" ecTb cXomSUMiACS PO C MOMOXHTENBHBIMH
n=1

uneHamy, 1o pan (14) no npusHaky, mokasaHHOMy Ha cTp. 113,
PaBHOMEPHO CXOmHTCS Ha OTpe3ke |x|=<r'.

Vi3 370l Teopembl mMexILy NpOUYNM BHTEKAeT TO BeChbMa BakK-
HOE C/IEACTBME, YTO CYMAMa CHIeneHHOZO psida ecmby (hyHrxuus He-
npepvisras 8 kaxncO0l suympewnnell mouke UHMEPBALA Cx00u-
MOCMLL.

B cnyuae, xorma psia (14) cXxomurcsl IPH X = 7, MOXHO BIIPOYEM
yTBePKIaTh, HTO OH PAaBHOMEPHO CXOIMTCH Ha ortpe3ke [0, r]
(4, 3HaUMT, CyMMa €ro HempepelBHA H4 3TOM OTpe3ke), 3Ta 3a-

8F
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-
meuaTesbHasi meopema Abesss MrpaeT BawHYIO pOMb B TEOPHH

pyxunii.
[ns nokasarenbcTBa €€ yCTAHOBMM CHA4aja CHERyIOULYI) 3Je-
MEHTapHY10 JleMMY, TaKXe NpHHamjexauyio AGemo:

iy 13y
2 a,(b,— b, )= 2 b, (ay—ay, ) — an,bn,_y + @nys1bns

n—rn, n—n,

roe n, >n, >0, a a, u b, —nobue uncna.
B camom nene,

Ng

Z an(bn - bn—l):

n—m

— Qn, (bn, == b”x—])—l_aﬂl+‘[ (bn,+ 1— bn,) —'_an..,g (bn,.pz—

— bpry) @y (bry oy — by o) -, (On,— by _y) =
=—apnb,_, Y+ bu (@, —an+)) - bp (Cn  —

— o)+ o I bn—y (@ — an) + bn,a., =

n.
= X b, (a,— @y, 1) — Qnbryy + Gny 1 bn, -
n—n,

Teneps MepexoiuM K IOKA3dATENbCTBY CaMOfl TeOpeMbl.

Teopema AGens. Ecau pad (14) cxodumes npu
x=r >0, mo oH pasHoMepHO cxo0umes Ha ompedre 0 << x << r.

NoxasatenbcTBO. IlycTe &— Npou3BONABHOE MOJIOXKH-
TeJbHOE YHCNO: B Ccuay Kpurepus Komm mpH BCEX NOCTATOYHO
GonbUIMX 11 M 6o B >0

ntk
| 2 ar|<s
i=n+1
n-t+-k
M i
NOJOXHM I8 KPaTKOCTH 2, a;r* =0,(0,=0), Tak 410 | G, | < ¢
i=nH1
(k=0,1,2, ...). Torna mpu O<x<r

n-f-k n--k

k
x\1{ . x\ i+n
fp e | = . i-r| 2=
E axt =— E a,.r(r) __; a;, ot '(r) —
=1

i=n+1 i=n41
k
- V x\itn
_H(ci <:'i—l) 7 ’
=1
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a MOTOMYy B CHIy HOKa3aHHOH JieMMbl (M BBUOY pasencTBa 6,— 0)
r-+k

l S‘ axilz
Pt 1
i=n+1

o e

-
x\ X x \ k41
<Xl ()" (1= ) (7)<

i=

3
x x\nt x \ nt+k+1 { x\n+1
QSR T =

B cwiy KpuTepus Komm MH 3akmouaem oTciona, uro psi (14) cxo-
LMTCH; TIEPeXOls ¥e K mnpeleay NpH kB — 0o, nodydaeMm u3 Mocjael-
HEro HepaBeHCTBAa, YTO MPH AOCTATOYHO OONMBUIOM N

Ir(x) | <<e (0<x<r)

3TO W O3HayaeT, urto psf (14) pasHOMepHO CXOIOMTCS Ha OT-
peske [0, r].

Heo6xonuM0 OTMETHTbL, ONHAKO, YTO M3 ~XOHDMMOCTH psna (14)
[pH X ==r HEMpPaBHIbHO OBIIO OH 3aKJIOYATL O €r0 PABHOMEPHOH
CXOZMMOCTH BO BCEM OTpeske (-—r, -}-r); TaK, pan

x X2 x3
1———1-—-‘——3—?—‘—.-- )

cxonsup#Hics npH x — l, OUYEBHIHO, PACXOIHTCH IpH x——1u
HE MOKET CXOOHTbCA PaBHOMEPHO Ha BCEM HHTEpBAJIC CXOAUMOCTH
(_— ]) + l)-

HenocpeacTBeHHO $ICHO, YTO OIHA M3 BakHeMlIMX 3anxad, CB-
3aHHbIX CO CTENEHHbIMHM pANaMH, COCTOHT B ONpeJe/iEHHH paauyca
CXOAMMOCTH I TO IaHHBIM KO3(¢uumeHTam psama a,; kak Bel, Be-
POSITHO, 3HaeTe, SJIeMEHTApHbIe MPH3HAKH CXOAHMOCTH YMCJIOBBIX pf-
OB C MOJIOKHTENbHBIMH 4YleHaMHM JaI0T BO3MOYHOCTbL PEUIMTL 3Ty
3ajayy B HEKOTOPbIX 4aCTHHIX MPEMIONMKEHHAX; TaK, HamnpHMep,

ecaH cyulectsyer lim Vl a,|=! npu n— oo, T0 r—_—ll , +
n—>co
unn 0, ecim, coorsercrenno, 0 << 00, /=0 nl= |- o0.

MoxHO, ofiHaKo, yKa3aTh METOlN, NO3BOJISIOLIMI peuliMib 3Ty 3a-
[aYy BO BCEX CJyyasX.
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n
Teopema. Nososcunm lim VI a,|=I. Tozda.
n—>o0

ll’ ecmn 0 <! <+ oo,
':l 0, eum = } oo,
-+ oo, ecn [=0.

Tak kak Bepxuuil mnpenes (KOHeYHbIH MIH GeCKOHEYHHIN) Cy-
LIECTBYeT Y BCHKOH MOCIENOBATENLbHOCTH, TO 3TOH TeopeMoH
NOCTaBNeHHAs 3afaya JeHCTBHUTEIbHO PELIAETCsl BO BCEX CILydasX.

[Tpexxme uem mnepefiTM K IOKa3aTeNbCTBY, BCIOMHHM: €C/IM
uyucsio [ ecTb BepxHuil mpemes HEKOTOPOH MOCAEIOBATENHLHOCTH,
T0 npu JioboM &€ >0 ¢ HEKoToporo Mecra BCE WieHbl ITOH
MOC/IENOBATENLHOCTH MEHblle yeM [ -}-g; HanmpoTWB, KdaK Yro HO
Iajexo B HaHHOH MOCNeNOoBATENBHOCTU OYNYT BCTpPeYaTbesi YHCINA,
6onbuive yem [ — g.

HokasarenbctBo teopemn. 1) [Myers 0 <! <} oc;

1
TMOJIOWKM I = ; HYXHO JOKa3aTh, uto, psin (14) cxomurcs mpn

0<x<r w pacxonutcs mpH x >T.
la) Iycrs 0< x< r=;—, rak uto [x<1; ouesunHo,

MOYWHO BHOpaTh uncio € >0 ctoab MambiM, uTo ({f-e)x < 1;
H3 ofnpefeneHusl uYucia [ BeTEKaeT, YTO MPH JOCTATOYHO 6OMb-
oM 7

Vo ol | o)

H, C/IeOBaTebHO,
la, | x" <[ (+-¢) x]%

rak Kak ({}-e)x< 1, 1o unenn psina (14) no a6conwoTHol
BEJIMYHHE MpH IOCTaTOYHO OONBLIIOM 7 He NPEBOCXONOAT COOT-
BETCTBEHHBIX WIEHOB CXOASAIIEHCA TeOMEeTPUYECKOH NpOrpeccHH,
OTKYZa c/ieflyeT CXOmMMOCTh pspa (14).
1
1b) Ilycrts x>r=l—,
manom € >0 mb Gymem umets ([ —e)x > 1. Ilo onpenenenio
uyucna / CyuecTBYIOT CKOJb YIOLHO OOnbliMe 3HAYEHHsi 11, LIS

tak uto /x> 1; mpu nocratouno

n
KOTOPbIX Vla"|>l—e, otkyna |a,}>(/—¢e)*, u, cremosa-

TeNbHO,
la, | x" > [ —e)x]*>1.
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Otciona cnemyer, uto psin (14) comepwHT GecKoHeuHoe MHOMe-
CTBO 4/IeHOB, a0COMOTHAs BEMMUMHA KOTOPHIX NPEBOCXOMHT Emu-
HHly; oOumll unes ero He MoxerT ObiTh NOSTOMY GECKOHEUHO
ManblM, M Psill PacXOMHTCS.
2) INycte {=0; TpebyeTcsi noKa3aTh, 4to psan (14) cxomutcs
ans mobGoro x >0. Ilo onpemenenuio uucna / mpy X0CTaToOyHO
GonbuioM n

n
—— 1 1 1
Vie < g 18,1 < 55s N, 57 < 5

T. e. n-f unen psna (14) npu mocTatouno GoJbuiom 1 no  abco-
JIOTHOMY 3HAYEHHID CHOBA MeHbIIE [f-TO 4YIEHa HEKOTOpPOH CXo-
nsiniefics mporpeccud; 3HauuT, psan (14) cxomuTes.

3) Myctb /== -}-oc; Ttpebyercs nokasatb, uto pan (14)
pacxonutcst npu nobGoM x >0. Tlo onpemenenvio [ Mu s
CKONb yronHo GONbIIMX 72 HOMKHBI HMETh:

n
———8 4|
Vil > 5 lag " > 1

CHOBA, 3HauuT, OOLMH uien psana (14) He MoxeT GuTh GeckoHeuHo
MaZHM, W pfn pacxonurci. Takum o6pa3oM, Teopema nokd3aHa
BO BCeX CJyyasiX.




JIEKOWA V

MPOU3BONHAS

IpousponHasi GYHKUHS U npoM3Boiuble unciaa. — JuddepeHunan. —

Teopema JlarpeHma. — [losTopHoe nnd deperunpoBanue. — [Ipenens

OTHOWeNnuH OEeCKOHEHHO Manbix H CeCKOHeuHo Gonbilux. — Popuyna

Tsinopa. — DkcTpeManbhble 3Hauenns. — YactHoe muM@depeHunpoBa-
nHe. — HesiBHEIe dhyHKUME.

[Ipomssonnas ¢yHkUHS W Npou3BoAHbie uucaa. Ilo cux
NOp Mbl MPEUMYLIECTBEHHO HMEJH IeJIO ¢ BO3BENEHHEeM BCIOMOTa-
TEJIBHBIX dHAJIMTHYECKHX KOHCTPYKUHMH MM ¢ aHA/NM30M OCHOBO-
no/oXkHeX NoHATHH. CeronmHs Mh MEPEXOAHM B LEHTPalbHOE
31apye MaTeMaTHYECKOro auaiM a, KOTOpO€ COCTAB/SIOT YueHHs
0 IH(PMEPEHUHPOBAHUH U WHTErPHPOBAHHH.

[Tyctb y=f{x) ectb yHkuMs nepemeHHOH X, onpelenénbas
B HEKOTOPOH OKPECTHOCTH TOYKM x—a. Eciu Mbl OT 3TOH Touku
nepedném K Touke g -4, TO (QYHKUMA Y MOMYUYHT <MOPHPALIEHHE>
fla— k) — f(@). Ecm Ml XOTHM NOAYuMTH NPEACTABICHHE O TOM,
KaK ObiCTDO MEHSIeTCi BeJIMYHHA Y [pH M3MEHEHHM He3dBHCHMOH
NepeMEHHON X, HACKOJIBKO «4YyBCTBMTENbHA» (PyHKums f(x) K Ta-
KOMY HM3MEHEHMIO, TO Mbl HO/MKHH, KOHEUYHO, TaK MM HHAye
COMnOCTaBHTh, CPABHHTL MEWKHY COOOH npupalllesHe (yHKuMH Y
H TO H3MEHeHHe /i BeJMuYMHB X, KOTOPOE€ MOB/AEKJIO 3a coOoil
9TO [pHpaluIeHHe; €CTECTBEHHeEe BCEro paccMaTpHBarb ¢ 3TOH
LEeBI) OTHOLIEHHe

(1

KoTopoe na&T HaM cpeldee MpHpalieHHe (YHKUMH VY, PacCUMTaH-
HOE€ Ha €NHHMIY MPHPAUIEHMH BEJHYHHB X; OAHAKO, pacuyéT 3707
NPOH3BENEH mNpH omnpenef€HHOM 3HayeHHH £ u Gyler, BooOlle
rOBOps,, NaBaTh pAa3JIMUHLIE DPE3Y/AbTaThl NMPH Pas/MuHLIX A; 15
TOro, 4TOObl MOCTAB/ICHHAH 3amadya MOJYYMIa ONHO3HAYHOE peule-

flet-n—f@
n 14
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HUE, Mbl DOMKHBI OyleM YCJOBUTBCH BHOHPaTh BeNUdMHy £ Ha
OCHOBE KaKOro-1160 eMHOrO MNPHHUMAA.

Eciu Hamiefi Lesblo siBnseTCs MCCJea0BaHHe noseneHus (hyHk-
uMH  f(x) B OanmkafilleM COCEACTBE TOYKH d, TO SICHO, 4TO
penyuHa (1) B KauyecTBe Mepbl <HU3MEHYHBOCTH» (QYHKUMU Y
6ynetr tem GoJbILe YIOBIETBOPAThb HALIMM 3anNpOCaM, Y€M MEHLILEe
Mel BhiGepem |A|; B camom nene, Benb BeauunHa (1) xapakte-
pH3yeT HaM «CPEJHIOI H3MEHYMBOCTb» (YHKIMH B OTpe3ke
[a,a 4 k], xotopui#l Tem Omike NpHMBbIKAET K TOYKE @, HeM
menblie |£]|. OT 3Tux cooOpawenuil s HAC, 3HAKOMBLIX C MOHS-
THEM NPEeAeNbHOrO MEpexond, ywke BCero OAMH LIar M0 NpH3HaHWL,
YTO Mbl MOJY4HM HauGosee YNOB/NETBOPMTENBHOE peIleHue HaleH
3aja4yu, €C/H 32 XapakTepUCTHKY H3MEHYHMBOCTH HameH ¢yHKuHH
B GmnkaBiliem COCEACTBE TOYKU d TMpuUMeM npedes sesuxurvt (1)
npuy h—0 (B npennosoweHud, pa3ymeeTcd, YTO STOT npexnes
CYLLUECTBY€T), T. €. BEJHYHHY

fla)=lI

h=>0

n At fila)

) ==
h

npyras ofuienpuHsTas cucrema o6o3HayeHHH ecTh, KaK Bbl
3HaeTe. .
0 . Ay
h=Ax, fla-+h)— f(@)=Ay, f'(a)=Ilim g

Ax—>0

DTy NOCNEAHIOD BEJHYMHY MBI HA3LIBAEM nPOU3BOOHOI (PYHKUMU
f(x) B Touke a (uamM «npu x=—=a»). Takum o6pa3om, npoOH3BULI-
Hasi NaHHOH (YHKUMM B NaHHOH TOYKE NMPU3BaHA XapaKTepPU30BATh
co60ff OTHOCHTEJBHYIO H3MEHYHBOCTE STOH (DYHKUMHM B HEMOCpen-
CTBEHHOM COCENCTBE 1NaHHOH TOukW; uem OCosbiue | f'(a)|, Tem
YyBCTBUTEJbHEE BEIUYUHA Y K MalbiM OTKJIOHEHUSM BEJIHYHHB X
OT €& HayalbHOrO 3HAY€HMA d; 3HAK We BeAWYMHB f' (@) xapak-
TEPU3yeT HANpaBJeHHE 3TOH H3IMEHYUBOCTH: BeJMYHHA f'(2) DosO-
WHMTEMbHA WJIW OTPHLATENbHA B 33BHCUMOCTH OT TOrO, BO3pacTaer
wiy yObiBaeT (yHKUMS Y OpPU  MajblX YBEJMYEHHAX, KOTOphle
NpeTepneBaeT BEJMUMHE X, OTOPABJAACH OT HAYaJbHOIO 3HAYEHHS 4.
Ecnn  dynkumio y=— f(x) wu306pasutb rpaduyeck, T0 HHTe-
pecylolias Hac M3MEHYMBOCTb MWIUIIOCTPHPYETCH, OYEBUMIHO, TeM,
HAaCKOJbKO KPYTO [OAHHMAeTCH WM OlNyCKaeTCH HauepHeHHas
‘KpHBasi, KOrZa MepeMeHHas BeJMYMHAa X MPOXOAHT Yepe3 3Haye-
HHE d; B TOYHLIX TEPMHHAX, KAaK B 3HaeTe, NMPOU3BOAHANA WIIIO-
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CTpUpYeTCH YIIOBHM KOS(GMHUHEHTOM KacaTeNbLHOH K  KPHBOH
y—7ft) npu x—=a.

HauGonee mpocToe peasbHOe WCTOJKOBAaHHE MPOU3BOAHAA M[O-
JyyaeT B TOM CJyuae, KOFIa He3aBHCHMAas MEPEMeHHas X CHMBO-
au3upyer spems. Ilpu 3TOM ycnosuu Benuyuuna (1) npedctasiser
coBolf CpenHI CKOPOCTh HM3MeHEHUS! BEJHWYMHH Y B TeyeHue
npomexyTka Bpemenu [a, a -+ %), a npoussonnas f'(a)— <ucTuH-
Hyl0 CKOPOCTb» STOTO H3MEHEHHSi B MOMEHT O; B YacTHOCTH,
ecsiu y:_—f(x) 03HayaeT MyThb, NpOHAEHHLIH ABMIKyNleHca TOYKOH
3a BpeMsi OT HEKOTOPOTO NOCTOSHHOTO MOMEHTa @ 0O MOMEHTa X,
AOHATHE MPOM3BOMHOM B TOYHOCTH COBMNANAeT € MEXAHWYECKHM MO-
HATHEM MTHOBEHHOH CKOPOCTH.

B mateMatHYeCKOM €CTEeCTBO3HAHHM W IPYTHX APUJIOKEHHAX
aHanau3a [POM3BOJHAS MrpaeT TaKylo BhULAIOULYIOCS POJb MMEHHO
AOTOMY, WYTO OHA [a&T JIOKaNbHYI0 X3apaKTepHUCTUKY H3y4YaeMOro
siBleHus B HauboJiee BaXHOM OTHOIEHHH —— KOJMYECTBEHHO oOle-
HUBAeT M3MEHSeMOCTh OAHOM U3 JIBYX CBA3aHHBIX Mewady coboit
fepEMEHHLIX BEJMYUH ApH HU3MEHEHHH Npyroff.

Ecnu 61 BLi CEeromns 3nech CAbIIIAAM O NPOM3BOLHOW B mep-
Bhif pa3s, Bbl, BEPOSITHO, Temepb COPOCHIM OhL OOYEMY e TOBO-
pAT NpOWSBOIHAf, OTKYLa STOT eHckull poa? Bems peub WI&T
o npenene, ydcie U T. “A. Ho B, KOHeyHO, 3HaeTe, B 4&M HeJO:
«MpOM3BOJHAS» COKPAILEHHO 03HAYAET «NPOM3BOAHAs (YHKIMS»;
BeCh pacyéT M BCE PAcCY!NeHMS, MPOBeAZHHLIE HAMH AJ8  OIHOH
(npousposbHO  BLIGpanHoH) TOYKK @ OTpeska [a, h], Mbl mOweM
nponenaTe AAA  MoGoH TOYKM X 3TOTO OTpe3ka (B Mpejnofoxe-
HUH, pa3yMeeTcs, HYTO KawaHl pas BoiyMc/isembiil opesnen cyuie-
CTBYyeT); monyyaemasi Takum o6pasom (yHkuus f'(x) v Ha3bBaeTcs
npoussodnol Qpyukuued. Camo coGolt pasymeeTcs, BCE 3TO
paccyIeHHe HUYEr0 HE MEHfeT B TOM OCHOBHOM (haKTe, HTO
NPOU3BOJHAS €CTh JO0KQ/AbHOS XapPAKTepUCTHKA AaHHOH GyHKuUHY,
0co60 BRMHCASEMas [N KAWAOW OTHeNbHOH TOUKH M [PU3BaHHAs
ONUCEBaTL C0GOH mnoBeneHHe 3TOH (PYHKUMM He B 1EJOM OTpe3ke
[a, b), a nump B Gamkadiiem COCENCTBe €r0 OTACAbHMIX TOYEK.

dynkums f(x) nasbiBaeTcs Oughgbepennupvesmol npn x=—a,
ec/i OHAa MMeeT MPOU3BONHYIO B TOYKE Q; OHa Oughgbeperuupyema
8 ompesxe [a, b), ecan DpoM3BOMHAT CYIMIECTBYET B KawAOH
BHyTpeHHett Touke 3T1Ooro orpeskd. QOuepunno, uto mudipepenuu-
pyeMocTb €cTb, MOAOGHO HENpPEPLIBHOCTH, JOKa/bHOE CBOHCTBO
¢dyHkuuil. Bl “3HaeTe, KOHEYHO, YTO mupdepeHuMpyemMoli B TOUKe a
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MoweT OBITh TOJBKO (YyHKuMSl, HENpepLiBHas B 3TOH TOYKE; 3TO
BHUIHO W3 TOrO, 4TO Korla 3HameHaTteJb npobu (1) cTpemutcs
K HyJI0, TO 118 CYUIeCTBOBaHMA mnpelena HEOOXonMMO, HTOOHI
CTpeMHJICH K HYJI0 M YucauTenb 3Toiéi ApobM, a 3TO Kak pa3
B BHID2XAET HeNpPepHBHOCTE QYHKIHH f(x) B Touke a. Bhl 3naete,
BEPOAITHO, TaKxe, YTO oOpaTHOE 3aKJII0YeHHe HEeBEPHO: HenpephblB-
Hag QyHKUHA MOXET KW He HMETh
npousBonHol; Tak, dyskuna f(x), ¥
KOTOpasi u3obpaxceHa Ha wyepT. 19

U nd KOTOpoH HeT HamoOHOCTH yflz)
NPUBOAMTL AHAJHTHYECKOE BhIpaXe-
HHE,  OYEeBMILHO, HeHpepbiBHA; B
TOYKE & CylIeCTBYeT Apenes] BbIpa-
wenust (1) mpu A—>—-4-0 u npu
h— —0, Ho 3TH [Ba npenena
pasiudnbl Mexcny co6oi (reomerpu-
YeCKH STO CKa3hiBaeTCs B TOM, YTO B v o 2
TOUKe G KpMBas He wMeeT ennHol Yepr. 19.
KacaresJbHOH; MOXHO HalesiThes, YTO

nocsne Hamled TpeTbel JIeKUMH HUKTO H3 Bac HE CTaHET YTBEPK-
nath, 4TO 4YepT. |9 usobpawaer «He omHy, a mBe QYHKIMH»).
INostomy npenen apu # — O He cyumectByer. [lpenesn Bhipake-
wust (1) npu 2 — -4 0 u 2— — 0, eciu OHM CYLIECTBYIOT, Ha3HBa-
IOTC COOTBETCTBEHHO MApPaBOH H JeBOM NPOU3BOAHONH (PyHKIMH
f(x) B Touke a. Inn mndpepenunpyemocrd  (QyuKiuu  f{x)
B TOYKE Q, OYEBHUIHO, HEOOXONHMMO M IOCTaTo4yHO, YTOOL nNpaBas
Y JleBasi MPOM3BOLHBIE B STOH TOYKE CylIECTBOBA/IH H COBMNANAJH
Mexay coBGofi.

Yept. 19 na¥&t nam npocrediunft mpumep cayyas, Korna He-
npepniBHasi YHKLMS B OTAEJBHOM TOYKE JIMIIEHA OPOU3BOHOM;
OIIHAKO, 3J1eCh BCE We CYILeCTBYIOT NpaBas H JieBas NPOU3BOMHbLIE;
€CTECTBEHHO 1IOCTABUTL BOMPOC, BCErla JM 16710 OOCTOMT Tak;
U nerko y6emMTeCsl, YTOo ORIBaOT CJlyyaW, KOTIa HENpepbiBHAsi
¢dynkuus Henndpepennypyema B ropasno 6oJee rayGoKOM cMEICTE,
Yepr. 20 cxemaTtuyeckd H3006parkaeT MNOBEINEHHE QYHKIHMH Y=

b

.1
= XxSin - B COCENCTBE TOYKH x—0; Tak kak nmpu x—0

-
lxsm;|<|x[——>0,
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1o, nosnaras aonoaHuTensHo y==0 npu x=0, MB BUIUM, YTO
¢yHKuus y HempepeiBHa B Touke 0; HO TaK Kak npu CTPEMICHWH

1 -
X K HyMO (Hanpumep, Cnpasa)—- — 00 u motomy sin - Gec-

GHCJCHHOE MHOWECTBO pa3 konebnercs meway -1 u —1, 10
\\ y*
N\
\
~
N
Y
N
\
N
N
N
N
\.
N\
N
N\
N
N\
N
Y
\
N\
0
\j VZ
7/
Ve
d
Ve
4 \
/// =
% N
/ N\
4 \
7 N
d
s N
N

Uept. 20.

!
xsin — copepmaeT GecuncJeHHOE MHOXECTBO kosieOanut Mexcny
OpAMEIMM _y==X M y=— X; BEIpaWeHHEC (1), paBHOe B HaLleM
1
cayyae sin — (npu &=—0 u A==Xx), uMeeT 4YaCTUYHHIMH Mpe-

nenamu Bce uucna orpeska [— 1, -+ 1]; Bepxuuii npesren ero
ectb -} 1, nmkauft — 1; B TOYHOCTH TO K€ CAMOE MBl MMEEM
npu x — — 0; Takum o6Gpa3om, 31eCh B TOUKE O neT nu npaso#,
HU JIEBOH APOW3BOIHOH.

B o6uiem ciyyae Bbipawenue (1) UMEET BepXHUH M HUNHHE
npeneskl Kak npu £ — -0, Tak W 0pH h—— 0, 3TH YeThipe
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NPEJIENa HA3LIBAIOT NpPOUSBOOHbIMIL HUCAGMU JAHHOHK (PYHKIHH
B JIAHHOR TOYKE, Kawa0oe M3 HHX MO¥eT ObTb AuGo YuciIoM,
100 OfHMM W3 CHMBONOB —-oc. Takum o6pazom, n06as (yHK-
uMst B 000H TOuKe (B HEKOTOPOH OKPECTHOCTH KOTOpoH oHa
ONpesie/IeHa) MMEET YeThipe MPOM3BOAHLIX 4YHCJA: MPABOE BEPXHEE,
fpaBoe HHKHEE, JIEBOE BEpXHee, JEBOE HHMWHee; ec/i 00a npasbix
(JIEBBIX) NPOU3BOAHBLIX YHCJA COBNANAKT, PYHKIUS HMEET B JAHHOH
TOYKE MpaBsylo (JEBYIO) NPOM3BONHYIO; B CJyuae, KOTIA BCE YETHIPe
4MCJI3  KOHEYHH M COBOAAalT MeXay co6oi (H TOJAbKO B 3TOM
ciaydae), yskuus nuddepesuupyeMa B JaHHOH Touke. [lpumep
ciyyast, KOFfIa BC€ YeThIpE NPOU3BOAHBIX HYHCJIA B HEKOTOPOH
TOYKe OeCKOHEYHBI, HA&T (DYHKIHS

(]flxlsinlnpu x50,
y=A x
{ 0 npu x=20

B Touke x—0, KkaKk Bbl Tenepb Jerko pasGepérech camu.

Ecnn Temepe npubsite BO BHUMaHHE, YTO TOJBKO YTO HApH-
COBaHHAA HAMH KapTHHA MOXeET JiIs OAHOH W TOH e (yHKuMH
B pPa3HbIX TOYKAX CKJaAbiBaThCH COBEPLIEHHO [10-Pa3HOMY, TO BEl
NOMMETE, KaKoe c/iowHoe 06pa3oBaHHe MOWET SiBISTh COOOH onna
M Ta W€ (QPYyHKUMA B OTHOWEHWM K HIee AMPOEpPeHIHPOBaHHS.
Slenenns, nonoGubie H30OpawEHHOMY Ha uwepT. 20, OTHIONL He
BCErN@ fIBJAIOTCA MPHHALIEWHOCTBIO JIMIIL OTAEJbHBIX, H30JHPO-
BAHHBIX TOYEK; CYILECTBYIOT HEMpPEphBHbIC (YHKUHH, HMEIOIIHE
CTOZIb  We  CJAOWHYIO CTPYKTYPY B COCEACTBE K@H# OO TOUYKU
(1 B HaCTHOCTH, 3HAYMT, HMTIE HE AudepeHIpyeMee); K coma-
JICHUIO, PAMKH HAUIMX JIEKUMH He M[O03BOJSIOT HaM OCTAHOBHTHLCS
HA KakOM-JMGO U3 MOCTPOEHHBLIX TeNepb yxe B  GOJBILIOM YHCJE
APHMEPOB NOAOOHBIX (DYHKIMH.

BmecTo 3TOro paccMOTPUM MpPHMEp MPUMEHEHHs! HPOU3BOMHLIX
yucen. Bor 3naete, xoweuno, 4To s auddepeHuMpyeMbx  QyHK-
UMH NOBENCHHE WX B CMBLICJIE BO3PACTABMA U YObLIBAHHH TECHO
CBSI3aHO CO 3HAaKOM HpoM3BOAHOH QyHkuMH. B 4acTHocTH, ecnu
BO BCeX Toukax otpeska [a@, b] f (x)=0(<<0), 10 PyHKuun
f(x)— ney6uiBaionas (HeBO3pacTalonlas) Ha 3TOM OTpe3ke. ITu
APU3HAKH BO3pPacTaHMA M yOLIBAHUH HE OCTaBJISIOT, KOHEYHO, we-
JaTh HUYEro Jiyunlero B TeX ¢/ydadX, KOTAa OHM NPHUMEHHMB,
T. €. KOrga nadHas (yHKUMs HMEeT MPOM3BOJHYIO; HO B C/Iyuae
HeH(pdepeHupyembix QyHKIMH [PH3HAKKW STOIO poAa, pasy-
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MEeTCs, He [T HHYero; a Mewiay TeM mnpu Omnkaiiiuem upccre-
IOBAHUH OKaspBaeTcs, YTO Haes Nomo6GHOrO0 pona OPU3HAKOB
BO3PacTaHusl U yOnBanua (QYHKUWH HY B KaKOH CTeNeHH He CTOUT
B 33aBUCHMOCTH OT HX AMPGHEPEeHUHPYEMOCTH; YTOOHR B 3TOM yGe-
IWTbCH, JOKAXeM CJAeAYIOLICe MpenjoweHHe.

Teopewma. [lycmy f{x)— HenpepoigHas HVHKuUs Ha Om-
pesxe [a, b] a nycmbs 00HO u3 uembpéx npoussOOHbLIX Hucen
amofi  yHrxuuu — obosnaqum e20 4epe3 D f(x)— neompuna-
mesbHO 0451 Btex a<< x << b; mozoa f(b)= f(a).

Camo coboli MOHSTHO, YTO 3Ta PelaKlMs APU3HAKA CYIIECT-
BEHHO CHJbHee OOBIYHOH, TaK Kak 371ech peyn WIET O 6ol
HENpepbBHOH (QyHKUHH, BOOOILE roeops, HelugdepeHuHpyeMoil.

HokaszarteanbcTtBo. IlycTh, B mpoTHBOpeuHe ¢ yTBepKie-

nuem teopemsl, f(h) < f(a), ¥ YMCIIO € TAKOBO, HTO f_____(ab) __‘{(b) >
>e >0, nyctb s onpenenéunoctu D f(x) — uparoe Bepxnee

npousBoaHoe Hucao ynknuu  f(x). Tlonowum ¢ (x)= f{x) —
— f(a)}-&(x —a); oyesnnHo, ©(a)=—0 u

- flay—f(b)
v 0)=(b—a) (e —L9=LD) <o. )

[Mycts M— MHOXeECTBO ToOueK oTpe3ka [a, b], B KOTOpBIX
@(x)==0, ¥ a— BepxusA rpaHb 3TOF0 MHOXECTBA; €M Ghl Ml
uvern @ (a) >0 (wm 9(a)< 0), TO TOYKY @ MOXHO ObiO Obi
OKPYXHTb OKpPecTHOCTHIO {J, B /060H Touke x KOTOpOH @ (x) >0
(11 COOTBETCTBEHHO © (x) < 0); ¢ npyroit CTOPOHKI, B CHIY Omnpe-
JeneHus BepxHeH rpasu /06an OKPECTHOCTh TOUYKH 0 JOMKHA CO-
Iep¥aTh TOukH, riae ¢(x)==0. IJT0 npoTHBOpeyHe NOKAa3LIBAET,
yto 9(a)=0. Tak kax ¢ (b)< 0, 10, oyeBnano, ¢(x)< 0 ansn
a< x << b; ana mo6oro Takoro x

¢(x)—¢ () <0,

X —2a
seaencreue vero u Dy (a) << 0. Ho
Dg(@)=Df(@ e,
Df(x)=Dy(a)—e <0,

YTQ CTOMT B MPOTHBOPEYHH C YCJOBHEM TEOpEeMHl, KOTOpas TaKuM
06pa3oM A0Kasana.

OTKyza
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Huddepenunan, Crenyionmm OCHOBHLIM NOHATHEM YUYeHHH O
IuddEepeHIHPOBAHUH  CIYIKHT NOHATHE oucbgbeperiugra. B na-
CTosillee BPEMsl Mbl cYHTaeM aupPepeHnnal BTOPHYHBIM [OHATHEM,
Onpene/seMbiM Yepes [OHATHE APOM3BONHOH; OMHAKO STO HE BCe-
raa Obino Tak; B SMOXY 3aPOXIEHHs aHaIM3a GEeCKOHEYHO MasbiX
U eLIE [onroe Bpemsi COYCTH [EPBHYHBIM MOHATHEM aHaj M3a Cyu-
Taid WMEHHO AudbdepeHUHan, APOH3BOIHYIO e ONPENesIH KaK
oTHOwWeHHe NH(GDEPEHLHANoB, T. €. KaK BTOPUYHOE MOHSTHE.
Ilpu 3Tom yacTo nowsiTHe aMdepennHasa ocTaBanoch 6e3 Y&T-
KOr0' ONPENC/ICHHS M JaXe HewIo B ce6e MPOTHBOPEYMBHIE YEpPTHI,
TaK KaK B 3Ty SMOXY B MaTeMaTHKE MNHAIEKTHYECKHE TMPUEMBI
MBIILIIEHHS], CIOCOGHEIE OXBATHTH B Kau4eCTBE e[HHOr0 0ObeKTa
NEPEMEHHYIO BE/MYMHY B NpOUECCe €€ M3MEeHEHus, He [0.yYuIu
en€ N0CTaTOYHOro pPa3BHTHSA.

dopmanbHoe ompesenene mudgepeniana BaM, KOHEUHO, W3-
BECTHO: Mbl Ha3wBaeM nudgepeninanom Qynkuuu y=— f(x) Be-
JIMYHHY

rae Ax — MpHpalleHye He3aBuCHMOH nepeMeHHOH; amuddepenuman
(yHKUMM f(X) €CTb, TakuM 0Gpa3oM, (QyHKUMS JBYX HE3aBHCHMBIX
MeXIY COGOH MepeMeHHbIX — BEIHUUHE X W ed NpUpAIeHHs Ax;
3HAaYEHHSl 3THX ILBYX [EPEMEeHHLIX HWUKAK Meway co6o# He CBA3aHH
H MOTYT GhiThb BHGpPAHbl COBEPLIEHHO HE3ABMCHMO APYF OT Ipyra.
PaccwatpuBas, B 4acTHOCTH, QYHKUHIO ¥ ==X, Ml NPUXOANM
K BBHIBOLY, 4YTO dx=—Ax, T. €. A8 He3aBHUCHMON e pemMeHHOH
audepeHunan ¥ npMpalleHde BCErla COBMNANAIOT Mexay coboii;
noncTapans B ¢opmyny (3) dx Ha MecTO Ax, ME HAXOLWM:

dy=f" (x) ax,
OTKy.la
y=fwn==2,
T. €. MpOU3BOMHAasA paBHa OTHOWIEHHIO NHpPeperunana Qynkuvn
K nudpepeniraly He3aBUCHMOH mnepeMeuHok.

OTH 4YHCTO (OpManbHble PACCMOTPEHMS HE TIO3BONSIOT eld,
OHAKO, MOHHNTL TO OFPOMHOE 3HauyeHHe, KaKoe HMeeT MOHATHE
auddeperurana s anaiu3a W ero npuiowenuil. Yrobw paso-
Gpalbcst B 3ITOM BONPOCe, HANO BrisieTbcs B uiel mudbbepeH-
uMana no cywectBy. Byner, mower 6wTb, Bcero yGenutenbuee
HAuYaTb C PACCMOTPEHHMs TOrO YacTHOTO CJyYas, KOFLa X O3HAY4er
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ppems, a y=— f(x)— nyTb, NpOHNEHHHH JIBUIKYLIERCH TOYKOH
3a npomexyTok Bpemenn OT 0 no x. B sTom ciyyae, Kak Mbl
3HaeM, MPOU3BOMHAR f’ (X) O3HAYaeT MTHOBEHHYIO CKOPOCTDH JIBUIKY-
uieficss TOYKH B MOMEHT X; CJGIOBATE]bHO, dV— F (x)Ax ecm
BesMYMHA TOTO NyTH; KOTOphIA mpouuia Owb JBIXYyUlascs TOUKaE
3a npoMexyTok ppemenn [x, x - Ax], ecau Gn B TeueHue STOTO
NpOMEXyYTKAa OHAa [BMIanach PaBHOMEPHO € TOH CKOPOCTBIO, KAKYIO
OHa uMeeT B Hayane STOro mpomexyTka. [leficTuTenbroe pac-

¥

7kl

UYept. 21.

crosinue, NpOHAEHHOE TOYKOH 3a STOT NMPOMEXYTOK BpemenH, Oy-
geT, BoOGIIE TOBOpS, JpyruM, TaK KaK CKOpOCTb HE 6yner
OCTaBaThCs MOCTOSHHOW,

B ofuemM ciyyae, KaK MH 3HaeM, MpOW3BOJHAA [ (x) moxcet
paccMaTpHBaThCsl Kak Mepa OTHOCUTENBHOH M3MEHYHBOCTH Be/M-
YMH y M X [OpH JaHHOM 3HAYCHHM X; nudpeperynan dy=—f(x)Ax
MBI MOEM MOSTOMY paccMaTpHBaTh KaK TO MPUPAILCHUE, KOTOPOE
ponyuuna Ob QyHkuus y (npu M3MEHEHMH BEJIMHIHA x oT eé
NepBOHAYANLHOFO 3HAYEHHA 1O x -+ Ax), ecan Gbl BO BCEX TOUKaX
otpeska [x, x-}-Ax| sta mepa ocTaBanach TaKOH e, Kakosa
oHa B Hayane STOr0 OTpe3Kd. ITY KOHUEALMIO HAFAILHO HJUIO-
crpupyetr uept. 21: 4y eCTb MAPHUPALICHHE, KOTOpO€ [OoJy4Yu/a
6bi Ha MyTH OT X 10 X - Ax opauHaTa kpupo#t y= f(x), ecmn Gni
HaK/OH KpHBOH Ha BCEM STOM MPOMCWYTKE OhlJl TAKOH e, KaK
B TOYKe X, T. €. €ciu OH Mbl 3Ty KPHBYIO 3aMCHHIM KacaTe/b-
Holi, npoBen&HHOH K HeH B TOUKE, abciucca KOTOpOH paBHA X.

e ——
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BeposiTHO, MHOFHM M3 Bac M3BECTHO, YTO B MPHKJIALHBIX Hay-
Kax MpH MalbiX 3HA4YeHHsiX AX 4acTO He HeNAlOT PasiHius MEdLy
npupauternyeM Ay v nuddepenumarom dy Qynkuun y=— f (x);
HHOTAZ STO palT Hawe MOBOA K HENPAaBHIbHOMY M BPEIHOMY
TIPEACTABNEHHIO O auddepeHurane Kak 0O «GecKOHeYHO MasioM
fpHpalesuH» (B AeHCTBHTENIbHOCTH augdepennuan, Boobiie
rosopsi, He $BAAETCS HH NOPUPAIEHHEM, HH GeCKOHEYHO Majiol
BemuuuHoi). Ham monesno GymetT nocTaparhes OTBETHTH Ha nBa
BONpOCA, €CTeCTBEHHO BCTAIOWIMX MO MOBOLY TAKOH S3aMeHbi:
1) B kakolt mepe 3Ta 3amesa oGocHoBaua? u 2) KaKylo noJb3y
MOXET OHa MPHHECTH?

Hto6n OTBETHTL Ha mepBhIl Bonpoc, GymeM HCXOOMTH U3 CO-
OTHOUIEHHS

f (x)=Ilim ‘i—y;
Ax—+0°%

00603Ha4uM Yepe3 @ GECKOHEYHO Masyld B CHJy STOFO COOTHOLLIe-
A
HUsl pasHOCTb Ey— f' (x); at0 ma¥r

Ay=f (x)Ax >-aAx—dy L aAx. (3)

Tak xak a-— 0 npu Ax— 0, T0 npousBenenne @ Ax ecTb 6Gec-
KOHCYHO Ma/asl BRICHIETO MOPSAKA CPaBHUTENBHO ¢ AX; HO OTHOLIe-

d A
HHe d—i == f" (x) ecTb BesIMYMHa NOCTORHHAS, a OTHOIIIEHHe—A—-’; ApH

Ax — 0 uMeeT 5Ty NOCTOAHHYIO BE/IMUMHY CBOMM TIpeesioM; Ti0-
STOMy, ec/H TOMBKO f'(x)=~= 0, Bce Tpu Bemuuunel Ax, Ay, dy
HMEIOT OJIMHAKOBHIR MOPANOK ManoCTH, T4K YTO BeAHYMHA g AX,
Oynyin GEeCKOHEYHO MaloH BLICLIErQ AOPFAKA CPABHUTENLHO C Ax,
€CTb BMECTE C TeM OeCKOHEYHO Masast BhICIIEr0 MOPSAKA M OTHO-
CHT/IbHO KawIoH M3 BenmuuH Ay, dy; Takum 06pasoM, noJyueH-
HOE HaMu COOTHOLIEHHE MOKa3wBaeT, yTo, ecau f'(x)=£0, pas-
Hocmb mexcOy npupauerues u Ougbgheperuuanron @ynruuy npu
Ax — 0 ecmv Gecxorsenno manas ebicuezo nopsoxa no cpasre-
HUIO € KaXCOOH U3 3MUX 8eAuUUH 8 OMOeAbHOCMU; NPYTHMU
CJI0BaMH, 3ameHss npupaltende nuddgepenunanoM (uan o6patHo),
Mbl JIOMyCKaeM JHIIb GECKOHEUHO MaNyl0 OMHOCUMEeAbHY© o=
I PElIHOCTb.

9 A. 5. Xunums. Bocemn NeRruni
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Tonyuensoe wamu cooTuowenue mpu f' (x)= 0, ouesuano,
PaBHOCHJILHO COOTHOLLIEHHIO

ay = A
E”l‘l‘f'(x) 1 (Ax —0),

[I0Ka3HIBaloIeMy, 4T0 Ay u dy — SKBHBATEHTHHE GECKOHEYHO Malibie
npu Ax — 0. Ha 3TuX pesyibTaTax M OCHOBHBAETCS BO3MOX-
HOCTE 3aMEHbl mpupalleHus QyHKIMK OpH ManeiX Ax, B AOpsiaKe
npubmnkenus eé muddepennuanom.

UYro6L OTBETHTb Ha BTOpOH TOCTaBJEHHBIH BOPOC — KaKYIO
noJMb3y MOWET MPHHECTH 3aMEHd NpHPALEeHHs QyHKUMM e -
(epeHUHANIOM, 3aMETHM, YTO CTPOCHHE nnpgepesuMana TEOpETH-
yecku APOLIE W HPAKTHYECKM yNOOHEe, YeM CTPOCHHE LPHUPALICHHS,;
auddepenuuan dy ecTb AuHeaHast PYHKUMA BETHUHHbI Ax, xa-
paKTep €€ M3MeHEHHS MNpM H3MEHEHUM AX HCK/IOYMTEbHO MpOCT
W u3yuenue ero xe TpeGyeT HHYErO, KPOME BLIMHCJEHHS 3HAYEHHS
f' (x) 8 00Hoi moure; pasyMeercs, HHYErO MOXOWEIO Mbl HE HMeeM
s enuuubn Ay, [IpenctasbTe cefe, HampuMep, YTO Bhl XOTHTE
COCTaBHTh TabnHily 3HAYCHWH QYHKIMM ¥ — Sill X MPH 3HAUCHHAX X,
oueHb Gnuakux Kk 60°, nanpumep 60°01°, 60°02" w T. n. ¥ Bac
HET CPEeACTB JUIS OTHICKaHu$l TOYHOH BENMYMHBl STHX 3HayeHHH.

Bu 3naeTe, yto npu x—60° .—_:K—3~ , HO fpd nepexone K apy-
P y ) Py

ruM, GIM3NEWAIMM 3HAYEHHSIM X y Bac HET MeTola IJIf OThiCKa-
HWS  COOTBETCTBYIOLUMX MNpUpallennii 1y BeJTHYHHBI y; Temepsb
NOCMOTPUTE, YTO MOMYYHTCH, €CJM BHl, AO/NB3YACh MAJIOCTHIO MpH-
pawennii Ax B BalleH 3anaye, pelMTeCh 3aMEHATh ApHpaueHus Ay

1
nuddeperuuanamu dy, TaK kaK y’ == COs 60° — gr10dy= & Ax,
roe Ax BHpaWEHO B PalUaHHON Mepe (arc l’zﬁ&)), BOJTEN-
CTBHE YEro MH Cpa3y nojyyaem:

T

: , 3 e L, SBEL
sin 60°01 22—+2 180-60*

A V3 1 2n

(o] 0 =0 UL = =, _Sha
sin 60°02" =~ 5 + 5 ' {50.60°
i ]/g 1 3n

o } r__r v il i
sin 60°03" =~ 5 + 3 * 180.60°
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Kak wmw Buaenn, mudepenuuan dy obnanaer clemylOlIUMH
JByMSI 3aMeuaTe/IbHbIMKH CBOHCTBaMH: 1) OH ecTph JHHeHHas (DyHK-
uui oT Ax u 2) oH ormiMuaeTcs or Ay Ha GeCKOHEYHO Manylo
BhICHIErO MOpsiika MO cpaBHeHHIO ¢ Ax. [lokaxem Temnepb, yTO
rHMH ABYMs CBoHcTBaMu aubdepenunan nonHOCTbIO ONpenensercs,
TaKk YTO MOKHO Owiio Obl HauYMHATL yueHue o audpepeHUHane
HMMEHHO € TaKOFO OfpejaeneHusl (XOTH, KOHEYHO, Jifl JI0K43aTellb-
CTBa cyujecmsosanss nudpdepenunana y Beakod audhepeHunpye-
MOl , PyHKUMH BCE paBHO Henb3d Oblo Gbi M30€xaTh BBEIAEHHS
MPOU3BOLHON).

B camom nene, nycts dy—adx -} b, rne @ v b He 3aBucar
or Ax,naycte \y —dy—alx, rne g — 0 npu Ax -— 0. Torna
Ay—dv+alx=—(a-+}a)dx+}b; ecin dynkums y HempepoiBHa
(uto Mol mpemmonoxuM), To Ay— 0 nmpn Ax — 0, Bcienctsue
uero veobxonumo b—0 u Av—(a |} a)Ax, orkyna

.lv_ . Ay— A .l
T Do i S =
dy — f' (x) Ax,

4T0 H TpeGOoBaJOCh MOKA3aTh.

M3 npyrux cBoiicTB auddepeHunana BaHOe 3HAuYCHHE HMEET
(HO BO MHOTHX DYKOBOIACTBAX HE OTTEHSIETCsl B JIOCTATOYHOH Mepe)
Td4K Ha3biBaeMasl UHBQPUAHMHOCMS €0 OTHOCHTENbHO MOGOH 3a-
MeHbl He3aBHUCHMOH mnepemennoil. Bor uto 370 3naunt. Ecim x
€CTh He34aBHCHMAsl MEPEMEHHAsl, TO, KAK Mbl BHIE/H,

dy=f"(x) dx == f’(x) dx; (4)
NyCcThb TEmepb Mbl yCTAHABIHBAEM B3[/IJ HA BEMWYMHY X KdK Ha
Gyukuuio x =19 (f) HOBOH mepeMeHHOH £; SCHO, YTO MpH 3TOM
o0a CcooTHOwEHHs (4) He MOryT OCTaTbCfl CHpaBe/IMBbIMH, TaK
Kak Tenepb yxXe (Boobule roBopsl) dx == 9" (f) Af=£ Ax.
3ameuaresibHO, YTO BTOPOE COOTHOLUEHHE, T. €.
dy— f' (x) dx,
ocTalTcs B CWI€ Mnpu JOOOH TakoOH 3ameHe; B caMou ede,
B pe3y/bTare 3TOH 3ameHbl y CTAHOBUTCH (QyHkuueR ot f:
y=5bO)=f[o )
orciona no npasuny mudpdepeHuHpoBaHHs GyHKUMH OT PyHKIHH
Y (&y=F[2(0)] %' (1),
dy={" (tydt=f" [p()] ¢ (t) at,
g+
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a Tak kak ©(f)=x, ¢’ (f)dt—dx, 70, neHcTBuTENbHO, dy—
= f’ (x) dx, kak ecsu Obi x Ohlna He3aBUCHMAA fepemMeHHasn. TakuM

d
00pa3oM, B BbIPaXEHHH MPOU3BONHOH Yy — Jﬁ 6€3pasNHYHO, eCThb

JM X HE3aBHCHMAasl MepeMeHsas WK (yHKUHUs Kako#-HWOydn Apy-
rofl nepemeHHOH.

Mbl TOIBKO 4TO MOJL30BaNHCh MpaBuioM RH(pepeHUHPOBAHHS
dyukuny or dyHkunn. Booblie TOBOpH, Mhl B 3THX JIEKUMAX He
coGupaemcsl FOBOPHTL 06 3heMeHTapHbIX NpaBuiax aupdepennupo-
BaHHA; HO HMEHHO STOMy MfpaBWJy CTOMT YAE/NUTh HEMHOIO BHHMA-
HH$l, [OTOMy 4YTO B OO/bLUIWHCTBE PYKOBOJACTB OHO BbIBOAWTCSH
JH60 HenpaBuABHO, NHOO H3JHIIHE CJAOXHO; BOT €ro MpOCTOH M
npaBWbbbIH BLIBOA): mycth y=f(x), x=¢(f), y=9J ()=
=fle(8)]; dyskumn f n @ npeanonaraiorcs, pasymeetcsi, nud-
¢epennupyembiMH, Tak 4TO B COOTHOWehuH (3') a — 0; upu
Ax — 0; M3 3T0ro COOTHOLLEHHS

A by
A—'-ty:f (x)At+aAt' 5

HO Npu Aft—> 0 ML HMeeM a-—»O, AF —»cp’(t) H 2—_> P’ (8),

BC/IJCTBHE HEro B fipejefie
P () =F (x) 9" ()= Fle ()] ¢ (¢}

STO H eCTb MPABWJIO, KOTOPOE Mbl HMEJH B BHAY BLIBECTH.

Teopema Jlarpanka. [loctpoenue 3nanus nuddepenumant-
HOTO HCYHC/ICHHSl B 3HAUMTEJNbHOH CBOEH YacTH OCHOBAHO HAa Teo-
peme Jlarpamka, siBasiOLeHCs fepBhriM O6pa3ioM TaK Ha3biBAEMbIX
«TEOpeM O CpemHeM 3HaueHHH», KOTOpPhbM Mbi, BBHAY WX KpaliHe
BAXKMOrO 3HAYEHHS IS BCEX DAa3lesiOB aHalH33, W B Ja/ibHelilieM
JIO/MKHBEI GyneM yaedsitb NOCTATOYHOE BHUMaHHE.

Teopema Jlarpanwa. Ecau ynxuus f(x) wenpepoisra
Ha ompesxe |a, D] u Ougbchepennupyesma enympu ez0, mo cyuje-
cmsyem marasi SHYIMPEHHSST MO4YKQ € 3M020 Ompesxa, 04s
Komopot

f(c)= fb)—f(a)
b—a

. (A)

1) Coodwés M. A. Kpeiinecom.
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Hokasartenbctso. OyeBnaHo, 4ToO (pym(um{
9(x)=(b —a)[(x)— f(a)] —(x —a)[f(b) — f(a)]

nuddeperlHpyeMa B OTpeske [a, b); Tak kak w(a)=¢(b)=0,
T0 1M60 ¢ (x)=0 nna Bcex x € [a, b], u TOrma W% BCex Takux
x ¢’ (x)==0; nub0 *e ¢ (x) BHYTPH OTPE3Ka NPHHHUMAET OT/IHYHbIE
OT HyJd 3Hayenus, H TOrAa CpelH 3STHX 3HA4Yenuid HahpETca mbo
Haubosipliee, JMOO HauMeHpiliee (TaKk Kak (BPYHKLHA © (x) Hempe-
pbiBHA); NycTb 115 ONpene]sHHOCTH (pynkung ©(x) NpuHHMaeT
nauGonbuiee 3Hayenve NpH x=¢, a< ¢ < b; Toraa HeoGXOAMMO
@' (c)=0, n6o upH @' (c) >0 Mo uMean OH AT HOCTATOUHO
ManbiX MNOJOXHTENbHbIX A

plct+h) —olc)
_+_h__>0,

oTkyna o (c —|—-h) > @ (¢), YTO NPOTHROPEUHT ONPee/eHHIO TOUKH ¢;
B cryuae ¢’ ()< 0 Mb nonyyaem aHanOTHYHOE OPOTHBOPEUHME,
naBasi /i OTpHUATeJibHhe 3Hauenus; HO H3 ©’ (¢) =0 BhiTekaet (A),
W TeopeMa JIOKa3aHa.

OueHb 4YacTo €& (POPMYJHPYIOT B Ipyro# cHcteMe 0603HaUYeHKHH:
eci¥ KOHIH JaHHOTO OTpe3Kka cyThb x W x -+ Ax, To rosopsar o
cyutecTBoBanuH Takoro uncaa b (0 <6< 1), uro £ (x +0Ax) Ax =
= flx +Ax) — f(x)

Ilns dyskunii, 061a1al01HX TPOU3BOIHEIMH BhICLIMX MOPSAKOB,
TeopeMa Jlarpama nomyckKaeT BawHOe OGOOLUEHHE, KOTOPOE Mbl
cefiyac IOKaxueM.

Teopema. Ecan ¢hynxnusa y— f(x) Ha ompeswe [x, x -+
~+-nAx]| umeem nenpepwsuyio npoussodwyro nopsdxa n— 1,
a 8HYMpu OmMpesixa — APou3so0ryIo nopadrxa nl), mo cyuecm-
syem maxee wucao § (0<6< 1), umo

Ay — ) (x 1 On Ax) (Ax)™ (B)

3necs A"y O3HauaeT TAK Ha3LIBAEMYIO <«PA3HOCTb MNOpSAKA 7>
nauHol (yHKUMH y == f(X); pa3HOCTb NMepBOrO MOPSKa eCTb MPo-
cT0 mpupamense Ay=— f(x -} Ax) — f(X); pasHOcTL MOpHIKa
n—+ 1 onpenensiercsi, Kak (nepBas) PasHOCTb OT Pa3HOCTH II0-

) Ha koHuax oTpeska NOCTaTOYHO CYLIECTBOBAHHE ONHOCTOPOHHHX
MPOU3BOAHKIX Oopsiika n— L.
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paaKa 7, TaKk 4TO, B YACTHOCTH,

A2 y—A(dy)=
=[flx+0x +Ax) — fx - Ax)] — [f(x 4+ Ax) — f(x)] =
= f(x 4 2Ax) — 2f(x 4 Ax) + f(x);

A3 y = f(x 4 3Ax) — 3f(x -} 2Ax) 4 3f(x + Ax) — f(x)

W 1. n. BooBume, Kak Jierko mn0Ka3aTb METOLOM [OJHOH HH-
NYKIHH,

Ay =— f(x+ nAx)—nf(x-[n—1]Ax) -
42— Y (x| [r— 2] ) ..
ve e (— DY af(x 4 Ax) B (— 1) f(x.

NNokazateanctBo. llpn n=—1 nokasbiBaemas TeopeMa
coBnamaeT ¢ Teopemodl Jlarpamxka. JlouyCTHM f03TOMY, 4TO Teo-
peMa BepHa IS pa3HOCTEH NOPSIKA 7, H DOKAKEM, YTO OHa
BEPHA W A5 pa3nocTel nopska n- 1. Msbl npeanonaraeM, caeno-
BaTesibHO, YTO (PyHKUHA y— f(X) HMEET HEeNpepbiBHYIO MPOU3BOL-
HYIO fiopsiika n Ha OTpe3ke [x, x—(n--1)Ax] W nponssomnyto
nopsanka n-+-1 BHyTpu Hero; otciona ¢yukuns Ay== f(x 4
-+ Ax)—f(x¥) uMeeT nNpOM3BOMHYIO fiOPAAKa n  Ha OTpe3ke
[¥, x-+nldx]; Mb MOXem, C/€IOBAaTE/NbHO, NPHMEHHTH HaLly
TeopeMy K €& pasHOCTM A-TO AOPsiiKa, YTO nakr

A7 (Ay) = (Axy* {7 (x + Ax 0,7 8x) — f (x |-6,n Ax)},

rie 0< 6, < 1; HO M3 HAWIMX NPELNOCHIIOK BHTEKACT, UTO (PyHK-
uus ) nenpepuiBha Ha otpeske [x 8,7 dx, x4 (1-4-0,n) Ax]
u auddepeHuMpyeMa BHyTpPH HErO; LOSTOMY, ApHMensis K (uryp-
HOH CKOOKe npeabliyllero paBeHCTBa TeopeMmy Jlarp®nka, naxo-
auM:
Arrly— (Ax)r+1 o)) (x -6, nAx 4 0,4x) =
— (Axyr+t D) (x -6 [2 -1 1] Ax),

4yTO0 H TpefoBanoCh AOKA3ATD.

Jlpyroe saxHoe 0606uIenHe Teopembl Jlarpamia npenctasaser
coboii 3ameuaresphan «opmyna Kown». [lycms mb umeem Oge
dyuruun f,(X) u fo\X), nenpeprirbie Ha ompesre [a, b)u dug-
epenuupyemvie 6uympu Hezo, npuwerm  f,(x) HuzOe 8HYyMpU
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amozo ompesxa ke obpawaemcss 8 Hysb. Toz0a cyuwecmsyem
suympu [a, b) maxas moura ¢, wmo

A0 — fi @ 1160

fa)—fala) f;(c)' ()

IokasatesincTBO STOH o6uieii (opmyanl (mpu f, (x) = x nepe-
xonsie# B TeopeMmy Jlarpanwxa) NMPOBOIMTCS COBEPIHEHHO TaK XKe,
KaK H B ciyyae Teopemnl Jlarpamia; mnonaras

@ (x)=f, (%) [f2(D) — fl@)] — fa (%) (o< (@],

MLl HaxoouMm, 4to @ (a)=1(b); nostoMy Qynkuus ©(x) Jmbo
nocTosivia B oTpe3ke [a, b], /1m6o TNpHHHMAET BHYTPH 3TOrO
oTpe3ka HaubGonbillee MW HAHMEHbllee 3Hauenue; oTcioga B TOY-
HOCTH TEM ke NyT&M, KaK B NOKa3aTelnCTBe Teopembl Jlarpanixa,
Mbl 33KJIOYAEM, UTO B HeKOTOpoil Touke ¢, @ < €< b, Mbl IONWKHEI
uMeTb 9’ (¢) =0, YTO PaBHOCHILHO yTRepxaacvomy pasencTy (C).

3amMeTuM e, yTO JEeBaf YacTb ITOFO PABEHCTBA HE MOXET
oxasaT'bcﬂ JAUWEHHOR CMbICHa, TaK Kak 1pu f, (@) = f,(b) ynk-
ms  fo(x) B cuay Teopembi Jlarpamwa nomikna 6bina 6b 06Gpa-
WATHCS B HyJb BHYTPH (@, b], YTO MCK/IOYAeTCh NPeMflOCHI/IKAMH
TeopeMbl.

MoeTopuoe nuddepennnposanve. [lpoussonune n aug-
¢depeHumaibl  BEICIUMX (OPSIKOB ONPENE/AIOTCs, KAK Bbl 3HAcTe,
MHIYKTHBHO: NPOM3BONHAs (OPSAKA £ nonyuaeTcs Jgdepentipo-
BaHUeM [IPOH3BOAHOH nopsiazka 7 — 1 W aHanoruiHo 06CTOMT
neno ana nudp@depeHuHanos.

[Ipouasonnne M augepeninaibl BHICIIHX MOPSAKOB (PyHKHHU
Y= f(x) cBsu3aHbl Mexay COGUH COOTHOUERHHIMH

dry == ") (x) dx™ (5)

(rme dx™ o3HadaeT n-10 cTeneHb nepsozo muddepeninana Hesa-
BUCUMOH fepeMeHHOH X), KOTOphle NOKAa3biBAOTCH T4KXKe HHIYK-
THBHO: €C/IH X — HE3dBMCHMasi MepeMeHHas, TO dx— \x He 3a-
BHCHT OT X, a H0ToMy, nuddepeHunpys COOTHolenne (5), Haxo-
auM (lWTpux B3uavaeT augdepeHUHpOBaHHE MO X):

dnly = d(dny) = (d"y) dx = f1) (x) dx"
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Kak mbl BMmenan Beliue, npy #=— 1 cooTHomenue (5) ocTa&éTcs
BEpHLIM H B TOM Clyuae, KOraa X (@ 3Ha4YWT, H y) ecTs moGas aud-
¢epenurpyemas GyHKUHsS HE3aBHCHMOH NepeMeHHOH £t x = (f).
Jlerko yGemuTicst, 4TO yxe NpH #==2 1en0 OGCTOUT uHave: NHG-
(hepeHuHanbl BLICIIHX NOPSIKOB HE HHBAPHAHTHEI OTHOCHTENBHO
3aMeHbl HE3aBHCHMOH nepemeHnol. B camom pene, Gymem 0603Ha-
4aTb BTOpOH auppepenunan ¢ynxkumn v= f(x) uepes (a%v),
U (a'2_\')t B 3aBUCHMOCTH OT TOrO, CUMTAEM JIM Mhl He3aBUCHMOH
nepeMeHHod Be/lMunMHy X Wi BednuuHy f. Torma

(@), = f" (x) dx?,
MeX(ly TeM Kak

(@), =L g AN T OO
={fTe@]¢2(O)+ f o @) ()} diz=
= fr(x)dx2-}- f [¢ (O] ¢ (1) dtt.

Mbl BumHM, MTO STH OBA BLIDAXKEHHS PA3/IMYHBI; BTOPOE CONMEPHHT
noGasoutbili unen f[o ()] " (¢) df2, KoToporo Her B mepBOM W
KOTOphI TOXIECTBEHHO OOpallaercsi B HyJb TONLKO B TOM Cllyyae,
KOrja x ecTb snxedunass Qyukuus ot £ 0 (f) —at - b; Takum
o0pa3oM, BTOPo# mupdepenlinan, B OTJIWYHE OT NEPBOrO, HHBa-
PHAHTEH JMIIb OTHOCHTEJIbHO JIMHEHRHLIX fpeoOpa3oBaHuil He3aBHCH-
MoOH fepeMeHHOH.

MoxHO onpeneisTb NPOM3BOAHHE BHCIIMX NOPSIKOB H HHAue,
CBfI3bIBast MX C Pa3HOCTIMH COOTBETCTBYIOLUMX MOPSAKOB; MOAOGHO
TOMY, KaK nepBas UpOM3BOMAHAS SIB/AS€TCS MpenesioM OTHOLLEHWS
% upu Ax — 0, MOXHO MOKa3aTh, yTO

im Y _ fn)

i = ®
Ecian ¢ynkuus f0?) (x) HenpephiBHa, TO cOOTHOEHHe (6) sBIseTCH
HENOCPENCTBEHHLIM  Cle/IcTBHeM (opmyasl (B), HO BawHO ycraHo-
BHTb, YTO CAPaBEUIHBOCTb COOTHOMIEHHsI (6) He 3aBHUCUT OT 3TOH
NpeanoChIKH.

Tak kak coorsoiende (6) BepHo mpu # =1, T0 Hano TOMBKO,
MPEANOJIOKHB, YTO OHO BEPHO JIS HEKOTOPOTO HHCaa=#, yOenuThcs,
YTO OHO AOMKHO OCTABAaTLCH BEpHbIM H JIA Yyuclia n+1 (nprYémM,
KOHEUHO, [PEINOoNALaercs,, Y10 PyHKuns y— f(x) uMeeT nNpoH3-
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BomHyI0 mopsiika n-+ 1). Tlycts xe cooTHOmeHHe (6) mns nan-
HOrO n (W aas moGod n pas mugepeHuHpyeMolt (GYHKUMH y)
cripaBeBO. Tak Kak (hyHKIHSA
Ay = f(x 4 Ax) — f(x)

MMEET LPOH3BOMHYIO NOPSAKA #, TO Mhl MOXeM MpHMEHHTL K Heft
dopmyny (B); 10 na¥t (kak mbl yxe Bumenu, crp. 133):
A7 (Ay) = Ax™ (AN bunn =

= Ax"™ { f (x 4 bn Ax - Ax) — fP) (x 4 B Ax)}, )
rne 0 <6< 1. Ho Tak kak B cuny cyiecroBanus fin+1)(x)
F e A n A= Ax) — £ () = (1 - #0) Axe { {51 (1) =g,

A (x4 O Ax) — F () = i Axc { i+ 1) (x) |-},

e a;,—0 n a, —0 npn Ax— 0, 10

F (x40 Ax 4= Ax) — fiM (x 4-0n Ax) =
=Ax fP D (x) +-a, (1 - nb) Ax —a, #f Ax,

BC/IEACTBHE Yero COOTHOMeHHe (7) ma&r

An+ly

ANTER! = fU+1) (x) -+ a, (1 + nb) — a,nl),
oTkyna B upenefe npH Ax— 0 nonyyaercs
An"'ly

lim At

Ax—0

= D) (),

YTO H TpebOBaJOCh YCTAHOBUTD.

Mpenesibl oTHoMEHHIT GeCKOHEYHO MaJdBIX ¥ GeCKoHewHo
6oabmux. Cpenn npunowennit ¢opmysa Jlarpamka u Kown pac-
CMOTpUM B MEpBYI0 O4Yepellb BaXHLIH BOUPOC, GHFYphpPYIOLH
O6bYHO B KypCax daHanu3a MoJl COBEPLIEHHO HeNeflbiM HaWMEHO-
BaHHEM «PACKPHITHA heonpenenaénnocted» 1). Mo cywtecrsy 3mech
peub MIET 06 HCNONB30BAHHH MeTOA 0B AMGhEPEHUHAIbHORG HCUH-
C/leHHsl Ui OThICKAHMS fpeneNoB OTHOLIEHHWH aBYX GeCKOHeuHO
MaJlbiX MK ABYX OeCKOHeYHO GOAbHIMX BEJHYHH.

1) Emwé Gosnee Heselflo HauMEHOBaHHE ¢HAXOMIAEHHE HCTUHHHIX 3Hade-
HHH HeonpeieJéHHbIX BLipaeHHuii>. He roBops Yme O TOM, 4TO HUKAKHX
«Heonpeaen€HHbIX BhIpaM€HWi» aHaiu3 BOOOLIE He CONEepPKMT, 3lech
«ACTHHHLIM 3H3aY€HMEM» (QYHKUHM B JaHHOH TOYKE Ha3blBAeTCH HHCAO,
BOOOILE rOBOPs, OTAMYHOE OT €€ (aKTHHEeCKOro 3HayeHMs.
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[yctp f, (@) = f, (a) =0, npuuém B HeKOTopoﬁ OKpPECTHOCTH

TOuKH a 00e pyHKUMH AHDPepeHIHpYEMbI, H f2 (x)=~=0 npu x*a-
Tak kak npu f, (@) = f, (@) =0 ¢opmysa Kown (C) naér

fl(a+h)___f1(a+6h) (0<0<1),

fate+h " £ ia +6n)

TO MH MOXkeM yTBepxmarh (npaeuno Jlonurans): ecau f, (@)=—=
f' x)
= f,(@)=0 u omHowerue

X cmpeMumcss K HEKOMOPOMY
2 (X)

npedesy npu Xx-—@, MO K MOMY € Npedesy CMmpemurncs

fix)

falxy °

Ecnu f (a)=— f’ (@) =0, TO, MOBTOPAS 3TO PACCYKINEHHE, MBI
HaxooMM (NMpednoJaras, pasyMeercs, CyUIECTBOBaHHe BTOPbLIX MpO-
u3BOAHLIX (PYyHKUME f,(X) H f,(X) B HEKOTOPOH OKpEeCTHOCTH
TOYKH @): 1pH f; (@) = f, (a) :—_—fl' (a)—_—f?(a)zo U3 COOTHOILLEe-

filx)

Hus lim ——— —=—1/ BhITekaeT, 4TO M lim filx )——l BooOl1e, ecau
x-a fo (X xoaf2 X
h@=fi=...= A @=fl@=
=fi@=...= " @=0
H ecnd GyHKUMK f; (X¥) H f, (X) B HEKOTOPOH OKPECCTHOCTH TOYH &
n
HMEIOT MpPOHM3BOJHLIE TMOPSAKA #, TO M3 COOTHOLIEHHS f;n: :x;
(x — a) BoiTEKaeT, 4TO H il — [ (x — a). Ecau f(") X) u

f2(@)
ﬁ")(x) HernpephBHE B TOUKE 4 H f( (@)=£0, 10 oTciona cle-
nyeT, 4TO
n)
tim ite f )(a). (8)
x->a fyx) [(?n (@)

[TpaBuno JlonuTans sBASETCS BECbMA MOLIHBIM OpDYAHEM  Bbi-
YHCJleHUs TIpeaeioB H BO MHOFHX Cyqasx no3Bo/jsgerT ¢ GoAbiloH
NECKOCTbI) HAXONMTh STH Npelie/ibl TaM, rAe NpHMEHEeHHE 3JeMeH-
TapHBIX METONOB Bhi3BaNO Obl GOJbIIINE 3ATPYAHEHHS. [lpu f, (x)=
=g x—sinx, f,(X)=x% Mu nmeem f 0)y=1f; (0) =
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= £,"(0=0,£,"" (=3, f,(0)=f2(0)=F,"(0)=0, f,""(0)=S5,
BC/IGACTBHE 4Yero 1o ¢opmyne (8)

e

—si ©
lim 8% 3SM=f3., o ]
x—0 23 f2 (0)

®)

Mpasuno Jlonurana ocraércs B CHAE H B cClydyae a=—— 00.

B camom nmene,
1
fi(x)
« -
im 09— i (y ;

x> oo f2¥) ”"_"sz(—l—) i
y

B CuUly e JOKa3aHHOro HaMH T[MpaBHiia Jlonutans nocnenHuit

penes CoBManaer c
1 {9 ( 1 )
lim —2" Y/ — {im i

i 1 !
y=>40 __ ._f' (_) x>+too fg1X)
2
. yiie\y

B C/ly4Yae, KOFIa 3TOT npened CyulecTBYEeT; KOHEYHO, HEOGXOMH-
MOH OpeanoChUIKOH MpaBuid 30€Ch CHYKHT YC/OBUE
lim f, (x)= lim f,(x)})=0.
X-»—+00 x>0

bBonee Toro, npaBuao JlonuTana MOxeT ObITh NpHMEHSEMO H
K OTHLICKanwHI0 Mpenena OTHOIIEHHS OeCKOHeyno GOMblINX BEJIHYHH,
XOTS 3lleCh NOKa3aTeNbCTBO €ro HEeCKOJbKO caoxhee. [lycTb
IJIS ONpEAeNEHHOCTH pH X —a
fi(x) — o0 n f,(x)—+oc:
KpOMe TOrO, Mbl MPEMIOIOKHM,
Kak H npexne, 4to f, (x} He Uepr. 22.
obpallaeTci B HyJb B HEKOTO-
pOH OKpPEeCTHOCTH TOYKH a. Bo3pMEM B 9TOH OKpECTHOCTH JBe
nobble TOYKH X M @ TaK, 4YTOObl X J1e)KaJo MexAy a4 H a; MyCTb

anst onpenengunocy a< x< a (uepT. 22); B cuiy dopMyinl
Koiwun- (C) mMb umeem:

o —filey  f116)
o= fo@ f38)]

a z E «a

®)
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e §— HeKOTOpas BHYTpeHHsis Touka oTpe3ka [x, a]. Tak kak,
C ApYro# CTOpOHH,
| _fio
A —file) _ filx) Jr )
fo)—fola) ™ falx) | L2l )
fa (%)

TO paBeHCTBO (9) ma¥T Ham
fala)

i fie '-35

AT AT A
f\ (x)

Tenepb Mbl pacnopsiiMMcst BeIGOpOM TOYek x W a Gonee ne-
TanbHo. Ecau, kak Mol npennonaraem, cyuwecTsyer

filn
lim

x—>a fz (x)

(10)

=1

TO MpH CKOJIb yTOAHO ManoM & > 0 nalnagrcs Takas OKpeCTHOCTh U
TOYKH @, YTO Ijd Bcex x €U

f1 (%)
[ Bt s = i
folx)
nyctb @ (a 3HAYHT, H X) NPHHAL/IEXHT STOH OKPECTHOCTH; TOTAA
f1 (5

H&€U, a notony [ —e<l <l-}& ocraBum Tenepb a

f2 @
HeH3MeHHbM, a x OyneM HEOFpaHHYEeHHO MNpHOIMKATh K a; Tak
kak mpH sTOM f,(X) — 400 u f,(x)— o0, TO BTOPOH
MHOXHTe/lb TpaBoH yacTH dopmyan (10) ctpeMutcs K emunnue,
TaK YTO IJf BCeX X B HEKOTOPOH OKpeCTHOCTH V TOYKM a oH
Oyner 3akniouéH mexay | —e u 1-}-e, BeclencTBHe yYero mais
Bcex x €V dopmyna (10) ma&r

{ h

C—a —a < BA o ey

TaK KaK € CKOJb YrONHO Majo, TO

x

i (A2

x—-a f 2 (x)

4TC H Tpe6GoBalOCL AOKa3aTb.
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D70 upaBMNO, NMOXOGHO TMpAaBUAY IS OTHOMIEHHS IByx Oec-
KOHEYHO MalIbiX, OCTa€TCs B CHJIE M NPH @—-}oo.
1

lpumepn: 1) fi(x)=Inx, f, (x)=— mpu x—0.
f1x) filx)
Ji(x)— — o0, fy(x) -+ ox, f—;)(;)—;——x —0; OTClOllaf:Tx) ==
—=xlnx—0 nmpu x—0. 2) Ilpu fo(X)=x—4 o0 mMu
I‘ )
umeenm f, (¥)=Inx — -4 oo, npuudm f,l u :iﬂO; OTCIO-
2(x) x

a}%:lﬂ}—»O (x— —|—oo); noJjiarasi x -—¢¥, HaxXOIUM:
2

xe* —0 (x — | o).

Popmyna Toaidinopa. Tenepp MH NOMKHH OCTAHOBHTLCS Ha
¢opmyne Ts#nopa, caymaweli, kak BaMm, BEPOSITHO, H3BECTHO,
OIHMM M3 BaXHEHIUHX OpyIOMH HCCIENOBAHHS KaKk B CAMOM aHa-
JIK3€, TaKk H B €ro Mpu/iokeHusix. 3Jrta ¢OpMysa, MoIpoGHO pac-
CMaTpHBaemMasl BO BCeX KypCaxX aHann3a, TpPeGYeT Haulero BHHMa-
HHSl MOTOMY, YTO TP OOHIYHLIX H3JIOKEHWsIX e BhBOma MAeHHas
CTOpOHA neNa OCTalTCHd COBEPUIEHHO B TEHH, YCTynasi MecTo
HHYECM HE OXHBJIEHHOMY (HOpMa/H3My, BCACACTBHE YEro M/ MHO-
PHX ydaulMxcs B NanbHeHlIeM TO BaKHOe 3HAYCHHE, KOTOpOe
noJy4aeT sta (OpMyJa, SIBNSETCH HEOKHAAHHLIM, a MOaYac M
HaBcerjga ocTa¥rcst 3araikol.

Kak Mb yxe He pa3 OTMeualH, OCHOBHOE COOTHOLIEHHE

2 a-+ h)— f(a

tim L@t N—1@__ ¢ )
h—0 h

MOXET OHTb 3aMMCaHO B 3KBHBAJICHTHOM BHjE

fla+-m=f(a)+fkf (a)+fah, (11)

fre a— 0 nmpu 2—0; anech @% ectb, CAENOBATENBLHO, GECKO-

HEYHO MaJlasi BhICIIErO MOPSIKAa OTHOCHTEJLHO A, T. €. BeJMYHHa,

OTHOLICHHE KOTOPOH K /2 CTpeMHTCst K Hymo npu #2—» (.
YenosuMess BooGue 0603Havath uepes o (x) BCSIKYIO BEJIH-

YHHY, OTHOUICHHC KOTOPOH K BeJMYHHE X CTPEMMTCS K HyJio

B JIAHHOM MpOLECCEe H3MEHEHHS; TOrJa NPOM3BEHEHHE aff MW MO-

¥EM 3aKCaTh B BUIE O (£); TaK KaK J1st BCAKOLO O (£) 1O OnpenesneHuio

o(h)

h—:a—-»O (/Z"O),
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TO M, 06p4THO, BCsIkOe O (£) MOweT GLITh MPECTaBIeHO B BUIE A4,
rane a—>0 npu £— 0; nosromy coorHouwenre (11) Mower GuiTb
3aMHCaHo B BUIE

fla+hy=f(a)+&f (a) 4-o(h);

KaK Mbl BHIHM, 3Ta (OpMYyZa HMEeT MEeCTO BO BCEX Clydasix,
Korga cymecrByer f'(e); M yxe He pa3 uMenM ciydaft npume-
HATb €€, M HEMOCpPEeNCTBEHHO SICHO, uYeMy oOHa oO0sizaHa 3TOH
CBOEH TMJIONOTBOPHOCTbI): €CJIM A CTOJb Malo, YTO BEJIHYMHAMH
THNa 0(h) MOXHO npenebperatb, TO OpHOAKKEHHAS hopMyJa

fle+h) = f(a)+rf (a)

NO3BOJISIET HaM B UEJASX HCCJAEACBAHMY 3AMEHSITH Ty CJIOWKHYIO,
BoOOLIE roBOps, (PyHKUMIO OT A, KaKyl mpeicrasasier co6oi
fla—+ k), —annedinoll  Qynxumed, crosuel B npaBOH YacTy,
SICHO, KaKyl0 3TO Na€T CYUIECTBEHHYIO BHITOLY.

Tenepr OyneT COBEPLICHHO MOHSITHLIM, €CJAH MH  TOXeJTaeM
NPONOMKHTL  3TO  MOJMIE3HOE  MEPONpHSITHE HECKOJLKO JasblIe,
Ecin Mo XOTHM MOAy4YswTh JIydINylo TOYHOCTH, TO Mbl HHOTAA He
MOXEM JIOBOJBCTBOBATHCH TPHOIHKEHHLMK pOpMyaMK, NOTpeLl-
HOCTb KOTOPHIX MaJlda CPABHUTEJLHO C /2, MOXKET, HANpuMep. cay-
YUTbCSl, YTO Mbl NOMKHLI €ULE YYHTHIBATL BEJIHUMHB MOpsimka A2,
a npeHebperars MOXKeM JHUIb BwIWudHaMk Tthma o (A%), 1. e.
GeCKOHEYHO MasbiMM CPAaBHMTEJAbHO C A%, TOrJA Mbl, €CTECTBEHHO,
CTaByM BOMPOC 06 OTHICKAHWK T4AKOH (yHKIMK BTOPOH CTEreHH
a,+ a4+ a,h?, 4To6H mpH MadbiX B KMMEJIO MECTO COOTHORIE-
HHE

flath)y=—a,+ ah -+ a,h2 4o (h2);

BooGLle, €CJIH Mbl XOTHM YYHTHBAaTb BEJHYHHH 0Opsnaka A%, HO
coraliaeMcsi npeHebperath BeaHYMHaMM THNA o(A"%), TO MH,
€CTEeCTBEHHO, HULEM THKOM MHOrOwieH a,—+ah—++...-t+ah"=—
=P, (h), 4T066 MMENO MECTO COOTHOLIEHHE

flat-h)y="P,(h)+o(r");

eclM 3Ty 3ajadyy yAaércs pelHTb, TO Mbl MOJYYaeM BO3MOXK-
HOCTb BO BCEX BOMpOCAaX, IJ€ MOXHO npeHeGperarb BEJHYHHAMM
THna o (k"), BMECTO CJIOXHOMR, BooGULe roBops, GyHKUHH f(a - k)
NOb30BATLCS MPOCTHIM MHOTOWICHOM 7-# creneHu.
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B cnyuae n=—1 wmbpl nonyuwi® pemreHHe mNOCTaABJCHHOH 3a-
layu, npepnoaaras, 4To (PyHKUMS f(X) HMeeT mepByI0 MpPOH3BOI-
HYI0 OpH Xx=—a; B OOlieM CJyyae Mhl, €CTECTBEHHO, OyleM Hc-
XOIIUTb M3 [PEeANONOWEHHs, 4To cyiecTByer [ (@); OYeBHIHO,
s1r0 Tpebyer o1 QyHKuun f(x) CYUIECTBOBAHHUSI MPOH3BOIHBIX
BCEX HH3LIHX NOPSIKOB B HEKOTOPOH OKPECTHOCTH TOYKH 4.

3uamenuTas 1eopeMa Ta3Hnopa B OCHOBHOM Kak pa3 M Hadér
pemeﬂue nOCTaBNEHHON HAMH 3anayy, T. €. NOKa3bnBaeT CyLIeCT-
BOBAHHE MHCKOMOrO MHOTOWICHA Pn(lz) H  1aér BhipOXEHHE s
ero ko3dpdrumuentos. B cuny srtoli Teopemm, B clyuae, €ciH
f™ (a) cyuwecryer, mHorounen P, (k) OIHO3HAYHO ONPENE/SETCs
¢gropmyno

P, ()= f(a)+ bf (@) F (@) ...+ 20 i) (a).
Wnaue rosopsi, B cuily 3TOH Teopemhl

flatm=F(@)+hf @+ 5 F (@ 4.2 fim (a) |-
+orm.  (12)

INonoxum
fle+ k) — P, (Ry=u(k);

TOorga Ind [OKa3areJbCTBA HAUIETO  YTBEPXIEHHS JOCTarO4HO
yOenuThCs, YTO
¢ (h)

o — 0 npu £A— 0. (127)

C 370l uEnbl0 3aMEeTHM, YTO
o )=f (a-+h) —f (@A) —hf (@) —... — = fin) (a),
¢ (=1 (@+H—Ff @—hf'(@—...— 2= [(a),

2

9D (B) = D) (@ B — f5= (@) — Bfi"=D) (@) — 3 fim) (),
(_?(n—l) () :f(ﬂ—l) (a _|_ k) _f(ﬂ—l) (@) — hf(n) (@),
orkyna ¢ (0)=g¢' (0)=...=9'"~2(0)—=0. Tak kak npous-

BOIHbIe (PYHKUMH A" 1O nopsiaka n— 2 BK/JIOYUTENbLHO TAKMKe
obpaualorcst B Hylb npy 2—0, a npousaBoauas nopsigka n — 1
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paena nlk, To no npasuay Jlonurans
. h ) (n—=1)
lim ? () ):llm ?———' (h),
N Y
€CH TOJbKO npe.uen NPaBOH YacTH CYLIECTBYET; HO

,kn—l)(h) {f(lz—l) (a +h) f(n—l) {a) —f(”)(a) } S

h—)O nth "'h-»o

Tak Kak f(%) (@) no mpenmnosioXeHHio CYLIECTBYET; STHM JOKa3aHO
coorHourenve (12'), m TeM caMbIM 3aKOHYEH BHBOL (OPMyJb
Tsinopa (12).

B nanpuefillieM mpencrapisier, KOHEYHO, MHTepec HalTH ynoG-
HbIE BHDAWCHHS LIS «OCTaTOMHOTO uieHa» o (A") dopuynn (12),
YyTOObl B HYXHHIX C/y4asiX OLEHHBATL €r0 ¢ BO3MOWHOH TOYHOCTDLIO.

Mbl 31ech HanoMHUM Haubonee ynorpebHresbhbie GOPMH 3THX
BHpPaX€EHHH, HE MPUBONS HX BLIBOLOB, KOTOPHIE BH MOWETE HAHTH
B JIOOOM MOMHOM Kypce ananusa. OO603Hayum yepes R, (#) se-
nuuuHy, uMmeouyldo B dopmyne (12) aHOHMMHOE 0603HAYEHHE
o(k"). B cuny camolt ¢opmynnr Taiinopa Mb mnpu cymecmoaa-
aun f7+1) (@) umeem:

tim Ra__ {70 @)
PR 7S Wl P g TR
ecny Mb IonyctuM, uto fUF1)(x) cywecrByeT He TOMbKO MpH

X==a, HO H BO BCEX TOYKax orpe3ka [@, a - A}, T0 Mb MO-
weM monyuuth IAA R, () usBecthylo «gopmy [lnEMuabxas:

+1(] — gyn+1—
’L(IITH]‘UHI)(a 1-0h),

rae 0< 01, a p—npou3gossroe MONOKMTENLHOE —YHCINO
<n-}1. Ma sT0t BecbmMa oO6uielt ¢GoOpPMH mNPH COCLHANbLHBHIX
BHOOpaX 4YHCJIA P TONYYa€TCsl Psil  PA37HYHHX OCOOBIX (hOpM;
gHauGonee ynoTpeOHTENbHEE M3 HHUX MONy4aloTcs:

1) opu p=n-1 «dopma J]arpamxa»

Ry () = (2, f1) (@ )
2) npu p=1 «dopma Koum»;
R, (F) = __(_I__O)"f(nu) (a-1-6r).

R, (h)=
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B stux cneunanbueix (opMax, Kak M B obuteft ¢opmyne Llng-
MHIbXa, npennojaraercst, uro f*+1)(x) cyuiectByer B Kaxno#
TouKe orpe3ka [a, a-} k).

Bu 3naere, 4T0 ¢hopmysoi Marsopena HA3BBAIOT (HAUEM
00060 He 3ameuareibHhil) uacTHuH cnydadt gopuyan  Tsfnopa
npy a—0:

f =10+ @4 .5 O o,

dxcTpeMaspHble 3HaYeHHsl. BawHOH 0GNacTbio NPHMEHEHHS
(opmy./ier Toinopa B 3neMeHTax JH((epeHUHATbHOTO HCUHCICHHS
CYHT TEOPHS MAKCHMa/bHBIX W MHHHMAIbHBIX 3HAYCHHH, C OCHO-
BaAMH KOTOpOH Bh, KOHEYHO, 3HAKOMbI.

Ecan paswicKkHBaeTCS, CKameM, TOYKA OTPE3Ka [a, b], B KO-
TOpoii dyukuus y— f(x), mudpgepenurpyemass B 3TOM OTpe3ke,
npuHHMaeT CBOE HanOOMblee 3HAYCHME, TO 3TOT «abComOTHHLIH
MdKCHMYM>» MOWET, QY€BHIHO, OCYIUECCTBHTECS aubo B ONHOM M3
KOHLOB OTpe3ka [a, b], 60 B HEKOTOPOH BHYTPeHHEH ero Touke ¢;
B [OCTEHEM CJy4yae TOYKd € €CTb BMECTE C TEM TOYKA «OTHO-
CH1E/ILHOTO MAKCHMyMad»; 9TO 3HAYMT, 4T0 f(€) = f(x) nnst Beex x,
NPUHALIEKAWKX  HEKOTOPOH  OKPEeCTHOCTH TOYKM C¢. Takum
06pa30M, OTHICKAHHE aOCOMIOTHOTO MAKCHMYMa (YHKLHH B JAHHOM
OTPE3KE CBOAMTCS K OTHICKAHHIO BCEX €€ OTHOCHTEJIbHBIX MaKCH-
MyMOB B 3TOM OTPE€3Ke; HMCHHO K 3TOH 3ajaye M MNpHMEHsIoTCs
MEroAn nuddepeHLHaIbHOIO HCUHC/IEHHS.

Bhi 3HaeTe, KOHEYHO, YTO HEOOXOOHMBIM VCJIOBHEM JUlsi TOTQ
yr06n TouKa x (@< x < b)1aBana OTHOCHTENbHbIH MAKCHMYyM (usm
MHHHMYM) nHpdeperupyemMoll QyHKUMH  f(X), CIYXHT PABEHCTBO

F (x)=0. (13)

Takum 006pa3omM, MepBbiM LIATOM K PEUIEHHIO MOCTABNEHHOH 3a-
Layu SIBASETCH OTHICKAHHE BCEX BELIECTBEHHBIX KOpHEH ypabHe-
Hust (13) — TaKk Ha3biBaeMbIX <KPHTHUECKMX 3HAYEHHH» MepeMEHROH
X; MOCNEe TOr0 KaK 3TO CJe/aH0, KaXIOE OTACIbHOE KPHTHHECKOC
3HaueHHe TOABEPracTCsi 0COOOMY MCCNENOBAHKIO, KOTOPOE JOMKHO
yCTAaHOBHTB, HMEET Jii MECTO B INIaHHOH TOYKE MAaKCHMyM HIiH
MHHHMYM HJIH HET HH TOrO, HH Apyroro, BOT Ha 3TOM-TO HcdlJe-
AOBaHWH MBl Terepb HEMHOTO OCTaHOBHMCS.

[lyctb 0 — onHO M3 KPHTHYECKHX B3HaYeHHH x JsT (YHKLHH
f(x), 1. e. a<la< by f(2)=0; nonycrum Ins OGHIHOCTH, 1TO

10 A. 5i. Xunuun, Bocemb nexupii
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F@)=0 npu 1<<i<n, Ho fn(a)=£0. B Takom cayyae dhop-
myna Tstuopa(12) nasr

flatn) — f@) =a T2 4 oy, (14)

OUCBHIIHO, HTO 3HAK NpaBOM 4YacTH, BTOpOE cJaraeMoe KOTOPOH
GeCKOHEYHO MasO0 CPaBHHTEIBHO C MEPBLIM, MPH JOCTATOYHO Ma-
JbX || coBnmanaer co 3Hakom e MepBOro c¢J/iaraeMoro, T. e.
CO 3HaKOM mnpoussenenuss A" f*) (a). Ecam uucio n HEYETHOE,
TO A", a 3HAYMT, M STO MPOM3BENCHHE, MEHSIET 3HAK NpH H3Me-
HEHHH 3HAKA BEHYMHBI &; B cumy (14) B 3TOM ciyyae M 3Hak
Pa3HOCTH f(a+/z)— f(a) Oynmer pasmuunniM IAS (OpUPALIEHHE /
P43HOrO 3HaKa, a 370, OYEBHIHO, O3HAYAET, YTO MPH x — @ (yHK-
UM f(X) He MOXET MMEeTb HM MAaKCHMyMa, HH MHHhMyma. Ilycrb
Tenepb 72— 4ETHOE YMCaO, Tak 4ro A" >0 npu mobom k=< 0;
TOTJa 3HaK PasHOCTH f(a -{-/) — f(a) IS Bcex AOCTATOYHO MAMBIX
| 2| coBnanaer, OYEBHIHO, CO 3HAKOM BEJIHUHHbI f(”) (a), yxe He 3a-
BUCsIER o /; B cayvae f(") (a) >0 310 o03Hauaer, yto s
BCEX NOCTATOYHO ManbiX |/ |

fla+n>f(@),

T. €. 4TO B TOYKE @ (QYHKUMS f(X) MMEET OTHOCHTENbHLIH MUHU-
MYM; TOYHO TAK KE Mbl yOemjaeMcsi, Yr0 B ciaydae f(") (a)<0
GyHKUMS f(X) HMEET OTHOCHTENIbHBI MaKCHMym npH x—a. Ta-
KHM 06pa3oM, Mbl NPHXOIMM K CHCMLYIOUIEMy (PABHAY: Aycmb cpe-
O npoussoOHsix Pyrryuu f(x) npu x==a nepgas ne obpawa-
0WAsCT 6 HYns UMeem nopsoOk n; moz0a npu 4EmHoi n fix)
uMeenm 8 mouke X=—0 MOKCUMYM, eCay fi) ()< 0, u munu-
Mym, ecau fU)(a)™>0; npu newémrom mce n f(x) He umeem
8 mouKe O Hu MAKCUMYMQ, HU MUHUMYMa, BH BUIHTE, 4TO 3THM
MPaBHJIOM BOMPOC O MPHPOLC KAWAOH KPHTHYECKOM TOUKH pelaer-
Cs IO KOHIA, €C/H TOIbKO (hyHKiMs mucdepeHuupyeMa B stol
TOUKE JOCTATOYHOE YHC/IO Pa3 M €C/AH He BCe €€ MPOH3BOIHHE
0o0palaiorcsl B Hysb B 3TOH TOYKe,

YactHoe mnddepenynpoBanve. Tenepb Mb JOMKHB 06paTHTh-
€l K (DYHKIHMSIM HECKO/IbKHX MEPEMEHHBIX; JUISl (POCTOTH Mhl Orpa-
HHYMMCSl MPH 3TOM PACCMOTPEHHMEM  C1yuasi JByX HE3aBHCHMBIX
MEepeMEeHHLIX X H Y.
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Bu 3naere, KOHEUHO, YTO %acmuas npou3soonas f, (x, V)

- of (x,¥)
X

p) QysKkuMH f(x, V) no nepemeHHOH x ONperensercs Kak
lim fxtE3ev—fxy)
Ax—>0 Ax ,

T. €. KaKk OOLIKHOBEHHAasl MPOH3BOIHAs TOH (PYHKLUHH OT X, B KO-
topyio nepexonHt QyHkuMs f(x, y) nocne npuaaHHs nepemMeHHoH
y K4KOro-M60 MOCTOSIHHOTO  3HAYEHMS!; dHAJIOTHYHO ONpPEeNESOT

a K
5}_{_: f, (%, ¥); Kaxnas u3 STHX HaCTHLIX MPOH3BOAHKX eCTb
yHKLHST TEX e IBYX MEPEeMEHHHX X H V, OT KOTOPHIX 3aBHCHT

u f(x, y). Panu yno6crea W HarasimHocTH Mb OyneM M 3xech
YacTO €/10Ba «MpH X=a, Y===~5H» 3aMeHATb BHPAKEHHEM «B TO4-
ke (a, b)», uMes B BHLY TOYKY MIOCKOCTH (X, V) C JIeKapTOBBIMH
KOOpAHHATAMH Xx—a, y=>b.

Tlpexe BCEro Halo ONpeneNuTb MOHsITHE au(depenuunpyemo-
crtH manHol QyHkumH z— f(x, y) B manHo# Touke (a, b). B cay-
yae (YHKUMH OJIHOH MEpPEMEHHOH CYlIleCTBOBAHHE NPOH3BONHON,
KOHEYHO, PABHOCH/IBHO CYILECTBOBAHHIO NupepeHiiuana; npyu arom,
kak Mol BHOend, nuddepeHuman dy MoxeT OuIThb ONpenendH ans
(PYHKLIHH Y = f(x), kax Takas nuHedHas (PYHKUHS MPHPALICHHS
Ax, xoropasi npu Ax —— 0 orimyaercsi Ot mpupaulenuss Ay Qynk-
LMK y HA GECKOHEYHO Mallyl0 BHICHIErO [OPS/KA.

[TocMoTpHM Temepb, Kak OGCTOMT €10 B cliyvae (QyHKUMH
IByX MEPeMEHHbIX z— f(x, y); yCJOBHMCSl M 3/1€Cb HA3LIBATDH aug-
tdepeHunanoM dz (QyHKIMH 2 TaKylo JIHHEHHYIO KOMOHHALHIO
AAx - BAy+4-C npupawennti  Ax u Ay, Koropas mpH
Ax — 0, \y — 0 otsMyaercss OT mpupalicHHsl Az Ha GECKOHEUHO
Manyio BBHICLIErO NOpsiaKad; B CJyYa€ OINHOMCPHOM Mbl MOIJIH MpH
stoM (npennonaras, 4ro f (x) =% 0) NpuHsTEL 32 OCHOBHYIO Gecko-
HeyHO Manyio moOylo M3 BenMuuH Ax, Ay, dy (MOPSIKH MaloCTh
KOTOPHIX COBMAAalOT Mexay coOO#); B JABYXMEpHOM Cly4ae yno6uo
(xOoTsl OTHIONb HE 00SI3aTEJIbHO) MPHHSITH 38 OCHOBHYIO 6€eCKOHEYHO
Maslyl0 BeJTHUKHY p:VAx2 -} Ay?, BHpaxaioulylo co6oi paccio-
SHHE «CMEULEHHOH» TOYKH (x+Ax,y—{——Ay) OT «IMEpBOHAYaNb-
HOH» (x, J); €clH GECKOHEYHO Malbie Ax H Ay HMeIOT OIMHAKO-
Bhifi MOPSIAOK MaJOCTH, TO TOT K€ MOPSNOK WMEET, KOHEYHO, U Be-
muunna p. Takum oOpasom, Bupawenwe AAx - BAy—C ecrp

10*
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mugpepenunan dz QyukunH 2= f(x, v), ecin npy Ax — 0,
Ay—0

Az— (AXx -+ BAy+C)y=o0(p). (15)

INokawem Ttemepb, YTO eciH dZ CyuwecTBYeT, TO CYLIECTBYIOT
0z 0z
M 4acTHbie MPOM3BOLHHE —— M ke NpHYEM
0z 0z

A J— E 3 B — —ay“ [ C——O,

TaK YTO
dz—22 Ax 1 % 5 (16)
T oox oy Y-

B camom mene, mpexiue BCero B CHJIY HEMPEPHBHOCTH PYHKIMH 2
(yTo Mbl, KOHEYHO, MpeanonaraeM) cootrunowenve (15) na&r B npe-
nene C—0; ycraHoBHB 3T0, MonoxHM B dopmysne (15) Ay—0
(Mo Hamemy ycnoBuiO 3Ta hopMyJia 1O/DKHA HMETh MECTO NpH A/0-
60 3aKoHE CcTpemieHHs] BeqHudH Ax M Ay K Hy/QI0); 3TO naér

(A2)ay —0 = A dx | 0 (Ax),
OTKyNa
(Az)ay=0__ 0z

A=—1im "7 T L

Ax—0

0z
COBEpLIEHHO aHANOTHYHO yCT4HABNHMBAETCS H TO, YTO B:@ N

npld 5TOM, O4€BHIAHO, CaMO€ CYLIECTBOBAHWE YACTHLIX MPOH3BOAHHX

0z 0z
ox H @ BHITCKAET H3 HAWMX pacCyXIeHHH H SBNSIETCS], TaKuM

00pa30omM, CJIEICTBHEM CyUIeCTBOBaHMs nH(epeHinana dz.
Jlo cux nop Bc& nporekaeTr, KAK BH BHAMUTE, B MOJNHOH aHano-
MU ¢ OJHOMEPHBIM ClyYaeM.

Onnako, B NMPOTHBOMOJIOXKHOCTH OIAHOMEPHOMY CJyd4alo, Cylle-

A 0z oz
CTBOBAaHHE B JAHHOH TOUKE YACTHHIX MPOHSBOIHMLX - W - erg
'y

HE TapaHTHPyeT CYLIECTBOBAaHHSI B HeH nudpepeHuHana dz; rak,
ANsl (PYHKUHH
2xy
——=—— [qpH x? 240
z———! Vets ¢ bl 7
0 IpH X =y —= 0
B Touke (0, 0) Mbl HMeeM, OYEBHIHO,

(.\Z)Ax: 0 — (Az).’.\y =0 = 01
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BCNICICTBHE 4ETO
0z 0z
ox~ dy
ecin Gu nudpepeHuman dz cyutecrsoan npy x =—y=—=0, 10 0oH
nomieH Oba 66 MO03TOMy B cuny (16) TOXIECTBEHHO PpaBHATHCS
HY/MO, T. €. Mbi JOMKHB ObiH Gbl B cuny (15) umers Az—o0(p);
HO 3TO HEBepHO, TaK Kak, Hanpumep, np Ax —Ay =40, oueBunro,

0;

Az:lf§ Ax, 9:]/2_ Ax, Az=yg.
of

g
3amerum Bnpouem, HUTO €CMH < H 6%(/ HenpepuisHb. B TOUKE

(x, ¥), TO B STOH TOYKE BBIpAKCHHE (16) ectb nuddepenuyan
¢ynkunn z= f(x, y). B camom nene,

Az—= f(x+Ax, y{-Ay)— f(x, y) =
= [f(x + Ax, yHAY)—F(x, y 4 39) H-[f(x, v+ Avk—f(x, ¥)].

[Meprast W3 pa3HOCTeH mpaBo# 4YacTH B cuay Teopembi Jlarpamia
HMEET BHI

Ax f(x+0dx, yAy) (0O,

a Tak Kak B CWIy TPEANOAOXKEHHOR HENpepbIBHOCTH (YHKLKMH
f(x,y) B T0uKe (x, y) npu Ax—0, Ay —0

folx4-9dx, y+ay)—f.(x, »—0,
TO yKa3aHHasi 0€pBas pPasHOCTb OT/IHYAETCS OT f;(x, V)Ax Ha
Besuuuny Thna o (Ax)=o(p):

flr+-Ax, y+ A — (5, AN =F (x, N ix +o ()

a TaKk KaK, C JPYro# CTOPOHB!, OYEBHIHO, MO CAMOMY OMPEHENEHHIO
YaCTHHIX MPOHM3BONHBIX

fix, yHAY)— flx, )= f, (x, )Ay+-o0(dy)=fi(x, y)dy—+-o(p),
TO

Az=f(x, y) dx £, (x, ) Ay +o0(p)

yro u TpeboBaioch NOKa3arTh. Kak mokasbiBaeT Haule paccyxie-
HHe, JOCTATOYHO MPEINOJOKHTL Jaxe HEMPEPHBHOCTL ONHOH W3
IBYX YacTHHIX MPOM3BOAHLIX B TOuKe (X, V).
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Kak 60l 7O Hu Ob10, B ofuieM cllydae CyMIeCTBOBaHHE 4YaCTHRIX
MPOH3BOAHHX BO3MOXHO M 6€3 cyliecTBOBaHusl nH(pepeHiiHala.
Iosromy npu onpenencHuH AMGpepeHUMPYEMOCTH (YHKUMH JBYX
MePEMEHHbIX Mepej, HaMu CTOHT BHOOp: OMMPaTbhCss /i HA Cylle-
CTBOBAHHE YaCTHHIX HPOM3BOAHBIX MJH HAa CYLIECTBOBaHWe M-
¢grepennnana? Obuienpu-
g Llxy-ay) O(x+ox.y-ay) wsit0 HaspiBams byHK-

yuio  Oudbgbeperyup ve-

Mol 8 OaHHOI mouke,

ecau OHa 8 3IMOLU moyre

P umeem Oudghcbepenyuan;

Piz,y) lx+3ry) ~ TaKOE onpenesexHe, Tpe-

Oyromee or augpepen-

uMpyemMol ()YHKIHMH He-

g XL ckonbko 6oable, YeM

Yepr. 23. CYLIECTBOBAHHE YaCTHLIX

NpOH3BOIHBIX,  yHOOHO

noTOMy, Yr0, KaK HOKa3HBaeT Ja/ibHEHllee pasBUTHE TEOPHH,

TONLKO (hYHKIIHH, OOnanalouye nHgibepeHuHaIoM, 0GHAPYKHBAIOT

B CBOMX CBOHCTB4X CKOJbKO-HHOyHIb MOJHOE CXOACTBO ¢ nHipe-
pEHLMPYEMbIMYE (QYHKUHSIMM OIHOH HEe3aBHCHMOH nepeMeHHOM.

0z
Hnst nony4deHusi 4acTHOH NMPOH3BOAHOH ox MM JaéM mpuparie-

HHE OIHOH TOJBKO MEPEeMEHHOH X, OCTAB/ssl y HEH3MEHHRM; ro-
BOpSl TEOMETPHYECKH, MBI CMewjaer; TOYKYy P (x, y) napauieibHO
Ox B TouKy P,(x-}Ax, y) (vepr. 23); yacTHasi OPOH3BONHAA
o—i onpenensieTcst K4k Npesnesl OTHOUIEHHS :
1) —fiP)
g PP,
npu P, —P; 3necb PP, ==Ax ecrb paccTosmue Mexuy TOUKamh
P u P, f(PYy=f(x, y), f(P})= f(x-Ax, y). [lonoGHum xe

o6pasom,
gi_—__— lim .f(P‘-)—)——f__(_Pi)_

oy P.> P PP, ’

rne P,—TOYKa ¢ KOOpIMHATamH (X, y-+A4y), kotopyio- Mb He-
OrpaHHYEHHO NpHOMKaeM K TOUKe P BIOJb npsMOH, napasielb-
ot Oy. MoxHo, Takum 06pa3oM, CKasarb, 4TO AJIs (pyHKIMH 2

0z z
B touke P ¥ €(Th MPOK3BOJHAS <TI0 HAPABJIEHHIO Ox», a Fy——
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IPOM3BOAHAN «mO HampasyieRHio Oy». Ho #icHO, YTO COBepILEHHO
AHaJIOTHYHEIM 00pa3oM MBI MOWeEM ONPEeNesHMTh YaCTHYIO TIPOH3BOX-
HYI0O QYHKUMM 2= f(X, ¥) H no nioGoMy HPYrOMYy HalpaBJeHHIO,
COCTaBJISIIOLLIEMY TMPOHM3BOJBHEI yron ¢ ¢ ocklo Ox; 1 3TOro
Hal0 TOJILKO CMECTHTh TOYKY P B Touky (@ Tak, uToOwl BEKTOP
PQ coctasnsi yron © ¢ Hampasnenvem Ox, ¥ NpuHOMKaTh 3aTeM
TOYKy Q K Touke P Bjposb 310ro sekropa. Benwuuny

lllnf(Q) —Jj (P
Q=P PQ :

eC/IM OHA CYIECTBYET, €CTECTBEHHO Ha3BIBATb HPOU3BOOHOL ¢hVHK-
uuy z no OGHHOMY, XAPAKMEPUIYEMOMY YeAOM @, HANPABAEHUO.
OueBHEHO, YTO 3ala8HHE TAKOTO HanpasJieHMs PABHOCHIBHO YCTAHOB-
JIEHMIO Onpenel&HHOl JHHeHnol caasy (dy — tg ¢ Ax) mexny npupa-
weHussMy Ax W Ay mpd MX OJHOBPEMEHHOM CTPEMJIEHHH K HYJIO.

MowHo ycnoBuThc 0003Ha4yaTh, HaNpuMep, depes D'p (2) npo-
H3BOAHYIO (PYHKIMM 2z N0 HANPABNEHWIO, COCTABJSIOLEMY Yroa
¢ HanpaknesveM ocH Ox, TaK 4TO

0. 0z
é: Dy (2), ~:D25 (2).

oy

IlokaweM Temepb, 4TO (hynipus 2z=— f(x, v), Ougbcheperyu-
pyemas 8 mouxe (x, V), umeem 8 3mol mo4re npou3BoOH I
no #1000My HanpasAeruo, npu'té".u

D (z)—— S C0s © + 9 sin g.

B camoM nene, Tak Kak IpdH CMELUEHHWH TOYKHM (X, ¥) MO Ha-
fIpaBJIEHHI0 @ Ha paccmmme o

Az A + Ay+ o(p)
TpHYEM
Ax=pcosyw, Ay=—psiny,
TO . 5
A 4
——:—: (% cog(p—{—é sing -+ o0(1),
T G

llmp—_D (z)_ cosp—i—d sin p,

p—=0

ur0 M TpeboBalOCh JOKA3aTh.
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Hesiupie ¢ynkuuu. Ianbpeliniee passMTHE YHEHHs O 4acT-
nomM nuddepeniHpoBaHHH COBEPLIAETCsl B LOCTATOYHO MOJIHOH aHa-
aoruy ¢ audipepeHnanbHbiM  HCHHCIEHHEM ONHOMEPHOTO Cllyvas;
33 HEJOCTATKOM BPEMEHM Mbl TIO3TOMY €ro kacartbcsi He Oynem;
3470 HaM HeOOXOJAHMO OCTAHOBHTHLCS emé Ha HeKOTOprX BAYKHBIX
3a71a4aX OAHOMEPHOTO Ciyyasl, Uil pelieHHsl KOTOpLIX NPHMEeRsieTcs
yacthoe auddepenurpopanme. Clofa OTHOCATCS Mpexiae BCEro
TeopeMbl O CyiuecTBOBaHHH W An(bepeHnHPOBaHHY <HEABHBIX»
QyHkumi (3TOT OOLWENPUHATHH TepMHH, Ge3YCIOBHO, Heynayed;
HpaBubHO ORUIO Obl TOBOPHTL O «HESIBHO 3a/lAHHKLIX» HIH <HESIBHO
onpenengHublX» (QYRKIMAX, TaK Kak peyb HAET He 06 ocobom
knacce, a MMEHHO 06 ocoGom crocoGe 3ananust yHKUMH).

BaM, KOHEUHO, TPHXOIMJIOCH MHOTO Pa3 CJBILIATL O TOM, 4TO
ypaBHerue

F(x, y)= (17

ompesensieT BENHYMHY y KaK ¢HEIBHYIO» (DYHKUMIO BeJIMYMHEL X.
Moz STHM HMEIOT B BHIY CyliecTBOBaHue Tako# Qynkuuu y =" f(x),
4T0

F(x, f(x)) =0 (18)

rownectsenno. Camo co0oif pasymeercs, HTO YCIOBHSI, obecreuu-
BAIOLLME CYILECTBOBAHHE TakOH (PyHKUMM, CBOKCTBA €€, a TaKke
W o6nacTh 3HAueHHH X,- AJsi KOTOPBIX BHIMOJHSIETCH COOTHOUIE-
nue (18), momnewar cnenuanbHOMy Hccnenosanmio. Mel 3nech
JOK4:KeM B STOM HampaB/ieHHH TOJbKO OCHOBHYIO TE€OpeMYy, OCHO-
BaHHOE HA Hell HaibHelllee pa3BHTHE TEOPHH CHESIBHBIXY (DYHK-
upii Bl nabinére B qoOOM MONKOM KypCe aHANW33d; OHO YWe He
NpeaCcTapIstET "pl/lHL[ldl']l/laJIbHOﬁ HOBH3HBbI.

Teopema. ITyeme pyarxnus F(x, y): 1) Henpepeisra 8 He-
KOmMOpol oKpecmuocmL MO4KEL (X, Yo), 2) Ougbghepernup vema
8 moure (x,, y,) u 3) obpawaemcsi 8 IMoL MOtKe 8 HYLb, 8 MO
8pemst Kak F;, (X4» Yo) 0. Toz0a cywecmsyem @HyHicuus
y==f(x), 0an womopoi f(xe)=y, u (18) MOHOeCHBEHHO Bbi-
NOAHACMES 8 HEKOMOPOL OKPECHHOCINI MOYKU X, Ima DyHk-
uus f(x) Ougpdbepennyupyesa 8 moure X, u

F, (%0, v0)

N e
A E,, (xg, %0)
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NokasaTenbcTBO. JUIs OnpenelEHHOCTH IOMyCTHM, YTO
F;, (%¢» Vo) > 0; TOrIa TIPH IOCTATOYHO MAJIOM >0 me1 Gynem uMeTh:

F(x()1 Vo— 3) < 0. F(x()) y0+ ﬁ) > 0’

apuuém Qyukuus F(x, y) B 00eux STHX TOUKaX HenpephiBHa;

noatoMy, ecaH a > 0 nocTaTOYHO

Ma/l0, TO NSl BCEX TOYEK X a (Z,4+f) a

oTpe3ka (x,—a, x,+a) [ N

(uept. 24) : ,y‘: =
F(x, yo— 3 <0,
F(x, yo+8) >0

B cuny 1o#i e HEUPEPBIBHOCTH
¢yskiMy F st Kawaoro Takoro
3HAYeHHs X HKHaPnETCHd MO3TOMY,
HA OCHOBAHWM TEOpeMBl 3 JEK-
muu Il (cTp. 73), Takoe 3Hade-
uve y (| y|<B), ana xoroporo
F(x, y)=—0. D10 3HaueHHe v
(MM ONHO M3 HHX, €CJIH WX He-
CKOJILKO), 3aBHcAllee OT X, MH
Gynem oGosnauath uepe3 f(x),
TaK 4TO

B4
F>0
A

(2434

;

o

F(x, f(x))=0 (18)

(Z.5 £

npH X, — & << X < Xo—|-a; TpH a [z5,4,-pl @
x = x, Qynkuus f(x), OYEBHIHO,

MMEET JIMLIb OJIHO BO3MOXHOE 3HA- Hepr. 24.
yeHHe Vg, TaK 9TO  f(xg) == y,.

Ham ocrtaétcsl noKasath cyulectsoanue f'(x,) W HalTH BC/M-
uupy 3TOH npomssonHod. Tlycts [Ax | << a, Ay— f(x,-+dx)—
— f(x,); Torna B cuny (18) F(x,-Ax, v, Ay)==F (x, | Ax,
fx,+Ax))=0, otkyna B cuny nnddepeHumpyeMoctt (yHKIHH
F(x, v) B Touke (X, V,)

0=F (%, 1 4%, yo+Ay)—F(xq, ) =AF =
::F”V (%0 Vo) Ay -+ F, (x4, Vo) Axo(9),

roe »
p=V 3 a2 <iax|-F|Av].
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Orciona
F, (x0r yo) Ay = F (xg, yo) Ax==) (] Ax[-}-]Av]),
rne y— 0 npu p— 0; unaue,
[F;(xo, Yo) =] Av - {F, (x, vo) 2] dx=0;

TaK Kak Y:F,', (%0, ¥¢) >0, TO mpy pocTaTOYHO Manelix o M B
(a 3HauuT, W mocTaToyHO Manbix |Ax|, |Ay]| u p) el nveem:

- 1 ) R
|'\I<-2_Y! Fy(x(), yo)iA:Yil> _;_Y'

a, CJeNOBaTeNbHO,

’ 1
Ay Pl v ) AVI Fyxey0+ 5 v
Ax F, gy yg) == A Ax _’_ »
2
OTCIOfIA fpexie Bcero BMHHo, 4to npH Ax— O u Ay-—0, a no-
ToMy W 5—> 0, A— 0; 3paumr,
A F (x5, Vo)
f=lm F=— 2 T
Ax»0 OX Fy X, y0)

qT0 4 TpeGoBaNOCh AOKA3aTh.

3ameTHM ewE, YTO ecau F; cyulecteyeT u 0 He ToONBKO

B TOYKe (Xg, Vo), HO H B HEKOTOpPOH €& -OKpPeCTHOCTH, TO HalHAeH-
HOe HamM peliedHe YypaBrenusi (17) siBisileTcsl €IHHCTBEHHBIM;
B camom nene, npH y; < ¥y, F(X, y)=0, F(x, y,)==0 na
OCHOBAHWH Teopemnl Jlarparxa

F(x, yg)——F(X, ,"1):0:(y2—)’1)[‘}(x, V),

rne y, < y <Y, OTKYyNa F) (x, y)=0, 4T0 no Hawmemy npex-
NO/IOKEHHIO HEBO3MOMCHO.

[NpuMennM Tenepb Haln&HHoe NpaBuiO mH(XpepeHIHPOBaHIIs
nefiBHbIX (yHKUMH K npocTefimiel 3amaue Ha TaKk Ha3blBAeMbIH
«YCJIOBHHIM 3KCTpeMyM»; 00oOuieHHe 3TOH 3apaud Ka ciyyail Gonb-
IIEro UHC/A MEepeMEHHBLIX COCTaBiseT COOOH BaXHYX H HHTEPECHYIO
TEOPHIO YCJIOBHO 3KCTPEMANIBHBIX 3HAYEHHH, KOTODYI0 Mbl HE MO-
weM, K COYaJEHHIO, PasBEPHYTh 31E€Ch BO BCel ILHMpOTE.

PaccmoTpum nHdeperuupyeMyio B HEKOTOPOH 00n1acTH (PyHK-
ouo F(x, y) v OyleM cuYMTaTh BeJMYMHY X HE3aBMCHMOH uepe-




NPOH3BOJIHAR ) 155

MEHHOH, a Be/MYuHy Y -— QyHKIHMEH OT X, Ollpene/sieMOll B HEKO-
Topom otpeske [a, &] cootHourenvuem

D (x, y)=0, (19)

rae ¢ynkuus P (x, y) rake nuddeperurpyema; TakuM oOpa3oM,
F(x, y) ¢aktuueckn sBasercs GyHkuuedl OmHON He3aBHCHMOH
nepeMeHHON X, 3aJ]aHHOH YKa3aHHBIM CJIOKHEIM 00pasoM; H B aHa-
JK3e, M B NPWIOKEHHAX OY€Hb 4YacTO NPHXOIMTCA MCCJiefoBaTh
¢yskiKYH, 3aTaHHBIE HMEHHO TakHM crmocofom. PaswickupaoTcs
SKCTpeMallbHble 3HAYeHHs 3amaHHoR (yHkiMM B oTpeske [a, b].

CornacHo ofiueil TEOPHH 3TH SKCTPEMANbHBIE 3HAUEHHs! (OTHO-
CUTEJIbHBIE MAaKCHMYMbl M MHMHHMYMBI) JOJ/DKHE 00paiath B HYJb
NPOM3BOAHYI0 HNAHHOH (DYHKIMM; Mbl IIODKHH, TakHWM 06pa3oM,
NPHPAaBHATL HyJN0 TPOM3BOIHYIO NaHHOH ynknuu z=— F(x, y) 1o
X, CYMTafd Mpy 3TOM, KOHEYHO, Yy (yHKUMEH oT X, onpenensemol
cooTHomenvem (19), T. e. npHpaBHATH HY/MO TaK Ha3bIBACMYIO

dz o
«MNOJIHY10» 1IPOU3BOAHYIO ax 3TOH (PYHKUIHMH N0 X:

- OF | OFd
=mta Y —o. (20)

0F oF
B stom ypaBHeHMu ax W g, FBAmOTCH QYHKUHAME OT X H V;

d
A8 onpeneseHnsl BEJIHYHHB IJ)’C MBI  JIO/DKHBI, KOHEYHO, MpHMe-

HUTH OPaBHIO IU(PGePeHHPOBAHKST HESIBHEIX Q)yHKuHH onpenens-
1owee $YHKLMIO Y cootHomeHve (19) nmaér

oP
5 qy e
e dx~ 09’
oy
B peay/bTaTe Yero ypapHenue (20) npuBomuTcsl K BULY
0FO® __o®oF
0x oy 0x 0y Y

9TO ypaBHeHHe BMecTe C¢ ypasrenuweMm (19) M mossoaser onpene-
JHTb BCE <KPHTHHECKHE» Naphl (X, V), T. €. BC€ TOYKH, B KOTOPHIX
dz

ax =0, ,ﬂanbﬂeﬁmero HCCJIeOBAHHA MBI 34eCh KACAThCsl HE MOKeM,



JEKIIUA VI

HUHTEIPAJI
Beenenne. — OilpejiesieHne  HHTerpaja. — YCNOBHA  HHTErpHpYye-
MocTH. — CXeMa reOMeTpHYEeCKHX M (QHUSHYECKMX NPHIOKEHHH. —

Ceasb ¢ audpdepeHunpopanneM. — TeopeMbl 0 CpelHUX 3HAYEHHSX. —
O6061EHH b HHTeTpanbl. — BeluncieHue 1BOHHBIX uHTerpanos. — O6mwas
HIesl HHTerpaJa.

Beenenue. VHrerpaneHoe HcyMc/enHMe NepPBOHAYAJbHO pPa3BH-
BajoOCh HE3aBHCHMO OT yuenust o avpepenurposanus. Tonbko
K KkOHUy 17-ro crofletns, korma o0e BeTBH MOJYHMJH yWKe 3Ha-
yHreNbHOE Pa3BHTHE W HAYHHJIHCh PeulaTbh — Kawiaas CBOMMH COG-
CTBEHHBIMM MeTOjamMH — OOoJIbllioe 4YHCJIO 3373y TeOMEIDHH H Me-
XaKMKHM, Obuia cO BCefl MOJNHOTOM pacKpbiTa CYLIeCTBOBABILIAs
MeX1y HHMH rIyOOKas CBSi3b: MX OCHOBHblE NPOG/EMHI OKa3anHch
IByMsl B3aHMMHO-OOpaTHBEIMM 3a/1a4aMH | aHazK3a 6eCKOHEYHO MaJlbiX;
unTerpuposasve M audeperipposarve QYHKuMH CTOST ApYr
K Jpyry B TOM e OTHOUIEHHH, KaK ClOXeHHe H BblYHTaHHe
YyHceJ.

DTOT MCTOpPHYECKHH MOMEHT OOLIYHO CHYMTAIOT JATOH pOXNdIe-
HMsi TOFO Y4YeHHsl, KOTOpOe B Hallle BpeMsl Ha3bIBAIOT MaTeMaTH-
YeckuM aHaiu3oM. M 1eHCTBHTENBHO, HMMEHHO € 3TOr0 BpEMEHH,
KOrga TJdBHMWM JABIKYLIHM pbYaroM kak axgdepernmansHoro,
TaKk M HHTErpajJbHOTO HCYHCJIEHMH CHENajlach 3Ta MAEH WX Hepas-
PHIBHOH NPHHUMIIHA/ILHON CBSIBAHHOCTH, pa3BHTHE obenx seTsei
HONLIO € HCKJIOYMTENLHOH OHCTpOTOH; B OCOGEHHOCTH HWHTErpalib-
HOEe MCUHCTIEHMe C STOTO MOMEHTA [IONYYH/IO BO3MOXKHOCTH repekTH
OT pelienHsi OTAENbHBIX Pa3PO3HEHHBIX 3a1a4 K CO3MAHMI0 10CTa-
TOYHO MOLIHBIX OOILHMX METOMOB.

Sta cBOCOOpa3nas HCTOpHYECKas Cynb0a B3AMMOCBASM MeMly
IBYMSl OCHOBHLIMH Da3je/laMH aHajH3a 10 CHX nOp HAXOMMT ceGe
OTpaKeHHe B CHCTEMaX H3JIOWeHHsl WX Ha CTpaHHNaX yueOHbIX
PYKOBOLCTB: B TO BpeMS KaK OIHH aBTOPH B NEnsx Gospliedt
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JIOTHYECKOH CTPOHHOCTH OnNpenessloT HHTErpanHlo (yHKUME, Kak
onepauio, 06paTHyi0 IH(QepeHiHPOBanHi0, IpyrHe MNpPeanoYMTa-
10T, IO HM3BECTHOM CTeleHH BOCIPOU3BOAA HCTOPHYECKOE pPAa3BH-
THe, onpenensaTb oGe onepalyy He3aBHCHMO APYr OT ApPYyra, yTo-
6hl JMLLIb MO3/IHEE YCTAHOBUTH B3aWmHyio cB3b WX. C dhopmarsrol
CTOPOHBI, KOHE4YHO, 0e3pas3/MyHO, KakoH H3 3THX ABYX MyTeH Mbl
BoibepeM; HO M HO CYujecmgy TPYNHO, NaWKe, M[OWaNyH, HeBO3-
MOXKHO YTBEPJAaTb, 4TO TOT WJAM OPYrod W3 3Tux nyreh 3acny-
WKHUBAET MPEANOYTCHHs mnepel APYyruM; JAeJ0 B TOM, 4YTO 3I4€Ch
MHOIO€, B CYUIHOCTHM, INOYTH BCE, 3aBUCHT OT 3anpocOB M HHTE-
pecoB  yuauldxcs: TOT, B KOM JIOTHYECKMi, wuOeHHn HHTepec
K MaTeMaTHKe NOMHHHPYET Hall NPHKJIalHbiM, NPAKTHYeCKHM, OyaeT
NPUBETCTBOBAThL BBEJleHHE HHTETPHPOBAHMA KaK Ollepalku, oOpar-
Hoil nu(pdepeHuUpoBanmio, HOO, MOweT ObiTb, €aM OH YXKe 10
cBOHCTBEHHOM MAaTeMaTHKaM MpuBLIYKe, yuyach aHddepeHHpoBaTh,
AyMan O TOM, KaK BLIMISAMT 00paThas ouepauMs; HanpoTHB, IS
Yyualerocs € MPUKJaAHbiM HANpasjeHHEM HHTEPECOB 3TOT MNYThb
MOMXET NOKa3aThCsl BLIYYPHBIM; H3YyueHHe OOpaTHOH ollepanny Kak
TakOBOH, KOrla ne BHAHO eluE, I KaKUX KOHKDEeTHHX 3anad
OHa MOWET OKa3aThCH MO0JIE3HOH, ¢CTECTBEHHO (IOKAWKETCA eMmy
HEJIOCTATOYHO APTyMeHTHPOBAHHBIM.

Onpenenenne unrerpana. [lonsTne wuHTErpana BO3HHKIO u
NOCTENEHHO YKPeNWJOCh B CBOEM 3HAYeHWM, KOTAA IleJbii psin
3a1a4 CEOMETPHH W MEXaHMKH I[IDUBOIWI K HEOOXOAHMOCTH IIPO-
M3BOAHTL Hal (PYHKUMSMH ONHY W TY 3Ke aHaJMTHUEeCcKYIO ome-
paumio, conepwande KOTOpPOH COCTaBisl mnpeje/bHBIA  Nepexon
HEKOTOPOro CcosepleHHO ompepengnnoro tuna. [lpupona 31ok one-
pauMy BaM, KOHeYHO, XOpouwo H3BecTHa. [lycTb 3anmaHa HeKOTO-
pas ¢ynkuna f(x) wa orpeske |a, b]. Pa3obbEm 5TOT OTpe3ok
Ha n yacTel, 0003HA4asg TOYKH JejleHHs uyepes

a:x0<xl<x2<' N '<xn—l<xn:b;

B K2KJIOM M3 OTPe3KoB [x,_,, x,] (k=1, 2,..., n) BeiGepem
IPOM3BOJILHYI0 TOYKY &,; 3Hauenme QysKumM f(X) B Touke §,
YMHOXHM Ha JMHY X, — X, | COOTBETCTBYIOLLEIO OTPE3KAa H CO-
CTAaBHM CYMMy BCEX TaKHX IPOHM3BeleHHEl

zf(ek) (X — Xp_1)s (1)

k=1
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npeacTaBuM cefe Temepb, YTO Iepel HaMM BCS COBOKYIHOCTH IIO-
10GHOTrO pona pasGuennit oTpeska [a, H] v BceXx BO3MOMHBIX BEIGO-
poOB TOYEK Ek (OpyY€M W YMCJIO 7 HAaCTHYHLIX OTPE3KOB MOXKET KaK
yIOIHO BapbMpOBaTh), @ 3HAYMT, W BCEX BO3MOKHHIX 3HAYEHH
cymmel (1); 0603HaYWM yepe3 / AJHMHY HauOOJNbUIETO M3 4aC THYHLIX
oTpesKoB [x, ;, x,] B nanHom pasGuennu. Ecan cymecTsyer Takoe
yueno /, urto cymma (1) crpemutcst k [/ npu [ — 0, kakoBel Ohl
HM OBUIM NPEAUPHHSTHE pa3CHenust M BLIOPAHHbIE TOYKH Gy, TO
9T0 UMCIO Ha3LIBAIOT MHTerpanom GYHKuMH f(X) B oTpeske [a, b]
u 0003HaYaT 4yepes 4

fx) dx.

Qt/—)v

Heckonbko Gonee TouHasi (OPMYJIHpPOBKA Iiacut: uMcno [ mua-
auiBaercst Muterpanom QyHkuuu f(x) B orpeske [a, b], ecim, kak
6o Mano By ObuI0 € >0, HalngTCA Takoe HPYTOe MONOWKHTENb-
HOC YHCIO §, 4TO mpH NoGom pasGuenuyd otpeska [a, b], ymosne-
tBOpsioLieM Tpebosanuio /< 0, W mpu 106OM BhHIGOpE TOUEK 3,

II— E f(ek)(xk‘—xk_l)l<s.

k=1

Kak 66l TO HH ObLIO, Mbl BHJMM, 4TO 31€Chb peyb WAET O CBOe-
0O0Opa3HOM M JIOBOJILHO C/IOWHOM NpeNe/bHOM MNepexone; mnpotecc,
Jexaiyii B OCHOBE 3TOrO NPENENBLHOTO NEPEX0Aa, TPYAHO OmHCaTh
(kak Mbl 3TO penaeM OOLIYHO) yKasanHeM Ha MoBeleHHe OJIHOH
Kakoi-/M60 He3aBHCHMOHN 11€PEMEHHOM; MOWHO 33 TaKYi0 NEPEMEH-
HYIO UPHHATH [ (M ONMCHLBATE mpouecc cumBonom [ —>0), HO npu
3TOM HeJb3sl TepaATh M3 BMAa, 4To cymMa (1), o npenene KoTopoH
HIET peyb, He eCThb ONHO3HAyHasi (PYHKUMH BENHYMHGL [, WGO mau-
HOMy 3HAYeHHlo {, OYEeBHIHO, COOTBETCTBYET OecuMClIEeHHOE MHO-
KECTBO pa3niuyHeIX pas3Cuenuil, a npu BHIOPAHHOM pa3CHEHHH —
ed GeCcyHCIEHHOe MHOXKeCTBO BO3MOXHOCTEH B OTHOWIGHHH BHOOpa
Touek §,; U CyLIeCTBOBaHMSA mpenena / HYKHO, 4TOOHI BCS 97a
COBOKYIHOCTH 3HaueHHd cymmbl (1) npu nocratouno manom [ Gbina
xaKk yroaHo Onm3ska k /.

Takas CIOXHOCTh B NpoOLecce, JieXadlleM B OCHOBE HHTErpanuH,
TPHBOJMT K HEKOTOPEIM HeynoGeTBaM; M B OGIIHX TeOPETHYCCKHX
NOCTPOEHMAX, M B KOHKPETHO-NMPAKTHYECKHX cayuasx TpeGyemas
OlIpeLE/ICHHEM HE3aBHCHMOCTH mpenena / OT XapaxkTepa pa3CHeHud
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H BboifOpa TOuEK Ek XOTl M MOXeT OBIThb CTPOro N0Ka3aHa, HO JO-
Ka3aTeJbCTBO 3TH CBOEH JOPMANLHON rPOMO3AKOCTBI) YACTO OYEHE
OGpeMeHslioT DacCyxaenusi. BorT mnouemy Bo mHOTHMX COBPEMEHHBIX
H3JIOWEHHUSX TIDHHATO OMNPENENATL HHTErpPaJll HECKONBKO BHOM3-
MEHEHHLIM MyTEM, M30ErapliMM Ha LEPBHIX MOPAaXx KAKOro Obl TO
HH Gbilo npenenvroro nepexosa. K stomy HOBOMY OIpPERENEHHIO
(xoTOpoe, KOHeuHO, OpPMATIBHO SKBHBAJNEHTHO NPENbIAYIEMY) MBI
Tenepb M IepexoauMm.

[lyets f(x) — noGas orpasmuernas Gynknus Ha oTpeske [a, b};
0003HayumM €€ rpanu uYepe3 M (Bepxuiol) u m (HmkHI00). g
moGoro pasbuennst 7 otpeska [a, b| 0Go3naunm uepes M, v m,
COOTBETCTBEHHO BEPXHIOIO M HHIKHIOIO TIpaHH QYHKIMH f(x) Ha
oTpeske [x,_,, Xx,] W nNonOKHM Xp— X, =3, (1< k< n).
Iycte, nanee,

n
e il
k=1

n
Bp= Z m,d,;
- k=1

TaKuM 00pasoM, kawnoMmy pasbuenmio 7 COOTBETCTBYET Ollpese-
NEHHAs <BEPXHAS» CyMMa S, W ONPENeNSHHAT «HHIKHSSI> cymma
Sri TPH STOM, OYEBHIHO, M =<Im,<<M,<<M (1 <k <Cn), 1ak
4TO NpH JioOOM pasbueduyn 7T m(b—a)<sT<ST<M(b——a);
COBOKYITHOCTL 3HA4Y€HHH, MPHHHMAEMbIX KaK BEpXHeH cyMmof Sr
TaK M HHKHEH CyMMOR s, Npu  BCEBO3MOXHBIX pa3bHeruax
otpeska [a, b], ecTh, Takum 0Gpa3om, OTPaHHYEHHOE MHOKECTBO.

Husichroro  zpawe  muoxcecmsa 6cex sepxhix cymm S, mol
Hasblaem BepxHUM unmezpanom chyurnuu f(x) na ompesxe
[a, b) (usu 8 npedesrax om a do b) u obosnawaem uepes

b

T— f(x)dx.

Ne—,

1

T100oGubLn  ce  0Opasom  sepxrioro 2parb  BCex HUICHILX
CYMM Sy Mbl HA3bIBACM HUNCHUM uHMeEZpanoy dVHEum  f(x)
Ha ompesice [a, b] (uau 8 npedesax om a do b) o obosnanaen
yepe3

b
1= ( f(x)dx.
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Takum 06pasoM, BEPXHHM H HHXKHHM MHTErpajaMp B IAHHOM
oTpe3ke 0OnanaeT BCsikas OTpaHHyeHHast (DYHKUMS; STH ABa HH-
Terpana ONpeNeNsOTCS, Kak Bol BHAMTE, €3 BCSKOTO MpeneJb-
HOTO MPOLECCa, KaK rPaHH HEKOTOPBIX MHOWECTB.

Ecau sepxaull u HuscHuli unmeezpass. dynruuu f(x) Ha om-
peswe [a, b] cosnadarom mexcdy coboti, mo obujee 3Haterue Lx
HO3LIBAEINCS. UHMezpasom OQHHOL HyRKuuu 8 npedesax om a
0o b u obosnanaemcst wepe3

I=\ f(x)dx;

Ry

@yuruus f(x) 8 amom cayrae Ha3biBaemcs uHmezpup vemol Ha
ompesre [a, D).

Ilnis TOro utoOH CHeNaTh W3 STOr0 ONpeNeJieRHsl HyXHbie
HAM BBHIBOJIbI, HaM MOHAZOOHTCS HECKONBKO COBCEM SJIEMEHTAPHBIX
BCNIOMOTATEJIBHBIX  TPENJIOKERKH. Y CIOBHMCSI TOBOPH1b, HTO pas-
Guetne T’ otpeska [a, b] siBnsietcss npcdossceruem pasonenus T,
ec/M BCE TOYKH JiesleHHst pa3buenus T c/IywaT BMecTe C TEM H
TOuKamy meneHyst ans pasOuenust 7' (HO, BOOGUIe roBOps, T' co-
NEePKHT M HOBHE TOUKH AeNeHus, He coxepwaiuvecst 8 T).

Jemma 1. Ecau T' ecms npoloacenue pa3OueHus T, mo

St << S84, S == Sy

B camom mene, mpH nepexone or pad0uenus 7 K ero mpoaoi-
wennio T kaxael wied Mg\, cymmsl S, 3amensietcs rpyrnmno#

YJIeHOB
5
_;_ Mg, A,
==
rae Ap, Agy ..., Ap,— IIMHBL TEX OTPE3KOB, HA KOTOpbE pas-
GuBaeTcsl OTPe30K [x,_;, X,] 1mpH nepexone or pa3buenus T kK

pas6uensio T, a My, — Bepxusisi rpanb (yHkuuH f(x) Ha oTpes-
Ke A TaKk Kak, o4eBHaHO, My << M, (1 <r<s), 10

s s
Z Mk,,i\p,. = Mk E L-\k,. — MkAk,

r=1 r=1

T. €. T4 IPYNNA 4IEHOB, KOTOPOH 3amensiercst M,,, HMeeT cymmy,
He Goabwylo vem M,A,, a Tak KaK 3TO CNIpaBE;IMBO s Beex K,
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T0 Sp<CS,; COBEpIIEHHO aHAJIOrHYHO HOKA3WBAETCH W BTOpOE
H3 yTBCD KAAeMbIX HEPABEHCTE,
Jlemma 1. Lra swbeix pasbuenui T, u T, ompesia [a, b]

ST, = ST,'

B cavMom nese, COBOKYNHOCTbL BceX TOweK HeJienusi 06OMX pas-
Ouennit T, u T, onpemenseT HeKOTOpOE TpeTbhe pasbuenve T,
SIBJIIIOLLIEECS, OYEBHAHO, UPOHO/KEHHEM KAWIOro H3 pasGueHul
T, u Ty,; HO 1asl OOHOTO W TOTO € pa3buenusi T, OUEBHIHO,
Sy == §,; NOITOMY B cuay aemmbi |

Sr=8,=s,.=sp,

YTO H TpeOOBANOCh NOKA3aTh.
HenocpencTeensniM cienctuem semmnl Il sipnsietcs

Jlemma 111. Lasn swboi (0zpaniuennod) bynwuuuy I =1.

B camom nmene, Tak kak niobasi M3 CYMM S; HE NPEBOCXOAHT
moGoR M3 cymm S, TO W BepXusist Tpanb / COBOKYIHOCTH BCEX Sy

He MOWET NPEBOCXOIMTL HHXHeH rpaun I COBOKYUHOCTH BCex S..

Ilyctb Tenepnb [, 03HauaeT winMHYy HaHOOJBUIETO M3 YaCTHYHBIX
OTPE3KOB, HAa KOTOpbLIE pacnanaeTcsi OTpe3ok [a, ] B cuny pas-
Oucuus 7.

Jlenmma 1V. lpu wobon € >0 cywecmsyem maroe ) >0,
umo Oas 6cex pasbuenud, Oaa womopwix ,.<), mb uneem
SpI+-e sp>1—-e.

310 npeano¥enHe HHOTHA BHIPAXAIOT HECKONLKO KOpOYE, TO-
Bopst, Y0 Sp—/1 W s, — [, korna l.— 0; TaKkas penaxums
He MOXET NPHBECTH K CMEIIEHWSM, eC/H TOJNLKO TNOMHHTb, HTO
Sy H S, He SIBASIIOTCS ONHO3HAYHLIMH (DYHKLMAMH OT [,

RokasatenbcTBo. He orpanuunBas oOLIHOCTH paccy-
WIOCHUS, Mbl MOXKEM JIONYCTHTbL, uTO f(x)==0 upu a<<x<<b
(3TOrO MH MOXEM Bcerza HOCTHIHYTb npubasneHdeM K f(x) no-
CTaTOYHO OCO/bIWIOrO uYHcna A, rNpHYéM BCE HHTErpalbl M CyMMH
ysenuuuBaiorcs na A (b —a)). [lo onpemenenvio nwxHeH rpanu

cyuiecTByeT pasbuenue Ty, mas Kotoporo Sry<l 7—[—-% . O603na-

YHM 4epes x;, Xy, ..., X, BHYTPEHHHE TOYKH HEJEHHS OTpes-

ka [a, b] npu 3ToM pasbuennH, W mnycTb M —Bepxusisi rpaHb
g

¢$yskunn f(x) na orpeske [a, b]. Ilonowum, nakowen, k= e

Il A 5. Xununn, Bocemp sexumit
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¥ nyct T —060e pa3GueHHe oTpe3ka [a, b], nns koToporo
1, <. Mbi nokaxem, uto S, <I--e.

C arolt uenplo pa3oObEM YacTHYHbIE OTPE3KH, Ha KOTOpbie
pacnazaetcs oTpe3ok [a, b] npu pasGuenuu T, Ha JABE TPyNbi;
K neppofl rpynme OTHec&M BCSKHH OTpe30K, LEIHKOM NpHHaie-
Waui ONHOMY H3 OTPe3KOB [x,—14, X, L] (1<<k<n), a
KO BTOpOH Tpynne OCTalbHLIE YaCTHYHHE OTPe3KH (4epT. 25). Co-

g [ §p o § 8 0o gh oo 1 104

Lt LA, L, A

Yepr. 25.

OTBETCTBEHHO STOMy H cymMa S, pacnanércs na cymmnr Sh u SIt.
B cymme S1 Bce ulenbl MMEIOT NEpBhE MHOXHTE/H, He NPEBOCXO-

asiue M, B TO BpeMsi KaK CyMMa IJIHH OTPE3KOB, COCTaBIISIIO-
€

LHX BTOPble MHOXHTENH, He Oonee yem 2n)\=m, TaKk 4ToO
: 3} 13
Sl Moo ——.
r—="""2m 2

C npyro#i CTOpPOHH, yacThb CyMMH SP, oTHOCsLIasics K OTpes-
kaM pasCuenuss T, COLepWallMMCS BHYTPH OTpesKa [x,_;, X,]
(uepT. 25), UMEeT nepBbie MHOXHTENH, He G0nblMe, Yem M,, a
CYyMMy BTODbIX — HE€ OOJIBUIYIO, 4€M X, — X, ,=—A,, BCJICACTBHE
Yero BeNMYMHA 3TOH wacTH He Gonbuie, wem M\, a 3HauMy,

n
S}‘\<\Z MA, = Sr,. Takum o6pasom,
k=1

S=Sht B <S4S, < ST 45 =T,

YTO MH W XOT€NH J0Ka3aThb,

CoBepUIEHHO aHaJIOTHYHO HOKa3biBaeTCsl, KOHEYHO, H BTOpPOE
H3 YTBEPKIAEMbIX HEPABEHCTB.

Teopema. lycmy hynruus f(x) unmezpupyema Ha ompes-
re [a, b]; mozoa, ckons 6ot mano Hu 6oiao € >0, cywecingvem
MQro0e HOAOHCUMEABHOE HUCAO K, 4MO npu Aw060Mm pasbuenuu T,
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0ast womopozo 1. < ), Mb. CyOem umems, kax Ob Mbl HUu 6bOU-
panu mourcu §, (x,  <§ <x,) (l<k<n)

lZ f(gk)Ak_1|<e:
k=1

b
20e I_—:.Sf(x) dx.

B camom nese, TaK Kak, OUYE€BHIHO,
m,<fEy<M, (1<<k=<n)

npH 060M BHOGOpe TO4YeK &, B COOTBETCTBYIOLIMX YACTHYHbIX
OTpE3Kax, TO

n
;<Y flE)A, <Sp
k=1

HO. ¢ HpYrodi CTOpOHbI, B cuay Jemvu IV mwis Bcex pa36uenuit
C IOCTATOYHO ManbiM I,

I—e=£—-e<sT<ST<_1_—|—s=1+e;

CONOCTaBASIA 3TH HEPABEHCTBA C NpeNblAYLIHMH, HAXONMM, YTO Al
BCex Pa3CMCHHI € HOCTATOYHO MasbiM [,

1—E<Z fEN A, I+
k=1

4yTO0 W TpebGoBanOCh HOKa3dTh.
O6patnasi Teopema, KaKk J€FKO BHIETb, TaKWe BEPHA; B CaMOM

nene, ec/¥ npd JoOOM pasOHeHHH € JOCTAaTOYHO ManbiM [, W OpH
n

B
moGom BhiGOpe Touek &, cymma 2 f(&,)A, Kak yronno Onuska
k=1

K wdcay [, TO ¥ S, npH HOCTaTO4HO Manom I, GyneT Mewbue,
uem /-}-¢€ c npyro# ctopownl, Bcerna S,.==1/, otkynal < /¢,
a 3Haunt, /<C/, Tak Kak & NPOM3BOJILHO Maslo; NOJOOHKIM Ke
obpazom /=1, tak uro [ <</, oTkynma, B cuay unaemmua lII,
I=I=1, 1. e. Qynkuus f(x) unrerpupyema Ha oTpeske [a, b].

Takum o6pa3om, IaHHOE HaMH HOBOE ONpeNeNeHHe HHTETpalla,
JEHCTBUTE/IbHO, B TOYHOCTH PABHOCH/IBHO ME€PBOHAYANBHOMY .

1*
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[Ipumeuvanune. M3 nemmu IV, O4YeBHOHO, BHTEKaeT: eC/H
MH 0003HayHM 4epes w, =M, —m, koaebanie Qynkuiu f(x)
Ha orpeske [x,_,, x,], T0 Oz mozo umobm dbynxuusn f(x)
Obira unmezpupyema Ha ompesxe [a, b, Heobxodumo u docma-
MO4KHO, 4MOOw CyMMa

Y 0 =S8;—5 (2)
k=1

Oviia KoK y200HO Mmana Oasi 8cex pasbuenufi T ¢ docmamouro
manem I

Ycnosusi unTerpupyemocti. Cam mo ce6e ykasaHHHH B no-
C/IEIHEM MPHMEYaHHH HeOOXONWMHM W HOCTaTOYHLH NPH3HAK HHTe-
TpHpPYEMOCTH e€llg Mano ynoGen, Tak Kak B OONBLIIMHCTBE CJy-
YyaeB JUI KOHKPETHO 3aflaHHnX (yHKUWB Heserko OhBaer
HENOCPENCTBEHHO CyOUTb O moBeAeHHMH cymmhl (2). OnHako, ¢ no-
MOIbI) 3TOTO NPH3HAKA O4YeHb JIEFKO yCTaHaBAWBaThb OOLHE yCio-
BUfl MHTErpHpyeMOCTH Juin Gojee H/IM MeHee IIHPOKHMX KJ/4CCOB
yHKLME. j

Mu Tenepb v mOHZEM N0 STOMY MyTH,

[lokaxem mpexne Bcero, 4To scaras dynxyus f(x), menpe-
pwsras Ha ompesie [a, b], unmezpupyema ra 3mom ompeswe.
B camom nene, no cBOHCTBY paBHOMEpHON HENPEPLIBHOCTH (Te€o-
peva 4 gexumy I, crp. "65) mis KakKIOro DOJSOKHTENLHOTO
YHC/Ia € HalOETcs Takoe MOJOXHTENbHOE YHCIO X, Y4TO KoJaeOanue
dyukumn  f(x) Oymer Meubile € Ha JMIOOOM OTpE3Ke, IJIHHA KO-
Toporo meubiie L. Ho Torma npu moGom pasbuennu 7T, masi Ko-
Toporo I, <), Bce @, B cymme (2) OyAyT MeHbLIe, YeM &, BCIEH-
CTBHE YEro

n n
Zkak<eZ A,=—¢e(b—a),
k=1 k=1 ‘

T. €. cymMa (2) CTaHOBHTCSI KaK YTONHO MajlOi MpPH HOCTaTOYHO
manom I, OTKyna, KaK MH 3HaeM, H BHT€KaeT HHTErPHPYEMOCTh
Gynkupn f(x) Ha otpeske [a, b].

Mower nu paspuBuHast (yHKUHS OKa3aTbCsl HHTETpHPYEMOE?
Jlerko BuIETh Ha NpHMeEpax, YTO MOWET; JIerKO Lae yCTaHOBHTh
B 3TOM HAanpaBJeHHH H HEKOTOpHEe ofuHe 3aKOHOMepHOCTH. [lo-
KaXKeM, HanpuMep, uTo ozparuueHnass ywxnus f(x), umeowas
Ha ompesxe [a, b] moavrko 00ny mouky paspmsa ¢, unmezpu-
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pyema Ha 3amom ompesxe (Kakop Oh HH OnJl XapakTep pasphBa
B TO4YKE c).

C oTolt uenbio o603Ha4YHM Yepe3 J4 BEPXHIOIO TpaHb (GyHKUHH
|f(x)] sa oTpeske [a, b] u BuGepem MPOH3BO/LHOE NONOKHTEIb-
HOE YHCIO €, Ha OTpe3Kax [a, c—z—ep] H [c—}—%‘, b] ynk-
uusi  f(x) HenpepuwBHA; MH MOXEM MO3TOMy CHOBa HalTH TaKoe
NOJOHTENbHOE YHCIAO A, YTO KoJebGanHe (QyHKUMH Ha JIIOOOM
orpeske JIHHH <), LEJHKOM NOMewaioleMcst oo B OTpe3Ke

Imun L rmn Imun
e B 4
c- c+
24 Zp
Yept. 26.

2p
yeMm €. [lyctb Tenmepb cHoBa T ecTbh J1060€ pasOHenHe OTpe3Ka
[a, b}, nns koroporo I, < ); cpenn orpeskos A, Gynyr, BoOOLLE
rOBOpSI, TaKHE, KOTODHE LEeJMKOM (OMEUIATCS B ONHOM W3 ABYX
BHIIEYNIOMAHYTHX OTPE3KOB, a TaKke M TaKHE, KOTOpbie XOTH

[a, c—i] , W60 B OTpe3Ke [c—l—zip , b] , OymerT Menbile,

Obl YaCTHYHO 3aXBaThLIBAIOT OTPE30K [c—i, c—|—2—ep] (uepr. 26).

Ins orpeskoB A, nepsoro Tuna KonebaHus ©, B CyMMme (2)
MEHbIIE, YEM €, BCJAENCTBHE YEro OTHOCfllascd K OTpe3KaMm fnep-
BOro THMNa 4acThb CyMMu (2) Mesbiile, 4em €(b—a). Ilna orpes-
KoB A, BTOPOr0 THNA OTHOCHMTEJIBHO KO/NEGaHHH ®, MBl MOXEM
TONLKO yTBEpXAaTb, YTO KaXKAOE H3 HHX He Goibuie, yeMm 24;
HO TaK K4k BCE OTpPE3KH BTOPOrO THIA LEJMKOM [PHHANIEHKAT

13 13
OTpE3KY [C_Q_p—)" c—l—ﬁ—{—)\] , TO CyMMa IIMH MX HE Mpe-
€
BOCXOIHT Tf+2)" a CheJOBATE/bHO, COOTBETCTBYIOMIASl UM YaCTh

cymvu (2) He Oonpiie, 4YeM 2y (% - 21) = 2¢ -} 4hp; como-

cTaBisii 3TO ¢ walASHHOM BHille OLEHKOH Jasf nepBoH 4acTu
cymmu (2), Mu HaxomuM, 4To npu [ <)

Z 0,0, < e(b—a)}2e -}y
k=1
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TAK KaK € W )} CKOJb YTOJHO Majbi, TO STHM YCTAHOB/IEHA HHTETPH-
pyemocTs dyukuuM f(x) nHa orpeske [a, b].

Mbl cO3HATENBHO MPOBENH € TaKOH NOAPOGHOCTLIO 3TO HEC/IOXK-
HOE pAacCyXIeHHe; 34eCh BaXHO YJIOBHTb OCHOBHYIO MbICAb JOKa-
3aTenbcTBa; cymma (2) okaswiBaeTcsi manodl notomy, urto: 1) B 06-
ndcTax, rae GyHKuMs HENnpepbiBHA, Mallbl  Hepssie  MHOKHUTENH
®, (paBHOMEpHasi HenpepbiBHOCTH!) M 2) OTpeskH, 3akmouaroive
TOUKH pa3phiBa, JAIOT Majyld CYMMY 8MOPbIXx MHOXKHTeNleH; 0TCloAa
ManhiMH OKa3biBaloTcsl obe 4YacTH cyMMHl (2), a 3HauuT, H BCH 3TA
cymva. Tenepb nerko MoHATH (H CTPOro IOKa3aTh, KOHEYHO), YTO
1 Mmoboe KOHEeYHoe YHCIO pa3pbiBoB (yHKUHH f(X) Ha OTpe3ke
|a, b] e nomemaeT €& HHTErpHPYEMOCTH, €C/IH TOJILKO OHA OCTa-
&Tca orpannuennol. HanpoTus, ecnu TOuKH pa3priBa 3aN0NHHIOT
CMUIKOM  GOAbLIYIO NOMO OTpe3ka [a, b], TO (YHKUHS MOKeT
cratb ueunterpupyemod. Tak, ¢ynkuus Hupuxae (nexuus lII,
ctp. 62—63), uMeloLIas Pa3puB B KawIA0H TOUKE, HEHHTErpHpyema
HH HZ KakoM OTpeske; B caMOM Jeje, B Jio6oM OTpeske A, s
3TOH ¢yHKUMH ©, =1, BCIEACTBHE 4Ero HpH JOGOM DasCHeHHH

otpeska [a, b]
n n
Z u)kAk: 2 Ak:b—a.
E=1 E=1

3aHuMalouMil Hac KpPYr BONPOCOB HAXOAHT IOJHOE paspense-
HHE BCeX OTHOCSLMXCS CIOAa 3a1a¥ B CJAEAYIOLEM NPEILJIOWEHHH.

Teopema. .Jas mozo umobs. ozparusennas gyuruus f(x)
Obiia unmezpupyema wa ompesre [a, bl, Heobxodumo u docma-
MOYHO BbINOAHEHUE CACOYIOUE20 VYCAOBUSL: KAk 6bl MQAO0 HU
6ei10 € >0, 6ce mourxu ompesxa |a, b)|, 8 xomopwix rxoseba-
Hue Oyuryuu f(x) npesocxodum €, mozym Obitnb 3AKAIO4eHbL
8 KOHEHHOE YUCAO OMpe3x08, CYMMQ OAUH KOMOPbLX MeHbULe,
uem :.

HdokasatenvcrBo. 1) [lycThb ycnoBHe TeOpeMH BhIMOJ-
Hero. flyctp &;, 8, ..., 8, — CHCTEMa OTPE3KOB, 3aKJHOYAIOUIHX

BHYTPH cebsi Bce TO4YKH, Ha KOTOphX (yHKuus f(x) npesocxo-
n

IUT € MyCTb TNpPH 9TOM26i<8; CHCTEMY JONOJIHHTENBHBIX OT-
=1

pe3kos 6ynem o6o3unayath Yepes d,, d,, ..., dy. Tak kak B mo.

6ol Touxke moGoro oTpe3ka d; kKoneGauue QywkimM f(x) He mpe.

BOCXOAMT €, TO COrnacHo Teopeme na cTp. 81 nekuuu I koneGanne
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sTOl yHKUMH OyneT MeHbUle, YeM 2¢, Ha moBoOM OTpeE3Ke N0CTa-
TOYHO Ma/i0f IJHHBI, LEJTHKOM JIEXdlleM B ONHOM W3 OTPE3KOB 4.
Tenepy ocTaércs TOJAbKO BOOGPa3HTh cebe s106oe  N0CTAaTOYHO
Mmenakoe (T. e. obJaanaruiee NOCTATOYHO MajbiM ;) pasCuenue
oTpeska [a@, b] Ha uacTHuHble OTpe3kH A, W NPOBeCTH nanbheH-
fiee paccyxuesHe no cxeme cTp. 163—164; pasbusas cymmy (2)
HAa IBE 4aCTH, COOTBETCTBEHHO TOMY, NPHHAIIENKHT JIH OTPE3OK 3,
LIEIMKOM OIHOMY M3 OTPE3KOB d; WM XOTs Obl YaCTHYHO 3aXBaThl-
BaeT ONMH M3 OTPE3KOB &, Mbl JIEFKO HAXOLMM, YTO NepBas 4acTb
cymMbl (2) meHbuie, wem 2¢(h-—a), a BTOpas He HPEBOCXOAMT
2p(e 4 2nl;), roe p— Bepxuss rpanb QyukuMH | f(x)| Ha OT-
peske [a, b], a n— uucIO OTPE3KOB 0;; BbiOupas € M {, nocta-
TOYHO MalibiMH, MBI MOXEM, TaKHM 00pasomM, CAelaTh cymmy (2)
KaK yrogHo masof, yTo H TpeGoBaJOCh A0Ka3aTb.

2) Hycts ¢yukums f(x) uuTerpupyema wa orpeske [a, 0]
H NycTh € —J060E [OJNOHTENIbHOE WYHC/O; Mbl MOAKeM BHOpaTh
Takoe pasbuenue oTpeska [a, b], uTOOb COOTBETCTBYIOLUAS CyM-
Ma (2)- 6bina Menblie, 4em €2; 3aMeTHM Temepb, 4YTO BCe cJjara-
eMble cyMMbl (2) HEOTpHUATeNbHbl W YTO, CI1EeNOBATENbHO, Mbl HE
YBEJIMYWM 3Ty CYMMY, €CJIH COXpPanHM B HEH TOJbKO Te ujeHbl,
B KOTOPbIX ®, > €, BhGDOCHB BCE OCTa/lbHBIC; TAKHM OGpasoM,

n
2>Y 0A= Y ol=e Y 4,
k=1 wk>e wr>e
OTKyIa
Z A, <s

whk>e

HO OTpe3KH A,, Bxonfle B COCTaB 3TOH nocjenHed Cymmhl, Oye-
BHAHO, COLEPXaT BCE TOUKH OTpe3ka [a, b], B KOTOpX KoneGa-
Hie ¢yHKkuMH f(x) npeBocXOnMT € (MO0 Takasi TOYKA HE MOMET
fipHHAJUIeXATh OTPEe3Ky J3,, M8 KOTOpOro w, << g); Takum 06pa-
30M, YCJOBHE HHTErpHPYeMOCTH, (OpMY/HPOBAHHOE B IOKA3biBa-
eMOll HaMmH TeopeMe, HEeHCTBHTEJNDBHO SABJSICTCS HEOOXOIHMBIM.

M3 nokasannoli Teopembl, B 4aCTHOCTH, CJICAYET urmezpupye-
MOCIb  BCAKON MOHOMOHKOL (OyHryuu B orpeske [a, b]; B ca-
MoM JIiesie, Kak Mbl Buaend B Jsekuuu Ill, Beskas Takas (QyHKumMs
HeOOXOHMMO OrpanHyeHa B JaHHOM OTpe3Ke; Jajnee, Mbl BHAENH,
yTO0 KaK Obl Mano nu 6bno € >0, wucno Toyek orpeska [a, b,
B KOTOpPhiX Takas (YHKUHs HMeeT KoneGanHe > g, 06s3aTesLHO
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KOHEYHO; HO KOHEYHYI0 TPynny TOuU€K BCEeTAa MOXHO, pa3yMeercs,
33K/MIOYHTL B KOHEYHYIO Tpynnmy HHTEpBaJOB, CyMMa IJIHH KOTO-
PHX K3aK YrOAHO Mana; TakuM o6pa3soM, MPH3HAK HHTETPHPYEMOCTH,
O KOTOpPOM HMAET peyb B TOJbLKO YTO JOKa3aHHOH HaMmH Teopeme,
HeOOXOINHMO BHIIONHAETCS A/ KaWnoH MOHOTOHHOH (PyHKLMH.

Cxema reomerpuueckux M (M3HYECKHX TpPHIIOWenHii, Pac-
CMOTPEHHOE HAMHM NOHATHE HWHTErpana, TEeCHO CBfi3aHwoz (NpH Mo-

CpencTBe WAeH npenena
y WIH rpaHH) ¢ CyMMaMH
onpenengHHoro  BHAA H
HE CTosfllEe Camo Mo
ce6e HM B KakKOfl CBSI3H
¢ mousATUAMH U depen-
LUHANLHOTO  HMCYHCJEHHS,
HMEeT, KAaK Bhbl 3HaeTe,
6GOJIbIIOE  YHCJIO TeoMe-
i a b & TpHYeCKHMX M ¢H3HYe-
Yepr. 27. CKHX 1pHumMeHendit, Ham
HeT, KOHEYHO, Hamo0-
HOCTH  OCTaHaB/IHBaTbCH
30eCb HA ITHX MPHJIOWEHHSX pa’mH HUX CaMHX H/IH XOTs OW cO-
CTaBASITb NPUMEPHBbIH nepeyenb Hauboee BawHbLIX W3 Hux. On-
HAKO, O4YeHb BaXHO IS HAC MPOCJNEHMTb, HTO BO BCEX Cyuyasx
nogoGHOro poja NpHMeHeHHH MH  BCTpedaeMcsi CO cBOEOOPa3HOM
H HECKOJIBKO TOHKOH JOrHueckoll cuTyauueid, O4YeHb BaXkHas B
NPHHLMIIHAZILHOM  OTHOMICHHH crneuHdHKa KOTOPOH OOHYHO Heno-
CTaTOYHO MONYEPKHBAETCS B PYKOBOACTBAX.

I1ycTs, naupamep, peub HAET O BHYWC/IEHHH INIOWAAH KDHBO-
JAHHEAHOH Tpaneuuu» 4epr. 27, OrpaHHYeHHOW CBepXy rpadHKoM
GysKuMH y==f(x), KOTOPY Mb ISl UPOCTOThI NPEANOIOHHIH
HONOWHTENbHOR M nenpepwbHoi. KoneuHo, Bcem Bam xopoulo
3HaKOMa 9Ta 3aAaya, TaK KE€ KaK H €& pelleHHe C MOMOIIbIO
HHTETPA/IbHOrO HCyHcleHus. Baymaemcsi, omHAKO, HECKOIBLKO MOJ-
poCHee B Ty JOTHYECKYI) CHTYalMI0, B KOTOPOH Mm 3[1€Ch HaXO-
aumcs. Boiumcasth miomanp Toil WiaH  pyrofi MLYypH  MMEeT,
OYCBHAHO, CMHC/] JMIOb TOrAa, €CJAH CaMoe [OHSITHE [JIOLIANH
TOYHO onpeneneno. B mannbifl MOMeHT, KOrja MH HLUEM METOAA,
KOTOPHI n03BOMWA Obl BHYHC/AWTL fJ0OLIAanb KPHBOMWHEHHOH Tpa-
neuxH 4eprt. 27, BraneeM JH Mbl YXE TakMM ONpENE/IEHHEM, BHAEM
JM MH TOYHOE OnpefeneHHe TOH BeJMYHHH, KOTOPYK MH CO-
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Oupaemcsi BhuHCIHTL?  Konewno, HeT; Mbl 3HaeM oOnpeneneHue
IWIOWAany JNHillb AN NPSAMONHHEHHbIX GHryp (MHOTOYrOJbHHKOB)
H HEKOTOPHX 4acTell Kpyra; KpuBasi ke y— f(x), orpanvuuBaio-
Llasi Haly Tpanenyio, BOOOLE TOBOPS, HHYErO OOLUETO HE UMEET
€ OKPYXKHOCTHIO.

Kak xe Mbl MOxeM, He 3Has, YTO TaKOe HCKOMas [uloiaib,
NPUCTYUHTL K €€ Bbiukcnenmo? M — uto Bcero yamsuTennHee —
K3aK XK€ 3TO BbIYHC/JIEHHE HaM BCE-TaKW YHAETCH, XOTH Mbl U HE
3HaeM Jawe, YTO HMEHHO Mbl BHyHcaseM? Jleno 3akniouaercs
B TOM, 4YTO (aKTHYECKH Mbl CTaBHM M pelIaeM 34ech 341ayy
ropasfo 6osee OTBETCTBEHHYIO, YEM N OCTOE BHIYMCIEHHE, Mbl OfHO-
BPEMEHHO onpedessies TIOHSITHE IVIOWEAW LSl HAWleH KPHBOAHHEH-
HOH TpaneuHH H HAaXOIHM METON BbLIYHCJICHHA 3TOH mnouwanu.
Koirna mb yTeepwnaem, uTto miowans saumell ¢uryps paeea npe-
Jeny njomiane# Tex npsMonHHeHunix GUryp JIECTHHYHOTO BHAA,
ONHa W3 KOTOPhIX W300pawena Ha uyepr. 27, TO TaKoe yTBEpWAE-
HMe sIBNeTCS HE TeOpeMoil, a onpedeseries UNOLLAAM HalleR
KPHBOJIMHEHHON Tpaneuuy; nNbTatbes LOKa3biBaTb 3TO YTBEPHIE-
HHe ObijIo Obl, NO3TOMY, GeCCMBLICIEHHBIM; HANPOTHB, YTBEPKICHHE,
4YTO ynoMmsHYThifl npemesn cyuecmsyem: UPH Te€X WIH APYrHX
ycnoBHsiX (HanpuMep, B C/ydae HenpephiBHOCTH (yHKUMH f (X)),
€CcTb meopema, KoTopasg MOXET W HJOMKHZ OWTb JOKa3aHa.
M B TOuyHOCTH TakOH e xapakTep HMEET JIOTHYeCKas UpHpOna
M060H H3 noa0GHOTO pona reomeTpuueckHx M (HH3HYECKHX 3a[ay;
coOupaeMcsl 11 Mbl BhIYUCASITL OJHHY KPUBOMHMHEHHON AyrH, 00BEM
KM TOBEPXHOCTb TeJa BPAleHHs, WM paboTy INaHHOH CHJ/bI Ha
JIaHHOM y4acTKe NYyTH H T. A., RO BCEX cayyasx peub HAET 00
OThICKAHWH KOJIHYECTBEHHOH Mepbl 1Sl TaKOIO MOHSITHSA, KOTOPOE
JO 3TOTO MOMEHTA OKa3biBAeTCS ONpeHe/EHHLIM JIHUIL B HEKOTO-
PHX MPOCTEHIWX YACTHHIX CAyyasX; 3aAaya COCTOMT B TOM, YTOOH
HaTth 3TOMY NOHATHIO Lenecoobpasnoe o6lee onpeneieHHe, KOTo-
poe ONHOBPEMEHHO COolepxkano OH MeToX MNOJNYYEHHS] KOJHYECTBEH-
HOH OLIEHKH 1151 COOTBETCTBYIOLUEH NaHHOMY NOHSITHIO BEMHYHHHL.

Cnpocum cebsi Tenepb, Kakue e o6LuHe YePTh NePEYHCIeHHRX
BHIIE (M, KOHEYHO, MHOTHX IPYIHX) 3a1ay TeoMeTPHH H (H3HKH
0CyC/I0BIHBAOT  BOSMOMHOCTbL AHAJIMTHYECKH OAMHAKOBO pEMIaTh
STH 3aha4H, HMCNOJb3ys BO BCEX CAywasiX MMEHHO HHTErpan B Kave-
CTBE OPYZAHSl, JOTHYECKH OINPENeNSiOIEro HCKOMYK BEJHYHHY
H BMECTE C TeM pgaluero el KoJHYECTBEHHYIO OueHKY. Takux
OCHOBHLIX 4€PT MOXHO OTMETHTb nBe. Bo Bcex ciayvasix Hckomas
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BEJHUHHA 3aBHCHT OT HeKoToporo oTpe3ka [a, b], Ha KoTophif
OHA <«PAaCNPOCTPAHAETCH» W C H3MEHEHHEM KOTOPOrO OHA MEHSIETCH.
Tak, #a yepT. 27 Mbl NOJYyYHMM JPYryl w1ouanb, €clii OTPE3OK
[a, b] samennm npyruMm OTpe3KOM (COXpaHfisi, KOHEYHO, Py HKLIHIO
f (x) nensmenHo#); paboTa CHJBI PAa3/HYHA HA PA3MYHBLIX YUACTKAX
nyTH OBHXKYLIEACS TOYKH, H T. L. C zmpyroil cTOpoHbI, H3yyaemas
BEJIMYHHA B KawAOH KOHKPETHOHM 3anaye 3aBHCHT OT HEKOTOPOH
¢dyukunn  f(x); B cayuae wyepT. 27 — STO OpAMHATa TOH TOUKH
BEpXHEHl CTOpOHH paccmarpuBaeMod Tpa.euuH, abeuucca KOTOpo#
paBHa X, B C/1y4ae BbIYMC/EHHS! padOThl — 3TO BEIHYHHA CH.IH,
nefcTBylolell Ha paccTosHWM X OT Havana oTcyéTa, W T. L. Ta-
KuM 00pa3oM, Aas TOro YToOwl 3amd4a paccMaTpHBaeMOro HamH
THOA NOJYYHIa ONPENeNEHHYI0 NOCTAHOBKY, HEO0X0AMMO mpewxie
BCEro 3anande HexkoTopoll dyHkUHH f(X) W HEKOTOPOro OTpE3Ka
a<Cx<C b, x KOTopoMy Mbl, OTHOCHM Hauly 3anayy, MOKHO CKa-
3aTb, YTO T3 BEJMYHHA, OIpEIENeHHs] H YHCIEHHOH OLEHKU KOTO-
poll Mbl uileM, ecTh dynkuus V (f; @, b) TpEX 3/1€MeHTOB, KOTOPHIE
MOTYT ObITb BhIOUpAEMLl HE33aBHCHMO ADPYr OT ZApyra: QyHKLMH
f(x) 1 uncen a u b. Jlerko BuULETb, UTO lIPHUMEHCHHE HHTErpana
KaK MeTOHa PpeliEHHs BCEX NepeyHC/leHHblXx (M MHOTHX JDYTHX)
3a7a4 B OCHOBHOM OOYCJOBJIEHO CHELYIOLUWMH CBOACTBAMH 3TOH
sapucumoctd V (f; a, b).

1) Kak ¢ynkuus otpeaka [ae, b] Benuunna V addumusna,

1. €. npy a< e b
V(fia, )=V (fia, o)}V (fic,b).

NeticTutensdo, miowansk Guryps 4epr. 27 npH BCIKOM
pa3yMHOM ONpPENE/ICHHH, OYEBHIHO, NIO/MKHA PpaBHATHBCH CymMe
njouanedl KpHBoJHHEHHBIX TpaneuH#, na KoTopbie OHa pacnanaercs
npy pasbuennn OTpe3ka [a, b] na yacTHuuwie oTpesku. OO6bEM
Tena BpalleHHs paBen Cymme OOBHEMOB, PpAaCrONOKEHHbIX BOKPYT
OTIENbHbIX YYaCTKOB, HA KOTOphie MK pa3bHBaeM OCb BPALLEHHS;
IUIMHA Oyrd KpHBOH paBHa cyMmMe JUIHH e& yYyacTKOB; paboTa CHJbl
Ha HaHHOM NYTH paBHa cymMMe palboT, MPOH3BOAHMMMLIX €H0 HA pas-
JIMYHBIX yYaCTKaX 3TOro MyTH NpH JI0OOM ero pasGHenWH, W T. X.

2) Ecn ¢ynkums f(x) nocTosivea na yuyacrke [a, b], f(x)=C,
TO

V(f; a, b)=C(b—a).
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Heficteutensro, ecmu f(x)=—C (a << x << b), durypa yept. 27
eCcTb NPSMOYTOJIbHUK, 1jowanb kotoporo pasHa C(b— a), ecn
B Clyuae Tesna BpaiieHus f(x) o3navaeT (JOLIAAb [ONEPEYHOTO
cevendsi ¥ ecay f(x)=C(a<<x=Cb), To ME HMeeM Ie]O C LH-
JHHIpOM, 00bEM koTOoporo pasen C (b — a); ecnn cuna, KoTopas
JeficTByeT HAd TOYKY, COXpaHsieT Ha NyTH a < X << b 00CTOsIHROE
3navenne C, 70 paboTa 3TOH Cuan Ha nannoM nytu 6yner C(b — a),
M T. I

Jlerko Ttemepr yGenuMThcs, YTO BO BCEX CAYyuasX, KOrna 3aBu-
CHMOCTb HCKOMOK BesMuMBH V' OT HaHrbIX sneMeHTOB f(x), au b
obnanaer Yepramu 1) W 2), TO ecTeCTBEHHO OWHAalb, Y4TO 3amaua
6yner UMeTb CBOHM pelleHHeM WHTerpal

V= S?f(x) dx.

B camom Inene, ecsH MB IaHHEI OTpPe30K [a, b] pasoGuém, kax
OObLIYHO, Ha 4Y4aCTH C NOMOHIbIO TOYEK NENEHHS

2L P R s = ),

TO mpexie BCEro B cuiy ceoiicra 1)

V(f a. b) =Z Vi x4y X0
k=1

ecnu Onl yHkuMs f(x) mns Bcex x orpeska [x, ., x,] umena ne-
KOTOpOE MOCTOsIHHOE 3Hauende C,, TO B CHAY CBOHCTBA 2) MH
HuMenn Ol

1% (f, Xp_1r xk): Ck (xk e 3 xk—l);

B HeHCTBHTENBROCTH QyHKius f(X), BooOLle roBOpsl, He MOCTOSHHA
B orpeake [x,_;, x,]. Ho ecin sra dyskuus nenpepbisna u
ec/IM OTPe30K [X,_;, X,] odenb Man, TO Bce 3HaueHust QyHKIHHU
f(x) B 9TOM OTpe3Ke Mano OTIMHAOTCS APYr OT Hpyra; B3sB Ka-
Koe-HHOynb onHo f(3,) W3 ITHX 3HAUEHHH, MBl MOWeM CKa3arb,
yto Ha Bc&M orpeske [x, ;, x,] dynkums f(x) npubansureanno
pagua f(3,), Bcrencteue uero Benuumny Vo (f: x,_;, X,) nHam
eCTECTBEHHO LIPHHITL (He HANO 3a0biBaTb, YTO 9Ta BEIWUUYMHA eI
He onpelenena) npubauaurtensno pasnoi  f(5,) (X, — x,_ )
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TaK YTO MPHONIHKERHO
n

VI a, )= D f(E) (Xxp—%,_)

k=1

rme §—moGas Touka OTpe3ka [x,_;, X,|. [Ipy sToMm Mu, ecre-
CTBEHHO, [O7araeM, 4YTO (OFPEUIHOCT STOTO  NPUGAMKEHHOTO
P4aBEHCTBA TeM MeHblle, YeM MeHbile OTPe3KH [x,_,, x|, T. e
YeM Mewblle [, 118 NPENUPHHATOrO pa3bMeHHs; HO OTCIONA Yxe
COBEPLIEHHO eCTECTBEHHO ONpelie/iNiTh TOUHOE 3HAYERHe BETHYUHE V

KaK
b

lim 3" £(5,) (xk——xk_l)—_:gf(x)a'x.
IT_)Ok=1

a

Ceasp ¢ nudypepennupoBannem. Ha neppom sTane pa3BuTHS
MHTErPA/JbHOTO  HMCYMCIEHWS, KOrga OFPOMHOe 3HaueHHe CBS3H
MEXIY HHTerpHpoBanveM W nudQepeHUHpPOBaHHEM HE BOLLIO ewé
B HOMKHON Mepe B umeHubiii Mup y4&HBIX, 3aNaud ONHCAHHOIO
HAMH THIA PELIanHCh LPRMHM BbUMCAEHHEM HHTErpaja, Kak npe-
Iena CyMMbl. =

Bui6opom ocobenro ymoOHbIX pa3bveHHil H CneLHaJbHO MOLO-
6pannkix 3nauenuif §, CTapaiHCh B KaxuoM OTHEBHOM Clyuae,
T. €. NPHMERHTENbHO K KawmaoH HHIAuBHAayaibHOH ¢yskumu f(x),
Nno BO3MOXHOCTH OOJETYMTb M yNpOCTUTL 3TO, BOOOLE TOBOPS,
0YeHb POMO3IKOE BhiuMCIIEHHE.

Hekotoprie 3amaun Obiin pelileHbl TaKHM MyTEM ywe B JpeB-
HOCTH, MO3AHEE K HUM MPHUCOENMHMNICS PRI HOBHLIX YCIEXOB; H,
OIHaKOo, BcE& e IO TOrO MOMEHTd, KOrid OCHOBHBIM METOLOM
BBIUMC/ICHUS HHTEI pafioB  CAEJA/N0Ch WCNOAL30BAHHE CBSI3H MEXAY
HHTErpHpOBaHHeM H AH(pdepenLHpoOBanHeM, BCe pe3yabTaThi OCTa-
BaJHCb PAa3PO3HEHHLIMM H Kax[as BHOBb BO3HMKAWUIAR 3anaya
Tpe6oBand B CYL[HOCTH CO3IaHKS HOBOTO MeTONa IUJisl CBOEro pe-
meHusi. CBOH OGILME H MOJHOLEHHLIE METOIbl HHTErpaJbHOe HCUM-
cnenve UpHOOpENO TOAbKO B TECHOM B3aHUMONEHCTBHH C y4YEHHEM
0 auddepesUHpOBAHHH.

Bu xopoulo 3naete, KOHEYRO, B 4YEM COCTOHT CBSI3b MHTETpH-
poBarust ¢ audpdepenHpOBAHHEM: HHTErpal

F (x) _—_S f(w)du



HHTETPAJ 173

MMEeT CBOEH MpPOH3BONHON <«NOMMHTETrpanbHylo GyHKUHIO» f(X)
B KaXIOH TOUKe, The 5Ta (PYHKLMR HENpephBHA (B 4aCTHOCTH,
At HenpephiBHOH  ¢(yHKIHH — BClomy). Jloka3aTtenbcrBo  OueHb
npocTo: ecim | k| mocratouno mano, 1o uph x— | hl<<u<<x-4
1 Al Mb umeem:

fW—e<fl@)<fx)+e

roe € — 3apanee BHGpaHHOE, KaK yroano Majioe MoJOWHTEeNbHO
YHCJO; OTCI0nd
x+h

r—elhl< | fuyau<nfoo4enl,

U 3HAYHT,
x+h

f(x)—sg% 5‘ f(zz)dzz=w<f(x)+s-

x

BBuny npoWsBosLHOM ManoCTH € OTCIONd B CamMOM HeJe BHITEKaeT
F* ()= f(x).

B cuny s70fi ceasu Besikoe npasuno muddepentnposanys qagT
HEKOTOPOE MPABHJIO HHTErpUpPOBauus, Oydyud NPOUYHMTAHHLIM, TAK
CKa3aTh, c1paBa Haneo. Ho Gosnee Toro: muorue obLiHE OPUEMH
nuepeHLHpoBatus  NIONYCKAIOT M0 MeHblleH Mepe YacTH4HOe
ofpallicHHe H NPUBONSAT, 1aKUM OGpa3soM, K BacHeHIIHM oOUIHM
OpHEMAM  MHTErDUPOBARHS; TaK, NpPaBua0  auddepeHuHpoBans
anreOpanyecKoil CyMMbl MONHOCTBI) OOpallaeTcs H HaéT [PaBUJIO
MHTErPHPOBANKMA areGpanyecKoil CyMMbl (KOTOpOE BIPOUYEM JIErKO
MOXeT OhTh BHIBEIEHO H M3 (ePBOHAYALHOTO ONPENENEHHS WHTe-
rpand); npaeun0 nudibepeHLHpPOBalHS  NPOM3BENEHHS NPHBOAMT
K TaK Ha3blBaEMOH «HHTErpauMH MO 4HaCTAM», CWIy KOTOPOH BH
XOpowo 3naere; obpaulenteM npasuna anpdepennnpoBanus «Pynk-
LHY OT (YHKUMHM» CAYXHT M3BECTHRIH BaM emé 6onee MOLLHLI
PUEM «MHTErPAalHM NOCPELCTBOM OACTAHOBKHY .

Ipumenenne Beek COBOKYNHOCTH 3THX HPHEMOB MNPUBOINHT K
BOSMOXXHOCTH HHTErDHPOBath GOJIBLIOE YHCIO 3/EMEHTApHbIX (hyHK-
UMl (B YaCTHOCTH, 6ce panuonanbubie Qynkiuu). M ecam Ttem pe
MEREE I/l OY€Hb MHOTMX s/ieMEHTapHHIX (YHKUHH MBIl BCE e He
YMEEM HAMUCATL HX WHTErpanoB, TO NPOMCXOMMT 3TO HE B CAy
HEJOCTATOYHOH MOLUHOCTH NPHMEHSeMHX HAMH METOMOB, a Mo Hpy-
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rofl npHuMHe, uMeloulell HecpaBHeHHO OoJbliiee OPHRLHMHAILHOE
3nauenHe; ecay npH audpeperlHpoBanHH 3jieMeHTapHbIX (YHKIHMA
Mbl BO BCEX C/lydafX CHOBA MNPHXOOMM K 3/J€MEHTapHbIM (DyHKUHSIM,
TO HHTETPHPOBAHHE 3JeMenTapHbiX (YHKUMH npencTasiseT B STOM
OTHOWIEHHH COBCEM HPYrYi0 KapTHHY; O4Y€Hb 4acTo OpiBaeT, YTo
vwuTerpan Takol (yHKUHHM, XOTs, KOHEYHO, M CyLI[EeCTBYeT, HO HE
SIBAMETCS sneMeHTapHol (dyrkuvell M He MO¥eT 103ToMy OhiTb
BhIDAXXEH HMKAaKOH sneMeHTapHol ¢opmysiol; Tak OOCTOMT meso,
HAOpHUMEpP, C HMHTErpanaMH TaKUX OpPOCTHIX (QyHKLUMH, Kak l_g'l}
.
H ﬁ_l Takyio noByio (yHKUMIO NPHXOAHTCS HCCNENOBATH,

He uMest nig 9TOro (o Kpadned Mepe HA MEpPBHIX N0pax) HHKa-
KOTO OpyIMsl, KpOME ONpelesfilolero €& HHrerpana.

Teopemnl 0 cpenHux 3HaueHusix. B nuddepenunanbrom
MCUMCIEHHH TeopeMOHl O CpelHeM 3HAYeHHH OObLIYHO Ha3bBaIOT
Teopemy Jlarpamxka: ecid yukums f(x) HenpepniBHa Ha OTpeske
[@. b] v nnddepenunpyema BHYTpH €ro, TO CyLIECTBYeT Takas
BHYTpEHHsIsl TOUKa € STOrO OTPe3Ka, YTO

f(b)—fl@a)=Ff (&) (b—a).

Booflite 15 «TeOpeM O CpefHHX 3HAauYeHHAX» XapaKTepHO STO
OpHCYTCTBHE B UX (HOPMY/IMPOBKAX REKOTOPOrO 4YHCAa ¢ («cpen-
HEro 3HaUeHHsl» BEJHYHHE X MEXIAy 4 H b), 0 KOTOPOM H3BECTHO
TONLKO, 4TO OHO JIEWHT BHYTpH OTpe3ka [a, b], a Gonee TouHO
OHO He xapaktepudyercsi, B aTtom cmucne w ¢dopwyna Komm
(7ekuust V), ¥ HaOMCanHas C TEM WJM IPYyrHM BHIOM OCTaTOYHOTO
uneva Qopmyna Tsiinopa upelctabasiior coOOH TeopeMbl O cpen-
HHUX 3HAYEHUSK; O4YEHb 4acTO (POPMYJIHPYIOT TEOPEMbl STOrO pOAa
B HECKOJIbKO MHBIX O603HAUCHUSIX: TOBCPAT 00 otpeske [a,a - 4],
a HeonpeLen&HHO pPAacloJOKEHHYH) BRYTPEHRIOID TOYKY 3TOrO
oTpeska o6o3nauaior ueped a-t 0k, rme nBofinoe nepasencTBO
0<6<1 ecTb BCE, 4TO yTBEpXLAOT Teopemh O uHcae f; npu-
cyTcTBHEe B (DOPMy/IHPOBKE TAKOFO Heonpeme/i&HROrO 4HC/Ia, MOA-
unnénsoro wepaperctBaM  0< <1, TaKke MOKET C/IYKHTb
THIIMYHBIM CHMIIIOMOM TEOpeM O CPEINHHX 3HAUCHHSIX.

B unTerpasbHOM MCUMC/IEHHH DOJb TEOPeM O CPeAHHX 3Haue-
HMSIX BO BCSKOM CJlydae He MeHbuie, 4YeM B AM(depeHLHanbHOM;
C onHOM W3 HMX, TaK Ha3kiBaeMOH nepgoli TeOpPeMOH O CpenHeMm
3HauendH, Bbl, HECOMHEHHO, 3HAKOMH; B MpOCTeHilieM ciayuae OHa
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yTBEPXKAAET, 4To ecau (yHkuds f(x) HenpepnBHA HA OTpe3Ke
[a, b], 1O

b
Sf (x)dx=f{¢)(b—a), 3)

TAe ¢ — HeKOTOpasi BHYTpeHnsii TOuka oTpeska [a, b]; sTo yTBep-
WJIeHHe NOKA3bIBAETCH HEMOCPEACTBEHHHM MPHMEHEHHEM TEOPEeMbi

X
Jlarpamka k dydxumy F (x)=\‘ f@)du wva orpeske |[a, 0].
a

bBonee ofummMy 9BASIIOTCS COOTHOLIEHHS
b
mp—a)<{fdr<mpb—a) @<b), (4
a

rne m W M COOTBETCTBEHHO O3HAYAIOT HHXKHIOI H BEPXHION
rpand Qyuxunn f(x) na orpeske [a, b); 9TH cooTHOLIEHHS! HMEIOT
MeCTO Iisl N0COH OrpaHHYeHHOH uHTerpupyemoli ¢yukumy f(x);
OINHAaKO, H B CHy4ae, KOraa sTa (yHKUMSl HeNpepHiBHA, paBeH-
CTBO (3) BBHMAY HEH3BECTHOTO NOJOKEHHS TOUKH ¢ NAET B CMBICJE
OLIeHKH BXOHSILIETO B HETrO HHTErpajsa B CyUIHOCTH He 6osblie,,
ueM HepaseHcTBa (4).

Bonee o6uran dopmynvpoBka «nepeoii» TeopeMb O cpemHem
3HAUEHHMH FNIACHT: eCnH QynkuMs @ (x) B oTpe3ke [a, b] murmge
He oTpuuaTenbHa, TO

b

b
§r@emar= e (¢ ax, (5)

a

rae ¢ CHOBA O3HAY4ET HEKOTOPYI0 (TOYHEE HE Onpenensiemylo)
BHYTPEHHIOIO TOYKy oTtpeska [a, b]. Insi npoctote Gynem cym-
TaTb (PyHKUMH f(X) W @(X) HeNpepuBHLIMH H JONYCTHM, YTO
@(x) >0 (@ <<x<<b); ans noxasarenvctBa d.opmysnt (5) (B yact-
HOM cryude @ (x) =1 nepexomsutei B Qopmysy (3)) mocTatouHo.
npumentTh opmyny Kowwu B orpeske [a, b] k ynkumsm

F (x) =Sf @) g (@) du, @ (x) =S @ () du,




176 JIEKUHS IUECTAS

41O naér
b
J‘f(x)qp(x)dx
5 Y o111 Al ) o (3 R (11 1 (o IS P
b PO)— Pl D) sl ’
fqa(x)dx

a

7. e. Qopmyny (D).
3nauntencHo Gosee TOHKHM aHANHTHYECKHM HHCTPYMEHTOM
ABMSIETCH, ONHAKO, TaK Ha3hlBaeMas BTOpas TeopeMa O CpefHeM
3HAUECHMM, K PACCMOTPEHMI0 KOTOPOH MM Temnepb NepexomHM. J7a
TEeOpeMa TaK.Ke HMEET CBOHM OOGLeKTOM HHTErpal
b
{fswar, (6)

a

HO TONbLKO B Clyuyae, KOrma OIWH H3 IBYX MROXKHWTENeH [OIHH-
Terpanpnoil  QyHKUMH ecthb (yHKUMs, MOHOTOHHAasi B OTP23Ke
[a, b]. Tlycte dynkuusi @ (x) — neoTpuuateIbhasi H HeBO3pa-
craowas aas a< x < b. Ipoussendm, kak obuuno, pasbuenne T
orpeska [a, b] W coxpanuM Haumu OObunHie oGo3nayerms. [loka-
»eM, YTO HHTerpas (6) ecTb npemes CyMMBl

X
n

k
~ T | fwax @)
k=1 *p_1
npu I, — 0. B camom nene, oGo3uauast uepes | BEPXHIOI IpaHb
dynkupn | f(x)| B orpeske |a, b] u uepes A-— pasHOCTL mMexIy
cymmoll (7) u uuTerpanom (6), Mbl BBHIY NPEANONONKEHHOTO MOHO-
TOHHOrO HeBO3pacTanusi PyHKUHY @ (x) Oynem HMeThb:

n X

k
A|=|Z S [@(Ek)—?(x)]f(x)dxls

B=0sn_ g

= 2 [# (epy) — @ (xp)] (e, — 2, ) < piy [¢ (5)— ¢ (@)]
k=1

#, C/eIOoBaTe/bHO,
A—o mpy [,—0.
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3ametHB 970, npeobpasyeM Ttemepb CymMy (7) € NOMOULBIO
nemmut AGenst (mexumst 1V, crp. 116); nonaras
x

k
{fmar=a, &=0,1,2 ..., n,
a
Mbl HAXOHOHUM:
n *r n
S= 2 ¢ (5 S fx)dx= 2 wEN(A, —A,_ )=
k=1 xk—l k=1

n—1

=Y 4, [e@)—eCG )] FARGE;  ©®
k=1

-~

o603naunM Tenepb uepe3 M H m rpand (yHKUMH

S flu) au 9

na OTpeske a =< x << b; oueBunHO, yTO M << A, << M (0=<k=<In),
a raKk KaK B CWly NPENNONOcKeHHHX CBOHCTB (byHKLMH W (x) BCE
A, B npapoii yactH GopMyJbl (8) yMHOXAIOTCSl HA HEOTPHLATEb-
Hble MHOXHTENH, TO 9Ta Qopmyna na&r

my(8,) << S<< My (3);

#o npy £, — 0 Mb HmeeM

b
oE)—pa+0, S—{rwear,

BCJAenCTBUE 4Yero
b
myla+0) < | f(0)%(x) dx < My (a+0),
a

unv, ecm @(a—+ 040 (cayuain @ (a4 0)==0, pasymeercs,
TpHBHAJEH),

b
1
mgmjf(_x)ﬁ?(x)dxgm;
a

12 A, A, Xunuun. Bocemb snexuufl
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HO ynkumst (9), Oymyus mnenpephlBHOH, HOMKHA B HEKOTOpPOH
BHyTpEHREH TOuKe & orpeska [a, b] npusmMath npomexcyTounce
MeX1y e€ rpamsMH 3Hauenue, CTOsulee B Ccpeled 4acTw 9HTHX
HepaBEHCTB; OTCIONa

f(x)dx (a<&ELH). (10

Ry

b
§ f0y g ax=y(a+0)

Sta ¢opmyna ¥ cocrasnsier cobofi  comepwarive BTOpOil Teo-
PCMEL O CpENHCM 3HAYeHWH B HAUIMX CNELMaJbHbLIX  yCJAOBHSIX
(r. e. korma QyHkuMs @ (X)— HeOTpHLATENbHAS M HEBO3PACTalD-
u@st, a f(x) —moGas unrerpupyemasi). «Cpesree 3nauenves» &
BRICTYIIA€T 31€Ch B CBOCOOPA3HOH PO/MM ONHOIO M3 MNPENeSoB HH-
Terpauut.

Ecmu npepnonoxurs dynkumio @ (x) croBa HeoTpHUATENLHOH,
HO Ha STOT pas3 HeyOmBalOweHd, TO, nonaras X=b—y,
¢(b—y)=0_(y), Mp naiinem:

b b—a
{ fg(nax= ) Fe—ndway;
a 0

TaK kak ¢Qydxups ¢ (y), oueBHAHO, HeOTpUNATENbHAR H HeBO3pa-
craiowas npH 0 < y< b—a, TO MH MOWEM DPHMEHHTH K [O-
CnendemMy uurerpany gopmyay (10):

b—a

V £ o—ypay=3 (+0){ (b —y) dy=g(b—0)
i}

[

b
[ £ ax,
o
=
rne 0<5<b— a, u crenosatensHo, a<b=b—n<b; 1a-
KuM 00pa3oM, B STOM Cliyuae BTOpasl TeOpeMa O CPeiHeM 3paue-
HHH TIDHHUMAET BMJ 4

f(x)dx.

ey

b
{9 ax—=g(6—0)

Bynem, nakowen, npennonarats ¢yHkuuio @ (X) MOHOTOHHO,
HarpuMep, HeBO3pacTalowed, HO O 3Hake e He OymeM Jeiatn
HUK2KHX [PeINONIOKEHHH; Tak Kak (QyuKuHs P(x)—p(b— 0)
B oTpeske [a, b] neoTpuuartenLHas u HeBO3pacTamwLiasn, 1O, Opu-
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Menssi opmyny (10), naxonmm:
b

3
SHﬂWwbww—ﬁW&=Ww+m—ww—mﬂﬂﬂm,
omyna

3ﬂM¢qu—wm+mSﬂm¢m+wn—mSfuwx

TakoBo BeipawenHe BTOPOH TeopeMH O CpeIHEM 3HAYeHHH B 00-
leM CJyude; B YaCTHOCTH, eciu OQYHKLHSA @(X) HenpephiBHA
B TOUKax a u b,

Sf(xmx)dx <p(a)3f(x>dx+cp(b)§f(x)dx
(a<E<b).

OGoOwénHble MHTErpadbl, M nOmKHB Teneph YACIUTH He-
KOTOpOE BHHMAnHWe IBYM BaOHEHIIHNM 0OOCLIERHSIM N€PBOHAYANBHOMN
MIeH HHTerpana: HHrerpanaM ¢ GeCKOHEUHHIMM MPENeNaMH M HHTe-
rpasaMm OT HEOrpaHuueHHblX QyHKuUHiA. B oboux cayuasx peub
unst o neiictBuTenbHoM 000OLIEHHH caMOM wied, a He UpocToO O
NpUMEHeHHH €€ B HOBLIX YCJOBHSIX. K NE€PBOHAYaNbHOH KOHCTPYK-
UMM HMHTETrpalna OPUCOEAMHRETCR euw€ HOBBIH, NONOIHUTENbLHKI
npenenbHbil nepexon; 060OUIEHHBI MHTerpan mpencrtasasieT cOOOH
y®e He 0peleN WAH rpadb OnpenenéHHoro Bula CymM, a npenen
OOGLIKHOBEHHLIX WHTErpasoB.

+ oc b -+ O
Bhi 3HdeTe, 4TO CHMBOJLI S 5 S H 5 onpenensitorTest  co-
a —oc — o0
OTBETCTBEHHO KakK
b [4 b

lim (, lm {, Um (.
b+ +oo a-» —x a—~»—oco
a a b—+t-coa

Uro6Hl Jiyuiie paccMOTpPeTh OCHOBHYIO HAE 3Toro obobuienus,
OCTAHOBHMCSl Ha MPOCTOM uyacTHOM Ciyuae. [TycTh ynxums f(x) —
(OJOMKHTENbHAR W HeBO3pacTaiouias npy x ==a (uepr. 28); reo-
METPHUYECKH HHTerpan

b
S f(x) dx

12%
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H/UIOCTPpHPYETCsl TOTJa IVIOLANbl0, 3amITPUXOBAaHHOH Ha uepT. 28.
Ilpu Bo3pacTanmu b 312 mnonjane yBeJHYHBaeTcs; Korna b — o<,
OHa Moxet /16O Bo3pactath GearpaHuyno, NGO OCTAaBaTbCR Orpa-

yk

Yepr. 28.

HHYEHHOR H, CJIe/[0BATENbHO, CTPEMMTLCH K HEKOTOpPOMY npeneny.
ITOT npefen MW H Ha3hiBaeM OGOOUIEHHBLIM HHTErpasnoM

+ o

S f(x)dx;

a

reOMETPHUECKOH WAMOCTpanHel ero MOXET CJyXuTh [WIOHIafh,
3aKmoYEHHas Mexcy ocbid Ox v KpHBOWO y==f(x) BOpaBo ot
TOUKM @; IIOuIaAb MOXET OCTaBaTbCs KOHEUHOH, HECMOTpS Ha
TO, UTO COOTBETCTBYIOUIA (DUIypa OpPOCTHPAETCSl HEOrpaHH-
UEHHO.

[Tpocrefininii cyuait Broporo 0606uienus — uHTErpana Heorpa-
HHYERHON (DYHKLHH, — XOTSl H pellaeT, UOBMAHMOMY, COBCEM Ipy-
Iyl 3ajady, HO MO CYL{ECTBY MOYTH HE OT/IHY4eTCSl OT TOJbKO 4TO
paccmoTtpennoro. [Ipouie Bcero B aToM yOenutncsl, 3ameuasl, uTto
ero reoMeTpuueckné o6pa3 MOXeT OITh 0JlyueH MPOCTO 3epKalib-
HbIM  OTpa@xeHuem uepr. 28 B Ouccextpuce yrna xOy. Ecau
dyrkums f(X), Ranpumep, CTAHOBMTCS 'Heorpauuqeuﬂoﬁ B cocej-
CTBe TOUKH @, TO

b
Sf(x)a’x
S b

OTIPENe/IIeTC KaK npejess OObIKHOBEHHLIX HHTErpaloB S f(x)dx
a-e
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npH ¢ — -+ 0 (uepr. 29). Bn BuauTte, uTO peub 31€Ch CHOBA
AT O BO3MOWHOCTH NPHIIHCATb ONPEACEHHYIO BEJIHUHHY TJI0LLAnM
¢duryph, npoctypaioieics B GeckoneuHocTh. JTa (urypa — TOro
We TUNA, KaK M B MNEPBOM Cayude, U TOJIBKO WUMEET Ipyroe pac-
[OOWEHNE; KPOMe TOro, Bbl BHIMTE, YTO B Ka4yecTBe OpHOIH-
WEHHLIX Inowanedl 3necs 6epyTcs
unow@any ¢GUryp HHoro THONA, ¥
yemM B TMEPBOM Cayyae; HO BCE
9TO HE MMeeT, KOHEYHO, CYLEeCT-
BEHHOTO 3HAYEHMS.

B ofuiem cayvae, T. €.KOrnd
nopenenne yuxkunn  f (x) ka-
koe yroaHol), ompenenetuus 06-
OOLIEHHBIX HHTErPaJoB OCTAIOTCH
TeMM e XOTS H He M[OJy4aiol
yike CTOJb IPOCTOH reoMeTpuue-
ckoll wumocTpaunH. B cayuae, 7
KOrja COOTBETCTBYIOLUMH rnpenes
CVLIECTBYET, TOBOPSIT, 4TO JaH- Yepr. 29.
HulH 060G1IEHHbIH HHTErpan cyuie-
cmgvem, WIN UMEem CMbICA, HIH cxooumesn. Takum oGpasom,
BOMPOC O CXOAMMOCTH OGOOGIUEHHOTO HHTErpana TOTO WIH ApYyroro
THOA BCErja npencTaplisieT coOol 3anauy O CYUIECTBOBAHMH TIPE-
Jena y HeKOTOPOH nanHoi (YHKIMH; BCe oblie NpemoKeHHs
TCOpHH PENE/IOE UMEIOT NO3TOMYy Chiay H Uit 06O06IEHHBIX  HH-
Terpasios; B YaCTHOCTH, HUMEET MeECTO wpumeputi Kowu, kOTOpPHIH
3/eCh, OYEBHIHO, MONyyaeT CJeayloiylo (OPMyIHPOBKY: ecau
ynruus f(x) unmezpupyema 8 ompesie (@, b) npu snr1060M Ko-
newnom b >a, mo Oas cxooumocmu 0000 EHHOZ0 UHMEZPANA

+ o
( flx) dx

o
a

HeO6X00UMO 1 OOCMAMOHHO, %imobbl, Kak 0t MAAO0 HU 6bi10
€>0, npu smobbx OoCmamouro  GOAbUILX by n by mu

1) Koneyno, B cayuae HEOor paHH4YeHHOCTH peib AOJKHA HTTH O HeE-
OrpaHHYEHHOCTH B €OCEACTBE OOHOI TOYKH.
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umenu A
|§ smax|<en.
b,

Touno Tak e MMEIOT MECTO CJHENYIOUHE [BE BAYKHHIC Teope-
MBI, SIBASIOUHE COGOH, KaK Bb y3HAaeTe Cpa3y, MOMHYI0 aHANOTHIO
COOTBETCTBYIOILHM TPEAIOKEHHSIM TEOPHH PSLIOB.

L. Ecau npu a < x< o 0<< f(x) << y(x), npuuém f(x)
u @ (x) unmezpupvemv. Ha 210604 ompesxe [a, b] (b>>a), mo us
cxodumocmu unmezpaia

+co

S ¢ (x)dx

caedyem Cxo0umOCmb UHMEZPANQ

-+ c0
S f(x)dx.

OTa TeopeMa MOWET OWTb HA3BAHA «IPHHLMIOM CpaBHeHHs
HHTETPAZOB» M COBEPUICHHO AHANOTHYHA CIPHHLMIY CPABHEHUS
panoe» (nexkumst 1V, ctp. 92—93); TouHO TaK }e W MOKA3ATENLCTED
9Toit Teopemn Bu Ges 3atpyaneHsft MPOBEAETE CAMOCTOSITENBHO
Ha OCHOBE H3JIOXEHHOH TaM HIeH.

2. H3z cxodumocmu unmezpasa

+ o0
{ifaax (11)
a
8vimeraem Cxo0uMOCHb uHmezpaia
-0
S flx)dx. (12)

a

Ora TeOpemMa, OYEBHIHO, B TOUHOCTH AHANOTHYHA COOTBETCTRY-
Ioweh Teopeme u3 nekunn IV (ctp. 98) H MOWET GhTb JIOKa3aHa
B MOJIHOH @HANOTHH C 3TOH nocnenvell; M 3mech Ml TOBOPUM, YTQ
HATErpan (12) cxonuTest a6COMOTHO, €CAN CXOMUTCS uxHrerpan (11).

1) 3necb u B panbueHieM Mol PanH KpaTKOCTM FOBOPHM JHIUb 06
ONHOM THIIE OGOCIIEHHBIX HHTETPANOB; ONHAKO, BCE CKABAHHOE C COOT-
BETCTBYIOIIHNMH M3MEHCHHAMH (KOTOpbie Bbl, KOHEYHO, Jerko Hafinérte
CaMH) IICPEHOCHTCH K Ha BCE APYLHE THIbI
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C mOMOWBIO STHX TEOPEM JIETKO YCTaHABIMBACTCH CXOAMMOCTD
GONbUIOTO YMC/A YacTO BCTPEYAIOLMXCsl HHTerpanos; Tak, H3
(HEnOCPEACTBEHHO YCMATPHBAEMOH) CXOLMMOCTH HHTEIpana

+ oo
dx

x7
l -
B CHAYy TEOPEMbI 1 BHITEKaET CXOAHMMOCTH HHTETpasa
+ oo

S |sin2x| o
x
1

a OTCIONA B CHY TEOPeMhbi 2 — CXONMMOCTb (W MPHTOM aGCoMOT-

Hasl) HHTerpana
4 oo

Ecin B Teopeme 1 B KauecTBe (PYHKLMH % (x) BHIOHpaThL pas-
JHYHBIE MOJOXHMTENEHbE (DYHKLMH € 33aBENOMO CXOASUHMHCS HHTE-
rpanami, TO OHa NaET ue/bifi psl (PU3HAKOB CXOMMMOCTH Hero-
CPElCTBEHHO 151 MHTErpaliop ¢ [0JOKHTENBHOH [OMHHTEr PAIbHON
¢yHKUMEH, a € NOMOMbIO TEOPEMb 2 —y 8 NOAHHTEr pa/bHbIX
¢hyHKUME TPOH3BOIBHOTO 3HAKA. HecomneHnHO, HEKOTODKiE€ H3 3THX
MPM3HAKOB BAM H3BECTHL; Mbi HA HHX OCTAHAB/IHBATHCSH HE 6ynem.
3aT0 MB PACCMOTpHM 1Ba [PH3HAKA, MEHEE LIMPOKO HIBECTHHIX
W Gollee TOHKMX, TaK KaKk B HMX pedb HAET 06 uHTerpanax, Ko-
TOpHE MOTYT M HE GhiTb aGCOMOTHO CXOUSILMMUCH (oTKyna, MeXLy
TPOYMM, BMIHO, YTO 3TH NPH3HAKH HE MOTYT 6LITh BbIBEIEHbI M3
Teopemnl 1).

lipusuak 1. [lycme oynrcuus ¢ (X) MOHOMOHHA U

limp(x)=0, a dyuryusn flx) maxosa, umo
X —> 00
X

S fle)du=F (x)
a

0CMaémesl 02paHUMeHHbIM npll X —> OO, Toz0a unmezpas
+ oo

{ 20 £ ax (13)

cxoodumcs.
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B camom nene, B chny Bropoli Teopemb 0 cpeaHeM 3maueun
mpn a < b, < b, < -} oo eymiecTsyer Takas BHyTpeHHsist TOuKa B
orpeska (b, b,), uro
by by

B
S'.(,(x)f(x)dnga(bl—}—O)Sf(x)dx—]—tp(b2—0)§ Flx) ax =
b, b

=u(b,+40) [F(ﬁ)_F(bl)]_‘_‘?(bz_O) [F(bz)_'"F(B)]' (A)

Tak kak mpu b, — o0, b,— o0 B cuny ycioBuit TeOpEeMHbi
©(b; +0) u 9(b,— 0) cTpeMsTCst K HymoO, B TO BpeMsi KaK Bee
BCTpeualolitecs 3navenmst ¢ynkuun F(x) octaiotes orpannuen-
HBIMH, TO [pasasi, a caenoBaTtesbHO, W JIeBas 4acTh nocnenHero
PABEHCTBA CTPEMMTCS TPM 9TOM K HYJIO, YTO B CHJY KPHTEpPHs
Koumn nokaseisaer cxommmocts uuterpana (13).
ITpumep. Huterpan
R
5 SX x (14)
X
1

CXONHTCH, KaK HEMOCPEICTBEHHO BHITEKAET M3 Tpu3Haka 1, ecnm
nonoKUTE  w(x)=—x"1, f(x)=sinx, F(x)=cosl-—cosx;
MOHO, OIHAKO, JIETKO MOKA3aTh, YTO CXOAWMOCTb MuTerpana (14)
He sIBJIETC abCOMOTHOMH,

llpusnaxk 2. Ecau ghyuryusi @(x) MoHOmMoxKa u ozparu-
Hene, Mo u3 cxodumocmu urmezpasa (12) caedyem cxodumochs
unmezpaaa (13).

Jnsi nOKa3aTeNbCTBA CHOBA NPHMEHHM BTOPYIO TEOPEMY O cpen-
HEM 3HaYeHuM; B mepeoM pasercTse (A) mpu b, —s o0, b,—
Bennunibl @ (b, +-0) n 9 (b, — 0) oCTaOTCH OrpaHMueHHbINK, B TO
BpeMsi KaK 06a MHTerpana CTPeMSTCSl K HYNI0 B CWAY KpHTepus
Kowm n npeanonoxennolt cxonumocty uuterpana (12); 3naumr,
7I€BAs YaCTb MPH 3ITOM CTPEMHTCSl K HYMO, OTKYNa ONSITb B CHIY
kputepust Kowm mbi 3akmouaeM, uro uurterpan (13) cxonwres.
sin x

I[Tpumep. Ionaras f(x)=—= U w(x)=—arctg x, mb U3

JOKa3aHHOH CXONHMOCTH uuTerpana (14) 3agnioyaem, yto cxommrcs

W HuTerpan
-+ oo
5' sin x aictg x dx

X

1
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Jleoiinbie unTerpanbl. ToT cmeumanbebM mpouece cyMMHpo-
BaHMsl, KOTOPHIH JIEKHUT HA OCHOBAHMHM MHTETPAJILHOTO HCYHCIICHMS,
MOXET OhTb C YCMEeXOM NPUMEHEH W K (DYHKLMAM, 3aBUCAIUMM OT
HECKO/ILKHX MepeMeHHbiX. B Gonbliom 9ncne npukaantbix o6na-
cTell, W B OCOGEHHOCTH B MeXauuke W (M3HKe, TakHe MHOroMep-
Hhl€ WM, KAK MX Yalle HA3LIBAIOT, «KPATHHIE» HHTErPANLI HLPAKOT
3HAYHTENDHYIO PONb. TEOpHst STHX MHTErpanos, He conepxaulas
8 1PHHUKNHAIBHOM OTHOUIEHHH MOUYTH HUYEFO HOBOTO CPABHHTEILHO
¢ TeOpHEH OOBIKHOBEHHOrO HWHTerpana, ¢ QopManbHOH CTOPOHHI
OYeHb POMO3IKA.

B nanbueiinieM MH, OCTaBascCh B Tpejenax UBYXMEPHOTO Chy-
4asi, KPATKO TOKAXEM, K3K MOeH, H3/IOKEHHHE HAMKM B Hauane
HACTOSILECH JIEKLMH, B MOYTH HEM3MEHHOM BHAE HAXOUAT cebe
HpPLMEHCHHE K ONMPCHENEHHIO KPATHBIX HHTErpanoB M yCTAHOBIC-
HHIO UEe10TO Psla HX CBOMCTB.

[lycTe Mbi MmeeM (YHKUMIO ABYX OEpeMeHHbX 2 =— f(x, V),
OTIPEIE/IEHHYIO M OTPAHHYEHHYIO B HEKOTOPOH 3amkHyToli!) orpa-
unuenHoll 96nacTh D KOOPAMHATHOH miockocTH xv. [lyets My m
03HAYAIOT COOTBETCTBEHHO BEPXHIOID H HIKHIOIO TPaHu (hyHKUMH
f(x, ¥) B obnacty D, mioianb KOTOPOH Mbi YCJIOBMMCsi 0603Ha-
yath Tol we Oyksol D. [1ono6HO TOMY KaK Mbi TOCTYNaJu B OJi-
HOMEPHOM Cllyuyae, Mbl M 314gch OylleM paccMaTpuBaTbL Pa3/HUHbIE
pasbuenuss 7 obnacth D na uactH. Koueuno, 3mech MLl Hmeem
KaPTHHY 3HAuHTeJbHO Goliee CIOKHYIO, YeM panbule. B opnomep-
HOM Cly'lde KaK OCHOBHasi oG/acTb, TAK M T€ YaCTH, HAa KOTOphle
MBI €€ pa3buBanM, MMelH OAHY opMy — STG OLLIM OTPE3KH; B TOM
cJyuae, KOTOPHIH MBI paccMaTpHBaeM Telepb. Kak o6JacTb D, Tak
M Te yacth A, A, ..., A, HA KOTOpHie MK €& pa3GupaeM, MO-
TyT MMeTb BECbMA pa3nvunylo ¢opmy. Jas Teopuu BLITOAHO 110
BO3MOMHOCTH HHYEM HE OTPaHHYUBATH BWIA BCEX 3THX obsacTtei,
Bawno, koneuno, TOJbKO, YTOOH Kaknas U3 STHX obnacted umena
OnpelegHHY0 MIoIanb W 4TO0L miowank obued yacTh (T. e.
B3aWMHOH rpanuub) JMOGHX IBYX pasnHunbix obnactedh \, u A,
6n1a pasna Hymo. B ocranbHoM mb He 6ylem moka Hanararb Hd
pasbueHre T HUKaKHMX crenuansHbx TpebGoBauuil.

[lycts, kak B omHomepHom cayuae, M, M m, COOTBETCTBEH-
HO O3HAY4lOT BEDXHIOI M HHXHIOW I'paHH (QyHKuMM f(x, y) Ha

1) T. e. TOYKH TpaHHLbLI IPHCOENUHSIOTC K OGJACTH.
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YacTH A,; NOJOXHM, KaK npexie,

n n
Sr= Z MAp sp= Z myhy,
r—1 k=1

rue Ak CHMBOJIU3HPYET, KOHE4HO, maowmwanb o61acTH, 0603Ha4e€HHON
Tem e chMBosiom. Kak M panee, MBI HMEeM, OYEBHAHO,

mD << s, << S, << MD,
TaK YTO MHOXECTBA BCEX CYMM Sz M §7 OTPaHHUCHLI CBEPXY H CHU3Y.
[Myctb I u / COOTBETCTBEHHO O3HAYAIOT HMMNKHIOK TIPaHb MHO¥E-

CTBa BCEX CYMM S, M BEPXHIOIO [PaHb MHOMECTBA BCEX CYMM Si;
MBl H 3ae¢Ch OyJeM Ha3bBaTb 3TH JABA YMC/IA COOTBETCTBEHHO BEp-
XHUM H HWKHHM MuTerpasamH (yHKUMH f(x, ¥) B obnactu D,

Ecm I=1, 10 ¢dynkuus f(x, y) unmezpupyema B obnactu D
H HHTErpan e& paseH

T=1=1I={ Sj(x, v) dx dy.
D

B ocHoBe BCeHl TEOPHUM TAKHX «IBOMHBLIX» HMHTErPAaJIOB JEWHT
psil mpenjoueHHH, B TOUHOCTH aHANOTHYHLIX TeM, KOTOpHIE MH
UMeNIH B OIHOMEPHOM Cjydae. Mbi Temepb KPaTKO pacCMOTPHM MX,
OCTAHABMUBASACH HA AOKA3aTe/bCTBAX TOJBKO B TeX caydasx, Trie
OHM OTJIMYAIOTCSl OT MAHHLIX HAMM IIpeKne.

YcnosuMmcs 3a oTcyTcTBHEM Gonee ynoGHOTO TEPMHHA HA3LIBATH
smedrwany Te Yactd A, A, ..., ), HA KOTOphE ME pa3CuBaem
ocHoBHy0 obGnacte D. fuomempom NABHOH suediKW Mbi OyneM Ha-
3bIBATh BEPXHIOID FPaHb PAcCTOSIHUN MEXIY BCEBO3MOMXHBLIMH MapaMH
npuHaaieKalmx el rouek. [ns kawmoro pasbuenns T 0603Ha-
uyuM 4epe3 d; HauboJBbiIMKA U3 NHAMETPOB SYeeK A RN
OYEBMAHO, ITA BEJMYMHA JOMKHA HIPaTh 3leCh Ty We ponb, Kak
BeqMuMHA L. B onHoMmepHoM cayyae. bBynem, Haxoueil, TOBODMTb,
uyto pasbuenne T’ ecTb npodosxcenue pa3buenns T, ecnn Ka-
wnasl aueAKa pa3buenns 7' mpUHALNEIKUT LIEJHKOM ONHOH M3 siYeek
pa3buenust T.

Tenmepb ycTaHOBHM YeThIPE BCMIOMOTATENBHLIX TPELNOWEHHS,
B TOMHOCTH COBNAJNAIOLMX C TEMH 4YeTHIPbM$i JIEeMMaMH, KOTOpbie
Mbi HMEJIH B OAHOMEPHOM Chyuyae.

Jlemma 1. Ecau pasbuenue T' ecinb npodorxcenue pasoue-
Husi T, mo ~

S

<SSy Sp =S
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HoxasaTenbcTeo Moxer GuTh GYKBATbHO MEPEHECEHO M3 ONHO-
MEpPHOTO cay4asi.
Jlemma Il. Zan awoboix dsyx pasbuenuis T, u T,

S =

1 ST2 9

IokazatenbcTeo, yKasawHoe HaMM A4S ONHOMEPHOTO Ciryuyas,
MO¥eT OHTb B TOYHOCTH MNOBTOPEHO. [losicHenus TpebyeT JMilib
nocTpoenre pasCuennst 7, CAYMAUETO NPOLOTKEHHEM Kaw10ro
M3 ABYX LaHHLIX pa3buenuit 7';; Mbi MPOCTO MPUHHMAEM 33 suefiKy
pa3buenns T COBOKYIHOCTb BCEX TOYEK, NPHHALIEKALMX OIHOH
H3 siveek pasCuenus T, W omnoll u3 siyeek pasbGuenust 7,. Cocra-
BJ/ISls BCEBO3MOWHLIC TAKME NAPhi, MB M MONYYMM BCe sueiikM pas-
Cuenusi T; MO camoMy oNpenenenuio MPOROMIKEHHs: TOFIA OYEBUIND,
4TO pasbuenHe T HB/SETCS OLHOBPEMEHHO MPONO/KEHHEM KAk
pasbuenus Ty, tak u pa3buenus T,.

Jlemma IIl. /1= 1.

DTO npeisOWEHHE, KAK M B ONHOMEPHOM cllyuae, ecThb Hemno-
CPCICTBEHHOE CJICACTBHE NeMMb 1],

Jlemma V. Karx 660 mano nu 6s20 >0 cywecmsyem
maxoe wucao 6 >>0, umo npu aobom pasbueruu T, ydosse-
mgopsiouen mpebosanuro d,. < 8,

St sp > 1—c.

Kopoue rosopsi, mpn d,.— 0 cymmnt S, cTpemsitcs K crOEH HM-
Hell, 8 CyMMbl s —K CBOeH BepxueH rpauu.

Jloka3aTe/bCTBO STOTO MPEMIOWEHNST NPHHIMIMATBHO  TaKWKe
HC OT/IHYAETCsl OT TOrO, KOTOPOE Mbi TPHBENH /ISl OLHOMEPHOTO
Cllydasi; OIHaKo, 31eCh Gonee COWHOE CTPOEHHE siueeKk BCE e
TpeOyeT, Ms cobumoneuus (opmanbHOH 6€3ynpeyHocTH, neTalbHOTo
H3II0KEHHUS.

llpexue Becero, Tak Kak [ onpenensieTcs Kak HUKHSS rpaHb
BCEX CyMM Sz, TO cywecTsyeT pas6uetne Ty, n1s KoToporo

ST°<7—|——;- - INyers A, — moGas suefica storo pasGuenns T,

COBOKYMHOCTL TOYEK TNOCKOCTH, OTCTOSIUMX OT KOHTypa 31Ol
siuelkKW He GoJsee, YeM Ha 0, o6pa3yeT, OYEBHAHO, PO «KOJbLIA »
BOKPYT' 3TOro0 KOHMTypa (Ha 4epT. 30 rpaHuubl STOro «KOJbLA»
HamMeueHb HYHKTHpOM). HeTpynno y6enmtnes, 4to mnou@ane Takoro
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«KOMBIa» MPH IOCTATOYHO MaJIOM ¢ pasna 2¢l, rae I, —iumna
kourypa suelikn A, 1). Tlonowum

P L,
k=1

torza mowans o6nacth D,, 06pa3osaHHoH COBOKYMHOCTBLO BCEX
<KoONel» 1OCTPOEHHOro THMa, OymeT He Gonbiue, yem 2¢L (ona
MOWeT ObiTb MeHbIlle, TdK KaK
«KOJbHa»  MOTYT  TepEKphi-
patbes Mexay coboit). [lycTs
teneps T — moGoe  pasbHe-
uve, ans koroporo d, < 6;
Auelkd 3TOr0 pa3GueHHst MBI
pasleNMM Ha e  Cpymi,
OTHOCH K TEpBOH  Kamaylo
sueliKy, UCIHKOM  MpHHALME-
wantyto  obnactw D,, a8 KO
BTOpOl — Be€ IpyrHe AueHKH;
COOTBETCTBEHHBIE 3THM ABYM
rpynnaM  YacTH  CyMMbl S,
06o3nauny uepes SW u S,

OueHuM Ka!Kllle w3 stux cymm B oraenphoctd. Tlpn sTOM, KaK
W B OJHOMEPHOM C/yyae, Mbl, He OTpaHMuHBas 00LWHOCTH  paccy-
JcIenus, JONyCTHM, 4TO f(X, y)==0 BO BCEH o6nactu D,

Tak kaKk B uleHax cymmp S() mepsbie MHOXHTE/H HE NPEBOC:

xonsit M, @ CyMma ruiomianeH siyeek, yuacTByIOIMX B SO, ne

NPeBOCXOAHT MIOWAmH oGnacTu D, (xoTOpas, KaK MBI BHLEIM.
pe Gonnie, yem 2¢L), 1O

SP < oMLég; (15)

yTO e KACAETCH fueeK, BXOUHMX B COCTAB CYMMbI S(;), TO
Kawnasi M3 HUX LEJHKOM TPHHALICHKUT KaKoi-mbo OoNHOH M3

L e

1) Camo co6oji pasymeercsi, 410 31€Ch Mbi IIpenbsBisfeM YiKe He-
[ACHO K sigeiikaM Hallkx pasbuenuii 6oiee CTECHUTENbHBIE TPeOOBaHHS,
yeM BHAYaue, TaK, Mbl NOCTYJHpYeM, YTO Kawias guefiKa €CTb OJHO-
cBs3Has 061acTb, HMEILlas KOHTYp koneunoii paunbl. K coxanenuo,
B paMKax HAUIMX JEKIHUH Mbi JHUICHbI BO3MOMKHOCTH nojpobnee OCBe-
THTb 9TH JeTaJH.
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syeek A, pasbuenus T\; B camom nesne, siuedka A Bropo#t rpymnn,
He yJIOBJIETBOPHIOLIASl STOMY TpeOGOBaHHIO, HNOMKHA Ohina Obl Co-
Aepwatb B ce6e TOYKY P KOHTypa KakoH-nH60 H3 siyeek A,; Ho,
Oynyuu siueHkoH BTOPOH rpynnel, A He MOXKET LENUKOM MpHHALI-
JIEWATh ¢KOJbIY>», OKPYXAIOIIEMY STOT KOHTYD, a HOTOMY AO/MKHA
conepwarb TOUKY @, /WALyl BHe STOTO «KOJbUA», OAHAKO,
TOrna paccrosiime Todek P W Q, a 3HAYUT, M MNONABHO — Jua-
MeTp siueHKH A MPEeBOCXOAMT €, YTO HEBO3MOMHO.

Muigie ymenbuinm cymmy S@, ecim B kaxiaom e& unese 3a-
MEHUM MIEPBHIH MHOXMHTENL BeNMUMHOH M,, COOTBETCTBYIOLUEH TO
auekike A, pasbuenns T, 4acThb KOTOPOH COCTaBAsIET BXOAsLAST
B LaHHLIf Wien sivefika A (BTopo# Tpymnb) pasGuenns T; ¢ mpy-
TOH CTOPOHKI, HE yMEHbLIEHHAsi, TAKHM OOpa3oM, CyMMa B CUIy He-
OTPHLIATEJIBHOCTH (DYHKUMH f(x, y) OylleT, OYEBUAHO, BCE ke He
Gosnblle, 4eM STO; TaKkHM 06pa3oM,

9 = €
SP <8, <1+ .
Cormocrasss 9TO HEPABEHCTBO € HepaBeHCTBOM (15) W BLiGHpas

YHCJ10 6, A0 CHX MOp OCTaBaBLIEECsl C MPOU3BOJLHEIM, MEHBUIUM, YEM

, Mbi TIoJlydaem:
S,=8P4 SO ML 4 T+ = <T+e.

B TounOCTH Takum ke CMOCOGOM MOWHO [OKa3aTh, 9TO
N
Sy >1—e¢ npu yenosun d,. <8, 4eM M 3aBEPLIAETCH NOKa3aTeb-
<TBO JeMyb 1V,
Teopewma. Ecau ¢hbynruus f(x, y) unmezpupvema 8 06-
aacmue D, mo Oasn scex pasbuenuii T ¢ Oocmamouno massim @

sz(sk’ le)-\k_ll<3’
k=1

€
4ML

20e € — 21000e 3apaHee GLIOPAHHOE NOAOICUMEALHOE HUCAO, Q
(Gp ) (B=1, 2, ..., n) — wobas mourxa sueiru A,.
n

e
[Cosopst kopoue, cymua Z f (G ), cTpemuTcs K MH-
=1
terpany / npu d,. — 0, paBHOMEPHO OTHOCHTENBHO BCEX BO3MOMN-
#biX BHIGOPOB Kak pa3buennsi T, Tak M ToueK (5, 7).



190 JIEKIIHSI DIECTAS

O6o3Hauasi AJsi KPAaTKOCTH 3Ty CyMMy IIPOCTO uepes 2, Mb
13 OYEBMAHHLIX HEPABEHCTB

m, << f (&g Mp) <M,

-
-

yMeeM MpH MOGOM pa3GHeHHH H J0GoM Bibope Touek (&, 7,)
§q. = 2. <<S,

a 3HA4YMT, B cuiay JeMMbi [V npu A0CTaTOYHO MajioM ds
7 AR Ser TR IS
—Tz ==Ly = + ? ]

otkyna | £,—/]< e. OOpauenne AOKA3aHHOA TEOPEMBI TaKMe
CUPABEVMBO H NOKA3bIBAETCS B TOYHOCTH TaK ke, KAK B OMLHO-
MEPHOM CJy4qae.

YHuuBepcanbHbili HEOOXOLUMBIH 1 JIOCTATOYHLH NPH3HAK CXO-
LHMOCTH

n
Sp—s;=2, 0, — 0 (d,—0)

k=1

OKA3WBAETCs, KaK mpexne: 1) ecan 3TOT NPH3HAK BHIMOAHEH, TO
8 cuiy nepasencTe Sp.=/= /=5, (0py moGoM pa3GHEHHH) Mbt

npH NOCTAaTOYHO ManoM dy nMeem [— /<< S, —s,.< & OTKyaa

] =1 BBHIY TPOM3BOIBLHOCTH €; 2) eciH (yHKIMSA f(x, y) un-
TerpHpyemMa, TO B Culy semmbi 1V npH HOCTAaTOYHO ManoM d, Mb
umeem S, < [--¢&, s; >[—¢, orkyna S, —s,<2¢, H 3ua
uut, S, — s, — 0 npu dp.— 0.

Hakonew, HHTErpHPYEMOCTH HEMPEPHBHLIX (DYHKUMH NOKa3Li-
paeTcsl 31€Ch B TOYHOCTH TE€M IKe pacCyXAEHHeM, Kak H B OINHO-
MEpHOM C/lyyde; B OCHOBaHHM STOTO JIOKA3aTelbCTBa H - 34CCH
NEWUT TOT (PAKT, 4YTO HempephiBHas QYyHKUM# BCeraa obnanaer
paBHOMEPHOH HENPEPHIBHOCTLIO (B 3aKpHTOH, T. €. conepwalledl
CBOIO IpaHully, 061acTH).

BuluncieHde ABOMHBIX MHTErpanoB, Ywe mo nosoay oGbik-
HOBEHHBIX HMHTErpanoB Mbi BhIIE MMENM Ciiy4all TOBOPUTH O TOM;
YTO MPOLECC CYMMMPOBaHHsi, JIEWAUMH B OCHOBAHHH ONPEAC/ICHHS
MHTEerpasa, TNOYTH HHYEro He naéT, eCad Mbl NhTaeMCs Clenalb
ero opyaMeM haKTHUECKOTO BHLIMHCIEHHsi HHTETPA/IOB; TEM Mehee
MBI MOMEM, KOHEYHO, PaCCYHUTHIBATh, 4YTOOLI JBOHHbLIC HHTErDaibi
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yAO6HO ObUIO BEMMCISTE C MOMOUIBIO TOABKO 4YTO OMMCAHHONO
Npoleccd By XMEPHOTO CYMMHPOBAHHS.

B cayuae obbiknoBenHnX nuTerpaio Mm BHIEAH, YTO MOL-
HBE OOLUME METONb BHIYHC/IEHHS HHTErpasos pPOXNATCH TOJBKO
NyTEM HCMONbL30BAHHS CBS3H HHTEFPAILHONO HCUHCACHHS C IHp-
depesunanbubM. [ns asoHubx (M BOOGLIE MHOTOMEDHBIX) HMHTe-
'Pa/IOB TakHe CBASH TOXE MOFYT ObiThb OGHAPYMEHB; OOHAKO, MbI

ﬁ Y=p, ()
_ 7
o o
s |
L
|
| &
E =Pz ; i
& |z i |
ol a &y & b <z
Yepr. 31.

nonyyaeMm naubonce oOUMH M SPPEKTHBHLIE CNOCO6 BHMHCACHHS
NBOHHOTO HMHTErPajld HM3BECTHHIM MPHBENEHHEM  STOH 3a1ayu
K JIBYM MOCJENOBATE/LHBIM ONHOMEPHLIM HHTEr PALIMAM; paccMoTpum
KPaTKO, KaK 3TO /e/laeTcs.

Ilycts obnacts D, B kotopo# onpenenena HENPEpPHBHAS PyHK-
uus f(x, V), Takoea, YTO BCSIKas npsMas, napajiesibHasi OnHoH
H3 KOOpIMHATHBIX OCeH, nepecekaeT e KOHTYp we OGonee, uem
B IByx Toukax (uept. 31). Pazbuenue T st10ii o6aacti, KoTopoe
MBI TIPOH3BOINM N15l MOCTPOEHHS MHTerpana / Qymkuuu f(x, ),
MOWET nMeTh fueHKH Kakol yromno ¢opmbl, auwb 6w JIHAMETPHI
HX CTaHOBW/HCH CKO/b yroiHO MaabiMH. Mbl Teneps nposengm
STO pa3CHeHHE C MOMOLILI0 CETH MpHAMHKIX, napanienbybix  Koop-
INHHATHEIM OCSIM, TaK 4TO sluelikM OyldyT MOpPSMOyroAbHMKAMHU (3a
HCK/IIOUCHHEM TE€X, KOTOPHIE PACTIOJNONEHB B  HEMNOCPENCTBEHHOH
6/1130CTH KoHTypa obnacti D). Mmu OyneM o6oanavath, cuuTas
C/leBa HANpaBO, uepe3 &, &,,... abCLMCCH NPSIMBIX, napasiesibHLIX
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och Oy;=yepe3 T;, TN ... (CUHTasds CHH3Y BBEPX) — OPIHHATHL
npsAMLIX, NapamienbHbix ocH Ox; 4epe3 a H b — COOTBETCTBEHHO
HIKHIOIO H BEpXHIOI Tpann abcunce Touek o6nacth D; vepes
y=—19,(x) H Y==1,(x)—COOTBETCIBEHHO YPABHCHHS HIXKHEH H
Bepxnell rpannil obnacth D; wepes \,; — siueliKy, OrpanHyenHyio
npsivbiMe X =6 _;, x=§&;, y=1,_;, ¥=1;; NOJOXHM, HAKO-
neu, & —8&_,=Hh; B —Y,_,=4Fk; Tak uro )\, =hk; ecm
TOMbKO siueHKa );; HMEET MNpAMOYroJbhylo (opMmy, T. €. He Je-
WHT y KOHTypa obnactu D.

Ecan Bce kA, k]. JOCTATOYHO Majh, TO @ CKOIb YFOIHO
Mano, W uuterpan [ CKOMb YrOOHO MajO OTJHYAETC OT CyMMbl

Si—="Yasf (G e np) & 5 (16)

i
OcsobonuMcsl peXne BCEro OT HEYNOOHHIX SIYEEK HEMpPSIMOYTOJb-
HOH (hOpMHI, pacrnonoxenybix y Kowtypa obaactu D.” OGosnauum
yepea 0 naubosbluee H3 M-
cen h;, k].. [Mosoca, 3akJo
YE€HHas MeXay MPAMbIMH

__________ - y\\
o conep¥ath HYEHKH HEMPAMO-

yrojnHoii  ¢opMbl  BBEpXy H
w; BHM3Y; Ha uepT. 32 H300pa

WEHA CXEMATHYECKH MNpHMED

/ nas ¢opMa BEPXHETO OKOHYa-

HHS TAKOH TONOCH; SYEHKH

Uepr, 32 (va uepr. 32 ux TpH) 3a-
WITPHXOBaHBl H  33KJIOYCHBI

B MpSMOyro/bHHKE, OCHOBaHHE KOTOPOTO pasHO f;, a  Bhico-
Ta, OYEBHAHO, He MpPEBOCXOOMT ;4 28, rae ©; — KoneGa-
nue QyHkunH @, (x) B otpeske | _,, &| (stor mpsmoyrosbhHk
¥ n300pawEH Ha uepT. 32); ecaH 6 NOCTATOYHO MaJo, TO B CHly
PaBHOMEPHOH HETPEePLIBHOCTH (PYHKUMH P, (X) BCE O, a 3HAUMT,
H BCE (1)i—|—26 6y11yT MEHbILE KakK yl‘OllHO MaJjioro MnoJOXKHTCIb-
HOTO YHC/Aa €, TdK 4YTO CyMMa moulanedl W3006pawEHHbIX Ha
yepT. 32 HenpsAMOYroibHHX siueek Oyller Mewblue, uem &k, a
CAENOBATEJIbHO, CyMMa wolaney BCeX TAKHX sIYECK, MpHJeralo-
UHX K Bepxvell NOMOBHHe KOHTypa o6nacth D, wmeHblue, uem

€ Zhi_—_—_e(b—a); TAKyl0 e OLEHKY TMOAy4aeT, OYEBMIHO, H
i
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n/oLAnb MHOXECTBA slYeeK, MPHMBIKAIOUIHX K HHIKHEH MO0JIOBHHE
3TOrO KOHTYpd, TaK YTO BCE BMECTE B3fITble CHENOJIHLIE» HAYEHKH
NA0T MJOL@nb, He MpeBHIIAnLyl0 2¢(b—a), clenoBaTenbHo,
pacnpocTpan&nnas Ha STH sdeliku yacts cymmsl (16) nmo aGeo-
JIOTHOH BeJMYHHE He mpeBocxoant 2M(b— a)e (rne M — Bepx-
usis rpanb QyHkuud | f(x, v)| B obnactu D) M 1OTOMY CKO/Mb
yromso Mana NpH nocrarouso manom 0. [Tostomy, pacmpoctpansis
Bo BcEM panbHedinem cymmy (16) TOABKO Ha npAMOYTO/IbHBIE
siuelkH, mbl nonpexHemy OyaeMm uMeThb |I——$‘[<ezum BCeX pas-
Ouenull ¢ NOCTATOYHO ManbM d; NHPH 3TOM Tenepb

S=3"f u)hk, =X kY f(&, n)k,
L i i

Ecan mbl, 3aKpenuB ONpeJe/EHHYI0 CHCTeMY 3HaueHHH El, el %
OyneM Oe3rpaHHYHO YMCHBIUATH BCE PA3HOCTH k/:rl/—rli_n

TO BHYTDEHHSISI CYMMa Zf(E,, 1)k, OyLeT HMeTb CBOMM mpe-
i
g (Ei)

f(eii y) dy1
91 (&)
KOTOpbIH Mbl panH KparkoctH ofosuauum uepes F (§;), nonaras
BOOOLIE

JIeJIOM HHTerpan

Pa (¥)
Fuy= { f(x yay

?, (%)
(MpH WHTerpauMH” x CuHTaeTcs MOCTOSIHHLIM, TaK 4TO f(x, y) uH-
TErpHPYeTCs KakK (QyHKLHus oxHOH nepemMeHHOH V). Mm MoweMm
B3AiTb BEJIHYHHB k/ CTOJIb MaZuMM, YTO Mis moboro i

I3 fgn pe,—FE|<e
J

OTKyId

lh,Zf(E,, n)k,—F (&) Ry I<€ht
7

H
]}i:h,-ﬁl:f(ib 1)k — Y F @)y |=
:|$_ZF(El)hl'<e Z hi:E(b—a);

13 A, fl. Xunuun, Bocemb nexumn
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HaKoHer, MpH IOCTaTOYHO MaJablXx h, cymmMa F(§)h, oue-
¢ CY 1) g

i
BHIHL, CKOJIb yIrOOHO 6au3ka K HHTErpany

5
\ F(x)dx.

Wrak, Mbl BHIMM, 4TO npH Hamiexaule BhIOGPanHoM pa3bGHeHHH
obnacth D Bce Tpu passocru: [— S, S—ZF(El)hl H
]

b
~ ~
vF(e;,) h;— SF(x) dx CTaHOBATCH CKOJb YFOLHO MaNbiMH; 3Ha-
[ a

i
b

&
YHT, TO W€ CNPaBELJHBO H AJISl HX CyMMHI I—‘\ F (x)dx, koro-
a

pasi, HE 3aBHCS HH OT KakuX pa3GHeHui, IOJDKHA MOSTOMy paB-
Hsitpesl Hy/O. Takum oOpasoM, MB HOMyYaew:

b g (x)

V7 axdy=(ax | f(x, v)ay,
D

5
a 21 (*)

TaK 4HTO BHIYHCIEHHE JBOHHOIO HHTErpana nedcTBHTENLHO CBO-
IMICS K JIByM MOC/IENOBATENbHLIM OGLIKHOBEHHEIM HHTErpaLHUsM.
BuyTpennu#i umnTerpan, pasymeercsi, 3aBHCHT OT X, HO yiKe He
3aBucHT 0T y. Koneunwo, BMecTo BHIGPaHHOTO HaMu MOpSAKA HH-
TerpauMHd MoweT ObTh B3AT K OOpaTHBI; 3TO 3aMeYaHHE WHOTIA
NONYy4YaEeT CYUIECTBEHHOE MPAKTHYECKOE 3HAYEHHE. HMEHHO, MOMET
C/yHHTHCSl, HTO, MEHSIl MOPSAOK HHTErpauMH, Mbl MPHAEM K (yHK-
UHSIM, 3HAYHTEJBHO JIErY€ WHTETPHPYEMbIM.

O6wana wnaes warerpana, Hawa nexumns satanynacs. U Bcg
xe, Mpewie YeM 3aKOHYMTh €8, Mbl XOTHM elé OGpocHTb o6umMi
B3TVISIIL HA KapTHHY, JIEXAI[YI0 B OCHOBE BCHKOTO MpPOLIECCA HH-
Terpauuy, Oyner JM TO OOBIKHOBeHHBIH, HJIH MHOTOMEPHBLIH, WM
naxe ewé Gonee oOuHH H OTBJIEUSHHBLIE WHTErpas.

[lpexcne Bcero Ml HMeem neno ¢ onpenenéunoil obnactbio [
HEKOTOPOTrO NMPOCTPAHCTEA, MPHYEM 3TOT TEPMHH <HPOCTPAHCTBO®
Hajl0 MOHHMATL 31€Ch B BEeChMa IIHPOKOM 3HAYEHHH: 3TO MOMET
ObITb M Opsimasl, W TMIOCKOCTb, M Haile OGHIYHOE TPEXMEpHOe,
Jio6oe MHOTOMEpHOE, H laXe Kakoe-1HOO COBCEM HHOE MpOCTpaH-
CTBO; Mbl HE coOupaeMcst 31echb H4B.Thb 3TOMY TEPMHHY OOLIETO
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onpeneseHds; I HalleH LeldH BaXHO TOJNbKO, YTOOBI, BO-NEPBhHIX,
IBe JoOhie TOYKH Hallero MpocTPaHcTBa ObIM  OTAEJEHbl Onpe-
NeNEHHBIM  paccTosiHeM M 4TOOBI, BO-BTOPHIX, 06nactb D u T1e
ed 4dactu («sA4yeHkH»), KOTOpHle Mbl Oynem paccMaTpHBaTh, HMEJH
ONPENENEHHYIO NPOMAICEHHOCIMD; 9TA NPOTHHKEHHOCTh, CMOTPH MO
XapaxkTepy MpOCTPaHCTBd, HA3BIBAETCS OOBIYHO NAHHOH, MJIOLLANbIO,
OOBbEMOM M T. M.; A8 OOLIHOCTH ML OyneM HasuBaTh €€ MpoCcTo
Mepol COOTBETCTBylouieH 4acTH HAILEro NpocTpaHCTBa.

Tenepp npeactasbte cebe, uto B obaacth [ pacnpenesiena
HekoTopast cyOcTaHuMs; NyCThb ST0 CJIOBO HE CTPALIMT BaC — MBI
He caenaeM MONWTKH onpedessims BhPAaWAaeMOro HM TMOHATHY,
A Hac cyOCcTaHLHsl eCTb MpOCTO He4mo imaroe, %ez20 Hpuxo-
Oumcs onpedenéHHas nopuus Ha BCakyio #acmy obracmu D,
9TO MOXeT ObiThb Macca, 37eKTPHYECKHK 3apsn, Temiora — Bee
BeJIMUHHKEI, MOTylHe OhTh CaMblM Pa3JjMuYHbBIM OOpPAa30M pacrpele-
JEHHBIMH B HaHHOH o6nactu D; 310 MOweT OHITh, HalpHMEp, KO-
JIMYECTBO OCANKOB, BBIIANAMOUIMX HA TY HJH HHYIO 4aCTh MJOCKOH
obnacti D 3a nanHbili npomexmytok spemenn. Camo coboil pa-
3yMeeTcsl, YTO I/ MOCTPOEHUS! HauleH MaTeMaTHYECKOW KapTHHH
npHpopa 3ToH cy6cTanuud ray6oko Oe3pas3iMyHa, HaM  BaXHO
TOJBKO, 4TOOb HA Ka¥Iyl0 paccmMaTpHBaeMylo HamH uactb A obna-
c¢ti D mpuxomuiock onpeneisiioe KonuuyecTso F (A) sToi cy6-
cranuud. [IpH kawnoM pa3Guennn 7 obnacth D wa vacTu
(«sueiiku») A, Ay, ..., A, obuiee koauuectso cyOctanumn F (D)
c/1araeTcsl U3 KOJIHYECTB CyOCTaHilMM, MPHXOASILHXCH HA OTHE/b-
Hble AYEHKH:

F(DY=F(A)+F@)+ --- +F(3,).

Bo BceX peanbHbBIX HHTEPNPETalHMAX HAPHCOBAHHOH HaMH ¢op-
MaJbHOH CXeMb! HIpaeT CyuleCTBEHHYIO POJib HOHSITHE «IMJIOTHOCTH»
cyGcraduun B naunod Touke P obnacth D, ¢ MaTeMaTHYeCKO#H
CTOpOHLI OTNpEneNnsieMoe, Kak Mbl CeHuac YBMIHM, Oudbgbeperii-
pyrouum npoueccom. Ecan A-—nio6Gas yacthb obaactu D, umelo-
uasl onpenendHuyl) mepy mA, TO €CTECTBEHHO Ha3bIBaTh OTHOLLIE-
F&)
“mA

HHe cpeOnet naomrocmero naweit cybetannun B obnactu 4d;

3TO — KOJHYECTBO CyOCTaHLMH, B CpenHeM npuxonsiujeecs B o6-
nactv A na eauuvuy mpoTsbk&HHOCTH (Mephl). [lycts Tenepn P —
mobasi Touka obnacTH D; eciu Mbl OKpYXHM 3Ty TOYKY KakKoi-
qu6o o6nacTeio A masioro nuamerpa d(A) (a2 auametp noGoi ©6-

13*
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JIACTH B HALIEM MPOCTPAHCTBE BMOJHE onpeneadH, H6o onpeneneHo
pacctosiHe Meway ABYmsl JiioObMH TOYKaMM), TO CpelHsis MJiOT-
HOCTb cyGcTanuun B STOH Manoft ob6aactH A GymeT XxapakTepuso-
BaTh HaM TYCTOTY pacnpejeneHHss STolt cyOGcTaHuud B Gibicaii-
uleM COCencTBe TOUKH P; a eciu 9712 cpemHss MAOTHOCTh, KakK
MHl NOMYCTHM, CTpEMHTCS K onmpenenénHomy npenpeny f(P), xorma
o6nacte A crsiruBaetcsi K Touke P (d(A) — 0), 10 3TOT mnpenen
f(P) M HasbBaeM mMIOTHOCTBIO Hawiel cyGcrannmu B Touke P.
MmenHo Tak onpenessieTcst IOTHOCTH IS BeeX (PH3HyeckHx cy6-
CTannHA — Maccel, SNEKTPHYECTBa M T. N. Mul BHOMM, yTO MAOT-
HocTh cyGcranuu f(P) ecTh (DYNKHOMS Moy Hawero npocTpal-
CTBa, B TO BpeMsl KaK KOJHYECTBO cyOcTaHuuu F (A) seasetcs
dynkuued obsacmu. MoxHo ckasate, 4TO0 (Qyskuua F(A) nadt
unmezpaspriyo (no obnacrsm), a ¢yukuus f(P)— zoxarsnyio
(M0 TOYKaM) XapakTepHCTHKY pacnpeiesieHusi Haiued cyGcTauuuH
B obnacti D). Ecim dyskuus F(A) 3apana, o f(P) saxonutcs us
HeE € MOMOILIBLIO HEKOTOPOTo Gughgheperuupyou,e20 NpolLecca; CyLl-
HOCTh IH(PepesuHpyIoUlero npouecca B MNPHHUMNHAIBHOM MJIAHE,
noxany#, 1yyqiue npsaMo H ONPeNeNfTh, KaK NEPeXon OT HHTerpaabho-
O ONHCaHHS KAKOTO-1THOO SIBIEHHS! K TOKAJILHOM €r0 XapaKTepH3aLkH.

Ho nycte tenepb, 06paTtHo, vam 3anaHa B KawxIoW Touke P
obnactn D mnotnocTh pacnpenenenusi f(P) HekoTopo# cy6crau-
uHH, H Tpebyercs onpeneauTh obuiee koaudecteo F (D) cyGeran-
UMM, 3akMoY€Hnol B 3TOM o6nacTh. Jra 3amaya u ecth npobsieMa
HHTETPHPOBaHHs B €& naubonee obwielt dopme: nepexom ot Jo-
KaJbHOH K HHTErpajbHOM XapaKTepH3alHH H3yYaemoro fIBNeHHs.
[Mycts, ans npoctotel, (yHkuus f(P) HenpepnBHA (a 3HauuT, H
PaBHOMEDHO HenpephiBHa) B o6jactd D (MB npennosnaraeM STy
obnactb 3amkHyToH). Llis peiienus samed sagauum Mbl TOrOa pas-
GuBaeMm obnacte D Ha suebiku Ap, A,, ..., A, Ma’nX IHaMmeT-
poB; B kaxnoH siefike A, BuOHpaeM NPOH3BOJBHYIO TOUYKY P,;

A
f(P,) ectb npenen oTHoOIEHHS F’; A) NpH YCJIOBHH, YTO 06nactsh A,

BCE Bpems 3akiioyas B cebe Touky P,, 6€3rpaHHYHO YMEHBIUAETCs
B JHAMETpE; MOSTOMY, €C/IM fiueHKH A, OYeHp Mankl, TO

F(A
| rP—ERE| <.
rIe €— /o6oe 3aNaHHOE 3apaHee NOJOWMTENBHOE YHCNO; OTCIONa
Fa) —emd,  f(P)m)\, < F(,) +-eml,,
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4 CyMMHMDYSl STH HEpPaBEHCTBAa NO £, HAXOLHM:

F(D)—emD < Z F(PY)ymA, < F (D) —“+emD,

==

OTKylla B mpejesie NpH HeOTPAaHHYEHHO YOBIBAIOIMX AHAMETPax
fueek

lim Z f(P,)mA,— F (D).

k—1

Takum o6pasom, Mbl BHOMM, yTo nO mawHOH (pynkumn f(P)
(n10THOCTH pacmipenenenns) Bennunna F (D) (T. e. obuee konu-
YECTBO CyGCTaHUMM) NEHCTBHTENLHO ONPENENSeTCS ¢  MOMOLIbIO
XOpOLIO 3HAKOMOI'O HaM MHTEIPHPYIOUIETO NMPOLECCA: MeJKoe pas-
Ouenne obnacti D ua siuelku A,, BHOOp Toyek P,, coctaBlenye
CymMbl lpoH3Benewudt Buna f(P,)mA, mno BceM siuelikam W, ua-
KOHELl, — NEPEXON K mpejiely MpH YCIOBMM, YTO OHAMETPH sYeeK
CTPEMATCH K HyJI0.

Takum o6pasoM, ¢ paccmaTpHBaemOH HamM Bechbma obuiel
TOYKH 3DE€HHsI MPOLEeCC HWHTErpauMH B KakMX YTOOHO MNpOCTpaH-
CTBaX MpENCTaBASETCS] METOLOM, MO3BOJSIOWHM ONPEeNHTh MpH-
Xonsieecss Ha Ty WIH HHYI0 00JacTh KOIMYECTBO cyOcTanumu,
3Hasi TJIOTHOCTH pacnpellesieHusi 3TOH cyOcTaHuMH B KawaoH OT-
nenbHOM TOYKE paccMaTpHBAEMOM OCHOBHOH o6GnacTH. Beskuil Ta-
KOH METON HMEET CBOMM HEH3OEeHLIM KOppeJaToM HEKOTOP Il
(pewatoumit  obpatuylo 3anauy) mudepepenumnpyioiHii npouecc,
LU€JIbI0  KOTOPOTO  SIB/ISIETCH  HAXOWUIEHHE JIOKalAbHOH MIOTHOCTH
pacnpenengunol cyGcTaHuMH, KOrNa M3BECTHO KOJHYECTBO €&, MpH-
xonmsueecss Ha MmoGyio obnacts. Vimeercs nosmwasi BO3MOWHOCTD,
AOCTATOYHO TOYHO MEPEHHC/HMB OCHOBHBLIE TMPEANOCHUIKH, CTPOMTH
TCOPHIO MHTerpailiH Ha sToii obued abcrpaktuofi Gase; Ttoraa
OGbIKHOBEHHbIe, NBOHHBIE M APyrHe chenuanbHbe HHTErpanb CTa-
HOBSITCS! HACTHBIMH CAyyasiMH Taxol oOwell Teopum Bawneliume
CBOHCTBA - KOTOPHIX Pa3 HABCEINa YCTaHoBAeHb 3TOH oOuleH Teo-
pHel K ne TpeGylOT OCOBLIX IJIsi KAKAOLO OTHEAbHOTO Clyyas
JOKa3aTeJLCTB.



JEKUHKUSA v
PA3JIOXXEHHUE ®YHKUMIA B PSIbI

Pannl B poaM anmapata mis uccrenoBaHus (yHknumit. — Pasnowe-

HHEe B CTENeHHble psnbl. — Psnel  MHOrouwneHoB. — Teopema Beitep-

wtpacca. — TpuroHomeTpuyeckue psinbl. — Kosdpuumentnl Pypoe. —

AnmnpokcuMauus B cpenHeM. — 3aMKHYTOCTb CHCTEMbl TPHFOHOMETpH-

yeckux (QyHKuuH. — CxonuMocTh psinoB Pypbe mias QyHrumi, wuMero-

LIHX OI'PaHHYEHHYIO HHTETPUPYEMYIO IPOH3BONHYIO. — PacnpocTpanenue
Ha HPOU3BOJbHBEIE OTPE3KH.

Psnwt B poJn anmapata AJsi HUCCIENOBAHMA QYHKLHE.
Korna mbl naéM CHHycy H KOCHHYCY HX MEpPBOHAYalbHOE TeoMe-
TPHYECKOE ompeneseHHe, TO Ueblil psin BaxHeNIHX CBOHCTB 3THX
(pyHKUME Mbl BBIBOIHM HEMOCPENCTBEHHO H3 HX ONpeneseHHs.
Korna mb 3atem BBOAMM 1isi STHX (PyuKnui obuienpHasThie 060-
3HaueHHsl SiNX H COSX, TO 3TH <aHaJIHTHYECKHE BHIPAMEHHS»
HHYEro HOBOTO K HAIUHM CBENEHHSIM O BHIPAXAEMBIX HMH (yHK-
UMSAX, pa3lyMeercs, He npuHOaBAfAiOT, TOYHO TAK Y€, KAK Mbl He
y3HadM HHYEro HOBOrO O cBoficTBax ¢ynkuvn Jupuxne, obosna-
yasi e& uepe3 f(x). Ho korna Ml nosnnvee HAXO@MM mJIs TpUro-
HOMETPHYECKHX (PYHKUMH HOBHE aHAJMTHYECKHE BhiDaweHMsl, Npel-
CTABJSAIOLIHE HX B BHAE CTeNEHHHIX PSAIOB:

\ 2 x2n—1 o =
smx:zl(_l)n_lm’ Cosx:ZO(—"l)ﬂé—’m’
n— L

TO C MOMOUIbI) STHX MpencTaBJeHHH Mbl JIerko oOHapy»xHBaeM
UebH PAN TaKHX CBOHCTB STHX (YHKiMH, KOTOPhIX Mhl COBCEM
He MoraH Obl WIH MOrdd Obl MHUIL OYeHb CJIOMHBLIM NYTEM MoJy-
YHTh H3 HX HEPBOHAYaAbHLIX ONpElEJIEHHH; H NPEWJE BCETrO, 3TH
pasioMeHHs alOT HaM BO3MOMKHOCTH € MaKCHMaJbHOH NpPHHLIMMH-
anbHOH TMPOCTOTOH BLIYHCASATH  3HAYEHHS] TPHFOHOMETPHYECKHX
(pYHKLHH npH 066X 3HAUEHHSX aprymenTa.
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B nekunu Il MBI rOBOpHJIM O TE€X OMAcHOCTSX, KOTOpHE TaHT
B cefe uypesmepHoe NpEKJOHEHHE TMepen aHANIHTHYECKHMH BHIpa-
YEHHSIMH; NeACTBUTENbHO, B Cpelle MNpencTaBuTeNed NPHKIaIHEIX
HAYK MBI 4aCTO BCTPEYAEMCH C BpeIHHIMH MOCJIENCTBHAMH STOrO
sIBJIEHHSl, O KOTOPHIX Mbl B CBOZ BpeMsl nNogpoOHO TOBOPHIM; HO
HENb3sl OTPHIATh, YTO CPENH COBpPEMEHHBIX MATEMAaTHKOB MBI MHO-
ra BCTpEYdeM MPOTHBOMOJIONHYIO KPaHHOCTb, CrnocobHylo mpHHe-
CTH He MeHbllie Bpena: MOPHHUMNKalbHOe mnpeHebpexenHe K aHa-
JIMTHYECKHM BBIDAXEHHAM, NPAKTHUYECKH BENyllee K HEYMEHHIO
H GecnoMoulHOCTH B O6pauieHHd ¢ HHUMH.

AyanuTHYecKkoe BbIpaXeHHe, €C/H MBI C CaMOTO Hayana (io-
noingM K HeMy B pOJH XO35€B, @ HE MOKOPHBIX H HEMYIPCTBY-
IOLIMX MOAYHHEHHBIX, ecMH Mbl OyneM BHIAETh B HEM JHillb TO,
YTO OHO €CTb Ha CaMOM Jie/ie, — MOCAYlIHOe HAIHM LEeisM H 3a-
MBIC/IAM OpYNHE HCCNeNOBaHHA (PyHKUHH, — MOXeT CHrpaTh B 3TOM
HCCJIEIOBaHHH OTFPOMHYIO, pellaloulylo pojb H NPHHECTH YPe3Bhl-
Ya#HO MHOVYO Nosb3bl. Bosee Toro, MOMHO CHMTATL HOPMAJNIbHBIM
H eCTeCTBEHHBIM TAKOE TOJNOXKEHHE Beuleld, KOrla MareMaTHk,
CTosiHil nepel 3anauel HccAenOBaHHs KAKOH-THGO onpenensHHoH
$yHKUMH, Npexdle BCEro HUIeT Vit Hed yno6Horo aHaaHTHYeCKOro
BEIDAYKEHHS; M3 JleTallel TAKOTO BHIPAXAIOUIEro NaHHyl0 (DYHKLHIO
aHajMTHYECKOro ammnapata B OoJbIIMHCTBE cay4yaeB M ynaétcs
HanGo/ee paLMOHAILHBIM CMOCOGOM BHIMHTATH Hy/XKHBIE CBOHCTBA
S5TOH (PyHKHHH.

Cpeny pasiuyHBIX aHaJHTHYECKHMX anmnapatos, MOTYIHX B 5TOM
CMBICTIE CJlyX(HTh OPYIHSIMH HCCJENOBaHUsi (PYHKUMHA, MepBoe Me-
CTO MO CBOEH mMpocToTe, FHOKOCTH, NpPO3PayHOCTH W ynoOCTBy
yiioTpebaenusi, Ge3 coMbeHHsl, 3aHHMaIOT (YHKIHOHAJILHBIE PSIbL.
Wnesi sToro Bawwueiiilero aHanuTHYECKOro annapaTta oYeHb MpoCTa:
(yHKUMS, KOTOPYK MBI XOTHM HCC/IEN0BATh, MPENCTABASETCS, KaK
npenes MoC/AeNOBAaTENbHOCTH HPYrux, OoJjiee MPOCTHIX H NOCTYO-
HbIX HCC/IENOBAHHIO (PYHKLHH (YacTHYHBIX CyMM H300pa)calouiero
psina); eciu Takas YacTHYHAs CyMMa HA BCEM PacCMaTPHBAEMOM
yuacTke BecbMa OnH3Ka K u3yyaeMmodl QYHKUHH, TO MBl HMEEM
OCHOBaHHE DpACCYHTHIBATL H3 CBOHCTB STOH npHOIMMEHHOH 4acTHY-
HOH CyMMB! y3HaTh, XOTfl Obl (PHOJHKEHHO, HEKOTOPHE CBOHCTBA
H3y4aeMOH (PyHKUMM; B YaCTHOCTH, yMesl PUOMHEHHO BRIYHCISTD,
NpH TeX W/H IPDYTHX 3HAYEHWSX apryMeHTa, 3Ha4YeHHsl 3THX 4a-
CTHYHBIX CyMM, Mbl T€M CaMbIM HMMEEM MeTOJ Aafl HPHOIHWEHHOrO
BLIYHC/IEHHS] COOTBETCTBYIOUIMX 3HauyeHHil H3yyaemoH (yHKIHH.
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Kaknmu e dyukuusimu Bcero ynobnee H BHIOAHEE MOAB30-
BATBbCSl B KQUeCTBE 3JIEMEHTOB pAasjioWeHHs, T. €. WIEHOB TOro
psina, KoTopuifi npussan uaoOpaxath COGOI0 H3yHdeMYIO (hyHKLHIO
H (oMOYb Ham B €€ uccienoBasHu? Ha stor Bompoc, Kak u ecte-
CTBEHHO OXHIATH, HEAb3S NaTh €RHHOrO OTBET4, MPHIOIHOro
A0Sl BCex CJyvaeB; 3/1€Ch TMOYTH BCE 3aBHCHT OT NPHPOAB! H3ywya-
eMoil (yHKUHH M XapaKTepa Tex 3ajay, KOTOPblE Mhl MO OTHO-
wenHlo K Hell cebe craBuM. HeoOxommmo TONBKO OTMETHTB, uTO
CYUIECTBYET HECKOJIBKO BawHEMIHX THNOB (PYyHKLHOHAILHBIX ps-
IIOB, B TaKOH CTeMEHH 3apPeKOMEHNOBABIUMX ceOf B 3TOH cBoell
PO/H, uYTO MpHMEHEHHE WX COBEPIIAETCS HAa KAKAOM 11ary H, ecre-
CTBEHHO, BHI3BAJIO CO3IAHHE COOTBETCTBYIOIUMX OOUIHX Teopui;
CIOZI2 OTHOCSATCH B NEPBYIO ONepelb Crmenernbie pAosbL (TIe siemen-
1aMH Da3JIOMEHUS] CYWKAT UeJblie, B MEPBYI0 OYEpPelh — HEOTPH-
LiaTe/lbHble CTENEHH HE3ABHCHMOH MePeMeHHOH) W MmpuzoHomempu-
yecrue pade (C snementaMu BUna sin kx, cos Bx, rne £—0, 1,
2, ...). Onnako, B OYeHb MHOTHMX CAy4asix B KauecTBE S/eMeH-
TOB pasJioxenus ObBaeT ynoGuee BbIOpaTh He 3TH MPOCTEHILHME,
«yHHBEPCA/NBHLIEY, 8 COBCEM NPYyrHe (PYHKLHH, XOTfl H HE CTOJb
MPOCTHIE, HO 3aTO MO CBOHM CBOHCTBAM OoJiee TECHO CBSI3AHHbIE
C H3ydaeMmoll ¢yHknMeli (HampuMep, TaKk Ha3LBAEMHE «COGCTBEH-
Hele ¢(hyHKLHH» B KpaeBmX 3anayax). BooGue npn BhiGope THna
pasnoxeHHsl OCHOBHBIM DYKOBOASIUUM MPHHLMNOM JIOMKHO CJy-
HHUTb OTCYTCTBHE BCSKOH MNPENB3ATOCTH, KOTOPOE B MAKCHMAaJbHOH
CTEMEHH MO3BOJHAO OBl Y4€CTh B Kaw/OM OTIE/bHOM C/AyYae BCIO
crenHpUKy MOCTABJCHHBIX HaMH nepen co6oio 3anay. B manbuei-
€M MBl KPaTKO KOCHEMCSl JMIb Hanbo/jee BaXKHBIX B MPHHIMIH-
a/lbHOM OTHOIUEHHH BOMPOCOB, CBSI3AHHLIX C PAa3sioweHHem (PyHK-
UHH B CTEMEHHBIE W TPHrOHOMETPHYECKHE DSLIbL.

Pasnowenue B creneHHble psifbl. Mu 3uaeM, uTO 06/1aCThi0
CXONHMOCTH CTENEHHOTO psifia BCerna CAYMHT HEKOTOPHH (OT-
KDHITHIH, 3aKPbITHIi MM NOJYOTKPHTHH) OTPE30K C KOHIAMH
—r W r. Kakumu cBolicTBamMM nomksa o6nanate QyHKuus f(x)
ISl TOro, 4ToObl OHa JOMNycKaZla pPas/oeHHE

==Vl el
n=0

cxonsiuieecss B 9TOM Otpe3ke? Mul 3HaeM, yTo s 370r0 yHK-
uusl f(x) HOmKkH2 OHTh HENPEPLIBHOK B OTKPDHITOM OTpe3ke
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(—r.-r) (nexmust IV, ctp. 115); ompako 3TOro nmaneko we-
NOCTATOYHO; MOKAWKEM, Mpexae Bcero, uto npp —r< x<r
$yHkuus f(x) nOMKHA HMETh NPOW3BOAHYIO B TOUKE X; ONHOEpe-
MEHHO Mbl YCTAHOBHM, YTO 3Td npou3BofHas f'(x) usobpakaercs
CTEINEeHHbIM PAIOM

(=2
> na,x"1, (1)
n=1
noilyuaemMbiM NOuJieHHnM AH(depeHpoBaneM HaHHOTO Psaa u
CXONSILHMMCH B OTKPHITOM OTPe3Ke (—r,7); 0OPH LOKAa3aTesbcTBe
Hano BCE Bpemsi MUMEThb B BHIY, YTO HH CYILECTBOBaHUE MPOU3BOL-
HOH f(x), nu cxomumocts psana (1) nam 3apanee ne manbl, TaK
yto o06a dakra HOMKHH OHITb yCTaHOBJIEHW B Mpouecce pac-
CYXILEHHS.
Mycrs | x| < r v nycts g — no6oe YUCNO, 3AKHOYEHHOS MEKILY
x| uw r; npu |k|<pg—|x| wmu umeem |x+k|<p<lr u,

CJIeA0BATEIIbHO,

flet-n = Ha,(x+ny,
_OTKYyna
fﬁi";)_—_ﬂ’ﬂ: » aﬂﬁi}i’L—_ﬂ’:sN(h)JrRN(h),

n=20

rae mnojJoxXxeHo

N (%]
(x -+ hyn — xn (x 4 hyn— xn
Syty= Y, a, " T =2 R ()= Y oA
n==0 n=N+1
Tak kak
(o - vt — xn

m’zl(x+h>”“+(x+h>"—2x+...+xn—1 <
<ptbetixl b =R

p—lx|
to npu |k <p— x|
o0

IRN(’Z)|<F_1—,\¢T Z | a, g™

n—= N1

Ho p<7, U CJefOoBAaTeNbHO, CyMMa B NMpPABOH 4acTH 3TOrO He-
paBeHcTBa, Oynyud OCTaTKOM CXONSILIErOCH PANa, MPH AOCTATOYHO
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6onbiiom N CTAaHOBUTCS MEHBIIE Kak YroaHo Manoro rnoJIOKHTeNb-
HOro 4YHCHa &, Takum 06p330M, ecit N AOCTATOYHO BEJHKO H

thl< p—1| x|, 10
IRy (B)| <%,

H cenoBaresibHo, .
G e = I N L

Ecnu b1 Tenepb, ocrapnsis N HeU3MEHHbIM, 3aCTaBUM A CTPEMHTH-
cfl K HYyMO, T0 cymma S, (%), oueBunno, OyAeT HUMETh MpeesnoM
CyMMy

N
— f—1-
Sy= E VLG

n=—

CJICHOBATENbHO, TMOCNEAHHE HEPABEHCTBA [IO3BOJAIOT YTBEePXIaTh,

fx+h)—fx)
h

YTO KAK BEPXHUI, TaKH HUKHUR Mpeneb BeIHUHHbl

npyH 3TOM 6yﬂ,yT HE 601’166, 4YyeM Ha &, OTJHYATbCH OT BEJIMUYHHEI SN
v, CJ1eJoBareyibHO, HE 601166, yeM Ha 2’5, OTJIM4YaTbCA HApPYr OT
npyra; B CWJYy TIpPOHM3BOJIbLHOCTH € OTCIOAd BbLITEKaeT, HYTO 3T
npenesbl COBNANA0T MEKLY COGOﬁ, T. €. 4TO

R0 h

CyulecTByeT H He Gosiblle, UeM HA &, OTIMYAeTCH OT CyMmmbl S,:
Lf () —S,]<s

Npy €IUHCTBEHHOM YCJOBWH, YTo N [OCTATOYHO BEJHKO; HO 3TO
o3uayaer, uro psag (1) cxomurcs v umeer cBoed cymMoll f'(x).
Takum o6pa3om, Mbi JOKa3aJ¥ BCE HAIUH YTBEPKAEHHS.

Hrak, ¢yukuua, d3o6paxaemasi CTeNeHHbIM PIAOM, HOMKHA
GLiTb HE TOJIbKO HenpephiBHOH, HO U nudpdepenunpyemoir. Ho wu
storo mano. Mbl  TosibKO uTO BMaend, 4To f'(x) u3oGpawaercs
cTeneHHbIM pAAoM, cxoasiudmcs Ias Bcex |x| < r; B cuny cavoi
TOJIKO YTO [IOKA3aHHOH TeopeMk M03TOMY BCIOAY B OTKPHITOM
oTpesKe (—r, r) JOMKHA CyulecTBOBaTb M BTOpas MpPOM3BOI-
nan f’(x); npomomkasm ke 3TO paccyxAeHde, Mbl MPUXOAHM K
BHIBOAY, YTO (O VHKULSA, U300PAIHCAIOWASACS HA HEKOMOPOM OIMpeswe
cmeneHHbiM  PAO0M, O04XCHA 8 KajXCOOU BHYMPEHHeN MNioHke
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9020 Ompesica uMems npou3soOHsie 6cex nopsidxos. Tpu stom
Kanlasm H3 STUX MPOMSBOAHBIX u300pawaeTcss B Tom we (OTKphi-
TOM) OTPE3KE CTEeNeHHbIM pSAOM, HOAYYAEMHIM M3 JaHHOTO pana
NyTEM MOBTOPEHHOTO COOTBETCTBEHHOE YMUCJIO pa3  NOWIEHHOTO
aH¢pepeHHpoBanUs, TaKk uTo

o0 (o «)
f(x)= Z a,x",  f(x)= Z na, x"—1,
n=20 n=1
U BooGILE
o0

& (x) = Z nn—1)...(n—k-41)a,x*,

n==k
[Tonaras B aromM cooThourendn x=—0, Mb HaXOmHM:

f®(0) =kl a,,
OTKYyIa

f(k) (O)
B Rl

(k=0,1,2,. ).

ITHM MbI ONHOBPEMEHHO O0KG3a/t eOUHCMBEHHOCIND pasJiowenus
GysKuMH B CTEMEHHOH PR M HALUIM  BHpaXeHMe ko3¢ duuHenToB
STOTO PA3JONKEHHA Uepe3 3HAYEHHH MPOUIBOAHBIX KaHHOH (yk-
uuy npy x=—=0. Takum o6pazom, ecau ¢byukuua f(x) BooGute
pas3naraercsi B CTEMEHHOM pAN, TO 3TO pasnokeHHe HMeeT Buz,

[>>]
() )
floy= 3 L0 2
n=20
910 —TaK nasbBaembill psd Maxsopena; monaras x —a —+- A,
fla+ R =w(h), v nonyuaewm:

(o]

) (0
plry= 3.

n=20

UTO MO BO3BPALIEHHUH K CTApLIM 0GO3HAYEHHAM NPUBOIMT K Golee
obuieMy psoy Tadaopa:

ad {n)
foy= P L0 —ap. )

n=0
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[Tonoxenre Beuleli cTaHOBHUTCH OCOGEHHO SICHHIM MPH COMOCTAB-
JIEHUH BCeX 3THX (PaKTOB C TeM, YTO Mul rOBOpPUAM B Jiekiuu V o
¢opmynax Ts#nopa u Maknopena. Tam y nac me 6bno peun o
GECKOHEYHbIX PRfiaX; BEJHUMHY

W
R, o) =1 ()% 2Oy s

k=0

Mbl Ha3bBaJM OCTATOYHLIM WieHOM JjaHHOH ¢opMysni Maksopena
M HccnenoBand e¥ nosefeHHe, npeanonarasi x GECKOHEYHO MalbiM.
Tenepr MH BUAHM, 4TO NOBeAEHHEM 3TOH e BENMUMHBLI peliaercs
BOTIPOC O PpasfnoxuMoctd QyHkuMH f(x) B cremenno#t psin; HO B
nekid V Mbl CUMTaNH 71 NOCTOSHHHIM M 3aCTABNNIM X CTPEMHThCH
K HYJIO; T€nepb e, HaNpOTHB, Mbl [OJ/KHH, BHIGPaB KaKoe-nn6o
3HayeHUe x, 3aKpPeNuWTh ero M 3acTaBUTb YHCJO 72 Ge3rpaHHyHo
BO3pACTaTh. ¥YcsoBUe
lim R, (x)=0,

n—> oo

OYEBMHO, HEOOXONMMO H JOCTATOYHO IJIf TOro, uToGhl HMeNa
mecto Gopmyna (2). O6LNHO pasNOKUMOCTL AAHHOH (YHKIMM B
psan Maknopena ycranabiuBaercs BHIOOPOM /IS OCTATOYHOTO YJie-
Ha R, (x) xako#-nu60 U3 GOMBIIOrO YMCHA HAHAECHHBIX VIS HEro
(opM, ¢ HeCKONbKUMH H3 KOTOPhIX Mbl O3HAKOMHIIHCh B JieKUMH V.
.Kakyio U3 s1UX ¢OpPM BhIroaHee Bcero BHIOpaTh Ans 3TOi uenu, —
3T0 [OMIHOCTBIO 33BHCHT, KOHEYHO, OT mpHponb TOH (yHKLUM,
PAa3NOXEHH KOTOPOR Mbl HieM.

Kak mbl BHOoend Bbilue, (DYyHKLHS, pasjaraioiasci Ha HAHHOM
OoTpe3ke B CTeneHHoH psi, HOJKHA HUMETh B KAXIOH BHyTpeHHEeH
TOouKe ITOTO OTPe3Ka MNpPOHU3BOAHHE BCEX MOPSAKOB. Tak Kak, 06-
parso, s JoGodt ¢yukiuu, obnajsaiomield sTHM CBOHCTBOM, psil
Tafinopa (3) ¢opmanbHO MOXeT OhITh HanMcaH B COCEACTBE JHOGOH
TOUKM @ STOro OTpe3Ka, TO MOKeT BO3HMKHYTh co0na3H npen-
nosaratb, YTO 3TO YCJIOBHE M JOCTAaTOUHO M Pa3NOKHUMOCTH
nanHoH ¢yHknun B crenennol psin. Omuako, 310 He Tak. [Ipexne
BCEro, MOWKET CAYYMTLCH, UYTO (POPMAanbHO HAMHCAHHHIN I/ AAHHOH
¢yskuud psan  Maknopena (2) okaxeTcs pacXomfALIMMCH IS
Bcex x =~ 0; 3HauuTenbHO OoJjiee UHTepecHhM fIBJSETCS, OJHAKO,
TO, YTO Aawe B CJyyae, KOrAa NOCTPOEHHHIH I nanHOH PyHKuMH
pan MaknopeHa CXOOMTCSl, OH MOXET HMerb cBoeH cymMoH COBceM
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HE 5TY, a Apyryio (yHKUWIO; MpHUMEp STOro cliyyas, CTaBlHl [o
M3BECTHOH CTENeHW KJACCHYECKUM, Na8T hyHKLHS

e~* " (x#£0),
‘?(x):{ 0 (x=o0).

Kak nerko Bwmiuucnuth, npu x=0 cama dyHicius n e& npous-
BOJHbIE BCEX NOPSAKOB 06pAalaloTcss B HyJb, BCJEACTBHE uero
Bce ko3(pduunenTH pana Maknopena (a 3saudr, M CymMMa ero npu
BCEX 3HAYEHURX X) paBHHI HYJIO.

Otciona, Mexny npoudM, cresyer, 4To ecau naHHAas QyHKIHs,
Kak Mbl BHICJH, MOXET pasnararbCsi B cTeneHHod psa e Gonee,
UeM OIHHMM CnocoGoM, TO, HANPOTHB, BCAKHWH CXOASIMECS CTemneH-
HOH psifl CAYxWT paioM Maknopena we ans oawoli, a min Gec-
HMCIIEHHOTO MHOWecTBA (yHkuuil. B camom nene, mycrs f(x)—
CyMMa NaHHOTO pRNa, KOTOPBIA CHYXWT, KAaK Mbl BHAEW, PSIOM
Maxnopena nns srolt ymkuMM; ouweBMAHO, YTO B TaKOM cnyyae
Bce (yukumM cemeficTsa f(x) - aw (x), roe @ — nmoboe BeuectBen-
HOE 4YHMCJIO, a ¢ (X) — pyHKuWs, KOTOPY10O Mbl ONpPENEsIMJIM BHIlE,
OymyT MMeTL 1aHHbIA pSil B KayecTBe CBOEro psiia Maksiopena.
Pasymeercs, w306pascamscs  nanmm praom (1. e. OhITh ero
CYMMOH) MOXET TONBKO onina M3 (yHKuMH 3TOro cemeHcTBa.

Psanel mHorouynenos. Teopema Beliepuitpacea. Tak kak no-
C/IEN0BATENbHbIE YACTHYHKIE CYyMMbi CTENEHHOIO PSIa NPeCTaBIsIOT
COOOH MHOTO4NEHb BCE BO3PACTAIOUMX CTeneHel, TO BCSKAs dyHK-
uMst f(x), pasnaraioiuascs B CreneHsolt pfn, MOXeT OhiTb Mpu-
GmEHHO NpeNCcTaBnena MHOrOUIEHOM C JHOGOH CTeneHbio TOYHOCTH.
bonee touno 370 cnemyer Bmipasurh Tak: ecnu dyrkuma f(x) uso-
OpaxcaeTcsi cTeneHHHM psoM, PasMyc CXOAMMOCTH KOTOPOI'O paBeH
7. TO AnR OGOro NOnoXUTensHoro p<_ 7 1 mo6oro € > 0 cyuect-
BYET MHOTOWYIEH, OTJMYaIOIMHCH OT f(x) menee, yem ua g, IJf
Bcex x orpeska [—p, +p] (M He mOXeM VTBEPXKHATL TOIO e
Ans OTpesKa (—7, r), XoTs Gbl AdKe OTKPHITOTO, TaK KAK Ha STOM
OTPESKE CXOAHMMOCTbL UAHHOTO CTENEHHOTO PSAa MOWKET GbiTh He-
paBHOMEDHOH). Benom#uM, yro HMmeHHO 06 3To# 3anaue npuénu-
KEHHOTO Bhipawenus (QyHKuUME Yepe3a MHOTOWIEHb Mbl FOBOPHJIH B
nexunu V B cBsidn ¢ opmynamu Tatinopa 1 Maknopeua.

Onnaxo, ecnu Beskas dyukups, pasnoxumasi B creneHHo
PN, MOXKET GHITh C JHOGOH CTeNneHbID TOYHOCTH AMIpoOKCUMUPOBaHa
€ MOMOLIBIO MHOTOYNIEHa, TO OOpaTHOE yTBEpwAEeHWe, 1O MeHblueil
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mepe, He ouesupHo., M3 Ttoro, uro ¢ynkuus f(x) B manHom of-
peake [a, b] moxer OwhTb mnpencTaBiena B BHAE MHOTOWIEHA C
060l Hanep&n 3amaHHOR CTENeHbID TOYHOCTH, OYEBHAHO, ewl® He
BO3HMKAeT pa3jioKUMOCTH €& rae O TO HW ObLiI0 B CTeneHHoM
paa. ITO 3aMeuanve UMEET BAaWHOE NPUHUMIHAIBHOE 3HAYEHHE; B
camMoM gene, npubnxkEHHOEe npencrasnedve (YHKUMH B BUIE
MHOIOWIEHOB SIB/JIS€TCA OOHHM M3 BaWHEHIUMX OPYyAMH HccheroBa-
HUSl 3THX (PYHKUHMH M ONepHPOBAHHA HAH HKWMM; C APYIOH CTOPOHH,
MBI 3HaeM, YTO pAa3No¥eHHe B CTEMNeHHble pffbhl JOMYCKAET JHllb
CPaBHUTENLHO Y3KMHM kJacC (QyHKUME — B COCTaB 3TOrO KJacca
BXOAOMT Iaxe He BCAKas (QYHKUHSA, HMEoWlas MPOM3BOAHBE BCEX
NOPSAAKOB, YTO caMoO no cebe COCTABJSIET YK€ BEChMa CTECHWTE/b-
voe TpeboBanHe; Takum 00Opa3om, ecsiM Obl PasJioKUMOCTb (yHK-
UMM B CreneHHOH psig 6biIa HEOGXOIHUMBbIM YCJIOBHEM NPHOMNKEHHON
HPEACTABUMOCTH €€ ¢ MOMOLUIbI0 MHOIOYJIEHOB, TO 3TOH (BeCbMa
UeHHOH) [IPeACTaBUMOCTbIO OKazazncs 6bl 00/1afalonidM JHUIL OYeHb
y3KHH knace (YyHKHUOHANbHHIX 3aBHCHMMOCTEH.

B nefictButenbioctd aeno obctout upade. OkashiBaeTcs, uTo
HEOGXOIUMBIM H HOCTATOUHBIM YCJIOBUEM NPHOJMKEHHOH npencta-
BUMOCTH LAHHOH (PYHKIMM HA HEKOTOPOM OTpe3Ke ¢ Joboil cre-
MNEHbI0 TOYHOCTH C IOMOLUbLIO MHOTOWIEHA SIBJISCTCS KenpepblSBHOCM b
e& Ha 31OM orpe3ke. Takum o6Gpa3oM, naxe (QYHKLMM, HUTLE He
audrpepeHnMpyembie, MOryT HOMYCKaTh Takoe MPUOMHKEHHOE Mpen-
crasfienve. Heob6xogumoCTh HENpephiBHOCTH, KOHEYHO, OUEBUIHA:
yHKUMs, npUOMKERHO MOTryniasi GbiThb MPEACTaBJIEHHOH MHOrO-
WIEHOM € J0OOH cTeneHbld TOYHOCTH, €CTh MOpene/l PABHOMEPHO
cxonfueiics nocrepoBaTenbHOCTH (M 3HAYMT, CymMMa pABHOMEPHO
CXOHSILIETOCH PfAa) MHOTOWIEHOB, T. €. HenpephiBHEX QyHKLUKH, H,
CJIE[IOBATENIbHO, B CUJIy H3BECTHOH Teopembl (JeKiHf 1V, crp. 109)
TaKke NomkHa Omth HenpepbiBHOH. To, uro 3710 Heobxomumoe
yC/OBHE BMECTe ¢ TeM fIBAS€TCH W JOCTaTOYHbIM, (PeACTaBJfeT
coOOH ONMH H3 caMmbiX T[ZYOOKHX K BaXHbIX (DAKTOB MaTEeMATH-
4eCKOTO aHand3a ¥ CocTaBifer COZepKaHHe 3HAMEHUTO meopensl
Beiepuumpacca, x nokasatenbctBy KOTOPOH Mbl W nepexomuM ')
[lpu stom, kak Bb cefiyac ysBuawre, RaM NpUASTCA HAYAThH hHe-
CKOAbKO H31a%eKa.

1) B uactosilee BpeMfl H3BeCTEH WHeJbIH PAL BeCbMa PasiHUHbIX
HOKa3aTeNbCTB 3TOH TeOpeMbl; Mbl 37ieCh BbIGHpaeM OAHO 3 HauGosee
HHTEPECHBIX B METOJOJOr HI€CKOM OTHOILLCHHH.
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Pacemotpum unterpan
+1
= S (Y — ) du;
-

OUeBHIHO, Mpu mobom n—=1,2, ... 370 — nonoxurensuoe YHCIo;
paso6bém 06MacTe WHTErpauMM Ha age 4acCTH, a UMeHHO, GyneM
paccMaTpuBath OTHENBHO WHTerpar

1

+n
K,— S (1 — w2y d,

pacnpocTpanguunt  Ha  (masawii TpH  GOJBIIOM 71) OTpe3oK

1 1 e
(—— 13/*_ 5 —l— F), U AONONHUTENbHLIHA HHTEerpan
n n

s < S (1 — u2)" qu,

NpEACTaBNMOLMA coGofi B cyuHoCTH CymMy aByx HHTErpanos, pac-

1
MPOCTPAHEHHBIX COOTBETCTBEHHO HA OTPE3KH (— 1,—13/—__) u
n

(f/—lg ; 1) . Koraa n 6esrpanuuno BO3pacTaer, 06.1acTh UHTErpa-
UWHH HHTerpana K, crarusaercs k touke 0, 06aacth e HHTEerpa-
UM MHTerpana L,, HanpotHB, paciuspsercs, CTPEMACh OXBATUTL
co0ol Bech oTpe3ok [— 1, 1]; mu y6emumes TEIEePb, 4TO, HECMOTPS
Ha 3TO, NpH GONbIIAX 3HAYCHHSIX 71 BEIHUUHA K, vcuepumBaer
€060l moutd BCIO Beauuny [, a Ha nonio unrterpana L, octaércs
AHILL HUYTOXHO Manas 4acTh 9TOH BeNMYUHM; o0bsicHseTcs 370,
KOHEUHO, TeM, 4YTO npu  Gonbliom 7 NOMHHTErpanbHas  (PyHKuus
(1 —&2y* muwb 1ns ouens manbix 3HAYEHHH |u| MmeeT 3Hauenus,
CKOJIbKO-HHOY b 3ameTHbie, Gynyur npu CKOMNbKO-HUOY b Gonbiimx
SHAUCHUAX | 4| HWYTOKHO ManoH; rpaHK 3TOH QyHKUMU CXemaTu-
UCCKH TipencTaBlieH Ha wepr. 33,
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Jdemma. [llpu n—s oo
Sy = Loy i)
Vi I,

Tak kak Kaxjpoe M3 3THX ABYX COOTHOIUEHUH, OueBHAHO, fiB-
JIAE€TCA CJeACTBUeM APYroro, TO HOCTaTOYHO JOKa3aThb KakKoe-
HUOYAb OHHO M3 HHUX.

[Mogunrerpanphas QyvkuMs B uHTErpane L, HUMeeT, OUEBHUAHO,

1

E)
Haubonbiiee 3Hadende npu |u|—=n ; Tak kak obnacth HHTe-

Yept. 33.

rpauuu cocraensieT €acth orpeska [— 1, 1], To nostomy
2

B A9

~

C npyro#t cTOpOHHI, OYEBHIHO,
1

0 3
1 — i ENL
> _{ (1——u2)"a'u>(l_zn a) Wogs =
1
—;—n—§
H CnenoBaTe/1LHO,
2 n
L LY B
3 ——
e et

1——n

1
4
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8CnencTBUE Uero

HJIH, noJjaras

KN
x

TO

YTO M HOKAa3HiBAET Hally JeMMy.

Kakoe ke 3nauyeHde MOXKeT UMEThb MpoBenBHHOE HAMH AeTalb-
HOE HccleoBaHHe durerpana f, nas nokasarenbCTBa CTONb 0O6-
LIETO MpPEJUIOKEHUS, KaKHM sBIfeTCH Teopema DBeiiepuirpacca?
B maTeMaTHuecKkOM aHanuMse 3TO— NaJieKo He eIHHHUUHHIE mpuMep
TaKOTO CJyuas, KOrJa TeopeMa YpPe3BHYaiiHo GOoJsbLIOH OGLIHOCTH
JIOKA3bIBaeTC MPUMEHEHHEM OYeHb CHELHANbHOIO aHATUTHYECKOro
MHCTPYMEHTA, KAKOBLIM B HAWleM MpUMEpPE CJy¥HT uuterpan [,;
To cneuHHyYeckoe CBOHCTBO STOr0 HHTErpana, KOTOpoe aenaet
ero ynoGHHIM OpYZAHMeM YCTaHOBIEHHS Teopemn Beliepuitpacca, na-
XonuT ce6e BHIPAaXKEHME HMEHHO B NOKa3aHHOH HamH Jiemme: Bu
BHIMTE, TaKMM 00pa3om, YTO H3NaraeMoe HaMM AOKAa3aTebCTBO
Teopemb Beliepiitpacca MOXeT CJIY)KHTb METOAONOTMUYECKH NOYYH-
TeJbHbIM MPHMEPOM AHAJMTHYECKOrO PACCY AeHUS.

!) M3sectno, uto 1-4-x < ex npm mo6oMm x # 0; nmpolue Bcero B
9TOM y0enmTbCs, OTLICKHBasi HAHMeHblliee 3HaYeHHe QyHKIWH eX — 1 — x.
3) [lpoiue BCero B 3TOM yGenuthed, 3aMewas, 910 npu z > 0

23 1 2 2

ez — 1+z+§7 +-.. .>—2-z“, BCICNICTBHE Hero ze~ 2= — < —.
! € z

14 A. 5i. Xununn., Bocems nexumii
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[lycte Temepb HaM 3alaHa MpoW3BONbHAsH ¢GyHkuMs f(x), He-
npepuiBHas Ha otpeske [0, 1). Murerpan
1
P (x)== 1‘ J f@){! — v — x)?}"dv,
n
o

paccMaTpUBaeMu# Kak (yHKiMsi OT X, mOpenctaBnsieT coboi, oue-
BHJHO, MHOTOHYJeH cTeulend 2n (MO0 TaKMM MHOTOUJIEHOM SIBISIETCs
floadHTerpanbuas gyuakuus). [lpeobpasys nepemennyio HHTETpauuu
C MOMOLIbIO MOICTAHOBKM U=—X—|- &, Mhl HaXOAHM:
1—x
Pu(x)zlin j fle+x)(1 — u?)" du.

IMyers 0<a<B<{1ua=sx=<<P;r0rna —x<< —a<0<1—

—B=<C1— x; nostomy, ecn¥ 7 HACTOILKO BENMKO, 4TO 7 iue
NpPEeBOCXONMT MEHbIIEro U3 uucen a v 1—§, 7o

1 1
S e, G ey (a<<x<<B).

B rnocnennem PaBEHCTBE MLl MOXE€M HanKWCaTb:
1 1

R e

Ho, o6osnauas wepes M uauGosbluee 3sHauenue Qynkuuu | f(x)|
Ha orpeske [0, 1], mbl, oueBHIHO, HMeem:

|
7 ff(u+x)(1—u2)"du <

(

=M ML
<5

—n 1
S _|_ { (1—atyau="En__¢o
) i z

)

W] —
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npy n— 0O B CWIy [OKa3aHHOH JeMMb; OpPH S5TOM, TaK KaK
ML,
I,
I —> 0O CTPEMUTCH K HYJIO PABHOMEPHO OTHOCHTENLHO X BO BCEM
otpeske [a, fﬁj,lﬂonaraﬁ

OT X He 3aBUCHUT, JieBas 4YacTb 3TOro COOTHOLIEHHs OpH

e

I s |
—n 1—x
T 4T P n0— o di—ry o)
n i
| . 3)

Mbl UMEeM, TaKuM OOpasom,
1

2 (x)—._—ll——n .S flat+x)(1 —u?)*du—+R, (x),
1

o}

—_n

npuugM R, (x)— O opu n — oo paBHomepro wa otpeske [a, .

Bu ywxe, BeposiTHO, nOraganuchb, MTO MMEHHO B JMIle MHOFO-
uneda P, (x) Mb XOTHM HalTH MHOTOWIEH, npuOMKEHHO Bhipa-
waloluh QynkuMio f(x); ecnu Tak, TO Bam pmomxen OHTbL siced
W panpHeRIMH NaH NOKa3aTesbCTBA: BBWIY pABHOMEPHOH MAJIOCTH
BesiMuMbn R, (x) opu OOnbLMX 3HAYeHHSX A HANO TOJMBKO (OKa-
3aTth, YTO DEPBOe cJaraeMoe NPaBoOH 4YaCTH DOCAENHETrO PaBeHCTBA
Opy 3TOM HA BCEM OTpe3ke [a, BJ O6nM3KO K f(x); 3TO e MOYTH
OYeBHIHO, MO0 f(z-}Xx) nom HHTerpanoM Majo OTJMYaeTCs OT
f(x), Tak KaK 3vavenusi ||, BXomsume B OPOMEXYTOK HHTerpa-
UMM, HMYTOXKHO Ma/lbl; 3aMedsisl e f(uz—} X) 4yepes f(x), Mu TeM
C4MbIM 3aMensieM BCE OepBO€ cJaraeMmoe BhipameHueM f(x) f—" 9
KOTOpOe B CHJy Hamel JeMMnl CTpeMHTCs K f(x) npu n—»fxz.
Yr1o6b 3aBeplIMTh HOKa3aTesJibCTBO, HAM OCTAa&TCH TOJABKO OpOBe-
CTH 3TO paccyxieHHe cO Bcel (popMaibHOH CTPOrocThio; Npoille
BCero BOCOOJNL3OBATBLCS NS STOFO IepBOH TeOpeMOH O cpemHem

3HauyeHud (nekumst VI, ctp. 174 — 178), B cuay kotopoh
1

3
n 1

S fle+x) (0 —@)"du= f(x+bn 3)K,,

147
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rme —1 <0< 1; mm HaXoLMM, Takum obpasow,
= L
|f) =Py ) | =] ) — fle T E — R (x| =

I
<[/ —f(x4-0n " 5)

+| [en (x) l'

Ilycto s>0 OpOM3BO/IBLHO Masno; Kak bl y#&e 3HaeM, OpH gocTa-
TOYHO GOJBLIOM 71

R, (<5 (a<<x<3p)

C APYroll cTOpOHH, TaK Kak f—"—»l Ipu #n— 00, a Qyukuus
n
J(x) pasHomepno HElpephiBHA BO BCEM OTpeske [0, lJ, TO OpH

JOCTAaTOYHO OGuJbILIOM 1

€

1
-3, K
feo)— f(x~-0n F)72] 5 l@<x <)
n
TakuM 06pasoM, NpHM LOCTATOYHO Goabiom n

LA — Py} < 5 + 5 =

IpYruMH  CJOBaMH, NPH /1 —s OC  MHOTOWIeH P, (x) pasHomepro
CTpeMHTCs K yhKuMK f(x) wa oTpeske [a, 8]

B ocuorom stHM  Teopema Behepiitpacca  nokasana; wawm
OCTAETCH JHIIL W3GABHTLCH OT HECKOIBLKHX MasoCyI1eC TBE HHbIX
OFpaHHUEHHH, BO-NEPBLIX, Mb LOMAHb NEpelTH oT cOeLnanbHoro
otpeska [0, 1] k fIPOH3BO/IbHOMY O1pe3ky [a, b); w Bo-BTOpHIX,
Mhl IOJKHE 110K43aTh, 4TO TpeGyemas TeopeMof Bediepitpacca
PABHOMEpHAR  AONPOKCHMALMS HMEET MECTO He TOMLKO B J0GoM
otpeske [a’, b'), uennkom sewaniem BUYTPH (@, b| (uMenHO Tak
Yy Hac Beib OOCTOSNO neno, WOO Hall OTPe3oK [a, B]6uin nio6um
OFPE3KOM, LENHKOM /NeXALIMM  BHYyTpH [0, 1)), HO W BO BCEM
orpeske [a, b).

Hns noctvxenns nepeol M3 sTux OBYX 11esieli nonowum

(O]

);

(2 << x <

S

X —a

b g~V Xx=at(b—aly (a<x<b),

Jx)=fla+(b—a)y|=p .
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Koraa x npoGeraer otpesok [a, b|, v upoGeraet orpesok [0, 1],
W ecan QyukuMsi f(x) HeopephiBHA HA OTpe3ke [a, bJ, TO (pyHKILHA
@(y) venpeppsha Ha orpeske [0, 1] Tlycrs a<la <& < b;
N0JI0KUM

a' —a b —a

e =a, —==f 0<la<B<L1.

B cHny TOro, 4TO MBI TOJABKO YTO IOKA3aAW, ais moGOro e >0
Haln€rcs Takol muorowlew P, (y), uTo

lsW—P, | <e (a<<y<B);

HHaye,

<e (@<sx<¥b);

|r0—rp, (7=2)

HO OYEBHWIHO, YTO

X—a

I, (x) =P, (b_a)

OTHOCHTEJILHO X €CTh MHOrOWIeH TOH e CTeneHW, yto u P, (x);

TakHM 0Cpa3oM, QybkUMs f(x), HenpephiBHAsi HA OPOM3BONBLHOM

otpeske [a@, b], paBHOMEpPHO anNPOKCHMHPYETCS MHOCOWIEHAMM C

/OGO CTereHbI0 TOYHOCTH Ha moboM otpeske [a’, b'], uenukom
newanlem BHyTpH OTpeska [a, b|.

H100hn cHATH, HAKOHElL, M NOCNENHEE OrpaHUuYeHME, IONYCTHM
CHOBA, 4TO (yHKuMs f(x) HempepnBHa Ha OTpeske [a, bj, v no-
JIOHCHM

fla) (a—1<<x<<a),

F(x)=1 f(x) fa<<x<<bh),
L f(b) (b<sx<b-1).

Ouesnnro, uro ¢yvkuus F(x) onpejeneda v HenpephBHA HA OT-
peske {a— 1, b-} 1), BHYTPH KOTOPOrO LENHKOM NEKHT OTPE3OK
|@, b]; B chny nokasanHoro, osa paBHOMEPHO aNOpPOKCHMHPYETCs
MHOTOWJIEHAaMH, ¢ JiOGOH CTemeHblo TOYHOCTH, Ha oTpeske [a, b|;
HO TaK Kak Ha 3TOM otpeske F(x)= f(x), To TO e camoe
cnpapeliMBO W Ans QyHkuku f(x), Yem Teopema BehepiuTpacca
OKOHYATENBLHO IOKa3aHa.

Ity Teopemy MOMHO (POPMYNHPOBaTH W TAK: BCAKQS Henpe-
PbiBHAS DVHKUUA ectb CYMMA DABHOMEPHO Cx00siuezocss psoa
MHO20%N€HO08; MO0, ecnu, wanpuMep, P, (x) o3basaer (cyulect-
BYIOUMH B Ci/ly [OKA3dHHOTO) MHOTOWIEH, OTJIMHAOUIMICH OT f(x)
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1
MeHee, 4YeM Ha —, Ha BCEM MpOTSHXKEHHM OTpeska fa, b}, ro pan

P x) 4Py (%) — Py ()} - e - P () — Py ()} .y

YJeHbl KOTOPOrO SBJSIOTCH MHOTOWIEHAMM, OYEBMIHO, PAaBHOMEPHO
CXOOMTCA K (yHKUMHM f(x) Ha orpeske (a, b).

TpuroHomeTpuyeckyne psinbl. TpPHrOHOMETPHYECKHM pPSLIOM
Ha3bIBAETCS! PAL BWAA

oo
a2—° -+ Z (@, cos nx - b, sin nx). (4)
n=1

Tak kak Bce cnaraembie STOMO psila — NEPHOLMYECKHE dyHKIIMH
C OepuonoM 2m, ro TakOH e NepHONMYHOCTHIO O6JianaeT M CyMMa
storo psna. [losTomy, eciu (pyskuusi, KOTOPYKO Mbl HMEEM B BHAY
pas3JoXHTL B TakOH psl, 3TOH NepHOAMYHOCTHIO He o6nanaer, TO
vMMeeT CMBIC/I HCKaTh €& pasnokenHs /ML B OTPe3Kax, AAHHA
KOTOpLIX He 0OpPEeBOCXONMT 2m. BcesiencTBue 3TOH e MEPHOLHYHO-
CTH BC€ PacCMOTpEHHSs, CBA3aHHLE ¢ psaoM (4), ZOCTATOUYHO BECTH
HA KaKOM-HOO Onpenen&HHOM OTpe3ke IJIMHL 27, HanpuMmep, Ha
orpeske | —m, w|.

[TpuBen&M npewne Bcero TpM cooGpaxenus, B CHIY KOTOpPHX
B HEKOTODhIX cllyuasix pasnowehve QyHkuMH B pad THOoA (4)
MOXET OKa3aThCs Oonee 1eneco06pasHbiM, YeM pa3fioKeHHe B CTe-
neHHoH psia.

1) Kak mb 3HaeM, B cTemeHHOH pSI pPA3NATAOTCH TONLKO
(pyHKUMH, HMEIOLHe HPOW3BOAHLIE BCeX NMOPANKOB (OpHYEM nawe
9TO CTecCHUTenbHoe TpebGOBaHWe, BOOOIle TOBOPsl, el® He OKa3dhi-
BaeTCsl AOCTATOYHBLIM); HAMpPOTWB, KAK Mbl YBWAHM Hajblle, A1
PasnoMUMOCTH (yHKUMH B psn BMIA (4) IOCTATOYHO TFOpPa3mo
Oonee CKPOMHBIX WPEANOCHLUIOK; B HaCTHOCTH, TaKOe pas3iioiKeHHe
ZHOMycKaeT, KaK Mbl yBHAMM Ja/buie, BesKas (yHKUMS, MMeiouas
OrpaHHYEBHYI0 W MHTErpHpPYEeMyI0 OpOM3BOAHYIO, NPHYEM W 3Ta
HPEAUOCHIIKA HE ABJSETCS HeOOXOAMMOM.

2) Ynenn pspa (4)— mepHonuueckie, BONHOOGpasHihie (PyHk-
LHH; HEKOTOPHIA 3JIEMEHT 3TOH BOJNHOOOPA3HOH NEPHOLHYHOCTH CO-
XPaHSIOT H Y4aCTHYHLIE CyMMbl 3TOro psaja — 4YepTa, BOOOLIe
TOBOpsi, OTCYTCTBYIOWIAsl Yy CTE€OEHHLIX PANOB; OSTOMy, €C/M HC-
cnenyemasi QyHKIIHMA (kaK 3TO 4acTO GHIBAaeT, HaNpHUMEp, B MeXa-
HHKe, (pu3HKe, OHONOTHM, SKOHOMHKE) ©OHAPYHHBAET HEKOTOPYIO
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TeHIeHIHI0 K XOTSl OH npHOJIMKEHHOH BOMHOOOGDA3HOCTH, TO MH
C OOJHWM OCHOBAHMEM MOKEM OXHAATh, YTO YdaCTHYHHE CyMMhl
TPUFOHOMETPHYECKOTO psina GyayT WMHTHPOBATh OOBEICHHE TaKo#
GyHKUMM Jlyulle, YeM MHOTOWJIEHHI, KAKOBHIMH SIBJSIIOTCS HaCTHYHEIE
CYMMbl CTelleHHBIX PsLOB.

3) Hakonen, TpurosomerpHueckie QYyHKIMH, NPeiCTARMALINE
co6Goll ynesn pana (4), ob6namanT ONHHM 3ameyaTe/bHhM CBOK-
CTBOM, KOTOpPOE B Ype3BHYAHHOH CTeneHu obJsieryaeT kKak Hccae-
IOBaHME TPHUrOHOMETPHUEeCKHX PHIOB, TaK H OMEPHPOBAHWE C HHMH,
¥ KOTOPOTO COBEPIIEHHO JMUIEHh WieHbhl CTENEHHHX DHIOB. 310
CBOHCTBO €CTh TAK HA3HIBAEMAS OPIMOZOKAALHOCIS CHCTEMB (YHK-
11307

1, sinnx, cosnx (n=1, 2, ...); (5)

OHO COCTOMT B TOM, 4YTO HWHTErpaj NpOM3BENEHHS IBYX JIOGHX
pasiMunbX Mexay coGolt (yHKLME STOH CcHucTeMbl, B3STHH 00
MoboMy OTpe3Ky LMuWHH 2T, paBen HymoO (CBOHCTBO 3TO BH JHGO
yke 3HaeTe, NHOO JIEFKO IOKAKETE, npeobpasdyst Crosiuiee 0on
3HAKOM HHTerpasa MpoM3BeNeHHE B CyMMy HA OCHOBAHHH SJeMeH-
TapHLX TpUroHomeTpuueckux ¢opmyn). BaxHocTe STOrO 3ameda-
TEJILHOTO CBOMCTBA TPYMHO MNEpeOLeHTb; Aae ropasno Gosee
COWHEE (DYHKLMM, YeM TPHIOHOMETpHYECKHe, €C/IH TOJBKO OHH
06pa3yloT OpTOIOHANbHYIO CHCTeMy, BO MHOTHX CAyyasx OKask-
BalOTCs B KauecTBE SJIEMEHTOB psilid HMCKMOYMTENPHO  YROGHBIM
MHCTPYMEHTOM [/151 MCCIIENOBaHKs ¢yskumi; MHOTHE CBOHCTBA TpH-
FOHOMETPHYECKOR CHCTEMbl (5) OKA3bIBAIOTCS  OOLIMMH CBOHCTBAMM
JIOOLIX OPTOTOHATIBHBIX CHCTEM, YTO OpHBE/NO K CO3NaHHIe UenoH
0oco60f TeopHHM TaKHX CHCTEM, B HACTOSLUEE BpEMs yxe IIHPOKO
pa3BHTOH W HACYWTHIBaIOLIEH B CBOEM COCTABE MHOTO BAXKHBIX M
CyOOKHX AHAMTHYECKHX (DAKTOB.

Kosdduumentor @ypbe. B ciyuae cTeneHHHX pSNOB Mbl
BUIEAM, 9TO KO3(PHIMEHTH psind JErko ONpEAeNsTCH, eCclH
y3BEeCTHH 3HAuyeHus pasnaraemMoll ¢yHkIHH M e€ 0OpOH3BONHBIX
apu x==0. DTOT *e BOMPOC €CTEeCTBEHHO OOCTAaBHTL B NEpBYIO
oyepenb W IUisl TPUYOHOMETPHHECKHX psIOB. ITyctb Qynkums f(x)
u300paxaeTcsl B OTpeske [—T, | parRHOMEPHO CXOLAUMMCH pi-
nom (4). YmHoxas obe 4acTH paBeHCTBd

flx)y= %0 -+ Z (a, cos nx - b, sio nx)

n=1



216 JIEKLMSI CEIbMAS

Ha cos kx, rae £ —onno w3 uHcen psina 0, 1, 2 «ee, MBI, OYe-
BHIHO, nofyyaem mMpexcrasnenye yHrUHM flx)cos kx B Bune
HEKOTOpOro  takke pasHomepHo CXOMMAUIETOCs  psina;  nosTomy,
Gepst uHTErpans o6enx yacTe] fI0/ly€HHOTO  paBencTBa B npene-
J8X OT — T 10 T, Mb MoOweMm MHTETDHPOBaTh  n04teHHO piil,
CTOSILHA B MpaBof wacTH (CM. nekuuio IV, ctp. 112—113). Ho 8
Cllly  OPTOrOHANMBHOCTH  CHCTEMBI TPHTOHOMETpHYECKHX  DyHKLHiL
HHTErpanhL BCEX 4YJIEHOB 3TOro psifia o6parTaTcs B Hysb, 3a MCK/IIO-
HEHHEM €IHHCTBEHHOrO HHTerpasna

b T
jakcoszkxdx: ak\y I;FCZLM”Y dx =ma,; (G}

—x —m

IIpH 5TOM MBI MPEMNONOKHIM, uYTO E>0; mpn k=0 muy nosy-
HAEM B Ka4ECTBEC €MHCTBEHHOrO OTIHYHONG OT HYJIsl MHTerpana

T
ay
j 3 dx— ma,,
—_T

TAK 4TO OOWMH pe3dynbrar (6) coxpamsiercs u 3TOM Crnyuae
(umeﬂuo € STOH Uenbl0 nepebf usey psla (4) W numyrt o6ByHO

a,
B BHIE 3"); TakuM 00pas3om, Mbl HmeeM npu mobom & = (;

S f(x)cos kx dx=maq,,
HIH

a,f:%jf(x)coskxdx (=0, 1, 2, ) (7)

TOROCHBIM e 06pPasoM M HAXOmuy:

by =— | F(x)sinkxdy k=1, 2, .. (S

—m
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dopmyns (7) B (8) ¥ pewanT ROCTaBIEHHYIO HaMM 3alavy —
BhpaxaloT Ko3(¢uuMenTh psina (4) uyepes H300paKAEMYIO DTHM
panom GyHkuMio. ITH QOpMYyJE, Kak BH BHIMTE, CaMH 110 cebe
He TpebyloT OT (PyHKIMM f(x) daxe CylIeCTBOBAHMA nepeoit npo-
W3BOAHOH; KO3((PHUHEHTH @, H b, MOryT ObITb IOCTPOEHB! IO ITHM
¢opmynax mas AOGOH MHTErpHpyeMol (pyHKIIMHM; MX Ha3bIBAIOT
06bINHO K03GhbuLLenmanu Dypoe HaHHOH WHTErpupyemoH ¢yHK-
KK f(x), a MOCTPOEHHLIH ¢ MX MOMOLIBKO PAL (4) — psidom Dypve
5TOR QyHKiMK (X0Ts Gopmy bl (7) M (8) Brepbue Obiid HaHnewbl
Diinepom). OnHako, H3 3TOrO, KOHEYHO, HMKAK HE CIELYCT (JOrH-
yeckas CHTyaUMsi 31€Ch MONHOCTHIO aHANOrH4Ha TOH, ¢ KaKOH Mbl
BCTPETHIHMCh MPH MCC/IENOBAHHMM CTENEHHLIX PSIOB), YTO MOCTPOEH-
Wbl o5 Hamed vHTerpupyeMol ¢ybkuud psa Dypbe  mOMNEH
CXONUTBLCA; @ €CJIH OH CXOOMTCH, TO W3 MpenbliylLIerc HUKaK He
BhITEKAeT, YTO CyMMa €ro HO/MKHAa cosnajgatbh ¢ ¢ynkumed f(x).
WU B nelCTBUTENbHOCTH CYLIECTBYeT CKOJIBKO YTOAHO CJy4aes,
KOTZA [OCTpOeHHbH I/s WHTerpHpyeMol (yHKunMH pan dypre
OKa3LIBaeTCs pacxoasuivmcs. BcE, YTO yCTaHOBJIEHO HAMM 1O CHX
nop, MOXHO (OPMYJIMpOBATL TaK: ecAu Pyrruus  f(x) moxcem
Ouums  u300paycena pABHOMEPHO CXOOAWUMCES  HQ  OMpesre
[—m, =] mpueonomempunecrun psidom, mo amom psd ecmo
eé psd Dypve, T. e. KO3(DQPHUHEHTH €ro BHIPANKAKTCS HEpes3
nausyio ¢yskumio nocpencrtsom ¢opmyn (7) v (8). B cayuae psina
Maknopena MB OPHINIH K COBEPLIEHHO aHANOTHYHOMY 3aKJIO4e-
HMIO, C TOH TOJLKO pa3buleH, 4TO TaM HaM He NPHXOAHIOCH
0c060 TpeGoBaTh PAaBHOMEPHOH CXOAMMOCTH, TaK KdaK M3 CaMoH
NpHpOMB CTENEHHOro pfid BHITEKaeT, KaK Mbl 3HAEM, paBHOMEpHas
CXOLMMOCTh €0 BO BCSIKOM OTpe3Ke, LEJHKOM IOMeLiaronemcs
BHyTpH HHTEDB4Ja CXOAHMOCTH.

OueBHIHO, 4YTO OCHOBHAs 3ajJaya TEOPHH TPHUIOHOMETPHYECKHX
PSIOB COCTOMT B YCTAHOBJTEHHH TeX IPEANOCHUIOK, NpH cobmone-
HWH KOTOPHLIX AaHHas (yHKuMsl $BIsieTCsl CyMmOli CBOero psua
dypbe. D10l npobneMoil 3aHMMANOCh OueHb GOJbIIOE HHMCIO HC-
cnenoBatenefl, el OOCBsLl€Ha OFPOMHAs JWTEPaTypa; B aajibHeli-
lIeM MBl PACCMOTPHM HECKONbKO GOPOCTEHIIHX Pe3ynbTaTok, CBs-
3aHHBIX C 3THM BOOPOCOM.

Annpoxcumauust B cpendem. Ho npexae nokawewm, kak
k03 pHLMeHTH Pypbe eCTECTBEHHO NOSIBASIOTCH B CBS3M ¢ peile-
HMEM coBceM Apyrof 3agaud. [lycTh Mbl MMEeM OrpaHHYEHHYIO M
HHTErpHpYEMYl0 B OTpe3ke [— m, m) dymkumio f{(x); *kenas Halitu
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1Nl He€ OPHONMKEHHOE BHIPAXEHME B BHIe ¢« TDHTOHOMETPHYECKOTo
MHOTOWIEHa fOpsnKa n»

n

I, (x)= ? -+ E (ay, cos kx -} B, sin &x),
k=1

CIPOCHM  ce6s, KaK HagnemuT BbIGpaTh KOS QHUUMEHTH s B
4TOGh! CeNaTh 9TY annpoOKCHMAIMIO BO3MONKHO ToYHOH. Koneuno,
B TaKOH MOCTaHOBKE HAll BOMPOC el He MMeeT Onpenen&HHOCTH;
Mbl Bellb HE OnpeneNunM, KakoH BENHYMHOH Mb Gynem uamepsarhb
L0GpOKaYeCTBEHHOCTD [0JyyeHHoro npubmokenns. $lcro, yto BLIGOP
STUH BEJMYMHK B IMPOKHX npenesiax sBASETC OPOM3BONbHEIM;
TaK, Mbl MOTM OBl MPUBSNTL 33 OOTPELIHOCTb HALIETro npubnxe-
HHsl BEPXHIOK TpaHb Pa3HOCTH

| Fx) — 1L, (x)]

I — =< X <CT; npyrodl BO3MOWHBIH BLICOp BEJHYMHH, Olje-
HWBAIONIEH OOTPelIHOCTL TOro MM Apyroro npubnmuienus, mpu-
OUCHIBAET STOH BeJIMYKHE BhlpaxeHue

n
S [ flx) — 11, (x)]dx;
—m
HakoHel, MOXHO OLEHMBATHL STY NOTPEMIHOCTD H MHTErpanoM

(ife0 — 1 oprax; (9)

nocaentce BepaxeHde ¢ (GopMaibHOH CTOPOHBI HaHBOMee yA06Ho
KaK B TCOPETHYECKHX M3BICKAHHAX, TaK H B LIPAKTHYECKHX pacué-
Tax, W00 UHO He MONL3yeTCs CHMBOJIOM aGCoMOTHOTO 3Hayenws,
O4eHb HaCTO TNPHHOCHLIMM  33TPYJHEHHS HPH AHANMTHYECKHX Ofe-
pauvsix. Ha sTtoli nocnenneti (hopMe OLEHKM OOrPelHOCTH M M
OCTAHOBHMCSI; aNNpPOKCHMALIMIO, CBS3AHHYID C TAKMM onpeneneHuem
BE/THYMHL IOTPELIHOCTH, B MATEMATHKE (PHHATO HA3bIBATDH «anapok-
CHMallMel B cpemHem>.

Tenepy nepen namu crout COBEpUIEHHO ompelenéHHas 3amava
BbIOpaTh uvcia Q,, f‘k TakHM 00pa3oM, 9To6hl HHTerpan (9) no:
JYHHN HaUMEHLIIee BO3MUXKHOE 3Hauvende. OYEBMOHO, HTOT WHTe-
rpan ects Qyukums 2n- 1 nepemennbix Qg s Bys ooy 0, Bras
[dK STO Mbl HMEEM Je/0 ¢ MHOTOMepHOH 3agauefl Ha MHHHMYM;
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crienuaspHas  Tpupona STOH 3ajayd NO3BOJSIET, ONHAKO, OpW pe-
wenun ed oboliTuch 6e3 MeTon0B AnPdepeHHalbiOro HCUHCIeHHs.
IpencraBum unrerpan (9) B BUne

S f2x)dx+ S 112 (x) dx — 2 S f(x) 11, (x) dx.

OGo3nauan uepe3 a, b, KOI(PHUHEHTH dypbe GyHKUHMH f(x),
b B cuny qopmyn (7) W (8), OueBHIHO, HMeEeM:

{ foo i, (0 de=n {22043 @at B} 10
r k=1

C apyrolt CTOPOHH, €CJH Mbl Y4TEM, 4TO

-

S cos? kx dx =— S sin? kx dx =m,

T0 OPTOrOHAJbHOCTD CHUCTEMbI (5) nerko na&t HaM
n ag n
. ( [2(x)dx=m {—2-—1— El(ak—l—Bi)}- (11)
1Y k=

Conoctagnss ¢opmyan (10) u (11) n 00AbL3yACH 3/1EMEHTAPHBIMM
COOTHOLLIEHHAMH

a— 2a,0,= (0, — a,)?—ai,
Bi — 26,8, = (B — b,)? — b'?,a

MBI MOJyHaeM:

. 2(x) —2 (f(x) I, (x)dx =

" —

—n {0 LS (@, (B bl —
k:l

—ﬂ§+2%+@}

k=1
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W CJAeNOBaTeNLHO,
L4

T 2 n
( [fle)—11, (x)]?dx:j\ ﬁ(x)dx——rr{%—]—f: (a2 bi)}—I——
. . g, k=1

—n .

= “{(_0(1_2_&)2"" Zl[(ak_ak)z 5= s — ble)gl} o
E—

B oOpaBolt yactv TONLKO MOCHEAHee CJlaraemoe 3aBHCHT OT 4WCen
@, W B, MBH JIOMKHH NOSTOMY HaHTH MMHMMYM 3TOrO 0OCTENHErO
C/1araemMoro; HO BCE 4YJeHbl €ro HEeOTPHIATEIbHhl, W NOTOMY OHO
nosny4yaeT CBOE HavMeHbllee 3Ha4eHHEe (HYJIb), KOI'LA BCE 3TH YMEHb
o6pallalTcs B Hy/ab, T. €. KOINa

Gy ==0y, Op=—a,, B,=—0, (R=1,2, ...,n)

takum 00pa3oM, pelleHHe NOCTaBNeHHOM HaMu 33734l TNacHT,
YTO U3 6CeX MPUZOHOMEMPUHECKUX MHO204AEHO8 NOPsAOKa N
HQUAVHULYIG anipoKcumanuio 8 cpeOHem OGHHOL 02PAHUMEHHOL
u unmezpupyemott yurcuun f(x) 0aém mHo2044eH, KO3DGHUUL-
EHIMAML KOMOPOZO CAYIHCAM K0IhhuLuermos D ypve amot Qyri-
yuu. O603nayas 3TOT TPUIOHOMETPHYECKMH MHOTOuYNEH 4Yepes
P, (x), Mol umeem:

T

([f(x) P (x)]zdx——(f?(x)dx—nj —|-Z(a2 %) }

<
—x “x

310 COOTHOLLEHHE MeXny HOpO4YrM JAOKA3LBAE€T OMHO O4YeHb BAXHOE

MpPEeAJOMKEHHE: TaK KaK JieBasi 4acTh, OYEBWAHO, HeOTpHLATE/bHA,
TO Mbl MMeeM OpH moOoM 7

ag u 1 ¢
T+Z (@2 -2 << — f frlx)dx.
k=1 =

Tak kak npaBas 4acTh 3TOrO HEPaBEHCTBA OT /I HE 3ABMCHMT, TO
cyMMa, CTOfiasi B JEBOH 4acTH, OpH BO3PACTaHMH 7 OCTAETCS
orpaHuuenHofi; APYrHMM CJOBaMH, DO

o0

2 2
Z(ak+bk)
k=1
CxX00mest, Karo8a Obl HY OblAa O2PAHTHEHHAS UHMEZPUD VeMas:
Gdynrgus f(x). Omcwoda, 8 Hacmuocmu, csedyem, 4mo Ko3gph-
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utuenmor Pypoe a,, b, xaxioot marxol GyHxuuu cmpemsames
K Hymo npu kR — o0,

DTU pe3ysbTaThl, MOJyHEHHbIE COBCPLICHHO 3JIEMEHTapHBIM My-
TEM, WUMEOT OYenb GObllOe 3HAYeHWE ANR TeOpuH paidoB Pypse.

3aMKHYTOCTb CHCTEMbl TPHUIOHOMETpHYeCKHX (QyHKuRi.
Kak ™Mb BumenH B TEOPHH CTEMEHHBbIX PSAOB, OAHH K TOT e paR
MOXET CJYXHTh psaoM Makjopena mns GecuHc/IeHHOTO MHOKEC TBa
paznuunbix  ¢Qynkuuil. Bo3amokHO M ananornmyHoe siBNenHe a3
psiioB Pypbe? Bonpoc 5TOT TecHO CBSI3aH C OJHHM 3aMeyaTe/bHbM
CBOUCTBOM CHCTEMHI (D) TpHroHoMeTpHUYeckHX QyHkumi, Ecnv psin(4)
ciyxut  pspoM  Pypbe a8 IOBYX nenpepbiBHbix!) B otpeske
[—m, ©] ¥ pasnuynbx Mexay coGOH pyHKund f (x) v f, (x), TO
3TO 03Ha4aeT, YTO BCE€ COOTBETCTBEHHbIE KOI(@HIHEHTH Pyphbe 3THX
IBYX PyHKuMH cOBNANAIT Me#Ly COCOH, a C/e0BaTe/IbHO, PA3HOCTD

flx}=f, (x)— fo{x)
STHX JBYX (YHKUHH, HEe paBHasi TOWXAECTBEHHO HYJIO B OTpe3ke
[ —m, ], umeer Bce KO3(pPHUMEHTH PYypbe DABHLIMH HYJIO; HO
3TO, OYEBHJAHO, B cHiny (7) H (8) paBHOCH/ILHO YTBEPKICHHIO,
410 (QYHKUHR f(X) Opmoz0HaAbHa BCeM (QYHKUHAM CUCTEMbI (5),
TakiM 006pa3oM, B 3TOM clydae OpPTOroHasnbHas CcHcTema (D)
Ob1a Obl, KaKk TOBOPRT, HE3AMAHYMOL, T. €. K Hell MOXHO GLuUIo
6bt 106aBHTb HOBYIO, HE TOMAECTBEHHO pPABHYIO HYJIO QYHKUUIO
TaK, 4YTOObl paclIHpeHHay CHCTEeMa OCTaBaJaCh OPTOrOHANBLHOMH.
OueBHAHO, BO3MOXHO H OOpaTHOE 3aK/OYeHHe; eciM CUcTema (D)
He3aMKHyTa, TO n06asoyHas (QyHKUHs f(Xx), OpPTOrOHajibHAasi BCEM
(yHKLHAM CHCTEMBI (D), OYEBHIHO, TEM CAMBbIM HMEET BCe KOI(H-
reHTh Pypbe paBHBIMH HYJIIO; HO TOrAd BCe (PYHKUHH ceMefictsa

fi ) Faf(x),

rie g— m060e BeleCcTBeHHOe HUCTO0, UMEKOT OIHH U TOT e pal
KO3(puiHEeHTOB Pyphe.

[lokaxxem, 4TO Ha caMom zesie cucTeMa (5) 3aMKHYTA; JPYrHMH
L£NIOBAMH, BCAKAst HenpepbiBHas (QYHKUHS, OPTOrOHANbHAS - BCeM
(DYHKUHAM CHCTEMBI (D), JO/HKHA TOXAECTBEHHO 00paLIaThCs B HyJib,

1) Ecan ne Hajsarate HUKakux TPeGOBaHHI HENMPepLIBHOCTH, TO MO-
CTaBJCHHAsl 3a/a4a pPEUIaeTcs TPUBHANBHO, TAK Kak 1BE QYHKLUHUH, OTJIH-
yaoulMecs IpYr OT JApyra TOJAbKO B KakoH-n1u60 onHOH TouKe, Ove-
BUIHO, UMEIOT BCE KO3(hhHIUeHTbl PyPbe COOTBETCTBEHHO COBIANAIOLIUMA
MeXay COOGUH.
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[yctb  f(x) — rakas ¢Qyuxums. OueBnAHo, 4TO TOTAA JUis
mo60ro TPHIrOHOMETPHYECKOTO MHorouiexa 7 (x) Mbl HmeeM:

n
S fl) T (x)dx =0.
- -—TC
HonyctuM, 4TO f(X) He e€CTb TOXIAECTBEHHHIH Hy/lb, W MyCTh IUIR
onpenenEHHoCTH f(x)>0 NpH X =—a; TOrla, Kak Mbl 3HAEM H3
TEOPHH HeNpephiBHBIX (PyHKUMHA, MOXHO HAHTH TaKHE MOJIOKHTE/b-
Hole ubcna ¢ 1 8, uyro mpu — < a—e=<x=<a-fe< )

flx) >ec.
PaccmoTpum Tenepb BbipaxeHue
7, e (LESeE—a)e

NpoH3BOLs BO3BeleHHe B CTefleHb no opmyse GHHOMa, MH Haxo-
2uM s ydkusy T, (x) Boipaxernne BHAaA

T,(x)= Z ¢, [cos (x — a)]%;

r=0
HO, KaK H3BeCTHO H3 TPHFOHOMETpHH, JI06as cTereHb COs” X MOKeT
ObiTh BhHpaXKeHa Kak JHHefiHan KOMOHHAUKR (yBKuHHA

1, cosx, cos2x, ..., cosnx

€ MOCTOSIHHLIMY KO3(XpHUMEHTaMH (LOKa3LIBAETC OYEHb NPOCTO
METONOM NOJHOH MHAYKUKH); TakkM O0Gpa3oM, Mbl noaydaem;

T, (x)= 2 d, cosr(x— a);

r=0
3ameuas e, HaKoHel, 4TO
€Os I (X — @) == cos ra cos rx -} sin ra sin rx,

Mbl, OYEBHIHO, MPHXOIHM K BLIPDAXKEHHIO

T,(x)= %’ + Z (a, cos rx - B, sin rx),

r=0

rae a,, B, — noctosnubie koshdHuneHTH. Taxnm o6pazom, dyni-

1) OyeBHIHO, YTO B HALIMX YCIOBH#X & MOXHO CYMTaTb BHYTpeHHek
TOYKOH oTpeska |[— =, =)

——
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uns T, (x) npy BCSIKOM 72 ecTb TPHTOHOMETPHYECKHI MHOTOuJICH,
BCJIGACTBHE yero

[ f T, dx—0 (=12, .. (12)

C npyroii croposs, MPencTarHM ceGe B OCHOBHBLIX YepTax MOBene-
HHe QYHKuHY T,(x) NpH GONMBIIMX 3HAYEHHSIX n, TaK Kaxk QyHK-

Il 4cos(x—a
Mapee oG —d) orpeske [-—m, m| 3akodena, oyesumio,

mexcny O m 1, mpuuém oOHa paBHa eauHHUE TOMBKO ipy x—a,
TO NpH OGOJbWIHX 3HAYEHWSIX 72 BEJHUHHA T, (x) neorpuuatennHa,
PaBHa EIHHMUE NMDU X == H HHYTOXHO Mana L/1s BCEX 3HaueHHH,
CKOJIbKO-HHOYAb  yNaNEHHHIX OT @ APYIMMH C/IOBAMH, Teuerpe ed
HMEET rpaBK TOro THNA, KAKOH H30GPaXkEH Ha yept. 33 (cTp. 208),
¢ TOH TONbKO pasHuueli, 4T0 OTpesok [ —1, 1] nano samenuts
OTPE3KOM [ — T, 1| M MAKCHMyM BMECTO TOWKM x— 0 HOMECTHTH
B TOUYKe X=—=q.

Otciona siced maan auwmx panbuefimmx paccywnennfi. Tax kak
OpH GONbIIHX 3HAYEHHAX 71 ¢Qyuxuns T, (X) HHYTONHO Mana BHe
otpesxka [@a—8, a— 8], 70 u cootBetcTRYIOMME YacTH HHTErpana
(12) HuuTONHO Manb, BCeICTBHE Yero 3HaK ero onpeaenseTcs
3HAKOM HHTerpana

a—L—B
\ £10) T, (x) ax; (13)
a—3

4 TaK Kak fOM StuM uuterpanom 7T,(x)>>0 u f(x) > ¢,To Hano
TONLKO YGEIMTBCS, HTO OTKHHYTHIE HAMM YACTH uuTerpana (12) no
a6CoOMOTHOMY 3HAYEHHIO Masbi CPABHMTENBHO C [10JI0YKH T IbHBIM
uHterpanoM (13), 4ToGbi yctaHoBMTb, 4TO uHTerpan (12) ve moxer
PaBHATLCH HY/MO, M TeM CaMbIM MPHTTH K NPOTHEOPEuMIO. [Ipo-
nenaeM HeOGXONUMHE ISl STOrO OUEHKH. [10/0MHM

a3 a—b =
ff(x) T,(x)dx=1,, X + Sf(x) T, (x)dx=1,,
a—3 —n a}3

TaK 4TO ¥,

0= Sf(x) T,(x)dx=1,+41,.

1+ cos(x—« —a
IlpuBumas Bo BHMManue PaBeHCTRO %:cogx_z_ .
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HMeeM:
a-18
X —a
I, =c¢c ( cos? —5-- dx =

w

a—3&

8
==c cos”‘%dy:?c g‘(l—sin2 %)"dy;
o

Le—.

HO MpH HanHoi 06GacTH UHTErpauuH
0 << sin % <1, 0<cos % =

BCJIEACTBHE 4YEro

8
({1 —sin2) "cos 2
I,>205(1 sin 2) cos 5 dy,
0
HJIY, MoJjaras sin %———z, %cos%dy:dz,

siE
m 3

1, >4c g‘ (1 —2)"0'2:"4—_{:_} {1— (1 ——sin—g)nﬂ};

o

0
a TaKk KaK MpH 0CTAaTO4HO OGOJBIUOM 72 BhipaeHuwe B (UrypHOH

CKOOKe, OYeBUIHO, OovJiblie —; , TO
2
h> e (14)

C npyroii CTOpPOHBI, €CJU Mhl 0003HaquuM 4qepe3 A HauwbosbLIee
3HaueHWe QyHKUHU f(x) Ha OTpe3ke [—m, n] u 3amernm, uto
B npelesiax TeX ABYX HHTErpajoB, KOTOpbie COCTABMAOT cOCOH [,

o

XxX—a )
=< cos? 7

2

cos?
H CJEeJIOBATEJILHO,
)
T,(x) <c052"7 .
TO Mbl MOJIYHHUM:

3 N 3
|12|<Mcos'~’"7(a——o—}—n—{—n—a—o)<

< 2nM cos?? % = 2nMg", (15)
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Tl M0JIOXKEHO
p = cos? % < s
Tax xak I, 4-1,=0, 710 {/,]{=]/,|, otkyna B cuny (14) u (15)

2
2rrMp">——n_£l p (n—{—l)p"+'>rM;

HO 9TO W CO31a8T HCKOMOE MOpOTHBOpetuHe, H60 np” — O npu
n— oo 1) W NOTOMY He MOXET OCTaBaThCs npH J0ObIX 72 60sbLIe

€|
NOCTOAHHOIO MNOJOXKUTEJbHOrO 4Yucaa T\P/I o
T

Takum o6pasoM, MBI IOK33ajH 3aMKHYTOCTh OPTOTOHA/bLHOMN
cuctembl (9). Kak mbl yixe Bupenu, orciona caenyer, 4To HaHHLIH
TPHTOHOMETpHYECKHH pan (4) MOoxer cayxuth psiaom dypbe He
6Gosnee Hem ONHOH HenpephiBHOH (PyHKiuUWH. B uacTHOCTH, eciu sTOT
Pl CXOOHTCR DABHOMEPHO, CYMMa €ro W ecCTb eIWHCTBEHHas
HenpepbBHas QVHKIHS, HMEIOLIAR 3TOT psL CBOMM psaoMm Pypbe.

Cxonumocts psinos Pypwe mas QGyHKuHH, UMEIOWAX Orpas
HAYEHHYI0 HMHTErpupyeMyr0 npon3soaHyto. [Jokaxem Teneps,
4T0 BCSIKas QYHKUHS f(x), OepHomuueckas € MEPHOAOM 2T H
WMEILAs OrPaHHYEHHYI0O H WHTerpHpYeMyl0 NPOM3BOJAHYIO, pasJa-
raeTc B pPaBHOMEPHO CXOasilMiics TPUroHOMeTpHuUECKHH psin (Ko-
TOpbIH, clienoBaTenbHo, ecTh e€ psaag Pypbe).

Yenosumest 0603Haqats KohguLkeHT Pypbe QyHKIHH f(x)
uepes a,, b,, a koadhduumentsr Pypoe ¢yHkuHH [ (x) — yepes

¥,. Torma wHterpayus no wactTsm HagT:

na, = S flx)cos kxdx =

b'
. [f_—(x’:‘" ‘”] L jf (x) sin x dx=—

1
1) [losaras n1n 3 ==X, HMEeM:

1
npn =—— xe—* —s 0 (x —s o),
In —
P

KaK MBl BHIENW B CHOCke Ha cTp. 209.

15 A. . Xununn, Bocemb nexumMil
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k
B nogobHbIM ke 00pasom nbsz. B nanvuefieM Ham ynoGHO

Oyner npHMeHWTb TAK Ha3LIBAEMOE HEPABEHCTBO Kowmn-1llpapnas

n
2
iy 2 )
k=1

n

{i L0 }2<2

k=1 k=1

UMEIOIIee MeCTO s JIIOOBIX BENIECTBEHHBLIX HHCEN 4, , U W JIH0-
6oro nly,
3ameuas, 4TO

a,cos kx -+ by sin kx = 1:1_k (— b}, cos kx - a’, sin kx),

Mbl B CHJIY HepaBeHCTBa

(acos ¢ 4 B sin ©)2=a? |- §2 — (a sin ¢ — B cos 9)? << a? |- 2

HAXOLUM NpH M > n:

m m
2
E (a, coskx -} b, sin kx)l = I E Eliz (— blcos kx+-a,sinkx) |2<
k=n k=n

1y JlokasaTeabCTBO: E (upx + vp)?, kak QYHKOMS OT X, ecTh ‘
k=1 y
TPEXuJeH BTOPOH CTerleHH, HHKOTIAa HeOTPUUATENbHREIH, C/EJI0OBATENbHO,
IHCKPHMHHAHT ero

1({S e = 43 o)<

=1 k=1
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oo
1
Ho psn E pa CxommTCs. Touno Tak ke n psn
k=1

oo
” 12
2 (@40
k=1
cxomutes (cm. cTp. 220), Tak kak @, H b, — koa(hdHuHenTH

Pypbe orpannueHtoft uHterpupyemoll Qydkunn f’(x). Crenosa-
TelbHO, B MPaBOil YacTH MNOCNENHEro HepaBeHcTBA 06a MHOXUTENS
CTPEeMATCR K HyMO MOpH n—> 00 U m >n (kpurepuil Kourn!);
a 3Ha4MT, H

m

lim Z (@, cos kx - b, sin kx) =0,

n—>0 p_—p

m>n
H [PUTOM DABHOMEPHO OTHOCHTEJILHO X, HOO Mpamasi 4acThb Mpes-
LyLIEro HepaBeHCTBA OT x He 3aBHCHT. HO 3710 M 03Hayaert B cuny
kputepus Komm, uyto psin (4) paBHOMEPHO CXOAUTCY HAa OTpe3Ke
[—m, -r]; o6oasnauas cymmy ero uepes s (x), Mbl BHIMM, 4TO psin
(4) aensetca panom Pypre nas kawmol H3 QyHKUUR f(x) H S (x);
HO B TaKOM cliydde 3TH (PYHKIHMH, OyayuH HenpepbiBHLIMH, ROJDKHbI,
KaK Mbl 3HaeM, TOXIECTBEHHO COBNAaJaTh; STHM HALlE yTBEpIIeHHe
IOKAa3aHO MOJHOCThI). °

CoBpeMenHasi TeOpHsl TPHIOHOMETPHYECKHX PSLOB HOKA3bIBACT
CXOOHMOCTb pRnoB Pypre I8 3Ha4UHTENbHO GoJsiee LUMPOKHX KJac-
coB (PyHKLHHA, 4¥eM K/Iacc, pacCMOTpPEeHHK HaMH; OHHAKO, O4EHb
NaJIeKO TaKOe PacUIHpeHHe MPOCTHPAaTLCs HE MOXET, Tak Kak W3-
BECTHO, YTO Aax€ CPeNM HenpepbiBHLIX (QYHKUMH HMEIOTCS TakHe,
LJ1 KOTOpbIX psinbkl Pypbe CXOAATCR HE MPH BCEX 3HAYEHHAX X.
3nech Mbl, KOHEYHO, He MMEeM BO3MOXHOCTH MOAPOCHEe 3aHATHCH
STHM KPYTOM BOMPOCOB. 3aMETHM TOAbLKO, 4TO TEOPHA TPULOHO-
METPDHYECKHX PSI0B, KOTOPOH MOCBSillIeHAa OrpoMHAasl, B TOM YHCJE
H ydeOHast, JuTepatypa, IO HAacTOSIUIEr0 BPEMEHH COXpaHfeT B
CBOEM coOcTaBe O0J/bLUIOE YHCJIO BaxHblX OpolseM, KOTOpbie eid
HE yRANOoCh PEUIHTh, H MOTOMY, €CTeCTBeHHO, NPUBIEKAET K ceGe
YCHJHA MHOCUX HccJiegoBaTtediei.
Pacnpoctpanenne Ha mpousBoabHble oTpe3ku- o cux nop

y Hac wia pedb O PYHKUMAX, ONpenenEHRbIX Ha oTpeske [ — T, x),
U TOJBKO B 3TOM OTpe3Ke Mbl HCKaJIH PasJioeHHe AaHHOH (yHKuuH
B TPHIOHOMETPHYECKHH Ppsill; MPH 3TOM Mbl B CYHIHOCTH HEIJIACHO

15%
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npeanojaranyd eug, 4uTo flmy = f(—m), W60 JWUIb MpH 3TOM
yenoBuM Qyskims f(x) moxkeT M300paxaThCs piioM BHIA (4) BO
BCEX TOYKAX 3aKpbiToro otpeska [ —m, w]. Tenepb mbi momkib
NOCMOTPETh, KaK MOXHO OCBOGOIHTLCS OT 3TMX OrpaHHdeHHil, H6o
SCHO, 9TO TEOpHsl TPHUIOHOMETPHYECKHX PpAJIOB MOXKET DOJIYuHThb
CKOJBKO-RHOYIIb LIMPOKHE MPHMEHEHHsl JHib B TOM cCJy4ae, €ciu
Mbl CyMeeM pasnarath B TPHIOHOMETpHYECKHE Pslbl (QYHKUHH,
onpesienHHbie HA MOOHLX OTPE3KaX H He CTECHEHHHE HHKAKHMH
TpeGOBaHHIMH IEPUOIHYHOCTH.

[lpexcie Bcero, OYEBHAHO, 9TO (KAaK Mbl, BMPOYEM, yKa3blBajlW
en® B camMOM Hauwase) BO BCEM MpPEAIISCTBYIOUIEM HHYETO  He
H3MEHUTCR, €c/H BMECTO OTpeska [ — T, T| Mbl NOJOXHM B OC-
HOBY HAWIMX paccydieHmii MoCoH oTpesok [a, a - 2r| maunbr 2,
b bl Mbl MMeau f(a -} 2m) = f(a). Taxum 06pa3om, 8 HaLIEM
H3NOXEHUH MpeXbsB/siiHCL TpeOoBaHus JHIIb K [JHHE paccMart-
pHBAEMOTO OTpe3ka, a He K ero NOJOKEHHIO; OT QyHKUHYU  XKe
TpeGoBasoch copnanenve e& 3HayeHHi B KOHUAX NaHHOTO OTpeska.

[lycTh Temepb Mbl XOTHM pa3JIOXHTh B TPHrOHOMETpHYeCKuH
psn QYHKUMIO f(X), ONpEIe/EHHYI0 HA COBEPLICHHO MPOH3BOJILHOM
otpeske [a, b] W He NORYUHEHHYIO HUKAKHM YCJOBHSM MCPHOLMN-
HOCTH; Mbi OYJeM TOJNBKO MPEMNONAraTh, KaK K MPeXe, 4TO (QyHK-
uHs fl(x) nuddepeHiupyeMa B KQKI0H TOUKE OTpe3ka [a, b]n uTO
€& MpoH3BOAHAA OFpaHHYCHd H WHTerpupyeMa B 3TOM OTpe3Ke.

HonyctHM cHauyana, 910 b—a < 2n. OueBunHO, 4TO Mbi
MOYKEM OeCHHCIICHHBIM MHOXECTBOM COCOCOB ONpPEIe/IHTEL B OTPEe3ke
|a, a 2] Qynxunio f*(x), xoropas umena Obl “E 3TOM OTpe3ie
OrpaHMyeHHyl0 WHTETPHPYEMYIO MPOH3BOIHYIO, yAOBIETBOPS/IA Tpe-
Gosanuio f* (a - 2m) = f* (@) u cosnanana ¢ ¢Qyuxumuedi f(x) Bo
Bcex ToYkax otpeska [a, b]. B cuiy Toro, 41O Mbl N0Ka3a/H
souie, GyHKuMs f* (x) passiaraercd B OTpeske [a,a4-2n) B
paBHOMEPHO CXoRsLiics TpHroHomeTprueckHii  pad. Oueruano,
yto B otpe3ke [a, b} aToT psin u30GpaxaeT QyHkun0 f(x) H,
TakuM OGpPAa30M, NOMHOCTHI) PEIAeT (OCTABJEHHYIO HaMu 3ajady.

[ycty tenepy b —a >2m. Toraa mbi npexae BCero BO3kb-
MM moGoe uHcao H' > b v onpelesm Ha OTpeske [a, b') pyux-
w0 f* (x) TaK, 4TOGH OHA HMEJA B STOM OTPE3KE OrpaHHtCHHYIO
M HHTETPHPYEMYIO [IPOH3BOLHYIO, YIOBJIETBOPS/IA TpeOOBaHUIO
f*(b')=f*(a) n cosnajana c f(x) BO BCEeX TOYKAX OTpesKa
a, b} Ecan wmei, cBepx TOrO, 03a60THMCsE  TeM, HTOOLI OblIO
¥ ()= f*' (@) (410, KOHEUHO, BCerna BO3MOXHO), U Oynem ne-
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puOIHueCKH MpoAOMXaTh QynkuHIO f*(x) 3a npenennl OTpesxa
[a. &) B o6e CTOpOHL, TO MBI MOMYYHM MEPHOAHYECKYID (YHK-
wao f*(x) mepvona &' — a=—2/ "> 2m, o6GnanaKy) NPOHIBOI-
HOIl, orpaHuueHHoHl W HHTerpHpyemoi B /0OCOM OTpe3Ke, W COB-
najamouiyio ¢ f(x) wa orpeske [a, b).

[lonoxuM Tenepb

= e G (% y) =P

Tak kak y npoGeraet oTpe3ok [ —m, W], Korma X H3MeHseTCs
or—/ 1o {, 1o QyHkumus @ (y) obnagaeT OrpaHH4eHHOH WHTerpu-
pyemoil npou3poaHoil Ha orpeske [ —m, W], npuuEM @ (— W)=
—f*(— D=/ *()=y(n); B cuny Hawe# Tteopun psan Pypbe
(YHKIHH @ (y) paBHOMEPHO CXOMHTCH K 3TOH (QyHKUMH B OTpe3ke
—m, )

(=]
cp(y):%)—l— Z(ancosny+bnsinny)(—néygn).

n=1

T
Ho otciona, oueBnaHo (y: Tx ) »

o0 A%
f*(X)z—‘;—O+n§1(a"cosnTﬁx—[—bnsinn——;‘x) {16)

nm
PpaBHOMEpHO Ha OTpeake — [ << x <C/; TaK KaK QyHKUHHM COS - X U

nwt
— X uMernor, nono6uo Qydkunu f* (x), mepuom 2/, To passo-
wenne (16) uMeeT mecTO paBHOMEpHO HA Bcell 4HCJIOBOH MpsMOWH,

OTKyZ#a, B HaCTHOCTH, Ha OTpeake [a, b] paBHomepro

sin

flxy= %4— 2 (an cos#x—f\—b"sin%I x) .

n=1

Utak, Mbl BHAHM, 4TO QyHKUHA f(x) H30GpawaeTcs Ha OTpe3Ke
[a, b] TpuroHomeTpHueckHM pPSIOM, OT/IHYALMMCH OT psna (4)
JHIIL TeM, 4TO 3MeMEeHTaMH Pa3/IOWEHH: BMEETO (DyHKUMI COs nx,
T - s
~ %, siln-; x, uMelouHe neproxn

2/ BmecTO npexHero 2mw. JTOT pe3yJbTar PellaeT fnoCTABIEHHYIO

sin nx cayxat QYHKIHH COS 7
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HaMH 3a7a4y HauJdy4qlUHM BO3MOXKHLIM o6pasom, uOO, KOHEHHO,
3apanee GBLUIO siCHO, YTO psinoM Buma (4), Bce WieHb KOTOpOro
umeloT nepHoR 2m, ¢yHkuns f(x) B oTpeske [a, b), ®BOOGUIE
roBops, H306paxkaThcsl He MOXKET (B CHIIy HEpPABEHCTBA b— a™> 2m).

Mbl I0/KHBL ENE NOCMOTPETb, KaK MOWHO HaHTH NO (yHKIMH
f (%) xos(ppuunents a,, b, u3o0pawaioulero eé psaia. s storo
3aMeTHM, 4TO NO MEPBOHA4a/lbLHOMY ONpeneJieRHIo

ak:Tl:X @ () cos ky dy, ka% 5‘ py)sinkydy.

T

{
!
1
ak:TS~ ‘P(
1 =4

b
:% S\f*(x)cosk %xa’x:ll\svf*(x)cosk%xdx
—1 a

TMonarast y=—=- X, HaXOIuM:

x) cos k %xdx:

v~..| =2

W aHaJoTHYHO:
f/4
b = W gf*(x)sinkixdx
k 4 { .

a

Tax kak QyHKUME f* (x), YAOBIETBOPSIOIIHX BCEM NOCTABJIEH-
HbIM HaMH TpeOOBaHHSM, CyllecTByeT GectHC/ICHHOE MHOMKECTBO,
10 @, u b, 3anandHem QyHKUHH f(x) B otpeske (a, b) ewd e
onpee/sitOTCH OAHO3HAYHO. JTO HE JNOHKHO yIHBAATH HACT PR (16)
npuasan H3oGpaxath GyHkuuio f(x) Jnib B HHTEpBAsC (a, b},
LJIHHA KOTOPOTO MeHbLIe, 4eM MepHON 2/ SNEeMEHTOB Pa3/OWeHHs;
COBEpILEHHO AHAJIOTHYHO H B MEPBOHAYAJBHO PasoOpaHHOM HAMH
cayuae Mbl MORH Obl MMONYHHTL GeCHHCJIEHHOE MHOWKECTBO pas-
AuunBX panoB BHAa (4), usobpawaoupx GyHKUHIO f(x) Ha mo-
60 4acTH OTpe3ka [—-Tr, Tr] (HO He BO BCEM 3TOM oTpe3ke).



JEKLINS Vil
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OcHopHbie nOHATHA. — CyllecTBOBaHKe peliexus. — EaMHcTBEHHOCTD
peuenus. — 3aBHCHMOCTD peitenull o7 napametpos. — [lpeoGpasosa-
Hue nepemenHhix. — CHCTEMBI YPaBHEHMH BBICUIMX HOPSAMKOB.

OcHoBHblEe MOHSTHS. B KkoHue wuamed wecToli JeKUMH MH
rOBOpHIH O TOM, YTo B MOEHHOM MJlaHe UeJIbI0 BCIKOrO 1poiecca
MHTETPALHH SIBIISIETCS YCTAHOBIIEHHE CYMMAPHbLY CUHIMEZPAALHbLYY
YepT M3y4Yaemoro SIBNIEHMs 110 NAHHBIM €0 /J0/QAbHbLM XapaKTe-
pucTHKam. 3aiaud, MAyulMe B 9TOM HAMPABJEHHH, BeCbMd MHO-
rOYMC/IEHHE BO BCEX MPHKIANHHX HayKax, OJb3ymouiHxcs cpen-
CTBAMH MaTeMaTH4YecKkoro aHanu3a. OnHako, 1€ Becbma pa3noobpastbie
3anpockl, KOTOpHE MPerbsBAsioT 9TOTO poAd 3ajail K MaTema-
TMYECKOMy amnnapaTy, HaneKko He MOryT OwiTh yIOBJETBOPEHH
TaKUM 9/EMEHTAPHEIM € MIEHHO# TOYKH 3PEHHR OpyIHeM, KaKHM
SBISETCH  HHTErpal — OObIKHOBEHHEI WM MHOFOMEpHBLIH;  9TOT
ppocTedliMi  HHTErpUpYIOUWMA  annapar  Jiuie B CpaBHMTE/HHO
HEMHOFHX, HaWbosiee NPHMHTHBHEIX, CJy4YasxX OKa3bBaeTcst NOCTa-
TOYHBIM IS HMCUEPULIBAIOLIErO PELIEHHS TOCTaB/leHHOH 3anauH.

Yaue Bcero neno OOGCTOMT TaK, YTO H3BECTHHIE HaM JOKallb-
Hble YepThl M3y4aeMOro SBJIEHHsS! OPHMBOIAT K TOCTPOEHHIO Ough-
pepennuaionbix  ypasrenud (1. €. ypaBHeHuH,  CBSIHIBAOUMX
MeXNy COOOH 3HAYEHHSt He3ABHCHMBIX TEPEMEHHBIX, QYHKUMA W X
POM3BOAHKIX PA3JIMYHLIX MOPSIKOB), B KOTOPHIX B KaY€CTBE HCU3-
BecTHbIX (PHIYPHPYIOT Kak pa3 (PyHKIMM, OMHCHBAIOUIHE HCKOMbIE
MHTETpalbHEE 4EPTH  ITOrO SBJEHHMsl; pelllende  IOCTaBJICHHOH
KOHKPETHOH 3aJayd MAaTeMaTH4eCKM CBOIMTCS, TakWm 06pasom,
K PElIEHHI0 HEKOTOPOH CcHcTeMbl NH(QEepeHUHanbrbiX ypaBHEHHH,
T. €. K ONPENeNeHHI0 BXONSUMX B STH YPABHEHHS HEHIBECTHHIX
(pyHKUME; 3Ta maTeMaTHyeckas 3a1dya 3HaYHTENbHO 6osee Cnoxua,
yeM TPOCTOE MHTErpHpoBaHHe (YHKUMH, KOTOpPOE C TOHKH 3pEHH



232 °* JIEKIIUSI BOCBHMASE

TeopHH mH(hdepeHUHalbHbIX  YPaBHeHHH SIBISETCSt JHIIL MpOCTeh-
[IMM W TPHUTOM TPHBHAJBHBLIM YACTHBIM CJlyyaeMm; 3TO HAXOIMT
ce6e BhpaKeHHe B. TOM, 4TO BCSKHH pas, KOrla pelueHHe Kakoro-
au6o 1una nvddepeHuHanbHbiX YpaBHEHHH TeM WIH ApyrUM Cro-
co6OM YHNABTCSl CBECTH K [MPOCTOMY HHTErpHPOBAHHIO (yHKUMHE
(MM, KAK MOPUHATO TOBOPHTH B TEOPHH IH(EpPEHLHANbHbIX YPaB-
HEHUH, K «KBaapaTypaMm»), oOulas 3amada TEM CaMbiM CUYMTAETCSH
peiuéHHoi, '

Ham Gynmer m0Je3H0 paccMOTPETh HA KAKOM-HHOYIb  OYE€Hb
NPOCTOM HPHMEPE, KAKHM 00pa30M HAlIE 3HAKOMCTBO C JIOKAJbHLIMU
YepTaMH $BAEHHR MOXET NOPOAMTH AU(depeHUHalbHOe ypaBHEHHE,
pelileHe KOTOpOro 3arem [O3BOJISET [4aTh 39TOMY SBICHHIO W
CyMMapHOE HMHTErpajbHoe OfHcaHue.

[NpenctaBbTe cefe COCYyA BMECTHMOCTBIO @ .2, HAMOJHEHHKIH
BOIOH, B KOTOPOH pacTBOpeHa Kakas-1MOO collb; [yCTh Yepes.
9TOT COCYI HENpEephLIBHO NPOTEKAET WMIOKOCTh, MPHYEM B HEro
B/IMBAETCS B eIMHMLY BpeMenH 0 2 4HCTOH BOALI M M3 HEro BhiTE-
KaeT CTOJBKO )K€ JIUTPOB pacTBOpPa; MyCTh €ulé H3BECTHO, YTO
B HEKOTOPHIHi HauyanbHbii MomeHT Bpemewn {=—0 cocyn coaepxan
C K2 COMM; MBI XOTMM Y3HaTh, KdKOe HMCJA0 X K2 COJM Hall co-
cyn-6yneT comepaTb fl0 HCTeYeHHM ¢ eAMHWL BpemenH').

Kakpe JokanbHuee 4eprthl SIBJEHHsl HAM AdHbl B HOCTAB/IEHHOH
aanaye PMEl 3HaeM, 4TO PACTBOP BHITEKAET U3 COCYNA CO CKOPOCThIO b 2
B €IHHUIlY BPEMEHH; B IAHHBIK MOMEHT BpeMeHH { COCyN COACPXHT
HEHM3BECTHOE HAM YHC/IO X A2 COJM, d TaK KdK BMECTHMOCTD COCyna

o X
COCTAaBJSIET @ £, TO KAXIAbIH JJUTP pacTBOpd COOEPXKHT vl K2 COJIM, &

bx
b nutpos = e 3HayuT, ecau Obl B TEYEHHE ENHHHLbLI BPEMEHH,

HauyMHasl C MOMeHTa [, KOHUEHTpaUMs PacTBOpa OCTaBajlach MOCTO-
AHHOH (Tako#, KakoBa OHA4 B MOMEHT f), TO KOJHMYECTBO COJH

bx
B COCyle 3a STy €INMHHMLY BPEMEHHM YMEHBIIMJIOCH Obl Ha 1 Ke;

dx
TAKOBA, CJEJ0BATEIbHO, CKOPOCTh — YMEHbIIEHHS! KONHYECTBA

conM B cocyne IJI8 MOMeHTa £ (3HaK — 371€ch HEOGXomkM fOTOMY,

]
1) [lpu sTOoM Mbl NpenMojaracM MNepeMeuIHBaHHE DPacTBOpa CTOAb
6LICTPLIM, YTO MPAKTHYECKH MOKHO CUMTaTh KOHLEHTPAIHIO COJH OIHOMH
H TOH e BO BCeX TOYKAX COCYlA B KAaMAbIH Jlalublii MOMEHT.
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dx
4TO ~f €CTh CKOPOCTb npupocma  KOJIH4ecTsa conu). Mol nmeem

dx bx

- T (1)

9TO COOTHOLUEHHE, BhHIpaxaroliee MrHOBEHHYID CKOPOCTb npHpPOCTa

dax .
KOJIM4eCTBa COJIH v Hepes HaJlH4yHOE B IaHHBIH MOMEHT €& KO-

JUYECTBO X, M JAa8T HaM JIOKaNbHYIO (31€Ch, KOHe4HO, Oosee
YIOOOGHO FOBOPHTB. &MOMEHTAJBHYIO® WM «MTHOBEHHYIO») Xapak-
TEPUCTUKY fBIEHHR. PyHKIHMR X —x(f), KOTOpPyID Mhl XOTHM
HAHUTH, eCThb \HEH3BECTHAR, HCKoMas (PYHKIHsl MONYHYEHHOrO ypaB-
HEHMSL.

Moxer aM 974 ¢QyHKiMs ObITh HafineHa HenocpeaCTBEHHO
METOAAMH MHTErpajbHOro Hcuucienus? Ham nano Boipascenve eé
NPOW3BOIHON, a OTHICKHMBAThL (DYHKUMIO, KOTHa JdHa e€ MpOM3BOI-
Has, 1 eCTb BeAb OCHOBHOE AEJ0 HWHTErpajbHOTO HMCUMCIEHHS.
Onnako, 3amadya Bc& e He BIOAHE OOLIYHA: MPOHM3BOIAHAS HCKO-
MOH (DYHKUMH BBIPAXEHA HE YePe3 HE3ABHCHMYIO TEPEMEHHYIO (Kak
Mbl [PHMBLIKJIH), & HYepe3 camyld HEM3BECTHYHIO (DyHKIHIO; Hero-
CPenCTBEHHO HMHTErpanbHOE HMCYMC/IEHME pellieHHem nonoGHOro pona
3amay ue 3aHMmaercs, M noToMy (OpMAAbHO Mbl CTOHMM Tepen
OPHMHLMIHAIBHO HOBOH 3amayell — peluenneM OJugbgbeperuuaibHo20
ypasrenus (1); onnaKo, B A3aHHOM C/yyde BOMPOC, KOHEYHO, TPH-
BHaJIbHBIM OOPa30M MPHMBOAMTCS K 3aJaye HHTEIP4nbHOIO MCYHC/e-

HUs; HanucaB ypaesende (1) B Bume
d.
et Y at,
a

Mbl, KdK rOBOpST, <«pas3ncjsiem» MepeMeuHbie; npocras narerpa-

" b
UMs AasT HamesBo lm x, uanpaso —-a-t, TaK 4TO
b
Imx=— —¢t-1+¢,
- —l— 3

roe kR — NOCTOSIHHOE 4YHCJIO; /It ONPENENEHHs STOTO YHCAA Mbl
(9T0 Becbma XapakTepPHO [ BCeH MNpPaKTHKH aHddepeHiHalbHbX
ypaBHenuii) ofOpaniaemcss K «HauyaJbHOMY» YCJAOBHIO: mpH t=—0
x==c¢; 3T0 naéT Ham k=—lne¢, Tak 4TO OKOHYATENBHO

b
——t
gr=—mg “i 2
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9THM MOCTABJEHHAS HaMH 3aa4a MOJIHOCTBIO PELIEHA; Mbl BHIHM,
4TO KOJNMYECTBO COM B cocyle yOmBaeT C TeyeHHEM BpEMEHH [0
«110Ka3aTe/bHOMY» 3aKOHY.

Tenepp npencraBbTe cebe, 4YTO KMIKOCT, BHITEKAIOULA® U3
Halllero cocyna, MpOTEKdeT ellE 4epes sTOpOft cocyn TOH e
BMECTHMOCTH, MEpBOHAYAJIBHO (T. €. B MOMEHT t—0) 3anonxen-
Hbifi WMCTON BOHOH, M YTO 31ech Takke BTEKAET W BHTEKAET 10O
b 4 WHMIKOCTH B eluHuny Bpemend. OueBnmno, 4TO B STOT BTC-
poil cocyll MOCTOSIHHO BBOAMTCsl TOFAd COJB; Tpebyercst y3HaTh
yucao Y K2 COIH, KOTOpOe Oyner conep¥arbcs BO BTOPOM CO-
cyle B MOMEHT L.

3nech ONSTh HAM MEPBOHAYANILHO JAHBI TOJBKO JIOKATbHLIE
(MTHOBEHHBIE) XAPAKTEPHCTHHECKHE HEPTHI sgnennsl.  OueBHIHO,
B eIMHMILY BpPEMEHH BO BTOPOH COCyll BTEKAET CTOIBKO e CcOnH,
CKONBKO €& BbITEKAaeT W3 MepBoro, T. €., KAK Mbl 3HAEM,

—=t

be
xX=—2=e e,
a

N E)

C Apyrof CTOPOHB, B MOMEHT I KaXIHH JHTP ¥HIKOCTH BO BTO-
pOM COCyNE COLEPMKHT —i— K2 CONMM, 4 3HayuwT, Te b JMTPOB,
KOTOpbie M3 HEro BLITEKAOT B elMHHLY BpEMEHH, conepxar
% y K2 CONM; CleNOBATENBHO, O6LIME TPUPOCT KOJIMHECTBA COJH

BO BTOPOM COCYNE B €IMHHMIY BPEMEHH /I MOMEHTa ! paBen

2 t b t

dy be —a b b “a

—=—e —— y=—(ce —y)- 2

dt a a y a ( y) (2)

Bul BHOMTE, YTO M 3IECh JIOKAJ]BHOE ONUCAHHE SIB/ICHHUS HaLIo

CBOE MATEMATHYECKOE BbIpa¥K€HHE B HEKOTOPOM anddepeHuraib-

HOM YPaBHEHHH (2); cHoBa Ham Ha€TCs BhIpAKEHUE NPOM3BOIHON
d

—dTy ucKOMOl (YHKIMH Y; OOHAKO, Ha 9TOT pa3 peuieHHE 1oJy-

YEHHOTO YpaBHEHHS! yiKe NaleKo He TaK JIETKO HallTH, KaK MPEeXIE;

ypaBHeunHe (2) ma&T HaM BbIpAXEHHE IPOU3BOIHON %“t’— . conep-

Janlee Kag He3aBHCHMYIO TepeMeHHylo I, TaK W HCKOMYyIO PyHK-
M0 Y, M «pasielTby MEPEeMEHHHE, Kai Mbl 9TO cOelanid B
ypastenuu (1), 3nech HENOCPEACTBEHHO He ynagTcst. Takum 00Opa-
30M, MBI CTOMM [€pEN TNPHHIMINAIBHO HOBOH 3a;duyeii, KoTopas,




UG PEPEHUMANILHHEE YPABHEHUS 235

fipasnd, B JaHHOM KOHKDETHOM CJlyyae MOXET OHTbh penena
CPAaBHMTENLHO TIPOCTO, HO AJIsl PELIEHHS] KOTOpoH B o6uiem ciy-
4ae y HAC HMKAKMX METONOB HET.

Kak e Burnsmut stor «obuwmii cayuabi», kak onpenensercs
obuiee nousiTHe nHbGEpeHIHAIbHOTO ypaBHenHs? B namx  npu-
MEepax Mbl HME/M e/ C YPaBHEHHSIMH BHAA

dy

Tle X -—HE3aBHCHMast fepemeHuHasl, a y — HeM3BeCTHas (PyHKLHs]
OT x; QyHxuMs f(x, y), KOHeYHO, 3amaHa Ham. 3apgaqa COCTOMT
B OTHICKaHHM YHKIMH y— @ (x), ynoBieTBopsiouICcH ypaste-
HUIO (3), T. e. Takol, YTO TOXKIECTBEHHO B HEKOTOPOM oTpe3ke
as<x<b

@' ()= f (x, 9 (x)).

Heckoneko Gonee obuwmbt Tvn  muddepenunanbhoro YpaBHeHHst
NpeACTABAAET COOOH COOTHOLIEHHE

F(x, v,y)=—0,

TI€ CHOBA X —— HE3ABMCHMAsSl MEPEMEHHASs, ) — HEH3BECTHAR (PyHK-
d
M8 OT X M y':Fy;. Kak v npexne, pasbicknBaercs ynkums

Y==0(X), TOKAECTBEHHO YIOBJETBOPSIOILIAS COOTHOLLEHHIO
F(x,0(x), o' (x))=0.

Hanee, GbiBaloT cllyyan, KOrna JOKaabHLE HYepTH H3y4ydemoro
fIB/IEHNs TPEOYIOT 11l CBOETO BHIPAXEHHA HE TOJBKO NEPBOH Npo-
U3BONHOH MCKOMOH (YHKUMH, HO W €& MpPOM3BOIHLIX BHICIIHX
NOPSAKOB, TaK 4TO IH(QepeHIMAIBHOE YpaBHEHHE 3amadu fosy-
4yaeT BUI

Flx,9,9,...,y™)=—0; (4)

TaKOe ypaBHEHHE HnasbiBaeTcsl AM(QEepeHUHAIbHBIM  ypaBHEHHeM
nopsdra n; OYEBHAHO, 9TO €CThb CcaMblil OGWME THI nudpepen-
LUHANbHOTO YPAaBHEHHsI I 34144, UMEIOWMX [elo JUIb C OfHOH
HEW3BECTHOH (PyHKIMel U onHON He3aBHCHMOK nepemedHol. Onnaxo,
TAKOBO MOJIOXEHWE Beulel JMWb B mpocTediiliux cilyuasx; wacTo
NPHXOIHTCSl UMETh JIENIO C HECKOAbKUMY WCKOMBIMK  (DYyHKUHMSIMH,
3ABHUCANIUMH OT HECKOAbKUX HE3ABMCHMBIX MEPEMEHHBIX.
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[lycte chawana pedb HMEET O Ji06OM  4HC/ie  HEM3BECTHAIX
DYHKUME Yy, Vg, - .-, Yy 3aBHCSAUMX, ONHAKO, JHIIL OT onHoi
HE3aBHUCHMOH mepeMeHHON X; YTOOLI 3dadqa ToJyYuIa OoupeneéH-
HOCTb, JIOKAJIbHLIE XAPAaKTEPUCTHKH SBJEHHSI JODKHBI TIPHBOIWTL
Hac K cucmeme IMdepeHLHANBHBIX YPaBHEHHI, YHCJIO KOTOPBIX
PaBHO uyMCIy £ HeM3BeCTHBIX (ynkimH. OOWMH BHI TaKkOH CHCTEMD
ypdBHEHHH, OYEBHIHO, TAKOB:

Fy(%: 3o Yir-oos Fs Yo Yo oo oI Yoo Yir o+
e W)= 0 (=1, 2, ..., ).

Buecte ¢ TeM MBI NOMy4M/AM W Haubonee oOuULyl0 3anady TEOPpHH
TaK HAa3bBAEMBIX «OOLIKHOBEHHBIX» HH(PEpPEHIHANbHBX YypaBHe-
HUf; 9THM TEPMHHOM OOBLIMHO MPHHSTO XapakTepu30BaTb IH()-
(epeHUMalbHBIE  ypABHEHHS W CHCTEMbl ypaBHeHHH, conepxauime
JKIIb ONHY HE3ABHCUMYIO TEPEMEHHYO.

XOpoiMM [pPUMEPOM MOXET CHyWHTh (M3BECTHAs BaMm, KO-
HEYHO) CHCTEMA YDABHEHMEl ABMEHHR MATepHAIBHOH TOYKH:

dx dx dy dz
_dt—z'—X(t’ X2 Yok i 7)’
dry

dx dy dz
atz—y("x'y-z’ﬁ’ﬁ'ﬁ)’
d2z dx dy dz
mam=2(bxyag e w)

foe ENMHCTBEHHOH HEe3aBUCHMOH repeMeHHOH CIYXHT Bpems f,
4 HEM3BECTHBIMM YHKUMSMY SBIMIOTCSE KOOPAHHATH X, Y, Z Mmd-
TEPHAJLHOH TOYKH; M 31€Ch O3HauydeT maccy 9ToH MaTepHalb-
nofi ToukH, a X, Y, Z— KOMOOHEHTHI paBHOnERCTBYIOLLEH
NpUAOKEHHBIX K Hell cunl, B oOuiem clydae 3aBHesiLe OT Bpe-
MEHH, TONOXKEHHsI' W CKOpOCTH JABHIKYUIEHCS! TOUKH; HAYaJbHbIMH
JAHHBIMK  MOTYT CJAYXMTb TpH KOODIOMHAThl H TPH KOMMOHCHTHI
CKOPOCTH 3TOH TOYKM B HEKOTOPHLIH ONpEneNEHHBH  «HauaAbHbIH »
MOMEHT BpeMeHH I=—L.,

Ecay HE3aBHCHMBIX MEPEMEHHLIX HMMEETCSl HECKOJIbKO, TO Mbl
WMeEM JIeN0 C VpagHeHueMm (MM CHCTEMOH ypaBHeHWH) ¢ xacmi-
HbLMU NpOU3BOOHbIMU; HEN3BECTHBIE QYHKLHH SBASIOTCH  Teneph
(PYHKUHSIMH HECKONBKMX [EPEMEHHBIX, W YPABHEHHSl €CTECTBEHHO
COIepaT MX H4CTHHE [IPOM3BOIHHE [0 3THM liepeMeHHbiM. Teo-
pHSl ypaBHEHHH € YaCTHBIMHM TIPOM3BOAHBIMH, KAaK JIETKO [OHS1b,
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3HAYHUTENILHO CAOKHEE TEOPHH «OOBIKHOBEHHLIX» YPABHEHHH; 371€Ch
Mbl cOBcem He Oynem e& KacaTbcsl.

Ho n TeopHsi 0OLIKHOBEHHBIX IH((EpEeHUHANbHBIX ypaBHEHUH
He 6orata cKONbKO-HMOYAb 3(hGhEKTHBHHMH  OOUMMH  METONAMH,
KOTOPHE MO3BOMAM Obl HAXOOMTL pelleHus OGollee WIH  MeHee
IIHPOKHX KJACCOB TAKMX YPABHEHMH; OTHaCTH 3TO Jierko W mpen-
BHIETb, TAK K3aK Belb IHaxe OCBYHOE HHTErpHpoBaHHe, mnpHMe-
HEHHOE K 3JeMEHTapHbIM (YHKLHMAM, BO MHOTHX Cllyyasix npHEBO-
IUT, K4k MH 3HaeM, K (YHKLHSM HE3JIEMEHTApHBIM; Tem Oolee
3TOr0 CcJenyeT OxHunaTe oOT 3anayd OGonee oOuleHd H CJIOWHOMH.
Onnako, ecnu Mbpl pawe craHeM Ha Ty OOBUHYIO 118 TeOpHH
I peperuHanbHbiX ypaBHEHHI TOYKYy 3pEeHHsl, 4YTo, CBels pelle-
HHE 3a7a4d K OpPOCTHIM HHTErpalMsiM, MHl MOXEM CYHTATh 9Ty
3anayy peuldHHoi, — naxe TpHHUMAs 3TY TOYKY 3pEeHMsl, MHl
fl0/lyyaeM BO3MOXKHOCTH POABHHYTBCSt BMEPEN JIMILB OYEHb Hena-
Jeko, w60 Takasi penyKis K «KBanpaTypaM» YHA&Tcst JNMUIb LIS
HEMHOrHX 1pocTeHIlIMX (MpaBad, C HHCTO NPAKTHYECKOH TOYKM
3penusi Hanbonee BaXkHbIX) THIOB AHP(MEPEHUHANLHLIX YPaBHEHuIL.
Mebl 3nece He Oynem He TOJNBKO HWCCACHNOBATH, HO ndxe H mepe-
YUC/STh 9THX THNOB, — MO 9TOMY BONPOCY BH HaWIETe CKOJIBKO
yronHo Marepuana B JI0OOM naxe CAMOM 3JEeMEHTAPHOM, y4YeOHOM
pykosonctee. Hac e, ecTecTBEHHO, MOKHH 3AHATH NPOG/IEMEBI
Gonee MNPHHUHNKAIBHOIO XapakTepa.

CyulecTBOBaHHe petienusi. Mb yXe ropopunnm o Tom, 4TO
OCHOBHaRl 3a/aya HWHTErPajJbHOTO MCHHC/IEHHS MOXET paccMaTphH-
BaThbC KaKk MpoCcTeHIIMH uacTHE ciaywai peuledusi  nugdepen-
LUMANBHOTO YPABHEHHUS; HMEHHO, €C/IH B YPaBHEHHH

dy

a}:f(x’ ) 3)
fipasdst 4acTb He 34BUCHT OT y, MBI TI0JIyHdeM YP4dBHEHHE BUIa

dy ’

7= f i) 3)

pelleHHe KOTOPOro, OYEBHIHO, 9KBUBAJIEHTHO HHTETPHPOBAHUIO
¢dynkunu f(x). [o nopomy stoli sapmaun mbl uMenH ciydad ybe-
IUTbCA B TOM, HTO jawe eCad (yHkuust f{x) HempephBHa, cylie-
CTBOBAHHE HHTErpana (T. e. peluenus ypasrenus (3')) DOKa3bBaeTCst
CreyHanbHbiM  PaCCYXACHHEM (OMHPAlONMMCA  HA  PABHOMEPHYIO
HenpephBHOCTE QYHKUMHK f(x)): ecan xe ¢yHKkuMa f(x) orpasi-
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yeHa, HO UMEET TOYKH pa3pbiBa, TO WHTerpana, BooGuie roBops,
He CyLIecTBYyeT.

M3 Bcero 3Toro 3apaunee sICHO, YTO BONPOC O CYLIECTBOBAHMH
peluennii ypapHeHus (3) momken ObiTh Tem Gosee B NOCTATOYHOH
Mepe CJOXKHBIM, M BO BCSIKOM cllyyde TpeGyeT cHelHaibHOro
vccienoBanus; B e Gosbluell cTeneHd 3TO OTHOCHTCS!, KOHEYHO,
K Tem Gosee OOMMM THOAM ypaBHEHHH W CHCTeM ypaBHEHHH, KO-
TOpLIE MBI NPHBONWAM Bhie. YTOGH unefinas cTOpOHA' paccMOTpe-
HURt 9TOH OCHOBHOH /1t TeOpHH IMpeperRnHalbHbiX ypaBHeHHi
npo6aembl MOTJd BHICTYNMTH NEPEN BaMH JNOCTATOMHO pefbedHo,
MBl JO/DKHH M0 BO3MOXHOCTH Pasrpy3HTh Halle H3JI0XKEHHE OT
C/IOWHOCTEH YMCTO TeXHHYecKOH UPHPOAB; NO3TOMYy Mb B 1a/b
HefilieM OrpaHMyMMCsl pacCMOTpeHHeM ypaeHenuil Thna (3), T. e.
ypaBHeHHE NEPBOrO NOPANKa, PaspeliléHHbIX OTHOCHTE/bHO MpOH3-
BOJHOH HEW3BECTHOH (PYHKUMH.

Tlycmp pynxuus f(x,y) HenpepvisHa 8 nexomopod obira-
cmu D naockocmu xy; Mbl nokadxcem, Hmo 8 makom cayiae
Oust rancOoil mouru (xq, yo) dmol obracmu cyujecmsyen ¢hyHi-
uus y==19(x), yoossemeopsouas ypasuenuro (3) 8 HekOmMoOpOi
OKpeCmHOCILE MOUKL X, L NPUMOM MAKQS, 4Mo Yo==¢ (X).
Ouesudrno, obaacmes D mOHCHO cuumams 3aMKHYMOL u OzpaHu-
yenHol.

Ilns nokasaTenbcTBa Ham NOTpebyeTcsl OLHO BCHOMOraTesbHOe
NpeIoKeHre, TPENCTABNMOUIEE, BIHPOUEM, H CAMOCTOATE/LHbIA
untepec. IlycTh mbl vMeem J1060e GECKOHEYHOE MHOKECTBO (YHK-
wi S=={F(x)}, onpenenénHbix Ha nekoTOpOM OTpeske [a, b].
YcnoBuMcsl Ha3LIBATH MHOXECTBO S O2paHuYeHHELM HA 3TOM OT-
pe3Ke, €CIH CyUIECTBYET Takoe fOJOKHTENbHOE yucao M, uro
| F(x)| << M mas moboro x otpeaka [a, b] n ans moGOH ¢yrk-
uvn F(x) mnoxecrsa S; Oynem, najee, HA3bLIBATH MHOXECTBO S
pasHocmenerno Henpepbighbim wa otpeake [a, b], ecan mns
moGoro & >0 HalKETC TaKOe NOJOWHMTEbHOE HHMCIO G, HTO
moBol ¢yrkunn F(x) cemefictea S u anst MoGoi naphl TOYEK
X, X, oTpeska [a, b], ynOBJETBOPSIOLIMX HEPABEHCTBY
| x, — x,| <6, HMEET MECTO HEpaBEHCTBO | F(x))—F (x,) | <&
QueBHIHO, YTO €C/H  MHOWECTBO S OrpaHH4eHo (paBHOCTENCHHO
HelpephLBHO) Ha OTpe3ke [a, b], TO W Kawnas M3 BXOMSLIMX
B Hero (DYHKUHH OTpaHHyeHd (HENpepbiBHA) HA  STOM OTPE3KE;
obparHoe, KOHE4HO, BoOOlE rOBOpS, HEBEPHO: OFPAHHYEHHOCTH
M PpaBHOCTENEHHAst HENPEpHLIBHOCTb  MHOWecTBa S TpebywT,
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CBEpX Ha/IM4Msl COOTBETCTBYIOUIErO CBOHACTBA y KawmaoH (pyHKuMM
3TOr0 MHOKECTBA, €lE W PABHOMEPHOCMI 3TOTO CBOHCTBA OTHO-
CHTENbHO Bcel COBOKYMHOCTHM (PYHKIMH NAHHOTO MHOMECTBA.

VCnoBHMCS, ' HAKOHEL, HA3LIBATH Mupurod Muoxecrsa S Ha
otpesxe [a, b] sepxmiol0 rpanb Beex Benmunn |F)(x)— Fy(x)|.
rae x — nobas Touka oTpeska [a, b], a F; u F,—nBe npous-
BOJbHLE (DYHKUMH MHOXecTBa S.

Jlemma. Bcaroe ozpanuueHHOe U pABHOCMENEHHO Henpe pbls-
Hoe Ha ompesxe [a, b] Oecioneunoe mHoNcecmso yuryuld S
CO0epHcUm DABHOMEPHO CXOOSTWYIOCS HQ 3NOM Ompesre ¢byHK-
YUOHAALHYIO NOCAe008AMEALHOCb.

Jloxa3aTenbCcTBO MpOBENEM HECKOJIbKMMH fIOC/IENOBATENbHBLIMH
gTanamu.

1) Hoxaxem npexne BCEro, Y4To, kak Obl Mano HH ObLIO MoJo-
XHTENBHOE YHMCJIO €, CYUIECTBYET TAKOE Ipyroe MONOXKHTENbHOE
gneao ¢, yto aas moboro orpeska [a, B] < [a, b], nmna koto-
poro <8, MHOXeCTBO S COIepWKHT OeckoHeuHylo uacte §’,
lMpHHa KOTOpoH Ha otpe3ke [a, f] wmenblue, uem e. B cuny
PaBHOCTENEHHOH HENPEPLIBHOCTH MHOXecTBa S Ha, oTpeske [a, b]
Iy MoGOro HATYypanbHOFO YWC/A 7 HAKAETCR TAKOe MOMOXHTENb-
HOE 4HCI0 ¢, 4ro konebamve /000K (yHKUMH MHOXecTBa S Ha

mo6om oTpeske MaMHe < 6 OyneT MeHblle, 4em S, 3 orciona
ClellyeT, YTO BCe 3HaYeHus JOO0H M3 9TUX (DYHKUMH HA OTpeske

{a, ] OymyT nomewaTbcst B HEKOTOPOM OTpe3Ke IJIMHEI %;

M
NycTh, Ha OIAMH MOMEHT, &, 7 (T,—E =7) 03HAYaloT KOHIBI
OIHOFO M3 TaKHX OTPE3KOB; OUEBHIHO, MH MOXEM OlpPese/HTb

k—1 R
M<E - M; B Takom cayuae

Lejloe 4HCIO kR TakK, 4yTo -

kr—1 k 1
I m<t<a<t i,y

n

M Tak kak oTpesok [§, 1] npumamiexwnt otpesky [— M, M],
10 —(n— )s<k=<n—1; M BumMM, Takum 0Opa30OM, YyTO
BCe 3HAYEHHs,, NpHHMMaemble /MOOOH K3 QyHKuMil mMHOKecTBa S
na grpeske [a, j], MpuHamnekaT HeKOTOpOMY OTPe3Ky BHAA

n

[k_l M, kJnrl M] (—in—1)<sbk<sn—1);
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Tak KAk 9THX OTPE3KOB KOHEYHOE HHMENO, d MHOXECTBO S conep-
JHUT GECKOHEeYHOe 4uc/o (yHKLMi, TO 10 MeHblilel Mepe OIMH H3
9THX OTpe3KoB OYyIeT COLepkaTh BCE 3HAYEHHMs HEKOTOPOTO 6ec-
KOHEYHOro nommHoxecTBa S’ (QyHKIMI MHOXECTBA S; O4eBHIHO,
410 uIMpuHA MHOXecTBa S’ HA OTpe3ke [a, B} ue npeBocxomuT

2M
5 OGyner MeHblile, Yem &, €CAH Mbl poibepem 4HCIO £ Tak,

2M
arobn —- < &

2) Tenepb ybenumcsl, 4TO MHOXECTBO S comepXHT H TaKylo
BecKoHeuHyl0 4acTh S’, 1IMpHHA KOTOPOH HA BCEM OTpESKe [a, b)
venbiie, yem €. C 5TOl Leablo BhiOepeM HaTypatbHOE HHCIO M

a
€706 GOABIIHM, HTOGHE ObUIO < 8; torma B CHJy IOKa3ah-

m
HOTO B nyHkte 1) MHOXECTBO S CONEpXHT BECKOHeURYIO YacTh Sy,
b—a
- :
13 TOM € OCHOBAHMH, MHOXECTBO S; CONEPKHT OeCKOHEuHYIO
wacth S, UIMPHHA KOTOPOM MEHblE, 4dem €, Ha oTpeske
b—a b—a

a-l-2 W T. 1. B KOHEYHOM CU&TE MBI NIpH-

[a4+155 d+257 - p
xomum K OeckoHeuHoli wacth S, ==S§' MHOXeCTBA S, WHpHHA

IMpHHA KOTOPOH MeHblle, yeM €, Ha OTpe3xe |4a, a1t

| B b—a
KOTOpPO#H MeHBILE, Hem €, Ha OTpe3ke [a—}—(m—l) o b] ,

a TAKKe W HA KAKIOM H3 MPEAIeCTBYIOUMX OTPE3KOB, TaK Kak
S, €Sy C S, © §}; HO 3TO 3HAYMT, HTO LIHPHHA MHO-
wecTBa S’ MEHblle, 4YeM €, Ha BCEM OTDE3KE [a, b], 7. e. name
YTBEpKIEHHE JNOKA3AHO.

3) Tenepb NOKa3aTe/bCTBO JAEMMBbl 33BEPUIAETCS yie COBCENM
npocro. O6o3nadum uepes S, 6GeckoHeuHyl 4acTh MHOXECTBA S,
LMpHHa KOTOPOH Ha [a. b] menbuwe, uem 1; uepes S, — Gecko-
HeuHyl0 YacThb MHOWeECTBd S, LIMPHHA kotopo# Ha [a, b} menb-

e, yem = ; H poobuie yepes S, — Takyl OeckoHeuHylo HaCTb

. 1
mHoxKecTea S,_,, UHPHHA KOTOPOH Ha [a, b] menbuie, yem —

(BCE ITH HACTH CYLIECTBYIOT B CHIy IOK43aHHOrO B NyHKTE 2).
Mycts F,(x)—mobas QyHKiya H3 MHOKECTEA S Folx) — o
6ast  QYHKUHSE K3 MHOXECTBa S,, oTInynas or Fi(x), BO®OILLIE
Fn(x)—mo6aﬂ (YHKLHMS H3 MHOXECTBA S, OTIMYHAs OT Fo_i(x),
Fy_g(x), «.., Fy(x). Tak xak npu mobom p >0 S, ,< Sy,
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T0 F,(x}€S, u F, ,(X)€S,, sCueactsue uero nis JuoGo#
TOYKM X OTpeska [a, bf

1
|Fin—F,,,t0|<~  (p=0,1,2 ...)

Ho B cuny kputepus Komm orciona crenyer, 4ro nocienosatedib-
HocTh ¢yukuml Fy(x), Fy(x), ..., F, (x), ... cxonutcs pasHo-
MepHO Ha oTpeske [a, ], 4TO u 3aBepllaeT NOKA3aTEJILCTBO
JIEMMBL.

Temepb Mbl MOXceM NepeHTH K IOKa3aTenbCTBY OCHOBHOH Teo-
peMbi, (POPMYJIHPOBAHHON BhIllE.

Ho rak kak 3T0 1nokasaresbcTBo GyleT OCHOBAaHO Ha uiee,
KOTOpYIO' MpOLlle BCEro yCBOHTb B €€ reoMeTpHUECKOM HCTOJIKOBA-
HHH, TO HaM OyZeT OYeHb [0JIe3HO, [MpexIe YeM K HEMY [pH-
CTYOHTb, MOCMOTPETb, KAKOH BHA NOJyyaeT B reOMeTPUYECKOil
HHTEPNPETALMH CaMas 33Jlaua OTHICKAHWS pellleHMH NaHHOro ypag-
nenus (3).

I'paduueckne uz3o0parceHHs pellleHHH y=— @ (X) STOTO ypaBHe-
HHS] OOBIMHO HA3HBAIOT €r0 UHMEZPAALHBIMU KPUsbimu. Y paBHeHye
(3) oTHOCUT kaxnmoH Touke (x, y) obiacth D HekoTopoe onpe-
JeNEHHOe HanpaBJdeHHE, XapakTepH3yeMoe YrIOBHM Ko3(du-

dy

LIMEeHTOM d_x=f(x’ ¥); COBOKYnHOCTh TOYeK o6Jyactd D, ¢ oTHe-
CEHHBIM KaXIOH M3 HHX onpene/EHHHM HampasjieHHeM, oOpa3yeT
TaK Ha3wBacMOe n0Ae Hanpag/erull, UMEHHO 3TO NoJie Y 3anaéTcH
ypaBtenuem (3). MuTerpanbHas KpHBas STOrO ypaBHeHHs] ecTb
TakKasi KpHuBas, HampdasjieHHe KacaTeJbHOH B KawnoH TOYKE KOTO-
poii coBmazaetT ¢ HampasJeHHeM @oJsi B SToH TouyKe. 3amaua
OTHICKaHHl TAKOTO pelleHHs Y —==¢ (X) ypasueHus (3), KoTopoe
obpalllaeTcst B )y IPH X=X, C TEOMETPHYCCKON TOUKH 3peHus
€CTh, TaKUM 00pa3oM, 3anadya OTHCKAHHS HHTErpajibHOM KpPUBOH
JAHHOTO ypaBHenHusl, npoxoasiuledl Yepes TOYKY (X, Vo), HOKa3aTb
CYLUECTBOBAHHE 3TOTO pellieHHs! 03HAYAeT NO3TOMY: MOKAa3aTh, 4TO
4epes STy TOYKY NPOXOAMT MO MeHbllled Mepe OnHA MHTETpallbHas
KpHBasi.

MeTOon, kOTOpHM MBI ceifuac BOCNOAbL3YeMCH 1151 3TOH 1ednu,
Gynet cocTosiTh, Kak Bel yBuaMTe, B NOCTpOEHHM BCHOMOTATE/b-
HBIX KPHBhHIX, 1O CBOHM cBOHCTBaM BCE GoJiee W Gosiee npuGau-
AIOLMXCA K MHTErpailbHOH KpHBOM, KOTOpYIO HAM ynacTcs fojy-
YUTh M3 HHX C NOMOLUbIO MpenesibHOTO Hepexond.

16 A, si. Xunuun. Bocemb nexumit
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[lyctb (X, Vo) — BHYTpe€HHssi TOYKa 3aMKHYTOH OrpaHHYeHHOH
obaacth D, B KOTOpOH (pyHKUMS f(x, ) HenpepnBHA, H MyCTb
M—pepxusig rpanb Qynkund | f(x, y)| B sTolt 06JacTH. Eciu
uucio @ >0 NOCTAaToOMHO MATo, TO TPH Xo— O << x << X, -1,
Yo—Ma<<y<<y,-}Ma rtouka (x, y) Tawe Oyner npHuauie-
waTb 00OnacTH [); Mbl mOKawem, 4TO CyllecTByeT GyHKuus
y=1y(x), KoTopas Ani Bcex X oTpeska [x,—a, x,-}-a]

¥

y=p (z)

¥ L/

b/

ey

(7]

&
&
&

I; I Iy-r Iy Lop Lp~Tg*&

Yeprt. 34.

yIOBJIETBOpSET yPaBHEHHIO (3), TPHYEM @ (x) =Y, IlokasaTesb-
CTBO Mbl CHOBAa Juig Oosiee J&rkolt 0GO3PHMOCTH pa3oObéM Ha
oTnenbHble STaMbl.

k
1) Monowum x,—=—x,- - @ (0 << E<Cn), Tak 4TO TOYKH

SPp SBp oo o By
yacteH.

[ocTpoum Termepb (uepr. 34) na yuacTke [xg, X,-{-a] noma-
HYIO JIHHHIO y=—g, (x¥) ¢ BepIIHHAMH, HMEIOUIHMH abCIHCCh
Xps Xpp -ess Xp TK 4yToObl  YIJIOBOH KO3(D(PULIMEHT Ka}IO0ro
3BeHa COBMana/j ¢ HanpabjesleM Tonst B ero JesoM konue. Ovue-
BHUIHO, STO MOXHO CHEJIdTb pPeKyppeHTHO, MEPEXONOM OT X,_,
K X, TIPHYEM OPLHMHATA ¥, ==9,(Xy) OyneT OnpenensTbCs PeKyp-
peHTHOH opMyoH

Ve=Yne1 T fXpogs Vo)) (Xp— Xp )=
=Yooy ey Bty ISk, ()

a ypaBHeHHE JIOMAHOM HAa Y4YaCTKE X, _; <= X <X, 3amagrcsi

nensiT OTpesok [Xxg, Xo-f @] Ha n pasBHbiX
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¢opmyJioit
G (V=3 flxp_yp Vp_)x— x,_;) (1<<k=<<n).
Uto6el yOenntbes, YTO JiOMaHas y—@,(x) Ha BCEM (POTS-

WeHHH OT X=—x, 00 X==x,-|-a npusamnexut obnactu D,
JOCTATOYHO, OYEBHAHO, MOKAa3aTh, UYTO

e =yl <Ma  (I<k<n)

Ham OyneT ynoOHee YCTAHOBHTHL OoJiee CHJIbHOE HEPABEHCTBO
kR
[ Ve— Yol Mo (I<k<n)

OYEBMIIHO, OHO BhINOJHEHO Insi B = 0; ec/n OHO BEPHO AJs HEKO-
toporo B<  n, T0 TOYKa (X,, V,) TpHHamnexuT obaracth D, u
notoMy | f(x,, y,)| << M; wo B TakoM ciyyae peKyppeHTHas
¢opmysia (5) naét:

k41
st — Yol < 30— yol + 21 flore y0)| < 1= 22, (6)

Tak yTO Halle HEePaBeHCTBO CIPaBEAJMBO W s uucna k-1,
Takum 0CpasoM,

|0, (20— ¥, | << Ma (x, < x < x,+a); o

BCS JOMaHas y=—q, (x) eXnT B obJacTH D; Tak Kak STO uMeeT
MecTo nas JioOOro #, TO, B HYAacCTHOCTH,. OTCIONA CJienyeT, uTo
MHOXecTBO GyHKUME @ (x) (n=1, 2, ...) OrpaHHYeHO B OTpe3Ke
[x0 %o+l

9) Tyetb x’ M X"— nBe ToukM OTpe3ka [xg, x,-}-a]u nycts
L7151 onpefeN&HHOCTH

X =2 L, <y =X xp

0, (X)) — g, (X)=
= [0, (¥") — 95 (X)) [0 (x1y) —
p — $n (xl—z)] + .- —l_["?n (xk)_(?n(x')]:
=(x"—y_) flx Y+
+ 2 f g Vi) F - fl YO -
—+(xp, —X) f(xp_ys Yia)- (8)

M3 3T0ro oCHOBHOTO COOTHOUIEHWS! Mbl [MOJYYHM Tenepb P
BHIBOIOB.

TOraa

17 A. 5i. Xununn, Bocemb nexuub
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Y6enumcst, npexcne BCero, 4TO MHOXECTBO (yHKUMH 1, (X)
(n==1, 2, ...) paBHOCTENEHHO HENpepLBHO Ha OTpe3ke [x,
X,-}-a]. B camom mese, cootHowenue (8) naét

[ 6 (X)) — 0, (X | <
<M<x”—x,_1—]—(l—k—— 1) 5t —x') =

=M{x"—x_+ (x5 — X))+ x, —x'}=
= M(x"— x'), (9

OTKYy/la HernoCPeACTBeHHO BHAHO, YTO MPH JLOCTATOYHO MAJIOM
|x”—x'| mbl umeem |1, (x”)—g¢, (x')|[< e, rme 6ub HM Gran
pacnonoxenbl TOUKH X' W X" 1 KakoBO Gl HH OHUIO 7.

3) Tak kak MHOXeCTBO (GYHKUMH @, (X) OFpaHHYEHO M pPABHO-
CTereHHO LeNpepHBHO Ha oTpeske [x,, X, -+ a], To B cuny
DOKa3aHHON JIEMMbl OHO JIO/DKHO CONEepXaTh DABHOMEPHO CXOAS-
LLYIOCS Ha 3TOM OTPe3Ke NOCJENOBATENEHOCTb (DYHKLMH; TaK Kak
B HasbHelireM Mol Oynem HMMeTh NeJlo TONBKO ¢ STOH NOCAenoBa-
TEJBLHOCTBI), TO Mbl MOXeMm Oe3 BCIKHX onaceHuil 0603HAYHTh €& TMo-
npexHemMy Hepes @, (x), w,(x), ..., 9, (x), ...; Takum obpa3om,
@, (x) — 9 (X) IPH /1 —s ©O PABHOMEPHO ISI Xy=X =< X, +a [To-
KaXeM Tenepb, YTO Olpenesi€HHasl, TakHM 00pasoM, QYRKuHS  (x)
yIOBJETBOPSIET BCeM TpeGOBaHHAM aoKa3wiBacMoM Teopembl. Tak
KaK @, (Xo)=—=Yy, OpH Jo0OM n, TO Mnpexne BCEro u(x,)==y,.

4) YOemumcs, 4TO QYHKUMS @(x) OpH X, << X << X,+ Q&
yRoBAeTBOpsieT MMipeperiyiansnoMy ypaenenuio (3). Mycts sasiano
npousBoJibhoe € >0. B cunly HenpephBHOCTH yHKIMMK flx, y)
H OrpaHHYEHHOCTH M 3aMKHYTOCTH OGsiacTH [ cyliecTByer Takoe
¢ >0, uto anst JuoOwx Touek (&, %,) u (5,, 7,) ob6nactu D,
cBsi3annbix Hepasenctsamu |8, —& [ <6, |%, — 1, | < 2M8, Bu-
TIOJIHSIETCS M HEPaBeHCTBO

lf(sz’ le)*‘f(ep 7]1)[ <€.
B cuny wepasenctsa (9) Mbi umeeM Mpu X' << x, << x”, nonaras,
KaK [pexne, g, (x;)=— y,:
|3y () | < M(x,— ') < M(x" — x);

a TaKk Kak TNpPH IOCTATOYHO GOJILLIOM 7

|90 (x) — @ ()| < M(x"— x),
TO

| — o< 2Mx"—x7);
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mosTomy, ecsin | x” — x’| << 9, TO mpH ROCTATOYHO GOJBLIOM /i H
X' =< x; =< x" MBI HMeeMm:

lxl-_—x'|<61 l,vi_y,|<2May

rae HojlokeHo y' == (x'). OTciona no onpemenelMio 4Wcaa & Ml
nomyyaeM mpH x' =C X, << x” M NOCTaTO4HO GOJIbIIOM 71

[ y)— flix, y)l<e
fIX' Yy—e<< flx, )<< f(x', v)tg

€C/IM Mbl IDUMEHHM 3TY OLEHKY K KaXKQOMY 4ieHy npaBOfi 4acT
Gopmyssl (8), TO mbl, oueBunHO, NONY4HM, uYTO mpH 0 x" —
— x'<8 M nocTatouHo GosblioM 73
[f(x,, _V')—-'E] (_x”__x')g
<Yy (X) — 0 (X) < [f(#', ¥) 2] (2" — &),
4 TaK KaK JIeBass M NpaBas YacTH 3ITHX HEPABEHCTB OT /I HE 3a-
BUCAT, TO B IPeNeie Mbl MOJly4deM, YTO MPH elMHCTBEHHOM YCJIO-

BuM |x” —x' | <8
[, ) —e] (¢ — 2) < 9 (") — 9 (x') <
<[f(x', y)+te](x"—x),

HJIH

HAH, 4TO TO e,
|?(xll)—?(x’)

X — x! —f(x'1 y') =E&.

Ho 310 ¥ 3HayuT, yT10
¢ (X)= f(x, ¥) (=x<x,4a)

(mpruém ¢’ (x) Mpu x =X, O3HAa4aeT, KOHEYHO, NpasBylo npous-
BOJHYIO).

5) Tak kakK, HaKOHell, MBI, O4YEBMIOHO, MOXeM COBEPIIIEHHO
aHaJIOTHYHO MOJIYSHTD TOT K€ pe3yJ/IbTaT A/ oTpeska [x, —a, X,
TO P (X) ynos/eTBOpsieT BCeM TpeGOBAHUSM TeopeMrl, KoTopas,
TakuM 00pasoM, HNOKa3and. '

Onpenengnible HaMu (GYHKUNMH Y=, (X) MMEIOT CBOMMH rpa-
(bHKAMH JIOMaHble JIMHHM; HAUpaBIeHHE KAXAOTO 3BeHd TAKOH No-
MaHOH CUBUANAE€T C HANpPaBIEHHEM MO B €ro JieBOM KOHULE;
L/MHBl 3BeHbEB C POCTOM 7 Ge3rpaHHyHO YMEHBLUIAIOTCH: TakHM
o0pasoM, uem Gosbuie 72, TeM B OoJiee TYCTOH CeTH TOYeK Ha-

17*



246 JIEKLiHSI BOCEMAS!

npapfieHye JIOMaHO COBMANdeT ¢ HAMpassienHed oIS, Mbl no3TOMY
COBEepIIEHHO €CTECTBERHO OXHAAEM, HTO €CJ/IM STH JIOMAHLIC HMEIOT
npeneabHyl0 KpHBYIO (MpH n-— oc), TO HanpasleHHe 3TOH KpH-
Boil OynmeT coBmanaTh C HampaBieHUEM [MOJiA  yue B raxcool €€
Toyke, T. €. 3TO OyleT HHTerpajbHas KpHBai. CyuiecTBoBaHHe
npenesibHOH (QYHKLUMH (€CTH  He AJs BCell [M0C.1e10BaTeJIbHOCTH
QyHKunE 0, (x), 7O MO MeHbllleH Mepe J1% HeKOTOpoH €€ non-
OC/IeAUBATEILHOCTH, 4TO IUisi Hawmled nenu Ge3pasjiniuno) ycTa-
HABJIMBAETC B MNpenBapHTEJILHOH JieMMe. B nmanpuediem naM
OCTaBanOCh TOMbKO CTPOTHM H TOYHHM pacCymAeHHEM MOATBED-
JWTh MpaBUIBHOCTL HAUIETO OXHIAHMS, UTO HAMH H 6LI0 cHesaHo,

EAMHCTBEHHOCTL peuieHds. Baxwnocts sTol TeOpembl, rapak-
THpyloulell mpH M3BECTHHX YCJOBMIX CYylU1eCTBOBAHKE peLleHnst
sl ypaBuetnust (3), cama coGol ouennnHa. Korna nepen hamH
NpakTHYeCKH BCTAET HEOGXOIMMOCTb  pELIMTD Kakoe-HHOynb Ang-
(pepeHLHA/IbHOE YPABHEHHE, MbI TpaTHM HA STO HeKOTOpble, HHOTA
BecbMa 3HAYMTENbHHE, YCHIHSA: Mbl [hITAeMCsi ¢BeCTH €ro peule-
HHe K <«KBajpatypam» (OpOCThIM HHTErpatlusM), a ecjii 3TO He
ynagrcs, TO MpHMEHsEM O6LIYHO T€ WJIM IApYTHE MpHEMb (ipHGIH-
JEHHOTO BHUHC/IEHHS; OfHAKO, IV TOr0o Y100hl 3Ta Hama AKTHB-
HOCTb CTaja pasyMmMHOH, HA0, KOHEYHO, HMETh YBEPCHHOCTD, HTO
UCKOMBIH HaMM TpeaMeT NeficTBWTeJIbHO CYIECTBYET; Halld CTa-
panus sBasn Obl COGOM kaiKylO KapTHHY, €C/H Ob Haule ypas-
HeHHe BOBCE He HMMeJo™ pelleHHil.

He MeHee BaweHd, KOHEUYRO, W BOIPOC O eOUHCIMBEHHOCIIL HCKO-
moro peulennsi. Ec/M, nonoxuM, nocTapneHHas HaMH 3a1a4d Mpw-
Bena K 3aKJIOUEHHIO, 4TO HCKOMas QYHKUMSI Y==@(X) NOJhKHA
YROBNETBOPSITh  yPABHEHHIO (3) u obpaulatbcss B Y, MpH X=X,
U ecJIH Mbl TaKOe€ pelieHHe YpaBHEHHs (3) HaluWii, TO Mbl MOXEM
CUMTATH Hallly 3anady pellEHHOM TOJBKO B TOM Caydae, eC/i MH
yBepeHhl, YTO He CYLIECTBYeT HHKAKOTO ApyToro pellichus ypasHe-
Hug (3), YROBIETBOPSIOLIEro TOMY K€ «HAualbHoMy» YyCJIOBHIO
w(x,) =Yy W60 eciu O TaKKWX pelIeHHH CylieCTBOBaJIO HECKOJIb-
KO, TO Mbl He MOMJH Obl WMETb YBEPEHHOCTH, 4TO Hallel 3anade
OTBeyaeT KK pas To, KOTOpOe Mbi HalliM; W eciM Owl Jawe Mbl
HAIWIM BCe Takhe pelleHusi ypapHenHs (3), Mbi BCE Xe, BooOlle
roBopsi, He WMesin Obl OCHOBaHWH A/ CyxIeHusi O TOM, KAKOE N3
HMX OTBeYaeT Ha [0CTaBJEHHHIH BOMPOC.

BecpbMa 3aMeuaTenbHO, 4YTO MNpH Tex YCIOBHHX, BHIIOJHEHHE
KOTOPBIX MO3BOJIMJIO HaMm Bblllle A0Ka3aTh - CyL(eCTBOBAHHE HCKO-
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MOTO pertesuss (T. e. NpH UOCTYJIMDOBAHWM OOHOA TOJIbKO Hellpe-
PHBHOCTH (PyHKIMM f(x, ¥) B nanHo# 00nacTH), Mbl He MOXeM
€l TrapaHTHPUBATH ENMHCTBEHHOCTH 3TOTO pewleHHs; OblBaOT
ciydau, korna QyHkuus f(x, y) HenpephisHa B oOnactu D u Tem
He MeHee CylleCTBYeT HeCKOJbKO pellieHHil ypabhenus (3), oGpa-
LAOLUKXCA B Y, NpH X==X,. MoxHo, onnako, nOOHTbCS enuH-
CTBEHHOCTH pellleHHs, Tpec’)yﬂ or GyakumMu  f(x, V) HECKOIbKO
Gollee TOro, yTo naéT NpocTas HeNpPEepbiBHOCTb; OfHa M3 Hanbo-
niee  ynoOHelx (OpM  TAKOTO YCHJIEHHOPO TpeGOBaHHS  FJIACHT:
© cyuecmeyem marxoe nocmosIHHOE NoA0NCUMeAbHoe 4ucao k, 4o

| f(xs y1)— flx, ya)l << E|y;— v, (A)

oan awbbix mouex (x, y;) u (x, y,) obracmu D; 510 Tpeo-
BaHue, He Oymy4H, MpPaBna, CaMbM LWIHPOKHM M3 BO3MOXHBIX,
BbIIOJIHSIETCS! B OOJIbILIMHCTBE MPAKTHYECKH BCTpeyaioulnxes ciay-
yaeB W No CBOeH NpOCTOTe OuYeHb YNOOHO /st MPUMEHEHHH.

Urak, nyxHO n0ka3aTb, 4To ecau yHxuust f(x, y) 8 obsa-
cmu D uenpepwisna u yoossemsopsiem  ycaoguio (A), mo peiie-
Hue y=—u(x) ypasnenus (3), oOpawaroueecss 8 Y, HpL X==X,
64516MCST OUHCINBEHHbIM.

Jonyctum, 4TO Kawnmas M3 ABYX QyHkimd ©; (X) H @y (X)
yDOBJIETBOPSIET ypaBHEHKIO (3) npid x,— & << X << X, --a, W 4TO
@ (Xo) == @ (X,) = Y,- [osnonum g, (x) — 9, (x)=w (x), Ta&K 410
w(x)==0. Torna, npn x,—a<<x<x,-}a

ld(o
1ax

I—l”"” W) | fxn g — fix 9 ()] <
<kl gy()— g () =E|0 ()] (10)

OG6o3HaYHM Yepes p HauboJbliee 3HadeHHe GYHKUHM | 0 (X)| Ha TOM

M3 IBYX OTPE3KOB [xo——Q—lk, xo—*—}k] u [x,—a, x, -} a], ko-

TOpHIH MeHbILIe PYTOro (MycTh 310 6yaet orpesox [x, — 7, X, - 7],
rme, CNENOBATENbHO, I O3HaUaeT MeHbluee W3 uHces 0 H ). B

cuily HenpepbBHOCTH ¢Gynkumu | (x)| Takoe nauGosibliee 3Haye-
HMe CYLLECTBYET MPH HeKOTOPOM OnpeaesiEHHOM X == X;: | O (X,
[Mpumensist cootnolleHue (10) u nepsylo TeopeMy O CpenHeM 3Ha-
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9€HHH, Mbl HaXOIOHM:

”_"’la’x’é

dx dx

;1:_—|(o(x1)|:|w(x1)_m(x0)|:,j;d_wdxléI‘?
b

— 1r
2k 2’

ékl (Iw(x)lldx[gk;qul—x“gkp.
%

OoTKyna, koueuyHo, p=—0. 3Iro 3Hauut, uto ©(x)—0 npu
x(,——rsxéxo—l—r. Eciv r—a, Teopema noka3aHa; eCiH e

r—

2%
Mhl MOXEeM MO03TOMY MOBTODHThL Hallle pacCyAeHHe, ~mpHHHMast

BMECTO X=—X,; 3a HCXOAHYIO TOYKY nocjen0BaTe/bHO TO4YKH

1 | =
Ko =5y M x0+27e’ 3TO NO3BOMMT YyTBepXAdTh, 4TO ® (x)=—

1 1
< @, T0 BO BCKOM clyyae o (x0—27e)—_—(o (xu §7e) =0

yXKe Ha OTpeske [x0—2-2—1k, xo—[—2-él7e] unn [xo—a, x, -+ al;
NPONO/DKash 3TOT NPOLECC NOCTATOYHOE YMCIO pas, Mbl, OYEBHIHO,
pacuinpum OTpe3oK, B KOTOpoM ®(x)= 0, no npenenos [x,—a,
xo-}a], yem Teopema u GyneT OokoOHuATeNbHO NOKA3aHa.

3aBUCUMOCTh pellieHMH OT mapameTpoB. Ecau B ocHoBanuu
IHpdepeHuHasbHOro  YpapHeHHs! JIeKHT Kakas-ThO0 KOHKpeTHast
3amaya, TO 3TO ypaBHEHHe BCErla CONEPXUT H3BECTHOE 4MCJIO Ma-
paMeTpoB, NPeACTABASIOUIMX 3HAYEHHS! TE€X [OCTOSHHLIX BeJIHYHH,
KOTOpble ONpeneisioT crnelH(pHYIeCKHe YCIOBHS M3yyaeMoro siBjie-
nug. Tak, B 3anave, npusen&HHON B KaueCcTBe NpHMEpa B Ha-
yane 3ToH JieKUHH, TAKHUMU BEIHYHHAMH CJIYXKAaT: BMECTHMOCTD CO-
CYJIOB @, CKOPOCTb UCTeYeHHs WHAKOCTH & U liepBOHAYANbHLI 3a11ac
COMH B MEpBOM COCYAe C; BCe 3TH TPH BeJMYHHK E€CTECTBEHHO
BXOLST B COCTABJICHHOE HAMH YpPAaBHEHHE; TOYHO TAK €, KOHEYHO,
H BCSIKOE pelilleHHe 3TOro ypasHeHHsi GyIeT 3daBUCETb OT BCEX HTHX
napamMetpoB. Takum oOpa3oM, Kejasi MOMYEPKHYTb STY 3aBMCH-
MOCTb, MBI JOJIKHbLI THCAaTh ypaBHeHde (3) B Buie

dy
Py A ST 2Y 200 Sy B B
H petleHHe ero B BHAE

Y=0(x,Pps Pas---,D,)

1} Mbl GepéM aGCOMIOTHOE 3HauEHHe MHTErpala, yuMThiBas BO3IMOK-
HOCTb Xy < X
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FO€ Pys Pgr ++-s Prp—12paMETPbl, O KOTOpbIX Mhl TOJBLKO HTO
rOBOPHIIH.

HeTpyano nousitb, 4TO IJ1si OPHKJIANHLIX 33834 XapakTep 3aBH-
CHMOCTH pellleHHH noJly4eHHoro augipepeHlHalbHOrO  ypaBHeHHs
OT TAKOro pona MapaMeTpPoB HMeeT BeCbMa CYu(eCTBEHHOE 3Haue-
HHe M YTO B OCOGEHHOCTH Ba)HO YCTAHOBHTL HeMpPepbliHOCNy STOH
3aBHCHUMOCTH. B cavoM pene, suadeHust napameTpoB OGHLIMHO NOJY-
yaloTCsl KaK pe3yJbTaThl TeX HAM IPYTHX H3MepeHHH H moToMmy,
K4K OpaBWIO, 3a7d10TCH HAM He ¢ abCO/IOTHOH TOYHOCTHIO, & JIMIIbL
npHONHXERHO, C HEKOTOPOH, XOTsi Obl M Manoil norpemHoCTLIO.
[Tostomy, ecju Obl [pH HHYTOKHHX H3MEHEHHSIX [18DAMETPOB
3nauenuss (YHKUMU @ (X, Py, Pgy - - . , D) MOLJIM 3HAYHTEJILHO Me-
HATbCH, TO TaKOro poja pelleHHst 3anayn ObiM Obi NPAKTHYECKH
coBepIICHHO Oecrnosie3HbIMH; I8 MPAKTHYECKHX pellell 1PHTONHb
Ul 1aKHe peIleHHs, KOTOpble MpH MajblX HW3MEHEHWsX napaMer-
POB CaMy NpeTepleBaloT JMIIL Majlbie H3VEHeHHs, TaK YTo, pubin-
KEHHO 3HAsl 3HAUEHMs NapaMeTPOB, Mbl MOXeM NPHOJIMKEHHO HalTH
W 3HAYEHHS 3TUX pelleHHH; HO TOYHbIM MaTeMaTHYECKHM Bbiparce-
HHeM 3TOrO CBOIMCTBA, OYEBHIHO, H SIBJISIETCS] HEMpephiBHOCTb (PYHK-
umi 9 (X, Py, Pas - - - » P,) OTHOCHTEILHO NAPAMETPOB Py, Pg, - - - » P,

M#bl OKaXeM Terepb, 9T0 ecH QYHKLHS f(X, V, Py Pos - - - » [
HelpephiBHA OTHOCHTEJILHO KAaKOro-iMGo W3 napaMeTpoB p; H Npu-
TOM p4BHOMEPHO OTHOCHTENEHO MOJIOXeHHs! ToukH (X, Y) B 06-
gacti D, 1o NpH coOGJIONEHHH TeX YCJIOBHH, B KOTOPHIX Mbl NOKa-
3a/1u Bhillle CYLIECTBOBAHHE H €IMHCTBEHHOCTL PEIUEHHI ypaBHEHHUS]
(3), 3T penlenus Takke OYAYT HENPEPHLIBHLMH (PYHKLHSIMH napa-
MeTpa p;; TaKk KaK OpH STOM pevb HAET O KaXIOM mnapaveTpe
B OTAEJIBHOCTH, TO Mbl HHCKOJIbKO He OTPaHH4YMM OGLIHOCTH JIOKa-
3aTenbCTBa, €CAW IJIsi COKPAlEHHs 3anucell NOIyCcTHM, yTO (YHK-
uug f (a 3HauutT, M QYHKUMS @) 3aBHCHT TOJbKO OT ONHOTO
napametpa p. .

Hrak, ponyctum, uto diyHkuus f(x, y, p) HelpephiBHa OTHO-
CHTeJIbHO BCEeX TP&Xx CBOMX apryMeHTOB, KOrga Todka (x, y) Ha-
XONUTCST B 3aMKHYTOI o6nactu [, a mapameTp p MPHHALICHKHT
HEKOTOPOMY OTpe3ky d, H 4TO, KpOMe TOro,

lf(x» Y p)'—f(xv }’2, P)|<k|}’1 — Vo (A')

ecn (x, ¥,)€ED,(x, ¥,)€ED wn p€d. Mb yreepwnaeM, 4O
B TAKOM CJyYae TO eNMHCTBEeHHOe pellleHHe y=—o(x, p)
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ypaBHenus
d o
%V:f(xiy’p)r (3"

KOTOpOe 00paliaeTcst B V, IPH X = X,,, HEMPEPHIBHO OTHOCHTEJILHO p
Ha oTpe3ke d.

Ilns nokaszaresbCTBa HAM OPHAETCS! BEPHYTHCS K TOH KOHCTPYK-
UMH, € NOMOUIBIO KOTOPOH Mbl Bhillle NOKa3add CYUIECTBOBAHUE
pellenus ypashenust (3), M HCCIENOBaTh XapaKTep 3aBHCHMOCTH
OT mapaMeTpa p MOCTPOEHHLX HamMu TaMm (PyHKuMl @, (X), KOTOpNLE
Mbl Temepbh OyneM, kOHEYHO, MMCATL B BHAE @, (X, p). Benuunuw v,
onpejensieMble ¢ MOMOLIbIO PEKYPPEHTHOTO COOTHOLIEeHHS (), TakxKe,
O4E€BHUJIHO, 3aBHCHT OT p, ¥,— ¥;(p), U dopmyna (5) npusumaer
BUIL

V(B =31 (D) flxi_p it (P), ) — - (11)

B cuny mpenmosoxeHHoH HAMH  HeNpepBIBHOCTH  QYHKIMH
f(x, ¥, p) oTHocuTenbHO mnapametpa p mis moGoro € >0 cyue-
cTByeT Takoe & > 0, 410

|f(xv,"’l7—|—h)—f(xx}’,ﬂ)|<5 (12)

npu k| <8, p€d,p-}-hEd, (x,y)€D. B cuny dopmyan (11)
Yilp+R—y; D)=y (p+B) —y,_1 (P +

St ; {f 15 Yima (P 2Yp =), — fxi_ys iy (P) P}

(1 <<i<cn).
[Monoxum nns kparkoctu:
yilp+R—y (=4, (0<i=<n),

TaK 4TO

= % {fxiy Yi (PR, p-P)—

—fxip Y php)p A<<i<n). (13

Bupakenue, cTosiuee B (HUrypHOii CkOOKE, MOXHO TpencTaBHTh
B BHIe

f(xi—v yi——] (p+h)’ p +h) —f(xi_p yl-l (P), p"}' h)—‘l—
+ [ YVia (P)s P+ B) — f(X—s, Yi_1(p): p)-
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B cuny (A') neppas u3 aTHx pasHocTell 1o aGCOMOTHOMY 3HAYEHHIO
He npesocxonut k£ A, |, a B cuny (12) sTopas pasnocts no a6eo-
JIOTHOMY 3HAYEHHIO MEHLILUE, YeM €; TAKHM OGPA30M, Mbl ONYYAEM:

|Ai|<IAi_1I_|_%{k A,-_ﬂ—l—&}.—:jlf_{_mi*] (] _*__%)

(1 <<i<<n). Tlpumensii 3Ty ke OUEHKY K CTOsIUEH B 1paBoi
4acTH BenuyuHe |A;_ | W nNOBTOpSs 3TOT MNPONECC, MBI NPHAEM
K COOTHOLIEHHIO

B 1 B R e
= [(1+%‘>’»~—1]<—:[(1+”E'-‘">"—1J<§e @ —1)
(1<i=<n).

Takum o6paszom, upH |/£|< 8 Mb HMeem:

Y p+D—yp <5 —1) (I<i<n),

HWJH, 4YTO TO XKe,

|90 (0 1) — 9, (5, P < 5 (e* —1)
n=1,2,...; 1<<i<<n),

HO Ha KaX(IOM OTpeske [x,;_,, x,] dyukunn @, (x, p) v @, (x, p-+h)
JIHHEHHDBI, TI03TOMY HEpPaBEHCTBO

[9n (2, p 4= B)— 9 (3 P)| <, (* — 1),

BLIMOJIHAIOUIEECS, KAK Mbl TONBKO 4YTO BHIENH, mnpH |Iz'<6
B KOHLAX Ka¥AOro TAaKOIO OTpe3Ka, noO HeOOXOIHMOCTH HOMKHO
BHITO/IHATEC W HA BCEM 3TOM OTpe3ke, 4 3HAYHT, HA BCEM OT-
peske [x,—a, Xx,-}a]. Beumy npoM3BONBHOCTH uHcna & 310
03HaYa€T, YTO MHOWKECTBO (PYHKUHH © (X, p) PABHOCTEIIEHHO He-
NpePHIBHO OTHOCHTEJILHO napaMeTpa p Ha oTpe3ke d. O6o3naunm
uyepes S 3TO MHOKECTBO; KaK MBI BHIENH NpEKIE, MHOKECTBO
(nocnenosarenchocts) S CONEPKHT MOANOCAENOBATENLHOCTL S,
CXOUSULYIOCS PABHOMEPHO OTHOCHTENEHO X Ha oTpe3dke [x,-—a,
Xo+a] kK Qynkumn @ (x, p), KOTOpas M SBNSETC HCKOMBIM pe-
wendem ypaeneuwus (3”). Ho nocnenoBarenenocrs S', 6ynyun
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4acTbi0 MHOXKECTBA S, OYeBHOHO, TAKXKE€ €CTh MHOXeCTBO, pasho-
CTEICHHO HeNpepHLBHOE OTHOCHTE/bHO MApaMeTpa; NOSTOMY B CHJy
npexae NOKA3aHHOH JIeMMsl OHA JO/MKHA COAEpKaTh HORNOC/EN0-
BATENIBHOCTD 7, CXOMSLLYIOCH (KOHEUHO, K TOH we QyHKUuMH g, (X, p))
PABHOMEPHO OTHOCHTE/NLHO P HA OTpe3Ke d&; a TaK Kak Bee dysk-
WHH @, (X, p) HENPEPHIBHLI OTHOCHTE/bHO p, TO OTCIONA C/EAYET,
uTo ¥ (yHKuMs (X, p) HENpPEpHBHA OTHOCHTENLHO P HAa OTPESKE d,
4yro ¥ Tpe6OBajoCh NOKA3aTh. ]

Kak Ms 3HaeM, Kaxaoe pelleHne @ (x) ypashenns (3) B Ha-
LIMX YCHOBMSAX ONHO3HAYHO ONpENe/ISIeTCsl TeM 3HAYCHHEM Yo,
KOTOPOE OHO TpHHMMAET “PH X ==Xq; (yHKuHs @ (x) MEHAETCs
NpH W3MEHEHHH dYHMcen X, M Y, TaK 4T0 MO CyTH Jena Oha
apnsiercst ynxnuel © (X, X, Yo) TPEX HE3ABHCHMBIX  TIEPEMEHHBLX;
[0 TeéM e NPHYMHAM, O KOTOPLIX Mbi FOBOPH/IM BhIE, XapaK-
Tep 3aBHCHMOCTH pellienHsi @ (X, X, Yo) OT STHX «HauaJbHbX
OAHHBX» X, H yO HMEET CYLL[ECTBEHHOE 3HaYeHue, H HPHTOM
He TONBLKO TCOpEeTHYeCKOe, HO M NpakTHyeckoe. Ha nepuhifi B3r/isia
MOWET [OKA3aThCs, YTO 3TO —— HOBas 3a0ava, KOTOpasi He CBOAMTCS
K TONBKO 4TO pAacCMOTPEHHOMY HAMH BOIPOCY O 33BHCHMOCTH
pemeHuii OT napameTpoB, KOO uHCAA X, M Y, SIBHO HE BXOISAT
B KauecTBe apryMeHTOB B (DyHKILHIO f(x,y). Ha camom nene,
OIHAKO, TaKas peNyKuus BIIO/HE BO3MOXHA. B cavom zese,
ecIH Mb TpeofpaldyeM B ypaBHeHHH (3) KaK HE3aBHCHMYIO nepe-
MeHHYI0, TAK M HCKOMYI0 (YHKUMIO < TOMOLIBIO COOTHOLLEHHH

x=x,4x*, y=y,+y%

roe x* W Y* — HOBbE HE3aBHCHMAs NepeMeHHasi W HCKoMasl (yHK-
nusi, To ypasHehue (3) nOJYYHT BHI

W2 flon + %%, 3o+ 3% (3")

npuudm TpebyeTcs HaliTH pelleHHe STOTO ypaBHEHHsi, obpaiiaio-
weecs B Hyib mpH x* ==0. 3mech yke X, H V, fIBHO (QHryph-
pylOT B KauecTse 11apameTpoB B npasoli 4acTh ypaBHEHHS; MyCThb

V¥ =% (x*, X, ¥o) (14)

ecTb HCKOMOe peienue ypaphenns (3"'). Owo HENPEPLIBHO OT-
HOCHTE/ILHO X, W ¥, B CH/Y TONBKO YTO JOKA3aHHOH HaMH TEOPEMEI,
tak Kkak ¢Qyskuus f(x, +x*, yo-+y¥), Oynyun HEMpep LIBHOH
OTHOCHTEJIbHO KaX¥IOTO M3 CBOMX NBYX AapryMEHTOB, TeM CaMbIM
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aBTOMATHYECKH HeNpepbiBHA OTHOCHTEIBHO X, H ¥,. Ho uToOm
IOY4HTH HCKOMOE pELIIEHHE YPaBHEHHUS (3), MBI, OYEBHIHO, LOJKHEI
TONEKO nepelitH B BeipaweHud (14) OT HOBBIX nepeMeHHHIX K CTa-
pbIM, YTO naéT

y=1vx, x5, V)=, + '19* (x — x4, X4, Yo)s

OTKyIla HENOCPEACTBEHHO BLITEKAeT, YTO 3TO PELIEHHE HENPEPHIBHO
3aBMCMT OT HAYaJIbHBIX 3HAYEHHH X; H Y.

IpeoGpa3oBanyie nepeMeHHbIX, Bbl 3HaeTe, uro npH HHTe-
rpupoBaniy (PYHKIIHE ONHHM M3 CaMblX MOIUHLIX MPHEMOB ynpoLle-
HHMS 3a8ayH, WHOrNA MNPUBOLSILMM H K MOJHOMY €& paspelleHHio,
CAYXHT npeobpa3oBanie MePEMEHHON HHTErpaLHH (TaK Ha3biBaeMblH
«METON TIOLACTAHOBKH»). [IpH pemtennn mudQzpeHunarbHux ypas-
HEHHH 3TOT MeTON TakXKe fBAAETCH ONHWM H3 naubosiee CHILHBIX
OpynHH; THOKOCTL ero 31ech e 3HAYHTENILHO YBEJHYMBAETCH
T€M OOCTOATENLCTBOM, YTO Mpe06pa3soBaHHI0 MOXET GLiTbh MOABEPT-
HyTa KaK He3aBHCWMasl nepemenHasi, Tak W Hckomas ¢ynkuusa. Kak
Mbl BHIENH B Hayase Hawel nekuuy, peilenve nudpeperumans-
HOTO YypaBHEHHUs JErKo NPHBOMWTICS K KBagpaTypaM, eC/ld nepe-
MEHHBIE MOTYT OMTh «pa3lesieHbi» (3TO 03HAYAET, UTO NOCPENCTBOM
YMHOXCEHHII M NenenHil ypaBHeHHe upuBOAMTCS K BHLY M (v)dy -+
-+ N(x)dx—0, rme B KaXIOM W3 IBYX cJ/araeMuX JIEBOW
YacTH (PHUrYypHPYeT TOJELKO OnHA M3 IEPEMEHHBIX X, V); HMEHHO
STOH HEeNH H CAyXHUT 00bYHO npeoOpa3oBaHHe MNEepeMEeHHbIX; rpe-
o6pa3dys AH60 HEe3aBHCHMMYIQ) IIEPEMEHHYI) X, JHOO HCKOMYI yHK-
UM y, AM60 Ty W ApYryld) ONHOBPEMEHHO, HAM YacTO YyHA&TcH
3aMEHHTb YypaBHeHHe, B KOTOpOM LEPEMEHHbLIE HE pa3lesvIkCh,
HOBBIM, B KOTOPOM OHH Y€ MOryT ObITL paspeneHsi. XOTs Kaacc
andxpepeHLHaNL HbX ypaBHenui, KOTOpble 3THM NYTEM MOTYT GHITh
CBEAEHH K KBAZpaTypaM, W OYeHb OTPAHHYEH, BCE e OH CONEPHUT
Uenblil psil 1pocTeHiuuX, a noToMy W HauboJee 4acTO BCTpeyalo-
U(MXCH HA IIPAKTHKE THIIOB, BC/ENCTBHE Hero meron npeobpaso-
BaHisl NEPEMEHHBIX M0/y4deT OOJbILIOE NPAKTHYECKOE 3HAUYEHHE.

Ciona oTHOCATCH mnpexae BCETo, CPeOH ypaBHEHHH 1EPBOro
1OPSAKA, BCE LuHelHbie YPABHEHHs, T. €. YPABHEHHsl, B KOTOPHIX
KaK HeHsBeCTHas ¢yHKumMa y, Tak M e€ npoussogHas y' ¢ury-
pUPYIOT JiMllbL B MepBOH cTenehH; OOL(HA BHI Takoro ypasHeHus

Y4+ ) y+ fo(x)=0, (15)
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rae f; (X) u f,(X) — nauHbie  HEupephBHBIE dyukiuu ot x. Bee
ypaBHeHUsi STOFO THNA MOTyT OmiTh C NOMOLLBIO OAHOFO H TOrO
ke npHEMa npHBENeHbl K BHLY, B KOTOPOM MEPEMEHHBIE NONYCKAIOT
paszeneHue.

Yro6nl B 3TOM yOemuTbCs, pacCMOTpHM CHayana ypaBHenue

7+ filxz=0, (16)
rne uepe3 2z OOGo3HayeHa HCKOMasi ¢yHKUHs; 3TO ypaBHeHHe —
Toro e THma, 4to ypapHende (15), HO TOaIBKO 6€3 «cBOBOAHOrO
unena» f, (x); MepemMenHble B HEM HEMEIJIEHHO Pa3le/IsiloTCs:

dz

7—1—f] (x)a'x:O,

W uuTerpauusi na&r

lnzio—l—S‘fl(u)du:—_m

’,
s HalIMX Lenel QOCTaTOYHO HMETH Kaxoe-HHOYb OIHO pellleHHe
ypabrenns (16); nosTomy Mbli [OJIOWHM z,—1, Tak 4ro

VR

Inz+4\ f,(&)du=0,

X
OTKyZa
x
_J‘ fi(8) du
z—e *

0 (x); (17

TakuMm 06pa3oM, pelleHHe ypaBHEHHS (16) HaxomuTCcsi € MOMOLLLbIO
OIMOM KBaLpaTypH.

UTto6b CBECTH K KBanpatypam h OOllee ypaBHEHHE (15), mpe-
obpasyeM B HEM HCKOMYIO (DYHKUMIO y € TOMOLIBIO COOTHOLIEHHS

y=19x)y*
roe y* — nosasi HckoMas QyHKums, a o (x) — onpelensemoe ¢op-

myaoli (17) peutenne ypaBHEHHs (16); Torma ypasuense (15)
NIPHHHMAET BHI:

(1) y'* 47 () v+ f(0) 9 (X)) ¥y 4 1) =0

HJIH

¢ X)) y™* + fo(x)=0.
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TdK KaK B CHIYy ypaBheHus (16)

¢ (%) 4 £, (%) ¢ (x) =0;

OoTCIaa
X
o [ @) as
e X) e *o ’
y ¢ (x) f2 ( )
H C-’]eﬂOBaTe.’]bHO,
(4
x ffheau
TR —..( 1 (v) e¥o dv--C,
o
rne C— ITOCTOSIHHA A HHTETrpauuu, HAKOHe1l,
X (4
—[hwan  x [t au
Yy=9X)y*—=—e¢ x {§f2(v)ex° dv—|—C}.
*o

970 — obuiee pemenne ypaBHenusi (15), w3 kotoporo Hamnewa-
LM BHIOOpOM nocTosnnol C MOWHO TIOJIyYHTh BCE €r0 YacTHhIE
PEILCHHUS, €c/lM Mbl XOTHM, HATIPHMep, HMeTh Y=Y, npu x = x,
TO W3 OOLUETrO PELIEHHS HAXOMUM: Yo—— C, W uckomoe yactTnoe
PeUleHre mojyyaer BUm:

X 0
N r f (0) du 25 r T (B) du
y=e % {yO—sz(»v)exo dv}. (18)
Xo
Mer BHaMM, Takum o6pasom, uTo permenye ypaBdenusi (15)
C UOMOWIBIO Hamjewaiule BrOpPaHHOTO MpeobpasoBaHusi HCKOMOIH
QyHKUHH  cBoaMTCH K ABYM  nOC/IENOBATE/ILHBIM  KBanpaTypam.
B kauectse IPHMEpPa LOBENEM IO KOHLA pelleHHe 3anaum, pac-
CMOTPEHHOH B Havane 3Tofi Jekyuu.
Mel npuiy tam K ypaBHeHH10

dy b be
a#tzy—ge ° =0,

b
KOTOpOe, OYEBHIHO, eCTh ypapHetue Tvna (15); amecn fi (t):7

b
——
Hfz(t):——l:—;-‘e ¢ ; KpoMme ToOrO, t,=—=0 u Yo=0, 1ak kax
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B MoMeHT £=— 0 BTOpOIi COCYn BOBECE HE CONePWHT COMH. MBI Hmeem:

¢
jf‘ (%) du:hlit, u ¢opmyna (18) na&t:
0

b, ,h e be b,

B, by, 8 b

y—¢e “ {O—l—j‘—e ? ek a'v}:—te a . (19
0

Sra GopMy/a NOJHOCTHIO PellaeT NOCTABNEHHYIO 3anady. Heene-
nys HaiinenHylo (yYHKUMIO, Mbl JIETKO HAXOLMM, HTO KOJHYECTEO
conu BO BTOPOM COCYL€ CHAayala BO3pacTaeT, a 3aTeM C MOMEHTA

a
t:—b— HAYMHAET YOLBATbL W CTPEMHTCH K HYMIO (pH £ —> 0O;

a
B MOMEHT t:—b' , KOrna KOJHYeCTBO COJMH B 3TOM CoCyle Ha-

¢ .
uGonLilEee, STO KOMMYECTBO PABHO —-; 3aMEYaTe/bHO, HTO 3TO

MAKCHMALHOE KOMYECTBO He 3ABUCHT HHU OT @, HH OT b; HaoGo-
poT, IPOMEXKYTOK BpEMEHH, HeOOXOAUMbIH IJI MAKCHMAJIbHOTO Ha-
CHILIEHUS] CO/bK) BTOPOrO COCYNd, 3aBHCHT, KakK Mbl BHIHM,
of @ v b, HO He 3aBUCHT OT ¢. Bce 3TH H MHOTHe IpYrHe HHTe-
rpa/jbHble 4epThl PacCMaTPHBAEMOTO siB/EHHA Na8T HaM H3YyyeHHe
¢ynkund  (19); M BHAOWM, 4YTO periehHe nuddepeHiHanbHOro
ypaBHeHHs] B IAHHOM cJlyyae JACHCTBHTE/LHO NO3BOJACT HaM 1O-
JYYuTb BCE HEOOXOMMMBbIE CBel€HHs O TEYEHHH npouecca B LE/oM,
B TO BpeMs Kak caMo IuypepenuyalbHoe ypaBHeHHE naéT Ham
JHIlb  MZHOBEHHbIe (L0KAAbHbE) COOTHOUIEHHS MEWAy y4HacTBylo-
LMMH B 3TOM [POUECCE BEHUHHAMM.

[lpyro#i yacTo BCTpeuaouuics THN ypaBHEHH, NPOCTbIM Mpe-
00pa3oBaHHeM HEH3BECTHOH (yHKUHH NpPHBOLSILIMXCA K ypaBHe-
HUAM C paslesIsiOLIUMHCS NepPeMERHBIMH, PEACTaBNAOT coboit Tak
M43LIBAEMBIE OOHOPOOHbBIE YPaBHEHHS, OOUMH BHI KOTOpbIX!

dy y
R (; ; (20)
B YACTHOCTH, K STOMY THIly IPHHAILIEKAT 4acTO BCTPEHAIOLIMECs

ypasieHHsi BHIA
P (x, v)dy = Q(x, y) dx,

roe P(x, y) 0 Q(x, y) — OLHOPOIHLIE MHOTOWICHKI onHOH W TOH
ke cTelend n. B camom nene, Takoh OIHOPOMHLIA MHOTOYIEH,
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KaK JIETKO BHIETb, MOCJe AENEeHMs] HA X7 CTAHOBMUTCS MHOLOYJE-
Vs Ly,

HOM OTHOCHTEJIbHO NepeMeHHOH < » BCIENCTBHE 4Yero B npaBoi

YaCTH COOTHOLUEHHS

dy _Q(x,y) __ P(x, y)ixn
ax~ P(x, y)" Q(x, y):xn

YUCIHTENDb M 3HaMeHaTellb — ([eiIie pauMoHaNbHbIE (I)YHKHHH OTHO-~

eHHSA % » 4 3HAYHT, H BCH (paBas 4acTbh — paluoOHaNbHas (I)YHK-

LiMsi 9TOTO OTHOIIEHHSL.
[Ipeo6pasys B ypaenenun (20) nemssecTHylo GYHKIMIO € To-
MOLLbIO COOTHOUIEHHSI ¥ =—xy¥, Mb LPHBOOHM €r0 K BHIY y 4+

£l q)
—|—xy’*=f(y*)’ OTKyna %zf(v%’ WU

dy* dx

bR e

MEPEMEHHBIC pA3NE/eHBl; HHTErPUpPYs, JIETKO HAXONMM Bhipaxe-
HUE x yepe3 y¥; eC/H 3TO COOTHOLUEHHE OIHO3HAYHO paspeumo-
OTHOCHTE/bHO y¥, TO W3 HETrO Mb fO/y4YaeM, OOPaTHO, BHIPaNe-
HHe y¥, @ 3HAUMT, U y—udepe3 X; B OGLUEM C/lyyde STO COOT-
HOILIEHHE ONpenenisieT y*, a C/eNOBaTeNbHO, W Y, Kak «HESIBHYIO-
¢yHKUHIO OT x.

CuctemMbl ypaBHeHWil ¥ ypABHEHWS! BBICUIMX MOPSALKOB..
B 3akmouenne koCHEMCH el KpaTKO BOMPOCOB O CHCTEMAx aug-
(pepeHUMaNbHEIX  YPaBHEHHH NepBOrO NOpsIKa ‘M 06 yPaBHEHH X
BHICIUHX TOPSIIKOB.

[Tycts Mbl umeem cucremy n nwdipeperunanbubix ypaBHeHHH
TIEPBOTO NOPSLIKAE, CONEPHALLYIO /I HEH3BECTHLIX QYHKIME ¥, v,, . . .,
Y, OT ONHOH HE3aBHCHMOI1 nepeMeHHOH X; camo co6oii pasymeercs,
HTO pelieruen TaoH CHCTeMbl Mbl HA30BEM Jt06YI0 cHcTeMy (DyHKIME
Y, —=¢; (%) (1 <<i<Cn), yHOBNETBOPSIOUMK BCEM NAHHWM ypaBHe-
nusiv. Mer gonycTum, uTO maHHas chcTema ypasnenui paspeitieHa

ay; .
OTHOCHTEJIbHO  [IPOU3BONHBLIX E?L(] <<I<Cn) W, ChelOBATE&JILHO,

HMEET BHI

dy; :
I%C-:f[(x, Yo Vo . ¥) (I<<i<n. (21)
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COBOKYITHOCTL 3HAYEHMHH TIEPEMEHHBIX X, Yy, - - . » Y HaM yro6HO
W 31eCh HA3LBATL <TOUKOH»; 9TO, KOHEYHO, TOYKA B MPOCTPAHCTHE
n-+ 1 unavepennit; mbi Gynem BO BCEM panpHeBieM npeanosarath
Bce (QyHkuuu f, HeupepHBHBHIMH B HekoTopo#i obnacth [ 3TOTO
npocTpancTsa. Beskas cuctema (ynKumi y;=1,(x) (1 = i=<<n)
UMEEeT CHOHM TeOMETPHYECKHM 06pa3oM B 9TOM NPOCTPAHCTBE HE-
KOIOPYIO KpHBYIO; €CJH JaHHLIC ¢yHKuHH 00paszyloT cobol penle-
ave cuctembl (21), TO H306paKaKOI(YI0 HX KpPHBYIO Mbi Gynem
Ha3bIBaTL WHTerpanbHoli kpuBol chctembl (21). Dra reomerpuie-
CKas TepPMHHOJIOTHSI Ype3BhYaHHO 110/1e3Ha 31eCh He TOMBKO cBOEH
HATJSUIHOCTBIO, HO W, F/iaBHHM 00pa3oM, TeM, 4TO ¢ €¥ MOMOIULIO
mHOTHE (POPMY/IHPOBKH W PACCYWIEHHS] MOTYT 6LIThH MPOBEAEHK! H
W3NOWEHH IS CHCTEMBl YpaBHEHHE B TeX e CXeMaX H TEpMHHaX,
KaK ¥ B Cl1y4yae OIHOIO ypaBHEHHs.

TaK, OCHOBHYIO TeOpemy CYILECTBOBaHHsi PEIeHHH Mhl MOXEM
OpMY/IPOBATL COBCEM KPAaTKO, FOBOpS, WTO HEpEs KAXIYIO TOUKY
o6nacTi [) IPOXOAMT TO MeHbLIEH Mepe OIHA HHTErpanbias KpH-
Baf; aHaNMTHUECKH 3TO O3HAYAeT, KOHEYHO, 4TO KaKosa 66l HH
Smna cucrema n—-1 umcen xg, ¥, ¥, ..., YO, npunanne-
waumx obiactu D, cyutecTByer cHcTema (yHKUMH = 9;(x)
{1 <</ << n), yIOBJETBOPSIOUIMX CHCTEME ypasrenudl (21) na HEKO-
TOpOM OTpe3ke X — & << X << X @, [pHuéM @ (%) = y?
(1 << i< n). [lokasaTenbCTBO 3TOH TeopeMbl Nl CHCTEMBl YPaB-
HEHHDl TOJBKO B UHCTO TEXHHUYECKOM OTHOILEHHH CJOMHEE, HEM
JUIS CIydas OZHOTO ypaBHeHHsi. B OCHOBAHWH €ro JEKHT jaemma,
B TOUHOCTH AHANOTHuHasi TOH, KOTOPOH Mbi NO/JL30BANHCh NPEHULE,
9Ta JeMMa MOXeET ObiTb JH60 J10Ka3aHa HENnocpeacTBeHto, 6o
BLIBELEHA KAK C/JeCTBHE HaleH npexted JEMMbl. [Nocnenuuit
cr1oco6 OCOBEHHO NPOCT; 3SJMEMEHTOM MHOMECTBA  31€Ch SIB/IHETCS
se orgenbhas (yHKLUMs, a CHCTéMA H3 7 QyHKIHEA {Fl (x),
F, (x) -« ., Fp()} — S, ¥ HaIO NIOKA3aThb, YTO B NPEANC/IONEHNH
OFpaHHYEHHOCTH H PABHOCTENEHHOR HENpephiBHOCTH MHOXECTBA BCEX
(PyHKUMI, BXOXSLIMX BO BCE CHCTEMBI JIAHHOH COBOKYTNHOCTH, Mbl
MOXcEM BLIOpaTh OC/IEL0BATE/ILHOCTD CHCTEM Spy Sgv - o - » Sgr- 08
PABHOMEPHO CXOMSIYIOCS HA JAHHOM OTPE3KE. D10 03HAYaEeT, 4To,
nosaras

S ) Fpplx) « - - Fn,k(x)} (a=1l,%; oo ol

Mbi TI07y4aeM 7 (PYHKUHMOHAJIBHBIX MOCIEAOBATE/LHOCTEH
Fiak(x) (k=1, 2) . e .) (lélgn)’
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Kauaas H3 KOTOpHX CXONMTCS DPABHOMEPHO HA HAHHOM OTpe3Ke.
JlokasaTenpctBo cTpouTcs Tak: cHayana B CHIly Hailedl mnpewHet
JICMMbl MBI HAXOINMM TaKYI0 NOCJENOBATENBHOCTD CHCTEM S, uTOOH
NOC/IENOBATENLHOCTL [}, (X) PaBHOMEPHO CXOOW/JACH HA JAHHOM
OTPE3KE; H3 3ITOH MOC/IENOBATENLHOCTH CHCTEM Mbl B Cuiy ToH we
JIEMMBI MOWEM BHIGPaTh TaKylo MOMIOCACIOBATENbHOCTD, B KOTOpOH
PABHOMEPHO cxonunach Gpl HA NAHHOM OTpe3Ke W MOCJAENOBATE/Db-
HOCTb BTOPHIX (PYHKuMi Fy »(X); noeropss sToT npouecc n pas,
Mbi, OYEBHIHO, NPHXOAMM K TaKOH IOCIENOBATE/bHOCTH CHCTEM,
B KOTOPOH YK€ BCE # nOC/IenoBaTelbHOCTEH Firlx) 1<<i<n)
PABHOMEDHO CXONSITCSI HA JAHHOM OTpe3Ke, 4Yem M 3aBepliaeTcs
JIOKa3aTe/ILCTBO HOBOH, PACIIMPEHHOH JIEMMEp.

Hanehebimee nokasatenscteo ocHoBHOM TE€OPEME! CYLLIECTBOBAHHST
IIPOBOIUTCS B TeCHOH aHAJIOTHH C HAWMM [PEHHHM paccyxaenten;
B KAueCTBe DYKOBOASIEH HUTH 3mech ynobHee BCEro 1IPHHATD
Hallly TeOMETPHYECKYIO W/UIOCTPALMIO; 30ech, KaK W npexne, Ml
CTPOHM HEKOTOpOE MHOXECTBO JIOMAHBIX JIHHHE CO CKOJb YTOIHO
Ma/biMH IJIHHAMH 3BEHbEB H W3 3ITOTO MHOMXKECTBA B CHNly nOKa-
33HHOH JIeMMEI BhIGHpaem NOC/IEN0BATE/IBHOCTD, PABHOMEPHO CXO-
IALLYIOCH K HEKOTOPOH KpHUBOH, OTHOCUTENbHO KOTOpPOH MOxeT
OLITh 1OKA3aHO LIpDEWHUM METONOM (C HeOO/bIIUMH M CAMOOYEBHII-
HbIMH  YCJIOHEHHSIMH  YHCTO TEXHHYECKOTO Xapaktepa), 4TO OHa
€CTb HHTErpanbHas Kpusasi cuctemsl (21); sta KpHBasi TMPOXOAHUT
IEPe3 AaHHyl0 TOYKY (xq, Y%, . . . » V1), 1aKk kak uepes Hed
NPOXOAAT BCE IIOCTPOEHHLIE JIOMAHLIE.

EnuncrennocTs npoxonsiueti Yepe3 NAaHHYI0O TOYKY WHTErpasnb-
HOH KPHBOH MOWET ObiTb, Kak M npexce, NOKA3aHA JIMIUL [pH
HAJIOXEHHH Ha (YHKUMH J; HEKOTOPbIX HONONHHUTE/bHBIX YCIOBHE;
fipocrefilias dopma 9THX yeaoBUE BroMHE 4HaJIOTHYHA YCJI0BHIO (A)
H CBOIMTCS K TPeGOBAaHUIO, YyTOOH BO Beell 06nacTH D Bumonus-
JIUCh HEpaBeHCTBa

Lfeven 30, 50, oLy D) — s (x, 0, S e L=
n

<k E [ y@ — 3y [(1 < k< ),
i=1
rie k — HeKOTOPOe MOCTOSIHHOE NOMOKHTELHOE YHCIO,
Y Hac wWe octaloch Bpemenn i ypaprenui TOpSIAKA Bilue
fIEPBOrO; NOKAKEM JMLUb, NTO PELIEHHE BCAKOTO ypaBHeHHs

Fix, 9, v, v, ..., yW)=0 (22)
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NOpsinKa 7 MO¥eT OblTh CBEeMEHO Kk PEUIEHHIO CHCTEMBbl YpaBHEHUH
niepsoro nopsinka. B camom pene, paccMoTpum  cuctemy s ypas-

HEHWH 1IePBOTO NOPSIAKA, ¢ HEH3BECTHBLIMH by HKLIMSMH 35 Vo - R
CIeAYIOUIEero BUAA: 1
F(x’ Yi» Vo o - . ;)’,,_p Vs y;)ZO, ]
y;:,"zr I
Y=y | (23)
Y1 =Yn }

W IONyCTHM, YTO MEl HAIWIW peLieHHe
- Yi=vwi () (1 <<i<<n)
STOH CHCTEMEI; B cHay ypaBuenu#l (23) rorma
(:O; (x)— 5?2.(-"7):)/21
9 () —= 9} (%) = g (%) = g,

ree

P (X) =05 () = g} () =g, () =y,
AP =¢" D ()=. .. =y, (=y, Y (x)=y";

TIOSTOMY fiepBOe U3 ypaBHenHil (23) nasrt:
F(x, ¢, (%), gy (x), . . ., o (x)) =0,

T. . dyskuns y—=uy, (x) ectsb PElIeHHe ypaBhenus (22).
O6parxo, nyctb dyHkLng Y=9(x) ynosrerBopsiet YpasHe-
HHIO (22). Ilonaras

=X, Yo=0"(X), . .., y, =01 (x)

Mbl HENOCPENCTBEHHO BHIHUM, YTO CHCTema‘Q)yHKuuﬁ(yl, Yor o v 2 y,)
06pasyeT perende cuctems (23). Tagum 06pasoM, 3amaun orp-
CKaHHsl COBOKYMHOCTH pelUeHHi ypaBHenus (22) n cucremm (23)
AEHCTBHTEJLHO 110JIHOCTBIO CBOISITCH Ipyr K npyry.

BUE MO TEKA
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