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MPEAVICJIOBUE

«OCHOBH MAaTEMaTHUECKOro aHajau3a» 3aAyMaHe Kak yueGHUK aHa-
A13a Aas CTYAEHTOB MEPBOrO K BTOPOro KypPCOB MaTeMaTHUYeCKHX OTie-
JieHnH YHUBEPCHTETOB; B COOTBETCTBHM C STUM M KHWra [JEJuTCS Ha JBa
toma. [Ipn cocraBreHun ee Oblja ILAPOKO MHCIOJBb30BaH MOH TPEXTOMHEIH
«Kypc nudypepeHunapHOr0 @ UHTErpadbHOrO HCUMC/ASHMS», HO COAEepKa-
mufcs B HEM MarepuasJ NMOJABeprcs COKpAlEHWIo B nepepaboTKe B IENdX
npubaMmKeHnss KHUr K O(uIuaibHON IIporpaMMe IO MaTeMaTHYECKOMY
aHaIN3y ¥ K (PaKTUYECKAM BO3MOMNHOCTAM JIEKHMOHHOFO Kypca.

Mou ycTaHOBKHM W 3aaun, KOTOPhie a4 Hepex coGOH CTaBWJs, Xapak-
TEPU3YIOTCH CACAYIOLUM.

1. Taasnylo CBOIO 3ajauy s BUIEJA B CHCTEMAaTHUYECKOM H—I0
BO3MOXHOCTM — CTPOT OM H3JI0KEHUA OCHOB MATEMaTHUECKOI'O aHaJ/u3a.
§1 cunral K3/M0XKEHHe MaTepHuana B JOTUUYECKOH MOCJIeI0BaTENbHOCTH
o6s3aTeNbHBIM 115 yueOHuKa, Aasi TOro uToObl Nepen rJjasaMu  yualluxcs
3HaHMS pacloJIarajuCh B ONPEACHEHHOH CUCTEME.

Takoe mnocTpoenne yueOHHKa, BIMPOUYEM, HEe WCKJOYAET BO3MOXKHOCTH
17151 IEKTOPA B OTAENLHBIX CAYYasix — 110 COOOPaNKEHUAM Mefaroruueckum —
OTCTYIaTh OT CTPOro# CHCTEeMaTHYyHOCTH (3, MOXeT ObiTb, faxe ofJeruaer
eMy 3Ty BO3MOXHOCTB). §1 caM, Hampumep, B JEKIHOHHOM Kypce OOBIUHO
HECKOJIbKO OTOJBHUral TaK#e TPYZHHME JJIs HAYWHAIOUIero Beild, Kak
TEOPUs BEIECTBEHHBIX UUCEN, TPUHLIKI CXOAMMOCTH WJIH CBOWCTBA HENpe-
PHIBHBIX (DYHKUHH.

2. BmecTe ¢ TeM KypcC MaTeMaTHYeCKOro aHa/lHu3a He [MOJDKeH npel-
CTaBJIATbCS yUaleMycs JUb AJIMHHON LENbi0 <«ONpENeNeHni> M «TeopeM»,
HO [OJXKEH CJYXUTb pYKOBOACTBOM K jefictBmio. CTYZEHTOB HYKHO
HayuhTb MNPUMEHATH STU TEOPEMbl HAa NPAKTUKe, MOMOYb HM OBJAJETh
BHIUMCAUTENLHEIM annapaToM anasusa. XOTs 3Ta 3afava B Gosabuielt mepe
NajaeT Ha YIPaxXHEHHs MO aHaAN3y, HO W H3JO0MEHHEe TEOPETHYECKOro Ma-
TepHasa 1 CONPOBOXKMAID NPUMEPAMH, TO HEOOXOAMMOCTH — B HEOOJILLIOM
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uucae, HO MoJoGpaHHBIMU TaK, yTOOB IOArOTOBUTH YUAUIUXCS K CO3HA-
TEJbHOH padoTe Haj YHopaXKHEHUSIMHU.

3. VsBecTHO, KakKue 3aMeyarTesbHBle ¥ DPa3HOOODPA3HBIE MPHJIOKEHHS
UMEET MaTeMaTUYECKUH aHaau3 Kak B CaMOH MaTeMaTuKe, TaKk ¥ B CMEX-
HBIX 00JIACTAX BHAHUS; € 3TUM CTYZEHTH MHOro pas OyAyT CTa/IKUBATbCS
procaeacreud. Ho camas MbIC/Ab O CBSI3Y MareMaTHYECKOro aHaau3a
C APYrUMHU MaTEMATHYECKUMH MIMCHUIIAHAMA W C NOTPEOHOCTAMH HpakK-
THKY JOJDKHA OBITb YCBOEGHA YUaIIUMUCA YXE NPHU H3YUEHHM OCHOB aHa-
Jauza. BoT nouemy Besne, riae 3TO NPEACTABJAACTCS BO3MOXHBIM, 51 PUBOXY
NPUMEPH NPHMEHEHHs! aHalu3a He TOJBKO B T'€OMETPHH, HO U B MEXaHHKE,
(puzuKe U TEXHHKE,

4, Bompoc O IOBENEHAM AHAJUTHYECKUX BBIKJAAJOK [0 4YHCJAd UMEET
B paBHOH Mepe NpPHHUUNUATBHOEC H NpukJIaaHoe 3HaueHue, Tak Kak
«TOMHOE» WM «B KOHEYHOM BHIE» pELIeHHe 3aJay aHaau3a BO3MOXHO
JUllbL B NPOCTEHINUX CaAy4asX, TO NMPUOOPETAeT BAXHOCTD O3HAKOMJEHUE
yuaUuXcs € UCMOJAb30BAHUEM NPHUOJIKEHHHX METOJOB M C COCTaB/ICHUEM
ApuOIMKEHHHX POpMya. DTOMY B KHHUre TaKXKe yIeJEHO BHHUMaHHUE,

5. Xoresnoch Obl CleJIaThb HEMHOTHE MNOSCHEHHsS OTHOCHTE/JIbHO CaMoOro
nasnoxenus. [Ipexne Bcero KOCHyCbh TMOHsATHS NpeAeTa, KOTOPOE 3aHUMAET
HEHTPAJbHOE MECTO CpPedd OCHOBHBIX MOHATHH aHalu3a M HNPOXOJHUT
OyKBaJAbHO u€pe3 Becb KypC, MOSBJAAACH INPUTOM B PasIuUHBX (QopMax.
ITocaenHee 0OGCTOSTENBCTBO BHIBUra€T 3aa4y — YCTAHOBUTb €JUHCTBO
BCEX Da3HOBUIHOCTER Mpexena. DTO HE TOJbKO MPHHIUNNHAIBHO BaXKHO,
HO W TpaKTdueck# HeoOxonumo, naGbl He CTPOUTh BCAKHH pas HaHOBO
TeOpuH mpenenoB. [as ROCTHXKEHHs 5TOH uUeJM eCcTb ARa myTH: Jmbo
Cpasy zaThb camoe ofuiee ONpene/eHue Mpejesa <HaNnpaBJCHHOH mnepe-
MeHHOH» (Hanpumep, caenys Llarynosckomy u Mypy — Cunty), aubo
JKe CBONHUTH BCAKUY Mpegen K ApOCTeHieMy CIy4aio — Npeaeay nepeMeH-
HO#f, mnpoOeraiomiefl 3aHYMEPOBAHHYI0 [OCJEIOBATENbHOCTb  3HAUeHHUH.
Ilepsas tOuKa 3peHUst HEZOCTYIIHZ HAYKHAMLIEMY, II02TOMy # OCTaHO-
BUJCS Ha BTOpOiL: onpenejeHue Kax[AOro HOBOIO BWAA Hpenenaa Jaercs,
Npewae BCEro, ¢ MOMOUIBIO NPeJea NOCAEL0BaTeNAbHOCTH i JUlllb 3aTeM —
«Ha fI3BIKE &-0»,

6. Ormeuy eme OmHy HeTajb WBJIOWEHUA: BO BTOPOM TOME, TFOBOPH
O KPUBOJMHEHHBIX M TMOBEPXHOCTHHIX HHTErpajax, f MPOBOXKY pasanuue
MEKAYy KPWBOJMHEHHBIMH ¥ MOBEPXHOCTHBIMU «HHTErpasaMyu NEPBOTO TUIa»
(tourple aHanor# OOBIKHOBEHHOTO ¥ [BOHHOrO HHTErpajioB 1[0 HEOPUEHTH-
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pPOBAaHHKIM 00/aCTAM) ¥ TAKAMW K€ <«MHTErpazamus BTOPOro THma» (rze
aHaJIorus yXe 4acTuuHo ucuesaer). Ha omeite s MHOrokparsHo yoOempancs
B TOM, YTO TaKOE Pas/MyeHHe CHOCOOCTBYET JIYUIIEMY YCBOGHUIO U YIZOGHO
IJI TIPUJIOKEHUH,

7. B Buae HeGO/BIIOrO IOMOJHEHHs K NPOrpaMMe 5 BKJOUWJI B KHUTY
KpaTKoe O3HAKOMJEHWE C SJIANTUYECKUMU HHTErpasaMu (Tak 4acro
BCTPEYAIOLIMMHUCS Ha TPAKTUKE) M B HECKOJbKMX CJAydYasx jaio 3ajauy,
NpUBOAANE HUMEHHO K S/UIMNTHYECKUM uHTerpasiam. Ilycts stum Oymer
paspylieHa BpeIHas WJJIO3Ysi, BOCIHUTHIBAEMAs pEIUEHHEM OJHUX JHIIb
OPOCTHIX 3aday, OyATO pesy/abTaThl aHATUTUYECKHX BHIKJIALOK HElpe-
MEHHO JOJIKHBI OBITb «3JEMEHTapHHIMU» !

8. B pasHbXx MeCTaX KHUTM 4YuTaTedb HAHJET 3aMEYaHHs HUCTOPHKO-
MaTeMaTUUecKoro xapaxkrepa. Kpome toro, nepBeli TOM 3aBepUIaeTca
«WicropuyeckumM OuEpKOM BO3HUKHOBEHHS OCHOBHBIX WJeH Maremartuue-
CKOro aHanu3a», a B KOHUE BTOporo ToMa nomeuleH «OuepK manbHeH-
IIero pPasBUTUS MATEMaTHYECKOro aHaaus3a». KOHeyHo, Bce 3TO BOBCE He
IpU3BaHO MNOAMEHHTb HCTOPUIO MAaTeMaTHYeCKOTO aHaiusa, € KOTOpOH
yuauiMecs OSHAKOMATCS BIOCAEACTBHM B OOUIEM KypCe <«HCTOPHM Mare-
Matukiy, Ecau B nepBOM M3 yNOMAHYTHIX OUYEPKOB 3aTPAruBaeTcs CaMbl
reHesuc NOHATHH, TO UCTOPHUECKHE 3aMeuaHHs MMEIOT Le/abl CO34aTh
y uuTateseft xorqa On OOM Y0 ODHEHTAUHWW B XPOHOJAOINHH
BaKHEHIIUX COOBITUH M3 HCTOPHUU aHaJau3a.

B TecHOMl CBA3M C TOJBKO UTO CKas3aHHBIM, s 0O0pamaichb Teneps
C NpeaynpexXICHNeM HENOCPEACTBEHHO K YHTATEAI0—Yy4aleMyCH,
Ileno B TOM, YTO MOPSIOK H3JIOMKEHUS B KHUFE CBSI3aH C COBPEME H-
HBIMU TpeGOBaHUAMH K MaT€MaTHYeCKOR CTPOrOCTH, CO3DEBABLINMU
B TEUEHHE NJIUTEJIbHOTO BDEMEHH, U I0ITOMY, €CTECTBEHHO, OTKJOHSETCS
OT TOrO MyTW, NO KOTOPOMY WCTOPUYECKH MaTeMaTHuecKult aHamu3 pas-
puBajics. Kak rosoput Mapkce: <., .UCTOpHYECKOE pAa3BUTHE BCEX HayK
TOJBKO Y€pe3 MHOXECTBO IepEeKpPEelUBAIOMUXCsS U OKOJBHBIX IyTed mpH-
BOOUT K MX JAefcTBUTENI>HOH MCXOJHOH TOouke, B otTamune OT mpyrux
apXdUTEKTOPOB, HAyKa,.. BO3BOLMT OTHEJbHBIE JKHJAHIE STAXH 3HaHUf,
NpexJe ueM OHa 3aJ0Xuaa ero dysgament» ¥),

C nopoGHHIM MOJIOXEHHEM Belled YHTaTedb CTOJKHETCS IIpu Usy-
UEHNHM aHaJuM3a C CaMOro e Hauasa: NepBas IJaBa KHUTH MOCBAIICHA

* Ccepliku Ha JokyMeHTH CresnoB u Ilnenymor KIICC, a Takske Ha Tpyasr B. U.
Jlennna, K. Mapkca u ®@. 9uresbca B yueGHbBIX U3LAaHUAX OBLIN 00513aTEIBbHEI AJIS COBETCKOTI'0
mepuoja.
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«BEIIECTBEHHBIM 4UCAAMY, TPETbS -— «TE€OPUK TNIPEASJOB», U JULIb C [aTol
TJ1aBbl HAYMHACTCA CHUCTECMATHYECKOE  HU3J/J0XEHUE ﬂH@)(p@pEHlll/laJleOl‘O
¥ UHTEerpajbHOro ucuucaenus. Yicropuueckn ke mnopsmok Obla Kak pas
oOpaTHbIM: AudPepeHIalbHOE ¥ HHTErpaJbHOE HCUUCIEHHE 3aPOAUIOCH
B XVII Beke u passusanoch B XVIII Beke, Haxoas cebe MHOIOYUCIEHHbIE
1 BaXXHblE NPUJIOKEHHS; T€OpHs NpPEAE]IOB CTakda (PyHAaMEHTOM MJs Mare-
MaTUUYECKOro aHaausa B Hadase XIX BE€Ka, a Julllb BO BTOpOH €ro 1noJao-
puHe Oblia CO3/1aHa OTuUeT/AMBasg KOHUEeNuUMs BEUWECTBCHHOrO 4Yuc/ia, o6o-
CHOBBIBAIOLLLAS HanboJiee TOHKHE MOJIOKEHHS CaMOoM TEOpUU NpPeneoB.

JTa KHAra MOOABITOXHUBAET MOH MHOTOJETHUH ONBIT npenojiaBaHuda
MAaTeMaTu4yeCKoro axHaJausa B .HEHPIHI‘palICKOM YHUBEDCUTETE. Ha 6yzxeT
OHa TIoJe3Ha COBETCKOH Mosomewwu!

. M. ©uxmenzonsy



TJIABA [IEPBAS
BEILECTBEHHBIE YHCJIA

§ 1. MHOXECTBO BEUWECTBEHHBIX YHCEJ U ETO YIOPAJOYEHHE

1. IlpensapuTtenbubie 3ameuaHus. I3 MIKOJABHOrO Kypca uuratesnwo
XODOIUO 3HAKOMH! PallMOHAJBHBLIE 4HCAa U X cBofictsa, B 1O we Bpems
yKe NOTPEOHOCTH 3J]EMEHTAPHON MaTEMAaTHKE HPHBOAAT K HEOGXOAMMOCTH
paciuupedus stoll uncaoBolt obuactu. JleliCTBUTENbHO, CPEAM DPalUOHadb-
HBIX YMCEJH HE CYILECTBYET 3auacTylo KODHeHl NaKe u3 LENbIX MOJOKH-

TEJIbHHX (HAaTyPaJbHBIX) YHCEJI, Hanpumep V'2, 1. e. nem maroi payuo-
HaasHOE Opobu E,,, 20e p u g — HamypaasHsie Huca, Kadpam Komo-

poii Ovta 0ol pasen 2.
Jlas moKasareJbCTBA 3TOrO JOMYyCTUM NPOTUBHOE: NMYCTb CYIIECTBYET

2
Takasg npode E», ato (L) =2. Mu BIIpaBE CuuTaTh 3Ty ApoOh Heco-
q q y

KpaTuMo#, T. €. p u g JumeHHeIMH o0mux MuHowwuTened. Tak Kak
pP=2¢% TO p eCTb UUCIO YETHOE: p == 2r (r — UEJ0E) H, CJAEHOBATEMBHO,
g — neuetnoe. Ioncrasigs BMECTO p ero Bhipaxexue, Haflaem ¢f =2r%
OTKyZa CaelyeT, uTo ¢ — uyerHoe uuciao. IToayueHHoe npoTuBOpeyne A0Ka-
3HIBAET HAlle YTBEDXKIEHHe.

OnHoBpEMEHHO ¢ 3TuM, ecad Ol MBI OCTaBa/JuCh B 00JaCTH OJHHX
JAULIb  PAaUMOHANBHEIX YKUCEJ, B FEOMETPUM 3aBEJOMO He BCE OTPEsKy
Morjy 6bl OuITb cHaGxeHbl AU HaMu. B camom aene, paccmMoTpuM KBagpar
CO CTOPOHOH, DaBHOH eAMHNLE NJUHBL. F2o 0UQ20HAAb He MOXMCEN UMENLs

PayUOHAAbHOE OAUHbL —‘;)-, 100 B IPOTUBHOM Cayuae o reopeme ITndaropa

KBajapar ToH AanHel Obl1 OBl DaBeH 2, YTO, KAK Mbl BUIAEN, HEBO3MOKHO.

B nacrosmeit raape Ml craBuM cefe 3anaued pacmuparh 06aacTb
PalMOHAJIbHBIX UKCEJ, NPUCOEIMHHMB K HHUM UHCJ2 HOBOI NpuUpoOIsl —
HDppallHOHaAbHBHE,

B matemaTHueckolf IpakTUKe MPpaLUOHATbHELIC UHCAA (AKTHYECKH HAYUHAWOT
HOABMSITLCA — 11O BHIOM BbIPaMCeHMl, CONEPKALINX PANMKaldbl, — ellle B cpefiye
BEKa, HO HACTO AL M MU yYyHuCaIaMH HX He cyuranu. B XVI Bexe meronm koop-
nuHat, coslanHulit exaprom *), ¢ HOBON CHJOH MOZHAJ BONPOC O YHCIEHHOM

*) Pene Hdexaprt (1596—1650) — snamenutnili dpasuysckuil puaocop n
yyenbil,
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BLIPAMCHUM FeOMETpHYecKUX Bexuyud. [loJ BamsxMeMm 3TOro MOCTCREHHO CTana
co3peBaTh M/EA O PaBHONPABMHM MPPAMOHAAbHBIX M PALUOHAJBHBIX YHCENT; OHA
Hauina ce6e OKOHYaTCJbHYI0O (GOPMYJHDOBKY B OHpeNedeHHy (IOJOWKHUTENAbHOrO)
yuciaa, Kotopoe aanx  Hoioton *) B cBoeit «BceoGuieit apudmernxer (1707) *¥):

«[log yncaoM Ml MOHHMaeM He CTONBKO MHOMCECTBO €IMHHL, CKOIbKO OTBIC-
YeHHOE OTHOMICHHE KAaKOH-NHOYXb BEIMYMHH K KPYFOM BeAHUYMHE TOrO e poja,
NPHHATON HaMM 3a eAVHUILY>.

Ilpu sToM wuensie M JPOGHbIE UHCIA BHIPAWAIOT BEJIHUHHBI, COM3MEPHMble
C eAMHHUILEH, a WPPAIHOHAIbHbIE — HECOU3MEPUMbIE C eIMHHILCH.

Marematuyecknit ananus, saponusumiics B XVII Bexe u 6ypHo passusasiuuiics
B tevenne scero XVIII seka, 10aro MOBOALCTBOBANCS 3THM OlpeleNeHHeM, He-
CMOTpPA Ha TO, 4TO OHO OBIIO YYMAO apU(BMETHKE W OCTABAANO B TeHH BAWHCH-
iree CBOHMCTBO pAacHIMPEHHON YUCIOBOH 06MaCTH — €€ HEHPEePH BHOCT b (CM.
ke n° 5). Kputuueckoe HanpaB/ieHHe B MaTEMATHKe, KOTOPOE BOSHMKJIO B KOHIC
XVIH un B navame XIX Beka, BRLABUHYIO TPe6OBaHME TOYHOTO ONpPEACIEHUA
OCHOBHBIX MOHATHIT aHANU3a M CTPOrOro J0Ka3aTedbCTBA €ro OCHOBHBIX MOJOMN(E-
Huit. 10, B CBOW OUepeldb, CKOPO CHENAI0 HEOGXOAUMBIM MOCTPOEHHE AOTMYCCKH
6e3ynpeyHod TeopHM HPPALHOHANLHBIX YHCEN HA OCHOBE YHCTO apU(MeTHYecKoro
HX omnpefeienns. B ccMURecAaTHIX rofgax NpOILIJIOro CTOJeTHs GbLIO CO3JAHO He-
CKOJbKO TAKHX TEOPHM, PasnvyHblX 1o GopMe, HO HO CYILIECTBY PABHOCHALHbLIX.
Bce ovn ompemedasior MppALMOHANLHOE WYHCIO, CTdBA €ro B CBASb C TeM HIH
ApyruM 6 e CKOHEe UH B M MHOXECTBOM DalUOHANbHBIX YHCE.

2. OnpepesieHne HPPANHOHAABHOIO YHCJAA, Mbl H3JIOXKUM TEODHIO
uppaunoHalbHeX yuces, caenys epekumay *#%¥). B ocnose s10# Teo-
pUM  JIEXHT TMOHATHE ¢ CeuyeHuu B 004aCTH pPAIMOHAJBHHIX HYHCEL.
Paccmorpum pasOuenne MHOXKECTBA BCEX pALMOHAJBHBIX 4MCEJa Ha JBa
HENYCTH X (T. € HEHCTBUTENBHO COAEPNKAUIMX XOTh N[O OJHOMY UMCIY)
mHOXecTBa A, A’ UHBIMU CJIOBAaMH, MBI OPEINOJaraeM, yro:

1°. Kaocdoe paguionaashoe uucao nonadaem 8 O00HO, U HOABKO
8 00RO u3 muoscecms A uan A'.

Mpi Gygem HaseiBaTb Takoe pasbueHne ceueHwueM, €C/idl BBHIOJ-
HACTCA €lue yCHOBHeI

2°. Kaoicdoe 4ucao a MHoxcecmBa A mensue Kagcdozo yucaa a
MHoocecmsa A

MHOXECTBO A Ha3hBa€TC HUMKHHUM KJACCOM CEUCHUs, MHOKE-
crBo A" —sBepxnum kaaccom Ceuenne Oynem oGosnauars A| A"

W3 onpenenenus ceueHus CAEAYET, YTO BCAKOE DPalMOHAJIbLHOE UHCIO,
MEHbIIee YHC/I2 @ HYXKHEro KJacca, TalkkKe MPUHAMICKNAT HIDKHEMY KJaccy.
AHAanOTUYHO BCAKOE DAUMOHABHOE UMC/IO, GOJblee uucia & BEPXHEro
KJacca, ¥ €aMO NPHUHALJIEKAT BEPXHEMY KJaccy.

ITpumepo. 1) Onpeserum A Kak MHOXECTBO BCEX PalMOHAbHBIX
Yucea @, yAOBJETBOPAOMUX HepaBeHcTBy @< 1, a K muoxectBy A’ orhe-
ceM Bce uyucaa a’, Aas Kotopmx @ == 1.

*) Ucaak Hewron (1642—1727) — senuuaitiunit anrauficknit Gusuk u
MaTeMaTHK.
**) Vmeercs pyccxuit nepesot: «Bceo6uiaa apugmeTHKa MM KHHra o6 apud-
MCTHYECKHX CHHTe3e M amanusde» (AH CCCP, 1948); cm. crp. 8.
##%) Puxapa Jdesgexuna (1831—1916) — HeMCUKHH MaTEMATHK.
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Jlerko mpoOBEepUTb, UTO TakuM 0O0pa3OM MBI AECHCTBUTEJNBHO [OAYUNAM
ceuenue. Yucno eamHuua npuHagAeKuT kjaaccy A’ u ABASETCS, OYEBUAHO,
B HeM HamMeHbiuuM umciaoM. C Apyro#t CTOPOHHI, HET HauGOJbIIEro Yyucia
B KJacce A, TaK Kak, Kakoe Obl YacJ0 @ u3 A Mbl HH B3sJH, BCEria
MOXHO YKa3aTb DAallMOHaJbHOE YHCAO @, JAEKaUlee MEKAY HUM M eld-
HulleH, caegoBaTenbHO, OOJAbILEE @ M TOXKE MNpuHajiexallee xaaccy A.

2) K nwxuemy kaaccy A OTHECEM BCE PalMOHaJbHBIE YUCAA @, MEHb-
HIe WM PaBHble eAUHULE: @ << 1; K BEePXHEMY — paluOHaJbHbIE Yucaa a’,
66ablune emuHuub: @’ > 1.

J10 Takxke OymeT ceueHue, MpuueM 3JeCh B BEPXHEM KJacCe€ HeT
HAaUMEHbUIErO YKCJA, a B HIKHEM ecTb Hauboupliee (WUMEHHO, eAUHMLA).

3) OTHeceM K KiacCcy A BCe MOJOXHUTENbHblE PalMOHaNbHBIE YUCTIA @,
At koTophix @* <2, uuChAO HYJb M BCE OTPUIlATE/IbHBIE palHOHATbH b
ypca, a K Kaaccy A’ -— BCe MONOXUTENbHBE DalUOHAJAbHBIE uucaa da,
s KOTOpHIX @™ > 2.

Kak nerko yGeaurncd, Mbl ONAThH NOJYYRAM CeueHue. 3Hech HU
B KjJacce A HeT HaubGOoJbIUEro uucaa, Hu B Kaacce A’ — HauMeHdbLIero.
JlokaxceMm, HampuMmep, OEPBOE U3 ITUX YTBEPkIeHu# (BTOpoe HOKa3bl-
Baerca anajnoruyno). Ilycrs a — jmoGoe momoxuUTeNbHOE YKCAO Kiacca A,
torga a*< 2. TlokaxeM, uTO MOXHO TOJOOPaTh TAKOE IEN0e MOMONKH-
TEJIbHOE 71, YTO

1\2
o+ <2
TaK YTO M YUCJIO a-{——:l- Oyner npuHagjaexaTh Kaaccy A.

3Jto HEPAaBCHCTBO DaBHOCHJIbHO TaKuM:
@2 <
Zra<e—a

Toc/ieHee HEepPaBeHCTBO W NOAABHO OyJET BHINOJHEHO, €ClIH 1 YIO-
a -+ 1
n

BJAETBODUT HEPABEHCTBY <(2—a% 111 uero JOCTAaTOYHO B3AThH

n>2a+ 1.

Wrak, KakoBo Opl HH OHJIO MOJOKUTENABHOE YHCAO @ W3 KJjacca A, B 3TOM
xe kjacce A Hakinerca Ooabuiee €rc uyuca0; TaK Kak A uucea g =<0
3TO YTBEPKIEHHE HEMOCPEACTBEHHO OYEBHIHO, TO HUKAKOE YUCJO Kaacca A
He sBJETCHd B HEeM HauOOJbIUUM,

Jlerko NOHATB, UTO HE MOOGICEM CYu,ecmeosams cederue, 048 KOmo-
PO20 OOHOBPEMEHHO 8 HUJNCHEM KAACCE HAWAOCH Obl HAQUOOAbIHEE HUCAO Ay,
a 8 8epxHem Kaacce — Haumensuwee aq,. Ilyctb, B caMOM nenre, Takoe
ceueHne cymecTsyer. BospMmem Torza i000€ pauUHOHAJBHOE YUCAO ¢,
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3aKJIOUAONICECH MEXKIY @y U @, @,< ¢<a, Yncao ¢ He MOxKer
npuHapiexarb kiaaccy A, nbo unaue @, He OblI0 OB HAHMEHBLINM YHCIOM
B 5TOM KJacce, U NO aHAJOTMYHOH MPHUMHE ¢ HE MOKET NPHMHALIEKATb
kaaccy A’, a 3T0 mnpoTuBOpeuUnt CBOHCTBY 1° CeueHus, BXOAALIEMY
B ONpENEeJEHUuE 3TOrO TNOHATHA.

Takum 00pa3oM, ceueHHs MOTyT OHITb TOJBKO TPEX BHUAOB, HIIOCTPH-
pyeMblX Kak pas npumepamu 1), 2), 3):

1) miBo B HIKHEM KJacce A HET HanbOJBIIErO YHC/a3, 8 B BEPXHEM
knacce A’ eCTb HauMEHbLIEE YHUCAO 1}

2) aub0 B HIMXKHEM KJacce A HMMEeTcs HauGosbllee YHCIO 7, a B BEpX-
HeM kaacce A’ HET HauMEHbIUEro;

3) /mGo, HAKOHEL, HH B HIKHEM KJjacce HeT Hau0OoJblero Yucaa,
HH B BEpPXHEM KJacce — HaUMEHbLIETO.

B nepeIX JBYX ClyuasX Mbl TOBODHM, UTO CEUEHHE M PO M3 8O-
L UTCs PAlMOHAJBHBIM YHCJIOM 7 (KOTOpOE SBJISETCH MOT PaHUUHBIM
mexay Kiaaccamu A u A’) uan 4TO CeueHue OMpPeae s €T PAULHOHANBHOE
ypcjo r. B npumepax 1), 2) Takum unciaom r Ovlaa eauHuia. B Tperbem
C/lyyae TIOTDaHMUYHOTO YAC/JAAa HE CYUIECTBYET, CEYEHME HE Olpeiesser
HUKAaKOro palMOHaJbHOTO unciaa. Bpeaem Tenepb HOBB € OOBEKTH —
MpPAalLlUMOHAJNbHBIE YHCJHa, YCIOBUBIIACE MOBODHTh, 4YTO  BCAKOE
cedenue guoa 3) onpedersem HeKomopoe UppayuoOHaA AbHOE YUCAO O
ITO YUCIO o 3aMEHSET HENOCTAloUlee MOrpaHuyHOE YHUCHO, MBI Kak Obl
BCTABJAEM €r0 MEX Ay BCEMM YMCAaMU @ Kjaacca A v BCeMu uucaamu o
Knacca A’. B npumepe 3) 3TO BHOBb CO3JAHHOE YUCJIO, KaK Jerko Aora-
naTecs, u Oyner VQ.

He BBOIA 1J11 MppanMOHalbHBIX YHCEJ HHKAKHX OJHOTHIHBIX 000-
3HayeHu# *), MBI HeuaMeHHO OyJeM CBs3bIBaTh HPPALMOHAJIBHOE YHCIO o
c Tem ceuenueM A| A" B 06/1acTM panMOHAJABHBIX YHCEJ], KOTODOE Ero
onpeaeser.

IOns omHooGpasus HaMm uacTo yaoOHO Oyaer To ke caenaTh W 0O
OTHOLUEHUIO K PALHOHaJbHOMY uucay r. Ho mns Kaxaoro uucnia r cyule-
CTBYIOT [Ba ONpPEACJIOUX €ro Ceuenus: B 000X Cayuasx uncia a < r
OTHOCATCSl K HIDKHEMY KJAcCy, uucia xe @ > 7 -—K BEPXHEMY, HO CaMo
YHUCJIO 7 MOKHO MO TNPOHM3ROJAY BKIIOUUTH Ju00 B HIKHUH Kaacc (rorza r
TaM Oyxer HauGojbiiuM), A4CO B BepXHu# (M 7 Tam OyIeT HauMEHblLIUM).
Ilis OnmpeneseHHOCTH Mbl YCROBHUMCA Da3 HaBCEria, TOBODS O CEYEHUH,
ONpEeNEeNsIoIEM PAMOHAILHOE YUCIO £, BKJIOUATh 3TO YHCJIO B B &P X-
HUHA Kaacc.

Yucna panrioHaabHBle W HPPALUNOHANBHBIE MNOJY4YHid OOLiee Has3Baline
BemEeCTBEHHHX (WM geficTBUTe 1bHBX) uncea. [Tonarue seine-

#) Peub mjer 0 KOHEYHBH X 0603HaYCHUSAX; CO CBOETO poia Ge CKOH e Y-
H b MU 0003HaYeHHAMH HPPAlUOHANbHLIX YHCe] YHTaTelb NO3HAKOMHUICA B n° 4.
Yame BCEro MHIMBHAYaJbHO 3aJaHHble HPPALMOHAIbHLIE YHCIA 0603HAYAIOT B 3a-

BHCHMOCTH OT MX npoucxoxachusa u pomr: } 2, log5, sin10° u 1. m



3] § 1. MHOXXECTBO BEIIECTBEHHBIX YHMCEJ M ETrO YIIOPSIIOYEHUR 19

CTBEHHOTO UKCJA SBJAETCS OJHUM M3 OCHOBHBIX MOHATHH MaTeMaTUYeCKOro
aHanu3a, Kak W BCeil MaTeMaThku BooOLie.

3. Ynopsizouenue MHOXKeCTBa BelleCTBEHHbIX uuceld. [sa uppa-
BYUOHKHAABHB X HUCAA O U [, onpedersersls, COOMBEMCIMBERHO, ceve-
nusmu A| A" u BB, ctumaomcs pasHsmu 8 MOM U HMOABKO 6 MOM
cAyHQe, ecAu 3Mmu CeueHus MoxHCOecmBenHbl; BIPOYEM, [AOCTATOYHO
norpe6oBaTh COBHALEHUsI HIAKHAX KJaaccoB A U B, ubo Bepxuue Kiacch A’
u B’ Torza COBmMamyT camu COOGOH. DTO ONMpPENE]EHHE MOXKHO COXPAHHUTh
¥ B Cay4ae, Koraa uucaa o v  paunouasbHel, MHbiMu caoamu, ecau
08a payuoHabHeLX Hucaa o u B pasHsl, mo onpedessiouue ux cede-
Hus cosnadawm, u, 00pamMHO, U3 COBNRAOEHUS cedeHull Sovimerxaem
pasencmeo wucea o u 3. Ilpn sToM, pasymeercs, creayer ydyecTb YCio-
BUE, 3aKJIOYEHHOE BbIIIE HACYET DAalUOHAIBHHIX UYUCE.

[Tepefinem Tenepb K yCTaHOBJIEHHMIO MOHATHS «OOJBILIE» 1O OTHOIIEHHIO
K BEUIECTBEHHBIM yucaaM. s palnOHaJZbHBIX YHCel DTO TMOHATUE
yXK€ H3BECTHO M3 LIKOJBHOrO Kypca. i pauMOHAa/NbHOTO uucaa r
W UpPAaULMOHAAbHOT O 4YKCIa a HOHsiTHE «BGosbuie» ObI0, COOCTBEHHO,
yCTaHOBAEHO B n°2: WMEHHO, ecam o omnpenensierca ceueHueM A|A’, mbl
CUMTaeM, 4TO o GOJblIe BCeX PalUOHANBHBIX YUCEJ, BXOIAUMX B Kaacc A,
¥ B TO Xe BpeMs BCE uucaa Kiacca A’ Goabuie o.

ITycts Temepb uMeem 1Ba MppalMOHa ALHB X yncia & ¥ B, mpu-
ueM « onpefeiasiercs ceuenuem A |A’, a §— cevennem B{B. Mn Gysem
CYNTaTb TO UUCAO0 OOABIIAM, ¥ KOTOPOrO HMKHUH KaIacc OGoabuie.
Tounee ropops, msl Gydes cuumams o >B, ecau Kaace A yeauxonm
colepocum 68 cebe Kaace B, He cosnadas ¢ wum. (10 ycnoBue, oue-
BU/IHO, DABHOCHABHO TOMY, UTO KJacc 5B’ ueauxom comepxur B cebe kaacc A’,
He coBMaaas ¢ BuM). JIerko HNpOBEpUTb, UYTO 3TO ONPENeNEHUE MOMKET
GBITb COXPAHEHO W 15 CJIyYyaeB, KOTAa OJHO W3 uucea o, [ uHau pawe
00a — palnoHaIbHHL.

ITonsiTue <«MeHbilie» BBOAUTCS YKe Kaxk npoussoaHoe. VIMeHHO, roso-
paT, 4To o< B B TOM H TOJLKO B TOM Cayuae, ecau B >a.

W3 Hawux ompeneqeHHH MOXKHO BBIBECTH, YTO

045 KOOl napoL BeusecmBennslx wuces o u (b umeem Mecmo OOHO
U moAsKOo 00HO U3 cOOMHOULeRul

a=f a>p of
Hauee,

uz a >8, B> caedyem, umo a>1.

OyeBUAHO TaKKe, 4TO

us o< B, B<y caedyem, wmo a<y.

YcraHoBUM, HaKOHel, ABa BCIIOMOTATEJbHHX YTBEPKIEHHUs, KOTOPHIE
He pa3 OYAyT HaM NOJE3HB B NOC/IELYIOUIEM UBJIO0KEHUH,

JAemma 1. Kaxoss Ob Hu Obiau 08a Seuwjecmeennsx Hucia o u B,
npuver a>p, 8ce20a Hailidemcs marxoe 8euw,ecmBeHnoe — u 0aoice,
8 HQCMHOCIMU, PQUUOHKAALHOE—4UCAO [, KOMOPOE CO0epaictmcest
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Meocdy Humu: o >r >B (a crenoBaTesbHO, W GECUNCIEHHOE MHONKE-
CTBO TAaKWX DallMOHAJbHBIX YUCEN),

Tax xax a >, To HuKHEK Ki1ace A ceueHus, ONPERESAIIONIEro YACAO o,
UEANKOM coaepxkuT B cebe numkuu# kmacc B ans uucia B, He coBmagas
¢ B. NlostoMy B A HallneTcs Takoe pallMOHANBHOE YHCJO 7, KOTOpPOE He
COAEPKUTCA B B M, CAEIOBATE]bHO, NPUHAAMEKUT B, i Hero

a>r=8

(paBeHCTBO MOrJI0 6Bl MMETh MECTO, umib ecan § OblJIO pauNOHaAbHO),
Ho tak xak B A Her nauGosbilero uuciaa, TO, B CJAyyae HaxoBHOCTH
YBEJAMUUB 7, MOXHO DABEHCTBO HCKJIOUHUTD.

Jdemma 2. [Iycme 0ane. 08a seuecmBennslx wucsa o u B. Ecau,
rawoe Cvl Hu 837Mb PAYUOHAAbHOe ducao e >0, ducsa o u B ao2ym
Obims 3aKANOUEHB. MeNHCOY OOHUMI U MeMU e PAYUOHAAbHbLMU 2PQ-
Hugami:

S=az=s, §=08=s,

>

Pa3HOCME KOMOPYLX MeHsue e:
§—s<e

mo ducaa o u B Heobxo0umo paswel.

HJoKxABATEABCTBO OyneM BecTd OT nporusHoro. IlycrTs, Hampu-
mep, a >B. ITo nemme 1, Mexay o u B MOXHO BCTaBUTb L Ba Paluo-
HaJBHBIX Uncaa r u ' >r:

a>r'>r>8

Torpa ans moOBX ABYX uyucea § U S, MEXAY KOTOPHIMH COAEPKATCH o
1 @, GyayT, OYEBHAHO, BBHIMOJIHATBHCS HEPAaBEHCTBA

S>r>r>s, ormxyma §—s>r—r>0,

TaK YTO PasHOCTb § —§, BONPEKW YCJOBUIO JEMMH, HE MOXET OHTb
ChenaHa, HaupuMep, MeHblied uucia e=7 —r. 310 NpOTUBOpEUUE
JIOKa3BIBAET JIEMMY.

4. IlpexcTarienve BeHIECTBEHHOro 4YHCJA GeCKOHeUHOH necATHY-
Holl npodblo. Mpl uMeeM B BuIy Takoe NpeCTaBJEHHE, NPH KOTOPOM
ApoOHasi JacTh (MaHTHCCA) HOJIOXKUTENbHE, B TO BpeMs Kak HeJas 4acTh
MOXKET OKa3aThCsl KaK MOJOKUTENBHON, TaK W OTPHIATEJBbHOH WM HYJEM.

TIpennososxum CHayazsa, 4TO pPaCCMaTPHUBAEMOE BEIECTBEHHOE YHCHAO o
He SBJASETCA HHM LEABIM YHUCJOM, HY KaKOH-Au00 KOHEUHO# JeCATUUYHOH
npo6bio. CTaeM HcKaTh ero AecsiTuyHsie npubmukeHds. Ecan GHO ompe-
zensercs ceuendeM A|A’, TO mpexle Bcero Jerko yOGemuTbes, 4TO
B KJaacce A Ha#zercs neace uucao M, a B kaacce A’ — Ueaoe Ke 4nucio
N> M. llpubasass x M no eanHune, HeOOXOZHMO NpHUIEM K TaKuM
ABYM mOC/AeROBaTenbHb M ueasim yucaam C u C-- 1, uro

C<LalCH1,
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TIpu stoM uncao C MOXET OKa3aTbCsl NOJONKHUTENbHBIM, OTPUUATE/LHBIM
W HYJEM,

Hanee, ecan pasfenanTh NpoMexyTok Meway C u C--1 Ha jecqars
paBHHIX yacTefl umc/aamMu

Gl G2 ...5 CY,

TO o TIONAXET B OJUH (H TOJBKO B OlIVlH) A3 YaCTUYHBIX MPOMEKYTKOB,

Cey u Ceoy

I
1 MBI HpWAEM K HABYM 4uCjaaM, pasHAL UMCS HHT(‘);

-+ %), JUIsL KOTOPHIX
1
C,C1 <a< C,Cl—{—‘l'-o-.

[Iponomxas 3TOT mpouecc Jaiblie, Nociae onpeaesneHus #-— 1 undp
€ty € +vvs Cpy_yp MBl 1-10 HUPPY ¢, ONpENSNUM HEPABEHCTBAMHE

1
C,C'1Cg N Un<a<C,Cl(32 S Cn+‘lT)h. (1)

TakuM 00pasoM, B NMPOUECCE HaXOXHEHHUS HECATHUHBIX NPUOANKEHHH
yncaa o Mbl noctpouwanm uenoe uucao C u OeckOHeuHBHH pan  wudp
€1, €95 «ovs Cps «.. . COCTABICHHYIO U3 HUX OECKOHEUHYI0 OeCAHMULHYIO
0pols, m. e. CUMBOA

Ceyea oiv €y iiny

MOJCHO PACCMAMPUBAMs KaK npedcmasAcHlle Beu,echBern020 HiUCAa Q.

B WCK/IOUEHHOM CJAy4ae, KOTJd ¢ CaMO SBJASETCH LEABIM YUC/IOM HJH,
BOOGIIE, KOHEUHOH AecATHUHOH ApOOBIO, MOXKHO MOAOOHEIM Ke 00pasoM
HOC/IeOBaTeNLHO ONpeAeMuTs yucao C u IUPH ¢, €y, ..., Cp ..., HO
Jauiib uexons u3 GoJee obmwux uem (1) cooTHomeHmH

1
Ceicg vn. <o Gy ... cn—[—mn. (1a)

Jeno B TOM, 4TO B HEKUH MOMEHT uMC/IO & COBMAZET C OJHUM M3 KOH-
OB TMPOMEKYTKAa, B KOTODBIA MBI €ro 3aK/aiouaeMm, C JEBHM W/ C Ipa-
BBIM — [10 HALIEMy INPOUSBOJY; HAUMHASA C 3TOrO MOMEHTd, COOTBETCTBEHHO
caesa win crnpasa B (la) yxe mocTosaHHO OyNeT UMETb MECTO PaBEHCTBO.
CMoTps mo TOMy, Kakas M3 STUX BO3MOXKHOCTEH OCYLIECTB/AETCS, MO~
cjenywomue undps OKaXyTCs BCe HyJIsSMH MWJAM BCe OeBaTKamu. Takum
00pasoM, Ha 3TOT Pa3 UMCIO o HMEeT [IBOSAKOE NPeICTaBIACHUE: ONHO —
C HyJeM B nepuolie, a APyroe-— ¢ IEBATKOH B Mepuoje, Halnpumep,

2,718 ==2,718000 ... =2717999 ...,
— 9,718 = 3,282 = 3,282000 ... = 3,281999 ..,
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PasHocTh mexny pecaTHuHbiME MpPub/anMEeHUsIMH

1
Ceig oo €, n Cegcq . € 0%

1o HBébITKy U MO HEHOCTAaTKy, paBHad C BO3pacCTaHHMEM F# MOXeT

Ton?
OuiTh chenaHa MeHbuiel mo6oro pamuoHanbHoro uucaa e > 0. Jefictsn-

1
TeApHO, TAK KakK HaTypaibHBIX uuCes, HE NPEBOCXOASULKX uucaa —,

1
CYWIECTBYET JMIIL  KOHEUHOE uWCHO, TO HepaseHcTso 10%<<—, wam

1
PaBHOCUJBHOE €My m;>8, MOXET BBHIIOJHATLCA JIMIWIb AJS KOHEU-

HOT O 4YHC/Ja 3HAYEHHH #; A/ BCEX JKE OCTaJbHBIX Oyner

1

rdi<e‘
910 3ameyanue, BBUAY JIEMMHl 2, MO3BOJAET 3aKMOYUTb, 4YTO 4UCAO B,
OTJAHYHOE OT &, HE MOXET YAOBJAETBODATH BCEM TeM Ke Hepasencram (1)
ua  (la), uto u o, U, CJEIOBATENBbHO, HMEET MNpPEACTaBJEHUE B BUAE
6ecKOHEYHOH JecaTHyHOH mpobu, OTAMYHOE OT IPENCTABJAEHHS vUCAA Q.

Orcioma, B 4aCTHOCTH, S$BCTBYET, YTO HPE/CTABJEHHE YHCJA, HE pas-
HOTO HMKAKOH KOHEYHOH JecaTuuHoil npolu, He UMEeT HW HyJ s, HH [e-
BSTKH B II€PUOJE, IIOCKOJbKY KauAas JApoOb C HyJeM HJIH JIeBSTKOH
B IEPHOJE ABHO BRIPAKACT KOHEUHYIO IECATHUHYIO ApOOH,

MoxHO [0Ka3aTh, YTO €CJAH B3Thb 1O LN POHU3BOJAY OECKOHEUHYIO
2po0b (2), TO CYLLECTBYET BEUIECTBEHHOE YHCJIO 4, [/ KOTOPOro MMEHHO
apobp (2) cayxur npencrasaenneM. OueBHAHO, [HOCTATOYHO [OCTPOUTH
YMCAO @ TaK, YTOOB BHINOJHAMACH Bee HepasedcrBa (la). C sro#l umennio,
BBOAS [JIA KpAaTkocTH 00O03HaueHus

, 1
C,=Ceytg ... c, B Cp=0Cucq ... c,,—}—mﬁ,

3aMeTuM, uTO Kaxiaas ApoGh C, MeHbie KaxaoH apoGu C, (He TOAbBKO
npu m=—n, HO u npu m==n). Ilponssenem teneps ceuenne B oOnacTu
pauMOHANBLHBIX YMCET. K BepXHeMy Kuaaccy A’ OTHeceM Takwe panuoHasib-
usle uucna @, koropsie Goavwe Bcex C, (Haupumep, Bce uncia Cp),
a K HuxkHeMy A — Bce ocTajbHble (Hampumep, camu ducna C,). Jlerko
HPOBEPUTH, UTO 9TO NEHCTBATEJIbHO CEUEHHE; OHO ONPEAEJSET BEILEeCTBEH-
HOE YHNCaI0 &, KOTOpoe M OyIeT HCKOMbIM.

JleficTBUTENIBHO, TaK KaK o SABJSECTCH IOIPAHMUYHBIM UHMCAOM MEXIY
ABYMsl KJacCaMH, TO, B UYaCTHOCTH,

C,<<a<<C,
OTHb]He yurarejsb MOXKET TpPEeACTaBJ/IATb cede BCILECTBEHHBIE 4YHCJaa

Kak OeCKOHEUHble AeCATHYHBIE leOGPI. M3 mKoabHOrO KypcCa H3BECTHO,
YTO MEPNOAUYeCcKas GeckoHeyHas Ilp06b Hscépamaer pauuoHaJMbHOE Yucao
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u, o6paTHO, Ka¥ZOe DPAUWOHANbHOE YHCIO pasjaraercs UMEHHO B INEpHo-
nnyeckyio ApoOb. TakuMm o0pa3oM, u300paKEHHIMM BHOBb BBEACHHBHIX
HaMl UPPAUHOHAJABHBX YHCET CIYXaT HEeNEePUOLUUYECKHE
6eckoHeuHb e apoOu. IDT0 NpPEACTaBICHNE TaKxke MOKeT OblTb
OTMPaBHOH TOUKOH M5 MOCTPOEHMS TE€OPMH MPPALMOHATLHBIX HHCEJ.
3AMEYAHHUE., B nocrenyoileM HaM NPUIETCST IOJAb30OBATbCS IpHU-
OJMKEHHBIMA  PALUMOHAIbHBIMU 3HAYEHMAMH @ © @ K  BEUECTBEHHOMY

yucay o
a<la<ld,

Pa3HOCTb KOTOPHIX MEHblIE NPOM3BOJBHO Ma/JOro PalUOHAJLHOrO UHMCIIA
e>0. [lna paunoHagbHOrO 0 CyUIECTBOBaHHE 4HCEA @ W @& OYEBHIHO;
JA UPPAUYOHAIBHOTO KE 0 B KayeCTBe @ MU @ MOXHO Obljo Obl, Hamnpu-
Mep, MCIOJAb30BaTh AecatuuHbie npubamkenus C, v C, NPH JOCTaTOUHO
GOMBLILOM 1.

5. HenpepbIBHOCTb MHOXKECTBa BeWleCTBEeHHbIX 4ucerd. OGparnmcs
TEenepb K PAacCMOTPEHMIO OJHOTO BEChbMAa BAXHOrO CBOHCTBA MHOMXECTBA
BCEX BELLeCTBEHHBIX YHCEJ, KOTOPOE €ro CYyHeCTBEHHO OTAMYaeT OT MHO-
ECTBA UHCeJ palyoHa/JbHHX. PaccMarpuBasi cCeueHNs B MHOXECTBE palluo-
HaJbHBHIX YMCEJ, Mbl BHIEJH, YTO MHOM pa3 AJs TaKoro CeveHms B 3TOM
MHOXECTBE HE HaXOAWJIOCh MOTPAaHHYHOTO YUCHAA, TNPO KOTOPOE MOKHO
6m/10 Obl CKA3aTh, YTO OHO NPOUSBOAUT ceueHne. VimMeHHO 3Ta Hemo Ja-
HOTAa MHOXECTBA DAlMOHANbHBIX UHCE], HajJuune B Helt 3TuX mnpobe-
JOB ¥ NOCAYXUIN OCHOBAHUEM MIJIsi BBEIEHHs HOBHIX UHCE]T — MPPailHO-
naspHbiXx., CrasweM Temepbs paccMaTpuBaTh CEYEHHS B MHOMKECTBE BCEX
BellecTBeHHbIX uncesn. ITox TakuM ceueHueM MBI MOHHMaeM pasGueHue
STOTO MHOKECTBA Ha 1Ba HeNyCTH X MHOkecrBa A, A', mpu Kotopom:

1°. Kaosiwdoe 8ewecmsennoe 4ucio nonadaem 8 o0HO 1 MOALKO OOHO
u3 muoocecms A, A’ u, ceepx Toro:

2°, Kaosdoe wucao o MHodMcecmsa A MeHsule Kaxdo20 wucsa o
mHoxcecmea A’

Bo3HHKaeT BONPOC: BCETAA JIM I/ TAKOTO CEUYEHHsl HAHmeTCs — B MHO-
HECTBE BEULECTBEHHBIX UHCE] — MOTPAHAYHOE YUC/IO, NPOU3BOMSLLIEE DTO
CeUeHHEe, WJIM ¥ B 3TOM MHOXECTBE CywWeCTBYloT npobesnsl (KoTophie
MorE OBl MOCAYXHTH OCHOBAHWEM Il BBEJEHMs elle HOBBIX HHCea)?

OkaspiBaeTcs, 4TO Ha Je/e TakuX mnpolenoB yxe HerT,

Ocrnoenasn meopema (Hedexunda). Aas scawozo cevenus A|A
8 MHOJCECIBE BEULCCHLBEHRBLX HICCA CYUECTLEYEM BEl,eCINEEeHROe HUCAO B,
Komopoe npou3godum amo cewerue. 3mo wucao B 6ydem: 1) aubo nau-
Gonrvuum 8 HUdiCHeM Kaacce A, 2) aubo HAUMEHbUIUM 8 BEPXHEM
Kaacce A,

DTO CBONHCTBO MHOMECTBA BEILECTBEHHBIX YACEN HA3HIBalOT €ro I o J-
HOTOH, a TaKKEe—HENPEPHBHOCTHIO WIM CHJOWHOCTB IO,

JoxasaTEabcTBoO. OB03HauuM yepe3s A MHOKECTBO BCEX P a1l M O-
HaJ b HB X uucesy, mpuHagiexamux A, a yepes A’ — MHONKECTBO BCex
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paunMoHaAbHBX uncel, npudagaexamux A’ Jlerko yGemurbcs, uto
maoxectBa A u A’ 06pasyioT ceueHne B MHOXECTBE BCEX P ALl O Ha J b=
H Bl X UHCEIL

d10 ceuenne A|A’ onpeneaseT HEXOTOpOe BEUIECTBEHHOE 4YHCAO f.
OHO HO/KHO TIONAacTb B OJHH M3 KJaccoB A, A', DPEAMOJIOKHM, UYTO
f momamaer, Hanpumep, B HmKHUH Kaacc A, u JOKaXeM, YTO TOPAa OCy-
wecrBaseTca cayyad 1), a uMmenHo, § sBagercs B Kiacce A HauGosbuinm,
B camom mene, ecim Obl 370 ObIIO He TaK, TO Halwioce OB apyroe
4UCAO @y 3TOro Khaacca, O6abumiee B. Bcrasum (onupasch Ha Jemmy 1)
MEeKIYy o9 U B pallMOHAaJNbHOE YUCIO 7!

a >r >

r TMPUHAMIEKUT KJacCy A, a c/aejoBaTeNbHO, Takxke # Kiaaccy A. Mw
NPUIIIM K NPOTHBOPEUNIO: PALMOHAJbHOE YHCIO 7, NPUHAMIEKAILEE HHUK-
HEMY KJacCy cCeueHusi, ompexenisiomero uuciao $, Gosbule 3TOro umcaal
DTUM [0Ka3aHO Halle YTBEPKACHHE.

AHaJloOruyHOE pacCyAEeHHEe NOKa3biBAET, YTO €C/Id 3 nomagaer B BepX-
uuit xaace A’, TO OCyLlecTBHTCA Cayyah 2).

3amMEYAHUE OJHOBpPEMEHHOE CYHIECTBOBaHWE B Kiaacce A Hau-
6osbLIero Yucia W B kiacce A’ HauMeHbIUEro — HeBO3MOXKHO; 3TO yCTa-
HABJMBAETCA TaK ke, KaK M I/ ceueHuH B 06JAaCTH PAUMOHAJNBHHIX HuCe
(c nomombio aeMmbr 1).

6. I'paHuIbl YHCHOEBIX MHOMECTB. Mbl HCIONb3YEM OCHGBHYIO TEO~
pemy [B6], uroOn 37ech Xe YCTaHOBHTb HEKOTOPHIE MOHSITHS, Hrpaine
BaXHYIO POJIb B coBpeMeHHOM aHainze. OHu NOHanoOsTCS HaM yxe OpH
pPAacCMOTPEHNH apU(METHYECKHX NeHCTBHH Hal BEIeCTBEHHHIMH YHCJIAMU.

IIpencraBum cefe npousBosbHoe 6ECKOHEUHOE MHOXECTBO¥)
BEILIECTBEHHHIX UYHCeJ; OHO MOXeT ObnTb 3amaHo mo6eM obpasom. Taxkumu
MHOXECTBaMU SIBJISIIOTCA, HalpuUMep, MHOXECTBO HAaTyPaJbHBIX YHCENd, MHO-
MEeCTBO BCEX MpPaBWIbHBIX JPOGeH, MHOXECTBO BCEX BEIULECTBEHHBIX YHCET

- 1
MEXAY uuchaMu 0On 1, MHOXECTBO KOpHeﬁ ypaBHEHUA Sin x=7 uT. I

Jlio6oe n3 unces MHOMecCTBa OBO3HAYMM UEPE3 X, TaK UTO X eCThb
TUNOBOE OD03HAYEHME YUCET MHOKECTBA; CAMO XE& MHOXECTBO UMCe] X
6ynem oGosnauath uepes & = {x}.

Eciu  aas  paccMaTpHBAEMOrO MHOXKECTBa {X} CyulecTByeT TakKoe
ypeno M, uro Bce x=<Z M, TO 6ymeM TrOBOPUTb, YTO HAWIE MHOXKECTBO
orpaHunuyeHo cBepxy (unciaom M), camo uucio M B 3TOM cayuae
ecTb BepXHis rpaHula MHoxectRa {x}. Hampumep, MHOXeCTBO
[PAaBUJBHEIX ADOGE# OrpaHMyYeHO CBEPXY YACAOM €IMHHLNA WM JIOOBM
YpCaOM, OCABLINM €IUHULEBL HATYPaAbHBIH DN CBEPXY HE OrPaHUUEH.

AHaJOTHYHO 5TOMY: €CJIM HAHIETCs TAKOe uuCIAO 7, YyTO BCE X ==m,
TO TOBOPSAT, 4TO MHOXECTBO {X} OrpaHHMYeHO CHu3y (dnuciom m),

*) Bce ckasanHoe Hmie COXpaHACT CHAY U A KOHEUYHDbBX MHOXECTB,
HO 3TOT cnyqaﬁ HE npelcTaBiaseT UHTepeca.
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a €aMO 4MCJIO /1 HasHBAOT HHXHEH rpaHuued MHOxecTsa {x}.
Hanpumep, HaTypa/lpHBIf DS OrpaHuyeH CHU3Y uyucaoM 1 wiam  moObim
YMCJIOM, MEHbUIMM €ro; MHOXECTBO IPaBMAbHHIX ApOOell OrpaHHyeHo CHU3Y
yuciom 0 miay moOBHM OTPULATEIbHBIM UHCIOM.

OrpannyeHHoe CBEPXy (CHH3Y) MHOXECTBO MOMKET OBITb IIPU 5TOM
OorpaHuueHo W cHusy (cBepxy) u/am Her. Tak, MHOXECTBO INPABUJIbHBIX
npoOefi OrpaHuueHo M CBEPXY M CHu3y, a HaTyDaJbHHl DPsSA OFpaHuueH
CHHU3Y, HO HE OTDaHMUEH CBEpXY.

Ecian MHOXECTBO cBepXy (CHU3Y) HE OTPaHHYEHO, TO 3a €0 BEPXHIOI
(HUKHIOWO) TPaHULY TNPHHUMAKT <«HECOOCTBEHHOE UHCI0» —- 00 (— o0).
3HaKu 00 B -— OO UYMTAOTCS TAK: «IIOC GECKOHEUHOCTb» M «MUHYC
6eckoHeuyHoCTb»., OTHOCHUTENPHO 3THX <«HECOOCTBEHHBIX» M «GeckoHeu-
HbIX» YHUCEeJ MBI CUHTaeM, YTO

—oo< -+ u —oo<la<+ oo,

KaKoBO OBl HU OBIJIO BEUIECTBEHHOE («KOHEYHOE») UHC/IO 4.

Eciu MHOXECTBO OrpaHUYEHO CBEPXY, T. €, HMEET KOHEUYHYIO BEPXHIOIO
rpanvuay M, TO OIHOBPEMEHHO OHO HMeeT U OECKOHEUHOE MHOXKECTBO
BEPXHUX FpaHuLl (TaKk Kak, Hampumep, mobGoe uucao, Gosabuee M, oue-
BUAHO, Takxe OyneT BepxHell rpanuuett). M3 Bcex BepXHHMX rpaHml oco-
6Bl MHTEpEC NPEeNCTaBJIs€T HauUMEHbUI af, KOTOPYI MH OyAEM Hasbl-
BaTb MO4HOU BepxHed 2panuyefi. AHAJIOFMYHO, €CAM MHOXKECTBO
OrPaHUYEHO CHH3Y, TO HauOOJAbIIYy 10 K3 BCeX HKHMX rpaumu Gynem
HashlBaTb M 0 % KO i} HudscHeld epanugeri. Tak, 419 MHOXECTBA BCEX Npa-
BUJIbHHX OpoGefi TOYHB MH TrpaHulaMpu OyAYT COOTBETCTBEHHO uHCIA
Own 1.

BosHuKaeT BONPOC: BCErJa Ju AJs OrPaHUYEHHOrO CBEPXY (CHU3Y) MHO-
KeCTBa CyHmECTBYeT TOUYHas BepXHaa (HuxHsAf) rpanuua? [leficrsu-
TeJbHO, TaK Kak BEPXHUX (HINKHHX) IDAaHuI B 3TOM clyudae OECKOHEYHOe
MHOXECTBO, a CpeJu OeCKOHEYHOro MHOXECTBA HMCeJ HE BCeria Haihjercs
HauMeHbluee wian HauboJjbluee ¥), TO caMOe CyIIECTBOBAHHE TAaKOrO Hau-
Menpluero (HauGOJBILETO) YKC/Aa M3 BCEX BEPXHUX (HMXKHHUX) rpaHul, pac-
CMAaTPUBAEMOTO MHOXeCTBa TpefyeT [IOKa3aTe/bCTBa.

Teopema. Ecau smuoscecnso X ={x} ozpanuteno cgepxy (cru3y),
mo OHO uMeem u MOUHYI0 BepxHION (HUJCHIO) 2panuyy *¥),

HokasaTEabcTBO. [IlpoBemeM paccyxieHue IO OTHOLIEHUIO
K BepXHe#f rpanuue. PaccmMoTpuM aBa cayuas:

1°, [IpeanonoxuM cHavdasza, YTO CPe N U YUCea x MHOxecTBa 2
Hakhpercs Hanboabmee X. Torma BCce uucaa MHOXecTBa OVAYT
YIOBJIETBOPATh HEPABEHCTBY X =I X, T. €. X Oyder BepxHe#t rpauuue

*) Kak ux Her, HampuMep, Cpelll BCeX NPABUIbHBIX APOOGE.

#%) D1y TeopeMy —IMWb B APYrdX TepMHHax — Brlepsbie B 1817 r. BbiCKa-
3an yemckuit ¢uaocop u martemaruk bBepurapr Boabumano (1781—1848).
Crporoe ROKa3aTeibCTBO €€ CTAMI0 BO3MOMCHBIM JHIIb IOCAE YTOYHEHHA MOHsA-
THs BELIECTBEHHOrO YHCna.
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aas 2. C mpyroii CTOpOHb, X NpUHamIexur Z7; CA€I0BATEJbHO, MJIs
mobo#t Bepxuedt rpaHmibl M BHIOJHSETCS HepaBeHCTBO X << M. Otciona
BaKJOUaeM, YyTO X €CTb TOYHas BEpPXHAs rpaHula MHoxectsa 2.

2°. Ilycte Temepp Cpeay 4uCeA X MHOxecCTBAa & HET HaU-
6oabuwero. IlpoussezeM ceuenre B 06JaCTH BCEX BEULECTBE€HHBIX
yucen caeaywouum obpasoMm. K BepxHeMy kJjaccy A’ OTHeceM BCe BepX-
Hue rpaHuusl of MHOxectBa %, a K HHXKHEMY KJaccy A — BCE OCTa/b-
Hble BelecTBeHHbe uucaa a. IIpy 3TOM pasbueHuu BCEe uyucaIa X MHO-
wecrsa £ mnonamyt B Kaacc A, nGo HU OMNO U3 HUX — MO AOMYLIEHHIO ——
ne Oyner HauGouapwiwm. Taxkum oOpasom, o6a kiaacca A, A’ Hemycrrl.
310 pasbueHue NeHCTBUTENBHO SBJISETCS CEUEHHEM, TaK KaK BCE Belle-
CTBEHHBIE YHMCJ/IA PACHPENENEHBl N0 KJACCaM, U KaXIOe YUCI0 U3 Kjacca A’
6o.bine Jwoboro yucaa us kiacca A. Mo ocuosHott Teopeme Jenekunna [5],
JODKHO CYLIECTBOBaTh BEILECTBEHHOE yucCa0 B, IpousBoisulee ceyeHue.
Bce uncaa X, Kak npuHagiexamue kjaaccy A, He NPEBOCXOAAT 39TOrO
«TOrpaHUyHOro» umcaa B, T. e, § cayxur BepxHeH rpandued mas X,
C/IENOBATE/BHO, CaMO NPUHALAEKHUT Kaaccy A’ u ABAAETCS TaM HAUMEHb-
wnM. Takum oOpasoM, B, Kak HauMeHbIUAs W3 BCEX BEPXHUX TIPAHAL, W
eCcTh HCKOMAas TOYHAad BEepXHsa rpaHuna MHOxectBa 2 = {x}.

CoBepnieHHo Tak e MOKA3bIBAETCA W BTOpas MNOJOBMHA TEOPEMBI
(oTHOCAImIAsCS K CYLIECTBOBAHHIO TOYHOH HHXHEH rpaHuisl).

Ecaim M#* ecrb TOuHAasl BEPXHdd TPAHUNA YKMCIOBOTO MHOXECTBA
X = {x}, To nas Bcex x Oyaer

x =< M*.

BosbMem teneps NpousBoJbHOE YHCHO o, MeHbliee M¥. Tak xak M* —
HauMeHbpUIasi M3 BEPXHMX TIpaHull, TO YKCJIO ¢ HapepHoe He Oyaer Bepx-
Hell rpaHuued mas MHOWecTBa Z, T. €. Hafizerca Takoe yucao X us %,

4To
X >a.

OTHUMH [BYMs HEDABEHCTBAMHU RBIOJHE XaPAKTEPUIYETCH TOUHAs BEPXHAA
rpaHuna M* muOowectBa 2.
AHalOruyHO, TOYHAS HEKHAS TpaHmna m* MHOxecrBa 2 Xapakrepu-
3yeTcd TeM, Y4I0 A1 BCEX X
x=m¥

W, KakoBo Onl Hu Obl10 umciao @, O6abiiee m*, walizercs uucao x” us
4 Taxkoe, yro

4

x"<f.

s o6o3Hauenns TOYHOH BepxHefi rpaHuubt M* B TOYHOH HuKHeH
rpauuusl m* muoxectsa uyucea & ynorpebasioT CHMBOJDI

* = sup & ==sup {x}, m* = inf &' = inf {x}

(10 JaThIHY; supremum — HauBbiCcwiee, infimum — HauHu3LIEE).
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OTMeTHM OJHO OYEBHIHOE YMO3aK/IUEHUE, KOTOpOoe u4acto Oyner
BCTpEUaTbCad B HaJbHEHUIEM:

ecal 8Ce HUCAQ X HEKOMOpO20 MHOJNCECH8a Y008AeMBOPSIOM Hepa-
sencm8y x<<M, mo u sup{x}=<M.

Jle#icTBUTEABHO, YnCAO M OKasblBaeTcss ONHOH M3 BEPXHHX TpaHuUll
MHOXECTB3, a MNOTOMY HauMeHbllas U3 BCEX BEPXHHX TDaHULL €ro He
NPEBOCXOANT.

AHaoruuno, u3 Hepasencmsa x ==m caedyem, wmo u inf {x} =m.

Yenosumesl, HakoHel, ecan MHoxectBo % ={x} He orpaHuueHo
CBEPXY, TOBOPUTb, YTO €ro TOYHas BEPXHsA FpaHuLa ecrb —| oo
sup {x} =-oco. Amuanoruuno, ecin MHoxecrso 2 =={x} He orpanu-
YEHO CHHU3Y, TO FOBOPST, YTO €r0 TOYHAs HUXKHSAR IpaHuua eCcTh — OO:
inf {x} = — co.

§ 2. APUOMETHYECKHE JIEACTBUS HAJ BELIECTBEHHBIMH
YHCJIAMHU

7. OnpesneneHHe 1M CBOHCTBa CyMMbl BemecTBeHHbIX uuceld. [lycts
uMeeM [BAa BelecTBeHHbIX yucia o U 8. CraHeM paccMaTpuBaTh pailHOHANbHbIE
yucna a, @ 4 b, b, yroBaeTBopsAoLNe HEPABEHCTBAM

a<a<<a, b<p<b. (1)

Cymmoi a8 uuces a u B Ha308esm maxoe 8eujeCMBEHHOE HUCAO T,
Komopoe codepacumest mencdy cemu cymmamu guda a-+ b, ¢ 00Hold cmopoHal,
u scemu cymmanu suda a' -~ b —c Opyeoi:

at+b<y<a+b. 2)
Y mocroBepumcs, NMpexje BCEro, YTO TAaKOE YHCAO | CYIMECTBYET I 1060t
uapbl BelUleCTBEHHBIX UHCel a, f.

PaccMOTPUM MHOXECTBO BCEBO3MOMHLIX CYMM @ -+ 0. DTO MHO¥ECTBO orpa-
HUYEHO CBEpXy, Hanpumep, 11060 cymmoit Buga @ - &. llomowum xe [6]
1=sup {a -+ b}.

Torna a-+ &<y u, B T0 ke BpeMs, {<=a -+ &'

Tax Kak, kakobl Obl HU OblAM pauMoOHanbHbLlE uMCHA @, b, @', b, yHOBIETBO-
psiiowne ycuaosuam (1), Bcerna MOWHO YHCIa g, & YBEeNIUUYUTDH, a yucia a', b
YyMEeHbIHTH C COXPAHEHUEM 3THX YCIOBH, TO B MOJYYEHHBIX TOIBKO UTO
HEPaBEHCTBAX, COeNHHEHHbIX C PABEHCTBAMHY, HA Jelle HU B OJHOM Clyuyae PABEHCTBa
6biTb He MoXeT. Takum 00pas3oM, YHCIO Y YJNOBIETBOPAET ONpPELeTeHHI0 CyMMBI.

Bosnuxaer, olHaKo, BOIPOC, OQHO3HAUHO IH CyMMa y==a - § ompelensercs
HepaseHcTBaMH (2). [Jus toro 4to6ul yGemHTbcA B €AMHCTBEHHOCTH CYMMbI,
nogbepeM (no 3ameyaHuio B n°4) pauyoHaibHble yucia a, @', b, b’ Tak, yTOG6HL
66110

o —a<<e " b —b<e,

rie e— NPOM3BOABHO Maloe PALMOHAABLHOE MOMOKHTENbHOe uncao. Orcioxa
@+0)—(@+tb)=(—a)+ ( —b) <2,

T. €. U 9Ta PasHOCTb MOxeT ObThb CHeNaHA CKOJAb YTroAHO Mauoit *). A Toras,

’

#} Upcy . , e
} Uncao 2e crasorutca menbie ap6GOro yuciaa € >0, €CIH B34ATb e < T -
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no nemMe 2, CymecTByeT TOJABKO OJHO YHCIO, CONepHAeecs Mexay
cyMMmamu a-+b n a 4 b'.

Hakoneu, 3ameTuM, 4To ecau yuciaa a 1 § 06a paumMoOHaNbHB, TO HX
o6bplyHAaA CcymMma y==o-}§, OUEBHAHO, YIOBJAETBOPAET HepaBeHCTBaM (2).
Takum o6pasoM, JaHHOe Bbimle ofulee OMpeJeseHHe CYMMbl HEBYX BeulecT-
BCHHBI X YuCE]l He INPOTHBOPEYHT CTAPOMY ONPENENeHHI0 CYMMbI IBYX PalHoO-
HaTbHbIX YHCel.

[as BeuieCTBEHHBIX YHCEN COXPAHAIOTCA BCE OCHOBHbIE CBOMCTBA CIOMEHHA:

Datb=b+a 2) @+p+y=at+@ty, 3)at0=a
M, HaKOHel,
4) u3 a > caedyem o4y >B+1.

Mx HEeTPpYAHO J0OKas3aTh, ONHpaacCh Ha omnpefeneHne CyMmMMbl, NaHHOe BHIOIC, H,
pasdyMmeeTcs, Ha M3BeCTHbie CBOHCTBA PAllMOHATLHBIX UHCEN; OCTAHABIMBATHCA Ha
sToM He 6yneM. C moMombio MOCIHEIHEr0 CBOMCTBA ONPABALIBAEICA I0YAEHHOE
CKJialbiBAHKE [BYX HEPaBeHCTB.

8. CumMmeTrpHuHble uyHcla. AGConroTHasi BeduuuHa. JokaxeM tenepb, 4To
04 Ka#0020 BEWECMBEHHO20 4YUCAG @ cyuecmsyem (CUMMEmMPULHOE eny)
qucro —a, y008.1emeopsiouee yea08u0 a4 (— a)==0.

[Ipy 9TOM [JOCTATOYHO OIPAHMYUTHCA CJAYYa€M HPPALHMOHAABHOTLO
yncaa o.

[Ipenmonaras, 4T0 YUCHO a ONpejeanercd ceyeHuem A|A’, Mbl onpexennm
YyHcIo —a caedyomum o6pasom. K HimxneMy kiaccy A yumcaa-—a Mbl OTHECEM
BCE pallHOHAaJbHbIE YHCAa — &', Tje @' — joboe uucno knacca A, a K BepXHeMy
Kaaccy A’ 3TOro 4yumcjya OTHeCeM BCe YHCiaa — @, Tle ¢ — na60oe Yucao Kiaacca A.
HeTpyaHo BHpEeTb, 4TO MOCTPOGHHOE Pa3GHCHME €CTb CeyeHHe W, KeHCTBHTEIbHO,

onpejiedseT BEIECTBEHHOe (B JAHHOM Clyyae — WPPAUMOHANbHOE) YHCIO; 3TO
YnCH0 0003HAYHM — a.

YCTaHOBHM Temepb, YTO OHO YAOBAETBOPAET YKA3aHHOMY BhIUE YCAOBHIO.
[oap3ysce caMHM oNpelesneHHeM yHCaa — a, BUAMM, YTO CyMMa a -} ( —a) eCThb
BEIECTBEHHO® UYHCJIO, 3aKIOYEHHOE MeXIYy YHCIAMM BUJA a—a' ¥ @ —a, THe
a ¥ @' pauuoHanbHbL H @ <<a << @'. Ho, oyeBuano,

a—a <0<a —a,

Tak 4yto ¥ yucao O BakmOYeHo MEXNY TOJbKO YTO YNOMAHYTBHIMH 4YHCHaAMH.
BBMlly €IUHCTBEHHOCTH YHCIa4, 061a1aI0IEer0 ITUM CBOWCTBOM, UMECECM

a4 (—a)=0,
yTO ¥ TPe6OBANOCH NOKA3aTh.
Jo6aBumM K 3TOMY, YTO YHCIO, CHMMETPHYHOE RXaHHOMY YHCIHYy, eIHMHCTBEHHO
u oGnanaer CBOWCTBaMHM

—(—a)=0¢, —(@+H=(—a)+(—f)

C nomoilbio MOHATHS CHMMETPUYHOIO YHCJAa HCYEPNBIBAETCA BOIPOC O B bi-
YW TaHMUY BCIECTBEHHBIX YHCeX, KaK O HAcHCTBMH, o6paTHOM ciloxeHnnio. Haso-
BEM DPAa3HOCTBIO « M B (4 GygeM o6o3HayaTh yepe3 « — @) YHCIO Y, YHOBIETBO-

pawuiee yCcaoByo
T+ f=c (mmm 4 y=0)

Onnpasch Ha CBOKCTBA CJAOXEHHUs, XErko NMOKa3aTb, YTO TakuM yucioMm Oyner
y=ua -} (—§); ReHcTBUTENbLHO,

(+p=let (=Pl +B=a+[(—D+B=a+B+(—Pl=at0=a

Tax xe YCTAHABIUBACTCA U €NHHCTBEHHOCTDL pa3HOCTH.



9] § 2. APUOMETHUECKUE AEUCTBUS HAJ BEUIECTBEHHBIMU YHCJIAMU 29

CpofictBo 4) u3 n°7 mnosBoifer Tenepb ClexaTb MOJe3HOe 3aMeyaHue
O PaBHOCHILHOCTH HEPABEHCTB

a>f8 u a—B>0,

a 9T0 JdeT BO3MOMHOCTH YCTaHOBUTh, UTO o >>f BieueT 3a cobol—a<C—3@.
Hakonen, ¢ IMOHATHEM CHMMETPHMYHOIO WYHCIA CBS3aHO U IOHATHE a0cCo-
A0THON BenMUHHH yHcaa. M3 caMoro mocTpoeHMsi CUMMETPHUHOTO UHCIA
ABCTBYET, UTO mpH a >0 Heobxoammo O6yser —a <0, a u3 a<T0 caenyer
—a>0. Vlupimu croBamy, ecad ToAbKO a0, TO M3 KBYX YHCEX @ U — a OIHO
(4 TOABKO 0AHO) GyleT Goablile HYNA; eT0 MMEHHO M Ha3hBAOT a6CONIOTHOMH
BeJAHUYHMHOMN Kak YHCIa «, TaK H YHCHA — a, ¥ 0603HAYAIOT CHMBOJOM

ja]=|—al

AGCONIOTHYIO BeIMYUHY YHCIA HYJb MOJaraioT pasHol mymo: |0]=0.

CrenaeM B HHTEpeCax JaabHeHIlero emie ABa 3aMeyaHus 06 aGCOMIOTHHIX
BECAWYHHAX.

[pewnie BCEro, YCTaHOBUM, YTO HEPAaBEHCIBO |a | << B (rne, KoHeuHo, B> 0)
PaBHOCHILHO [BOMHOMY HEDaBEHCTBY: — P <Ta <f.

He#icTBUTENBHO, H3 [a | < B caelyer, YTO ONHOBPEMEHHO o <8 M —a<<B,
T. e. a > —B. O6partho, ecid xaHO, 4To ¢ <<B W a>-—f, TO uMeeM OIHOBpe-
MEHHO: a <{B M — a <Cf; HO ONHO M3 3THX YHCe:l a, —oa U €cTb |a|, TaK UTO
HaBepHOe |a|<<f.

AHalOrHYHO OKa3hIBAIOTCA PABHOCHIBHBIMM M HepaBeHCTBA

lal<tB u —B=Ca=lf.
Jlokaxewm, janee, IOAe3HOE HEPABCHCTBO
fotBl<siaf4I1B)
CxaanpiBas MOYJEHHO OYEBHIHHE HEPABEHCTBA
—lej<a<cfal m —[B[=<B<|B],

—(al+IBh<<e+4B<|al-+]|B

OTKYJa, B CHUNY CIEJNaHHOTO Bhillle 3aMEeYaHUsl, U BHITEKaeT Tpebyemoe HepaBeH-
CTBO.

HokasaHHOE HePaBEHCTBO C NOMOWLI MaTeMaTHUeCKOW HHAYKLHU pacnpo-
CTpaHfieTcsi HAa cayya#t aio6oro yucaa craraembix. Kpome TOro, M3 Hero nerxo
noayyaercs

Hoay YuM

latBl=lal—|8],
a TaKxe
la|—|8l<a—Bl<|a|+iBl
Tax Kax OJIHOBpEMeHHO n
|8 —lal<<|a—Bl,
TO, OYEBHIHO,
Hoal—1B]] < la—Bl

Bce 31H HepaBeHCTBAa He pa3 GyAyT MOJE3Hbl BIOCHEACTBUM.

9. OnpeaeneHue H CBOHCTB2 NPOH3BeJeHHS BEWIECTBEHHLIX YHCE.
[TepefiteMm K yMHOMX €HMIO BCU(ECTBEHHHX YHCEJ], OLPAHHYHBAACH CHAyara
HONOXHTEAbHH MU uyuciamu. [lycTh JDaHs XBa TakHX YHcaa a H 8.
Mpr spech Takxe CTaHeM pPacCMaTpHBATL BCEBO3MOXHBIE DALMOHAMLHBIE YHCHA,
YAOBIETBOpAKIIHE HepaBeHCTBaM (1), HOM 9TH yHCAa NPEATOAOKAM N O X O X H-
Te€AbHB MU
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IIpoussedenuem af O08YX TNOAOHCUMEAbHOIX BOULECHIBEHHLLX Hiucen o u B
HO308eM MAKOE 8ELECMEEHHOE HUCAO Y, KOMOpOe COOepicumcs mencdy ecemu
npoussedenusimu suda ab, ¢ OOHOL cmMOpOHbL, 1 8cemi npoussedenusmu 8uda
a't’ — ¢ dpyeoii:

ab<<y<<a'd. 3)

[ns joxasarTenbcIBa CyUieCTBOBAHMA TAKOTO YHMCAA Y BO3bMEM MHOKECTBO
BCCBO3MOXKHBIX NPOU3BENCHUH @b, OHO OrPaHHUYEHO CBePXy A0 6L M U3 NpOU3-
Belenutt eupa a'b’. Ecan monoxurh

7= sup {ab},

TO, KOHeYHO, ab <I ¥, HO OJHOBPEMEHHO M Y= a'b’.

Bo3mowHOCT yBEAIMUUTH uUHCHA @, b W YMEHbWHUTH uucaa a', b
(Xak ¥ B ciyyae CyMMbl) NOBBOJACT HCKJIIOYHTb 3J€Ch 3HAK PaBCHCTBA, TaK UYTO
YUCIO Y yHOBIETBOPSCT ONpeleleHHI0 NPOHU3BENERHS.

EnnHcTBEeHHOCTDL NpoM3BeNEHHA BHITEKAET M3 ClelyOWUX coobpaxe-
nuit. Tlon6epem paumonainbHbie yucaa a, @ U b, b’ Tak, uToGh 610 (CM. n° 4,
3aMeyaHue)

ad—a<<e u b —b<e,

rjie e —TpOM3BOJALHO Maloe palHoHadbHOE TNOXOWKHUTenbHoe uwucno. [Ipn 3Tom
MOSKHO CUHTAaTh, YTO YMCAA @ Y b MONOKUTENbHB, a YHCAA & W b’ HE NPEBOCXOIAT
COOTBETCTBEHHO HEKOTOPbIX Hamepel QUKCHPOBaHHbIX unces a, v by Torna
PA3HOCTD

a'b —ab=a (b)) —b)+ b (@ —a) << (a;+ by) e,

T. €. TaKke MOxeT OblTb cledgaHa CKOJIb YrofHO Mamoit ¥), a storo, no aemme 2,
IOCTAaTOYHO Ui YTBEPXKIEHHA, YTO HepaBeHCTBaM (3) MOXET YIOBNETBOPATH
TOABKO OAHO YHCIO Y

Ecuu monoxuTenpHeie yucna « 1 § o6a paumMoHadAbHB, TO HX 006 bl Y-
H O e OpousBeleHue af yIOBIETBOPAET, OUEBHINO, HepaBeHcTBaM (3), T. e. moay-
waeTcH TAKUM Xe U Mo obueMy onpelelieHN0 TPOW3BEIEHHA IBYX BEIICCTBEH-
HHIX YNCeX — MPOTHBOPEUYHs HeT.

Haxoneu, 1as Toro ytoGsl ONpPeNeNdTh MPOH3BENEHNe MMPOU3BOALHON Maphl
BEIIECTBEHHBIX yHcen (He 06:A3aTelbHO MONOKUTENbHLIX), 3aKII0UHAM Caenyloue
COrnalueHus.

fIpexme BCEro ycnoBHMCH, 4TO

2. 0=0.0a=0

KaKoBO 66l HU ObINO a.
Ecau xe 06a MHOMHUTENS OTIMYHBL OT HYIS, TO MOJOXWM B OCHOBY OOHIUHOE
«IIPaBHIO 3HAKOBY»:

a-f=|a|-[8], eciu « 1 § onHoro 3Haka,

a-B=—(a]|-|B]), ecim a 4 B pasHbIX 3HAKOB

(4TO O3HAayaer MPOU3BENEHNE NONOWUTE NbHH X uucen |al| u | 8| —Mbl yie
3HaeM).

*) 3aMeTuM, 4TO (a@) - by) € CTAHOBUTCA MEHbUIUM Jjw06oro wyucaa e >0,
e

€CAH B3dATb € <——F7.
)
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Kak u B ciyuae pauMOHANbHBIX YHCEN, A JNIOOGLIX BEIECTBCHHLIX 4YHCeN
COXpaHATCA CBOHCTBA

)a-f=B-a, 2)(a:B)-y=0e-@-7), 38 a l=q
) (@B y=a-74+p-1,
a TaKxe

5) uz a>B u y>0 caedyem a-7>8-1.
C ROMOIbI0 NMOCAENHEr0 CBOHCTBA ONPaBALIBAETCA HOUIEHHOE YMHOXEHHE
JIBYX HE€PaBE€HCTB C NONOXUTENAbHBIMHA UYJICHAMH.

a
Ecau onpepenuTb 4acCTHO€ — YHCET a M ﬁ KaK Takoe YHClIO ¥, KOTOpOoe

g

1-B=o (nmm B.y=n2),

TO MOXHO YCTQHOBMTb CYHM€CTBOBAaHHE H eNHMHCTBEHHOCTb Yacr-
HOTO, A1uib Gbt MOALKO Oeanment B Obin OMAUYEH OM HYAS.

3akaHynBas 3THM 0630p apH@MeTHYeCKHX IeilCTBHH Hal BeUleCTBEHHBIMU
YHCHAMH, Mbl €lle pa3 DOAYCPKHEM, YTO BCE OCHOBHbIE CBOMCTBA PALMOHANbHBIX
ypced, Ha KOTOPBIX CTPOMTCH 3AeMEHTapHas aire6pa, HMEIOT MECTO H s Beule-
CTBEHHbIX yHced. CneIoBaTedbHO, 045l BEUjeCMBEHHBLX HICeA COXPAHSIOM CUAY
8ce npasuaa arzebpbl, OMHOCSWUECs K apugdmemuieckum Oelicmsusim u K CO-
HeMmanHuIo PAseHcms W HepaseHcms.

yIOBIETBOPAET YCIOBUIO

§ 3. IAJIbHEHILME CBOWCTBA W NPHJIOXEHHS
BEIECTBEHHBIX YHCE

10. CymecTBoBaHue KOpHs. CTeneHb € pPAallHOHAAbHBIM NOKa3aTeleM.
OnpelleredHe yMHOXEHHUA (M JeNeHHA) BELIECTBEHHbIX YHUCE]I HENMOCPeACTBEHHO
IIpHBOINT, KaK M OGBIYHO, K OMpPEIETEeHHIO CTENEHH C UEAbIM HOMOXKHTEIbHBIM
(1 oTpunareixbHeIM) NoxkaszaTeaeM. Ilepexons Kk cTeneHu ¢ BOOOIIE PALHOHATbHLIM
loKas3aTeneM, OCTAHOBMMCSI LpeXJe BCEro Ha BOMNpPOCE O CYUW EeCTBOBAHUH
KODpHIL

Kaxk Mbl NOMHMM, OTCYTCTBHE B 0GA3aCTH PAaUMOHANbHBIX YMCenl NpOCTeHIux
KOpHeH MOCTyXHI0 ONHMM M3 MNOBOIOB K paCHIHPEeHHI 9T0H o0O6JMacTH; npose-
PUM Xe, B KaKofi Mepe NMPOU3BEACHHOE DAaCIIMpEHHe 3alloNHUIO CTapble NpoGeib
(#e co3naB IpH 3TOM HOBBIX).

Ilycth o — n060€ Bel(eCTBEHHOE YUCIO, 72 — HATYPAJIbHOE YHCIO.

Kaxk u3BecTHO, KOpHEM n-it CTemeHM W3 YHCHa o HA3BIBAIOT TAaKOe BeleCTBEH-
HOe uucao & 41O

l=a.

Mbl OrpaHUUMMCH cAy4aeM, KON o NMOJOXKHTENbHO, H GyAeM HCKaTh MOAO-
WUTeNbHOE e £, YNOBJAETBOPAIOILEE ITOMY COOTHOWIEHHIO, T. €, TAK Ha3blBaEMOE
apudMeTHUYeCKOe 3HayYeHHeEe KOpHA Mbl JokaxkeM, UTO TAKOE YHUCIO &
BCErga CYUIeCTBYeT, ¥ IPUTOM TOJABKO ONHO.

flocnennee yTBep:iJeHHe OTHOCHTEJIbHO €IHHCTBEHHOCTHW UHCHA §, BIpOYEM,
Cpa3y caelyeT U3 TOro, YTO Pa3HHIM MOJOWUTENbHHIM UYHCJIAM COOTBETCTBYIOT H
pasnbie crenenu ux: ecnun 0 <<&<CE, To £7 < EM,

Ecax cymectsyeT Takoe MOJOWHTENTbHOE PalHOHAAbHOE YHCIO F,
n-s CTeleHb KOTOPOro paBHa o, TO OHO M OymeT HckoMbiM uucaoM £ [losTomy
BApelb NOCTATOYHO OTPARUYUTLCHA MPEINOSOKEHHEM, YTO TAKOrO PaUMNOH A J b-
HOT O uHCIa HeT.

[Moctpoum temepb ceuenne X| X' B 061acTH BCEX DAaUMOHATLHLIX YHCEd Cle-
aywowusm obpasom. K knaccy X oTHeceM BCe OTPHIATCAbHbIE PAIVOHANBHBIE UHCAa
U HYIb, 2 TaKXKe T€ H3 NONOKHMTENLHHIX PAnHMOHAABHBIX YHCEI X, A KOTODPBIX
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x"<<a, K xaaccy X' oTHeceM HONOXHTENbHBIE palHOHANbHBE uMCHa X', Aas
KOTOPHIX X7 > a.

Jlerko BHEeTb, UTO KAACCH TH He NyCTHE H YTO X COUEPNKUT H IGAONKH-
Teabusle uucaa. Ecau B3ATh, Hanmpumep, HATYpaibHOE YMUCIO m TaK, YTOOI

1
66110 7 <a<m, T0 ¥ NOMABHO Wn—<a<m”, TaK YTO UHCAO — BXOTHT B X,

a ypcao m—s X'

IIpoyue TpeGoBanus, NpeAbABAAeMble K CEYEHHIO, NPOBEPAIOTCA Hemocpes-
CTBEHHO.

[lyctb Tenepr § 6yler yucuo, oupepeaseMoe ceuenvem X| X'; HOKaxeM, uTO
f'=o0, 1. & ut0 £="/0.

PaccmarpuBas §* kax Npou3BeCHHE 7 COMHOMMTENEH, paBHbIX £ Ha OCHO-
BAHHM ONpeleneHUs NPOU3BEACHHA NOJOKHTEAbHbIX BCUIECTBEHHBIX UHCEN 3aKIII0-
4aeMm, Y10, eCA¥ X M X' CYTb palHoHajbHbie 4YHCJIA, LIS KOTOPhIX

<<y,
T0

X< X'

Tak xak, oveBMIHO, X NpPHHALIEKUT Kiaccy X, a x'—kaaccy X', To, no ofmpe-
IEeHMIO 9THX KiacCOB, OAHOBPEMEHHO H

Xt < a < x'"

Ho pasnoctb x'— x MOwer ObiTb ClcHanHa MeHblneH mo6Goro yucra e >0 (n° 4,
3aMCYaHHC), MPHYEM HMYTO HE MEMIaeT CYMTaTb X' MEHBIINM HEKOTOPOro Ha-
nepex PMKCHPOBaHHOrO YHCIA Xg. B rakom ciyyae pasHoCTb

KPP = (X — X) (X X2 L XY < et

T. €. TaKwe Moxer OblTh clenaHa CKoab yropHo Manol ¥). Orcioma, 1o gemme 2,
W caeiyer paBeHCTBO yucen €% U a.

[Tocae Toro xak JNOKa3aHO CYLIECTBOBAaHHE KOpPHA, OGHLIYHBIM TYTEM YyCTa-
HABJAMBAETCA NOHATHE CTenenu ¢ JMoObM palLMOHAaAbHL M IIOKasareleM r H
IIpOBEPSIETCs, YTO i TaKHX cTeleHell cnpaBeiauBbl OObIuHbIE IIpaBUIa, BLIBO-
IMMble B Kypce 3JeMeHTapHo#l anre6poi:

of ~al =, o tolt =a"T,
@y =7, (afy =0 -F,
a\r o
EN R e
[Moguepknem eule, yTo npH a>1 creneHb ¢ Bo3pacTaeT ¢ Bo3pacra-
HUeM PAauMOHANBHOIO [IOKa3aTens r.
1. CreneHb ¢ J06bIM BelecTBeHHbIM NoKadatenem. O6paTuMcs K onpe-
JeneHnio cTenenn nw6oroBeweCcTBEeHHOTo(MONOKUTERAbHOT O)

yycaa a ¢ AI00HM BeUH{ECTBEHHB M NOKa3atTeaem .
Beenem B paccMOTpeHHE CTCNEHH YHCNA a

ab u o
C panMOHANLHLIMA MOKasaTenaMu b u b', yIOBIETBOPAILINMH HEPABEHCTBAM
b<<Bp<<b.

#) 3aMeTHM, UTO YHCHO - X

[4
€CNH B3ATh € < T

nx,

CTAaHOBHUTCA MCHBIINM MI000r0 yncaa e’ > 0,
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Cmenensio wucaa o« >1%) ¢ noxasamesem {§ Hasvisaom (1 06o3na4am
cumsonon of) sewecmeennoe uucao 4, codepicaujeecs mexHcOy CHENEHSMU
ab u ab'-

o <y<a® (1)

Jlerko yGenutbcs B TOM, YTO TaKOe YMCIO Bceria cymecrsyer. JelicTBurenbuo,
muoxectso creneneit {a? } orpanuueno csepxy, Hanpumep, 11000 CTeNneHbio
", Bosbmem Torma [6) b

y=sup {a’ }.
b<p
Has sroro umcaa Gynem umerhb
<y

Ha neae xe 3Hak paBeHCTBA 31eCb He HYXeH, BBHAY BO3MOXHOCTH Y B € J1H-
YuTh b M YMEHbHIHTHb &', TaK YTO NOCTPOCHHOE YMCIO 7| YIOBIETBOPSET
ycanosuam (1).

OGparymca Temepb K JOKa3aTeabCTBY EAHHCTBEHHOCTM YHCJIA, ONpejpensie-
MOrO 3THUMM YCHOBHAMH.

Jna storo, mpexne Bcero, 3aMeTHM, yro ademma 2 n°3 CoxpanaeT CBOIO
cuAy M B TOM Clyyae, ecad onmyCTHTh TpeboBaHue, UTOGH uucaa §, 8’ U e Obiau
HENPEMEHHO P Al HMOHA b HbIMH; J0Ka3aTeabCTBO OCTaeTCAd TO Ke.

3ateM YCTaHOBHM OJHO BECbMa NPOCTOE, HO YaCTO INONE3HOE HEPABEHCTBO:
ecny n— HatypalbHOe yMcao, Gonblice eRMHMUM, B 7> 1, TO

">14n(—1). (2)
HeticTButennro, noaoxus y=1- A, rae A >0, no gopmyse 6uHoma HeioTona

OyaeM HMCTb
A+A)te==14nk4..
TaK KaK HEHANHCAHHBIC YJIEHbl TOOKHICAbHB, TO
A+t >14n),

YTO PAaBHOCHIBHO HepaseHcTBy (2).

1
[lonoxus B 31oM HepaBeHcTBe y==a” (« > 1), MONYyYUM HePaBEHCTBO
1

a".__1<a_t.1_

n ’

(3)

KOTODHIM Mbi Ceiiyac M BOCHOIb3YeMCs.

Mbl 3naem (n° 4, 3ameyanue), 4yTo yucaa b U b MOXHO BeIOpaTh Tak, yToOH
pa3HOCTb O'— b 6blna MeHblie = npy n060M Hamepex 3afAaHHOM HaTypanb-
HOM n; TOria, [0 HepaBeHCTBY (3),

1

. . — —1
ab __‘_ab:,__‘ab (ab b——~l)<ab(an-—1)<ab-—a—-n—~;

OKOHYATEAbHO, eCcrM yepes b, 0Go3HAYUTh Kakoe-auGo H3 uucen ¥’

oa—1
ab'——ab<ab°-

¥) DTHM cIyyaeM MOXHO OIDAHHYHTBCA: NP @ << 1 nogaraeM, HampuMep,

p=(1).
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noCﬂelIHee BhIDAXEHNUE 33 CUeT 77 MOXET 6blTh CHEN3HO MEHbHINM TPpOHU3BONLHO
Majaoro nojxOXHTENAbHOIO YHCjaa & AIA 9TOro AOCTATOYHO B3ATh
b’
a %a—1)
n>-—-—.
r
B takoM ciyuae, 10 060GuieHHOM Bbie geMMe 2, Mexay rpasuamn o’ u «®
He MOMeT GbiTh ABYX Da3aMUYHbBIX YHCEN Y.
Ecau 8 paudoHanbHo, TO JaHHOE BhILUE ONpeAeNCHHE BO3BPAuIaeT HAC K 0Ghi~
BOMY TNOHUMaBHIO CHUMBOIA al
Jlerko NpoBEPUTH, UYTO AnsA CTEIEHH C JO6LIM BELECTBEHHBIM MMOKasaTeneM
BLITOMHAIOTCA BCe OOBIYHBIE IS CTENCHH npaBuiaa, a TaKXe, YTO HPH a > 1 cre-

nens of BO3pAcTaET ¢ BO3PACTAHHEM BEIIECTBEHHOrO MOKasarens f.

12. Jlorapudgmpl. Ioab3ysich TanHbLIM ONMpefenesdeM CTeNMeHH C MIOGHIM Be-
IEeCTBEHHbLIM NOKA3aTeneM, Tenepb JACrKO YCTaHOBHTH CYIeCTBOBaHMe jJorapugma
s 1060r0 NOMOKUTENLHONO BCUIECTBCHHOIO YHCAA Y TIPH NONOKHTEILHOM OCHO-
BaHUM o, OTINYHOM OT eJAMHMusl (Mbi GyneM, HanpHMep, CUHTaTh @ > 1)

Ecan cymectByer Takoe pauMoOHalbHOeE YHCIO I, UTO

a’==7’

TO r ¥ ecTb MCKOMift morapupm. peanonoxum xe, YTO TaKOro PaUHOHAIBHOrO
4yHCHa I HET.

Torna moxHo npoussecty ceyenue B | B B 061aCTH BCeX PaunMOHaAbHBIX
yhcen o caepyouwemy npasuay. K kmaccy B oTHeceM panyoHalbHbIe 4YHCaa b,
I KOTOpHX af <Cy, a K KaacCy B’ — paunuoHanbHble yucaa &', Las KOTOPHIX
ab = -

[MoxkaxkeM, yro knaccsl B u B’ —ne nyctsie. B crnay sepasencta (2)

a">14+n@—1)>n(@—1),

1
"> a—17

yTo6bl GHIIO & >>7; TAKOE HaTypalbHOE YUCIO n OTHOCHTCA K Kjaccy B'. B 10
Xe BpeMa MMeeM:
I 1 1

= S iE—1

¥ N0CTAaTOYHO B3ATh

M JOCTATOYHO B3ATb
1

TIE—D
4T00b GHA0 @™ <Y M YHCAO — n TONano B Kiacc B.

OcraneHple TpeGoBaHHsA, NPENbsBAAEMblE K CEYEHHIO, 31eCh TaKXe Bbi-
NOMHCHHL.

MocrpoenHoe ceuenne B|B' onpepensieT BelnecTBeHHOE YHcAo §, KoTopoe
ABAAETCA <TOTPAHHYHBIM» MeXAy ynciamu oGoux kaaccos. ITo ompenexsenuio cre-
IICHH HMeeM

n

o ,
d<df < B<B<b),
npudem of ecTh e 1M HCTBEHHO e UHCIO, YIOBIETBOPAOIIeE BCEM MOXOGHHIM
HepaenctBaM. Ho s yncza y uMeem (DO caMoMy IOCTPOEHHIO CEYEHHA)
b <7< a?-
CrepoBatenbHo, 6
=7 u f=log, 7,
CYWeCTBOBAHUE JIOTapH(pMa JOKA3ano.
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13, Usmepenne orTpesxoB. HesosmomHoCTh cHaGauTh, OCTaBAsACh B MHO-
MEeCTBE PalyOHANbHBIX YHCEN, BCE OTPE3KH MIMHAMH Takke Oblia BamHEHIIUM
TIOBOZIOM K BBENEHHMIO MppauMoHanbHuX yuced [lokaxem temepnb, yTO mHpoHM3Be-
ACHHOTO PACIIMPEHHs MOHATHA YMCIA NOCTATOYHO JUIA peuleHus 3apgady¥ H3-
MepeHHs OTPE3KOB.

IMpexne Bcero cHOpPMyaHpyeM caMymo 3agayy.

Tpebyemess ¢ KajucOuim NPIMOAUHERHBIM OMPEIKOM A €8A3amMb HeKOMO-
poe noroxcumessroe geuecmsennoe Hucao 1l(A), komopoe 6ydem Ha3bl8aMb
«0aunoll ompesxa A», max, 4mobuL

1) Hexomopuiii Haneped svibpannsiii ompe3ox E (<amason Oaunsly) umen
Ozuny edunuga: 1 (E)=1;

Q) pasHsle ompesKis umean OOHY U my sce OAUHY;

3) npu_caodceHuy Ompe3ko8 OAUHG cymMmbl 8ce20a Oblaa pasHa cymme
O0aun cKAaObl8AEMBLX OMPE3KO8:

I(A+B)=1(A)+1(B)

(«cBOMICTBO AANUTHBHOCTHY).
[locraBnenHbie yCNOBHA NPHBONAT K ONHO3HAYHOMY DENICHHIO 3aJayd.

Vi3 2) u 8) cuepyer, 4To g¢-si yacTh 3TalOHA HOMKHA MMeTb MNAMHY 7;

eciy Xe 3Ta YaCTb MOBTOPCHA CjnaraeMelM p pas, TO HOJXy‘leHHHﬂ OTpPE30K,

B CHIy 3), XOMKEH HMeTb IJIHHY £ Taknu 06pasoM, ecan OTPe3oK A € o H 3-
MEPHM C STaIOHOM IAUHBI H o6uias Mepa oTpe3koB A m E yknaneiBaetcs
B HHX COOTBETCTBEHHO p M ¢ pa3, TO Heo6XOXHMO

=2
l(A)——q.

Jlerko BHIeTh, YTO 5TO YHCIO He 3aBUCHT OT B3ATOH ofumie#t Mepn U yToO,
€ChM OTPe3KaM, COUBMEPHUMbIM € STaNOHOM, NPHMHCATH PALMOHANbHBIE MIHHBEI 10
3TOMY NpaBHAy, TO (Lif 3TUX OTPE3KOB) 3afaya H3MepeHUs OyHeT IOJIHOCTHIO
pelena.

OGpamasicb k of6meMy cayyaio, 3aMeTuM, 4YTO ecan orpesok A Goabuie
oTpeska B, 1ak uto A=PB -+ C, rie C ecThb TaKkxke HEKOTOPHH OTPE3OK, TO,

B CHay 3), HOMKHO ObiTh
LA=1(B)+1(O),

n tak kak [(C)>0, 10 [(A)>1(B). Wrak, HepaBHblé OTPE3KH IOIKHBI
HMeTb HepaBHble JIMHbBI, & UMEHHO, GOAbMINN OTpe3oK — GOMbIIYI0O AIHHY.

Tak kax Kaxmoe MONOEHUTEIbHOE paunrdoHanbHOE YHCAO B— ABAAETCA RAUHON

HEKOTOPOTO OTpe3Ka, COM3MEPHMOro ¢ 9TaioHOM HAHHK FE, TO M3 CKa3aHHOro,
MeXy IPOYHM, SICHO, YTO HH OJMH OTPE30K, HECOM3MEPHMBbIH C STAJOHOM, He
MOXET HMeTb DAUMOHANBHYIO IIHHY.

Mycth e 3 Gymer Tako#t oTpesox, Hecouamepumu i ¢ E. Hadnerca
GecyncnenHOe MHOXECTBO OTPe3KOB S M §', cousMepuMbx ¢ E M COOTBETCTBEHHO
MeHbIUMX uau G6nbmux X, Ecam nonoxuts [(S)=s, [(S')=¢', T0 HCKOMas
Anusa [ (Z) nomxHa yHOBAETBOPATb HEPABEHCTBAM

S<I(T)<s*).

Ecau pacnpesennts Bce pamuona’bHbie uMCla HA ABa Kaacca § u 8§, OTHecH
K HUXHEMY KJaaccy 8 yncaa § (1 KpoMe HUX — BCe OTDHIATENbHbIe YHCAA H HYJb),

*) Paaymeercs, ¥ InA MauHB OTpe3ka X, couamepumoro c E, Takxe
BLITIONHAIOTCA 3TH HEPABEHCTBA.
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a K BepXHeMy Kujaccy 8 — uyHcaa §', TO MOAYYNTCA CEYEHHE B MHOXKECTBE Pano-
HanbHHX yhcen. Tak Kax B HHXHEM KiacCe, OUEBUIHO, HET HAMOOAbIUEro YUC/A,
a B BEDXHEM — HANMEHbUIEro, TO 3THM CeUeHHEM ONpelenseTcss UpPPal U O-
HalbHOe YHCIO ¢, KOTOpoe W OylAeT eIMHCTBEHHHM BeNIECTBEHHLIM YHCIOM,
yEZOBIETBOPAIIIMM HePaBeHCTBAM S <o < §'. VIMEHHO 3TOMYy uMCcay Heo 6X o=
LM MO AONOXUTb paBHOM AauHY [ (X).

[pennonoxkuMm Teilepb, YTO BCEM OTpe3KaM, Kak couaMepuMmbiM ¢ E, Tak H
HECOU3MEPHMbIM, NIPUINCAHL ANMHBI B COrNacHH C YKAa3aHHBIMU NpaBunamy. Ba-
noanenue ycaosui 1), 2) ouesumHo.

PaccmoTpum Ba orpeska P, I ¢ AaMHamu

p=1(P), s=1(%)

n ux cymmy T=P -+ 3, nauny xoropo#i o6o3nayum yepes tv==1(T). Bass mobue
NOMOMHTENbHEIE PAlMOHANbLHLIE YMCaa I, ¥, 8, ' TaKue, 4TO

rp<<r, s<to<ts,

noctpouM orpe3kn R, R, S, §', 11a KOTOPHX HMEHHO 3TH YHCIa COOTBET-
crBenHo cayxar pamnamu. Otpesok R+ S (amuuet r - s8) Gymer mesbue T,
a orpesok R -+ 8§ (zaumpp r’' 4 §')— Goabmwe T. [Hostomy

rt+s<t<<r 4s.

Ho [7] envHCTBEHHBIM BeleCTBEHHBIM YHCJIOM, COXEPHAIMUMCA MEXRY YHCAAMH
BHRA r -} s ¥) ¥ uMcnamMu r' 4 §', ABasierca cymma p + o. CieoBareabHo, t==p -} o,
Y10 W TpeGOBaIOCh JOKa3aTh.

Pacnpocrpanenne «CBOMCTBA 2JINTHBHOCTH» Ha cayyalt mio60ro KOHEYHOro
Y{CcHa ClaraeMblX TNPOM3BORUTCHA IO METOLY MAaTeMaTHUeCKOH HMHIYKUHH.

Ecan Ha ocnm (manpasaneHHOR mnpamoil) (puc. 1) BmOGpaTh HavyanzbHYIO
touky O u 3ranoH maunnl E, 10 kaoxwcooi mouxe X amol npsmoil omgedaem

24 J A ¢
Oy F X
; z
Puc. 1.

HeKOmopoe gewjecmsesnoe a0 —ee 26 CIL U C ¢ 2 X, paBHas AnMHe oTpeska OX,
ecay X JAeXHT B IIOTOKHTENbHOM Hanparaewuu oT O, UaW 9TOH NIHHE CO 3HAKOM
MHHYC — B NIDOTHBHOM Clyyae.

EctectBenno BcTaeT Bompoc, 6yler aM BepHO U oGpaTHOe: xasxcdoe au 8e-
wecmeennoe HUCA0 X Om8eqaem npu SmMOM HeKOmOpoi modxe npamou?
Bomnpoc 9T0T B reoMeTpuy pemiaeics B YTBEPAMTENbHOM CMBICAE, HMEHHO € HO-
MOLIBI0 aKCHOMbI O HENPEPHIBHOCTH NPAMOMH, yCTaHaBJAMBAIOU{eH NaaA IPAMOH, KaK
MHOXECTBA TOUYEK, CBONCTBO, aHANOrHYHOE CBOHCTBY HENPEPHIBHOCTH MHOXKECTBA
BeILeCTBeHHbX uMcea [n° 5]

Takum o6pa3oM, MemxAy BCeMH BELIECTBEHHBIMH YHCIAMHM M TOUKAMH HArpaB-
neHnoit npsaMofi (0CH) MOXHO YCTAHOBHTH B3aMMHO OJHO3HaYHOE COOTBETCTBHE.
BemecTBeHnsIe YHCIa MOXHO M300paxaTh TOYKAMH Ha OCH, KOTOPYO B CBA3H
C 9THM HAa3HIBAOT YHCAOBOH ocbio. [loxoGHbiM M30GpaxenyieM Mbl BIpPEIb NOCTO-
AHHO GYIeM NOIb30BATHCH.

*) Orpanuyenue NONOXMMTENbHB MM UYHCIAMH r H S, KOHEYHO,
HECYHIECTBEHHO,



I'VIABA BTOPAST
SYHKUUU OJHONH NMEPEMEHHON

§ 1. NOHATHE $YHKUHHU

14. llepemennas senauuuna. IIpu ucciaeqoBaHny sIBJEHUH NPHPOIBL
W B CBOEH NPaKTHUECKOH JIEeSTENbHOCTH YENOBEK CTajJKUBAEGTCH C MHOXeE-
CTBOM Pa3/JUYHBX (U3UUECKHX BEJHYMH; CIOAA OTHOCATCA BpEMS, MJUHA,
o0beM, CKOpOCTb, Macca, cwia, ¥ T. n. Kawnas u3 HHUX, B 3dBUCHMOCTH
OT YCJOBHil BONPOCA, B KOTOPOM OHA DPAaCCMaTPHBAETCsi, npuHuMaer anbo
pasnuuHeie 3Hayenus, yubo Jnwb onaHo. B mepBoM ciayuae Mb UMeEEM
JeJNO C NepEeMEeHHOH BeAMYMHOH, & BO BTOPOM —C MOCTOAHHOM,

Ecau BrOpaTh ONpeneleHHYI0 euHUIy H3mepeHms (KaK MbB 3TO He-
Jany, Hanpumep, B n° 13, ropopa O AJMHE), KaWA0€ 3HAYEHHE BEIUYMHBL
MOXHO BHIPas3uTh uyucaoM. Maremarnka OGBIYHO OTBJEKaeTcs OT dusnye-
CKOr0O CMBIC/Ia DaCCMAaTpHBAEMbIX BEJIHYHH, MHTEPECYsCh JHUIUb UMEHHO HX
UUC/ACHHBIMU 3HauUEHHsIMH. BOT uTo roBopur 00 3TOM 3aKOHOMEPHOM IpO-
uecce orsaeuenust P, Jureanc *). KoHcrarupys, 4TO <MareMaTuKa MMeeT
cBOUM O0LEKTOM NPOCTPAHCTBEHHHEIE (OPMBI U KOJHUYECTBEHHBIE OTHOLIE-
HUS AEHCTBUTENBHOIO MUDay, JHTENbC NMPOJOIKAET Hajee:

«Ho 4roOp OBITH B COCTOSHHMEU MCC/IEAOBAaTh 3TH (POPMBI ¥ OTHOIUIEHUSA
B UACTOM BHIE, HEOOXOAUMO COBEPHICHHO OTHZEAHTh HX OT HX COHep-
WaHUd, OCTaBATh 3TO INOCIEAHEE B CTOPOHE KaK HEYTO O6e3pasiauvHoe;
TAaKUM IyTeM MBI IIOJIy4aeM TOYKH, JIUMIUEHHBIE W3MEPEHUH, JUHWM, JUIIEH-
HBIE TOJILMHB ¥ INMPHHBL, PasHble @ U b, X U y, NOCTOAHHBIE W HEpe-
MEHHBIE BEJIMYUHEL, , »

Beegenne B MaTeMaTHKY TNePEMEHHOH BEJIHYUHBI — ero OOHYHO CBA3bI-
BalOT C uMmeHeM Jlekapra — OblI0 COOBITHMEM OrDOMHOH BawxHOCTH. Mare-
MaTHKa I[OJAYYW/Ia BO3MOXHOCTb HE TOJNBKO YCTaHABAWBATL KOJMYECTBEH-
Hble COOTHOIUEHHS ME@XAY TNOCTOSHHBIMH BEJMYMHAMH, HO W H3yuaTh
NpoTeKaomue B NPUpPoJae HPOLECCH, B KOTOPHIX YY4acTBYIOT W MepeMEeHHbIE
BeanduHbl, . Jurenbe #¥) noguepkuBaeT 3TO B CJACAYIOUMX CJIOBAX:

«IToBOpOTHEIM NYHKTOM B MaremaTuke Obl1a JNEKAPTOBA MEPeMEHHAS
gesuyuna. bhaarogapa »TOMy B MaTeMaTMKy BOWVM  Q8udiCeHue U

*) &, Jureasc, <cAntu-Jiopunry, usg. 1952 r., crp. 37.
#*) O, Jurensbc, «Juanekruka npupoxst», n3g. 1952 r., crp. 206,
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Ouasexmurxa n Gnarojaps 3TOMY XK€ CTAN0 HeMEOAEHHO HeoBX0o0uMbim
dugbghepenyuanbHoe w UHMEPAALHOE UCHUCAEHUE . ..»

15. OGnacts M3MeHeHMA NnepeMeHHOH BeaMuuHbl. B MaTeMaTuyecKom
aHa/ause — €Ca¥ TOJbKO peyb He uueT ol ero NpuioKeHusx — [oj nepe-
MeHHOIL geaudunoll (WM KOPOUE — HepemeHHol) Pa3yMeeTcd OTBae-
UEeHHAaq WM YucaoBasa nepemenHas. Ee o0003HauawT KakuM-a1u60
cumBoJaoM (OykBofl, HanmpuMep Xx), KOTOPOMY NPUIHCHBAIOTCA YUCJIO-
Bple 3HayeHus. [lepemennas X cyuraeTcd 3agaHuofl, eClu YKa3aHO MHO-
wecrso £ ={x} sHaueHul, KOTOPHE OHA MONKET NPUHHMATh, DTO MHO-
JKECTBO W HaswlBaeTCH o00Aacmsl0 u3meHenuss uepemensod x. Boolwe,
00/1aCTLI0 UBMEHEHHS TEPEMEHHONH MOXET CAYKHTb MoG0e UUCAOBOE MHO-
KECTBO.

[Tocmosiunyw 6eautuny (KOpoUe — HOCMOSAHKYIO) YAOOHO paccMaTpu-
BaTh KAaK YaCTHBIH CJyyall NepeMeHHOH: OH OTBEHaEeT IPEINOJN0KEHHIO,
YTO MHOWECTBO 2" =={x} COCTONT M3 OJHOrO BJEMEHTa.

Mp pumenn g n®13, 4ro uUCAA TEOMETPHUECKH HCTOJKOBBIBAIOTCA
KaK TOYKd Ha oci. O6aacth 2" usMeHeHust NepeMeHHOH X Ha 3TOH ocu
1300paKaeTCsi B BUIAE HEKOTOPOrO MHOXKECTBA TOueK. B cBA3H € oTUM
OOBLIUHO CaMM YUCAOBbIe 3HAYEHHS MEPEMEHHON HA3LIBAIOT TO YK aAMU.

Yacto NpuXOAUTCH MMETb AeA0 C NePEMEHHOil n, mpuHuMamouwed Bce-
BO3MOX(HbHIE HaTypaJbHble 3HAYEHHA

1, 2, 3, ..., 100, 101, ...;

o6acTh uaMeHeHust 3TOH nepemenHo#, r. e. MHoxecrso {7} Bcex Hary-
palbHBIX umces, Mol Gyxem sceraa o6osmauaTh uepes o',

OnHako OGHIUHO B aHAJIM3E U3YYAOTCS [IEPEMEHHbIE, N3MEHSIOLLHEeCs, Kak
rOBOPAT, HEMPEPHBHE M WX CIJOIIHHM 06pasoM: ux npooOpasom
ABJSIOTCS (DM3UUECKUE BeJUYMHBI — BPEMs, NyThb, IPOXOAUMBIH ABUKYIEHCH
Touko#f, u T. 1. OO6xacrpi0 H3MEHEHHS MNOAOOHOH INEPEMEHHOM CHYXKUT
yucaoBolt mpomex yToK., Yame Bcero 310 OyneT KOHEUHBI# npo-
MEXYTOK, OrPaHHYEHHBI!! ABYMS BEIleCTBEeHHpIMU unchami @ ub (@< b)—
€ro KOHLAMK, KOTODEIE CaMH MOryT OBITb BKJIOYEHH B €ro COCTaB R4
HeT. B 3aBucumMocTH OT 3TOro M OyAeM pasauvalb

samxnymutli npomexyTok [a, 8] a<Cx=Cb (06a KOHIA BKJOUYEHH);

(a, 0} a<{x<<b (mmus omu Ko-

la, b): a<x<b Heu BKJIIOUEH);

omupumui npomexyrok (a, by a<x<b (uu oaun KoHEN He
BKJIIOYEH).

noAyomepsinbie MPOMEKYTKH {

Hdnurol TPOMEKYTKa BO BCEX CayuagX HasHBAaeTCs uucao b— a.

TFeoMeTpHyeckuM aHaJoOroM YHCJAOBOTO TPOMEKYTKAa SIBIAETCHA, KdK
JIETKO MOHSTh, OTPE30K YUC/IOBOH OCH, MPUYEM — B 3aBACHMOCTH OT THIIA
NPOMEXYTKa — ¥ K OTPE3KY KOHIB €ro NMPHKJIIYAIOTCd WIM HET.

Mpuxoxnrcs paccmaTpuBaTh 1 6 € CK O H e Y H bl € IPOMEKYTKH, Y KOTO-
PHX OJHHM M3 KOHIOB MM 0OOMMH CAYKAT «HECOOCTBEHHBIE» YHC/IA — CO,
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- co. O6o3HaueHns uX aHAJOrWyHHl NpuBeAEHHHMM Bhime. Hampumep,
(— o0, - 00) ecTb MHONKECTBO BCEX BEIIECTBEHHHX uuces; (2, -+ o0)
03HAYaeT MHOXECTBO UYMCEN X, YIOBJETBODSIOIUX HEPABEHCTBY X > a;
NpoMexyToK (— oo, b] onpenensercs HepaBeHCTBOM X =< b. ['eomerpuuecku
OecKOHeUHbIE IPOMEIKYTKM u300paxaiorcs B Buge OeckoHeyHofi B ole
CTODOHBI NPAMOH HJAU Jyua.

16. PyHKHHOHAALHAS 3ABUCHMOCTb MewAy mnepeMeHHbiMH. IIpu-
mephl. IlpenvMeToM wnsyueHns B MaTe€MaTHYECKOM aHa/Iu3e SIBJISETCH, OJHAKO,
He H3MEHEHHe OJHOH nepeMeHHOH camoif nmo cebe, a 3aBUCUMOCTD
MEXAY ABYMS HJIM HECKOJbKHMH NEDPEeMEHHBIMU NPU UX COBMECTHOM
M3MeHeHU U 3mech Mb OIPAHMUMMCS NPOCTEHINEMM CayyaeM JABYX nepe-
MEHHBIX.

B pasinmunbix 06snacTsX HAayKm W XKU3HH — B CaMOH MaTeMaruke,
B (u3srKe, B TEXHUWKE — YATATeJb HE pa3 BCTPEUaJ TaKHe COBMECTHO
n3MeHawm necs nepemenHsle. OH HE MOrYT OXHOBPEMEHHO IpPUHU-
MaTh moOble 3HaueHust (M3 cBomxX O0OJacTell u3MEHeHus): €cau OAHOH u3
HUX (He3aBUCHUMOH mMepeMeHHOH) NpuIaHo KOHKPETHOE 3HAueHHue,
TO 3TUM YKe ONpENeJsieTcs M 3HaueHue apyrod (3aBUCHMOH mepe-
MeHHOH, wm ¢yHkuun) Ilpusesem HecKoJbKO MPHUMEPOB.

1) Ilnowazy Q xpyra ects @YHKUMS OT €ro paauyca R; ee 3Haue-
HHe MOXeT ObiTh BBIYHC/IEHO N0 3aLaHHOMY S8HAUEHHIO Pajuyca C IIOMOLLbIO

U3BECTHOM (OpMY Bl
Q=rR%

2) B cayuae cB0G0AHOrO MaaeHus TAKETOH MATCPHANBLHOR TOUKA — NpH
OTCYTCTBHM CONPOTHBJEHHS — BpeMst ¢ (cek), OTCUMTBLIBAEMOE OT Havaja
JBUXEHUs, U NPOHAEHHBIA 3a 5TO BpeMA NyTh §(#) CBA3AHH ypaBHEHUEM
gt
9
rae g=9,81 am/cex® ectn yckopenne cwisl Tamecrn. OTClona U ompe-
JNENSETCS 3HAUEHWE §, COOTBETCTBYIOUlEE B3ITOMY MOMEHTY f: NyTh S
apJfeTcs (PyHKOume#l OT npOTEKIUero BpeMmeHu f.

3) PaccmoTpuM HEKOTOPYIO Maccy (MIeaNbHOrO) rasa, COLEPKAULYIOCH
noj NOpIJHEM LMiaMHADA. B npeanosoxenuw, 4to TEMIEpaTypa CoxXpa-
HAETCA HeusMeHHO#H, o6veM V(4) m nasieuue p(amat) 5TOH MacCH rasa
NORYHMHAIOTCA 3aKoHy Bo#s — Mapuotra:

S=

pV=c¢==const.

Ecau npousBOJNbHO H3MeHATH V, TO p Kak (yHkuws ot V Oyaer Bcakui
pas OJHO3HAUHO onpeneasThca no Qopmyae

[
P=v-

3ameruM TyT Ke, uro caMmuiil BHGOD HesaBUCUMOH mnepemenuoll us
YuC/Ma ABYX DAacCMarpuBaeMHX MHOrga Obisaetr GespasiuueH Wi CBA3aH
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¢ coobpakennsmu mpocToro yaoGerea. B GoabumimHCTBE We CayuaeB OH

IMKTYyeTCs 1le/IEHaNPaB/EeHHOCTLIO TNPOW3BOANMOro uccienopanus. Tak,

B NOCACAHEM NpuMepe Mbl MoOrjd Obl ObTb 3aUHTEPECOBAHHI B 33BHCUMO-

cty o0bema V OT NEpEeMEHHOrO BHEWHEro NABJEHHs p Ha NOpHIeHs (nepe-

Jaoulerocs rasy); TOrZa ee ecTecTBeHHO Obi1o O HamucaTb B BUAE
Ve=—,

P

CyuTas p HE3aBUCHMOH mepemeHHOH, a V-— dyHkune#t or p.

DyHKIUOHAbHA 3aBUCHMCCTb B HHBIX CJyuasX XapaKTEpU3yeT INpo-
1ece, peatbHO NPOTEKaloI|# BO BPEMEHH, — CCOOEHHO, eC/, KaK B MpH-
mepe 2), camo Bpems sBaseTcs HezaBucuMoH nepemenHoid. Ojrako OblIO
Op oumMOKOH# AyMaTh, UTO BCErJa U3MEHEHVE NEepEeMEHHBIX CBA3AHO C Teve-
Huem Bpemenu. B npumepe 1), msyuas 3aBNCHMOCTh IJIOILAAM Kpyra oOT
€ro pamnyca, Mbl He uUMenu nepea coBol HUKaKOTO BPEMEHHOro npouecca.

17. Onpenenerve nousatus dyHkuuu. OTBaeueMcs Tenepb, Kak
00byHO, OT (DU3NMUECKOrO CMBIC/AA DPACCMATPHABAEMBIX BEJMYMH R JIaguM
TOYHOE ofulee onpefencHHe MOHATHA Y H KLU U — OJHOrO U3 OCHOBHHIX
nousTHH MaTeMAaTHYECKOro aHaJnaa.

[Tycrs mansl nBe mepeMeHHEE X B y ¢ oOnacramm maMerenus 2" u ¥.
IMpeanonoxnm, uTo IO YCJICBUSM BONPOCA HEpPEMEHHOH X MoOwxer OHTh
NPUITACAHO HPOM3BOJbHOE 3HayeHue us obnactn £ Ges Kakux-imbo orpa-
nnuennl. Torma nepesennas y Haswi6aemcs yHKyuei om nepe-
MeHHOE X 8 ofracmu ee usmenenus L, ecan no HeKomopomy npa-
8uAy uau 3aKOHy Kaxcl0oMy 3HaveHuw x u3 L cmasumces 8 coomsem-
cmeue 00HO onpedenennoe 3Hatenue y (U3 ).

Hesasucumad nepemedHas x HasbBaeTCs TaKke ap2yexmon PyBKIBH.

B sTOM onpepeseHun CyLIECTBEHHBI JBa MOMEHTa: BO-IIEPBHIX, YKa-
saHne obsactu & u3MeHeHUs apryMeHTta X (ee HasbiBAIOT TaKKe 00AQCHEI0
onpedesenus (YHKIMM) W, BO-BTODHX, YCTaHOBJEHHE TNpaBuia WA
3aKOHA COOTBETCTBHS MeXAy 3HaueHusMu X u y. (O6aacte % unsmeHeHns
¢ynkunu y oOBIYHO He YKashiBaeTcCsd, MOCKOJLKY CaMblt 3aKCH COOTBET-
CTBHSl yXKE€ CIpENeNseT MHOXECTBO INPUHAMAeMHIX (YHKLHeH 3HaueHnH.)

MoxHo B onpenencHun noHsTas ¢@yHkunu crath Ha Oonee ofuiyio
TOUKY 3DeHHst, AONYyCKasi, uTOOH KaXJAOMY 3HAueHHio X H3 2 O0TBEYano
He OJHO, a@ HEeCKOJbKO 3HaueHnmit y (M npaxe GeCKOHEUHOE MHOXECTBO MX).
B noaoOueX ciyuasX (pyHKUMIO Ha3HBAlOT MHOT O3HAuYHOMH, B OTIH-
yge OT OAHO3HAauyHOH dyHKUMY, onpeaeseHROH BHie. Bnpouem,
B KypCe aHa/u3a, CTOALIEM Ha TOUKe 3DEHMs BEILECTBEHHOH mepeMeHHo,
130eraloT MHOIO3HayHHX (YHKLMH, W BIpedb, roBOpA O (YHKIKH, eCc’n
He OFOBOPEHO NPOTUBHOE, MBI OYIeM pasyMeTb O JH O3 HAUYHY 10 (YyHKURIO.

Iaa ykasauua Toro gakra, 4To y €cTb (GYHKLEUA OT X, NULIIYT:

y=fx) y=¢9) y=F()nr n¥)

*) TlponsHocHTCS 372 32MHChL CAERAYIOMHM COpasoM: «Hrpek pasHO 3¢ oT
HKC», «<UTPEK PaBHO QM OT HKC» W T. A
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Byken f, ¢, F, ... XapaxkTepusyloT HUMEHHO TO MNPaBMJIO, O KOTOPOMY
NOJIy4aercst 3HaYeHHe y, OoTBevalolee 3afaHHoMy x. [TosTomy, ecan oxHO-
BpPEMEHHO pacCMaTPUBAIOTCA pa3JUuuYHBHE (QYHKUMHE OT OZHOIO W
TOrO e apryMeHTa X, CB#3aHHbe C DAa3JUUYHHMH 3aKOoHaMH
COOTBETCTBUS, UX He caexyer o0osnayarh OAHOH © ToH ke OYKBOMH.

XoTs umeHHO OykBa «3b» (B pasauuHbiX ajidaBuTax) CcBs3aHa CO
CJI0BOM <«(PYHKUMs», HO AJd 0003HAUEHHd (QYHKUHOHAALHOH 3aBUCUMOCTH,
pasyMeeTcs, MOXKET NPUMEHATbCA M mobas Apyras OykBa;, MHOrjxa Haxe
HOBTOPSIOT Ty ke OykBy y: y==y(x). B HEKOTOpHX cCiaydyasx muWyT
apryMeHT ¥ B BMAE 8HAyKa NpH (YHKHWM, HapuMep Vy,.

Ecnn, paccmarpuBas @yHKUMIO, cKaxeM, y==f(X), Mb XOTUM OT-
METHTh €6 YaCTHOE B8HAauYeHHe, KOTOPOE OTBEYAET BHIOPAHHOMY YaCTHOMY
BHAUEHHIO X, PABHOMY X, TO A1 o0o3HaueHus €ro ynorpeGasioT CUMBOJI
f(xo). Hanpumep, ecau

=15 EO="¢, h@=yT—,

10 f(1) osnHauaer uucieHHCe 3HaueHuwe QyHKUME f(x) npu x=1, T. e

W

MONpoCTy YHMCJAO -5, AHANOrHYHO, g(d) osHauaer ynucao 2, h (——) —

[s1}

4
UHCIO & 0 T. I

OG6paruMcst Temeph K CaMOMY N paBRJAY, WM 3aKOHY COOTBET-
CTBHS MEXKLY 3HAYEHHMH IEepEMEeHHBIX, KOTOPOE€ CCCTaB/seT CYLIHOCTb
NOHATHS (PYHKUUOHAAbKOH 3aBucumoctd. IIpaBnao 1o Moxer OHTh BeCbMa
pasHoOOpas3HOi NPUPOXB, MOCKOJBKY OHO HHYEM He OblJIO OrpaHduyeHo.

HanGosee mnpocTo u eCTECTBEHHO OCYILECTBJEHHE JTOrO MpaBuiaa
¢ nomompio GO PMYyaBl, KOTOpas NMPEIACTaBaAeT (PYHKUHMIO B BHIE aHa-
JNTAYECKOTO BBIPAXKEHWS, YKa3blBAIOWEr0 T€ aHAJUTHYECKHE ONepauuu
Wi REeHCTBUS HaJ MOCTOSIHHLIMU YWUCAAMU M HajJ 3HAUEHHEM X, KOTOpbIe
Haao0 MPOW3BECTH, YTOOBI NOJYYHTb COOTBETCTBYIOILEE 3HAaueHune y. IJTOT
aHaNIuTHUYeCKUH cmoco6 B3amaHud ¢yHKUMH siBaseTcs HauboJee
BAXHBIM JJsI MAaT€MaTHUecKoro aHanu3a (Mbl €HIE BEPHEMCS K HeMmy
B caenyoomeM homepe). C  HuM uMTaTesNb BCEro Jydylle 3HAKOM U3
IIKOJBHOrO Kypca MaTeMaTUK{; HAKOHEL, HMEHHO aHaJUTHYECKUM CIOCOOOM
MBI MOJL30BANHCh B NpuBefeHHux B n°16 npumepax.

OpHako O6b10 Obl  OWIMOOUHBIM AyMarb, 4TO 35TO — €JUHCTBEHHBIH
cnoco0, KOTOPHIM MOXKET OWTh 3amaHa GyHKuua. B camoif Matematnke
HepelaKyd Cayvyad, Korga (yHKuus onpenensercs 0e3 nomowmwy (OpMyJIbL.
Takosa, nanpumep, dynxuna E (x)-— «leaas yacTs umcaa x» ¥). Jlerko
coo0pasuTb, 4TO

E()=1, E@25)=2 EWV13)=3, E(—=)=—4u 1 1,
XOTS HUKakoH dopmyas, Bepaxawomwei F(x), y Hac Her.

*) Uan Toynee — HanGonbluee 1eN0€ YUCAO, He mpeBocxofsaulee x (E ecTs
HayajibHag OyKBa OT (PPABLY3CKOro cJaOBa entier, 0003HAYAIOMIEro <LEAbIN»).
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B eCcTecTBeHHHIX HayKaX K B TEXHHKE 3aBHCHMOCTb MEXIY BEJHUNHAMU
YaCTO YCTAHABJAMBAETCA SKCIEPHUMEHTaNLHO mniad nyrteMm Hab/mogexuit. Ha-
NpUMep, €CJau MOABEPTHYTb BOAY NPOW3BOJLHO BHIOPAHHOMY J[aBJEHHIO
pflama), TO Ha ONHTE MOXHO ONPEIENUTb COOTBEICTBYIOILYIO €My TEM-
neparypy 0°C kunenns Boas: 0 ecth ¢yHkuus or p. OnHako 3Ta
(yHKUMOHAMbHAS  8aBUCHMOCTh  3a4d€TCs He KakoH-mubo  dopmyJocii,
a Jnmb Tabauueli, rae IPOCTO COMOCTaBJeHH HOJYUEHHBIE N3 OHbITA
nanupie. ITpumepn Tabauynoro cmocoba samaHus (yHKOUHM JErko HaHTa
B JI000M TeXHMuYeCcKOM cnpasouHuke. Heyno6CTBO ero sak/ouaercd B TOM,
4TO OH JaeT 3HA4YCHUs (DYHKUMM JMIUb /IS HEKOTODHX 3HayeHu# apry-
MEHTA.

HaxoHren, ynomsHeMm ellle, 4yTo B HEKOTOPHIX CJAy4Yasx — NpH HOMOLIY
camonuuIymux npubopos — (PYHKIMOHAMLHAY 3aBUCUMOCTb MEXAy (usn-
YECKUMU BEJWUMHAMM 3aJaeTcs HENOCpencTBeHHO rpadukoM. Hanpumep,
«HHAMKAaTOpHAas AuarpaMma», CHUMaeMas NPy IOMOILYW WHAWKATOpa, Maer
3aBUCUMOCTb Mexay o0beMoM V U jgasieHueM p napa B HWIHHIADE
paGorawoulell naposofl MaiuuHe; «Gaporpammar, pocTaBjsemas Oaporpa-
dom, mpencTaBAseT CYTOYHB XOA arMocdepHOro MHaBJeHUd M T. IL
Pasymeercs, Tako#f cnoco® 3anaHus MNO3BOJSET ONPEAENsiTh 3HAYEHAL
$YyHKIUH AuIls TIPUOJIKEHHO.

Mpl HE BXOAUM B NOAPOOGHOCTH OTHOCHTENBHO TabsMyHOrO ¥ rpadu-
YECKOro Crnoco6oB 3amanus (QYHKIUOHANLHOH 3aBHCUMOCTH, TaK KaK MMH
B MaTeMaTHYCCKOM aHaJu3e HE NPHUXOIUTCH NOJb30BAThCH.

18. Ananutudeckuit cmoco6 sananus odyuxkuuu. Crenaem psg
Pa3bSCHUTE/IBHBIX 3aMeuaHnfi B CBA3M CO crnocoGoM sajanust (yHKUUU
aHAaAUTHUYECKHUM BHpaxeHueM um ¢GOpPMYJNOH, KOTODHH
UrpaeT B MAaTEMaTHYECKOM aHAJIM3€ WCKJ/OUMTENBHO BAXHYIO POJb.

1°, Ilpexne Bcero, Kakne aHaAuTHYEeCKUEe ONepaluH WM
AeHcTBUSA MOTYT BXOJUTb B 3T ¢opmyaw? Ha nmeppom wmecre smecw
Pa3yMelTCs BCe H3YUYEHHBle B JIEMEHTApHON aireOpe W TPUrOHOMETPUU
onepauuy: apudmervueckne aefiCTBUs, BO3BHILIEHWEe B CTeneHb (M H3BJe-
ueHne KOpHSA), JOrapudMupPOBaHKE, MNEPEXOA OT YIVOB K HX TPWro-
HOMETPHUECKUM BequuuHaM M ofpatHo (cm. Hmxe § 2). Oguako, #
9TO BAXHO NONYEPKHYTb, K HX YHCAY 110 Mepe PpasBUTHA HaluuxX
cBeAeHHH no aHaansy OyAyT NPHCOEINHSTLCS W ADYTHEe onepauud, B mep-
BYIO TOJIOBY — IIDeIEJbHEI TNepexof, KoTopoMy nocssuieHa raasa il

Takum o6pas3oM, OJHOE CONEPXKAHHE TEPMHMHA <«aHAJHTHYECKOE BbI-
paxeHne» win «Qopmyna» OyZeT PAaCKPHIBATLCS JHILb MNOCTENEHHO.

2° Bropoe B8aMeuaHue OTHOCUTCH K 06JacTH ONpepeneHus
GOYHKIMN aHAJTUTHYECKUM BHIPAXEHHEM WM (opMyaofl.

Kaxaoe aHasuTHYECKOe BBIPAXEHUE, COAepIKalllee aPTYMEHT X, HMEET,
TaK CKa3aTh, € CTECTBEHHYI0 00/1aCTh NPUMEHEHAS: 3TO MHOXECTBO
BCEeX TeX B3HaueHHMH X, A9 KOTOPHIX OHO COXDaHAET CMBICH, T. €.
UMEET BrOoAHe OnpedeneHHOe, HOHeYHOe, BEULeCMBERH0e SHAYEHUE,
Paspacnum 3TO Ha MPOCTEHLIMX MPHUMEpAX.
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Tak, nna BeIpaweHns Tako#l o6sacTbi0 Oyner BCE MHOWKECTBO

1
14 x?
BeulecTBeHHHX wncex. Jlas upaxenns J 1 — Xx® 5Ta 064acTh CBEAETCS
K 3aMKHYTOMy mnpoMexyTky [—1, 1], 3a npemenamu KoTOoporo
3HAYeHHe ero nepecraer ObITb BEIIECTBEHHBIM., HanpoTus, BhIpaxeHRIO

1
—————" NPUIETCA B KauyeCTBE ecTeCTBEHHOH oOaactn NpUMEHEHUa OT-

Vi—xt
HECTH OTK P B TH # npomexyTok (— 1, 1), 160 Ha KOHIAX €rO 3HaMeHa-
Tenb oOpamiaercss B HyJab, MHorga o0aacts 3HaueHuil, A KOTODPBIX BH-

paXeHUe COXPaHseT CMBICA, COCTOMT U3 Pa3pO3HEHHHX HPOMEKYTKOB:
aa )V x*—1 s10 Gymyr nmpomewytku (—oo, — 1] u [1,-co), am

—T T — IpomexyTKH (— oo, — 1), (—1, D)u(l, 4oc0)u . a*.

B mocaenyomeM u310KeHHH HaM NPHAETCHA paccMaTpuBarh Kak OoJee
cnoXHbe, Tak U Gonee obluue aHaIUTHYECKHUE BBIDAXEHHsS, B Ml He pas
OyneM 3aHUMATbCSl HCCAEJOBaHHEM CBOHCTB (DYHKLMH, 3a1aBaeMbix 110a006-
HBHIM BBIpaXXEHHEM BO BCEH 00JacTn, Iie OHO COXDAHAET CMBHICT, T. €.
U3yyeHHeM CaMOro aHAaJHTHUYECKOrO annapara.

OnHako BOBMOXHO M IPYroe MOJOXEHHe BelieH, Ha UYTO Mbl CUATAEM
HYXHBIM 3apaHee oOparuTb BHHMMaHue uurarens. Ilpexcrasum cefe, uto
Kako#t-mO0 KOHKDEeTHBHIH BONPOC, B KOTOPOM MepeMeHHas X 10 CYy-
BLeCTBY Aela orpaduueHa oOaactbio usameHeHus 2, npuea K pac-
cMoTpenuio GyHKIEM f(X), HONyCKaouled aHAMIUTHYECKOE BHIPAKEHHE.
XO0T# MOXET CJAYYUTbCA, YTO 3TO BHIDAKEHHE KMEET CMHICA B BHe 0O0Ja-
cru %', BHIXOAUTL 3a ee Ipefensl, pa3yMeercs, BCe Xe Heabssd, 3xech
aHATUTAYECKOE BHIPAXKEHRE WIPaeT MOJYHHEHHY!0, BCIOMOFaTENbHYIO
pOJb,

Hanpuwmep, ecay, uccaenys csoGoaHOe najeHHe THKENOH TOUKH C BHI-
COTH /2 Hax NMOBEPXHOCTBIO 3eMan, Mbl npuberHeM K dopmyne

&

2

[16,2)], 1O Hemeno Owo Obl paccMaTpuBaTbh OTPULATENbHHIE 3HaueHus f
2k
niau 3HayeHust £, O6abuine, yem T == z n00, KaK JerKo BUIETH,
npu t=7T Touka yxe ynazer Ha 3em/mo. K 3T0 HeCcMOTps Ha TO, 4YTO
t2

CAMO BBIpaXKEHHE gT COXpaHsieT CMBICH AJSi BCeX BEIleCTBEHHHX f.
3% Moxer CayynTbCst, 4TO (YHKUHUS ONPENe/seTcs HE ONHOM u Tolt

ke PopMysNIOR AnA BCEX 3HaueHui#t apryMeHTa, HO JJai OJHUX — OJZHOH

cdopmyao#t, a paa  Apyrux — gpyrofi. Ilpumepom Taxkoit ¢yHKuuu B

*) Jlna mac, pa3yMmeeTcs, He IIPeACTaBIAIOT WHTepeca TaKHMe BbIpakcHHA,
KOTOpb€ HM NPH ONHOM 3HAYCHHH X BoOOWIE He MMEIOT CMbICIA,
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npomexytke (— 00, —-00) MOXKET CayKuTb (YHKUHS, OnpenenseMas
cJeayouluMy Tpems (popMyaamu:

fx)=1, ecmn |x|{>1 (r. e ecmm x >1 wm x<—1),
fx)y=—1, ecmu |x|<1 (n. e. ecmm —1<x<1)

H, HAKOHel,
f(x)=0, ecmn x=7E1,

Brpouem, He caeayeT AyMmaTb, YTO €CTh NPHUHIMHOHMANbHAS pas-
Hulla MeXAy (yHKUHEH, 3agaBacMOit OfHOH (OPMYJIOH AN BCeX 3HAYEHHH
X, u QyHKUue#, onpegesneHne KOTOPOH HCIOJb3YeT HECKOJbKO (opMyJL.
OO0b1uno (yHkuns, 3afaBaeMas HECKOJbKUMH (GopMyJaaMu (npaBia, LEeHOH
HEKOTOPOTO VCJIOXKHEHHsI BHPaXeHus), MOxeT OBTb 3afaHa ©W OXHOM.
B uactnocTi, 3TO CHpaBesMBO OTHOCUTENBHO INPUBEISHHOH BBHILE (YHK-
nuu [cMm. N°43,5)]. B mocaenayromeM Mbl He pa3 OyaeM BCTpeuaTh NpU-
MEpPHl TOrO Xe pona.

19. I'padux dyrknuu. XoTs B MareMaTHYeCKOM aHajuse (YHKLAH
rpauuecku He 3aHarT, HO K rpaduuecKON HANIOCTPpAUHUU
¢dynknun npuberaioT Bcerna. Jlerkasi 0603pHMOCTb ¥ HarJAsJHOCTb rpadu-
Ka JeJaloT ero He3aMeHHMBIM BCIIOMOTaTeabHBIM CPEICTBOM MCCJAEJ0BaHUSA
CBOUCTB (pyHKLIUH,

ITyctb B HexoTOpoM mnpomexytke 2 8amaHa QyHkuua y= f(x).
Ilpencrasum cebGe Ha MJIOCKOCTH JBE B3aUMHO MNEPHEHIUKYJSPHEIE OCH

KOODAIMHAT — OCb X H OCb Y.
v PaccmoTpuM 1apy COOTBETCTBY-
IOIUX 3HayeHuH X W ¥, rae X
B3ATO U3 INpoMexyTka 2, a
y=7(x); oBpasom >TO# mnapwl
Ha INIOCKOCTH CJYXHUT TOuKa
M(x, y) c abcuucco#t x n opan-
Hatoft y. COBOKYNHOCTH BCEX
TaKMX TOYEK, MOJYUAIOULUXCSA IPY
U3MEHEHHH X B NpEJeaaX CBOEro
HPOMEXKYTKa, COCTaBJsAET T p a-
¢ uk ¢yHknny, KOTOpBHA U £B-
JIFETCA €e reoMeTpHYecKum obpa-
30M. OBGHIKHOBEHHO rpatuK npen-
cTaBiser CoOoH KpHUBYIO BpOIE
Kpusoi AB Ha puc. 2. B 3THX yC/I0BUSX CaMO ypasHeHue y=— f(x) Ha-
3bIBAIOT YpaBHEHueM KpuBod AB.
Hanpumep, na puc. 3 n 4 nsoGpaxenst rpapuku QpyHKIUK

y=+VT=F n y=* VT
(xl<1 (*[=1)

opdurama_y

Puc, 2.
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YATaTeNb Y8HAE€T B HUX OKPYXHOCTb ¥ paBroOouHyto rumep8oay. Muoro
JApyrax #pHMepoB rpaduueckoro usobpaxeHns QYHKUuH yutaresp Hai-
ner B OiamKaliux HOMEpax.

4

Puc. 4.

Crpontcs rpaduk o6uuno 1m0 Toukam. BepyT B npomexyTke Z pan
Giusknx Mewnay co6oil sHaueHud X, BHUMCIAOT NO dopmyne y=—f(x)
COOTBETCTBYIOILUE 3HAYCHHUS V.

X=ux1]Xal...| %,
y=y1 ¥l ..\ ¥n

B HaHOCAT Ha YEPTEXK TOUKH

(xb yl)’ (x‘b )’z), [ERS) (xm yn)-
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Uepes 9T TOUKHW OT PYKH WJIH C MOMOLIbIO Ji€KaJa NMPOBOJAT KPUBY o,
KoTopas (KOHEUHO, JMb C HEKOTOPHM NpuO/AMmKEHNeM) W J3€T HCKOMBIH
rpaduk, Yem naasHee XolX rpadyka W uyeM TIyiUE B3STl TOUKH Ha HEM,
TEM TOYHEE HayepyeHHasds KPHUBAsg BOCHPOUSBOIUT STOT rpadux.

Crenyer 3aMeTnTb, YTO XOTs reoMETpUYecKuil o6pas (yHKIUWH BCerxa
MOXHO cefe <«NpeicTaBuTb», HO He BCerfa 3T0T oO6pa3 OyaeT Kpusoit B
06b]‘{HOM, HUHTYUTUBHOM CMBICJE,

IMocrpanm, manpumep, rpagux ¢ysxkuua y=—F(x). Tak kak B npo-

MEXyTKax ..., {—2, —1) [—1,0), {0, 1), [1,2), [2 38),...

4

O o
Y=
[
Tz 7 7 7 2 ¢ 7
Lo
(S e ol
Puc. 5.

(yHKuHMs coxpaHfieT NOCTOfHHBIE 3Hayewnd ...,—2,—1, 0, 1, 2,..., 10

rpagux Gyner cOCTOATb M3 DPAXd OTAEIbHEIX FOPUSOHTA/IbHBIX OTPE3KOB,
JMIEHHLIX CBOMX NPaBHX KOHUOB (puc. 5)*).

20. ®ynkuuu HaTypasbHOro aprymenta. o cux mop M paccma-
TPUBAMH HCKJIOUHTEJIBHO NPUMEDPH (DYHKURE HENPEPHBHO MBMEHSIOHIEr OCH
apryMeHTa, 3HaueHMsi KOTODOro 3aloJHs/JId CIVIOIIHOH IIPOMEXYTOK.
OcraHoBuMcs Teneps Ha NPUHNUNNAJABHO Oosiee HPOCTOM (HO He MeHee
BaxHOM) cayuae yHkuuu f(n) aprymeHrta r, npoOeraioulero Julib psi
o' HarypambHmx 3Hayenn#t. PYHKUUH HAaTYypadbHOTLO apry-
MeHTa OyAyT urpartb B DajabHelimeMm 0coOy DOJAb.

B ofo3HayeHun Takofl (PYHKIHM YaCTO OTCTYMAWOT OT OOBIYHOrO (PYHK-
HHOHA/AbHOrO 0003HaYeHHss ¥ BMeCTO f(n) DUILYT Kakylo-HuOyab OYyKBYy
€ yKasdaTeJdeM n BHH3Yy, HanpuMep X, Ecau 3ameHnTb 5TOT yKa-
3aTeJb (KOTOPBIR — HANOMHUM 3TO — fBJASETCE 3[6Chb HE3aBUCHUMOH
nepeMeHHOHN) KOHKPETHBRIM HaTypa/fibHBIM YHCJIOM, Hanpumep 1, 23,
518 ..., TO Xy, Xa3, X518, ... OYAYT COOTBETCTBYIOIMMH YU CJHOBH MU
SHaueHusMH (QyHKIUM X, — HanonoGue Toro, Kak f(1), f(23), f(518), ...
O3HaYaJH YU CJAOBHE 3HayeHUus ¢yHxuun f(n).

*) 310 06CTOATEINBLCTBO CHMBOJM3UPYETCA CTPENKa MM, KOTOPHE CBOUMY
OCTPHAMH YKa3hiBalOT H4 TOYKH, He NPHHALIEWAU(HE IPaduKy.
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B cornacunm ¢ obuum onpeaesneHueM, @yHrgus x, cuumaemcs 3a-
O0aHHOW, ecau Mbl 84a0eest RPaAUAOM, NO KOMOPOMY MOgcem Obimb
BLLMUCACHO A0 0 0e €e 3HaYeHue, AUs MOAGKO YKA3AHO 3HA4EHue N.

OO6biunslit cayyait — 370 TOT, KOorjaa ¢yHKUMs X, B3ajnaerca (popmy-
JIOH, yCTaHaB/MBAIOILEH, KaKue aHAaJINTAYECKUE ONepaldd HAIJEKUT Npo-
U3BECTY HaM MEPEMEHHBIM HaTyPa/ibHbIM YUCAOM 7 (M Hal IOCTOSHHBIMA),
4TOOBI MOMIYYUTb COOTBETCTBYIONIEE 3HaueHue ¢ynkumn. ITpumeper

n®—n4-2

x"=3n2+2n——4’

a,=¢q" y,=—=logn u T O

Ho, pasymeercs, W B paccCMaTpUBAEMOM B3AeCb ciayyae (yHKuus
Moxer ObThb 3amaHa mioObM JpyraM npasBu/ioM. B Buge npumepa ymo-
MaHeM O «(axkropmaje yucaa 7y:

nl=1.2.3. ... .n,

a Takwe 0 (YHKUUH < {n), IpecTaBIsOmWEel uuCaI0 menuTeNell uucia #,
ua o Qyukuun ¢ (n), yKassBaioimiefl, ckoisko B papy 1, 2, 3, ..., n
UMEETCsl 4uCeN, B3aUMHO NpDOCTHIX € 7. Hecmorps Ha cBoeoGpasHbIf
XapakTep MpaBua, KOTOPDHMH 3aJaioTCd 3TU (YHKIME, OHH IO3BOJSIOT
BHIYAC/ATh 3HAuCHUA QYHKUMH € TaKOH K€ OnpeaeJeHHOCTBIO, KaK H
Gopmyant:

t(10)=4, <(12)=6, =<(16)=5, ...

o(10)=4, ¢(12)=4, ¢(16)=38, ...

Eme npumep: npeacrasuM cebe pecaruyhsle npubauxenns (CKaxeM,
Mo HeZ0CTaTKy) MiIs V2 co Bce BOspacTaiomiel TOUHOCTHIO:

1,4 1,41, 1,414; 14142 ...

3uas [PaBWIO I/ IPROIMKEHHOTO BHIYIC/ICHNS KOPHEH, Mbl BIPaBe CYATATh
BIOJHE ONpEIeqeHHOH (YHKLMIO, DABHYIW0 NpUGIMKEHHOMY 3HAyeHHIo

ynoMsaHYTOrO KODHA € TOYHOCTBIO JO xota 0ofuiero BBIpAXEHBUR Aast

{on?
9TOro NpPUOMMKEHUS MBI HE UMEEM.

B WKOJBHOM KypCe MATE€MAaTHMKKH UYWTATEMO HE pas MNPUXOXMIOCH
BCTpPeYaThCst € (DYHKIMAMHM HAaTypaabHOro ykasarens. Ecam 3azaHa Oec-
KOHEUHasi TeOMEeTpUuecKas Iporpeccus

a, aq, adh ...,
T0 (yHKUMeH yKasaTens n aBaseTcs M 0O MH yaeH ITOH mporpeccun
a,=aq™*!
71 CyMMa 1 WIEHOB NPOrpeccnu

_a—ag*

S =Ty (g#1).
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B ceasu ¢ onpeaeneHueM IJuHB OKPYXKHOCTH M IIOMLALH KPYra,
00BIYHO PacCMATPUBAIOTCA NPABUJIBHLIE BIHCAHHHIE B OKPYXKHOCTH MHOTO-
YTOJIbHUKH, NOJyYaeMble U3 BIUCAHHOrO IIECTHYTOJbHHUKA I1OCAENOBATE/ b~
HbIM yZABO€HueM uuciaa cropoH, (CTOpOHa TaKOro MHOTOYrOJIbHHKA, €ro
anogema, NepuMeTP M IJIOWALb — BCE ABJAAIOTCA (YHKUMAMH HaTypajb-
HOrO yKasateas n, ecad 3a 1 IDPUHSTh IMONPOCTY YHC/IO IOBTOPEHUH
npouecca yABOEHUS.

21. HUcropuueckne 3sameyanusi. Campif TepMHH <«(DYyHKUHA» DTOABHACA
B onHolt pabore Jleit6uuna *) B 1692 r,, a sareM npuMeHsuca Gparbamu  fIkoGom
n MorasHom bBepuynam #¥) naa xapakTepPHCTHKH PAa3AMYHBIX OTPE3KOB, TaK HIM
NHaye CBA3AHHBIX C TOYKAMH HekoTopoH kpuso#t. B 1718 r. Morann Bepuynau
BIICPBbIE J1aeT ONpefcneHHe (QYHKIHH, CBOGOIHOE OT IeOMeTPHYECKUX IIpeNCcTas-
aenuit. Ero yuennx Ditnep *¥*) B cBoem yueOHuxe «BBenenue B anaaus Gecko-
HeyHo Mambix» (1748), 10 KOTOpPOMY yUMIMCH Hejble MOKONEHHA MATeMAaTHKOB,
BOCNIPOMSBOJMT onpefenchue BepHyanu, HECKOMbKO €ro YTOUHAA:

«PyHKUMA [TePEeMEHHOr0 KOTHYeCTBA €CTh AaHAIUTHYECKOe BBIPAXEHHe, CO-
CTaBAEHHOE KaKWM-TMGO 06DPA30M M3 9TOFO NePeMEeHHOro KOMUYecTBa W U3 HHCen
HIM TOCTOAHHBIX KOMHYECTBy *¥#%)

Kak »BusuMm, B 3TOM OnpenencHUM (YHKIUA TONPOCTYy OTOXAECTBIACTCA
C TeM aHAJHTHYCCKUM BLIPAXEHHEM, KOTOPbIM OHa 3ajaercs.

Hapsany ¢ «aBHbBIMH» (QYHKUUAMH, DHiep paccMaTpUBAX W <HEsBHBIE», ONpe-
neinsieMble HepaspelleHHHIMH ypaBHeHussMH. B To e Bpems —B CBA3M C 3Hame-
HUTOH 3amavelt 0 KoneGaHHM CTPYHBI (0 KOTOPOH NOZPOOGHO OyaeT pPacckasaHo
BO BTOPOM TOME) — Difjlep CYHTA1 BO3MOXKHBIM HONMYCTHUThH B aHAAHU3 He
TONBKO <CMeIUaHHEIey (YHKHMH, KOTOpble B DasHbIX YacTAX NpPOMexyTkKa 3a-
JATCA DPA3SUYHLIMH AHATUTHUECKMMH Bblpawenusmu [cp. n° 18, 3°], no nmaxe
¢dyHKuuH, onpejeirseMble NPOU3BONLHO HayepueHHbLIMH rpagukamu. B mpeaucro-
Buy K ero «Jduddepenunanbuomy ucuucnenno» (1755 r.) Mpl HaxomuMm emle Gonee
ofmyo, XO0Ts U MeHee oNpefelneHHYO (GOPMyIHPOBKY:

«Korpa HekoTOphle KOJMUECTBA 3aBHCAT OT APYIMX TaKHM 00pa3oM, 4To NMpH
H3MCHEHHH NOCAEJHMX ¥ CaMU OHM TNOJBEpramTCA H3MEeHEeHWIo, To MNepBhie Ha-
3bIBAIOTCA (DYHKUMAMUE BTOPBIXy ¥##¥¥),

B Teuenve paAla XeCATHIETHH CYLIECTBEHHOrO IIporpecca B ONpeleleHnH
HOHATHA (YHKUKHM He Obtto. OObIYHO NMpUNHCHIBAT [upuxie ##¥¥¥%) zacpyry
BBIIBMKCHHUA Ha NepBHH IIaH WA E€H COOTBETCTBHA, KOTOPaA eIMHCTBEHHO
¥ JeXUT B OCHOBE 3TOTO IOHATHUSL.

*) l'orppus Buasreasm Jlieit 6Hny (1646—1716) — snamennrniit He-
menkuit ¢urocop u maremarnk. OH paspenser ¢ HbloToHoM 3acayry co3faHus
Iup@epeHLaTbHOro M HKHTErPalbHOTO HCYHCIEHHA (CM. HCTOPHYECKHH ouepk
B raase XIV).

**) flko6 BepHyananu (1654—1705) u Horans BepHyanu (1667—
1748) npuxamnexand 3HaMEHUTOM B WCTOPUM MaTEMaTHKH CeMbe TONIAHACKOIO
IPOMCXOXICHUS; 06a Gblnd CHOABURXHHKAMU JIeHGHHIa B MHOrO CIHOCOGCTBOBAN
(oco6eHHO MAajiui M3 HUX) PACNpPOCTPAHEHUIO HOBOTO HMCYHCIEHHS.

#¥%) Jleonapn d#nep (1707—1783) — spipaiomuiics MaTeMaTHK; IiBefi-
napeu 10 MPOUCXONKIEHUIO, OH GOMBINYIO YACTh CBOEH CO3HATENbHOH WM3HHM NpO-
sex B Poccur u cocrosa uaenom [lerepGyprckoit AxageMuu Hayk.

*#%%) VMeerca pycckuit mepeBoX ToMa I ymoMsiHyTOro CoYMHEHHA (B OpH~
I'MHaJle HalMCAHHOrO Io-aarbiHm), 1936 r.; cM. c1p. 30.

;;‘***) Cm. pycckuit nepesoy <Juddepennnasbroro ucuncaenusar», 1949 r,,
crp. 38.

s%xuxs) Tlerep Tycras Jlexen-Aupnunxae (1805—1859) — pmparompuiica
HEMCHKHHA MAaTeMaTHK.
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B 1837 r. on pman Taxkoe omnpejencHue GQYHKUUHM Y OT INepeMeHHo# x
(B NpeNIOAOKEHUH, YTO MOCHCAHsAA NPHHUMAET BCE 3HAYEHHA B HEKOTOPOM Hpo-
MEX yTKe):

«Ecan kaxmoMy x oTBeyaerT EIMHCTBEHHOE KOHeYHoe y ..., TO Yy Hash-
Baercd ... QyHKUMeH OT x Had sToro mpomemyrxa. [Ipu sToM BoBCe HET Heob-
XOAMMOCTH, YTO6bl ¥ BO BCEM ITOM IIPOMEXYTKe 3aBHUCENO OT X N0 ONHOMY H
TOMY e 3aKOHy, M Jaxe He 06A3aTenbHO NpeNCTaBaATb ceGe 3aBUCHMOCTD,
BHIPAXAEMYI0 C TIOMOLIbIO MAaTEMATHYECKHX oOIllepauuii».

10 onpeiesenve (HECMOTPA Ha yMaasiomue ero oOHIHOCTb OrOBOPKH
aBTOpa) CHIPAT0 BA}XHYI0 PONb B HCTOPHHM MAaTE€MAaTHYECKOTro aHanu3a,

Hoaroe BpeMsi oCTaBajzoCh He3aMeyeHHbIM, yTo JloGayeBckumit *) BbiCKazax
9Ty HIEI0 He TOAbKO paHblue, HO M B OGesynpeuHo#t ¢opme. Ilpumbikaa mnoa-
yany K Toyke 3penua Jitnepa, Jlo6aueBcKuit IOCTENEHHO OTXOJMT OT Hee H
B CcBoe#l paGore «O6 wHcue3aHMH TPUTOHOMETPUYECKHX crpok» (1834 r.) yxe
ONpeReseHHO TOBOPHUT:

«O6uiee nonsitne TpeGyer, 4To6Ghl PyHKUIMEH OT X HA3BIBATh YMCIO, KOTOpoEe
JaeTcs OAs Ka¥iaoro X 4 BMeCTe ¢ x NOCTeNeHHo M3MeHserca. 3HaueHue (QyHK-
LHAKH MOXeT GblTh JaHO MM aHANMMTHYECKUM BhIpAaXEHHeM, HIM YCIOBHEM, KOTO-
poe MOKaeT CPeNCTBO HCILITBIBATL BCE YHCJIA M BoIOMpPaTb OJHO M3 HHX, WiH,
HaKOHell, 3aBHCHMOCTb MOXCT CYIEeCTBOBATh M OCTaBAThCS HEH3BECTHOH» ¥¥),

3aMeTUM B 3aKMIOYEHHE, YTO IPUBBIYHOE JUiAd HAC 0003HayeHue QYyHKUAU —
f (x) —npunagnexur diaepy.

§ 2. BAXHEHIIHE KJACCHI ®YHKIHI

22. Jdnementapunie ¢pynxkuuu. Ilepeuncanm saech HEKOTOpPHIE KJIACCH
(YHKUMH, NONYyYuBIINX HA3BAHUE IACMEHMAPHBLX.

1° Lesas u dpoGras payuoxassksie @dywxgun. Pydkums, npei-
CTaB/seMas LeAbM OTHOCHTENbHO OYKBBI X MHOTOUJIEHOM

y=ax"tax"" 4 .. Fa,x+a,

(ap @1, Qo ...— TMOCTOSHHBIE), HA3BIBAETCA L EJOH pallMOHAaAbHOH
pyHKUUE#H
OTHOLUEHHE [IBYX TaKUX MHOI'OUJIEHOB

e xt x4 Y, xHa,
Y o o T o o bk - B

npeacrTapaseT ApoOHy© paumoHaapHyw ¢pyHxunio. OHa onpe-
IelieHa IJs1 BCEX 3HAYeHMHl X, KpOMe TeX, KOTOophle oOpamaioT sHaMeHa-
TeAb B HYJb.

Ilast npumepa Ha puc. 6 nausl rpadwku QyHKiumm y=—=ax® (nap a-
60 H) NpU Pa3JIMYHBIX 3HAUEHUsX Ko>(duuueHTa @, a Ha puc. 7 —rpa-

a
dukn Qynkuun y== (paBHoOouyHEe runepOOaH) TaKKE MNpu
Pa3NMYHBIX 3HAUEHHAX 4.

*) Hukonait Msanosuu JloGauesckuht (1793—1856) — peauxutt pyc-
CKMH MaTeMaTHK, NPOCHABHBIUMICA CO3TaHHeM HEIBKIHIOBON reoMeTpuu.
*) H. M. Jlo6avesckuit I[lomHoe coGpanue couudennit, 1. V (1951),
crp. 43.
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2°. Cmenennan hynryus. Tak HaspiBaeTCs QyHKUUS BUAa
y=ux"

rae p— moGoe NOCTOSHHOE BellecTBeHHoe uucao. Ilpu umeaom p noay-
yaercs paumonanpHas ¢ynkuus. IIpm p gpoOGHOM MBI uMEeM 8aeCb pa-
nukaa Hanpumep, nycrs m — Ha-

y=\az°2 Y f y /2 / TypanbHOE HUCJO H
1
\ \\ Z / / / M Jra cbymi’m? ane:;en{;z g BCex
\WAVARVIN Wi/ 3HaueHult X, €CAU m — HEUETHOE,
A\ [T W JIMIIb VIS HEOTPHILATEJIbHBIX 8Ha-
\ A\ []1/ , vennii —npu m uetHoM (B STOM
\\ \ \ /[ / // /[/ y“—'-@
z ¥
SN\ A A iy
NN/ Z=<-P, 1
- Z 1“-’ \
i e 7/ AN\ ZAHINNY
NSRS
Vi RAN |, EEEAAYINSS
TAVIERN NN RS- =SSUPZ==
/ l \ NN \'{Ilf";;'
AN N ANANAY 7
LU AT i/
[ 1] L1 ’
Puc. 6. Puc, 7.

cnydae MBI HMEEM B BRIy apudMeTnyeckoe sHaueHue paiwkana). Haxowen,
€CAH P — UPPAlMOHANBHOE uHMCAO0, Mb OyaeM npemmonarate x>0
(x=0 ponyckaerca auwb npu p > 0).

Ha puc. 8 u 9 mausl rpadmku CTeneHHO#t QYHKUUM NPU  PasIHYHBIX
8HAUECHHAX .

3%, Ioxa3amensnas ynxyus, T. €. QYHKUAsS BUAZ

y:"ax’

rIE Q@ — IOJOXHTEJbHOE 4YHCIO, OTJMYHOE OT EeIUHHLUN; X NPHHUMAET
moboe BeleCTBENHOEe 3HAYEHHE.

I'paduku noxkasatenbHON (YHKUUK NPU PAsIUYHBIX 3HAUCHUAX @ HaHBI
Ha puc. 10.
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4°. Jloeapughrunecnwan pynxyus, 1. e, GyHKIus BUAA
y=log, x %),

TOIe @, KaK #W BBILIE, — MNOJNOXNATEABHOE YHCIO (OTJII/I‘JHOE oT elU/]HI/llel);
X TPUHUMACT JUllb MOJOXUTEAbHBIE 3HAUYEHUS.

J
YN _g=xtus0 10432 3 L1 4 s0m Y2 pd

2

3

1

v

31

%

a7 -g1
"7
-4
-7
2
-5

2 Ty z
Puc. 8. Puc. 9.
4
I'Sa
4 \ \;Q'b 5 foeamt
; i =

NZ NN i 1g,%

1 t /i \“\ [/ w—

‘\ \ 2l ’ / \‘t“- / |
VARNNEINGD. 7 3 z
‘}\\‘.‘j] NEEKEEKEKE
NN 2 N\ .

Z Y N S

\\\ N \“ -/ N < [.’7, 2

SNRY N
VS | PN SN

L X 2 ICIINN N 5

2z 77 | | ~
Puc, 10. Puc. 11.

Ha puc. 11 panst rpaduke 3TOH QyHKUMR NpPU DPASAUYHBEIX 3HAuE-
HUSIX Q.

*) OGosnauenne log X Mbl COXpaHAeM Iad NE€CATUYHB X JOrapH(pMOB:
log x =log, x.
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5° Tpueonomempuueckue ¢hyHniyuu:

y==sinx,

23

y=cosx, y=tgx, y=cigyx,
y==secx,

y==cscx.
Ovyetb

BaXHO pas HaBCeraa YCBOWUTb, UTO QpeyMeHmb. mMpu2oHo-
Mempurecrux gﬁymcuuz‘i, ecau ux paccmampusams Kax Meps. Y2408,

4
[ - ~ < T~y - ot
e d
v e AN
, Y05 T N
/, // \\
/ 4 o 21 z
VY
- /
4
g4 Ll i ! ! |
'. ! ‘.
! )=ty z ! \
2 A \ \
v 1 \ A
+ 1 T
\ \ \
7/ \ \ \
\ N \
\ \, \
\, \ \
™ g N N N T
AN 7 ZIN, T EZAN n Sz
21\ AN AN 2
N\ N N
\ -/ \
\
\
\
z
1

s
&
'\}/

Puc. 13.

acezda 8vipasicapont miu yeasl 8 paaaaﬂax (HOCKOJIbe HE OroBope-

Ho npotusHoe). s tg x u sec x uckmovarTcs 3uayenus suaa (22 1) % ,
a anq ctgx m cscx — sHaueHus Buuza Aw (& — uenoe).

Ipaduku dynkuut y=sinx (cos x) 1 y=tgx (ctg x) naun Ha
puc. 12 u 13. I'padux cuHyca OOHIUHO HA3HIBAOT CUHYCOUOOY.

23. Ilonsntue oGpaTtHeit dynkuuu. Ipexae uem nepeiitu k oOpar-
HBIM TPUTFOHOMETPHYECKUM (YHKLMAM, CAEJaEM IOSICHEHUE OTHOCKHTEAbHO
oOpaTHbIX GyHKUUH BOOOLIE,
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Mpeanonoxum, 4to GyHKnua y == f(x) s3ajaHa 8 HeKoTOpO#H obaactu I,
¥ nycth & OyAeT MHOXECTBO BCEX B3HauyeHWH, KOTOpHE 3Ta (ynKuwns
NPUHAMAET, KOMJa X HM3MEHAeTCA B npedenax obaactu 2. B nawied npak-
TuKe Kak .2, Tak u % 0ObuHO GYXYyT MPEACTaBAATh COBOI0 MPOMEKYTKH.

BriGepem kakoe-nuGyabp 3uavenme y=y, w3 obGaacta %; Troraa
B obnactu 2 HeoOXOMUMO HAHIETCH TAKOE 3HAUEHHE X ==X, NpU KOTO-
pom Hamd (PYHKIMA NPUHUMAET UMEHHO 3HAUYEHUE Jp, TAK UTO

fx) =y

NoJOGHHX 3HAYEHUH X, MOXET OKas3aTbCd ¥ HECKOJAbKO., Takum oOpasom,
KaXOOMy SHAUEHHI0 y U3 & CTABHUTCA B COOTBETCTBUE OJHO HJIM HECKOJBLKO
3HaueHnil x; 9THM onpeiensercs B obsacty ¥ omZHOBHauHaa uiay
MHOTOSHauHasa ¢GYHKIUA X == g (), KOTOpas M HaswBaeTca oOpaTHoMH
g gyHkuun ¥y = f(x).

PaccmorpumM npuMep b

1. Tlyers y==a*{a>1), rae x u3SMEHseTCi B NPOMEKYTKE
X == (— 00, -} 00). 3HaycHud y 3aN0JHAIOT NpoMexyTok ¥ == (0, + oo0),
NpuYeM KaXAOMY Yy W3 5TOTO NIPOMEXKYTKAa OTBEYaeT, KaKk Mbl 3HaeMm [12],
B 2 onuo onpereneHHce x==1log,y. B sToM cayuae oOparHas ¢yHk-
1Sl OKasbiBaeTCs OMHO3HAaYHOM.

2. HaoGoport, mist Gynkumy y=—x% eciu X U3MEHATb B NMPOMENYTKE
X =(—o00, -+ ©0), obparnas (pynkuns OyneT ABY3HauHO i KaxaoMy
SHAUeHMIO y W3 TNpoMexyTka % =—[0, -~ co) oTBEyalT ABa 3HAYEHHs
xzi]/y n3 2. Bwmecto srtoft mBysHauHo#f (yHKuumM OOBIYHO pac-
CMAaTpHBAIOT PA3NENBHO JBE ONHO3HauHBe yukuan x=-Vy u
x=—-]/_y («BeTBU» JABy3HauHOM (yHkuuu). VX MOXHO MOpPOSHB TaKxie
cuurath OOpaTHHIMH M (QYHKUUH y=x% B NPEANOJOKEHAU JHIlb, YTO
0061aCTh U3MEHEHHS X OTPaHHYCHA COOTBETCTBEHHO NMpPOMEKYTKOM [0, -}- co)
UAM NpoMexyTKoM (— oo, 0].

3ameTuM, 4TO MO rpaduky ¢yHkuuu y==f(x) nerko cooOpasuts,
Oyaer qu obparHas Ana Hee (QYHKUMS x==g(y) ONHO3HaYHOH WM HET,
Tlepsoitt cayvalt npepctasutcs, ecan mobas NpsMas, NapaaienbHas oCd X,
nepecekaer 3ToT rpagux passe Jub B omHOH Touke. HaoGopor, ecan
HEKOTOpHE U3 TaKUX NPAMBIX NEPeceKkanT rpaduKk B HOCKOJBKUX TOUKaX,
oOparHas ¢yHkuus OyI€T MHOrosHauHOf. B sTOM cayuae no rpaguky xe
JErKO pasbuTb NPOMEXYTOK H3MEHEHHSl X Ha YacTH TaK, 4TOOH KaxaoH
YacTH yXe OTBEyaJa OJHO3HAYHast <«BeTBb> 3TOH ¢yukuuw. Hanpumep,
Nno OJHOMY B3raAgly Ha napabojy puc. 14, Koropasi CAYKHUT rpadukom
dyHKIun y = x% sCHO, yTo OOpaTHas eff (PyHKIYs ABYSHAYHA U UTO A/
TIOJyYeHNa OJHO3HAYHBIX <«BETBEH» HOCTATOUHO DAashEJbHO PaccMaTpPHUBATb
NIpaByl0 ¥ JIEBYIO YacT¥ 3TOH mnapabonsi, T. € MOJOXKNTEJbHEE WU OTpU-
naTeabHble 3HauyeHus X ¥).

*) Humxe [71] mMbl BepHeMcA eule K BONPOCY O CyuleCTBOBAHHM H ONHO3HAY-
HOCTH OOpaTtHOH (PYHKUHH,
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Ecnn dynkuns x = g(y) ssasercs obpatHoit pas dpyskmun y = f(x),
TO, OueBUAHO, rpaduxu obeux ¢yHKUM# cosnagalor. MowxHO, OIHAKoO,
norpeGosarb, u4ro6H M apryMeHT oOpaTHO# yHKUMM 0003Hayasaca
OykBo#t x, T. €. BMecTOo (yHKUUM x==g(y) paccMaTpuBaTh y==g(X).
Torpa sume nNpPUZETCS TOPUSOHTANBLHYIO OCb Has3BaTh OCbIO J, a BEPTHU-
Ka/bHYI0 ~— OChI0 X; rpaduk Bce eme ocTaHercd npexuuM. Ecam xe
noxenarb, 4yro6m (HOBas) ocb X Obl1a Obl, KaK NPUBBIYHO, FOPHU3OHTAJb-
HOH, a (HOBaf) OCh y — BEPTHKANLHOH, TO 3TH OCH Hy}HO Oyler nepe-
CTaBHTb OJHY Ha MECTO APYroH, yro yxe uameHut m rpaduk. as ocy-

IECTBIEHNS TOFO NPOME BCEro no-

y BEPHYTbh ILIOCKOCTH ueprexa xOy
Ha 180° Boxpyr OHCCEKTPHUCH mep-
BOro KoopauHatHoro yraa (puc. 15).
4
] R
! ! gl
i i ¢ Q)
i } N A
i i / S
i t /
] } /
! ;
1 1
z’ 0 z 0 z
Puc. 14. Puc. 15.

Takum of6pasom, OKOHUATENBHO, FpaguKk y=—=g(X) NoayyaeTrcs Kax
3epKaibHOe oOTpawxeHue rpaduka y=—f(x¥) OTHOCHTENLHO 3TOH OHCCEK-
tpucel. Ilo puc. 10 u 11, Hampumep, Cpasy BHUAHO, YTO OHH UMEHHO
TaK HOJYYEHH OAWH M3 Apyroro. TOYHO TaKk ke, MCXOAs U3 BBHICKA3aH-
HBIX cooOpaxeHnu#l, Jerko OODBACHUTH CHMMETPHYHOCTL (OTHOCHTEABHO
OHCCeKTPHCH) Kamxaoro us puc. 8 u 9.

24. OGpatHble TpuroHomerpuuecxue d¢yunknua. B  gononnenne
K TEM KJI4CcCaM 3JIEMEHTapPHHX (YHKInH, KOTOPHE OGBLIM YIOMSHYTH
B n°22, paccMOTPHUM TEmephb

6°. Obpammnsie mpuzonosMempuieckue GyHKyuu:

y=arcsinx, y==arccosx, y=arctgx,
y=arcctg x (y=arcsc x, y == arccsc x).

OcranoBuMcst cHayana Ha nepBofi U3 HuxX. PyHxuma y==sin x omnpe-
Jenena B npomexyrke 2 = (-— 0o, - Cco), npHYeM €e 3HAYEHUd 3anoJj-
HRIOT couIb npoMexyTok % ==[—1, 1]. ITapanrens ocu x nepecexaer
cuHycouny, T. e. rpaduk ¢yHkumu y==sin x (puc. 12), B 6ecCKoHeu-
HOM MHOXECTBE TOUEK; MHAY€ FOBOPH, KaXAOMy B3HAyeHuio y u3
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npomexyrtka [— 1, 1] orBeyaer 66CKOHEYHOE MHOXKECTBO 3Haye-
uuft x. ITostromy oOGpaTHas ¢QyHKknwus, KOTopyno 0003HaualoT Tak:

x = Arcsin y*¥), ¥4
i
Gyner (6eCKOHEYHO-) MHOIO3HAYHOH. i/
OO0bIyHO paccMaTPHBAIOT JIKILbL OAHY «BETBbY ,;’
5TOH (PyHKIMM, OTBEYAIONYI0 M3MEHEHHIO X /’
T T 4
mexay — 5 u 5. Kaxnomy y us [—1, 1] P
B 9THX NpeJeaax OTBEYaeT O JHO BHAYEHHE X; yd
ero o6osHayalT uepes 4
/
. /
x==arcsiny /
W HaspiBAOT I 3BHBM 3HAYEHUEM apKcu-
47
Hyca. X 7
IoBopayusas cuHycouly OKOJO Ouccex- \
TPHUCH NEPBOr0 KOOPAMHATHOrO YIJia, MOJydaeM \
rpaguk (puc. 16) MHOTOSHAYHOH ¢YyHK- \\
nun y==Arcsinx; XMpPHO BBIENEH rpadux N
rn1aBHOW BeTBHU ee y==arcsinx, Koropas ”\\
ONHO3HAaYHO OINpeleseHa B MPOMEKYTKE N
[—1, 1] 3HaveHu# X ¥ NPHUTOM YJIOBJETBOPAET N
HEPABEHCTBY 3
\
ki1 . ™
— 5 =L arcsin x =< -, 77
2 2 %
KOTOpOE XapaKkTepusyer ee cpelau JApyrux
BETBEH.
Bcnomunass U3 3/7E€MEHTapHOH TPUTOHOMET-
pHUM, KaK BHIDaXAIOTCA BCE 3HAuyeHust yrJja, g ~T
UMEIOLIEro HaHHBIH CUHYC, Yepe3 OIHO W3 3TUX /
3HayeHu#t, JEerkKo Hamucath (POPMYJH, daoUine
BC€ 3HaueHUs apKCuHyca: Y-larcsinz:
Arcsin x = arcsin x - 2k=
wmi (24 -4 1) ® — arcsin x -Z
(=0, =1, £2,,.) Puc. 16.

TlonoGusie ke pPacCyxAEHUS NPUMEHUMB K (YHKIHR Yy == COS X
(—co<x <—+co). U sneco obpatnas ¢yHKuua

y==Arccosx (—l=Cx=I1)

*) Mpl yxe moivyepkusaiu B cBoe Bpema [22, 5°], uto apryment x TpHro-
HOMeTpHYecKo# (YHKUHMH BbipaxaeT Yrol B p ajH aHax; padymeercd, M 31ech
3HaYeHUA OOpAaTHLIX TPUTOHOMETPHUECKHX (YHKUMI — eCAW HX paccMaTpuBaTh
KaK Mepbl YIJOB — BCE BBIPAXCHbl B PajJu aHax.
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oxassiBaeTca (BecKoHeuHo-) MHOrosHauHo#t (cM. puc. 12). Ilas BuieneHns
ONLHO3HAUYHONW BETBU €€ MNOAUMHSIOT yCa0BUIO
0<Carccos x<<m;

3TO0 €CTh I'M1aBHAad BE€TBb APKKOCHHYCA.
(DyHKIlHﬂ arccos X CBfA3aHa C arcsin X OYEBUAHHIM COOTHOILEHUEM

Vi n
y arccos X == & — arcsin x;
Pl
. P JEUCTBUTENLHO, HE TOJIbKO
’ 7 :
/,/ KOCHHYC yria -5 — arcsing
7 r paBed sin (arcsin x) = x,
L~ HO W CaM yroJ COnepKuIcs
L4 umMeHHo mexay O n m. Oc-
B TaJbHBIE 3HAUEHUS ATCCOS X
!271 ] BHIPAXAIOTCA Yepe3 TrJaB-
LT HOE 3HaueHue no dopmyae
/I
e
v Arccos x=2kr X arccos x
A (=0, 1, =2, )
/”
’/
| d- dynkupas Yy = tgx
onpeneneHa AJs BCeX 3Ha-
7z
Z /y/_ yeHUil X, Kpome 3HauyeHu#
ki
y.—g/’nfiz X = (2k + 1) 7
= . = z .,
7 2 7 7 4 Z J (=0, X1, 22, ,.).
_‘)// 3uaueHns y  3alOJHAOT
i 3/1eCh MPOMEKYTOK (— 0O,
i _%r —L 00}, npuyeM KaxKIOMYy y
CHOBa COOTBETCTBYET Oec-
Puc. 17. KOHEYHOE MHOKECTBO 3Ha-

venuit x (cm. puc. 13).
IosTomy o6patsas ¢yHKuus x==Arctgy, sanaHHags B NDOMEXYTKE
(— oo, -+ o0), Gynmer (Geckoneuno-) muorosnaunoit, Ha puc. 17 uso-
6paxen rpaduk ¢ynkmuu y == Arctg X, noayuyenHsii nopoporom Ha 180°
BOKPYr OHCCEKTpPUCH TIEpBOr0 KOOPAVHATHOTO yraa rpaduka ¢yHKIUH
y=—tgx. 3a rnaBHoe 3HaueHHUE apKTaHreHCa, arctg.x, NpUHHUMAOT
TO U3 3HAYEHMH >TOH MHOrO3HAayHOM QYHKUUM, KOTOpPOE YINOB/ICTBOPSAET
HEPaBeHCTBaM

T T
— gy <larctgx 5.
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Takum nyTeM onpenensercs OJHO3HauHas  (YHKHUS —TJaAaBHAS
BETBb apKTaHureHca, sajaHHas Aad BCexX sHauennit x. Ocranpupie 3Haue-
HUS apKTaHreHca, Kak JeErko IOKasaTh, MOJYYRIOTCS Tak:

Arctgx=arctgx 4 kx (=0, 1, =2,,.).

HerpyaHo ycTaHOBHTb NPSMYIO CBSI3b MEXKAY (QYHKHUIMA arctg x
v arcsin x:

X
arctg x = arcsin wan arcsin x == arctg ———
(Co<r<to) VI4a? (—l<r<+1) Vi—ax®

Hanpumep, ecau nonoxurs o=—arctgx, Tak uro tga=x, TO sina==
. tga - X
V1 Ffigh V14 x°

ki ks . X
NOTOMY YTO -—?<a<7; OTCIOAA U BBITEKAET, UTO a——_—arcsm—T,-—_,F—-z.

, TIPUYEM KOpeHb Oepercss CO B3HAaKOM ILTIOC,

x2
Ynomsinem eute o ¢ynknun Arcctg x (— co<lx<--00);, ee raas-
HOE€ 3HAaUEHUE ONpele/seTcs HepPaBEHCTBAMU

0 <arcctgx <=
W CBS3aHO ¢ arctgx COOTHOLIEHHEM

T

arcetg x —= 5

arctg x.

Ocranpuble 3HAUEHNS] APKKOTAHMEHCA UMEOT BHI
Arcctgx =arcctgx +kr (=0, X1, 22, ..).

Ha ¢yunxuuax arcscx (—oo<{x<t—1 n 1<<x < -+ 00) u arcesc x
(Te e NpOMEXKYTKA M3MEHEHHs) OCTAaHABJWBATLCS He OyaeM, NpPEroCTaB-
J8s YATaTeMmo CaMOMy B HUMX DPa3o0parsed.

25. Cymepnosuuusa ¢ysxkunuil. 3axaounTeNbHBIE 3aMeuyaHud.
IToznakomMuMcs € TNOHATHEM CYNepHNO3NUUU (WIH HAJOKEHUS)
¢yHKUnH, KOTOPas COCTOMT B TOM, YTO BMECTO apryMeHTa JaHHOH (yHK-
LMK MOACTaBAsieTcs Apyras (yHxkuma (or Apyroro aprymenrta). Hamnpu-
Mep, cynepnosunus ¢Qynkuuii y==sinx n z==1logy maeT yHKUUIO
z=1og sin x; aHaJIOTMYHO MNOJyYaTCad 4 QYHKUUN

—_— 1
]/1 — x*, arctg T uTm

B ofumem Buie NpeanoJokuM, YTO (GyHkuua 2=¢(y) onpereieHa
B HekoTopo# obnacth % ={y}, a pyHKuus y= f(x) onpenencHa s x
B oGmacty & = {x}, npuueM 3HAUEHHS e€e BCE COZEPHKATCH
B o6aactu % . Torxa nepeMeHHast 2, KaK roBOpAT, H€P€3 MOCpE A~
CTBO y U caMa siBaseTca QyHxomedt oT x:

z=9(f(x))
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Ilo samansoMy x u3 % CHauana HaXoOAAT COOTBETCIByomee emy (mo
npaBuiIy, XapaKTepuU3yeMoMy SHakoM f) sHaueHne y u3 %, a sateM ycTa-
HABJMBAIOT COOTBETCTBYIOLIEE 3 TOMY 3HaueHuo y (HO mpaBuwiay, Xapak-
TEPU3YEMOMY 3HAKOM @) 3HAUCHHE 2; €r0 M CYATAIOT COOTBEICTBYIOIIAM
BuOpanHomMy x. Ilonyuennas ¢Oywrkyus om (DyHKyuU, WU CAOJCHAS
yaryus, n eCTb pesyJbTaT cynepnoguyun (GyHkunii f(x) u ¢ ().

Ilpeanonoxenne, 4T0 3kaueHus (yHKUMM f(x) HE BBIXOAAT 3a Mpe-
Ieabl To# obaactu ¥, B KoTOpOl onpeneneHa Qynkuus ¢ (y), BecbMa
CymecTBEHHO: €CJIA €T0 ONYyCTHTb, TO MOXET MOJYYUTbCA U Heje-
noctb. Hanpumep, nonaras z=1ogy, a y=sinx, MH MOXEM paccma-
TPUBATH JMIUL TAKHE SHAUGHHS X, HA KOTOpeX sinx >0, ubo uHaue
BhlpaxeHne log sin x ne uMeno Obl CMBICTIA.

Mul cuuTaeM TOJE3HBIM 3[eCh Ke NOAYEPKHYTH, YTO XapaKTEPHCTHKA
(yHKIHN, KAK CJAOXKHOH, CBI3aHa HE C NPUpoaoH (PyHKUMOHANBHON
33BUCUMOCTH 2 OT X, a JIb CO CNOCOOOM 3alaHUSs 3TOH 3aBUCH-

mocri. Hanpumep, nycts 2=} 1—y® mua y B [—1, 1], a y=sinx
AJg X B [——-’21, -;J Toraa

2=11— sinx = cos x.

31ech QYHKIMS COS X OKa3ajnach 3aXaHHOH B BHIE CIONKHOH (YHKLIHU.

Tenepb, KOria nOJHOCTHIO BBISICHEHO TIOHATHE CYNEPIO3SHLUHH, MBI
MOXEM TOYHO OXapaKTePHU30BaTb NPOCTEH M UM U3 TEX KJIACCOB (YHK-
unil, KOTOpEIE W3Yy4aloTCsl B aHaluse: 3TO, NPEKAE BCero, nepevyucJeHHse
BHIIE 3JeMeHTapHble ¢yHkiuu 1°—6° a saTeM —BCE Te, KOTODHIE
U3 HHX TOJAYHalTCd C NOMOMWBIO UYETHpeX apudMeTHuecKux AeHCTBUA
W Cyneprnosuuuf, nocjefoBaTeNbHO MPUMEHEHHBIX KOHEYHOE 4YHUCJIO0 pas.
TIpo HUX roBOPSAT, YTO OHM BEHI PAXKAITCSH Uepe3 3JJEeMEeHTapHHE
B KOHEYHOM BHJ(€ MHOIAA MX BCE TAKXKE HA3HIBAIOT JAEMEHTAap-
HEIMH.

Brocseactsun, oBnageB GoJee CJAOKHBIM aHAJIMTUYECKAM aliiapatrom
(6eckoHeUHSIe PsiIbl, MHTErpasibl), Mbl ITO3HAKOMUMCA M C APYTUMH (YHK-
LHAMH, TAKXE HIPAIOILUMK BAXKHYIO DOJb B dHajMN3e, HO yXKE€ BBIXOIs-
UMK 32 NPEAETB KJacca 3JEMEHTAapHBX (PyHKuul.



I'/IABA TPEThS
TEOPUS NIPEJEJIOB

§ 1. NIPEJEN $YHKIHH

26. Ucropuueckue 3amevaHus. [lonatHe npenena HeiHe NIPOKM3BIBAET BECh
MaTeMaTHYeCKMil aHaau3, Ia M B JAPYrHXx o6GHacTAX MaTeMaTHK¥ TaKike HIpaeT
BaXHYI0 poab. OnHako (Kak uuTartenb yBMAMT B raase XIV) aTo nonstne BOBCE
He Jexano B ocHoBe AU depeHunasbHOr0 W UHTErpPafbHOrO MCYKUCIEHHS NPH €0
BO3HHUKHOBEHMH. Brnepsuie onpejenenHe NMOHATHA mpejena Moapasercsa (Mo cyme-
cTBY B TOif Xe dopme, Kak 3To O6ymer H3d0keHO Huwe B n° 28) y Bannuca#)
B «Apudpmernxe GeckoHeunnx Beanums» (1655). Hploton B 3HameruTHIX <Mare-
MartMyeCKHX Hayalax HaTypaabuoft ¢uaocoguu» (1686—1687) onyGauxopaa csoit
MEeTOl NePBHIX U MOCHeJHHX OTHOIIEHH{l (MAM CYMM), B KOTOPOM MOXHO YCMO-
TpeTh 3a4aTKH TeopHH mpeneaoB, OAHAKO HUKOMY U3 BEIHKMX MaTeMaTHKOB
XVIII Beka He npuxoauao B roJoBy 060CHOBATb HOBOE MCYHCIEHHE HA
TMOHATUM Npejesa ¥ TeM OTBETUTH HA CNpAaBelNHBBIE HAMANKM, KOTOPHIM OHO
rofBeprasoch *¥), B aToM cMbiCIe XapaKTepHa Nno3uuua Jiinrepa, KOTOPLH B Dpe-
AMCIOBHM K TpakTtary mo «/luddepennuanrbHoMy ucuucienuio» (1755) oryeranso
TOBODHT O Npefele, HO HUre BO BCeft KHHTe 3THM NOHATHEM He TOJb3yercs.

[TepenoM B yka3aHHOM Bonpoce Obla cO3faH <Aure6panyecKuM aHATUIOM»
Komn ##*) (1821) u nanpHefiuumMu ero ny6aMKauuaMy, rie BRepssie pa3sura 6pia
TeopHs NpejenoB, NOCHyxMBWas B pykax Komu NeHCTBEHHHIM OpYRMeM Aas
CTPOroro NOCTPOEHHs BCEr0 MaTeMaTHYecKoro asaausa. [losunms Komm, pas-
BesBIlaA MUCTHYECKHIl TYMaH, KOTOPBIM 0 Hero Gblid MOKPHLITH Hayala aHaliusa,
noayynna sceobilee MpH3HARKE.

Bripouem, 3acayry Komu pasaensior u Apyrue yyeHsle, Cpelld KOTOPHIX ocoboe
MecTo sanuMmaeT Boabuaso, B paje cayyaeB CBOMMM paboTaMM mpelynpesuBiiui
re Toapko Komm, HO M mospHefliMx MaTreMaTHKOB. IJTH paGoTHl He IOAYYHIH
PacpoOCTpaHeHHsA, H O HHX BCHOMEHIM AMIUb CIIYCTA MHOTO JeCATHIETHI.

27. Yncaosas nocaeroBaTeJdbHOCTh. Y CTaHOB/AEHUE OCHOBHOIO B aHa-
Jau3e TOHATUS nMpedes MB HAauHEM C TPOCTEHWIEro 4YacTHOrQo ciayuas
(usBEeCTHOrO Jaxe H3 Kypca CpeaHed IuKOJB), MMEHHO — C mpejela
GPYHKLHH X, OT HaTypaabHOro aprymeHra Kak ysuium,
K 9TOMY CAy4aio NPUHIANHAILHO CBOAATCA M BCE Godee CHOKHHE Cayuad,

AprymMesT n npuHUMaeT BCEe 3HAUEHHS M3 HATypPaJAbHOro psAaa

L2 3 ., .., M

#) axon Baaauc (1616—1703) — apraumiickuit MaTemaTHy,
**¥) [logpoGHee 06 3toM cM. B raase XIV.
#*#%) Oriocted Jlyn Kom u (1789—1857) — snameruTslii GpaHnyscKuil aHAANCT.
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YIEHB KOTODOro Mbl npeacTapaseM cebe ynopaIO4yeHHBIMH 1O BO3pacra-
HiIO, Tak 4to OGojbuiee uucao A/ CAEAYET 3a MEHbIUUM YUCAOM 77,
MeHbIIee YWCIO 7 npesuectsyer Gosbluemy uncay .

Ecan zazaHa (yHKOMSA X, TO €€ apryMeHT, WM YKasaTejb 7, MOXHO
paccmMaTpuBaTh KaK HOMEpP COOTBETCTBYIOULErO 3HAYCHHs MEPEMEHHOH.
Takum oOpasom, X; €CTb NEPBOE €€ 3HAUCHUE, X3 — BTOPOE, X3 — TPEThe
U T. . Mn Bcerma Oyzem npeacraBaaTs cefe 5TO MHOXKECTBO 3Ha-
uennit {x,} ynopsaoueHHHM, HanoxobGume HATYPaAbHOTO
paaa (1), mo BO3pacTaHHI HOMEpPOB, T. €& B BUAE HUCAOBOU
nocae008amensHOCMU

X1, Koy Xay ooy Xpy vuvs Xnny oo %) 93]

Ipu #’ >>n sHaveHue X, cAeAyeT 33 X, (X, NPEXIWECTBYET Xy)
He3a8UCUMO OM MO20, OY0en. AU CQMO HUCAO X, OOAbULE, MEHbULE UAL
daoce pasHo x,.

Hanpumep, ecan sazath §ynkouio x, ogHolt us ¢opmya
L4 (="

£, =1, x,=(—1)", x,=——

TO COOTBETCTBYWOLUUE IIOCAEA0BATENBHOCTH 6leyT:

1, 1, 1, 1, 1, 1, ...
1 2 3 4 5 6
1) _1’ 1: —1) 1) '—1; s
1 2 3 4 5 6

1 1
0, L, 0 4 0 % ...
1 2 3 4 5 6

B nepsoMm ciayyae MH uMEEM INPOCTO IOCTOSHHYIO BEJIUUAHY: BCE
«MHOXECTBO» MPUHAMAEMBIX €10 3HAYeHHMH CBOAWTCA K OMHOMY; BO BTO-
pOM — 3TO MHOXKECTBO COCTOUT U3 J[ABYX 3HaueHui, IPUHUMAEMBIX [0O-
ouepenHo. HakoHel, B TPETbeM CJyuyae MHOXECTBO Pas/iMuHHIX 3HaYEHHH,
NpUHAMaEMBIX (QYHKIHER X,, OCCKOHEYHO, HO 3TO HE MEMIAET SHAYEHUIM
3TOH (yuxunn yepes OIHO pasusrbCs Hymo. Taxkum ofpasom, o6aacth
usMeHenns 2 (YHKUMM X, KaK NEPEMEHHO!l BeJAMUMHBl, W NOCAENOBa-
TEABHOCTh (2) CYIECTBEHHO OT/MualoTcst ofHa ot apyro#. Ilepsoe ot-
JUYHE B TOM, UYTO B MHOueECTBe % KawIbH 3JIeMEHT BCTPEYACTCH 110
pasy, a B MNOCAEIOBaTENbHOCTH (2) OHMH M TOT 3KE€ 3SJIEMEHT MOXET
HOBTOPATHCH HECKOJIBKO (M gaxe GeckoHeyHoe MHOXKECTBO) pa3. Bropoe
HE— 1 €aMOe CYLIECTBEHHOE — OTJIMYAE 3aKJAI094eTCs B TOM, YTO MHO-
KECTBO 2 «aMOpGHO», JHIUEHO NOPAIKa, a MJA 3/IEMEHTOB MOC/IEA0-
BaTEJLHOCTH (2) YCT2HOBJEH ONpPEAEJAECHHBH NOPANOK.

#) ApanoruyHo MOWHO Obino GBI TOBOPHUTE M O TMOCKEAOBATENLHOCTH TOHEK
NpAMOf HAM KAaKUX-HUOYyAb APYrux OOGDBEKTOB, 3AHYMEPOBIHHGLIX HATYPaAbHbIMH
yKasaTeaaMu.
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TIpusbiunbl cmoCo6 3anucu nocaegoBaTebHOCTH [cM. (2)] Kak 6n
NpeanoaaraeT NpOCTPaHCTBEHHOE DAaCnOJNOXKEHHE JIEMEHTOR NOC/HE-
nosaTenpHoCTH. HoO Takaa sanuch mnpuMmeHnsercd Juiib aas yzo6crsa w
C CyulecTBOM Jeja He cBasana. Ecam Mbl OyzeM FOBODHTB, uTO nepe-
MEHHast «IpoOeraeT» TaKylo-TO NOCAEHOBaTENbHOCTh SHAYCHHMH, TO y YuMTa-
TEJAs MOXET BOSHAKHYTb TNpPEACTABAEHHE O HPOXOXKIEHAH NEPEMEHHOH
CBOMX 3HaueHuil B MNOCIENOBATE/bHEIE MOMEHTH BpPEMEHH, HO Ha jese
u BpeMst TyT He npu ueM. Jlumb mias o6pa3HoOCTH A3blKa ymOTpeS/siorT
WHOH Pas M BHIPOKEHHUS: <«H2JEKMe» BSHAUYCHUS NEPEMEHHOH, HayuHas
C HEKOTOPOr0 «MECTa» W/ ¢ HEKOTOPOTrO0 «MOMEHTd» H3MEHEHUd, u T. Il

28. OnpemereHue mpefena NOCHeNGBATENILHOCTH. YHOpAZCYEHHE
sHayeHuil mnepeMeHHO# X, N0 BO3PAaCTaHWIO WX HOMEDOB, MpHBeIiee
K pPacCMOTPEHHIO TNOCHEAOBATENbHOCTH (2) 3Tux 3HaueHu#l, obaervaer
NOHHMaHKe CaMOTO <Ipouecca» MPHOIHKEHHs NepeMeHHOH X, — npu 6es-
rpaHNyHOM BO3DPAacTaHMM K — K €€ IpPEereny a.

Yucao @ HA3618aemMCcA Npeode Ao M NepeMenHnol X, eCAl NOCACOHSST
OMAUYGEmcss Om @ CKOAb Y200HO MAAO, HALUHAS € HEKOMOPO20 Mecma,
m. e. 0451 6cex 00CcmamoinHo COALUUX HOMEPOS .

JTUM CyTb AE€Aa BHPAXKEHA HAPKO, HO YTO BSHAYHT «CKOJb YrOZHO
MaJo» ¥ «IOCTATOUHO OOJbIINE» — €lIe NMOJJNEKUT yTouHeHmio, ITpuBenem
tenepb 6osiee IAMHHOE, HO YX€ WCUEDMBIBAIONUIE CTPOrOE ONpeIeaeHue
npenena:

Hucro a Ha3viaemcs npedenosm NepeMeHHOU X, ecau 04%
KQHc0020 NOAOIHCUMENBHO20 HUCAA &, CKOALKO Obl MAAO OHO HU OblAO,
cywecmsyem maroll Homep N, umo 8ce 3HAUEHUS X, Y KOMOPHLX
HoMep 1> N, y0084emEOpsION HepaseHcme)

[x, —a|<e. (3)
Tot (akT, 4yTO @ ABAKETCA MPEIEAOM NEPEMEHHOH X ,, BalUCHIBAT TakK:
limx,=a

(lim ecTh COKpauleHNe JaTHHCKOTO €J0Ba limes, 03HAYAONIEr0 <«MPEAE»).
I'oBopaT emie, 4T0 NEpeMeHHas CTPEMHUTCH K @, U AHIUYT

X, —a.

Haxoneu, #ucao a Ha3vigarom marsce npedesom nocaedosa-
measrnocmu (2), u TOBOPST, YTO 9Ta NMOCJIEZOBATENbHOCTD
CXORUTCA K a.

Hepapencreo (3), rae e npoussoabHO, W €CTb TOYHasA 3aluch yTBEP-
KIEHUs, UTO X, OT @ <OTJIMY3ETCH CKOJAb YIFOXHO Mano», a Homep N
K3aK pas ¥ yKaselBaeT TO «MECTO», HayuHasi C KOTOpPOro sTo 06CTOf-
TEeAbCTBO OCYIHECTBJAAETCH, TaK YTO <«I0CTAaTOYHO GoAbLINMU> 6yﬂ.yT BCE
Homepa n > N.

BaxHo narb cefe oTueT B TOM, yTO Homep NV, BooOumie roBoOps, He
MOXeET OHWTh YKa3aH pa3 HaBCeria; OH 3aBUCHT OT BHOOpa uucaa e,
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Ina Toro urobel mMOAUEPKHYTh 2TO, MH HHOH pa3 Bmecro N Gyzem
nucath N, Tlpu yMeHbIIeHWM uMCAAa € COOTBETCTBYIOWMH HOMEp
N=N,, BooGie roeops, ypeanuunaercs: deMm OGoupweH 6ausocTu
3HaueHU# nepemeHHoli x, k @ Mb TpeOyeM, TeM «OoJjee paneKues sHa-
yeHust ee B pany (2) NpUXOZMTCH pacCMatTpHUBaTh.

Mckimouenne npeacraBaser  TOT  Cayualh, Koria BCE€ 3HaueHds
NepeMeHHoll X, paBHB NOCTOSIHHOMY uucay a. OueBugHo, 4TO TOria
a=1lim x,, HO Ha 3TOT pa3 HepaBeHCTBO (3) OymeT BHIIOJHATHCA IR
n1060ro e >0 OZHOBPEMEHHO NPH B Ce€X SHaueHMAX X, *).

Hepasenctso (3), Kak Mbl sHaeM [8], paBHOCHWIBHO CJAEIYIOIAM:

—elx,—a<e
a—e X, <as €))

9TUM Mbl uacTo OyAeM MO/b30BaTbCH BIOCJENCTBUH.

OrxpuTsl npoMexyTok (@ —e, a-k&), C LEHTpOM B TOUKE @,
NPUHATO Ha3biBaTh OKPECTHOCThI0 3TeH TOukn. Takum oGpascw,
KaKyio 0ol MQAYI0 OKPECMHOCI®S IMOYKU @ HU 83AMmMs, 8Ce SHAHe-
HISL X,, HQUUHAS C HEKOMOpo20 U3 HuX, OO0AJCHLL NONAcHs 6 My
oKpecmrocms (TaK YTO BHE €€ MOXET OCTaTbCAd pasBe Julllb KOHEUHOE

Wi

Z-& a+€
[ 2
Z, N Ly L z, I
Puc. 18,

yncao 5TUX 3HaueHuft), Ecanm u306pasuTh YHCIO @ ¥ 3HAYEHHs MEpeMeH-
HOH X, Touxamu Ha uuciaosoli ocm [n°13] (puc. 18), To Touxa, uszobpa-
Kaomas 4YuCI0 @, OKaKETCs Kak O CPENOTOYMEM CTyCTKa TOYEK,
n300paxaoIKEX BHAUCHHA X,

29. Beckoneuno maasle BeawyuHbl. Coiyuyali, Koria mepeMeHHasa
cTpeMutcst K Hymo: x, — 0, mpeacrasiaser ocoOwi#l uHTEpEC.

[Tepenennas x, UMEWQs CBOUM NpedesoM HYAb, Ha3bieaemcs
6ecKOREUWRO MaAOh BeasuuUROl, W1 APOCTO BECKOHEUHO
Manao#.

Ecau B onpeseneHuu npefena nepemenxolt x, (28] monoxurs a=0,
TO HEDaBEHCTBO (3) npumer BUI

[ — 0] =], |<e (w12 n2>N).

Taxum 06pasoM, maHHOE BHIUE onpeieicHue OECKOHEUHO Manol MOXHO
noxpobuee cpopmyanpoBars 6e3 YNOMUHAHMS TEPMUHA <IPEAET>:

*) AHanoruuHoe OGCTOATEABCTBO MMEeT MECTO NIA TepeMeHHOR X, 3Haue-
HHA KOTODOH CTAHOBATCA DaBHBIMM @, HAYHMHAaA C HEKOTOPOro MecTa
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Tlepesmennan x, na3vi8aemcs GeCKOHEUHO MQAAROI, ecanl OHQ
0451 00CMamouHO OOAGMUX HOMEPOS CHIQHOBUMCSL U Ocmaemcss Mo
abcoMOmHOL geAudure MeHbueld CKoAb Y200HO MaAo20 Haneped 3a-
dannozo qucaa ¢ >0,

He Bronne ypauyHwui#t (MCTOPMHECKH CHOMHUBILIUICE) TepMuH «Oecko-
HEYHO Majasi» BeJHYHHA HE JOKEH BBOAUTH uuUTateast B 3al/ymAcHue:
HHA OJHO B OTACJHBHOCTH B3ATOE 3HAYEHHE DTOH BENMYUHLL, €CAM OHO HE
HYJb, HE MOXKET KBaanduUMPOBaTbCA Kak «mantoe», CyTb nena B TOM,
YTO 3TO-—NepeMeHHas BeauyuHa *), koTopas AUIIb B ApONECCe
€CBOEro H3MEHEHHUS CIOCOOHA B KOHIE KOHHIOB CHEaTbCS MEHbILEH
NPOU3BOJLHO B3ATOrO 4HCAA &.

Ecom BepHyTbca K oOwEeMy CJyyal IepPEMEHHOHl X, uMeoumel npe-
ea a, T0 PasHOCTb

MEWJY NEPEMEHHOHN M €e TpejenoM, O4eBHAHO, OyaeT OECKOHEUHO Majioi:
BeaAb, B cuay (3),

oy | =0, —a| e (uan n>>N,).

OGparHo, eci o, ecTb GECKOHEYHO Majkaf, TO X,— a. JTO0 mpu-
BOJAWT HAC K CJELYIOUIEMY YTBEPXKIECHHIO

Hag mozo0 4wmolv. nepeMeHHas X, UMEAQ CBOUM Npedesosm No-
CMOAHHOe HUCAO @, HeoGxo0umo u docmamou o, 4rnobbl pas-
HOcmoe Mexcdy HUMU &,==X,—a Obiq OECKOHeHHO MAAOH.

B cBasn ¢ 3TuM MO¥KHO OvlOo OBl JaTh W A5l MOHATHS <«IIPenes»
npyroe onpeaenenve (PaBHOCHIbHOE CTapoMy):

[flocmosinnoe Hucao0 a HA3bl6aemcss NpPpeodeno s NEPEMEHHOE X,,
ecau pasHocme Mencdy HUMU ecmb GECKOHEMHO MAAQSL BEAUHUHA.

Pasymeercs, ecin HCXOQUTb U3 STOFO ONpelNeseHus Npeneta, TO JJI
0ecKOHEUHO MAaJOH HYXKHO MHCIOJB30BaTh BTOPOE W3 INPHBEIEHHLIX BHILIE
onpeneneHuil. Mnaue mosayuuscss Obi MOPOUHBIH KPYr: Mpenes onpereasics
On1 yepes GeCKOHeYHO Malylo, a OeCkoHeuHO Manasg — yepes npegedn!

Hrak, ecaum nepeMeHHas X,-—a, TO OHZ MOxXer OBITh IPEXCTaBJEHA
B BHIE

Xp=a-}a,

rae o, €Crb 6eCKOoHEUHO MaJjaas, u 06paTHO, €CJaN NCPEMCHHAd HONYyCKaeT
TAaKO€ INPEACTAaBJACHUE, TO OHa UMEET IIPeaeaoM a. ITUM 4acTo 0JbL3YyI0TCA
Ha NPaKTUKE Mg YCTAHOBJEHNMS NpEAea nepeMeHHo#.

30. Hpumepnl. 1) PaccMorpum nepemenHsle
1 1 (=1

Xn=", n="750 Xn=——7 3

*) Mckaoyas HeMHTepeCHB!H cayyall, KOIla OHA TOXAECTBEHHO PaBHa HYIi0.
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MM OTBEYAIOT TAKHE NOCIeNOBATEIbHOCTU 3HAUYEHUH:

1 1 1 1
’ 9 3 ERRER)
1 1 1
—1 ] 3 TR
, .k L 1
’ 9 3—" —41--'1

Bce TpH INepeMeHHble NPEACTaBAAT COG0H GECKOHEUHO Madbie, T. €. MMEIOT
npefeaoM Hyab. JleHCTBUTEAbHO, AIA HUX

I xn l - l <
n
1
JUIIb TOABKO 71 >?, Takum O6pa3OM, B KaueccCTBe IVs MOXHO, HanpuMep, B3ATbH

1 1\ *
nauGoabLiee IeNoe YUCIO, COpepHkalieecs B - T E (?) )'

OTMeTHM, YTO NepBas NepeMeHHas Bce BpeMs 6oiblie CBOEro Ipelena Hyib,
BTOpasg — BCE BpeMs MECHblUE ero, TPeTbsl Ke — IONePEMEHHO CTaHOBUTCA TO
60Jpllie, TO MEHbIIE €ro.

2) Ecan nonoxurs

24 (=1
n n ]

X

T0 IepeMeHHas Npo6eraeT Takyw NOCAELOBATEIbHOCTh 3HAUCHHIL
3 1 3 1 3

11 7, ‘3‘, —4‘, "5—, ’6 REXY

W B atom cayuae x,— 0, Tak Kak

3
lxnlg‘n*<5

€
Mul crazkMBaemcs 3%ech € TIOGOMLITHON 0COGEHHOCTBIO: IepeMeHHas Iooue-
peiHo TOo npubGAMIIKAETCA K CBOeMy Hpelery Hylb, T0O yJXaasercs
OT Hero.
3) Ilycts Tenepn

3 3
i n>—e—, Tak 4TO 3a N, MO¥KHO NpHHATL .

P T ol Gl D0

X
n n

C 3TOH nepeMeHHOH MBI ymie MMeanm gexo B n° 27. 3pecy Takwe x, — 0, nbo

2
|xn|<7<ey

JUUIb TONBKO n>N€=E<€£).

OTmertuM, YTO 1A BCEX HEYETHBIX BHAYEHHH n IepeMeHHas OKasblBaerca
paBHOW cBOEGMY IpeHeny.

#) C™. crp. 41,
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DTH npocTHie TNpPUMEpbl HHTEPECHH TeM, YTO OHM XapaKTepU3yioT MHOro-
ofpasue Tex BO3MOKHOCTEl, KOTOPble OXBAThIBAIOTCA [JaHHBIM Bhillle onpejene-
nueM mnpenena. HecyumecrseHso, 7nexaT a¥ 3HAYeHHA IIE€DEMEHHOH € OO HO i
CTOPOHK OT NOpelena HIH HeT, HeCylIIeCTBEHHO, npubuaHMxkaeTCAa JaH
flepeMeHHas ¢ Kax/IbIM IHAaroM K CBOeMy Npejely; HeCyUeCTBEHHO, HAaKOHel,
ZOCTHraeT /M NMepeMeHHas CBOero Ipenesa, T. €. NPUHUMAeT Ji BHAYEHUH,
pasHbie npeneny. CymeCTBEHHO JMIIb TO, O Ye€M TIOBOPHICA B Ollpeleneddu:
nepeMeHHas JOMKHA OTANYATHCA OT Mpefeda CKOAb YrOAHO MAado B KOHUE KOH«
1oB, T. €. 1aA JOCT4TOYHO NAJEKHX CBOUX 3HayeHHH.

4) Onpeneaum nepeMenHyo Gopmynofi

1
.
sp=a"="a (a>1)
" JOKAWEM, 4TO X, — l.
Ecnu Bocnoas3oBarsca HepaseHcTsoM (3) B n° 1Y, TO MOXHO Hamucath!
n —
lx,—1]=V}a—1<
Moxno, oanaxo, paccyxnarh uhave, Hepasescrso
L
JxXp—1]==0" —1<<e

a—1
n

—1
<e, AUWDb TOALKO N > N,=FE (f_g_.) .

PABHOCHJABHO TAaKoOMy:

1 1
7<10ga (1 +€) U n>—lm,
TaK YTO OHO BHIIOJHAETCA TNPH 2 >NE=E (W(llj‘—g)_».
Q

B cooTBeTcTBHM ¢ BHIGPAHHHIM CMOCOGOM PAaCCyXAEHUA Mbl NPUIUIM K P a3-
AUYHB M Bbhipaxennam ana N, Hanpumep, npum ¢ =10, ¢==0,01 mnoxyuaem

Noo =3 _____) =231 — no
001 = 0T 0,00432...
Bropomy. [To BTOpPOMY cnoco6y Mbl HONYYHIM HAMMEHDb LI € € H3 BO3MONKHHIX
1

=900 no nepsomy cnocoby n No,M:E(

3HayeHuH A Ny o, H6O yxe 1021 =1,010017... oTmuaetcs oT uucaa 1 Goaslue
ueMm Ha ¢ = 0,01, To e Gyzer u B ofwem cayuae.

3ameTuM MO 3TOMY IOBOLY, YTO Mbl BOBCE HE 3aHHTePECOBAHB HMEHHO
B HAaUMeHbIeM BO3MOXHOM 3HayeHHH N,, eciu peuyb HIET TOIbKO 00 ycra-
HOBJEHMH (haKTa CTpeMiacHHA K npeneny. JomxHO GbiTh TrapaHTHPOBAHO BbIIOMA-
HeHMe HepaseHCTBa (3), HayuHasA XOTb C KAaKOro-HUGYIAb MeCTa, AAICKOIC MIM
6.113K0r0 — 6e3pas3anyHo.

5) Bawnpiit npumep GCCKOHEYHO Manoil faeT IepeMeHHas

a,=g", tne |q| <L
Jaa mokasateabcTBa TOro, uto a, — 0, PacCMOTPUM HEPABEHCTBO
len|={q|" <&
OHO Pa@aBHOCHIDLHO TaKHAM!
loge *)

neloglg|<loge mmt n>p-s

#) Cnenyer uMeTp B BHLY, uto |¢|<<1 m log|q|<C0; mostomy npu nene-
HHH O0eHX yacTedl HepaBeHCTBA Ha 9TO YHCIO 3HAK HEPABCHCTBA AOMKEH ObiTb
H3VeHeH Ha oGpaTHbIi.
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Takum 06pasoM, ecan moxo¥uth (Cuurtas e << 1)
_p{ loge )
Ne=FE\foglar )

TO NpH n > N, YyNOMAHYTOe HepaBeHCTBO HABEPHOE BHLIITOAHUTCA.
AHanornyHo merko YGemuThCsA B TOM, YTO H MepeMenHas

B == Ag™,

rie TO-TipexHeMy |g|<<1, a A —DOCTOAHHO® YHCHO, TaKkme €CTh GeCKOHEeYHOo
Mauas.

6) Paccmorpnm, pnanee, GeCKOHeuHYIO yGBBAIOMYI0O reoMeIpUuecKylo Hpo-
TPeccun

T, ag agt, o o o (g <)
H NOCTABLM BONPOC 006 onpenencHun €e CyM M bl
ITox cyMmoit GCCKOHCUHOH mpOrpecCHM, Kak H3BeCTHO, pasyMmeerca Ipeied,

K KOTCDOMY CTpeMHMTCA CyMMa §, ee p uleH B Hpu Oe3rpaHuyHoOM BO3pacTa-
uuu 2. Ho

s _a—ag® o« a
BTy T 1—¢  T—yq

q"
a
TaK 4TO H€peMenHan §, DA3HMTICH OT MOCTOAHHOIO YUCId T——q— HA BEAHYHHY

a
an—'.:-————-—(—’--q”, KOTODAs,, KaK Mbl TOJIbKO UYTO BHICHH, ABjsieTcA GECKOHeUHO

Maach. CHejoBaTCAbHO, NG BTOPOMY ONDEICIEHHI0 NpCieda HCKOMas CyMMa
1POrpeCCuH
a

_1——q'

s==lim s, =

31. Deckoneuyno CGonbmue BeRMYWHB. DECKOHEYHO MajiHM BeIUYH-
11aM, B HEKOTOPOM CMBIC/C, TPOTHBONOCTABAZIOTCS ODECKOKEEUHO 00 Ab-
IHUEe BEeJAHYHUHH (Mad npocto SeckoHeundo 6oabmue).

[Tepesennasn x, Ha3visaemcs GecKoHewHO 0OAbWMOTE, ecar
OHQ 0451 00CMANOLHO OOALIUX SHAYERWE 1 CAHOBUMCSE U OCHIACHIC
no abcoaromnol eeauunre 06 apwell cxonb y20040 (046020 Hane-
ped sadannozo wucaa B >>0:

|x, | >E (042 n>Ng).

Kak n B cayuae OSCKOHEHHO MaJbIX, 3A€Ch TaKkKe CACAyeT HOAYepK-
HYTh, YTO HH OZHO B OTAQJBHOCTH B3TO€ 3HaueHne OGecKoHeuHo 60ib-
uol BeJHUYHHH He MOMer OwiTh KBanauuupopaio Kax «0oaplioe»; Mol
KMeeM 31eChb JeN0 € nepeMeHHOo# seanuuHoOH, KOTOpas JaAulb
E HDOLECCEe CBOEro N3MEHeHus CcrnocodHa B KOHUE KOHUOB cle-
JaTecst OOGJbHIeHl NpOU3BOAEHO B3ATOrO uhcia K.

[pumepaMy GeckokeyHO $OABIINX MOTYT CAYKHIb NEPEMCHHDLIE
Xp==h, Xp,=-—1n, Xx,==(—1)""x,

KOTOphIE npoéerm@r H?]T)'pa.'!l:Hblﬂ pajl uncen, HO NepBad CO 3HAKOM RJIKC, BTO-
pas Co 3HAKOM MHHYC, TpeTbAd WE-— C YepelYIOIHUMHUCA 3HAKAMH.
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Bor ewe onnn npumep GeckoneuHo GoabuIof BEJHYMHEBL
X,=Q" mpu |Q|>1
HeitcTBuTEABHO, KaKOBO Onl HH Gotto E >0, HepaseHcTBO
[Xal=1Q">E
BbINOJTHACTCA, IHIIb TOALKO

3 EQ
n-log|Ql{>logE nam n> logB_*%)

log{@Qf
TaK YT0 3a Ny MOXHO B3ATb YHCIO

il
log1 Q|

Ocobenno BaxHBI Te Cayyad, Korjga OeckoHeuHo 0O/bLIAs BEJIUUMHA X,
(no kpatiueil Mepe, I AOCTaTOYHO GOMBLIMX 7) COXPaHAET OMpPEAEJEH-
e suak (- wam —); moeda, 8 coomeemcmsun coO 3HAKOM, 2080pAM,

HINO NEPeMEeNHAs X, umeem npedes ~-coO uiu — Co, a maiie Hmo
OHQ cmpeMumcst ¥ 00 WM ~— CO; IDH 3TOM RHIIYT

limx,=-c0, X,—-0co mm limx,—=—oco, X,-——00.

Mo:xHo Obl0 OB AaTh AJAS 9TUX CAyYaes ¥ He3apucuMoe crpenese-
HUE, 3aMEHUB HEP4BEHCTBO |X,| >E, cMOTps no cayuaio, LEPaBencTBOM

X, >E wwu x,<—E

OTKyHa y#e BHTEKaeT, COOTBETCIBento, uro x, >0 nm x, <0.

Ouesyano, uyro OGeckoneuHo GoJgpinas BeaMynHa X, B oO0meM
C/AYy4ae XapaKTepusyercs COOTHoWieHueM |x, |- — co.

W3 npuBeleHEBX Bhillle NPUMEPOB GeCKOHEYHO GONBIIHX BCANYHH, OUCBUIHO,
NepeMCHHAN X, =—n CTPEMHICA K -} CO, ITepeMeBHas X,=—=—Hn CTPEMHICA
K —oco. Uto we KacaeTcs TpeThell mepeMennoi: x,==(—1)"*'n, 10 Ipo Hee
Heab3n CKa3aTh HH YTO OHA CTPEMHTICA K -} oo, HH UTO OHA CTPEMMTCA K — CO.

Hakoneu, oTHocHTeanHO NepeMmerHOH x,=Q7" ammb npu Q>1 mowHO
CKa3ath, UTO OHa CTpeMHTCA K -+ oo; mpu Q << —1 y Hec npepeaa Her.

C «necofcrenHpIMU unciaamu» —H oo MH yxe craaxusaauch B 1°6;
CICAYET [IOMHHTb, YTO WX I[IPUMEHCHHE HMMEET COBEPILEHHO YCAOBHBIN
CMBIC/, ¥ OCTeperarnbcs MPOU3BOIANTL HAL 3TUMK UYHCIaMyu apupmeruaye-
CKue omepauun., Bmecto - 00 Yacro NUMYT NPOCIO ©O.

B sakmouenne yrnoMsHeM O NPOCTORf CBA3W, KOTOpas CYWECTBYeT
Meway GeCKGHEeYHO OOJbIIMMU i OECKOHEUHO MaJBIMA BEMUUHHAMU.

Ecau nepemennan x, seasenmcss GecKOHeHWHO GOAbULOl, mo ee ¢0-

1 .
pamnag seautuna  0,== — Oydein GeckOHEUHO MAAOL.
n
Bosbmem smoGoe uucao ¢ >0. ITo onpenenenno Geckoneuno Goub-
IO, At unrcaa E:-E— Halperca Tako# HOMEP N, 4TO

|xn1>%, JHIIB TOMKO 12 >N,

*) Tak kak |Q|>1, 10 log| Q| = 0.
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Torza mis Tex Ke 3HaueHuH 7, oueBnaHo, Oyaer

lan [ <,

YTO M JOKA3bIBAET Hallle yTBEPKIEHHE,
AHaJIOrIUHO MOKHO [OKa3aTh M OOGDAaTOE YTBEDKAEHHE!
Ecau nepesmennas o, (He obpauaiouasics 8 HyaAs) f8Aemcs GecKo-

HEYHO MAAOW, MO 06pamuas OASL Hee BEeAULUHA X, ==—— 0ydem OecKo-
n

HeMHO 60AbLULOIL.

32. Ompenenenue mpefena ¢yHKUHU. PacCMOTPUM YUC/IOBOE MHOXe-
ctBo0 X' = {x}. Toura a Ha3si6aemcss MOUK O C2YUeHUS MO0
MHOdCeCcmBa, ecan 6 awboil oxpecmHocmu (a — 8, a--38) [n° 28] amoil
mouxu codepoicames 3nauerus x u3d ', omauunvie om a. Cama Touka
CryuleHHs TIPH 3TOM MOXeT npuHapsiexars 2 uam Her. Hanpumep, ecau
X =la, b] wm L'=(a, ], 70 @ B 060MX cAydasX SABJIAETCH TOUKOH
crymenns mas 2, HO B NEPBOM caydae oHa cama comepxurcs 8 2,
a BO BTOPOM — HeET.

B npexnojoxenun, 4to @ ecThb TOuKa Crymenust aad 27, MOWHO
u3paeyb u3 2 —u nputoM GECUHCIEHHBIM MHOWECTBOM CIOCOO0B —
TaKyio MO0CIeOBaTENBHOCTD

X1y X2 X35 ceey Lpp oee 2)

3HaueHUH# X, OTMUYHHIX OT @, KOTopasa uMmena Obl CBOMM NMPEAEaOM @,
HGHCTBI/ITEHH!O, 34A43BIHUCH TIOCHAENOBATEILHOCTLIO  [IONCKUTEABHBIX YM=
cen 8, cxommuedca K Hyaw, B Kaxaof oxpecrnoctd (@ —38,, a@—}9,)
TouKkd @ (npu n=1, 2, 3, ..) Haiimem no TOuUKE X—xX, U3 2, OTIMU-
uoit or a; rak Kak 3,—0 u |x,—a|<3, 10 X, >a

IMycrs Temeps B obaactu &, Aid KOTOPOH a SBAKETCS TOUKOH Cry-
menus, sagana kHexoropas ¢yukius f(x). Ilpeacrasager unrepec rose-
JeHue 5TOH (QyHKUMM npu mprbamskeHun X K a. [oBopsar, uto ¢hynryus
F(x) umeem npedea A, woweynwii uau Hem, Hpu cmpeMACHUN X K
a (W, KOpoue, — 8 mouke a), ecar, KaK Y1 0w nocredosamens-
Hocmey (2) ¢ npederosrt a, ussacuennyo uz &, nu npobeanq He3asl-
CHMAS NEPEMEHHAS X, COOMBEMCINEYIOUAL NOCACOGBANEABHOCE 3HA~
wenuil byrrguu

f(xl)> f(x2)r f(x3)7 CERE f(xn)) e (5)
sceeda umeem npedea A. OB603HA4AOT STOT (PAKT TaK:
lim f(x)=A (©)
X
1M
f(x)—> A npu x—>a. )

TIpeanonoxuM Temepb, uto MHOXeCTBO 2 =={x} COAEPKUT CKOJb
yroauo GOJbIINE NOJIOXHTENbHLE SHAYEHHs X; TOTAA TOBOPAT, 4TO -~ CO
SBAACMCA MOYKOL cayujenus 5moeo mHoxcecmsa. Ecam nog oxpect-
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HOCTBIO TOUKU ~}co pasymerh npomemyrok (A, -+ oo), T0 Moxno
BLICKa3aHHOE NDEANOJOKEeHHe NMpPeNCTaBuTh ¥ B Takoi Qopme: 8 Kascdoil
okpecmuocmu mouki -i-co 00adCHY colepicamscs wucaq U3 MHOsKCe-
cmea X

Ecnd 3TO TPEOnONONEHHE BBHIIOAHEHO, TO MOXKHO u3 & BHIEANTH
nocjegoBaTeabHocTh  (2), uMewmyio npexeaoM —oo. elicrBurensHo,
B3AB MOOYI0 MOJOXUTENBHYIO HepeMeHHylo A, CTpeMamywcs K - oo,
s kawaoro A, (n==1, 2, 3, ..) Hailzem B £ snavenne x, >A,
CUEBUIHO, X, —> —- 00,

B npenmonokeHun, 4To ~-}-CoO ABAAETC TOUKOH crywenus mas 2,
paccMOTPuM onpefeicHHy0 B 310l ofaacty dyuxumio f(x). das uee
MOKHO YCTaHOBUTb IIOHSTHE Hpedesqa Hpu X ~» - oo

lim f(x)=—A
X—-c0
COBEDLIEHHO TaK €, KaK ¥ Bullle, 3aMEHHB JUIIb @ HA -}-co.

AHaJIoruvHO YCTaHABIMBACTCA U NOHATHE #pedeaa hyurkyuu f(x) npu

X > — 00

lim f(x)==A.

X— — 0
3pech HYXHO JIMIUbL 3apaHee MNPEANOJIOKHTb, YTO ~—OO eCMs MOUKA
ceyuenus MHoxcecmsa L — CMbICA DTOro siceH caM CCOOH.

Cka:xxeM B 3aK/IOYEHHE O NEPEHOCE Ha paccMaTpuBaeMbifl oOwiui ciy-
uail npenena (QyHKUMY TEPMUHOJOTHE, YCTaHOBJeHHOH B n° 29 u 31
A pyHKUNAM OT HarypajipHoro aprymenra. Ilycts npu omnpenpenen-
HOM NpejenbHOM Hepexone mo x &yukuus f(x) crpemurcs
K Hy/mo; Tora 3Ty (PyHKUMIO Ha3eBaloT OECKOHEYHO Maao#d Bexu-
uuo#t, Eciu dynkuma f(x) crpemurcs K KoHeuHomy mnpeseny A, TO
pastocts f(x) — A Oyner GeckoHeuso Maso#, m HaoGoport. Ilpu crpem-
nennn | f(x)| kX -~ oo dyuxumo HasmBaloT 6€CKOHEUYHO GOoabwoii
pesuunHolt ¥). HakoHew, nerko nepeHecT Ha paccMarTpuBaemslfl oOmumit
cayualt n Teopemsl B KoHue n° 31, ycraHaBJHBAOILUE CBA3L MEXAY Oec-
KOHEYHO MajbiMH ¥ OeCKOHEYHO OO0JbIINMMU.

33. Jpyroe onpeneaenue npemena ¢yuknuu. Ilonarre npenmena
dyHKnuu f(x) NpH CTPEMJIEHHH X K @ MBl NOCTPOHJH Ha DAaHEE W3yueH-
noM u OoJjee 3JIEMEHTAPHOM IMOHATHHM IIpeAena IOCJEeA0BaTeNbHOCTH,
MoxHo, omHako, aTh ApYroe onpeleleHue npenena (QyHKIEE, BOBCE HE
UCNONb3YIOLLEE Npesesa NoCAeI0BATEe/NbHOCTH,

Orpanuyprmcs chauasia cayuaeMm, xorza o0a uncia @ ¥ A KOHEUHSI,
Torna — B NPEANOIOKEHUH, YTO @ SBISETICS TOUKOR crymenus obnacta 2,
rie sagaHa QyHkuus f(x), — HOBOE OMpejejeHde NpeAenda MOXKHO AaTh
B Takoi dopme:

*) Ecan 310 06CT02TeNbCTBO HMEET MeCTO O0pH X — @, L€ & — KOHEeYHO, TO
FOBOPAT TaKKe, Yro B Touke @ QyHKuua oGpamaercs B GeCKOHECY-
HOCT b
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Oyurgus f(x) umeem npedesos wucao A npu cmpemaeHun X K a,
cean 041 Kamedozo uucaa e >0 Haidemcs maxoe wucao 3 >0, 4mo

f(x)— A|<le, auwms mossro |[x—a|<3d 8)

(rze x Bastto n3 & u orauuno ot @) ¥),

D10 onpenejeHne COBEpLICHHO DABHOCH/IBHO JAHHOMY Bhiie B n° 32.
ﬂJlﬂ JAOKazatednpCrsa npeanoJaoxuM CHauada, YTO BRIICAHCHO TOJBKO 4TO
cPOPMYIHPOBAHNCE YCJAOBHE, H 1O NPOWSBOJABHO p3sroMy & >0 HailzeHo
COOTBETCTBYIOHLICE €MY B YKasaHHOM CMbBICAE YUCHAO 8>0 HsBaeuem u3
& npou3BOALHYIO NOCISACBATEALHGCTh (2), cXoasmuyiocs K @ (npuyeM
BCE X, orauulibl OT @). [io onpezenenuio npenesa 1OCAELOBATEbHOCTH,
uncay 8 >0 orpeuaer Takoh nomep N, uro npum 2 _>N Gyaer BHIOJ-
HATBCH ~HEPaBeHcrso |x,—a{<98, a caexosareasHo [cm. (8)], ®
| £ () — Aj<e IDrum u noxagasa cxoamMocTh nocaencsarensnocra (5)
K A. Taxum cOPasoM, BHIIOJHEHO YC/IOBUE, KOTOPOS CCAEPKUTCH B Mpex-
HEM ONpEIeeHMH,

Ipennonoxum Teneps, 9To npeaen QYHKUHHM CYHECTBYeT B COIVIacHH
¢ npexHuM onpenenedueM. Jis oKasaTeNbCTBA TOMO, UTO OAHOBPEMEHHO
BBIMOJIHAETCA M YC/IOBHE, CONEPMALIEECS B HOBOM CIPEICJIEHEH, LONYCTUM
uporussce, Toraa s HekKoToporo uucia ¢ >0 yxe He Cymecrso-
Bano Obl COOTBECTCTEYIOLIETIO 8, T. €. Kakce Obl MZ}.’!CQB HY B39Th, BCErad
HaHAeTCa XOTb OJHO SHAucHHe nepeMenHoll x==x' (OTIHYHOE OT a), AJs
KOTGPOro

|x"—al<3, no mexn ne merce |f(x)— A|=c-.

Bo3sbMeM NOC/IEHOBATENbHOCTh MOJOKUTENLHEIX UUCEa 8, CXOAMULYICS
K Hymio. Ha OCHOBAHMM TOJBKO UTO CKE3aHHOTO A4 KaX JOT O umucaa
8 ==19, HIAZETCA TaKoe 3HAYEHHE X ==X, 4TO

lxn—a|<8,, no mes He ienee |f(xp)— Al=e.
Vs srux suauennil, TakuM o0pas3oM, COCTaBJISETCS HEKOTOpas NCCAe-
JOBATEIbHOCTD
X Xy Xy wees Xneeny
AJs KOTOpoii
lxy —al<l3, (n=1,2 3 ..%

TaKk xak 3, —0, 10 X, —>a.
Tlo npeano/ioxenuno, COOTBETCIRYIOIAN NTOCASACBATEAbHOCTL 3HAUECHA]
bYyHKIMY
f(x1): f(xg)r f(xg)) ts ey f(xﬂ)) .

#) [IMEHHO U3 TOUO, YTO a eCThb Touka crymienns ata 2, SBCTBYCT, YTO
TAKME 3HAUCHUA X B OKPECTHOCTH (@ — 3, ¢ 4~ 8) TOUKH G HABE[HOE CYHICCIBYIOT,
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NOTKHA CXOAMTLCA K A, a8 5TO HEBO3MOKHO BBHIY TOQO, UTO TpPH BCEX
n==1, 2, 3, ... umees |f(xn)— A|==e. Ioayueunoe nporusopeune u
JIOK33bIBACT HalUE YTBEPHKIEHUE.

Jlerko ykasaTb HOBYI (opMy ONpene/eHus Npereia u Ajas Tex Cay-
uaes, KOrJa OJHO H3 uuced a, A uau o6a OHH PaBHE —— 00 WIH — OO.
IlpuseneMm jas npumepa B pAasBEPHYTOM BHIE ONpeiencHue, OTHOCSILeecs
K ciyyaw g==-}co u A KOHeYHOro (Wid TOKE PABHOIO ~—-OO)

Gyurgug f(x) npu cmpemsenun x ¥ - 0o useem ipedesos Koueu-
Hoe uucio A (nau --o0), ecan 6am waswooeo uucaa ¢ >0 (BE>0)
naijdemca maxoe wucao A >0, umo

1f{x)y— A|<le (f(x)>E), anws moasko x >A (x uz ).

JlcKa3aTe bCTBO PABHOCHABHOCTH ITCTO CIIPEAEEHHST C ONPEISICHHEM
«l1d A3BIKE TOCAEHOBATENLHOCTEHY PCBOAUTCST TaK :Ke, KaK H BBILIE,

Ecay nprMeudTs 9T0 ONPEASIEHUE K NEePEeMEHHOH X, Kak (OyHKumt
OT He3aBUCHMO} NEePEMEHHOH 7, NpH A - —-CO, TO MBI BEPHEMCA K HC-
XOMHOMY ONpeNeNeHuIo Npened TakoH QYHKUMN, WIH — 4TO TO Ke —— Mpe-
fesa noc/aeoBateaspHocTy, aanHomy B n° 28 uw 31 (poab uucaa A 1am
urpaer N). Takum o6pazoM, B TO BpeMs Kak HPEIKHEE ONpENe/eHHe fpe-
Aeia PYHKIEY CBOAUIO ITO HOHSITAE K Ipeleay MCCISI0BATENBHOCTH, B CBOIO
ouepenp onpedeserue npedeaa nocaAe008aAMICALHOCI OKQ3bEQCMCH NO-
NPoCIY 4ACHHBLM CAYHACIH ONPedereHIsT npedeaq (pyHxyun 8oobue —
B ero uHosoft (opme. Tort mpenen, KOTOPHIH Mul patsiie 00C3HAYHIY UEpes

lim x,,
1IC-HOBOMY aoJuken Oui Opl OBTH 3aHuUcal B BHie
lim x,.
n—s -+

BrnpoyeM, Ha Jele YKasaHHe - —-0OC BCErAd MOXKET SulTh OUYIIEHO
6e3 OIacHOCTH HeOpasyMeHns, 0 HUKIKOro APYroro NpeieLiucro nepe-
X0Ja 3fieck HE Moxer MNOApasyMeBarbes: o0nacts o usuenetinsg Hary-
paabHOrO yKa3atedas 72 UMeeT ¢ JHHCTBEHHYIO TOUKY Cryuleting —— O,

Hecymorpst Ha pasauude B NpPEAEJCHHAX Npeneaa gynxuun (B HOBOH
(hopMe) NPUMEHATLALHO K PasJUulbM IIPEANONOAKEHHIM OTHOCHTEABHO a
n A, Cyuylocth HX oOHa Y Ta Xe: (DYHKHUS HOMAKHA COUEDWATBLCS
B OPOH3BOALNON <OKPECTHOCTH» CBCErO mpexena A, Juilb TOJLKO
HE3dBHCHUMAst MePEeMEHHAs COAEPWHTICT B HANJAew au e B OPAHHOHR
«OKDECTHOCTH» CBGEro Ipenenaa a.

Mrak, aast BaWHOTO B aHaJN3e TIOHATHS Tpenes]a QYHKUHM MBI HMEEM
[Bd DABHOCHJBLHBEIX ONMPEAECJNCHHA; B 3aBUCHMOCTH OT YAOOCTBA MM OyaeM
NOJAL30BATECA TO TEM, TO APYPHUM M3 HHX.

34, Mpumepsl. 1) Anasornuo goxasanromy B n° 30, SYNIPENEIbHOMY COOT-

HOULICHUIO
|

lima® =1 (a>1)
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MOXHO noayunth Goxee ofiee:
lim a¥=1 (a>1).

x-0
Tpe6yerca nas safaHHoro e >0 *) naiitu takoe 3 >0, yto
[6%¥— 1| <Te, aunib TOIBKO [ X | <Cd.
Ho nepsoe u3 9THX HCPaBEHCTB HMJIM PaBHOCHIbHBIC €MY HEPaBEHCIBA
l —e<<a¥<<l-}e
BHIIOAHATCSA, €Cau
log, (1 — &) < x<<logg (1 4 ¢).

Tak kak
logg (1 —¢) 4 logy (1 4 ¢) =log, (1 —¢°) <0 n log, (1 —e) <—Tlog, (14 ¢}
TO YNOMSHYTHIC HEPABCHCTBA U NONABHO BHINOJHATCH, €CIH

—log, (I +¢) <<x <<log, (1 -+¢) mam | x| <<log, (1 -e).

Wrak, crour asmmb noaowuts 8 =log, (1 4-¢), urobw nmpu |x|<<d 6uiao
ja¥ —1|<Ce. ITUM 3aBepluaercs AOKa3aTelAbCTBO.
2) Joxaxem, yto

lim a*=+4co (npu a>1).
X~ -} 0O

[Ipu aw6om E >0 pocraroyno B3are A =1log, E, uto6ul
x > A Baexno 3a coboii a* >E,

YTO M IOKa3biBaeT Hallle YTBepwkieHue *¥),
AHanoruyHo NOKa3biBacTCsH, 4TO

lim a¥=0 (mpu a >1).

X— — 00

Msmenro, xakoBo Get HH Oblao e >0 (e << 1), ecan B3sTh
1
A= loga? = —log, ¢,

TO NpU x <C— A Heobxomumo a* <Ce,
Ecau we 0 <<a <1, 10 ¢ nomowmbio mpeoGpaszosanus

e

JCrKo YCTAHOBUTHL PE3ylbTarhl

lim o¥ =0, lima¥=+co (npn 0<<a<<l)
X0 X —c0

3) YcranosuM, uto HpH ¢>1 1 x>0

lim log, x =-} oo, lim log, x =— co.
X} 00 x—0

#) Ilpnuem HUYTO He MeillaeT Ham CYMTaTh & <C L.
#*) C Gonee WaCTHH M pPe3yIbTaToM

lim a"® = +4- c©
Mbl YXKe UMead geao B n° 31,
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[Mpu no6om 3anannom E > 0, auwmb T0abK0 X > at, Gynem umers: log, x > E
U, aHANOTHUHO, AHIb TOAbKO 0<C X << @ C, Brnomuaercs HepaBeHCTBO loggx <<—E.
ATuM M NoKa3aHel 06a COOTHOLICHMUS,
4) Vimeem, nanee,
. T . ki1
lim arctgx:—f, lim arctgx—_————z—,
x4 X = — o

OcranoBumcs Aast mpumepa Ha mepsoMm npepede. Ilpu mo6om e >0 mocra-

TOYHO B3ATb X > g (g —e) , YTOGbl ObL1O: arctg x > —;— €, TaK 4TO
T
0< 5 arctg x <e.

5) Tenepb Ml ycTaHOBUM cjesylomuft (BaXHBH M A9 O8Tbe
Heltuler o) pesy.brar:

A
sin x /i

li =1, C)
x>0 X
5
IlpexBapuTebHO, OAHAKO, HaM MPHAETCA AOKa-
3aTb HEKOTOpHIE MOJEe3Hbie HEPABEHCTBA: s
sin x<x<tgx npu O<x<—;—. 10) 0 Y

C sToit weabto B Kpyre pamwyca R pac-
cMoTpuM  ocTpeid  yroa AOB, xopany AB
U KacatenbHyio AC K OKPYXKHOCTH B TOUKe A
(puc. 19). Torma umeem: naomans N\ AOB < mio- Puc. 19,
mamm cextopa AOB<naomamu N\ AOC *).
Ecan uyepea x o0003HauuTh paiduaHHY® Mepy yraa AOB,

~—
TaX uTO JJIMHA Ayrd AB BHPAa3uTCA NpousBefieHUeM Rx, TO 32TH Hepa-
LCHCTBA MEPENHIYTCs TaK:

1 . 1 [
5 RYsinx <5 R x5 R-tgx

| Q-
Otcioga — N0 COKPaleHHy Ha —‘Z—Rl — W NpUXOAUM K HepaBeHcTBaM (10),

TC . .
B npeanosoxennn, uTo O<x<7, paszenuM Sin x Ha Kawiublif us

ynenos Hepasencrs (10). Mu noayunm

1> Sh;x> Cos X,

OTKyAa

01— Sinx<1—cosx.

X

*) Tlpy 3TOM Mbl MOAbL3YeMCA TE€MH CBCNCHMAMH O NAOWANAX SICMEHTAPHHIX
Quryp, KOTOphi€ HM31aralorTCs B MKOJAbHOM Kypce.
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Ho
. X o0 X
1 — cos xx == 2sin® i < 2sin 5 <%

[8 cuay (10}], Tak uro

sin x
0l ——~<x

Qrcioa BHITEKAET HepaBeucmo
sin
1 {<g.a,

KGTOPOEe, OUEBHIHO, COXPANUTCA M NMPH U3MEHEHHWH 3HAKa X, T. e. Oyaer

’

™
CNpaBeLINBO s BCEX X 7£ 0, AU TOJBKO [xt<—2--.

[Toxyuennoe nepabencTBO H peilaer BOMpoc. JleHcTBUTENbHO, €CJH
no npoussony 3sagano uucac e >0, To 3a 3 jpocraroyHo BHOpaTh
n 1
HauMeHbUIEE M3 HHCeT & <! TpU {x|<3 npexame BCero, npu-

o
MEHHMO HTO HEPaBEHCTBO (\Beﬂb 84—5), ¥ UMEHHO B cuay Hero (Tak

Kak 9 =<¢)

sir;x__ 1,<s.

6) Vnrtepecen, naxowern, m InpuMep, Koria npenel QGYHKUUH He Cyuge-
cTByeT QYHKUMS Sin X DpH CIPeMICHMN X K 0o (—oo0) BOBCeEe HE
HMeeT nmpegena.

B orcyrcTBHH npefena BCero npomie yGeAMTbCH, CTOA HA <TOYKE 3PEHHA
nocaefopareabpocteii». [oCTaroyno 3aMeTHTh, YTO JABYM HOCHCAOBATEALHOCTAM

i7— 1 2 1
{2’_ ’x}u{(’”j 7:} (h=1,2 3 ..)

2

3HAYEHUH X, MMCIOLIHM nperenoM +OO, OTBEYAOT MOCALROBATLALHOCTH 3HAUCHUH
(I)}'HKLUH/I, CIPEeMAIRHECH K Pa3d U U HB M Ipeacram:

it e 11, el

2 2
Ecan scmommuth «Koae6GaredbHblfls XapakTep CHHYCOMAB,, TO OTCYTCTBHE
npefesa B PaccMaTPLBAEMOM CAydYae CTAHET HArAAAUBIM.

Ananoruyno, u dyskuHa sin ~- TIPM CTPEMICHUH & K HYAIO (kax nmpya>0,
TaK M HpH « <C0) mpenesa He uUMeeT. JTO, B CYWHOCTH, MAiilb Apyras ¢opma
HPUBEICHHOrO BHIUIE IPUMEpa: CTONT IHIbL B QYHKUAM Sin X 3aMeHATL X Ha —.
OueBnHo, ecay a Hpoderaer HOCHENNBATCALHOCTh HOAOKHUTCABHBIX (OTPHILATCID
HBIX) 3HAUEeHHH, NPHOIMKAIOUIMXCA K HYJ0, TO x:% CTpeMUTICH K - co (— ©0),
i o0paTHo.

Hannmes cHOBa B BbiDaWEHHH sin—i« BMCCTO OyKBbl @ OYKBY X (4TOOLI BEp-

HYTLCA K HPDHBHUYHOMY 0603Ha4YCHHIO aécunccm) H PacCMOTpUM MOYUHTCAL~
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bt rpaduk dynkuun

1
y=sin -— (xz£0),
X
2 ( 2 \
OrPaHHYMBAACH 3HaYeHHAMH X oT O jmo — \n or — 110 0},
7T T

Ortmernn RocaepoBaTeabho yGwBaowne fo 0 snayenus xi
2 1 2 1 2 1 2 2 1 2

n’ w3 %’ B’ 3 T’ Qn— =’ mx’ (Ind-DL=

.
yesey

1
EM OTBCYAIOT PAacTYLIME 4O - 0O 3HAUEHUA =

n 3 BT Tn 2n—1)=n 2n+4+- D=
'72'»7" "2’27:: bR 3, Gt ¢ D) ) )y 17, -“Z_ ) yree

B npoMemyTKAX MEXIAY YKA3AHHLIMH 3naycnuamMn (npn yO6LBAaHUU X) Hama
¢ynxnua momepemenno youiBaer or 1 jo 0 m or 0 po — 1, 3aremM Boapacraer

ofr —1 g0 0 mor 0 xol u 1. n Takum oBpasom, dynkuna sin & MPOM3BOXAT

6eckoHeun0e MHOXECTBO Koaebaknit, mogofuo dyHxumn sin x, Ho, B 10 Bpems
KaK 14 TocaeHel 3T koneGanus pacnpeeIsoTcst HA 6 e CKOH e Y o bl H mpoMe-
WYTOK, 3/1eCb OHM BCe YMEMAIOTCA B KO € 4 H O M IPOMCKYTKE, CIyIanch K RY 0,

q

ﬂ"ﬁ

N
2
T
J
3

e

Puc. 20.

Ipaguk wzo6pamen ua puc. 20 (pasymcercsa, He IOJHOCTHIO — GeCKOHEUHOE

MIIOXECTBO KoxeGaumil Bocmpon3pecTH HeBo3mowxkso!). Tax xax npu musMencnun
.1

SHaKa X ¥ SN — Meuserca siak, 10 JeB3d NOIOBHHA rpaduKa CUMMETPHYHA

c ﬂpanoﬁ OTHOCHTEALHO Havaja.

. 1
7y Ecan nas x £ 0 pacemorpeTh QYyEKIHIO X - sin ) KoTopaa oOTIHYAETCA

L1
MHOWKHTEJeM X OT TOAbKO 4TO H3YUYCHHOH (QyBHKHME sin » TOHasTOT pus npe-
el gpu x — ( CyuwecTsyer:

. 1
lim x-.sin —=0,
X =0 X
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YTO Cpasy ACHO U3 HEPABEHCTBA

=|xl

.1
X+ sin —
X

Ipu npubmmxenny X ¥ Hy o, Hawa GYHKUHA NO-NPEKHEMY NPOU3BOAHT
GeCKOHEYHOe MHOXECTBO KoaeGanuit, HO MX aMnmuuTyja (61arolaps MHOXKHIETIO X)
yObiBaeT, CTPEMACh K HYJO, YeM H 0GECHEUMBACTCA CYIeCTBOBABHE Npejena.

Ppagux dynxuun

.1
y=ux.sin—

n3o6paxeH Ha puc. 21; OH yMeinaercAd MexAy IBYMA OHCCEKTPUCAMH y==xX N
== — X KOODAMHATHHIX YraoB *),
3AMEYAHUE Mb numeru mpepeist
. osinx : .1
lim —= =1, Im x.sin—=0,
x -0 X x—0 X

o6benuneHHsle 0HOM 0COGEHHOCTBIO! HU ORHA M3 PACCMATPHBACMLIX 3KeCh YHK=
it ge onpenenera npy x=0. Ho 310 HHUCKOABKO HE Meulaer I'OBOPUTbL

4

Puc. 21.

06 ux npefenax npu x — 0, u6o, COrMacCHO TOYHOMY CMBICAY HAHHOTO BhiNiE
onrpejlenchus, KaK pa3 sHauenne x=0 nNpu STOM He paccMaTpHBaEeTCH

Ananornyno, 10 06CTOATEALCTBO, YTO (YHKUHUA sin—f HE HMeeT CMbICAd

npu x =0, He Memtaer CTaBHTh BONpPoOC 06 ee npegere npu x — 0; HO HA
STOT Pa3 UPCAeN OKA3bIBAETCH HECYIECTBYIOUUMM.

35. OpHoctoponrue mpexeasl. Ecau obnacts 27 Takosa, 4to B JoGoit
6an30CTH OT @, HO cnpasa om a, Hallayrcs sHauenns x us L, 1O
MOXHO ClenuasnaupoBate JanHoe B n° 32 u 33 onpenerenne mnpenena
G&YyHKUUK, OrPaHUYUBILKCE JHMIUbL 3HAYEHHSIMH X > a. B aToM cayuae npenea
$yHKUMHM, €CJM  OH CYWIECTBYET, HasblBaeTcs npedesorm ¢hynxyuu f(x)
npu cmpemaeHul X ¥ a cnpaga (WM KODOUe — 6 modKe @ CHpPa 8a)
u 0003HAYACTCA CUMBOJIOM

lim  f(x) wm fa-0).

x—a+0

#) Ha puc. 20 m 21 pmna AcHoCTH NpPUIAOCL MO OCH X B3ATb GOabiuHi
MacuTal, 4To CO31aeT HCKaxXeHue,



35] § 1. TIPEAEJ oYHKUWU 77

AHalOTMUHO ONpENeNseICs NOHSTHE npededa (HyHKUUL npu cmpeit-
aeHun x K a (8 mouxe a) caesa
lim  f(x) wm fe@e—0)%).
x—>a—0
O6a 5TH TIpenesna HasblBAOTCA OJHOCTOPOHHUMHMU.
Ecim obnacts & nmonyckaer GesrpadauHoe npubauxenne K @ U Crnpasa
M CeBa, TO MOXHO paccMaTpuBaTh M TOT M Apyrofi mpenensl Jlerko

Puc. 22.

K4
T
Z

Ny~

Puc. 23.

YCTaHOBHUTE, UTO 045 CYU,ecmB08aniisl 00blKHO8EeHH020 (<ABYCTOPOHHEr0»)
npedeaa (6) HeoOxo0umo u 0OCMAMOUHO CYULECHBO8QHUE NOPO3Hs U
paseHncmso oboux npederos cnpaga i cresa:
lim fx)= lim f(x)=A.
x—a-+40 x—>a—0

OTMeTM, YTO 3TH NPEAENb MOryT 06a CyIecTBOBaTb, HO He OLITh
paBsbiMU. TIpuMepsl TOMY J€rKO MOCTPOUTb, MCXOMsl U3 YK€ PaccMOTPEH-
uelx B n° 34 npumepor 1) n 4).

#) Ecan camo @ =0, 10 BMecto 0+ 0 (0—0) nmumuyr npocro -0 (—0).
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[Tepumepu. Onperesny ase QyHkUHN 1A x =0 papencreamu
1

fi (x)::a? @>1), f (x):arctg%.

[Ans nepsoit U3 HEUX HMeeM
1

fi(0= lim a*= lin a°=-+co,
X —-4-0 2 > -~ 0
L
fi(—0= lim ¢ = Ilim a°=0,
X ——0 2> —
Han Bropo#t e
fe(F0)= lim arctg L = lim arclgz= :,
X0 X 2 - 0 2
(—0) Hm ret ! lim arcigz i
2 {(—0)= lim arctg — = Mgz =5,
e x— =0 g x Z2—— 0 2

Upagukn sTuX OYHKUHE NaHw Ha prc, 22 u 23,

§ 2. TEOPEMBI O MPEJEJAX

36. CpoiicTBa GyHKIUM OT HATYPAJbHOTO aprymexnTa, NMeicinei:
Koneuneiii mpepen. Tax Kak OpMyJupOBKa M JOKA3aTEABCTBO TEOPEM,
OTHOCAWHMKC K (DYHKIUM OT HaTypPaabHOrO apryMeHTa, BBIIVIAAAT HDPOULE,
4eM B cayuae @ynxuma oOwmero BHAa, TO MH BCErAa cHauana Oyaem
(bopMysupoBaTh W NCKAasbiBaTh TEOPEMBl IJIf OTMEUCHIIONO YacTHOTO Cay-
yasg, a 3aTe€M JnLIL CIenaeM YKasaHud OTHOCHTEJNLHO NepeHoca HX Ha
obuwmil cayuai.

1) Ecan nepesentas X, cmperumcs 1 npedeiy a, ua >p (@< g
N0 W gce 3HOMEHIA NEPeMEHHOl, HAXWUHQASL € HEeKOMmOopo:2o,
moxce 6y0ym Gorsute p (Mensule q).

BeiGpas nosomutesisHoe uucao e<a—p (g — a), 6yaem umerhb

a—e >p (a--=< g

Ho, o onpeneaennio npepena nepementoti x, {n°28), naa s1oro e wak-
merca Takoe N, uro npu n >N Oyser

a—e<x,<a-e

[an Tex swe suauennii ¥ nojaBHo: X, >p (X, < ¢)

3TO NpPOCTOE NPELJNOKEHHE MMEET DAL MOAE3BIX CAACTBHI.

2) Ecau nepemennasn X, cmpemumes ¥ npedeay a >0 (<0), mo
u cama nepemenran x, >0 (<0), nanwurang ¢ Hexomopozao
Mecma.

a1 10KasatesbCTBA JOCTATOUHO [IPAMEHUTb NPEABIYILEE YTBEpPAAL-
nue, Baag p==0 (¢g==0).
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3) Ecun mepemenHas x, CIPeMHTCH K NpPEISIy @, WpHUEM BCEria

Xp=p (=9)
T0 @
a=<p (=9)

Joxassiraercss 0T NPOTHBHOrO, €O CChlakOH Ha 1)

Onupasicy Ha npeptokende 1), TOKAKEM Teileph € AUHCTBEHIOCTH
npenesa.

4) [lepesiernast x, He MOXCEm OOHOBPEMEHHO CMPEeMUMECS K 08YM
pazanunolit (KoKeLHulAM) tpedesat.

HeficTRuTebHO, ZONYCTHM IPOTHBHOE: NYCTh ONHOBPEMEHHO X, — @
u x,—>b npuyem a<(H. BoseMem ai000e uncao v MeXny a u b

a<r<b.

HMocxoupky x,—>a u @<y, Haiizercs takol momep N, uro nas
n > N’ 6yaer BHIOIHATBCA HepaBencTBO: X,<r. C apyro#i croponwl,
pas x,—>b u b >r, vailiercs n Tako# Homep N, uro pas n >N
okaxkeres x, >r. Ecau B3ste HoMep 7 G6apumM u N u N”, TOo c007-
BETCTRYIOUIEE 3HAUCHHE nepeMeliod x, OyAeT OMHOBDEMEHHO 1 MEHbILMM 7,
u O6bMHUM F, 4TO HEeBO3MONHO.

ITO npOTHBOpEYle JCKA3HIBAET HAIUE YTBLDIKACHHE,

8) Ecau nepemennas x, witeent KOHeUHRsLE NPeden, mo OHna ABASLEHICA
o2parudenHOil B TOM CMBCAE, UTO BCE €& 3HaueHus Colepixarcs
MEWAY ABYMA KOHECUYHBIMH rpaHBndMul

m=<x,<<M (n=1, 2, 3,..)). (1)
Tlpexcie Bcero, 1HeMCCpPEACTBEHHO W3 CIPEACJEHMS Ipefena scno, 4to,
Kakoe Obi HR B3aTh ¢ >0, naiinercs rtakoe N, uro masi 1 >N Oyaer
a—elx,<ate
Taxny ofpasom, paa n==N—-1, N--2,... suauvenna x, yue 3aimo-
YEHBl MEXAY FpaHuliaMH @-—e¢ W a-—-¢ Bie 3IMX Trpaimi MOryT
JeKaTh JdUb HEKOTOpBE U3 nepuiX /N 3sHaueHuii

Xy Kyeons Xy
Tak Kax TakuX HCKJIIOYATEAbHbIX SHaueHnd BCEr0 KOHEUHOE HUHCIO,
TO MOXHO Pa3UBUHYTb YKA3AHHBIE TPAHHILI TaK, 4TOOB MEXAY HOBBIMH
rpaHuuamMn 72 M M comepikazuch yke BcCe gHaueHns x,. Hanpumep,
MOXHO 3d 4 B35iTb HaUMEHbIEE M3 uuced

a8 X, Xy vouy Xpp
a 8a M — nanGoibliee u3 uucea
! -

Q-8 X, Xy vury Xpn

3aMEeEyannE Orcloga fCHO, B YACTHOCTM, 4YTO MEPEMEHHad, UMEIo-
uad KOHEUHBIH NPENEH, He MOXET ONHOBPEMEHHO CTPEMHUTBCA HH K —-00,
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HU K — 0O, B 9TOM COCTOMT HEKOTOpOE MONOJHEeHue K Teopeme 4)
00 enMHCTBEHHOCTH Mpenesa.

37. PacopocTpaHenue Ha Caydail (YHKOW# OT HNPOH3ROJILHOMN
nepemennoit, Jlerko nepedpasuposats coaepxanue n° 36 Ha oOmuit cayuait
{yHKHR f(x), 3aaHHON B HEKOTOPO# oGaacTu 2 ¢ TOYKOH cryuieHust a #).

1) Ecaun npu cmpemaenuu x & a ynaxyus f(x) umeem KoHewHbL
npedea A, u A>p(A<gq), mo 0arng docmamouno 6GAUIKUX
K a 3Hauerull X (omaudnelx om a) u cama BYHKLUS y008./eHm80pAEH

HepaseHcmey
f>r  (F)<og. &)

BuiGpas nosoxurenshoe yuciao e <A — p (¢ — A), Oyaem umers
A—e>p (A+e]9).

Ho, nmo Bropomy onpeneienuio mnpegena ¢yHkuuu [n° 33), ans sroro e
Haligercs Taxoe 8, uro, Juwb TOALKO | X —a|<d (rme x B3iro u3 &
H OTJIHYHO OT @), TOTYaC Xe

A—efR)< Ate.

Ins 1exX Xe sHaueHu# x u nojasHo OymeT BHIIOMHATHCH (2).

Yuratenp BHUAWT, YTO HUKAKUX HOBBIX HAeH AJs IOKA3aTeALCTBA MpPH-
BEKATL HE NPUILJIOC.

Orciona BenocpeacTBEHHO MOryT OHTb ONPaBIAHB W YTBEPWAEHUHA,
ananoruudsie 2), 3) wm 4) uz n° 36. Haupumep, nonaras B 1) p=0
(7==0), noayuum:

2) Ecau npu x—>a hynxgus f(X) umeen KOHe4Hull NOAONCU-
mensnslli  (ompuyamensHsili) npeden, mo u cama PYHKGUL NOAOKCU-
reasna (ompuyamensta), no Kpaiineii mepe 04s 3Hauexull x, 0 ocma-
HLOYHO OCAUBKUX K Q, HO OMAULHOLX O Q.

Cnpasen/nso u yTBepKAeHHUE, aHasornuHoe 5), Ho B GoJiee cnaGoit popme:

3) Ecau npu cmpemaienuu x K a ynxyus f(x) umeem Koneuuuil
npedea A, mo 0as 3HadeHUN X, 00OCmMamo4HO GAU3KUX
K a, yuryus Gydem o2paHuteHHol B TOM CMBICJE, YTO €€ 3HaueHus
COJepkKaTCas MEKAY ABYMS KOHEYHBIMH IDaHULAMIH:

m=<<f(x)<<M mup 113 0<|x—a|<3

JleficTBUTELHO, 110 ONPENEJCHUIO NpEAena, 3afaBLIHCh YUCAOM & >0,
Halinem Takoe 8 >0, uro

A—efx)<{lA-d-se ecm 0<|x—a|<]d
Hanomunm, 4TO aHaJOrAYNLI# PE3Y/AbTAaT Mbl MEPBOHAYAIBHO MOJLYYUIH
¥ i TIEPEMEHHOR X,. HEDABEHCTBa

a—e<x,<a-¢

*) Uncno a moxer 6uTh 00 HAM — 0O, HO Mbl JIS ONpPENEACHHOCTH
OTPaHHYUMCA CAYYaeM KOHEYHOro a.
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BHINOANSAACH TOABKO mast 7 >N. Ho B npexuem ciyyae BHE 3THK
rpanuil MOrJ0 0Ka3aThCs JHIUb KO H € U H O € UKNC/AO 3HaYeHnH, U JIErko OblI0
HalTH HOBHIE TPaHuiE, MEXIy KOTOPHIMU COAEpKaluch OBl yxe BCe
3Hauenns 0e3 uCKmoyeHud. 3[ech e ITOro, BOOOWE TOBOPS, YKE CAe/NaTh
Heb3d, U060 3HAUEHHH X, AT KOTODHIX |X -—a|==8, MOXEeT OKa3arTbCsd

1
u GeckoHeuHoe MHOKeCTBO. Hampumep, pyHkuus f(x)=7 (nrs x> 0)
npn x-—>1 crpemurca K eauHumite; ouesnuno, O<f(x)<(2, ecam
i
jx—1 |<§, ONHAKO /s BCEX pacCMaTpUBacMbiX 3HaueHu# X PpyHx-
uas f(x) sBosce He Oyuetr orpaunuensoil: npu x-—>--0 ona crpemurca

K - oo.

38. MNpeneabHbil Mepexox B paBeHCTBe M HepaseHcTse. CoenuHad
JBE TEPEMEHHBIE X, W y, B3HAKaMH pPABEHCTBA WM HEDaBEHCTBA, Mbl
BCErja NoApasyMesaeM, YTO peub HAET O COOTBETCTBYIOWIMX 3Ha-
YEHHAX HUX, T. €. O BHAUEHHAX C OJHUM H TEM XE€ HOMEpOM.

1) Ecau dse nepemennsie X,, Y, NpU 8CeX UX USMEHCHUAX PABHbL:
X, ==Y, Npuier Kancdas U3 HuXx umeem KOHeunsll npedei:

limx,=—a, limy,=25,

mo pasHsl u smu npedenst: a=—>h.

HenocpeacTsenno cjenyeT w3 eIMHCTBEHHOCTH mpenena [36, 4)].

Drolt Teopemofl moab3yOTCd OO6bYHO B GOpME TMPENEALHOTO
nepexona B PaBEHCTBE M3 X,==}, 3aKkmouaiT, 4ro limx,==
=limy,,.

2) Ecau 0 08yX NEPeMEHHOX X,, ¥, 6Ce20Q BLNOAHSIEMCA Hepa-
BEHCMBO X, ==Y, Npuvesm Kaxc0as u3 Hux uMmeem KOHeYHbl npeden:

limx,=a, limy,=b,

mo u a=b.

Ilonycrum mnporusnoe: mnycrs a<b. Paccyxmas Tak ke, Kak n
B 11°36, 4), BO3bMEM uHMCIO ! Mex Ay a u b, Tak uro a<r<b.
Torza, ¢ oaHo#t cropomsl, Haiizercst Ttako# Homep N, uro maa n >N
Oyner x,<r, C Apyro#i e — Halizercs u Tako# Homep N”, uTO Hast
n>N" okaxercs y, >r. Eciw N Goabuwe oGoux uncen N, N”, 10
st Homepos 7 > N GyAyT OLHOBPEMEHHO BBIIOJHATHCH 06a HEpaBEHCTBaA

X, <ty Yo >1, otkyna X, < Yu

uTO NPOTUBOPEUUT Npeanc/oxenuio. Teopema nokaszaua.

DTa TeopeMa yCTaHABJIMBAET HONYCTUMOCTb NMPEXENbHOTO Mmep e-
X0oAa B HepaBeHCTBEe (COEAMHEHHOM C pPaBEHCTBOM):
U3 X, ==Y, MOXHO 3aKJIO4UTb, yTo limx,=limy,.

KoneuHo, 3Hak >>BCiOAy MOXET ObiThb 3ameHeH 3uakom <.,

Ms1 ofpaiaeM BHUMaHue yuTaTeas Ha TO, 4TO H3 CTPOTOT O Hepa-
BEHCTBA X, >y, BOOOWE TroBOPA, HE BHITEKAET CTPOLOE IKE



82 T, 11, TEOPHY PEAE/IOB 139

uepagenctgo Hmx, >1limy,, a toasko, no-npewHeMy: limx,>=limy,.

. 1
Tasc, HalprMep, Tl>—'—n— npu BCEX 71, ¥ TE€M HE MeEHee

lim & =1lim [ — 1\ —o.
n

\oa)
W3 teopemn 2), xak wacTuplfl cayuall, MOXET OHTb [OJYYEHO YTBEp-
xpenne 3) n° 36.
Ipu ycrasopienud CymecTBOBAHUS M BEANUMIIB IpEseia 4acro Obi-
BaeT moJessa Teopema:
3) Ecau 041 NEpemennb X, Y, &, 6Cec0a BbROAHSICICS Hepa-
sencmea
Xy <= Yn<=2p
NpUYess nepeseHnble X, 1t 2, CmpeMamcsa I obuweny npedeiy a;
limx, =limz,==a,
MO N NepeMenKas Y, uieem mom gce Hpedes:
limy,=a.

3agagumca npoussodblinit ¢ >0, ITo oroMy e, upexae pcero, Hail-
jerca Takoit Homep N, uro mpu n >N

a—ex,<a-fe
Sarem Haigerca rakoi nomep N7, wro npn n >N
a—e<z,<a-le.

Mycte N Gyamer Gousine oboux wicen N un N7, rorma, npn 1 >N,
BLINOMMAIOTCH 003 [PEAUIECTEYIOUNK ABOHHBLIX HEDABEHCTEA, W LIGTOMY

a—s< X, <y, <<2,<a-e
Oxonuateasito npu n >N
a—e<y,<a-}euwm |y,—eal|<e.

Taxum oOpasom, aeficteutenbHo, limy, =a.
M3 oroft Teopembl, B YATIHOGCTH, CAELYET: eciu npu 6cex n

assy, <z,

U u38ecmuo, 4mo z,—>a, Mo u y,->q. Bupouem, 3TO Ou€Hb JErKo
LOK&3aTh M HEMOCPEACTBEHHO,

Teopemnt 1), 2) u 3) 2erko pacnpoCTPaHsOTCa U La cJayuail Gecko-
HEYHBIX PENENOB,

39. Jlemmnr 0 GecxoHeuHO MaJblX. B xajabHeilnux TeopeMax Ham
NPHUALTCS PaccMarpuBaTh OJHOBPEMEHEO HBE nepeMmenHmie (uan Oosblie),
coueran ux MexJay coGofi sHakamu apudmeruueckux netictBuit. ITpu atom,
KaK 1 BHILE, Mbl OTHCCHM 3TH 3HaKH K COOTBETCTBY IO UM 3Haue-
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HusM nepemenusix. Hanpumep, roBops © CyMMe JABYX NEpPeMEHHHX X,
U Y, fNpoGEraimux HOPO3HbL NOCAEIOBATE/IbHOCTH 3HAYCHUL

X, Xoy X3y v Xy eus

I Vo Vo ooy Y «ovs
MBl UMEEM B BUAY HEPEMEHNYIO X, —%—yn, NPUAHAMAIOULYIO NOCASAOBATE b=
1OCTh SHAYEHNH
Xy, Xo-bya Xa Vs oo XY .o

ITpu moxasarenbCcTBe TEOpEeM, OTHOCAUIMXCA K pesyiabTaraM apudme-
TUYECKHUX olepanuft Haa nepeMeHupiMyd, OyAyT ICae3ln c/aelyloumue ABE
JeMMBl O GECKOHEUYHO ManbIX:

Jdemma 1. Cymma 1006020 KOHEHLHO20 HUCAQ OCCKOHELHO MAALLY
ecimy maKaHce BeANMUHA OCCKOHCUNO MAAQSL.

[IpoBeneM noKasaTeabCTBO M8 Cyyas ABY X OECKOUEUHO MasiblX o,
u B, (oOmult cayuadl KCUEPIHIBAETCS AHAKOTUUHO).

3aganamca  npousBOMbHEIM wucaoMm e >0. Coraacuo  onpeneneHuio

€
GECKOHEUHO Majoi, 1o uucay B A GeckoneyHo Majaof o, Ha#gerca
raxohi Homep N, uro npu n >N Oyuer

3
lan!<7'
(4

Touko Tak xe u aaa Geckomeuno manoft B, Hailmerca Taxoi Homep N7,
yro apu n > N" Gyner

1B <7

Ecnm p3sith Harypaabroe wucao N G6asumm oGoux uucen N u N7,
TO npu 7 >N ODHOBPEMEHHO BHIOMisoTCH 06a T4 HEPABEHCTBA, TAK UTO

[y~ B << |1 B | <y 5 =

Hrak, sBennyuua o, B, HeHcTBUTENHHO $BASETCH GECKOLIEUHO MAJIOH.

HAemma 2. [lpoussedenne o2parutennol nepesmernoi x, He Gecko-
HEUHO MAAYIO G, €CHlb BEAULUNA OECKOHEYHO MQAQH.

Hycre s Beex sHauenuil n

msZx, <M.
O6osnauun uepea L maubosnpittylo u3 aGCoMOTHHIX Bemuumn |[ml, |,
OyaeM UMETH
—Ll==m<x,<<M<=L wnm |x,|<<L

Ecau zanano mpouzpossHoe uucio e >0, 10 no umncay s 6ecko-

L
HeYHO Manol @, wapgerca takoit nomep N, uro aas n_>N Cyner

g

‘aﬂj\

~e
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Torga ans Tex Xe 3HauUeHuwH 7, OUEBWIHO,
e
‘[“n[<L’T=e'

Orciona n ciaeayer, 4ro X,-®, €CTb OECKOHEYHO MaJnad,

40. Apudmerndeckue onmepanuud Hanx nepemeHHsimu. Cuenyiomue
TEOPEMB! BaX(HHl B TOM OTHOMIEHMH, YTO C HX IOMOINbI0O BO MHOIHX CJy-
4agxX AEJaeTCsl HEHYXHBIM BOCXOXAEHWE BCAKMH pa3 K OnmpeneJeHHIo
NOHATHS NpeJena — ¢ Pa3blCKaHUeM IO 3aJaHHOMY & COOTBETCTBYMoUero N
U T. I. DTUM BHUMC/IEHUE TNPENE]IOB 3HAYUTENbHO OOJeryaercs.

1) Ecau nepemenmnsie x, u y, UMeOm KOHeyHbie Npedeast:

lxn'anl:lxn

limx,=a, limy,=2,

mo u cymua (Pa3HOCmes) UX maKdce uMeem KOHewHbil npeder, npu-
wear
lim(x,*y,)=atb

W3 ycnosus teopembl caexyer, uto
xn:a_l_am yn=b+pn’ 3
rae o, # B, — Geckoneyno Mmaanie, Torna
X Ey=(@ X b) 4 (4, )

3aece o, 3-8, ecrp GeckoHeyno Manas no jemme 1 n®39; caeno-
BATEILHO, MOXKHO YTBEDXKAaTh, UTO NepeMensas x,—*y, umeer mpenen,
paBenit @t b, uto m TpeGOBaAJIOCH [OKA3aATh.

3JTa TeopeMa M ee J[OKa3aTe/bCTBO IEPEHOCATCA Ha cayualt moGoro
KOHEUHONO YUCAA CHAAraeMbix.

2) Ecau nepeiernsie X, U Y, UMEIOM KOHEUHbe npederbl:

limx,=a, limy,=5b,
mo u npouszselenue uX marogce umeem Koweunwidl npeden, u
lim x,y, =ab.

Vicxoas m3 rtex e paBeHCTB (3), uMeeM Ha 3TOT pas
XnVn= ab + (aB, "]- ba, + %,8,)-

Bripawenue B ckoOkax, B cuay jsemMm 1 u 2, ecTb BeanunHa GEeCKOHEUHO
mManag. Orcioga ¥ CACAYET, 4TO NEepeMeHHas X,Y, ACHCTBATEILHO HMEET
npeneaom ab.

dra teopema Moxer ObiTb pacnpoCTpaHeHa Ha ciyua#t moOoro Ko-
HEYHOTO YHCJIA COMHOXUTENEH (HanpuMep, METOAOM MAaTeMaTHUeCKOoH HH-
LYKIMK),

3) Ecan nepesennsie X, U y, UMM KOHewHble Npedeisl

limx,=a, limy,=},
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npudesm b omAuUtLHO OMm HYAS, MO U OMHOUEHUE WX MAKICE
umMeem KOHEUHbLI Npedes, a UMEHHO,

s X a
lim =% = —,
Yo b
Mycrts, Hanpumep, b >>0; BCraBuM Mexay Hyaem u b uucio r. Toraa,
coraacHo yipepxpeHnio n° 36, 1), HauMHag € HEKOTOPOro Mecra

Yo >1>0,

TaK 4TO BO BCSKOM ciayuae y,7% 0. OrpaHuuyummMcs TeMu 3Haye-
HUAMH HOMEpa #, AJS KOTOPDHX 5TO BHINOJHAETCH TOrAa

X
OTHOHIEHUE j’_i 3aBEICMO HMEET CMBICJL
n

Vcxons, nmo-npexHemy, u3 paseHcTB (3), uMeeM

Xp a a--a, a 1 b
e i a$, ~— Q .
i T 5 M S TR
Buipaxenne B CkoOKax, B cuiy JeMM 1 u 2, ecTb BenuunHa Oecko-
HeuHo MaJjas. MHOXHTENb e NpPH HeM, Ha OCHOBAHUM CKA3aHHOrO BHa-

yaje, OyJer OrpaudueHHOH NepPEeMEHHOMH:
11
0< A L,
<z <
Cregopate/nbHO, O JeMMe 2, BCE MpOM3BencHue crpasa Gymer Geckos

x
HEYHO MaJblM, a OHO NPENCTaBJsSeT pPAasHOCTh MeWAy NepeMeHHOH }7& 1
4

a Xp a
uacIoM 7. Wrax, mnpemen o ecTb -, uTO H TpeboBaJOCh AOKA33Th.
n

41. Heonpenenennsie Bpipawenus. B npeapiyumiem HoMepe Mbl pac-
CMaTpUBaAY BbIPAKCHUS
xn

Xn iym XnVn E (4)

W, B NPEANCJOMEHAH, UTO MEPEMEHHHE X, U Yy, CTPEMATCH K KOHEYHBIM
npefenaM (M3 KOTODHIX, B CJy4yae 4aCTHOro, mpenes y, He AoJkeH Obui
PaBHATBCS BYJII0), YCTaHABAWBaAH INPENEAbl KaXIOTO U3 3TUX BBIPAKEHHMI.

Ocrapaensl Oblin 6€3 pacCMOTPEHHS Cayyauw, KOrja Npenensl repe-
MEHHBIX X, 4 y, (0OAMH uau 006a) O€CKOHEUYHBl WM — eC1u peub UIET
O YaCTHOM — KOrfja Inpenesa 3HamMeHaTeas Hyab., Vs sTux ciayuaes mu
3/eCh OCTAHOBMMCS JMILIb HA YETHIPEX, NPEJCTaBJSIOUIMX HEKOTOPYIO BaX-
HYI0 ¥ HHTEPECHYI0 OCOOEHHOCTb.

1°, PaccMOTpHM CHauaja 4acTHOE ;—" U OPEANoNOkKHM, uTo o6e me-

n
peMeHHbE X, U J, ONHOBDEMEHHO CTPEMATCs K HY J110. 31€Ch

MBI BNEPBLIE CTAJIKHBAEMC C COBCEM OCOOBLIM OOCTOATEALCTBOM: XOTS HAM
U3BECTHBI NPEAEJ]B X, U Y, HO O NpeAeNe HUX OTHOIIEHHS — HE B8Had
CaMuX 3TUX (QYHKUUH OT 7 — HUKAKOro OOWIEro YTBEPKAEHHA MBI COe-
AaTh He MOXeM., Omom npedes, 8 3Q6UCUMOCIL OM HACHHOZO 3AKOHE
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USMEHEHUST O0CUX NEPCMCHUHBLX, MONCCH UMEMb PA3ANUHbIE SHQUEHIIA
wau Qasce 608ce He cyusecnsosams. CIECAYIOUINE NPOCTHE NP HMEP B
NOSICHSIIOT 3TO.
1 1
Hycrs, ckaxew, Xp=i5 N Yu==-=} ofe nepemenHbie CTPEMATCs
Xp 1 -
K Hymo. Mx ornomenne She==— TaKKe CTPeMHTCH K nydaio. Ecnmu
Sn
1
K€, H2000pOT, HOJOWHTD Xp=, Yn== 13, TO, XOT9 OHH Crpemscd
x
K HymQ0, Ha 3TOT Pas uX OTHOLIEHHE ,—” =n crTpemMurcsa Kk -}oco!
n
B3ag we a060€ OTJAMYHOE OT HyJs UMCIO @ M HOCTPOMB uBe GCCKOHEeulo
a
Malble X, ==
penoM a (TaK Kak TOWAEeCTBCHHO DPaBlo ).
(— 1)rz+1
Haxonen, ecm x,—-—~"—

i
Uy, e BUAMM, UTO OTHOLISAME HX UMEET npe-

1
——, Yp == (00e umeioT npenesiom HYJIb),

. Xn ntl

TO omomeuue;—_—(——l) OKa3hBaACTCA BOBCE HE UMEIOULHM
n

npeneJa,

Takum ©6pa3om, OAHO BHAIKE [PELeNOB NEPEMEHHBIX X, 1 V¥, B A all-
HOM CJAy4ae He NO3BOJET €LIE CYAUTb O [IOBEXCHHMUM HX OTHOILEHHN:
HEOOXOANMO 3HATL Cami QYHKLNY, T. € 33aKCH UX W3MEHEHHs BMecte

X
C 7, HENOCPEACTHEHHO HCCACHCBATh OTHOLIEHHE &ﬂ. ILas toro

n
yTobnl XapaKTEPU3CBaATh 3TY 0CO6€IIHOCTI>, ropopar, 4ro, Kornza x,l-—>0

X
u ¥y, —> 0, sstpasicenne = npedcmagasem  HeonpedeaeHHOCHL b
Ya

0

guda .

0
2°, B cayuae, KOrja OIHOBDEMEHHO X, —> 200 U ¥, —>F 00, umeer
MecTo nonc6Hoe we obcrosrTenbcTBo. He 3Hada camux QYHKRUE,

odmero YTBEDWKACHNI O MOBEICHUN MX OTHOWECHRA CAECNATbh HEJIb3Sl. ITOT
(i}aKT WITOCTPARYETCd IpUMEpaMu, BIOAHE aHaA0T MYHDBIMI TPUBEACHHBIM B 1>

2 Xp 1
X,=Hn—>CO, Y,=n"-»00, =L=—
.yll n
Xp=12—> 00 =n-—>00, M=n-»ocq
n= y Y= s Y - ~y
X
x,==an—>>1co (a=0), y,=n-—>co, yJ»’-:a—)—a;
n
x |
Ky =[2 - (— )" n—> 00, y,==n— 00, y»;"_—_2~;«(_~1)’”1 BoBCE

HE HMEET mpenelia.
X
W B 3TOM Ciyuae TOBOPST, UTO 8slpadicenue - npedcmasiscit ne-
Yn
o)
onpedesenHOCm b, N2 9TOT pa3— srda —.

OO6patuscs K PaccMOTPEHHIO [IPOUBBELEHUN X, Y,
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3°, Ecan X, CTPEMHUTCA K HYNI0, B TO BpeMa Kak ¥, CTpe-
MHTCH K i 0o, TO, I/ICCJIEILYSI NOBEACHNUE TIpOuBBEACHUd X,VY,, Mbl
CTAaAKMBAEMCA C TaKOM e OCOBEHHOCTLIO, Kak W B mynkrax 1° u 22,
OO0 5TOM CBHIETEALCTBYIOT IPUMEPBL
1 1
xn:F“’O’ Yn==1n—00, xn.yn:,_l_)();

1

xn:?—-)o, _yn:n‘z-»oo, Xp Yy =1 —> 00,
4]
Xp= =0 (a=20), y,=n—>o00, X,v,—a—a,
N Gl ) AN o0, Xy, == (— 1)7" Nees
Xp=i—r— >0, y=n— e, Xp ¥, ==(— 1)""" BoBCe ne nyeer
npejeda.

B cpasu ¢ sTuM, npu X,~>0 u y,—> 0O, TOBOPAT, UTO GLPAJCCHIIE
X, ¥, npedcinasasiem Heonpedesennocmes guia 0-o0.

PaccmoTpuM, HakeHEN, CyMMy X, -+ ¥,

4°, 3pech orasmiBaeTcs oceGniM  cayualf, Korga X, U Y, CTpeMarcs
K OECKOHEHHOCTH PAa3HBIX 3HAaKOB: UMEHHO B 9TOM Cayyae O CyMme
X,—~y, HHYETO ONPENENEHHOr0 CKasaTb HeJb3s, HE€ 3Had caMux
QyHKURH X, "y, PasiduHpie BO3MOXHOCTH, NPEACTAB/IAIOUINECS 31ECD,
WITIOCTPUPYIOTCS NPUMEPAMu:
|

Xp=2n->-100, y,m=—n->—00, X, Yy,=n-—> -}00;
Xp=n— --00, Y,==-—2->—00, X,-}y,=-—n-—>—00;
xn=/l+a~++0(), Yn==— A—>—C5, xn"ﬁ")’nzfl—*a;
x”:n+(_ I)MI'—)—TI_OD’ Yp=—N—>-—CO, X, m{‘yn =(— 1™

BOBCE HE HMEeT Inpeseda.
Bsuay storo, nupu Xx,—>—-400 M y,—>-— 0O, TOBOPAT, 4TO Ebipa-
oienue x, -y, npedcmasasem neonpedesenHOCmMb 6UCQ OO—O00.
Taxkum 00pasoM, CHPEREIUTb Ipeaeshl apHOMETHYECKHX BLIPAWEHAR
(4) no mpejenaM IEPEMEHHBIX X, W y,, U3 KOTOPHX OHU COCTABJEHH,
HE BCErja BO3MOXHO. MUl HalllJm YeTHIpe CJAyuas, KOTAA S5TOTO 34BEAOMO
ClenaTh HENL3: HEONPELEeAEeNHOCTH BUAA
0 oo .
T o 0.c0, co—co#).
B smux cayvasx [NpUXCAMTCY, YUUTHIBAS 3aKOH USMEHEHUA X, H Y,
HCMNOCPELCTBEHHO KCCASIOBaTE HHTEDECYIOMIEe HAac BHIPaXEHHe.
IloxoGree uccaenoBaHKue [IOJYYHAQ Ha3BaHHE PAaCKpPBHTUS Heompe-
renedunocrtu [lanexo He Bcerja OHO TaK IPCCTO, KaK B NPUBEAEHHBIX
BHIIE CXEMaTHUYECKHX NpUMepax.

#) Koneuno, cuMBOAH 9TH NHNICHB BCAKOFO YHCAOBOTrO CMBICHa.
Kamusiit M3 NUX sBAsETCH AMillb KPATKOH Yy CHOBHOW XapaKTePUCTHKOH MHis
BHIDAKCHAN GAHOTO M3 YCTHIPEX THIOB LCONPEAEACHHOCTH,
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42, PacnpocTpaHenue Ha cayyail ¢yHKOHMH OT NPOU3BOJBHOI
nepeMentoit. CrenaeM CHOBa 3aMEYaHUE OTHOCHTEJNBHO oOMErO Cayyas.
Taxk Kak 37eCb Ml HMMEEM B BUIY TE€OPEMBl, B KOTOPHIX I€pEMEHHbIE
CBA3HIBAIOTCS 3HAKaMH DaBEHCTBA, HEPABEHCTBA MJM apU(PMETHUECKHX aeH-
CTBUH, MBI, NMpexJe BCEro, JOMAKHE OFOBOPUTb, UTO, COEINHsA HBE WU
HECKOAbKO yHKuui f(x), g(x), ... (onpenejeHHLKx B OLHOH U TOH xe
obGnactn &) TakMMA 3HAKAMM, MBI BCErja IOJAPa3yMEBaeM, 4YTO HX 3Ha-
UEHUA OTBEUAIOT OJHOMY W TOMY K€ 3HAUCHHIO X,

Bce atit Teopembl MOXHO Obl1o OBl 1OKasaThb aHaJOTHuHBIM 06pasoM
HaHOBO, KaK Mel 3T0 cienamt B n° 37, HO—n 3TO BAKHO HOAYEDPK-
HYyTb — Ha Oede 808ce Hem HeoOxodusocmii ux nepedoxadséams. Ecay,
ropops O npejene (QYHKUUH, CTOATh Ha <«TOYKE 3pEHUS MOCIEN0BaTE/]b-
HOCTell», TO, MOCKOJbKY [IJs IEPEMEHHBIX, 3aBUCHIIUX OT yKasaTeas 7,
TEOPEMBI JOKa3aHbl, OHM BepHbl W A (yHKUHH B oOweM cayuae.

Ins npuMepa ocraHosumcs Ha rteopemax 1), 2), 3) us n° 40.

Iycmes 8 obaacmu X (¢ mouroil caywenuss a) 3a0ans. 08e PyHK-
yuu f(x) u g(x), u npu cmpemacHun X K @ 00 UMEIOM KOHEHHbLE
npedeavt

lim f(x)==A, limg(x)=B.
Tozda u gynxyuu

F@EgE), f-g00, L8 (5)
maroce wMennm KowewHsle npeders. (8 caAytae wacmHo20 — 8 npedno-
aogicenun, wmo B £ 0), umenno

AXB A-B,

A
B

Ha «s3blke nOCACAOBATEABLHOCTEH» JAHHBIE COOTHOINEHH pacmudpo-
BHIBAIOTCS Tak: ecau {x,} ecTh M0 6as NOCAENOBATENHHOCT (OTARYHBIX
oT @) 3HaueHm# x w3 .2, uMewwas NPEReioM a, TO

f(xn) - A’ g(xn) — B.

Ecan K 31uM aByM (YHKUHSM yiKe OT HATypaibHOrO apryMeHTa 71 Npu-
MeHUTh JOKA3aHHLIE TEOPEMEl, TO MOJyYaeM Cpasy:

Hm{f(x) Zglx)l=AF B, limf{x,) g(x)=A4-5,
flxn__ A
glxn) B?
a oTo (M «N3bIKE TMOCACLOBATENBHOCTEH») M BBHIPAKAET MMEHHO TO, UTO
HyxHO OnIo J0oKasaTh *),

lim

*) B cayvae vactHoro mowHo Obino 6bl 3aMETHTh [aHANOrHYHO TOMY, Kak
MBI 3TO chetany mia y, B n° 40, 3)], uro nas x, nocratouHo GINSKHX K &, 3Ha-

) HMCET CMBiCH DO Kpaiineil mepe aad

x
g (x)

Mmenarean g (x)=£0, Tak uro Apobb

9THX 3HauYCHUIl X,
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Takum ke oOpasom Ha oOOWMH cayuai, paccmMaTpuBacMull HaMu Te-
nepb, NEPEHOCUTCS B CKazanHoe B N° 41 OTHOCHTENBHO «HEONpENSNEHHBIX
BHIDAMEHMIY, YCIOBHO XapaKTePU3yEeMBIX CUMBOJaMU

0 ool
T & O'OO, oo — CQ.

Kax ©u B npocrefimeMm cayuae, KOrJa MBI HMENM JAeJ0 C (DYHKLUAMM Ha-
Typa/bHOIO apryMeHra, 37ech I8 <«PACKDEITHS HEONPENEJCHHOCTH» YHe
HEMOCTATOYHO 3HATh JMIUb npelelst GyHKUMH f(x) n g(Xx), a HyXHO
YUECTh W CaMblif 33KOH HX u3MeHeHud. ITpuMephl pacKpHTUA Heolpese-
JeHHOCTeR yuTarelb HalAeT B CJICAYIOLIEM HOMEpe.

Mu Bepuemcst Kk sTOMy Bonpocy B § 3 raasm VII, rae Oyayt npausl
oflye MeTOAsl  PACKDBITUS HEONpeAeJEeHHOCTeH yke ¢ npuMeHeHneM
AuddepeHinantbHoro UCUUCACHUS,

43. Mpumepnt. 1) Ilycrb p(x) GymeT MHOrouIeH, LEAb OTHOCHTEIBHO X,
C NOCTOAHHBIMA KO3(QdHUMEHTaMHU:

p(x)=axktaxtt 4 . Fapxta, (g, F0)

IMocTaBuM BONPOC O mpejene €ro Hpu X — 4 co. Ecau 651 B ¢ e Ko3(hULHCHTH
3TOr0 MHOrOYieHa OblIM HONOXHUTEAbHBl (OTPHUATCAbHABI), TO CPa3y ACHO, 4TO
npefeaoM p (x) 6yner -+ oo (—oo). Ho B cayyae xo3d@uunenToB pasHhix 3Ha-
KOB OJIHM YJCHBl CTPEMATCH K -+ ©o, Apyrue K — oo, M HalhLRO HCONPCNCIeHBOCTD
BH1a co—co.

[as packpeITHA 3TOfl HEONMPENESCHHOCTU NPCACTABUM p (X) B BHAE

p (=t (a5t + S ).

Taxk Kak Bce ciaracMmbie B CkOGKaX, HAYHHAA CO BTOPOro, IpH Ge3rpanuyHoOM BO3pa-
CTaHHM X OYAYT GECKOHEYHO MAIBIMH, TO BHPAXEHHE B CKOOKAX MMECT lipelcaoM
@, £ 0; nepsulif ke MHOXKHTENb CTPeMHTCR K —-co. B TakoMm ciyuae Bce Bbhipa-
MeHHe CTPEMHTCA K —- 0O HIH — CO, B 3aBHCHMOCTH OT 3HAKA &,

Takoft xe pesyapTaT, B YaCTHOCTH, NOJYUHTCA, €CIM BMECTO HCADPEPLIBHO
H3MeHAIMEHCA HepeMeHHON X HOACTaBUTL HATYPalbHOE YHCIO 7.

flpenocTaBnseM vuynrateso ycTaHoButh limp (x) npe x — -— co (YUHTbIBAA
Ba 3TOT pas YCTHOCTb HIH BEYETHOCTh NOKasaTens k). Bo Bcex cayuasx npenmen
MHOroYJIeHa p (X) COBMAKaeT C MpefeaoM ero CTapHiero yieHa ggxk.

YHHYTOXKEHHE <HEONPEACACHHOCTH» NyTeM Apeo6Gpa3oBaHMs NAHHOLOG BbIpa-
MEHHS, YCM MBI 3/leCh H BOCIOAB30BANHCh, YaCTO NPUMEHAETCHA A PACKPbITUA
HEOIpe/leeHHOCTH,

2) Ecan ¢ (x) ecTp TaKoi ke MHOrOYIeH

g () =box! 4 bxFl - o by b (b 0),
p(x)
g (x

Tlpeo6pasya Kaxpmblil M3 MHOTOYIEHOB TaK, KakK 3TO GHUIO CAERZHC B NpH-
Mmepe 1), noayumm:

TO YacTHOe

o)
npu .’C——*—-[—OO NPpenRCTABUT HEONPeLeNCHHOCTh BHAA 5.

a9, ap
G+ 4%
L ACI kL. od X

769 b+
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> ~ a
Bropoil MHOXMTEIb 316Ch MMECT KOHEYHbII npejpes Zi’-;éO. Ecan crenenn oBoux
0
) (X
A ). Tipn
" q (x)
k>>1 mnepBblit MHOWHUTENL IPH X — - 0O TOXE CTPEMUTCA K -} 00, TaKk YTo
)
TNE Haxo-
. 0/
peu, npu k<<! npenesom Gyzer Byab. 3LeChb TaKKE BMECTO X MOXKHO MOXCTa-
BHTL HaTypaibHOE YHUCIO 7.

NOJTHHOMOB DaBHbl: R==/, TakoB xe OyAeT W Npeiel OTHOMIEHHA

paccMaTpUuBaemMoe OTHOLUEHHE CTPeMUTCs K = oOf C yYe€TOM 3HakKa

p(x)
Jlerko ycTaHoBHMTb M Npened 700 npu x — —oco. Bo Bcex cayuasx mpenen
OTHOLIEHHSl MHOrOYIEHOB COBHajaeT C Ipefe’JoM OTHOLIEHHs MX CTAPINHX YAEHOS.
3) Hawitu nmomans Q ¢urypsl OPM, o6pasoBanuoft wactblo OM mapabost
y=ax?(a>0), orpeskom OP ocu x n orpeaxom PM (puc. 24).
PasoGbem otpesox OP Ha n PaBHbIX yacTeHl M NOCTPOMM HA HMX PAR BXO-

AAMUX M BLIXOAAIKMX NPAMOYTOJbHUKOB. ITrowann Qn nu Qn COCTAaBACHHbBIX M3

y HUX CTYNEHYaTHIX (QUIYp PA3HATCH IIOLALBIO
X
- Y Hauboabuero npaMoyroasuuka, Orciona
y=az
paswocts Q,—Q,—0 (nmpu n—o0) W,
TaK Kak
'
Q,<Q<Q,
! M OYEBHJHO,
4
i — 1 —1i ’
i Q=lim Qn_llm Q..
]
H 9 Tax KaK BbICOTH OTACALHEIX MPAMOYTOTh~
! HHKOB CYTh OpAMMATH  TOUCK  Mapaoast
! ¢ abcuuccamy
5 z
o il zZ D f . 2 . L
Puc. 24. n o -

H— B COMJIaCHH C yPaBHEHHEM KPUBOIl — BeaWUHHbl HX DPAaBHbI, COOTBETCTBEHHO,

Y

i 5 n*
a-?zxg, a-;t—éx-’, cey a-ﬁéx?,
10 aaa (), moiyuaem Bblpawenue ¥)
. ax? w X ax® (a+1)2a+1)
Qn:: PE (12+22+...+ﬂ‘)-—ﬁ:T‘_—’7ﬁm.

O1c00a, ecay HCNOIL3GBATh NpuMep 2,
. , ax® _ xy
O=limQ, ==p="7"
Omipasch Ha 3T0, JACTKO NOIYYHThb, YTO MIOMAdb ITapaboTHUECKOTro Cor-
4
meura M'OM pasua 3 XY T. € IBYM TPETAM NIOWARH ONHCAHHOTO NPAMOYTOib=
u
nuga (9T0T pesyasbTar Obul M3BecTen eme Apxumely) ¥¥).
#) 34ech Mbl MCHOAB3YEM H3BECTHYIO GOPMyIy HAs CyMMbl KBAAPaTOB fep-
BLIX 71 HATYPAJbHBIX YkCC.
) ApXmuMeJ— Beadvafiuni u3 Matemartuxos jgpesnoctu (HI s. g0 mas
uieil api),
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3ameuanur OGuee onpeiesenHe MAOLIAAM KPUBOIUHEAHOH GHIYPh
6yner nano amiib B raase XlI; Tam ke npuMeHeHHbI 3ZeCh MeTOI B bl UM C I e
nys aromaind 6yirer ofobuies Ha Apyrue pusoapHeiinsie Qurypo [n° 196].

4) Haiitn npejedsl IepeMeHHbIX:

.«\‘,LI-TH—___—, Zp = — n —
Vni4n Vil
H, naKoxe,
P 1
IR Vet o A +]/119—§—n '

co
Bupaxcenus x, u 2z, APCACTaBIAIOT HEONPEALNCHHOCTH BHIA = (tag K2k

oGa Koprst GouabLle 7, TO OHU CTPEMATCA K GCCKOHCHHOCTH). ﬂpeoGpa3ycu, neus
YHCAHTCAL M 3HAMeHaTelb Ha n'

1

Taxk kax o6a kKopus B 3HAMECHATENC HMEOT lpeleloM exununy ¥), 10 x, — 1
n oz, -1
Bripaxkende Ius y, HMeeT CBOCOOPasHYI0 QOPMY: KaKA0C CIaraeMoe 3Toil
CYMMB! 3d4BHCHT OT #, HO M YMCJIO HX pacter Bmecre ¢ n Tax Kax
K2LAOC CiardeMoe Mehblie NEpBOro M GoJbiue ROCACLHEr0, TO

i , n
S Ve

Ho (coraacHo yxye wHalilcRHOMY) HepeMeHHBC X, H Zp CTPCMATCA ¥ obuiemy
npejeay — eluHULe; ClieX0BaTelbHo,— N0 TeopeMme 3) n *88—x TOMY ¥Xe Jnpe-
Qeny CTPEMHICA M DepeMeHHas 3.

5) Bepuemca x ¢ynruum f(x), paccmorpentoit B n° 18, 3° u onpepenennol
TaM TpeMA pasauuHeiMd  QOpPMYdaMH — A pasHbx x. Ilonoxum temepn
cpa3y Rad BCEX X

VAT To A <yn<in
-— R

. om__ ]
(‘()—'n—»moox n4-1t

KOTOpas  JICrKo

3

N oo
Eeam |x|>1, TOo mMeeM 3[CChb HCOHPEACICHHOCTb BHIA P
<

pacKpeIBaeTCA NYTeM Hedelds UICAHTENs1 U 3HAMEHaTeds Ha x*% MBl NoayuacM
F)=L Ilpn |xji<C}, ouesuano, x**—0 u f(x)=—1. Haxkoneu, ecan
x==1, To yucaurexp Jxpobu IOCTONHHO PAaBEH HYII0, 2 C HUM H f(r)——()
10— B TOYHOCTH Ta e GYHKIHS, HO 3alaHa OHa Ha TOT pa3 oA H Ol Gop-
MYI0H.

6) lim _]/_11_.“7_:'_1:71,.
x—0 X 2

HeticteuTeabno,
V14« —1 1

X T YT+ x4+ 1
*) 310, BanpuMep, Man nepBoro Kopus cnenyer M3 HEpaBeHCTs

1<i/1 <1+* [n°38, 3],
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HO
I—lx|<VIta<i4ix]
TaK 410
lim YV 1fx=|,
x—0

OTKYla ¥ caeayer TpebyeMulii pesyabTar.
7) llpenea {34, 95)j

x—0

YAaCTO HCHOAL3YETCHA AAA HAXOWMCHHA APYTUX IIDEIe0B,

@) lim l—cosx i (0)
x>0 X T2 0/
OvyeBuaHo,
X x\ 2
2sin? & sin -
I —cos x 2 1 2 \ .
Xt T xr T2 X ’
5/
TaK KaK BLIPAMCHHE B CKOGKaX CTPeMUTCA K ejiHuue, TO OGmMH Opefea u
|
Oyner -,
YACT
. tgx—sin x 1 0
6 lim 22— "7 — (_)
( ) x—0 X3 2 0
I 3nech npeoGpasoBanue nerko NPHBOMHT K YK€ W3YHEHHLIM Mpelenam:
tgx—sinx 1 sinx 1 —cosx
x3 " cos x x x:

3ameruM, 4TO €S X — 1 npu X — 0, KaK 3TO BbITEKAaeT, HANPUMEDP, W3 NPEXbIIy-
uero peaynnTara (a).

§ 3. MOHOTOHHAS ®YHKUHUA

44. Tlpexen MOHOTOHHOW GYHKIUH OT HATYPAJBLHOIO apryMeHTa.
TeopemMbl O CymEeCTBOBaHMH NPEASJIOB (PYHKHUH, KOTOpPHE TMPHBOAUJINCH
2O Cux IIOp, MMeJAN TakoH Xapaxrep: B NPEANOJIOWKEHUH, YTO A1 OAHHX
(pyHKUUHE npesenapl CyLECTBYIOT, yCTaHABAWBAJOCh CYLLECTBOBaHME IIpeae-
JOB Ui ApyruX OYHKUMH, TaK WM MHAue CBSI3aHHBIX ¢ nepsnimu. Bompoc
O NpPH3HAKAX CYLIECTBOBAaHMUS KOHEUHOTO npejenaa /s 3ajaHHoli QyHKLuu,
GesoTHOCUTENLHO K ApyruM (yHKuuaM, He crasuiacd. OcTaBassg peuleHue
sTOoro Bompoca B oOmeM Buae A0 § 4, MBI pacCMOTPHM 37HeCb OXHUH
NpOCTON ¥ BAXHBIA YaCTHBIH KJacC (PYHKUHUH, AN KOTOPHX OH peliaeTcs
JIErKO, MNpu4eM, KaK BCerja, HauHeM ¢ npocrefiero cay4ad — QyHK«
L4KM X, OT HAaTypaabHOrO apryMeHTa.

Tlepemennas x, HaswiBaeTcs BO3pacTaloilel, ecan

x1<x‘3< cee <xn<xn+l<""
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T. € ecan u3 A >N CAeHyer X, > X, Ee Haswipalor HeyGnBalom e,
ecm
XIS Xg=n o X, =SS X010 =% 0eey

T. € ecan U3 n' >n CAeAyer JHlb X, ==X,. MOxHO n B mocaeadem
C/lyyae Has3blBaTh NMEPEMEHHYI0 BO3pacTaloll e, ecan npuaate 3TOMY
TEepMUHY 6oJsiee IUPOKUH CMBICIL

AHaJOrnYHO yCTaHaBJNBAETCS TMOHATHE 00 y O bl BarouL el — B y3KOM
WIH LIHPOKOM CMBIC/JAE C/IOBa — (DYHKIMM OT A: TaK Ha3biBAETCS NEPEMEH-
Hast X,, Aas KOTOPOH COOTBETCTBEHHO

Xp > X9 > > X > K > e

XIZZX9Z2 o Xy X0 == ey

uJau

TaK yro w3 n’ >n caeayer (CMOTPA MO CAYYaI0) X < X, WIA Julib
Xy <= X

[Tepemennsle BCEX STHX THMOB, H3MEHAIOWIUECS INPU BO3PACTAHUU 7
B ONHOM HanpasieHuy, OCBENUHSIOTCS NOA OOLIHUM HA3BAHUEM MOHOMOH-
netx. OGHYHO O NEpeMEHHOH 3TOrO TUNA TOBOPAT, YTO OHA <MOHOTOHIIO
BO3DACTAET» WM <«MOHOTOHHO YOBIBAET»>.

OnHOBPEMEHHO C MNepeMeHHOH X, 3aBUCAUIEH OT HaTypaabHOro
yKasarens, 1 HOCJHEL0OBATEAbHOCTD

Xy Xo X3 vens xn) vee

NPUHAMAaEMBIX €10 3HAUYCHWH — B COOTBETCTBYIOLLUX CaAyuasx — TaKXkKe Ha-
3BIBAETCA BO3pacTawouledl win yGeBaIOWEH.
[To oTHOWEHMIO K MOHOTOHHHIM NEPEMEHHEIM HMEET MECTO CAemylomias
Teopema. [Tycms dana MOHOMOHHO B03PACIMAIOUAT NEPEMEHHASA Xy,
LEcan ona ozpanutena csepxy:

Xp=M (M==const; n=1, 2, 3, ..),

o HeoOxXo0uMO uMeemt KOHeHWHbl i Hpedes, 8 NPOMUBHOM e CAY-
yae ona cmpemumces K -+ oo.

Touno maw oce 8ce2da umeem npedes u MOHOMOHHO YObiBanwas
nepexennas X, [Ee npedes WoHeweH, eCAl OHQ O2PAHULEHQA CHUZY,
8 NPOMUBHOM Jice caydae ee npederor caysxcum — oo *),

Hoxkasarteapcrpo, OrpaHuayumMcs CayyaeM BoO3pacrTawumef,
x0T OBl B IIMPOKOM CMBHICJE, TlepeMeHHOR X, (caydall yOmBawomei nepe-
MEHHOH MCUEPNBIBAETCS AHAIOTHYHO).

#) Jlerko momaTh, YTO BCe 3aKAOYEHMA OCTAIOTCA B CHie H AJIA TCPEMEHHOMH,
KOTOpasd, AULIL HaYMHASL C HCKOTOPOFO MecTa, CTAHOBHTCH MOHOTOHHOI (RGO —
6e3 BAMSHMA HA Npefed lepeMeHHON — mo6oe YNCHO lePBLX ee 3HaUEHHH MOXHO
OTOPOCHTD).

B Texcre TeopeMbl, BMECTO MOHOTOHHOH MEPEeMEHHOH X, MOXHO ObAO Gbl
rOBODUTb O MOHOTOHHO{ NMOCAENOBAaTE€NbHOCTH
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JionycTuM CHauana, yTO 3TA IEePeMeHHas Orpadnuena csepxy. Toriaa,
no teopeme 1° 6, mis mHOxectBa {x,} ee swadenuit HO/KHA CYIECTBOBATH
# (KOHeuHasd) TOYHAs BEPXHAs PPaHUUA;

a=sup {x,}

KAK Mbl TOKAaKEM, HMCHHO 3TO YU CJO ¥ OyneT npenenaom nepe-
MEHHO#’ X,
JleficTBUTENDHO, BCNIOMHMM XapaKTepHBIE CBOficTBAa TCYHOH BepxHei
rpanunst 6], Bo-nepsrx, aaa Bcex sHauenutt n Oyger
X, << 4.

Bo-BTophix, kakoe ©sl Hi B3aTh 4ucao ¢ >0, HaHgercs Takoe 3HaueHue,
CKAXEM, X, Halled nepeMenHoH, KoTopoe npes3cHIET a — &
Xy >a—e.
Tak kax, BBULY MOHOTOHHOCTH nepeMeHHOH# X, (31eCh MH BIEpBHIE
Ha 3TO onmmpaemcs), npu n >N Oyner X,==x,, T. € M NOAABHO
X, >0 -—c¢, TO AA8 3TUX 3HAYEHUH HOMEPA 71 BBHIMOJHSIOTCA HEpaReHcTsa

N

0<<a—ux,<e 7ax uro |x,—a|<s,

OTKYAA u caeayert, uro limx, =a.

Ilycts Temepb nlepemMeRrHast x, He orpanpuena ceepxy. Toraa, ckoqan
senuKo Hu Ouiio Ou wucao K >0, malgercs XOTh OAHO 3HaueHue mepe-
wennoft, kotopoe Oomsme K; mycrs 10 6ymer x,: x, >E. Bsuny

MOHOTOHHOCTH NepeMeHHo# x, i n >N 1 NOJaBHoO

x, >E,
a 310 M O3HauaeT, uro lim X, ==-- co.

3ameuanuE Hamiyue xoHeunoro npenesa y orpaunuelyofi MOHOTOHHOM
fICPeMEHHOH B MepBOil OMOBHHE NMPOLLIOro BEKA CUMTATOCH YEM-TO €aMo Co6010
pasymeponiumca. [loTpeGrocTs B CTPOroM HokasarenbCTse 9Toro— @y H A a-
MEHTalbHON BAaXHOCTU— YTBEPKAcHAA Oblna GaKTHUSCKH OJHHM K3
OBOJAOB K CO3XAHUIO apUPMETHUECKOH TeOpuu Uppanuonasbuux yucen Jobasuy,
47O YIOMAHYTOE YTBEDYICHHE BIONHE IKBHBAACHTHO CBOUCTBY HENPEPLIBHOCTI
MHOKCCTBA BELICCTBEHHHX wuced [n° B

O0parumMca K NPHMEPaM NPUMEHEHHST TEOPEMBI,
45, Mpumepsi. 1) Paccrorpun euipakenne (cuuraa ¢ > 0)

cn
Y= np
= )
renl=1.2.....x7 {Ono Apu ¢ > | ApeACTARIACT HCONPEALACHHOCTh BRAA &)
Tax kax
Xpat == e X
n+t Il+l vy

TO, AWML TOJABKO n>c~1, nepeMeHnas CTaHoBUTCA yﬁblBalOlL\Ci’l; B TO ¥e
BPCMA CHH3Y OHZ OrpaHHYCHA, HAONDHAMED, HYAEM. CﬂeﬂOBaTeﬂbHO, nepeMeHHaN
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X, —U0 TeopeMe— UMEET KOHCHUHBIH Npecles, KOTOpeH Mu  0603HAYuM
yepes a.

Ina toro yro6ul maliT¥ ero, liepeiiieM K Hpejedy B HalHCAHHOM Bbille
PaBEHCTBE; TaK KAaK X,., NpoGeraer Ty Xe TOCICAOBATENLHOCThL 3HAYEHHH, YTO
H X, (C TOYHOCTBIO KO UEPBOrO YIEHA), H UMEET TOT Me MPCRET &, TO Mbl MOXYUYNM

a=a-0,
0TCI0Ra a==0 H, OKOHY4TEIbHO,

2y Cunran cnoBa ¢ >0, onpefeanM Tenepnb X, Tak:

x;=Ve, xXo=Vece+ Ve, xs—-::[/c—l— c+Voe,...

un BooGuLe

xn=Vc+ c+ ... +Ve.

n Kopuen

Taxum c6pasom, X,,; TMONYUEETCH U3 X, HO GOPMYyIC
K=V ¢+ xn
SlcHo, YTO MCPCMEHEAs X, MOHOTOHHO BO3DACTaeT. B To e BpeMa ona
orpapuuena cpepxy, nampumep, wucaom ¥V ¢ -+ 1. Heiictsureasro, x,=¥ ¢
MeHbIIe 3TOrO YHCAA, eCAH ZOMYCTHTH Tenepb, YTO KaKoe-THGO 3HAYeHHe
X<V ¢ 41, 70 u A CACAYIOWEro 3HAUEHHS MONyyaeM

spp<VetVetl<Vetr2fectl=yc+l.
Taxnm oGpasom, Halme yTBepXICHHUC ONDABILIBACTCH 110 MCTOLY MateMaTHyecKol
HHILYKUHY.
flo ocpoBHOl Teopeme mepemenHas X, HMeeT HEKHl KOHeumbift Ipeleda .
[aa onpeneaenus ero nepeiifieM K Ipeicay B PaBeHCTBE

L SN [
xll.gfl =C s
MBI MOIyYHUM, Takum 0OpascM, YTO @ YAOBIETBOPSIET KBAaIPaTHOMY YPaBHCHHIO
a*=c+a.

YpaBHeHHE 3TO HMEET KOPHH DAa2HLIX 3HAKOB; HO HMHTEDECYIOUINIl HaC mnpefet &
HC MOMeT 6biTh OTPHUATEAbHLIM, CaICTOBATEAbHO, PABCH HMEHHO 110 J 0 X H-
TCAbHOMY KODHIO

p— '!/40-1‘;1 4-1 #),

O0a npuMepa nalOT NOBOA K CAeAyielieMy 3aMeuAanwuio. Jlokasan-
Hasi TeopeMa sIBJASETCSl THHWYHOH «TeOpeMOoil CyumleCTBOBahus»: B Heh

*) DT0T MHTCPECHBIN IpuMep 0O cymiecTRy mpuHansexut fxoby bepuymnn,
KOTOPBI PACCMaTpPHBAA €r0 HOA BHIOM BLIUHCHCHUA BLIPAKEHUS

Vc +Ve+ V e+ u 1 A 10 GECKOHCYROCTH,
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yCTanaBaIMBaeTCs (aKT CyLLeCTBOBAHMS TPEAEJa, HO HE JAETCH HUKAKOro
nupuema 4ad4 €ro Buluuc/aeHusd. Tem He MeHee, OHa HMEET OueHb BaXHOE
sHauenue, C OJHOU CTOPOHE, B TEOPETHYECKHUX BOMPOCAX YAaCTO TOJBKO
CyuleCTBOBaHUE Npenesa npeacrTasasercss HyxusM. C apyrofi e cTOPOHS,
BO MHOTHMX CJAYy4asX BO3MOXHCCTb NPEABAPUTENLHO YAOCTOBEPUTHCA B CyLle-
CTBOBAHUK MpENeaa BdXKHA TEM, YTO OTKDBIBAET MNyTH s €ro (paktu-
YeCKOro BohiuucieHus. Tak, B NPUBEJEHHBIX NpPUMEpPAX HWMEHHO 3HaHHE
(hakra CymecTBoBaHHd Npeaesa IO3BOJHAO, C MOMOILBIO NEepexoja K npe-
JleJy B HEKOTODBIX PpAaBEHCTBAX, YCTaHOBHUTb TOYHOE 3HAUEHHE npeaena.

46. Jlemma 0 BJOXEHHBIX HpoMexyTKax. OcraHOBHMCH Tenepb Ha
CONOCTAB/JIEHUH [ BY X MOHOTOHHHIX TNEPEMEHHLIX, H3MEHAIOUIUXCA «Ha-
BCTpEYy» OIHA ADYroH,

ITycms 0aHbL MOHOMOHHO B03PACMAIOWAS NepeMenHas X, U MOHO-
MORKO YOLLBAIOULAST NEPEMEHHAS Y, Nputem 6ce20q

X < Yne (1)
Eean ux paswocms y,— x, cmpemumcs K Hyao, mo o0e nepeisex-
Hole umeom obuuli KowewHslll npedea.
c=limx,==1imy,.

Je#cTBuTENIbHO, NP BCeX BSHAUGHUAX 7 UMEEM: Y, <<y, a 3HauuT,
euay (1), w x,<y, (n=1, 2, 3, ,..). Bospacraromaa nepemenHas x,
OKa3bIBAaETC OrPaHNYEHHOH CBEPXY, CAENOBATEAbHO, OHa MMEeT KOHEUHbIH
upenes

c=limx,

AnazornyHo, pas yOwisalouleft nepemesHo#f y, OyaeM HMETh
Yn 2> X = Xy,
TaK YTO W OHZ CTPEMHTCA K KOHEUHOMY IpeIexy
¢ =limy,.
Ho, mo teopeme 1) n° 40, pasHocTs 0J0HUX Npeseqaos
—c=lim(y, — x,),

T. €. N0 YCAOBMIO DPaBHAa HyMO, TaK uto ¢ =—¢; 3TO # TPe6OBaIOCh
JIOKa3aTb.

JloKazaHHOMY YTBEDKIEHHIO MOXHO MPUIATH APYTYIO (ODPMY, B KOTO-
poilf OHO 4auie NpPUMEHAETCS.

VCaoBUMCS TOBOPHTb, 4TO NDPOMEXYTOK [a/, &) comepxutcst B mpo-

MexyTrke [@, ] Wi BJUOXKEH B HEro, ecau BCe TOUKH NEePBOro Hpo-
MEXYTKa NpPUHAIIEKAT BTOPOMY WJH, YTO TO KE CaMoe, €C/i

a<<a <V =<b.

Ieomerpuueckuti CMBICZ STOrO fCEH.
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[Tycms umeemcss OCCKOHEUHAS NOCACOOBAMEABHOCING BAOICEHHBLY
o01tn 8 Opy20il NPOMEJICYMKOB

[al’ bl]v [a2: b%]) seey [am bn]) cees

mar 4mo KaxcOsd nocaedyiowuid codepycumces 8 npedsidyusen, npuiest
OAUHBL SIMUX NPOMENHCYMKOB CMPEeMAMCST K HYAIO € 603pacmanues

lim (b, — a,)=0.
Toz20a wowyw a, u b, npomedcyinios (¢ pagHsx CMOPOH) CHIPEMAMCS
K oCweny npedeary
c=lima,=1imb,.
210 ecth Juulb NepedpasupoBKa H0KA3aHHON BBHILIE TEODEMBI: COMVIACIO
yCJI0BHIO,
a, = an+1 < bn+1 = bm

TaK YTO JIEBHH KOHEW @, Y TNpPABHM KOHEW b, 7-TO NMPOMEKYTKA HrPaoT
BAECH POJb MOHOTOHHBIX NEPEMEHHBIX X, U V.

BriocsiencTBun HaM He pa3 NMPHASTCA ONUPAThCH Ha 3TO NPEJIOKEHUE,
KoTopoe OyleM Has3blBaTh <«JEMMOH O BJIOKEHHBIX NPOMENKYTKAX».

47. MNpexen moHOoTOHHOH ¢yHkUUM B o6wem cayuae. [lepeitnen
TENeph CHOBA K paccMoTpeHuo QyHxuuu f{x) OT NpOU3BOJLHOH nepe-
mennofl, Y anecs Bonpoc o camom cymecTsOBaHuU Opesea GynKuau

lim f(x)

X —>a
0co0eHHO NPOCTO peliaerca Kis (QYHKUME 4aCTHOTO THUNA, MPEACTABIISIO-
mux ob6oOuieHue NMOHATHS MOHOTOHHOH nepevenHo#t x, [44].

Mycrs @ynkuus f{x) onpeneisena B Hexortopo#t obmactun 2 = {x}.
dyukumus HaseiBaercs Bo3pacrawmmeld (yOsBawumeHd) B 3TOH
obnacry, ecam pmas moGof napsl NpuUHaANeKamwnx ef sHaueHult x u x’

w3 %' >x cuenyer f(x)>f(x) [f(x)<SF )]
Ecan xe

u3 X' >x caeayer mub f(X)=fF(x) [F )<< (X))

TO (YyHKIMIO Has3uBawT HeyOwBaou e (HeBodpacTaromeh),
Muorga ymoGHee m B 3TOM Ciyuyde HaseBaTh (PYHKUMIO BO3DPAcCTalo-
me# (yOrBawueld)—HO B UIHUPOKOM CMBICIE,

DyHKIUKM BCEX 5TUX TUIOB HOCAT oOuiee HasBaHHe MOHOTOHHBIX.
g MOHOTOHHOH QYHKUMM HMEeT MECTO TeOpeMa, BIIOJHE aHaJIoruYHast
TOH TeopemMe O MOHOTOHHOR MEPEMEHHOH X,, 3aBUCAIEH OT 7, KOTOpas
Obiia ycraHossieHa B 1n° 44,

Teopema. ITycms gyrryus f(x) MOHOMORKO 8o3pacmaenm, Xoms Obl
8 wupokonm camuicae, 8 obiacmu X, umewwel mouxol cayuenus
qucao a, 60abumee 6cex 3Havenull x (OHo moocem Obims KOHEY -
HbLM WAl pasHbiM - cQ). Ecau npu smos PyRKYUS 02DAHUMEHA CBEPXY:

fo=M (0aa scex x u3 Z),
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no Hpu X -—Q @YHKGUA UMeeH KOoHew Hb il npeden; 8 npomuHoM
caynae OHQ cMpesumcest I - oo.

HoxasateabcTso. Honycrum cuadana, yro dyuaxuus f(x) orpa-
HUYEHAa CBEPXY, T. €. OFpaHMueHo cBepXy Muoxecrno { f(x)} suaueHuii
(hyHKUNM, OTBeuatoulux uaMesenuio x B obuactu 2. Toraa ans aroro
MHOXecTBa cywecrsyer [n°6] koHeunas TOWHas BepXuas rpaudna A.
Jlokamem, UTO 3T0 4uca0 A u OyAeT UCKOMBIM NPEACICM.

IIpexne Bcero, mad BCEX 3HaueHUd X

JFx)y=< A.
Jlanee, 3amaBIlUCh NPOUBBOJBLHLIM uwucjAOM & >0, [0 CBORCTBY TOHiOH
pepxuel TpaHUILl HaimeMm Takoe sHaueime x'<a, uto f(x) > A —-.
Biuay MOHOTOHHOCTH (ByHKWME, Jast X > X" 1 n1ofasuo Oyaer: f(x) > A —-e,
TAK YTO /A YHOMSHMYTHIX 3HAueHuH X BHIIOJIHMTICS HEDABEHCTBO
lf () — A<=

310 ¥ JOKasbBaeT Hallle YTBEPM(IEHRE, CTOMT JMIb IIPH @ KOHEWIOM
B3SITh d==a — X' (TaK UYTO HEPaBEeHCTBO X > X’ MOKer ObITh HAMHCAlO
B BUAE X >a-—20), a 1pn a=- 00 B3b A==x".

Ecau @yuxuust f(x) cBepxy He orpaunuena, To KakoBoc Oul um Oblio
uncao K, pafizercs rakce X', uro f(x) >F; rtorza mas x >x' n
nozasHo f(x) >K, n 1. I

IIpexocrasasem uuTateaio npenOpasoBarb 9Ty TECPEMy I Cayuds,
KOrga IpeleJbHOe 3HAUGHHE @ MEHbIM e BCeX 3HaueHHH X, paBuo Kax
M IJR Coyuyad MOHOTOHHO yOmBawou el (yHkuun.

slcwo, uTO TecpeMa O MOHOTONHOH nepemenuoit x, B n°44 ecrp
NPOCTO 4YacTHHi caydahh 2ToH TecpeMml. FlesaBucuMol nepemMenHo Tam
Opl yKaszareab 77, 001aCTbI0 U3MEHEHHS KOTODOrO CAYKMJI HATypPaJbHbii
pan N =={n}, ¢ TouKO# Ccrymenus -} oo.

B nocaegyomem Ham yaile NPUAETCH B Kauecrse obaact 2, B KOTOPOH
paccwarpuBaercss (GyHKuua f(x), BCTpeYaTo CHJAOMIHOH NpoMexy-
10K [a, @), rre @' <a u a— KOUEUHOE YHCIO WIH —| CO, NGO Ke —
NpOMEXYTOK (a, @'}, rae & >>a MW a-— KCHEUHOE YuCJI0 Wil — Co.

§ 4. YHCIO ¢

48. Yucao e Kak mpejesi NociaefoBaTedbHOCTH. MBI HCnosbsyem
34€ECh npenenbﬁmﬁ nepexon Adaq onpenenacHus HOBOro, 10 Cux 10p He
BCTPEYABLICTOCA HaAM uuC/aa, KOTOPOE HMEET ACK/HOYHUTE/IBHYIO BaXHOCTb
Kax aasi CaMOro aHa/wiuiia, TaKk u ajad ero HpMJIO}KElIMﬁ.

PaccmoTpum nepemeHHyio

~ (14
n " n

U TIONBITAEMCs TMPUMEHUTb K Hell teopemy n° 44,
Tak kak ¢ BO3pacTaHuUeEM [0Kasarels # OCHOBAHUE CTENeln 3Xech
yObBaer, TO <«MOHOTOHHBIH» XapakTep NEPEMEHHOH HEOCPEACTBEHHO
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He ycmarpupaercsd. Ilas toro urobsl yOeauTbcs B HeM, npuderneM K pas-
aoxenno no Qopmyae OUHOMA:

_ ! _,1‘) —1- m:ﬁ 1
_.‘1—} - t-l-n. l_{_ —
lrz(n—l)('z——Z) [ !/z(u——l)...(rz*k—}—l) 1
TR T Tl 20k TR
o n{n—1) ... (n—n-f1) 1
s T 2 Tt T

N 1) Sl WS
v T Ri"\l—" P ...(\1 P / e
b/ 13 / n-— 1\
. — o
cee T 11!\1 lz)“"\l n )" &)

Ecan ot X, nepefitd temnepb K X,.y, T. € YBEIUYATb £ Ha CAUHHLY,
TO npexuae Bcero nobapurcs HOBHH (17— 2)-fi (M0J0KHTENBHEIH) YJeH,
KamApH K€ K3 HAMHCAHHBIX 72~}-1 wieHoB yBeJnunTcs, udo moboi

S 5
MHOXHTENb B cKoOkax Buma 1 — - BaMenures OOMBIIUM MHO KU~

Orciona u creayer, 4TO

xn,v,-l > Ko

T. €. NepeMeHHas X, OKa3pBaeTcds BO3pacTalolye#.

Teneps nOKa¥eM, 4YIO0 OHa K TOMY e OrpaHuueHa CBepXy.
Onycrns B BeipaxeHun (1) BCce MHOXUTeMM B CKOOKAx, Mbl STHM yBeJjd-
Y@M ero, TaK 4To

Tedaem 1 s
: nt1

1 1 1
X 2+gtgt o =l

3amenus, jJajgee, KawAsll MHOXHTENb B 3HameHaTeadx ApoGeil (HauuHas
C TpeTbelt) HMCIOM 2, MB eule YBEJIWUUM IMOJYUYCHHOE BHIDAXCHHE, TaK
YTO, B CBOO Ouepenp,

1 1 1
yn<2+_2—+?+ oo +7Zrﬁ'

1
Ho nporpeccusn (Ha‘{HHa!OIL(aﬂCH YJEHOM 7-) AMEET CymMMy, MEHbUIYIO

euHuLb, T0ITOMY V,< 3, a 3HAUNT ¥ NOJABHO X, < 3.

Ortcioga yxe caeiayer, no Teopeme n° 44, wro nepeMeHHas X, HMeET
koHeunstit npesen. Ilo npumepy dfiepa ero oGo3Hauaror Bceraa 6yKBof e,
D10 YHCAO

e::lim(l _{__’12_)"
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MBl ¥ MMeJu B BuZy. BoT nepssle 15 BHakoB €ro pasaoxeHns B JecCsd-
THYHYIO APOOB:
e=271828 18284 59045 ...

XOoTs NOCAEAOBATENBHOCTD

xlz(l——{—%)l:Q; x2=(1+‘%‘>2=2,25;
xs=(1+~§) =2,3703 ...;...; xm_(l-;—wo) =2,7048 ...; ...

W CXOAUTCS K 4YUCAY €, HO MEeIJEHHO, 1 €0 NoJAb30BaThCs AJad Npu-
GAMKEHHOTO BHIUMCJEHUS YWCA2 e — HEBHTOAHO. B CAERYIOUIEM HOMEpE
Mbl U3JAOXKUM y,ZIOGHI;Iﬂ NpueM [Jig STOrOo BBIYUC/ACHUA, a8 TAaKXKEe NONyTHO
JIOKaXEM, YTO € €CTh YHUC/IO HPPaAnNoOHANBHOEC.

49. llpuGamikeHHoe BblUUCIeHKe uucaa e. Bepuemea x pasencrBy (1)

Ecau ¢ukcupoBath & ¥, CYntas x>k, OTO6POCUTH BCE YIEHH NOCICHHEMH
yacrH, cieayloue 3a (B -4 1)-M, TO NOAYyunMM HEPAaBCHCTBO

T

17 1 k—1
SRR (I
k! n n
YBeanuusas 3nech 72 N0 GECKOHEYHOCTH, TMCpeiileM K Hpelcay; TaK Kak Bce
CKOOKM MMEIOT NpeleloM eNHHULY, TO HafieM:

i 1 1
922+2*!+3T+'---+H=)’k-

JT0 1HCpABERCTBO UAMCCT MecTo fIpH moGom natypaiabHoM k. Taknm obpasowm,
HMeCM
Xp<lypte

otkyna acho [B cuay Teopemu 3)n° 38}, uro u
limy,=-¢e.

IMepemeHHasn y, Mis OpUGIMNEHHOrO BLIYHCICHHS UHCIa e ropasio ynoGuee,
ueM X, OneHpM cTelleHb 6aM3ocTd ¥, K e. C 3To#t 1enbio paccCMOTPHM CHayana
PasROCTb Mexy JXIOObIM 3HAYCHMEM Y,,,(m=1,23, ..), crelypowum
34 y¥,, W CaMHM y,. Vimeem

VYrtm = (n+ Nt AN TE ® ‘i 2)1 + YT

1
=(n+1>!{1+n+2+ (n+2>(n+3> SRR R T vy i &

Ecmu B cko6Kax {...} 3aMeHHTbL BCe MHOXHTCHM B 3HAMEHATeXsx ApoGed yepes
n--2, To HoAyYNM HEepaBCHCTBO

(n 4 m)’

1 1 i I
y’””’_y”<(n+1)i {1+n+2+(n+2)2'k"'+€?§>m_ﬂ})
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KOTOpOe JHIub YCHAHTCA, €CAN 3AMEHHTb CKOOKH CyMMO{i GeCKOHeuHOH Npo-~
FpecCcHH:
1 n+2

Yrrm—Yn << (=] "hopl

CoxpaHas 37ecb 7 HEM3MCHHBIM, CTaHEM YBCIMYMBATL M RO GECKOHCUHOCTH;
NePeMCHHAA V,.,, (3aHYMEDPOBAHHAA 3HAYKOM m) MDPUHHMAET INOCAEAOBATENb~
HOCTb 3HauyeHUi

Ynro Ynier ooy Ynmr voes
OuYeBHAHO cxoidmyioca k e. [Tosromy nonyyaem B npeaexe

1 n+42
e_y"é(n—{— O a1
unH, Haxomel,

1,
0<e——y,,<m"*).

1
Ecan yepe3 0 0603HaUUTL OTHOINCHME PA3HOCTH € —y, K UHCAY Py (oHo,
In

OYEeBHAHO, COOEPXUTCA MEXAY HYJAEM H enmmue;”x), TO MOXHO HAalHCATh TaK:iKe
0

Y= e

3amensist 31eCb Y, €ro pa3BepPHYTHLIM BbLIDAXKEHHEM, Mbl M HPHACM K BawHO
topmyae:

Iy T . @)

nl nI n’

KOTOpas HOCAYXHT OTNPaBHON TOYKO# n1a Buiuucienus e, Orépacsipas nocaep-
HUH, «IOTOJAHUTENbHbIA>, UIEH U 3aMeHAs Ka¥Abiit U3 OCTAB~
JAEHHBIX YIE€HOB €ro NECATHYHBIM NPUOMMKEHHEM, Mbl H

NOAYYNM NPUOIMNEHHOE 3HAUEHHE 1S e. 2,60c00
[ocrasum ceGe 3agaveit ¢ noMoulpo popmyisl (2) Bbl- 1 0,50000
'TT_‘
UHCAHTH e, CKAEM, C TOYHOCTBIO 1O ris. Tpexne Bcero i
HYXHO YCTaHOBHTb, KAKHM B3sTh UHCIO 7 (KOTOpOE HAX0- '§=0,16567——
BUTCA B HallieM PACNOPsKEHMH), YTOOb OCYIIEeCTBHTb 3TY
TOUHOCTh, L =0,04167 —
Boiuxcass nocreloBaTelbHO yHCaa, obpaTume $akTo- 41 ’
puanam (CM. IpHBENCHHYIO TaGiHYKY), Mbl BHAUM, YTO IpHU 1
n=7 «IONONHUTCALHBIA> ulen GopMmyast (2) 6yrer yxe 5!—=0,00833+
0 8
0,00003, 1
nin 7‘7< '6;‘“000139“
TaK uTO, OTGPACHBaA €ro, Mbl JEAaeM INOIPEUIHOCTD, 3Ha- 1 0,00020
YHTENbHO MEHLIIYIO NOCTAaBACHHON rpanuusl, OCTaHOBUMCA L -
e Ha 3TOM 3HaueHuH n. Kamjaeli H3 OCTaibHBMX YAEHOB ONAETS
o6parTuM B IECATHYHYIO 1poOb, OKPyriass (B 3alaC TOYHOCTH) !
Ha NATOM 3HAKe TaK, YT00bl HOrPeIHoCTb N0 aGCOTIOTHOM
1 1
BenMyuHe Obl/Ia MEHbIUE TOAOBHHEL eMHHUIL HA NATOM MeCTe, T. €. MeHbIIe 5 " Tos

Mot cBenut pe3yabTarbl BHYHCAEHUH B TaGaHuKy. PamoM ¢ NpHGINMEHHbBIM YHCAOM

nd2 1
(R

*) Tak kak (910 JerKo NMPOBEPHTH) W
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nocrapied 3maKk (- MAM —), YKa3BIBAOWMMHA HA 3H4K TMONPaBKIH, KOTODPYIO
HEOOXOMNUMO 6hl0 OBl LpHOAaBUTH JUIA BOCCTAHOBACHHMA TOYHOrO YHCH4.
VlTak, Kak MBI BHAEJ W, NONPaBKa Ha o16pachiBaHUE IONOJHHUTENbHOTO Yiela

3
MeHbLIC T‘ﬁg' YuuTeIBas Tenepb eule M NONpPasKH Ha OKPYIJAEHHe (C MX 3HAKaMu),

JCTKO cooépa3mb, YTO CyYMMapHad IONpasKa K MO/JAYYCHHOMY ﬂpﬂéﬂM)KCHHOMy
3HIUCHHIO YHCHA € IEXHUT MCWKLY

9 ;
—_—— )54 AT
o + g
O71CI0fa CaMO YHCHO € CONEPKUTCA MENLY APOBRAMU
271824 u 2,718205,
TAaK YTO MOXHO NOJOXHTH
e=2,7182 + 5 0000,

OrmeTuM, yTo Ta ke GopMyra (2) MOWKET CAYKHTH M LI KOKA3aTeabCTea
HPPANHOHAABHOCTH YUCIA e
Paccyxnas oT HPOTHBHOrO, NONPOGYeM ACNYCTUTh, YTO € PABHO PAUUOHAIH-

" m "
110t Rpobu 575 TOTMA, CCIU HMEHHO Lif STOrO 1 Hamucarh dopmyay (2),
fynem HMeTb

m_

_|_]|_5_2'+ + _|— O <<b<<l)

er n

YMHOXHB 06e uaCTH 3TOr0 PaBeHCTBA HA nl, 110 COKPailleHHH B3HaMeHATelel
Bcex npobel, KpoMe MOC A edAHell, Mbl TOAYYHM CiCBA I EeNO0e YHCHuU,
a cnpaBa —ieNo0e YHCAO ¢ APOOGLIO —» 4TO HEBO3MONHO. Tloxyueunoe
IPOTUBOPCYBC H AOKa3biBaeT TO, 4TIO Tpeéonanocr:‘

50. GcHoBras ¢dopmyaa mng uucaa e. HarypaaoHbie gorapudmst,

Yucsio e B 1n°48 neppoHayaibHO OBLIO ONPEREJEHO KaK Npeiesi nepemeH-
1Oli, 3aBucamiel OT HAaTypPaJbHOro yKasareis:

. 1\
e:hm(l—{— —;) . (3)
Tenepp e Mbl ycranoBuM OoJjee o0mull pe3ysanTaT

1
e= 11m (1 —-x)*-' (4)

Insg storo [3B] mocTarouHO [OKasarh, YTO HMEKT MECTO NOPO3ib
COOTHOLIEHHS

P

1
lim (14 x)*=en lim (14+x)*=¢ (4a)
x40 x——0

Bocnosbayemcs Ha 3TOT pas ONnpejeseHueM INpeieda «Ha A3blKe Ioc.e-
JnoBaTesbHOCTeH» [32],
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Kcratn, ecn n npegen (3), paccMarpuBas ero kKak mpeaen Qpyuxiun
0T 11, WCTOJKOBATbL «ild #A3BIKE [OCAEIOBATEAbHOCTEH», TO nOPRAEM
K PaseHCTBY

. 1 np
lim (1 ) F=e
P = ()
KaKkoBa Obl Hu ObIa TMOCAEAOBATENBHOCTh {M,} HATYPANbHHIX YUCEN, Pa-
CTYIIUX BMECT€ ¢ HOMEPOM k£ H0 0eCKOHEUHOCTH.

Iycrs Tenepb x NMPOGEraeT Kakyio-HUGYAb MOCAEIOBATEABHOCTb {Xp}

NOJMOXHUTENbHB X 3HaueHUH, CTPEMSIUXCE K HYJI0; MOXHO CUUTaTh,

yto Bee X, <_l. Ilonoxum n,==FE (%), TaK 4ro
k

1 ‘ 1
ﬂk<;’-‘<ﬂk—l——1 u  n,— ——COo.

Tak kak npu stom
1 1
_.__/ —
np+ 1 \x’egnk‘
TO
1 1 N 1 n +l
{~n+1) <( ~—x) <\ P .

k
Jlsa kpabiHuxX BbHIpaXeHHs MOryr OnlTh NpeoGpasoBaHsl TaK:
1 ﬂk+1
)
(14_ 1 )"k___< +Ilk—l—l
Pap+1) 0 T

RN SR A\ SN PRI
() =) (+5),
npuuem, 8 cuiy (5),

1\ o I S i
(1 +5;> —e, a TaKwke (\1 -+ ﬂ/?l——l) —e,

B TO BpEMS K2K, OyYerunmno,

1 1
P I PR
T =L by — L

Takum oOpasoM, 006a YHOMAHYTBIX BBIDAXEHUA CTPEMATCE K oOfuieMy
npepeny e, a toraa [mo reopeme 3), 38] u BaKMOUEHHOE MEKIY HUMH
BBIDAX(EHHUE TaKkKe CTPEMUTCH K é:

1
lim {1 + x,)"% =-e,

JTuM W 3aBEPINAETCA JOKA3aTeAbCIBO IMEPBOFO U3 COOTHOUIEHu# (4a)
<Ha A3bIKE MOCJEAOBATEABHOCTERY,
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[ HOKa3aTeNbCTBA K€ BTOPOrO U3 HUX IPENIOJOXUM TelePb, HTO
TIOC/EN0BATENLHOCTh {X;} COCTOMT u3 OTpuHLlaTedbHEX 3HaueHuH,
crpeMamuxcas K Hymo; Oymem cuuTate x, >— 1, Ecan nonomurh

Xp=—Yp TO
1259, >0, y,—0.
QueBuzno,
1 1 1

S (1
(+xgt=0—y) "*=(=)"=

}-———yk
= (1) T (12,

Tak Kak, N0 AOKA3aHHOMY, NEPBBIA MHOXMTEAb [OCAECIHETO BbIPaWEHUS
CTPEMUTC K €, BTOPOH K€ OYEBUAHO UMEET NPEAEJOM eIuHuly, TO U
BLIPAKEHUE C/IEBA TAKKE CTPEMATCsS K e. Popmyia (4) onpasiana noJHOCTHIO.

D10 3aMevaTenbHOE CBOHCTBO 4HMCJAA € JIEKHT B OCHOBE BCEX €ro
npusokennit. Yimenno oHO pgenaeT 0COGEHHO BHIFOAHLIM BLIOOD 3TOrO
uKCa B KayecTBe OCHOBAHUS HJst CUCTeMBl Jorapudmos, Jlorapudmel no
OCHOBAHHIO € Ha3bIBATCA Hamypassnslmu u 0003HAYAIOTCA 3HAKOM In
(logarithmus naturalis); B TeopeTHYECKHX HCCACIOBaHUSAX HOIb3YIOTCS
HCKJIOYUTENbHO HATYPaJbHbIMHU Jorapudmamu ),

YnomsineMm, uTO OOBIUHBIE, JECSTHUHBIE, JAorapu(mbl CBA3aun C HaTy-
PajJbHBIMH H3BECTHOH popmynoi:

logx=Inx-M,

rae M ectb MOAyab NMepexojaa U PaBeH

1
M———-IOgE—m—-—O,434 204 cany
2T0 JICTKO NOJAyyulb, €Cau HpO.’IOTapHCpMMpOBaTb no ocsosauuio 10 T0-
HAECTBO
K== eln x.

§ 5. OPHHHHUII CXOIOHMOCTH

51. YacTtuunble noclenoBatenpHOCTH. [lycTh mana mekoropas no-
CJE€0BaTEJbHOCTh

Xty Xos X35 eavs Xy eunsy Xprs oos 1)

¥) Dty aorapudMbpl HHOMIA OIHGOYHO HA3KLIBAIOT HEN € P OB B MU N0 HMEHH
moTaanickoro matemaruxka Henepa (1550—1617) — n3o6perareas norapudmos.
Cam Henep He uMea mosaTHA 06 OCHOBAaHMH CHCTEMB! JOrapu@moB, H6O CTpOMA
UX CBOCOODA3HO, COBCEM Ha JAPYroM MpPHHIMIE, HO €ro JA0rapudMbl COOTBET-

CTBYIOT JorapudMaM IO OCHOBaHHIO, GIH3KOMY K - Banskoe K e ocHoBanue

HMEIOT JOrapuMel €ro COBpeMEHHMKA LIBEAUAPCKOrO MareMardka biopru
(1952—1632). P d
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PaccmoTpum, Hapany ¢ He, Kakyio-1uG0 H3BJICUEHHYI0 U3 HEe 4acCTH u-
HY 10 MOCAeI0BATENLHOCTD

Xnps Xng Xng cver Ly oo (2)

rae {Ilk} €CTb HEKOoTOopag nocaeg0oBatTedbHOCTh BO3PACTEWUWHAX Ha-
TYypPanbHLIX 4ucesa.

ny <ty <My < v <1y <Myt < )

31eCh POAb HOMED a, NPUHMMAIOLLETO NOAPAA B CE HATYPaAbHBIE 3Ha-
YEHHsl, WFPaeT yme He n, a k; n, Ke NOpeacrasaseT coCoH QyHknuio
0T R, NPUHUMAIOILYIO HATyDPaibHBIE 3HA4YCHAS W, OUEBUAHO, CTPEMSILYIOCH
K OECKOHEUHOCTH NpH BO3pacTanuy A.

Ecau nocaedogamessnocms (1) useem onpedesennuli npedea a
(KoHeunulli uan Hem), mo mom oce npeder umMeem u wacmu4Has
nocaedosamensrocms (2). Ecan xe aja nocaeposaresbHoctn (1) wuer
ONpeAeeHHOr0 Npejena, TO 9TO He HCKJII0YaeT BO3MOXKHOCTH CYIIEeCTBO-
Basus npepena Mg XakoH-anGo uyacTHUHOH 110C/EA0BareNbHOCTH.

Ilycre, nanpumep, x,=—(— 1)**; npeneana sTa nepemenHas He
nmeer. Ecom xe sacraButh z npoGerath JAulib ORHH HEUETHHIE WAW OJHH
YeTHbIE SHAYEHHS, TO YaCTHYHBL € [0CASAOBATENLHOCTH

=1 x=1,..., %, =1..

x2=-——], Xy =—=— 1, cees x2k=~ 1; ven

GyAyT MMETb NPENeJOM, COOTBETCTBEHHO, uncao 1 uaum ~— 1,

B cnyuae seorpaHuueHHOH mnociaesosarensHoctu (1) uHo#t pas
OKa3bIBAETCS HEBO3MOKHBIM BHIAEICHHE YaCTHUYHOH NMOCAEROBAaTEAbHOCTH (2),
uMeoned KOHeuHB H mnpexex [rax Oyzer, ecJu caMa NOCJAeNOBaTe/Ib-
nocte (1) crpemurcs kK = oo]. HaoGopor, s orpauvuyeHHoH nocie-
JIOBATEJIbHOCTH HUMEET MECTO CJEAYIOllee YTBEDXKIeHue, IDHHalIexauiee
Boabuano u Betiepurpaccy *):

Jdemma Boasyano — Bediepuumpacca. FI3 aw0oli ozpaHnuten-
Ho il nocaedogamensrocmu (1) 6cezia MONCHO U3BACHD MAKYIO Hacmut-
Hy1o nocaedosamensrocms (2), womopas cxoduaacs Obl K IKOHELHOMY
npedeay.

(9ra dopMyanpoBKa He HCK/IOYAET BO3MOMKHOCTH M DaBHB X unCen
B COCTaBE HaHHO} IOC/ENOBATEJABHOCTH, YTO yAOOHO B NPHIOKEHHUSX).

HoxasateEapctro. IlycTs BCe umcia X, 3aKJIONEHB MEXAY rpa-
nnnamu @ u b, Pasgeanm s10T npomexyTox {[a, b] monosam, TOrAa XOTh
B OZHOH moJsopuHe OyAeT COAEPKATbCH OECKOHEUHOE MHOMXECTBO 3JEMEH-
TOB MaHHOH I10CJIE0BaTeIbHOCTH, uGO, B MPOTUBHOM CJyuYae, U BO BCEM
npoMexytke [e, b] 3TAX 3NEMEHTOB COAEPKaA0Ch OBl KOHEUHOE UMCIO,
uTo Hepo3MOxHO. Mrtax, nmycts [a;, ;] Oyzer Ta u3 moJOBMH, KOTOpas

*) Kapa Beiie purrpacc (1815—1897) — Bulnaomuiica neMenkuit mare-
MaTHK,
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COAEPMHUT OeCKOHEYHOE MHONKECTBO uuCead X, (uny, ecam 002 MOJOBHHE
1aK0BHl, TO — J0fas U3 HUX).

Aua0ruuHo, U3 NPoMexyTKa [a;, by] BrAEAUM €ro NOJOBUHY [ay, by] —
noj  ycaosueM, u4toOn B nel Comepianoch OECKOHEYHOE MHOMKECTEO
uucen X, u 1. 4. IIpomomxas 3TOT npouecc, Ha K-# CTaguu €ro Bbl-
LEJAM IPOMEKYTOK [ap, bp], Takxke copepwamutt 6€CKOHEYHOE MHOXKECTBO
uucen Xx,; M TaKk Jajlee A0 OECKOHEHYHOCTH.

Kaxaplit u3 HOCTPOEHHBIX NMPOMEKYTKOB (HauHHas CO BTOPOro) COAEP-
KATCA B IPEIBIAYILEM, CCCTaBAsis €ro rejosudy. Kpome ToOro, mimiia
k-ro mpoMexyTKa, paBHas

bk—ak:[‘]—jk_‘}n
CTpeMuTCs K Hymo ¢ Bodpacranuem k. Ilpumenss cioga nemmy o Bao-
JEHHBIX NpoMexyTkax [n®46], saxioyaem, uT0 @, U b;, CTPEMIATCT K 06-
meMy npeneny c.

Teneps NOCTPoEHHE HaCTUUHOH MOCIENOBATENBHOCTH {X,,} mpounsse-
HEM MBIYKTHBHO caeaylomum oGpasoM. B kauecrtse X, BO3bMeM moGoi

(HanpuMep, MNEPBHIi) U3 DJEMEHTOB X, HAMEeH NOCAeN0BATE]BHOCTH, CO-
nepwamuxca 8 @y, by]. B kavecrse x,, BosbMeMm Ji00ofi (sampumep,
nepenif) U3 YJEMEHTOB X, CAEAYIIUX 82 X, W CONEPKAUINXCA
v [y bg], u 1. 1. BooGme, B Kauectse X, BosbMeM J0GOH (Hanpumep,
NepBHf) U3 DJMEMEHTOB X,, CAENYIUWHX 3a paHee B JEJaeH-
WHME X, Xpy ooy Xy, B COLEPXAUMXCA B [ag, b,]. Bosmoxuocrs
TaKOI'0 BELOOPA, NPOU3BOUMOIO MIOC/IE0BATE/ILHO, OGYCIOBANBAETCS UMEHHO
TEM, UYTO KawAHH M3 NPOMEWYTKOB [, b,] comepmur 6eckoHeuuoe
MHOMKECTBO UYHCET X,, T.€. COACPNUT DJIEMEHTH X, CO CKOJIbL YyrojaHO
COMLIIUMH HOMEDPAMH,
Janee, 1ax Kak
Up = Xp, <<l u lime,=limb,=c,

To 1o TteopeMe 3)n°38 u lim x,, ==¢, 4r0 u TpebOBaNOCH NOKAZATD.
Meron, npuMeHeHHBIH TpU  JOKa3aTeAbCTBE 3TOFO YTBEPHAEHUS U

COCTOAIMIl B IMOC/IEXOBATEJIbHOM OEJNEHUN TMONO0JIAM pacCMaTpUBAEMBIX

NPOMENYTKOB, 4acto OyAeT HaM HOJIe3eH W B APYrux Cayyasx.

Jlemma bBoasnano — Beliepuirpacca 3HaunTeJbHO oOnaeryaer Jgokasa-
TEAbCTBO MHOTHX TPYAHBIX TeopeM, Kak Obl BOupad B ce0d OCHOBHYIO
TPYAHOCTb paccyxAcHusa. Mpl BoCnoabayemcs e B OauxaiiieM ke HoMepe,

52. YcnoBue CcymecTBOBAHHA KOHEYHOro mperesa ajasf (yHKUHUH
OT HatypaJjbhoro aprymesta. Ilycth naHa nepemeHnas Xx,, mnpoGeraio-
ulas nOCJeRoBare/bNOCTb 3naueHuft (1); safiMemcs, HaKOHEL, BONPOCOM
¢6 obfmeM HNpU3HAKe CYyWECTBOBAaHUSN KOHNEYHOTrO Mmpe-
neJa aag 5TOH nepemeHHOH (WM A7 10CAEI0BAaTENbHOCTH — YTO TO Ke),
Camo ompepeaeHue MOpeeia IAas 9TOH LEJd CAYAUTh HE MOKET,
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nbo B HeM Qurypupyer yxe TOT Mnpeaen, O CYUleCTBOBaHWH KOTOPOro
uieT peub. MH HYXZ3eMCH B TPH3HAKE, KOTOPHH WCIOAL30BaM OBl AN
TO, 4TO HAM JaHO, a8 WMEHHO — JIOCJACAOBATENLHOCTL (1) 3HadyeHui nepe-
MCHHOM.

IMTocran/ieHnyio 3agauy peuwlaeT CJACIyoWAad 3aMeuarenbHasd TEOpeMa,
npuHafiaexawas boasuano (1817) u Kowm (1821); ee HasmBaloT wacro
NYUHGUNOM CXO0UMOCHN,

Teopema. [las moz2o 4imolQvt ACPEeNsCHMAL X, UMEAQ IKOHEUHOLLE
npeden, HecOX00UMO u QOCHLGHIOURO, 4oL 0451 Kaxc002o wucaa s >0
cyuecmeosar maxoiy Homep N, #moGvl HepaBeHCHIB80

]xn'*xn'l<s (J‘)

86LNOARSTAOCE, Auws moasko n >N u n' > N.

Kak Buaut uurarenb, CyThb Jela 34eChb B TOM, 4TOOB 3HaueHUs nepe-
MeHHON Mexay coboit GearpaHkyio cOMMKANMUCH MO MEPE BO3pacTailnsd
ux nomepon. OO6paTuMca K LOKABATEJNBCTBY.

Heo6xoagumocTth, Jlycre nepemennas X, UMeET ONpeHEJCHBLIN
KOHeuHmifi npenes, ckaxeMm a. Ilo camomy ompenenenuio npesena [n° 28},

= € .
KaKkoBo Om Hu OpI0 4ncao e >0, 1m0 yucay 5 Hailmerca  TaKoh Ho-
Mep N, uro mast # >N BCEria MMeeT MeCTO HEepPaBeHCTBO

lxn"_al<";"

BospmeM Tteneps aoGsie aBa Homepa n >N u A’ >N, s Hux
OZHOBpPEMEHHO OyneT

e
|xn'—al<"2— 4] [a_.xn,l<.;,.,
OTl(yna
[Xp—%p |=|{0, — @)+ (@a—x,) | <<
e e
<Jm—altla— ) < b E =

ItuM  Beo0XOAUMOCTbL YCJAOBUS JOKa3aHa. 3HauuTeNbHO TPyAHee ACKa-
3aTb €ro

JocrarouHocTh, 31eCh UMEHHO Mbl U IPUMEHHM JEMMY Mpelbl
AyWwero HoMepa.

Wrak, nycrp yc/aIOBME BbINOJHEHO, M MO 3amaHHoMy e >0 Halizen
Takoii Homep N, wro mas n >N u #' > N nmeer MeCTo HepaBeHCTBO (4).
Eciu #' npu aroM (uUKCHPOBaTh, TO, Nepemucas (4) Tak:

X — e < X < Xy T+ 85

BUAKM, UTO MNEPEMEHHad Xy BO BCSKOM cnyqae, GYI[eT orpamxueﬂnoﬁ:
ee 3HaueHust Last 7 >N COZEPKATCT MEXAY HUCIAAMH X, —& H X, -}z,
W HeTPYNHO 5TH TPaHMIB DPasJBUHYTb TaK, YTOOH OXBAaTUIb H MOEp-
Bbie N HAaueHuH: Xy, Xy, ..., X,
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Torna, no nemme Bosbitano — Befiepiurpacca, MOXHO BBLIEAUTh 4aCTHY=
HYI0 TOC/IeJOBATENbHOCTD {xnk}, CXOAAWYIOCS K KOHEYHOMY Npeiely c:

limx, =-c.

ITokaxeM, uTO K 5TOMy MNpegeny CTPEMHTCst BOOOIIE U IEPEeMEHHas X,.
MowxHo BHOpaTh 2 HacTOMbKO GOABLINM, YTOGH OLLIO

| Xy, — [ <o
¥, onHoBpemenHo, 1, > N. CjenoBatensto, B (4) MOKHO B3ATb 1/ ==n:
[xn - xnk i < e
W, comocrapisas o0a 3TM HEPABEHCTBA, OKOHYATEAbHO HAXOJHM
| %, —¢|<2e (aas n>N),

YTO Y [OKA3BIBACT Hallle yTBepxkIeHue ¥).

3ameuanuni Xors n Boabuano m Komm yTBepxnmanm pgocra-
TOYMHOCTb BBICKA3aHHOIO MMHU YCJIOBUS CYUIECTBOBAHUA KOHEUHOTO IIpe-
nena, HO 0e3 CTPOroff TeopuM BEUIECTBEHHBIX UHUCEJ, PasyMeercs, A o-
KasaTb 3TOr0 HE MOIJH.

53. Ycaopue cymecTBOBaHUS KOHEUHOro mnpepena nasi QpyHKLHH
mobero aprymeHTa. Ilepefizem Temepp K paccMOTpeHHI0 OOLIErO CJy-
vasg — Qyuxnan  f(x), saganHon B ofaacty 2 ={x}, mIa KOTOPOH a
CAYKUT TOYKOH crymenus. s cyniecTBoBaHWSi KOHEUHOT O npejgena
5T0# (YHKUMH NPH CTPEMICHUH X K @ MOXET OBTb YCTaHOBJEH TaKkoh e
NPU3HAK, KaK U B CJIyyae QyHKUAKM OT HATyPaJbHOro aprymenta. Popmy-
JHAPOBKY €ro Mb JaguM napaaieabHO JJs cayuas KOHEYHOIro a u nasl
ciayvas @ = -} co.

Teopema. Jlas mozo umobu ghynrgus f(x) npu cmpemaeruu
X K a umena KoHewuwlll npeden, HeoOxo0umo u 00Cmamouro, 4moout
0as Kamcdozo wicsa & >0 cymecmsosaro maxoe wucao 8 >0 (A™>0),

Mol HepagerHcmeo
If(x) —F N 1<e

BUINOAHIAOCH, AUULS MOABKO
jx—a|<d un |¥—a|<d (x>Aux>A).

HOKABATEABCTRBO NPOBEAEM B NPEAMOJOKEHHN, UYTO @ — KOHEY-
HOE Uuc/I0.
Heo6xonumocts. IlycTh cywmecTsyer Koneunedl npenen

lim f(x)=A.
X—a
*) Hueno 2e B Takoii ke Mepe «IPOM3BOAbHO MaIoe» YHUCIO, Kak U & Ecau
-3
yroio, MO¥HO GblIO CHayalna B3ATb He &, a 5 » TOPIA Mbl 31€Ch HOAYYHIY Oi c.

[MopoGupie Bewin BOpeAb Mbl GYAEM NPELOCTaBAATb YHTATEIO.



53] § 5. IPYHLUMI CXOANMOCTU 109
Torna no 3apannomy e >0 naiizercs Takoe 3 >0, urto

R 3

If(x).—A l <'§1
ecan ToJbKO | X ~—a|< 8. Ilycry u | X' —a| <3, 12K yTO ©

A—F )| <s5-
OTcrona noayyaem
If ) —f ) <e
B NPEANOIOKEHNH, YTO ORHOBPEMEHHO
lx—a|<d n |¥—a|<]d

JoCTaroyHOCTb MOXET OHTb YCTAaHOBJEHA, HAalpPuUMep, NyTeM
CBEJEHMS BOMPOCA K YK€ PacCMOTPEHHOMY cayyaio. ITyTb misi 5TOro Ham
OTKDHIBAET CAMO ONPEACJICHHE TMOHATHS INpeiena (YHKIAH «HA si3bIKE
nocaegosarespHoCcTER> [n° 32].

Wrak, nycrs ycaosue, CPOPMYJIHPOBAHHOE B TEOPEME, BHIIOJHEHO,
M YO NPOMBBOJILHO B3ATOMY & >0 YCTaHOBJIEHO COOTBETCTBYMOuEe d > 0.

Ecin {x,} ecre mw06Gas nocaesosaresbHOCTh 3Havenuii uz &,
CXOAA@ACs X @, TO, MO ONpPEJeNeHHIO Npefeia IOCAEI0BATENBHOCTR,
Halipercst Takoit Homep N, uro mas n >N Oyzer: |x,— a|<3. Bosb-
MeM, HapsLy ¢ 7, ¥ Apyro# Homep 7/ >N, TaK 4TO OZHOBPEMEHHO

a3 u | —a|<B.
Torma, B CaJy camoro BHOOpa vucaa 9,
Ef(xn)_f(xﬂ’)l<a'

3TO HEpPAaBEHCTBO BHIOJHAETCE NPH €AUHCTBEHHOM TpeGoBaHMH, uTOGH
062 Homepa n ¥ n’ Opt Goapwe N. DTo 03Hayaer, uto A9 (PyHK-
unan f(x,) OT HaTypaJlbHOrO apPryMeHTa 5 BHIOJHAETCI YCAO-
Bue n°52 u, TakuM 00pasoM, NOCAEHOBATENBHOCTD

f(xl)’ f(-x‘l): vee 3 f(xn);---

UMeeT KOHEYHLIH npezes, ckawxeM A.

Ocraercst eumle yCraHoBHIb, YTO0 5TOT npejnea A He 3aBUCHT
0T BHOODPAa NOCAEAOBATEABHOCTH {X,}.

Iycts ke {x,} Oymer Apyras nocienoBaTeJbHOCTb, H3BJEUEHHAs
3 % u taxxke cxomswmascs K a. CoOTBETCIBYIOIWLas €# HOC/IeN0BaTeNb-
HOCTb 3HaueHu dynxuwuu {f(x,)}, MO DOKA3aHHOMY, HMEET HEKOTOPHIH
koHeunnii npenen A’. Ilas aokasareabcTBa TOro, urto A'==A, pomycrum
npornByoe. CoCTaBUM TOrjJa HOBYIO HOC/IENOBATEIBHOCTH

X1, Xy Koy Xy eonsy xm Xy oo
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3HayeHuil X, fABHO CXOHAyKCs: K a. EH oTBedaer nocaegoBarenbHOCTDb
sHaveHn#l (pyHKuuu

f(xl)> f(x;)’ f(xz)’ f(x;)’ veey f(xn)l f(x;l)) seey

BOBCE HE MMEIOILas NpPefena, TaK KaK 4aCTHUUYHBIE NMOCAEI0BATEIbHOCTH €€
Y/IEHOB, CTOAILUX Ha HEUETHBIX WM YETHBIX MEeCTaxX, CTpeMaTcs K pas-
anuesiM npedenam [n°51). A 310 mpoTuBOpeunT AoKasaHHoMy. Mitak, mpu
X — a Qyuxuns f(x) HeHCTBATENbHO CTPEMUTCS K KOHEUHOMY mpegeny A.

§ 6. KTACCHUPHKALMA BECKOHEYHO MAJIbIX 1 BECKOHEYHO
BOJNbBUWINX BEJAHYHH

54. CpapHenne GeckOHeUyHO MaJwix. [lpeanosoxum, 4TO B Kakom-
4400 MCCACNOBAHHH OLHOBPEMEHHO PpAacCMAaTPUBAETC pal  GeCKOHEUHo
MaZibIX BeJIuYuH

a B 1.,

KoTOpHe, BooOuUiE ropops, OyayT QYHKUUSMH OT OAHOH M TOH we mepe-
MElHOH, CKaWeM X, CTPeMAnlelics K KOHEYHOMY Hau OeCcKOHEeyHOMY mnpe-
neny a.

Bo MHOPMX Cayyasx HPEACTaBJsSET WHTEPEC CPAaBHEHUE HA3BAHHBIX
GECKOUEUHO MaJBIX MexwAy coOOH 1O XapakTepy MX NpudiuKeHus K HyJo.
B ociiony cpaBHenusa IByX OSCKOHEUHO MAJIHX o U § KAaJAeTca moBeleHue
ux ornouienus ¥). Ia sToT CueT yCTaHOBHM [Ba COTJVIAIUCHHA:

- a .
I Ecan omuowenue —i— (a ¢ HUM 1 —3-) uMeeri KOHeWHbB I 1
N h

OomAUYKRbLE Om HYAs npedes, mo GecKOHEHHO masbie o U B cqu-
mawmest BeAULUHAMI 00HO20 NOPAOKA.

1. Ecan oce omnouerue i CaMO 0KQ3blBACHICS OECKOHEYHO MANDLAL

{.-1’
chumaencs se/lul'umoﬁ socuez2o0 nopadKa, HeMm OCCKOHEUHO Ma-
nas v, 1L OOHOBPeMEHHO OecKoHetno Maaas o Oy0em Hugmez20 no-
psdra, wear Gecioneino maras B
Hanpemep, ecan a==x—>0, 70 no cpaBHeHuio ¢ 3tol Bec-

KOUEeyYyHo MaJol 0IHOro mnopsiaka ¢ HEWw Oyayr OCCKOHEHYHO Mainie

[+3
(a omHoue e ~- — OECIKOHELHO 50ﬂblllll.ﬂ[>, mo Gecxoneuno maras f

sinx, tgx, ]/1 —-x—1,
160, Kak Mbl 3Haem [n° 34, 5); n° 43, 6)],

lim X gim VIS

x—-l___i
X -2

x=0 * x-0

*) Mol GyleM CuUMTaTb, 4TO MepeMeHHas, Ha KOTOPYIO Mbl AEIUM, He o6pa-
Waercd B Hyib, 10 KpadHeil mepe, Add SHAUCHMH x, J0CTaToOunO GJUSKHX K 4,
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HaoGopor, Geckoneuno mainsie
l—cosx, tgx—sinx 1y

OyayT, CueBHAHO, BHICIWIEro mopsaka, uem x [n°43, 7), (a) a (6)).

Koneuno, MOKeT C/Ay4HTbCS, YTO OTHOIUEHHE ABYX OECKOHEUHO MagdnX
HE CTPEMHUTCH HU K KakoMy mpeaedy, He OyAyun u Oecxoilenno 060.b-
MM, HampuMep, eciu B3ath {cM. 34, 6) u 7)]

o
a=x, B==uxsin e

o1
TO WX OTHOWEHWE, paBHCe Sin --, npn x — 0 npeaena ne umeer. B ra-

KOM CJayyae roBODSIT, UTo ABe OECKOHEUHO Ma/bie HECPABH UMb MEKIY
cobot.
3ameTuM, 4TO €can OecKCHeyHO Masas 3 OKaswlBAaeTCAd BHICIIErO MO-

psaKa, 4yem Oeckoneyo Manas a, TO 9TOT (palc'r 3aUUCHIBAIOT TaK:

f=o0(2)
Hanpumep, MOKHO nuCaTh:
l—cosx=o0(x), tgx—sinx==o0(x) n 1. 1.

P

TakuM 00pa3oy, crMBOI o () cayxuT o6 uiunm cOo3uauennes i 6ec-
KOHEYHO MaJIOfl BBICINETC TIOPAAKA, UEM o. JTuM yAoOHBIM 0003HAUCHIEM
Mpl BHpEAb OyAeM ROJb30BATHCS.

55. llixana GecxoneynHo Maxabrx. Muci pas scrpeuvaercs HaaoOHOCTD
B 6cJsee TOUYHOH CPAaBHUTENBHOH XapakTEepPUCTHUKE NOBEAEHUST OECKOHEeUo
Ma/iblX, B BBIPQWEHUM TIOPSAKOB w©X uwucJaamu. B zrom cayuae,
[peXIe BCEro, B KayeCTBE CBOEr0 pojJa «3TaqoBa» BLIOHPAIOT OZMY H3
(urypupyomuxX B 1aHHOM MKCC/IEAOBAHUM OECKONEUHO MasblX (CKamKeMm a);
ee HaspIBAIOT O CHOBHO . KoHeuHo, BHOOP OCHOBHON OeCKOHEUHO Masoi
B M3BECTHOHl MEpe NpousBojeH, HO 00bYHO Gepyr NnpocTeiiuyio u3 Beex.
Eciv paccMaTpUBAaEMBIC BEJHUMHBL, KaK MBI [PEIOJIOKHIN, SABJITIOTCH
DYHKIUSAME OT X W CTAaHOBATCS OECKOHEYHO MaJbiMU 11PY CTPEMJEHHU X
K @, TO B 32BHCUMOCTH OT 10ro, Oyaer Ju @ HyJeM, KOHEUHBIM U OTAHu-
HBIM OT HYJS YNCJAOM UAM GECKOHEYHOCTBIO, €CTECTBENI0 32 OCHOBHYIO
GECKOHEUHO MAaJyio B3SiTh COOTBETCTBEHHO

lx) 1x—al
' EIN

Iasee, u3 creneHed OCHOBHOH OeckoHeuHo Maao# o (Mbl OyzeM cuu-
Tath o >0) C pPagIMUHBIMU IIOJIOKUTEJIbHBIMU IOKA3aTENIMH, a® cocra-
BJASIOT Kak Obl LIKady [IJs OLUEHKH OECKOHEYHO MaJblx 00Jiee C/10KHOI
npupons ¥).

*) Jlerko Bumets, yto mpn k>0 Beanumsa of Gyger GecKoHEYHO MAJoil
O/IHOBPEMEHHO C a.
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NI Yecaagausawmen cuumams OeckonennHo maayio B eesutunoll
k-20 nopsdxa (omHocuUmMersHO OCHOBHOl GecCKOHEY4 HO Ma-
a0d o), ecau B u of (K>>0) Oydym seanwunamu odno20 nopaoxa,

T. €, €¢I OTHOUUIEHHE ok NMEET KOHEUHpIH ¥ OTJUYHBIH OT HYJId NMpenel.

Teneps, HanpuMep, MOXHO, HE AOBOJLCTBYACh YTBEPKIEHHEM, YTO
Gecxoneuyno Magsie (1) (npm x — 0) OynyT BeIMUMHAMU BHICIIErO IOPSAKA,
yeM & ==X, CKa3aTb TOYHO, YTO OJHA U3 HUX €CTb OECKOHEUHO MaJjas
BTOPOro MOPAAKA, a ApPYyras — TPETbErc NOpsAKa OTHOCHTEIBHO & =X,
udo [43, 7), (a) u (0)]
l—cosx 1 lim
QT

X 2 x—0

tgx—sinx 1

lim E% =g

x—0

56. dxBuBajsenTHble GeckOHeyHO Mmanbie. OCTaHOBHMCA TeHepb Ha
ONHOM OCOOEHHO BaXHOM YaCTHOM Ciyuyae GECKOHEUHO MaJhX OIHOro
nopsaaxa.

IV. Bydem Ha3ssams GeckowewHo mase o U B 9K 88U BaLEH M-
Ho au (8 3naxax: o~ B), ecau ux pasnocms == — a oKa3vsaemcs
8eAUMUHOL BblCUE20 NOPAOKQ, HeMm KK 0a s U3 OECKOHELHO MQALX
o u

T=0() n y=o0(p).

Brpouem, A0CTaTOYHO mNOTpe6OBaTh, UTOOB ¢ ObLIAa BHICIUETO MOPSAKA,
yeM OJIHa M3 3TUX OECKOHEYHO MaJBX, MOTOMY YTO, €CJH, Hanmpumep,
BBICIIErO MOPSAKA YEM ¢, TO OHa OyldeT TaKikKe BHICINEro mopsaaka uem f.

JleHCTBATENbHO, U3 TOTO, YTO lim-l—=0, clIelyer, uTo u

Y

lim ¥ =1lim ¥ —1lim—% =0,

B a4 141

PaccMoTpuM JBe SKBHBAJEHTHBIE GECKOHEUHO Maamie o ¥ B, Tak yTo
B=oa--17, rae y==o0(e). Eciu npubiuxKeHHO NOIOKHTb B==a%),
TO — [0 MEPE yMeHbILICHHs 00eUX BEIMYUH — CTPEMHUTCH K HYJIO HE TOJMBKO
aGconOTHAA MOTPEWIHOCTH OT HTOH 3aMEHH!, NPEACTAB/IIEMas Be-

JVYMHON | Y], HO B OTHOCHTEJNDbHAst NOTPEMHOCTD, PaBHAl lg— .

Viapivu cnosamn, npu 00cmamodno MaasiX 3HaueHusx o u B moycHo
CO CKOAb Y200HO OOAbUOL OMHOCUMEAbHOU MOYHOCHBIO NOAO-
ocums B=—a. Ha stoM ocHoBana, npm mnpuGAMKEHHHX BHIKJIAIKAX, 3a-
MEHa CJOXHBX OECKOHEYHO MAJBIX SKBHBAJICHTHBHIMH HM NPOCTBIMI.

YCTaHOBUM MOJIE3HBIl KDUTEPHH SKBUBAJEHTHOCTH ABYX GeCKOHEUHO
MaJblX, KOTODH# B CYWHOCTH J3a€T BTOPOE ONPEAEJAEHHE B3TOro
IIOHATASA, PABHOCHJABHOE paHee NAHHOMY:

#) 3HaK == o3HavyaeT NPUGAUNK ECHHO€ PABEHCTBO,
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Hast mozo umoGuL 08e Geckoneuno manvie o u 3 OblAll 31 6UBAACHMHbL,
HeoOxodumo u 00Cmamo4ro, 4mobs. OGbla0

lim & =1,
a
IMonoxus B —o =", OyaeM HMEThb

B Y

AN [P

a

Orcioga cpasy W BHITEKaeT Hame yTBepxaerue. [leicTButennHo, ecan

%-» 1, 10 —}-—»O, T. €  ecThb OECKOHEYHO MaJas BBHICIUErO MOPHIKA

uem o, # B~~a. OOparno, ecam mano, uro B~ a, TO %—»O, a Toria

B,
o
C nomoubio 2TOrO KPUTEpHUs, HanpuMep, BUIHO, uTO npud X — 0

Gecioneuno Maxas sinx skpusazentHa x, a VY 1-4-x — 1 sKpusa-

e .
MeNTHO -5 X. O1CI01a — Npub/mKeHHse OpMyIsL:

sinx=x, VI1Fx—1= %x.

,U.OKaBaHHOE CBOHCTBO SKBHUBAJEHTHBIX 6eCKOHEUHO MaablX NPpUBOJIHUT

K HCIOJb30BAHUIO HUX NPH PACKPBITUM HEONPERCJEHHOCTHA BUIA 2 , T. €
Npu pashbICKAHHY TPEAeJa OTHOWEHMS ABYX OECKOHEUHO MaJLiX %

Kaxnas u3 HUX 1pu 5TOM MOXET ObITh 3aMeHEeHa, 0€3 BJIMAHUs HA Ipe-
jpen, moBof SKBUBANEHTHOH el OECKOHEYHO Manof,

JeficTBuTenpHo, ecmt a~a U B~B, 1. e
N .
lim—=1mu ]lm_E:l,
a

TO OTHOHICHHUE

W
"CD
IRl

R Rl

B

OTINYAIOUECECST OT OTHOUICHUAS — MHOXUTEJIAMY, CTPEMAIIUMUCA K €auHune,
a

UMEeT npelesa OIHOBPEMEHHO € HHM (M IDUTOM TOT IKE).
Ecau ynmaercs BHOparb o M 3 JOCTATOYHO MPOCTBIMH, TO 3TO MOXET
Cpasy 3HaYuTeJBHO YNPOCTUTb 3aJayy; Hanpumep,

1
S —(x 2
Vidtrira—1 gt x) 1
————— T — llm ——T‘—‘ == Z.
x—0 X
W3 n0Kasannoro BHITEKAET Takike, YTO 08e GECKOHEHHO Mansie, KB~
8aneHmHble mMpemeell, IKBUBAACHNIHOL MEHCOY cOOOIL,

lim —
£ sin 2x
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57. Bripenenue raasnoit yacTu. Ecan Bribpana ocHOBHasi GECKOHEYHO
Manas @, T0 MPOCTeHmuMU OECKOHCUHO MAJIBLMHU ECTeCTBEHHO CHHu-
TaTh BeaMuunE Bula ¢-af, rae ¢ — nocrosnusi kos(puuuent n k> 0.
IMycts Gecrouneuno manas B Oyler k-ro mopsaka OTHOCHTEABIO a, T. €.

i B
lim - =¢,
rae ¢— KOHEUHOE U OTJAMUHOE OT Hyas uucao. Toraa
B
lim Gk == 1,

1 Geckoneuno maame f u ca® OKa3HBAIOTCH DKBHBAJICHTHBIMIL B~ ca®,
dra npocmeilwag OeCKOHEHHO MAAQAS ca®, xeuBareHIMHOR 0GHHOL
Oecroncitno  Maroll [, Ha3veaemcs ee 2AQB8HOH wacmblo (Uil
2AQABHBLM HACHOM).

[Mosb3yach yCTaHOBJAEHHBIMU BHILIE PE3YJbTaTaMH, KPOME yxe yKasau-
HBIX HPOCTBIX MNPUMEDPOB, JIEFKO BHIACHUTH T[JAABHBIE HaCTid BbipaXEHnH:
9

) b,
x5 tgx —sinx~ 5 x°.

1 —cosx L
P 2

2

3aech X =0, ¥ UMENHO a==x SBJAETCA OCHCBHCH OeCKOoUueyHo MaJoil,

Oyct, B~ eo®, 1. e B=co®J-q, rae y==o0(*). Mowno mpenr-
craButh ceGe, 4ro U3 OGecKOHeHHO MaJoff Y CHOBA BBLZEJCH T[HABHBI
wied: y==ca¥ -8, rae d=o (¥ )y (K >k) u 1. I

3r1oT npouecc HeC/eAOBATENbHOIO BHIAEACHAS U3 OECKOHEUHO Manoil
npocTediiux GeCcKOHEUNO MaJbX BCE BO3PACTAOUIMX MOPIAKCB MOMLO
NPOAOAKATE ¥ AAJbILE.

Ml orpanuumBacMcs B RacTosiileM naparpade ycraHowJjenueM olniux
TOHSITHH, WAIOCTPUPYS WX Jullb HEMHOrKMM npumepamu. B nocienywiuem
MBI VK2KeM CHCTeMarHyeckuil NpueM Kak Ads MOCTPGEHUs [JIABHOMH YacTu
naunoil Gecronreylo MasoH BEAMYMHBL, TaK W A8 AaJbleHINero BhiIegeHus
13 Hee NPOoCTeHuInX OECKCHEYHO MaJBIX, 0 KOTOPOM TOJBLKO 4TO HIJA PEYb,

58 3amaum. Jaa MATIOCTpalMH M3NOMCHHBMIX coobpaxkeHuil npusciem Ipe
33aYH, B KOTODHX OHH HCIOJNB3YIOTCA.

1) Iycrs npsivoaurefiioe PacCTOSHNE HA MECTHOCTH H3MCPACTCA C MOMOLLDIO
mepnoit peiikn xanno#t / MerpoB. Tax kax dakTHUeCKH pelKa UPUKIAILIBACTCH He
TOUHO BHOJb H3MEPRCMOU NpPAMOMH, TO pe3yabTaT W3IMEPCHHA OKA3blBaeTCH

Puc. 25.

HCCKOAbKO §OnbUIe HCTHHHOU JAJHHLE. C,IIE.‘IEICM CaMOC HEBLITOAHOE HPEANICAOXKEHHC,
WMEHHO, YTO pei’ma NpUKAAABIBACTCA 3UI'3aroM, TaK HTO C€ KOHUbl OTCTOAT OT
NpAMOJ HOOUYEepejHO TO B ONHY, TO B IPYFy© CTOPOHY Ha paccrosuue A s
(puc. 25). TpeGyerca OMeHHTD HOIPEILHOCTD.
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[Ipu onpoKpaTHOM NpPHUKAANBIBAHHE peHKH aGCoM0THAA HOTPEUIHOCTHL PaBHA
P43HOCTH MEXJY JNaAMHON [ peliKi M ce MPOSKUMEHd Ha UIMEPAEMYId NPAMYIO,
Hpoekuys ke sra 6ynen:

T e T T a—
VAR . 42
0/ LV ey )/ 12
/ 2 /

——-

Bocnons3oBaBinch npHGMmxernol popayaol

],'/ TT\»_ xZz .1,_ x

2
4)2 . ]
npit x=‘-l‘~7 UTO ONPEBJ2HO, BBHAY MAIOCTH BCIMYHHEI X OTHOCHTEIBHO [},

33MCHUM BBLIPAMEHUEC AJd HPOEKUHH CAERYIOUINMIL

222 202

1/1——‘—-7):1—'—‘.

[ l
242

B TakoMm ciyyae YHOMAHYTash NOrPeUIHOCTB €CTh > @ OTHOCHTCAbLIAR
22
NOrpelHocTb, oYeBHAno, 6yaer 75 Ta e OTHOCHTEAbHAA MOIPEIUIOCThH COXPA-
HUTCA ¥ HDH MHOTOKPATHOM NpPUKIALbIBAHHM peflku.
Ecnu maa 9Toff MOrpemHOCTH yCTaHOBAEHA TpAHMUA d, T. €. HOMKHO OniTh

2

7;<8, T0 oTCIAA A <! %
Hanpusep, npu usmepenun asyxMeTpoBofi pefikofl (/=2) mna mocTmxenus
OTHOCHTEAbHOH TouHoCTH B 0,001, Hy®HO, uTOGH yKJOHeHHE A He [IPEBOCXOLIIO0
2 V0,0005 == 0,045 » nan 4,5 ca.

2) Tlpu pa3GuBKe OYT OKPYWHOCTe! HAa MECTHOCTH MMeeT 3HayeHHe Cacayiouasn
3afava: Haimu omuowenue cmpeant f = DB dyeu ABC oxpysichocmu K cnipeae
fi=D,B, noanosuns. AB,B amoii dyau
(puc. 26).

Ecan  [OA0MUTL  PAgUyC  OKPYIWHOCTH
PAaBHBIM T,

<X AOB =9, 10 {AO&:% u

F=DB=r (1 — cos ), f1=r(1— cos—%).

Taknm o6pasoM, HCKOMOE OTHOLIeHHe
PaBHO

f__ l—cose J

S 1— cos L. Puc. 26.
2
Boipaxcensie 370 CIHMIIKOM CJIOXHO, YTOObB UM YAOGHO OhlI0 1103b30BATHCHA HA
npaxkTuke. Haiinem ero npeges npm ¢ —0 (u6o ans ZOCTaTOYHO MaAHIX ¢ 3TO
BHIPAXEHHC MOXHO NPUONMXEHHO 3aMeHHTb ero mpefesonm). C sTo#t uenvio
3AMECHACM  YMCANTEIb H 3HaMeHaTedb WX TIVaBHHIMH YacIAMH M Cpasy HaxomuM:

12
. 2¢
=== M =4,
fi

lim T3
T

o] |
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Virax, nzs 1Iyr, COOTBETCTBYIOIHX HeGOMLIIOMY IEHTPaAbHOMY Yray, npubau-
MCHHO MOXHO CYATaTh, YTO CMpeAa nosydyelu BHemsepo MeHvlte cmpensl Oyail.
3710 TO03BOJNAET NOCHEOBATENbHO CTPOMTh HPOMEKYTOYHBIE TOYKM AYIH, 1Asd
KOTOPOH NaHbl KOHLB H CepenuHa.

59. Knaccuduxanusi GecKOHeYHO OGOJbMIMX. 3aMETHUM, 4YTO JA%
GeckoHeuHo OOJBIINX BEJIMYHH MOXET ObITh PasBUTa HOXOOHAdA XKE KJAacCH-
¢ukauns. Kax n B n° 54, OyueM cuuTarb PAacCMAaTPUBAEMHIE BEJMYMHBI
GYHKLMAMA OT OMHOM W TOH XKe NEPEMEHHOR X, KOTOpHE CTaHOBATCA
GeckoHeuHo GOJBIUMMH, KOTLA X CTPEMUTICT K Q.

I. [lse Gecxonenro 6orvuuue y u 2 CHUMAIOMCS BEAULUHAME 0 DH O 2 O
NOpsAOKQ, ecAl UX OMHOWEHUE 5« (a C HUM U %) umeem KoHeu-

Holl w omauunotil om vy s npeden.
“ z
II. Ecau oce omuowuenue r camo orxa3vi8aemcsi OeCKOHEHHO GOns~

wua (@ obpamuoe omroulerue :‘z’——decmwtetmo ManBLM), MmO Z cHu-

maemcst 0GeCKOHEeMHO O00AbULOL BEeAULUHOl Bl cu e20 NopAlKa
yeM Y, U, 00HOBpeMeHHO, Yy Oylem OeCiOHeUHO COAbULOL Hu3u e2o
nopaoxa sem 2.

z
B cayuae, Koria OTHOLIEHHE 5 HE K KaKoMy KOHEUHOMY npeaeny

HE CTPEMHTCS W B TO ke Bpemsi He Oymer OeckoHeuHo Ooabminm, OGec-
KOHEYHO Goabiliue Yy A 2Z2—HECPpABHUMBL

Ilpu omHOBpPEMEHHOM paccMarpuBaHuu psjga OGeckoHeudo OoJubuIAX
BEJNUKH, OJHY M3 HuX (CKaxeM, y) BHOHUDAIOT B KayeCTBE OCHOBHOHM,
M C ee CTeNeHsMH CPaBHUBAIOT OCTaAbHHEe OecKOHEuHO OoJpiune. Ha-
npuMep, ecan (Kak Mbl NMPEATNOJIONKUIN BHILE) BCE OHA CyTh (PYHKUHH
OT X B CraHosgrca OecKoHeyHo OOJbIIUMU npu x —a, T0 B KaueCTBe
0CHOBHOH GeCKOHEUHO GosbINOH OOHKHOBEHHG OepyT | X |, ecan @ == = oo,

41 Ip¥ Q@ KOHEYHOM.

lx—a|
i

l1l. BeckoHenno 6orsuas z Ha3vgaenmcss sesuiunoll k-20 nop adkxa
(omHocumeassno OCHOBHOW GeckowewnHo Goabuwoil y)

* 6y d oK e, €CAN OTHOWIEHUE —
ecaw z u y* 6ydym odnoz0 nopsdra, T. e, 7

UMEET KOHEUHpi M OTIHYHEN OT HyJd Npeaci.



I'TABA YETBEPTAS
HENPEPBIBHBIE ®YHKIIUU OAHON NMEPEMEHHOH

§ 1. HEIIPEPBIBHOCTD (U PA3PbIBbl) ®YHKIHHN

60. Onpenenenue HempepoiBHOCTH QYHKuUMH B Touke. C roustuem
npeaesa (YHKHUMA TECHO CBS3aHO [PYroe BaXHOE INOHATHE Maremaruye-
CKOr0 anajau3a — NOHATHE HeNpPEepLIBHOCTH (DYHKUMH. YCTAHOBJICHHE 3TOrO
nouatus B TOuHOH opme npuHagnexur Dosapuano u Komn, wnmena
KOTODHIX YKE YIOMHHAJIUCD,

Paccmorpum  dyskumio f(x), onpeleneHHyl B HEKOTODPOM I D O M e-
xyrke 2, u nycrs x, OyIE€T TOuKa 3TOr0 INPOMEXYTK3, TaK uTC
B HeH (YHKUMI HMeeT ONpEeAeTEeHHOE 3HadeHue f{x,).

Korpa ycranasausasnoch MoHsATHE Openena QyHKOUH NPH CTPEMJCHUH X

K x, [n°n° 32, 33]
lim f(x),
X —Xp

HEOJHOKPATHO MNOJYEPKHUBAJIOCh, YTO B3HAYEHUA X, MEpEMEHHasd X He
NPUHUMEET; 9TO 3HAUEHUE MOIVIO JaXe He NpUHamilexkars obJacTd onpe-
peienus  (YHKINY, a €ClM M NPUHANICKAaa0, TO 3HaueHue f(x,) npu
60pasoBaHuN YIOMAHYTOTO MpPENENd He YUHTHIBAIOCH.

Oanako ocoObifi MHTEpEC MPeACTaBJAET MMEHHO Cayua#, Koraa

lim £ ()= () M

Tosopsar, uro (Ayuxuusg f(X) Henpepugra npu 3HaveHnU XxX==x,
(nau 8 mouxe x =Xx,), eCAll BLINOAHSAEMCS MO COOMHOUEHIE; eCAll
Jice OHO HApYUiero, TO TOBODPAT, 4TO NPu 3MOM 3HAteHuUw (uin 8 3moii
moure) PynKyusg umeem pa3p v 8 *).

B cayuae HenpepmBHOCTH PyHKHMHM f(X) B Touke X, (4, OUEBHAHO,
TOABKO B 3TOM CJyyae), NpM BHUMCACHHA npeaeaa oyHxuua f(x) npu

*) Dra TePMUHONOrHA CBfA3aHA C MHTYUTHBHBL M I[PEJCTaBICHUEM
O HENPEepPLIBHOCTH W pa3pbhiBaX KPHUBOH: (YHKUMA HENpPEpHBHA, €CAM HeMpephBed
ee rpadHK, TOYKHM pasphiBa GYHKLMH OTBEYAlOT TOYKAM paspniBa rpaduka. Ha
nexe, OXHAKO, IMOHATHE HENPEPLIBHOCTH A8 KpHUBOH camo tpebyeT 06o0-
CHOBAaHHA, U NPOCTCHINHA NYTh K HEMY AEXKUT KAk pa3 yepes HeIpephis-
HOCTb GyHKUuH!
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X — Xy CcraHoputca OespasdauuHbM, Oyser M X B CBOEM CTpeM-
JIEHUM K Xy NPHHUMATh, B YACTHOCTH, H 3HAUEHHWE X, WJIH HET.

Onpegenenne HenpPepLHBHOCTH PYHKIUYE MOKHO CHOPMY/IUPOBATH B APY-
rux tepMuHax. Ilepexom OT 3HaueHus xy K APYTOMY 3HAYEHUIO X MOXKHO
ce6e MpenCraEuTb TaK, UTO B3HAUCHHIO X, NPHAAHO npupaeHne Ax =—
=x —x,*). Hopoe suauenne Qynkmny y=f(x)==F(x,-+Ax) pas-
HHTCA OT CTaporo yo==/(X,) Ha OpUpameHHe

Ay == f(x) — f(x0) == f (g + Ax) — f (xx0).
Ias Toro urcOnt dyuxuus f(x) Oblla HCIPEpBIBHA B TOUKE X, HEOO6-
XOQNMO ¥ HOCTAaTOYHO, YTOOLI ee npupaileHne Ay B 3TOH TOUKe CTPEMUIOCH
K HyMmO BMeCTe ¢ npupamesnem Ax HesaBucuMoft nepemenHofl. WubimMu
C/IOBAMH: HEMPEPLIBHGSN (PYHKLUSL Xaparkmepusyemest mesx, 4mo Oec-
KOHEHHO MQAOAY RPUPAUEHNIO QP2YMEHING  OMMBELaeint 0eCKOHeLHO
Manoe gice npupauenue QYHKGUL.

Bosppamasch K ocHOBHOMY onpenesenuo (1), packpoem ero couep-
JKaHue «Ha A3bIKe rnocaepoBateabnocredt» [32]. CMbicnt HempepnlBHOCTH
(yukuug f(X) B TOUKE X, CBOHHTCA K CASAYIOWEMY: Kakyl Ob. Rocae-
dosamensrocms 3nadennl x u3 L

X1 Xoy vonsy xm “ee

CX00AUWYIOCST K Xo, MU B8351Mb, COOMEEHICHIBYION,QT NOCAC)O8aE N~
HOCIE 2HaMeRul ¢hyHryuu

f(xl)) f(xﬁ)) reey f(xn)) e
cxodumest K f(xg).
Hakconen, «Ha s3sike e-3» [1°83] HenpepsIBHOCTb BBIPA3WTCS Tak:
Karo8o Obl HU OblAO HICAO a>0, 0451 HE20 Halidemcs MaKoe 4KUCA0
3>0, umo wepasencmso

[x —x0[ <8 saenem 3a coboi |f(x)— f(xy)|<e.

[Tocaennee HepaBeHCTBO, TakuM 00pa3oM, HOMKHO BEHIOJIHATHCA B X OCT a-
TOYHO MaJOH OKPECTHOCTH (Xg— 0, Xy—+ 8) TOUKH Xy

OtMerum, uto, BBrUHCHds npenen (1), Mel MOran HpuGIMKATE X K Xy
W Cchpasa M CaeBa, Jauilib OBl X He BRIXOJWJO 33 npenens npomexyrka 2.

YcranoBuM Tenepb nOHATHE 00 OAHOCTOpDOHHEN HENPEPHIBHOCTH
Wil OXHOCTODOHHEM paspeiBe (QYHKLUX B JIaHHOH TOUKE,

ToBopar, uto @ynryusa f(x) Henpepvi8Ha 6 modKe X, CApaga
(cae8a), ecnu BHOOMHSETCH PEAEALHOE COOTHOILERME:

floo+ 0= lim flx)==,(x)

et @
[mm f(xe—0)==lim f(x)==/(x)]
x~>x9—0
#*) B amannse NPHHATO NpHpamieHHe BeaHYHH X, y, ¢ ... 0003HAyaTh uepes
Ax, Ay, Af, ... D1n 00603HAUEHHA HALACKHT PACCMATPHBATL KAK L edAbHHE €

CHMBOJAb, HE OTHEaAs A 0T X, M T. L



61} § 1. HEMPEPBIBHOCTD (M PA3PRIBBI) OYHKILHH 119

Eciin e TO HWIM APYroe M3 9TUX COOTHOMIEHHH HE CCYuLeCTBIICTCs, TO
dynryusn f(x) useem 8 mouke X, paspvi8 COOMECMCINEEHHO CRP A 8a
uan caesa.

Tio ornouwenuo K JeBoMy (MpaBoMy) KOHUY npomexyrka 2 %),
B KOTOpOM (PYHKLMA ONpPERENeHa, MOXKET WATH peub, OHYEeBUAHO, TONLKO
O HENpEepHIBHOCTH WM paspuise cnpasa (caesa). Ecmt we xy ecTs
BHYTPpEHHAA TOUKA NpoMexyrka 2, 1. € He COBIAaZaeT HH C ONHHMM
U3 €ro KOKEMOB, TO JJAd TOro, 4YToOBl BHIIOJHSJIOCH paBeHcTso (1),
BHpAWAIOILEE HEMPEPEIBHOCTD (YHKLUM B TOUKE X, B COBIUHOM CMbICTE,
Heo0X0QuMO M AOCTaTOYHO, uTOOB MMENH MECTO OAHOBpeMeHHO ofa pa-
penctBa (2) [38). Mubimu cnosamn, menpepslsnocmes (BYHKQUI 8 mouxe X,
PABHOCUNBHA €€ HENPepsLBHOCIIIL 8 3MOLl NOLKe OOHOBPEMEHHO CLP A8 a
© caesa.

YeaoBuMCA FOBOPUTD, VISl YNPOLIEHMS Deul, 4TO (PYHKIHUA HEMpephBHa
B UpoMexyTke .Z', ec/ ona HElUpepHBHa B KaX A OH TOYKE NpoMe-
KYTKE B OTAENLHCCTH,

61. YciuoBMe HenpepbiBHOCTH MOHOTOHHGH (Qymxuuu. Paccymorpum
dyukumio  f(x), MOHOTOHHO pO3pacrawowyto (yOuiBawoniyo) %) B npe-
mexyrke 27 [n°47]. 10T NPOMEKYTOK MOXKET OHTh KaK KOHEUHbM, Tai
¥ OCCKOHEUHBIM, 3AMKHYTHIM, NOJIYOTKDPBITHIM HJAN OTKPHITHM. Msl ycra-
HoBMM CeHuaC NpPOCTOH NPU3HAK, € NMOMOIBLIO KOTOPOro AJst (YIKIuii
rogo0HOro THHA Cpasy MOXET OnTh OOHapy:KEa e¢ HEenpepsiBHOCTL BO
BCceM lipoMexytke 2.

Teopesta. Ecan MHOJHCECIBO SHAUEHUI MOHOMOKHO B803pacmanyedl
(yboisawuelr) Gyuryun  f(x), womopse OHa NpuHuMaem, K020Q X
ussensgemest 8 npomescymie L, co0epicunicss 8 HEKOMOPOM Nposte-
ocymre ¥ u sanoasmssem ez2o cnaows, mo hyaxyus f(x
8 nposexcymre L Henpepolsna FEE),

Boabyem aodyto  Touky Xy u3 2 u, npenmoJarad, uro OH2 HE SB-
JISETCH 1paB B M KOHIIOM 5TOTO NPOMEKYTKA, [IOKaKEeM HEeNnpephiBuocTs
dyukuuy f{X) B TOUKE Xy CH P aBa; aHAJOIMYHO MOWKET OBITh HOKa3ala
¥ HeMpepHBHOCTh PYHKUHN B TOUKE Xy CAEBAI, €CAK X, HE eCcrb Jepsii
KOHEll PaccMaTPUBAEMOTO TIPOMEKYTKA, & OICIOJd N0 COBOKYIHOCTH i
CHEOYeT 32KJIOUEHHE TeopeMsl.

Touka yy==j(xy) NPUHALICKUT (POMEKYTRY &, He sBJsAChL Cro
npaseM KorucM (Beap B 7 eCTb 3HAUEHHA X > X, 4 UM OTBEMAIOT B &
suauehus y==7(x) > y,). Tlycrs & Oyzer npoussoJbHO Makoe [OJ0KIH-
TeABHOE UMCHO; BUPCUEM, MB [PEANOJ0NHAM €ro BAOGABOK HACTOALKO

*) [lpennonaras, 4r0 3T6T KOHMCI{ €CTh YICIO KOMCUHOC.

#*%) [lms  OTYeTAMBOCTH Mbl GyleM RNPEANOIAraThb (YHKLUMIO MOHCTOHHO
BO3PACTAWUIEN B CTPOTIOM CMblCA¢ (X0TA TeopeMa BepHa H jJil MOHCTOH-
HblX (QYHKIHH B INHPOKOM CMBLICAC),

*#%) Bnocaenctsuy [70] aul moxameM, UTo TO yCaoBHE, KOTOpOE 31cch cdop-
MYTAPOBENO KAK LOCTATOYHOEC ANl HEHPCPLIBHOCIH MOHCTOHHON QYHKuMI,
ABJNCTCA H He 00 X 0 411 MbI M,



120 T/, 1V, HEMPEPBIBHLIE ®YHKIIMWY OHO NEPEMEHHOIT [62

MalblM, 4TOOH ¥ 3HAUEBHE Jy==yy—}e TOKE NpPUHALIEKANO TNpPOME-
#ytky ¥. Tax kak no npemnonoxenmo ¥ =/{f(x)}, 10 B & paiinerca
TaKoe 3HAueHue X, uto Oyr’er

F )=y,

npyyeM, OYEeBHIHO, x1>x0 (ubo, npn x =< xy n f(x)<<y,y). Honoxum
d=x; — Xo, TAK YTO X;==x,— 0. Ecau renepn

0<x—x9<3, T. & xp<x<xy
Yo S @)=yt e nm 0f(x)— S (xe) e

DTO M 3HayuT, YTO

TO

lim  f(x)=f(x)

X=Xt
T. €. QyHknua f(x) JOelicTBUTE/NbHO HENpepeBHA B TOUKE X, Chpasa,

4

G=hE

&=71z)
=T (y) y

R e e e S ——

&

Puc. 27.

uro u tpeboBajoch ROKasath. Puc. 27 cayxur unamocrpauuefl npose-
JIEHHOTO PacCyKAEHMs.

62. ApudmeTnyecKkune omepanuy Haj HENPEepbIBHHIMH (PYHKLIMUAME.
ITpewpe ueMm mepeHTd K DPHUMEp aM HENPEpPHBHHX (YHKHMH, yCTaHO-
BUM CJefyiollee NPOCTOe NMPeANOKEeHNe, KOTOPOE NMOSBOJUT JErKO paciliy-
PUTb HX YUCIO,

Teopema. Ecan ose ¢pynnyun f(x) n g(x) onpedesens. 8 0drOM
u mon ace npomexcymie X 1 o6e HeNpepuiBHbL 8 MOUKE Xy, MO 6 MOL
ace mouke CyOym HenpepsisHb. U (BYHKLUL

FWxe, f@-g0 L

(nocaednas — npu ycaosuu, 4mo g(xy) 7 0),
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3TO HEMOCPEICTBEHHO BHITEKAeT M3 TEOPEM O npeneje CyMMbl, pas-
HOCTH, NpOU3BECACHUA M 4YaCTHOrMO JABYX Q)yHKLlHﬁ, UMECIOINUX NOopo3Hbp npe-
nean [n° 42}

OcranoBuMCst JUIA NpUMEpa Ha uacTHOM AByX (ynxuuit. Ilpeanono-
JEHUe O HenpephBHOCTH QyHKLMH f(X) u g(x) B TOUKe X, PaBHOCHILHO
HaJIn4ul0 paBCHCTB

lim f(x)==/f(x), lim g(x)=g(x).

X X0 X Xg
Ho orciopma, no Teopeme O lpeneie YacTHOro (TaK Kak mpeea sHame-
HaTeas He HYJb), UMEEM:

) f(xy)
Jm e = g

fx

a 3TO PaBEHCTBO M O3HAUaET, YTO (PyHKLUS 00 HEMpEepPHIBHA B TOUKE Xj.
63. HenmpepblBHOCTB 9JeMeHTapHHIX ¢yHKuuit, 1° ILleaxas u

aApoOHas pauunoHadbHH e @yHKinu HenpephBHOCTb OYHKIMI OT X,
CBOJALMXCA K MOCTOSIHHOM WM K CaMOMYy X, HENOCDEACTBEHHO fCHA.
Otcloza, Ha OCHOBAaHHM TEOPEMBl NpPEABIAYIIEro HOMEpa, BBITEKAeT Yke
HENpPepHBHOCTb JI0O0r0 OXHOWIEHHOFO BBIPAXEHUS

m pas

e ittt
axX"=a-x-X...X

KaK MNpOM3BENCHNS HENMPEPHBHHX (YHKHUH, a 3aTeM — U MHOrouJeHa
(4100 paunnoHasbiOH (YHKILAR)

n n-1
ax" X" e g,
KaK CyMMB HenpepuBHHX ¢yHKnufl. Bo BCex ynoManyTHX cayuasx
HENpephBHOCTh HMEET MECTO BO BCEM HPCMEXyTKe (— 00, - o)

OueBnIHO, H2KOHEL, Y4TO M YaCTHOE ABYX MHOrowleHos (apobuas
panuoHaibHas QyHKuus):

QX axmtf ta,_x+a,
box™ 4 b x™ 4 L by X+ by

TaKxe OyIZeT HENpPEpHBHO NPH KaXIOM SHAYEHUd X, KPOME TeX, KOTO-
pbie OOpaIlalT 3HAaMEHAaTeAb B HY.JIb.

HenmpepuBHOCTb OCT4/bHBIX SJAEMCHTAapHBIX (QYHKUMH MBl YCTaHOBUM,
onupasicy Ha teopemy n° 61,

2°. Tloxkasateabnas ¢GyHknua y==a*(a>1) MOHOTOHHO
BO3DACTaeT TPH HSMEHEHMH X B npoMexyrke 2 =—(— oo, -}~c0). Ee
BHAYEHHst NMOJOKNTENLHBl W BaNOJHAKT BECh NPOMEKYTOK ¥ == (0, - co);
5TO BUAHO M3 CymECTBOBaHus Jorapudma x=—=1log,y ax1 Jawboro
y >0 [n°12]. CrenoaresbHO, MOKasaTeabHas (YHKUMS HEOPEPHIBHA NpH
m000M 3HAYEHHH X,

3% Jlorapudmuveckas dyukuns y=log,x(a >0, az£ 1)
OrpannunBasch CaydaeM a@ > 1, BUOMM, 4YTO 9Ta (YUKUHUS BO3PacTaer
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upn uamenenuu x B npomexyike I =(0,--co). K Tomy xke ona, cue-
BUHO, TPHHIMAET J110 6 O € 3HaUEHNe Y U3 NpoMenyTka & == ( — co, -+ o),
umenno, ans x==a’. OT1ciona — €€ HernpPepHBHOCTD.

4°, Crenennds pynxunsa y=x"(n=>0) npu BospacTanug x
oT Hy1a 10 - oo Bospacraer, eciu p >0, u yOwiBaer, ecan p < 0.
Hpu 9|TOM OHa MNpUHUMAET J1000€ NOMOKUTENLHOE 3HaueHue y (a4

xX== yf*-), CeI0BATeNbHO, I OHa HeNpephIBHA *).
5°. Tpuronomerpuueckue PyHKILHAM
y=sinx, y=cosx, y=tgx, y=clgux,
y==s€CX, y==CsCX.

OcrauopuMcsa CHauala Na ¢yHkuua y==sin x. Ee HenpepwmBHOCTH, CKa-
3 w
5
€€ MOHOTOHHOCTM B 3TOM THPOMEXYTKE, Na ewe u3 Toro Qaxra (ycradas-
JIIIBAEMOro FeOMeTpH‘IeCKI/I), 4YTO Npu S5TOM OHA NPpUHAMACT KadXKOAO€

o T
AEM, TIPpA UBMEHEHHI X B NPOMEWKYTKE Z :.:{-—— —2—], BBITEKACT U3

aiavenne mexay — 1 n 1. To we ornocurca u K moGOMy NMPOMEXYTKY
BUA

- - .

[kx—-i, b T (F=0, =1, =2, ...

OxoHuaTenbHO BHANM, 4TO (YHKUMA y==Sin.X HEnpepsiBHA [/ BCEX
3HauyeHu#l x. AHaJOrMYHO YCTaHaBAMBAGTCAd W HENPEepPBIBHOCTb (PYHKUHMU
y == CO0S X, Takike Npu /1oOOM 3HAYEHUM X.
Orcioga, MO TeopeMe MNpeAbAyLIero HOMEpa, BHITEKAeT YXKe Henpe-
PHIBHOCTb (DYHKHRI
sin x 1 €Oos X 1

se = t = _ .
cosx 0 Seed Cosxr CBX s SSCX sin x

tgx =

Vickmonenne npeacTas/IsioT 15 NEPBHX IByX—sHavueHus suaa (24 —- 1) —f} y

cOpawaomue €os X B HyJdb, a AJ% IOCIEJHHX ABYX — 3HAUEHHs Buda kT,
obpamamomue sin x B HyJb.

Haxouen, ynomanem

6° O0parHme TpuroHoMeTpuueckne QyHKUUU

y=arcsinx, y==arccosx, y==arctgx, y=—arcctgx.

[Tepsbie ABe HEMPEPHIBHBL B npomMexyTke [ — 1, 1], a nocaenune — B npo-
MemyTKe (— 0o, —-00). JloKasaTenbCTBO NPEAOCTARIAEM UUTATEIIO.

*) Ecan p >0, 10 3HaueHHe HYAb BKJAIOUAETCst KaK B NPOMEHKYTOK H3-
MeHenus X, Tag U B NPOMEMYTOK H3MeneHua y; npu p <<(0 3nHayeHue Hyab H ¢

p

BKAKOUYaAEeTCs. ﬂBJlCC, €CIH o ~— Hensoe 4Yuciao -£n NI npoéHoe 4 <—C He-

yeTHb M 3HAMeHATEleM, TO CTeNeHb X% MOXHO paccMarpusath ¥ oaId X <0,
HENPEPHhBHOCTL €€ i ITHX 3HayeHun YCTAaHABIWBACTCA aHANOIHYHO,
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PestoMupys, MOXKHO CKasaTb, TaknM 00pasoM, HTO OCHOBHHIE 2JIEMEI-
TapHBIC Q)yHKU.H?} OKAa3bIB4IOTCS HENPECPBIBHBIMU BO BCEX TOUYKAX, FAe OHU
HMEIOT CMBICA, T. € B COOTBETCTBYIOUHX €CTECTBECHHBX obnacrax
X onpeneiacuns.

64. Cynepnosunus HenpepbiBHbIX (QYyHKnmid. OOWMpHHE Kaaccol
BENPepHIBHEX (YHKHUH MOTYT OBITh NGCTPOEHH C [OMOILIO CYyNEepnosi-
win (PYHKIMH, HEMPEpHBHOCTb KOTOPHIX Yywke masectna. B ocuope 310ro
JEKAT  CIeayromas

Teopema. Ilycms @gyrxyusn ¢(y) onpedesena 8 nposeycymse ¥,
a ¢ynryust f(x)— 8 npomescymrxe X, npudesn 3HaueNusT NocAeOHel
diyurynu ne svxodsm 3a npedeavt Y, wo2da x usmensemes 8 L.
Ecau [ (x) nenpepoisna 8 mouxe xo u3 &', a ¢ (y) Henpepsigna 8 ¢ 0 o in-
gemcemaywouell mouxe yo==7r(xy) us ¥, mo u caooxcras Hyrr-
uynus o (f(x)) Oydem wenpepuigna 8 moure X,

JOKASATEABCTBO., 3alaquMCs [POUSBOJBHHM uucaoM & > 0.
Tax xak ¢{y) HenpepsiBia NIPH y =1, TO IO & Hafizercs raxkoe o >0,
uTo

u3 |y —yo| <o caedyem [ (y)— ¢ (yo)|<e.

C npyroii CTOPOHH, BBUAY HENPEPHBHOCTH f(X) MpU X==1i IO ©
nabigercs Takoe 3 >0, uro

u3 tx— x| <3 caedyem | f(x)—f (x| =1f(x)—yo|<o.

IMo camomy BHGODY uYucaa ¢ OTCIONa CJAEAyeT, Hajee,
e (F () — e |=le(f(x)) — o (f(x)) [ e

DruM «Ha #3plke e-O0» UM JOKa3laHa HeNpepHBHOCT (yHKuun o (f(x))
B TOYKE Xj.
Hanpumep, ecan crenexnyio GyHKuuio x% (x >> 0) npeacTasuTh B Buie
yHKLLUN
W == e In X

KOTOpas MOJY4aeTCsd OT CyNEpIO3UUMH JOrapu(MUUECKOH W TIOKasarTeTb-
HOH QyHKWWA, TO U3 HENPEPHBHOCTH TOCASAHHX [BYX QYHKUUH yxe
OyneT BHTEKaThb HENPEPHIBHOCTH CTENEHHOH (QYHKLIW,

65. Briuucienue HeKOTOPBIX mnpenenos. HenmpepblBHOCTb (PyHKILHH
MHOTO00OPa3HO MOXKET ObTb HCMOJb30BaHA NMPU BHIYKCJIEHAU INIpeenos ),

#) PaxkTHyecKy Mbl HHOI pas 3TO JedalM W paHblie; Tak, B npumepe 6) n® 43

MBI TIONIYTHO YCTaHOBMIM HelpephiBHOCTL GyHkuum )/ x npu x =1 u nenoanso-
Bany ee, a B npuMepe 7) (6) Tak xe NOCTYNMIH NO OTHOINEHHIO K QYHKIHH COS X
npu x =0,
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31eCh Mbl, OMHMPAsCh Ha HENMPEPHIBHOCTb 9JEMEHTApPHBIX (PYHKUmH, ycra-
HOBUM DAJ BaXHBIX HpeAEe/]0B, KOTODHE NOHAZo0ATCA HaMm B Cae-
Oylomen riase:

. logg(l4a) 0
D lim PTES =me (),

. a*—1 0

1 ==1 _)
Do ()
oy g (I Far—1 0
) = o
Hmeem
1
108049 iog,(14a)7,
a

TaK KaK BBHIPAXKEHHE, CTOAIlEE CNpaBa MOJ 3HAKOM Jorapudma, Inpu
o — 0 ctpemurcs K e [n°60, (4)], To (10 HEeUPEPHBHOCTH JOT a-
pupmuueckoit ¢yunxuun) ero sorapadm crpemurcs K log, e, uto
u TpeboBasIoCh J0KA3dTh.
OrmeruM vacTHBIH cayyafl JOKasaHHOH QOpPMyJs, KOria peus HAET
O HarypaJabHOM Jaorapudpme (a==e)
lim ]n—(]#)— =1

a—0

.

B npocroTe 3TOr0 pesyabTaTa M KOPEHSTCH, MO CYUIeCIBY, T€ IIPEUMY-
IECTBA, KOTODPHIE NPEACTaBJ/AET HATypa/lbHass CHCTEMA JIOrapudMos.

O6pamadace K gopmyae 2), monoxum a* — 1==0§; rorza npu a—0
(Mo HempepHBHOCTW NOXazaTedbHOH dynxkunm) u §—0.
Mmeewm, nanee, a=1log,(1 -} 8), Tax uro, ecAu BOCMOAL3OBATLCH YikKE
JIOKA3aHHBIM DEe3yabTaTOM:

limaa_l——nm J S —=Ina
4m0 @ o l0ga (U8 7 logge T 7
uyto 1 TpeGOoBaIOCh 1OKa3aTb.
Ecawn, B yaCTHOCTH, B3dThb a=% (n=1, 2, 3, ...), TO NOJAyYHTCA
nurepechas opmyna:
limn(nV a—1)=lna (co- 0).

n-»o

Hakonen, mis1 noxasarenscrsa Gopmyast 3), nonoxum (1 - a)* — 1 =§;
npu a—0 (M0 HeNPEepHBHOCTH CTENEHHOH PyHKUUHU) Oyaer
u 8 — 0. Jlorapudmupys pasencrso (1 - o) =1-|-8, noxyuum, uro

p-1n (1 4-o)=1n (1--B)
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C noMOW(BIO 5TOTO COOTHOLIEHUS Hpe06pasyeM JAaHHOE€ HaM BLIDAWCHNC
TaxK:

tap—1_8_ 8 . (49
o e mdyp «
ITo nmokasannomy 006a OTHOWIEHUS
B g (4
m(IEp Z

CTPEeMATC K eQuHnue, Tak 4YTo BCE INPOMSBEAECHHE UMEET IPEeAeNoOM {,
yt0o 1 TPe6OoBaJIOCh 10Ka3aTh.
Ilpenen, paccmorpeHHB# B 1n°43, 6), noJyyaercd OTCIOA3, KaK 4acT-

HBHI{ Ciyuall, mpu p==-5,

66. CreneHHo-nokasaTenbHble BbipaweHus. PaccmoTpuM Temeps
CTENMEHHO-NOKAa3aTeJbHOE BhHpaweHHe u”, TAe 4 U U SABJIAOTCA
(ynKuMAMH OT ONHOH M TOH e nepeMeHHOH x, ¢ 06JacThio HM3MEHEHMA
&, vMeomed TOYKY CryHmIeHUsi X B YaCTHOCTH, 3TO MOryT OBThb ABne
(YHKLMM 7, B U, OT HAaTypaJbHOro apryMmeHra.

Ilycrb cymiecTBylOT KOHEUHLIE Npejeib:

limu=a un limov=0,
xX—Xp X > Xg
npuueM a > 0. TpeGyercs naliTu npegen BulpameHus u®,
IlpeacrasuM e€ro B BUIE
uﬂzev-lnu;

yHKIUR U U In @ UMEIT NPEeAesl

lim v=5, lim mu=Ina
X->Xp X X0
(31eCh HCNMOJB30BAHA HENPEDPHBHOCTb JAOTApDUPMHUUECKOH
¢ yHKIKKU), TaK yTO
lim v-Inu=b-lna.
X—>Xg
O1c10a —NO HENPEPHBHOCTH NOKA3aTEAbHON QyHK U —
OKOHYATEJALHO
lim u®=ebn 0 =¢gP,
X—>Xg
Tlpenen Beipawenns u° MOXHO YCTaHOBHTb M B JPYTHX  CJyyasx,
KOTJLa M3BECTEH NpeleJ ¢ NPOU3BENEHHMA U-In u— KOHeU-
nuifi nam Geckoneunmi. IIpu KoneuHoMm ¢ uckoMbif npepen Oyaer, oue-
BUIHO, €% eC/u Xe ¢== -— 00 MM -} 0o, TO 3TOT Inpeel, COOTBET-
crsenHo, G6ymer 0 wm --oo [n° 34, 2)].
Camoe ke ompexeseHne mpepena ¢ ==lim {v-In u} — jumb no sagas-
HEIM @IpelesnaM @ W b — BO3MOXKHO BCErja, KpoMe CJyuYacB, KOTAZ 3TO
NpOM3BEAEHUE DPH X —> X, INPEICTaBJAdeT HEOHNDPEJEeNEeHHOCTD
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puga 0-oco. Jlerko coo0pazuts, YTO HCKAOHATEJNBHBIE CAyyad OTBEHAlOT
TakuM KoMGUHauusM 3uaueHult a 0 &

a==1, b == c0;
a==0, b=0;
a==--oco, b=0.

B stux CaAyuaax ropopar, 4YTO 8upajrcerue u® npeacmaeﬂﬂem He-

onpedenennocme euda 1°, 09 oc® ¥) (cmorpa mo cayuwaw). Has peme-
HUSl BOIPOCA O Mpelese BHPAMEHNs 1° 3IeCh Ma/0 3HATh JIMLIb NPEgessl
GyHKUMA @ ¥ U, @ HYXHO HENOCPEJCTBEHHO yuecTh 3aKOH, HO KOTOPOMY
OHU CTPEMSTCH K CBOUM IIpenesam.

I\n
BripaweHue (1—{——ﬁ> , IpH n—co, uan Oonee obuiee BHpaweHue
1
(1-+2)* npn o— 0, umeomee npejesoM e, NaeT TNPHUMEP Heclpe-
JCAEHHOCTH BHOa 19,
Kax ywe yxaasiBaicch, 00uilte METOJBl DACKPHITHA HEONpeNesenHocTelt
BCeX pnaos OyayT maupl B § 3 ruaeet VIL

67. Knaccmduxauus pasppieos. [lpumepsi. Ocrasosumca mnogpofice
Ha BOTPOCE O HENPEPHIBHOCTH M paspuxBe MYHKLHUHA B TOUKE X,, CKAXeM, CHpaBa.
[1pennosaras, yro ¢yHxuua f(X) B HEKOTOPOM NPOMEKYTKE [X4 X, -+ A] (A>0)
CHpaBa OT 3TOH TOUKM ONPCJ€aena BUIMM, YTO NI HENPEPHBHOCTH HEOG-
XOHMUMO If [OCTaTOUHO: BO-HCPBLIX, YTOOGK CYHICCTBOBAN KOHCUHBI! mNpepea
fix,+0) dyskupn fF(x) rpu cIpemIeHsn X K X, COpPasa H, BO-BTOPHIX,
uro6bl 3TOT npenea Gbin pasen 3nayeHuio f(x,) QPYHRUHH B TOYKE X.

[TosToMY acrko gate ceGe oTuUET B TOM, NPH K4KHX 0GCTOATEILCTBAX A
dyuxuun f (X) B TOUKEe X, CNIpaBa NOABAACTCA P a3 phH B. MoOWer cIyuyHthCH,
YyTo XOTA KOHeyHslt npexea f(x, -+ 0) n cywecrsyer, HO OH HC paseH 3Haye-
HHIO f(X,); Takof pa3pHIB HA3LIBAIOT OObLKHOBEHHBIAM WA pa3pul8OM Nepsozo
poda *¥), Ho moxer 6biTh M TaK, 4yro npenpen f(x,-+ 0) GecxoHeueH, i ero
BORCE HET; TOIZA IOBOPSIT O pa3psise 8/HOP02O pooa.

Ecau ¢dyuxnua f(x) onpepencHa ToXbKO B NPOMCKYTKE (Xy, X, -+/f], HO
CYu{CCTBY €T KOHEUHBH npenea

S, +0)= lim f(x),
x—>x9+40

TO CTOHT AHIMb KROHNOJAHHTCNbHO ONPEAEAHUTDH PYHKIWIO B TOYKE Xy,
HOAOKUB f(X;) PABHHIM HMMEHHO 3TOMY Ipejeay, 4to0n (QYHKHHA 0Ka3anach
HENPEPLIBHON B TOUKE X, CHpaBa. DT0 OOGBIYHO Mb H OyJHeNM BHDE b
nojapasaymenartb. Buopouey, ecay ¢yHkuua onpegeleHa H ClA€Ba OT X,—
B NMPOMEWYTKE [Xo— /1, Xy), U CYMECTBYET KOHEYHBIH Mpexea
flro—0)= lim  f(x),
x-—vxo—O

T0 BOCCTAHOBHUThH HCHPEPHIBHOCTD (DYHKLHUH B TOUKE X, MOMNO AL IIpH vCIO-
BHY COBIALEHHA OCOHX NpPEJenos.
*) OTHOCHTEABbHO CaMHX ITHX CHMBOIOB MOXHO GblA0 Onhl TOBTOPUTL CKa-
3aHHOE B CHOCKe Ha cTp. 87.

*%) B 3TOM cayuae roBopAT Takke, uyto (GYHKuUMA f{x) B TOUKC X, CHPABA
UMEeT CK a Y O0K, 10 Beauyuue pasHLI f (X, -+ 0) — f (xy).
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Haxonen, ecan aua @yuxuny f(x), onperenentof B npomMenyTre (X4, X, -+ A,
KoBeynoro npejeisa B TOUKe X, CpaBa HE CYWECTBYET, TO T'OBOPHT, YTO (YHK-
itMsl UMeeT B TOYKE X, CHPaBa La3pus 8mMOpo20 pode, HeCMOTDS HA TO, YTO OHa
B 3TO# TOYKE BOBCe He ONpejeieHa: B 3TOM CAyyae, Kak Obnl JOMOXHHTENLHO HH
onpeneJuTh QYHKUMIO HPH X == X, OHA Heu3GeumHO OYHET 3HeCh HMeTb pasphis!

MMepumePH. 1) Paccmorpum oynkuiio y==FE (x) (rpadux ece npeicraien
na puc. 8). Ecin xy ne nesce uncno u E(x)=m, 1. e. m<<x,<<m-1, 10
I 0s BCCX 3HAYeHH#t X B NpoMexyTke (m, m - 1) Gyxer E(¢)=m, TaK wuio
HOTIPEPLIBHOCTL YHKIHM B TOUKE X, HCLOCPEACTIBEIIHO sICHA.

Vigaue oOCTOMT medo, €canm x, paspo LedoMy uucay m. Chopasa B 3T0il
TouKe OYZET UMCTb MeCTo HElIPEepPBIBHOCTDL, HGO 1IpaBee Xx,=—Mm, HMEHHO [
suaucHui x B (m, m -+ 1) 6yner E(x)=m, 1ak yio u E(m + 0O)==m=E (m).
FHaoBopor, nesee X, == m, 11s 3HaveHuit X B (M — 1, m), ovesunHo, E (x)=m— [;
orcond ¥ E(m—0)=m— 1, uto He paBHO 3HAUYCHHIO E (), ¥ CieBA B TOUKE
Xo==1 (GYEKLHA HMeeT OGHKHOBCHHLI DA3PLIB UAH CKaYoK!

2) Mas dynxuun

1
F=3;  (mpm x£0)
toyxa x==0 ecTh TOUKA Pa3pLIBA BTOPOro poja C 06CHX CTOPOH; UMCHHO, B NCiT
BGyRKHHA M cnpasa U caeBa ofpauiaercss B 6eCKOHEYHOCTD:

x—+40X X —0X

3) Pyuxuun
1
f{x)=sin = (npu x £ 0),

paccmotpennas B n°84, 6), B Touke x==0 uMeeT paspmB BTOpPoro poja c ofenx
CTOPOH, TaK KAK He CYWEeCTBYeT BOBCE Qpeneta 3700 (QYHKUMH B HA3BAHROI

TOYKEe HH CIIpara, HH CaeBd.
4) Hao6opot, ecan B3aty dynsunio [n°34, 7))

.l
fx)y=x-sin " (mpn x £ 0)
LAt KOTOPOM, KaK Mbl BHIENH, CYIECTBYeT mnpeiel
lim f(x)==0,
x—0

1o, nonoxus f(0)==0, Mbl BOCCTaHOBHM HeNnpephBHOCTL M Npn X ==0,
5) OmpefeauM, HakoHel, ABe (YHKUHMU PAaBEHCTBAMHU

1
fix)y=a* (a>1), s (X) = arctg )IT

npH x 7 0 H NONOAHHTENBHLIM YCIOBHEM

f1(0)=f2 (0)=0.

Kak mbl Bupenn B n°35,
Si(4-0) =400, f1(—0)=0,
fEO=5, AE=0O=—7.
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Takum obpasom, B Toyke X =0 A1a mepBoil QYHKUUN COpaBA—pPa3pPsIB BTOPOIO
pofia, a CleBa — HENPEPHIBHOCTb; AAs1 BIOPOH (MYHKUMM — ¢ 0OeHX CTOPOH
ckaukn. [Cp. puc. 22 u 23]

OcraHoBHMCS B 3aKJIOUEHHE HA BAXHOM Kaacce OGBIUHO pacCMaTpPHBaeMbIX
GOYHKUMA — MOHOTOHHEIX HAH XKYCOYHO-MOHOTOHHBIX ¥) — M NOKaweM, 4YTO NI
HUX MOTYyT MME€Th MECTO pa3Be NUIIb OOGBIKHOBEHHBIE Pas-
P H BBl DTO CICAYCT M3 TOro, YTO ATA TaKoil QYHKUHU f (X) B KamNo# TOUKe X,
npuHajiexaulell npomexytky 42, rue &ymRxums onpegeneHa, Bcerga cyue-
CTBYIOT KOHeuyHble Hpexensl f (x4 0) u f(xo—0) (uam —oaus H3 HUX, ecaH
X, ABIAETCSH KOHLOM npomexyTka 2). [lycts, Hanpumep, Qysruns f(x) Mouo-
TOHHO BO3pACTaer, U x, He OyIer NeBBIM KOHLOM TpoMmexyrka 2% Torna nas
X < Xo 3Hauenus f(X) orpaHHMueHs! CBEPXY YUCIOM f(Xo) M Mo Teopeme n°47
JACUCTBUTEILHO CYUIECTBYCT KOHEUHBIA npepen

flx,—0)= lim 0f(x).

§ 2. CBOHCTBA HENPEPBIBHBIX ®YHKUHIA

68. Teopema 06 obpameHnu GYHKLHH B HyJdb. 3alMeMCsa Temephb
M3YYCHUEM OCHOBHBIX CBOHCTB (PYHKLHY, HENPEPHIBHOH B HEKOTODPOM IDO-
mewyTre, VlHrepecusie m camm no cebe, 3Tu CBOHCTBA B JajbHelmes
U3JIOWEHNH YacTO OYAYT CAYXKATh OCHOBOH /5 Pa3ANYHHIX yMO3aK/MIOUEHHUH.

IlepsriM Ha myTh crpororo obGocHoBauust ux cran Boasuano (1817),
a pcien 3a HuM — Komm (1821). Mim u npunagiexnTt npupoauMas HHe
BAXHAA TEOpEMA.

fTepeass meopema boasyano— Kowu. ITycme Hynxgus f(x)
onpedeneHa Il HENPEepslBHa 6 3AMKHYmOosL npomescymye [a, b] u wua
KOHGQX 3MO020 NPOMENHCYMKQ NPUHUMAE 3SHQYEHUST PA3HbB X 3HQ-

1

Kk 0 8. Toeda meocdy a u b HeoOxo0umo Haiidemcs mouxa ¢, 8 KO-
mopoll @YHKYUS 00pausaemcst 8 Hyas:

fe)=0 (e<lc<b).

Teopema ¥MEeT OUCHb NPOCTOH TEOMETPHYECKHEH CMBEICA: €C/In Hempe-
pHIBHAsS KPUBAsi NEPEXOANT € OAHOH CTOPOHBI OCH X Ha JAPYrywo, TO OHa
nepecexaer 3ty ocb (yepr. 28).

JIOKABATEJABCTBO MB TNpPOBEAEM MO METOLY JEJeHus Mpome-
xyTtKa [n°61). das onpenenenroctu nonoxuym, uro f(2)< 0, a f(b) >0.

. Moxer cayuurscs,

a
Pasnenum npomexyTox [ae, ] nomosam TOUKOH

2
uro ¢yskuua f(x) obparurcd B Hyab B 3TOH TOuKe, TOrAa TEOpeMa
a-t+b a—+b
IOKa3aHa: MOXKHO  IOJOKHTb c=——;l-. Ilycts ke f(—é‘- # 0;
a-tb a
TOrjla Ha KOHLAX OJIHOIO H3 MNPOMEKYTKOB [a, 5 J, [ 5 b]

*) PyHKUNA Ha3bIBAETCA KYCOYHO-MOHOTOHHOI, CCIH IPOMEXYTOK
ec onpeleneHs MOXeT ObiTh Pa3sfoXeH Ha KOHEYHOe YUCIO YaCTHYHHIX I[Ipome-
WYTKOB, B KaKAOM M3 KOTOPHIX B OTAENbHOCTH PYHKLUA MOHOTOHHA.
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@yHKugst Oyfer NPUHUMATh 3HAUEHWss PAasHEX 3HAKOB (M INpUTOM
OTPULATE/NbHOE 3HAYCHUE HA JIEBOM KOHLUE M IIOJIOXHUTEIbHOE — Ha mpa-
BoM). OG03HaYuB 3TOT NPOMEKXYTOK uyepes [a;, by], nmeeM

f@)<<0, f(6)>0.
Pazaennm nonodam npomexyTok [e;, b;] u cHOBa OTOpOCHM TOT Ciy-
yaif, korga f(x) obGpamaercs B Hy/ap B Cepeaune ?#‘— 5TOr0 NpaMe-

4

Puc. 28.

KyTka, 160 rTorza Teopema mokasaHa. OOo3Hauum uepes [ay, bo] Ty w3
NOJOBUH TNPOMEKYTKA, VIl KOTOpOH

f(dg) < 0, f(b2)> 0.

Tlpomosmxnum STOT Npouecc MNOCTPOEHMst NpoMexyTkos. Ilpw aToM
aAu60 MB MOCTE KOHEYHOTO 4YWC/ia HIarOB HATKHEMCSl B KaueCcTBE TOUKH
JeJCHHA Ha TOUKY, rie (yHxkuus oOpawiaercs B HyJb, — U JOKA3aTE€Nh-
CTBO TEOPEMbI BaBEPIUUTCH, — AU OO0 noayynM OECKOHEUHY IOC/ae0-
BaTEMLHOCTb BJIOXKEHHBIX OOWH B APYro# npomexyTkoB. OCTaHOBUMCA Ha
9TOM 1ocaeaHeM cayvae. Torma mns n-ro mnpoMmexyrka f{a, b,]
(n=1, 2, 3, ...) Gynem umeTh

F@)<o >0, M
npryeM jnuHa €ro, O4YeBWIHO, paBHa
b —
by—a, =252 @

TTocTpoeHHas MOCAEAOBATENBHOCTb IPOMEKYTKOB YIOBJIETBOPSET yCI0-
BUAM JEMMBl O BJOXKEHHBIX HpoMexyTkax [n°46], ubo, seumy (2),
lim (b, — a,) == 0; mosTomMy 00e nepeMeHHse a, u b, cTpeMsrcs K obuiemy
npeaeny

lime,=1limb,=c,

KOTODbifl, OueBnaAHO, mpuHamaexut [a, b] [36, 3)]. ITokaxem, 4yTO UMEHHO
5Ta TOYKA ¢ YIOBNETBOPAET TPEOOBAHHIO TEOPEMEL
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IMepexons k npemeny B Hepasenctsax (1) ©m ucnoabsys npH  9TOM
HENPEPHBHOCTDb (YHKUNA (B YACTHOCTH, B TOUKE X ==(), NOJYuYHM,
YTO OZHOBPEMEHHO

f@)=limf(e,) <0 n f(e)=limf(b,)=0,

TaKk yTto nedcreateabHo f(c)=0. Teopema nokasaHa.

3ameTuM, 4TO TPeOOBAHME HENPEPHLIBHOCTH GYyHKUBH [(Xx)
B BaMKHYTOM NpOMExyTKe [a@, b} — CymlecTBeHHO: GYHKLMS, HBMEIomasn
paspelB XOTb B OJHOH TOUKE, MOXET MEepPeHTH OT OTPHUATENLHOrO 3Ha-
YeHHs K IOJIOXKUTENbHOMY W He oOpamasch B HyJb. Tak Oyzmer, Hanpu-

Mep, ¢ qyHkmued f(x)=FE(x)— %, KOTOpas HUFAE HE NPUHHUMAET 3Ha-

1 1
UEHHA HYJb, XOTH f(0)=——7, a f(l):a- (ckauok mpu x=1).,
§ 69. MipumeHenue k pemeHHio ypaBHeHu#t. [loxasannas TteopeMa HMeeT
npHMeHeHNe MPH pelIeHUH ypaBHeHuH.
PaccmoTpum, Hanpumep, anreGpanmyeckoe YypaBHeHHe HEUYeTHOI CTeleHH
(¢ BEIIECTBEHHBIMU KO3QGMHIMERTaMu)

fx)y=axn*+ L a x4, .+ ayux -+ oy, =0.

Ipu nocratoyHo GoabIIMX Mo abCONIOTHON BeJHYHHe 3HAUGHHAX X MHOrOUJNEH
MMeeT 3HAaK CTapliero 4iaeHa, T. €. NPH NOJOXHMTENAbHOM X-—3HAK @, a MpH
OTPHIATEIBHOM X — O0OpaTHLIY 3HaK. Tak Kak MHOroujleH ecTb HENpPEephiBHAs
(®YyHKIASA, TO, MeHAd 3HAK, OH B IPOMEKYTOUHOI Toyke Heo6XoAMMO ofpaiiaercs
B Hyab. OTciofia: 8caKoe aazefpaudecKoe ypasHerue Heyemuol cmeneru (¢ 8e-
ujeCmBeHRBMY KOdPPuyuenmamu) umeem no Kpaiinei. mepe OOUH Geujecmsen-
Hblll KOpeHb.

Teopemott Boabuano—Komn MOXHO MOTL30BAaTLCA He TOABKO I YCTAHOB-
AeHus CYIeCTBOBAHUA KOPHA, HO W i NPHOAHNKEHHOTO €ro BhYMCHEHHA. (DTO H
6b110 OTOPABHON TOYkOM 3penns Mid Kowlnw nmpu Roka3aTenbCTBe TEOPEMEL, M10-
meltenHOH uM B paspgene «O yucreHHOM pelleHMH ypaBHeHMit»). Iloscmum ckxa-
3angHoe npuMepoM. Ilycrs f{x)—=x*—x —1. Tak xak f(1)=—1, f(2)=13,
TO MBOTOYNEH MMeeT KopeHb Mexiay 1 uw 2. Pasgeaum stor npoMexyTok [l, 2]
na 10 paBumix yacre#t toukamm 1,1; 1,2; 1,3; ... m craHem IocnenoBaTedbHO Bbl-
YHCAATB:

FL)=—063..; F(1,2)=—0,12...; F(,3)=-0,55;...
Bunnm, uto kopens cofepmurca Mexxay 1,2 u 1,3, Paameans u 3T0T mpoMesy-
ToK Ha 10 yacreii, Hajizem:
F2l)y=—006...; £{(1,22)=—0,04...; F(1,23)=-40,038...; ...
Teneps scHo, uto Kopenp nemutr Meway 1,22 m 1,23; taxum oGpasom, Mbl
yXe 3HaeM 3HaYeHue KopHs ¢ TouHocThio o 0,01 m 1. m *).

70. Teopema 0 mnpoMexyTouHOM 3HaueHuH, Jlokasannas B 169
TEOpeMa HeNOCPEACTBEHHO 0000IaeTcst ClepywmuM o6pasom:

*) BiapoueM, OPAKTHYECKH 3TOT NYyTh HEBHIMOJEH u3-3a GOJBHIOro Koadye-
CTB2 BBIUNCHEHMHA; CYLWIECTBYIOT IIPHEMBI, FOPa3no ObiCTpee BedYlHe K Lenu (OHU
YKaauBalwICa B AU(GepeHIHATbHOM HCUUCAEHHH].
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Bmopass meopema Boavyano—Kowun. [Iycms dynrxgus  f(x)
onpedeseHa U Henpepui8Ha 8 3aMKHymoMm npomescymre [a, b] u Ha
KOHUAX 51020 RPOMENCYMKQ NPUHIMACH! HEPABHbLE 3HAUEHILS

f@=A u f(o)=B.

Toz20a, karxoso Ov Hu Oviao 4ucao C, aescauee meowdy A u B,
Hail0emcA marxas mouxa ¢ mesxcdy a u b, wmo

Fo=C*%
HoxkasaTEABCTBO. Byaem cuyurarh, Hanpumep,
A<B, rak yro A< C<B.

Paccmorpum B npomewyTtke [@, b] BcromoraresbHylo (yHKmuo ¢ (X)=
=f(x)— C. dra (QyHKUHS HeNpepbBHa B NPOMEKYTKE U HAa KOHIAX
€r0 7MeeT pasHHe SHaKU:

¢(@=F@)—C=A4—C<0, ¢B)=f)—C=B—C>0.

Torpa, no mepsoil Teopeme, MEXAy @ W b HaliieTca TOuka ¢, Wi KO-
Topoti ¢ (¢)==0, 1. e.

fle)—C=0 wm f()=C,

yT0 W TpebGOBaJIOCh HTOKA3aTh.

Mpl verTaHoBmM, TakuM o0pasoM, BaxHOe CBOHCTBO dynxuuu f(x),
HENPEPHIBHOH B IPOMEXKYTKE: Hepexols Om O00H020 CB80€20 3ZHAYEHILS
K Opyzomy, (OYHKLUS XOme pa3 npuxumaem € Kadecmee IHAUEHUST
Kanc0oe NPOMEINCYMOYHOE HICAO.

10 CBOWCTBO, Ha NEDPBHIH B3TJAYA, KaXKETCd BCKPLIBAOIIUM CaMylo
CYUIHOCT» HENPEPHIBHOCTH (yHKUMu., OQHAKO JIEFKO NOCTPOUTL 3ABEAOMO
paspsoiBHbie (YHKUMYM, KOTOPBE BCE ke STHM CBOHcrBOM oOaagaor. Ha-
npumep, ¢yuxums [n°67, 3)]

fW=sin+ (x£0), f(0)=0

B m0GOM TPOMEXYTKe, COIEpHalieM TOUKY paspeiBa x==0, HpuHuMaer
Bce BOOOMmE BO3MOXHKE U1 Hee sHaueHus — or — 1 mo -1 %%),

M3 ngoxasaHHoro cBOHCTBA HENpepHBHOH (YHKUMH BHTEKAET TaKoe
(0 CywecTBY PAaBHOCHJABHOE €MY)

Caedcmeune. Ecan gyuryus f(x) onpedeseHa u Henpepwsna 8 Ka-
Kom-aubo npomesxcymre X (3AMEHYMOM WAL HEm, KOHEWHOM UL

¥) OueBunxo, yto nepsas TeopeMa Boabuano-—Komu ects wactusifi cnyyai
oToft: ecnd A M B — pasHHX 3HAKOB, TO B KayecTBe C MOXHO B3ATh ¥ HYIb,
**) Hemapom eumte BonblaHO NORUEPKHBAN, YTO YKa3aHHOE CBOUCTBO
€CTh CHEeNCTB U € HeNPePhiBHOCTH, KO €ro HENb3d KIaCTb B OCHOBY ON pe-
dedeHus HeNPEepPLIBHOCTH.
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CeCKOHEUHOM), MO NPUHUMAEHMELE €0 3HAYEHUS CAMU MAKNCE 3aN0j~
HAIOM CHAOULS HEKOIMOpbL NPOMENCYMOK.,
OGosnaunM MHOXeCTBO sHaueHud ¢ynkmmn {f(x)} uwepes ¥. Ilycrs

m=inf%, M=sup ¥ #)
u / ecrb NMPOU3BOJIBHOE UMCAO Mexay m u M:
m <L M.

HeoGxonumo wHatimyrca 3Hauenus QyHKuun f(x) v F(xy) (X n
Xo B3STH M3 NpOMekKyTKa Z'), TaKue, 4TO

m << f (xy) <J < fxe) << M

9TO BLITEKAE€T W3 CAMOIO ONPEAEJCHHS T O YH Bl X TPaHMUL YACAOBOTO MHO-
wecrsa, Ho Toraa, mo m0xasaHHOH TEOpEME, CYMIECTBYET MEXAY Xy M X
TaKOE 3HaueHWe X =— X, (OYEBUIHO, TaKxe npuHamnexaulee L), uto f(xy)
B TOYHOCTH DaBHO /; C/IEXOBATENbHO, TO UYMCJIO BXOAWT B MHOXECTBO ¥,

Takum o6pasom, & npexcrtasisier COO0H MPOMEKYTOK C KOHUAMU
m u M (KOTOpHE CaMH MOTYT €My NpHHAIJIEKATs WIH HET — CMOTDA IO
cayuaio; cp. n°73).

Mut Bugean B 1°61, YTO B CiIyyae MOHOTOHHOH (YHKUHH TOJLKO
4TO C(OPMYJINPOBAHHOE CBOHCTBO (DyHKIMEM BJEUeT 3a co0ofi ee Hempe-
priBHOCTb, YTO Tak OyZer He BCera, NMOKas3hiBaeT NPUBEIEHHBIH BHIUE
npumep.

3aMevyAHHNE [ia TOro YacTHOro Cayuas, XKOrha paccMaTpuBaeMas QYHK-
1A pejcrasisger co6oit Ne X bt MBEOTOY A eH, o6e TeopeMsl BEICKa3HBAIUCh
3anoaro IO CTPOroro Mx NoKa3aTenbCTBa B ofuieM Bupze. Hampumep, y Diizepa
B ero «BBelesnu B aHamu3» MBI HAXOAUM —JIA YKa3aHHOTO Clyyasd — TOAHYIO
$OopMYAUPOBKY TeopeMbl HAaCTOAILETO0 HOMEpa, HO Ge3 yGequTeabHoro 0GOCHOBA-
HHA; 3Ta TeopeMa 3aTeM NPHMEHACTCA K BOMPOCY O CYHIECTBOBAHWH BEIIeCTBEH-
HBIX KOpHeH aare6pamyecKux ypasHeHwmii [cp. n°69] ¥*). ditnep — monoBHO Apyrum
aBTOpPaM — MHOH pa3 HONB3YeTCs H reOMeTPHUECKUMH coobpaxennamu. Hakonen,
ynomsueM, yto Jlarpanxk ¥¥¥) npaMo nayuHaer ceoit «TpaKTat o pemeHuy YHCIeH-
HBIX ypaBHEHHUH BCeX CTeNCHeil» C aHaIHTHYECKOro HOKA3aTelbCTBA (A 1A MHOT 0~
yneHal) Teopemsl 1n°68, OCHOBAHHOTO HA PA3NOKEHHH HA MHOXKHTENH.

71. CymectBoBaHue obpaTHoél ¢dynkuuu. IlpnmeHuM wusyueHHbe
B NpEIbIIYIIEM HOMEpEe CBOMCTBA HEMpPePHIBHOH (YHKHUM K yCTaHOBJe-
HHIO, TIPU HEKOTOPHIX MPENIONOKEHUSX, CYLIECTBOBAHUA O JHOBHAUHO If
oOparHoit GyHKIMM U ee HenpepwBHOCTH [cp. n°23].

Teopesma. [Tycms yrryus y==f(x) onpedesena, MOHOMOHHO 803~
pacmaem (y6vi8aem) *¥*%) u nenpepoléHa 8 HeKOMOPOM NPOMEICYHL-
ke . Toz0a 8 coomsemcmeywuem npoxmexcymre Y 3nanenuli dmoil

*) HanmoMunaem yuTaTenio, 4To €ciu MHOXECTBO % He OrpaHHYEHO CBEPXY
(cumay), To MBl ycaosuancs B n°6 mogarats sup % = - oo (inf ¥ =— o).
#*) Crp. 44—46 pycckoro nepesoga (cM. CHOCKY Ha ctp. 48).
#¥¥) Wosed-Jlym Jlarpaumx (1736—1813) — 3nameHuTHIHt  (QpanuysCKuit
MaTeMaTHK M MEXaHHK.
#*#%) B cTpOroM cMmbicae ciIoBa (3TO 31eCb CYULECTBEHHO).
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dhyuryun cyuecmsyem 00H03HawHa g obpamuas Hyrwgus x=g(y),
marsce MOHOMOHHKO 8o3pacmawu,as (y0bl8aOWaN) 1 HENPEPHLEHAS.

HokasaTEADLCTBO. Orpannunmcd cayuaeM Bo3pacraiomied ¢yHi-
uud. Msl Bugenanm BullIe [CM. CJACICTBHE), UYTO BHAUEHHs HempepsiBHOR
¢yHKIME f(X) 3anOJHSAIOT CIVIOWL HEKOTOPHH MNPOMEXKYTOK &, Taxk uTo
AN KaXJAOro 3HaueHds Y, M3 BTOFO MPOMEXKYTKa Haimercds XOTh
ONHO Takoe sHaueHue x, (u3 Z’), uro

S () ==y

Ho, BBHIy MOHOTOHHOCTH STOH (BYHKIMM, TaKOE 3HAUCHUE MOMKET HAHTHUCh
TONBKO OMXHO. ecid X OGoJbilie WM MEHbIIe Xy TO COOTBETCTBEHHO
B f(x) 6oapille uan MEHbIIE Y.

ComocTaBasst UMEHHO 5TO 3HAYEHUE X, IPOM3BOJILHO B3ATOMY V, B3 ¥,
MBI TOJYYMM OXHOBHAUYHYIO (QYHKIUO

x=g(y)

obparHyio maa (ynxkuun y = f{x).

Jlerko Buuerb, urto 3Ta QyHKuMa g(y), nomobuo f(x), TaKkKe MOHO-

TOHHO Bo3pacTtaeT Ilycrs

y<y'on xX=g() *"=g0
TOTAa, IO CaMoMy onpejeieHulo (QyHKIuM g(y), ONHOBPEMEHHO

V=) n y =7

Ecin 68 Opt10 X' > x”, TO, B cuay BospacTaHus ¢yHxuma f(x), Gouio
66 u ¥ > y", uro mpoTueopeunt ycaosuio. He Mowmer Ourh u X' =x",
n6o torga Omimo OB # Yy ==y”, uTO TAaKKE NPOTUBOPEYUT YCJIOBHIO.
HTaK, BO3MOKHO TOJBKO HepaBeHCTBO X' < x”, Tak uro g(y) naeHcrsu-
TEABLHO BO3pPACTaET.

Hakonen, yToOnl HOKa3arb HENpPEPBIBHOCTL (PyHKUHMA X = g (y) nocra-
TOYHO COC/IATbCA Ha TeopeMy B n°6l, ycaoBud KOTODOH BHIMOJHEHBL:
HasBaHHad (YHKLUS MOHOTOHHA W €€ BSHAYCHMSA, OUEBUAHO, BaMOJHSIOT
CIVIOWB NPOMEXYTOK 2 ¥).

C momomibio HOKa3aHHOH TEOPEME MOXHO HAHORO YCTaHOBHTb DR
y¥e W3BECTHBIX HaM peayJbTaToB.

Hanpumep, ecian npumenuts ee K ¢yHkuua x" (7 -— HaTypajabHOe
uncao) B npomexyrke 2 ==[0, - o), TO mpuaeM K CYLECTBOBAHHIO H
HENPEPHIBHOCTH (apU@METHYECKOT0) KOPHA

x:f/j} a1 y B ¥ =|[0, 4-o0).

72. Teopema 06 orpanuyenHoctTH ¢ynxumu. Ecan dyuknua f(x)
onpejaeneHa (C/AeI0BaTENbHO, IPUHAMAET K O HE U H bl € 3HAYEHHs) A9 BCEeX

*) Kaxkoe 6m x-u3 2 nu B3aTb, CTOAT JUilib NOAOKHTb y==f(x), YTOOH
MIA 3TOT 0 ¥y yHKUMA g (y) ¥MMelda CBOUM 3HAYEHHUCM HMCHHO B3ATOE X,
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3HayeHHH X B HEKOTOPOM KOHEYHOM IIDOMEXKYTKE, TO 3TO HE BJEYET 34
co6oil ¢ HeoOXOOMMOCTBIO OrpaHMUYEHHOCTH QyHKUMH, T. € Orpa-
HUYEHHOCTH MHOXecTBa {f(x)} npunumaeMpX eio 3sHayeHu#t. Hanpumep,
nycte f(x) ompeneneHa Tak:

=1, ecm 0<lx<1n f(0)=0;
(pyH}(U,I/Iﬂ 9Ta NpUHAMAEET TOJbKO KOHEYHBIC 3HA4YeHHsA, HO OHa HE orpaHm-
ueHa, n60 npu NpUOIMKEHNH X K HYJI0 MOXET [IPUHUMATb CKOJb YTOIHO
GoJbline 3HayeHus. 3aMETHM MOMYTHO, YTO B MOJNYOTKPHITOM MPOMENKYT-
ke (0, 1] ona HenpepwiBHa, HO B TOuke X =—0 umMeer paspss.

WHaue o6cTout me0 ¢ PyHKHMAMH, HENPEPBHBHBH MU B 3aMKHY-
TOM npomemyTKe.

Hepsas meopema Bellepumpacca. Ecau ghynryus f(x) onpede-
AEHa U HenpepulHa 8 3Q MK HKY M oM npomescymre [a, b], mo ona
O2paHNMeNa U CHU3Y U C8epXy, M. e. CYU,eCmBYIOm maKue RoCmosH~
Hble U KonedHwble wucaa m u M, wmo

m<fx)<M npu a<<x<b.

JOKABATEABLCTBO NOBEAEM OT NMPOTMBHONO: JONYCTUM, YTO (yHK-
uus f(x) npu u3MeHEHMU X B NpOMexyTke [a@, b| oKasbiBaeTCs Heorpa-
HHYEHHOH, CKaxeM, CBEDXY.

B rakom ciayuae uisi KaXIOFO HaTypaabHOTO WYHCJAA 72 HalIeTca B
npoMexyTke [a, b] Takoe sHaueHue X =X, 4TO

fx)=n. @

ITo nemme Boabuano—Betiepmrpacca [n°61}, u3 nocaenopareapnoctu {x,}
MOKHO W3BJEYb HACTHUHYIO IOCAENOBATENLHOCTh {X, }, CXOAAILYIOCH

K KOHEUHOMY Tpeneny:

Xn, —> X (npu k— - co).

n
k
NpUYeM, OYEBUOHO, a < X),==b. Bcaeacrsue HenpepelBHOCTH (PYHKUUM
B TOUKE X, TOI'A2 IO/MKHO OHITH M

F () = £ (o),
@ 3TO HEBO3MOXKHO, TaK Kak ua (3) ciaedgyer, uto
f () >+ 0.

IMoayuennoe npoTHBOpeYne W [JOKa3HIBAET TEOPEMY.

73. HauGoabmee U HauMeHbHlee 3HA4YeHUS GYHKEHH. Msbl 3Haewm,
4r0 6€CKOHEUYHOEe YACIOBOE MHOXECTBO, [JaX€ OrPaHHYEHHOE, MOXKET
HE UMETb B CBOEM cOCTaBe Hau Gopmero (HauMeHb I €T 0) D/IEMEHTa.
Eciu dynkuus f(x) onpeneneHa M jaxe OrpaHnYeHa B HEKOTOPOM MpoO-
MEXYTKe u3MEHEHHs X, TO B COCTaBE MHOXecTBa ee 3HaueHuid {f(x)}
MOXET HE OKasaTbCsd HauboJblilero (HauMeHbuiero). B stom cayyae ToyHas
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BepXHss (HXHAA) rpaduna sHauenutt Qyskuuda f(x) He NOCTHUraeTCH
B Ha3BaHHOM npomexyTke. Tak OymerT o6CTOATh AE/O0, HaIPUMED, C PyHK-
gued

fx)=x—E(x)

(rpaduk ee mpeacrasned Ha puc. 29). Ilpn usmeHeHmn x B JToOOM Npo-
mexytke [0, &] (b=1) TouHo# BepxHefl rpanuuelt sHaueHud QyHKIUK
Oyner eaWHuila, HO OHAa He JOCTH-
raercs, TaK YTO HauboJblUEro sHaue-
HUsL QYHKIUA HE HUMEeT. 4
UnraTteno, BEpOSTHO, SCHA CBA3b
3TOro  OOGCTOATENLCTBA € HAJMHUYHEM
Yy paccMarpuBaeMod YHKIUH P a3 P bi-
BOB IIPM HATypaJbHBIX 3HAUYCHUAX X, ﬂlﬂ
JleticTBUTENBHO, IS HENPEDPH B-
HHX B B8aMKHYTOM DNpOMe- Puc. 29.
KYyTKe  QyHkuumdh umeer  MeCcTo
Bmopas meopema Beiliepumpacca. Ecau gynryus f(x) onpe-
OeleHQ 1 HenpepuiBHa 8 34 MK HY m o npomescymre [a, b], mo ona
docmuzaem 8 3MOM NPOMEHCYMKE CBOUX MOUHBX SEPXHel U HuiC-
Hell 2paruy,.
Vnmivu ciosamu, 8 npoxescymre \a, b Haiidymcs maxue mouxu
Xo U Xy, umo 3nauenus f(xy) u f(x,) 6y0ym, coomsencmsenso, Ka -
CORBUMUM U HAQUMEHB W UM U3 Bcex 3HaueHul yuryun f(X).
HokasateascrBo. Iloaownm

M=sup{f(x)};
110 TMpeabiayumel Teopeme, 5TO — UYHUCAO0 KoHeuHoe, ITpeanonoxum (Bonpekn
TOMY, YTO HYXHO JOKasaTb), uTo Bcerga f(x)< M, T. e, uTo rpanuua M

He gocruraercsd. B Takom ciayuyae, MOXKHO pacCMOTPETb BCHOMOrATEIbHYIO
(PyHKIMIIO

~k——

[0 G-
SN -

Z

1
cp(x)’:M—f(x)'

Tak xaK, 0 NpeanonoKeHuIo, 3HaMEeHaTeab 31eCh B HyJb He oOpauiaercs,
TO 3Ta (yHKuua OyHeT HenpephiBHA, a C/IeNOBATEJAbHO (0 NpeasayieH
Teopeme), orpanmueHa: f(x)<<p (. >0). Ho orcioma xerko noayuurs,
4TO TOrAa

1
f(x)<M—TL-’

1
T. €, UdC10 M — —, MeHb1l ee uyeM M, OKaspBaeTcs BepXHefl rpaHn-

uedl gnst sHavyeHnH ¢yuxuuu f(x), yero Owrp He Moxer, nb6o M ecrb
TOYHAaf BEpXHAf rpaHulla 3tux 3Hayenu#l, IloayueHHoe mpoTuBOpeyue
JIOKa3hIBAaET TEOPEMY: B NMpoMexyTke |a@, b] Halimercs Takoe 3HAaYEHUE Xy,
uro f(xg)==M Oyner Han6oabW UM U3 BCeX 3HayeHud f(x).
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AnanornyHo Moxer OHTh JOKA3aHO YTBEPHKACHHE N OTHOCHTENBHO
HauMEHbHI €T O 3HAYEHHS,

OtmeruM, uTO IpuBEINECHROE [OOKAa3aTENbCTBO €CTh UYUCTOE <«JIOKasa-
TEALCTBO CYIIECTBOBaHUA», CPEACTB IS BBHIYAC/ACHUS, HalpuMep, sHaye-
HUfi X ==X, HMKakux He jgano. Brnocaeacrsum [B raase VII, § 1}, npasna,
npu 6oJee TAKENHX NPENNOJNOKEHUSIX OTHOCHTETbHO (YHKIHH, M Ha-
yuuMCa (aKTHUECKH HaxOAWTb 3HAUEHHS HE3aBHCUMOH TMEpeMeHHOR, KocTa-
BAAIOIIME (QYHKLMKM HanGOJbLICE WM HAUMEHbIIEE 3HAYEHHS.

Ecau ¢ynxuns f(x) npn usMeneHuu x B KaxoMm-au6o npomexyTke 2
OrpaHnyeHa, TO €€ KoJaeOGaHHEM B 35TOM NDOMEXYTKE HAasbBaercs
PasHoCTb

o=M-—m

MEXIy ee TOYHHMH BepXHel M HmxHed rpaHuuamu. Msaue MoxHo onpe-
Iemuth KoJeGaHue ® KaK TOUHYI0 BEDXHIOI0 IpaHHIly aGCO/MOTHHIX BEJIH-
uun pasuocredt f(x”)—f(x), rae X’ 1 x” nprHAMAOT HE3aBUCHMO OJHO
OT Jpyroro mpousBOIbHLIE 3HaueHust B Npomexyrke 27

o= sup {|/()—f ()|}

Korma peub uger o HenpepoBHOH yHkumn f(X) B 3aMKHY-
TOM KOHeuHoOM npomexyrke 2 =[a, b], 10, KaKk cleLyeT u3 AOKa-
3aHHOM TeopeMsl, kojxeOaHneM OYIET TONPOCTY pa3Hocms Medxedy Hail-
ConbuuM U HAUMEHBIMUM 3HAUEHUAMN (HYHKYUI B STOM IIPOMEKYTKE.

B stoM cayuyae nmpoMmexyToK ¥ 3HaueHuR (YHKUMM €CTb 3aMKHY-
TH #i npomMexyTok [rm, M], n xoneGaHue maer ero IJIUHY.

74. Tlouatue paBHOMEpHO# HempepbiBHOCTH., Ecau ¢yuxuus f(x)
OnpeseNeHa B HEKOTOPOM MNpoMexyTke Z (3aMKHYTOM MM HET, KOHEUHOM
uwin OeCKOHEYHOM) M HeNpepHBHA B TOYKE Xy ITOT0 IPOMEXYTKa, TO

lim f(x)==1 (xo)

X — Xy
win («Ha g3mKe e-0», n°60). 042 Kaocdozo wuucaa & >0 Haiddemesn
maroe wucao 3 >0, wmo

| x —xo| <8 saewem 3a coboii |f(x)— f(xg)|<e.

IMpeanoaoxum Teneps, uto (yHKuus f(Xx) HenpepsBHa BO BCEM IPO-
MexyTke 2, T. € HEIpepHBHA B K &K JL O I TOUKE Xy STOr0 NPOMEKYTKA,
Toraa mis KaXHXO0# TOUKM Xou3.Z B OTHAEJAbHOCTH IO 33IaHHOMY &
HajimeTcst §, COOTBETCTByIOUIEE €My B YNOMAHYTOM Bhime cmmcae. [lpn
u3MeHeHnu x, B npenenax .2, make ecin & HeM3MeHHO, uucao 8, BooOuie
rosops, Oymer wMeHstbcd. OpHoro B3ragma Ha puc. 30 pocratouHo,
uT0OH yOeIUThCS B TOM, UTO YHCIO J, MPUrOJHOE Ha yuacTKe, rie QyHK-
uus U3MEHAETCs MelJeHHO (rpaduK NPEenCTaBJsSeT MOV OTYI0 KPHBYIO),
MOXKET OKa3aTbCsl CAUIIKOM OOMbIIMM JUIS ydacTka ObICTPOrO HM3MEHEHMS
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dynkuun (rpe rpaguk KpyTO HOOHUMAETCd MM omyckaercd). MuwMn
CJI0BaMH, YnCja0 § BOOOGHIE 3aBHCUT HE TOJBKO OT & HO U OT X

Ecnn Obt peubr HNVIZ O KOHEUHOM yuciae 3Hauenunt x, (npu Heus-
MEHHOM ¢), TO ¥3 KOHEUHOTO YHUCJA COOTBETCTBYIOMINX MM UHCE] 8 MOXHO
65110 OBl BEIOpaTh HauMEHbLIee, U 5TO MOCJEIHEE TOJUACCh OBl Oue-
BHUJIHO, U AJS BCEX PaCCMaTPUBAEMbIX TOYEK X, OLHOBDPEMEHHO.

Ho no oTHoweHnio K GECKOHEUHOMY MHOXKECTBY 3HAY€HHR Xy COHED-
WALUXCH B NpoMexyTKe 2, Tak yxke pacCykmaTh Heapsa: uMm (Ipu mo-
CTOSHHOM €) COOTBETCTBYeT OGeCKOHEUHOE MHOXKECTBO uYuCea O, Cpemu
KOTOPBIX MOryT HaHTHUCh U
CKOJIb yrogHo Mause. Takum
o0pas3oM, 1m0 OTHOWEHHID K 4
dynkmun f(x), HenpephBHOH d
B mnpomexyrke &, BCTaer
BOMPOC: CYLIECTBYET JH, Mpu
3aJaHHOM &, TaKoe 9, KOTC-
poe roauaocs Ol A9 BCeX
TOUEK X, M3 3TOro npo-
MEKYTKa? |
Ecau das wascdozo wucaa E

i
i
!

o=¢

e >0 naiidemes maroe 4u-
ca0 3>0, umo

e — 0] <3 g ¢ L0 Ly Zy*0
grevem 3a co0oll

If () —F (x0) [ <o,

20e Ob. 8 npedesax paccmampusaemo20 npomescymxa X HU AexHcarn
mouru x, u x, mo hynryuio f(x) Ha3vsalom pasroOMEPH O Henpe-
pelsrHoll 6 nposescymre L.

B 3TOM caryuae 9uca0  OKA3BIBAETCH 3aBUCAILUM TOABKO OT € H MOXET
6HITh YKa3aHO 40 BHOODPA TOYKH Xy O FOMMTCS IJIS BCEX X, ORHOBpeE-
MEHHO.

PaBHoMepHasi HENPEPHIBHOCTh O3HAUAET, YTO BO BCEX HaCTAX MpOMe-
KYTKa AOCTATOYHA OJHA M Ta Ke CTeneHb 6.Ju30CTH ABYX 3HAUeHHH apry-
MeHTa, 4TOOBl NOGUTbCS 3afaHHON CrermeHu OJM30CTH COOTBETCTBYIOLIHX
3HaueHuit (pyHKUIUU.

MoxHO 1n0Ka3aThb Ha NPUMEPE, UTO HENPEPHIBHOCTH PYHKIHU BO BCEX
TOUKAaX IPOMEXYTKAa He BJeyeT HeoOXOAMMO 3a cofoit ee paBHOMEp-
HO# HempepHBHOCTU B 3TOM npomexyrke. Ilycth, Hampumep,

Puc. 30.

o1 2
J(x)==sin + A X, CONEPMAMUXCA MEKAY 0w —, nckawyas 0.
B s1OM ciyvyae 06s1aCTh M3MEHEHHst X €CTh HE3aMKHYTH i IpoOMexy-
9-
TOK (0, ;—J, H B Kaxaoh ero Touxe ¢yHknua HenmpepsiBHa, [lomoxum
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Teneps xo=-(2—n:‘_21? , x=—nl7 , Tie n— mobGoe Harypa/lbHOE YHCJIO;
TOrjaa

f)=sin @n+4-1) S =1, f(x)=sinnz=0,
TaK 4ToO

[f () —F (xo) |=1,

HECMOTPS Ha TO, UTO | X — Xp|= C BO3PaCTaHHEM 1 MOXET

1
n(n+1)=
OBITb CHEJAHO CKOJb YrOAHO MajbiM. 3aech npu e==1 Heap3s Hadth 3,

2
KOTOpO€ TroAmIoCh Obl OAHOBPEMEHHO AJIS BCEX TOUEK Xy B (O, ;], XOTS

AN KaX[AOro OTAENbHOrO 3HAYEHMS X, BBUIY HENPEPHIBHOCTH (YHKIUH,
Takoe & cymecrayer!

75. Teopema 0 paBHOMepHO# HenpepbIBHOCTH. Becbma 3aMeuaTenbHo,
YTO B 3aMKHYTOM IPOMEXYTKE [, b] aHaIOrMYHOrO NOJIOKEHUS Belei
OLITh YyXKe HE MOXET, KaK sBCTByeT U3 Caelylomiedl TeopeMsl.

Teopema Kaumopa*). Ecau ¢ghynxyus f(x) onpedesena u wuenpe-
pbl8Ha 8 3aMKHYmoM npomexcymre [a, b), mo owa u pasHo-
MEPHO HENpepbiBHA 8 MOM NPOMEICYMKE.

JOKABATEANBCTBO NMoOBeaeM ot mpotusHoro. IlycTs mas Hekorto-
poro ompeneseHHOro uyucaa ¢ >0 He CywecrByer TaKoro uMc/a
3>0, 0 KOTOPOM HIET PEub B ONPEIEJEHHH DABHOMEPHO! HENMpPepPHIBHO-
cti. B Takom cayuae, xakoe 6nl uucao 8 >0 Hu B3sTh, HalimyTcs B mpo-
MexyTKe [a, b] Takue ABa 3HaueHust X ¥ X, 4TO

jx — x| <3 u mem ne menee |f(x)—f(x)|=-c.

BosbMeM Temepb HOC/IEHOBATENLHOCTb { B, } MONOKUTENBHEIX YNCEN TAK,
yro 9, — 0. B cmay ckasaHHOro, Iis Kaxmoro 9, Haimyrtcs B [a, b] 3Ha-
ueHAs X, U X, (OHH WUrpalT POJb X u X') Takue, uro (npu n==1,2,3,...)

| Xn —xn|<3p u mem ne menee |f(x,)—f(xp)|=c.

TTo semme Boubuano — Betiepuitpacca [n°61], u3 orpaHnueHHo nocie-
JOBATENBHOCTH { X, } MOXKHO M3BJEUb YACTHYHYIO MOCAENOBATEABHOCTD, CXO=
JAUYIOCT K HEKOTOpOHl TOouKe x, mpomexyrka [a, b]. Jas Toro uyroOwl
He OCJHOXHATh 0003HaueHufl, OyAeM CyuTaTh, YTO YK€ CaMa NOCAEIOBA-
TEABHOCTb { X, } CXOMUTCS K X

Tak KaKk X, —X,-—>0 (60 |x, —x,]< 3, a 3,—0), TOo onuo-
BPEMEHHO W MOC/IENOBATENBHOCT {X,} cxomurcs K x, Torsa, BBHAY
HENPEPHIBHOCTH (DYHKIHMU B TOYKE X MOMKHO OBHITH

F ) > Fflxg) u fxn) —f(x0),

*) T'eopr KanTop (1845—1918) — ussBecTHuill HeMenxu#i MaTeMaTHK, OCHO-
BaTelb COBPEMEHHOH T€ODHH MHOXECTB.
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TdK 4TO
J () —F (%) =0,
a 3TO NPOTUBOPEUUT TOMY, 4TO mHpu BCEX B3HA4YeHHuax n

|f (xn) — S (xn) | = e

Teopema nokasaHna.

M3 nokazanHOl TEOpeMbl HENMOCPENCTBEHHO BHITEKAET TAaKOe CJAENCTBHE,
KOTOpoe Hike OyIeT HaM MOJE3HO:

Caedcmsue. Ilycms dynxyus f(x) onpedeseHa wu Henpepvlsra
8 samknymom npomesxcymre [a, b). To20a no 3adannory & >0 Haii-
demcs maroe 3 >0, 4mo ecau NPOMeNCYMOK RNPOUIBOALHO pa30ums
Ha 4acmuiHbe NPOMENHCYMIU ¢ OAUHAMU, MEHLUUMU 3, MO 8 KancdoM
u3 Hux KoseGanue ¢hynxyuu f(x) Gydem mensule e.

[leficTeuTensHO, ecan, 1o 3sagaHHomy & >0, B KavectBe & B3Th
YUCJO, 0 KOTOPOM TOBODUTCS B ONMpEAENEHNH DaBHOMEDHOH HEIpephiBHO-
CTH, TO B YaCTHUYHOM HPOMEXYTKE C AJIMHOH, MeHbluell 8, pasHOCTb Mexay
moObpMK AByMs 3HaueHMsMU (yHkonu Oyzer no aGCoMOTHOH Belnuuke
MeHbIIE &. B wacTHOCTH, 3TO CIPAaBEIJMBO U OTHOCHTEJBHO HAnGOJBILErO
¥ HauMEHBUIEr0 U3 STUX 3HAYEHMH, PasHOCTb KOTOPHIX ¥ JaeT KojeGaHue
(YHKLUKM B YNOMSHYTOM YacTHYHOM NpoMexyTke [n°73].

Tax, Ha NPOTAXEHUM TOMYCTOXETHS, OIHO 3a JIPYrHM LOKAa3BHBANHCH
OCHOBHBIe CBOMCTBA HelpepsiBHLIX QYHKUUH, HaYMHAs OT 6ojee «OYeBHAHHIX» M
KOHYass TOHKHM CBOHCTBOM PABHOMEDHOH HENPEPHIBHOCTH, YCTAHOBJIEHHBIM B MO~
caenneii Teopeme. Eme pas mopyepxreM, UTO HaJjlexaulylo CTPOroCTb 3TH J0Ka-
3aTenbCTBa MOJXYYHAH JUIIbL HA OCHOBE DPA3BUTHIX BO BTOPOH NOJOBHHE IIPOINIOro
BeKa apUQMETHYECKHX TEOPUH BemleCTBeHHBIX YHCElN.



TJIABA ITATASA
JUPPEPEHUMPOBAHUE ®YHKUUN OJHOH NMEPEMEHHOA

§ 1. MPOU3BOIHASA U EE BBIYUCIEHHUE

76. 3amaua o BBIUMCJIEHUHM CKOPOCTH ABHXKYIme#icad Touku. [lepe-
XOAs K W3/I0XEHHI0 OCHOB AN(QepEeHINalbHOrO U HMHTErPaJbHOTO MCUNC-
Jenus, Mbl o0paitaeM BHUMAHHE YHTATe/d Ha TO, YTO WJEeH 3TOr0 UCUHUCIEHHS
sapoauauck eme B XVII Bexe, T. €. 3am0aro A0 Tex TOHKUX TeOpui,
KOTOpBIE MBl H3yuajW B MNPEJIECTBYIONINX TIJaBax. JIumb B 8aK/OYH-
TeNbHON ryiape 3TOro TOMa Mbl OyAEM HMETb BO3MOXHOCTb KOCHYThCA
BaXKHEHIINX MOMEHTOB NPEABICTODHM MaTEMaTHYECKOro aHaau3a ¥ OXapak-
TEPU30BATh 3aCJAYrd ABYX BeJHKHX MareMaTHKoB — HbioToHa u JlefiGHuua,
3agepIKUBIINX PabOTH CBOHX IPEAIIECCTBEHHUKOB CO3A3HHEM AeHCTBUTENLHO
HOBOrO HWcuuc/aeHus. B HalieM u3goxeHun Mpl OyAeM DPYKOBOZCTBOBAThCSH
yae COBpPEMEHHBIMH TpeOOBaHHAMU K CTPOTOCTH, a He UCTOpHEH Bompoca.

Bnpouem, B Kauecree BBeAEHNS B Iu(depeHuralbHOE HCYUCAEHNE, MBI
PACCMOTPUM B HACTOAMIEM HOMEpE 3aJauy O CKOPOCTH, a B OJamxalimem

HOMEpe — 3a3auy O Kacare/lbHOH; ofe 3agaud UCTOPUUYECKHU
7 OKa3aJ1Ch CBA3aHHHIMU C (POPMHUDOBAHHEM OCHOBHOI'O IOHSTHA
audrpepennnalbHOr0 NCUNCAEHNS, BNOCAEACTBUN MOJYUUBLIETO
HasBaHUE N POM3BOLHOIMN
s Haunem ¢ wacTHOro mpmMepa, UMEHHO, PAacCMOTPUM CBO-
OogHoe majgeHue (B MyCTOTE — uTOOBl HE YYUTHIBATH CONPO-
W THBJIEHHS BO3IAyXa) TAXEJOH MarepuaJbHOH TOUKH.
45{1 Ecnn Bpemsa f (CEK.) OTCUMTHIBAETCA OT Havyajaa MaJeHus,
M, 1o mpofimeHHMH 3a 3TO BpeMA TMyTh S (), IO M3BECTHOH op-
MyJe, BBIPA3UTCA TakK:

{2
S:%, (1)

rae g=9,81. Ucxoma orcwona, mpebyemcs onpedesums

Puc. 8. cxopocms v Osusenuss mouku 8 danwbii momenm t, Korna
TOYKA HAaXOAWTCHd B nonoxenuu M (puc. 31).

IMpnpagum nepemenHo#t f HexoTopoe mpupauieHue Af u  pacCMOTPUM

MoMeHT t~}- Af, korma Touka Oyner B mogoweHnu M. IlpupauteHue MM,
IyTH 33 MPOMEKYTOK BpemeHnm Af o0osHauuM yepes As.
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MMoacrasnas B (1) -} Af BMecTo f, mosayunM A9 HOBOTO BHAUCHHs
IOYTH BBIpaXeHue

s4As=£ (¢t 4 Aty
OTKyJa

As==£ (2t At AP,

Pasgenms As wa Af, Mb moayyuM CpeaHIO CKODPOCTH MNaueHus
TOYKHM Ha yyactke MM;:

As g
ﬂcp=A—t=gt+-2~At

Kak BmauM, 5Ta CKOPOCTb MEHAE€TCSH BMECTE C H3MEHeHHeM Af, TeM
Jyyllie XapakTepusys COCTOSHME Iafalolel TOYKH B MOMEHT £, YeM
MeHbIIE NPOMeXyTOok Af, MpoTexuiu#i 1ocje 3TOr0 MOMEHTa.
Crxopocmbsio v mo4Kn 8 MoMeHm 8pemexu t Haswiéaom npeden,
K KOMOpPOMY CmpemMumcsi cpeOHAS CKOPOCMs Ve, 3 nposescymor At,
Ko20a At cmpesmumcs ¥ HyAw.
B Hamem cayuae, oueBHIHO,

=1 £ >= .
v Altlgo(gt -+ 5 At gt

AHaJIOFUYHO BHIYUCIAETCS CKOPOCTh U M B OOLIEM Clyuae, CKaxeM,
NPAMOJIUHEHHOrO ABMKeHHs Touky, TloJoxeHne TOUKKM ONperensercs ee
pPacCTOSHUEM S, OTCUNTHLIBAEMBIM OT HEKOTOPOH HavaipHOH Touku O; 3TO
paccTOsHue ¥ HaswpBaeTCs NpOfAeHHHMM NyTeM Bpema ¢ OTCUHTH-
BaE€TC4 OT HEKOTOPOro HauyaJbHOIO MOMEHTa, NpUuYeM He 0043aTesbHO,
yroOB B STOT MOMEHT TOuKa Haxommiaace B O. JIBIXEHHE CUNTaeTCA
BIIOJIHE 3aJaHHBIM, KOTJa U3BECTHO YpaBHEeHUE ABHXEeHum s=f(f),
U3 KOTOPOTO IIOJIOXEHHe TOUKHU Onpeiessercs s JoGoro MOMEHTa Bpe-
MEHU; B PacCMOTPEHHOM TNpuUMEpe TaKylo poJb Hrpano ypasHenne (1).

Jas ompeneneHuss CKOPOCTH ¥ B JaHHBIH MOMEHT ¢ NpHUILIOCH OB,
KaK ¥ BHIIe, Npuaarh ¢ mnpupaieHue Af; 3TOMy OTBEYAET YBEIMYEHHE
nyta § Ha As. OTHomeHue

As

At

BEIDA3UT CPEINHIOI CKODOCTD Uy, 8a NPOMEXYTOK Af, MrHOBeHHAs Xe
CKODOCTb ¥ B MOMEHT f NMOJYYHTCA OTCIONa IPEAEJbHEIM NEPEXOA0M:

v=— lim v, ,==1lim As
A—0 P At
Kak yBumuMm, Apyras BaxHas 3amaya, KOTOPYIO MBI PACCMOTPHM HHXKE,
NpUBOAUT K MOXOOHOH e HpejenbHOW onepanu,
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77. 3anaya 0 nposeleHud KacaTeiabHoit K xpuBoil. Ilycts nmana
kpusas (K) (puc. 32) u Ha Heit Touka M; obparumMcs K YCTaHOBJICHUIO
CaMoOro NoOHATUS KacaTeAbHOU K KpuBofl B ee TOouke M.

B wKoabHOM Kypce KacCaTenbHYI K OKPYXKHOCTHA ompese-
JAIOT KaK <«OPAMYIo, MMEIoILYI0 € KPUBOH Julib OAHY OOLLYyIO TOUKY».

Ho sro onpenenenue umeer uacr-

ﬂf) HBIR XapakTep, He BCKphlBas Cy-

1mecTsa nesa. Ecan nonetaTbCs mpu-

M MEHUTb €ro, Hanpumep, K napaboae

4 y=ax® (puc. 33, 4), T0 B Havane
koopauHatr O 06€ KOOpAMHATHHIE

7 ocu nogowau Gul 10X 5TO ONpenene-

U HUE;, MEXAY TeM — KaK, BEpOATHO,
HEMNOCPEACTBEHHO SCHO MW 4YHTaTe-

Puc. 32. JIO, — HA JeJIe JHLIb OCb X CIYXHT
Kacare/bHOH K napaboJe B Touke O!

Mpl nagum cefiuac obuiee onpexpenenue KacateabHotl, Bospmem Ha Kpu-
Bo# (K) (puc. 32), kpome Toukm M, eme TOUKy M; u mpoBedeM CEKy-
myio MM,. Korga Touka M; BIOAb N0 KpuBOH OyZET NepeMelaThes,
9Ta CeKymad Oyaer Bpamarthcs BOKPYr TOukm M.

Kacameasnoi x xpusoi (K) 8 mouxe M Ha3bieaemcs npe-
O0easnoe nonroscenne MT cexyuweii MM, Ko20a mouxa M, 80016

4 4
{0
Va2l #
g
g
Vi z
Puc, 33.

no kpusold cmpemumcst ¥ cognadenuio ¢ M. CMuica 3TOr0 onpepeneHus
cocrout B TOM, uTO yroa M(MT CTpeMurcs K HyJ/O, JHb TOJAbKO
K Hymo crpemurcs xopuaa MM,.

ITpumennm ;s npumepa 3TO onpepeneHwe K napaoae y=—ax?
BNpou3BoJibHON ee Touke M (x, ). Tak Kaxk kacaTeabHas MPOXOIUT Yepes STY
TOYKY, TO /i1 yTOUHEHUsA €€ II0JOKEHNS AOCTATOMHO 3HATh ClUE ee yraAoBOH
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xoadduurent. Mol u nocrasum cebe sapaueit waimu y21080% Koshdhu-
yuenm tgoa rwacamessrnoll 8 mouxe M.

Ipunas abcuucce x npupauleHne Ax, or Touku M xpusoft nepefinem
K Touke M; ¢ abcumuccoit x--Ax u opauHarot

—_— 2
y+Ay=a(x-| Ax)
(puc. 33, a). Yraosoit xosdpuunent tge cexymeit MM, onpenemntcs
N3 NpSMOYroJbLHOTO TpeyrodsHuka MNM;. B nem xarer MN paseH
npupamennio abcuucen Ax, a xarer NM,;, OYeBHIHO, €CTb COOTBETCTBY-
I0ee MPUPAULEHUE OPIUHATH
Ay=a(2x-Ax -+ Ax?),
TaK uTo
tgcp:A;":an—{—an
Ax :

Has nonyyeHus yrjoBoro Ko3((uHHEHTa KacaTeNbHOH, KakK JIErko
TIOHATb, HYXHO mepefity 3mech K npeneay npu Ax — 0, u6o 3TO u paBHO-
CUIBHO TOMY, Yto xopma MM;-—>0. Ilpn s10M ¢ —a u (110 HENpepsB-
Hoctn dynxkuvi tge) tge—>tga

Mu npuxoaum, TakuM 006pasoM, K pesyJ/bTaty:

tg o= lim (2ax -} aAx) = 2ax *).
Ax—0
B cayuae moGoft kpusoit ¢ ypaBHEeHHEM
y=rx
yrJ0BO# KO((PUUUEHT KacaTeJabHOfl yCTaHaBIMBaeTCs MONOOHEIM ke obpa-
som. Ilpnpamennio Ax abcupcchl OTBEYaeT INpupamesne Ay OpHMHATH,
1 OTHOLIEHHE
Ay
Ax
BEDaX2eT yraopoit koagpdunuuenr cexkyured, tge. VYraosolh xe xoza¢-
(PUIMEHT KacCaTeAbHOH NOAyyaeTca OTCIOAa IyTEM Mepexojaa K mpe-
geay npu Ax — 0
R . Ay
tgo=lim tg o= lim Axe
Ax 0 ax—»0 8%

78. Onpenenenne npouspoxHoil. Corocrapias onepanud, KOTODHE
MBI OCYILECTBJANN MPH PELIEHHH PACCMOTPEHHHX BBIME QYHAAMEHTaJbHBIX
3a1ay, NErKO YCMOTDPEeTh, YTO B OOOMX CJAy4Yasx — €CJAM OTBJEYLCH OT

*) 3aMeTHM MONYTHO, YTO OTCIONA BhITeKaeT YNOOHH mpueM Xaa daktHue-
CKOro MOCTPOEHHUs KacaTeabHol Kk TapaGone. Mmenno, u3 A MPT (puc. 33,6), oTpesok

_y e X
P= tga  2ax 2’

tak yt0 T ecTh cepennua orpesdxa OP. Mrak, naa toro urobet mo-
AYYMTH KacarenbHywo K mapa6one B ee Touke M, NIOCTaTOYHO pasieduTh NMOOOJAM
orpe3ok OP M cepefMHy €ro COeLHHUTb ¢ Touxol M.
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pasaaunst B WCTOJKOBAHHHM MEPEMEHHBIX — IO CYLIECTBY AE€]a/10Ch OJHO U
TO e npupamieHue GyHKIUN AeMWI0Ch Ha IPUPALLEHIe HE3AaBUCUMOM nepe-
MEHHOM K 3aTeM BHIUMCHLJACA Npedesd UX OTHOWeHusd. Takum nyTeM Mel #
NPUXOJUM K OCHOBHOMY NOHATHIO AH(PGEPEHUUaJLHOTO HCUUCASHUS] —
K IIOHATHIO MPOHU3BOLHOI

ITycts ¢yukums y=—=j(x) ompenenseHa B mnpomexyrke 2. Mcxoms
U3 HEKOTOPOrO BHAUEHHS X == X, HE3aBHCHUMOH NMepPeMeHHOMH, NPUIaANM eMy
npupamenne Ax =0, He BHBOIsilee ero u3 npomenytka 2, Tak 4To
U HOBOE 3HaueHue X,— Ax mpuHagIexuT 3ToMy npoMexyTky. Toraa sHa-
ueHHe y,==F (%,) QYHKUUN 3aMEHHTCS HOBHIM B3HauyeHHeM yy—Ay==
==f (%9} Ax), T. e. NOJAy4HT NpHUpalICHIE

Ay = Af (x0) = f (X9 - Ax) — f (x).

Ecau cywecmsyem npeden ommowenus npupawenus ynxyun Ay
K 8bi38a8MeMYy €20 NPUPQULEHIIO He3a8UCUMOLl nepemeHrol Ax, npu
cmpemaenun Ax K Hyawo, m. e.

. A :
lim AJ == lim
Ax —0 BX Ax—0

(x4 Ax) — f(x,)
Ax ’

mo oK Ha3wigaemcss npow3so00Hoi*) dynwynun y=—Ff(x) no wnesa-
sucumoill nepemesnoil x npu OanHOM ee 3Haverun (usn 8 OaHHOU
motre) x==Xx,.

Takum o6pa3om, NPOU3BOJHAY HPW NAHHOM 3HAUYEHUH X == X¢—
€CJIM CYLUIECTBYET — eCTh ONPEAETCHHOE Y 1 € J1 O *¥); ecau e IPOU3BOAHANL
CYHIECTBYET BO BCeM npoMexytke 2, T. € NPU KaWKIOM BHAUECHAH X
B 5TOM IIPOMEXYTKE, TO OHa ABJAgeTCS GyYHKLHeH or x.

ITonb3ysick TOABKO YTO BBEIEHHBHIM IOHATHEM, CKazaHHOe B n°76
O CKODOCTH ABHXKYWIEHCS TOYKH MOXHO Pe3IOMUPOBaTb Tak:

Cropocms v ecms npou3s00Has om BPoll0eHHo20 Nymu § Ho
spesenu t.

Eciv cJI0BO «CKOPOCTh» MOHNMaTh B 0oJee o6ILEeM CMBICAE, TO MOXHO
651710 Obi OPOWM3BOXHYI0 BCETrjJa TPaKTOBaTh, KaK HEKYK <CKODOCTbY».
ViMenno, umes YHKUMIO y OT HE3aBACHMOMN HepeMEeHHOH X, MOXKHO II0CTa-
BATh BOIPOC O CKODPOCTH H3MEHEHNd INepeMeHHOH y mo
CPaBHEHHU C NepeMEeHHOMN x (IpH JaHHOM 3HAYEHWH MOC/ELHEH),

Ecnu npupamenve Ax, npumaHHoe X, BjaeueT 3a co0of mpupanieHue
Ay aasy, To, no anamorun ¢ n°76, cpexHelt CKOPOCTHIO M3MEHEHUs
y 1O CPaBHEHMIO € X NPH M3MEHEHHH X Ha BEJAYHHY AX MOXHO CUHTATh
OTHOILEHKE

*) TepMun «npowsBonnas» Gbin BefneH Jlarpammem yxe Ha pyGewxe XVII
u XIX Bexos.

#*¥) Tloxa Mbl OrpaHHYMBaeMCA CAydYaeM, KOrZa YHOMAHYTHIH Bbllle NpeLex
KoHedeH [cM. n’° 87).
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thopocmbro ace UIMEHeHus y npu 0QHHOM BHAREHUU X €CMeCHBEeHHO
Haszsameo ﬂpedeﬂ 3M020 OMHOUEHUS NPU CMPEMAECHUU Ax x HYL10:

Ay

V= hmo Vo= hTOE,

Ax — Ax
m. e. KaK pa3 — HPou3BOOHYI0 OM Y HO X.

B n°77 mp paccMaTpuBaiu KDUBYIO, 3aJaHHYIO ypaBHeHueM y = f (x),
W pEIIWIA BOIPOC O NPOBEJAEHUN KacaTeabHOH K Hell B sagaHHO#
Touke. Teneprb Mbl MOKEM CPOPMYIMPOBATh NOJYUEHHBIH HAMU Pe3yabTaT TaK:

Yenogodl roaghgpuyuenm tga KacamearsHoli ecms npou3soonas om
opduname. y no abcyucce X.

910 reoMeTpUYECKOEe NCTOJKOBaHHE IPOMIBOAHOH uyacrto
ObIBaeT MOJIC3HBIM.

ITpuBeneM B mOMOJHEHHE K PACCMOTPEHHHIM BhHIIIE eLle HECKOJbKO
IPUMEPOB, BHISBJSIOMUX POJb IOHSTHS NPOU3BOAHOH.

Eciu CKOPOCTh IBUKEHUS U He NOCTOSHHA M CaMa M3MEHSETCS C Teye-
HUeM BpemeHH: v=—f(f), TO PacCMaTPUBAIOT <CKOPOCTb H3MEHEHH CKO-
pOCTU», Ha3bBas €e YCKOPEHUuEeM.

VimeHHo, ecay mpupalleHuo BpeMeHH Af OTBevaeT IpupalieHue CKo-
poctd Av, TO OTHOIUEHUE

Av
(Zcp = —A—t

BHIDASUT CpPENHEEe YCKODEHHE 3a NPOMEKYTOK BpeMeHn Af, a npenen
€ro IaCT YCKODEHWE [NBUKEHUS B JaHHEIH MOMEHT BPEMEHH:

=1iméz

a= lim ag m g

f—0
Taxum 00pasom, ycwoperue ecms NPou3BO0HAST OM CKOPOCHIU NO BPEMEHI.
PaccMOTpuM Teneph <«JIMHEHHOE» paCHpPENeNeHHe MacChl HEMPEPHIBHBIM
00pasoM BIOJb HEKOTOPOTO NPSAMOJHHERHOrO orpeska (T. e, COOCTBEHHO,
BIOJb CTEPXHS, IMUPUHOH ¥ TOJUIMHOH KOTOporo Mu mnpeneOperaeml).
IlycTe moJsiokeHHE TOYKHM HAa 3TOM OTpe3Ke ompenensercss abcuuccoit x,
OTCYWTHIBAEMOH (HampuMep, B CaHTHMETpax) OT Hayasla oTpeska. Macca m,
pacnpenenennas B1oJb 1o oTpesky [0, x], Oyner 3aBuceTb or X :m = f(x).
Ipupawmenue Ax abcuuccsl KOHIA OTPE3Ka BHIBOBET IIpupaleHue Anz Maccol:
VHBIMM CJIOBaMH, A eCTb Macca, CBsI3aHHas C OTpeskoM [x, x —-Ax],
npuMpIKalomuM K Touke x. Torga cpenHdAs MAOTHOCTH pacnpene-
JIEHU$ MacChl Ha YKa3aHHOM OTPE3KE BBIPA3UTCS OTHOILUEHUEM

__Am
pcp—'A_x-

Ipenen sTOff cpeaHelt MIOTHOCTH INpPH CTACHBAHAM OTPE3Ka B TOUKY,
T. €. npu Ax — O;
p= lim p,= lim 5™
a0 P aplodx



146 TJ. V. IUSPEPEHLIMPOBAHUE SYHKUMIT ONHOM MEPEMEHHOI 78

HaspiBaeTCs (MHEHHOR) NNIOTHOCTHIO B TOUKE X: 5Ta MAOMHOCMY
ecms npou3sodHas om macchl HO abcyucce,

O6parumcs K yyeHHI0 O TEIVIOTE W C IOMOLIBI0 INPOMBBOJHOH ycTa-
HOBHM MNOHSTHE TENJOEMKOCTH TeJa NMPHU JaHHOH Temmepa-
Type.

OO6o3HaunM BXOASIIAE B BONMPOC (UBMUYECKHE BEANYUHH CASIYIOLIUM
obpasom: 6 — temmeparypa (8 rpagycax C), W —koiauuecrso TemJa,
KOTOpOE HYXKHO COOOWUTL Teay npu HarpesaHuu ero ot 0° mo 6° (B xano-
pusx). fcuo, yro W ects dyukuus or §: W=jf(0). Ilpunazum 6 Hexo-
Topoe npupamenue A6, torma W Ttakwe noayumr npupamenue AW,
Cpennas tennoeMKocTh mpu Harpesanum oT 8° no (6 - A8)° Gymer

AW

Cep=="77 -

Ho Tak kak, BooOiie roBops, npu usMeHenuu A6 srta cpeamss Temso-
€MKOCTb MEHSIETCH, Mbl HE MOXeM TPHHITL €e 83 TENJOEMKOCTh
npn paHHo# temneparype 0. [na momyueHns NocTAeIHER HYKHO

nepetn K npeneny.
AW

Tt i

WTak, MOXHO CKasaTh, YTO MENAOEMKOCHIE MEAQ ecHib NPou3so0Has
om KoAULecmsa meniq Ho memnepamype.

Bce 3Ti npumeHeHHs NPOM3BOIHON (YKMCIO KOTOPHIX JErKo Onijo Onl
YBEJMYATb) C JOCTATOYHOH SAPKOCTBIO OOHapyXuBAlOT TOT (aKT, YTO
NpOuU3BOJIHAY CYUIE€CTB.EHHHM 00 Das3oM CBA3aHa C OCHOBHBIMH MOHSA~
TUSAMH U3 Pa3JHYHBIX 00JacTell 3HaHus, CIOCOGCTBYS CaMOMY YCTaHOBJEHHIO
HTUX TOHATHH.

BrlugciieHne NPOM3BOJHBIX, HU3YUEHHE W UCIOJAb30BAHUE WUX CBOKCTB
M COCTaBJsieT TJIaBHHH NpeaMer OuhghepeHyuansHo20 UCHUCACHISL.

Hns o6o3nauenus NPOU3BOXHOH yNOTPEO/AIOT DPA3IMYHHEE CHMBOJIBL

j—j: Hin d—fd(%o*) (Jle#iGHuw),
¥ uma f7 (%) (Jlarpamx);
Dy nmn Df(x,)  (Kowm).

Mpl GyneM NOJMb30BaTbC MPEUMYILECTBEHHO HPOCTHIMA OCO3Haue-
nusimu Jlarpanwa. Ecau npumensior GyHKIHOHaAbHOE 0003HaueHue (CM. BTO-
poit croabew), 10 OyKBa x, B CKOOKaxX yKasbiBa€T TO MMEHHO 3HAYEHNE He-
33BMCMMOH MEPEMEHHOMH, TP KOTOPOM BBIUHCJIAETCS MpoussoiHas. Haxonen,
3aMETHM, YTO B CJyuasdX, KOTZa MOXET BO3SHUKHYTb COMHEHHE OTHOCH-

*) IToka Mb paccmaTpuBaeM 0Go3HayeHHsl JIeHGHMLA KaK [eAbHbIE CHMBOIBI;
HMXC Mbl YBHIMM, YTO MX MOXHO PacCMaTpHBaTh H Kak JApo6H. Mwo He Oydem
noab308athcs o6o3HayenneM HpwoToHa y, mpeanmonaramulyuM, YTO pOJb HE3aBH-
cHMOlf IepesesHON urpaer speMsa (CM. IO 3TOMy moBoay n’ 224),
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TEJBHO MEpeMeHHOH, Mo KOTOPOH B3ATa IPOM3BOAHAS (MO CPaBHEHHI®
€ KOTODOH yCTaHaBJMBAETCd «CKOPOCTh M3MEHeHHs (yHKUMu»); 3Ta mepe-
MEHHas yKashBaeTCd B BUJE 3HAUKa BHHU3Y:

Yun fe@xo) Dxy Dif (x0),

NPUYEM BHAUOK X HE CBA3aH C TEM YaCTHRIM SHAueHHEM X, HE3aBUCKMOH
NEPEMEHHO), MpU KOTOPOM BHIYHUC/IAETCA IPOUSBOAHALA.
(B HexoTOpOM CMBIC/IE, MOXHO CKa3aTb, YTO LEJbHBIE CHMBOJIBI
d ,
d—-ﬁ, f wm fy, Df wia D.f
WrpaT poib PYHKLUUOHANBHBEX 0003HaueHUu# Aad MPOU3BOA-
HOR yHKuUUM).
3anuieM Teneps, NOJb3YSACh BBENSHHBIMU A 00O3HayeHus IMpOu3-
BOZHKHIX CHMBOJIaMP, HEKOTOpHE K3 IMOJYYEHHBIX BBIIIE pE3YyJ/bTaTOB.
Jaa cKopoCTu ABHAKEHUST MMEEM

ds ,
v'—Ft Wil V=S5
augm yCKopeHus
dvu ’
a"?d-t uau =4

AnanornuHo, yrn0oB0 # K02 ¢ ¢ mu u e H T KacaTeapHOH K KpuBo# y=7(x)
HamuuIeTcs: Tak:
tgc7.=di wm  tga=y,
dx *
T IL
79. llpumepbl BBIUMCIEHHS HPOH3BONHBIX. B KauecTBe npuMepos
BBIUMCJUM TPOUSBOAHHIE U PAAA DJIEMEHTAPHHX (PYHKIUH,
1°. OtmMeTnM, NMpexae BCEro, OUEBHUAHHIE DE3YJILTATH: €CHA Y= (==
=const, T0 Ay=0, kakoso On Hu GbI0 Ax, Tak ur0o ' =0; ecan xe
y=ux, 10 Ay=Ax n y'=1.
2°. CreneHHds dpyuxkunus: y=x* (rae p — mo6oe BEUIECTBEH-
Hoe yucno). Obnactb M3MEHEHHs X B3aBHCUT OT {; OHa Obijla yKasaHa
8 1n°22, 2° Wmeem (npm x % 0)

Ax\*
Ay (x4 Ax)*—xt -—x“’l-(l +_x—) —1
Ax T Ax - Ax :
x

Ecan socnosssosarscst mpesenaoM, BeuncieHHsIM B 1° 65, 3), TO moJayunm

. A
Y = Ahmo A—“Jvc—-—— pxtt ®),
X —>

*) Ecm w >0, To mpn x =0 /erk0 HeNOCPeACTBEHHO MNOAYYHTb 3HAyeHHe
npoussofHoi: y' =0,
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B uactHoCTH,

ecau y=%—=x'1, TO y’:(_. 1).x-2=__;§’
1 __1 1

ecm y== ]/x—x?, T0 J/,—'§x 2_-—_-7,

X

MToxkasateapHas o¢ynkuus: y=a° (@>0, —oco<
<x<—}—oo) 3aech
A_y__ax+Ax—ax . aAX___l
AxT Ax

Bocnoab30BaBIuCh MPENEAOM, BHYHCAEHHBIM B n°65, 2), natinem:
s A
y’: lim z‘l—_—a"-lna.
Ax =0 8%
B uactHoCTRh,
ecmn y==e* 10 3y =¢€,

Mrak, cxopocTh BO3pacraHus ROKasaTenbHol (yHKumm (npu a > 1)
NPONOPLUAOHAIbHA SHAYECHUIO caMoit (yHKIun: uyeM OOJbILEro 3HaucHUd
(yHKIUA yxe AOCTUraa, TeM OhHCTpee B 5TOT MOMEHT OHa pacter. ITo
JI2€T TOUHYIO XaPaKTePUCTHKY POCTa IOKasaTeJpHOW (yHKIuH.

4°, lorapudmuueckas dyHknus: y=log,x (0<laz#l,
0 < x <~ o). B s1oM ciyuae

Ax
Ay log, (x+Ax) —loggx__ 1 IOgd(“f?)
Ax ™ Ax % Ax :
X

Bocrnoneayemca npenesioM, BHIYUCIEHHEIM B 1° 65, 1):

Ay  logge
Ax X

B vacTHOCTH 1 HaTypaJdbHOT O JoOrapudma mnoay4aercd HCK/o-

YATEIbHO TNPOCTOH Pesy/bTaT:

npu y=Inx nmeem y’=%.
310 naet (XOTd, MO CYWIECTBY, M HE HOBOE) OCHOBAaHWE /A IpPENnouTe-
HUfl, KOTOPOE OKa3HBaeTCH HaTypadbHBIM JOrapudmamM MpE TEopeTnde-
CKHX HCC/IEH0BAHUSAX.

To o6crofTe/LCTBO, UYTO CKOPOCTb BO3PACTAHHUS JIOTapU(MHUUYECKO#H
dbynkumn (mpu @ >1) o6paTHO NPONODIMOHAJIbHA 3HAYEHHIO APryMeHTa
W, OCTaBafACb [OJOXUTEABbHOH, CTPEMHICS K Hyai0 npu OGe3rpaHuyHoM
BO3PaCTaHul apryMeHTa, XOPOLIO XapakTepusyeT POCT Jaorapudmuueckoh
dynkumn.
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58°. TpuroHoMerpuyeckne ¢yHxkunuu Ilycte y==sincx,
Toraa

. Ax
sin —
Ay  sin(x4-Ax)—sinx p Ax)
Ax = ix = cos (x4-5).
7z

ITosb3yach HENpPEPHBHOCTBIO (PYHKIHM COS X U ussecTHM [n°34, B)]
sin a

npegenrom lim =1, noayuum
a— 0 A
Yy = lim —Al ==cos x ¥).
Ax — 02X
Axasorauno Hafizem:
ecil y=cosx, To Y =-—sinx.

B cayuae y=tg x umeem
sin (x 4 Ax) sin x
Ay _tg(x+Ax)—tgx cos(xFAx) cosx _

Ax Ax Ax

__sin(x+4-Ax) cos x —cos (x - Ax) sin x __ sin Ax 1

'— Ax - cos x - cos (x 4 Ax) T Ax cos x - €os (x - Ax)*
Orcioaa, Kak o BHIINE,

. A 1
¥ = lim & =——=sec’x.
ax — 0 AX cos® x
Ananoruuso,
—_ — — cae?
ecm y=ctgx, T y = ST e = esct X

80. Tlpouseonnas oGpatHoll ¢ynxumu. llpexne yeM 3aHATHCA BHI-
YUCEHHEM MPOM3BOJAHBIX OT OOPaTHBIX TPHUIOHOMETPUYECKHMX (HYHKIMH,
JOKAaXeM Creylowmyl obuyio TeopeMy.

Teopema. [Tycms: 1) dhyuryua f(x) ydosaemsopsiem YCAOBUAM
meopemer n°71 0 cyuwecmeosanun obpamnoli @ynryuu, 2) 8 moure
X==X, UMeem KOHELHYI U OMAUUHYIO OmM HYASL npous-
sodnyio f'(x,). Toz0a dan obpamwuoli ghyrxuyun x=g(y) & coomasem-
cmeywuweld mouxe Yo==f(x,) maKxoce cywecmsyem npou3sodHAs,

pasHas m.

#) OrMernm, yTo 5Ta dopMyna o6A3aHa CBOelf MPOCTOTOH TOMY, UTO Yroa
usMepseTcs B pafgmanax. Ecam 65 Ml Ccraim H3MepATh X, HallpuUMep,
B rpajycax, npeiel OTHOIIEGHUS CHHyca K yray Oour Onl paBeH He eIHHHIe,

3
4, KaK JErKO BHIETD, yor, M TOTIA MbI HMeIH 651

(sin x) = T%) €08 X.
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HokasaTEabcTBO. Ilpnmanum ssavenuio y=y, INPOU3BOJbHOE
npupameduse Ay, TOrIa COOTBETCTBEHHOE INpUpalleHne AXx MNOAyYuT U
dyukmua x=g(y). 3amerum, yro npu Ay % 0, BBHIY OXHO3HAYHOCTH
camolt dynkuun y==f(x), u Ax £ 0. Vmeem

Ax__ 1
Ay T Ay*
Ax

Ecin Tenmepp Ay —0 no moGoMy 8aKOHY, TO — B CWJIYy HENPEPHBHOCTH
¢ynkuu x = g(y) —u npupamenve Ax->0. Ho Toraa snamenaresnb
NpaBoi YacT# HAMMCAHHOrO paBeHCTBA cTpeMarcs K npeneny f'(xo) £ 0,
C/Ie0BATENbHO, CYUIECTBYET Npeiea mJs JeBOd uacTd, paBHbIA oOpatHO#
i

ST OH u mpexcrasaser coGoit npoussonuyio g (¥).

0
Hrak, nmeem npocryo dopmyay:

BEJINYUHE

o L
Py
Jlerko BBUSICHNTD €€ reoMeTpHuYecKHP cMbica Mu 3Hae,
YTO MPOM3BOAHAS Y, €CThb TAHFEHC yraa o, OGPA30BAHHOFO KacaTeJbHOM
K rpaguky ¢yHkmuu y=—7F(x) ¢ ocsio x. Ho oOpatHas Qynxuus
X==g(y) umMeer TOT Xe rpaduK, JMllb HE3aBUCHMAs [EpPeMeHHas I
Hee OTKJAanBIBAETCA MO ocu y. IT09TOMY mpousBOIAHAA Xy PABHA TaHIEHCY
yraa {8, cocTaBJeHHOro TOff e
KacaTesJbHOH ¢ ochio y (puc. 34).
72 Takum  o6pascM,  ByIBEIEHHad
dopMyJsa CBOAUTCA K H3BECTHOMY
COOTHOLIEHHUIO

Y

G,

1
=y

8 I '

CBY3BIBAIOIEMY TaHI'EHCH JIBYX
yraos a # @, CyMMa KOTOPBHIX

\
Ry
S

Puc. 34. ™
pasHa +-.
Moaoxum mas npumepa y==a*. OGparHoit s Hee ¢yHxuueit Gyier

x=log,y. Tak kak (cMm. 3°) yy==ca*-lng, 10 nO Hame#d Qopmyre

N logg e

Xy = T R ma .y
Yy, @*-lna y
B corjacun ¢ 4°
ITepexoas Temepb K BLIYHC/IEHHIO NPOU3BOXHEIX OT OOPaTHHIX TpH-
rOHOMETPHYECKHX (yHKUMY, MBl 1jad yRoOCTBA NOMEHAEM pOJIMH nepe-
MEHHBIE X M Y, NEPENACaB AOKA3aHHY0 (OPMYyJdy B BUAE
, 1

V= 5.
Xy
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6°. O6parHbe TpuroHomerpudyeckue ¢yHkuuu Pac-

T T
=y <g-
Ona sBasercs oOpaTHON m/g (MYHKUMX X == Sin Y, UMeIed ns yKasaH-

HBIX 3HAYEHUH ¥ MO O M UTEAb HYI0 NPOH3BOJHYIO Xy == COS . B Takom
C/lyuae CymeCTBYeT TaKxKe NPOM3BOLHAS Yy, DaBHad, N0 Hawel opuyie,

1 1 1 1

.
Y= — = ——

Xy cosy—_“Vlmsin”y_Vl—xg;

KOPEeHb Mbl GepeM CO 3HaKOM IUIOC, TaK Kak cosy > 0.
M#I uckmouaeM 3HayeHns x =t 1, u60 445 COOTBETCTBYIOL(MX 3Ha-

cMoTpuM Qynkuuio y==arcsin x (— 1 < x<1), npuyem

ueHnlt y =t - mpomssoanas Xy == cos y=0.

Pypxuua y=arctgx (—oo<x< - o0) cayxur obpaTHOH mas
¢byukunu x=tg y. Ilo name# ¢opmyae
R I R
Y= }}—‘sccﬁy— T4+ tg2y = 14X
AHaJOFHUHO MOXHO MOJYUHTD:
IS Yy == arccos x

1

J":‘]/I—T—; (1],
ans y = arcctg x
Y=—173 (— oo x < ~A00).

81. Ceoaxa dopmyn nas ppoussonxebix. Crenaem cBoaky Bcex
BHIBEIECHHBIX HaMU (GOpMyJI:

1. y=c y=0
2. y=x y=1
3 y=x" ¥ = pxt?
1 , 1
y== y=—3
— , 1
y=Vx J’—m
4. y=a* y=a"-Ina
y=e* y=e"
5. y=1log,x r108. ¢
X
y=Inx y’-—_—l
X
6. y=sinx y=cosx
7. y=cosx y=—sinx .
8. y=tgx y=sec x= 5
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1

9. y=cigx y’:—csc*x:——m
10. y=arcsinx Jf:#ﬁ

11, y=arccos x y’=—Vi_—1__x.—2-

12, y=—=arcitgx y’=ﬁ1?

13. y=—arccigx y’.—_-——l——_'lTF

82. ¢opmysa mus npupamenuss Gysxuun. Joxkaxem B3mech nBa
NPOCTHX YTBEDKACHNSA, UMEIOUUX TMPUIOKEHHA B JajbHeHuIeM.

Mycre dyukumst y=f(x) ompenerena B mnpomexyrke 2. Hcxons
W3 ONpPEIEJEHHOTO B3HAYeHHs] X ==X, B 5IOM IPOMEXYTKe, 00O3HayuM
yepes Ax == (0 npou3BoabHOE NMPHUPAUIEHHE X, MNOIYUHEHHOE JHIb TOMY
orpaunyenno, 4To0H TOuKa Xy—| Ax He Bmmmia 3a npexeasl 2. Toraa
COOTBETCTBYIOIUM INprpaieHueM ¢yHkuun 6yner

Ay == Af (xo) = f (X0~ Ax) — f (%0).
1°. Ecau goynrgun y=f(x) 8 mouxe x, umeem (KOHeiHyw) npo-
u3800uy10 Yy =f"(xy), mo npupawerue @gyHxyuu moocem Ovms Hped-
cmasaeHo 8 guoe
Af (o)) =1 (x0) - Ax -+ Ax @)

uau, xopote,
Ay=y,-Ax-|-a-Ax, (22)

20e o ecmb GeautuHa, 3asucAwas om Ax u mecme ¢ HUM cmpeMs-
Wascs € HYo.
TaK Kak, 110 CaMOMy OHpENENEHHI0 MPOU3BOAHOH, mpu Ax —0

Ay ,
K}C‘ ""J/xa
TO, MNoJarast
Ay ’
a= Ax —Vx

punnM, 4o u a— 0. Onpenenss orcioga Ay, npuiem k dopmyne (2a).

Tax xaxk BesununbHa a-Ax (mpu Ax —0) Gyaer OGECKOHEUHO MaJoi
BHICHIErO TOpAAKa, ueM Ax, To, ynorpebuass sseneHuoe B n°54 oGosHa-
ueHue, MOXKHO Hamm| (OPMyJHl NEpenucaTh B BUIEC

Af (xo)=F"(x0) - Ax 40 (Ax) @)
Ay=1y,-Ax -} 0 (Ax). (3a)

3ameuaHnE Jlo cux mop mMu cudraan Ax ==0; BeqmumHa o U HE
Ooiia onpegeaena npu Ax=—90. Korzma mun rosopwiu, yro oa—0 1npu

nin
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Ax — 0, To (xak 0OBIYHO) NIpenmnoJaraid, 4to Ax CTpEeMUTCT K HyJo MO
moBoMy 3aKOHy, HO He NpHHUMAas HyJeBoro 3HaueHus, [losoxum Temephb
a=0 npu Ax=0; Torma, pasymeercqa, popmyna (2) COXpaHHTICA U INpPH
Ax=0. Kpome TOro, coortHoumieHue

a—>0 npu Ax—>0

MOXHO TNOHMMaTh W B 0oJiee IIUPOKOM CMbIC/IE, YeM paHbIUe, HE HCKJIO-
uas a8 Ax BO3MOXHOCTH CTPEMUTBCS K HYJIO, NPHHUMAas B 4AC/aIe Npo-
YHUX W HyJEeBblE 3HAYEHHs.

3 noxasanHbix opMys HENOCPENCTBEHHO BBITEKAET:

2°, Ecau ¢pynxyus y=f(x) 6 mouke x, umeem (KOHEeLHYIO) npo-
13800KYI0, MO 8 Mol mouxe PYHKyUsL Heo0xX00UMO Henpep s 6 Ha.

Ilefictsutenbto, U3 (2a) sficHO, 4To COOTHomleHne Ax —»0 Bieyer 3a
co6oo Ay — 0.

83. IlpocTeiimue npaBuJa BHIYMCJAEHUS NPOMIBOAHBIX. B mpenn-
JAYLMX HOMEPAaX MBI BBIUMCJUJM MPOU3BOJHBIE /IS 9JEMEHTapHBIX (QyHK-
nuil. 31ech ¥ B CJAEAYIOLIEM HOMEpEe Mbl YCTAHOBHM psjJ IPOCTHIX Ipa-
BIWJI, C TOMOILBIO KOTOPHIX CTaHET BOSMOXHBIM BBIYUCJAEHUE IPOU3BOAHOM
A1 o060t (DYHKIMM, COCTAaBJICHHOH u3 3SJEeMEHTapHBIX IpPH IOCPEINCTBE
KOHEUHOTO 4YHuCJIa apudMETHUEeCKUX HeHCTBHH m cymeprosuuni [n° 25).

I. ITycmes hynxyua n=—¢ (x) umeem (8 onpedeseHroll modre X)
npoussoonyio u'. [Hoxaocem, umo u Gyuxyus y=—=cu (c==-const)
maroice useem npou3sodHyn (8 moli oie mouKe), U BuUUCAUM ee,

Ecan HesaBrcuMas NMepeMeHHas X MOJYYMT NpupaiieHne Ax, To GpyHK-
Hus © NOJyyaT NpupaimleHne Aw, nepedas OT UCXOZHOTO 3HaYeHus u
K sHaueHuto u - Au. Hosoe 3navenwe dyukuuu y OGyzer y-}-Ay==
=c¢ (u -} Au). Orcriona Ay=—c-Au u

Ay

lim =C" lim —=c-u,
Ax — 08X

WTaK, npousBoAHAs CymleCTBYeT W paBHa
Ye=(c-u)y=c-u.

D1a opMysa BHpPAKAET TaKOE MNPABAIO: MOCTOSHHE YU MHOXKHU-
TEJb MOXET OHTb BHHECEH 33 3HAaK MPOU3BOAHOM.

Il Iycme dhynxyun w=¢(x), v=1,(x) uneiom (8 onpedereHHol
moure) npoudgodnsie u', v. [oxases, umo Gynxyua y=—u-to
maKgce umeem Npou3sodnyio (6 moii sice mouxe), U BHUUCAUM €€,

Mpunanum x npupamenne Ax; Torda %, ¥ ¥ y NOJAyYaT, COOTBET-
CTBEHHO, mnpupamenus Aw, Av u Ay. VIx HoBme sHaueHns u-A4u,
v-}-Av, y-- Ay cBS3aHBl TEM K€ COOTHOIIEHHEM:

-+ Ay=(u-+ Au) =% (v -+ Av).

Orcioaa

A Au Ao
M:Mim,ézﬁiﬁ
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n

A A

lim 32— 11m i 11m él—u’i’w’,
Ax—0 8% Ay L oAx —obx

TaK uYTO npoMsBoAHas 3 CywecTBYeT u PasHa
Y=@wxvy=u .

DTOT pesysabTaT JErKko MOXKeT ObTb PacHpOCTPaHeH Ha J060e yucio
CAaraeMeix (¥ TPUTOM — TE€M Ke METOLOM).

1L [pu mex oce APeOROAONCEHUAK OMHOCUMEAbHO (DYHKYUL u, v
ooKadicerm, 4mo Q@YHKUUSL Y==U-V MaKce uMeem MNpou3soOHYI, U
Haillen ee.

Npupamennio Ax oTBeuaroT, Kak u Bhe, npupamenus Au, dv u Ay,
npa 31oM y -+ Ay = (u-} Au) (v -} Av), TaK utO

Ay=Au-v-4u-Av-+|Au.Av

u
Ay An
Ax z)—{~u +Ax
Tax kak npu Ax >0, B cnny n°82, 2°, n Av— 0, 10
. Ay . Ao , ,
lim — = I1m cv—4-u- 11m i =W v U
Ax 048X oA + —olx + ’

T. €. NPousBojHas 3’ CYIECTBYeT U PaBHa
Yy=@-v=o-v-u-v.
Ecmn y=uvw, npuuem 1/, v, @' cymecrsywor, t0
V=) v} = wv) - w4 (av) - W' = v'vw - uv'w -} uvw'.

Jlerko cooGpasutb, YTO U4 CAyuas 72 COMHOKuUTEAEH OyaeM UMETh
aHaJIOTHYHO:
n

r— e—
fnow ... sf=vvw...stuw'w...sF+uww .. .s4 ... fuvw...s

Ilast toro ytoOH [QOKa3ath 3TO, MOXHO BOCIIO/JbL30BATBCS METOAOM Mare-
MaTUYECKOH UHIYKUUH.

1V. Haroney, ecau u, v y00BACMBOPSIOM NPEIHCHUM NPednosodice-
HUSLM U, KPOME MO020, U OMAUYHO OM HYAS, MO Mbi 00KaNCEM, 4MO

u o
DyHR IS Y= maroce uneem npou3godnyio, u Haiidenm ee.
Ilpu 1ex ke 0603HAUEHHSX, UTO ¥ BHIILUE, HMEEM

u—+4 Au
Y=

Au O —1 - Av
Au.v —u-Av Ay  Ax’ Ax

=T " A= o@Fan "

TaK 4ro
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Yerpemass sgech Ax K Hymo (npuuem opHoBpeMeHHO u Av —» (), yGe-
WAAEMCS B CYLIECTBOBAHMH TPOU3BOIHOH
, _{u\ _urv—u-v
Y= (;) - 2 .

84. Npouseoxnas caoxHo# ¢ynxkmuu. Tenepp MH MOXEM YCTaHO-
BUTb BECbMa BAKHOE MNpPH NPAKTUUYCCKOM HAXOXKAECHUN NPOU3BOIHBIX Npa-
BWJIO, MO3BOJSIOLIEE BHUHCANTb NPOUSROAHYIO CHOMHOH (PynKuMH, ecau
WU3BECTHBHl MPOU3BOAHBIE COCTABAMIOIIMX (QyHKIAMH,

V. fTycmes: 1) dyurxyus nu==q (x) umeem 8 HeKOmMOpol mouKe X,
npoussoonyio uy=y' (x,), 2) dynxyns y==r(u) uneem & coomeem-
cmeyoueir mouie wy== ¢ (x,) npouzsoduyw y, == f (1,). To2da crodxcHas
dynrgus y=7f (¢ (x)) 8 ynomanymoi mouxe x, mawoice 6ydem uisems
npou3sodnylo, paguyn npoulgedenuiv Hpou3godrsix GyHryul f(u)

u ¢ (x): ' )
[£ (e (N =Fu(p (X)) ¢ (x) )
uau, Kopote,
Y=Yy U

Ilns  pokasaTedbCTBAa MNpUAaJuM X INPOM3BOJbHOE mnpupamenne Ax;
nycrs Au — COOTBETCTBYIOLIEE NPUPAUIEHHEe (YHKIUU U =—¢ (X) U, HaKo-
Heu, Ay — npupaaienne GyHkuun y = f (1), BH3BaHHOE NpupatneHneM Au.
Bocnoansyemcs cooTHolueHueMm (2a), KOTOpoe, 3aMeHss X Ha #, nepe-
nylmeM B BUIE

Ay=y,-Au-ta-Au

(o 3aBucuT OT Am W BMeCTE€ C HUM CIDEMUTCA K Hy/Mo). Pasnenus ero
NOYIEHHO Ha AXx, noayyuM
Ay . Y/] Au
A=Y i T i
Ecmu Ax ycrpemuth K Hyao, T0 Oyaer cTpeMuThCs K Hymo u Au [88, 2°),
a TOrKa, Kak Mu 3HaeM, OyleT TaKke CTPEeMHTbCA K HYMO 3apucsiias
o7 Au BemuuuHa a. ClegoBare/bHO, CYILECTBYET Mpemel
Ay . . Au .
lim = =y, lim ==y, U,
Ax-0 X Y ax—0 A% Y ’
KOTODHH B MpeNCTaBaseT co6010 HCKOMYIO NMPOUSBOIHYIO V.
3AMEUAHHUE, 3AeCh CKas3biBaeTCs NOJE3HOCTh 3aMeuanus B n° 82
OTHOCUTENBHO BeanuuHM o npn Ax—=0: noxkyma Ax ecrb npupauie-
HHe He3aBUCHMOHN NmepeMeHHOH, MbB MOrId NPENNOJaraTb €ro

*) IMonuepkHeM, 4T0 cUMBOI f,, (¢ (¥,)) O3HAYaeT NPOH3BOAHYIO GYHKUHUIO f (1)

No €e apryMmMeHTy # (a He N0 Xx), BHIUNCICHRYIO NIPH 3HAUCHHH Uq = ¢ (X,)
3TOr0 apryMeHTa.
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OTAWYHHM OT HyJd, HO Kora Ax 3aMEHEeHO NpupaueHHeM ¢y HKLUH
u=¢(x), To gaxe npu Ax 7= 0 Mbl yxe He BIpaBe CuuTaThb, yTO Au 7~ 0.
85, [Ipumepnt *). Crayana npusefeM HECKOAbKO NPUMEPOB IPH/IOXKEHHA lIpa-

Bua 1—I1V.
1) PaccMOTpHM MHOTOYJEH:

Y= X"+ e X" - 4y 9 X -4y x - ay
[To npasuny II, a 3arem I, 6ymem umers:
¥ =(axX") + (8, X" 7YY oo A (@p2x?) - (8p-1X) - (@) =
=0, (x7) 40, (X" - A e (XF) - @y (x) - (@0)
Wicnosnsosas xe popmyas 1, 2, 3 [n°81)], okonyaTeabHO NOIYYHM
Yy =nex™t+(n—1)ax"2 .. 428, sx 4 aq,_,.
2) y=(2x*—5x-+1).e*.
[lo npasnay lil
Y =2x2—5x -+ 1) « e* - (2x*—5x 4 1)-(e¥)".
Onnpasce Ha npeabiaymuii npusep u dopmyay 4 [n°81], Halixem
Y ={A4x—3) e¥+ 2x*—5x+ 1) - e¥=(2x% —x —4) e*,

X sin x -} cos x

8 y= X cos x — sin x°

3mech NPUXONUTCA HOAb30BATHCA CHayada npasuaoM IV, a 3areM mpaBuiamm
1 ulll (1 opmynamu 6, 7, n°81):
= (xsin x 4 cos x)' (x cos x — sin x) — (x sin x -}~ cos x) (x cos x — sin x)’ -

(x cos x — sin x)*
X COS X (X €os x — sin x) — (x sin x -+ €os x) (— xsin x)
(x cos x — sin x)? -

x2
T (x cos x — sin x)*°

Bhluyciesde IPOM3BOAHBIX UMCAHTENS M 3HaMEHATeAsd Mbl IIPOM3BEINH, HE pac-
YjeHsis ero Ha oTAenbHele mary. IlyTem ynpaxsenus Heo6XOAHMO NOGHTbLCA TOIO,
Y1066l BOOOIE IfMCaTh NPOU3BOLHbIE CPa3y.

Ilpumepsl Ha BHIYHCAEHHE NPOM3BOJHLIX CHOXHBIX (yHKUMi:

4) Oycrs y==1Insin x, uHave rosops, y =1nu, rae u = sin x. [To npasuay V,

y,=y, -, Ipoussonnas y,= (In u)é:; (bopmyaa D) momwHa ObITH B3ATa
opn u= sin x. Takum oGpasowm,

. ,__COSX
- (sin x) =% =ctg x (popmyaa 6).

Y=

sinx
5) y=e*, T e y=é#, rie u=x%
P =0 (k%) == 2x . 2*° (V; 41 3).

#) Byksamu x, y, u, v Haxe 0GO3HAYeHH NepEeMCHHBH €, A JPYyrHMH
OyKBaMH — I O CT O Sl HH bl € BEIHYUHbI,
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KoHeyHO, B OTHEALEOM BEHI MK CH BaH MU COCTABIAIOMMX QYHKUMHA HA Nexe HET
Halo06HOCTH.

6) y== sin ax; y;;_—: cos ax - (ax)' =a - cos ax V11,2,
1 ;1 1y x2 1
7)y_arc1g;, Y= - (}_> =1+x2 . (_;2_>=
1—{——)—6—2
1
=I= V; 12, 3).

Cayuait cnoxno# QYHKUMY, NONYYEHHOX B Pe3ynbraTe HECKONLKHUX CyNepro-
3UuMil, WCYepHbiBaeTcd NOCHAENOBATENbHB M [DUMEHECHHEM npaBuna V:

i
8)Y=Vtg D

Torza
, 1 1 !
Yp= e (1g 5 %) = Vi 3)
2‘/tgix ¥
2
- seczlx-G— x) = v, 8)
2]/t Ly 2 2
£32
1
2 b
sec? o x

4]/tgé—x

ﬂaRHM elle HeCKONbKO NPUMEPOB HAa NPUMEHEHHE BCEX NpaBUL

- , 1 — e
9 = 2 M = ———————— . 2 - x =
)y=ln (x4 Vx+e); v Ty (x4 Var4o
1 X 1
v sl
o e
lmy__”i_;W_L,LVx+c'xVﬁ+c= 1
Vet e (Vo (x* 4 "/

11) B Bume ynpawHeHHs HCCAENAYEM enie BONPOC O NMPOU3BOTHON CTENEHHO-
TOKa3aTeAbHOro Bolpawenua y==u® (1 >0), rge u U ¥ CyTb QYHKLIYA OT X,
HMeUHe B XaHHOH TOuKe NPOM3BOIHbIE ', V',

[lponorapngmyposaB PaBeHCTBO y == u?, MOIYUYHUM

Iny=v-lna. 4)

TaxuMm 06pasoM, BHpaXeHHe IIR ¥ MOXHO Hepemnmcars B Buie y=e? "% or-
Kyla ywe HCHO, YTO NpOHM3BOAHag 3’ cymecrsyer. Camoe ke BBIYUCIEHHE

ee npoule OCYIeCTBUTH, NPUPABHHBAsS NPOU3BOJHBIE N0 X OT OGeHx yactei
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pasencrsa (4), Ilpu atom mbl ucnoab3yem npasuaa V u lI (nomusa o ToM, 4to 4,
v ¥y cyth GyHKUMH OT x). Mbl nmonyyum

i-y’————*v'-lnu—[—*u- zlz u,

y
OTKyAA

vu'
y’ =y (7 + v In u)
WM, NOJACTaBJsAs BMECTO J €ro BhIpaMeHue,
o’
y' =u® (——u + v lnu). ®)

dra popmysa snepssie Gpiaa ycraHosiena JleiGuuuem u Y. Bepuyman.
Hanpuwmep,

i ’ sin x
ecan y=x""* 10 yx=xsmx<7-|— cosx.lnx).

86. OnuocToponHue mpousBoxHble. OOpaTUMCT B 3aKJIOYeHHE K 06-
80py psiza GCOGBX CJAYyuaeB, KOTOPHE MOFYT NPENCTaBUTILCS B OT-
HOMIEHUA NPOU3BOAHBIX. HauHeM ¢ ycTanoBaeHwmst moHsTHS 06 OLHOCT O-
POHHHUX HPOHU3BOAHEX. Eciu paccMaTpHBaeMOe 3HAUEHHE X SBJAETCS
OfHUM U3 KOHIOB TOFO NPOMEXYTKa 2, B KOTOpOM onpeneneHa ¢yHK-
s y=f(x), TO Npu BBUUCIEHUU Mpeaea i—i NPUXOAUTCH OFpaHH-
udThCa npulOmmkeHneM Ax K Hymo Juup crnpapBa (Korja peus HAeT
O JIeBOM KOHLE IPOMEKYTKa) WIN CJaeBa (411 MmpaBoro KoHua). B sTom
cayyae roBopatT 60 OLHOCTOPOHHEHN MPOM3BOXHOMN, CIIPaBa WM C/IEBa.

B cooTsercTBylomlnX TOYKAax rpa-
/y PUK (QyHKHUE UMEET OJHOCTO-
POHHIOIO KacaTeJabHYIO.

MoxeT Cay4ynTbCd, 4T0 U A
BHYTpEHHEH TOUKH X CYUECTBYIOT
JUIIb OJHOCTOPOHHHE NpEeNean OT-

A
HOWIERMs —5"5 (mpr Ax— -0 wnm

4

o

A
xr Ax-—>—0), He paBHHE MeWAY CO-
B 60f; UX TaKKe Ha3HIBAIOT O H HO-
Puc. 35, CTODOHHHUMHM  NPOUSBOJHBIMA.
s rpaduka (YHKIUU B COOTBET-
crBymouefl Touke OYyIyT CyiecTBOBaTh JHllib OLHOCTODOHHHUE Ka-
caTe/fbHBle, COCTaB/JsOllMEe yrok: TouKa Oyzer yraoso# (puc. 35).

(3| IR,

Y

B xavecTBe nmpumepa paccMoTpuM dyHkuHo y=f (x) =| x |. Vlcxona u3 3na-
yepuna x =0, 6yiem HMETb
Ay=F 0+ Bx) —f (O =F (bx)=| Ax .
Ecan Ax >0, To
Ay=A4x, lim Ay =1
Ax —-+0 Ax
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Ecan we Ax <0, 10

. Ay
Ay=—Ax, Axgn.l_oﬂ_—— 1

Hauano xoopnuxat sBasercs YriaoBol Touxko#t mnas rpagpuka 3Toi dpysxuun, co-
crosuueil 3 GUCCEKTPHC NEPBOrO M BTOPOro KOOPAMHATHLIX YIIOB.

A
87. BecxoHeunnie Npou3BOAHbie. ECau OTHOMLIEHHE NpHpamieHnit K_}é,
npu Ax — 0 cTpemurcs K -F00 miIm K -—CO, TO 3TO HeCOGCTBEHHOE

YNCJO TaKKE HA3BIBAIOT NPOM3BONHOH M 0003HAUAIOT Kak OOBIUHO.
I'eoMeTpuyeckoe WCTOJIKOBAHME IMPOU3BOAHOU KaK yrsosoro kosgpdu-
LUMEeHTa KacaTeJdbHON pacnpocTpaHseTcs W Ha 3TOT Cayyak; HO 31ech —
KacaTenbHas OKaswBAEeTCA NapasiienbHoit ocu y (puc. 36, a, 6).
AHaNOrMYHO yCTAHABIMBAETCS TOHATHE 00 OMHOCTOPOHHEeH Oec-
KOHEYHOH Npou3BOAHON. BnpoueMm, Ha 9TOT pa3 jaxe HaJIMUYHE PABTUYHBIX
O 3HAKY OQHOCTODPOHHUX OECKOHEUHBIX NPOU3BOAHKIX (puc. 36, 8, 2)

() ]

Puc. 36.

1 It/ %]

TOXE BJEYeT 3a coOOfl CymecTBOBaHME € TUHCTBEHH Ol BEPTUKAJILHOM

KacatenbHOl. OCOOGEHHOCTBIO STOrO Ciyuyas SBJISETCS HajiMude OCTpHf,
HANpPaBJEHHOrO BBEPX WJIU BHU3.
1

Iycrs, nanpumep, f, (x) =x3; npn x %0 ¢opmyna 3 n° 81 naer
, 1 3 1
fi(x)= Kl X = ———2_ ’
3x3

HO OHa He TMpunoxnMa npu x == 0. B aToft Touke BLIYHCINM NPOUSBOAHY IO, HCXOAS
HENOCPEJCTEEHHO M3 ee ONpeleneHHs; COCTaBHB OTHOIIEHHE

1
HO+A0)—F0) _@dxn® 1
Ax Ax

2 ]
(Ax)*®
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BHANM, YTO €ro IpeReIoM npu2 Ax —0 6yner -}-co. Anamoruuno yGexmaemcs,
y1o Iaa GyHRUMH fo (x)=x3 npu x =0 npoussoiHaA ciesa paBHA — 00O, a
cnpaBa -} co.

ITone3ysich paciigpeHneM IOHATHS NPOU3BOJHOM, MOXKHO Obl0  6bl
nornonunTh Teopemy 1n°80 o nmpouspomHOH oOparTHON (QyHKLMM yKasaHueM,
YTO U B TeX CIy4asx, Koraa f'(x,) paBHa Hy/mo wman — oo, npoussogHas
obparnoit ¢ynxuun g’ (yy) CywiecTByeT W paBHa, COOTBETCTBEHHO, —+ co

umn Hysao. Hampumep, Tak kak ¢QyHKuus sin x npu x::t% UMEET

k1
IIPOU3BOJHYIO COS (i —2-> =0, 1o mna obGparHo# ¢yHkuuu arcsiny npwu
y=7£1 cymecryer OeckoHeyHas NPOM3BOIHAR (UMEHHO, —}-00).

88, NanpHeiimue mnpumepbl 0co6bIX cayuaes. 1°. [lpumep uecyujecmeo-
8aHUST NPOU3BOOHOLU. Yxe GYHKUMA y=]|x | B Touke x==0 [cM. n° 86] ne umeer
OObIYHOH, A BYCTOpPOHHEIH, npoussoiHoil. Ho unrepecHee mpumep QyHKuMU

Flx)y=x- sin% (mpu x 2£0), £(0)=0,

HenpepuiBHON U npu x =10 [n°67, 4)], Ho He uMmelomeH B 3TOM TOUKE AaXe ONHO-
CTOPOHHUX HPOUBBOXHBIX. JefCTBUTEAbHO, OTHOLIEHHE

FO+A)—FO) _fax) _ o 1
Ax

T Ax Ax

He CTPEMHTCd HM K KakoMmy mpemeny npu Ax — -+ 0,

[Mo rpaguky sroit Qpynxuum (puc. 21) merko ycmorpers, yro cexymas OM,,
HCXONAAs N3 HayanbHOH ToukH O, HE HMEET IpefenbHOro NOI0KEHUA NPH CTpeM-
nenvn M; k O, Tak YTO KacaTenAbHON K KPUBOH B HadyalbHOU TOYKe HeT (laxe
OIHOCTOPOHHEH).

BriocaencTBAY MBI IO3HAKOMHMCS C 3aMeYaTeNbHbIM NPHMEpPOM (yHKUMH, He-
npephBHOM ApM BCeX 3HAYEHHAX apryMeHTa, HO HYM IIPH OJHOM M3 HUX HE MMEIo-
LCH TIPOU3BOJHOH.

2°. [lpumep paspweisa npous3sodnoi. Ecnmu nas manHo#l (yHxumy y = f(X)
CYIIECTBYET KOHCYHAsA NPOM3BOIHas ¥’ =j (x) B Ka}WXOH TOYKE HEKOTOPOro Ipo-
MexyTka £, TO 3Ta NPOM3BOAHAsA, B CBOIO OYepelb, NpejpcTaBiser cobod B
¢yHKUKIO 0T X. B MHOroumcierHnX npHMepax, KOTOpbIE€ HAM IO CHX MOpP BCTpe-
Yaauch, 5Ta (GYHKUNA caMa oKa3pBanach HenpepoiBHOH. OIHAKO 3TO MOMET OmiTb
He Tak. PaccmMoTpuM, HalpHMep, QYHKLHIO

f(x)=x? sin)%— (mpu x #0), £ (0) =0.

Ecan x40, 10 ee npousBonHas BeryHCAACTCA OOLIYHBIMU METOLAMHI

1 1
"{x)=2x - sin —— c0s —
£ ~ P
HO TIONy4YeHHbIH pe3yabTar HenpuioxkuM npu x ==0. O6pamasnc, B 3TOM Ciyyae
HENOCPEACTBEHHO K CaMOMY OIpEJCICHUIO NOHATHS IPOU3BOAHOH, 6yleM HMeTh

vy i FOFAD)—F (O ol
f ©) _A;lclfo — e —ALHEOAX sin Ax__O.
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Bumecrte ¢ 1eMm sicuo, uto f (x) npu x >0 He CIPeMHTCA HH K KakoMmy mpexeny,
Tak uro ppy x =0 pynxumus f(X) umMeeT paspHB.

B sTom npusepe paspsiB NPOM3BOXHON OKA3bIBAETCA BTOPOrO poja. J1o — He
CAYYalHOCTb: HUKE Mbl YBMAHM, YTO Pa3pblBOB NIEPBOro POH3, T. €. CKAYKOB, HpPO-
M3BOAHAs HUMETh He Moxer [n° 103}

§ 2. IUODEPEHIHAI

89. Onpenenenue auddepennuana. ITycts umeem gpyHkuuo y == f(x),
ONpEeeaeHHYI0 B HEKOTOPOM NpoMexyTKe £ W HEeNpephBHYIO B paccMa-
TpuBaeMo#l Touke ., Torma mpupameHuio Ax aprymeHra OTBEYaer Inpu-
pamienye

Ay==Af(xo) =f (%0 - A%) — f(x0),

6ecKOHEUHO MaJjoe BMecTe € Ax. DOJBLIYIO BaXHOCTh HMEET BOIPOC,
cywecmsyem A 045 Ay marxas aunednass omuocumessHo Ax Gecko-
Heuno masasr A-Ax(A==coust), wmo ux pasumocms orassiéacmcs, no
cpasHenuio ¢ Ax, OecKoHewro MaAol 8bicrie20 nopsaixa:

Ay=A-Ax -}- o (Ax). e8]

IIpn A # 0 mnaauuue paseHcta (1) nokassiBaer, uTo OECKOHEYHO
manas A-.Ax sxBuUBajJeHTH2 O€CKOHEUHO Malof Ay W, 3HAYUT, CAYKUT
VI MocAenHeli ee PJMaBHOM YacCThIo, €CAM 38 OCHOBHYIO OSCKOHEUHO
maayio Ba3ita Ax [n°n° 56, 57].

Ecan pasencmego (1) sunoansemces, mo hyuxyus y = f(x) Ha3o-
saemcss Oudhdhepenyupyernoil (npu O0AHHOM 3HAUEHUU X ==X),
caxmo oice swpagcerue A-Ax na3pgaemcs OoudgeperHyuanron
Pyaryguu 1 0603HAYaeTC CUMBOJIOM dy uan df (x).

|B nocaeanem cayuae B cKOOKax yKashlBaeTcd MCXOAHOE sHaueHne x*)].

Eme pas nostopsem, uto auddepennuan QyHKUMH XapaKTepPU3yeTCs
AByMa cBo¥ictBamu: (a) OH HpEACTaBJfeT JUBEHHYI0 OJHODOAHYK (GYHK-
nuo  or npupawends Ax aprymenra u (0) pasHuICS OT NPUPALEHUS
(GyHKUMM Ha BEANYHHY, KOTopas npu Ax — O sBageTcs OSCKOHEYHO MaJsoH,
HOPAAKA BBICLIEro, yem Ax,

PaccyoTpuM NP U MEP bl

1) Maomans Q xpyra paauyca r 3agaerca popmyno#t Q = nr?. Ecau paznyc r
yBEJIHYHTb Ha Ar, TO COOTBETCTBYIOLIEE NpHpauieHue AQ Beauyunsl Q Gyner 140-
H1abl0 KPYIrOBOIO KO/bld, COAEPKALEroca MEXAY KONUCHTPHYECKUMH OKPYKHO-
CTAMH panuyca r u r - Ar. VI3 Beipamenus

AQ=n(r + Ar)2 —=nr?=2nr - Ar 4 = (Ar)?

cpasy ycMarpuBaeM, yTo riaBHOH yactbio AQ npu Ar —0 Gyner 2znr . Ar; 910 B
ects nmupdepenunan dQ. IecoMeTpuyeckH OH BHIPAKACT ILIOWAAb NPAMOYIO/b-
BMKa (MONyYeHHOro Kak Obl <«BbIIIPAMICHHEM» KOIblia) C OCHOBAHHMEM, PABHBLIM
JMHE OKDYKHOCTH 27nr, M BBHICOTOH Ar,

*) 3nech df KaK € XM H b {f CHMBON MIPaeT poib Q YHKILHOHAAbLHOFO
0603HaYeHU.
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gt
2) PaccMoTpuM cBOGORHOE NajcHHE MaTepHanbHON TOYKH MO 3aKOHY § = B
3a npomexyTox BpeMmeHn Af, oT ¢ 10 f-} Af, ABMKYULAACA TOUKA Npofijer nyTsh
2 2
As =§Lt#tl_ _g% =gt At -+ 52_ (At)z,

ITlpn Af — 0 ero ruaBsolf yacTbio Gyner ds==gt-Af. BCIOMHUB, 4TO CROPOCTD
B MOMeHT ¢ OyneT v=g¢ [n°76], BunnM, uto Auddepennnan nyTu (IpuGIHKEHHO
3aMEHAIOWMA TNpHpanleHye NyTH) BBIYHCAACTCA KaK NYTb, NPOAIEHHHIH TOYKOI,
KoTOpas B TCYEHME BCEro IPOMENKYTKA BpeMeHu Af aBurajnach Gbt HMEHHO C 3T0it
CKOPOCTBIO.

90. Ceasn Mewny nAu(depeHUHPYEMOCTHI0 M CYLIECTBOBAHHEM
NPON3BOAHON. JIerko yCTaHOBHTh TeHepb CHPABEANTUBOCTb CJEAYIOLIErO
YTBEPHKACHUS:

Mass mozo umobs. ghynxyus y=7f(x) 6 mouxe x, 6vr.aa duggheper-
yupyema, Heobx00uMmo u 00CMAmMoOUKo, 4mobu. 0AsL Ree 8 MO monKe
cyuecmsosara KoHewnas npouzsodnas y = f'(x). [lpu swnosnenun
amozo ycaosus pagencmso (1) umeem mecmo npu 3HAHEHUN NOCHIOAH-
HOU A, pagHOM WMEHHO 3MOI Npou3so0Hoi:

Ay =y, Ax -+ o (Ax). (1a)
Heo6xoaumoctse. Ecan sunoauserca (1), ro orcioaa

Ay 0 (Ax)
A=At

TaK yTo, yCTpemass Ax x Hy /MO, JEACTBATENLHO NOJYUaeEM

NocrarouHocTh cpagdy Brrexaer n3 n°82, 1° [em. Tan (3a)].
Wrak, dugpgpepenyuanr dynryuu y=—=7y(x) 8ce0a pasex

dy =y} Ax*). @

TTopuepkHeM 31eChb e, YTO MORA Ax B 2TOM BHIPAXEHIH MB DasyMeeM
NpPOM3BOJbHOE NPUPALLEHUE He3aBHCHMOH HepeMeHHol, T. e. mpous-
BOJIbHOE 4uCJ0 (KOTOpOE 4acTo yno6GHO OBIBAET CUNTAThb HE 3aBUCHLLUM
or x). IIpu sToM BOBCe He 006si3aTenbHO npesnonarars Ax 6Gecko-
HeuHO MasioH; HO ecau Ax— 0, ro nuddepennnan dy raxxe Gymer
GeCKOHeYHO Ma/loft, u UMERHO (NPH Yy £ 0) ~— rJIaBHOH 4acTbio GECKOHEUHO
Majoro npupautendns (yvkuuu Ay. 1o U jgaer oCHOBaMHE NPuOJIHKEHHO

noJiaraTth
Ay == dy (3)
*) Jlerxo mpoBepHTb, YTO HMEHHO TaK M COCTaBaiIcs Auddepesuuan B Hpu-

MCPaX, PaCCMOTPEHHWX B OpensiiyiieM nomepe, Hanpusmep, B cayuac 1) naeen:
Q=mnr?, Q,=2wr, dQ=2nr.Ar,
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¢ teM OoJsbiueff TOUHOCTBIO, ueM MmeHnblie Ax. Mpl BepHEMCT K paccMo-
Tpenuio TpubanAeHHoro pasenctsa (3) B n°93.

UroGsl WMCTOJKOBaTh reoMeTpuueckn auddepeHunanr dy u ero
cpa3b C mpupamenneM Ay Qynkuuu y = f(x), paccMOTpuM rpaduk 3TOH
dynknuy (puc, 37). 3naveHuHeM X apryMeHra # y (QYHKUHH ONpPEAeTHTCA
Touka M na kpusoi. Ilpopesem B 3TOH TOuxe KPUBOH KacaTedbHywo MT,
Kak Ml yxe Bugeau B n°78, ee yraoeolt kosdduuumenr, tg «, pare mpo-
usBOMHOR yy. Eciu abcuucce x npugate npupaumienue Ay, ToO opiuHara
KDUBOH ¥ MOJYUNT HNpUpaLEHue
Ay=NM,. B 1o xe Bpems op- ¥}
JVHaTa KacaTeJbHOH  I110JyuuT
npupamenne NK. Buluncass NK
K2K KaTeT NpsIMOYTrOJNbHOTO Tpe-
yroapdnka MNK, nafimem:

NK=MN- -tga=y, -Ax=dy.

Wrak, B 1O Bpema Kak Ay
ecTb  NPHPAIEHUE  OPIUHATHI
kpusofl, dy sBisercs cooter-
CTBEHHBIM TIpHpAlleHHeM OpIH- Puc. 37.

HATHl KacaTeJabHOi.

B saxmoueHne 0oCTanoOBUMCY Ha CaMoOif He3aBUCHUMOH mepemen-
ROl Xx: ee mudpdepeHnHasoM Ha3wWBAIOT UMEHHO MpHpaunleHue Ax, T. €.
YCJIOBHO TOJIaraioT

dx==Ax. €3

Ecim oromaecTBnTh auddepennuar He3aBUCUMON NepeMeHHOH X
¢ anddepenunanom PYHKUHHN y=—Xx (B 3TOM — TOXE CBOEro poja
corqatenue!), To Gopmyay (4) MOXHO M XOKa3aTh, CCHAAACH Ha (2):
dx=x, - Ax=1-Ax=—Ax.

Yuursipag corsamenue (4), MOXHO Tenmeps mepenucatb gopmyay (2),
fawouyw onpereaende auddepeHunand, B Buie

dy=y;-dx; ®)
TaK ee OOBUHO M IHIUYT.
Orciona noayvaercs

' d
Ve =5 ®)

TAK UTO BHIPAKCHHE, KOTOPOE Ml paHblle PacCMATPHUBaAM KaK 1 eJb-
HH i CHMBOJ, TENEph MOKHO TpaKroBaTh Kak apobs. To o6crosrens-
CTBO, YTO CJEBA B8JECb CTOUT BIOJHE ONpPENENEHHOE YHUCHO, B TO BpPEMA
KaK CrpaBa Mbl HMEEM OTHOWIEHWE JBYX HEONpeNEeJCHHHX unucen dy u dx
(sens dx = AX NpOHSBOJbLHO), HE JO/IKHO CMYILATh YHTATEN: uYMCIHa dX
# dy U3MEHATCS NPONOPUHUOHANHHO, NPUYEM NIPOH3BOAHAA Yy KaK
pas asaseTcs KO9PPULUUEHTOM IPONOPUUOHAIBHOCTH,
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ITonatue nuddepennuana U cambifl TepMus «inddepenunan» *) npuHagrenart
JlefiGumity, koTopblH, OXHAKO, TOYHOrO ONpeReleHHA ITOro IOHATHA He Laul.
Hapary ¢ nuddepesnnasamu, Jleiibuun paccmarpusax u auddepenunanphbie
YyacrHeie, T. €. YaCTHEE IBYX Nuddeperunanos, 470 PaBHOCHIbHO HAIHM IIPOM3-
BOJHBIM; OJHAKO HMeHHO auddepenuuan Osia giasa JlefibHULA TEPBOHAYAIBHBIM
nonarveM. Co BpeMeH Komiu, KoTOpelH CBOeH TeopHel npenenoB cosgan dyH-
JAAMEHT JJs BCEro aHaaM3a U BIepBbe OTYETINBO ONpEACIHI TPOH3BOIHYIO Kak
npejen, Crano OGBIYHBIM OTIPABAATLCA UMEHHO OT IIPOM3BOAHON, a IOHATHE
nupoepenurana CTpOUTb yie Ha OCHOBE IPOM3BOKHOM.

91. Ocuosubie dopmyast U npasuaa Auddepenuuporanud. Buun-
caeHue auddepeHunanos QyHkuuii HOCHT Haspanue juddepernuposa-
uus *¥), Tak kaxk auddepesuuan dy auiib MHOXHTENEM dX OTARYAETCS
OT TPOU3BOLHOK Yy, TO MO T2BAUUE MPOU3BOJHBIX ISl SHIEMEHTADHHIX
¢yuxunit [81] serxo coctasuth Tabiuny AuQQepeHnnasos s HuX:

l.y=c¢ dy=0
2, y=x" dy —px*1dx
-1 dy— — 9
Y= Y= — 7
dx
=) x dy— —
Y Y 2Vx
3.y= a* dy—a*inadx
y=—ce dy=—e"dx
4, y=1log, X dy="202% g
y=Ihx dy_—_?
5. y=sinx dy—cosxdx
6. y—cosx dy=—-—sinx dx
. _ 2 _ dx
7. y=1gx dy = sec xdx =5~
o o aep? _____dx
8. y—ctgx dy—=—csc’xdx = o
. dx
9. y=—arcsinx dy:VI.M_—xz
dx
0. y=—arccos x dy ——
10. y=arcc y i
. __ dx
11, y=—arctg x dy_—ﬁ—;c—2
12, y=—arcctgx dy:_—___dL_
* 1+ x?

#) Ot aatmHckoro cnosa differentia, osmauawmero <paznocThb».
**) BripoueM, TeM ke TePMHUHOM 06b1uHO 0603HAYAIOT M BHYHCIEHHE npous-
BOJHLIX, JIIA KOTOPOTG HA PYCCKOM A3biKe HET 0COGOro TepMHHa,
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IIparuna auddepeHunposanns ¥) BLINIAAAT Tax:

I d{(cu)=c-du,

1. d(u*xv)=dutdv,
1. d (wv)=vdu—-+udv,
V. d(4)= 2l

v v~
Bce ouu 7€rk0 noOJAyvyarTCd U3 COOTBETCTBYIOLIMX MPaBUA I NP0~
n3BOAHBIX. [LOKaweM, HalmpuMep, ABa MOCIEAHUXK:

dvy=wo) -de=@v4+uv) -de=
=v @ dx)fu (v dx)=vdu-+udv,
45)=(5) drmtegteae

vW-dx)—u(-dx) vdu—udy
- 02 - 08

.

92. WineapuantHocTh dopmsl nuddepennuana. Ilpasuio nudde«
PEHLUPCBaHUs CJIOKHON (PYHKHMH NDKBEIET HAC K OJHOMY 3aMeyarelib-
HOMY H BaxXHOMY CBOHCTBY audpepenuuana.

Mycrs GyHxunn y==f(x) u x==¢ (f) TaKOBH, YTO U3 HUX MONKET
Obith COCTaBJaeHa CJaOxHasd OyHkuust: y==f(¢ (f)). Ecau cywecrsyior
NPOU3BOAHBE Y, M Xz TO—no mnpasuay V [n°84] — cywecrsyer u
[IPOU3BOAHAA

Yi=Yx Xt (7

HNuddepeniuan dy, ecid X CYATATH HE3aBUCUMOH mNepeMeHHoi, Bhpa-
aurcsd no ¢opmyae (5). IlepeitzeM Tenmeppr K HE3aBHCUMOH MEPEMEHHOH f;
B 3TOM NPEANOJOMEHUU MMEeM [pyroe Bripaxenne A AudpepeHunana:

dy =y;-dt.

3ameHss, OIHAKO, NPOU3BOAHYI y; ee BuipakenneMm (7) n 3ameuas,
uro Xs-df ects mudpdepeniuan x Kak (QyHKUME OT f, OKOHYATEJbHO
NoJy4YnuM

d_y .—:_yjc-x} dt =_y:v dx,

T. €. BepHeMcad K npexHe#t popme znuddepennnanal

Taxum oOpa3om, MBl BRIUM, YT0 Gopma OQudidhepernyuara
MoJicem Oblme COXPAHeRa 0ajice 6 MOM CAyLae, ecAll HPeIiHAS He3a-
sucumas nepesmennas 3amerena Hogol. Ml Bcerza uMeeM npaso IucaTh
auddepenunan y 8 popme (5), OyaeT Au X He3aBUCUMOH nepeMeHHcH
WM HET, Da3HuNa JMIib B TCM, YTO, €CJAH 33 HE3aBHCUMYIO IEPEMEHHYIO
BMOpaHO f, TO dx O3HAYaeT HE NPOU3BOJBHOE Tpupawienue Ax, a audg-
(epeHuuan x Kak ¢GyHkuug oT £, OTO CBOACTBO M Ha3pBAIOT N KB a-
pPHAaNTHOCTLIO GODPMB Auddepenunnana

*) Ecan peyb uzeT UMEHHO O BolYHCACHKM Andepenunanos,
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Tak kax u3 ¢opmysan (5) HemocpeACTBeHHO noayuaercs (opmyna (6)
Bhlpaxaomas NPOU3BOLAMYIO V. ueped Auddepenuuans dx u dy, 1o u
nocaeinss GopMyna COXpaHseT cuiy, O KaKoH 6H HE3aBUCUMO
NeEpemMeHHon (KOHeyHo, ONHON 1 TOH e B KaxuIoM cayyae) HH OBl au
BRIUUCJHEHH Ha3BaHHBE AuddepeHiuans.

Iycrs, nanpuMep, y==J 1 —x? (—1 <<x << 1), Tak uro0
, X

yt=—————

Vi—<'
x

/ —
TTosoxuM Tenepb X = sin ¢ k—— 2—<t<g—>. Torma y==V1— sin®= cos tu

Mbl Oyjem uMerb: dx == cost-dt, dy==—sint-dt. Jlerko nposepursb, uto ¢op-
Myaa (6) naeT DML APYroe BHIpAaweHHe NI BbIYUCAEHHOH BbIIUE POHU3BOAHOM.

3AMEYAHUE. BO3MOXKHOCTL BhpawaTh NPOUSBOIHYIO uepe3 Aud-
cdepeHnvalibl, B3ATHe 10 00O nNepeMeHHOH, B 4aCTHOCTH, NPUBOAMT
K TOMY, 4TO (POPMYJH
1 dy _dy du
dx ~ dx’ dx_ du dx’

BHIpaxKawomue B JeHOHHUEBHX OOO3HAYEHUSX NpaBuia JAupepeHnposa-
Hus oOpaTHON (yHKUMH M CI0KHOH (QYHKLUY, CTAaHOBATCS MPOCTHIMH
anreGpanyecKiuMi TOXACCTBAMU (MTOCKOJIBKY BCe HnddepeHuuans 34eCh
MOryT OBITb B34TBHI MO OAHON u TOH e mepemennoi). He caeayer aymars,
BIPOYEM, YTO STHM HaH HOBHIH BBHIBOA Ha3BaHHBLIX (JOPMYJL NPEWKAE BCETO,
3leCh He JOKa3hBajJOCh CYL{€CTBOBaHME NPOUIBOLHHX CJEB3, IIaB-
HOE K€ — MBI CYLLECTBEHHO MOJb30BAINCH HHBAPHAHTHOCTBIO (POPMBL U~
(hepetinana, KOTOpas cama e€cTb CAefCrBue npaeuaa V.

93. Nuddepennnans Kak HCTOUHHK NPuGIMmKeHBBX ¢opmyr. Mo Bu-
nean, uro npu Ax-—0 mipdepenunan dy QyHRuHH y (€Cau TONbKO Y. £ 0)
npepcTaBaseT cobofi rIaBHYIO UacTh GECKOHCUYHO MaJ0ro IpHpamlenia GyHkuny Ay.
Takum o6pasoM, Ay ~ dy, Tak uTO

Ay ==dy, 3)

uau, nogpobuec,
Bf(xg) == f (x4 4 Ax) — f (ivg) == " () - Ae (3a)

€ TOUYHOCTLIO 10 GECKOHCYHO Maloft BhICHIEro Mnopsjaxa ueM Ax. 310 3HayuT
[n°56], yTo OTHOCHTEAbHAA MOrPEUHIHOCTL 3ITOIG PABEHCTBA CTAHOBUTCH
CKOXb YTOJHO Mano#i NPy JOCTaTOYHO MasoMm Ax.

D10 06CTOATENLCTBO MOXET ObiTb M HEHOCPEJCTBEHHO YCMOTpPEHO u3 puc. 37,
ZAIOWEro reoMeTpuyeckoe HCTonkosande aMpdepesunana, Ha rpaduke BunmHo,
YTO NPH yMCHbIMEBHHM Ax MBI [Ie/CTBUTENbHO BCe ¢ GOabiie OTHOCHTE J b-
H O TOYHOCTHIO MOXEM 3aMEHATb NpHUpaIieHie OPAMHATH KPUBOH MpHpaIeHHeM
OPAMHATH KacaTeabHOM.

Buirona 3amens npupauicaus Gpyskuun Ay ee nupdepennuanom dy cocTour,
KdaK $CHO UHTaTemo, B TOM, 4TO dy 3aBUCMT OT AX AMHeHHO, B TO Bpemi:
Kak Ay NMpeacTaBafeT CO600 OGLIKHOBEHHO Gonee CIOXKHYI0 PYHKIHIO OT AX,
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Fcan  mozoxuts Ax=x-—x, H x,-+Ax=x, TO pasecucreo (3a)
npHUMeT BHA
J () —f (xg) = f'(x0) (x — o)
J (%) = F (x0) " () (6 — o).

Mo sroit hopmyae, ans 3HayeHuit x, GAU3KHX K X, GyHKUUA f(x) npubIMKEHHO
3aMeHseTCH BMH e H o PyHknueil. [eoMerpuyecky 9170 COOTBRTCTBYET 3aMeHe
yyacTKa KpUBO# y=f(x), TpUMbBIKAIOIEro K TOUKE (X, f (X)), OTpPE3KOM
KacarenbHOM K KPHBOH B 3TOW TOUKE:

y=F(xg) +f (xg) (x — x0) ¥)

(cp. puc. 37). Bsas mma npoctotsl xy=0 ¥ OrpaHHYMBafACH MaJbLIMH 3Haue-
HUsAME X, OyAeM MMeTh NPHOAMKEHHYI0 GopMyny:

Fx)y=rQ0 45 (0)-x

Orciona, mnopcraBasas BMeCTO f(X) pasauuHbie IeMEHTApHblE (YHKIMH,
JCTKO MOAYYHTb paf Gopmy::

(14 x)*=1-4px, B uvactuoctu, ¥V I+ x==1- ;. x,

e¥=1-4+x, In(l4x)=x, sinx==x, tgx=xur 0,

HIH

U3 KOTOPLIX MHOTHE HaM YXC H3BCCTHBHL

94. fIpumenenre AujpdepesuHanos npH oieHxke norpemHocrei. Oco-
Genno ynoGHO M €CTECTBEHHO HCIOAb30BATh NOHsATHE AMdGhepenunana 8 npudan-
JEHHBIX BbIUHCACHUAX TIPU OUEHKE NorpemiHocTeil. [1yCcTh, HAPUMED, BEXUUNHY X
Mbl H3MepHeM HIW BHIUMCAAEM HENOCPENCTBEHHO, 4 3dBHCAILYIO OT Hee
BCAMYMHY ¥ ONperenseM 110 bopmyne y==f(x). [Ipu U3MepeHUH BCIHURHBI X
GOBIKHOBCHHO BKPanb!BA€TCH JIOI'PELIHOCTDb AX, KOTopast Biaeyer 34 co6010 110~
rpemnocth Ay JIA BeTHUMHH ¥. BBHAY Mano#l BCAHUMHB 9THX NOrPEMIHOCTEH,
nonaraimoTt

Ay=y -Ax,

T. e. 3aMeHAT Npupaumenre nuddepenunanom. Ilyctb 8x Gymer MaKCH M a Il b-
H O aGCOMOTHON NMOTPENHOCTBIO BEANUUHBL X |AX|<Sdx (B OGBIUHBLIX YCIOBUAX
nogo6Has rpaHpla NOrpPEIIHOCTH NPH H3MepeHHH wuasecTHa). Toraa,
OUEBHJIHO, 33 MAKCHMaNbHYI0O a6COMIOTHYIO NMOIPEIIHOCTh (['PAHUILY NOIPELiHOCTH)
RISl Y MOX(HO NPHHATH

by =y, | dx. (8)
1) ITycrs, HanpuMmep, Anas onpefcaeHHA o6bema Iapa CHayana (C MOMOUIbIO

INTAHTEHUMPKY A4, TOJIleMepa, MUKpOMeTpa H T. [.) HEMOCPENCTBEHHO W3 M e-
paloT guamerp D mapa, a 3atem o6beM VV BB UM CAAIOT [0 popMmyie

T
— 3
V_-GD.

, T
Tak kax VD=7 D2, 10 B 3toM cayuae, B cuay (8),

T
— . e,
WY = 5 D2.3D.

*) HeficTeuTenbHO ypaBleHHE TPAMON C yriaoBoiM Ko3pouuuesroM &, npo-
xonauielt yepe3 ToUKy (x,, ¥,), O6yaer
Y=o+ k(x—x);
B ClIyyat KacaTeabHOH 34eChb CrelyeT HONOXHTL y,==f(x,), R=Jf (xy)
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Pasjenus 370 paBeHCTBO Ha TNpedsifyilee, HOAYYHM
BV 8D
+ = 3 =~
D ¥
TaK yTo (MaKCHMaabHaA) OTHOCHTEAbHAA IIOTPCINHOCTH BEIYMCACHHOrO 3HaYCHHA
06beMa OKasbiBaeTcA BTpoe O6abuiell, yeM (MakcHMauibHas)) OTHOCHTCIbHAA
HOrpeMHOCTh M3MEPEHHOrO 3HAYEHHA JuaMerTpa.
2) Ecan yucmo x, LI KOTOPOrG BBHIYHCHAETCH €50 ACCATHYHBH jJora-

pudM y==log x, TONYYEHO C HEKOTOPOH HOrPEmIHOCTBIO, TO 3T0 OTPA3HUICA Ha
JorapugMe, €Co31aBas U B HEM NOIPeIHOCTD.

3aech ¥, M (M =10,4343), Tax uyto, no popmyae (8),
*T Ty Yy
dx
by = 04343 =,

Takum o6pazoM, (MakCHMalAbHas) a6 CONIOTHas IOTPEMIHOCTL Jorapudma
HPOCTO onpexeasercs 1o (MaKCMManbHOH) OTHOCHUTEAbHOH HOrPEUIHOCTH
CaMoro uHcaa, # o6paTHo.

10T pesyabTar HMeer MHorooGpasunie npumenenns. Hanpumep, ¢ ero
TIOMOWIbI0 MOMHO COCTaBHUTb cebe NpeiCTaBleHHe O TOYHOCTH OGBIKHOBCHHOM
sorapudMryeckolt auMHefkm co mKanoil B 25 em =250 mu. [lpn orcuere nam
YCTaHOBKE BH3YpA MOXHO omuGuThCA npuMepHo, na 0,1 ma B Ty HaH Apyrywo
CTOpPOHY, YTO OTBEYAET NOrPELIHOCTH B Jorapudme

0,1
dy— 2~5—0 =0,0004.
Orciona, no Haweil popmyne,
Bx __ 0,0004 .
0,4d43 = 0,001

OTHOCHTENbHAas TOYHOCTH OTCYETOB BO BCEX YacTAX IUKaln ofHa
n T1a Ke!l

§ 3. IPOU3BOJHBIE U THPPEPEHIIAAJDBI BbICIHIUX NOPAIKOB

95. Onpenexenyie NPOM3EBOAHBIX BBHICIIUX MOPSAKOB. Ecan ¢yHkung
y =7 (x) UMeeT KOHEUHYI0 NPOH3BOAHYIO y'=—f (X) B HEKOTOPOM IIpO-
mexyrke &, Tax 4To 5Ta NMOCJAEHHSS CaMa DPECTAaBJSET HOBYIO (PyHK-
LA OT X, TO MONET CJAYy4YuThCH, Y4TO 3Td (YHKIMA B HEKOTOPOH TOUKE X,
ns &, B CBOKL ouepelb, MMEeT NPOM3BOJHYIO, KOHeuHylo mau Her. Ee
HasLIBAlOT NMPOM3BOAHOHK BTOpPOro nopsakKa uim BTOpPOW
NpousBOLHONK ¢ynkuun y=—f(xX) B ynoMsiHyTOH TOYKe, u 00O3Ha-
YalT CAHEM M3 CHMBOJIOB

l) d /4
O ¥ Dy LLC e, DY),

Tax, HampuMep, Mul Bufedd B n°78, YTO CKOPOCTh T JABMKEHHs
TOYKYM DPaBHa IPOK3BOAHONM OT NMPOHAEHHOrO TOUYKOH NMyTH S MO BpPEMeHu f:

ds
v = YCKOpEHHe K€ a €CTh NMPOH3BOAHAA OT CKOPOCTH T 1O BPEMeHu:
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d—;' 3uaynt, YCKOpEHUe sBJASETCSs BTODPOH NPOM3IBOXHOR oOr
d®s
MyTH N0 BPEMEHH: a== .

Ananoruuno, ecan ¢yHxuua y = f(X) nMeeT KOHEYHYIO BTOPYIO HpO-
U3BOIHYIO BO BCEM IpOMexyTke 2, T. €. B KaXAO# TOYKE STOrO Npo-
MENKYTKA, TO €€ NPOU3BOJHAS, KOHEYHAss MJM HET, B KAKOH-1uGO0 TOuKe X
u3 &% HashBAETCH NPOM3BOLHOMN TPETHEro NOPsAMKaA, WK TP e-
The# nNpousBoOAHON QysKkuuu y=7f(x) B 3TOH TOuKe, u 0003Ha-
Yaercs TaK:

Q==

diy
dx®’

3
", Dly; d_df,(r;ﬁﬁ_' S (x0), DY (x0)-

TlomoGuuiM xe 06pa2oM OT TPEThEH NPOU3BOJHON NEPEeXOJuUM K Yer-
pepro#t M T. I. Ec/i@ NPEANCJCKHTh, UTO nmoHsartue (n— 1)-0 npoussoiHoH
yKe onpeiereHo u uro (rn— 1)-1 NpOM3BOAHAs CYLIECTBYET M KOHEUHa
B npomexyrke %, TO ee NpPOuU3BOLHas B HEKOTOPOH TOYKE X, 3TOr0
NPOMEXYTKa Ha3bplBaeTcst NPOHU3BOAHOMN 7-ro MOpPAdKa, WM A-§
IPOU3BOAHOH OT KCXOIHGH GYHKUME y==f(x); M1 0003HayeHus
€e IPUMEHSIOTCT CHMBOJIBL

dty drf(x, -
dx-’“ )’("), D" > ’_'5%)—: f(n} (xO); an (xo)-

Wno#t pas — npu noas3oBaHuu ob6o3naueHusMu Jlarpamka uian Komn—
MOMET BO3HHKHYTb HaZOGHOCTh B YKa3aHUM NEPEMEHHOH, MO KOoTopoi
Gepercs MPOU3BOJHAsg, TOrJa ee MULIYT B BHIAE 3HAuKka BHH3Y:

y;m Dié:f(x): f.g:z) (xO) 4 1. I,

npuueM x% X% ... ecTb yCAOBHas COKpAMEHHAST 3anmuchb BMECTO XX,

Xxx, ... Hanpumep, MOXHO NHCaTh: @ ==S/.
(Huratemo ACHO, YTO M 34€Ch ILE€JABbHH € CHMBOJH
arf

fr D f® wam f&, DVf una D7.f
MOJHO pacCMaTPUBATh KaK (DYHKIHMOHa/JbHbIE 0003HauYeHHS.)

Takum o06pasom, Mbl ONpeleauad MNOHSATHE #7-# NpPOU3BOAHOHN, Kak
ropopar, HHIAYKTHBHO, NEPEXOAs MO MOPSAKY OT MNEPBOA NPOMU3BOAHOHU
K nocaenywowum. COOTHOWEHNE, ONMpPEAEISIOIee /.10 NPOU3BOLHYIO

Y=Ly,

HA3HBAIOT TaKXKe€ DPEKYPPEHTHHIM (MM «BO3BPATHBIM»), IIOCKOJBKY OHO
«BOBBpAIIaET» HAC OT n-# NpousBOJHOR K (12— 1)-i.

Camoe BHUHMC/CHHE INPOM3BOAHLIX N-TO NOPSAKA, NMDPH YHCJAEHHO
3aJaHHOM 7z, NDOUSBOAUTCA IIO WSBECTHBIM YXKE uuTareaiv HpaBujiam
u Qgopmynan,
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Hanpuwmep, ecan
o 1 4 1 3 2 4 1
y=rg xt—m X =+ 2x —{——gx 5
TO
l 2 4 " 2
y'—_—2x3—7x~+4x-{—-§, Y =6x—x-}4,
ylH= lzx_ 1, y”” _— 12'

TaK YTO BCE MOCIEAYIOMMe NPOM3BONHBIEC PaBHbI TOXICCTBeHHO Hyml. Vawm myctb

y=ln(x+ ¥V x*-+1)
Torma
e 22— 1
y =

’ ! »_—————--X — U T. I
(e 1) (1)

y Vel y ¥

3aMeTuM, 4TO 10 OTHOLIEHHIO K TPOWSBOAHABIM BHICHINX MOPAAKOD
TaK e, MHIYKTHBHO, MOXKHO YCTAaHOBHTb TOHATHE OMXHOCTOPOHHEH
npoussoanoit [cp. n°86]. Ecam ¢ynxuns y=—f(x) onpeneseHa auiub
B HEKOTOPOM NPOMEKyTKe 2, TO, roBOps O NPOM3BOAHOH Mo6BOro mMo-
psAKa HA KOHILE €ro, BCEria HMEIOT B BHAYy HMEHHO OJHOCTOPOHHIOI
[IPON3BOJIHYIO.

96. O6mue ¢opmynbl IJa8 NPOK3BOXHBIX J00oro mopsgka. Urak,
JUIS TOTO, YTOOBl BBIUMC/NTbL M-10 NPOU3BOAHYIO OT KaKOH-u00 (yHKUMH,
BOOOILE rOBOPS, HYXHO INPEIBAPUTENBHO BBIUMCIUTH NMPOU3BOIHLIE BCEX
IIpefuecTByIOmMUX nopsaakos. OIHAKO B psige CAyyaeB yIAaeTcsl yCTaHo-
BATH Taxkoe ofllee BBIpaXEHHe NJd 7-H NMPOUSBOAHOH, KOTOPOE 3aBUCHT
HETMOCPEJACTBEHHO OT 7 M He cojepxkutr Oojee o003HaueHM# mpeniue-
CTBYIOUUX HPOU3BOJHBIX.

[Ipn pmBoge Takux OOWMX BHIpaxeHu#l wuHOrZa OBIBAIOT IOJE3HK
hopMy bl

7

()™ =c.u™, (uv)® =u oM,

ofobwaowpe Ha Cayyaid BHCIUMX ITPOUBBOJHBIX HU3BECTHHIE UHTATE/IO
npasuaa 1 u II n°83. Mx Jjerko noxayunTh NOCAEHOBATENBHHIM HpUME-
HeHREM 3THX IPAaBHIL.

1) PaccmOTpEM CHauajta CTENEHHY (yHKUHO y==x%, rle n — awfoe
BEILECTBEHHOE YNCI0. MiMeeM MOCAeA0BaTENBHO:

y=pxt y=p— 1)
Yi=p@—DE—2x"7...
Jlerko ycMOTpETh OTCHOJd M OOWIu# 3aKOH:
YW =p @ —1)...(p—nF )"

KOTODHIl JOKa3plBa€TCA 1O METOAY MaTeMaTHYeCKOH HHAYKURH.
Ecau, Hampumep, B3ATb p==—1, TO MOAYy4uM

1 \(n) n —1)%.nl
(3)" =D =B
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Korpa camo0 p ecTh HaTypaJdbHOE€ UYHCAO m, TO -4 TPOH3-
pogHas Ot x” OyAET yXe IOCTOSHHBIM YHCJOM m!, a BCe Cielylouiue —
pyiamu. OTCI0da SICHO, HTO ¥ Ui UEJOTrO MHOTOWIEHA CTENEHH /1 WMEET
MECTO aHaJOrnuHOEe O6CTOATEIbCTBO.

2) Ilycts Teneps y =Inx. Ilpexae Bcero, umeem

Y= (nxy =
X

Bossmem ortcionma mnpousdsogHyio (r#— 1)-ro nopsaxka 10 COOTBET-
cTBytoweit (opmyne us 1), samenus B He#l n HA n—1; MB U NOJYYHM
TOrAa

1\(-)  (—1)~t(n— 1)

(7)— ()(n-1) — (1 —_) o
$M= () (5) =
3) Ecin y==a*, 10
y=a*-lna, Yy '=a*-(Ina)...
O6was dopmyaa
Yy =qa*. (Ina)"
JIETKO JOKa3biBaeTCsl MO METOAY MaTeMaTH4eCKOH MHIAYKIUH,
y y
B uyacTHOCTH, OUEBHIHO,

(ex)(n) —e*,

4) HonoxuM y==sin x; TOrIa

Jrr

V=cosx, y'==—sinx, y
v

— oS X,

i

=sinx, yW=cosx,...

Ha stom nyru Hafitu tpefyemoe oOmiee BepaxeHne mls n-fi npous-
soxuoft rtpyano. Ho memo cpasy ympomiaercs, ecau nepenucarb ¢op-

MyJy AJs IepBOH NpOusBOAHOK B BHie y' — sin (x -+ —12—5), CTaHOBHUTCS
SCHEIM, YTO NPH KaxiaoM Au(epeHUnpOBaHHU K apryMmeHty Gyler npu-
6aBasiTbCA —g«, TaK 4YTO

(sin ) = sin (x—}—n - 7)

Ananornydo nojyyaerca u ¢opmyaa

(cos x)'™ = cos (x ~fn. %) .



172 T/ V. JUOSEPEHLIMPOBAHUE SYHKUMIT OLHOI NEPEMEHHOMN [97

5) OcranoBuMcs eme Ha (yHxuny y == arctg x. ITocrasum cebe 3a1a-
ye#t Buipasnth Y uepes y. Tak kak x==tgy, TO

7

1 .
y zﬂ_—xézcos“yzcosy- sin <y —{—%)

Juddepenuupys BTOPHYHO MO X (M NOMHs, uTO y €CTh (YHKUHS OT X),
MOJLy YUM

y”:[——siny- sin (y ~|—%>+cosy-cos (y —{-%)]y’:
==cos?y. cos (Qy—f—%):cos?y. Sin2<_y +%>

Crenyouiee auddepeHuyposatne naet:

T

Y= [——2 sin y- cosy-sin 2 (y -{—%) -+ 2cos?y- cos2 (,V ”T“g‘)] Y=
; : . ol
=2cos®y - cos (3);—}—2 c%)_—_—Qcos&y - sin 3 5% —{—3)
Oo6was dopmyaa

Y™ =(n— 1)l cos" y - sinn (y -+ g)

ONpAaBIBIBACTCS MO METOAY MATEMAaTHYECKOR HHAYKLHU.

97. dopmyna Jleit6anna. Kak MB 3aMeT#aIM B Hauale NPEABLYUIETO
Homepa, npasuaa I u II n°83 HemocpescTBEHHO IepPeHOCATCS W HA CJay-
yail npomsBOAHHX moboro nopsaxa. Choxnee OOCTOMT MA€I0 ¢ IPaBu-
aom 1, otHOoCcsaumMcA K AuddepeHuUpOBaHNO IPOU3BEAEHHUS.

Ilpeanonomum, 4TO QPYHKUMH &, ¥ OT X HMEIOT KaxJas B OTIE]b-
HOCTH NPOM3BOJHBIE A0 1-TO NOPAAKA BKJIIOUHTEbHO; JOKaxeM, UTO TOrAa
MX TNIPOHM3BEICHHE Y ==1T TaKXKE HMEET 7-10 HAPOHM3BOIHYIO, W Hafizem ee
BHIpa:KEHHE.

Cranem, npumessss npasuao I, nmocrenosarenbHo AudipepeHUnpoOBaTh
9TO NPOU3BEIACHHE, MbI HalzeM:

y=uwv+u, y' =u"v-+2uv - ur”,

VY =u"v-| 30" | 3" - uv”, ...
Jlerko mogMeTHTh 3aKOH, IO KOTOPOMY ITOCTPOEHBl BCE 3TH (OPMYJHL:
npaBble 4aCTH HMX HANOMHHAIOT Da3NOXKEHME CcTenmeneft Ouxoma: u -},

(+v)?% (u-Fv) ..., Jdinb BMECTO CTeNeHe# u, ¥ CTOAT MPOUBBOA-
HBIE COOTBETCTBYIOMEX NopaakoB. CXOACTBO craHeTr GoJjee HOJNHLIM, €Cad
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B MOJyueHHHX QopMyrax BMmecto u, v mucate u'®, vl0), Pacnpocrpanss
3TOT 3AKOH Ha caydyalh moGoro nm, npuiaem K obuei Qopmyae *):

n
y(n) —_ (zw)(") p— 2 C’t;u(n—i).v(i) p—

i=0

:u(”)v+n11<”‘1)v’+ n(r{._;l) u(n—‘z),vrr_!_ .

nn—1)..(n—i41 Do
2O B Dy o o, M

Ins nOoKasaTelbCTBA €€ CNPaBeAJMBOCTA NPHOErHEM CHOBA K METONY
MaTeMaTHyecKod uHAyKUMuU. JlOMyCTUM, YTO NpPH HEKOTOPOM 3HAaueHuy 72
oHa BepHa. Ecanm mias Qyskmuid u, v cywecrsyoT u (n-}1)-e npous-
BoaHele, TO MOxHO (1) eme pas npomuddepeHUUpoBaTb MO X; MH
HOJAy4YnM:

n n n
y(n+1) — Z ) [u(n—i)v(i)]’_____ Z Crz;u(n—iﬂ).v(i) -+ Z C’ilu(n-i)na(iﬂ).
i=0 i=0

i=0

O6beavHuM Tenepb cjaraeMsle O6eNX NOCAENHHX CYMM, COIEp:KallUe
OIWHAKOBHIE NPOU3BEICHNUs TNPOU3BOJAHHNX QYHKURH & H v (CyMMa nopsaa-
KOB TNPOM3BOJHKX B TaKOM TNPOM3BENEHMM, KaK JErKO BHIETh, paBHa
Bcerna n—-1). Iponssenenue u'"*Vv(®) pxonutr TosbKO B MEPBYIO CymMmMy
(npu i=0); KoachpuuueHT ero B aro#t cymme ecrb C; =1, TouHo TaK xe
1{99("*1) gxoxuT TOALKO BO BTOPYI0 CyMMY (B CJaraeMoe ¢ HOMEPOM i==n),
¢ KO3 dunueHToMm Ch==1. Bce ocTaabHple MpOU3BEJEHNS, BXOISILNE
B oTu cymmm, umeior Bum ul"Rlot®) npuyem 1< h<<n. Kawpoe
T4KOE IPOU3BEJIEHHe BCTPETUTCS KaK B MepBofl cymme (caaraeMoe ¢ HOME-
poM i=k), Tak U BO BTOpOfi cyMme (cjaraemMoe ¢ HOMepoM i=+/X — 1).
CyMMa COOTBETCTBYIOLIMX KO3(puiuentor Oyner C,’f—l—C,’f L Ho, xax
13BECTHO,

Cri G =Chae

*) CumBox Z 03HAYaeT CyMMy OIXHOTHNHB X caaraeMwmx. Korma cna-
racMble 3aBHCAT OT OJAHOIO 3HAYKA, MEHSIOMIErocs B ONMpeNeleHHBIX IPaHMNAX,
TO 9TH I'DaHHUBl M YKa3wiBaoTca (CHH3Y u cBepxy). Hanpumep,

n

_Zoaizao+ax+ ety

1 1 1 1
—k——1+ 7’+—3—+ ves +"”'; H T I

IMa
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Takum oGpasoM, OKOHUATENBHO HAXORUM:

n
y(n+1) s o'® + Z Cﬁ_l_lu[(n-i-l)—k;v(k) —}—u“” ) —
b=I1

n-4-1
= Z C”z_*_‘u[("“l"l)“k]@(k),
k=0

TaK Kak
Cfl.}_l = C";i} =1.

Mut moayunaus pas y'"V pupaxenne, BHOJHE anaNOrEYHOE BHIPaXKe-
Hro (1) (TONBKO 72 8aMEHMJOCh UMCAOM 72— 1); 3TUM U JoKasaHa cnpa-
BeANUBOCTb (PopMydnl (1) A BCEX HATypPaJbHBIX SHaueHufl #.

YcranosieHHas ¢opmyJa HOCHT HaspaHue popmyan JlelGruya. Ona
uacTo OpBaeT IMOJE3HAa NPU BLIBOJE OOUIMX BhIpaxeHud 1as n-# npous-
BOJHOH.

3ameruM, uTO TaKyw e (OpMyny MOKHO ObI0 Obl YCTAHOBHTD U MU
n-#  MPOM3BOMHON TMNPOU3BENEHNA HECKOJAbKHX COMHOXATERCH ==
==nuv ... {; OHa UMEET CXOACTBO C pAa3JOXKEHHEM CTENEeHH MHOIOYJeHa

w-v+ ... +9"
[Tpumer. Halizem obulee BoipaxkeHue Ans n-ii NPOU3IBOUHON HyHKIHA
y ==e%¥ . sin bx.

Mo dopmyne Jle#iGnuna nonyuum:

y® =€ .a". sin bx 4 ne®* -a""1h - cos bx — 1 (nlzl) e*. g"~2 h2 . sin hx —
———’1—(”——1—_%—:—2—) 28X . gBYY « CoshX A ...
HIn
ym =eax{sin bx [a”—ﬂ?—zﬁ an2p 4 ]+
nin—1)(n—2
-+ cos bx[na”‘l b-——i-—l‘—2)—_(—3—-)11”‘3 b - ]}

98. Huddepentinansl Bbicmux nopaiakos. O6paruMca Tenepb K Aug-
Q)EPEHLIPIH.’MM BHCHIMX MOPAINKOB; OHHM TaKke OINPEeAe/NOTCS WHAYKTUBHO.
HAuddepenuunanom BTOPOro NOpanKa Wil BTODHM Aug-
depenunmnanom ¢QyHKuHM y==f(X) B HEKOTOPOH TOYKE HAa3HBaETCH
aupdepeHunan B 5Tod Touxe oT ee (nepsoro) aupdepeHuvana; s 060-
3HAYCHUAX:

dly =d (dy).

Dudpdepenunanom TPEThEro nOPANKA, WIH TPETHUM AUP-
bepeHunanoM, HasumBsaercs IAuddepeHunan 0T BTOpPOro Auddepen-
uuana;

¥y =d (d*y).
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Boobme, anndpdepennnajomMm n-ro nopaiaka uwi a-m audope-
pennnanoM ¢yHkuu y= f(x) HaseBaercsa zuddepenunan ee (n—1)-ro
anddepenunana:

d*y ==d (d"1y).

Eciu monp3oBaThCsl (PYHKIHOHAMBHBIM OCO3HAUEHHEM, TO NOCJCNOBA-
TeJbHbe AuddepeHunanssl MOryT ObiTb OOO3HAUEHB TaK:

@*f (x0)s f (%), oo d°F (Xo)s -

NpHYEM NOJYHaeTCd BO3MOXKHOCTb YKa3aTh TO HaCTHOE SHAUEHHE X ==X,
npu KotopoM auddepennuans 6epyTcs.

[Tpu Buupcaenun 1udQepeHnnanos BHCUIKUX NOPSIKOB OUEHb BAXHO
NOMHATB, 4TO dX €CTh MPOM3BOJBHOE W HE€3aBUCALLEe OT X YHCJO,
Kkoropoe mpu auddepeHUnPOBaHHN 10 X HAMJAEKUT PACCMaTpuUBaTh Kak
NOCTOSUHBHA MHOXHUTEeJab B Takom cuayuyae OygeM wumerb (Bce
ppeMsi Npenosaras CyulecTsOBaHWe COOTBETCTBYIOUMX NPOH3BOAHBIX):

dy=d([dy)=d (y -dx)=dy -dx=(y"-dx) - dx =y dx?,
By =d (%) =d(y" - dx?)=dy" - dx* = (" - dx) - dx?* =y" dx}¥)
u 1. 0. Jlerko yransiBaeMblil o0umiui 3aKoH

dy =y™ dx" @
JOKa3bIBAETC METONOM MarteMaruyeckoh HHIOYKIHA, M3 wnero CIACRYET, YTO
() 4"y
.y T dxn?

TaK 4TO OTHBIHE 3TOT CHMBOJ MOXKHO PaccMaTpuBaTh Kak AP o Ob.

Bocnoab3osasiuch  paseHctsoM (2), Jerko Tenepb npeodpa3oBarhb
¢opmyay Jletibnuna x auddepennnanam. JLOCTaTOYHO YMHOXHUTH 00€ YacTH
ee Ha dx”, uToOH MOAYUHTDH

n
d* (uv)== Y, Ct d"u-d'v (du=u, dv=0).
i=0
Cam Jle#OHuil Hamesn CBOK (POPMYJY HMMEHHO B 3TOM BHJIE.

99. Hapymenue uHBapUanTHOCTH dopmel aaa puddgepeHnuanos
BHICHIMX NOPAAKOB. Bcnomunas, uro mnepswift auddepenuuan ¢yskuuy
o6Jazaetr CBOIICTBOM WHBaPHUAHTHOCTH (DOPMBI, €CTECTBEHHO MOCTABHUTD
Bonpoc, 00japaT M NOJOCHBIM CBOHCTBOM AuddepeHiinalsl BHCIIMX
nopsaakos. ITokaxem, Hanpumep, uro yxe BTOpoH nuddepenuuan sTuM
cpoficTBoMm He ob6Jalaert.

Hrak, nycts y=f(x¥) n1 x==¢(f), Tak uT0 Yy MONKHO paccMar-
puBaTh Kak CJHO¥HYyl0 QyHKumo 0T & y=f(¢({})). Ee (nepsmit)

*) Hlox dx? dx® ... m T. n. Bcerna pasymewrca cTelieHH Rupdepen-
unana: (dx)?, (dx), ... Nudpdepennman or creilenu OyieT o6o3HAYaTbCA TaK:
d(x?), d(x%), ...
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naddepenuman mo ¢ MOxHO HanucaTh B QopMe: dy=—y,-dx, rie
dx=x;+-dt ectp pyHxuua ot f DBruucisem sropoit auddepen-
uuana no t

Py =d (yy+dx)=dy,-dx +yi-d (dx).

IOuddepennuan dy, MOKHO, CHOBA NOJB3YSCh HHBAPHAHTHOCTBIO (DOPMbI
(nepsoro) auddepeHunana, B3ith B QGopme: dyy=—yys-dX, TaK uTO
OKOHYATEeTbHO

APy =y -dx?* -}y, d’x, ®3)

B TO BpeMs KaK NPH HE3aBUCHMOH HepeMeHHOH X BTOPOH muddepeHunan
umen Buy d®y=y.2.dx®. Koneuno, Bmpawenue (3) nas diy ssasercs
6onee OGULMM €CAH, B YAaCTHOCTH, X €CTb HE3aBACHMas NepeMeHHas,
70 d?x=0—n OCTaercsi OMUH JMWIb NEPBHH YJIEH.
Bosbmem npumep. Iycrs y=x% Tax uto, noxyna x — HesaBuCHUMas
nepemMennas;
dy=2x-dx, d%=2dx%

Tonoxum Teneps x¥=t% roraa y==1% u
dy=4dt, d’y=1212ds

HoBoe Bripaxenne s dy MOXeT ObITb NMOJAYYEHO M W3 CTaporo, €cian

TyZa noucraButh X =1 dx=2tdt. Vlsaue oGcrour nemo c diy:

clleaB TaKylo e MOACTAHOBKY, Mbl mojyunm 8£2d¢? Bmecro 12¢2df%!
dopmysa (3) B 2TOM Ciyuae HMEET BHA:

dPy == 2dx% -} 2x d«.

Tloncrapur cioga x=*%%, dx==2tdt, d’x==2d(* noayuum ywxe mpa-
BUAbHB pesyabrar: 12f% df2,

Wrak, ecnn x mnepecraer ObiTh HE3aBUCHMOH NEpeMEHHOH, TO nud-
(hepeHnman BTOPOro mopsiaka dy BeIpaxaercs uepes audpepeHuuans x
AByuYneHHOH ¢opmynost (3). Hag muddepennuatos TpeTbero u Aanib-
HEeHIINX NOPAAKOB 4YUCIAO N00aBOYHBIX (MpU Iepexone K HOBOH He3asu-
CUMOH TiepeMeHHOH) 4YJEHOB eute BO3pacTaeT. B COOTBETCTBUH C 3THM,
B BBIDAKEHUIX BBHICIIAX NPOHUSBOMHBIX Yys, Vis, ... HEPE3 mUPPEpeH-
LLHAaJIb

'e d3y o dPy
Ye==gaE Ve =g e )

yxe Heanb3 s gupdepennuans: Opats no moOOH NEpeMEHHOH, HO JHIUBL
1o nepeMeHHo#t X,



I'JIABA LIECTAST

OCHOBHBIE TEOPEMBI JUPPEPEHUMUAJBHOIO
WUCYUCJIEHNS

§ 1. TEOPEMbBI O CPEJHHX 3HAYEHMSIAX

100. Teopema @epma. 3uanue mnpousBogHo# (WM psga NPOU3BOA-
HBIX) HEKOTOPOH (YHKIWH IIO3BOJISET A€/aTh 3aK/AIUEHUs O IIOBEIEHUN
camofl ¢yHxuuu., B ocHOBE DPa3MMUHBIX NPHJIOKEHUH [OHATUA TPOU3BOI-
Ho# (cm. raasel VII m XIII) aexar HeKoTOpHE NpOCTHE, HO BaXKHBIE
TEOpeMsl U (OPMYJEI, KOTODHM U IMOCBSILEHA HACTOANLAs FJaBa.

HayHem ¢ OfHOrO BCIOMOraTeAbHOrO TPEAJIOXEHHUs, KOTOpoe Cclpa-
pefuBo Opiio Obl HasBarh uMeHem depma ¥}, Pasymeercs, B NpuBOAMMOH
Huke (POpMe 3TOro mpeanoxesus y Hero Her (Pepma eme He pacroJaras
TIOHATHEM DCH3BOAHON), HO OHO BCE€ KE BOCMPOU3BOAUT CYWHOCTH
TOrO TpueMa, KOTOpuifl mpumeHss depMma nias pasbickauud HanGOAbLIMX
¥ HauMeHblinx 3HaueHufl ¢ynkumu (cM. raasy XIV).

Teopema Pepma. [Tycme hynxyus f(x) onpedesena 8 Hexomopos
npomescymyxe L 1 60 BHYMpeEHHEE MOUKE € 3020 RPOMENCYMKQ
npunumaert Hauboasuiee (Haumensuiee) 3navenune. Ecan 8 smoil mouxe
cyuwecmsyem rwonewHas npousdsodnas f'(c), mo neobxodumo f'(c)=0.

HoxasaTeabcrpo. Ilycts nad onpesencHHoCTd f(x) DpUHEMAET
B TOYKe ¢ HaunOoOJblUiee 3HAYEHHE, TaK 4YTO Aas Beex X u3 &

fxy=<s(e.
ITo onpenenenuio npousBOIHOI:
e 13 LX) —F(0)
f(@=tim LE9=LO,

—¢
MpuyeM Inpejgesa STOT HE 3aBHCHT OT Toro, Oyzer Jaa X npuGanxarscs
K ¢ cnpasa niau caesa. Ho mpu x> c¢ Buipameuue

FO—F@ g

X —C

*) [lbep Pepwma (1601—1665) — Buizaomuiics GpaHuy3cKHi MaTeMaTHK,
TBOPYECTBO KOTOPOrO TECHO CBf3aHO € NPEeAB CTOpPHU e H anaausa GeckoHey-
HO Manbix (cm. raay XIV).
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TaK uTO H B Iperene, Ipu x— ¢ -0, noayuurcs:

VGRS M
Ecmn we x <¢, TO
FO—F g
X —c =

H, Tlepexoas 3mech K Ipeseay npu x —» ¢ — 0, naiizem:

f () =0. o)
Comocrapmaa  cootnowenust (1) m  (2), npuxomum K TpeGyemomy
3aKJIOYEHHUIO:
f'(©)=0.

3ameuanue. IlpoBegeHHoe paccyxaeHue, B CYIHOCTH, JOKa3bl-
BaeT, YTO B YHNOMSHYTOH TOUKE ¢ HE MOMKET CYyIEeCcTBOBaTh M (IBYXCTO-
ponHeti) Geckoneuno#t rnpouspognolt. Takum oOpasoM, 3aK/IIOYEHHE TEOPEMBI
COXPaHUTCS, eCIH NMPEANnOJJOXKATE B 5TOH TOUKE CYHIECTBOBAHHE (HBYX-
CTOPOHHEH) HPOU3BOIHOMY, HE Aeslast Halle P € A OrOBOPKH, YTO OHA KOHEyHa,

Bcemomuum [nn®77, 78] reomerpuueckoe HCTOJKOBAaHUE NPOH3BOAHON
y'=f"(x) kak yriaosoro xosdduunenTa xacarenpHoll K Kpusoh y — f (x).

OO6patenne B HyJIb npouspoxHolt f/(c)
g reoMeTpuueckd O3HauaeT, Yro B COOT-
BETCTBYIOMIEH TOUKe 3TOH KpUBOH Ka-
~ caTelbHasi napauieabha ocu x. Pucy-
; HOK 38 1enaeT 3T0 OOCTOATENBCTBO
‘ CCBEPIUCHHO HArJIAXHBIM.
B nokasareabcrBe CyulLe€CTBeEH-
HO OBJIO WHCNOJAB3CBAHO MNPEANOJO-
;3 X IKEHUE, UTO ¢ HBASETCHd BHYTDEH-

Hel TOUKOH npoMexyTKa, TaK Kak

HaM  NpUILIOCE  PacCMaTpuBarb U

TOYKW X CNIPaBa OT ¢, U TOUKM X CJIEBd
ot ¢, Bes3 aToro mpemnosoxeHus Teopema nepecrara Opt ObITh BEepHOf:
ecan ¢yuxuus f(X) onpeneseHa B 3aMKHYTOM I[POMEXKYTKE H HOCTHraer
cBoero HanGoJblIero (HaMMEeHbIUErO) 3HAUEHUS Ha OJHOM U3 KOHLOB 3TOro
IPOMEXYTKa, TO NpoussoaHas f’'(X) Ha 5TOM KoOmue (ecaH CyuiecTryer)
mower u He Onth Hynem. IlpemocrasiseM vyuTaTemo NOABICKAaTh COOT-
BETCTBYIOLLUH npUMEp.

101. Teopema Poans. B ocHOBe MHOrHX TeopeM #u (OpMyJ aug-
(epeHIaNbHOIO MCYUCACHHS M €ro  MPUIOKEHHH JIeXHT CeAyrouas
NpOCTasi, HO BAaXKHas TEOpeMa, CBA3bIBaeMas C uMeHeM Poaas ).

Teopema Poaassn. [Tycme: 1) dynrnyus f(x) onpedesena u Henpe-
peiBHa 8 3amKHymosm npomesicymre [a, b}, 2) cymecm8yem rwoneunas

[} S

[N SO —

Puc. 38.

#) Mumeas P o a nb (1652—1719) — dpannysckuit MaTeMatuK, KOTOPHIN Koaroe
BpeMst Gbl1 MPOTHBHHKOM HOBOTO HCYHC/AEHHs M NPUMKHYJI K HEMY YiKe Ha CKIoMe
ner. [IpuBojayuMas B TeKCTe TeopeMa GbllIa BbICKA3dHA UM AMLIb A MHOFOYIEHOB.
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npouzeoduasn f' (x), no kpaiinei mepe, 8 omupsimonm nposmexcymse (a, b) *),
3) Ha KoHyax npomeNcymKra GYHKUUS NPUHUMAENHT PABHbLE SHAYUEHIS.
f(@)=7().

To20a meocdy a u b waiidemesn maxas mouxa ¢ (a<c< D), wmo
' (c)=0.

JoKASATEABCTBO. f(X) HempepHBHa B B3aMKHyTOM IpOMe-
xyTke [a, b] u motoMy no BTOpoH Teopeme Behepmrpacca [n° 73] npunu-
MaeT B 9TOM NPOMEKYTKe Kak cpoe HauboJpiuee sHaueHue M, Tak n
CBOE HauMeHbIee SHaueHue .

Paccmorpum mBa cayuas:

l. M=m. Torpa f(x} B npomexyTke [a, b] coxpaHser NOCTOAHHOE
3HaueHue: B CaMOM JleJie, HEPaBEHCTBO m <= f(X)<<M B 3TOM Cayuae
naet f(x)==M npu Bcex x; nosromy f'(x)==0 BO BCEM NPOMEXYTKE,
TaK YTO B KauecTBE ¢ MOXHO B3sTb Moyl TOuky ns (a, b).

2. M™>m. Mbi suaem, 4o 0Ga 9TH 3HaueHus (YHKIUEH TOCTUrawTCH,
Ho, Tak Kak f(a)==f(b), T0 onu He moOryT 006 a HOCTUraTbCH Ha KOHLAX
NpPOMEXYTKA, W XOTb OAHO U3 HHUX
JIOCTUTaeTCsl B HEKOTOPOH TOuKe ¢ 4
Mex Ay a u b. B rakoM ciayuae u3
TeopeMn depma cjexyer, uro Mpo-
ussonHas f'(¢) B aTOH TOUKE o0Opa-
waercs B Hysb, Teopema JoKasaHa.

Ha reomerpunueckoM s3blKe Teo-
pema PoJ1g 03HauaeT CAEAYIOLILEE: ecin
KpaliHue OpIAHMHATH KPHBOH y==f(x)
paBHBl, TO Ha KpuBOH Halimerca Touka,
rae KacaTeibHag MNapajsielbHa ochd X Puc. 39.

(puc. 39).

O6pawaem BHUMaHUE Ha TO, YTO HENpepsBHOCTL QYHKUUM F(X) B 3aMKH Y-
TOM NpoMeXyTke [a, b] ¥ Hanuuue NPOU3BOXHON BO BCeM OTKPHITOM lipoMe-
WYTKE (a, b) CymecTBelHbB AAA COPABENIMBOCTH 3aKINI0OYEHUA TEOPEMbl.
dysruus f(x)=x — E (x) yaosnersopsaer B npomexyrke [0, 1] Bcem ycnosuau

TEOpeMbl, 33 HCKIIOYEHHEM TOro, UTO HMeeT Das3phiB Npu x==1, a NPoU3BONHaH
f(x)==1 Beane B (0, 1). Pynxuus, oupelenseMas paBeHCTBAMH f(X)=x npu

7 a < 5

0<x <5 nf{x)=1—xnpn TS 1, Takxe yIAOBAETBOPHET BCEM YCIOBUAM

1
B TOM X€ NPOMEXYTKE, HCKIOYad JUilb TO 06CTOST6JIbCTBO, uTO INIpH x=-Q—-

He CyillecTBYeT (ABYXCTOPOHHel) MpOHM3BOIHON; B TO 3Ke BpeMA NPOU3BOLHAA
f'(x)=-1 B nesok moioBuHe NpoMexyTka H f' (x)= —1 — B npasoil.
Toyno Tak e CYIlecTBEHHO H yciaoBue 3) Teopemn:: QYHKIuS f(x)=x
s npomexyTke [0, 1] ynoBaersopser BCeM YCIOBUAM TEOPEMBI, KpoMe YCI0BHSH 3),
a ee npoussomHas f’ (x)=1 noscony.
Yeprexu OpefoCTaBIACM YHTATEJIO.

*) Koneuno, senpepniBHOCT GyHKuHY f(x) B (@, b) ywe caenyer u3s 2), Ho
Mbl HY 31€Ch, HY B NOCHENYIOLIEM He CTaBHM cefe 11eibl0 pPaCcyIeHATh YCIAOBHE
TEeopeMbl Ha B3aHMMHO HC3aBUCHMbIE NPEANOIOMKEHHA,
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102, Teopema o xoneuHbix mpupamenusx. O6patumca x Henocpez-
CTBEHHBIM CIEACTBHAM TeopeMsl Posursa, IlepesiM H3 HuX sBJASETCS Cae-
Jylomas TeopeMa O KOHEUHHBX NpHUpaumeHUusX, NpuHalIexKa-
mas Jlarpanxy.

Teopema Jlazpanoca. [Tycms: 1) f(x) onpedesena u Henpepsi8ra
8 3amiHymom npomescymre [a, b], 2) cyuecmsyem KoHeuHas Npous-
sodnas f'(x), no kpaiineii mepe, 8 omrpemor npomesxcymre (a, b).
Toz20a meocdy a u b naiidemcs maxas mouxa ¢ (a< c<b), umo 0isn
Hee BulNOAHSAEMCS PABEHCH B0

b)—f(a
LO=LE) — (. @®)

JOKABATENBCTBO. BBegeM BcroMoOraTe/npHyio (YHKIHIO, OMpe-

JIeIMB €€ B NPOMEXyTKe (@, b] paBeHCTBOM:

F)=r @) —f@)— L0 =L (v _g),

Jta GyHKNKS YIOBJIETBOPSET BCEM YCMOBEAM Teopemel Poansa. B camom
Jiesie, OHAa HENpephiBHa B [a, b], Tak Kak mpencTasaser coboii pasHOCTb
Mexay HenpepniBHOH dynkumed f(x) u auHeHHOH dynKiue#, B npome-
KyTKe (@, b) OHa HMEET OIpPeNEeNEHHYI0 KOHEUHYIO NPOUBBOIHYIO, PaBHYIO

F )=/ () — LO=LE..

Haxonen, HENOCPEACTBEHHOM TOACTAHOBKOM yOexaaemMcss B TOM, YTO
F(a)=F (b))=0, 1. e. F(x) npusuMaeT paBHblE 3HAYEHUH Ha KOHIAX
NPOMEXKYTKA.
Caenosarensho, K Qyskuvn F(X) MOxHO mpumenutbh Teopemy Poaus
W yTBEpKIaTh Cywiectsopanue B (@, b) Tako#t Touku ¢, uto F'(c)=0.
Taxkum o6pasom,

X
S (e) — —f(a) =0, orkyza
(b)—— (@)
= =/
4to ¥ TPeGOBalOCh JOKa3aTb.
Teopema Ponas apasercs yacTHmM
7 cayuaem Teopemsl Jlarpanwa; 3same-

YaHusl OTHOCUTEJbHO yCaoBu# 1) u
Puc. 40. 2) TeopeMsl, CAEJaHHHIE BHILIE, COXpa-
HSIOT CBOIO CUAY U 3[eCh.
OGpawasch K reOMETPUUECKOMY MCTOJIKOBGHUIO TeopeMsl Jlarpanxa
(puc. 40), saMeTuM, 4ro OTHOIUEHUE
f®O—r@ __ CB
b—a T AC
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€cTh yrjaoBof Koadduuuent cexyme#t AB, a f'(c) ects yraopoi xos¢p-
(uuueHT KacaTeJbHOH K Kpuso#t y==f(x) B Touke c abcuuccoft x==c.
Taxkum oOpa3om, yTeepxiaeHue TeopeMsl JlarpaHixa DaBHOCHABHO CJELYIO=
ulemy: Ha jayre AR Bcerfa Haliaercs, nmo Kpatineit mepe, omHa Touka M,
B KOTOpOH KacaTeapHad NapajieapHa xopae AB.

JoxasanHas ¢opmya

IOTO —p@) wm fB)—F@=F () (0—a)
nocur HasgaHue Gopmyam Jlarpanxa wm GOpMynas KOHeu-
HolXx npupaumennii. OHa, OYEBUAHO, COXDAHAET CHAYy JJd CJAyyad
a>b.

Bosbmem mo6oe 3HaueHue x, B ImpoMmexyrke [a, b] u npmaaguM emy
npupamenue Ax=>0, He BHBOAALIEE €r0 3a MNPEASTs NPOMEKYTKA.
Tlpumennm Qopmyay JlarpaHika K TDOMEXYTKY [xq, Xxp - Ax] npn Ax >0
WM K IPOMEXYTKY [xy—Ax, x| npu Ax<(0. Torza dopmysa
Jlarpauxa mpumer BuHI:

LA —f5) g, 34)
nau
Af (xg) = f (xo + Ax) — f (x0) = f" (¢) Ax. (C)

Yucao ¢, 3aKAOUEHHOE B 3TOM CAydae MeXIy X, U Xy—} Ax, MOKHO
APEACTaBUTb TaK:

c=xy+0-Ax, rme 0<6<T1%).

ITO paBeHCTBO, JAIIeCe TOYHOE BHIPAXEHHe JJi NpUpaueHns (QyHKIun
npa mo0OM KOHEYHOM IpUpAlesll Ax apryMeHTa, €CTeCTBEHHO, NpO-
THBONOCTaBIsAeTCd nMpuOauxeHHoMYy paeeHcrsy [n® 93, (3a)]

Af (xcg) = f (20 - Ax) — f (x) = f' (x0) - Ax,

OTHOCHTE/IbHAA NOTPENIHOCTh KOTOPOrO CTPEMUTCS K HY/MO JHMLb NpU
OeckoHeyHO Maaom Ax. Orciofa U ynOMUHAHAE O <KOHEYHBIX MpU-
pauleHusIX» B HasBaHMM (QOpMyanl (M TeOpeMbl).

K nessiroge ¢opmyan Jlarpanxa — B He# Qurypupyer HeuspecTHOe
HaM uucao ¢ (uam 0) *¥), dro He Memaer, OAHAKO, MHOrOOODPA3HbLIM IpH-
MeHeHusIM 3TOH (opmyan B aHamuse.

*) VHorna rosopst, yto 8 ecTh «npaBunbHas ApoGb»; HE CHEAYET TOALKO
AyMaTh, YTO peyb MIET O PaUUOHaAbHOM APOGH,— YuCI0 0 MONKET OKA3aTbCA H
HppauMOHaJIbHbLIM,

*#) Jlumb B HEMHOrHMX CHYYaAX Mbl MOXEM €ro YCTaHOBHTb, HalpHMep, Aad
KBaJpaTHyHOH (yHkuuMH f(x)=ax® 4 bx+c¢, Kak J1Aerko MNPOBEPUTH, HMEEM

peerga 0=,
A 2
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103. Nlpexnen npousBojHoH. [loaesHwil NpUMep TAKOro NpHMEHeHUA RaeT
crenyouiee samevanne. [Ipeanonosxum, yto QyBKUHA f(X) HenpepuiBHAa B HPO-
MexyTKRe [X0, Xo-+ H] (H>0) u numeer xoHeYHY® NPOH3BOZHYIO f'(x) naa
X>x, Ecanm cymecTByer (KOHeUHmN HMIM HET) npeuen

lim f(x)=K,

X—xo4-0
TO TakoBa xe 6yNeT U NPOH3BOAHAA B TOYKE Xy CHDPABA
He#ictBurennHo, npu 0 << Ax <C H umeem pasencrso (3a). Tax kak apryment ¢
NPOUBBONHON COREPKHUTCA MEWAY X, H X, Ax, To npn Ax —0 on crpemHurcs
K Xx,, TaK YTO NpaBas yacTb PaBEHCTBA, a C HEIO M JX€BAs CTPEMHTCA K npegeay K,
4TO M Tpe6OBaNOCh NOKa3aTh. AHANOTHYHOE YTBEPKAEHME YCTaHABIMBAETCA M AJA
JACBOETOPOHHEH OKPECTHOCTH TOYKH X,

PaccmoTpus B KauecTBe IpuMepa QYHKIHIO

f(x)=x-arcsinx 4+ JY'1T—x?

B npomexytke [—1, 1]. Ecan — 1 <<x <C1, 10 mo o6uiuneiM mpasuaam audie-
PCHUMAILHOIO HCYHCICHHA IerKOo HaiTH:

f' (x)=arcsin x.

Itpu x -1 —0 (x —-—1-40) sra npoussoxHast, OYEBMAHO, CTPEMHTCH K Ipe-

T T
jaexy —'2~ <—7—>; 3HAUHT M Npu X =] CymecTsyioT (0XHOCTOPOHHMEC) NPOH3-
- T
Bomuele: f' (3 1) =+ & 1 Py

g 1 2

Ecau BepuyTbCa K GQYHKIHAM f, W=x%, alx)=x3, KOTOphIC Mbl pac-
cMarpusasi B n° 87, To mas nux (npu x = 0) nmeem:

, 1 , 2

fl(x):—gy fz(x)z“‘—T‘-
3x3 38
Tak xak mepBoe H3 3TMX BbpawxeHuit npu x — 0 crpemurca K -} oo, a Bropoe
npu x — -0 nMeer, COOTBCTCTBEGHHO, MNpejedbl * 0O, TO 3aKjAl0¥aeM cpasy,
y1o f; (x) B Touke x =0 mMeEeT IRYCTOPOHHIOW IIPOH3BOIHYI0 - CO, B TO BpCMA
KaK fa8 fp (X) B 3TOH TOUKe CYILIECTBYIOT AHIIb OJHOCTODOHHHC IPOM3BOIHBIE:
~ 0o cnpasa ¥ — O CAeBa.

M3 ckazanHoro BhITEKAET TaKke, 4TO, €CIH KOHEYHas IpousBonas f' (x)
CYL{eCTBYeT B HEKOTOPOM NMPOMEXKYTKE, TO OHA TNpencraBaser cobol (yHKNUIW,
KOTOpa# He MOXKeT MMeTh OGBIKHOBEGHHBIX Da3pbiBOB WIM CKAYKOB: B KawAOM
TouKe OHa AuGo HelpepniBHa, AM60 HMeeT paspeiB BTOporo poxpa [cp. 88, 2°).

104. OGoGmenHass TeopeMa O KOHEUHBIX NpHpameHudax. Koum
Caeayoumnm O6paSOM 060611LI’IJI JAOKa&3aHHyI0 B NDEABIAYINEM HOMEpE T€O-
peMy O KOHEHHBIX INpUpaAUICHUSAX.

Teopema Kowu. [Tycme: 1) dynxyuu f(x) un g(x) nenpepvi8uos
8 3amMKHymos nposexcymre [a, b, 2) cyuecmsyom KoHewHble Rpou3-
godune f'(x) u g (x), no xpaiineii iepe, 8 OMKPHLMOIN NPOMENHCYMIE
(e, b); 3) &' (x)# 0 8 npomexcymre (a, b).

Toeda meocdy a u b raifdemcs maxas mowka c, 4mo

fO)—f@ _f© )
g)—eg@ g
Ora Qopmysa HocuT HasBanue popmyan Komn,




105§ § 2. POPMYJIA TEHJIOPA 183

JLOKABATEJABCTBO., YCTaHOBUM CIEpBa, UTO B3HAMEHATE.Nb JeEBOH
yacTd HAOIEro pPapeHCTBA HE DaBeH HyJ/I0, TaK KaK B NMPOTUBHOM CJayuae
BolpaxKeHne 5TO He umeno Obl cmbicka. Ecan 6w Obio g(b) ==g(a), To,
no teopeme Pouisi, mponssoanas g’ (X) B HEKOTOPOH NPOMEKYTOUHOMH TOUKe
Opliia OBl paBHa HYJIIO, YTO NIPOTUBOPEUUT yCaoBuio 3); 3Haunt, g(0) £ g(a).

PaccmoTpum Tenepb BCMOMOTATEAbHYI (DYHKIMIO

f{b)—F(a)
Fx)=fx)—/ (@ — 5 —¢@ E® — 8@l
Dra GyHKIYS YAOBJICTBOPSET BCEM YyCA0BHAM Teopemsl Poims. B camom
nene, F(x) HenpepeiBHAa B [@, D], Tak Kak HenmpepuBHb f(X) u g(x);
npoussoHas F’'(x) cywecrsyer B (2, b), UMEHHO, OHa paBHa
AN £ fb)—r(a)
F@O=1®~ cor=s@ & " (x).
Haxoneu, npsamoft noacraHoskoit y6exmaemcs, uro F(@)==F (b)=0.
ITpuveHss HasBaHHYIO TEOpEMy, 3aK/IIOUAaEM O CYUIECTBOBAHUH MEXIy @
u b rakolt Touku ¢, uro F'(c)=0. Wnaue rosops,
e Jb)—f(@) —
f ((’)'— (b) (a) - (L‘) 0,
uan
f’(C)Z f(b) ""‘f(a_)_ . g’(C)-
g(b)—g )

PasnemuB Ha g'(c) (310 BO3MOMHO, Tak Kak g’ (c¢)7 0), uoayuaem
Tpebyemoe paBEeHCTBO.

slcHo, uto Teopema JlarpaHixa sBASETCS YaCTHBLIM CJIYy4aeM TeOpeMbl
Koumu. Jlns noayuenns ¢OpMyJs KOHEUHBIX NpupailleHUH u3 (opMy.Jisl
Kown coegyer monoXnTh g(X)==.x.

B teopemax nn° 101, 102, 104 durypupyer, NoJ 3HAKOM MPOHU3BOUI-
HOMH, HEKOE CpellHee 3HaYEHHUE HEe3aBUCHMOI] MEPEMEHHOH, KOTOPOE —
KaK YKaseBaJOCh — BOOOIlE HaM Hen3BecTHO. OHO U TPOK3BOANOHR 1O-
CTaBJISET, B HEKOTOPOM CMBICTE, CpellHee 3HauyeHHe B cssu ¢ atum
BCE STH TEOPEMBl Ha3BIBAIOT «TEOPEMAMH O CPEIHHX 3HAUCHHAX>,

§ 2. POPMYJIA TEAJIOPA

105. ®opmyna Teitnopa aas mHorouwnena. Eciu p(x) ects wueasii
MHOTGU/IEH CTCTeBH 7

P () =+ ayx - aye gy e, ()

TO, NMOCJAEAOBATENbHO AudpepeHnupys ero n pas:

Px)y=a+2-ax+3-ax?+...-Ln-ax"?
Prix)=1-2-a9+2-3.aq3x+...-F(n— ) n-a,x™%,
Prx)=1.2.3. aa—{— +(n—2) (n——l)n a,x"8

. P . .

(”)(x,—-l 2 3 celea,
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U moaarast BO BCeXx 3Tux ¢opmynax x=—0, HalipeM BB paXEHUSA
KOS(PdAUNEHTOB MHOTOUJEeHAa yepe3 B3HayeHuUus CaMoOro
MHOFOYJNEHa WU €r0 NPOUBBOAHHX nNpu x=0;

r O 1 O
a=p0), o =p____1(l ), ‘12=p~( ) ,
P (0) 0 (o
a3 == BT ay = £ nE ) i

TToncraeum 3T sHaueHua KoadduunentoB B (1):
px)=p (0)+P (O)x_{_P (0) 2+P (O) _!_p"” (0) )

Drta Qopmyaa orauuaerca oT (1) 3anmucblo KO3PQPUUUEHTOB.

Bumecro Toro yroObl pasjaraTb MHOFOY/JEH 110 CTENEHSIM X, MOMHO
610 OBl B3ATb €70 Pa3JOXKEHHE MO CTENEHIM X — Xy, TAE Xy €CTb He-
KOTOpOE NOCTOSHHOE YaCTHOE 3HAYeHHE X

p(x)==A¢—+ A1 (x — xo) }- Ag (X — x0)* 4~ A3 (x — X¢)* -
+'--+An (x__x())n' (3)

Monarast x —xg==8, pX)=p(e-+E5=PE), a1 xosdduuuexIon
MHOI QUJ/IEHA

P(E):A0+A1E+ Aggg Jr Aaga*‘}—‘. . .+ AnEn

UMECM, N0 JA0KA3aHHOMY, BBIDANKCHHA:

r 0 e
Ao:p(0)7 Alzg'ig")" A2:P2§0):
PO __Pm@©)
M=,y Ag=r
Ho
p(E):p(x0+£): P, (E):p’ (x0+2)’
PPE=p"x+8 ..oy
TaK 4TO
PO)=p(x), P O)=p(x), P"(0)=p"(x0) ...
14
A():p(xo)l Al p (xO) ] A2 Z glx()):
e {in) (4)
A ——p 3(1)6), seey An -———p——"l(!xO)‘,

T. € KOoobduuneHTH pasnoxeHus (3) oKasanucCs BHDa-
MEeHHLIMNX Yepe3 B3HAaYEHHS CaMOlro0 MHOFOYJEHA H €ro
ONPOU3BOLHLHX HDH X=X,
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IToncrasum B (3) BopaxeHus (4):

P () = p (9) 4~ 250 (e — ) 420 (o et

m (XO

“%" BT (o —xo) -4 z nEXO) — o). ©)

dopmyna (5), Tak ke KaK M ee uvacTHuil (npu x,=70) cayyait (2), HasH-
paercs dopmyaoit Tetinmopa. Bnpouem, popmyay (2) oObuHO Ha3hl-
paor popMysno#t Maknopena ¥). MsBecrHo, Kakue BaxHhe IpH-
menenust ¢opmyna Teinopa umeer B aaredpe.

CuenaeM (moJie3Hoe AJs1 RA/bHEHIEr0) OUEBHAHOE 3AMEYAHUE, YTO
€CJU MHOrouJeH p (x) NPEeNCcTaBleH B BUie

P (¥) = co -} (¥ — X0) - 57 (x — x0)*~}-

(4
b ) A )

TO HeoOXOAUMO
px)=co Plxg)=c;, P'(x)=co ..., P(ﬂ) (X} ==cp.

106. Pasaowenue npou3ponabHOil ¢yHkuun. OOpatumcst Teneps
K PAacCMOTPEHUI0O NPOUM3BOJAbHON dyHxuun f(x), Boobue He ABAAIO-
ulelicsi HeJABM MHOrOWJIEHOM, HO ONpPEHEJEeHHOH B HEKOTOpPOM Tpome-
xyrke 2. Ilpegnonoxum, 4yto ajs Hee B Touke X (u3 Z) cyuiecrsyior
NPOU3BOAHKIE BCEX MOPSIKOB A0 H-TO BKJIIOUATENBHO. JTO SHAYHMT, TOYHEE
roBOpS, YTO (PyHKUHMA MMEET IPOU3BOAHBIE BCEX MOPAAKOB A0 (7 — 1)-ro
BKJIOUATEBHO;

£, ey, ), .., FOY ()

B HEKOTODOH OKPECTHOCTH TOYKH Xy, ¥, KPOME TOro, HMEET MpPOUZBO/-
nyio n-ro nopsaaka f™ (x,) B camot Touxe X, **). Toraa, no 06pasy (5),
n nas Qyskunn f(x) mMoxer OBTb COCTaBJeH MHOIOYJEH

Pu () =F ) L6 (v — ) L0 (o -
+f (xo) x)3+ +f (’(o) x())"- (6)

nl

¥) Bpyk Teitaop (1685—1731) u Koaun Maxanopen (1698—1746)—
aNrAniicKHe MateMaTHKH, nocaexosatead Hbworona.

*#) ECIM TOYUKa X, ABAAETCA OJHHM H3 KOHHOB npomewxytka %, 10, rorops
0 NPOU3BOJHHX B 3TOH TOYKE, MBI HMECM B BHAY OJAHOCTODOHHHNE Ipons-
BOJHBIE; TOYHO TaK e W IIOJ OKPECTHOCThbIO TOYKH X, B ITOM Ciyyae noppa-
3yMeBaCTC OLHOCTODOHHAA OKPCCTHOCTD.



186 TJl. V. OCHOBHBIE TEOPEMBI IMOORPEHUMAMBHOTO MCUUCIEHUA  [106

Cor/sacto mpemIlecTByOmEMy 3aMEUAHHIO, 3TOT MHOTOUYJIEH U €rO0
NPOKB3ROLHE € (40 7-H BK/IOUATENBHO) B TOYKE Xy UMEIOT TE€ XKe
3HayeHusd, yTO M GyHKNUA f(X¥) 1 ee NPOKRIBOAHHE,

Ho na sTtoTr pas, ecau ToabKO caMa ¢yHKUUR f(X) He ecThb Leamit
MHOTOWIEH /- CTENEHH, yKe HEJb3s YTBEPKAATh paBeHCTBa f(x)=p, (x).
Muorousnen p, (X) AaeT JnLIb HEKOTOpPOe NpudauxeHue K PyHxunu f (x),
C NOMOIIBIO KOTOPOrO OHa M MOXET ObITb BHIYNCAEHA C HEKOTOPOH CTe-
NMEeHbI0 TOYROCTH. B 3TOH CBsIsM npuoOpeTaer MHTEPEC OUEHKa pPa3HOCTU

T (X) =1 (%) — Pn (%),

naa
Fa (=7 (@) — £ (x) =L (0 — o) — . LT (e ()

A AaHHoro x u3 2 v JaHHOrO 71,

Hanucannoe BpIpaxceHue r,(X) [ias 3TOH WeAM CIYXUTb HE MOXET,
YroOw npeactaButh ero B Oojee ynoOHOR naJjd ucChaenoBaHus Qopme,
HaM NpUAeTCA HaA0XKuThb Ha Qynxuuio f(x) OoJjee Toxelble yCaOBHS,
YeM T€, KOTODBIE HENCCPEACTBEHHO HYXHBI JJIs COCTaBJAEHUS CaMOro
MHorounexa p, (x). Vimenso, mnl Oyaem npemnosiaraTh BOpELb, UTO AJIA
Qyuxunu f(x) cymecryior B £ BCe NPOUSBOAHBE A0 (- 1)-ro mo-
pSaKa BKJIIOYHTENbHO:

£, £, o, fM(), £OD ().

duxkcupyem Tenepp Joboe 3HaveHue x u3 npomexyrka £, u
no o6pasuy npasol yactu Gopmyds (7), saMenss MOCTOSHHOE UHUCHAO
Xy Ha MEPEMEHHYIO 2, COCTABMM HOBYIO, BCMOMOT 4T €J1b HY 10, DYHKLUIO:

e@=r () —f @~ (x—2) LD (6 — 2 —
@

NpUUEM HESABUCHMYIO [MEDEMEHHYI0 2 CUMTAeM H3MEHTIOULEHCT B Ipome-
xyTRe [Xp x]*). B sr1om mpomewmyrke Qyuxuua ¢ (2) HenpepsisHa u
npuHUMaeT Ha KOHUAx ero 3Haveums [cm. (7)]:

¢ () =T,(x), ¢(x)=0. 8
Kpome Toro, B mpoMexyrke (Xg X) CyUECTBYeT MPOU3BOIHAs

¢ @=—r @—|H2e—2—7 @]
L

e s e e 4 s e e s e e e a e .

"f(ll+l) (z) n :f(!l) (z) e
—[ nl x—2) T =1 (x—2) 1]

*) Mbl — a1 ONpeNeIeHHOCTH — GYAEM CUHTaTh X >> X,
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WY, TOCAE YMPOMIEHUs, w
tn
¢ @=—L O (2 9)

Ecau B3aTh emwe Kakyo-HuOynp QyHkuuio ¢ (2), HENPephBHYO B Npo-
MEXYTKE [Xq X| ¥ HMEIOILYI0 B OTKPHTOM MPOMEKYTKE (Xo, X) NPOH3-
BOAHYIO, He oOpamaioulyiocs B Hyab, TO K mape dyuxmut ¢ (2), $(2)
MoxHO Oymer mpumenuts ¢Gopmyay Kouiu [ n°® 104}

X)) —e () __9 ()
¢ (Xe) — ¢ (%) "()
FIE € JMEeKUT MEKAY Xo M X, T. € ¢==x3-}-0(x — x9) (0<TH<I).
YuurnBast (8) n (9), naitnem oTCIOJa
) — Y (x) S () n
) . pr (x—o) (10)

rn(x)=—

BniGepem cHauasa yrkumio §(2) Tak:
$()=(x—2"}
cOpMY/IMPOBAHHHIE BHIIE YCJIOBus NI Hee BHMOJHEHH. Mmeem
¢ ()= (& —x)", $(¥)=0, ¢ (@)=—@E+1)x—a)"

TToacrapnas ato B (10), OKOHYATEJIBHO TOJIYUHM:

1 () =T (o — e, (11

Teneps, yuutsBas (7) u (11), dyHxumio f(X) MOXHO NPEACTaBUTL
topmy1oH
F @) =1 )+ L0 (o6 — ) - L) (0 — gyt

n+1)
S —-—(—) S L e —xgm, (12

Koropas oT ¢opmyast TeHsopa nAnsg MHOIOUNEHA OTJANYAETCH HMENHO
HaJuyueM AOMOJHUTeAbHOro ujxeHa (11).

dopma (11) AOMOMHUTENBHOFO UJMEHA NMPUHALAEKHT JIarpaHky; B 3TOH
¢opMe IOMONHUTEJNbHBH YJE€H HAMOMHHAET CJAEAYIOWUH OYepemHOH yaeH
¢dopmyam Telnopa, /UL BMECTO TOFO, uTOOH BHUNCIATH (72— 1)-i0
NIPOU3BOAHYI0 B TOUKE Xy 5Ty IPOU3BOAHYI0 OepyT IJs HEKOTOPOro
CpeHero — MeXIY X¢ W X — 3HayeHnsa c.

dopmyny (12) nasmBawor Gopmynaoil Tefhnopa ¢ nomoaun-
TEAbHBM YneHOM B popme Jlarpanxka. Ecam nepenecty B ek
J (xy) HaneBO M MOMOXUTH X — Xy==AX, TO OHA TNEpenuuIETCH TaK:

AF (o) = 1 (- Ax) — £ () =L pe | L0 gy

._}_” | fm (xo) Ax" +f(;n:)](;)Axn+1 (12a)
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B stoM Bume oHa aBasercs npsampiM oboOimieHneM QOpPMYyJaH KOHE Y-
i Bl X npupawenutt [n° 102, (4)]

Af (x0) =S (%0 Ax) — f (k) = 1" (c) - A,

xoropasa otseuaer n=>0,

XoTa AoNOJHUTEAbHEH uneH B Gopme JlarpaHwxa, B CMBICAE NPOCTOTH,
HE OCTaBJIAeT WenaTh Jyulllero, HO BCE e B OTAEIbHHX Cayuanx 3Ta
dopMa OKA3BIBAETCA HENPUTOJHOH A/l OLEHKHU HOMOJHUTENLHOIO YJeHd,
¥ npuxoanTcd npuberatb K IpyruM Qopmam, MeHee npocTsiM. W3 Hux
YHIOMAHEM 3]¢Ch O JOMOJHATENbHOM usiene B dopme Komu, On moay-
yaercs u3 (10), ecaru nosoxuTh Ha 3TOT pa3 $(2)==x-—=z. Ilpu atom

Px)=x—xp $x)=0, ¢ ()=—1
1, TaK KaK
(x — o)t =[x —x) —0(x —xg)]" = (1 — )" (x — xy)",

TO NPUXOAUM K TaKOMy OKOHUATCJABHOMY BBIDAKCHHUIO!

Iy (%) :fmﬂ) (o "tz‘!e (x —xo)) (1—0)"(x — X)), (13)

Hecmorpa Ha motepro (CpaBHuTeIpHO ¢ (opmoit Jlarpamxa) MHOXKHUTENa
n-+1 B suameHaTeje, 3Ta (popMa WHOH pas OLIBAET BHEITOJAHEE HMEHHO
6aaroaapst Haauuuto B Hell muoxureas (1 — 6)".

$opmyna Teitopa ¢ ACNOJHUTENLHBEIM UJEHOM B TOM mau Apyro#l ma
YKa3aHHbX QOPM SBJIAETCH, KaK BUANM, PASHCBAZHOCTLIO TEOPEM O CPen-
HUX 3HA4EHHMAX: 34eCh Takxe durypupyioor ¢ u 0!

107. Hpyrass ¢opma nonoaHuTesbHOro uwieHa. Popmbl ACIIOIHE-
TeAbHOro uyjeHa B ¢opmyae Tefopa, BbIBENCHHBIE BBIE, TPHUMEHAIOTCH
B Ciayuasx, KOIJa — NMPd Te€X WIM MHBIX (UKCHPOBAHHHIX 3HAUCHAAX X
(OT/IMUHBIX OT X,) — Mbl KEJI4eM 3aMEHHTb NPUOGMKEHHO dynKuuw f(x)
MHOFOUJEHOM P, (X) H YUCAEHHO OLEHATL INPOHCTEKAWYI0 OTCioa
norpewHocTs, Ho OwlBaOT cayuau, KOrAa Mbl HE 3aMHTEPECCBAaHBl B ONpe-
JEMEHHHIX 3HAYEHUSX X, W HaM BaxXHO JUMb NOBECAEHHUE LOMNOJH U-
TEJAbHOTO UYJEHZ HNPDH CTPEMIEHHUH X K X) TOUHEE roBOpH,
BAXKEH NOPSIAOK €ro MaJoCTH. DTOT NOPAAOK MOKeT ObTb yCra-
HOBJIEH [axe NPH HEeCKOJbKO 0oJee JErKAX YCA0BHAX, YeM BoiLe, Mmenno,
IPEANCIONKHUM CYIECTBOBARUE JHIIL /1 NCCJASIOBATEALHBIX ITPOU3BOJHBIX

I @) [ ()
B OKPECTHOCTH (IBYCTODOHHEH UM OJHOCTODOHHEH) TOUKM Xy M HEmpe-

PHBHOCTbL MOCJAELHEH U3 HUX B TouKe x,¥). Toraa, sameuss

*) Ha nene, OCTATOYHO MpPENNONOKHUTH JHIIL CYLI{€CTBOBAHHE NPOH3BOL-
HOMt £ (x) B OfHOH Touke X ==x; Mol HanoXHIU Oonee TaAKEAble YCIOBHA,
4100bl yUPOCTHTL BbHIBOA.
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B dopumyae (12) » na 7 — 1, MOXKEM HaIUCATh:

)= () L8 (o — ) - L2 (o gy

Sk f—~(f[‘_({§‘;’ (e —x) +L0 0 e —

rape ¢ COOCPKUTCH MEXKIY Xy U X. ITosnoxumM B MOCAECIHEM YJEHE

(23 C (n) x
TaK KaK NpHU X —> Xo, OUEBUIHO, U € — X,, TaK UTO (IO HENpPEPHBHOCTH)
JP @ (k) 10 0(x)>0 u a(x)-(x—x0)" =0 ((x — x0)").
OKOHYATENbHO MOJYUUM:

Sy =1 ()L (6 — ) 4.
A LD (o o (e — %)) (15)
TakuM 00pas3oM, Ha 3TOT pas
Tn (X) =0 ((x _xo)n)» (16)

T. €. O JOIOJHUTENbHOM YJEHE Mbl 3JIeCh 3HAEM JIHILb, YTO NPU HOCTOSH-
HOM 7 U X —> X, OH OyfeT O0ECKOHEUYHO Manol NOpPpsiiKa BelLE
7-T0O MO CPAaBHEHUIO C X — Xy, XOTS — 3TO Ba¥HO IOIYEPKHYTH — MbI
1 HUYero He 3HaeMm 00 e€ro BeJquuuHe HU MDU OXHOM QUKCHUDOBAH-
Hom x. Popma (16) momonHurtesbHOro uaeHa Ontna ykasaHa Ileano ¥#).

Mur BuguyM, yto (Qopmyna (15) ODeHCTBUTENLHO UMEET ONPEAEJIEHHO
«JIOKaJbHBIH> XapakTep, XapakTepusys Jullb IOBeJeHHne (GYHKUHH NDH
CTPEMJIEHHH X K X,.

Ecim B (15) cHoBa nepeHectn f (xy) HaIEBO ¥ NOJOWKUTh X — X = Ax,
TO NPHUIEM K PasJOKEHHIO

Af () =1 (o) A - L0 a4 L0 o axm), (150)

KoTOpoe cayxkur oGobuieHuem Qopmyan (3) n° 82:
Af (o) = 1" (o) Ax -~ 0 (Ax),

noayyamwouefics orcrofga npu n=1.
HMHoti pa3 ynoGuee BMecro (14) B3iTh RONPOCTY

F® (€)=1" (xo) +a (x)

*) Mayzenne Meano (1858—1932) — MTanLAKCKHN MaTeMATHK.
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3aech Takke o(x)—>0 npu x-»>x, a dopmyna Te#aopa ¢ gonoauu-
TeJbHBIM uieHOM B (opme Ileano Hammmuercs Tax:

Fey=r )+ o —x) . AL o — -
AL e (1)

B saxmoueHne caesaem ewle caeayromee 3AMEYAHHE., Ecau same-
HATb B ¢opmynax (12a) u (15a) Ax Ha dx © BCIOMHHTB, YTO

f(x)dx=df (x)), ["(x)dP = (x0), ..., S (x0) dx" = d"f (x,)

U
f(n+1) (C) dx™ 1 — d”“f(c),

TO, noacrasass, npencranm STA PA3NOKCHUA B BUIE
7 (o) = df (50) -+ g1 €% ()~ 54" F 80+ Gy 47 0)

(c=x,--8Ax, 00 1) (126)
niau

Af (o) == df (xo) + 357 A (). d"f (¥0) -0 (Ax™). (156)

Taxum o6pasom, ecau npeanosoxuts Ax-»>0, To no srum Qopmynam
u3 GeckoHeuHO MaJoro npupauwienus QGyHxkuuu Af (x,) Bolueasercs He
TOJBKO €ro IVIaBHbifl ujeH — nepBHil JuddepeHunas, —HO 1 wieHs OoJnee
BBICOKUX TOPSAKOB MaJOCTH, KOTODBIE — C TOYHOCTbIO 10 (hakTopuanos
B 3HaMEHaTeIAX — COBNAZAlOT C MOCAEJOBATEIbHBIMU BhICUINMU Audpe-
peHuantamu

Y (o) on s df (%)

108. Mpunowenue nonyueHHbIX GOPMYyJa K 2JeMEHTAPHbBIM (PYyHK-
nuam. Bcero npome suirasaur dopmyna Teitnopa, ecau xy=—10 *)

F=rO+LQe 4 L0 IOt r ). (18)

K sroMy uacTHOMy CJyyailo BCErJa MOXHO CBECTH JI€N0, B31B X — X,
32 HOBYIO HE3aBHCHMYIO IIEDEMEHHYIO.

PaccMoTpuM HEKOTOpbIE KOHKDETHHIE pasJoxeHus 10 3ToH ¢opmyae
1 3JEMEHTapHBIX (QyHKUuH.

¥} V1 o1y Qopmyny CBASHBAaNT ¢ HMeHeM MakiopeHa.
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1) Hycrs f(x)==e"; torna f* (x)==¢" npn mobom k=1, 2, 3,.
[96, 3)]. Tax xax B sTom cayuae f(0)==1, f¥(0)=1, 10, MO (pop-
myzre (18),

X x? xn
=1+ Gy 5 +... 5 7 (0.

2) Ecmn f(x)=sinx, 1o f% (x)==sin (x»i— k- ) [n°96, 4)], Tax

uro
F©)=0, £ (0)==sin mr=0,

F9m=9 (0) = sin (mw——%)::(_ - (m=1, 2, 3, ..).
[Tostomy, mosoxus B dopmyae (18) »n=2m, umeen

3 ‘Em—l
Sin X =% — 37 —}—o, — (=" ’m [ Tam ().

3) Amanoruuso, npu f(x)==cos x [n° 86, 4)]

FP@=cos (x4 kL) FO=1, S O)=( 1",
Flam=1) 0)=0 (m=1, 2, 3,..).

Takum oOpasom (eciau B3iTh n=2m -} 1)
X2 Xt X2
cos ¥ =1 —or gy —... 4 (= V" g5 - Tamr:

4) PaccMoTpuM Tenepb cremeHHylo ¢yHkuuio x™, rie m — He Harty-
panbHOE umcjiI0 W He HyJ b, B atom cayuae npu x —> 0 smbo cama dyuk-
uns (eca m<_0), /mbo ee mpoussojuble (HauuHas € HEKOTOPOro Io-
pagka, npu n >m) GeckoHeuHo Bo3pacTaleT. CreloBarensHo,
3mech yxe Heab3st Opare xo==0.

BosbMem xp=1, T. e. craHeM passarath X" IO CremeHsM x — 1,
Brpouem, Kak yxe YIOMUHAaJOCh, MOXHO BBECTH B KauecTBE HOBOH mepe-
MeHHOH X — 1; MH ee monpexunemy Oynem o003HauaTh uepe3 X, U CrTa-
neM pasaarats ¢yukumwo (1--x)" no cremensm x.

Kak mbr snaem [n° 96, 1)],

FR@=mm—1)...(m— k- 1)(1 - x)"",
fO=1, JfOOy=m@m—1)...(n—~k-+1).
PasnoxeHne umeer BUIL
(1-l—x)"’=1+mx~{-”—’(—’1"—2—1—)x2_L s
+m(m—11) m—ntl)

e

TaK 4YTO

~-r, (x).
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5) Ecim nepetitn x norapudmuueckolt ynxumu Inx, xotopas crpe-
MATCA K -— 00 npu X — -0, TO, Kak ¥ B NPEIBIYIEM NPUMEDE, MBI
Oynem paccmarpusath Qydkuuio f(x)=In(l4-x) u pasnarate ee no
CTENEHIM X.

Torna [n° 96, 2)]
R {0y (—1)"“‘ (k-—l)' *

FO=0, M O= (—~ 1 (k —

Orcrona
In (1 +x)=x—f;+i§,—a~...+(* 1)”“x—,:+rn ().

6) Ilycts Tenepp f(x)=—arctgx. M3 n°96, 5) Jerxo mnoayuutsb
3HAYEHHUs] ee MPOM3BOAHBIX nipn x ==0:

FOm ©=0, FE"D (0)=(— 1™ @m —2)

TaK ur0 €€ pas/OXKCHuE INPEeACTAaBUTCH B BUIE

x2

arctgx._x——- ~}- vort(— 1)m—12m_1+f2m(x)

109. Mpubamxennnie popmyasl. Ipumepn. Ecau B dopmyne (18) orépo-
CUTb JOMOAHUTCIABHBI YACH, TO NONYYHTCA MpUOGHHXEeHHAas popMmyaa

POESJOREALPER AIG R A

3aMeBAIAaA QYHKUHIO CIOXHOH NMpHpoAsl MHorouyrlcHom. Kavecrso sTto#t ¢op-
MYJibl OileHMBaeTCA JBOAKO: AHOO YKa3blBalOT TIPaHHIY IMOCPEMHOCTH Ip (X),
00bIYHO NIOAB3YACH JarpaHKeBOH QOPMON AOMONHUTEILHOIO YaeHa:

-+ (§

an60 NOBOALCTBYIOTCs, caeiys IleaHo, yxasasHem NOpAAKAa MamoCTH 3TOH 1Io-
rpeiHocTy npu x — 0

rp (x)=o0 (x").
Jas MPHMEPOB OGPAaTHMCA K DPACCMOTDEHHBIM BBULE DPA3A0MEHUIM 3jie-

MCHTApHbBIX QYHKUHIL.
1) TMoroxum f (x)=-e*. [lpuGanmxenuas (popmyna

ex_.1+”+2'+ +

TaK Kak AONOJHUTEIbHbIN YiIeH 31ech

e
ru (X) = (Yl + 1)' xn+l7

*) Ml mojpadymesacs, xak sceraa, yro 0!=1.
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TO, HANpUMep, nNpu x>0 NOrpelInoCTb OUlEHHMBAETCA TaK:

xhnt1

0<rn(x)<ex-m.

B vactHOCTH, ecay x =1,

. 1 1 1 3
e:1+1‘!+2T+'+H' 0<rn(1)<(n—+—1—)~!.

Mono6uolt dopmysoll Mer yxe moabzosaauch B N° 49 maa npuOIHMEHHOTO BH-
YHCIEHHA YHCEa e, HO OUEHKA JOMOJHUTENLHOro uyjieHa, NONYyYEHHAsds JPyrum
nyreM, TaM 6blna Goree TOYHOM.

2) Baas f(x)= sin x, nmoxyuum

o ) %8 xb g X
i % < =g o g DT
B 3ToM cayuae AOTIONHHETEIbHbLIA UJEH:
N K1
sin (Ox 4 @2m4-1) —2~> omit " Rt
Fom (X) = TR K2 — (— )™ cos ex.m,

U NOrpeIIHOCTDL OUCHHBALTCA JEIrKOo:
| x i2ﬂl+1

GmF i

B YACTHOCTH, €CAM Mbi JOBOJILCTBYEMCA ORHHUM YJICHOM M ROJaraem

| Fom (X)) | <<

Sifl X =% X,

TO [AA TOrO, YTOGbI NOrPEIlHOCTh Gbifa MCHbIIE, ckaxeM, yem 0,001, nocrarouno
B3ATh (CyuTag x > 0)
x3
6

uyto npumepHo paeHo 10° Ilpn mospsosanunm nsyunennoft dopmynoi

< 0,001, mn x << 0,1817,

. x3
sin x == ¥ — —-
6

IS IOCTHXCHHA TOH K€ TOYHOCTH Yke JOCTATOYHO B3ATh
x5
120
CCTH e OlpaHHyMTbes yraamu x << 0,4129 (==23,5°), 10 mnHorpemsoctb Oyner

naxe << 0,0001, u 1, @
3) AnafgoruyHo, paa f (x)== cos ¥ HMeeM

< 0,001, wmn «x<<0,6544 (==375%;

. x2 x4 xm
cos x == 1 — 57 +4l — et (— 1)"‘(—2ﬁ)~1,
npHyeM

2m-+2

— 1 —
r2ln+1 (x)_( 1)m cos 0.x (2]71 +2)11

TakK 4ToO
| x ek

[Famer () [ = @m2)0"
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Hanpumep, pas ¢opmyas
2
cosx =1 ~%

NOrpemiBoCTh
xt
< —
Irs (v) | <355

u nasepnoc 6yper, cxamken, << 0,0001 pas x << 0,2213 (==13°), n 1. m.

Mpl ofpaiiaeM BHHMaliMe YUTaTeRsa HA CYLMIeCTBEHHOE MPONBKIKEHHE BICpex
no cpasuenuio ¢ Qopmynamu nn® 56, 57, 93: menepy muL ymeen ycmaragaugemo
2PAHULLL NOPEUHOCIU 1L PUCROAARAEA (POPMYAAML
210001 mounocl.

Hakonen, npusesem npusep npubamxensoil dop-
MYJBI COBCEM HHOI'O THIIA, HO BCC XK€ HCNOab3ylouiei
dopmyay Teiinopa.

4) [laa npubGAMKEHHOIO CHPAMACHUA LYI'H OKDY-
r HOCTH, Majolfl MO CpaBHCHMIO ¢ pamguycoMm (phc. 41},

z Yebimin ¥) man caepywulee NPasuno: oyea S npi-
BAUIICEHHO  PABHA  CYMAMe pPABHBLX CHOPOH PABHO-
0e0penn020 MmpeyzoabHuKa, NOCMPOEHHOZ0 Ha XOople

Puc. 41,

d u umeroue20 8ulcomoi cmpearu f.

4
3

Ecan nmososuny ueATpaibHOro yraa oGo3HaYHTh Yepes X, a PajMyc AyrH—
yepes r, 10 §=2rx. C gpyroi cropomsi,

%d:rsin x:r{x—fg—l—o()ﬂ)}, (%dY:ﬁ{xz—%A—{—o(x“)},

h:l/g V 4 r(l—wcosx)—}/—‘- {~~x~+o(x3)}
h2=r9{“§—{—0(x5)},

TaK YTO YNIOMAHYTas CyMMa CTOpoil, mo Teopeme Ilmparopa, pasua
2l/ ‘) +h‘“’—2r VxEdox)=2rx V150« =2rx-+o(x.

—
/4 .
Untareno sICHO, UTO HA3HAUCHUE MHONKHTENs ]/ -5 B Gopuyne Yeboimésa
(¥}

HMEHHO B TOM, yTOGB! 1104 KOPpHCM YHUUTOXHICH YJACH C x* B oKkonuatensbnom
CYeTe, NMONYyYeHHoC HpPlé.’Il’.}KCHHOC JHauecHle AYyru OTIu#aerca ot camoii Ayru
BEINYMHON Bpille YE€TBE PTOro nopsaiKa MalCCTH.

Mo Bepremcsi Kk dopmysae Tefiniopa ¢ JOMNOAHUTENBHBIM — UJEHOM
B raase XV (BTopo#t toM), nocpsinenHoti GeCcKOHeuHBIM psiiaM, A€ 2Ta
(opmysa OyzeT Urpatbh BeCbMa BaxHYI poab. Tam ke OyAyT NPHBEREHHI
NPHMEPBl HPUJCKEHUT DPIACB K NpuOJHIKEHHBIM BBIUNCJACHUAM, KOTOPHE
3a4acTyio, IO CYIIECTBY, SABJAIOTCA IpuMmeneHusmu Gopmyast Teiuopa.

*) Axagemux Iladuyrn#t Jibsouy Ye6mmés (1821—1894) —seunkuii
PYCCKHII MATEMAaTHK, OCHOBaTeldbh NeTepOyprcKkoil MareMaTHYeCKoll LIKOJbI



I'TABA CEIPMAS
UCCNENOBAHUE ®YHKIIMI C MOMOIULIO IMTPOU3BCAHBIX

§ 1. UBYUYEHHE XOHA M3MEHEHUSA SYHKUUU

110. ¥Ycaorue noctosHcTea dyuxuuu. Ilpy wsyuennn xona usme-
Hetnsdl (PYHKIHUH Ha MEPBOM MECTE TIOSBJIAETCS BONPOC 00 YC/AOBUAX, MPH
KOTOPBIX (PYHKILMA COXpalseT B JaHHOM [POMEXYTKE I[0CTOSHHOE 3Ha-
YeHue WKW U3MEHSETCs B HeM MOHOTOHHO [n” 47].

Teopema. [Tycme dhyniyus f(x) onpedeacna s npomexcymre & *)
I uMeem 8HYMPU HE20 KOHEHHYIO Npou3solnyio f (x), a Ha KoHuax
(ecau onu npunadaescam ) coxpansiem Henpepvisnocime. asg mozo
umobst f(x) Ooaa 8 X nocmoannoll, 0ocmanouro ycaosue

f(x)=0 euympu Z.

HoxasaTeEabctBoO. IlycTh 3T0 yc/a0BHE BHINOJHEHO., QuUKCHPYEM
HEKOTOPYI0 TOUKY X, M3 NpomMexyTka .2 u Bo3pMeM Ja106yi0 Apyryio
ero touky x. g npomexyrtka [x,, x| wan [x, x| yHzoBaeTBOpEHH
Bce ycaoBud Teopemsl Jlarpamxa [n° 102]. CrenosarennHo, MOKeM Hanucarth

F ) —fx) =1 (6) (¥ — xo),

rae ¢ COIRPHKMTICH MEeX /Iy Xy M X, a 3HAUNT, BaBEIOMO JEWHT
suyrpu . Ho, no npeanoaoxenno, ' (¢) =0, tax uto mns scex x us 2

F () = f (x0) = const,

U Halie YTBePKICHHE MOKa3zaHo.

3aMeTuM, YTO BbICKA3AHHOE YCJIOBHE, OUYEBUAHO, SIBJASCTCS U He 06 X o-
XUMB M A NOCTOSHCTBA (DYHKIHH.

B HHTErpa/bHOM HCYHCJIEHHH BAXKHOE MPUJIOKEHNe HAlIeT BHTEKaIoLIee
0T1CI0fa NMPOCTOe

Caedemsue. [Tycmes 08e gyurxyuu f(x) u g{x) onpedeaens 6 npo-
Mesicymre & w 8HYMPU He20 UMM KOoHewHue npou3sodnwe f'{x)
u g (x), a Ha wongax (ecau onu npunadaexcam L) COXPAHIOM
Henpepulsrocme, Ecan npi smoxs

f(x)=g"(x) suympu X,

*) Kotopuilt MOxeT ObiTh 3aMKHYTHIM HAM HET, KOHCYHBIM HIM GCCKOHCUHBIM.
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mo 80 8cem nposescymrxe X amu (BYHKGUU PASHAMCA UMb HQ PO=
CIMOSIHHYIO:

f)=g(x)+C (C=const).

Inst nokasareabCTBa [OCTATOUHO I[PUMEHHTH TEOPEMY K PasHOCTH
f(x)— g(x); Tak kak ee npoussBoiHas f(x)— g(x) sHytpu & cBOAMTCA
K HyJ/O, TO caMa pasHocTh B 2 OyJAeT NMOCTOSHHOM.

Paccmorpum B BuAc mpuMepa GyHKUMH

1
arctgx H 7arctg

Jlerko npoBepuTh, YTO HX NPOHM3BOAHLIE COBMANAIOT BO BCEX TOUKAX X, HCKANOYAHA
x =1 (rge BTOpas u3 dyuxuuit repaer cmoica) Ilostomy TommeCTBO

—ue

o ==arctgx 4 C

Lacet
SR p—

2
OK43HIBAETCA YCTAHOBNECHHBIM JMHIIb IAA KAKIOTO U3 MPOMEWYTKOB
L=(=1 1), Ya=(—o00, —1), %=(l, +c0)

B oTHeabHOCTH. JIIOGOMBITHO, YTO M 3HAYeHHs INOCTOsHHOM C IJast 3THX NpPOMe-
WYTKOB 6yAyT pasauyubiMu. [das nepsoro u3 vHux C=0 (B yeMm yGexmaemcs,

™ ™
nonaras x =0), a s KBYX APYrUX HMEEM, COOTBETCTBEHHO, C=§ HIn C=——§

(YTO NErKo yCMOTpeTb, €CaH, HapHMep, YCTPEeMUTb X K — 0O HIU -+ o).
Bce 3TH COOTHOLIEBHA TakXe MOTYT GbITh JOKA3aHMl AEMEHTAPHO.

3AMEYAHUE, 3HaueHue HOKA3aHHOH TEOpEMH IpPOSBJSETC B TEO-
PeTHUeCKHX HKCCJAENOBaHMAX ¥ BOOOLIE B TEX CAyyasdx, Koria QyHKHus 3a-
JaHa TaK, YTO U3 €€ ONpeNe/eHUs HeNOCPEeJCTBEHHO HEe BHITEKaer, uTo
OHa COXPaHseT MOCTOAHHOE 3HaueHne. IToJo6HEIE Cayuan HAM He pas BCTpe-
TATCH B JajbHEAeM,

111. YcaoBue MOHOTOHHOCTH (YHKUHH. BoliCHUM Temeph, KaK MO
NPoOU3BOAHOH (YHKIAN MOXHO CyAHTb O Bo3pacTaHuu (yOuBaHuu) camof
GYHKUMY B JAHHOM [IPOMENKYTKE.

Teopema. Ilycms ghynxyus f(x) onpedesena 8 npomescymie &
I uMeem BHYmMPU He20 KOHeHHY npou3godwyw f(x), a Ha KoHyax
(ecan onu npunadnsescam L) coxpansem Henpepvi8Hocms. as mozo
wmober f(x) Ovaa 8 X MOHOMOHHO Bo3pacmaioujell (yOwisawuelr)
8 Y3KOM cablcae, OOCHIQMOYHO Ycaosue:

F ) >0 (L0) suympu X

JOKABATEABCTBO MPOBEAEM AJsl cJydyas Boapactanus. ITycrb ke
yKa33HHO€ A 3TOTro cnyqaﬂ yCJIOBHE BBIITOJIHEHO. Bosbmem ABa 3Hauye-
mis X' 1 x” (X< x") w3 &, v x dpysxunu f(x) B npomexyixe [x', x”]
npuMenum ¢dopmyay Jlarpasxa:

JE)—FX) =/ ()" —x) &)
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Tak kak f(c) >0, 10
F&E) > [ ),

n ¢yukuusa f(x) Gymer cTporo Bospacraiomieil.

Ha stor pa3 BhICKa3aHHOE YCJIOBHE YXKE HE ABJISETCS B MOJHOH Mepe
HEeOOXOMMMBIM. YTBEDKACHHE TEOPEMH COXPaHseT Culdy, Hanpumep, U
B TOM CJyyae, ecad npoussopHas f’(X) ofpamiaercs B Hy/Jb B KOHEUHOM
Yucae TOUEK, JMEKAIKMX BHYTpY npomexyTka 2. B sToM Jerko y6enurncs,
€C/Id NPUMEHUTh TEOPEMY B OTAEABHOCTM K KawiaoH M3 yacred, Ha Ko-
TOPHE OCHOBHON NPOMEKYTOK DasOMBAETCsS YIOMAHYTHIMH TOUKAMH.

YcranosseHHas CBfI3b M€Ky 3HAaKOM IIPOM3BOAHOR M HampaBJae-
HUEM H3MEHEHHa (QYHKUNM TIeOMETPHYECKH COBEPIIEHHO OYeBHIAHA,
ecs BcoMuuth [nn°77, 78], uro npoussoanast mpenctasiser coGol yrio-
BO# Kos(hPNUUEHT KacaTesbHOH K rpaduky GyHKUMH. 3HaK 5TOTO YTJIOBOTO
KO3(duuaeHTa NOKA3BBAET, HAK/IOHEHA JM KacaTeJbHag BBEPX WJIW BHUS,

Y 12y 4 ©
7 z 7 z
Puc. 42.

a C HEW — WAeT JU BBEPX uJM BHU3 M cama kpuBas (puc. 42). B or-
JENbHHX TOYKAX KacaTeabHas NPH STOM MOKET OKasaTbCs ¥ FOPH3OH-
TaJbHOH, UTO OTBEYAET OOpPallEHHIO NPOUIBOAHOH B HYJb.

[Tpuwmerpsb. 1) llpocrefimuit npuMep NoCIeRHEr0 06CTOATEALCTBA JOCTABIAACT
¢yHKUHA f(x)= x% OHa Bo3pacTaeT, U TCM He MeHee Npou3BonHasa ee j' (x)=3«x*?
npu x =0 o6painaercss B HYIb.

2) Ananornyno, pozpacrapouielt 6yaeT U Gynkuua

S (x)=x —sin x,
u6o ee NPOM3BOAHASN
S (x)=1-—cosx

He OTpHUNaTCIbHA, 06pawanch B Hyab Ang 3HaueHuil x =2kn (=0, %=1, 22,...).

112. MakcuMymMbl W MHUHHMYMbl; HeoOXoxumbie ycaoeus. Ecum
dyuxuna f(x), onpemencuHas 1 HENMpepHBHag B NPOMEXYyTKe [a, b], ue
SBJAAETCA B HEM MOHOTOHHOH, TO Ha#ayTcs Takme uactd [o, B] nmpome-
KyTKa [a, b}, B KOTODLIX HaubOJbIUEe W/ HauMEHblee 3HAYEHHE JOCTH-
raerca (Qyskuuefi BO BHyTpeHHe# Touxe, T. e Mexay o # . Ha
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rpaduke ¢yskumu (puc. 43) TaKuM NPOMEKYTKaM COOTBETCTBYIOT Xa-
paxTephbie rOpOH WK BIAAHHLL.

Tosopar, uro ¢ynwgus f(x) nmecem 8 more X, Maxcumyxm (uarn

Murusya) F), ecan smy mouKy MOJNCHO OKPYHCIING MAKOW OKpechHi-

Hocmelo  (Xy— 0, xo—20),

v codeporcauieiicst 8  npoMe-

/ j\ gcymue, 20e 3adana @Hywr-

uus, wmo 045 cex €e o=

e X BLUIOAHAEMCS Hepa-

Il \ 1
) 1
[ ! ! | l 8EHCIIEO
: |
| - } | F )< fa)
L : P i . -~
Vi J\ P z, .Z’/*'f PR (wan f(x) 2= f(xy)
0 4 HUnbiMu CTOBaMu, TOUKE X,
Puc. 43. pgocrapiasfeT ¢yHkuun f(x)

MaKCuMyM (MHHHMYM), ecan
spayenne f(x,) OKa3biBaeTCs HauOOAbIMM (HAKMEHBIINM) K3 3HAUEHAH,
NPUHYMAEMbIX (PYHKUUEH B HEKOTOpoH (X01a OH Masnofl) OKPECTHOCTH
sTof Toukn. OTMeTHM, UTO Camoe Onpele/eHue MakciuMyMa (MHHUMyMa)
Npeanosaraer, 4To QGpyHkuus 3agaHa no obGe CTOPOHBI OT TOUKH Xg.

Ecan cymecTByeT Takasi OKPECTHOCTb, B IIPEAeNax KOTOPOH (PN X £Xy)
BHIIIC/NSETCS CTPOrOe HEPABEHCTBO

FE)<TFlxo) (uam f(x) > f (%)),

TO TOBOPAT, 4TO (PYHKLMS UMEET B TOYKE Xy COO CTBEHHH il MaKCAMYM
(MunnuMyM), B NPOTUBHOM CJyyae — HecOOCTBEHHH il

Ecau dyukuus umMeeT MaKCUMYMBl B TGUKAX X M Xy, TO, TpHMEHssda
K NpoMexyTKy [Xxg, X;] BTOpyio teopeMy Befiepurpacca [73] Bumum,
YTO HAMMEHBLILETO CBOET0 3HAYEHHUS B 3TOM IPOMEKYTKE YHKHMA HKOCTH-
TaET B HEKOTOPOH TOUKE Xy MEKIY Xp M X; U HMMEET TaM MUHUMY M.
Apanoruyno, Mexay ABYMsi MUHUMYMaMi HEPEMEHHO HalgeTcs MakcuMyM.
B tom mpocreiimiem (¥ Ha npaKkTHUKE — BaxHelilieM) cayuyae, Korna $yHK-
uusg HUMEeT BOO6[LI,€ JUHIL  KOHCYHOE 4YHC/IC MaKCHMYyMOB M MHHAMYMOB,
OHH IMOIIPOCTY UYEPEAYIOTCH.

3amerum, yTo A1 0603HAUCHUS MAKCHMYMa W4 MHHUMyMa CyLWeCTByeT
7 OObeIMHAIIMA UX TEPMUH-—3KCTpeMmyM *¥),

[TocraBum 3azauyy © pasbiCKaHud BCeX 3HauyeHuil apryMmeHTa, Qocra-
BJISIONHX (YHKuUER 3Kkcrpemym. Ilpn pemennn ee ocuosdyw peas Gyner
urparb NPoU3BOJHAL.

ITpenmosonum cHavang, uro aas ¢yHxusn f(x) B npomexyrke (a, b)
CYULECTBYET KOHEYHas NpOu3BOAHa#. ECaM B TOYKE Xy (PYHKLHS HMECT
KCTPEMYM, TO, IPHMEBSs K NPOMEXKYTKY (x¢— 8, Xy—90), 0 XOTOpCM

#) IMo-naruipy cioBa maximum ¥ minimum 03HayaT «<HanGoabpicer H «Hai-

Menbliee» (3Havenue).
#%) JlatuHcKoe extremum, yTo 03Hauaer «Kpailnee» (3Hauenne),
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6pia peun poine, Teopemy ®Pepma [n° 100], saxawouaem, uro f7(xg)==~0:
B 9TOM COCTOHT HEOOGXOLUMOE yCAOBUE IKCTPEMYyMA IDKCTPEMYM
crgnyer WMCKaThb TOJABKO B TeX TOYKaX, IAe MPOM3BOAHAS DaBHA HYJIO;
Takue Touku OyneM HasmBaTh CTALKOHADHB MH*)

He caenyer mymaTh, GOHaKO, YTO Kax[asd CTAallMOHApHAA TOYKA AOGCTa-
RAsSeT (YHKIMKU SKCTPEMYM: YKa3aHHOE TOJIBKO 4TO HEOOXOAMMOE yCJOBUE
He fBJAETCA MJOCTaTOYHHM, Mu  Bugesd, Hampumep, B n°11L1), uro
i pyskupn x® npomsponHas 3x? obpawaerca B myab npu x==0, Ho
B 3TOH TOuKe (PYHKUUS HE MMEET SKCTPEeMyMa: OHAa BCE BPEMA BO3PaCTaert.

Takum 06pasom, craiuonapHas Tcuka aas Gysxume f (X) NpencTaBasercs,
TaK CKasarh, JHIIb <NOXO3PHTENBLHOH» MO 3KCTPEMyMY # MO LJEKHUT
AaNbHEeHMWEMY UCHBITAHHUII.

Ecau paclimpuTh Kaacc paccMaTpnBaeMuiX QYHKUMH, JOMyCKas, uTo
B OTHENbHBIX TOYKAX HET KOHEUHGH NPOM3BOAHOH, TO HE WCKIoueHa
BO3MOXHOCTH TOTO, YTO SKCTPEMYM NPHAEICS 1ia OOHY M3 TAKAX TOYEK.
IlosTomMy uX TaKKe HYXKHO OTHECTH K UYMCJAY <MOAO3PUTENbHHIX» 1O
BKCTPEMYMY ¥ TNOABEPIHYTH HCMBHITAHKIO.

113. Ileppoe mpaeuao. Mrtak, mycrb TCYKa Xy SBJASETC <MOAC3PH-
TeABHOH» 10 SKCTpeMyMy s ¢yHkuuu f(x).

[Tpennosoxum, uTo B HEKOTOPOH OKpectHOCTH (X§— O, Xy -1-8) 3TOH
TCukM (IO KpaiHeH mepe, I X 7= X)) CyILeCTBYeT KOHEYHad IPOM3BCH-
nas f'(x) m Kak caeBa OT X, TaK U COpaBa OT X, (B OTAGALHOCTH)
CoOXpaHsieT onpenedeHHb i 3HaK. Toraa BO3MOXHBI CJACAyIOLUE
TPH CaAvYas:

L f (%) >0 npu x<x 1 f'(x)<0 npu x> x T. e npoussodnas
1 (%) npu nepexode wuepea mouiy x, MEHIEmM 3HAK NAIOC HQA MUHYC.
B stom cayuae, B npoMexyTKe [x,— 3, Xy] ¢yskuua f(x) Bospacraer,
a B MPOMEKYTKE [Xo, Xo-8] yOwisaer, Tak uto 3sHayeHue f(x,) Gyzer
HauGoNbIUAM B NPOMEXYTKE [xy—8, X318}, T. e. B Touke x, ¢yHk-
LU MMEET MAKCHMY M.

1L f7(x) <0 npu x < x4 u f'(x) >0 npu x> x, T. & npou3sodnas
J' (%) npu nepexode uepes mouxy x, MeHsem 3HaK MUHYC H@ RAIOC.
B oroM cayuae aHazoruupo yOexiaemcd, 4TO B TOUKe X, (PYHKUMS uUMeer
MUHHUMY M.

HL f7 (%) >0 xax npu x < x5, Tak u 0pu x >, a6o xe f7 (x)< 0
I CJeBa M COpaBa OT X, T. €, Apu Hepexole wepe3 x,, f (x) we me-
naem 3nara. Torpa ¢yHxuma Ju6o BCEe BpeMsa BO3pacraer, JubO BCe
BreMst YOBIBAET; B M000# GaU30CTH Xy C ONHGH CTOPOHB HaHAyTCS TOUKY X,
B xotopux f (x) < f(xy), a ¢ Apyro#t — Toukn X, B KOTOPHX f (x) > f (%),
TaK YTO B TOUKE X, HHKAKOro 9K CTpeMyMa HeT.

Mrak, Mpl nojyuaem nepBoO€ mMpaBuJaO IS UCIBITAHHS <IIORO3PU-
TEJABHOTO» 3HAueHUs X nodcmasasg 8 npoudsoduyio ['(x) crasasa

*} B nux usmenenne Gypxuid Kak Ost «1PHOCTAHABIMBACTCAY: CKOPOCTH ITOLO
n3menenus {n° 78] ofpautaerca B BY b,
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x < Xo, @ 3ameim X > X, YCIMAHABAUBAENM 3HAK NPOU3BOOHON nOCAL-
30cmU OM MOYKU X, CAe8a U CHpasa om Hee: ecAl HPU 3MOM Hpou3-
800nas f'(x) MeHsem 3HQK NANC HG MUHYC, MO HAAULO MAKCUMYI,
€CAU MeHsIem SHaK MUHRYC HQ NAI0C, MO — MUHUMYAM, €CAll Jie SHAKQ
He MeHsiem, mo SKCIMpemyma 806ce Henm.

OxapakTepusyeM Tenepb TOT KJacC (QYHKIEH, K KOTOPOMy Mbl OyleM
NpUMEHATh 9TO npasmno. Pymkuus f(X) npeanosaraeTcs HEMPEPHIBHOH

Y @) (6)
MUK f'(x,)=0
\h.n/ e
T S
| el
: B
N g
e\ TN
] ]
| ]
o Z; 5 z
() 2
y s

g
: 1NN
o =
) TG
x_Q,
g
L)
//R ;
{
MoKk |
e i I
| I, Z,
Puc. 44,

B npoMexyTtke [e, b] n uMeoumie#l B HEM HENPEPHIBHYIO Xe MPON3BOJHYIO
f' (%), 8a uckmoueHneM passe JUIIL KOHEYHOT O uucia ToueK. B artux
TOYKax mnpoussBoiHas f'(x) Kak c/aeBa, TaKk u cmpasa CTpeMutcs K Gec-
KOHEYHHIM MpeaesaM, COBMNAJAIOMIAM [0 3HaKy WM HET: B NEPBOM CJyyae
CyIecTByeT MABYCTODOHHSI1 OECKOHEYHas MPOHU3BOJHAs, a BO BTOPOM -—
pasHsLIMeCs 3HAKaMHU OJHOCTOpOHHMe mpoussoaHsie *). HaxoHen, pomycram
ene, 4To 06pamlaeTcss B HyJb MPOM3BOJAHAS TOXE JHIIb B KOHEUYHOM
ugcne Todek. paduueckas miumocTpauust pasJuuUHBIX BO3MOXKHCCTEH 1Jd
«MOJO3PUTENbHBIX» N0 SKCTPEMYMY TOYEK JaHa Ha puc. 44.

*) Pazanuenue 31X ClyyaeB Kak pa3 W OCYyLLeCTBAACTCA ¢ MNOMOIUBIO TOro
WCCACOBAHNA 3HaKa MPOM3BOAHOI, O KOTOPOM TOJAbKO YTO Gbina peyb.
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OTmeruM, uTO B Cayuasx O, 6, 2 KpuBad MePeceKaeT KacaTe/lbHyIo,
nepexois C OAHOH ee CTOPOHBI Ha APYIYIO; B 3THX CJAyYasnX, Kak roBo-
paT, KpuBasg umeeT neperuo.

Jnq ¢ynxknuil paccMarpuBaeMoro Kjacca NPUBEAEHHOE NPABH/IO 10 JI-
HOCTbIO PellaeT MHTepecylomuh Hac Bonpoc. Jeao B ToM,
4tTO AJIsl Tako# yHKuYH B Npomexyrke (@, D) — BCEro Jmllb KOHEUHOE
YUCAO CTAIUOHAPHBIX TOYEK WJIM TOUEK, TJie OTCYTCTBYET KOHEeuHas IIpo-

U3BOIHAA:

a <) < Xq <o X < Kyt <o oo < X1 <O 4]
H B JMI060M IPOMEKYTKE

((1, xl)’ (xb x%)’-“’ (x/er xl\'-&-!)’ sy (xn—li b) (2)

npoussomHast f’ (X) coxpaHser NOCTOSHHbIN 3HaK. [ellcTBuTeNsHO, €cin Ghl
J'(x) wMensna 8maKk, Hanmpumep, B INpPOMEXYTKE (X, Xp.), TO, BBHIY
IPeIIoN0KEHHOR HenpepnisHOCTH f’ (x) — 1o Teopeme Boabuano — Kowu
[68] — ona oOpamanace G B HyJb B HEKOTODOH TOUKE MeXAy X, U
Xpu1y UTO HEBO3MOXKHO, NMOCKOJBLKY BCe€ KODHH IIPOM3BOJHOH coaepiatcH
B psany Ttouek (1).

ITo teopeme n® 111, B KamaOM W3 MPOMEKYTKOB (2) QyHKUus H3Me-
HSETCS CTPOrO MOHOTOHHO.

3amevanue XoTs ykasaHHmE kmnacc yHKUMH OXBAaTHBACT BCE NPaKTH~
YeCKH HHTepeCHBle CHnyuYad, HO BCe e IONe3HO IaTh ceGe OTYeT B TOM, YTO
MOryT ObITH Cayyaw, CA€ HAlle NPABHIO HCCIENOBAHUA <IOLO3PHTEAbHBIX» 3Ha-
Yyenuil HENPUAOXKUMO, Ecam, HampuMmep, PacCMOTpeTh (YHKLUMIO, ONpelenseMyio
PaBEHCTBAMHU

f(x):x%in% mpu x %0 n f£(0)=0,

TO, Kak Mbt 3HaeM [n°88, 2°], npn x =0 ona numeer npoussogunywo f’ (0)=0. Oxgna-
Ko B m060ff 6Iu30CTH OT 3TOM CTalMOHAPHOI TOUKM KakK cleBa, TaK M CHpasa
IpOH3BOAHAA

1

N 1
f (x)=2xsin & s

6ecroHeUHOE MHOXECTBO pa3 o6pailaeTcs B HYJb, MEHSS NPH 3TOM 3HAK: M a-
BHJIO HENPHIOXNMO (X0TA H 6€3 HEro HENOCPEACTBEHHO fACHO, UTO JKCTpe=
MyMa HeT).

114. Bropoe mparuao. Ecimi TOuka Xy—CTalluOHApPHAM
S (x)=0

n Qyuxuust f(x) uMeer He TOAbKO NMEPBYIO MPOM3BOIHYIO f' (X) B OKpect-
HOCTH 3TOH TOYKH, HO W BTODPYIO NPOWSBOIHYIO f” (X,) B CaMOH TOUKe X,
TO BCE HUCTHITAHHE MOXET OBITh CBEJEHO K PACCMOTPEHHIO 3HaKa 3TOH
noc/efie NpousBojHOH, B MPEAMOMOXKEHUY, UTO OHAa OTAUYHA
OT HY A
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JlellcTBUTEALHO, IO ONPEAENEeHHII0 TPOUSBOLHON — C yueToM (3) — uMeeMm

) = tim LS00 gy S0

X — Xy X—Xo X~ Xy KXy
Ho, mo Teopeme 2) n°37, dymuxunda
f(x)
pa—e, *

npuoBperaer 3HaK cpoero npepena f7(x,), JAuws Toanbko x (Gyayuuw OT-
AUAHBIM OT X,) AOCTaTO4HO O/u3KO K Xy (X — x¢ | < ).

[Mycre ke, ckawed, f”(x,) > 0; toraa apobs (4) noacikurenabHa Wi
BCeX ymoManyTHX 3Hauennd x. Ho s x <, snamenatens x — X, <0,
JIHOBATENLHO, uncauTeis f' (X) HeoOXOANMO TOXE MEHbIUE HyJs; HaoBo-
poT, mpun X >>x, OymeM umers X —X¢ >0, rak uro u f(x) >0.
ViHpiMu c/ioBamu, ToJyuaercs, uro npoussonHas f'(x) MeHder 3uaK Mu-
HyC Ha INOC, a8 TOrZa — YXKe IO NEePBOMY Npasuiy — B TOUKE X, Oyder
MuHAMyM. ALAQJOPUUHO ycranaBauBaercs, uro, ecan f” {x) <0, B TouKe X,
HAJINO MaKCHAMYyM.

Taxum o0pasom, MOXKHO CHOPMYAMPCBATH BTOPOE€ NMpPaBUJAO A
UCOBITAHUA «TIOJO3PUTEALHOIO» BHAUGHHS Xy HOOCMQBASIeM X, 80 80~
pyw npoussoduyi f'(x); ecau f7(x¢) >0, mo ghynxgus umeem mu-
ruxys, ecau gce J7 (1) <0, mo — smarcumyt.

D10 mnpaBuao uMeer, scoOule ropops, 0oJee yaKuil KPyr MpuMeHeHus;
OHO, HANpuMep, ABHO HENPUAOAMMO K TEM TOUKaM, [AC HE CYWECTByeT
KOHEuHo! neppoi nponzsoaHofl (160 Tam n peuun GBITH HE MOXKET O BTODPOIl).
B rex cayuasx, Korsa Bropas npousBoaHas oOpamiaercs B Hyab, [IPaBUJIO
TaKxkKe Hupuero He naer. Peluenue BONPOCa 3aBHCHT TOrAA OT NOBeJCHHA
BHICIINX NPOU3BOAHHX [cM. n°117].

115. IiccTpoerus rpaduka OYyHKIUU. YMEHUE HaxXO/IuTbhb 3HAue-
Hust X, goctapasiomme PpyHKunn y — f (X) SKCTpEMaJbHble 3HAYEHUST, MONKET
OGBITh HCNOJAB30BAHO AR NMOCTPOEHAS rpaduKka (yHKIMHA, TCUHO XapaKre-
PU3BYIOILEFO XO0J €€ M3MEHEeHNs NPU BO3DACTaHHH X B NPOMEXYTKE
la, b].

Pauswe [n°19] M crpomam rpaduk mo touxam, eadrey GoJee wid
MeHee IyCTo, HO cJayuyalHo u Ge3 yuera ocoBenHocTedt rpadmka (Hanepen
He H3BECTHHX). Tenepp ke MBI B COCTOSHHH C TIOMOILBIO YKa3aHHHIX
Bbillle METGAOB YCTAHOBMTb HEKOTODOE YHCJIO «OHOPHBIX» TOYEK, X ap a K-
TEPHBIX HMEHHO A/ faHHOT O rpaduka Ms umeem 31eCh B BALY,
npeMae BCEro, <IMOBOPOTHBIE TOUKHM» rpaduka, T. € BEPIIUHH ero ropdios
¥ BHAguH, OTBEYalomue IKCTPEMAJbHLIM 3HAueHusM (yHKuun. Brpouew,
K HUM HAINEKUT OPUCOETMHUTH BCE BOCOWIE TOUKY, TAE KacaTeJbHas
TOPU30HTAJIbHA WJIM BEPTHKA/NbHA, JAXE €CJAHM OHHU He OTBEYaloT 3IKCTpe-
MyMaMm QyHKLMAN.

Mpst orpanuyumcs paccMoTperneM QyHKuAH y— f (x), npuHaziexcauinx
K yxasaunomy B n°t13 kaaccy. Torma jas necrpoerust rpaduka Takodd
GyHKunn y ==f (X¥) HALJACHKUT BBHUICJIHHTbL CJSAYIOLCE;
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1) onpepesuts 3sHauenus x, Adn KOTOpeX npouseoanas y —f'(x)
paBHa Hy/mo uaIu OGeckoHeunOCTH (WM, Mo KpakueH Mepe, CYLLECTBYIOT
0eCKOHEUHHE OJHOCTOPOHHUE IPOU3BCIHEIEC), H NMOABEPTHYTh HX KCCACLO-
KaHUIo Ba 9KCTPEMYM;

2) BHIUMCAUTbL 3Hadeuust caMoll QyHxmun y—=f (x), OTBeuaomne BCeM
9TAM 3HAUCHHAM X, a TaKkKe KOHIaM @, b paccMaTpHBaeMOTO IPOMEMYTKA

Pesynprarsl yaoOHO pacnosioxuTh B Brae Tabanupl (CM. BUXE npu-
MeDhi) € HENPEMEHHBIM YKa3aHueM OCOOEHHOCTH BBIYHMC/IEHHOR TGUKM rpa-
Guka: amarcusya, Muumyn, nepeend, y =0, y=—-co, y =—co
1, HakoHell, y' =T oo wm y' ==-co (rak Mp YCJAOBHO o©OC3HavaeM
ciyuall, KOrza CyIECTBYIOT OCCKOHEYHBIE OIHOCTODONHHE MPOU3BOAHBIE
pasHBIX 3HaKO0B). K HazpaHHBIM TOUKaM rpaduka NpH »KeJIaHu# NPHCOEINHSIOT
€€ HEKOTOpble APYrHue, HaNPHMED TOUKH nepeceuenus rpaduka ¢ oCcamu.

Hocae uaHecenns Ha vepTex BCeX HaWAEHHBIX TOUEK (MHCJIO KOTOPHIX
oGBYHO HEBENHMKO), Y€pe3 HUX MNPOBOUAT CaMBiff IpadHK, YUuThiBas npu
9TOM BCE ynoMsnyrhe uXx ocoOenHoctn. Chaelyer noMuuTh, 4To B
NPOMEKYTKAX MEeXAY HEMH, KaK pasbacHeno B n°113, npomssosnas co-
XpauseT 3HaK, U rpadMk HIET BCE BPEMA BBEDPX HJH BCE BpCMS BHH3.

Boiuuc/ieHns ¥ NPOBEAEHHE KPUBOL YIPOWAIOTCS, €cau (yHKius He
H3MEHSeT CBOEro 3HAYEHUA NPH M3MEHEHUM 3HAKa x (YeTHas QyHius),
TaK YTO rpaPuK CHMMETDUHYEH OTHOCHTCALUO BEDTHUKA b=
HOH oOCH. AHUJIOrHYHYIO YCAYTY MOXKET OKa3ath 4 CHMMETpud
OTHOCHTE/JNbHO Hayasia KOOPIAUHAT, KOTOpas AHAJHTUYECKH BHI-
PaMaeTCs B TOM, UTO (YHKLHA DU H3MEHEHHH 3Haxa X TaKXKe JHlb
MEHSIeT 3BaK (HeueTHas dOYHKLNS).

Tlocrpoennsiit nogo6ueM 06pa3oM rpaduK — He IIPETEHAYs Ha TOUHOCTD
OTHEAbHHBX ODUHHAT — YX€ JOBOJLHO IIOJHO OTOOpaMaeT XOM H3Me-
HeHug GYHKLKMHU (470 ¥ OblI0 HaleH LeJblo), TOUHO OTMEYas INpoMe-
KYTKH €€ BO3pactaHus M yOBIBaHMusl, a TaKKe TOUKH, I'Re CKODOCTb M3Me-
Henns (DYHKURH NajaeT A0 HyJd WM BO3pACTaeT 10 OGECKOHEUHOCTH.

116, Mpumepnt. 1) Hafitu skcrpemymbpl GyHKUKH

fx) =sin®x -+ cos® x
H IOCTPOHTL ee rpadux.
Beuny toro yro ¢yuxuus uMmeer lepHoi 2w, I0CTaTOUHO OrPaHUMHTLCS HPO-
mexyTkoM [0, 2=] n3Menenun x. [lponssoanas

f{x)y=3sin® x . cos x— 3sinx-cos® x =3 sin x+ cos .x - (sin x— cos x).

KopiM NpousBoIHOl (CTautopapupie TOUKH) B 3TOM cayuae OyAyT:
W % 3n 3=
™

DA R B B

0, 27,

IIpu nepexoge yepes x ==0 MHOKHTEIb Sil X MCHSET 3H3K MHHYC Ha Iapc, a BCa
HPOU3BOLHAA MCHAET 3HAK NIIC Ba MuHyc, u60 RnocCIelHile ABa MHOMHTCAN
coxpansior BGau3H x =0 3HAK MUHYC; HalMlO MaKCHMYM Mpoxurem

sin x — ¢o0s X, ofpamawuiuiica B Hyab IpH X = 'Z", Ipd NEPeXQiAe uyepe3 9Ty
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TOYKY MEHAeT 3HaK MMHyC Ha nawoc. To e GyAeT H C NPOU3BOLHOM, TaK Kak
nepBhle 1BAa MHOXMTENs IOJOMUTENbHbl; Cle0BaTelbHO, 34e¢Chb GyAEeT M HHu-
MY M. AHAaIOrHYHO MCCHEAYIOTCA M OCTalbHble CTAlHOHApHble TOYKH: BCE OHH
HOOYEPeNHO NOCTABAAIT (BYHKUMH MAKCHMYMbl M MHHHUMY ML

Bmecro nccnenosaHHs nepeMeHs! 3HaKa NepBOfi NPOM3BOZHON MOXHO Oblio
Obl BLIUHCAMTH BTOPYIO NPOM3BOLHYIO

F7{x)=3(sin x -}- cos x) (3sin x cos x — 1)
M B Hee IIONPOCTY MOJACTaBUTb HCIBTyeMble 3HaychMa x. Hanpumep, npu x =0
4 T
nogyuum f” (0)=—3, uro oIBeYaeT MAKCHMYMY, NpH X= 4 Hmeen

3
i % = V2, sHauMT— M HHHUMY M, U T. A,

Onpenenny eme abCuUUCCH TOYEK IlepeceyeHHs rpaduka ¢ oCbI0 X, T. €.

pewnm ypasnenue sin®x - cos® x =0, orkyma Cosx=—-sinx, TaK 4TO
43 ™

X = W -,
4 4

Beruucanm Tenepb 3HayYeHUA (;)}"HKLIHH, oTBeyamuie HaHJCHHbIM 3HAUC~
HHUAM X, U COCTaBUM Ta6nuuy:

0 T T 3n bn 3t Ve
X = (= 6,28)] T = 0,78 5= 1,67 T= 2,36| m = 3,14 5= 3,94 5 = 4,71 T= 5,50
y= v P o 0 1 |22 _on| -1 0
2 2
¥y =0 y' =0 ¥ =0 Yy =0 ¥y =0 y =0
MaKce, MUH, MAKC, MUR, MaKC, MUH,

Mo stoit TaGnune W mocrpoed rpadux, usobpameHHsdt Ha puc. 45,

g

”;i\-l/\y#/ﬂv”zfmﬂz //R

I N AN

a @& & a Zml g 7z im

24 7 Z 7 7 2 4 |

’ L~ T
Puc. 45.

2) Hafity skcTpeMyMbl M HOCTLOUTh rpaduk (yHKUHH
2 1
f=x%—@x—=1°
Ha s710T pas koneyHas npousBojHasn
2 1
2 (2 —1)° — x8
ERE 2
x3(x2—1)°
CYUIECTBYET Be3le, ucKmoyad ToukH x=0 u x==1. Ilpu npubamxeHnu
K HUM KaK CjieBa, Tak M CHpaBa 1IpPOU3BOJAHAA HMeeT 6ecKoHEUHbIE npenensl,
3HAYUT, B 9THX TOYKAX ofe OAHOCTOPOHHHE Npomn3soiHbie Geckoneunsl [103].

[N

1
fm=§xshéw—n3-n=
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[ns ompenenenus KopHeil IPOM3BOJHON NMPUPaBHHBAEM HYTO €€ YHCINTCIb;
MBI Haﬁ}l(‘l\ilx:iﬁ_ Wrax, «momo3pUTEABHBHIMU> 10 SKCTpeMyMy OyayT

TOUKH:
1

1
50 0 =
V3 V3
Bnpoyewm, BBHIY Yy e THO CTH HyHKIUH (M, CTefoBaTenbHO, CHMMETPHH ce rpaduka
OTHOCHTEIbHO OCH ¥), IOCTATOYHO OrPAHMUYHUTHLCA [IPABO MOMYIAOCKOCTBIO, T. €.

sHayeHHamn x =0,
Ipu x =0 (1 BGaU3M 9TOH TOYKH) YHCAUTENDL H BTOPOH MHOXUTCAb 3HAMCHA-
1

—1, —

Texss MMEIOT 3HAaK IIIOC. MHOXEHTeNb Xe X 3 3paMenarelnss MeHaeT 3HaK MHHYC Ha

1
na10¢, TPOU3BOAHAK — TOXe: M HHUM Y M. [IpH x = —— (1 BGau3M) 3HaMeHaTeNb
Ve
1
COXpaHAeT 3HaK Ioc, YucauTenb xe, UMeA B BHIY 3HaYeHus x, GIU3KMe K—V—z,
2 4
. 03 __ 3, 1
nepenuueM Tak: (1—x%)° —x°; on ofpamaercs B HYIL TNpH x=——V—;2,-,
€ YMCHBIIEHHCM X — YBEAUYHBACTCSH, a C YBEINUEHMEM — YMEHLIIAETCA, TAK YTO

MEHsIeT 3HAK INIIC Ha MHHYC, U HAAMLO
makcumym [lpu nepexome uepes 4
2

x=1 muoxurens (x2—1)% B sname- e 0N
HaTene, KOTOpPHi ofpalmiaercs B 3TOH \/ \
TOYKe B HYlb, HE MEHSCT 3HAKAE; 3TO Ke /
CHpaBej MBO U JUIsi NPOU3BOJHOMN, TaK
yto mpu x =1 3KcTpemyMa Her, 7 \J

Xota paccmarpusaemas ¢GyHxknus | ‘ S
onpexeneHa W HENpepbLIBHA BO BCEM
NpoMexyTKe (—oo, ~co), HO mocTpoe-
Hue rpauka, pasymeercs, MOXeT ObITh Puc, 46.
OCYHIECTBACHO NHIIb B KOHEYHOM HpoO-
MexyTKe. Bnpouem, MOXHO OxapakTepu3oBath W mobefcHue (GyHxiuu «Ha Gece
KOHEYHOCTH», NEePeNucaB ee TakK:

1

) =—7 1 Ea
e — 1T 1)

BHAHM, YTO f(x) > 0 U CTpEeMHTCS K HYNIO OpH X — = co. Takum o6pason, rpaduk
(GYHKUHMH DPACIIONOXKEH Hal OChIO X, HO M0 Mepe VIAaeHUs B GeCKOHEYHOCTb KaK
HajieBO, TaK H HaNpaBo, NPHOAMIKAETCA K COBNAXEHHIO C 3TOH OCHIO.

Tabauua:
X¥=| —oco -1 —K2i=—-0,71 0 -1/—2—2—=0,71 i +
y=| 0 1 V=15 1 V=15 1 0
Maxe, MUR, Maxc,

y =40 Y= Y =ro0 l V= y'=-—0

I'papux nzobpaxen Ha puc. 46.



206 TJ. VII. UICCNEJOBAHUE &YHKUMIT C OMOILBLIO NPOU3BOAHBIX 17

117. Wcnmosar30BaHue BHICHIUX BPOU3BOAHBIX. Ml Buneny, yto ecan
F (=0 n f"(xy) >0, 10 Qynxumus f(x) ROCTUraeT B TOUKE Xy MHU-
HumyMa; ecan we fT(xp)=0 u f"(xy)< 0, To dyniuus wumeer B sTOH
touke MakcumyMm. Cayuwall, korga n f'(xg)=0 u f7(xy) =0, 6s11 ocra-
BJeH HAMH HEHCCHENOBAHHBIM,

[penno10Kum Tenepb, YT0 B OKPECTHOCTH TOUKH X == Xy Gyuxuns f (x)
MMEET /1 TIOCAEHOBATEAbHHIX IPOU3BOAHLIX, M M-S MPOU3BOAHAA B TOUKE
X ==X, nenpepusHa. Ilycts BCe ony, BIIGTb A0 (n— 1)}-#, B 2TOH TOUKE
o0pauiaoTca B HyJb:

I (x)y=J"(x0)=... :f(nAl) (xp) =0,

mexcry TeM kak f (i) £ 0. Passoxuy npnpamenne f{x) — f{xq) dynx-
nau f(X) mo creneHsM pasHoCTH X — x, 1o Qopmyne Tedaopa ¢ jonod-
HatesabtsM uieHoM B Qopume lleano [n° 107, (17)]. Tak kax Bce npous-
BOJHBIE MOPAAKOB, MEHLIUNX UEM #, DABULI B TOUKE X, HYJIO, TO

F)—f () =7

Besneacrsue Toro, uro o-> 0 1pu x —> X, OpH AOCTATCUHOH GJA30-
CTH X K X, 8HAK CyMMHl b uucaurene OyAeT COBNaAaTs cO 3HakoM f ™ (xy)
Kak pma x < Xy T2K U AT X > X, PaccmoTpuM apa cayuas.

1°. n ects HeuerTHoe uncao: n=2&-1. Ilpu nepexose cr
BijaueHutl X, MEHbIIUX UYEM Xo, K 3HAueHusM, OCJBIINM YEM X, BBIPAMEe-
nue (x — xo)®* pamennt sHak Ha oOpaTHHil, a Tak Kak 3HaK MEPBOTO
MIOWHTENS I[PU STOM He MEHseTcd, TO M 3Hak pasuoctu f(x) — f{x,y)
usmenutcd, Takum oGpasoMm, B Touke X, (QyHKUUA f{(X) HE MOXET UMETH
kcTpemyMa, n0o BOIM3M DTOH TOUKHM NMPUHUMAET 3HAUGHWS KAK MEHbILHG,
TaKk u Gduabuine, ueMm f{xy).

2°. n ecTb uwerHOEe uucao: n==2k B stOM cCayuae pas-
nocts f(x) — f(xy) ne menser 8HaKa NpU AEPEXOIE OT X, MEHBUIUX UEM Xy
K GoapuiuM, TaKk Kax (x — xo)* >0 npu scex x. Ouesuno, BOAH3U X4
KaK cJeBa, TaK M crpasa, sHak passocta f(x)— f(xp) coBnagaer co 3Ha-
KoM uacaa [ (xg). 3naunr, ecau f (x) >0, To f (%) > f () BGausu
TOUKH Xp W B TOuKe Xxy OyHkuus f(X) MMEeT MHHUMYM; ecau e
T (x0)< 0, TO yHKUHS MMEET MAKCHMYM.

Orcrona moJayuaeM Takoe I paBuJo:

Ecau u3 npoussodubix, ne o0pauaiouuxcs 6 MOUKC X, 8 HYAs,
nepeoll OKA3bLBACINCA NPOU3BOOHAS HEUEIMHO20 NOPAOKQ, O (BYHKLUS
He uMeem 8 MOUKe Xy HU MAKCUMYMaA, KU Munusysa. Ecau marol
RpoOU3BOOHON SIBASIEMCS NPOU3BOIHAS HEeMHO20 nopadxa, MOYHKGUA
8 moUKe X, UMEeMm MAKCUMYM UAUL MUHUMYM, CMOMPA NO MOMY,
Oydem aun 3ma npou3eo0HaAss OMPRUAINEAbHA UAU NOAOHCUMENsHA *).

(rey (X,,

“+a(x)
n! ‘ (o —x)"

*) dto npaenso B 1742 r. yxasan Koamn Maxaopen B coem «Tpax-
TaT¢ O (VIOKCHUAXDY,
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Hanpumep, nua dysxuan f(x)==e¥ -} 7% - 2 cos x Touka X ==0 aBaserca
CTAIHOHAPHOM, TaK Kax B 370l Toyke ofpauiactcs B HYIb [PON3BOAHAA

L 50 [y R Y pa S 7 -
Hanee: fx)=¢e e 2 sin x.
fl(x)=¢e¥-}e¥—2co0s x, F0)y=9
[ (x)y=e¥—e ¥+ 2sin x, " (0)=0;

U (x)==e¥+ e 4 2cos x, " (0)y=4.

Tax xak mepsoit B Hyap He 06paTuiach NPCH3BOJHAH YE€THOI O NOPHAKA,
TO HAZUIO 3KCTPEMYM, & UMEHHO MHHHUMYM, H60 f"" (0)> 0.

§ 2. HAUBOJIBUWIEE H HAMMEHbLIIEE 3HAYEHUWS ®YHKLUHWHU

118. Passickanue HauGoJabWuX ¥ HaumeHbMHUX 3HauYeHui. Ilycrb
Qyukuus f(x) onpesencHa H HENPEPHIBHA B KOHEUHOM 3aMKHYTOM NpG-
MexyTKe [a@, b]. Jlo cux Nop Mbl HHTEPECOBAINCH JIMIIL €€ MakCUMyMaMmu
1 MUHUMYMamy, Terepb ke IOCTaBHM BONPOC O Pa3bLICKalMH Hau 60 Jb-
HI€ro ¥ HAUMEHbINEF O M3 BCEX 3Hauelnl, KOTOpHE OHAa NpPUHUMaeT
B 3TOM NpOMERKyTKe *); 10 u3BECTHOMY CBCHCTBY HENpPEPHIBHBIX (yHK-
uut 73], raxue HauGoabllee M HaUMEHbIEe B3HAUEHMS CYILECTBYIOT.
OcraHoBuMcs AJ9 ONPENSIEHHOCTH Ha HauGOJbLIEM 3HAUCHAN.

Ecau OHO JOCTHIaeTcst B HEKOTOpOH TOYKS MEWAY @ u b, 10 310
ONHOBpEMEHHO Oyler OAHHUM M3 MaKCUMyMOB (OuY€BRAHO, HanGOJDLIINMY
1o pauGospliee 3HAUCHUE MOXET
JOCTUraThCd U HA OZHOM K3 KOHLIOB
npomMexyTka, @ umi b (puc. 47).
Taxum 00pa3om, HYXKHO CPaBHUTb
Mexay coO0H BCe MaKCUMYMHB (yHK-
MK f(x)u ee TpPaAaHUUYHBIE BHA-
uenus f{a) u f(b);, nauboiabwee
13 THX unces u Oyzer HanboabLINM
u3 BCex sHaueHui GyHKumn f(x) B
la, b]. Apanoruuno pashICKUBAETCH
U HauMeHpliee 3HaueHue (QyHKUMA. z

Ecan xenaior uzbexarn ucciae- Puc. 47.

AOBaHNA Ha MAKCHMYM WU MUHEMYM,

TO MOXHO NOCTYONTh MHaue. Hyuuo Julib BHUUCAHTH 3HAYeHRs yuKunu
BO BCEX «IIOJO3PUTENLHHX» MO IKCTPEMYMY TOYKAaxX W CPaBHUTh KX C rpa-
HUUHBIMK 3HauenusMu [ (@) u f(b); Haunbosbiuee n HauMEHblEee B3 ITUX
yHcesJ, oueBHAHO, M Oyayr HauGOJBIUMM W HaWMEHbLINM H3 BCEX 3Haue-
Hu# QyBKUE@.

g

¥) Taknn 06pa3oM, MbI COXPaHseM 32 TEPMMHOM <MaKCHMYM» €ro <l10Kaib-
Hbiii» cMbicx (naunboabulee 3HaueHHE B REHNOCPEACTBEHHON OKPECTHOCTH COOT-
BECTCTBYIOMEH TOYKM) H OTSMYAaEeM €r0 0T HaHGOoJNbIIero 3navenus
(yHKUHE BO BCEM PacCMaTpHBaeMOM TIPOMEXYTKE.

To xe OTHOCHTCH K MMHUMYMY M HAWMMCHbLIEMY 3HAUYCHHUW
dyrKnun,
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3AMEUYAHWE B nmpukiagHbx 8a1auax ualie BCEFO BCTPEYaercs Hpo-

CTOM Ccayuafi, Korjfa MEXAIYy @ W b OKa3bBaeTcs Julllb OJHa «MNOAO3PH-

TeJAbHAS> TOUKA Xy ECAM B 3TOH TOUKe (YNKUUA HMECT MakcumyM (mu-

HIMYM), TO 6€3 CpaBHEeHus ¢ rpaHuv-

J HBIME BHAUEHHAMH SICHO, Y4TO 3TO i

Oyaer nauboJpliee (HauMEHbILEE)

3HaueHUE (YHKINWU B MPOMENKYTKE

(puc. 48). Hacro B noAoOHHIX Ciy-

yasgX OKasmBaercs O00Jee RPOCTHIM

IIPOU3BECTH NCCIEOBAHAE HAa MaKCH-

7 J MyM 0 MUHEMYM, YEM BBLIYHCIATbL H

CpaBHUBATDb YACTHBIE 3HAYCHNS PYHK-

{ nuu (0COOEHHO, €CM B COCTaB ee

7 <2 BHpPaKEeHWUst BXOAAT OYKBEHHHIE MO~

Puc, 48, CTOAHHEIE),

BaxHO mNOAYEPKHYTH, YTO CKa-

8aHHOE HPIJI0KUMO B NOJIHOM Mepe 1

K OTKPHTOMY RNPOMEXYTKY (@, b), a Takke K OE€CKOHEUHOMY
HPOMEKYTKY.

119, 3amauu. VanoxuM Tenmepb HeCKONbKO 3alay M3 pasHeIX ofnacreil, pe-
LicHHE KOTOPHIX NPHBOAMTCA HMEHHO K Pa3blCKAHHMIO HauGOAbLIETO MU HANMEHb-
LIero 3HaycHHA QyHkuuH. DBnpouem, yame BCero MHTEepeC NPEACTaBIAIT He
CTOABKO CaM¥ ITH 3HAYEHHsA, CKONLKO Te TOYKM (Te 3HAUEHHA apryMeHTa), KOTo-
phle JOCTaBIAIT HX (DYHKUHH.

1) M3 kBaApaTHOro IMCTA XECTH CO CTOPOHOIO @, BHIpE3as M0 YI1aM PaBHHIC
KkBagpaTsl U crubas kpasa (puc. 49), coCTaBIAAIOT MPAMOYTONAbHYI0 OTKPHITYIO KO-
pobxy. Kax moayyuts xopo6ky HaubGOIbIUe it
BMECTHUMOCTH? bl nd

Ecau cropoHy Bpipesaemoro kpaipara 0603HayuTh
ucpes x, TO o6beM ¥ KOpPOGKH BbIPA3HTCA TaK:
v==ux (a— 2x)%, NIpUYEM X U3MEHHETCs B NPOMEWYTKe

a
IO, TJ' Bonpoc npuseacsa K HAXOWACHHIO HAUGONbILEro

3naucHus QYHKUMM ¥ B 5TOM NPOMEXYTKe,

Tax kax npomssommas ¥ = (a— 2x)(a —6x)

a a

mexny 0 n 5 HMeer CAUHCTBCHHbI KOpPEHb x=,
TO, Y6enUBUIICE B TOM, YTO 3TO 3HAYEHUE NOCTABISAET
(OYHKIUM MAKCHMYM, OMIIOBPEMEHHO IOAYYaeM U UCKO- Puc. 49.
moe Hambonburee  3navyenme. Maom  wupave:r npu
aS

27

a
x:F uMeeMm y = B TO BpeMs KaK IpAHHYBbBIC 3HAUYCHUA ¥ PABHLI HYJIIO; Cl€=

HNOBATCIAbHO, IIPH X =— AEeHCTBUTEABHO IoayvyaeTcs HanGoapliee 3HayeHue

nas ¥,

2) Nano GpesHo ¢ Kpyrawim ceuenuem aumamerpa d. Tpebyercs o6Tecath ero
Tag, 4ToObl MOAyYyHIach GalKa C NPAMOYLOAbHHIM CeUeHHEM HaHOOaAbI el
HPOYHOCTH.

il
6 ’
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YKA3AHUE B Teopuu COMPOTHBIEHUS MATEPHAIOB YCTAHABAMBACTCS, YTO
NMPOYHOCTL MPAMOYrOILHOH Oanky IpoNOpiHOHaNbHA TNpousBelcHuo bh%, rne
b — OCHOBAHHC NPSIMOYTONbHHKA B CCYEHHM Gaiky, a /i— Cro BHICOTA.

Tax kak A?2=d? —b%, 10 peyb MACT O HauGONbLIEM 3HAYCHHM NIs BhIpaxe-
RUs y==>bh®=1>(d® —b?), npuucM <«HC3aBHCHMaA NePeMeHHas» b H3MeHACTCA B
npomexytke (0, d).

INpowussonnan 3y ==d*—3b* obpamaerca B HYJIb
AMWb  OfHAXJbL BHYTPH 9TOr0 NPOMEXYTKA, B TOYKE

b -—-:—]-/% . Bropas mnpomssomnas y'"=-—60<0, cne-

IOBATCAbHO, B HA3BAHHON TOYKE HOCTHIGETCA MaKCH-
MyM, a C HEM U HauGouablice SHayeHHe.
;
Ipu b‘-—:—i_:: 6yrer h==d —2—,
V3 3

d:h:b=V)Y3:)Y2:1. Us puc. 50 BugHO, Kak mo-
CTPONTH TpeGyeMblil NPAMOYTONLHHK (IHAMCTP pa3lencH Puc. 50
Ha TPH DaBHbIC YACTH, B TOYKAX JEJICHHA BOCCTABIEHB! e
NCPICHAHKY IAPBL).

3) IlycTb 3AcKTpHUCCKAR JaMIIOYKa MOWET IIepCIBUraThCs (HampHMep, Ha
610xe) no BepTHKaabHOM npsmoit OB (puc. 51). Ha kakom paccTofHUM OT ropu-~
3oHTanbuoit maockocth OA ee caelyer HOMCCTHTh, uToGb B TOouke A 3TOf
MIOCKOCTH MOAYYATh HAaMOGOTbIIYIO OCBEULEHHOCTH?

Ykaszanug OcBeueHnocts J Nponopuyuonaibua sin ¢ U o6patHo mponop-
HMOHANbHA KBAAPATy paccrosiHus r==AB, 1. e.

TaK uTo

sin «©
J=c¢- r2'

]

rjie ¢ 3aBUCHT OT CHIObl CBCTA NAMIOUKH.
Ecay 3a He3aBUCHMYIO  NCPCMEHHYIO
BuGpars 2= OB, 10

sincp—:g, r=Vh +a
h

—ee——— O<<h<< | o)
n J=c (h2—|—02)3/2 ( + )
Hanee, npoussonsas
Puc. 51, , a® — 282
Jp=e e
(h2 + a?) 2
o6pamaercs B Hyab NPH h:%io,’ia, Melldsd 3HaK IpU Nepexoie gcpes 370

SHAYC€HHC C IIIOCA HA MUHYC. 2T0 M eCTh HaWBHLIIOZHelmIce paccTosHue.

3aMEuaHRE Iloapdyemcss cayyaem oOpaTuTb BHUMGHUE UYWTATENs
Ha caeayiomee o6croareabcrso. IIpnm paspickaHns HauGOMbLIIErO WM Hau-
MEHDILEro 3HaueHusd QYHKIMH /9 ONPEAENEHHOTO IIPOMEKYTKA H3MEHE-
HU apryMEeHTa JIETKO MOXET OKasaThCH, UTO BHYTDH 3TOTO NPOMENKYTKA
BOBCE HET KOPHEH MPOUSBOAHON WM APYTUX «IOJO3PUTENLHHIX» 3HAYEHUH,
ITO CBHEETEALCTBYET O TOM, YTO B PacCMaTPHBACMOM IIPOMENKYTKE (yHK-
IMst OKa3hBaeTcs MOHOTOHHO BO3pacramoielt wim yOmBawomeHh u, creno-
BAaTENbHO, HOCTHraeT KaK HanGosbLIEro, TaxK ¥ HAUMEHBIIEro CBOErQ 3Ha-
YEHMSI Ha KOHIAX IPOMEKYTKaA.
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[
129. HeonpenpenennocTn BURA o Vcnoassyem 1€neps noHsaTHE NpO-
USBOJHON /i1 PacKpHTHs HeonpeneneHHoctell Bcex Tunce. ChHavana Ml

. 0

3afiMEMCsl OCHOBHBIM CiyYaeM — HCONPEENCHIIOCTBIO THMA -, T. €. uCCie-
yeM BOIPOC O Npefieje OTHOLIeHMs ABYX ¢yukuuil f(x) m g{x), crpe-
MSUWKXCS K Hy/o (Hampumep, npu x — @). IlpuBoxumas HuKe Teopema
B ocHopHOM npuHamaexunr Morauny Bepuymmm. Cogepixauieecs B Helt
NpaBHJIo, OJHAKO, OOBLIUHO Ha3bLIBAIOT «NpaBuaoM Jlomurais», Tak KaK CHO
BOEpBHE (XOTs W HE COBCEM B TAKOM BHAE) OBLIO ONYOAHKOBAHO HMEHHO
B kuure Jlonurans *) «AHanu3 OGECKOHEYHO MaJbiX», BHUIEANIEH B CBET
B 1696 r.

Teopema I. ITycme: 1) ghynngun f(x) u g{x) Ol%peac’./zeﬂbt 8 npo-
sencymie (a, b], 2) limf(x)==0, lim g(x)=0C, 3) cyuecmeywin

X Xx—a

8 npomesxcymre (e, b] woneynsie npouzsodnse f'(x) u g’ (x), npuien
& (x)# 0, u, nawoney, 4) cymecmeyerr (Koneumnili wiu Hem) npedes

. 1)

] —- = K,

xTag'\X) K
To20a u

L fx)

xlin;g——(x) = K.

HoxasaTeabcTBO. Homoanum onpenerenne Qynkuni f(x) u
g(x), nosowmp ux npu x=a pasubMH nymo: f{a)j=g(a)==07%%),
Toria 5T QYHKLMK OKaXKyTCst HENpPEPHIBHHIMU BO BCEM 3aMKHYTOM INIPO-
MeXyTKe [a@, b]: UX 3HAYEHHS B TOUKE @ COBIANAIOT C NpeJeaaMH Apu
X —a [BBuAy 2)], a B IPOUUX TOUKAX HENPEPHIBHOCTb BHITEKAET W3 Cylie-
CTBOBAHMA KOHEYHBIX NpousBogHbiX [cM. 3)|. Ilpumenss reopemy Kouin
[n° 104], tnoayunm

fx0)__fxX—f@ _ f()
g(x) g(x)—ga g ()’

rxe a<_c<x. To obcrosteapcrBo, uro g(x) %0, 1. e g(x) 7~ g(a),
€CThb CleicrBue npegnojoxedus: g’ (x) % 0, kax 510 GHJIO YCTaHOBJIEHO
npn BeBOAE PopMyan Komm.

*) T'maboy $pancya ge Jlonmuranp (1661—1704) — dppannysckuit Mare-
MaTuK, YIOMAHYTa# B TeKCTe KHUra ABIACTCS MEePBEIM NeYaTHuIM KypcoM Rnd-
(epeHUMaILHOO HCYHCIEHHUS.

#*) KoneyHo, MOXHO Ghimo Obl HPOCTO INPeAlONONKUTb 3apaHee GYyHKULN
ONpefeiCHHBIMU U HENPEPHBHEIMU HDH X == @; HO B NPUIOXKEHHAX HHON Pa3 yno6-
Hee q;lo*pmynnposxa YCAOBHI TEOpPEMB, Aannad B TEKCTE (CM., HAPHMEDP, TEO-~
pemy 1¥#),
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Korpa x — @, oueBumso, u ¢ -—»>a, Tak uro, B cuay 4),

lim S () :limf,(c) =K,
x—-ag(x) c_yag (C)
uTe W TpeboRaaOCh JOKAa3aTh.

Taxkum o06pa3oM, JOKa3aHHAs TEOpPEMa CBOAMT MpPEIe] OTHOWeEHHus (yHK-
uuit K rnpeaenay CTHOIUEHUs NMPOUSBOAHBIX, €CJU NOCHenHud Cymecrsyer.
YacTo OKa3piBACTCH, UYTO HAXOWIAEHHE NpEAeNa OTHOILEHUS MPOUSBOAHMKIX
npoule U MOueT ObTb OCYIECTBJAGHO 3JEMEHT2PHHLIMH IpHEMaMu.

3aMeTuM, 4TO MBl JIHWIb A OHDEAENEHHOCTH DPAacCMOTpeJH Cayudal,
KOTHA @ ABJAeTCS JIeBHM KOHIUOM IPOMEXKYTKa, M IEpeMeHHad X CTpe-
MUTCt K a crnpaBa. MoxHO Obio OBl CYNTATh, YTO @ CAYKHUT MPaBBIM
KOHHOM, ¥ X CTPEMUTCSt K HeMy cjepa. Haxowen, ONyCTHM # JBYXCTO-
POHHUM TpenenbtLll NEpexonr.

Mpumepu. 1) Haiitu npenen

YW T —ayaix
lim r—— *).
x—a a—vy ax?
[To npasnay Jlonurass, OH paseH Hpercay
a® —2x° a*
Y2 —x 3y axd 16
lim : =75 e
x—a . 3a
4 ]“/'(13):

OxonuarenbHsifl pe3yabTar 34€Ch NOJYUACTCA U3 OTHOICHAS NPON3BOJHLIX I1PO-
CTOM MOJCTAHOBKCH X == a BBHAY HENPEPLIBHOCTH 3TOr0 OT OMICHWA B YKa3aHHCH
TOUKe.
2) Haiitn npepen
. tgx —x

lim ——g—-———-

x-»0 X — sinx
OtHomenne NPOH3BCHHBIX NOCICAOBATENbHO YIPOLIAETCH:

1
cos®.x 1 l—cos*x 14 cosx,

I —cosx — costx I—cosx ™ costx °

npu x — 0, oHo, cuesnaHo, crpemuTcst K asym. Takos xe Gymer, cormacHo Teo-
peMe, i MCKOMBIH Tipexes.

OfpaimaeM BHUMaHMe YHUTATeNs HA TO, YTO 31CCb M OTHOUICHHE NPOU3BOKHLIX
CHOBA MPEJCTZBHA0 HEOMPENEREHHOCTh BHAA (-, HO PACKPELITH STy HeOMpeneseit-
HOCTh OKa3aoCh BO3MOMNCHBIM NyTeM 9JCMCHTapHHX mnpeoSpasosanmit. B apyrux
CIyYyanx MOXKET MOHaZOOKTbCA NTPUMEHHTL TEOPEMY TOBTOPHO. BaXHO NONUEPKHYTH,
YTO NPH 3TOM RONYCTHMH BCAKHME YNPCLUICHHs NOKYyYaeMblX BHIPAXEHHH, COKpa-
wiesne 00X MHOMMWTCACH, HCIONL3OBAHHE YKe H3BECTHBX NpelenoB H T. IN.

¥ J10 W €cTh NEepPBLM MPUMEpP HAa DACKPHITHE HEONPCAEACHHOCTEH,
npuBegenHblit B Kuure Jionurans.
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Teopema 1 Jserko pacmpocTpaHsieTcs Ha cayya#, KOrza aprymMeHt x
crpemurca K GeckoHeunoMmy npeneny: a ==t co. Mwmenno, umeer mecro,
Hanpumep,

Teopema 1*. [Iycmes: 1) ghynryun f(x) u g(x) onpedenenst 8 npo-
sexcymre [, +o0), 2) lim f(x)=0, hm g(x)=0, 3) cyue-

x——» @® x—» (o2
CMEBYIONt 8 NpoMecymre + ¢, —o0) Komeunse npoussodnse [ (x) u
g’ (x), npuwen g'(x)#0, u, Harvoueq, 4) cywecmeyem (KOHedHsL WAL
Hem) npedes

lim S
e =k
To20a u
£ (x)
lim L322
Jn g K
HOKAsATEanTBo IIpeoGpasyem mnepemeHHyio x 1no ¢opmyne
x:%, t_— Torna, ecmt x ——-co, 10 t— -0, u oOparHo. Bpu-
ny 2), nmeem
lim 0, lim 0,
l—)—|—0f< > t—>+0g( )
a B cuiy 4),
(1
7 (%)
im —a==K
t—b0 g (2
¢ (%)

K dysxuusm f(%) 7 g(%) OT HOBOH mepeMeHHOf { MOXHO NpHMe-

HUTB TeopeMy 1, uTO aact HaM

w2 el
ST Tt
a Torja u . f(’\): K
x>+t 8 (x) >

uTo u Tpeéosanoa) JOKa3arth.

oo
121. Heonpepenennoctyd BHja = OOpatumcsi K pacCMOTPEHHIO

co
HEONPEALNEHHHX BHDAKCHRA BUIA =, T. €. WUCCIEAyeM BONPOC O mpe-
nene oTHowleHms AByX OYHKuUH f(x) m g(x), cTpemsniuxca K Oecko-

#) OyHKIUH f(%), g(—}) Mpl puddepennupyem mo ¢ Kak CAOXHBIE

(yHKUHY,
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HeuHocTn (npu X — ). Ilokaxem, uro B 9TOM C/yuae NPUMEHHMO TO XKE
npasujgo JlonuTans, CACAyKOUAs TEOpEMa €CTh NpocTasa lepedpa-
3UpOBKa Teopemsl 1.

Teopema 2. Iycms: 1) dhynryun f(x) u g(x) onpedeienst § npo-
Mexcymre (a, b], 2) lim f(x)=oco, lim g(x)=o0, 3) cywecmsywm

X—a X—>a

8 npomescymre (@, b] woHeunse npouszsodusie f'(x) u g (x), npusen
g (x)#0, u, narwoney, 4) cywecmsyem (KoHewHwl uiu Hem) npeden

S O
Jm e =K
Toz0a u
f(x)
Jm e K

JokasaTenbcTBO. Beuay 2), mowso cuurats, uro f(x) >0
u g(x) >0 nas Bcex suaueHuit X.

PaccmoTpuM cHavana ciayyail xomeunoro K. Ecaum sagarsca npows-
BOJILHEIM uncioM ¢ >0, 10, B cuay ycaopusa 4), nHafizerca Takoe 1 >0
(<<b—a), yro npn a<x< a-}-7 Gyzer

S (x) __KJ <i

g (x) 2"
IMomoxum mast KparkocT# @-F7M==x, M BO3bBMEM X MEXIYy & H X,
K npomexyrky [x, x,] npumenum dopmyay Komm #):

S () —f(x) __F ()
g (x) —g (xy) g’

rae x < ¢ < X, CIeI0BATCIbHO,

F(x) —f(xy) e
S — K| <5 O

Hanuwem Ttenepb ToxACCTBO (KOTOPOE NPOBEPSETCS HENOCPEACTBEHHO):

fx) Kzf(x())—Kg(Xo)+[1 __g(xn)][ S —fx) K].

gx) g (%) g [l g —g(x)

Tak kak g(x)—> oo npu x—a, To Halgerca Ttakoe d >0 (MOKHO
cuuTarh 3= ), yro aag a < x < a-+8 Oyner OJHOBPEMEHHO

g >gn) n [HE KB o

g (x)

¥) B 3TOM — CcymecTBeHHOE OTJAMYME OT JIOKa3aTensCIBa TeopeMsl l: 3nech
Reab3s npuMenaTs GopMyay Komn k npomexyTtky [e, x], n6o, kax 6bl HU onpe-
Jeasnth GYBKUMH f (X) ¥ g€ (X) B TOYKE @, BBUAY 2) U3 HHX HE IOIYUYHTb (yHK-
141fl, HENMPEPLIBHLIX B 3TOH TOUKE.
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Ipn ykasannex sHauednsx x OyaeMm umerb Torza [cv. (1)]

fx
(x)—K<2 - 'T’—'E;

YT0 U AOKa3pBaeT TpefyeMmoe yTBepkIeHue.

Iycrs tenepp K=—=oco (cayuyali K==-—00 npu NpPEANocJOKEHUIX 2)
nesoamomeH); rtorga f'(x) £ 0, no Kpalimelt Mepe, Aas 3Hauenuak X,
gocraroyno Omuskux K a. OOmenss poaamu ¢yskuuu f u g, Oyaem
MMETb

g __
xllmaf w0

Tax 4r0, N0 JOKa3aHHOMY,

OTKY N2, HaKoHeUu, B CBiA3H CO CHELJAHHBLIMM BHAYAJIC 3aMEYaHNaMY,

F(0)
Jim ey =

B tekcre Tteopemsl 2 MOxHO Opzo On cyuraTh ¥ @ =—-— 0O 0Oes
CYHIECTBEHHEIX M3MeHeHull B jJoKasaTenbcTse. Eciam Ownl @ OBLIO NpaBeIM
KOHILOM  DACCMaTPUBAEMOro INPOMENKYTKa, TO, B YaCTHOCTH, MOXHO
Gouto Gl cuMTaTh @ ==-+oco. Taxum oOpasoM, cayyakh a=}(Co oxsa-
UeH 110 CYULECTBY YK€ TeopeMo 2.

NrPuMEPSHL
1

3 fim U= gim Y — lim
xodoo X yefoo pXPTL ws Loopx®

=0 (ccan p>0),

4 Gim = im 2L o L)

x—-+4o 0 xsfea¥-lna

co
Ecan p.>1, TO CNpaBa CHCBA HMEEM HEONpPEAENEHHOCTHL TOro0 e Tula E;

HO, IIPOJOMKAA ITOT HPONECC W NOBTOPHO NPUMEHHA TEODEMY 2, B KGHIUE KOH-
I10B ONYYUM B YHCIHMTEHAC CTENEHb C OTPHUATEeIbHEIM (MIH HYJEBLIM) JIOKa3are-
aem. Ilostomy, Bo BCsixOM cayuae

"
fim X —

x> oo aF

122, JIpyrue Bupxst HeonpenenenHocrteil. Ilpeamayuine Teopems
OTHOCUINCE K Heonpeneneﬂnocmm BHIA2 0
Eciau nmeem HEONPCACACHHOCT, BULA O-OO, TO €€ MGWHO TIpUBECTH

0 ¢l
g
o0
0 [ee)
i [ -— J B ] AT .
K BUL nian W TOFA2 BOCIOJAL30BaThCS npasuaoM Jlonutaasn, Ilycts

0
lim f () =0, lim g(x)==o00,

X-ra X—a
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npudem f(x) He meHseT sHaka. Torma nmeeM

x) (x
f0)- g o)=L =L
gx) Sfix)
BTopoe 13 3TUX Bblpa)KGHHﬂ NPEeRCTaBJAET NpU X ~—> @ HEONPEASNIEHNHOCTD

0 [ee)
BHAZ -5, TPETHE — HEOIPERCAEHHOCTh BUAA .
ITpumMEP 5)
1
. . . . b
lim (x*-lnx)= lim In_x: im % — 1m X o
x—+0 X0 XTH x4 —pxRd x>0 —p

(mut cuntaem po > 0).
K Buny % nau g BCEria MOMKHO [DPUBECTH H HEONpeAeJeHHOCTH
puna oo — oo, Ilycrh umeem Bupawenue f(x)-— g(x), npuuem
lim f (x) =-oc0, limg(x)=-}oo.
X a X=>a
Torma MOXHO NPOM3BECTH, Rampumep, cjaelywoiiee npeodpasoBanue, CBO-
JAULEE 3TO BHIPAXEHUE K HEONPEeNe]eHHOCTH BHIA — :

0
SR I
1 1 o (x)  f(x
F)—g)=—m——g=E L

7 g ®) ) g
Yacro, BOpoueM, TOro e YAaercs JOCTUrHYTh Mpoule.

[Trumerp 6)
. R 13 . ox%.cos? X — sin? x
lim (ctgx — -—,,—) = lim S
x>0 X x—0 X smex
HO
x%.co8? x — sin®x _ x.cosx - sinx X« cosx — sinx,
X%, sin?x - X X - sin?x ’

npepen NCpBOro MHOXHTCIA HAXOAUTCH SIEMEHTApHO:

. X - cos X -+ sinx
lim —— == L 27
x—0 X

\ sinx
lim (cosx ):‘)
x—0 + X =

]

a KO BTOPOMY NpHMEHsnCM TeopeMmy 1:

. X . LOsX — SinX : —x . sinx
lim Solliil g | ;) Jp— ( ad =
x>0 X.osin® x x>0 sin®x 4+ 2x. sin x. cosx
—1 1

= lim —_—— =
I - 3

0 sinx
T 2 L 2c0s X

<

Taxnm o6pasom, HCKOMBIT Mpenena paset ——~§—



216 TJl. VII. MCCAENOBAHUE ®YHKLUMI C NTOMOLIbIO NPOU3BOMAHBIX [122

B cayuae wueonpenenennsix poipaxenn# suga 1%, 09, oo pexomen-
JAYETCs 5TU BHIPAWEHHS NPEABAPUTENLHO NPOJOrapupMupoBaTh.

Mycte  y=[f(x)]¥"*); torma Iny==g(x)-Inf(x). Ilpemea Iny
NpelcTaBiaseT Co0OH HEeCHpemesNeHHOCTh Yyxke wuaydyeHHoro tuma O.co.
JlomycTuM, uTO OAHHM M3 YKasaHHBIX BhHIE MPUEMOB YIaeTcs HalTH

limIny, KOTOPHIH OKa3hLIBAETC DPABHBIM KOHEUHOMY HHCIY &, — 0O uid
X>qQ

— oo, Toraa lim y, cootsercrnenno, Gyrer e, ~co um 0.

X—=>a

Mpumep 7) Mycrs
1

sin x\ | —cosx
y= x ) .

Tpe6yerca nafitn limy npu x — 0 (neonpegenensocts supa 1%).
Ecan cunrare x>0 (3THM HPCANONOXKEHHEM, BBULY YETHOCTH (QYHKUUH ¥,
MOXHO OFPaHHYUTbCS), TO

_Insinx—Inx

Iny = .
Y 1 —cosx
Bocnoaesyemcs teopemoit 1:
cosx 1
. . i A . . — gf
fim Iny=1lim 30X ___X _ jjy X-cosx - inx
x =0 x—0 sm X x-+0 X« sin“x
1
Ho Mbl TO#bKO uTO BHAEAM, YTO 3TOT NpeRea paegeH —3. Takum oGpasowm,
limy=e
Xx—0

e
3ameuanne Heonpenenennbie Bbpaxennus BHAA = 0.-co B co—co

BCTpeyalorcs y Difaepa; NOKasaTeabHbie K€ BHIH HEONpPEREeNeHHOCTEH BBEA B
paccmorpenne Komw. Opnako HM TOT, BM APYro#l HE Kaau CTPOroro joKasarejib-

o
CTBa Jas cayyas — !
fes}



TI'JIABA BOCBEMAA
SYHKIUA HECKOJBKUX NEPEMEHHBIX

§ t. OCHOBHbBIE INMOHSATHA

123. ®PyHKLUMOHANLHAA 3ABUCHMOCTH MEWAY mnepeMeHHbimu. [lpu-
Mepbl. JI0 CHX IIOD Mbl USyYalH COBMECTHOE H3MEHeHHe [BYX [epeMeH-
HBIX, W3 KOTODHX OJHA 3aBuceJsa OT Apyrof: 3HaueHneM He3 aBH-
CUMOH TepeMEHHOH YyKe BIOJHE ONpeIe/sicCh B3HAUEHHE BaBUCH-
MoO# nepemensoff, wan PyHkuuu. Hepeaxku, oamako, cayuaw, Koria
HE3aBUCHUMBX INEepeMEeHHH X OKa3bBaeTcd HECKOAbKO, W Aad
onpeneneHus 3HaueHUd (YHKLIHA HEOOXOAUMO IPEABAPUTENBHO YCTaHO-
BUTh 3HAYEHHs, COBMECTH O NPHUHUMAEMBIE BCEMU STHMH HE3aBHCUMBIMHU
TiepeMeHHbIMY.

1) Tak, nanmpumep, o6beM V Kpyroeoro UMAMHAPA ecThb G YHKI U A OT pa-
NIHyca R ero ocHOBaBMA U OT BHICOTH 7, 3aBUCHMOCTL MEMIY I3THMH INepeMeH-
HBIMH BhRIpaxaercs Qopmynoi

V==R%H,

KoTOopas J1aeT BO3MOXHOCTb, 3Had 3HAUCHHA HE3ABUCHMB X HCPEMECHHHX
R v H, ycTaHOBUTH COOTBETCTBYIOUlee 3HayeHnue V.

) Tlyctb Temmeparypa Macchl rasa, HaXoJsSilierocs HOH NOPIIHeM LHIUHApa,
Be MOCTOAHHA; Torna o0beM V W NaBleHHE p 3TOM Macchl rasa cBA3aHol € ce
(a6comoTHol) Temneparypoit T' Tak HasubiBaeMoil gopmynoit Kaamefipona:

pV=RT (R=const).

Orcrona, cyutas, HanpuMep, Vi T He3aBUCUMB MU HepeMCHHBIMH, @y HK=
LHI0O p MOMHO BHIPa3HTh Yepe3d HUX TaK:

RT
P———"V—.

3) Wsyyas dusnueckoe COCTOAHHE KaKOro-BMOYIb Texa, YacTo NPUXOAUTCA
Ha6a07aTh U3MEHEHHE €ro CBOMCTB OT TOYKH K Touke. TakoBE HIOTHOCTb, TCM-
neparypa, SAeKTPHYECKMIl HOTeHUMal® ¥ T. . Bce 3T BEAMUMHB CYTb <QYHKUUH
TOUKH» HIH, €CIH YroiHO, GYHKUMH OT KOOpAUHAT X, ¥, z Touku. Ecan Qusn-
YecKoe COCTOAHUE Teaa MEHAETCA BO BPEMeHM, TO K 3THM HE3aBHCHMBIM Hepe-
MCHHBIM IIDHCOEJMHsETCA eme M BpeMs f. B 3ToM cayyae MBI uMecM Jelo €
GYHKUHAME OT YeThipeX HE3aBHCUMBIX TIepeMeHHEIX,

Uneno mopo6HEIX NPHMEPOB YUTATENb U CaM MOXET MPOH3BOABLHO YBENHYHTD,

YroyHenne nousarns (I)yHKllHI/I B CJay4ae HECKOJbKHUX HE3dBUCHUMBIX i€«
PEMCHHBIX HAa4YHEM C HpOCTeﬁLUel‘O C¢ayuyas, Koraa aTux IEpEMEHHBIX BE,
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124. ®yHkuMM HBYX mnepeMeHHBIX W OGJACTH MX OIpefesIeHusd.
Fopops 00 u3MeHeHUH ABYX HE3aBUCHMBIX NEPEMENHBIX X U Y, Mbl JO/MIKHBL
BCAKMA pa3s yKaswipaTh, KaKWE nmaps 3HaueHui (x, y) OHU MO-
ryT NPUHKUMATbh COBMECTHO, MIOXeCTBO o# 3TuX nap u Oyier
00/aCTHLI0O UBMEHEHHS NEPEMEHHBIX X, V.

Camce onpeneneune nomstus (YHKUMH H2ETCS B T€X XKe BHIPAKEHHAX,
UTO U AJS Caydas OMHCH HEe3apuCHMOH nepemenHoM:

Tepesernnass z(c obracmeio namenenus B) Ha3ulaemcs HYHI -
yueill He3ABUCUMBLX NEPeMCHMBIX X, Y 8 MHOdcecmee oM, ecall Kaic-
doli nape (x, y) ux 3Havenui u3 off — no HEKOMOPOIY NPABUAY HAL
2QKORY — CIMABUMCS 8 COOMEEMCINGUE O0HO ONpedeseHHoe 3HAUeHUe
z (u3 3).

3meck HMeeTc B BMAY OAHO3HayHas (YHKUHs; JErko pacnpo-
CTPaHnTh 3TO OINpeneseHKe 1 Ha Caydah MHOTO3HauHOH (QyHxuuu.

Muoxecrso o, 0 KOTOPOM BBHILE Ia peyb, U €CTb 006J1acCTh
onpeaenenusn ¢Qynkuun. Camp nepemeHHble X, y-— IO OTHOLICHHIO
K UX (YyHKUMM 2 -— Ha3HBAIOTCY €€ apryMeHTaMH. PyHKUUOHAIbHAS
3aBUCHMOCTb MEXAYy 2 U X, y ¢0O03HAuaercs, aHa/JOTHYHO CJAYYai0 ORHOU
HE2aBUCUMOH nepeMeHHofi, Tak:

z=f(x, ¥), z=o0(x, y), z=2z(x y)u 1

Ecian napa (xo o) B3siTa u3 of, 10 f(X,, y,) O3HAYaer TO 4acTHOE
(umcanopoe) sHaueHne Qyrxuuu f(Xx, y), KOTOPOE OHA NPHUHUMALT, KOr-
1 X=Xy Y=J,

[Ipusenem HeckonbkKo MPHMEPOB Qyskunfl, 33TaHHBX aHATUTUYECKU —
Gpopmyaamu, c ykazanueMm KX oGxactell onpepenesus. ®Popmyna

— 2 2
I)z=x*+4y
onpenenser Gyuxuuio AMa Beex nap (X, y) 6es nckmoyenus. Popmyast
1
Vi—xt—y*
rogatcs (eciM Ml XOTHM HMCTb 1CAO C KOHCYHLIMH BEILECTBEHHBIMH B3laue-

NUAME 2) AWIIb JJ8 TeX map (X, y), KOTophle YAOBAETBOPAIOT, COOTBECICTBTHHO,
HCPABEHCTBY

N z=V1I—x—3% 3) 2=

xX24-3y0<<l mm x4 yr<<l.
®opmy noft
X .
4) z = arcsin — -}~ arcsin A
a b
(GyHkuus ompeneneHa Las TEX 3HAYCHHH X H ¥, KOTOpble TNOPO3HH YIORIETBO-
PHIOT HEPABEHCTBAM
—a<ix<g, —b<"y<b.

Bo Bcex 3THX €Iyuasx Ml YKazaan HauGolee IIMPOKYIO —eCcTecCTaeH-
Hyto [n° 18, 2°] —obsacTs npuMeHcHUA DODPMYHBI

PaccMOTpHM Teneph TakoH IPHMEP.

5) Ilycth CTOpOMBI TPCYroAbHHKA IPOM3BOIABHO H3MEHATCH, € TeM JHUMib
OrpaHuyYeHUeM, YTO NCPHMETD €r0 COXPaHaCT NOCTOAHHYW Bennuumuy 2p. Ecan
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KBE CTOPOHH €ro 0G03HAUUTH Yepe3 X H ¥, TO TPeThA CTOpoHa Gyier 2p — x —y,
TAK 4TO TPEYrOAbHUK BIOAHE OfipelledsieTcs CTOPoHaMH X M 3. Kak 34BHCHT oT
HUX HJ0UL3ib Z TPCYTOALHMKA?

o m3secTnoll Gopmyac 3Ta NROULEAL BBIPASHTCA Tax:

e=Vplp—x) p—y{x+y—p.

Uro e xKacaeTcst o6nacTu onpepexeHna o7 stoil ynkuny, 10 ona
06ycioBANBACTCA, HA 3TOT Pas, Te€M KOHKPETHLIM BOMPOCOM, KOTOPHbIH TpPHBET K
paccuorperuo ¢ysxuns, Tak Kak LamHa Kamao# CTOPCHD TPeyroaLHHKA €CTh
HOAOMHTENbHOE YHCIC, MCHbIIEE MOAYUCPHMETPa, TO AOMMHBI BLIIOARATLCA He-
PAaBCHCTBA

O<x<p, O<y<p, x+y>p

OHH XapaxkTepu3ylor 001acTh of/, HECMOTPSl HAa TO, UTO [OJYUCHHOE aHAZHTHYE-
CKO€ BbhIpaXenue caMo Mo cebe COXpaHser CMbICT M B §olee WIMPOKoil obunacty,
HanpuMep LA X >>p H Y > p.

Takum o6pasom, B TO BpeMd Kak A8 (PYHKIUHA ONHOH nepeMeHHoH
CTanjapTHOH O0O6IacTbI0 U3MEHEHHs apryMmenrta spasiacsd (KOHEYHBIH WJau
6eCKOHEUHBIH) MPOMEXKYTOK, B CIydae (YHKIMU [BYX [epeMEBHBIX
MH YKE CTajkuBaeMcs ¢ OOJbIIUM PasHoOOpasueM U CJOKHOGCTBIO BO3-
MOXHBIX (0 eCcTecTBeHHBIX) o0jacTeli U3MEHERUS apryMeHTOB.

Paccmorpenne stnx o0sacTelt 3HAUUTEALHO GGJErUaeTCss UX reoMeTpH-
yeckoil uurepnperauuefi. Eciu B3STb Ha NVOCKGCTH JABE B3aUMHO IEpNEH-
JUKYJASpHBIE OCH M CGObIUHBIM 00pasoM OTKJAABBATD HA HUX 3HAUEHHT X
M Y, TO, KaK W3BECTHO, KawhOH mapoil (X, y) OMHO3HAUHO OHPERENserCs
TCUKa HA MJIOCKOCTH, HUMEIOUIAsi 3TH 3HAYEHUA CBCHMH KGODAMHATAMH, W
obparHo.

Terpa pss xapakTepucTuku TexX nap (x, y), BJsS KOTOPBIX OIpene-
aena (QyHKLMS, NPOINE BCEro ykKasaTb, Kakast (urypa Ha IUIOCKGCTH Xy
3aNMOMNETCS COOTBETCTBYIOLIMMH TCUKaMU.

Tak, rosopar, uto Qysxnua 1) onpexeacna so Beeli 1m0ckocTy, dyHKUUU 2)
n 3} —B Kpyre, COOTBETCTBEHHO, 3aMKHYTOM (T. €. BKIIOUAOWiEM OKPYKHOCTb)

4 K4
% 70
%/ 72 I
_ 7
7 z
Puc. 52. Puc. 53. Puc. 54.

HaN OTKpHITOM (6€3 OKPYXKHOCTH; pHuc. 52); GymKuMa 4) onpeiaeaxeHa B NpAMO-
yroabunxe (puc. 53); HakoHel, QYHKNHA 5) paccMaTpHBaeTCa B OTKDHITOM Tpe-
yroabhuke (pHc. 54).

ITa reomerpuuecKas HHTEPHpPETaUHA HACTOABKO YLOGHA, UTO OGLIMHO Camble
napel  yucen (X, ¥) Ha3HIBAT <«TOYKaNM», d MHOMECTBO TaKHX <TOUCK»,
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OTBEYAION(CC TeM WIH HHBIM reoMeTpHyecKuM o6pas3aM, Ha3biBajOT IO HMEHH 3THX
o6pazos. Tax, MHOXKECTBO <TOYeK», HAM map (x, y), AIsg KOTOPBLIX BLINOJHATCA
HepaBeHCTBa

asZX<10b c=y<ld,

’

€CTh «TPSAMOYTOIBHUK>, H3MEPENH KOTOPOro pasust b —a u d —¢; ero Mol 6ynem
ofo3navars CHMBONOM [a, b; ¢, d], cxoansm ¢ o6o3HayeHmem npomexyrxa. Muo-
WECTBO «TOYEK», HAM Nap (X, ¥), YAOBIETBOPAIOMKUX HEPABCHCTBY

(Kt —a)f 4 (y —B)F =<1,

€CTb <KPyr» PajHyca r C LEeHTPOM B «TOUKC» (o, f), ¥ T. m.

Hanono6ue toro, kax (pyHKuns y=f(x) reoMeTpHUeCKH HJOCTDPH-
posaiach cBouM rpadukom [n° 19], MOXHO reoMeTpPUUECKH HCTOJMKO-
BaTh W ypasHeHue 2==f(x, y). Bo3bMeM B MHpPOCTPAHCTBE HPAMOYIOJb=
HyI0 CHCTeMY KOOpDAHHATHHIX Ocel X, y, 2z; n300pasuM Ha IMJIOCKOCTH Xy
001acTh o# U3MeHEeHHs: NePeMeHHbIX X ¥ J, HaKOHel B KaXJAOH TOuKe
M(x, y) sTofi oOsacTH BOCCTABUM HNEPINEHIMKYIAD K INIOCKOCTH Xy 4
OTNIOXKAM Ha HeM 3HaueHue z==f(x, y). [eomerpnueckoe mecTo mnOJIY-
UEHHBIX TaKuM 0OpasoM TOUEK W $IBATCA CBOETO Poga MPOCTpPaHCT-
BEHHBHM rpapukomM Hawel ¢ydxuun, 1o Oyuner, Boobiie roBopd,
HEKOTGPast 1TOBEDXHOCTb; B CBOIO Ouepelb, PaBeHCTBO 2==f(x, y) Hasb-
BaeTCd ypaBHEHHEM NOBEPXHOCTH

Has npumepa Ha puc. 55 1 56 nzo6paxeHsl reoMeTpHycCKre o6pa3st hyHKIUH:
z=x2ty? u 2=V 1 —x —y.
z IlepBoift U3 Hux mpencrasaser coGoft

napaGononA BpauleHus, a BTOpoll — noay-
chepy.

Puc. 59, Puc, 56.

125. Apudmernyeckoe m-mepHoe npocTpancTso. Ilepexons k PyHx-
nusiM OT /2 HE3aBHCUMBIX ICPEMCHHBIX (le/l ﬂl>3), MbI CHayaJa OCTa-
HOBUMCH Ha CHCTEMAX COBMECTHB X 3HaueHul aTnx MepEeMCHHBIX.

B cayuae m =3 Takas cucrema m3 Tpex uucex (X, ¥, 2), Kak SICHO
YUTATCAW, €UIe MOXET GHITh reOMETpUYECKN HCTOJNIKOBAHE KaK TOUYKa
NPOCTPAHCTBA a MHOXKECTBO TaKUX TPOEK — KaK 4acTh IPOCTPAHCTBA
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um reomerpuueckoe Teno, Ho npn m >3 BosmoxuocTH Henocpen-
CTBEHHOH reOMeTPUYECKOR HMHTEPHPETALHU yiKe HeT.

Tem He meHee, xenad PacHPOCTPAHUTh FEOMETPHYECKHE METOAB (OKa-
3aBlIKMECH TJIOAOTBODHBIMM I (PYHKUMH IBYX M TpeX NepeMeHHbIX) U Ha
Teopnio QyHKuui OOJbLIEro 4HCAa NEPEMEHHBIX, B aHa/lu3e BBOAAT IO-
HATUE M-MEPHOTO <MPOCTPAHCTBA» W TpU m > 3.

Hasosem m-mepuofi «TOUYKOH» CHCTEMY U3 # BELIECTBEHHBX uHCeN:
M (%1, X vury X)) ¥); CAMU UHCHA Xy, Xy o..y X, ABASIOTCT KOO D AM-
HataMu 3Tofl «TOouKm» M. MHOXECTBO BCEX MBICIUMBIX #2-MEDHBIX
«TOUEK» COCTaBJASET M-MEPHOE <«IPOCTPaAHCTBO», KOTOPOE NHOrAA
HashlBAIOT apudMeTUUECKUM.

Cample MOHATHS «#2-MEPHOH TOYKHU» U «M-MEPHOro (apH(pMeTHUeCcKoro)
MPOCTPaHCTBA» BOCXOAAT K Pumany *¥), HO TepMUHOJOrHS NPHHALJICKUAT
Kauropy.

LienecooGpasio BBeCTH MNOHATHE «paccroanua» MM wmexay asyms
M-MEPHBIMH «TOUKAMU»:

r ’ ’
M(xl’ xi: sory xm) 7 M,(xl, x?) L] xm)»
[Moppaxas ¥3BECTHOH U3 aHANUTHUECKOR reoMerpun (OPMyJe, MOJaraioT
J— — m
MM =MM= Z (i —x) =
i=|

=V (ey — x)* + (5 — %) .o o — X5 (D)

npu m=2 win 3 3TO «PACCTOSHUE» COBNAXAET C OOBYHHLIM paccros-
HHEM MEXAY ABYMS COOTBETCTBEHHBIMH TE€OMETPUYECKHMH TOYKAMH,
Eciu B3aTb eie OMHY TCUKY

M (s X35 oy Xm),

TO, KaK MOXHO JOKa3aTb, Aas <«paccrosumnit> MM, MM’ u MM’ Bu-
[ICAHACTCA HEPABEHCTBO

MM << MM -+ 2T M7, )

HAIOMUHAIONLCE M3BECTHYIO TEOPEMY TeOMETPpHH: «CTOpOoHa TPEyroJibHuKa
HE NpPEeBOCXOJUT CYMMBI JABYX JNPYTUX CTCPOH».

#) Mmes Ieno ¢ HCOMPENEACHHHMM YHCAOM TE€pPEMEHHBIX, TpPeNCTaBAsieTcd
yRo6EBIM 0603HayaTh HX He DANHUKBIMU GYKBaMH, HO ONHOH M Toil Xe GyKBok
ZHIEb C Pa3aMYHBIMU HoMepamH. Takum o6pasom, x; o3nayaeT (Bpaspes C Npex-
LeH mpaKkTUKOH) He j-e 3HaueHHe BeKoeHd NepeMeHHOMH, a caMoe {-10 IepEeMEHHYIo,
KoTOpas caMa fo ce6e NpHHUMAeT PassuuHbie 3HAYEHUS.

#*) Bepuraps Puman (1826—1866) —Brijaowuiica HeMEUKHHA MaTeMaTHK.
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JlefictBuTenbHo, mas nw60ro HaGopa BEIECTBEHHBIX YHCEN dy, Qg ...
wev s @u W by, by, ..., b, HMEET MECTO HepaBeHCTBO

Z(ai“:*bi)eﬁ Z i+ L"“*)

i=1 i=1 i=1

Ecaa nonownth 31ech
a;==Xx; — X; b;==x;—x} rax uro a; - b; = x; — x;,
TO HOJNYUHM

L(x —xl= ) D xR 2

i==1 i=1 i=1

uTo pasuocwibHOo (2). Takum ©0pa3om, 3TO CYHIECTBEHHOE CBOHCTBO pac-
CTOAIHUS OKA3hIBASTCA HAJMULUO M B HALUEM <«IPOCTPAHCTBE».

B m-MepHOM <«NPOCTPAHCTBE» MOXKHO PACCMATPHBATL M «IIDSMBIES.
YuTaTesb BCOOMHUT, YTO HA IVIOCKOCTH XX, NMPsAMag Onpenesisiacs, ypaeg-
X, —8 X —B
EET
X':B‘:xﬂjﬁﬂ_—_—“:"“ (ko3(puupeHTH o 3Zech He MOryT ofpa-

1 2 3
IATbCH OMHOBPEMEHHO B HYJb). Ilo aHajsoruu ¢ o1uM, HA30BEM <«IPAMOH>
B HI-MEPHOM <IPOCTPAHCTBE» MHOMECTBO <«TOYeK» (X[, Xa ... s Xp)
YAOBJAETBOPAIOILX CHCTEME YpasHeHnH

HeHnem , @ B TPOCTPAHCTBE  XX9X3 — YPABHEHUAMHK

X1_331______x2_32: :X_m“"“em

a, Lo %in

*) Ecnu Bo3BecTH o6e WaCTH €ro B KBAApaT M ONYCTHTH B O0EHX YacCTAX pas-
Hbie UMeHBl, TO 3T0 HEPABEHCTBO CBEICTCA K H3BECTHOMY HEPABEHCTBY

Kourm
m fil
D ah; < >ai- ZJ b3,
i=1

i=1 i=1

[Mokawem, MONYTHO, KaK 9TO IOCAERHEEe MONKET GbiTh YCTAHOBJACHO 3ACMCH-
TapHo. KsaipaTHulil TpexuseH

mn m

Z (gx by =x- ¥ aj4+2x. ¥ o+ ¥ b
i { i=1

i=| i1 i=1
HC TMPUHUMACT OTPHUATEIbLHBIX 3nayennit. B Takowm ciyyae OH HeE MOXeET UMETh
PasAIHYHLBIX BenleCTBCHHBLIX KOpHEﬁ, U €ro NMCKPHMHUHAHT HCOTPUIlaTCIaeH:

m 2

m m
Dl ag 3 by 3 aib =0,

E==1 i=1 i=1

YTO PABHOCUABHO HEPABEHCTBY Kowmn.
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(TP MpexHeM YCJIOBHM OTHOCUTeAbHO o). Ecin o6o03Hauuth ofliee 3Ha-
YCHWE 9TUX OTHOUIEHUH uepes f, TO MOXKHO ONPELEIHTb <«NPAMYIO» H
nNapaMeTPUUYECKUMU YPDABHEHUAMM

sym=agt By, Xo==agt By orn s Xy ==t - B

npeanosaras NapaMeTp ! HIMEHSIOWUMCA OT — 0O KO —}-co. Bynem
CUHTATh «TOUKH» €€ CJAEAYIOUW MMM OZHA 3a APYroi B NOpsiKe BO3-
pacranus napamerpa; ecan t'<t<{¢”, T0 U3 COOTBETCIBYIOUIUX «TOUEK»
M, M, M’ umesHO «TOuKa» M JeWUT MEWAY JOBYyMS APYTHMH, TaK
xak caepyer 3a M u npemwecrsyer M". Tlpu stux ycrosusax, Kak
JIETKO TOK23aTb, PACCTOSIHMS MEWAY HUMHU YAOBJETEOPHIOT COOTHOMIEHHIO

MM = M M- MM

YTO ABJSIETCA XaPaKTePHBIM g NPAMOH M B OOGLIYHGM MPOCTPANCTBE,
Vpasrenus <«OpaMoii», NPOXOAsULell yepes [Be 3a[aHHLIE «TOUKH»

M, ooy xm) 1 WXL, L, X,

OUEeBHUAHO, MOTYT OpITh HAMKCaHBl B BUIE:

Xy=xl -t (] — X0, oo s Xp=Xm -t (Xm—Xm)
(—00<t<‘1r00):

npuuem camu «rTodkn> M u M noayuaorcst orciona npn t=0uf=1,
Ecam e U3MEHsiTb ¢ OT HyJs 10 EIWHULL, TO HOJAYYHTCA <IPSIMO-
JuHeHHBE 0Tpe3oky> M M”, CORNUHMIONINE 5TH <TOUKH>,

HakoHern, ec/H HMEETCsi HeCKOJbKO HPUMBIK 210 LU X OAMH K APY-
FOMY <«OTpe3KCB» MMy, MM, ..., M, M’, 10 U3 HEX COCTaBHTCA <«JO-
MaHas» B HI-MEPHOM <«MPOCTPAHCTRES.

126. Ilpumepr: oGaacteét B m-mepHoM npocTpancrre. O6paTuMcsi
Teneph X PacCMOTPEHMIO HNPOCTeHuuX «tea» U «oGJaacrefl> B m-mep-
HOM <«IIPOCTDPAHCTEE>.

1) MuoxectBo «TOueK» M (X1, Xo, ... , Xp), KOODANHATE KOTOPHX
HE33BUCHMO OJHA OT APYroH YIOBAETBOPAIOT HEPABEHCTBAM

Q==X =by, QS XoC by, ..., Qy Xy =)y,
Ha3HIBACTCSl MI-MEPHBIM <«HPAMOYTOJBIBM IapaaiejenunesoM» u oGosna-
YaeTCa TaK:
[al7 bl; Qs b% R ) bm]'
IIpy n=2 orciona, B YacTHOCTH, I[OJYYAETCE TOT <IPAMOYTOJBHUK>,
0 XOoTopoMm ywe Obla peus B 1° 124; TpexMEepHOMY <«Napaiieienunery»

OTBEUAET B NPOCTPAHCTBE OOBIKHOBEHHBIA NPAMOYTOJNBHHH Napaliesenunen,
Ecmm B HanmuCauHBIX COOTHOMIEHHSIX HCKAIOUHTH PaBEHCTBO

2y <x1<b1: az <x2<b‘b cee s Qp <xm <bln’
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TO OTUM ONPEAC/IUTCS OTKPBITH U <«NPAMOYFOABHHE Napanaenennnes»:
((11, bl; Qg bQ; oo am’ bm):

B OTJIAYUE OT KOTOPOro PacCMOTPEHHBII BhIIlIE HA3HIBACTCA 3@ MKHY T B M.
Pasnoctu b; — ay, by—as, ... , b, — @, HA3LIBAIOT HU3MEPEHHAMH OOOHX
LAPaANeenuIesoB, a TOUKY

((114—!71 a,-+ b, a,ni{—bm>

2 2 e 2

— UK UEHTPOM,
OxpecrHocThio «Toukn» My{x}, x?, ..., x%) HassiBaercs noboH
OTKPHITHH <«NapajeNenunens:

(0 — 3y, 2035 a0 —Bg, X018y vt 3 X — B, X3, (R
(1 B9 ...,8, >0) ¢ uenrpom B <«rouKe» M,; uame Bcero 310 Oy«
IeT «KyO»:

() —38, X8 x)—38, x2+8; ...5 X —38, xn1-9)

(3> 0), Bce usmepennst KOTOPOro pasHbl (== 23).
2) PaccmoTpuM MHONECTBO «TOUEK» M (X, X9, ..., X,), YAOBJETBO-
PSIIOLLUX  HEPABEHCTBY

(g — %Dk (g — X2 - (o — xB)P << r? (i <7P),

rae M, (%}, x3, ... , X7) €cTb DUKCHPOBaHHAS «TOUKa», @ ¥ — HOCTOSHHOE
HOJIOKHUTENBHOE YHCJO. DTO MHOMKECTBO HA3BBAETCS 3aMKHYTOH (Wau
OTKD B TOH) m-MepHoli «cepoit» paguyca r ¢ UEHTPOM B «Touke» M.
Wusimu  cnoBamm, «cdepa» €CTb MHOXKECTBO TOueK M, «paccroguue»
KOTODBIX OT HEKOTOPO# (PUKCUPOBAHHON «TOYKU> M, HE NPEBOCXOMUT (U/u
menbuie) r. Camo coGoi scHO, UTO BTOH «cdepes» npu m=—=2 OTBEUYAET
kpyr [cp. n°124}, a npu m =3 — oOnikHOBEHHas CPepa.

Otkpuityio «cepy» moboro pamuyca r >0 € HEHTPOM B <TOUKE»
My (%) ..., X%) MOXHO TaKiKe pPacCMAaTPUBATB KK OKPECTHOCTb STOH
TOYKH; B OT/IMUYME OT TOH «Imapa/uieNenuneraspbHOdy OKPECTHOCTH, KOTO-
DYyIO Mbl BBEJM DaHblie, 3Ty OKDECTHOCTh OyzeM HaseBaTh «cdepuye-
CKOM».

ITonesHo pas HaBceraa Aarb cebe OTUET B TOM, UTO €CJaU <«TOuKa» M,
OKPYXEHa OKPECTHOCTHIO OJHOTO U3 YKa3aHHHX JABYX TUIIOB, TO €& MOIKHO
OKPYXKUTb M OKPECTHOCTBIO BTOPOrO THNA TaK, 4rcOnl 5Ta OKPECTHOCTH
CoIepkKasach B NEPBOi.

Iycrs cnavana 3amad <napajsejenanens (3) ¢ LEHTPOM B «TOuKe» M,.
JlocTaToMHO B3§ITh OTKPHITYI «ChEpy» ¢ TEM ke LEHTPOM H PafUyCcoM r,
MeHbIIMM Beex O, (i==1, 2, ,.., m), uyroOm 2Ta cdepa yxe copepxa-
Jach B Ha3BaHHOM «Hapaaieaenuneie». JelicTBurenpHo, nis Jmoloi
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«toukH> M (%, X, ..., Xp) 5TOH «Cheprr» OyaeMm uMeTh (PR KaXAOM i)

m
lx;, —xf =< D o — XD = MM, < r <3
k=1
5840’
xf— 3 <o <{xi+3,
TaAK YTO 3Ta TOUKa anHaJIJIe}KI/IT sa,uaHHOMy «HapaJIJIeJIen[/IHelly»,

O6paTHo, ecan 3amaHa «cdepa» pammyca r ¢ ueHrpom B M, TO
«napanienennned» (3) B HEH CONEPKUTCS, Hanpumep, npu 8 =28 =, ..

p

,_.:Bsz. Jro cieayer u3 TOro, uro Jwobag «roukar M (xy,
m

Xg ..., X,) OSTOFO «MNapajienenurnena» OTCTOUT OT «TOuKu» M, Ha

«pPacCTOsSIRUE>»

m m
MMy = Zl (%, — x2)2<l/ Z ¥ =r
k= k=1

¥, CJACAOBATEIbHO, NPUHALJICKUT 3aRaHHOH <«cdepey,

127. OGmee ompepenenne OTKPBITOM ¥ 3aMKHyTo# oGanacreit. Ha-
30BeM «TOuKy» M (X, X,, ..., Xm) BHYTDEHHEH <«TOUKOH» MHONeE-
cTBa o B m-MEPHOM <IIPOCTPAHCTBE», €CJAU OHA MPUHALIEKAT MHONe-
CTBY o BMECTE C HEKOTODOH J[AOCTATOUHO Majoil ee OKpPeCTHoCThio. U3
yTBep)KILeHI/IF[, JIOKa3aHHOTO B KOHLE npeanaynlero HoMmepa, Caeayer
C OUEBMAHOCTHIO, YTO 0e3pasiuyHo, KaKOro Tuma OKPECTHOCTH B3IECh
KWMETDL B Bmly—«napannenennnenanbﬂme» nuiau «c(pepuqecxue».

IOas OTKPHTOr O <«IPIMOYTOJBHOIO HapasIeenunesay

(al’ bl; ced Cms bm) (4)
Kaxjgasa €ero <«TOYKa» 4BJACTCA BHyTpEHHeﬁ. ﬂ,eﬁCTBI/ITeJIbHO, ecnu

ay<lx, < by oiiy Q< X< by
TO J€rko Haita Takoe & >0, uro6n 6HIO
ay<lx, =3x8 by, vons @y < — 8 <X +3< b,
AHanoruno, B CAyYae OTKPH TOH «Cdepsl» Paguyca ¥ ¢ LEHTPOM

B «TOuKe» M, Kaxnas mnpuHagiexamas el Touka M Takxe sBaseTcs
1J9 Hee BHyTpeHHed. Ecim B34Tb p Tak, uro

0l plr—Mm,
u onucarb BOKpyr M’ «cepy» STHM pamuycoM p, TO OHa LETHKOM Oy-

J€T COJEPHKAThCA B HCXOmHOM «cdepes: sumb Toako MM <p, TOT-
yac we [n° 125, (2)]

MMy << MM - MM, <p + MM, <r,
TaK YTO <«TOUKAa» M NPUHALIEHHT HCXOAHOM «cdeper,
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TTonoG1oro poaa MHONMCECMBO, YEAUKOM COCMOALEE U3 BRYMPEHHUX
«mouery, 0y0esm Ha3vleams OMKPo MOl <00AACHEI0>.

Taknm 00pa3om, OTKPHTHIE <«NPAMOYroJbHBIH Napajieenunes» 1 OT-
KpniTag «cdepa» Cayxar NpuMepaMi OTKDBITHIX «oOJjacrefis.

O600muM Tenepb NOHATHE TOUKK Ccryulenus [n°82] ma cayuait MHOKe-
ctBa o B m-MEPHOM «IPOCTPAHCTBE». «Tourxa» My nal3vigaemes «m o -
Kol cayueHua» MHOKCecmBa o, ecau 8 KaacOOl ee OKPeCIHOCInL
(1 cHoBa — 6€3pas/nuHO, Kakoro THIA) COOEPIHCUMCST XO0Mms 00KA <MOUKA»
MHOoICECmBa oM, omauunas om M.

«Toukn crymenna» aasa OTKPHTOH «06macTu», HE NpPHHANIEKAUINE
efl, Ha3pBAOTCA MOTPAaHMUYHB MU «TOYKaMu» atoft «obaacru». ITorpa-
HUUHBIE <«TOUKM» B MX COBOKYHHOCTH OOpasyloT <«rpaHuuy ob6aactn».
Omrpbimas <o00AQcme> BMecme ¢ <«2pAHULell> ee HQ3bl8aemcs 3 a M-
KrHymoid <«obaacmeioy.,

Hetpyauo BugeTs, 4to 1 OTKPHTOro napaiienenunexa (4) norpa-
HUYHBIMH OyayT <«Touku» M(Xy, ..., Xp), 4051 KOTOPHIX

Qy=<<Xy<<by, ..., Qp=<<X,<<b,,

npuyeM XOTb B ORHOM CJy4yae HMEET MeCTO HUMEHHO DaBEHCTBO.

TouHO TaK e, IJis PacCMOTPEHHOH BHIIE OTKPHITOH «cdeph» mnorpa-
nawipivMpn OyayT «Touku» M, 44 KOTOPHX B TOounoCTd MM, =r.

Takum 00pazoM, 3aMKHYTHH <«NPAMOYTOJLHHE Napajaenenunesn» u
3aMKHyTas «Cdepa» Hal0T MPUMEpH! 3AMKHYTHIX «oOaacreil».

Bnpenp, rosops 06 «ofaactu», OTKPHTON HJAM 3aMKHYTOH, Mbl BCerjia
6yoeM uMmeTs B BHAY «00JacTh» B YKAa3aHHOM 31€Ch CIEUNaJbiioM
CMBbICTIE.

YcraHOBUM TENepb, UTO 3AMKHYMOL «00AQCHI> NPUHQOACICAm YHce
8Ce ee «MOUKU C2YUEHUT>.

[Mycts namsl 8amKHyTas «oGxactb» & u «rouka» M, sre ee. Jloka-
xeM, uto Toraa M, He Oymer «rTouKoi cryuienns» aas .

3amMkHyTtast <«06aactb» & MOAyuyaETCs M3 HEKOTOPOH OTKDPHTOH <«06-
aactn> &7 nyTeM INpUCOeIMHEHHS K HEH ee <«TpaHuubl» &. Ouesnano,
M, He 9BAAETCA <«TOUKOH CrymeHus» 4as 97, cnenoBaTeabHO, M, MoxHO
OKPYXHTb TaKoOH OTKpHTOH «cepoii», 4ToOnl B HEH BOBCE HE COREpKa-
a0Ch «Touek» ua 7. Ho Torma B Helt He MOXET OBITb U «TOYEK» n3 &
Beab, ecau Gbl Kakast-HuGyap «rtouka» M’ us & B Hee monajaa, TO B HeHl
cozepxanach Gpl LEANKOM U HEKOTOpast OKPECTHOCTb «TCukn» M', n B sTOH
OKPECTHOCTA H