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IIPETVICJIOBUE K TPETBEMY WU3TAHWIO

B sroM mOBOM wmspmamHmum *) cHeNaHO [{OBOJBLHO Goib-
moe 4YMCJI0 H3MeHeHWH B [eTaisaXx; KpoMe TOro, mepe-
genan Bech myad ra. I m Il ¢ menso pacmonoEUTH
Marepuas B JIydmeM COOTBETCTBMH C OOmHMME Ipefi-
CTABICHUAMH 0 MOPPHU3MAX CTPYKTYpP H YHHBEePCAJILHHIX
oroGpaxennsnx (Teopms wmmoxecrs, ria. IV, § 2 u 3).
Cpenm mambojee SHAUMTENLHHX [Ao0aBlieHmii OTMETHM
BBEJCHNE KBA3MKOMOAKTHEIX IPOCTPAHCTB M IPOEKTHB-
HHX IpPEeeioB, MPUJIOKEHAS KOTOPHX K KOMMYTATHBHOR
anrebpe m anrefpamdecKoii reoMeTpum CTAHOBATCA BCO
Gosee m GoJjiee B)KHEIMH, a Tak:ke 0ojibIee PasBUTHE IO-
HATHAR OTKPHTOr0, 3aMKHYTOrO0 M COBEPIIEHHOro OTOGpa-
JKeHull, KOTOPHM NOCBAMIEHH jBa muaparpada ra. I,

*) IlepeBoj, BHIMOJNHEH ¢ TPETHEr0 M3[AHAA € y4eTOM H3MOHE-
HUii, BHECEHHHX B YeTBEpTOe.






BBEJIEHIE

Hapany ¢ aueebpauneckumu crpyrrypamu (rpynmaMu, KonbIlaMu,
TelaMu M T. A.), KOTOPHe COCTABJAIN IPEAMET BTOPOH KHHIM dTOTO
COUMHEHHHA, BO BCeX pasjlellaX aHAJIW3a BCTPEYAIOTCH CTPYKTYPH
IPYroro poja: CTPYKTYDPH, B KOTODPHX OPHWAAETCA MaTeMaTudecKmi
CMBIC/I MHTYUTUBHBIM HOHATUAM npedeid, HENPepuleHOCIU U OKDeCcm-
Hocmu. U3yueHme sTtumx CTpPyKTyp u Oyaer mIpeiMeToM HACTOAMLeH
KHUTH.

Wcropuueckn moHATHS Tpenesa W HENPEPHBHOCTH MOHSBUINCL B
MaTeMaTHKe BecbMa pAaHO, a HMEHHO B IeOMeTPHH, U C PasBATHEM
aHAJN3a ¥ eTO NPHUJOKEHUH K ONBITHBIM HAYKaM WX DPOJib HCYKJOHHO
Bospacrana. W pefictBuTeIbHO, 9TH MOHATHA TECHO CBA3AHH C MOHA-
THAMH ORbIMHO020 onpedeserus U npubauscenus seamuaun. Ho Tak Kak
B GoJbIIHCTBE CJydYaeB OUBITHOE ONPE/EJICHWNE BEeJHUYUH CBOJUTCH K
usMeperusM, T. €. K HAXOMKIEHUIO OJHOTO WU HECKOJNbKHUX uuced,
TO BIOJHE €CTeCTBEHHO, YTO B MaTeMaTUKe HOHATUs IIpeje]a U He-
OPepPLIBROCTH NOABIAIOTCS IpeKie BCEr0 B TEOPUHW BeleCTBEHHBIX
9Ecen € ee OTBETBJAGHUAMEU U PA3JIATIHEIME 006JaCTAMHU IIPUMEHEHHA
(koMIOJIEKCHEIE YHC/AA, BeMEeCTBeHHBIe WM KOMIIEKCHBE (QYHKINHU
BeLeCTBEHHBIX MJIM KOMIUIEKCHBIX [I6PEMEHHBIX, eBKJIU/I0BA TeoMerpus
U HPOW3BOAHLIE OT Hee reoMeTpum).

B Hame speMs crajo sCHO, 9TO 3HAYWEHWMEe OOHATHUI, O KOTOPHIX
mIeT peyb, BEIXOAWT [AaJeKO 8a Opejelb 00JacTH BemeCTBeHHBIX M
FOMOJIEKCHBIX 9HCe] KjaccmyecKoro amaamsa (cm. Feropuueckmit
ogepk K ra. I). Ilyrem yrayGieHHOro HCCIENOBAaHUA U PasjoKenus
9THX MOHATHH YAaJ0Ch W3BJeUb HX CYThb W BEHIKOBATb OpPYIlHMe, HEHCT-
BEHHOCTh KOTOPOTO NPOABMJIACH B MHOIOUWMC/JEHHBIX OTPACAAX MaTe-
MaTHKH.

YscHeHHEe TOTO, B 9eM MMEHHO 3aK/I0TaeTCsl [JaBHOE COJlepyKaHue
OoHATHHE npejesa, HENPEPHIBHOCTA M OKDECTHOCTH, Mhl HadHem



12 BREJEHUE

¢ aHAJIM3a MOHATHUA 0KPECMHOCMIL, XOTA UCTOPIYECKU OHO 0ojee HO3]l-
HEro MPOMCXOMKIEeHWs, YeM o0a ocraigbHHe. Ecam ucxonnts us ¢uan-
YeCKOTO IOHUMAHUA NPUONMIKEHUA, TO eCTECTBEHHO CKa3aTh, YTO YacTh
A wmuoectBa E sABAsieTCs OKPECTHOCTHIO CBOETO 3JEMEHTA @, eCiau
OpH 3aMeHe IIOCJIeNHEero ero «IpuGIM;KeHweM» ITOT HOBBIA 9JieMEeHT
takyke Oymer npumHaAdekarb A BCAKWEA pas, Korga AoOyineHHas
«omubKa» MOCTATOYHO Majia; APYTUMH CJIOBAMH, eClU Kaycublll sJje-
MeHT B3 E, «qocraroyHo GAM3KUil» K 3JIeMeHTy a, npuHajemkur A.
910 ompegeseHUe [OJAYYAeT TOYHHIH CMBICI, KAaK TOJBKO BJOEH
TOYHBIH CMHCJ B HOHATHE JOCTATOYHO MAJON OMUOKY WU DJIEMEH1a,
JocTaToyHO OJM3KOTO K jpamHoMy. s pmocTmmeHums 9TOro CaMEBIM
€CTeCTBEHHBIM OyaeT NPeqHOoJOKHUTH, UTO «OTRJIOHEHWE» OJHOTO dJle-
MEHTa OT APYroro MOKHO M3MEPUTH BELIECTBEHHHIM (IOJIOKUTEIBHEIM)
gucyaom. Beskumii pa3, Korma aaa na060# mapsl 91eMeHTOB HEKOTOPOTO
MHOJKECTBA ONPE/IeJeHO MX «OTKJIOHEHHE)» HMIU (PACCTOSHIE», OKA3bI-
BAeTCA BOBMOMKHHIM OIPENENHUTh «OKPECTHOCTH» BJIeMEHTa @& 9TOTrO
MHOKeCTBA; a WMeHHO, OKPECTHOCTHIO djeMeHTa a Oymer Jroboe moj-
MHOJKECTBO, COfiepsKalee BCe DJIEMEHTHI, PAacCTOSHUE KOTOPHIX OT @
MeHbIlle HA[JIEKAMET0 IOJOMKUTEAbHOT0 uucia. [loHATHO, 4TO AJA
TOTO YTOOH, HMCXOAA W3 BTOTO ONmpejeleHusd, MOMKHO OBIJIO0 PasBUTh
COJIep/KATeIbHYIO TEOPHIO, ClefyeT HPeANlosioRUTh, YTO «PACCTOSIHUE)
YAOBJIETBOpAET HEKOTODHM YCJOBHAM WM aKcHoMaM (Hampumep,
410 M [JIA HAMero o00OIeHHOT0 PACCTOSAHUA JOAKHBE BHIIOJHATHCA
HepaBeHCTBA, KOTODPHE B EBKJINNOBOM TeOMETPUH HMEIOT MECro [IJsA
paccToAHEUWiI MeXIy BepIIMHAME TpPeyroJbHHKA). Tar moiaydaercs
mupoKoe 0Go0ImeHNe eBKIUJOBOIl TeoMeTpPUHN; [pPH ITOM yIoOHO
1I0J1b30BAaThCAA TEOMETPMYECKUM S3HIKOM W HABHBATh DJIEMEHTH MHO-
JKEeCTBa, B KOTOPOM OIIPEMIeJICHO «PACCTOAHUE), MOYKAMU, a CAMO MHO-
JKECTBO — npocmparcmeorm. Taxoro poma HPOCTPAHCTBA MBYUAIOTCH
B ra. IX.

B »sr10fi KOHmeNIUE eme He YCTPAHEHH BEIIECTBEHHBIE 4YHCIA.
Opmaako Tak ompeqeleHHBe TPOCTPAHCTBA 061afal0T OOJIBIIIM YMCIOM
CBOMCTB, KOTOPHE MOKHO CHOPMYIUPOBATH HE3ABUCUMO OT JIGHKAILETO
B MX OCHOBe HOHATHA paccrosnua. Hanpumep, Kamnoe mogMH0KeCTBO,
cojlepskaniee OKPECTHOCTh TOUKH @, TAKKe eCTh OKPECTHOCTb TOUKH a;
mepecedeHHe JBYX OKPECTHOCTEeHl TOYKHM @ ABIACTCA OKPECTHOCTHIO
TOYKHM @. ITH U HEKOTODHe APYrUe CBONCTBA BIEKYT MAcCy CJe/CTBHI,
KOTODHE BHIBOJAATCA M3 HUX COBEDIIEHHC HE3aBHCUMO OT HOHATHA



BBEIEHUE 13

«pacCTOSHUA», MEPBOHAYAJIBHO JIETHIEr0 B OCHOBY OIIpefiesieHus
okpectHOCTel. Tak moJydaloTCsa OPeAJIOMKEeHHUsA, B KOTOPEHX COBCEM
HeT peud O BeJUUUMHE, PACCTOAHUY M T. I

9T0 UPUBOMUT B UTOTe K O0OMEldl KOHRMIEIIMA TOMOJOTUYeCKOro
MpPOCTPAHCTBA, KOHIENNWM, HE 3aBHUCANIEH oT Kakoil On To HM GblIO
IpeBapAoINell ee TeOPWH BEMIECTBeHHEIX dmcena. Mul rosopmm, 910
MHOKeCTBO E HA[eJeHO MOonoL02uteckoil cmpykmypoii, Kayabi pas,
KOT/Ia KajKIOMy ero 3JIeMeHTY TeM WAW HHHEM ¢noco00M OTHECEHO
ceMelicTBO MOAMHOKECTB U3 FE, HABEIBAeMBIX 0KPeCMHOCIAMU ITOTO
9J1eMEHTa, €CJM TOJbKO, KOHEYHO, 9TH OKDPECTHOCTH YNOBIETBOPHIOT
HEKOTOPHIM YCJIOBHAM (aKCUOMAM TOTOJOTUYeCKHX CTPYKTYD). BriGop
HajlaTaeMHX Ha OKPeCTHOCTH AaKCHUOM, OUEBMAHO, 40 HEKOTOpoil cre-
[eHW IPOU3BOJIEH, 1 UCTOPIMUECKN OH OB IPeIMETOM IIPOJIOJKATEb-
poix momckos (cM. Meropmueckmit ouepr k ra. I). Cmerema arcmom,
Ha KOTOpoOll, B KOHIE KOHI]OB, OC1aHOBHJINCH, BIOJHE OTBEYaeT [O-
Tpe6HOCTAM COBPEMEHHOTO aHA/W3a, He BIajas DDA ITOM B Ipe3Mep-
Hyio U GeCIperMeTHYI0 OOIHOCTb.

MuoKecTBO, HaeleHHOe TOIOJOTNIeCKO#l CTPYKTYpOil, HABHIBAIOT
MONOAV2ULECKUM NPOCMPAHCIMEOM, a BJIEMEeHTH 9TOTO MHOKeCTBa —
moukamu. BeTBb MaTeMaTHKH, H3ydaoNias TOMOJOTTYEeCKUEe CTPYK-
Typs, HOCHT HAa3BaHUe MONO0402UU (ITHMOJOTUIECKA — (HAYKA O
DONOYKeHUM», Ha3BaHme caMo mo ceGe Majno BHPasurejbHOE), KOTOPOe
B mamm JgHE Opejxnounmrtaerca HassaHmio Analysis Situs, aBitonge-
MyCsA €r0 CHHOHHEMOM.

Caemyer OTMETHTb, UTO AJlfl TOTO, 9To0b MPHATH K MOHATHIO OK-
peCTHOCTH, MH WMCXOJUIA W3 PACIJEBYATOTO MOHATHUA 3IEMEHTa,
«nocTaTogno Gam3Koro» K apyromy. Temepb, maoGopor, momaATme TO-
H0JIOTHYeCKOR CTPYKTYDH HO3BOJIAET NPHUAATH BHIPAKEHUIO «TaK0Oe-TO
CBOMCTBO MMeeT MeCTO [JIA BCeX TOUeK, JocmamouHo OAUSKUL K a»
TOYHBIH CMBICI; 3TO 03HAYAET IO ONPEeJleNeHNA, ITO MHOKECTBO TOUeK,
06/aa0IMUX JTUM CBOMCTBOM, ABJAETCA OCKPECTHOCTLIO IOYKA @
B NAHHOH TOMOJOTUYECKOH CTPYKTYype.

W3 moEATHA OKPECTHOCTH IPOUCTERae! Psj APYTUX OOHATHH, U3Y-
qeHME KOTOPHIX COCTABJIAET COJepsKaHMe TOMOJIOTHH: BHYTPEHHOCTb
MHO}KeCTBA, 3aMBIKAHHE MHOKECTBA, TPAHUIA MHOKECTBA, OTKPHITO®
MHOJKECTBO, 3AMKHyToe MHOecTBO 1 T. 4. (cM. ra. I, § 1). Haopumep,
A sBIAeTCA OMEPBMbLM MHOYKECTBOM, €CJiu BCAKUH pas, Korja TouKa a
npEHajJeRuT A, BCe TOUKH, J0CTaTouHo 0/in3KEMe K @, Tak/Ke HpH-
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Aazjexar A; nHaye rorops, ecam A ABISETCA OKPECTHOCTHIO J0G0M
¢cBoell TOYKNW. AKCHOMB OKDPECTHOCTell NO03BOJISIOT YCTAaHOBUIL pas-
JWYHBIE CBOMCTBA BCEX ATUX MOHATHWI: HAIPUMEp, mepecedcHue ABYX
OTKPBITBIX MHOKECTB ABIAETCA OTKPHTHIM MHOMKECTBOM (IOTOMY H9TO
OPEJIT0JI0MKeH0, 9T0 HmepecedeHye [BYX OKPECTHOCTEH TOYKU a TaKKe
ABJIAETCS ee OKpecTHocThi0). O6paTHO, mpwMeM 3a OTHPABHOW MYyHKT
BMECTO MIOHATUA OKPECTHOCTH OIHO U3 THX NPOM3BOJHBIX MOHATHI,
HAIpEMep, NOPEeANOJ0KIM H3BECTH BIMU OTKPHITHIE MHOYXECTBA M BO3-
BeleM B aKCHOMHL CBoOMCTBa ceMelcTBA OTKPHITHX MHOKeCTB (OMHO W3
KOTOPHX TOJBKO 4TO GBIJIO yHOMAHYTO B KadecTBe mpumepa). Jlerko
YCTAHOBHUTH, YTO TOTHA OT OTKPHITBIX MHOKECTB MOKHO 3aHOBO I PUilTH
K OKPeCTHOCTAM, HpWYeM BHIIIOJIHEHWE AaKCHOM OKpecTHocTel Oyper
ABIATHCA CJEACTBUEM HOBBIX aKCHOM, B3ATHIX B KaueCTBe OTIIPABHUM
touku. Takum o6pasoM, MBl BUIUM, 9UTO TONOJIOTHYECKAA CTPYKTYpa
Mosker GHTHb OmpeneseHa MHOTHMY, OJHAKO, IO CYIIECTBY, PABHOCHJIb-
HBIMU cnocobamu. B 970t KHEUre MBI MCXOMUM W3 MOHATUA OMKDBLINOZO0
MHOICECTN6a TIO0 COOOPaKEHNAM y106CTBA, IOCKOIbKY COOTBETCTBYIOIMTE
aKCHOME HOCAT Haubosee mMPOCTO Xapakrep.

Hax tonbKO Tomosjormueckwe CTPYKTYPH OIpelesieHbl, MOHATHIO
HenpepwiéHocMU JErKO YiKe OPHNATh TOYHHIT cMeica. WHTyumruBHO
(QYHKIOHA HeIDepPHBHA B HEKOTOPOH TOYKe, eCAM ee 3HAaUYeHUe CKOJIb
YrogHO Majio HM3MeHseTcdA, MOKy/a apryMeHT OCTaeTCs JOCTATOYHO
ONM7WsKUM K paccMaTpuBaeMoi Touke. M BupwM, 9T0 HOHATHE Hempe-
PHBHOCTH OyjeT HMMETh TOYHBIA CMBICA KQKOHA pas, Korga Ipo-
CTPaHCTBO apryMeHTOB W NOPOCTPAHCTBO B3HAauYeHHH ¢QyHKIuum O6ymyT
TomoJoTmYecKNMu npocrpaacrBamMu. HampamuBamooineecss Torma Tod-
HOe ompenesnerue Oymer pnano B § 2 ru. I.

Hak u B moHAT™MN HempepHBHOCTH, B MOHATUH npedead yIaCTBYIOT
ABa MHOecTBa, HaJeJeHHHIX COOTBETCTBYIOIEHd CTPYKTYpO#, U OTO-
6pakeHVe OfHOTO W3 ITHX MHOMECTB B Jpyroe. Hampumep, xorma
pedb HAET 0 Ipefielie IOCTEH0BATENBHOCTN @, BelIeCTBEHHHIX dHCEJ,
TO 3/leCh, ¢ OJHOI CTOPOHH, YYaCTBYIOT MHOKecTBO N HATypaibHBIX
qnces, ¢ APYroil,— MHOMecTBO R BeIleCcTBeHHHIX 4mces ¥, HaKoOHEII,
oTofpaskeHre mePBOTO MHO}KecTBa BO Bropoe. Ilpm arom rosopsAr, 4ro
BEINEeCTBeHHOE YHCJIO0 @ ABJAETCA IIPefieJIoM IOCIefloBaTeNbHOCTH 4,
eciHd, KakoBa OH HYW OEJia OKPECTHOCTH V TOUKH @, 3Ta OKPECTHOCTh
COIePRUT TUCTIA @, NI BCOX BHAUEHHIT 77, 34 HCKJIOYCH HeM KOHEUYHOTo
QHUCJIa; OPYTUMH CIOBaMHE, eCll MHOMKECTBO Tex R, JAJA KOTODHX &,
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OpuHAmIesRuT V, cocrasisel NOAMHOMECTBO MHOKecTBa N, mMelomiee
KOHeYHOe JoNoJHeHHe. flCHO, 4TO, MOCKONBKY peub mier o6 OKpecT-
Boctax, R mpeanmonaraercsa HaneseHHBIM TOMONOTHIECKON CTPYRTY POif;
9T0 Kacaerca MHoMKecTBa N, TO B HeM HTpaer 0co6yI0 PoJib HEKOTOpOe
CeMefiCTBO IIOJMHOKECTB, a MMEHHO IeX, KOTODHE HMMET KOHeYHOe
gonoiHeHwe. Jro — obmumit ¢art. Kamnapiii pas, Rorga ToBOPAT 0
opemesie, pedb HAeT 0 HEKOTOPOM OTOOpayKeHWH f KAaKOTO-TO MHOKe-
crBa £ B Kakoe-T0 TOmOJOTMYECKOE IIPOCTPAaHCTBO F; mpw sroMm ro-
BODAT, 4T0 f EMeeT IPeJeoM TOYKY @ IpocTpancTBa F, eciu, KaKoBa
Ol Hu OBlJa OKPECTHOCTh V TOYKH @, MHOMKECTBO TeX 9JIEMEHTOB X
u3 E, obpas wotopmx copepmurca B V (1. e. moiublii «mpooGpasy
f71(V)), mpuHajIeKuT HEKOTOPOMY HAmepe/ 3aJaHHOMY CeMEHCTBY &
TmOjMHOKeCTB MHOecTBa F£. Uto0Ob wonsTue npeseda obaagaio
CyUIeCTBEHHHIMU CBOHCTBaMU, KOTOpHE eMy OOBIYHO NPHUCYIH, OT
cemeiictBa § Tpefyercsa BHIIOJHEHWE HEKOTOPHIX AKCHOM, KOTODH®
copmyamposans B § 6 ru. 1. Taxoe cemeficTeo & TIOAMHOKECTB MHO-
mecrBa E masmBaerca gusvmpon B E. Bupouem, nonsrne guabTpa,
KOTOPoe, TakuM o0pa3oM, HEOTHAEeJMMO OT IOHATHA Ipefeia, BCTpe-
4aercA B TONOJOIWY HOBCIOLY: HAOPHMep, OKPECTHOCTH TOYRY . B
TOHNOJIOTHYECKOM IPOCTPAaHCTBe 06pasyoT (GuabTp.

Obmee n3y4yenne BCoX NPUBEEHHBX MOHATUI COCTABIAET OCHOBHOM
npexmer ria. 1. B meit msyduarorcs Takike HEKOTOPHIE YACTHEE KIACCH
TOMOJOTHYECKIX IPOCTPAHCTB: HPOCTPAHCTBA, YAOBJIETBOPAION(E AK-
crmoMaM 6oJiee JKECTKMM, deM o0mme, W NPOCTPAHCTBA, MMOJyIAeMEI®
OyTeM MPUMEHEeHUA 0COOKX MTPOIECCOB U3 yiKe 3aJaHHHX IIPOCTPAHCTB.

Hax ysxe crasaHo, TOMOJOTUICCKAsA CTPYKTYPa B MHOMKECTBE AT
BO3MOKHOCTh OPUFATh TOUYHHIA CMBICA BHPAMKEHUIO: «KAK TOIBKO
TOYKA I [OCTATOYHO GJmM3Ka K a, z obnanaer cpoiictsom P{z}». Ho,
3a HCKJYEHWEM TOTO CJy4as, KOT[A OIpejesieHO «PaccTOAHWe», He
BHUHO, KAaKO#l CMBICA CJefyeT OPHUATh BHPAKEHHWIO: «Iiobag mapa
focTaTouyHo O6IM3KEHX TodeK r, y obaanaer cpoiictBoM P{x, yl». 910
OPOUCXOMUT OTTOr0, YTO MB He HMMeeM AIpPUOPH HWKAKHUX CPENCTB
CPABHWBATH MeAy CO00OI OKDEecTHOCTH [(BYX PABJAMYHEIX TOUEK.
Mesxay TeM nmomsaTHe maps GJMBKUX TOYEK 4acTO BCTPEUYAETCS B KJac-
CHYeCKOM aHasmse (B YaCTHOCTH, B HPEAJIOKeHWAX, IAe Pedb Uaer o
paBHoMepHOIl HempepoiBHOcTn). [loaroMy BamkHO nprjath 9ToMy
BBIPA/KEHUI0O TOYHBI CMBICH BO BCeil OOLIHOCTH; 9TO NPABOJUT K
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oupeJieNIeENIo  CTPYKTYpP, Gosiee GOraThIX, WeM TONOJOTWYECKHUO, &
UMEHHO pagHomephuix cmpyxkmyp. OHm mayuatorcss B ra. II.

OcranbEbie raasml sroil kHurm 111 moceamenm Bompocam, rae
ONHOBPEMEHHO C TOMOJOTWISCKUMH CTPYKTYpPaMd WJIM PaBHOMEPHHIMH
CTPYKTypaMU y9acTBYIOT enie ppyrue cTpykryps. Hanpumep, rpynna,
B KOTOPO#l onpefesieHa HagdesKamas (T. €. B UBBECTHOM CMEICJTE COTJIa-
CYIOIIAsICA CO CTPYKTYPOX TPYIIE) TOMOJIOTUA, HOCUT HA3BaAHUE MONo-
aozuneckoil epynnei. Tomonormyeckme rpynnn usyuaiorcs B ra. III,
rye, B 9aCTHOCTH, IIOKA3bIBAeTCsl, KAKUM 00PasoM J00yI0 TOIOJIoruIec-
Kyl0 TPyOOy MOKHO HaleduTh HEKOTOPON PaBHOMEDHOH CTPYKTYpOii.

B ra. IV mpemmecTtByioniue Teopuu NPUMEHAIOTCA K TeJTy PaIfuo-
HAJBHHEX Hces (ONpejieIeHEOMY YUCTO aJirebpamdecKuM myTeM B I I
krury I1), 910 no3BoOAsET OIPENENNTH TET0 BelleCTBeHHBIX YNCeN; BBU-
Jly ero BasKHO# POJIR OHO TYT K€ NOJBEPTaeTCs JeTAIbHOMY M3y UeHHUIO.

OTopaBasAAch OT BEMECTBEHHHX 4YHUCE], B CAEAYIIIUX TIJaBax
OIIpeNeNAI0TCA HEKOTOPHE TONOJOTHYECKHE HPOCTPAHCTBA, O0COGEHHO
WHTEPECHEIe ¢ TOUKY 3PEHUs ITPUJIOKEHUH TOIMOJOTHH K KIACCHIECKOH
reoMeTPUH: BOKTOPHEIE IPOCTPAHCTBA KOHEUHOH PasMepHOCTH, cdepH,
OpPOeKTHRHENE HpOoCTpaHcTBa W T. 4. MaywaTcsa TakKe HEKOTOpHE
TOMOJOTUYeCKUe [PYNOb, TECHO CBA3aHHBE C ANIUTHBHON TpPynmow
BEIMECTBeHHHX UncesJ W XapaKTepH3yIOI[Ue ee aKCHOMATHYeCKHU; 3TO
OpPUBOAMT K ONPEAEJNEHUI0 W DJIEMeHTAPHHIM CBoUCTBAM HauboJee
BayKHBIX B KJjaccliueCKoM aHaJm3e (YBKIUHA: DOKasaTelbHOH, Jora-
pupMa W TPUTOBOMETPNUECKUX (GYHKIAIA.

B ra. IX mm croBa BosBpamaeMcs K OOLUM TOMOJOTUYECKHM HPO-
CTPAHCTBAM, BOODYJKEHHEe HOBHM WHCTPYMEHTOM, 8 HIMEHHO BeIecT-
BEeHHHIM YHUCJIOM; B YaCTHOCTH, M3YYaOTCA NPOCTPAHCTBA, TOMOJOTHA
KOTOPHIX ONPEeJeNAeTCH MNOCPE[CTBOM «PACCTOAHUAY, OHH 00JamaroT
HEeKOTODHIMH CBoiicCTBAMHZ, 3aBEIOMO He HMMEINUMH MecTa AJasa Gomee
00IUX IPOCTPAHCTB.

B ra. X uayuaroics MHOKeCTBAa OTOGDAKEHUN TOMOIOTHYECKOTO
HPOCTPAHCTBA B paBHOMEPHOE OPOCTPAHCTBO (HA3hIBaeMble QYHKITHO-
BaJIBHBIMU OPOCTPAHCTBAMH); 9TH MHOKECTBA, HAJeNeHHEE B CBOK
ouYepeAb HaJJIeKalnell TOIMONOTHYECKOW CTPYKTYpoi, 06/1aaa0T HHTe-
PECHEIMH CBOWCTBAMU, WI'PAIOIIUME Ba)KHY0 POJb [asKe B Kiaccuye-
ckom amanmmse. Haxomen, mocaeprss riara DOCBAMIEHA W3YYeHHIO
NOHATHA HAKPHBAIOIEI0 W OZHOCRARHOIO MPOCTPAHCITB,

D a——



FTITABA1
TONOJOTHYECKUE CTPYKTYPBI

§ 1. OrkpeiThie MHOKECTBa; OKPECTHOCTH; 3aMIKii)Thie MHOKECTBa

1. Omxrpsimoste HHOICECNEA

Onpepenerue 1. Tonoaozuneckoii empyxmypoti (mnm, wopowue,
monoaozueti) e mroxcecmse X Haswsaiom cmpykmypy, 06pa3oearHyi0
sadanuem Mmuoscecmea O nodmuoncecme mHoxcecmea X, o6aadarouyezo
caedyrowumnu ceoticméamu (HasHBAGMBIMA AKCUOMAMU MOROAOZUHECKUT
empykmyp):

(O,) Bearoe o6wedunenue mnosxcecms us O ecmo MmHOKcecmso ua O.

(0y) Ilepeceuenue 6carozo KOHeuHO20 cemelicmea MHOKNCECME U3
O ecmv muoxcecmeo us O.

MHuoscecnea us O HA3LEAI0MES OMEPBIMBLMU MHOICECMBAMU MONO-
A02udeckoli cmpyrmypel, onpedeasemoll nocpedemeom O ¢ X.

Onpenenenue 2. Tonoaozuneckum npoCMpPaHCINEOM HASHLEAIOM
MHOJNCECNE0, HadeneHHOe MONOAOZUMECKOU CmpYyKmypoii.

OJIeMeHTH TOMONOTMYECKOTO IPOCTPAHCTBA 9JaCTO HABHBAOTCH
mouramu. MHEOKecTBo X, B KOTOPOM Ompe/elena TONOAOruA, HasdhBa-
eTCsA Hocumesem TOUONOTHYECKOTO mpocTpancTtea X.

Axrcnmoma (O,) Bieuer, B 9acTHOCTH, YTO O0LeAWHEHHE OYCTOTO
MHOJKECTBa MHOMKeCTB U3 O, T. e. nycmoe muoxcecmeo (Teop. mMpox.,
CBogka pesyabr., § 4, dopmyna (33)), npumapnemur £. AKcuoma
(O) Bneuwer, 4ro mepecedenme OYCTOTO MHOMECTBa MHOMECTE U3 O,
T. e. muomecmeo X (Teop. mmomx., Cpogka pesyanT., § 4, dopmyua
(40)), npmnapnemnt ¥,
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Jlnsi nokasaTeJLCTBA TOrO, YTO MHOKECTBO O IOAMHOMKECTB N3 X
ynosjiersopsaer axcuome (Ojp), gacTo ynoOHO YyCTaHOBHTH, YTO OHO Yj03-
JeTBOpPseT KaK[od U3 CAeAyOIUX ABYX aKcHOM, o0beqyHeHHe KOTOPHX
paBsociibaO (Op):

(0y),) Hepecevenue awbux deyxr mnoscecms us O npunadaewcum O.

(Oy16) X npunadaercum 9. ’

Hpumepn Tonomormii. MEOMECTBO NOJMHOMECTB KAKOTO-
nubo mmEomectBa X, cocroamee m3 X W @, YAOBJIETBOPSACT aKcHOMaM
(0;) u (Oy) w ompenensier, Takum oOpasom, Tonojornio B X. To xe
cnpaBelImBO [JaA MHO:KecTBa YP(X) BCeX NOAMHOMKECTB MHOMGeCTBA X
TOMOJIOTHIO, KOTOPYIO OHO OIlpefesifeT, HashBAIOT QuckpemHoli monoaozueli
B X, a MuoykecTBo X, HajJejeHHOe 3TOI Tomosorneil,— duckpemmnvn npo-
cmparncmeom.

Hokpumue (U) .1 nopMHOMKECTBA A TOMOJOTHYECKOTO MPOCTPAH-
crea X (Teop. MHOM., CBO/iKA pe3yubT., § 4, n° 4) Ha3HIBAIOT OMKEDLL-
mun, ecnu Bce U, — o1KpEITHE MHOMKecTBA B X.

OnpeneacHuE 3. [omeomopgusmom monosozuueckozo npocmpai-
emsa X Ha monoaozueckoe npocmpakcmeo X' Hasvieaiom usomopghusm
monoaozuteckoli cmpykinype. npocmpancméa X HG MONOLOZUYECKYIO
empyrmypy npocmparcmea X', 1. e., B COOTBETCTBAM C OOIIMME OIIpe-
nenenuamu (Teop. mmoxk., Ceopka pesyubr., § 8, n° 5),— Gueryurn
X na X', npeobpasyiowyio MHOICECMBO 6CexX OMKEDLUMBLL MHo%cecme us X
8 MHOXNCECME0 6Cex OMEPLMbLL MHOoKcecms u3 X' .

Tosopar, uto X un X' zomeomopdner, ecim cymecTByer roMeoMop-
dusm X ma X',

IIpumep. Ecim X u X'— pmcKpeTHele TpOCTpaHCTBA, TO BCAKas
Omexknus X Ha X' sABJaseTcA roMeoMop(N3MOM.

Onpepnenenue roMmeoMopdusMa HENOCPEJCTBEHHO CBOAMTCA K Clle-
OyoLleMy KpPHTepmIo: das moz0 wmobw Ouekyus f monoaozuueckozo
npocmpancmea X Ha monosozuieckoe npocmpancmeo X' 6Owaa 20meo-
Mmoppusmom, Heobxrodumo u docmamourno, wmobv obpas npu omobpa-
Jcenuu  6caK020 OmMEpPHIMO20 MHONcecmBa u3 X Obla OMKEDLUMBLM MHONHCE-
cemeom ¢ X', a npoobpas omHOCUMEAbHO [ 6CAKO20 OMEDVUN0Z0 MHONCE-
cmeq us X'— omrpumum mroxcecmeom ¢ X.
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2. Oxpecmnocmu

OnpepraeruE 4. Okpecmiocmuvlo MmHoNcecmea A 6 MOnoAOZUHecKOM
npocmpancmee X HaA3BL6AIOM 8CAKOE MHOHCECME0, KOMOpoe codepicum
Karoe-aubo omrpumoe muoxcecmeo, codepucaujee A. Orpecmuocmu
00HOmMOUeUIL020 MHONCECMEA {Z} HA3GBAOM MAKICE OKDPECTHOCMAMU
mouku z.

flcno, aro Besakas okpecTHOCTh MHOKecTBa A B X ABagerca TaREKe
OKRPECTHOCTHIO KajKknoro MHOMecTBa BcC A m, B 9acTHOCTH, KayKgoil
tToukn u3 A. ObpartHO, mycrh A — OKPECTHOCTH KajKAOU TOUKHM MHO-
wectBa B w U — obbeguHenme BCeX OTKPHITHIX MHOMKECTB, COl€p-
mamuxca B 4; torma Uc A, m Tak Kak Kakjaasa Touka us B npuman-
JeKAT HEKOTOPOMY OTHKPHITOMY MHOKECTBY, copmepsKaiieMycsa B A4,
10 Bc U; vo U otkpuro B cuay (O,); cmeposarenbro, A — okpect-
HOCTH MHO;KecTBa B. B wactHocTH:

Ilpepnoxerue 1. Jas moeo umobu mHoxcecmeo 6bli0 OKpecmHo-
cmblo Kaxncdotll ceoell mouku, Heobxodumo u Oocmamoyno, umobbl OHO
ObLI0 OMEDLLIMLLM.

CJIOBO «OKDeCTHOCTH» HMeeT B OOBIJeHHOH pedd TaKOU CMBICI, YTO
MHOTHe CBOHCTBA, B KOTOPLIX y4YacTBYeT HA3BAHHOE HAMH TeM jKe MMeHeM
MaTeMaTHIeCKOe NOHATHE, BHICTYNAIT KAK MAaTeMaTHYeCKOe BblpaskeHHe
HHTYATHBHO ACHBIX CBOMCTB; TeM CaMbiM BHIGOp 9TOrO TepMHHA WMeeT TO
IpeuMyINecTBO, YTO feJaeT peub Gosee o6pasHoil. [ TOH Ke 1N MOKHO
HCIOJNb30BATh B HEKOTOPHIX YTBePIKICHUsIX TalKe BbIparkeHne «LOCTATOYHO
GnMBKHI» W «CKOAbL yroguo Gauskmity. Hanpumep, npensosenie 1 MoKHO
BBIDA3uTh B CchaeAylomeil ¢opme: aas Toro 4robnl MHO;KecTBO A 6bLIO OT-
KDPBITHIM, HeOOXONNMO U [QCTaTOYHO, 9TO6H 1isi Jw06oTo £E€ A BCe TOUKH,
docmamouno 6auskue ¥ x, GpuHaIeKaan A. W Boobme, ecan HexoTopoe
CBOACTBO MMeeT MeCTO [JA BCeX TOYeK HeKOTOPOH# OKPeCTHOCTH TOYKU x,
TO FOBOPAT, 9TO UM 006J1afjal0T BCe TOYKH, docmamouro 6auskue K x.

O6o3uauuM gepes L (r) MHOMKECTBO BCEX OKPECTHOCTeH TOUKH Z.
Muosxectea u3 B (z) 00aagaloT CaeAyIOMUMEA CBOMCTBAMME:

(V)) Beawroe nodmmoscecmeo mmoxncecmea X, cobepicawyee rkaroe-
HUbYOb muoxcecmeo us VB (), npunadaemcum W (z). V

(Vy) Hepeceuenue roneunozv wucaa mnoxcecms us B (x) npunad-
aexcum L (x). : -
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(Vi) Oaemenm x npunadaexcum kasxcdomy muoxcecmsy us VB(z).

JleiicTBUTEIbHO, 9TH TPU CBOHCTBA ABIAITCA HENOCPE]CTBEHHBIME
CIIeJCTBEAME ompepenenna 4 m akcmoMs (O)).

(Viy) Aasn raxcdozo V, npunadsexcauezo V(x), cywecmeyem W,
npunadaeacaujee B(x), maroe, umoV npuradiescum V(y) dan awbozo
yeWw.

HeficTBUTeTBHO, HAa OCHOBAHUY NPeHJoKeHUA 1 MOCTATOUMHO B3ATDH

sa W n106oe oTKpPHITOE MHOMECTBO, COMEpyKaliee Z M COAEpPRamieccs
B V.

ITocennee CBOWCTBO MOKHO eIlle BEIPA3HTh, CKA3aB, YTO 0KDeCmMHOCMb
MOYKEU & ecmb émecme ¢ MeM OKPecCmMHOCMb 6cex mouek, ocmamouno 64uss
KUz K .

DtH ueTHpe CBOWCTBA MHOMmecTBa V(T) ABIAOTCA Zaparmepu-
cmuueckumy. A HMeHHO: ¢

lleepnomenue 2. Ecau rawmdomy saemenmy x mmnoxrcecmea X
nocmaeaeno & coomeemcmeue mroxcecméo B(x) nodmuoxcecne us X
mak, 4mo npu smom umewm mecmo ceoticmea (V)), (V,), (V) u
(Viy), mo 6 X cywecmeyem, u npumom edurcmeernas, monoiozuieckas
_empykmypa, dis komopoii B(x) cay-
JCUM  MHONCECTNBOM — 6CeT  OKpecm-
nocmeti x npu awbom x € X.

Ecan tpebyemas Ttomosiorudec-
KasA CTPYKTypa CymeCcTByeT, TO MO
npeiioKenuio 1 MHOKeCTBOM Bcex
OTKPBITHIX MHOKECTB 9TOH Tomo-
J0TUU Heo0X0oguMO CJIYMKUT MHO-
AecTBO L BCeX TAKUX MHOKecTB A
uz X, aro A€LB(x) Oan awboeo
z € A; orciofia eduHcmeeHHOCMb 9TOM
TONOJIOTUHU, €CAW HOCHefHAA Cy-

Puc. 1. MeCTBYeT.

Ho muoxectso O oueBmano yaosiaerBopser akcmomam (O)) m
(0,)); ana (O)) aTo BHTEKaeT HEMOCPEJICTBEHHO U3 (V)), a nna (0,)—
us (V,). Ocraerca yGemmrbcAa B TOM, 4T0 AJiA TOHOJOTHH, OIpepe-
aseMoii MHOKecTBOM £, LB(x) ABIAETCA MHOMECTBOM BCEX OKpPeCT-
HocTell ToUKE z Ana Kakporo z € X. Us (V,) BEITeKaer, 4TO BeAKad
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OKPECTHOCTh TOYKHN x mpuHamae:RarT L (r). O6parno, mycts VE D (x)
n U — MHOMECTBO TeX ToueK y, misa Kortopux V € V(y); morakewm,
a0 2€ U, UcV u UED, 4eM foKasaTelnbcTBO U Oy[eT 3aBepiieHo.
Ho z€ U, u6o V € B(x); U=V, ubo Bearas Touka y € U npuHamie;xut
V B cuny (V) u opegmonoxkerus, aro V € B(y). 3mauur, ocraercs
nokasarh, uro U €D, 1.e. uro U € B(y) naa Beex y € U; uo (pume. 1)
eciny € U, To cormacHo (V) cymecTByer Takoe MHOKecTBO W € VB(Yy),
aro V € B(z) npu no6om z € W. Tar rak V € B(z) osuauaer, uro z € U,
r0o W U, otryna B cuny (V) U € B(y), uro u TpeGoBanoch 0KA3aTh.

[Ipennoxenne 2 nowasmBaer, 4to Tom0J0TMI0 B X MOKHO OIpe-
MeJuTh 3ajaHueM MHOMecTB L(x) orpecrHocTedl Touek m3 X, mop-
unHeHHHX Jumb axcuomaMm (V)), (V,), (V) 1 (V,y).

II pmwme p. Onpeneanum TOMOJOrMO B MEOKecTBe ) BCeX palloHaNb-
HBIX 9Hce]l, OPUHAB 32 OTKPHITHle MHOKECTBA BCEBOBMOKHBIC 06beduleHUs
02PAHUNEHKBLEL OMEDPHMBL UHmepsasos; akcuoma (O;) BHIDOJHSEeTCA TpU
9TOM 0YeBHIHBIM 006pasoM, @ [/IA OPOBEDPKH BLIIOJIHEHHA AKCHCMbI (On)
JOCTATOYHO 3aMeTHTh, YTO eCJIU NepecedeHne [BYX OTKPBHITHIX IIHTEPBAJOB
la, b] n ]e, d| me mycro, TO OHO ABIsETCA OTKPHITHIM MHTEPBAaJIOM o, fl,
rge a=sup(a, c), P=inf(b, d). Ta ke TomosorHsA HONYUUTCA, ecau A
Kaykoro z € Q oumpenennTh MHOKeCTBO B () BCeX OKPeCTHOCTEI 3TOi Toukn
Kar »Hnoxcecmeo ecex nodmmnoixcecms 6 Q, codepycawuxr kaxdoe neromopwii
omgpumull unmepéas, komopomy npunadaexcum xz. Tomomorndeckoe Jipo-
CTPaHCTBO, WOJyYaeMoe MyTeM HajeseHOA () ONNCaHHOH ToloJOIHeil,
Ha3bIBAETCA payuoraavholi npamoii (M. ta. 1V, § 1, n° 2). 3amerum, yro
B 9TOM IPOCTPAHCTBe BCAKHUI OTKPHITHIH MHTEPBAJ €CThb OTKPEITOE MHOMie-

- crBo. °Taxnum ke o6pasoM OmnpesensieTcs TOIOJOTHS B MHOKecTe R Beex
BellleCTBeHHBIX 4Hces; R, HanmeneHHOe 3TOH TOMOJOTHEH, HA3LIBAIOT 4uc-
40601 npamot (cM. § 2, yupaskuenne 5 u ra. IV, §1, n° 3).,

3. DYHFANCHMANLHBIE CUCTRENBL CEPECMHOcCm ett; Ga3uchl
1MONCA0UY

Ounpenenesue 5. @yrdamenmanvnoii cucmemoii okpecmuocmer
mouku x (COOTB. mHoscecmea A) 6 monosozuueckom npocmparcmee X
nasviearom ecaroe muovcecrneo & orpecmruocmeii x (coot. A), obaa-
daowee mem ceoticmeom, umo das awboii okpecmuocmu V. mouku x

(cooTB. mHoxmecmea A) cyuwecmeyem okpecmnocme W € € maras,
umo WcV.
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Takum of6pasoM, eciu & — QyHmaMeHTaJbHAA CHCTEMAa OKpecT-
HocTell MEOKecTBa A B X, TO BCAKOE IepecevyeHue KOHEUHOTO ducJa
MHOKeCTB U3 & COAePIKUT HEKOTOpoe MEOMKecTBo u3 &.

IMIpunmepu. 1) B duckpemnom mpocrpaHcTBe (n° 1) MHOKECTBO
{x} caMo o0pasyeT (QyHAAMEHTaJbHYIO CHCTEeMY OKDECTHOCTEH TOUKN z.
2) Ha pammonanbHOil mpaMoit Q (n° 2) MHOMKeCTBO BCeX OTKPHITHIX
OHTePBAJOB, COJePKAIAX TOYKY z, ABJAsETCA QYHIAMEHTA bHOI CHCTeMO
okpecTHOCTeH 3TOil ToukH. To jKe MOMKHO cKasaTh O MHOKECTBE OTK PBITHIX

1 1
UHTEepPBaJIOB ]x—;, x—l—; , K&K 1 O MHOKeCTBe 3aMKHYTHIX MHTepPBaJJ0OB

1 1
lx——;, a:—l—; , THe n OpUHUMaeT BCe Mejble 3HaueHMs >0 WA TOJBKO

KaKyo-HEOYIb CTPOr0 BO3PACTAMIYI0 OECKOHEUHYIO I10CJeN0BaTeJbHOCTE
meJanlx sHawenumit >0,

°AHajIOTUYHbIE YTBED)KJIEHUS COpPaBeIJUBH [JIA YUCJIOBOU TPAMOil.

i p o

Onpepenerme 6. Basucom morosozuy monoaozuieckd2o npo-
cmpancmea X HA3b8aI0M 6CAKOe MHOXCECE0 B omEPUMBL MHONCECME
us X, makoe, umo aboe omrpvimoe muoxcecmeo ¢ X sasasemes 00ve-
OQunenuem mnoxcecms, npunadiercayur B.

IIpepnoserue 3. Jas mozo umobs. muoxcecmeo B omkpuwmunz
MHONCRCME MONoAo2UuYeckoe0 npocmpancmeéa X Gviao 6Gasucom ez20
monoaosull, Heobxodumo u docmamouno, umobwv das 4w6oeo x € X mHo-
acecmeo ecex V €D marux, umo x €V, 6oio dyndamenmanvroll cucme-
Mol oxpecmHocmell Z.

Heo6xopgumocTts yciaosnsa oueunua. O6paTHO, ecium yCIOBHE BbHI-
HOJHEHO, TO [ad J100oro oTKkpeitoro Maoyecrsa U u awboro z€ U
CYMIECTBYET TaKoe OTKPHIToe MHOMecTBo V € B, uto z €V, U. O6pe-
pueenue Bcex V. (z € U) copnasaer, Takum obpasom, ¢ U, aro n 3a-
BepIIaeT [0Ka3aTeJbCTBO.

II pume pH. 1) MEOKeCTBO BceX OHOTOYEUHBIX MHOKECTB fABJISETCA
06a3ncoM AWCKPETHOH TOUOJOTMI.

2) MHOKeCTBO BCeX OrpaHHYeHHbIX OTKPBITHIX HHTEDPBAJOB 0O oUpe~
[elieHAI0 sABafAeTcA (6aznmcoM TOUOJOLHMM panfoHAJBHOH mnpaAMod (n° 2).
°MH®KeCTBO BCeX OTPAHMYEHHbIX OTKPBITbIX HHTEPBAJIOB ABJIAETCH TAIKE
6a3ncoM TOHOJOrHH IHCIOBOM LpPAMOIL.
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4. Samrrnymole HHONCECINEA

OUPEAENEHUE 7. SaAMEHYMbIMU MHONCECNEAMU 8 MONOAOZULECKOM
npocmpancmee X Hasweaiom 00NOAKEHUS OMKEDPLUNGLE MHOKCECME.

[Iyrem mepexopa k jomommenuaM akcmomm (O;) m (O,,) mpeoGpa-
BYIOTCA COOTBETCTBEHHO CJEAYIOLIUM 00pasoM:

(O1) Bearoe nepeceuenue 3aMEHYMBLL MHONCECNE eCMb 3AMEHRYMOE
MHOHCECTNEO.

(O11) O6wedunenue ecaroeo Koneunozo cemelicmea SaMKHYMHL MHO-
Jcecme ecmb  AAMKERYMOE MHOIHCECME0.
[lycroe MHOKECTBO M BCe mpocTpaHcTBO X 3aMKHYTH (U, 3BAYMT,
omrpumo-zamrnyme; cm. § 11).
Ha pannonanbroil npaMoli BCAKNH IHTepBan BHja [a, —| ABaserca
BaMKHYTBHIM MHOKECTBOM, IIOTOMY 9YTO €r0 [ONOJHEHHe [«, a] OTKpHTO;
Tak ke yOeskjgaeMcsi B TOM, YTO N BCSAKHI MHTepBall BHAA [<«, a] ecTh .
3aMKHYTOe MHOKeCTBO; BHAUNT, M BCAKHI BaMKHYTHI OrpaHWYeHHbII
nugepsan [a, b], xak mepecedenume mHTEpBAJOB [a, —| u |«, b], ecTb
3aMKHYTOE MHOKECTBO.
MmuosecTBo Z Beex panilOHaJbHBIX [@JEIX 4HCeJ 3aMKHYTO HAa pamuo-
HaJbHOU NPAMOH, OOTOMY YTO ero JOouOJHeHUue U [n,n + 1] orrpmTO.
nez

Hokpumue (F),e; MEOKECTBA A B TOMONOTMYECKOM NPOCTPAHCTBE
X naswiBaerca samruymoin, ecim Bce F, 3aMKHYTH B X.

lomeomopgusm f romosormueckoro mpocTpancTBa X HA TOMOJO-
ruueckoe mpoctTpancTBo X' (n° 1) moxer GHTH elle oXxapaKTepnaosan
Kak Oweknua X wa X', npu komopoii 06pas 6cakoe0 3aMKHYMO020 MHo-
amecmea us X ecmo samrnymoe muoxcecmso ¢ X', a npoobpas écsroco
samrnymozo mruozxcecmea us X' ecmv 3amkHymoe mmoscecmeo ¢ X,

5. Jdokaavro roneunvie cemeitcmea

Owupepeneane 8. Cemeiicmeo (A ), ¢) nodmnoxcecms monoaozu-
yeckoeo npocmpancmea X HA3bl8aIOM A0KAALHO KOHEUHBIM, eCcAU (AR 110-
6oti mouru x € X cywecmeyem maras ee okpecmuocme V., umu V ) A-=@
Oas acex, Kpome Koneunveo yucaa, undercos \ € 1. Muowmeemeo € nuo-
mioxncecme us X HAZWNEAIOM AOKAAGHO KOHEUHbIM, €CAU AOKAAbHG KO-
HEUHO CeMEUCeo MHOMECMS, Onpedessemoe Mo decmeeH b vmubpa-
menuen & na ceba,

2
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flcHo, aro ecnu (A )y e 1 — TOKANTBHO KOHEYHOE CEeMeCTBO MHOKECTB
u B c A, pna no6oro L €1, o u cemeiicTBO (B,) ¢ ; TOKATBHO KOHEYHO.
O4eBHUIHO, BCAKOE KOHeuHOe CeMEHCTBO MOJMHOMKECTB TOIOJIOTHYe-
CKOro mpocTpamcTBa X IOKAJILHO KOHEYHO, HO o6paTHOe HeBePHO.

°Hampumep, B R OTKphITOE HOKpHTHe, 00pa3oBaHHOe HWHTePBAJIOM
]« 1] m unrepBanamu [n, —[ ¢ m06HME medEME n==0, JOKAILHO KOHETIHO;
OJ[HAKO, KayKiplil mHTepBan |n, —| Tepecekaer OeCKOHeYHOe MMCIO MHO-
#KeCTB YKa3aHHOTO MOKPHITHA.,

IlpEnnoxErnE 4. OG6vedutenue A0KAALHO KOHEUHO20 ceMelicmea
SAMKHYMBLE MHOKHCECME MON0A0UYECK020 npocmpancmea X 3aMEHYMO
6 X.

B camom pene, myctb (F ), e; — JOKAIBHO KOHEYHOE CEMEICTRO
BAMKHYTHIX MHOKeCTB B X U mycTh TouKa z € X He IPHHAJIEHKUT
F =U F; cymecTByeT OKpecTHOCTh V TOYKH Z, UMEIOIIAA HEIyCToe

vel
mepeceueHre TOJbKO ¢ MHOMKeCTBaMU Fn HMHJEKCH KOTOPBIX o6pa3y101‘

B I Kkoneunoe monMuOecTBO J. C Ipyroil cropoHH, i mo6oro L€ J
MEOxKecTBO U, =CF OTKDHTO H COMEPsKUT Z; OTCIONA BaKI0IaeM, ITO

CF comepsKHUT OKPECTHOCTH V) f']Ul Touku . B cuay mnpemio-
LEJ

sxenua 1 CF oTKpHTO 1, ciiemoBaTeabHO, F 8aMKHYTO.

OTtMeTnM, 9TO OOBeUHEHUe npouU3604bH020 CeMeicTBA BaMKHYTHIX
MHOecTB B X He 00A3aTe bHO 3aMKHYTO; HAapHMep, Ha DPANVOHAJbHOI
npamoit Q muOxkectBo [0, 1], ABaAACH 0OBejHeHVWEeM 3aMKHYTHIX MHO-

FKeCTB I%, 1——%] (n>0), He 3aMKHYTO.

6. BHympenHOCMb, 3AMNBIKAHUE, PAHUUT NWHOICECMEA;
6C100Y NAONVHBLE MHOAHCECTEA

OnpeneneBue 9. Touky x monoaozuyeckoeo npocmparncmes X
Haswisalom HympeHHell Moukoll mHoscecmea A, ecau A ecmb okpecm-
nocmb . Mhosicecmeo ecex eympenHux mouex Muoxcecmea A Hasbi-

[

eaemcs €20 GHympeHHocmulo U 0603Hanaemes A.

ITo oupenenenuam 9 u 4, x ecTh BHYTPEHHAN TOYKA MHOMKecTBA A,
eciium CyMmecTRyeT OTKPBITOe MHOMKECTRO, colepkameecss B A u conep-

Famee z; OTCIofla caenyer, 110 A eCTb o0'bejjuHenne BCeX OTKPHIIbIX
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MHOJKECTB, COfiepyKamuxca B A, T. e. Haubosbliee OMKEPHLMOe MHOdNHCE-
cmeo, colepixcawjeecs 6 A; APYyTUMHU CIOBaMH, eciu B — omxpwmoe

MHO’KeCTBO, copepsameeca 8 A, ro B A. CaemoBarenbro, ecam 4

n B — raxue moswectBa B X, utro Bc A, T0 B A; naa toro arobn A
o
OBLI0O OKPECTHOCTHIO B, Heo6XOmMMO M [OCTATOUYHO, 4To0H B A.

3daMedganue BHYTPeHHOCTH HEIYCTOTO MHOKeCTBA MOKeT OBITh
TycTOH; TaK OGCTOHT 1el0 HJSA OJHOTOYETHOTO MHOKECTBA, €CIH TONBKO
OHO He ABJIAETCA OTKPHITEIM, HAIPHMep HJA OJHOTOUEYHOIO MHOMKECTBA
HA PANUOHAJNBHOR mpsAMOHl °(MIHM HA 9HCIOBON NpPAMOiL),.

[Ipexmnoskenne 1 Mosker GBITH BHICKA3aHO eIe CAeLyONUM 06pasoM:
Has mozo umoby MHOMCecmeo 6bLA0 OMEDLMBIM, He06xX00uUMO U
docmamouno, umobGe. ono coenadano co ceoeli SHYMPEeHHOCIbIO.

W3 cpoiictea (V) (n° 2) BhITeKaeT, 9To BCAKAA TOUKA, BHYTPEHHSH
OJIHOBPEMEHHO [JIA ABYX MHO)KeCTB A u B, Gymer BHyTpeHHeHd u mus
A N B; orciona

/_0\ ° o
AnB=AnB. €)'
Beakas BHYTPeHHss TOYKA IOTOJHEHUS MHOKecTBA A HasHBaeTcs
éHewHell K A, a MHOMKECTBO TAKMX TOYEK — eHewhocmvio A B X;

TakuM o6pasoM, Touka x € X, BHemHAA K A, XapaKTepH3yeIcs TeM,
9T0 OHA UMeem OKDEeCmHOCMb, He nepecekaiwylocs ¢ A.

Onpepenerue  10. Iogopsam, wmo x ecmv mouka npurocrosenus
mroxcecmea A 6 monoaozuueckom npocmpamcmse X, ecau écaras ee
okpecmHiocme nepecekaem A. Mmnoxcecmso écex mouek NPUKOCHOBEHUS

MHOdcecmea A Hasvisarom ez0 3amblEaRUeM U 0603navaom Z.

9To ompefesqeHNe MOKHO BHIPA3HTh elle, CKA3aB, 9TO Z eCTh TOUKA
NPUKOCHOBEHIA MHOMeCTBA A, eCilm B A UMEIOTCA TOYKH, cKoab y20dHo
6auskue K .

Beskasa touka, He ABAAOIMAACA TOYKOH HPUKOCHOBEHWS MHOMO-
crBa A, 6y/ner BHemHeit kK A, w 06paTHO; TAaKAM 0Gpas3oM, CILPABE/INBE
(nBoiicTBeHHEIe APYT APYTY) GOpPMYJIHL:

LA .
CA=C4, CA=CA . @)
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[Tosromy RCAKOMY IIPEJJIOMKEHNIO O BHYTPEHHOCTH MHOKECTRA COOT-
BeTcTByeT Osoiicmeennoe (Teop. muoxk., Cogka pesyabt., § 1, n° 15
u § 4, n° 7) mpennokenme o 3aMblKaHuH, u obpaTHO. B wacTHOCTH,
3aMBIKaHZE MHOMKECTBA A eCTb HauMeHbllee 3AMEHYMOe MHOJICECTE0,
codepocaujee A; IPYTUMU CITOBAMU, eCAU B — samkiymoe MHOKECTBO,

coepxaniee 4, 10 AcB. Ecin A u B — nBa Muoskectsa u3 X TaKue,
aro AcB, 10 AcB.

Has samrrymocmu muoscecmea Heo6xodumo u docmamouno, wmobs
OHO €08NA0AN0 CO CEOUM 3AMBIEGHUEM.

Qopmyae (1) coorBercTByer nBoiicTBeHHAA Gopmyna
AUB=A4UB. 3)

Meegackenue 5. Ecau A — oTkpoiTOC MHodHecmeo 6 X, mo das aio-
6020 Bc X cnpaBegauBa gopMyna

AnBc ANnB. (4)

IleiicTBuTeIbHO, ecniu £ € A eCTh TOYKA OPUKOCHOBEHUA MHOMKe-

crea B, 1o jasa aw06oit okpectHOCTE V 9To#l TOuKW MHO;KecTBO VN A

Toe Gymer okpecTHOCTHIO %, n60 A oTKpHTO; BHauur, VN AN B ue
mycTo, W MOTOMY & €CTh TOYKAa HPUKOCHOBeHus s A N B.

Ecam x — Touka mpMKOCHOBEHHA MHOKecTBa A, He mpuHamie-
maman A, Te BCAKAsg OKPECTHOCTH 9TOM TOUKHU COEPIRAT TOURY @3 A,
omAuuHyw om x; eenu yKe ¥ € 4, To MOYKeT CAYIUThCsL, 9TO OyneT cy-
IeCTBOBATH OKPECTHOCTH TOUKU Z, HE COJEpsKallasg HU OJHON TOUKH
u3 A, OTINYHOR OT Z; B ATOM CJAy4ae TOBOPAT, 9TO X eCTh U304UDVBAH-
Hasa mouka MHOKeCTBa A; B YACTHOCTH, & — M30JUPOBAHHAA TOUKA
BCEro mpocTpaHcTBa X TOIJA U TOJNBKO TOrna, Korga {z} — OTKphIToe
MHOKECTBO.

BaMKHYTOG MHOKEeCTBO, B KOTOPOM HeT H30JMPOBAHHBIX TOYEK,
HasHBaOT CO6ePpULEHHbBIM .

Owpenenerue  11. Touky z monoaoeuueckozo npocmpancmea X
Ha3HLEAlOM  2DAHUYHOL MOYKOU MHOxdcecnéa A, ecau OHG S6AAeMCs
moukol npukocrHosenus 00Ho8pemerHo Oas A u Oas CA; muoomecmeo
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6cexr eDGHUUHBLY MOYex MHoxecmea A Haswlearom epaHuyell 3mozo
MHONHCECEA.
Taxkum o6pasoM, rpanuneii MHOKeCcTBa A CHYKUT 3amEHymMoe

muoectBo A |CA. Ipammunas Touka 2 MHOMmecTBa A Xapakrepu-
ayercsa TeM, 49To ai00as ee OKPEeCTHOCTb COMEePKUT [0 Kpaiineil Mepe
ONHY TOYKY M3 A u mo KpaitHeit Mepe ofny Touky u3.CA; caMa Touxa z
MOKeT KaK NIPWHAJJIeKaTh, TaK U He npumHanmeskarb A. I'panumna A4
cosmajaer ¢ rpanuneii CA; ecam B3ATh BHYTPEHHOCTH A, BHEHNIHOCTH
A u rpaEumy A, To Te W3 ITHX TpPeX MHOKECTB, KOTODEE HE IIyCTHI,
obpasywor pasbuenue mpocTpaHcTBa X.

Onpepenerue 12. Iosopam, umo nodmuozxcecmeo A monosoeu-
yeckoeo npocmpancmea X naomuo ¢ X (Unu TaksKe 6ciody naommo,

KOT7la He MOKeT BOSHIKHYTH HesACHOCTh oTHocuTenbHO X), ecau A=X,
m. e. ecau 04a 2106020 Henycmozo omrpwmozo mHoxcecmea U uz X
nepeceuenue UNA He nycmo.

I pume psu. °Bra. IV, § 1 MEr yBugmM, 970 MHOKECTBO BCeX PAINo-
HAJBHBIX 9MCe] 1 ero JIONOJHeHWe BCIOAY I[JIOTHH B 9HCIOBOH IpPAMOIL.,

B puckperHom mpocrpaHcTBe X He CYIIECTBYeT BCIONY ILIOTHBIX
MHOKeCTB, OTAW4HBIX 0T X. HanmpoTus, eciu eIMHCTBEHHBIME OTKPHITEIMH
MHOMKeCTBaMH N Tomojgoruu B X sABiaA0TCA @ # X, TO BCAKOe HEIyCTO®
MHOKECTBO BCIOAY WJIOTHO.

Ieennoskerus 6. Ecau B — 6asuc monosozuu monosoeuyueckozo
npocmpancmea X, mo ¢ X cywecmeyem makoe 6ciody naomHuoe MHo-
acecmeo D, wmo Card (D)< Card (D). .

JeiicTBATEIbHO, MOKHO OTPAHMYATHCA TeM CJIydaeM, KOITa MHO-
mecTBa u3 B He mMycTH (yiKe HemycTHe MHOMKecTBa n3 B o6pasyioT
6asuc Tomosormm B X); mycTh Torja ¥,— Touka u3 U muas mo6oro
U €®P; us npepnoskennsa 3 BHTeKaeT, 9T0 MHOKeCTBO I Touex xy
nnotao B X; m npu atom Card(D) < Card (B) (Teop. mmos., ra. III,
§ 3, mpemsoskenue 3).

YopaskneHns

~- -
1) Haiitm Bce TOMONOINE B MHOKECTBE W3 ABYX HJIH TPeX 3JeMEHTOB.
2) a) IIycts X — ynopadouennoe mMHOKecTBO. [10Ka3aTh, 9TO MHOMKe-
CTBO MHTepBaJoB [z, —| (COOTB. |« , z]) ecTs Gasnc HEKOTOPOU TONONOIHH
B X; Gynem HaswBath €@ npasoi (COOTB. 4esoil) Tomoaormel. Iia npaso®
.



TOTOJOTHYECKHUE CTPYKTYPBI I L§t

TOIOJIOTHN BCAKOE NepeceveHne OTKPHTHIX MHOMKECTB €CTh OTKPHTOE MHO-
KeCTBO; 3aMBIKAHWeM MHo:kecTBa {z} CIyXNT HHTepBan |«, z].

6) Tomomormwecioe IPOCTPAHCTBO X HABLIBACTCA KOLMOZOPOSCKUM
npocmpancmeom, €CIW OHO YAOBIETBOPSAET CJeyIOMeMy YCIOBHIO: A
MOOBIX IBYX Pas/MyHHIX TO4eK z, ' U3 X CymMecTBYeT OKpPeCTHOCTH OJHOIL
U3 HUX, He cojiepykamas apyryio. IIokasaTs, uTo ymopsjouenHOe MHOKe-
CTBO, Ha/leJeHHOe OPaBodl Tomomormeif, ecTh KOJAMOFOPOBCKOE NpPOCTPAH-
CTBO.

B) IIyeth X — KOIMOTOpPOBCKOE HpPOCTPAHCTBO, B KOTOPOM BCSAKOE
nepecedeHne OTKPHTHX MHOKECTB eCThb OTKPHTOe MHO;ecTBO. [lorasarn,

ar0 2€ {2’ } eCTh OTHOMEHMAE TOPA/KA MeMTY « 1 z' B X H 4TO eCan 3ami-
ChiBaTh €ro B Buje r<<z’, TO 3ajaHHasd Tomosorus B X GymeT COBOAMATH
¢ IpaBoil TONOJOTHeH, ONpe/eNeHHOR DTUM OTHOIMEHMEM.

r) Boisectn m3 B), uTo ecam X — KOJIMOTOPOBCKOE NPOCTPAHCTBO, TO
BCAKOe HENYCTOe KOHeYHOe MHOKeCTBO B X HMMeeT IO Kpalimedl Mepe oy
A30JMPOBaHAYI0 TOUKY. Ecan X He MMeeT M301MpOBaHHBIX TOYEK, TO BCA-
KOe HeIlyCTOe OTKPLITOe MHOMKeCTBO B X GECKOHEUHO.

3) Jlaa Rammoro MHOMKecTBa A B TONOJOTHYECKOM NpOCTpaHCTBE X

MOJIOKAM a(A)=j, |3(A)=ff. Us AcB cuaegyer a(d)ca(B) u
B(4)=p(B).

a) IToxasaTs, uro ecam A4 OTKpHITO, TO AC0(d), a ecan A 3aMKHYTO,
To P(4)cA4.

6) BuBecTn m3 a), urto a(a(d))=oa(4) n BP(4))=Pp(4) naa awoboro
ACX.

B) [IpmBecrm mnpmmep MHOKecTBa A °(Ha HMHCIOBOU OpsMoil),, AaaA
KoToporo cemb MuOsKecTB A, A, A, a(A), B(4), p(4), a(A) nonapmo pas-
JU9HBl K He YHOBIETBOPAIOT HUKAKNM OTHOIIEHWAM BKJIIOYEHNS, KPOMe
CaeRYIOmMX:

AcAcA, Aca(A)cpa)c4,
Aca@)cp@)cA, a(d)cud), BA)=PA).

r) Hokasarp, 9To ecan U m V — OTKpHITHE MHOKecTBa U UV =g,
7o Tarke o(U)No(V)=g (ucnoaszoBath 0)).

4) a) [IpuBecTn npHMep OTKPHITHIX MHOMecTB A 1 B °Ha uncio-
Boii mpaMo#,, nas Kotophx A\B, BNA, ANB u A B nonapro pas-
JINIHBI.

6) °IlpmBecTn MpumMep IBYX WHTepBaloB A, B Ha 9mcioBod mpaAMoil,
11 KOTOPHIX A NB se conepmnrea B A B.,

5) Bynem obosnavaTh yepes Fr(A4) rpamminy MHOecTBa A B TOHOJIO-
THYeCKOM HpocTpancTee X.

a) Ilokasarp, uto Fr(d)cFr(4), Fr(;l)c Fr(4), n opumBectm °Ha
HHC/I0BOA DpsAMOH, UPUMep, KOFJA OTH TPH MHOMKECTBA DPasilHYHbL,
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0) IIycrs A, B—pBa MHOKecTBa B X ; [I0KasaTh, 9o Fr(4 |y B)cFr(4)U
UFr(B), n npnsectu °Ha YNCIOBOH DPAMOIL, IPEMep, KOT/IA 3TH MHOKECTBA
pasanunsl. [lokasars, uro ecium A()B=g, 10 Fr(4d JB)=Fr(4)Fr(B).

B) Ilokasarp, uro eeq1n A U B — OTKpHITHIe MHO3KecTBa B X, TO

(ANFr(B)UBNFr(A)=Fr(ANB)=
CANFrBHUBNFr(A)U(Fr (A)NFr(B));

OpuBecTH °Ha 4YWCJIOBOH INpPAMOH, HpHMep, KOIZA 9TH TPH MHOKeCTBA
Pas3augIHbL.

6) duas Toro 9To0B MHOKECTBO A B TOIOJOTHIECKOM HpOCTpaHcTBe X
HIMeJIO HeILYCToe lepecedenye ¢ J00BIM BCIOAY MIOTHBIM B X MHOMKECTBOM,
HeoOXONMMO W JOCTATOYHO, 4TOOH BHYTpeHHOCTH A OBHLIa HeOycTOW.

7) Iycre X — TomoJorm4eckoe IPOCTPAaHCTBO. PaccMOTpHM ciepnyio-
mue 4eTeIpe CBOIcTBa:

(D) Tomomorua mpocTpaHcTBa X 0061ajaeT CYeTHHIM O6asnCcoOM.

(Dy;)) B X cymecTByeT cueTHOe BCIOAY IJIOTHOe MHOMKeECTBO.

(Dyjj) Besaxoe MuOmecTBO B X, BCe TOUKH KOTOPOTO — HM30JMPOBAH-
HBIE, CUETHO.

(Diy) Beskxoe MHOMeCTBO HeIYCTHIX NONApHO He HepeceKalomuXxcs
OTKPHITBIX MHOKecTB B X CUYETHO.

ITokasars, uro coiictBo (D;) Bueuer (Dy) m (D) m uto kaxmoe
m3 csoitcts (D) u (Dyyp) Baeger (Dyy) ¥).

8) Ecam noaMHOeCTBO A TOIOJOTMYIeCKOTO HpocTpaHcTBa X He
¥MeeT M30JMPOBAHHLIX TOYeK, TO TO jKe COPABeNJINBO W [JJIA ero 3aMBIKaHMUA

4B X.

9) Iycrs X — MHOMecTBo, M—M — taxoe oroGpaskenme T(X)
B cebsa, aro: 1° g=g; 2° McM pas moboro McX; 3° M=M nas
mioboro McX; 4° MUN=MUN paa no6ux McX, NcX. Ilokasars,

aro B X CcymecTByer, I TIPATOM eWHCTBeHHAA, TONOJOTHSA, B KOTOPoid M
apisgeTca 3aMbikammeM M pia mioboro McX. [OnpepenuTs 3aMKHYTHI@
MHOKeCTBA B 3TOIl TOIOJOTHH.]

*) IIpmMep TpOCTPAHCTBA, B KOTOPOM BHIOJNHEHO (Dyy), HO He mMeloT Mecra
uu (Dyy), Hn (Dyyp), eMm. B ynpamdenuu 66 § 8. IIpmmep npocTpancTBa, B KOTOPOM
pernoanersl (Dyy) m (Dyyp), HO He umeer Mecra (Dy), cM. B ynpasknenun 16 § 5
ra. IX (2-e n3y1.). IIpuMeps MpocTpaHCTB, B KOTOPHX BHIIOJHEHO TOJBKO OIHO M3
yeaosuii (Dyy), (Dy), cM. B ynpas:xkuennu 24 § 9.

°B amempusyemom mpocTpancTtBe cBoiictBa (D) m (D;y) paBHOCHIBHHL:
npepanoxenne 12 § 2 raasm [X (2-e man.) mokaswiBaer, 9to (Dy) u (Dy;) paBHO-
CIIILHDBI; C IPYroil ¢TOpoHb, ecin (Dyy) BullIoNHEHO, TO A5 11060TO n CymIecTBYCT
MarcuMansHoe CUETHO® MBOKECTBO V= (B,,,,)m>=0 NONAPHO HE NepPeceKarmitIcs

1
mapoB pajiryca 7?— n obvennuerne BcCex 9THX [MmapoB BCIOAY FJIOTHO; CYETHUQ

MHOKECTBO IeHTpOB mapos B,, OymeT Torja BCIOLY MJOTHBIM.,
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8§ 2. HenpepsiBubie Qynxnun
1: Henpepoienvie ghynnuyuu

Ompepenerue 1. Omobpasxcenue f monoaozuueckozo npocmpan-
cmea X 6 monoaoeuueckoe npocmparcmed X' Hasviéalom HenpepbleHbLM
6 moure x,, ecau Oaa awbol oxpecmmnocmu V' mouru f(z,) 6 X' cywe-
cmeyem okpecmuocmb V. mouxu x, ¢ X maras, umo xz €V eaeuem

f@)ev'.

dToMy ompepneseHNI0 MOKHO IPUAATH CIeAyoNyo, 6olee HATIAHYIO
¢dopMy: yTBep:KjeHWe, YTO f HeIpPEepHBHA B TOUKe T,, O3HAYAeT, 4TO f(z)
ckéab y200no 6ausko k f(z,), Koab ckopo x docmamouho 64uU3k0 K .

Ornomernne «f(z) €V’ gna Bcex x € V» paBHOCUIBHO OTHONIEHHIO

—1
f)<V’' mam taxke Vcf(V'); npmEmMas BO BHUMAaHHWE aKCHOMY
oxpecrroctedf (V), sarmouaeMm, 4TO ompejiesieEHe 1 pPaBHOCHUIBHO
ciexylonmeMy: 2ogopam, wmo omobpascernue f: X->X' Henpepuisno 6

—1
mouke x,, ecau npoobpas f(V') ecawoti oxpecmmocmu V' ¢ X' mouku
f(z,) ssasemes oxpecmmocmelo mouku z, 6 X. Bupouem, pocrarouno,

—1
uro6u f (V') GHIIO OKPECTHOCTBIO Z, AN di06oil okpectHOCTH V',
TnpUHAIIeKaNel HEKOTOPO (fyHdameHmaibHOLL cucmeme 0K pecmHocmet
roukn f(z,) B X' (§ 1, n° 3).

Meepnomerne 1. Iycme f — omobpascenue monoaozuieckozo npo-
cmpancmea X 6 monoaozuyeckoe npocmparcmeo X'. Ecau f wenpe-
PBI6HO 8 mouke T, @ T — MOUYKA NPUKOCHOBeHUS MHOoxcecmea A ¢ X,
mo f(x) — mouka npurocroserus mroxcecmea f(A) ¢ X'.

B camom fene, mycts V' — oxpectHOCTh To9RY f(2) B X'; mocKonbKy

—1 —1
f (V') ecth okpecTHOCTH ToukE z B X, cymecTsyer Toukay € 4 N f (V'),

oreyna f(y) € f(A)NV’; stuM porasamo, 9ro f(r) — TOUKa HPHUKOC-
HOBeHUsA MHO;KecTBa f(A).

Meeanomenne 2. 17 yeme X, X', X''— monoaocuueckue npocmpar-
cmea, f — omobpascenue X 6 X', Henpepvienoe ¢ mouke t€X, g —
omo6pascernue X' ¢ X'', nenpeprisrnoe ¢ moure f(zx). Tozda cocmashoe
omobpadxcenue h=g ° f npocmpancmea X 6 X'’ nenpepuigro ¢ mouke .
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B camom pene, mycts V''— oxpectHocts Ttoukm h(x)=g(f(z)) B

—1
X''; B cuny HeupepuiHOCTE ¢ B Touke f(z), g(V'’) ectb OKpecTHOCTH
—-l —1

Toukn f(xr) B X'; mHOCKOABKY f HempepHBHO B TOYKe Z, f(g(V")

=h (V'') ectb oKpectHOCTH B X, UeM TpeAJOKeHWe OKAa3aHOo.

5

Onpepenenue 2. Omobpascenue monoA02UYeck020 RPOCMPAHCMEA
X ¢ monoaozuueckoe npocmparcmeo X' nasviearom Henpepuvignvin Ha X

(mIE DpPOCTO HenpepuisHbLM), €CcAll OHO HEnpepulieHo 6 Kajcdoli mouke
us X.

II puwmepn. 1) TomgecTBenroe 0ToGpaKEHNE TOMOJOTHIECKOTO
npoctparctBa X Ha ceGsa HEIPEPHIBHO.

2) Ilocrosmnoe oro0pa)keHMe TOLOJOTHIECKOrO IPOCTPAHCTBA B
TOOJIOTHIECKOe HPOCTPAHCTBO HEHPEPSIBHO. )

3) Beakroe orobpaxkenne mUCKPETHOTO MPOCTPAHCTBA B TOMOJIOTH-
4ecKoe HPOCTPAHCTBO HEOPEPHIBHO. - ’

TropEmMa 1. Iycmv [ — omobpascenue monoaozuneckozo npo-
cmparcmea X 6 monoaoeuieckoe npocmpancemso X'; caedyowue cevil~
- Cmea PasHOCUAbHBL

a) f nenpepueno na X;

6) f(A)= f(A) dan awbozo A=X;

B) npoobpas 6cakoeo 3amkhymozo muoxcecmea uz X' ecmn 3aMEHY-
moe muodxcecmeo & X

) npoobpas ecakozo0 omrEpuIM020 MHoIcecmea us X' ecmb omkpwinioe
mnodxcecmeo 6 X.

Mn ysxe Bmpenm, dro a) Baeuer 6) (upepaoenue 1). [Moraskem,
- -1
uro. §) Biedger B): mycrs F’'— zamrryToe MHOectBO B X' m F=f (F');

— — —_ — —1
no mpepnonokernuio uMeeM f(F)cf(F)cF'=F', otvyna Fcf (F')=
~FCF 1. e. F=Fu F BaMKHYTO. B) BIEYET r) B CHJy TOTO, 9TO
Cf (A) f(CA) naa  goboro A’ c:X [Mycrs, HakoHer, BHIIOJ- "

_HeHo T); s moGoro z € X u noboit okpecrrocT V' roukn f(z) B X' .
cyunecwyer orkpbiroe MEHOMeCTBO A' B X' Takoe, 4ro f(x)EA IS :
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-1 -1 —1 —1
torga £ € f(A"Yc=f (V') n, nockonbry f (A) orkpeiro, f (V') apaserca
OKPeCTHOCTBIO TOUKHA Z B X, 94eM [0KAa3aHO, 9TO T') BJEYeT a).

damewganusda 1) Iycrs B — Gaszuc (§ 1, n° 3) Tomosornm
B X'; mas toro uro6s f: X—X' 6wl0 HempepHBHO, HeOHXOLHMO

—1
u pocraroyso, 91o0u f (U’) 6t otkphiTEM B X paa ao6oro U’ € B.

IIpumepwu. [ycts a — Kakoe-1u60 panmOHAIBHOE HHCJIO; OTO-
6pasxenne 2 —> a-+x panumoHadbHO MpAMoii Q Ha ceGs HempepuBHO Ha Q,
n60 mpooGpas OTKpHTOro HHTEpBaia b, ¢| oTHOCHTENIBHO 3TOTO OTOGpA-
TKEHNsA eCTh OTKPHITHI HHTEpBAl Jb—a, c—a|. OToGpaskeHHe & —> ax TOMKe
HelnpepHIBHO HA Q: aTo oueBHAHO, ecan a=0, ubo Torma az=0 opu abom
z; ecam e a#0, To mpooGpasom oTkpHTOrO MHTepBada |b, ¢| caymur

c

" b
OTKPBLITHIN HHTEpBaJ C KOHOHAMH — H —,
a a

2) Mpm mempepwBHOM oroGpaskerun X B X' 06pas OTKPHITOTO
(cooTB. 3aMEHyTOro) MHOMKecTBa W8 X MOKeT He OHITH OTKPHITHM
(coorB. saMKHYTHM) MHO:KecTBoM B X' (oM. § 5).

1 .
unmeaoBoi mpamoir R B

1422
ceda mempepriBHO, HO f(R) ectb momyorkpwTeii maTepBax 0,1}, a om Hm
OTKPHIT M HH 3aMKHYT B R.,

Il prmep. °OroGpaskeHme f: z+—>

TropEMA 2. 1° [yecme f: X—X' u g: X'—>X''— nenpepuisnse
omobpasxcenus, moeda g o f: X—X'"" uenpepusno.

2° Jlas mozo umoGy Oueryus f monoaoeuuecrkozo npocmparcmea X
Ha monosoeuueckoe npocmpancmeo X' 6vaa zomeomopgusmom, Heob-
zodumo u Gocmamouno, umobtr u f u obpamrnas k f Guekyus g Guiau
Henpepbienyl (WM, KaK ele roBopAT, 4robH f GHIIO 63aumHO Henpe-
pri6Ho).

[lepBoe yrBepmeHZEe eCTh HEMOCPE/ICTBEHHOE CJIENCTBUE IPENIo-
JKeHNUA 2; BTOPOO BHITEKAeT U3 TeOPeMH ir u ompefeieHus rOMeoMOp-
¢uama (§ 1, n° 1).

daMeuanua 3) Momer oymecTBOBATL HenpepuleHan Cueryus
TOIOJIOTHYECKOI'0 IPOCTPAHCTBA X Ha& TOHNOJOIAYeCKOe IMPOCTPAHCTBO
X', He Aeaswascn 68aUMHO HENnDEPLISHOUI LPUMOD LOJNYdIEM, B3AB
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sa X' panuonamprylo npamyio Q, a sa X — mmomecrso Q, Hajenen-
HOe JMCKDeTHOIl TOTOJOTHeil; ToskiecTBenHOe oroGpaskenne X—X'
Oyjer HempepwBHO, HO He OyaeT romeoMopdusMom.

4) Uro6m yGeamTbesi B TOM, 49To HemlpepbiBHAsA Ouexnma fi X—X'
ecTh roMeoMopdu3M, [OCTATOYHO Jl0KaszaTh, 4ro f(V) ecTh OKpeCTHOCTH
Touru f(z) B X' pas awoboit rourn z€ X u moboii ee okpectHOCTH V.

5) Hyers X - TONOJOrHYECKOE NPOCTPAHCTBO M B (z) MIA KaKIOro
z€ X — MHO)KeCTBO BceX oKpectHocreil z. Ilycrh xy—Touka n3 X; ompe-
NeUM A RaKA0r0 z € X MHOKeCTBO L o(x) nogMHOMECTB u3 X CJIeyI0IM
obpazom: Lo(zo)=B(zy), a ecan z#zy, 10 Ly(xr) — MHONKECTBO BCeX
nogMuokects n3 X, copepskamnx z. Henocpemersenno nposepseres (§ 1,
upepaoienne 2), uro Vg(xr) — MHOMeCTBa OKpeCTHOCTed Todex r n3 X
Ias HeroTopoil Tomosornnm B X; 0603HAaunM ueped X, ODONydYeHHOe TaK
TOHONOTHIECKOe IIPOCTPAHCTBO, a 9epe3 | — TOMKAeCTBeHHOe 0TOOpaskeHile
X,— X, HempepsiBHOE, HO BooOme He B3alMHO HeupepbiBHOe. Jlus Toro
urofu orobpaskenwe f mpocTpaHcTBa X B TODOJOTMYECKO€ MPOCTPAHCTBO
X’ Gblio HempepbiBHO ¢ mouke &g, HEOOXOANMO W JIOCTATOYHO, 4ToOH €O-

i f
crasuoe otoGpaskenme X,—>X—X' Oul10 nenpepusno na X,, 4TO Heuo-
CPe[ICTBEHHO BEITEKAaeT U3 OIpefieJenni,

2. Cpasnernue monoaoeuti

Teopema 2 moxassiBaeT, 4T0 B KAa4YeCTBE MOP@HU3MO8 TOIMOIOTHUE-
CKUX CTPYKTYP MOKHO B3ATHh HempepsiBAbie ortoOpaykenus (Teop.
MHOX., Ti. IV, § 2, n° 1); M GyzneM Bcerna npepaiosiarath B gajibHeii-
[eM, 9T0 CHeJaH MMEHHO 3ToT BHOGOP Mopdusmos. B coorsercrBmu ¢
ofimumu onpepnenenuamu (Teop. maosx., ra. IV, § 2, n® 2) sro mosso-
JIAeT ONpefe]uTh OTHOMIEHWE NMOPSNKA B MHOMKECTBE BCEX TOLOJOrHL
B OJJHOM M TOM :Ke MHO;KecTBe X:

Oupepenenut 3. IHyems danst monoaoceuw J,, J, 6 odnom u
mom sice miosicecmee X ; eosopam, umo J y maxcopupyem & 5 (1 umo I,
mascopupyemes, & 4), ecau morcdecmeennoe omobpancenue X,—~X,,
20e X;— mmnoscecmeo X, nadeaenrnoe monosoeuet & ; (i=1, 2), nenpe-
puero. Ecau, kpome mozo, I 5= 5, mo eosopsim, umo &, cusvhee J ¢

(¢ &, caabee T,).

IiBe Tomosorua, Offa K3 KOTOPHIX Ma;KOPHPYET APYIYI0, HashBAIOT
CPABHUMBIMUL. :
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Kpurepuu menpepwmBHOCTM OTOOpaskenus (ompemenenme 1 u reo-

pema 1) cpasy paior ciemylouiee IpeJiOKeHUe:

leennomenue 3. Hyemv T, I ,— monoaoeun 6 mroxcecmee X.

Caedyowjue npedrodceHus DAEHOCULbHYL:

a) &, maxopupyem & .
6) Kakoso 6v1 Hu Gblio x € X, 6cakan oEpecmHocmy X 6 monoaoeu & 4

ecmbs OKpecmHOoCcmbv r 6 Imonoao2ul eq.l.

B) Jlas an6oz0 AcX samwikanue A 6 monoaozuu & , codepicum

samvikanue A 6 monoaoeuu J 4.

r) Beakoe mmoscecmeo us X, samrnymoe ¢ & o, samknymo ¢ & ;.
n) Beawroe mmoscecmeo us X, omrpuumoe 6 &4, omrpumo 6 J 1.

II pumep. °BruanbeproBoM mpocTpancrse H BCeX mOCHe0BaTeNb-
@®

HoCTeH X=(x,) BeIIeCTBEHHBIX 4HCe], AJA KOTOPHIX ]]x]|2=2 $72z<+°°’

n=o0
OKPECTHOCTSIMHU TOYKH Xo B cu4bHOL TOTOJOTHA SIBJISIOTCS BCEBO3MOMKHbIE
MHOKCCTBA, CojepiKalnue KayKaoe Kakoit-uubynp map | x—x,||<o ¢ meHr-
POM B X,; OKPECTHOCTAMH X, B ¢1a60ii TOLOJOIMN ABJIAIOTCA MHOKECTBA,
cofiep:Kalijyie DOAMHOKECTBO, OUpefie/isieMoe YyCJa0BUeM BHJA

sup |(x—xola;) <!
1=Zi<n

w
(rne a; — Touxkn uw3 H, a (x |y)=2 ZpYy 1A X=(x,) B y=(y,)) (Tom.
n=o0
1
BeKT. TpocTp., ra. V). Iyers p= sup_ lla;|l; Torna ”X—'X0“<'B" BJIe4eT

==

[(x—xgla;) |<<|Ix—X,ll- la; <! (1<Ci<Cn), 4dYeM [OKa3aHO, YTO CHJIbHASA
TonoJIOTHA Mmaxopupyem caabywo. C npyroit cropous, B H [Jjs BCAKOro
KOHEYHOTO ceMeHCTBAa TOYeK (a;)1<li<Tn CYMeECTBYIOT TaKWe TOYKH X, 49TO
(x—xg¢la;)=0 (I<<i<<n), a |Xx—X¢|| croab yeodno eeauko; 9TO MOKABHIBAET,
49T0 CHJIBHASA TONOJOTHA cuabHee CaAaloiL.,

3daMeuanuasa 1) B ymopamoueHHOM MHOKECTBE TOLOJOTHH B

MHO3KecTBe X JAWCKDeTHAsA TOMOJNOTHMA CAMAA CUAbHAL, @& TOIOJOLHs,
eMHCTBEHHBIMI OTKDPHITHIME MHOKECTBAMU KOTOPOH ABAAIOTCA & H
X, camas caabas.

2) T'oBops 06pasHeil: 4eM TOMONOTHA CULLHEE, TEM 604blte OTKPHITHX

MHOJKECTB, 3aMKHYTHIX MHOECTB, OKDeCTHOCTel; BaMHKaHHe (COOTB.
BHYTPEHHOCTb) MHOKeCTBA TeM MeHbluie (COOTB. 604blie), TeM TOMO-
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JIOTHUA ClAbHee; TeM TOLOJOTHA CULbHee, TeM MeHblle BCIONY IJIOTHHX
MHOKECTB.

3) HenmpepriBHoe oro6paskenne f: X—X' ocrameTcs HeIpephIBHEIM
npu 3aMeHe TomoJornu B X Mascopupyrowes TomoJIoruei, a TomoJorun
B X'— maxcopupyemoti (teopema 2). Muaue romopsa, HempepHBHHIX
orobpaskenmit X B X' TeM Goabuwre, ueM tomosorus B X cuabhee, a
Tomosorugs B X' caabee.

3. HHuuyuasvHosle monoaozuu

Oeepnomenne 4. Iyemb X — mnoscecmeo, (Y ), e1 — cemeticmeo
monosozureckux npocmparcme, f, 0asn awbozo € I — omobpancenue X

¢ Y . Ilyemv © — mnoocecmso ecex nodmmnosxcecms us X suda f:(Uc)
(vel, U— omrprimoe muoxcecmeo 8Y ) u B— mHoscecmeo nepecevenut
6CEB03MONCHBLY KOHEUHBLL cemelicme muoscecms us &. Tozda B ecmsb 6asuc
monoaoeuu & 6 X, asasioujetics UHUYUAIbHOT MON0A0ZULeckoli cmpyk-
mypoii 6 X omnocumeavho cemeiicmsa (f) (Teop. muox., ra. IV, § 2,
n° 3) u, 6 uacmrocmu, caabeiiuieli us mex monosozuil ¢ X , npu komopuix
ece f, nenpepviensr. I'osops mounee, 0as moeo umobs omobpascenue g
monoaozudeckozo npocmpancmea Z ¢ X (nadeaennoe monosoeuell J)
Obl10 Henpepweno 6 mouke z €Z, Heobxodumo u docmamouro, wmobs
Kaxcdas us gynkyuil f o g Onaa HenpeprieHa ¢ Mmouke z.

IIycrs £ — MHOMKECTBO 6ce803MONCHHL OOGBEIUHEHTH MHOMKECTB
us B; AcHo, uro O yposiersopser akcmoMe (0)) B CHIy accomuarms-
Hoct: obbenuHenua um axcuome (O,) B cmny ompegmenenus B u pu-
CTPUOYTHBHOCTH IEPECeTeHNUsT KOHEUHHIX CEMEACTB OTHOCHTEILHO
npousBonbHHX obbenuaenuii (Teop. muo:x., CBomka pesyast., § 4,
dopmyia (37)). Takum o6pasoM, O ecTh COBOKYIHOCTH BCEX OTKPHTHIX
MHOKECTB HeKoropoil Tomosornn &J B X, a B — 6Gasuc atoit Tomoso-
ruu. J{oKakeM mocjenHee yTBepKIEHUE HPENIOMKEHNUs, UTO IOBJIEIET
ocTaNbHEIE HA OCHOBAHWE OONMX CBOMCTB WHUIUAJBHHX CTPYKTYD
(Teop. muO%., raasa IV, § 2, n° 3, kpurepmit CST 9). IIpesxne scero,
onpenenenne © mokxassiBaer, 4ro f, Hempepmsan Ha X (reopema 1);
MO3TOMY, €CIH ¢ HEeIPEePHBHO B TOUKE 2, TO TO ;Ke BEPHO U IJA fog
(upenmoxenne 2). O6parHo, IPEANOIORNM, 9T0 Bee fog HeIpPepHBHE
B TOUKe 2z, M mycTb V — oKpecTHoCTh g(z) B X; 1O oOmpe/eNeHH0
CyIecTBYIOT KOHEYHOe NOXMHOKeCTBO J MHOecTBa [ M /1A KaK0rQ
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—1
L € J orkpriToe muO:kecTBo U BY  Takme, 9ro V comepskmr n f.(U),
veJ

—1
a g(z) npumRapneRUT 3TOMY mociegHemMy MHOoskectBy. Ho g (V)>

—1 —1

D ng (f.(U))), ans npeanosomxenus BEITEKAET, YTO KA 06 13 MHOMKECTB
veJ

—1—1 —1

g (f. (U)) ectb okpecTHOCTH z B Z; ciepnosarenbuo, tame g (V) —

OKPECTHOCTh z B Z, 9T0 M 3aBepIIaer JoKa3aTeabCTBO.

’

IIycrs B, — 6asuc romonorun B Y (W €I); o6osmaumm depes &

MHOKECTBO BCEBO3MOKHEIX MOAMHOMKecTB u3 X BHAa fll( U), tne U e,
nas aoboro v € /. HenocpencrBenno scHo, 910 MHOKeCTBO B’ mepece-
JeHUil BCEBOSMOJKHBIX KOHEYHEIX CeMelCTB MHOKeCTB M3 ©' rtamme
ABIAercs 6asucom Tonosormu & .

O6mue cBoiicTBa HEHNMANBLHHX CTPyKryp (Teop. muox., ra. IV,
§ 2, n° 3, xpurepmit CST 10) Biexyr, B wacTHOCTH, Clefylollee
CBOMCTBO mpansumusHocmyu (BOpPOYeM, M HEMOCPEeJICTBEHHO OdUe-
BUTHOE):

Heepnomenne 5. IHyeme X — mroocecmeo, (Z),e; — cemeticmeo
monoaoeuveckuzx npocmpancms, (Jy)ye, — pasbuenue I u (Yihe, —
cemeticmeo mrozcecme, umeiowee L ceoum muoxcecmeom undercos. Illyemeo,
naroney, hy, Oas kaxcdozo A€ L — omobpanenue X 6 Y,, a g, 04a
wmobtir A€ Luy € J,—omobpascenue Y, ¢ Z ; noaoscum mozda f =gy o h.
Hadeaum wascdoe Y, crabetiweli u3 monosoeull, npu Komopux ece g,
(. € Jy) Henpepuisrbl; mozda caabetiuwan us monosozuil ¢ X, npu Komopuz
Henpepushbl 6ce f,, cosnadaem co caabetiutell u3 monoaoaull, RPU KOmMo=
pulx Henpepwlenb, ece hy.

MMpumepn. . Tpoo6pas monoaoeun. Ilycts X — MuoKeCTBO, Y —
TOMOJIOTHIECKOE IPOCTPancTso, f — orobpaskenne X B Y; caabeiimas
Tonosorug & B X, COXPaHAOIIAs HENPEPHBHOCTh f, HA3HBAGTCA
npoobpaszom OTHOCHUTENHHO f Tomosormm mpocrpancrsa Y. Ms mpen-
N0sKeENA 4 W GOPMYJI, BHIPAKAIOIIX TP006PasH 00 e IHHEHA I Iepe-
ceuenns (Teop. muok., CBonxa pesynbr., § 4, popmyan (34) u (46)),
BEHITEKAeT, YTO OTKPHITHIE (COOTB. BAMKHYTHIE) MHOMKeCTBA miaA & —
®T0 npoo6pass. OTHOCUTENbHO f OTKPHTHX (COOTB. 8AMKHYTHX) MHO-
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/KecTB m3 Y'; CIe[0BaTeNbHO, NIA KaKAoro € X MHoMecTBa fl(W),
rae W mpoGeraer ¢yHmaMeHTalIbHYIO CHCTEMY OKpectHocTeil f(z) B
Y, o6pasyioT pyHIaMEHTaJIbHYIO CHCTeMy OKpecTHocTell z B J . B § 3
1oj, HaUMEeHOBAaHWEM UHOYYUpPOsanuol monososuu Gymer U3yd4eH TOT
9acTHHH caydail, Korna X <Y, a f — KaHOHWYeCKas HHBOKIUA X—Y;
X, HajJleJeHHOE 9TOH TONOJOTHElH, HAa3KBAETCA TOTA noanpocmpancm-
gom npocrpactBa ¥ (cMm. § 3, n° 1).

Ilag Toro 4T06H orobpajkeHme f TOMOJIOTMYECKOTO NMPOCTPAHCTBA
X B Tomosormyeckoe npoctpancTBo X' GHIIO Henpepbieno, HeobXonEMe
¥ 0CTATOYHO, UT00H Tomosorua X madxcopuposasa mpoobpas TOmoJo-
ruz X' orvHoCHTENBHO f.

II. Bepxuas epanv mrmoxmcecmea monosozuii. Besroe cemeiicTro
(J e Tomonornit B MHOKecTBe X obmajaer eeprHell epanvio J B
YOODSAMOYeHHOM MHOKecTBe BceX Tomodormii B X, T. e. cpead Tomo-
aormit B X, masxcopupyrowur Bce &, cymecrByer caabeliwas. B camom
zielle, [OCTATOYHO IPVMEHUTHh Ipejjioenue 4, oGosmauasa wepes Y
MHO;kecTBO X, HajleleHHOe TomojoTHel &, W depes f— Tompect-
BeHHOe oToOpaskenme X—Y ; Torpa & Oymer caaGeiimeii ms Tomo-
JIOTHA, IJA KOTOPHX HENpepHBHH BCe f,.

[ycrs reneps & — npoussosvroe MHOMKECTBO IMOAMHOMKOCTE MHO-
secTBa X; cpemu Bcex rtomosoTwit & B X, NJIA KOTOPHIX Kamioe
MHOKecTBO U3 & omkpumo, cymecrByer ciabeiiman J ,, HasHBaeMasd
TOIOJIOTHEH’, Ropoxcdaemoli mHoxcecmeom ©; B caMoM fiesie, TOCTATOUHO
pacemorpers B X aaa Kagoro muomecrsa U €& tomoaormo I,
OTKPHTHMHI MHOMKecTBaMu KoTopoit aBagiorecs &, U m X (raroe
MHOKECTBO TIO/IMHOJKECTB OYeBHAHO ynoBiersopaer axcmomaMm (O))

u (0y))); Tononorua & ; ecTs He YTO MHOE, KAK 6ePIHAL 2PAHb MONOA0SUL
& . Tlo mpennoxenuio 4, MHOMKECTBO D nepeceuenull 6Ce603MONCHBLE
KoHeunnx cemeiicme MuOectB us & obpasyer Oasuc tomonoruu o
© masmBalOT cucmemoti o6pasyowur Touodorun J .

IT1. IIpouseedernue monesozuti. Ilycrts (X ),e; — cemeiictBo TOIO-
J0TMYeCKUX NPOCTPAHCTB; ciaadeilmylo W3 TONOJOIUHA B OPOM3BE/IEHUH

X= II X, mpum KOTODHX HeNPepPHBHH Bce npoekyuu pr;: X—X,
el
HA3LIBAIOT Npouséedenuem monoaveull HpocTpancTB X ; MH H3yUuUM

ee noapo6GHee B § 4.
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4. DurnaasvHovle MONOA0LUU

Heepnomenne 6. Tyemv X — muoocecmeo, (Y )e1 — cemeiicmeo
monoaozuteckux npocmpancms, f, O0an kaxncdozo €1 — omobpasicenue
Y, 6 X. Ilyemv £ — mroocecmeo ecex nodmmnoacecms U ¢ X maruz,

umo fll(U) omrpumo 8 Y, das awb6ozo v € I; O ecmv mmoscecmeo écex
omEpumux muoxcecms 04as monosoeuu J ¢ X, asasowelica PHUHAILHOL
cmpyrmypoti 8 X omruocumeavro cemeiicmea (f) (Teop. muosx., ra. IV,
§ 2, n° 5) u, 6 uacmrocmu, cusvretiueli u3 mex monoao2uii ¢ X, npu
komopuix éce f, menpepwsnr. [ pyeumu caoeamu, 0as mozo umobvl
omobpaxcenue g muoxcecmea X, HadeaeHH020 monosozueli &, 8 mono-
aoguteckoe npocmpancmeo Z 6wao HenpepuigHo, HeoGrodumo u docma-
mouno, umobw kaxcdoe us omobpaxcenuti g o f, 6bi0 HenpepusHo.
HemocpencteeHHO mpoBepseTcs, 4ro L) yIOBIETBOPSET aKCHOMaM
(0) m (0,) (Teop. muox., CBogra pesyubr., § 4, Popmyas (34)
u (46)); mokaskeM mocJefHee yTBeP)KIEHHe IPEJIOKEHUs, ITO IOBIe-
Yer ocTajbHHe B cuay ofmux cpoitictB ¢uuHanpHEX cTpyKTyp (Teop.
muomk., . IV, § 2, n° 5, wpmrepuit CST 18). s ompepesnennsn O
AIBCTBYeT, 4T0 Hpu HafeneHn:m X rtomosorueir J Bce f HempepHBHH
(reopema 1); moatoMmy, ecium g HeIPePHBHO, TO HENPEPHBHH M g o f,
(reopema 2). O6GparHO, IPEANONOKAM, UYTO BCe g o f HEHPEDPHIBHEL,

B mycth V — OTHPHITOE MHOKECTBO B Z; IO IPENIOJOKEHUI0 MHO-
-1 -1
smectBo f, (g (V)) orkpuiro B Y, mpm mo6om € J; ciemoBareasbHo,

-1
g (V)ED, 9ro m saBepmaeT JOKa3aTeabCTBO.

Canepcrsue. IIpu ycaosusxr npedaoscenus 6, 0as mozo umobu
MHoxcecmeo F 6 X Ovlao samknymo 6 monosoeuu &, Heobxodumo u

-1
docmamouno, umobwu f (F) 6vo samknymo 6 Y, npu awbom v€1.
9T0 mONYyUAETCH U3 OLPEIeIeHNs OTKPHITHX MHOKECTB TOLOJIOTHH
& mepexoioM K [ONOJHEHWAM.

O6mume cBoiicrBa ¢umanbEbix CTpyKTYp (Teop. mmomxk., ra. IV,
§ 2, n° 5, kpmrepuit CST 19) BaekyT caemylomee CBONCTBO MpaH3u-
musHocmu (M HENOCPEACTBEHHO OUEBHUIHOE):

Nrepnomenne 7. Iyemoe X — mmuosxcecmeo, (Z),c1 — cemeticmeo
monosoeuneckuz npocmpanems, (Jy\he; — paséuenue I u (Yy)e; —
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cemeticmeo MmHoxcecme, umewouee L ceoum mHoxicecmsom umdercos.
ITyemo, nakoney, hy dan kaxcdozo A€ L — omobpaxcenue Yy ¢ X, a g,
0as mobrix A€L u v €J,— omobpaxenue Z 6 Y,; noioxwum mozia
f=h, o g.. Hadeaum raxcdoe Y, cuavheliwel u3 monoaozuii, npu
Komopwx HenpepuisHul ece gy, (VE Jy). Tozda cuabnelivias us monosozuii
¢ X, npu Komopwxr HenpepuigHbl 6ce [, cosnadaem ¢ cusvheliuell u3
monoaozuii, npu KOMOPUX HenpepuieHsl éce h,.

Mpuwmepw. I. @axmopmonosozus. Ilycrs X — Tomomornue-
CKoe MPocTpaHcTBo, R—ortHoluenne 3KBuBatenTHocTd B X, Y=X/R—
¢arropmuokecto X mo R u ¢: X—Y — KanoHmuecKoe oTo0parxkenue.
CunbHefimas us TOHOJOTHA B Y, IPH KOTOPHX ¢ HEIPePHIBHO, HA3H-~
BaetcAa armopmonoaosuell TONMOJOTMM HpocTpancTBa X 10 OTHO-
mennio R; M usyunM ee moppobuee B § 3.

11. Huocnss epanb mHoscecmsa monoaozuli. Besaroe cemeficTno
(T he1 Tomomormit B MEO;xkecTBe X o6nagaer HudcHel epanvio J B
MHOKeCTBe BCex Tomojoruil B X; APYTUMH CJIOBaMH, & €CTb Cldb-
Hellwas W3 TONOJOTHH, Mmaxopupyemviz BcemMu & . B camom pese,
AOCTAaTOYHO IPHMEHHTH Ipefso:xkenue 6, BsaAB 3a Y, MHOkectBO X,
HajleJleEHOe TomoJorueil ¢, a 3a f,— TOMK/ECTBOHHOE 0TOODasKeHH®
Y —~X. Ecam O, — MHOKeCTBO BCeX OTKPHTHX MHOMecTB B X,
HafleJleEHOM Tomosormeir & ,, TO nDL eCTb MHOKECTBO BCEX OT-

vel
KPHTHX MHOMeCTB B X, HaJleJeHHOM TonoJoruedi & . & Ha3HBaOT

TaKIKe nepeceueruem TomoJormin .

ITI. Cymma monoroeuneckuz npocmpancme. Ilyets (X )e1 —
ceMefiCTBO TOLOJOIMYECKUX NPOCTPAHCTB, X — cymma mHoxcecns X,
(Teop. mmosx., ra. 11, § 4, ompepenenue 8), j, nna wammoro L€/ —
KaHOHWYeCKoe (WHBeKTHBHOE) oToOpakemme X, B X. Cmuabmeitmasn
Tonojiorns & B X, OCTaBIAAKIAA HENPEPHBHEIME BCO j, Ha3HBae1Ca
cymmoii monoaozuii npocrpancts X, a X, HaueseHHOe 8Tol TOMmOJIO-
ruel,— cymmoll TonojormIeckux mpocrpancts X,. OrorRpecTBEM
rasknoe X, ¢ ero o6pasoM B X OTHOCHTENBHO j; AdA TOrO 9To6H MHO-
#ecTB0 A X 6HIIO OTKPHTHM (COOTB. 3aMKHYTHIM) B TOIOJIOTHE o ,
Heo0XONWMO ® [OCTATOYHO, 9YTOOH Kasgoe H3 MHOKeCTB 4 () X,
61710 OTKPHTHM (cooTB. 3aMKHYTHIM) B X,. B wacrtHocrs, Kaskpoe us
X, omkpwmo-3amknymo.
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IV. Caenyromee mpegioxenue oGobmiaer curyanuio mpumepa I11:

Ileegnosxerne 8. Iyemv X — mroncecmso, (X,), e, — cemeticmeo
e30 nedmrosxcecms u kaxcdoe X, nadeaeno monoaseueli &, mak, wmo
dasn aw6oli napw undercos (A, n):

1° X, N X, omrpwimo (coOTB. 3amkryme) 6 KaxcOoli us mono.aozuil
cg-)\, Gq_u;

2° Iy u I, undyyupyiom e X, N X, cosnadaiowue monoaoeuu.

ITyemv & — cuavhetiwas w3 monosoeuti ¢ X, npu komopux éce
unweryuu j: X,—>X nenpepuisnrr. Tozda npu awbom h € L muoscecmeo
X, omrpwmo (coorB. 3amrmrymo) ¢ X, nadesennom monoaozueii & ,
u monoaozus, komopyro & undyyupyem e X,, cosnadaem c¢ & ,.

B cuny mpenmossenus 6 m ero cieicTBms BCe CBONWMTCA K j[0Kasa-
TeNBCTBY PABHOCUIBHOCTH [JI T060T0 A 1 nioboro MuoKecTBa A = X,
CHEYIOMUX IIPeJII0KeHniA:

(I) Ay orkpsITO (COOTB. 3aMKHYTO) B TONOJOTHH & ,;

(IT) 4, N X, oTkpwTO (COOTB. 3aMKHyTe) B TeHeJNerudm < , TPH
aoGom p € L.

Ho scuo, aro (II) Baeuwer (I), ecim momessurnr p=A. OGparHo,
ecin (I) semonmeno, To Ay N X, oTkEpPHTO (COOTB. 3aMKHYTO) B X; N X,
HajleNeEHOM TomoJornedt & ,,, mAAyIupyemoit & ,; HO &, ABIAETCA
Taxme Tonosoruei, maaynupyemoii J, B X, N X,, u noromy 4, N X,
Gyner Taxsme mepecedenmeM X, | X, ¢ HEKOTOPEIM OTKDHTHIM (COOTB.
3aMKHYTHIM) B Tomojoruu o , MHOskecTBOM B, m3 X,; a IOCKOIbKY
X, N X, OTKpHTO (COOTB. 3aMKHYTO) B TOMOJOTHH & ,, TO K€ BEPHO
ana Ay X,, 9T0 W 3aBepmaeT [0KazaTenbCTBO.

OtMeTHM, 4TO ecam o0BefWHeHHe MHOKecTB X, OTIHYHO OT X, TO

TOIOJNOTHS, KOTOPYID & HHAYOHUpPYeT B C(UX;), duckpemna. B camom
AeL

nere, ecan z€ X He NpuWHAANEKHT HE omEomy us X,, 10 {zr}(X\,=@&

OTKpPHTO B &, 1pn aio0oM A #, ClIefoBaTe]bHO, {x} OTKPHT® B .

5. Craeusanue MmonoadeuUecKur npocmpamncing

Iyers (X,),e,— cemeiicTtBo mHO®ecTe m X — ero cymma (Teop.
mEOK., ria. 11, § 4, onpenenenme 8); oroskmectBuM Kaskmoe X, ¢ ero
obpasoM B X OTHOCHTeNIbHO KaHOHMYEeCKOH wWHBeKmmu j,: X,—~X.

Paccmorpum ortHOmenne swpuBajenTHocTH R B X, o6nanarmiee
TeM CBOHCTBOM, 4TO Kaxcdwil kaacc skeueasenmmuocmu no R umeem 8



5 HEIPEPLIBHLIE OYHKIIUNI 41

kascdom X, He Gosee 00H020 saemenma; myctb Ay, i Kammolt mapw
uHfIeKCOB (A, W) O3HAYaeT HOAMHOKeCTBO B X,, o6pasoBaHHOE TeMH
BIeMEeHTAaMM Z, A KOTOPHIX CYIeCTBYeT dJeMeHT y € X,, MphHajme-
AWl OMHOMY KJIAacCy SKBHBAJEHTHOCTH ¢ Z. fICHO, 4TO Kaymoi
TOuKe Z € A), COOTBETCTBYET, U IPUTOM e[MHCTBEHHA, TOUKA }/EAM,
KoHrpysHTHasA 2 mod R. OnpepensieMbie Tak oro0pamenusn by, : 4y, —A4
YAOBIETBOPAIOT TOTHA CIAeMYIONINM YCJIOBUAM:

(I) hyy, mam vasxgore A€ L ectb TOMIECTBEHHOE 0TOOpasKeHUe MHO-
secrBa A, =X, Ha cebs;

(II) hp)\(x)eAp.v n
by (@) =hyy (B (2)) 1)

ISt Kasoll TpeiiKy mHAeKcoB (A, u, v) 3 L m Rammoro x € 4,, N 4,,.

O6pamuo, WycTh AAA KAKTOH HapH WHAEKCOB (A, L) BajjaHBl MHO-
mectBo A,, X, u orobpaskerue hy,: A,,—A,,, yaomireTsopsomme
yenosuam (I) m (II). Us ycnosma (II), mpmmenennoro  Tpoiikam
(A, w, M) m (u, A, p), BHTEKaeT mpeMe BCEro, 9TO hy, o hyy (cooTB.
y, © In,) ects cymerne hy, (cooTs. hy,,) Ha A,, (coors. A,,), OTKyHa B
cuny (I) cnenyer, ure hy, u h,,— B3ammuoO obparmsie Guekyuu. Ilycts
rorga R { z, |y} 0OsHa4aeT OTHOLIEHWE (CYIIECTBYIOT A, L TaKme, 4TO
z€Ay,, Y€ A, 1 y=h,(2)». s npensiaymero u (I) Berrexaer, ure R pe-
gparekcusHO T CUMMEM PUNILO; C IPYTOH CTOPOHHI, eCIH Z € A, y =/, () €
€4, N A, uz=h,,(y),r0x="h,(y),0rKy"a,cornacao(ll),z € 4,, N 4,,;
TeM caMeiM coorHomenme (1) moxkaswBaer, uro R mpamsumuseno, wu,
TakuM o0pasoM, R eCTh OTHONIEHWE YKBHBaJEHTHOCTH B X. Bwmecre
¢ teM mu3 (I) m ompenenenusa R BhITeRaer, 4TO KasKIHIH KJIacC DKBH-
BaJeHTHOCTH To I mMeer He Goliee OHOTO 3ieMeHTa B KAKEOM X, I
aro A,, ecTb MHOKECTBO TeX & € Xy, /st KOTOPHIX CyIIeCTBYeT y € X,
xonrpysarHOe x mod R. T'osopsT, uro parropmuokectso X /R moiyye-
HO ckaeusaruem mroxcecms Xy no mHoxcecmeanm 4,, nocpedcmeom Guek-
yuli hy,. Cymenne KaHOHWIECKOro orobpamenus ¢: X—X/R Ha Ram-
noe X, ectb 6uexyus X, Ha ¢(X,).

[IpenmomoKum Temeph, 49T0 Kamkpmoe X, ecThb mMORO0402UYECKOe
npocmpancmeo, U myctb &, — ero romosorua. Haneaum MuOMecTB®
X/R cunbmeiimeit Tononorueil &, ocraBiasonieii HempepHBHEMU
Bce orobpaskerua ¢ j,: X;,—>X/R, mnm, 4ro paBHOCHJIBHO aToMy,
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HagenuM X cymmoti tomosormit &5, a X/R — ee daxTopromosioruei
no otromenuo R. I'oBopAT, 9To Tomojormueckoe mpocTpaHcTBo X/R
MOJYYaeTCA CKAEUBAHUEM MONO0A0ZUYecKUx npocmparcmé X, 10 MHO-
JKecTBaM AM nocpencteoM Omernuii k,,. Taxum obpasom, omrpuimuie
(cooTB. samrrymuie) MHOKecTBa B X/R — 910 KaHOHMYeCKUe 00passl
muaoxectTs Bo X, Hacwyennwz mo R u raxmx, aro B X, omkpwmo
(coorB. samrnymo) B X, maa xampmoro A€ L.

ITockoabKy cyxeHue ¢ Ha Kaskmoe X, ecTh GHEKIHA HA MHOKECTBO
X, =¢(X,)cX/R, Tomonorus J, MOCPECTBOM DTOH OWeKHUH mepe-
HocuTea B X ';v, Tak uro X, Hanexsercs HEKOTOpO# Tomosiormeit & Ay
a tomodorua & B X/R okasHBaeTca cuabHeliuuell W3 0CTABJIAIOIINX

HEIOPEDPHBHKIMA Bce KaHoHHmYeckume wuasbermuu X;—X/R. Boobme
’
IOBOPH, TOMOJOIHMSA, KOTOPYI & HHAyHUpPyeT B X;, Maxcopupyemcs

Tomosiorueil 5, HO He COBIOAfAeT ¢ TON MoCJefHel, gase Korma Bce
h,,— romeomoppmamu (§ 3, ympamuennme 15). Ommaxo m3 mpepio-
skeHUA 8 BHITEKaeT, B HIPeIHIyNIHX 0603HAYEHUAX:

Meepnoxenne 9. Ilyemv ece h,,— 2omeomopdusmil, a Eascdoe
A,, omkpumo (cooTB. samkrymo) 6 Xy; mozda Kasxdoe ¢(X,) omkpumo
(coorB. samrnymo) B X/R u cysxcenue ¢ na X, ecmv eomeomopguszm X,
na nodnpocmpancmeo @(X,) npocmpancmea X/R.

YnpakaeHusa

1) Ilyecrs f — oroGpaeHme TONOJOTHIECKOTO mpocTpancTBa X B
TOIOJOrNYeCKoe MPOCTpaHCTBO X'; ciaefyIIme CBOHCTBA PABHOCHIBHEL
a) [ HeIpepHBHO;

6) —fl(A") C(71(A’))° pas Kaporo A'cX’;

—1 —1_
B) f(4') < f(4') naa rammoro A'cX’.

—1
IloxkasaTh Ha IpHMepe, 9TO AJs HENPEPHIBHOTO f MHO:KecTBa [ (A4')

n fl(Z ) MOryT GHTH pasIMUHHL.

2) Iyers X m X' — ymopsgodeHHEIe MHOKECTBA, HajieJeHHble KayKioe
cBoeil IpaBoii Tomodoruei (§ 1, ympasknenne 2); asa Toro 9TobH 0T06pa-
smerne f: X—X’' OO0 HeUpepHBHO, HeOOXONUMO H JOCTATOIHO, ITOOHI
OHO OBLIO BO3pacCTAIINIM.

3) IMlycrs X 1 X'— TomoJormdecKne mpocTpaHcTBa u f — Omexuusa X
Ha X'; naa toro 4TobH [ Geuro romeomopdmamom X Ha X', Heo6XommMo 1
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70CTAaTO9HO, 4To0H Tomojorua B X’ Ouula cAjbHeHmed M3 BCeX TOMOJOTAR
B X', Ip;M KOTOPHX f HENMpPEPHIBHO.

4) B ynopsajoueHHOM MHO;KecTBe X BepxXHeil IpaHBIO IpaBoil 1 JeBoit
romojoruii (§ 1, yopaskHeHme 2) CAYMKHT AUCKDPETHAdA TOMOJOTHA; ecau
X — ¢uapTpylomeecss (BOpaBO IJIW BJEBO), TO HIIKHAA TPAHb 9THX JBYX
TONOJIOTHH ecTs caabefimasn tomogorus B X.

5) O6osnaunm ueped F(X) (coorB. I, (X), & - (X)) Tomoaornmo, mo-
POKIAEMYI0 B YHODPSI0YEHHOM MHOKecTBe X MHOMKECTBOM BCEX OTKPBITHIX
(COOTB. MONYOTKDHITHIX CIHpPaBa, HOJYOTKPHTHX CcJieBa) WMHTePBAJIOB,
OTPaHMYEHHBIX HJIN HeT.

a) IToxasaTp, 4T0 ecaun X COBEPIIEHHO YNODPAJOYIEHHO, TO OTKPHITHIE
(COOTB. TOJIYOTKPHITHE CIPABA, MOJIYOTKPHITHE CJeBa) HHTePBaJIK 00pasyior
6asnc Tomosorun Fo(X) (coorB. ., (X), &~ (X)); BaMKHYTHEe HHTEPBAJIbI
ABJIAIOTCA 3aMKHYTBIMH MHOKECTBAMH B KQUKIOU W3 3THX TpeX TOMOJOTHIL.

6) B coBepiieHHO ynopsamoyeHHOM MHOKectBe X Tomoorusi 4 (X)
MaKopupyetT mpaByio Tomoxoruio (§ 1, ynmpaskuenue 2); romoaorua J —(X)
MasKOpHpYyeT JdeByW Tomoiaoruio; nepecedenveM & . (X) n J - (X) caymar
To(X).

B) Ilycrp X — cOBepIIeHHO YHOPSNOYeHHOE MHOKECTBO. [las TOro
arobu Tomomorus Jo(X) obnapana cuerHmM GaszmcoM, HEOGXOAUMO U [O-
CTATOYHO CYIECTBOBAHNE TAKOTO CYETHOIO MHOKecTBAa DX, urobn nas
KaKzoro z € X n Kaskporo nETEpBaa |a, bf, conepxamero z, CymecTBOBAIH
a €D, pED rakue,ur0 a <o <z<<P<b.[Cp. ra. IV, 3-e max., § 2, ynpaxue-
Hue 11B.]

r) Ecan X — Bnonme ymnopsApodeHHoe MHOKecTBO (Teop. MHOXK.,
ra. 111, § 2), To rononorua ., (X) — muckpernas, a tonojoruu Fo(X)
n & - (X) coBmagaior.

*6) Tonomornsa B MHO;KecTBe X HAaBHIBAETCH K8A3UMAKCUMALbHOL, €CIH
OHA MaKcHMajbHA B MHOKECTBe BCeX TONOJOTHH, mpu KoTopux X He
IMeeT W30JHPOBAHHEIX TOYEK.

a) IloxkasaTh paBHOCHJBHOCTH CleAyIOmMUX CBOHcTB Tomojormu &
B X:a) & xBasmMaxcnMaiabHa; ) X, HageneHHoe TonoNoTHeH , He MMeeT
N30JUPOBAHHKX TOYEK M BCAKOe MHO;KeCTBO B X, He mMelollee U30JHpO-
BaHHHIX TOYeK, OTKPHITO.

6) Ilycrp X — KOIMOTOpPOBCKOe mnpocTpaHcTBo (§ 1, ympaskHeHUe
2), B KOTOPOM BCAKOe HENyCTOe OTKPHTOe MHO;KecTBO OecKomeuHo. IToxra-
3aTh, 9YT0 B X CYImECTByeT KBa3WMAKCHMAJbHAA TOIOJOTHA, MajKopH-
pyomas paneywo. [[Toxasats, aro MHOMKeCTBO Tomojoruii B X, OpH KOTO-
pHIX BCe HEIyCTHE OTKPHITHIe MHOMKeCTBAa OeCKOHEUHH, WHIYKTHBHO, H
BOCIIOJIB30BATHCA yupamkHeHueM 2r § 1.]

*7) IOaa mwoGoro MHOxecrBa X o6osmaumm gepes Lo(X) MHOKeCTBO
BCeX ero HeNYCTHIX IOMHOKeCTB.

a) IIycre X — Hemycroe Tomoixormieckoe mpocrpascTBo. O6osnaumm
gepes J (cootB. J ) caabeiimyio u3 rononornit B Po(X), obnanatomux
TeM CBONCTBOM, 4T0 Ry(A4) OTKPHTO (COOTB. 3aMKHYTO) B L o(X) maa nio-
6oro HemycTroro OTKPLITOrO (COOTB. BaMKHYTOIO) MHO:kecTBa A m3 X,
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ITokasaTs, 9Tu BOOGIIE 3TH ABe TOIOJOTHN HeCPAaBHUMEI I 9TO 0TOGpaskenne
z+> {z} ecTs romeomopdmsm mpocrpancrsa X Ha HOAIPOCTPAHCTBO Ipo-
crpancta Py(X), magesennoro mo6oil us Tomonorud  Jo, .

6) Ilycts D — niaotHOe MHO;KeCTBO B X; IOKas3aTh, 9TO MHOMECTBO
G(D) Bcex HemycTHIX KOHEUHHX IoAMHO:KecTB H3 D miorzo B L (X)
ana kamgoll ms rtomomxormi o, I -

B) Tononorua J, Ma:KopupyeTcs deBoil Tomonorueit B Ro(X), ymo-
PANOYEHHOM OTHOIIeHMeM BKiloueHnsa (§ 1, ynpaxmenme 2). Ias Toro
arobht A €Ro(X) OBIO H3OMMPOBAHHON TOUKOH B TONONOTHH F(,, HEOG-
XOUMO 1 JOCTATOUHO, 91008 A= {z}, Ille # — HBOAMpPOBAHHAs TOUKA B X;
st Toro 9To6BL A € Po(X) Ob10 MB30ANPOBAHHON TOYKOH B TONOJOTHN F o,
Heo6X0oaMMO ¥ JOCTATOYHO, YTOOH X OBLIO AMCKPETHEIM KOHEYHBIM PO~
crpaEcTBoM I 4 =2X.

r) ITokasars, uTo ecan Py(X) HajleleHO TomosnorHell o (cooTB. Jy),
a Ro(X) X Po(X) — mpomsseniermeM J (coors. Jg) Ha cebs1, To 0OTO-
Gpamenne (M, N)+—> M N npocrparctBa Py(X) X By(X) B Po(X) me-
IpepHIBHO.

n) Hoxrasare, aro ecan Po(X) mageneno Temomorneir I, @ TO orobpa-
senne M —> M HenpepHBHO.

e) Ilycts X m Y — rTomosnormveckme TPOCTpaHCTBA, a f: X—Y —
HenpepsiBHOe oToOpaskenme. IlokaszaTb, uto ecanm Lo(X) m Pu(Y) nage-
nenr ofa Tomosormeit J, mam oba Tomosormeii Jy,, TO oToOpaskenne
M —> f(M) mpoctpanctBa Ly(X) B Py(Y) HempepHBHO.

&) Ilyers X m Z — TomOJOrHYeCKNe HNPOCTPAHCTBA; A TOT'O ITOOBI
oroOpaskenne f: Z—Py(X) OHIO HempepsBHO, Korma Ro(X) Hageaeno
rononorueit J, (coors. J), HeOOXOANMO I OCTATOTHO, UTOOH A KarK-
HOTO B3aMKHYTOTO (COOTB. OTKPHTOr0) MHOKecTBa A mn3 X MHOKECTBO
Tex z€2Z, maA KoTOpHX f(z)(1A# @, OBIO BaMKHYTO (COOTB. OTKPHITO)
B Z.

#*8) Ilycrb X — MHOKECTBO, ( — KapAWHAJIbHOE 9nCciI0, aubo Gecko-
HeuHoe, au60 paBHOe 1. MHOKecTBO 4JacTeil X, cocraBieHHOe W3 X M TeX
McX, paa wroropux Card(M) < c, eCTb MHOKECTBO BCeX B3aMKHYTHIX
MHO%eCTB B X, HafleleHHOM HeKoTopoii Tomoxormeit J¢; 77— caabeiimas
ToTmoNnorHA, a ecan ¢>Card(X), To & — AuUCKpeTHadA TomOJOTMA. Besaras
nepecTaHOBKAa MHOKeCTBa X eCTb aBTOMOP(YH3M TONOJOTMYECKOTO Hpo~
CTPaHCTBA, IOAYyd4aeMOro HajedeHneM X Tomomormed ¢

[TokasaThb, 9To W, 06paTHO, BesAkas Tomogorns & B X, TpH KOTOPOIl
BCe HEPECTAHOBKH MHO)KeCTBA X HeINpepHBHH, eCTh HEOOXOANMO OmHA
w3 Touogormit J¢ [IlycTs ¢ — HamMeHbIIee KapANHAJIbHOE 9HCIO, TAaKoe,
aro Card (F)<C¢ [y BceX BaMKHYTHIX B 7 MHOMeCTB F, OTINYHHX 0T X;
saMeTnTh, 4T0 ecaun X Oeckomeuno @ ¢>Card(X), To J — HeoOxommmo
AUCKpeTHAA TOMOJOTHSA.]

9) a) IlokasaTh Npm YCIOBHAX mpepnoxeHnsa 4, dro ciaabeilmas
w3 Tomojoruil B X, HPW KOTOPHIX HEHNpPEpHIBHE BCe f,, €CTh TAKKE ClU.lb=
wetlwan ©3 Tomodormid & B X, 06iajalomuX ClaeLyIOMUM CBOLCTBOMS
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BCsAKOe 0TOOpasKeHMe g TOIOJIOTHIEeCKOro IpocTpancTsa Z B X (HajlelleHHO®
romoaorueit &), TaKkoe, 4TO BCe f, o g HeNPEPHIBHEI, HEIPePBLIBHO.

6) IloxasaTe upm ycaoBWSX OpefiokeHnda 6, 49To cuabHeilmas u3
TomoJaoruid B X, IpN KOTOPHIX HEIPepHIBHH BCe f,, €CTh TAKMKe caabeliwan
u3 Tomogoruit J B X, 00/1aal0IAX CJAeAYIOMIM CBOACTBOM: BCSAKOE OTO-
Gpaskenne g mpocTpaHcTBa X (HajeJeHHOTo Tomosormeli ) B TOMONOTH-
deckoe IPOCTPAHCTBO Z, TAKOE, 49TO BCE g o f, HENpephIBHKI, HelPepPHIBHO.

10) IIyers N — Heworopoe $uAbTpYIOMEecs MO BO3PACTAHMIO MHO-
eCTBO TONOJOTNH (e3 m30JiMpoBavnLIX Touek B MHOxecTBe X . [lokasars,
9TO ¥ BepXHsAsA TPAaHb MHOKECTBA )l B MHOMeCTBe BceX Tomojoruid s X
ects TOomoJOTHsI 0e3 M30JAWPOBAHHBIX TOYEK.

*11) Tomomorndeckoe NpPOCTPAHCTBO X HABLIBAETCA Paspeustumbli,
ecJl B HEM CYIIECTBYIOT [Ba B3aNMHO [JONOJHHTEIbHBIX MHOMECTBA, KarK-
J0e M3 KOTOPBIX BCIOAY TMJOTHO.

a) PaspemmMoe TOIOJ0OTHYECKOE IPOCTPAHCTBO X He MMeeT H30JUupOo-
BAHHBIX TOYEK M BCAKOEe €r0 OTKPBLITOe TNOJAIPOCTPAHCTBO Pa3pemIuMO.
OGpatHo, ecin B — MHOKECTBO HENYCTHIX OTKPBITBIX MHOMeCTB n3 X
TaKOe, YTO BCAKOE OTKPHITOE HOANpPOCTpancTBo U € paspemiMo n BCAKOO
HeNmyCToe OTKPHITOe MHOeCTBO B X COJeP/RHT HEKOTOPOe MHOeCTBO u3 U,
to X paspemnmo. [PaccMoTpeTh makcumasbroe CeMeHCTBO mONAapHO He
[epeceKalomuXcs OTKPHITHIX MHO:KecTB W3 B.]

6) Ecam KomMOTOpOBCKOe MPOCTPAHCTBO X paspeminMo, TO BCAKOE
HeNyCTOe OTKPHITOe MHOMecTBo B X Geckoneuno. [McmonpsoBarh ympask-
nenne 2r § 1.]

B) [lycrs X — Takoe TOMOJOTAYECKOEe HpPOCTPAHCTBO, 9ro: 1° Hau-
MEHbBIIAasi MONIHOCTH D HENYCTHIX OTKPHITHIX MHOKeCTB B X OecKoOHEYHA;
2° cymectByer 6asmc B ronosornn B X, mas Koroporo Card(®)<<h.
Ilorasarp, aro X paspemnmo. [Vcmonbsys meroj, mpuMeHeHHBIH B yi-
paxuennn 24a § 6 ra. [I1 Teopnm MHOKecTB, DOCTPOHTH ¢ HOMONIBIO
TpaHCHHHATHOM NHAYKIHUN [Ba BCIOAY IJIOTHEIX B X MHO:KecTBa Ges obmmx
ToyeK.] B wacrmocTm, pammonanbHas UpsiMad paspemiuMa.

r) Tomosorndeckoe nNpocTpancTso X 0e3 M30JIMPOBAHHBIX TOUEK Ha-
suiBaeTcst ugodunnum, ecian Card(U)=Card(X) nas Kasggoro Henycroro
orkpeiToro mMuokectBa U B X. B mpocrpamctBe X 6e3 H30JMPOBAHHBIX
TOYEK BCAKOE HEIYCTOe OTKPHITOE MHOYKECTBO COJIePIRUT HENYCTOe MBOLUH-
HOEe OTKPBITOE IOANIPOCTPAHCTBO. BHIBECTH OTCIOIAa, YTO €CAH BCAKOE H30-
OWHHOE OTKpBITOE HopmpocrpancTBo B X paspemumo, To X paspewiuamo.

§ 3. HopupocrpancTBa; (arropnpocTpaHcTBa
1. ITodnpocmpancmea mMonoaA0RUUECK00 NPOCIPANCINGE

llyctb A — MHOKECTBO B TOMOJOTMYecKOM mpocrTpancree X Mu
ONPeNeNuIn Mmonoso2uio, ukdyyupyemyr B A TOmOJOIMed OPOCTpaH-
crea X, Kak m#poo6pas mnocijeaHell OTHOCHUTENBHO KAHOHNYECKOM
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uavexnun A—X (§ 2, n° 3, npumep I); aro ke BEHpakaerTcsa TarKe
CIeIyIOmMUM OIpe[eleHIeM:

Oupenenenue 1. Ilyemv A — muoxcecmeo 6 MONoOL02ULECKOM
npocmpancmee X. Tonoroeueli, undyyupyemoii ¢ A monosoaueii npo-
cmparcmea X, Ha3vleaemcs MONOA0ZUSL, OMEDLUMBLMU MHONCECMEAMU
Komopoti cayxcam caedv na A omrpumuix mroxcecme us X . Muosxrcecmeo
A, nadesennoe smoii monosozueti, Ha3WBAEMCS NOONPOCTM PAHCMEOM
npocmpancméa X.

II puwme p. Touonorna panuoHaTbHOR NPAMOH MHAYUHPYET B MHO-
/mecTBe Z BCeX palOHAJBHBIX IEJNLIX YHCeX AJuckpemiyio TOMOJOINIO,

1 1
ubo ciaeoM OTKPHTOIO HHTEpBAJA ]n— 5 n—l—7 Ha Z sABAAETCA MHO-

mectBo {n}.

Ws mpepnossennsn 5 § 2 (unm mpamo us ompepenenus: 1) cuenyer,
aro ecim B Ac X, To nodnpocmpancmeo B npocmpancmea X cos-
nagaer ¢ rodnpocmparcmeom B nodnpocmpancmea A npocmpancmea X
(mpansumusnocms wWHAYOUPOBAHHEX Tomosormit). Eeam & — cu-
creMa obpasylomux (coors. Gasmc) Tomosormm mpocrpaHctea X (§ 2,
n° 3, npmmep II), 1o ee caen &€, ma A ectb cmcrema 06pa3yOIUX
(cooTB. 6asmc) WHAYNUPOBAHHO# Tomosormum B A.

Bo Bcex Bompocax, rpe ¢urypupyioT TOYKE WM MOJMHOKECTBA U3
A, Hajo THIATENBHO Pas3nuvaTh WX CBOUCTBAa KaK TOYEK (COOTB. MOJ-
MHOKECTB) IpocTpaHeTBa X OT WX CBOMCTB Kak TOYeK (COOTB. mOfI-
MHOKECTB) TOoJIpocTpancTsa 4. ITo pasandeHne NOCTUTACTCS MCHOJb-
30BaHWEM BEIPKEHUIT «B A», «110 OTHOMEHUI0 K A» WU «OTHOCHUTENb-
HO A» [Jis yKa3aHUA CBOMCTB BTOPOH KaTeropun (MHOT[A B IPOTHBOBEC
BHpaKeHmaAM «B X», «mo oTHomeHHI0O K X», «OTHOCUTENABHO X»).

MuosecTBo, omrpwmoe e nodnpocmpancmee A, He ABISETCSH
HeTIpeMeHHO omkpuimum ¢ X: 0as mozo umobw 4at06oe omEpumoe
MHO%Hcecmeo 6 A Gwao omepumuim ¢ X, Heobxodumo u Oocmamouro,
umobur A 6viio omkpamen ¢ X. B camom nese, yciosue Heo0xo[uMo,
u6o A oTKpHTO mOo orHomeHW0 K A; oo pocrarouno B cmay (O)
u ompenenernsa 1.

Bamknymuie muomecrtsa 6 A — 310 caedu Ha A samMKHYMBIL MHO-
aceeme us X (§ 2, n° 3, npumep I); Kak u Bmme, yGempgaemcs, 4To
das moeo, umobvl 4i060e 3amknymoe mHoxcecmso ¢ A 6vla0 3AMEHYMbLM
6 X, neobzodumo u docmamouno, umobu, A Owvao samkrymun 6 X.
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OxpectHOCTH TOURU X € A omHocumesvho A — 210 caedw Ha A
oKpecrnuocmeli x omuocumervho X; HJsi TOro 4T00bl BCAKAA OKPECT-
HOCTh TOYKH I OTHOCHTeJHHO A OBlJia OKPECTHOCTHIO TOYKH I OTHO-
cuteabHo X, He00OXOAMMO U {0CTATOUHO, 4T00b A OBLIO 0K pecmHocmbIO
mouku 6 X.

\

Ilpepnomenaue 1. Ecau A u B — nodmmosxcecmsa monosoeute-
CK020 npocmpdncmea X, npuvem B A, mo samvrkanue muoxcecmea B
6 nodnpocmpancmee A ecmo caed na A samvranus B muoncecmea B 6 X .

B camoMm pene, Bcakas okpectHocTh TouKH x €A B A mMmeer Buj
VN4, rmeV — oxpecraocts rouku z 8 X. Tak kar VN B=(V n4)n B,
TO JJIA TOTO 9TOOH Z OBLIO TOYKOM NMPUKOCHOBEHUA MHOKecTBa B B A4,
Heo0X0AMMO M J|0CTATOYHO, 4TOOH % ORUIO TOYKOW IPHKOCHOBEHHS
MHOKecTBa B B X.

CaegcrBue. Jas mozo umoGr nodmnoscecmso B mmuoncecmea A
6b1.10 naomHo omuocumesvio A, Heobxodumo u docmamouno, umobw

B=A ¢ X (uau, umo ceodumcs k momy xe, umodtr A< B).

Orcroga 3armiouaeM, aro ecim A, B, C — mHO%ecTBa B X Takue,
10 ADB>C u B nnorao otaocuTenbHo A, a C IIOTHO OTHOCHTENBHO
B, to C mnnotrHo orHocurennHo A (mparsumuenocmv HIOTHOCTH).

B camom pene, Torma A=B=C B X.

[Ipennoxerne 2. Ilyemv A — 6ci0dy naommoe nodnpocmparcmaso
monosoauteckoz0 npocmpancmea X; moeda dan 4060 mouky € A
u woboti ee okpecmmocmu V 6 A samwkanue V. nocaedneti ¢ X ecmo
okpecmHocmb mouku x 6 X.

B camom pesie, V copepixur cien U N A oTKpeTOrO MHOEecTBa U
u3 X, cojepsKamiero r; CJefoBATEIBHO, V. copepskur UNA=U (§ 1,
IPeAJIOKEeHTE D).

Heennoxenne 3. Hycmo (A ) e1 — cemeticmeo nodmmosicecme mo-
noaozuueckoz0 npocmpancmea X, obaadaiowee 00num u3 caedyowur
ceoticme:

a) enympennocmu mHodcecms A, 00pasyiom nokpeimue npPOCMpaH-
cmea X;
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6) (4).c, ecmb a0KEAIbHO KOHeuHoe 3amkrymoe norpwmue (§ 1,
n° 5) npocmpancmea X.

I pu smux ycaosusz dasa moeo, umobv. mHoxcecmeo Bc X 6Guwao
omxpumum (COOTB. samrmymunm) 6 X, neobrodumo u docmamouno,
umobu Kadcdoe us mroxcecme B A 6vao omkpumuim (COOTB. 3amKHY-
mum) 8 A.

Heob6xonumocts ycaosuit ouesmmua. [as mokasarenbcTBa mocTa-
TOYHOCTH MPEAIOJNOKUM CHadalda, 4To BHIOJHEeHOo yciosme a). Ifo-
cronbky (CB)NA,=A4A—(BNA), MoKHO, @O [BOHCTBEHHOCTH,
OTPaHMYHUTHCSA PACCMOTPEHHEM TOTO Cjydas, Korma Kamkmoe BN A,
omxpumo OTHOCUTeNbHO A ; Torma B A"I OTKPHTO B /i‘ maa  aoboro
€7 u, caegoBarenbno, orkpero B X. Tak Kak mo mpepmmososkeHHIO

B=U(Bn/fl), 10 B orkpeito B X.
L

IIpennonoskum Temeps, 4To BeIDOJHEHO yciaosue 6). ITo mBoiicTen-
HOCTH MOKHO CHOBA OTPAHWYHTHCA PACCMOTPEeHHEM ciydas, Korja
rasyoe u3 BN A, samknymo orHOcHTeNbHO A ; Torma B A, BaMKHYTO
B X. A mockoabky cemeiictBo (BN A,) noxadbHO KOHEYHO WM B=

=U(Bﬂ‘4!), to B samrmyro B X B cmay npemiomenusa 4 § 1.
L

3dameuganue. Ilyers (U),e1 — omkpeimoe HOKDHITHE TOMO-
Jornyeckoro npocrpancrsa X m B, s moboro €1 — 6asuc Tomo-

goruu moanpocrpancrsa U, mpocrpascrsa X. flcHo, aro B= U B,

Vel
ecThb 06asuc TOMOJOTHUHU IIpocTpaHCcTBA X.

2. Henpepuvl6HOCMb OGIMHOCUMEADHO NOINDOCTPAHCMEE

[yers X, Y — Tomonorudeckme npocapancrea, f — orobpasmenue
X BY, B — muosectBo B Y, copepsxamee f(X). Ompenenenune mupy-
NUPOBAHHOM TOHNONOTWHE KAK WHULIMAJBHOW Tomosormm (§ 2, mpemio-
sKeHue 4) NOKa3bIBAET, YTO 15 HeIPEePHBHOCTH f B Touke £ € X Heol-
XOIUMO W A0CTAaTOUHO, 4To6H oToOpaskenme mpocrpanctBa X B nod-
npocmparcmeo B mpocrpancta Y, HMelomee TOT jKe Irpaguk, uTo u f,
OBlJI0 HENPEPBIBHO B TOYKE Z.

IIycts reneps A — MHosecTBO B X; ecim f HeIPEPHIBHO B TOUKe
Z € A (coorB. HenpepbiBHO B X ), TO ero cyxcenue f|A no npejsoskennio 2
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§ 2 ecThb oTOOpasKeHUe mopnpocTpancTBa A BY, HeIPePHBHOE B TOUKE &
(coorB. mempepmBHoe B A). WHorma roBopsar, 4ro oto0paskeHne
f: X—Y nenpepwigno omrocumenvro 4 6 moure x € A (COOTB. Henpepuisrno
omHocumeavio A), eciam ero cyskenme f|A HempepEHBHO B TOYKe X
(coors. mempepmiBEO B A).
$amemM, aro f|A MoxkeT ObITH HEIPEPHIBHO, XOTA O f He OblIO He-
OpepsIBHEIM HH B ONHOH TOuKe 3 X; IIpAMep 3TOMY [OCTABIAET XapakTe-
prcTHdgecKast QYHKIHA ¢, MHOMKECTBA A, BCIOAY ILIOTHOTO B X BMecTe CO
cBOWM fomonxHeHWeM (§ 2, ynpaskHemme 11): paccMaTpuBaeMas Kak OTO-
O6pasxenne X B [UCKPeTHOE OPOCTPAHCTBO {0, 1}, ¢4 He HelIpepHBHA HH

B OfiHO# TouKe M3 X, HO Cy;KeHHe ¢, Ha A ecTb NOCTOSIHHAs, U, CIe[0Ba-
TenbHO, OHO HEHNpPepHBHO.

Ecan A — oxpecrunocts Toukm z€A4 B X um f: X—Y rtakoso,
uTo f|A HEOpepHBHO B TOUKe Z, TO W f HEMPEpPHBHO B Touke x, u6o
BCAKAA OKPECTHOCTb TOYKHM & OTHOCUTENBHO A OyheT OKPeeTHOCTHIO &
orHOCHTENbHO X (L0KALbHLL XapaKTep HempPepHBHOCTH).

Opegnomenue 4. Ilyemv (A,),e, — cemeiicmeo nodmuoscecms mo-
noaozuteckozo npocmpaxcmea X, eHympeHHOCMU KOMOpux 06pasyiom
OmEpBMoe NOKpumue Nociednez0, WAL KOMOPOe ABALEMCA AOKAADHO
KOHEUHBM 3aMERYMbuM nokpbumuem npocmparcmea X . Ilycmo f — omo6-
pasicenue X 6 monoaozunecroe npocmpancmeo X'. Ecau cyscenue [ na
kaxcdoe u3 nodnpocmpancme A, nenpepvieno, mo f HenpepwlgHo.

B camom pmese, mycts F'— 3aMKHyTOE MHOMecTBO B X U F=f1(F').
Torpa FNA, samkayro B A paa xaxmoro v€7 (§ 2, reopema 1);
ciemoBaTeldbHO, IO Hpemiaokenuioo 3, F 3amrayro B X W cumpasegin-
BOCTb YTBEP:KIEHUA cienyer m3 Teopemu 1 § 2.

3. JOKAAbHO ZaMEHYMbBLE NOINPOCIPANHCINGEQ

OnreneneHuE 2. Ilodmnoxncecmeo L monosoeuueckozo npocmparcmsa

X nasvisaemcsa A0KAALHO 3AMERYMBM 6 mouke x € L, ecau cywecmeyem

makan okpecmuocmsv V mouku x ¢ X, umo LNV samrnymo ommocu-

meavro nodnpocmpancmea V. L nasvieaemes A0kaibHO 3aMEHYMBLM 8
X, ecau OHO ALOKQALLHO 3AMKHYMO 8 Kaxdol ceoell mouke.

3ameuganne. Ilyctb F — Takoe MHOMecTBO B X, 4TO 4wbas

mouka z us X obiagaer okpecrroctbio V B X, aas Kotopoil V() F 3aMKkHYTO
OTHOCHTEJBHO NOANPOCTPAHCTBA V; M3 IpefoKeHNsA 3 BhITeKAeT TOT/A,
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aro F samknymo B X. HampoTmp, M3 HIKeCIeRYIOMero HpefjioKeHHus D
TOTYAC cjenyer, 9To, BooOme roBopsi, CymMeCTBYIT MHOKECTBA, JOKAJIBHO
3aMKHYTHE, HO He 3aMKHYTHe B X.

Ieepnoskeaue 5. Jas nodmuoxrcecmea L monosozuuecrkozo npo-
empancmea X caedywwyue Yeio8us DABHOCUABHDL:

a) L aokasvho samrrymo;

6) L ecmv ommpumoe nodmmoxcecmeo ceoezo sammranus L e X;

B) L ecmv nepeceuenue omrpuimozo u 3aMEHYMO20 NOOMHONCECME
npocmparcmea X . )

OueBmyHO, G) Baeuer B), mocKoabKy L ecrb Torja mepecedeHne L
C OTKDPHITHIM [OJIMHOKECTBOM IpocrpaHcTBa X; B) Bieder a) B CHIY
oupenenenna 2. Hakonen, a) Bieder 6): B caMoM jesie, TOTHa Kaykmast
Touka £ € L obsamaer oTKpHITOi oKpecTHOCTBIO U, miist koropoit U N L
samMruyTo B U; mosromy U NL=UNL, a aro mokaskBaer, 410 ToUKa

x — BHyTpeHHas Kk L B mopnpocrpancrse L, tak uro L orkpwito B L.

Caepcreui. ycme f: X—X'— nenpepvignoe omobpascenie; mozda

npoobpas fl(L’) 4106020 A0KAALHO 3aMKHYmMO020 mHoxcecmea L' usz X'
a0kaavio samkrnym 6 X.

ITO HEMOCPENCTBEHHO CJefyeT N3 IPeABLIYIero MpPejJIoKeHnsa O
u teopemu 1 § 2.

d. Darmopnpocmparcmesn

Oupepenenue 3. Iycmv R — ommuowenue skgusaseHmHocmu 8
monoaosuneckom npocmparemee X. @Paxmopnpocmpancmeom X no
R naswsawm @darmopmunosicecmso X/R, Haderernnoe ¢armopmonoao-
eueti npocmparemsa X no omuowenuio R (§ 2, n° 4, mpumep I).

B pganpHeiimeM mpu paceMorpenud X/R Kak TOMOJOTHYECKOTO
IpoCTPaHCTBa BCIOAY, IJie He OrOBOPEHO HPOTHBHOE, GyAeT Iojpasy-
MeBaThCd, 4ro peub muer o gaxropupocrpaucree X mo R. Yacro
TOBOPAT, YTO 9TO TONOJOTHYECKOE HPOCTPAHCTBO NOJYUEHO NyTEM
omoxcOecmeienus TeX TOYeK npocrpaHcrBa X, KOTOPHE IPHHAIIEHKAT
OfINOMY M TOMY K€ KJIacCy SKBUBAJIEHTHOCTH 10 R.

[Tycrs ¢ — wanoHmueckoe orobpaskenme X—X/R. Ilo oupepe-
aeamio (§ 2, mpepsoxxenue 6 m ero caemcrsme) omrpwtmsle (COOTS,
*
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samxnymule) MHOKecTBa B X/R — 310 MHOMecTBa A, JJIs1 KOTODPHX
—1

¢(A) omrpumo (cooTB. samkmymo) B X; UHAUe TOBOPSH, OTKPHITHE
(coorB. saMKHyTHE) MHOKecTBa B X/R HaxomsATCA BO B3AWMHO OJHO-
3HAYHOM COOTBETCTBUH C OTKDPHITHIMHU (COOTB. 3aMKHYTHIMH) MHOKECT-
Bamu B X, Hachiuyjernumu 1o R, 1 ABNAIOTCA KaHORMICCKEMH 06pazaMn
9THX MHOKECTB.

repnoxenune 6. IIyemv R — omHouleHue 3K6uBaLEHMHOCIIU 6
monosoauteckom npocmpancmee X u ¢ — KaHOHUUeckoe omo6paxceHue
X na X/R; 0as moezo umobw omoGpascenue f npocmpancmea X/R e
monosozuneckoe npocmpancmeo Y Ovii0 HenpepuleHbiM, He06Lo0uMo
u docmamouno, umobs f o ¢ Gviiv Henpepwvigho Ha X.

9TO He YT0 WHOe, KaK YACTHHIA cJydail npemioskenun 6 § 2, Brpa-
JKaromuii, 910 PaKTOPTONONOTHA eCTh (uHaLbHAsL TONOJOTHA OTHO-
CHTEJNBHO 0TOOpasKenus (.

Hpen.nomenne 6 IIOKa3bpIBaeT, 4TO CYyIeCTByeT KaHOHHYECKOE B3a-
UMHO OJHO3HAYHOE COOTBETCTBHE MEy HenpPepPbIBHBIMU 0T06paH¢e-
Huamu X/R 8 Y w menpepusabniMu otobpamenuavu X B Y, nocmosn-
HUMU Ha KaxcOom kaacce skeusasenmruocmu no R.

II pmwme p. °PaccMorpnm Ha gmcaoBoil npamoit R oTHOmeEHne dKBU-
BajeHTHOCTH z=y (mod 1); dakTopmpocTpancTBo R mo aromy oTHomennio
Ha3HBaeTcs1 odnomepnum mopom W obosmasaerca T. Hnacc sxBuBanent-
HOCTH TOYKH z€ R COCTOHT U3 BCEBOBMOKHBIX TOUeK z--n, rae n npoferaer
MHO;KeCTBO Z pauHoHaJbHEIX HeasX 4ucel. IIo npeanoxennio 6 cymecrsyer
B3aHMHO OXHOBHAYHOE COOTBETCTBHE MEKIAY HeNPEePHBHEIMH (GYHKUAAMI

Ha T u nepuoduueckumu $ynxnusmu ¢ nepuonoM 1 ma R. B § 1 rn. V mu
BEpHEMCA K BTOMY Ba)KHOMY OpPHMEpY.,

Caencteue. Ilyemv X, Y — monoaozuveckue npocmpancmea, R
(coors. S) — omuowenue sxeusarenmuocmu ¢ X (coorn. Y), f: X—Y —
HenpepvigHoe 0mobpaxcenue, coaiacyloujeecs ¢ OMHOULEHUAMU IKEUBA-
aenmuocmu R u S (Teop. mmomk., Ceogka pesyasr., § 5, n° 8); moe-
da omobpancenue g: X/R—Y/S, noayuennoe us f Parxmopusayuei
(Teop. mmomx., Cronra pesyunst., § 5, n° 8), Henpepriano.

9T0 — 9acTHRA ciayyail o6mero CBOHMCTBA (PAKTOPCTPYKTYP
(Teop. mmom., rai. IV, § 2, n° 6, kpuiepmit CST 20).

Meennosxeane 7 (Tpam3uTHBROCTH (axTopmpocTpancTs). [lycme
R u S — omuowenus 3k6uBANCHMHOCIIU 6 MONOAVSULECKUM NPOCM DA~
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cmee X, npuiem R eaevem S, u S/R — garmopomnouienue sksauea-
aenmuocmu ¢ darkmopnpocmpancmee X/R (Teop. Mmuox., Cmogka
pesyast., § 5, n° 9). Tozda 6uekmusnoe kKawnonuueckoe omobpasicenue
(X/R)/(S/RY—~X/S ecmb 20meomopgdusm.

ITO0 — YACTHHI CJaydYall TPAHBUTABHOCTH (PUHANBHBIX TOIOJOTHI
(§ 2, mpennosenme 7; cp. Teop. mpok., ra. IV, § 2, n° 6, kpurepuit
CST 21).

5. Kanonuueckeoe pasaoicenue Henpepviéiozo
oMo opadicenusn

IIyers X, Y — tomonormueckme mpocrpancta, f: X—Y — He-
npepHBHOe oTOOpaskenme, R — OTHOIIEHMe YKBUBAICHTHOCTH [(r)=
=f(y) B X. Paccmorpum kanonuueckoe pasiodcenue

XL XRE XDy,

rme ¢ — (CIOPBEKTHBHOE) KAaHOHMYECKOe 0TOOpasKeHHMe MPOCTPAHCTBA
X ma darropupocrpanctso X/R, ' — KaHOHMYECKAasA WHBERIUA
mogmpocrpaBcTBa f(X) B Y u g — OumeKius, acconuupoBaHHaA ¢ f
(Teop. muosx., CBogKa pesyasr., § 5, n° 3). OueBuyno, ¢ HEIPEPHIBHO
(mo mpepgomenuto 6), TT0, BOPOUYEM, MBJIAETCA UYACTHHIM CJIydaeM
obmero pesynbrara o ¢artroperpykrypax (cp. Teop. mmomx., ra. IV,
§ 2, n° 6). Ho 6uernus g ne o6a3ameavro 20meomopPusm.

Mreegnomeane 8. [ycms f="\{ o g o ¢ — KAHOHUUECKOE PABAOICEHUE
nenpepuignoco omobpaxcenus f: X—Y, R — omuoweHue sxsusasenm-
roemu f(x)=f(y). Caedyowue mpu yYci08us pPABHOCULLHBL:

a) g ecmb eomeomopgpusm X/R na f(X).

6) O6pas npu omobpascenuu | écaroeo nacwiuyennozo no R omupu-
M020 MHONCECMBA eCmb OMKEPLIMoe MHoIHcecmeo 6 nodnpocmpatncmee f(X).

B) O6pas npu omobpaxcenuu | 6cakoeo nacwviujenHozo no R samrny-
M020 MHOJCECTNBA eCb 3AMKHYMO0e MHOAHcecmeo 6 nodnpocmpancmee f(X).

B camom mene, ycnorme 6) (coorB. B)) Bhpaskaer, 9YT0 00pas mpm
0TO0OpaREHNN g BCAKOIO OTKPHITOrO (COOTB. BaMKHYTOTO0) MHOKECTBA
u3 X/R ects OTKpHITO® (COOTB. 3aMKHYTOe) MHO;KecTBO B f(X).

Il pnwme p. IIyete X — Tomomormieckoe mpocTpaHcTBo, (X hvel —
nokpumue X, Y — cymma HOZUpOCTpaHCTB X, mpocTpancrBa X, TaKk 410
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cymectByoT pasbuenme (Y ), e/ TPOCTPAHCTBA Y HA OTKPHITO-3aMKHYTHI®
NOANpPOCTPAHCTBA M Jus  Kasjoro (€] — romeomopdusm f: YV, —X,.
Ilyets f: Y—X — HempephiBHOe oToOpaskeHue, CoBHajaoiee ¢ f, Ha Y,
nas awboro €1, @ R — OTHOMeHNe dKBUBAJEHTHOCTH f(z)=f(y); Takum
06pa3oM, $HaKTOPHpPOCTPAHCTBO Y/R HONYYaeTcsA (CKICHBAHHEM) IPOCT-
pauctB Y, (§ 2, n°5). PaccmoTpmm Guekiyo g: Y/R— X, accoquupoBaHHYI0
¢ f; BooGmie roBops, g He ecTb TOMeoMOp(H3M, Kak HOKaskIBaeT IpuUMep,
rie Bce X, opHOTOUeuHH, a X He fucKperHO. OHAKO eCJH BHYTPeHHOCTH
MHO;KecTB X, oOpasyior mnokperTme X, wau (X,) — JIOKAJbHO KOHEYHOe
BaMKHYTOe¢ MOKpHTHE X, TO g — TOMeoMOp¢H3M; HelCTBUTENBHO, JJs
a1060r0 OTKpHITOr0 MHOMecTBa U m3 Y, HacHImeHHoro mo R, m moboro
L€ mepeceuerne HU)NX,=f (UNY,) oTkpwTO B X,, TaK YTO COpaBej-
JWBOCTH YTBEPIKMIEHNsT BHITEKaeT W3 IIpeJJIOMKeHuA 3.

Cnenyiomee IpeioyKeHUe [aer LPOCTOe 00cmamoinoe YCJIOBUE
IJIA TOro, 4To6B g OBLIO roMeoMopQU3MOM:

Ipepnomenue 9. Iycms f: X—Y — nenpeprignoe ciopsekmusnoe
omobpaxcenue, R — omnowenue srsusasenmmuocmu f(x)=f(y). Ecau
cywecmeyem Henpepwisroe cewernue s: Y—X, accoyuupoeanmoe ¢ f
(Teop. mmomxk., ra. 11, § 3, ompepenenue 11), mo omob6pascenue
g: X/R—Y, accoyuuposanhoe ¢ f, ecmo eomeomopgusm, a s — 20Mmeo-
nmopgusm Y na nodnpocmpancmeo s(Y) npocmparcmea X.

B camom pene, ecam ¢: X—X/R — KaHOHmYeCKoe oTo0paskeHue,
TO g U QoS OMEKTUBHH, HOIPEPHBHE U B3aUMHO OOPATHE; TOYHO
TaK jxe s u cy:xeHue f Ha s(Y) HempepHBHB, OMEKTUBHH U B3aUMHO
o0paTHEL.

Ecan R — oTHOINeHNe BKBUBAJEHTHOCTH B TOIOJOTUYECKOM MPO-
crparcrBe X u ¢: X—X/R — Kanounnuyeckoe oTobpajykeHne, To BCAKOe
acCcOnMUPOBAHHOE C ¢ Henpepwgnoe ceuenue s: X/R—X wHaswnBaercs
TaKiKe Henpepuisnbin cederuem npocrparcTsa X mo R (cp. Teop. maOX.,
raasa II, § 6, n° 2); Torma nogumpocrpancreo s(X/R) mpoctpancrea X
romeoMopduo X/R. Ormerum, uro samanme s(X/R) MOIHOCTBIO Ompe-
mejifAeTr §; HOINYCKasA BOJBHOCTb, T4CTO TOBOPAT elIe I/ KPATKOCTH,
gro $(X/R) ectb (HempepmBHOe) ceueHue npoctpanctsa X mo R.

OTMeTHM, 9TO HENPepHBHOE CEUEHHE TOIOJOTHYECKOT® IPOCTPAHCTBA
0O OTHOIIEHNI0 OKBHBAJIEHTHOCTH He 00A3aTeabHO CYIECTBYeT (ympask-
HeHme 12),
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6. Darmopnpocmpancneo NOINPoOCMPancmen

IIyers X — romosormueckoe mnpocTpaHcTBo, A — ero mommpo-
CTpPaHCTBO, R — OTHOIIEeHWe SKBUMBAJEHTHOCTH B X, [ — KaHoHMYe-
ckoe orobpakenme X—X/R u g — ero cysxenue Ha A. OTHOmeHUe
9KBUBaJEeHTHOCTH g(r)==g(y) B A ecrb He UTO MHOe, KAK OTHOLIEHUE
R,, undyyuposannoe ornomenmem R B A (Teop. muok., Cogka
pesyast., § 5, n° 5). Ilycts g=1 o h o p—KAHOHUIECKOE PABJIOIKEHUE
g, Tak 4ro, o0o3HAuasd dyepes j KaHOHWYecKyio mHBeKnumio 4 B X,
uMeeM KOMMYTATHBHYIO amarpammy *)

a2 /R, f14) % x/p 0
S ~x—f

Ilrepnomenne 10. Kawonuueckas OGuewyus h: A/R,—f(A) ne-
npepuisha. Ilpu smom caedyowue mpu ceolicmea pasHoCULbHbL:

a) h — zomeomopgpusm;

0) ecakoe omrkpwimoe muoxcecmeo ¢ A, Hacwujennoe no R,, ecmb
cred na A omkpumozo muoxcecmsa us X, Hachuyyennoeo no R;

B) 6CAKOe 3aMEHYymMoe MmHoxcecmeo 6 A, nacwuyenHoe no R,, ecmo
cned na A samrmymoeo muoscecmea us X, Hacwwernnozo no R.

IlepBass gacte npemnomenmsa ouesungua (n° 5). Bropasa caemyer
u3 mpemyoykeHusi 8: ecam B — OTKpHTOe (COOTB. BAMKHYTOe) MHO-
mecTBO B A, HachmenHoe no R,, u g(B)=f(B) ectb cnen Ha f(4)
OTKpPHTOTO (COOTB. 3amKHyToro) mmoxectsa C uz X/R, to B ectsb

cief Ha A OTKPHTOro (COOTB. 3aMKHYTOI'0) MHOKeCTBA ]‘l(C), HACH-
meHHoro no R; w obparHo, ecim B ectb ciem Ha A OTKPHITOrO
(cooTs. 3aMKHyYTOTO) MHOKecTBa [), mackmerHoro mo R, to f(B) ects
ciaex Ba f(4) muomectBa f(D), KoTopoe OTKPHTO (COOTB. 3aMKHYTO)
B X/R.

Crnencreue 1. Ecau A — omkpuimoe (COOTB. 3aMKHYMOE) MHOHCECTE0
¢ X, Hacouyennoe no R, mo kanonuueckoe omobpascenue h: A/R,—f(A)
ecmuv  20MeOMOpPUIM.

*) 9T0 BhlpaKeHHe O3HAYAET, 4TO foj=v o ho Q.
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B camom neae, eciam A OTKPHTO (COOTB. 3aMKHYTO) M HACHIIEHO
mo R, a B A oTkpwro (COOTB. 3aMKHYTO) B A M HacHIIeHO H0o R,
To B oTKpHTO (COOTB. 3aMKHYTO) B X M HachmeHo mo R.

Cnepcrsue 2. Ecau cywecmsyem maroe Henpepuviernoe omobpa-
acenue u: X—A, umo u(x) konepysnmuo x mod R Oas awboeo x€ X,
mo f(A)=X/R u rkanonuueckoe omobpaxcenue h: A/R,—~X/R ecmv

2omeomopghusm.

B caMoM fesne, TaK KaK BCAKHI KJacC SKBUBAaJEHTHOCTH mO R
mMeeT HemycToe mepecedeHume ¢ A, To KaHoHmueckuii o6pas A/R, B
X/R cosmapaer ¢ X/R; ¢ gpyroii croponsl, eciu U OTRpHTO B A 1
HachIeHo mo R,, TO I;(U) COBIIQJIaeT, B CHJIYy IPEANOJOMKEeHHA, C
MHOKECTBOM, IIOJIydaeMbiM HachimesueM U mo R; IOCKOJNBKY u He-

—1
npepuiBao, u (U) orkpwito B X (§ 2, Teopema 1), geM B cumy mpes-
nosxkeansa 10 caencreBme MOKasaHO.

IMpumep. °0O6o3naunm depes R OTHOMEHHe OJKBUBAIEHTHOCTH
z=y (mod 1) ma amciaoBoit mpsamoii R (n° 4, npumep) u wepes A — 3aMK-
myTteiii mHTepBad [0, 1]; A comep:kuT mo KpaiiHeit Mepe OAHY TOUKY U3
BCAKOTO KJacca BSKBHBajieHTHOCTH 1m0 R. Kanonwmueckoe orTobpaskeHue
A/R 4 na Top T ectb roMeoMop(usM; B caMoM fede, OycThb F — 3aMKHYTOe
MHOeCTBO B A (1 TeM cambiM B R); 4T00H HAacHTHTH F 1O OTHOmMEHNIO R,
HY/KHO B3ATh O0bBeJUHEeHNe 3aMKHYTHIX MHOKeCTB F-n (1m0 BceM n€Z),
0ueBHZHO, 00pas3yoIUX JOKAIbHO KOHEUHOE ceMeHCTBO; WX obnepwHenHe,
TakuM o0pasoM, 3aMKHYTO (§ 1, Ipepo:xenne 4), OTKYa ¥ BEHITEKaeT HaIle
yTBepjenme. 3ameTnM, uto A/R , momydaercs OTOKJeCTBIeHHEM B 4
Toger 0 m 1.,

YrnpaskaeHus

1) Iycrs A, B — HOAMHOMeCTBA TOIOJOTHYECKOTO HpocTpaHcTBa X,
upuueM ADB. IlokasaTts, uTO:

a) BayTperHoCTh B oTHOCHTENBHO X COJiepKATCA BO BHYTPEHHOCTH B
OTHOCHTEIbHO TOADPOCTPAHCTBA A mpocTpaHcTBa X; 1aTh TpHMep, KOTAA
9TH 1B& MHOYKECTBA Da3JNYHHL.

6) 'pannna B orHocuTenbHO A cofepskHUTCA B ciefie HA A TPaHUIH
B ornocuTenbHo X; naTh NpmMep, KOTJa 9TH [gBAa MHOKECTBA DAasJUIHHL.

2) Ilycte A, B — npousBOJbHEIE TOJMHOMKECTBA TOLOJOTMIECKOTO
opocTpancTBa X.

a) ITorasartb, 4To cllefy HA A BHYTpPeHHOCTH B oTHocuTenbHO X cCO-
HepsuTcA BO BHYTpeHHOCTH B[] A oTHocHTenbHO A; AATh mpuMep, Korja
9TH [Ba MHOKeCTBAa pPasJHIHHI,
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6) IMoxasats, 4T0 cien Ha 4 3aMHIKaHUA B B X cOfep/KUT 3aMEIKAHIO
B() A orHocuTeabHO A4 ; NaTh IPUMeP, KOTAA BTH [[BA MHOKECTBA Pa3IHYHEL.

3) Ias Toro 4robH HOQUPOCTPAHCTBO A TONMOJOTHIECKOTO IPOCTPAH=
crBa X OblI0 AMCKpPeTHHIM, HeoGXogMMO M [0CTaTOYHO, YTOOH BCAKAA
TouKa n3 A OHIa W3OAWPOBAHHOM.

4) Ilycts Y m Z — mopOpocTpaHCTBA TOIOJOTMYECKOr0 IPOCTPAHCTBA
X, npraeM X=Y |Z. Honoxnm A=Y CZ, B=ZCY n 6ymem upep-
nonarate, 9T0 A (\B=BA=g; ecin Y m Z 06a OTKPHTH Wil 063 3aMK=
HYTHI, 9TO YCJIOBHe BBINOJIHAETCA.

a) f[oxaaa'rb, aro gua awboro mmomectsa M—X sameikamme M B X
ecTh o0BeMHeHNe 3aMBIKaHNA M Y oTHOCHTeNbHO Y W 3aMuKauus M () Z
orHOCHTeNbHO Z. BmiBecTm otciopga, uto ecam M ()Y saMKHYTO (COOTB.
OTKpEITO) B Y m M () Z 3aMKHYTO (COOTB. OTKPHTO) B Z, To M BaMKHYTO
(coorB. OoTKpHTO) B X.

6) Iycrs f— orobpaskeHme mpocTpaHcTBa X B TONOJOTWYECKO®
gpocerpagcTBo X'; ImOKasaTh, 4To ecad f|Y m f|Z HempepHBHE, TO W f
HEeIPepEBHO.

5) IIyeres Y 1 Z — mopgOpoCcTpaHCTBA TODOJOTHYIECKOTO MPOCTPAHCTBA
X n X=YUZ. Noxazarb, 4970 MHO;kecTBO MCY () Z, oTKpHTO® (CO-
OTB. 3aMKHYTOE) OJHOBPEMEHHO OTHOCUTENbHO Y U Z, OTKPHTO (COOTB. 3aM-
KHYTO) 8 X.

6) IIyctb A — JOKaJBHO 3aMKHYTO€ HOAIPOCTPAHCTBO TOHOJOTHYEe~
cKoro mpocrpaHcTBa X. IlokasaTh, 94TO MHOMECTBO OTKPHITHIX IOZMHO-
sxectB U n3 X Takux, ut0 AC U n A 3amrnyro B U, o6najgaer HanOoabIIuM

3IIeMEHTOM, COBIANAIONINM ¢ IOTOTHeHTeM B X TPaHUIH A OTHOCHTEIBHO A,

7) IlokasaTb Ha NpUMepax, 49TO B TONDOJOTMYECKOM IPOCTPAHCTBO
obbejiHenne [JBYX JOKAaJbHO 3aMKHYTHIX MHOKECTB H [ONOJHEHDe K
JIOKAIbHO 3aMKHYTOMY MHOKECTBY He 00s13aTelNbHO JOKAJbHO 3aMKHYTEHI.

8) Ilycts A — HDOAMHOMKECTBO YIOPANOYEHHOTO MHOMKecTBa X; To-
mojorus, WHOynHpyeMasa B A mpaBoit (cOooTB. JaeBoil) Tomojormedl m3 X
(§ 1, ynpaxxHeHne 2), ecTh IpaBas (COOTB. JleBad) TONOJOTHA B MHOKECTBe
A HaJeJeHHOM OTHOIIEHVWEM MOpSKa, WHAYNHPOBaHHHEM H3 X.

9) Mycts A — TOAMHOKECTBO COBEPIIEHHO YHOOPA[OYEHHOI'O0 MHOKe-
crBa X.

a) Tomosiorus, uapynmpyemas B A ronogoruelt §_ (X) (coors. I (X),
Fo(X)) (§ 2, yumpaskmenne 5), MaKOPUpPYeT Tonojoruio 7 _(A) (coors.
T (4), To(A)) B MEOKeCTBe A, HAaJIleIeHHOM MHAYIIPOBAHHBIM OTHOIIGHU-
em nopsanka. Ecan A — nnrepan B X, 10 J - (A) (cootB. T (4), TH(A))
nHpynupyeres B A romomormeit & —(X) (cootB. I (X)), Jo(X)).

6) BosbMeMm B KauecTBe X JeKcHKorpaguieckoe mpomsBefenue QX 7Z
(Teop. MHOK., 1. I11, § 2, n° 6), a B KauecTBe A ero moIMHOKeCTBO Q X {0}
IloxasaTb, u9ro Tomosjords J_(A) (cootB. . (4), To(4)) B A cnabee
Tononornu, HEAyIEpyeMoi tonogormei & _(X) (cootB. J (X), Fo(X)).

10) IIycrb A — HeIycToe MOANPOCTPAHCTBO HEOYCTOTO TOIOJOIHYe-
¢xoro mpocrpancrBa X. IlowasaTe, 9To Tomosorus, HMHAynupyemas B
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Ro(4) Tomonorneit J, (c001B. Jp,), 3amannoii B Po(X) (§ 2, ynpaskuennue 7),
coBmajaer ¢ romojorueit o (cooTB. Jg) B Po(A).

*11) ITycrp X — TOmOJOTH¥ECKOe HPOCTPAHCTBO, &J — eTo TOH0Je-
rus, A — Bcloay mioTHOe mopmpoctpanctso B X. ITokasars, uTo MEOGKe-
CTBO TeX TOHmOJOTHA B X, MaKopupyommx &, IpH KOTOPHX A BCIOIY
IJIOTHO W KOTOpHIe HHAYIUPYIOT B A Ty 3Keé TOHONOTHIO, 4T0 I J, oGnanaer
mo Kpadmefi Mepe OJHMM MaKCHMAJbHHIM 3JEeMeHTOM; OH HAa3HBaeTcs
A-narcumasvrotli Tononorueit. as roro arobe Tomosorus J, B X Obuia
A-MaKCHMAJIBHON, HeOOXOANMO ¥ OCTATOYHO, YTOOBI €¢ OTKPHITHIMA MHO-
sKecTBaMK Obliinn MHOKecTBa M C X, mis Kortophix A () M miaotao B M (B
ronogornn ) u orkpeito B A. Torza mogmpocrpancTBo CA INCKPETHO
B TONOJOTHH, HHAYNMpYeMoil Tonosxorueit J,, o 3aMKkuyTo B X . ITokasaTs,
9TO ecJy Tomosornsa , A-MaKCHMAJbHA, @ TONOJOTHA, HEAYUIPYeMas ek
B A, KBasmMakcuMaianHa (§ 2, ynpakuenue 6), 1o J, KBasUMaKCUMaJbHA,

°12) IIyere X — wmomnpoctpanctBo [0, 1] dumesosoil nmpsmoir R u
S — oTHOIIeHNWe OKBUBAJEHTHOCTH B X, KJIaccaMW KOTOPOTO CJYKaT
{0, 1} m muomectsa {2} (0<z<1). Tlokasats, 4T0 He CYIIeCTBYeT Hempe-
PHEIBHLIX cedeHnit X mo S.,

13) IIycrs X — TomoOJOrMYeCKOe TPOCTPAHCTBO, R U S — OTHOMmIEHAs
9KBHBaJleHTHOCTH B X, mpndueM R Biaeder S. IlokasaTs,q9To ecan CymecTBYIOT
HeupepeBHOe ceuenye X o R w HempepuBHoe cedenne X/R mo S/R, 7o
cyImecTBYyeT HelpephiBHOe cedeHne X mo S.

14) Ilycre X — TIpOCTPAHCTBO, ABIAKINEECT CYMMOH [BYX CBOUX
HopnpocTpaHeTs X, X,, m X/R — TpOCTPAHCTBO, TOJydaeMoe CKJeuBa-
mnem X, m X, mo nognpocrpanctsaM 4; n3 X, m 4, uz X, mocpemcreom
romeomopdusmMa h npocrpaHctBa A, Ha A,. IloKasaTh, 9T0 KaHOHHUYe
ckme ofpassl npocrpancts X; u X, B X/R roMeoMopdHB COOTBETCTBAH-
Ho X; nm X,.

°15) Pacemorpum B R mognpoeTpanctea X;=]—1, 1], X,=]—2, —1]
m Xz=|1, 2]; nycts X — nx oObenVHeHne, sBIAIIIEECA TAKKE CyMMOM
9TUX Tpex mpocrpaHcTB. [Iycre A, (cOOTB. Ag) — MHOMECTBO BCeX Wppa-
IWOHAJBHBLX 9HCel, cofepmamuxcad B X, (cooTB. X3); B; (CooTB. B,) -~
MHO?KeCTBO BCeX paIrMOHAJbHEIX uncel, comepamuxcsa B |—1, 0] (coors. 8
X,); C; (coorB. C3) — MHOMECTBO BCeX DAIMOHAJNBHBIX 4YHCeN, CONep-
skamuxcs B {0, 1] (coots. B X3). Ilyers X/R — mpocTpaHCTBO, HOIydaeMoe
CKJenBaHWMeM DpocTpaHCTB X;: 1° 1m0 A4, B A3 TOCPEACTBOM roMeoMopdusma
z+—>z+3; 2° no B, n B, mocpencrsoM roMeoMopdmaMa x> z—1; 3°
mo C, n C; mocpeycTsoM romeoMopdusma z —> z--1. Ilokasarth, uro Kamn-
mugecKnil ofpas X, B X/R me romeomopper X,. DaKropupocTpaHCTBO
Y/Ry, e Y=X,B,|) C;— nacmmerue X; no R, He ToMeoMopdHO Ka-
HOHMYecKoMy obpasy Y B X/R.,

16) Ilycts X — HenycToe TONOJOTHYECKOE NPOCTPAHCTBO I R — or-
HOIIeHNMe oKBUBajeHTHOCTH B X. IToKasaTs, 9T0 ecam paccmatpuwsBaTh X/R
Kak HoaMHOKecTBO B Po(X), T0 darroprononorna B X/R MaskopupyeTcs
TONOJIOTHAMH, KOTOPHE MHAYNHpPYIoT B X/R Tonosorun o 1 Tg, 33)aH-
mble B Po(X) (§ 2, ympaskeenue 7).
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§ 4. TIpomnsBemeHne TOMOJOrHYECKAX NPOCTPAHCTB

1. IIpouszeedenue npocmpancmse

Owpenenerne 1. Iycmv 0Oano cemeiicmeo (X ) ¢; monosozuue-

CKUT npocmpancme; ux npoussedenuen nasvsaom mroncecmso X =[] X "
Lel

Hadeaennoe npoussedernuem monoaoeuti npocmpancms X, (§ 2, n° 3,
opumep III). X, (1 €1) naswsearom npocmpancmeamu-commorcume-
aamu npousgedenus X.

B cuny mpemmoskenus 4 § 2 Tomosormsa mpocTpaHcTBa X uMeer
6asucom MHOMKECTBO B muepeceueHHit BCEBO3MOKHBIX KOMEUHBLEL Ce-

-1
MmeiicTs MHOMecTB Bupa pr,(U,), rme U,— OTHpHTHe MHOKeCTBa H3
X,; 9TH mepecedeHMS ABIATCA He 4eM MHBIM, KaK NPOM3BeJeHUSIMI

11 A, rne A, omkpume B X, naa Bcex €1 n A =X, 0aa écex kpome
vel

KOHeuH020 uucaa undercos v; MH OyneM HAasHBATh 9TH NPOUSBEJIEHUS]
AEMENMADHBMU MHONCECTLBAMU.

ITycrs B, pusa xamporo €] — Gasuc TOMONOTHM NIPOCTPAHCTBA

X,; sCHO, 9YTO 3jleMeHTapHble MHOMKECTBA IA” B KorTophix A €D,
LE

maa BeeX t Takumx, 4ro A #X,, cHoBa 06pasyioT 0asuc TOIOJOTHI

npousBefieHus. Te U3 9TUX MHOKECTB, KOTOPHIE cofiepKar TouKy x € X,

o6pasyioT, TakuMm 00pasoM, Pyrdanenmaivryio cucmemny Okpecmuocmets

z (§ 1, upemumomenme 3).

Korma I — Komeunoe MHOECTBO, IOCTPOEHHE TOMOJOTHH WIPOM3-
BEJleHNs IO TONIOJOTHAM COMHOMKHTeNe# X, ympomiaercs: sjeMeHTap-
HHIMI MHOKECTBAMM ABJAIOTCA IIPOCTO HPOUBBENEHUA IIA‘, rje

vel
A, — TpOM3BONBHOE OTKDHTOe MHOMKecTBO m3 X, mna kaxdozo v €l
(cM. ympaskmenue 9).

Il puwMe p . °IIponssenenne R” n 9K3eMIIAPOB YNCIOBOH TpAMOHR
R HABHIBAETCSH n-MepHLM YUCALO8LM npocmpancmeonm; R2 HABKHBAETCA TAKKe
uucaosoil naockocmoro (eM. ta. VI, § 1). Tak ske, ormpaBasdach OT panuo-
HAJBHON npAMOll Q, OLpeneNAIT n-MepHOe PAYUOHAALHOE NPOCMPAHCMEO
Q" (payuoraavryio naockocmv AiA n=2).

Tononormss mpocTpancTBa R” mmeer cBomM 6asmcoM MHOKECTBO Bce~
BO3MOJKHBIX TIPOMSBENEHMI n OTKpPHITHLX MHTepBanoB u3 R — mOponsse-
IEHHH, HA3BIBA@MBIX OMEPLMHMU R-MepHuMU Kupnudamu, OTKpPBHITHE
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Kupnmdm, comep:xamue Touky z€& R”, o6pasyiT ¢yrpaMeHTanbHYO CH-
cTeMy ee OKpecTHOCTell. TOUHO Tak iKe samMERymMuMU N-MeDHUMU KUpRU-
yamu HABHIBAIOTCA IPOM3BEIEHNS 1 BAMKHYTHIX HHTepBaioB n3 R. 3aMruy-
Thle KUpPON4YN, NMeIWe  CBOell BHYTpeHHeH TOYKOH, Toxe 00pasymor
PyHIAMEHTAaNbHYI0 CHCTEMY ee OKpecTHOCTeil. AHAJOTHYHBEE Pe3yJbTaTH
AMEIOT MeCTO Jijisi n-MEPHOTO PAIMOHAJBHOIO IPOCTPAHCTBA.,

IMeennoxene 1. yemv f=(f) — omobpaxcenue monoaozuue-

cko20 npocmparncmea Y 6 npocmpancmeo X =II X. Hdas mozo umobu
vel

[ 6vi0 HenpeprisHo 6 mouke a €Y, Heobxodumo u docmamouno, umobs
6ce f 6vau Henpepuisntl 8 mouke Q.

Ilockonbky f=pr o f, 8T0 He UTO WMHOe, KaK YACTHHI ciydai
npemioskenust 4 § 2.

Caepcrsue 1. ITyems (X )er, (Y)e1 — cemeiicmea monoaozu-
YecCKUT NPOCMPAHCME ¢ OOHUM U meM e MHONCECE0M UHOeKcos8 U
f, Oas kaxcdozo €I ecmv omobpancenue X, 6 Y,. Jlaa moeo umoGu

omobpadxcenue f: (x)—> (f(x)) npocmpancmea IIXL ¢ I1Y. (npo-
vel

vel
ussedernue omobpascenuli f) 6vi0 Henpepusno ¢ mouke a=(a), Heo6-
xodumo u docmamouno, umobsl f, Ow.L0 Henpepwsno 6 mouke a, 04s
Kaxcdozo V€ 1.
B camom neme, f sanmceiBaerca B Bupme z+—> (f(prx)), Tak uro ye-
JI0BUe 0CTAaTO4YHO mo mpemnoskeHmio 1. O6GparHo, mycTh g, MisA Kamk-

noro x € I osrauaer Takoe orobpamkenne X, 8 [ X, uro pr,(g,(z,) =
el

=z, n pr,(g,.(z,))=a, nasa \5~%; g, HEOPEePHBHO B TOUYKE @, B CUIY
npennoxenns 1; a raxk Kak f,=pr, e f o g,, To 3aKII09aeM, 9TO eCIH f
HeIIPepPLIBHO B TOUKE @, TO f, HEIPEPHBHO B TOUKE 4.

Caencreue 2. ITyemv X u Y — monoaozuueckue npocmpancmea.
Has mozo umo6w omobpascenue f: X—Y 6uiro Henpepbigho, neobrodumo
u docmamouno, umobs omobpascenue g: x> (x, f(x)) 6v10 20me0Mmop-
pusmom npocmpancmesa X na epagpur G omobpascenus f (paccmampuea-
emviii kak nodnpocmpancmeo npouseedenus X XY).

ITockonbry f=pr, o g, ycnosue gocratrouro. OHO Heo6XonuMo, u60
ecau f HeIPePEIBHO, T0 g GUEKTUBHO W HeNpepHBHO (mpepioskenue 1),
a ero o0palieHme ABIsETCA CyKeHmeM Ha (G mpOeKIUM pr;, KoTopas
genpeprsaa (cM. Teop. mmom., ra. IV, § 2, n° 4, kpurepuit CST 47),
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MMeEpnoskeanE 2 (ACCONMMATHBHOCTH TOMOJOIMYECKOT0 IPOU3BE-
menus). IHycmv (X )e1 — cemeticmso monoaoeuieckux npocmpaHcme,

(J.)xex — pasbuenue muoxcecmsea I u X, = I; X, 0an Kaxdozo
velJ,

% € K — npoussedenue npocmpancme X, ¢ undekcamu € J,. Kanonu-
yecrkoe omobpaxnenue (Teop. muox., Ceomka pesyabt., § 4, n° 11)

npoCMparcmen II X, Ha npocmparcmeo H Xy ecmv comeomopdusm.
vel %neK

9TO0 — YaCTHBHIA CIyYail TPAHSUTUBHOCTY MHUIUAIBHEIX TOIOJOTHA
(§ 2, mpenno:xenue 5; cm. Teop. MuOM., ri. IV, § 2, n° 4, kpurepnit
CST 13).

Ipocrpancrea || X, u [[ X, wame scero omoxcdecmeasiomes
Lel neK

IIOCPEeNCTBOM KaHOHHYECKOr'o 0T06pa}KeHI/I}I.

Cnencreue. Iycmov 0 — nepecmanoska mhoxcecmea I. Omob6pa-

acenue (z)—> () ecmv comeomopgpusn 1] X, na I X_,.
vel vel

Hocrarouno B mpepnoxkenumn 2 B3ark K=I u J={o()} pun
Kayrgoro L € 1.

Meepnomenue 3. [Iyemv X — mnoacecmso, (Y,),c1— cemeticmso
monoaoeuueckux npocmparcms u f das kascdozo € I — omobpaxcenue
X 6Y,. IIycmo, Oance, f — omobpasxcenue x—s> (f(r)) muonecmea X

6 Y=Y u & — caabeiiwan us monoaoeuii ¢ X, npu womopuz
el

nenpepugnv, ece f. Tozda J ecmv npoobpas omuocumeavno f mono-
aozuu, undyyupyemoti ¢ f(X) monoaozueti npoussedenus Y.

910 — [pyroil YaCTHHEA ciaydaii TPaHBMTHBHOCTH HMHHUIMAJIBHEIX
tomostoruit (§ 2, mpepsoxkenue 5; cm. Teop. mHOMK., T1. IV, § 2, n° 4,
kpurepuit CST 15).

Cnepcrsue. ITycmv A, 0as kaxncdozo €l — nodnpocmparcmeo

npocmpancmea Y,. Tonoaoeus, undyyupyemas 6 A= IT 4, mono-
vel

aozueli npocmparcmea HYL, ecmb npouseeaeuue monoaoeuil nod-
vel

npocmpancms A,.
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IlocTaTouHO TPHMEHUTH NPENJoKeHHe 3 K GyHKIuAM f=j o pr,
rie j,— wasonuueckme mEbekumu A —Y, (cm. Teop. muOx., ra. IV,
§ 2, n° 4, xpurepuii CST 14).

2. Cpes omKpsimozo mHoIHCECMBa; eped 3aMKENYImMozo
MHOMECINEA; NPOCKUUSL OTNEPLITNROL0 NHONHCECTNE,
HJacmurnas HenpepuléHocms

Meepnoxenane 4. Hycmv X, u X,— monosoeuveckue npocmpan-
cmsa; dasn kancdozo a, € X, omobpascerue To—> (@, Zy) ecmsv 20meomop-
dusm npocmparcmea X, Ha nodnpocmpancmeo {a, } X X, npocmpancmea
X, X X,.

JT0 — YACTHHIA CIy4Tail ciefcTBUSA 2 upeqioKenns 1, mpuMeHeH-
HOTO K MOCTOAHHON (YHKRIUE Zp+—>d,.

Orobpaskenne z,+—> (a,, T,) €CTb Henpepusnoe cevenue (§ 3, n° 5) mo
OTHONIGHHI) 3KBUBAJEHTHOCTHA pryz==pr,z’ B X;X X,; TakmM o6pasom,

¢aKkTOpPIpPOCTpAaHCTBO HpocTpaHcTBa X, X X, DO 3TOMY OTHOIIEHHIO JKBH-
BaJIEHTHOCTH romeoMopduo X,.

CaenicrsuE. Cpes A(x,) omkpwmozo (COOTB. 3amMkHYmMo020) nod-
muoncecmea A npocmpancmea X, X X, no aob6oii moure z, € X, ecmo
omrkpumoe (COOTB. 3amknymoe) mHoxcecmeo 6 X,.

[Irepnoxenne 5. Ipoexyus omrkpwumozo muosncecmea U us X, X X,

Ha 41060 U3 NPOCIN PAHCME-COMKOACUMeELl; eCnb OME PLLINoe MHONCECTNEO.

B camom pene, manpumep pr,U= U U(z,), Tar 4ro cupasepmiu-

x,€ Xy

BOCTh YTBEDIKIEHUsA BHTEKAeT M3 CJE[CTBUA IPe[JiOyKeHUA 4 W ak-
cuomu (O)).

Bameuanne 1. [poeknun samknymozo MHOKecTBa m3 X,;X X,

e Ha OpPOCTPAHCTBA-COMHOKHUTEJNH BIOJHE MOTYT He 6umb SAMERYMbBIMU

mroxcecmeanu. Hampumep, Ha panmomanbHORl maockocrnm Q2 rmmep6osa,

onpepeJssieMas ypaBHeHWeM $1$2=1, €CTh 3aMKHYTO€ MHO;KeCTBO, HO obe

€e MpoeKnuy coBOajarT ¢ JOMOJHEHHEeM K TOYKe 0B Q, a 9TO MHOKeCTBO
He 3aMKHYTO.

Tleepnomenue 6. Tycmo X, X,, Y — monoaozuueckue npocmpan-
cmea u | — omo6pascenue npocmparncmea X, X X, 6 Y. Ecau f nenpe-
pusro 6 mouke (ay, a,), mo wacmuunoe omobpaxcerue y—» f(a,, ;)
npocmpancmea Xy 6 Y Henpeprisho 6 mouke dg.
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B camom pmerne, aTo oToGpaykeHme ABIAeTCA KOMIOO3UUHedl [ u
0TOODasKeHUN Zp+—> (@y, Z,), TAK YTO CIIPABENJINBOCTH YTBEPIKTEHUS
cilefyeT M3 NPeNJIOKeHHus 4.

IIpepnoskenue 6 wacTo BHpasKaloT WHAYE, TOBOPA, UTO HEIPEPHIB-

Has (QyHKIUA OByX apTyMEHTOB HeNPEePHBHA IO KAKIOMY apryMeHTy
B OTHEIbHOCTH.

3aMeganue 2. MoKeT cryunThcs, 9TO éce GacCTHIHBIE OTOOpa-
sKeHNs1, ompeensieMile orobpaskenmeM f: X, X X,—Y, HenpepBHH, a f
ne nenpepusno na X, XX, (M. ta. IX, 2-e m3n., § 5, ynpaskuenue 23 n
Tomn. BexT. mpocrp., Ta. III, § 4, yupamuenne 4). ° Hampumep, y oroGpa-
sKeHus f umcyaoBoil miockoctd R? B R, onmpenesieHHOTO yenoBnaMu f (z, y)=

= ,#yyz st (2, y)# (0, 0) m f (0, 0)=0, Bce gacTHYHEIe 0TOOpPAKEHAA HE-

1
HpepHBHE, OFHAKO f He HempepsBEO B Touke (0, 0), MoCKOIBRY f(z, 2)=—

2
opn 2#0.,

Ecim g — oroGpaxkenne mpocrparcTBa X; B Y, HeOPePHBHOE B
TOUKe a,, TO OTOOpaKen e (;, &) —> g (7;) mpoctparcTBa X; X X, BY
HenpepHBHO B J060il TouKe (d;, Z,), KAK KOMIOBUIUA g M IPOEKIUH
Ha X;.

PesynbraTel 3TOr0 n° HEIOCPEJCTBEHHO DPAacIpPOCTPAHAITCA HA

a060e IpousBe/ieHue HX; TOIOJIOTMYECKHUX NOPOCTPAHCTB, €CJAHn
Vel

3aMeTuThb, 4YTO IIOCJenHee FOMGOMOpd)HO IIPOM3BEAEHUIO (HX;)X
LeJ

x(HXt) nasa kKaxgoro pas6menus (J, K) mHOomecrBa I (mpenio-
LEK

meHne 2).

3. Fanviranue 6 nNpoussedeHun

lreepaomenne 7. B npoussedenuu [] X, monoaosuneckuz npo-
ver

cmparcme X, 3aMukanue npoussedeHus II A, mnoscecme A, cosna-
Vel

daem ¢ npouseedenuem || A, uz samwvikanui.
€l

B camom pene, mycth a=(a) — TOYKA NIPHUKOCHOBEHMS N1JIA 11 A4;
L

B CHIy HeIpepHBHOCTH NMPOeKIWH Pr,, @,=pr,a opu jgobom x €/
¢CTh TOYKA HpUKoCHOBeHmA aaa A, (§ 2, Teopema 1), ciegoBaTensHO,
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ag I;[Zl. O6parno, mycts b=(b) € HZ. u ILIVL— Kakoe-a1u60

sleMeHTapHOE MHOMKECTBO, cojep:kamee b; Torma muaa moGoro v€ 1
MHOKeCTBO V| COAEDKHUT HEKOTOPYH TOUKy Z € A, W, 3HAYHT, 1Iv,
L

COMePIKUT TOUKY (x) € HAI, YeM [l0KasaHo, 9To b ecTh TOYKA mpwm-
L

KocHoBeHmA ana || 4.
L

Cnencreue. J{as mozo umobw npoussedenue HA. Henycmulr
L

MHONCECME OBLA0  3AMKHYMO 6 NPOCMPAHCIEE HXt, Heo6zo0umo
L
u docmamouro, umobu A, Gvao samkrymo ¢ X, npu 41060M L.

HamomunMm, uwro ecam I koreuro, TO OIpou3BeJeHNe HAl OTKpBHITO,
vel

xorna A, oTkpeTO B X, Ipu Ji060M t; OgHAKO dTO He TaK, ecanm J Gec-
KOHEYHO.

lleennomenne 8. Iyemv a=(a) — mouka npocmpancmea X =

= IlXt; muoxcecmgo D mex mouer x€ X, y Komopwx prr=a, 048
LE

écex, KPOME KOHeuH020 uucaa, Undercos v, eciody niomno 6 X.
B camom mene, nia Kampoit Toukm € X ¥ KaKI0TO 9IeMeHTAPHOTO

MHOKecTBa V= H U, copepskamero z, mmeeM U,=X,, 3a HCKIio-
vel

deHHeM WH[EKCOB |, IPHHANJIeKAMKX HEKOTOPOMY KOHeYHOMY IIOfI-
MHOKecTBY J MHOecTBa I; monommMm y,=z, Ana €J m y=a pas
t(EJ ; oueBHAHO, y=(y)€D m y €V, uyeM mpennosKeHme [0Ka3aHO.

4. IIpoermusnsie npedeasvt 1MoONOAOCULECKEUX
NPoOCMParncme

Ilycre I — mpepynmopsiioueHHOE MHOMKECTBO (He 006A3aTeNBHO
duapTpylomeecsa) ¢ OTHONIeHHEM IPeANOPAnKa, 0603HaTaeMbM o< f.
ITyers X, nns ramporoa € I — TOMONOrMYECKOE IPOCTPAHCTBO U fas
npr o< — orobpamenue X; B X,. Bynem rosopurs, uro (X,, fag)
€CThb NPOEKMUBHAR CUCIMEMA MONOA0SUNECKUZ NPOCMPAHCME, eCHn:
1° (X4 f.g) — npoesmusnas cucmema mruoxecme (Ilpunoxenne &
ra. I, n® 1); 2° Bee f,5 nenpepusnu. Ilyecrs X — muoxectso lim X,



64 TOIOJIOTUYECKHUE CTPYKTYPbI ra.i, §4

¥ f, naa kakmnoro o € I — xamoHmueckoe otobpaskenune X—X ,; Hazo-
BeM caabeiiuyio us monoaozuli ¢ X, npu Komopwxr Henpepwlérbl éce f,,
npoekmusHuin npedeaom (OTHOCHTENbHO oToGpasKeHuil f,5) Tomomormi
mpocrpaHctB X,, a MHOKecTBo X, HajleleHHOe 9TOil TOIOJOTHeil,
RPOEKMUBHBM Npedesom NPOEKMUSBHOL CUCMeMbl MOROA0ZULECKUL NDO-
cmpancme (Xq, f,g). ToBopsa mamee o l(iLn X, KaKk 0 TOI0JOTHYeCKOM

IPOCTPAHCTBE, MBI BCIOMY, I'/le He OrOBOPEHO TPOTHBHOe, OyjaeM mof-
pasyMeBaTh, 94TO TOIOJOTHEHl BTOTO MPOCTPAHCTBA CAYKHUT IPOEKTHB-
HBI{l IIpefiesl TONMOJOTHWH mpocTpaHcTB X,.

Hax wsBectHO, MHOMeECTBO X €CTh MOAMHOKECTBO IIPOM3BEEHUA

H Xu, 06paSOBaHH06 TeMH TOYKaMH X, Y KOTOPBIX
ael

Prat = fap (Prp2) 1)

A mobux o, B rakux, uro a<lf. s npenioskenusa 3 BeITEKaer, YTO
MPOEKTUBHBIA Opefesa TOMOJOTHiA mpocrpancTs X, COBIAgaer ¢ TO-

monorueit B X, undyyupyemoli TOIMoOJIOTHEl TPOCTPAHCTBA HXa.
o€l

Ecau Y, pnsa rampgoro o €/ — moanpocTpancTso mpocTparctsa X,
npuueM Y, o6pasyoT RPOCKMUSHYIO cUcmeMmy NOIMHONCECTNE MHOMKECTB
X, (Ipmnoskenne & rar. I, n® 1), To, 0YeBUAHO, TOMONOTHYECKOE TIPO-
CTPaHCTBO E{nYu ABIsgeTCA nodnpocmparcmeon npocrpancrsa limX,.
—

ITyers (X, fop) — BTOpasg IPOEKTHBHAA CHCTEMA TOIOJOIHMYECKHX

IPOCTPAHCTB C TeM jKe MHOkecTBOM mHjeKcoB I, m u,: X, —~X,, ana

Bcex o €1,— Henpepulenbie 0oTOGpasKeHH s, 06pa3yIONIAe R POEKMUSHYIO

cucmemy omobpasxcernuli (u,); rorna u=Ilim u, ecTh HeIpepPEIBHOE OTO-
—

Gpasenme mpocrparcta X =lim X, B X'=lim X,. B camom fpeue,
<~ «—

ob6o3rauasn uepes f, KamoHmUecKoe orobpaskenme X' —X,, mnMeeM

fo © U=1u,° f,; CNENOBATEIBHO, f,; ° y HeIPEePHBHO AJA KajKmnoroo € I,
¥ Hame yTBep:;KJeHWe BHITEKaeT U3 Ipefjaoskenus 4 § 2.
ITpegumonosxkuM, Hakomem, uro [ guavmpyemcsa enpaso, W TYCTh
J — wopunasvras vacts I; mycrs, manee, Z — ITPOSKTUBHHI mpemen
IIPOEKTHBHO CHCTEMBI TOMONOTHIeCKHX POCTPAHCTB (X, fop)ue s, pe -
Torna kamonmueckaa 6uexknua g: X—Z (Teop. mmosx., ra. III, § 1,
n°® 12) ecrs comeomopgusm. B camoM mexe, nua Kaxmoro A€ J mveem
pry(g(z))=pryz, cienoBaTenbHO, g HeNPepPHBHO (mpexyo:keHme 1);
obpaTHo, mycTh h — Omeknusa, ofpatHad K g; Aasa Kamgoro a€f
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cymecTByer Takoe A€ J, uro a<lA, Tak uro pr,(A(z))=f,(pr,z); aro
B CHJLy HPefIOJOMKEeHNAA OTHOCHTeJNBHO 0TOOpaKeHHH f,3 JOKasHBaeT
HeIOPepHBHOCTL & (upepioenue 1).

Meepnomenne 9. Hycmv I — npedynopadouennoe MmHoAMcecmE0,
Ppurvmpyroweecs enpaso, (X,, f,5) — npoekmusnas cucmema monoso-
eueckux npocmpancme ¢ mroxcecmeom urdercos I, X =limX, u J —

—

—1
rogunasvras wacmsv I. Cemeticmeo muoxcecme f,(U,),20e o npobezaem J,

f.— karonuueckoe omobpascenue X—X,, a U, 0as raxdozo o €J
npobeecaem Gasuc B, monoaozuw npocmparcmea X,, asiiemes Oa-
sucom monosozuu npocmpancmea X.

Hax ms1 Braem (§ 2, n° 3), nepeceueruss BCeBOSMOMHBIX KOHEUHbE

—1
cemeiictB MHOkectB Bmaa f,(U,) (@€, U, orkpuiro B X,) obpasyior
6asuc Ttomosnormm mpocrpaHcTBa X. Ecam (@;);<;<, — KOHeUHOe ce-
MeilicTBO HHIeKCOB U3 I, 10 cyniecTByer Takoe y € J, uro o, <y (1<{i<Cn);

—1 -1
TOTAA fo, = foiy © fy U, HONOKUB Vy=0 forw(Us;), Oynem mmets fy(Vy) =

-1
=n fou(Uy); HO V), OTKpEHITO, a HOTOMY sBIAeTcA 00beJmHeHNeM
i
MHOKeCTB M3 B,; dTEM HpeAJIoKeHHe TOKas3aHO.
CnegcrBue. I pednosowcum I  gduavmpyrowyumcs. Iyemv A —
noomnoocecmeo uz X =limX, u A,=f,(4) 0as raxdozo oo € 1. Tozda:
(I) A, (coorB. A,) o6pasyiom npoexmuenylo cucmemy nodmio-
— —1 _ —_
giceceme npocmparcme X, U A=n f.(4,)=1limA4,.
(I1) Ecau A samxnymo ¢ X, mo A—hmA ——hmA

ITepBoe yrBepmuenue myHETa (I) BbITeKaeT U3 COOTHOIIECHMI
fo=fu° f naa a<p m mempepmBHOCTH oToGpaKkenmit f,; (§ 2, Teo-

—1_.
pema 1). Ilomommm A'=n f.(4,); oueBmuro, A’ 8aMKHyTO U Co-
[¢2

nepsut A, orkyna A< A’. O6parHo, mycth £ € A’} mOKameM, 410 T —
TOUYKa IpEHKOCHOBeHHWA iasa A. B cmny upepnomenus 9 AOCTATOHO

IOKazaTh, YTO BCAKAsg OKPECTHOCTh TOYKU Z, HMeIOm[as BHJ f( BB
rae a €[ u U, orkpuro B X, nepecexaerca ¢ 4. Ho, mo mpexuonoe-

-
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mwmo, f,(z) € U,, u, mockonsKy f,(z) € A,, umeem U,N A7, a 310

—1
osuauaer, uro AN f,(U,) He mycro.
Ias ycranoBinenus cupasegauBoctu myHKta (II) mocraroumo sa-
MeTHTh, YTO 6e3 BCAKUX IPEIIIOJOKeHUl OTHOCUTEAbHO A uMeeM

AcllmA :hmAa, eciu ke A samrHyrto, To u3 (I) caemyer, uro
A-—hmAa, u (II) JNOKa3aHo.

MIprmep. Iyers (X,)yer — Punbrpyomeecss (I0 D) ceMeiHcTBO
TIOIMHOKECTB MHOKeCTBA Y n F, nas Kaxporo o€ I — rtomosorusa B X,
npraeM ecan a<<f, TO TomoNOrUA T MaAHOpUpyem TOMONOTUIO, UHYIH-
pyemyio B Xg tomonormei J,. Torma, ecam mpuuATH 32 fup TPH a<<P
KaHOHMYECKYI0 HHBexnuo Xpg— X,, TO liinX, OTOK[ECTBATCA KaHOHH-~

HeCKW C nepecevenuem X TpPOCTPaHCTB X,, HAJEJEHHHIM TOIOJOTHeH,
ABIAIOMIEHCA sepxnel epanvio (§ 2, n° 3, npumep [I) Tonoaormit, mENyHHU-
pyemeix B X TOmOJOrMAMHA .

YnopaskaeHNA
1) IIyers X m Y — Tonosnormyeckme mnpocrpancra, AcCX, BcCY.
Tlokaszars, uto Fr(d X B)=(Fr(4)X B)|J (4 X Fr(B)).
2) Ilyeres X m Y — Tonojormueckne OpOCTpaHCTBA, A — samknymoe
MEO}KecTBO B X XY 1 U (z) — MHOKeCTBO BCeX OKPECTHOCTeH TOUKH

z€ X. Ilokasarp, 910 n A(V)=A(z). Jlate npnMep TaKOIO OTKPBHITOTO
Vel

noaMEOKecTBa B npocrpanctsa X XY, 6o n B(V) oramumo or B(z).
V € B(x)

3) Ilyers (X, )iel — OecKOHeYHOE CeMeHCTBO TOIOJOIMYECKAX MHpO-
CTPAHCTB, IpHYeM Kaskioe X, CONep:KNT (10 Kpaiinell Mepe) nBe pas/InuHbIe
TOUKH a,, b, TAKWe, 4TO CYMECTBYeT OKPECTHOCTb b,, He cojepsKamas a,.

a) Ilyers ¢, gna Kamporo HuHAexca €/ — TOUKA NPOCTPAHCTBA

X= X,, #AsL KOTOpO# pre =b, ®m pre,=a TpA L#%%. [loKasaTs,
Vel u? p px.x x pzx t p

9T0 B MHOKecTBe C BCeX TAKUX TOYEK ¢, MPOCTPAHCTBA X BCE TOYKH M30JV-
POBaHHEIE.

6) BriBectn m3 a), 4TO mJAA TOTO, YTOOB TOIOJOTHA HpocTpaHcTBa X
obnagana cueTHHIM 0asmcoM, HeoGXOAUMO M HOCTaTOYHO, 4TOOH [ GHIIO
CUeTHO W TOHOJOTEA Kazkmoro X, oGnapjana cuetnniM GasumcoMm. [Mcmoms-
soBaTh ynpaykaenme 7 § 1.]

B) [TokasaTp, 4To ecau [ HeCYeTHO, TO y TOYKH b=(b,) IpOCTpaHCTBA
X HeT CUeTHOH (YHIAMEHTAJBHOH CHCTEMBI OKPECTHOCTEHl.

*4) Ilyers K — QUCKpeTHOE HpPOCTPAHCTBO, 00pPasOBAaHHOE YHMC/IAMHE
0 n 1, 4 — GeckomeuHOe MHO}KecTBO, X — mpocrpancTBo KA. Ilycrs,

Jauee, V= o:Ll;IAVa—- 9JleMeHTapHOe MEOMecTBO B X; nonoxmm u(V)=0,
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ecin V mycro, n p(V)=2—"h, ecan V He mycro n h — 9UNCIO TeX HHMIEKCOB

o, pasg Koropux V, #K.
a) Ilokasars, uro ecam Uy, ..., U,— monapHO He HmepeceKalomaecs

n
9lIEMEeHTapPHEIE MHOKECTBA, TO Zp,( U,) < 1. [llpeacrasurs rammoe U,
k=1

B Bugle W, X KB, rne B mHe 8aBHCHT OT k W ABJNAETCA AOMOJHEHNEM KOHeU-
HOro mojaMHO;KecTBa W3 A, a Wj,— KOHEYHOe MHOMKECTBO, HHCIO TOYEK
KOTOPOTO CJe[yeT OLEHHTH.]

6) BuiBecTr U3 a), uT0 X ymoBaerBopser ycaosuio (Dyy) yopaxuenns 7
§ 1. [3amernts, 9TO ecam GH CymecTBOBajnO HecdeTHOe ceMelicTBo (Uy)
TIOMapHO He IepeceKanMIXCcA dIeMeHTapPHEX MHOKeCTB, TO CYIIeCTBOBAJIO

1
Oul Tiesoe umciio p>0 Takoe, aro u(U,) ;; 17151 6eCKOHEYHOTO MHOMKECTBA

MHEEKCOB A.]

B) IlorkasaTh, uro ecninm A HecueTHO, TO X He y[OBIETBOPSAET YCIOBHIO
(Dypp) yupaxmerms 7 § 1. [CMm. ympasxkmenme 3.]

*5) Ilyers K — puCKpeTHOe IPOCTPAHCTBO, 0O0PA30BAHHOE UYMCIAMHA
Ou1, A — GeckomeuHOe MHOKeCTBO, X — mpocTpancTBo KP4,

a) IIycrp J — KOHeYHOE IIOAMHOKECTBO MHO3KeCTBa A, coCToAmee U3
p 3MeMeHTOB. JlJA KaAOro ero moaMHO:KecTBa H ofosmaumM gepes Ty
MHOKeCTBO TaKUX IOOMHOKecTB L MHO;KecTBa A, 1isa Kotopx LN J=H;
muO;kecTBa iy oOpasywr pasbmennme G MuHOmecTBa I3 (A) Ha 2P wacreit.
Iyers Fj— mEomectBo B X, o0pasoBaHHOE dIeMeHTAMH (Z1); -, B
KOTOPHIX z7 =2, Korna L u M npuRajjie;xaT OqHOMY H TOMY JKe MHOKECTBY
pasbuenna ®y; Fy eCTh KOHEYHOE MHOKECTBO, COCTOsAMIgE N3 22" HeMentToB.
O6wennuenne F mMuOecTB Fj, rie J mpoGeraeT Bce KOHEYHBIe MOIMHOKE-
cTBa MHOKECTBA A, paBHOMOIIHO A .

6) IMorasath, uro F Bcogy miotHo B X. BuiBectn oTcioga, 9To ecan
A=N, 710 X ynosaerBopsier ycaosuio (Dy;) yonpaskuernnsa 7 § 1, HO He yooB-
sersopser ycaosuo (Dyp). [Vopaskuenne 4.]

6) Ilycrs X, Y, Z — TONOJOTHYECKNE IIPOCTPAHCTBA, A — OTKpHTOE
MuO3kecTBO B X XY, B — OTKpHTOe MHOMKecTBO B Y X Z. IlokasaTh, 4To
MHOKeCTBO B o A oTKpHTO B X X Z.

7) Iycrs X — cymma cemeiicTBa (X)) TONONOTMYECKHX IIPOCTPAHCTB,
Y — cymMa cemeiicTBa (Yp) TOIOJIOTHYeCKAX IpocTpancTs. ITokasaTs, aro
mpocrpancTso X XY siBisercs cymMoil cemeiictsa mpocrpancts X, XY,

8) Hycerb (G), oy — CeMelicTBO rpaduKOB OTHONMIEHWI BSKBHBAJICHT-

uocrn (Teop. mrox., ra. 11, § 6, n° 1) B TonomorngeckoM mpocrparctse X
n R, — OTHOIIEHVWe SKBUBAJIEHTHOCTH (z, y)€ G,; Torna G= [ G, ecTh
velrl

rpaduK HEKOTOPOTO OTHOMEHWA sKBHBajdeHTHOCTH R B X. IlokasaTh, uTo
CyImleCcTByeT KaHOHMYECKOe WHBLEKTVBHOe HeIpepHBHOe O0TOOpajkenue

daxropnpocrpancrsa X/R B ITPOUBBEJeHIe q (X/R,) parropupocrpancTs
L€ '
X/R,
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9) Mycts (Xl)t el — GeCKOHEUHOE CEeMEICTBO TOMOJOIHYECKUX IPO-

crpancTB. M3yunTs B nponmsBenernn X = H X, mHO®ecTB X, TOIOJIOIHIO,
vel

HOPOKAAEeMYI0 BCEBO3MOKHEIMH MHOKeCTBaMd BHJA H U, roge U—
LelT

OTKpHITO® MHOKecTBO B X, M MHOKecTBO TeX LEJ, maa xotopuix U #X,,
nMeeT MOIIHOCTL <(, TAe ( — 3aJaHHOe KapjuHAdbEOe uncixo. Mccaeno-
BaTh, KAKOIl BUJ HPHHUMAIOT B BTOH TONOJOTUH NPeIOKEHH A, JOKA3aHHBIE
B § 4.

10) a) Ilyers (X4, fa@) — DpPOEKTHBHAA CHCTEMAa TOIOJOTHYECKUX
npocrpancTB, X — ee NPOEKTHBHBIA mHpefied, f, — KAaHOHWYECKOE OTO-
6paxenne X—X,, a Y, And KOKAOr0 o — HOAIPOCTPAHCTBO IPOCTPAHCTBA
X,, copepskamee f,(X), nmpuuem (Y,) — IDpOEKTUBHAA CHCTeMa IIOf-
npocTpancTs npocrpaucts X,. ITokasars, uTo h£ Y, KAaHOHHYECKH OTOK-
nectBuM ¢ X.

6) [Iycrs (X ;u f;‘ﬁ) — BTOpasAg OPOEKTHBHAA CHCTeMA TOIOJOTMIECKHAX
IpPOCTPAHCTB C TeM jKe MHOKeCTBOM HHJIEKCOB, KOTOpPOe NpPeNIoJaraercs
OUIBTPYOIAMCS, W L, : X,,-—)X;x JU71s1 BceX 0. — HellpepHIBHEIE 0TOGpaske-
Hns, obpasyiomne NpoeKTHBHYw cncremy Torma u«(X«) obpasyoT mpo-
€KTHBHYIO CUCTEMY HMOANPOCTPAHCTB IIPOCTPAHCTB X ) TIOKa3aTh, 9T0 ecju
u= llm Uy ¥ f, CIOPBEeKTHBHEL, TO u(X) OIIOTHO B IIPOCTPAHCTBE hm U, (X,)-
OCTaeTCH Im ellle 3TO NpeAJO’KeHWe B CHJe, eCIH 0T06paH<eHI/Iﬂ fu
He Dpefilonarath CIOpLeKTABHHME [cM. Teop. muox., Tu. 111, § 1, ynpamk-
HeHme 32]?

§ 5. OTKpbiTHIE W 3aMKHYTbIEe O0TOOpaskeHWsA

1. Omxpstmote U 3AMEHYIMBLE 0O OPANCEHUST

Onpepenenut 1. Hyeme X u X'— monoaozuueckue npocmpancmea.
Tosopsm, umo omobpaxcenue f: X—X' omrkpsumo (COOTB. samrrymo),
ecau 06pas npu omobpaxcenuly f ecskozo omkpumozo (COOTB. BAMEHY-
mozo) muoxcecmea us X omrpwum (CooTB. samknym) ¢ X'.

B wactaoctu, f(X) ABidgeTca TOra OTKPHTHM (COOTB. 3aMKHYTHIM)
MHO}KecTBOM B X'.

IMMIpamepn. 1) IIycrs A — mogmpoCTPAaHCTBO TOIOJAOTHYECKOrO
npocrpanctsa X; JuUis TOro 4To0H KaHOHWYecKas uHbexknus j: A—X
6na OTKPEITOH (COOTB. 3aMKHYTOIM), Heo6X0nmMo M JI0CTATOUHO,
q10068 A 0BLI0 OTKPETO (cOOTB. 3aMKHyT0) B X (§ 3, n° 1).



1 OTHPBLITHIE 1 BAMKHYTBHIE OTOBPAKEHUSA 69

2) s toro uro0v OMeKIHsA f TOIOJOIMYeCKOTO ImpocTpaHcTBa X
Ha TONOJOrMYecKoe mpocrpaHcTBo X' Owuia zomeomopguamom, He-
00X0/jIMO ¥ [IOCTATOYHO, YTOOK OHA OBLIA HENPepuleHOU U OMKpLIMOLL
HIN HenpepwleHoll U 3aMKERYMOL.
v 3) Ilyerp f — ciopeeryus MEO;cecTBa X HA TONOJOTHMYECKOE MPO-
crpancTBo X '; ecim HafeduTh X TOMOJOTHEll, ABIAIIENCA RPoo6pasom
Tonosioruu npocrpauctea X' oreocurensuo f (§ 2, n° 3, upumep 1), to f
Gyner HenpepuBRKM oTobpaskerueM X B X', OMHOBPEMEHHO OTKPHTHIM
¥ 3aMKHYTHIM.

4) B mpoumssenenun X = IE_; X, TOIOIOTHYECKHX IIPOCTPaHCTB X,
L

BeAKasa mnpoeknusa pr: X—X, ecThb HeIPEPHBHOe, OTKPHTOE, HO He
obsazarenbHO 3aMKHyTOe orobpaxkenme (§ 4, mpemmoxenume 5).

°5) Tonomopdnana ¢ymknmma f Ha oTKpuTOM MHOKecTBe ACC ecTh
oTKpeiToe oTobpaskenue A B C.,

6) IHycrs X m X’'— TOHONOrMYeCKHe NIPOCTPAHCTBA, f — HeIpepHIB-
Has, HO He B3AWMHO HellpepHBHAs 6meknusa X ma X'; Torna obparmas 6m-
exnua g: X'—X ecTb OTKpHTOe I 3aMKHYyToe oToOpakenue X' ma X, He
SIBJIAIONMEECA HEMPEPHBHEIM.

Meepnosxerne 1. ITyemy» X, X' u X''— monoaoeuneckue npo-
cmpanemsa, f: X—~X' u g: X'—>X"'— omobpasxcenus. Tozda:

a) Ecau f u g omkpumu (cooTB. 3amrrymu), mo g o f omrpwumo
(cooTB. 3amkrymo).

6) Ecau g e f omkpumo (COOTB. 3amrHymo), a [ clopoesmusho u
Henpepbieno, mo g omrpumo (COOTB. 3AMEHYMO).

B) Ecau g o f omkpumo (COOTB. 3amMEHYymMO), @ g UHBEKMUBHO U He-
npepvigHo, mo f omkpumo (COOTB. 3AMEHYMO).

YrBeps®aenre a) HEIOCPEACTBEHHO CJiefyeT M3 ompenetenma 1.
Ias morasatenscTBa 0) JOCTATOYHO B3aMETHTh, YTO BCAKOE OTKPHITOO
(coorB. samrHyTOE) MEOKeCTBO A’ B X' 3anucuiBaerca B uge A'=f(4),

-1
rme A=f(A4’) orrprto (coorB. 3aMKkHYT0) B X (§ 2, Teopema 1); Takmum
oGpasoM, g(4")=g(f(4)) orkpuTo (coors. 3amrHyTO) B X''. Haronemn,
qro0Bl lOKa3aTh B), 3aMeTHM, 9T0 AJaA JoGoro MHOKectBa AcX

HMeeM f(A)=g1(g(f(A))); 10 IPeNnoJIoKenmio, eciu A OTKPHTO (COOTB.
3aMkHyT0) B X, To g(f(A)) orkpmTOo (COOTB. BamKEyTO) B X', mH,
ciejoBaTenbHO, B cuiy teopemsl 1 § 2, f(A) oTKpHTO (COOTB. BaMK-
gyro) B X',
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Neegnosserue 2. IIyemv X u Y — monoaosuneckue npocmparn-
cmea, f — omobpasxcenue X ¢ Y. Jlaa a06020 muoxcecmea T'<Y o06o-

anauum uepes fr omobpadscenue fl(T) 8 T, cosnadatwowee ¢ f na fl(T).

a) Ecau f omrpwmo (COOTB. samknymo), mo f, omrpumo (COOTB.
3aMKHYMO).

6) ITycmo (T(\))ec1 — cemeticmeo nodmroxncecme npocmpancmsa Y,
SHYMPEHHOCMU Komopux 06pasyiom nokpwmue Y, uil KOmMopoe se-
AAEMCA  AOKAABHO KOHEHHOLM 3AMEHYMBM hokpuimuen Y; ecau 6ce
fro OomEpumul (COOTB. 3amkHymMEL), Mo [ omkpsmo (COOTB. 3AMKHYMO).

—1
a) Ecom A — orkpriroe (coorB. 3aMKEyTOe) MHOEecTBO B f (T),
TO CyImEeCTByel TaKoe OTKPHTOe (COOTB. 3aMKHYTOe) MHOMeCTBO B

—1
B X, uwro A=Bn f(T); rorpa f(4)=F(B) N T; BO, 0 IPeNTIOIOIKEHHUIO,
f(B) oTEDEITO (COOTB. BaMKHYTO) B Y, CJIe0BaTelbHO, fr(A) OTKPHTO

(coorB. samrHyTO0) B T.
6) Ilycte B — oTkpHTee (COOTB. BaMKHYTOe) MHOKeCTBO B X

—1
u B=Bnf(T()); mmeem f(B)NT()=fr,(B); Tak Kak, mo mpex-
TOJIOKEHN!IO, fr,(B,) orkpmro (coorB. BamrrHyTro) B T(), 10 f(B)
OTKPHITO (COOTB. 3aMKHYTO) B Y B CHJy upejjoxenusa 3 § 3.

CnepcrBue. ITyemo (T(1)),e1 — cemeticmeo nodmHosicecme npocmpar-
cmea Y, enympennocmu komopux 06pasyiom nokpwmue Y, WAL KOMo-
poe ABAAEMCS, AOKAALHO KOHEUHbM 3aMEHRYmMuM nokpwmuem Y. Ecau

f: X—Y nenpepueno, a raxcdoe fr, ecmv zomeomopdusm fl(T(t)) Ha
T(), mo f — zomeomopgusm X naY.

B camom gene, sicHO, uro f OMEKTHBHO, a B CHIY IIPeNJIOKeHUA 2
OHO OTKPHITO.

2. Omupotmoste 4 3aMEHYMBLE OMHOULEHUS

IKBUBANEHIMHOCTNU

OnpepEaernE 2. OmuouweHnue sksusasenmuocmu R e monosozu-
ueckom npocmpancmee X Haswéaiom omrpumuMm (COOTB. 3aMEHYMbM),
ecau kanonuueckoe omobpaxcenue X na X/R omrpumo (COOTB. 3aMk-
HYmo).

JTo o3Havaer, NPYTHME CIOBAMH, 4TO Hacwiyerle mo R Bearoro
OTKPBITOTO (COOTB. 3aMKHYTOTO) MHOKecTBa M3 X €CTh OTKPHITOQ
(coors. sampmyToe) MHOKecTBO B X (§ 3, n° 4),
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Mpumepun. 1) Ilyers X — Tomosormueckoe mIPOCTPAHCTRO,
I' — epynna eomeomopgusmos X Ha ceba, R — oTHOMEHUEe OSKBHU-
BAJIGHTHOCTY MEKIY & H ¥:

«cymecrsyer 0 €I' rTakoe, uro y=o(x)»

(uHa4Ye TOBOPS, OTHOIMEHWE HKBHBAJEHTHOCTH, KJIAacCaMH KOTOPOTO
cayskatr op6umet rpyuns I' B X; eMm. Aarebpa, ra. I, § 7, n° 5). Ilo-
KajKeM, 9T0 OTHOImeHHe R omkpwimo; B caMoM Jiesie, HaCHIIeHNEe MHO-
skectBa A= X mo R ecth o0benmaeHne 06pasos 6(A), rie o mpoberaer
I'; Ho ecim A OTKPHITO, TO OTKPHTO Kakmoe O(A), a sHAUuUT, W UX
o0beHEeHNE.

°Ha uncnoBoii mpsaMoii R oTHOmeHNe 9KBUBAJEHTHOCTH z=y (mod 1)
OTKPHITO, H60 OHO OIpeeNeHO OLNCAHHLIM TOJABLKO YTO CIOCOGOM C TOMO-
INBI0 TPYNNE IePeHOCOB Z —> z-+n (n€ Z) (em. ra. 111, 3-e m3xa., §2,n°4).,

2) IIycrs mpoctpamcTsBo X ecth cymma cemeiicrBa (X,) cBomx moji-
npoctpanctB W X/R — LIPOCTPAHCTBO, HOJXY48EMOe ckaeuaruem TpPO-
crpancTB X, 0O omkpwmum MHOMeCTBaM A, M0CpeAcTBOM Omexuuii h,,
(§ 2, n° 5); OymeM mpepmonaraThb, 9To k., s M060f MApPH MHAEKCOB L, X
ectb zomeomopgusm A, ma A . Ilpnm srux yciopuax oTHOmeHHe R om-
spumo. B camoMm pene, ecin U — OoTKpHTOE MEHOKecTBO B X, TO HACHIIe-
Buem U sasnserca obbemunerme MHOmecTs h (U[14,); TOCKOIBKY
UNA, otkpuro B 4,, MEOKecTBO h,(UNA,) OTKpPHTO B A,, a 3Ha-
HUT, Takke B X, OTKyja M CJI6AyeT Hame yTBep:KIeHWe.

3) B ofospaueHnAX mDpuMepa 2 OPeJIONOMEM Tellephb, 4TO Bee A,
samkmymul, a BCe h,, — someomop@dusmn; KPOMe TOTO, MPENIONOKAM, 4TO
VIS KasKIOFO MHEKCA L CYMECTBYeT TOJLKO KoHeuHoe WHMCIO HWHIEKCOB %
TakuX, uT0 A, # @& (roBopa o0pasHo, Kamaoe X, «CKJIeMBAETCHA» TOMBKO
¢ xogeuntM umcnoM X,). IIpm aTEX ycnoBuax oTHOmeHWe R samknymo.
B camom pedte, i1 KayKIOro 3aMKHYTOr0 MHOKectsa F B X macuimernneMm F
SIBIAGTCA OOBEIIHEHNE MHOMKECTB k, (FNA,CA,; HO H3 CHeNaHHLIX
IPeANOJOKeHNH BHITeKaeT, YTO 3TO CEeMEHUCTBO .0KaLbHO KOHeuHO, & C
Apyroit cropomm, h, (F1A,) B3aMkEyT0 B A, ©, BHAYHT, TaKKe
B X. CnpaBepIHBOCTb HANero YTBeP/K/GHNSA BHTeKaeT Teleph M3 IIpesJo-
sKeHudA 4 § 1.

leepnoxerne 3. Iyemv X u Y — monososuneckue npocmpan-
cmea, fi X—>Y — Henpepvienoe omoGpaxcenue, R — ommowenue

arsusasenmuocmu f(r)=fy) e X u X E2X/RE f(X)i»Y — KaHOHUuECKoe
pasaoxcenue f. Caedyowue mpu ceoiicmea pasHOCUALbHOL:

a) f — omkpumoe omobpasicenue.

6) OmoGpascenusn p, h u i omkpuumet,
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B) OmHouenue sxeusasenmuocmu R omrpumo, h — zomeomopgdusm
u f(X) — omrpwmoe muoscecmeo 8 Y.

Kpome mozo, ece npeduwecmeyroujee ocmaemces & cuae, ecau 6ciody
3QMEHUMb (OMEDBIMOEY HA (3AMKHYMOEY.

IMockonpry uHDBEKNUA [ HempepsBHA, W3 Opejpiokenus 1e cie-
AYyeT, 9TO ecaH| f OTKPHTO, TO OTKPHTO U A © p; MOCKOJIBKY P CIOPBEK-
TUBHO W HeNPEePHIBHO, upemiosenre 16 moraswBaer TOTHA, 4TO &
OTKDHTO M, BHA4MT, Oy/Ayud HeIPePHBHOH OWeKumeidl, ecTb IoMeo-

—1
MopduaM; orcrofa 3akiouaeM (upemioskeEue la), uto p=h o (he p)
oreputo. C ppyro#t croponH (mpepiosxesue 16), io h oTkpmTO, a

noromy (upenioyxenue 1a) raxme i=(i o h) o hl OTKPEHITO. JTHM [OKa-
8aHo, uTo a) Biaeuer G). OGparHo, 6) Biewer a) B CHJy TpeJIO/KEeHMA
1a. Hakomen, paBHOCHABHOCTH 0) M B) HENOCPEICTBEHHO ClieNyeT W3
onpeneseHnii.

Jloka3aTeabCTBO [OYTH CJAOBO B CIOBO TAK®E ;K& W B CIyYae 3aMK-
HYTHX oTo6pasKkeHUit.

ITregnoskermE 4. Ilyemv R — omkpumoe (COOTB. 3aMKHYMOE)
OMHOWEHUE IKBUBALEHMHOCIU 6 monosoeuieckom npocmparncmee X,
f — wanonuueckoe omobpadcenue X-—>X/R, A — muoncecmso ¢ X.
L pednososcum, wmo ewnoaneno 00no0 us caedyowux Osyx
Yyeaosuii:

a) A omrpumo (coorB. samrnymo) 6 X.

6) A wHacwiyeno no R.

] Toz20a omrowenue R 5, undyyupyemoe omnowenuem R ¢ A, omrprimo
(CoOTB. 3amkmymO) U KAHOHUUeCKOEe O0mOoOpajicerle RNPOCMPAHCINEA
“A/R, na f(A) ecmb comeomopgusm.
) Pacemorpum roMmyratmBHylo amarpammy (1) n® 6 § 3, maromyiwo
KaHOHUWYeCKoe paaiokenne orobpaykenus foj. llpm ycaosum a) j
OTKPHTO (COOTB. 3aMKHYTO), a IO HPEHOJOKEHHI0 TO K€ CIPaBefi-
JIUBO W 1A f; clle0BaTeJbHO, f o j OTKPHITO (COOTB. 3aMKHYTO) (Ipefi-
aoenue 1a) m copaBe IMBOCTG YTBEDKIEHUA CJefyeT U3 IPeJJIo-

" sxenusn 3. Ilpm yenoBuu 6) umeem 4 = fl(f(A)) uh o ¢ ectb oToOpaskenue
A B f(A), coBnagamomee ¢ f Ha A; B cmiy IpefioskeEuA 2a orobpa-
seHUe A o . OTKPHITO (COOTB. BAMKHYTO) W COPaBeJJAHBOCTh yTBEPH K-
JIeHUA CHOBA CJeyeT W3 NPE[Jo;KeHUusA 3, ecldu IOPUMEeHHTb ero K
hoq.
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3. Cneyuaasvivle C6OTCIMEA OMEDLINGIX 0MOOPANceH Ui

Ilpennomenue 5. ITyemv X u Y — monoaozueckue npocmpar-
cmeéa, f — omoGpamenue X ¢ Y u B — 6asuc monosozuu npocmpar-
cmea X. Cuaedyrwowue ceolicmea pPasHOCUAbHBL:

a) f — omkpwmoe omobpaicenue.

6) f(U) omrpumo 8 Y dasn kancdoco U € DB.

B) f(V) ecmb okpecmuocms mouru f(x) 8 Y Oasn 6ol mourku x € X
u aboti ee okpecmnocmu V ¢ X.

PasrocmabmocTs a) m 6) cpasy caenyer ma ompepenenmit u (O,);
PaBHOCHJIBHOCTH a) H B) BHTeKaer u3 unpemioykenusa 1 § 1.

Ilrepnomenne 6. ITyemv R —- omuowenue skeusateHmuocmu @
monoaozuveckom npocmpancmee X. Caedyowue mpu ycaogus pagHao-
CULbHYL:

a) Omnowernue R omrpumo.

0) Buympennocmuv 6cak020 MHONCeCMmEa, HacuujeHHozo no R, na-
cuyena no R.

B) Jamuikanue 6cak020 MHONCECMEA, HACLIUEHH020 no R, Hacwwerno
no R.

B paBHOCHnBHOCTR §) U B) yOeskmaeMcs mepexofoM K NONOJHEHIAM
(8 1, n° 6, popmynmn (2)). Ilorasem, uro 6) BieueT a); MPEJIONOKIM,
410 §) BHIIOJHEHO, W OycTh U — OTKpHTOE MHOMecTBO B X, a V —
ero Hachmenne no R; nmeem Vo U, I Tak Kak 1o Ipe/IoNoKeHnio V
HaCHIIEHO, TO f/':V, T. e. HacHmienue MHOKecTBa U oTkpwTO. Ilo-
KasyKeM, 9T0, 06paTHO, a) BieyeT 0); NPEAINOJIOKAM, YTO a) BHIIOJHEHO,
¥ oycTh A — MHOKECTBO, HACHINEHHOEe 0 R; ecau B — HaCHIUEHHNO
MHO7KeCTBa /i, TO /ic:BcA, I TaK Kak B mo npenosoKenuio OTKPHITO,
T0o B=A.

Ieepnomenue 7. Iyems R — omupwmoe omHoweHue Ikeusa-
AEHMHOCMU 6 MONO0L02UMECKOM npocmpancmee X U ¢ — KAHOHUNECKOe
omobpascenue X—X/R.

(1) A as aw6oeo mroxmecmea A = X, nacvujennozo no R, aamviranuen

(cootB. enympennocmuio) muoxcecmea G(A) ¢ X/R cayxeum @(A)
(ceoTs. o(A4)).
—1__ —1
(1) Jun kancdozo muoecmsa C us X/R umeem ¢(C)=q¢(C),
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(IT) soreraer m3 (I), mbo mMHOMKecTBO A= (p(C) HacHmeHO 1mo R;
sHaumT, Takske A Hacwmeno mo R (mpennosenme 6) m @(A)=C,

OTKY[a Z=cp1(5). Ilepexomsi K IOKA3aTeNbCTBY [ABYX YTBEP:KIEHUIT,
copepmamuxca B (I), 3aMeTEM, 9TO OHM HONYYAIOTCH APYT W3 ApyTa
TepexoioM K JIONOJHEHWAM, eClIM BOCIOJb30BaThca (opmyaamm (2)
n° 6 § 1 u TeMm, 4TO A HacHIIeHAOro MHO;KecTBa B X cnpasegianso
pasencrBo ¢(CB)=Cqp(B). B cmay mpepgmomenna 6, MEomecTBO A

HachmeHo, spaunt, ((4) samrmyro B X/R, a Tak kak AcA, 10
p(4)c¢(4), orryma ¢(A)c@(4); HO, TOCKONBKY ¢ HempepsBHO,
maeem @(A)c @A) (§ 2, Teopema 1); cmemoBarensro, ¢(A)=q(4)
¥ Ipe/IoKeHHe TOKA3aHO.

Ieennoxenue 8. ITyemv (X )er v (Y)er — cemeiicmea mono-
A0ZUMECKUL NPOCMPAKCME ¢ OOHUM U meM e MHONCECINEoM UHOeKcos,
f. Oan kaxmcdoeo v €I — omrpumoe omobpaxenue X, ¢ Y, npuuen f,
COPBEEMUBHO 04 6écex KpOMe KOHeuH020 uucaa urdexcoe . Tozda
omo6pascenue f: (x)—> (f(x)) npocmpancmsa HX‘ 8 :[[Yt om-

Lel el
Epuimo.
B camom peie, mocTaTouHO (IpeIOiKeHHMe D) [OKAa3aTh, 4T0 00pas

upu f BCAKOrO 5JI6MeHTapPHOTO MHOKECTBA :[[Al u3 HX. OTKPHIT
vel vel

B HY Ho atem o6pasom cay:xut II f(A), a m8 Hammx mpenro-
vel

J0KeHn# BHTeKaeT, 4To f,(4,) OTKpHTO B Y, AN Kaykmoro L€/,
upmueM f(4A)=Y,K6 aas Bcex KpoMe KOHEUHOI'0 YHMCIa WHIEKCOB L.
TeM caMbIM HpefoKeHNe [OKA3aHO.

Cuexcrsue. ITyembv (X ).e1 — cemeiicmeo monoaozuweckuz npo-
cmpancms, R, 0aa kaxcdoeo €1 — omuowenue skeusaLeHMHOCIMU 6
X,, a f — wanonuueckoe omobpamenue X —~X/R. Iycmv, Oaaee,

R — ommuowenue sreusasenmuocmu mexncdy x u y 6 X=II X
vel

«prx=pry (mod R) daa raxndozo v € I»

u f — omobpaxcenue (z)—> (f(z)) npocmpancmea X ¢ ]] (X/R)
€1
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Ecau raxncdoe us omuowenuii R, omxpwmeo, mo R omxpwmo u 6uekyus,

accoyuuposannas ¢ f, asasemcs someomopgusmon X/R na [] (X/R).
i€l

B camom pene, R ectp otHomenme f(x)=f(y), a Tak Kak f Hempe-
PHBHO W OTKPHITO B CHJIY JOKAsaHHOTO TOJHKO UTO IpejsoxeHus 8
u caefersua 1 npepnoxenna 1 § 4, To cIpaBesIMBOCTE YTBeP/RICHU
clefyeT U3 IIPEJIOyKeHHs 3.

B gactroctu, ecim R (coorB. S) — omkpuimoe OTHONEHWE IKBU-
BaJleHTHOCTH B TONOJOrHYecKOM mpocTpaHcrse X (CoOTB. Y), TO Ka-
HoumuecKad Guernusn (X XY)/(R XS) aa (X/R)X(Y/S) (Teop. muox.,
Cponka pesyasrt., § 5, n° 10) ecTs roMeoMopduam; eciu ke He mpesi-
nonarath R m § OTKpHTHME, TO 9Ta OHEKI[WA, 0CTABAACH HENPEPHIB-
HO#, y:Xe He o0a3areinpbHO Oymer roMeoMoppmaMoM, Hayke KOTIA
orHo m3 otHomenmiin R, S ecrp oTHomeHme paBeHCTBA (yIpaK-
Henne 06).

4. CneyuaasvHsie C8OUCINEA 30 MKNYMBLL
omoopaceut

eegnoxenne 9. ITyemv X u X' — monoaosuueckue npocmpor-
cméa. Jan mozo umobw omoGpascenue f: X—X' 6va0 Henpepvighbim

u samrrymum, Heobzodumo u docmamouno, wmobtr f(A)=f(A) dan
406020 muoxcecmea AcX.

YcaoBue foctatouHo, w60 8aMKHYTOCTb f OHO BI€YeT OYEBMIHBM
o0pasoM, a HempepuiBHOCTH f Bieder B cuiry Teopemu 1 § 2. OGparno,
eciu f HempepHBHO M 3aMKHYTO, TO f(A)= f(A)=f(A) B cmry Teopems: 1
§ 2; a Tak Kak, KpoMe Toro, f(A) saMKEYTO B X’ II0 IPEeAION0MKEHIIO,
T0, caemoBaTenbHO, f(A)=f(A).

Neepnoxenue 10. IHycme R — ommuowenue a%6U6aAeHMHOCIU 8
monoaoeudeckom npocmpancmee X. Jas mozo umobu R 6vi10 samrny-
mum, Heobxodumo u docmamouro, umobyl éCAKUL KAACC IKBUBANEHI-
nocmu M no R obualar gyndamenmanvholl cucmemoti okpecmiocmell,
Hacoiuyennvx no R.

B camom pene, mpepmomoskum, wro R 3aMKHyTO, W nycth U —
IIPOMBBONbLHAA OTKPEHTAA OKPECTHOCTh Kaacca M; nockoabry F=CU
saMkHyTo B X, Hacmueénne S mHoskectBa F no R samkmyto B X.
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Tar kax mpum 3troMm M macwmeno mo R, to MNS=¢f, u, ciegosa-
teasHo, V=CS ecrb OTKpHTasg oKpecTHOCTh M, HachuleHHaA mo R
n copep:xamasca B U.

O6paTHo, mpenmoOKEM, 4To R ymOBIETBOPAET YCJOBHMIO Lpej-
JIOKeHUsA, W NycTh F — mpousBodbHOe 3aMKHYTO® MHOMeCTBe B X.
Iycre T — wacwmenune F no R, £ — 1ouka us CT u M — ee raacc
aKBUBaJeHTHOCTU; mMeeM MNT= u, tem OGonee, MNF=¢,
T. . U=CF — oxrpecraocts M. CuenosareqbHO, CYHOIECTBYeT OK-
pectroCcTs Vo U Kaacca M, nackmiennas mo R, u raxk xKak V (| F=¢J,
umeeM Tarske VN T'=(¥; orcioma BuTekaer, 4ro €7 ecth OKpecT-
HOCTh Kiacca M, a TeM caMHM ¥ TOYKH x; 3TuM HoKasaHo (§ 1, mpex-
aoxenue 1), auro €I orkpuito, T. €. I' 3aMKHYTO.

3BamMeuanue. [Ipemnoxenne 10 Bueuer caegyioliee CBOMCTBO:
ecan R 3aMkrHYTO, TO Aasa naioboit Touxn z€ X u mwbeil expecmnocmu U
ee Kaacca areusasenmuocmu ¢ X MHoKectBo @(U), TAe (¢ — KAHOHHYECK®Q
oroGpasenne X—X/R, ecrb OKpecTHOCTh TourRM ¢(z) B X/R. Crenyer
8aMeTHUTh, 9TO BTO HU B Kakoil Mepe He o3Ha4aer, 4T0 ((V) sABIAETCA OK-
PecTHOCThIO TOUKN ¢(z) B X/R pas mioboit okpecrroctn V Toukm z B X
APYTUMII CJI0BaMu (IpefoKeHHe 5), 3aMKHYTO€ OTHOIIEHIEe SKBUBAJIEHT-
HOCTH He 00A3aTeJBHO OTKPHTO (ynpaxuenme 2). OGDPATHO, OTKPHTO®
OTHOIIEHNE SKBUBAJICHTHOCTH MO}KeT He ObITh 3aMKHYTHM (n° 1, mpumep 4);
B caMoM fielie, ecan U — OKpeCcTHOCTH Kjacca dKBHBaseHTHocTH M B X,
TO AaA J060i Tourm z€ M u mo6oit ee okpectHOCTH V= U Hachimerne V
XOTA W ABJIAETCA OKpecTHOCTBIO M B X, HO 3Ta OKPECTHOCTH He 0643ameibHo
codepacumea 8 U.

OTMeTHM, HAKOHELl, 9TO CYLIECTBYIOT OJHOBPEMEHHO OTKPHITEHE H 3aMK-
HyTHe OTHONMIEHHA 3KBNBAJEHTHOCTH, OTJINYHBEE OT PAaBEHCTBA (yNpasKHe-
HEe 3), PaBHO KaK U OTHONIEHHWS BKBHBAJEHTHOCTH, He ABJIAIMUECS HA
OTKPEITHIMH, HU 3aMKHYTHME (§ 8, ympaskuerue 10).

YupakHeHu A

1) a) Jdast Toro uroOB OTHOIIEHHE DKBHBAJEHTHOCTH R B TONOJOTHYE-
CKOM mpocTpaHcTBe X OBIIO OTKPHITHIM, HCOOXOANMO U TOCTATOYHO, U4TOGHI
HACHUIEHIe BHYTPEHHOCTH KasKkaoro MHOKectBa AC X cofeps®anoch BO
BHYTPEHHOCTH HACHIIEHNA A; [aTh HpuUMep, KOTHA R OTKPHTO U 3TH ABa
MHOJKeCTBA MOTYT OLITH Da3JIMYHHL.

6) Hduas Toro urobn OTHONmIEHMe SKBMBAJEHTHOCTH R B TONOJOrUYe-
CKOM mpocTpaHcTBe X OBLTO 3aMKHYTHM, HeOOXOQUMO H TOCTATOYHO, ITOGH
HacHIIeHNe 3aMBIKAHMA KaKIOT0 MEOMKecTBa A CX cofiepsKasio saMEIKaHMe
HACHIIEHNA A; faTh OpuMep, Korja R BaMKHYTO W BTH [BA MHOKeCTBa
MOTYT OBITE PasJHMUHHL.
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°2) Ilorasath, 90 B R oTHOmeHWe skBuBajieHTHOCTH S: 2=y (mod 1)
He saMruyTo. MHpymnupoammoe B A==[0, 1] ormomenue S, 3aMKHYTO,
HO He OTKPHITO.,

3) Mycrs T' — roweunas Tpynma roMeoMOopPU3MOB TOHOJOTHIECKO~
ro mpocrpanctTBa X m R — OTHOMEHHe SKBUBAJEHTHOCTH: (CYMECTBYeT
Takoe oI, aro y=o(x)». [loxkasath, ar0 R OJHOBPEMEHHO OTKPHITO
U 3aMKHYTO.

°4) PaccmorpuMm B daxropupocrpanctse T mpocrpamctsa R mo otHo-
MIeHNI0 SKBHBAJEHTHOCTH z==§ (mod 1) rpynny romeomop¢usmor T,
COCTOAINY0 U3 TO;KeCTBEHHOT0 0TOOpasKeHNss M roMeoMopduama, HOIyUIeH-

1
HOIO M3 roMeoMopdusMa T -+z npocrpancrBa R Ha ceba daxropu-

sanueii. Ilycts § — ornomenne axBuBajeHTHOCTH B T: «CymecTByer Takoe
0€T, uro y=0(z)», KOTOPOE O[HOBPEMEHHO OTKPBITO M 3aMKHYTO (yHpasK-
nenne 3). [loxasath, uTO He cymiecTByeT HenpepeBHHX cedenuit T mo §,
xora T u T/S KOMDAKTHH, CBASHEL U JOKaJbHO cBA3HE. [[ycTh A — Ka-

. 1
Honmuecknii o6pas B T murepBama §0, ) EE R; nokasaTb, 4T0 A JIOKAJAbHO

samrryTo B T, HO daxTopnpocTpanctBo A/S, He roMeoMopQHO KalOHH-
geckomy obGpazy 4 B T/S.,

5) IIycte X — Tomojiornueckoe DpOCTPaHCTBO, R u § — OTHOMmeHAA
SKBHUBaJeHTHOCTH B X, npuieM R Bieuer S.

a) IToxasath, 94T0 ecam S OTKPHTO (COOTB. 33AMKHYTO), T0 S/R OTKpHITO
(coots. 3aMKHyTO) B X/R, HO uTo 06paTHOC He 06s3aTeqbHO BepHo. Ilo-
KaszaTh, 9T0 S MoOKeT OHITH OTKDBITHIM (COOTB. BAMKHYTHIM) u Ge3 ToroO,
qTo0bl TaryKe R OBLIO TAKOBEHIM.

6) IIpepnonoxuM, 910 R OTKPHITO (COOTB. 3aMKHYTO). Ilorasarh, 4ro
1714 Toro, uTo6H S/R GHIIO OTKPHITHM (COOTB, BAMKHYTHIM), HEOOGXONIMO K
[0CTaTOYHO, 9TOOH S OBIJIO OTKPHTHIM (COOTB, 3aMKHYTHIM).

6) PaccMoTpuM Ha paumoHAJbHON NpAMOIl () OTHOMEHHEe SKBHBAJIEHT-
HOCTU S, ToJiydaeMoe OTOMKMECTBIEHNEeM Memay co0of Bcex Touex u3 Z.
TToxasarp, 4T0 OTHOmWeEHNe § 3AMKHYTO; KAHOHWYECKAs OmeKnus npocTpaH-
crBa (QX Q)Y/(UXS) ma QX(Q/S), rne U o3Hadaer OTHOLIEHHE PABEHCTBA
B Q, He ABJLACTCS roMeoMopP(u3MOM.

7) Hyets X m Y — HemycThle TOMOJOTHYECKHWe [POCTPAHCTBA,
f: X—Y —coppexTaBHOe oToOpakenne. [laa Toro 4robs f OblIO 3aMKHY-
THIM (COOTB. OTKPHITHIM), HEOOXOAMMO H JOCTATOYHO, 4T00HL OTOOpamenue

y—> fl(y) npocrpancTBa Y B Py(X) ObliI0 HeNpepuIBHBIM pH HajeJeHAH
Ro(X) Tomomormelt J, (c00TB. J) (§ 2, yupaskmenne 7).

BriBecTn oTCIOAA, UYTO [JIA TOro 49ro0H TONOJOTHSA, HHAYOUpYe-
Mas B QaxTopMHOkecTBe X/R HENYCTOr0 TONMOJOTHYECKOTO MPOCTpAH-
crea X romonormelt J (coots. Fg), coBmanana c¢ daxropromonorueit
TONONOrMA mpocTpancrBa X mo R, HeoOX0oauMO M 10CTATOYHO, YTOGHI
orHOmeHne R Ob0 3aMKHYTBIM (COOTB. OTKPHITBHIM) (cM. § 3, ympamk-
Hernne 16).
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§ 6. OuapTpm

1. Onpedeaenue gurvmpa

Ourepenenne 1. Quavmpom 6 muoxcecmee X Ha318a10M MHONHCE-
cmen & e20 nodmmoncecms, obaadaowee caedyOUUML COOTICMEAMIL:

(F\) Beakoe nodmroscecmeo mroxcecmea X, codepacawjee mmoxrcecmeo
us &, npunadaexmcum .

(F\1) Bcaroe nepeceuenue KOHeun020 cemelicmea MmHoAHecME U3
& npunadaexcum .

(F\) Hycmoe nodmmnoncecmeo mmoncecmea X ne npunadiexcum .

W3 nmocmeqrux ABYX CBOMCTB BHTEKaeT, 4TO HepecedeHme Jo0GOro
KOHEUHOTO CeMeHCTBA MHOKECTB U3 §§ He RYCMO.

Quaprp § B X onpeneaser B8 X crpykrypy, umeomyio (F)),
(Fy) = (F;,;) conMu akcmomMamu; 9Ta CTPYKTypa HABHBAETCSA CMPYK-
mypoti Puabmpyowesocs MHONCECEA, & MHOKECTBO X, HAJeJIeHHOe
BTOH CTPYKTYDPO#,— MHONHCECTNEOM, FUibMmPYIOWUMCL NO gusbmpy F.

Axcuoma (Fy|) paBHOCHABHA COEWHEHHUIO CIEAYIOMHUX JBYX AKCHOM:
(Fi1a) ITepeceuenue awbux dsyx mnoxcecms us 8 npunadaescum B.
(Fug) X npunadaescum §.

Arcunomu (Fyi¢) m (Fy) NOKasbpBaioT, HTO 8 RYcmoM MHOKHecmese

nem ¢uabmpos.

Ilans Toro 4ro0B MHOMECTBO HOJMHOMKECTB, YAOBIETBOpAIOIIEe aK-
cuome (F;), ymomerBopsno takxke axcmome (Fi6), HeoOxomumo m mocra-
TOYHO, 4TOGK 0HO OBLIO He nycmo. [ 1A TOTO YTOOK MHOKECTBO IOJMHOKECTB,
yiosaersopsiomee axcuoMme (Fy), ymosaersopano rawxe arcmome (Fyy),
HEOGXONUMO W J0CTaTO4HO, 49TOOH OHO 0RO orauduo or P (X).

Mpumepn dumabTpoB 1) Ecam Xs4@, to MHOmecTBO
TMOJMHOHECTB, CBOJAMEECH K OGHOMY dJaeMeHTy X, ABisAercHa (Guibr-
pom B X. U BooOme, MHOKECTBO BCeX IIOMHOMKECTB MHO;KecTBa X,
comepamux memycroe MHOKecTBo A=X, ectb ¢puastp B X.

2) Muoscecmeo ecex okpecmuocmeli HEIyCTOTO MHOKECTBA (B 4acT-
HOCTH, TOYKH) B TOHIOJOTHMYECKOM HpocTpaHCTBe X ecTh (PUIABTP.

3) Ecam X — Geckoneunoe MHOMKECTBO, TO JONOAHEHUA KO 6C€603-
MOHCHOIM €20 KOHeuHvM NoOMHoNcecnéam obGpasyior guabrp. Duabrp
JOLIOJHEeHHA K KOHEYHBIM IOAMHOKECTBAM MHOKecTBA N IENBIX UHCeN
=0 BasmBaercsa guaempom P peue.
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2. Cpasnernue PHuasvmpos

OnpeneaeruE 2. Ilyeme danwvt gusvmprr F w &’ 6 00nom u mom
ace muoacecmee X. Muw eosopum, umo §F' maxcopupyem §F uau umo F
munopupyem §', ecau F<F'. Ecau, rpome moeo, FFEF , mo Ml
2080pum, umo §  cuavhee F uau umo §F caabee F'.

IiBa ¢umabpTpa, OfMH M3 KOTOPHX MaKOPUpyeT JApyroil, HasHBa-
fores cpasiumwmy. MuoskecTBO Bcex ¢uuabtpoB B X ynopsdoueno
OTHOIIeHWEM <«QMIBTD §§ MasKopHpyeTcA OUIBTPOM F'», KOTOpOe
sIBJsieTCs He UeM WMHEIM, KaK OTHOIIEHWeM, WHIYIMPOBAHHHM OTHO-
menneM BraoueHus usd P(B(X)).

Iyerp (3¥%,),; — TPOMBBOIBHOE Henycmoe CeMeHcTBO (UILTPOB
B MuokecTBe X (Heo0XOAMMO HEHYCTOM); MHOMKECTBO §§= n &,

vel
ynosnersopsaer axcumomam (F)), (F) u (F},) m ectp, Takmm o6pasom,
¢UABTP; 5TOT PUABTP, HASHBAEMHIl Nepeceyeriiem ceMeicTBa QUILTPOB
(&),c1» ©CTH, OUEBHIHO, HUMNCHASL 2panb MHOMeCTBA (GUIBTPOB

B YIOPAMOTeHHOM MHOKECTBe BceX (QMIBTPOB B X.

Ouabrp, 06pasoBAHHEIA eIMHCTBEHHHIM MHOMECTBOM X, €CTh Hau-
MeHbUWL Ul daemenm YIOPAROYEHHOTO MHOMKECTBA BCOX (HIBTPOB B X;
ecan X cocrout 6omee WeM W3 ONHOTO dJeMEHTA, TO, KAK Mbl YBHAUM B
n° 4, B ynopsA/0ueHHOM MHO}KecTBe BceX ¢uabTpoB B X HeT HamGoabuIero
2JIeMeHTa.

Ilycte gamo meroropoe MHOKeCTBO & HOIMHOMKECTB MHOMKECTBA
X; mccaenyem, cymectsyor au B X ¢uastp, codepucawyue &. Ecan
Takoii ¢uaRTP cymecrsyer, To, coraacHo (F)), oH comepxkur Takxe
MHOKecTBO &' nepeceuenuii 6ces0sMONCHWL KOHeUHWL ceMelicmé MHO-
sectB U3 & (u B Tom umcne X Kak mepecedeHme IyCTOr0 MHOMKECTBA
MHOKecTB M3 (§); mosroMy i Toro, yTOGH MOCTaBICHHAA 337ada
uMena MOJOMKHUTETbHOE pelieHUe, Heo0x0dumo, 4TOOH IIyCTOE IOJ-
MHOKecTBo MHO3kectBa X He upumHamiaexano &'. Ilokamewm, uro srto
ycioBHe u Jocmamoyro; B CAMOM Jiejie, BCARUI QUIBTD, Couep Ralmit
®’, comepur Tarse, cormacHo (F)), mpoxecrBo &'’ Bcex mommmuO-
JKeCTB MHOKecTBa X, cofepsKailumX Kaioe KaKoe-aAubo MHOMECTBO
us &’. Ho @', ouenmnmo, ynoBuersopsier arcuome (F)); oo ymos-
nersopser m akcmoMe (I),) B cmay ompememeHms MuokecTBa ©';
HaKOHel|, OHO YJAoBIeTBOpsier Takke awcmome (F;), mbo mycroe
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IOJIMHOKECTBO MHOKecTBa X He mpmmamaexnt @'. Caemgosarenbmo,
®" ectp caabeiwuil us guavmpos, codepacawyuxr &. Takum oGpasom,
MBI JIOKa3aJau

[repnomenne 1. Jus mozo umobn ¢ X cywecmeosas guavmp,
codepacawull mruoxcecmeo & nodmuosxcecme mroncecmea X, neob6rodumo
u docmamouno, umobv, HUKAKOE hepeceuerle KOHEUHO20 CeMelicmea
mHoxceeme uz & ue 6wao nycmo. ’

Mu 6ymeM roBopwTh, UYTO ompejeneHHHN Beume ¢uabrp
nopoxcden MuoskectsoM &, a & ectp cucmema obpasyowux Puabr-
217
pa &,

I pume p. Iyctb & — rakoe-1n60 MHOKECTBO NOAMHOKECTB MHO-
mecrBa X ; pacceMoTpuM TonoJoruio & B X, nopoxdennyio MEHOKecTBOM &
(§ 2, n° 3, npumep II). Tak KaK MHO}KeCTBO IepeceueHnil BCeBO3MOKHBIX
KOHEYHBIX ceMeiicTB MHOKecTB M8 & caymur GasmcoM remojornu &, T0
13 NpOBeeHHOTO BHIINE AOKA3aTeJbhCTBA IPEMJIOMKeHNA 1 U npenjokenns 3
§ 1 BrITeKaeT, 4TO fusemp okpecmuocmeti Mmoboit Touxkn z € X B Tomoaornu
noposdaemes MHOMKecTBoM &(z) Bcex MHOMKecTB s &, comepammx z.

Cnencrsue 1. IHycmv § — guavmp 6 muomcecmee X u AcX.
Jas mozo umobw cywecmeosar guavmp F', maxcopupyowui F u
codepacawuii A, Heobzodumo u docmamouno, umobs, A umero Henycmoe
nepeceuerue ¢ KaxcObLM MHONCECMEOM U3 .

Cagncreue 2. Jas mozo umo6s. muosxcecmeo @ duavmpos ¢ Heny-
cmom mruoocecnee X 004adano eeprHell epAMbIO 8 MHONCECTEE 6CEX
guavmpos ¢ X, neobrodumo u Odocmamouro, umobe, 0as 060U KO-
neunoll nocaedosamenvrhocmu () 1<icn 94emenmos us ® w awbuz
A eF (Ii<n) nepecevenue A,N...NA, 6wro Henycmo.

B camom peme, aTmM BHpakaerca T0, 9T0 obbenuHenme & Beex
¢unbTpos € @ ymoBIETBOPAET YCAOBHI0 Tpenjokenms 1.

Caepcteue 3. Ynopsadouennoe MHON#eCME0 écex PUALINDOE 6 He-
nycmom mHoycecmee X uHOYKMueHo.

B camom jiene, Besxroe cogepuenno ynopadouennoe muoscecmeo O
¢uabTpoB B X yHoBJIeTBOPAET YCJOBUIO CJEACTBUA 2 mpegioxenns 1,
uGo B CHIYy OPEJONOKeHUS MHOKecTBA A; NPUHALIEMRAT BCe HEKO-
TOPOMY %1" Tak 9T0 OCTaeTcsA npuMenuTsh axcuoMmy (F).
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3. Baaucot purvmpa

IIyers & — cucrema o6pasyromux duaptpa % 8 X (n° 2). Boobme
rOBOPsA, § HE ABIAETCA MHOMKECTBOM BCEX MOAMHOKECTB MHOKECTBA
X, comepsamux Kasaoe Kakoe-Tum60 MHOecTBo m3 &: mua Toro
4ro6pl cucteMa & obmapana sTUM CBOHCTBOM, HEOGXOQWMO WM JOCTa-
TOYHO, uTOOB HepeceueHme J060r0 KOHEYHOTO CeMelCTBA MHOMKECTB
u3 & copmepxano mHexoropoe MHOMecTBo u3 . Taxum ofpasom,
uMeeM CJlefylomee MpenJioyKeHne:

eennoxenve 2. ITyemo B — Heromopoe MHONCECME0 NOOMHO-
acecme muoxcecmea X; 0aa moz2o wmobvl MHONCECNEO 6Cex NOOMHONCECE
mHoxcecmea X, codepucawux kaxidoe karoe-1u60 muoxcecrneo us B,
640 Pusbmpom, Heobxodumo u docmamourno, umobw B obaadaso
caedyrwyumu 0syma ceolicmeamus:

(B,) Hepeceuenue a6z deyx mruoxcecme usz B codepacum Heromopoe
MHoNcecmeo u3 B,

(B,;) B nenycmo w nyémoe nodmmoncecmeo mruoxcecmea X He
npunadaercum B.

Ounpeneneuue 3. Muoxcecmeo B nodmmoscecme muoxcecmea X,
yoosaemeopaiowee axcuomam (B)) u (B)), nasvieaemcs 6asucom noposc-
Oaemozo um guavmpa. [ea makux 6aszuca Ha3vi6aAOMCA IKGUBAACHM-
HBLMU, ecal OHU nopoxcdalom 0dur u mom e Guibmp.

Ecnu & — cucrema ofpasyromux ¢uasrpa &, To MHOMxecTBO &'
nepeceueHUll 6Ce603MONCHBIL KOHEYHUZ cemelicmé MHOKecTB u3 O ectb
6asuc ¢unprpa F (n° 2).

Meepnomenne 3. Jan mozo umobw nodmnoxcecmeo B Puavmpa
% 6 X Guao 6Gasucom smozo @uavmpa, Heobrodumo u docmamouno,
YmoGuL 6CKOE MHONCECTNEO U3 T CODePIAHCcar0 HeKOmopoe MHozcecmeo us B,

Yciaosue, oueBWIHO, Heo0X0AWMO; OHO M J[0CTaTOuHO, u6O ecim
OHO BHIIOJHEHO, TO MHOKECTBO BCeX MOAMHOKECTB MHOKectBa X,
ConepsKamUX KajKa0e Kaxoe-1uGo MHOKeCTBO u3 B, COBHAfaeT ¢ g
B cuay (F)).

rennomenue 4. Jas mozo umobw gdusvmp § 6 X ¢ 6asucom
B’ mancopuposar Puavmp F ¢ 6azucom B, Heobzodumo u docma-
MOouHo, umobs 6caroe MmHozicecmeo u3 B cofeparcano mrojcecmeo us B,
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9TO HemocpeACTBOHHO BHITEKAeT W3 oupepeleHuin 2 m 3J.

CnenctBuE. Jas mozo umobu 6asucwt usvmpa B u B’ e muo-
gcecmee X Oviau dreusaseHmHyl, Heob6xo0umo u Oocmamouro, umobs
ecakoe MHoxcecmeo us B codepicaro Hekomopoe MHOHcecmeo us B’
u ecaroe MmHoxcecmeo us B’ codepicaso Hexomopoe MHoMecmeo us B.

IMIpumeps G6aswmcos puabrpa 1) [ycrs X — Tomo-
JIOrMYecKoe IMPOCTPAHCTBO; 0(AasWCH (QWJILTPA OKPECTHOCTEH TOYKM
z€X — He uYTO WHOE, N0 MPENIOMKEHUI0 3, Kak PyrHdamenmasvibie
cucmemp, oxpecmuocmeti aroit touku (§ 1, ompepenenme 5).

2) Ilyers X — HemycToe MHOKECTBO, INDPeLyIOPSI0YCHHOE W
Puavmpyroueecs no otaomenuo (o) (Teop. Maosk., ra. 111, § 1, n° 10);
ceuenuem MHOMeCTBA X OTHOCUTEJIBHO €T0 9JEMEHTAa ¢ Ha3hBaeTcs
MuOecTBO S(a) Tex x € X, s kKoTopux a(0)x. Muoocecmeo & ceuenuil
muoxcecmea X ectb 6asuc uavmpa: B caMoM jejie, OYeBUIHO, OHO
yRosieTsopsAer yciopmio (B)); ¢ ApyToit CTOPOHR, KaKoBH OH HE
GBLIHM BIIeMEHTH @ U b 13 X, B CHUJLy IIPE/INOJIOMKeHUs CYyMecTBYeT TaKoi
saemert ¢ € X, uro a(o)c u b(o)c, otkyna S(c)=S(a) N S(b), vem moxa-
zano (B,). @uasrp, mopoxpaemsii 6asucom &, HAaBBIBACTCS (BUILIMLPOM
cevenuli QUIBTPyIOmEroca MuoskecTBa X.

Hanpumep, gusvmp Opewe (n° 1) ecTb GUAbTP ceueHHr B ymopsjo-
UeHHOM MHO;KecTBe N, paccMaTpuBaeMOM KaK MEHOMKECTBO, (QUILTPYIO-
meecsT IO OTHOIICHWIO <.

IIYCTB Tenepb % —_ (l)KJIpr B HEKOTOPOM MHOMeCTBe Z; TaK HKakK (B
cuny axcuombr (Fp)) & ectb MHOeCTBO, QEIBTpyoOIEecs IO OTHONIEHMIO
D, T0 B § MOMHO ONpeNednTh u.svmp cevenuli, MOHAMAS 31€Ch IOf ce-

uenneM oTHOcHTednbHO A €F MHOmecTBO S(A) Beex M €F, conepsxamuxca
B A. DTOT $mABTp HasHBaeTca Puavmpom cevenuli Pusvmpa F.

4. Vavmpaghuarvimput

OuPEREIEHUE 4. Yavmpagduavmpom ¢ muoocecmee X Haswieaiom
acarull guavmp ¢ X, He MANOPUPYEMBT HUKAKUM OMAULHLIM OM He2o
guavmpon ¢ X (IPYyTUMH CIOBAMH, MAKCUMALLHBLIE DTIEMEHT YIODPSI0-
YeHHOTO MHOKeCcTBa Bcex (¢mabTpoB B X).

IToCKONBKY YIOPANOYEHHOE MHOMKECTBO BCeX (UabTpos B X WH-
AykTHBHO (ciepcTBme 3 mpepnoskenusa 1), ms reopemm Llopra (Teop.
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mHO®%., CBomka pesynbr., § 6, n° 10) BETekaer ciaemyomas Teo-
pema:

TroremMa 1. Kaocowii gusemp §F 6 mroocecmee X mao/copupyemm
HEKOMOpLLM  YAbIMPAPUALIMLPOM.

Hpennoswenue 5. I[Iyemo § — yavmpaguavmp ¢ muoxcecmee X.
Ecau A u B — maxrue nodmrnoxncecmea mroxcecmea X, umo AU B €7,
mo AEF usuw BEF.

Paccysxpas ot npormeroro, npeanonomuM, uro A ¢ &, B¢, no
AUBEeG. lyers & — muosmectBo rcex M = X rakux, uto A UM € F.
HenocpepcrBensoii npoBepkoii y6esgaemca B tom, 9ro @ — ¢uabtp
B X. Ilpu arom & cuasnee &, u6o B € ®. Ho aro nporuBopeunr romy,
9ro § — yabTpaduIBTp.

Cnencreue. Ecau o6wedunenue koneunoll nocaedosamesvrocmu
(A 1<i<<,, NOOMHONCECTIE MHOVINCEcmaa X npunadiexcum yavmpaguibmpy
&, mo no kpaiinei mepe 00no us A; npunadiexcum .

Hocrarouso HpuMeHUTH UHAYRIUIC IO 7.

B uacrmocTH, ecnum (A;);<;<, €CTh noxpwmue MHOKecTBa X, TO
mo KpaiiHelt Mepe ofHO A; NPUHANIEIKHUT .

IIpennosxenune 5 zapaxmepusyem yabTpaduiabTprl; Gosee oOMUM
o0pasom:

Irepnosmenue 6. ITyeme & — cucmema obpasyiowuz Hexomopozo
Puavmpa 6 muosxcecmee X; ecau 0as 4106020 Y <X umeem Y €G® uan
CYe®, mo & — yavmpaguavmp 6 X.

B camom pmene, ¢maptp F, copepxkamuii & (cymecrByromuit
10 TPEeJIOJIOKEHNI0), No/KeH coBnajgarh ¢ &, mbo ecau Y E€F, 10
CY ¢F u, smaunr, CY ¢ ©, orxyna Y €.

IMIpuMmep yasTpaduasTpa. MHOKeCTBO BCeX MOJMHOMKECTB
HemyCTOro MHOkeCTBa X , coaepsamux saemedt ¢ € X, ecTh yaAbTPaQuUILTD;
B caMoOM flede, 3T0 — QUABTD, U, KAKOBO Obl Hu Gbi0 Y X, nMeeM a€Y
i a€CY. Takme yabTpadunbTpel OYAYT HABBIBATHCA MpPUBUALbHbLMU.

YuraTenb CMOMET 3aMeTHTh, YTO, 38 HCKJIIYEHNEM STOFO OpmMepa,
Mbl HUKOIJA He [JOKasbiBaeM CyIlecTBoBaHme yabTpaduiabTpa (jaske B
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cueTHO-0eCKOHEYHOM MHOKeCTBe) WMHade KaK ¢ IOMOIIbi0 TeopeMsl 1 (m,
3HAYAT, HCIOJNB3Ys AKCHOMY BHOOpA).

3JameuaHnune. Ecam MEHOKecTBO X CcOmep:KHT MO KpaiiHeil Mepe
IBa dJeMeHTa, TO B X MMeeTCs MO KpaidHell Mepe [iBa pas3JWm4YHBIX YJbTpa-
¢napTpa W, 3HAYHT, YHNOPANOYEHHOE MHOMKeCTBO Bcex ¢uiabTpoB B X He
uMeeT HamOOJbIIETO 3JIEMEHTA.

lpennoserue 7. Beakull guavmp § 6 muozxcecmee X seasemes
nej eceucHUeM 6CET MANCOPUPYIOUWUL €20 YLbmPagluibmpos.

flcio, 9to 31O mepecedenme comepkuT . C mpyroit CTOPOHH,
oycth A — MHOMKeCTBO, He IpuHajJeKamee &, u A'=CA; Tak Kak
A He CONEPKUT HU OFHOTO MHOKecTBA u3 &, To M NA'%=Q naa
raxknoro M €§; caeposarenvHo (caepcrsme 1 mpemmoskenma 1),
cyliecTByeT QUIBTP §F', Maskopupylomuit § u comepswamumit A’.
IIyecre U — yasrpadumastp, Masopupylommit &'  (reopema 1);
TOTzA AeEll, 9TO W 3aBepIiaerT JOKAa3aTeNbCTBO.

5. HuoyuuposanHsit Phpusvimp

lleegnoxerue 8. Ilyemov § — duavmp 8 mroscecmee X u AcX.
Has mozo umobwr caed F, Puavmpa § ra A Ova Puavmpon ¢ A,
Heob6xodumo u Odocmamouro, uwmobw ecakoe MHONcecmeo u3 § nepece-
xaaoce ¢ A.

B camom pene, cooTHomeHze

MnNYNA=(MnA)n (N nA)

IIOKA3LIBAET, UTO §§,4 yhoraerBopsaer axcuome (F). Touno rar e,
ecitu MNAcPcA, o P=(MUP)NA wu, ciegoBaTenabHo, &,y
ynosnersopsier axcmome (F)). Ilna roro urobm , ynosaersopsio
axcuome (F), meobxommmo m focTarTouHO, YTOGH BCAKOE MHOMKECTBO
M3  IMeJIo HelyCcTee mepecedeHme ¢ A, M Npe/aosKeHNe NOKa3aHo.

B wacrrocTn, ecim A €F, To F, ects duartp B A B cuay (F))
z (F).

Oneenenenue 5. [Tyeme A — nodmmuoncecmeo muoxcecmea X.
Ecau caed wa A guavmpa § ¢ X ecmv guavmp ¢ A, mo mw 2oopun,
umo smom guavmp undyyupoear e A gusempon F.
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Ecau ¢uaprp § B X mmgynupyer ¢uaprp B A, To ciepg Ha A4
Kakgoro Gasmca ¢uabTpa § B CIIIy HPEAJNOKeHUS 3 ecTh 0asuc

¢unerpa F,.

MMpave p. IIysts X = TOmOJNOTHEECKO® WpocTpameTsd, A&X n
z€X; nas Toro wrobw cnem Ha A Puavmpa oxpecmuecmed B TOYRR »
6s1 ¢uapTpoM B A, HeOOXOAWMO H JOCTATOYHO, 49TOOH BCAKAA OKpecT-
HOCTh = mepecerana 4, T. e. (§ 1, onpenenenne 10) aTo6nl z 6p1ma moukoi
npukocrogenus Jaa A.

9TOT mpmMep WHAYIMPOBAHHOTO (uUIBTpAa HHTEpECeH, C ONHOH CTO-
POHHI, TeM, 9YTO OH HIpaeT BaKHYI0O PoJb B Teopum mpexnenoB (§ 7, n® 5),
a ¢ gpyroii,— TeM, 4TO écakull gusbmp Moxcem 6umb onpedeien marum
cnocoGom. B camoM pene, nycts § — ¢uabTp B MHOMecTBe X m X' —
MHOKECTBO, [0JyYeHHOe npucoedutreruem K X OJHOTO HOBOTO 3JIEMEHTA O,
TaK 90 X OTOMKuecTBAsAeTCA ¢ pononmenueM k {®} B X’ (Teop. MHOK.,
Csoaka pesynsT., § 4, n° 5). O6osnauum gepes ' ¢uasTp B X', 06paso-
BaHHHH MHOMKecTBamMu MU {m}, rne M upoGeraer F, u mycrs L ()
s Kakmolt ToukM z7# @ w3 X’ ecTh MHOKECTBO BCEX IIOAMHOKECTB MHG-
ameeTBa X', comepamux x, a B(o)=P’. Muomectsa B(z), rae =
mpoberaer X', oueBmaHO, ypnoBiaerBopsawT akcmomam (Vy), (Vy), (Vi) u
(Viv) m ompepensior, caefoBaTedbHo, B X' TONOJOTHIO, [JA KOTOPOR
OHHU CJYKaT QUJIbTPAMU OKPECTHOCTell; HAKOHeIl, ® €CTb Mmouka RPUKOC-
Hoerua MHOMecTBa X B 3TOIl TOMONOTHA, a § — QUABTD, HHAYIUPYeMblt
dunpTpoM ¥'=P(w) B X. Oupenenennaa Ttak Tomojorns B X’ (COOTB.
MHOKecTBO X', HajeJeHHOe DTOH TOWOJOTHMel) HaskBaeTcs monosozuell,
accoyuuposaninoii ¢ § (COOTB. MONOAOLUNECKUM RPOCMLDAHCTEOM, accoyuu~
posannum ¢ B).

Ileepnomenne 9. Jaa moeo umobw yiompaguavmp W1 6 mrosnce-
cmee X undyyuposar gusvmp e muoxcecmee Ac X, neobxodumo u
docmamouno, wmobur A €U; ecau smo ycaosue evinoaneno, mo U,
ecmb  yavmpagusemp ¢ A.

9TO0 — HeNOCPEe[CTBEHHOE CJIENCTBUE IpeiJomenui 5 u 6.

6. Odpas w npoobpas taszuca Puavmpa

IIycrs B — Gasuc ¢unbrpa B MHOMecTBe X U f — oTebparkeHme
X B mEOecTBO X'. Torpga f(B) — 6asuc guavmpa 8 X', n6o M+*
Baeder f(M)=#=Z, a f(M NN)cf(M)N f(N). Ecnu B, — Gasuc duapr-
pa, maxcopupyruezo duabtp ¢ 6azmcom B, To f(V,) ec1b Gasuc dunpr-
pa, maxcopupyroujezo Guastp ¢ GasucoMm f(B) (upepsnomenme 4).
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Oeepnoxenne  10. Ecau B — 6asuc yasvmpagusempa ¢ mHo-
scecmee X u f — omobpasxcenue X ¢ X', mo f(B) — 6asuc yavmpaguso-
mpa ¢ X'.

—1
B camom pexne, mycte M'cX’; ecam f(M’) comepskMT HeKOTOpoOe
—1
MmuOosxectBo M us B, To M’ comepmur f(M); ecnu e uer, 10 Cf (M')=

—1
=f(CM') copmepsiur Heroropoe MHOoxectB0 N u3s B (mpepmiosxe-
mgue 5), tak aro CM’ copepur f(N). Taknm o6pasom, TpeGyemoe cie-
Ayer W3 TpesiosKeRus 0.

PaccmorpuM, B uwacTHOCTH, TOT CJay4vail, Korma f ecTh KaHOHWYE-
ckag uaneknua A—X nogmuoxectBa A MHoxecrBa X. Ecam B —
Gasuc Qunbtpa B A, 10 f(B) — 6asuc ¢uasrpa 8 X. Mu Gymem ro-
Boputh, uro ¢uabTp §F B X, mopoxpennsil Gasmcom f(B), ecrs
Puavmp, nopoxcdaemuii B, paccmampusaemun kak 6asuc gusbmpa 8
X. Ecau B — 6asuc ysvmpagusompa ¢ A, 10, B CHIY NPEJJOKe-
ausg 10, B Oymer raxme 6asucom yavmpagpuavmpa ¢ X.

BriscauM Teneps, ABAsSEICs Ju npoobpas 6asuca puabrpa Gasmcom
¢unsrpa. Ilyere B’'— Gasuc guasrpa B X' u f — orobpamenne X

—1 -1 —1
B X'. I3 coornomernua f(M' NN")=fM')Nf(N') u onpenenenus 3
—1
HEIOCPEJICTBEHHO CJefyeT, 4To Jiyia Toro, 4robnr f(B’) 60 Gasucom

—1
¢unbrpa B X, Heobxodumo u docmamouno, umobw f(M')s=@ Oan
kascdozo M’ €B’'. IT0 ycioBUe MOMKHO TaKiKe BHIPA3HTL, CKA3aB, 4TO
écakoe Muoxcecmeo uz B’ nepecekaemes ¢ f(X) (mnm eme, dro

canen, B’ ma f(X) ecrp Gasuc ¢Puabrpa). OrMmeruMm, 4uYTO eciau
—1
oHO BHmoJHEeHO, TO f( f(B’)) ectp Gasue Quabrpa, marcopupyio-

wezo ¢unptp ¢ Gasmcom B'.
flcao, uro ecnim B — Gasuc uabtpa B X, TO yKasaHHOE BHIIE

—1
ycaosue Bumoanserca miaa B =f(B); f(f(B)) ectp 71orga Gasuc
QuabTpa, Mmaxcopupyemozo PUABTPOM ¢ GasucoM .

Ilycts A — DOAMHOMKEeCTBO MHO:KecTBa X H (p — KAHOHWYECKAS HHDBs

—1
exnna A—X. Ecan B — 6asuc nasrpa B X, T0 9(B) ecTb He 9TO HHOE,
Kark B 4; BHpasuWB ¢ IOMOIIBI0 MPEABIAYIIET0 YCJIOBUS, 4TO 3T0 — Gasue
¢uabTpa B A, MBI BHOBb HOJIYYHM 9aCTh OpeJJIOKeHUsA 8,
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7. ITpouszeedenue Ppurvmpos

Ilyers (X).c;1 — cemeiicrBo MHOKeCTB, B, s Kamporo v €7 —
6asuc guavbmpa B X, 1 B — MHOMKECTBO NOJMHOKECTB IIPOU3BEICHMU

X=II X,, WMeIOUHUX BHR HMI, rge M =X, nusa BceX KpoMme Ko-
vel vel

Heunozo umcna uHmekcoB U M € B, naa rtex v, npu Kotopex M £X,.

B cmny gopuyms ([[M)n(IIN)=I] M.nN) memocpen-
vel vel vel

CTBEHHO fACHO, 4T0 B — 6asuc guavmpa B X. OT™MernM, 410 PUIBLTP

—1
¢ 6asucom B mopomaerca Takske MHoskectsamu pr,(M,), rae M, € D,,

—1
a % mpoGeraer I, u6o pr,(M,)=M,x ][] X,
ER

Onpenenerue 6. Ilyemov 6 kaxcdom us muoscecme X, cemelicmea
(X)ves Oan guavmp §,. Mw Hasvieaem npouseedenuem guivmpos G,

u obosnauaem uepes H& (ecaw amo He Moxncem nosiewb NYMAHUYHL)
vel
guremp ¢ X =H X,, unmenowuli ceoum 6a3uUCOM MHONCECMEO 6CEX
vel

nodmnoxcecme X euda || M, 20e M, € §, dan vancdozo €1 u M=X,
Vel

043 6cex KPOMe KOHEUHO020 YUCAA UHOEKCo8 L.

YnuraTenpb Jerko IPOBEPUT, 9TO IPOWM3BefeHHe (UIBTPOB &, MOKHO
TaK/Ke ONpeNleinTh KaK caabetiwmutl n3 ¢uabTpoB & B X, 114 KOTOPHIX
pr (®)="1, upn awobom LE€1.

Ipexpinyiue 3aMeYaHWs [OKA3HBAIOT, UTO €CIaHU B, [JIA KaKIOTO
V€l — Gasuc Puabtpa F, To B ects Oasuc ¢uabTpa-npomsBe-
JIeHU S H%l (npepanosxenue 3).

Vel

B npoussenennn X = III X, TOIOJIOTHIECKHX IIPOCTPAHCTB QUIBT-
LE

POM OKpecTHOCTe#l NPOMBBOJLHON TOUKM Z=(Z,) ABJIACTCA NPOU3Ge-
Oerue QUIBTPOB OKpecTHOCTEH ToueK z, (§ 4, n° 1).

Komcrpyknua npoussenenus QuiabtpoB F= H& yupoma-
Lel

eTcsl, KOT/la MHOJKECTBO WHIEKCOB [ KOHEUHO: TOTMA 6CC603MONCHBIE
mpomssenerma || M, Ttne M €F, maa awbGoro €1, obpasyiorT
Vel

6asmc ¢uabrpa §. Ecmm I={1, 2, ..., n}, 1o BMecto ||, mmmyr
vel

T X Ty X eoe X F e
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8. aemenmapnvie Ppuarvmpot

OnpegenerEnE 7. ITyemv (2,)nen — bOeckoneunas nocaedosamens-
HOCMb aAeMeRmo8 MHOJNcecmsea X; saeMeHMapHum BUAbmMpPoM, acco-
YUUPOBARHMM ¢ nocaedosamensvrocmyvio (x,), Hasveaemces guavmp,
nopoxcdennwiii obpasom dusvmpa Ppewe (n° 1) npu omobpasceruu
nw—>x, muoxecmea N ¢ X.

HdpyrumMm cioBaMu, 3jeMeHTapHH (QUIBTD, aCCONUUPOBAHHEIMR
¢ IOCJe0BATeIBHOCTBIO (Z,),— 9TO MHOMECTBO Bcex Takux Mc X,
9T0 2, € M 1A BCeX KPoMe KOHeuH020 YACJA 3AadeHuil n. MuoxecTBa
S, Tex Z,, Al KOTOPHIX pZ>n, 06pasyior 6asuc s1eMeHTapHoro GuibTpa,
acCcOLMUPOBAHHOIO € IOCJIE0BATENBHOCTHIO (Z,,).

JJIeMEeATapHHHA (UJIbTP, ACCOUUUPOBAHHBIN ¢ GeCKOHEYHOU nod-
nocaed08ameabHOCMbI0 TOCJE[0BATENBHOCTH (Z,), Maxcopupyem 3Je-
MEHTapHHE QUIBTD, acCOUMUPOBaHHHI ¢ (2,) (cM. ynpaxuenme 15).

[To camomy ompenenennio, BCAKUI deMeHTAPHHE GuabTp obmama-
et cuemuum G6asucom. O6parHO:

[Mrennoxerue 11. Ecau dusvmp § o6aadaem cuemmuim Gasuconm,
Mo OH ABASEMCA NEPECEUEHUEM 6CEL MANHCOPUPYIOUUT €20 IAEMERMAPHBLEL
duabmpos.

B camom mene, pacmonoykuM cuetTHBI# Gasme ¢mabTpa § B mocie-
n

N0BaTeNBROCTE (4, )ne N; MHOMKECTBA Bn=n A, roxe o6pasyior Gasuc
p=0

dunnrpa § (npennosxenne 3), npuuem B, < B, ana kasknoro n. Iycrs
a,—UPON3BOJbHNT diieMeHT U3 B, ; sicHO, 90 §§ Maskopupyerca Quiabt-
POM, acCONWUPOBAHHHM ¢ (a,). TakuM o6pasom, mepeceueHwe -5 BCex
BJeMeHTapPHHX QUIBTPOB, MAKOPHUPYIONINX §§, CYIECTBYeT U, OY€BUHO,
Mazkopupyer . Feam 65 oHO 6BlII0 cuabhee , TO CymECTBOBAIO GH
MHO:kecTBO M € J rakoe, uro B, NCM== ¢ npu moGoM n; B3AB IO
anmementy b, m3 raxkmoro B,NCM, mn noayumanm 6w, 4To $Hmastp,
ACCOIMUPOBAHHKIA ¢ mocaefoBaTeNbHOCTBIO (b,), MaKopUpyeT ¥ u Ho
COREPIKUT MHOKecTBA M, B NIPOTHBOpPEYIME C ONPEHSICHHOM .

3ameaanne. Ounbrp, mamopupyemuii GUIBTPOM CO CUGTHHIM
6asucoM, BOOJHe MOKeT He HMeThb cueTHoro Oasmca. Hampmmep, ecam
X — pecueTHOe 6eCKOHEYHOE MHOKECTBO, TO (UIABTD JOMOJHEHHHA K KO-
HEYHHM OOJMHO{eCTBAM MHOKecTBa X He HMeeT cueTHOTo 0asmca (HHAYS
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MHOKEeCTBO BCeX KOHeWHHIX IIOJMHOMKeCTB MHO3kecTBa X OBIIO GBI CUETHHIM,
9TO OPOTHBOPEYAT LPEIOJN0KEHNI0); OFHAKO 3TOT (PHIBTP MaKOPHPYETCA
BCAKHAM 9JIeMEHTaPHHM QUIBTPOM B X, acCOMUMPOBAHHLEM ¢ 0eCKOHEUHOH
TOCJIe[0BaTe/bHOCTHI0 LONAPHO DPA3JMYHBIX 3JIEMEHTOB.

9. Pocmuu omuocumesbno hpuaissmpa

IIycrs §§ — ¢uabrp B muOkectBe X. B muomecrse P(X) sce-
BO3MO}KHHX IOIMHOKECTB MHOKecTBa X oTHomenue R mexny M u N:

«cymecTByer Takoe V €, uto MNV=NNV»

€CTh OMHOWEHUE IKBUBALCHMHOCTNIL, B CAMOM Jielie, OYeBUIHO, OHO ped-
JIeKCUBHO M cuMMeTpu4HO, a ecaum M, N, P — rakue mOIMHOMKECTBA
mHOKkecTBa X, ato MNV=NnV u NN W=PNW guaa HeKOTOPHX
MHEOKECTB V, W ms @, to MN VN W)=Nn¥nW)=Pn ¥ nW),uem
TPAaHBUTUBHOCTh R ¥ noKasaHa, mocKoabKy VN W € F. Kaace modR
MHO;kecTBA M c X HABHIBAGTCH POCMKOM 9020 MHOHNCECMBA OMHOCU-
meavho Pdusvmpa F, a paxropmaomectBo P(X)/R — mHoxcecmeon
pocmkos nodmuosicecms muovcecmea X (omuocumeavHo guavmpa ).

Orobpaskenna (M, Ny—>M NN u (M, N)—MUN mupoussese-
aust PB(X) X P(X) B P(X) cornacyorcsa ¢ OTHOMEHUAMA SKBUBAICHT-
gocta RX R u R (Teop. muo:x., CBonka pesyisbr., § 5, n° 8). B camom
nexne, ecim M=M" (mod R) u N=N' (mod R), To B ¥ cymecTByIOT
rakneVu W,aro MNV=M'NVu NN W=N"nW, otkyna (M NN)N
NFnm)=MnN)nTVnW)ya(MuN)nNVnW)=Mn@Vnw)u
uvn@vam)='n@nw)HuwW' nvVnw)=M" uN)nFnw).
Oro6paenns (P(X)/R) X (P(X)/R) B P(X)/R, norydaemue ¢ak-
Topusanueil u3 YKasaHHHX JBYX oTobpaskeHuit, GymeM (momyckas
BosibHOCTE) o6o3uauats (E,m)—>ENM u (§,m)— EU1. Hemocpencr-
BEHHO IPOBEPAETCH, YTO OTHOCUTOIBHO ITHX (BCIOJY ONPEIEJIEeHHHIX)
3aKOHOB KOMIOBHIMY KAKIHHA DIeMEHT WIEeMIIOTeHTeH M 9T0 OHH
KOMMYTATHBHB, aCCONMATUBHEI W JUCTPACYTUBHE APYT OTHOCHTEJILHO
npyra. Hpome Toro, orHomenua E=EN1n u n=E U1 5KBUBaIEHTHHI;
OyfeM (HOOmyCcKasa BOJBHOCTH) IOJB30BATHCA A HUX 3alHCbio §C1;
JeTKO BHAETh, UTO 3TO eCTh OTHomeHHWe nopsadka B P(X)/R, oruo-
curenpHo Kortoporo P(X)/R aABnsAercs pewemkoll, WMeomed Ham:
MEHBUINM DJeMEeHTOM POCTOK (¥ W HAmGOJBITUM BIIeMEHTOM POCTOK X
OTMETHM, KpOMe TOTO, 4YTO OTHOWIeHWe EC1) osHadYaer, 4T0 CyIme-
creylor M €E, NeEn uV EF, nua xoropux M NVaNnV.
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IIycrs Temeps X'— Bropoe mHOKecTBO M O — MHOMECTBO BCeX
orobpasxennit B X' mogMHOMKecTB MHOKecTBa X, OPUHAMJICMKAUUAX &Y.
Ortnomenue S Mexny f u g:

«cymecTByeT Takoe V €, uto f u g ompenesens u cosmanaioT Ha V»

eCTh omHoweHue sreusasenmuocmu B ®; B camMoM pene, odyeBUJHO,
OHO pe(IeKCHBHO ¥ CHMMETPMYHO; KPOMe TOTO, OHO TPaH3UTUBHO, 160
eciu f W g ompesiesieHsl M coBnagaior Ha V €, a g U h onpejiesieH s u
cosnaganr Ha W €, To f u h onpepesiens: u cosnasaor Ha V | W € F.
Haacc mod S oro6paskenusa f maoxectsa VEF B X' Hasmpaercs
pocmrom omobpaxcenus f (omHocumeavHo &), a HAKTOPMHOMKECTBO

O =D/S — mroxcecmeom pocmros (omHocumesviho F) 0mobpascenull
X ¢ X'.

)

3ameuanunsa 1) Beaxoe orobpamenne f wacru M €§ Muoskecrna
X B X’ skBuBanenTHO mod § HexoTopoMy oroGpaskenmio f, Bcero X B X’
(4T0 OmpaBABIBAST NPEALAYIIYIO TEPMIHOIOTTIO); B CAMOM Jiesie, JOCTATOYHO
Opomo/xuTh f Ha X, OpuUpaB eMy, HaOpuMep, OOCTOSHHOe 3HAYeHHe Ha
X—M.

2) [lna Toro uToGH zapakmepucmuueckue GynkyuL @y U Qp DOAMHO-
mecTs M u N MHOKecTBa X nMeJj¥ OfUH H TOT jKe POCTOK OTHOCHTEIbHO
&, meoGxommmo u mocraTouno, uTo6Er M m N HMeNH OTHH U TOT ke POCTOK
OTHOCHTEJIBHO .

ITycrs X''— tperbe MHOMecTBO, @ — orobpakermme X' B X'’
u O’ — MHOKecTBO Becex orofpaskeHuit B X'’ TOXMHOMECTB MHOKe-
crea X, npumHagnexamux . Has mwoboro orobpamenus f€ D xom-
nosunuaA ¢ o f upuHagnexur O’; mpu sroM scHO, uro ecau g € D mmeer
TOT }Ke POCTOK OTHOCHTEJBHO g, 4T0 ¥ f,T0 @ o f U @ © ¢ HMEI0T OUH
W TOT jKe POCTOK OTHOCHTEJNBHO §; DTOT POCTOK 3ABHCHUT, CIeHOBa-
TeJIpHO, TOJBKO OT POCTKA ; oTo6paskenns f orHocurenbHO % u Gyner
o6osrauarscs ¢(f). Tem cameiM ompernieneno oTobpaskenme (TOIycKas
BOJIBHOCTb, MH 0603HauaeM ero ¢) MuoxkectBa @ Bcex pPocTKOB oTo-
6pamenuit X B X’ B MHOecTBo @' BCex poctroB otobpaskenmit X
B X",

n
Mycrs Temeps X; (1<<i<n) — muomectna, Y= [] X;— nx mpo-

i=1

usBejenue; obosHauum yepes P, (coorB. D) MHOKeC1BO Beex oTobpa-
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seauit B X; (coors. B Y) HOAMHOKeCTB MHO:ecTBa X, IpUHAaJJekKa-
mux §. Ecau f; € D; (1<<i<<n), a M; € F — obnacts onpepesenus f;,
n

To ortobpaskenue &> (f1(£),...,f,(t)) ompeneneno na n M, u, caeno-
i=1

parenbHo, mpuHagiexur @; mMe GymeM 0003HAYaThL €ro (noriycnaa
BoAbHOCTD) 4epes (fy,..., f,). [Ipm atom, ecin f; n g; npunangnexar @,
¥ MMeIOT ONWH M TOT e POCTOK oTHocHTenbHO & (maa 1<li<n),
10 fAcHO, 9TO (f1,.-s [,) ® (g1, ++. &,) BMEIOT ONHMH U TOT 3Ke POCTOK
OTHOCHTENBHO 3j; BTOT POCTOK BaBHCHUT, CIEOBATENbHO, TOJBKO OT

pocTKOB f, oroGpakennit f;. Ecan o6osraunts ero gepes I' (1 see .

n
To, oueBmmHO, I  OymeT Ouexyueli TPOU3BENEHUA II(D,. HA
i=1

mHOxecTBo @, Tre wepes @; (coorn. @) oBosmaueno MHOMECTBO Beex
POCTKOB OTHOCHTENbHO ¢ oToGpaskennit X B X; (coors. B Y); nomy-
CKasg BOJBLHOCTh, MH OyneM OGHTHO TaM, Ijie 9T0 He MOKET IIOBIEYb

nyranuns, smecro I (fy, ..., f,) mmcars (fy, ..., f,)-
TaknM 06pa3oM, COTJIACHO TPeNBIIYIIEMY, BCAKOe 0TOOpaKkeHUe )
mpousBefeHus Y B MHOKecTBO X'' omnpemenser oTo0paskeHHe

n
(frreeer .YV (fiy ---, f,) TpomBBeneHEA H(I)i B MuosxectBo D’ Beex
=1

pocTroB oroGpaskennit X B X'’.

B wacrroctu, ecniu /= {1, 2}, a X}, X, nu X'’ paBHH Bce ofHOMY
7 TOMYy ke MHO;kecTBY X' (TaK 94To {p — BCIOLY OLDEeJEHHHI 3aK0H
romnosuyuu Ha X'), To P DOPOKZAeT BCIOAY OIpeeJeHHHH 3aKOH
KOMIIO3UIMA Ha MHOKECTBE ® Beex poctioB oToGpakenmit X B X',
Jlerko BHpmeTh, 4TO ecau 3aKoH P, 3amaHHHI Ha X', acconuaTHBeH
(coOTB. KOMMYTATHBEH), TO TO K€ CIPABEIJIMBO U MJIA COOTBETCTBYIO-
mero 3akoHa B @ ecaum 3akoH ¢ Ha X' obmamaer HeHTPAJBHEM 9iie-
MEHTOM €', TO POCTOK OTHOCHUTEJHHO g IOCTOAHHOTO OTOOPaKeHUs
Z+>e' ecTh HeHTPANbHLIN 3JeMeHT [JI COOTBETCTBYIONMETO 3aKOHA Ha

@®. Haxonen, ecim X' ob6iragaer HeATPaTbHBIM 2J1eMEHTOM e, TO A

TOTO, YTOOKI POCTOK f anementa f€® 6un obparum B D, HeoOX0AUMO
¥ J[0OCTATOYHO, YTOOH CYIIECTBOBAJNO Takoe V €, cojep:Kaiieecs B
obnacru ompemenerus f, uro f(¢) obparumo B X' misa rammoro t€V;
ecniu ob6osHaumth obpamenme f(f) mas wasmoro tE€V uepes g(i),

To pocTos g orobpamenms g Oyner rorja ofpamermeyn f B @,
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B wacrmoctn, ecau X' ecTh 2pynna oTHOCUTENBHO 3aKOHA P, To 1D Oyser
IPYIIONA OTHOCUTENHHO COOTBEICTBYIOIETO 3aKOHA; TaK jKe JOKashl-
Baerca, 4to ecaun X' — koawvyo (COOTB. aseebpa Hajl KoabmoMm A),

To @ — KoabIo (CooTB. anrebpa Hax A) OTHOCHTEILHO COOTBETCTBYIO-
IMUX 3aKOHOB KOMIIO3UI[UH.

10. Pocmru 6 mouxe

Opue u3 0c06EHHO 9acTO BCTPEUYAIINIMXCA CIAyYaeB, KOTHA IIpUMe-
HATCA ONpeneleHHsA U pedyabrathl n° 9, ato Totr, THE F ecTh Pusvmp
oK pecmHocmell HEKOTOPOH TOYKM @ TOMOJOTHMIECKOTO NpocTpancTa X;
BMECTO «DOCIEU OMHOCUMEALHO F» TOTA TOBOPAT (POCMEL 6 MOouKe ay.
OTMeTHM, 9TO B 9TOM CJydYae CYHMECTBYET TOJBKO OQUH POCTOK OKpecm-
Hocmell TOYRY @, a IMeHHO, BceTo npocrpancta X. PocTku samknymiviz
MHOKECTB COBIAAIOT C POCTKAMHE MHOKECTB, JAOKAAbHU 3AMKHYMbIL
¢ mouke a, n60 ecau L N0KanbEO 3aMKHYTO B TOUKE @, TO POCTKH MHO-

smects L m L B TOYKe @ COBIAAIOT (§ 3, mpennoxenue 1). Orciopa
ciegyer, UTO eCad §, 1) — POCTKH MHOKECTB, JOKAJBHO 3aMKHYTHIX
B TOUKe @, T0 EUmM ® EN 1M ToMme ABAAITCA TAKEMEU POCTKAMMU.

Tak KaK ¢ NIPUHAJJIEKUT BCAKOMY MHOKecTBY V € F, To f(a) ompe-
nesneHo muas Jgo6oro f, o6iacTe ompeeseHMA KOTOPOIO NpHUHAjJe-
SKUT §§; OPH 9TOM, €CIH f U g UMEIOT OUH ¥ TOT Ke POCTOK B TOUKE d,
0 HeobxomuMo f(a)=g(a), Tak uTo f(@) 3aBUCHUT TOJIHKO OT POCTKA f
0TOGp@KeHNA f B TOUKEe @; OHO HABHBAETCH SHAMCHUEM ] B TOUKe a
n ofosmauaerca f(a). OrmermM, uro BooGme orHomenwe f () =g(a)
HU B Koeil Mepe He BieueT f:é

Iycers X’ m X''— romonormuecKue mpocTpaHcTBa, b — Touka u3
X', gu g'— orobpaskerua X' 3 X', uMeiomue oUH M TOT e POCTOK
B roure b. Ecau f u f'— oroGpaskenua X B X', Henpeprisrbie B Touke
a, obinajalomye OJHIM M TeM Ke POCTKOM B 9TOil TOUKe W Takue, yTo
f(a)=b, To go f u g’ o f mmetor 0dun u mom e pocmok é mouke a; B
caMoM fielie, IycTs V’'— Takag OKPeCTHOCTH TOUKM b, uro g(z')=g'(z’)
paa scex z' €V'; Torma cymiecTByeT OKPECTHOCTB V TOYKHM a Takas,
gro f(V)cV', V)<V’ n f(z)==f () paa Bcex t€V, oTkyAa W BEITE-
Kaer Hame yTeepssnenune. PocTok oroOpaskeHnus g o f B TOUKe @ HABH-
BaeTCA KOMNOsuyuel POCTKOB £ W | orofpawenmi g m f U 0603HA-

gaercsa g ° f,
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Yopaxkaenusn

1) Haiitn Bce ¢UABTPH B KOHEYHOM MHOKECTBE.

2) IToKazaTh, 4TO eciy IepeceveHne BceX MHOMKECTB GHMILTPA &,
3aJ]aHHOTO B MHOMeCTBe X , ycTO, TO & Mamopupyer MILTD JOTNONHEHUH
KOHEUYHBIX TIOOMHOMKEeCTB MHOKecTBa X.

3) Tlepeceuenne ¢mabTpoB & m &), 3a7aHHBEIX B OJHOM W TOM 3Ke
MHO:KecTBe X, eCThb MHOKeCTBO BCeX ero moiMHOKecTB Bupa M| NV, roe
M npoberaer §, a N npoGeraer .

4) IlokasaTp, 9TO QUIBTD JONOJHEHN KOHEUHBIX IOIMHOKeCTB Oec-
KOHEYHOTO MHO;KecTBa X ABJAETCA IepecedeHNeM 3JIeMeHTAPHHIX (PHIAbT-
POB, acCONNUPOBAHHEX €O BCEBO3MOKHBIMNU OeCKOHEUHKIMHY N0CJe0BaTelb-
HOCTSIMH IONApPHO PAa3INYHBIX BIeMeHTOB u3 X.

5) Mokasars, 9To ecnan ¢UABTPH § # &, 3ajanHble B MHOXKecTBe X,
ob;agaloT BepXHell rpaHbIO B MHOKecTBe Bcex OHABTpoB B X, To 3Ta
BEPXHAA TPaHb €CTh MHOJKECTBO BCEX NOJMHO:KecTB Buaa M [N, tne M
npoberaer &, a N npoberaer .

6) IIyctp KakgOMy QHIBTPY B MHOMKeCTBe X CONOCTaBJEHA aCCOLMH-
poBaHHAsA ¢ HWM Tomoxorus (n° 5) B odmom u mom sice MHOKeCTBe X' =
=XU{0}. CnpaBegnupi ClefylOmue Npe/10KeHNs:

a) Ecan Heroropas Tomosmorma B X' MaKOpHDPYeT TONOJIOTHIO, ac-
COTMMPOBAaHHYI0 C QUILTPOM §, TO BdTa TomOJOTHA JnGo amc-
KpetHasi, amGo accopmmpoBaHa c¢ OQUABTPOM, Ma;opupylommMm &. U
obpaTHo.

6) Huwxnaa rpaHb TONOJNOTHHl, accoummpoBaHHLIX ¢ ¢uabTpamn H3
HeKoToporo MuoectBa @ ¢uanTpoB B X, ecTh TONOJNOTHA, ACCONHHPO-
BaHHAA C IepecedeHyseM Bcex (uabTpoB m3 .

B) Ilycts ) — HexoTOopoe MHOMKECTBO NOAMHOMKecTB H3 X, (' —
MHOeCTBO Beex moamuoects u3 X' supa M{J {w}, rne M npoGeraer @,
n H=G"UP(X). Ecau ® noposkpaer duavtp &, To § mopoxpaer B X’
TONOJIOTHIO, ACCONUMMPOBaHAYI0 ¢ §. HKakylo Tomonormio mopompuaer ),
ecnm (9 He sABusAeTcA cHcTeMoil o6pasylomux HUKaKoro ¢gmiabTpa?

r) Jlns toro urobn § 6BT0 yabTpaguabTpom B X, HeobXommMO n
A0CTaTOYHO, 9TOOB AacCOMUMpPOBAHHAS ¢ HUM Tonodorms B X’ 6huia
X-makcumansHOU (§ 3, ynpakmesme 11).

7) B TomonormieckoM mpoctpaHcTBe X mnepecedcHHe (UILTPOB OK-
pecTHOCTell BCeX TOYEK HelyCcToro MHo;kecTBa AC X ecTb UibLTP OKpecr-
HocTell sTOrO MHOecTBa B X.

8) a) IIycrs @ — HEKOTOpPOe MHOKECTBO TONOJOTWMI B MHOecTBe X,
TlokaszaTh, 49TO QUABLTP OKpecTHoCcTell Toukn z€X B nepecedenun
Bcex TonoJjoruii 3 @ MaskopupyeTcs HepecedeHneM GUIbTPOB OKPECTHO-
creif Toukn z B Tomonorusx mus @.

6) Paccmorpnm B MEOKecTBe Q2 nexcnkorpaduuecknii nopanok (Teop.
MHOK., Ta. 111, § 2, n° 6) u Tomosnormo F,=F((Q?), cooTBeTcTBYIOMYIO
9TOHl CTPYKType COBePIIEHHO YIIOPS/I09€HHOr0 MHOMKeCTBa (§ 2, yupam-
penne 7); pyerh J,— Tomojorma B Q2, Donyvaemas nepeHocom .y
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nocpepcrsoM cummerpun (€, n) = (1, &), 1 & — mepeceuerue Tonosornit J;
n &,. [lokasaTp, 9T0 UIBTP OKPECTHOCTeil TOYKY B TOMOJIOTHH & ciabee
mepecedeHHs1 QUIABTPOB ee OKPeCTHOCTedl B ToHmonorwax 7 u .

*9) a) IlokasaTh, YTO BCAKHMA yIBTPAQHUIBTD, MAKOPUPYOMUI Hepes
CeUeHNe KOHEYHOTO UNCia QUIBTPOB, MAXKOPUPYeT N0 KpaitHed Mepe oxuH
u3 Hux. [HcmonbsoBats mpepiioykenne 5.]

6) late mpuMep yAbTPadUIAbTPa, MajKOPUPYIOMETo Nepecedesne Gece
KOHEYHOTO ceMelicTBa yabTpaduIAbTPOB, HO He COBNAJAIOIIEr0 HU C OfHUM
u3 yupTpaduIABTPOB BTOTO ceMeiicTBa. [PaceMorperh B GeCKOHEYHOM MHO-
skectBe X ceMe#CTBO BceX YAbTpadMIBTPOB, WMEOIMUX CBOMM 0asucom
OJ{HOTOYEIHOE MHOKECTBO.]

X10) IMoxasath, 4T0 IepeceyeHHe MHOKeCTB, 00pasylIIUX YAbTpa-
¢uIBLTP, cOePHAT He 6osee OJHON TOUKY H UTO €CJIM OHO COCTOUT M3 Of(HOH
TOYKH, TO YABTPAdUAbTP 00pasoBaH BCeMH MHOKECTBAMH, COJepPIKAIIMI
o1y TouKy. [Ucmoas3oBath mpemiioiKenue 5.]

11) IlokasaTh, 9TO eclH IOJMHOMKeCTBO A MHOkecTBa X He HpHHAJ-
nesRUT yabTpaduaeTpy 1, samanmHoMy B X, To ciegom 11 HA A CHy:RHT
F(A).

12) ITokasaTh, 970 B 6eCKOHEYHOM MHOKECTBe BIeMeHTapHBIH QUIBTD,
aCCOIMMPOBAHHHI € MHOCTELOBATENBHOCTHIO, UIEHH KOTOPOH IOmapHO
PasnN4HbI, He ABJIAETCHA YABTPAPUIBTPOM.

13) Iycrs f — orobpaxeBune MHOkecTBa X B MHOKecTBO X'. Nua

Toro utobH mas noboro 6asmca ¢uabTpa B B X MHOKECTBO fl(f(%)) 65110
Gasucom PUABTPA, DKBUBANEHTHHM B, HeoOXOJUMO U JOCTATOYHO, ITOOH f
ObIT0 MHBEKTHBHO.
Xx 14) TlokasaTth, uto ecam orobpaskenme f: X— X’ CHOpPBHEKTHBHO, TO
o06pas f(&) Besroro ¢unbrpa § us X ecrs dmabtp B X',
*15) Iyctb n—> f(n) — ciopvekmusnoe oTobpakerme N B N rtakoe,

gT0 ;(m) KoHeuno nis ai06oro m € N. BospMeM IpousBoIbHYIO MOCIeR0Ba-
TeNbHOCTD (Z,;) DIIEMEHTOB KaKOT0-IH00 MHO0KeCTBa X U NONOKAM Yy =2 f(s).
ITokasaTh, 49TO 3JeMeHTapHEE QUIBTPH, aCCOIMMIPOBAHHEE C IOCJIEIOBa~
TeabHOCTAMA (z,) # (y,), COBIAjAIOT.

BeiBectu oTcrona, 4to ecam (a,) u (b,) — TaKue IOCJIe[OBATEIRHOCTH
ajeMeHTOB 13 X, 49TO (QHMIBTP, ACCOIMMPOBAHHHI ¢ (b,), Ma)kopupyer
¢unbTp, acconuupoBaHHHi ¢ (a,), TO UIBTP, acCONUUPUVBAHHKI ¢ (b,),
coBIAjaeT ¢ (QUIBTPOM, ACCONMUPOBAHHBIM ¢ HEKOTOPOHl HoOmmocienoBa«
TeNbHOCTBIO TIOCIef0BaTeabHOCTH (a,).

#*16) ITycrp @ — cyeTHOe COBEPHIEHHO YHOPSMOYEHHOE MHOK@CTBO
BIeMeHTaPHHX (UILTPOB B MHOKecTBe X. IlokasaTp, 49To cymiect-
BYyeT 3leMeHTapHBIA QuIbTP, MaKopupyromui Bce ¢uabtpel u3 @. [ITo-
KasaTb, uTO OOBejuEeHme Bcex ¢uabTpoB m3 @ obnagaer CUETHHIM
Gasrcom. ]

17) Ilycre X — pewemka (Teop. muosK., ru. II1, § 1, n°® 13). Heny-
€700 FOIMHOKECTBO F  MHOXOCTBY X  HABHBAGTCA npedfuavmpon,
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eciu OMO Y[OBJETBOPSET CleNyIIuM ycaoBusam: 1° KakoBo O HE OBLIO
z€F, orsomenue y=z Bieder y€F; 2°ecnuz € Fuy€ F,r0inf(z, y) EF;
PF#X.

Takum o6pa3oM, B MHOKECTBe BCeX IIOJMHOKECTB MHO3KecTBa Y, yIo-
PALO9E€HHOM IO BKIIOYEHHIO, I PenduabTphl—aro uabTpr BY . Il pendunbrp F
Ha3LIBAETCSI npocmuLM, €CIH OTHOLIeHNe sup(z, y) € F Bueder s € F nnmu y€F.
ITpendunbTp OTHOCHTENbHO IIPOTHBONOJNOMKHOTO MOPAJKA HA3BIBAETCA
ronpedgusvmpom B X.

a) MHOKecTBO BceX MasKOpaHT MHOKecTBA AC X, He CBOAAIIEToCS K
HaUMeHbIIeMy 3JeMeHTy m3 X, ectb mpeadmanpTp. JlaTh mpuMepsl mpen-
¢UABTPOB, KOTOpPHE He ObIIN OB MHOKECTBAMU MAajyKOPAHT.

6) ITokasaTs, uro ecan F — mpocroil npejgdunbrp, 10 CF — mpocroit
KonpeaduabTp.

B) IToxasars, uyro ecim X obmnajaer HamMeHbIIHM djeMeHToM 0, TO
BCAKHUIT npenduabTp CONePKUTCA B HEKOTOPOM MaKCWMAaJbHOM Ipefduibr-
pe. [HcnmoansoBats TeopeMy Ilopma, yurs, garo 0 He DpHHAANERHUT HU
onHOMYy upenduabLTPy.]

r) Haiitu Bce mpeAUIABTPH B COBEpPIIERHO YNOPSAMOYEHHOM MHOKe-
ctBe X U NMOKa3aTh, 9TO BCe OHU IPOCTHe. I10JXyudTh OTCIOA HPHMEpH He-
MaKCHMAJIbHBIX NPOCTHX npeaduibTPOB.

n) Iyers X — ymopsAmodeHHOe MHOKECTBO, COCTOAIIee W3 IATU dJe-
menToB 0, 1, a, b, ¢, CBA3aHHABIX OTHOINeHMAMN nopsaxa 0<a<<l, 0<b<1,
O0<c<1. Tlorasars, yto X — pemleTka ¥ 9TO Npen@MIABTPH, OTIUYHKE
oT {1}, ABNAITCA MAKCHMAJTBHBIMA, HO He NPOCTHIMH.

e) Ilycts X — pemerra, ofmajaromas HaWMEHbIINM bjeMeHToM 0.
Tlokazarh, dro ecim FCX — mpenduabsTp @ a — sieMesT us X, He
npuBafe;samui F, 1o nas Toro, 4robH cymecTBoBax NpeAduaBEp, CO-
mepamuit F u a, Heo0X0MMO ¥ H0CTAaTOYHO, 4TOOH inf(a, z)#£0 pna
Bcex z € F; HauMeHBMNM npeadUNAbTPOM, comepKamum F ©u a, ABaA-
ercs TOITA MHOKeCTBO Tex y € X, /s KoTopuX y=inf(a, z) xoTa 68 npu
onuoM z€ F.

*18) Ilyets X — Oducmpubymusenas pemerka (Teop. MEOK., rnasa 11,
§ 1, ynpaxxuenne 16), obnamaninas HauMeHbBIIUM 3JeMeHTOM 0.

a) Iorasarb, 410 ecnm @ — HempuBouMMHIT diement m3 X (Teop.
MHOK., Ti. III, § 4, ynpamnenne 7), To MHOXeCTBO er0 MajKOpaHT eCTh
npoctoit npefdunsTp. JaTh IpEMEp HpOCTOrO HpeAduIbTpa, He ABJIAI-
IMerocs MHOKECTBOM Ma;KOPAHT HENPUBOAUMOro dixeMeHTta. [CM. ympas-
menue 17r.]

6) Tlokasats, 9To BCAKMH MaKcHManbHH npenduabtp B X — mpoc-
Toft. [Mcnonssosars ynpauenne 17e.] JaTh npuMeps HeMaKCHMAJIBHBIX
OpocThiX TpednabTpoB B gUCTPHOYTMBHON  pemieTKe.  [Ynpamxne-
aue 17r.]

B) Ilorasats, uro BeAkuit npepduabrp F ecth DepecedeHme BCeX CO-
fep:KamuX ero MpoCcTHX TNpendnnbrpoB. [Ucmoabsys ynpaskuernuwe 17e,
OKa3aTh, 94T0 €ClH 4 ‘E F, 10 MmakcnManbHLIA 91eMeHT U B MHOMKeCTBe BCeX
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npenduaABTPOB, coflep;KAmuUX F U He COAep/KAMHUX @, eCTh NPOCTOH Npes-
¢nabTp.]

r) ycrp Q — MHOKeCTBO BCeX IpPOCTHX mpeaduabrpoB B X. Como-
CTAaBNM KQKJOMY 2JeMeHTYy z € X mOjMHOKecTBO A, MHOKecTBa L, cO-
CTofllllee W3 BCEX NPOCTHX npenadumabrpoB F, comep:kamux z. ITokasats,
uro z+—> A, eCTh HHBEKTUBHOe Bospacraiomee orTobpaxkenue X B P(Q)
u 9T0 Ajng o, y)=Aan!/ u Asup (x, y)=AxUAy-

19) Mycts X — pemerra, o0iafaomas HAaWMEHHIIUM 3JIEMEHTOM;
MOKa3aTh, 9TO ecJu BeAkuil npenduiasTp B X ecTh IepecedeHHe copepiKa-
N(IX €ro NPOCTHIX NpexdnabTpoB, To X auctpubyTuBHA. [3aMernTs, uToO
oro0paskeHne z+—> A, olpefelleHHOe KaK B ynpaskHeHum 18r, o6nanaer
BceMH NepedrCcleHHRMNI TaM cBoiicTBamn. |

*20) Pemietrry X Ha3HBAIOT 6y.aesoll aaee6poil, eclIW OHA JHCT-
puGytnBHA, o6JjajaeT HamMeHbIIEM 3jeMentoM ( W HauGombmnM 3ie-
menToM 1, m gasa mobGoro z€ X cymecTByeT Takoil sieMeHT z' € X, 4ro
inf(z, 2')=0, a sup(z, z')=1; snemeHT z’ HasbIBaeTCss Jonoarenuen
Kz B X.

a) Iyctb z —> A, — NHBbCKTHBHOE oTobpaskenne GymeBoii anrebpm X
B MHOKECTBO BCeX IIOJIMHOKECTB MHOKEeCTBA Q BCeX IPOCTHIX IpefdHiAbTPOB
B X, ompe/eNeHHOe B ynpa;kHeHN® 18r; IOKas3aTh, YTO eCaAM z’— JOMOJ-
Hennme K z B X, 10 Ax’ =CA, B Q; BBIBeCTH OTCIOia, YTO BCAKHI 3IeMEHT
£ uMeeT TONLKO OfHO JOUOJHEeHWe ', 4TO NONOJHeHHeM K &' CIyRuUT z,
a gononHeHueMm K inf(z, y) ABasercA sup(z, y); AaTh OIpAMbIe JOKA3aTelb-
cTBa 5THX cBoiicTB. IloKasarh, uTo diaemenT d(z, y)=inf(y, z’) obGnamaer
BCeMH CBOIicTBaMN, epeYNCIeHHEIMA B ynpaskuenun 18:x § 8 ru. I Axre6-
pil; OTAMYHBIe OT A WpeaJsl OyneBa xoamna A, orBedaromero X, cyTh
ronpenduapTpe B X.

6) IlokasaTb, 9ro B Oynesoit anrebpe X BeAKuit mpocToilt mpenduALTP
MarkcuMaseH. [3aMeruTh, 4TO, KakoBO 6b HuU 6HIO z€ X, mpocToit mpen-
(GUIBTP BCEFAa COMEPIKHUT x MM eTo JIONOoNHeHNe. |

B) O6paTno, nycrs X — nmcrpubyTHBHASA pelleTKa C HAUMeHLINUM
snemerToM O B HaubOJBLIINM BJeMeHTOM 1, TaKas, 9T0 BCAKHUI NPOCTOR
npendmisTp B X MaKCHMaleH; IIOKasars, uto Torja X ects Gynesa anrefpa.
[BasaB z € X, paccmorpers Konpendmabtp € (ynpasuenne 17), o6pasosan-
mHil TeMu y € X, o koTopeix inf(z, y)=0; ecan x He uMeeT [ONONHEHNU,
TO CyImecTBYeT MAaKCUMaJbHHi kompexndunbTp M, comepsxamuid z n C;
yuects, ato momonnesne U x M B X ectb mpoerodl mpenduabTp (ynpam-
menns 176 u 186), m ucmonb3osaTh yupasxHenne 17e.]

r) IokasaTh, 9TO MHOeCTBO B BCeX OTKPHITO-3aMKHYTHIX MOJMHO-
$KeCTB TOMOJOTMYECKOT0 NPOCTpaHcTBa X, YIOPAJ09IeHHOe [0 BKIIOYEHUIO,
aBasgercsa Oyaesoil amreGpoii. Iloxasats, 4To ecnm 3a X B3ATO TONO-
JlormuecKoe IPOCTPAHCTBO, acconmmpoBanHoe ¢ ¢mibrpoM Ppeme (n° 5),
TO cooTBeTcTBylomas GyieBa anrebpa B cuerHo GecKOHeYHA U MOTOMY
He MOKeT OHITH MBOMOpPOHOHE ymopsjoueHHOMY MHOMeCTBY % (4) BCex
DOMHOKECTB KaKoro-1u6o MHos:kecTBa 4.
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§ 7. lpepean
1. IIpedea ghuarvmpa

Owpegeneaue 1. [Hycme X — monoaozuueckoe npocmpancmeo,
& — duaomp 6 X. Toury x € X naswisalom npedesom Puabmpa 5,
ecau §  maxcopupyem gduaomp B(x) okpecmmocmeri Mol MOUKU;
mozda eosopam makdxce, umo & cxodumcs k z. Touky z nasweaiom
npedesom 6asuca gdusvmpa B ¢ X (u rosopsar, aro B cxodumes k z),
ecau guabmp ¢ 6asucom B cxodumes K .

IJTo omperieJeHie W TPeNJIoKeHNe 4 § 6 IPHBOAAT K CJIEAYIOMEMY
KPUTEPHIO:

[pepnomeane 1. Jaa moezo umobn 6asuc guabmpa B 6 mono-
aozuueckom npocmparncmee X cxoduaca k mouke x € X, neobrodumo u
docmamouro, 4moosl 6cAK0e MHONCECE0 U3 PYHIAMERMALbHOU cucmembl
okpecmmocmeil mouku x codepicano muodcecmso us B.

B cormacuu ¢ TepMunonorueii, sBegennoil B n° 2 § 1, npeanoxennio 1
MOKHO IIPHAATH Ccaefylomyio GopMy: Aaa Toro 4robw Gasme ¢uabrpa B
CXOAWJICA K z, He0OX0NIMO U JOCTATOYHO, 9T00b B B HMeANCh MHOMKECTBA,
ckOab Yy200no Oauskue K z.

Ecan ¢unptp § cxopurcs K z, TO B cHIy onpeyenenna |1 Bcarmit
¢unbrp, Mmasjcopupywwuli F, Tomke cxogurca k z. Towmo rak ke,
ecll 3aMEeHUTh TOIoJoruio B X Gosee caab0l Tomosoruei, To QUILTP
OKPeCTHOCTe! TOYKH & BAMEHHUTCA Maxcopupyemvim uM uabrpom (§ 2,
mpejJioskeHue 3) U, ClefoBaTedbHO, QUIABLTP §& Oynmer cXoouThcA K
¥ B 3TO# HOBOH TOHMOJOIrUM.

Buipakasice o6pasHo, MOMKHO, TAKEM o0pasoM, CKaszaTh, UTO 4em
CuAbHee monoaozua, mem MmeHbvule gﬁu/mepoe, cxoﬁﬂwuxcs 8 amoii monouo-
euu. B wacrHoCTH, s JUCKPETHOH TONOJOTHM CXOAAIMUMNACH (QHILTpaMH
ABJAIOTCA TOAbKO (HABTPb OKpecTHOCTel, 160 mocjegHne CyTh TPUBHAD-
HEHe yabTpaduabTpe B X (§ 6. n° 4).

ycrs @ — HeKoTopoe MHOMKeCTBO (UABTPOB B X, CXOAAMUXCA
K omHoill m Toil ke Touke z. Tak Kak ¢uabrTp oxpectrHocreii 2(z)
Maskopupyercs KaamM ¢uabrpom ua @, To V(x) Mamopmpyerca u
0X nepeceuenuem J; MHA9e TOBOPH, J TOMe CXOAUTCA K Z.
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lpepnoxerne 2. Jas mozo umobs guavmp § 6 monoaoauueckon
npocmpancmee X cxoduacs k mouke x, Heobxodumo u Gocmamouwo,
umobw ecakuil yavmpagusemp, maxcopupyowul F, croduics K .
9r0 cpasy ciaemyer U3 HpPebIYINEro U Ipenjoskenud 7 § 6.

OrmernM, 4T0 BOOOmE PUABTD MosKeT 001afaTh HECKOALKUMU PaA3-
AUMHBLMU npedesamu; MH BepHeMCA K 9romy Bompocy B n° 1 § 8.

2. Tourxa npurocHoseHus 6asuca Puaivmpa

Onpegenceue 2. [osopsam, umo z ecmb moOuka NPUKOCHOBEHILS
basuca Puavmpa B e monosozuveckom npocmpancmse X, eciu x
A6AEMCL  MOUKOU RPUKOCHOBEHUS Oasi Kaxcdoz0 MmHowmcecmea us B.

Ecam z ecth ToOuKa mpuKocHOBeHUA Gaszumca duabrpa B, T0 B cuay
CJIe[CTBHUA HpenyosKenus 4 § 6 oma Gymer Takie TOUYKOI MPUKOCHOBE-
HIs BCAKOTO 9K6UBALeHMHO020 eMy Gaswmca QUIbTPa M, B IaCTHOCTH,
guavmpa ¢ Gasucom B.

Irepnoskenue 3. Jas mozo umobw mouka x 6vlia moukol npu-
KocHogenus Gasuca guavmpa B, Heob6xodumo u docmamowno, wmoobw
ecakoe MHOoJIcecmeo U3 Pynoamenmaavrol cucmemv. OKpecmHocmel
MOYKU T Repecekasoct ¢ AOGLIM MHONcecmeom u3 B,

BriTekaeT HeHOCPeACTBEHHO M3 OLPefeseHHUI.

JTo mpepiokenne u caencTeme 2 npeniokenusa 1 § 6 moxasmBaoT,
YTO CBOWCTBO ¢z €CTh TOYKA IPHKOCHOBEHHA (UIBTPA §§» PaBHO-
CHJBHO CBOMCTBY <«CyIIeCTBYyeT (UIABTP, Ma/KOPHUPYIOWHI OAHOBPE-
MeHHO QUIBTD ¢ ® PUIBTP OKpecTHOCTell Toukm z». MlHade romops,

IeEpnomenuE 4. J[as mozo umobu mouka x Gviaa Mowkoli npuKoc-
HoBenus guabmpa g, Heo6xodumo u docmamouio, 4mobsl cyuecmeosa.s
duavmp, maxcopupyrowul F u cxodawulica k x.

B uactrOCTH, BCAKHMIT npedes PUIALTPA § €CTH €r0 MOUKQ RPUKOC-
HOBEHUS.

CaepcrBuE. [Juas moso umobe yavmpagusemp W cxoduacs »
mouke x, HeoGxodumo u Gocmamouro, umobs x Gwviia €20 Moukol npu-

KOCHOBEHUS .
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Ecau z ecTp ToYKa OPUKOCHOBEHMA QUIBTPA §F, TO OHA SABIAETCA
TaK/Ke TOYKOH IPUKOCHOBEHUSA BCIKOTO MANCOPUDYeM020 UM PHUIBTDA.
Touro Tak ke, ecau 3aMeHuTth Tomojorumioo B X Oousee caaboli, TO T
OCTaHETCA TOUKON NPUKOCHOBEHWA JJA § U B DTOM HOBOI TOMONOTHH.

Muos#ecTBO BCeX TOYeK NPHKOCHOBeHHA Gasmca duabtpa B B X

€CTh IO OIIPE/IeNIeHNI0 MHOMKECTBO n M; orcroma
Me®

IlpEpnosxenue 5. MHoxcecneo écexr mouek NPUKOCHOBEHUS 6asuca
Pusvmpa 6 monoaosuseckom npocmparcmee X asamkrymo ¢ X.

Meegnoxenue 6. Hycmo B — 6asuc gusvmpa ¢ nodmuosicecmee A
mononozuteckozo npocmpancmea X. Haxcdasn mouka npukocrosenus
omozo Gasuca B 6 X npunadsescum A. O6pamno, kaxedas moura us A
ecmb npeden ¢ X Hekomopozo guavmpa, 3a0annozo 8 A.

IlepBoe yTBepenue ouesmmHo. G APyroi cTopoHH, ecam z€ A4,
To caen HEa A ¢mabrpa oxpecrHOCTeH 109KKM Z B X ecth ¢uianTp B A,
0YeBHUHO, CXOONAMMUHACA K Z.

3damMmeuanune OuIBTP B TONOJOIMYECKOM NIPOCTPAHCTBE HE
BcerJila NMMeeT TOYKY NPHKOCHOBeHHA (H Tem Gosaee mpepex); Tak,
HAIpHMeD, B OeckOHeuHoM Ouckpemuom npocmparncmee QUIABTP no-
OJMHEHN{1 KOHEeYHHX MHOKECTB He HMeeT HU OJHOM TOYKYN HPHUKOCHO-
Bena. IIpocrpaHcTBa, B KOTODHX BCAKMH QUIBTP HMEET TOUKY
NPHIKOCHOBEHMsH, WIPAIT OYEHh BAKHYIO POJB B MaTeMAaTHKe, MEI
Oynem mayuarh ux B § 9.

3. Ilpeden u npedesvHas Mmoura PHyHrEUUU

Onpepenenue 3. IIyemv f — omobpaxcenue mnomecmea X 6
monosozuteckoe npocmpancmeo Y u § — guavmp ¢ X. Toura y€Y
Hasvieaemces, npedesom gynryuu f no gusvmpy §, ecau 6asuc guarompa
f(&) cxodumes k y, u npedeavroii mouroli Pyukyuw f no duavmpy
&, ecau y ecmb moura npukocrosenus Gasuca gusvmpa f(F).

Ornomenme «y ectsh mpepesx QYHKOUE f 00 PUABTPY §» BamUCH-

Baerca rtak: limg f=y, mnm lim f(z)=y, wnu pame limf(z)=y, ecam
x, § x

9TO HE MOKeT MOBeCTH K HeJ0pas3yMeHHIO.



<
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U3 ompenenenns 3 m mpepnoennit 1 m 3 BRTeKaloT cleayomme
KPUTePHH:

ITeepnosenne 7. Jas mozo umobe, y €Y 6wli0 npedesom gynryuu
f no guavmpy §, neobrodumo u docmamouno, umobs das 40600 ok-
peemruocmu V. mourku y 6 Y cywecmeosano makoe muoxcecmeo M €,

ymo f(M)V (1. e. umobu f(lV) € & 05 1060t okpecmuocmu V mouku y).

Has moao umobv. y Geiio npedeavholi moukoii @dymryuu f no
Puarempy §, Heobzodumo u docmamouno, umobu d4s 4060i oKpecm-
nocmu V mouku y u aw06020 mroxcecmea M € F cywyecmeosara maras
mouka x €M, umo f(z)EV.

IIpume pu. 1) HocregoBaTeabHOCTH TOUEK (z,)nen TOmOMOTH-
YeCKOTO mpocTpaHcTBa X ecTh oToOpaKeHme n—s>z, MHOKecTBa N
B X. B amammse "acto paccMarpmBaloT HOHATHA IHpefeia WIH Ipe-
JEeNbHOU TOYKH TaKOTo oToOpaenmus no guasmpy Ppewe (§ 6, n° 1)
B N; ecaim y ecTh mpenen orobpaskenus n—s>z, no ¢uabrpy Dpeme,
TO TOBOPAT, UTO ¥ ecTh npedes nocaedosamesvrocmu (x,) npu Heoepa-
HUYeHHOM e03pacmaruy n (WK 9TO Z, CIMPEMUMCS K Y NPU He0zpaHu-

uenHOM 603pacmanuu n), u nmuyT lim 2, =y. Touno Tar ke npedesb-
N>

1Ol mouroli nocaedosamesvrocmy (z,) Ha3HBAT BCAKYI HPENEIbHYIO
TOUKy oToOpaskeHusa n~—>z, mo ¢uiabrpy @peie.

MosxHo eme ckazarsb, uTo Touka y € X ecTh npenea (COOTB. MPeeNb-
HasA TOYKA) IOCJel0BareJbHOCTH (z,) ToueK m3 X, eClIH Yy ABIAETCA
TPeeaoM (COOTB. TOYKOHW NPUKOCHOBEHWA) dLeMEHMAPHO20 BULLMPA,
accoyuuposannozo ¢ (x,) (§ 6, n° 8).

Hasa roro uToOH y 6HI0 mpenesoM mocienoBarenbHocTH (z,) B X,
He00XOIUMO U JO0CTATOUHO, YTOOH IJIA 6CAKOL OKPecTHOCTH V ToUK: y B
X ece uaens nocaedosamesvrocmu (Z,), 36 UCKAIOUEHUEM KOHEUHO020 UZ
uucaa, npunadsexcasw V, T. e. 4r00BI CYIIECTBOBAJO TaKOe IOJ0€
9HCIO Ny, 9TO Z, € V nna Bcex nz=n,. Touno Tak jxe, 414 TOTO 4TOOH y
6BLTO IIpemenbHON TOUKOI mHocnenoBaTeNbHOCTH (z,), HeoOXommMo u
JIOCTaTOYHO, UYTOOH ANsT 6cAKOU OKPECTHOCTH V TOUKM Yy U 6CiK020
IeJNoTo Yncyia 7, CyIecTBOBAJIO TAKOe [eJ0e YHCJI0 n_=n,, 970 £, € V.

Baskro TmarenbHO 0TNHMYATH NOHSTHE npedesvholl mouku nocaedosa-
meabrHocmu OT MOHATNA MOUKU NPUKOCHOGCHUS MHONCECMEA MOYer nocaedo-

éameabrHocmu;, BCAKas lipene1bHas TOYKa eCTh BMecTe C TeM TOYKAa IPUKOC~
HOBEHUA MHOKeCTBa TO4YeHK IOCJeJOBaTENILHOCTH, HO 06p&TH09 HeBepHO,
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2) Bonee obmum of6paszoM, myctb f — orobpaskenue @uibmpyio-
wezocs, MHOMKecTBA A B TomosormiIeckoe npocrpanctso X. Eeomm 2z € X
ecThb mpejies (COOTB. IpeedbHAsA TOYKA) oTobpaskenus f mo duavmpy
ceuenuti muoyecrsa 4 (§ 6, n° 3), To x masmBaT RpPedesom (COOTB.
npedeavHoli moukoli) dynryuu f no @Guavmpyowemycs MHoxKcecey A
U OUmyT = 11113l f(2).

Ecanm y ecrs mpemen (CooTB. mpemenbHAas TOYKa) OTOOParKeHMs
f: X—Y mo ¢uasrpy §F B X, 10 ¥y ocraercsa npenesoM (COOTB. IpPeaeb-
HOU TOYKOl) oTo6paskeHus f mo QUABTPY ¢ W IPW 3aMeHe TONOJOTHA
B Y Goaee caaboii.

Touno Tak Ke, eciam y ecTh mpenesa (COOTB. IPEeAbHAS TOTKA)
orobpaykeHust f mo GuiabTpy §, TO y OymeT mpemesoM (COOTB. IpPeHednb-
HOH TOYKOM#) orobpakenus [ m mo Jio6oMy Gosee CUALbHOMY (COOTB.
Goaee caabomy) GuIbTPY.

eegnomenue 8. [Tycmv f — omobpaxcenue muoxcecmea X 8
monoaozuseckoe npocmpancmeo Y ; 0as mozo umobu Yy € Y 6viio npedesnb-
HOti moukoii omobpadcenus [ no Puavmpy §, Heobrodumo u docma-
mouno, umobrl y 6via0 npedeaom omobpascerus f no nekomopomy guavm-
py © ¢ X, mascopupyroweny F.

B camom pgene, mycTh y — mpefgesdbHas ToYKa orobpaskeHHA f mo

—1
& n B — Punprp ee orpecrrocreil; Torpa f(L) ecrs Gasme PuabTPa

—1
B X, mbo raxpoe muoskectBo m3 f(B) mepeceraercs ¢ Ka{BIM MHO-
mecTBoM m3 3% (§ 6, n° 6). ITo 3aMeuaHWe IOKa3HBaeT, KPOMe TOTrO,
aro B X cymecrsyer ¢puabtp &, maxkopupyoomuit unbTp § u GuabTp

—1
¢ Gasmcom f(B) (§ 6, cnencreue 2 mpemioskenua 1), Tak UTO Y ecTh
npegen ortobpaskenma f mo ¢uabTpy ©.

OrMeTnM, HAKOHeIl, 9YTO ecam f — oTo0paykeHme MHOMKecTBA X
B TOHOJOTHYECKOe HPOCTPAHCTBO Y, TO (BOBMOMKHO, IIyCTOE) MHOMKE"
CTBO BCeX HpellebHHX To4eK oToOpaskenusa f mo ¢uasTpy & B X
samknymo B Y (upemiosxkeHme 5).

BamMeuamume. Ecim y€Y ecrb upenen (COOTB. mpepenspHAsd
touka) orob6paxenus f: X—Y mo ¢uaetpy & B X, To y ABIAETCA
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Takke IpefenoM (COOTB. HpedelbHOH TOYKOH) BCAKOH (QYHKIUHA
g: X—Y, o6naparonieir mem sce pocmron orHOcHTensHO &% (§ 6, n° 9);

Y HaswBaeTcH TaKKe npedesom (COOTB. npedesvroll moukoll) pocmka f
¢YyHRUMA f OTHOCHTENBLHO .

4. Ilpedeast u HenpepsieHOCMDb

Myets X m Y — romosormueckme mpocrpancrsa, f — orobpa-
smeane X B Y, ¥ — ¢unbrp okpectHocreir B X Toukm a€ X. Mlas
BHIDQIKEHHA TOTO, 4T0 Y € Y ecTh npepnen ¢yurnuu f no ¢uiabtpy L,
BMecTO 3anmenm y=limg f monb3yioTcAa cHenmaabHEIM 0003HaZeHUEeM

y=limf (z)
X—=>a
U TOBOPAT, YTO Y €CTh npeder gynkyuu f ¢ mouke a wim aro f(x) cmpe-
mumes K y, koz2da x cmpemumcs % a. To9HO TaK 3%e, BMECTO TOTO ITOGH
HAa3HBaTh Yy NpPeJeabHoll TouKoil (yHKnmY f mo ¢uabrpy LT, rosopar,
910 Y eCTh hpedeavras mouka Pyrryul f ¢ a.

Ws npenmosxenus 7 Ha OCHOBAHUU OIPeJleeHUA HeNPEPHBHOCTH
(§ 2, ompepmenenue 1) momyuaem:

ITeennomenue 9. Jas mozo umobw omobpasxcenue f monosozuue-
cko020 npocmpancmeéa X 6 monoaosuseckoe npocmparcmeo Y 6viao He-
npepuigno e mouke a € X ,neobxodumo udocmamouro,umobe lim f(x) =f(a).

x—>0

Caepcreue 1. ITyemv X u Y — monoaozudeckue npocmpancmen u
f — omobpasncenue X ¢ Y. Ecau f nenpepeieno ¢ mouke a € X, mo 0asn
Kaxcdozo 6asuca guavmpa B ¢ X, cxodawezocs k a, 6asuc Pusvmpa
f(B) cxodumea x f(a). O6pamno, ecau 041 Kaxdoz0 yisempagduiempa
U ¢ X, cxodswezocs ® a, 6asuc yavmpaguavmpa f(1) cxodumes &
f(a), mo f uenpeprisno 6 mouke a.

IlepBoe yTBepsK[eHZME ecTb HEHNOCPEICTBEHHO® CJeCTBUE Mpef-
aoenuss 9. Ilna jpoxasarenbcTBa BTOPOTO MPEAHNOIOMKAM, 9TO |}
He HEeOPepPHBHO B TOYKE @; TOTAA CYIIECTBYET TaKas OKPECTHOCTL W

—1
tourd f(a) BY, aro f(W) me npuaajgie;kur ¢uiabtpy LB oxpecTHOCTEIH
touku a B X. CaenoBarensao (mpepioskerue 7 § 6), cymecTByeT YyaIb1-

paduabrp U, Mmaxopupyomuit L u He copepsramnuii ]‘(W) a 3Ha9MT,
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CoJep/RAIIMA ero JOMOJIHeHUe A=X—_}EW) (mpenmoxernune 5 § 6);
tTak Kak f(4)N W=, ro f(1) me cxommtca & f(a).

Cnencrsue 2. Ilycmb omoGpascenue g muoxcecmea Z 8 monoso-
euneckoe npocmpancmeo X o6aadaem npedeaom a no guavbmpy ¥ 6 Z;
ecau omobpasxcenue f: X—Y Henpepvligno 6 mouke a, mo cocmasHoe
omobpascerue fog obaadaem npedesom f(a) no gusvmpy F.

5. Ilpedeavt OmMHOCUMEABHO NOINPOCINPANCIER

IIycre X u Y — romonormaeckue mnpocrpancrBa, AcX u a —
mouka npukocrosenus Muoxectsa A B X (He 06s3aTesqbHO HPUHAJJIE-
mwamaa A). Ilycis §§ — cued Ha A ¢unrbTpa OKpPECTHOCTEH TOYKH a
B X. Ecan f ectp oroGpaskenne muoskectsa 4 B Y, T0O BMECTO 3a0uCu
y=limg f, osmayatomeit, ar0 y €Y ecrb mpenea f mo ¢uasTpy F,
MBI OHAHIEM

y=lim f(2)

x—>a, x€A

W TOBODHM, 9T0 Y eCTb npedes PYyHkyuu f ¢ mouke a OmMHOCUMEALHO
nodnpocmpancmea A nam 910 f(x) cTpeMUTCa K ¥, KOT[Aa £ CTPEMHTCH
K a, octaBasch B A. OTMernm, aro mpm atoM y € f(A).

Ecim 4 =C{a}, rue a — meusoauposanras touxka us X, TO

BMecto y= lim f(z) nmmyr raxxe y= lim f(z).
x>0, XEA x->q, X5=a

Anandrugnanie onpegeeHUs UMEIOT MECTO I JJ15 IPEIeJbHEX TOYeK.
Ecam f ectb cysmcenue na A orobparkenus g: X—Y, TO TOBOPAT,
970 g uMeeT mpefiesn (COOTB. MPEHEIBHYIO TOUKY) Y OTHOCHTeJbHO A

B TOUKe a € A, eciu y ecTh Ipefe (COOTB. IPeleabHAA TOIKA) QyHKIHE
f B a otHOCHTeNBHO A.

Ilycte Bc A m a € X — mouka npukocnosenus MHOKecTBa B.
Ecnm y ects mpepen ortobpakernus f: A—Y B a omuocumeavno A, 10 y
ecTh TaK:Ke Ipefien oToOpaskeHus f B a omuocumeavno B. O6GpatHOE

HeBePHO; HO ecau V— okpecmuocme B X T0uRE a € A 1 f uMeer mpejen
Y B @ omHocumeawvio V1 A, T0 y ecTh TaKKe UPenea f B a omHocumens-
Ho A.

MIycrs a — meusoauposannas rtodxka mpocTpamcTBa X W, CJemo-
BaTeJbHO, TOYKA HPUKOCHOBenHs MHO;KecrBa C{a}. [lasa Toro urob
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orobpakerue f: X—Y GHIO Henpepieno é mouke @, HEOOXOHHEMO K
JI0CTATOYHO, KAK 9TO HEIOCPEeACTBEHHO CJeAyeT U3 OIpefeJeHHH,
grobm f(a)= lim f(z).

xX—>a, x7=a

6. IIpedeavt 6 NPOUIBLICHUAX NPOCMPAHCINGE
u Pparmopnpocmpancmeax

Neepnoxenue 10. Hyeme X — mnomecmeo, (Y),e1r — cemeti-
cMeo monosoguueckur npocmparcms, f, O0as waxcdozo v € I — omobpa-
acenue X ¢ Y . Hadeaum X caabetivieis monoaozueti  , npu komopoi
ece f, nenpepuisnsl. Jas moeo umobw guavmp & ¢ X cxroduscs k mouke
a € X, nHeobxo0umo u Oocmamouno, ymobv. 0Oasn raxcdozo €1 6Gasuc
dusempa [ (%) cxoduacs v fla) ¢ Y.

YcaoBue He0OXOIMMO, OCKOABKY BCe f, HempepHBHE (cJefcTBue 1
npepnoskenns 9). O6parTHo, HPEIONOMKHAM, 9TO OHO BHIIOJHEHO, U
nycts V — orkpuTas okpecrtHocts Touku a B X. Ilo ompenenenmio
rononorun & (mpepaokenme 4 § 2) cymectByor KoHeunoe Jc/
7 JA Kaskgoro o € J raxoe oTKpHTOE MEHOKecTBO U, BY ,, 4TO f (@) € U,

—1 —1
nnsaBcexL€J m n f(U)cV. Ho us ycaosus BuTeKaet, 4to f, (U) € F
vEed

(upennoxenue 7), a Tak KaK J KOHEUHO, TO M=ﬂ_f1,(UL) IpuHAj-
LEJ

Jde:uUT §, 9TO BaBepiiaeT AOKA3aTeNIbCTBO, HOCKOIbKY MV,

CaepcreuE 1. Juas mozo wmobw dusemp § 6 npocmparcmee

X= HX. cxoduacs ¥ mouke x, Heobxodumo u docmamouno, umoOsl
Lel

6asuc puavmpa pr, (§) croduaca k prx Oas kaxcdoeo v € 1.

Cagpcrsue 2. Iyeme f=(f) — omobpasxcenue muosxcecmea X ¢

npocmparcmeo 'Y = HY,. Han mozo umober f umeso npedes y=(y,)
Lel

no guaempy & 6 X, meobxodumo u docmamouro, umobu y, Obii0 npe-
Deaom f no F Oan kaxmdoeo € 1.

leennoskenue 11. Iycms R — OTKpHTOE OmMHOULEHUE JKEUSA-
AEHMHOCMU 8 MONoA0UReCKOM npocmpaHcmee X U ¢ — KAHOHUUECKOe
omobpaxenue X—>X/R. Jlas kancood mouku x € X u kaodoeo Gasuca
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guavmpa B’ ¢ X/R, cxodawezoca k ¢(x), cywecmeyem 6asuc Guasmpa
B ¢ X, cxodawuiica k x u makoii, umo ¢(B) sreusarenmno B'.

B camom pene, obpas ¢(U) rampmoit oxpectnoctu U tourku z B8 X
ABJIAGTCS OKPECTHOCThI0 ToukM ¢(z) B X/R (upemuoskenme 5 § 9);
noatomy @(U) copepmur mHexoropoe MuO:kecTBo M’ €B'; monomus

—1
M=Une¢ (M’'), 6ynem mmers M'=q(M). D10 mNOKaA3HIBaeT, YTO

MuOKecTBa U N (S(M'), rge M’ npoGeraer B’, a U — QuabTp oKpect-
HOCTell TOuKmM x, ofpasyior Gasumc ¢uabrpa B B X, KOTOpHIA, oue-
BUHO, CXORUTCA K z u obGiajgaer TeM cBoicTBOM, uto () sKBuBa-
aearno B'.

YopaskHeHuA

1) Myers F; n J,— TONONOTHM B OHOM M TOM 3Ke MHOKecTBe X
nas Toro 9robe ' MamkopupoBana J,, He0OXOLUMO U JOCTATOYHO, YTOGH
BeAKMA ¢uabTp B X, cxopsmuiics B Tomoxornm &y, CXOXWICA K TOH Ke
TOYKe © B Tomoyiorun J,.

2) lIyers Il — yaprpadmasTp B N, Maskopupyomuii ¢uasrp @peme,
n X=NU {0} npocrpancrso, accommmposarmoe ¢ 11 (§ 6, n° 5). Iloka-
3aTh, 9T0 B X MOCJE0BATEIBHOCTD (Z,) ¢ 6ECKOHETHEIM GHCIOM Pa3INIHEIX
9JIeHOB HUKOTJA He CXONUTCH.

3) Oyers X m X'— Tomonormgeckwe npocrpaHctBa m fi X—X'—
orobpaKenue, HenpepeBHOe B TouKe z,€ X. [lokasaTs, 9TO ecam z, ecTh
TOUKa mpHKOcHOBeHHs Gasnca ¢uuabrpa B B X, TO f(z) Gymer TouKOI
npuxocHoBenus1 Gasuca ¢uabtpa f(B) B X'.

4) a) Myers X wY — TONOJOTHYECKHE UPOCTPAHCTBA, § — (UABTP
B X, MMeOIWii TOYRY ODPUKOCHOBeHUA a, U & — ¢uabtp B Y, nMewomui
TOYKY OpuUKocHOBeHMA b. [IoKaszaTh, 4TO (a, b) €CTh TOYKA IPUKOCHOBEHNS
puavrpa FXE.

6) YrasaTh B mpocTpancTBe Q2 mprMep MOCIeL0BATEIBHOCTA (Z,, Yr),
He MMemeil npeleJbHEX TO9EK, B TO BpeMs KaK KajKjasd U3 IOCHef0Ba-~
TenbHOCTEH (z,), (y,) NMeeT MpeReldbHYIO TOUKy B Q.

5) [Iyers X m Y — Tomojornueckue NpOCTPaHCTBA U G — rpaduk B
X XY orobpasenus f: X—Y.[lokasaTh, 9T0 I1s8 RamKAoro z€ X MHOMKe-
CTBO BCEX MpEJIeBHEIX TOIeK OTOOpaskeHHA [ B x eCTh Cpes _é(x), e G —
saMbikanie G B mpocrpamcTBe X XY.

6) Iycts (X)), ¢ ;— Hecuemuoe CceMeiCTBO AUCKPEeTHBIX IPOCTPAHCTB
AMEIOIAX KajKioe OO MeHbIel Mepe JBe TOUKW. PaccMOTpWM B HpousBe-
neHun X =II X, Tomosoruio, DOPOMIAEMYI0 MpPOM3BeJeHUIMU HML,

vel vel
e McX pas xasxgoro €1 m M =X, pna Bcex i, Kpome He Gomee
4eM cuemmnozo WX ceMeiicrBa (cMm. § 4, ympaskuenue 9). IlokasaTs, 9o B X
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mepecegenne BCAKOTO CIETHOTO ceMefcTBa OTKPHITHIX MHOKECTB OTKPLITO;
BEHIBECTH OTCIOfa, 9TO HE OnHA Te4YKAa m3 X He o0jajfaer cueTHOH (yH-
JaMeHTalbHOH CHCTEMOIl OKpecTHOCTEH.

7) HasoBeM npumumugnbtim MHOKECTBOM B TOMOJOTHYECKOM Npo-
crpanctBe X BcsAKoe MHOKecTBO A C X, ABnA0Ieecs MHOMKECTBOM BCEX
npeneaos Kakoro-nuGo ynprpadunbrpa B X. OGozragmm Torpga gepes I' 4
MHOKeCTBO BCeX YJbTPagmabTpoB, HMeOMUX A MHOKECTBOM BCEX CBOHMX
npenenos.

a) [lokasaTs, 910 ecaim A — OPEMATUBHOE MHOKeCTBO B X, TO BCAKOe
nepeceramomeecsi ¢ A OTKPHTOe MHOKECTBO NPHHAJIEKNT BCeM YIbTpa-
¢umapTpam UETY 4.

6) Hycts A m B — aBa pas3iuyHBIX IPUMHATHBHEIX MHOMKeCTBA B X.
ITorasars, 9T0 cymecTBYIOT Takue yabTpaduiasrp UEY 4, yabrpaduasrp
BEY u muosmectBo M X, uto MEN, a CMED.

B) Iyers f: X—Y — HenpepsiBHOe oroOpasxenme. IlokasaTs, uro
ofpas npu f BCAKOTO NMPUMHUTHBHOTO MHOMKECTBA IPOCTPAHCTBA X cojep-
JKOTCA B HEKOTOPOM HPUMUTUBHOM MHOJKECTBe HpPOCTPAHCTBA Y.

r) Ecam touxka z€ X TakoBa, 4TO {x} 3aMKHYTO B X, TO MHOKECTBO
{z} npummTuBEHO B X.

§ 8. Orgerumbie m peryisipHble IPOCTPAHCTBA
1. Omoeaumnnvie NPOCIMPAHCIER

Ieepnoskenne 1. Ilyemv» X — monoaozueckoe npocmpancmeo.
Cuedywuue ymeepicdeHus pABHOCUALHYL:

(H) Kaxoewn 6w Hu Gbiau pasauunsle mouku x u 'y ¢ X, cyujecmaeyom
OKpecmHOCmb MOYKU X U OKDECHOCIIb MOYKU Y, He umewlue 06UUz
mouex.

(HY Ilepeceuenue ecex 3amMEHYmMuLL OKpPeCMHOCMEll NPOUSEOALHOL
mouru us X ecmb mHodHecmso, ceodaujeecs K 00HOU smoil mouxe.

(H"™Y Juazonaav A npocmpancmea X XX ecmbv samkrymoe MmHo-
aHcecmao.

HY) Jas awbozo muoxecmea I Ouazonasv A npocmpancmesa
Y=X! samknyma ¢ Y.

(HVY Hu odun ¢usvmp ¢ X He moxcem umemdv Gosee 00m020
npedesa.

(HY) Ecau duavmp § ¢ X umeem npedea x, mo x — e2o eduncmeen-
HaAA MOUKEQ NPUKOCHOBEHUS.

Horaxem wmMmamxanun

H=H=H"=HV=H u» H=>H!=SH!=H.
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(H)=>H'"): B camom jene, eciau zs~y, TO CYymCTBYIOT OTKPHITAA
OKpecTHOCTh U TOYKN & W OTKPHTAfA OKPECTHOCTH V TOUKHE y TaKue,
aro U NV = ; cuegosarensHo, ydf U.

(HY=>HY): Ilycrs ys~x; uMeercs 3aMKHYyTas OKPECTHOCTE |4
TOUYRU & TaKasd, 9TO yQV 7 [0 HPeAIONOKOHUIO cymec'rByeT TaK0e
M e, utro M cV; orciona caegyer, aro M NCV =, a rax rak CV —
OKPEeCTHOCTb TOUKH ¥, TO y He ABAAETCA TOYKOU IPHKOCHOBEHHA 1A .

(HV)=>(H'V): 9ro oueBHmHO, MOCKOJBKY BCAKUI mpenea QuibTpa
SABJAsAETCA TOYKOM NPHKOCHOBEHHS 3TOr0 (UABTpA.

(H'V)=>(H): Ecnm Bcakaa oxpecTHOCTh V TOUKE £ HepeceKaercs
€O BCAKOH oKpecTHOCTHIO W TouKH y, To MHEOKecTBa V | W obpasyior
Gasuc puabTpa, UMenIE cBouM mpegesnom B X Kak z, Tak u y. Orciona
U BHTEKAeT yTBeP:K/aeMasd MMIILKAIUA.

H)=>E"): Iycrs z=(r) — roura us X/, He npuHajiemKamas
A, Tak 4To MMeTCA IO KpaifiHeidl Mepe /iBa MHIEKCA A, [, [Jsd KOTOPHX
n7z,. llycrs V, mV,, — okpecrnoctu To4ex z, u z, B X Takme, 9r0

V\nV,=@; rorma wmumomectso W=V,XV,6X H X (rme X=X

IS LA, L) ecTh OKpecTHOCTb TO9KH Z B X/ (§ 4 n 1) He Tepeceralo-
masca ¢ A, uro u oKasHBaeT 3aMKHYTOCTH A B X/,

(HM=>(H"); Ouesupro.

(HM=> (H): Ecan z=~y, to Touka (z, y) € X X X He mpuWHAIIEKNAT
mmaronanu A, tak 4to (§ 4, n° 1) cymecTByioT oKpecTHOCTE V TOURH I
u oKkpecTHOCTH W ToURH y rakme, aro (V X W) A=, a ato osHadaer,
gro VN W=g.

Onpepenerue 1. Tonosoeuneckoe npocmpancmeo X, ydosaemeopsnio-
wee yeaosuam npedioxcernus 1, nasveaemes omdeaumvin (unu zaycdop-
fosblm) npocmpancmeom; €20 monosozus Hasveaemcs omoesumoli (na
zaycdopghoeotr).

Axcuoma (H) nasmBaerca axcuomoti Xaycdopga.

II pume p . BeAaxoe gucKpeTHOe MpOCTPaHCTBO OTHennMo. Pammo-
HaJbHAA npaMasa Q orpenuma, mbo ecaum £ W y — panuoHaJbHEE 4ICIa
Takne, 9T0 <Y, TO A BCAKOTLO DPAIHOHAJBHOIO 9HCJA Z, YIOBIETBOPAI~
IIero YCJIOBUAM r<2z<}y, OKPECTHOCTH |<«, z[ ® ]z, —[ Touek z u y He
IePeCERARTE.

IIpocTpancTBO, UMeONmee He MeHBIIE JBYX TOYEK M HaJEJEHHOE CJas
Geitmeit Tomosoruei (§ 2, n° 2), HEOTLeAUMO,
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IIycre f: X—Y — orobpaskenme wMHoxectsa X B omdesumoe
npocrparcTBo Y. U3 mpepnomenus 1 cpasy caemyer, d4ro f MoKer
EMeTh TOJNBKO 00un npedes no puasTpy & B X ¥ 410 ecau f mMmeer mpe-
Jex y oo %, .TO Y ecTb efuncmeennas npedesvras mouka f mo g.

lpepnosmenue 2. Ilyemv [ u g — Henpepwisnble 0mobpascenus
monoaoeuteckozo npocmpancmea X 6 OTHENEMOe RpOCmparcmeo Y
mozda muoscecmeo mex x € X, 0an komopux f(x)=g(z), samrnymo ¢ X.

B camom fene, 910 MHOECTBO €CTh IP00OPA3 AWATOHANH HPOU3-
BefieEnsA Y XY OTHOCUTENBHO HempephBHOrO (10 mpepnjoykeHmio 1 §4)
orobpaskenna r—>(f(z), g(x)) mpocrpanctBa X BY XY ciefoBarenb-
HO, COPaBeIIUBOCTE npenioskenusn caemxyer us (H'') u reopemnr 1 § 2.

Cagpcreue 1 (Ilpmanun opopoixenus roxpects). Hycmo fu g —
HenpepulgHble 0Mo6paHCeRUs MON0A02UYeCK020 npocmpancmea X é omde-
aumoe npocmparemeo Y. Ecau f(x)=g(x) 60 6cex moukaxr Heromopozo
6clo0y naommnozo ¢ X muoxcecmea, mo f=g.

HApyrumu cinopamu, HeIpePHBHOe oTOOPa)keHuWe mpocTpancTBa X
B (oTmesmMoe) HPOCTPAHCTBO Y IIOJHOCTBIO OIPELeaseTCA CBOUMHU
BHAYCHUAMA B TOYKAX KAKOTO-IuM0O0 BCIOAY MJIOTHOTO B X MHOKECTBA.

Caencreue 2. I'pagur Henpeprienozo omobpasicenus f monososu-
yeck0zo npocmpakcmeéa X 6 omdeaumoe npocmparcmeo Y SaMEHYmM
6 XXY.

B camom pmene, aror rpadumK ecTh MHOKECTBO TeX TO4eK (r, y) €
€ X XY,y xoropux f(z)=y, a orobpamenus (z,y) >y # (z,y)—>f(x)
npocrparctBa X XY B Y HenpepHBHH.

MMeegnomenue 3. IHycmbe (2;)1<icn — KOHEUHOE ceMeTicME0 RONAPHO
DPasauuHBE modek omdeaumozo npocmparcmea X; mozda 0as kaxn0o0z0
undekca i cywecmeyem marxas okpecmrocmd V, mouku x; 6 X, umo
muoscecmea V; (1<i<{n) nonapro He nepecekaiomcs.

IlpoBenem pmorasarenbcrBo umugyKmued mo n. Ilpuw n=2 yrBepx-
maeMoe HpejjioyKeHHe ecTb He dro mHoe, Kak axcumoma (H). Ilycrs
tenepps W; — momapHO He IepeceKaloNmuecs OKPEeCTHOCTH TOYeK Z;
(I<i<<n—1). Haa ramporo i (1<{i<Cn—1) cymecrByoT OKpecT-
HOCTH I'; T049KM z; I oKpecTHOCTH U; TOUKM Z,, HMEION[He IyCcToe mepe-
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n—1
ceuenne. [Tonoxus rorga V=W, N T, pnal<<i<<n—1 uV, = n U;,

i=1
HOJyYUM HYKHEE OKPeCTHOCTH.

Caencrsue. Beskoe omdeaumoe KorewHoe Rpocmpancmeo duckpemmo.

TlpEpinomkenuE 4. B omdesumom npocmpancimee ecakoe KOHeuHoe
MHONCECTNEO 3AMEHYMO.

st fokasaTeabcTBA JOCTATOYHO 3AMETUTh, 9TO BCSIKOE OJIHOTOYEU-
HOe MHOMKECTBO 3aMKHyTO B cmiay arcmomnl (H!).

Meepnomenus 5. Ecau Oas 410000 Rapsl pasiudmblr mowek I, Y
monoaozuieckozo npocmpancmea X cywecmayem makoe e20 Henpepbleroe
omobpaxcerue f ¢ omdeaumoe npocmparcmeo X', umo f(x)5=f(y), mo
X omdeaumo.

B camom meie, mycrs V' uw W' — HemepeceKaomuecs OKPECTHOCTH

—1 —1
touek f(x) um f(y) 8 X'; rorma f (V') mw f(W') Gynyr Hemepecexamomiu-
MHACS OKPECTHOCTSMM TOYeK & W ¥, 9eM IPefJIoKeHue U J0Ka3aHO.

CaepcrBuE. Beskas mMonoaosus, Maxcopupyouas omoeiumyio
monoaozuo, omdeiuma.

2. IHodnpocmpaHcinea v npoussedeHUuUss 01oeALuMvlr
NPOCMPAMNCING

Beskoe nodnpocmparncmeo A omodeaumozo npocmparcmea X om-
Oeaumo: B caMOM Jiejie, JOCTATOYHO LPUMEHHUTH IPEIJIOKEHHe O K
KamoumdecKoll mubekumnm A—X.

O6partHo:

MMeepnoxenue 6. Ecau écakas mouka monoaozuueckozo Npocmpai-
cmea X umeem BaMKHYTYIO OKPECMHOCMb, SAEAANUYHCS OMOCAUMbLM
nodnpocmpancmeonm npocmparncmea X, mo X omdeaumo.

B camom pgene, nycrb x — touka u3 X nuV — ee 3BaMKHyTas OKpeCT-
HoCTh B X, ABAAOWASACA OTIETUMHEIM HOAmpocTpamcTsoM. Ilo mpen-
monoykeEmio (axkcmoma (H')), mepecedeHumeM BCEBO3MOJKHKIX 3aMKHY-
THIX OKPECTHOCTEeil TOUYKH % OTHOCHTEJNBHO V sBISIETCA MHOKECTBQ
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x}; TaK KaK OHHM ABJIATCA TAKKe BaAMKHYTHIMHA OKPECTHOCTAMH
toukd z ¢ X (§ 3, n° 1), To mepecedenme BceX 3aMKHYTHIX OKPECTHO-
creii z 8 X TeM Gosiee CBOIUTCA K X; CIeL0OBATEIbHO, X YIXOBIETBOPAET
axcmome (H").

MoHO HDpUBECTH LpPHMepH Heomdesumbir TPOCTPAHCTB, B KOTOPHIX
KajKknass TouKa o0manaeT omdeaumoli OKPECTHOCTBIO (yIpaskHeHHe 7).

IMeepnoskenme 7. Ilpoussedenue al06020 cemeiicmea omoesumbs
npocmpancme omleaunmo. Qbpamuo, ecau npoussedenue cemelicmea
Henycmuxr npocmpancme omoeiumo, mo Kaxcdoe npocmpaHCmMmeo-coMHO-
Jcument omoesumo.

B camom aene, IyCcThb X———H X‘ — IOpou3BeJeHne TOIIOJOTHIeCKUX
vel

IIPOCTPAHCTB;, €CIH & W Yy — [Be pasimuHbie TOYKU 3 X, TO CyIme-
CTBYeT TaKoe L, 9r0 PrX==pry, W NPeJJIo;KeHue O IOKA3EIBAET, 4TO
ormenmmocTh Beex X, Bieder ormeanmmocts X. OGparo, ecanm X otme-
amMo, a X He OYCTH, TO Kaskgoe X, TOMeoMOPQHO MOANPOCTPAHCTBY
npocrparctBa X (mpemsioskenume 4 § 4) m, ciegoBaTeIbHO, OTHEIUMO.

Caepcreus 1. Hycme X — muoscecmeo, (Y ), 1 — cemeticmeo omle-
AUMBLE TMONOAOSUNECKUL npocmpancme U [, Oas kaxcdoeo € I — omo-
6paxcenue X ¢ Y, Hadeaum X caabetiweii monososueis &, npu
Komopot ece f Henpepvisntl. [as moeo umobu X 6uio omdeaumvim, He-
06x00umo u docmamouro, umobsl 04a Kaxc0oli napvl pasiudHblL Mouer
z, y us X cywyecmeosaro makoe \ €1, umo f(x)==f (y).

B cuny mpepsnomenmsa 5 yciaosue mocrarouno. O6partHo, miasa fjo-
KasareJbCTBA HEOOXOQAMOCTH MOMKHO B CHJY HOKA3aHHOTO TOJBKO
9T0 NPeNIoKeHUs 7 W NPeMJosKeHuAa 3 § 4 OrpaHMYUTHCA CIydaeM,
worga / ceopmTCA K ONHOMY DJIEMEHTY, NPYTHMH CA0BAMH, CIyIaeM,
rorga & ects mpoobpas oTHOCHTENbHO f: X—Y HEKOTOPOil 0THeIHMOi
ronosorud. Ho ecnu f(z)=f(y) mas nByX pasJWYHEX TOUeK Z, y U3
X, 10 fACHO, 9TO BCAKOE OTKPHITOE MHOKeCTBO (B Tomojoruu &), co-
IeprKaliee £, COTeP:KUT TAKKe I, OTKY/A U CJAeIyeT HAllle YTBePIK(CHYe.

Cagpcreue 2. Iyemv (X,, f,p) — npoesmusnas cucmema mo-
noaoeuueckux npocmpancms. Ecau ece X, omdeaumer, mo X = lim X,
——

0mdeauUMo U A6AREMCA 3AMKHYMBIM HOORDOCM PAHCMEOM RPOCM PAHCM-

e [] X..
@
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IlepBoe yTBep:ieHNE Cpasy ciemyer u3 Toro, a9ro X eCTh HOAIpo-
\,
CTPAHCTBO OTHEAUMOTro (M0 HPEeINOsKeHUI0 7) TPOCTPAHCTBA HXa.
¢4

C npyroit cropons, mycrs F g npu o.<P o3HaTaST HOIMHOKECTEO TPOU3-
Beerna | | X,, cocrosmee m3 Tex x, AiA KOTOPHX Pr= .6 (PTT);
o

Bce F,; 3aMKHYTH B II1X, (upennosenne 2), smaunt, m wux mepece-
o

yeame X BaMKHYTO.

HenocpencTsenno sicHo, 9To BCAKAA CYMMA OTAEIUMEIX IPOCTPAHCTB
(8§ 2, n° 4, nmpumep III) ormenuma.

3. Omoeaumocms Parmopnpocmpancimea

Wccnegyem, npu w®akux ycaoBuax QakropmpocTpanctso X/R
omdeaumo (B BTOM Ciiydae W OTHOIIEHNWE dKBUBAJIEHTHOCTH R HAa3mpBa-
erca omdeaumvin). Ilpesne scero, ecau X/R orTnenumo, To OFHOTOUEU-
HBle MHO)RecTBa B X/R samxnymul (mpepiioenue 4) u, cieoBaTeabHO,
scakull kaace sreusasenmuocmu no R samkrnym ¢ X. dto HeobxommMmoe
yCJOoBHe elme He [O0CTATOYHO; OIPENeJieHme OTKPHITHIX MHOMKECTB B
X/R pocraBiser ciaemyiomee HeoGXOmUMOe W [OCTATOUHOe YCIOBHE:
0asn mozo umobw, X/R 6vio omdeaumuim, neobxodumo u Hocmamouro,
umobsl ar0bbie 08 pasIUNHBLEL Kaacca dkeusasenmuocmu 6 X codepaca-
AUCL 8 08YX HEnepecerauuIcs HACBIUEHHBLE OMKEPLMBLY MHONCECTNEAT.
VYeranoBuMm Temeps apyrue, Gosaee ymoGHEE YCJIOBHA.

regnoxenus 8. J[us mozo umobw garmopnpocmpanemeo X/R 6vi0
omdeaumvim, Heobxodumo, umobv, zpagur C omruowenus R 6va samk-
nym ¢ X X X. Ecau omhowenue R omkpwmo, mo amo ycaosue maxsice
docmamouro.

ITyers ¢: X—X/R — wamouumuecKoe orobpaykenue; C ecTh mpo-
o6pa3 nuaronanu A npoussenerus (X/R) X (X/R) otHocutensHo oTob-
paskerus @ X @: X X X—(X/R) X (X/R); cnemoBaTelbHO, II6PBOE YT-
BepsK/JeHNe BEITEKaeT 13 HempepeIBHOCTH ¢ X @, axcmomu (H!) m
reopemu 1 § 2. Ecam R orrpwmito, o (X/R) X (X/R) oTommecTBUMO ¢
darxTopupocrpanctBoMm (X X X)/(RXR) (§ 5, caeucrsue mpepio-
ReHWd 8) W, 3HAUMT, A OTOMKIECTBUMO ¢ KAHOHHYECKHM 06pazoM B
(X XX)/(RXR) muoxectBa C, HacHIeHHOr0 10 R X R, oTKyja cie-
JIyeT BTODOe yTBeD:K[eHHe.
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ITpn R He OTKPBITOM MOKHO HpHBeCTH HpHMepH, rae C 3aMKHyTO, a R
He OTAcauMO (yopaskHeHusa 10 u /28).

Jlna mokasaTenbCTBA OTAENUMOCTH X/R MOMKHO TaK:ke MCIOIb30-
BaTh MpPeNJIOKeHUe 5. A WMEHHO, B3fiB [BA Pa3JUYHHX KIacca HKBU-
BaseaTHoc™® M m N mo R, mocraTouHo HAlTH Takoe HENPEPHIBHOE
oTobpaskenre f OTKPHITOTO HacHImeHHOTo mo R mmosectsa A= X,
copepsxamero M u N, B otnenumoe mpocrpanctso X', uro: 1° f mo-
CTOAHHO HA KAKJOM KJIACCe YKBUBAJIGHTHOCTH 10 R, cojlep;KamemMcs
B A; 2° sravenna f na M n N pasnuunn. Taxk xax A/R, MOKHO 0TO-
JeCTBUTh ¢ HEKOTOPHM OTKPHTHM MHOKecTBoM B X/R (§ 3, cnencrsue 1
npepaosenus 10), To mpepioxenue 5 TPUMEHUMO K 0TOOPayKEHUIO
g: A/R,—~X', monydaemoMy ¢akropmsaiueii f, mockoiabKy T0 oT0o6pa-
yxeHue Hempepmsuo (§ 3, upenmioskenue 6).

B wacrmocTH::

[Ieepnoxenue 9. Ecau f — Henpepuienoe omobpaxcenue monoaozu-
yeckozo npocmparcmea X 6 omdeaumoe npocmparncmeo X' u R — omuo-
wenue oxsusasewmuocmu f(z)=f(y), mo daxmopnpocmpancmeo X/R
omadeaumo.

[Ieepnoxenue 10. Ecau X — omdesumoe npocmpancmeo, o6aada-
1oujee HenpepuertlM ceueruem s no omuowenuo R, mo X/R omdeaumo
u s (X/R) samrnymo ¢ X.

B camom gene (§ 3, n° 5), X/R roMeomMopdHO HOAIPOCTPAHCTBY
s (X/R) orpenumoro npocrpanctBa X m, sHaudr, otgeanmo. [Ipwm atom
s (X/R) ectb muosxecTBo Tex z€ X, ana KoTopHX s (¢(r))=xz, rie
¢: X—X/R — ranommuYecKoe oTOOpasKeHMe; TaK YTO BTOPOEe yTBep:K-
NeHHe BHITeKaeT U3 NPEJOMeHES 2.

4. Peryaaprole npocmparcmen

Meepnomenue 11. B monoaozuueckom npocmpancmse X caedyrwo-
Wue Ceolicmea PagHOCUNLHBL:

(Oy,)) Mrnoocecmeo ecex samkHymux okpecmiocmetd A000U MOUKW
¢ X ecmv PyHOaMeHMAILHAR CUCTIEMA OKPECMHOCINEN MOl MOuKU.

(O'm) Has  rancdozo samrmymozo mruoxcecmsa F e X u wancdol
moukuy zé F cyuecmeyiom okpecmnocmb mouku & U 0KPECHIHOCHLb MHO-
aicecmsa F, ne umerowue obwur mouex.
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(O,“):>(O'm): B camom uene,\ (Oy;,) caenyer, aro ecnm F 3amk-
Hyro m z¢ F, 10 CymecTByer 3aMRHyTas OKDeCTHOCTh V Toukm z,
comepsamasca B oxpectHoctn CF tduru z; torma V m CV Gynyr
OKPECTHOCTAME COOTBETCTBEHHO TOYKH Z M MHORecTBa F, He mMeo-
UMK OOIUX TOYEK.

(Oin):>(0m)1 B camom pene, mycts W — OTKpHTasg OKPECTHOCTH

troukm x € X; mz (Oqry) caemyer, dYTO CYIIECTBYIOT OKpecTHoCcTh [/
TOUKH Z W OKpecTHOCTh V MHoskectBa CW, He mMelomue o6mux Touex,

a toria UcW.

OupepEaeruE 2. Omdesumoe monosoguyeckoe npocmparcmaeo, yoo-
saemgopsiowee arcuome (0,,), Hasvlealom pezysapHbm; moz0a u ez0
MONOL02USL HA3YIEACINC  PeeyAiPHOLL.

IlucKpeTHOoe HpPOCTPaHCTBO perynasipro. °Hak Mm yBummm B § 9, Bes-
KOe 10KaAbHO KOMNakmHoe TPOCTPAHCTBO (B YaCTHOCTH, YHACIOBasA mpsAMag
R) ecth peryispHOe OpPOCTPAHCTBO.,

Ilpennomenue 12. Beakoe nodnpocmpaucmeo pezyasiprozo npo-
cmpanemea pecyaspHo.

B camom pmene, mycth A — MOANPOCTPANCTBO PETYJISAPHOTO HPO-
crpagctBa X. Ilockoavry X otmeammo, A Ttoxke orpenammo (n° 2);
¢ pyroii CTOPOHH, BCAKAsA OKPECTHOCTh TOYKH ¥ € A OTHOCHTEIHHO
A umeer Bug VA4, tne V — oxpecraocts Toakm 2 B X. Taxk rar X
peryJiApHO, TO B HEM CYIECTBYeT OKPeCTHOCTh W Toukm z, 3aMKHYyTas
B X u comepsamiasica B V; trorna W N A ecTh OKPeCTHOCTb TOUKM %
B A, 3aMrryraa B 4 u takas, aro WNAcV N4, 4em npepnoxenue
JLOKa3aHo.

O6paTHO!

Mrennomerue 13. Ecau ecarans mouka monoanzuieck0zo npocmpar-
cmea X obaadaem 3aMKHYTOH OKDECMHOCMbIO, ABASIOULELCS pecyasp-
HuM nodnpocmparcmeom npocmparemea X, mo X peeyaspHo

B camom pmene, X ormenumo (mpenaoskeaue 6). C gpyroil croposH,
mycTh £ — npousBojbHasd Touka s X uw V — ee 3aMKHyTas OKpect-
HOCTb, ABJIAMIIAACH PEryJapHEIM HOIPOCTPAHCTBOM HPOCTPAHCTBA
X. Jlo6aa oxpectrocts U tourkm z B X, comepmamascsa B V, 6yner
OKPECTHOCTBI0 TOYKH Z B V; sHauur, B CHIY OPO[IOJOKEHAS CyIIECT-
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ByeT okpectnocTh W rtouku z BV, samrHyTas BV u comepmamasnca s U.
Ho W ectb Tarsxe oxpecrrocts Toukn z B X, ubo V — okpecTHOCTDH
z B X, u npu stom W samruyra B X, u6o V samrnyTa B X.

3dameuaHnnsa 1) CymecTByloT IpuUMePH Heomdeiumbiz IPOCT-
PaHCTB, KayKAas TOUYKA KOTOPHIX 00JajiaeT pecyasproti OKPECTHOCTHIO
(yopaskaenue 7).

2) CymiecTBYIOT IpUMEPH Hepesyasprbiz omdeaumbiz TPOCTPAHCTB
(yopasxuenne 20).

'3) Tomonorus, maxopupywuyas PeTyIAPHYO TOMOJOIUI0, He obs3a-
TeJBHO perynspHa (yopamxbenme 20).

5. IIpodoascenue no HenpepsleHocmu,
Jeotinoit npeden

TeopemMa 1. Iycmv X — monoaozuueckoe npocmpamncmeo, A —
eciody naommuoe muoxcecmeo 8 X u f: A—Y — omobpascerue muodce-
cmea A 6 peryunspHoe npocmpancmeo Y . Jlas mozo umobul cyuyecmeosano
Henpepuignoe omebpaxcenue f: X—Y, npodoasxcawowee f, neobrodumo
u docmamouno, umobu, kakogo 6v Hu 660 x€ X, fly) cmpemuaocs
K Hekomopomy npedeay 6 Y, kozda y cmpemumcs K , 0cmasasco 6 A.

Henpepuigroe npodoasicenue f omobpascenus f na X mozda edurncmeerno.

EnuncrBerHOCTh [ BHTEKAeT W3 NPHUHNOWNA HPOMOJIKEHUA TOMK-
nects (caenctsue 1 upepiosmenus 2). Heo6xomumocts yciaoBus ode-

BHJHA, W00 €cau | HempepsBHO Ha X, To jaa moGoro € X mMeeM
f(x)= lim j(y)— lim f(y) (§ 7, n° 5). OGparHO, eciiu yCIOBHE Teo-
A

y—>x, yE Yy->xX, Y€ _
peMsl BHIOJHEHO, To piag JioGoro z € X noaoxmum f(r) paBHEM

lim f(y) — BUIONHEe OmpeneeHHOMY BJIEMEHTY HPOCTPAHCTBA Y,
y->x, yeA

HocKoIbKY Y oTnenmmo. OCTaeTcs JOKABaTh HENpepueHOCMb | B Kak-
moit Touke z€ X. Ilycrs V' — samknymas OKpPecTHOCTb TOUKH f(z)
B Y, 0O IPEAIONOMEHTI0, CYIECTBYET TaKasg OmKpLmas OKPECTHOCTD
V rouru z B X, uto f(V N A)cV’; Tar kKax V ecTh OKPECTHOCTH KAKION

cBoeii Toukm, To muA moGoro z€V mmeeMm f(z)= lim  f(y),
y-»>z,yeVnA

orkyna f(z) € f(V N A)<V’, mockonbry V' 3amrmyTo. CripaBefImBocTh
YTBePKIEHHUS BBHITEKAeT, TaKuM o6pasoM, W3 TOTO, UTO BAMKHYTHE
OKPEeCTHOCTH TOUKE f(x) 06pasyioT (yHIAMEHTAJIBHYI0 CHCTEMY ee
OKpecTHOCTE B Y.
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Topopsar, uto orobpaskenme f moaydeHo npodossxcenuem f na X
no HenpepueHOCMU.

B Teopeme 1 peryaspHOCTb Y Helb3f 3aMEeHUTH MeHee OIDAaHMYATE.ND-
HHIM ycjoBrmeM Ge3 JONONHUTeJBHBX IPeANoJIOKeHIIA oTHOCHTeabHO X, 4
man f (yopaskHenme 19).

Cnepcrsue. ITyemv § XFy — Puavmp 6 muoncecmee X =X, X X,,
sgasowutica npouseedenuem (§ 6, n® 7) guaempa §,, 3adannozo @
mroocecmee X,, u uavmpa &,, sadannozo 6 muoxcecmee X,. ITycme,
Oanee, f — omobpaxcernue muoscecmea X 6 PeryiagpHOE NPOCMPAHCIEO
Y. IIpednoroxcum, umo:

a) limg xg, f cywecmeyem;

0) lim f(z;, z,)=g(x,) cywecmsyem npu awbom z;€ X.
5,5
Toeda lim g(z,) cywecmeyem u paser limg ys, f.

Xy,

IIyers X;=X;U {0,} (coorB. X;=X,U {0,}) — Tomonoruge-
CKOe MPOCTPAHCTBO, Accoyuuposanioe ¢ OGUILTPOM F; (CoOoTB. F,)
(§ 6, n° 5, npumep), u X” — obbenunenue mommpoctpaHcTs X, X X,
n {(w,, ©,)} mpocrpamcrBa X' =XXX,; oueBugHo, X — BCIONY
IJIOTHOE HOAIPOCTPAHCTBO B X", W CHEIAHHHE MPEINOIOKEHNA 03HA-
qaioT, 910 f(y;, Y,) CTPEMUTCA K HEKOTOPOMY HpeRexy, Koraa (Y, Y,)
cTpeMuTcA K Kaxoi-1ubo Touke (z,, 2,) u8 X”, ocraBasacs B X. Iloaromy
CymiecTBOBaHME IPONOKeRHMsA QYHKNUU f mo mempepuBHOCTH Ha X'
Brrekaer us teopemsl 1. Tak Kax npw sroM (w;, ®,) €CTh TOYKA HpH-
KocHOBeHHs1 MHOKecTBa X, X {0, } B X", T0o cupaBeiiuBoCTb yTBEP-
JIeHUA cpasy caegyer orciofa (§ 7, n° 5).

6. OMmHoOWeEeHUR KBV BANEHIMHOCIRU 6 PEYAAPHOM
npocmparncmee

Meepnoxerue 14. ITyemv R — samkHymoe OmHOWeHUE 3KEUSA-
JAEHMHOCIMU 6 peeyasprom npocmpancmee X; mozda epagur C omruo-
wenus R samrnym 6 X X X.

ITIycre (@, b) — mouxka umpurocHoBenums MuomectBa C B X XX
u V (coorB. W) — samrnymas oxpecTHOCTh TOUKEH @ (COOTB. OKpecT-
HOoCTh Teuku b) B X; mo mpepmonomenuio cymecrByer (z, y)€CN
NV xW). lockoasry €V, Touka y UPHUHANJEKAT HACHIIEHUIO S
oxpectHocT! V mo R; smauur, WS¢ pna nio6oli OKPeCTHOCTH
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W rouxu b, u TaK Kak S B cuay IPegUONOKEHHA 3aMKEHYmMO, 70 bE S.
Ilycrs B — macmmienue muoxkectsa {b} mo R; torna VN Bs£=@ nna
110607 3aMKHYTO OKPECTHOCTH V TOUYKH @; TaK Kak IO IPEAIONosKe-
nuto B samrnymo, a X peeyaapro, 10 a € B u, suauur, (e, b) € C, 9r0
¥ 3aBepmiaeT [OKa3aTeJbCTBO.

CnencrBue. B peeyaspnom npocmpancmee 6écskoe 00H08PEMEHHO
OMEDHIMOoe U 3AMEHYMOE OMHOUWLEHUE IKEUBAAEHMHOCINU 0MOeAUMO.
dro caemyer m3 mpemiosKeHuit 14 u 8.

Ileepnomenne 15. IIyeme X — peeyaspuoe npocmpancmeo, F —
Henycmoe 3amrHymoe muoxcecmeo 6 X u R — omHuoulenue oK8UBAAECHN-
Hocmu, noayuaemoe omoscdecmencHuem Opye ¢ Opyzom écexr mouer u3
F (uamME@ cioBaM¥, OTHOUIEHHEe SKBWBAJGHTHOCTH, KJIAacCaMU KOTO-
poro caymar F u muosmectsa {z} mis scex z € CF). Toeda garmop-
npocmparcmeo X/R omoeaumo.

B camom pmene, myctb M m N — pBa pasiImuHBIX Kjacca dKBUBa-
aeatrocTd B X. Ecnm Kask[plii W3 HUX CBOJAUTCA K ONHON TOUKe U3
CF, 10 B ortmenuMmoMm mnpocrpancTBe CF CcymiecTBYOT HemepeceKaio-
IMWeCH OTKPHITHIE OKpecTHOCTH MHOKecTB M w N, m OHU ABIAITCA
HaCHIMeHAKMY 10 R HemepeceKaoIUMICA OKPECTHOCTAME MHOYKECTB
MwuNBX.Ecniu M=F,aN={b}, rne béF, TO WO TPEJTOIOKEHTI0
CYIECTBYIOT OTKPHITasA OKPECTHOCTH TOUKH b M He IMepeceKaiouascsa ¢
Hell OTKPHITasg OKPECTHOCTh MHOKeCTBA F, mpHWUYeM 3THU OKPECTHOCTH
HacCHINeHK N0 R, UTo ¥ 3aBepImaeT IOKas3aTeIbCTBO.

Ormernm, uTo ¢arropupocTpancTso X/R He 0013aTelbHO peryJLipHO
(ra. 1X, 2-e u3p., § 4, ynpamuenune 14).

Yopa:kHeHusA

1) a) Ilycrs X — Tomosormieckoe IPOCTPAHCTBO; HOKA3aTh PaBHO-
CHTBHOCT CJEAYIOIUX CBOKCTB:

(Q) KakoBrel Oe Hn GBLIN Be pasiudYHble TOYKA z M y U3 X, cylle-
CTByeT OKpPeCTHOCTh TOUKH z, He COjepsKamas y.

(Q') Besaxoe onHOTOYEUHOE MHOKECTBO B X 3aMKHYTO.

(Q") Hepeceuenne BceX OKpeCTHOCTEH NI000i TOUKE = € X CBOXUTCSA K Z.

MpocrparcTBo X, ofnagamommiee OTHMH CBOICTBAMH, HAa3HIBAETCS
docmuscumvlm.
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6) las Toro uTofh ynopsAgoueHHOe MEOKECTBO X, HaleJeHHOe IPaBoil
TomoJorueil (B kKoropoii X ecTh KOJMOIOpOBCKOe IpocTpaHctBo (§ 1,
yupaskmenne 2)), OHIO AOCTIKAMEIM, HeoOXOAUMO H LOCTATOYHO, 9TOOBI
HEKaKHe [BA Pa3jNdHHIX diIeMeHTa W3 X He GBI CPABHEMBIME, M TOTJA
npaBas TONoiorus B X HUCKPETHA.

2) a) Ecam TomosnoruA B MHOKecTBe X HOpOKAeHA KOHEUHEIM MHOKe-
CTBOM €r0 LWOAMHOKECTB X X B 9TOH TOHMOJOTMU NOCTHIKUMO, TO X KOHEUHO
M paccMaTpuWBaeMad TOIOJOTUA JHCKpPeTHA.

6) Ecan B mocTmKIMOM IpocTpaHcTBe X scakoe NepecedeHNne OTKPHITHIX
MHOKECTB OTKpPHTO, T0 X AuckpeTHO [cM. § 7, ynpaskHeHne 6].

3) a) Ilycts 2 — TOUKa ODPUKOCHOBEHUA MHOMeCTBA A B JOCTIHUMOM
HpocTpancTBe X, He IPHHA/UIEKAMAA A; IOKasaTh, YTO BCAKAA OKpeCT-
HOCTH TOUKH Z COMIePIKAT OecKOHEYHOe MHOKEeCTBO TOYEK H3 A.

6) ycrs X — gocrmunmoe mpocrpanctBo n A X. [lokasars, gro
MHOXeCTBO ToueK €A TAKAX, YTO MI0GAA OKPECTHOCTD & CONEPIKHT OTIM-
HYI0O OT £ TOYKy 3 A, 3aMKHYTO B X.

B) ITokasaTs, 4To B mOCTIKIMOM IpocTpaHcTBe X IHepecedeHHe Bcex
oKkpecrHOCTel m060r0 MHOMKecTBa AC X coBmamaer ¢ 4.

4) Beskoe MOMIPOCTPAHCTBO KOJMOTOPOBCKOTO (COOTB. [OCTHKIMOTO)
OpOCTPAHCTBA €CTH KOJMOTOPOBCKOE (COOTB. JOCTHKHMOE) IPOCTPAHCTBO.
TonoJjiorns, MakOpHPYOINAsi TOMOJOIMI0 KOJMOIOPOBCKOTO (COOTB. M0-
CTH}KHMOT0) TPOCTPAHCTBA, €CTH TOIOJOTHA KOJIMOTOPOBCKOLO (COOTB.
JIOCTU;KAMOTO) HPOCTPaHCTBA.

*5) a) Ilycre X — OeckoHeuHOe MHOKecTBO. I[loKasaTh, 4710 Bce
romojtornu J, B X (§ 2, yopaskuenne 8) takue, uro 1 << Card (X), cyTs
TONOJOTHH JOCTHRIMOTO, HO HEOTHEJHNMOT0 [POCTPAHCTBA.

0) Ilokasarsh, 49TO IepeceueHNe BCeX OTHEJNUMBIX TOHONOIUH B X ecTb
HeoT/eIMast Tonoa0rHs J oppq (N)» ABAA0MALCA TaKsKe ciaadeimei gocrn-
suMoil Tomosorreir B X. [lcnonb3oBarh ympakHeHHe 8 § 2 U 3aMeTHTH,
yro B X WMEIOTCA OTHEeJuMbIe TOIOJOTUHA, Y KOTOPHX CYIeCTBYIOT HE3aMK-
HyTble CIeTHO-GECKOHEYHble MHOKECTBA. | ‘

6) a) Ilycts X — oTmenmMoe IpOCTPaHCIBO U D — BCIOAY LJIOTHO®
MuOokecTBO B X . Ilokasars, uro Card (X)<<2292r4(M®)  [3amernts, 910 Besi-
ras Touka w3 X ecTh Ipefied Hekotoporo Gasmca ¢uaptpa ms D.] Iloka-
3aTh, uto ra omenka juad Card(X) me moxxer ObiTh yayumena [§ 4, ympask-
meniie 50], ¥ BrBeCTH OTEO/a, ITO B 6ECKOHEYHOM MHOKeCTBe A MHOKECTBO
BCeX YABTPaduUIbTPOB M MHOKECTBO BCeX (MIBTPOB pABHOMOIIHEI C
RE(A))-

6) Ilycrs K — mucKpeTHOe IpPOCTPAHCTBO, 00pasoBamHOe gmcaaMn 0
u i, u A — GeckonedHOe MHO}KeCTBO. BriBectn u3 a), uro ecam Card(4)=
>22Card (N) ' npoctparcTeo KA ynosaerpopsier ycaoBumo (Dyy), HO HEI
yeaoBuio (Dyp), um ycaoBmio (Dyy), ympaxeemrus 7 § 1 [§ 4, ympam-
HeHne 4].

°7) lycrs X — umTepBaa [—1, 1] B R. Pacemorpum B X caenyromee
OTHOINeHUE SKBIBAJEHTHOCTH S: KJIAcCC YKBHBAJEHTHOCTH KamKJ0H TOUKH
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z# +1 cocront U3 TOYEK & W —&; KJIACCH SKBUBAJEHTHOCTM KaKIOH U3
Touexk 1 ¥ —1 CBOJATCA K OAHOM 3TOU TOuKe. I[ToKa3aTh, YTO OTHOMICHHE S
OTKPHITO U HaKTOPIPOCTPaHETBO X/ MOCTHIKEMO, HO HeoTmeamMo. Hpome
TOTO, KayKpas Touka m3 X/S obnamaer okpectHOCTHIO B X/, ABNANMERCs
peryJisipHbBIM HOAIPOCTPAHCTBOM.

8) IIycre X — TOHDOJOTHYECKOE IpPOCTPAHCTBO W R — 3aMKHyTOe
OTHOIIEGHUE SKBNBAJEHTHOCTH B X, BCe KJACCEH 9KBUBAJEHTHOCTH IO KOTO-
pomy roneunw. Ilorasate, uTo ecmm X oTmednMo (COOTB. peTyJSpHO),
TO TO 3%e BepHO W A X/R. DT0 HPAMEHAMO, B YACTHOCTH, K CJIEAYIOUIM
IBYM CaygasM:

1° X/R ects haKkTOPIpPOCTPAHCTBO, TOJYUEHHO® CKIeMBAHHEM ceMeii-
crBa mpocTpancTB (X,) Mo 3aMKRYTHM MHomecTBaM A, (§ 3, n° 4), ynos-
JIETBOPAIONIEM TOMY YCJIOBHIO, 4TO JIA KaMKJO0TO HHEKCA L CYILIECTBYET
JHITb KOHeuHoe MHOKECTBO MHMEKCOB X, JJIA KOTOPHIX A, #@.

2° R ecTh OTHONIeHWe BSKBUBaJeHTHOCTH «cymecTByer &I raxoe,
410 y=0(z)», Tae I' — komeunaa rpynmna romeoMop@umsMoB mpocTpascTsa X .

°9) TorasaTk, 9TO IPOCTPAaHCTBO X/S ynpaskmeHHs 7 MOMKHO ONpe-
[CJHUTH KAK TOJYUeHHOe CKIEHMBAHMEM JIBYX PeryJIsSpHHX NPOCTPAHCTB HO
nape OTKPHITEIX MHOKECTB.,

°10) PacecmorpuMm B R mopmmpoctpaBcTBO X, HMONOJHUTENBHOE K MHO-

1
JKeCTBY TO4YeK BHUOA -n—, ripe n HpOﬁeI‘aeT BCe neJibleé panmOHAJBbHEIE 9KCAa,

oramuabie or 0 m +1. Ilycts S — orHomenue skBUBajJeHTHOCTH B X,
KJIacChl KOTOPOTO CyTh: 1° MHO;KecTBO, 00pasoBaHHOEe TOUKON 0; 2° MHO-

1
#KeCTBO BCeX MeJHIX umcesa 7% 0; 3° Bce MHOMKeCTBa BHIA {x,—z— ,Toe z€X,

z£0 n |z]<1.

a) IlorasaTs, 9ro oTHOmeRIe S B X HU OTKPHTO, HI 3aMKHYTO.

6) ITokasarp, uTo rpadux orHomeHus S saMxHYT B X X X, HO ¢ak-
TOpHpOCTPAaHCTBO X/S HEOTAEAHMO.

*°11) IIycts X — TOmIOJOTAYECKOe HmpocTpaHCcTBO. PaccmMorpum mpo-
CTpPaHCTBO Z=R* u 0603mauny 7 RasKporo z € X depes Z, MHOMKECTBO B
Z, cocrosimee U3 TexX u € RX, Yy KOTOpHX u(z) € Q1 u(y) GEQ aaaBcex yE X,
oTiamuHEIX 0T z. llyers Y — mogHpocTpaHCTBO npomsseneHus X XZ,
ABisiomeeca obbejuuenneM MuoxectB {z}XZ,, rme z mpoberaer X.
ITokasaTh, 9TO IPOCTPAHCTBO ¥ omdesuno, a X roMeoMOpPHHO HEKOTOPOMY
ero GaKTOpPHpPOCTPAHCTBY.

12) IIycts X — Tomosoradeckoe OpOCTPAHCTBO, NMeIOIee N0 KpaHnei
Mepe fBe pa3iaUYHbBe TOUKI.

a) IlorasaTs, 9T0 TOmONOTAH J o B 74, B Lo(X) (§ 2, ynpaskuenne 7)
He ABJIAIOTCA TOIOJOTHAMH JOCTH;KAMOIO IIPOCTPAHCTBA.

6) Iycrs J g — BepxHaA rpans Tononori J o 1 J¢. Ilorasars, uro
MHOKeCTBO BCeX HeNyCTHX KOHEUHHIX DOIMHOKecTB u3 X miaoTHO B Py(X) B
ronosorun . llokasaTs, 4T0 MHOKECTBO & (X) Bcex HemyCTHX 3aMKHY-
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THIX TOOMHOKeCTB M3 X SABJAAETCA KOJMOTOPOBCKHM IIPOCTPAaHCTBOM B
TODOJIOTHH, HHAYINPOBaHHO Tononorued g Ipu 9T0M ecan X JOCTHAKI-
Mo, T0 u ¢ (X) HOCTHKEMO.

B) Ilpemnmonarag X AOCTHKHUMEIM, [IOKasaTh, YTO JJIA OTAEIHMOCTH
npocrparcTBa  (X) B TONOJOIWH, HHAYIUPOBaHHOH Tomomoruelt Jg,
Heo0X0mMMO U OCTaTOYHO, YT00 X OLIIO peryispHO.

#*13) Hycrs X — MHOMKecTBO, I' — HeKoTOpas Tpynna ero Hepecra-
HOBOK.

a) IIycrs ¥ — HEKOTOpOe MHOMECTBO IIOJMHOMKeCTB MHOMecTBa X.
ITokasaTp, 9T0 CpefH BCeBO3MOMKHBIX TOHOJOTHWH B X, NIpH KOTOPHX BCe
MHO;KeCTBa U3 {§ 3aMKHYTH, a Bce orobpaskenns u & I' — romeomopdusmer
upocrpanctsa X Ha ce0sg, cymecTByeT ciabefimas romoxornsa J (T, »).
ITpa stoM ecam X GeCKOHEYHO, TO CYMIECTBYIOT TaKHe MHOMKECTBA & HOf-
MHO#ecTB 3 X, uro romomorua J(T', &) me juckperHa m mOCTHIKEMA.
[§ 2, ynpammenue 8.]

6) Ilycts J(I') — muOxecTBO Tex 4 X, KoTOphie 00JaJaI0T CleyI0-

myM CBOMCTBOM: I KAMKAOI0 £ $ 4 cymecrByer orobpakenne fE& I, Tox-
necTBeHHOe Ha A W Tawoe, 9T0 f(z)# x. IloKasaTh, YTO BCAKAA OTAEANMAs
ronosiorus B X, [yt KOTOpoit nioGoe oroGpaskenne u € I' sBasiercst romeo-
moppusmom X Ha cebs, Maskopmpyer Tomosoruio J(T)=F(T, J(I)).

Jlas toro uro6n Ttomoxorus & (') 6oia oTnenmmoit, HeobxoguMo U
mocraTogno, 4robel rpynma I' ypoBieTBopAia CleAyoINeMy YCIOBHIO:
njas J0HX ABYX DPaBIHYHBIX TOYeK z W y W3 X CYIIeCTBYeT KOHEYHO®
9HCJIO DJIEMEHTOB u, €I TakuxX, uTo MHOXKecTBa F(up) sieMeHToB n8 X,
UHBAPUAHTHEX OTHOCHTENBHO Uy, 00PasyloT MOKpHTHe OpocTpaHcTBa X
U HE OJ{HO U3 HUX He COXEP:KUT OJHOBPEMEHHO Z U Y.

B) ObosmaunM depes J, TONOJOTHIO PANEOHAJBHOH IpsMoi Q
(°coors. gucaosoii npsamoil R,) m gepes I' — rpynny Bcex romMeoMopgmaMoB
aroii mpaMoit Q (°coorB. R)) Ha cebsa. Ilerasars, uto Tomosorms J(I')
coBoagaer ¢ .

r) Iyecrs X — moampoCTpaHCTBO PAanmOHAALHON MPAMOM, 06pa3oBaH-

1
Hoe Tourkamu 0 u > (rme n — neaoe = 1), m I' — rpynma Bcex romeoMop-

¢usmoB mpocrpamcrsa X. ITokasars, uTo Tomomorus o7 (I') meormenmma

7 9T0 rpynma roMeoMopdusmoB X, HaJeJEeHHOTO BTOHl TOMOIOTHeH, coBma-
naer ¢ TI.

m) IIyers X — Taroe TOMOJOTMYECKOe OPOCTPAHCTBO, YTO IJsA Joboii
TIapH ero pasiNyYHHX TOYeK &, ¥ CYIEeCTBYeT roMeoMop(duaM u IpPOCTpaH-
crBa X Ha cebs Tawoi, uro u(zx)==z, u(y)#y (°HaDpuMep, YHCIOBOE IPO-
crpanecTBO R” ). Ilycts G — rpynna Bcex roMeoMop$u3MOB TIPOCTPAHCTBA
X ma cebsa m S, ana Kaxpgoro z€X — ee IOArpyNIa, OCTABIANIIAN &
Hen3MeHHEIM. llokasaTh, uTo §, coOBOafaeT CO CBOMM HOPMaJHU3aTOPOM
B G ©m 4TO TIepeceyeHuWe BceX S, CBOAUTCA K OAHOMY HelTpaIbHOMY
3JIeMeHTY; B 9aCTHOCTH, IIeHTP IPYIIH G CBOJITCA K OJJHOMY HeHTpaIbHOMY
9JIEMEHTY.
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14) TloxasaTh, urto akcmoma (Opj;) paBHOCHIBHA RAKION H3 Caeayio-
mMuX aKCHOM:

(Oppp) Uepeceuenne BceX 3aMKHYTEIX OKpECTHOCTell OpPOMBBOJBHOTO
3aMKHyTOro MHOKecTBA F B X coBmajgaer ¢ F.
(Oyqp) HMas mo6Goro dunbrpa 3 B X, cxopAmerocs K TOYKe a, GUIBTD

§ B X, uMeiolllnit B KadecTBe Gasmca 3aMbIKaHUe BCeX MHOMKECTB H3 (),
TaKKe CXOAuTCH K a.

15) a) IlokazaTh, 49TO BCAKOE KOJMOTOPOBCKOE IPOCTPAHCTBO, YIOB-
serBopsamomee axcuome (Oyy), OTAEINMO (U, CIEfOBATENBHO, PEryIApPHO).

6) O6pasoBaTh B MHOKECTBE M3 TPEX DIEMEHTOB HEOTHEIUMYIO TOIO-
JIOTUI0, yAOBIeTBopAwmylo axkcnoMe (Ojp).

16) IIycre (X)) — GeckoHe4HOe CeMefCTBO TONOJOTMYECKUX MpO-
CTPAaHCTB; HAafleJAM MHOKeCTBO X = HXL KaKo#-1m00 W3 TOmMOJOrmiA,

L

oupefiefleHHEX B yunpakHennn 9 § 4. Iloxasats, 4To ecim Bee X,— KoJI-
MOTOpOBCKHE (COOTB. NOCTHKAMEIe, OT[eJUMble, DeryJspHble) IpOCTpaH-
cTBa, TO TO Ke BepHO 1 axasa X.

17) Tlorasars, yro Tonogaorun F o(X), & +(X) 1 F-(X) (§ 2, yupam-
HeHne 5) B COBEPIIEHHO YHNOPAAOYEHHOM MHO;KecTBe X peryispHH.

18) Hyers X, n X,— MHOsKecTBa, §;— uapTp B X; (i=1, 2) n
j — makoe orobpaskenne mpousBemerus X=X,;XX, B pesysapnoe 1po-

cTpaHcTBO Y, 9To Aus Jaioboro z; € X, cymecrsyer lirél flzy,  z)=g(zy).
Xy O2

JLsist ToT0 9T06H! ¢ € Y OBLI0 TOUKON IPUKOCHOBeHAA (YHKIUNA g 0 QUIABTPY
%1, He06X0OIMO ¥ [0CTaTOUHO, ¥TOOH A Jai060f OKpecTHOCTH V TOUKN @
B Y m mio6oro MEosectsa 4, €Y, cymecTBoaiu x, €A, u A,EY, Takue,
aro f({z;} X 4,)V.

*19) [Tyers X — HeperyJApHOe OTAEINMOe NPOCTPAHCTBO (CM. YIpaK-
mepne 20) m ¢ — Touka m3 X, ofuaajaiomas oxpectHocteio U, He cojep-
/KAl HA OHOI 3aMKHYTOH OKpecTHOCTH BT0ii Touku. IycTs § — ¢uanTp
oxpectHocTeit Toukn a n Y=F {®} — Tomoxornueckoe mpocrpancTBO,
acconunpoBanuoe (§ 6, n° 5) ¢ ero ¢uabTpoM cevennmit. PaccMorpum mpo-
n3BefieEre Z=Y X X, HajieJleHHOE Clefylouleil TomoJormei: maa (y, z)#
# (®, @) OKPeCTHOCTH TOYKHU (y, &) Te }Ke, 9TO I B NPOU3BEeHNN TONOJO-
THil, & OKPECTHOCTH TOYKH (®, @) CYTh MHOKECTBA, COfeprKalue KaK;0e
kaxoe-unGy s MOxecTBO Bufa ({®}XV)U(SXX),rae V — oxpecrHOCTh
Toukn a B X, a § — cesenne (§ 6, n° 3) ¢uaprpa §. Hycts 4 — mon-
MHOKECTBO MHOKeCTBa Z, ABJAI0IEeecs 00belHeHNeM MHOKECTB {V}XV,
rne V npoberaer §, u f — orobpaskenme (V, z)—>z mHOmectBa 4 B X.
TlokasaTh, 4T0 BO BCAKOH ToUKe M8 A 0ToGpaKkeHHe § UMeeT mpefe] OTHO-
CUTeNbHO A, HO He CYIECTBYeT HeIpepHBHOTO 0TOOpa:KeHUs MHOKeCTBA
A B X, OPOLOIKAIOMETO f.

*20) a) OreprTOe MHOKecTBO U TOmONOrMYecKOro mpocTpascrsa X
HasbBaeTcA pesyasprum, ecan U=o(U) (§ 1, ynmpaxmenme 3), mHade
roBOpA, ecan U eCTh BHYTPEHHOCTh HEKOTOPOIO 3aMKHYTOIO MHOKeCTBA.
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HpocrpanctBo X HasmBaeICA nosypeeyasprum (a ero romojnorus
neaypezy4npnei), €CAU PeryASPHEIE OTKPBLITHE MHOMECTBA B HeM 00pa3yioT
6asnc romosormn . IloxasaTth, 4TOo ecan & YLOBIETBOPSET AKCHOMO
(O1y1), T0 & momyperyuaspHa.

6) IlepecedeHne ABYX peryJAsPHBIX OTKPHITHIX MHOMKECTB eCTb pery-
JNAPHOE OTKPHITOE MHOMKECTBO. BBIBeCTH OTCIOfa, YTO peryJspHLe OTKPHI-
Thle MEOJKECTBA TONOJOTHN 7 00pasywr 6asnc HeKOTOPOH N0aYperyasapHoil
rononorud FJ* B X, Maskopupyemoii Tononorneii & [wmcmosubsoBars ym-
paskuenne 3r § 1]; & * HasplBaeTcs MOIYpPeryasipHOI TONOJNOrHeH, acco-
yuuposannoii ¢ J. Karoso 661 Hut 6bli10 OTKpETOE B J MHOmKecTBO UCX,
ero saMblKanue B J * coBuajaer ¢ saMbkanueM B 7 ; ecan X HOCTIREMO
B & (yompaskmenue 1), TO ero U30JHPOBAHHLEIE TOYKH B TONIOJOTHH & *
OynyT Te e, uTo U B Tomonoruu &. Iuas Toro 9robm tomosmorus J * Oplia
OTHeNANMOil, Heo0X0UMMO U JocTaTouHo, 4robn & Owna orgenumoii. Ecan
Y — peryasipHOe HpPOCTPAHCTBO, TO HelpepbiBuble orobpamenns X B Y
OJIHH U Te Ke JJis Tonojorun & u romouornn J *.

B) IIycts X — momyperyasipEoe mnpocTpascTBo U Jo— €ro TOIOJO-
rusi. [las Toro grobm tomosorus & B X obGaamana TeM CBOMCTBOM, 4YTO
T *=T,, He00X0QUMO I [OCTATOUHO, 9TOOE B X CYINECTBOBAJIO MHOMKECTBO
M naomnuz B J MHOIKECTB, IepecedeHne BCIKOTO KOHEYHOIO ceMeiicTBa
KOTOPEIX TakKe HpwHajIexano 6w N, m tomonoruma & nopoxpanach
obbegnHeHNEM MHOMKecTBA JJ1 H MHO)KeCTBa BCEX OTKPBITEIX B J o MHO-
secTB. [[asi poxasartenbcTBa HeoOXONUEMOCTH YCIOBHA PACCMOTPETh BCe
OTKDHITHE W BCIORY WJIOTHBE B & MHOKeCTBa, 00paTuB BHIMAaHHe HA TO,
4T0 BCAKOE OTKpHTOe B J MHOMKECTBO eCTh NEepece4eHHé HEKOTOPOro
OTKPHITOTO BCIOAY MIOTHOTO B & MHOMKECTBA W MHOKECTBA, OTKPHITOrO B
&1 Honyants orcioma mpuMeps! HEperyJAApPHHX OTAeNAMEIX TOIOJOTHIA,
MaKOPUPYIOIIUX pPeryAAPHYI TOHOJOTHI °(M [asKe MayKOPHPYIOIINX
TONOJIOTUI0 MEeTPH3yeMOr0 KOMNAKTHOIO OPOCTPAaHCTBA),.

21) Ilycrs X — oTHenmMoe mpoCTPaHCTBO 63 U3OIMPOBAHHHIX TOYER
1 Jo— ero ronojorns. O603HaunM geped Ut MHOMKECTBO [ONOJHEHHN KO

BCEeM He GoJIee ueM CueTHHIM MHOKecTBaM A B X, TAKAM, 9T0 A HMeeT JMmIb
KOHeYHOe UHCJI0 HB30NMPOBAHHHX TO4eK. [Iokasars. 9ro ecam F — To-
uonorna B X, Hopokuaemas o0begmHeHHeM MHOKecTsa JJ1 ©H MHOKecTBa
BCEX OTKPHITHX B &, MHOMKECTB, T0 J *= (ynpaskaenue 20) u BcaKas
cxogamasnca B & [0CHe0BATENbHOCTh COINEP;KUT JWIIb KOHEIHOE YHCIO
pasINYHBIX 9IEHOB (OTKYJa CJleJyeT, 4TO HA OfHA TOYKA He obnanaer B
cueTHOU yHIAMEHTANbHON CHCTeMOM OKpecTHOCTEH, X0TA camMo X MOer
fHTh CUETHO W KaKJas ero TOYKA #ABIHETCS TOIJA IepecedeHneM He-
KOTOPOTO CYeTHOTO ceMeiicTBa CBOMX OKpPEeCTHOCTeIl).

*22) a) B obosnauyennsx ynparkacHusa 20B MOKa3aTh, 9TO0 MHOKECTBO
E(F,) Bcex Tononoruii &, pis KOTopux F *=,, HHIYKTHBHO IO OTHO-
merno «F MmMuHOpHpyer F ». IlisA BCSKOE mONYperyaspHOfl TOOOJOrHU
&y B X HasoBeM MaKcUMaJibHble 3JleMeHTH MHOyKecTBa E () cybmak-
cumadbnblmu TONOJOrUAMEA, a X, HaJelJeHHOe TaKod Todojorueil,—
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cybmakcumasvrbli TPOCTPAHCTBOM. Besikasi Tononorus ua E(F,) Mamopu-
pyertcsi, TakuM o0pasoM, cyOMaKCHMAJAbHOE TONMOJOTHEeN.

6) Huas roro arobu Tomosoruss J B X Onina cyOMaKcHMaJbHOMH, He-
06X0iuMO ¥ [0CTATOYHO, 9TOOB BCAKOe mioTHoe B X B Tomojormu &
MHOKeCTBO OBIIO OTKPHTHM B 7. Taxkum o6pasom, HemycToe cyOMaKcHMaib-
HOe NPOCTPAHCTBO He ABJsIeTcs paspemuMeM (§ 2, ympaskueHue 11).

B) [IokasaTb, 9TO BCSKOe HORIPOCTPAHCTBO CYyOMAKCHMAJbHOTO NpPO-
CTPAHCTBA JIOKAJNBHO 3aMKHYTO I cyOMaKcmmanbHo. [PaceMoTpers cHagaIa
OTKpHITEE TONIPOCTPAHCTBA ¥ BaMKHYThle NOLIPOCTPAHCTBA.]

r) IloxasaTh cyOMaKCHMaJbHOCTH MPOCTPAHCTBA, ACCOLHHPOBAHHOTO
¢ PUABTPOM, MAKOPUPYIOIINM QHIBTP HOMONHEHNH KOHEYHBIX TO/IMHOKECTB
GeCKOHEUHOIO MHOJKECTBA.

n) IoxasaTs, 4To pnaA BesaKkoro MHOMKecTBa M B cyb6MaKcuMaabHOM
mpoctpanctBe X TOJUPOCTPAHCTBO M — ]104=Fr(M) npocrpaHcTea X
IHCKPETHO.

e) ObparHo, mycts X — TOMOJIOTIYECKOE IPOCTPAHCTBO, B KOTOPOM
wMeeTcs BCIOAY ILIOTHOe OTKpHITOe HopnpocrpaHcrBo U Ttakoe, 910 U
cybmakcumanbuo I Tonosorusi B X U-maxcuMansna (§ 3, yupamxaenne 11);
rorga X cyOMaKCHMAaJbHO.

23) IIyers X — TOMONIOrMIECKOE IPOCTPAHCTBO, A — BCIOXY HJIOTH( e
MHOeCTBO B X TaKoe, YTO TONOJOTHA HpocTpaHcTBa X A-MaKCHMalbHa
(§ 3, yupa:kuenne 11), m f — TaKoe HeUpephBHOE 0TOGpasKeHMe HONUPO-
cTpaHCTBA A B TONOJOTHYECKOe IPOCTPAHCTBO Y, 9T0 IS BCAKOH TOYKH
n3 X — A MHOMeCTBO TpeAeJbHHX TOUYeK (QYHKIOUH f OTHOCHTeJBHO A
de TycTo °(4To MMeeT MecTo, HaOpiMep, B ciydae, Korjga X He mycro, a Y
XBA3UKOMIAKTHO),. ITokasarh, 9T0 f MO)KeT GHITH LPONOJUKEHO IO HEIlpe-
puBHOocTH Ha Bee X.

24) Tlyers B mrTepBase 0, 1] pammomansHoil mpsmoir A o3HagaeT
MHOJKECTBO BCeX PAIMOHAJBLHEIX duces BHAa k/27, a B — MHOeCTBO BCex
palLHoHAJBHEIX guced Buga k/3” (rme k — meaoe). Ilycts X — mpocrpan-
cTBO, moaydyaemoe HajeneHueM [0, 1] Tomomormeil, mOpoKIAEMOH OTKpEI-
THIMA HHTepBajaMn |e, B, comepmamumucs B X, n MHOKecTBaMu A u B.
ITokaszats, uTo X ecthb moayperyasaprHoe (yupaxkHerme 20), HO He pery-
JAsIpHOE, OTHEJAMOe MPOCTPAHCTBO.

*25) a) MHOKecTBa BCeX peryJSIDHEIX TONOJOTHA B MHOKecTBe X
W BCeX pPeryJAAPHBIX TONoJoruii 0e3 M30JMPOBAHHBIX TOYEK WHIYKTHBHEI
[0 OTHOIIEHNIO «& MHHOpPHUpPYCT 7 '».

6) Tomonorua & B MHOMecTBe X HABHIBACTCA y4bmpapeeyiipHol,
ecan OHa MAaKCHMAaJjbHAa B MHOMKECTBe BCeX DPeIyIspHHX Tomoaoruii B X
0e3 M30/IMpOBAHHBIX TOYeK; TakKUM o00pasoM, mias BCAKOH perysspHOi
rononorny B X 0e3 H30NMPOBAHHBIX TOYEK CYMIECTBYeT MajKOpWpyoOmas
ee yabTpaperyispHas Ttononorusa. IIpocTpaHCTBO, TOMOJNOTHA KOTOPOTO
yabTpaperyidpHa, HA3HBAETCSA yabmpapesyaaphua. Jas TOro 4To0bI
perynapHas TomoJorusa 0es M30IMPOBAHHBIX TOUEK OBLIA YIBTPAperyJsp-
HOIi, HeOOXOMMMO M [OCTATOYHO, 9TOOB Ji00ble gBA B3aUMHO /JONOJHH-
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TeabHEIX B X MHOecTBa A m B 0e3 M30JMPOBAHHHX TOYEeK OBLIH OTKPH-
TeiME B . B gactHOCTH, YIbTPaperyasApHOe IPOCTPAHCTBO He pPaspemmnmMo
(§ 2, yupasxuerne 11). [Jlas foKasaTenbCTBA MOCTATOYHOCTH YCIOBHA 3a-
METHTB, UTO eCiH J — peryspHas TOImoxorus Ge3 M30JIMPOBAHHKX TOYeEK,
mMaskopupyowmasn &, U — HenycToe OTKPHTOE B J ' MHOMECTBO H T — ero
saMbKaEne B J”, 10 U 1 X — U He WMEIT M30JAPOBAHHHX TOYK B ]

B) B yapTpaperyaspHOM IPOCTPAHCTBE 3aMEIKaHIe BCAKOTO MHOMECTBA
6e3 M30JMPOBAHHEIX TOYEK €CTh OTKPBITOe MHOKECTBO, a BHYTDEHHOCTH
BCIOAY IIOTHOTO MHOMKeCTBA BCIOAY IIOTHA; TAKMM 00pasoM, IepecedeHne
ABYX BCIOIy NJOTHEIX MHOJKECTB BCIOAY IUIOTHO. BeIBectu oTcioja, drTo
ecan Fo— YAbBTpaperyisipEasg TOHNOJOTHUS, TO CpejH BceX TOHOJOrui 7,
naa Kotopelx J *=F, (yupampenme 20), mMeeTcs MayKOPHPYOIIAs Bee
ocTanbHble (0 Heo6XopuMo cyGMaKcHMajabHAS).

°26) Ilycrp (B,) — BClogy NIOTHAs IIOCJE0BATEIbHOCTh HPpAIIO-
HaJIbHHIX gnced B mHTepBate /=[0, 1] uucnosoit mpamoii R, I,,— daxrop-
IpPOCTPAHCTBO INPOCTPaHcTBA [, TONydYaeMoe OTOMIECTBIEHHEM XpYr ¢
apyrom Togex O, 0y, ..., 6,, B @,— Kamommueckoe orobpakenme [—1I,.
IIycrp, ganee, X — MHOMECTBO BCeX PAIMOHANBHEIX YHCEJ, COAEPAHAMMIKCS
B I; cyxenne @, Ha X sBuserca 6nexnneit X ma @, (X); myers &, — upo-
06pas OTHOCHTEJBHO BTOH 6MeKIVN TOIONOTMA, HHAYUHPOBAHKONE B ¢, (X)
Tononoruei npocrpascrsa [,,. ITokasaTs, 9T0 HW/KHASA TPaHb yOBIBaloMmeil
TOCJIe{OBATeNbHOCTH () OTHEeJHEMBEIX TOHONOTHE B X ecThb HEOTHeamMast
TOIOJIOTHA.

#27) Ilyers X — TomojormdecKoe mpocrpadcrso. Ilokasars, uto
CYMECTBYIOT KOJIMOTOPOBCKOE (COOTB. JOCTHMKEMOE, OTHeINMOe, PeryJsip-
HOE) IPOCTPAHCTBO Y I HempephiBHOe oToOpaskenue ¢: X—Y, obaajaromiue
CHIOAYIONAM YHUEEDCALbHELM CBOHCTBOM: Aisi j1:000r0 HEHPEepPBIBHOTO OTO-
Opaxennsa f: X—Z npocTpaHcTBa X B MPOH3BOABHOE KOJIMOTOPOBCKOE
(COOTB. NOCTH;REMOE, OTAENHMOE, peryJsApHOoe) NPOCTPAHCTBO Z CYI[ECT-
ByeT, W UpPUTOM eJWHCTBeHHOe, HeMpepHBHOe oTOOpaeHme g: Y—Z
TaKoe, 90 f=go ¢ (Teop. MuOXK., ra. IV, § 3, n° 1). IlpoepnTs mocueno-
BaTeJbHO, 9TO:

a) Jlis KoJIMOTOPOBCKHMX TPOCTPAHCTB MOMKHO NPUHATH 3a Y ¢ak-
TOpPUPOCTPAHCTBO HpocTpaHcTBa X 1O OTHONIEHWI0 SKBUBAJEHTHOCTH
{a}={s}.

6) JaA JOCTIZREMBIX IPOCTPAHCTB MOXHO UPHEATH 3a Y ¢axTopupo-
CTPAHCTBO MPOCTpaHCTBA X WO CJIEAYIOUIEMY OTHOIEHHWIO HKBUBAJIEHTHOCTH
R: rpaQuk oTHOUIeHNsA R ecTh mepecedeHre rpaduKkoB G TAKUX 3KBUBAJIEHT-
Hocteil B X, uTo G(z) 3aMKHYTO B X 1A KaEporo z€ X; G coepRaT torma

rpaduk ormomenua {z} {y}#o Mexay z n y.

B) ITorasarb, mcmoias3ys ocobeHHO yupakHeHme 6a, 910 114 OTHe-
JUMBIX TPOCTPAHCTB ¥ PeTYJAPHHX NPOCTPAHCTR BHIIOJHEHE YCJIOBHSA
(CUj) — (CUyy;) m3 n° 2 § 3 ra. IV Teopun muomects. Ilpmeectdn mpu-
MepE, KoTa X He peryaApHO, a oroOpakenne ¢: X—Y B cOOTBETCTBYIOIIee
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VHEBepCcaJIbHOE peryispHOe HpocTpaHCTBO OmextmBHO. [CM. yupaskme-
une 206.]

r) [ToxasaTs, 9ro ecnm npocTpancTBo X ynosirerBopser axcumome (Oyyy),
TO COOTBETCTBYIOIIEe eMy YHHBepCaJbHOe KOJIMOTOPOBCKOE IPOCTPAHCTBO
KaHOHMYECKN rOMeOMOP(QHO YHIBEPCAIBHOMY PeryJisipHOMY HpPOCTPAHCTBY,
COOTBETCTBYIOMEMY X .

28) Ilycrs X — HeperyispHOe OTHEINMOE IIPOCTPAHCTBO, F — BaMK-
HYTOe MHO}KeCTBO B X U a (E F — 1oura u3 X, obaajiaomas TeM CBOMCTBOM,

410 M06asA ee OKPECTHOCTH EPeceKAeTCsI CO BCAKON OKPECTHOCTHI0 MHOKe-
crea F. [Iycts R — OTHOIEHWe S5KBIBAJEHTHOCTH, HONYY€HHOE OTOK/IECTB-
JIeHTeM JPYT ¢ ApYToM BceX Todek m3 F. ITokasaTh, 4r0 R 3aMKHYTO U ero
rpa¢uk saMrHyT B X X X, Ho X/R HeoTHeanmMo.

#29) a) [Iycts R — ormenmMoe OTHOIIEHNE SKBUBAJIEHTHOCTN B TOIO-
normgeckoM mpocrpancrBe X, & (X) — OpPOCTPAHCTBO BCEBO3MOKHBIX
HeNyCTHIX 3aMKHYTBHIX MHOMKeCTB B X, HaJleJleHHOe TOLOJOTHel, HHYIUPO-
BAHHOM TomoNorNeil Jg (yupamuenne 12). Ilokasars, 910 Besikoe A €3(X),

ABISIIOIIEECs TOYKOW NPHKOCHOBeHUs: it X/R, CONep/KATCA B HEKOTOPOM
Kjacce 9KBUBAaJEHTHOCTH mo R. [Paccy:maTe OT IpOTHBHOTO.]

6) IIpexnmoaokuM, KpoMe Toro, 4ro X peryiaspHo W OTHOmeHHe R
orkpuro. ITokasats, uro Torpa X/R 3aMKHYTO B {(X), HalleleRHOM TOIIO-
norueit g . [Memonbaosare mpepmoxenne 11 § 7.]

§ 9. KomnakTabie W JOKaJbHO KOMIAKTHBIE NPOCTPAHCTBA

1. Beasuromnarmmsie 4 KOMNAKMHBIE NPOCTPAHCINGA

Oneenenenue 1. Tonoaozudeckoe npocmpancmeo X Hasvieaemes

K8A3UKOMNAKMHBIM, ecald OHo Yydosremeopsem caedywowel arcuome:

(C) Beswuti guavmp ¢ X umeem no kpaiinell mepe 00HY mMOUKY

RPUKOCHOBEHUS .

Tonousozuuecroe npocmpaHcmaso Hasvleaemca KOMNAKMHbIM, eCAU

OHO KBABUKOMNAKMHO U O0MOeiumo.

13 3Toil akcroMBl HENOCpe[CTBEHHO BHITeKaeT, 4TO eCad f eCTh OTO-
fpaskeHNe MHOMKeCTBA Z B KBasHKOMIAKTHOe HPOCTPAHCTBO X © § —
npou3BOABHAIH UABTP B Z, TO f UMeeT MO KpaiiHeil Mepe OfHY IIpe/ie bHYIO
Togxy mo . B YacTHOCTH, BCAKAasA nocaedosameasvhocmb TOYEK KOMIAKT-
HOTO MPOCTPAHCTBA MMeeT N0 KpaiiHell Mepe OJHY IpeNeJbHYI0 TOYKY;
HO 9T0 ycaoBue He paBHocmiabHO (C) (ympaskuemme 12).

Mo chopmynupyeM TpPH aKCHOMEL, paskocuabkuie axcuome (C):
(C') Beawuii yavmpaguaemp ¢ X cxodumca.
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(C") Baeger (C), nGo ecau §F—¢uabTp B X, TO CyMECTBYeT MaKo-
pupyomui ero yasrpaduasTp (§ 6, reopema 1), u Tak Kak dTOT yabTpa-
QUIBTP CXOQUTCA K HEKOTOPOH TOYKE &, TO Z €CTh TOYKA MPHUKOCHOBE-
HUA OIA §. ’

(C) saeger (C'), ubo ecnm ynbTpaduabTp UMeeT TOUKY IPIKOCHOBE-
HIA, TO OH cXofuTcs K oToi Touwre (§ 7, ciemncrsme IpenioskeHus 4).

Taxum o6pasoM, ecian f — oTo0paskeHHe MHOMeCTBA Z B KBa3HKOM-
maxTHOE IIpocTparcTBO X 1 Il — yALTPagmIbTp B Z, TO f HMeeT no kpalinell
mepe 00un npedes 1o 11 (§ 6, mpepmoxernne 10).

(C’") Beakoe cemeticmeo samknymux mHoxcecme 6 X, nepeceuenue
KOMOepo20 nYcmo, codeprcum KOHeuHoe nodcemelicmeo ¢ nycmum nepece-
YeHUEM.

(C) Bueuer (C’’); B camom fmene, nycth & — cemeilcTBO BaMKHYTHIX
MHOKecTB B X, IlepecedeHme KOTOPOTO IyCTO; ecim OB HepecedeHme
KayKJI0T0 KOHEWYHOTo mojceMeiicTBa m3 & Oumo He mycro, To @ mo-
poxgano 6m Puabtp (§ 6, mpepaoxenue 1), Koropwit coraacuao (C)
mMeJi OBl TOUKY IPUKOCHOBEHNA; HO 3T TOUKA IPHHANNEKAIA OB BceM
MHO;kecTBaM 3 & B cmiiy ux 8aMKHYTOCTH, a 9TO IPOTUBOPEUUT IIPeji-
TI0JIOKEeHHIO.

O6parno, orpuranue (C) Bireger orpunanme (C'’), 6o ecau F —
uaALTD, He WMelomU#l TOYeK HPHKOCHOBEHHs, TO 3aMBIKAaHHA MHO-
/KECTB U3 ¥ 06pasyiol CeMeiicTBO 3BAMKHYTHX MHOKECTB, [II KOTOPOTo
e Bhmonnserca (C'').

(C”"") (akcuoma Bopens — Jle6era). Beakoe omkprimoe nokpuimue
npocmpancmea X codepycum KOHEWHOE OMEDLIMOE NOKDbUMUE 3M020
npocmparcmed.

(C’"") momyuaercss m3 (C’’) mepexojioM K JONOJHEHMAM, TaK 9T0
9T AKCHOMBI 9KBUBAJEHTHHL.

Ecnu X KBasUKOMIAKTHO, TO BCAKOE J0KAALHO KOHEUHOe TTOKPHTHE
R mpocrpamcrBa X koneuno, mbo torma B cmay (C''') cymecrByer
HOKPHITHE IpocTpancTBa X, COCTOAINEe U3 KOHEUYHOTO TUCIA OTKPHTHIX
MHOKECTB, RayK0€ N3 KOTOPHIX IlePeceKaercs Jullb ¢ KOHEUHHM dHC-
J0M MHO;eCTB u3 N.

1 puwMme pu. 1) Beakoe koreutoe IPoCTPaHCTBO K8A3UKOMNAKIMHO,
1 BooOIe BCAKOe IPOCTPAHCTBO, B KOTOPOM MMeeTCA TOJNbKO KOHeYHOe
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YHCI0 OTKPHTHX MHOKECTB, KBA3HKOMIAKTHO; [JiA TOTO 4TOOH KOHed-
HOE IPOCTPAHCTBO OBIIO KOMIIAKTHEIM, HEO0XOIUMO ¥ HOCTATOUHO,
4yTOGH OHO OBLIO QucKpemHO, MOCKOJBKY OT/eNUMOe KOHEedHOe Mpo-
“crpamcTBO juckperHo (§ 8, caemcrBme mpemnokenus 3). O6GpatHo,
ecaKoe QUCKpemHoe KOMRAKMHOE RPOCIPAHCME0 KOHewHo, W60 B TAKOM
HPOCTPAHCTBE BCAKOE ONHOTOYETHOE MHOKECTBO OTKPEITO, TAK 4TO
upocrpancrBo Komedguo B cumy (C''7).

2) Hapenmm wMmHOMecTBO X TONONOIHeil, B KOTODPOHl BaMKHYTHIMH
MHOKECTBAMH FABIAIOTCA TOABKO X H ero koweuwnwe MOAMHOMKeCTBa (3TO
MHOJKeCTBO IOIMHOKECTB MHOKecTBA X 09eBHIHBIM 06pasoM yioBieTBopsier

aKcuoMaM (Oi) I (O;I) § 1). Tar ompepenenHOe TOHOJIOTMYECKOE IPO-

crpaHcTBO X keasukomnarmuo. B caMoM Jene, mOKaykeM, 4TO OHO YOB-
aersopser axcumome (C''). Ecimm (F)iel — ceMeilcIBO 3aMKHYTHX MHO-
’KecTB B X, uMelomee OycToe Nepecedenue, T0 F, mias HexoToporo a &l
KOHEIHO; HyCTh a; (I<Ck<n) — ero 3JeMEHTH; B CHIY NpPeANOJIOMKeHII

IJIs KQKJ0TO NHMIEKCa k CYyIecTBYeT TaKOi uHpeKe v, € 1, 910 oy € Flk; TOoT/Ia
mepecedeHne BCeX sz (I<<k<cn) n F, Gyper nycro. Ecam X Geckomedno,

TO OHO HEOTJEJIUMO.
dameganne. HeoTmennmble KBa3HKOMIDAKTHEIE LPOCTPAHCTBA
0c00eHHO TONEe3HE B NPHIOKEHHAX TONOJIOTHN K ajarebpamdeckoil Teo-
MeTpud, HO COBCeM He BCTPEYaloTcs B APYTHUX MATeMATHYeCKUX TEOPHAX,
rie, HAUPOTUB, KOMIAKTHHE NPOCTPAHCTBA WIPAIOT PEIIAKILYI0 POJb.

TrorEMa 1. Tycmv A — muoxcecmeo écex mouer npPuKOCHOBEHUS
Puavmpa & 6 wreasuromnarmuom npocmparcmee X. Toz0a raxcdas
okpecmmuocme MHoxcecmea A npunadaexrcum F.

B camom pene, mycth V. — okpecTHOCTH MHOMeCTBA A; paccy:uas
OT IPOTUBHOIO, HPEMIOJIOKAM, 4TO BCAKOE MHOMKECTBO U3 g Iepe-
cexaerca ¢ CV. Cnexm Ba CV MHOmKecTB M3 § 06pasyioT Torma 6asmc
¢uaprpa © B X, m Tak kak X KBasumKOMIakTHO, To & UMeer mo kpaii-
Heil Mepe OJHY TOUKY IIPHKOCHOBEHHSA y; DTA TOYKA He IPUHAMISHKUT 4,
u60 ORpecTHOCTL V MHOKecTBa A MMeeT ¢ HEKOTOPHME MHOKECTBAME
u3 & mycroe nepeceuemue. Ho tar rax & maxopupyem &, 10 y ecrs
TOYKA MPNKOCHOBEHUA W NI 3§, YTO IPOTHBOPEUUT MPESI0JI0KEHUIO.

Caepcrue. Jlas moeo umobs. usbmp 6 KOMRAKMHOM RPOCLDAH-
cmee Ovla cxodawumca, Heobxodumo u Oocmamouno, umobv. OH uMmes
OUHCMEEHHYI0 MOYKY RPUKOCHOBEHUS.

YeaoBre HeobXxojuMo B cmuy mpepioskenua 1 § 8; omo pmocrarou-
HO B culy Teopems 1.
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2. Peeyaaprocmov KOMNAKMHO0 NPOCMPAHCINEA

Ileepnomerue 1. ITyemv X — womnarkmuoe npocmpancmeo u
z — moura us X. J{as mozo umobu 6asuc gusvmpa B, 06pasosanbiil
3aMKHYTEIMI OKDPECTRHOCMAMU MOYKU Z, Oba Pyrndamenmarvholl cu-
cmemoti oxpecmimocmeti amMoi mouky, Heo6xodumo u docmamourno, umobu
nepeceuenue MHOxcecms us B cocmosno u3 00HOl mouku I.

Yemopue Heo6xommMmo, mockonabky X otmeammo (§ 8, mpemmose-
uue 1). Ono mocrarouno, m60 03HAUAET, UTO & €CTh SAMHCTBEHHAA TOUKA
NPHUKOCHOBEHHA [JiA B, OTKy[a IO CHeCTBHI0O TeopeMil 1 BEITekaer,
gro B cxommrica K .

CnepctsuE. Beakoe kKomnaxkmuoe RpocmpaHcmeo pezyaspHo.

B camom pmexe, us axcmomu (H') cmemyer (§ 8, mpemmnosxenne 1),
gr0 Gasmc ¢GuUIbTPA, OOGPABOBAHHEIL 6ceml BaMKHYTHIMH OKDPECTHO-
CTAMHU KAKOH-Au60 TOUKMU, YIOBIETBOpSET YyCIOBMIO mpeniosxenus 1.

CaepmcrBue upepyioskenus 1 yToOUHAETCA CHETYOIMEM 00pas3oM:

Ilpepnomerue 2. ITyemv A u B — menepeceranuyuecs 3amEHYmMble
MHONCECMBA 6 Komnakmmuom npocmpancmee X; mozda cywecmeywom
Henepecerkawyuecs omrpumee mroxncecmea U u V marue, umo AcU
u BcV.

IIpepmonomxuM mpoTHBHOE, T. €. yTO JI06as okpecTHOCTH U MHO-
secTBa A 1 Ji06ag okpecTHOCTh V MHO:KecTBa B mepecerarorcs. Torma
muOecTBa U NV obpasyior Gasme ¢uabrpa B 8 X, KoTopHid Gynmer
WMeTb TOUKY upurocHoBeHWA xz € X. llociemusas moKHA UpHHAs-
nexxats A, u6o B cumay peryisproctd X'y n000it TOURT yéA cylme-
CTBYeT OKPECTHOCTh, He TIEPECeKAIONAACA ¢ HEKOTOPOH OKPECTHOCTHIO
MHOKecTBa A , U, CIeJ0BaTeNbHO, ¥ He MOKET OBITh TOYKOU IPUKOCHOBE-
uus isa B. Taxmm ke o6pasoM ycramasiamsaercd, uro z € B. Ioay-
9eHHOe MPOTHBOpEUNe MOKA3HIBAET IPeNJiosKeHme.

9To TpenNoMKeHHMe MMeeT BAayKHBI® CIEICTBHA, KOTOpPHe OymyT pac-
cMorpeEn B § 4 ra. IX.

OTMeTHM, 9TO [A HEOT/eJNMOTO KBABUKOMIAKTHOTO MPOCTPAHCTBAa X
npuMepa 2 n° 1 He Beimoanserca axcuoma (Oyy), HE TeM Gojee CBOIICTBO,
chopMyAMPOBAHHOE B HpeAdoKeHIN 2, nbo ODepecedeHlle HUKAKUX ABYX
HEeNYCTHIX OTKPHITHIX MHOKECTB B 3TOM IIPOCTPAHCTBE HE IYCTO.
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3. Keaszuromnarmmsie, xomnarmmuosie U O0MHOCUMEAILHO
HKOMNAKINHBLE NWHONCECTEA

OnrenenaeruE 2. [T0dmHuoxcecmeo A monoaozuieckozo RpOCMPAHCMEA
X mHasvieaemces k6asuxomnarmuum (COOTB. KOMRAKMHBIM), ecil No0-
npocmpancmeo A KeasukomnarmHuo (COOTB. KOMRAKINMHO).

Kax caenyer us arcuomn (C'''), nia toro 4ro0nl moaMHOMKECTBO A
TOMOJIOTHUECKOr0 mpocTpancTBa X OBIIO KBa3WKOMIAKTHEIM, Heo0-
XOIUMO W [0CTATOYHO, YTO0H BCSAKO® €ro HOKPLITHE MHOMKEeCTBAMH,
omkpumulny 8 X, COAEPKANO KoHeuHoe HOKpHTHE. B omdesumon
OPOCTPAHCTBE MOHATHA KBAa3UKOMIAKTHOTO M KOMIAKTHOTO MHOKECTB
COBIAAAIOT, [OCKOJBHKY BCSIKO® ero IOAIPOCTPAHCTBO OT/EIIUMO.

Npumepn. 1) BeAkoe KOHeYHOE MHOKECTBO B TOIOJOI'EYECKOM
OpocTpaHcTBe X KBa3HKOMHOAKTHO; OYCTOe MHOMKECTBO U BCAKOE ORHOTO-
geyHOe MHOJKECTBO KOMIOAKTHHI.

2) IIycrs (xn)ne N— OecKOHeYHasA MOC/1e/0BaTeJbHOCTh TOUCK TOMOJIC-

rudecKoro opocrpaHcrBa X, czodawanci K HEKOTOPO# TouKe a. MHOMe-
crB0 4, obpazoBaHHOe TouKaMn x, (n€ N) n a, keasukomnarmuo. B camom
nene, ecnn (U) — NOKpHTHE MHOMECTBA A OTKPLITHIMU MHOKeCTBAMHI H3
X, To cymecTBYeT MHJEKC % TaKoil, uro a € U, ; Taxk kak U, ecTh OKPeCTHOCTD
TOYKH @, TO CYIECTBYeT TOJNbKO KOHeYHOe UHCJIO0 UHIEKCOB nj TAKAX, 9TO

x"k€ U,; st KasKmoro k0Go3HATHM Jepes v, MHIeKC, LA KOTOPOroz, € U, ;

roraa U, n Bee U, " 00pasyioT KOHEYHOE OTKPHITOE NOKPHITHe MEOMKecTBa A .

MMeEpnoRERUE 3. B KeasurkomnarxmHuom (COOTB. KOMNAKMHOM)
npocmparcmee  8CsKOe  3AMKHYMOe  MHOICECE0 — K6ASUKOMNAKMHO
(cooTB. KOMRAEMHO).

IloctaTouno npumenurs akcmomy (C’’), samerns, 9ro ecaum 4 3aMk-
AyTo B npocrpaHcrBe X, TO BCAKOE 3aMKHYTOe MHOKEeCTBO B A 3aM-
kayro B X.

[IpEnnoRERUE 4. B omdeaumom npocmparcmee ecakoe KOMRAKMHOE
MHONCECTNEO 3AMEHYIMO.

IIyers A — KOMIAKTHOE MHOKECTBO B OTAEJIMMOM IPOCTPAHCTBE
X u z — npousBosibHAA TouKa ud A; moramem, uto x € A. Ilo mpenmo-
J0KeAnIo caef Ha A BCAKOH OKPECTHOCTH TOYKH I HE MYCT, B IOTOMY
¢unsrp B orpecrHocTed sroii Toukm B X mEaymEpyerT B A ¢uabTp
B ,; raxk kKak A KoMIakTHO, T0 2, HMeeT TOUKY NPUKOCHOBeHUA y € A.
Ho ¢uabrp B maskopupyercs guabrpom B X, nopospnenasim B, (pac-
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cMaTpPHEBaeMbIM Kak 0asuc ¢uiabTpa B X); M0OITOMY Yy ABJIAETCA TAKIKE
TOUKO npuKocHOBeHHsA s B. A torpa y==z, u6o L uMeer r CBOMM
mpenesom B X, a X ornexnmo (§ 8, npenmoxenue 1).

CaepctBuE. Juasa moezo uwmobs nodmuoxcecmeo A KOMnarmuozo
npocmpancmea X 6ul.A0 KOMRAKMHBLM, HeoO6zodumo u Oocmamouno,
ymobu. ono Owao samrrymo 6 X.

IIeemnoxeruE 5. OCvedunenue KOHEUHO020 ceMelicmea Kea3UKOM-
RAKMHBLE ROOMHONCECTE MONOAOSULECKO20 RDOCMPAHCIMBA eCinb Kea3u-
KOMNAKmMHOe MHONCECNEO.

JlocTarodHo J0KAa3aTh KBASUKOMIAKTHOCTb O0BeJMHEHNUSA JBYX
KBA3MKOMIAKTHBIX MHO:KECTBA I B B TOIOJI0THUECKOM IPocTpaHcTBe X .
ITyers 9 — oTkpeiToe moxpuiTue ob0benmHenus A U B; oHO ABIgercs
TOKPHTHEM M MHOMecTBA 4, m MHOKecTBa B 1, CJIefoBaTeJbHO, COfep-
JKUT KoHEYHOe HOKDHTHE N; MHOMKecTBA A W KOHEYHOe IOKPHTHE
N, maoxecTBa B; obbepmuenue IN; U N, Gymer Torma KOHEUHBIM 0O-
KpeiTHeM MHOkecTBa AU B, couepmamumes B R, H OpeisiorKeHue
JORa3aHo.

OupeneaEHuE 3. MHoxiecmeo A 6 monosozuieckom npocmpancmee
X masvleaemes OMHOCUMEALHO K8ABUKOMNAKMHBLM (COOTB. OMHOCUMEAb-
HO Komnakmuuim) 6 X, ecau A coldeprcumeos 8 HeKOMOPOM KEASUKOM-
nakmuonm (COOTB. KOMRAKMMOM) MHONcecmee us X.

HKopotro rosopsar Takme, 970 A ecTh (OTHOCHUTEJIBHO KBAa3UKOM-
HaKTHOE» (COOTB. «OTHOCHUTEIBHO KOMIAKTHOEY) MHOKECTBO, KOTHA
He Mo:ker OmtTb Hescmoctu Hacder X. B omdesumom mnpocrpamcrse
NOHATUA OTHOCHTENbHO KBa3HKOMIAKTHOTO W OTHOCHTEJIBHO KOMIAKT-
HOTO MHOKECTB COBIAJAIOT.

Ileepnomerue 6. Jas mozo umobv. mHoxicecmeo A e omdeaumom
npocmpancmee X OblA0 OMHOCUMEALHO KOMNAKMHBM, Heo6xodumo
u docmamouro, umobsr A OblLO KOMNAKMHBLM.

IlocTaTounocts oueBMiHA, a HeoO0XOQUMOCTb BEITEKAST U3 IIpel-
JOKeHUA 4 m ero ciaencteusa 1.

Ieepnosxerne 7. Ecau A — omHocumeavro K8A3UKOMNAKIMHOE
MHOKHCECBO 8 MONO0AOUYeCKOM npocmparcmee X, mo ecaruil 6Gasuc
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guavmpa 6 A obaadaem no kpaiinelr mepe 00HOLU MOUKOL NPUKOCHOBE-
nus B X.

B camom gene, eciu A <K, rme K — KBa3WKOMIAKTHOE MHOKECTBO
B X, To Beakmii 6asuc puabrpa B A mMeer TOUKy mpuKocHoBeHuA B K.

Obpamenne 5T0T0 IPeIJIOKEHNA COPABEJANBO TOJBKO HPH AOIOJIHH-
TeJBbHBIX HPeJIoN0AKeHNAX OTHOCHTenbHO X (yupaskHerue 23).

3daMeuaHUe B HeoTeaNMOM HpPOCTPAHCTBE KOMIAKTHOe MHOe-
CTBO He 00s3aTenbHO 3AMKHYTO, a €r0 3aMHKaHIe He 00H3aTelbHO KBAa3H-
KOMIAKTHO (yIpaskHeHNe O); OepecedyeHne IBYX KOMIOAKTHBIX MHOJKECTB
He 06:A3aTebHO KBAa3IKOMOAKTHO (yUpajkHeHNe 5) m ob6begUiHeHHe JBYX
KOMIAKTHBIX MHOKeCTB He 00A3aTeNbHO KOMIAKTHO (yIpakHeHHe 5),

4. O6pas KOMNaAKINN020 RPOCTRPANCINEA NPU HePePLLEHON
00 Opadcer U

TeopeMa 2. Ecau f — nenpepuigroe omobpascenue k8asuromnarm-
noz20 npocmpawncmea X 6 monoaozuueckoe npocmpancmeo X', mo
mroxcecmao f(X) reasuromnarmmo.

B camom pene, mycib it — moxpritue MEomkecTra f(X) OTKPHITHME

—1
MHOKectBaMu m3 X'; Ttorma f(M) ecTH OTKPEHTOE MOKPHTHE MIPOCT-
parsciBa X (§ 2, Teopema 1) m, ciaenoBaTe/bHO, CYMECTBYST KOHEYHOO

—1
noxmMeokecTB0 & MuoxecTBa N Takoe, wro u f (&) ecTth moxpuTHE X;
Ho Torpa & Oymer mokpmTmeM MuoecTBa f(X), m TeopeMa JoKasaHa.

Cnencrsue 1. Iycmv f — Henpepvisnoe omob6pascenue monoao-
2unecko20 npocmpauncmea X 8 omdeaumoe npocmpancmeo X'; moeda
06pas 4106020 Keasukomnarmmozo (COOTB. OMHOCUMEALHO KEAIUKOM~
naxkmmo20) mroxcecmea uz X ecmv Komnaxmroe (COOTB. OMHOCUMEALHO
Komnarmmoe) muoxcecmso ¢ X'.

CnencrBue 2. Bcesakoe nenpepvignoe omobpadcenue [ Keasukomnarm-
nozo npocmpancmea X 6 omdeaumoe npocmpancmeo X' samrHymo;
ecalt, kpome mozo, f buekmusrno, mo f ecmv 20meomopgusm.

9TO HENOCPELCTBEHHO BHITOKaeT U3 ciencTBusa 1 w mpepnoskenud 4.

B gactrOCTH:

Crnencreue 3. Omdeaumas monoaozus, MaIOpupyemas mMmoRoLo-
euell KeasUKVMNAKMHUZ0 NPUCMPAHCMEa, cvehadaem ¢ Heil.
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Capcreue 4. ITyemv X — monoaozuveckoe npocmparcmeo u R —
OTHEJNEMOR OmiouLeHue dkeusasenmuocmu 8 X.

a) Ecau 6 X cywecmsyem keasuromnarmmoe mroxcecmeo K, nepece-
Kaioujeecs co 6CAKUM Kaaccom dreusasenmuocmu no R, mo X/R xon-
naKkmHO U Kanonuueckoe omobpaxcenue garmopnpocmpancmea K/R
na X/R ecmo eomeomopgdusm.

6) Ecau, kpome mozo, ecaruii raacc no R umeem ¢ K moavko 00ny
06wy moury, mo K ecmv menpepuignoe ceuenue no ommowenuro R
(§ 3, n° 9).

B camom nene, nycth f — cymenue Ha K KaHOHUYECKOTO 0TOOpa-
swepua X—X/R; rar kak X/R ormeammo, TO 0HO KOMIOAKTHO (ciien-
creue 1), a f — s3amrHyTOe oro6paskenue (cjaencTsue 2), U, ClefOBa-
TeJbHO, accoumupoBannas ¢ f 6neknua K/R,—~X/R Apasgercsa romeo-
MopduamoM (§ 5, mpensokenue 3). ITHM yTBep:KIeHHe a) [OKA3AHO;
yTBepsKIeHne 0) HemOCPeACTBeHHO CIeAyeT M3 Hero, IOCKOJIbKY TOTAA
K/R,=K.

5. IIpouszeedernue KOMNAKIMHLIX NPOCIMPAHCNE

TropeMA 3 (TuxoHoB). Bceakoe npouseedeHue KeASUKOMNAKMHBLE
(COOTB. KOMRAKMHBZ) RpOCMpAHCcME KEASUKOMRAKMHO (COOTB. KoM-
nakmno). Obpamuo, ecan npouseedeHue HeRYCMBLE MONOAOLULECKUT
RPOCMPAHCME KEA3UKOMNAKMHO (COOTB. KOMRAKMHO), MO Kaxcdoe us3
nPOCMPAHCME-COMHONCUMENeT. KBASUKOMNAKMHO (COOTB.  KOMRAKMHO).

Beuny xapakrepmsanmm OTHeIEMHX npousnepenmit (§ 8, mpex-
Jo;KeHHe 7) Bce CBOAUTCA K [0KAa3aTesbCTBY yTBEPIKACHUIE 0 KBasm-

KOMIAKTHHX mpocrpancrBax. BEeam X = H X, KBaBWMKOMUIAKTHO W He
vel

mycto, T0 X, AjaA 71060T0 \ KBA3MKOMIAKTHO B CHJY TEOPEMH 2, MHO-
ckonbKy X =pr(X). O6paTHo, mpeamono;xuM, 910 Bee X, KBA3HKOM-
maktHe ¥ 11 — yabrpagmasrp B X; torma pr(l1) mpm moGom €7
ectp 6asuc yaprpadunbrpa B X, (§ 6, mpemnoskenne 10), cxopamerocs
B cuny arcmomm (C’); ciemomarenbHo, I cxogmres (§ 7, cnencraue 1
npenaoykenus 10), 9ro m s3aBepmaer KOKasaTelbCTBO.

CaencrBuE. Jas mozo umobs. MHOKiecmE0 6 npoussedeHuu mono-
AOZUMECKUL  MPOCMPAncme Ovli0  0INHOCUMENbHO  K8ASUKOMNAKIMHO,
Heobxodumo u docmamouno, 4mobvl kaxcdas ezo npoexyus 6Guaa



132 TONOJOTUIECKUE CTPYKTYP Bl T .§9

OMHOCUMEAbHO KEA3UKOMNAKIMHA 8 COOMBEMCMeyloweM npoCmparHcmee-
commnoxcumene.
Ycnosue HeobxoguMo mo teopeme 2. OnHo jocrarouno, ubGo ecan

A — mmomectso B || X, o6mamaromee tem cBoiicTBoM, uto pr,(4)
L

Ui KQKOOTO | CONEPIKUTCH B KBAa3WMKOMIIAKTHOM IIOJIMHOKECTBe
K, opocrpasctBa X, 70 A COfepMUTCA B KBABUKOMIAKTHOM ION-

muosecrse | | K, mpocrpamcrs ] X..
1 t

6. IIpoexmusnsie npedeast KOMNAKMHLIL NPOCILPAHCING

Heepnoxenue 8. Iyemv (X,, f,5) — npoekmusnas cucmena
KOMNAKMHBLE RPOCMPARCING OMHOCUMEAbHO BULbmPYIOULeeocs MHOKNe
cméa undercos I maras, wmo f,, das kaxdozo oo € I ecmv moscdecmeen-
noe omobpaxcenue, X =limX, — ee npoexmusnwii npedesr u f,— Ea-

—
nonuueckoe omobpascenue X—X, (§ 4, n° 4). Tozoa:
1° X romnakmmno u 0aa kaxcdoz0 o umeem

f.(X)= Bgafqp (X,)- (1)

2° Ecau ece X, ne nyemw, mo X me nycmo.
B camom pese, X ecTh 3aMKHYTOe MOQIPOCTPAHCTBO IPOCTPAHCTBA

IIX . (§ 8, ciencreue 2 npepsioxenus 7) u, 3SHAUAT, KOMIAKTHO B CHIY
o

TeopeMn 3 w mpemsiokenus 3. OcTaJbHHE YTBEPKICHHS BHTEKAIOT
n3 teopemst 1 Jlomosmenus, B KOTOpPOU B KauecTBe ©, B3ATO MHOMe-
CTBO BCEX BaMKHYTHIX MHOKECTB IPOCTpaHCTBa X,; HEHCTBUTENBHO,
yenosusa (I) n (II) — me 410 nHOE, Kak axcuomu (O7) u (C’'); cBoiicTBO
(I1I) Bmrexaer ma samkEyTOCTR {Z,} W HempepuBHOCTH f,5 (§ 2, TeO-
pema 1); naronen, cBoiicrso (1V) BeTeraer us caegcTsusa 2 TeopeMs 2.

Cnencrene 1. Hyemsw (X, f,3) — npoexmusnas cucmema monoso-
2UNECKUL NPOCMPAHCMS OMHOCUMEAbHO HULLMPYIOUEL0ca MHONCECEq
undekcos, npuiem 0as aw60U napw undercos o, p marux, umo a<f,

—1
u 106020 x, € X, mnoxcecmeo fg(z,) komnarmmuo. Tozda ewnoansemca

-1
coomuowenue (1) u f, (x,) komnakmmno das awbozo z, € X,.
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B camom nene, mius mioboro i, € n f.p(Xp) m mo6oro f=>o mo-
=

-1
nouM Lg=f,g(z,). Ecmm a<P<y, 10 foy(Ly)c=Lg m MHOmECTBO
Bcex P>o wopmmanmsEO MHOxecTBY I. flcHO, uTo BCeBo3MOKHEIE Lg
(B>=at) 06pasy0T IPOEKTUBHYIO CHCTEMY TOMOJIOTHIECKAX IPOCTPAHCTB
(oTHOCHTeNBHO CyiKeHWil oToOpakeHHil fgy), TPOeKTUBHEIN mpenen L

—1
KoTopo# Tomeomopdern f,(z,). Tak kax mo mpenmonosxenuio Bce Lg
KOMIIAKTHE WM He IYCTH, TO YTBeP/KAEHWS CJEJICTBHA BEHITEKAIOT U3
opemsiokennsa 8.

Caepcreue 2. ITyemv (X,, f.5) u (Xa, fap) — npoexmusnvie
cucmeMsl MONO0A0ZUMECKUT RPOCMPAHCME OMHOCUMEAbHO 001020 U MO2o
ace guasmpyroujecocs muoxrcecmea I u (u,) — npoekmusHas cucmena

omobpascernuti u,: X, —~>Xq. Hoaowumn X=limX, X'=limX, u
—

P—

u=limu,.
-—
-1, .
a) Ecam u,(zy) Oun mexomopozo z'=(z,)€ X' komnaxmuo u He

—1
nycmo npu aw6om o €I, mo u (z') Komnarmuo w ne nycmo.
6) Ecau ece X, nomnarmmuw, éce X, omdeiumsl, a éce u, clopvek-
UGHBL U HENPEePbIEHEL, MO U CI0 DB EKMUBHO.

-
Honomum L,=u, (z,); scEO, 49ro L, 00pasyioT OPOEKTHBHYIO
CHCTeMY TONMOJOTHIECKAX HIPOCTPAHCTB (OTHOCHTENBHO CY:KeHUi 0T00-

—1
pakenuii f,p)  9T0 U (r')=L — WX TPOEKTUBHEIA Npesies; TOBTOMY
yTBep:KJeHne a) BHITeKaeT W3 HpensoskeHus 8. YTBepsxaeHue 6) He-
HOCPeJCTBeHHO CJEeAyeT W3 Hero B CHIY IPe[TOKeHHA 3.

7. JoKAAHO KOMNAKNMHIE NPOCTNPANCINEQR

OnpenenEBUE 4. Tonoaoezuueckoe npocmparcmeo X Hasweaemcea
AOKAABHO KOMRAKMHBIM, €CAl OHO OMOeAUMO U 6CAKASL €20 MOUKQ UMeem
KOMNAKMHYIO 0K DPeCTHOCMb.

OueBUuHO, BCAKOE KOMIAKTHOE@ MPOCTPAHCTBO JOKAJIBbHO KOMIAKT-
HO; HO 06paTHOe HEBePHO; HAPUMeEP, BCAKOE JUCKpemHOe IPOCTPaH-
CTBO JIOKa/bHO KOMITAKTHO, HO B Cjlydae, €CJAH OHO OGCKOHeYHO, HE
KOMIIAKTHO. .
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°Kax Msl yBugmM B § 2 ri. IV, wuucaosas npanas R ecTh JIOKalIBHO
KOMIIAaKTHOE, HO He KOMIaKTHOe NPOCTPAHCTBO.,

Ieepnomenur 9. Beakoe 40KaibHO KOMRGKMHOE RPOCMPAHCME0
pecyAspHo.

B camoM pmene, BCAKas TOYKA X JOKAJBHO KOMIAKTHOT'O MPOCTPaH-
ctBa X MMeeT KOMIIAKTHYI0 OKPECTHOCTH V; Tak Kak X 0Tmeammo, To
V samrmyTa (mpenjoskeHme 4); ¢ Apyrod cropoHsl, V — perynsipHoe
ooAmpocTPaHCTBO (clencTsue mpexnoskennsa 1) m, smaumr, X pery-
aspuo (§ 8, mpemaomenue 13).

Cnencrsue. B 10EaibHO KOMNRAEMHOM RpOCMPANCMEe 6CAKAL MOY~
Ka obaadaem PyHOameHmarvHOL Ccucmemoli KOMNAKMHBL OKDECHHO-
cmetl.
" B camom geie, nepecedenue 0060 BaMKHYTO OKPECTHOCTH TOUKH
Z ¢ KOMIAKTHOM OKPECTHOCTBIO 9TOM TOYKM SIBIAETCH KOMIAKTHOM OK-
PecTHOCThI0O TOYKM z (mperioskeHue 3).

OTMeTHM, 9TO CYMECTBYIOT Heomdeilmbie TOMOIOTHUECKUE IPOCTPAH-
CTBa, B KOTODEHIX BCAKAA TOYKA uUMeeT (YHIAMEHTAJIBHYI0 CHCTEMY KOM-
NaKTHBIX OKPeCTHOCTel (ynparkHeHHe D).

Caencrume unpemgiiosxkenua 9 obobimiaercs ciegyomumMm 006pasoMm:

penaomenue 10. B sokaavmo komnarmruom npocmpancmee X
ecakoe kKomnakmuoe muoxcecmeo K obaadaem @yndamenmanvrotl cuc-
memoll KOMNAKMHBEL OKpecmHocmel.

B camom mexe, nycts U — mpomsBoJibHAA OKPECTHOCTD MHOMKECTBA
K; pna mo6oro x € K cymecTByeT KOMIAKTHAasg OKpPecTHOCTH W(z)
TOYKHM Z, copepsxamascsa B U. Horga z mpoGeraer MaoskectBo K, BHYT-
perHOCTH MHOMeCTB W(z) 00pasyoT ero OTKPHTOE MOKPHTHE, CIeo-
BaTelbHO, CYImecTBYeT KoHeTHoe unciao Touek r; € K (1<{i<(n) rtakmx,
9T0 BHYTPEHHOCTH MHO;KecTB W(r;) 00pasyoT MOKPHTHE MHOKeCTBa
K; o6venmuenue V muosxects W(z;) u Oyjer Torma KOMOIAKTHON! OKpe-
CTHOCTBIO MHO;KecTBa K, copepmameiica B U (upemiosmenue 5):

[IpEpnoxenue 11. [Tyemv F — mHodcecmeo 6 10KAAbHO KOMRAKIHOM
npocmparcmee X makoe, umo e2o nepecederue F ) K ¢ aob6vm komnarm-
unm mHoocecneom K us X womnarmmo; mozda F samrnymo ¢ X.

B cuuy mpennoskenus 4 sro BEITeKaer uB mpejsoskenus 3Ja § 3.



7 HKOMITAKTHBIE ¥ JIOKAJIBHO KOMITAKTHBIE IIPOCTPAHCTBA 125

Heegnoskerne 12. B omdeaumom npocmpancmee X eécaroe a0-
KQIbHO KOMNAKMHOe ROONPOCIMPAHCMEO A J0KAALHO SAMEHYMO.

B camom pese, raxmasa Touka x € A obnagaer mo MmpeIooMKeHNI0
okpecTHOCTBIO V B X Takoi, uro V) A KOMOAKTHO W, CJie/l0BaTeJIbHO,
3aMKHYTO B V (npepioskenue 4).

IIpegnomenus 13. B aokaavmo wromnarmhom npocmparcmee X
8CAKOE MOKAALHO SAMKHYMOE ROONDOCMPANCING) AVOKAAbHO KOMRAKMHO.

B camom pgexne, mycrs A snokanbHo 3aMKHBYTO B X; Kaykmoe £ € A
obmanaer raroit okpectaoctsio U B X, aro U N A samrrayro B U. Ilycrs
V<o U — wouMnaxkTHAas okpecTHOCT: TOoukm = B X; Torma VN A=
=(UNA)NV samayTo B V 1, 3HaunT, KOMOAKTHO (mpensiosenne 3);
¥ TaK KaK 9T0 — OKPECTHOCTh TOYKHU X B A, TO IPeNI0KeHNe JOKA33H0
(zockoNbRY A O0YeBUAHEM 00pPa30M OTHEJIUMO).

Teopema 1 m caencrsue 2 TeopeMH 2 He pACRPOCMPAHAIOMCA HA
JIOKAJbHO KOMIAKTHHIe, HO He KOMIOAKTHHE lIPOCTPAHCTBA.

Hanpumep, B 6eCKOHEYHOM HUCKPETHOM OPOCTPAHCTBe (PUIBTP BCex
MHOKECTB, COJepKAIMNX TOUYKY « W 00;1aJal0MuX KOHEYHEIM ONOJHEHNeM,
mMeeT eIMHCTBeHHYI0 TOUYKY IPHKOCHOBEHUSA z U, OJHAKO, He CXOAUTCA K Z.
Hauee, n06oe orobpaskeHne 06CKOHEYHOTO AUCKDPETHOTO IPOCTpaHCTBA X
B OT[eAMMOe NPOCTPAHCTBO X' HETPephIBHO, ONHAKO HpPH TaKOM oTobpa-
KeHIn 06pa3 mpousBONBLHOTO (a, 3HAYHUT, H 3aMKHYTOTO) MHOKecTBa 3 X
He Oyner, BoobIie roBops, 3aMKHYTHM B X',

Teopeme 3 coorBercTByeT Ciaefyiomee mpejiosKeHne:

llpepnomenne 14, a) Iycmo (X)) e1 — cemelicmeo a0KEaibHO
KOMRAKMKBLL NPOCMPAHCME, KOIODble 045 6ceX KPOMEe KOHEUHO20 UUCAQ

undercos komnarmun. Tozda X =[] X, 10KaAbHO Komnarmmo.
vel

6) O6pammno, ecau npoussedenue cemeiicmea (X ),e1 Henycmuz
TNONOAOCUNECKUL NPOCIMPAHCME A0KAIbHO KomnaxmHo, mo ece X,
30 UCKAIOUEHLLEM KOHEYH020 UL HUCLA, KOMNAKMHbL, HEKOMNAKMHBIE KHCe
COMHONCUMEAY, LOKAALHO KOMNAKINHbL.

a) lycty z=(x) — toura m3 X; mas KaKAOTO ¢ TakKoro, 410 X,
JOKaJbHO KOMIAKTHO, HO He KOMIAKTHO, IyCThb V, — KOMIAKTHAaA
OKDPEeCTHOCTb TOYKHW z, B X; AJMA OCTAIbHHIX WHJEKCOB L IIOJIOMIM

V,=X; rorna [] V. Gyner kKoMnakTHOI OKpEeCTHOCTBIO TOUKH z B X
L
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(reopema 3). Tar Kak, k Tomy ke, X ormeammo (§ 8, mpenJoxenne 7),
To BakaiodaeM, 470 X JIOKANbHO KOMIAKTHO.

6) Ilycrs X= ][ X, oxamsno kommakrro u Bee X, e mycrs. Kam-
vel

moe X, TOMEOMOPQHO 3aMKHYTOMY HOAIPOCTPAHCTRY TpOCTpancTBa X
(§ 4, mpepnosxerne 4 u ciexcrTBue npeasoskerusa 7). C qpyroi CTOPOHEL,
nycts a=(a) — Toura m3 X u V — ee KoMmaKTHAsA OKPECTHOCTb;
tTak Kak prV/=X, [nd Bcex KpoMe KOHEUHOTO 49HCJa HHIEKCOB 1
(§ 4, n° 1), To m3 caepcrBus 1 reopemn 2 BeiTeKaer, 9To X, A BCeX
KpPOMe KOHEeYHOTO YHCJa HHIEKCOB | KOMIIAKTHO.

8. Ioepyacernue A0KAABHO KOMNAKNHOZ0 NPOCIMPAHCIEQ
8 KoMnarmHMoe NPoOCmMPaHcmeo

TreopEMA 4 (Anexcarpos). Jas kaxdozo 40KEAILHO KOMRAKMHOZ0
npocmpancmea X cywecmeyiom kKomnakmuoe npocmparcmeo X' u
eomeomopgpusm | npocmparncmea X Ha donosnenue K Hekomopoii mouke
e X'. IIpu smom, ecau X, — 6mopoe KOMRAKMHOE NPOCIIPAHCME0, OAs
Komopo2o cyyecmeyem someomopguan f; npocmparncmea X na donoame-
Hue k Heromopoli mouke ¢ X,, mo cywecmeyem, u RPUMOM eOUHCMBEH-
nuiti, eomeomoppusm g npocmparemsa X' na X, maroii, umo fy=go f.

Jlokasem cuagana Bropoe yreepsmenue. IIycrs f(X)=X'—{w} u
f(X)=X,—{w,}; ecam romMeoMoppusM g CYIECTBYeT, TO ero eiWH-
CTBEHHOCTH OYeBWJHA, MO0 COTJACHO ONPEMIeICHUI0 A BCEX I’
JIOJ3KHO BHINOJHATbCA paBeHcTBO g(x') = f,(f~1(2")) m, ciemoBaTensHo,
g(0w)=w,. Ocraerca norasarp, uro Oumernusa g: X '— X, onpenensemas
a1uME (QOPMyJaMH, B3aWMHO HEIIPePHIBHA; a HOCKOJIbKYy X' m X,
HUrpanT ONWHAKOBYIO POJb, HOCTATOYHO MOKa3aTh, 4ro o6pas Opu g
a1060#t oxpectHOCTH TOYRE & € X' ecTh oxpecTHOCTh TOuKHM g(z') B
X,. Ho ecam z's~w, 3T0 0UeBW[HO U3 ONUpefeNieHHA; eciu e V' —
OTKPHITAag OKPECTHOCTh TOUKU @ B X', 10 X'—V'=K samrayTO B X',
TeM CaMBIM KOMIOAKTHO (mpemto:kenue 3) u comepssurca B f(X), a
ciegoBarensHo, g(K)=f,(f"1(K)) romnarrao (cnegcrsue 1 Teopems 2).
Orciona Burexaer, 10 g(V')=X;—g(K) ecTb OTKpHTaA OKPECTHOCTH
TOYKE ©, (IpefjoKeHme 4), YTO W 3aBepIIaeT J0Ka3aTedbCTBO TOIO,
uro g — roMeoMopdu3M.

HokaskeM Temepb mepBoe yTBepmuenue rteopeme. Ilycts X' —
cyMMa MEO)RecTBa X WM MHOJKECTBA, COCTOANIETO U3 OJIHOTO 2JIEMEHTA O,
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npugem X oToskAecTBIeHO ¢ gomosnHenueM K {®} B X'. Ompepmenum B
X’ Tomonermio, NPHHAB 32 MHOMKEOTBO %) OTHPHTHX HOAMHOKECTB B
X’ MHOmeCTBO, 00Pa30BaHHOE RCEMH OTKPHITHIMU MHOMecTBamu us X
u BceBoaMoHEME MHO:ectBaMu Buma (X—K)U {o}, rne K — Kowm-
nakTHBIe MEHOKecTBa 3 X. Tak Kak BCAKoe mepecedeHNe KOMIAKTHBIX
MHOkeCTB B X KOMIAKTHO (IPemJosKeHus 3 u 4) U BCAKOE BAMKHYTOE
TOAMHOMECTBO KOMIIAKTHOI0 MHOYKECTBA KOMIAKTHO (IIpejioKeHue 3),
1o ) ynosnersopsaer axcuome (O)). Tar Kak ofbenuHeHHe BCAKOTO
KOHEYHOTO CeMelCTBa KOMIAKTHEIX MHOKecTB B X KoMUaKTHO (mpef-
aoskeHne O), To O yporiaerBopser Takmke akcuome (O;). Ilockombry
BCAKOE KOMIAKTHOe MHOecTBO B X 3aMEHYTO B X (mpejmiioeHue 4),
tTomojorusa, naaynupyemaa B8 X ms X', coBuagaer ¢ UCXOJHOHM TOHO-
normeii B X. Jlus nokasarenscTBA MEPBOTO YTBEPIK/IEHUA TEOPOME
ocraerca moKasaTh, urto X' KoMmakTtHO. [Ipemne Bcero, X' omdeiunor
B caMoM fiesie, JI00we NBe Pas3jMuYHBIE TOYKEH Z M y mpocrpancrBa X
obnagaror B X HemepeceKamIUMUCA OTKPHITHMHU OKpecTHoCTAME V
u W, a oHu OTKPHTH Takke B X'; ¢ APYToil CTOPOHH, J06asd TOYKa
z € X obnagaer KOMIAKTHOM OKpecTHOCTHIO K B X, Apnatonieiica rakske
oxpectHocThio Toukr £ B X', a Torga U= (X—K)U {0} 6yner okpect-
HoCTBIO ToukH ® B X' taroit, uro U N K= . Haronmen, X' xeasurom-
naxkmHo: B camoM gueie, oycTh (Uy)y e — OTKPHITOE MOKPHITHE IIPOCT-
parctBa X'; mo Kpaiineil Mepe mias ogHOTO WHieKca | € L mmeeM U,=
=(X—K,)U {0}, rme K, — xommaxTtHOe MHO:ecTBO B X; ciefoBa-
TeJBHO, CYIECTBYET TaKoe KOHeuHoe MHEOkecTBo H < L, uro MEOMKeCTBA
U, ¢ AgH o6pasyior MOKpHTHE MHOKECTBA K,; Torma (Uyaes, THE
J=HU {u}, aBngercs HOKpHTHEM mpocrpaHcTBa X', 4eM U saBep-
MIAeTCS JOKABaTeNBCTBO €ro KOMIAKTHOCTH.

3ameTnM, 4ro ecium X caMo KOMRAKMHO, TO ® OyOeT usoauposai-
KOl TOYKOH KOMIAKTHOTO mpocrpancrsa X' m, ciaemoBaTeldbHO, X —
cymmoti (§ 2, n° 4, mpumep III) mpocrpancrs X u {o}.

PaccmaTpmBasg KOMOAKTHOE IPOCTPAHCTBO X', DOJyYEHHOe ONNCAHHEIM
o0pasoM U3 JIOKAJHHO KOMIAKTHOTO OPOCTPAaHCTBA X MyTeM OpPUCOeNUHEHUS
aJleMeHTa ®, YacTO HA3LIBAIOT ® «OeCKOHEYHO yHaleHHOW TOYKOI» mpo-
crpactBa X’ n rosopar, 9To X' noayuaercs m3 X npucoedunernuem Gec-
KoHeuno ydaaennol mouku; X' HABBIBAIOT TaKke Komnaxmugpurayueli Aser-
candposa JTOKATBHO KOMNAKTHOTO mpocTpaHcTBa X.

° p wwmep. IpaMeHWB TeopeMy AJjieKcaHAPOBa K 9YHCIOBOH IO~
ckoctu R2, MLl 00y9uM KOMOAKTHOe OPOCTPAHCTBO, KOTOPOE MOKHO
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caenyomum ob6pazoM romeoMopduo 0T0oGpasmrb Ha chepy S,, 3amaHHYIO
B npocrpancTBe R® ypaBHeHNeM xf—l—xi—i—xi:i: TOYKe (0, HPUCOeANHAEMOH
k R? (GecKOHeUHO ynaJleHHOH TOYKe) CTABUM B COOTBETCTBUe TOUKy (0, 0, 1)
chepsl S,, Kamo# e TOUKe (z;, z,) W3 R? OTHOCHM TOUYKY, B KOTOpOil
npaMas, coeguasomas toukn (0, 0, 1) u (2, x,, 0), mepecexaer S,. dror
roMeoMOpduU3M U3BeCTeH IO Ha3BAHWEM cmepeozpauteckoli npoekyuu
(cm. Aare6bpa, ra. IX, § 10, ynpasxaenne 14 m O6mas romosnorus, ra. VI,
§ 2, n° 4).,

9. J0oKaibHO KOMNAKIMHLLIE NPOCIMPAHCME,
cuemmMsle 8 OeCKOHeuHoOCTIU

OnpenEnERUE 5. I'0osopam, umo A0KAALHO KOMNAKMHKOE RPOCMDAH-
cmeo X cuemHo 8 6eckOHeuHOCmU, eCAl OHO SABALEMCA CHEmHbIM 000edu-
HEHUEeM KOMNOKMHLLL MHONCECME.

IIprwmepu. 1) Jaa Toro uTobnl duckpemnoe MPOCTPAHCTBO BBIIO
cuetHO B OecKOHewHoCTH, HeOGXOQMMO W [OCTATOYHO, YTOOH OHO GBHLIO
CYeTHO.

°2) Umenosas mpsaMasa R ecrh MOKAaAbHO KOMIAKTHOE IPOCTPAHCTBO,
cueTHoe B GecKOHeYHOCTH, nbo OHa ABIAsgeTcA 00bEUHEHHeM KOMIAKTHLIX
uHTepBaNOB [—n, +n}, rue n npoGeraer N.,

3amMeuanune, OrgeanMoe TOIOJIOTMYECKOe LIPOCTPAHCTBO MOKeT
6pTH 00DesMHeHMeM CYeTHOTO CeMeHCTBAa KOMIAKTHHIX IOALNpPOCTPAHCTB,
He Gyayud Ipwm 3roM JOKAJAbHO KOMOAKTHHIM. °Hak Oyjer moxasamo Bmo-
CJIeICTBUM, TPAMEPOM TAKOTO IPOCTPAHCTBA MOMKET CIYKHUTh I'HIbGepToBO
IPOCTPAHCTBO, HajleJeHHOe caaboli Tomosorueid (Tom. BekT. mpoctp.,
ra. V, § 1, Teopema 4).,

Meepnomenue 15. B 10kaavko komnakmiom npocmpamcmee X,
cuemmom 6 Gecrkomeunocmu, cywecmeyem nocaedosamenvrocmes (U,)
OMHOCUTNENbHO KOMRAKMHOLL OMEPBMBE MHO¥cecme, 06pasyouus

nokpumue X u maruzx, wmo U,cU, ., 048 kaxdozo n.

B camom pene, X ectb obvenmmenme mocienoBarTenbHocTH (K,)
KOMIakTHHX MHOecTB. Ilycts U; — oTHOCHTeNBHO KOMIAKTHAas
OTKpHTasA OKpPecTHOCTh MHO;kecTBa K, (mpemnoxenue 10); ompememum
mo mapykmun U, nna n>>1 Kak OTHOCHTeJbHO KOMOAKTHYIO OTKPHITYIO

oxpectHOCT MEOMecTBa U,_, U K, (upemnomenns 5 m 10); scHo, uro

U, obpasyior Tpe6yemyro MOCTe0BATeNbHOCTD.
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Cnegcreue 1. B o6osHauerusx npedaoscenus 15 dasn raxcdozo kom-
naxmmozo muoxcecmsa K ¢ X cywecmeyem yeaoe n maroe, umo K< U,,.

B camom jeste, cymecTByer KoOHe4HOe UHCI0 MHOKeCTB U, TTOKDPHI-
pafomee K (axcmoma Bopena — JleGera).

Cnepcreue 2. Ilyeme X — 10KAAbHO KOMNAKMHOE NPOCI PAHCIMEO
u X' — Komnarmioe npocmMpaNCcMeo, NOAYHAEMOE NPUCOLDUHEHUEM K
X beckoneurno yoasenrnoli mouku ® (n° 8). Juas mozo umobr X 6Oviao
cuemno 8 OeckoHneurocmu, Heo6xodumo u Oocmamoyno, Ymobv Mouka
® o6aadanra 6 X' cuemroil fyndamenmarvroll cucmemol oxpecmmocmeri,

Yeaosue nocTaTOYHO, MO0 JOMOJHEHUs OTKPHITHIX OKPECTHOCTEH
TogKE @ KoMmakTHH B X. Omno HeoOxommmo, ubo ecim U, X cyrb
MHOKeCTBA, 00Jajaoniue CBOWCTBAMMU, YKABAHHKIMU B IIPEIJIOKEHUN

15, o okpectrocTd X '— U toukn o B X’ B cuuy ciencrsus 1 o6pasymor
n y
(PYHIAMEHTAJIBHYIO0 CHCTEMY OKPECTHOCTel 3TOH TOYKMU.

OueBuHO, BCAKOE 3aAMKHYMOE TOAIPOCTPAHCTBO JOKAIBHO KOM-
MaKTHOTO IPOCTPAHCTBA, CUETHOI'O B GECKOHEUHOCTH, €CThH JIOKAIBHO
KOMIAKTHOE IPOCTPAHCTBO, CUeTHOE B GecKomeunocTH. TouHO Taw ke
¥ npousBeneHue JOG0T0 KOHETHOT'O CeMeHCTBA CUETHHIX B GECKOHEU-
HOCTH JIOKAJbHO KOMIAKTHEIX MPOCTPAHCTB CIETHO B (ECKOHEIHOCTH.

OTMeTHM, YTO, HAIPOTHB, 0mEPLMoe MOAIPOCTPAHCTBO KOMIAKTHOTO
TpoCTpaHCTBAa He 00:3aTeJbHO CIeTHO B GECKOHOUHOCTH, KaK 3T0 IOKA3H-~
BaeT TeopeMa AleKcaHApOBa (TeopeMa 4).

10. Ilaparomnarmmsie npocmMpaHcmea

Onpenenenue 6. Tonoroeuueckoe npocmpancmeo X Hasweaiom
NAPAKOMNAKIMHYM, ecAu OHO omdeaumo U ydosremeopsem caedyroujeii
axcuome:

(PC) Jas awbozo omrpwmozo nokpwmus R npocmpancmea X
cywecmeyem JTOKAILHEO KOHEYHOE 0mKpwimoe noxpumue N’ npocmpan-
cmea X, maxcopupyrowee N (Teop. muox., ra. 11, § 4, onpegenerue 5).

OueBHgHO, BCAKOE KOMRAKMHOe TPOCTPAHCTBO IIAPAKOMIIAKTHO,
Beaxroe duckpemuoe npoctpanctBo X maparKoOMIAKTHO, MO0 OTKPHITOS
TmoKpHITHE, 00PA30BAHHOE BCEME OJHOTOYOUHKIMHA MHOKECTBAMH, JIO-
KaJbHO KOHEUYHO W Ma)KOPHpPyeT na000e OTKPHTOe IOKPETHEe Hpo-
crpancrBa X.
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HMrepnomerue 16. Beakoe samrnymoe nodnpocmparncmeo F napa-
Komnakmmozo npocmpancmea X RaparomMnarmmo.

B camom pene, F ormenumo. G gpyroit croporw, myers (V) — or-
KpHTOe HOKpHTHEe B moxpupocrparctBe F. Hampmoe V, mmeer Bug V, =
=UNF, roe U, — orkprroe MEOKecTBO B X. PaccMorpum oTKpEITOE
mokpure ft npocrpamcrea X, cocroamee u3 CF um Bcex U,; cyme-
CTBYeT JIOKAJbHO KOHEYHOEe OTKPHITOe MOKpHTHE N’ MHIPOCTPaHCIBa
X, maxopupyomiee N, u caegn Ha F MEOMects us ' oGpasywor
JOKANTBHO KOHETHOE OTKPHTOEe MOKPHTHE HPOoCTpaHcTBa F, Mamopm-
pyomee nassoe mokputue (V).

HanpoTus, OTKpLITOE HOXOPOCTPAHCTBO KOMIIAKTHOTO IIPOCTPAHCTBA
He 00s3aTeNbHO MAPAaKOMIAKTHO (yHpaskueHme 12).

Irepnoxenne 17. IIpoussedenue naparomnarmmnozo U KOMRAKM-
H020 NPOCMPAHCME NADPAKOMRAKNIHO.

IIycrs X — mapaxkoMmakTHOe OPOCTPAHCTBO, Y — KOMIAKTHOE
npocTpaHcTB0 M N — OTKPHITOE NOKpHTHE mnpocTpanctea X XY.
Haa raxnoit Touknm (z, y) € X XY cyIiecTByoT OTKPHITasAs OKPECTHOCTD
V(z, y) Toukn z B X ® oTKpHTas oxpecrrocts W (z, y) Toukm y BY
Takue, 9t0 V (2, y) X W (2, y) comep:KUTCA B HEKOTOPOM MHOKECTBE
u3 N. lasa rasporo x € X muomectBo Beex W (z, y), rme y mpoberaer
Y, o6pasyer OTKPHTOE IOKPHTHe MPOCTPAHCTBA Y, a mOTOMY B Y
cymecTByeT KoHeuHoe umcio Todek y; (1<{i<{n(x)) Takumx, 9ro yrKe
MHOkecTBA W (z, y;) o6pasyoT OTKPHITOE NOKPHTHE MTPOCTPAHCTBA

n(x)
Y. Honomum U(z)= n V(r, y;); ®aKmoe U3 OTKPHITHIX MHOKECTB

i=1
U)X W (z, y;) comep:eurcs B HEKOTOPOM MHOomecTBe u3 M. Ilyctob
rorga (7),er — JTOKaNIBHO KOHEYHOE OTKPHITOE HOKPHTHE MIPOCTPAaH-
crea X, MasKopupymoliee UIOKpHTHE, o6pasoBanHoe Bcemu U(x)
(z € X). Ilycrs, nanee, x niaa kaxmoro v € [ — Touka us X, 771 KOTO-
poit T cU(z), m S, ; — maomectsa W (z, ¥,), COOTBeTCTBYIOIIHE
arofi Toure (1<Chk<Cn(z)). Ouesmmmo, mmOomectrBa I XS , (€I,
1<k<<n(z) mua ramporo v € I) o6pasyoT OTKPHTOE MOKPHITHE NPO-
crpaactBa X XY, mamopupyomee N; moraykem, 4To 5TO NOKPHTHE
JIOKanbHO KoHeYHO. [leficTBUTENbHO, AJIA KaKI0N mapH (z, ¥) € X XY
CYIIECTBYeT OKPECTHOCTH () TOYKM Z, IePeCceKalomascs JMiIb ¢ KOHed-
HEIM 9HCIOM MHOKecTB I; Torga oKpectHOocTh QXY Toukm (z, V)
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TeM GoJiee nmepeceraercda Juilb ¢ KOHEYHBIM YHCJOM MHOMKECTB biaja
I XS e

Hanpotns, nponssesenne ABYX NapaKOMIOAKTHEIX NPOCTPAHCTB He 005~
3aTeJbHO HAPAKOMOAKTHO (cM. raaBy X, 2-e uspg., § 5, ynpamkuenme 16).

Meegnomxenne 18. Cymma X cemeticmsa napakomnarmuux npo-
cmpanems (X )ier (§ 2, n° 4, npumep III) napaxomnarmnua.

B camom gexe, mycrs (V,)yez — OTKDHTOE NOKDHTHE MPOCTPAH-
crBa X; HOKpHTHE, 00pPa30BaHHO® OTKPHTHME MuOMkecTsamu X, NV,
mazopupyer (V). Ilyers (U, ,)uem, naa Kamuoro v € 1 — JOKANIbHO
KOHEYHOe OTKDEITOe IOKPHTHe NpocTpaHeTRa X, MayKopupyloiiee
(VAN X )rer; Toraa oTRphiTOE MOKpHITHE HpocTpanctsa X, o6pasoBan-
Hoe MHO;ecrsamu U, , (€I, p € M, pna xamporo € 1), mOKaIbHO
KoHewHo m Maskopupyer (V).

TroPEMA 5. Jl4s mo2o umo6ul 0KaLLHO KOMRAKMHOE RPOCMPAHKCME0
X Owao naparomnaxmubim, Heob6xodumo u docmamouno, umobv. OHO
6va0 cymmoti cemeiicmea LOKAALHO KOMRAKMHBLL NPOCMPAHCMSE, Cuem-
HWL 8 GeckoneuHocmu.

Joramem cuauana neobzxodumoems ycnosua. Ilyers X maparom-
naktHO u V1A Kammoro £ € X —OTHOCHTEeIbHO KOMIAKTHAS OTKPHTAS
okpecrHOCTh Touk: = B X. Ilo mpegmosomenuio cyuecTByer TOKaIbHO
KoHeuHoe OTKpHTOoe HOKpHTHe (U(0))se 4 mpocTpancTa X, Maskopupy-
Iolee NOKPeITHE, 00pasoBanHoe MHOxecTsamu V,, (z € X); moaromy Bee
U(a) OTHOCUTEIBHO KOMIAKTHBHL. DBCAKOe KOMIAKTHOE MHOMKECTBO
K B X mepeceraeTcs JIUINb ¢ KOHEYHKIM YHCJIOM MHOKecTs U(x): meii-
CTBUTENbHO, HemycThHe MHOecrBa U(a) K o6pasyor T0KAIbHO
KOHEYHOE OTKPHITOe IOKPHIHME KOMIAKTHOTO Ipocrpancrsa K m,
3HAYUT, 9TO HOKPEITHE HeoOXoaumo Koreuno (n° 1). PaceMorpuM Teuepsn
cleflyloliee oTHOMeHNe R MeKIy NByMsA TOUKaMu & u y us X: «cyiie-
CTByeT KOHEYHAs IOCJe[0BaTeJbHOCTh HMHIEKCOB (0;); < i<<n W3 4
tarasa, 4ro € U(y), y€ Ulx,) u Ul) N Ulo,, )=, ecmm 1<i<<
<n—1». HemocpepcreeHHO sACHO, 9410 R eCTh OMHOULEHUE IKEUBALEHIN-
HOcmu; KPOMe TOTO, BCAKHWE KJIacC DKBHBAJIEHTHOCTH [0 R eCTh
omEpwmoe MEHOKECTBO B X, KaK 9TO CPasy BHITEKAET U3 ONPeNeeHUs
R u roro, uro Bce U(a) orspurni. Takum o6GpasoMm, mpocTpancrso X
€CTh CYMMA TOKATHHO KOMIAKTHRIX TogupocrpancTs (npemiosxenne 13),
00pa3oBaHHKIX KJIacCAMU 9KBHBAJIEHTHOCTH 110 R; Bce CBOAUWTCA Telephb
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K TOMY, 4TO0H [0Ka3arh, YTO KajKAO€ M3 STHX IOAIPOCTPAHCTB €CTh
o0befuHeHne HEKOTOPOTO cuermHozo uonceMmeiicrBa cemeiicta (U(a)).
Nrar, mycts £ — npousBosabuas Touka 3 X, a (C,) — mocaemo-
BATEJIBHOCTh OTHOCUTENHHO KOMIAKTHBRIX OTKDPHTHX MHOecTB B X,
NHJYKTHBHO ONPEee’dseMuXx ciaegyoiuM obpasom: C; ectb obbequHe-
nue Bcex MEOKecTB U(a), comepramux z, a C, npu n>1 ecrs o6senn-
Henme Bcex MHOEecTB U(a), mepeceraromux C,_;. Manykmueit mo n
HeTMOCPeACTBEHHO yOeKaaeMca B TOM, 4To Kanoe us3 C, OTHOCHTEIBHO
KOMIAKTHO ¥ ABIAETCSA 00be[UHEHHEM KOHEuH020 UHCIA MHOMECTB
U(@). Iloramxem, d9ro =waacc Toukm x mo R ecrb 06wedu-
nenue Beex C; NefCTBATEIBHO, €CIH (X;); < i << n— HOCTIe0BATENBHOCTD
uHJeKcoB Tarag, uro r€ U(w) m U(e,) N U, )@, rorma 1<i<<
<n—1, To mEAYKLHei 1o i DoxyuaeM, uro U(x,)=C;, korma 1<i<n.
ITUM W 3aBepIIaeTCs [OKA3aTeJIbCTBO MEPBOH WACTH TEOPEMEL.
HloxaykeM Temeps docmamourocms yCIOBUSA Te0peMbl. B cuiry mpen-
noskenns 18 MOMKHO orpaHMYUTHCA TeM ciydaeM, Korma X cuemHo 8
6eckoneunocmu. Ilyers N =(G))\ ¢ — TPOM3BOIBHOE OTKPHITOE I0-
KpHTHE IpocTpaHcTBa X W OyCTh, ¢ APYyToit croporsl, (U,)—nocaerno-
BATeJBHOCTH OTHOCHMTEIHHO KOMIAKTHHIX OTKPHTHX MHOKECTB B X,
ofajapomas CBOWCTBAME, YKAa3aHHKIMZ B mpepmoxenun 15; o6osna-

ynM uepes K, xomnaxtHoe MHOecTBO U,—U,_; (YyCIOBUBIINCH CUH-

rary U,= & npu n<0). Orkpuroe muosecrso U, ,—U,_, ecTb 0o
TIOCTPOEHMI0 OKPECTHOCTh MHOMkecTBa K, ; TakumM 06pasoM, Kakmgas
Touka x € K, obnanaer okpecrHocTEI0 W, comepiRaieiicss B HBKOTOPOM

MmuOxKecTBe Gy, a Takme B U, , — U,_,. Tar rar K, KoOMIOaKTHO, TO
cyliecTByeT KOHEYHOe YHMCJIO0 MHO;kecTB Bmpa W, obpasylomux ero
nokpurue; nycers H,; (1<<i<<p,) — aru MEOKecTBa. OUeBUIHO, CeMeH-
crBo N’ mEOmecrs H,; (n>1, 1<{i<{p, miasA KamOro n) ecTh OTKPH-
Toe MOKPHTHE NPOCTPAHCTBA X, MapKopupyiomee N; HOKayKeM, 4TO
N’ aokaavro Koneurno. Ilycts z — mpousBodbHas Touka us X W 1 —
HauMeHbIIee [eJ0e YUCJI0, NI KoToporo z € U,; HOCKONBRY zQEUn_l,
CymecTByeT OKpecTHOCTh I TOURH z, cofmepyramasdcs B U, u He mepe-
cexalomascs c U,_,; ciegoBarenbno, I MOMeT IePeceKaThC TOMBKO
¢ remu MHO)KecTBaMm M ;, nus KoropHx n—2<{m<(n--1, a raxmx
WMeeTcsA TOJBKO KOHEYHOe YHCJ0. TeM CaMbeM TeopeMa IIOJHOCTHIO
Jl0OKAa3aHA.

B upomecce jokasareabcrBa Mbl yCTAHOBHIHM, KPOMe TOTO, TAKOE
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Caepcrsus. Eeau X — naparomnaxmmuoe J40EAALHO KOMRAKMHOE
nPOCM PAHCME0, néQ das 1106020 oMEpPWMO20 noxpumus RN npocmpar-
cmea X cywecmeyem maxcopupyoujee e20 J0KALbHO KOHEUHOe OMKDbInoe
noxpuumue N, cocmosujee U3 OMHOCUMEALHO KOMRAKMMHBLY MHONCECME.
Ecau X cuemno ¢ beckoneurocmu, mo MONCHO, KPOME MO20, CHUMAMb
N cuemmvim.

YrpaskHe HUSA

1) IIyers X — TomoJsormueckoe OpocTpaHcTBo m & — cmereMa ofpa-
sywmux ero ronoxornn (§ 2, n® 3). IlokasaTs, 4To ecil BCAKOE OTKPHITOS
moKpeITHe mpocrparcTBa X, 00pasoBaHHOe MHOMKeCTBAMH N3 &, COEPIKAT
ero KOHeYHOe MOKpHITHE, TO X KBA3NWKOMNAKTHO. [3aMeTHTh, uTo ecan O
reKoTOpHiil yabTpadmastp 11 B X He OBLI CXONAMUMCS, TO BCAKAs TOUKA
z€ X comep:xayach O B HEKOTOPOM MHOMKecTBe N3 &, He IPHHATIERAIIEM
11, 1 mCTONB30BaTh CIENCTBIe OpemioskeHus 5 § 6.]

2) IlokasaTn, 4TO gnoane ynopsadouennoe MHOKecTBO X, HANEJGHHOO
rononorned J - (X) (§ 2, ynpaykaenune 5), JOKAJIbHO KOMIAKTHO; [JIA TOTO
91066 OHO OBIJIO KOMIAKTHBIM, HEOOXONUMO 4 JOCTATOYHO, YTOOH B HeM
uMelcsa Hanboabmuit seMeHT. BriBecTH oTciofia, 9TO BO BCSKOM MHOMKECTBO
CyIiecTBYET TOIOJOTHMA KOMIAKTHOI'O IPOCTPAHCTBA.

3) a) Ilycrs X — orneanmmoe mpocTpancTBo, 4 U B — ero Hemepe-
ceKaIuecss KOMIAKTHEIE [TOJMHOKecTBa. IloKasarh, 4TO CYIIECTBYIOT
OKpPEeCTHOCTh MHOMeCTBA A W OKDPeCTHOCTh MHOMKecTBa B, He NMelomue
o0HIIX TOYEK.

6) IIycts X — peryispHOe IPOCTPAHCTBO, A — KOMHAKTHOe MHOMKe-
ctB0o B X m B — 3aMKHYTOe MHOKecTBO B X, He Iepecerawmeecs ¢ A,
IIoka3aTh, 9TO CYIIECTBYT OKPECTHOCTh MHOMKeCTBA A W OKpPeCTHOCTH
MHO)KecTBa B, He mMeompe O0IUX TOYEK.

4) IloxasaTb, 970 B OLlpefieIeHHOM B yUpaskHenwu:m 6 § 7 mpocrpancTse
X, roropoe peryisapro (§ 8, ympa:xuenme 16), BcAKOe KOMIAKTHOE MHO-
FKECTBO KOHEUHO.

5) °a) B HeoTmeMmMOM MOCTHRMMOM HpocTpancTBe Y =X/S, ompeje-
JIeHHOM B yIpaykHeHH: 7 § 8, BCAKAsS ToIKa 007aaeT KOMIAKTHOR OKpecT-
HOCTBI0; 00passi o 1 § B Y Touek 1 m —1 obiamamT HEBaMKHYTHIMH KOM-
NAKTHBIMI OKPECTHOCTSAMU; IlepecedeHNe HEKOTOPOH KOMIAKTHOHR OKpecT-
HOCTH TOYKH 0. ¢ HEKOTOPO! KOMIAKTHOH OKPECTHOCTHIO TOUKHU [} He KBa3m-
KOMIIAKTHO, & UX 00be/(MHeHNE He KOMIAKTHO.,

6) Ilyere X — cymma MHOMKecTBa N M GeCKOHOYHOTO MHOMKeCTBA A ;
ompenennM fA Kamgoro z € X Gasmc punprpa S(x) caepyiomum o6pasom:
ecita z€ N, 10 €(z) cocronT w3 ofHoro snementa {z}; ecnm z€4 u Sy,
03HaUaeT MHOYKECTBO, COCTOSINEe M3 r W BCeX HeNbIX gucela ==n, T0 & (z)
€CTh MHOJKECTBO BCeX Sy ,, The n npoGeraer N. [lorasars, aro B X nMeer-
cd TomojorufA, mis Koropoii €(z) ecth (byﬂnamen'ranmaﬁ cucTeMa
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OKpecTHOCTeH TOURHE z ;ia Jioboro x€ X; mpocTpaHCTBO X, HAJIGIEHHOS
STOM TOIOJOTHel, MOCTHXIAMO, HO HEOTHeJNMO; OHO He KBABWKOMIAKTHO,
HO B HEM CYIIECTBYIOT BCIOAY IUIOTHEIe KOMIAKTHEIE MHOKECTBA.

B) Ilokasarp, 9TO [Be TOHOJOTHH NOCTIDKAMOTO KBABWKOMIAKTHOTO
IpOCTPAHCTBA B OJNHOM W TOM ¥Ke MHOKecTBe X MOTYT OHITH CPaBHHMEI H
pasanuesl. [CM. § 8, yumpamuennms 7 u 56.]

6) Ilycre X m Y — Tonmomormdeckne mpocrpancTsa n A (coors. B) —
KBAa3WKOMIOAKTHOe MHOeCTBO B X (cootB. Y). Ilokasats, 4ro gasa mo6oi
okpecrHOcTn U MHOMectBa A XB B X XY cymecrByioT OKpecTHOCTH V
MHOMKecTBAa A B X nm W MuOkectBa B B Y Takue, uro VX W U.

7) Harp mpmuMep HpOeKTHBHOH cucreMsl (X, fu3) KBABMKOMIOAKTHHIX
TIPOCTPAHCTB, HpPOeKTHBHHIE Hpemen KoTopoil mycr. [3amermts, 91O B
mpocTpaHcTBe ipnMepa 2 n° 1 BCsAKOe HOATIPOCTPAHCTBO KBABUKOMIAKTHO. |

8) Iycts p — mpoctoe umcno. OGosmaumm wepes Z, MHOMKeCTBO Z
BCeX MEeJHX DanNOHAJBHEIX UNCeN, HaJleJeHHOe TONOJOTNel, ABIAIINeilcs
mpoofpasoM AMCKPETHOH TONOJOTHN OTHOCHTEIBHO KAHOHHYECKOTO OTO-
6pamenns Z na Z/p"Z, u depea fmp A M<<n — TOMeCTBeHHOE OTOGpa-
menne Z,—Z,, RoTopoe Oyner HempephBHEIM. [loxaszars, 4ro Bce Z,—
KBA3MKOMIAKTHEIE IPOCTPAHCTBA, HO TMPOEKTUBHHINA IIpefet IpPOeKTHBHOI
cucremsl (Z,, f,,) He ABIfAETCS KBA3UKOMIIAKTHEIM IPOCTPAHCTBOM ¥),

9) Mlycrs X — Tomosormgeckoe NPOCTPAHCTBO, (G,), e 4— HEKOTOpOE
cemelicTBO rpadukoB skBHBaNeHTHOCTeH B X ¢ $uiabTpyomuMcsa IO BO3-
PaCTanmI0 NpeAyHNOPA0YeHHEM MHOKECTBOM HHJEKCOB, R, — OTHOIIeHNe
(z, y) € G, 1 @, ~ KamoHMIeCKOe oTOOpaxenne X— X/R,. Tpeamonoxnm,
uro npu a<f orTHOmernue Rg BieseT R,, u 0603HAIAM depe3 ¢,; KAHOHM-
YecKoe 0ToGpasKeHme X/R@—>X/R,,; (X/R,, Pup) — npoeKTﬂBHa}x cucTemMa
TOHOJOTAIeCKUX HPOCTPAHCTB; WIYCTH Yz@(X/Ra).

a) IIyors g: X—Y— mempepriBHOe orofpasxernme lim ¢,. ITokasars,

gro g(X) BCIOAy NJAOTHO B Y M 4TO g(lg(m)) sl ROUKA0ro z € X eoTh Kiaace
TOYRH z IO OTHOMIEHWIO SKBHBAJIEHTHOCTH, IPAPUKOM KOTOPOTO CIYKNT
nepecedenne BcexX G,.

6) IIpennomnoskuM, 9TO Bce OTHONIEHNS 9KBUBAJIEHTHOCTH R, BAMKHYTH
n uTo i a0t Tourn x € X u 1060it ee OKPECTROCTH V CyNIeCTBYeT HHIEKC
o TaKoOH#, YTO Kiacc TOUYKN z mo R, comep:xmtea B V. IlokasaTs, 4ro mpw
BTHX YCJIOBUAX g eCcThb omEpumoe 0To0paskerne npocTpancrsa X Ha g(X).

B) Ecim npeRIONOKATE, 9TO KIACCH IO OTHONMEHNAM R,— 3aMKHYThe
KBa3HKOMIIAKTHEIE MHOKECTBA, TO g CIOP'6eKMUBHO.

10) IIycrs X — pocTm:KWMOEe IpPOCTPAHCTBO W § — HEKOTOpOe MHO-
JKECTBO €I'0 3aMKHYTHX KBAa3HKOMIAKTHEIX IOIMHOKECTB, COJep:Kalee
BCce KOHEeYHBIe TOIMHOMKeCTBA ¢ o6iajamlnee TeM CBOHCTBOM, YTO 00be-
nuHeHne Jo0OHIX ABYX MHOMectB u3 § npmaagmessmr §. Ilyers X'—
cymma MHOKecTBA X W OfiHOTOUedHOT0 MuOMecTBa {0 }. [Tokazats, uro B X’

#) 9ror (HeomyO6/iMKOBAHHEIL) mpmMep coolmen Ham [l. 3eJUHCKUM.
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CYMeECTBYeT\JOCTIAMAA KBASIKOMIAKTHAS TONOJOTEA, HAYIHUPYIOIas B
X 3ajaHAY0 TONONIOIMI0 W TAKAH, YT0 JONOJHeHHA B X' MHOKeCTB W3 £
o0pasyT $yHIAMEHTAIbHYI0 CHCTEMY OTKPHITHIX OKPECTHOCTEH TOUKH .
JlaTb DpEMepHl PAa3IMYHEIX TONOXOITH B X', COOTBETCTBYIOMAX PABIHTHLIM
muoskectBaM K.

11) Ilycrp X — DapakoMHOaKTHOe IIpOCTpPaHCTBO. IlokasaTs, 910 ecaun
BCAKOE €r0 OTKPHITOE MOANPOCTPAHCTBO NAPAKOMIAKTHO, TO TO jKe CIpa-
BeAJNIBO U AA Ja000TO TOAIPOGFPAHCTBA. BHIBECTH OTCIOAA, YTO BCAKOE
TOANPOCPPAHCTBO JOKANBHO KOMIAKTHOTO HPOCTPAHCTBA, TOMOJOTHS
KOTOpPOro obmanaer cuerHeIM OasmcoMm, mapaxkommaxtHO. [Cm. Ti. IX, 2-e
usn., § 2, yopasksHesme 20a.]

*12) IIycts X,— HecdeTHOe BIOJHE YHNOPAI0YEHHOE MHOKECTBO,
obaagaromee HANOOIBIIEM DJIeMeHTOM, @ — er0 HallMeH bl BjleMeHT n b —
HAaNMeHDLINNH W3 TeX 3JeMeATOB z& X, MiA KOTopblX HHTepBaX [a, z[
necyereH. OGosEaunm depes X wurepBau [a, b], HaneseHHHil Tononornei
FT-(X).

a) ITpocTparcrso X IOKaILHO KOMIAKTHO, HO He KOMIIAKTHO [ympask-
HeHUe 2], I BCAKAA TMOCHENOBATEIbHOCTs B X HMeeT IpPeNesbHYI0 TOYKY.
[3amernts, 9TO BCAKOE CUETHOE MHOMKECTBO B X OTpaHMYEHHO.]

6) Ilyerp f— takoe oroGpakenme mpocTpaHctBa X B ceba, uTo
J(z) <2 maa Bcex mocTaTouHO 0OJNBIINX z; HOKA3aTh, YTO CYIIECTBYeT ¢ € X
Takoe, 4TO AAA I06oro z € X uMeeTed y=z, [iiA Koroporo f(y)<ic. [Pac-
CyWmas OT TPOTHBHOTO, 006pasoBaTh TAKYl TOCIEI0BATeIbHOCTD (z,)
TOYeK W8 X, 4TOOH z,,, OHIO HAUMeHBIIUM W3 3JeMeHTOB z' € X, mus
KOTOPHIX f(x)=z, upm Bcex z=>z’.]

B) BuBectn n3 0), uro X He mapaKOMIAKTHO.

13) Tlycrs X — TomosormdecKkoe NpocTpancTBo, &(X) — MHOKeCTBO
BCEX er0 HeMyCThIX 3aMKHYTHX HOIMHO:ecTB U f(X) — MHOMECTBO BceX
HENYCTHIX KBABWKOMIAKTHHX MHOKECTB B X; HAJENNM BTH MHOMeCTBA
TonoJyorueil, WHAyNNpyemoil Tomonorneir J, mpocrparcTBa Po(X) (§ 2,
ynpaskuenue 7).

a) ITorazath, uro ecam B < F(X) KBA3HKOMIAKTHO B TOMONOTHE Q
n X perynsapro, To obnennmHeRme Bcex MHO:KecTB M € B samrayro B X.

6) Moxasars, a10 ecin B K (X) KBASUKOMIAKTHO B TOHOJOTHA J Q,
T0 obbejrHeHne Bcex MHOKecTB M € B xpBasmroMmakTHO B X.

*14) B ob6osnauenuax ynpamuenus 13 nycrs § (X) u & (X) magenenst
ToTIONOTHeH, NHLyUNpyemoi Tonoaorneit 7 upocrpamcTBa Po(X) (§ 8,
ynpakuaenue 12).

a) Ilorasarb, uTo ecim X KBA3NKOMOAKTHO, TO B & (X) KBasWKOM-
naktHo. [[na kammoro orkprToro Maoxecrsa U us X mycrsb ¢(U) (cooTs.
m(U)) — MHOKeCTBO BCeX 3aMKHYTHIX MHO:KecTB M B X, copepseamuxcs
B U (coors. mepeceratomuxca ¢ U). llorasars, uro mHOMectBa c(U) 1
m(U) cocraBasAiT cacreMy 0GpasyIOINX TOHNOJOTHE mpocTpancrsa ¥ (X);
HCIIONIB30BATh 3aTeM ympakHenwe 1.]

6) TIpeamomoswmyM, uTo X GOCTIDKHMO; Oycth X' ero 06pas npm oTo-
6pamennn x> {«} upocrpancrea X B § (X).llycrs §—mnoaupocrpancTso
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npocrpancTBa § (X), comepsamee X'; NOKA3aTh, UTO eCIH §) KBABHKOM-
makTHO, T0 X KBA3MKOMIAKTHO. [3aMeTuTh, 9TO ecin (Uy) — OTKpHITO®
nokpurae npocrpancrsa X, 1o (B,), tne B, — mm0omecTBO Beex M EF (X),
ana koropeix M) U,# @, Gyner OTKDEITHIM HOKPHITHEM NPOCTPAHCTBA
§(X).]

8) Ecan X gowansro kommaktaHO, TO & (X) otkpmHTO B § (X). [Mc-
oJb30BaTh npepnioykenne 10.]

r) [Iyers X mocrmxmmo. IToxasats, 9ro mist roro grobn § (X) Geuio
OTHeANMEIM (COOTB. PeryJApHBIM, KOMIAKTHBIM, JIOKAJIbHO KOMUIAKTHHM),
He00XOqIMO ¥ [OCTATOUHO, 94TO0B TeM ke cBoiicTBOoM oOmanmano X. [Mas
MepBHX JABYX yTBeP:KIeHNH HMCIOIb30BaTh yupaskHenme 12 § 8 m ympam-
HeHme 3 § 9; A OCTAIBHHIX ABYX MCIOJB30BATh a), 6) m yopaskuenne 13.]

*15) TomonormyecKoe IPOCTPAHCTBO X HABHIBAETCH RPOCMPancmeon
Jlundeaea, ecim BCAKOE €r0 OTKPHITO® IIOKPHTHE CONEP/KAT CUETHOe I0-
KpuTHe. BeAroe mpocrpamcTBo, o6najaiomee CueTHHM 0a3mCOM, eCThb
upocTpancTBo JImHAeJseda; BCAKOe KBABMKOMIAKTHOe OPOCTPAHCTBO €CTh
npocrpancTeo Jlmameneda.

a) Bcakroe BaMKHyTOe HOXIPOCTPAHCTBO HpocTpamHCTBa JinmHpemeda
ecTs mpocTpaHerBo Jlmapeneda. LA Toro 9robsl 0606 HOAIPOCTPAHCTBO
npocrpaHcTBa JlmEjeseda Obio mpocTpaHcTBOM. JimHmeneda, 10CTATOUHO,
4ro0H BCAKOE OTKPHTOE HOANPOCTPAHCTBO OBLIO mpocTpancTBoM JlmHpe e
¢da [cM. ympasxuerue 16].

0) s BCAKOTrO HeNpephBHOTO 0TOOpaykeHwsa f Hpocrpamcrsa JlmH-
neaeda X B TOHOJOTHMYeCKOe IpocTpaHCTBO X' moampocTpaHcTBO f(X)
opocTparcTBa X' eCTh HpOCTpaHCTBO JImHKexeda.

B) BcAxoe mpocrpaHCTBO, ABIAIONIeecs O0BeNNHEHWeM CYETHOTO Ce-
MeiicTBa moampocTpaHcTB JlmHpeseda, ecrh mpocTpaHcTBO JInHpededa.
B gacTHOCTH, BCAKOE CYETHO® IPOCTPAHCTBO €CTh IPOCTPAHCTBO JImHeIe(a.

r) das Toro uTo6e mpoctparcTBo JimHgeneda X OBIIO KBABHKOMIAKT-
HBIM, JOCTATOYHO, 4TOOHI BCAKAA [OCIENOBATENBHOCTh eT0 Touek obaajana
npepeabHOR Toukoit. [[lokasaTs, uTo ToTHa BhmonHAeTca axcmoma (C''').]

*16) a) Iyctp X — OpOCTPAHCTBO, BCAKOE OTKPHITOE HMOLIPOCTpaH-
CTBO KOTOPOTO ecTh mpocrpaHcTBo Jimupeseda. Iloxasars, ato X ynos-
nersopser yciaosmio (Dyy) ympasxumenns 7 § 1; ecim X peryiaspso, To
BCAKOE 3aMKHYTOe MHOMKecTBO B X sABIAeTCA IlepecedeHHeM CUETHOTO
ceMeiicTBA OTKPHITEIX MHO;KecTB. [CM. ymparmenme 24B.]

6) Iycrs X — OpOCTPAHCTBO, BCAKOE OTKPEITOE MOATPOCTPAHCTBO
KOTOPOTO TapaKoOMINAKTHO. [JIJIA TOro 4ro0bl BCAKOe OTKPEITOe HOAIIpPO-
crpaHcTBO npocrpanctBa X Owmio upocrpanctBoM Jlumpeneda, HeoGxo-
MO W A0CTaTOYHO, 9TO0B X ymoBaeTBOpPAIO ycaoBuio (Dyy) ynpaskHeHUA
7§ 1.

B) Jlas Toro uro0bl BCAKOe OTKPBITOE MOANPOCTPAHCTBO KOMIAKTHOIO
npoctpanctBa X Oslr0 mpocTpaHCcTBOM JImmneneda, HeoGxommmo m mgocra-
Touno, uToOb X ypoBiaerBopsimo ycaosuio (Dyy) ympammenuma 7 § 1 u
BCSIKOE BAMKHYTOe MHOMecTBO B X GHLIO IepecedeHneM CIeTHOTO ceMelicTBa
OTKDHITHX MHO3KeCTB. [Mcmonb3oBars 6) 1 Teopemy 5.]
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*17) Tycrs X — Tomosmormgeckoe mpocrpainctBo n AcCX. Touky
a€X HABLIBAKT mMoukoil KOHdeHcayuy MHOMKECTBA A, ecu BCAKAs ee OK-
PEeCTHOCTh COEPIKHUT Hecuemroe MHOMKECTBO TOUEK W3 A.

a) Muo:KeCTBO BCeX TOUEK KOHjeHcarnnn MHOecTBa A X 3aMKHYTO.
Jarte mpumep, Korma X HMeeT TOJBKO ONHY TOYKY KoHpmeHcammum. [CM.
Teopemy 4.]

6) Iycrs X — pocTIRUIMOE TNPOCTPAHCTBO, BCAKOE OTKPHTOe MO~
TPOCTPAHCTBO KOTOPOTO €CTh HPOCTpaHcTBO Jlmmpeneda (yupaxuenne 16).
TTokasaTs, 9To A J000ro MEOKecTBA A C X MHOKeCTBO B BCeX ero ToUeK
KOHJ/[EHCALNU COBepIIeHHO, a MHO:KecTBO A ((CB He Gojiee ueM CueTHO.

#18) TouKy @ TONOJOIHYECKOI0 HMpOCTPAHCTBA X HABHIBAIOT Moukol
noanozo Hakonaenus MHOmecTBA ACX, ecam Card(4)=Card(4 V)
A BesARo#t oxpectHoct:n U Toukm a. IlokasaTh, 9TO JIsi KBa3WKOMIIAKT-
gocTli X HeoOXOMMMO W JIOCTATOYHO, YTOOH JMi060e 0eCKOHETHOe MHOKECTBO
AcX ob6napano Touxoil mosHOro Haromaenns. [IlokasaTte, uro ecam X
He KBAa3SHKOMIAKTHO, TO CYIIECTBYIOT HAYAJIbHOE OPAUHAJIBHOE TUCIAO M,
(Teop. muosk., ra. 111, § 6, ynpamrenne 10) u Takoe OTKPHTOE IOKPHITHE
(U;) mpocrparcra X, rue § mpoberaeT MHO/KeCTBO BCeX OPAMHAIBHLIX
amces < @,, 9TO M KaKIOT0o HHAeKca §< o, gomonnerme A; B X K 06%-
eAVHeHMI0 BceX U, ¢ mHjieKcaMi 1<<§ HMeeT MOIIHOCTB, PaBHYI §,;
BHIBECTH OTCIOJIA, 9TO MOJKHO C IOMOMIBI0 TPAHCOUHNTHOH MHAYKIUH OHpe-
HeNHTH TaKoe ceMeficTBO (z:) (§<,) Touek B X, uTO z; €A A KAKFOTO
Eu z:#2, npu n<El]

*19) Orneanmoe mpocTpancTBo X HABHBAIT abCOAI0MHO 3AMEHYMULM,
ecan OHO 00Jafaer CleAyIOINM CBOHCTBOM: mpu j06oM romeoMopduaMe f
npocrpaHcTBa X Ha NONOPOCTPAHCTBO NPOWBBOJNBHOTO OTEIHMOrO HpPO-
crpactBa X' MuOkecTBO f(X) Bamrmyro B X'. Besaxoe KommaxTHOE
TIPOCTPAHCTBO aBCONIOTHO BAMKHYTO.

a) [IoxasaTh PaBHOCHNBHOCTH CJIEAYIOMUX YCJOBIIL:

(AF) IIpocrpanctBo X a0bconi0THO BaMKHYTO.

(AF’) Beaxmit 6asnc ¢mapTpa B X, COCTOAMMI W3 OTKPHITHX MHO-
JHeCTB, HMeeT IO Kpaiimell Mepe OfHY TOYKY OPHKOCHOBEHH.

(AF’’) Besikoe ceMeficTBO 3aMKHYTHIX MHOMKeCTB B X, mepecedeHne
KOTOPOro TYCTO, COIepKIT KOHeTHOe MOJCeMeiicTBO, epecedeHNe BHYTPeH-
HOCTEHl MHO}KECTB KOTOPOTO IYCTO.

(AF’’') Bcakoe OTKpPHTOE IOKpHITHE HPOCTPAHCTBA X CONEPIKAT
KOHEYHOe MOJICeMeficTBO, 3aMBIKAHHA MHOKECTB KOTOpOro 0Gpasyor mo-
KpBITHe MpocTpadcTBa X.

6) Ilycte X — orfeanMoe NpoOCTpaHCTBO W U — Beogy IJIOTHO
OTKpHITOEe MEOMecTBO B X . [IpenmosnosxnmM, uro Beakuit 6asuc ¢uasrpa B U,
COCTOAIMI N3 OTKPHITHIX MHOKECTB, MMeeT IO Kpaiimeil Mepe OfHY TOUKY
npuxocHoBenns B X. Ilokasars, uro X rorpa a6cosioTHO 3aMKHYTO.
B gacrmocru, ecam A — OTKPHEITOE MHOKECTBO B a0COMIOTHO BaMKHYTOM

npocrpancTBe X, TO HOANPOCTDAHCTBO A mnpocTpaHerBa X a6comioTHO
3aMKHYTO,
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B) IIycts X — alcouioTHO 83aMKHYTOe [POCIpaHCTBO M f — ero He-
npepbiBHOe oTOGpamenne B otmeauMoe npocrpancrBd X'. Ilokasath, 910
f(X) — aGconTHO BaMKHYTOe IOAUIPOCTPAHCTBO mpocTpaHcTBa X'.

r) HoxasaTes, 9ro mpomsBefeHne ABYX a0COJNIOTHO BaMKHYTHIX [pO-
cTpaHCTB a0 CoONXIOTHO 3aMKHYTO. [PaccysknaTe, Kax mpm jJ0KasaTelbCTBe
mpemiosxenns 17 |

*20) Orpeammoe mpocTpaHCTBO X HABKIBACTCA MUHUMALbHBM, €CJIN
ero romosorns & obsjajaer TeM CBOMCTBOM, YTO BCAKAs MajKopmpyeMmas
el oTfeanMasn Touosorna B X HeoOXommMo coBuagaer ¢ 7 ; rorma J He-
o0xonnMo moayperyaspHa (§ 8, ynpaxuenne 20). [lokasars, 9T0 mia Mu-
HIIMAJBHOCTH OTHEJINMOr0 npocTpaHcTBa X HEOOXOAWMO © [0CTATOYHO,
ur00H BesAkui 6asuc ¢umabrpa B X, COCTOAMMII M3 OTKPBITHIX MHOMKECTB H
HMEIOIMI o KpaiiHell Mepe oJ{Hy TOYKY HPUKOCHOBEHNA, OblI CXOQATIAMCSH,
WK, 9T0 TO Ke, 9T00H X OO aGCOMIOTHO 3aMKHYTHM (ympaskaeHHEe 19)
n Beskmit 6asuc GuiabTpa B X, COCTOSINIHA U3 OTKPHITHIX MHOKECTB 1 IMEI0-
muil eIUHCTBEHHYI0 TOYKY HPHKOCHOBEHHUA, CXONWJCA K BTOH TOYKe.

*21) Tononornueckoe IpOCTPAaHCTBO X HABBIBAETCHA 6N0AHE 0MIeAUMBLI
(a ero TOHWOJOruA — enoane omdesumoil), ecanm mao0bie [Be pas3IHIHBIe
Toukr z @ y B X 061ajgaioT HeliepeCeKAIOIUMUACH 3aMERYMbMY OKPECTHO-
CTAMI.

a) BesAkoe peryiasapHOe mpocTpaHCTBO BHOJIHE oT/eanMo. Beakoe mop-
HOPOCTPAHCTBO BIIOJHE OTAEIHMMOI'0 IPOCTPAHCTBA BIOJHE OTAeanMo. Besa-
Koe [pom3BejeHNe BIOJHe OTAEJNNMBIX IPOCTPAHCTB BIOJHE OTJEJAMO.
Beskasg TOMOJOrMA, MayKOpHUpPYOIAA BHOJHE OTHeNNMYI0 TONOJOTHIO,
BIIOJIHE OTHEeJINMA.

6) Beaxoe MIHEMaAbHOe BOOJHE OTAENNMOE IPOCTPAHCTBO X (ympask-
menne 20) komuakTHO. [Paccy:xmaTh 0T mPOTHBHOrO, pacCMaTpUBaA yJIbTpa-
¢uaprp I B X n Gasuc ¢umiaprpa, OOPABOBAHHEIA OTKPHITHIME MHOMKE-
crBami, upuHamiaeskammvz 11.]

°g) Ilycts O—mppannonansroe gucio > 0. lna kasnoit Touku (x, y) €
€ QX Q. u ramgoro a>0 obosraunM depes B,(z, y) MEHOKECTBO, COCTOALIEe
n3 (z,y) nrex (z,0) € Q2, s koTopHX |z—(z+ Oy) |<a nam |z—(z—Oy) |<a.
Ilycts V(z, y) — MHEOMECTBO Beex B,(x, y), Tne o npoberaer Bce BEMECTBEH-
mbie ancaa > 0. [Tokasars, uro B Q2 cymecTBYyeT OTAeIAMAsA TONOAOTHA
B KoTOpoit V(z, y) HAs BCAKOE TOYKA (x, y) € Q2 ecTh dyHIaMeHTalbLHAs
cncTemMa OKpecTHOcTel orToit Tourm. ITokasarh, 4TO, KaKOBH G HO Ghin
TOUKM a 1 b 3 Q2?, BeAKAs BaAMKHYTAs OKPECTHOCT TOUKM a B TOMOJOTHH
mepeceKaeTcss CO BCAKOH BaMKHYTOH OKPECTHOCTHIO TOYKA b.,

*22) a) Ilyets X — OTHenuMoOe NPOCTPAHCTBO U o/ — ero TOMONOTHA.
Ilokasare, 9T0 s TOTO, 9Te6bl X OBLIO a6CONIOTHO 3aMKHYTBIM (yHpask-
merne 19), HEOOXOAUMO 1 OCTATOYHO, ITOOH HONYPETYIApPHASA TOMOIOTHSA
F*, accommmpoBamHasa ¢ J (§ 8, yupaskmenme 20), Gpura Tomomormefi
MURUMAAbHO20 TpOcTpaHcTBa (ympaskuenume 20).

6) Ecnn J Buosme otjennMa (ylpakHeHme 21), TO 3TO BepHO H A
G*, |Hcnonbsosats ympampenne 20 § 8.] BuBecrm orcioga, 4ro abco-
JIOTHO 3aMKHYTOE PerylIfpHOe NPOCTPAHCTBO KOMIAKTHO.



YIOPAKHEHUA 149

*23) a) Ilycrs X — OTqeslIMOe MPOCTPAHCTBO U A — BCIOAY MJIOTHOE
mrOecTBO B X . IIpepnonomum, 4To BOAKKHE uiabTp B A uMeeT o Kpaiimei
Mepe OJHY TOMKY npurocHOBeHHsA B X. Ilokasars, Hro Torga X abcomoTHO
3aMKuyTO. [IIpoBeputs akcumomy (AF’) ympammenus 19.]

6) Ilycrp X ,— KOMIAKTHOe IPOCTPAHGTBO ¢ TomoJormeii J,, B KO-
TOPOM CYMIECTBYET BCIOAY HJIOTHOe He OTKPHITO® MHOMeCTBO 4A; & — T0-
moynorusa B X, OOPOKHaeMasi BCeMI MHOKECTBAME, OTKPHITHMA B o,
n MHOKeCTBOM A, TaK uT0 J * =T, (§ 8, yupa:xuenne 20); maronern, X —
HEKOMIIAKTHOe a0COMIOTHO 3aMKHYTO® HpPOCTPAHCTBO, HOJYydalomeecsd HpHM
Hapenennn X, romoxormeii 7 (yumpamueHne 22). Ilokasarh, 4TO BCAKU
¢uaBTp B A MMeeT TOYKY HPUKOCHOBeHHA B X.

*24) a) IloxasaTs, 9TO B cuemnom a6COIIOTHO BAMKHYTOM HPOCTPAHCTBE
X MHOKecTBO W3OJIMPOBAHHBIX TOHEK BCiogy IoTHO. [Paccy:mpath or
OpOTHBHOI'0, pacmoiaras TOYKH IpocTpaHeTBa X B IIOCIEOBATEIHHOCTD U
00pasys m0 MHAYKIIHN CIeTHOe OTKPHITOe moKphtne (U,) mpocrparncrBa X
TaK, 4ToGH OGDBeIUHeRne HEKAKOrO KOHEYHOIO ceMeiicTBa MHOmecTB U,
He TMOKpHBaIO X.]

°6) JaTh mpmMep BIOJIHe OTHEAUMOro abGCONIOTHO BaMKHYTOIO MpO=
CTpaHCTBA, He ABJANIErocs HpocrpaHcrBoM Jlnapeneda. [Pacemorpers
B mpowmsseniernn [0, 1]X [0, 1] momoamenms k MHomectBam A X {0}, rne
A mupoGeraer Bce mopMHOKecTBa oOTpeska |0, 1], m mpuMenuts OGmmit
metog, yupaskaerna 208 § 8.] 1o mpocrparcTBO 06Manaer coicrBom (Dyy)
ynpameerusa 7 § 1, Ho He cBoiicTBOM (D).

B) Ilycts X,— KOMODaKTHOe OpOCTPAHCTBO 0e3 H3OJIMPOBAHHEIX
Touek I )} — MHOKECTBO [OIIOJHEHUH KO BCeBOSMOKHBIM CUeTHEIM MHOMKe-
crBaM B X o, TaK 9To Bce MHOKecTBa n3 Wl Bclogy MIOTHH (cM. a)). IlyeTts
& — TONONOrHA, IOPOKJAAEMAas BCEMH OTKPHITHIMH UOXMHOKECTBAME
npocrpaHcTBa X, n MEOxectBaMu n3 i. IToxasars, 4To HpocTpaHCTBO X,
nmoJydalolieecss Opd HajeleHnn X, Tomonormeil , abCOMOTHO BAMKHYTO,
BIOJIHE OTHEIMMO M SABJIAETCA NPOCTPaHCTBOM JlmHpeaeda, koropoe He
yrnoBierBopseT yeaosmo (Dy) yopaskuenns 7 § 1, He mMeeT HI OJHOM TOUKH,
obnajgalomeil caeTHOH (yHHAMEHTANBHOH CHCTEMON OKpecTHOCTell, T B
KOTOPOM HUKaKad 0eCKOHEYHAS NOCIEe0BATeJ]BHOCTD MONAPHO PA3ANYHEIX
TOYEK He WMeeT TOYKM HOpPHKOCHOBeHHsA. Fecim B X, BCAKOe OTKpHITOE
TNOANPOCTPAHCTBO €cTh IpocTpancTBO Jlmppeneda (cM. ynpaskaenue 16B),
TO M BCAKOE OTKpPBITOE IOAIPOCTPAHCTBO B X €CTh MPOCTPAHCTBO JlumHpje-
Jeda u, B 9acTHOCTH, X yHoBIeTBOpsAeT yciaoBmio (Dyy) (yupasxuenue 16a).
B wactmocTu, aTo mmeer MecTo, Korxa X ,=[0, 1]; moxasars, ojHAKO, 4TO
B 9TOM ciaydae B X MMeIOTCSA 3aMKHYTHle CUETHBIE MHOKECTBA, HE ABISAIO-
muecs mepecedeHrieM CUETHOTO ceMeHCTBa OTKPHITEIX MHOKeCTB (cM. i, IX,
§ 5, n° 3).,

*25) a) Ilycts X — oTmenmMoe HpocTpaHCTBO W I' — MHOMKeECTBO
Bcex ¢uIBTPoB B X, obaapanommx GasmcoM us OTKPHITHIX MHOMKECTB i He
HMeINUX HN OJHOi TouKN HpnKocHoBernA B X . [lokasars, 9T0 MEOKECTBO
T, ecnm omo me mycTo (uHAYe roBops, ecin X He aGCONIOTHO BAMKHYTO),
HHYKTHBHO. :
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6) Ilycre ©Q — MHOKECTBO BCeX MakcumaabHuz GuibTpoB B [ X'—
cymma MuoskectB X u Q. Jlas kampnoro € X ofosHaunM depes B (z) MHO-
FKeCTBO BCeX OKpecTHOcTed TOYKN z B X; Ias KAUKEOro € Q o603HAIEM
gepe3 B(o) COBOKYIHOCTH BCeX MHOKECTB BIIA {0)} UM, tne M mpoGeraer
¢mapTp ®. B X’ mmeerca Tomomorus, B Koropoit B(z') ects Ppynmamen-
TAJbHAS CHICTEMA OKPECTHOCTeH TOYKH z’ [aA Kakmoro z’ € X'. B aroi To-
mosornu X’ ects abCONOTHO BaMKHYTOe NPOCTPAHCTBO, 00Jaajalomee
ClefyOIyM yHHBEPCAABHEIM CBOMCTBOM: HJIA KAKAOTO OTKPHITOTO HEIpe-
puiBHOrO OToGpaskernsa f: X—Y B abCONIOTHO 3aMKHYTOe HpPOCTPAHCTBO
Y cymecrByer, H NOpHTOM e[UHCTBEHHOE, HeNpepHIBHOe OTOOpaKenue
g X'-Y, upopomxaiomee f. [Paccmorpers 00pase mpn f GmibTpoB, Hpu-
HaJJIeRaIIAX Q; 3aMeTHTh, 9TO B AGCOJIOTHO BAMKHYTOM HDOCTPAHCTBE
MaKCIMaJbHHH QUIBTP B MHOMKECTBe BCeX QMIBTPOB, MMenomunx O6aszmc n3
OTKPHTHIX MHOKecTB, o6A3aTensHo cxoxurcs.] B gacrmoctu, Tomomorms
upocrparctBa X' X-markcmmanpHasg (§ 3, ympasksenwe 11). BriBect:m oT-
Clofia CYIIecTBOBaHNWE a0CONIOTHO BAaMKHYTHIX IPOCTPAHCTB C KBAa3MMaK-
cnMasbpHOI TonmoJorneit (§ 2, ynpaxaerne 6).

#26) a) Ilycre X — poctmskmMoe OpocTpaHcTBO B (D — MHOKecTBO
Bcex ¢uabTpoB B X, obnajaommx 0asmcoM H3 3aMKHYTBIX MHOKECTB.
ITorasars, aro MEO:KecTBO @ mupykTHBHO. Ilyers X'/-— MHOKeCTBO BeeX
MaKcOMaJbHEX GuabTpoB B @,

6) [Lis KaKmoro OTKPHTOT0 MEOKecTBa U w3 X oGo3maamM depes U*
MHOMeCTBO BeeX GmiabTpoB § € X'/, m1a Koropux UE . Jlaa mobux aByx
OTKpHTHX MHEOKeCTB U B V u3 X nmeem (UNV)*=U*NV* a (UYV)*=
= U*|JV*. [Vuects, 9t0 ecan 6 €X' n U%%, 10 X—U€3.] Moxrasars,
gro MmEokecTBa U* o6pasyiot 6asuc ronojornu B X', npm Koropoit X'’ KBa-
suKoMOakTHO [mpoBepuTs akcuomy (C’'’), BOCIONB30BABIINCH I PEABIAYIAM
3aMeuaHHeM] W NOCTHKEMO [HOKA3aTh, WTO ecim § M ) — JBa PasIMIHEX
saemenra u3 X'/, 7o B X CyLIeCTBYIOT TaKHe HelepeCeKaOIecs 3aMKHYTHe
muoseerBa A m B, uto A€, BEG].

B) [ua xamporo z€ X ob6osmauuMm depes ¢(z) yabrpadmabrp B X,
umeromyit 6asmc, coCTOAWMN N3 ONHOTO MHOKECTBA {m} ITokasaTs, 4T0 ¢
ecTh TOMeOMOpP¢T3M HpOocTpaHCTBA X HA BCIOLY IUIOTHOE MHO;KecTBO B X'/,
Ecam X KBaSMKOMHAKTHO (M HOCTIKUMO), TO ¢(X)=X"".

r) IlokasaTh, 4TO A KaKAOTO HEHPEPBIBHOTO OTOOpajkeHHs f Hpo-
crpagctBa X B KOMOAKTHOe HPOCTPAHCTBO Y CYIIECTBYeT, I NPHUTOM €[(HH-
CTBeHHOe, HempepsiBHOe oOToOpa:kenme g: X''—Y Takoe, 4To f=go .

n Ilyers X — yHHBepCanbHO® OTHEIWMOe HPOCTPAHCTBO, ACCONME-
poBanmoe ¢ X'* (§ 8, ynpasxuenne 27); mOKasaTh, 9T0 KAHOHMYECKOE OTO-

Opaskenne P: X""—X ciopsexTnBEO W X KOMmaKTHO. TakmM 0Gpasom,
BCsIHOE HeIlpepHIBHOe oTofpaskeHue f mpocrpaHcTBa X B KOMHOAKTHOe HpO-

CTPaHCTBO Y OfHO3HAYHO HPEACTAaBMMO B BHIe f=ho{ o @, Iiie h: Xy

' HeIIpepEBHO.

27) Tlokasarh, 4910 ecim X — AHWCKpeTHOe INPOCTPAHCTBO, TO MpO-
crpapcrBa X'’ m X, onlpefiejleHHble B ynpasKHeEAH 26, COBIAJalT, N 4TO
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eciy & -- TOIOJIOTUA OPOCTPaHCTBA X', ompefesieHHAS B yIpaKHEHAN 25,
TO HPOCTPAHCTBO X'’ OTOKIECTBIMO € MPOCTPAHCTBOM X', HAMeJEHHHIM
oMY peryasipHOil Tomosnormedl 7 *, acconmuupoBaHHod ¢ & (§ 8, ympam-
Herne 20). Ilpm srom MHOKecTBO X'/ KaHOHUYECKH OTOKIECTBIAAETCH C
MHOKeCTBOM BCeX yAbTpaduabTpoB B X, I KOMIAKTHOe IpocTpancTso X'’
HAa3HBAETCA npocmpancmeom yabmpagdusbmpos MHOMecTBa X.

*28) Ilorkasarh, 9T0 B KOMIIAKTHOM OpoCTpaHCTBe X BCAKOE U3ONHHHOE
GeckoHeYHOe OTKpHTOe momupocrpancTBo U (§ 2, ynpaskaenme 11r) pas-
pemnmo. [Vcmonssyst DpemiokeHme 1, DOKasaTh, YTO CYLIECTBYCT
6asuc B Tomosormm mpocrpancrsa U, gaa roroporo Card(B)=~Card(U);
3aTeM BOCHIONB30BaThCs yupaskuenueMm 11B § 2.] BuBecrm orcwopa, uro
BCAKOE JIOKAJIBbHO KOMIIAKTHOE IIPOCTPAHCTBO 0e3 UBOJIMPOBAHHHX TOYEK
paspemmMo [BocmoabzoBaThes ymnpaskHeHueM 11r § 2]; caegorareabHo,
TaKoe IPOCTPAHCTBO He CyOMAaKCHMAaJbHO.

29) a) Ilycrs K — puCKpeTHOE MPOCTPAHCTBO {0, 1}. Jaa xamoro
KOMHIAKTHOro mpocrpancTBa X o0osHaumM dYepes (X)) MHOMECTBO BCex
€ro 3aMKHYTHIX NO/MHOMKECTB I 4epe3 F MHOMKECTBO BCeX OTOOpasxeHmit
fi K—-%¥(X), nnsa woropeix X = f(0)UJ f(1). PaccMoTpiHM KOMIAKTHOe opo-
CTpaHCTBO Y =K F; moKasars, 9T0 AJIA KamMA0To y=(y s) r e r € Y mepecedenue
BaMKHYTHX TMOJMHOMECTB f(y,) mpocTpancTBa X TWYCTO HJIN CBOGHTCH K
o1HOi Touke. MHOMecTBO Z Tex yE€Y, s KOTOPHX 3TO HepecedeHue He
nycTo, 3aMKHYTO B Y; 0003HaYaA 1A KaMA0To y € Z depes ¢(y) eqUHCTBEH-
HYI0 TOUKY, o0myIo BceM f(y ), HOKa3aTh, 9T0 @ — CIOPHEKTHBHOE HeIpe-
peiBHOe orobpamkenne Z B X.

6) Jarp mpuMep KOMIAKTHOIO IPOCTPAHCTBA X, JJIsi KOTOPOTO He
CYIMecTBYeT CHOPBEKTHBHOIO HENPEPHBHOIO OTOOpPAKOHMA KOMOAKTHOIO
mpocrparcTBa BuAa K4 ma X. [McmoanssoBarh ympaskuemue 40 § 4 m ym-
pamxuerne 27 § 9.]

*30) Tomonorugeckoe HPocTPaHCTBO X HABHBAGTCS L0KALBHO KEa3l-
KOMRaKmmubM, eIl BCAKAsE ero Touka ofaanaer yHnaMeHTaabHOH CHCTe-
MOl KBa3WKOMIAKTHRIX OKPECTHOCTeH.

a) IloxazaTh, 9T0 B JIOKAJIBHO KBAa3MKOMIAKTHOM HPOCTPAHCTBE BCi-
KOe KBa3MKOMIAKTHOe MHOKecTBO obJafaer QyHAAMEHTaABHOH CHCTEMOM
KBa3WKOMIIAKTHHX OKPeCTHOCTeH.

6) IlorasaTh, 9TO BCAKOe JOKAJBHO 3aMKHYTOe IIOAIIPOCTPAH-
CTBO JIOKAJbHO KBa3MKOMIAKTHOI'O TIPOCTPAHCTBA JOKAAbHO KBa3HKOM-
TAKTHO. .
°s) PaccMoTpHM B 3aMKHYTOM eBKIHZOBOM Kpyre B: |lz]|<<1 mio-
cxoct R? romonormio 7, Ma:kOpUPYOIYO TOHOJOTHI o, MEAYHIPY-
eMyIo TomoJjioruei mpocrpanctea R2?, m ompenendemyio cienyiomum o6pa-
30M: UABTP OKpecTHOCTel MH060H TouKn 27 (1, 0) U3 B coBmajaer ¢ Guiabr-
POM OKPECTHOCTeif 9TOi TOYKH B TOIOJOTHH § 4, ToUKa ke (1, 0) obmagacT
byHzaMeHTaIBHON CHCTeMOH OKpeCTHOCTeH, CoCTOoAwmed M3 06BeguHeH:it
muoectsa {(1, 0)} co cuenamn Ha omkpumon Kpyre By: ||z]|<1 oTrphITHIX
KpyroB ¢ mertpom (1, 0). IIycrs Y — muosecTBO B, HajleJeHHOE TOTIO-
Jgorueit ; paccMoTpuM B Y OTHOIIGHNME SKBUBAJEHTHOCTH R, KJIACCAMIT
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KOTOPOTO SIBAAIOTCS MHOMeCTBO S Tex z# (1, 0), naa KoTopex [z]|=1,
U OJHOTOYEYHLIe MHOKeCTBa u3 Y, He cojep:Kamuecss B S. [lokasars, uro
JaxTopnpocTpancTBo X=Y/R KBa3HKOMIIAKTHO, HO He JORAIHHO KBaBH-
KOMIIAKTHO.,

§ 10. Comepuiennbie oTOOpasKeHus

B smom napazpage vy 6ydem 060snauamb mosxcdecmsentoe omobpa-
gicenue muoocecmea X na cebs.

1. Cogeprtentvie 0IMOGPANCEHUS

Ecmu f: X—Y u f': X'-Y'— samrnymue wnenpeprisnne orobpa-
smeHusa, npoussenenue fXf': X XX'—Y XY’ He ob6g3aTeIbHO eCThb
BaMKHYTOe OTOGpayKeHWe, NayKe eClIM [ MMeeT BHF iy.

Il p m M e p. BesAroe mocrosiHHOE 0TOOpasKeHne OTAGIEMOTO IPOCTPAH-
ctBa 3aMEHyTo. OniHaKo ecxm f — mocrosHHO® oroGpaxcenme Q— {0},
T0 mpomsBesieHne X1, €CTh ortobpakenne (z, y)—(0, y) mrockocrn Q2
B cebsa, coBmajaioliee CO BTOPOH HpoeKIHWeil M IMOTOMY He BaMKHYTOe
(§ 4, n° 2, sameuanme 1).

Ompenenerue 1. ITyemv [ — omobpascenue monosozuueckozo
npocmpancmsa X ¢ monoaozuieckoe npocmpancmeo Y. [ nasvieaemcs
COBCPULBHHBLM OMOOPAdCEHUEM, eCal OHO Henpepusno U 0aa a106020
monoaoeuteck0z0 npocmpancmea Z omobpaicerue fXi,: X XZ—~Y XZ
3aMEHYMO.

B n°n° 2 u 3 GygyT maHH Apyrue XapaKTepH3amun COBEPIIEHHEIX
0TOOPAaKOHTI.

Geps B onpenenenum 1 B KavecTBe Z OMHOTOYEUHOE HPOCTPAHCTBO,
mosydaem:
[lpennomerue 1. Beakoe cosepuienroe omobpasiceHue samMEHYMO.

eennoxkenne 2. IHycmo f: X—Y — WHBEKTUBHOE HenpepbigHoe
omobpascenue. Toeda caedyowue mpu Ycaosus pPAGHOCUALHBLL

a) f cosepwenmo.

6) | samrnymo.
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B) f ecmb eomeomopgusm npocmpancmea X Ha 3aMEHYMOE MHO-
acecmeo 6 Y.

Mut yae Bumesn, uro a) Bieder 6). Tak Kak oTHOEHNE DKBUBAJICHT-
HocTH f(x)=f(z') ecTh 3/1€CH OTHOIMEHWE DPaBEHCTBA, TO (AKTOPIPO-
CTPaHCTBO IpocTpaHCcTBA X IO 9TOMY OTHOIIEHMIO OTOMKAECTBHMO ¢ X,
u, smavur, 6) Bieder B) B cway upenmaoskenus 3 § 5. Haxonern, ecau B)
BHIIOJNHEHO, TO fX1l, ecTh TroMeoMopdusM mpocrpaHcTBa X XZ Ha
HEKOTOPOe 3aMKHYTOe HOAIPOCTPAHCTBO IPOCTpPaHcTBa Y XZ u, 8HA-
9uT, BaMKHYTOe oTo0paskeHMe, TAK UTO B) Bjeuer a).

Meepnomenns 3. Hycms f: X—Y — Hernpepusnoe omobpascenue;

oan waxcOozo TcY oboswawum uepes fp omobpasncenue MHodCECMBA
—1

f (T) e T, cosnadatoyee ¢ | Ha fl(T).

a) Ecau f coseputenno, mo u f, cosepurenro.

6) Hycmv (T(\)),e1 — cemeticmeo muoxcecme ¢ Y, eHympenmnocmu
kKomopwx 06pasyiom noxpwmue npocmpakcmea Y uau Komopwie 06pa-
3ylom A0KAAbHO KOHEUHOe 3AMKEHYMOE NOKDmUe 31m020 RPOCMPAHCMEa;
ecau ece f,, cosepuiennvie, mo u f cosepuienmoe.

Ilyers Z — romonorugeckoe mpocrparcTso. Jias kajmoro I'cY
nMeeM frX1,=(fX1,)xz; ecau f coBepuieHHO, TO fX1, BaMKHYTO,
a sEaunT, u (fX1,);x, samkEyTO (§ 5, mpeinosxkeHue 2a), uem a)
u nokasano. Ecam reneps (7'(1)), 7 o6aamaer ogauM us cBoitcrs, cdhop-
MyaupoBaHHEX B 0), 1o moKpHTHE (I(1) XZ),; mpocrparcTBa Y XZ
obmajaer TeM ke CBOWCTBOM; €CIH BCe [, COBEDLIGHHB, TO BCe
(FX1z)pyxz BaMKHYTH u, 3HauuT, X1, saMruyTo (§ 5, mpemnoxenne
26), 4TO WM 3aBepIIAeT [OKA3aTeIbCTBO.

Hpepanomenns 4. [lyemo I — roneunoe muoncecmso u fi: X; —Y,;
— HenpepueHoe omobpascenue 0an Kancdoeo i€ 1. Iloaomcum X =
=HXi, Y=[1Y;, unycmo j: X—Y ecmo npoussedernue (x;)—>(f;(x;))
i i
omobpasicenuii f;. Tozda:

a) Ecau kaxcdoe us omobpascenuil f; cosepuwennoe, mo u | cosep-
wermoe.

0) Ecau | cosepuwennoe u ece X; ne nycmw, mo kaxcdoe f; cosep-
wenroe.

(Mur yBugum B n° 2, cieferBue 3 TeopeMH 1, 4TO 3T0 TpeIOKEHIe
pacupocrpaHsercs W Ha OGCCKOHEYHHE NIPOU3BOJEHMU.)
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IIpuMenenve WHIYKIUU DOKAs3bBaeT, Y10 AOCTATOYHO PACCMOTperb
cayuait, worma I={1, 2}.

a) IIpepmonosmum, 4ro f;, u f, — coBepuIeHHHE O0TOOpaKeHUA, U
nycTh Z — TONOJOTUWYeCKoe IPOCTPAHCTBO; orobpaskerme f; X f, Xi,
ABJAETCs KoMmosunueil orobpaskenuit Ly, X f, X1, 1 f; X1x, X1 ,, KOTO-
pBle B CUIy NPEJIO0J0KEeHUs 3aMKHYTH; CIef0BaTeldbHO, fiX[f,X1,
samrayTo (§ 5, mpenaomenne 1a) m f=7f, Xf, copepmienHo.

6) [Ipenmomoskum Tereps, uTo f COBEPHIEHHO; TYCTh F' — 3aMKHYTOE
MHO03KecTBO B Xy X Z 11 G — ero 06pa3 B Y, X Z npu 0TOOPaKeHNH fy Xt 4;
o6pas muoskectBa X; XF B Y, XY,XZ npn orobpaskenun f, X f, X1,
copmapaer ¢ f,(X;) X G. B cuny mpegmonomenus, f,(X,) X G saMKHYTO
B Y XY, XZ; ecnu X,==¢, 10 f1(X,) He mycro, a 8TO BjeUeT BaAMK-
HyT0cTh G B Y, XZ (§ 4, ciepcTBme mpeplosKeHys 7); CJIe[0BaTeNbHO,
orobpakenne f, cosepmenno. Tak ke JOKasHBaeTcA, 4To f; coBep-
menHO, ecan X,7 (.

Trepnosxenne 5. Tyemov f: X—X' u g: X'—>X" — Henpeprignvie
omobpascenusn. Tozda:

a) Ecau f u g cosepwennst, mo gof cosepuienno.

6) Ecau gof cosepwenno u f cropoekmueno, mo g cosepuienHo.

B) Ecau gof cosepuienro u g uneekmueno, mo f cosepurenno.

1) Ecau gof cosepuwenno u X' omdeaumo, mo f cosepuernno.

Ilyecrs Z — Tomonormueckoe mpocrpamctBo. Mmeem (go f) Xi,=
=(gX1,) o (fX1,); ecan f u g coBepmeHHH, TO X1, U g X1, BAMKHY-
TH ®, caejosarenbHo (§ 5, mpemaoxenne 1a), (gof)Xi, BaMRHYTO,
ueM a) M JioKasano. Tak ke nokaswiBaeM 6) (COOTB. B)), IpUMeHAA
nyukr 6) (coors. B)) mpennoskenus 1 § 5 m sameuas, 910 ecau f CIOPBEK-
THBHO (COOTB. g WHBEKTHBHO), TO fXi, CIOPBEKTHUBHO (COOTB. g Xi,
nHDbeKTHBHO). [Ipenmono:xuM temeps, 9T0 BHIIOTHEHH IPEANOJOKEHN
IyHKTa r). PaccMorpuM KoOMMyTaTHBHYIO AmMarpaMmy

X4 X xX’ .

i L (gof)yxux 1)

X/.__*X”XXI

¥

roe @(x)=(z, f(z)) m Pp(z')=(g(z'), ="). Orobpaskenme ¢ (cooTB. 1)
ecTb romeoMoppuam npocrpancrBa X (coorB. X') ma rpadur orobpa-
skeHUA [ (COOTB. Ha MPOCTPAHCTBO, CHMMeTpPUYHOEe rpadmry otobpa-
menna g) (§ 4, caepcreue 2 mpepdioskenna 1); npu 9ToM, NOCKOAbKY



1 COBEPIIEHHDLIE OTOBPAEHUA 155

X' ornenumo, rpaduk @(X), orobpaskenus f samrryr B X XX’ (§ 8,
crepcteue 2 mpennoskenua 2). CreneBarelbHO (DpefioskeHme 2), @
COBEPUIEHHO; C APYroil CTOPOHEI, HpeMioskeHme 4 IOKa3KBaeT, 4To
(g0 f)X1x+ coBepmenno. B cmny a) m KOMMYTaTUBHOCTH JMAarDaMMEL
(1), Yo f coBepmenHo, ¥ TaK KaK | UHBHEKTUBHO, TO U3 B) BHITEKAeT,
4910 f COBepHIEHHO.

3amMeganne Ecim X' HeoTHenumMo, T0 go f MOMKET OKazaThCa
COBepIIeHHHM M 0e3 Toro, 4Tolsl f GBLIO COBepPIIEHHBIM; JJIA TOTO JOCTA-
ToyHO HpHHATH 328 X 1 X'’ (cooTB. X’) MHOKECTBA, COCTOAMINE U3 ONHOLO
(coorB. mOBYX) sjeMeHTa, H Hanenutb X’ caabeilmmeidl Tomoaorueit.

Cnencreue 1. Cywcenue cosepwennozo omobpazcenus f: X—Y
Ka acakoe samknymoe mroxcecmeo F ¢ X ecmov cosepuennoe omobpadicerue
npocmpancmea F ¢ Y.

B camoM nesre, 5T0 cy;KeHZe ecThb KoMmmosumus foj, rue j: F—~X —
KaHOHWYECKAs WHDBEKINA, KOTOPAasA COBepmIeRHa (IpejioKenue 2).

Cngncreue 2. Iycmo f: X—Y — cosepwennoe omo6pascenue. Ecau
X omdeaumo, mo nodnpocmpancmeo f(X) npocmparcmea Y omdesuno.

B cumny mpemsoskerma 5B, MOKHO OTPAaHMYHTHCSI TeM CiydaeM,
rorma f(X)=Y. Torma gumarorans B Y XY ects 06pas mpu oTo6paske-
mum X f pmaronanu u3 X X X, Koropas sameryTa (§ 8, mpennoxerne
1); mockoaBRY fX f coBepmenno (mpemiokenue 4), nuaronanb B Y XY
BaMKHYTa (mpepJsoskenue 1), a caegoBaTenabno, Y otgeaumo (§ 8, mpen-
aoenue 1).

Cnencrsue 3. Ilyemv I — komeunoe mHoxcecmeéo u f;: X—Y;
Oan kaxncdoezo i €I — cosepuennoe omobpancenue. Ecau X omdesuno,

mo omobpaxcenue x—>(f;(x)) npocmpancmea X BHY,’ COBEPULEHHO.
p

B camom nese, 310 oTOGpaKkeHUE €CTh KOMIIOBWINA OTOOPasKeHHA
(z; > (f;(2;)) npocTparcTBa X’ BHYl- ¥ TMAaTOHAJIBHOTO 0TOOpaykenus
i
npocrpacTBa X B X/; Tak Kak 5T0 IOCIeHEe COBEPIIEHHO (mpej-

noskerve 1 § 8 m mpensoskerme 2), TO CHPABENIMBOCTD YTBEP/KICHNAS
cllefyer W3 TpeNIosKeHuir 4 m Da.

Cnencreue 4. ITyemv X u Y — monoaoeueckue npocmparcmea,
f: X—Y — nenpepwigrnoe omobpaxcenue, R — omuowenue sreusarenm-
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nocmu f(zx)=f(y) 6 Xu X—»X/R—n‘(X)—-»Y — KQHOKUMECKOe paso-
aicenue omobpacenus f. Jlas mozo umobs f 6udo coéépiuenniin, neo6-
zodumo w docmamouro, umobsl p Gvlao0 Co8epULEHHVM, b — 20Me0MOD-
dusmom u f(X) — samrnymen ¢ Y.

YcaoBug goCTATOYHEI B CUIy mpenJioskenuit Sa u 2. OGpaTHO, ecim
{ coBepmeHHO, TO OHO B3aMKHYTO, YeM yiKe ycramoBieno, 410 f(X)
s8aMKHYTO B Y, a h — romeomopdusm (§ 5, mpepsiosenme 3); Kpome

—1
TOTO, hop COBePHIEHHO WO IPEJIOMKEHUI0 OB W 3HAYUT p=nNo (he p)
COBEpINEHHO [0 MHPeJIOMEeHu0 Da.

2. Xaparmepuaauus coeepurenHblx 0moopancenuil
Cc60UCMBAMU KOMNAKINHOCIU

B amom n° mut 6ydem 0603nauams wepes P npocmpancmeo, cocmosuyee
us o0HOU mouku u HalesenHoe cgoeli eOUHCMBEHHOT MORoLO2UEl.

Jlemma 1. Tonosozuueckoe npocmparcmeo X, dan komopoeo omob-
pasxcenue X —P cosepuienno, KeasukoMnarmHo.

(Heckonbro mossike Mu yBunuMm (caepcreue 1 teopemnr 1), uro aro
CBOMCTBO rapakmepudyem K8asUKOMNAKMHbE TPOCTPAHCTBA.)

Moxno orpammumrhca ciayuaeMm, korma X He mycro. Ilyers F—
¢uaptp B X, X'=X{ {®} — Tomosormueckoe mpocTPaECTBO, ACCO-
nuuposannoe ¢ & (§ 6, n° 5, mpumep). Ilycrs, nanee, A — mMHOMKecTBO
B X X X', ofpasoBannoe mapamu (z, z), rue x mpoberaer X, n F=A—
ero samukanne B X X X'. Benenersue cuenamsoro oTHocuTenbHo X
npennonoMenusa o6pas MmHomectBa F mpu opoexmum X X X'—X'
saMKHyT B X'; mOCKOJBKY aToT 06pas comepsur X, oH Heo6X0AmMO
CONEePsRUT 0, ABJAKNLEECH TOUYKOW HOPUKOCHOBeHHA [is X; mHade
rosops, cymectByer takoe z € X, uro (z, ©)€F. Ilo onpenenennio
Tonmonorum mnpoussenennns X X X' 9To o03HAYaeT, UTO AJA RAKAOM
okpectHocT! V rogku x B X m Kamknoro MuoxectBa M € F ME mmeeM
VxMYNA=4g, 1. e. VN M=~ ; npyruMu cJ0oBaMH, % €CTh TOTKA
OPMKOCHOBEHNA (uabTpa g, u4ro m TpeGoBanoch NoKa3aTh.

TeopemMa 1. IHycms f: X —Y — Henpepuishoe omobpaicerue.
Caedyrowue uemuipe ceoiicmea pABHOCUALHBLY
a) f cosepwenno.

S
6) f samrnymo u f(y) 0aa randoeo yE€Y K6AUKOMNAKMHO .
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B) Ecau § — duavmp 6 X uy €Y — mouka npurocrosenus 6asuca
dusvmpa  f(F), mo cywecmeyem moura npuxocrnosenus xr Puashipa
& ¢ X mamasn, umo f(x)=y.

r) Ecaull — yavmpaguaomp ¢ X uy €Y —npedes 6asuca yavmpa-
dummpa f(X), mo cywecmeyem npedea z yavmpagusempa N ma-
kotl, umo f(a)=y.

a) eqeuemn 6): meWCTBUTENBHO, €CJHU f COBEPIIEHHO, TO | BAMRHYTO

—1
(mpennosxenne 1) u oroGpamenue fu,;: f(y)—>{y} naa rammoro ye€Y

coBepiierHo (upensoxkenne 3a). [lo memme 1 810 BiIeUYeT KBaZUKOM-
—1
TMaKTHOCTE  f(Y).

6) eqeuem B): WPENIONOKEM, 4TO ¥ M § YAOBIETBOPSAIOT IPENIIOIO-
JReHUAM IYHKTA B), M MyCTh B — Gasme Puinbrpa B X, 06pasoBaHBELl

3aMBIKAHMAMYU BCeX MHOKecTB U3 . Tak Kak f saMKHYTO, TO f(M)=

=f(M) nna Bcex M €F (§ 5, mpennokernne 9). IT0 DOKABHBAaeT, UTO
— -t
Muox ecTBa M ) f(y) nnsa Becex M € F He mycTH m HOTOMY 00pasynT

-1 -1
6asmc ¢masTpa B f(y), coCTOAINME W3 BaMKHYTHX MHOMKECTB B f(y).

ITockonbry fl(y) KBA3WKOMIIAKTHO, CYINEeCTByeT Z € fl(y), mpuHazje-
samee Bcem M (M €%); Torpa f(r)=y W T — TOUKa IPUKOCHOBEHUA
naa .

B) edeuem T) TPUBHAJLHHEM 00pasoM.

r) eaeuem samrmymocmv f. B camom mene, mycts A — Hemycroe
BAMKHYTOe MHOMecTBO B X n §§ — (QUABTD Bcex ToaMHOMKeCTB m3 X,
cogepamux A; rorma A Oyner MHOMKECTBOM BCEX TOYCK MPUKOCHOBE-
sua ¢uasrpa §. [lyers B — MHOKeCTBO BCeX TOUeK NPHKOCHOBEHUs
¢unprpa ¢ 6asmcom f() B Y; B BaMKHYTO U, 0UeBHUIHO, COMEPIKUT
f(A); ME1 moKaskem, uTo B=f(A4), ueM n Gyner foKa3aHOo HAIle yTBEPIK-
neaue. Ilycrs y€ B m B— ¢uantp okpecrHocTedl Toukm y B Y; mo

TPE/IONIOKEHNI0O BCHKOE MHOMECTBO W3 V== ft%) mepecexaercs
CO BCAKHM MHOKeCTBOM n3 §; mosromy IV ects Gasuc ¢uantpa B X
u B X cymectByer yasrpadmasrp U, Mamopupyiommii u Quaptp ¢
Gasucom B, m ¢masrp F (§ 6, caencrme 2 mpepmowenus 1 m Teope-
Ma 1). Yaerpadunsrp ¢ 6asucom f(11) mamopupyer LB m, cregosarenb-
HO, cXommTcaA K y. B cuny 1) cymecrByer takoe x € X, aro f(r)=y n
U cxopurca K &z, tak Kak U mamopmpyer §, TO % ecTh TOUKA
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npuKocHOBeHHUA (UABTPA , a 3HAUUT, TE A, 4eM U JOKa3aHo, UTO
B=jf(4).

T) adeuem a): B CaMOM Jene, TpeGyeTcsa HOKas3aTh, UTO 6CIH [ YHAOB-
JIETBOPAET YCJIOBUIO T), To oToOpaskeHue fX 1, 3aMKHYTO HJIA KaMmaoTo
TOMOJOrMYecKoro mpocrpancrsa Z. CoriacHo OpegsAyHIeMy OCTa-
TOYHO NOKA3aTh, 4TO fX1, TaKiKe Y/ OBIETBOPAET YCJAOBHIO T). A 310
BHITEKAeT U3 Clenymoomeil o0meil JeMMBL:

JJemma 2. Ecau (f),e1 — cemelicmeo Henpepvignulr 0mobpaxcenul
f: X—Y,, raxdoe us womopwxr ydosiemsopsem ycaosuio T), Mo u
ux npoussedenue f: (xr)—>(f(x)) ydossemeopsem ycaosuio T).

B camom peie, mycets U — yasrpagmasrp 8 X=[]X ny=(y) —
L
TOUKA BY———“HY” K Koropoit cxomurces f(11). 9o ozmauaer, 4o KasKsIi
L

u3 GasucoB yabrpagumasTpoB pr(f(11))=f(pr,(l1)) cxomurca x y,
(§ 7, cnencreue 1 mpemnoenus 10). B cuny yenosus r) gas xammoro
v € I cymecrsyer rtakoe z, € X,, 9ro f(z)=y, u pr(ll) cxogurcsa k z;
mo torma 1l cxomures K x=(z) (§ 7, caencrsue 1 mpemnomenus 10)
u f(x)=y, YTO MOKA3BIBaeT JeMMy M 3aBepIIaeT OKa3aTelbCTBO
Teopemsr 1.

Cnepcrsue 1. Jas moeo umobs monoaoeuueckoe npocmparcmeo X
66110 K8AUKOMNAKMHBM, He06xo0umo u Jocmamoune, umobuw omobpa-
acenue X—P 6wao cosepuierno.

BrTeraer 13 paBHOCHIBHOCTH a) ¥ 0) B IPUMEHEHHU K 0TOO PAMKEHUIO
X—P.

Caegcreue 2. Bceakoe Henpepvignoe omobpascerue | Kéasukomnarm-
Hozo npocmparcmea X 6 omdeaumoe npocmparcmeo Y C06ePULEHHO.

!
Kommosunua X —-Y—P cosepmenaa (caegcrsue 1), a smauur, f
COBEPUICHHO B CHUIy Ipefiaokenus OSr. MoKHO TaKKe TPHMEHUTH
Kputepuit 6) Teopemnt 1, mcmoassys caencreue 2 teopemsr 2 § 9.

Caencreue 3. IIpoussedenue (z)—>(f(z,)) cemeiicmea cosepuernuz
omoGpaxcenull (f) ecmb cosepuiennoe omobpaicenue.
BeaencerBue TeopeMs 1 93T0 He YTO WHoe, KaK [OKa3aHHAA BHINE
JemMMma 2.
Ecam mpnmeHHUTh 9T0 ClefcTBHe K cemeiicTBy orofpawenmi X —P,

TO, UPWHIMAA BO BHUMAHWe CJeficTBHe 1, Mbl BHOBbL HONYYHM TeopeMy
TuxoHoBa (§ 9, Teopema 3).
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Caepcrsue 4. Hyemoe X — omdeaumoe npocmparcmeo. Jlas rasxc-
Oozo cemeticmea cosepulennuxr omobpascenuti f: X—Y, omobpascerue

z—>(f (£)) npocmpancmea X eIl Y, cosepuenno.
L

IlokasaTebCTBO TaKoe e, KaK W B ciydae KOHEYHOTO ceMelicTBa
(cnemeTBue 3 npemioKeHHA D), € WCHOAB3OBAHUEM MHPEIBITYIIETO
CJIefCTBUA 3 W 3aMKHYyTOCTH nmarouasnu mpoussepmenus X! (§ 8, mpen-
anoxkenue 1).

CnegcrBue 5. [Juaa kancdoeco reasukomnarmmnozo npocmparcmea X
u kaxdozo monosozudeckoeo npocmpancmea Y npoekyus pry: X XY—Y
COBEPULEHHA.

B camom mene, Y mommo orTompectBurh ¢ P XY, OTOMmeCTBIAAA
pr, ¢ IpPOWSBeeHNeM COBepUIeHHHX oToOpaykenuit X—P (caencrBue 1)
u Ly, OTKyJa I BhITeKaeT TpebyeMoe (ciaexcrsume 3).

IIpume p. Oycrs X — MuO:KecTBO U f: X— X'— ero ciopvexmusnoe
oTobpaskeHUe B TONOJOTMYECKOe mpocrpaHcTBo X'; Hameamm X mpooGpa-
30M Tomojormm mpocrpaHcrBa X' orHocuTenbno f. Torma f cosepwenno,
6o oHO 8aMKEYTO (§ 5, n° 1, mpumep 3), u upoobpas nwGoA Toukn u3 X’
€CTh HOJIPOCTPAHCTBO B X, MMeroniee c1abefliyo TONOIOTII0 K TeM CaMbIM
KBa3WKOMIAKTHOE.

SamMevanmune. Eciu Y omdewumo, 1o ycnosme r) reopemn 1
PaBHOCHJIBHO CJENYIONEMY:

r') Ecau U — maroii yavmpaguavmp ¢ X, umo f(U) ecmo 6asuc
cxodawyezoca diuavmpa, mo U cxodumes.

B camowm gese, ecam U cxopurea & x, a f(1)— Ky, To 03 enuHCTBeH-
HOCTH Ipefiesa B Y ¥ HeOPEPHBHOCTH [ CJEIyeT, 9T0 TOT]a Heo6X04uMo
y=f(x). Touro rar me ycmosue B) TeopemMH 1 PaBHOCHIBHO TOTA
CIeRyIOmeMy:

B') Ecau § — marot guaevmp ¢ X, umo {(F) umeem moury npukoc-
HOSEHUA, MO U F UMeem TMOYKY RPUKOCHOBEHUS.

B camom mene, B)=>B')=>1')=>r)=>B).

Hanoporus, ecim Y HeoTneanmo, To I’) ye He BieuyeT ), KaK mOKa-

sbiBaer npumep, rme X CBOAMTCA K OJHOH TOYKe, a Y COCTOMT U3 [ABYX
9JIeMeHTOB U HafeJeHo ciabelimeil TounoJorneii.

lreanomeane 6. Ecau f: X—Y — cosepuwennoe omo6pasxcenue u

—1
K — weasuxomnarxmnoe mnoxcecmeo ¢ Y, mo mnoxcecmeo f(K) reasu-
KEOMNakLio.
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ITo npegioskenuio 3 orobpakenue fg: f(K)—K cosepienHo;

mockoabKy K—>P — cosBepmennoe oroGpakenue (caegcrsme 1 Teo-

L0k
pemu 1), u3 mpemioyKenus DSa BHITeKaeT, 4ro Kommosunua f(K)—

f —1
KK->P copepimeHna u, sHaunr, f(K) KBasukemMmakTHO (caemctsue 1

Teopemst 1).

3. Coseputennovie 0mMooPascenUst 6 AOKAAOBHO KOMNAKMHbLE
NPOCMPANCINEA

[Tleepnoxerue 7. Ilycmv f — Henpepuignoe omobparcenue omde-
aumozo npocmparcmea X 6 A0KAALHO KOMRAKMHOe npocmpancmeo Y .
Has mozo umobs f 6viao cosepuiennbim, Heobxodumo w docmamoyro,

—1
uymoGs. npoobpas f(K) awbozo romnarmmozo muoixcecmsa K=Y Obia
komnaxmen. Il pu smom ecau f coseputerro, mo X 40KaibH0 KOMRAKMHO.

Ecau f cosepiierno, 10 fl(K) ROMIAKTHO [JIs JI000T0 KOMIIAKTHOTO
KcY B cuny npegnosxenns 6. O6paTHo, DPEAION0KAM, 9TO TO yC-
J0BYe BHIOJHEHO, U nycrh (U,) — mokpeTHE mpocrpaHcTBa Y, obpa-
30BAHHOE OTHOCHUTENHHO KOMIOAKTHHIMU OTKPHITHIMEA MHOMKECTBAMMU.

—1
Ns mpepmonoskenus caepyer, uTo Bee f(U,) KOMOAKTHH ¥ UX BHYT-
perroCcTH 06pasdyioT DOKpETUe HpocTpaHcTBa X; mockonbRy X ormesnn-

MO, 3TO [IOKa3hIBAET, HPEKe BCEro, eTd JOKAIBHYI0 KOMIAKTHOCTH.
_1_ P
Hpome toro, rammoe orobpamenme fg,: f(U,)—U, coBepmenno

(caencrBue 2 Teopemnt 1) u, cienoBarenbHG, f coBepuIeHHO (HIpemJio-
menue 30).

Caepcrsue. Tyemo X u X' — 40KaabHO KoMnakmuble npOCMpak-
cmea, a Y u'Y' — KOMRAKIMHbE NPOCMPAHCMER, ROAYUAEMble NYMeM
npucoedunenus k¥ X u X' coomeemcmeenno GeckoHeuHo YOaLeHHBLT
mouer ® u ' (§9, n° 8). Jas mozo umobu nenpepwisnoe omobpazcenue
f: X=X’ 6wso cosepwenno, neobzrodumo w docmamourno, umobs ezo

npodoancenue f: Y—Y' makoe, umo f(o)=w0', 6u40 HenpepuisHo.
B camowm nerne, B cunny npenioskenus 7, CKasaTh, 4To f cOBepIIEHHO,
BCE PaBHO, UTO CKAa3aTh, 4TO AJA JI000r0 KOMIOAKTHOTO MHOKECTBA
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—1 —1
K’ u3 X’ muaomectso f(X'—K')=X—f(K") ecTb [omosIHEeHTE KOMIAKT-
HOTO MHOKecTBa B X; a IO OIIpejeJeHui0 OKPEeCTHOCTed TOYeK o I

o BY nY’ (§9, reopeMa 4) 570 PaBHOCHIBHO HENPEPHBHOCTH | B
TOYKe ®, YeM YTBEDsKJeHME CIeACTBHUA W [OKa3aHO.

4. Darmopnpocmpancinea xoOMNRAKMHLIE U AOKAABIHO
KOMNAKEIMHBLE NPOCPAHCINGE

Meennosmenne 8. IHyemv X — komnarmmuoe npocmparcmeo,
R — ommnowenue sreusasenmuocmu ¢ X, C — ez0 epagur ¢ X XX u
f — wanonuuecrxoe omoGpaxcenue X—X/R. Caedyowue ycaoeus pas-
HOCULbHL:

a) C samrnym ¢ X xXX.

6) R samrrymo.

B) f cosepuiento.

r) X/R omdeauno.

Kpome moeo, ecau asmu ycaosus eunoinenst, mo X/R rom-
naxkmmo.

Crasartb, uro R 3aMKHYyTO, BCe PaBHO, 9T0 CKasaTh, YTO f 3aMKHY-
To, Tak 4ro 6) Bieuer B) B cmiry reopeMsl 16. To, 4ro B) Bieuer r),
©CTh YACTHHIA cayuail ciencTsusa 2 npennosxkenusa d. Hax Mo yxe sna-
eM, T) Bieder a) Ge3 Kakux 6B TO HU OBUIO IPEJHOJIOKEHUN OTHOCH-
rensHO X (§ 8, mpenmoskenne 8). Iloxaskem Tenepb, 4To a) Bieder ).
Ho ecam F — samrsyroe MHOKecTBO B X, TO €ro HAaCHIICHIEM
caymur Ppr, (CN(FXX)), mw Tak KaKk B CHIY NPENHOMOKEHUA
CN(FXX) ectb 3aMKHyTOe MHO)XECTBO B KOMIAKTHOM IPOCTPaH-
cree X XX m, smauur, KomnaktHo (§ 9, mpepnosxenue 3), To Hame
yTBeDKAEHHE BHITEKAaeT W3 HempepuBHOCTH DPr, (§ 9, cuemcreume 2
TEOPeMH 2).

Haxener, sicno, uro ecaiu X/R ormenmMmo, T0 B CHIY TeOpPeMH 2
§ 9 oHO KOMmakTHO.

Ipepnomenue 9. Hycme X — sokaivho KomnaxkmHoe npocmpar-
cmeo, R — omnowenue sxeusarenmmuocmu ¢ X, C — ezo0 epagur 6
XXX u f— ranonuueckoe omobpasncenue X—X/R; nycmv, Oaaee,
X' — momnakmmoe RpPOCMPAHCMEO, NOAYuAeMOe Nymem npucoedu-
nenusa k¥ X Oeckoneuno ydasenHnoii mouku o, u R’ — ommowenue
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areusasenmuocmu 6 X ¢ epagurom C'=CU {(»0, 0)}. Cuedywujue
YCA08USL PAGHOCULBHBL:

a) f cosepuierno.

6) Hacwwenue no R 6carozo komnakmmezo muoxcecnea 8 X ecmv
KOMNAKMHOE MHOHCECTEO.

B) R’ samrnymo.

1) Cywcenue na C npoekyuu Pry COBePULEHHO.

n) R samknymo u ece kaaccet no R romnaxmmul.

Kpome moeo, ecau smu ycaosus ewnoarnenv,, mo X/R .10kasbHO
KOMNAKMHO.

a)=>0): B camom piese, Tark Kak X/R=f(X), o X/R otnenumo (cien-~
crBue 2 TpeJioKeHua J); cieNoBaTelbHO, 00pa3 mpu f BCAKOTO KOM-
nakrtaoro Maoskectsa K us X womnaxren (§ 9, caencreue 1 Teopems 2);

a TaK KaK HacHIIeHWeM MHOKecTBa K mo R caymur fzf(K)), TO OHO
KOMIIAKTHO B CHJIY HpejjiokeHus 6.

6)=>B): ecim F' — BaMEHyTOE MHO;KECTBO B X', He cofep:Kalee o,
ro F’ wommakTHO B X, Tak uTo ero HacHmeHue o R’, coBnapaioiiee
¢ HachmeHueM mo R, koMiuaktHo u TeM Gosee samkayto B X . Ecau
s#e o € F', To macmmenue Muo:kectBa F' mo R’ ecth o0beguHeHume
muOkecTBa { ®} u machmenua H wmuomectBa F=F' NX=F—{w}
uo R, Tmak 9T0 NOCTAaTOYHO NOKaszarb, uro H samxuymo ¢ X (1. e. 4TO
R ectb samrnymoe oTHOmeHMe). JLjas1 3TOro HOCTATOYHO MOKa3aTh, UTO
H | K xomnaxTHO mpu; Jo6oM KommakTHOM Muoskectse K ms X (§ 9,
upegaomxenne 11). Ho macmmenne L muoskectBa K mo R KOMIAKTHO
10 MpeduoJIoMKeHuio, ciefi ke MHO;KectBa H Ha L ecTb HacHIeHme
MBOecTBa F (L, T. e. Tome KoMIakKTeH; TeM Oosee OymerT Kom-
maktao HNK=HnNL)Nn K.

B) =>T): B caMoM jene, Tark kKak X' peryuaapso (§ 9, ciexcreue npes-
nosenus 1), 1o C’ samrnymo 8 X' X X' (§ 8, upennoxenne 14) u,
sHauMT, KoMoakTHO. Orciofa sakiovyaeM, uro C’ eCTh KOMIAKTUDUKA-
mua Anexcarpposa mpocrpanctia C (§ 9, Teopema 4); HOCKOIBKY CyiKe-
Rue npoeknud pry: X' X X'—>X’ Ha C’ HeOmpepHBHO B TOUKe ©, CIpa-
“BeJJIMBOCTh YTBEIK/IGHUA BHITEKAaeT M3 CIEeNCTBUSA HpeIoKeHus 7.

r)=n): Mg KaK[0ro 3aMKHYTOTO MHOzkecTBa F 13 X mepeceuenue
C N (FxX) sameryTo B C, uw moToMy HachimeHnue Maoykecta F 1o R,
coBnagaomee ¢ pr, (CN (FXX)), samxuyro B X (upegnosxenne 1).
‘Kpowme Toro, xnacc rouxku £ € X no R romeomopden mpoobpasy MHO-
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JKecTBa {Z} OTHOCHTEJIBHO CYJKeHHs mIpoeKnuu pr, Ha C m, 3Hauwr,
roMmaxTen (teopema 16).

O)=>a): B caMoM jiene, ecau R 3aMKHYTO, TO f BAMKHYTO IO Onpeje-
-1
nenuio, a f(z) mas xaxmoro z € X/R ects Kiacc mo R u, 3HAYMT, KOM-

NaKTHO; Hallle yTBeP:KJeHWe BHITEKaeT TOTHa u3 TeopeMul 16.

IToxamxem, nakonen, uro X/R moxanpHo koMnaktHo. B camom pese,
X'/R’ KOMIIaKTHO B CUIY B) M mpemsioKenus 8; orHomenue R mupynun-
pyerca B X ormomenmeMm R', a X orkpuro B X' u BHackmeno 1o R’;
cienoBatenbno, X/R romeomopdro obpasy f'(X) umpocrpamcrsa X
npu KamoHWyecKoMm ortobpamenwn f': X'—X'/R’ (§ 3, caencreue 1
npepnoxenusn 10). Ho f/(X) orkpuiro B X'/R' u noroMy ABIsgeTCA eT0
JOKaIbHO KOMOAKTHHIM IOANPOCTPAHCTBOM. Tem caMEM mpefio-
JHeHUe J[OKa3aHo.

Caencreue. Iycmv X — omdeaumoe npocmpancmeo, Y — mono-
aozueckoe npocmparcmeo, f: X—Y — cosepuennoe omobpadcerue.
Has mozo umobw X 6viio Komnarxmuo (COOTB. A0KAALHO KOMRAKMHO),
Heo6xodumo u docmamourno, ymobw f(X) Gviio Komnarmuo (COOTB. .0-
KEaAbH0 Komnakmuo), u Oocmamouno, umobw Y O6bli0 KOMRAKMHO
(COOTB. 0KAABHO KOMRAKMHO).

B camom pgerne, ecnim X KOMIOAKTHO (COOTB. JIOKAJBHO KOMIIAKTHO),
TO KOMIAKTHOCTH (COOTB. JOKaJNbHAsd KoMHaKTHOCTB) f(X) BEITeraer
u3 ciaefcTBUA 4 TpemJOMeHHA O u unpeioykenuit 8 mw 9 (B cayuae,
Korga X KOMIAKTHO, 3TO BEIT@Kaer, BIPOYEM, TAKKe U3 CIeNCTBHA 2
npepiokenus 5 u reopemu 2 § 9). O6parno, ecau Z=f(X) KoMmakTHO
(COOTB. JIOKATBHO KOMIAKTHO), TO, HOCKOIBKY f,: X—f(X) coBepmienHo
(npemnosxenue 3a), X KOMIAKTHO (COOTB. JIOKAJbHO KOMIAKTHO) B
cury npepioskesuit 6 w 7. Hawonern, ectn Y KoMIOakTHO (COOTB. JO-
KaJbHO KOMIAKTHO), TO TO ke BepHO # nas f(X), Kotopoe 3aMKHYTO B
Y (upennosxenue 1 m § 9, npenioxenue 13).

BamMmevganne. Ecim X JI0OKaAbHO KOMIAKTHO, HO He KOMIAKTHO,
TO saMKHYmMOe OTHOMEHVEe BKBUBAIEHTHOCTH R B X MOer OHITH meomde-
aumwm (ra. IX, 2-e msn., § 4, ynpamuenne 14); m gake KOTAa OHO OTjie-
auMo, X/R He ofgsaTenhbHO JOKalbHO KOMIAKTHO (ynpaskdHexnme 17).
OnmaKo cOopaBeinB CaeAyIOIIA KprTepnii:

Neeanosmeune 10 [Tyeme X — 10K@ALHO KOMRAKMHOE RPOCMPAH-
emeo, R — orjennMoe uy OTKPHITOE OMHOWEHUE IKBUSAICHIMHOCIMU §
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X u f — ranonuuecroe omobpaxcenue X—>X/R. Tozda X/R sokarbro
Komnakmmuo u 0asn 1106020 Komnaxmmuozo muoxcecmea K' us X/R cywe-
cmeyem makoe Komnarmmoe muosxcecmeo K ¢ X, umo f(K)=K'.
[TepBoe yTBep:KfeHN® BHTEKaeT M3 TOTO, YTO BCAKaA Touka z € X
uMeeT KOMIAKTHYIO OKpecTHOCTE V m f(V) ecth KOMIAKTHAsA OKpecT-
HocTh ToukE f(7) (§ 5, npenngsxenne 5 u § 9, cirencraue 1 Teopemn 2).
Ilyers V(y) pna rasxmoro y € K' — KoMmakTHas OKPECTHOCTH KaKoOii-

-1
aubo touru us f(y) B X, tax gwro f(V(y)) — KoMnaxTHas OKPECTHOCTh
roukn y. CymecTByer KoHewHoe umeiIo TOoueK y; € K’ rTakmx, ur0
f(V(y,)) noxpusaior K'. O6ossaunm uepes K, KOMIAKTHOe MHOKECTBO

U V(y;) 8 X; torna K’'cf(K,), cnegoBarensno, K=K, n—}l(K') KOM=

maxTHO (260 0HO 3aMKHYyTO B K,) m f(K)=K'.

VYnpakueHna

1) a) JlaTh npnMep HempepHBEHX otoOpakernit f: X—»Y n g: Y2
TAKWX, 9TO go f COBepIIeHHO, & f He CIOPBHEKTHBHO W ¢ He COBEpPIIEHHO.

6) JlaThb mIpuUMep HABYX COBEPIIEHHHIX oOroOpaskeHmit f: X—Y u
g X—>Z, tne X, Y, Z — KBa3UKOMIAKTHEIE IPOCTPAHCTBA, TaKUX, 4YTO-
68 x> (f(z), g(x)) He 6HIO COBepMeEHHEIM OTOOpajKeHNEM ITPOCTPAHCTBA
X BYXZ.

2) Iycrs f: X—Y = coBepmeHHOe OTOGpakeHWe U A — MOAIpPO-

crpanctBo mpocrpancrsa X. ITokasaTs, 9TO ecan A=f1(f(A))nZ, TO Cy=
senne f]A ecThb coBepmeHHOe oTOOpaskeHwe npocTpancTBa A B f(A4).
flBnsiercss AW 9TO yciaoBHe HEOOXOMMMBIM?

#3) Iyers (X,, f,5) — DPOEKTWBHAsA CHCTEMA KBA3WKOMIAKTHHX
KOJIMOTOPOBCKHX IDOCTPAaHCTB TaKHX, 9TO BCe f,; coBepmenHsl. [lokasars,
uTO ecad HE omHO X, He myCTO, TO {l—l;n X, He nyCT.[HORasaTL, 9TO B KBa-

8MKOMNAKTHOM KOJMOTOPOBCKOM IPOCTPAHCTBE BCSIKOE HENYCTOe BaMKHY-
TOe MNOMEeCTBO COMEPKAT 3aMKHYTOE OJHOTOYEYHOe MHOMKECTBO.]

4) Jlarp mpuMep HempepsiBHOTo oToOpaennsa fi X—Y, roe X n Y
OTZIeJIMEL, KoTOpOe He 0510 OB COBepIIeHHKM, HO I KOTOPOTO npooOpas

jl(K ) BCAKOTO KOMIAKTHOTO MHOMectBa K Obur Onf Kommarrten. [Cm. § 9,
ynpaxuenne 4.]

*0) Mycers f: X—Y — coBepmeHHOe 0TOOpakeHwme.

a) [NorasaTs, 9T0 ecam X peryaspHo, To f(X) ecTb peryaspHoe mon-
IPOCTPaHCTBO MWPOCTPAHCTBA Y.

0) MokasaTe, 9To ecanm mojmpocrpancTBo f(X) mpocrpancTsa Y ecTh
mpoctpanctso JIuaneneda (§ 9, ynpamuenne 15), To u X ecTh NpOCTPAHCTEQ
Jleuneneda. [Vicpoarsosate upefnomenue 10 § 5.)
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*6) ITycrs X — cymma cBoux mopupocrpancts X, (VEI), f — Hempe-
priBHOE 0TOOpasKeHHe IpocTpaHCTBA X B TOLOJOTHYECKOE ITPOCTPAHCTBO Y
n f: X =Y pas ramporo 1€ — cymenne f ma X,. IlokasaTs, uro mis
TOTO uTOOHI f GHIIO COBEPITEHHEIM, HeoOXOMMMO 1 JOCTATOYHO, YTOGH KamK-
Joe f, OHIIO COBEepIIeHHHM, a CeMeiCTBO MHOKecTB f(X,) — noxamxbHO
KoreunsM. [VMcmomnsoBats Teopemy 1r.]

*7) Ilycrd f: X— X'— coBepmenHoe otobpamxkenne, a R 1 R’ — oTHO-
IeHNA DKBUBAJEHTHOCTH B X uw X', ¢ KoTopuMu f coraacyercs. ITycrs,
nanee, f: X/R—X'/R’— oro6pamenne, LOJy9eRHoe N3 [ MyTeM (arTopu«
sanun, [Ipennosnomxnm, uto: 1° 06pas npy f BCAKOTO MHOKECTBA, HACHIIIEH-
HOro mo R, Hachumen mo R’; 2° R’ orkpwmito. IToxkasars, 9TO IpH 3THX
ycaosusax f coepmenno. [Mcmoansosars Teopemy 1B.]

8) IlokasaTh, uTO OpN YCAOBHAX IpuMepa 3 n° 2 § 5 KAHOHMYECKOO
oro6paskenme X— X/R cosepmeHHo.

*9) a) Ilycte X m Y — TONOJIOrHYeCKHe IPOCTPAHCTBA, A f: X—Y —e
CIOPBEKTABHOE 3aMKHYTOe OTOGpakenme (He 06sA3aTeJBHO HelpepHBHOE),

-1
IToxkasaTts, 9T0 ecau f(y) KBA3MKOMIAKTHO A BeAKOro yEY, To f(K)

KBA3WKOMMAKTHO 17 JI060T0 KBa3WKOMUIAKTHOTO MHOMecTBa K m3 Y.
[PaccysxpaTh HemOCPeACTBEHHO MJHM HCIOJB30BaTh ynpakHenme 7 § 5 m
ynpaksenne 13 § 9.]

6) Ipepmonmoxum, KpoMme TOoro, 9ro X peryaspmo. ITokasats. uTo

—1 -1
ecan f (y) samrryTo B X 17151 s1060ro y €Y, 710 f (K) saMKHYTO B X 17151 1106010
KBa3UKOMBAaKTHOro MuOKecTBa K m3 Y. [Te ke meropst.] Ecan, k Tomy e,

Y NI0KaJBHO KOMIAKTHO, TO f HENPEPHBHO.
10) ITyers X m Y — Tomogormyeckne npocrpaHctsa. CooTBeTCTBHE

(G, X,Y) mesxpy X mY (Teop. mox. ra. I1, § 3, n° 1) nasuBaercsa co-
eepuwienHbiM, €CIU CysKeHNe IpOoeKnud pr, Ha rpaguk G eCTh COBEPIIEHHO®

orobpaskenne G-Y.
a) Ilycts f — orTobpamenne X B Y'; mOKasaTh, 4T0 AJis1 HENPePHIBHOCTH
-1
§ HeoGXonuMO M HOCTATOYHO, 9TOOHI cooTBeTcTBHE f MeKny Y m X Owmuto
coBepmeHHBIM. [lnA Toro arobw f OHIIO COBepIIeHHEIM, HeoGXOmuMO B

JI0CTATOYHO, YTOOH COOTBETCTBUSA fl (Mexpy Y m X) n f (Meskny X m Y)
OLIIA COBepIIEHHEIMA. IIOAYUYHTH OTCIONA IpPUMEp He HelpepHBHOTO 0TO=
6paxcenns f, nas KOToporo Obl COOTBeTCTBUe f GBLIO COBEpPIICHHEIM.

6) TIoxasats, uro ecam (G, X, Y) — coBepImeHHOe COOTBETCTBH®,
Y0 G(A) ecTh BaMKHYTOE MHO;KECTBO B Y aas 10000 3aMKHYTOrO MHOK@=
erBa A u3 X.

*11) Ilycrs (G, X,Y) — coBepmenHoe cooTBeTcTBHe (ynpaskuernune 10).

a) [Mokasars, uaro ecam B — Gaspc ¢napTpa B X, 00pasoBaHHKF

gemnsnymyny spomecrsamn, 10 [ CN=G N
' M ﬁ% ’ Me®
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6) IToxasaTs, aro i ar06oro y €Y 1 mo6oit okpecTHoCTA V MHOKeCTBA

Gl(y) B X cymecTByeT Takas OKpeCTHOCTh W Toukw y B Y, uTo é(W)CV
(«HeTIpepHIBHAS 3aBICHMOCTh KOpHeHl OT mapameTpoB»). [Wcmoan3oBaTh
yopakuaenne 6 § 9.]

*12) a) Jlasa Toro arobn coorBercTBHE (G, X, Y) OBLIO COBEPIIOHHEIM,
Heo0XoquMo W [OCTATOYHO, YTOOH [ Jw06oro TOMOJOTMYECKOTO MMpo-
crpaHcTBa Z 1 m060oro coorserctsus (E, Z, X) ¢ 3aMKHYTHM rpadurom E
B ZX X rpadur Go E Obn 3aMkxEyT B ZXY. [UT06H ybemnrnca B He00X0-
JMIMOCTH YCJIOBHSA, 3aMeTHTh, 9T0 Go E ectb o6pa3 (EXY)N(ZX G) npn
otobGpamkennnt 1z X pry : ZX G—ZXY. UroOn y6emnThes B [OCTATOYHOCTH,
moKasath, 910 Ana mioboro FC(ZXY)X X mpoobpas Go F 0THOCHTEILHO
oroOpaskenust 1z X0y: ZXY—ZXY XY, ruie §y— puaroraanHOe 0TOOpA-

-1
merne Y—Y XY, ectb 06pas MHOKeCTBA pryg (F [ (GX Z)) npu oToGpaxe-

i (y, z) —> (z, y), I1ie Floaﬂa'me'r o6pas F npu orobpasxenun (z, y, ) —>
—>(z, ¥, 2).]

6) BriBecTn m3 a), 9TO KOMIO3WIWSA JBYX COBEePITEHHHX COOTBETCTBHI
€CTh COBEPHIEHHOE COOTBETCTBHE.

B) IIyers (G, X, Y) — cosepmenHoe coorBercTBhe. ITokasaTs, 910
ecn X ormeanmo, 10 G 3amrEyTO B X XY

*13) Ilycts X — JOKANBHO KOMMNAKTHOE NPOCTPAHCTBO M Y - TOIO-
JIOTHYeCKOe IIPOCTPAHCTBO.

a) JlokasaTh pPaBHOCMIBHOCTH CIEAYIOIHUX YCIOBHIL:

o) (G, X, Y) ectb coBepmeHnHOe COOTBeTCTBHEe Meskny X m Y.

B) Mna mwoboro orgeammoro mpocrpanctBa X', comepskamero. X Kax
nofnpocTpaHeTBo, G 3aMKHYTO B X' XY.

v) G samxryTo B X XY 7 Ans m060ro y €Y cymecTBYIOT OKPECTHOCTD V
TOYKH y B Y M KOMOAKTHOe MHOkecTBO K B X Takme, 9r0 (X—K)XV He
nepecekaercsa ¢ G.

0) CymecTByeT TaKOe KOMIAKTHOe IPOCTpaHCTBO X', comepskamiee X
KaK DOQIpPOCTPAHCTBO, 4YTO G 3aMKHYTO B X' XY.

[Ons moxasaTenbcTBa TOro, 9TO €) Biaeder f), HCNONB30BATH YIpPaiK-
penns 12a u B. Jlaa okasaTenbcTBa TOrO, 9T0 O) BieYeT o), HCIOAb30BATh
IpefnoKeHne 2 W ciencTsme 5 TeopeMsr 1.]

0) ITorasath, gro eca:m (G, X, Y) coBepmeHHO, TO BHIOMHAETCH
clepyomee ycaoBme:

9] GI(L) KOMIAKTHO i noGoro KoMmaxTHOro MHOMectBa L ms Y.

JloxasaTh, KpoMe TOT0, 9T0 ecad Y JIOKaJIbHO KOMIAKTHO, a G 3aMKHYTO
B X XY u ynoBaerBopser yciaosmo (), To (G, X, Y) coBepurerno. [Ucmoas-
30BaTh PAaBHOCMABHOCTH ) @ y).] 910 mocnenHee yTBep:KueHWe TepseT
cny, ecan Y OT/|eInMO, HO y3Ke He HPeAII0IaraeTcs JOKAIbHO KOMIIAKTHEIM
[yopasxaenne 4].

14) TIycts Y — AOKaJBHO KOMIAKTHOE MPOCTPAaHCTBO W X — TOMOAO-
FEHeCKOp HpocTpaHcTBO. Jlaa HeIpePLIBHOCTH Qroﬁpameanﬂ XY
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Be0o0X0qUMO I OCTATOYHO, YTOOH [ MI060T0 KOMIAKTHOTO IPOCTPAHCTBA
Y’, copmep:kamero Y Kak IOANPOCTPAHCTBO, rpadur f O BaMRHYT B
X XY’. [UcuonssoBats yupaskuenns 13 u 10a.]

15) IIycts X — oTAeauMoe LpPOCTPAHCTBO, A — BaMKHYTOe MHOKE-
ctBo B X, f — coBepmenHOe oToOpajkeHHe IpocrpancrBa X — A B 10-
KaJIbHO KOMIAKTHOe IIPOCTPAHCTBO Y, Y’'— KOMOAKTHOHKAnusa AJjex-
CaH/(POBA IPOCTPAHCTBA Y M ® — ee GECKOHEUHO yhajeHHas Touka. [IycTh,
nanee, g — orobpakenme X B Y’, paBHoe f Ha X — A ® paBHoe ® Ha 4.
JlorasaTh, 9TO g HeIpepHBHO.

*16) ITycts X — JOKaJbHO KOMIIAKTHOE IPOCTPAaHCTBO, R — OTHO-
nieHne dKBUBaJdeHTHOCTH B X m C — ero rpaduk B X X X. ITokasaTs, uro
071 3amMmKEyTocTH C B X X X He0o6X0quMo U JOCTAaTOYHO, YTOOH HACHIIIEHTe
no R mio60oro KoMmakTHOTO MHO;KecTBA K B X 6bli0 3aMKHYTO B X. [[la1s
[OKa3aTeqbCTBA HEOOXONMMOCTU MCIIONb30BATH CJIENCTBHE 5 TeopeMsl 1.]

°17) IIycrh S — OTHONIEHWE® YKBWBAJIGHTHOCTH B JIOKAJBHO KOMIAKT-
HOM HIpocTpancrBe R, moryZaeMoe OTOKIECTBIeHHEM Memuy coboil Bcex
Touex ms Z, [loxasars, aro S 3aMKHYTO, a R/S oTHequM0, HO He JOKAJBHO
KOMIIAKTHO. ,

°18) IIycrs X — IOKAIbHO KOMIAKTHOE HOmIpocTpanctBo [0, 4 wf
opoctpaHcTBa R m § — OTHOIIeHWe SKBHUBAJEHTHOCTN B X, uMemollee

1
CBOMMH KJIACCAMH MHOKECTBA {x, = (0<z<1) m {0}. Toxasars, uro S

OTKpPHITO, MMeeT 3aMKHYTEE rpagux B X XX u X/S roMmmakrtHo, HO S
He 3aMKHYTO.,

*19) Ilycts X — JOKAIBHO KOMIAKTHOE HPOCTPAHCTBO, CYETHOE B
GecKOHEYHOCTH, U R — OTHOWmEHMEe DKBUBAJEHTHOCTH B X C BaMKHYTbIM
rpadurom B X X X. Ilokasats, uro X/R ormeammo. [[ycrs (U,) — mo-
KpBITHE HPOCTPaHCTBA X, COCTOsAmee M3 OTHOCHTEJHHO KOMIAKTHHX OT=
KPHTLIX MHOMECTB, MJIA KOTOPHIX 7nc: Up+1. Iycrs, nasee, A u B —
HellepeceKaloImyecs 3aMKHYThe MHOJKecTBa, HACHIleHHBle o R. Onpene-
JUTH 110 WHAYKUHN [Be Bo3pacraiomwue nocaenoareabroctn (V) u (W)
HaCHIMEHHHX N0 R 3aMKHYTHX MHOKeCTB, Takmx, uro V,\W,=g, a

VaNU, (cootB. W, T,) — oxpeerHocTs MHOKecTBa A[) U, (COOTB.

BN U,) B KoMOaKTHOM MO pOCTPAHCTBE ﬁn. Hcnonb3oBaTh OpejioKeHne
8 m ynpaskmenme 16, a Tawke mpepioskenne 2 § 9.] *)

*20) IIycrs X — HemycTOe KOMIAKTHOe IPOCTPAHCTBO W R — oTfAe-
JUMoOe OTHOTIeHWe sKBHBadeHTHOCTH B X. Jlaa Toro urobm X/R Owuio
BaMKHYTHM B IpocTpancTBe Po(X), HagememnoM Tomosormeit J g (§ 8,
ynpasxuenne 12), Heo6X0AuMO M [OCTATOYHO, 4TOGH OTHOIeEHHe R OHLIO
oTKpHiTEIM. [McmoarsoBate ympasxmernne 14 § 9 m yupakaenme 16 § 3

*) Ecap JIOKaJAbHO KOMIOAKTHOE HPOCTPAHCTBO X HE CUETHO B 0eCKOHEUHO-
CTH, TO MOKET CJAYYNThCHA, YTO OTHOIIEHNEe DKBHBaJeHTHOCTH R B X 3aMRHYTO (B
TeM Gomee HMeeT 3aMKHYTHI rpaduk (§ 8, mpemmomenne 14)), 2o X/R neorge-
aumo (cM. ra. IX, 2-e msp., § 4, yopaxuenng 96 u 14).
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JIIS IOKA3aTeJbCTBA TOTO, YTO €CJIH X/R samrryTo B Ro(X), HamemeHHOM
Tononormeir J g, TO GaKTOPTONOIOrHA B X/R coBnajaeT ¢ TONOJOIHeId,
KOTOpYI0 WHAyUEpYeT ¢, W OpuMeHuTh ympasknenne 7 § 5. O6parno,
ecau R OTKDHITO, HCIONB30BaTh ylpaskueHme 29 § 8 nna fokasaTesbCTBa
samrryToctn X/R B Tomoxormn g .]

*21) *) a) ITycre X — MOCTHKIIMOE A0KAAbHO KEA3UKOMNAKMHOE TIPO-
crpanctBo (§ 9, yupamuerne 30), X y~— OHCKpeTHOE NPOCTPAHCTBO, AMEIO-
Mee HOCHTEN6M TO ke MHOMKeCTBO, 9T0 M X, u X y— (KOMMIAKTHOe) Lpo-
CTPaHCTBO Beex yabrpadmabTpoB B X, (THe AMCKpeTHOe MPOCTPAHCTBO X
OTOKJIECTBJICHO C OTKPHTHIM HOAIPOCTPAHCTBOM IPOCTPAHCTBA X0 B89,
yunpasxkaenue 27). Ilycrs, pganee, R (mam R(X)) — OTHOIIeHWe SKBUBA-
JeRTHOCTH B X, Meskuty yabrpadmabsrpamul] m B: il m B mmetor B X
OJIHO 7 TO jKe MHO}KecTBO mpejesioB». [lokasaTh, 4To oTHOMmeHHe R omdeauno

[HCHONBBOBATE ONECAHHE TOMOJOTMA HPOCTPAHCTRBA X, AAHHO® B YHPAMK-
menmn 266 § 9, ynpammenzme 76 § 7 m axcmomy (C’)]; KoMmaKTHoe Ipo-
crparctBo X¢=X,/R maxonurcsi BO B3aWMHO OJHO3HAYHOM COOTBETCTBHAN
€ MHOKECTBOM BCeX npumumusniiz MHOKecTB B3 X (§ 7, ynpaskmenue 7).
Ecam X orpennmmo (W, CIeoBaTeldbHO, JIOKAABHO KOMIARTHO), TO X°¢
OTOKIECTBUMO € X, eciit X KOMIOAKTHO, M C eT0 KOMIAKTUPUKAIed Ajlek-
CaHPOBA, eCAH OHO He KOMIAKTHO.

6) Iyers Y = saMKHYTOe HOZOPOCTPAHCTBO mpoctpancrsa X. ITpo-
CTPancTBO ¥, BceX yabTPAadMIABLTPOB B Y, OTOMJIECTBHMO C 3aMBIKAHHEM
Y, B X,, a mpocrpancrBo Y°— ¢ kamonumuecknM o6pasom f’o B X°.

B) [lokasaTs, 4T0 cyskenue Ha X , KAHOHHYECKOTO 0T06 pasKens X X¢
ecTb Omermus X, Ha HEKOTOpPOe HOAUpOCTpaHcTBO X . mpocTpaHeTBa X°¢,
49TO0 KaHOHWYecKOe oTobpakenme f: Xe— X ecTh HenpepLBHAM OHeKIUA 1

MTO O6pa3 opu 3TOM 0T06p87KeHHP[ BCAKOI0O KOMOAKTHOIQ MHOMKeCTBA U3

¢ ecThb 3aMKHYTOe KOMIAaKTHOe MHO3KecTBO B X. [YT00E yGemurhea B

HeNpepHBHOCTH f, WCHOJAB30BATH 0); 3aMeTHTh, ¢ APYTOil CTOPOHHI, 4TO
npoobpas B X, Touky u3 X COCTOMT W3 YAbTpaduIbTpoB B X, MMEIOIUX
KaKIBH eqMHCTBeHHH Ipened, u uro ecad |l — yaerpadmastp B X,
To mnpenex 11, paccMaTpuBaeMoro Kak Oasuc ynbrpaduabTpa B X, ecTh
11, paccMaTpuBaeMoe Kak mouxa B X .]

°r) Iycts Z — MHO)KecTBO-cyMMa He Gollee 4eM CUETHOTO ceMeiicTBa
OpOCTPAaHCTB Y,, COBHAJAI0OIWX C IPOCTPAHCTBOM Y, oUpefieleHHLIM B
yupaskaeEnn 7 § 8, m OHOTOYeUYHOTO MHOKeCTBa {co} Onpenennm B Z
TONOJIOTUIO, NPUHAB 32 YHAAMEHTAJBHYIO CHCTEMY OKPECTHOCTeil TOUKU
2€Y,, nIbTp ee OKpecTHOCTell B IPOCTPAHCTBE Y, a 32 YHAAMEHTAILHYIO
CHCTeMY OKPeCTHOCTeHl TOYKM o MHOMKeCTBO Bcex V,, rme V, ecth o0benu-

*) PesynbTaTsl (HeonyOJMKOBAHHBIE) DTOTO YNPAMKHEHNA U YOPaKHeHUA 7

§ 7 coobmun mam J. Fell.



1 CBABHOCTD 169

HeHNe {co} u Bcex Y, ¢ m==n. Tak ompepereHHOe IPOCTPAHCTBO Z Ji0-
CTHKIMO, KBA3MKOMIIAKTHO J JIOKAJbHO KBAa3HKOMIAKTHO; HO HORIPO-
CTpaHCTBO Z{ npoCTpaHCTBA Z€ He JIOKAJIbLHO KOMIIAKTHO.

1) IIycrs Y — emie OiHO JOCTHKIMOE JOKANBHO KBAa3HKOMIIAKTHOE IIPO-
CTPAHCTBQ W U — TaKoe HelpepuBHOe oTo0pasxenue mpocrpanctsa X B Y,
9T0 IP006pas OTHOCHTENbHO U BCAKOT'0 KBA3MKOMIAKTHOTO MHOMECTBA 13 Y
KBasmKoMnakTeH. ITokasaTh, uTo u, paccMaTpmBaeMoe Kak oToGpaskeHne
opoctpaHerBa X§ B Y, HeNpephiBHO H NpPOJOJIKaeTcs (eIMHCTBEHHHLIM
obpasom) no menpepHBHOro orobpamennsa X°—Y°. [[Ipogomxurs cravana
& [10 HeITPePHIBHOTO 0TOGDAKEHNA X o B Y, U IOKABATH, YTO OHO COIVIACY-
eTcs ¢ OTHOIIeHNAMN sKBABaxentHocTd R(X) n R(Y).]

%) Ilycrb X — mocTI:KMMOe KBasWKOMNIAKTHOE, HO He JOKAaJbHO
KBa3HKOMIAKTHOe NPOCTPAHCTBO, ONpejieleHHoe B ympaskuenmn 30B § 9.
IToxasaTs, 9TO B COOTBETCTBYIOIIEM MPOCTPAHCTBE X, OTHOUIEHIE DKBIHBA=
JeHTHOCTU R(X) HOOTaeamMO.

§ 11. CeasHocrs

1. Ceasnovte NPOoCMPaHCcIBa w MNHOHCECTNEH

Oupenenerue 1. Tonoaocuueckoe npocmpancmeo X Haswiearom
CEA3HBIM, eCAU OHO He Asasemcs 0Ovedunenuem 98yxr Henepecekaoujurcs
Henycmur OMEPLUINBE MHONECE.

PasrocunbHOE OnpeeseHre TOMYYUM, BaMEHUB CIOBO OTKPHITHIX)
Ha «3aMKHYTHX»; TO K€ CaMOe MOYKHO BHIPa3WTh, CKas3ap, 40 KpoMe
Bcero X W IyCTOTO MHOMeCTBA B X HET OMEDHMO-3AMKHYMbLE
MHOKECTB.

Ecnm X cBasHo, A w B — HenycThe OTKPHTHE (AIW 3aMKHYTHE)
MHO;KecTBa Takwe, uto 4 UB=X, o ANB+*Y.

Hpumepn. °1) B ra. IV, § 2, n° 5 Mu yBHAWM, 9TO YHCIOBasA
npsAMas CBfASHA, a panuOHAJbHAA OPSAMAS He CBSI3HA.,

2) JlucKpeTHOe NPOCTPAHCTBO, coAeps;kamiee Gosee OMHOH TOUKH, HE
CBA3HO. .

3damerum, aro ecau (U) ., — pasbuenue TOLOJIOTHIECKOTO NpO-
crpanctBa X, 0o0pasoBaHHOe OMKDLMBMU MHOMKeCTBAMU (KOTODbIO
HeoOXOmUMO He nycmy, B cuiy onpepenenus pasbuenus (Teop. MBOK.,
CBogra pesynsbrt., § 4, n° 4), ro kaspoe U, omxpumo-samkrnymo. w6o
eT0 JOmoJIHeHHe OTKPEITO, Oynyun obbenunenuem Beex U,, y KOTOpwX
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u=~1. OTKPHITHIME MHO3KecTBaMu B X GynyT TOT/A T M TOJHKO Te MHO-
mecTBa A, mua koropsix A N U, orkpuro B U, npn; Beex v € I; nosromy
mpocTpaHcTBo X OTOKIECTBEMO C cymmoti npocrpancts U, (§ 2, n° 4,
upumep III) u, ecam I copmepsxuT 1o KpaiiHedl Mepe [Ba BJIEMEHTa,
HEe CBA3HO. *

Onreneneraue 2. ITodmnoncecmeo A monoaozuneckozo npocmparcmea
X Hasviealom CeA3HBLM, €CAL OHO eCmb CBA3H0e NOONPOCMPAHCNE0 Npo-
cmpancmea X.

Ilnsa Toro uro6H mMuoskecTBo A = X OBLIO CBA3HEIM, HEOGXOMUMO I
NIOCTATOYHO, 4TOOHI [Jis JIOGOTO €TI0 MOKPHITHA, COCTOSIIET0 U3 JBYX
OTKDHTHX (WIN ABYX BaMKHYTHX) MHokectB B u C Tarax, 910
ANB u ANC me mycth, MHEOkecTBO A BN C 6b10 He mycTo.

Il puwme pn. B mobom TONOIOTHNIECKOM IPOCTPAHCTBE IMYCTOE MHO~
JKeCTBO U OJHOTOYEYHBIe MHOYKECTBA CBASHLI; B 0mdesusmom IPOCTPAHCTBE
BCAKOE KomeuhOe MHOMKECTBO, cofiepsxailee 6ojiee ofHONl TOYKH, W BooOme
BCSTKOe HEOJIHOTOYEYHOe MHOKECTBO, 00Jajiaomiee o KpaiiHeid Mepe OmHOM
U304UP08AHHOL TOYKOU, He CBSSHO.

Ecau sciody naomnoe MuomxectBo A CBA3HO, TO M BCe HPOCTPaH-
c¢tBo X CBA3HO: B IPOTUBHOM CJydYae CYITeCTBOBAIM OH HeIepeceKaio-
Imyecsa HemycThie OTKPHITEIe MEOKecTBa M u N rtaxwe, uro X =M U N;
Torma MNA nu NN A Obuin OB HemepeceKalouUMUCA HeIyCTHMA OT-
KDHITBIMU MHOMkecTBamMu B A, uMeromumu A cBouM oObemuHenueM,
B IpoTHBOpEUne C mpegmono:kenuem. Mrak, mmeeM:

Meegnosxenne 1. Ecau A — ceasnoe muoxicecmeo, Mo ceéS3HO U
ecaroe muoxcecmeo B maxoe, umo AcBc A.

IIpegnomenue 2. O60wedunenue cemelicmea C6A3HHLL MHONCECTE,
uMenuez0 Henycmoe nepeceyeHue, eCcmb Cs3H0e MHONCECTNEO.

IIycts (A,) e; — ceMeiicTBO CBA3HBIX MHOeCTB B X, MMEIOIIUX
o0ImyI0 TOYKY z; MOKayKeM, 4ro 4 = U A, cBasso. [leiicTBUTENIBHO,

vel

B INPOTHBHOM ciyuae B X CYINECTBYIOT OTKPHIThIe MHOKecTBa B u C
Takme, ut0o BN A nCNAsenycrs, AcBYUCuANBNC#. Toura
Z TNPHWHAJIERUT OFHOMY U3 MHOMecTs B, C, mycrs, Hanpumep, Z € B;
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¢ [pyroii CTOPOHH, CYIIeCTBYyeT TaKo# mHmexrc ¥, uro CNA,#=J;
HOo morga A,cBUC, A,NnBNnC=g, mpuuem BN4, m CNA,
He OyCTH, B IPOTHBOpPeUNe C IPEIOJIOKeHueM, 4To Bce A, CBASHHL.

Cuaepcrsue. yemv (A,), = , — Oeckoneunas nocaedoéamesvrocmb
ceasnux mHoxcecms marux, umo A, NA,7# < npu awbom nz=0;

@

mozda o0b6wedurernue U A, cessno.
n==0
B camom pene, MHAYKIUed o n cpasy yGeskmaeMcs Ha OCHOBAHUH

n

OpemyioskeHusa 2, 9YTO MHOKECTBO Bn:U A; cBaA3HO npm J00oOM n;
i=0

HOCKOJbKY 3Ke MHOJKeCTBa B, HMeIoT HeIlycToe IepecedeHme, UX 00b-

o0
elMHeHMe, pAaBHOE U A,, CBA3HO IO IpejJIoReHHo 2.
n=o0

Meepnomeaue 3. IHyemv A — npoussosvroe MHOMECMEO 6 MONO-

avauueckom npocmpancmee X. Ecau B — ceéssnoe muoxncecmeo ¢ X,
nepeceraiougeecs u ¢ A u ¢ CA, mo B nepecekaemcs makaice ¢ eparuyel
mHoxcecmsa A.
. B camom pgene, B mpoTuBHOM ciydae mepecedeHus B ¢ BHyTpeH-
HOCTBIO W BHEIIHOCTHI0 MHOKeCTBA A OBy OBl IByMS OTKPBITEIME MHO-
secTBaMu B B, o6pasylomumu ero pasbueHne, B IPOTHBOpeYNe ¢ Ipej-
HO0JI03KEeHUEM.

CaepncrBut. B ceasnom npocmpancmee X écakoe nenycmoe omauunoe
om X MHOxNcECIB0 UMeem NO Kpaiinell mepe 00HY 2DAHUMHYIO MOUKY.

2. O6pas c6A3H00 MNHOICCCTNEA NPU HENPEPLIEHOM
omoopaicenun

Meepnomenue 4. IHycme A — ceéasHoe Mnoxcecmeo 6 mMonoao2ll-
weckom npocmpancmee X u f — HenpepweHoe omoGpajcerue npocm-
pancméa X 6 monoaoeuueckoe npocmpancmeo. X'; mozda  f(A)
€6A3H0.

- B camom pene, ecau 0m B f(A) cymecTBoBajin OTKPHITHE (OTHOCH-
telabHO f(A)) MHOskecTBa M’ m N', oGpasyimume ero pasbuenue, TO
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—1 —1
muomectBa A Nf(M') uw AN f(N') 6biim OBl OTKPHITH OTHOCHTEJBHO A
u 06pasoBHBAIK eT0 PasOuenue, B IPOTUBOPEYNE C IPEJII0I0KEeHIeM.

IIpoo6pas CBA3HOIO MHOMKECTBA OTHOCHTEJNBHO HEIPePHIBHOTO OTG-
Gpasxennsi He 00s13aTeqbHO CBsSI3eH, KAK NOKA3KBaeT OpmMep oTobOparke-
HUSI HEOJHOTOYEYHOTO J[HCKPETHOrO NPOCTPAHCTBA B OJHOTOYEYHOE IO~
CTPAHCTBO.

Ipensoskenne 4 mMO3BOJIsAET IO-HOBOMY OXapaKTepPW3OBATH He-
C653Hble TPOCTPAHCTBA.

[IeepnomennE 5. Jas mozo umoGe, mono.aoeuieckoe npocm paHcmeo
X Owvao mecessHvM, He0bxodumo U docmamouno, umobs cyuyecmaeosano
Henpepuigioe CIOPBHEKTUBHOE 0mobpaxcenue eco 8 duckpemuoe npocm-
pancmeo, codepacauee 6osee 0dnoli mouru

Ycaosue, oueBumHO, AocTaTouHo (mpensaoskenue 4). OHo mHeobxo-
nuMo, 160 eciim A W B — OTKDHITEIE MHOKecTBa, o0pasyoomue pas-
Ouenue mpoctpancTBa X, TO MBI TOJYYUM HeIPEPHBHOE 0TOOPaKeHMe
f aToro mpocTpaHcTBA HA AUCKPeTHOE mpocrpaHcTeo {a, b}, cocrosmee
u3 nByx assnemenToB, monokue f(4)={a} u f(B)={b}.

3. DaxMopnpPocCmPancmea C8A3HOL0 NPOCMPAHCMEA

[Ipennoswenue 6. Beakoe ¢Gakmopnpocmpancmeo céasnozo npo-
cmpancmea  Ccéa3H0.
910 — HENOCPEJICTBeHHOE CJIEICTBUE MHpeJioKenus 4.

Meepnomenue 7. ycmv X — monosoeuueckoe npocmpancmeo
u R — omnowenue sxeusarenmuocmu ¢ X. Ecau ¢axmopnpocmpan-
cmeo X/R ceasno u éce kaaccol sreusasenmuocmu no R cessww, mo X
C8A3HO.

Paccyssas or mpoTuBHOTrO, IPEAIONIOMNM, 9TO CYIIECTBYEeT pas-
Ouenme mpocrpaHcTBa X HA ABa OTKPHTHX MHOKectBa 4 u B. 9rtu
MHOKeCTBa Hacviyersl mo R, m6o ecnm x € A, to raace M Toukm z mo
R me moker nepecekarncst ¢ B, nocKoabKy Torpa maoskectBa A N M
u BN M oGpasossiBasiu Gbl pasbuenvie M Ha [BA OTKPHTHX OTHOCHUTEJN b~
Ho M MHOKeCTBa, 9TO NPOTHBOPEUMT Hpeano/ioxennio. Hanonnueckne
ob6pass MHOMKeCTB A m B Gynyr Torga OTKPHITHIMU HOAMHOMKECTBAMU
¢daxropupocrpancTea X/R, ofpasywmuMu ero pasfuenne, 4T0 HeBO3-
MO3KHO. )
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4. II'pouzsederue c8ASHHIIL NPOCMPANCHLE

[repnoenue 8. Beskoe npouseedenue ceaswblx npocmparcme
ceasno. O6pammno, ecau npoussedernue HenYCMBLL RPOCMPARCME CEA3HO,
mo Kaxcloe U3 npocmpaHcme-cOMHONCUMeneli CEs3HO.

IIyers X = III X — nmpoumsBefieHNe TONMOJOIHICCKUX MPOCTPAHCTB.
Le

Ecmm X me myctet, To X, =pr X mas ramporo L€/, rak uro ecian X
CBASHO, T0 W Kakpoe X, cBAsHO (mpemaoxenue 4). OGparmo, mpen-
monoskuM, 9To Bce X cBASHH, HO X He cBA3HO. B cuay npejnomenns
5, TOrga CylecTByeT CHOPBEKTHBHOE HENPEePHBHOE OTO0pajKenue
f: X—X’', rne X’ — pucCKpeTHOE MPOCTPAHCTBO, Copep:;kamee Gosee
onno# trouku. Ilycrs a=(a) — rarag-nubo touxa u3 X n » — npous-
BOJNBHHI MHJEKC; "actuunoe oroOpaskenme f,: X,— X', omnpeneneu-
Hoe paBeHCTBOM f, (2)=f((y,)), Ime y,==2 1 y,=a, ANA 5= %, HeApe-
puiBHO Ha X,, m Tak Kak X, CBA3HO, TO f, nocmosuno Ha X,.
Orcroga mo MHAYKUUN cpasy ciaenyert, uro f(z)=jf(a) pasa noboit Touaxn
z=(x) TaKoi, 4TO0 =@, OPH BCeX L, KPOMe KOHEUHOr0 UX 9YHUCja.
Ho rakume Touru 06pasyior eciody naommoe muaoxectso B X (§ 4, upen-
aomenne 8); a Tak Kak f HempepmBHO Ha X M IOCTOAHHO Ha BCIOJLY
niaoTHOM MHO3KectBe B X, To f Gymer mocrosHHEIM Ha BceM X (§ 8,
caencteue 1 npemiomenusa 2), B IPOTHBOpedde C IIPEJIIONOKEHUEM,

5. CeasHvle KOMNOHENNBL

[Iycts  — TouKa TOmONOTHYeCKOTO mpocTpancTBa X; oO0BenuHe-
HFe BCEX CBA3HBIX MHOMKECTB M3 X, COlePKamiuX %, ecTh CBABHOE
MHO3KecTBO (Upefiiokenne 2); TakuM o0pasoM, 95T0 — Hauboavlee
censnoe muoscecmseo B X, comepsxainee z.

OnpeneneruE 3. Céasnoli KOMROHeHmMO mouku npocmpancmea X
Haswealom naubosvuiee céasHoe MHOoxcecmao 8 X, codepaicaujee smy moury.
Cessnoimue  Komnonenmamu muoscecnea A < X  Hasviealom céssHuie
KOMNOHEHNbL €20 MOueK OmHocumesvho nodnpocmpancmea A npocm-
pancmea X.

Ecnu npocTpaHCTBO CBA3HO, TO OHO COBIAjael CO CRASHOHE KoMmo-
HeHTOH Kakpuol cBoell Touku. Ecaum nna aw6oi nape Touex (x, y)
TOIOJOTHYECKOro npocrpancTBa X CYILECTBYEI C6S3HOE MHONCECMBO,
codepacawee x u y, 10 X C853H0.,



174 TOTIOJIOTUYECKAE CTPYKTYPHI raox, § 11

IIpoctpancreo X HA3HBAOT €ROIHE HECEA3HbIM, €CIAU CBA3HAA
KOMIIOHEHTa KaK/OHW ero TOUKW COCTOWUT W3 OfHO# 9roit Toukm. MHo-
smecTBO A X HA3HBAOT 6ROLHE HECEA3HbIM, €CIH BIOJHE HeCBABHO
mopmpoctpaHctBo A mpocrpaHcTBa  X.

Huckpemnoe OPOCTPAHCTBO BIOJHE HECBABHO, HO CJeliyeT ocTepe-
raThCA CMEMINBAThL STHU )(BA MOHATHA: TAK, HAIpUMEp, MH yBAAUM B Ti. IV
(§ 2, n° 5), 9TO panMOHAJNbHAA IPAMAA, KOTOPAA He SBJISETCA JUCKPETHHIM
OPOCTPAHCTBOM, BIIOJIHE HeCBsI3HA.

3aMeTuM eIme, 9TO OMEDLUNO-3AMKHYMOe MHOMKECTBO COJePHKUT
CBASHYI0 KOMIIOHEHTY Ka3KI0il CBOeM TOYKH; APYIUMHU CIOBAMH, CEi3-
Has. KOMROHEHMA MOUKU COOEPAHCUMCA 6 NepecedeHUl OMEKPLMOo-3amE-
HYmMuT MHOXcecm8, codeprucawyux smy mouky. Ho oma He coBmapaer,
BOOOMIE TOBOPs, C HTUM IepecedeHueM (cM. ympasxuenue 9 m ruasy 11,
§ 4, mpemmomenue 6).

Mpegnoxerue 9. B monoaozuueckom npocmpancmee X c813Has
KoMnounenma 40000 mouku ecmv samkrymoe mHoxcecmso. OmHoutenue
«y npuHadiexcum ceéa3HOU KOMNOHEHME MOYKU T» €CMb OMHOULEHUE
akeusasenmuocmu R § z,y } ¢ X, kaaccamu sxsusasenmuocmu Komopozo
CAYAHCAM, BCEBOIMONCHBIE CEA3HBIE KOMNoHewmu, 6 X; daxmopnpocmpar-
cmeo X/R enoane Hecessho.

ITepBas wacTh npeIoMeHWA BHITEKAeT HEIOCPENCTBEHHO W3 OIpe-
TleJleHWs 3 M TOTO, YTO BAMBIKAHNE CBA3HOTO MHOKECTBA CBSSHO (Ipes-
nosxenue 1). Tax Kak oObenuHeHUEe CBABHBIX MHOMKECTB, HUMEOMIUX
o0myio TOYKy, CBABHO (IpejioskeHme 2), To oTHOmeHue R TpaHaW-
THBHO ¥ HOTOMY SIBJISI€TCH OTHOIIEHVEM DKBUBAJEHTHOCTH (IOCKOIBKY
OHO OUeBHIHHM 00PasoM peQIeKCHBHO ¥ CHMMETPHYHO); KJIACCOM
DKBUBAJEHTHOCTH TOYKM x mo R Oyjer CBASHAs KOMIIOHEHTA JTON
rourn. Ocraercsa ybenurbca B ToM, uro X/R Bnoaue Hecsasuo. Ilycts
f — wamonmueckoe ortobpaskeHue X—>X/R m F — samMrHyTO€ MHO-
xecTBo B X/R, cojepmamee o KpaiiHell Mepe 08¢ pasiuuHble MOUKU;

—1
ero npoetpas f(F) saMkHyT B X, HAacHIIeH 10 R 7 CONEPKUT O Kpaii-
Hell Mepe [{Be Das3JWYHEE CBA3HHE KOMIOHEHTH u3 X, a BHAYHT, He
ceaser. CiemoBarenbHO, B X CyIMIeCTBYIOT [Ba HEIYCTHX 3aMKHYTHX

—1
muoskectBa B m C rtakmx, uwro BNC= u BUYC=f (F). Tax ranr
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-1
cBa3Hadg KoMmmoHeHTa ¢ f(F) Kakoi-nubGo TOUYKHU 3TOTO MHOMKECTBA COB-
mmajaer co cBA3HOM KoMmoHeHTo atoit Ttoukm e X (mo ompenesnenmio R),

To B n C, KOTOpPEE OTKPHTO-3AMKHYTHI 8 f](F), HACHIIEHH 10 R; Trarnum
oGpasou, f(B) u f(C) samxuytu B X/Ru f(B)U f(C)=F, f(B)N [(C)=J ;
a 9THM J0Ka3aHo, uro F HecessHo W, cAegoBaTelbHo, X/R BnoJHe
HECBASHO.

Meemnomerue 10. B npouseedenuu X=X, ceasnan vomnonenma
L

mouku x=(x) ecmbv npoussedenue C6A3HHL KOMNOHEHM MOYEK I, @
npocmpancmeazr-comnoxcumernt X,.

B camom pene, mpomsBeeHue 9THX MHOMKECTB CBA3HO (Ipemaone-
mgue 8). C gpyroii cTtopoHs, ecau cBa3Hoe MHOMKecTBO 4 u3 X copepsmur
z, 10 pr, (A) ecth cBABHOE MHOKECTBO (IperJoKeHHe 4), conepiRamiee
z,; tax kak A <[] pr,(4), To A copepurca B NPOMBBEACHNN CBABHBIX

L

KOMIOHEHT TOYeK Z,o
6. JoxasbHO CBAZNIE NPOCTNPAHCINER

Onpepeneaue 4. Tonosozuueckoe npocmpancmeo X mHasvieaiom
AOKAALHO CEA3HBLM, €CAU 6CAKAS e20 MOouKa 06.4adaem PyHJaMEHTaNbHOR
CHCTeMOH c6a3HuT OkpecmHocmell.

°B ra. IV (§ 2, n° 5) MBI yBUANM, 9TO 9UCIOBAS HPAMAsA €CTh JOKAJIBHO
CBSI3HOE NPOCTPAHCTBO.,

CymecTBoBanNe y Kaskaol Toury £ € X X0TA O 00Koil CBASHOU OKpecT-
HOCTH HU B Koeil Mepe He BieUeT JOKAJNBbHOM cBsa3HocTH X. B wactnoctu, X
MOKeT OHITH cessnbim, HO He AOKAAbHO céaghum (yOpaskenus 2 n 13).
OO6paTHO, DIPOCTPAHCTBO MOKET OHITH JIOKAIBLHO CBASHBEIM, HO HE CBA3HRIM:
OpUMepOM fABJAETCS AUCKPETHOE INPOCTPAHCTBO, HMelomee 6ojiee ORHOW
TOYKH.

Meennoxerue 11. Juas mozo umobw npocmpancmeo X 6uiao ao-
KAAbHO C8A3HBIM, Heo0x00umo u Oocmamouno, umolbvl scAKas CES3HAR
KOMNOHERma OMEDuMoz0 muoxcecmead 8 X Gviia OMEDMbLIM MHONCE-
cmeom 6 X.

YciaoBue, 09eBUIHO, docmamouro, u60 CBA3ZHAA KOMIIOHEHTA TOUKM
Z OTHOCHTeJNDbHO ee OTKPHTOH okpectHOocTH B X 6yHeT rorja okpect-
HOCTBIO TOURE Z B X,
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YcnoBue meobxodumo; B camMoM fene, IycTb A — OTKPHITOE MHO-
#EeCTBO B JIOKAJBHO CBH3HOM mpocrpaHcTBe X, B — cBf3HAA KOMIIO-
nenrta MHOKecTBA A m x — Touka us B. Ilycts V — cBasuaa oxpecr-
HOCTH TOUKH &, comep:Ramascsa B A; IO ompeeseHUI0 CBA3BHHEX KOM-
uonert (ompepenenue 3), V comepmurcs B B, 4yeM u jgoxaszamo, uro B
otkpeito B X (§ 1, upennoxenue 1).

CBA3HHIE KOMOOHEHTH JIOKAJXHAO CBA3HOrO mpocTpancTBa X 00-
pasylor, TakmMm oOpasom, pasOmenme X, cocrosAmee U3 OMKEDLLMLL
MHoecTB; mostomy X ectb cymma (§ 2, n® 4, mpumep 11I) caoux cras-
HHX KoMmoeeHT (n° 1).

Crnencreue. ITyeme U — omkprimoe MHONCECINEO 6 AOKAALHO CE83-
nom npocmpancmee X; epanuya (omuocumesvro X) 6eAKoOU C83HOL
romnonenmu V. mnoscecmea U codepacumces 6 epanuye mmoscecmea U.

B cavom meme, B cuiy UpegHIyNeTo 3aMeYaHUA MHOMKeCTBO V
OTKpPHTO-3aMKHYT0 B U; ciemoBaTeibHO, ero TpaHudYHas (0THOCH-
TeabHO X) TOUKA He MO)KeT mpmHAIERaTh U.

IMeegnomenus 12. Beakoe garxmopnpocmpancmeo A0KALbHO €653~
H020 RPOCMPAHCMEA JAOKALLHO CER3HO.

IMycts X — nokanbHO CBA3HOE HPOCTPAHCTBO, R — oTHOUIeHUe
sKBUBAJeHTHOCTH B X, ¢ — KaHOHmWuecKoe orobpaskenme X—>X/R,
A — orkpmToe MHOskecTBO B X/R m C — cBA3HAA KOMOOHEHTa MHO-

—1
mectBa A; moxamem, 410 ¢ (C) ecTh 06beINHEHNE HOKOTOPHX CBASHEIX
—1 —1
KommoHeHT MHOkecTBa ¢(4). B camom pemne, ecim 2€ ¢(C) u K —

—1
CBA3HAA KOMIIOHEHTa TOYKH % oTHOcHTeJbHO ¢(A), To ¢(K) cBasHO
(npepmoxenue 4), conepmnrcsas B A u comepKut @(r); TaKUM 06pasoM,

—1
mo omupefenenuio ¢(K)cC u, caegoBatensHo, K ¢(C). Tak rax X
—1 —1
nokanbHO ¢BasHO, a @(A) otkprTo B X, 10 ¢(C) orRpHTO B X (1pen-

noxenue 11) u, snauur, C orkpuro B X/R, 4eM, B CHIy NPEFJIO/KEHUA
11, nmokaszaTenbCTBO W 3aBepiiaeTrcs.

Meepnoskerne 13. a) Hycmo (X ), e1 — cemelicmeo A0kaivHO cén3-
WX npocmpancme, ¢ komopom X, c693H0 dan ecex Kpome KOHEUH020

wucaa undercos v. Toeda npocmpancmeo X = J[X, woraavno ceaswo,
vel
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6) O6pammno, ecau npoussederue cemelicmea (X ) Henycmux monoao-
2UMECKUT NDOCMPAHCME A0KAAbHO ceasno, mo X, 0as ecex unlderces
AOKAALHO CEA3HBL U 04 6CeT KPOME KOHEUHO020 HUCAQA UHOEKCO8 CEsL3HbL.

a) I[Iyctp J — KOHEYHOe MHOKECTBO TeX MHJIEKCOB u3 [, nas Koro-

pux X, e cBasuo. ITycrs, namee, U=]]U, — snemenraproe Mmoxe-
L

cTRO, cojiepskamiee TOUKy z=(z) u3 X, 1 K — KOHeuHOe MHOKECTBO

tex upjiercoB u3 I, paaroroprx U ==X . Honomum V=X pas LQEJ UK

u npuMeM 3a V, CBABHYI0 OKPeCTHOCTh TOUKH Z,, COAEPHALLYIOCA B,

U, nia +€JUK. B cuny npegmnomxenus 8, V=H V. 6yner copep-
L

smameiica B U cBASHOH OKPECTHOCTHIO TOYKHM Z, UeM YTBeP)HjeHUe
a) 10Ka3aHo.

6) Ilyctp a=(a) — touka us X um V — ee eBsA3HAsA OKPECTHOCTH
B X; Tak Kak i BCeX L, 3a WCKJINUEHWEM KOHEUHOTO umceaa,
pr.,V=X, (§ 4, n° 1), to u mpemnoskerus 4 ciemyer, uro X, nas
BCEX, KPOMe KOHEYHOTO 4ucJjia, HHeKcoB ceAsHE. C gpyroli cTopons,
nasg Rakporo % €7, Rarpoll Touku a, € X, u n06GoH ee OKPECTHOCTH
V., B X, cymecrsyer Takag Touka z€ X, uro pr,z=a, u V=V,6X
x I X, ectb ee oxpectrocTs; cirefoBaTenbHo, V COmeP/KUT CBABHYIO

L=E=%
okpecTHOCTH W TOUKH Z, a MPOEKIMA 3TOH oKpectHOoCcTH Pr, W ecthb

€BfIBHASL OKPECTHOCTH TOUKU a,, coflepsxamasca B V, (mpemioxenue
4 u § 4, npepoKenme D), YeM W HOKa3aHo, 9T0 X, JOKAABHO CBABHO.

7. IIpumernenue: meopemna Ilyanrape— Boavimeppa

Teopema 1. IIycmvs X — monoaoeuneckoe npocmparcmeo, ydoe.e-
meopatouee arcuome (Oy,) (o He ob6asameivho omdeaumoe), cessnoe u
A0KEAAbHO céssnoe. Ilycmvb Y — monoaozuueckoe npocmpancmeo, mono-

s02us Komopoao obaadaem cuaeTHBIM basucom, u p: X—Y — nenpepris-
—1
Hoe omobpascerue, 0as Komopozo p(y) npu awbom y €Y ecmob duckpem-

noe nodnpocmpatncmeo npocmparcmeéa X . [lyemeo, Haroney, B— mro-
gcecmeo  nodmnoscecms npocmpancmea X, GHYMPEHHOCMU KOMODHLL
obpasyiom norpumue X, npudem 6uLROAHEHbL euje cAedYIoujue ycaoeus:
1° Cyocenue p na awboe VEL ecmv samrrymoe omobpasicenue
V eY.
2° Beawroe muoxcecmeo V €L codepacum cuernoe ecody niomioe @
V' nodmunoxcecimeo,
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Tozda npocmpancmeo X seisemcs o06veluneniiem CISTHOTO cemeli-
cmea OMEDHIMBLE MHOKHCeCcs, Kajcloe Uus Komopwx codepicumcs é He-
Komopom mHoxcecmee us L.

ITycrs B — cuerHwii 6asuc Tomodormu mpocrpaHcTea Y. Bymem

‘maswBath napy (W, U) ewdesennoii, ecnu: 1° U € B n 2° W ects cBas-
—1
Hasa KoMmoHeHTa MHOkecTBa p(U), conmepskamasica B HEKOTOPOM MHO-

sKecTBe u3 L.

- Jlemma 1. Jlas wo6oii mouku x € X cywecmeyem maras endesennas
napa (W, U), umo x € W.

B camom fene, mockoabKy mpooOpas pl(p(x)) guckpered, 8 X cyime-
CTBYeT OKPECTHOCTh TOUYKH Z, y BCEX TOYeK Z'~x KOTOpoi o6pas
p(z') = p(x); rax kak X ynosaerropser axcuome (O,;,), To cymecTByer
8aAMKHYMas OKPECTHOCTH V r0UKHU Z ¢ TeM jKe CBOHUCTBOM, M, OU€BHULHO,
MOKHO IPENUOJIOKUTE, KPOMe TOT0, 4TO V conepsKuIca B HEKOTOPOM
muoskectse us L. ITyers F — rpamuma wmHOsectBa V B X; B cmay
yenosusa 1° teopemsi, ee o6pas p(F) samrryr B Y, m tax kak p(F)
He COHeP:KHT p/z), TO cymecTByer MHO:ecTBo U €, copmep:xamee

p(z) u me nmepecekatomeecs ¢ p(F). Ilycrs Torna W oznauaer cBasnylo
-1
roummorenty mMuroxkectsa p(U), cogepsiamyio z. locrarouno morasars,

ato WcV; Ho B nporusrOM ciryuae W mepecexanoch 6u ¢ F (mpeji-
noxenue 3), a caegosarenbo, p(F) mepecekanoch 6 ¢ U, 4ro mpoTu-
Bopeunt ompenenenuio U.

JIemMA 2. ITyemb Oana ewdesennas napa (W, U); muosxcecmeo mex
ewdeaennvix nap (W', U’), dan womopuzx W N W'se g5, cuemno.

B camom mesne, mockosibKy B cueTHO, NOCTATOYHO MOKa3aTh, 4TO
nna paasoro U’ € P muoskectBo Beex Bhenennnx map (W', U’),
B KoTopux W’ mepecexaercs ¢ W, cuerno. Ho arm mEOKecTBa W’
OTKPHITH, MOCKOJAbKY X J0KajibHO CBASHO (mpepioskenme 11), m mo-
[apHO He NepeceKalTcs, N0 OMPEe/[eNeHHI0 CBASHEIX KOMIIOHEHT MHO-

-1
sxectBa p (U'); 1o e BepHO 1 aus MHO:kectB W' N W. Ho tak rax W
COJIeP/RHET CUETHOE MOJMHOKECTBO, ILIOTHOe B W, TO MHOKECTBO Tex
W', nna xoropux W' N W ne mycro, HeoOGXOXUMO CUETHO.

Mocae stmx geMm paccMoTpuM B X cillefiyouiee OTHOIICHNEe R
MEKAY TOUKAMH I M &';
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«CYIIECTBYeT KOHEYHas II0CJIe0BATeIBHOCTh BHIIEGICHHHX I1ap
W, U;) 1<i<n) rakasa, aro z€ Wy, 2’ €W, n W,NW,;,# J,
rorga 1<<i<Cn—1».

B cuny snemwmu 1 orHomenue R pediieKCWBHO; HEHOCPEACTBEHHO
IPOBEPAETCA, YTO OHO CUMMETPHYHO W TPAH3UTHBHO; KPOMe TOTO, U8
onpepesieEus R u otepuitoctd Beex W, BHTEKaeT, 4YTO BCAKHU Kiace
DKBUBAJEHTHOCTH II0 R €CTh OTKPHITOE MHOMKECTBO; TaK Kak X cBA3-
HO, TO 3aKJI04aeM, uTo JioOsie j{Be TOUKY u3 X dKBHBaJeHTHH mod R
(n° 1). BuBemem o1ciona, ato X ectb o0beiMHEHNTE CiemH020 CeMeicTBa
[ePBHX DJIEMEHTOB BHEJEHHBIX IIap, YeM JOKa3aTedbCTBO TeopeMu 1
u Oyner sapepmieno. tak, mycTh £ — TouKa u3 X ; OIPEAeUM UHIYK-
el o n mocaegoearexabrocTh (C,) OTKPHTHIX MHOKecTB U3 X ciemy-
omuM 06pasoM: B cuiy JeMMel 1 cyIiecTByer TaKas BHJIEJEHHAA 1apa
(Wy, U,), aro z € Wy; monomum C;=W,; sareM s n>1 o6osnauum
gepes C, obbequHEHUe BCeX NEPBHIX dieMeHTOB W Tex BEIfeNeHHHX
nap (W, U), pua xoropuix W nepecexaercsa ¢ Cp—,. EayKunueit mo n
U NpHMeHeHUeM JeMMH 2 cpasy ybexxgaemcs, uro C,, ecTh 00BeHHeH IO
cYemHo20 MHOYKeCTBA MePBHX DJIEMEHTOB BHeJeHHHX map. [lokaskem,
HAKOHeI[, 9T0 BCcAKaA TouKa x € X NpWHANIeKAT KAKOMY-InmGo u3
C,; ReHCTBUTEIBHO, CYMECTBYeT TaKasd KOHEYHAs I0CJe0BATeIbHOCTD
(W3, U3)1<ci<m BHAeJeHHBIX map, 9ro x € Wi, 2’ € W, u Win Wi, &,
korpa 1 <<i<{m — 1; mapyxmueit no i y6esxpaemcs, uro W; = C; ., qun
®ayKMIOTO i, U, caegoBaTenso, r' € C, 4, 9T0 U TPeGOBAIOCH TOKA3ATh.

Caepcreue 1. IIycmv Y — peeyasproe npoempancmeo, monoso2us
rKomopozo obaadaem cuemuuim 6asucom*®). Ilycmo, dasee, X — ceasnoe
NOKALbHO céndnoe npocmparcmeo u p: X—Y — Henpepuisroe omobpa-
scenue, obaadarwwee caedyouum ceoticmeom: y kaxcdoii mouku xr€ X
cywecmeyem makas 3aMKHyTas okpecmmocmv V e X, umo cyscenue p
na V ecmv comeomopgusm V na samrrymoe nodnpocmparcmeo npocm-
pancmea Y. Tozda X — peeyasproe npocmpancmeo, monoao2us Komo-
pozo obaadaem cuemmulM 0A3UCOM.

IIpeswae Bcero W3 HpeAIIOJOKEHMI BEHITeKaeT, 4T0 X PeryJisapHO
(§ 8, mpennoxernne 13). IlokaeM, 4ro mpepmono:xeHus: Teopemu 1
OYLyT BHIOJHEHB, €CIW B3ATh 3a L MHOKECTBO TeX B3aMKHYTHIX

*) °MoOKHO JI0OKa3aTh, 9TO 9TH YCIOBHS BIEKRYT Mempusyemocmb TOUONOFUR
ppocrpanceTBa Y (ra. IX, 2-e mag., § 4, yopasnenne 22).,

'
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nogmuOMkecTs V nupocrpanctsa X, A1 KOTOPHX cy)renne pHaA V ABnsgercs
romeoMopdusmom V Ha 3aMKHYTOE MOAIIPOCTPAHCTBO MPOCTPAHCTBA Y.
ITo yenosmio BRYTpeHHOCTH MHOMeCTE U3 L MOKPHBaOT X, U B CHILY
npennosio;kenua orHocuTenbHo Y Bearkoe VE YW obimamaer -CueTHHIM
0asucoM W, BHAYUT, COMEPKUT BCIOAY IJIOTHOE CUETHOE MHOKECTBO

(§ 1, mpennosenue 6). Ocraerca yGegurbes, 4ro mjas jioboro yeyY
—1
mosimpocTpanctBo p(y) npocrpancTea X AUCKPETHO; HO, 11O NPEIOJO-

—1
FREHMIO, AJA KayRIoro z € p (y) cymecTByer okpectHocTh V € X TouKm
—1
z B X, He cojiepsRamas HU OJHON TOIKY U3 p(y), OTIUIHON OT X, OTKYA
¥ cjefyer Hamie yTeep:Ruenme. Teopema 1 moKasmBaeT Temeph, 4TO
X ectb obbepuHeHYEe cueTHOTO ceMeiicTBa (7', )n> OTKPHITHX MHOKECTB,
rge Kampoe m3 nojgupoctpancTe 7, mmeer cuetHH 6asuc (U, )mso-
Ho rorpa muoxecrsa U, (m =0, n>=0) obpasyror 6asuc Tonosoruu
npocrpanctea X (§ 3, n° 1, sameuanue).

Cneacrsue 2. Iycmv X — 40ka4bHO KOMRNAKMHOE, C63HOE U
AOKAALHO CA3HOE NPOCMPAHCME0, KaiOas mMOouKa KOmopozo uMeem
orpecmmocmys, 06aadawwyyio cuemuum o6asucon. ycmeo, daree, Y — om-
deaumoe npocmparcmeo, monoao2us Komopozo obradaem cuemnvln 6a3u-

—1
com, u p: X—Y — Henpepuignoe omobpadcerue, 043 komopozo p(y)
ecmb duckpemmoe nodnpocmpancmeo ¢ X npu awbom y€eY. Tozda
monoaosus npocmparcmea X obaadaem cuemmubim 6a3UCOM.

Hycrs V, pna xaxporo £ € X — KOMIOAKTHAA OKPECTHOCTb TOUKH
z B X, obmapaoinasa CYeTHHIM 0a3MCcOM; M3 CAEICTBUA 2 TEOPEMH 2
§ 9 BeiTekaer, YTO MHOKECTBO L Bcex V, yHOBJIETBOPSET YCJIOBUAM
TeopeMH 1; majsee paccy:kimaeM, KaK B 3aKJIIOUINTEIBHOHR YaCTH JOKa-
sarejancTBa caencTsusa 1.

3aMeruM, 9T0 B STOM BTOPOM CJE[CTBHU CYy;KeHHe O0TOOpaiKeHUS p HA
IpOM3BOJNBHO MaJIYI0 OKPECTHOCTh V TOUK: U3 X MOMeT U me 6vumb 20Me0~
amopgusmon V na p(V).

Caegcreue 3 (reopema Ilyamxape — Boasbreppa). Ilycmo Y —
AOKAALHO KOMRAKMHOE, JA0KAALHO CES3H0e RNPOCPAHCME0, MONO0A0LUSL
Komopozgv obaadaem cuemnum 6asucom, X — céasHoe omoeaumoe npo-
cmparemeo u p: X—Y — Henpepvisnoe omobpaxcerue, obaadaioujee
caedyruum ceoticmeom: kaxcoas mowka x € X umeem maryio omypuUmyio
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oxpecmuoems U, umo cyscerue p na U ecmb eomeomopgusm U na omkpoi-
moe nednpocmparncmeo npocmparncmea Y. Tozda X aokasvho komnarm-
HO, AOKAABHO CEA38HO U €20 monoaozus obaadaem cuemHbvlm 6asucom.

Ougeprpno, X J0KaJIbHO CBA3HO; ¢ APYTOil CTOPOHEI, BCAKASA TOYKA
z € X obumagaer Taxoil oTKpHTON orpectHocTEI0 U B X, 9T0 CyiKeHme
p ua U ectb romeomopdmsm U ma orkpmroe moxmpocrpanctso p(U)
npoctpamcrBa Y. Tark xak p(U) — NIORaNBPHO KOMIAKTHOE IOJIPO-
crpanctBo B Y (§ 9, upennosxenme 13), 10 cymecTByeT KOMIAKTHAas
oxpecrHocTs W TOouRm p(x), comepamasca B p(U), m, 3Hauwr,

—1
Un p(W) Gymer KOMUAKTHON OKPECTHOCTHIO TOYKH Z, COfeprKameiics
B U. Ilostomy X, Oynyud OTHEIHMHIM, JIOKAJAbHO KOMOAKTHO; KPOMe

Toro, UN pl(W), Oynyuu KoMmmaxtTHEM, saMkEyTO0 B X (§ 9, mpemmo-
sxeHme 4), U TeM CaMBIM BCe IPeIIOJIOMKeHWs cienctsus 1 ymosaer-
BOPEHBI; CJIE0BATEIbHO, TOIOJOTHA rpocTpaHcTea X obiamaer cuer-
HEIM 6a31COM.

Yupaskaeaus

1) Iloxasarb, 49TO CHYeTHOe OT/eJIMMO® MPOCTPAHCTBO, OIpEEICHHOE
B ynpaskHeHnu 21B § 9, cBA3HO.

2) a) Ilyers X — TONOJIOrAYECKOE MPOCTPAHCTBO U & — €ro TomoJo-
rusa. Ilokasars, uTo ecnu X, HajleJeHHOe HOJYPeTYIAPHOH Tomosorueit
I *, aceonuupoBanBoil ¢ § (§ 8, yupamkuenue 20), cBA3HO, T0 X CBASHO B
Touosorur 7. BuBecTn oTcioga cymecrtBoBanue ¢yOMaKCHMAaJIbHBIX CBA3-
HEX npocTpauctB (§ 8, ynpaskuenme 22).

°6) OupegmenuTh, B 9acTHOCTH, B R Tomozormio, MaKopHPYIOIIYIO
00BYHYI TOHOJOTHIO ¥ TaKyio, uTo0n R OO B Hell ¢BA3HO, HO HO OjHA
ero ToYKa He o0aagana pyHRaMeHTaJbHON CUCTeMOil CBABHBIX OKPECTHOCTell
[em. ra. IV, 3-e m3p., § 2, ynpasknersne 14B].,

3) [yecte A 1 B — moAMHO:KeCTBa TONOJOTHIECKOTO pocTpaHcTBa X .

a) [loxasaTp, uTo ecai A u B 3aMKHYTH B X, a A UB u A B cBA3HHI,
70 A u B cBasunl. [lokasaTp Ha mpHMepe, 9TO 9TO YTBEPK[EHHE MOKeT
GEITL yite HeBepHBIM, KOI/a ONHO U3 MHOMKeCTB A, B He BaMKHYTO.

6) [Iycts A m B cesisubl u A [|B # ©; Io0KasaTh, uto A B cBssHO.

*4) Tlyers X — cBA3HOE NPOCTPAHCTBO, MMeloIlee HO KpaitHeit Mepe
IBe TOYKH.

a) [Iycts A — cBA3SHOe MHOKecTBO B X m B — MHOKecTBO B CA,
OTKpPHITO-38MKHYTOE OTHOCHTeJILHO CA; mokasath, uT0 A B cBsasHoO.
[[TpumenuTs ynpaxuenne 5 § 3 kK Y=A B u Z=CA.]

6) IMycTts A — cBsA3HOE MHOMecTBO B X M B — CBA3HAA KOMIOHEHTA
MHO#:ecTBa CA4; nokasath uro €B c¢BasHo. [cnoansoBath a).)
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B) BriBect u3 6), aTo B X CyINecTBYIOT CBS3HEe MHO:KecTBa M, NN,
ornuyHEe OT X, ;ua Koropex MUN=X, MNN = p.

“5) a) Jlarp mpumep y6HBalome# mociaefoBaTeNbHOCTH (4,) CBASHBIX
MHO;kecTB B R%, mepecedueHne KOTOPHIX He CBASHO (cM. ra. II, § 4, ympak-
HeHUe 14).

6) IIycrs X — MuosxecTBO B R2, monyuaeMoe o0bejuHEHEEM OTK PHITHIX
nonynzockocrei y>0, y < 01 Touex (n, 0) (n — peaoe=1); OHO CBASHO B
Tomonoruu &, mEAynupyemoit u3 R2. Onpenenuts B X mocienoBatelb-
HocTh Tomosormit (J,) Tak, uro6H ., MaskopupoBano F, u X Obuio
CBS3HO B KaKAOH TomOJOrHH J,, HO He OBIO CBASHO Ajs HX BepXHeR
rpanu. [Ilepexomurs ot J, K F .1 , BBOAA HOBbE OKPECTHOCTH MJISI
roukn (n+1, 0).],

6) Ilycte X u Y — cBsA3HBe IpocTpaHcTBa U A (COOTB. B) — MHOme-
ctBo B X (cooTB. Y), oramunoe oT X (coorB. Y). Ilokasath, 4TO B mpo-
crpaBcTBe X XY pomonseHue K A X B ecTh CBA3HOE MHOKECTBO.

7) Hyers X m'Y — cBA3HEe HPOCTPAHCTBA U f — TaKoe 0TOOpaskeHue
ux npomusBefieHAA X XY B TONOJOIHYECKOe HPOCTPAHCTBO Z, 9TO KAKL0
u3 4acTHYBEbLIX orToOpaskemuit f( , y): X—Z n f(z, ) Y—=Z (z€X,
y€Y) menpeprBHO. IToxasars, uro f(X XY) cBsa3HO.

*8) IlpepmomosxuM, 49TO B IpHMepe TONOJOTMH B NPOM3BENeHUH
X=II X,, nagEOM B ynpaskeeHum 9 § 4, mMHOKecTBO / GECKOHEYHO H

vel
Kap/uHAJIbHOE 4YMCI0 ¢ HecyerHo. Iloxasarh, 4TO ecim Bce X, CBASHH,
peryJisapHb U HMeEIT KasJoe Io Kpaiimeil Mepe ABe pasiWvHBIE TOYKH, TO
CBSIBHAS KOMIIOHEHTA TOYKH a=(a,) B X eCThb MHOKeCTBO Tex z=(z,), ¥
KOTODHX z,=a, JJIA BceX KPOMe KOHe4HOro umcia uuAekcoB LEJ. [Cso-
JUTCA K caydalo, korma /= N; paccMoTpeTs TaKue ABe TOYKK b= (b,), c=(c,)
B X, Jyia KOTOPHX b,#c, upn jJiobom n. Ilycrs (V,,,,,)m> o BJIA KajKoro
n — TOCIeN0BATEIBbHOCTh OTKPHITHIX OKpecTHOCTeH ToueK b, B X,, He
cojepHaiiux ¢, U TaKUX, YTO 7,,,,,”_ 1<V 0m, 8 Z — MHOKeCTBO BCeX TOYEK
(z,) m3 X, obnafaomux CIefyIONAM CBOMCTBOM: CYIIECTBYeT Leaoe k>0
TaKoe, 9T0 z, &V~ AA BCeX n = k; NOKa3aTh, 9TO Z OTKPHITO-3aMKHY-
T0B X.]

°9) IloxasaTh, 4TO B JOKAJIbHO KOMIAKTHOM IpOCTpaHCTBe X, OIpe-
nejenHoM B ynpakuenun 20 § 10, uMeloTcs TOUKU z, CBSI3HAS KOMITOHEHTA
KOTOpHIX B X OTIHWYHA OT HepecedeHHs BCeX CONEPIKAIMNX & OTKPBITO-
BaMKHYTHX B X MHOKECTB.,

10) IlokasaTh, 4TO COBEpPIIEHHO YHOPAJOYEHHOE MHOMKECTBO X, Haje-
aennoe tropoxorueir F (X) mm F_ (X) (§ 2, yopaskHenume 5), BIOJHE
HECBSABHO.

11) [Mycre X ~— TomosormuecKoe HPOCTPAHCTBO I R — OTHOIIGHUE
SKBHBAJEHTHOCTH B X, KaKABIH KIacC KOTOPOIO COIEePKUTCI B HEKOTOPOH
cBABHON KoMHnoHeHTe mpocTpancTBa X .IlokasaTs, 9T0 CBA3HLIE KOMIOHEHTH
darTopnpocTparcTBa X/R ABAAIOTCA KAHOHHYECKUMH 06pa3aMH CBA3HHIX
komnonenT u3 X (cM. ra. III, 3-e msp., § 2, yonpakmenne 17).
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12) IIycts X — TOWOJNOrHYECKOE POCTPAHCTBO. [T0Ka3aTh paABHOCHIb-
HOCTbH CJIE[[IOIUX TPeX YCJOBHiH: o) BCe CBA3HLIE KOMITOHEHTH! HPOCTpPAaH-
crBa X OTKpHITH; ) BeAkasa Touka € X o6aagaeT OKpPeCTHOCTHIO, COmep-
jKameldicas B KaJKAOM OTKPHITO-3aMKHYTOM MHOKECTBE, CONED:KAIEeM z;
y) paa mo6oro x € X mepecedeHne BCeX OTKPHTO-3aMKHYTBIX MHOFKECTB,
cofiepKallunX z, €CTh OTKPHTOE MHOKECTBO.

°13) IIycrs 6 — mppanuonanbHoe ducao. PaceMorpum otobpaenue f
gueaoBoil mpamoit R B Top T2, comocraBasiomee Kamaoil Touke (€ R ka-
HOHMYecKuit 00pas B T2 touku (¢, 0f) € R?; f MHBEKTUBHO N HeNpepPHIBHO.
Tlokasats, 410 B TOHOJNOTHY , ABIsKIIeiicA Tpoo6pasoM OTHOCHUTEIBHO f
romosoruw Topa T2, R cBA3HO, HO HU OAHA €ro TouKa He obsagaer Pynna-
MeHTalIbHOIl CHCTeMOWl CBSASHEIX OKpeCTHOCTeH.,

*14) a) IIycte X — JMOKAaJNBHO CBA3HOE JIOKAJBHO KOMIAKTHOE IO~
CTpaHCcTBO, A — 3aMKHYTOe MHOKecTBO B X, A* — obGbenuHeHWe MHO-
sKecTBa A M BCeX OTHOCHTEJBHO KOMIAKTHHIX CBASHBIX KOMIIOHEHT MHO-
skectBa CA4.

Bynem nasoiBath 4 yeawvnum, ecnn A*=A. Ilokasarh, a0 A * 3aMK-
HYTO H IEJBHO.

6) Ilycrs X, kKpome Toro, cBsA3HO. [loKasaTk, 4ToO ecan A — KOMHOAKT-
HOe MHOKecTBO B X, 10 A* nommaxTtHO. [PaccMoTpeTsr KOMIAKTHYIO OK-
pectHOCTE V MHOKecTBa A W CBsI3HBIe KOMIOHEHTH ero JomodHeHmA CA,
nepecexaiomuecs ¢ rpaHueil MHomecTBa V.]

B) Ilycrs X, KpoMme Toro, cBABHO U cYeTHO B GecroneuHocrn. [Toxa-
8aTh, YTO CYINECTBYeT BO3pACTalollas MOCIeNOBATeAbHOCTb (K,) - , KOM-

NAaKTHBIX, CBA3HBIX U yesbHblx MHOKECTB, OG'LG,I],I/IHGHHG KOTOPBIX COBOAAET

¢ X, Tarkux, 4YTO K,,cf(,,“ OIS KamKIOTo 7.

°r) IlokasaTs, 94TO yTBep:K/[eHHe TyHKTa 0) TepsAeT CIIY, €CIN Lpej-
[0JaraTh, 9T0 X TONBKO CBASHO M JIOKAJILHO KOMIAKTHO HJIH TOJBKO OTHE-
JIIMO, CBABHO W JIOKaJbHO CBABHO. [Paccmorpers B R2? mogupocTpaHcTBO,

o6pasoBaHHOe TeMH (z, y), ¥ KoTophiXx y = 0n0<r<<lummz = % (n—

menoe = 1) m y>0.],

#15) Ilycrs X — cBABHOE JIOKAJBHO CBA3HOE NPOCTPAHCTBO.

a) lyects M 1 N — HenycTbie 3aMKHYTHIe MHO:ecTBA B X Ge3 obmux
ToueK. IlOKasaTh, 4TO CYIECTBYeT CBSA3HAS KOMIOHEHTA MHOKECTBA
€ (MN), uMeromas TOYKI LPHKOCHOBeHWs B M u B N. [3amerntsh, 910
cBA3HAsA KoMmmoHenta C MmHosectBa C (M |JN), He mMeoImasA TOYeK Ipn-
KOCHOBEeHHs B M, OTKPHTO-3aMKHYTa OTHOCHTEJNbHO CIV.]

6) BeiBectn w3 a), uro ecniu A — 3aMKHYTOe MHO}KeCTBO B X , OTJINIHOE
or X, TO BCAKAasA ero CBA3HAA KOMIOHEHTA IlepeceKaeTcd ¢ 3aMbBIKaHUEM
MHOKecTBa CA.

°16) Ilycrs X — mopupocTpaHCTBO mpocTpaHCTBa R2, momywaemoe
obbeguHeHNeM npaMoil y = 0, BaMRHYTLIX orpeskoB ¢ xommamn (0, 1) m

1
(n, m) 1 HONYOPSAMBIX <1, Y = + e Iloxasarb, 4T0 IPOCTPAHCTBO X
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CBA3HO, HO B HEM MMeeTcs CBA3HAA KOMIIOHeHTa nonoiuenus Touky (0, 1),
IJIA KOTOPO# 9Ta TOYKA He ABJIAETCSA TOYKOW HmpuKocHoBeHHUA. [Cp1BHUTH
¢ yupakEeHHAMEU 4a m 15a.]

°17) Ilycrs I y— narepBan [—1, 1] B R, P —ero gakTopmpoCTpaHCTRO,

1
TIony4aeMoe OTOKeCTBIeHNeM B [ ) TOUeK 5 1, a By— ¢daxTopmpocTpan-

. 1
CTBO, IOJyd9aeMoOe OTOKecTBIeHHeM B Iy, ¢ OJ(HOI CTOPOHEI, TOYEK 5 ui,

a ¢ [pyroif,— Touer -——%— n —1. Ilycrs, panee, I — untepBan |—1, 1 |

B R, P — ero KaHommueckuii o6pasa B P, B — KaHoumuecKuil o6pas
B B,.

a) IToxkasaTh, 94TO HMKaKue ABa u3 npocrpadcts I, P, B He romeo-
mopdus. [UTo6s ybepurses B ToM, 9T0 J 1 P He TOMeOMOPQHE, 3aMETHTS,
9T0 B P CYIECTBYIOT TOYKH CO CBABHEIM JONOJHEHWEM; AHANOTHYHO A
ABYX ApPYTHX Hap NpPOCTPAHCTB.]

6) [Iyctb X — cyMMa CueTHO-GECKOHEYHOTO ceMeficTBA IPOCTPAHCTB,
romeoMOppEHX J, H CcYeTHO-OECKOHEYHOTO CeMeHCTBA NPOCTPAHCTB,
romeomopduEX B, a Y — cymma mpocrpancts X um P. Iloxasarb, ure X
n Y me romeoMopdHHI, HO: 1° cymmecTBYIOT HenpepriBHAA Owexnusa X ma Y
o HenpepeiBHAA Ouekiusa Y Ha X; 2° X roMeoMopdHO OTKPHITOMY TOXEpO-
CTPAHCTBY OPOCTPAHCTBA Y, 8 Y TOMeOMOP{HO OTKPHITOMY HOATIPOCTPAHCTBY
npoctpaHerBa X .,

°18) Ilycrp X — minockocTs R2, R — OTHOMmEHUE YKBUBAJIEHTHOCTH B
X, KJIaccaM KOTOPOTO CIYKaT npaMble y = P s Beex f > 0 u noaynpamsie
z =0, y << 0 gas Bcex o € R. [Tokasars, uto B X/R, paccMaTpuBaeMoM Kak
nogMuoKecTBO B LPo(X), TOmOZOTMA, KOTOPYIO MHHAYLHUPYET &, o (§ 2,
yupa:kHeHHMe 7), AMCKPeTHA, a TONOJIOIHsA, KOTOPYH MHAyLEpyer Jg,
He aucKperHa, Ho X/R B oToif Tomosorum He CBA3HO, HanoHem, X/R,
HajieseHHOe (AKTOPTOLOJOTHel, CBA3HO.,

°*19) Mlycrp X — JOKaJbHO KOMIIAKTHOE HPOCTPAHCTBO; TOTHAA MOKEO
NoKas3aTh, 9T0 X OTOKJAECTBAMO CO BCIOAY IJOTHRIM OTKDPBITHIM IIONNPO-

CTPAHCTBOM YHUBEPCANLHOTO KOMIAKTHOTO NPOCTPAHCTBA X, MOCTPOEH-
moro B ynpaskuenuu 26 § 9 (cm. ra. IX, 2-e usn., § 1, yupaskuenue 8).
IIpeamono:kuM, KpoMe TOT0, 4T0 X CBASHO M JIOKAJbHO CBS3HO.

a) ITorasaTh, 9To A JI06G0T0 KOMIAKTHOTO MHO:KecTBa K B X MHO-
FKECTBO TeX CBASHHIX KOMIOHEHT MHO:kecTBAa X — K, KOTOpHe He SBJs-
I0TCA OTHOCHTEJIBHO KOMIAKTHBIMM, KOHEYHO [cM. ympaskmeHme 146].
BuLIBeCTH OTCIOAA, 9TO TOUKA 13 X — X MOKeT ObITh TOUKOIL IPUKOCHOBEHNSA
TOJLKO OJHOH CBASHOH KOMIOHeHTH MHOKecTBa X — K. [Ilycre A;
(1 <<i<Cn) — HeKOMIAKTHHIe CBS3HHIEe KOMIOHEHTH MHO3KecTBa X — K
B C;— KOMIIAKTHOe MHOKECTBO BCEX ToWeK H3 X — X, CIyKammx TO4-
KaMnl [OpPOKOCHOBEeHHA JiA A;; HOCTPOMTH KOMIAKTHOEe MOPOCTPAHCTBO,
uMelIee CBOMM HocuTeneM cyMmmy X o Bcex C;, I Takoe, 9T0OH X OTO-
FECTBJIAJLOCH C er0 BCIOAY IJIOTHBIM OTKPBITEIM TOAIPOCTPAHCTBOM.)
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6) Ilycte R’ { z, y } — caenyiomee OTHONeHNe SKBUBAJEHTHOCTII B
X — X: «uaa n060ro KOMIAKTHOTO MHOMkecTBa K B X TOURM z H y CIyKaT
TOYKAMA NPUKOCHOBEHH: ONHOM M TOil K6 HEeKOMIAKTHOH CBASHON KoMIO-
HeHTBl MHOMKecTBa X — K». Ilyctb R — OTHONIIEHUE 3KBUBAJEHTHOCTH B
X, xnaccamMm KOTOpOTO ABIAIOTCA KJIACCH MO R’ U BCe OJHOTOYETHBIE
muOykectBa us3 X. [foxkasare, 4o R ormenuMo, 9To X OTOMRHECTBUMO CO
BCIOAY ILIOTHBIM OTKPHITHIM NOAIPOCTPAHCTBOM KOMIAKTHOTO IPOCTPAHCTBA
X°=X/R w uro B KommakTHOM mpocTpamcTBe XP— X BCAKAS TOUKA eCTh
rlepeceyeHre CBOUX OTKPHTO-3aMKHYTHIX OKpectmocreit. Touxn u3 XP— X
HAasBIBAIOTCA KoHYyamu TPOCTpaHcTBa X.

B) IIycTs Y — Taxkoe KOMIIAKTHOE HPOCTPAHCTBO, 9T0 X OTO:K/ECTBEMO
C ero BCIOAY [UIOTHHM OTKPHITHIM IONIPOCTPAHCTBOM N Ka)KAAA TOYKa
KOMIIAKTHOTO HpOCTpaHcTBA Y — X ecTh HepecedeHne CBOMX OTKPHITO-
BaMKHYTRX OKpecTHocTed *). IlokasaTh, 9TO CYHIeCTBYeT HeNpepHIBHOE
oro6paskenne npocrpancTsa X’ B 'Y, Tompecrrennoe Ha X. [[Toxasars, uto
ecim Y — X ectb e0pejuHeHHe [BYX HEHeDPECEKAOIINXCA HENYCTHX
BaMKHYTBIX MHOecTB A U B, ToO B Y CymeCTBYIOT HellepeceKaloIHecH
OTKpEITEIe MHO;kectBa U m V rtanme, uro AU, B&V n Y — (UUV)
KOMIAKTHO. ]

1) Ilokasare, 4ro eci X CUETHO B GECKOHEUYHOCTH, TO IPOCTPAHCTBO
XP— X obnamaer cueTHBIM 6asmcOM.

n) Yucao KOHUOB 9YHCIOBOM UpPAMOA paBHO JABYM, & HpPOCTPAaHCTBA
R” (n>= 2) «— egunnue. JlaTh MpaMep JOKATHHO KOMIIAKTHOTO CBA3HOIO M
JOKANBbHO CBA3HOIO HOANpocTpaHcTBa B R?, MHOMKECTBO KOHIIOB KOTOPOTO
nMeno OBl MOHHOCTH KOHTHHYYMA.,

20) Iycts X — oTAenEMoe HPOETPAHCTBO, KaKAasd TOYKA KOTOPOTO
obnagaeT GYHAAMEHTAIBHON CHCTEMOR OTKPLITO-3AMKHYTHIX OKDECTHOCTeH,
Y — HOAUPOCTPAHCTBO HPOCTPAHCTBA X H A — KOMIOAKTHOE MHOMKECTBO
B Y, OTKPHTO-3aMKHYTO€ OTHOCUTEABHO Y. IloKasaTh, 9T0 B X cymecTByer
MHOKeCTBO B, 0OTKPHITO-3aMKHYTOe OTHOCUTeNbHO X U TaKoe, 4t0 B(|Y=A

*21) a) HMJA TOUOJOTHYECKOr0 HPOCTPAHCTBA X CIAEAYWINUE YCIOBHSA

paBHOCHJIBHREI: 1° 3ambiKaHWe U KaKAOTO OTKPHITOrO MHOKecTBa U B X

o
OTKPHITO; 2° BHYTPEHHOCTH F KaMIOro 3aMKHYTOTO MHOMecTBa F B X
saMKHYyTa; 3° ecld OTKpHTHE MHO;ectBa U u V m3 X He mepecerarrcs,

T0 7 mX 3aMbiKaHEs U u V He mepeceraiotcsa. OThenmmoe OPOCTPAHCTBO,
Y/IOBIIETBODAIOINEe 3TUM YCIOBUAM, HABHIBAIOT SKECMPeMAALHO HEC6AIHUIM,
OHO TOTAA BHOJIHe HeCBA3HO. *PanuoHaibHas NpsAMas e€CTh BIOJHe HeCBA3~
HOe HPOCTPAHCTBO, He ABJIAIINEeCA DKCTPeMANbHO HECBASHEIM.,

6) Jas rtoro uroOn OTHENEMOe HPOCTPAHCTBO GHIIO BKCTPEMAIBHO
HeCBSABHEIM, HeOOXOIUMO W JOCTATOYHO, YTOOH ACCONUMPOBAHHOE HOJYpe-
ryasipaoe mpoctpaHcTBO (§ 8, ympaskHenme 20) o0majiajio TeM ke CBOii~
CTBOM.

*) 910 ycnoBHe PaBHOCWILHO TOMY, 9T0 Y — X BHojHe HecBsiduo (ra. II,
§ 4, npennomenue 6).
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B) ITycre X — oTgeamMoe TOIOJOIMYECKOe IPOCTPAHCTBO M A — ero
BCIO/ly TJIOTHOE WOAHNpOCTPAHCTBO. IJoKasaTrs, 4TO ecanm A SKCTpeMalbHO
HECBABHO M TomoJormsa mpocrpancTBa X A-maxcumanbeEa (§ 3, ympas-
Henne 11), 70 X ®KcTpeMaJbHO HEeCBA3HO.

r) BriBecT m3 6) i B), 9TO [yisi BCAKOTO 0ECKOHEYHOTO MHOKeCTBA X
(KOMIIAKTHOE) IPOCTPAHCTBO BceX yaAbTpadmabTpoB B X BSKCTPEMAJbHO
HecBASHO (cM. § 9, ympaxuenus 27 m 25) #).

1) IIycts X — oTjenmmoe TODOJOTHYECKOE IPOCTPAHCTBO (€3 M30iIu-
POBaHHEIX TOYeK. [l TOro 4T06H ero Tomoaorns Oblaa KBasIMaKCIMAIbHOI
(§ 2, yupaskueHne 6), HeoOX0OqUMO M JOCTaTOYHO, 9TOOH X ObIIO cyOMaK-
cuMaabHO (§ 8, ynpakHeHme 22) W SKCTpeMajbHO HecBABHO. [IaA moxa-
8aTeJIbCTBA JIOCTATOYHOCTH MCHONB30BATh yIpaskHeHMe 221 § 8 1 mokasaTs,
uto B X BCAKOe 3aMKHYTOe MHOKEeCTBO 0e3 H30JUPOBAHHEIX TOYEK OT-
KpHITO.]

e) IlokasaTth, 9TO BcAKOe YIBTpaperyisipHoe mpocTpaHcTBo (§ 8,
yupakHeHZme 25) SKCTPeMAJbHO HECBSASHO, HO DKCTPEMAJbHO HECBABHOE
KOMIAKTHOEe INPOCTPAHCTBO (€3 HM30AMPOBAHHBHIX TOYEK HE YIbTPapery-
aspHO (eM. § 9, yupaxkuenue 28).

) IlokasaTh, 4TO BKCTpeMaJbHO HeCBA3HOe moxyperynaspHoe (§ 8,
ynpaskHerme 20) mpocTpaHCTBO peryaspHo [cm. raasy II, § 4, ympam-
menne 12].

3) IlorasaTp, 9TO B SKCTPeMaJbHO HeCBA3SHOM IIPOCTPAHCTBe He CyIIe-
CTBYET CXOAIMXCSA IIOCIe/[0BATeIbHOCTe ¢ 6eCKOHEUHEIM YHCJIOM TOTapHO
pasIMYHEX 4wieHoB. [Paccy:knaa or mpoTuBHOrO, 06pa3oBaTh N0 HHAYKINH
TaKne fBe mociepoBaTeabroctd (U,) m (V,) nonapHO He HepeceKalOMMUXCSA

OTKPHITHIX MHOMKECTB, ¢ O0befnHeRmAMU U= U U, n V= U Vy, 4ro
n n

Unv=g,a UNV # 2.]

n) IlorasaTh, 49TO B SKCTpeMaJbHO HECBA3HOM IpOCTpaHCTBe X He-
N30IMPOBAaHHAA TOYKA @ He MOMeT NMeThb enoaike ynopadouenwnyio (IO OT-
HOWmEHnI0 ) (QYHIAMEHTANIbHYI0 CHCTeMY OTKPHITO-3aMKHYTHIX OKpecT-
Hocrel. [Paccy;kpaTh OT IPOTUBHOTO, KaK B 3).]

*22) a) B axcTpemanbHO HECBA3HOM INIPOCTPaHCTBe (yHpaskHeHue 21)
BCe OTKPHITHIe HOANPOCTpAaHCTBA W BCe BCIOAY IIIOTHHE HOAIPOCTPAHCTBA
SKCTPEMAIbHO HECBASHEL.

6) IIycts X — orpennMoe OpOCTPAHCTBO, BCAKAasA TOYKA KOTOPOTO
HMeeT OKPEeCTHOCTE, ABJAIINYIOCHA d9KCTPeMaJIbHO HeCBA3HBIM IIOANIPOCTPaH-
creoM. [lorasath, 9To TOrna X SKCTpeMaJbHO HECBSASHO.

B) JlaTh mpuMep OTAEeJUMOTO He DKCTPeMaJbHO HeCBA3HOTO IpPOCTpPaH-
ctBa X, B KOTOPOM CYIIECTBYeT DKCTPEMaJIbHO HECBISHOE BCIOAY IIIOTHOE
OTKpHTOe mnopupocrpamncTBo. [CKiuenTb faBa 9KCTPEMANbHO HECBASHEIX
TIpPOCTPAHCTBA. ]

1

*) ITo moBopgy NpUMeEpOB 9KCTPEMATbHO HECBA3HLIX KOMIAKTHEIX IPOCTPAHCTB

0es U30MHPOBAHHBIX ToYek cM. Ii. II, § 4, ynpauenune 126,
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r) [Iyers X — cdeTHOe AMCKPeTHOe MPOCTPAHCTBO, X — (wommaxTHOE)
IPOCTPAHCTBO BeeX yabTpaduasTpoB B X (§ 9,ynpasxnenne 27) 1 (4,), ¢ n—
cueTHO-GeckoHeuHOe pasbmenme mpocrpaHcTBa X Ha 0eCKOHEUHEIE MHOMKe-
CTBa; B 3aMKHyTOM mommpoctpanctBe Y=2X — X mpocrpancrsa X wmuo-
mecTBa By=A4 ,1Y OTKPHTO-3aMKHYTH T II0IaPHO He MepeceKranTed. IIycTs

B= U B,; mOKa3aThb, YTO 3aMbIKaHNE B mHOmecTBA B BY He sBisercd
n

OTKDPHTHM B Y U, CIe0BATENbHO, Y He SKCTpeMalIbHO HecBA3HO *). [Pac-
CYMAaThb OT IPOTUBHOTO: COTMIACHO yNpa:KHeHHI0 20, CYMecTBYeT OTKPHTO~

saMKHyTOe MHO3KecTBO C B X rakoe, uro C NY=RE; B34B B KKIOM MHO-
skectBe C A, IO TOUKe z,, pACCMOTpPETh 00pa30BaAHHOE UMW MHOKECTBO J

I ero 3aMHKaHWe J ¥ IOKA3aTh, 9T0 J () B = ©.]
23) Harp npumep GHeKTUBHOTO 0TOGpaKEHHA f OTAEIMMOTO IPOCTPAH-

ctBa X B OT/ienuMOe IMPOCTPAHCTBO Y, HpPH KOTOPOM 06pas BCSAKOTO KOM-
MaKTHOrO MHOKecTBAa M3 X O OB KOMIOAKTHEIM MHOMKECTBOM B ¥ 1 ofpas
BCAKOTO CBA3HOTO MHOMecTBA M3 X Oblt OH CBABHHIM MHOKECTBOM B Y,
HO KOTOpOe HEe ABIAIOCH OH HempephBEEM. [CMm. § 9, ympaskumeHme 4.]
24) IIyers X — TODONOIHYECKOE IPOCTPAHCTBO.
a) Hapenmm wmHOxecTBO Lo(X) omHoil u3 romonmormit o, T (§ 2,
yupaxuenue 7) unn Jg (§ 8, ynpasxaenne 12). Ilokasats, 4To ecan MHO-

mmectBo B B Po(X) cBsasuo 1 Kaykaoe MHO:KecTBO M €D cBA3HO, TO 00Be-

[UHeHNe U M cBs3HO.
Me®

6) Mycts & — muomecTBO B Po(X), comepsKamee MHOMKECTBO BCEX
HeNYCTHX KOHeYHHIX momMmuO:KecTB U3 X . Ilokasare, 410 ecaim X cBA3HO,
10 1 S cBABHO. [PaccMOTPeTh OTOOPAIKEHHA (T, vvy Zn) > {21y ooy Tn b
MCIO0JL30BAB yHnpakHeHwe 76 § 2 u npepyomxenne 8.]

#25) IIycte X m Y — tomosnornmueckue npocrpancTBa. OTobparenue
f: X—Y Ha3HBAIOT L0KaLbHEM 20MeoMOpPHusmon, ecin Jiobasa Touka z€ X
obmagaeT Takoit oxpectHocTbio U, 910 f(U) eCTh OKPECTHOCTH TOYKA f(r)
BY u orobpaskenne U— f(U), copnagatomee ¢ f Ha U, ecTb roMeomopdhnam,
Beaxuit noxanbpHBIR TOMeOMOpP)WBM €CTh OTKDHTOe HENPEPEIBHOE OTO=
Opaxenne. . i

a) lIyers X otgenumo, Y AOKanbHO CBA3HO W f: X—Y — JoranpHbR

-1
roMeoMopduaM, JaA KOTOPOTO CymecTByeT Takoe mneiroe n>0, gre f(y)
€OCTOUT TOYHO W3 n TOYeK mpm dwboMm y €Y. ITokasarsh, uro mobas TOIKA

—1
y €Y obxagaer Taxoif OTRPHTOR OKpecTHOCTHIO V, uTo f(V) mMeeT n cBs3-
meix KomuomeHT U; (1<<i<Cn) u orobpamenus U;—V, coBmajaommue ¢
f Ha U;, saBaAoTcA roMeoMopdmsMaMn; f ABIAeTCA TOT[a COBePIICHHHM
oto6paskermem

*) Vngamneuﬂﬂ 218 u g2r coobmma gam R. Ricabarra,
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6) Mycrp X oTmenumo, Y CBASHO U JIOKAJBHO CBASHO B f: X—Y —
cosepureniblil JTOKAMBHEIA roMeoMopuaM; HOKA3AThH, 9TO f YROBIETBOPSIET
yeaoBusaM, YKasaHHEIM B a). [IIycrs Y, nas kassmoro memero n>0 —

—1
MHOKECTBO TeX y €Y, IIA KOTOPHX f(y) mMeeT mo Kpaiinell Mepe n Touek;
0Ka3aTh, 9T0 Y, OTKPHTO-3aMKEYTO B Y]

°g) IlaTh mpuMep He COBEPMEHHOTO CIOPBEKTHBHOTO JOKAJILHOTO IO~

meomopdusma f: X—Y, rge Y KOMHNAaKTHO, CBSA3HO U JIOKAJBHO CBA3HO, X
—1

JIOKAJbHO KOMIAKTHO, CBASHO W JIOKAJBHO CBABHO, a f(y) AAA KKAOTO

Yy €Y copep:xmt He Gonee ABYX ToueK [cM. § 5, ynpaskuenne 4].,



NPNJOMEHNUE
JONOJTHEHUA O INPOERTUBHBIX IIPEJEJIAX MHOJKECTB

1. IIpoexmusnovie cucnemvt NOOMHONCECE

Onpenenenns npoexmusnotli cucmemst mnoscecms (X,, f.5) o1HO-
CHTEJBbHO IPeNyNoPAN0IeHHOT0 MHOKECTBA NHACKCOB I, npoekmueHo20
npedesa X =lim X, TaKeii cucTeMH ¥ KaHOHHYECKOTO oToGpakenus f,

—

muOokecTBa X B Kakmoe ns X, (Teop. muom., ra. 111, § 1, n° 12) me
ONIpaTca Ha IPeANoosKenne, 910 MHOKeCTBO I — ghusvmpyrouyeecs;
T0910My OHH PACHPOCTPAHSIOTCA HA MPOU3E0LbHOE NpedynopadouerHoe
muoscecmeo I. To ke OTHOCHTCA H K ONPENENEHUIO NPOCKMUSHOU
cucmemn  omobpasenuti u,;: X,—~X., e (X,, fap) ® (X;, f;ﬁ) -
TIPOEKTUBHBIE CUCTEMBI MHOKECTB OTHOCUTENHHO I, M K ee MPOEKTHEHOMY
opejeay u=1im u, (ram sxe). IIpu 210M Bce pesyibTaThl, JOKasaHHE
—

B n° 12 § 1 ra. I1I Teopun MuoxecTB, ocraiorca B cuiie u 6es mpepmo-

nokeHms o QuUAbTpyeMoctH I, Kpome pesynbTaTa, OTHOCAIIErocs K

KaHoRWYecKoi 6mexmum lim X, Aa mpoeKTUBHEKIL Ipenen moxcemeiic: Ba
—

cemeiicTBa (X,), COOTBETCTBYWIEro KOPUHaIbHONW YacTH MHOMecTBa /.

[ycrs M, pna ramgore o € I — mogMHOKeCTBO MHOMKecTBa X,
Ecnm a<B Baewer f4(Mg)cM,, to roropar, aro M, o6pasyior npo-
ekmusHylo cucmemy nodmrosxcecme muoxcecms X .. Ilycrs g,, — cymenne
fag Ba Mg nns a<{P; ero MoxHO paccMaTpmBaTh Kak oTob6paniensme My B
M ,: wpn sTom scno, uro (M, g,;) — NPOCKTHBHAA CHCTEMA MIIOMKEC1B

n lim M, =Xn(J] M,) B uacraoctn, scro, d9T0  MHOMecTBa
— el

M,=1,(X) obpasyior upoexiupaylo CcHCTEMY [OIMHOMKECTB X, p
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llm Xo= llm Mg; ormernM, uro pas miobore o € I Gymem mmers M=

= fm(X)c n fup(Xp) 1 Bee gop (o0 < P) cropvermusne.
p=a

.o
Meepnomxerue 1. Hycmo (Xa, fup) v (X, fop) — npoermusnsie
cucmemsl Mrozcecme omuocumeavio I u u, 04a kazxcdoeoo € I — omobpa-

acenue Xo, 6 Xo, nputem iy, 006pasyom npoekmusHyio cucmemy omobpa-
sicenuti. Tycmv u=1im uy. To2da 015 kaxrdoeo &' = (z,) € lim X, mrooce-
— P

-1 ,
cmea Uy (To) 06pasyiom RpPOEKMUBHYIO CcUuceMy NOOMHONCECTE MHO-
-1 -1,
aicecms Xo v u(x’)=lim uy(zy).
—
IIpepnoenne oueBHAHHM 06pasoM CciefyeT WS ompefeleHUi .

2. Epumepuii Henycmomosl npoexkimueHozo npedeaa

MMycrs (X4, fop) — DPOEKTHBHAA CHCTEMA MHOKECTB OTHOCHTENIBHO
IPegyHoPAA0IeHHOT0 MHOMKECTBA [, IPUUEM foo, st KaKmoro o € I ecThb
TOKIeCTBeHHOe oToGpaskenne X, Ha ceGa. IlpenmomoxmM, uro mia
raxuoro a €I sagano MuomecTBo &, MOIMHOMKECTB MHOMecTBA X,,
OpuyeM RHOOJHEHK CIeIYI[Ae aKCHOMH:

(I) Beskoe nepeceuenue mroscecms us ©, npunadaescum &,

B wacrrOCTH (paccMarpuBas IlepecedeHue ITyCTOTO CeMeiicTBa),
monyuaeM, 910 X € Sq.

(IT) Ecau mrosxcecmso nodmnoncecms FcS,, obaadaem mem ceoticm-
60M, Umo nepeceuenue 406020 KOMEUH020 YUCAA RPUHAOLEHAUWUL emy
MHOJCECMB He RYycmo, mo n M wne nycmo.

Me§
ITpuamman Bo BEEUManwme (I), akcmoma (II) pasmncunbHA ciegyto-

meil akcmome:
(IT") Ecau @ =Sy, ecmo muoscecmeo, guisompyroweecs no ybrsearnuio,

éce JNeMEHMBL KOMOP020 HE NYCMmul, mo n M re nycmo.
Me®

TeoremMa 1. Iyemv I — dunbrpylomeecs muoxcecmeo, O4s ecex
€, snnoanens axcuomvt (1) u (I1) u. kpome mozo, npoermusnas cucmemna
(Xo, fop) yOosaemeopsem caedywwum ycrosusm:

-1
(IT1) fop(®2) € Sp Oust 410608 napy urdercos oc,p maruz,umo o <P, v
#106020 Zg € Xg,
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(IV) fap(Mp) € Sq, 045 1060t napwr urdercos a., fp maruzx, umo e <P,
u awboeo Mg €Sy,
ITyemv X =1lim X,; mozda:

a) Jasn awbozo o € I umeem
fa (X)= nfocB(Xa)v (1)
B>

20e f, — wanonuuecroe omobpascenue X—>X,.

6) Ecau Xy He nycmo 0as kaxcdozo a €I, mo X ne nycmo.

Mycrs £ — miodscecmso scex cemeticms W= (Ag)q ey, yAOBIETBOPAIO-
IIMX YCJIOBUAM:

A D u Ay €Sy daa wrancdozo o. €1 (2)

fap(Ap) < Ay Oan ecex a, P makuz, umo a<f. 3

Mycrs orromenme A >N naa smementon A= (4g) m A =(Ay)
u3 X o3Ha4aer, 4T0 A(,Lc:A:x opu n060M a; ACHO, 9T0 X YRopadouero
9TUM OTHOIIEHUEM.

1° Noramem cuepsa, uro = uHOykmueno. llyers L — copepmenHo

YIOPANOYEHHOE MHOKECTBO W A *-99“:(14;?)% | — ero eTporo BO3-
pacramnigee orobpaskenme b 2. [lasg ramporo o€/ nonommM By,=
=N Al oueBmpuno, cemeiictBo B=(B,) ynosiersopaer yciaosmo (3);

AeL
B cny (I) m (II) oHO ymoBnerBopsier Tawske yciaoBmio (2), Tak 49TO

B €2, n acwo, uro B Mamopupyer MHOKecTBo Beex U

2° ITycrs A=(A,) 03HATAET MAKCUMAALLHbILL DAGMEHT U3 2 IMOKA-
meM, aTo Torja Ag =fup(Ap ) 1n4 Beex map a, f rarux, aro a<p. Heiicr-
BUTENBHO, TONOKEM A, = n fap(Ap) A KaskaoTo 0 € I 1 mOKaKeM,

(2
aro A’ = (4g) npuragnexnr X, 3aMeTnM cHaIaNa, uTo ecan o< Py,
10 B cuay (3) fay(4,) = fap (foy (4,)) < fop (4); Kpome morO, MpH
a <P mmeeM fop (Ag) €Sy B cuny (IV) u fop (4g) 5= & B cmay (2);
yeaosua (I) m (II) norasmBarwT ToOrma, uro A’ ymomnerBopser ye-
aopuio (2). Haxowen, A’ ynoBnerBopsier Takske ycaosuio (3): B ca-
mom pexe, ecim o << B, 10 fop (Ag) =) fop (Fay (4)) = [} for (4)); ¢
v=p v=p

APYTOi CTOpPOHH, AjA Awboro 8= o cymectByer Takoe Yy E€J, 410
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=08 u y>=p; suaumr, fan(4,) S fas (4;) mu, caengosareinHO,
nfav D= faus (4;) = Ay, dem saBepmeno ycraHoBNeHMe TOTO,
v=B o=a
uro A’ €Z. IMockoabry Aoc A, AIA KaOKIOTO O, U3 TMPEANOIO/KEHA
ol mMakcmmadbHOCTH ¥ caemyer, aro U’ =9, m Hamie yTBepKCHNO
IOKA3aHO.
3° Ioraskem Tenepp, u9ro ecan A = (A4,)—narcumasbhui die-
MeHT 3 X, TO Rakgoe A, cocmoum us o0d0mozo saemenma. Ilycth

-1
z,€ 4, Has ramporo P> a nonoxnm By= 44N f,q(z,), a mas oc-
TanpEBIX P nomoskmm By= A nokamem, urto Torna B = (Bg) npu-
nagnexut . Ecau mesepro, uro P> a, To B <y Baeuer fy (B)c

c f@‘{(A‘!) c AazB@, ecim, HANPOTHB, O < [3<y, To1 MOCKOJILKY

fw(( a) ‘_fm (faﬁ( a))’ 6yneM uMeThb f@*{ (fw{ (.T()) < fa@ (1‘0), n Tar
kaKk fg (4,) © Ay, To cHoBa fg (B,) = By; Takmm obpasom, cemeii-
ctBo B ygosaersopsier ycaosuio (3). Tax kak, cormacuo 2°, a <P
Bireser A,=f,(A4;), TO AcHO, uTO By== @& mas ramporo pel; na-
woren, B cuny (I) m (III), B, E@@ aasi kakgoro P € I, wem
zaBepmiaercs JlokaszaTeabctBo Toro, uro P €X. Hockombry Byc 4,
nas ramporo P €7, ms mpenmomoskeHHol makcumanbHOocTH A Ccrae-
AyeT, uTo BB=AB ana Kaxporo P u, B wactHOCTH, A,= {Z,}.

4° Temepp MOKHO MepeiiTH K joKaszarTeabcTBy Teopemsl 1. [o-
KaykeM cHavada a). Mm y:xe snaem, gto f, (X) cn fag (Xg). Obparno,

-1 f=a
nycts z, € () fop (Xg). Momosmmm By= f,q(z,), ecnm f =>a, m By=X,

B=a
B NPOTHBHOM cliydae; M0 ONpefeleHuIo I,, MHO;KecTBa BB He Myc-

i, u B cuny (III) m (I) By € &; paa kaxpuoro f € /; xpome Toro,
ouesnano B <y Bneuer fy (B,)<B, Taxum obpasom, B = (By) € Z.
Oycrs A= (A4y)—makcumanbubil dmement us I Takoit, uro A =B;
cymecTBoBaHue €ro BEITeKaeT (B cuay 1°) us reopemnt llopma; rar
kak (no 3°) Ay pns xaxmporo P €/ mmeer Bup {yg}, To y = (y,) npu-
gagnexur X, u f,(y) =y,=2z, 10 ONpefeIeHN0.

[Toxasxem, HakroHew, uTo a) Baeuer 6). [leicTBHTentHO, / MOMKHO
npeAnonaratb HEAYCTHM (MHade Heuero OO OB NOKa3HBAThH); U3
NnpeAnooKeHHON HenycToTsH Bcex X, caegyer, 4TO fos (Xs)#g
npu o< fB; Tak Kak f.4(X,) npu ¢urcuposamnom o u f > o obpa-
a3yOT QuIbTpylomeecsa 1Mo yOHBAHWIO MHOKECTBO MOAMHOKECTB MHO-
mecrBa X,, npuHagaexamux &, To ycaosme (I1') noxasmBaer,
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910 f\/‘aﬁ (Xg) # . Taxum obpasom, B cuuy a), f,(X)=~= J u Tem
B=a

6onee X 5= &, 910 U TpebOBAJOCH AOKAZATh.
3ameuanmne. [IpenmosnosumM, aro B Gopmynuposre teopems 1

yeaosue (II1) sameneno ciepymomum Gosiee craGhHM ycaoBUEM:
(I11") Jas kasxcdozo o. € I u kascdozo nenycmozo muozcecmea M, € S,

—1
cywecmeyem makoe x, € M,, umo f,qo(z,) €Sy 0 acex f >o.
Torpga yrsep:rmenue G) Teopemnl 1 eme coxpauser cuay. B camom
neie, MOKasaTeabcrBa MyHKroB 1° u 2° mpu aroM He namenarcs. Jloxa-

3aTeJBCTBO HyHKTA 3° OCTaHeTCHA B cumite, eciu 6parb z, € A, Tax, 9T00H
—1
fus(z,) IpUHATIERATO @3 A Kaskporo P > a. Hakonen, paccysxiaenue

nymkra 4° noxasmsaer, 9o ecan [() fus(Xg)7~Q U B 2TOM MiOKECTBE
p=o
-1
, B3ATO TaK, 4T0 f,p(z,) € Sy ana rammoro f >0, To cymecTsyer TaKoe
y€X, uro f,(y)=rz,, 9eM Halle yTBEP:K/eHNe W [[OKA3aHO

IHHpuwmepmu. I)Iycrs Bce X,— Komnarmrble UpoCTPaHCTBA, A
BCe f,g— Henpeprigryle 0TOOPAKEHNs; TOTAA MOKHO IPUMEHUTH Teope-
My 1, B8sB B KauecTBe &, MHOKECTBO BCEX 3AMKHYMBLT MHOKECTB U3 X ,.
O moppo6HoCTAX 3TOTO mpuMeHeHuA cM. § 9, n° 6.

I1) Iycts A — Koubno ¢ epunuieit u 7', i Kaxmoro o € [ — apmu-
nosckull neBm# A-momynb (Anre6pa, ra. VIII, § 2, n° 1); uycrs
X, — o00nopodnoe npocmpancmeo 5apn T, B koropom 7', 1eficTByeT TOTHO
(Tak 9TO MOKHO CKasark, 9T0 X , ecTh afifurnoe npocm pancimeo, accoIu-
mposaunoe ¢ 7', (Anre6pa, ra. I1, lIpunosxenune I1, n°1). [Ipegmonossnm,
uro anA Kampolil mape o, B, B Koropoil a<Cf, [ XX,
ecThb agppunmoe omobpasxcerue (Anrebpa, ra. II, [Ipunoxenne 11, n°4).

Bospmem B KauecTBe &, MHOKECTBO, COCTOAIIEE M3 OyCTOTO HO-
MHOKECTBA U BCeX aPPuUHHBLE AUHEUHHL MH02006pa3ull TPOCTPAHCTRBA
X, (Anrebpa, ra. 11, Ipunoxenne II, n° 3). Torna ycnosue (I) Bu-
HOJIHAETCS TPUBUAIBHEIM 00pasoM, a yciuosue (II) Bmreraer ms rtoro,
gr0 7', — apTUHOBCKUII: B cAaMOM fiesie, 910 BJeUYeT CYIeCTBOBAHUe M-
HUMAJBHOLO BJIEMEHTA Cpefu MepecedeHuil KOHEeYHBX HAOOPOB MHO-
sectB M € U aTOT DiIeMEHT He0OXO0MMO PaBeH n M. Haxrouen, oo-

Med
CKOMBRY f,, apguuno, ycaosus (I1I) u (IV) TpuBnanpHO BEITOJNHEHEL.




NCTOPHYECKHUN OYEPK
K I'IABE 1

(PuMcKue nudps OTHOCATCA K GuGamorpaduu, MOMemeHHOR
B KOHIIe HACTOAMET0 O4YepKa.)

TlonATnA mpenena W HeOpPepLIBHOCTII BOCXOAAT K JPeBHOCTU; WCTOPUA UX
passnTus He OhIa OB NONHOM 6e3 CUCTEMATHYECKOTO UBYYEHNA C DTOM TOUKH 3pe-
HUsl HE TOABKO MAaTeMAaTHKOB, HO U ¢unocodos I'penun, B yacTHOCTH ApHCTOTEIA,
KaK 1 0e3 paccMOTPeHNs HBOJIOIMI 9THX Ufell B MareMaruke Bo3po:jeHnsa m B
nepuoy, BOBHUKHOBeHUs [nddepeHUNaIbHOr0 M HHTEIPAIBHOTO HMCUMCJICHUIL.
OpHaKoO Takoe HMCCAENOBaHMUe, NMpPeJUPHHATH KOTOpoe OBLTO0 Obl, KOHEYHO, WHTe-
PecHO, BHILIO OB JaeK0 3a PAMKU 9TOTO0 OYepKa.

OcHoOBaTeseM TONOJIOTHY, KAK W MHOTHX ApYTUX BeTBeil cOBpeMeHHOH Mare-
MaTHKY, Cleflyer cumtarth PriMana; HedCTBUTENbHO, IMEHHO OH IePBBIM IHITAJICA
BBIJIINTEL NOHATHE TONOJOTHYECKOT'0 NPOCTPAHCTBA, BRIABIHYI HAEH CAMOCTOA-
TeNBHON TEOPHH BTUX IPOCTPAHCTB, OIIPENENHJ IHBapHaHTH («amcaa Berrmy),
CHII'paBIIe UPe3BHIYAfiHO Ba;KHYI0 POJb B JladbHelmeM pa3BUTHU TOIOJOTHH, I
JIaJl UM TlepBHIe [IpUMeHeHNs B aHaause (Hepnops! abeneBrx nHTerpanos). Ho nyTs
Pumany Bo MHOTHX OTHOIIEHHWAX IOATOTOBWJIO PA3BUTHE MaTeMAaTHIeCKOH MBICJIN
nepBoit nomoBuHK X IX Beka. B camom pese, cTpemiieHHe HOABeCTH IIOJ MaTe-
MATHKY HaJeKHOEe OCHOBAHWE, BHI3BABIIEe CTOJBKO BAajKHHIX MCCJIEOBAHUEA Ha
nporsxernn Bcero X IX BeKa ¥ BOJOTH [0 HAINNX AHEM, IPHBEI0 K KOPPEKTHOMY
OIpejieJieHNI0 [OHATHH CXOojsmerocsi psaa M YICIOBOI MOCIeNOBATeIbHOCTH,
crpemameiica K npepeny (Kommu, AbGens), a Takike HOHA MA HeIPePHIBHOK QYHKINH
(Bombnano, Homm). C ppyroit cropoust, gaEHoe I'ayccoM H ApraHoM reoMmeTpH-
YecKoe IpeficTaBleHNe (TOYKAMI TNIOCKOCTH) KOMIJIEKCHBIX HJIN (MHHMBIX», Kak
TOBOPAT elle [0 cuX Hop, uncesa (HasuBaBmuxcsd B XVIII Bexe mHOrma Takske
«HEBOBMOKHBIMIM UIICJAMI) CHeNaTOCh OPUBBIYHBIM Js GONBINIHCTBA MaTeMa-
TUKOB; OHO 03HAYaJ10 IPOrpecc TOTO ke NOPsAjKa, KaK 1A HAIIUX AHeH yCBOeHHe
TeOMeTPHYECKOTO ABBIKA IPY W3YUeHIH Iab6epToBa OPOCTPAHCTBA, W COflEPKal0
B 3apObllie BO3MOKHOCTH F€OMETPHYECKOTO MpeICTABIEHHA BCAKOTO 00BEKTa,
cnoco0HOTO K HellpepEIBHOMY naMeHenmio; ['ayce, Kotopeiil, BopoyeM, Ol ecTect-
BeHHO IPHBeJeH K HOLOOHBIM MpeiCTABICHUAM CBOMMU HCCJIeJOBAHUAMY [0 OCHO-
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BAHMAM TeOMETPHH, HeeBKINIOBOH TreOMeTpPHM M TeOpHH [OBEPXHOCTEH, HO-BU-
JHMOMY, yiKe UMeJ B BHUIY TaKyl BO3MOKHOCTH, MO0, OIpeess (He3aBHCHMO
oT ApraHa I QpaHIy3CKUX MATEMATHKOB) reOMeTpHYECKOe IPeICTABICHNEe MENMbIX
qEcels, BOCIOJB30BAJICA BRIPAYKEHHOM (ABYKDATHO NpOTSKeHHAs Bemumamray ((I),
crp. 101—103 m 175—178).

UccnegoBanus mo anrebpamdecKuM QyHKOWAM M UX HHTETPajaM, ¢ ONHOM
CTOpOHEI, N (HaBesHHHE B 3HAYMTEJBHOH Mepe usydeHmeMm TpyxoB I'aycca) pas-
Mbimiennss 00 OCHOBAHUAX TeOMeTpHH, ¢ APYToil,— OpuBeanm Pumana K gopmy-
JAITPOBAHHI0 TPOTrPaMMBI HCCIe[OBaHNil, ABIAIOMERcs IPOrpaMMoil U COBpeMeH-
HOH TOIOJOTHH, I MOGYAHIII €r0 IOJ0KATh HAYAIO PeaTn3alN 3TOH IPOrPaMMEL.
Bor, nanpumep, uro mumer PumaH B cBoeil «Teopuu abeseBnix ¢ymurmmin ((I1),
crp. 91):

«lIpu usyuenuu Gynryull, 60SHUKAOW UL NDU UHMEPUPOBAHUL NOAHWEL Oug-
Pepenyuaros, noumu HesoamoucHo obolimucy 6es Hekomopwx npedaoxcenuti, ommo-
cawyuzcs ® Analysis situs. IIod smum naumenosanuem, ynompebassuumcs, romsa,
6wmb moxacem, u He coscem 6 mom e cmuicae, Jeibnuyem, caedyem nonumamv my
Yacmsv YueHus 0 HenpepueHur eAUNUH AL, KOMOPAA paccmampueaem smiu eAudUt bl
He KaK cyuyyecmsyouyue He3a6UCUMO OM UL NOAONCEHUS U usmepaemble 00Ha dpyzomw,
HO, O0MBAEKAACL 0M 6ce20, C8A3AHH020 C U3MEPEHUEM, noﬁsepeaem U3yuerunw AuWdb
OMHOULEHUA UL 63AUMH020 DACNOAOHEHUS U BKAIOUEHUA. Ocmasass Ha 6_1/0]/11468
paccmomperue samux 60npocos, NOAHOCMBIO 0c60600cdennoe om 8cee0, C6A3AHHO020
c usM;zpenueM...».

I B ero sHaMeHWTO# BeTymureJbHOR Jexumn «0 rumoresax, Jemamux B
ocuoBanmn reomerpum» ((II), crp. 272):

«... 06yee NOHAMUE MHOZOKDAMHO RPOMAICEHRUT seaunul *), oxeamusanoiyee,
8 wacmHoCcmu, npocmpancmeentvie 6eAUYUHBl, 0CMABALOCL CO8EPULEHHO nepa3pa6o-
mannum...» (ctp. 272).

«...[lonamue seauuuUnb B03MONCHO AUULL 8 TROM cayvae, Kozda umeemcs Heumo
obwee, donyckawuyee pasauunile cocmoanus. B sasucumocmu om mozo, cyyecmsyem
uau Hem Henpepuienuli nepexrod om 00H020 COCMOAHUSL K Opyeomy, smu cOCMOSHUA
06pasyiom HenpepueHoe Uiy OuckpemHoe MHO02000paszue; 0mdesbHble COCMOAHUSL
Ha3weawmea 6 nepeom cayiae moiramu, 60 6MOpPoOM — sAeMeHmamu Mnoeoo6pa3uﬂ»
(cTp. 273).

<<...H3M3penue cocmoum 6 HaA0XCeHUUu 00HOU U3 CPpAsHUBAEMBLY BeAUUUIL HA
dpyeyro; nosmomy 0as usmepenus mpebyemcs, ¥mobv Umescs cnocol nepeHecenus
00HOTl eesununsl, Kak macwmaba, no dpyeoti. Ecau maroii cnoco6 omcymemeyem,
mo cpasnusamdv 0se GeAUNUHBL MOHCHO AUULL 8 MOM cayiae, Kozda 00Ha u3 Huz
cocmasasem uacmbv Opyeoli... Hecanedosanus, KOmopsie MONHO 8 dMOM CAyUAe NPO-
go0umbv, obpasyiom 00wyylo, He3a8UCUMYI0 Om Mepoonpelesenull, wacmb Yuenus o
geaudunar, 6 nomopozi BEAUUYUHD MBICAAMCA He KAk CYlyecmeyrnlyue He3asucumo om
UX PACnoaoNeHUS U He KAK 6uipaxcaemvie ¥epe3 Hekomopyro eOUHUYY usmeperus,
HO KaK 4YacmlU Heromopoeo .Mnozooépaa‘uﬂ. Tarozo poﬁa uccaedosarnus cmaats

*) PrMaH DOHIMAaeT IOJ 3THM, KaK BUJHO N3 AajbLHeHIero, yacrTb TOIOJO-
THYeCKOTO HPOCTpaHCTBA J1000r0 4MCaa n3MepeHMi.
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Heo6xodumuimu 048 MHOSUXZ ompaciell Mmamemamuku, 0C06eHHO RPU UIYUEHUU
MHO20HAUNBE aHaiumudeckur Pynryul...» (crp. 274).

«...Onpedesenue nososcenus Ha danHom MH02000pa3uUu, Ko2da makoe onpede-
AeHUEe 808MONCHO, npueodumcs ¥k onpededeHUId KOHEUH020 KOAUNECMBA HUCAOGHL
gnavenull. Bnpovem, cywecmeyiom makice MmHo2o06pasus, 04 komopuxr onpede-
AeHue ROAONHCEHUS mpebyem He KOHeun020 Koaudecmaa, a Geckoneunozo pada uau
Henpepuenoeo mHox¥cecmea uucaosunz swaienuii. Taroeo poda mmnozoo6paszus obpa-
syiom, Hanpumep, 03moxcKile sadanus PyHEYUu 6 dannoll obracmu, 603MONCHbE
Popmw npocmpancmeennoil gueypu u m. n.» (crp. 276).

B aroit nocnenuedi ¢pase BIepBEHe HaMeueHa Jijied H3YUeHIsT GYHKINIOHATIb-
HBIX IIPOCTPAHCTB; BIIPOYEM, Ta Ke Ijesi HAIIJA BHIPaKeHWe y;Ke B JICCePTALUN
Pumana: «Cosoxynnocms amux @ynkyuii,— TOBOPHT OH B CBsI3W ¢ IPOOGIeMOil
MUHHUMYMA, W3BECTHOH Ioj, HasBamneM npuHNuna Jlnpuxie,— obpasyem samrmy-
myio 6 cebe ceasnyi ob6aacmwy (1), crp. 30), 4ro, X0Ts N B HECOBEPINEHHOH (opMe,
ABAgercs 3apOABIIIEM [OKA3aTeNbCTBA, JAHHOTO BIOCHEACTBMN npmHIUNy Jin-
puxiae I'mnbGeprom, W make GONBIINHCTBA NPHUIOMKEHNH (GYHRIMOHANBHBIX IIPO-
CTPAHCTB K BapHANWOHHOMY WCYMCJICHHIO.

Hax ymxe 6nu10 ckasano, PHMaH HOJO/KUJI HAYAJO BBHIIOJHEHUIO 9TOH I'paH-
[IMOBHOU mpPOrpaMMHl, ompeseans «umciaa Bertw» cmepsa s mosepxuoctH ((1I),
crp. 92—93), a sarem ((IT), cTp. 479—482; cm. Tarxe (III)) msa mmorooGpasmsa
n060r0 umcia M3MepeHHI 11 OPUMEHUB 3TO OIpefeleHNe K TeOPHU MHTETPAJOB;
II0 STOMY HOBORY, & TaKKe IO MOBOAY 3HAYMTEJNBHOIO Pa3BHTHA, KOTOpOe IIOJY-
4mia 3Ta TeopwA Hociae PuMaHa, MBl OTCHLIAeM YATaTelsd K HCTOPHMYECKHM Odep-
KaM, KOTOpee GyAyT B HACTOAIIEM TPaKTaTe CONPOBOKAATD IJaBH, IOCBAINEHHBIO
anrefpanyecKoil TONOJOTHM.

Yto kacaercs o0mell TeOPHH TONOJOTMYECKHX NIPOCTPAHCTB, KAKOW ee B
ofmux YepTax npexcraBiasa cebe Puman, To s ee paspnTusA ObLi10 HeoOGXOmUMO
DpenBapuTenbHOe, (ojee cMcTeMaTHuecKOe, YeM BO BpeMeHa Pmvama, mayuenme
TeOpUN BeHIeCTBEHHBIX 4YIICeJ, UYICIOBHIX MHOKECTB W TOYEUHEIX MHOKECTB Ha
npsAMOl, IJIOCKOCTH W B IPOCTPAHCTBE; 9TO M3YdeHIe OBLIO CBA3AHO B CBOIO
ogepernb ¢ (Moayduaocopcknm y Boabnano 11 gcTo MaTeMaTHIecKM y JleqeR1E/a)
MCCJIe0BAHNEM NPUPO/E MPPANTOHAJBHOTO YNCIA, & TAK:Ke € IPOrPecCOM TeOpHIH
$yHRINI BelieCTBEHHOU IepeMeHHOI (B KOTOPYI0 caM PuMaH BHeC CylecTBeHHBII
BRJIQJ] CBOWM OIpefieIeHNEM HHTerpajia W CBOeil Teopueil TPUTOHOMETPUYECKUX
PAROB M KOTOPOIl MOCBATHIN cBOM paboTHl, Cpeiy NPOYNX MaTeMaTHKOB, I[oo6ya-
Peiimon, [Inan, Beitepmrpacc). OHa sBIIach jeaoM Bropoi nomosuae X IX Bexa,
m upepe Bcero HamTopa, KOTOPHI IepBHIH ompenedmna (ClepBa Ha HpAMOH, a
3aTeM B n-MEPHOM €BRJNOBOM NIPOCTPAHCTBEe) HOHATHA TOYKH CTYMEHHS, 3aMK-
HYTOTO, OTKPHITOTO M COBEPIIEHHOT0 MHOKECTB M MONYYI CYIeCTBEHHbIE pe-
3yJIBTATH, OTHOCAMMMECA K CTPYKTYpe 9THX MHOMKeCTB Ha mpAMoil (cM. Mcropu-
YJecKuil 0gepK K ra. IV); o sToMy IOBOIY MOKHO 00paTHThCS HE TOJABKO K COYN-
uenno Haxropa (IV), HO M K ero BechMa HHTepecHOH mepemucke ¢ [lemeKuumgom
(V), Tae comepsRATCA TaK:Ke OTUETINBO BHPAaMKeHHAs Hiesd YNcja N3MepPeHHH Kak
TOIONOTAYECKOro HEBapunanTta. JlanbHefilllee pasBUTHe 3TOH TEOPHU MBNOKEHO,
HAOpUMep, B HOJYHMCTOPHYECKOH, mojycucTeMaTnieckoir gopme B Kuure Ilend-
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amca (VI); moxasnyii, nanbonee BajKHOe 3HAaYeHMe IMesia TeopemMa Bopeis —
JleBera, 9T0 BCAKOE OFPAHNYEHHOE BAMKHYTOE MHOKECTRO B N-MEPHOM eBKII{OBOM
mpocrpancTBe R” (cm. ra. VI, § 1) ynosaerBopser akcuome (C''') § 9 (BHauame
nokasanHas BopeseM jis 3aMKHYTOTO OTpe3Ka HA OpsAMON M NMOKPEIBAIOMIETO €0
CYETHOI'O CEeMeMCTBA OTKPBHITHIX MHTEPBAJOB).

Vipen HanTopa BCTpeTHIN BHAYAJe JOBOJHHO SHEPIUMYHYIO ONIOBUIMIO (CM.
Neropmuecknii ouepk K r1. I — IV kmnrm I). Ho Bo BcAKOM ciaydae ero Teopus
TOYEYHEIX MHOKECTB Ha IPSAMOI U IIIOCKOCTA BCKOPE CTaJjla IPUMEHATHCA 1 IMIUPOKO
pacopocTpaHATECA QPaHIY3CKOH B HeMeNKol mromamu Teopun dymxumii (Hop-
nau, Ilyankape, Kaeitn, Murrar-Jleddaep, sarem Apgamap, Bopeas, Bap, Jleber
I1 ip.); B YaCTHOCTH, Ka:KAHI N3 MEPBBHIX TOMOB KoJleKnun Bopeias copmepixan
aJleMeHTapHOe M3JI0KeHNe 3Tol Teopuu (cM., Hampumep, (VII)). ITo mepe pacmpo-
CTpaHeHHA JTUX HIeil y MHOTHX CTaja BOBHHKATH MBICJIb O BO3MOMKHOM HX OpU-
MEHEeHUHN K MHOJKeCTBaM y:Ke He TOYeK & KPUBHX MW GYHKIUI. ITa MBICAb NPO-
ABHUJACH, HAIDEMeD, B HasBaHuU «O IpejlebHEIX KPIBBHIX MHOT000pasus KPUBBIX»
memyapa Ackoawu 1883 r. (VIII) u 6niia BeickasaHa B cOo0meHHMn AjaMapa Ha
MaTeMarngecKoM KoHTpecce B Llropuxe B 1896 r. (IX); oHa TecHO cBsA3aHa TaKXe G
BBesienneM Boabreppa B 1887 r. «HyHRIUI AMHUEY W cO3TaHUeM «PYHKIIOHAIb-
HOTO MCYNCJEHMAY, T. €. TeOPHH QYHKIUI, apTYMEHTOM KOTOPHIX fABJAeTCA QYyHK-
pusg (oTchlIaeM IO 3TOMY HOBORY K MoHorpadmum Boabreppa, mocBsAmeHHOR
¢yHKOuoHaIbHOMY aHaMm3y (X)).

C gpyroi#t cropomsl, B 3HaMenuToM MeMmyape (XI), rme TI'manbepr, BHOBB
ofparmBmuchk K npee PnmaHa, JMOKasaJ CylNecTBOBaHHe MUHAMYMa B IPHHIIIG
Jimpuxie I MOJOMKILI HAadasno «IpAMBIM MeTOjaM» BapHAMMOHHOIO HCUYMCJIeHN,
OTYETJANBO BHIABHJICA IHTepec, KOTOPHI OpejcTaBifgeT PacCMOTpPeHNE MHOMKeCTB
¢yHKIMHA, rne DpuMernM npnanun Boasuano — Beilepmrpacca, T. e. rje BeAKas
MOCJIe[0BATOJIBHOCTD COMNEPIKUT CXONAIIYIOCA JIO[IOCJTe0BaTeIbHOCTh, K TO-
MY 3Ke TaKHe MHOKeCTBA HAYaJll NI'PaTh Ba)RHYI0 POJBL He TOJIBKO B BapHaIIOH-
HOM HMCYHCJIEHUHN, HO W B Teopuil (YHKINU BelleCTBEHHOH llepeMeRHOI (Ackoil,
Apuena), a HECKOJBKO M[03¥Ke — B TeOpHH (QYHKIUI KOMIIIEKCHOH NepeMeHHOI
(Buraan, Kapareomopm, MoHTelB).

Haxonen, wdydenre QYHKUMOHAJIBHHIX YpaBHEHWH u, OCOGEHHO, pelleHNe
@OpenroabMOM Kjacca ypaBHEHWil, MOJYYMBIIAX ero MMA, CHeJajy TPHBHYHBIM
paccMoTpenne GYHKIUN KaK apryMeHTa, a MHOMeCTBA QYHKINI — KaK MHOMe-
CTBA TOYEK, TOBOPA O KOTOPOM TAK jKe eCTeCTBEHHO MOJb30BaThCA TeOMeTpH-
9eCKHM f3HIKOM, KaK M TOBOPA O TOYKAX n-MEPHOTO eBKIMIOBA NMPOCTPAHCTBA
(KOTOpOE U CaMO YCKOJb3aeT OT (MHTYWLIHME» 1 10 3T0H IIpWYNHe [JOJroe BpeMs
0CTaBaJIOCh MPEAMETOM HelOBepNA MHOTMX MaTeMaTHKOB). B wacTHOCTH, W3BECT-
uble paborsl I'masbepra no mETErpadbHbIM ypaBHenuaM (X 1) sapepmuncs ompe-
JeNeHreM W TeOMeTPIYECKIM u3ydenyeM ImiabbeproBa mpocrpaHcTBa J. HIMuarom
(XIV) B nosHOil aHAJOrnu ¢ eBKJINWIOBOU TeoMeTpumeii.

TeM BpeMeHeM MOHATHE AKCHOMATHYeCKOH Teopmu mpmobperasno Bce Bo3pa-
craiomiee 3HAaYeHIle [JaBHBIM 06pasoM Gnarogaps MHOTrOYWCIeHHHIM paboraM mo
OCHOBAHUAM TEOMeTPHIl, Cpefi KOTOPHIX pemammiee BNUSAHNE OKABAIH NCCIENO0-
padus [masGepra (XTIT); kKak pas B Xoje camMmux atmx wcciaejoBanni ['manbept
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opemaoxna B 1902 r. ((X111), crp. 180 *)) mepBoe aKcmoMaTHUYECKOe OIIpPeJieIeCHIe
«IBYKDATHO HPOTSKEHHOTO MHOT000pasus» B cMuicie PuMaHa, KOTOpPOE JI0JKHO
Obimo OB COYsEMTH, IO €rp CHANBAM, (OCHOBOH A CTPOrOTO aKCMOMAaTHYECKOTO
TOCTPOEHNS AHAAMBA IIOJIOKEHUA», U YiKe MCIOJB30BAJ OKPECTHOCTH (B CMEICIe,
cymenHoM TpeCoBaHMAME UpPOOJNEMH, KOTOpOH orpaHmumics Torga I'muabbepr).

[lepBEe NOIBITKA BHAEIUTH TO 00Miee, YTO MMeeTcs B CBOHCTBAX MHOMKECTB
TOYeK W MHOKecTB QyHKui, 6btnn cuenansl @peme (XV) u @. Puccom (XVI);
OJIHAKO MepBHIii, OTIIPABIAACH OT MOHATHAA CUTHOTO IIpefesa, He CMOT IOCTPOUTD
ynoOHYI0 U IUIOXOTBOPHYIO CHCTEMY aKCHOM; TeM He MeHee OH IOAMETHJ POJiCTBO
meay npuHnunoM Boasnano — Beiiepmrpacca (KOTOpHI ecTh He 4TO HHOe,
kak axcmoma (C) § 9, orpaHmumMBapMmMAasAcHd CUYETHHIMH HOCJHEOBATEIBHOCTAMHE) I
Teopemoit Bopemnst — JleGera (1. e. axcmomoii (C'’’) § 9); IMeHHO B CBSABH C 3TUM
OH U BBeJ CJIOBO «KOMIIAKTHOCTBY, IIPaBJd, B HECKOJIBKO MHOM CMBICIe, I€M TOT,
KOTOPHI IpHUaeTcA BTOMY CJIOBY B HacToAmeM counHeHnn. Uro xacaerca . Puc-
ca, KOTOpHII OTHPABJAJNCA OT HOHATHA TOYKHN CryImleHHA (WIH, CKOpee,— 4TO
CBOJUTCS K TOMY JKe — (IPOM3BOJHOIO» MHOMKECTBAa), TO ero Teopus Oniia eme
HeNoJHOi, fa, BIpOYeM, U OCTAJach JHUIIb B BHje YePHOBOro Habpocka.

O0meil Tomosornu, KaK ee IMOHMMAIOT ceifyac, mOJOKMI Hadano Xaycmopd
((XVII), ra. 7—9). BuoBp 06paTnBImINCh K HOHATHIO OKPECTHOCTH (HO IIOHMMAs
[OJ| 3TAM TO, YTO B TepMIHAX HACTOAMEIl KHATH CJIe[0BaJI0 O HABHBATDH (OTKPHITOM
OKpecTHOCTBIO®), Xaycmopd orobpan u3 akcmoM I'mapbepra, OTHOCAIMMHUXCA K
OKPECTHOCTAM HA ILIOCKOCTH, Te, KOTOpPble CMOTJN 00€CHeYNTh ero TeOPHH OfHO-
BpPeMeHHO BCIO TpebyeMyio TOYHOCTD I OOIMHOCTh. AKCHOMaMN, IPUHATHIMI UM IpH
9TOM 3a OTIPABHOM IYHKT, OLLJIN B OCHOBHHIX UepTaX (¢ TOYHOCTBIO [0 PasMumii,
00ycJaoBIeHHBIX er0 IOoHATHEM OKpectHoctH) akcmoMmul (Vy), (Vi), Vi), (Viy)
§1 u (H) § 8, a rimaBa, B KOTOPOIl OH pasBepPTHIBAET MX CJAEACTBUA, ocraerca o6pas-
IOM aKCHOMATHYECKO# Teopuym, abCTpaKTHOH, HO 3apaHee HPHCHOCOOJEHHOHR K
npujioKeHNsIM. BIOJHe eCTeCTBEHHO, 4TO OHA IIOCHYKIJA OTOPAaBHEIM IIYHKTOM
IJiA HocTeyIOMAX HCCJAef0BaHIi mo obmeil Tomomornu, u 0cobeHHO sl paGor
MOCKOBCKOH ITKOJIBI, IPYIIHPOBABOIUXCA 0OOJbINeHl YacThio BOKPYT NpolieMbl
merpusanun (cM. VMcropmyecknii owepk K ria. IX); sgech caepyer mpeskie BCero
OTMETUTH [JAHHOe AJEKCAHJPOBBIM 1i Y PHICOHOM OTIpefiejieHNe KOMIAKTHBIX MpO-
CTPAHCTB (IOX HAWMeHOBaHWeM «CMKOMINAKTHBLIX IPOCTPAHCTBY) U 3aTeM J0Kasa-
reabcTBO TrxoHOBEIM (XIX) KOMOAKTHOCTH NpOM3BeleHNs KOMIAKTHBIX [po-
crpancrB. Hakonen, BBeferne A. Hapramom (XX) ¢uabrTpoB, [JaBiiee 4pe3Brl-
9aiiHO TEHHBIl WHCTPYMEHT JJiA CaMblX pPasHooOpasHEIX NPHIOKeHUH (Tie oHO
¢ ychmexoM 3aMeHseT HoHsATHe «cxogmmoctu mo Mypy — Cmury» (XVIII)), mo-
spoamno Oaaropmaps TeopeMe 06 yabrpadumabrpax (reopema 1 § 6) saBepmuTh
posiCHeHNe W YIpOoILieHHe Bceil Teopmum.

#) Crp. 250 BTOPOTO pPYCCKOTO WBNAHMA.
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TIIABA II
PABHOMEPHBIE CTPYKTYPbI

§ 1. PaBaoMepHBbIE NPOCTPAHCTBA

1. Onpedearerue pasHoMNepHOU CIMPYENYPL

Onpeneneaue 1. Paswomeproii cmpykmypoti 6 muoxcecmse X
Haswealom Ccmpykmypy, onpedesemylo 3adaruem HeKOMOPO20 MHO-
acecmea W1 nodmmuoncecme npouseedenus X X X, ydosaemesopsioweco ar-
cuoman (F1) u (Fyp) (va. I, § 6, n°1),

a makdce cAeAYIOUWUM aKCUOMAM:

(U,) Bearoe muoncecmeo us 11 codep-
scum Ouazonaav A (puc. 2).

(Uy,) Omnowenue VEW saeuem X

Vel

(U,) Karoso 6w nu 6eao VEL,
cyujecmeyem W €1l maroe,  umo
WoWcV.

Mnosceemea us 1 Hasusaiomes ox- X
PYHCEHUAMU DABHOMEDHOU CMPYKMYpol, Prc. 2.
onpedeasemoti ¢ X smum U.

Pasnomepnbim npocmpancmeom HA3bl6Aemes MHOICECmeo, Haderer-
HOe pasioOMepHOL cmpykmypoli.

Ecap V — okpy:enne HEKOTOPON paBHOMePHOH CTpyRTypH B X,
to oTHOmeHue (z, ') €V BEIpaKaOT CIOBAMH «x H & GJHBKE HOpAA-
Ka V».

Bameaanusa 1) Yro6s npumath peun GOIBIIYI0 HATASTHOCTB,
MOKHO B HEKOTODPHIX CaydYasx ynorpeGiasiTe BHPAyKEHHSA «z U y JOCTATOTHO
6au3KM» U «x U y CKOABL yropuo Oamskm», Hampumep, rosopsar, 9T0 OTHO-
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menne R §{ z, y } BHIOJIHAETCA AJA BCeX Jocmamouno 6AuU3KUX X U Y, €CAN

cyuiecrByer Takoe okpy:Keunme V, aro oTHOmenNe (z, y) EV eaevem R § z,y § .
2) Coepunenne arcuoM (Uy) m (Upy) (c ygeToM OCTAIBHEIX aKCHOM

PaBHOMEPHBIX CTPYKTYP) PaBHOCHIBHO CJIeAyIOIed axcmoMe:

-1
(U,) Aas arbozo V € 1l cyyyecmeyem W € maroe, umo Wo W V #).

B camom pene, sicuo, aro (Uy) m (Uyy) Brexyr (U,). O6parso, ecan
-1 -1 -1
(U,) sumoianeno, 10 W=Ao W < V B cuxy (Uy); cienoareasso, WV,

yeMm pokasamo (mpmanMas Bo BHEManwme (F[)), atoV € U; c¢ apyroii cro-
-1
POHEL, ecanm noJoRuTh W'=W [} W, To COTJIAcHO NpeAbgymeMy U Ha
-1
ocuoBaunu (Fy) Gynem mmers W' € Ul m, 3Haunr, WoW < Wo W V.

2
Beony nanee B 9Toil riaBe Ml BMecTo VoV Gynem nmcars V u BooGme

n n—1 n-—1
noaouM V=VoV=VoV pis KaKmoro mneioro n>1 u KamKmoro

Ve XXX.

3) Ecam X me mycro, To m3 axcuomsl (U;) BHTekaer, 4To HHUKaKoe
MHO;KecTBO u3 || He mycTo, Tak u4ro l ecTs guavmp B X X X. B mycrom
MHO}KeCTBE HMEeEeTCS TOJLKO OJHA PAaBHOMEPHAA CTPYKTYpPa, ¢ MHOKECTBOM
oxpymenmii 1={g}.

Onpepenerne 2. DyndamenmarvHol cUCMEMOl OKDPYHCEHUL pas-
HOMEPHOLL CMPYKMYPsL HA3leaemes 8caroe muoxcecmso B oxpymcenuil,
obaadaloujee mem ceoticmeom, umo aloboe okpyrcerue codepiucum Heko-
mopoe MHOMcecmeo, npunadiencawyee B.

Axcuoma (U),,) mokaswBaer, 9TO ecJHm n — KaKoe-Tubo Iesoe

n
umcsio >0, 10 MHO;KecTBa V, tie V mpoGeraer ¢yHaMeHTATbHYIO
CHCTEMY OKDY’KeHWil, TakKke o0pas3yT (QYHAAMEHTAIBHYI CHCTeMY
OKPY/KeHUH.
HasoBem cummempuunvimy Takme OKpyKeHus V paBHOMepPHOH
-1
CTPYKTYPH, i KoTopux V=V; mna wramporo oxpy:xenuwsa V MHo-
-1 -1
mecrBa VNV u VUV saBusaorcs CUMMETPHYHBIME OKPYHKEHHAMIE;
akcuomsl (F);) m (U;)) moxaseBaioT, 4T0 CHMMeTPHYHBIE OKDYKEHUs
06pasyor PyHOaMeHMATbHYIO CUCTNeMY OKDYHCeHUIL.

*) Hanomuum (Teop. muoX., CBoxgka pe3yasr., § 3, n°n® 4 u 10), uro ecau V
n W —mnogmuosxectBa 3 X X X, 10 Vo W nian VW o3HagaeT MHOKECTBO TeX Liap
(z, y) EX XX, na KOTOPHX cymecTByeT z € X Takoe, ut0 (z,2) € W u (z, y) €V,

-1
a V ecTb MHOMeCTBO TexX map (z, y) € X XX, puaa koropHx (y, z) € V.
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Ilas Toro uro6n MEOMecTBO B mopMHOMecTB mpouaBegenna X X X
ORIO (QYHJAMEHTANBHON CHCTEMOHM OKPYKEHUWl HEKOTOpoil pas-
HOMEPHOH CTPYKTYypH B X, HEoGXOHWMO U [OCTaTO4HO, 4YTOOH OHO
ynosaersopano axcmome (B)) (ra. I, § 6, n° 3) u cuegyromum ax-
cHoMaM:

(UY) Beakoe muoscecmeo us B codepycum Ouazonasb A.
, =1
(Un) Has aobozo VEB cywecmeyem V' €B maroe, umo V' < V.
’ 2
(Uin) Jas awboeco VEDB cywecmeyem W € B mawoe, umo W V.

Ecnm X He mycro, pyHgaMeHTa bHAA CHCTOMa OKPY/REHUHA PaBHO-
MepHOH CTPYKTYPH B X ecThb 6asuc GuibTpa OKPYHKEHU 3TOK CTPYK-
1ype (ra1. I, § 6, npennoxenue 3).

MpamepsH paBEHOMepPHHX ¢CTPYyKTY p. °1) Onpenennm
B MHOKecTBe R Bcex BeI[eCTBEHHEIX YHCeJl DPABHOMEPHYIO CTPYKTYDY,
Ha3BIBAEMYI0 addumuenoli pasnomepnoli cmpyrmypoil, caexyoimm obpa-
30M: fyia Kaskmoro o > 0 paccmorpmm B RX R MHOKecTBO V, Tex map
(z, y) BemecTBeHHLIX 4YHCed, IS KOTOPHX |z — y| < o; Korfa o mpobe-
raeT MHOKeCTBO BCeX BellleCTBeHHHIX umces > 0, MHO:kecTBa V, 06pasyior
QyHIAMEHTAIBHYIO CHCTEMY OKDYSKOHUH aJiATHBHON PABHOMEPHON CTPYK-
Typst B R. Taxnm jxe oGpasoM oOIlpejiessieTcss paBHOMEpPHAS CTPYKTypa
(Traxske mHaswBaeMas addumuswoil cmpyrkmypoil) B MHOMecTBe ( BCex
PAllMOHANBHEIX YHCET; BTH CTPYKTYpPH, a TaK:&Ke pABHOMepHEE CTPYK-
TYpBI, KOTOpHle MOKHO OLpeAeJuTh aHATOTUYHEIM 06pasoM B epynnaz,
maydatorca B ra. III n TV,

2) Hycre X — MEOKECTBO, R — omiuowenue sksusasenmuocmi B X
u C —ero rpaguk B XX X. Kax wussecrmo (Teop. wmmom., CBopmka

pesyant., § 5, n°1), AcC n Z’=CI=C; clIe/l0BaTeNbHO, MHOMKECTBO
HopmHoKecTB mpoussefieAns X X X, cocrosimee u3 edurcmeennozo MHO-
mecrBa C, aABaAeTcA QYHIAMEHTAJBHOH CHCTEMO OKPYIKeHHIT HeKCTOPOI
paBHOMepHOU cTPYKTypH B X. B wactHocTu, ecim upuEATH 32 R OTHO-
ImleHne paBeHCTBa, TO C=A, U OKPYMKEHUAMH COOTBETCTBYIOII(EHl paBHO-
MEepHOIl CTPYKTYPH CIYIKAT TOrAa ece Muoxcecmea us X X X, codepacauwue A;
9Ty RABHOMEPHYIO CTPYKTYDPY Ha3bIBAIOT Quckpemnoii pABHOMEDHOM CTPYK-
Typoit B X, a MHO:eCTBO X, HAJGJIEHHOE e10,— OUCKDEMNbIM DaA6HOMED HELM
npocmpanHcmeoMm.

3) B muomecTBe Z BceX NENBIX PANMOHAJBHHIX YHCEJ CJAEHYIOLEM
00pasoM oTpeyieliieTcs paBHOMEPHAsl CTPYKTYpa, BasKHAs B TEOPHHA THCEJ:
OycTh p — BajaHHOE IPOCTOe YMCciIo; o0osHaumM gepes W,, [is Kamporo
neioro n > 0, MHOXKecTBO Tex mnap (z, yY)EZXZ, B KOTOpPHX z=y
(mod p™); nemocpejCTBeHHO HPOBEpPAETCH, YTO ITH MHOIKECTBA 00pasymOT
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OyHNAMEeHTAIBHYI CHCTEMY OKPYKEHU paBHOMEPHOH CTPYKTYpH B Z;
9Ty CTPYKTYpY HAa3HBAWT p-aduueckon (cM.ru. III, 3-e map., § 6, ympam-
Hennsa 23 u caex., a Tak:ke ra. [X, 2-e usg., § 3, n° 2).

B coorsercreuu ¢ obmumu onpenenenusavu (Teop. mmox., Ceogka
pesyasbt., § 8, n°5), ecniu X u X' — MuOseCTBA, HafeJeHHEIC PaBHOMED-
HEIMH CTPYKTypaMiu, ¢ MHOMecTBaMu okpy:kennit U u U’ 1o Guermus
f muoxkectBa X Ha X' Gyjer usomop@usmom PaBHOMEPHON CTPYKTYPHI
B X ma pasmoMepHyI0 cTpyKTypy B X', ecau g (1)=U", rme g=7X/.

Hanpuwmep, ecim X m X’— paBHOMOINHEIE MHOKeCTBa, TO BCAKasg

6uernua X Ha X' ecTh M30MOPPU3M JUCKPETHOH paBHOMEPHOH CTPYKTYPHL
B X HA JUCKPETHY0 PAaBHOMEpPHYIO CTPYKTYpy B X'.

2. Tonoaoeus PasHoMePHnoro NPoCMPancinean

Meepnoswerue 1. Hyeme X —muoscecmeo, nadeaenmnoe pagnomep-
noti cmpyxmypoii U. Jas kaxcdozo x€ X obGosnawum uepes B (x)
mroxcecmeo nodmuoncecme V (x) mmnoxucecmsa X, 20e V. npobezaem éce
oKpysceHUs pasnomeproll cmpykmypel U; 6 X cywecmsyem, u npumom
eduncmeennas, monoaoeus, 04s komopot L (z) seasemnca Guavmpom
okpecmuocmets mowky x npu awbom x € X.

TpeGyercs moKasaTh, uT0 MHOKeCTBa L (L) yAOBIETBOPAIOT YCI0-
Busm (V)), (Vy), (Vqy) 1 (Viv) tn. I, § 1, n° 2. Jlna mepsex Tpex ye-
JI0BUIA BTO CPa3dy CJeAyeT W3 TOro, UYTO MHOKECTBO OKPYIKEHUH PaBHO-
MepHOiI CTPYKTYpH < ymosaersopser yciaosuam (F)), (F,) m (U)).
C ppyroit croporsl, ecan V — raxoe-nu6o oxkpy:xenue us U, a W —

2
tTakoe OKpyenue us U, aro WV, 1o V(z) npunagnemur L (y)
A Kakporo y € W (z): meiicteurensbuo, ecnu (x, y) €W u (y, 2) €W,

2
To (2, 2)€ WV m, saaunr, W (y) =V (x) ana raxporo y € W ().
TeM caMBIM NpPeRJIOMKeHUE MMOJHOCTHIO JOKA32HO.

Onpegenenue 3. Tonoaoeus, onpedesenuas 6 npedaosncenuu 1,
6ydem nasweamuvcs monoaoeuell, nopoxcdaemoti pasnomeprot cmpyrmy-
potr “U.

Il pn me p ut. °1) Tomonorus, mopoKpaeMas affUTABHOR paBHOMep-
HOIl CTPYKTYpOH B MHOKECTBe BCeX BeIeCTBEHHBIX UNCEJ, €CTh TOMOJOTUS
yucaoBoil npamoii (ra. I, § 1, n° 2); TO9HO TAK Ke TONONOrUsA, HOPOMKIAE~
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Masg amuUTIBHOR CTPYKTYpOil B MHOMKeCTBe BCeX PAllMOHAJBHHX dHCel,
€CTh TOTOJOTKA PANUOHANBHON UPAMOI.

2) Tomosorus, MOpoKIAEMas B IPON3BOJBHOM MHOKecTBe X IUCKpeT-
HOIl paBHOMEPHOII CIPYKTYpoil (n° 1, mpuMep 2), AUCKpeTHA.

ToBops B majbHelinmeM 0 TOMOJOTHM PaBHOMEPHOTO IPOCTPAHCTBA
X, MB BcerTga OyjeM MMeTh B BHUAY, €CJIN He OTOBOPEHO MPOTHBHOE,
TOMOJIOTHIO, TMOPOMKAEMYI0 PaBHOMEPHOW CTPYKTYPOH dTOr0 IPOCT-
paHcTBa; TOTOJOIUYeCKOe NPOCTPAHCTBO, MOJydalolieecsa Ipu Haxede-
HOU MHOKecTBa X 9DTOH TOmOJOrHed, OyjeT HWHOTHA HAa3HBATHCSH
HoCumeseM PACCMATPUBAEMOTO PaBHOMEPHOIO HpocTpamcTsa. Hampu-
Mep, KOT/Ia MBI Gy/ieM rOBOPU1b, UYTO PaBHOMEPHOE IPOCTPAHCTBO 0Omde-
AUMO, WA KOMRAKNHO, WK J0KAAbHO KOMNAKIMHKO U T. ., To 310 Oyaer
03HAYaTh, 9TO DTUM CBOWCTBOM 006Jafael TONOJOTHUECKOe [IPOCTPAHCT-
BO-HOCHUTEJb 3TOI'0 PABHOMEPHOI'O IIPOCTPAHCTBA.

[Iycrs X u X' — paBHOMEpPHBIE HPOCTPAHCTBA; BCARMI M30MOPOHIM
/ paBHOMEDHOI CTPYKTYPH HpocTpancTBa X HA PABHOMEPHYIO CTPYK-
Typy mpocrpancrBa X' siBasercsa tawme zomeomoppusmom X ma X';
f HasHBaeTcsa n30MopHUBMOM PaBHOMEPHOTO mpocTpancTsa X HA PaBHO-
MepHOe mpocrpanctBo X'. Ormerum, aro romeomopdusm X ma X' e
00513aT€IHLHO eCTh H30MOPPN3M PaBHOMEPHOU CTPYKTYPH HPOCTPAHCT-
Ba X ma paBHOMEPHYI CTPYKTYpPy mpocrpamctBa X .

I pyruMn cjioBaMm, TONOJOIHUN, MOPOKIAAEMBe [ABYMS pasAuynblmu
PAaBHOMEDHBIMH CTPYKTypaM# B OfHOM N TOM jKe MHOMKecTBe X, MOTYT
cosuanars. “Hampumep, na J0, 4 o] ogma u Ta e Tomoaorus mopoKua-
erca M addumuenoii PABHOMEPHOH CTPYKRTYpPOH, W Mysvmuniuramusnol
paBHOMepHOIl CTPYKTYpoil, KorTopnie pasauisn (ra. III, 3-e mspm., § 6,
ynpaxkaenne 17).,

Ipyroit opumep cm. B § 2, n°® 2, 3amevuanue 1,

pepnokenue 2. Hyemv X — pasnomeproe npocmpancmeo. Jlas
KaIIC0020 CUMMEMPUUHO020 OKDYacenUs V e20 DasHOMEpPHOL cmpyrmypy.
u kaxcdoeo muoxmcecmea M < X X X mmnomcecmeo VMV ecmo orpecm-
nocmb M 6 monoaozuueckom npouseedenuu X X X: sambvikanue MmHo-
acecnea M e smom npocmpancmee sadaemea PHopmyoti

M= () vMmy, (1)

Vee
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ede © osmauaem  MmHOKCECTIBO  6CET  CUMMEMPUUHBIE — OKPYHCEHUL
oun X.

B camoM pene, ecim V — cuMmerpumuHOe OKpyseHuwe s X, TO
ornomenue (z, y) € VMV osnagaer cymecrBoBanue takoro (p, q) € M,
aro (z, p) €V u (g, y) €V, unade roBopa (IOCKOABKY V CUMMETDPHUYHO),
aro €V (p) m y €V (¢) mnm, wro to ke, (z, y) €V (p) XV (¢g). Ilo-
ckonbky V(p)XV (q) ects okpectHoCTH 109KH (p, ¢) B X XX, stuM
7I0Ka3aHoO Hame TiepBoe yTBepsKaeHume. Hpome TOro, OTHONIEHUS
(z, p)EV, (y, q) €V sanmcmBatorca taxke B Bume pEV (z), g€V (y)
nam, 910 10 xe, (p, q) €V (2) XV (y). Ho xorma V npoberaer &, muo-
mectBa V () XV (y) obpasyor (yHIaMEHTaJLHYIO CHCTEMY OKpecT-
Hocrell Touku (z, y) B X X X: meilcTBUTeNbHO, 1A JIO6BIX IBYX OKPY-
wenuit U, U’ Bcerna mmeercsa cuMMmerpmunoe okpysxeaue V< UNU’,
orryga V(z) XV (y) <« U () *x U’ (y). Taxum oGpasoM, yrBepseHme,
aro V (x) XV (y) nepeceraerca ¢ M pas ramporo V €S, paBHOCHILHO

yTBepsKeruo, uto (x, y) € M, orkyna m caexyer gopmyaa (1).

Caencrsue 1. Tyemo A — awboe mruoxncecmeo us X u V. — awoboe
cummempuunoe okpyxcenue dan X; moeda V (A) ecmv orpecmuocmv
mruuvaeemea A ¢ X u

A=V ) =NV @)
Ved Vel

(ede 1 — muooncecmeo ecex okpyscenuti daa X).

B camom pnene, monomus M=A X A, 6ynem umers VMV =V (4) x
XV (A) nna scex VEE&, nbo ormomenme «cymecTryer Ttakoe p€E A,
uTo (2, p) EV» mo ompenenenuo PaBHOCHIBHO OoTHOomeHU© xEV (4).
Ilocnennee yreepsmaenne cuencreusa 1 BhITeKaer oTciofia B CHIY Ipef-
noyxennii 5 u 7 § 4 rnasm 1.

V(A) nasmBaerca oxpecmuocmoio nopadra V muomxkectsa A.

Ecan oxpysxenue V nua X omrpumo B X X X, to V (z) orkphto B X
maa xakporo z € X (r. [, § 4, cuaencrBue mpemioKeHHA 4) W, 3HAYHT,
V(A), kak obvwepunenue Bcex V(z) (x € 4), omrpumo B X. Hamporus,
ecin oxpyskenne V samkayto B X X X, 10 V (4) He 00s3aTeIbHO 3aMKHYTO
B X 1A Kamjoro MHomectsa 4 us X (ynpasHenne 3).

C npyroil CTOPOHEHI, CJiefyeT OTMETHTH, 4To MHOmKecTBa V (4), rme V
mpoberaer Bce OKpy:enus aasa X, He obssarenbHo 00pasyoT QyHmaMeH-
TanbHyI0 CHCTEMY OKpecTHOCTeHl MHoectBa A B X (ynpasKnHeRme 2),



2 PABHOMEPHBIE IIPOCTPAHCTBA 207

CnencrBute 2. Brympennocmu (cootB. sammranus) 6 X X X oxpy-
acenuti dasn X o6pasyiom GynOGMEHMAAbHYI0 CUCMEMY OKPYICEHUL
ons X.

B camom peune, eciu V — mpoussosbmoe OKpys;kenue pjia X, 1O

3
CYIIeCTBYeT TaKoe CHIMMeTpHuHoe oKpyskerune W, aro W < V; mockonb-

3
ry W — oxpectHOCcTh MROKecTBa W (mpemnoskenme 2), BHYTPEHHOCTD
muoMectBa V B X X X couepmm‘ W u cnymur, TakaM 06pasoMm, OKpy-

senueM oA X. C gpyroit CTopomg (mpensomenne 2) nmeem W W

\

ch: V, rar uro V copepyruT 3aMHKaHUe OKPymeHusa ana X.

CnepcrBue 3. Beskoe pasnomepnoe npocmparcmeo ydoeaemeopsem
akcuome (Oy).

B camoM pmeme, mycrs V mpoberaer MHOKECTBO BCEX B3aMKHYTHIX B
X XX oxpysmenuit musg X; B CHIy CJAENCTBAA 2, TOT/a MHOKECTBA
V(x) nna xawpgoro z€X o6pasyor (QyHIAMEHTAJIBHYI0 CHCTEMY
okpecrrocreir x B X, a Bce V (z) samkuytn B X (ra. I, § 4, caen-
CTBUE MPEIJIOMenus 4).

remnoxmenue 3. Jas mozo umo6u paswomeproe npocmparncmeo X
6wa0 omdeaumo, Heobzodumo w Oocmamouno, umobvl nepeceuerue écex
OKpYICEHUL, €20 DUBHOMEDHOLL cmpyrmypsl cognadaso ¢ duazonasvio A
npoussederus X X X. Besakoe omdeaumoe pasromeproe npocmpamcmeo
PeYAAPHO.

ITocitesinee yTBepskieHIEe HETIOCPEJCTBEHHO BEITEKART U3 CJIOICTBUA
3 npepgnoxenus 2. Hax MBI Bujenn, 3aMKHYTHE OKPysKeHUa o6pasyior
QyHaMeHTaJIBHYIO cucTeMy OKpy:xennit aas X (ciaencrsue 2 mpemsio-
sReHUA 2); CleJ0BAaTeNbHO, €CIHW WX Mepecedenne copmamaer ¢ A, To A
saMmkayT0 B X X X, 1. e. X orgenumo (ra. I, § 8, upennomenne 1).
OGparHo, ecim X 0THeNMMO, TO A KKA0W Toukn (z, y), He UPUHAJ-
ne;kameil A, cyimectByer TaKoe OKpyskenme V, dro y¢ V(x), T e.
(z, y)éV TeM caMBIM A ecTb IepecedeHue OKpPy:KeHmil jiaa X.

Ecnu paBHOMepHOe TpocTpancTBO X OTHENUMO, TO €T0 paBHOMep-
HYI0 CTPYKTYDY HasuBawT omdeiumoii. Ilycts B — dpyngamenrtainb-
Hafg CUCTeMa OKPY’KeHUil 3TOH CTPYKTYPHI; MJA OTHEAWMOCTH X Heo0-
XOJMMO U {OCTaTOYHO, ITOOH Hepecedenne BCeX MHOMRECTB 13 L coBIa-
naio ¢ A.



208

PABHOMEPHBIE CTPYKTYPH oI, § 4

YupaskHeHHA

1) Mycrh X — GeckoHeuHOe MHOKECTBO HW § — yabrpadunstp B X,
mepecedeHNe BCeX MHOMKeCTB Koroporo oycro. OGosmaumm depes Vj
man kamporo A € § mmomecrBo AlJ(A XA) ms XX X. [loxasars, 9T0
MmHO;KecTBa V4, rme A mnpoberaer §F, obpasyor OyHAAMEHTAJbHYIO CH-
cTeMy OKpY/eHWH HeKoTOpo# paBHOMepHOIl cTpykTypw U(F) B X
W 9TO TONOJOTHsS, HOpOKAaeMas 9TOH  paBHOMEPHOH CTPYKTYPOIi,
IMCKPEeTHA. '

°2) IokasaTs, 9ro HA Ynca0BOH mpsaMoil R, HamedeHHOH amAWTHBHON
paBHOMEPHOH CTPYKTYypoil, okpectHocTH V (Z) MHO:KecTBa Z BCeX IEJIHIX
panyoHaJbHEIX Ynces He 06pasyioT QyHHaMeHTaIbHON CHCTEMH eT0 OKpecT-
HOcTell, Korna V mpoberaer ¢manTp oxkpy:menuit mas R., [Cm. § 4, cxen-
CTBUe HpejiosKeHns 4.]

°3) Iycrs V — OKpYy:KeHHe afjiuTHBHON paBHOMEepPHOH CTPpYKTYpH B R,
o0paszoBaHHOe TeMu mapamm (z, y), B KOTOpHX |z — y|<<1 mau zy = 1.
ITokasare, aro V samruyto B RX R, HO V (4), Tne A — (3amrryToe B R)
MHOJKECTBO BCeX IleJBIX n == 2, He 3aMKHYTO B R.,

4) TlokasaTh, 9TO ecaNM paBHOMEpPHOE NPOCTPAHCTBO — KOJIMOTOPOB-
ckoe (ra. I, § 1, yopamuaenue 2), To OHO OTHEJHMO.

*5) a) ycts X — paBHOMepHOE NPOCTPAHCTBO u 9 — ero paBHO-
MepHas CTPYKTypa; jma Juioboro ee okpykenusa V obospaymMm depes
V nopmuosectso npomssemenna P (X)X P (X), obpasopaHHOE TeMmu
napamm (M, N) wmHoxects wu3 X, [aA KOTOPHIX 00HO8peMenHO
McV(N) u NcV(M). Uokazats, uT0 MHO;KecTBa V o00OpasynT ¢yH-
AaMEHTAJBHYI0 CICTEMY OKPYKeHW{ HeKOTOPOil paBHOMePHOH CTPYKTYpH
B P (X).

6) HokasaTs, uto B MEOKeCTBe L, (X) BCeX HENYCTHIX MHOMKeCTB U3 X
TomosOTHA, WHAYNMpyeMas Tomojorned J (1), koropylo moposnaer U,
Maskopmpyer Tonogoruio &, (ra. I, § 2, ynpamnenue 7).

B) Iokasars, 910 ecan X cojep:KuT XoTaA Oul ABe pasiWYHEIE TOYKA U

4 orpenuma, To Tonoxorus, upaymupyemas B P, (X) tonomormeit I (1),
He MOKeT MajKOPHpOBaTheA Tomomornell Jq. JlasA roro arolel TonogOTHA,
roropylo uagynnpyer J () B muomecTse § (X) BceX HemyCTHIX BSaMK-
HYTBIX MHOKeCTB U3 X, MajKopUpoBaja TONOJOTHI0, KOTOPYI0 MHAYIHDYeT

T Q, He0OXOAUMO U HOCTATOYHO, YTOOH [Jisi J1000ro 3aMKHYTOTO MHOMKeCTBA
A us X muomecrsa V (4), rne V npoGeraer Bce okpyxenns us U, obpaso
BEHBaJan GYHIAMEHTAIBHYIO CHCTEMY OKpecTHOCTeH nans A.

°r) IlokasaTh, uTo B pakTopMHOKecTBe X/R, ompelejeHHOM B yHnpamK-

mernn 18 § 11 ra. I, tomomorua & (U) coBmajaer c J @ (4, 3HAUAT, OT-
amuHEa 01 J o W daxTopronmogormu). [loxasarh. WTO B MIOIKCCTBE BCOX

opamsx B RZ, npoxouamux uepes 0, J (U) cuavuee, dem J yeo
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§ 2. PaBuomepno HeupepsiBHblE (YyHKIUH
1. Pasnomepno nenpepvlervie HyYHEUUU

Onpepenerue 1. Tosopam, umo omo6pascenue | pasromepHo2o
npocmparcmea X e pasnomepioe npocmparemeo X' pesromepro Hen pe-
puieno, ecal, 0as a06020 okpyscenus V' o pasnomeproll cmpyrmypsl
npocmparemsa X' cywecmeyem oxpyscenue V pasromeprot cmpyrmypol
npocmpancmea X makoe, umo (z, y) €V eaeuem (f (z), f(y)) €V'.

HaraspHee 9T0 MOYKHO BHPa3uTh, CKa3aB, 4To GYHKIUA f paBHOMEPHO
HelpepHIBHA, €CIU ee 3HAUEHHS B ABYX TOYKAX CKOJb YTopHO Onuswm,
KaKk TOJHKO BTU TOYKM HOCTATOYHO OJUBKH.

Monosum g=fX f; onpeuenenne 1 o3Hawaer Torna, 4To npoobpas

-1
g (V') aobozo okpyscenus V' das npocmpancmea X' ecmv okpysrce-
Hue dan X.

Dpuwmepun. 1) Tomgecrsennoe oroGpakeHHe PaBHOMEDPHOTO
OPOCTPaHCTBA HA ce0s PAaBHOMEPHO HEIPEePHIBHO.

2) IlocrossHEoOE 0TOOpasKeHWe PABHOMEPHOTO HPOCTPAHCTBA B pasB-
HOMEPHOe IIPOCTPAHCTBO PaBHOMEPHO HEIPEPHIBHO.

3) Besakoe orofpajkenme OWCKPETHOTO PAaBHOMEDHOTO NPOCTPAH-
CTBa B PaBHOMEPHOE IPOCTPAHCTBO PABHOMEDHO HENPEePHIBHO.

Ipepnoxenue 1. Beakoe pasromeprno Henpepwlenoe omobpasierue
Henpepuiaro.
9T0 — HEmOCPe/ICTBEHHOE CIEeNCTBUE OLpPe/e/eHHii.

Hanporus, HenpepblBHOe 0TOOpakeHHe DPABHOMEPHOTO MPOCTPARCTBA
X B paBHOMepHOe npocrpancTB0 X' He 006:73aTeqbHO PaBHOMEDHO Hempe-
PHIBHO, °KaK 9TO MOKa3LIBAeT UPHMep &> z® zomeomop@usma MpocTpan-
crBa R ma cefs, He ABIAKMErocs PaBHOMEPHO HellPepbIBHBIM OpH Haje-
aeann R ampurnBHOI paBHOMepHOH cTpyKrypoi., (CMm. § 4, Teopema 2.)

Meeanomenue 2. 1° Eeaw f: X—> X' u g X' — X" — pasno-
MepHo HenpepwlgHble omobGpaxcenus, mo geofi X — X' paenomepno
HenpepuieHo.

2° Jlasn moeo wmn6w 6uexkyus f pasiomeprnozo npocmpancmea X na
pasiomeproe npocmpakcmeo X' 6viaa udomopgusmom, Heobxodumo u
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docmamouno, umobsr | w o6pamuas el Ouekyus g OblAU DPABHOMEDHO
HenpepuieHbl.

ITO0 HemoCPEeHCTBEHHO CJEAyeT W3 WHTEPIPeTAI[i¥ OXIpe/eeHHs
1 B mepMuHAxX HIpou3BeneHUs orobpaskenwid fX f.

2. Cpasnenue pasiHoMepHbLX CIRPYKMYP

Ipepsioskenne 2 TOKA3HBAeT, YTO 3a MOPPHU3MB PABHOMEDHHIX
CTPYKTYP MOMKHO HPWHATH PAaBHOMEPHO HEIIPEPHBHEE OTOOpaKeHM
(Teop. Muok., 1. 1V, § 2, n° 1); B ganpueiimem Gyjer Bcerga mpemo-
JaraThCsa, 4YTO CheiaH 3ToT BHOOpP Mopdusmos. B coorsercrnum c
obmumu ounpepenenuamu (Teop. Muox., ra. IV, § 2, n° 2), sro
TO3BOJISAET ONPEIENUTs OMHOULEHUEe NOPAOKA B MHOMKECTBE BCEX PaBHO-
MEpPHEIX CTPYKTYP B OJHOM ¥ TOM jKe MHOKecTBe X:

Oupenenenut 2. Ilyemv AU, u U, — pasnomepuvie CMpYKMypv. e
00nom u mom e mroxcecmae X; mul 6ydem 208o0pumsv, umo Uy mazxco-
pupyem U, (uau umo U, muropupyem 9ly), ecau moxrcdecmeennoe
omobpaxcerue X,— X,, 20e X; osnauaem mmuoncecmeo X, Haderen-
noe pasnomepnot cmpykmypoi  U; (=1, 2), pasnomepno He-
npepuleHo.

Ecau 2, mamopupyer U, m orauuuo ot U,, 1o 6ymeM TOBOPHUTS,
gro U, cuavhee, dem 9, (unm aro U, caabee, aeM U,).

IlBe paBHOMepHEBIE CTPYKTYPH, U3 KOTODHX OfHA MayKopumpyer
IPYTYI0, HA3EBAIOTCA CPAGHUMBLMLL.

Mpumep. B ymopsmoueHHOM MHOMECTBE BCEX PABHOMEDPHBIX
CTPYKTYD B MHOMecTBe X JMCKPeTHAs paBHOMEDHAA CTPYKTY-
pPa — cusbneliwias, a PaBHOMeDHAs CTPYKTYPa, MHOMKECTBO OKpYIKe-
HUII KOTOPOil COCTOWT W3 emxWHCTBeHHOTO 3ieMenta X XX, — caa-
betivias.

N3 onpemenenus 1 HemoCpejCcTBEHHO CIEAYeT:

Mpemnomerue 3. IHyemv Uy u  U,— pasnomepruvie cmpyrmypst
6 muoxecmee X; 0aa moz0 umobw U, maxcopuposara U,, neobxro-
dumo u docmamouno, umobsl ecakoe okpydrcerue us U, 6bvl40 OKpYxHce-
Huem 8 Uj.
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CnencrBue. Ilycmo 9, — pasnomepras cmpykinypa 6 mHOMCECmEe
X, maxcopupyrowas pasHomepryro cmpyrmypy U,; moeda u monoaoeus,
Komopyi nopoxcdaem Uy, MaKcOpupyem monosozul, KOMOpYlo no-
poxcdaem U ,.

JdT0 cpasy craeqyer u3 CpaBHEHNUA TONOJOTHIA ¢ NOMOIILI0 OKPECTHO-
creii (ra. I, § 2, npemnomxenue 3).

3dameuanma. 1) MomeT cIyduThes, 910 PaBHOMEPHAs CTPYKTypa
U, cusvrnee paBHOMEPHOH CTPYKTYpH U,, HO MOPOKAAEMble HMI TOIO-
JOTHH cognadatom. 9TO MOKABHBAET ClAeIYIOIIHN TpHMep.

Ilycrs X — HemycToe MHEOMKECTBO; JJ1H KaiKIOTO €I0 KoHeuH020 pasbue-

Hus 0= (4;), < i < n TONOKHM Vo = U (4;X4;); muoskecrsa V, obpa-

A
8YI0T gyndamenmanrvuyio cucmemy Oorpyicenull HEKOTOPOE pPaBHOMEpPHOI

CTpyKTYypel U B X: B caMoM jieJie, 11 JI000TO KOHEYHOTrO pasOieHna

mMeeM ACV mV oV = Vto =V, (§1,n° 1, npumep 2); ¢ gpyroi
CTOPORH, ecan o'=(B;) » ©”==(C,)— KoHeuHe pazbHUeHUs MHOMKECTBA
X, 1o Te w3 mepecevennit B, [) Cr, KOTopEle He MycTh, 00pasyor pas-
Guenne @ muoxectsa X, n V., <V, V.. U #assBaercs pasnonep-
noti cmpykmypol koneunwz pasbuenuii B X. Tomosorms, mopomuaemas
970l paBHOMepHOil CTPYKTYpoH, OJuckpemna, u6o {z} w € {z} mazm
Kaskporo z€ X obpasywr KoHeuHoe pasGuenne MEO;kectBa X. Onmako
AcHo, 4T0 ecam X Geckomeuno, 10 U caabee, 9eM IACKpeTHAA paBHOMEp-
Hasi CTPYKTypa.

2) PasuomepHo HempepmprHoe otob6pasenme f: X — X' ocraercs
PaBHOMEPHO HENPEePHIBHBIM, €CJAHM pPAaBHOMEPHYIO CTPYKTypy B X
BaMEHUTb MAJKCOpUpYlouell ee PAaBAOMEPHOI CTPYKTYpoii, a paBHOMep-
HyI0 cTpyKrypy B X' — munopupyoweti (upepaomenue 2). Mnave ro-
BOPA, 4€M cU/bHee PaBHOMeDHas cTpyKTypa B X U ueMm caabee paBHO-
MepHag cTpyKrypa B X', TeM 6o.blie PABHOMEPHO Hen PePHIBHEX 0T00-
paxenuid X B X',

3. Huuurnaavnsle pasHoNepHsie CIMPYEMYPol

Meepnomenne 4. [Iyemv X — mnoxeemeo, (Y ), ¢, — cemeiicmeo
paswomeprvix npocmparcme u f, 0aa kaxcdozo € I — omobpascenue
X 6 Y, noaomum g=1f,xf. Obosnauum uepes & mmoxcecmso écex

-1
nodmrnosncecme npouseedenus X X X, unmewwyux eud g (V) (€I,
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V,— orpyacenue das Y), u nyemo B —muoxcecmeo nepeceueriii

-1 -1
UWy, .., Vi)=g.VV.)n...n g,V €5

8CEB03MONCHILET KOHEUHBLE Habopoe mioncecme us &. Toeda B ecmv Pyn-
damenmasvras cucmema OkpysiceHutl pasnomepnol cmpykmyper U ¢ X,
AeALI0ULEICS UHUYUAALLHOT pasromepHoll cmpyrmypoii 6 X omuocu-
meavno cemeticmeaa (f,) (Teop. muosx., ra. IV, § 2, n°3) u, 6 vacmuocmu,
caabetiweli us pasHomeprux cmpyrmyp 6 X, npu komopux éce f, pas-
HOMepHO Henpepwighbl. [ pyeumu caosamu, 048 mozo umobs, omobpasice-
nue h Kar020-4ub0 pasHomepHozo npocmpawcmea Z ¢ X 6uio pagro-
mepro nenpepuigro (koeda X nadeaeno pasmomepnoii cmpyrmy poi U),
Heobxodumo u docmamouro, umobvr Kaxcdas ud Pynryul foh Gria
DABHOMEDHO HENDEePHleHa.

flcro, uro B ymosmersopser akcuomam (By) m (U;); ecnim W, =
-1

= gt V), To I/II/I= lL < Vl> u V%/LC g: (I;L), Tak 4yro B ymomiersopser
TaKyKe aKcHoMaM (U;I) i (U}n) u, CJIeJ0OBATENbHO, ABAAeTcA (QyHMa-
MEHTaJbHON CHCTEMOM OKDPY/KEHWH HEKOTOPOHl PaBHOMEPHOW CTPYE-
rypui U B X. llpm a1oM U3 onpenenenus aToit CTPYKTYPH U 1 onpeie-
neamsi 1 cpasy BmTeKaer paBHOMEDHAsA HENPEPHIBHOCTL f, nis
Ranoro L €7; cregmoBarTenbHOo (OpegiosKeHme 2), paBHOMEpHAas He-
HpepHBHOCTD ki Z — X Bileuer paBHOMEPHYIO HEIPEPHRBHOCTD f,0h [7is
Beex L€ 1.

O6partHo, ycTh f,o A PaBHOMEPHO HEUPEPHIBHO A KasKaoro v € /;
pacemorpum muo:kectso U (Vy,, ..., V,,); 0 IpefuoIoMKeHNAI0 TPH
ramaoM k (1 <<k < n) cymecrsyer okpymenue W, nua Z rakoe, 4ro
(z, ') €W, Bueuer (fi, (h(2), f, (h(2))EV,; ecniu z u z' Gamsku
nopsauka W, rtme W:ﬂ W,, To n mociefHWX OTHOHIEHUI BHIIIOJ-

k
HAOTCA OfHOBPeMeHHO, m Torxa (h(z), h(2)EU V., ..., V), dem
JMOKA3aTeJIbCTBO U 3aBePIIAeTCH.

CaepcrBue. Tonoaoeus ¢ X, noposcdaemas caabetiuteii us pasmo-
MEDHBLT CMDYKMYp, NPU KOMOPHL PABHOMEPHO Henpepwlgusl 6éce f,
ecmo caabeliuas U3 monoaoeuil, NPu KOMODPWEL Henpepuisrb 6ce f,.
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JT0 HEmOCPe[CTBEHHO BHITEKAaeT U3 ONPEeJeHHus OKPECTHOCTeH
TOUKM B 3Toil mocienHelr Tomomorum (ra. I, § 2, mpemiokenue 4).

O6uiue cBoitcTBa MHUNHAMBRKX cTpyKTyp (Teop. muOXK., ra. IV,
§ 2, n° 3, kpurepuit CST 10) BneryT, B yacTHOCTH, CJeYIOIIEE CBONCTBO
MPAHIUMUEHOCTL:

Ileemnoserue 5. Iyemv X — muoxcecmso, (Z,), ¢ 1— cemeticmeo
pasromeprux  npocmparcms, (Jy, )y e L — pasbuenue mhoxcecmea I,
(Yn )ne L — cemeticmeo muoxncecms, umeiowee L ceoum mmoxrcecmeom uh-
Oexrcos. Ilyemu, daaee, hy, 0as Kaxncdozo )€ L —omobpaxnenue X ¢Y,,
go 0asn mascdozo MEL u rancdozo € J,—omobpancenue Y, ¢ Z, u
f.=go0h,. Hadesum waxcdoe us Y, caabeliwell us pasnomeprux
cmpyEmyp, nNpu KOMOPHEL PAGHOMEPHO HenpepvigHy, 6éce g, (LEJ,);
moeda caabetiuLan u3 pasHoMepHblE cmpykmyp ¢ X, npu KOMOpux
DasHoMepro Henpepvierbl 6ce f,, coenadaem co caabeliwel u3 pasHomep-
HYL CmpYyEmyp, npu KOMOPuLX DPAGHOMEPHO HenpepuleHbl 8ce hy.

4. IIpoodopas paéHoMepHOt cmpyrmypsl. Pasromnepmsle
noonpocmparcimea

IIycrs X — MHO;KecTBO, Y — paBHOMEPHOE HOPOCTPAHCTBO U [ —
orobpaskerme X B Y; ciaabeiimass paBHOMepHas crpykrypa U B X,
IpH KOTOPO#l f paBHOMEPHO HENPEPHIBHO, HA3KIBAETCA nNP006paA3oMm
OTHOCHUTEJNBHO f PaBHOMEPHO# CTPYKTYDPH IpocrpaHcTBa Y. VI3 mpep-
JaoKeHUs 4 W GopMyJI, malomuUX OPoobpas mepecedeHus, BHITEKART, 9TO
npoobpassl OTHOCUTENbHO g=fX[f oKpy:menuir pna Y yike camu
o0pasyoT QyHIAMEHTAJIBHYI0O CHUCTEMY OKDPYKEHHl paBHOMEPHOM
cTpykTyps 2. Tonosorus, KoTopyio moposkmaer U, sBAsAerca TOTHA
npoo6pasom OTHOCUTENBHO f TOMONOTHMHU WpocTpaHCTBA Y (CIemcTBUe
opegiosKennsa 4).

dameuanue. Ecim f:X — Y copowermusno, TO OKPY/KeHHs Ipo-
CTpaHCTBA Y ABIAIOTCS TOTA 06pasanu IPHN g OKPYReHIIH TpocTpaHcTBa X .

Ilns toro uro6nl orobpaskenne f paBHoMepHOT0 mpocrpaHctBa X B
paBHOMepHOe mpocTpaHcTBo X' OBIJIO PaBHOMEPHO HENPePHBHO, He-
00XomuMO ¥ JoCTAaTOYHO, YT06H WPo0o6pas OTHOCUTENBHO f PaBHOMEp-
HO# CTPYKTYpH mpocrpaHcTBa X' Mmajcopuposaics PaBHOMepPHOM
CTPYKTYypoii mpocrpanciBa X.
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ITycts A — MHOKECTBO B PaBHOMEPHOM IpocrpamncrBe X; pasHo-
MepHolL cmpykmypoli, undyyupyemoi B A PaBHOMEDPHOH CTPYKTYpPOi
npoctpancTBa X, HaswBaeTcsd Hpoo0Opas sToH mOCIAeTHEH QTHOCUTENb-
HO KaHOHWYeCKOoN mubernmu A—X; To e camoe (cM. mpenmosenue 4)
MOKHO BHPa3HUTh CJIEAYIOIMUM OIpeeeHueM:

Onpenenenue 3. Iyemv A — nodmmoscecmeo pasnomeprozo Rpo-
cmpancmea X. Paswomeprnoti empyrmypoti, undyyupyemoti ¢ A pasno-
MepHOLL cmpykmypwsl. npocmpancmea X, HA3EAEMCA DAEHOMEDHAR
CMpYKmMypa, MHONCECMEOM OKPYHCEHUTE KOMODOU cayxcum caed na A X A
MHuoscecmea okpyacenull dan X.

Tonmonorus, moposknaeMas B A UHIYNUPOBAHHONW pPaBHOMEPHOM
CTPYKTYPOI, coBmajgaer ¢ Tomojorueit, nugyuupyemoit B A us X; 4,
HafleJeHHOe MHAYIUPOBaHHLIME U3 X paBHOMEDPHOH CTPYKTYypoO#l u
TOWOJNOTHEH, HABEHBAETCSA PABHOMEPHBLM ROONDOCI PAKCIMEOM RPOCT PAH-
cmea X.

Ecam A —wMuoskectBO B paBHOMepHOM mpocrpancrBe X u
f: X > X’ — paBHOMEpHO HeIpepHBHOE OTOOPa)KeHUE, TO CyyKEHHE
flA ecrd paBHOMepHO HempeperBHOE oToOpaskenme mpocrpaHcTBa A
B X'. Ecim A’ X’ rakoso, aro f (X)c 4’, 10 oToGpaskeHne TpocTpan-
ctBa X B paBHOMepHOe HopnpocTpancTBo A’ mpocrparcrea X', nuMeroriee
TOT e rpaduk, yro u f, Takike OymeT PaBHOMEDPHO HEIPEPHIBHBIM
(upennoskenue 4).

Ecin Bc A<= X, to paBrOMepHOE HOAIPOCTPAHCTBO B IpocTpaHct-
Ba X coBmajaer ¢ paBHOMEPHHM HONIPOCTPAHCTBOM B paBHOMEPHOTO
nogmpoctTparcTBa A mpocrpaHcTBAa X (Mpar3umugeHocmb WHIYIHPO-
BAHHHIX PAaBHOMEDHBIX CTPYKTYP; OpeJosKenue ).

MMpennoskenue 6. IIyemv A --6c100y naommuoe MHOKNCECE0 € pas-
nomepnom npocmparncmee X; samwuikanus ¢ X X X 0orpyscenull pasro-
Mephoz20 nodnpocmpancmea A o6pasyiom @Gyrndamenmarvryio cucmemy’
orpyocenuii npocmpancmea X.

B camom nene, A X A mwnorao B X X X (ra. I, § 4, upepaomenne 7).
Ilycrs V — orxpuitoe okpysenue nis A, caen Ha A XA OTKPHTOrO
okpymenus U maa X; rorna UcV (ra. I, § 1, npennomxenue 5), uro,
B coequHeRMn ¢ Vc U, N0KasHBaeT COPaBeITBOCTG MPEJLTOMKEeHNA,
ecay OPUHATb BO BHUMAaHME cleicTBHMe 2 mpepjiokerus 2 § 1.
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5. Beprnasa :pans MHOICECNIBA PABHOMEPHBIX
CMPYKEMYP

Besroe cemeiictBo (), ¢ 7 PABHOMEDPHHIX CTPYKTYP B MHOKecTBe X
obmanaer gepxHell epanbio U B yIOPA0IEHHOM MHOMKECTBE BCEX PaBHO-
MEpHHX CTPYKTYP B X: JefCTBUTENBHO, JOCTATOYHO TPUMEHUTH IIpe]-
Joxenne 4, 0603HAYMB dUepes Y, MHOKecTBO X, HajieJIeHHOe PaBHO-
MepHO# CcTPYRTypo#t U, m dUepes f,— TORMECTBEHHOE 0TOOpaskeHUe
X —Y; Tonosorusa, KOTOPy MOpokgaeT U/, ecTb TOT[a He 4TO MHOe,
KaK 6¢pIHASL 2PAHb TOMOJOTHH, KoTopee moposggaior /.. Kpome toro,
13 TPeNJIoKeHN 4 BEITEKAeT, 4T0 ecau X %= @F, 10 PUIbTP OKPYKeHuit
PaBHOMEPHOM CTPYKTYPH U ABIAETCA 8epIHell epansio QUIABTPOB OKPY-
menuit 11, pasaoMepHBix crpykryp U, (ra. I, § 6, n°® 2).

OHpumep. [las Kamkgoro KoHeIHOro pasbuenms o= (4;), <i<n
=

HeIlycToro MHOKecTBa X yike OJHO MHOKeCTBO V) = U (A;XA)) obpasyer
i

¢yHIaMeHTaALHYI0 CHCTeMY OKDY:KeBHH HEKOTOPOil paBHOMEPHOH CTPYK-

typer A, B X (§ 1, n° 1, npumep 2); paBHOMEPHAS CTPYKTYpa KOHEUHBIX

pasbuenmii 8 X (n° 2, saMedanue 1) ecTh eeprHAs epanb PABHOMEDHHX

cTpykryp U, -

3aMeuanne. Beaxoe cemeiictBo (/) paBHOMEDHHX CTPYKTYp
B X mMeeT TaKyKe HUNCHIOW 2P anb B MHOFKeCTBe BCeX PABHOMEPHBIX CTPYKTYD
B X, a IMeHHO, BePXHIOI0 I'DaHb PABHOMEDPHHX CTPYKTYD, MasKOPHpPYeMbIX
BeceMn U, (CymecTBYIOmMHX, IOCKOIBKY MHOMKECTBO BCeX DAaBHOMEPHBIX
cTpYKTYp B X o6iamaeT HaumMeHBIIMM 3aeMeHToM). OpHaKo (Ipepronaras
X # @) dunbTp OKPYIKEHNH 3TOH PaBHOMEPHOH CTPYKTY P He 0053aTeIbHO
ABJISleTCS IlepeceueHneM (UILTPOB OKPY;KeHHH PABHOMEDHBIX CTPYKTYD
U,, wbo orT0 mepecedenne MoyKeT He yroBleTBOpATH arcmoMe (Uyp)
(ynpaskuenue 4).

6. IIpousgcedenue PaGHOMEPHBLL NPOCTNPAHCING

Onpenenerut 4. IIpoussedenuem cemeiicmea (X ),c; pasnomephuz

npocmparcmae Hasviearom mHodxcecmeo X = II X,, Hadeaenmoe caabetiuels
vel

U3 PABHOMEPHBLL CMPYKmMYyp, Rpu komopux ece npoekyuu pr;: X — X,
DASHOMEDHO Henpepuisibl. Ima PasHOMepHas CMPYKMypa Ha3veaemcs
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npousgedeniiem pashomepruxr cmpyrmyp npocmpancms X,, a pagHomep-
note npocmparncmea X ,— npocmpancmeamMu-cOMHONCUMENIMU .

Tomosnorua B X, moposKmaeMas TPOUBBENEENEM pPaBHOMEPHEIX
CTPYKTYp mpocrpanctB X,, COBIAjNaeT ¢ IPOU3BeJeHNMEM TOMOJOTUH
npocrpancTB X, (CaeACTBHe LPENIOKEHHs 4).

Ilpepnoxenne 7. Hycmv f=(f)— omobpancenue pasnomepnoeo

npocmparcmse Y & npoussedenue X = || X, pasuwomepwwz npocm-
Lel

paneme X, Jlasn mozo umobv, f 6bli0 pasHomepHO HenpepBLeHBLML,
Heo6xo0umo u docmamouro, umobsr f, 6bLLO DABHOMEDHO HenpepueHo
Oas wascdoeo « € 1.

IMockonbry f,= pr,of, 9T0— yacTHBIH ciayuail IpenjioKeHus 4.

CaencrBue. Iyemv (X)ey u (Y ) e)— cemelicmea pasHomepHBLE
npocmpancme ¢ 00HUM U mem gice MHoxcecmeom urndexcos I u f, Oasn
rancdoeo \ € I —omobpancenue X, ¢ Y, Ecau wandoe f, pasnomepro
HenpepusHo, mo u ux npouseedenue f: (x)w—(f (x,)) pasrnomeprno me-
npepvigno. O6pamno, ecau X, He nycmul U [ pasnomepro Henpepvlero,
mo u kaxcdoe us f, pasnomepHo Henpepvero.

B camom pene, f npencraBumo B Bupe z+—> (f, (prx)), Tak 4to mepsoe
yTBeRIEHNe BHTOKaeT U3 mpennoxenus 7. [ng nokasareabcra BTO-

poro paccmMarpumBaeM TOUYKYy a = (a,) H3 H X, u DOBTOpSAEM paccyik-
vel

IeHusA, IPoBeleHHbIe IPH I0KasaTeabeTBe caenctsusa 1 npenioxenns 1
§ 4 ta. I, ¢ samMenoil ciioB «<HEmPePHIBHO B TOYKE @ (COOTB: @,)» ClOoBaMm
«PABHOMEPHO HEIPEPHIBHON.

O6mui#l KpuTepuil TPAH3UTUBHOCTH WHUNMAJBHEIX PaBHOMEPHLIX
CTPYKTYP (UpesjioikeHme O) MOKaspBaer, 4To, KaK W IPOUBBENeHUe
TONOJOTHYECKUX OpocTpancts (ra. 1, § 4, n° 1), upoussenenme
PAaBHOMEPHHIX [POCTPAHCTB accoyuamusho m 001anaer CJIeNyIOMUM
CBOMCTBOM:

eepnoxenue 8. ITyeme X — muoncecmeo, (Y ) e j— cemeticmeo pas-
HOMepHBLX npocmpancme u f, das kaxcdveo « € I —omobpamenue X ¢ Y.
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ITycmw, danee, f— omoGpascenue x> (f,(x)) mnomcecmea X 6 Y=[] Y,
vel

u U—-caabetiwan u3 pasuomepruvlx cmpyrmyp 6 X, npu Komopwx
pasiomepro Henpepwlsu éce f.. Tozda U ecmb npoobpas omHocumerbno
f pasnomepnoii cmpyrmypw, undyyupyemoii 6 f(X) pasnomepnoi
cmpykmypoii npoussedenus Y .

Cnencrsue. Hyeme A, 0as EKasncdozo 1 € I — nodnpocmpancmeo
npocmpancmea Y ,. Pasnomeprnas cmpyrmypa, undyyupyeman ¢ A =

=11 4, pasHomepHol cmpykmypoli npoussedenus I_[I Y, ecmb npous-
tel LE

sedenue pasHoMepHBLE cmpykmyp nodnpocmpancme A,.

Kpome toro, cpasy sumguo, uyro ecam X, m X,— paBHOMEpHEe
TPOCTPAHCTBA U @y — NPOUBBOIbHAA TOUKa us X,, TO 0TOGpaskenme
Zy+—> (@, Z,) ecTs u3oMOpPU3M mpocrpancrsa X, Ha MOLNPOCTPAH-
ctBo {a, } X X, mpoussegenuss X, X X,. Orcioja:

reanomenune 9. Hycmo f — pasnomepro Henpeprisnoe omobpasicernue
npousgedenus pasnomepnvix npocmparwcms X, XX, 6 pasHomepnoe
npocmparcmeo Y ; moeda écaroe wacmuunoe omobpascerue Ty — f (x,, Z,)
npocmpancmea X, 6 Y pasnomepno HenpepuieHo.

IT0 NPeIToKeHNe MOKHO BHPA3UThH €Ine, CKasaB, ITO PABHOMEPHO
HenpepHBHAA (QYHKOWA ABYX apryMeHTOB PaBHOMEDHO HeNpPepHBHA
0O KayK[OMy M3 HUX.

° Ilpumep, npuBefennslii B 1. I, § 4, n° 2, samMeuauue 2, DOKaskBaeT,
aro 00paTHOe IIpejIOKeHNe HEBEPHO.

7. IIpoexmusnbsle npedeast PABHOMEPHBIX
NPOCHPAHCING

Ilyérs I — mpegynopAno9eHHOe MHOMKECTBO C OTHONIIGHWEM Ipef-
mopszra o < B. Hyers, nanee, X, naa xamporo o € I — pasaomeproe
IPOCTPAHCTBO U f,q WA Kakpoll mapwia, B raxoit, aroa < B, — oro-
Gpasxenne X, B X,. Bynem nasmBars (X,, f.5) npoexmusnoii cucme-
Mol paswomepruz npocmpancms, ecau: 1°(X,, f,5) ecmb npoexmuenas
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cucmema mroxcecng (em. n° 1 Mpunomennsa k ra. 1); 2° ece fo DasHO-
MepHO HenpepuisHl. Caabeliuas W3 PAaBHOMEPHHX "CTPYKTYD B X =
=1 irll X, npU KOMOPYLT PAEHOMEPHO HenpephleHsl Bee KaHOHMYeCKIe 0TO-
Opaxenus f,: X -> X, HageBaercs npoexmueHum npedesom (OTHOCH-
TeIBHO 0TO0PaKeHUil f,5) PABHOMEPHBIX CTPYKTYp mpocTpascTB X,, a
MHO;kecTBO X, HajleJleHHOe ATOH PaBHOMEPHOMH CTPYKTYPOI, — 1 poek-
MueHBLM Npedesom NPOEKMUBHOL CUCeMbl DAGHOMEDHBE NDOCT PAHCINE
(X4 fop)- Bee cBoficTBa NPOEKTUBHEIX PE/eI0B TOMOMIOTHIECKUX MPO-
CTPaHCTB, ycTaHOBJAeHHHE B n° 4 § 4 ra. | (sa mcrmouenumem mpej-
JokeHUA 9), 0CTAIOTCH B CH/E, ©CJIH «TONOJOTHI0Y 3aMEHUThL «PaBHO-
MEepHOH CTPYKTYPOii», a <HeIPePHBHOE 0TOOPAKEHNE» — «PABHOMEPHO
HEIPEPHIBHHIM 0TOOPasKeHneM»; KPoMe TOT0, CIPaBeIIuBO

Neegnossenne 10. Hycmv I — gusvbmpyroweecs npedynopadoven-
noe mHosceemso, (X, fog)— npoekmusnas cucmema pasHomepHvlL npo-
cmpanems, umerowjan I ceoum mroscecmeom undercos, u J — rogunaib-
wnaa wacmdv 1. Ilycmo, daaee, f, 04aa rasxcdozo o € I — ranonuueckoe omo-
6pascerue npocmparcmea X = l(.lin X, 6 X, ug,=f,xXf,. Cemeticmeo

MHONCECB gla V), ede a npobeecaem J, a V, npu raxcdom o € J npo-
becaem gyndamenmanrvryro cucmemy oxpyrcenuti oan X,, ecmov Pynoa-
MEHMAALHAR cucmema OokpyxceHuli Oan X.

Mu npepgocraBiseM UMTaTeN0 FOKA3aTeIbCTBO, SABIAINEECH OYe-
BUIHOA mepedpasupoBRoil mokasareabcTBa mpenaoskenns 9 § 4 riu. I.

OrmernM, HakoHen, 4ro Tomojorusa B X = lim X,, moposkmennas
—

PABHOMEDHOH CTPYKTYPOii, ABiagiomeiicA NPOEKTHBHEIM TPeeIoM
PaBHOMEDHHEIX CTPYKTYDP HpoctpancTB X,, COBIA/aeT ¢ IPOEKTUBHEIM
IIpeJieIoOM TOIIOJIOTMH 3THX HIPOCTPAHCTB.

YupaskHeHus

°1) Ha wmcaoBoit mpaMoit R (HamedeHHON afguTHBHON PaBHOMEpPHOUI
CTpYKTYpoi) PYHKOUSA |z| paBHOMEPHO HelpephBHA; $yHKIuA 1/z pasHO-
MepHO HellpepHBHA HAa BCAKOM HHTepBaile [a, |, rme a > 0; oHa Hempe-
PHIBHA, HO He PaBHOMEePHO HeIpepHBHA Ha mHTepBaie |0, +oof.,

2) Ilokasarh, YTO TOHmOJOTMM B Z, IIOPOKAAEMble p-afMueCKUMHA
CTPYKTYpaM#, COOTBETCTBYIOIIEMH [BYM pA3JHYHBIM IHPOCTHIM HHCIAM,
HeCpPaBHUMEL,
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3) Nycan &, n §, — mBa pasaHIHBIX HETPUBMAJBLHHIX yAbTpaduabTpa
B OecxoueuynoMm MuokecTBe X; IIOKAa3aTh, YTO PABHOMEpHBIE CTPYKTYPHI
UF) u U@, (§ 1, ynpaskaenne 1) HeCpaBHUME H 4TO UX BepxXHeit
IPaHbI0 CHY/KNT JUCKPETHAS DPABHOMepHAA CTPYKTYpa; KAKOBA WX HIUK-
HsAA rpanb? BeiBecTH oOTCiOf@, 9TO MHOMKECTBO BCOX OTAEJHMMBIX PaBHO-
Mepubix cTpyKTyp B X pasroMomuo ¢ P (P (X)). [Cum. ra. I, § 8, yupam-
HeHmne 6a.]

4) a) Hyers U # ' — QUIBTPH OKpY:KeHWH ABYX paBHOMEPHBIX
CTPYKTYpP B OFHOM U TOM jKe HeIyCTOM MHo3kecTBe X; HJA TOrO 9TOOH
nepeceuenne ¢uabrpoB U 1 11’ GBLIO QIUIBTPOM OKPY/KEHHI HEKOTODOIi
paBHOMepHO#I CTPYRTYpsl B X, HeoOXOfAMO H HOCTATOUHO, YTOGH masA
aobbix VEW n V' €N cymecrsoBaau WEU n W €U’ Takue, utro WW'
cvyv.

6) Jats mpumep ABYX ¢uabTpos oxpysenuit U, u 1., ompegenen-
HBEIX K&K HOCPECTBOM HEKOTOPOTO KOHEYHOTO pas36ieHus MHOMKeCTBA
X (n° 5, mpnMmep), KOTOpHe He YIOBJAETBOPANN OB YCJIOBHIO a).

5) Ilycrs (X‘)Lel—ceMeI‘/'{cTBO PaBHOMEPHEIX IPOCTPAHCTB M ( —
feckoHeyHOe KapimHAAbHoe udmcao. ComocTaBUM KasKoOMy ceMelficTBY
(V), e p»> The Card (H) < ¢ m V npu mobom 1€ H ectb oxpy:enne qusa X,
MHOKecTBO U ((V)) Tex map (z, y) TodeK m3 X=II X,, LaA KOTOpHIX

vel
(pr, z, pr,y)€V, upn kampom € H. IlokasaTh, a0 MHOMecTBa U ((V)

00pasyoT QyHIAMeHTAJbHYID CHCTEMY OKDYKeHUH HeKOTODOHl paBHOMEp-
HOl CTPYKTYpHL B X ; TOIOJOTHA, IOPOKIaeMas 3Toil paBHOMEPHOR CTpyK-
TYpOH, coBIajiaeT ¢ TOHOJOTHeH, onpeeJeHHOl B yupaskaeRnn 9 § 4 ri. I,

6) ITycrs X — paBHOMepHOe IpPOCTPAaHCTBO, U — ero paBHOMepHAs
CTPYKTypa M 9l — COOTBETCTBYMMAsA paBHOMepHAs CTPYKTYypa B P, (X)
(§ 1, ympasxmenme 5).

a) IToxasarts, uro orToOpaskeHHme z—> {x} ecTh M30MOP(H3M paBHO-
MepHOTo mpocTpancTBa X Ha HEKOTOpPOe MOIIIPOCTPAHCTBO PABHOMEPHOTO
apoctpancTBa Py (X).

6) Iorasarp, 40 paBHOMEpPHAsA CTPYKRTYpa, KOTOpyo 9 mumymupyer
B MHOKecTBe §§ (X) BCeX HEIYCTHIX BAMKHYTHX MHOKeCTB n3 X, oTjennuMa
u aro U ectsb npoobpas OTHOCHTENBHO oTo0paskerus M —> M c1pys-
Typh, KoTopylo U mmmyunupyer B § (X).

B) Iloxasarp, uro orobpaskemme (M, N)—> M {J N upoussemeHuns
Ro (X)X R, (X) B Ry (X) paBHOMEPHO HEIpPEPHIBHO.

r) Ilyers Y — eme ogHOo paBHOMEpHOe IpocTpancTso. [lokasars, aro
ecan f: X — Y — paBHOMepHO HellpepBIBHOE oToOpaskenue, T0 0To0pasenie
M +— f (M) upocrpanctBa P, (X) B P,(Y) paBHOMEPHO HENIpepHBHO.

m) Iycrs B — KoMIAKTHOe TOAMHOMECTBO MHOMKECTBA & (X) Becex
HeIYCTHX 3aMKHYTHX MHOKecTB n3 X, HafieJIeHHOe TOIOJOTHeid, MHyII-
poBaHHoOIT TonoJorHeil & (fﬁ), Koropyo U moposkpaeT B & (X). [loxasaTs,

9TO MHO}RECTBO U M 3amruyTO B X.
Me®
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§ 3. loxnbie npoctpancTBa

1. Puavmpst Kowu

B muoskectBe X, HafeJeHHOM PaBHOMEPHON CTPYKTYpOil, MOMKHO
OUpefeauTh TO, YTO TOHWMAIOT HOJ «MAaJhIM» (OTHOCUTEIBHO aHHOMN
CTPYKTYDPH) TIOAMHOKECTBOM: 3TO — TAK0e MHOMKECTBO, BCE TOUKH
KOTOPOTO «odYeHb Oaumskm» ppyr K apyry. Toumee sto osHauaer
cllefrylonee:

Onrepenenue 1. Hycme X — pasnomeprnoe npocmpancmeo v V —
HEeKOmopoe OKDYICEHUE e20 DABHOMEPHOT cmpykmypbl; ecau aiobvie dee
mouru u3 AcX 6ausku nopadra V (unm, 4T0 PaBHOCHIBHO 3TOMY,
AXACV), mo eosopam, umo mroxcecmeo A mawo nopadra V.

llpepnosxerus 1. Ecau ¢ paswomepnom npocmparcmee X mHO¥Ce-
cmea A u B manw, nopadraV u nepecexaromces, mo ux o6sedunenue A U B

2
amaro nopadra V.
B camom nexe, nyers ¢ m y — Ji06bie Be Toukum us A UYB um z —
touka u3 A (| B; Tak Kak, no npexnoiaoskenuo, (x, z) €V u (z, y) €V,

10 (%, Y) € V.

Onpeneneune 2. Quabmp § 6 pasnomeprom npocmparncmee X Ha-
sueaemes uavmpom Kowu, ecau das awbozo okpyscenus V. pasromep-
HOU cmpykmy py. npocmpancmea X cyujecmeyem MHOMECE0, MAL0E NO-
padka V u npunadaencayee .

W 3mech MOKHO NPWAATH pedr OGJMBIIYID HATAAIHOCTH, HCIOAB3YS
BHIPAIKEHUS ([OCTATOYHO Majioe MHOKECTBO» M «CKOJb YTOMHO MAajoe
MHOKECTBOY; HAIIpUMep, ollpefelleHNe 2 MOKHO TaKyKe BHIPA3UTH, CKA3aB,
a1o guaprp Homm — 310 QUABTP, codepacawuil ckoab y209Ho Masble MHO-
scecmea.

Beckoneunaa mociaefoBaTelbHOCTL (u,) TOYEK PABHOMEPHOIO IIpoO-
crpaEcTBa X HAa3HBAaeTCA nocaedosamesbrocmvio Howu, ecam accoImm-
poBaHHEIT ¢ Hell siaeMeHTapHHA QUABTD ecTh ¢uaprp Homm. lpyrmmm
CJIOBAMHU, IS JTF000TO OKpY:ReHNd V mpocTpancTBa X CYMIeCTBYET TAKOE 7y,
910 (U, U,) €V, KaKkoBH Ob HU OHIE m=n, U n = ng.
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Mpepnosxernue 2. B paswomeprom nposmpancmee X ecaruli cxo-
Oswuiics duavmp ecmv guaemp Kowu.

B camom pene, miisa Kamoil 109Ky £ € X U KayKJ0r0 CHUMMETPHIHOTO
OKpyKeHusa V paBHOMEPHOH CTPYKTYPH IPOCTPAHCTBA X OKPECTHOCTH

2
V (x) Touskm z mana mopsanka V; ecan §§— QuasTp, cxogAamuiica K z,
TO B HeM CYIIECTBYeT MHOeCTBO, cogepskameecs B V (r) u, sHauwmr,

2
Manoe mopsmka V.

fcuo, uro Bearuit punbTp, Maxrcopupywwul dunbtp Komu, rarkxke
ectb ¢puabrp Komrm.

Meepnosserne 3. Hyemov f: X — X' — pasnomepno Henpepuishoe
omo6pascenue. O6pas npu f 6asuca guavmpa Kowu uz X ecmv 6asuc
Puavmpa Kowu ¢ X'.

B camom pmese, mycte g=fXf; eciu V' — okpysxenue mis X', To

—1
g (V') — oxpysxenue miua X, u o6pas npu f MHOKeCTBa, MaJOT0 HOPAJ-

-1
ra g(V’), ects MHOKecTBO, Majnoe mopsaka V', deM mpepioskeHue u
IIOKa3aHo.

B uacrtHOCTH, OTCIOmA ClemyeT, UTO €CJHW BAaMEHUTH PaBHOMEPHYIO
CTPYKTYPY PaBHOMEPHOTO IpocTpaHcTBa X Madcopupyemoli e paBHO-
MEPHOH! CTPYKRTYPOH, TO BCAKWI GUIBTDP, ABiIABmuica ¢uabrpom Ko-
OIU OPY UCXOHOI PaBHOMEPHOI cTPYKType, ocTaHeTcsa guiabtpom Ko-
I ¥ OPU HOBOW PaBHOMEPHOW CTPYKTYPE.

9tor QaKT yRo6HO BAIOMHNTH B CieAyOIeil GopMe: uem pasnomephas
cmpyrmypa cuavhee, meM Menvuwe guavmpos Kowu.

Ileepnoskerue 4. ITyemv X — mmuoncecmeo, (Y ), e; — cemeiicmeo
pasHomepruLx npocmparcms u f, 0as Kascdozo \ € I — omobpascernue X
8Y,. Hadeaum X caabetiueti pasnomeproii cmpyrmypoti U, npu komo-
poti éce f, pasnomepHo Henpepbierbl. Jas mozo umobw 6asuc Puavmpa B
6 X 6wuin 6asucom gurvmpa Kowu, Heo6xodumo u docmamourno, umobul
f. (B) 6vr10 6asucom guavmpa Kowu ¢ Y, 0an wancdozo € 1.

Venosre HeoOX0AUMO B CITY Ipennoskenus 3. O6parHo, Ipenmnoso-
UM, 470 OHO BHINOJHeHO, u nycrb UV, ..., V. ) — okpyxenne
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pasaoMepHO# cTpyRTypH 4 (§ 2, n° 3, popmyaa (1)). ITo mpenmomosxe-
"m0, A kaxgoro nunexca k (1 << k<< n) cymecrsyer mEoKecTBO M), € B
Takoe, 4ro f,, (M,) Maino mopspka V,,; mycte M — MHOMecTBO U3 B,
comepsxameecs Bo Beex M, (1 <<k < n); Torma pia mo6oit maps TOUIeK
z, " us M 6ynem umers (f, (z), f., (z") €V, (1 <k<n)u, cregosa-
tenvHo, (2, )€U (V.,,...,V,,), 9eM mpensoenue JOKa3aHo.

CaepersuE 1. Ecau guavmp Kowu ¢ pagrnomeprom npocmparncmee X
undyyupyem duaomp 8 muosicecmee A< X, mo amom nocaedrnuli ecmo
dusvmp Kowu e pasnomeprom nodnpocmpancmee A.

Cugpcrsuk 2. Jas mozo umobn 6asuc guavmpa B 6 npoussedenuu

DABHOMEPHBLL RPOCTLPAHCING II X, 6w 6asucom guavmpa Kowu, ne-
vel

06x00umo u docmamouro, umo6s pr, (B) 6vio 6asucon gusempa Rowu
6 X, 0Oas raxcdozo € 1.

2. Munumasvnsie ghuasvmpst Kowu

MuruManbHEe (110 BKIIOUYEHUIO) 9JIEMEHTH MHOMKECTBA BCEX (UIIBT-
pos Homu B paBHOMepHOM mpocrpancTBe X HASRBATCH MUHUMALL-
nomu gurvmpanu Howu 8 X.

IleEpnomxenue 5. ITyemv X — pasromeproe npocmpancmeo. Jas
Kancdozo guavmpa Kowu §F ¢ X cywecmeyem, u npumom eduncmeen-
Hbltl, MuRUMabHBE guavmp Kouww §o, mascopupyemuti dusvmpon ;
nycme B — 6asuc Puavmpa F u S — Pyndanenmarvhas cucmema ok-
pyscenuii dan X; mozda muoxcecmeaV (M) (M € B, V €S) obpasyom
Gasuc guavmpa & .

IIyers M u M’ — mo6ue Muomectsa us B, aV ulV’' — us @; rorna
B P (coors. 8 &) cymecryer M” (coors. V") raroe, wro M"c M n M’
(coots. V'V NV'), orryma V' (M"Y<V (M)NV’ (M’); rakum obpa-
som, muoskectsaV (M) (M € B, V € @) meficreurensro obpasyior 6asuc
HeKkoToporo ¢uabtpa g%, B X. IIpu srom, ecau M mano mopsanka V, To

V (M) masno mopagka %/, TaK 910 %, ectsb Gunprp Homm B X, ouesunHo,
MayKopupyeMHii ¢uibTpoM . [liA saBepmeHmA [OKa3aTelnbCTBA
AOCTATOYHO YCTAHOBHTH, uTo Bearmii Puiabtp Homm @, mamopupye-
MHi QuabTpoM F, Makopupyer F,. Ho ne‘icrBurensso, mycrs M € B
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.

n VEG; cymecrsyer MHOsikecTBo N € &, KoTOpoe mano mopsara V;
Tak Kak IV €, to IV nepeceraercsa ¢ M; caenosarensuo, N <V (M)
u, suauut, V (M)€©.

Canegcrsue 1. @uavmp B (z) oxpecmruocmeti awboii mouku z € X
ecmb muHumarvhl gusvmp Kowu.

Hocratouno B KadecTBe gy B NMPEAJIOMKEHUM O B3ATH (QUALTP BCEX
MHOKecTB U3 X, COflep/KalUuX &, a B KauecTBe B — MHOMKECTBO, CO-
cTosiliee W3 OJLHOTO aieMeHTta {z}.

CaencrBuE 2. Beakasa mouka npukocnosenus guasmpa Kowu F
saeasemes ezo npedesom.

B camom pene, cymecrByer ¢uabrp &, maxopupyommi § u
B (z) (ra. 1, § 7, mpepnoxenne 4); mockoabry & — ¢puabrp HKourm,
& — raxxe ¢unprp Homn. Ilycers §, — enuHCTBeHHN MUHUMAaJIbHHN
¢unsrp Homu, mamopupyemsit puiabTpoM F; Toraa ¥, u L (z) oba —
MuHUMAadbHEe QuabTps Komwu, Mamopupyemuie punbrpom &, Tak uro
Fo="2 (x), ueM u OKaBaHA CXOUMOCTD ¥ K Z.

CaencrBut 3. Beskuil gpusvmp Kowuw, maxcopupyemuii guasmpon,
cxodawpumes K mouke x, mardce cxodumes k¥ I.
Brrrexkaer us cuaengcrsus 2.

CuencrsuE 4. Ecau § — munumasvhoii guavmp Kowu, mo scaroe

MHOJCECINBO U3 T UMeem HenYCcmylo 6HYMPEHHOCMb, U OHA NpuHadie-
acum § (APYTEME clloBaMM, cyliecTByeT 0asuc ¢uiabTpa g, cocroanmii
U3 OMKEPLUNBIL MHOMKECTB).

B camoMm peste, piist KasRIOro oKpysKeHUsA V paBHOMEPHOI CTPYKTY-
pu mpocrpaHcTBa X CyImecTByeT OTKPHToe okpymenue UcV (§ 1,
caencrsue 2 mpennokenus 2), arorna U (M) gas ramgoro M < X or-
KpHTO U comepsurcsa B V(M), u ocraercs HpuMeHHATDH HpejJioKeHue J.

3. Iloanste npocmpancmean

Quavmp Kowu B PaBHOMEPHOM TpocTpaHCTRe X He 0613amedvHo

umeem npedea.
Opumepn. 1) PaccMorpaM Ha panuoHaJbHOU NPAMOH Q mocuego-
BaTeJbHOCTL (up), THe

n
U, = 2 2-plo+1)/z,
=0
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ecan m > n, TO
| Um—uy, | << 27 (1F3)/2, 1)

TaK 970 (u,) eCThb nociedosameavrhocmv Howu. OmHAKO 9Ta MOCIET0BATEN b-
HOCTB He HMeeT Ipejeia B Q: neiicTBUTEJNLHO, ecil G pannoHAJIbHOE YICI0

—Z— OELIO ee HpefesioM, TO B crxy (1) mpw aob6om n Mer uMean Ghl
Ia/b_hn/zn(n+1)/2l< 1/2n(n+3)/2,
|a.2n(n¥1)/2—bh, | <5270,

rje h,—Iejoe 9NCJO0 (3aBHcAIlee OT n); HO TaK KAaK JieBafg 9acTh HTOrO
HepaBeHCTBA eCThb IeJ10e YUCJI0 HpH JT000M 1, TO OHA PAaBHANACH GBI HYIIO
Opu BCeX IIeJBIX 7, IPeBHINIAIINX LeJ10e 7y, AJIA KOTOPOro b< 2%, u Ml
nmesn 6Bl Torza a/b=u, A BCex n >>n,, 9T0 abeypauo.

2) Ilycrs X — GeckoHeYROe MHOMKECTBO; PACCMOTPEM B X paBHOMep-
HYI0 CTPYKTYpy KOHeWHBIX pasOmenmii (§ 2, n° 2, sameuanue 1); BeArmit
yavmpaguasmp § B X ects guabTp Komu pia aroit PaBHOMEPHOU CTPYK-
Typsl. B camom nesne, mycrb (4;)— KoHeuHoe pazbuenue MHO:KecTBa X

u V= U(A ; X A;)—CooTBeTCTBYIOIlee OKpPY:KeHUe; TOTHA OJHO N3 MHO-
i

3ReCTB A; HOpUHAAJIEKAT T (ra. I, § 6, caexcTBue TPeIJIOKeHNs 5), a OHO

maso nopagka V. Ho, ¢ apyroit cropomh, X — GeCKOHEYHOe AMCKpPeTHO®

HOPOCTPAHCTBO U, BHAYNT, He KOMIAKTHO; CleJ0BaTelbHO, B X CYHIeCTBYIOT

HeCcXOopAmmecd yJIbTpagmIbTpsL.

OnpeAEAEHUE 3. [I0AHBLM NPOCMPAHCNEOM HASHEAIOM DABHOMEDHOE

npocmpancmeo, 8 komopom ecaxuti gusvmp Kowu cxodumes.

TaxuMm 06pa3oM, B IOJHOM IPOCTPAHCTBE BCAKAA nocaedosameabHocms
Kowu (n° 1) cxopmres.

Opumep. B Ouckpemnom paBHOMepHOM NpOCTpaHCTBe X BCAKMIi
¢unpTp Komm, 6yayun TpuBMambBELIM yabTpadumbtpoM (ta. I, § 6, n° 4),
cXOfuTCA W, CIef0BaTeJbHO, X HOJHO.

W3 onmpegenennii 2 1 3 U IpejJIoAKeHNA 2 CPABY BHTEKAeT CIeIyIo-

mngee IpeayioKenne, M3BeCTHOE II0J] Ha3BaHUEM Kpumepus Kowu:

Meegnosmenue 6. [Tyemv F—Puaomp e mmomecmee X u f—

omo6pascenue X 6 mONHOE pasgnomeproe npocmpancmeo X'; daa mozo
ymobtl f umeao npedes no &, neobxodumo u docmamouro, umobs 06pas
gurompa F npu f 6via 6asucom gusvmpa Kowu.
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Orciona TOHATEH WHTEPEC, KOTOPHIA NPEeJCTaBIMAIT HOJHEE IPo-
CTPAHCTBA BO BCEX BOIPOCAX, B KOTOPHIX YYacCTBYeT MOHATHE Lpefesa:
ecan QyHKIWA HIPUHIMAeT 3HAYCHUA B IOJHOM IPOCTPAHCTBE, TO MOKHO
JIOKA3aTh CYujecmeoearie MpeHea, He 3Has 3aparee 3HAYeHUS IM020 npe-
deaa, uro GBLIO0 OH HEBOBMOKHO, €CJH OH B Ka9eCTBe KPUTEPHUA CXO/(u-
MOCTH B HAIIeM PacHopPsKeHUN UMEJOoCh TOJNBKO O pejelieRNe mpeena.

PasroMepHas cTpyKTypa, Madxiopupyiou,as PaBHOMEPHYI CTPYK-
TYPy HOJHOTO HPOCTPAHCTBA, HE 00513aT€ABHO ABJIAETCA PaBHOMEPHON
CTPYKTYPoOil moaAHOTO mpocTpaHcTBa (yHpaskHeHue 2); OAHAKO cIpa-
BEJINBO CJeAYIoTee HPeNIosKeHue:

Ilpegnoskerue 7. Iycme U, u U,— pasnomeprbie cmpykmypul
6 mroncecmee X, a I, u & o — noposcdaemuie umu monoaozuw. Ipedno-
aodcum, umo Uy masxcopupyem 'y u umo, kpome moz0, cywecmeyem
gyndamenmarvras cucmema oxpyxrcenutl an U,, samknymuz 6 X X X,
nadeaernnom npoussedenuem monoaoeut &, Ha cebs. Toeda dan mozo
ymotv guavmp § 6 X cxoduacs ¢ monoaozuu & |, Heobzodumo u docma-
mouno, umobw on 6wva gusvmpom Koww ommocumeavno Uy, cxods-
wumes 6 monoavzun J .

YcioBus, 09eBHHO, HEOOXOAMME, HOCKOABKY & ; MaKOpUpyer  ,;
noKazkeM uX focraToynocth. Ilycts x—mpenen ¢uasrpa §F B Tomo-
norun o ,; MOKakeM, 4To & ecTh mpexed § B romomormu J . eiicr-
BUTENBHO, OYCTh V-—CHMMeTPUYHOE OKpYsKeHue u3 9/;, 3aMKHyTOe
B mpousBefeHun J , Ha ceba. Ilo mpexmonoxenuio § comepsxur MHO-
skectBo M, masoe nopagka V, rak wro M < V(z') gua wammgoroz’ € M.
Ho V(z') samxnymo B rtomomorum &, u, suaumr, x, Gyqyun TOUKOi
npuKocHoBeHHA K M B aToil Tomonoruu, npuaajieskur V(z'). Cregosa-

2
TesabHO, MV (x), U npensomenne qOKa3aHO.

CarpcrBue. Ilyemb gunoanenst ycaosus npedioxenus 1. Ecau npu
amom U, — pasrHomepras cmpykmypa noAH020 RPOCIPAHCMEA, MO MO
eepro u Oas .

B camowm nene, Bearuil puasrp Komu otaocurensuo U, 6ymer Torna
¢unprpom Homm orHOcHTenbHO U, W, SHAYUT, O IPEHOIOMKEHUIO,
Oyner cXomquThCsA B TOMOJOTHA & 5.

OrMeTuM, YTO YCHOBUA HPEIOAeHuA 7 BHIOQIHAIOTCA, KOIAa
=&, (§ 1, caegcreue 2 mpepmoskenusa 2).

. o
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4. IHoonpocmparcmea NOAHBIL NPOCIPANCING

[pepnomenue 8. Beakoe 3amkHymoe noOnDOCMPAHEME0 ROAHO20
NPOCMpPancmea NOAHO; 6CAKOE NOAHOE NOONPOCMPAHCINE0 OTHEJUMOTO
DPasHOMEPHO20 npocmparcmea (NOAH020 UAW Hem) 3aMEHYMO.

B camom pene, mycrp X — mosHOE HPOCTPaHCTBO M A — ero 3aM-
KHyTOe mopgmpocTpanctso. Besaruit ¢uaprp Homum § B A aBasercs
6asucom ¢uantpa Komm B X (upepnosenue 3) u, 3BHAUUT, CXOIMTCH
K HEKOTOpoif Touke x € X; HO TaK Kak 4 3aMKHyTO, TO £ € A, ueM u f1o-
KasaHa CXOJUMOCTbH ¢§ B NojmpocrpaHcTse A.

IIycts Temeph A —He3aMKHYTOE MHOJKECTBO B 0mOeaumom PaBHO-
MepHOM mpoctpancTee X u b€ 4 — A; cuexy B, ma A duaprpa B ok-
pectrocteii o9k b B X ectb uaprp Homu B A; Ho OH He MOKeT cXo0-
nuThca K Touke ¢ € A, uGo Torna u B cxopmica O K ¢ (caenctsue 3
IpenJioyeHusa D), UT0 HEBO3MOKHO, HMOCKOABKY b= ¢, a X orpenmmo.

Meepnosmeaue 9. ITyeme X — pasnomepnoe npocmparcmeo u
A — 6c100y naomuoe muoscecmso ¢ X makoe, um o écaruli 6asuc guavmpa
Kowu 6 A cxodumes ¢ X; mozda X noaro.

IlocTaTouHO Jl0Ka3aTh, YTO BCAKWMM MUHuMasbhbll PunabTp Hommn
% B X cxopurcsa. Tak Kak A BCIOJlYy ITOTHO M BCAKOE MHOKECTBO U3 Gy
AMeeT HemyCTylt BHYTPEHHOCTH (CIefCcTBHE 4 HpPefyIoMMeHusa O), TO
ciuen %, ¢uabrpa & Ha A ecth puapTp Komu B A u, 3HaumT, CXOMUTCA
K HEKOTODPOIl TouKe Z, € X; a Tak Kak  Maskopupyercsa ¢uabrpom B X,
nopoaeMbM 6azucoM GpuiabTpa ¥4, TO 3aRIA0YAEM, 9TO U § CXONUTCH
K z, (cnegcTBre 3 HpensoKeHUA D).

5. IIpouszsedeHus U npoexmusHsie npedeast
NOAHBLX NPOCTPAHCTNG

Mrepnoxenue 10. Beakoe npoussedenue NOAHBLL PABHOMEDHBLE
npocmpancme noano. O6pamuo, ecau npousgederue HERYCMuL pPaHo-
MEPHULL NPOCILPAHCME NOAHO, MO U 6Ce RPOCM PAHCIEA-COMHONCUMENL
ROAHY.

[leproe yTBepKAeHUWe BHTEKAeT W3 XapaKkTepusanuil (GUIBTPOB
Homu n cxopamuxca QUIbBTPOB B HPOW3BEEHIH HIPOCTPAHCTB (CJell-
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crpue 2 npepnoskenna 4 u ra. 1, § 7, cnepcrBue 1 mpemiomenus 10).

O6parno, upeguonoxum, uro X = [[ X, (tme sce X, me mycrsi)
Vel

HOJHO, 4 HMyCTh §, — punbrp Homu B X,; ana Kammoro v =% Bo3bMeM
Kakoi-Hubyab ¢puaptp Homu §, B X, m paccmorpum ¢uaprp & = II H
Lel

BX (rn. I, § 6,n° 7); & ectb punprp Homu (cinencrsme 2 mpennosxe-
HUsA 4) W, BHAUUT, CXOIUTCA; CJIEJOBATENBHO, TO K€ BEPHO U [JSA
pr, ¥ =&, (ra. I, § 7, cnencrue 1 mpemnosenusa 10).

CnepcrBuE. yemy (X, fop) — npoexmusnas cucmema pashomeprbLx
npocmpancms. Ecau ece X, omOesumvl u noans,, mo amo epro u 0as
X =lim X,.

—

B camom pesie, Kak MH 3HaeM, X OT[EJUMO W OTOKIECTBUMO C

saMKHYMuLM IOAIPOCTPAHCTBOM HPOUBBEIeHUA HXa (ram. I, § 8,
07

cilefcTBYE 2 MPEeoKeHusa 7); HO3TOMY CJEe[ICTBUE BHTEKaeT U3 mpej-
noxennit 10 u 8.

IIpoekTuBHKIA mOpemes HOJHBIX OTHEIUMEX PABHOMEPHHEIX IIPO-
crpancts X, Mosker OHTb nycmulu, Aaxke Korja sce X, He IYCTH H f,q
CIOPBEKTUBHE; 3TO BEPHO YyKe B CJIydYae AUCKPETHEIX HIPOCTPAHCTB
(Teop. mmosx., ra. III, § 1, yopaskuenue 32). Opuaro cmpaBeniusa
ciemyiomas TeopeMa:

Tropema 1 (Murrar-Jleponep). Hyemo (X,, f,5)—npoexmusnas
cucmema ROAHBLL OMOCAUMBLE PABHOMEDHBLL NPOCMPAHCING ¢ UL PYIO-
wumes npedynopsdouennum muoxcecmeom urndercoe I, codepocaujum
CUETHOE KOPUHALbHOE NOOMHONCECTNE0; NPEONOAONHCUM, KDPOME MO2I, MO
X, o6aadaem npu awbom oo €1 cueTHO# Pyndamenmarvroll cucmemol
oxpyacenuti *). Hakoney, npednoroxcum, umo 0as kaxcdozo o € I cywyecm-
syem P =a, ydosiemeopsiujee caedyouemy Yciosuro:

(ML,5) Mmoancecmeo fo, (X,) naomro 6 f,5(Xg) Oaa ecarozo y=f.

Ecau mozda X =lim X, u f,— ranonunecroe omobpascenue X—X,,

—

mo dan wkancdozo o €1 u waxdoeo PZ=a, ydossemeopsioujezo Ycaiosuio

*) °9rTo yci0BMe 03HAUAET, YTO OTHEJNMOe PABHOMBpPHOE MPOCTPAHCTBO X,
mempusyemo; cM. ra 1X, 2-e mag., § 2, Teopema 1.,

%
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(MLygg), f, (X) naomuo 6 fu5(Xg) (u, caedosameavro, X ne nyemo, ecau
ece X, me nycmut).

IIycrs (A,)— mociegoBaTeJbHOCTh WHASKCOB, KoQuHaTbHAg /.
Hauas ¢ karoro-nubo o, € I, onpenenuM 1o HHIYRIUA BO3PACTAONLYIO
TOCJIefl0BATeNBHOCTD (0l,) TaK, YTOOH &, => A, W GHLIN BHIIOJIHEHH yCII0-
Bua (MLg, o, ,); OYeBHAHO, TOCHE0BATEABHOCTD (,) KopuHambHA [.
Bygem BmMecTo fo,,q,, TAe m < n, mucats f,, nnonoxmm f, ., (Xq,, )=
=Y ,. Torpa f,, (Y,) naomno ¢ Y, pis no6ux m < n: fefiCTBATENLHO,
no ompenenenuo, f, ..4(Xq,,,) maoteo B f, .1 (Xe,,)=Y,, u
0CTAETCs BAMETHTD, UTO fr, 1. q (XOCn+ 2= "Tn (Fa, nia (an+1)) = foun (V)-

Nupyruueir mo n u k MOYKHO ompefelutTh JJIsl KasKAOTO 1 TAKYIO
¢yupameHTanbHY0 cHCTeMY (Vipn)reN BaMKHYTHX CHMMETPHYHBIX
OKpy:KeHH npocrpancTBa X, , 9TO

2
Vk+l,ﬂ Can (2)

(fn,n+1xfn.n+1) (Vk' n+1)Can' (3)

Heiicreurenbvuo, nycrs (Upn)r e N — QyHIAMEHTAIBHAA CHCTEMA OK-
pyskeruit naug Xo,. Ilpegnonaras, aro V,,, onpeemnens s 3a1aHHOIO
n u Beex k€N, MOKHO B cHJy PaBHOMEpPHOII HempepHBHOCTH f, ..,
onpeienuTh MHAYKNUeil no k okpyskenue V, ., Tak, YTOOH BHIIOIHS-

Jgock (3) m 4TobBI, KpoMe TOrO, szk”'wlch,n_Hn Uiii, nyr 9€M
Hallle yTBEPIKIGHNE U JOKA3aHO.

IIycrs remeps x, €Y,. Iloramem, uto st Kamporo nenoro k>0
cymecTByer Takoe z€ X, uro (T, fo, (2)) € Vi_q, o UM TeOPEMa Gyper
nokasana. Ilockonsry f, . (Y, ;) miotHO BY,, MORHO IO MHYKIUH
OIpejeNUTh IIOCe|0BATEIBHOCTh TOYEK %, €Y, TakK, YTO0H

(xn, fn,n+1(xn+l))EVk+n, n; (4)
B cuay (3) orciofa OymeT clejoBaTh, uTO JJIA BCeX M <N
(fmn (xn)’ fm,n+1(xn+1)) Evk+n.m' (5)

dTo TOKasmBaer, YT0 HOpHW (UKCHPOBAHHOM /M IOCIEI0BATEIBHOCTD
(fun (@, ))n>m ecTb nocaedosameavrocme Kowu B Xq, W TeM caMBIM
CXO[UICA K HEKOTOPO#l TOUKe 2, efiCTBUTENbHO, U3 (D) IO HHAYKIUH
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BEITEKaeT, 4To

0.0V 6)

(fmp (xp)1 T, p+q (xp+(])) € Vk+p+q 1, m° Vk+p-i g-2.m k+pym (

1712 00 mapw Hensx yuces p>=m, ¢>>0, aus (2) AacHo, 4To IpaBas
uacrb coorHowenu (6) conepxnures BV,, ,_, i 6eps snecs, B uacTiO-
ctu, m=p=0 1 ycrpemiasa ¢ % OeCKOHEYHOCTH, IIOJyUYaeM, 94TO
(%y, 20) €V 1,00 160V, _y ¢ 3amrnymo. C qpyroit cTOPOHH, U3 COOTHO-
meHull 2, == lim f,,m’ (z,) w HempepwBHOCTH f, ,,, BBHITEKaeT, 9UTO

T me1 (2 ,,,H) = z,, i Besaroro m 2= 0. Ho nasa raxporo y € I mMeercs

oo KpaiiHeil Mepe OfHO IeJioe 7 TaKoe, 49TO O, == Y; HOJOKUM 2, =

= fy, a, (2,); JI€TKO BUIETb, YTO z, HE 3ABHCHUT OT 3HAYEHUA N, TPU

KOTOPOM Q,, ==y, U YT0 TaK OIPejieJieHHOe CEeMEeHCTBO Z == (Zy )yes €CTH

rouka 13 X = lim X,; 9TUM J0Ka3aTEJbCTBO 3aBePIIAETCH, MOCKOILKY
—

fO‘a (Z) = 2.

Caepcreue 1. Iyemo (X,, f,5) — npoexmusnas cucmema mmozcecme
¢ Puavmpyrowyumes mroxcecmeom undercos I, coaadaioujum cuemmsim Ko-
Purarprslm  ROOMHONCECNEOM, U RYCMb 6Ce f,q ClOPLERMUBHV, Mo20a
kanonueckoe omobpaxcenue . X—X,, 20e X = 11m X,, ClOpBsermueHo

das wancdozo o € 1.

B camom peste, mocraTouHO Hamesuth Kayxaoe X, AUCKPETHOW pas-
HOMEpPHO#l CTPYKTYPOI.

Caepcrsue 2. Hycmv I — guasmpyroweecs npedynopadowerniioe
MHOXMCECTN0, obaadawuiee cuemHublM KOGUHAALHBLM RODMHONCECMEOM,
(Xo fa) © (X,, faﬁ)—»npoenmuenbze cucmembl MHOHNCECME OMHOCU-

meavino I w Oas wamcdozo o€l 3sadano omobpascenue u,: X, ~»Xq ,
npusen u, 06pa3yom RPOEKMUSHYIO CUCTREMY OMOOPANCEHUIL; NOLOHCUM

u=limu, . Hycmo &' =(2y) —oaemenm us X' =1lim X, ydosiemso-
P <
palowui caedyoueny yeaoguio: 0an kaxcdoeo o € I cywecmeyem makoe
-1
=, umo fay (uy (2,)) = fas (u[g,( zg)) Oas ecex y = P; moeda cywecm-
syem x€ X =1im X, 0as xomopozo u(z)=xz'.
—
Jlocraroyno mpuMeHHTH TeopeMy 1 K HPOEKTHBHON cHCTeME MHO-
-1 .
HECTB Ug ( %,), HA/\GIEHHHIX JIMCKPETHON PaBHOMEPHOH CIPYKTypOi
(em.ra. 1, Ilpunorkenne, mpenioxenue 1).
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°“Ilpumep. Iycrs B C gaun: 1° mocienoBaTedabHOCTD (2,,) TONAPHO
PasBINYHLX TQYeK, MOAYIH |a,| KOTOPHX 00pasyiT BO3pacTaioumyio oo-
CJIeJI0BaTedBbHOCTD, CTPEMAMYIOCA K -+ 00 5 2° i1l KOKI0TO0 n panoHAIbHAS
¢yHKINA 2z —> R, (2), onpenenennas Ha C-— {a,,} o nMeoIas IOJIOC
B TOUK® a,; 3° BO3pACTAalOmas OCIe[0BATENBHOCTD (5,) OTKPHITHX mMapoB
¢ neAarpoM B Touke 0, oObenTHeHNe KOTOPHX ecrh C, a rpaHuI He Cozep-
AT HA Of(HON W3 ToueR aj. O6o3HAUMM uyepes By I KamIOTo n nepece-
uenme B, ¢ gomonHeHmeM B C MHOMKECTBA BCEX ay; IycTh X, — MHOKeCTBO
oro6paskeHnit zi—> S (z)=P (z)+ 2 Ry (z) MHOKecTBa B; B C, rme

ap€ By,
P —cysenns na By, BCeBOBMOMKHEIX GYHKIUNI, HeTpepHBHEIX HA B,  romo-
MopdHEIX B B,. Onpenennm B X, paccrogune Qopmynoit d, (S;, S,) =
= sup |S; (z) — S, (2)|. JIerko BueTs, 4T0 HpH HTOM PACCTOSAHHUE X ,, noawo.
zeB;

O6o3HaunM, HaKOHeN, ANA KAMJIOTO n<m depes f,. oTobpaenne X,
B X,, orHOCAMmee oToOpaskenmo SEX,, ero cyxenue Ha B;1; 09eBH[HO,
BCC [, pasromepno Henpepviehtt U (X, f,,) €cTh IPOEKTHBHASA CIICTEMA
PaBHOMEPHBIX HPOCTPAHCTB. fICHO, YTO TOIJA BCAKIIT BIIEMEHT npoeKmué-
H020 npedeaa X=}i_m X, KaHOHMYEeCKH OTOKIECTBIM C MepOMOPPHHOU

dynryuer F pa C, maa KOTOPOIl e[NHCTBEHHBIMH IIOJICAMII CJIYMKAT
TOYKI a,, & PABHOCTH F(2)— R, (2) A1si KaKIOTO n eosomopPHa ¢ mouke a,.
Kaaccnueckas reopema Murrar-Jleddiaepa yrepsknaer, uro X wme nycmo;
IS ee JI0OKa3aTenbeTBA [IOCTATOYHO, B CHIY TeopeMul 1, OpoBepuTh ycio-
sne (ML, ,, ;) mas seex n+1. Ilyers S,4y=P, .+ 2 R, — aleMenT
ap€ By
npoctpanctsa X, 1, Tak uTo QyHKIWA P, . | HenpepHBHEa Ha B, .1 A TOJI0-
MopdEa B B, 15 .1ycThb Q,,, AIA KaKLOTO m > n— Cy:KeHNe Ha By, CyMME
Ry, sra mocienmAas ToaoMOpdHA B HEKOTOPOH OKPECTHOCTH
an € Bp— Bty
mapa B, 1, 3Ha4NT (6,1aT0IaPsI ee PasIOsKNMOCTI B psift Toiiopa), nios Kas-
poro € > 0 cymectByer noauHoM P, Takoil, 4ro | P, 1 (2) — Qun () —
— P, (2)|<<e nnda Bcex z€B,; o6o3rauas gepes S, cy;Kkenlle HYHRIUH
P, 2, Ry na By, nMeeM S,€EX, nlS, () —S8,+1(2)| < e nuaBcex
ap € By
2€ By, UTO W 3aBepImaer JOKA3ATeABCTBO.,

6. IIpodoadicen e PABHOMNEPHO HEeNPePuieHLLX PYHHUU

Teopemy 0 IpopoJKeHUN M0 HelpepuBHocTH (Ta. I, § 8, Teopema 1)

MOKHO CYIIECTBEHHO JOIOJHUTH, KOTJA peub uueT 0 QyHKIUAX, mpu-
HUMAIIUIX 3HAYCHUS U8 NOAH020 0mdeiumoz0 PaBHOMEPHOTO IPOCT-
pancrBa. :

Heepnosxenne 14. ITyeme A — ecrody naommuoe mmoocecmeo 8 mo-

rosozuueckom npocmpancmes X w f—ezo omobparcenue s noanoe
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omdeaumoe pasiomepioe npocmpancmeo X'. Jlas mozo umobw f mozio
Guims npodoasiceno no Henpepvishocmu Ha X, Heo6xodumo u docmamouno,
umoGur Oas kKancdozo x € X 06pas npu f creda na A duavmpa okpecm-
nocmeti mourky x ¢ X 6ua 6asucom guavmpa Kowu ¢ X'.

9T0 BHTEKAET W3 YIOMsAHYTO! BHINE TEOPEeMH O NMPOJOJIKEHUH [0
HeIIPePHBHOCTH, MOCKOIbKY X' pesyaspro (§ 1, mpemnoskenume 3), a
cxopamuecs ¢uaptpel B X' cosmagaoT ¢ ¢masrpaMu Homm.

Ecau X camo — pasnomeproe npocmparcmeo, 10 CIIPaBeIJINBa eIle
ClenymoINas TeopeMa:

TropeMa 2. yemv f — ynryus, onpedesennas na éctody naom-
Hom nodnpocmpancmee A pasromeprozo npocmparcmea X, Rpurumalo-
Upast SHAUCHUA 8 NOANOM OMOCAUMOM DACHOMeDpHOM npocmparcmee X' u
pasromepro nenpepviernas na A. Tozda f moxcem 6umdv npodoascera no

nenpepoignocmu na ece X, npudem npodoaxcennas gynryua f pasro-
MEPHO  HenpepuleHa.

CymecTBOBaHNE | €CTh HEMOCPEACTBEHHOE CISACTBIe MPeI0KeHuil
3 n 11. Ilorasem, aro f paBHoMepHO HempepsiBHA. [lycth V' — zamk-
HyTOe CUMMeTpHUUIHOe oOKpyKerue nisa X' uV — Takoe oKpy:KeHue A
X, 910 pas a06ux Touek x n y u3 A, 6auskux nopagka V, f(z) u f(y)
Gamsku nopsagka V', Mosno canrars, aro V ectb sampikanue B X X X
HeroToporo okpyskenus W paa A (§ 2, npepnoicenne 6). Umeem (f(x),
() €V’ naa Beex (z. y)€ W, a Tak Kak ffoeupemeHO ga X x X
(ra.1, § 4, npegnosxxenne 1), To, B cuny samrryroctu V', (f(x), F(y)) €V’
Takske aaa Beex (x, y) EV=W (ra. I, §2, reopema 1), u reopema j10-
KasaHa.

Cnepcrsue. Iyeme X, u X,— noanwvie omdesumvie pasHoMepHble
npocmparcmea, a Y, u Y,— ux 6ctody niomusie nodnpocmpancmea.
Toeda ecaruli usomopgusm f npocmpancmea Y, na'Y, npodossicaemes. do
usomopgpusma X, na X,.

B camom nene, f paBHOMepRO HEIPEPHIBHO Ha Y, W, CJeJOBATEIbHO
(Teopema 2), npojiosizkaercsa 1,0 paBHOMEPHO HEIPEPHBHOTO 0TOOpaske-
uns fi X,—X,; 10uH0 Tak e obparHoe K f 0TOGpasKenue g MPosoIKa-
©TCsl 10 PaBHOMEpHO HempeprBHOTO oTOGpamenus g: X;—X,. Torna
gof ecth mempeprBHOE or0Opamenne X, B cefs, coBmajanmee Ha Y,
C 103/IeCTBCHHBIM 0100 pasikeHneM; Clef0BaTeNbHO, B CHJY HNPHHIAIA
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npopokenns tosknects (ra. I, § 8, caepctue 1 npemnomenus 2) go f
eCTB TOKECTBeHHOe 0TobpaKenue X, Ha cels; TAKEM ke 06PasoM fo g
ecTh TompmecTenuoe orobpakenue X, na cebs. Cregosarensro (Teop.
muo%., CBogka peaynsr., § 2, n° 12), f u g— BaauMuo ob6parHbe Gu-
eKIuu; a Torja, Oynydsd PaBHOMEDPHO HEIPEPHIBHBIME, OHU — W30-
Mopdusme (§ 2, npemJioskenue 2).

3aMeTuM, YTO NPOAOJKeHWEe IO HemPePHIBHOCTH f 6uexmusnozo pas-
HOMEPHO HeNpepBIBHOTO OTOOpasKeHMA | HOGUpPOCTpaHCTBA Yy Ha Y, He
0653aMesbHO UHBEKMUSHO UAU CIOPBeEmUusHo (YOpaKHeHHe 3).

7. Ionoanenue pasHoMepH o0 WPOCMPAHCMEA

TeopEMA 3. ITyemv X — pasnomeproe npocmparcmeo. Cywecm-
sylom noaroe omoesumoe PaAgHOMEPHOE NPOCILPAHCINEO X u pasmomepno
Henpepyigroe omobpadxcernue i: X—X, o6aadaowue credyowum cooi-
cmeom:

(P) Aua awbozo pasnomepro Henpepuignozo omobpaxcenus | npo-
cmpancmea X 6 noaroe omdeiumoe pasnomeproe npocmparcmeo Y
cyujecmeyem, u BPUMOM eOUHCMEEHH0e, DAGHOMEPHO HenpepbisHoe 0no-
6pascerue g: X—Y" maroe, wmo f=goi.

Ecau (iy, X,) — émopasa napa, cocmoawas u3 noarnozo omoeiumozo
pasromeprozo npocmpancmea X, U PABHOMEPHO Henpepbenozo 0mobpa-
acenus i: X—X,, o6aadawwan ceoticmeom (P), mo cywyecmsyem, u npu-
mom eQuHcmeerHblll, U30MopPHuUIm @: X’——>X1 maroii, umo i;=@oi.

[lepBoe yTBepeHHe TeopeMsl O3Hauaer eme, uro mapa (i, X)
eCTh pelleane npobaembl YHuepcasbHo2o omobpascenus (Teop. MHOMK.,
ra. IV, § 3, n° 1), B KoTopoii 3a Z-MHOKECTBA IPUHATH BCE ROIHbE
omOeaumvie PaBHOMEPHEE IPOCTPAHCTBA, 34 0-MOPYUBME — BCe paB-
HOMEDHO HEIPEepPHBHHE OTOOpPaKeHuA W 3a 0-0TOOpaKeHusT — BCE
paBHOMEPHO HeUmpepHBHble 0TOOpasKeHUs OpocrtpancTBa X B IOJIHBIE
OTfleIVMEle PABHOMEPHEE HIPOCTPAaHCTBA. EIMHCTBEHHOCTH, C TOYHO-
CTBI0 o m3oMopdmusma, mapu (i, X) BEITEKAaeT IOBTOMY u3 00mux
cBoiicTB pemeHuil HpobieM yHEBePCAIbHOTO OTOOpasKeHUA (TaMm Ke).
Ocraerca porkasars cymiecTBOBanmMe mapst (i, X’).

1) Onpedenenue npocmpancmea X. Ilycrs X — mnoncecmeo ecex
nurumasnnz gusvmpos Kowu (n° 2) ¢ X. Hanenum X pasHoMepHOi
cTpyKTypoil. G 9Toll 11eIbI0 AJA KaKAOTO CUMMEN PULHO020 ORPYIKEHUA
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V pasmomepHoOil cTpyKTypm npoctpamcrBa X o6osnaumm depes V
mroscecmeo eécex nap (X, YY) munumarvnviz guavmpos Kowuw, umer-
wuz o6uee muoxcecmso, maoe nopsoka V. Hokaniem, ato MHOMecTBA V
o0pasyior (yHIaMeHTANbHYI0 CHCTEMY OKDY:KEHUN HEeKOTOPOd pasHO-
MEepHO# CTPYKTYPH B X. HefictBuTensvuo:

1° Tak kak Beakoe X € X ecrs gunsrp Komm, To cormacuo ompese-
aermo (¥, X) € V paa Kamporo CHMMETPHYHOTO OKpYeHus V paBHoO-
MepHO# cTPYKTypw mpocrpamctBa X, Tak uro (Up) BHIOJHEHO.

2°Eenn V uV’' — cuMMeTpUYHEE OKPYKEHNs PABHOMEPHON CTPYK-
Typs mpocrpanctea X, To Ttake W=V NV’ — cummerpuunoe
OKPY’KeHHe, H BCAKOe MHOMKECTBO, Maioe mopaxka W, mano Taxme
nopagka V w mopapka V'; ciaepoBaTenbHO, WeVnV’, wem noxa-
sago (B)).

3° Muosxecra V cuMMeTpuuns 10 onpeneﬂeﬂmo u, saaunr, (Upp)
BBIIIOJIHEHO .

4° Ilyers V — mpousBosibHOE CHUMMETPHUYHOE OKPY/KEHUE PaBlio-
MepHOH cTpyKTypsl npocrpanctBa X m W-—cuMMeTpuunOe OKpysKe-

HuE, NIz KOTOPOTO VZVCV. PaccvorpuMm Tpm MUHMMAJNBHBIX QUIbTpA
Komn X, Y n 3 raxux, aro (X, Y)€ W u (Y, B) € W; rorna cymecr-
ByloT MHOmkecTBAa M, N, manwe mopsagxa W u rarue, uto M € X NY,
NeYn3. Tak wak M u N npunapgaexar Y, o M NN me mycro,

2
noromy (umpepyioskenue 1) M U N mano mopagka WcV: a rak Kak
i2
MUN npunagaesur X u 3, o WcV. Takum o6paser, BHIIOJHEHO
un (Up).
[lokaskem, panee, uTo paBHOMepHOE IpocTpancTtBo X omdeiumo.
HeiicrButenbro, nycre X u ) —wmMuauManbabe ¢uiastpsl Homnm B

X rakue, aro (X, Y) €V s kandoz0 cuMMeTPUIHOTO OKpYysKeHHA V
paBHOMEpHOi#l CTPYyKTypH mupoctpancrBa X. OueBuaHO, MHOKECTBa
MUN,me M e X uN €Y, obpasyior Gasuc puabrpa ;, MaKOPApPye-
moro puabrpamn X u Y. Ho 3 ectb gussmp KHowu, u6o mo npesmo-
JO/KEHNUI0 JIA M0GOT0 CHMMETPHYHOTO OKpyKeHUs V paBHEOMepHOI
CTPYKTYpH HpocTpancTBa X mMeeTca MHOMKecTBO P, Masoe nopsajka V,
npuBajneskamee ojxHospemerno X um Y, orkyna P € 3. Tlo ompene-
JieRnio MUEMManbHBx guabTpoB KHommu, torpa X =3 =Y, gem orae-

~

JuMocTh X [oKasasa.
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2) Onpedeaerue i; paswomepHas cmpykmypa npocmparcmea X
ecmv npoobpas OMHOCUMEAbHO § DABHOMEDPHOL CMPYKMYpbl RpOCmMpar-
emea X . Kax Mb1 3HaeM, dunbTp orpectHocTel L (£) KAKIOM TOUKY 7 B
X ects mMuHuManbHui ¢uiabrp Komu (caencrsme 1 mpemiosxenus 5);

nosnoxuM i (2) =L (z). [lycers j =i X i; mokaskeM, 910 jl(f/)c:Vc:]'l((I;))
IJisT A060T0 CMMMETPHYHOTO ORPY:KeHUA V paBHOMEPHOI CTPYKTYPH
npocrpancTBa X, WeM Halle yTBep:KjieHue m Oymer mokasano (§ 2,
n° 4). Ho ecin (i (), i (y)) €V, To umeerca muomectBo M, Mamoe mo-
psanxa V, apasionieecss OKPECTHOCTHI0 W TOYKY &, I TOUKH Y, TAK 4TO
(z, y) € V. O6parno, ecnn (z, y) €V, To, ouerwaHO, MHOKECTBO V(z)U

UV(y) mano nopsgra V U ABJISIETCA OKPECTHOCTHIO U Z, U .

3) X noano u i(X) naommno ¢ X. Haiifem caen ma i(X) oxpecrao-
ctn V (X) tourn X € X; sro—wmHOmecTBO Tex i(X), mis KOTOPHIX
(X,i(2) €V. Mocaennee osHauaer, 910 cymecTByer Masasa mopsaxa V
OKPeCTHOCTb TOUKHU z B X, IpUHAJIeKamasa X, uin emie 4re z codep-
JCUMCA 6HYMPU  HEKOIMOpP02o Mmaao20 hnopadka V. muoxcecmea us X.
IIyers M c X ectb o0benuHEHTe BHYTPEHHOCTE BCEX MasbIX MOPAAKA
V muomects us X; M npunamiemxur X (ciencrue 4 mpepsioseHus 5),
¥ U3 OPeHYIiero cieayer, 4ro 1% (¥)ni(X)=i(M); orcropa 3zarnio-
yaeM, 9r0:

1° V(X) N i(X) me mycro u, smaunt, i(X) niomuo B X;

2° citep Ha i(X) muoxecrea V(X) mpumaguesmur 6asucy Ppuavmpa
i(X) B X u, caeposarensno, sror Gasme Quaprpa cxopures B X K
mouke X.

[Tycrs remeps & — ¢unsrp Komm B i(X); no mymrTy 2) u mpepso-

-1
jReHmio 4, i(3%) ectb Gasuc Hexoroporo ¢uubrpa Komm O B X; nycrs

X —vuaumaneanit  ¢unaerp Homm, wmamopupyemsiit ¢uabrpom ©
(npenaoskenue 5); Torpa i(X) ecth 6asuc puabrpa Komu B i(X) (mpen-

-1
aoxenue 3) n F =i (i (¥)) mamopupyer ¢puiaprp ¢ Gasucom i(X). Tax
KaK IocJefHni cxognreA B X, TO TO 3Ke BePHO A4 {, U npenosKenne 9
moKaskBaer Torjpa, aro X noauo.

4) Hposepra ceoticmsa (P). Ilycrs f— paBHOMEPHO HempepHIBHOS
oToGpaskenue npoctpancTBa X B noaroe omdeiumoe PaBHOMEPHOE IPO-
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cTpaEcTBo Y. JlOoKajkeM cHAyaja CyIHleCTBOBAHUE W €JUHCTBEHHOC b
PaBHOMEDHO HeHNPEePEBHOTO orobpamkenus g,: i(X)—Y, gnsa xoroporo
f=gy0i. JleficTBuTenbHO, MOCKOJBKY [ HEOPEpHBHO, Heo0XOMUMO
f(z)=1lim f(B(z)), rax uro, wmonomus g, (i(z))=Llim f(L (z)), Gyuem
uMeTh f=g,oi; BCE CBOIMTCA K YCTAHOBIEGHHUIO DAGHOMEPHOL Henpe-
puerocmu g, Ha i(X). Ilycts U — orpysxenune gisa Y uV — raxoe cum-
MerpuaHoe OKpyenme aua X, uro (z, ') €V Baeuer (f(x), f(z') € U;
B myEKTe 2) ME Bujienn, uto (i(z), i(z')) € V Bueuer (z, 2') € V, a sgaunt,
rarke (g0(i(x)), go(i(z'))) € U, ueM nalue yTBepsKieHue A0Kas3aHo.
IIycTs Temeps g— NPOJOIIKEHNE g, 0 HEIPePHBHOCTH HAa X (T€0-
peMa 2); TOT[ia MOMKHO TAK;{e HAIHUCATh f=gol, MPUIEM fCHO, 4TO
g— eIMHCTBEHEOE HempepEBHOe oTobpakenme X B Y, YA OBIETBOPSI-

iomee nocjenqEeMy cooTHoulenuo, ubo i(X) wirorao B X (ru. I, § 8,
caencreue 1 mpepsosenus 2). TeopeMa mosHOCTBIO [OKasaHa.

OnpenenEnuE 4. Ioanoe omdesumoe pasHomepHnoe npOCIMPAHCMEO
X, onpedesennoe npu 0okasameavcmee meopemvl 3, Haswleaemces omde-

AUMBLM nonoarenuem npocmpancmea X, a omobpascerue i X—X —
KaHonuueckuM omobpascenuem npocmpancmea X 6 ezo omdeaumoe no-
noAnene.

OrMmeTnM efmie clenyoIue CBOMCTBAl

[leennoskenue 12. 1° ITodnpocmpancmeo i(X) naommno ¢ X.

2° I'pagiur omuowenus sxeusasenmmuocmu i(x) = i(x’) ecmo nepece-
uenue 6cex OKPYICeHUl PAGHOMEPHOU cmpykmypw npocmpancmen X.

3° Pasnomepras cmpykmypa npocmparcmea X ecmo npoobpas om-
HOCUMEAbHO | pasHoMepkoli cmpykmypu npocmparcmea X (uaw pasro-
Mmeproll cmpyrmype e20 nodnpocmparncmea i(X)).

4° Orpyancenus Oas i(X) cymo 06pasw npu i X i okpyscenuti dan X;
samranus 6 X x X oxpyacenuti dan i(X) obpasyiom gPyndamenmano-
nyio cucmemy okpyxcenuii dan X.

HeiictBuTenbro, myEKTH 1° 1 3° 6Bl noKa3aHL Ipu JOKA3aTENb-
cTBe TeopeMbl 3; 4° Apnserca caencreueM 1° n 3° B cuay yeTaHOBIEHHBIX
paree o6mux croiicts (§ 2, n° 4, sameuanwe u npexnoxenne 6). Ha-
KOHen, cooTHomienue i(r)=i(z’) osHauaer, Ho oOLpE/EJEHUID, 4TO
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PUABTPH OKPECTHOCTER ToueK x u z' cosuapgawT. Ho 3To Bieuer, mo
onpeyenenuio, 4ro (z, ') €V, KarkoBo 6nl HU OBKUIO OKpy:KeHue V mis
X, a obparnoe o4eBUAHO.

Cnencrsue. Ecau X — omdeaumoe pagnomeproe npocmparcmeo, mo
ranonuueckoe omobpasicenue i: X—X ecmv usomopgusm X Ha écody

~

naomuoe nodnpocmpancmeo npocmparemea X.

B cayuae, rorma X omdeiumo, X HaswBawOT NOROAHEHUEM TPO-
crparcrBa X; npu 9ToM X OOBIKHOBEHHO 0moxcdecmensiom NOCPECTBOM

~

i CO BCIOJly ILIOTHBRIM TIOAIPOCTPAHCTBOM B X..

3aMeuasnne Hak BuaHO W3 qOKa3aTeqbCTBA TeOpeMBI 3, MHUHM-
manbuble GuabTpe Komm B X OygyT mpu TakoM OTOK/@CTBIEGHHH [IPOCTO

caepamMu Ha X QUABTPOB OKpecTHOCTell Towek m3 X.

Crnencrsue mpemioskenus 12 zapaxmepusyem TONMONHEHWE OTAEIH-
MOT0 PaBHOMEPHOTO IIPOCTPAHCTBA.

llrepnomenue 13. Ecau Y — noanoe omdeaumoe npocmpancmeo
u X — eciody naomhoe e20 nOONPOCMPAHCMEO, MO KAHOKUYECKAS
unveryus X—Y npodosscaemes 0o usomopgpusma X na Y.

B camowm miesie, B cuny TeopeMs! 2 BCAKOe PABHOMEPHO HEIPEPHIBHOE
oTobpakenue mpoctpancTBa X B HOJHOE OTEJUEMOe PABHOMEPHOE
TIPOCTPAHCTBO Z LPOJ0JiIFKAETCA eMUHCTBEHHBM 00pasoM 10 PABHOMEDPHO
HenpepsBHOTO oToOpamenusn ¥ B Z.

[leemnosserur 14. Hyemv X — noanoe omdeaumoe pasromepHoe
npocmpancmeo, U—e20 pasHoMepHas cmpykmypa u Z— eciody naom-
noe nodnpocmparemeo. Ecau pasnomepras cmpyrmypa U’ ¢ X, ma-
scopupyemas pasnomepholi cmpykmypoii U, undyyupyem e Z my orce
PasHoMepHYlo cmpykmypy, wmo u U, mo U =Y.

O6osmaunM wepes X' wmHOMecTBO X, HaJleleHHOe PaBHOMEDHOI
CTPYKTYPoR U’; KOMIO3UIAI0 KAHOHWYECKOTO 0TOOpayKeHmsA X' X
¥ TOMIEeCTBeHHOTO oToOpaskeHma X—X', KoTopoe DPaBHOMEDHO He-
OPEepPHIBAO, MOKHO PaccMaTpUBaTh KAK PaBHOMEPHO HeIpepHIBHOE 0T006-
pasxeHme @: X—X'. Tar kax Z oTje1uMo B PaBHOMEPHOI CTPYKTYpe,
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KOTOPYI0 mHAyuupyer ', T0 cyieHue ¢ HA Z ABIACTCA B CHIY IpPe.-
TOJIOKEM 1T U30MOP(YU3MOM Z Ha BCIOAY ILIOTHOE MO POCTPAHCTBO ¢(7)
mpocTpancTBa X; OTCIO[A BBITEKAeT (cnepcTBEe Teopems 2), 9TO0 @
camo — msomopdusm X ma X'; caegosaremsHo, X'=X' u U =U.

Irennoxmesue 15. IIyemv X u X'— pasnomepuwie npocmpancms-
6a; 04s kaxcdoz0 pasnomepro Henpepbigrozo omobpaxcenus f: X—X'
cywecmeyem, u RPUIMON edUHCMeerHoe, DASHOMEPHO HenpepLsHoe omo-
Opasicerue f X—X' makoe, umo duazpamma

x-Lx

S

XX’
}

20e i X—~X u i': X'=>X'— kanonuueckue omo6pajicenus, KOMMYma~
muerna *).
11 jorasaTesbeTBA JOCTATOYHO IMPUMEHHUTDH TeOPeMy 3 K pynKnmu

i'of: X—>X'.

Caepcrue. ITyems f: X—X' u g: X'—>X"— pasnomepro nenpe-
puigHble omobpadcenus; ecau h=gof, mo h=gof.
9o cpasy ciejyer us CBONCTBA eAMHCTBOHHOCTH B Ipe/JioKennn 15,

8. Omoeaunoe pasnomepHoe NPOCMPAHCNLEO,
ACCOUUUPOBANNHOC € PACHOMEPHBMN NPOCTPAHCIEOMN

Ieepnoxerne 16. ITyemv X — pasrnomeproe npocmpancmen
i — kanonuueckoe omobpancenue X 6 ez0 omdeaumoe nonoanenue X .
Has kascdozo paswomepno nenpepbignoz0 omobpascenus | npocmpancm-
sa X 6 omdeaumoe pasnomeproe npocmpancmeo Y cywecmeyem, i npu-
mom eQurcmeerHoe, PasHomepro Henpepuigroe omobpascenue hi i(X)—Y
makoe, umo f="hei.

B camom nene (ciemcreme mpemnoskenus 12), Y orompmecrBuMo ¢
NOANPOCTPAHCTBOM €ro MONOJMHEHHA Y, W f MOKHO TOTAA PaccMaTpH-

BaTh KaK PaBHOMeDHO HempepuisHoe orobpaskenme X B Y. Cuenosa-
TeJIbHO, B CHIIY TeOPeMH 3 er'0 MO)KHO 3aINCaTh B Buje f=go i, Tae §—

%) HEnMuE omoBamu, i'o f=foi.
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paBHOMepHO HempepriRHOe orTobpamenme X B Y; obosHauyas uepes h
cyseane g Ha i(X), umeeM, oueBmmHO, f=hoi, m h orobpamaer
i(X) BY; egwHCTBEHHOCTL h TpUBHAIbHA.

Takum o6pasoMm, napa (i, { (X)) cayssur pemenueM npob.iemvl yHl-
sepcanvrozo omobpasicenus (Teop. muox., ra. IV, § 3, n° 1), rae ma sror
pa3 Ba 2-MHOKeCTBa NPHHEMAIOTCS Omdeiumsle PaBHOMEPHBIE IPO-
CTPAHCTBA, A 3a O-MOPQUBMH (COOTB. Q-0TOOPAKEHUsI) — pPaBHOMEP-
HO HeHpepHBHBIE 0TOOpaskeHUs (COOTB. PABHOMEDHO HeMpPEPHIBHEIE
orobpaskeHust mpocTpaHcTBa X B OT[AEJINMOE PABHOMEPHOE IIPOCT-
PAaHCTRBO).

Ourenenerue 5. Omdeaumoe pasromepHroe npocmparcmeo i (X),
onpedesennoe npu G0kA3amesbcmaee meopemul 3, HA3BL8AeMCA OMAeAUMBLI
DAGHOMEPHBLM NPOCMPAHCIMEOM, accoyuuposanisim ¢ X.

Takum oGpasom, omdeiumoe nonoanenue npocrpagcrsa X ecth He
4TO MHOE, KaK HOIOJHEHUE OT/eJINMOr0 TIPOCTPAHCTBA, ACCOYLUDPOSAH-
noeo ¢ X. Ecnim X noano, To us onpenenenus X BoTeraer (TeopeMa 3),

9710 orobpaskennme i: X—X ciopowekmusro, W, SHAYUT, OTALNUMOE IIPO-
CTPaHCTBO, acCOMUMpPOBaHHOE ¢ X, COBIAAET C OTAEIUMBIM HOIOJHE-

HHUeM mpocTpancTBa X.

Caepcreue. Iyemo X u Y -- pasnomepuwie npocmpancmea, a X'
u Y’ —accoyuuposanntie omlesumvie RPOCMPAHCMER; O4s EaxHD020
DasHOMepHO  Henpepwuighozo omobpaxcenus f: X—Y cywecmeyem,
u npumom eduHcmeenHoe, PAGHOMEDHO Henpepuieroe o0mobpasxceriie
[+ X'=Y' makoe, wmo duazpamma

x_y
il ]
X /—,""—)Y'

20e i u i’ —mwranonuueckue omoOpPANCEHUR, KOMMYMAMUEHA.
[Npumensiem mpensosenue 16 x i’ o f: X—Y'.

OrpennMoe MPOCTPAHCTBO, aCCONMUPOBAHHOE C PABHOMEPHBIM IIPO-
CTPAHCTBOM, XapaKTePHU3YeTCA elle CJAeAYIHUM CBOHCTBOMI
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Npepnoskenwe 17. IHyemv X — pasromeproe npocmparcmeo,
i (X)— accoyuuposanmnoe ¢ Hum omdesumoe npocmpancmeo u f— maroe
omobpascenue npocmpancmea X Ha omdeiumoe pasHomeproe npo-
empancmeo X', umo pasnomepnas cmpykmypa npocmparcmea X se-
asemcs, npoo6pasom omuocumenvho f pasHomeprol cmpykmyps npo-
cmpancmea X'. Tozda omobpascenue g: i (X)—>X', 0as Komopoeo
f=goi, ecmb usomopguam.

Kax Mmb 3maem, g paBHOMepHO HempepwBHo (mpenioenue 16);
O9eBHJIHO, OHO CIOPBEKTHBHO, M OHO TAaK/Ke HHBEKTHBHO, IIOCKOJBKY
coorHomeHwue f (x)=f (y) Breder MO onpeieTeHnI0, UTo (X, y) IpUHANIe-
muT mobomy orpyenumio ans X u, sHaumr, i(z) =i (y) (upengmoxe-
Hne 12). Haxoneun, Bce okpyykenua nana X' cyre o6pasei mpu fXf
orpymenuit g X (§ 2, n° 4, sameuanme), a 3HAUUT, TAKIKe 00PasH
npu g X g okpy:kenuit pas i (X) (upemsioskenme 12), u mpepsioskeHme
JIOKas3aHo.

BamMevanne. [Iycte R—oTHOmMEHWE DdKBUBAJEHTHOCTH | () =
=i (z’) B X; Kak MH Buaean (mpemyoskenne 12), ero rpagur C ecThb mepe-
ceueHMe BceX oxkpyskeHHH nya X. flcHo, 9TO BCAKOE OTKPHITOE MHOMKECTBO
(a caemoBaTenbllo, I BCAKOE BaMKHYTOe MHOMECTBO) B X macwuyeno no R;
IpUHAMas BO BHHMAHIE OIpefie/eHile Npoobpasa TOMOJOITH, 3aKI0UIAEM,
4T0 MOPOKIAEMas 0ToOpasKeHITeM | KAHOHWYECKAs OMeKIIs TOLOJOTHYe-
ckoro ¢arropupocrpancTBa X/R ma i(X) ecTb zomeomopgusm; TAKUM
o06pa3oM, OTHeJUMOe IPOCTPAHCTBO, ACCOLITPOBAHHOE ¢ X, OTOKIECTBAMO,
KaK TONOJOTHYECKOe MpocTpancTso, ¢ X/R. Kamomuueckoe orobpaskenne
it X—i(X) oTKpLITO U BaMKHYTO W fAake coBepmenHo (ra. I, § 10, n°2,
npumep).

IIycrs X' —BTOpOE paBHOMEpHOE IPOCTPAHCTBO, C'—IepeceueHne
OKDY:REHMii ero PaBHOMEPHOH CTPYKTYpPH H R’ — OTHONIEHIIE DKBIBAJEHT-
Hocrn ¢ rpadukoM C’. Ilyers f: X— X' —mnenpepusnoe 0ToOpaKkeHme;
TaK Kak OpooGpas OTHOCNTENbHO [ BCAKON OKPECTHOCTH TOYKH f(z) ecThb
OKPECTHOCTH TOYKI z, To HpooGpas oTHocuTeabHo f MHOMKectBa C' (f (z))
coprepruT C (z); Ciaefi0BaTeNbHO, f cosaacyemes ¢ R m R’ u paet upn daxro-
pusanuu HenpephBHOe oTob6paskemme X/R — X'/R’ (ra. I, § 3, caencrsue
npepao:xenns 6); sro obobuiaer caepctsue npejoxeHns 16.

9. Ilonoarnenue nOINPOCMPAHCINE U NPOUIEEIeH Ul
NPOCMPANCING

[Mpepnoxerne 18. Hycme X —mnoscecmeo, (Yy)ner— cemeiicmen
pasHomeprulr npocmparcme u f, Oas ravcdoco A€ L— omobpascenue
X 6 Y,; nadeaum X caabeiiweii pasmomeprot cmpykmypoi U, npu
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rKomopoli éce f, pasromepro Henpepusnbl. Toeda pasnomeprnas cmpyrkmy-

pa omdeaumozo nonoanerus X npocmpancmea X asisemcs caabeiiuel,
npu KOmMOpol DABHOMEPHO HenpepwvlgHul éce omobpascenus f: X =Y,

(L€ L) (upenmosenue 15). IIpu smom X omoxcdecmeumo ¢ 3sa-

MblEAHUeM 6 HY)\ 06pasa npocmpaHcmaea X npu omo6pa9fcenuu
AeL

z> (g, (2)), 20e g = o f,, aj, — Kamoruuecroe omobpascenue Y, 8Y.

IIycre X’ (cooTB. Y,) — oTnenumoe paBHOMePHOE IIPOCTPAHCTBO,
accormuuposannoe ¢ X (coots. ¢ Y3), U fi: X’ — Y) — paBHOMEepHO
HeIPePHBHOE 0TOOpasKeHUe, /I KOTOPOTO KOMMYTATHBHA HuarpaMMma

rne { — KaHOHMYeCKoe OTOoGpasKeHue.

TpansuruBHOCTh MHUIUAIBHEX PABHOMEPHHX cTPYKTYD (§ 2, mpen-
JIojKeHme D) TOKAa3HBaer, ¢ OGHOIl CTOPOHEI, 410 U/ ecTh ciaabeiimas
paBHOMEpHAsg CTPYKTypa, HOPU KOTOPOil PaBHOMEPHO HeIPePHIBHEI
BCE OTOGpaKeHUA Jj o fy: X—Y,, a ¢ mpyroii,—uro 9 sBagerca
TaKKe MpooGpasoM OTHOCUTEIbHO i cJialeiimeii paBHOMEPHON CTPYK-
Typel U’ B MHOMecTBe X', IPU KOTOPOl PABHOMEPHO HEIPEPHIBHH
Bce fr. Ho ' omdeauma, nbo ecam z,, &,— Takme TOUKH u3 X, Ur0
Ix(h (@) =i (f (25)) paa wamporo A€L, To (zy, z,) mpunamiexur
BCEM OKPY/KEHUAM paBHOMEDHOHM CTPYKTYPH U, W, CIefOBATENBLHO,
i(z,) =i (x,). Ipennomenne 17 moxassiBaer, TakuM obpasom, uro U’
eCTh PaBHOMEPHAs CTPYKTypa OTHeIuMOoro mpocrpanctsa X', acconu-
upoBaHHoro ¢ X.

Hamee, X' otomecTBuMo mocpeactBoM Ohuermuu z’ —> (fy (2'))
¢ PABHOMEDHHM IOAIPOCTPAHCTBOM PABHOMEDPHOTO HPOCTPAHCTBA

II Y (§ 2, npemnosmenue 8). ITockoanbKy Bce Y) oTneamME, RKasnoe
A

Y ; OTOKEECTBHMO CO BCIOAY INIOTHEIM IOAIPOCTPAHCTBOM €T0 Io-
nonHeHUA Y,, W, SBHAUMT, ]:[Y;w — €O BCIOAY ILIOTHHM HOANPOCTPAaH-

CTBOM IIPOM3BEAEHUSA HY; (ra1. I § 4, mpemnomenme 7). Ho [[ ¥,

OT/IeJIMMO ¥ IOJHO (npe;momenne 10); mosToMy 3aMHKanuUe X' nmop-
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mpocrpancrea X' B ||V, ects moamoe orenuMoe mOAIPOCTPAHCTEO
(mpepnosxenne 8), OTOKAECTBUMOE TeM CAMBIM C OTJEIHMMBIM LOIOIHE-
mmeM X mpocrpancTBa X; OTOGDAKEHHA f, OTOMIECTBIAITCA LPH
9TOM C IPOEKIUAMH Ha 171, 7 IpejlJIoJKeHNe J0Ka3aHo.

Caepcreue 1. Iyemv X — pasmomeproe npocmpancmeo, a i —

KanoHuueckve omobpascenue X 6 eco omdeaumoe nonoanenue X.
Ecau A — noONpOCMPAHCME0  RPOCMPAHCIEQ X uj: A—> X — rano-
Hueckas unoveryus, mo j: A — X ecmv usomopguan A na samwranue

i(A) e X.

Cnencreue 2. IIyemv (Yy)ner — cemeiicmeo pasromepuwulr npo-

cmpancms. Omodesumoe noOnOAHERUE NPOCMPAHCINEA H Y, Kanonuuecku
Ael

ugomopgro npoussederniiio II )A’k .
AEL

YnpaskHeHus

°1) OGosmaynmm 4gepes 9 ajgUTHBHY pABHOMEPHYI CTPYKTYDY
B 4nca0BOi npamoif R m gwepes U '— ee mpooGpas oTHOCHTeABHO 0TOGpa-
sKeHHUA x —> z° mpAMoit R Ha ceba. Ilokasars, aro U’ cuabuee U, HO 4TO
¢uneTpyl Komm pyia aTHX ABYX paBHOMEpPHBIX CTPYKTYD OJHU W Te jKe.,

2) a) Hycers X — GeCKOHEUHO® MHOMECTBO N & — HETPHBIAJLHBIH
yaprpaguasTp B X. IlokasaTs, YTO B MONOJHEHNN X, HAJIEJEHHOTO PABHO-
Meproit eTpykrypoit U () (§ 1, ynpamuenue 1), gomosnHenue K X COCTOHT
U3 ONHOH TOYKH U 9TO TONOJOTHYECKOE MPOCTPAHCTBO X OTOMIECTBHMO
€ OPOCTPAHCTBOM, aCCOLIIPOBAHHBIM ¢ yIbTPaGUIBTPOM T (ra. 1,§6, n°5,
npumep).

°6) TMomyunTh U3 a) mpHMep PABHOMEePHOH CTPYKTYpH B R, Koropas
Mazkopuposasa Gb ajIUTHBHYI0 PABHOMEPHYIO CTPYKTYPY U B KoTopoit R
e 6bL10 OB INOJHO.,

°3) a) llyets U-—annAaTUBHAA paBHOMEepPHAs CTPYKTypa B YHCIOBOI
npsmoit R, 9;— paBHOMepHasi CTPYKTypa, NHAyIHpyemas B R pasmo-
MepHO#l CTPYKTypoll paclimpeHHOii npsmoii R, n 9l,— paBHOMepHasA
CTPYKTypa, HHAyLUpyeMas B R paBHOMEpHOI CTPYKTYpO#l ee KOMDAKTH-
¢urapn  Anexcannpoa R=P, (R). % cuibhee U,, U, cunvnee U,,
HO TOHOJIOTHMH, IOPOKJaeMble STUMN TpPeMs PAaBHOMEDPHBIMH CTPYRTYpaMm,
COBIIAJIAIOT; MONOJHEHAAMA OpAMO# R mo sTHM TpeM paBHOMEDHBIM CTPYK-
TypaM ciysat coorercTBenno R, R m R. TomzuecrBennoe orobpakenne R
Ha ce0s MpOJOIIKAeTCS 0 HENPEePLBLOCTA 10 HELEKTABHOTO, HO He CIOPDb-
eKTIIBHOT'O 0T06pamemm R—R 1 1o CIOPBEKTHBHOI0, HO He HHHeKTHBHOTO
oroGpaskenuss R — R.
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6) MoayunuTs n3 a) IPEMep OTHENUMBIX DPABHOMEDHHIX HPOCTPAHCTB
X,Y u paBHOMepPHO HeNPePHBHOTO OGHEKTHUBHOIO OoToOpaskeHms u: X — Y,
IIpOKOIIKEHTe KOTOPOTO HO HeNpepbiBHOCTH U: X > Y un nevextuBHO, HN
CIOPBEKTHBHO.

*4) Ilyctb B 0003HAYeHMAX YyHNpaKHeHHA 5 § 2 Bce paBHOMEpHLIE
mpocrpagcTBa X, monme. IloxasaTb, 9TO B paBHOMEDHOH CTPYKType,
OTIpefieIeHHON B YKa3aHHOM yIpaskHeHHH, mpocTpancrBo X moaxo. [Pac-
cy:Kaas OT HOPOTHBHOTO, HCHOJNB30BATh CJEACTBIIE 2 IIPeIJIOKeHus 5.]

5) Iyers X — oTAeanMOe paBHOMepPHOE NPOCTPAHCTBO, SIBJIAIOIIEECH
TiepeceveHyeM CUeTHOTO cemeiicTBA OTKDHITHIX MOAMHOKECTB CBOEro mMo-
monmenna X. IToxasaTh, 970 IIA BCAKOTO OT/AENIIMOTO DPaBHOMEPHOTO
npocrpancTBa Y, nMemoniero X CBOMM DaBHOMEPHEIM [OJIPOCTPAHCTBOM,
X Oyner nepeceueHneM HEKOTOPOTO 3aMKHYTOTO MHO;KECTBa H3 Y CO cderl-
HBIM CeMeliCTBOM OTKDPHTHX MHOKecTB.

6) Iycts X — paBHOMEPHOe HPOCTPAHCTBO, it X — X — KaHOHUYECKOe
0T06pameﬂne X B ero OT[le/IUMOe TIOTIOJIHeRIIe, X y— cymMMa MHOKecTB X
nX—i(X)nm j: Xo— X—-o'r06pameune, copmajaiomee ¢ i Ha X n
¢ TOKNIECTBEHHBIM OTOOPAKeRWeM Ha X —i(X). Ilorasars, gto X, Haze-
JleHHOe NpooGpasoM OTHOCHTENHHO j PaBHOMEPHOH CTPYKTYPH IIPOCTpaH-
crea X, moaso. IIpn 9TOM A7 BCAKOTO TMOJHOTO PaBHOMEPHOTO HPOCTPaH-
crtBa Y, mMemolilero X CBOMM DPaBHOMEDPHBIM MOANPOCTPAHCTBOM, TOKIECT-
BenHoe oToOpaskenme X — X TpPOJOJKAETCA eMHCTBEHHEIM 00pasoM no
HenpepsIBHOTO oro0paskerHus Xo— Y.

*7) Ilycts X —oTjelnMoe PpaBHOMEPHOE IIPOCTPAHCTBO, U — ero
paBHOMEPHAs CTPYKTYpa, U,— paBHOMEPHAS CTPYKTYpa, WHIYLHpYeMasn
B § (X) paBuoMepHO# cTpyxTypoit U (§ 2, ynpaskuemme 66), m U —
paBHOMEpHAs CTPYRTYPA, HHAYIHpYyeMas B T @ (X)) paBHOMepHOI CTPYK-
Typoi U,. TMoxasars, uro Kamommyeckoe orobpaenme z+—> {{x}} mpo-
crpancrBa X B T (T (X)) npopomsaercs [0 m3oMopdnama mpocTpamcTBa X
HAa HEKOTOpOe BaMKHYTOe DPAaBHOMEpHOe MOANpPOCTPAHCTBO MpPOCTPAHCTBA
& (5 (X)) (mapmenerHOro paBHOMEpHO# CTPYKTYpoit AUyp). [Mcmoabsosars
mpennoxkenue 9.]

§ 4. CBasm Mekqy paBHOMEPHBIMH M KOMIAKTHBIMH
IpOCTPaHCTBAMH

1. PasHOMEPHOCTID KOMNAKMHLIX NPOCIMPAHCING

OnpenenenuE 1. Bydem 2osopumb, wmo pasromepHras cmpykmypa

8 monoaozuweckom npocmpancmee X coaadcyemcs ¢ e20 monoaosuei,
ecau nocaeduas cosnadaem ¢ monoaoeuell, nopoxcdaenoli paccmampusae-
MOU PABHOMEPHOT cm pYKmMypoil.
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Lydem zosopumb, umo monoaozuuecrkoe RPOCMPAHCME0 PASHOMEDU-
8YeMO U Mo €20 MONOA0ZUS PABHOMEPUIYEMA, eCAU CYUjecmayen PagHOo-
MEPHAL CMPYKMYPA, COZLACYOWAACE € €20 monosoeuel.

CymeCTBbe HEePaBHOMEPU3yeMble TONOJOTHICCKIEe IPOCTPAHCTRA,
Kak, HanpuMmep (B cuiy ciencTBua 3 mpepnoxenusa 2 § 1), mpocrpan-
cTBa, He ymoBaerBopsiomue arcmome (O,,); TakmM o6pasoM, BO3HH-
KaeT 3a7ava HAXOKIEHHUA YCJIOBUil, OPH KOTOPHIX TOIOJOTHIECKOE
opocTparcTBo X pPaBHOMEDPHUBYEMO.

[Tonmstit orBer mHa atoT Bompoc Gymer jam aumsb B § 1 rmaser 1X.
B macroamewm ke maparpade Gymer u3yueH TOJBKO TOT BAXKHHIA 4acT-
HHI cayyail, korga X komnarmro. CipaBeyiuBa Ciaenyolias Teopema:

Teorema 1. B komnarmmuom npocmpauncmee X cywecmsyem,
U npumom eJUHCMEEHHAR, PABHOMEDHAL CMPYKMYPA, COSAACYHULAACSH
€ e20 MONOLOZUEL; MHONCECTNGO 6CeX OKDYNHCEHUIL AMOL PABHOMEPHOL
cmpyEmypol cognadaem ¢ MHONCECMEOM 6Cer OKpecmHocmel. duazonarl,
A 6 X XX; kpome mozo, X, nadeaennoe smoii pagromepHol cmpyrmy-
poli, ecmb NOAKOE DABHOMEDHOE RDPOCM PAHCIEO.

ITocnennss wacTh TeopeMbl oOYeBHHA: JIeHCTBUTENBHO, BCAKMIA
¢unprp Homm B X wumeer touky npuxocuosenus (akcmoma (C)) m,
3HAUUT, cxonurca (§ 3, ciencrsue 2 mpeTOKeHHA D).

IToraskem, BO-BTOPHIX, YTO €CJIHM CYIECTBYOT PABHOMEPHAS CTPYK-
TYpa, coraacyiomascs ¢ ronosorueii B X, To MaEOKecTBO U1 BCex oKpy-
eHN 970 paBHOMEpPHOI CTPYKTYPH COBIAmaeT ¢ MHOKECTBOM BCeX
okxpecTHOCTeH muaroHanum A. Mu yike 3HaeM, 4T0 BCAKOE OKPYKeHUE
ecTb OKpecTHOCTh nmaromamm A (§ 1, mpemmosxkenme 2); mocrarouno
YCTaHOBHUTH, UTO, 06PATHO, BCAKAA OKPECTHOCTD JHATOHANN A IpHHAA-
aexur . Ho ecnu 6m1 cymecrsosanma oxpecraocts U mmaromamm A,
He npuHamiemaman 11, ro maosxecrsa VN CU, rme V npoGeraer U,
o6pasoBHBaIn 66 Gasuc HEKOTOPOTo ¢uabTpa B KOMmAKTHOM mpo-
crpaactBe X X X; cienoBateabHo, & umen G TOUKY HPUKOCHOBEHWSA
(a, b), ue npuaagmexamyio A, u rak kak Ul Maxxopuposasock 6n Torna
Puabrpom &, 1o (a, b) 6mna 65 Touwoii mpmrocHOBemua u s 1.
Ho paBHOoMepHas crpyxrypa, Kotopyio ompemeiser 11, mo mpenmoio-
JKOHUIO OTAeJUMa, TAaK 4TO MepecedeHre 3aMBIKAHUN MHO;KkecTB u3 11
ectb A (§ 1, ciencrBue 2 TpeioKeHNA 2 U NPeJJI0KeHNE 3); TeM CaMbIM
MH OPUIIJIA K IPOTHBOPEIUIO.
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OcraeTcsi MOKasaTh, 4YTO0 MHOKECTBO B Bcex OKpeCTHOCTeH mmaro-
sanu A B X XX peiicTBUTE]BPHO €CTh MHOKECTBO BCEX OKDYIKeHMi
PaBHOMEPHOHl CTPYKTYPH, corjacymomeiica ¢ Tononorueit B X. Iasa
BTOTO I0CTATOUHO YOEIUTHCA B TOM, 4TO L eCcTh MHOKECTBO BCEX OKPY-
JKeHU HOKOTOPOit omdeaumoli paBHOMEPHO# cTpyKTYpH B X, m60 TOTIA
TOTOJIOTHSA, IOPOKIAeMasa dTOM CTPYKTYypOii, GymeT OTHeJuMMOii ToImo-
Jorueit, maxcopupyemoli Tomojormeir mpocrpamcrsa X (ra. I, § 2,
npejJIoenue 3) #, Cle0BaTeNbHO, HEOOXONEMO coBIagaomeil ¢ aToi
nocaexreit (ra. I, § 9, cuencraue 3 TeOopeMsI 2).

flcno, uro B ynosuersopser akcuomam (F)) u (F))); moxaskem, uro
axcuomer (U) m (Uy,) Toxe BHIONHEHH M 4TO A ecThb mepeceueHme
Bcex MHos;kecTB 3 L. ITociegmee oueBmiHO, U60 BCAKOE MHOMKECTBO
B X XX, cocrosiee u3 0QHON TOYKY (Z, ¥), BAMKHYTO B CHILY OT/IEIH-
MocTs X, TaK 9TO ©CJIM & 5= Y, TO ONOJHeHue TouKH (z, y) B X X X ectb
oxpecrrocts guaroHanaum A. Tax war cmmmerpus (z, y)—> (y, x) ecTb
romeomopdmsm X X X mHa ceba, To mas raxmoro V €L umeem raxsxe

-1

V €%, uem noxasano (U,,). [Ipennonoxum, Hakosern, aro L He ymoB-
2

aersopser akcuome (U,;); Toraa cymecrsyer rakoe V € B, uro W N CV

npu abom W € L He mycTo; TakuM 06pazoM, MHOKECTBA I/ZV NCV (rme
W npoGeraer L) o6pasytor 6asuc puasrpa B X X X ©, cIe[0BaTE]bHO,
BTOT IOCJEAHUWI WMeeT TOYKY HPUKOCHOBeHHA (z, Yy), He IPHHAfJe-
mamyio A. Ho, nockonbry X peeyaaprno (va. I, § 9, ciepcrsue mpen-
noskenus 1), CymecTBYIOT OTKPHTAA OKPeCTHOCTD U; TOUKH X ¥ OTKPHI-
ras okpecTHOCTh U, TOUKY y, He UMeIoIye O0IMUX TOUeK, 1 3aTeM 3aMmk~
nymule okpectHOcTH d1ux Touek ViU, u V,cU,. Mlonowum Uz=
=C (V,UV,) u paccmorpum B X X X okpectHocTs W= U w XUy

i=1,2,3
- 2
nuaronamm A, U3 arux ompepeneHuii HemOCPECTBEHHO CIEyeT, 9T
ecau (i, v) €W u u €V, (coors. u € U,), 10 HEoGxopumo v € U, (cooTB.

v€ U, U U, =CV,); crenosarensto, okpectaocrs V; XV, Touxn (z, y)
2
B X XX me mepeceraerca ¢ W, u MH npuIIE K NPOTHBOPEYHIO.

3dameuanue 1. [na scAroro xomneurnozo omnpblmoao noKpBMUL

= (U,)1<i <n npoctpasctBa X MHOMeCTBO Vy = U (U X U;) ectb

okpectHoctb guaroHaau A B X X X; 2Tl MHOKECTBa 06pa3y10'r Pynoa-
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MEHMaIbRylo cucmemy okpecmiocmeti puaroHamu A (M TeM caMBIM
Pyndamenmasbry0 cucmemy 0¥ pYIceHUll eJIMHCTBeHHO paBHOMEPHO
crpykTyps B X); AeficTBHTENBbHO, IycTh W — mpouMsBoJbHAA OKpeCT-
HoCTh muaroHanu A B X X X; raxkmas rouka £ € X o6j1agaeT oTKPHTOM
oxpectnocrsio U, B X takoit, uro U, XU, < W.Takkar U, (z € X)
06pasyoT OTKPHITOe IOKPHTHE IpocTpancTBa X, TO CYIIECTBYeT Ko-
HeuyHoe Tucao touek r; (1<{i<n) raroe, uro Uy (1 <<i<n) obpa-
sylor moxpeiTme 9t mpocrpamctBa X; Toraa Vi < W, myrBepsnenme
IOKAa3aHO.

Ha stoM ocHOBaHWE yacTo rOBOPAT, YTO e[IMHCTBEHHAsd PaBHOMEp-
Hasg CTPYKTypa B X €CThb DABHOMEDHAR CMPYKMYPA KOHEUHBE OMKDbL-
muz nokpumuii (em. ra. IX, 2-e usp., § 4, ynpammenne 17).

Cunencreue 1. Besakoe nodnpocmpancmeo KOMRAKMHO20 NPOCMPAH-
cmea pasKoMepusyemo.

CaepcreuE 2. Beakoe 10KQALHO KOMRAKMHOE NPOCMPAHCING) DAs-
HOMEPUSYEMO.

JlocraTrouno saMeruTh, YTO B CHIy TeopeMu Asekcampposa (ri. I,
§ 9, reopema 4) JOKAJbHO KOMIIAKTHOE IPOCTPAHCTBO TOMEOMOPHHO
HOOAIPOCTPAHCTBY KOMIIAKTHOTO IPOCTPAHCTBA.

Bameuarmue 2. OrMeruM, YTO MOKET CYIIECTBOBATH MHOTO
Pa3NUUHEIX PABHOMEDHHIX CTPYKTYp, COIJIACYIOIIWXCA C TOHOJOIHMeit
JIOKAJIbHO KOMIAKTHOTO MPOCTPAHCTBA.

Hanpumep, MBI BHeIIH, 9T0 B GECKOHEIHOM AMCKPETHOM IPOCTPAHCTBE
nMeeTCA HECKOJBKO Pa3JIMYHBIX PABHOMEPHBIX CTPYKTYP, COIJIaCyHOIMIXCHA
¢ IUCKpeTHOi Tomosorueit (§ 2, n® 2, 3aMeuanne).

OpgHako He cJeAyeT AyMarb, 9YTO eJWHCTBEHHOCTH paBHOMEPHOd
CTPYRTYDPHI, COFHaCYIOIHeﬁCH ¢ TomoJjorneit paBHOMEpPU3yeMOTro IpOCT-
paHCTBa, €CTh XapaKTepucCTmIeCKoe CBOMCTBO KOMIAKTHBIX OPOCTPAHCTB,
NMEeITCs1 JIOKAJbHO KOMIAaKTHhIE, HO He KOMIIaKTHbIe, IIPOCTPAHCTBA,
TaKKe ObJajialomye 5THM CBOMCTBOM (ynpaskHeHnue 4).

TrorEMA 2. Bcakoe menpepwignoe omobpascenue f romnarmHozo
npocmpancmea X 6 pasnomeproe npocmparcmeo X' pasHomepro He-
npepreuo.

B camom pmeite, oro6paskenne g=jf X f Henpeprsro Ha X X X (ra. I,

-1
§ 4, cnencrsue 1 mpemnoskenua 1) u moromy npoo6pas g (V') Becaroro
OTKpEITOr0 oKpys:kenus V' gusa X' (oueBugHO, Cofep/RaUUil JUaroHalb)
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ABAAETCA OTKPHTHM MHO:ecTBoM B X X X; TeM caMeiM Teopema 2
BHITEKAeT U3 TeoPeMHl 1, HOCKOJbKY OTKPEITEHE OKPY/KeHNA PaBHOMEp-
Hoit cTpykTypH mpocrpancTBa X' o6pasyoT QyHJAMEHTAJbLHYIO CHC-
Temy ee oxpyskenuit (§ 1, ciexcrBme 2 mpensokenus 2).

IIpn ycnosuaAx TeopeMs 2, cy:Kkenue f Ha J1i000e HOIPOCTPAHCTBO A
npocrpancTBa X PaBHOMEDHO HELPePHBHO; orciona (§ 3, Teopema 2):

Cagpcrsug. IIyemv A — 6ciody naomuoe nodnpocmpancmeo Kom-
naxmmnoezo npocmparncmea X u f — omobpasicenue A ¢ noanoe omdeaumoe
pasromephoe npocmparcmeo X'; 0aa mozo wmobs f npodoascasoce no
Henpepuignocmy, Ha 6cé X, Heobxodumo w Oocmamourno, ymobv | Gbao
DABHOMEDHO HENEPBLEHO.

2. Bomnarmmnocms pasHoOMePHHIX NPOCMPANCINE

Onpeneaenue 2. Paswomeproe npocmpancmeo X mnasweaemcs
npedkoOMNAKMHBM, ecau e20 omdeiumoe nonoanenue X KOMRAKMHO.
Mmnoocecrneo A 6 pasnomeprom npocmpancmee X Hasvieaemcs nped-
KOMRAKMHBM, ecAl PasHoMepHoe noOnpocmparcmeo A npocmparcmen

X npedromnarmmo.

Taxkum o6pasoMm, uTOOH MHOMKecTBO A 8 pPaBHOMEPHOM IIPOCTPAaH-
crBe X OHIIO NpeIKOMIAKTHEIM, HEOOXOJMMO U OCTATOYHO, YTOOH 3a-
MEIKaHHe B X MHOKECTBA i(A), rme i: X—X — kanonmueckoe 0To6-
paskenme, Goio KommaktauM (§ 3, caegcreue 1 npepnosxenua 18).

-

IIpumwmep. Bo scarom paBroMepHoM npocrpancTBe X MHOMKECT-
BO BCeX TOUGK KaKoi-mubo noctedosamenvrocmu Kowu (z,) npemxom-
naktHo. [leficTBETENBHO, TAK KAK 06pass TOUeK z, B X o6pasyior cuo-
Ba IOCJEOBATENbHOCTh KoM, TO MOMHO OIPAHUYHUTHLCH CIyYaeM,
xorja X orTennMo. 3aMbKaHde B X MHOKeCTBA TOUeK Z, COCTOMT TOT/1a
u3 Bcex z, u lim «, u, suaunr, komuarrao (ria. I, §9,n° 3, mpumep 2).

n—

TrorEMA 3. Jas mozo umoGw pasnomeproe npocmparcmeo X
6bi40 npedroOMNaKmHbIM, Heo6xodumo u Oocmamouno, umobu 0 6cs-
K020 okpyacenus V pasnomeproli cmpykmypsl npocmpancmea X cyuje-
CMeE06a0 KOHEUHOe NOKPLMUE 3M020 NPOCM PAHCINBA MHONCECMEAMU , Ma-
avmu nopadka V.
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HarnapgHee 3TO yCJOBHEe MOYKHO BLIPA3HTb, CKA3aB, 4TO CYIIECTBYIOT
KOHEeYHBIe OKPHITHA IIPOCTPAICTBA X ¢K04b y200H0 Masbiml MHOKECTBAMA _

ITycrs i — kamoHmWueckoe orobpasenme X B X; OKDYy/KeHHS
mis X cyTh TPOOGDPa3H OTHOCHTENBHO iXi OKPYMKeHHil mia X (§ 3,
npepioskenue 12). Urobsl nokazars neo6x00umocmy yCIOBUA TEOPEMH,
paccMoTpUM IPOM3BOJIBHOE orcpymenne U naa X u Takoe cuvMverpmd-

Hoe okpyskeHme U’ mia X, aro U’ c U; nockonbry X KOMIAKTHO,

CyW[eCTBYeT TaKoe KOHEUHO® 9YHCJIO0 TOYeK Z; € X, uro MHOMecTBa
U'(z;) (manpie Hopﬂmca U) o6pasyior norcpmme IIpOCTpAHCTBA X ;

TOTJA MHOKEeCTBa i (U’ (z;)) o6pasyior nokpsiTie IpocTpancTBa X MHO-
yKecTBaMM, MaJeiMu nopsanka V, rme V — mpooGpas U oTHoCHTENbHO
iXi. Hocmamounocmv ycinoBma TeopeMu OyjgeT yCTaHOBIEHA, €CJn
MBI TIOKaKeM, 4TO OHO BJeYeT CXOJMMOCTh KasKAOTO YIbTPadmiIbTpa

& B X; ® cuny nonmors X mocratouno HIPOBEPUTh, 9TO F eCTh husvmp
Rowu wnnm, unHade, 9To IJA KayKEOTO aMKHYmozo ORpymenus U
PaBHOMEDHOIT CTPYKTYPH IIPOCTPAHCTBA X B & cymecTByer MHOMKe-
cro, Manoe mopanka U (§1, cnepcrsume 2 mpepioskenua 2). Ilycrs
V — mpoo6pas U ormocumrenbHo iXi m (B;) — womeuHoe moxpsiTHe
npocrpancTBa X MHOMeCTBAMH, MAJBIMH IOpPAAKa V; MHOKeCTBa
C, =1 (B;) obpasyor moxpeTie mpocrparcTBa i(X) MHOMKecTBAMH,
ManmMu nopsaaka U, m, cienosaTesbHO, X—UC,, C Zpyroi cropo-

Hbl, TaKk Kak C;XC;,c U, a U sameayro B X x X, ToCchU
T. €. Bce C Tome majsl mopsaka U. A rax kak & — yJIpraqmanp,
TO OJHO U3 C ;npuranaesxar § (ra. I, §6, ciencrsue npensosenns 5).

Caencrsur. /Jlas moeo umobv paswomeproe npocmpancmeo X
66110 KOMRAKMHBLM, Heo6x0duMO U DOCMAMOUHO, ¥MO6E 0HO Gblio om-
deaumo, noaro u das aw6ozo okpyxcenus V e2o pasnomeprot cmpykmy-
Dbl CYWecme06ano Koneuroe ROKEPuIMUE 9Moz0 NPOCTNPAHCMEA MHONCECT-
eamu, masvimi nopsdra V.

JdT10 BHITEKaer m3 Teopem 3 7 1.

3aMevanuel. Heotnenmumoe keasuromnaxmrnoe IpoCTPAHCTBO He
BeeIZila paBHOMepHSyeMo, m0O He Bcerga yhomierBopsier aremome (Oyp)
(em. rar. 1, § 9, n° 2); manpuMep, GONBINNHCTBO HEOTHEITIMHX KBa3WKOM-
HAaKTHEIX IPOCTPAHCTB, BCTPEUAIOIIWXCS B airefpamueckoil reoMerpnu, He
yanosnersopser (Opy) (cM. ynpakaeHue 2).
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Meepnoskerus 1. B pasHomepnom npocmpancmee 6caKkoe NOOMHO
scecmeo npedKoOMRAKMHKO20 MHOHCECMBA, 6CAKOE KOHeuHoe 06Bedunenue
RPeOKOMNAKMHBLE MHONCECME U 3AMBLEAHUE 6CAK020 NPedKOMNAKMHO020
MHOKHCECBA ecmb NPedKOMNAKMHOe MHONCECTE0.

ITepsrie mBa yTBep:KAeHUs cpasdy ciaenyoT ua Teopemn 3. C gpyroit
cTOpOHH, nycth X — paBHOMePHOE IPOCTPAHCTBO, A — MPeSKOMIIAKT-
HOe MHOKeCTBO B X, [ — KaHOHHMYecKoe oroOpaskenue X B ero orme-

JmMoe monoiHeRme X ; Torga i (A) COmepIKuTCa B 3aMBIKAHHE MHOMe-
crBa i (A) B X (ra. I, § 2, Teopema 1); 8HAUAT, B CHIY IPEJIIOJIOMKE-
HIIA 3aMBIKaEme MHoskecTBa i (A)B X comepsxurca B KOMIAKTHOM MHO-
JKecTBe, a CIef0BaTeIbHO, KOMIAKTHO.

3ameganne 2. B paBHOMepHOM mpocTpancTBe X omHocumeabHo
Komnaxkmuoe MHOMKECTBO A npedkomnarmuo, H0O0 COHEPIKUTCA B KOMIAKT-
HOM MHOMkecTBe. Hamporms, name ecam X OTHeanMo, OPeIKOMITAKTHO
MHOMECTS0 Me 0653ameabH0 OMHOCUMEAbHO KOMRAKMHO B X, KaRk 93ToO
HOKasHBaeT cayuaif, Korja camo X HPEJKOMIAKTHO, HO He KOMIAKTHO.

Meemnoxenue 2. ITyemv fi X—Y — pasnomepro nenpepbighoe
omebpaxcerue. O6pas f(A) écaroeo npedkomnarmmozo muoxcecmea A us
X ecmv npedromnarmuoe mHodxcecmeo & Y.

B camom jeste, mycrs i: X—X u j: Y—>Y — ranonmueckme otoGpa-
swerust; Torma j (f(A) =f (i (4) (§ 3, mpexnomennme 15) m, sma-
qur, j(f(A)) oTHOCHTENBHO KOMIIAKTHO BY (ra. I, § 9, caepcrsue 1
TeOpeMH 2).

Meegnoswenue 3. ITyemv X — muoocecmso, (Y, )re L — cemelicmeo
pasHoMepHux npocmpancms u f, 0aa kaxcdozo A€ L — omobpadicenue
X 6Y,; nadeaum X caabeilweil us pasHOMEepHWLL cmMpPYEmMYp, RpU
romopux éce f, pasromepno nenpepvinsl. Jlaa mozo wmobvl MHOdHCECTB0
A 6 X 6vo npedromnarmubim, Heobrodumo u docmamouno, umobu
f, (A) 6vio npedkomnaxmuvim muoxcecmeom 6 Y, 0aa kaxcdozo A€ L.

B cuny mpepjioykenus 2 yciaoBMe HeoOXO[mMO; a HPHHEMAs BO
BHUMAHNE XapaKTepU3anuio OTHEJIMMOI'0 TOIOJHEHUs HPOCTpPAHCTBA
X, namnymo B npepyoxkennn 18 § 3, yciaoBue mocraroyHo Ha OCHOBAHUN
teopeMnl Tmxomosa (ri. 1, § 9, cnemcreue rTeopemn 3).
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3. Bonnarmmnvie MHONCECMEA 6 PAEHOMEPHOM
npocmpancmee

Crenytommee nmpemjioskeHde YTOYHAET, B JIIOGOM PaBHOMEPHOM IIPOCT-
parcTBe, npemioskenne 2 § 9 ra. I o KOMIAKTHEIX TPOCTPAHCTBAX.

[Meennoskenne 4. Iycme ¢ pasHomeprnom npocmpancmee X Oanw
KoMRakmuoe mHoxcecmeo A u samkHymoe muosxcecmeo B makue, umo
ANB=g. Tozda cywyecmeyem orpymenue V das X makoe, umo
V(A)nV (B)=g.

B camom jgesie, B IPOTUBHOM CiydYae HY OHO U3 MHOKECTB A %7(3),
rge V npoGeraer Bce cuMMeTpUYHEIE OKpPY:KeHUA 1A X, He ObIO GH
IyCcTO; 9TM MHOKecTBa oOpasoBeBanu Ob TOrma 6asuc ¢umabTpa B A,
obnajaromuii roukoit mpuxocHoBenua z, € A. Tawkum obpasom, maa
11060T0 CHMMETPUTHOTO OKPY:KeHUs V paBHOMEPHOH CTPYKTYPH IIpo-

3
crparcTBa X MHOKeCTBO V(z,) mepeceramoch 6w ¢ B, OTKyzAa, B CHIY
3aMKHyTocTH B, cienoBaio 6w, 4To z, € B, B mpoTUBOpedne ¢ NPeRIo-
JIO}KEHEM.

Caencreue, ITyemv A — kKomnarmHoe MHOKNCECE0 8 pPABHOMED-
nom npocmpancmee X ; muoxcecmea V(A), 20e V npobezaem mrosxcecmeo
ecex okpydxcenuli dan X, obpasyiom @GyHIGMEHRMANLHYIO CUCTEMY OK-
pecmmuocmetl mHozucecmea A.

B camom pesne, mycts U — mpousBOTbHAS OTKPHITAS OKPECTHOCTH
mHOMecTBa A; torna B=CU BsaMKHyTO W He Iepecekaercs ¢ A; mo
IPeIJIOKeHUIO 4 CymecTByeT Takoe okpymenne V, uro V(A)NV(B)=;
torja, TeM 6Gonaee, V(A)c U, u yTBep:KIeHWe CIEACTBHUA [JOKA33HO.

4. Césa3nvle MHONCECTNBA 6 KOMNAKIMHOM NPOCINPAHCIEe

Ourepenenue 3. yemov V — cummempuunoe okpyscerue 043 pagro-
Mmeprozo npocmpancmea X ; KoHeunas nocaedosamenvHocme (T;)o <i<n
meuer uz X nasvieaemcs V-yenvio, ecau mouku x; u x;,, 64usku nopaora
V das arwbozo i (0 < i< n); mouku xy u x, Hasvieawmes Konyamu V-yenu,
nputem 2080paNt, WMo oxu coedunenv amoi V-yenbvio.
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[Tycts mamo mpomsBOJbHOE CHMMETPHYHOE OKpY:KeHMe V; Kak Jer-
KO NPOBEPUTH, OTHOIIGHU® «CYIIECTBYET V-Iielb, COGAUHANINAA L 1 Y»
€CTh OTHOLICHHE DKBUBAJIGHTHOCTH MeXIy £ ¥ y B X; nyctb A, y —
KJIACC 9KBUBAJEHTHOCTY TOYKM Z 110 3TOMY OTHONIEHWIO, T. €. MHOKECT-
BO Bcex T0ueK Yy € X, KOTOPHIe MOT'YT OBITH COCHHEHE! C £ TOCPE/ICTBOM
V-nenn. flcao, aro ecin y €4, v, o V(y)= A, vy, TaK 94T0 MEHOKECTBO
Ay, v OTKDPHTO; HO ero [OIOJHEHWEe, ABIAsACH 00BeUHEHNEM KJacCOB
9KBUBAJEHTHOCTH, TOKe OTKPHTO. TakuM o6pasoM, uMeeM:

IIrepnoskesue 5. B pasnomepnom npocmparcmee X MmHodxicecmeo
Ay, v mex mouer, Komopuie moeym Obimb coeduHenb, ¢ AMHOU MOUKOL &
nocpedcmeom V-yenu, omrpumo-samknymo.

O6osHaunM wepes A, Aas Kakmoro £ € X mepecedeHNe MHOKECTB
A, v, tme V mpobGeraer MHOMKECTBO BleX CHMMETPHYHBIX OKPY»KeHUIl
PaBHOMEPHOH CTPYKTYPH mpocrpancTsa X; 9T0 — KJacC d9KBUBAJIEHT-
HOCTHW TOYKY Z [0 OTHOIIEHWI0 YKBUBAJEHTHOCTH «/1Jist JI0O0T0 cuMMeT-
puunoro okpyskenus V cymectByer V-menb, coejlMHANIIAA Z U I».

Hpepnoxerue 6. B komnarxmuom npocmpancmee X c8asnas Kom-
NOHENMa MOUKU X, MHOKHecmEo A, U nepeceienue 6Cex OMKPbIMO-3aMK-
HYmBLL OKpecmHuocmell mouku x cosnadaiom.

HocraTouno mokasatb, 4T0 4, c643K0; B caMOM jiene, B J0GOM pas-
HOMEPHOM NpocTpancTBe X CBA3HAS KOMOOHEHTA TOUKH X COAEPIKMUTCA B
HepeceYeHnr BCeX OTKPHITO-BAMKHYTHIX OKDECTHOCTeH 9TOil TOUKW, a
HoCJ/Ie[Hee B CBOI0 OU€peNb CONePIKUTCS B A, B CHIY OpPeiioKeHnnsd .

[Ipepnmonoxum, 4to A, He CBA3HO; NOCKOJNLKY A, samkHymo, cy-
MeCTBYIOT HENyCThie 3amkHymuie MHOKecTBa B m C Ge3 o0Imux ToYeK
raxume, aro BU C=A,. o npenio:enno 4 Torja CymecrByer Takoe
oxpyskenne U nan X, uro UB)NU(C)=¢; nycrs W — omrpumoe

OKDY:KeHue, AjA KOTOpOro Vi7 c U, v H — samkrymoe MHOMKeCTBO, J10-
nomaureabnoe ¥ W(B)U W(C) 8 X. Ilpenmonoxmm, Hampumep, 4ro
z € B, u paccMoTpuM TouKy y € C; Kak Jerko ybequrbcsa uHAyKIued no
i, naa awboro cmMMmerpmuHOro oKpy:xenus V < W Bcakaa V-mens
(£)o< i< n, coepuuaomasn xuy 8 X, 6ymer, no setbopy W, neobxonumo
cojeps:KaTh no Kpaiinei Mepe oy Toury u3 H. Ho mo npeanonosxenuio
TOYKUW Z M J MOTYT OBITh COeJUHeHH V-mennio, KAaKOBO Obl HE GHLIO CHM-
Merpuunoe okpy:kenwme V. Canenosarenvuo, nusa V. W umEomecTBo
HN A,y genycro. Cpgpyroit cropoant, ecan V' <V, 1o, ouesmjino,
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A, v < A, v; saaunt, MHOxecTBa H ) A, v, rne V mpoGeraer Bce cum-
MeTpUYHBIE OKPYKeHus 1A X, 06pas3yior B KOMIIAKTHOM IIPOCTPAHCTBe
H 6asmc ¢pmibTpa, COCTaBIEHHH U3 3amknymblx MAoKecTB. Ciemosa-
TEJNbHO, CYIIECTBYeT TOYKA, IIPWHAJIEKANIas BCEM 3TIM MHOKECTBaM,
HMHBIME CJIOBAMH, 00IIas TouKa MEHOKecTB f u A ; TaK KaK 9T0 IPOTUBO-
peunuT onpegeneHuIo MHOMKeCTBA H, mpefiloyKeHue TOKA3aHO.

CaepcrBue. Iycmv X — 10KQALHO KOMNAKMHOE NPOCMPAHCME0
u K — ezo KoMUaKTHAS céa3nas komnonenma. T'ozda omrpuimo-samkny-
mule okEpecmHocmu muozcecmea K o06pasyiom yrndamenmarvryio cucme-
MY €20 okpecmmuocmel.

B camom fesne, nycrb V — OTHOCHTENbHO KOMIAKTHAA OTKPHTasA
okpectHocTs MuOkectBa K B X (ra. I, § 9, mpepsioskenne 10) u F — ee
rparma. Ilycts U © V — MHOMeCTBO, OTKPHTO-3aMKHYTO€ OMHOCLU-
meavio V; Torga U samkayTo B X, W ecim, Kpome Toro, U He mepece-
raerca ¢ F, 1o U orkpuro B X, u6o torna U <V u U OTKPHTO OTHO-
curennsao V. Taxum o6pasoM, Bce CBOAUTCA K I0Ka3aTeIbCTBY TOTO,
yTo B V CyIIECTBYeT MHOMECTBO, OTKPHTO-3aMKHYTOE OTHOCHTENBHO V |
conep:xaniee K m He mepeceratomeecss ¢ F. [IpenmonoxuM mnporws-
HoOe; TOTHAa IepeceveHus ¢ F MHOMKECTB, OTKPHITO-3aAMKHYTHIX OTHOCH-
teasHo V 1 comepsxamux K, ofpasyior B F 6asmc ¢mabrpa, cocros-
OWi 13 3aMKHYTHIX MHOJKECTB; IOCKOJBKY F KOMHAKTHO, 9TU MHO-
JKECTBA JIO/YKHB MMeTh OOIIyI0 TOYKY y € F; HO 5TO HEBO3MO3KHO, U160
V — komMmakTHOe mpoCTpaHCTBO, K — ero cBSA3HAA KOMIIOHEHTa, W B
CHIY IPeJIO/KeHMs 6 nepeceueHe BCeX OTKPHTO-8AMKHYTHX B V MHO-
mecTs, comepskammux K, coBmamaer ¢ K. TeMm caMBIM CJeiCTBHE [0-
KazaHo.

Ipepnoxenne 7. Iyemv X — womnaxmroe npocmpancmeo u
R — omnowenue sxsusasenmmuocmu ¢ X, Kaaccamu KOmopozo cayxcam
cesnvie Komnonermur npocmparcmea X. Toz0a gparxmopnpocmparncmeo
X/R Komnaxmmuo u énosHe HecésasHo.

Mpor ysxe snaem (ra. I, § 11, upepnosenue 9), aro X/R BnoJne me-
€BABHO; BC@ CBOAWTCA K JOKasareabetBy omdeaumocmu X/R (va. 1,
§ 10, npepnoxenne 8). Ilycts 4 mw B — jiBe pa3iuvHbIe CBABHBIE KOM-
DOHEHTH TPOCTPAHCTBA X; B CHNY OPOVIOMKEHHs 6 CyLIecTByer Takoe
oxpymenue U nna X, uro um oxma Toura ud A He MOKer OHTH coeiu-
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Hena U-mensio HE ¢ ofHo#l Touroit m3 B. Ho MoxectBo V (coors. W)
Bcex Touek us X, coegmEUMEX U-1ensio ¢ Toukoit £ € A (coots. y € B),
OTKpHTO-3aMKHEYTO0 B X (mpenmoxkenue D) u copepxur A (coors. B);
TaKEM 00pa30M, HTH MHOKECTBA SBJIAIOTCS HEIEPECEeKAIOMUMUCH OT-
KPHTEIMH OKPECTHOCTAME COOTBETCTBEHHO MHOReCTB A 1 B, HaCHIIeH-
HBIMI 00 R, ¥ mpefjiosKeHWe [0KAa3aHO.

Yupasknengs

*1) IIycrs R — OTKPHTOE MOKPHITHE KOMIAKTHOIO MpocTpaHcTBa X
IOKa3aTh, 9TO CYMECTBYeT Takoe oKkpy:keHnue V naa X, aro V(z) npu aobom
z€X cojiepsuTcA B HEKOTOPOM MHOMKeCTBe, IpuHajuesxameM . [3ame-
TuTh, 9ro npu Jobom z€ X cymecTByer okpyenue W, naa X, Taxoe,

°TO I?Vx () comepKUTCS B HEKOTOPOM MHOKecTBe H3 IR, M UOKPHTL X
KOHEYHHIM 4HCJIOM MHOMecTB W, (z).]

2) Jlns toro 4ro6H KBaSHKOMOAKTHOE NPOCTPaHCTBO X OBLIO paBHO-
MepnsyeMbiM, HeOBXOJAMMO M [OCTATOYHO, 4TOOH ero Tomojgorns Gbuia
OpooGpasoM TOIOJNOIMH KOMIAKTHOTO IPOCTPAHCTBA Y OTHOCHTE]bHO
CIOPBEKTHBHOTO oToBpamenusa f: X—Y.

3) llycrs f — HenpepsiBHOE oToOpaskeHe KOMIAKTHOTO IPOCTPAHCTBA

® X B KOMIAKTHOE MPOCTPAHCTBO Y W V — TaKoe OTKPHTOE OKPY/KeHWe AJls
X, gro f(z)=f(y) Bueder (z, y) EV. [lokasaTh, 4T0 CyIeCTBYyeT OKpPYKeHNe
W nasa Y rtakoe, uto ye (f(z), f(y)) € W Bueuer (z, y)E€V.

4) Iycrs X — IOKaJbHO KOMIAKTHOE IPOCTPAHCTBO, OIpeielleHHOe
B ynpakuesnu 12 § 9 ra. 1. ITokasaTh, 4TO BCAKAA OKPECTHOCTD UATOHAIN
A B XXX comepur MHO)KeCTBO BHAa [z, b] X[z, b]. BuBectn oTtciona,
9T0 B X HMMeeTcsA TOJBKO OjIHA paBHOMepHAA CTPYKTYpa, COTIACyoIascs
¢ ero TOMOJOrHeH, Il YTo nonojHeHHe X HO 3TOH paBHOMEPHOH CTPYLTYpe
OTOMJIeCTBIMO ¢ HHTepBanoM X '=|a, b], HajeneEHNM Tomosoruei & (X').
[3ameTuTs, 9T0 BesAKmi yabrpaduasTp B X HeoOXOmUMO ABJAETCA QUIbLT-
pom Hommn B m06oit paBEOMEpHOH CTPYKType, COIJACYIOIEHCs ¢ TONO-
norweii mpocrpancrea X.)

5) Jlas Toro urobH paBHOMepHOe NPOCTPaHCTBO X OLLIO IIpeJiKOM-
DAKTHBIM, HEOGXOJUMO M [OCTATOYHO, 4TOOH BCAKLI yabTpaduibTp B X
6bi1 gunbrpom Komm. [[lna jokasareabcTBa [OCTATOYHOCTH 3aMETHTh,
aro ecin X He IpeJKOMIAKTHO, TO CYIIeCTBYeT TaKoe OKpyKenune V mna X,
uro MHO:KecTBa CV(r), rje z mpoberaer X, nopoxkpawT ¢uiastp B X.]

6) IlycTh BeCAKAs IOCAEQ0BATE]IBHOCTh TOYEK PaBHOMEPHOTO IpO-
crpancTBa X WMeeT B HeM N0 KpaiiHefi Mepe OfHy IpeleNbHYI0 TOYKY.
Iokasars, uto X npearomnaxtao. [Paccy:kpaTh oT npoTHBHOTO.]

7) MHOKecTBO A B paBHOMePHOM NIpocTpancTBe X HashBaeTcs ozpa-
Huuennum, ecin JboMy OKpy:KeHHIO V aia X MOMHO OTHECTH KOHeY-

n
Hoe MHO}KecTBO F u uenoe n>0 takue, uro A C V (F),
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a) OGuejuHeHMe JIBYyX OrpAHMYEHHHIX MHOMKECTB OrpaHHYEHHO. 3a-
MBIKaHWe OIDAHHYEHHOI'0 MHOMKECTBA OTpPaHNYeHHO. Beskoe npegxoM-
NAaKTHOE MHOKEeCTBO OrPaHHYEHHO.

6) Ecau f: X—Y paBHOMEDHO HeIpPepHIBHO, TO 06pas mpH f BCAKOTO
OrpaHMYEHHOTO MHO}KecTBa 13 X €CTh OrpaHMYEHHOE MHOKECTBO B Y.

B) Jlaa Toro uTo6H HOJAMHOKECTBO NPOMBBENEHUS HENYCTHX pPaBHO-
MEepHBIX IIPOCTPAHCTB ORIIO OTpaHMYEHHHM, HEOOXOMUMO M JOCTaTOYHO,
uTOOR Kask/jas ero npoexnns Oblja orpaHUYeHHA.

r) Iycrs Ry A m060r0 CUMMETPHYHOTO OKpY:keHNA V paBHOMepHOI
N n
CTPYKTYpPH OpoCTpaHCTBA X O3HAUaeT oOBefHHEHHe BCeX MHOMecTB V ¢

measiMu n>0; W01:23aTh, 9T0 Ry, OTKPHTO-3aMKHYTO B X X X M uT0 (B 060-
sHAueHNAX n° 4) Ry (x)=A4, v Aaa awboro z€X. yers Ry=XXX paa
KaKJ0r0 CHMMETPUYHOTO OKpY:KeHHA V (4TO, B YAaCTHOCTH, CIPAaBEJINRO,
xorga X CBA3HO); NOKA3aTh, YTO Jijif OTPAHWYEHHOCTH MHOMecTBa A X
Heo0XO0fINMO T JIOCTATOYHO, WTOOH s KAMKIOIO CHMMETPHIHOTO OKpYsie-

n
Hus V B Kam0r0 2o € X cymecTBOBANO TaKoe neioe n>0, ato 4 < V (xy).

8) Hycrs X — paBHOMEpHOE HPOCTPAHCTBO, V — BaMKHYTOE OKpYysKe-
HAe jyia X u A — KOMIDAaKTHOe MHOKecTBO B X; HoKasaTh, 4ro V(A4)
samrryTo B X. [CM. ra. I, § 10, caemcrBue 5 Teopemn 1.]

*9) ITycts X — JIOKQALHO KOMIIAKTHOE NPOCTPAHCTBO, HajleJeHHOO
pPaBHOMEDHOM CTPYKTYpOH, coriacyiomefica ¢ ero TOMOJOrmeldl N Takoii,
4T0 CYHIeCTBYeT OKpy#Hienue V, nis koroporo V(z) OTHOCHTEIbHO KOMIAKTHO
B X npm moboM z€X.

a) ITokasatb, uTo X NOJHO B 9TOH PaBHOMEPHON CTPYKTYpe.

6) Iycrs U — Takoe CHMMeTpUYHOe OKpYsKeHHe ;s X, 4To [2] cV;
mokasaTs, uTo U (A) OTHOCHTEJIbHO KOMIAKTHO B X BMmecTe ¢ A.

B) IToxasare, uro X napaxomnakrao. [Mcnonsaosats 6), ylpasKHeHne
7 m Teopemy 5 § 9 ra. 1.}

r) Ilycrs W— Taloe saMKHYTOe CHMMETPHYHOE OKpY:KeHie nis X,

9To V2Vc V; norasarn, uto W(A) saMkayTo B X 1asa n1060ro 3aMKHYTOTO
muOMecTBa A w3 X. [McnoapszoBars ynpamuenue 8.]

10) Mlyets X — oTnenmMoe paBHOMePHOe OPOCTPAHCTBO, 001a/a0Iee
OxpyskenneM V takuM, 4to V(z) npeaxomnaktao mpi jawoGoM z € X. Toxa-

3aTh, YTO HONOIHeHHEe X npocTpaHcTBa X JOKAIBHO KOMIAKTHO U YIOB-
JeTBOPAET yenoBUAM ynpaskHenus 9. [Iloxasars, uro ecam W — oTKpriToe

3 —

CIMMeTpHUYHOe OKpYy:KeHwe nja X rakoe, aro W < V, 1o ero sambikanne W
B X X X ofnajaer TeM CBOHCTBOM, 9T0 W(z) KOMNAKTHO NI aobomz€ X .]
*11) Ilyers X — orgeanMoe paBROMEepHOe HPOCTPAHCTBO, U — ero
paBHOMepHAA CTPYRTYypa H & (X) — MHOMKECTBO BCEX HENYCTHIX BAMKHY-
THIX TIOJIMHOKECTB IIPOCTPAHCTBA X , HaTleJleHHOe PABHOMEPHOI CTPYKTY poit,

IHAYUHPYeMOii paBHOMepHOH cTpyKTypoit 4 yopaskaenua  da § 1.
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a) TloxasaTh, 9to ecam X mpegkoMmakTHo, To § (X) OpefiKOMIAKTHO.
[MTorasath, uro ecan (A;)—KOHeYHOe HNOKPHITHE OPOCTPaHCTBA X MHO-

JKeCTBAMY, MaJBIME HOpsxKa V (rne V cuMMeTpnuHo), TO MEOKecTBa V (B),
rie Bj,— BCeBO3MOMKHBE 00Be/[UHEHNS MHOMKECTB A;, 00pasylT IOKpHTHe
npocrpanctBa § (X).]

6) Iaa Toro 4robs TOUKa A €3 (X) obnagana TeM cBoHcTBOM, 4TO
peAKas ee OKPeCTHOCTh B TONOJNOTHHU, HHAYIHWpYyeMo# B T (X ) TomoJoTHei
o (‘Té), cofiepsKkasia ee OKPECTHOCTh B TOLOJIOTUH, WHAyIUpyeMoil B & (X)
romonorneit Jg (ra. I, § 8, ynpaskuenne 12), HEOOXOANMO M JOCTATOYHO,
uTo0sl A OBLIO MPEKOMIAKTHO.

B) ITokasatb, uro B MHOecTBe § (X) BCOX KOMIAKTHHIX TNOAMHO-
ReCTB MPOCTPAHCTBA X TOMOJOIUH, WHEYHHpYeMbie Tononorasmu J (U) n
T » COBNAJAIOT. [MicnonssoBare 6) m ympaxmemme 5 § 1.]

*12) a) Ilycrs R —mexoropas OyineBa axareGpa, ofpasoBaHHas mof-
MHOKecTBAMH MHOkecTBa 2. HasKmoMy KoHewHOMY pasOmeHMmI0 o= (4;)
MHOKeCTBa Q, COCTOAMEMY 13 MHOKEeCTB, IpHHAMIEKAIMUX R, COUOCTABIM
B QX Q MHOKeCTBO Cw =U(A,-><A,-). ITorasars, uro Muosectsa C, 00-

L

pasyloT (YHAMEHTAILHYIO CHCTeMY OKDYMeHHH HeKoTopoit orjemmMoii
paBHOMepHO#l cTpyKTypH B Q. Ilomommenwe 2 mpocrpancTBa Q mo sroit
CTPYKTYpe eCTb BIIOJIHe HECBABHOE KOMUAKTHOE MPOCTPAHCTBO; IS TOrO
9TOGE MHOMECTBO U3 & ObLIO OTKPBITO-3aMKHYTO B Q, meobxommmo u
7I0CTATOYHO, YTOOBI OHO OBLIO BH/A A rge A €R. TlokasaTs, 9T0 Ar—>A4
ecTh Takoe GHeKTHBHOe 0TOOpasKeHme 6yJ1eBon anre6per R Ha MHOMKeCTBO
BCeX OTKPHITO-BAMKHYTHIX TOJMHOMKECTB TPOCTPAHCTBA &, 9TO CA=c4,
AUB=AUB n ANB=4ANB. B cayuae, korla R, — IpPOH3BOIBHAA
6ynesa anreGpa, a R — GyneBa anrebpa, msoMopgHas ainrebpe momMHO-
7KeCTB MHOKECTBa € BceX MaKCHMAalbHBIX IpefduabrpoB u3 R, (ra. I,
§ 6, ynpaskuerne 20), moKasaTh, YTO KaHOHHYeCKoe orofpaskenme Q— O
OMeKTIBHO, HHBIMU CJIOBAMM, 9TO Q KOMNIAKTHO.

6) Iycts X — oTmesnMoOe TOIOJOTHYECKOE IIPOCTPAHCTBO, OTKPHITO-
3aMKHYTBIE IOJMHOKECTBA KOTOpOro oOpasynor 6asmc ero TONOJOIHI,
TIpumem 8a R GymneBy anre6py, 06pasoBaHHYI0 BCeMH OTKpBITO-3AMKHYTHIME
MHOMecTBaMu W3 X; TONONOTHA, HHAyIUIpyeMas B X TOMOJOTHEH IIOHOJi-
Hemns X mpocTpaHcTBa X TIO paBHOMepHOi crpykrype U, onpefeleHHoi
B a), COBHAjjaeT ¢ HCXOAHOM Tonosorneil npocrpanctea X. Kpome toro,
MaKcUMalbHbie dJeMEeHTH MHOKecTBa BceX ¢umiabTpoB B X, obmapmaomux
GasmcoM W3 OTKPHTHIX MHOMKECTB, W MHOKecTBa BceX (HUIBTPOB B X,
obnanaromux 6asmcoM U3 B3aMKHYTHIX MHOMKECTB, ABJIAOTCA (UIbTpamMu
Komm paa 9. BriBecT: OTciofia, 4TO CYINECTBYIOT HeNpepHIBHEIE CIOPBHEK-
THBHBIE 0TOOparKeHUA @: X—>X w p: X'—X Tomomormuecknx TIPOCTPAHCTB
X um X', onpepiesieHHEX B ynpakHernsax 26 u 25 § 9 ra. 1. °Tlokasats, 4ro
ecin X — panmoHambHAA IpaMas Q, To orofpamkenme Y He OHNeKTHBHO.,
Ecnn X axcrpemanpHO HecBasHo (ra. I, § 14, ympasmemue 21), 10
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fueKTHBHO, a X BKCTPEMAaJIbHO HECBA3NO I OTOMK/IECTBIIMO € HOJyperyJsip-
HBIM IIPOCTPAHCTBOM, aCCOLUUPOBAHHbM ¢ X' (ra. |, § 8, yupasxkuenne 20);
TAKUM 06pa3oM, SKCTPeMAJbHO HECBSSHbHIE TNPOCTPAHCTBA MOTYT OHITH
0XapaKTepH30BaHH KaK BCIOJY IIOTHHIE HOANPOCTPAHCTBA YKCTPEMaJIbHO
HeCBABHBIX KOMIIAKTHHIX IpOcTpaHCTB. [lonydnuTh oTcioja npuMep BKCTpe-
MaJIbHO HECBABHOTO KOMIAKTHOTO NPOCTPAHCTBA Ge3 M30aMPOBAHHBIX TOYEK
[em. ra. I, § 11, ynpamrenne 21e]. B wactHOCTH, eciTil B3sITH B KadecTBe X

IMCKPETHOE NpPOCTPAHCTBO, TO X OTOKMECTBHTCS C NPOCTPAHCTBOM BCeX
yabrpadunsrpoB B X (ra. I, § 9, ynpasmuenne 27).

13) Myers X — NOKaNbHO KOMIAKTHOE LPOCTPAHETRO, U — OTKPH-
TOe MHOeCTBO B X, B — o0beAnHeHNe MHOKeCTBA U U BCeX OTHOCHTEIHHO
KOMIAKTHBIX CBAISHBIX KOMIIOHEHT ero jomnojHeHns CU; mokasaTs, 9ro B
OTKpHITO H ABasieTcs obbepunerneM U n Tex nogMuomects na €U, Koto-
prie OTRpHITE 1 KoMnakTaL B CU. [[Torpysnts X B ero KoMDaRTHYUKALIIO
Anexrcanjpoa X' =X |J {m}, 3aMeTHTh, 9T0 B X' — U ¢BABHOH KOMIIOHEH-
Toif TouKIl @ cayxnT {}(JCB, n BOCHIONb3OBATLCA HpefIoenneM 6.]

14) Mycrs X —xomnakrroe npocrpancreo u B — Gasne rasrpa B X,
00pa3oBaHHHN CBA3HEIMI 3AMKHYTBIMII MHOMKECTBAMM; IOKA3AaTh, 4TO (He-
NycTOe) HepeceYeHMe BCeX MHOeCTB n3 B ecTh CBA3HOE B3aMKIyTOe
MHOeCTBO. [Paccympath OT NpOTHBHOrO, HCIONB3YA TpeIoKenne 4
otoro maparpaga u teopemy 1 § 9 raasm I.]

15) Ilyerb X — KeMIAKTHOE 0pPOCTPAHCTBO; TOTAA MPOCTPAHCTBO (X)
BCeX ero HemyCThIX B3aMKUYTLIX HONMHOMKECTB, HA/JeleHHOe TOLOIOTHe,

nEAynEpyeMoit tonoaorueii 7 (U) (yopaskgenue 11), 6yger KoMODaKTHBIM
(ra. I, § 9, yopamneuue 14). PaccmoTpuM B HeMm yaerpadnaprp ¥ n
TDE/ULOJIOMUM, 9TO ISl KAAAOr0 OKPYseRus V PABHOMEDHONH CTPYKTYpH
opocrpanctsa X o Kamporo X €Y cymecrsyer Takoe M E¥, uro mobuie
ABe TOYKH u3 M coepunuumb V-nenbio, copepskameiica B M. [TorasaTs,
aro apepea A ¢uastpa ¥ B § (X) ecrb crasHOe MOMHOKECTBO MPOCTPaH-
crBa X. [Ipumennts npenmomenune 6.]

*16) ycts X — cBA3HOE KOMIAKTHOE NPOCTPAHCTBO, A u B — Hemy-
CThle 3AMKHYTHe MHO;KecTBa B X Ges obmmx rouex. [lokazars, uto cyme-
CTByeT CBA3HAasA KOMIOHeHTa MHOKecTBa € (A |JB), uMeomas TOUKH
npurocuoBennst B A u B B, [IIycrs U — tanoe okpyKeHme PaBHOMEPHO

CTPYKTYpPH mpocTpaHcrsa X, 4T0 IzJ(A)ﬂ E(B):z. IMokasaTs cnepta,
uT0 MHOKECTBO (Y, BCeXx CBABHLIX KOMIOHeHT MHOKecTBa C (U(4)y U(B)),
IMCIOTIIIX HemycToe Nepecedenne n ¢ U(A) m U(B), He 0YCTO; [0KA3aTh
AJis DTOTO, 9TO AJA KAaMKAOIO CHMMETPUYHOTO OKpyKeHus W U cyme-
ctByOT 2 € U(A), y € U(B) u coepunsiomas ux W-umenb, BCe OTIMYHEE OT
¥ Uy TOYKH KoTopoii npmmagnemar C (U(4)U U(B)); upuMeHATs 3aTeM
yupasknenne 15. [ToxasaTh, 9TO [Js Kaioro oxpyesns VC U Besaxoe
mHOKecTBo K €Y, copepsxnt Hexoropoe MHOMecTBO H €My, n uro MHO-

$KEeCTBO SJtU, y Beex HEM,, comepmamuxcs B MHOKecTBe K €Ny,
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3aMKHYTO B § (X); BaKJII0YUTH OTCIONA, YTO Nepeceyenne MHOMKECTB U, v
rae V npoberaeT Bce OKPY:KeHHA, comepaumweca B U, He Oycro.]

17) Ilyects X — CBABHOE JIOKAJBHO KOMIAKTHOE NmpOCTpaHCcTBO. [lo-
KasaTh, uYTO [JA I000T0 HENyCTOr0 KOMIAKTHOrO MHOMKectBa K m3 X,
OTIHYHOTO OT X, BCAKAS €ro CBA3HAA KOMIIOHEHTA MMeeT HemyCcToe mepece-
uenne ¢ rpannneit K 8 X. [HcnoassoBars cuexnctsime mpeniiomenns 6.]
BriBecTu orciofa, 4TO AJA J000r0 HENYCTOrO OTKPHTOTO OTHOCHTENBHO
KOMIIAKTHOTO MHOKecTBa A u3 X, oTaAHYHOTO OT X, BCAKAA €ro CBA3HAA
KOMIIOHEHTa HMeeT 110 KpaifHeli Mepe OAHY TOUKY NpPHKOCHOBenus B CA.

*18) a) ITokasaTn, 9T0 CBA3HOE KOMIAKTHOE IPOCTPAHCTBO X He MOMKET
6LITh O0BeMHeHNEeM CUeTHO-OeCKOHEYHOTO MHOKECTBA HENYCTHIX MONapHQ
He [epeceKalomIixcs 3aMKHYTHX MEOecTB. [Paccy:xpars or mporuBHOro!
C IOMOIIbI0 ynpaskHenus 17 noxkasartk, 9ro ecan (F,) — cueTHo-GecKoned
Hoe pasbueHme IpocTpaHcTBa X, COCTOAIIEe U3 3AMKHYTHIX MHOKeCTB, TG
CYIEeCTBYeT CBA3HOE KOMIAKTHOe MHOKecTBO K, He Iepecexaomeecs ¢ Fy, HO
nepecexaiomeecss ¢ GeCKOHEYHEIM WHCIOM MHOKeCTB F,; paccMoTpeTs mis
3TOT0 CBABHYI0 KOMIIOHEHTY KaKoH-1u60 TOYKH H8 F, OTHOCHTEIBHO KOM-
NaKTHOH OKPECTHOCTH MHOMecTBa F,, He Nepecekaiomeiica ¢ F,. Paccymx-
IATh 3aTeM 110 WHIYKIMIL]

6) PacnpocrpaHmTh pesyabraT a) Ha caydall CBABHOTO JOKAJBHO
KOMIIAKTHOTO NpPOCTpaHCTBA X, CHeJaB OJHO M3 CAEAYIOIIUX [ABYX [OIOJ-
HUTeJBHEIX Hpejnonoenuii: 1) HekoTopoe F, KOMHAKTHO N CBfSHO,

2) X noxanbHO cBA3HO. [B mepBoM ciydae cBecTd K a) € IOMOHIBIO YIIPask-
nenna 17.]

°B) IIycts X — mopmpocrpancTBo B R3, aBusiomeecss o0be[lHEHTEM
nopupocrpascts 4,, B, C,, rtme A, — noaynpsmse z>0, y=1/n,
z=0 (n=1); B, — maTepBassl 2n < z < 2n+2, y=0, z=0 (n=0);
C,—MHOXKecTBa, OIpeJie/IeHHNe COOTHOMeHUAMH z=2n+ 1, 0<<y<
<t/n+1), z=yly—1(n-+1) (n=0). [lokazaTs, 970 X JOKAILHO
KOMIIAKTHO, CBSIBHO W ABJfercs o0beMHEHHEM CYeTHOTO ceMelicTBa mo-
napHO He IepeceKalMIXCA CBA3HHIX 3AMKHYTHX IOMIPOCTPAHCTB.,

*19) T'oBopAT, YTO CBA3HOE KOMIAKTHO® NPOCTPAHCTBO X Henpugodumo
MeJK/Iy AIByMs CBOUMH TOYKAaMHU z, y, ecid B X He CYIECTBYeT OTIMYHOTO
oT X CBA3HOIO KOMIAKTHOIO MHOKECTBA, COMePKAINero & M y.

a) ITokasarp, 9TO 1A AI00BIX ABYX Pa3JHYHHX TOYEK Z M y CBSASHOIO
KOMIIAKTHOTO wpocTpaHcrBa X B X cymecTByeT HEIPHBOANMOE MEKIY I y
CBsI3HO® KOMIAKTHO® ofmpocrpanctso K. [Mcmonb3oBaTs ynpaxkaerne 14
u teopemy LlopHa.]

6) IloxasaTrh, 94TO CBsi3HOE KOMIIAKTHOe NPOCTPAHCTBO, HMelomiee IO
KpaliHeil Mepe JBe pas3iMIHbIe TOYKY, He MOKET OBITh HeNPHBOJIIMBIM MEKIY
Ka/RApIMA IBYMA cBouMH ToukaMmu. [McmomssoBath ynpaskuenue 17.]

B) IIycrs X — cBA3HOE KOMOAKTHO® IPOCTPAHCTBO; IIPENIIOIOMKEM,
4970 CyIlecTByeT TouKa ¢ € X, NMewINasA CBA3HYI 3aMKHYTYI0 OKpPeCTHOCTh
V, otamunyio ot X. Ilokasarb, 94T0 masa M0GHX aByX ToueK z 1 y n3CV e X
CYLIeCTBYeT CBA3HOE KOMIAKTHOe MHOKECTBO, COjeprKalliee z H OJHY H3
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TOUeK a uav y, Ho ne obe. |McunoussdoBarn ynpamnennme 17.] TTpn Tex ke
NPeJoJoeHIAX (I0Ka3ATh, YTO, KAKOBb Ow HM Onuu rpu pasnuHdHbie
TOYKN %, y, 2 UPOCTPAHCTBA X, OHO He MOMKeT OLITh OJHOBPEMEHHO Hedpa-
BOJIUMO MEKAY U y, MEIKIY y N z U MEXKIY 2 U Z.

*20) ITycts X — cBA3HOe KOMIIAKTHOE [TPOCTPAHCTBO, L — MHOMKECTBO
Bcex Todek us X, obnamaromux GyHAAMEHTaJbHOU CHCTEMON CBSIBHBIX OK-
pecrHOCTell; Toukn u3 S = CL HABHBAITCA CuHeysipHBLMU TOYKAMHU LPO-

o
crpancTBa X . Toukn BEYTpeHHOCTH L MHO;KecTBa L B CBABHBIE KOMIIOHEHTHL
MHOReCTBa § HA3BIBAIOTCA NPOCMLLMU COCMASAAIOW UMY OPOCTPAHCTBA X,
a) Ilycte A — HemycToe OTKPHITOe MHOMKecTBO B X, oramuHoe oT X,

K — cBA3HAaA KOMIIOHEHTa ero 3aMblKaHuA A u F — 3aMbIKaHue MHOMKe-

crBa A [)CK; mokasats, uto ecan A (K ()F He Oycro, To Bce ero Touknm
cuarynapas. Ecan t@ANKNF, 1o cBA3Haa koMOoouweHTa Q Toukn z B F
nmepecexkaercss ¢ CA. [PaccmarpuBas Toury w3 CK, COuepIKaInyncs B

V (z), 0 ee CBABAYI0 KOMIOHEHTY B A, NOKABaTh ¢ LHOMOIIBIO Yl payKHEeRNs
17, 4T0 MHOKECTBO BCeX Toder u3 F, COeJIHIMEIX ¢ z OCPEACTBOM V-lienn,
coniepsxamieiica B F, nepecekaercs ¢ CA.] BeiBectw orcioma, 4ro npocrasa
cocraBagoman P, cogepskamas z, nepecexaercs ¢ €CA. [3amerurs, uro P
COMIePIKAUT CBASHYI0O KOMIOHEHTY TOYKH z B Q1 A, 1 HCIONb30BATh yHpasK-
Henwe 17 B OpUMeHeHNM K CBABHOMY KOMIAKTHOMY IpocTpancrsy Q u
OTKpHTOMY MHOKecTBY Q14 B 3TOM DpocTpaHCTBE.]

6) BrerBectn u3 a), 9ro ecam P — WpOCTasi COCTABAANIMAA TPOCTPAHCTBA
X, To mobas ee okpecTHOCTH U COmepIKUT CBS3HYI0 OKpPeCTHOCTh. [Pac-
CYM[IaTh OT IIPOTHBHOIO.]

B) Ilycts V — cmMmerpuunoe okpyskemme faA X; o6osHauum uepes
V' MHOKecTBO Bcex Tex map (z, y) Touexk u3 X, A KOTOPHX CYMECTBYeT
V-mens, coeguHALIIAA & W y, BCe TOYKH KOTOPOH, KpOMe, MOKeT OBITb,
z n y, cunrynaapas. Korga V mpoleraer MHOKECTBO BCOX CHMMETPHYNBIX
OKpYy:KeHUll nia X, cOOTBETCTBYIOIINE MHOKecTBA V' 06pasynT gyHpamen-
TaJbHYI0 CHCTEMY OKpPYMeHHH HeKOTOpol (BooOmme roBopsA, HEOTHeIAMMoil)
PaBHOMEDPHOH CTPYKTYpH B X; mycTh X' — acCOLUMPOBAHHOE OT/E]IHMOe
OpOCTPAHCTBO; NOKA3aTh, 4TO HpooGpaswl TodeK u8 X' OTHOCHTENLHO
Kanornyeckoro oroOpa:enus X — X' cyTh OpOCTHE COCTABIAIIME UpPO-
crpancrBa X. IIpocrpaHctBo X’ (KOMIAKTHOE ¥ CB3HOE) Ha3hIBAaeTCS
npocmpancmeom npocmux cocmagasowuxr hpoctpancTBa X. [lokasats,
ur0 X' sokaavho ceasno. [WcmonssoBars 6) 1 npemiomxenne 8 § 10 ra. 1.

°r) IIyerb (r,) — DOCHE0BATENbHOCTs BCEX pPALMOHAJBHBIX 4mced,
copepsxamuxcsi B J0, 1], pacmonoskeHHNX B KakoM-iumbo nopsmke. Iia

KaUK/I0r0 nppanuonasbaoro z n3 [0, 1] momommm f (2)="$'2" " sin 1/(z—r,).
p n
id

[Mycrs X — sammkanue B R? rpadura ¢yuknnn . [lokasaTs, 9to X cBazHO
U HeNpUBOAMMO Mempay Ttounamn ¢ abcmueccamu U U 1, HO UMeeT TOABKO
OJHY LUPOCTYI0 COCTaBJAKINYIO. ,

Byp0Oakn



PABHOMEPHBIE CTPYKTVPH! TJT 11,8 &4

°21) TMlycrh X — JOKAJbHO KOMIOAKTHOE [ONANPOCTPAHCTBO LPO-
crpanctBa R2, ofGpasoBaumoe Toukamu ({/n, y), Tne n — neaoe =1, a
—1<y<1, u rouramn (0, y), rie —1<<y < 0, mibo 0 < y << 1, mbo
y=2. Ilycts § — oTHOmeHWe SKBUBaJIeHTHOCTH B X, KiIaccaMdm KOTOPOro
CHy’KaT CBA3HEE KOMIOHEHTH npocrpamcrBa X. [TokasaTsh, 4To (paxrop-
HpocTpancTBo X/S HeoTneldwmMo.

22) [TokasaTh, 4TO BCAKOE BIOJHE HECBABHOE KOMIAKTHOE MPOCTpPaH-
ctB0 X roMeoMOpP(HO NPOEKTUBHOMY Ipefielly HEKOTOPOH IPOeKTHBHOM
CHCTEMH KOHEYHHIX MHCKPETHBIX MpocTpaHctB. [PaccMoTpeTh KOHEYHEIE
pasbuennst npocTpaHcTBa X HA OTKPHITEIe MHOKeCTBa W HCHOOJb30BATh
cuexcTBHe TpeyioKenus 6.]

#23) Ilyertb X m Y — 5OKalbHO KOMIAKTHHIE NPOCTPAHCTBA W
f: X > Y —ClOpBeKTHBHOE OTKPHITOe HelpepHBHOE OTOGpaskeHMue.

a) IToxasars, uto f(C)=K [isa Kamaoro CBA3HOI'0 KOMIAKTHOIO MHO-
sectBa K 13 Y u ni000il KOMIAKTHONW CBA3HOI KOMIOHEHTH C ero mpo-

-1
obpasa f(K). [CBectu K cayuar, korna K=Y, ¥ UCHOAb30BAThH CIE[CTBHE
npennoskenns 6.] °JlaTh mpEMep HEKOMIAKTHON CBA3HON KOMIOHEHTH C’

-1
MHOKecTBa f (K), masa xoropoit f(C') # K.,
0) [pepnoniosum emme, 9To Y J0KaabLHO cBA3HO. [lokasaTs, uro f(R)=U
I1g KQKIOTO OTKPHITOTO CBA3HOro MHOMKecrBa U m3 Y u jo6oil oTHOCH-

-1
TeJbHO KOMIAKTHON (B X) CBA3HON KOMIOHeHTH R ero mpoo6pasa f(U).
[3amernTs, 9TO B JOKANBHO CBABHOM JIOKAJbHO KOMIAKTHOM IIPOCTPaH-
cTBe BCAKOEe OTKPHITOe CBSI3HOE MHO3KecTBO U ecth o0befuHEHHE BCEX ero
CBA3HHX KOMDAKTHBIX [OJMHOMKECTB, COJiep/KamuX 3agaHHYI0O TOYKY
yo€ U; npmMenuth 3aTeM a).]

B) IIpegnonokum eme, uro X JoKaJbHO ¢BA3HO. IlokasaTh, uTo ANA
BCAKOIO CBABHOTO MHOKeCTBA K m3 Y, ABIAOMErocs OTKPBITHIM, IA00
KOMIIAKTHBIM C HENYCTOH BHYTPEHHOCTHIO, W KaKJA0r0 KOMIAKTHOIO MHO-
sectBa H m3 X cymecTByeT TOJNBKO KOHEYHOE IMCJI0 CBFBHBIX KOMIOHEHT

MHOKeCTBa fl(K), coepramunxcsa B H. [UcnonwsoBats a) u 06).]

24) Ilycts X — JIOKANBHO CBASHOE JOKAJbHO KOMOAKTHOE HPOCTPaH-
¢TBO, Y — oTmeamMoe npoctpaHcTBo, f: X — Y — menpepsiBHOe oTobpa-
JKeHUe u r— TaKasA TOYKa U3 X, 970 DOAWPOCTPancTBO f~ 1 (f (x)) mpocrpan-
crBa X BHosnne HecBABHO. [lokasars, uro korga U npoberaer ¢ynpamen-
TATLHYI0 CHCTeMY OKpecTHOCTell TOYKH f(r) B Y, CBA3HBIE KOMIIOHEHTH

-1
TOYKH z B MHO:KecTBax f (U) o6pasyiorT GyHIAMEHTANbHYO CUCTEMY OKpecT-
HocTell Touku z. [Paccy®aarh OT IPOTUBHOTO, HCNObL3YS ynparKkHenne 14.]



UCTOPHYECKUN OYEPK

K TJIABE 11

(Pumckue tmdpH oTHocATea K Oubanorpadmu, moMemeHHON
B KOHIIE HACTOSIIETO OYepKa.)

OcHOBHBIE NOHATHA U NPEAJIOKeHHs, OTHOCAI(UeCH K PABHOMEPHHM IIpO-~
CTPAHCTBAM, BHIABJIAJNNCH B TeOPHN BeIIECTBEHHHIX TMepeMEHHHIX IOCTeNeHHO I
TOJABKO B HeJaBHee BpeMs CHeJajuch O0BEKTOM CHCTEMAaTHYeCKOTO H3y4eHNA.
Komm, B nomckax crpororo o0ocHOBamns Teopuu psfoB (cM. Vcropmdeckue
ogepkm k ra. [ m [V), npmEAn 3a oTnpaBHOH MYHKT TpeiCTaBAABINNICA eMmy,
OO-BUAUMOMY, OYEBHAHBIM, HPUHIUI, COTJIACHO KOTOPOMY [JA TOro, 4TOOH
0OCJIel0BaTeNbHOCTE (a,) ObIa cXonsmieiicsi, HeOOXOMNMO M JIOCTATOYHO, ITOGHI
lan+,—a,| 6BLIO CKONb YrOHO MaJO OJAA BCEeX NOCTATOYHO Ooapmux n (CM.,
ranpumep, (II)). Bmecre ¢ Bonbuauo (1), on Obis, HECOMHEHHO, O{HUM 13 HepPBHX,
KTO ABHO cHOpMYynMpoBan STOT UPHHNWI H MOHSJ €ro 3Ha4eHNe; OTCIOAA W Ha-
3BaHUe «1ocienoBaTenbHOCTE Homm», nanHOe HOC/IeA0BATEIBHOCTAM BeIeCTBEH-
HBIX 9HCeJ], YAO0BIETBOPAOINM [PHBEIeHHOMY BHINE YCIOBMIO, I pacupocrpa-
HEHHOe Ha MOCJIeN0BaTeJbHOCTN TOYEK MeTpHYecKoro mpocrpaHcrBa (ria. [X),
obianaiomue TeM CBOHCTBOM, 9TO pPACCTOSIHNE MEKAY Z,4, U Z CKOIb YTOIHO
Majo MpH JI0CTaTOYHO OOJBIIOM n; OTCIOJA, HAKOHel, HasBaune «puiasTp Hommy,
nanHOe 0600mennio nocinenoBartenbnocteit Komn, n3yzaBmemycsa B 310if rnase.

Korna B panbHeiinieM nepecraju yAOBJIeTBOPATHCS WHTYUTHBHEIM HOHATHEM
BeleCTBEHHOTO YMCJIa W B [EeJAX HaneKHOro 060CHOBAHNSA aHAJN3a CTAJIN UCKATDH
onpefieJieHNe BEMECTBEHHBIX 4nces, OTOPABJIAACh OT panMOHAJBHHX 9HCelN, KaK
pas npuanun Komu npusen &k manbosiee 0J0J0TBOPHOMY W3 OIpefeseHNil, npea-
JOeHHHX Bo Bropoil moionHe XIX Beka; MBI mMeeM B BHJY omnpejesierue Hau-
Topa (I11) (pasBnToe nmo upesm KaHTopa, Hapany ¢ ppyrumu, Taxmke Leitne (V) a,
Oes coMHeHuA HesaBUCAMO, Mepa), COTVIACHO KOTOPOMY KamKmoill mocienoBaTesb-
soctn Homwm («pynnamenTtanbHO# mocienoBaTedbHOCTHY HO TepMuHOJornm Kam-
TOpa) panMOHAJBHBIX YHCE] CONOCTaBIAETCA BelleCTBEHHOe 4HCJO0, MpUYeM OJHO
1 TO Ke BellleCTBEHHOe YHCJI0 OTHOCUTCA JBYM nocjaefoBaTenbHOCTAM Homm pauno-
HAJBHHX 9ucen (a,) U (b,) B TOM W TOJBKO TOM Cly4ae, Korja |a, —b,| cTpeMutTcsa
K "yano. OcHoBHAsA HIes COCTOWT 3JleCh B TOM, 4TO C W3BECTHOH TOUYKNM 3peHMH
(a MMeHHO, HA CaMOM fieJie, ¢ TOUKU 3PEHNs «PAaBHOMEPHOH CTPYKTYphl», olpene-
JdeHHON B 3TO# raiaBme, § 1, n° 1, mpumep 1) MHOXKecTBO Q BCceX panMOHAJNbHBIX
9ncesl «He MOJHO» 1l MHOKE.TBO BeTeCTBEHHBIX 4ACeN €CTb (IOJH0e» MHOKeCTBO,
nojgydaemoe [yTeM «UoHONHEeHUA» Q.

9%
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C ppyroit cropomnl, T'eiiHe B paGoTax, B 3HAYMTEJBHON CTEeHW HaBEeSHHDIX
uneamn BeifepmTpacca m Kantopa, BuepBhe onpeeln paBEOMePHYIO Hell pephiB-
HOCTD /15l UACNOBBIX YYHKOMA ONHOH UM HECKONBKAX BEIIECTBEHHHIX HepeMen-
mux (IV) n goxasan, 9To BCAKas 4ucaoBasf GYHKINA, HeIpepHBHAA HA OTpaHU-
9eHHOM BaMKHYTOM WHTepBajde m3 R, paBHOMepmno HempephiBHa (V) («Teopema
Teiine»). [To Teopeme 2 § 4 3TOT pesynbraT CBA3aH ¢ KOMOAKTHOCTBIO BAMKHYTOTO
orpanuueHHOro murepsaia B R («reopema Bopens — JleGera», ra. IV, § 2, Teo-
pema 2; cMm. Ucropnueckne ouepkn k ra. I m IV), u nansoe I'eiine mokasaTenbcTBo
€ro TeopeMbl MOMKET TaKKe ¢ HeKOTOPHIMH BHION3MEHEHHAMNA CIAYKUTH AJA [OKa-
3aTeAbCTBA TeopeMhl Bopenss — Jlefera (4TO MOKA3aioCh HEKOTOPHIM aBTOpaM
NOCTATOYHEIM OCHOBAHWEM [J HAHMEHOBAHWA nocjegHell «reopemoir TIeline —
Bopeusay).

Pacnpocrparenue sTux mjeir Ha Gojiee 00mue OPOCTPAHCTBA HAYAJNOCh HOCIe
TOr0, KaK CTaJu M3y4aTh, CHAYaJa HA YACTHHX CIyYasXx, a MOTOM B 00IeM suje,
MeTpudeckne nopocTpaHcTBa (cM. ra. [X), rme sagaHo paccTosHMe (4HCIOBas
QYHKONA 1ap TOYEK, YHXOBJIETBOPAIIIASA HEKOTOPHIM aKCHOMaM), ONpeseJisiomes
cpasy U TONOJOIHI0 U PAaBHOMEDHYI0 CTPYKTYypy. Dpemre, KOTODHIA IepBHIM jan
obmee onpefeneHne STHX NPOCTPAHCTB, MOHAJN BasKHOCTh mpuununa Kommu (VI)
W [0KAa3al TaxKe JJiA METPHYECKHX NPOCTPAHCTB TeOPeMYy, PaBHOCHALHYIO Teo-
peme 3§ 4 (VI) m (VII)); Xaycnopd, KOTopslil B cBoeit MoHorpaduu «<Mengenlehres
((VLII), cm. raxme (VIII bis)) paeko mpogBHHYN TEOPHI0 METPUYECKHX HpPOCT-
PaHCcTB, YACHWI, B 9aCTHOCTH, 9T0 K STUM IPOCTPAHCTBAM NPHMEHHMO OLICAHHOE
Bblle mocTpoeHne HaHTopa, W HONYYHJ TAKUM IIyTeM U3 KAKAOTO (HEMOJIHOIO»
MeTpUYeCKOro IPOCTPaHcTBa (T. e. IPOCTPAHCTBA, B KOTOpoM npuHnun Komu e
BBLIIIOJHAETCA) (IIOJHOE» MeTpUuecKoe MOpPOCTPAHCTBO.

Merpuueckrne OpOCTPAHCTBA — BTO (PABHOMEPHEI® OpPOCTPAHCTBA» CIeld-
anpHOrO THOA; B 0oOMmeM BAje pABHOMEPHEIE NpPOCTPAHCTBA OBIIM OIpe/eseHbl
aumb HepaBHO A. Beitnem (I1X). J1o 3TOro HOHATHA H pes8yJbTATHl, OTHOCAIIHECH
K ¢PaBHOMEPHBIM CTPYKTYpam», yMmMead HPHMEHATb TOJBKO K METPHYECKHM OPO-
CTPAHCTBAM; 9T0 U 00BsACHSET Ty BAKHYI POJdb, KOTOPYI MeTPHYECKHE HJM Me-
TpusyeMble OPOCTPAHCTBA (B YaCTHOCTH, MeTPU3yeMble KOMIAKTHbIE LIPOCTPAHCTBA)
WIPAlOT BO MHOTHX COBpeMeHHhX paboTax IO TONOJOTHH B BOOpOCAX, Ihe pac-
CTOsHUe B JIeCTBATeILHOCTH COBE PIIEHHO He HYKHO. [Tocae Toro kak onpesenenie
PaBHOMEPHOTO MPOCTPAHCTBA cHOPMYIIPOBAHO, HE HPEJCTABIAET HUKAKOrO TPyaa
(ocofenno pacmomaras Takie DOHATHeM (QUIbLTPA) PACHPOCTPAHATL HA TA MpO-
CTpPaHCTBA HOYTH BCIO TEOPWMI0 METPHYECKHX IPOCTPAHCTB B TOM BHIe, KAK OHA
n3JI0MeHa, HanpuMep, y Xaycnopda (1 TOYHO TaK 3Ke paclupocTpaHuTh, HAalpuMep,
Ha BCe KOMIAKTHBIE POCTPAHCTBA DPe3Y/BLTATH, H3JIOMKEHHbIE [Jisi METPHYECKAX
KOMOAKTHEX OpocrpancTB B «Tomomormm» Amercampposa m Xonda (X)). dto n
C/leJlaHO B HACTOAIIEH I'iaBe; B YaCTHOCTH, TeopeMa O MOIOJHEHHU paBHOMEpPHLIX
mpocrpascts (§ 3, Teopema 3) mpeficraBasier co00il He 9TO HOE. KAK LepeHeceHne
Ges xKaxmx-1u60 CyIMECTBEHHBIX H3MEHEHWIl KAHTOPOBCKOIO LOCTPOEHHA BeIECT-
BeHHbIX 9HCell, -
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YKA3ATE/Ib TEPMIHOB

Axrcuoma Bopeas — Jlebeza

— Xaycdopga. . . . . .

Ausercandposa  KoMnarmu-
Ppurayus. .« o o . -

— meopema. . . .« « - ..

Accoyuuposannas ¢ gﬁu/me-
pOM MOROAOBUL « - « - .

Accoyuuposannoe ¢ pasmo-
MepHUM  RPOCMPAHCM-
oM ombeaumoe pasHo-
MepHOe  npOCMPAHCmMEo

Basuc monoaoeuu. . . . .
— duavmpa. . . . . .
Bauskue nopadka V mouku
Bouaee cuavhas pasHomepHasn
cmpyEmypa. . « « - -
— — monoaoeus. . . . . . .
Boaee cuavhull guavmp. . .
Bopeas — Jlebeza arcuoma

Bepznas epanb MHONecmea

DPAasHOMEDHWEL CMPYKMYP
— — — monoaozuil. . . .
Bsaumno HenpepulgHoe 0mo-

6pasxcenue. . . . . . RN
BrewHocmbd MHoMecmea. . .
BrewHnsas mouka. . . . . ..
Brympennocms MHOMCECMEA
Brympenuas mouka. . . . .

L e i il

_ O e

[\ © SN

no

P )

n°

- w

=N N

w ot

DO =

Bnoane HecessHoe mHodxcecm-
60, npocmpancmeo
Bcwdy naomuoe MHOICECME0

lomeomopguam. . . . .
Iomeomopgrve monosoeu-
yecklUe npocmpancmea. .
I'paruya muoxcecmsa. . . .
I'panuunas mowka. . . . .

Huckpemhas pasHomepHas
cmpyEmypa
— monoAoZUR. . . . . . ..
Hucrpemhnoe pasHomephoe
npocmpawcmeo. . . . . .
— monosozuyeckoe
cmpancmeo. . . . . .

Bamknymoe MHONCECMEO. o .

— omHoweHUe oKeuUBaA-
AEHMHOCTU. « « « « .
— omobpadcerue. . . . . .

— nokpwmue. . . . . . ..
BamvikaHue MHONCECMEA. . .
8nauenue pocmra omobpa-

JCeHUA 6 MOUKe. . . . . .

H30aup0sannas moura. .

Hsomopusm pasHomepHozo
npocmpaHcmea Ha pag-
HOMepHOe nPOCMPAHCMB0

Haomopprtie pasHoMepHble
npocmpatemea. . . . .

Tm § n°®
111 5

1 6
1 11
I 11
1 1 6
I 16
I 1 1
I 11
I 1 1
I 11
I 1 4
I 5 2
I 51
I 1 4
I 1 6
I 610
1 16
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Huodyyuposannas paesHo-
MepHAA cmpyrmypa. . -
Hnoyyuposannuii  guaromp
Huuyuaavras pasnomepnan
CMPYEMYpPa. . .« o . .
— MONOA0ZUR. « o o v o .

Keasuxomnarmmoe MHO-
Jcecmeo. . . . . . ..
— npocmpancmeo. . . . .
Keasumarcumansvras mo-
nOAOZUA. + « - .« . . .
Koamozoposckoe npocmpar-
cmeo. o
Komnakmugurayus Aaser-
randposa. R
Komnaxmmnoe muoxncecmso. .
— npocmpancmeo.
KomnoHenma ceasras. . . . .
Kowu nocaedosameavrnocmeo
— kpumepull. . « « « . .
— PUABMP. . o e e e e

Kpumepuii Kowu. . . . .

JokasvHo samrknymoe MHO-
aHcecmso.
— KOMNAKmMHOe npPOCMPAaH-
cmeo . . . . . e e
~— KOHeuHOe ceMelicmeo. . .
— C6s3H0e nPOCMPAnCcmeo. .

..... .

Maos opupyemas pasnomep-
Has cmpykmypa. . . . .
w— monosoeuf . .. . .
M axcopupyemni dusvmp. .
Mawopupyowas pasHo-
MepHas cmpykmypa. . .
— monoaoeus. . .
Maxopupyrowuli  guaemp
Manoe  nopadra V muo-
Weemeo. . . . . . .
Menee cuavnas pagHoMep-
HAs CMpPYEMypa. . . . .
e = MON0A0OCUR. o « s 00 o

-

VHKABATEJIb TEPMUHOB

.1

Tm. § n©°
n 2 4
1 6 5
2 3

2 3

1 9 3
1 9 1
1 2 yup. 6
11 ynp. 2
1 9 8
1 9 3
[ |
111 5
n 31
3 3

1 31
n 3 3
1 3 3
I 9 7
I 15
111 6
n 2 2
1 2 2
1 6 2
nm 2 2
I 2 2
I 6 2
31

Im 2 2
1 2 2

Menee cuavnuii guavmp.
Munumanvnwii Ppuavmp
Kowu. . .. .. L.
Mummae-Jleggaepa  meo-
pexa. . . . .
Muoscecmeo enoaie He-
ceagnoe. . . . . e e
— 6c0dy niomHoe. . « o o .
— BAMKHYMOE. . . . + o .
— K6A3UKOMNAKMHOE. . o .
— KOMNAKMHOe. . . . . . .
— JA0KAAbHO KOHeuHOe nod-
MHONCECME. . . . . . .
— Masoe nopadra V. . . .
— KaK  HOcumeab mMOnNo-
A02UHeCcK020 NPOCP AH-
cmea. . . . . o .
— OMEPBINOE. + . v o o . . .
— OMmMHOCUMeAbHO KOM-
nakmHuoe, OMHOCUMeNLD
HO K8ABUKOMNAKMHOe.
— naommoe. . . . . e
— npedKOMNAEMHOE . . o« « .
— CBA8HOE. . . . . . . .
— COBepULEHHOE. . « o « . .
— duasvmpyloweecn. . + o .
— oSgeMeHMAPHOE. . « . . .

Henpepuienoe ommocumens-

HO nodnpocmpancmea
omobpadicenue. . . . .

— omobpadxcenue. . . . . .
Huocnas epanv MHoxwecmea
monoaoeuit. . . . . .
Hocumeav pasHoMepHOZ0

npocmpancmeéa . . . . .
— mMOnoA02UYECKE020  npoO-

cmpancmea. . . . . .
Ob6pasyrowyuz monoso2ul

cucmeMa. . . . . .

— uavmpa cucmema.
OkpecmHocms  MHONECMEA,
QUKW o e s ¢ o o o o o

11

11
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VKABATEJIL TEPMUHOB

Oxpecmuocms  nopadka V
MHONCECTBA . . . . . .
Okpyxcenue  pasHomepHol
CIMPYKMYPBL. « « « « »
— CcuMMempPUUHOE. « . . .
Omlesumas  pasHomepHas
cmpykmypa. . . . . - .
— MONOAORUR. . . « «v . .

Omdeaumoe omHOULeHUe OK-
eusasenmuocmu, . . . .
nonoAHeHue  pasHoMep-
H020 RPOCMPAHCMEA. . .
pasHOMepHOe NpOCMpPan-
cmeo, accoyuuUpOBaHHOe
¢ pasHoOMepHbM npo-
cmpancmeom.
monoaozueckoe

npo-

CMpPAKCMEO. . . « « « . .
Omrpuimoe MHOKHCECMEO. . .
omuowenue oxeusa-
AEHMHOCMU. . « « + o »
0moGPANCEHUE. « o 0 s«
nokpemue. . - . . . . .
OmmnocumeavHo  K8ASUKOM-

nakmHoe MHOMNCeCMEo. .
— KOMRAKEMHOe MHONCECME0
Omnowenue sKeusaseHm-~

nocmu omdeaumoe. . . .
— — saMKHYMOe, OMEPH-

moe.
Omoé6pascenue

63AUMHO He~

npepHeHOE. . « v+ & . .
— BAMKHYMOE. « « o o o o
— HENpepbiGHOL. « + o o o
— OMEDPBIMOE. - « « v « &
— pPasHOMeDHO Henpepuls-

HOE. . . o« o o &« « «
— cO6epuieHHOe. . . . . . .
O moax decmeaenue mouer

xaxcPozc kKaacca  9KEU-

BAACPHMMHOCIU. « . « - .

Hapaxom nakmmnoe
€mpancmeo.

npo-

ra. § o°
Im1 2
11 1
nm 11
Im 1 2
1 8 1
1 8 3
3 7
1 3 8
1 8 1
1 1 1
1 5 2
1 5 1
I 1 1
1 9 3
1 9 3
1 8 3
1 5 2
1 2 1
1 5 1
1 2 1
1 5 1
Im 21
110 1
1 3 4
I 9210

llepeceuenue guaompos. .

[ romHoe muoxecmeo. . .

[Iodnpocmparcmeo a0KEaAL
HO 3aAMEHYmMOE. . o .

— pasHOMepHO20 npo-
cmpancmsa. . . .

— MOn0.402U4eCK020  NpoO-
cmpancmea. . . . . . .

okpuumue samknymoe. . .

— omkpbumoe. . . . . L.

loanoe pasHomeproe npo-
cmpancmeo. . . . . . .

[onoanernue omdeaumoeo
PABHOMEDHOZO npo-
cmpancmaa. . . .

— PpasHoOMepHO20 npo-
cmpancmea. . . . . .
Iopooscdennan MHOKHCEC M-

60M  nOOMHOICECME MO-

noAo2UA. . . .« . . . . .
— pasHomepHOU cmpyrKmy-
poii monoaoeus. . . .

[opoxcdenroii  mnoxcecm-
60M nodmnoxcecms
duavmp. . . . . ..

Hocaedosameavrocms Kowu
— czodawasnca. e
IIpeden nocaedosament-
HOCU. . - - - . . .
npoexmusH sl paeno-
MeDHUZ npOCMpPancms,
DPABHOMEDHBLL CMPYKEMYP
— MONO0A02UNPCKUT NPO-
cmpatrcms. monoaozuil. .
pocmka omobpaneHus. .

— duavmpa, 6asuca
fuavmpa. . . . . . .
— @PyHKYUU 6 mouke 0MHO-
cumeabHo noommo-
HECMBA. . . « « o . . .
- = no guavmpy, GYHk-
yuu no guasvmpyroue-

Mycs MHONCecmey, pocm-
KQ OMOOPANEHUR o o

r'n

ot o

n
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11
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IIpedesvnas moura PGynk-
yuu no gusempy. . . . .
ITpedromnarmmoe
dcecmeo, nPOCMPAHCMBO
IIpumumuenoe  mHOMCeCM~

Ipunyun npodoadceHuR
moocdecms. . . . . Co
IIpodoascenue  omobpadce-
HUS N0 HenpepHeHOCMU
IIpoussedenue pasHoMepHbuZ
npocmpancme,  pasHo-
MePHBEL cmpyEmyp. .
— MOnoAOZULeC KUZ npo-
cmpanems,  mono.aozull
— duavmpos. . . . . . .
IIpoo6pas pasHoMepHOL
cmpyEmype. . . . .

— monosozuu. . . . . . -
ITpocmpancme pasnomepHbiz
npouseedenue. . . . .

— cymnma. . .
IIpocmpancmeo
HO 3aMEHYMOe.

abcoarom-
8NOAHE HecessHoOe. . . .
docmudcumoe. . . . . o .
KOAMOZODOBCKEOE. + « « o o

KOMNAKMHOE. + « o o o &

— Jundesega. . . « o o

— 0KALbHO K6a3UKOM-
nAKMHOE.. . . . . o + .

— — Komnarmwoe. . . . .

— — —, CuemHoOe & Oec-
KOHeuHoCmu. . . . .

— — C6A3HOE. . . . . . .

MUHUMAADHOC, o« o« o o o

oOmOerUMOL. « « o o o .

VHKABATEJHL TEPMUHOB

Ta. §
I 7
I1 4
17
yup.
1 8
1 8
JIT2
I 4
I 6
1 2
I 2
I 2
I 2
I 9
yop

I 11
I 8
yup.

I 1
yup.

I 9
I 9
yop

I 9
yop

I 9
I 9
I 11
I 9
ymp.
I 8

n°

3

. 15

. 30

>

ra. ¢
IIpocmpancmeo omdeaumoe
DasHOMepHOe, accoyuu-
DOBAHHOE C PABHOMEDH bLM
npOCMpP aAHCMEoM IT 3
— napakomnakmuoe. . . » 1 9
— noamnoe. . . . . . I3
— noaypeeyasproe . 1 8
yup.
— npedkomnarmmoe. . . . . I 4
— pasnomepuayemoe. LI 4
— pasHoMepHoe. . . . . . . II 1
— payuonaavhoe n-meproe 1 4
— peeyaspHoe. . . . . . I 8
— c6R3HOe. . . . . P O V|
— CO08epULeHHO omoeau-
Moe. . ... . .. ... I 9
yop.
— cybmakcumaavnoe , , , 1 8
ymp.
— monoaozuyeckoe. . . . . . I1
— — K@K HOCUmeAsb pasHO-
MmepHo2o npocmpancmea 11 1
— yabmpapezyasproe , . 1 8
yop.
— yavmpagusvmpos o , . I 9
yop.
— zaycdopgoso. . . . . . I 8
— orcmpemanvno Hecessnoe 1 11
IIpamasn payuonasvuasn. . . 1 1
ITyankape — Boavmeppa
meopema. . . . I 11
Pasnomepusyemoe mono-
A02UNECKOe  MPOCMPaH~
cmeo, pasHoMepUsye-
Mmas monoaoeus. . . . . I1 4
Pasnomepro  Henpepuisnoe
omobpajcenue. . . . . LIT2
Pasnomepnoe npocmp ar-
cmeo. . . . . . [ § R |
Pasrnomeprnvle cmpykmypet,
cozaacyowuecs ¢ mono-
aoeuel. I 4

n.

[
w O

_ N R e = P

21

22



YHA3ATEJIb TEPMAHOB

I'm § n°
Pasbuenuli xoneunsx pasHo-
mepras cmpyrmypa. . . 11 2 2
Paspewumoe npocmpar-
emeo. . . . . . ... L1 2
yop 11
Payuonaavras npamas. . . 1 1 2
Pezyasprnasn monoaceus. . 1 8 4
Pezyaspnoe monoaozue-
ckoe npocmpancmeo. . . 1 8 4
Pocmok MHOJCECMEA N0
guaempy. . .. . .. I 6 9
— omobpadxcenus  MHOdNCE-
cmea 6 mouke. . . . . I 610
Cea31a% KOMNOHEHMA Moy~
KU, MHONCecméa. . . . . I11 5
Ceasnoe MHONCECMBO. . . 11 1
— npocmpancmeo. . . . . . I11 1t
Cemelicmeo A0KALbHO KOHeu-
moe. . . . . . .. .. L 15
Ceuenue wenpepwignoe. . . . 1 3 5
Cummempuunoe okpysxcenue. I1 1 1
Cucmema 06pasyrwyuz
duabmpa. . 6 2
— — monosozuu. . . . . I 2 3
— npoekmusHas — nOOMHO-
Hecms. I Mpua. 1
— — pasHOMEpHBZ  npo-
cmpaxcme,  pasHoMep-
HBLZ cmpYEMYp. . . . . n 217
— — IMOnOA0ZUYECKUL
npocmpancme, Monoao-
eutt. . . . . .. ... 1 1 4
— Pyndamenmasvuas  Ok-
pecmuocmel. . . . . P B |
— — oKpywcenul. . Im 1 1
Craeusarle MHONCECME, MO-
nosoeUtec KU npocm-
paHcme. . . . . . ... b 25
Cosepwennoe muoxcecmeo. . 1 1 6
— omobpaxcerue. . . . . . 110 1
Coomeemcmeue  cogepuien-
Hoe. . . 110
yaop. 10

CpasHumbie  pasHoMepHble
cmpyKmyp .
— monoao2uu. . . . .
— duavmpu. . . . .
Cmpyrmypa  pasnomepnas
p-aduveckas. . . .
Juckpemuasn. . . . .
unlyyupoeannas. . .
KOHEUHBL 0 MED bLIMbE
nokpumul. . . . . . .
— — pasbuenult. . .
— Mmadcopupyemas, ma-
Jcopupyowas, 6oaee
caabasn, 6oaee cuavras .
— omdeaumasn. . . . .
—, co2Aacy WAL ¢
monosozuel. . . . .
—, CPABHUMASR. . .+ .
MONOKOCUNECKAR. . . . .
Cmpykmyp  pasHoMepHBLT
npoussedenue. . . . . .
Cymna MON0A0ULECKUL
npocmpancme (monoao-

Czodawasncs
meabHOCMb. . . . . . -
Czodawulica 6asuc guarom-

— uavmp. . . . .. .

Cuemnoe 6 Geckonewnocm
A0KAABHO — KOMRAKMHOE
npocmpancmeo. . . . . ‘

Teopema Ausercandpoea.
— Mummae-Jlegpgrepa. . .
— IIyaukape — Boavmeppa
— Tuxownosa. . . . . . .
Tuxonosa meopema. . . . .
Tonoasozuli npouseedenue. .
npocmpau-
cmeo. . . . . e
—garmop npocmp arncmeo.

Tonoaoeuueckoe

II
I1
11
II

11
II

I1
II

o
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n. § n°
Tonosoeus. . v oo o « « . 1 1 1
— accoyuuposanHnas ¢

guasvmpom. . . . . . I 6 5
— Oduckpemuas. . .. . . . I 1 1
— undyyuposannas. . . . 1 2 3
— u”uyuasdvHag. . . . . . 1 2 3
— Jesas. e .11 yup. 2
— Maxcopupyemas, Maico-

PUPYIOWAR, MeHee CULb-

Haa, 6oaee cuavnan. . . 1 2 2
~— A-marcumasvras . . . 13 yop. 11
— omdeaumas. . . .. . . 1 8 1
— noaypesyaspmas, acco-

YUUPOBAHHAS ¢ HeKOmo-

poli monoaozueil. . I8 ymp. 20
— nopoxOaeman MHO-

Hecmeom nodmnoxecme 1 2 3
~— — pasHoMepHOL cmpyk-

mypod. . . . . .. .11 1 2
— npasas. . . . . ... [1yop.2
— pasuomepusyemasn. . . I 4 1
— peeyaspHas. . . .. .. 1 8 4
— cpasHuMaA. . ... . o . 1 2 2
— dunasvras. . . o0 .. 1 2 4
— zaycdopgosa. . v . ., I 8 1
Toura. . . . . A |
— 6HEWHAR. . . . . . .. I 1 6
— 6HympenHuss muoxcecmea 1 1 6
~— epanuunas. . . . . .. 1 1 6
— UB0AUDPOGAHHAR . 1 1 6
= NpuKOCHOseHus  G6Gasuca

Pusvmpa. . . . . 1 7 2
— — Mmuoxcecmsa. . ... . 1 1 6
Yaempaguaomp. . ... ., . 1 6 4
-~ mpusuasbHuii . . ... ., 1 6 4
Darmopnpocmpancmeo mo-

noaosudeckoe. . ... . . 1 3 4

VHKABATEJIb TEPMUHOB

Darmopmonososus. . . . . .
DQuavmp. . . . . e e
— Oboaee cuabnuii (Goaee
ctabuid). . ...,
— unOyyuposannui. . . .
— Kowwu. . . . ..

— — MUHUMAAbHBL. . . .
— Mmaxopupyemoii (muHo-

pupyemwil). . . . .
~— nopoxdentuli MHO-
Hecmeom nodMuoxNcecme
— ceveHul. . ... , ., .
— CpasHumwli. . ., . . . .
— cxodayulica. . .., , .
— DPpewe. ... ., ...

— oaeMmeHmapHuil. . . . . .
Quavmpos nepecevernue. . .
Quabmpyroweecs
Hecmeo. . . . . Ce .
Quraasvras monososusn. . .
Dpewe Guavmp. . . . . R
Qyuryus nenpepuwsnas. . .
— PDasHOMEDHO Henpepuie-
Has. . ..., L, .

MHO-

Xaycdoppa axcuoma, npo-

cmpancmeo, monosozus

Lenv (V-yens). e e

Srcmpemasvro Hecesa3Hoe
MHOXCeCcm 60

SaeMenmaproe MHONCeCME0

Suemernmapnoli Puavmp.

. accoyuuposarnuHul ¢
nocaedosameavrnocmuio. .

m. § n*
1 3 4
I 6 1
1 6 2
I 6 5
LI 31
IIr 3 2
I 6 2
I 6 2
1 6 3
I 6 2
1 71
1 6 1
1 6 8
1 6 2
1 6 1
1 2 4
I 6 1
I 2 1
LI 2 1
I 8 1
1 4 4
111 yop.21
I 4 1
I 6 8
I 6 8



TABJINIIA COOTBETCTBHIA BTOPOI'O*)
U TPETHEIO U3/IAHIAN

2-e usgaHue 3-e usnanue 2-¢ usnanune 3-e usnganne
Tuasa I Fnmasal
§ 4, Omp. 1 § 2, Oup. 1
§1 § 4 Mpemt. 1 § 2, Mpear. 1
§ 4, Teop. 1 § 2, Teop. 2
Omp. 5 Omp. 7 4, Onp. 2 § 2, Omp. 2
— 6 - 9 4, Teop. 2 § 2, Teop. 1
— 1 — 10 4 — 3 §2, — 2
Mpena. 3 TMpenn. 5 4 — 4 §2 — 2
Onp. 8 Omp. 11 4 Onp. 3 §2, — 2
— 9 — 12 § 4 VYop 1 § 2, n°1, Hpum. 3
Yup. 1 VYop. 2a 8 4, — 2 § 2, Yop. 1
- 2 . — 2 4, — 3 §2, — 2
— 3 § 2, Yup. 5 4 — 4 Onymeno
— 4 Onymeno §4 — 5 § 2, Yop. 9
— 5 Yup. 3 §4 — 6 §2 —
— 6 — 4
— 7 — 5 5 6
— 8 OmyieHo 8 §
- 9 Ounyieno Omp n(l<<n<3) Onp.n
— 10 Yup. 9 Teop. 1 Mpena. 1
-1 Onymeno Ca. teop. 1 Ca. 1 opena, 1
[Mpena. 1 Ipenn 2
§ 2, Omp. 1 § 2, Omp. 3 — 2 — 3
§ 2, llpena. 1 § 2, Ilpenn. 3 — 3 — 4
§ 2, Ymp. 1 §1, Yop. 1 Ca. npemn. 3 Ca. upepn. 4
§2, — 2 §1, — 2a Onp. 4 § 1, Omp 5
§2, — 3 §2, — 4 Mpeaa. 4 Ca. 2 npena. 1
§2, — 4 §2, — oa Omp. 5 Omp. 4
§2, — 6 §2, — or Teop. 2 Teop. 1
§2, — 1T §1, — 7 [pepa. 5 penn. 5
Cn apena. 5 Cn. mpepa. 5
§3 [Ipean ;5 [pema. g
Ymp. 4 Yup 8 Omp. 6 Omp. 5
- 5 — 9 [ipepa. 8 [Ipenn. 9
— 6 — 5 - 9 — 10

*) Ilepesog co Broporo n3ganus ra I—II Bomen B cocrap komru: H. B yp-
6axnm, OO6mas TODONOrHA, OCHOBHEIE CTPYKTYph, ®msmarrms, Mocksa, 1958
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2-e msjanue 3-e nzpanme
I'masa 1
Omp. 7 Onp. 7
IIpepn. 10 Ipepa. 11
Yup n (1<n<8) VYmop. n
— 9 Mpepa. 7
—n(10<n<2l) VYop. n—1
§ 6, Omp. 1 § 7, Omp. 1
§ 6, Hpema. 1 § 7, Mpena. 1
§ 61 - 2 3 8» - 1
§ 6, Onp. 2 § 8, Omp. 1
§ 6, Ipepa. 3 § 8, Ilpent. 6
§6, — 4 §8 — 5
§ 6, Ca. mpept. 4§ 8, Ca. mpena. 5
§ 6, Omp 3 § 7, Omp. 2
§ 6, l'Ipe;m 5 7, Mpegn 3
§ 5, 7, — 4
§ 6, Ci. npe;m. 6 7, Cu. npema. 4
§ 6, Ipena. 7 8, Ipemn. 1
6, Omp. 4 7, Omp. 3
6, Ilpema. 8 7, Hpe,zm 7
6, — 9 7, 9
6, Ca. 1 mpena. 9 7, "Co. 1r1pe,u.n. 9
6,Cn. 2mpenat. 9 §7, Car.2 mpean 9
§ 6, Ipenn. 10 §8, Ca. 1 opena. 2
§ 6, Teop. 1 Onymieno
§ 6, Cu. Teop. 1 8, Teop. 1
§ 6, Omp. 5 8, Omp. 2
6, Mpena. 11 8, Ipepa. 12
6, — 12 8, — 13
6, Yop 1 §7, Vop 1
6, — 2 Onymeno
6, — 3 § 7, Ipenn. 2
6, — 4 § 7, Yup. 3
6, — 5 §8 — 1
§6, — 6 §2, —8m§s,
Yup. 5
§6, — 7 §8, — 7
6, — 8 §8, — 2a
6, — 9 §8 — 26
6, — 10 §8, — 3a
6, — 11 §8, — 36
§6, — 12 § 8, Ipenn. 1
6, — 13 §8, — 3
6, — 14 § 8, Vup. 14
6, — 15 §8, — 14
6, — 16 Onymieno
6, — 17 § 8, Yop. 15a
6, — 18 §8, — 150
6, — 19 §8, — 20
6, — 20 §8, — 17
§ 7 §2,n"n 3m4
§ 7, Yop. 2 § 8, Yup. 13

2-e mzmaHue

TABJUIIA COOTBETCTBHA BTOPOTIO I1 TPETHEI'O U3OAHUN

3-€ m3jlaHne

'nmasa |
§ 8, Omp. 1 § 4, Oup.1
§ 8, Teop. 1 §7,Cn. 1 oppena. 10
§ 8, Ca. 1 Teop.1 §7,Ca.2mpenn. 10
§8,Cnt 2rteop.1 § 4 Ipean. 1
§ 8, Ci. 3 Teop. 1 4, Ca. 1 upep. 1
§ 8, Mpena. 1 4 Tipema. 2
§8, — 2 4, Cn. npepa. 3
§8, — 3 4, — — 4
8, Cu. mpemi. 3 4, — — 4
8, Mpenm. 4 4, TMpepa. 5
8, — 5 4, — 1
8, Ca. mpepa. 5 4, Cn. opema. 7
8, Ilpena. 6 8, Ipema. 1
8, Ca. 1 opena. 6 8, — 2
8 Cn. 2 npepn. 6 §8, Cai. 2 mpema. 2
8, Ipena. 7 8, Mpenx. 7
8, Teop. 2 , — 6
8, Omp. 2 6, Onp. 6
8, Mpema. 8 8, Cia. teop. 1
8, Yop. 1 2, Yup. 9
§8 — 2 4, — 1
§8, — 3 4, — 2
8, — 4 2, .Mpena. 5
8, — 5 2, — 5
38, — 6 8, Yup. 16
§8, — 7 , — o
§8 — 8 8, Ca. Teop. 1
§8 — 9 8, Yup. 18
8, — 10 4, — 9
8, — 1 4, Mpena. 8
8 — 12 4, Yup 3
8 — 13 4, — 4
8, — 14 4, — 5
8, — 15 4, — 6
' 8, — 16 § 4, — T
§ 9, Omp. 1 §2,n 4, rlpnMepi
n§ 3, Omp. 3
§ 9, Teop. 1 § 3, l'IpeJm 6
§ 9, Ca. reop. 1 § 3, Cu. npe;ul 6
9, Mpeman 1 § 3 Ilpema. 8
9, — 2 §3, — 9
9 — 3 §3 — 7
9, — 4 §3, — 10
9,Cn 1openn. 4 §3,Ca 1npean.10
9 Cn 2 mnpema. 4 §3,Ca.2upenn.10
&9 Onp. 3 § 5, Oop. 2
9, Tlpenn 5 § 5, lpepa. 5
9, Cn. mpegan. 5 § 7, — 1
9, MMpena. 6 §5 — 4
9, Omp. 4 § 5. Omp. 2
§9 Mpean 7 § 5, pena. 10
§9, — 8 §5, — 4



TABJUI[A COOTB ETCTBUA BTOPOTO U TPETBEIO UBITAHUIN

2-e uspapne 3-¢ usnanue
Fnasa 1
§ 9, Mpenn. 9 § 5, Cn. mpepa. 8
§ 9, Teop. 2 § 8, Hpena. 8
§ 9, Ilpepn. 10 §8 — 9
9, Ca. upepa. 10 §8, — 10
9, Mpepar. 11 §8, — 15
9, Yop 1 § 2, Yop. 9
9, — 2a §5 — 2
§9, — 20 §3, — 12
§9, — 3a §3, — 13
9, Yop.36 w38 §5, — 5
9, — 4 §3, — 14
9, — 5 §3, — 15
9, — 6 §8 — 8
9| - 7 § 5» _ 3 n § 8’
Yup.
§9, — 8 Onymeno
§9, — 9 § 5, Ymp. 3
§9, — 10 §8 — 10
§9, — 11 §5 — 6
§9, — 12 Onymeno
§9, — 13 § 4, Yop. 8
§9, — 14 §5,Hpe;w 6m7
§9, — 15 § 8, 14
§ 10, Omp. 1 § 9, Omp. 1
§ 10, Teop 1 § 9, Teop. 1
§ 10, Ca. 1e0p. 1§ 9 Ci. Teop. 1
§ 10, ITpema. 1 § 9, Mpena. 1
§ 10, Co. upepn. 1 § 9, Ca. mpema. 1
§ 10, Mpea. 2 § 9, Mpena. 2
§ 10, Omp. 2 § 9, Onp. 2
§ 10, Mpenr. 3 Onymeno
§10, — 4 § 9, Ilpenn. 4
§10, — 5 §9, — 3
§ 10, Omp. 3 §9 Omp. 3 u
npeni. 6
§ 10, Mpepa. 6 §9, Hpe;m 7
§ 10, — 7 § 9, 5
§ 10 Teop. 2 §9, Teop. 2
§10, Ca 1Teop.2 § 9, Ca. 1 Teop. 2
10, C;. 2te0p. 2  § 9, Cr. 2 Teop. 2
10 Teop. 3 § 9, Teop. 3
10, Ca. Teop. 3§ 9, Cu. Teop. 3
10 ITpenn. 8 § 10, ITpema. 8
§10, Ca fupenn.8 §9, Cu. 4 reop. 2
§10, Ca. 2mpepn.8  § 9, Ci. 4 Teop. 2
10 Onp 4 §9, Omp. 4
10 Ipenn. 9 § 9, Hpep. 9
10, Cxr npepgam. 9§ 9, Co. mpemm. 9
10 Mpean 10 § 9, Mpena. 10
10 — 1 §9, — U
§ 10, — 12 §9, — 12

271

2-e uspaume 3-e uapanne
T'masa I
§ 1 l'lpe,un 13 § 9, Hpema. 13
§ 1 14 §9, — 14
§ 10, Teop 4 § 9, Teop. 4
§ 10, Owp. 5 § 10, Ipena. 7
§ 10, []pe;m 15 § 10, Cx. mpepn 7
§ 10 16 § 10 ITpema. 1
§ 10, — 17 § 10 —
§ 10, — 18 § 10, ‘Ca. 4r[pe11J1 5
§ 10 Oup. 6 § 9, Omp. 5
§ 10, Ipepn. 19 § 9, Hpegu. 15
§10, Ca. mpepa. 19 §9, Cor. 2mpepr. 15
§ 10, Omp. 7 Teop wmHOM.,
ra.I1,§4,Onp.5
§1 — 8 § 1, Omp. 8
§10, — 9 §9, — 6
§ 1 Teop. 5 §9, Teop. 5
§ 1 Hpenn. 20 § 9, Cun. Teop 5
§ 10, Yup. 1 §9, Yop 23
§10, — 2 Onymeno
10. — 3a § 10, Cx. 5teop. 1
10, — 36u3s §10 Yup. 11
10, — 4 §10, — 12
10, — 5 §10, — 10m13
10, — 6 §9, — 3
10, — 7 §9, — 5
10, — 8 §3, — 7
10, — 9 Onymeno
10, — 10 §9, Yop. 19
10, — 11 §9, — 20
10, — 12 9, — 2
§ 107 — 13 8’ - 7
10, — 14a 10, — 16
10, — 146 10, Mpepa. 10
10, — 14B 10, Yuop. 17
10, — 15 10, — 19
10, — 16 10 — 18
10, — 17 10 ITpep. 10
10, — 18 10 Ca. npena. 9
10, — 19 10 Teop. 1 n
npepi. 9
§10, — 20 § 10, Tpepa. 3
§ 10, — 21a § 9, Hpena. 16
§ 10, — 216 = §9 VYop. 11
21B
§ 10, — 21Ir § 9, Hpena. 17
§ 10, — 22 §9, VYop. 12
§ 10, 23a § 9, Teop. 1, 2,3
u Yup. 58
§ 10, — 236 § 9, Mpepa. 3
§ 10, — 238 §9, Yop. 5
§ 10, — 23r §9, — 10
§ 10, — 24 §9, — 24
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Z-¢ u3jaHne 3-¢ usgaHme
Fmapal
§ 1
[Tpemn. 6 Opepa. 8
— 7 — 6
— 8 — 7
— 12 — 13
— 13 — 12
Yup. | Onymeno
— 3 Vuop. 10
— 4 — 3a
— 5 — 36
- 6 — 4
— T § 10, Yop 20 m
§ 11, Yop. 9
— 8 Onyimeno
— 9 OnyuieHo
— 10 Ymp. 15
— 11 — 13
— 12 — 17
— 13 ['n. 1V, 3-e uspn.,
§ 2, Yop. 14
— 14 Yop. 11
FnaBa Il
§ 1, Onp. 2 § 1, n° 2
§1, — 3 1, Omp. 2
1, — 4 2, — 2
1, Opepa. 1 2, Mpepn. 4
1, Omp. 5 2, Omp. 3
1, Yup. 1 2,n° 2, 3ameu. 1
1, — 2 1, Yup. 1
1, — 3 Onymeso
1, — 4 § 2, Yup. 4
2, Oup. 1 § 1, Oup. 3
2, Opena. 1 1, [lpenn. 3
§ 2, Oop. 2 2, Omp. 1
2, [pepa. 2 2, Mpepa. 1
2, — 3 2, — 2
2, — 4 2, — 3
§ 2, Yop. 1 § 2, Yup. 2
§2, — 2 §1, — 1
§2, — 3 §1, — 2
§2, — 4 §1, — 3
§2, — 5 Oaymeno
§2 — 6 § 2, Yop. 1
§2, — 17 §1, — 5
§3
Onp. 2 Omyuiero
- 3 Qmnp. 2
— 4 — 3
[pepa. 3 Ilpena. 6
— 4 Cr 2 gpega. 5

2-e n3LaHIe 3-e usjaHme
FmaBa II
Ca. mpemi. 4 Can. 3 upemi. 5
Mpepar 5 IIpepan. 3
— 6 — 8
- 7 —_~ 9
— 8 - 1
Teop 1 Teop 2
— 2 — 3
[Ipera. 9 Ci teop. 2
Ca. upemi. 9 Tpean. 14
IMpepn. 10 § 2, [Ipenn 6
Yaop. 1a u 16 Mpenn. 7 n ca.
Yuop. 1B Yop. 1
— 3 Onymeno
— 4 § 4, Yup 126
— 5 Onymieno
§4
Teop. 3 Cn. reop. 3
— 4 Teop 3
[pena. 1 Opepan. 4
Ca. npenu. 1 Ca. npenmi. 4
IIpepa. 2 IIpegn 5
— 3 — 6
Ca. mpepx. 3 Cu. mpepi. 6
Mpepa. 4 Mpepa. 7
Yuop. 2 Yup. 5
— 4 — {1a
- 5 . Fa. 1,89, Yop. 14
n ra II, § 4,
Yup. 118
— 6 Ymp. 7a
- 7 — Tr
— 8 Tpent. 2a Yup. 76
- 9 Yup. 8
— 10 - 9
— 1 — 10
— 12 — 4
— 13 — 12
— 2 Tn [,§11, Yup. 20
— 22 Yup. 21
— 23 Cia. npenan 6
§ 5, Omp. 1 § 2, Oup 4
§ 5, [pepma. 1 § 2, [penpm. 7
5, Mpepa. 2 § 2, Ilpepa. 9
5, - 3 §3, Cn. 2npena. 4
5, — 4 § 3. Mpepa. 10
§ 5, Cun. mpenn. 4§ 3, 1C.u. 2 mpejJr.
8
5, IIpean. 5 § 4 Ilpenn. 3
5, Yuop. 1 § 2, — 5
5 — 2 §2, — 5
5 — 3 § 2, Yop. 5




OUNPEJEJIEHUA

A kcuomb OMEPLLMBT MHOJNCeCms:

(O) Besakoe ob6bepnuenne
MECTBO.

{Oy1) Tlepecedeune awbGoro

eCTL OTKPHITOe MHOKECTBO.

Onpedeserue samknymox MHONCeC
3aMKHYTO® MHOKECTBO eCTh
A KCUOMbBL 3aMEHYMbBIT MHONCECTE

(Op) Besakoe nepeceuenie 3
FKECTBO.

(Oy;) Obwenunenne nw0boro §

©CTh 3aMKHYTO€ MHOMECTBO.

1 AKCUOMbI I'/IABBI 1

?TRPHTHX MHOMECTB eCTh OTKPHTOe MHO-

[KOHEYHOr0 ceMeHcTBa OTKPHTBHIX MHOMECTB

ne:

[loIl0JIneHne OTKPBITOrO0 MHOMECTBa.

MKHYTbIX MHOKECTB €CTh 3aMKHYTO€ MHO-

OHEYHOTO ceMelicTBa 3aMKHYTBHIX MBOMeCTB

Onpedeaerue orpecmrocmetl ¢ nodouyblo 0MEDPELMHET MHONCECTS:

MnuosxectBo V ecTh oxpecTHC
MHOMKECTBO, KOTOPOMY [pHHAIIe

A kcuombs 0Kpecmnocmeli:

(Vy) Beakoe mMuOMeCTBO, €OX
HOCTh TOYKM Z.
(V1) [lepecedenne moboro K
€CTh OKPEeCTHOCTh TOYKH Z.
(Vyy;) Besakasa okpecTHOSTH
(Viy) Besaras oxkpecTHOCTS ||
aToli ToukH, 49T0 V sABAsAETCA OK

Onpedeserue oOmEpumuz MHoHCEC
MEOMECTBO OTKPHITO, ecJn

TOUKHA.

Onpedeserue snympentell mMouru

Todaka z ABAsercs BHYTpeH]
PecTHOCTD.

T €CThb TOYKa OPAKOCHOBEHI1S
nepeceraerca ¢ A.

Th TOYKU z, €CJH OHO COJeP:KHUT OTKPbITOC
HUT .

ppiKaliee OKPeCTHOCTh TOUYKM &, eCTh OKPeCT-
bHe‘lHOI‘O ceMeiicTBa orcpec'ruocrreﬁ TOYKN T

9KIl £ COAEP/KHUT Z.
[ TOYKH Z CONEpHKUT TaKyl OKpecTHOCThL W
eCTHOCTLI0O KayKmaod Toukm n3 W.

yne ¢ nomMowbto onpecml-l.ocmeﬁ*:

HO ABJSIETCS OKPECTHOCTHI0 KakIOH cBoei

U MOYKU NPUKOCHOBEHUS MHONCeCmea
efl musa MHOMecTBa A, ecanm A eCTh ee OK-

MHOKeCTBA A, ecanm No6asg ee OKPECTHOCTH




Akcuomn duabmpos: .

(F;) Beaxoe MHOMKeCTBO, coliepiKaliee Kaxoe-Tu60 U3 MHO3ecTB GUIbTpA,
OpPHHALAGKAT QHIABTPY. ’

(Fy;) Iepecegenne mio6oro KOHEUHOro cemeiicTBa MHOMKecTB (mianTpa
[OPHHANNEKAT PHIBTPY.

, (Fy) Hum onHo w8 MHOMeCTB QUIBTpa He 1YCTO.

A¥xcuomb. 6asucos guavmpa:

(By) Iepeceuenne pByx MHOmkecTB Gasmca GuabTpa CONEPIKAT MHOMKECTBO
aroro 6Gasmca.
s+ (Bp) Basuc ¢umbrpa He mycT; HH ONHO H3 MuOKecTB 6asmca QuabTPaA
He NyeTo.

Onpedesenus npedesra u mouku npuxocHosenus 6asuca guasmpa:

Toura z ecthb mpenen 6asnca $rabrpa, ecim BCAKAA ee OKPECTHOCTD
ColleIKUT MHOKeCTBO 3Toro 6Gasmca.

z eCTh TOYKA IPHKOCHOBEHNs: 6asnca GurbTpa, ecim z sIBIAETCA TOYKOH
NPUKOCHOBEHNs BCAKOro MHO)KecTBa U3 3sTero 0asmca.

Akcuoma omdesumnx npocmpancms:

(H) HaroBw 6w Bn O nBe pasnpuHble TOYKH Z, y, CYIECTBYIOT
OKPECTHOCTb M OKPECTHOCTHL y, He MMerompe OOMEIX TOYeK.

Onpedesenue pesyiipHuL NPOCMPAHCME:

[IpocTpaHCTBO PETYJSPHO, €cll OHO OTAEAWMO H, KPOMe TOTO, YHOBJIET-
BOpfET CcaefyloIeil axcmome:

(Oq;) Besikas 0KpecTBOCTH UOPONBBOJIBLHOE TOYKR COREPIRHUT BAMKHYTYIO
OKPEeCTHOCTb ITOU TOUKH. L

TR

Onpedesenue KOMNAKMHUEL NPOCMPAKCME:
IIpocTpaHCTBO KBASHKOMITAKTHO, €CJHW OHO Y/AOBIETBOPAET KaKOH-AHGO
3 CIEAYIONWX YETHPeX SKBHBAJEHTHHIX AKCHOM:
(C) Besikuit guaeTp nMeeT 10 Kpaliselft Mepe OQHY TOYKY NPHKOCHOBEHHS.
(C') Besawkmit yasTpagumibTp CXOURTCA.
. (C"") Bearoe ceMmeficTBO BaMKRHYTHX MBOKECTB, NepeceyeHme ROTop'ord
DYCTO, COJNGPYKHT KOHEUHOe NOjceMeficTBO, lepecedenne KOTOPOrQ IYCTo.
(C'"") BeAroe OTKPHTOS HOKPHTHE IIPOCTPAHCTBA CORMEPHUT KOHEUHOO
OOKpHTAE 3TOTO IPOCTPABCTBA.
IIpocTpaHCTBO KOMIAKTHO, €CJIM OHO OTAeJNMO A KBAa3WKOMIAKTHO.



OIPENEJIEHNSA
|

Axrcuoms orpyscernull dan X: ;

MHOMXecTBO OKpY:;xeHnil [,

i ARCHOMbBI T'JIABBI 11

X ecTh MHOMKECTBO MONMHOMKECTB opousse-

nemns X X X, ynosiaersopsitome¢ axcmomaM (Fy), (Fy) n, kpome Toro, cienyro-

muM aKcmoMam: |
(Uy) Bearoe oxpy:xeHme

(Uyp) Ecam V -—— oxpyxenn
(Uyyy) KaxoBo 681 HR 681110 0

2
W, auto WcCV.

Onpedeacnue u arcuoms Gyrdam

OyngaMeHTaJbHASA CHCTEMA
WecTB OpousBefedns X XX, yi
YCJ0BUAM:

(Ui) Besakoe oxpymxenne ng

(U’”) KaxoBo 6bi HR GBlIC

Takoe OKpys:kemme V , uro V'C]
(Ugpp) Kaxoso 6wt ma 6riio

3
TaKoe OKpyskeHme W, garo W

Onpedesenue guavmpos Kowu:

COTepIKUT AWAroHANHL mnpousBenenna X X JX.

~1
b, Tom V — OKpYsKeHue.
Kpymenue V, cymecTByeT TaKoe OKPYKeHHO

enmaabrulx cucmem okpyrcenull daa X:

oxpys:keHNA Aas X ecTb MHOMECTBO HOAMHO-

joBJeTBopAmee axkcnoMe (B)) B ciaenymomnm

CUCTEeMbl CONEPHHUT [uaroHajib.

Kpysxesne V ns cumcreMn, B Hefl cymecTByer

-1

V.
Kpy:eHne V m3 CHCTeME, B Hefl cymiecTsyer

V.

QuneTp § B paBHOMepHOM
ecin Ans 106OTO OKpPYIKeEHA

ocTpaHcTBe X HasmBaerca ¢uiabrpom Homm,
cymecTByeT MHOKecTBo A €F, mobie nse

TOYKH KoToporo Gamskm mopsanga V.

Onpedesenue nosnwvz npocmpam?ma:

[TonHoe DpoCTPaHCTBO €CTh
Kuli ¢uaptp Homm cxopgures.

rannouepuoe EPOCTPAKCTBO, B KOTOPOM BCA-

—_

|



