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MpenucnoBHe K TpeTbeMy M3JaHHIO

Ecau NpHHATb BO BHHMaHHe, 4TO MepBOe H3jlaHHe Hauleid KHHrH «Bepo-
atHocTb» Bbiio B 1980 r., Bropoe — B 1989 1., a HacTosllee, TpeTbe, —
B 2004 r, TO MOXKHO CKa3aTb, YTO H3JaHHA BLIXOAAT MPHMEPHO C AECHATH-
nATHaALATHIETHAM HHTepBasioM. (Ha aHrnmiicKkoM si3blKe KHHra H3jaBaJacb B
1984 u 1996 rr. u Ha HeMeukoM — B 1988 .)

Bpemst nokasbiBaert, 4yTo 0T60Op MaTepHasa Ui NEPBLIX ABYX H3laHHH TaKOB,
YTO OH COXpaHSieT CBOIO aKTyaJIbHOCTb H cefiuac. TO ONPEeeNHIIO TO, YTO Mbl
COXPaHWJIH CTPYKTYPY MpeallecTBYIOUHX H3aHHil, BHeCsd, OJHAKO, B HacTo-
AlpMe KHHMH «BepoaTHocTb — 1» M «BeposiTHOCTb — 2» pAJ CYyLIECTBEHHbIX
M3MEeHEeHHH H JONOMHEeHH.

ITpexne Bcero 3To OTHOCHTCA K MocJeHel, BOCbMOM, TJ1aBe, MOCBALLIEHHOM
H3JI0XKEHHIO TEOPHH MAapKOBCKHX Lienel ¢ AMCKpeTHbIM BpeMeteM. [To cyuue-
CTBY, 3Ta I[JlaBa HanucaHa 3aHoBo. Temepb B He#t coiepxkuTCA GoJblue Ma-
TepHaJa, MPHBOAATCA NMOAPOOHbLIE JOKa3aTeJbCTBa MHOTHX YTBEPXKIeHHH, pa-
Hee H3JI0)KeHHble JIHLIb B KOHCNeKTHBHOH (opme. OcoGoe BHHMaHHE yaeseHO
CTPOT0 MapKOBCKOMY CBOMCTBY H KOHLIENLIHAM CTallMOHAPHBIX H 3PrOJAHYECKHX
pacnpenenenuii. CrieuuanbHblil naparpacg oTBejleH 15 H3/10XKEHHs TEOPHH On-
THMaJIbHbIX NPaBHJl OCTAHOBKH MapKOBCKHX Lienel.

HoBblit MaTtepuan po6GaBjeH Takxke H B CeIbMYIO [V1aBy, OTHOCSILLyIOCH
K TEOPHH MapTHHIaJIOB C JMCKpeTHbIM BpeMeHeM. B § 9 npuBoauTcs auckper-
Hblfi BapuaHT opmysbl K. HMTo, uTo MoXKeT paccMaTpHBaTbhCsi KaK BBeeHHe
B CTOXaCTHYECKOe HCUHMCJIeHHe L1 GPOyHOBCKOro [BHXKEHHsd, rie dopmyJa
3aMeHbl NepeMeHHbIX MITO HrpaeT HCKIIOYHTENbHO BaXKHyio poab. B § 10 atoit
TiaBbl MOKa3biBA€TCH, KaK MeTOAbl TEOPHH MapTHHrajioB MO3BOJIAIOT MPOCTO
noJiyyaTbh OLEHKH BEPOATHOCTeHl pa3sopeHHs CTPAaXOBbIX KOMMaHHi, 3BOJIOLHS
Kanurtajna KOTOpbIX OMHCbiBaeTcsi Mojenbio Kpamepa—JlynaGepra. Matepuan
§ 11 oTHocHTCs K «TeopHH apGHTpaXka» B CTOXaCTHuecKo# (pHHAHCOBOH
MaTemaTHKe. 3ecb npuBoisTca [Be «(yHAaMeHTaJbHble TeOpeMbl TEOpHH
apOuTpaxka», jaiolliie B MAapPTHHTaJbHbIX TePMHHaX YCJIOBHSl OTCYTCTBHS
apGHTpaxKHbIX BO3MOXKHOCTEHl M YCJIOBHf, FapaHTHPYIOLLIHE CYLLeCTBOBaHHe
Takoro noptdessi LEHHbIX GyMar, KOTOpbIfi 103BOJSAET AOCTHYb NOCTABJIEHHOH
GbuHaHcoBoM ueau. B § 12 npuBoanTCs psj BaXKHBIX pe3yJIbTaToB «(pHHAHCOBOH
HH)XEHEePHH» OTHOCHTEJIbHO PacueToB palMOHAJbHbIX (CMPaBEMIHBLIX) CTOH-
MocTell OMUHOHOB H CTPYKTYPbl «XeLKHPYIOLHX» MopTdeneil LeHHbIX GyMmar.
OGluteit TeopHH ONTUMANBHBIX NPABHJ OCTAHOBKH LIS POU3BOJIBHBIX CJyyaii-
HbIX MocJiefoBaTenbHocTell oTBefieH § 13 sToit rnasbl. Manaraemblit Matepuan
CY>HT Xopoliefl HJUIIOCTpalMeil TOro, Kak MOHATHA H pe3yJibTaTbl TEOPHH



8 MPEAUCJIOBUE K TPETbEMY M3IAHHUIO

MapTHHTraJoB «paboTaloT» B pa3HOOOpasHbIX Mpob/eMax «CToXacTHYeCKOH
ONTHMH3ALUH .

B apyrHe ryiaBbl Tak)Ke BHeCEH D5l H3MEHEHHH U AOMOJIHEHHH.

OTMeTHM 3/lech HOBbI#i MaTepHaJl, OTHOCSILUHACS-K TeOpeMaM 0 MOHOTOHHBIX
Knaccax (§ 2 rmasbl II), ocHOBaHHBI Ha feTaibHOM HM3JIOXKEHHH MOHATHH H
CBOHCTB «T-A-cucTeM», H § 13 ruasnl 111, nocBsieHHbIfl HeKOTOpPLIM (yHAA-
MEHTa/IbHbIM TeOpEMaM MaTeMaTHYeCKOH CTaTHCTHKH.

HoBbIM B HacTosillieM H3laHHH sBaseTcd «Ouepk WCTOPHH CTaHOBJEHHSA
MaTeMaTHYECKOH TeOpHH BepOATHOCTeN», NMOMeLLeHHbIl B KOHLE KHUTH «Bepo-
ATHOCTb — 2».

B psn naparpacoB BHeceHbl HOBble 3alauH.

Astop rny6oko npusHateneH T. B. Tosno3oBo#t 3a Gosblio# Tpyd mo Ha-
YUHOMY pelaKTHPOBaHHIO KHHIH H PYKOBOACTBY H3jaTesbcTBa MOCKOBCKOro
LIeHTpa HeNpepbIBHOrO MaTeMaTHYeCKOro 0Opa3oBaHHsA KaK 3a MpeIoKeHHe 0
HOBOM H3J1aHKH, TaK H 3a GbicTpoe H 3¢deKTHBHOE OCYLLIECTBIEHHE NPOEKTa MO
M31aHHIO KHHTH.

Mocksa, 2003 A. Ulupses

MareMaTHYECKHIH HHCTHTYT
um. B. A. Creknosa PAH,

MocKoBCKH# rocyaapcTBeHHbIH
ynusepcuter uM. M. B. JlomonocoBa



ﬂpenuc.nosue KO BTOpOMY H3AaHHIO

B npeaucJioBHH K NepBoMy H3januio, Bbiwenwemy B 1980 r., otmeuanocs,
YTO OCHOBY KHHFH COCTaBHJIH JIEKLIMH, UHTAaeMble aBTOPOM Ha MeXaHHKO-MaTe-
maTHyeckoM ¢akysbreTe MockoBckoro yHusepcutera uM. M. B. JlomoHocoBa
M YaCTHUHO H3JlaHHble POTaNpHHTHBIM CMOCOGOM Moj HasBaHHeM «Beposr-
HOCTb, CTaTHCTHKa, ciyuaiiHble npouecchl, I, II» usnarensctBom MIY. Haw
nepBOHaYa/bHbIA 3aMbICesl NPH HAMKCAHHUH NEPBOro H3/laHHsl HACTOSALLEH KHH-
TH COCTOS B TOM, YTOObI MOcoGHe COepXKasio TPH 4acTH: «BeposaTHOCTbY,
«MartemaTHyecKasi CTaTUCTHKa», « TeopHs CJy4aiHbLIX MpPOLECCOB», COOTBET-
CTByIOLLHE MPOrpaMMe TPEXCEMeCTPOBOTO Kypca JieKUHii Il MaTeMaTHUeCKHX
cneuxanu3aumii ynusepcutetos. OnHako B xofie paGoThl Hall KHHIOM 3TOT 3a-
MBbICEJl OCYILIECTBHTb MOJIHOCTbIO HEe YAaJoCh, MOCKOJbLKY MPHHATHIA XapaKTep
H3JI0XKeHHs noTpe6oBa Obl 3HAUHTENbHO GoJibllero o6beMa. B cBsi3u ¢ 3THM B
NpeIUCJIOBHH K NePBOMY H3JAHHIO FOBOPHJIOCH, YTO «JOCTAaTOYHO MOJIHO 3[€eCh
NpeACTaB/eHa JIHILb TeOpHs BEPOATHOCTEH M TEOpHA CJyyaiHbIX NMPOLECCOB
C JIHCKPETHLIM BpeMeHeM>».

[TpakTHuecku BeChb TEKCT MepBOro W3flaHus BXOAMT H B HacTosllee. Mame-
HEHHA, HCMPABJEHHA HOCAT, KaK MPaBHJIO, PelakUHOHHLIA XapaKTep C y4eToM
TakKxKe H TeX 3aMeuaHuit, KOTopble ObUIH MOJyyeHbl MHOIO OT COBETCKHX H 3apy-
6eXXHbIX YHTaTeseHl, 3HAKOMbIX C KHHTO# M0 PYCCKOMY M3[aHHIO H MepeBOfaM
Ha aHrnuickuil 1 HeMeukuil A3bikn [98], [99]. ABTop HcKpeHHe MpH3HaTeseH
BCEM MM 32 BHHMaHHe, COBETbI H J06POXKENATE/bHYIO KPHTHKY.

B Hacrosiuee, BTopoe, u3faHHe 106aBJieH HOBbI MaTepHad: B raase III ato
§ 5, §§ 7—12, B rnaBe IV —§ 5, 8 mase VII — § 8. HauGonee cyuiectsenHo
IOMoJiHeHa TpeTbs IIaBa. 3/leCh YHTaTeNb HaleT H3Jl0XKeHHe pAjia BONPOCOB,
OTHOCAILIUXCA K 6oJiee yray6eHHOMY H3Y4eHHIO TAKHX TeM, KaK Mepbl GJIH30CTH
BEPOATHOCTHLIX Mep, MeTpH3yeMOCTb cJiaboii CXOAMMOCTH, KOHTHIYaJbHOCTb
BEepOSAITHOCTHBIX Mep. B 3Ty xe riaBy fo6aBJiebl 10Ka3aTeJbCTBA PAAA BAXKHbIX
pesysibTaToB 0 CKOPOCTH CXOAMMOCTH B LIEHTPa/ibHO# NpefleslbHOH TeopeMe
H B TeopeMe [lyaccona 06 annpokcHMauuu GHHOMHaJILHOTO pacrpejesieHHs
NyacCOHOBCKHM, KOTOpble B MEepBOM H3[aHHW MPHCYTCTBOBAJH JIHILL B BHME
dopmyauposok.

OTMerHM TakxKe HOBbIl MaTepHa/l O BEPOATHOCTSAX GOMbLIHX YKJIOHEHHil
(mnaBa 1V, § 5) u ueHTpa/ibHYIO MpenebHYI0 TEOPeMY AJISi CYMM 3aBHCHMbIX
Chyuaiinbix Beanuus (raasa VII, § 8).

3a nocsiende HECKONbKO JieT BepOSTHOCTHAAA JIWTepaTypa, H3laBaemas
Tnasroit penakuueit pusnko-matemaTHuecKok JIHTepaTypbi H3JaTesbeTBa «Ha-
YKa», nonosnuunack yue6uukamu 5. A. CeBactbsiHosa [97], 1982 ., O. A. Po-
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3aHoBa [95], 1985 r., yue6HbIM noco6uem A. A. BoposkoBa [7], 1986 ., u
yue6nukoM B. B. Thezenko [15], 1988 r. B 1985 r. u 1986 r. usnartennctso
MTY usgano yue6Hoe nocobue §1. I. Cunas [128]. INpeacrasasiercs, uTo
3TH W3[laHHAi BMECTe C HACTOSALUMM, BO MHOTOM OT/IMYasiCb M AOMOJIHSSA APYr
Ipyra, OXBaTblBalOT JOBOJIbHO OGLUHPHbIA MaTepHal, B CYLIECTBEHHOM A0OCTa-
TOYHO MOJIHO Y/I0BJIETBOPSAIOLIHI COBPEMEHHBIM TPEGOBAHHSAM, NPELbABAEMbIM
K MPenojaBaHHIO TEOPETHKO-BEPOATHOCTHbIX AMCLMIJIHH CTYAeHTaM (H3HKO-
MaTeMaTHYeCKHX CreLHaNH3aLuii.

B yue6nuke B. B. [Heaenko npuBoAHTCS MHOTO X0OpOLIO HOAO0OGPaHHBIX NMPH-
MepoB B TOM YHCJIe H MPHKAAAHOrO COJepKaHus, Aaercs GOJbLIOH MaTepHaJ
METO/LOJIOFHYECKOr0 XapakTepa W OGIUMPHBIA OYepK HCTOPHH TEOPHH BEpOAT-
HocTeil. YueGHoe noco6ue A. A. BoposkoBa [7], noxaJyii, HauGoJiee CXOAHO
C HacToslLel KHHrof No CTHIIIO H3JoxeHHs. CrieLHalbHOro YIOMHHaHHs 3aCJy-
XKHBAIOT MaBbl 9 («DJieMEHTbl TEOPHH BOCCTaHOBJEHHUS»), 11 («PakTopu3auu-
OHHble TOXecTBa») H 17 («PyHKUHOHa/bHbIE NpefieJibHblE TEOPEMBI»), KOTO-
pble oT/IHYaIOT noco6He [7] ot HacTosiwero  [15], [95]. Yue6huk O. A. Posa-
HOBa COJIepKHT GOJIbLLIOMA MaTepHaJl, Kacaloluiics pa3Hoo6pa3HbIX MaTeMaTH-
YecKHX MojieJlefl, KOTOpble TEOpPHsA BEPOSTHOCTEH H MaTeMaTHYeCKas CTaTHCTHKA
npenjaraioT A1s OMHCAHHA CJyuyaiiHbIX SIBJEHHH W WX 3BoJiouud. B ocHoBy
yue6Huka B. A. CeBacTbsiHOBa MOJIOXKEH [IBYXCEMECTPOBbLIAl KypC ero JeKuui
B MTI'Y. MatepuaJ 3aK/I04HTENbHBIX YeTbIPeX IJIaB 3TOr0 yue6HHKA OXBaThiBaeT
TOT HeOOGXOAHMbI MHHHMYM, KOTOpbIfi BXOAHT B YHHBEPCHTETCKYIO Mporpam-
My FOIOBOTO Kypca MO TEOPHH BepPOATHOCTEHl H MaTeMaTHYeCKOH CTaTHCTHKe.
B HaleM nocoGHH, BO3MOXHO B GOJibLiefl CTENEHH, HEXKeJlH YeM B OTMEYEHHbIX
Bbillle, 3HAYHTEJIbHOE MECTO YeJIeHO TeOPETHKO-MHOXKECTBEHHbIM acMeKTaM H
MaTeMaTHYeCKHM OCHOBaHHSIM TEOPHH BEPOSITHOCTE.

B yueGHukax B. B. lienenko u B. A. CeBacTbsiHOBa B KOHLE KaxXIOH
MaBbl, 2 B HACTOfLIEM NOCOGHH — B KOHLIe KaXkoro naparpaca noGas/ieHbl
ynpax<HeHHs H 3a/lau, KOTopble BMeCTe, HanpuMep, ¢ 3apaunnkamu A. B. Ipo-
xopoBa, B. I. YwakoBa, H. I. YwakoBa «3agaus no TeopHH BeposTHOCTeH» —
M.: Hayka, 1986, u A. M. 3y6koBa, B. A. CeBactbsHoBa, B. I'1. UucTtsikoBa
«CG6opHHK 3afiau Mo Teopuu BeposTHocTeil» — M.: Hayka, 1988, moryr 6biTh
MCMOJIb30BaHbl YHTATENEM JJISi CAMOKOHTPOJIA, a MpenofaBaTesNsiMi 1S Npo-
BeJleHHs CEMHHAPCKHX 3aHATHH CO CTYAEHTaMH.

MockBa, okta6pb 1988 A. llupses
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B ocHoBY HacTosllero yue6Horo noco6Hs MoJioXKeH TPeXCeMeCTPOBbIi Kypc
JleKUMii, KOTOpbIAi UMTAJICi aBTOPOM B TeueHHe pfAfa JieT Ha MeXaHHKO-Ma-
TeMaTHUECKOM (paKysabreTe MOCKOBCKOro rocyapCTBEHHOTO YHHBepCHTeTa H
6bl1 YaCTHUHO H3/laH POTaNpPHHTHBIM cMoco6oM Noj Ha3BaHHeM «BeposTHocTb,
CTaTHCTHKa, cayuaitHble npoueccsl, I, II», uan-so MI'Y.

B coOoTBeTCTBHH C TpaiuLMedl nepBas 4acTb Kypca (MPHMEpHO OIMH Ce-
MeCTp) OTBOAMTCS Ha 3JIeMEHTapHylO TeopHio BepoaTHocTeR (rniasa I). Mago-
JKeHHe HauMHaeTCs C MOCTPOEHHs BEPOATHOCTHBIX MOJleielt C KOHEYHbIM YHCJIOM
HCXOZOB U BBEIEHHS OCHOBHBbIX BEPOSITHOCTHBIX MOHATHH TaKHX, KaK 3JeMeH-
TapHble COObITHSA, COObITHS, BEPOATHOCTb, HE3aBHCHMOCTb, CAydaiHble BEJHUH-
Hbl, MaTeMaTHYECKHe 0XKHIAHHA, KOppeJsiLlks, YCJI0BHble BEPOATHOCTH H Ap.

MHorHe BepOSTHOCTHO-CTAaTHCTHUECKHE 3aKOHOMEPHOCTH XOPOLLO NpocJie-
XKHBAIOTCA Y2Ke Ha MpUMepe NpocTeRLlero cayyaiHoro 6JyxaHHs, NOPOXKAEH-
Horo cxeMo#t BepHyssn. B cBi3H ¢ 3THM A1 3TOro cJyyast W3JaraloTcs Kak
KJlacCHUeCKHe pe3yJibTaThl (3aKOH GOJIbLUHX YHCeJ, JIOKaJNbHAs H HHTerpasibHas
TeopeMbl Myaspa u Jlannaca), Tak 1 Gojiee coBpeMeHHble Pe3yJIbTaThl (HanpH-
Mep, 3aKOH apKCHHyca).

3aBepluaercs nepsas rJaBa pacCMOTPEHHEM 3aBHCHMbIX CJIyYaiiHbIX BeJH-
YHH, 06pa3yIOIHX MAPTHHTAJ H MapKOBCKYIO LieMb.

[naBbl II—IV sBasioTCA pacuiMpeHHBIM H3J0XKEHHEM BTOPO# YacTH Kypca
(BTOpOi ceMecTp). 3nech uanaraetcs (rniasa II) craBuias o6LUIENPHHATONR aKCH-
oMaTHKa TeopuH BeposiTHocTedt A. H. KoaMoroposa 1 naetcs MateMaTHueCKHit
annapar, COCTaBJAIOLIHA apceHas CpPeACTB COBPeMEHHOH TEOpHH BepPOATHO-
CTell (0-anre6pbl, Mepbl H Coco6bl HX 3aaHus, HHTerpas Jlebera, cayyaiinble
BEJIHUHHBI M CJIyyaiiHble 3JIEMEHTbI, XapaKTepHCTHUeCKHe (YHKLHH, YCJIOBHbIE
MaTeMaTHUEeCKHe 0XKHJaHHA OTHOCHTEJIbHO 0-ajre6p, rayCCOBCKHe CHCTEMbl H
ap.). Cnesyet oTMETHTD, UTO [jBa pe3yJsibTaTa TeOpHH Mepbl — TeopeMa Kapare-
OJIOpPH O NpOJOJKEHHH Mephl H TeopeMa PasoHa—HukoauMa — npuHuMaloTCst
Ge3 0Ka3aTesbCTBa.

Tpetbst rnaBa nocesllaeTcs BonpocaM CJiaGoil CXOAHMOCTH BepOSITHOCT-
HbIX pacripefieJieHHil U METOlY XapaKTepPHCTHUeCKHX (YHKUHA B JLOKa3aTelb-
CTBe MpefesibHbIX TeopeM. BBoAATCS MOHATHS OTHOCHTENbHOH KOMMAKTHOCTH
H NJIOTHOCTH CeMeficTBa BEPOATHOCTHBIX pacnpellesieHHit H JokasbiBaeTcs (49
cayuyas yucaoBoit npamoit) Teopema FO. B. Ilpoxoposa 06 3KBHBa/IeHTHOCTH
3THX MOHATHH.

K 370i1 )Xe yacTH Kypca oTHeCeHO pacCMOTpeHHe CBOHCTB «C BEPOSITHOCTBIO
€[HHHLA» A1 MOCJe0BaTeNbHOCTEH H CYMM HE3aBHCHMbIX CJyyafiHbIX BeJlH-
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uuH (rnaBa IV). IpuBoaaTca 10Ka3aTesbCTBA 3aKOHOB «HYJIA WJH €IHHHLbI»
(KosnmoropoB, XblouTT ¥ C3BHIK), KPHTEPHH CXOAMMOCTH PSJOB W AAIOTCA
YCJIOBHSI CMPaBE/IHBOCTH YCHJIEHHOTO 3aKOHa GOJIbLIKX YKces. 3aKOH MOBTOP-
HOro Jiorapudpma c¢opmyanpyercsi /sl MPOH3BOJNbHBIX MOCJ/EL0BaTebHOCTEH
HE3aBHCHMbIX OJMHAKOBO pacrHpefelieHHbIX CJy4YaiHbIX BEJHYHH C KOHEYHbIM
BTOPbIM MOMEHTOM H AOKa3blBaeTCsi B MPEANOJIOXKEHHH, YTO 3TH BEJHYHHbI
HMEIOT rayCCOBCKOe pacrpe/iesieHue.

Hakonew, TpeTbs yacTb Kypca (rasbl V—VIII) otBoauTcs cayyaitHbiM npo-
lLleccaM C JAMCKPETHLIM BpeMeHeM (CJyyaiiHbIM mocJiefioBaTesibHOCTAM). [NaBbl
V 4 VI nocssilleHbl TEOpHH CTaLHOHAPHBIX CAYYARHLIX NOCJEL0BATENbHOCTEH,
e CTalHOHAapHOCTb MOHHMaeTCs Kak B Y3KOM, TaKk W B LUHPOKOM CMbICJe.
HanokeHne TeopHH CTAaLMOHAPHBIX B Y3KOM CMBbIC/IE CJYYaiiHbIX MOCJi€N0Ba-
TeJIbHOCTeH BefeTCsl C MPHBJEUEHHEM MOHATHIH 3ProAHYeCcKOit TEOpHH: coXpa-
HAwolllee Mepy npeo6pa3oBaHHe, 3proAHyHOCTb, NepeMellnBanue. [1puBoauTCs
npocToe foKasarte/bcTBO (1aHHoe A. [apcua) MakcHMalibHON 3prouyeckoi Te-
OpeMbl, 4TO MO3BOJISIET JaTh H MPOCTOE 10Ka3aTeJIbCTBO 3ProfAHUECKO# TeopeMbl
Bupkroda—XuHunHa.

PaccMmoTpetive cTauMOHApHBIX B LUMPOKOM CMbICJe CJyYalHbIX MOCJeNo-
BaTeJIbHOCTeHl HauMHAeTCs C J0Ka3aTesbCTBA CMEKTPaNbHOTO MpeACTaBJeHHs
INs KOBapHaLMOHHOM PYHKUMH. 3aTeM BBOASATCS OPTOroHajibHble CTOXaCTHUe-
CKHe Mepbl, HHTerpaJibl N0 HUM H I0Ka3blBAaeTCA CMeKTpajibHoe NpeacTaBJeHHe
LN caMHX nocjiefloBaTejbHOCTell. PaccMoTpeH TakxkKe psii CTATHCTHUECKHX
3ajlay: OLEHHBaHHe KOBapHALMOHHON (YHKLUWH M CMEKTpasibHOW MJIOTHOCTH,
9KCTpanoJALKs, HHTeproJsUus H hunbTpauus. B 3Ty XKe riiaBy BKJIOYEH TaKxkKe
MaTepHaJi, oTHocaLuiica K ¢puabtpy Kanmana—bBblocu u ero 0606LieHuHsAM.

B cenbMmoii riiaBe paccMaTpHBAIOTCA OCHOBHbIE Pe3yJIbTaTbl TEOPHH MapTHH-
rajloB H POACTBEHHbIX MOHATHH. Fl3/araeMblil 31ech MaTepHas cTal BKIIOYAThCS
B TPaJHLHOHHDbIE KypChl TEOPHH BEPOSTHOCTEH JHLIb CPABHHTENbHO He[aBHO.
B nocaenneit rnaBe, nocBsillleHHOH MapKOBCKHM LIENAM, OCHOBHOe BHUMaHHe
ylensieTcst BONpocaM aCHMNTOTHYECKOro NoBefieHHs Leneit MapkoBa co cuer-
HbIM MHOXXECTBOM COCTOSIHHH.

B koHue kakporo naparpaca npHBOAATCA 3aJauH, 3HAYUMOCTb KOTOPBIX
MOXKeT ObiTb pasIHYHOM: B OAHHX MpenJjaraeTcd JokasaTb YTBepPXKIEHHS,
copmynupoBaHHble, HO He JOKa3aHHble B OCHOBHOM TeKCTe, JpyrHe Coaepar
yTBep:K/EHHSA, HCMOJb3YeMble B NOCJAEAYIOLLEM H3JI0XKEHHH, TPETbH NpeclefyoT
Lesb JaTh JAOMOJNHHTENbHEIE CBEJEHHS K pacCMaTpPHBaeMOMYy Kpyry BOMpOCOB
H, HaKOHell, HEKOTOpble HOCAT XapaKTep NMPOCThIX YMpPa)KHeHHH.

Ipu cocTaBneHuu Kypca W HacTosiliero NOCOGHS aBTOP HCMOJIb30BaJ pas-
HOOGpa3Hylo JITEPATYpy M0 TEOPHH BeposiTHOCTel. B HeTOpHKO-6HGAHOrpadu-
YeCKOH crpaBKe yKa3blBalOTCA Kak HCTOYHHKH NPHBOIHMBIX Pe3YJbTaToB, TakK H
JIOTIONIHHTeNIbHASA JIHTepaTypa, OTHOCSLIAACA K pacCMaTpHBAaeMOMY MaTepHaJy.
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B KHHre NPHMEHAETCA CJeAyIoLlasi HyMepaLus H CHCTeMa ccblioK. Kaxapiit
naparpacg CONEPXKHT CBOIO HYMepaLHio TeopeM, JieMM H dopmya (Ge3 ykasanus
womepa MaBbl W naparpaa). Ilpu cchbuike Ha COOTBETCTBYIOLUHMA pe3yJbTaT
u3 Apyroro naparpaca To# ke r/iaBbl NPHMeHsieTC NBOAHAA HyMepalus, rae
nepsas LHdpa yKasbiBaeT HoMep naparpada (TaK, ccbiika Ha popmyay (2.10)
o3unayaet qopmyay (10) u3 § 2). Ipu ccblike Ha pe3ysibTaThl H3 APYro rJaBbl
ucnosib3yeTcs TpoiHas Hymepauus (Tak, dopmyna (I1.4.3) o3Hauaer dopmysy
(3) u3 § 4 rnaswi 1I).

ABTOp nosb3yercs 3fech cayyaem nobaarogaputb A. H. Kosamoroposa,
B. B. Thenenko, 0. B. IlpoxopoBa, KOTOpble €ro yuujiH H Y KOTOPbIX OH
YuHJICSl TEODHH BEPOAITHOCTEH H COBETAMH KOTOPbIX OH HMeJ BO3MOXHOCTb
No/b30BaThCsl. ABTOP MPHHOCHT TaKXKe CBOIO MPH3HATENbHOCTb COTPYAHHKAM
Kadep TeOPHH BEPOATHOCTEl H MaTeMaTHYECKOH CTaTHCTHKH MeXaHHKO-MaTe-
MaTHuecKoro takyastera MI'Y u coTpyaHHKkam oT/lela TEOPHH BeposTHOCTe#
Maremarnueckoro uHctutyta uM. B. A. CreknoBa AH CCCP 3a o6cyxaeHus
H COBeTbI.

A. Ulupses



BBeaenue

[peameToM TeopHH BeposiTHOCTE! ABJISIETCS MaTeMaTHUECKHI aHAJH3 CJIy-
YaHHbIX ABJICHHA — 3MMHPHUECKHX (PEHOMEHOB, KOTOpbIE (MPH 32 1aHHOM «KOM-
TJIeKCe YCJIOBHA») MOTyT GbiTh OXapaKTepH30BaHbl TeM, YTO

0Af HUX omcymcmeyem JeTePMHHUCTHYECKAs PeryasipHOCTb (Habaro-
Oenus HaO HUMU He 8cee0a npusodam K OOHUM U meMm Je UCX00am)

H B TO Xe CaMoe BpeMs

oxu 061a0ar0m HeKomopoi CTaTHCTHYECKOH peryaspHOCTbIO (npo-
asasouelca 8 cmamucmu4eckol ycmoliusocmu wacmom).

[MosicHHM cKa3aHHOe Ha KJIaCCHYECKOM NMPHMepe «YeCTHOro» noaGpachiBa-
HHSl «MPaBHJIbHOA» MOHeThl. JICHO, 4TO 3apaHee HEBO3MOXKHO C OINpeJesieH-
HOCTbIO MPeACKa3aTh HCXOA KaXA0ro noa6pachiBaHus. PesybTaTbl OTAENbHBIX
3KCMEePHMEHTOB HOCAT KpafiHe Hepery/ispHbifi xapakrtep (To «rep6», TO «pe-
1IETKa»), H KaXXeTCs, UTo 3TO JIMLIAET HAaC BO3MOXKXHOCTH MO3HaTh KaKHe-Ju60
3aKOHOMEPHOCTH, CBSI3aHHbIe C 3THMH 3KcnepumeHTamMH. OfHaKo, ecyii npose-
CTH GOJIbILIOE YHCJIO «HE3aBHCHMBLIX» MOAGPACHIBAHUMA, TO MOXKHO 3aMETHTD, 4TO
INIA «NpaBHJIbHOA» MOHeTbl OyaeT HabJioAaThCs BHOJIHE ONpefesieHHas cTa-
THCTHUECKOH DPeryJiipHOCTb, MPOABJAIOLIAACA B TOM, YTO YacTOTa BblMafaHus
«rep6a» Gyner «6an3Ka» Kk 1/2.

CraTucTHuecKas yCTOHYMBOCTD YAaCTOT AeJIaeT BeCbMa NpaBonoAo6HOi ru-
noTe3y 0 BO3MOXKHOCTH KOJIHUECTBEHHOH OLIEHKH «CJIy4ailHOCTH» TOTO HJIH HHO-
ro co6bitust A, ocyllecTsJsoLIerocst B pesyJibTare 3KcrnepumeHToB. Mcxons
H3 3TOro, TEOpPHSi BEPOATHOCTEH MOCTYJHpYeT CyLIeCTBOBaHHe y coObiTusi A
onpejesieHHOH YHCJ/I0BOH Xapaktepuctuku P(A), HasbiBaeMoil BEpOATHOCTDBIO
3TOro COOLITHA, €CTECTBEHHOE CBOMCTBO KOTOPOH JO/DKHO COCTOSITb B TOM,
YTO C POCTOM UHCJIa «HE3aBHCHMbIX» HCMbITAHHI (akcnepnmemoa) yacToTa
nosiBJeHHs Co6biTHA A fo/KHa npubanKatbes K P(A).

[pumeHUTENLHO K pacCMOTpeHHOMY NMpPHMEPY 3TO O3HayaeT, UTO BepOAT-
HOCTb COOBbITHSI A, COCTOsILLEro B BbiMaJaHHWH «repb6a» NpH GPOCAHHH «Mmpa-
BHJIbHOH» MOHETBI, €CTECTBEHHO CUHTaTb paBHOM 1/2.

Yuco NoJoGHBIX NMPUMEPOB, B KOTOPbIX HHTYHTHBHOE MpEACTaBJEHHE O
YHCJIECHHOM 3HAYeHHH BEPOSITHOCTH TOFO HJIH HHOro COObITHA CKJajibiBaeTcs
BECbMa JIerko, MOXKHO 6e3 Tpyaa npuyMHoXKHTb. OiHaKo Bce OHH GYAYT HOCHTD
CXO[HbIA XapaKTep H COMPOBOXKAATbCA He ONpeJe/ieHHbIMH (M0Ka) MOHATHAMH
THNA «yecTHOe» noA6pacbiBaHHe, «MPaBHJbHAfA» MOHETa, «HE3aBHCHMOCTb»
HT.
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[pu3BaHHas M3yyaTb KOJHYECTBEHHbIE XAPAKTEPHCTHKH «CJYuaHOCTH»,
TeopHs BEPOATHOCTeM, KaK H BCAAKAs TOUHas HayKa, CTa/ia TaKOBOH JIHLIIb TOTAA,
xoraa 6bl10 YeTKO copMyJHPOBAHO MOHATHE BEPOATHOCTHOW MOJEJH, KOria
Gbuia CO3aHa ee aKCHOMaTHKa. B 3To#l cBA3H ecTecTBeHHO ceftuac XoTs Obl
KpaTKO OCTaHOBHMTbCS Ha OCHOBHBIX HCTOPHYECKHX BEXaX TEOPHH BEPOATHOCTEH.
TMoapoGHblit «Ouepk HCTOPHH CTAHOBJIEHHS MaTeMaTHUYECKOH TEOPHH BEpOAT-
HocTeil» NpuBelleH B KHHre «BepoaTHoCTh — 2.

Bo3HHKHOBEHHE TEOPHH BepOATHOCTEH Kak HayKH OTHOCHTCA K cepe-
aune XVII Beka u cBasaHo ¢ uMenamu [lackana (1623—1662), depma
(1601—1665), Tofirenca (1629—1695). Xota oTaenbHble 3a7auH, Kacaio-
Mecs MOJACYETa LIAHCOB B a3apTHbIX Hrpax, paccMaTpHBAJMCb paHee — B
XV—XVI BB. uranbsuckuMu MatematHkamu (Kapaano, IMauosu, Taprasbs
W Ip.), MepBbie oOlIHe MeToAbl PEeeHHs TAaKHX 3ajay OblH, MO-BHAHMOMY,
JaHbl B 3HaMeHHTOM nepenucke Mexpy Ilackanem u depma, HauaBuieiica B
1654 r., ¥ B nepBoit KHUre No Teopuu BeposTHocTell «De Ratiociniis in Alea
Ludo» («O pacuerax B a3apTHbIX Hrpax»), ony6aukoBaHHo#i [lofireHcom B
1657 r. iMeHHo B 3TOT mepuojn BbipabaThiBaeTcs Ba)KHOe MOHATHE «MaTeMa-
THYeCKOe OXHJaHHe», YCTAHABJUBAIOTCH TEOPEeMbl CJIOXKEHHA H YMHOXEHHA
BEpPOATHOCTEH.

HcrtunHas MCTOpHs TeOPHH BepOsSITHOCTell HauHHaeTcs ¢ pa6oTbl S1. Bep-
Hyanu (1654—1705) «Ars Conjectandi» («MckKyccTBo npeanosioxeHuit»),
ony6aukoBaHHo#t B 1713 r., B KoTopo# 6blia f0Ka3aHa (M BMOJIHE CTPOro)
nepBas npejenbHasi TeOpeMa TEOPHH BEPOATHOCTEH — «3aKOH GOJIbLUIMX UHCEN»,
H pa6oTtei MyaBpa (1667—1754) «Miscellanea Analytica Supplementum»
(NpuMepHbIiT MepeBOA MOXKET ObiTb TAKOB: «AHaJHTHYECKHE METOABI» HJH
«AHanuTHueckasi cMecb»), 1730 r, B KoTopoit BrepBbie Gbwia CHOPMYJIH-
poBaHa M J0Ka3aHa (B CHMMeTpPHYHOH cxeme DepHysnH) Tak HasbiBaeMas
«UEHTpaJibHasA NpefiesibHasi TeopeMar.

S1. BepHy/uli MpHHALMIEXKHUT 3aciyra BBeJeHHS] B HAaYKy «KJIaCCHUECKOro»
onpejenieHus MOHATHA «BEPOSITHOCTb COOLITHA» KAK OTHOLLEHHS YHCJA BO3-
MOXHBIX Pe3yJIbTaTOB HCMbITaHWMH, GJaronpHATCTBYIOIHX paccMaTpuBaeMoMy
COGBITHIO, K YHCJy BCEX BO3MOXKHBIX Pe3yJIbTaTOB HCMbITaHHH.

S1. BepHyanu 6bi, BeposiTHO, NEPBbIM, KTO Jes1ajl YeTKoe passiuune Mexay
NOHATHAMH «BEPOATHOCTb» COGLITHSI H «YaCTOTa» ero MofBJEHHS H KTO 0CO-
3HaJl BAXXHOCTb PacCMOTpeHHs GecKOHeuHbIX floc/ieloBaTeIbHOCTeH MOBTOPHBIX
HCMbITaHUiA.

MyaBpy npuHaLIEKHT 3aciyra B ONpele]eHHH TAKHX MOHATHM, KaK «He-
3aBHCHMOCTb», «MaTeMaTHYeckoe OXXHIaHHe», «YCJOBHasg BEPOATHOCTbY.
B 1812 r. BuixoauT 6oabwoit Tpaktat Jlanaaca (1749—1827) «Théorie Analy-
tique des Probabilités» (« AnanuTHUecKasi TEOPHsI BEPOATHOCTed»), B KOTOPOIl
OH H3/laraeT CBOH COGCTBEHHbIE Pe3yJibTaThl B 06JaCTH TEOPHH BEPOSATHOCTEH,
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a TaKkXKe pe3y/ibTaThbl CBOHX MpeALIeCTBEHHHKOB. B yacTHOCTH, OH 0606LIHA
TeopeMy MyaBpa Ha obwwuit (HecHMMeTpHUHbIH) ciyyalt cxembl BepHyJuH,
packpbiB TeM cambiM GoJiee MOJHLIM 06pa3oM 3HaueHue pe3ysbrata Myaspa.

BecbMa 3HauuTesieH BkJan Jlansiaca, coCTOALIMA B NPHMEHEHHH BEpOSAT-
HOCTHBIX METO/J0B K TEOPHH OIHOOK HabJofeHHi. FiIMeHHO UM Gblna BbicKa3aHa
NJI0JI0TBOPHAsA Hledl, YTO olHOKa HaGJIIONeHHi J0/KHA pacCMaTpPUBaTbhCs Kak
cyMMapHbift 3¢eKT cloKeHHs1 6OJIbLIOrO YHC/Ia HEe3aBHCHMBIX 3JIEMEHTapHbIX
own6ok. OTciofa c/ie0Bao, UTo NPH AOCTATOUHO OGLIMX YCJOBHSAX pacrpe-
lleneHne OIUHOOK HAGMIONEHHA MO KpaiiHell Mepe NpUG/HMKEHHO AOJKHO ObiTh
HOPMaJIbHBIM.

K sToMy »xe nepuoy B pa3BHTHH TEOPHH BEPOATHOCTE!, KOr/la LIEHTpasibHOe
MeCTO B HCCJI€JOBAHHAX 3aHHMAJH MpeesibHble TeOpeMbl, OTHOCATCH PaboThI
Myaccona (1781—1840) u Taycca (1777—1855).

C umenem IlyaccoHa B coBpeMeHHOH TEOPHH BepOATHOCTE CBSI3aHO MO-
HATHe pacnpefeJieHus H npouecca, HOCAUMX ero WMms. layccy mpHHamIeKHT
3ac/iyra cosjaHHs TeOpHH OLIKOOK H, B YaCTHOCTH, 060CHOBaHHE OJIHOTO U3 ee
OCHOBHBIX MPHHLUHIOB — MemM0O0a HAUMEHbUUX K8aOpamos.

Chenyiowuii BaKHblii NMepHOA B Pa3BHTHH TEOPHH BEpOSATHOCTEH CBA3aH
¢ umedamu I1. JI. UebbieBa (1821—1894), A. A. Mapkosa (1856—1922),
A. M. Jlanynosa (1857—1918), cozpasiuux 3¢dekTHBHbIE METOAb! A0Ka3a-
TeJbCTBA Npejle/ibHbIX TEOPeM Ui CYMM He3aBHCHMbIX MPOH3BOJILHO pacrpe-
JleJIeHHbIX CJIy4aiiHbIX BEJHUHH.

Uuncno ny6nukauuit YeGbilieBa Mo TeOpHH BEpPOSTHOCTEH HEBENMKO — HX
BCEro 4yeTbipe, HO HX PoJib B TEOPHH. BEPOATHOCTEH H B CO3laHHH KJIAaCCHYECKO#
pYccKoii LIKOJIbl TEOPHH BEPOSITHOCTEH TPYAHO NepeoLleHHTD.

«C  MeToJO0JIOrHYECKOH CTOPOHbI OCHOBHOH MepeBOPOT, COBEepLIEHHDI
UeGbilieBbIM, 3aK/I0YAETCS HE TOJAbKO B TOM, YTO OH BMeEpBble C MOJHOH
HacTOHYHBOCTbIO BbIABHHYJ TpeGoBaHHe aGCOMIOTHOM CTPOTOCTH JA0Ka3aTesb-
CTBa MNpelleNlbHbIX TEOpeM... HO [JIaBHbIM 06pa3oM B TOM, uto UeGhiules
BCIOJy CTPEMHJICSI MOJIYYHTb TOYHble OLEHKH OTKJOHEHHH OT npejesibHbiX
3aKOHOMepHOCTe#l, BO3MOXHBIX MPH XOTA 6bl H 60JBIIOM, HO KOHEYHOM YHCJIe
HCMbITaHHH, B BHAe 6e3yCJOBHO MpPaBHJbHBLIX MPH JIOOOM YHCJE HCMBITAHHH
HepaBeHcTB» (A. H. Koamoropos [30]). do YeGbilieBa ocHOBHOH HHTepec
B TEOpHH BepOATHOCTEH Gbl CBA3aH C MOACYETOM BEPOATHOCTEH CJyyaiHbIX
co6biThii. UM ke BnepBble Gblia fICHO OCO3HaHA W HCMOJb30BaHA BCS CHJaA
MOHATHHA «cJyyailHasi BeJIMYHHA» W «MaTeMaTHYeCKoe OXKHAaHHE CJyyadHoiH
BEJIHUHHBI».

Jlyuwium BhipasutesieM Hieit UeGbiuieBa 661 ero 6amxaiiuui yueHuk Map-
KOB, KOTOPOMY NMPHHA/IEKNT HECOMHEHHas 3ac/yra JoBeleHHs JI0 MOJHO#M fic-
HOCTH pe3yJ/ibTaToB CBOETro yuuTessi. 3HaunTeJbHbIM BKIaioM MapkoBa B Teo-
PHIO BEpOSITHOCTEl fIBHJIOCH HayaToe MM HCCJIefOBaHHe MpelesbHbIX TeopeM
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1181 CYMM 32BHCHMBIX CJyYailHbiX BEJHUHH H CO3JaHHE OJHOTO W3 HOBBIX pa3-
J1e/10B TEOPHH BEPOATHOCTEA — TEOPHH 3aBHCHMbIX C/yYaHbIX BEJHUYMH, CBSi-
3aHHBIX, KaK Terepb NPHHATO roBopuThb, B Lenb Mapkosa.

«...Knaccuueckuit Kypc ucuucsieHus BeposiTHocteil A. A. Mapkosa H ero
opHrHHA/IbHbIE MeMyapbl, SBISIOLIHECs 06Pa3LOM TOYHOCTH H ACHOCTH H3JI0MKe-
HHs, B HaHGOJIbLIEH CTeNeHH CONeACTBOBA/IH NPEBPALIEHHIO TEOPHH BEPOATHO-
cTell B OJIHY H3 CaMbiX COBEpIIEHHbIX 06J1aCTell MaTeMaTHKH U LUHPOKOMY pac-
MPOCTPaHEHHIO HAMpaBJIEHHs H METO/0B Yebbiuesa» (C. H. Bepuuweitn [3]).

Jlns J0Ka3aTes1bCTBA LeHTPasibHO# Mpeie/IbHOH TeOpeMbl TEOPHH BePOATHO-
creil (0 CXOAMMOCTH K HOpMasibHOMY 3aKoHy) UeGbilues 1 MapkoB NpHMeHH/IH
TaK Ha3biBaeMblil MeTo MoMeHTOB. [1pH Gosee 061LHX yC/I0BHAX H GoJiee npo-
CTbIM METOJIOM — METOOM XapaKTepHCTHUecKHX (YHKUHiA 3Ta TeopeMa Gblia
noJyyena JlanynosbiM. [locsenyioliee pasBuTHe TeOpHH MOKa3aso, UTO METON
XapaKTepPHCTHUECKHX (DYHKLHA ABIAETCA MOLUHBLIM aHAJIMTHUECKHM CPEACTBOM
JI0Ka3aTe/IbCTBA CaMblX Pa3HOO6Pa3HbIX NMpefesbHbIX TEOpeM.

CoBpeMeHHBIil MepHod B Pa3BHTHH TEOPHH BEPOATHOCTedl HauHHaeTcs C
yCTaHOBJIEHHs aKCHOMATHKH. [TepBbie paGoThbl B 3TOM HanpasJieHHH NpHHaAIe-
xat C. H. Bepuwreiiny (1880—1968), P. Musecy (1883—1953), 3. Bopenio
(1871—1956). B 1933 r. Buiina kuura A. H. KosmoropoBa «OcHoBHbIe
MOHATHSI TEOPHH BEPOSITHOCTER», B KOTOPO#H Oblia MpeioXKeHa aKCHOMaTHKA,
nosiyuuBlias Bceofliiee NPH3HAHHe W MO3BOJIMBLILAS He TOJbKO OXBaTHTb BCe
KJIaCCHUeCKHe pa3/iesibl TEOPHH BepOsTHOCTEH, HO M JaTh CTPOTYI0 OCHOBY
IJ1s1 Pa3BUTHS ee HOBBIX Pa3[e/oB, BbI3BAHHLIX 3alPOCaMH eCTeCTBO3HAHHA H
CBA3aHHBIX C 6ECKOHEUHOMEPHBIMH pacrpe/ie/leHHMH.

Hanoxenne B HacTossLMxX KHurax «BepositHocTb — I» u «BeposiTHocTh —
2» 0CHOBaHO Ha akcHoMmaTHueckoM noaxone Konmoroposa. [pu 3toM, uTo6bl
topMasbHO-JIOTHUECKasi CTOPOHA Jie1a He 3aCJIOHs/1a HHTYHTHBHbIX NMPeACTaB-
JICHH#, Halle W3JI0)KeHHe HAUHHAETCs C 3JeMEHTapHOH TeOpHH BepOATHOCTel,
«3JIEMEHTapPHOCTb» KOTOPOH COCTOMT B TOM, YTO B COOTBETCTBYIOILHX BEpOSAT-
HOCTHBIX MOJieJIfiX PaCCMaTPHBAIOTCSA IKCMEPHMEHTDI JIHLIb C KOHEYHBIM YUHCJIOM
ucxoaoB. [Tocsie 3Toro Mbl 1aeM H3J0XKEHHE OCHOB TEOPHH BeposiTHOCTef B ee
HauGoJsiee o61ueM Buae («BeposiTHocTb — 1»).

Hauunas ¢ 20—30 roaos npouwioro cToJieTust B TEOPHH BeposiTHOCTel Gyp-
HO pa3BHBaeTCs OJMH H3 ee HOBbIX Pa3/lelloB — MEOPUA CAYHAiHbIX npoyec-
€08, 3aHHMalolLasica H3yueHHeM CeMeHCTB CJydaiHbIX BeJIHUHH, 3BOJIIOLUMOHH-
pytownx Bo BpeMenu. Beuia cosgana TeopHs MapKOBCKHX MPOLECCOB, TEOPHs
CTaLlMOHAPHBLIX MPOLIECCOB, TEOPHS MAPTHHraJIoB, TEOPHS MpeAesbHbIX TeopeM
sl coly4afiHbIX MPOLLeCCOB, TeOPHA HH(POPMALIHH.

OcHoBHOe BHMMaHHe B KHHre «BeposiTHOCTb — 2» yjensieTcss CJyuaii-
HbIM npoueccam C JAHCKPETHHIM BpeMeHeM — CJlyyaiiHbIM NocJjefloBaTesbHO-
ctaM. OmHako TOT MaTepHasi, KOTOpbIi H3Jiaraercss BO BTOpOH TJiaBe KHHIH
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«BeposTHOCTb — 1», faeT ocHoBaTesbHyl0 6a3y (mpexjie BCero JIOrHYeCKOro
XapakTtepa), HeOOXOAMMYIO NpH H3yueHHH oOwjeill Teopud ciyuaidHbIX MpoO-
11eCCOoB.

XoTa HacTosillee W3faHHe KHHr «BeposiTHocTb — 1» # «BeposTHOCTb —
2» mocesillleHO meopuu seposmHocmeii, YMeCTHO GyleT ceiyac cKas3aTb
HECKOJIbKO CJIOB O Mamemamuueckol cmamucmuxe y, 6osee o6uum obpa-
30M, 0 cmamucrmuKke W HX B3aHMOOTHOLLEHHSX C TeopHell BepOSTHOCTEH.

Bo MHorux crpaHax (Hanpumep, B BenukoGputanuu) Teopus sepoamHo-
cmeil paccMaTpPHBAaeTCAl KaK «HHTerpafbHasi» yacTe Cmamucmuxu, o6chay-
XKHBamolllasg ee MaTeMaTHuecKHe acnekTbl. [Ipu atoM Cmamucmuka npeano-
JlaraeTcs CoCTosLIeH U3 C/ICAYIOILMX Pa3flefloB: ONUCAmMensbHAR CMAmMUCmMuKa
H mamemamuueckas cmamucmuxa. (MHorne HUMKIONEAHUECKHE H3laHHA
OTMEUaIOT, YTO NepBOHayasibHOe 3HaueHHe CJIOBA CMAmMUCMuUKa — 370 «Hay-
Ka O COCTOSIHHH rocyaapcTBa» (Mo JiaThlHH Sfatus — coctosanue). Ha pannux
JTanax ee Ha3blBaJH «MOJNHTHYECKO# apHU(METHKOM», LeJb KOTOpO# cocTosA-
Jia B OLEHHBAHHH TeX WJIH HHbIX MOKa3aTeliedl, XapaKTEPH3YIOILHX COCTOAHHe
o0LIeCTBa, SKOHOMHKH H T. A., H BbIABJIEHHH Pa3HOr0 pPoja KOJHUECTBEHHBIX
CBOHCTB MaCCOBbBIX fIBJIEHHH MO HEMOJIHbIM JaHHbIM.)

Onucameavnasn cmamucmuKka 3aHHMaeTCs opraHu3aLedl NpeacTaBIeH i
CTAaTHCTHYECKHX JaHHBbIX («CTATHCTHYECKOrO ChIpbA») B YAOOHBIX U1 aHaJH3a
dopmax. (Krouesvimu cao08amu 31ech ABIMIOTCA, HANPUMEp, TakHe: MOMYJsi-
LM, BbIOOPKa, 4aCTOTHbE pacnpesiesleHHsl H HX FHCTOTpaMMbl, OTHOCHTeJIbHbie
4acTOTHble pacrpefieleHHs H HX THCTOrpaMMbl, YaCTOTHbIE MOJIMIOHbI H Ap.).

B Hactosiliee BpeMs HMeeTcsi GOJbLIOE YHCJIO MAKETOB CTaTHCTHUECKHX
nporpamm (MINITAB, SAS, SPSSX u ap.), KoTopble N03BOJIAIOT MpeACTaB-
JIATb JaXke oyeHb GoJibLIHE MACCHBbI CTaTHCTHUECKHX JAaHHbIX B YAOGHbIX 119
aHa/M3a (opMax (B BHAe pasNHUHbIX AHArpaMM, FHCTOrpamMm H T. N.).

Mamemamuueckas cmamucmuKa NpH3BaHa, COGCTBEHHO rOBOpS, 3aHH-
MaTbCs MaTeMaTHYeCKoH 06paboTKON «CTATHCTHYECKOTO ChIpbfi», OLLEHHBAHH-
€M BbIGOPOYHLIX XapaKTePHCTHK, BbIGOPOUHBIX pacrnpeesieHHii U BbIHECEHHEM
CTaTHCTHUECKHX BbIBOJOB C YKa3aHHeM CTeMeHH HX HafeXHocTH. (Kwouesoie
CA08a: OLleHHBaHHe — TOYEUHOe H HHTepBaJbHOe, pa3JiHueHHe THNoTe3, Hena-
pameTpHuecKHe TeCTbl, AMCHEPCHOHHbIH aHAJ/H3, PerpecCHOHHbIA aHaJH3, CTa-
THCTHKA MPOLIECCOB, ...)

B Poccun TpamMuMOHHBIM 00pasoM Mmamemamuueckas cmamucmu-
Ka paccMaTpHBaeTCf KaK €CTeCTBEHHbIH pa3flel meopuu sepoamunocmell,
3aHUMaloOLIMACA «OGpaTHBIMH BEPOATHOCTHBIMH 3ajayaMu», T. €. 3ajauamu
olnpefieieHHst TOH BepOATHOCTHOH MOJeJH, KoTopas HauGoJiee aeKBaTHbIM
06pa3oM OTBeYaeT MOJyuyeHHbIM CTATHCTHYECKHM JlaHHbIM.

[Mono6Hbli# B3rasA Ha MaTeMaTHYECKYIO CTATHCTHKY (Kak YacTb TEOPHH Be-
posTHOCTel) JaeT BO3MOXKHOCTb NPHAATh METOAAM H 3aKJIOUEHHSAM CTaTHCTHKH
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cTporylo MaTeMaTHuecKylo Gasy 06Jieub CTaTHCTHUECKHEe BbIBOALI B ¢hop-
My CTPOTHX TEOPETHKO-BEPOATHOCTHBIX YTBEpXIEHHH. (CMm., Hanpumep, § 13
«dyHIaMeHTaIbHbIe TEOPeMbl MaTeMaTHueckoi cTaTHCTHKH» B I I, «Bepo-
aTHOCTb — I».) B 3Toil CBA3H yMecTHO OyIeT HaNOMHHTb, YTO nepsas npe-
JeNbHas TeopeMa TeOPHH BEPOATHOCTEeH — 3AKOH 60Abwlux 4uces BO3HUKIIA
y §1. Bepryau B «Ars Conjectandi» [134], co6cTBeHHO roBOps, MMEHHO M3
KeJlaHHs MOJYUHTb MamemamuuecKoe 060CHOBaHHE HCMOJb3OBAHHA «4acTo-
Tbly [JISi OLEHHBAHHSA «BEPOATHOCTH ycnexa» B «cxeme Depnysnu». (CM. no
stoMy nosoay «BepoatHoctb — I», ra. I, § 7.)

B 3akJoueHHe HACTOsILEro BBeeHHs npuBeaeM TeKCT 51. Bepuynnu u3 «Ars
Conjectandi» (r1aBa BTOpasi U3 4aCTH 4YETBEPTOH):

«OTHOCHTEJIBHO TOFO, UTO TBEPAO H3BECTHO H He MOIJIENKUT COMHEHHIO,
Mbl FOBOPHM, UTO 3HAEM WJIH NOHUMAEM, OTHOCHTEIbHO BCETO NMPOYEro — YTo
TOJIbKO OTafiblBaeMcs HIH npednoaaeaem.

Jlenatb 0 Kako#f-nH60 BelllH MpearosioKeHHs — BCe PaBHO, UTO H3MepATb
ee BepoATHOCTb. [ToaToMy HcKyccTBo mpeanodioxkennii (Ars conjectandi sive
stochastice) y Hac onpeaensercs Kak HCKYCCTBO BO3MOXKHO TOUHee H3MepsiTh
BEpOATHOCTH Belllefl 3aTeM, YTOObl B HALUMX CY)XIEHHAX HJIH AEACTBHAX Mbl
MOIJIH Bcerqa BbIOHpaTb WJIH CJIefloBaTb TOMY, uTo GyAeT HaifeHO JyulluMm,
6oJsiee YAOBJAETBOPHTENbHbIM, CIOKOHHBIM H Pa3yMHbIM».

JlaTHHCKOMY cJsloBOCOYeTaHHIO ars conjectandi (WcKyccTBo npeanoJioxke-
HHil) COOTBETCTBYET rpeyeckoe oToyao Tt TéY VY (BTOpOE CJIOBO YacTo omyc-
Kaetcs). JTO CJIOBOCOYETaHHE MPOHCXOJHT OT rpeyeckoro otéyol — Leb,
Iorajika, npeanooxenue [134, c. 27, 75, 83].

B HacToslliee BpeMs CJIOBO «CTOXaCTHUYECKHII» LIMPOKO HCMOJb3YETCH Kak
CHHOHHM CJIoBa «CJyyafiHblii». Tak, BbIpaXKeHHs1 «CTOXaCTHYECKHe MPOLECChl»
M «cJlydaiiHble MpOLeCChl» PacCMaTpHBAIOTCA KaK paBHompaBHble. HesuiuHe
GyZeT OTMETHTb, UTO MEOPUS CAYHALHbIX NPOYECCO8 W CMAMUCMUKA CAY-
HAHbLX NPOYECcO8 BXOAAT HbIHE B YHCJO OCHOBHBIX HHTEHCHBHO Pa3BHBalO-
LMXCA pa3fesioB TEOPHH BEPOATHOCTEH W MaTeMaTHUECKOR CTaTHCTHKH.
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Mo Ha3uBaem 3AeMeHmaprod meopueil sepoamunocmed my
wacmo meopuu sepoamuocmeil, 8 KOMOPOL NPUXOOUMCA umems deno ¢ seposmuocmsa-
il AUl KOHEUHO20 4ucaa cobomud.

A. H. Konmoropos. « OcHoBHbie MOHATHSA T€OpHH BeposTHocTel» [32]

§ 1. BeposdTHocTHaa Moaesb 3KCNepUMeHTa
C KOHEYHBIM YHCJIOM MCXOA0B

1. PaccMOTpHM HeKOTOpBbIil 9KCHEPHMEHT, pe3yJbTaThl KOTOPOro (IpH JaH-
HOM «KOMNAEKCe YCA08ULi») ONHCHIBAIOTCS KOHEYHLIM YHCJIOM Pa3JIHYHbIX UC-
X0008 (ABNeHHI) wy, ..., wy. [ Hac HecyllecTBeHHA peasibHas IPHPOAA STHX
MCXOJI0B, BaXKHO JIMLIb TO, YTO HX YHC/O N KOHeuHo.

Hcxomsl wy, ..., wy 6yleM TakKe Ha3biBaTh IAEMEHMAPHOIMU COOBLMUS-
MU, @ HX COBOKYMHOCTb .

Q={wi, ..., wy}

(KOHEUHBIM) NPOCMPAHCMBOM INEMEHMAPHHLX COObLIMUL HIAH NpOCMpPaH-
cmsom ucx0008.

BrizesieHHe npocTpaHCTBa 3/1€MEHTApHLIX COOBITHA MpeAcTaBiaseT co6oi
nepsblil wWwar B GpOpMYJHPOBAHHH TOHATHS 8ePOAMHOCMHOU mo0eau (Bepo-
ATHOCTHON «TEOPHH») TOTO HJIH HHOTO 3KCMepHMeHTa. PaccMOTPHM HECKOJIbKO
TNIPUMEPOB OMHCAHHSA CTPYKTYPbl MPOCTPAHCTBA 3JIEMEHTAPHbIX COOBITHH.

lMpumep 1. Tpu ogHOKpaTHOM MOAGPACLIBAHHH MOHEThI IPOCTPAHCTBO HC-
X070B 2 COCTOHT U3 JBYX TOUEK:

Q={T, P},

rae I'— «rep6», P — «pewerka». (Mbl npeanosiaraeM, 4To «KOMIJIEKCOM YCJIO-
BUi» HCKJIIOYAIOTCA BO3MOXMHOCTH THMA «MOHeTa CTajla Ha pe6po», «MOHeTa
HCyeana, ..., HO B TO Xe caMoe BpeMsl MPeroJiaraercs BO3MOXHOCTb A0CTO-
BEpHLIM 06pa3oM perHCTpHpPOBaTh pe3ysbTaT NOAOPAchiBAHHA.)

Mpumep 2. Tpu n-kpaTHoM NoaGpacbIBaHHH MOHETbI MIPOCTPAHCTBO 3Je-
MEHTapHbIX COOLITHH

Q={w: w=(ay, ..., ay), a;=T uau P}

H o6uiee yucso N(§2) HCcXoa0B paBHO 27,
Mpumep 3. Tlyctb chauana noa6GpacbiBaerca MoHeta. Ecin Bbinager
«rep6», To 6pocaercs LiecTHrPaHHas KocTb (¢ uudpamu 1, 2, 3, 4, 5, 6), ecau
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e BBINAJaeT «pelieTKa», To CHOBa MoiGpachiBaeTcsi moHera. [1pocTpaHCTBO
3JleMeHTapHbIX COGbITHII JaHHOTO 3KCMepHMeHTa OyaeT TaKHM:

Q={I'l, T2, I3, TI4,T5,TI6, PT, PP}.

3ameuanue. [IpH H3/I0XKEHHH TEOPHH BEPOATHOCTEN «KOMIIEKC YCJIOBHA»,
KaK MpaBHJIO, HE YNIOMHHAETCA H «MO YMOJYAHHIO» MpearnoJaraercs AaHHbIM.
Mexny TeM, 3TO NOHATHE BaXKHO Y>KE€ Ha yPOBHE H 3JIeMEHTapHOH TEOPHH Be-
posiTHOCTEH, NOCKOJIbKY pasHble «KOMIJIEKChI YCJIOBUA» IS OJHOTO H TOTO Xe
JKCMEPHMEHTa MOTYT MPUBOAUTb K BeCbMa Pa3HbIM BEPOATHOCTHLIM MOJENSAM
(«TeopusiM»). (B 3Toii CBA3H CM. flajiee TEKCT B HayaJie M. 3, AaIOLLHHA HEKOTOPbIE
NOACHEHHs, B YyeM 37eCb AeJ0.)

2. PaccMoTpuM Tenepb GoJiee CJIOXKHbIE MPHMeEpLI, CBA3aHHblE C Pa3HbIMH
crnoco6aMH BbiGOpa 71 LApoB U3 YpHbI, cojepxKallleil M pas/HuHbIX LapoB.

Mpumep 4. Bubop ¢ so3epauwjeruem. Tak HasbiBalOT IKCMEPHMEHT,
B KOTOPOM Ha KaXIOM LIare H3BJeYeHHHI Liap Bo3BpallaeTcs o6paTHo.
B 3ToM cayyae Kaxaaa swbopka w3 n 11apoB MOXKeT ObiTh 3amucaHa B BHIE

(ay, ..., ag), TAe a; —HOMep LLapa, H3BJIEYEHHOro Ha i-M ware. [ToHaTtHo, uTO
B CJlyuae BbiGOpa ¢ BO3BpallleHHEM Kaxkaoe a; MOXeT NpHHHMaTh Joboe H3
M 3nauenuii 1, 2, ..., M. OnxcaHHe MPOCTPAaHCTBA 3JeMEHTAapHbIX COOLITHH

CYLIECTBEHHO 3aBHCHT OT TOrO, CUHTaeM JIH Mbl BbIGODKH TOXHECTBEHHOrO
cocTaBa, TakMe Kak, ckaxeM, (4, 1,2, 1) u (1,4, 2, 1), pasnuuHbIMH HJH
O/IMHAKOBBLIMH. B CBSi3W C 3TUM NPUHATO pasiHuaTh [Ba CJydas: ynopadouer-
Hble BLIGOPKH H HeynopadoueHHbie BbIGOPKH. B nepBoM cayyae BbiGOpKH,
COCTOSILIIHE M3 OJHHX M TEX XK€ 3JIEMEHTOB, HO OTJHUaloLecs MOPSAAKOM
C/IeJIOBaHHsl 3THX JIEMEHTOB, 06BABAAIOTCS pasauyrbimu. Bo BTopoM caydae
MOPAAOK CJIEOBaHHA 3JIEMEHTOB He NpPHHMMaeTCcid BO BHHMaHHe H Takue
BLIGOPKH 0O6GBABAAITCA moxoecmseeHHbiMmu. UToObl NOAYEPKHYTb, KaKue
KOHKPETHO BbIGOPKH Mbl paccMaTpuBaeM, OyneM I YnopadO4eHHbX Bbl-
6OpOK HMCMOJb30BaTh 0603HaUeHHe (), ..., Gn), @ LA HEYNOPAOOHEHHbLX —
lay, ..., aq].

Hrak, B ciiyuae ynopadoueHHbix BbIGOPOK ¢ 8038pawjeHuem npocTpaH-
CTBO 3JIEMEHTAapHbIX COOBITHH {2 HMeeT CJeAYIOULYIO CTPYKTYpY:

Q={w: w=(ay, ..., an), ai=1, ..., M},

W UHCJIO Pa3/IHYHBIX Ucx0008 (BbIGOPOK), Ha3biBaeMblX B KOMGHHATOPHKE pa3-
MeuwjeHuamu U3 M no n ¢ nosmoperusmu, paBHo

N(Q)=M". (M

Ecaiu e paccmaTpuBaioTcs HeynopsadouerHoie BHIGOPKH ¢ 8038paujeru-
em (B KOMGMHATOpHKe — coxemaHnua 3 M no n ¢ nosmopenuamu), 10

Q={w: w=|ay, ..., an], ai=1, ..., M}.
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TMoHaTHO, uTo uucao N(S2) (pasiuuHbIX) HeynopsAAOYeHHbIX BLIGOPOK MeHblie,
yeM YMCJI0 yrnopsaoyeHHbIX. [TokaxeM, uto ans 3TOrO CAyyas

NE€) = Chytyn—1, @

' v
rae Cy= mk—IF — «qucao covemarui u3 k asemenmos no I».
Byaem BecTH 10Ka3aTenbCTBO MO WHAyKuMH. O6osHauum N(M, n) ukcio

WHTEpECYIOLUHMX HAC HCXOA0B. SIcHO, uTo ANs BCeX R <M
N(k, 1)=k=C}.

TNpeanonoxum Tenepb, uto N(k, n)=Cg ,_|, k<M, 4 nokaxeMm, yto 3Ta
¢opMynia ocTaeTcsi CrnpaBe/IMBOM NMPH 3ameHe 2 Ha n+ 1. [1pu paccmoTpennu
HeyNnopsl04eHHbIX BLIGOPOK [ay, ..., @p41] MOXKHO CUHTATD, YTO HX JIEMEHTbI
pacrnosioXeHbl B Mopsiike HeyObiBaHWA: @) Q2K ... < Qaytl. OuesuaHo, yToO
YHCJIO HeynopsAfoueHHbIX BbIOOpoK ¢ ay =1 pasHo N(M, n), ¢ a; =2 paBHo
NM -1, n) u 1. a. CnefoBarefbHo,

NM, n+1)=NM, n)+ NM—=1,n)+...+ N1, n)=
=Cyn-1 +Ch—tyn1 +...+Cp=
= (Coon = Ciont) + Co = C ) +
ot (C:i,' -CH+Cr= C;,',,";'n,

Tie Mbl BOCTIO/Ib30BAJIHCH CJIEAYIOUIMM JIEFKO NPOBEPSEMbIM CBOACTBOM 6UHO-
MuanrbHoix Kodgpuyuenmos Ck:

Cy' +Ch=Chyr-

(9T0 CBOWCTBO JIEXXHT B OCHOBE MOJCUETA GHHOMHAMBHBIX KO3((HLHEHTOB H3
«TpeyrosibHuKa [Tackans».)

Mpumep 5. Bobop be3 so3spawerun. Bynem npeanonarats, uto n < M
H YTO H3BJieueHHble Wapbl o6paTHO He Bo3BpallaloTcsA. B 3ToM cayuae Takke
paccmatpuBaloTCcs 1Be BO3MOXKHOCTH, CBfI3aHHbIE C Pa3jIHUEHHEM YNOpsiA0UeH-
HbIX H Heynopsil04eHHbIX BEIGOPOK.

B cayuae ynopadouennoix BbiGopok 6e3 8038paujerus (B KOMGHHATOPH-
Ke — pasmewenuii 13 M no n 6e3 nosmopenuii) NpoCTPaHCTBO HCXOAOB

Q={w: w=(ay, ..., an), ar#a;, k#l;, ai=1, ..., M},

2 YUCJIO 3JIEMEHTOB 3TOro MHoxKectBa paBHo M(M —1)...(M—n+1). 310
Yucao o6o3Hayaetcs (M), HaH A} H Ha3biBaeTCH «4UCAOM pa3Mewjerul u3
M no n»,
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B cayuae HeynopadoueHHoix BIGOPOK Oe3 8038paujenus (B KoOMOHHATO-
puke — couemanuii u3 M no n 6e3 nosmoperui) NPoOCTPaHCTBO HCXOJ0B

Q::{w: w=[a|,...,a,,], akyéa,, k#[; a,-=l,...,M}

COCTOHT U3
NEQ)=C% 3)

anieMenToB. JleficTBUTENbHO, H3 HeynopsA0oueHHoro Habopa [ay, ..., a,], cocTo-
SILIEr0 W3 Pa3/IHYHBIX 3JIEMEHTOB, MOXKHO MOJYYHTb POBHO 7! YNOPALOUEHHbIX

M
Ha6opoB. CaesoBatenbho, N(€) - n! = (M), u, 3Hauur, N(Q) = g—n?—" =Cly.
PeayJibTaThl 0 UKCJ/Ie HCXOZO0B B CJyyae 1 U3BJeYEHHH U3 ypHbl ¢ M apaMH

cBesieM B Tabauuy 1:
Ta6anua 1

C

Mm" C;lvi+n—l

(M), &7

Bes

BO3BpaLUEHHA | BO3BpaLLEHHEM

BuiGop

Y ]
NOPAAOUEHHDI Haop

Heynopsaouennniit

Insi cayuas M =3 u n=2 CTPyKTypa COOTBETCTBYIOLUHX MPOCTPAHCTB 3J1€-
MEHTapHbIX COGBITHI MPHBOAUTCA B TabJHue 2:

Ta6auua 2

(1, 1) (1, 2) (1, 3)

[1,11[2, 2] [3, 3]

2 1) 22 @3 (1,2 (1, 3] o

3, 1) 3,2 @3,3) [2, 3] g

1,2 (@,3) £

[1,2] 1[t,3] oY

@1 @3 35

G 62 2. 3] "
YnopsaoueHHbIR HeynopsaouenHbtii Buop

Ha6op
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Mpumep 6. Pasmewenue dpobunok no aueixam. PaccMoTpum Bompoc
0 CTpyKType MPOCTPAaHCTBA 3JIEMEHTApHbIX COGBITHA P 3ajlaue pa3MellleHHs
n ApOGHHOK (LIapoB H T. n.) no M auefikaM (linKam u 1. 1.). B cratucTHueckod
chu3uKe Nojlo6Hast 3aj1a4a BO3HHKAET, HaNPUMep, IPH H3yUeHHH pacripele/leHHs
1 yacTHLL (3TO MOTYT GbITb MPOTOHbI, JEKTPOHHI, ...) Mo M cocTostHUAM (3TO
MOTYT GbiTb SHEPTeTHUECKHE YPOBHH).

[MycTb sivefikam NpHCBOeHbI HoMepa 1, 2, ..., M, u npeanosioXum CHayaa,
yto APOGHHKH pa3nuuuMbl (WMetoT Homepa 1, 2, ..., n). Toraa pacnpenene-
Hue n ApOGHHOK Mo M sueiikaM MOJIHOCTbIO OMHCHIBaeTCs (YNopsl04eHHbIM)
Ha6opoM (ay, ..., @), T1€ a; — HOMep AYelKH, Kylla nonaa Apo6HHKA C HOMe-
poM i. Ecai e paccMaTpuBaeMble IPOGHHKH HEPA3NHYHMbI, TO HX pacnpese-
Jenne no M guefikaM MOJIHOCTbIO OMHCLIBaeTcs (HeynopsAo4eHHbIM) HabopoM
lai, .., @n], Ta€ a; — HOMep AUeAKH, B KOTOPYIO NMoNana ApoOGHHKa Ha i-M Luare.

CpaBHHBasi pacCMaTpHBaeMyIo CHTYaLHIO C MPHMepaMH 4 H 5, BUAHM, 4TO
MMEIOT MECTO CJIeflylolliHe COOTBETCTBHA:

(ynopadouennsie guibopku) « (pasauuumsie OpoburKu),
(Heynopadouennsie solbopKu) — (Hepasauuumbie OpOOUHKL),

O3HayalollMe, YTO CJyYalo YNOPAIOUEHHBbIX (HEynopsloyeHHbIX) BLIGOPOK B
3ajlaue BLIOOpA 1 IIAPOB H3 YpHBLI ¢ M 11apaMu cOOTBETCTBYeET (OAHH H TOJIBKO
OJfIHH) cJlyyail pacHoJIoXKeHHs Pa3/IHYHMBIX (Hepa3IHUHMBIX) APOGHHOK B 3ajaye
pa3melienns n ApoOGHHOK Mo M sueiikaM.

AHaNorHuHbIf CMBIC/ HMEIOT CJIe/lyiollHe COOTBETCTBHSA:

8 Auelike MONem Haxoo0umocs
(8bibop ¢ 8o38pAUeHUEM)
a1060e wucao OpobuUHOK

8 Auelike MOICem HAxXOOUMbCA
(8vibop Oe3 so3spaujeHus) «

He 60aee 00HOU OpoburKu
M3 3THX COOTBETCTBHII MOXKHO CKOHCTPYHPOBaTh COOTBETCTBHS THMA:

Hepa3auuumsie OpobuHku 6 3adaue
ux pasmeujeHus no ayelkam, koeoa
8 Auelike He MOIem HAxXO00UMbCA
601ee 00HOU OpobuHKU

HeynopadouexHble ulbopKu
8 3adaue guibopa be3 803- | —
spaujenus

H T. ]I, 4TO AA€T BO3MOXHOCTb HCMOJb30BaTh NMpHMepbl 4 H 5 A1 onucaHus
CTPYKTYpbl MPOCTPAHCTBA 3JIEMEHTApHbIX COOLITHA B 3ajaue pacnpejeeHHs
Pa3/IHYHMBIX M HepasHYMMbIX APOGHHOK MO fAuefikam C 3ampeToM (B siuefike
MOXeT HaxoAuTbcs He Gojiee OJHOH APOGHHKH) HJH Ge3 3anpera (B Aueiike
MOXET HaXoAUTbCA J060e YHCJIo APOGHHOK).

Ta6auua 3 nokasbiBaeT CTPYKTYpYy pacHoJioxeHHs ABYX APOGHHOK MO TpeM
AvefikaM. B cayyae paanuuuMbIX ApOGHHOK OHH oGo3Hauaiotcs B (Genas)
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u U (uepHast). B ciyyae HepasaMuMMbIX APOGHHOK HX HaJiHuHe B fAuyefike
0603HayaeTcs 3Hakom +.

Tabaunua 3
(B[] (BT ] (BT 4] | =l 1 (1= ] O [+ s
[ 184 (184 [+ T+] 3e
(ul [6] [ [u[B] [ | [BY [ [+]+] 8
64l ] (6] Y] z
++ | [ 4] e
@B [J6[ o ol
4] I6] [JulB] 8

Pasme-

wme-

Paannunmblie ApOGHHKH Hepasaanunmbte apoGHHKH Tun \ 1€
apo-
GHHKH

Yka3aHHasi Bblllle [ABOMCTBEHHOCTb MeXIy paccMaTpHBaeMbIMH 3ajauyaMH
N03BOJISIET OUEBHAHBIM 06pa30M HaflTH YHCJIO HCXOOB B 3ajaye pa3MelleHHs
Apo6HHOK Mo sivefikaM. CoOoTBETCTBYIOLLHE Pe3yJibTaThl, BKJAOYawolliHe B cebs
TaKXKe H pe3yJibTaThl TabJHLb! 1, cBeAeHbl B TabnuLy 4.

Tabanua 4
N(§) B 3apave pasamewiennst n Apo6HHOK no M sueiikam
Tun apo-
GHH- He
A pasfiHiHMble
,l::f ku | Pasnnunmbie ApoGHHKH ApOGHHKH
LIeHHe
=
n fold 2
I M M+n—1 5
R e (cTaTHcTHK (cratncruka o3
8 Makcseana—Boabumana) Bose—3iiHwTeiina) (%‘
2
g
g Ch o &
o 5.?_ (M)n (cTatncTHKa B8
8 depmu—[Iupaka) a
2
YnopsnouenHbe HeynopsanoueHHbie BuiGop
BbIGOPKH BLIGOPKH Ha6op
N(Q) B 3anaue BoiGopa n WApOB H3 YPHLI ¢ M wapamu




§ 1. BEPOSITHOCTHASl MOJEJIb 27

B craTHCTHYecKOH (pH3HKe TOBOPAT, UTO pasjiMyMMbie (Hepas/HuHMbIE)
yaCTHLUbI, HE MOJYHHAIOLKECS NpHUHUMNY 3anpeTa [layan («He Gosblie oaHOM
yacTHUBl B KaXIoHl suefike»), yaoBaeTBOPAIOT ((hH3HUeCKOH) CTaTHCTHKe
Makcseana—bBoisibLiIMaHa (COOTBETCTBEHHO — cTaTHCTHKe Bose—diHiiTeliHa).
Ecaii Ke YaCTHLbl Hepa3/MuuMbl H MOJYMHSAIOTCA MPHHLMMY 3anpera, TO —
ctaticTHke Pepmu—[lupaka (cM. Taba. 4). Mi3BecTHo, Hanpumep, 4TO 3J€K-
TPOHBI, TIPOTOHbI H HEATPOHBI MOfuMHATCA cTratHCcTHKe Pepmu—[lnpaka,
¢hoTOHBI H NH-Me30Hbl — CTaTHCTHKe Bose—JiiHwTeitHa. MaBecTHO Takxke, uTo
cayuail pas/iHuMMbIX YacTHL, NMOAYMHAIOLIMXCS MPHHUMMY 3anpeta, B Qu3nKe
He BCTpeyaeTcs.

3. Hapsnmy c noHATHEM NpOCTPAHCTBA AeMermaproix cobbimuii BBeeM
Tenepb BaXKHOE MOHATHE CObGbimus, Jiexalllee B OCHOBE NOCTPOEHHS BCAKOH
BEpOSITHOCTHOM MOJIE/IH (<TEOPHH») PaCCMaTPHBAEMOTO SKCMepPHMEHTa.

DKcnepUMeHTaTOpbl OGLIYMHO HHTEPECYIOTCS He TeM, Kako# KOwKpemHo
MCXOJ MMEET MeCTO B pe3y/ibTaTe HCMbITaHHSl, a TeM, NPHHALNENKHT JIH HCXOA
TOMY HJI1 HHOMY MOJIMHOXKECTBY Bcex HcXojoB. Bce Te noamHoxectsa A C (2,
LAl KOTOPBIX MO YCJIOBHAM 3KCIEepHMEHTa BO3MOXKEH OTBET OJHOTO H3 JBYX
THNOB: «HCXOA w € A» WM «HucXol w & A», — GyleM Ha3biBaTb COOLIMUAMU.

HanpuMep, NycTb ocyllecTB/seTCA TPeXKpaTHoe NoAGpacbiBaHHE MOHETHI.
[pocTpaHcTBO BceX HCXOROB §) COCTOHT H3 BOCbMH TOUYeK:

Q={[TT, ITP, ..., PPP},

H eC/IH «KOMIUIEKC YCJIOBHii» M03BOJsAET 3anHcaTb (3adHKCHPOBATh, «H3Me-
PHTb» H T.1.) pe3y/bTaThl BCeX TpeX NoAGpachiBaHHil, TO, CKaxKeM, MHOXECTBO

A={[TT, ITP, TPT, PIT}

fiBseTcs COGbITHEM, COCTOSILIMM B TOM, YTO BbIMAJeT Mo KpaiiHeil Mepe 1Ba
«rep6a». OIHaKO eC/IH «KOMILIEKC YCJOBHI» NM03BOJAET 3a(pUKCHPOBATD JIHLLb
TOJIbKO pe3yJbTaT NepBoro MoAGpacbiBaHHA, TO pacCMaTpHBaeMoe MHOXECT-
Bo A yxe HeJb3sl Ha3blBaThb cOObimuem, NOCKOJNbKY Heslb3st JaTh HH yTBep-
JUTeNbHOTO, HH OTPHLIATENbHOTO OTBETa Ha BOMPOC O TOM, MPHHALNEKHT JH
KOHKPETHbIN HCXOA w MHOXeCTBY A.

OrnpaBasisicb OT HEKOTOpO# 3aflaHHOM CHCTEMbl MHOXECTB, ABJSIOLLIMXCH
COOLITHSAMH, MOXKHO 06pa30BbiBaTh HOBblE COGbLITHS, OTBEUalOLLHE KOHCTPYKLIH-
fIM BLICKa3bIBaHH# C JIOTHUECKHMH CBA3KAMH «HJIH», KH» H «HE», YEMY Ha A3blKe
TEOPHH MHOXECTB COOTBETCTBYIOT OMepaLHH «O6beAUHeHHsA», «lepeceyeHUs »
H «10MOJIHEHHSA».

Ecan A u B — 18a MHOXeCTBa, TO NMOA X 06veduHeHuem, 0603HayaeMbiM

AU B, noHuMaeTcsi MHOXECTBO, COCTOSILLIEE H3 TOYEK, BXOAALLHX HIH B A, HIH
B B:

AUB={weN: weA nm weB}.
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Ha ssbike Teopun BepositHocTelt AU B — co6biTHe, cocTosiliee B TOM, uTO
npoudowso xoms 6ot 00HO U3 coObITHI A WK B.

[epeceuerue nyx mHoxects A u B, o6o3Hauaemoe AN B uwau AB, ecTb
MHOX>XeCTBO, COCTOsiLIee U3 TOUEK, BXOAAIIMX H B A, H B B:

ANB={weN: weAuweB}

CoGbiTie AN B COCTOMT B TOM, UTO 0OHOBPEMEHHO NPOU3OULL0 H COObITHE A,
H cobbiTie B.
Tak, eciu A={[T, I'P, PI'} u B={PP, PI', TP}, 10

AUB={[T, TP, PT, PP} (=Q),
ANB={PT, TP}.

Ecsiu A — HeKoTOpoe NOAMHOXKECTBO £2, To NOA ero JonoaxeHuem, 0603Ha-
YaeMbIM B JajibHeillleM A, NOHHMAETCH MHOXECTBO ToueK H3 {2, He BXOAALIMX
B A.

Ecnn uepe3 B\ A o6o3Hauatb pa3nocmo MHoXecTB B 1 A (1. e. MHOXeCTBO
Touek, BxoAsAwwx B B u ne Bxozauwx B A), To A=\ A. Ha asbike Teopun
BepPOATHOCTEH A — 3To co6biTHe, cocTosllee 8 HenacmynaeHuu cobbiTus A.
Tak, ecan cobbitie A ={IT, TP, PT}, o A ={PP} — co6biTHe, cocToslliee B
TOM, YTO MOAPAA BbIMAAYT [BE «PeLeTKU».

Muoxectsa A u A He uMeloT OGLIMX TOYEK, W, CJIELOBATEbHO, MHOXEC-
180 ANA sBAserca nyctuiM. JlAs NyCTOro MHOXeCTBa GyleM HCMO/b30BATb
o6o3HaueHne &. B TeopuH BeposiTHOCTEl MHOXKECTBO & Ha3blBaeTCsi HE8o3-
MOJCHOIM cOGbiTHEM. MHOXKeCTBO {2 ecTecTBEHHO Ha3BaTh HEOOXOAMMbBIM, HJIH
docmosepHuiM, COGLITHEM.

O6benunenne AU B MHoxectB A U B B TOM cJiydae, KOrjia OHH He mepe-
cekaiorcs (AB = @), HasbiBaercsi cymmoil MHOXecTB A ¥ B W o6o3Hauaercs
A+B.

Ecan paccmaTtpuBaercsi HeKoTopasi CHCTeMa & MHoxectB ACK, To ¢
TMOMOLLbIO TEOPETHKO-MHOXKECTBEHHBIX onepauuit U, N H \ MOXKHO H3 3/IeMEeHTOB
&/ NOCTPOUTH HOBYIO CHCTEMY MHOXKECTB, KOTOpble TaKxKe ABJNAIOTCHA COObITH-
amu. TTpucoennnss K 3THM COGBITHAM JOCTOBEPHOE H HEBO3MOXKHOE COOBITHSA
Q v @, noJyyaeM CHCTEMY MHOXeCTB &/, KOoTopas aBJserca aacebpoi, T.e.
TaKo# CHCTeMO#H MOJAMHOXKECTB MHOXeCTBa £2, 4To

)Qed,

2) ecin A€ &, B€ &, to muoxectsa AUB, ANB, A\ B Takke npHHaj-
Jexar & .

W3 ckasaHHOro cjiefiyet, uTo B KauecTBe CHCTeM cobbiTHil LienecooGpas-
HO paccMaTpHBaTh TaKHE CHCTEMbl MHOXKECTB, KOTOpble BJAIOTCS ajire6pamH.
FimMenHo TakHe cucTeMbl COOLITHI Mbl H OylleM paccMaTpHBaTh JaJiee.

OcTraHoBHMCS Ha HEKOTOPbIX NpHUMepax aJjre6p coOObITHil:
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a) & ={Q, @} — cucreMa, cocTosiuas U3 {2 U MYCTOro MHOXecTBa (Tak
ya3biBaEMasi MPUBUALbHAS aire6pa);

b) & ={A, A, Q, @} — cHcreMma, nopoxieHHas cobbiTHeM A;

¢) & ={A: A CQ}— COBOKYNHOCTb 8cex (BKJiOYas H MYCTOE MHOXKECTBO D)
MOAMHOXECTB 2.

HeTpyaHO 3aMeTHTb, 4TO BCE 3TH aJireGpbl COOLITHH MOJyY€EHbI MO CJelyo-
LieMy NPHHLIAITY.

ByzeM roBopuTb, YTO CHCTEMa MHOKECTB

92={Dy, ..., Dn}

o6pa3yeT pasbuenue MHoXecTBa (2, a D; aBasioTCA amomamu 3T0ro pasdu-
eHusi, eCiH MHOXecTBa D; HenycThl, MONAapHO He MepeceKaloTcs H HX CyMMa
paBHa X

Dy+...+D,=Q.

Ecau, HanpuMep, MHOXKecTBO () COCTOMT M3 Tpex Touek, 2={l, 2, 3}, 10
CYLLECTBYET NATb Pa3/IHUHbIX pa3GHeHHil:

2, ={D\} ¢ Dy ={l1, 2,3}

D> ={D\, Da} ¢ Dy ={1, 2}, D ={3};

23 ={D\, Dy} ¢ Dy ={l, 3}, D2 ={2};

24 =1{D\, D2} ¢ Dy ={2, 3}, Da={1};
D5={D\, D2, D3} c D, ={1}, Do ={2}, D3 ={3}.

(Tlo nosony o6uiero yucaa pa3GHeHHH KOHEUHOTO MHOXECTBA CM. 3ajauy 2.)

Ecan paccmatpuBaTh BCeBO3MOXKHble 0GbefHHEHHS MHOXECTB U3 D, TO
BMeCTe C MyCTbiM MHOXKECTBOM & MoJlyyeHHas CHCTeMa MHOXeCTB OydeT aJi-
re6poii, KoTopas HasbiBaercs a.eebpoi, nopoxoennol pa3buenuen P, 4
o6o3Hayaetcs a(2). Takum o6pa3oM, asieMeHTsl anre6pbl () coctaBasioTes
M3 MYCTOrO MHOXECTBA M CYMM MHOXECTB, AIBNAIOUIMXCA aToMaMH pa3sbue-
Hua 9.

HrtaK, eciu 9 — HekoTopoe pasbHeHHe, TO €My OJHO3HAYHLIM 06Pa3OM
CTaBHTCA B COOTBeTCTBHe aireGpa & = a(9).

CnpaseniuBo H o6paTHoe yTBepxaeHue. Ilyctb 9 — HeKoTopasi anreGpa
NOJAMHOXKeCTB KoHeyHoro npoctpaHctBa 2. Toraa Hafinercs, U NPUTOM €IHH-
CTBEHHOe, pa3bueHHe Z, aTOMbl KOTOPOTO ABJAOTCA 3JleMeHTaMH anre6pbl B, 1
Takoe, uto #=a(2). B camoM nene, nyctb MHoXKecTBO D € B v 06J1aiaeT TeM
CBOHCTBOM, 4TO A1 BcsiKoro B € 98 mHoxectBo D N B wiu coBnaaaer ¢ D, uiu
ABJAeTCA NMYCTbIM MHOXKECTBOM. TorJa COBOKYMHOCTb TaKHX MHoXecTB D 06-
pasyert pa3buenne 2 c Tpe6yeMbIM cBOHCTBOM al( D) =Z. B caiyuae npumepa a)
B KayecTBe 2 GepeTcsl TpHBHAJbHOE pa3GHeHHe, COCTOMILEE JIHIlIb M3 OAHOTO
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MHOoXecTBa D) =; B cayuae b) 2 ={A, A}. Camoe mesxoe pasbuenue 9,
cocTaBJ/ieHHOe H3 00HOMOYeuHbLX MHOXeCTB {w;}, w; € €2, nopoxaaet anre6py
B NpHMepe c), T. €. anre6py Bcex MOAMHOXKECTB 2.

Myctb 21 w 29 — nBa pas6uenus. ByneM roBopHTb, 4TO0 pa3bueHne Do
«Mesibye» pasbueHus ), ¥ 3aNHchiBaTh 3T0 B BUle 9| < Do, ecau (D) C
C (D).

MokaxceM, 4TO ec/ii MPOCTPaHCTBO €2 COCTOMT, KaK GbIJIO MPEANONOKEHO
Bbillle, H3 KOHEYHOro UHCJa ToYeK wj, ..., wy, TO obliee uuciao N(&) MHO-
XKECTB, COCTABJSIOWMX CHCTeMy & U3 mpumepa c), pasHo 2V. [leficTBHTeb-
HO, KaX[i0e HemycToe MHOXeCTBO A € &/ MOXeT GbiTb NMPEACTaB/eHO B BHIE
A={wi, ..., w;,}, Tne w;; €Q, 1 <EN. TloctaBum B COOTBETCTBHE 3TOMY
MHOXECTBY M0CJ/Ie/I0BaTe/IbHOCTb, COCTOSALLYIO H3 HYJIeil H eIMHHLL

©,...,0,1,0,...,0, 1, ...),

F/le Ha MeCTax C HOMepaMH iy, ..., ip CTOAT €JAHHHULbI, a HAa OCTAJbHbIX — HYJIH.
Toraa npu huKcHpOBaHHOM & YHCJIO pa3sHUHBIX MHOXKecTB A Buaa {w;,, ..., wi,}
COBMajlaeT C YHCJIOM CMOCOGOB, KOTOPLIMH MOXKHO R eHHHLL (2 HepasiHUHMbIX
Apo6HHOK) pa3mecTHTb Mo N Mectam (no N sueiikam). CorslacHo Tabauue 4
(CM. MpaByI0 HIXKHIOIO KJIETKY), YHCJIO Takux cnoco6os pasHo C¥. Otciona (¢
YYeTOM MYCTOro MHOXKECTBA) HaXOLHM, UTO

N)=14+Ch+..+CN =1+ 1N =2V

4. Tloka Mbl clienajH ABa MepBbiX lUara K MOCTPOEHHIO BEPOATHOCTHOM
MOZIe/IH (KTeOpHH») IKCMEPHMEHTa C KOHEYHbIM YHCJOM HCXOJO0B: BbIAEIHJH
NPOCTPAHCTBO HCXOA0B {2 H HEKOTOPYIO CHCTeMy & ero MoJAMHOXecTB, 06pa-
3ylolHX anrebpy H Ha3biBaeMbiX cobbiTuamu. (ITapy & = (2, &) uHoraa uaeH-
THOHUHMPYIOT ¢ dkcnepumermon.) ClleniaeM Tenepb CAeLyIOLIMH LIar, a HMeH-
HO MpPHMHLLIEM KaXKAOMY 3J€eMEHTapHOMY COGBITHIO (HCXOLy, ABJEHHIO) w; € £2,
i=1, ..., N, HekoTopblil «Bec», 0603HauaeMblii p(w;) (WM p;) W Ha3biBae-
MbIft 86p0AMHOCMbIO HCXOA Wi, KOTOPbIA 6yleM CUHTaTh YAOBAETBOPSAIOLIUM
CJIeYIOIHM YCJIOBHSAM:

a) 0< p(w) < | (Reompuyameavrocmy),

b) pw1)+...+ plwn) =1 (Hopmuposanrnocme).

OTtnpasnsisicb OT 3aJaHHBIX BEPOATHOCTedl p(w;) HCXOMOB wj ONMpeleNHM
sepoamuocmo P(A) mo6oro cobbiti A € &7 no dopmyane

PA= D> pw) (4)
{i:w; €A}
Onpepenenne. TIpHHATO rOBOPHTB, YTO «BEPOATHOCTHOE MPOCTPAHCTBOY

@, &, P),
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rae Q={w, .-, wy}, & — Hekotopaa ajre6pa noaMHoxecTB 2 u P =

={P(A); A€ &/}, onpefenseT (3a1aeT) 8ePOAMHOCMHYIO MOOEAb (KTEOPHIO»)

3KCIEpPUMEHTA C (KOHEUHbIM) MPOCTPAHCTBOM HCXOJOB (3/1eMEHTapHbIX COObI-

Tit) 2 u anre6poit cobbituit &. (ScHo, uto P({wi}) = p(wi), i=1, ..., N.)
W3 onpesenenus (4) BbITEKAOT CJelyioLHe CBOACTBA BEPOATHOCTEN:

P@)=0, )
P(Q)=1, (6)
P(AuB)=P(A)+P(B)-P(ANB). )
B uactHocTH, ecit ANB =2, T0
P(A+B)=P(A)+P(B), 8
"
P(A)=1-P(A). 9)

5. Tlpu mocTpoeHHH BepOATHOCTHbIX MOJeJied B KOHKPETHbIX CHTyauHsaX
BbiJ€JIEHHE MPOCTPAHCTBA 3JIEMEHTAPHbIX COOLITHIA 2 H anreGpbl COObITHI 7/,
KaK MpaBWJo, He fiBJfeTCAA CJOXHOH 3ajaueid. [IpH 3TOM B snemeHTapHO#M
TEOpHH BePOATHOCTel B KauecTBe anre6pbl & oObiuHO Gepercs anre6pa scex
noamHoxecTB 2. TpyaHee o6CTOMT Aesio ¢ BOMpPOCOM O TOM, Kak 3aaaBaTb
BEPOATHOCTH 3JIEMEHTAPHbIX COOLITHHA. B cylIHOCTH, OTBET Ha 3TOT BoMpOC Je-
XKHT BHE PaMOK TEOPHH BepOSITHOCTEH, H Mbl ero NoAPoGHO He pacCMaTpHBaeM,
CYHTafi, YTO OCHOBHOH Halllefi 3ajlayeil iBNAETCA HE BOMPOC O TOM, Kak MpH-
MHCLIBATb HCXOJAM Te WJIH HHble BEPOSITHOCTH, a BblHUCACHUE BEPOATHOCTEH
CJIOXKHBIX COGBITH (COOLITHH U3 &) 0 BEPOATHOCTAM 3JieMEHTapHbIX COGBITHA.

C MaTteMaTuyecKo# TOYKH 3pEHHs AACHO, YTO B CJIyyae KOHEYHOro NPOCTpaH-
CTBA 3JIEMEHTapHbIX COOBITHI C MOMOLIbIO NPUMTUCHIBAHHSA HCXOAAM Wy, ..., WN
HEOTPHLATENbHBIX YHCEN Py, ..., PN, YAOBNETBOPSAIOUIUX YCJIOBHIO py+ ... +
+ py =1, Mbl NosiyuaeM BCce MbIC/JMMble (KOHEUHble) BEPOATHOCTHblE MPOCT-
paHcTBa.

ITpasusbrocme e Ha3HaueHHbIX IUIi KOHKPETHOH CHTyauMH 3HaueHHi
P1, ..., PN MOXeT ObiTb [0 H3BECTHOH CTeNeHH MpoBepeHa C MOMOLIbIO
paccMaTpuBaeMoro jajiee 3aKOHa 00abwiux Hucea, COMIACHO KOTOPOMY
B IJIMHHBIX CEPHAX «HE3aBHCHMbIX» 3JKCMEPHMEHTOB, MPOMCXOAALLIMX TNpH
OJIHHAKOBbLIX YCJIOBHSX, YAaCTOThI MOSABJIEHHSA JIEMEHTAPHbIX COOBITHI «OIH3KU»
K HX BEpOATHOCTSAM.

B cBfi3W c TPyAHOCTbIO, CBAA32HHON C BOMPOCOM MPHIMHCBHIBAaHHA HCXOAaM
3HayeHHi HX BEPOATHOCTEM, OTMETHM, UTO CYLLLECTBYET MHOTO NPAaKTHYECKHX CH-
Tyauuil, B KOTOPbIX H3 COOOpaXKeHHil cummempuy Wi 0OHOPOOHOCMY Tpe-
CTaBJisieTCs pa3yMHLIM pacCMaTpHBATh BCe MbICJHMbIE HCXOMb! KAK pABHOBO3-
moxcHole. T103TOMY, ec/ii TPOCTPAaHCTBO JIeMEHTapHbIX HCXOLOB {2 COCTOHT H3
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TOYeK wy, ..., wy, FMe N < 0o, To nojaraiot
pwi)=...= p(wy)=1/N,
H, CJief0oBaTebHO, A4 Jio6oro cobbiTHs A € &
P(A)=N(A)/N, (10)

rae N(A) — uuc/io 3aeMeHTapHbIX COOBLITHIt, cocTaBasiolnX A.

Takofi crnoco6 3ajaHusi BepOATHOCTER HOCHT Ha3BaHHWe KAQCCUHECKOZO.
flcHo, uTo B 3TOM CcJydyae noicueT BeposiTHocTell P(A) cBoauTtcs Kk mojcuety
YUcaa WCXONOB, MPHBOAALIMX K cobbitHio A. IlenaioT 3T0 0GbIUHO KOMOH-
HAaTOPHbIMH METOJlaMH, B CBfI3H C 4eM KOMOuUHamopuka, uMeroLias Aeno C
KOHEUHbIMH MHOXXECTBAMH, 3aHHMaeT 3HAauMTelbHOE MECTO B BepPOATHOCTHOM
HCYHCJIEHHH.

Mpumep 7. 3adaua o cosnadenusnx. Ilyctb ypHa conepxut M wapos,
3aHyMepoBaHHbIX uucaami 1, 2, ..., M. [pousBoauTtcs BbIGOp ¢ BO3BpaLlieHHeM
o6bema 1, IpH 3TOM pacCMaTpHBaeMble BbIGOPKH CUHTAIOTCS YNOPAL04EHHBIMH.
SIcHo, uTo B 3TOM CJayuyae

Q={w: w=(a, ..., an), a;=1,..., M}

1 N(Q) = M". B cOOTBETCTBHH C KJ1aCCHYECKHM CMOCOGOM 3alaHHS BEPOSITHO-
cTeit OyzeM cuuTaTh Bce M" HCXON0B PaBHOBEPOATHLIMH H NMOCTAaBHM CJleflylo-
ILHA BOMPOC: KaKOBa BEPOATHOCTb COOLITHS

A={w: di#d,‘, i#j}.

T. €. COGbITHSI, 3aKJioyalollerocss B OTCYTCTBHH MoBTopeHHii? IonsTtHo, uTO
NA)=MM -1)...(M —n+1) u, 3uHauwur,

P(A)=(—%#=(l—%)(l—%)...(l—f&—l). (11)

dta 3ajaua JonyckaeT CJeAyIOLIYl0 HHTepecHYi0 HHTepnperauuio. [lycts
B KJIacce HaXOAUTCA 1 yueHHKOB. ByneM cuuTaTh, uTO JieHb POXKAEHHS KaXI0ro
yyeHHKa MPHXOAUTCA Ha oAuH H3 365 aHelt M JOGOH JeHb PaBHOBO3MOXEH.
CnpawuBaercs, KakoBa BeposITHOCTb P3g5(71) TOro, 4To B 3TOM KJlacce ¢ 71 yue-
HHKaMH HafliyTca no Kpaidueii mepe 1BA YYeHHKA, IHH POXKAEHHS KOTOPbIX
coBnafaiot? Eciu paccMaTpHBaTh BbIGOpP AHA POXIEHHS KaK BbIGOp lLapa H3
ypHbl ¢ M =365 1wapamu, To, coraacHo (11),

_ (365)n

P3gs(n) =1 3657



§ 1. BEPOSITHOCTHASl1 MOJEJIb 33

Caefylowas Tabnuua AaeT 3HaYeHHs BepOATHOCTEd Psg5(n) nas Hekoto-
pbiX 1

n 4 16 22 23 40 64

Paes(n) || 0,016360,28360 | 0,47569 | 0,50730 [ 0,89123 [0,99711
n 70 100

Pags(n) ||0,99916 | 1—3,07249 - 10~7

IMpu nocratouHo GoJbwux M

n—1
q M) 1 1 n(n—1)
=S ) & re i

H, 3HAUHT,

PM(n)El—(M)” l—e"'jm'll (=Pu(n)), M- oo.

Huxe npuBoautcs rpacduk ¢yHKUnH Psgs(nn). B ToM xxe caMoM maciuta6e
rpadHK NpHOAXKeHUs Psgs(r1) MpakTHUECKH coBnajaeT ¢ rpaduKkoM dyHKUHH
Ps3es5(n). Ha untepBasie [0, 60] MakcHMalibHOe WX OT/IMYHE PABHO NMpPHMEPHO
0,01 (B okpecTHOCTH 3HaueHus 1 = 30).

1 0,01
08} 0,008
06} 0,006
04F 0,004
0.2f 0,002
10 20 30 40 50 60 n 10 20 30 40 50 60 n
Tpacbukn Pass(n) 1 Pags(n) Tpaduk Psss(r) — Pags(n)

HHTepecHo oTMeTHTDb, UTO (BOMpeKH oxxHIaaeMomy!) pasmep kjacca, rae €
BepPoATHOCTbIO |/2 HaliayTcs no KpaiiHelt Mepe /1Ba yueHHKa C COBMaJAloLLHMH
IHAMH POXKAEHHS, He CTOJIb YK BeJIHK: OH paBeH BCero JiHlb 23.

Mpumep 8. Bowwepoiu 6 somepero. PaccMOTPHM JioTepelo, YCTPOEHHYIO
no chenyoluemy npuuuuny. Fimeetrcas M GusieToB, 3aHyMEPOBAHHBIX UHCJIAMH
1,2, ..., M, U3 Kotopbix n GHJeTOB C HoMepaMu |, 2, ..., n ABAAOTCSA Bbl-
UIpbILHBIMA (M > 2n). Bbl mokynaeTe n GuJieTOB, W CMpallUBaeTCsi, KaKoBa

BeposATHOCTb (0603HauHM ee P) Toro, YTo Mo KpaiHeil Mepe ofH GuJjeT GyneT
BBIHIPLILIHBIM?
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noCKOJley NMopsAa0K, B KOTOPOM H3BJIEKAIOTCS 6uneThl, He HrpaeT poJiu ¢
TOUYKH 3pEHUA HAJMUYHUA HJIH OTCYTCTBUSA B KyNJIEHHOM Ha60pe BbIHTPbILLIHbIX 6u-
JIETOB, TO CJEAYET CYUTATb, UTO MPOCTPAHCTBO 3JIEMEHTAPHbIX CcoObITHI1 UMeeT

TaKylo CTPYKTYypY:
Q={w: w=|ay, ..., an), ar#a;,, k#!l;, a;=1,..., M}
Cornacho ta6auue 1, N(Q) = C},. Tlycts Tenepb
Ap={w: w=|ay, ..., an], ar#a;, k#l;, a;=n+1,..., M}

— co6biTHe, COCTOSLLEE B TOM, YTO CPeAH KYMNJIEHHbIX GHJIETOB Hem BbIHTPhIILL-
Hbix. OnaTb-TakH, cornacHo Tabauue 1, N(Ao) = Cj,_,. [Tostomy

Pt =g = e = (1=30) 0 ) 0= 3)

H, 3HAUHT,

pet-piig 1= (1= ) (1= g5)-- (- i)

Eciu M=n?un—o0, 10 P(Ag) —»e ! u
P—1-e"'~0,632,

rie CXOAHMOCTb JI0BOJIbHO GbicTpas: yxe npu n = 10 BepoatHoctb P = 0,670.
6. 3apaum.
1. YcraHoBHTe cripaBeAIMBOCTDb CJEAYIOLIMX CBOACTB onepauuit N u U:
AUB=BUA, AnB=BNA (KOMMyTaTHBHOCTb),
AU(BUC)=(AUB)UC, AN(BNC)=(ANB)NC (accounaTHBHOCTb),
AN(BUC)=(ANB)U(ANC), AU(BNC)=(AUB)N (AU C) (aucTpuby-
THBHOCTb),
AUA=A, ANA=A (U1eMNOTEHTHOCTb).
[NokasaTb Takxe, uTo

AUB=ANB, ANnB=AUB.

2. INyctb MHOXecTBO 2 cocTodT U3 N 3nemeHToB. [Tokasatb, uto obliee
uuciio d(N) pa3anuHbIX pa36ueHuii MHOXecTBa (2 onpefensercs (hopMyJoi

[o <] kN
-1
diN)=e 2:75. (12)
k=0
(¥kasanue. lokasatb, 4to

N-1

dN)=Y_ Ck_,d(k), raed(0)=1,
k=0
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4 3aTeM MpPOBEPHTb, uTo psAbl B (12) yA0BAETBOPAIOT 3THM peKyppeHTHbIM
COOTHOLLIEHHSIM.)
3. Jloka3aTb, 4TO A1 JIO6OH KOHEUHOH CHCTEMbl MHOXKECTB A, ..., A,

P(AjU...UA,) <P(A1) +...+ P(An).

4. TMycts A u B — nBa cobbitus. [Tokasatb, uto ABUBA ecTb cobbiTHe,
cocTosilliee B TOM, YTO MPOHU30HAET 8 MOUHOCMU OJHO H3 COGBITHI A uau B.
[1pu 3TOM

P(ABUBA)=P(A) + P(B) - 2P(AB).

5. IMyctb Ay, ..., Ay — co6biTHA ¥ BeaHuHHbl S, Sy, ..., S, onpeneneHsbl
caefyiouim obpasom: So=1,

S;=> P(AN...NA,), 1<r<n,
I

r/le CyMMHPOBaHHe pacrnpoCTpaHsEeTCs MO HeynopsAoueHHbIM NMOAMHOXECTBaM
Jr=|ki, ..., k] MHoxecTBa {1, ..., n}, ki #Rj, i #]j.

IMyctb By — cobbiTHe, cocToslee B TOM, YTO OJHOBPEMEHHO MPOH30MIET 8
mounocmu m co6uTH U3 Ay, ..., A,. Tlokasatb, uto

P(Bm)=) (=1)"™CrS,.

r=m
B uactHocTH, gna m=0
P(Bo)=1-8;+S9s—...£8S,.

[Nokasatb Takxke, 4TO BEpPOATHOCTb TOFO, YTO OJHOBPEMEHHO NMPOH30MLET
no kpaiineti mepe m coGbiThit U3 Ay, ..., A,, paBHa

P(Bm)+...+P(By)=)_(-1)""C"3'S,.

r=m

B yacTHOCTH, BEpPOSITHOCTD TOTO, YTO MPOH3ONIET N0 Kpaiirel mepe 00HO U3
cobbithit 4y, ..., A,, paBHa

PBi)+...+P(Bs)=S1—Sa2+...F Sn.

Joka3aTb crnpaBeMBOCTb CJEAYIOLIHX CBOHCTB:
(a) Hepasencmsa Bongepponu: nna seskoro k=1, 2, ... Takoro, 4To
2k < n,

n
S —52+...—52/¢SP(U A;) <81 -So+...+So_1;
i=1
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(b) moacdecmso lyankape:

n n
P (U A,) = (=1)7'Ss
r=1 r=1
(c) Hepasencmeso Ppewe:

sr+l sr
ciH! ST

r=0,1,...,n-1;

(d) nepasencmso lymbeaa:

Crrx+l —Sr+l < Cr’n =S
G o)

, r=1,2,...,n-1.

6. NMokasatb, uto P(ANBNC)>P(A)+P(B)+ P(C) —2 W, N0 HHAYKLHH,

(ﬂA) ZP(A) (n=1).

i=1

7. Hccnenyfite acCHMNTOTHKY BeposiTHOCTel PM(n) U3 npumepa 7 npu
Pa3HbIX NpeanosioXKeHHsAX OTHOCHTeJbHO n U M (Tuna: n=xM, M — oo, uau
n=xvM, M — o0, rjie x — pHKCHPOBaHO). CpaBHHTE Pe3y/bTaThi C JIOKAIbLHOI
npeneibHo#t TeopeMoii U3 § 6.

§ 2. HekoTopble Knaccuueckue MoJeJNH U pacnpenejeHus

1. BunomunanbHoe pacnpenenenme. [1peanonoxkuM, 4To MoHeTa noaGpa-
ChiBaeTCsl 71 pa3 H pe3yJbTaT HaGJIONEHHH 3anmuChiBAeTCA B BHJE YNOPSALOUYEH-
Horo HaGopa (aj, ..., Ga), TAe a; =1 B cjlyuae nosiBJeHHs «repbax» («ycnex»)
u a; =0 B ciyuae nosiBJieHUst «peLIETKH» («Heycmex»). [IpocTpancTBo Beex
MCXO/I0B HMEET CJIeyIOILyI0 CTPYKTYpY:

Q={w: w={(ay, ..., ay), ;=0 wm 1}.
[TpunuieM KaXgoMy 3JieMEeHTapHOMy coObiTHIO w=(ay, ..., G,) BEpOAT-
HOCTb («Bec»)
pw)=px Gign=T o,
rlle HeoTpHUATENbHLIE YHCAA p W ¢ TakoBbl, YTo p+g=1. [lpexne Bcero

NoKaXkeM, YTO 3TOT CMocol 3afaHHsi «BecoB» pP(w) AEHCTBHTENLHO ABJAAETCH

KOpPEKTHbIM. [l1si 3TOro HaM JOCTATOYHO MPOBEPHTD, YTO Y. p(w)=1.
weN
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PaccMOTpUM BCe Te HCXOMbl w = (ay, ..., @,), 419 KOTOPbIX ), a; =k, r1e

]
k=0, 1, ..., n. CornacHo Tabuue 4 (pasmelleHHe k HEPAIMUHUMbBIX «EIHHHLL
[0 7 MECTaM), YHCJIO TaKHX HCXOL0B paBHo CX. ostomy

Y pw)=>_ Crptg"*=(p+q=1.

wEeN k=0

HTtak, npoCcTpaHCTBO ) BMecTe C cucTeMoil &/ Bcex ero MoJMHOXECTB H

eposaTHocTaMH P(A)= 3 p(w), A € & (B yactHocTd, P({w}) = p(w), wE€ D)
w€eA
onpefesieT HEKOTOPYIO BEPOATHOCTHYIo Mojenb. EcTecTsewHo Ha3BaTh ee

8epOAMHOCMHOL M0deavio, onucvisaowell n-kpamnoe nodbpaceiearue
MOHemMbL.

B cayuae n= 1, Korjia npocTPaHCTBO 3JieMEHTAapHBIX HCXO/J0B COCTOHT JIHLLIb
U3 ABYX Touek w=1 («ycnex») u w=0 («Heycnex»), BepoatHOCTb p(1)=p
eCTeCTBEHHO Ha3BaTb BEpPOATHOCTbIO «ycrnexa». [lasiee Mbl yBHIAHM, Y4TO pac-
cMaTpHBaeMast HAMH BEPOATHOCTHas MOJeJb, OMHCbIBAIOILAsA 7-KPaTHOe MOJ-
6pachiBaHHe MOHETbI, MOXKeT GbiTb MOJyueHa KaK pe3yJIbTaT /1 «He3aBHCHMBIX»
MCMbITAHHI C BEPOATHOCTbIO «YCMeXa», Ha KaXKIOM luare paBHOH p.

BBenem B paccMoTpeHue CoObITHS

Ap={w: w=(ay, ..., an), a1 +...+a,=k}, k=0,1,...,n,

O3HayalolLMe, YTO MPOH30MAET B TOUHOCTH R «ycnexoB». M3 ckasaHHOro Bbillie
CJIeflyeT, uTo

P(Ar)=C;p*q"*, (1
n
npuuem Y, P(Ap)=1.
k=0
Ha6op sepositHocteit (P(Ag), ..., P(A,)) HasbiBaeTcsi GuHOMUAAbHOIM

pacnpedesenuem (YHCIa «ycreXoB» B BbiGOpKe o6beMa 1).

D10 pacnpefelieHHe HrpaeT HCKIOUHTENBHO BaXKHYIO pOJib B TEOPHH
BEPOATHOCTeH, BO3HHKA# B CaMblX pa3HOOGPa3HbIX BEPOATHOCTHBIX MOZEJISX.
O6o3naunm P,(k)=P(Ar), k=0, 1,...,n. Ha puc. 1 Bocnpoussenenbi

GHHOMHaJIbHble pacnpefieieHns s Cliydast p = % («cHMMeTpHYHas» MOHeTa)
Hn=35, 10, 20.

TNpuBenem ewe oaHy Mozenb (B CYLHOCTH SKBUBAJIEHTHYIO MPEAILECTBYIO-
Lueit), onucbiBaloLLyio CayyaiiHoe GayKaaHue HEKOTOPOil «4aCTHLbI».

IlycTb yacTHUa BLIXOZHT U3 HYJIS M Yepe3 eMHHLY BPEMEHH JeNaeT War Ha
€IHHHULY BBepX WJIH BHH3 (pHC. 2).

Taxum o6pasom, 3a 1 LWAroB YaCTHLA MOXKET NEPEMECTHTLCS MAKCHMYM Ha
N e1uHHL BBepX WM 1 efHHHL, BHU3. [TOHATHO, YTO KaXkaas «TPaeKTOpHs» w
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Pp(k) Pn(k)
0,3 0,3
0,2 n=>5 0,2 n=10
LA Ll
/M| 1 1 |
012345 k 012345678910¢%
Pu(k)
0,3
02 n=20
ot allll
e | I | I 1.,

0 5 81012 15 20 &

Puc. 1. Ipadmuku 6HHOMHaNbHBIX BeposTHOcTel P,(R) nis n=>5, 10, 20

JBHXKEHH S YaCTHLIbI MOXKET ObITb MOJIHOCTBIO ONKCaHa HaGopoM (ay, ..., a,), Tae
a; =+1, ecsi1 Ha i-M Liare 4acTHLUA CABHraeTcs BBepx, H a; = —1, ecau cABH-
raetcsi BHU3. [IpUnuLIeM KaXIoit TPaeKTOPHH w «Bec», p(w) = p*@ g~V

rae v(w) — uncio «+1» B nocaeno-

BaTeJbHOCTH w = (ay, ..., G,), T. €.

w (aj+...+an)+n

/ vw) = _—_2”—’
0 T 9N_3 1 5 .  a HeoTpHUATeJbHble YHCJa p H g

v TaKoBbl, 4T0 p+¢q=1.
Mockonbky 3 pw)=1, To
weN

Pruc. 2. Habop BeposiTHocTed p(w) BMecTe
C MpOCTpaHCTBOM §) TpaeKTOpHil
w=(ay, ..., Q) ¥ €ro NOAMHOXKECTBAMH JAEACTBUTENLHO ONpe/iesieT HEKOTOPYIO

BEPOSITHOCTHYIO MOJIeJIb [BHXKEHHS YaCTHLbI 32 7 LIAroB.

[MoctaBuM caefyiolIMii BONPOC: KakoBa BEPOATHOCTb COGBITHA Ap, COCTO-
flLIero B TOM, YTO 3a 71 1AaroB yacTHLA OKa)XeTCsl B TOYKe ¢ OpPAWHATOM, paB-
Hoil k? DTOMY YCJIOBHIO Y[OBJIETBOPAIOT BCe T€ TPAEKTOPHH w, ISl KOTOPBIX
v(w)—(n—vw))=k, 1.6

v(w) = ntk
=
Yucaio ke Takux TpaekTopHil (cM. TabJ. 4) paBHO Co*h2 4 snaur,

P(Ak) = C,('n+k)/2p(n+k)/2q(n——k)/2.
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Takum o6pa3oM, GHHOMHaJbHoe pacnpesenenne (P(A_,), ..., P(Ao),

, P(A,)) OMHCHIBaET, KaK FoBOPAT, pacnpeiesieHHe BEPOATHOCTEH MoJoxKe-
HMsl YaCTHLbI 32 1 LIaros.

3aMeTHM, 4TO B <CHMMETPHUHOM> cJydae (p =g = 1/2), Koraa BeposiTHOCTb
OTJEIbHOI TPAeKTOPHH paBHa 27",

P(Ap)=Cthr2.g=n,
PaccMOTpHM aCHMIITOTHKY 3THX BepPOATHOCTER NpH GOMbIIHX 1.

Ecau YHC/IO LIAroB paBHO 211, TO M3 CBOWCTB GMHOMHAJbHbIX KO3(GH-
LIMEHTOB CJIelyeT, uTo cpeaH BeposTHocTell P(Ay), |k| < 2n, maxcumarvroi
ABJISIETCS BEPOATHOCTb

n —2n
P(Ao) = C2n . 2 .

M3 dopmyabl Ctupaunra (cM. ¢op-

myay (6) B n. 4)
nl~+2nxne "n". *)

[Toatomy
(2”)' n 1 1 1 1 1 1 1 [l
Can = (2 ~2 \/_1rn' —4-3-2-1 0 1 2 3 4
W, 3HAUMT, NpU 60-’“’“'"" n Puc. 3. Bo3HnkHOBeHHe GHHOMHAMb-
1 HOTO pacnpene/ieHHs
P(Ao) ~ —=. pactip

VT

Puc. 3 naer npeacraBsiende o BOSHHKHOBEHHH GHHOMHaJIbHOTO pacrnpee-
JIEHHs! TIpH JIBHXXEHHH YacTHLb! 32 2n Waros (B OTJIHYHE OT pUC. 2 BpeMeHHAs
OCb 3/leCh HamnpasJjieHa BBepX).

2. MyabTuHOMHaNbHOE pacnpepnenenne. B o6o6lieHHe npeaiiecTsyo-
wefi MofeNu MPeAroOKHM, YTO NPOCTPAHCTBO HCXOAOB HMEET CJEAYIOLLYIO
CTPYKTYpy:

Q={w: w=(al, ooy a,,), a,'=b|, veey b,},
rae by, ..., b, — 3anaunble uncaa. [1ycTb v; (w) — UHC/IO 3/IEMEHTOB B MOC/AEN0-
BaTeJIbHOCTH w = (a4, ..., @p), PaBHBIX b, i=1, ..., r, ¥ BepOATHOCTb HCXOMA W
onpefensercs ¢popmyJioi

pw)=p" .. prr,
rie p; 204 p;+...+ p, = 1. 3amerum, uto

Z plw)= Z Cn(ny, ...,'n,)pf'... ”,

w€eRN {n|>0, s 1,20
ny+...+n,=n

*) CootHowenne f(n) ~ g(n) osHauaer, uto f(n)/g(n) — 1 npu n— oco.
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rae uepe3 Cn(ny, ..., n,;) 0603HaYEHO YHCJIO YNOPAAOUEHHBIX MOCJAeA0BaTeNb-
HocTelt (ay, ..., @,), Y KOTOPbIX 3JIEMeHT b) BCTpeuaeTcs 1) pas, ..., dJeMeHT b,
BcTpeyaetcs 71, pa3. [TockoJibKy YHCIO cocOGOB, KOTOPBIMHU 71} 3JIeMeHTOB b
MOXHO pacroJIOXHTb Ha n MecTax, paBHo CT', no 3jeMeHTOB be Ha n —n,
mectax — Cp2,, H T.4., TO

Cn(n], ceey n,)=C,’:l 'C::2 st

—ay P a—(m+...4n,_)) =
=" o)t
Taln—m) ngl(n—ny—ng)l T mlnd”
[Tostomy
n!
dopW= 3 gt st =t p) =,
weN {n.}O,....n,}O. B
ny+...+n.=n

H, CJle[loBaTeNIbHO, pacCMaTpHBaeMblil CNoco6 3aJlaHHs BEePOATHOCTEH ABAeTCA
KOPPEKTHbIM.
[yctb

Apyoon, ={w: vi(Ww)=ny, ..., v(w)=n,}.

Torna
P(A’H,....n,) = Cn(nl, ceey nr)pfl coe :‘,- (2)

Ha6op BepostHocteit {P(Ay,,..n,)} HOCHT Ha3BaHHE MYALMUHOMUALLHOZO
(MoJIMHOMHAJIBHOTO) pacrpesieieHus.

[MonuepkHeM, YTO BO3HHKHOBEHHE 3TOMO pacrpelelieHHss W ero YacTHOro
cayyast — GHHOMHAJIBHOTO pacrpejieieHHst — CBfi3aHO ¢ BbIGOpOM ¢ 8038pa-
WeHueM.

3. MHoromepHoe runepreoMeTpuyecKoe pacnpejefieHHe NosBJseTCs
B 3ajlayax, rjae HMeeT MecTo BbiGOp 6e3 8o3spaiyerus.

Jlnsi npHMepa pacCMOTPHM YpHY, CofiepiKalllylo M pa3JiHuHbIX LIAapOB, 3a-
HYMepOBaHHBIX, CKaXKeM, udcaamu 1, 2, ..., M, 43 KoTopbix M, WwapoB HMeIOT
«uBeT» by, ..., M, wapos umeiotT «user» b,, My +...+ M, =M. INpeanono-
JKHM, YTO ocylllecTBaseTca Bbi6op Ge3 Bo3BpalleHHs o6bema n < M. [Mpoct-
PaHCTBO 3JIeMEHTapHbIX COObITHA

Q={w: w=(ay, ..., ay), ar#a;, k#l, a;=1, ..., M}

1 N(Q2) = (M),. ByneM cuuTath 3/eMeHTapHble COOLITHA PaBHOBO3MOXHLIMH
M HaileM BepOSITHOCTb COGLITHA By, . cOCTOslLlero B TOM, YTo 7 LUapoB
uMeloT user by, ..., n, wapoB uMmeloT user b,, nj+...+n, =n. HerpyaHo
NoKa3aThb, UTo

N(Bn,,....n,) =Ca(ny, ..., nr)(Ml)rn e (MP)n,,
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W, 3HAUHT,
N(Bn.,...,n,) _ erfln '”C”,r (3)
NSO T c

P (Bnl .....n,) =

Ha6op sepositHocTelt {P(By,,..n,)} HOCHT Ha3BaHHE MHO2OMEPHOZO 2u-
nepeeomempu4ecKoeo pacnpedeasenusn. B cnyyae r=2 310 pacnpenenexne
Ha3bIBAIOT MPOCTO 2unepeeomempu4ecKum B CBA3H C TeM, 4TO Tak Ha3biBae-
masi IpOH3BOAALIAs (PYHKLHSA 3TOFO pacnpe/ieleHHs eCTb FHNepreoMeTpHYecKas
(yHKUHS.

CTpyKTypa MHOTOMEPHOFO FHMEPreoMeTPHUECKOro pacnpe/ieieHus J10BOJb-
Ho caoxHa. Tak, BeposITHOCTb

ny 2

P(B,,,_,,g:—%‘i,;"ﬂ, ny+no=n, M,+Ms=M, @)

COJIEPXKHUT NEBATb d)aKTOPHaJIOB. OnHako Jierko BHJETb, 4YTO €Cjii M — oo,

M; — 00, HO TakK, yTO % — p (M, ciegoBaTeNbHO, % —1-p), 10
P(B,,Im) — C;":‘_M? ph(l = p)™. , 6)

HHaue roBops,, MpH CAeNaHHbIX MpENNOJOXKEHHsAX FHMepreoMeTpHueckoe
pacnpefieneHne annpoKcumupyemca 6HHOMUANbHBIM, YTO HHTYHTHBHO MOHAT-
HO, MOCKOJIbKY MpH GosibliuX M ¥ M| (KoHeuHblit) BbiGOp 6e3 BO3BpallieHHs!
JIoJDKEH aBaTh MOYTH TOT XK€ pe3yJsibTarT, YTO H BbIGOp C BO3BpALIEHHEM.

Mpumep. Hcnoabsyem dopmyny (4) nns HaXxoXKAEHHS] BEPOSTHOCTH yra-
JbIBaHHA LIECTH «CYACTJIHBbIX» HOMEPOB B H3BECTHOi JioTepee «CMOPTJIOTO»,
CYyTb KOTOPOH COCTOHT B CJIEfyIOLIEM.

HMmeetcs 49 wapos, 3anyMepoBaHHbIX uncaaMu 1, 2, ..., 49, U3 KOTopbIX
LIECTb LApPOB «CYACTIMBBIX» (CKaXKeM, KpaCHOTO LiBeTa; ocTajibHble — 6eJ10r0).
[TpousBoauTtcs BbiGop Ge3 Bo3BpalueHHs wecTH wapos. CnpaluuBaercs, Kako-
Ba BePOATHOCTb TOTO, YTO BCE LIECTb BbITALLEHHBIX LIAPOB ABAAIOTCHA «CUACT-
JuBbiMH». [Tonaras M =49, M| =6, n; =6, no =0, BuauM, uTo HHTepecyioLlee
Hac cobbiTre

Bgo = {6 wapoB — «cyacTanBbie»}
¥MeerT, coracHo (4), BepOATHOCTb

P(Bso) = CLa ~72-1078,

49
4. Yucna n! ¢ pocToM n pacTyT upesBbiuaiiHo GbicTpo. Tak,
10! =3 628 800,

15! =1307 674 368 000,
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a 100! copepxut 158 3HakoB. [To3ToMy Kak ¢ TeopeTHYeCKO#H, TaK H C BbIYUC-
JIUTENIbHOM TOYKH 3peHHsl BaXKHa ciefyloliast gpopuysa Cmupaunea:

n'= 21m(—g)nexp(102—"n), O<b,<1, (6)

JI0Ka3aTe/IbCTBO KOTOPOil HMeeTcsl B GOJIbILMHCTBE PYKOBOACTB MO MaTeMaTH-
yecKoMy aHaqu3y (cM. Takxke 3ajady | B § 8 ran. VIII).

5. 3agaum.

1. Nokasatb yTBepxzueHHe (5).

2. INokasaTb, uTo 415 NoJMHOMHaAbHOrO pacnpenenerus {P (A, n, )} Mak-
CHMaJibHOe 3HaueHHWe BEpPOATHOCTH AOCTHraercs B Touke (ky, ..., k), yAoBJe-
TBOpsiIOILiel HepaBeHCTBaM: np; — I < k; <(n+r—1)p;, i=1, ..., r.

3. Odnomepnas modeav Haurea. I1ycTb HMeeTCs 1 YACTHL, PACNOJONKEH-
HbIX B Toukax 1, 2, ..., n. [lpeanosioxuM, 4To Kaxpaas H3 4acCTHL, OTHOCHTCS
K OJHOMY W3 JBYX THMOB, NPHYeM YaCTHL, NepBOTO THMA 71| W BTOPOro — Mg
(ny + no=n). ByneM cuutaTh Bce n! pacrnoJioXKeHHil 4aCTHLL paBHOBO3MOX-
HbIMH.

[ocTpouTb COOTBETCTBYIOLLYIO BEPOSITHOCTHYIO MOJeNb M HalTH BeposiT-
HOCTb COGBITHS An(myy, M2, Moy, Mag) ={vi1 =myy, ..., Veg = Mgo}, TI€ Vij —
YHCJIO YACTHLL THNA I, CJeNYIOLIHX 32 YacTHLaMH THna j (i, j=1, 2).

4. Mcnoab3ys BeposITHOCTHble COOOpaX<eHHs, A0Ka3aTb CMpaBeAJIHBOCTb
CJIEAYIOLIHX TOXIECTB:

Sct=2,  SChE=ch

k=0 k=0

n

Y (=)rkck=Cn_,, m>n+1,
k=0

m

> k(k—1)Ch=m(m-12"2, m>2,
k=0

kCE=nCt-],

m
CT=ZC£C”"’ rie 0SKm<n, 0< k< nunona-

n—k .
i=0 raem C{ =0npu j <O uam j> 1.

5. [lyctb N — pa3mep HeKoTOpOil MONYJ/ISLMH, KOTOPbI# TpeGyeTcsl OLEHHTD
«MHHHMaJIbHbIMH CpPeACTBaMH» 6e3 MpOCTOro nepecuera BCeX 3JIEMEHTOB 3TOH
coBoKynHocTH. [Togo6Horo posa BompoC HHTEpeceH, HampHMep, MpH OLEHKe
yHcJla XKHTeNed B TOH HJH HHOM CTpaHe, ropojie u T. 4.

B 1786 r. Jlannac /s oueHKH uncaa N kuteneli Bo PpaHuHU NPeLIOXKHI
CJIeYIOLLHI METO.
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Bbi6epeM HEKOTOPOE YHCIIO, CKaXeM, M, 3/1eMeHTOB NONYJIALMK H IOMETHM
ux. 3aTeM BO3BPaTHM HX B OCHOBHYIO COBOKYNMHOCTb M MPEIMNOJIOKHM, YTO
OHH «XOPOLLIO NepeMellaHbl» ¢ HeMapKMpPOBaHHBIMH 3sieMeHTamH. [Tocae atoro
BO3bMEM H3 «MepeMellaHHOH» NONyJAAUMH 7 3/eMeHToB. [lycTb cpean HHX
X 3/1eMeHTOB 0Ka3aJiMCb MaDKHPOBaHHbIMH.

MMoka3aTb, YTO COOTBETCTBYIOILAs BepPOATHOCTb Py a.{X =m} 3anaercsa
dopMyJIoii rHnepreoMeTpHyecKoro pacnpesenenus (cp. ¢ (4)):

Cn Cn——m
P walX =m)= 2=
N

Cuurasg M, n 4 m HHKCHPOBAHHbLIMH, HaileM MAKCHMYM 3TOH BEPOATHOCTH
no N, T. e. HaiileM «HaHGoJiee MpaBJonoJOOHLIA» 06beM Bceil MoNyJfALMH,
npUBOAALIMA (NPH 3allaHHbIX M W n) K TOMY, YTO YHCAO X MapKHPOBAHHbIX
3JIEMEHTOB OKa3aJloCb PaBHbIM M.

INoka3aTb, 4To HauGosiee npaBaONoAOGHOE 3HauehHe (0Go3HaunM ero N)
onpeaensercs dopmyioit ([ -] — uenas yactb):

N =[Mnm™].

TaK nosyueHHas olleHka N 115 N Ha3biBaeTCsi OLEHKON MAKCUMALLHO2O
npasdonodobus.

(Iponomxenune 3to#t 3anaud cM. B § 7 (3anaua 4).) _

6. (Cp. c 3anaueit 2 B § 1.) INyctb Q conepxkut N anementos u d(N) ectb
YHCJIO Pa3HYHbIX pa3OHeHHil ), 06/afaIOLIMX TeM CBOWCTBOM, UTO KaXKJoe
NOAMHOXKECTBO pa3GHeHHs HMeeT HeyeTHoe UHCJIO 3jeMeHTOB. [TokasaTb, uto

di)=1, d@)=1, d@)=2,
d(4)=5, d()=12, d(6)=37

H, BooOlile,
oo - n
§ : d(n)x =esh*_ 1.

n
n=1

§ 3. ¥Ycaosnblie BepositHocTu. HesaBucumoctn

1. TlonsiTue 8epoamHOCMuU COOLITHS 1a€T HAM BO3MOXKHOCTb OTBETHTb Ha
BOMpoc Takoro THNa: ec/iu YpHa COAEPXHT M wapos, U3 KOTOphIX M, luapos
Genoro useta W Mgy — yepHOTO, TO KaKoBa BeposTHocTb P(A) cobbitha A,
COCTOfILLEro B TOM, YTO BbITAILEHHBI LIap AMeeT Gesblit uset? B cayyae knac-
CHueckoro noaxofa P(A) =M /M.
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BBoaumoe HHXKe MOHATHE YCAOBHOL 8epPOAMHOCMU TIO3BOJIAET OTBeUaTh
Ha BOMPOC CJeyIOLIero THNA: KakoBa BEPOATHOCTb TOTO, UTO BTOPOH H3Bie-
yeHHbIt Wap 6en0e0 uBeTa (cobbiTHe B), NpH YCJOBHH, 4TO NMePBbIil Wap TaKxe
umeeT Geantil uBeT (cobbiTHe A)? (PaccmatpuBaercs BoiGop 6e3 Bo3BpallleHHs.)

EcTecTBeHHO 31€ch paccyXaTh Tak: eC/iH NepBblil H3BJEUEHHbIH LWap HMeJ
Genblil LBET, TO Nepej BTOPbIM M3BJeuyeHHeM Mbl HMeeM ypHY ¢ M — | wapom,
U3 KoTopbix M) — | wapoB umeior Geabiii wBeT, a Mo — uepHbIft; noITOMYy
MHTYHTHBHO MpeACTaBJsAeTCs Lenecoo6pa3HbiM CUHTaTb, YTO HHTepecylollas
My—1
M-1"

Janum Tenepb onpedeieHue YCJOBHOH BEpPOSITHOCTH, cOTiacyolleecs C
MHTYHTHBHLIMH MPEACTABJIEHHAMH O Hel.

Mycts (2, &, P) — (koHeuHOe) BepOATHOCTHOE MPOCTPAHCTBO H A — HeKo-
Topoe coGbitve (T.e. A € &).

Onpepenenne 1. YcaosHoii seposmnocmoio cobbitist B npH yc/oBHH
cobuitist A ¢ P(A) >0 (o6o3Hauenue: P(B|A) ) Ha3biBaeTCs BeJIHUHHA

Hac (ycJIoBHast) BepOSITHOCTb paBHa

P(AB)
PA) - (1
B cnyuae kaaccuueckozo crnocoba (§ 1, n. 4) 3aganus BeposTHOCTeil
N(A) N(AB)
P(A)_N(Q) P(AB)= @) H, 3HAYHT,
N(AB
P(B|A)= /é( A)) b)

CJielyolie CBOACTBA YCJOBHBIX BEPOSATHOCTEH HEMOCPEACTBEHHO BbITEKA-
10T H3 onpejeseHus |:

P@A|A)=1,
P(2]4)=0,
P(B|A)=1, B2A,
P(By + B2|A)=P(Bi|A) + P(B2|A).

W3 3THX CBOMCTB CJIelyeT, YTO NpH «3aKPeNnJeHHOM» MHOXecTBe A YCJIoB-
Has BepostHocTh P(-|A) o6nagaer Ha mpoctpaHctBe (R2NA, & NA), re
A NA={BNA: Be A}, TeMi Ke CBOACTBAMH, UTO H HCXOAHAsA BEPOATHOCTb
P(-) na (2, &).

OTmerum, yTO

P(B|A)+P(B|A)=1,
o[iHaKo, Boo6Lie rosops,

P(B|A)+P(B|A)#1,

P(B|A)+P(B|A)# 1.
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Mpumep 1. PaccMoTpuM ceMbH, HMetolye AByx jaeteil. Cnpaluusaercs,
KaKoBa BepOATHOCTb TOTO, UTO B CeMbe 06a peGeHKa MalbyHKH, B MPeAnoJo-
JKEHHH, 4TO:

a) crapluuil peGeHOK — MaJIbuHK;

b) no KpaiiHe#t Mepe OHH U3 eTedl — MallbuuK?

[TpoCTPaHCTBO 3/IEMEHTAPHBIX COOBLITHA (MCXOLOB) 31€Chb, OUEBHAHO, Ta-
KOBO:

Q={MM, M1, IM, 11},

rae MI osHauaeT, 4TO CTapluuil peGeHOK — MaJsibuMK, MJIaILHil — JeBouKa,

T L
ByzneM cuHTath, uTO Ka)/iblii HCXOJ PaBHOBO3MOXEH:

P(MM) =P (MIl) =P (IM) = P (L) = .

[Myctb A — cobbiTie «CTaplINK peGeHOK — MasibYHK», B — «MJaquiuit pe-
6eHok — MasbuiK». Torma AU B ecTb co6biTHe «Mo KpaiiHelt Mepe OAMH H3
aeteit — MasbuiK», AB — «o6a pe6eHKa — MaJlbYHKH» H MHTepecylolLas Hac
B BOMpOCe a) BePOSATHOCTb eCThb ycJoBHas BeposTHocTs P(AB|A), a B Bonpo-
ce b) — yciiosHas BeposiTHocTs P(AB|AU B).

Jlerko HaxoauM, 4To

_PUB) _1/4_1
PABIA) =5y =1 =2
P(AB|AUB) = SWB _1/4 _1

2. Cunenyloulas npoctas, Ho BaxkHasi ¢opmyna (3), Hocsilias Ha3BaHHe
tpopmyaoL noanoli 6epOAMHOCTMU, ABNAETCA OCHOBHBIM CPEACTBOM MPH MOA-
cueTe BEePOATHOCTEH CJIOXKHBIX COOBITHH C HCMO/Ib30BAaHHEM YCJIOBHBIX BEpPOAT-
HocTe#.

PaccMotpuM HekoTopoe pasbuenne 2 ={A, ..., Ay} ¢ P(4A;)>0, i=
=1,...,n (4acto Takoe pa3GHeHHe Ha3bIBAIOT TaKKe MNOAHOL 2pynnoil
HECOBMeCTHMbIX cOObITHH). fIcHO, uTo

B=BA,+...+BA,
W, 3HauwT,
n
P(B)=>_ P(BA)).

i=1

Ho
P(BA;)=P(B|A;) P(A)).



46 [J1. I. 3JIEMEHTAPHA$l TEOPUS BEPOAATHOCTEN

Tem cambiM umeeT MeCTo popMyna MONHOH BEPOSITHOCTH

P(B)=)_ P(B|A) P(A). ®)

i=1
B uyactHocTH, ecan 0 <P(A) < 1, To
P(B)=P(B|A)P(A)+P(B|A)P(A). 4)

Ipumep 2. B ypHe umeercst M wapoB, Cpeau KOTOPLIX M «CYACTIHBBIX».
CnpalunBaercs, KakoBa BepOATHOCTb H3BJIeUb HA BTOPOM Liare «CYaCTJHBbIA»
1uap (npeanosiaraeTcs, YT0 KaueCTBO NEPBOT0 H3BJEUEHHOTO Liapa HEH3BECTHO,
paccMaTtpHBaetcs cJyyail BbiGopa Ge3 Bo3BpallieHHs o6beMa =2 H Bce HC-
xofbl paBHOBO3MOXHbI). [TycTb A — co6biTHe «nepBblil Wap — CUACTJHBBIAY,
B — «Bropoi#i map — cyactausbiit». Toraa

m(m—1)
_P(BA)_ MM=1) _m-—1
PBIN=3m =—m  ~M-T
M
m(M —m)
~ _P(BA_MM-1) _m
P(B|A)= PA ~ M-m ~ M-l
M
H
P(B)=P(BIA)PA)+PBIAPA) ==L . M4 Mom_m

HuTtepecHo oTMeTHTb, uto BeposiTHOCTb P(A) Takke paBHa m/M. Takum
06pa3oM, To 06CTOATENbCTBO, YTO KaueCTBO MEPBOTO WIapa OCTalOCh HEeHs-
BECTHBIM, He H3MEHHJIO BEPOATHOCTH TOTO, YTO H3BJIEUEHHbIH Ha BTOPOM Liare
Wap 0Ka3aJca «CUaCTIHBbIMY.

W3 onpenenenus ycaoBHo#t BepositHocTH (P(A) > 0)

P(AB)=P(B|A)P(A). . )]

DT1a ¢opmyna, Hocsllas Ha3BaHHe (POPMYJIbI YMHOXEHHSI BEPOSTHOCTEHR,
o6o6LtaeTcs (Mo HHAYKUMH) caefyloudM o6pa3oM: eCJiH pacCMaTpHBAlOTCS CO-
6bitHs Ay, ..., Ap—i Takue, uto P(A)...Ap—1) >0, TO

P(A,...An)=P(A))P(A2|A}1)...P(An|A)...An2)) (6)

(3mecb Aj... A, =A1NAN...NAp).
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3. TpeanoJioxuM, uto coGbithst A ¥ B takosbl, uro P(A) >0 u P(B) >0.
Torna Hapaay ¢ (5) cnpaBeuBa Takxe popmya

P(AB)y=P(A|B)P(B). 7)
W3 (5) u (7) nosiyuaeM Tak Ha3blBaeMyio dopmyay Baiieca:
_ PAPB|A)
PAIB) = =55 — ®)
Ecau cobbitus Ay, ..., A, 06pasyloT pazbuenue 2, To u3 (3) u (8) caenyer
TaK HasbiBaemas Teopema Baiteca:
P(A4;) P(B|A;

3 PA)PBIA)
]:

B cTaTHCTHYECKHX MPHMEHEHHAX COObITHS Ay, ..., A,, 06pasyollie «noJ-
Hylo rpynny coObiTHit» (A} + ...+ A, =), yacTo Ha3bIBAlOT «rHNOTE3aMH», a
P(A;) — anpuopHroii *) BeposTHOCTbIO rHnoTe3bl A;. YC/0BHast BEpOATHOCTb
P(A; | B) TpaktyeTcs Kak anocmepuopHas BeposiTHOCTb FHmotesbl A; mocie
HacTyMJieHHs coObiTHA B.

Mpumep 3. Tlyctb B ypHe HaxomsaTcs ABe MOHeTbl: A| — CHMMeTpHUHas
MOHEeTa C BeposiTHOCTbI0 «rep6a» I, paBHo# 1/2, H A — HecuMMeTpHYHas
MOHeTa C BeposiTHOCTbIO «rep6ax I, paBHoit 1/3. Haynauy BbiHuMaeTcs u noa-
6pacbiBaeTcs o4Ha H3 MoHeT. [1peanoioxum, yto Bbiman rep6. Cripaluusaercs,
KaKoBa BepPOATHOCTb TOTO, YTO BLIOPaHHAsi MOHETa CHMMETpHUHA.

[TocTpouM cooTBeTCTBYIOLLYIO BEPOSTHOCTHYIO Mojesb. B kauecTBe mpoc-
TPAHCTBA 3JIeMEHTApHbIX COOBITHHA (MCXON0B) €CTECTBEHHO 3/leCh B3ATb MHO-
xectBo Q={AT, AP, Aol', AoP}, onucbiBatoliiee Bce HCX0Ab! BIGOpaA M MOA-~
GpacbiBanus (A;I" o3Hayaer, uTO BbIHYTA MOHETa A H B pesyJibTaTe noaGpachi-
BaHHs BbinaJi rep6, u T. A.). BeposTHOCTH paccMaTpHBaeMbX HCXOJO0B AOJKHBI
ObITb 3a/1aHbl TaK, YTOGBI, COTJIACHO YCJIOBHSIM 3a[auH,

P(A)=P(A2)=1/2

P(T|A))=1/2, P(T|A2)=1/3.
OTHMH yc/IOBUAMH BEPOSITHOCTH HCXOZI0B OMPENENSIOTCA OHO3HAUHO:
PAlN=1/4, P(AP)=1/4, P(A)=1/6, P(A:P)=1/3.
Torna, cornacho gpopmyse Baiieca, HHTepecylolllasi Hac BepOATHOCTb

3 P(4,) P(T|A) =3
PAD = 57 FTA) T P(Ae) PTTAD) — 5

* . . .
) A priori — o oneita, a posteriori — nocae onita.
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H, 3HAYHT,
P(A2|T)=2/5.

4. Boaumoe B 3TOM NyHKTe MOHATHe HE3ABUCUMOCMU WFPaeT B Ofpele-
JIEHHOM CMBbICJ/Ie LEHTPaNbHYIO POJib B TEOPHH BEPOATHOCTEH: HMEHHO 3TO Mo-
HATHe ONpeJesiuiio To cBoeoGpa3ue, KOTOPOe Bbie/SeT TEOPHIO BEPOATHOCTEH
B O6LLEl TEOPHH, 3aHUMAIOLLEACS HCCIIEIOBAHUEM UBMEPUMBLX NPOCMPAHCME
¢ mepolii.

Ecin A u B — 1Ba coGbiTHSl, TO €CTeCTBEHHO CKasaTb, UTO cobbimue B
He 3asucum om A, ecid 3HaHHe TOro OGCTOATENbCTBA, YTO COBEPLIMJIOCH
cobbiTHe A, HUKaK He BJIMAET Ha BepOATHOCTb COoBepLieHHs cobbiTua B. HMHaue
roBops, 6yiemM FOBOPHTb, UTO «B He 3aBHCHT OT A», ecsH

P(B|A)=P(B) (10)
(3necb Mbl ‘npeanonaraem, uto P(A) > 0). -
[Tockoabky
PB4 = e,
To U3 (10) HaxoauM, uTo
P(AB)=P(A)P(B). (11)

Touno Tak e, ecan P(B) >0, To ecTecTBeHHO CKa3aTb, YTO «A He 3aBHCHT
oT B», ecan

P(A|B) =P(A).

Ortciona cHoBa noJyyaeM cooTHolueHHe (11), kotTopoe, 3aMeTHM, cummempuy-
HO OTHOCHTeJIbHO A ¥ B ¥ HMeeT CMbIC/I TaKXKe W Torja, Korja BeposiTHOCTb
3THX COOLITHH MOXeT ObITb paBHa H HYJIO.

Hcxons w3 atoro, npuMeM chiepytoliee

Onpepenenne 2. Coboimua A U B Ha3blBAIOTCA HE3ABUCUMbIMU WIH
cmamucmuyecku Heaagucumoimu (OTHOCHTENbHO BeposTHOCTH P), ecaiu

P(AB)=P(A)P(B).

B Teopuu BepoATHOCTEl YacTO MPHXOAUTCA paccMaTpUBATh HE3aBHCHMOCTD
He TOJIbKO COGbITHI (MHOXECTB), HO H cucmem coboimuiti (MHOXKECTB).

[puBeneM cooTsercTBylOlLEe

Onpenenenue 3. Ascebper (4, 6ogee 06O, cucmems. NoaMHOXKeCTB 2)
& ¥ o Ha3bIBAIOTCA HE3ABUCUMBIMU WM CMAMUCMUYECKU He3a8UCUMbIMU
(oTHOCHTeNbHO BeposATHOCTH P), ec/in HesaBHCHMBI Jlo6ble 1Ba MHOXKecTBa A |
H Ao, NpHHa//IeXKallKe COOTBETCTBEHHO &) U Zh.
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Jlas npuMepa pacCMOTPHM JBe ajreGphbl
#={A,A,2,0 n gh={A, A 2, 0},

rae A; u Ag — HeKoTopble MHOXecTBa u3 §2. HerpyaHo nokasath, uto &
oy He3aBMCHMBI TOT/Ia H TOJIbKO TOF/Aa, KOrJa He3aBHCHMbI COObITHA Aj 1 Ag.
JlefiCTBHTEbHO, HE3aBHCHMOCTb &) H _m’g 03HauaeT HEe3aBMCHMOCTb LLIECTHA-
auath nap cobbithiti: Ay v Ag, Ay u Ao, ..., Q u Q. Caenopatensho, A;
Ao HesaBHcuMbl. O6paTHO, ecin A; ¥ A2 He3aBHCHMbI, TO Hal0 MOKa3aTh,
YTO HE3aBHCHMbI OCTaJIbHble NMATHaAUATb Nap coObiTHil. [IpoBepHM, Hanpumep,
nesasucumocTb A; U Ag. HiMeem

P(A1A2)=P(A;) — P(A,A2) =P(A;) —P(A))P(4A2) =
=P(A1)(1 — P(A2)) =P(4;) P(A,).

He3aBHCHMOCTb OCTaJIbHBIX Nap NPOBEpPAETCs aHAJOTHYHBIM 06pa3oM.

5. [loHATHe HEe3aBUCHMOCTH ABYyX MHOXECTB M IBYX anreGp MHOXeCTB
pacmpocTpaHsieTcs Ha cJydail Ji060r0 KOHEYHOro YHCJIa MHOXKECTB H aireGp
MHOJECTB.

Onpenenenne 4. ToBopaT, uTo MHONMECMBA Ay, ..., A, HE3ABUCUMBL WIH
cmamucmu4ecky He3asucumb. B COBOKYMHOCTH (OTHOCHTENbHO BepOSITHO-
cti P), eca g mobbix k=1, ..., nu 1 <ij<is<...<ip<n

P(Aj,...A;)=P(A;)...P(4;,). (12

Onpepenenne 5. Arcebpbi MHOXKECTB &), ..., &, Ha3bIBAIOTCS He3a8UCHU-
MOLMU WK cmamucmu4ecKy He3aBUCHMbIMH B COBOKYMHOCTH (OTHOCHTEJIbHO
BEPOATHOCTH P), ec/in HezaBHCHMBI JloGble MHOXKeCTBa Ay, ..., A,, NpuHaaie-
JKalllie COOTBETCTBEHHO &, ..., &).

OTMeTHM, uTO H3 nonapHoli He3asucumocmu coGbiTHi, BoOOIIE roBO-
pfi, He caedyem WX He3aBHCHMOCTb. JleficTBHTeNbHO, ecid, Hanpumep, Q=
={w}, wo, w3, w4} H BCE HCXOMbl PABHOBO3MOXKHbI, TO COGBITHS

A={w), we}, B={w;,ws}, C={w,ws}

NonapHoO He3aBHCHMbI, HO B TO XK€ BpeMs

P@BO) =1 #(5) =P)P®B)P(C)
4 2 )
OTMeTHM Takxke, 4TO M3 TOTO, YTO s HEKOTOPbIX cobbITHit A, B u C
P(ABC)=P(4)P(B) P(C),

BOBCe He CJIeflyeT NONnapHas He3a8ucumocms 3THX cobbitiil. B camom aene,
NycTb mpocTpaHcTBO 2 cocTouT M3 36 ynopsnoueHHsix map (i, j), rae i, j=
=1, 2, ..., 6, u Bce 371 napn! paBHoBo3aMoxHbl. Toraa misa A={(i, j): j=1, 2
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win 5}, B={(i, j): j=4, 5 uau 6}, C ={(i, j): i + j =9} umeem
P(4B)= g # 3 =P(4)P(B),

P(AC) = 3¢ # 75 =P(4) P(C),
P(BC)= 15 # 75 =P(B)P(C).
HO B TO Xe€ BpeMsd
P(ABC)= 36 = P(A)P(B) P(C).

6. C ToukM 3peHHs MOHATHS HE3ABUCUMOCMU PAaCCMOTPHM MNoLpobHee
KJaccuueckyio Mofenb (§2, &, P), BBefleHnyto B § 2 H NpHBelIyIO K BO3HHK-
HOBEHHIO GHHOMHAJILHOTO pacrpeleseHus.

B stoit Monean

Q={w: w=(ay, ..., an), a; =0, 1},
og={A: ACQ}
HP({wh=pw)c
plw)=p% “g" T (13)
Myctb cobbithe A C Q. Bynem roBoputb, YTo 3T0 COGBITHE 3aBHCHT OT HC-

NbiTaHHs B k- MOMEHT BpeMeHH, eCJ/IH OHO oMpefleisieTCsl JIHIUb 3HaAUEHHEM Q.
[prmepoM Takux COOBITHI ABAAIOTCA COOBITHSA

Ak={w: ak=l}, /Tk={w: dk=0}.

PaccmoTpuM nociieioBateibHOCTD anrebp &, %, ..., &, Takux, uto &, =
={Ag, Ap, 2, 0}, 4 nokaxkeM, uto B cayyae (13) 3t anreGpbl He3aBHCHMBbI.
$lcHo, uto

P(Ap) = Z plw)= Z: pZ tign=T o =

{w:ap=1} {w:ap=1}
_ p z pa|+...+a;,_|+a,,+1 +...+a, 1%

(@11l —1,Bk 4 14-n)

n—1

x q(fl—l) (@i+...+ap—1+aes1+..+a0) =p Z Cl q(n—l) I _ p,
1=0
W aHaJIOTHYHBI MOJACYET MoKa3biBaeT, uto P(Ay)=¢q u npu k#
P(ArA))=p, P(AA)=pg, PAA)=4".

OTcloza Jierko BbIBOAMTCS, YTO anre6pb! & H &), k# [, He3aBHCHMbL.
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AHaJIOPHUHO MOKA3biBAEeTCs, YTO HE3aBHCHMBI anreOphl &), &4, ..., . IT0
JlaeT OCHOBaHHE Ha3BaTb PAaCCMaTPHBAEMYiO MOAEJb (22, &, P) Monenbio, ot-
BeyaloLLel 1 He3aBUCUMBLM UCNOLMAHUAM C 0syma ucxo0amu u 8eposmHo-
cmbto «ycnexax p. 51. BepHynu 6bin NepBbIi, KTO CHCTEMATHYECKH H3Ydal 3Ty
MoIeJb H J0Ka3aa I Hee CMpaBelIHBOCTb 3aKOHA 6oavwux uucea (§ 5).
B cBf3H C 3THM 3Ty MOJeNb Ha3blBAlOT TakXe cxemoi Bepnyriu (¢ ayms
HCXOaMH — <YCNEXOM» H «HeyCHeXoM» — H BEPOATHOCTbIO «ycrnexa» p).

JleTanbHOE PacCMOTPEHHe BEPOATHOCTHOTO NPOCTpaHCTBa B cxeMe Bephy.-
1M TMOKA3bIBAeT, YTO OHO MMEET CTPYKTYpY «MpPSMOro MpPOH3BEAEHHS BepOsT-
HOCTHbIX TIPOCTPAHCTB», COCTOSILLYIO B CJIEAYIOLIEM.

TNpennonoxuM, uto 3ajaH HaGop (R, &, P1), ..., (Qn, Ba, Pn) Koneu-
HbIX BEPOSTHOCTHbIX mpocTpancTs. O6pasyem npoctpaHcTBo Q= X Qg X

X ... X, ToueK w=(ay, ..., @), rae a; €. O603HauM & =%B) Q@ B2 Q
®...® B, — anre6py MOAMHOXKECTB £, COCTOSAILLYIO H3 CYMM MHOXECTB BHJa
A=B, xByx...x B, ¢ B; € %;. Hakonen, ana w=(ay, ..., @,) NOJOKHM

pw)=pi1(@1)... pa(as) v onpenenum P(A) ansa Muoxects A=B) x By x ...
... X B, dopmyuoii:

PA= Y pi@)...palan).
{a1€B,,...,a,€B,}

Hetpyauo nposeputb, uto P(2) =1 u, cnenosarenbHo, Tpoiika (2, &/, P)
onpefieNsieT HEKOTOpOe BEpPOATHOCTHOE MPOCTPAHCTBO. DTO MPOCTPAHCTBO Ha-
3bIBAIOT NPAMbIM NPOU3BEOEHUEM BEPOAMHOCMHOLY NPOCMPAHCME

(Qly glv Pl)’ ey (th gfh Pn)-

OTMETHM OJIHO JIeTKO npoBepsemoe CBOHCTBO NpaAMOro nNpou3BeaeHHs Be-
POAATHOCTHbIX MPOCTPAHCTB. OTHOCHTE&JILHO BEpOATHOCTH P co6bitus

Ai={w: a1€By}, ..., Ap={w: a, €B,},

rae B; € %;, ABAAIOTCA He3aBUCHMbIMH. TOUHO TaK »Ke ajireGpbl MHOXECTB
npocrpaHctsa 2

& ={A;: A ={w:a, €By}, Bi€ %},

.an={A,,ZA,,={wIanEB,,}, Bnegn}

ABJIAIOTCA HE3A8UCUMBIMU.
M3 npuseeHHbIX KOHCTPYKUHIl BHIHO, uTO cxema bepuyriu

Q «2,P)cQ={w: w=(ay, ..., an), a;=0, 1},
F={A: ACQ} u P(w))=pXig-Ta
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MOXeT GbiTb NoJiydeHa KaK npamoe npoussedenue 8eposmHOCMHbLX Npo-
cmpancms (4, %;, Pi),i=1,2, ..., n, roe

Qi={0» l}’ g,"—'{{O}, {l}’ a, Qi}»
Pi{1)=p, Pi({0})=4.

7. 3apaum.
1. TpuBectd npumepsl, NoKa3blBaloLLKe, YTo, BOOGLLE FOBOPS, PaBEHCTBa

PB|A)+P(B|A)=1,
PB|A)+P(B|A)=1
HeBepHbl.

2. YpHa conepxxut M 1wapos, U3 KoTopbix M| wapoB Genoro usera. Pac-
cmatpuBaetcsi Bbibop o6bema n. [lyctb B; — coGbiTHe, cocTosilliee B TOM,
YTO H3BJIEUEHHbIH Ha j-M wiare lwap WMes GeJblit useT, a Ap — coObiTHe,
cocTosiliiee B TOM, YTO B Bbi6OPKE 06beMa n HMeeTCs B TOUHOCTH k Gelibix

wapos. [Tokasatb, 4T0 KaK Jna BbIGOpa C BO3BpaLLEHHEM, TaK H I BbIGOpa
6e3 BO3BpalLeHUs

P(B,-]Ak)=k/n.

3. Mycetb Ay, ..., A, — He3aBHCHMble cobbiTHa. [TokasaTth, uto Toraa
n n
P(U A;) =1-[[ P@A).
i=1 i=1
4. Tyctb Ay, ..., Ap — He3aBHucHMble cobbitHa ¢ P(A;) = p;. Tlokasartb,

YTO BEPOATHOCTb Py TOTO, YTO HH OMHO W3 3THX COOBITHA He MPOU30MJET,
onpenensiercs hopMmyJioi

n
Po=T](1- py).
. i=1
5. IMyctb A v B — HesaBucuMble cobbitha. B Tepmunax P(A) u P(B)
BbIpa3HTb BEPOATHOCTH COOLITHH, COCTOSILIUX B TOM, YTO NMPOU3OHIET 8 MOU-
Hocmu k, no menouwieii mepe k w camoe Goavuwee k w3 cobbitit A U B
(=0, 1, 2).
6. Ilyctb co6biTHe A TaKoBO, YTO OHO He 3aBHUCHT OT CaMoro cebs, T.e. A
H A HesaBucuMbl. [Tokasatb, yto Torna P(A) paBto O uau 1.
7. Tycrb co6bitie A TakoBo, uto P(A) pasho O uau 1. INokasats, uto A
Jio6oe cobbiTHe B He3aBHCHMBL.
8. PaccmatpuBaeTcst 3jieKTpHUecKasi CXeMa, H306pakeHHas Ha puc. 4.
Kaxnoe u3 pene A, B, C, D u E, pa6oTaolux He3aBHCHMO, HaxoAuTcH B
OMKPLLMOM COCTOSIHHH (M, 3HAUMT, He MpOMyCKaeT 3JeKTPHUECKHH CHIrHaJ)
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WK B 3aKpPbLMOM COCTOSHHH (H TOTIa CHFHaJ NPONYCKaeTCsl) C BEPOATHOCTAMH
p ¥ q cooTsetcTBerHO. CnipaluBaeTcs, KaKoBa BEPOATHOCTD TOTO, YTO CHrHA,
NONAHHBIA Ha «BXOA», OyAeT MOJyyeH Ha «Bbl-

xoze»? KakoBa yc/OBHasi BEpOATHOCTb TOTO, A 5

yto peste E 6blN0 OTKPBITO, €CJIH Ha «BBIXOJe»
6bla1 NOJIyUEH CHUrHaA? E >
9. Myets P(A + B) > 0. IMokasats, uto Bxon > \l)D Beixon
P(A4)
P(A)+P(B)’ Puc. 4.

10. INyctb cobbiTHe A He 3aBHCHT OT CoO-

P(A]A+B)=

6uiTHi By, n2> 1, npu stoM B;NB; =2, i#j. Torna cobbitia A u UI B,
Pt
SBNAIOTCA HE3aBHCHMBIMH.

11. TMokasats, uto eciu P(A|C)>P(B|C) u P(A|C)>P(B|C), 10
P(A) >P(B).
12. ITokasatb, uTo

P(A|B)=P(A|BC)P(C|B)+P(A|BC)P(C|B).

13. Iyctb X # Y — He3aBHCHMble GHHOMHA/bHbIE BEIHYHHBI C TapaMeTpaMH
n u p. [NokasaTtb, uto
ckc'"-k ,
PX=k|X+Y=m)==""2—, k=0,1,..., min(m, n).
2n

14. Myers A, B, C — nonapHo He3aBHCHMble paBHOBEPOSITHbIe COOGBITHS,
npuyem A N BN C = @. HaiiTh MakcHMaJbHO BO3MOXKHOE 3HaueHHe i Bepo-
atHoctu P(A).

15. B ypHy, rie HaxoaHJCs OJHH 6e.nbu71 wap, Ao6aBHJH JH60 Genbli, 1H60
YepHblii Wap (C oAHHAKOBLIMH BeposiTHOCTAMH). [Tocsie sToro cayuaiiibiM o6pa-
30M BbITaLLHIH OAxH Wwap. OH okasancs GebiM. KakoBa ycJioBHasi BEpOATHOCTD
TOro, YTO OCTABLLUKHACA B YpHe Liap Toxe Oesblii?

§ 4. CayuaitHble BEJHUYHHbI U UX XaPaKTEPUCTHKH

1. Tlycts (2, &, P) — BeposATHOCTHAsA MOJle/lb HEKOTOPOFO IKCNEPHMEHTa
C KOHeuHbim uyuCIOM HcxofoB N(2) u anreGpoil & Bcex MoAMHoOXKecTB (2.
Mo>kHO 3aMeTHTb, YTO B PACCMOTPEHHbIX Bbillle MPHMEPAX, CBA3AHHBIX C MOA-
CYeTOM BEPOATHOCTEl TeX WIH HHbIX co6biTHil A € &, CO6CTBEHHO MPHPOAA
NPOCTPaHCTBA 3JleMeHTapHbIX coObITHi {2 He npeAcTaBasna untepeca. OcHOB-
HOH HHTepeC NpeACTaBIsJIN JHLIb HEKOTOPbIE 4UCA08ble XaPAKTEPHCTHKH, 3Ha-
YEHHS KOTOPBIX 3aBHCEJIH OT 3JleMeHTapHbIX coObITHA. Tak, Mbl HHTEpecoBaJHCh
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BOMpPOCaMH O TOM, KAKOBa BEPOATHOCTb OMPEAEJNEHHOrO 4UCAA YCNEXOB B CEPHH
M3 7 MCMbITaHWH, KAaKOBO pacrpeesieHHe BepOSATHOCTER uucaa NPOOHHOK MO
A4YerdKaM H T. 1.

BBoaumoe ceiiuac (¥ fajee — B GoJiee O6LLEM BHAE) MOHATHE CAYUALHOLU
8eAuUiLHbl TIPU3BAHO OMpe/eINTb BEHUHHDBI, XapaKTePH3YIOLLIHe pe3yJsibTaThbl
«H3MepeHHil» B CJyyailHbIX IKCMEPHMEHTAX.

Onpepenenne 1. Beskas udcaoBas pyHkuus € =§(w), onpeneseHHas Ha
(kOHeuHOM) MpPOCTPaHCTBE 3JIeMeHTapHbIX COObITHI §2, GyeT Ha3blBaTbCH (MPO-
ctoit) cayuaiinoi seaununoi. (ITporcxoxaeHue TepMHHa «NpoCcTas» chaydai-
Hasi BeJIMUHHA CTAHeT MOHATHLIM NMoCJie BBeJeHHs o6Lero NOHATHA CJydaiHOH
BeJHuuHbl B § 4 ra. I1.)

Mpumep 1. B Moaenu aByKpaTHOro noaGpachbiBaHHst MOHETbI C POCTPaHC-
tBoM ucxoos 2 ={IT, TP, PI, PP} onpenenum cayuaithnyio Besnuuny £ = £(w)
C MOMOMIbIO TabJHLbI

w |IT|TP|PT|PP
fw) | 2 1 | 0

3xech £(w) Mo CBOEMY CMBICJY €CTb HE YTO HHOE, KaK YHCJO «repGoB»,
oTBeyaolliee HCXOY w.

Ipyrum npocTefiliuM NpHMepoM cJiyyaiiHoi BesIHuHHbI § ABaseTCs uHOuKa-
mop (dHaue — xapaKkmepucmuueckan QyHKYus) HEKOTOPOro MHONMECMEa
Aco:

E=14(w),
rae *)
1, weaA,
lh@=10, wga

Korzna sKcriepMMeHTaTop HMMeeT AeJIo CO CJYyaHHLIMH BeJHYHHAMH, OMH-
ChIBAIOILIMMH T€ WJIH HHble MOKa3aHHsA, TO OCHOBHOH BOMpOC, KOTOPLIH €ro HH-
TepecyeT, — 3TO BOMPOC O TOM, C KaKHMH 8€pOSMHOCMAMU 3Ta ChyyaiiHas
BEJIHUHHA MPUHMMAET Te WJH HHble 3HaueHHAA. C 3TOH TOUKH 3peHHs HHTepec
npeAcTaBsieT He pacnpeeneHye BeposiTHocTell P Ha (2, &), a pacnpesnenenye
BEpOATHOCTElN Ha MHOJCECMEe 3Ha4eruid cayJaiiHoft BenHunHbl. [Tockonbky B
paccMaTpuBaeMoM cJryyae 2 COCTOMT H3 KOHEYHOTr0 YHcJia TOUeK, TO MHOXKECTBO
3HaueHuit X cayudaiiHoit BeaHunHbl £ TakKe KoHeuHo. Ilyetb X ={xy, ..., Xm},
rie (pa3/iHYHbIMH) YHCJIAMH Xi, ..., X, HCUEPMBIBAIOTCA BCe 3HaueHus €.

*) Ins uuaukatopa [4(w) ncnoabsylotcs Takke o6o3nauenns /(A), /4. Mo nosoay uacto
MCNOJIb3yEMbIX fanee CBOACTB HHAMKATOPOB CM. 3aauy |.
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Q603HauMM Z — COBOKYMHOCTb BCEX NMOAMHOXXECTB MHOXeCTBa X, H NyCTb
B € % . MHOXecTBO B MOXHO TakkKe HHTepnpeTHPOBaTb KaK HEKOTOpOe CO-
6biTHE, KOr/1a NPOCTPAHCTBO HCXOIOB €CTb X — MHOXKECTBO 3HaueHHit §.

Paccmotpum Ha (X, Z7) BeposTHOCTb Pg(-), MHAYLMPYeMylo cayuaiiHoi Be-
JsinuuHoM £ no dopmyse

P¢(B)=P{w: ((w)€B}, BeZ.

SICHO, UTO 3HAUEHHsi STHX BEPOATHOCTEN MOJMHOCTBIO ONPEAENAIOTCH BEPOSTHO-
CTAMH
Pe(xi)=Plw: Ew)=xi}, xi€X.

Ha6op uucen {P¢(x1), ..., Pe(xm)} Ha3biBaetcs pacnpedeirenuem 8epo-
amrocmel cay4ainol seauvunst €.

Npumep 2. CayuaiiHas BenwuuHa &, NpHHUMAlOLlast ABa 3Hauenus 1 u 0
C BEpPOATHOCTAMH («ycnexa») p H («Heycnexa») g, Ha3biBaeTcs beprysiues-
ckoii *). SIcHo, uTo 1% Hee

Pe(x)=p*q'™*, x=0, L. )

Buromuarbroi (Wi GUHOMMAJBHO pacnpeiefeHHON) cayuaiHol seau-
4uHol & HasbiBaeTcsl cjyuyaiiHasi BeJIHUMHA, NpHHMMalwowWwas 7+ | 3HayeHHe
0, 1, ..., n c BepoATHOCTAMH

Pe(x)=Cyp*q"™*, x=0,1,..., n 2

3aMeTHM, YTO B 3THX H BO MHOTHX MPHBOAUMBIX jlaJiee IPHMepaXx Mbl He KOH-
KpeTH3HpYyeM CTPYKTYPy OCHOBHOFO BEpOSTHOCTHOTO mpocTpancrsa (2, &, P),
a HHTepecyeMcs JIHLIb 3HaUeHHSAMH CayyaiHbIX BEJIHYHH H HX pacrpefeseHHsiMH
BEpOATHOCTEH.

BeposTHOCTHAsA cTPYKTypa cliyualiHbIX BEIMUHH £ MOJHOCTBIO OMHCHIBAETCS
pacnpenesienneM BeposTHocTedt {Pe(x;), i =1, ..., m}. BBoauMoe HHxKe noHA-
THe (YHKUMH pacnipefieieHHst JaeT SKBUBAJIEHTHOE OMHCaHHe BEPOSTHOCTHOM
CTPYKTYpbI CJAYYaifiHbIX BEJHUHH.

Onpenenenne 2. Tycts x € R!. dynkuus

Fe(x)=P{w: £@)<x)

Ha3biBaetca pyukyued pacnpedesernus CayyaitHoi BeNHYHHbI €.
SlcHo, uto

Fe)= Y Pelx)

{ixi<x}

*) OG6blYHO B BEPOATHOCTHOM JIHTEpaType BMECTO BbIPAXKEHHH «GepHyJaHeBCKas», «GHHO-
MHa/bHas», «NYacCOHOBCKas», «raycCcOBCKasi», ... C/lyyaiiHas BEJHYHHA, HCMO/Nb3YeMbiX 3€Ch,
TOBOPHTCSA O CAyuaiiHbiX BEIHUHHAX, HMeIOIHX pacnpedeserue Beprynnu, GuHomHanbHoe, MMyac-
cona, laycca, ...
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Pe(x;) = Fe(xi) — Fe(xi—),
rae Fe(x—) =2g‘1 Fe(y).
Ecan cuutath, uto X; < X2 <...< Xpm, H NONOXKHTL F¢(xg) =0, TO
Pe(xi) = Fe(xi) = Fe(xizy), i=1,...,m.

INpusoaumeble nanee rpaduku (puc. 5) aatot npeactasienne o Pe(x) u Fe(x)
s GHHOMHAJIbHOM cJlyuyaiiHOM BeJHUMHbI &.
HenocpeactsenHo U3 onpesesnenns 2 caenyer, uto GpyHKUHA pacnpefiesieHHs
F¢ = F¢(x) obnanaer TakuMu CBOHCTBaMH:
(1) Fe(—00) =0, Fe(+oo)=1;
Pe(x) (2) F¢(x) nenpepusna cnpasa (Fe(x+)=
I | = F¢(x)) 4 Kycouno nocmoaxHa.
Hapsapy co cuayuyaiiHbiMH BesqHuYHHAM ya-
CTO MPHXOAMTCA paccMaTpHBaTh CAy4alHbie
sexmopst €= (£, ..., &), KOMIOHEHTbl KO-
Fe(x) TOpbIX SABJAIOTCA CAYYalHBIMH BeJIMUHHAMH.
N Hanpumep, npu paccMOTpeHHH MYJLTHHOMH-
—JpP"  anbHOrO pacnpele/ieHHsi Mbl HMEIH JeN0 CO

q"

0 1 2 n

: cJyuaiiHbIM BeKTOpOM v = (vy, ..., Vr), TAE V; =
= =v;(w) — YHCJIO JIEMEHTOB B NOCJIE10BaTE b
. HOCTH w=(ay, ..., Qn), paBHbIX b;, i=1,...,r.
ﬁ, L, , Ha6op BeposiTHOCTe#H
0 1 2 n
Puc. 5. Pexi, ..., %) =

=P{w: §Lw)=x, ..., &Ww)=x,},

rie x; € X; (X; — obsacTb JONYCTHMbIX 3HaueHHil &;), Ha3biBaeTca pacnpede-
Aexuem sepoamnuocmell cayuainozo sekmopa £, a QyHKUHA

Fe(xy, ..., x)=P{w: ) <x, ..., & W) < X0},

rie x; € R!, HasbiBaetca ynkyued pacnpedererus cAy4aiiHo20 8exkmopa

§=(§1’ () §r)

Tak, nns ynomsuyrtoro Bbillie BeKTOpa v = (v, ..., V)
n
Py(ny, ..., n;)=Calny, ..., n;)pi" ... p7"

(cm. (2) § 2).

2. Tlycrb &, ..., & — HeKoTOpbI# HAGOP CJyUYaiHbIX BEJIHUHH, TPHHHMAIO-
LIMX 3HaueHus B (KoHeyHom) MHOXecTBe X C R!. O603Hauum yepes 2~ anre6py
BCE€X MOAMHOXKeCTB X.



§4. CJIVUANHBIE BEJTUUMHDBI U UX XAPAKTEPUCTHUKHU 57

Onpenenenne 3. CiyuaiiHble BenuuuHs &, ..., & Ha3blBalOTCA He3a8l-
cumoimu (B COBOKYMHOCTH), eCH 14 JoObIX X1, ..., X, € X
Pi=x1, ..., &=x}=P{&i=x1}...P{{ =x.},
WJIH, YTO 3KBHUBAJIEHTHO, 1A Jio6bX By, ..., B,€ &

P{,€By, ..., & €B.}=P{¢, €B,}...P{ €B,).

IMpocrTeiilunii NpUMep HE3aBHCHMBIX CJyYailHbIX BEJIHYHH MOXKHO MOJYYHTb,
paccmatpuBas cxemy Bepuysiu. Hmenno, nyctb

Q={w: w=(ay, ..., @), a;=0, 1}, p(w)=p2 “"q"‘z 4

U &w)=a; ma w=(ay, ..., a,), i=1, ..., n. Torna cayuaiiible BeJHYHHbI
&, &, ..., € ABAAIOTCA HE3aBHCHMBIMH, UTO BbITEKAET W3 YCTAHOBJIEHHOM B § 3
HEe3aBHCHMOCTH COOLITHI

Al ={w: a)= l}, ceey A,,={w: anp= l}.

3. B npanbheiilieM HaM He pa3 MpHIeTCS CTaJKHBAaTbCA C BOMPOCOM O
pacnpefieJieHHH BEPOSITHOCTell CJyyallHbIX BEJMUYHH, ABIAIOLMXCH DyHKyus-
mu f(, ..., &) oT cayuafiHbX BesHuHH &, ..., &. PaccMoTpuM ceituac b
BOMpOC 06 OTHICKAHHH pacnpefesleHHs CYMMbL CaydaitHbiX Besuunn ( =n+¢€.

Ecau £ npuHuMaet 3HaueHHs B MHOXKecTBe X ={x|, ..., Xp}, a 7 — B MHOXe-
ctee ¥ ={yj, ..., 1}, TO cayuaiiHasi BeanyuHa ¢ =& + 7) NPHHUMAET 3HAaYeHHs
B MHOXecTBe Z ={2:2=x;+Yy, i=1,..., k, j=1, ..., [}, v icHo, uTO

Pi@)=P{(=2}=P{¢+n=2}= 3 P{e=x,n=y}
(G :xityj=2}
Oco6o BaxkeH cayualt He3asucumblx ciyuaiinbix Benuuut € u 7. Torna
P€=xi, n=y;}=P{{=x}P{n=y;},
H, 3HAYuT, 1N Joboro z € Z

k
Ped= Y.  Pex)Ppy) = Pe(xi)Pylz - x1). 3)

{G.J): xi+yj=2} i=1

Ecau, HanpuMep, £ H 1) — He3aBHCHMble GePHYJIMEBCKHE CJlyuaiiible Be-
JIMYKHBI, MPUHHMAaIOILHe KaXkias 3HaueHuss | W O c BepoATHOCTAMH p H ¢
cootBetrcTBeHHO, To Z ={0, 1, 2} u

P¢(0) = P¢(0)P,(0) = 47,
P¢(1) = Pe(0)Py(1) + Pe(1)Py(0) = 2pg,
P¢(2) = Pe(1)Py(1) = p*.
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Mo uHAyKUMK JIETKO YCTaHaBJuBaeTcs, uto eca &, o, ..., &, — He3aBHU-
cuMble GepHyJuIHeBCKHe cJayuafiHble BeduuuHbl ¢ P{¢ =1} = p, P{§;=0}=gq,
TO cJyyaiiHas BeauunHa (=& +...+ &, uMeer GuHOMUAAbHOE pacTIpefieieHHe

Pc(k)=CEp*q"*, k=0,1,...,n. 4)

4. Tlepeiinem Tenepb K BaXKHOMY MOHSTHIO MAMeMAMULECKO20 0HUOa-
HUs, WA CpedHeeo 3Hauerus, CydailHbiX BEHUHH.

Iycts (2, &, P) — (KoHeuHoe) BepOATHOCTHOE MPOCTPAHCTBO H & =&(w) —
HeKoTopasi CJydaiiHasi BeJHUMHA, MPHHUMAlOIAsi 3HAYEHHA B MHOXKECTBE
X={xy, ..., xp}. Ecan nonoxuts A; ={w: &=x;}, i=1, ..., k, To, oueBHIHO,
£ MOXKHO MPeACTaBHUTb B TAKOM BHJE:

k
Ew)=)_ xil(Ay), (5)

i=1

rae MHOXecTBa A, ..., A 06pasyloT pasbuenue npocTpaHcTBa ) (T. e. OHH
NONapHO He MepeceKaloTcst U UX cymMMa paBHa €2; cm. n. 3 § 1).

O603HaunM pi =P{€ =x;}. UutyuTHBHo sicHo, uTo eciu HabJsiogaTh 3a
3HayeHHAMH CJIydyadHOH BeJIHUHHBL £ B «71 OBTOPHbIX HE3aBHCHMBIX KCHEpH-
MeHTax», TO 3HaueHHe X; J0JKHO BCTPETHTbCA NPHMepHO np; pas3, i=1, ..., k.
(TTosie3Ho COMOCTaBHTbL 3TO BLICKA3blBaHHE C YTBEPXKAEHHAMH 3aKOHOB GOJib-
x uuces, dopmyaupyembix nanee B §§ 5, 12.) Takum o6pa3oM, «cpeatee
3HayeHHe» 3TOM cllyyaiHOH BeNHUYHHBI, MOACUHTAHHOE MO Pe3y/bTaTaM 1 3KC-
NepHMEHTOB, €CTb NPUMEPHO

k
1
Slnpixi+...+npexe] = Z piX;.

i=1

D10 3aMeyaHHe Jie1aeT NOHATHLIM CJefylollee
Onpepenenne 4. Mamemamuueckum oxcudarnuem Wi cpedHuUmM 3Ha-

k
ueHuem cnyuaiiHoil BemunHbl € =Y x;/(A;) Ha3biBaeTCs UHCIO
i=1
k
E¢=) " xiP(A). 6)
i=]
[Mockoabky A; ={w: §(w) =xi} 0 Pe(x;) =P(A;), T0
k
E¢=Y" xiPe(x). @

i=1
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BcnoMHHB onpesiesienHe GpyHKUMH pacnipeaenenust Fg = Fe(x) 1 0603HauuB
AF&()C) = Fg (X) - Fg (X—),

HaxoluM, uto P¢(x;) = AF¢(x;) u, chenoBatenbHo,

k
E¢=)_ xilFe(x:). 8
i=l1
Mpexxne ueM nepexonTb K PaCCMOTPEHHIO CBOACTB MaTEMaTHYECKHX OXKH-
[aHHWi, 3aMETHM, 4TO YaCTO MPHXOAHTCA HMeTb AeNI0 C Pa3/IHYHbIMH MpeCcTaB-
JICHHSIMH CJlyuaiiHo#i BEJMUHHbI £ B BHJE

!

Ew)=)_ x/I(B)),
j=1

roe By +...+ B; =%, Ho cpeau x} MOTYT ObiTb, BoOGLLE FOBOPS, OAHHAKOBbIE

!
!
3HaueHus. B aToM cayuyae E£ MoXKHO NoAcuuThiBaTH Mo hopMyJie ZI x;P(B)),
/=
He Mepexofd K npeacTasieHuio (5), rae Bce x; pasnuunbl. JleficTBHTENbHO,

> xPB)=x Y. P(B)=xP(A)
{j:xj=xi} . {j:xj=x}
H, 3HAUHT,

] k
> xPB) =) xP(A).

5. CdopmynupyeM ocHOBHbIe CBOHCTBA MaTeMaTHUECKHX OXHAAHH:

1) Ecau €20, mo EE>0.

2) E(a¢ + bn) =aEE& + bEn, a, b — nocmosnHbie.

3) Ecau £ 2n, mo E€>En. -

4) |[E¢I<E].

5) Ecau & u n ne3asucumer, mo EEn=E¢ - E.

6) (E|én|)2 <E€2-En? (nepasencmso Kouu—Bynakosckoeo, HasbiBae-
Moe TaKkxe Hepaserncmeom Kowu—Illsapya wnu nepasencmson lllsapya).

7) Ecau € =1(A), mo E€=P(A).

CeoiicTea 1) H 7) oueBuaHbl. JIaa f0Ka3aTesbCTBa 2) NyCTb

=" xlA), n=Y_ y;jl(B).
i i

Torna
at+bn=a Y xil(AinB))+b > yil(AinB))=Y (axi+by;)I(A:NBj)
ij ij ij
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H
E(a¢+bm)=) (axi+by;)P(AiNB;) =
ij
=Y axiP(A)+)_ byP(B)) =
i i
=a Y xP(A)+b ) y;P(Bj)=aE¢+bEn.

CsoiictBo 3) caneayer u3 1) u 2). CoiicTso 4) OLleBPlI}lHO, NOCKOJIbKY

|ES|= Z xiP(Ai)| < Z |xi| P(A:) =E[¢].
Ilns nokasatenbcTBa CBOF:CTBa 5) D.OCTaT(I)'-XHO 3aMeTHTb, UTO
een=E (Y xian) (3 0il)) -

i i

=E ) xyl(AinB)=)  xyP(AinB))=
ij ij

=3 5P @)= (3 xP)) (X uP ) =E¢-En
ij i i

TJie Mbl BOCMOJIb30BAJIHCh TEM, UTO IUISi HE3ABUCUMbLX CTyYaHHBIX BEJHUHH &
H 7) COObITHA

Ai={w: éWw)=x} n Bj={w: nw)=y;}

ABAsoTCA HedaBHCHMbIMU: P (A; N B;) =P (A4;) P(B;).
Yro6hl 10Ka3aTh CBOMACTBO 6), 3aMeTHM, 4TO

&= A, n*=)_ yH(B))
i i

EE=Y" x?P(4), Enf=) ylP(B)).
i i

Iycts E€2 >0, En? > 0. Mosoxum

f=—t, f=—.

VEE’ VER?

Mockoabky 2|€7| < &2+ 72, To 2E|€7| < EE2 + Ei2 =2. 3uaunr, E|&H| <1 u
(Elénl)? <EE?-En?.
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Ecan xe, ckaxeM, E€2=0, 1o 310 03Hauaer, uto 2 x?P(A;)=0 u, cne-

J0BaTeJIbHO, CPEH 3HauyeHHH, MPHHHMAaeMbIX cnyqanHoﬁ BeJIHYHHOK &, ecTb
snauee 0, npuuem P{w: £(w)=0}=1. IToaTomy, ecan no KpaiHeil Mepe
onHo u3 3HaueHuit E€2 unu En? paBHo Hymio, To, oueBuaHo, E|&n|=
cJef0BaTelbHO, HepaBeHCTBO Kotn—DByHsAKOBCKOro Takxe BbINOJIHSAETCS.
3ameuanune. CsoiictBo 5) o6o6liaeTcss ouyeBHAHbIM 06pa3oM Ha JioGoe
KOHEYHOE UHCJIO CAyuafiHbiX BeJIHUHH: ecaH &), ..., & He3asucumol, T0

E&...6, =E& .. E¢,.

JlokasaTenbCTBO 31€Ch TO XKe, YTO W U1 CAyyast 1 =2, WIH Mo WHAYKLHMH.
Mpumep 3. Iycts £ — GepHynveBcKas ciyyaiiHasi BeJIHUHHA, NPHHHMa-
jowas 3Hauenus 1 u 0 ¢ BepoatHoctamu p u g. Toraa

E¢=1-P{e=1}+0-P{c=0}=p.

Mpumep 4. Ilyctb &y, ..., §; — n GepHYNIHEBCKHX CJy4aHbIX BEJHUHH C
P{&=1}=p, P{&=0}=4q, p+q=1. Torna mna
Sa=&+...+&,

HaxoIuM, 4To
ESn = np. -

K 3tomy pesyJsbTaTy MOXKHO TpuiiTH W ApyruM nyteM. Hetpyauo nousrs,
yto ES, He u3MeHHTCH, eC/id MPEANONOKHTD, UTO GEpHYJIIIHEBCKHE CiyuaiiHble
BeJIHUMHBI &), ..., &, He3asucumsl. [1pu 3TOM NpeanosioxeHuH, cornacHo (4),

P{S,=k}=Ckp*g"*, k=0,1,...,n

[ToaTomy

n!
ES,,_Z kP{S, =k} = E,kck pt "-k_z B mmm P =
k=0 k=

(n—-1)! k=1 _(n—1)—(k—1) _
—”PZ G-Din-T) - - B

(n=1)! n—1)—
—’”’Z T P =np.

Bripouem, nepBbiii cnoco6 NPHBOAMT K pe3ysbTaTy ObicTpee, HexeJd Mo-
caefHu#.
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6. Tyctb =" x;/(A;), rie A; ={w: €(w) =x;}, 1 p=({(w)) — HEKOTO-
pas dyHkuust ot §(w). Ecau B; ={w: p(§(w)) =y}, To (/5 (w) =1(B)))

PEWN=2_ yjls, @),
H, ClIel0BaTeNbHO, I
Ep=>_uiPB)=3_ yiPoly) ©)
Ho sicHo Takxe, uto (/4;(w) I= I(A})) /
PE@) =3 plxi)a; ().

[Moatomy Hapsaay ¢ (9) ans NoAcyeTa MaTeMaTHYECKOro OXHIaHHs CiyuaiiHoi
BEJIHUHHBI o = p(£) MOXKHO NOJIb30BaTbCA GopMyJIoit

Ep(€) =) ¢(x:)Pe(xi).
i

7. Cnenyiolliee BaXKHOe MOHATHe Jucnepcuu CayyailHo# BeaHuuHbl € Xa-
pakTepHayer cmenenb pa3bpoca 3HaueHHR £ OTHOCHTENIbHO ee MaTeMaTHue-
CKOTO OXKHIaHHS.

Onpenenenue 5. [ucnepcueii cayuaittoii Bennunnbl £ (0603nauaerca DE)
Ha3blBaeTCsl BeJIMUHHA

D¢=E(¢ —E¢)>

Bennunna o = ++/D§ Ha3biBaeTcsi cmanoapmHuim OMKAOHEHUEM.
[Mockoabky

E(€ - E€®=E(£* - 2¢- E€ + (E€)’) =E€* - (EE)’,
TO
D¢=E¢” - (E¢)”.
SlcHo, uto D€ > 0. M3 onpeneneHus qucnepcHy Takxe CJELyeT, 4TO
D(a+b¢&)=b?DE, a, b — nocTosiHHbIE.

B uactHoctH, Da =0, D(b¢) = b2D¢.

[yctb € U ) — 1Be cayuaitible BesuuuHbl. Toraa

D +n)=E((¢ —E&) + (n— En))* =D+ Dn+ 2E(¢ — E€)(n—En).
O6o3HauuMm

cov(¢, n) =E( - E&{)(n—En).
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Dra BelHYMHA HasblBaeTcs Kosapuayued caydaiiHblX BeauuuH § u 7. Ecau
D¢ >0, Dn >0, To Bennunna
_ Cov(§, m)

plE m)= T2
Ha3blBaeTCA KO3pPuyueHmom Koppeaiayuu CHAyuyadHbIX BeJHUHH & W 7).
HerpyaHo nokasaThb (cM. aaniee 3aauy 7), uto ecau p(€, n) =1, To BeIHUHHbI
£ M 1) AUHELHO 3068UCUMYL

n=al+b,

rae a>0, ecnn p(§, n)=1, n a<0, ecau p(§, n)=-1.
Cpa3sy oTMeTHM, uto ecii € M 7) He3aBUCHMbI, TO He3aBHCHMbl £ —E£ H
n— En, a 3HauuT, Mo cBOMACTBY 5) MaTeMaTHUECKHX OXKHAAHHHA

cov(§, n)=E(—E¢&)-E(n—En)=0.
C yueToM BBeJleHHOFO 0603HaueHust 419 KOBapHALMH HAaXOAHM, YTO
D¢ +n) =D&+ Dn+2 cov(é, 7). (10)
Ecau £ U 1) He3asucumsl, To ducnepcus cymmol &+ 1 pasua cymme oucnep-
cuil:
D(¢ +7) =D¢ +Dn. (11)

Kak caenyer u3 (10), cBoiictBo (11) ocTaeTcst BbINOMHEHHLIM H MPH MeHb-
IeM MpearoJioXKEeHHH, HeXeJd He3aBHCHMocTb € W 7). MIMeHHO, mocTaTouHo
NPeANnoJIoXKUTb, YTO BEJIHUHHBLI € H 1) HeKxoppeauposarol, 1. €. cov(€, ) =0.

3ameuanune. M3 HekoppennpoBanHocTH £ H 7, BooGllie roBOps, He CJeayeT
HX He3aBHCHMOCTb. BoT npoctoit npumep. IlycTtb cayyaiiHas BelHYHHA o MPH-
HHUMaert 3HaueHus 0, 7/2 u 7 ¢ BepostHocTamu 1 /3. Torna £ =sin a u n=cos a
HEKOppeJIHPOBaHbI; B TO XK€ BpeMs OHH He TOJIbKO 3aBHCHMbI (OTHOCHTENIbHO
BeposTHOCTH P):

Ple=1,7=1}=0£1/9=P{e=1}P{n=1},

HO , 6oJiee TOTO, PYHKYUOHALLHO 3asucumbi: £2+ % =1.
Csoiictea (10), (11) oueBuanbIM 06pa3oM pacHpOCTPaHSAIOTCA Ha MPOH3-

BOJIbHOE YHCJIO CAYYadHbIX BeNUuHH &, ..., &q:
n n
D <Z Ei) =) D& +2) | covg;, &). (12)
i=l1 i=1 i>j
B uyactHocTu, ecan Benuuunbl &y, ..., &, nonapro nesasucumol (10CTaTOUHO,

Ha CaMOM [iefle, X NONAPHOL HeKOPPeAupOBaARHOCMU), TO

D(Z. e.-) =§__‘T D¢;. (13)
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Mpumep 5. Ecau £ — GepHy/aneBcKas cayyaliHas BeJHUHHA, NPHHUMAIO-
1as aBa 3HaueHus | u 0 ¢ BepoATHOCTAMH p H g, TO

DE=E(-E&*=E( - p)*=(1-p)’p+ p*q=py.

Orciona caenyet, uto ecau &), ..., &, — NOC/IENOBaTENbHOCTb HE3aBHCHMBIX
(ozMHaKOBO pacnpefenieHHbIX) GEpHYJUIHEBCKHX CJy4aiiHbIX BEJIHUMH H S, =
=& +...+&, 1O

DS, =npg. (14)

8. Paccmotpum 1Be cuayuaitHble BenuuuHsl € W 7). Tlpeanosoxum, uto
HaOJIIOIeHHIO MOIJIEXHT JIMWb CayyaitHaa BennuuHa €. Ecau Bennuutbl € U 0
KOPPEeJIHPOBaHbl, TO MOXKHO OXKHATb, UTO 3HaHHE 3HAUYEHHH € MO3BOJIUT BbiHe-
CTH HEKOTOpble CY>KIEHHS H O 3HaueHUsIX HeHabJllogaeMOoH BeJIHYHHBI 7).

Beskylo dyukumio f = f(€) ot £ Gynem HasbiBath oyenkod ans 1. Bynem
FOBOPHTb TaKXe, UTO oyexka f* = f*(&) onmumarvHa 8 cpedHexsadpamu-
4ecKoMm CMbicae, ecu

Em—f*©)*= inf E(n - f())>.

[MokaxxeM, Kak HafiTH ONTHMAJIbHYIO OLEHKY B KJlacce AuHelHblX OLUEHOK
M€)=a+b¢. Ina storo paccMoTpuM dyHkumio g(a, b) = E(n — (a + b€))?.
Huddepenunpys g(a, b) no a u b, nonyyaem

98@. b _ o [n—(@a+0b8)),

“0a
28%2) = _9E((n - (a +bE))E],

dg(a, b)
OTKYyJla, NpUpaBHHBAsk NPOM3BOJAHLIE K HYJIIO, HAXOAHM, YTO ONMUMANLLHAA B
Cpe/HeKBaApaTHYECKOM CMbICJIe AuHeliHas olueHKa ecTb A*(§) =a* + b*¢, rae

a*=En-b*EE, b*=%l). (15)
Hnaue rosops,
X' =En+ g ¢ - Eo). (16)

Benuunna E(n — \*(£))? nasbiBaetcs cpeaﬂexeadpamuuecxod ouubroll
oueHuBaHud. [TpocToil moacuer nokasbiBaeT, 4To 3Ta OLIKMOKA paBHa

2
=E(- N ()P =Dn- D —Dn-[1 -2 ml. (1)

TakuM o6pa3oM, ueM GoJiblie (MO MOAYJIO) KOS(PGIHUHEHT KOppessuuu
p(€, ) Mexay € ¥ 7, TeM MeHblle CpelHeKBaJpaTHyecKas OLIMGKA OLEHH-
BaHusa A*. B uwacrtHoctu, ecan |p(€, n)|=1, To A*=0 (cp. ¢ pesyabTaToM
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3agaud 7). Ecau XKe cayuyaiiHble BeJIHUHHBI £ H 7) HE KOpPeNHpPOBaHbl (T. €.
p(&, 1) =0), 10 A*(§) =En. Taxum 06pasom, B ciyuae OTCYTCTBHS KOPpeJALHH
mexxiy & W 7) Jyuluedl oueHkoit n o & asasercs npocto En (cp. ¢ 3anauei 4).
9. 3apaun.
1. TIpoBepHuThb chedyoliHe CBOHCTBA HHAHKATOPOB [4 = /4(w):

Iz=0, IQ=‘, Iﬁ=l_lAv
Iag=1a-1g, lpup=Ila+1p—1ss,
Ing=1a(1=1g), Tapng=(a—1s)?=1s+1Ig (mod 2),
n n n
I =1=-T[=1a), F—=Tl0=1a) [o =3I,
0 a zl:Il( A) o i1:[1( A) £ .z—:n A
= 1 = 2 -

i=l i=

i

rae A A B — cummempuyeckas pa3nocms MHOXeCTB A H B, T. e. MHOXeCTBO
(A\ B)U (B\A).
2. IMycTb &, ..., & — HE3aBHCHMBIE CJyyaillble BEIHUHHDI H

Emin=min(i, ..., &), &Emax=max(&, ..., &n).

[Toka3saTtb, uTo

Plmin> 2} =[] P& =5}, Plémn<at=]] Pt&<x.

i=l i=1

3. Iyetb &y, ..., & — He3aBUCHMble GepHYJIINEBCKHE CJIyYaiiHble BEIHYH-
Hbl C

P{&=0t=1-XA4,
Pl&=1}=N4,

rae A — manoe yucho, A >0, A; > 0. INokasatb, yto

P +...+&=1}= (Z ,\,->A+O(A2),

i=l

Pléi+...+ &> 1} =0(A%).

4. Tlokasats, yto _inf  E(¢ —a)? nocturaerca npu a = E¢ u, cneno-
—oo<a<oo
BaTeNbHO,
infi  E(¢-a)®=D¢t.

—occ<a<oo

5. Iyctb & — cayuaitnas BenHunHa ¢ QyHKuHell pacnpefesenns Fe(x) u
m, — meanaHa Fg(x), T. e. Takast TouKa, 4TO

1
Fe(me=) < 5 < Fe(me).
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IMokasatb, uTo
inf  E|§—a|=E|¢-m,|.

—oo<a<oo

6. IMyctb Pe(x) =P{€ =x} u F¢(x) = P{{ < x}. TNokasarb, ur'ana a >0 u
—-o00< b<oo

Pagyp(x) =P (x b )

Fags (¥) = Fe (2= ).

Fe(y) = Fe(+vY) — Fe(=v9) + Pe(- V7).
Myctb £+ =max(, 0). Toraa

Ecin y 20, 10

0, x<0,
Fer (x) =< Fe(0), x=0,
FE()C), x>0

7. Tlyctb € v n — nBe cayuyaiinble Beanunnbl ¢ DE>0, Dn>0u p=p(&, n) —

HX K03 puLHeHT KoppeasuuH. [Tokasate, uto |p| < 1. [1pu atom, ecau |p| =1,

TO HalflyTcA TakHe KOHCTaHThl a U b, uto n=a€ + b. Bonee Toro, ecan p=1,
TO

E‘r) -E

an
(4, 3Hauurt, a >0), ecau xe p=—1, T0
n—En_ _¢-E¢

RYCTIR.T:

U3

o

(4, 3HauuT, a < 0).
8. INyctb € u n— nBe cayuaiinble Benuuutbl ¢ EE=En=0, DéE=Dp=1u
KoadduureHToM Koppeasuuu p = p(&, n). [Nokasatb, yto

E max(&2, )< 1+ V1 -p2

—14,), nokasatb dopmyay P(Bo) =

i=l1 i
=1-85,+Sy—...£S, us 3amauu 5 § 1.
10. Ecan &, ..., £, — He3aBHCHMbIE CJyyaiiHble BeJHUMHBL, ) =@ (£], ...

.y sk) H ‘P2=902(§k+l» ooy €n) — JiBe beHKll"" oT §|v ceey gk H €k+|’ ooy {n
COOTBeTCTBEHHO, TO Cﬂyqaﬁﬂble BE&JIHYHHDBI ) H @2 HE3ABHCHMDIL.
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11. TMokasaTb, uTo cayyaiiHble BeJHuuHbl &), ..., §, HE3aBUCHMbI TOTAA H
TO/ILKO TOT/Aa, KOrJa st BCEX Xi, ..., Xn
FEI.....&,(XI» ceey x,,) = Fg' (Xl) ...an(x,,),
rae Fe,...ea(®1s oo, Xn) =P <21, .., §n <Xa}.

12. IMoka3atb, 4To C/yyaiiHas BeHUHHA £ He 3aBHCHT OT caMoil cebs (T. e.
£ u £ He3aBHCHMBI) B TOM H TOJIbKO TOM CJlyyae, Korja & = const.

13. TpH KaKkuX yc0BHAX Ha £ cayyaiitible BeJIHUHHDBI € H Sin £ HE3aBHCHMbI?

14. Tlyctb € ¥ ) — He3aBHCHMbIe CJayuafiHble BeJHuHHbl U 7)# 0. BbipasuTsb

peposiTHocTH P{én < 2} u P{% < z} yepe3 BePOATHOCTH Pg(x) u Py(y).

15. IMyctb &, 0, ¢ — cayyaitible Bennuuubl, |€] < 1, |n] < 1, |¢] < 1. Hoka3satsb
cnpaBeIMBOCTb Hepasencmsa beara: |EEC — En¢| <1 —E&n. (Cwm., nanpu-
mep, [136].)

16. B n ypn HesaBHCHMbIM 06pa3oM Gpocatotca k wapos. (s kaxmoro
Liapa BepPOATHOCTb €ro MonajaHHsd B KaXIylo KOHKPETHYIO YpHY paBHa 1/n.)
HaiiTh MaTeMaTHYeCKOe OXKHJaHHe YHCJIa HEMyCThIX YPH.

§ 5. Cxema BepHyaau. I. 3akoH Goablux yuced

l. B COOTBETCTBHHU C JAHHbLIMH Bbillie OrlpeneJleHHﬂMH Tpoﬁxa
Q, &, P)cQ={w: w=(ay, ..., a,), a;=0, 1},
Z={A: ACQ}, P{wh)=pZug" L% (=pw))

Ha3biBaeTCsl BEPOATHOCTHOH MOJEJbIO, OTBeYalollei 71 He3aBUCUMBIM HCMbITA-
HUSAM C BYMS MCXOJaMH, HIH cxemol BepHyriu.

B stom u caenyioweM naparpagax Mbl M3yuMM HeKOTOpble MpefefibHble
(B yKa3biBaeMOM HHXKe CMbICJi€) CBOHCTBA CXeM BepHysn, koTopble 0Kasbl-
BaeTcs ynoOHbIM BBECTH B TEPMHHAX CJyyafiHbIX BEJIMUMH H BeposTHOCTE! CO-
ObITHH, CBA3aHHBIX C HUMH.

BBesem cayuaittble BenuuHbl &), ..., &,, nonaras ana w=(ay, ..., ,), YTO
§iw)y=a;,i=1,..., n. Kak Mbl yxKe BHJeNH, GepPHYJJIHEBCKHE BeHUHHbI & (w),
=1, ..., n, He3aBUCHMBI H OJUHAKOBO pacrpe/leNeHbl:

Pl&=1}=p, P{=0=q, i=1..,n

!-IOHRTHO, YTO cayyafiHas BeNHuHHA & XapaKTepH3yeT pe3yJibTaT HCMbITaHHSA Ha
=M ware (B {-#i MOMEHT BpeMeHH).
Monoxum Sp(w) =0 u

Sk=§|+...+§k, k=1,..., n.
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Kak 6blii0 HaiiaeHo Bolle, ES, =np u, caenosartenbHo,

Huaye roBops, cpedHee 3HaueHHe YaCTOTH MOABJEHHA «ycriexa», T. €. BeJlH-
yuHbl S,/n, coBnajaer ¢ BepoOATHOCTbIO «ycnexa» p. OTCi0Na €CTECTBEHHO
BO3HHKaeT BONPOC O TOM, KaK BE&JIHKH OMKAOHEHUA 4aCTOTbl S,,/n NnodaABJIEHUA
«ycnexa» OT €ro BeposATHOCTH p.

I'Ipex(ne BCero OTMETHM, UYTO He MPHUXOAHUTCA pacCCUUTbiBa®b Ha TO, 4YTO
MpH A0CTATOYHO MaJbIX € >0wu Aaxke NnpH 6GOJNbLIMX 3HAYEHHSAX 71 OTKJIOHEHHS
YacToThl S,/ OT BEPOATHOCTH p GyLyT MeHblue € A5 8CeX w, T.€. uTo Gyler
BbIMOJIHEHO HEPABEHCTBO
Sn(w)
=

HefictButennto, npy 0< p < |
P{32=1}=Ple=1,...&=1}=p",
S
P{=2=0}=Plei=0, ..., &=0}=¢",

OTKY/a CJIEfly€eT, YTO HEPaBEHCTBO (2) He BLIMOJIHAETCS MPH AOCTATOUHO MaJIbIX
e>0.

Sn
OnHako Mbl 3aMeyaeM, YTO NPH GOJbILHX 71 BEPOATHOCTH COOBITHI - =1

p|<e, weq. @

S
H {T” =0} MaJibl. EcTecTBeHHa MO3TOMY MbIC/Ib, YTO CyMMapHast BepOATHOCTb

Sn(w)
HCXOJIOB w, JU1fl KOTOPBIX ===
TaKXe MaJa.

B CBsI3H C 3THM MOCTapaeMcs OLEHHTb BEPOSATHOCTb COGBITHS
Sn(w
{w: Sn(@) _ p| > e},

n
LISl YeTo BOCMOJb3YeMCs CJIefyloLIHM HepaBeHCTBOM, OTKpbIThiM [1. JI. YeGbi-
LLEBbLIM. ‘
Hepasencrso UYebbiwesa. Tycmo (2, &, P) — nexomopoe sepoam-
Hocmroe npocmparcmeo u € =§E(w) — HeompuyameibHas cayuainas ge-
aununa. Toeda daa scakoeo € >0

PE>el< . @)

- pl > g, 6yAeT NpH A0CTATOUHO GOJBbILHX 7T

Jlokazameabcmso. 3aMeTum, 4TO

§=LIE2e)+ElE<e) 2Ll =€) 2l 2¢),
rie /(A) — vHAMKaTOp MHOXecTBa A.
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[To3aToMy MO CBOACTBAM MaTeMaTHYECKHX OXKHAAHHiL
E€>cEl(§>e)=eP{{>¢},

yTO M JOKa3biBaer (3). O
Caenctus. [Tycmo & — npoussosvras cayuainas sesuuuna. Toeda

onne>0

Pl > ) < B4,

€ 2
P(€l > e} =P(E? > < S5, )
Ple—EE|>e}< 2%

Bocnosib3yeMcs MocJiefHUM HepaBeHCTBOM, B3siB £ =S,/n. Toraa ¢ yue-
ToMm (14) § 4 nonyuum

Hrak,

,,{s_,,_p| e 0

OTKy/la BHIHO, YTO MpPH GOJIbLINX 71 BEPOATHOCTb OTKJIOHEHHS YaCTOTHI «ycnexa»
Sn/n OT €ro BepoSTHOCTH p GoJiblile YEM Ha € JIOCTATOUHO MaJa.
O6o3nauum g Becex n> 1 u 0<k<n

P,,(k) = pkqn——k

Torna
PZ2-p2e}= T Pue
{eli—rle}
H, B CYLLLHOCTH, B (5) Mbl YCTaHOBHJIH, YTO
Pq 1
Y P 3<pa (©)

{elrlpe)
T. €. 10Kas3aJnu HEKOTOpOe HEePaBEHCTBO, KOTOPOE€ MOXKHO OblI0 Obl NOJIyYHTb H

aHaiumuuecku, 6€3 HCTONb30BaHHS BEPOATHOCTHON WHTEPNpeTaLuH.
H3 (6) acwo, uto

> Pa(k)>0, n—co. 7

{illoe)
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[paduyeckd 3To yTBepXKIeHHe MOXHO MOACHHUTb CJelylolHM 06pa3oM.
H3o6pasuM GuHoMuasbhoe pacnpefenetue {P,(k), 0 <k < n}, kak 3To cle-
JaHo Ha puc. 6 (npu p =1/2).

Pa(k) Torna ¢ poctom n Bcs

= KapTHHa «pacrJjblBaeTcs», B
\/“ ) TO )K€ BpeMs «CXKHMasaCb» Mo

| | | | l I L | | | sbicote. [pu 3TOM cymma Be-
o1 ) np ) n

JauunH P,(k) no k TakuM, uto
np-ne ~ nptne np—ne<k<np+ne, ctpe-
MHTCS K €lHHHLE.
Puc. 6. Bynem npeacraeastb no-
CJIe[I0BATENbHOCTb CAYUaiHbIX
BeJHuuH So, Si, ..., Sy KaK mpaekmopuio HeKOTOpo# GJ1yKIaIOLLEN YAaCTHLIBI,
Torna pesyawtar (7) o3Hauaer caegyioliee.

IpoBenem npsambie kp, k(p +¢€) u k(p —¢). Torna «B cpenHeM» Tpaek-
TOpHA ABHXKETCA BAOJb MpsMoit kp, U Ansa Jo6oro € > (0 MOXKHO yTBepXKIaTh,
YTO 1151 I0CTAaTOYHO GOJbLIKX 71 ¢ GOJIbLIOH BepPOATHOCTBIO TOUKa S,, Xapak-
TepHsylolllasi MoJIOXKeHHe 4acTHLbI B MOMEHT 1, Oy/eT JieXaTb B HHTepBaJjie
[n(p —€), n(p +¢€)]; cMm. puc. 7.

&
sk “\Qx

v?

kP~

Puc. 7.

YrBepxnenue (7) xotenoch Gbl 3aMHCaTh B TaKOM BHIE:
s
P{|==

m —p’;e}—»O, n—oo. 8)

OnHako Haflo HMeTb B BHIY, YTO 3/leCb CYLLLECTBYeET OMNpe/ie/ieHHas TOHKOCTb.
Jeno B ToM, yTO 3Ta 3anuch Gblla Gbl BMOJIHE ONpaBJaHHOM, eciii 6bl P Gblia
BEPOATHOCTbIO HAa HEKOTOPOM MpocTpaHcTse (§2, &), HAa KOTOPOM onpefiesieHa
becKoHeuHas NOCeA0BaTeIbHOCTb HE3aBHCHMBIX GepHYJIIHEBCKHX CyUaitHbIX
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pesHuH &, €2, ... DTH 0OBEKTbl AEACTBHUTENbHO MOXHO MOCTPOHTb H TeM
caMbIM NPHAATh YTBEPXKAEHHIO (8) COBEPLIEHHO CTPOrHil BEPOATHOCTHbIA CMbIC
(cm. manee chenctsue | Kk Teopeme | § 9 B . II). oka xke, ecau kenaTb
NpUAATb CMBICJ aHAJMTHUECKOMY yTBepxKieHHIo (7), Mosib3yfch S3bIKOM J.e-
MeHmapHOL TEOPHH BEPOATHOCTEH, TO MOXKHO YTBEPKIATh JIHLIb CAefyoLlee.

Mycts (W, &®, P@), n> 1, — nocaedosamenrbrocmo cxem Bephyanu
TaKHX, UTO

QM ={™: W™ =@", .., "), =0, 1},
AV ={A: ACQ®},
P® ({w™}) = pE a,‘.”’qn—z a,‘."”

H
S @) =" W) + ...+ €0 w"),
rle AnA Kaxmuoro n > | §§”) s oerr € — MoCHENOBATENLHOCTL HE3ABHCHMBIX OZIH-

HaKoBO pacrnpejiesieHHbIX GePHYJIJIHEBCKHX CJYUaiiHbIX BEJIHUHH.
Torna

2™ _
n

p {w‘"’ .

p|zef= > P -0, nooo (9
{k:|5=pl>e}
YtBepxnenus tuna (7)—(9) HocAT Ha3BaHHe
«3akoH Goabwux uncea 5. Bepuyaans.

OtMetHM, yTO foKa3aTesbeTBO S1. BepHyJuiH HMEHHO H COCTOANIO B YCTaHOB-
JiennH yreepxaeHus (7), uto GbUIO CleNlaHO UM BMOJIHE CTPOTO C HCMOJIb30Ba-
HHEeM OLIEHOK /i «XBOCTOB» GHHOMHAJIbHBIX BeposiTHOCcTelt P, (k) (npH Tex k&,

k
LIl KOTOPbIX I;l- - pl >¢€). HenocpeacTseHHoe BbluMc/eHHE CYMMbl BEpOSiT-

HOCTeHl «XBOCTOB» OWHOMHAJILHOTO pacnpeeseHus > P, (k) npex-
{+]£-7]>e}
CTap/isieT A1A GOJBIUHX 7 JOBOJBHO TPYAOEMKYIO 3ajauy, K TOMY e MoJy-
YaeMble GOpPMYJbl MaJo MPHrOJHbI A/t MPaKTHYECKOH OLEHKH TOro, C KakKoi
BEPOATHOCTbIO YaCTOThl S,/N OTJIHYAIOTCA OT p MeHblie YeM Ha &. MmeHHO
nostomy 6oJibLioe 3HaUeHHe HMeJH OTKpbIThie MyaBpoMm 4 Jlannacom (ans npo-
H3BoJibHOTrO 0 < p < 1) NpocThie acHMATOTHYECKHE POPMYJIbI /151 BEPOATHOCTEH
Py (k), uto no3sosusio He TOMIbKO 3aHOBO 0KA3aTb 3aKOH GOMbLIMX YHCeJ, HO
H MOJIYYHTb €ro yTOUHEHHS! — TaK Ha3biBaeMble LOKAAbHBLE H UHME2PaibHbLE
npedesvroie meopemol, CyTb KOTOPbIX COCTOMT B TOM, YTO MPH GOJIbIUHX 1 H
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no KpaiiHeil Mepe ana k~np

1 - k?;’;w)?
P Il(k) ,—_27rﬂpq e )

ex/aTra
> Palk)~ { e2ar.
{k;l f-,-plge} —e+/n/pq

2. Cnenylowmuit naparpag NocBsillieH TOYHbIM (POPMYJIMPOBKaM H J0Ka3a-
TeNbCTBaM 3THX pesysbTatoB. Cefiyac e Mbl OCTAHOBHMCS Ha BOTpoce O TOM,
KaKoB peasibHblii CMbICJI 3aKOHa GOJIbIUHX YHCEJ, KAKOBa €ro sMmupHyecKkas
HHTepIpeTaLys.

[TycTb nponssoauTcs Gosibliioe YHCO, CKaxkeM, N, cepuil SKCepHMEHTOB,
KaXXasi H3 KOTOPbIX COCTOMT H3 «71 HE3aBHCHMbIX HCMbITaHHA C BEpPOATHO-
CTbIO HHTepecylollero Hac cobbits C, pasHoit p». Ilycts S /n — yactora
nosiBjieHHs cobbitia C B i-il cepun U N, — uHcsI0 cepHil, B KOTOPbIX 4acTOTh
OTKJIOHSIIOTCS OT p MeHblle UeM Ha &:

Sl

. S
N paBHo uncJay Tex i, Ana KOTOPLIX 7 P <&
Torna H3 3aKOHa 60Jlbllmx YyHcea MOXKHO 3aKJIOUHUTb, 4TO

N ey (]0)

1
rae PE=P{ Sn-—" - pl <e}.

BaxkHo npu 3TOM MoauepKHYTb, UTO MOMbITKA YTOUYHHTL cooTHouleHHe (10)
HEMHHYEeMO MpPHBOAHT K HEOGXOAHMOCTH HCIMOJIb30BaHHA HEKOTOPOH BeposiT-
HOCTHOM Mepbl TOYHO TaK JKe, KaK OLleHKa OTKJIOHEHHs YacToThl S,/n oT p
OKa3sblBaeTcst BO3MOXKHON JIHILb NOCJe NPHBJIEUEHHs] BEPOATHOCTHOMH Mepbl P.

3. PaccMOTpHM noJiyueHHyIO Bbillle OLEHKY

Sn 1
PIT-pl>e}= ¥ Pti<ga (1)
{]5-r[>}
IJ1s1 OTBETA Ha CJ'lelWlOU.lHﬁ, THMHYHBIA 01 Mamemamu4eckol cmamucmuxky

BOMpOC: KaKOBO HaWMEHbllee YHCJI0 HAGJMOAECHHI 71, FapaHTHpYIOLLee BbIMOJ-
HeHue (14 Jo6oro 0 < p < 1) HepaBeHcTBa

{

rie a — 3aaaHHoe (06GbIYHO MaJloe) YHCJIO?

Si_p|<e}21-a (12)




§5. CXEMA BEPHYJIJIN. 1. 3AKOH BOJIbLLIMX UHCEN 73

M3 (11) caenyert, uTo TaKuM YHCJIOM SIBJAAETCA HaHMeHblliee LeJoe 1, A

KOTOpOro
1

nz yroe (13)

Ecau, Hanpumep, a=0,05 u £=0,02, To uxcjo HaGuoleHuil, paBHOe

12500, rapaHTHpyeT BhifoJiHEHHe HepaBeHCTBa (12) He3aBHCHMO OT 3HaueHwst
HEH3BECTHOTO NMapamerpa p.

Janee mbl yBHAMM (1. 5, § 6), uTo 3TO UKC/O HaGJIOAEHHIT CHIILHO 3aBbilLie-

HO; 3T0 0GbACHAETCA TeM, uTO HepaBeHCTBO YebbillieBa aeT CAMILKOM rpyGyio

OLIEHKY CBEpXY BEPOSTHOCTH P{I% - p| > s}.

4. OGo3HauuM
C(n,e)={w S,.(w) pl }

W3 noKasaHHOTO 3aKOHa GOJIbLUMX YKCeJ CJENyeT, YTo ans Besikoro € >0 npu
JOCTaTOYHO GOJIBLIMX 71 BepOATHOCTb MHOXecTBa C(n, €) GJIH3KA K eMHHLE.
B 3ToM cMbiC/ie TpaeKTOpHH (peanu3auuu) w U3 C(n, €) ecTeCTBEHHO Ha3BaTb
munuyroimy (WM (1, €)-THNHUHBIMH).

[NocraBum caenyrowwmit Bonpoc: kakoBo uucso N(C(n, €)) munuunoix pe-
anu3aumuii ¥ 8ec p(w) KaXKao#l THINHUHON peasn3aLuu?

C 7ot Lesbio 3aMeTHM CHauaJia, uTo oblwuee yncso Touek N(Q2) =2", u ecau
p=0 uau 1, To MHOXeCTBO THNHUHBIX TpaekTOpHil C(n, €) COCTOHT COOTBET-

CTBEHHO BCero JiMlib H3 ofHoil Tpaekropuu (0, 0, ..., 0) wan (1, 1, ..., 1). Ho
ecad p = 1/2, To MHTYHTHBHO MOHATHO, UTO «MOYTH BCE» TPAEKTOPHH (3a HC-
KiouenreM Tpaekropuii tuna (0, 0, ..., 0) wan (1, 1, ..., 1)) 6ymyT THNHUHBIMH,

C/IelOBaTeNIbHO, HX UHCJIO LOJKHO GbiTb GJH3KO K 27.

OkasbiBaeTcs, 4TO Ha MOCTABJEHHbIA BONPOC MOXKHO aThb HCUEPMbIBAIOLLHI
OTBET J/11 npou3BoJibHbIX 0 < p < 1; MpH 3TOM BbLIACHSETCH, YTO KAK UYHCJIO
THIHYHBIX peasii3alMi, Tak H HX Beca p(w) onpeleNifaloTCs HEKOTOpO#H creuu-
anbHo# dyHKUHeR OT p («3HTponueil»).

Uro6bl ry6Ke pacKpbiTh COAEpKaHHE COOTBETCTBYIOILETO Pe3yJibTaTa, no-
JIe3HO paccMOTPeTh HeCKoJIbKO GoJiee o6LIYi0 cxeMy H3 M. 2 § 2, Hexxean cxeMa
Bepuynnu.

Ilyerb (pi1, p2, ..., pr) — HEKOTOPOE KOHEUHOE pacrpe/ieieHHe BEPOSITHO-
CTeil, T. e. HAGOp HEOTPHLATENbHBIX UHCEJ, YAOBJETBOPAIOLIMX YCAOBHIO py +
+...4+ pr=1. Iumponueii 3toro pacnpejeneHus Ha3biBaeTca BeJHYHHA

r
H==3 pilnpi, (14)
i=1
rae In — HarypasnbHbiit JorapudM 1 0-In 0=0. fcHo, uto H >0, npuuem H =0
TOrZa U To/IbKO TOF/A, KOTAA BCe BEPOSITHOCTH p;, KPOME OAIHOM, PaBHbI HYJIIO.
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®yhkuua f(x)=-x In x, 0< x < 1, BbiNyKAa KBEPXY, H, KaK XOpOLIO H3BECTHO
M3 CBOWCTB BLIMYKJbIX (pYHKLHH,

fOxy) + ...+ flxr) X1+ +xr
- < p(Ateti),

CaenoBartebHo,

=“ZP. In p; < Prt..tpr In(p'+';'+p')=lnr.

r

i=1

HHaue roBops, 3HTPONHS AOCTHraeT CBOET0 MAaKCHMAJbHOTO 3HAUEHHSA MPH
pr1=...=p,=1/r (cM. puc. 8 paa bynkunn H = H(p) B cayuae r =2).

Ecan paccmatpuBaTh pacrnpefesieHHe BeposTHOCTeR (py, po, ..., Pr) Kak
BEPOATHOCTH MOSABJIEHHs HEKOTOPbIX COGBITHH, cKaxeM, Ay, Ao, ..., A,, TO cO-
BEpILEHHO MOHSATHO, YTO «CTeNeHb HeonpeeJeHHOCTH» B CBepLIeHHH TOro WK
MHOTO COGbITHA pa3/MyHa IS pasnuuHblX pacnpejeneHuil. Ecau, Hanpumep,
pi=1, pg-—...-—p,—O TO SICHO, YTO TaKoe pacrpejesieHHe He objajfaer
HHKaKO# HeONpe/e/IeHHOCTbIO: C MOJIHOH YBepeHHO-
CTbIO MOXKHO CKa3aTb, YTO B pe3yJibTaTe OMbiTa MNpo-
u3oiiger cobbitie A). OfHako ecit p1=...=p, =
=1/r, To Takoe pacnpefeiieHHe o6sajaeT MAKCU-
MAALHOU HEOMpENeJIEHHOCTbIO B TOM CMbICJe, 4TO
HEBO3MOXKHO OTAATh NPeANoUTEHHE B CBEPLIEHHH TOMY

0 /2 1
HJIH HHOMY COOBITHIO.
Puc. 8. Ipacduk ynk- BaxkHo mo3ToMy 6blI0 Gbl HMETb KOAUHECMBEH-
um H(p)=—=pIn p—  nywo xapakTepUCTHKY MepoL HeonpedeseHHOCmu
= (1= p)In(1-p) Pa3JHYHbIX pacrpelesieHHil BEPOATHOCTEH, UTO Mo3-

BOJIIO Obl UX CPaBHHBATb C 3TOi CTOPOHbl. Takoit
yAauHOH XapaKTepHCTHKOH Mepbl HeoMNpelleJIeHHOCTH KaK pa3 W OKa3alacCb
anmponus H, urpaiouias CylieCTBEHHYIO POJib B CTaTHCTHUECKOH MeXaHHKe,
TEOPHH KOAHPOBAHH H TEOPHH CBA3H, YTO BUAHO H3 CJIEYIOLIHX PACCMOTPEHHH.

ITpeanonioxuM, uTo MPOCTPAHCTBO HCXOLOB

Q={w: w=(@y,...,an), ai=1,...,1}
Hpw)= "‘(“” .. p"“) | rlie vi(w) — YHC/IO /IEMEHTOB i B MOCJEN0BATENLHO-
CTH w, a (pl, ..., Pr) — HEKOTOpOE pacrpeiesieHHe BePOSATHOCTEI.

Onae>0un=1,2, ... NoJ0XuUM
Cin, &) ={w: )#’l—p;)q, i=1,....r}.

SlcHo, uto

Pl ) >1-3 P{|ed |5},
i=l1
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¥ JJIfl JOCTAaTOYHO GOJIBLIKX 71 B CHJY 3aKOoHa GOJIbIIMX YHCEJ, TPHMEHEHHOTO
K CJlydaiiHbiM BeJIHUHHAM

, Ap=i, _
&(w)= {0 ap i, k=1,...,n,

Vi\w
BEPOATHOCTH P{I-—’—(n——) - p,~| 26} LocTatouHo Manbi. TeM cambiM npu Gosb-
WHX 7 BepoATHOCTb cobbitHa C(n, €) 6auska K eaunuue. [TostoMy, Kak H B
cayyae r =2, TpaeKTopHH, Bxoasauie B C(n, €), GyleM Ha3blBaTb MUnu4HoIMU.

Ecau Bce p; >0, To 1as Joboro w € ) Beca

p(w)-exp{—n Z( LAC ™ pk)}

[TosToMy, eciH w — munu4Has TpaekTopHs, To B cuay (14)

i(—%"l In pk)—H S- z’: Z"%—Pkl In Pké-eilﬂ Pe.

k=1 k=1 k=1

Orciona caenyer, 4To A THMHYHBIX TPAeKTOPHA BEPOATHOCTb p(w) Gau3-
ka kK e~ u — nockonbky B CHIy 3aKOHa GOMBLUMX YHCEN MPH GOMBIUHX 7
THMHYHblE TPAE€KTOPHUH «MOUTH» HCUEPMbIBAIOT {2 — YHCJIO TAaKUX TPAaeKTOPHil
JOJKHO GbiTb nopsaka e™ . i coobpaxenus NpHBOAAT K CJIE/yIOLIEMY Npeli-
JIOXKEHHIO,

Teopema (Makmuanan). Tycmo p;>0,i=1, ..., r,u 0<e< 1. Tozda
cywyecmsyem nyg=no(e; p1, ..., Pr) MmaKoe, 4mo 0 8cex n > ny:

a) e"= <N(C(n, &1)) < "+,

b) e~"H+O) L p(w)< e -9 wel(n, ),

¢) P(C(n,er))= Y pw)—1,n—o00,

wel(n.ey)

r -1
€1 =min (e, a(—? Z In pk) )
k=1

[flokazameabcmeo. YTBepXKAeHHE C) CleyeT W3 3aKOHA GOJIBLIKX YHCE.
Ilnst nokasatenbCTBa OCTANbHBIX YTBEPXKACHHH 3aMeTHM, 4To ecal w € C(n, €),
To

ede

npp—en<vpWw)<npp+en, k=1,...,r,
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H, 3HAUHT,
p(w)=exp{— Z v In pk} <exp{—n Z peIn pr—en Z In pk} <
<on{-n(1-5)}

AHaJiornuto
p(w) > exp{—n (H + %) }

CuaiefloBaTesibHO, b) H NOJABHO BbINOJHEHO.
Jlanee, NocKoJbKy

P(C@, 1)) > N(Cla, &) min  p(w),

\€1)
TO
P(C(n, 1)) L _ a(#+§)
N(C(n, &1)) < —= < —~=e 3
welin  PW) T —n(H+5)

H aHaJIOrHYHO

P(C(n, €1))

max
w€C(n,e, ) p(w)

N(C(n, &) = >P(C(n, &) e"(”—é).

IMockosbky P(C(n, €))) = 1, n — oo, To Haiifercs n; Takoe, 4T0 I 1 >N
P(C(n, £1)) > 1 — € u, 3HauHT,

N(C(n, e1)) > (1 —¢) exp{n(H - -g-)} =exp{n(H o)+ (225 +In(l —e))}.
[lycTb ng TakoBo, uTo ANs 11> N9
% +In(l —¢) >0.
Toraa pns n > ng=max(n;, ng)
N(C(n, &1)) > e =9, O

5. 3akoH GosiblUKX YHces Ana cxembl BepHyJan nossoJisier naTh npocToe
H U3sIlliHOE JI0Ka3aTeIbCTBO M3BECTHOH meopembr Beilepuwmpacca o paBHo-
MEPHOM MPHOIHXKEHHH HenpepbiBHOI (YHKLUHH NOJHHOMaMH.

Iycts f= f(p) — HenpepbiBHas ¢yHKuUs Ha otpe3ke [0, 1]. BBeaem no-
JIHHOMBI

n
k -
Bup)=3" F(Z)Chp*1—p*, 0<p<1, n320,  (15)
k=0

Ha3blBaeMble noauromamu bBeprnwmeiina no umenu astopa (C. H. Bepu-
liTefiHa) NPHBOAMMOrO fOKa3aTeslbCTBa Teopembl Beliepiutpacca.
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Ecau &, ..., §o — NOC/€I0BATENbHOCTb HE3aBHCHMbIX OepHYJITHEBCKHX
cayuaiinbix BemuMH ¢ P{§; =1} =p, P{&=0l=gu S, =&+ ...+ &, 10

E f(Sa/n) = Ba(p).

[MockosbKy HenpepbiBHas Ha otpeske [0, 1] ¢yHkuus f = f(p) pasHomepHo
HenpepbiBHa, TO 1A Beskoro € > 0 Hafiaetcs 6 > 0 Takoe, uto | f(x) — f(y)| <e,
KOJIb CKOPO |x — y| < 8. SlcHo TakxXKe, uTo Takas (pyHKuUHMs orpaHHUeHa, |f(x)| <
<M<oo.

YuuTbiBast 3TO U HepaBeHCTBO (5), HAXOAUM

110 -Batp)=| 3 [fm) = 1(%)]chpter*|<
k=0
< Y |ie-(F)|cketerr+
{rlf-sles}
X |re-1(3)|ctrtert<
(uli=sPs)
<e+2M Z C”pkq""’<e+42/;’ +2:;2,

{40}
Ortciona cnenyer, uto ais nosvHoMos BepHiuteitna (15)

lim max |f(p) — Ba(p)| =0,

n—o0 0K p

YTO W COCTaBJISIET YTBEepXK/eHHe TeopeMbl Befiepiutpacca.

6. 3anaum.

1. Tlyctb € ¥ 7 — cayuaiiHbie BeIHUHHBI C KO3 (HLUHEHTOM KOPPesLHH p.
[NokasaTb cnpaBe/IMBOCTb CJENYIOIEr0 O8YMEPHO20 aHaJiora HepaBeHCTBa
YebbiweBa:

P{l¢ — E€| > ev/DE wan In—En| > ev/Dn} < (1 +v/T= D).

(Yxa3anue. BocnoJsib3oBaTbCsi pe3yJbTaToM 3aauu 8 u3 § 4.)
2. Tlyctb f = f(x) — HeoTpuLaTeNbHast UeTHast (PYHKLMSA, HeyObIBaIOLLAs TIPH
nonoxuresbHbIX x. Torfa ans chayyaiiHoi Beauuntbl £ =€(w) ¢ |€w)| < C

Ple| > e > ELO 1)
B uactHocTH, 1as f(x) —x2
E¢? -
c?

< P{lE - E¢| 2 €} < <
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3. Tyctsb &), ..., £, — NOCNENOBATENILHOCTD HE3aBHCHMBIX CJIy4YaHHBIX Be-
auuun ¢ D& < C. Torna

P{'E) +...+é&  E+...+&n)
n n

C
>e}<;€—2. (16)

(C TemH e oroBopkaMH, KakHe GblIH CllelaHbl K COOTHOLIEHHUIO (8), 3 Hepa-
BeHcTBa (16) caenyer cnpaBelMBOCTb 3aKOHa G0JbIUKX YHces B GoJiee obueit
CHTYyaLlHH, HeXXend B cxeMe Bepyaan.)

4. TycTb &, ..., £ — He3aBHCHMble GepHYJIHEBCKHE CydaiiHble BEJHUHHbI
¢ Pi=1}=p>0, P{§=—1}=1— p. MeeT MecTo caelyouwas oyeHka
Beprwmeiina: cyuwectsyer a > 0 Takoe, uto
p{|>

n
e Sp=&+...+&ue>0.

5. IycTb £ — HeoTpHLaTesIbHasA CayyaiiHas BeqwunHa, a > 0. Haiitu Tounyio
BepxHiolo rpaub mia P{x > a}, eciu usBectHo, yTO

(i) E€=20;

(ii) E¢ =20, D¢ =25;

(ili) E€ =20, D¢ =25 u £ cHUMMeTpHUHA OTHOCHTEJIbHO CBOEro CPEAHEro
3HaYyeHus.

-2p- l)l >a} <2e‘“€2",

§ 6. Cxema Bepuyaau. 1l. lNpeaeabHbie TeopeMbl
(nokanbHas, MyaBpa—Jlanaaca, Ilyaccona)

1. Kak u B npeabigyuieM naparpacge, nycTb

Sn=€l+...+€n.
Torza
Sn _
E7—p, (l)
uBcuay (14) § 4
Sn 2 _pg
E(S-p) =5 @

S
M3 dopmyabt (1) caenyer, uto 7" ~ p, Tle 3HaK 9KBHBAJIEHTHOCTH ~ MOJYYHJ
TOYHYIO MHTEPNpPETaLHIO B 3aKOHEe GOJIbLINX YHCEN B BHJE OLEHKH BEpPOSITHO-
S
cTelt P{|7” - p! 25}. EcrecTBeHHO AyMaTb, YTO HanpallHBalolieMycst H3 (2)

«COOTHOLLEHHIO»




§ 6. CXEMA BEPHYJIJIN. 1I. TPENEJIbHBIE TEOPEMbI : 79

TaK>Ke MOXKHO NpHaaTb TOUHBIN BEPOﬂTHOCTHblﬁ CMBbICJI, pacCMaTpHBas, HaNnpu-
mep, BepOﬂTHOCTH THNA
PlesyE). cer

p{|% -
ESn }

WJIH, YTO TO K€, BEPOATHOCTH

(nockosbky ES, =np u DS, =npq).
Ecnu 0603HauuTh, KaK M Bbille, A1s 7 2 |

P.(k)=CEp*qn—* 0<k<n,

TO BEPOSATHOCTb

P{ <xp= Y Pk (4)
(-5

[NocraBuM 3anauy 06 OTbICKAHHH YAOGHBIX AaCHMNTOTHUECKHX (popMyJ MpH
n— oo 115t BeposiTHOCTe# Py (k) H HX CYMM 1151 TeX k, KOTOpbIE YIOBJETBOPSIOT
YCJIOBHSIM B NpaBoii yacTH (4).

Chenyiowmii pe3ysbTaT AaeT OTBET He TOJbKO U1t 3THX 3HaueHW# k (T.e.
TaKuX, uto |k —np|=O(y/npq)), Ho ¥ LA TeX, KOTOPLIE YIOBJIETBOPSIOT YcJI0-
BHio |k — np|=o(npg)*

JlokanbHas npeneabnas Teopema. [Tycmo 0< p <1, moeda pasromep-
HO no scem k maxum, umo |k —np|=o(npg)?3,

] _k—fl 2
P.(k) ~ —— npq
n(b)~ e T )

DSn

m.e. npu n— oo
su Pa(k)

p k—n 2
tele=npl<oe) | 1 -G5REL
V2nnpq

20e @(n) — mobas HeompuyamesvHas (GyHKyus makas, 4mo @(n)=
=o(npg)*~.
Lokazameavcmeo cyuiectBeHHo Hcnosbayer dopmyny Ctupaunra (6) § 2

n'=v2xne "n"(1 + R(n)),

-1]-0, ©)

rae R(n) — 0, n — oo.
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CornacHo 3To#t opmyJie, eclH n — 0o, k — 00, n— k— 0o, To

Ct= n! V2rne "n"
"SRR 2rk - 2m(n — k) e—kkk . e=(n=R)(n — k)"“”
1+ R(n) 1 1+¢e(n, k, n—k)

X T+RE)I+RA—F) \/2 (1 ).(s)k(lﬁs)n_k’

rie oueBHAHBIM 06Gpa3oM onpenensemas GyHKuua € =e(n, k, n —k)— 0 npu
n—o0, kR—00,n—k—o0.
[Mostomy

- 1-p)"—*
Pn(k)=c'/:pkqn k_ p ( p) n_k(l+€)

\/%n -5 (3) (-3

OGosnauum p = % Torza

Put) = i (5) (155) 1 +a=
- W eXP{k In £ +(n—k) m
_\/517;:—0_—== expn[7 In 2 i +(1-%)m ,—_—,.,]}-(1+a)=

= =y PO (1 o),

p} (1+¢)=

rne

X 1
Hx)=xIn ;+(l—x) In I

PaccmaTtpiBaeMble 3HaueHusi k TakoBbl, uTo |k —np|=o(n pq)2/ 3, a 3Hauur,
p—p—0,n—o0.
Mockosbky aa 0 <x < 1

—-X

o 1 X 1
H'(x)=In F In 7

H"(x) — .l_

Mgy =ty L
H (x)— x2 + (l —X)2,
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to, npeactasuB H(pP) B Bune H(p + (P — p)) 4 BocnoJib30BaBILHCh $HOPMYJIO#
Teisiopa, HaiieM, 4To A5 JOCTaTOYHO GOJbILHX 7

H(p) =H(p) + H'(p)(p — p) + 5H"(p)(p = p)* +0(p ~ p*) =

=5(5+37) - p+00p - pP).

ChnenosarelibHo,
=1 2 3
Pall) = s exp{ =500 (0 = p) 10— P (1 +2).

3aMeTHM, uTo

(p—- )2 n (f_p)“):(k;”‘fﬁ

2pg \n 2npq
[Toatomy
jk—-ngf
Pa(k)= e Pq (1+¢€'(n, k, n—k)),
27npq
rie
14+¢€(n, k,n—k)y=(1+¢e(n, k,n ‘—k))e”o‘“"p'a) H

H, KaK JIErKO BHAETb,

sup |e'(n, k, n—k)| =0, n—oo,
ecqiu sup 6paTh MO TeM R, Jisi KOTOPBIX

le—npl<en), pr)=o(npg)*. o

Caepcrsue. ¥YmsepicoeHuio 10KarbHOU NpedesbHOl meopemb. MOc-
HO npudamo credyrowyro IKeusareHmuyro Gopmy: 04a scex x € R' ma-
Kux, umo x=o0(npq)"/%, a np+x./APG — yeavie uucra u3 mHoNecmea
{0’ la sy n}»

e—x2/2’ (7)

1
Pn(np +x\/npgq) ~ Grry
m.e. npu n— oo

P /—)
sup _______,.(nlp+x nP9) _ -0, 8)
{x:lxl<y(n)} e—x%/2
2mn pq

2de 1(n) = o(n pq)'/®.
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C yueToM 3aMeuaHuii, cieslaHHbIX Mo nosoy dopmysbl (8) § 5, nosyyeHHbie
pe3yJibTaThl Ha BEpPOATHOCTHOM fi3blKe MOXKHO NepedopMyJHpPOBaThb CJENyio-
1IMM 06pa3oM:

1 _(f=n 2
P{Sn=k}Nme Zipg | |k—np|=o0(npg)??, ©

Sn — 1 -
P{ ,n/'—ni::lp =x}~—,/2_7mm'e 12 x=o(npg)"Pe. (10)

(B nocsienxeit popmyJie BesIHUHHbI 1 p + X/fipq NpeANoaraioTcs NMpHHUMaI0-
My 3Hauenns 0, 1, ..., n.)

k—np 1
Eca noJioXuThb £ = u Aty =tpy — tp= ——, TO NoCJeAHElN dop-
L e=len — = AHed pop
MyJie MOXKHO MpPHIATh TaKOH BHL;
Sn— } Atk e~ il2, = 1/6
P{ \/'W =1, tp=o0(npqg)'’®. (11)
1
SIcHo, uto Aty = 0, n— 0o, H MHOXecTBO ToueK {fr} Kak Gbl

«3anoJIHAET» BCIO YHCJ0BYIO npsAMyto. EctectBeHHo noatomy aymathb, uto (11)
MOKHO HCMOJIb30BaTh /151 NOJIydYeHHs «HHTErpasibHOM» (HOpPMYJbI

-2 -
P{a< np < } \/_Se dx, o<asb<oo.
[NepefineM Kk TouHbIM hOPMYIHPOBKaAM.
2. Tlyetb st —co<a<<b< oo

Pa(a, bl= Y Pa(np+xyApY),

a<x<b

rie CyMMHpOBaHHE PaCMpOCTPaHAETCA M0 TeM X, U KOTOPLIX np + X/Apq —
LeJible YHCaa.

M3 nokanbHo# Teopembl caiefyeT (cM. Takke (11)), uto mnsa Beex £y, onpe-
JeNIeHHBIX 3 PABEHCTBA k=1 p + L4, /A PG W YAOBIETBOPAIOILHKX YCJOBHIO || <
< T <oo,

Pa(np + te/7DG —\/2— e 21 +e(ty, n)), (12)

rae

sup |e(te, n)] —0, n—oo. (13)
ltel<T
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Caef0BaTeNibHO, 11l (PUKCHPOBaHHBIX @ ¥ b Takux, uto -7 <a<<b<T,
rae T < oo,

t _ _
S Palnp+tey/npg) = Z Ak e 2+ 3 et n)\/- 62—

a<ty<h a<tk<b a<t,<b
b
1 —x*/2 M @
=—==\e dx a, b)+ R (a, b), (14
75 ) +R{(a, b)+RP (@, b), (14)
raoe
m Afk o122 _ ¢ -2
RV (a, b)= z ¥ (e dx,
a<t,<b 27' a
At 2
RP@, b)= Y elte, )5k e,
a<ty<b \/2_‘”
U3 u3BeCTHbIX CBOICTB HHTErpajibHblX CYyMM
sup  |RW(a, b)| -0, n—oco. (15)

—T<agb<T
flcHO TakxKe, uTO

sup |RP(a, b)|< sup le(te )| > Bl ~tif2 ¢ sup |e(te, n)| x

~T<a<b<T ltl<T ier V27 6l <T

T
1 —22/2 ) ]

X | ——= e dx+ su R a, b)|| =0, (16

[ = _ST LS é’,,g' " (a, b)| (16)

Ile CXOAHMOCTb MPaBoi YaCTH K HyJIo cJeayeT H3 (15) u Toro H3BeCTHOro U3
MaTeMaTHYeCKoro aHajin3a akra, uto

T
T | s
™
-7

S~
B

x 2

§ e 2dx=1. (17)
-0
O6o3Hayum

X
<I>(x)=\/% { e"2at.
—o0

Torna us (14)—(16) BbiTekaert, uto

sup  |Pa(a, b] — (2(b) — ®(a))| =0, n—oo. (18)

—T<ag<b<sT

IMokaxem ceiiyac, 4To 3TOT pe3y/IbTaT CNPaBEJIMB HE TOJLKO AN KOHey-
HbIX T, Ho u wist T =o00. B cuay (17) ans 3aganHoro £ > 0 MOXHO HaiiTH Takoe
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koHeuHoe T = T(g), uto

T
1 e~* 2/2
— 1-2 1
NG _ST dx>1-%. (19)
CornacHo (18), MoxHO HailTH Takxke Takoe N, uto aas Bcex n>N u T =T(e)
sup _|Pa(a, b] - (2(6) — (@) < §- (20)
—T<agbgT

Ortciona u u3s (19) caenyer, urto

Pu(=T, T]>1-3,
H, 3HAYHT,
Pp(—o0, =T] + Pu(T, 00)< 5
rae Pp(—oo, T)= lim Pu(S, T} u Pu(T, 00) = lim Pn(T, S].
S|-o0 Stoo

Takum o6pasom, ans mobbix —co < —7<a<b<T o0

b T
1 g2 1 2
P,,(a, b]—\/T_W§e "/2dx < P,,(—T, n—ﬁ S e "/de +

=T

-7
+|Pata, ~T1= 2= § e~ dx

a

b
+|Pu(T, b] - % Se-x2/2 dx| <

<5 +Pa(—oo, T+ —— S e™*/2 dx + Py(T, 00) + ——

Ver _ \/—

% 2

S e *dxg
T

€

<its

+gtg=c

C yuetom (18) orciona Jserko BbiBoauTcs, uto Py(a, b] cTpemuTcs K
®(b) — ®(a) pasHomepro no BceM —oo L a < b K co.

Hrak, nokasana

Hurerpanbhan Teopema Myaspa—Jlanaaca. ITycms 0< p <1,

Pa(k)=CEp*q"*, Pa(a, b]= Z Pa(np + x/npq).
. a<x<b

Toeoa
b
1 2
Pua, b]— — \e*"dx|—0, n ) 21
—oogst:lngOO n(a ] V27"§ - - ( )

C TOYHOCTbIO [0 TeX e CaMblX 3aMeuaHHil, KOoTopble GbIM CleNaHbl Mo
nosoxy cootHouieHus (8) § 5, pesysbrat (21) MOXKHO Ha BEPOSITHOCTHOM $i3blKe
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c(OpMyJIHPOBaTh CaeyIOLIHM 06pa3oM:

sup —0, n—ooo.

—ocoga<b<oo

S»—ES 18
Plo< Vo5 <t} vm ) e

W3 sToit popmyabl cpa3y caenyer, uto Ans Jo6bix —c0 K A< B o0

P{A <S, <B)— [@(‘f/‘%’) —(D('j/;%’)] -0, n—ooo. (22

Mpumep. TNpaBuabHas kocTb noa6packiBaetca 12000 pas. Cnpawmusaer-
csl, KAKOBa BEPOATHOCTb P TOro, YTO YMCJIO LuecTepoK Gy/eT JieXaTb B HHTep-
sasie (1800, 2100].

Hckomas BeposiTHOCTb paBHa

P= % chao(s) (3)"

1800</£<2100

TToHATHO, YTO TOYHOE BBIYHCJIEHHE 3TOM CYMMbl «Ha PyKax» MpeicTaBiser
BecbMa TpyaoeMKylo 3anauy. Ecai ke Bocmosb3oBaThCsi HHTErpaJibHO# Teo-
pemoii, TO HaiifieM, 4TO MHTepecyoLlasi HaC BePOSTHOCTb P MpUMepHO paBHa

(n=12000, p = (13 A=1800, B=2100)

<I>< 2100 — 2000 ) ——(I>( 1800 — 2000 ) _
15 1 5
12000'6'6 12000.6.g
=&(V6) — B(—2v6) ~ B(2,449) — B(—4,898) ~ 0,992,

rae sHauenus ©(2,449) u &(—4,898) B3aTbl U3 Tabuuu 1 dyHkuun B(x) (Tak
Ha3blBaeMON HOPMAALHOU pyHKyuL pacnpederenus; CM. aajee 1. 6).

3. HaHeceMm GuHOMHaJbHbIE BeposATHOCTH P,(np + xv/npq) (x npeanona-
raetcs TaKuM, uTo np + X+/npg — uenoe uncio) Ha rpaduk (puc. 9).

Torza Joka/ibHas TeopeMa FOBOPHT O TOM, 4To 11a X = 0(npq)'/® Beposar-

HOCTH P,(np+ x+/npg) Xxopolo «JoXKaTCi» Ha KPHBYIO \/2-—]—_e"‘2/2.
nnpq

Pa(np+x./npq) 1
V2rnpq

- ~
- N
- ~
= S
- ~
| I
1 N

Puc. 9.

e""z/2
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HurerpanbHas e Teopema rOBOPHT O TOM, YTO BepOATHOCTb P,(a, b) =
=P{av/npqg < S, —np < b\/npq}=P{np+a\/npg <S, < np+bvnpq}
b

XOpOLLIO annpoKcHMHpyetcs HHTerpasiom (1/v/2w) S e~ dx.
a

O603Hauum
Fr(x) = Pp(—00, x] (:: P { S,.;ﬁr;p < x})
Torna us (21) caenyer, uto
sup  |Fn(x)—®(x)| 20, n—oo. (23)

~oogx<oo

HuTtepecHo 6b110 Gbl MOHATb, HACKOJIBKO ObICMPO C POCTOM 71 POUCXOAUT
cTpemJiente K HyJqo B (21) u (23). IpuBenem pesynbTat, OTHOCSAUIHICA CIOA H
ABNAIOLIHACSA YaCTHBIM CJlyyaeM TaK Ha3blBaeMo#l meopemei Beppu—3Icceena
(§ 11 ra. IID):

Fa(x) — B(x)| < p’+q’ 24
su X)—PX) S —F/—.
_ws&w n () oz (24)

BaxxHo nopyepKHyTb, UTO NOPALOK OUeHKH 1/\/npg He MOXKeT GbiTh yJlyu-
IUEH, a 3TO O3HayaeT, UTo annpokcHmauua F,(x) ¢ nomouibio pyHKuuH D(x)
MOXKeT GbITb MJIOXOH NMpPH 3HAUEHHAX P, OIH3KHX K HYAI0 uu eduruye, 1axe
npu 6obliMX 7. Bo3HHKaeT No3TOMy BONPOC O TOM, a HeJlb3sl JIH NPH MAAbIX
3HaYeHHAX p WIH g HalTH LIS HHTEpecyIOLIMX Hac BEPOSITHOCTEH Jyullyio
annpoKCHMALMIO, HeXKesH TaK HasblBaeMas HOpMalbHasi, JaBaeMas JiOKaJib-
HOfl H WHTerpajibHOH TeopeMamu. C 3TOi Le/bl0 3aMETHM, YTO, CKaXkKeM, MpH
p =1/2 GuHoMHaNbHOe pacnipeneseHte {P,(k)} uMeeT cHMMeTpHuHYyI0 (opMy

Pa(k)
0,3

0,2
0,1

Puc. 10.

(puc. 10, cneBa). OnHako NpH xasbix 3HaUEHHsIX p GHHOMHaJIbHOE pacrpene-
JieHHe npHobpeTtaeT acummempurryro dopmy (cM. puc. 10, cnpasa), 1 nosTomy
He MPHXOJHTCA OXKHAAThb, YTO HOPMasibHas anmpoKcuMauus GyaeT Xopolled.
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4. Oka3sbiBaeTcs, 4TO NPH MAAbLX 3HAYEHHAX P XOPOLLYIO aNNpPOKCHMALHIO
119 {Pa(k)} AaeT Tak Ha3blBaeMoe NYaccoHOBCKOe pacnpedeseHue BeposT-
HocTeH.

[Tyctb

Ckp*g"* k=0,1,...,n
P k = n ) y 4y s 1oy
(k) {O, k=n+1,n+2,...,

W TPeANoJIOXKHM Cefiuac, uto p Asaserca QyHkuuedt ot n, p = p(n).
Teopema Ilyaccona. [Tycme p(n)—0, n— oo, npuuem max, wmo
np(n) — A, ede A>0. Toeda dan moboeo k=0, 1, ...

Pr(k) >, n— o0, (25)
ede
k=
mﬁ%, k=0, 1, ... (26)

Hokasameavcmso BecbMa npocto. [TockosbKy no npeanosoxexuio p(n) =
1
==+40 (H) , To 115t JitoGoro ¢ukcHposanHoro k=0, 1, ... H JocTaTOUHO GOJb-

UJH’; n
Pa(k)=Ct ptgn—t = 2= ])";;f"—“ . [%*0(%)]k‘ [‘ ‘%*"(%)]n_k'
Ho

n(n—l)...(n—k+l)[%+o(%)]k=

=202 DR D n o) = M, n—oo,

n—k

[l—é+o(]—)] —e ™, n-— oo,
n n

uTO U JoKa3biBaer (25). O

Ha6op uucen {m,, =0, 1, ...} o6pa3yer TaKk HasblBaeMoe nyaccoHos-

[o2]
Ckoe pacnpedeaenue BeposiTHocTedt (m, >0, > mp,=1). OTMeTuM, yTO BCe
k=0
PaccmaTtprBaemble Bblllle (IHCKpPETHble) pacrnpefefieHHst GblIH COCpefoToYe-
Hbl JIHLIb B KOHe4HOM uyHcje Touek. IlyaccoHoBckoe pacnpeneneHHe — 3T0
NepBbii BCTPETHBILKACA HaM MpPHMEP (AMCKpETHOro) pacnpeeseHHs, cocpe-
JOTOYEHHOTO B CHemHOM YHCIIe TOYEK.
IMpusenem caenyioumit pesyasrat (10. B. TMpoxopos), nokasbiBaiouiui,
C KakKoii CKOpOCTbIO BesMuMHbl Pp(k) cxomsTcs K m, OpH n—oo: ecau
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np(n)=2A, mo ¥*)

= 2)
> 1Palk) = me| < = - min(2, N). @7)
k=0
5. BepHemcsa k npegenbHoit TeopeMe Myaspa—Jlannaca. [TokaxeM, kak
H3 Hee cJiellyeT 3aKOH GOJIbIUHX UHCeJ (C OroBOpKaMH, cleslaHHbIMH B § 5 K

dopmyane (8)). INockosbky
P{15% -l <eh=P{ 1%t | <ev/5 )
ev/n/pq

10 U3 (21) fAcHo, uto mnsA >0
Sn _ L —x/2

Pl -p|<e}-= § e ax-0 n—soo (@)

—ey/n/pq

oTKyza
%—plga'}—‘)l, n—oo,

{

UYTO H COCTaBJIAeT yTBepXKAEHHE 3aKOHa GOJIbLLMX YHCed.

U3 (28)
e/alra
P{lZ-plce}r = edx nooco @)
—eJalpq

B TO BpeMs Kak HepaBeHCTBO UeGblllieBa 1aBaJlo JHLIb OLIEHKY

{

B n.3 § 5 6blIo NoKa3aHo, 4YTO i YHCAA HaGJIOAEHHH, HEOGXOAMMOTO st
CrnpaBel/IMBOCTH COOTHOLLEHHS

P{

HepaBeHCTBO UeGhbilieBa faeT C/eAYIOLLYIO OLEHKY:

Sn pq
7-P|<°‘}> T et

Sn
% sleefoi-a

n2[o] Eme),

rae [x] — wenas yactb umcaa x. Tak, npu €=0,02, a=0,05 Heo6xoaumo
12500 na6mionenuit. BocnosbayeMcsi Tenepb LIS pelueHHs TOHl Ke 3ajaud
annpokcumaumeit (29).

*) IlokasatenbcTBO Heckobko Gonee cnaboro pesyasrarta aawo B § 12 ra. 111,
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OnpeneauM yuciio k(a) U3 COOTHOLLIEHHS

| M \
—= e *Pdx=1-a

V2T _ ey

[MocKoJbKY e,/ >2ef TO, onpelensisi (HauMeHblLee Lieloe) 1 W3 Hepa-
BEHCTBA

2ev/n > k(a), (30)
MOJIy4HM, YTO
S
P{ 2 <a}>l-a. 31)
N3 (30) HaxoauM, uto n=rngy(a) C
_[#

rapaHTHpyeT BbinoJiHeHde (31), rie TOYHOCTb anNMpPOKCHMALMH JIETKO MOXET
GbITb YCTaHOBJMEHa U3 (24).

Bepa €=0,02, a =0,05, HaxoauM, yTo Ha CaMOM JeJie AOCTAaTOYHO JHILD
2500 Ha6atoneHud, a e 12 500, Kak 3To cJiefoBaJio 3 HepaBeHcTBa UebbilleBa.
3HayeHusa k(a) Haxomatcs no taGuuuam. IlpuBeneM psa sHauenuit k(a) nnsa
HEKOTOpbIX 3HaUeHHH o

a 050 03173 0,10 005 00454 0,01 0,0027
k() 0,675 1,000 1,645 1960 2,000 2576 3,000

6. BsenenHas Bbitle GyHKUHSA
3 (x) =L S e="2 a1, (32)
—00

y4yacTByioLllasi B HHTerpaibHoil TeopeMe MyaBpa—Jlansiaca, Wrpaer HCKJo-
UHTEJIbHO BaXKHYIO pPOJib B TEOPHH BepoATHOCTedl. DTa (yHKUMA Ha3biBaeTcs
HOPMAAbHbIM WIH 2aYCCOBCKUM pacnpedeneHuem BepoATHOCTe Ha YHCIIOBO#
npsmo# ¢ (Hopmaabrol url 2aycco8cKoi) NIOTHOCTBIO

o(x)= \/LZ? e xeR\.

Mbl yXKe BCTpeuaJiHch ¢ (IHCKPETHBIMH) pacnipe/le/leHHIMH, COCPeloTOueH-
HbIMH B KOHEUHOM H CUEmHOM MHOXecTBe ToueK. HopMaibHoe pacnpese-
JIeHHe MPHHAIEXHT APYrOMy BaXKHOMY THNY (HenpepbIBHbIX) pacrpeleeHuil,
BO3HWKAIOLLMX B TEOPHH BepOATHOCTeH. OTMeueHHas Billle er0 HCKJIOUHTEb-
Hast PoJib 0GBACHAETCA MPEXKIE BCEFO TeM, YTO MPH J0CTATOYHO OGLIHX Mpearo-
NOXEHHSAX pacripelieieHHe CyMMbl GOMbILIOrO YHC/IA HE3aBHCHMbIX CAy4aiHbIX
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BeJIHUUH (He 0653aTesIbHO 6epHY/IIHEBCKHX!) XOPOLLO annpoKCHMHPYeTC HOp-
MasbHbIM pacripesenedeM (§ 4 ra. I11). OcraHoBuMes cefiuac Ha HeKOTOPbIX
npoctefiinx cBoficTBax GyHKuMA p(x) ¥ P(x), rpaduKH KOTOPbIX NpUBEAEHbI
puc. 11 u 12,

, L 0014
-3 -2 -1 0 067 196 258

Puc. 11. Tpaduk naoTHOCTH p(x) HOpMaAbHOrO pacrpenesieHHst

dyHkuna p(x) apaseTcs CHMMETPHUHON KOJOKOJN006pa3HOH KPHBO#, yObi-
Baiolleil ¢ pocToM |x| oueHb 6bictpo: ¢(1)=0,24197, ©(2)=0,053991,
(3) =0,004432, ©(4) =0,000134, ©(5)=0,000016. Makcumym 3TO# KpHBO#
nocturaercs B Touke x =0 u pase (2m)~'/2 ~0,399.

1

X
Kpupas ®(x) = W S e~ dt 6bicTPO MpHOIHKAETCS C POCTOM X

™
K emunrue: ®(1)=0,841345, &(2)=0,977250, ®(3)=0,998650, ®(4)=
=0,999968, ®(5) =0,999997.

o nosony mabauy byHkuuit @(x) v $(x), a TakxKe APYrHX OCHOBHBIX
(hyHKUH#, HCTONb3yeMbIX B TEODHH BEpPOSTHOCTEH H MaTeMaTHUECKOH CTaTH-
CTHKe, cM. [6].

[Tone3Ho oTMeTHTb, YTO MpH pacuyertax, Hapaiy ¢ ¢yHkumeit $(x), yacro
UCMoJsib3yeTcs POACTBEHHas efl PynKyus owubok

erf(x) = e dt, x>0.

§h
O x

Ouesugto, uto (x > 0)

X

‘I>(x)=%[l +erf( -

)] erf(x) = 28(vV2x) — 1.

N
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= ) e
—_— e~¥/dy
—0o0

Puc. 12. Tpaduk dyHKuMH HopMaJbHoro pacnpenenenust P(x)

7. B koHue n.3 § 5 6bl10 OTMeYeHO, UTO OLEHKA CBEpXY A/ BEepOATHOCTH
cobbITHSA {w: |sn—" - p| 26}, JaBaeMmasi HepaBeHCTBOM UeGbilueBa, sBJAsAeTCS
JOCTaTo4YHO TpyGoil. l'lo.ny;leune 3TOH OLEHKH OCHOBBIBAJIOCh Ha HEPAaBEHCTBE
YeGoiwesa P{X > ¢} < —E;:)é— IJ1S1 HeOTPHLIATENbHBIX CJlyuafiHblX BelHunH X > 0.

MoxHOo nonbiTaThCsl, OJHAKO, BOCNO/Nb30BaThCs HepaBeHCTBOM UebbilieBa B
topme

X

PIX > cb=PUX > < S5 E (33)

Ho MoxHo nofiTi u Aa/bllie, a HMEHHO BOCTIONb30BATLCSH «IKCIIOHEHLMANBHOM>»
dopmoit HepaBeHcTBa Uebbiwesa: ecan X >0 u A >0, To

P{X 2 e} =P{eM > e*} B9 34
B cuny npoussosabHocTd A > 0 sicHo, uto
H A(X —€)
P{X >e}< ;r)l% Ee . (35)

[TocMoTpHM, K ueMy MpHBOAMT 3TOT MyTb B ciayyae X =S,/n, S, =& +
+“'+§fl' P{&l = l}=pv P{gl =0}=qa i> ]‘
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O6o3naunm @(\) = Ee*é. Toraa
eA)=1-p+ pe*
H B MPEANOJIOXKEHHH He3aBUCHMOCTH BesIMuuH &), &2, ..., &

Ee*S = [p(V)]".
[Tostomy 0O<a< 1)

P[5t 5} o EA(E ) = oy oo [iemmo(R)] -
>0 A>0
= S,;,g e—nlas—in o)) — " suplas—in ¢(s)] (36)
Ananornuto
P{ % < a} <o " IBlasTin et -

®yukuusa f(s)=as —In[l — p + pe’] npu p < a< | nocTuraer MaKcuMyMa
B Touke Sp (f'(so) =0), onpeznensieMoii U3 paBeHCTBa

_a(l-p)

So_ .
T )
[TosTomy
sup f(s)=H(a),
s>0
rae
l-a
H@=aln 2 +(1-a)l
(@)=aln p+( a) In =,

— (pyHKUHA, y2Ke pacCMOTPeHHas Bbillle MPH J0Ka3aTesbCTBE JIOKAJNbHOM Teo-
pemsl (m. 1).
Hrak, npu p<a<|l

P{Sn—" >a}<e"‘”("), (38)
u nockonbky H(p +x) >2x2,0< p+x<1l, Tonpue>0,0< p< ||
P{Z - p>e}ce (39)
AxanoruunsiM 06pa3oM ycTaHaBaHBaeTcs, uto 18 a < p < |
P{2 <a} cemo, (40)
H, cjiefoBaTesbHO, 1 Besikoro € >0, 0 p <

P{Z - p<—e}<e™ (41)
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TeM caMbiM
‘—S,—l'i - pl > a} < e~ (42)

P{

Ortciofa BbiTEKaeT, UTo YHCJI0 HabJiofeHH  n3(a), rapaHTHpYyIoLLEee BbINOJ-
nende npu Jobbix 0 < p < | HepaBeHcTBa

P{|2 - p|<e}>1-a (43)
onpesensietcs: hopMyJioi
ns(o) = [M2], (44)

rae [x] — uenas yactb uncaa x. [peHe6peras «LeNbIMH YACTAMU» H CPaBHHBast

n3(a) ¢ ny(a) = [ HaxoluM, 4TO

4ae2 ]’

=—?Too, al0.

Ortciofa BuaHO, uTo MpH « |0 OUEHKA MUHUMAALHOZO HEOOXOAHMOTO YHC-
Ja Ha6/io/eHH#, noJiydeHHast ¢ MOMOLLUbIO IKCNOHEHUHANbHOTO HepaBeHCTBa
UeGbilueBa, spnsieTcsi Gojiee TOUHOM, YeM OLEHKa, HaliieHHas M3 OGbIYHOro
HepaBeHcTBa UeGbilleBa, 0coGeHHO MpH Majbix «. BocnonbsoBasuinch Ge3
TpyZa YCTaHaBJIHBaeMbIM COOTHOLLEHHEM

2
e *?  xooo,

1 T —y2/2
7o e Py~

2w x

2
MOXHO NOKa3ath, uto k2(a) ~2 In o a 0. Tem cambim

ngla) |
na(@) 1, «lO.

HepaBenctBa tHna (38)—(42) HocaT Ha3BaHKWe HepaseHcma 048 8epoan-
Hocmeil 6oabuux yxaonenuld. O6bAcHeHHe STOMY Ha3BaHHIO CJeyIOLLee.

HurerpanbHas Teopema Myaspa—Jlansiaca naetT BO3MOXHOCTb MPOCTO
OLIEHHBaTb BEPOATHOCTH cobbiTHi {|S, —np| < x\/n}, XxapakTepH3yiOLIMX
«CTaHAapTHOE» YKJIOHEeHHe (Ha BeJIMUHHY nopsiaka 1/n) S, ot np. HepaseHctsa
xe (39), (41) u (42) nawoT oueHKy 1na BeposTHOCTel cobbituil {w: |S, — np| <
< xn}, ONHCHIBAIOLIMX YKJIOHEHHs MOpsKa GoJblLEro, HEXeNu /7, a UMEHHO
nopsijka 1.

Mbl Npo0/XKHUM pacCMOTpeHHe BOMpPOCa O BEPOATHOCTAX GOJbLINX YK/0-
HeHH# B 6oJiee o6ILMX cayyasx B § 5 ra. IV.
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8. 3apaum.

1. Myers n =100, p=1/10, 2/10, 3/10, 4/10, 5/10. Mcnoab3ys Tabauupi
(HanpuMep, u3 [6]) GHHOMHANILHOTO W MYacCOHOBCKOTrO pacnpene/ieHHuil, cpas-
HUTe 3HAUEeHHsl BEPOATHOCTEH

P{10 < Sy00 < 12}, P{20 < Sy00
P{33<Sj00<35}, P{40<S 00
P{50 < Sy00 < 52}
C COOTBETCTBYIOLUMMH 3HAYEHHAMH, JaBaeMbIMH HOPMaJbHOM H NyaCcCOHOBCKO#M
annpoKCHMaLHAMH.

2. Mycts p=1/2u Z,=2S, — n (4ncio npesoiuieruii eAMHAL HAJ HYJAMH
B 1 HcnbiTanuax). [TokasaTts, uto

sup|Van P{Zg, = j}—e "' | 50, n—oo.
i

2},

<2
<42},

3. Iloka3atb, uto B TeopeMe [TyaccoHa (¢ p =A/n) HMeeT MecTo cedyiolliast
CKOPOCTb CXOJHMOCTH:

sup Pp(k) - ——

=

Iz —AI }\2

n .

([dna nokasateabcTBa noJie3Ho o3Hakomutbes ¢ § 12 ra. I11.)

§ 7. OueHka BepoOSITHOCTH «ycnexa» B cxeme BepHyanu

1. B paccmotpenHoit Bbilie cxeme Bepryanu (Q, &, P) ¢ Q={w:w=
=(X1, .ey Xn), i =0, 1}, ' ={A: ACQ}, P({w}) = p(w), tae

plw) = p¥ Fign= %,

npeanosiarajoch, YTo YHCJO p (BEpPOATHOCTb «yCriexa») u38ecnHo.
penctaBum Tenepb, UTo p 3apaHee He H3BECTHO M Mbl XOTHM €ro onpe-
JeJIUTb MO HaGJII0JeHHAM 32 HCXONAaMH 3KCMepHMeHTa, WJH, YTO TO XKe, MO
HabJIIOIeHHAM 32 CJyyaiiHbIMH BeIHUMHaMH €, ..., &,, e & (w) = x;. DTa 3az1a-
ya, ABJIAIOLIaACA THIHUHON 11 MAmemMamu4ecKol cmamucmukuy, 1onycKaer
pasnuyHble nocTaHOBKH. Huxke Mbl paccMaTpHBaeM [Be TakKHe MOCTaHOBKH:
3ajlauy OyeHUBaruUs ¥ 3alauy nocmpoenus 008epUmeLbHblX UHMEPB8aios.
Caenys 0603HaueHHsIM, NPHHATHIM B MaTeMaTHUECKOH CTAaTHCTHKE, HEH3-
BECTHLI MapameTp p 0603HauuM uepe3 6, cuutast @ priori, uTo 3HAYEHHA
0 npunapnexar MHoxectsy © =[O0, 1]. Yacto roeopsT, uto Ha6op & =
=(Q, &, Pg; 0€0) ¢ Po({w}) =0% % (1 — 0)"~X % 3ajaeT 8epOAMHOCMHO-
cmamucmu4eckyo mooeab (OTBEYAIOLLYIO «N HE3aBUCHMbBIM HCIBITAHUAM» C
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BEPOATHOCTBIO «ycnexa» 6 € ©), a seakyo yHkuHio T, = T,(w), NpHHHMAaIO-
uiylo 3HaueHHs B ©, Ha3bIBAIOT OYEHKOIL.

S
Ecan S, =& +...+&u T = 7", TO M3 3aKOHa GOJIbLIMX YHCEJ CJIEIyeT,
yTO OLleHKa T, ABJIAETCH COCMOAMEAbHOU B TOM CMbIC]e, uTo (€ > 0)

P{lT; — 6| 2e}—0, n—oo. (1)
Kpome Toro, 3Ta oLeHKa fIBJAETCA HecMewjeHHOU: As Beakoro 6 € ©
EoT; =0, @)

rne Eg — MaTemaTtHueckoe oXXHAaHHe, OTBeyalolllee BepOATHOCTH Py.

CBONCTBO OLEHKH ObITb HECMELLEHHOH SABJAETCA BMOJIHE €CTECTBEHHbIM:
OHO OTpaxkaeT TOT (hakT, YTO BCAKAA PA3YMHAS OLEHKA A0JDKHA, MO Kpaii-
He#t Mepe «B CpelHeM», NPHBOAUTb K XKeJlaeMoMy pesynbraty. OnHako Jierko
3aMeTHTb, 4TO OLeHKa T, He ABJIAETCH €IMHCTBEHHON HECMELLEHHONH OLEHKOIl.
Hanpumep, Takoit e 6yaeT BCcAKas OLeHKa

T = b€y +...+bnkn

= el T T Insn
n

rae by +...+ b, =n. Ilpy 5TOM AN TaKHX OLEHOK TaKXKe GYIeT BbIMOJHATLCS

3aKoH GoJbluuX yuced (1) (mo kpaiiHeit Mepe, ecan |b;| < K < 00), H TeM caMbiM

3TH OLleHKH T, TaK )Ke «XOpOoLIH», Kak u T, .

B 3Toit cBA3H BO3HHMKAIOT BOMPOCHI O TOM, KaK CPaBHHBAaTb pa3jiHUHbIE
HeCMellleHHble OLIEHKH, KaKylo H3 HHX Ha3BaTb HauJyullell, ONTHMAJbHOM,

To caMoMy cMbICJly OLEHOK €CTECTBEHHO GbLIO Gbl CUHTATD, UTO OLEHKA TEM
Jiyyie, YeM MeHblle ee OTKJIOHEHHE OT oLeHHBaeMoro napaMerpa. OcHoBbiBa-
fICb Ha 3TOM, Ha30BeM OLEHKY I, 3ghghexmusnoii (B KAacce HeCMELLEHHbIX
oueHok T,), ecaiu

’

DoT» =inf DoT,, 0€6, )

rie DgT, — nucnepcus ouenku Ty, T. e. Bennunna Eq(T, — 6)2.
[TokaskeM, uto paccMoTpeHHas Bbillle oleHKa T, sBJseTcs 3(QeKTHBHOI.

Hmeem

_DgSn _nb(1-6) _6(1-06)

T2 T n2 T n

Do7; =Do(32) @

Tostomy, s Toro utoGbl ycTaHOBHTD, uTo oueHKa T adekTHBHA, AOCTATOY-
HO MoKa3aThb, YTO

©®)
Ilpn 6 =0 unu 1 310 HepaBeHcTBO oueBHaHo. [Tycth Tenep H € (0, 1) u
Po(xi) =6 (1 - 6)' .
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flcho, uto Py({w}) = pe(w), rae

po@) =[] po(x:).

i=1

O603Hauum
Lo(w)=In pg(w).
Torna
Lo@)=In0-Y " xi+In(1-6)-> (1—x)
H
OLg(w) _ X (xi—
30 o(1—9)

[Mockoabky

1=Epl =) po(w)

w

H B CHJIy HECMELIEHHOCTH OLEHKH T,,

0=EeT,= Z Ta(w) po(w),

TO nocJie AHddepeHUHpoBaHHs M0 6 MOJyuHM, YTO
3pee) 3po(w) o)
0=3 F55" =X Satar P =Ee dol)]

aP(;v(w) dL Lo
Z w

3Haywr,
1=Eo[(7, - 6) 22 "L"(“’)]

H, corJlacHo HepaBeHCTBY Kouin—ByHsikoBckoro,

2
1<Eg[T, —0]2'50[%] ,

OTKyaa

EolTa— 02> Tn%ﬁ (6)

[ oLe(w)1?

rae BeauuuHa /,(6) = HOCHT Ha3BaHue ungopmayuu Puwepa.
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U3 (6) mosmydyaeM yacTHbIf CJyyail Tak Ha3biBaeMoro nepasexcmsa Pao—
Kpamepa nns HeCMEILEHHbIX OLUEHOK Ty

1

mf DoT, > 2o (7)

B paccmaTpHBaeMoM ciiyuae

2
OLg(w) L& _m(1-90 _ _n
1n(6)=Es [ ] - "[9(1 o)] B0 =-0))2 8(i-6)

yTO M J0Ka3bIBaeT HepaBeHCTBO (5), H3 KOTOPOro, KaK y»Ke 0TMeYaJloch, clelyeT
3((eKTHBHOCTb HeCMellleHHOH oLeHkH T,y =S,/n 115 HEH3BECTHOTO NapaMer-
pa 6.

2. OueBHaHO, YTO, pacCMaTpHBas B KaueCTBEe «TOUEYHON» OLEHKH ans 6
BesHuuHy 7,7, Mbl coBepliaeM HEKOTOpYIO owWHOKY. MoxKeT na)ke CJyuyHTb-
csl, 4TO YHCJIEHHOe 3HayeHHe T, NOACUYHTAHHOE MO HaGJIOLEHHbIM 3HAUYEHHAM
X1y ..y Xn, OYAET NOBOJIbHO CHJIbHO OTJIMYATbCA OT HCTHHHOTO 3HaueHWs 6.
[TosToMmy Lenecoo6pa3Ho 6bl10 Obl yKa3bIBaTh €llle H BeJIHUHHY N02PEeULHOCMU.

JloBosibHO 6eCCMBIC/IEHHO HAfeAThCs, YTO IJIS 8CeX 3JIEMEHTapHLIX Co-
ObiTHAl w BeaWudHbl T =T;(w) Malio OTJIMYAIOTC OT MCTHHHOTO 3HAYeHHs
HeH3BecTHoro napametpa 6. OnHako M3 3aKoHa GOJIbLIMX UHCEJ Mbl 3HAEM,
yto 14 Besikoro 0 >0 mpH A0CTaTouHO GOJIBIIHX 1 BEPOSITHOCTb COGLITHSA
{|6 — Tr| > &} 6yner nocraTouto Mana.

CornacHo HepaBeHcTBY UebbliieBa,

DgT,, _6(1-9

Poflo— 77> 8} <~ = 2

H, 3HauMT, 11 Beskoro A >0

* (1 -0) 1
P9{|0—T,,|<z\v —n-} 21— 2

Ecau B3aTb, K npuMepy, A =3, To HaiigeMm, uto ¢ Pg-BeposTHOCTDIO, Gosibluel,
yem 0,8888 (1 — % = g ~(,8888), ocyuiecturcs cobbiTHe

jo-Ty|< 3/ =2

|6-T;1<

U TeM GoJiee — coObITHE
3
2/n’

nockosbky 6(1 — 6) <

-lkl-—'
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Takum o6pa3om,

mﬂer*2w} wU*QJ.H< 2V,-}08888

HHaue roBopsi, MOXXHO YTBEpXKHaTb, YTO HCTHHHOE 3HaueHHe napaMmeTtpa  npu-
3
s I+ f]

0,8888. Unorna 3To yTBepxKaeHHe CHMBOJIHYECKH 3aMHCHIBAIOT B TaKoil (opMme:
3
2v/n

rae «> 88 %» 03Hauae'r «6oviee ueM B 88 % ciyuaes».

HaIEXHT HHTEpBaJY [T,‘,' C BEpPOAITHOCTbIO, GoJblLei, YeM

9T+ (>88 %),

3
HHrepBan [T,‘,' T+ AIB/IAIETCA NMPHMEPOM TaK Ha3bIBaeMbIX

2/n’ 2V2
AOBEPHTEJIbHBLIX HHTEPBAJIOB /151 HEM3BECTHOIrO napamMerpa.
OnpeaeneHne. MHOXeCTBO BHAA

[%1W), $2@)],

rae ¥ (w) v Yo(w) — ABe PYHKLUHH 3/7eMEHTapHLIX CcOObITHI, Ha3oBeM dose-
pUMmesbHoIM UuHmMepsaiom HadexHocmu | —§ (WK ¢ YyposHem 3HAUUMO-
cmu 8), ecad 1ns Bcex 6 €O

Pl (w) <O<a(w)} 2

anBeﬂeHHble Bbillle paCCY)KIlEHHﬂ NMOKa3bIBaloOT, YTO HHTEpPBa

* * A
7~ 275 T+ 2

1
UMeeT HaJeXHoCTb 1 — :\7 Ha camoMm fene HajaexHocTb JOBEPHUTEJIbHOTO HH~-

TepBaJia 3HaUYHTEJIbHO Bhillle, YTO CBA3aHO C T€M, YTO HCMOJb30OBAHHOE Hepa-
BeHcTBO UebbillieBa JaeT JiHlib rpybyio OLEHKY BEepOSITHOCTEN COGBITHIA.
Ina nonyuenusi 6oJiee TOUHBIX Pe3y/bTaTOB 3aMETHM, UTO

9 l _0 * *
{or -1/ E22} —tos wirz m <0<y
rae Y1 =¥i1(Ty, n) v Yo =1o(T;, n) — KOpPHH KBAJAPATHOrO YpaBHEHHS

2
-T2 =2-601-0),

OMHUCbIBAIOLLIEro 3JUIHNC, paCI'IOJIO)KeHHblﬁ TakK, KakK 3TO H306pa)KeH0 Ha pHc. 13.

IycTb Tenepb
—nf
___.g .
i = P"{ 70T —0) "}



§7. OLLEHKA BEPOAATHOCTH «YCIIEXA» B CXEME BEPHYJIJIN 99

Toraa B cuay (24) § 6

5(x) L
sup [F() = 8| < s

[To3TOMY, €CJIH @ priori U3BECTHO, YTO
0<AgO]I-AK],

rae A — HeKoTopasi KOHCTaHTa, TO

sup |Fg (x)— ®(x)| < f

W, 3HAYHT,

Poltn(Ty, ) <O Un(T?, n)} = P9{|9_ rHl<A /o(nn—e) } _

- |Sn — nb) 2
_Po{mg,\}z(mo\) - 57

[yctb A* — TO HauMeHblLee A, 115t KOToporo

22N -1-< \/- -6,
re &6* — 3ajgaHHblli ypoBeHb 3HauumocTd. OGosHauas &=06* — A_2ﬁ’
Haxo[uM, yTo A* ecTb KOpeHb ypaBHeHHs
0
é
N =1- 3 1 ““T ————— :
B cnyyae Gosbluux n MoXHO npeHeGpeub UjieHOM :¢2 i
2/A\/n u cuutaTh, 4TO \* YIOBJIETBOPSET COOTHO- ! ;
LWeHHIO i |
spn)=1-Z. |
0 1T
B uyacTtHoCcTH, ecan A* =3, To 1 —§*=0,9973...
Puc. 13

Tak uto ¢ BeposTHOCTBIO, npuUMepHO paBHoi 0,9973,

/0(1— ) <co<T+3 /9(1—0) @®

HJH, Noc/ie HTEPHPOBaHHSA U OTOpachiBaHHs uJeHoB nopaaka O(n=%4),

Tn (l

T: -3 )<0<T*+3 Ti(-l—,:i’”

©)
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Orcioza clienyeT, YTo JOBEpHTEJbHBIH HHTEpBaJ

[T;“%ﬁ’ T;+%] (10)
HMeeT (nipu Gosibliux n) HadexkHocTb 0,9973 (Torna kak HepaBeHCTBO UeGhi-
lIeBa [aBaJio HaeXXHOCTb JIHILIb, MPUMepHo, paBHyio 0,8888).

Orciona MoXHO cienaTh CliellylolHil NpakTHyeckHit BbiBoA. [TycTh npous-
BOAMTCA GoJsiblioe YHCaI0 N CepHil IKCMEepHMEHTOB, B KaXKIO#M H3 KOTOPbIX MO
n Ha6JoieHHAM oueHuBaeTcs napametp 0. Torna npumepHo B 99,73 % cayuaes
3 N B Kaxno# cepHH oueHKa OyAeT OT/IHYaTbCs OT MCTHHHOrO 3HaueHHs
napaMerpa He GoJibllle YeM Ha 5—\37-5 (Cm. mo 3ToMy noBojy Takxe KoHel § 5.)

3. 3apaun.

1. Tlyetb @ priori u3secTHo, uTo NapaMeTp 6 MpUHHMaeT 3HaueHusi B Oy C
C [0, 1]. BoificHuTb, KOrAa CylLecTByeT HeCMellleHHast OLeHKa 115 napameTpa 6,
NpHHUMAIOLLAs 3HAYEHHS JIHLIbL B MHOXecTBe Oy.

2. B ycnoBusX nmpeapiaylledl 3ajaud Ha#lTH aHajior HepaBeHcTBa Pao—
Kpamepa u paccmoTpeTb Bonpoc 06 3¢eKTHBHbIX OLEHKaX.

3. B ycaioBusix nepBo#t 3a1aud paccCMOTPEThb BOMPOC O NOCTPOEHHH 0BEPH-
TeJIbHbIX HHTEpBaoB 11 6.

4. B nonoseHue K 3aave 5 B § 2 Hccsie1oBaTh BONPOC O HECMELLIEHHOCTH
1 3¢(eKTHBHOCTH OLIEHKH N, cuutas N goctatouso Gonbwium, N>M, N>n.
[MocTpoutb, No aHaNOrHK C JOBEPHTEJbHLIMH HHTEpBaJiaMH Jisi mapametpa o
(cM. dopmyabi (8) u (9)), noseputennhbie untepeanbl [N —a(N), N +b(N)]
ana N Takue, uto

Pr.malN —a(N)SNKN +b(N))=x1-aq,

FAe a — HEKOTOpOE MaJioe YHCJIO.

§ 8. YcnoBHble BEpOSTHOCTH H MaTeMaTH4yecKHe
OXXMAAHUS OTHOCHUTEJIbHO pa3OueHuni

1. Tlyetsb (R, &/, P) — KoHeuHoe BepOATHOCTHOE MPOCTPAHCTBO H
D={D,, ..., Dy}

— HekoTtopoe pa3buerue Q@ (D; €/, P(D;)>0, i=1,....,k, uw Dy+ ... +
+ D =Q). Tlyctb, nanee, A — cobuitie u3 & u P(A|D;) — ycnosHast Be-
POAATHOCTb COOLITHA A OTHOCHTENIbHO COGbITHA D;.
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C Ha6opoM ycJioBHbIX BeposTHocteit {P(A|D;), i=1, ..., k} Moxuo cBs-
3aTh CJy4aiHylO BEJHUHHY

k
mw)=)_ P(A|D)Ip,w) (1)
i=1
(cp. ¢ (5) § 4), npunuMmaroutyio Ha atomax pasbuenus D; snayenus P(A|D;).
Yto6bl NOAYEPKHYTD, UTO 3Ta CAY4AUHAA BEAUUUHA CBA3AHA HMEHHO C pas-
GuenueM 2, ee 0603HayalOT

P(A|2) wau P(A| D) (w)

M Ha3blBAIOT YCAOBHOU BEPOAMHOCMbIO COOLIMUS A OMHOCUMERbHO PA3-
buerus 9.

ATo NOHATHE, a TaKXKe BBOAUMbIE najiee Gosiee OGLIME MOHATHS YCAOBHOLY
8epoamuocmell OMHOCUMeNbHO o-aieebp, UrpaioT BaXKHYIO poJib B TEOPHH
BEpOATHOCTE!, YTO MOCTENeHHO GYAET PacKpbIBATbCs MOCJEAYIOUIHM H3J0XKe-
HHEM.

Curienyiouise Ba CBOHCTBA YCJIOBHBIX BEPOSTHOCTEH OUEBUIHBL:

P(A+B|2)=P(A|9)+P(B|92) @
ec/ii 2 — TpHBHaJIbHOe pa3GHeHHe, COCTosLIee H3 OJHOrO MHOXeCTBa 2, To
P(A|2)=P(A). 3

Onpezenenne ycnoBHoit BepositHoctd P(A| D) kak cayuaiinoi seaudunot
JlaeT BO3MOXKHOCTb FOBOPHTb O €€ MaTeMaTHYeCKOM OXKH/JaHHH, HCMOJb3Ys KO-
TOPO€E MOXKHO CJIefyIOLIMM KOMMAKTHLIM 06pa3oM 3anucatb ¢YOpMysy nOAHOI
sepoamnocmu (3) § 3:

EP(A|2)=P(A). (4)

JleficTBUTENBHO, TOCKOJBKY

k
P(A]19)w)=>_ P(A|Di)Ip, W),

i=1

TO MO onpefiesieHHI0 MaTeMaTH4YecKoro oxKuaauus (cM. (5) u (6) § 4)

k k i
EP(4]12)=)_ P(A|D:)P(D;)=>_ P(AD;)=P(A).
i=1 i=1
IMycTb Tenepb 7 =1n(w) — chyuaitHas BeJHUHHA, NPHHHUMAIOLLAS C MOJNOKH-
TeJIbHbIMH BePOSITHOCTAMH 3HAY€HHA Y, ..., Yk'

k
nw) =Y yilp; (),

j=1
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rie Dj={w: n(w)=y;}. Pasbuenne 2,={D,, ..., D;} HasbiBaerca pa3-
OueHHeM, MOPOXKIAAeMbIM CJyyaiiHOH BeJHYHHOH 7). YCJIOBHYIO BEpOSITHOCTD
P(A|2,) 6ynem B nanbHeiitem o6o3Hauath P(A|n) uan P(A|n)(w) 4 Ha3bi-
BaTb YCAOBHOU 8epOAMHOCMbIO CObbimus A OMHOCUMEAbHO CAYHALHOL
seaununol 7). Yenosumces Takxe nod P(A|n=y;) nonumarb ycaoBHyio Bepo-
atHoctb P(A|D;), rne D; = {w: n(w) =y;}.

AnanoruuHbiM o6Gpa3oM, eciu 7y, 1o, ..., Tlm — CJydaiiHble BEJNHUHHbI W
D, m9....nm — Pa3OHEHHE, OPOXKAEHHOE BEJHYHHAMH 1)y, 72, ..., Tm, C ATOMAMH

Dy;.yg.....y,,. = {w: mw)=y1, pWw)=yo, ..., Mmw) =ym},

10 P(A| Dy, m,....nm) O603Hauaercsa P(A|ny, me, ..., Nm) ¥ HasbiBaeTCH yCA06-
HOU 8epOAMHOCMbI0 COObIMuUA A OMHOCUMENbHO CAYHAUHHIX BEAUHUH
nly 1’72’ ceey 77m-

Mpumep 1. Tlyctb £ u ) — 1Be He3aBHCHMbIE OAHHAKOBO pacrpe/ielieHHble
cayyaitHble BeIMYHHBI, PHHHMAIOILHE KaxKaas 3HaueHus | u O ¢ BeposTHOCTS -
mMH p H q. Haiinem ana k=0, 1, 2 ycaosHylo BepostHocTs P(A|7) cobbitus
A={w: £ +n=k} oTHOCHTENBHO 7).

C 3Toil LeJIbIO OTMETHM CHauania CJelyloltuii o6LHit none3nblit hakT: eciiu
& W 1 — 1Be He3aBUCHMBle ciyyaiiHble BeHuuHbl, To npu P{n =y} > 0 umeem

PE+n=z|n=y)=P{{+y=2} )

B camom nene,

P =z, nN= P =2, n=
PE+n=zln=yg)="EImma=0) Pletysnn=d)

_Pl+y=2Pin=y}
P{n=y}

=P{{+y=2}.
Hcnonb3ays 3Ty GopMyJy, HaXOAHM, 4TO

PA[n)(w)=PE+n=~k|n)(w)=
=P +n=k|n=0/h=(w) + PE+n=Fk|n= D=y (w) =
=P{¢t= k}l(,,=o)(w) +P{é=k- l}l(,,=1)(w).

Hrak,

9lin=0y (W),
PE+n=k|n)w) =} pliz=gy(w) + gliy=1(w),
pl('l'—‘”(w)»

(6)

[ _;>
Il
N - O
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WJIH, 4TO TO K€ CaMog,

q(1—n), k=0,
PE+n==kln)={ p(l—n)+gqn, k=1, )
pna k=2.

2. Tyctb € =§(w) — cayuaiiHas BesMUMHa, NMPUHUMAIOLLAS 3HAUEHHS B
muoxectee X ={xy, ..., x;}:

! P(-) -9 . E¢
€= xila;, Aj=fw: €=x},
e l(S.l)
10
u 92={D,, ..., D} — HekoTOpoe pa3bueHue. [lo-  P(-|D) 40 E¢|D)
106GHO TOMY Kak mas § no BeposiTHocTam P(A;), (1) (1
j=1,..., 1, 6b0 ompeneseHO MaTeMaTHYeCKoe )
OXHJaHHe 1 P(-|9) ——— E(¢|2)
E§=Z ij(Aj), @®) Puc. 14.
i=
TaK H C MOMOLbIO ycJIoBHBIX BeposiTHoCTel P(A;| D), j=1, ..., [, ectecTBeHHO

OMpefelIuTb YCAOBHOE MAmMeMamuieckoe 0xudaHue CAY4AiHOL 8eiuti-

HbL § omuocumeabro pasbuernus 9, o6oznauaemoe E(¢|2) nau E(¢| 2)(w),

topmyoit ;

E€12)=)_ x;P(4;]9). ©)
j=1

CorslacHo 3TOMy OMpefeNeHHIo, YCJOBHOE MaTeMaTHYeCKOoe OXKHAaHHe

E(€]|9)(w) aBasercsa cayuainod seaudunoii, npuHEMaiouiel 115 BCeX 3Je-
MEHTapHbIX COOLITHH w, NMpHHaLIEXKaLIMX OJHOMY H ToMy Xe atomy D,
!

OIHO M To e 3HauenHe ), Xx;P(A;|D;). ITo 3aMeuanHe noKasbiBaer, yTo
=1

K Ofpejie/ieHHIO YCJOBHOrO MaTeMaTHUeCKOro oxuaanus E(£|2) moxHo 6buio
Obl nofoiTH MHaue. A MMeHHO, CHauaia onpenenuth E(£|D;) — ycioBHoe
MaTeMaTHyecKoe oXHJaHHe  OTHOCHTeNbHO coGbITHA D; dopmysnoi

]
E€ID) =3 5P@;1D) (=Send), (10)
j=1
a 3aTeM MoJIOXKUTb MO onpeneyieHuio
!
E€|2)w)=>_ E(¢|Di)Ip,w) (1

i=1

(cM. nuarpammy Ha puc. 14).
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MonesHo oTMeTHTb, yTo 3Hauenus E(£|D) u E(£]| D) ne 3asucam ot cro-
co6a npejcTaB/ieHHs CJlyyaiiHOH BelHuHHbI .

[puBoauMble faNiee CBOACTBA YCJOBHBIX MaTEMaTHUECKHX OXKHAAHHH Hemno-
CpelCTBEHHO BbITEKAIOT U3 UX OMNpelesIeHHs:

E(aé + 61| 2)=aE(|9)+ bE(n|2), a, b —KoHcTauTh, (12)
E¢€|)=E¢ (13)
E(C|2)=C, C —koHcrTanTa; (14)

ecqn € =14(w), TO
E¢|2)=P(4|92). (15)

IMocnenHee paBeHCTBO NOKa3biBaeT, B YAaCTHOCTH, YTO CBOHCTBA YCJIOBHbLIX Be-
POSITHOCTEH MOXKHO MoJiyyaTb HEMOCPeJCTBEHHO M3 CBOHCTB YCJOBHBIX MaTe-
MaTHUECKHX OXKHIAHHH.
Caenylolilee BaXKHOe CBOHCTBO 0600611aeT ¢popMysy noAHOL 8epOAMHO-
cmu (4):
EE(|2)=E¢. (16)

Jlnst fokaszatenbcTBa A0CTaTOYHO 3aMETHTb, YTO, COmiacHo (4),

] ) !
EE(|2)=E )_ xP(4;12)=)_ x;EP(4;|2)=)_ x;P(A;)=E¢.

i=1 i=1 i=1

Mycts 2={D,, ..., Dy} — pa3buenne u n=rn(w) — HeKOTOpas ciyuaiHas
BeJIHYHHA. ByneM roBopuTh, uTO CayuaiiHas BeJMUHHA 7) ABJAETCA U3MEPUMOLL
OTHOCHTEJIbHO 3TOrO pa3bueHHsl, HIH P -H3MepHMa, eCid D, < D, T.e. n=1n(w)
MoXKeT GbiTb NpeACTaBJieHa B BHRE

k
nw) =) vilp, (@),
i=1
rae y; Moryt ObiTb H paBHbIMH. MHaue roBops, ciyuaiinas BeJHuHHA D -H3Me-
pHMa TOra H TOJbKO TOT/Ia, KOT/Ja OHa NMPHHHMAET MOCTOAAHHbE 3HAUEHHS Ha
aToMax pa3buenus 9.

Npumep 2. Ecan 2 — TpuBHaibHOE pasbuenne, 9 ={1}, To BelHuHHa 7
6yzner 2-u3MepuMoil B TOM H TOJIbKO TOM cJyuae, ecad 1= C, rae C — nocto-
fAiHHasA. Beakas cayyaiinas BeJIHuKHA 7) H3MEPHMA OTHOCHTeNIbHO pa36HeHHs D,

[Npeanonoxum, yto cayyaiiHas BeJMunHa 7) aBaseTcss 2-u3mepumoil. Toraa

E(¢n|2)=nE(¢|2) (17)

H, B HaCTHOCTH,
EM|2)=n (EMm|2,) =n). (18)



§8. YCJIOBHBIE BEPOSITHOCTH 1 MATEMATHYECKHME O)KMIAHH S 105

!
Jlas nokasaTenbeTBa (17) sametum, uto ecan €= EI xila;, 10
I=

Ik
En=Y_ > xyilap,

j=1 i=l1

W, 3HAUHT,
] k ] k k
E@nl2)=)_ Y xiyiPAiDi|2)=> > xjyi »_ P(A;Di|Dm)Ip,w)=
j=1 i=1 i=1 i=1 m=1
] k ) k
=33 xuP@A;Di|D)Ip, )= >~ xj4iP(A;| D)lp,w). (19)
j=1 i=1 j=l i=1

C apyro#t CTOPOHbI, yUHTbIBAs, UTO /,3,_ =Ip, v Ip,Ip, =0, i # m, nonyuaem,

k ]
nE¢|92)= [2 vilp, (w)] : [Z x;P(Afl.%] =

i=1 j=1

k k
= [E y,-loi(w] Z[Z xiP(A; |Dm)] Ip, (W)=

i=1 m=1 /-

!

k
=Z Z 4:ixjP(A;j|Di)Ip,(w),

i=1 j=1

yto BMecTe ¢ (19) nokasbiBaet (17).

YcraHoBHM eliie 0JIHO Ba)KHOE CBOMCTBO YCJ/IOBHBIX MaTEeMATHUECKHX OXKH-
nauui. Tlyctb 9 v 2o — 1Ba pasbuenus, npuueM 2; < Do (pa3buenue P
«MeJibye» pa3buenus 2). Toraa cnpaBeniMBo «TeleCKONHUECKOE» CBOMCTBO:

E[E€]22)|2:1=E(| D). (20)
Jlnst 0Ka3aTeNbCTBA NPEANONOKHM, UTO
D ={Dn, ..., Din}, Do={Da, ..., Don}.

Torza, ecan € = Z xjla;, 1O
e

!
E€I12:)=) x;P(A;| D),
i=1
H JOCTaTOUYHO JHllIb yCTaHOBH’I‘b, yTo

E[P(A;122)| 2:1=P(4;| D). @1



106 IJ1. 1. 3JIEMEHTAPHASl TEOPUS BEPOSITHOCTEH

[Mockoabky

n
P(4;122) =) P(A;|Dy)Ip,,,
a=1
TO

E[P(A;122)| 211 = P(A;| Dog)P (D3| 21) =

gq=1

=Y. P(4;|Dy) [Z P(Deq |D.,,)ID.,} =
q=1 p=1

m n
=Y "Ip, Y P(Aj|Ds) P(Dy|Dyp) =

p=1 q=1

m
=Y Ip, Y, P(A;|Dyg)P(Dey|Dy,)=
p=I1 {q: D2 CD1p}

“ P(AjDy;) P(Dyg)
I el
D ooy P PO

m
=Z ID|pP(A/ID|p)=P(A/|9l)’
p=1

YTO W JoKa3biBaeT (21).

B ToMm caiyuae, Koraa pasbuenne 2 nopoxuaaercs CAy4yaHbIMH BeIHUHHAMH
My ooy Mk (D =Dy,,..n,), YCIOBHOE MaTeMaTHUeCKOE OXHaanue E(£| Dy, )
6yner o6o3Hauatbes E(€|ny, ..., ne) (anwm E(&|ni, ..., m)(w)) ¥ Ha3bIBaTbCH
YCAOBHBIM MAMEMAMUYECKUM OHCUOAHUEM CAYUALHOU 8eau bl £ OMHO-
CUMEAbHO T, ..., M.

HenocpeactseHHo U3 onpezenenust E(£|n) cnenyer, uto ecam & U n He3a-
8UCUMBL, TO

E¢|n)=E& (22)
U3 (18) caenyer Takxe, uto
E(mIn)=n. (23)

CaoiicTBo (22) nonyckaet ciefyiolilee o6o6uenye. [1yctb cayuaitHas Be-
JIHYHHA § He 3aBHCHT OT pa3bHeHHs 9 (1.e. ana Jioboro D; € D cayuailHble
BesMuuHbl € U /p, HesaBucumbl). Toraa

E(|2)=E¢. (24)
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M3 (20) B KauecTBe YaCTHOrO CJiydasi MoJjiyuaeM CJIeyIollyio noJiesHyio ¢op-
MyJy:
E[EE|m, n2) |Im]=EE&|m). (25)

Mpumep 3. Jlna cayyaitHbiX BeJHUHH & U 7), PACCMOTPEHHBIX B NpHMepe 1,
naiineM E(€+n|n). B cany (22) u (23)

E€+nlm=E{+n=p+n.

70T pe3yJibTaT MOXKHO MOJYYHTb H OTNpaBAsAsCh oT (8):

2
E€+nln=>Y_ kPE+n=~k|n)=p(l—n)+qn+2pn=p+n.
k=0

Mpumep 4. TlycTb € H 7 — He3aBHCHMble OAHHAKOBO pacrpejeseHHble
cayyaiiHble BelHunHbl. Toraa

E€|+n) =E@m|g+m) =1, (26)
JeficTBHTeNIbHO, CUMTast A1A MPOCTOTHI, UTO & H 7) MPHHHUMAIOT 3HAUYEHHUS
1,2, ..., m, HaxonuM, uto (1 <k <m, 2<1<2m)
Pl=k E+n=0 _Pl{=k n=1-k}
P = =l = = =
C=klE+n=0="p10=p PlE+n=1]
_Pl=kPin=1—k} _Pln=k}P{{=1-k

b =P =klg+n=D.

Ple+n=1 P{e+n=1

THM JoKasaHO nepBoe paBeHCTBO B (26). [las 10Ka3aTelbCTBa BTOPOro J0-
CTaTOYHO 3aMETHTb, UTO

2E¢|IE+n)=EEIE+n +EMIE+n)=EE+n|E+n)=E+n.

3. Euwe B § 1 ot™meuanoch, uto KaxpoMy pasbuenuio 9 ={D,, ..., Dp}
KOHeuHoro MHoXKecTBa {2 cooTBeTcTBYeT anre6pa a(2) noamuoxects Q. ToyHo
TaK e U 06paTHO, BCAIKas anre6pa % NOAMHOMKECTB KOHEUHONO MPOCTPAHCT-
Ba () nopoxaaercs HeKOTOPbIM pasbuenuem P (B = a(2)). Tem caMbiM MexIy
alrebpaMn M pa3GHeHHSMH KOHEUYHOro MpoCTpaHCTBa ) CylECTBYeT B3aHM-
HO oJHO3HayHOe COOTBETCTBHE. DTO OGCTOATENbCTBO CJEAYeT HMETb B BHAY
B CBA3H C BBOAMMLIM B JaJibHefilleM MOHATHEM YCJOBHOTO MaTeMaTHYECKOro
OXH/IaHHS OTHOCHTEJIbHO CTIELMANIbHBIX CUCITIEeM MHONCECMB, TaK Ha3biBAEMbIX
o-ajire6p.

B ciyuae koneunoLx NpoCTPaHCTB NOHATHS anre6p U o-are6p COBNAAIOT.
Tpu s1oM okaswiBaercs, uto ecan B — HeKkoTOpasi ajire6pa, To BBOAHMOE
B lanbueiimem (§ 7 ra. II) ycaoBHoe matematnueckoe oxupanue E(£|B)
CllyyaiiHO# BeNHuHHBI & OTHOCHTENbHO ajre6psl % MPOCTO COBNajaeT C



108 IJ1. . 3JIEMEHTAPHA{ TEOPHS BEPOSTHOCTEMN

E(£| 2) — maTeMaTHueCKHM OXHAaHHEM & OTHOCHTENbHO pa3bueHus 2 Takoro,
uto B=0a(2). B 3T0M CMBICJIE B C/lyyae KOHEUYHLIX TPOCTPAHCTB B AaJbHelllieM
Mbl He Gyaem pasnuuath E(£|B) n E(§| D), nonumas Beskuil pas, uto E(§| B)
ecTb Mo onpefieneHuto npocto E(€]2).

4. 3apaun.

1. TIpuBecTH npuUMep ABYX cJiyyailHbiX BeJIHYHH £ H 7, KOTOPbLIE He ABJIAIOTCH
HE3aBHCHMbIMH, HO 111 KOTOPLIX

E(€|n) =E¢.

(Cp. c yrBepKaeHHeM (22).)
2. ¥cao8Hoii Qucnepcueii € oTHOCHTENbHO pa3buenus 2 HasbiBaeTcs Cay-
yaiiHas BeJIHUHHa

D(|92)=E[(¢ -E(|2))°|2].
HOKasaTb, UYTO AUcCHepCHs
D¢=ED(|2)+DE(|9).

3. Otnpasassice ot (17), Aoka3aTh, uTo A1 BeAKoH ¢yHkuuu [ = f(n)
yc/ioBHOe MaTeMaTHuecKoe oxxuianue E(£|n) oGnapaer crienyioum cBoii-
CTBOM:

E[/mEEIm]=E[{f(m)].

4. Tlyctb € v 1 — cayuaitible BeauuuHbl. [1okasatb, uTo ir;f E(n — f())?

nocturaetcst Ha ¢yHkuun f*(€) =E(n|€). (Takum o6GpasoM, onTHMasbHO# B
CpeHEeKBAPaTHUECKOM CMBbICJIE O4eHKOl 1) No & ABNAETCA YCNOBHOE MaTeMa-
THyeckoe oxuaanue E(n|€).)

5. Tlyetb &y, ..., &, T — He3asucumbie chayyaiiHble BeJHYHHBI, TpHYEM
BEJMUHHB &), ..., §; OAWHAKOBO pacnpefielieHbl, a T NPUHHMAET 3HAYEHH:
1,2,..., n. Tokasatb, uto eciau S, =& +...+& — cymma cayuaiinoeo

HYUCAQ CAYUAUHBLX BEAUUUH, TO

E(S, 'T) =7E&, D(S-|r)=7D¢

ES,=E7-E¢, DS, =Er-D¢ +D7-(E€)2.

6. Nokasatb paBeHCTBO (24).
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§ 9. Cayuaiinoe Oayxnpanue. |. BeposirHocTu pasopenns
M cpeHsisl NPOAOJKHTENbHOCTb NPH UTpe
¢ GpocaHueM MOHETDI

1. 3HaueHHe ycTaHOBMEeHHbIX B § 6 mpefenbHbIX TeopeM aas cxeMbl Bep-
HyJUIH JANEKO HE HCUEpMbBAeTCs TeM, YTO OHH JAlOT ylOGHble tdopmyiibl ans
noacueTta BeposTHocTel P{S, =k} u P{A < S, < B}. Poab 3THX TeopeM COCTOHT
Taloke H B TOM, YTO OHH HOCAT yHuBepcaibuuiil XapakTep, T. €. OCTalOTCA
CripaBe/LTHBbIMH He TOJIbKO U1 He3aBHCHMbIX GePHYJWIHEBCKHX CIyYaiiHbIX Be-
nunH &1, €2, ..., TPHHHMAIOILKX BCETO JIHlbL 08a 3HAUEHHSA, HO H 1S BEJIMUHH
ropasio Gosiee oblieil npupoabl. B aTom cMbicne cxexa Bepryaiu sBunach
Toil mpocTefilliell MOAENbIO, HA MpHMepe KOTOpO# ObliM MoaMeyeHbl MHOrHe
BEpOSITHOCTHBIE 3aKOHOMEPHOCTH, NPHCYLLHE ¥ TOPa3A0 GoJiee OGLIHM MOAEIISM.

B HacTofllleM H cJefylouleM naparpacgax GyaeT paccMOTpeH psj HOBBIX
BEpOATHOCTHbIX 3aKOHOMEPHOCTEH, MOAYAC HOCALLUX KPaiHe HEOXKHAAHHbIH Xa-
pakrep. Bce paccMoTpeHust GYAyT BeCTHCh CHOBa il GJly>KIaHHi, OMHCbIBae-
Mbix cxemoii BepHyJuiH, X0Ti MHOTHE BbIBO/bI OCTAIOTCA CMPABEAMHBLIMH H A4
6ayxpaHuit 6oJiee oblLero Buaa.

2. Paccmotpum cxemy Bepuynan (Q, &, P), rae Q={w: w=(x), ..., Xa),
xi=+1}, & — cucTema Bcex moamHoxects Q u P({w}) = p*@gr—v),

xi+n .
u(w)=zé—. [lycts &(w)=x;, i=1, ..., n. Toraa, KaK yxxe H3BeCTHO,
NoC/IeIoBaTeNbHOCTD €1, ..., &, ABJIAETCS MOCJE10BaTEbHOCTbIO HE3aBUCHMbIX

GepHYJUIHEBCKHX CJIy4yafiHbIX BEJIHUHH,

Pi&i=1}=p, Pl&i=-1}=q, p+g=1.

[Monoxum So=0, Sp=¢& +... +&, 1 <k <n. [NocnenoBatenbHocTb (Sk)egn
MOXHO pacCMaTpHBaTh Kak mMpaeKmopuro ciyyaitHoro 6J1y>KAaHHsE HEKOTOPOH
«YacTHUbI», Bbixoaauied u3 Hyas. [lpu atoM Spy 1 =Sk +&kyy, T.€. €caiu B
MOMEHT k& yacTHLA HaXOAMTCS B TOYKe Sp TO B MOMeHT k+ | oHa caBura-
€TCA MO0 Ha efHHHLY BBepX (C BEPOATHOCTbIO p), JHOO HA €IHHHLY BHH3
(c BeposiTHOCTBIO ¢).

[lycts A u B — n8a uenbix yucia, A <0< B. OaHa U3 HHTepeCHbIX 3ajay,
CBA32aHHBIX C PaCcCMaTPHBAEMbIM CJyuyaiiHbIM GJy>KIaHHEM, COCTOHT B HCCJie-
JoBaHHH Bompoca 0 TOM, € KaKOU 8epOAmMHOCMbIO Oaynoarowas wacmuya
8ouiidem 3a n wazoe u3 unmepsara (A, B). iuTepeceH Takxe BOMPOC O TOM,
C KaKoil BepOATHOCTbIO BbIXOJ U3 HHTepBasa (A, B) npousoiizer B Touke A Win
B Touke B.

EcTecTeHHOCTb 3THX BOMPOCOB CTaHOBHTCA OCOGEHHO MOHSAITHOM, eci
Bocnosib3oBaThea caefyloiiell MrpoBoit HuTepnperaudeir. [lyctb umelotcs
ABa wWrpoka (mepBblii M BTOPOM), Y KOTOPbIX HayajibHble KamuTajibl PaBHbI



110 IJ1. 1. 3JIEMEHTAPHA$ TEOPUS BEPOATHOCTEN

cootBercTBeHHO (—A) 1 B. Ecan € =+1, T0o 6yzieM cunTaTh, YTo BTOPOil HTPOK
NJATHT eUMHHLY KanuTaja nepsoMy; ecyu xe & = —1, To, Ha060poOT, nepBbIf
naatut BTopoMy. Takum o6pasoM, Sp =& + ... + £, MOXKHO HHTEpPNPETHPOBATD
KaK BeJIHYHHY BBLIMIpBILIA MEpBOro Mrpoka y BToporo (ecau S, <0, To 3ToT
BBITPbILL €CTb HA CaMOM JieJle BeJIHYHHA NPOUTpbILLIA IEPBOTO HIPOKa BTOPOMY)
32 R «<XO0B».

B ToT MOMeHT BpeMeHH k< n, Koraa BnepBble Sp =B (S, =A), kanuran
BTOPOro (MEePBOF0) HrpOKa CTAaHOBHTCS PaBHBIM HYJIIO, HHaye roBops, NPOHUCX0~
IuT ero pasoperue. (Ecan k <n, To cienyeT cuMTaTh, YTO Hrpa NpeKpallaeTcs
B MOMEHT BPEMEHH k, XOTs caMo GJyxKAaHHe OCTaeTCs OnpefieieHHbIM 10 MO-
MEHTa 1 BKJIIOUHTEJIbHO.)

[Mpexxne ueM nepexofHTb K TOUHBIM MOCTAHOBKaM, BBeleM psa 0603Haye-
HHUH. g

[Tyctb x — uenoe uncsio U3 uHTepBana (A, B], v wia 0 k< n nyetb S =
=X+ skv

7 =min{0< !/ <k: Sf =A wm B}, 1)

rlle yCJIOBHUMCS CuHTaTh Ty =R, ec/ih A <SF < B nna Bcex 0< /< k.

Has kaxporo 0<k<n u x €[A, B] MOMeHT 7, Ha3biBaeMblii MOMEH-
mom ocmanosxu (cM. § 11), aaserca LesoUHCIeHHO! cayyaliHON BeHUHHOH,
ONpejie/IeHHOM Ha MPOCTPaHCTBE 3JIEMEHTAPHBIX COOLITHH § (3aBHCHMOCTb T
OT w SIBHO He yKa3blBaeTcs).

SlcHo, uTo ans Beex | < k MHOXKeCTBO {w: 7 =[} ecTb COGbITHE, COCTOALLIEE
B TOM, 4TO cayudaitHoe 6ayxaanue {S7, 0 <i < k}, HauMHalolleecst B HyJIeBOH
MOMEHT B TOUKe X, BbliileT U3 UHTepBaJsa (A, B) B MomeHT /. [ToHATHO TakXKe,
uyto anisi [ < k muoxectBa {w: 7§ =1, S} = A} u {w: 7 =1, S} = B} umeiot cMbica
COGBITHH, COCTOSILIMX B TOM, YTo GJyXKIalolias YaCTHLA BHIHAET U3 HHTepBasia
(A, B) B MoMeHT [ B Toukax A U B COOTBeTCTBEHHO.

O6o3Hauum st Bcex 0< kg n

A= fw: =1 Sf=A),
oIk

B=S {w: 1F=1 S =B},
]

oIk

@)

H nycTb
o (x) =P (), Br(x) =P (%)

— BEpOATHOCTH BbIX0/1a yacTHLL 32 BpeMms [0, 2] u3 untepBana (A, B) cooTser-
CTBeHHO B Toukax A u B. Jlas 5THX BepOATHOCTe# MOXKHO MOJIYYHTb PEKyppeHT-
Hble COOTHOLLEHHS!, U3 KOTOPbIX MOCJEe10BaTeAbHO HaXoAaTCs ay(X), ..., aq(x)

H B1(%), ..., Ba(x).
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Urak, nyctb A <x < B. flcHo, uto ap(x)=Fo(x) =0. IMyctb Tenmeppb | <
< k< n. Toraa no dopmyse (3) § 3
Be(x) =P (%) =
=P(&|ST=x+)P{&=1}+P(B;|ST=x - 1) P{& =-1}=
=pP(#B;|S{=x+1)+qP(B;|ST=x-1). (3
[TokaxeM, 4TO
P(®;|Sf=x+1)=P(&T)), P(®|Si=x-1)=P(®B)).

C 3Toil LeJIbi0 3aMETHM, YTO MHOXeCTBO B
MOXHO NpeJCTaBHTb B BHJE

Bi={w: (x, x+&, ..., x+& +... + &) €BLY, Py
I
rie Bj — MHOXeCTBO TpaeKTOpHii BHAa * E E
—| 1
(X, x+x1, ..., X+ x1+...4+x) 0 pr p

¢ x; ==1, koTopble 3a Bpems [0, k] Bnepsbie Bbl- 4

XoAAT U3 uHTepBaaa (A, B) B Touke B (puc. 15).

Mpenctaum muoxectso Bf B Buge By**'+  p,. 1. Tphmep TpaekTo-

+B5*", rne Bf**! u Bf*~! — 1e TpaektopuH  pun u3 mHoxectsa B
H3 Bf, nns kotopeix x; =+1 u x; =—1 cooTseT-
CTBEHHO.
3aMeTtuM, 4TO Kaxpas Tpaektopusi (X, x+1, x+1+x9, ..., x+1+x9+

+...4+xz) us B:"”" HaXxoAUTCS BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH C
Tpaektopueit (x+1, x+1+x9, ..., x+ 14+ x0+ ... +x) u3 B}jﬂ. To xe cnipa-

BEIVIHBO M 115l TpaekTOpHil u3 B!, YunTbiBast 3TH 06GCTORTENBCTBA, 2 TaKXKe
He3aBHCHMOCTb, OAHHAKOBYIO Paclpele/IeHHOCTb BEHUHH &1, ..., & H dopMy-
ay (6) § 8, Haxonum, uTo

P(#; 1S =x+1)=P(#;|&=1)=
=P((x, x+&1, ..., x+ & +...+E&)EBEIE = 1) =
=P{x+1, x+1+&, ..., x+1+&+...+&)eB]}=
=P{x+1,x+1+&, ..., x+1+& +... +&-1) € B} =P(&1)).
Touno Tak xe

P(®B}|Sf =x~1)=P(&Z)).

Taxum o6pasom, B cuny (3) mss x € (A, Byu k<n
Br(¥) = pBe-1(x + 1)+ qBe—1(x - 1), 4)
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rae
BiB)=1, B(A)=0, 0<ign ()

Ananorduso

ap(X) = pog-1(x +1) +qap—_;(x — 1) (6)

aA)=1, oB)=0, 0<iLn

IMockoabky ap(x)=LFo(x) =0, x € (4, B), To noayueHHble peKyppeHTHbIe
COOTHOLLIEHHS! MOXHO (Mo KpaiHel Mepe B NPHHLHMNE) HCNOJb30BATh IS OThIC-
KaHHs BeposiTHOCTell o (x), ..., aq(x) 1 By (), ..., Bz(x). OcTaBass B cTropoHe
KOHKDETHOe BbIYHCJ/IEHHE 3THX BepPOATHOCTeil, 3alaiMMCs BONpPocoM 06 HX 3Ha-
YEHHAX MpPH GOJbLIHX 7.

C 370#l LesIbi0 3aMeTHM, YTO NOCKOJbKY Bi_, C Bi, k< n, 10 Pr—y(x) <
< Br(x) < 1. EcTecTBeHHO NO3TOMY pacCUHTBIBATh (@ TaK OHO M €CTb, CM. JaJjiee
n. 3), 4TO NpH JOCTAaTOYHO GOJMbLUIKX 1 BEPOATHOCTb (,(X) GJH3KA K peleHHIO
B(x) ypaBHeHus

AW =B+ 1)+~ 1) )
C 'PaHHYHBIMH YyCJIOBHAMH
BB)=1, BA)=0, ®)

nostyyaeMbiMu OpMasibHBIM NpesieIbHbIM NepexoaoM H3 (4) u (5).

Ilna pewenns 3anauu (7), (8) npeanosiokuM cHauana, uto p #¢q. Herpyato
3aMeTHTb, YTO paccMaTpHBaeMoe YpaBHEHHE HMEET 084 HACMHbIX pelleHus a
u b(g/p)*, rie a u b — koHcTauThl. Bysem noaTomy uckaTh oflliee pelleHHe
B(x) B Buze

B(x)=a+b(q/p)". 9

C yuertom (8) HaxomuM, uto st Bcex A<x < B

_ (g/p* - (a/p)*
A= a/p)B - (a/P)A" (10

[NokaxkeM, 4TO 3TO eCcTb eQuHCMBEHHOe pelleHHe paccMaTpHBaeMoil 3a-
naud. C 370fi LeJblo JOCTAaTOYHO NMOKa3aTh, UTO 8ce peluenus 3agauu (7), (8)
MoryT GbiTb MpejcTaBJeHbl B Buie (9).

Iycts B(x) — Hekotopoe pewenne ¢ 3(A)=0, 3(B)=1. Bcerna moxHo
HaiiTH TaKHe KOHCTaHThl @ W b, uTo

a+blg/p)*=BA), a+bg/p*'=pA+1).
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Torna u3 (7) caenyet, uto
BA+2=a+b(g/p)**?
1 Boobuie
Bx)=a+b(q/py.
Tem cambiM HafzeHHoe peiueHue (10) ecTb eIMHCTBEHHOE pellleHHe paccMat-
pHBaeMoi 3aJ1auH.

AHaJIOTHYHble PacCyXKIEeHHs MOKa3biBaloT, YTO EAHHCTBEHHOE pellleHHe
ypaBHeHHs

ax)=pax+1)+qga(x-1), xe(4,B), 10
C FPaHHYHBIMH YCJIOBHAMH
a(A)=1, a(B)=0 (12)
3afaercs (opmysioi
B x

(a/p)8 —(q/p)*A’

Ecau xe p=g=1/2, To eIMHCTBEHHbIMH pellieHUsiMH B(x) U a(x) 3apau
(7), (8) u (11), (12) aABAAIOTCA COOTBETCTBEHHO

x—A

Bx)=5—% (14)
H
B—x
a(x) = m (]5)
3amerum, uto npH Mo6bix 0 p < 1 0 x B
a(x)+B(x)=1. (16)  Puc. 16. Ipaduk B(x) —

BE€POATHOCTH NOCTHXXEHHA
Bennuunbl a(x) 1 B(x) xotedoch Gbl Ha3BaTh  touku B paHbilue ToukH 0,

BEPOAMHOCMAMU PA3OPEHUS Nepsoeo u smo- KOTAa YaCTHUA BbIXOIHT
PO20 uepoka COOTBETCTBEHHO (KOFAAa HayaJbHbIl M3 TOYKH X

KanurtaJn nepsoro ectb X — A, a Broporo B — x) npu

HeOrpaHHYeHHOM YHCJie XOJ0B, YTO, KOHEYHO, MpeAnoJiaraeT CyLIeCTBOBaHHe
GeckoHe4wHOU MOC/eN0BaTENbHOCTH HE3aBUCHMBIX GEpHYJIHEBCKHX CJydaii-
HBIX BeJIHUHH €], o, ..., Ie & =+] TpakTyeTcs KaK BbIUTPbILI NEPBOro HIPoKa,
a §; = —1 —kak ero npourpsill. PaccmoTpenHoe B Hayase sToro naparpaca Be-
posiTHocTHOE npocTpaHcTBO (2, &, P) OkasbiBaeTcst CHLIKOM «GeqHBIM» LIs
TOro, yTo6bl Ha HEM CYLLECTBOBaAJA TaKas 6eCKOHe4HAs NOC/eN0BaATENbHOCTD
He3aBHCHMBbIX CJydyaiiHbiX BequuuH. B panbHeiiiuem mbl yBumum (§ 9 o II),
YTO TaKyio MOC/IeLOBaTeJbHOCTb OeldCmaumesbHO MOXHO MOCTPOUTb H YTO



114 IJ1. . 3IEMEHTAPHAS TEOPUS BEPOSITHOCTEM

BesMUHHbl B(x) ¥ a(x) B caMoM JeJie SBJAIOTCH BEpPOATHOCTAMH pa3opeHHs
MpH HEOTPaHHYEHHOM UYHCJIE 1LIaroB.
OG6partumcs K pafy CNeACTBHH, BbITEKAIOLHX U3 MOJNy4eHHbIX GopMy.I.
Ecau nonoxuts A=0, 0<x < B, To no cBoeMy cMbicay (yHkuus [(x)
GyneT BepOATHOCTbIO TOTO, YTO YAaCTHLIA, BbILLIEALIAsA H3 COCTOSAHHUS X, JOCTHTHET
ToukH B panblue, yem Touxku 0. U3 dopmyn (10) u (14) caenyer (puc. 16), uto

ﬁ( ) JC/B, p=q=l/2, 17)
x)=1 (a/p)* -1 - (
@/p)8 -1’ P

Jlanee, nycTb BHIMOJIHAETCS HEPABEHCTBO ¢ > P, O3HaYalollee, YTO A5 Nep-
BOrO HIPOKa Hrpa siBnserca HebaazonpuamHoi. Ero npeenbHas BeposiTHOCTb
pasopenus a = a/(0) 3anaerca dopmyJoi

o= @/p)° -1
(9/p)B —@/p)*

INpeanonioxuM cefiuac, YTo yCJIOBHSI HIpbl H3MEHEHbLI: KalHTaJbl HIPOKOB
no-npexHeMy paBHbl (—A) ¥ B, Ho naiaTa KaXXIoro Hrpoka Tenepb paBHa 1/2,
a He 1, kak paHble. MHaue rosops, nycth Tenepb P{; =1/2}=p, P{§=
=—1/2}=q. O603HauuM B 3TOM CJyuae npejeJbHyI0 BePOATHOCTb Pa3opeHHs
nepBoro Hrpoka uepes aye. Toraa

___(a/p*-1
2= G/ n)2E = (q/p)A
H, 3HAUHT,
__(g/pB+1
Ry P By Y Rk
ecau g > p.

OTciofa BbITEKAET TaKoM BLIBOA: ecau 041 nepsozo uepoKa uepa Hebaa-
eonpuamua (1.e. ¢ > p), mo yseiuveHue cmasKu 8 08a pasa ymeHouiaem
8EpOAMHOCNIb €20 PA3OPEHUA.

3. OGpatuMmcst Tenepb K BOMpPOCY O TOM, KAK 6bicmpo cy(x) U Ba(x)
CXOAATCSA K NMpefesbHbIM 3HaueHHaM a(x) U O(x).

Bynem cuutath gi1s npoctotl X =0 1 0603HaUUM

an=an(0), Ba=pa0), Ya=1-(0n+0).
flcho, uto
Ym=P{A<Sp<B,0<k<gn},
rie {A < S, < B, 0< k < n} o603Hauaer co6biTHE

() (A<Sk<B}.

0<kgn
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nyCTb n=rm,rae r H m— uejble UHcJya, H

G=&+...+&m,
C2=€m+l +u-+€2m’

CG=&mir=1)+1+ ... +&m.
Torza, ecnn C =|A| + B, To HeTpyaHO Y6eAHTLCA B TOM, YTO
{A<S<B, 1<ksrm}C{|Ci|<C, ..., |¢] < C},

H, 3HAUWT, B CHJY HE3aBHCHMOCTH BeJIHUHH (i, ..., {, H HX OJUHAKOBO# pac-
npeaeJeHHOCTH

1 <PUGI<C . Gl < =T PGl <} =Plcal<Cy.  (18)

i=1
3amerum, uto D¢ =m[1 — (p — g)?]. Mostomy npu 0< p < | 115 KocTaTouHO
60JibLLIMX M
P{lcil < C}<ey, (19)

rze &; < 1, nockosbky ecau P{|¢;|< C}=1, 10 D¢, < C2.

Ecau xe p=0 uin p=1, To 19 10CTaTouHo GOJBLIMX M BEPOATHOCTb
P{|¢i] < C}=0, u, caenoarensHo, (19) Buinonxexo npu seex 0K p< 1.

M3 (18) u (19) caenyer, uto Ans focTatouHo GOJBILHX 1

Yo <E", (20)

rae e=el/m < 1.
Cornacxo (16), a+ = 1. IMoatomy

(a—aq) + (8 — Ba) ="n,
H TaK KaK a2 Q,, B = B,, TO

Oga_angﬁ’ngen,
0<B—0n <M e

¢ £ < 1. AHanorHuHble OLEHKH CMpPaBeMIUBbI H 11 pasHocTel a(x) — a,(X) U
B(x) = Ba(x).

4. OGpatumcs Tenepb K BOMPOCY 0 cpedredi OAumeabHOCMU ClydaiHoro
Gny>xpanusi. '

Iycts mp(x) = ET} — maTemMaTHuecKoe 0XKHaHHe MOMEHTa OCTaHOBKH TF,
k < n. TlocTynas, Kak U NpH BbIBOZE PEKYPPEHTHBIX COOTHOLIEHHH 41s B (X),
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noJyuaem, uto ans x € (A, B)

m)=Eri= Y IPlrf=h=

ISi<k

= UpPr=ll&=1)+qP@ =16 =-1)]=

1IKILk
=Y U[pPirt =1 -} +qPinT =1 - 1}]=
I1i<k
= Y (+D[pP{ =B+qP{r ==
0igk—1

=pmp_(x+1)+qgmp_1(x—1)+
+ > (PPt =0+ qPimTl ==
0<Igk-1
=pmp—1(x +1) +qme_ 1 (x - 1)+ 1.

Hrak, gna x € (A, B) u 0< k< n QyHKUMH mp(X) YIOBAETBOPSIOT PeKyp-
PEHTHbIM ypaBHEHHAM

mp(x) =14 pmp_i(x + 1) + gme_1(x — 1), @n
rae mo(x) =0. Y3 3THX ypaBHeHH{l BMeCTe C FPaHHUHbLIMH YCJIOBHAMH
my(A) =my(B)=0 (22)
MOXKHO MOCJIe0BATENbHO HAUTH My (X), ..., My (X).

[Mockoabky my(x) < Mp41(x), TO CyuiecTByeT npeae
m(x)= lim_ my(x),
KoTopblil B cuily (21) yroBneTBopsieT ypaBHEHHIO
m(x)=14+ pm(x +1)+gm(x—1) (23)

C 'paHHYHbIMH YCJIOBHAMH

m(A)=m(B)=0. (24)
Yto6bl HAiTH pellieHHe 3TOTO YpaBHEHHs, MPEANOJIOKHM CHayaJa, 4To
m(x)<oo, x€(A, B). (25)

Toraa, ecin p # g, To 4aCTHOe pelleHHe UMEET BHL, u ofliee pelleHHe

(cM. (9)) 3anucbiBaeTcs B BHAE

m(x)= ﬁ +a+b(%)x.
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OTclofla C yueToM rpaHHuHbIX ycsoBuit m(A) = m(B) =0 naxoaum, uto
mx) = p—‘_—q [BA() +Aa(x) — x], 26)

rae B(x) u a(x) onpenensitorcst u3 dopmya (10) u (13). Ecau xe p=¢g=1/2,
To obuiee pellieHHe ypaBHEeHHs (23) WMeeT BHA
m(x)=a + bx — x2,
 nockoJbKy m(A)=m(B) =0, To
m(x)= (B — x)(x — A). (27)

Ortcioza, B 4aCTHOCTH, BbITEKAET, UTO €CJIH HayajlbHble KanHTajbl HTPOKOB

paBHbl (B =—A4), T0
m(0) = B2.

BosbMeM B =10, u nycTb Kaxublii X04 B Hrpe ocyllecTsiasieTcsi yepe3 | ce-
KyHy, TOTAa (MpefesibHOE) CpefiHee BpeMsi 0 Pa30PeHHs OAHOFO W3 HFPOKOB
LOBOJIbHO BesIHKO — oHo paBHo 100 c. '

Dopmyaibl (26) 1 (27) GbliM MoJyyeHbl B MPEANOJIOKEHHH, 4TO M(X) < 00,
x € (A, B). TokaxeM Tenepb, 4TO H Ha CaMoM fiefie m(X) KOHeYHbl MpH BCex
x € (A, B). Orpannuumcs paccmoTpeHHeM caydas x =0. O6uwit cayyail pas-
6upaeTcst aHAJNOTHYHbIM 06Pa3oM.

Myers p=g=1/2. C nocnenosatenbHoctbio Sp, Sy, ..., S, H MOMEHTOM
OCTaHOBKH T, = T3 CBsKeM cJyualinylo Benuunny S, = S,, (w), onpeesieHHyio
CJIelylOILIHM PaBEHCTBOM:

Sr @)= Se@)ir,—@)- (28)
k=0

Harnsaubit cMblc/l BeTMUHHBI S, ICEH — 3TO €CTb 3HaueHHe CJy4yaiHoOro
Oy>K[aHHA B MOMEHT OCTaHOBKH T,. [1pu 3ToM, ecaiu 7, <n, 10 S, =A wu B;
ecqu xe 7, =n, 10 A<S;, <B.

JlokaxkeM, uto npu p=g=1/2

ES,, =0, (29)
ESZ =E7,. (30)

ﬂJ‘lﬂ Jl0Ka3zaTteJbCTBa nepBoro paBeHcraa 3aMeTHUM, UTO
n n
ES;, =) E[Stlir=t@)] =Y _ E[Snlir,=nw)] +

k=0 k=0

+> El(Sk = St)lir=ty(@)] =ESa+ D E[(Sk = Sa)liry=ts(@)], (31)
k=0 k=0
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rae, oueBHaHo, ES, =0. IMTokaxem, yto

> E[(Sk = Sa)lir, =t (w)] =0.
=0

Hns 0<k<n umeeM {1, >k}={A< S <8B, ..., A<S; <B}. CobbiTHe
{w:A<81<B, ..., A<S; < B} MoXeT GbITb, OYEBH/HO, PEACTABJNEHO B BUJE

{w: (gl 3 ey gk) € Ak}v (32)
rie A, — HeKOTOpOe NOAMHOXKECTBO MHOXecTBa {— 1, +1}*. Unaue roBops, 310
MHOJKECTBO OMpenesfeTcs JHLIb 3HAYEHHAMH CJy4YaiHbIX BeJHUHH £, ..., & U
He 3aBHCHT OT 3HaueHH#H BedHuHH Egy, ..., €,. [10CKOIBKY MHOXKECTBO

{rn=k}={ma>k—1}\{Ta >k},

TO OHO TaKXKe fBJIAETCA MHOXKECTBOM BHAa (32). B cuiy He3aBUCHMOCTH Cay-
yaitHbIX BeJUuHH &), ..., &, U B cuay 3agaun 10 K § 4 oTciona BbiTekaer, uTo
ans mo6oro 0< k< n chyuaitnbie BeuuHbl S, —Sp H /{7, —k) HE3aBHCHMBI,
a 3HauMT,

E((Sn — Se)iz,=ty] =E[Sn — Skl - Eltr,=y =0,

YTo W foKa3biBaeT opmyay (29).
Tem >xe MeTozOM foKa3biBaeTcs H dopmyaa (30):

n n
ES2 = ESir=n="_ E((Sa+(Sk— S iry=)) =

k=0 k=0
n
= Z [ES2 s,k + 2ESn(Sk — Sl (ry=ty + E(Sn — S&)*lir,=t3] =
k=0
n n
=ES} =3 E(Su=Solin=n=n~)_(n~k)Plra=k}=
k=0 k=0

n
=) kP{r,=k}=Er,.
k=0

HUrak, s p =q =1/2 umerotr mecto dopmyasl (29), (30). B cayuae xe
NpOU3BOJbHLIX p H g (p + g = 1) aHaNloOrHuHO yCTaHABJIHBAETCH, YTO

ES,, =(p —9q)Em, 33)
E[S;, — 4E&)? =D& -ETa, (34)

rie E& =p—q,Dé=1-(p-9)%
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C noMolUbl0 MOJIy4EHHBIX COOTHOLIEHH# MoKa)keM, uto lim m,(0)=
n—00

=m(0) < oo.
Ecnu p=g=1/2, 10 B cuny (30)

E7, < max(A?, B?). (35)

Ecau xe p # g, 10 u3 (33)
E < m_a)ilil,_B_)_’ 36
™S T gl (36)

oTKyaa sicHo, uto m(0) < co.
3aMeTuM Takxe, 4To B cilydae p=q=1/2

Era =ESZ = A%a, + B?B, + E[S2/ia<s,<8)/r=n)]
H, 3HAUHT,
A%a, + B%B, < ET, < A%a, + B%B, + max(42, B%) - 7,.

Orciona 4 U3 HepaBeHcTB (20) caefyet, uTo MaTeMaTHUECKHe OXHaaHus Er,
CXOAATCA MPH 1 — 00 K NpefeSIbHOMY 3HaUeHHIO

22 29_a22. B po A _
m(0)=A‘a+B*B=A"- g— B B_A—IABI

IKCNOHEHYUANLHO BBICTPO.
AHaJlorHuHBIA pe3yJbTaT CrpaBeUIB H B Cliydae p #¢:

9KCNOHeHYUabHo 6bictpo ET, — m(0) = w: -i; gB '
5. 3agaum. :
1. Tokasats, uto B 06061eHHe (33) u (34) cnpaBesHBLI CaeayloLLHe Hop-
MYJIbi:
ES7:=x+(p-9qE™,
E[Sﬁ,{ —TE& )2 =D¢ -E7f +x%

2. MccnenoBaTh BOMpoc O TOM, K 4eMy CTPEMSATCS BeJMUHHb a(x), B(x) u
m(x), Koraa ypoBenb A | —oo.

3. INycTtb B cxeme Bepnyanu p =g =1/2. Kakos nopsnok E|S,| npu 60/b-
WHX n?

4. [IBa urpoka He3aBHCHMBIM 06pa30M NoAGPACHIBAIOT (KaXIblil CBOIO) CHM-
MeTpHuHble MOHeThI. [Toka3aThb, 4TO BepOATHOCTb TOTO, YTO Y HUX MOCJIE /1 NOJ-

n
GpacbiBaHuii GyZleT OHO H TO XKe YHCJIO rep6oB, paBHa 2-2" 3~ (C¥)2. Briectu
k=0

n
oTciona paserctBo . (CF)2=C3%, (cm. Takxe 3anauy 4 B § 2).
k=0



120 [J1. I. 3JIEMEHTAPHAS TEOPHS BEPOSATHOCTEN

[MycTb 0, — TOT MepBblfi MOMEHT, KOra YHCJO rep6oB Y OJHOMO Hrpo-
Ka coBMajaeT ¢ yucjoM rep6oB y Apyroro (coBepuiaeTcs n MoAGpacbiBaHHi,
op=n+1, ecin yKazaHHOr0 MOMeHTA He cyuiecTsyet). HaiiTu MaTeMaTHueckue
oxunanus E min(oy,, n).

§ 10. Cayuaiinoe 6ayxpaaHue. Il. [lpuHuun oTpaxkeHus.
3akoH apKcHHYyca

1. Kak u B npeabinyuiem naparpacde, 6yzeMm npeanoJaratb, 4to &, ...
..., §on — MOCJ/IE10BATENBHOCTD HE3aBHCHMbIX OJMHAKOBO paclnpesesieHHbIX
6epHYJIHEBCKHX CJIy4aitHbIX BEJIHYHH C

P{&i=1}=p, Pl&i=-1}=q,
Se=6+...+&, 1<k<2n; So=0.
O603Hauum
oop=min{l < k<2n: S, =0},
nosaras go, =00, ecyd S, #0 npu Bcex 1 < kK 2n.
Harasaublit cMbics1 o9, BMOJIHE MOHSATEH — 3TO MOMEHT 1ep8020 68036pa-
wenus B Hyab. CBoilcTBa 3TOro MOMeHTa W GYmyT M3yyaTbCsl B HacCTOALLEM
naparpade, npx 3ToM GyIeT npeanonaraThCs, YTo pacCMaTpHBaeMoe c.nyqaﬁﬂoe

GnyKIaHHe CUMMEempPU4Ho, T.€. p=q =1/2.
OGosnauum s 0< k< n

uge =P{S2 =0}, for =Plo2, =2k}. (1
SIcHo, uTo =14
Ugp = Cgk .9=2%

Halwa 6auxaiiias ueib — nokasatb, yto aias 1 < k < n BepoaTHocTb fo
onpegensercs hopMmyJioi

1
for = 55 tae—1)- @
IMoxaTtHo, yto o 1 < k<K n

{o2n =2k}={51#0, S2#0, ..., Spe—1 #0, Sz =0},

H B CHJIy CHMMETpHH

foe =P{S1 #0, ..., Sop—1 #0, Spr =0} =
=2P{5, >0, ..., Sop-1>0, S2,=0}. (3)
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Ha3zoBeM nymex LauHbl k nocjiefoBatelbHoCTb yncen (S, ..., Sk) H 060-
3Hauum uepe3 Lp(A) — 4ucao nyteft LMHHBI R, 0/ KOTOPbIX BbIMOJHEHO CBOH-
cteo A. Torna

fa=2 Y. L2a($1>0, ..., Sge1>0, Spe =0, Spes1 =a2e41, -..

(@201,--020) coey Sop=aopq1 + ...+ ag,) 22 =

=2L9,(51 >0, ..., Sor—1 >0, Sgr. =0) Q2% 4)

rle CYMMHPOBAaHWE PacrpoCTPaHseTCs MO BCEM HaBbopaM (ki1 ..., don) C
a; ==1.

CriefioBaTesibHO, OTHICKAHHE BEPOSITHOCTH for CBOJAHTCA K MOJACYETY YHCJA
nyre#t Lop(S1 >0, ..., Sop—1 >0, S =0).

Jlemma 1. [Tycmo a, b — yeavie Heompuyamenvroie wucaa, a—b >0 u
k=a+b. Toeda
Lk(S| >0, vy Spy >0, Sk=a—-b)= a;b

Ck- ®)
Jlokazameavcmeso. JleficTBUTENBHO,

Lk(S| >0, ceey Sk_| >0, Sk=a—b)=
=L(S1=1, $9>0, ..., S, >0, S,,=a——b)=Lk(S| =1, Sk=a—b)—
—Lp(Si=1,Se=a—-b;3i,2<i<k—1, takoe, uto S; <0). (6)

HHuaue rosops, uncio nosomcumervroix nyteit (Sy, So, ..., St), BIXOAALUX
13 ToukH (1, 1) u 3akaHuMBalOLMXCA B TOuKe (R, @ — b), COBNajaeT C YHC/IOM
8cex myteil, HaylwHx U3 ToukH (1, 1) B Touky (&, a — b), 3a BbiueTOM Tex myTei,
KOTOpbIe KacaloTCs HJIH NlepeceKaloT BpeMeHHYIo ocb. *)

3aMeTHM Tenepb, uTo

Le(S1=1, Sp=a-0b; 3i, 2<i<k—1, takoe, uto S; <0) =
=Lk(S| =—], Sk=a—b), (7)

T.e. yucao nymeii, udyuwux u3 mouku o= (1, 1) 8 mouky B=(k, a—b) u
KACarowuxca Ul nepecexaroujux 8pemennyjio oco, coanadaem ¢ 4ucioMm
scex nymei, udywux us mouku o* = (1, —1) 8 mouxy B=(k, a —b). loka-
3aTeIbCTBO ITOTO YTBEPXKIEHHS, HOCALLErO Ha3BaHUE NPUHYUNG OMPANCEHUR,
ClleflyeT W3 JIeTKO YCTaHaBJMBAaeMOIO B3aHMHO OJHO3HAYHOIO COOTBETCTBHS
mexny nytamu A=(Sy, ..., Sa, Sati, ..., Sk), COCAUHSIOLUNMH TOYKH o H 0,

*) Myts (S, ..., Sk) Ha3biBaeTCH nosoMumervHoM (HeoOTPHLATEALHBIM), eciH Bce S; >0
(S; > 0); nyTb Ha3bIBAETCsi KACAIOWUMCA BPEMEHHOR OCH, €C/H $;20 nmm §; <0 ans Beex
1 < j <k n Haipercs Takoe | i<k, uto S; =0, U Ha3bIBAETCA nepecexaOuyum BPEMEHHYIO
OCb, €C/IM HafllyTCA TakHe B2 MOMEHTA BpeMeHH { H j,uT0 S; >0, a Sj <O0.
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u nyramMu B=(-Sy, ..., —Sa, Sa+1, ---» Sk), COENUHAIOUIMMH TOUKH a* U
(puc. 17); a — nepBas Touka, rae nytd A U B o6pallaiotcs B HyJb.
U3 (6) 1 (7) Haxoqum

Lk(S| >0,...,8..,>0, Sk=a—b)=
/\/\ /\/ =Lp(S1=1, Sp=a—-b)—

Qaf"/’a —Lp(Sr=-1, Sp=a-b)=
— a-b
=Cil - ="
Puc. 17. K npunuuny oTpaXeHnss  yro y gokasbiBaeT yrBepxaenne (5). O

BosBpailiasicb K NojicyeTy BEpOSATHOCTH
for, HAXOnMM, uTO, cornacHo (4) u (B) (ca=Fk, b=k —1),

for =2L2k(S1>0, ..., Spp—1 >0, Sp=0)-27%* =
- - 1 1
=2L2k_|(sl >0,..., Sop_1 = 1)-2 2k =2-2 2%, mcgk_, = ﬁug(k_”.

Hrak, dopmyaa (2) nokasaua.
puBeseM ellie 0HO A0Ka3aTebCTBO 3TOH (hOpMyJibl, OCHOBAHHOE Ha CJie-
AyloleM 3aMeuaHuH. HenocpencTBeHHas npoBepka MokasbiBaeT, 4To

1
o Ua(k—1) = Ug(e—1) — Uk- (8)

B To Xe caMoe BpeMsi iCHO, 4TO
{oon =2k} = {02, > 2(k — 1)} \ {02, > 2k},
{o2n > 20} ={S1 #0, ..., S #0}
H, 3HAUHT,
{o2n =2k}={S1 #0, ..., Soke—1) ZO}\ {S1 #0, ..., Sor #0}.
[Toatomy
for =P{S1#£0, ..., Soe—1) #0} = P{S1 #0, ..., Sop #0},
H, CllefloBaTe/IbHo, B CHly (8) 1Al l0Ka3aTeNbCTBa PaBeHCTBa foe = 5 k = U (1)
JOCTAaTOYHO MOKa3aTh, Y4TO
Lok(S) #0, ..., Sop #0) = Lo (S2x =0). 9
C 5Tl LeJIbio 3aMeTHM, 4TO OHEBHAHbIM 06Pa3oM
Log(S1 #0, ..., Sop#0) = 2Loe(S; >0, ..., Sox>0).
TMosToMy s npoBepkH (9) HYXHO JIHLIb YCTAHOBHTD, Y4TO
2L9,(S1 >0, ..., Sor >0)=Lop(5, =0, ..., S92 20) (10)
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Loe(S1 20, ..., Sop = 0) = Lok(S2 = 0). (1

PasenctBo (10) Gyzer noka3aHo, ecJiM MoKa3aTb, UTO MeXAy NyTAMH A =
=(S1, ..., S2t), y KoTopbix Mo KpaiiHeil Mepe ogHO S; =0, ¥ NONOXKHTENLHBIMH
nytaMi B =(Sy, ..., Sox) MOXKHO YCTaHOBHTb B3aHMHO OHO3HAYHOE COOTBET-
CTBHE.

Mycts A=(Sy, ..., Sor) — HeoTpHLIATEJbHBIR NYTb, Y KOTOPOro NepBoe 06-
pallleHHe B HyJb MPOHCXOAMT B Touke a (T.e. S;=0). Buinyctum u3 Touku
(@, 2) TpaekTopHio (Ha pHc. 18 oHa 0603HaueHa IITPHXOBLIMH JIHHHAMH) (Sq +
+2,Sa41+2, ..., Sor+2). Torna nytb B=(Sy, ..., Sa—1, Sa+2, ..., Sor +2)
aBJseTCA MosoKuTeabHbIM. O6patHo, mycts B =(S), ..., Sor) — HekoTOpblil
NOJIOXKHTEJbHBIA NYTh H b — TOT NocJiefHHA MOMEHT BpeMeHH, L1 KOTOPOro
Sy =1 (puc. 19). Torna nytb A =(Sy, ..., Sp, Sb+1—2, ..., Sp — 2) apasercs

Puc. 18. Puc. 19.

HeoTpHUATeNbHbIM. K13 MpHBeJEHHBIX KOHCTPYKLMH CJIeyeT, YTO Mexay NoJo-
XHTeJIbHbIMH MYTAMH H HEOTPHUATEJbHbIMH MYTAMH, Y KOTOPbIX MO KpailHe#
Mepe ogHo S; =0, cyliecTByeT B3aHMHO oHO3HauHoe cootBeTcTBHe. Tem ca-
MbIM ¢opmyana (10) nokasaua.

YcraHoBMM Tenepb crpaBeLHBOCTb paBeHcTBa (11). B cuay cummerpuu
u (10) pocratouHo nokasathb, 4TO

Lop(S1>0, ..., Sop >0)+ Lop(S1 20, ..., S9, 20
u 3i, 1 <i< 2k, takoe, uto S; = 0) = Lgp(Sar =0).

MHoxecTtBo nyre#t (Sg, =0) MOXKHO NMpPeACTaBUTL B BHJE CyMMbI IBYX MHO-
XectB €| U 6o, rae € — Te nytu (So, ..., Sor), Y KOTOPbIX TOJBKO OAHH
MHHHMYM, a %2 — NyTH, Y KOTOPbIX MHHHMYM JOCTHraercs o MeHbllieil Mepe B
JBYX TOYKaX.

[Mycts C; €%, (puc. 20) H v — Touka MHHHUMyMa. [TocTaBum nmytd C) =
=(So, S, ..., Sor) B COOTBETCTBHE MOJIOXKHTEJbHBIA NyTh C}, MOMyyeHHbI#A
crenyiouiuM o6pasoM (puc. 21). Otpasum tpaektopuio (Sp, Sy, ..., S;) 0KoJI0
BEPTHKAJILHON JIMHHH, NPOXOJsLLel Yepe3 TOUKy [, U MOJyueHHYIO TPAeKTOPHIO
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CMeCTHM BMpaBO W BBepX, BbIMYCTHB ee M3 ToukH (2k, 0). 3ateM cMecTHM
Hayajo KoopauHat B Touky ([, —m). Tloayuyennas tpaektopus C} 6ynet mno-
JIOXKHTEJIbHBIM MyTEM.

TouHo Tak xe, ecsit nyTb Co € €3, TO TEM XKe NPHEMOM eMy MOXHO NocTa-
BHTb B COOTBETCTBHE HEKOTOPhIH HeoTpHUaTeNbHbIH MyTh Cj.

O6partHo, nyctb C} =(S1 >0, ..., So > 0) — HeKoTOPbI# NONOKHTENbHBIH
nytb ¢ Sop =2m (cM. puc. 21). [NToctaBum emy B cooTBeTcTBHE NyTh C), NO-
JiyyeHHbI# caenyoum obpasom. Ilycts p — Ta nocnieanss Touka, rae S, =m.
Orpasum (Sp, ..., Som) OKOJIO BEpTHKa/NbHOM MPAMOA X = p H CMECTHM OT-
pa)keHHYI0 TPaeKTOPHIO BHH3 H BJIeBO Tak, 4ToObl ee MpaBblil KOHelL coOBMaJ
¢ Touko#t (0, 0). INoMecTHM 3aTeM Hauaslo KOOpAMHAT B JIEBblii KOHeL, MOJy-
YeHHON TPaekTOpPHH (3To OYyAeT B TOYHOCTH TpPaeKTopHs, H300paKeHHasl Ha
puc. 20). [Monyuennsiit nyts Cy = (Sop, ..., Sor) MMEET €UHCTBEHHbIA MHHH-
MyM, H Sg, =0. AHaJlorHuHast KOHCTPYKLMA, NpHMeHeHHas K nytd (S; >0, ...
ey S2p 200 3i, 1 i< 2k, ¢ S;=0), NpUBOAKT K NyTH, Y KOTOPOTO MO MEHbLIEH
Mepe 1Ba MHHHMyMa H Sop =0. TeM caMbIM ycTaHOBJ/IEHO B3aHMHO OIHO3HAUHOE
COOTBETCTBHE, KOTOpPOE H J0Ka3sbiBaeT TpeGyeMblii pesysbrat (11).

C
1 1 ll L I
| 2%k
|
—m ——————
A/:(lv —m)
Puc. 20. Puc. 21.

Hrak, pasenctso (9), a clienoBatenbHo, H HOPMYNA for = Ugp—1) — Uk =

1
= 57 U2(k—1) YCTAHOBJIEHEI.

W3 popmyabl Ctupannra

1
vk’

Uop = Cgk . 2—2k k — 0.

[Moatomy |
f2/e ~ W, k — oo.

Orcrona CllelyeT, YTO MaTeMaTHYeCKOe OXKHJaHWe BPEMEHH MepBOro BO3-
BpalleHHs B HYJIb

n n
E min(og,, 2n) = Z 2k P{o9, =2k} + 2nug, = Z Ug(k—1) + 2nugn
k=1 k=1
AIBJISIETCS JI0OBOJIbHO-TAaKH GOJIbILHM.
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)
Bostee Toro, Y. ugs—1y=o0o. CllefoBaTeNbHO, NpeelibHOe 3HaYeHHe Cpei-
k=1

HEro BPeMeHH BO3BpalleHHsi GJyXIaHus B HyJb (PH HeOrpaHHYEHHOM uyHCJie
IaroB) PaBHO ©C.

D710 06CTOATENLCTBO MOSICHAET MHOrHE HeOXKH/JaHHble CBOMCTBA paccMar-
pHBaeMOro CHMMeTpHUYHOTO cJaydaiiHoro GayxzaHus. Hanpumep, ectectBeHHo
6bl10 6bl 0XKHAATb, UTO 32 BpeMs 2n cpedHee 4uUCAO HWUbHX TIPH Mrpe ABYX
paBHOCHJIbHbIX MPOTHBHHKOB (p =¢ = 1/2), T. e. YHCJIO TeX MOMEHTOB BpeMe-
Hu i, ana Kotopbix S; =0, no/mKkHO GbiTh NponopuHoHadbHO 2n1. OfHako Ha
CaMOM Jiefle Cpe/iHee YHCI0 HHYbHX HMeeT NopanoK v2n (cM. (17) B § 9 ra. VII).
Ortciofia BbITEKAET, B YACTHOCTH, YTO, BOMPEKH 0XKHAAEMOMY, «THITHUHbIE» pe-
anusauuu 6ayxpanus (So, Sy, ..., Sp) A0KHBI UMETb He CUHYCOUOQAAbHBLL
xapaKTep (MPHMEpHO NOJIOBHHY BPEMEHH 4aCTHLIA NPOBOAUT Ha MOJIOXKHTEIbHON
CTOPOHE H JIpyrylo MOJIOBUHY — Ha OTPHLIATEJIbHOI), @ XapaKTep OAUHHbLX 3a-
maxcHoLx 80aH. TouHas popMyIHPOBKA yTBEPXKAEHHS 12ETCH TaK HAa3biBAEMbIM
3GKOHOM APKCUHYCA, K H3JOXKEHHIO KOTOPOro Mbl cefiyac H NMPUCTYMHM.

2. OG6o3HaunM Py 9, BEpOSITHOCTb TOTO, UTO Ha oTpe3ke [0, 2n] uactHua
NMPOBOAUT 2k eNHHHLL BpEMEHH Ha NOAONMUMEAbHOL CmopoHe *).

Jlemma 2. [Tycmo up=1u 0< k< n. Toecoa

Popon = Uoplion_2t. (12)
Hlokasameabcmeo. Buille Gblo YCTAHOBNEHO, UTO for = Uogk—1) — U2k-
TNokaxkeM, uto

k
U=y fortioge—r. (13)
r=1

Mockonbky {Ser =0} C {09, < 2k}, TO
{Soe =0} ={S2e =0} N{o2 <2k} = > {Soe=0}N{o2, =21}.
1<Igk
CaenoBatenbHO,

ugp =P{Sgp=0}= Z P{S9r =0, 09, =2{}=

1<I<k

=Y P(Sx =002 =2I) P{o2, =21}.

1<I<k

*) Mbi roBopHM, uTO B HHTepBaJe [m — |, m] yacTHUA HAXOANTCA Ha MOJOXKHUTENbHO CTOPOHE,
€CJIH NO KpaiiHeli Mepe OHO H3 3HaueHH! S,—| HAH S, NOJOXKHTENbHO.
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Ho

P(S2. =0]02, =2l) =P(S2, =0| S5 #0, ..., Su—1 #0, Sy =0) =
=P (Sor + €241+ ...+ &) =0| 51 #0, ..., So—1 #0, Soy =0) =
=P(Sor + (241 +... + &) =0 S =0) =
=P{&41 +... 4 &2r = 0} = P{Sp—1) = 0}.
[Tostomy
k=Y P{Sae—y=0}P{oz =21},
1<I<k

yTo H AoKa3biBaeT dopmyay (13).

IMepeiinem Kk nokasarenbctsy ¢opmyibl (12). Ipu k=0 u k=n ee cnpa-
BeIHBOCTb oueBHAHA. [lycTb Tenepp 1 < k< n— 1. Ecan yacTHua npoBoaHT
2k MOMEHTOB BpeMeHH Ha MOJOXXHTEJIbHOH CTOpPOHE, TO OHa NMPOXOAMT yepe3
HyJb. TlycTb 2r — MOMeHT mepBoro Bo3BpallleHHs B HyJib. BosMoXHbl 1Ba
cayuas: korga S; >0, I <2ru §; <0, I <2r.

Uucaio nyTeil, OTHOCALIMXCA K MEPBOMY CJy4aio, paBHO, KaK HETPYAHO BH-
1eTb,

1 _ 1
(§ . 22'f2r) 2200 Py 1y 2n—r) = T 22 for Potk—r) 2(1—r)-
Bo BTopoM CJlyyae COOTBETCTBYIOLIEE YHCJIO MyTedt paBHO
1
§ : 22" f?rP2k,2(n—r)'

CnepnoBatenbho, st 1 <k<<n—-1

k k
1 1
Poran=3 > ForPok-nom-n + 5 > forPokga—n- (14)
r=1 r=1
IMpeanonoxum, uto dopmyna Popon = UsmUom—2r BepHa g m=1, ..., n—1.

Torna u3 (13) u (14) Haxoaum, uto

k k
1 1
Pokon = 5lon—2e E fortior—a + 5 U2k E forton—_2r—2r =
r=1

r=1
1 1
= 5 lUon—2kliok + 5 UkUan—2k = U2kU2n—2- O

IMycTb Tenepb y(2n) — uncsio eauHuL BpeMeHu B HHTepBane [0, 2n], koto-
poe yacTHLia POBOAMT Ha nosoxumenvtol ctopore. Toraa wa x < |

S{PS PR S
e <Ber)
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[MocKOJBbKY NpH k — 00

1
U ~ 7;—"{'.
TO |

Poron = Uoplion_p) ~ TR

ecau B — 00, n —k— o0.

FlosTomy
p L[k _* —1/2 0
> Puam- mla(=7)] -0 noe
(eh<do}  (mb<Be)
oTKyZa

> Poin— = § 20, now.

1 2%
{e: h<P<x}
Ho u3 coo6paxeHnit cHMMeTpUH

1
Z P2k,2n -3
vy
nYy

1 § dt 2x~! arcsin x—-]-
"1/2 ‘/t(l— 2

TeM caMbiM 10Ka3aHa chenyioulas

Teopema (3akoH apkcuHyca). Bepoamuocme moeo, umo doan epeme-
HU, npo8oOUMO20 wacmuyeli Ha NOAOKCUMEAbHOL CMOPOHe, MeHbule Uy

pasna x, cmpemumca & 2w~ arcsin /x:

> Pokgn—2n" arcsin Vx.

{k: %gx}

(1)

3ameTuM, 4To NoAbIHTerpanbHas dynkuus u(f) = (¢(1 —))~/2 s HHTerpaJne

l S dt
w ) Jii-)

npenctasaser U-o6pasHylo KpHBYIO, YXOAdllyl0o B GECKOHEYHOCTb B TOYKAX

t=0ut=1.
OTciona caenyert, uto npH GOJBLIKX 1

Plo<2 ca}op{} <1 clra)
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T. €., 06pa3Ho rosops, Gojiee BEPOATHO, UTO A0JIsi BPEMEHH, NPOBOJAMMOrO Ya-
CTHLEH Ha TMOJIOXKHTEJIbHOM CTOpoHe, GyleT G/M3Ka K HyJio (WM eOUHHLE),
HEXKeJIH K eCTeCTBEHHO 0XKHAaeMoMy 3HaueHHio 1/2.

[Monb3ysach TabnyMLaMH apKCHHYCA U TeM O0GCTOATENLCTBOM, YTO HAa CaMOM
JeJie CKOPOCTb CXOAMMOCTH B (15) oueHb GbICTpasi, HAXOMM, UTO

P{ 12n) 0,024} ~0,1,

2n
P{ “"22,1") <01} ~02,

P{22% o2} ~03,
p{22) '7(2”) <065} ~06.

TakuM o6pa3oM, ecan paccMaTpuBaetcsi BpemeHHo# uHTepsad [0, 1000], To
BOJIHE MOKET CJYUYHTbCS, YTO MPHMEPHO B OJHOM CJlyyae W3 JeCATH YacCTHLA
6yneT NpOBOAUTL BCero 24 eMHHLILI BpeMeHH Ha MOJIOXKHTEJIbHON CTOPOHE, HO
60/1bLIYI0 yacTb BpeMeHH — 976 eMHHIL — Ha OTPHLATEJIbHOMH CTOPOHe.

3. 3apaum.

1. C kako#t ckopoctblo E min(og,, 2n) — oo npu n — co?

2. Myers Ty =min{l <kn: Sp=1} u 7, =00, ecin Sp <1 npu Bcex
1< k<n. K uemy ctpemurca E min(7,, n) npu n— oo 4ia CHMMETPHYHOFO
(p=¢=1/2) n HeCHMMETpHUHOTO (p # q) GayKAAHHHA?

3. OcHoBbiBaAch Ha unesax W Merogax § 10, nokasatb, uTo 1A CHMMeT-
puuHoro (p =¢ = 1/2) cayuaiiioro 6ayxnanus Bepryanu {Sp, k< n} ¢ So=0,
Se=&1+...+ &, uMeloT MecTo caienyiouie Gopmysbl (N — MojioxuTelbHOe
11eJ10€ YHCJIO):

P{l:l%s,, >N, s,,<N} P{S. > N},

P{ max Se> N} 9P{S, > N} — P{S, =N},

\

P{ max Sp=N }=P{S,.=N}+P{S,,=N+ 1},

1<kgn

§ 11. Mapruuraabl. Hekoropbie npumeHeHus
K cay4yaitHOMYy GJyXXAaHHI0

1. PaccMotpetHble Bbille GepHyJ/IHEBCKHE BeJuuuHbl &, ..., &, obpa-
30BbIBaJIH MOCJIE0BATENLHOCTb He3ABUCUMbIX CAYYallHbIX BelHuyuH. B 3ToM
H cJefyiollleM naparpagax GyayT BBeleHbl [Ba BaXKHbIX KJacca 3a8uUcCUMbLX
cJyyaliHbIX BeJIHUHH, 06Pa3YIOLHX MAPMUHEAA U MAPKOBCKYIO Yenb.
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Teopusi MapTHHraJ10B Gy/ieT AeTanbHo uanaratbes B ri. VII. Ceiiuac xe 6y-
JyT A@Hbl JMIIb HEKOTOPbIE ONpejeJieHHs, 10Ka3aHa O/lHa TeopeMa O CoXpaHe-
HHM MapTHHTAJILHOTO CBOWCTBA JU1s MOMEHTOB OCTAHOBKH H JIaHO €e NPHMeHe-
Hue K BbIBOJY TaK Ha3blBaeMo# TeopeMsbl o GasioTHposke. B cBolo ouepenb 3ta
nocJiefHAs TeopeMa OyAeT HCMOJIb30BaHA [/ WHOTO 0Ka3aTelbCTBA YTBep-
skaenus (5) § 10, nosyueHHOro Bbillle C MPUMEHEHHEM MPHHLIMNA OTPasKEeHHS.

2. Tyctb (R, &/, P) — KoHeuHoe BepOATHOCTHOE NPOCTPAHCTBO, ) < Do <
... < 9D, — HeKoTOpas NocJe/loBaTe/IbHOCTb Pa3OHEHHH.

Onpeneaenne 1. TlocnenoBaTesbHOCTb CayuaiiHbiX BesHUHH § = (€x)i1ghgn
Ha3blBAETCA MAPMUHeAAOM (OTHOCHTENbHO pa3bueHuil 21 <X D <...<X D),
ecJ:

1) &, aBasioTca Pp-H3MEPHMbIMH,

2) E(€es11Dr) =&, | <ksn-—1.

Yrto6bl NOAYEPKHYTb, OTHOCHTEJILHO KaKoW cucmemel pas3bueruil ciydaii-
Hble BesiHunHbl £ = (&), ..., &;) 06pa3yloT MapTHHraJ, GylieM HCNOJb30BaTh TakK-
e 3anuch

&= (&r» Dr)i1grgns )

yacTo onycKas 1/l NpocToThl 0603HAa4YeHHil YKa3aHue Ha To, uto | <k < n.
B ToMm cayuae, Korqa pa3bueHusi 2, MOpOKAAIOTCA CAYYaiiHBIMH BeJHUH-
Hamu &, ..., &, T.e.

gk = 9&,.“,{“
BMECTO TOrO, 4TOObl FOBOPHTb, YTO & = (&, Di) — MapTHHraJj, 6yaeM npocTo
TOBOPHTB, YTO CaMa nocJiefioBaTebHOCTb & = (€,) 06pa3yeT MapTHHraJ.
OcTaHOBMMCS Ha HEKOTODBIX MPHMepax MapTHHIaJIoB.

Mpumep 1. Iyctb 7, ..., 7, — He3aBHCHMble GEPHYJLIHEBCKHE CJyuyaiiHble
BeJIMUMHBI C

Pime=1}=P{n.=—-1}=1/2,
Se=m+..4m U D=Dy.

3ameTuM, uTo CTPYKTypa pa3GueHuit 9, npocra:
2 ={D*, D7},
e Dt ={w:mp =+1}, D~ ={w:m =—1}
Dy ={D**, D+, D=+, D7},

rme D¥+={w:m=+l,m=+1}, ..., D" ={w:m=-1,=—1}; 4 T. A
HerpynHo nouate Takxe, uto Dy, o = Ds,...s,-
[TokaxeM, u4To mocJiefoBaTeNbHOCTb (Sk, Di)igkgn O6PA3yeT MapTHHral.
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Bennuunbl S sBasiioTcst Pp-u3MepumbiMu 1 B cuay (12), (18) u (24) § 8
E(Sk+112k) =E(Sk +nk+1| D) =E(Se | De) + E (et | De) = Sk + Ene1 = S,

YTO H ecTb Tpebyemoe MapTHHrajbHOe CBOHCTBO.

Ecan nonoxuts So=0 u B3atb 9P ={} — TpuBuHanbHOe pasbueHHe, TO
nocJsiefoBaTeNbHOCTb (Sk, Dk)ogkgn TaKKe GyleT MapTHHIaJIOM.

Mpumep 2. Tlyctb 7y, ..., N — He3aBUCHMble GepHYJIHEBCKHE CJydaii-
Hble BesMuuHbl ¢ P{n; =1}=p, P{n; =—1}=gq. Ecau p#gq, 10 Kaxnaa u3
nocJjiejoBaTesibHOCTel £ = (§)

g\
6=(%)" &=Si-k(p—q).meSi=ni+...+m,

o6pasyeT MapTHHraJI.
Npumep 3. Ilyctb ) — HekoTOpast cyyaiiHasi BeJIHUHHA, D) ... <D, U

§&e=E®| D). @

Torna nocnenoBatenbHocTb & = (€, Di)igkgn 0OpasyeT MapThHraa. B camom
nene, 9,-nu3mepumoctb E(n|2,) oueBnana u, cornacto (20) § 8,

E(€k+1| D) =E[E(M| Dr+1)| Dkl =E(] Dr) =&

B cBasu ¢ 3tum 3ametuM, uto ecan & = (€, Dk)igrgn — NPOH3BOJIBHDINA
MapTuHrag, To B cuay (opmysnl (20) § 8

& =E (k411 De) =E[E(€r+2]| Des1) | De) =E(r42| Dr) =... =E (€| D1). (3)

Takum o6pa3oM, MHOXKeCTBO Bcex MapTHHranoB € = (€, Dk)igkgn HCUED-
NbiBaéTcA MapTHHrajdamu Buja (2). (3ametuM, uTo B Ciyuae GeCKOHe4HbLX
nocieaosatenbHoctedt €= (§x, Dr)r>1 3T0, BOOOILE FOBOPS, y2Ke He TaK; CM. 3a-
nauy 6 B § 1 ron. VIL)

Mpumep 4. Tlyctb 7y, ..., 7p — NOCJENOBATENLHOCTb HE3aBHCHMbBIX OAM-
HaKOBO pacrpejie/leHHbIX CJy4alHbIX BeJHUHH, Sp=m +...+m 4 D, =95,
Do=Ds,5,_,s -++» Dn=29s,,.s,. [lokaxeM, uto nocienoBaresbHOCTb &=

S Sn— Sny1-
=&k Dr)1gkgn C§|=-n£’§2=n"_;’-...€k=n:_+l'__kk,...,

MapTHHraj. Bo-nepBbix, AcHO, 4T0 D <X Diy1 ¥ & — Di-u3MepuMbl. Jasee, B
CHJIy CHMMETpHH 1N j<n—k+ 1

E®;1De) =E(m | De) 4)

& =S obpasyer

(cp. ¢ (26) § 8). IToatomy
n—k+1

(n=k+DEm|D)= Y E®;|Dk) =E(Sn-k+1]D) =Sn—ts1-
j=1
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3HauMT,

Sn_
&= =Em| D),

¥ MapTHHIaJIbHOCTb NOC/e0BaTeNbHOCTH & = (€z, D) ClielyeT U3 npumepa 3.
3ameuanune. M3 ycTaHOBJIEHHOrO pe3ysbTaTa O MapTHHraJbHOM CBOICTBe
nocaenoBatelbHOCTH & = (€k, Dr)igkgn TOHATHO, MOYEMY HHOTAAa rOBOPAT,
yTO MOCNEOBATeNbHOCTb (Sk/k)igkgn 0Opasyer obpaujennbii mapmunaaa.
(Cp. ¢ 3anaueit 58 § 1 ra. VIL)
Mpumep 5. Tlyctsb 7y, ..., e — He3aBUCHMbIE GepHYJIJIHEBCKHE CaydaiiHble
BEJIHUHHDI C

P{ini=+1}=P{n,=-1}=1/2,

Se=m+...+n. Iyctb A 1 B — a8a uennix ucaa, A <0< B. Torna mnns
Besikoro 0 < A < /2 nocnenoBatenbHoctb & = (€Ex, Di) ¢ D= Ds,,..s, ¥

€= (cos )™ exp{iA(Se - B ;A)} ©)

06pa3yeT KOMMJIEKCHbI MapTHHraa (T. €. AeHCTBHTebHAsA U KOMILIEKCHas ya-
CTH &, — MapTHHFaJIbl).

3. U3 onpenenenus MapTuHraia cjefyer, YTo MaTeMaTHUECKOe OXKHIaHHe
E&, onHO H TO Xe LS BCeX k:

E& =E¢&).

Oka3sbiBaeTcs, UTO 3TO CBOHCTBO OCTaeTCsi J/isi MapTHHIaJoB CHpaBe/LIH-
BbIM, €CJIH BMECTO (IeTepMHHHPOBAaHHOr0) MOMeHTa k 6paTb TakK Ha3biBaeMble
MOMEHMb. OCMAHOBKU.

Ilns cootBetcTBYIOLIEH HOPMYJIHPOBKH BBEIEM TaKoe

Onpepeaenne 2. CuaydaitHas BelMuuHa 7= 7(w), NPUHUMAIOLLAS 3HAUEHHS
1,2, ..., n, 6yner Ha3blBaTbCA MOMEHMOM OCMAHOBKY (OTHOCHTENbLHO Pa3Bu-
eHUR (Dr)i1ghgns D1 S Do <X... < Dn), ecam Ana Joboro k=1, ..., n cayvaiinble
BENIHUMHBI [ir—p)(w) ABAAIOTCA D) -H3MEPHMbIMH.

Ecan TpakTtoBaTh pasbuenne 9, Kak pa3bueHue, nopoxkaeHHoe HaGJio-
AeHHsiMM 3a k waros (Hanpumep, Dp =Dy, .y, — pasbueHne, NOPOXKAEHHOE
B&JIMYHHAMH 1)y, ..., M), TO Dp-U3MEPHMOCTb BeJHUYHHbI [(r—p)(w) O3HauUaerT,
UTO OCywecmseHue WM HeocyuwecmaseHue cobbitua {7 =k} onpenensercs
JIHLIb HaGJOEHHAMH 32 R 11aroB (M He 3aBHCHT OT «OYAyLIEro»).

Ecan 8B, =a(Dk), 10 Di-H3MepHMOCTb BeJMUHH [{r—k)(w) SKBHBaNEHTHA
Npeanonoxexuio, uto

{r =k} € B ©)

C KOHKpEeTHBIMH MpPUMEPaMH MOMEHTOB OCTAHOBKHM Mbl YXe BCTPEYaJIuCh:
TaKoBbIMH ABJSIIOTCS MOMEHTbI T}, 02,, BBefleHHble B §§ 9 u 10. DTH MoMeHTHI
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SIBJISIIOTCSL YACTHBIM CJIy4aeM MOMEHTOB OCTAHOBKH BHIa
M =minf0<k<n: &€A),

7
oA =minf0< k< n: & €A}, @)

SBJISIOLLAXCSl MOMEHTaMH (COOTBETCTBEHHO NEPEO2O NOCAE HYAS W NEpeoeo)
JIOCTHXXEHHST MHOXKeCcTBa A HEKOTOpOil MocJjefoBaTelbHOCTIO &y, &, ..., &n.
4. Teopema 1. [Tycmo & = (&ky Dr)1gkgn — MAPMUHSAAL U T — HEKOMO-
puiil MOMERM OCMAHOBKU OmHOCUmenvro pasbuenuit (Dr)igrgn-
Toeda

E¢-121)=¢, ()]
ede
&= &lir=n ©)
; k=1
E¢, =Eg). (10)

Hokazameabcmao (cp. ¢ noka3ateibcTBoM ¢opmyanl (29) § 9). INyctb
D € 2. Torza, nosb3ysicb CBOACTBAMH YCJIOBHbIX MAaTEMAaTHUECKHX OXKHAAHHH
H NpHHUMAasi BO BHHMaHHe MapTHHrajlbHOe CBOHCTBO (3), HAXOMHM, UTO

E(¢-/, 1 <
E&1D)= l(DE(D?) ~PD) IZ_‘: E@lir=nlp) =
=55 Z EIEG | 90i=no) = 55 3 EIEEalirmlo| 2] =
=1 =1

1 - 1
=50 g E [€n/ir=1/p] = 55 E (€nl) =E(&a| D),

a Clle0BaTelbHO,
E¢-12)=E¢|2)=&.

PaBenctBo E§; = E€; cuenyer oTciona oueBHIHBIM 06pa3oM. O
Caencrsue. laa mapmuneara (Sg, Di)igegn U3 npumepa | u a06020
Momenma ocmanosku T (omuocumenvto (Di)) cnpasediusvl opmyrot

ES,=0, ES%=Er, (1)

Ha3vieaemovie moxdecmeamu Baavda (cp. ¢ (29) u (30) § 9; cu. makace
3adauy | u meopemy 3 8 § 2 ea. VII).
Hcnoabayem TeopeMy | ansi [oKasaTenbCTBa CJIEAYIOLIErO YTBEPXKICHHS.
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Teopema 2 (o 6aanotupoBke). Tycmo m,, ..., n, — nocaedosameno-
HOCMb He3aB8UCUMBIX OOUHAKOBO PACNPeOeeHHbIX CAYUALHbLIX 8eAUUUH,
NPUHUMAIOWUX KOHE4HOe 4wucro 3nauenutt u3 mnowmecmsa {0, 1, ...},
Sp=m+...+m, 1 <k n. Tocda

+
P(Se <k dan scex 1<k<n|S)=(1-2)", (12)

20e at =max(a, 0).

Hokasameavcmso. Ha muoxectBe {w: S, > n} dopmyna oueBuiHa. By-
JeM MO3TOMY 10Ka3biBaTb (12) 1nisi TeX 3JieMeHTapHbIX HCXOAO0B, ISl KOTOPbIX
Sp<n.

Paccmotpum MapTuran € = (€x, Di)1gkgn, BBELEHHDIH B IpuMepe 4, ¢ &, =

Snt1-t
=nyi-F " %=

Onpeznenum

95n+1-k wSn*

r=min{l<k<n: &1},
noJarasi T =rn Ha MHOXECTBe

< 21
{€r <1 0an 6cex 1<k<n}= {Tﬂx,, <1

[NonsiTHO, uTO Ha 3TOM MHOXKecTBe & =&, =S; =0 u, 3HayHT,

max —<1} {max 2oy, s,,<n}g{§,=0}. (13)

1i<n 1<isn

PaccMoTpuM Tenepb Te HCXOAbl, I/ KOTOPbIX OfHOBpeMeHHO S, <n H

lrgla<x ST > 1. O6osnauum o =n+ | — 7. HerpyaHo Buzetsb, uto
n

o=max{l<k<n: Sy >k}

H, 3HAYUT (MOCKOJIbKY S, <n), 0 <n, Sy 20 1 Sp41 <o+ 1. CesoBaTenbHo,
No+1 =So+1—=So <(oc+1)—0o=1,T.e. 9541 =0. [ToatoMy 6 < Sy =Ss41 <
<o+ 1, a cnegosatenbHo, S, =0 H

— sn+l—r So
S =k

Tem cambim
max 3L >1, S,,<n}C{§,._.l} (14)

1<I<n

M3 (13) u (14) Haxoaum, uto

.Tf‘é‘,.T 1s,,<n} &= 13N{S, < n}.
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MosTomy Ha MHOXecTBe {S, < n}
S - - -
P(max 3 >11S:) =P =1|S) =E(&:|S.).

rae nocjeHee PaBeHCTBO CJELYeT M3 TOrO, YTO &, MPHHUMAET JIHLIb 1BA 3Ha-
yenus: 0 wau 1.

3amerum Tenepb, uto E(£, | S,)=E(£-| 2)) u B cuay Teopemnl | E(¢-|2)) =
=¢) =S, /n. CaenosartenbHo, Ha MHOXecTBe {S, < n}

P(Sk <k aas beex 1 <k <n|S,)=1- 32 O

[TpuMeHuM 3Ty TeopeMy 114 MoJiydeHHs APYroro A0Ka3aTesbCTBa JeMMbl |
u3 § 10 u o6bsicHHM ee Ha3BaHHe KaK meopemsl 0 barromuposKe.

Mycts &, ..., & — nocJiefoBaTeNbHOCTb HE3aBHCHMbBIX GepHYJIIHEBCKHX
cyyaiiHbIX BEJIHUHH C

Pi&i=1}=P{&i=-1}=1/2,

Sp=£&1+...+& v a, b — Lesible HeoTpHLATENbHbIE YHC/IA TaKKe, YTo a — b >0,
a + b =n. TTokaxem, uro Toraa

P(51>0,...,5,>0|S,=a—b)=

<>

a_
a+

(15)

o>

B camom zene, B CHJly CHMMETPHH

P(S;>0,...,5.>0|S,=a-b)=P(5,<0, ..., 5, <0|S,=—(a - b)) =
=P +1<1,...,S,+n<n|S,+n=n—(a—-"b)))=
=Pm<l,....m+...+m<nlm+...+m=n—(@-b)=

_ [l _ n-(a—b)]+= a-b _ a-b
n n a+b’
riie Mbl TOJIOXKHAH N = &, + | H BoCMO/Ib30BaNKCh paBeHCTBOM (12).

M3 (15) oueBuaHbIM 06pa3oM BhiBoauTcs opmyaa (5) § 10, ycraHosienHas
B JemMe | § 10 ¢ npuMeHeHHeM MpHHLKNA OTPaXKeHHS.

Bynem untepnpetHpoBath & =+1 Kak rosoc, nojaHHbIA Ha BbiGOpax 3a
Kanaupata A, a § =—1 — 3a kanaunata B. Torza S, ecTb pasHocTb yucaa
roslocoB, MojaHHbIX 3a KaHauaaTtoB A W B, eciii B ToJIOCOBaHHH NPHHAJO
yuactue k usbupateneii, a P(S; >0, ..., S, >0|S, =a — b) ecTb BeposATHOCTb
TOro, uto Kauauzaat A sce spema buia enepedu KaHaupata B, npu ycioBuH,
yTo B 06LLel cloxHOCTH A co6pan a roJiocos, B co6pan b ronocosu a—b >0,
a+ b =n. CornacHo (15), s3ta BeposiTHoCTb paBHa (a — b)/n.

5. 3apaum.

1. Tlycts Do < D) < ... < Do — NOCNEN0BATENLHOCTb pa3buenui, 2y = {};
Mk — D-¥3Mepumas BeJHuuHa, | < k& < n. JlokasaTb, 4TO NoC/Ie10BaTENbHOCTD
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¢ =6k Dr)1grgn ©

'
&= [m—Em|2-1)]

=1

ABJSIETCA MAapTHHTaJIOM,
2. [ycTb BeIHUHUHBI 7y, ..., g TAKOBBI, yTO E(n |7y, ..., Pe—1)=0. Hoka-
3aThb, UTO NOCNEAOBATENLHOCTD & = (§k)1grgn € €1 =M H

5
1=y 1 film, ... m),

i=1

rae f; — HeKoTopble YHKLIMH, 06pa3yeT MapTHHraJ.
3. [Nokasatb, uto BCAKHiA MapTHHTaA & = (€x, Dk)igkgn HMEET HEKOppeAU-
poBaHHbie npupawerus: ecii a<b <c<d, o

cov(éa — &, & — &) =0.

4. Tyctb £= (&), ..., €4) — HekoTOpas cJyyaiiHasi MOCJEN0BaTENbHOCTb Ta-
Kas, 4T0 & — Dp-u3MepuMbl (2| < Do <... < D,). Jlokasats, uT0 A4 TOro,
yTOGbl 3Ta MOCJEA0BATENbHOCTb Oblla MAPTHHTAJOM (OTHOCHTEJLHO CHCTEMBbI
pa36ueHuit (2:)), HeOOXOAUMO H JOCTATOYHO, YTOOLI Aas JICGOrO MOMEHTa
0CTaHOBKH T (oTHOCHTeNIbHO (D)) E&, =E(. (Bbipaxkenue «ais Mo6oro Mo-
MEHTa OCTAHOBKH» MOXHO 3aMEHHTb Ha Bbipa){eHHe «Iifi JiloGOro MOMEHTa
OCTaHOBKH, MPHHHMAIOLLIETO 1BA 3HAUEHHS».)

5. Nokasatb, uto ecin € = (€, Dk)1gkgn — MAPTHHTAJ T — MOMEHT OCTa-
HOBKH, TO /1 Jio6oro &

Elénlir=y) =E[éplir=n)]-

6. Tlyctb £ = (&, Di) 4 1= (e, Di) — 1Ba MapTHHTana, & =n =0. Jo-
Ka3atb, 4To

Eéann =Y E(é —&—1)(h — k1)

k=2
H, B YaCTHOCTH,

EZ=) E(&% —&-1)%
k=2

7. Tlyetb m, ..., 7o — NOCJ/IEOBATENBHOCTb HE3ABHCHMBIX OJMHAKOBO pac-
npeneneHHbIX cay4aitHblx BeanunH, En; = 0. [Nokasatsb, uTo nocseoBaTeNbHO-
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et §= (&) c

" 2
&= (Z 77:') — kEnt,
i=1
€= expiA(m + ... + )}
(E exp{Am })*

ABJIAIOTCA MapTHHraJaMH.

8. Myctb 7, ..., Ny — NOC/NENOBATENBHOCT HE3ABHCHMbBIX OIHHAKOBO pac-
npeJieIeHHbIX CJyUailHbIX BeJIMUHH, TPHHUMAIOLUINX 3HAaUeHHs] B KOHEUHOM MHO-
xectBe Y. Tycts fo(y) =P{m =y}>0, yeVY u fi(y) — HeoTpHuaTenbHas

dyuxuns ¢ Y- fi(y) = 1. Nokasats, yto nocnenoBaTeabHOCTb & = (€, Z}) ¢
yeY

= Dlm)... T, () 7
€k - folm) ... fo(ne)’ gk 9," 7

o6pasyeT MapTHHraJ. (Bennuutbl €, Ha3biBaeMble OMHOWeEHUAMY NPABOONO-
00o6us, UrpaloT HCKIIOUHTEJIbHO BAXKHYIO POJIb B MATEMATHUECKONH CTATHCTHKE.)

§ 12. MapkoBckHe LenH. Iproauueckas Teopema.
Crporo MapkoBCKOe CBOHCTBO

1. B paccmotpenHoit Bbilie cxeme bepuyrau ¢ Q={w: w=(xy, ..., Xa),
x; =0, 1} BepoATHOCTb KaX0ro Hcxola w 3afaBajiacb ¢opmynoit P({w}) =
= p(w), rae

p(w) = p(x1)... p(xa) ()
¢ p(x)=p*q'~*. Tlpu 3TOM yCNOBHM cayuaitHble BenHuMHbl €|, ..., &, ¢
&i (w) = x; OKa3bIBAJINCh HE3ABUCUMBIMU H OOUHAKOBO pacnpefielIeHHbIMH C

Pi=xt=...=P{&=x}=p(x), x=0,1.

Ecau Bmecto (1) nosioxuthb

pw) = pi1(x1)... pa(xn),

rae p;(x)=pF(l - pi)'~*,0< p; <1, 10 TOr/a cayyaiiHble BeJHUHHBI &), ..., &,
TaKxKe OYIyT He3asucumbimu, Ho YxKe, BooGlile roBopsi, pazHopacnpedeseH-
HolMU:

P{i=x}=p1(x), ..., P{&a=x}=pa(x).

PaccMoTpuM 0HO 06061LEeHHEe STHX CXeM, IPHBOJsILLEE K 3ABUCUMbIM CIIY-
yailHbBIM BeJIHUMHAM, 06pa3yIolUM TaK Ha3biBaemylo yens Mapkosa.
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ByneM npeanoJiaraTtb, 4To

Q={w: w=(x, X1, ..., Xn), x; €X},
rae X — HeKoTopoe KOHeuHoe MHoXKecTBO. [lycTb 3ajaHbl TakKe HeoTpHLA-
TeJibHbIE q)yHKu"" po(x)v pl(xa y)’ ceey pn(x, y) TakKue, 4to
Z po(x)=1,
x€X (2)
> pelxy)=1, k=1,..,n xeX
yex
Jlnsa KaXkaoro ucxoja w = (xp, X, ..., X,) nojoxum P({w}) = p(w), rae
p(w) = po(xo) p1(xo, X1)... Pn(Xn-1, Xn)- )
HetpyaHo npoBepHTb, uto Y. p(w)=1 H, CliefoBaTeNbHO, HABOP ITHX YH-
w€eN

cel p(w) BMeCTe C MPOCTPAHCTBOM §2 H CHCTEMO#l BCEX €ro MOAMHOXECTB
onpeesieT HEKOTOPYIO BEPOATHOCTHYIO Mozesb (2, &, P), KoTopylo NpHHSATO
Ha3bIBaTb MOOEALIO UCNbLMAHUL, CBA3AHHLIX 8 yenb Mapkosa.

BBeneM B paccMoTpeHHe cJyuaiiHbie BenuuuHbl &y, £, ..., &, € & (w)=x;
g w=(xy, ..., X,). [1pocToit NoAcyeT nokasbiBaeT, 41O

P{éo=a}= po(a),
P{éo=ao, ..., &e =ar}= po(ao) p1(ao, @1)... pr(@r-1, av).

YcTaHOBHM Tenepb CPaBEIHBOCTb A/t PACCMATPHBAEMO# BEPOATHOCTHOM
Mosient (£, &/, P) crenyroliero BaxKHOro CBOHCTBa yCJIOBHbIX BEPOSITHOCTEH:

4

P(€e+1=0art1|&e=as, ..., Lo=0a0) =P (€ey1 =arp1 |&r=ar)  (5)

(B npennonoxenuu P{€, =ay, ..., & =ap} > 0).
B cuny (4) u onpesenenus ycaoBHbIX BeposiTHocTedl (§ 3)
Plées1=ar41, ... S0=0a0}
P = —3 g eeey = 1 + + =
Cetr=ar41|8e=0ar, ..., o=a0) = —pr — == fo=a0)
_ Po(@0)p1(a0, @1)... Pe+1 (@ Qi)
Po(ao) - .. pr(ap—1, ar)

AnanoruuHbiM 06pasoM MPOBEPSIETC PaBEHCTBO

= Pr+1(ar, Art1)-

P(€e+1 = ars1 1€ = ar) = Prs1(ar, ars1), (6)
YTO W J0Ka3blBaeT CBOHCTBO (5).
Iycts 9,5 =D¢,....£, — Pasbuetine, NOPOXKAEHHOE BeIHUHHAMH &y, ..., &, U

B; = a(D}).
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Torzna B cootBeTcTBHH ¢ 0603HaueHH MK, BBEAeHHBIMH B § 8, u3 (5) caenyer,
4TO

P(€r+1 = kst | BE) = P(Eer1 = a1 16r), )
WIH

P(€e+1=ars11&0, -1 E) =P (Err1 = k1 1&r).

3ameuanue. [lpepBeM Hallle u3noxKeHUe, YTOGHI CeNaTh BaXKHOE A/1s BCe-
ro JajbHeilllero 3ameyaHve B cBsisH c copmyaaMd (5) #H (7) H COOLITHAMH
HYaresol sepoamuocmu.

Ipu ycranosnenud ¢opmyabi (5) npeanonaranoch, uto P{&,=ay, ...
..., &o=ao} >0 (a 3nauut, u P{&, =a,}>0). HyxHo 3to 6bu10, B CylIHOCTH,
JHlIb MoTOMY, 4To (moka!) ycsioBHble BepositHocth P(A|B) onpenenssch
TOJIbKO B npeanosoxenuu P(B) > 0.

Ho 3amerum, uto ecin B={{,=ay, ..., &o=ao} u P(B) =0 (a, 3Hauur,
U P(C)=0 pna C ={£, € ap)), To «nyTb» {€o =ay, ..., & = as} AOMKEH pac-
CMaTpUBATbCA KaK Hepeaau3yembii ¥ TOrAa BOMPOC O TOM, YTO eCTb YCJOBHas
BEpOATHOCTb COObITHA {€44) =ag} MPH YCIOBHH 3TOTO HEPeaau3yemoeo «iy-
TH», C NPAKTHYECKOM TOUKU 3PEHHs He MpeACTaBJseT HHTepeca.

B sToii cBA3M H 1151 onpenesieHHOCTH Mbl Gy/eM faJiee onpedessms YCoB-
Hylo BeposiTHocTb P(A|B) dopmyJioit

P(AB)
P(4|B)= TR ecau P(B) >0,
0, ecau P(B)=0.

[pu Takom onpeneneHun dopmysbl (5) 1 (7) cTaHOBATCSA CNpaBeUBLIMH
H 6e3 BCAKHX oroBopok tuna P{¢, =ay, ..., &g =ae} > 0.

[ToauepkHeM, 4TO OTMeYEHHAs TPYAHOCTb, CBA3aHHAs C COOBITHAMH HyJ1eBO#
BEPOATHOCTH, BECbMa THNHYHA A/l BEPOSITHOCTHbIX paccMoTpeHHit. B § 7 rai. 11
OyneT npHBeieHo obliee onpejelieHHe YCI0BHbIX BepOSATHOCTEH (OTHOCHTEbHO
npou3eonbHulx pa3buenuit, o-anre6p, ...), KOTOpoe H BECbMa eCTeCTBEHHO, H
«paboTaeT» B CHTyaLHAX «HYJEBOH BEPOATHOCTHY.

Ecnu Bocnosib30BaThCst O4EBHAHBIM PaBEHCTBOM

P(AB|C)=P(A|BC)P(B|C),
10 U3 (7) noayyaeM, yto

P&.=an, ..., Er+1 = Ayl 'gi)= P& =an, ..., Erp1 = Apti l&k)v ®)

HJIH

Plr=an, ..., &1 =0ar41|60, ..., &) =P =an, ..., b1 =r11|&). (9)
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70 paBEHCTBO IOMYCKAET CJIEAYIOLLYIO HAMIAAHYIO HHTeprpeTauuio. Bynem
TpaKToBaTh &, KaK NoJIOXKEeHHEe «4aCTHLbI» B «HacToswem», (€, ..., {k—1) —B
«npowioM» H (€e+1, ..., §n) — B «Oynyuiem». Toraa (9) osHauaer, uto npH
(hHKCHPOBAHHBIX «TPOLUJIOM> o, .-, &k—1) M «HacTosilleM» &, «Oynyiee»
(Ert1s - £,) 3aBHCHT JIHLIb OT «HACTOSLLErO» &, H He 3aBHCHT OT TOFO, Ka-
kMM CcrocoGOM yacTHua nonaja B TOYKY &, T. €. He 3aBHCHT OT «IPOLIJIOro»
(o, ---» Ea=1)-

Mycts B={&=an, ..., &1 =0ap41}, H={& =ar}, T={&_1=0ar_1, ...
..., &o=ao}. Torna us (9) cnenyer, uto

P(B|HIT)=P(B|H),
OTKy/a JIETKO HaXO/IuM, YTo
P(BIT|H)=P(B|H) P(IT|H). (10)

Huaue rosops, u3 cooTHouleHus (7) cjefyeT, uTo npu GuKcupOBAHHOM
«HacTtosieM» H «6ynyuiee» b u «npowoe» I1 okasbiBalotcst He3asucumol-
mu. HerpynHo nokasatb, 4To cnpaBeijiuBo U o6paTHoe: U3 BbinoJHeHHs (10)
ans oboro k=0, 1, ..., n— 1 crenyer BbinoJiHeHHe CBOCTBA (7) 1A BCAKOrO
k=0,1,...,n—1.

CBoiicTBO HEe3aBHCHMOCTH «OYAYLUEro» M «MpOLLJIOTO», HJH, YTO TO XKe,
He3aBHCHMOCTb «GYAyllero» OT «IMpOLLIOro» MPH (UKCHPOBAHHOM «HACTO-
ALLIeM», MPUHATO Ha3blBaTbh MAPKOBCKUM CB0LCMBOM, 2 COOTBETCTBYIOLLYIO

NOC/Ie0BaTeNbHOCTb CAYUYaiiHbIX BeJHUHH &y, ..., & — MAPKOBCKOU yensvro.
Takum o6pasom, eciin «Beca» p(w) 3/eMeHTapHbIX COGbITHIT 3afatoTcs dop-
myJoft (3), To nocsenoBatenbHOCTb € = (&, ..., &) ¢ & (w) =x;, 6yaer obpa-

30BbIBaTh MapKOBCKYIO Lienb.
B 370it cBsi3u noHsATHO caenyioliee
Onpepenenne. Tlycts (2, &, P) — HekoTopoe (KOHEUHOE) BEPOSTHOCTHOE

npoctpanctso U &= (&, ..., ;) — NOCJENOBATEILHOCTD CJyYaiHbIX BeJHYHH
CO 3HayeHusiMH B (KoHeuHOM) MHoxecTBe X. Ecau BhimosiHeHo ycnosue (7),
TO nocsiegoBarenbHocTb € = (€p, ..., £;) Ha3biBaeTcs (KOHEUHOH) MapKoBCKOi
yenvro.

MtHoxecTBo X HasbiBaeTcsi (ha308biM NPOCMPAHCMBOM WK NPOCMPAH-
tmeom cocmoanuii uend. Habop BeposiTHocTeil (po(x)), X €X, ¢ po(x)=
=P{£) = x} nasuiBaior HauasbroL pacnpedeseruen, a matpuy || pe(x, y)|l,
X YeX, ¢ prlx, Y)=Pr=y|E—1 = x) — mampuyeii nepexodnvix 8epo-
AMHOcmerl (A3 COCTOAHUA X B COCTOSIHHS y) B MOMeHT k=1, ..., n.

B ToM caiyuae, koraa nepexoanbie BeposiTHOCTH p(x, y) He 3agucim ot k,
Pr(x, y)= p(x, y), nocnenoatenbHocTs € = (&, ..., &) HasbiBaeTca 00HOPOO-
HOU mMapKoBCKo# Lenblo ¢ MaTpHLel NepexoiHbiX BeposaTHocTed || p(x, ¥)||.
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3ametum, yto Matpuua || p(x, y)|| aeasercs cmoxacmuueckoi: ee 3ne-
MeHTbl HEOTpHLIaTe/IbHbl H CYMMa 3J1EMEHTOB JI060# ee CTPOKH paBHa eJMHHLE,

Y plx,y)=1,xeX.
Yy

Byaem cuurath, uto dasoBoe NpocTPaHCTBO X COCTOHT U3 KOHEYHOTO MHO-
KecTBa uejoyncaeHHbix Touek (X ={0, 1, ..., N}, X={0, £1, ..., N} u 1. 1),
H 0603HayaTh, COMJIaCHO TPAHLUKH, p; = po(i) U pij = p(i, j).

IToHATHO, YTO CBONCTBA ONHOPOJHBIX MapPKOBCKHX LieNeil NOJHOCTbIO ompe-
IeJIIOTCA HauaJlbHbIMH PacrpelieeHHsIMH p; W TNepeXoJHbIMH BepOSTHOCTS-
MH p;j. B KOHKpeTHbIX C/lyyasix I/l OMHCAHHA 3BOJIIOLKH LIeNH BMECTO ABHOTO
BBIMHCbIBAHHA MATPHLbI || p;; || HCMOJABL3YIOT (OpHEHTHPOBAHHbIA) 2pagh, BeplH-
HaMH KOTOPOTO AABAAIOTCH COCTOsHHMA U3 X, a cTpesika

Pij

7Y

WIYylIas W3 COCTOAHHA i B COCTOSIHHE j M C YHCJIOM pj; Haj Hel, NOKa3biBaerT,
YTO W3 TOYKH i BO3MOJNEH TNePeXoi B TOUKY j C BEPOATHOCTbIO p;j. B ToM
cayyae, Koraa p;; =0, COOTBETCTBYIOWIasA CTpeJiKa He NPOBOAHTCA.

Mpumep 1. Tycte X ={0, 1, 2} u

1 00

lpijll =1 1/2 0 1/2

2/3 0 1/3
DToil MaTpHLle COOTBETCTBYET CJAEAYIOIWH rpad:

1/2 1/2
070w
0 2
2/3

OTMeTHM, uTO 3/1ecb cocTosiHie 0 ABASETCA «MOTJIOLIAOLIUM»: €CJIH YaCTH-
L1a B HEro nomnaJa, To OHa B HeM H 0CTaeTcs, NOCKOJbKY poo= 1. M3 cocTostHus |
YaCTHLA C PaBHbIMH BEPOSTHOCTAMH MEPEXOAHT B coceqHHe cocTosiHua O 1 2;
COCTOfIHHE 2 TaKOBO, YTO YaCTHLA OCTAeTCi B HEM C BepOATHOCTbiO 1/3 W
nepexofHT B cocTostHie 0 ¢ BepoATHOCTbIO 2/3.

Mpumep 2. IMycte X ={0, 1, ..., N}, po=1, paw=p-n-nv=1 1 111
li|<N

p, j=i+1,
pij=59 Jj=i—1, (11)
0 B OCTaJibHbIX c.nyqaﬂx.
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Iepexo/ibl, COOTBETCTBYIOLIHE TAKOH LIEMH, MOXKHO rpadHuecKH H306pasuTh
clielylolliiM 06pasoM (N = 3):

'C/\OOOO/\O'

-2 -1 5 07 q

dTa UeMb OTBEYAeT MCC/ELOBAHHON Bblllle Mrpe JBYX HrPOKOB, KOTAa Karnu-
TaJl KaXJaoro paBeH N H Ha Kax[OM luare nepBblii HFPOK C BEPOSTHOCTBIO p
BbIMrpbIBaeT y BTOporo +1 W npourpeiBaet — 1 ¢ BeposATHOCTbIO ¢. Ecan Tpak-
TOBATb COCTOSIHHE [ KaK BeJIHYHHY BbIMIpbILIA MEPBOrO HIPoKa Y BTOPOTro, TO
IOCTHXKeHHe cocTosHuit N U —N o03HauaeT pa3opeHHe BTOPOTO H MEPBOro
MIPOKOB COOTBETCTBEHHO.

B camom gene, ecau 7y, 7o, ..., Ny — He3aBHCHMble GepHYJIHEBCKHE
cayuafiHble BeqHuuHbl ¢ P{n; =+1}=p, P{ni==1}=qu Sp=m +... +n, —
BEJIHUHHA BLIMIPLILA MEpBOro WrpoKa y BTOPOro, TO MOCJENOBATENbHOCTD
So, Si1, --., Sn ¢ Sp=0 6yner o6pasoBbiBaTH MapKOBCKYIO LeMb ¢ po=1 H
MaTpHLeil nepexoiHbIx BeposaTHOCTed (11), nockosbKy

P(Sk+1=j|Se=ir, Se—1 =ip—1, ..., S1=i1) =
=P(Se+Mes+1=7|Se =ik, Se—1 =lp-1, ..., Si =) =
=P(St +Mes1 = j|Se =ir) =Plnps1 = j — in}.
Mapkosckas uensb Sp, Sy, ..., S, UMeeT BecbMa NMPOCTYIO CTPYKTYPY:

Se+1=Sp+Me+1, 0<k<n-1,

rae i, 72, ..., o — NOCJAEA0BATENLHOCTb HE3ABUCHMBIX CJIy4YailHbIX BEJHYHH.
Te e paccyxeHHs NOKa3blBAIOT, UTO eCsiM &y, 7y, .., 7s — HE3ABUCHMbIE
ClyyaiiHble BeJIHYHHBI, TO NocjefoBaTeNbHoCTh &, &), ..., &y C
Eet1 = [e(Crs Me41), 0<k<n—1, (12)

TaKkKe 06pa3yeT MapKOBCKYIO LieMb.

B 370i cBAA3H NOJIE3HO OTMETHTb, YTO TaK NOCTPOEHHYIO MapKOBCKYIO LIEMb
€CTECTBEHHO paCcCMaTpHBaThb KaK 8EpOAMHOCMHbLI aHAJOT (feTepMHHHPO-
BaHHO#) MOCJ/IeJ0BAaTENbHOCTH X = (Xp, ..., Xn), YPaBJAeMO# pPeKyppPeHTHbIMH
COOTHOLLEHUSAMH

X1 = fr(xe).

INpusenem ele oauH npuMep MapKoBCKO# uenu THna (12), Bo3HHKalouiedH
B 3ajlayax TEOPHH «oyepeled».

Mpumep 3. TlycTb Ha CTOAAHKY TakCH B €IHHHUHbIE MOMEHTbI BpeMeHH
npu6LIBalOT (M0 OAHOH B KaXIblii MOMEHT) MaliWHbl. Ec/iM Ha cTOSIHKe HeT



142 IJ1. 1. 3JIEMEHTAPHASl TEOPUS BEPOSITHOCTEH

OXHJAIOUIUX, TO MallHHa HeMeleHHO ye3axaeT. OGO3HAaUHM uepe3 7, UHCIIO
OXKHJAIOLIKX, PHXOAALLMX B MOMEHT & Ha CTOSIHKY, H Oy/leM NpeAnoJararth, utTo
M, .-, o — HE3aBUCHMbIE CJiyuaiiHble BenuuuHbl. [1ycTh &, — AHHa ouepenu
B MoMeHT &, & =0. Toraa, ecau &, =i, To B caenyolHit MOMEHT k + | anuHa
ouepenH €, CTaHET paBHO#M

Ne+1, ecau i =0,

/= i—1+ny1, ecani>l.

Huaue rosops,

Er1=E— DY +ms, 0<k<n—1,

rae at =max(a, 0), u, 3HayuT, Nocae0BaTeNLHOCTb € = (&, ..., &,) OOpasyet
uenb Mapkosa.

ITpumep 4. DTOT NpHUMep OTHOCHTCH K TEOPHH BeMBAUYUXCA NPOYeECCOs.
[Non BetBALIMMCS NpOLIECCOM C AHCKPETHBIM BpeMeHeM GylleM MOHHMaTh Moc-
Jiefl0BaTeNbHOCTb CAY4YaiiHbIX BesuuuH o, &, ..., &, re &, HHTepnpeTHpYeTCs
KaK YHCJIO YaCTHL, CYLLeCTBYIOIIHX B MOMEHT BpeMeHH k, a npouecc rube-
JIH-Pa3MHOXKEHHSA YACTHLL POHCXOAHT CJieflylolMM 06pa3oM: KaXkJas yacTHLa
HE3aBHCHMO OT JAPYTHX YaCTHIL H OT «MpeAbICTOPHU» NpeBpallaeTcs B j YaCTHLL
¢ BepoatHocTamu p;, j=0,1,..., M.

ByneM cuntath, 4TO B HauaJbHbIi MOMEHT BpeMeHH HMeeTCs BCEro JHUIb
ofHa uactHua, {=1. Ecaiu B MoMmeHT k 6buio €, vacTul (C HOMepaMH
1,2, ..., &), To, coriacHO onHcaHHIO, &y NpEACTaBAfETCA B BHAE CAY-
YAHO20 YUCAA CAYHALHHIX BEAUYUH:

K k
o1 =" +...+ 70,

rae 'I’]}k) — YHCJIO YaCTHLL, MPOH3BEAECHHbIX yacTHueH ¢ HOMEpPOM i. Pasymeercn,

ecau €, =0, 1o # €y =0. Cunras, uto Bce cayuaiiHble BeJHUYHHBI n}k), k=0,
j = 1, He3aBUCHMbBI MeXAY CO60#, HaX0AHM

P e+t =ipt1 e =1k, Epmt = ip—1, ...} =
=P 1 =ipr1 & =in) =P{n{® +... + 1 =isy1).

Ortciona BHAHO, YTO MOCJef0BaTeNbHOCTD &y, &y, ..., & 06pa3yeT MapKOBCKYIO
Lenb.

Oco6biii HHTepec mNpefcTaBisfieT cJhaydai, KOraa KaKjas YacTHUA WJH
noru6aeT ¢ BEPOSITHOCTBIO ¢, WM MpeBpalliaeTcss B JBe C BEPOATHOCTbIO p,
P +q =1. lng 310r0 CJyyast Jerko NOACYHTATD, UTO

Pij =P(Ees1=7|& =1)
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sanaercsa GopMmyJioH
oy = {c{/2pi/2qi-i/2, i=0, ..., 2,
=

0 B OCTaJ/IbHbIX CJiy4yasx.

2. Bynem o6o3HauaTb uepe3 £ = (&, II, P) oAHOPOAHYIO MapPKOBCKYIO LieMb
¢ BEKTOPOM (CTpOKO#) HauasbHbIX BepostHocTell Il=||p; || u mMaTpuued nepe-
xoaHbIx BeposTHocTedl P = || p;;||. SlcHo, uto

pij=PE=jléo=i)=...=P=j|t—1 =)
O6o3Hauum
P =PEe=jléo=0) (=PEn=jl&=i) [=1,2, ..)

— BEepOATHOCTb NMepexojia 3a K LIAroB H3 COCTOSIHHA i B COCTOSIHHE j H

pP =Pl =}

— BEpPOATHOCTb HAaX0X/EHHsA YaCTHLIbI B MOMEHT BpeMeHH & B Touke j. [TycTb
TaKxKe

k) (k
m® = p?|, P"”—up, .

[MokaxeM, 4To MepexojHble BEPOSITHOCTH p ) yroBneTBOpAIOT «ypasHe-
Huto Koamoeoposa—Yenmena»

PII= 80, 19
o
HJIM, B MaTpHuHO#t opMe,
P+ = p) . ) (14)

Hoka3atenbctBo cooTHouwenust (13) BecbMa npocto U ocHoBaHO Ha ¢op-
MyJie MoJiHO# BePOSATHOCTH H MapKOBCKOM CBOHCTBe:

P =P =jléo=i)= ZP(sw—z,sk-also—t)—
~Z P&+ =jl&e=0)P(Er=cléo=i)= Zpa,p,‘.’;’

Oco60 BaxkHbI C/IelyIOLIME ABa YACTHBIX cjyyasi ypasuenuil (13): o6pam-

Hoe ypasreHue
Pt =" pianl) (15)
[+ 3
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H npamoe ypasuerue
Pt =" p¥ paj (16)
a

(cM. puc. 22 u 23). B matpuuHoii ¢dopMe npsiMble U 06paTHble ypaBHEHHs

i o/ i o/
I
] 1 | 1
0 1 I+1 0 k R+
Puc. 22. K o6patHoMy ypaBHeHHIO Puc. 23. K npsimomy ypaBHeHHIO

3anHCbIBAIOTCH COOTBETCTBEHHO CJefyOLMM 06pa3oM:
P+t) = pk) . p (17)
P+ = p. pb), (18)
AHanoriuHo s (6e3yCJIOBHbIX) BepOsATHOCTEH p}") roJiyuaem, yTo

Py =3 P pl, (19)
a

WJIH, B MaTpHuHO# ¢opMe,

4+ = . po.
B uyacTHOCTH,
m*+D =% . P (npamoe ypasuenue)

m*+) =V . P®  (06pamuoe ypasuenue).
Mockoabky PO =P, TI® =11, To
P® =P, ® =11 P*.

Tem cambim s OIHOPOAHbIX MapKOBCKHX uene# BEpPOATHOCTH Nepexola 3a

k waros p}f’ SIBASAIOTCA 3JIeMEHTaMH k-X cTeneHeit MaTpull P, B cBAi3H ¢ yeM
MHOTHe CBOHCTBA 3THX Lieneil MOXXHO H3y4aTb METOJaMH MaTPHUHOTO aHaJsIu3a.
Mpumep. PaccmoTpHM 0HOPOAHYIO MapKOBCKYIO LieMb C ABYMSi COCTOSI-

Huamu O ¥ 1 v MaTpHLe#
P= (pOO pOl)
P Puj)
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HeTpyAHO MOACUHTATb, YTO

=( P& + Po1 P1o Pon(Poo+Pn))
pio(poo+ p11) P+ poipo

u (N0 HHAYKLHH)

B 1 <l-pn l—-poo)Jr

“2-po—ru \I-pn 1—poo
+(Poo+Pn—1)" ( 1 = poo —(l—Poo))
2—-po—-pn \—-(l—=pn) 1-pn

(B MpeANoJIoXKeHHH, uTo |poo + p11 — 1| < 1).

Ortciofa BH/IHO, YTO €CJIH 3JieMeHTbl MaTpuubl P TakoBbl, 4TO | poo + P11 —
— 1] <1 (B 4aCTHOCTH, ec/lH BCe BEPORTHOCTH Mepexofia p;j MOJOXKHTENbHbI),
TO MpH 1 — 00

1 1—pn l—Poo)
L , 20
2- poo — P11 (l—Pn 1= poo (20)
H, 3HAUHT,
@ 1—pn cooom L —poo
W P = e pm—pn P T 3y

Takum o6pasoM, ecan |poo + pi1 — 1| < 1, To noBeneHne paccmaTpuBae-
MOH MapKOBCKOH Lilend MOAYHHSIETCA CJelyiolllefi 3aKOHOMEPHOCTH: BJIHAHHE
HayaJIbHOTO COCTOSIHHA HA BEPOATHOCTb HAXOXIEHHS YACTHLILI B TOM HJIH HHOM
COCTOSIHHH uC4e3aem C PpOCTOM BPeMeHH (p,.(;" CXOAATCSH K MpelesbHbIM 3Ha-
YEHHUAIM T}, He 3a8UCAUUM OT i K 06pa3ylolLM pacrnpe/iesieHHe BEPOATHOCTE:
mo >0, m; >0, o+ m =1); ecan k ToMy xe Bce 3eMeHThl p;; >0, To Toraa
npefiesibHble 3HaueHus m > 0, m > 0 (cp. nanee ¢ Teopemoit 1).

3. Crepyowass TeopeMa OMNHCHIBAaeT LUIMPOKUH KJIACC MapKOBCKHX Lie-
neil, o6/afaloOUIMX TaK HasblBaeMbM CBOMCTBOM 3p200uuHOCMuU: Npefebl

mj=lim p™ He To/bKO CYIIECTBYIOT, He 3aBHCAT OT i, 0GPa3yIOT pacrpese-

ij
JieHne BeposiTHocTedt (m; >0, > m;=1), Ho  TaKoBbl, uto 7; >0 npu BCex j
i

(Takne pacnpenenends HasbiBalOTCA Ipeoduueckumu; noApoGHee cMm. § 3 B
ra. VIII).

Teopema 1 (aproaudeckas teopema). [Tycmo P=| p;j| — mampuya
nepexooHuix 8epoamuocmeti MAPKOBCKOU Yenu ¢ KOHeUHbIM MHONCec -
8om cocmoanuii X ={1, 2, ..., N}.

a) Ecau 0as HeKomopoeo ny

min p{f >0, @1
L]
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mo HaudYymcsa 4ucaa «, ..., Ty €O C8OLCMBOM
>0, > m=I (22)
i
makue, 4mo 04aa xaxcdozo j€ X u moboeo i € X
p —mj, n—oo. (23)
b) Obpammno, ecau cywjecmsyiom wucaa «y, ..., Ty, yoosremaopaowue

ycaosuam (22) u (23), mo Haiidemcsa ny makoe, 4mMo Bb6INOAHEHO YCAO-
sue (21).

¢) Yucaa (7, ..., ™) u3 a) ydosiemsopaom cucmeme yYpasHeHull
Ti=Y Tapajy j=1 ..., N. (24)
o
Hoxaszameavcmso. a) O603Hauum
() _ (n) (n) _ (n)
m; mm pij» M; max p;;’.
[TockosbKy
1
P =3 piapl), (25)
e 3
TO
(n+1) _

1
m;"*" =min p(;"'“ )—mm Z p,ap(") mm Z Pia min pff) —m"’)

OTKyza ms") < ms"“) M aHAJIOMHYHO M(") > M(""'” TMosToMy pisi 1oKa3aTelb-

CTBa yTBepx/JeHHs (23) pocTaToyHo noxasa‘rb 47O
Mg") —m(."’ -0, n-ooo, j=1,...,N

Myctb € =min;; p( * > 0. Torna

P =3 P pe) =2 i) —epi) paj +e 3 piapa =
[+ 4
2
=X [p"’°’ epfal o) +epf;”.

Ho p

) —eple) >0, nostomy

2
Pt > m? Z [pia —epfal +epfy =m(1 —e) +epls”,

H, 3HAUMT,
m§"°+”) > mﬁ")(l —€)+e p(2").
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AHaJIOrHYHbIM 06pa3oM
M$n°+n) < Mj'")(l &) +€p(2").
O6beIHHAs 3TH HePaBeHCTBa, NMoJyyaeM
M§n0+n) _ m§no+n) <( Mﬁ.n) _ m;n))(l —¢)
|, CJIE0BATE/bHO,
Mﬁkno+n) _mgkno+n) < (Mj'") _mgn))(] —e*10, k—oo.

HTaK, no HeKOTOpO# MOANOC/IE0BATENbHOCTH {1} Mﬁ"ﬂ) (""’

()
i

— 0 npu
ng— oo. Ho pastocts Mi."’ —m'" MoHOTOHHa No n, a 3HauwuT, Mﬁ-") - mﬁ.”’ —0
npH 1 — 0.

Ecan oGosHaunTh 7; = lim m‘ )| To M3 MoMyUEHHBIX OLEHOK BHITEKAET, UTO
LA n = ny

% — | KM — mP < (1 = g)lo/mal=1,
T. €. CXOIHMOCTb pf;’) K Npe/le/IbHbIM 3HAaYeHHAM T, IPOHCXOMUT C 2eoMempu-
4ecKol CKOpOCTBIO.
SIcHO Takxe, 4TO mj") §"°) €>0, n>ng W, 3Haumt, 7; > 0.
b) Ycnosue (21) HenocpeacTBeHHO cliefyeT U3 (23), NOCKOJBKY YHCJIO CO-
CTOsIHMA KOHeuHo W 7; > 0.

¢) YpaBHenus (24) Bbitekatot u3 (23) u (25). O
4. Cucrema ypaBHeHuit (cp. ¢ (24))
Xi=Y_ XaPajy j=1,....N (24*)

urpaer GoJibllyl0 poJib B TEOPHH MapKOBCKHX Ueneil. Bcsikoe ee neompuya-
meavroe peiienne Q= (g, ..., gn), yIOBJETBOPAIOLIEE YCIOBHIO Y o =1,
[+ 4

NPHHATO Ha3blBaThb CMAYUOHAPHUIM WIH UHBAPDUAHMHLIM PaclpelielleHHeM
BeposaTHOCTeH A1 MApPKOBCKOH LleMH ¢ MaTpHuell nepexofHbIX BeposiTHOCTEH
| pij||. O6bscHeHUe 3TOrO HA3BaHWA COCTOHMT B CJleaylOLIEM.

BosbMeM pacnpenenenne Q=(qi, ..., gy) B KauecTBe HaualbHOro, T. €.
nycets pj=gqj, j=1, ..., N. Toraa

pih = Z GaPaj=4;

1 BooGuie p —qi- Hnaue rosops, ecain B KauecTBe HauyaJlbHOro pacrpesie-
JIEHHs1 B3ATh Q (91, ---, gn), TO 3TO pacnpeneneHne He Gyoem UIMEHAMbCA
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CO BpeMeHeM, T. e. Juis JioGoro &

Bonee toro, mapkoBckas uenb &= (§, Q, P) ¢ TakuM HauajibHbLIM pacnpene-
aenneM Q= (qy, ..., gn) OyAeT cmayuoHapHOU: COBMECTHOE pacripefesieHne
BekTOpa (&ky Eot1, --., p+1) HE 3ABHCHT OT &k An1a JnoGoro [ (npeanosaraerc,
yto k+ < n).

Ycnosue (21) rapaHTHpyeT Kak CyLieCTBOBaHHE NpelesoB Tj = |i’l;l‘l p}}'),

3aBUCAILMX OT i, TaK H CYyLLECTBOBAaHHE 3PrOAHYECKOr0 pacrnpeseieHus, T. €.
pacnpenenienus (my, ..., 7y) ¢ w; > 0. [1pu 3ToM pacnpenenenue (my, ..., 7x)
OKa3bIBaeTCsl TaKXKe H cmayuonaproim pacnpeseneHueM. [lokaxkem ceituac,
yTO 3TOT Habop (7y, ..., Ty) ABAAETCHA EOUHCMBEHHbIM CTALMOHAPHBIM pac-
npeaejeHHeM.

B camoM gene, nyctb (7, ..., Ay) — ellle ONHO CTaLMOHAPHOE pacrpee-

aenue. Toraa
7= Fabaj=- =3 Fapll,
o o

H MOCKOJIbKY pg'/) —Tj, TO

He

7-1',' = z(fraﬂ'}) =T;j.
o

OTMeTHM, YTO CTalMOHApHOE pacrpeelieHHe BEPOATHOCTER (M K TOMY XKe
eJIMHCTBEHHOE) MOXEMm CYuyecmaosams u s Heapeoduyeckux yened. Jei-

CTBHTEJILHO, €CJIH
01
=)

(). =)

H, CJiefl0BaTelIbHO, Mpejedbl li;p pf’.')

t
CHCTEeMa

TO

He cyllecTByIOT. B To e caMoe BpeMms

ql=z qapaj' j=l’ 2v
a

npespalllaeTcs B CHCTEMY
q1=4q2,
g2 =4y,

€IMHCTBEHHOE pellieHHe (g, §2) KOTOPOH, YAOBJETBOpAIOlLlee YCJOBHIO ) +
+g2=1, ectb (1/2, 1/2).
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OTMETHM TaKxKe, YTO /i1 PaCCMOTPEHHOro Bbillle MpUMepa B M. 2 cucTemMa
p P puMep
(24%) ¢ x; =q; umeerT BU]
go=4opPoo + 41 Po,
q1=qopo1 +4q1P1n,

OTKy/la, YUHTbIBast YCJIOBHE g + ¢; = |, HAXOMM, UTO €IMHCTBEHHOE CTaLHO-
HapHoe pacnpefelieHHe (o, §1) COBNAJAET C YXKe HailleHHbIM:

Qo= =PU__ o _1-P0
2-poo—-rn’ 2— poo — P11
paCCMOTpHM Tenepb HeKOTOpble CJIeACTBHA, BbITEKalolllHe U3 3pl‘0}1ﬂquK0ﬁ

TEOpEMBI.
IMycts A — HekoTOpas rpynna coctosuuil, AC X, u

1, x€A
I = ’ ’
A0 {0, x¢A.

BBeneM BennuHHy

14(€0) +... +14(6n)
n+1

— doaro 8pemenu, NpoBoAUMOTo YacTHued B MHoxecTBe A. Tockodbky

Ella)éo=il=PE€Al&=)=)_ p (=p*(A)),
jeA

va(n)=

TO

a1 3
Elam|éo=i=—5 > p"(A)
k=0
H, B YaCTHOCTH,

. 1 <
Elp)|eo=il= =7 > pff-
k=0

M3 ananusa usBectHo (cM. Takxe Jemmy | B § 3 ra1. IV), uto ecau nocsie-

99+n—’_;_'—:ﬂ —a, n— oo. Mosromy ecan p

LoBaTeJIbHOCTb A, — @, TO i = s

k— o0, TO

Ey(n) > mj, Ewva(n)— w4, raemy =Z ).

jeA

Jlns aproauueckux Leneil Ha camoM Jejie MOXKHO A0Ka3aTh GoJibluee, a
HMeHHo, 4To a1s BeauuuH /4(&o), ..., [a(€n), ... cnpaBewus

3akoHn Goabwux uucen. Ecau &, &), ... — KOHeuHan 3peoduueckas

Maprosckas yenv, mo 04 8caKkoeo € >0, a06020 muomecmsa ACX u
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npou3soabHO20 HAUAALHOZO pacnpedereHus
P{lva(n) — 74| >e}—0, n—ooo. (26)

Tpexxne ueM nepexofHTh K 10Ka3aTeNbCTBY, 3aMETHM, UTO HEMOCPEACTBEH-
Hoe MpHMeHeHHe pe3yJibTaToB § 5 K GepHy/JHEeBCKHM BeduuuHaM [4(&p), -..
.oy 14(&n), ... HEBO3MOXHO, MOCKOJIbKY OHH, BOOOLUE roBOpA, ABJIAIOTCA 3a-
sucumoimu. OfHAKO A0KA3aTebCTBO MOXKHO MPOBECTH M0 TOMY XK€ MyTH, YTO H
B CJlyuae He3aBHCHMbIX BeJIHUHH, €CJIH CHOBa BOCMOJIb30BAaTbCSl HEPABEHCTBOM
YebbilieBa H TeM 06CTOATENLCTBOM, UTO /I IPTrOJHUECKHX LieNeil C KOHEUHbIM
YHCJIOM COCTOsIHHII HafineTcs Takoe 0 < p< 1, uTO

lpif —mjl<Co". @)

PaccMoTpuM cocTosiHis [ H j (KOTOpble MOTYT W COBMajiaTh) H MOKaXeM,
yro aisa € >0

P(up(n) —mjl > eléo=i) =0, n—oco. 28)
B cuny HepaBencTa UeGbilepa

E{ly(n) — ;12 | &0 =1}
€2 ’

P(lvj(n) —mj| >e|&=i) <
I'Ioa'romy Haao0 Jiulb nokasaTtb, YTO
E{lvp(n) — 7| =i} >0, n—oo.

IMpocToit moacuer nokasbiBaet, 4To

E{lup(n) — mj* |&o=1i} =

n 2 n u
— 12 ; 1
i "“:"QE{ [Z U‘”“”"""’] '5":‘} = M

k=0 k=0 1=0
rae

m{G = E{[3 (@) p € &0 =i} — m; E[[(€x) €0 =i]—
—n Elp(@Ie0=i1+ 7= ) ~ )~y 4,
s=min(k, ) ut=|k—1|
B cuany (27)
@ —r. 4+ €P<Cp"
p‘/ 7r]+€‘l y IE‘/ |\ p .
[Tostomy

Im1 < Cilo* +p' + 0% + '],
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roe C) — HeKoTopas noctosiHHas. CienoBaresbHo,

(n+l)2zz (kl) (n+l)222[p +P +P +P]<

k=0 I= k=0 (=0
4C; 2+ _ 8
S+ T=p _@m+hl=p =0, n-oo,

OTKYJa H CJiefyeT CrpaBey/InBOCTb COOTHOLIEeHHs (28), H3 KOTOPOrO OYEBH/HBIM
o6pa3oM BbiTeKaeT TpeGyeMoe cooTHolleHHe (26).

5. B § 9 mna cayuaitHoro 6ayxaanusa Sp, Sy, ..., NOPOXKAEHHOTO CXeMO#
BepHyJsun, Gblid BbiBeJEHbI PEKYPpPEHTHble YpaBHEHHS it BEpOATHOCTed H
MaTeMaTHUECKHX OXKHAAHHH BPEeMEHH BbIXOJa Ha Ty WJH HHYIO rpaHuuy. AHa-
JIOTHUHble YpaBHeHHs ceituac GYIyT BbIBelleHbl H /Il MapKOBCKHX Lierei.

Ilyctb € = (&o, &1, ...) — MapKOBCKas Lielb C MaTpHLIeH nepexoHbIX Bepo-
atHocTedt || p;j|| u dasoBbiM npoctpancteom X ={0, £1, ..., £N}. Tlycte A
B — nBa uenbix udcaa, —N A0 B KN, u x € X. O6osHauum yepes By
MHOXKECTBO TeX TPaeKTOpHit (Xo, Xy, ..., X¢), Xi € X, KOTOpbIE BepBble BbIXOAAT
u3 uHTepBana (A, B) uepe3 BepxHIOIO rpaHHLY, T. €. MOKHAAIOT MHOXECTBO
(A, B), nonagas B MHoxecTBo (B, B+1, ..., N).

IMonoxum ga A< x<B

Br(x) =P ((o, ---, &) € Brs1]&0=x).

C uenblo OTHICKAHHA 3THX BepPOATHOCTeH (MepBOro BbIXOAa MapKOBCKO#
Lleny 43 MHOXKecTBa (A, B) uepes BepXHIOIO rpaHHLy) BOCMOJIb3yeMCs METOAOM,
MpHUMEHEHHbIM MPH BbiBOe 00paTHLIX YpaBHEHHIA.

Himeem

Br(x) =P((o, ---, &k) € B |€o=x)=
=Y PP - &) € Brri|bo=1x, &1=y),
Yy

rAe, KaK HETpyaHO y6e11wrbc9|, onHpasiCb Ha MapKOBCKO€ CBOWCTBO H OJlHOpOA-
HOCTb LIEMH,

P((o, .-, &p) € Brrr|éo=x, &r=y)=
=P((x, y, &2, .-, &) € Brs1 |So=x, &1 =y) =
=P((y, &, ... L) EBr|&1 =y) =
=P((y, &1, ---» §r—1) € Br|Eo=Y) = Lr-1().
[Mostomy mis A<x<Bul<kgn

Br(x) =" PryBr-1(y)-
Yy
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[Tpu 3TOM ficHO, uTO

Be(x)=1, x=B,B+1,...,N,

Be(x)=0, x=-=N,..., A

AHanornyHbiM 06pa3oM BbIBOAATCS H YpaBHEHHS 115 g (x) — BepoATHOCTEH
MepBoro BbiXoja U3 uHTepsaia (A, B) uepe3 HHXKHIOIO rpaHHLY.

Myctb 7, =min{0 </ <k: & ¢ (A, B)}, npuueM 7, =k, eClii MHOXeECTBO
{}=2. Toraa ToT Xe caMblii MeTOZ, MpHMeHEHHbIA K my(x) =E{7|& =x},
NPHBOJHUT K CJIEyIOLUM PeKYPPEHTHbIM YpaBHEHHAM:

me(x) =14 me_1(9) Pxy
Yy

(3mech | k< n, A<x<B). Ilpu 3TOM
mp(x)=0," x¢(A, B).

TMoHsATHO, UTO ecsIH MaTpHLA NePeXoAHbIX BepoATHOCTel 3alaercs hopmy-
Joit (11), To ypaBHeHus st ag(x), Be(x) U me(x) npeBpaulaloTcs B COOTBET-
CTBYIOILIHE YpaBHeHust U3 § 9, rlie OHH MOJIy4eHbl, O CYLIECTBY, TEM XK€ CaMblM
METO/IOM, UTO H 37eCh.

HaunG6onee uutepecHs! npuMeHeHHs BbIBEEHHbIX YPaBHEHHH B MpeeNbHOM
cJiyuae, Korja GiyXKlaHHe OCYLLEeCTBAETC Heo2paHu4eHHo 80 spemenu. Tak
XKe, Kak ¥ B § 9, COOTBETCTBYIOILHE YPaBHEHHS MOXKHO MOJY4HTb (GOpMaJbHBIM
npeleJbHbIM MePeXofioM H3 BbiBeleHHbIX Bblllle YpaBHeHHil, mosaras k& — oo.

Jlns npuMepa pacCMOTpPHM MapKOBCKYIo Lenb ¢ coctosinusami {0, 1, ..., B}
¥ NepexXoHbIMH BepPOATHOCTAMH

po=1, ps=1
nana l<i<B-1
pi>0, j=i+]l,
pij=A{ri, j=i,
q; >0, j=i-1,

rae p;+ri+qgi=1.
DToit uenu CooTBETCTBYET rpad
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OTciofia BHIHO, 4TO cocTosiHHS O U B sIBNAIOTCA «MOMIOLLAIOIIMMU», B JI060M
Ke JIpyroM COCTOSIHMHM i yacTHLA OCTaeTcs C BePOATHOCTBIO 7;, MEPEXOAUT Ha
e/IMHHLY BIPaBO C BEPOATHOCTbIO p; H BJIEBO C BEPOATHOCTBIO §;.

Hailnem a(x) = klingo o (x) — npefienibHYI0 BEPOATHOCTb TOTO, YTO YacTHLA,

BLIXOAALLASA H3 TOYKH X, IOCTHTHET HYJIEBOFO COCTOSIHHA PaHblile, YeM COCTOS -
nua B. TpefenbHbiM NepexooM npu & — co B ypaBHEHHAX 4151 i (X) MOJydunm,
yroana 0< j< B

a(f)=gja(j — 1) +rja(j) + pja(j +1)
C rPaHHYHLIMH YCJIOBHAMH
a(0)=1, aB)=0.
Mockonbky rj=1-—g; — p;, T0
pila(j+1) —a(j)) =qjla(j) - a(j - 1))
H, CJIe[I0BaTeJIbHO,

a(j+1)—a(j) =pjla(l) - 1),
rne
q1-.-9j
j=——L, py=1.
P/ p|...pj Po

Hoa(j+1)-1= é(a(i + 1) — a(i)). Moatomy
i=0

i
aj+D)-1=()-1 ) a

i=0

Ecmu j=B -1, 10 a(j + 1) = a(B) =0, u, 3Hauur,

1
a(l)-1 =—3
> pi
i=0
OTKyZaa
B—1 B—1
Z‘ pi > i
i= . = .
al)=4=— ¥ a()=5—7—, j=1,..,B
> pi > pi

(Cp. ¢ cootBeTcTBYyIOIUMH pesy/ibTaTamu § 9.)
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[yctb Tenepb m(x) =lim, my(x) — npefenbHoe 3HaueHHe cpelHero Bpe-
MeHH OJyKIaHHs [0 nonajaHus B oHo U3 coctosaHuit O uau B. Toraa m(0) =
=m(B) =

mx)=1+" m(y)pxy
Y

H, CJ1eloBaTeJIbHO, VI pacCMaTpHBaeMOro npuMepa
m(j)=1+q;m(j = 1) +rim(j)+ p;m(j +1)
anga Beex j=1, ..., B—1. Uro6bl HaiiTh m(j), 0603HauuM
M(j)=m()-m(i-1), j=1,....B
Torna
piM(j+1)=g;M(j)-1, j=I1,...,B-1,
H MOCJIeIOBATEbHO HAXOAHM, YTO
M(j+1)=piM(1) - R;,
rae

q1---9;

1 92
L= , Ri= _[1+ +.. —]
PI= i p; ™ pj -+

Pi-1 Pj-1---P1
[Moatomy
-1 j—1 j-1

m(j)=m(j) - m(0) = ZM(zH) Z(p.m(l) R)=m(1) Y pi— ZR,

i=0 =0
OcrtaJioch JiHllb HaWTH m(l). Ho m(B) =0, 3HAYMT,

B-1
m(l) = ——,
> b
i=0
na l<j<B
B-1
j=1 2 R j-1
m()=Y_ oi- -y R
i=0 Eo pi  i=0
1=

(Cp C COOTBETCTBYIOLIMMH pe3yJ/ibTaTaMH U3 § 9, NoJIyueHHBIMH TaM 115 CJyuas
=0, pi=p,qi=q)
6. B 3toM myHKTe GyfieT pacCMOTPEeHO ORHO YCHJIEHHe MapKOBCKOTO CBOii-
ctBa (8), 3aknioualolieecss B TOM, YTO OHO OCTAaeTCsi CNpaBe/IMBLIM NpH 3a-
MeHe MOMEHTa BpeMeHH k Ha cayuaiiHoii MOMEHT (cM. fanee Teopemy 2).



§ 12. MAPKOBCKHE LIETIH. 3PTOAUYECKAS TEOPEMA 155

Ba)KHOCTb 3TOM0 TaK Ha3blBaeMOro CmMpo2o MAPKOBCKO20 ceoiicmea Gynet
NPOMJIIOCTPHPOBAHA, B YACTHOCTH, HA MPHMepe BbIBOAA PEKYPPEHTHbIX COOT-
HoueHuil (38), UrpatoLLKMX CYLIECTBEHHYIO POJib 151 KIACCH(HKALUA COCTOAHHI
mapkoBcKHX ueneit (ra. VIII).

Mycte £= (o, .., &) — oAHOpPOAHAsE MAapKOBCKas LeMb C MaTpHLed ne-
pexoaHbIX BeposTHocTedt || pijl, D€ = (D)ogrgn — CHCTeMa pasGHenuit, P§ =
= Ds,...c.- Uepes BS 6ynem o6osHauath anre6py o), NOPOXIEHHYIO pas-
6ueHneM P .

lMpugagum npexie BCEro MapKOBCKOMY CBOWCTBY (8) HecKo/lbKO HHYHO
dopmy. IMycts B € .Q,f. [TokaxxeM, uto

Péi=an, ..., &1 =0yt | BN{&r=as)) =
=P =an, ..., &1 =ap1|&e=ar) (29)

(npeanonaraercs, uto P(BN{{, =a,}) >0). deiictButennHo, MHoXecTBo B
MOXKHO NpeCTaBUThL B BHIE

*
B=Y {0=a;, ..., &e=aj},
rae cymma ). Gepercst 1o HeKoTOpbIM HaGopam (aj, ..., a;). ostomy

P60 =, -..r Err1 =0r1 | BN {r = ar)) = 20 ;82;;‘;ffn=g)k} n -

_ X Pltn=an, ..., =ap}0{b0=0(, ..., & =0a}}) (30)
P({& =ap}NB) )

Ho B cuny MapkoBckoro cBoiictea

P({§n=an» ceey €k=ak}ﬂ{€o=03, cees §k=a;})=

Pn=an, ..., &kr1=0ar+1|0=ag, ..., &e=a;) x
= xP{éo=ay, ..., & =a;}, ecau a,=ay,
0, ecan ap#ag,
PEr=an, ..., €eq1 = are1 | Er =ag) X
= xP{é=ag, ..., &k=a;}, ecan a,=ay,
0, ecmnap#ag,
Pn=an, ..., &ey1=0ap41|Ep=ar) X

= xP({&e=ar}NB), ecmuap=aj},
0, ecmma,#a;.
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Tem cambiv cymma Y.* B (30) pasHa

PEn=an, ..., &e41 = ry1 € =ar) P& = ar} N B),

YTO H J0KasbiBaeT dopmyay (29).

TlycTb 7 — MOMEHT OCTaHOBKH (OTHOCHTE/NIbHO CHCTeMbl pasbuennii P& =
=(D;; )ogkgn; CM. onpenenente 2 B § 11).

Onpenenenne. Bynem rosopTb, uTo MHOXeCTBO B W3 anreGphl &5 npH-
HaJJIeXUT CHCTEMe MHOXKeCTB B¢, ecaiu as Kaxaoro 0 k< n

BN{r=k}e B;. 31)

HetpyzaHo npoBeputh, 4TO COBOKYNHOCTb 85 TaKHX MHOXKeCTB B o6pasyer
anre6py (Ha3biBaeMyio ajire6poit coObITHH, HabJoaeMbIX 10 MOMEHTa T).

Teopema 2. [Tycmo €= (&, ..., &) — 00HOPOOHAA MaAPKOBCKAA Yenb ¢
mampuyeii nepexodnuvix seposmuocmei | pij||, T — momenm ocmarosku
(omnocumenvro 9¢), Be Bs u A={w: 7+1< n}. Toeda, ecau P{ANBN
N(&-=ap)} >0, mo svinosnens caedyouue cmpozo mapKkoscKkue
ceoidcmesa:

P(§r+l =ay ..., §r+l =a |A an({‘r:aO)):
=P(€r+l =4ay, ..., §r+l =aq IAn{E-r:aO)})v (32)

u (8 npednoaoxcenuu P(AN{, =agp}) >0)
P(€T+l =a1y ey §1’+1 = a‘l IA n{§7' =a0}) = paoal o pa,_|a1~ (33)

Hokasameabcmeo nposeaeM I NPOCTOTHl JHlb B caydyae ! =1. [To-
CKOJIbKY BN (T=k) € .@,%, To, coriacHo (29),

Pry1=a1, ANBN{&-=ag))= Y Pllrr1=ai, & =0, 7=k, B}=

k<n—1

= Y P(&+1=a1|&=ao, T=Fk, B)P{¢,=ao, =+, B}=

k<n—1

= Y P(1=a1|&=0a0)P{ée=a0, T=k, B}=

k<n—1
= Paga, E P{gk =49, T= k» B} = Paga, P(A nB n{6‘)‘ = aO})»
k<n—1
yTO JoKa3sbiBaer u (32), u (33) (B cayuae (33) Hazmo B3sTb B =(2). O

3ameuanne 1. B cayyae /=1 ctporo mMapkoBckoe cBoiictBo (32), (33)
9KBHBaJIEHTHO, OUEBHAHO, TOMY, uTo And moboro C C X

Pr+1 € ClANBN{E =ao}) =P, (C), (34)



§ 12. MAPKOBCKHE LIETH. 3PTOOANYECKAS TEOPEMA 157

rae

Pao(c)= Z Paga, -

a,€C

B cBoto ouepenp (34) MoxeT ObiTb NepedopMyJIHPOBaHO CJAEAYIOUHM 06pa3om:
Ha MHOXecTBe A ={T <n— 1}

P(6r+1€C|B2) =P, (C), (35)

yTo ABJAAETCA OAHOM M3 OGBIYHO HCMOJb3YeMbIX (OPM CTPOro MapKOBCKOro
CBOHCTBA B 06LI€ell TEOPHH OJHOPOAHBIX MAPKOBCKHX MPOLLECCOB.

3ameuanne 2. CsoiictBa (32) u (33) ocraioTcsl crpaBelIHBbIMH (eCsH
BOCMOJIb30BATbCS COTJIALLIEHHSIMH, OMHCAHHBIMH B 3aMeuaHHd 1) U 6e3 oroso-
POK, 4To BeposiTHOCTH cobbithit ANBN{&, =ao} u AN{{; = ap} AomKHBI GbITb
TOJIOXKHTEJbHBIMH.

7. Tlycts €= (o, ..., §&n) — OAHOpPOAHAs MapKOBCKas LieMb C MaTpHLuei
nepexoHbIX BeposTHoCTed || pjjl,
[ =PEr=i &#i, 1<I<k=1]&=0) (36)
Hans i#j
[P =P=i &#j 1<I<k=1l&=0) (37)

— BEpOATHOCTH Nep8020 80368DAWEHUSA B COCTOSIHHE i B MOMEHT BPEMEHH & H
nepsoeo nonadarus B COCTOAHHE j B MOMEHT £ COOTBETCTBEHHO.
IMokaxeM, uto

p = Z 2P0, e p=1. (38)

Harasaubii cMbica 3T0# QopMyabl siceH: uToObl 3a 72 LIAroB NONacTb H3
COCTOsIHMAA [ B COCTOsIHME j, Haflo CHauaja 3a k waroB (1 < k< n) snepsole
nonacTb B COCTOIHHE j, @ 3aTeM 3a OCTaBlUMeCs 11—k WIaroB H3 j nonactb
B j. lanuMm Tenepb CTpOruit BLIBOA.

[Myctsb j ¢ukcupoBato 1

ri=min{l <k<n: &=j},
nojaras 7j =n+ 1, ecan {-}=2. Torna f‘k) P(rj=k|é=i)n

P =PE=]ilbo=0)= Y P(=j 7j=k|&o=i)=

I1<kgn

=Y Pn-re=] i=k|&=1i), (39)

1<k<n
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rle nociefHee PaBeHCTBO CJENYeT H3 TOro, uTo & 4n—k=E, HAa MHOXeCTBe
{rj=k}. [anee, nns Besxoro | < k< n muoxectso {1; =k} ={1; =&, &, = j}.
[Tosromy, ecnn P{§o =i, 7; =k} >0, To B cuay Teopemsbl 2

P(§T;+n—k =jlé =i, Ti= k)= P(E‘r/+n—k =jlé =i, Ti= k, g‘ri =j)=
=P sn—t=Jl&;=P=p"
H, cornacHo (37),

n n
p,‘}') = kz Pr+n—rk=jlo=i, Tj=k)P(1j=k|&=i)= kz: Pf?'k’f,-(f),
=1 =1

YTO M JI0Ka3biBaeT CooTHolleHHe (38).

8. 3anaumn.

1. Tyerb €= (&o, ..., £€x) — MapKOBCKas LeNb co 3HaYeHuAMH B X H f = f(x)
(x € X) — HekoTopas dyHkuus. Byznet au nocnenosatenstocts (f(&o), - .., f(€q))
06pa3oBbiBaTb MapKOBCKYIO Lienb? ByneT Ju MapKoBCKO# Lenbio «06paTHasi»
nocJefoBatTeNbHOCTb (&5, €n—1, ..., &0)?

2. Mycte P=||p;||, 1 <i, j <r, — croXacTHyeckas MaTpHLia H A — co6-
CTBEHHOE YHCJIO 3TOH MaTpHLUBI, T. €. KOPeHb XapaKTEPHCTHYECKOTO YpaBHEHHs
det |P—\E|| =0. INoka3aTb, uto A; = | ABAsieTCs COGCTBEHHBIM YHCJIOM, 3 BCE
OCTaJlbHble KOPHH Mg, ..., A, 0 MOAYJIO He Gosiblue 1. Ecsin Bce co6CTBEHHbIE
yucaa A, ..., A, Pa3jiHuHbl, TO p}f) JOMYCKAIOT MpeicTaBleHue

p‘.(;) =7+ a;,-(2))\’§ +...+ aij(r))‘f’

rae 7, aij(2), ..., a;j(r) Bolpaxkatotcs yepe3 sjaeMeHTH MaTpHLb! P. (M3 3Toro
aJrebpanyeckoro Moixoja K aHaJIH3y CBOHCTB MapKOBCKHX LieNel, B 4aCTHOCTH,
BbITeKaeT, 4To NpH |A2| <1, ..., |A/| < | mna Kaxpmoro j cyuiecTByeT npeaen
li};n pff), He 3aBHCSLLMH OT i.)

3. Myctb = (&, ..., &) — OAHOPOAHAS MApKOBCKas LeJb C MHOXECTBOM
cocTosiHMi X W MaTpuuei nepexoAHbix BeposTHOCTe# P = || pyy||. O603HaUNM

To) =Elp)léo=x1 (=3 ¢)px)-
Yy

IMycTb HeoTpHLATeNbHAA QYHKUHSA @ = p(X) YLOBNETBOPSIET YPaBHEHHIO
Tox)=p(x), xe€X.
ﬂOKaSaTb, YTO NocJeaoBaTeJIbHOCTb cnyqaﬁHux BeJIHYHH
(= 20 c Ce=w(&)

o6pa3yeT MapTHHraJl.
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4. Tlyctb £ = (&q, I P) u €= (&,, I, P) — nse MapKOBCKHE LIeMH, OTJIHya-
jollMecst HaualbHBIMH pacnpefeneHusamu Il=(py, ..., p,) u ll=(py, ..., pr).
Mycts I =( P, ..., p™), T =", ..., p™). Tokasatb, uTo eca

min pij 2€>0, To
L r
215" =P <2(1 - re)".
i=1

5. MNycte P u Q — croxacTHyeckue Matpuubl. [lokasatb, uto PQ u
aP+ (1 —a)Q c 0< a< 1 TakKe ABNAIOTCA CTOXAaCTHYECKHMH MAaTPHLIAMH.

6. PaccmarpuBaercs oaHOpoJHas MapkoBckas uenb (€, ..., £;) cO 3Haye-
nuamu B X ={0, 1} u MaTpHueil nepeXoaHbIX BepOATHOCTEI

('3 12)
p l-q)’

rie0<p<1,0<qg<]. INonoxum S, =&y +... +&,. B 0606LieHne TeopeMbl
MyaBpa—1Jlansaca (§ 6) nokasatb, yto

Sn - f_ n
P)]—2L59 _<x|-dw, n-oo.
npg(2—p—gq)
(p+9?
Y6enutbcs B TOM, 4TO B cjayuyae p +g = | Beauuusbt &, ..., & He3aBUCHMbI H

chopMyIHPOBaHHOE yTBEPXKIEHHE CBOJAUTCA K TOMY, YTO

Sn—pfl
P{msx}—»é(x), n— oo.
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Teopus seposmuocmed KAK Mamemamu4eckas OuCyuUnAuURa Moxcem u OGOAKHa
6bimb AKCULOMAMU3UPOBARA COBEPULEHHO 8 MOM KHe CMbICAL, KAK 2eomempus u arzebpa.
Imo o3Haxaem, umo, nocae mMoz0 KAk OaHb. HA36AHUA u3y4aemoim 06veKmam u ux
OCHOBHLIM OMHOWEHUAM, @ MAKIE AKCUOMbL, KOMOPHIM 3MU COOMHOULEHUA OOANCHbL
noduunamocs, sce oarvHeduee u3roNerue GONNHO OCHOBLLBAMLLSL UCKAIOHUMENbHO
Autuo HG 3MUX AKCUOMAX, HE Onupasce Ha o0bi4HOe KOHKpemHoe 3HaveHnue 3mux
065eKMOo8 U UX OMHOWeHU.

A. H. Konmoropos. «OcHoBHbIe NOHATHA TeopHH BepoaTHocTed» [32]

§ 1. BeposiTHOCTHast MOAeab IKCNEPHUMEHTA
¢ 6eCKOHEYHbIM YHCJIOM HCXOAOB.
Axkcuomaruka Koamoroposa

1. BseneHHble B mpequiecTBylollel rjaBe MOJeNH MO3BOJHJH HaM JaThb
BEPOATHOCTHO-CTaTHCTHYECKOE OMHCAHHE TeX SKCIEPHMEHTOB, YHCJIO HCXOJ0B
KoTopbIX KoHeuro. Tak, Tpoiika (2, &, P) ¢ Q={w: w=(ay, ..., a,),a; =0, 1},
o ={A: ACQ}uP({w))=pZ %g"~Z % _ 310 MOe/Ib FKCTIEPHMEHTA, COCTO-
ALLETO B 1-KPAaTHOM «HE3aBHCHMOM>» NoA6pacbiBaHHH MOHETbI C BEPOSATHOCTbIO
BbiNaJaHus «repb6a», paBHo#t p. B 3To#t Mogenu uncso N(£2) Bcex HCXOM0B, T. €.
YHCJIO TOYEK MHOXKeECTBa {2, KOHeUHo H paBHO 2".

3agagumcs Tenepb BOMPOCOM O MOCTPOEHHH BEPOATHOCTHON MOZeNH Ast
IKCMepPHMEHTA, COCTOALLETO B 6eCKOHEeUHOM «HE3aBHCHMOM» NoaGpachiBaHHH
MOHETHI C BEPOSITHOCTBIO BhIMafaHHsi «rep6a», Ha KaXKIOM Lluare paBHOH p.

B kauecTBe MHOXeCTBa HCXOJA0B €CTECTBEHHO B3SiTb MHOXKECTBO

Q={w: w=(ay, ayg, ...), a; =0, 1},

T. €. MPOCTPAHCTBO BCex NocJeoBaTeNbHoCTel w=(ay, ag, ...), 31eMEHTHI KO-
TOPbIX MPHHHMAIOT ABa 3HaueHus 0 uau 1.

Uemy paBHa MoliHocTb N(§2) MHoXKecTBa 27 XOpOLIO H3BECTHO, YTO BCSH-
Koe uncsio a € [0, 1) MoxeT GbITb OJHO3HAUHO PasJoKEHO B (COAEpXKalllylo
GeCKOHEeUHOe YHCJIO HyJei) ABOMUHYIO ApoGb

_a a2 -
a—?+2—2+ (a,—O, l).

Otciona MOXHO BBIBECTH, YTO MeXIy TOYKaMH ) MHOXKECTBA w H TOUKaMH a
MHOXecTBa [0, 1) cyliecTByeT B3aHMHO OIHO3HAaUHOE COOTBETCTBHE, a 3HAYHT,
MOLLIHOCTb MHOXKeCTBa §) paBHa MOILHOCTH KOHMUHYYMA.

TakuMm o6pa3oM, ecJi XKeJlaTb CTPOHTb BEPOSTHOCTHbIE MOJEJH, OMHCHIBA-
1ollide SKCMEepPHMEHTbI THIA 6eCKOHe4H020 MoAOGPachiBAHHA MOHETH, TO MpPH-
XOLMTCA MpHBJIEKaTb K pacCMOTPEHHIO MPOCTPaHCTBa {2 JOBOJILHO CJIOXKHOM
NPUPOALI.
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INonbiTaeMcst Tenepb NOHATb, KAaK pasyMHO CliefloBasio Obl 3aaBaTh (MpH-
MHCHIBATb) BEPOATHOCTH B MOJe/H GECKOHEYHOTO YHCJIa «HE3aBHCHMBIX» MOA-
GpacbiBaHHil «NpaBUIAbHON» (p =g = 1/2) MOHeTHI.

[Mockoabky B KauecTBe £ MOxKHO B3ATb MHOXecTBO [0, 1), To UHTepecy-
Iolllasi HaC 3ajiaua MOXKET PacCMaTpuBaThCA KaK 3ajlaya O 3HAueHHX Bepo-
AITHOCTEA B MOJENH «cJydyaliHOro BbiGopa TOukM M3 MHoXectBa [0, 1)». U3
coo6pax<eHHi CHMMETPHH ACHO, YTO BCE HCXOAbl AOJ/KHbI ObITb «PaBHOBO3-
MoXHbiMH». Ho mHoxkectBo [0, 1) HecueTHO, W ecJiM cuHTaTb, YTO €ro Be-
POATHOCTb PaBHa elMHHLE, TO MOJyYaeTcs, YTo «BeC» p(w) KaxJAoro Ucxoaa
w € [0, 1) HempeMeHHO AoJ/KeH ObITh paBeH HyJio. OHAKO U3 TaKoro crnoco6a
3afanus BeposaTHocTel (p(w) =0, w € [0, 1)) Mano uto caenyer. [eso B ToM,
yTO OGBIYHO MBI HHTEpeCcyeMcst He TeM, C KaKOi BEepOSITHOCTbIO MPOU30HIET TOT
WIH HHOH MCXOJl, a TeM, KaKOoBa BepPOATHOCTb TOFO, YTO HCXOJ JKCIepHMEHTa
6yzieT NpHHAIXKATh TOMY HJIH HHOMY 3alaHHOMY MHOXeCTBY HCXO10B (COObI-
THi0) A. B a/ieMeHTapHOii TeOPHH BepOATHOCTE! MO «BecaM» p(w) MOXKHO GblIo

Haitti BepositHocTb P (A) cobbitia A: P(A)= Y. p(w). B paccmatpuBaeMom
w€A

cefiyac cayyae npu p(w) =0, w € [0, 1), MbI He MOXXeM onpeseuTb, HaNpHMep,
BEPOSATHOCTb TOFO, YTO «CJyyaiiHo BbiGpaHHas Touka u3 [0, 1)» Gyner npuHaz-
nexkatb MHoxkecTsy [0, 1/2). B To e caMoe BpeMsi HHTYHTHBHO ICHO, YTO 3Ta
BEPOATHOCTb J0JKHA Gblaia Gbl GbiTh paBHo# 1/2.

DTy 3aMeuaHus NOACKAa3bIBAIOT, UTO NPH NOCTPOEHHH BEPOATHOCTHBIX MOJe-
Jieil B cyiy4yae Hecuemmbolx NPocTpaHCTB {2 BepOSTHOCTH HAZ0 3a/laBaTh He ANs
OTAeNbHBIX HCXO/OB, a 1l HeKOTOpbIX MHOXecTB U3 2. Ta xe aprymeHTtaums,
YTO W B MepBO# IiaBe, NOKA3bIBaeT, UTO 3aMaC MHOXKECTB, HA KOTOPbIX 3a/aeTcs
BEPOATHOCTb, AOJKeH ObiTb 3aMKHYTHIM OTHOCHTENIbHO B3fiTHA OOGbeAHHEeHHS,
nepeceyeHHs H JonoJHeHHA. B cBA3U C 3THM noJsiesHo cJaenyiollee

Onpepenenne 1. ITycth 2 — HeKoTOpoe MHOXKeCTBO Touek w. CHcTeMa &
NOAMHOXeCTB §) Ha3blBaeTcst aeebpoii, eciu

a) Qed,

b)A,Bes = AUBew,ANBe,

Q)Acd = Acd.

(3aMeruM, uTo B yCJIOBHH b) mocTaTouHo TpeGoBaTh JHLIb, UTOObI JHG0

AUB€ o, nu6o ANB € o, nockonbky AUB=ANB, ANB=AUB.)
Inst hopMyMpOBKH MOHATHSA BEPOATHOCTHOH MOJe/IM HaM Heo6XOAHMO
Onpeaenenne 2. Ilyctb & — anreGpa noaMHoxects Q2. Pyukyus mMHo-
aecms p=u(A), A€, npunuMaowas sHayenus B [0, co], Ha3biBaerca
KOHeuHO-a00umusHol mepoil, 3alaHHoil Ha &, eCJii 114 JIOGbIX ABYX Hene-
pecekaloLIMXCs MHOXKeCTB A U B U3 &

(A + B) = pu(A) + w(B). M
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KoHeuHO-aJIHTHBHAs Mepa u C u(f2) < oo HasbiBaeTCs KOHEe4HOU, a B
cayuae p(Q) =1—xoneuno-addumuenoii 8epoOAMHOCMHOL mepoti ni KO-
HeuHO-a00UMUBHOU 8ePORMHOCMbIO.

9. Jlaaum Tenepb oNpefeJieHHe BEPOATHOCTHOH MOJeJH (B pacLiMpeHHOM
cMbIC/IE) SKCMIEPHMEHTOB C HCXOAaMH («SIBJIEHHAMH») H3 MHOXeCTBa €.

Onpeaenenne 3. CoBOKYNHOCTb 0GDBEKTOB

«, &, P),
rae

a) ) — MHOJECMBO TOUEK w;,

b) & — aazebpa noaMHOXKeCTB §2;

¢) P — koreuno-addumusrnas eepoamuocmo Ha o,

Ha3bIBAETCHA BEPOAMHOCMHOU MOOeAblOo, BEPOAMHOCMHOL «meopueld»
(sxcnepumenma) 8 pacuLupeRHOM CMbiCae.

OkasblBaetcs, 0JHAKO, YTO 115 MOCTPOeHHs MJIOAOTBOPHOH MaTeMaTHue-
CKoil TEOPHH 3Ta BEPOATHOCTHAsA MOJleJIb ABJIAiETCA CJAHLIKOM HpoKoi. [TosTo-
My MPHXOAMTCA BBOJHTbL OFPaHHYEHHS KaK Ha KJ1acChi paCCMaTPHBAEMbIX MOA-
MHOKECTB MHOXKecTBa 2, TaK H Ha KJacchl JOMYCTHMbIX BEPOATHOCTHBIX Mep.

Onpeaenenune 4. CucreMa & noaMuoxects () HasbiBaeTcs o-aaeebpolil,
€CJIH OHa fABJsieTcsA aare6poil H, KpoMe TOro, BHIMOJIHEHO CJefyiolliee CBOHCTBO
(ycunenue cBoiicTBa b) u3 onpenenenns 1):

b*)ecin A, €F,n=1,2, ..., 70

UA.e®, NAe®

(mpu 3TOM AocTaTouHO TpeGoBaTh, uToGhl anGo | J A, € £, aubo () A, € F).
Onpepenenne 5. IlpoctpanctBo € BMecTe ¢ o-anre6poil ero MoAMHO-
XKecTB & HasbIBAETCS U3MEPUMBIM NPOCMPAHCMBOM W 0603Hayaetcs (Q, F).
Onpepenenne 6. KoHeuHo-aanuTHBHas Mepa p, 3aJaHHasi Ha anreGpe &
NOAMHOXKeCTB MHOXeCTBa ), Ha3blBaeTCa cuemHo-adoumusHoi (o-adou-
MUuBHOI) WK NPOCTO Mepoil, ecau LJis JIOGbIX MOMapHO HenepeceKaloUUXcs

o0
MHOXecTB A, Ag, ... H3 A Takux, uto », A, €4,
n=1

oo o]
p( 2 An) =) ulAd).
n=| n=1

Mepa u Ha3biBaeTCs T-KOHEUHOL, Clii MPOCTPAHCTBO §2 MOXKHO NpeacTa-
BHTb B BHJe

Q=3 0. e,

n=1

c ”'(Qn)<00, n=l, 2,
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Mepa (nonuepkHem — cuemuo-addumusHas mepa) P Ha anreGpe &,
yzoBJieTBopsiiolas ycjoBuio P(2) =1, 6yner HasblBaTbCA 8epOAMHOCMHOL
Mmepoil WK 8eposmHOCMbI0 (ONpefie/ieHHON Ha MHOXKECTBAX aireGpbl &).

OcTaHOBMMCSl Ha HEKOTODBIX CBOHCTBaX BEpPOSITHOCTHBIX Mep.

Ecau @ — nycmoe muoxcecmso, mo

P(@) =0.
Ecau A, Be &, mo
P(AUB)=P(A) +P(B)- P(ANB).
Ecau A,Bes u BCA, mo
P(B) < P(A).
Ecaw Aped,n=1,2, ...,u|JAn €, mo
P(A,UAU...)<P(A)) +P(A2) + ...
TMepBble TpH cBoiicTBa OyeBHAHbI. JL1sl 10Ka3aTeJIbCTBA MOC/EHEr0 A0CTa-
TOYHO 3aMETHTb, YTO Ej Ap= § Ba, tae By=A;, Bp=A\N...0NA,_ NA,,

=1 n=1

n
n>2, BiNB;j=@,i#j, u, 3Hauur,
o0 o0 [e ) [o o]
P{U A )=P[D)_B.]=) PB)<Y_ P(A).
n=1 n=1 n=1 n=1

INpuBoaHMAan HHXKe TeOpeMa, UMeloLllasi MHOTOUHC/IEHHbIE IPHMEHEHHS, AaeT
YCJIOBHS, MPH KOTOPBIX KOHEUHO-afUTHBHAs (QYHKLHSA MHOXECTB ABNAETCHA B
TO JKe caMoe BpeMsl H CYeTHO-aJAHTHBHOM.

Teopema. [Tycmo P — koneuno-adoumusras ynkyua mHoz€cecms,
3adannan Ha aszebpe o, ¢ P() = 1. Toeda caedyowue wemoipe ycaosus
IKBUBANCHMHBL

1) P 0-adoumusna (P — sepoammuocmv);

2) P nenpepoigra caepxy, m.e. 0as aw0buix muoxecms Ay, Ag, ...€ A

o0
maxux, umo A, CAn+1, U An€ L,

n=1
lim P(A,) =P (U A,,);
n=1

3) P nenpepwoigra crusy, m. e. 04 a0boix mroxecms Ay, Ao, ...€
[ o]
maxux, ¥mo A, D Ant1, [) An€ L,

n=1

lim P(Aq) =P (ﬁ A,,);
n=1
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4) P Henpepuiena 8 «nyie», m.e. 043 m0bbix mHoxecme Ay, Ay, ...€ o

o0
maxux, 4m0 Anp1 CAn, ) An=2,
n=1

lim P(A,) =0.

Jloxasameavcmso. 1) = 2). [Tockosbky

U As=41+ A2\ A) + (As\ A) +...,

n=1

TO

p(U A,,) =P(A))+P(A2\A)) +P(A3\Ag) +...=
n=1
=P(A1)+P(A2) = P(A1) +P(43) - P(A2) + ... =lim P(A,).

2) = 3). Ilyctb n 2> 1, Toraa
P(An) =P(A1\ (A1\ 4,)) =P (A1) - P(A1 \ An).
[MocnenosarenbHocTb MHOXeCTB {A) \ Ap}s>1 fBNA€TCA HeyGbiBatollelt (CM.

Tabauuy Ha c. 167) u

[>2]

U @) =4\ 4.
n=1 1

n=
Torna B cuny 2)

oo

li,g{ P(A,; \A,,)=P< (A \An))
1

n=
H, 3HAUHT,
li,‘;n P(As)=P(A)) - Ii,l;n P(A1\An) =

oo

=P(A.)—P(U(A. \An)) =P(A.)—P(A, \N An) =
p

n=1

=PMO—PMO+P(

—

D8
X
3
~—
i

n

3) = 4). OuesuaHo.
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4) = 1). [Tyctb MHOXecTBa Ay, Ag, ... € & NonapHo He nepecekaloTcs H
o0
Y A,e. Torna

n=1

iA,‘ =P zn:A, +P i A[ N

i=1 i=1 i=n+1

o0
H nockodbky Y. A; | @, n— oo, T0
i=n+1

i P(A;) =lim Z P(A;) =lim P Z A=

i=l i=1 i=l

=lim P -PL X A=
l—l i=n+1

=P ZA —lim P ZA =P34
i=1

i=n+1 i=l1

3. Temepb MoXHO chopMy/IHPOBATH CTaBLIYIO OGLIENPHHSATON CHCTEMY QK-
cuom Koamoeoposa, nexalliix B 0OCHOBE MOCTPOEHHS BEPOATHOCTHBIX Moenel
IKCMEPHMEHTOB C HCXONaMH (fIBJIEHHAMH) W3 MHOXKecTBa (2.

OcHoBHoe onpeaeneHne. Habop o6bekToB

Q, £, P),
rae

a) ) — MHON*CECMBO TOUEK w,

b) & — o-ascebpa noaMHoXKecTB €,

¢) P —seposmnocme na &,

Ha3bIBAETCA 8EPOAMHOCMHOL MOOeAbI0 (SKCTIEPUMEHTA) HIH 8EPOAMHOCT-
Hoim npocmparcmeom. I1pu 3ToM NpocTpaHCcTBO UCx0008 ) Ha3biBaeTcs Mpo-
CTPaHCTBOM 1eMEeHMAPHbIX cOObimuli, MHOXecTBa A U3 F — cobuimuamu,
a P(A) — sepoamnocmoio cobbitha A.

M3 nanHoro onpenesneHHst BHAHO, YTO aKCHOMAaTHKa TEOPHH BEPOSATHOCTEN
CYllleCTBEHHO OMHpaeTCs Ha annapar TeOPHH MHOXKECTB H TeopHH Mepbl. B cBs-
34 C 3THM nosie3Ha Tabauua (cM. c. 167—168), nokasbiBaioutasi, Kak pas-
JIHYHble MOHATHS HHTEPNPETHPYIOTCS B TEOPHH MHOMECTB H B TEOPHH Bepo-
ATHocTeil. [1puMepbl HanboJiee BaXKHbIX M1t TEOPHH BEPOATHOCTEN H3MEPHMbIX
MPOCTPAHCTB H cnoco6bl 3ajlaHKst BePOSTHOCTEM HAa HUX GYAyT AaHbl B MoCJje-
JyIOLHX AByX naparpacax.

3ameuanne. lpu NocTpoeHHH Mojesiell SKCTIePHMEHTOB, MPHU3BAHHBIX ONH-
CbiBaTb BEPOSTHOCTHbIE CBSI3H «ABJIEHHH C YCJOBHSAMH», CJefyeT (COMIacHo
3aMmeyanuio B § 1 ri. I) oroBapuBaTth, NpH KaKOM «KOMILIEKCE YCJIOBH» 3TH
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Ta6auua 1

O603HaYeHHs

HHrepnperauus Teopuu
MHOXXeCTB

Wntepnperauus teopuu
BEPOAITHOCTEH

ANB
(wan AB)

ANB=g

A+B

A\B

AAB

JJIEMEHT, TO4Ka

MHOXXeCTBO TOoYeK

o-ajire6pa NoaAMHOXeCTB
MHOXeCTBO To4eK

JIONMOJIHEHHe MHOXKeCTBa A,
T. €. MHOXXeCTBO TOYeK w, He
BXoaslmX B A

o6beiMHeHHe MHOXecTB A H
B, T. e. MHOXeCTBO TOYeK w,
BXOASILLMX WK B A, uin B B

nepeceueHHe MHOXecTB A U B,
T. €. MHOXeCTBO TOUeK w, BXO-
asumx uB A, uB B

nycToe MHOXXeCTBO

MHOXecTBa A W B He nepece-
KaloTcs

CyMMa MHOXeCTB, T. €. 00b-
€IMHEHHe HernepeceKaloLuxcs
MHOXEeCTB

pasHocTb MHOXecTB A u B,
T. €. MHOXECTBO TOUeK, BXOAS~
WwHx B A, HO He BXoasilMX B B

CHMMeTpHUeckasi  pasHOCTb
MHOXECTB, T. €. MHOXECTBO
(A\B)U(B\A)

oGbeanHeHHe MHOXKecTB A,
As, ..., T. €. MHOXECTBO TOYeK
w, BXOAALUMX WIH B A|, Hiu B
A, ...

cymMMa, T. e. OObeaHHeHHe
NONapHO HenepeceKalouuXcs
MHOXKecTB A, Ao, ...

UCXOJ, 3JIeMeHTapHoe COObITHe

NPOCTPAHCTBO HCXO0B, 3Je-
MeHTapHbIX COOGBLITHH; [10CTO-
BepHOe COObiTHE

o-anrebpa co6blITHH

co6bITHe (ec/H Hexon w € A, To
rOBOPST, UTO HACTYMHJIO COObI-
THe A)

coGbiTHe, COCToOsilee B HeHa-
CTynJieHHH cobbiTus A

coObiTHe, COCTOslLlee B TOM,
YTO MPOH3OULIO MO KpaHHe#H
Mepe OQHO H3 coObiThii A
wiu B

coObiTHE, COCTOSILLIEE B TOM,
YTO OJHOBPEMEHHO MNpPOH30-
umou A, uB

HEBO3MOXXHOe COObiTHe

cobbiTHst A U B HecOBMeCTHbI
(He MOTyT HacTynartb ORHOBpe-
MEHHO)

coO6bITHE, COCTOfIllee B TOM,
YTO MpPOM3OLLIO OJHO H3 ABYX
HECOBMECTHBIX COOBITHH

coObiTHe, COCTOsilllee B TOM,
YTO NpoH3oLLIo A, HO He Npo-
usowio B

cobbiTHE, COCTOsIlLlee B TOM,
YTO MPOHM3OLLIO OJHO H3 CO-
6biTHit A uan B, HO He o6a
OJHOBPEMEHHO

coO6bITHE, COCTOflllee B HACTY-
MJIEHHH TI0 KpaiHel Mepe 0-
HOro M3 cobbithii Ay, Ag, ...

co6bITHe, coCTosILIee B HACTY-
TJIEHHH OZIHOTO W3 HECOBMECT-
HbIX coObiThit Ay, Ao, ...
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[Mponomxenne
oo
N Ax nepeceueHHe MHOXecTB A), | co6biTHe, cocTosilliee B TOM,
n=1 A2, ..., T. €. MHOXECTBO TO- | YTO OJHOBPEMEHHO MpPOH30-
YyeK w, BXOAAWMX ¥ B Ay, ¥ B | wau cobbitua A, Aq, ...
Ao, ...
AnTA (nan Bo3pacraiollas MnocJjeaoBaTe- | Bo3pacraiouias mnocJjenoBare-
A=Ilim1An) JIbHOCTb MHOXECTB A, CX0As- | JIBHOCTb COGbLITHH, CXOASILIHX-
" wascs g(oA, T.e. AyCAsC... | cq K cobbitHiO A
nA=U A
n=1
An ]l A (nan y6biBaiowasi rocJie/loBatesib- | yObiBaiolllasi MOCJeA0BaTENb-
A=Ilim] Ap) HOCTb MHOXeCTB A,, CXOAsi- | HOCTb COGBITHI1, CXOASILHXCS
n u.laﬂCﬂé(oA, T.e. A1 DA2D... | K cobuiTHIO A
H A = n An
n=|
—_ oo oo
Ii’r'n An mHoXectBo [ U Ae MHOXECTBO HCXOJ0B w, KOTO-
. n=1 k=,
(wn lim sup An, n pble GeCKOHEYHOe YHCJIO0 pa3s
{An 6.4) (6eckoHeuHO YacTo) BCTpeya-
i {An 6.4.}) I0TCA B MOCJIeJ10BATENLHOCTH
Ay, Ag, ...
o0 o0
lim A, mHoxectBo (J ) Ae coGbiTHe, coOCTOsilliee B TOM,
o n=1 k=n YTO MPOH3OHAYT BCe COOBITHSA
(am lim inf An) Ay, Az, ... 3a HCKJIOUEHHEM,
6biTh MOXET, TOJIbKO KOHEYHO-
ro yucaa

3KCHEPHMEHTBbI paccMaTpuBaioTcd. Kak npaBuJio, Mbl 3TOTO He JejlaeM, NpH-
JepXXHBasCb TOH TOUKH 3pPEHH, UTO KaXKabiil pa3 J0JKHO ObiTb fICHO, B UeM
3TH YCJIOBHSI» 3aKJIIOYAIOTCS.

4, 3apaun.

1. Mycts @ ={r: r€[0, 1]} — MHOXXecTBO pauHoHaJbHbIX Touek Ha [0, 1],
&/ — anre6pa MHOXECTB, KaXJIOe H3 KOTOPbIX fIBNSieTCH KOHEYHO# CyM-
MoOfi Hemepecekaioumxcs MHoxectB A Buma {r: a<r<b}, {r:a<r<b},
{rra<r<b}, {r:agsr<b}, u P(A)=b—a. TNokasars, uto P(4), Ac#,
ABJIETCS KOHEYHO-aANMTHBHOH, HO He CUETHO-aAAMTHBHOH (YHKUHeH MHO-
JKECTB.

2. IMycTtb £ — HekoTOpOe CyeTHOe MHOXECTBO H & — COBOKYMHOCTb BCeX
ero noamHoxects. [Tonoxum u(A) =0, ecain A KoHeuHo, U p(A) =oo, ecau
A GeckoHeuHo. [Toka3aTb, uTo QYHKUKMS MHOXECTB 4 KOHEUHO-aJIMTHBHA, HO
He CUETHO-aJAUTHBHA.

3. Myctb ¢ — KoHeyHast Mepa Ha o-anarebpe F, A, € F,n=1,2, ..., u
A=lim Ay, (r.e. A =I—i;n—1 A= Ile Ay). Tokasatb, uto p(A) =lim p(Ay).



§ 1. AKCHOMATHKA KOJIMOTOPOBA 169

4. lokasatb, uto P(A A B) =P (A) +P(B) —2P(ANB). (Cp. c 3anauei 4

1 ra L)
. 5. MMokasaTb, 4T0 «paccTosiHus» py(A, B) u pa(A, B), onpenenentble no

¢dopmysiaM
p(A, By)=P(AAB),
P(AAB
By F((ZUB_))’ ecan P(AUB) #0,
' 0, ecan P(AUB) =0,

YZIOBNETBOPSAIOT «HEPABEHCTBY TPEYroJbHAKa.
6. TlycTb p — KOHeUHO-a/UIHTHBHAs Mepa Ha anre6pe &/, MHOXeCTBa
o0
Ay, Ag, ...€ &/ nonapHo He nepecekalotcs H A=) A; €. Toraa p(A) >

b
o )
>3 plA).
i=1
7. HokasaTtb, uTO

fim sup A, =lim inf A,, Tim inf A, =lim sup A,,
lim inf A, Clim sup A,, lim sup(4,U B,)=Ilim sup A, Ulim sup B,,
lim inf(A, N B,) =lim inf A, Nlim inf B,,
lim sup A, Nlim inf B, C lim sup(A4,N B,) Clim sup A, Nlim sup B,.

Eciu A, 7A wnn A, L A, TO
lim inf A, =lim sup A,.

8. Myctb {x,} — uucnoBas nocnenoBaTeNbHOCTb U A, = (—00, X,). [To-
Ka3aTb, yto x =lim sup x, u A =lim sup A, cBa3aHbl clenywowUM o6pasom:
(=00, x) C A C (—o0, x]. MUnaue roBops, A paBHO HAH (—00, X), HIH (—00, X].

9. INpuBecTH npuMep, NOKA3bIBAIOILHA, YTO AN Mep, MPHHUMAIOIUX 3HA-
YeHHe +00, M3 CYETHOM AANHTHBHOCTH He BbiTeKaeT, BOOGlLe roBops, Hemnpe-
PBIBHOCTb B «HYyJe» O,

10. Mposeputs nepasencmso byrs: P(ANB) > 1 —P(A) — P(B).

I1. Mycts Ay, ..., A — HeKoTOpble cobbiTHst U3 &F. [oBopAT, uTO 3Ta
CHCTeMa COGLITHI SIBJAsSETCH nepecmanosouroll (exchangeable wunw inter-
changeable), ecnn BepositHocTd P (A, ... A;,) onHH ¥ Te Xe (= p;) A1s J06Oro
BbiGopa uHaekcos | i) <...<iy<nuBeex | <! < n. Jlokasarb, 4To 4151 TAKHX
COObITHI HMeeT MecTo cJedyioLias popmyaa:

n
P (U Ai) =np—Clpa+Cips—...+(-1)""' p,.
i=1
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12. Tlyctb (Ap)rz1 — 6eckoneunasn mocJiefloBaTeJlbHOCTb NepecTaHOBOY-
HbIX COGbLITHH, T. e. 15 4106020 n > | u moGoro HaGopa HHAeKcOoB | < i) < ...
... <ip BeposiTHocTH P(A;, ...A;) HMeIOT OHO H TO Xe 3HaueHHe (= p,).
Jloka3saTb, uTo

P (tim 4,) =P (ﬂ A,,) = lim p;,
n B=1 J—o0
 e— w . .
P(II’I‘TI A,,) =P (H A,,) =1 _,'I.l..ngo(_l)lA/(pO)’
rae po=1, AY(pn) = Pasi — pa, Al (pn) = AN AT~ (pa)), j > 2.
13. TlycTb (An)nx1 — HEKOTOpas MocJiefoBaTebHOCTb MHOXKeCTB, [(A,) —
MHIMKaTOp MHOXecTBa A,, n > 1. [Nokasarb, uto

1(tim 4,) =lim /(4,), 1 (Tm A,) =Tim 1(4,),
I(G A,,) gi I(Ay).
n=1 n=|

14. Tokasatb, uto
[o o] oo
'(U An) =max [(A,), 1 (ﬂ ) =min /(A,).
n=1 n=1
15. loka3atb, 4To
P(m An) 2lim P(An), P(lim A,) <lim P(A,).
16. Tycts A*=1im A, u A, =lim A,. Tokasats, uto P(A,—A,)—0,
P(A* - A, —0.
17. Myctb MHOXecTBa A, — A (B ToM cMmbicaie, uto A=A*=A,). [1okasarsb,
yto P(AAA,)—0O.
18. INyctb MHOXecTBa A, CXOATCH K MHOXeCTBY A B TOM CMbICJE, YTO
P(AAA*)=P(A AA,)=0. INoka3aTs, uto Toraa Takxke P(A A A,)— 0.
19. [okasatb, 4To cHMMeTpHueckast pasHocTb A A B mHoxectB A u B
YIOBJIETBOPSIET CJEAYIOLLIEMY CBOHCTBY:

I{AAB)=1(A) + I(B) (mod 2).

(BobiBecTH otcioza, uto P(A A B)=P(A) + P(B) —2P(ANB); cp. ¢ 3azma-
ueil 4.) T1poBepuTb TakxXKe cjiefyioliie CBOHCTBA CHMMETPHUECKON PasHOCTH:
(AABYAC=AALABAC), (AABABAC=AAC,
AAB=C & A=BAC.
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§ 2. Aare6pbl 1 o-aare6pbi. Usmepumble npocTpancTsa

1. Anare6pbl W o-anreGpbl ABNAIOTCA COCTaBHbIMU 3JIEMEHTaMH MpH Mo-,
CTPOEHHH BEPOSITHOCTHBIX Mofeselt (3kcnepumenTos). [lpusenem npumepni u
pSiZL Pe3YJIbTATOB, OTHOCSILMXCS K STHM 06bEKTaM.

TycTb 2 — HEKOTOpOe MPOCTPAHCTBO JIEMEHTAPHbIX COObITHIL. QOUeBHAHBIM
06pa3oM CHCTEMbl MHOXECTB

Z.={2,Q), F={A: ACQ)

ABAAIOTCA H anreGpamu, v o-anre6pamu. I1pu sTom &, — TpHBHaNbHAS, CaMast
«6enHasi» o-anrebpa, a F* — camas «Goratas» o-aiare6pa, COCTOALIAS U3
BceX MOAMHOXecTB §2.

B csiyuae KoHeuHblx npocTpaHcTB 2 o-anre6pa F* BnojHe 0603puMa, H,
Kak MpaBHJIO, MMEHHO €€ pacCMaTPHBAIOT B 3JIEMEHTaPHOH TEOPHH B KayecTBe
CHCTeMbI «COOLITHI». B cilyyae ke HecueTHbIX MPOCTPAHCTB Kiace F* oKasbl-
BaeTCA CJHLIKOM LIHPOKHM, MOCKOJIbKY Ha CHCTEME TaKHX MHOXKECTB He BCeria
yZlaeTCsl «COIaCoBaHHbIM 06Pa3oM» 3a/laThb BEPOSITHOCTb.

Ecan A C, To cHcTeMa

Fa={A A 2,9

ABJIAIETCA TaKXKe NMPHMepoM ajrebpbl (M o-anrebpbl) H Ha3biBaeTCs aieebpoil
(o-anrebpoit), nopoKdeHHOE MHONecmaom A.

Ta CHCTeMa MHOXKECTB ABJISETCH YaCTHBIM CJIyYaeM CHCTEM, MOPOXKAAEMbIX
pasbuenusmu. A MMeHHo, nycTb

?=1{D,, Dy, ..}
— HeKoTopoe cuemHoe pas6HeHHe Q Ha HenycTbleé MHOXKeCTBa:
Q=Dy+Dy+...; DiﬂDj=@, i#].

Torna cucrema & = a(92), 06pa3oBaHHas U3 MHOXECTB, ABISIOLIMXCA 06 bEAH-
HEHHEM KOHEYHOro WJIM CYETHOFO YHCJIAa 3JIeMeHTOB pa3bHeHHs (C MpHCoeaH-
HEHHBIM MYCTHIM MHOXKECTBOM), ABJsieTCa ajire6poit (4 o-anre6poi).

Chenyiowas ieMMa HMeeT BaXKHOE 3HaueHHe, OCKOJIbKY B Heil yCTaHaBJH-
BAETCA NPUHYUNUANOLHAA BOSMONCHOCTb TIOCTPOEHHSE HAMMEHBLINX aNreGpbl
¥ 0-ajireGpbl, CoflepXKalliiX 3aJaHHYIO CHCTEMY MHOMECTB.

Jlemma 1. [Tycmo & — nekomopas cucmema mroxecme u3 Q. Tozda
Cywecmsyiom Haumernowan areebpa, oboznauaemas o(f), u Haumero-
wasa o-aneebpa, o60o3nauaemasn o(8), codepicauyue sce MHoONECMBa u3 &.

Zloxazameasvbcmeo. Knace F* Bcex NOAMHOXKECTB NpoCTpaHCTBa ) ecTh
o-anre6pa. Takum o6pa3oM, no KpaiiHeil Mepe ofHa ajare6pa M ofHa o-al-
re6pa, coaepxaiue &, cyuiectByior. O6pasyem Tenepb cucTeMy a(f) (o(&)),
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COCTOAILYIO U3 TeX MHOXKECTB, KOTOpble NpHHaIexKaT Jio6oit anrebpe (o-anre-
6pe), conepKalleit &. HerpyaHo npoBepHTb, YTO Takasi CHCTeMa ecTb ajre6pa
(o-anre6pa) u K TOMY XKe HaHuMeHblLasl. a

3ameuanune 1. CucreMy a(€) (cooTBeTcTBeHHO 0(£)) yacTO HasbiBaIOT
(HauMeHbLiel) aszeb6poii (COOTBETCTBEHHO o-aA2ebpoil), nopoXcOenHO cu-
cmemol mHoxecms &.

Kak yxe 6bl10 oTMeueHO, MOHATHe o-ajreOpbl HFPaeT B TEOPHH BEPOAT-
HOCTeH BaXKHYIO pOJib, BXOASl B OCHOBHOE OMpeJe/ieHHe» 8epOSMHOCMHO20
npocmpancmsa (n. 3 § 1). B 370il cBA3H NOHATHO XKeJlaHHe 1aTb KOHCTPYKTHB-
HbI#t coco6 MoJyueHHs o-airebpbl o(27), NOPOKIAEHHOH, CKaXKeM, HEKOTOPOH
anre6poit &. (J/leMMa | ycTaHaBnuBaer, 4To Takas o-ajarebpa CyLleCTByeT, HO
He naeT ee 3¢eKTHBHOTO NOCTPOEHHS.)

OnHH H3 MBICJHMBIX H MPEACTABJAIOILUXCA eCTECTBEHHBIMU CNIOCOGOB 06-
pa3oBanus o (&) U3 & Mor Gbl GbiTb CJAEYIOLIHM.

Iycth & — HeKoTopas chcTeMa noaMHoxecTs 2. OGo3HaunM & cuctemy
MOJAMHOXeECTB §2, COCTOALLYIO H3 MHOXeCTB, BXOAALLMX B &, JIONOJNHEHHH K HUM
M KOHEUHbIX WJIH CUETHBIX oGbeqHHEeHHl MHOXecTB H3 &. [losoxuM 2 =&/,
o = oy, oy =2 uT. 1. TIOHATHO, YTO NPH KAXKIOM 71 CHCTeMa 2, CONEPXHTCS
B 0(&7), H MOXHO OblI0 Obl 0’KHAATb, YTO NPH HEKOTOPOM N &, = o (&) Wiy,
no Kpafiueit mepe, |J 9, =o(&).

OnHako 370, BoOGlLte roBop4, He Tak. [leficTBuTesbHO, BosbMeM 2= (0, 1] 1
B KauecTBe ajre6pbl & pacCMOTPHUM CHCTEMY MOJAMHOXKECTB {2, MOPOXKAEHHYIO
MYCTLIM MHOXKECTBOM & H KOHEUHbIMH CyMMaMH HHTepBaJioB BuJa (a, b] ¢ pa-
LIMOHAJIbHBIMH KoHUaMu a ¥ b. HeTpyaHo y6eauTbes, uTo B pacCMaTpHBaeMoM

o o]

cayuae cucteMa MHOXecTB |J &, cmpoeo MeHblie g-anre6pbl o ().
n=1

B nanbluefilieM Halwl oCHOBHOM WHTepec GyleT CBA3aH He C TeM, Kak,
CKaXkeM, H3 ajrebphl & CKOHCMpYuposamos HauMeHbllYI0 o-anre6py o (&),
a C BOMpPOCOM O TOM, KaK YCTaHOBHTb, YTO Ta WJH MHasi 3a0aHHAA CHCTEMA
MHOXeCTB A8412emcsa o-aire6poi.

Jlas nonyueHus oTBeTa Ha Tako# BONPOC HaM MOHALOGHTCA BaXKHOE MOHSTHE
«MOHOTOHHOTIO KJjacca».

Onpenenenune 1. CucteMa .4 noaMHOXKecTB ) Ha3biBaeTCsi MOHOMOH-
HbIM KAQCCOM, €CJI U3 Toro, uTo A, € M, n=1,2, ..., u A, TAwm A, | A,
caenyert, uto A € 4.

[Tyctb & — HekoTopasi cucTeMa MHOXKecTB. Bynem o603HauaTh uepes u(&)
HaumeHbw Ul MOROMORHBLLE Kaacc, coaepxKawuid €. ([loka3atenbcTBo cy-
LLeCTBOBAHHS TAKOrO KJacca MPOBOAUTCA TaK Ke, KaK U B JeMme 1.)

Jlemma 2. [laa moeo umober areebpa A Goira 8 mo e 8pemsa u o-ai-
2ebpoii, Heobxo0umo u 0ocmamouHo, umobvl oHa OblAQ MOHOMOHHBIM
KAQCCOM.



§2. AJITEBPbI U o-AJITEBPDI 173

Jlokasameavcmgo. Kaxnasn o-anre6pa fiBAsieTCs, OYEBHAHBIM 06pasoM,
MOHOTOHHBIM KilaccoM. [lycTb Tenepb &/ siBasfieTCsi MOHOTOHHBIM KJIAaCCOM H
n
An€,n=1,2, ... flcHo, uto B,= |J Ai € & u B, C Bp4. CnenoBarenbHo,

i

=1
2]
1o onpefieleHHI0 MOHOTOHHOTO Kiacca B, T |J A; € &/. AHasornuHo ycTaHaB-
=)
o t
auBaetcs, uto (| A; €. O
i=1
Hcnoab3ays 3Ty ieMMy, JOKaXKeM CMpaBe/IMBOCTb CJEMYIOILEro pe3yJibTata,
NPOSICHAOILETO CBA3b MOHATHA «o-aare6pa» H «MOHOTOHHBIf Kaacc».
Teopema 1. [Tycmo o/ — ascebpa. Toeoa

) = o (). (1)

Hoxazameavcmso. W3 nemmbl 2 p(2/) C o(&). [oatomy noctatouHo no-
KasaTb, uTo u(&) asasercs o-aarebpoil. Ho cuctema 4 = u(2/) — MOHOTOH-
Hbll KJIaCC, NO3TOMY ONATb-TaKH MO JieMMe 2 J0CTaTOYHO TOJIbKO YCTaHOBHTD,
yto (&) ABnsetTcsa areebpoi.

BosbMeM A € .4 1 nokaxem, uto Toraa A € . C 3To#t Lebio NPUMEHHM
4acTo HCMOJb3yeMblil B la/ibHEAILEM NPUHYUn nOOX00AUUX MHONECMS, CO-
CTOSALLUHHA B CJIERYIOLIEM.

O603Hauum

M ={B: Be #,Bec #)}

BCe Te MHOXKECTBA, KOTOpble 06J1aflaloT HHTEPECYIOILMM Hac CBOHCTBOM. SIcHo,
uto & C M C .#. YcTaHOBUM, uTO A& — MOHOTOHHBIA KJacc.
Iycte B, € A, Torna B, € #, B, € #4, v noatomy

limtB,e#, lim1B,eA, lim|B,e#, lim|B,cHA.
CrenoBarenbHo, |
imTB,=lim|B,e.#, Tm|[B,=lim{B,c.#,
limTB,=lim|B,e.#, lim|B,=lim1B,€.#,

a 3HauuT, 4 — MOHOTOHHBIN Kiacc. Ho .4 C.# v M — HauMeHbILHH MOHO-
TOHHbII Kaacc. [Tostomy A =.#, u ecin Ac M =pu(), Ton Ac.H,1e.
KN1acC .# 3aMKHYT OTHOCHTENIbHO OMepalyy B3ATHS LOMOJHEHHS.

[Tokaxkem Tenepb, uTo KiIacC ¢ 3aMKHYT OTHOCHTE/IbHO B3SITHS Mepece-
YeHus.

[yctb Aec A u
My={B: Be #,ANBe.#}.
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M3 paBeHcTB
lim](ANBy)=ANlim|B,, lim{(ANB,)=Anlim?B,

cJielyet, UTo .44 — MOHOTOHHBIH KJacc.
Ianee, nerko nposepsercs, uTo

(A€ M) & (Be.Ay). )]

[yctb Tenepp A € &/, Torma nockosibky & — ajire6pa, To AJis BCAKOro
B € of mHoxectBo ANB € & u, 3HauuT,

ACMCH.

Ho .#4 — MoHOTOHHBII Kiace, a .4 — HaHMEHbLLHI MOHOTOHHbIH Kaacc. 3Ha-
uuT, My = A 1na moboro A € &. Ho Torna us (2) eeiTekaer, yto aia A € o
uBedA

(Ac AB) & (BEMy=HA).
[MosTomy, eciu A € &, To ans aw6oro B € A
Ae Mp.
B cuny npousBosbHOCTH A € & oTclofa CaieyeT, 4To
o C M C A
3HauHT, 114 Beskoro B € A
lB = d”,

Te.ecuBe#nCeM,ToCNBEA.

Hrak, knacc .4 3aMKHYT OTHOCHTENIbHO OMepauuil B3sTHA AOMOJHEHHs
M nepeceueHHs (a 3Hauut, U o6beauHenus). CaegoBaTtenbHo, A = u() —
ajrebpa, 4To H 3aBepllaeT J0KAa3aTelbCTBO TEOPEMBI. 0

AHanu3 npoBeleHHOro 0Ka3aTesbCTBa MOKa3blBaeT, YTO MPH PaccMoT-
PEHHH CHCTEM MHOXECTB, 06Pa30BaHHbIX MO NPUHYUNY NOOXOOAWUX MHO-
acecms, ObJIO BaAXKHO TO, YTO 3TH CHCTEMbl 3AMKHYMbL OTHOCHTEIbHO HEKO-
TOPbIX TEOPETHKO-MHOXKECTBEHHbIX ONepaLHi.

C 370il TOYKH 3peHHs, Bo BCeil MpobJieMaTHKe K MOHOTOHHBIX KJ1aCCOB» OKa-
3bIBAETCS MOJIE3HbIM BblJeJIEHHE TaK Ha3bIBAEMbIX «T-CUCTIEM» U K A\-CUCMEM>»
MHOXXECTB, KOTOpbi€, B CYILIHOCTH, H OblIH HCNOJb30BaHblI B J0Ka3aTeslbCTBe
TeopeMbl |. C NOMOLLbIO 3THX MOHATHH MOXHO AaTb elie Psl YTBEPXKAEHHil
(Teopema 2), KoTopble OTHOCATCA K paccMaTpuBaemoil npobJieMaTHKe H ya-
CTO oKa3biBaloTcs GoJiee yA0GHBIMH, HEXKeJIH HenocpelcTBeHHOe obpallieHue K
NpOoBEpPKe TOTO0, YTO Ta HJIH HHAsi CHCTEMA MHOXKECTB SIBJISIETCS K MOHOMOHHbIM
Kaaccom».
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Onpeneaenne 2 («m-A-cucrembi»). [lycTb §2 — HekoTOpoe mpocTpaH-
ctBo. CucreMa & noaMHOXKeCTB ) Ha3blBaeTCA T-CUCMEMOL, eCii OHa 3a-
MKHYMQ OTHOCHTENIbHO B3ATHA KOHEUHbIX NepeceyeHHit: ecim Ay, ..., A, € 2,
0 [ Ar€P,n>1.

1<k
CucreMa . noAMHOXKecTB §} Ha3blBaeTCs A-Cucmemoil, ecyu

() €2,

(M) (A, BEL HACB) = (B\Ac®),

(A) (An€Z,n21,uA,TA) = (A€X).

CucreMa 2 noaMHoxecTs €2, ABsOLIAACH OOHOBPEMEHHO TT-CHCTEMOM H
\-CHCTEeMO#, Ha3blBaeTCs T-A-cucmemoti wiM d-cucmemoii JIbiHKHHA.

3ameuanue 2. [Tone3Ho OTMeTHTb, 4TO rpynna ycaosHit (A\,), (As), (Ac),
onpeensiollas A-CHCTeMY, PaBHOCHJIbHA (3amaua 9) rpynme ycJoBHH (Ag),
(M), (Ap), rae B

(M) ecmmAe L, 10 A,

M)ecmmAp,e L, n21, ApNAp=0 mam#n,10 () An€ZL.

OTMeTHM TaKXe, YTO BCAiKaa anrebpa, O4eBHAHO, ABJASETCSH T-CHCTEMON.

Ecnu & — HekoTopass cHCTeMa MHOXeCTB, To uepe3 7(&), A(€) u d(£)
0603Ha4aloTCsA COOTBETCTBEHHO HAHMEHbLIHE TT-, A- U d -CHCTEMBI, ColepxKa-
e &.

Posib w-A-cHcTeM nposicHsAeTCs B IPHBOAUMO# HHXKe Teopeme. UTo6bl nosi-
Hee pacKpbITb CMbICJI 3TOH TeopeMbl, 3aMeTHM, uTO Kaxias o-a.seebpa A8-
aaemcs A-cucmemoii. O6patHoe xe, BooGle roBops, He BepHo. Tak, ecau
Q={l, 2, 3, 4}, T0 cHcTemMa

Z={@,Q,(,2),(1,3), (1,4, 2 3), 24, 3,4}

AIBJIIETCA A-CHCTeMOii, HO He o-asreGpoi.

OnHako oKa3blBaeTCsi, YTO eCJH OOMNOAHUMEAbHO TNOTPeGOBaTb, YTOGI
A-cHCTeMa Gblia B TO XK€ CaMOe BpeMsi M T-CHCTeMOH, To TOrja 3Ta m-
A-cHcTeMa yxe GyneT u o-aiareGpoil.

Teopema 2 (o w-A-cuctemax). a) Bcakas m-A-cucmema & asasemcs
o-aacebpoii.

b) lTycme & ecmo w-cucmema muoxcecms. Toeda &) =d(8) =o(&).

c) lTycmo & ecmo w-cucmema mHoxmecms, £ ecmov KAKAA-MO A-Cu-
tmema u £ C¥. Toeda o(£)C Z.

Hokaszameabcmso. a) Cuctema & conepxut 2 (B cuay (\;)) H 3aMKHyTa
MO OTHOILEHHIO K B3ATHIO AOMOJIHEHHA H KOHEYHbIX MmepeceyeHHHl (COraacHo
(A3) ¥ npeanosoxenuio, uto & ABnseTcs m-cucTeMoil). TeM caMbiM CHcTeMa
MHOXecTB & sBasieTcsl ajire6poft (B COOTBETCTBHM C oOnpenesieHHeM | u3
§ 1). Yro6b Tenepb okasath, uTo & ABAsSETCA TAKXKe H o-aare6poi, Halo
(B cooTsercTBMM c ompeseneHueM 4 u3 § 1) y6enuThcs B TOM, UTO ecJH
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MHOXecTBa By, Bg, ... npuHagnexat &, To Torda H ux o6bemuHeHue |J B,
n

TaKKe NPHHAJIEXKHUT &.

Monoxum A;=B; u A,=B,NA;N...NA,_,. Torna, cornacHo (\.),
N An€&. Ho () Bn=() An, cienoBatensHo, u () B, €&.

H1aK, Bcskas m-A-cHcTeMa siBsieTcs o-anareGpoil.

b) PaccmoTpum A-cuctemy A(€)) u o-aare6py o(&). Kak yxe oTMeuasnocs,
BcAiKas o-anrebpa sBasercss A-cHcteMoil. Torma mockoibky o(6)2 &, To
o(&)=A(a(8) 2 (). Tem cambiM A(£) C o(&).

Ecau Tenepb nokasatb, 4To cHcTeMa (&) ABASIETCA TAKXKE H T-CHCTEMOH,
TO TOrAa, COMJIaCHO YTBEPXKAEHHIO a), moJayuyuM, uto A(£) ecTb o-aqrebpa,
coaepxaulas &. Ho Tak Kak o (&) ecTb Munumaronas o-anre6pa, cofepxa-
uas &, ¥ no fokasaHHoMmy A(€) C o (&), 10 A(€) =0 (8).

Hrak, o6patuMcs K 10Ka3aTeJbCTBY TOro, 4To A(&) sBAseTCs T-CHCTe-
MO#H.

Kak ¥ npu pgoKasaTeJbCTBe TeopeMmbl 1, BOCMOJIb3yeMCH NpUHLUNOM
noodxo0swux MHOMeCms.

IMycTtb

& ={BeA&): BNA€ X&) nna Bcex A€ &}

Ecin Be &, o BNA € & (nockonbKy & ecTb w-cucTeMa). 3Hauut, £ C &).
Ho cuctema & ectb A-cucTema (B cuay camoro onpesenenus &)). [Toatomy
A(&) CA(&1)=61. C npyroit CTOPOHbI, N0 ONpeleNeHHI0 CHCTeMbl & HMeeT
MecTO BKJoueHHe & C A(&).

Takum ob6pasom, & = A(S).

IMycTb Tenepb

& ={BeX&): BNA€ &) nns Bcex A€ A(S)}.

Kak u &, cucteMa & sBasieTcss A-CHCTEMON.

BosbMem MHoxecTBo B € &. Torna no onpeneneHuio cucteMbl &) ISt BCEX
A € 6 = \(&) naxopum, uto BNA € A\(€). CnenoBarenbHo, H3 onpeseneHus
CHCTeMbl &2 BHAHM, UTO & C & U A(&) C A(&) = &. Ho A(&) D &. MNoatomy
A&) = &, u, 3HauHT, aaqa mobbix A H B U3 A(€) MHoxecTBo ANB € A(S),
T. €. cHcTeMa A(£) apasgercs m-cucteMoit. Mtak, A(&) aBasercs 7-A-cucTeMoil
(a sHauut, A(&) =d(&)), H, Kak yxe GbJIo OTMEUEHO Bbillie, OTCIOAA CHAEIYET,
uto A\(&) =0(&).

Tem cambiM yTBepKzeHHe b) ycTaHOBMEHO.

c¢) U3 toro, uto £ C.% u £ ecTb A-cHcTeMa, HaxoauM, uto A\(§) C A (K) =
=.%. U3 b) cnenyer, uto A(&) =0o(&). [Tostomy o(€) C L. O

3ameuanne 3. Pesy/brathl TeOpeMbl 2 MOryT GbiTb BbiBelleHbl HEMOCPEN-
CTBEHHO H U3 TeopeMbl | (3agaua 10).
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CcpopMyJIHpYeM [1Ba yTBEPXKIEHHSA, 10Ka3aTeIbCTBO KOTOPHIX CJYMHT XO-
poweil HIIOCTPalHel NPHMEHEHHS NPUHYUNA NOOXOOAUUX MHONCECME H
TeopeMbl 2 0 T-A-CHCTeMax.

Jlemma 3. [Tycmo P u Q — dse seposmuocmmuoie mepot, 3a0anHovie Ha
usmepumonm npocmparcmee (2, F). [lycmo & — nekomopas w-cucmema
mnoxmecms u3s F u mepo. P u Q cosnadarom na muomecmsax u3 &.
Toeda amu mepul cosnadarom u Ha o-arecebpe o(&). B wacmnocmu, ecau
of ecmb anrzebpa u mepor P u Q cosnadarom na ee mnoxcecmsax, mo oxu
€o8nadam u Ha mHoxcecmeax u3 o().

Jlokazameabcmeo. Bocrnonb3yeMcsi NPHHUHIOM NOOX00AWUX MHO-
aecms, 6eps B KauecTBe TAKOBbIX MHOXecTBa . ={A € o(£): P(A) =Q(A)}.
SIcHo, uTo Q€ .Z. Ecan A€ &, 10, oueBuaHo, u A€ &, nockosibky P(A) =
=1-P(A)=1-Q(A)=Q(A). Ecau A, Ay, ... ecTb cHCTeMa HernepeceKa-
IOLLMXCAA MHOXECTB B £, TOra B CHJIy cuemroi adoumusrnocmu mep P

" P(L”) A,,):Zn: P(A,,)=zn: Q(A,,)=Q(U A,,).

Tem cambiM BbINoOJIHEHBI CBOACTBA (Ag), (A,), (AL), H, 3HauHT, &£ sABAseTCA
A-cHcTeMoil.

ITo ycnosuio ieMmbl & C.Z u & aBasietca m-cucteMoit. Toraa us yTBep-
XIEeHHs C) TeopeMbi 2 caefyer, uTo o (&) C.%. B cuay e caMoro onpeaeneHus
NOAXOAALIMX MHOXKECTB 3TO CBOHCTBO H 03Hauaer, yto Mepbl P u Q cosnazaiot
Ha o-aarebpe o(&). O

Jlemma 4. [Tycmo o, 2, ..., o, — He3asucumole (OMHOCUMEALHO Me-
poL P) aneebpor cobeumuii. Toe0a omuocumeavrno amoii mepo. 6ydym nesa-
sucumovl u o-arzebpel o(Hy), o(h), ..., o().

Jloxasameavcmso. OTMETHM MNpex/e BCEro, YTo B OGLUHX BEpOSTHOCT-
HbIX MOJEJIAIX He3a8UCUMOCTb MHOXECTB H CHCTEM MHOXeCTB (aare6p, o-ai-
reGp, ...) onpefieNisieTcsl TOYHO TaK XKe, KaK U B 3JIeMEHTapHOH TEOPHH BEPO-
ATHOCTeR (cM. onpesenenus 2—5 B § 3 . ).

[lycts Ay, ..., A, — MHOXeCTBa H3 2, ..., &, COOTBETCTBEHHO H

n
L= {A €a(#): P(ANAn...nA)=P(A) [| P(Ak)}. 3)
k=2
Tokaxewm, uto & aBaserca A-cHcTeMoil.
SlcHo, uto Q €., T. e. BbINOJIHEHO CBOWCTBO (),). [lycTh A M B npuHan-
Jaexar #) u A C B. Toraa nockosbKy

P(AnAin...NA,)=PA) [] P(4s)
k=2
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n
P(BNAN...NA,)=P(B) [ P(Ae).
k=2
TO, BblYHTasgA U3 BTOPOro COOTHOWICHHA MepBoe, HaXOAHM, UTO

n
P(B\A)NA;N...NA,) =P(B\A) [] P(Aw.
=2
3HauuT, BhIMOJIHEHO CBOMCTBO ()Ap). Hakonell, ecain MHOXecTBa By, € (),
k=21,uB,T1B, 10 BNArN...NA,TBNAN...NA,. [TosToMy B cuay nenpe-
poisHocmu ceepxy BepostHocth P (cM. Teopemy B § 1) us P(BrNA2nN ...

n
...NA,)=P(B:) [ P(A;) npenenbnbim nepexonoM (k — 0o) HaxoAuM, 4TO

n
P(BNA2n...nA,)=P(B) [[ P4y,
i=2
T. €. BbINOJIHEHO CBOHCTBO ().

Takum o6pasoM, cucTeMa & siBiisieTcss A-cUcTeMoilt U %) D ). [pumenss
yTBepXKIEeHHE C) H3 TeopeMbl 2, HaXOAHM, 4To &£ D o(H)).

TeM caMbiM nokasaHo, YTO CHCTeMbl o (%)), b, ..., ), ABAAIOTCA He3asu-
CUMbIMUL.

[lpoBoas aHasiorHuHble PacCMOTPEHHS AN CHUCTEMbl 4, ..., &y, o(H)
MPUXOLMM K TOMY, YTO HE3aBHCHMLIMH GYAyT U CHCTeMbl o(h), 44, ..., &y,
o(25), WIH, paBHOCHIBHO, CHCTEMbl 993, ..., &, o(H), o(25).

[Mponosxas 3ToT npouecc, NPUX0OAUM K He3aBUCHMOCTH CHCTEMbI, COCTOS-
el u3 o-anrebp o(#), o(24), ..., o(H,). a

3ameuanue 4. IlpoaHaausupyeM ellle pas, 4To Ke HY)KHO TpeGoBaThb OT
CHCTeMbl MHOXKeCTB, yToObl OHa 06pa3oBhiBajia o-aaredpy.

C 370l Uesblo Gy/leM FOBOPHTb, YTO CHCTEMA MHOXKECTB & ABJIAeTCS T*-CH-
CTEeMO#, ec/iH OHa 3aMKHYTa OTHOCHTEJIbHO B3ATHA CHemHO020 NepeceyeHHd:

Ay, Ay, ...€E = n A, €8.

n=1

Torna us onpenenenus o-anareGpbl cjedyer, YTo ecii HeKoTopas ascebpa
& asasemcs 8 mo e camoe 8pems u T*-cucmemou, To oHa OyleT U o-aj-
re6poii.

[Moaxoa ke, OCHOBaHHbI Ha MOHATHH «T-A-CHCTEMa», HECKOJbKO HHOM.
3ecb Mbl OTNpaBAfeMCs He OT NMOHATHSA «ajre6pa», a OT MOHATHA «A-CHCTe-
Ma». M, Kak cliefyeT U3 YTBEpXKIEHHSI a) TeOpeMbl 2, ec/id 3Ta A-cucmema
A8A7emCa 8 MO KHe camoe 8pems T-Cucmemoli, To oHa ByleT U o-aire6poil.

$IcHO, B ueM COCTOMT pa3HHLa B 3THX MOAXOJAX.
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Korza Mbl MpoBepsieM, YTO HEKOTOpasi CHCTeMa fiBJfeTcs o-aire6poi,
HauMHas TpH 3TOM C MPOBEPKH TOTO, YTO 3Ta CHCTeMa ABJAETCS a.eebpoil,
370 03HAYaeT, YTO Mbl JelaeM 3Ty NpPOBEPKY, MPHBJEKAsh K PaCCMOTPEHHIO
JMllIb KOHMEHYHble CYMMbl (WM TnepeceueHHs) MHoxecTB. «Cuemuocmbo»
(a HMEHHO B Hefl-TO «BCe [1e/10») BO3HHKAeT TOr/a, KOTAA Mbl OCYLIECTBJSIEM
MpoBepKYy TOrO, YTO 3Ta CHCTEMA MHOXKECTB AIBJIACTCSA TaKXKe H m*-CHCTeMO.

Ipu «A-T-nofixoae» NPOBEPKY CBOHCTBA, YTO HHTEPECYIOLIas HaC CHCTeMa
MHOKECTB fABJIIETCA 0-aJre6poil, Mbl HaUHHAaeM MpexJe BCEro C YCTaHOBJEHHS
TOTO, UTO 3Ta CHCTeMa ABAAETCA A-cucmemoil, cBoicTsa (A;) uau (A.) kotopoi
cBA3aHbl YXKE CO «CHEeMHbiMU» onepayusmu. 3aTo Ha BTOPOM 3Tane — MpH
npoBepKe TOro, YTO 3Ta CHCTeMA SABJISIETCS T-CHCTEMO#M, — Mbl ONlepHpyeM JIMLb
C KOHE4HbIMU TIepECEUeHHSIMH HJIH CYMMaMH MHOXECTB.

3aBeplUHM H3JI0XKEHHE Pe3yJIbTaTOB O «MOHOTOHHBIX KJlacCax» NpPHBeEHH-
eM OfHOM U3 MX PynkyuoHasbHbix Bepcuit. (ITpuMepoM npHMeHeHHs MOXKeT
CAYXKHTb 10Ka3aTesIbCTBO JieMMbl Teopembl | B § 2 1. VIIL)

Teopema 3. [Tycmo & ecmb T-cucmema muoxcecms u3 F u H —
COBOKYNHOCMb mex OelicmaumenrbHO3HaAUHbLX F-u3mepumolx GyHkyui,
045 KOMOpPbIX BbINOAHEHbL CAedyrouue caolicmaa:

(h) ecau A€ &, mo yuxyua l4 € ¢,

(he) ecau fe€H, he I, mo [+ g€ I u cf € I Oan 8cakoeo Oeii-
CMBuUmMeAbHO20 HuUcAa C,

(h3) ecau pynrkyuu hp€ I, n21,0< h,Th, mo he H#.

Toeoa kaacc S codepacum u 8ce 02paHuUeHHble PYHKYUU, ABARIOWU-
eca u3MepuMbiMu OMHOCUMerbHO o-ascebpol o(8).

Hokasameavcmeso. Tlyctb L ={A € F: 14 €#}. U3 (h)) caenyer, uto
&C%. Ho cuctema & B cuny (ho) u (h3) asnserca (3agaua 11) A-cuctemoil.
MostoMy, cornacHo yrBepxKIeHHIO C) TeopeMbl 2, HaxoauM, uto o(€)C.ZL.
Takum o6pasom, eciu A € a(£), To yukuus /4 € . o ceoiicTsy (hg) oTciona
BBITEKAeT, YTO BCe NpOCTbie (BYHKLMH (T. €. PYHKUHH, ABAFIOLIHECS KOHEYHBIMH
JIMHEAHBIMY KOMOHHAUMAMH YHKUMIA BHLA /4, Tae A; € 0(£)) ToXe npHHAL-
Jiexat Knaccy S¢. Hakonel, B cuay cBoiicTBa (h;) nosyuaem, uto W Beskas
OrpaHuyenHas o(&)-u3Mepumas GYHKLHA NPUHALIEKHT Kiaccy J&. a

3ameuanne 5. Iycts X, ..., X, — cayuaiiHble BelmunHbl Ha (Q, F), FX =
=0(Xy, ..., Xn) u [ = f(w) — FX -uamepumasn dynkuus. Torna Haitnerca Takas
Gopenesckas dyukuus F = F(xy, ..., X,), uto f(w) =F(Xi(w), ..., Xa(w)).

Ins nokasatenbcTBa 3TOro YTBEPXKAEHHS KOCTATOYHO BOCMO/BL30BATHLCS Te-
OpeMoii 3, Gepsl B KaueCcTBe n00X00AUje20 MHOKeCMea pyHKyul H MHOXKe-
CTBO HeoTpHUATeNbHbIX GopeneBcKuX pyHKumit F = F(x,, ..., X,) U B KayecTBe
MHOXecTBa & COBOKYMHOCTb MHOXKECTB

E={w: Xiyw)<xy, ..., Xnw)<xn; x; €R, i=1, ..., n}.
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Tpumensis TeopeMy 3, MoJiyyaeM, uTo BCSKas HeoTpHUaTenbHas FX-uame-
pumas ¢yHkuua f= f(w) npeacrtaBieHa B Bule f(w)=F(X;(w), ..., Xa(w)).
OG6uwuit cayuait (He 06s13aTesIbHO OTPHLATENbHBIX) PYHKLMI f cBoAUTCA K pac-
CMOTPEHHOMY Tpe[BapHTe/bHBIM NepexoioM K MpeAcTaBieHuto f= f* —f—.

IMepefinem K paccMoTpeHHI0 HaHGoJiee BaXKHbIX L1 TEOPHH BEPOSITHOCTE!
M3MepHMBIX npocTpaHcTB (€2, F).

2. Uamepumoe npoctpancteo (R, #(R)). IMyctb R =(—00, 00) — Aeit-
CTBHTeJIbHas MpsAMas 4

(a, b)={x€R: a<x<b}

18 BCeX —oo <K a<b <oo. YCNOBHMCA MOJA HHTepBaJOM (a, co] MOHHMATh
MHTepBan (a, co). (JTo cornalleHHe HeOGXOAUMO IS TOFO, YTOGBI AOMOJHEHHE
10 HHTepBaJa (—oo, b] 6blJI0 HHTEPBAJIOM TOTO XKe BHAA, T. €. OTKPbITHIM CJieBa
H 3aMKHYTbIM CrpaBa.)

O603HaynM yepe3 &/ CHCTEMY MHOXECTB B R, COCTOALLYIO H3 KOHEUHbLX
CYMM HeMnepeceKaiolUIUXCsi HHTepBaJIoB BHAa (a, b):

n
Aes, ecau A=Z(a;,bi], n < oo.

i=1

HeTpyaHo npoBepHTb, YTO 3Ta CHCTEMa MHOXKECTB, B KOTOPYIO Mbl BKJIO-
yaeM TaKKe H MyCToe MHOXECTBO &, oOpasyer anre6py, KoTopasi, OJHa-
KO, He sBJseTca o-ajre6poft, nockosbky eciw A,= (0,1 —1/n]lea, 10
UA.=0, )¢ .

n

IMycts %(R) — HauMeHbluas o-anrebpa o(&), colepKalias CHCTeMy &
dta o-anre6pa, Hrpaiollias BaXKHYIO poJib B MATEMaTHUECKOM aHaJiu3e, Ha3bl-
BaeTcsl Oopenesckoll anre6poil MHOXKECTB UHCJIOBO! MPAMON, a ee MHOXKeCT-
Ba — 6opesescKumu.

Ecan o6o3Hauntb yepes & cuctemy uHTepBajioB / Buaa (a, b], a uepes
o(F#) — HauMeHblLYIO o-anrebpy, cofepxallylo £, TO HETPYAHO NMPOBEPHTD,
yto 0(SF) Oyaer coBnajath ¢ 6opesneBckoit anreGpoit. MHaue rosops, Kk Gope-
JIeBCKOH asire6pe MOXKHO MPHATH OT cHCTeMbl £, MHHYs oOpallieHHe K aJire-
6pe &, nocko/ibKy o(F) = o(a(SF)).

3ameTHM, 4TO

oo [o o]
@ b=J (a,b—%], a<b,  [ab]=[) (a-—%,b], a<b,
n=1 n=1
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Tem caMbIM B 6OPeJIEBCKYIO aJire6py Hapsily ¢ HHTepBasaMH BHJA (a, b] Bxoaar
0HOTOUEUHbIE MHOXECTBa {a}, a TakXKe JI060e H3 IIECTH MHOXKECTB

(a» b)’ [av b]v [a’ b)v ("'00» b)a (—00, b], (a, 00) (4)

OTMETHM TaKXKe, 4TO NPH KOHCTPYHpOoBaHHH GopesieBCKoi anre6pbl B(R) MoX-
10 6bL10 6bl OTNPABAATLCS HE OT HHTEPBAJIOB BHA (a, b], a OT 106OT0 U3 LWeCTH
yKa3aHHbIX HHTEPBAJIOB, MOCKOJIbKY BCE HAHMEHbLUHe o'-a/ireGpbi, NOPOXKILH-
Hble CHCTEMaMH MHOXeCTB B R, COCTOSILIMMH H3 KOHEYHBIX CYMM Hemepece-
KalolLMXCsi HHTEPBAJIOB OJHOTO W TOTO e THNa M3 (4), COBMAjaloT ¢ o-ajre-
6poit B(R). _

Huoraa npHXoAuTCs HMeTb fejo ¢ o-aiareObpoit SB(R) MHOXKeCTB Ha
pacuuperHotl YUCJ0BOA MpsAMO# R = [—o0, o0]. Tak Ha3blBAIOT HaHMeHb-
uylo o-aare6py, NOpOXIAEHHYIO CHCTEMAMH MHOXECTB B R, COCTOALIMMH H3
KOHEUHbIX CYMM HerepeceKaloluuxcs HHTepBaJioB BHA

(@, b]={xeR:a<x<b}, -oo<a<b<oo,

rae no (—oo, b] nonumaetcs MHoXecTBo {x € R: — oo < x < b}.

3ameuanue 1. [laa uamepumoro npoctpanctBa (R, #(R)) yacto ucnosb-
3yloTCsl TakXKe o6o3Hauenus (R, &), (R', ;).

3ameuanne 2. BBeneM Ha uncI0BO# NpsAMoOit R MeTpHKY

lx —yl

I+|x -yl
(3KBHBaANEHTHYIO OGBLIYHON €BKJIHIOBOH MeTpHKe |x — y|) ¥ 06Go3HauuM yepe3
%Bo(R) HanMeHblLYIO o -aare6py, MOPOXKAEHHYIO KOHEUHBIMH CYMMaMH Herepe-
CEKaIOLIMXCS OTKPLITBIX MHOXKeCTB BuAa S,(x%) ={x € R: p (x, x°) < p}, p>0,
x%€R. Torna %y(R)=B(R) (cM. 3anauy 7).

3. Uamepumoe npocrpancteo (R", B(R")). Mycts R*"=R x...xR —
NnpsiMOe, WJIH [eKapTOBO, MPOH3BEAEHHe 1 K3EMIAPOB (KOMH) UHCIOBOH

Pl(x, y)=

MPSIMOH, T. €. MHOXECTBO YnopAO0OUeHHbix HaGOpoB X = (Xy, ..., X,), TAe
—00<Xp <00, k=1, ..., n. MHoxectBo /=1y x...xI,, tae I, =(ag, b:],
T. €. MHOXecTBO {Xx ER": x, €I, k=1, ..., n}, Ha30BEM NPAMOY20AbHUKOM,

Iy — cmoponamu storo npamoyronbhuka. Uepes £ 0603HaYMM COBOKyM-
HOCTb BCeX MHOXKECTB, COCTOALUMX M3 KOHEYHbIX CYMM HelepeceKaiolmuxcs
npsAMoyrosbhukos /. Haumenbluas o-anre6pa o(£), HopoxkaeHHast cHCTEMO#
NpsiMoyrofibHUKOB ¥, HasbiBaeTcsi 6opeaesckoi anreb6poit MHOKecTB B R"
H 0Go3Hauaercs B(R"). [TokaxeM, uTo K 3Toi 60peJIeBCKOM anre6pe MOXKHO
6bl10 Gbi NPHATH ¥ HHAYe.

Hapsny ¢ npamoyronbuukamu / = /) x ... x I, pacCMOTPHM NpAMOYTO/bHH-
Ki B=B| x ... x B, ¢ 60peresckumu ctopoHamu (B, — 6openeBckoe MHO-
KECTBO UHCJ/IOBOM MPsAMOI, CTosiLUell Ha k-M MecTe B MPSAMOM MpPOH3BEEHHH
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R x ... x R). HauMeHbluas o-anre6pa, cofepkalllassi Bce NMPSIMOYrOJIbHHKH C
60penieBCKHMH CTOpOHaMH, 0603HavaeTcs

2BR)®... B(R)

W HasblBaeTcs npamoim npoussederuem o-anre6p B(R). IokaxkeM, uto Ha
caMoM Jene

BRN)=BR)®...0 B(R).

HHaue roBops, HaHMeHbLLIHe o-aJre6pbl, NOPOXKIECHHbIE CHCTEMAMH MHOXKECTB,
06pa3oBaHHLIMH M3 KOHEYHbIX CYMM HeNepeceKaioUUXcs MpsMOYrobHHKOB
I'=1 x...xI,, 4 cHCTEeMaMH MHOXeCTB, OOPa30BAHHLIMH H3 KOHEUHBbIX CYMM
HerlepeceKaiouMxcs MpAMOYroibHHKOB B =B x ... x B, ¢ 6GopeJeBCKHMH
CTOpPOHaMH, COBMAJAIoT.

HokasartenbCTBO CYyIIECTBEHHO OMNHPAETCS Ha CleyioLiee NMPeoXKeHHe,

Jlemma 5. [Tycmo & — nekomopeii kaacc mroxcecms u3 U, MHONMEC-
mso B CQ, u nycmo no onpedesenuro

ENB={ANB: Ac &) ®)

u o(€ N B) — naumernovwan o-arcebpa nodmuoxecms B, nopowdennan
cucmemoli & NB. Toeda

o(NB)=0c(&)NB. 6)
Hokasameavcmeo. Tlockoabky & C o(£), T0
&NBCo(F)NB. (7
Ho o(&)N B aBnserca o-anire6poit B B, nostomy u3 (7) cienyer, uto
o(NB)Ca(&)NB.

Jlnst nokasartesibCTBa 0GPATHOTO BKJIIOYEHHS CHOBA BOCMOJIb3yeMCs MPHH-
LHMMOM MOAXOAALUHMX MHOXKECTB.
O603Haunm

¢s={Aca(€): AnNBeo(&NB)}.
IMockoabky (&) u o(& N B) aBasioTcs o-aire6paMu, To € TakKe o-aare6pa,
NpHYEM, OUEBHJHO,
ECECo(d),
oTkyna o (&) Co(€s) =¥ Co(&) u, 3nauur, 0(8)=%3. [Nostomy ansa Kaxaoro
MHOXKecTBa A € 0(&)
ANBeo(&NB)

H, cjefoBaTesibHO, (%) N B C o(6 N B). O



§ 2. AJITEBPbI U o-AJITEBPbI 183

Jlokasameabcmgo cosnadenus o-arcebp B(R*) u BR...Q0RB. INna
n=1 ux coBnaienue ouyeBHAHO. JlOKaKeM Temepb, YTO OHH COBMAZAIOT A
n=2.

TMockosbky B(R?) C B ® %, TO L0CTaTouHO NOKa3aTh, YTo GopeneBCKHil
npamoyro.nbnnk B; x By npunapnexutr B(R?).

Tycb A R2=R; x Ry, riie Ry # Ry — «nepBasi» H «BTOpasi» AeHCTBUTEJIbHbIE
npsiMble, B =B x Ry, =R, x Ba, r1e B) x Ry (R) x B5) ecTb COBOKyN-
HOCTb MHOXECTB BHJa By x Ry (Ry x Bg) ¢ By € %, (B2 € By). Tlyctb Taxxke
FuSh— COBOKYNHOCTH HHTEPBAJIOB B Ry H Ro H S = Hi xRy, o= Ry x .
Toraa, ecin By =B x Ry, Bo=R; x By, T0 B cuay (6)

B xBQ=§m§2€§m§2=o(.ﬂ)n§2=
=0(A NBy) Ca(FNFp)=0(F x S),

YTO U TPe6OBANOCH J0KA3aTb.
Chnyuai npou3BoJIbHOrO 71 >2 paccMaTpuBaeTCs aHaJOTHYHBIM 06pa3oM.
O
3ameuanne. Ilyctb Hy(R") — HauMeHblLas o-anrebpa, NOPOXKIEHHASA CH-
CTEMaMH MHOXKeCTB, 06pa30BaHHBIMH KOHEYHbBIMH CYMMaMH HelepeceKaloluX-
Csl OTKPBITbIX «llIapoB»

Sp(x%)={x €R": pa(x, x°) <p}, x°€R", p>0,

B METpHKe

n
palx, %)= 27 pi (xp, XP),

k=1

rae x = (x1, ..., X), 0= (x9, ..., x9).

Torna %By(R") = %#B(R") (3anaua 7).

4. U3mepumoe npocTpaHcTBo (R, %(R°°)) Hrpaer 3HauHTeNbHYIO POJib
B TeOpHH BEPOATHOCTEM, MOCKOJIbKY OHO CJIyXKHT OCHOBO#H MOCTPOEHHS BEPOAT-
HOCTHBIX MoJeJIell IKCTIEPUMEHTOB C 6ECKOHEeUHbIM YHCJIOM LLIAroB.

[TpocTpaHcTBO R% — 3TO NPOCTPAHCTBO YnopAdOUeHHbLX YHCJIOBBIX NO-
CliefioBaTenbHOCTEH

x=(xy, X9, ...), —oo<xp<oo, k=12 ..

O603Haunm uepes /, ¥ B COOTBETCTBEHHO HHTepBasbl (ak, by) W Gopeses-
CKHe MHOXKECTBa k-l 4MCJIOBO# NpsiMoil (C KoopauHatoil x;). PaccMoTpum
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quﬂuﬂdpu YecKue MHOXeCTBa

Fhx..xl))={x: x=(x, x9, ...), X1 €1, ..., Xxn €1}, )]
F(By x...xBy))={x: x=(x1, %2, ...), X} €EBy, ..., xn € By}, 9
FBY={x: x=(x1, ..., Xn) €EB"}, (10)

rae B" — GopeneBckoe MHOXecTBO U3 B(R"). Kaxiblil H3 «UHIMHAPOB»
F(By X ...x B,) unu F(B") MoXeT paccMaTpHBATbCA TaKXKe KaK LHJIHHAD C
ocHoBanusimu B R"!, R*+2 . nockosbky

F(B1X...xBy)=F By x...x By xR),
S(B") =S (B"),

rae B"t!' =B" x R.

MHoKecTBa, COCTaBJIeHHble H3 KOHEUHbIX CYMM HenepeceKalolMxcs LH-
JuHApoB S (1) % ... x 1), o6pa3yiot anre6py. TouHo Tak e anre6py o6pasyioT
MHOXKECTBa, COCTaBJieHHble H3 OObeHHEHH HemepeceKalolHXCs LHIHHAPOB
F(By X ... x Bp). Cuctema uununpos £ (B") Takke o6pasyet aare6py. O60-
3HauuM B(R°), %B1(R*) u %B2(R*°) HauMeHbllHe o-aare6phl, coaepxalliie
Bce MHoxecTBa (8), (9) u (10) coorBercTBeHHo. (Hacto o-anrebpy 4B, (R*)
o6o3Havaior B(R) @ B(R)® ...) INonsatHo, uto B(R°) C B, (R*>°) C B2(R).
Ha camoMm e fiesie Bce 3TH TpH o-ajre6pbl COBMAAAIOT.

Jlas pokasatenbctBa 0603HauYMM Aast Kaxgoro n=1, 2, ...

€ ={ACR": {x: (x1, ..., Xx,) EA} € B(R*°)}.
[ycte B" € #(R,). Toraa
B e %,.
Ho ¢, — o-aare6pa, a 3Hauwur,
B(R") Co(€n) =%

OTciofa MOXHO ceNaTb 3akjoueHue, uto Ba(R®) C B(R™).

Hrak, B(R*®) = B1(R*°) = %Bo(R).

B nanbHefilneM MHoXecTBa H3 HB(R°°) 6ylaeM HasbiBaTb GOpesieBCKHMH
MHOKecTBaMH (B R*°).

3ameuanne. Ilyctb %Bp(R°°) — HaumeHbluas o-ajreGpa, nopoxueHHas
CHCTEMaMH MHOXeCTB, 06pa30BaHHbLIMH KOHEUHbIMH CyMMaMH Hernepecekaio-
ILMXCH OTKPLITBIX «IIAPOB»

S,,(x°)={xeR°°: Poolx, X0 < p}, x°€R®, p>0,
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B METPHKe

[o o]
Poo (X, x0) = Z 27%p) (xz, xD),
k=1
rae x = (x1, X2, ...) 1 xX0=(x?, x9, ...). Torna B(R°) = By(R*®) (3anaua 7).
[1puBeseM HECKOJIbKO MPUMePOB GOpesIeBCKHX MHOXKECTB B R™:
(@) {xeR>®: sup x,>a}, {x€R>®: infx,<a};
(b) {xeR>®: lim x,<a}, {x€R>®: lim x, >a}, rae, kKaK 06byHO,
lim x, =inf sup X, lim x,=sup inf xp;
" m>n n m2n
(c) {x e R*®: x, —} — MHOXeCTBO Tex x € R™®, uns KOTopbIX lim x, cyle-
CTBYET H KOHeyeH;
(d) {x eR*®: lim x, > a};

(e) {x€R°°: io: |x,.|>a} ;

n=]
n
(f) §x€R>®: Y x,=0 no kpaiiHeil Mepe 115 OQHOTO n > l}.
k=1
Yro6bl ybeauTbCs, HanpHMep, B TOM, UTO MHOXXECTBA W3 (a) BXOAAT B CH-
ctemy %B(R*°), 10CTaTOYHO 3aMETHTb, 4TO

{x: sup x,,>a}=U {x: x,>a}e B(R™),
{x: infx,,<a}=U {x: xp<a}e B(R™).

5. HWamepumoe npoctpancreo (R”, B(RT)), rne T — npoussosbroe
MHoxecTBo. [TpocTpancTBo R7 — 3T0 COBOKYNHOCTD JefCTBHTE IbHBIX yHKUMA
X =(x;), onpenenenHblx A £ € T. *) B ocHoBHOM Hac GyIeT WHTEpECOBaTb
TOT cJjiyyail, Koria 7 — HeKOTOpoe HecueTHoe MOAMHOMECTBO YMCJOBOH Npsi-
MO#. Jlns npocTOTbl H OMpENeNeHHOCTH MOXHO Ceiluac MPenosioKHTb, YTO
T =0, o).

BBeseM B paccMOTpeHHe TPH THNA LMJIHHAPHYECKHX MHOXKECTB:

Gttt X oo x )y ={x: x4 €14, ..., x4, €1n}, an
FhtaBr X .. X By)={x: x4 €By, ..., x4, € Bp}, (12)
J;I,.W,,,(B")={x: (x,,, ceey xt,,)eB"}, (13)

rie I, —MHOXecTBa BUAA (@, be], Br — GopesieBCKHE MHOXKECTBA HA YHCJIOBOH
NpsiMo#, a B" — GopesieBcKoe MHOXeCTBO B R™.

*) B nanbuefwem mns dynkumn 3 RT HCNONb3YIOTCSI TaKKe 0603HaUYeHHs: X = (X¢)ieT,
X=(x;), teT.
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MtuoxectBo H,, .1,(I1 X ... x I;) ecTb He YTO HHOE, KaK MHOXECTBO TeX
(GyHKUH#H, KOTOpblE B MOMEHTHI £}, ..., {; «TIPOXOAAT Yepe3 okHa» /|, ..., I, a
B OCTaJlbHble MOMEHTbl MPHHHUMAIOT
TNPOH3BOJIbHbIE 3HaueHHs (pHC. 24).

O603nauum uepes B(R), B, (RT)

h R u %B>(RT) Haumenblune o-anreGpbl,
h ] / w coflepXKalllie BCe LMJHHADHUECKHE
> mHoxectsa (11), (12) u (13) coor-

BETCTBEHHO. SICHO, 4TO

° oo "t BRNCHER)CBRT). (14)
Ha caMoM xe zedie Bce TpH o-asre6pbl
Puc. 24 coBnajaioT Mexny co6oii. Bosiee To-

HC. .

ro, HCyeprnbiBalOLIMM 06pa3oM MOXKHO
OMHCaTb M CTPYKTYPY HX MHOXECTB.

Teopema 4. [Tycmo T — necuemnoe mroxcecmeo. Tozoa B(RT)=
=B (RT) = B2(RT) u a060e mnoxecmso A € B(RT) umeem caedyouwyro
cmpykmypy: Haiddymcs He 6oaee Hem CHEMHOE MHONECmB0 Mmouex
ty, to, ... u3 T u 6opesesckoe mroxecmso B uz B(R>*°) makue, umo

A={x: (x4, X1, ...) EB}. (15)

Jlloxasameavbcmso. O603HauMM uepe3 & COBOKYMHOCTb MHOMECTB BH-

na (15) (npu pas3auuHbix HaGopax (I, fo, ...) U MHOXecTBax B u3 B(R™)).

Ecau Ay, Ay, ...€& w oTBevaolie UM Habopbl eCTh T(”=(tf'), 9 ),

TO =2, ¢, ...), To MHOKecTBO T =|J T® MOXHO B37TH B KauecTse
k

eIMHOl CHCTeMbl Tako#, uTo Bce A; GyAyT npeacTaBieHbl B BUIE
Ai={x: (xr, X, ...) EB},

rae B; — HekoTopble MHOXKeCTBa M3 (OfHOH H TOH e) o-anre6pul B(R™),
aT €T,

Orcioza caenyert, 4To CHCTeMa MHOXKeCTB & o6pa3yeT o -aare6py. [TousTHo,
YTO 3Ta o-ajire6pa COAEPXKHT BCE LMJHHApHYECKHe MHOXKecTBa BHia (13) u,
nockosbky Ba(R”) ectb Haumenowasn o-anrebpa, cofieprallias 5TH MHOXe-
cTBa, To BMecTe ¢ (14) 3To naer

BRT)CB(RT)C BARTYC &. (16)

Paccmotpum MHOXKecTBO A H3 &, npenctaBumoe B Buae (15). Ecau 3aduk-
cHpoBaTb Habop (I, f2, ...), TO TOTlA Te JKe PacCy>KAEHHs, UTO H B CJyyae
npocrpaHcTBa (R, 4(R°°)), nokasbiBaioT, YTO MHOXKeCTBO A Gy1eT ajieMeH-~
TOM o-aJre6pbl, MOPOXKAEHHOH LUHIHHAPHUECKHMH MHOXXecTBamH (11). Ho 3Ta



§2. AJITEBPbI U o-AJITEBPbI 187

o-anreGpa, OYEBHIHO, NPHHALIEXKHT g-anre6pe B(RT), uto Bmecte ¢ (16) u
J0Ka3blBaeT 006a yTBEPXKIAEHHSI TEOPEMbI. O

WUrak, mo6oe 6openeBckoe MHOXecTBO A H3 o-anre6pbi B(RT) onpene-
NisieTCs OTPaHHYEHHAAMH, HaJIoXXeHHbIMH Ha PYHKUMH x = (x;), ! € T, He Gonee
yeM B CHemHOM YHche Touek £y, fo, ... OTCIOfa cliefyeT, B 4aCTHOCTH, YTO
MHOKeCTBa

Ay={x: x;<C nna scex t € [0, 1]},
A9 ={x: x; =0 no kpaiiHeit Mepe 415 oauoro ¢ € [0, 1]},
Az ={x: x; HempepbiBHa B HUKCHPOBaHHO# Touke &g € [0, 1]},

3aBHCSLIHE OT «MOBeleHHA» (QYHKUHI B HECUETHOM YHCJ/IE ToyeK, He 06f3aHbl
66T GopeneBcKUMH. W neficTBHTeNbHO, BCe TPH YKa3aHHBIX MHOXKECTBA He
npunadsenam B(RION),

MMokaxeM 310 ana muoxectBa A,. Ecan A; € B(RI%)), 10, cornacho
JIOKa3aHHO#M TeopeMe, MOXXHO HallTH TaKHe TOYKH (t?, t9, ...) H MHOXeCTBO
B € B(R™), uto

{x: supx<C,tel0, 1]}={x: (x,?, X0, ...)€B%.
t

SlcHo, uto ¢ynkuMa y; =C — | npuHapnexur A, W, C/le10BaTeNbHO,
(99, Ypo, --.) € B®. O6pasyem Torna dynkumio

C-1, te ), ...),
2= 0 40
C+1, t&@ 1, ...).

TNousTHo, uto
@0, Yrg» ---)= (200, 29, -..),
H, 3HauuT, PYHKUHA 2 = (2;) NPHHALNEIKHT MHOXKECTBY
{x: ()Cq), x,g, ...)E BO}.

Ho sicHo Takxe, 4To OHa He NMpUHalIEXKHUT MHOXKeCTBY {x: sup x; < C}. To-
JyyeHHoe NpoTHBOpeuHe NokasbiaeT, uto A ¢ B(RI%1).

B cBasu ¢ nHeusmepumocmoro mHoxects Ay, Ao u A3 Mo OTHOLIEHHIO K
o-anre6pe B(RI*!) B npoctpanctse Bcex dynkumit x = (x;), ¢ €[0, 1], ec-
TECTBEHHO PacCMOTPETb GoJsiee Y3KHE KjacChli (YHKLHMi, FA€ 3TH MHOXECTBA
MOTYT OKa3aTbCsi H3MepHMbIMH. MIHTYHTHBHO MOHSITHO, uTo TaK GydeT, ecs
B KauecTBe HCXOAHOrO MPOCTPAHCTBA PacCMOTPETb, HaMpuMep, MPOCTPAHCTBO
HenpepoigroLx GYHKUHA.

6. Uamepumoe npocrtpauncrso (C, B(C)). Mycre T=[0,1] u C —
Npoctpancteo Henpepovisrbix GyHkuui x =(x;), 0<? < 1. OTHocure/bHO
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PABHOMEPHOU METPHKH p(X, y) =Sup |X; — y¢| 3TO MPOCTPAHCTBO fABASETCA
teT

MetpuyeckuM. B npoctpanctBe C MoXHO BBecTH ABe o-anreGpbl: B(C) —
o-anre6py, MOPOXIEHHYIO YUAUHOPUHECKUMU MHOXECTBAMH, H o-ajre6py
PBo(C), nopoxieHHYyil0 omkpoimuimu (B MeTPHKE p(X, §)) MHOXKECTBaMH.
[Tokaxkem, uTo Ha caMoM Jiesie o6e 3TH o-anre6pbi cosnagaT: B(C) = By(C).

Myctb B={x: x4, < b} — HeKkoTopoe UHIHHAPHUECKOe MHOXKecTBO. HeTpya-
HO Y6eIMTbCS, YTO 3TO MHOXKECTBO ABJAETCA OTKPbIThIM. OTCIOA BhITEKAET, YTO
{x:x, <by, ..., X1, < bn} € Bo(C) n, 3nauut, B(C) C %o(C).

O6patHo, paccMoTpHM MHOXKecTBO B, ={y: y € S,(x°)}, rae x° ectb nexo-

Topas dyHkuus u3 C u S,(x%) = {x eC: ?gg e —x9| < p} — OTKphITas chepa
c uentpom B x°. B cusy HenpepbiBHOCTH (hyHKLMit U3 C
B,={yeC: yeS,,(x°)}={yeC: max |y —x?|<p}=

=My eC: lyn—xi| <pte BC), (17)

te
rie ¢, — paudoHaJbHble Toukd oTpeska [0, 1]. IToatomy %y (C) C B(C).

IMpoctpanctso (C, Ho(C), p) ABASETCS MONLCKHM, T. €. MOJHbIM H cenapa-
GeabHbIM; [5], [87].

7. Usmepumoe npoctpauncrtso (D, #B(D)), rae D — npoctpancTBo (yHK-
unit x =(x), t € [0, 1], aBnstowmxcs venpepoisHoiMU Cnpasa (X; =Xy, ) n,nﬂ
Bcex £ < | v uMelowtux npedeant caesa (B no6oi Touke ¢ > 0).

Tak xe, kak u B cayyae npoctpaHctBa C, B D MOXHO 3ajaTh METPHKY
d =d(x, y) TaK, uTo o-anrebpa By(D), nopoxaeHHas OMKDPbLMbLML MHOXKE-
cTBaMH, 6yJeT coBnajath ¢ o-ajirebpoit (D), nopoxaeHHo# yusuHopuue-
ckumu MHoXKectBaMH. [1pu 3tom (D, #B(D), d) ctaHeT cenapaGesbHbIM NpoC-
TpaHcTBOM; [5], [87]. Dta Metpuka d =d(x, y), BBeneHHast A. B. CKopoxoaoM,
onpesieisieTcs CJe/ylolHM o6pasoMm:

d(x, y) =inf {e>0: dreA: Sltlp |x¢ —yx(‘,|+5Lt1p |t —A(t)lga}, (18)

rae A — MHOXeCTBO CTPOro BO3pacTaloLiMX HenpepbiBHbIX Ha [0, 1] dyHKumit
A=A({) c A0)=0, A(})=1.

8. Uamepumoe npocTpaHcTBO (]'I Q, H .%). Hapsaay ¢ npocrpaHc-
teT ieT
tBoM (RT, B(RT)), aBnsowmmes NpaMbiM npousBeseHHeM T KOMHit YHCJI0BOM

npsaMo# ¢ cHcTeMO 60pesIeBCKHX MHOXKECTB, B TEOPHH BEPOSITHOCTER paccMaT-

puBaioT TaKkxke u3MepuMble mpoctpaHctBa | [] Q, B &: ), o6pasosanubie
teT teT
clielylolumM o6pa3oM.
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TMyctb T — npou3sonbrbii Habop HHaeKcoB H (Q, Ft) — U3MepUMble Npo-

ctpanctBa, t € T. O60o3nauum 2= [] ©; — mHoXecTBO Beex PyHKUMA w = (w;),
teT
t € T, TakHX, YTO wy € O Anst Kaxnoro t €T,

COBOKYIHOCTb BCEX KOHEYHBIX OGbEAUHEHHH HelepeceKalolWmXesl UHIHH-
JpHYECKHX MHOXECTB

‘”(B) X...XB,,)={UJI wy, €By, ..., wy, GB,,},

.....

rne By, € &1, 06pasyert, KaK HeTPyIHO NMoKa3atb, aare6py. Haumenbluyio o-ai-

re6py, COAEPIKalllylo BCEe LMJHHIADHYECKHEe MHOXecTBa, 06o3HauaoT [ &,
teT
a uamepumoe npoctpanctso ([] Q, Bl &) HasbiBawoT npamem npoussede-

Huem W3MEpHMBIX mpocTpaHcTs (Q, Fy), L€ T.

9. 3apaum.

1. TycTb %) v %> — nBe o-anre6pbl NOAMHOXKECTB NpocTpaHcTBa 2. Byayr
JiM o-anre6paMH CHCTEMbl MHOXKECTB

BiNBr={A: Ac B, v A€ By},
B\UBy={A: A€ B, vau A € Bo)?

2. Mycte 2={D;, Dy, ...} — HekoTOpOE cueTHOE pa3buenue N U B=o0(D).
KakoBa MolHoCTb o-anre6pbl HB?
3. INokas3saTb, yTo

B(R") @ B(R) = BR™).

4. Jloka3atb, uto MHoxecTBa (b)—(f) (cM. n. 4) npunadiexcam B(R>™).

5. HlokasaTb, uTo MHOXecTBa Ao W A3 (cM. n. 5) He npuradiexcam
B(RIO),

6. lokasatb, uto ¢yHkuus (18) neficTBUTENBHO 3a1a€T METPHKY.

7. Ilokasatb, uto %o(R") =B(R"), n > 1, n By(R*™°) = B(R*).

8. Iycte C =C[0, co) — NpocTpaHCTBO HeMpepbIBHBIX YHKUHIA X = (x¢),
onpesenenubix ans ¢ > 0. [TokasaTb, YTO OTHOCHTENIBHO METPHKH

[e.o]
p(x, y)=Z 27" min [ sup |x; — g, l], x, y€C,

n=1 0<t<n

3TO NpocTpaHCTBO fABAAercs (KaK H B cayuae C =C[0, 1]) noabckum, T. e. no-
HolM cenapabenbHblM MempuiecKum npocmpancmeom, u o-anrebpa %y (C),
NOPOXKIEeHHAs OTKPBITHIMH MHOXKECTBAaMH, COBNajiaeT ¢ o-anarebpoit #(C), no-
POXJeHHOI UMNHHAPHYECKHMH MHOXeCTBaMH.

9. llokasaTb paBHOCHJILHOCTD rpynm ycaoBHi (Ag), (As), (Ac) H (Aa), (N}),
(AD) (em. c. 175).

10. BoiBecTH TeopeMy 2 u3 TeopeMbl 1.
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11. lokasaTb, uTo B TeopeMe 3 cucTeMa & ABASETCH A-CHCTEMOH.

12. ToBopHT, uTo o-anre6pa ABJAAETCS CHEMHO-NOPOICOeHHOU WK cena-
pabenbHOl, ecii OHA MOPOXKAAETCH HEKOTOPbIM CYETHBIM KJ1acCOM MOAMHO-
HKeCTB.

INoka3aTtb, uto o-anre6pa & GopeneBckux noamuoxkects 2= (0, 1] asns-
eTcA CYETHO-NOPOXKIECHHOH.

[Moka3zaTb Ha mpHMepe, UTO BO3MOXHA CHMTYyallMsi, KOTAa JBe o-ajreGphbl
ZF1 1 P TakoBbl, uto F) C Fy, FHo — CUETHO MOpOXKIEHa, HO F| TaKo#l
He fIBJIeTCS.

13. INokasarb, yTo AN TOTO, YTOGLI o -are6pa & Gblia CYETHO-MOPOXKIEH-
HOH, HeOGXOAMMO H AOCTaTOYHO, 4ToObl ¥ = o(X) Mna HekoTopo# cayuafiHoi
BeJMuHHbl X (onpeneneHue o(X) cMm. B . 4 § 4).

14. latb npumep cenapabenbHoit o-aare6pbl, y KOTOpO#l ecTb Hecenapa-
6enbHad nof-o-aare6pa.

15. INokasartb, uto X, X9, ... — He3aBHCHMast CHCTEMA CJy4yaiiHbIX BEJHYHH
(§§ 4, 5), ecu 0(X,) ¥ o(X), ..., Xp—1) HE3aBHCHMBI NPH Kaxkaom n 2 1.

16. TlpuBecTd npuMmep, NokasbiBalOIWMi, YTO COeqUHEHHe ABYX o-ajre6p
He eCTb o-ajre6pa.

17. Tlyctb & H &% — 1Be He3aBUCHMbIE CHCTEMbl MHOXECTB, Kaxxias M3
KOTOpbIX siBAsieTcs w-cucTeMoit. [Tokasath, uto Toraa 4 o (%)) u o(2%) TaKkkKe
He3aBUCHMbI. [IpuBecTH MpuMep ABYX HE3aBHCHMLIX CHCTEM & W &b, He fiB-
JIFIOLMXCSA T-CHCTEMAMH, 151 KOTOPbIX 0 (&) U 0(%4) yXKe 3aBUCHMBI.

18. Tyctb & ectb A-cuctema. Torna (A, Be 4, ANB=0) = (AUBe€
€2).

19. INyctb & 1 Fo — ABe o-anre6pbl NoAMHoXKecTB B 2. [TosoKuM

d(£1, F2)=4 sup |P(A1A2) — P(A1)P(Ag)|.
AleF
AP
[NokasaTb, 4TO 3Ta BeIHYHHA, XapaKTepH3aylolllas CTereHb 3aBHCHMOCTH MeXIy
F1 1 Fo, MeeT Cliellyioliiie CBOACTBA:

(@) 0<d(&F, F)LL

(b) d(£F1, F2) =0, ecau ¥ ToNbKO eciu F; 1 Fo HE3aBHCHMBI;

(c) d(£F1, £2) =1, ecaiu 4 TONbKO eCJH nepeceyeHue F| U Fo COOEPKHT
MHOXKECTBO, BEPOSITHOCTb KOTOPOro paBHa 1/2.

20. TpumeHss MeTo[ A0Ka3aTeJbCTBa JieMMbl 1, 10Ka3aTb CyllieCTBOBaHHE
W eIMHCTBEHHOCTb KilaccoB A(&) U (&), coflepKaLMX CHCTEMY MHOXKECTB &.

21. Tlyctb & ecTb HeKoTopasi ajre6pa MHOXeCTB, o6Jajaioliasi TeM
CBOWMCTBOM, uTO Jilo6Gas MocJjefoBaTeNbHOCTb (Ap)q>1 HenmepecekaioWMxcs

oo

MHOXecTB A, € & TakoBa, uto |J A, € &. [lokasatb, YTo Toraa & sBasieTcs
n=1

o-anre6pod.
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22. Tycts (Fn)ax1 €cTb Bo3pacTalollasi NMOC/e10BATENLHOCTb O-ajirep:

o0

Z,C Farr, n2 1. Tokasats, uto |J &£, ectb (BooGLIE FrOBOPS, TONBKO JIHLIb)
n=1

aare6pa.

23. MNyctb &F ectb anrebpa (Wi o-ajare6pa) H HEKOTOpPOE MHOXKECTBO
C He npHHamMeXHT F. PaccMoTpuM HauMeHbluylo anre6py (COOTBETCTBEH-
Ho o-anre6py), nopoxieHHylo MHOXecTBaMmu H3 F U{C}. Ilokasats, uTo BCeE
3/IeMEHTHl 3TOH anre6pbl (COOTBETCTBEHHO o-are6pbl) COCTOSAT U3 MHOXECTB
puga (ANC)U(BNC), rne A, BEF.

24. Tyctb R =R U{—o00} U{oo} — pacwupennas uncnosas npamas. Bo-
peJieBckasi o-anre6pa B(R) moxer 6biTh onpenesieHa (Cp. C OMpejesieHH-
eM B 1. 2), Kak o-aare6pa, NopoXaeHHas MHOXecTBaM [—oo, x], ¥ ER, rie
[—00, x] ={—00} U (—00, x]. [TokasaTb, uto 312 o-anre6pa B(R) cosnasaer
TaKxe C Jilo6oit H3 o-anre6p, MOPOXKAEHHbIX MHOXKECTBaMH

(a) [-o0, x), x ER, nau

(b) (x, 00}, x ER, nau

(c) BceMH KOHeuHbIMH HHTepBajaMu H {—oo} H {oc}.

§ 3. Cnoco6bl 3aaaHnsl BEPOSITHOCTHBIX Mep
Ha U3MEePHUMBIX NPOCTPAHCTBAX

1. Uamepumoe npoctpanctso (R, #(R)). INyctb P =P(A) — Beposar-
HOCTHast Mepa, onpeesieHHast Ha G0pesIeBCKHX MHOXeCTBax A uMCJIoBO# nps-
Moit. BosbMeM A = (—o00, X] ¥ NONOXKHM

F(x)=P(-o0, x], x€R. (1)

Tak onpenenennas ¢ynkuus o6aafaer ciedyioUMMH CBOACTBaMH:
1) F(x) — neybusarowan ¢yunxyus,
2) F(—~00)=0, F(+0) =1, ede

F(~c0)= lim F(), F(+co)=lim F(x);

3) F(x) nenpepoigna cnpasa u umeem npedeivi cre8a 8 Kax 0ol moyuke
xX€R.

[TepBoe cBO#CTBO OUEBHAHO, NOCJEIHHE 1BA BLITEKAIOT H3 CBOHCTBA Henpe-
Pbl8HOCMU BEPOSTHOCTHOMH Mepbl.

Onpepenenune 1. Besikas ¢yukuus F = F(x), ynosietBopsioLlas nepe-
UHCJieHHbIM ycaioBHsM 1)—3), Ha3biBaetca @yukyuei pacnpedesenus (Ha
udcsioBo#t npsiMoit R).

Hrak, kaxpoit BepositHocTHO# Mepe P Ha (R, Z(R)) cootBetcTBYyeT (B CH-
Ny (1)) HekoTopas ¢yHKuMsi pacnpesesieHns. OKasbiBaeTcsi, YTO HMeET MecTo
H 0GpaTHOe yTBepXKIEHHe.
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Teopema 1. [Iycmo F =F(x) — nekomopas ¢pynkyus pacnpedeare-
Hus Ha wucaogol npamoii R. Toeda Ha (R, B(R)) cywecmeyem u npu-
mom eduHcmeernHan sepoamunocmuas mepa P makas, wmo oaa aoboix
—ow<<a<b<oo

P(a, b] = F(b) - F(a). @

Hoxazameavcmeso. Ilyctb &/ — anre6pa MHOXKecTB A U3 R, sBJSAIOLIMXCA
KOHEYHbIMH CyMMaMH HemepeceKalollMXCsi HHTepBaJioB BHAa (a, b]:

n
A=Y (ag, be).
k=1

Ol'lpeﬂeJIHM Ha 3THX MHOXXeCTBax d)yHKl.lHlO MHOXECTB P(), noJsiaras

Po(A) =Y [F(be) — F(ar)], A€ @3)
k=1

Ha anre6pe &/ 3ta ¢opmyna onpenenser no F, H, oYeBHAHO, OAHO3HAUHO,
KOHeuHO-addumushyro yHKUMIO MHOXecTB. [ToaToMy, ecsin nokasaTb, 4To
Ha 3T0#t anre6pe 3Ta (DYHKUHS K TOMY XKe C4emHOo-ad0umusHa, To CyIIeCTBO-
BaHHe H eIMHCTBEHHOCTb TpeOyeMoil Mepul P Ha Z(R) GyzneT HenocpeaCTBEHHO
BbITEKaTb H3 CJEAYIOLIero oGLUero pes3ysibTaTa TEOPHH Mepbl (MPHBOAMMOro
3zech 6e3 JoKa3aTeJbCTBa, MO MOBOAY KOTOpOro cM., Hampumep, [42], [70]).

Teopema Kapareonopu. I[Tycmo 2 — nekomopoe npocmpawcmeo, & —
aarzebpa eco nodmnomecms u B =o(H) — Haumenovwas o-arcebpa, co-
Oepacawjan . [Tycmo pp — o-koHeuHan mepa (KaK o-adoumusHaa Pyx-
kyus mHoxcecms) Ha (2, ). Toeda cywecmsyem u npumom eOUHCMeaeH-
Hasa mepa p Ha (U, B), A64RI0UAACE NPOOOANCECHUEM Lo, M. e. MaAKas,
4mo

wA)=po(A), Aed.

Hrtak, nokaxeM, uto ¢yHkuus Py cueTHo-apnuTHBHa (T. €. sBJsieTCA Be-
posiTHOCTHOH Mepo#l) Ha anre6pe &/. CornacHo Teopeme u3 § 1, ans atoro
JOCTaTOYHO NMPOBEPHTb HenpepbiBHOCTL Pg B &, T. €. NPOBEPHTH, UTO

Po(All)lO’ Afllz) Aned.

Iycts Ay, Ag, ... — HekoTOpas Bbi6paHHasd MOCJELOBaTEbHOCTb MHO-
KeCTB U3 & co cBoiicTBoM A, | . [peanonoxum cHayasa, 4To Bce MHOXKECTBA
A, TpHHaLJeXaT HEKOTOPOMYy 3aMKHyTomy uHTepBany [—N, N], N <oo.
IMockosbky A, COCTOAT M3 KOHEYHOTO YMCJa CYMM HHTepBaJoB BHAa (a, b]
H MOCKOJIbKY B CHJIy HEMpepbIBHOCTH cripaBa GyHKuMi F(x)

Po(a’, b] = F(b) — F(a") > F(b) — F(a) =Py(a, b]
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npH a' | a, To Ana Kaxuoro A, Hailercs MHOXeCTBO B, € &/ Takoe, YTO ero
samvikanue [Ba]) CAqn v

Po(An) —Po(Ba) <277,
rae € — HeKOTOpoe 3apaHee 3aJlaHHOEe YHUCJIo, 6oJiblilee HyJid.

Mo npeanonoxenuio (| A, =@, a 3HauuT, 4 [ [B,] =2@. Ho MHOXecTBa
[Bn] 3aMKHYTBI, IO3TOMY HafiaeTcsl Takoe KOHeuHoe rng = ngp(g), uto

N [B.l=2. )
n=1

(B camom gene, [—N, N] — komnakr, a cuctema Muoxkect {[—N, N]\ [Bal}n>1
o6pa3syeT OmKpuimoe nokpeimue 3Toro Komnakra. Toraa no semne leiine—
Bopess (cM., Hanipumep, [1], [33]) cywecTByer KOHeuHOe NoANOKPHITHE:

U (=N, NI\ [Ba]) =[=N, N),
n=1
a 3HauuT, ﬁ [Br]=2.)

n=1
YuutbiBas (4) 4 10, 4T0 Apy C Apy—1 C... C A}, HaxoZUM

Po(An,) =Po (Ano\ n Bk) +P0(ﬂ Bk) =Py (A,.o \ ﬂ B,,) <
k=1 k=1

k=1
no no ng
< PO(U (Ak\B/e)) <Y Po(Ar\ Be) < D e27k<e.
k=1 k=1 k=1

Moatomy Py(A,) 1 0, n— co.

OrtkaxxeMcs Tenepb oT MpeAnooXeHus, yto Bce A, C [—N, N] mis HekoTo-
poro N. 3ananum € >0 1 BoiGepeM Takoe N, uto Po[—N, N] > 1 —¢/2. Torza,
NOCKOMIbKY

Ap=A,N[-N, N]+A,N[=N, N],

TO
Po(An) =Po(4n N[N, N]) +Po(A: NT-N, N)) SPo(A4x N[N, N]) +¢/2,

H, IpHMeHsis NpeALIeCTBYIOLUHe paccyxaeHus (c 3ameHoi A, Ha A,N[—N, N]),
Nostyyaem, uto A1s KoctatouHo 60Jblinx n Po(A,N[=N, N]) <&/2. Tem cambim
CHoBa Py(A,) 10, n — .
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HtaKk, mMexxay BeposTHOCTHbIMH Mepamu P Ha (R, #(R)) u ¢yHKuMaMH
pacnpenenenus F Ha yHCJIOBOH MpsiMOil R CylIeCTBYeT B3aWMHO OAHO3Hay-
Hoe cooTBeTcTBHe. Mepy P, noctpoeHHyto no ¢yHKuuu F, NPUHATO Ha3bIBaTh
BEPOATHOCTHOH Mepoii Jlebeea—Cmuamboeca, oTBeuarolleil pyHKLHH pacrnpe-
nenenus F.

Oco6o BaxkeH cJiyuail, Koraa

0, x<0,
Fx)=<{x, 0<x<]I,
I, x>1.

B 3ToM cayuae cooTBeTCTBYIOLLYIO BePOATHOCTHYIO Mepy (0603HauuM ee \)

Ha3biBaloT mepoii Jlebeea Ha otpeske [0, 1]. fIcHo, uto A(a, b] =b —a, rae

0<a < b < 1. Hnaye rosops, Mepa JleGera unrepsana (a, b] (a Takxe n060ro

H3 HHTepBaJoB (a, b), [a, b], [a, b)) paBHa npocTo ero anune b — a.
O603HauuMm

20, 1))={AN[0, 1]: Ac B(R)}

COBOKYMHOCTb 60penesckux MHoXecTB oTpe3ka [0, 1]. Hapsay ¢ stumu MHo-
’KECTBAMH YaCTO NpPHXOMHTCA pPacCMaTpPHUBaTb TaK HasbiBaeMble sebecoscKue
MHOKecTBa oTpe3ka [0, 1]. Mbl roBopuM, uto MHoxkectBo A C [0, 1] oTHocHTCa
k cucteme B([0, 1]), ecain MoXHO HaiTH TakHe GopeJieBcKHe MHOXecTBa A B,
yro ACACB u AM(B\ A)=0. HerpyaHo nposeputb, uto cuctema %([0, 1])
siBsietcs o-anre6poil. FiIMeHHo ee v Ha3biBalOT cucmemoii aebeco8cKux MHO-
aecms ompeska [0, 1]. flcuo, uto 2([0, 1]) € Z([0, 1]).

Mepy A, onpesneneHHyl0 noka JiHlb Ha MHoxecTBax u3 ([0, 1]), ecte-
CTBEHHBIM 06Pa30M MOXKHO MPOLOJIXKHTb U Ha CHCTEMY JIeGEroBCKUX MHOXKECTB
([0, 1]). A umento, ecin Ac B([0, 1]) n ACACB, rze A, Be &([0, 1)),
A(B\A)=0, To nonoxum X(A) = A(A). Tak onpenenesHas GyHKLHSA MHOXKECTB
X=X(A), A€ ([0, 1]), aBAsieTcs, KaK HETPYAHO MPOBEPHTH, BEPOATHOCTHO
mepoit Ha ([0, 1], ([0, 1])). Ee nasuiBalot se6ezo8ckod mepoii (Ha cHcTeMe
J1e6eroBCKHX MHOXECTB).

3ameuanue 1. IpoBeseHHas npouesypa nonoJiHeHHs (MPOAOKEHHS) Me-
Pbl IPHMEHAETCA H OKa3blBaeTCs MOJIE3HOM He TOJbKO B PACCMOTPEHHOM CJIy-
yae. Hanpumep, nyctb (£2, &, P) — HekoTOpoe BepOATHOCTHOE MPOCTPAHCTBO.
O6o3Hauum yepe3 & COBOKYNHOCTbL Bcex MOAMHOXeECTB A nmpocTpaHcTsa €2,
IJI KOTOPBIX MOXKHO HaWTH TakHe MHoxectBa A H B u3 &, yt0o ACACBn
P(B\ A)=0. EctecTBennbiM 06pa3oM (¢ nomouibio pasexctsa P(A) = P(B))
BEPOSITHOCTHasi Mepa onpefensieTcss U Ans MHoxecTB A € ZF. TMonyuenHoe
TakMM 06pa3oM HOBOe BePOSITHOCTHOE npocTpaHcTso (R, FF, P) nasuiBaerca
nonoaxeruen npoctpaictsa (2, &, P) otHocuTenbHO Mephl P.
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Ecau BeposiTHOCTHast Mepa P TakoBa, uto & =&, To oHa HasblBaercs
noanoil, 8 COOTBETCTBYIolee npocTpaucTso (2, F, P) — noanoim sepoam-
HOCITIHOLM NPOCMPAHCMBOM.

3ameuanne 2. KpaTko ocTaHOBHMCS Ha HIee 10KAa3aTeJbCTBA TEOPEMbl
KapaTeo/0pH, CUHTas, 4To mo()=1.

IMyctb A — MHOXecTBO U3 2 # A}, A2, ... —MHOXKeCTBa U3 &, HaKpbIBa-
jolMe MHOXeECTBO A B ToM cMbicaie, uto A C U An. OnpenenuM sHewHO0

n=1
mepy p*(A) MHOXKecTBa A, nonaras

W (A)=inf D po(An)

n=1

rae inf GepeTca no BceM yKa3aHHbIM MokpbiTHAM (Ay, Ag, ...) MHoxecTBa A.
Buympenueii mepoil p,(A) MHOXecTBa A GyleM Ha3blBaTb BENHUHHY

pa(A) =1 —p*(A).

O6osHaunm o7 COBOKYMHOCTb TeX MHOXecTB A W3 2, M1 KOTOpbIX
p*(A) =, (A). CucteMa & siBsieTcs], Kak HETPYHO MoKasatb, o-a42e6poil
(3anava_ 12), u, cienopatebHo, & Co(2/)C 7. TpunuweM MHOXeCTBaM
A uz o «Mepy» u(A), nonaras ee pasHoit p*(A) (= p.(A)). d1a yHKuKs
mHoxecTB u(A), A € &, neficTBUTENbHO ABAAETCA Mepoil (3ajaua 13), T. e. fB-
JIETCA CUETHO-aJMTUBHON (yHKLHEH MHOXKeCTB (MPH 3TOM BepOSITHOCTHOM,
NOCKOJIbKY (€2) = po() = 1).

YcranaBinBaemoe paBeHcTBoM P(a, b] = F(b) — F(a) cootBeTcTBHE MEXIY
BEPOSITHOCTHbIMH MepaMH P W ¢yHKuusiMH pacnpenenenuss F aer BO3MOX-
HOCTb KOHCTPYHPOBAHHsl pa3HbIX Bepo-

ATHOCTHBIX Mep C MOMOLIbIO 3aJaHHs Flx) —.

COOTBETCTBYIOWMX (DyHKLHMIA pacnpene- ! AF(x3)

JieHus. ] AF(x)
HMuckperhusie mepbl. Tak HasbiBa- _E___AF(Xn)

0T Mepbi P, nns koTopbix cooTser- - x'2 % p’
CTBylowas ¢Qyukuus F = F(x) saBaser-

€ KYCOUHO NOCMOAHHOL, MeHsIoLLeH Puc. 25.

CBOH 3HAaueHHss B TOUKAX X), Xg, ...

(AF(x;) >0, rae AF(x)=F(x)— Fx=)) (puc. 25). B stom caysae mepa P
COCpefioToueHa B TOYKaX Xj, Xo, ...

P({xe}) = AF(xz) > 0, Z P({x}) =1.
3
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Ha6op uucen (p;, po, ...), rie pr=P({xr}), Ha3biBalOT Quckpemroim pac-
npedeieruem 8epoamuocmeti, a COOTBETCTBYIOLIYIO (YHKUHIO pacnpesese-
Hua F = F(x) — duckpemnoii.

[puBeneM TabauLy HanGoJee yNOTPeGUTENbHBIX THIOB AUCKPETHBIX BEPO-
ATHOCTHBIX pacrnpefieleHHil C COOTBETCTBYIOLIHMH HAHMEHOBaHHAMH.

Tabanua 2
Pacnpenenenune BepositHocTh pp [Mapamerpsbl
IuckpeTHoe paBHOMepHOe %, k=1,2,....N N=1,2 ...
Bepuyanuesckoe pP=p, pp=q 0<p<l, g=1-p
BunomuanbHoe Ckpkqn*, 0<p<l, g=1-p,
k=0,1,...,n n=1,2, ...
e~ ANk
Iyacconosckoe i k=0,1... A>0
TeomeTpuueckoe ¢ 'p, k=1,2, ... 0<p<l, g=1-p
OrpHuaTesbHO-GHHOMHAbHOE Ciz\p"g*", O<pgl, g=1-p,
(pacnpenenenue Ilackans) k=r,r+1, ... r=1,2,

AGcoaloTHO HenpepbiBHbie Mepbl. Tak Ha3bIBAIOTCH MePbI, It KOTOPBIX
cooTBeTCTBYIOLIAA (YHKUHA pacnpeneneHus F = F(x) TakoBa, 4To A1 HeKo-
Topoit HeoTpHUATeNbHOH YHKUMH f = f(f), { € R, HMeeT MeCTO paBeHCTBO

Fxy= § ftyat, ()

e MojJ HHTerpajioM cefiyac MoOHHMaeTcsi HHTerpas B cMbiciie Pumana (a B
obuieM cayyae — B cMbiciie JleGera (cM. § 6)).

®ynkuua f = f(x), x € R, Ha3biBaeTcst naomrocmoo QYHKUHH pacnpene-
Jewns F = F(x) (NJOTHOCTbIO paclpesesieHHst BEPOATHOCTE! WM NPOCTO MJIOT-
HOCTbIO), a caMa dyHKUHA F = F(x) — abcoaomuo Henpepui8HO.

IMousTHO, uTo BesAKas HeoTpHUATeNbHasA GyHKuMs f = f(x), HHTerpupyemas

[o.2]
no PuMaHy H Takas, uTo S f(x)dx =1, onpenenser dpopmyoit (5) HekoTo-
—o00
pyto dyHkuio pacnpefienenus. B Tabnuue 3 npuseseHbl 0co60 BaxKHble L5t
TEOPHH BEPOATHOCTEH H MaTeMaTHYECKOH CTaTHCTHKH NMPHMepPbl PasHLIX THMOB
nioTHocTedl f= f(x) c ykazaHHeM HX HaHMeHOBaHHil M NapameTpoB (MJIOTHOCTH
f(x) cuuraercs paBHO# HyJIO A5 He YKa3aHHLIX B TabaHLle 3HAUEHHH X).
Cunrynsiprbte mepbl. Tak Ha3biBaloT Mepbl, hyHKLHH pacnpefeneHus F(x)
KOTOPbIX Henpepuiexbl, HO MOuKU WX pocma (x — Touka pocta F(x), ecau
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Ta6banua 3
Tun pacnpenenenus InotHocTs [Mapamerpbt
PasHoMepHoe Ha [a, b] i=a @ <x<b a,beR; a<b
2
HopmanbHoe, uam - be—my
raycconckoe \/Q_We 22 , xER meR, >0
xa-le—x/ﬁ
Tlamma Ta)-ﬂ—a—, x>0 a>0, >0
xe= (] — x)B-!
S L A <
Bera Bap) <x<l1 a>0, >0
DKcnoHeHUHabHOE
(ramma-pacnpenesieHte Ae ™ x>0 A>0
ca=1,8=1/})
JlBycTopoHHee A _Alr—al
3KCMOHEeHLUHaNbHOE 2¢ » XER A>0, a€R
Xu-kBaapar, x?
(ramma-pacnpeneJieHde 1 -5 s _
ca=n/2, B=2) ———2,'/2[.(”/2)): e 2, x>0 n=1,2,
C n cTereHsiMH CBOGOAbI
CThiofieHTa, r(” +1 ) |
t-pacnpesiesienre 2 = T € R n=1,2,
C n cTeneHsAMH cBOGOAbI Vnm F(§) (1 + 7) ol
m
( %) ’ £37!
F-pacnpenenenune B(ﬁ ﬁ) (l mx)"l?_'ﬂ x20 | mn=1,2, ...
2 2/ Ut
6
Kouwmn m, X€ER >0

F(x +€) — F(x — &) >0 nns mo6oro & > 0) 06pa3yloT MHOXKECTBO HYACB0L Me-
pot Jlebeea. OnycKasi NoAPOGHOCTH OTHOCHTEJILHO CTPYKTYpbl TAKHX (YHKLMH
(cM., Hanpumep, [70]), NpuBeseM MWL OAHH «KJIACCHUECKHII» NPHME.
BoabMeM otpesok [0, 1] # noctpoum yHkuHI0 F(x) ¢ NOMOLIbIO caemyto-
luero npuema, npuHagnexatuero I. Kaurtopy.
Pasnennm otpe3sok [0, 1] Ha TpH paBHble 4acTH H NOJOXKHUM (pHc. 26)

Fi(x)=40,

1/2, xe(1/3, 2/3),
x=0,
1, x=1,

Joonpefenss ee B OCTaJbHbIX TOYKaX C MOMOUIbIO JIHHEHHO#H HHTEPNOJIALHH.
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Hanee, kaxnpiit u3 uurepsaos [0, 1/3] u [2/3, 1] cHoBa AenuM Ha TpH
yacTH 4 onpeaenseM ¢yHkuuio (puc. 27)

1/2, xe€(1/3, 2/3),
1/4, x€(1/9, 2/9),
Fa(x)=1< 3/4, x€(7/9, 8/9),
0, x=0,
1, x=1,
CO 3HaYEHHAMH B OCTAJIbHBIX TOYKAX, MOJY4YEHHbIMH JIMHEHHO HHTepnossLyel.
[Mpononkas 3TOT npouecc, NOCTPOUM NOCJIEAOBATENLHOCTb (PYHKLH Fp(X),

n=1,2, ..., KoTopble CXOAATCA K HEKOTOPOHl HeyGbiBaiollell HenpepbIBHOM
Fy(x) Fa(x)
lp=———— - T
I ]
| |
] I
| |
| |
| |
I ]
L 1 : L 1 1 1 1 1 1 1 :
0 1/3 2/3 1 0o 121 27 81
993 3909
Puc. 26. Puc. 27.

¢ynkunn F(x) (Ha3biBaeMOH KaHTOPOBO#), TOYKH PocTa KOTOpoil 06pasyioT
MHOXK€CTBO JieOeroBCKoi Mephl HyJb. IleficTBUTENbHO, H3 KOHCTPYKUMH F(x)
BHAHO, 4To oflias miuHa unrepsanos (1/3, 2/3), (1/9, 2/9), (7/9, 8/9), ...,
Ha KOTOpbIX (YHKLHMs NPHHUMAET NOCTOSAHHbIE 3HAUEHHs, paBHa

1.2, 4 I o= (2"
§+§+'2-7'+=§"Z=(:)(§) =1 (6)

O603HaunM yepe3 & MHOXECTBO TOYEK pOCTa KaHTOPOBO# QyHKUMH F(x).
U3 (6) caenyer, uto A(A") =0. B To ke camoe BpeMs, eC/iH u — Mepa, COOTBET-
cTByloLLas KaHTopoBo# dyHkuuu F(x), To p(A)=1. (B 3TOM caiyuae roBopsr,
YTO Mepa CuHeyAspHA NO OTHOLUEHHIO K JieGeroBcKoil Mepe \.)

He ocranaBauBasicb Gosee Ha BOMpoce O BO3MOXHBIX THMAX (YHKUH#A
pacrnpefieieHusi, OrpaHHYUMCS JIHLIb 3aMeYaHHeM O TOM, YTO Ha CaMoM Jele
YKa3aHHbIMH Mpems munamu UcuepnbiBaloTCsA Bce TakHe ¢yHKUWH. TouHee,
NpOU3BOJIbHAS (PYHKLMS pacrnpefiesieHHss MOXKeT GbiTb NPeACTaB/eHa B BHAE
a1Fy + a2F2 + a3Fs, rae F) — muckpetHasi, Fo — aGCoOMIOTHO HempepbiBHaf,
F3 — cHHrynapHas ¢pyHKUHH pacripefieieHHsi, ¢; — HEOTPHLATENbHbIE YHCA,
a) + az+ a3 =1 (3agaua 16).
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2. TeopeMma | ycTaHaBJHBaeT B3aHMHO OHO3HAYHOE COOTBETCTBHE MEXIY
pepOATHOCTHLIMH MepamH Ha (R, #(R)) u dyHKuusmMH pacnpesenenus Ha R.
AHasu3 J0Ka3aTe/1bCTBa 3TOM TeoPeMbl MOKa3biBaeT, YTO Ha CaMoM JeJle crpa-
pes/iuB GoJsiee OOLLHA Pe3yJsibTaT, MO3BOJAIOLIM, B YaCTHOCTH, BBECTH TaK Ha-
sniBaemylo uepy Jlebeea na gceil 4ucaioBo# NpAMOH.

TTycTb p — HEKOTOpast o -KoHeuHas mepa Ha (2, &), rie & — anreGpa noji-
muoxects 2. OkasbiBaetcs, uTo yTBepkieHHe TeopeMbl Kapateonopu o npo-
JIOJUKEHHH Mepbl  C anire6pbl &/ Ha HauMeHblLYIO o-aare6py o (/) ocTaercs
CripaBe/IHBLIM H JUI1 0'~-KOHEYHBIX Mep, YTO H laeT BO3MOXKHOCTb 0606LIEHHs
TeopeMbi 1.

HasoseMm mepoii Jlebeeca—Cmuamveca Ha (R, B(R)) Bcskylo (cueTHo-
a[IHTHBHYIO) Mepy p Takylo, 4TO Mf Jio6GOro OrpaHHYeHHOro MHTepBana [
ero mepa u(/) < oo. O6obuennoii pynkyuel pacnpedesrerus Ha YHCIOBON
npsiMoii R Ha30BeM BCAKYIO HeyObIBAIOLLYIO HENMPEpbIBHYIO cripaBa (YHKLHIO
G = G(x) co 3HaueHHs MU B (—00, 00).

Teopema 1 nonyckaer o6o6LieHHe B TOM CMbicJe, 4TO GopMmyJia

u(a, b]=G(b) - G(a), a<b,

CHOBa YCTaHaBJIHBaeT B3aHMHO OJIHO3HAYHOE COOTBETCTBHE MEXAYy MepaMu
JleGera—Cruntbeca p U 0606LIEHHBIMH (YHKUMAMH pacnpeseneHus G.

B camom pnene, ecin G(+00) — G(—00) < 00, TO 0KA3aTeNbCTBO, NPHME-
HeHHoe B TeopeMe 1, MPOXOAHT 6e3 BCAKUX H3MEHEHH, MOCKOJIbKY 3TOT cyuail
CBOJHMTCS K cayyalo, koraa G(+o0o0) — G(—o0) =1 u G(—o0) =0.

[Myctb Teneps G(+00) — G(—00) = oo. [Mosoxum

G(x), |x|<n,
Gn(x)=4 G(n), x>n,
G(—n), x<-n.

Onpenenum Ha anre6pe &/ KOHEYHO-aJIMTHBHYIO Mepy po TakK, 4TO Ha
(a, b] snauenue po(a, b] = G(b) — G(a), u nycTb u, — yKe NOCTPOEHHbIe (1O
TeopeMe 1) cueTHO-afAMTHBHbIE Mepbl, COOTBETCTBYIOLIME QYHKUMAM Gp(X).

OueBuano, uto Ha & p, T po. TlycTb Tenepb Ay, Ag, ... — Henepecekalo-
WHecst MHOXKecTBa U3 & H A=) A, € &. Torna (3anaua 6 u3 § 1)

po(A) 2 po(An).

n=1

o0
Hecin 3 po(An) =00, T0 po(A) = § 10(Az). TlpeanonoxuM Tenepb, uto
n=1 n=1
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3" po(An) < oo. Torna

po(A) =lim pn(A) =1im Y _ pn(As)-
k=1

CornlacHo cielaHHOMY MpeAnoNoXKeHHuIo, Y, uo(An) < co. [Tostomy

[ o] [o o]

0< o) = 3 polAr) =lim [Z(unmk) —uo(Ak»] <0,
k=1 k=1

MOCKOJIbKY [ty < M-

HraK, o-KoHeuHasi KOHEUHO-aJIMTHBHAS Mepa o SBJSETCS CUETHO-aflu-
THBHOH Ha &/, W, 3HauHuT (no Teopeme KapaTeonopH), oHa MoxKeT GbiTb Mpo-
JOJKEHa JI0 CYeTHO-aJIMTHBHOR Mephbl u Ha o(&).

Oco6o BaxeH ToT cayuyaii, koraa G(x)=x. OTBeyaiolilias 3Toi 0606LIEHHO
¢GyHKUHH pacripese/ieHHst Mepa A HasbiBaetcs mepoil Jlebeea Ha (R, B(R)).
Kak u B cayyae otpeska [0, 1], Ha uMcaoBofi npsiMoit R BBOAMTCA CHCTe-
Ma nieGerosckux Muoxects B(R) (A € B(R), ecnu cyliecTBYIOT 60pesieBCKHe
mHoXecTBa A U B Takue, uto AC A C B, A(B\ A)=0), ans kotopbix onpese-
AsieTca Takxke JeGeroBckas mepa A (A(A) = A(A), eciu ACACB, Ae &(R)
u A(B\A)=0).

3. Uamepumoe npoctpanctBo (R", 8(R")). Kak u B cayuae aeficTH-
TeJIbHOH NpAMO#, MPeArnoiokKHM, 4To P — HekoTopas BepOATHOCTHAs Mepa Ha
(R", B(R™)).

O8o3Haunm
Fa(xy, ..., x3) =P((—00, x1] X ... X (=00, X4]),
HJH, B GoJiee KOMNaKTHO#H ¢opMe,
Fa(x)=P(~o00, x],
rae x =(xy, ..., Xn), (—00, x]=(—00, x1] X ... X (—00, X].
Bsesem pasHocTHbIf onepatop Agp, : R® — R, meficTByolwit no dopmy.ie
(@i < b;)
Aa;biFfl(xla ceey xn)=Fn(xh ceey Xi—1, bia Xigly oovs xn)—'
= Fa(x1, ..., Xiz1, Gi, Xig1, ...\ Xa).
[TpocTo#t noacuer nokasbiBaeT, 4TO
Agp, .- D, Fulxy, ..., xa) =P(a, b], (7)

rae (a, b]=(a), b1] x ... x (@n, ba]. OTclONa, B 4aCTHOCTH, BHIHO, YTO, B OTJIH-
yye OT OJJHOMEPHOro cJjyuas, BepoaTHocTb P(a, b], Boo6lie rosops, He pasha
pasHoctu F,(b) — F,(a).
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Mockoabky P(a, b] >0, To u3 (7) caenyer, uto aas mobuix a=(ay, ..., a),

b =(b|, EEEE) bn)
Baby - Bapp,Fr(x1, ..., xp) 20. 8)
M3 HenpepbIBHOCTH BepoATHOCTH P BbiTekaer Takxke, uTo Fp(X), ..., Xa)

HenpepbiBHA CMPaBa Mo COBOKYMHOCTH MepeMeHHbiX, T. e. ecan x® | x, x® =
k k
=(x§ ), ety x'(l ))v TO

Fa(x®) L Fa(x), k= co. ©)
SIcHO TaKXe, UTO
Fa(+00, ..., +00)=1 (10)
H
lim Fp(xy, ..., x,) =0, (11)
xly

ecsii Mo KpadHe#ll Mepe OfHA H3 KOOPAHHAT y ¥ NMPHHHMAET 3HaYeHHe —Oo.

Onpenenenne 2. Beskyo ¢yukunio F = F,(xy, ..., X,), YAOBIETBOpSIO-
uyto ycnoeusam (8)—(11), 6ynem HasbiBaTh n-mepHoi ¢pynkyued pacnpede-
senus (B npoctpaHcTse R™).

Hcnonb3ys Te e caMble pacCyXIAeHHs, UTO H B TeopeMe |, MOXKHO 10Ka3aTb
CNPaBeIHBOCTD CJENYIOLIEro pe3yJibTaTa.

Teopema 2. [Tycmo F = F(x,, ..., x,) — HeKkomopas ¢pynkyus pacnpe-
deaenus 8 R". Toeda na (R", B(R")) cywecmsyem u npumom eOuHcmaen-
Has sepoamnocmuas mepa P makasn, umo

P(a, b] =Aa,b, ...Aa,,an,,(xl, vy JC,,). (12)

[puBeneM HekoTOpble NPUMEPHI 71-MePHbIX (PYHKLMHA pacrpeneieHus.
Mycts F!, ..., F* — onHoMepHble QyHKLMKM pacnpenesienns (Ha R) u

Fa(xy, ..., Xa) =F'(x))... F"(x,).

SlcHo, uTo 3Ta (yHKUMS HenpepbiBHAa CMpaBa H YAOBNETBOPSET YCJOBHAM
(10), (11). HerpyaHo npoBepuTh Takxe, yTo

Agipy - Do Fa(x1, .., xa) =] [F*(br) — F*(ar)] 2 0.

Cnenoatenbho, Fp(X1, ..., Xs) — HeKOTOpas YHKUHS pacnpelelieHHs.
Oco6o BaxeH cayuail, Koraa

0, xk<0,
FRp) =S xp, 0<xe <1,
I, xp>1.
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B atoM cayuae gas Bcex 0 xe <1, k=1, ..., n,
Fa(x), ..., Xp)=X1...Xs.

CootBetcTByIOLLYIO 3TOf 71-MEPHOH (YHKLUHMH pacrpefesieHusi BEPOATHOCTHYIO
Mepy Ha3blBalOT n-mepHoi mepoii Jlebeea na [0, 1]".
Boabluoil 3anac n-MepHbIX (yHKUM pacnpefiesieHus MosiyyaeTcst B Buje

Xy

Xn
Fa@i, oo xa)=§ . § falth, ..., ta) dty . dl,

—00 —00

rae fa(ty, ..., tp) — HeOTpHUATENbHbIE QYHKLHH C

oo 5.
§ ... § Rt ta)aty . dty=1,

—00 —00

a WHTerpajbl NMOHMMAlOTCA B CMbicje PuMaHa (M B Goslee oflieM ciayyae —
B cMbicsie JleGera). @yukuun f= fu(ty, ..., t,) Ha3bIBAIOT NAOMHOCMAMU
n-meproil ynKkyuu pacnpedeseHus, n-mepHoOL NAOMHOCMbIO pacnpede-
JAeHUS 8EPOAMHOCMEIl WIH TIPOCTO N-MEPHbIMU NAOMHOCMAMU.

B cayuae n=1 dyHkuus

2
f(x)= l e'%, XER,
Vero

¢ 0 >0 ecTb NJIOTHOCTD (HEBBIPOXKAEHHOTO) 2AYCCOBCKO20, WK HOPMANLHOZO,
pacnpedeserus. CylllecTBYIOT €CTeCTBEHHbIE aHAJOMH 3TOH MJOTHOCTH H B
cayyae n> 1.

IMycts R = ||r;j|| — HekoTOpas HeoTpHUATeNbHO OMpeseNeHHas CHMMETPH-
yeckas MaTpHLa NnopsagKa n x n:

n
z r,-,-)\,-/\jZO. MNER, i=1,...,n,
i,j=1
rij=riji.
B Tom cJlyyae, Koraa R — NoJIOXKHTENBHO ornpeneJjieHHas MaTpHua, ee ae-

TepmuHaHT |R| =det R > 0, u, cieoBatenbHo, onpeeneHa oGpaTHasi MaTpHLa
A=||ai;||. Torna byHkuus

1/2
(s, o 2= i e {=5 3 eyl —m)w —mp)}, (13)

rie m; €R, i=1, ..., n, obnajaer TeM CBOHCTBOM, uTo MHTerpaa (Pumana)
OT Hee MO BCEMY MpoCTpaHCTBY paBeH 1 (3To Gyzer mokasaHo B § 13), u,
CJlel0BAaTeNbHO, B CHJIY €€ MOJIOKHTENbHOCTH OHA ABJAETCS MJIOTHOCTHIO.
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dta ¢QYHKLHA HA3bIBAETCS NAOMHOCMILIO N-MEPHO20 (HEBBIPOXKIEHHOTrO)
2ayCCOBCKO20, WM HOPpMANbHOZ20, pacnpedesenus (C BEKTOPOM CPEIHHX
sqaueHuil m=(my, ..., my) ¥ MaTpuLeil KoBapuauuii R=A"1).

B cayuae n=2 MIOTHOCTb fa(X1, X2) MOXeET ObiTb NpHBEAEHA K BHAY

1 1
flx1, x2) = m exp {—2(1 -p%) X

i —m)® o —m)g—mg) | (xp—my)?
xR g e o L (1

rze 0; >0, |p| < 1. (CMbich napamerpoB m;, o; H p Gyier o6bsicHeH B § 8.)
[puBoauMbIi pHc. 28 naeT MpeiCTaBieHHe O BHAE ABYMEPHOH raycCOBCKO#
TJIOTHOCTH.

3ameuanne. Kak 4 B cayuae n=1, teopema 2 jnonyckaer oGoGLieHHe
Ha (aHa/JorHuHBIM 06Gpa3oM omnpenensieMblie) Mepbl JleGera—CTHiTbeCa B
(R", B(R")) n o6o6LieHHble QYHKUMH pacnpenefeHus B R". B Tom cayuae,
Koraa o6o6lieHHas (YHKUUs pacrpe-
nenenust Gu(xy, ..., X,) PaBHa X| ... X,
COOTBETCTBYIOLIasi Mepa Ha3blBaeTcs
mepoii Jlebeea Ha GopeleBCKHX MHO-
XKecTBax mpoctpaHcTBa R". flcHo, uto
s Hee

n

Ma, b]=]] (b:~an),

— N
g N\

T
I 42, ‘.\\\\"»\\\\
T. &. Mepa JleGera «npsiMOYroJibHHKa» X X2
(a, b] =(ay, b1] x ... X (@, bn) Puc. 28. IlnoTHoCTL ABYMEpPHOro HOp-

MaJIbHOro pacnpenejeHHs
paBHa ero «o6beMy».

4. Uamepumoe npoctpancTo (R, B(R*)). B cayyae npoctpancts R”,
n 21, BepoATHOCTHbIE Mepbl CTPOHJHCH MO CJEAylolled cXeMe: CHayana Ais
3JIEMEHTapHbLIX MHOXKECTB — NPAMOYroJIbHHKOB BUAa (a, b], 3aTeM ectecTBeH-
HbIM 06pa3oM Ha MHOXecTBax BHia A=) (a;, b;] H, HakoHel, C noMolIbIO
Teopembl KapaTteonopy — Ha MHoXKecTBax H3 JB(R").

Ananoruynas cxeMa nocTpoeHHsi BEPOSTHOCTHBIX Mep «paGoTaeT» U B CJy-
Yae npoctpanctBa (R, B(R)).

O603Hayum uepes

F(B)={x €R®: (x1, ..., X)) €EB}, BeBR"),

UMIHHAPHYeCKOe MHOXKECTBO B MpocTpaHcTBe R™ ¢ «ocHOBaHHeM» B € B(R").
Kak mbi cefiuac yBHIMM, HMEHHO LMJMHAPHYECKHE MHOMECTBA ECTECTBEHHO
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CYHTATb TEMH JAEMEHMAPHLIMU MHONCecmeamu B R°°, No 3HayeHHsim Be-
pOSITHOCTEH KOTOPbLIX OMNpejielisieTCA BEPOSATHOCTHAs Mepa Ha MHOXECTBAaX M3
B(R>).

[MycTb P — HekoTopast BeposiTHOCTHast Mepa Ha (R, B(R°)). O6o3Haunm
man=1,2 ..

Pa(B) =P(H#,(B)), BeRB(R"). (15)

MocniefoBaTeNbHOCTb BEPOATHOCTHBIX Mep Py, Po, ..., ONpee/ieHHbIX COOT-
BeTcTBeHHO Ha (R, B(R)), (R?, B(R?)), ..., 061afaeT CeNYIOUIHM OUEBHIHbIM
ceoLicmeom coeaacosarnrHocmu: 1as moboron=1,2, ... u B€ B(R")

Pny1(B X R)=Pn(B). (16)

BecbMa nprMeuaTesibHO, YTO HMEET MECTO H 0OpamHbili pe3ysbTarT.

Teopema 3 (KoamoropoBa o npoaoskeHuu mep B (R, B(R*))).
ITlycmo Py, Py, ... — nocaedosamenbHocmo 8epoOAMHOCMHLLX Mep HA
(R, Z(R)), (R?, B(R?)), ..., obradarouwux Ce0HiCMEOM CO2AACOBAHHO-
cmu (16). Toeda cywecmayem u npumom eGUHCMBEHHAR BePOAMHOCMHAR
mepa P na (R, B(R*)) makas, umo 04a kamdoeco n=1, 2, ...

P(#:(B))=P,(B), Be%ABR"). (17)

Hokasameavcmso. Tlyctb B" € B(R") u S, (B") — UMIHHIP C «OCHOBa-
HHeM» B”. Tlpunuiwem stomy uuauxapy mepy P(.#,(B")), nonaras ee paBHO#
Pn(B").

[TokaxkeM, yTo B CHJly YCJIOBHSI COIJIACOBAHHOCTH TaKOe ONpefiesieHHe fiB-
JsieTcs KOPPeKTHbIM, T. €. 3HaueHue P(,(B")) He 3aBuCHT OT cnoco6a npea-
CTaBJIEHHs UMJIHHAPHYECKOTO MHOXKeCTBa £,(B"). B caMoM jede, NycTb OfHH
M TOT Xe LMJHHADP NpeACTaBJeH AByMs CHOCOOaMH:

Fo(B") = Fnpr(B™HF).
Ortciona caefyeT, uTo €CJid (X, ..., Xp4k) € Rk 1o
(X1, ...r X)) EB & (%1, ..., Xn4s) € B", (18)

, 3HauuT, B cuay (16)

Py(B®) =Pus1((x1, ..y Xng1): (X1, ..., X)) EBY) = ...
o= Payr((X1, ..vy Xag): (X1, ..., Xa) € B) = Ppyr(B™F).
O603HaunM 27 (R°) COBOKYNHOCTb BCEX LHAHHAPHYECKHX MHOXecTB B” =
=S,(B"), B"€ B(R"), n=1, 2... Herpyaxo Buzerb, uto & (R*°) — anre6pa.

Mycts Tenepb B!, ..., BX — nenepecekaommecs MHOXecTBa U3 2/ (R™).
Be3 orpaHuyenus ocumocm MOXKHO CYHTaTb, YTO BCE OHH TAKOBbI, UTO 15
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wekotoporo nB; = #,(BP),i=1, ..., k, rae BY, ..., B} — Henepecexaiolnecs
mHoskecTBa U3 B(R"). Toraa

k k k k n
P (Z B,-) =P (Z J,,(B,f')) =P, (Z B;') =Y Pu(BN=)_ P(B)),
i=1 i=1 i=l1 i=1 i=1
1. e. GyHKLHA MHOXecTB P — KoHeuHo-aiuTHBHA Ha anrebpe & (R™).
[MokaxeM, uto P HenpepbiBHA B «HyJie» (a, 3HAYHT, H O-aJUIMTHBHA Ha
&/ (R*°); cM. TeopeMy B § 1), T. e. ec/iH nocJie10BaTe/IbHOCTb MHOXKECTB §,, |9,
n— 00, TO P(E,,)-—»O, n— oo.
[MpeanosioXXHM NPOTHBHOE, T. €. MyCThb lir',T' P(B,)=6>0. Be3 OrpaHHyeHHst

OGIIHOCTH MOXHO CUHTATh, YTO NOCJIEA0BATENbHOCTb {B,} TakoBa, uTo
Bn={x: (xl’*"yxll)eBn}y BHEQ(R”)‘

Bocnosbayemcs caeayiolM CBOACTBOM (cM. 3azauy 9) BeposiTHOCTHBIX Mep
P, Ha (R", (R™)): ecau B, € #(R"), To nns 3agaHHoro § >0 MOXHO HaiiTH
TaKoh komnakm A, € B(R"™), uto A, C By 4 Pp(B, \ An) < 8/27F!. TTosTomy,
ecd Ay ={x: (%1, ..., Xz) €An}, TO

P(Ba\ An) = Pa(Bn \ An) <5/27F".

_~ n -~
OG6pasyem MHoxecTBO C, = (] Ap, ¥ nycTb C, TaKoBbI, 4TO
k=1

Co={x: (x1, ..., xs) €Cp}.

Torna, YUHTBIBasl, YTO MHOXKECTBA E,; y6blBalOT, Haxoaum
n n
P(B.\Cn) <Y PBa\Ar) <Y P(Be\ Ay <6/2.
k=1 k=1

Ho no npeanonoxenuio lim P(B,)=6>0, u, 3nauur, lin P(Cn) =6/2>0.

Tokaxem, yTo 310 NpoTHBOpEuHT TOMy, uto C, | @.

TleficTauTenbHo, BriGepeM B MHOXecTBaX C, 1o Touke £ = (¢, x{, ).
Torna ms kaxporo n>1 (x™, ..., ") € C,.

Tycts (11,) — HeKoTOpas NOANOC/AEA0BATELHOCTb M10C/AEL0BATENbHOCTH (12)

Takasl, yTo x{”"—»x?, rae x? — HekoTopast Touka B C,. (Takas noanocse-

L0BaTeJIbHOCTb CYLIECTBYeT, MOCKOJbKY BCe xf"" €C,, a C, — komnakr.) U3
fioc/ie0BaTeNLHOCTH (7)) BbiOepeM MOANOC/ENO0BATENbHOCTD (r12) Takylo, 4TO
(x{"), x{"2)y s (x9, x8) € Co. AnanornunbiM o6pasom nyets (x™), ..., ™) —
-0, ..., xg) € Cp. O6pa3syeM, HakoHell, AHaroHabHYIO MOCJ/I€I0BATENbHOCTD
(me), rae my ecTb k-l ulleH B MOCJELOBATENBbHOCTH (nt). Torma mna no6oro

g sy
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i=1,2 ... x™ 5x% npu my— oo, npuuem Touka (9, x3, ...)€C, man
Jo6oro n=1, 2, ..., 4TO, OUEBHIHO, MPOTHBOPEUHT MPEANOJNOKEHHIO O TOM,
4TO 5,,1!3, n—oo0.

Hrak, dpyHkuus MHoXKecTB P Ha anre6pe &/ (R°°) apnsietcst o-aJaUTHBHO
M, 3HauuT, no TeopeMe Kapateofopu Moxer GbiThb MPOAO/IKEHa A0 (BeposiT-
HOCTHO#) Mepbl Ha (R, B(R*)). ]

3ameuanue. B paccMoTtpeHHoM cefuac csyyae mpocTpaHCTBO R ecThb
cyeTHoe npou3BeneHHe npamvix, R®° =R x R x ... EcTecTBeHHO nocTaBHTb
BOMpOC O TOM, a BepHa JIH TeopeMa 3 11 cJyyas, Koraa BMecTo (R, B(R*°))
GepeTcst NpsAMOe NPOH3BeIeHHE U3MEPUMbLX IPOCTPAHCTB (S, F), i=1,2, ...

B npuBeseHHOM Bblllie 10Ka3aTebCTBE MOXKHO YCMOTPETb, UTO €IHHCTBEH-
HO€e CBOHCTBO YHMCJIOBOH MPAMOH TOMOJIOFHYECKOro XapaKTepa, KoTopoe 6blio
CYLLECTBEHHO HCIMOJIb30BaHO, COCTOAJIO B TOM, YTO B JIOGOM MHOXECTBe W3
B(R"™) MOXKHO HaliTH KOMnaxkm, BepOSITHOCTHast Mepa KOTOPOro CKOJib YroA-
HO 6JIM3Ka K BepOATHOCTHO! Mepe 3TOro MHoxkecTBa. KM3BecTHo, oaHaKo, 4TO
3TO CBOWCTBO MpHCYLe He ToJMbKO mpocTpaHcTBaM (R”, B(R™)), HO U J06bIM
MOJIHLIM cenapabesbHbIM METPHYECKHM NMPOCTPAHCTBaM C o-aire6pamu, Nopo-
JKINEHHBIMH OTKPbITHIMH MHOXKECTBaMH.

Takum oGpasoM, TeopeMa 3 ocTaeTcs CpaBelJIMBOMH, €C/H CYUMTaThb, UTO
Py, Py, ... — noc/iefloBaTe/IbHOCTb COIJIACOBAaHHBIX BEPOATHOCTHBIX Mep Ha
1, £1), () xQg, F1 @ F), ..., tae (4, Fi) — noaxble cenapabenbHble
MeTpHYeCcKHe MPOCTPaHCTBA C o-anrebpaMi &F;, MOPOXAEHHbIMH OTKpbI-
ThIMH MHOXXeCTBaMH, a BMecTo (R*°, #(R°°)) paccMoTpeTb NpPOCTPaHCTBO
(Ql X QQ X ... 9] ®:.92® )

B § 9 (reopema 2) Gynmer mokaszaHo, YTO pe3yJbTaT TeOPeMbl 3 TaKxke
OCTaeTcsl CpaBe/l/IMBLIM H B Cllyyae npOoU3804bHbLX U3MEPHMbIX NIPOCTPAHCTB
(Qn, Fn), ecan Mepbl P,, n > 1, CKOHCTPYHPOBaHbI HEKOTOPLIM CREYUALbHbIM
o6pasoM. B obuiem xe cayuae (6e3 KakuMX-sMGO MPEANONOXKEHHH TOMOJNOTH-
4ecKOro xapakTepa O CTPYKType pacCMaTpHBaeMblX H3MEPHMbIX MpPOCTPAHCTB
HJIH O CTpyKType ceMeiicTBa mep {P,}) TeopeMa 3 MOXKeT GbiTb H HeBepHa, UTO
NOKa3biBaeT CJEAYIOILHI PUMep.

Paccmortpum npoctpancteo 2= (0, 1], KoTopoe, oueBHIHO, He sBJsETCA
NOAHbIM, ¥ TIOCTPOHM B HEM MOCJIef0BaTeNbHOCT o-anre6p F; C FoC ... Mo
caenyrolteit cxeme. Ilyctb nnsa Bcex n=1, 2, ...

1, O<w<l1/n,
0, l/ngwxl,
€ ={AeQ: A={w: p,(w)€B}, BeB(R)}

 Fo=0{%F,, ..., €} — HauMeHbluas o-anre6pa, copepKallas CHCTEMbl MHO-
KecTB ¥}, ..., €. flcHo, uto F; C FH C ... Mlyets F =0 (| £n) — HauMelb-

Palw) =
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wias o-anre6pa, conepxailas Bce F,. PaccMOTpHM H3MepHMOe NMPOCTPaHCTBO
(€, &) W ONpE/le/HM Ha HeM BEPOATHOCTHYIO Mepy P, cliefyiouum oGpasom:

I, ecmm(l,..., 1)eB",

Pafw: (p1(W), ..., pn(w)) €B"}= {0 B NpOTHBHOM Cayuae

rae B" € B(R™). HetpyaHo y6eautbes B TOM, 4To ceMeiicTBO Mep {P,} aBnsieTcs
coeaaco8anHeim: ecin A € F,, 10 Pyyi(A) =Pr(A). MoxHo, ofHaKo, yTBEp-
»1aTb, 4TO Ha (R, F) He cyujecmsyem BeposATHOCTHOH Mepbl P Takoil, 4To6bI
ee cymenue P|&F, (1.e. Mepa P, paccmaTpuBaeMas JiMIIbL Ha MHOXECTBaxX

u3 &,) conagaio ¢ P,, n=1,2, ... B caMom J1eJle, 1onyCcTHM, 4TO TaKas
BeposiTHOCTHas Mepa P cyuiectyer. Torna
Plw: piw)=...=pnw)=1}=Pplw: piw)=...=ppw)=1}=1 (19)
s moboro n=1, 2, ... Ho
W piW)=...=palw)=1}=(0, 1/n) | @,

yto npoTHBOpedHT (19) H NpeanoJioKeHHIO 0 CUETHOR aJIHTHBHOCTH (a 3HAUMT,
¥ HerNpepLIBHOCTH B «HyJie» &) (yHKUMH MHOXecTB P.

[TpuBeseM Tenepb mpuMep BepoATHOCTHOH Mepbl B (R, B(R*°)). Iyctb
Fi(x), Fo(x), ... — nocnenoBaTesbHOCTb ORHOMEPHbIX (YHKUHMH pacnpesnee-
Hust. Onpenenum pyHkuun G(x) = Fy(x), Go(x), x2) = Fy(x1)Fa(xe), ... ¥ co-
OTBETCTBYIOLLHE HM BEPOSATHOCTHbIE Mephl Ha (R, B(R)), (R?, B(R?)), ... 060-
3HauuM Py, Py, ... Torna u3 teopemsl 3 caenyer, uto B (R, B(R*°)) cywe-
CTBYyeT Takasi Mepa P, uto

P{x e R*: (xy, ..., xo) € B}=P,(B), BeBR"),
H, B YaCTHOCTH,
P{xeR*: x1<ay, ..., xa<ap}=Fi(a1)...Fn(a,).

BosbMeM B KauecTse F;(x) — GepHYJJIMEBCKOE pacnpeselieHHe:

0, x<0,
Fix)=4{gq, 0<x<1,
1, x>1.

Torna MoxHo yTBepXnaTh, uTo B MpocTpaHcTBe ) BCEX YHC/IOBBLIX MOCAEN0-
BaTesbHOCTeH X = (x4, X9, ...), x; =0, 1, ¢ o-anre6poit B(R>*)NQ ero Go-
PeJIeBCKHX MOAMHOXKECTB CYLLECTBYeT BEPOATHOCTHas Mepa P Takas, yto aas
Jmo6oro n > |

P{x: xy=ay, ..., Xn=0n}=p= igh—L &,
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3ameTHM, 4TO HMEHHO 3TOrO pe3yJ/ibTaTa HaM He XBaTaJio B NepBo#i 1JiaBe, 4To6bl
cdopMyaHpoBaTh 3aKoH GoJsbLIMX yHucea B ¢opme (8) § 5 . L.

5. Uamepumbie npoctpanctea (R”, B(RT)). Myctb T — npoussoavroe
MHOXXeCTBO HHIeKCOB { € T W R; — yucJjioBasi NpsiMasi, COOTBETCTBYIOLIAst HH-
Jekcy . PaccMOTpHM NpOH3BOJIbHBI KOHeUHblil HeynopadoueHHbli Habop
T=[t, ..., tn] pa3nHuHbIX HHAEKCOB f;, ; €T, n > |, u nycTb P, — BeposAT-
HocTHas Mepa Ha (R™, B(R")) ¢ R" =Ry, x... X Ry,.

ByneM roBopHTh, 4TO ceMelcTBO BEPOATHOCTHLIX Mep {P.}, rie T npoGeraer
MHOXX€CTBO BCeX KOHEYHbIX HEeYMOpAAOYEHHbIX HaGOpOB, ABJSAETCH C024a4CO-
BAHHbIM, €CAH 1115 NOOLIX HabopoB T=[fy, ..., t,] U o=]s), ..., S;] TaKux,
yT0 0 C 7,

Po{(xs,, ..., Xs,): (s, ..., X5,) EB}=
=P {(xy, ..., X1,): (X, ..., Xs,) €EB} (20)

ansa moboro B € B(R?).

Teopema 4 (Koamoroposa o npogosxennun mep B (R7, B(R"))).
ycmo {P.} — cemelicmso C02AQCOBAHHUIX BEPOAMHOCMHLLX Mep HA
(R™, B(R™)). Toeda cywecmsyem u npumom eOUHCMBEHHA[ 8epOAMm-
nocmuas mepa P na (R, B(R™)) makas, umo

P(Z+(B))=P-(B)) @2

041 8Cex Heynopadouennux Habopos T=[t,, ..., t,] pasauunsix undexkcos
t,eT,BEBR™) u F(B)={x€R": (x,, ..., x1,) € B}.

[Hoxasameavcmso. Tycts muoxectso B € B(RT). CornacHo TeopeMe 3
U3 § 2, HailgeTtcs He GoJiee UeM CYETHOE MHOXKeCTBO S ={s}, So, ...} C T Takoe,
uto B={x: (xs,, Xs,, ...) € B}, rie B€ B(RS), RS =R, X Rs, X ... Unaue ro-
BOPA, B=.5(B)— LMJHHIPHYECKOE MHOXECTBO C «OCHOBAHHEM» B € B(RS).

Ha Taknx UMJIMHIDHYECKHX MHOXecTBaX B = .#5(B) onpenenum dyHKUHIO
MHoXKecTB P, monaras

P(F5(B)) =Ps(B), 22

rie Ps — Ta BepoATHOCTHass Mepa, CYLIeCTBOBaHHEe KOTOPOH FapaHTHpYeTcst
TeopeMoit 3.

Mbi yTBepxzaaeM, uto P — uMeHHO Ta Mepa, O CYLIECTBOBAHHH KOTOPOil
ropoputcs B TeopeMe. UTo6bl yCTaHOBHTb 3TO, HaJ0, BO-NEPBLIX, IPOBEPHTD,
uTO OnpefienieHne (22) KOPPEKTHO, T. €. NPUBOLUT K OLHOMY M TOMY K€ 3HAUEHHIO
P(B) npu pasHbIX Croco6ax NpeAcTaB/ieHus B, 1, BO-BTOPLIX, UTO 3Ta PyHKLHSA
MHOKECTB CYETHO-a[IMTHBHA.

Hrak, nyctb B= Fs,(By) n B= Fs,(B2). flcHo, uto Toraa B= Fs,us, (B3)
¢ HeKoTopbIM B3 € B(R>'VS?), H N03TOMY 0CTATOYHO JIHLIb YGEAHTLCA B TOM,
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uro ecan S C S’ u B € B(RS), 10 Ps:(B') = Ps(B), rae
B'={(xs}, Xs5 ---): (X5, Xs,, -..) € B}

c S’ _{Sl,Sé, .} S={sy, s, ...}
Ho B cuaty ycJioBHs corsiacoBaiHocTH (20) 5T0 paBeHCTBO HEMOCPEACTBEHHO
BbiTeKaeT H3 TeOpeMbl 3, UTO W J0Ka3blBaeT HE3aBHCHMOCTb 3HAaUeHHH P(B) or
cniocoba MpeiCcTaBieHHs MHoXecTBa B.

Ilanee, L1si TPOBEPKH CBOMACTBA cyemHol adoumusHocmu GyHKUHH MHO-
xects P npeanosioxuM, uto {B,} — HekoTopas noc/iefoBaTeNbHOCTb NMONap-
HO HeMepeceKaloMXC MHOXKECTB H3 B(RT). Torza HaHlle’I‘CSI Takoe He 60-
Jiee ueM CueTHoe MHoxecTBo S C T, uTo 1 Jio6oro n > 1 B, = F5(B,), rae
B, € B(RS). Tockonbky Ps — BepOSTHOCTHast Mepa, TO

P(2 B.)= P(Z Z5(Bx)) =Ps (Z B,) =
=" Ps(Bx)=Y_ P(I5(Bx) =) P(By).

Hakonel, cBoficTBo (21) HemocpeACTBEHHO CJieflyeT H3 CaMOH KOHCTPYKLMH
mepsl P. a

3ameuanue 1. TlonuepkHeM, uto T — 4/060e MHOXeCTBO HHAeKcOB. [1pn
3TOM B CHJIy 3aMeyaHHs K TeopeMe 3 HACTOALLAs TEOPEMA OCTAETCS B CHJIE, €CJH
BMECTO YHCJIOBBIX NPAMbIX R; paccMaTpHBaTh JiloOble MOJHbIE cenapadenbHble
MeTpHueckHe MpocTpaHcTBa §2; (¢ o-anrebpaMu, NOPOXKAEHHBIMH OTKPbITbIMH
MHOXECTBaMH).

3ameuanune 2. McxonHoe ceMeficTBO BepoATHOCTHLIX Mep {P,} mpeamno-
Jlarajiocb 3aflaHHbIM JUIsi BCEX HeynopadoueHnwvix HabopoB T=[{, ..., t,]
Pas/IMuHbIX HHAEKCOB. B 3T0# CBA3H BaXKHO NOAYEPKHYTb, UTO 3TH Mepbl P Kak
byHKuMH oT T =[ty, ..., ,] ABAAIOTCSA, B CYLIHOCTH, QYHKUHSIMH MHONECMS,
COCTaBJIeHHbIX H3 (pa3Hbix) Touek {f1}, ..., {f{»}. (CkaxkeM, HeynopsioueHHbIE
Habops! [a, b] u [b, a] Hago paccMaTpHBaTb KaK TOXKIECTBEHHblE, NOCKOJbKY
OHH 32/1a10T OJIHO H TO XK€ MHOXECTBO, cocToslilee H3 Touek {a} u {b}.) MHorzna
XKe B KayecTBe HCXONHOro GepyT ceMefiCTBO BepPOATHOCTHbIX Mep {P:}, rae
T Mpo6eraeT MHOXECTBO BCeX ynopAdoueHHbix Habopos T=(fy, ..., t;) pa3-
JinyHbix uHAekcoB. (Toraa Habopsl (a, b) 4 (b, @), cocTaB/ieHHble H3 OJHHUX H TeX
e ToueK, HyXKHO pacCMaTpPHBAaTh KaK pa3Hble, MOCKOJbKY ISl YNOPSAA0YEHHbIX
HabopoB Ba)eH nNOpPACGOK CJe[loBaHHA MX 3JieMeHTOB.) B 3toM cayuae mns
CripaBe/IHBOCTH TeopeMbl 4 K yeJioBuio (20) Hafo 106aBUTh ellle OJHO ycao8ue
CoeracosanHocmu:

Pity,t) (A X oo X A) =Py i) (A, X .. X Ay), (23)

rae (iy, ..., in) — Npou3BoJibHas nepectaHoBka uucen (1, ..., n), A, € B(Ry,),
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OYEBHAHOCTb KOTOPOTO KaK HeOGXOAHMOro YCJIOBHSI CYLIECTBOBAHHS BEpOAT-
HocTHo# Mephl P caienyer u3 (21) (c 3ameHoit Py, .+, (B) Ha Py, +,)(B)).

B nanbHefiiem Mbl Bcerna GyfeM Mpeanosiarath, YTO paccMaTpHBaemble
Habopbl 7 sBAsAlOTC Heynopadoyeruoimu. Ecan T — MHOXeCTBO Ha 4u-
C20806 npamol (WIH HEKOTOpOe BIOJIHE YMOPSAOYEHHOE MHOXECTBO), TO
6e3 orpaHHueHHs OGLIHOCTH MOXXHO CUMTaTb, YTO paccMaTpHBaeMble HaGoOpbl
T=[4, ..., t,] TakoBbI, 4TO ) <ty <...<t,. (Ecan, ckaxeM, MHOXeCTBO T
COCTOMT M3 uHMCJIOBbIX Touek {a;}, {as}, ..., {@,}, To T BCceraa Moxer 6biTb
npeacTaBjieHo B BHAe T=[l, fo, ..., I,], THe )} <f2<...<t,, NpH 3TOM
ty =min(a,, ..., @), ..., t,=max(ay, ..., a,).) TakuM o6pa3oM, Bce «Ko-
HeYHOMepHble» BEpPOATHOCTH B 3TOM CJiyuyae JOCTAaTOYHO 3aJaBaTh JHLIb AJs
TaKHX HabopoB T =[{}, ..., t,], ¥y KOTOpbIX #) <l <...<lp.

PaccMotpum ceityac Tot cayuail, koraa T = [0, co). B 3tom ciyyae RT ectb
NPOCTPAHCTBO BCeX AeACTBUTENbHBIX QYHKLMA X = (X;);>0. BaxkHbIM npuMepom
BepOATHOCTHOM Mepbl Ha (RI%) B(RI0-2))) apnserca Tak nasbiBaemasn sure-
posCcKas mepa, CTPOSALLIAACA CJelyoLHM 06pa3oM.

Paccmotpum cemefictBo {pf(y | x)}¢>0 rayccoBckux maoTHocTedt (Mo y npu
(hUKCHPOBaHHOM x)

1 i — 2
<p:(ylx)=\/27te W=07/2 yeR,

H OfpefieIuM 15l KaXKIoro Habopa 7= 1y, ..., ta], {1 <ta <...<{p, ¥ MHOXeCTB
B=1 x...x I, I, =(ag, b:), mepy P-(B) no dopmyse

Pr(B)=P () X ... x In) =

=S Sgo,,(al|0)ga,2_,,(a2lal)...cp,,,_,,,_,(a,.|a,,_|)da|...da,, (24)
Lo
(MHTErpHpoBaHHe MoHWMaeTcs B cMbicjie PuMana). 3aTeM [is KaKIoro UH-
JIHHJPHYECKOro MHOXeCTBa 7, ¢, (1 X ... x I,)={x €RT: xt, €li, ..., x4, €ln}
onpezeauM dyHKUMIO MHOXKecTB P, nosaras

P(v‘tl,...,t,. (Il X...X In)) =P[t.,...,1,,](ll X... X I,,).

Harnsaubiii cMbics Takoro crioco6a NMPHNHCHIBAHHS Mepbl LIMJMHAPHYECKOMY
MHOXeCTBY F,, 1, ([1 X ... X I;) cocToMT B chenyouiem.

MmuoxectBo S, 1, (/) X ... x [;) — 3T0 MHOXeCTBO BCex (pyHKLMi, NPoxo-
AAUMX B MOMEHTHI y, ..., I, 4epe3 «oKHa» [y, ..., I, (cM. puc. 24, § 2). Byznem
HHTEPNPETHPOBATb Yy, —t,_, (Ar|Ak—1) da, KaK BEPOATHOCTb TOrO, YTO YACTHLA,
BhIXOAAWIAS H3 TOUKH Qp_;, 33 BpeMs I, —f,_) monageT B da,-OKPECTHOCTb
ToukH a. Torda To, uto B (24) paccmaTpuBaercs MPOH3BENEHHE MJOTHOCTEH,
03HauaeT onpejieJIeHHYI0 He3aBHCHMOCTb MPHPAaLIEeHH cMeLLeHH# ABHXKYLLefics
«4acTHLbI» Ha HHTepBaJax BpemeHd [0, 4], [£1, L], ..., [tn=1, ta].
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Tak nocTpoeHHoe ceMeficTBo Mep {P.} sABJsieTCs, KaK HETPYAHO NPOBEPHTD,
COIJIaCOBAHHbIM H, CJIe0BaTe/IbHO, MOXKET ObiTb MPOAOJIKEHO 10 Mephl Ha
(Rl0-°°), B(R1%))). Monyuensas TakuM 06pa3oM Mepa HrpaeT BaXKHYIO poJsib
B TEOPHH BeposITHOCTeR. IT1a Mepa Gbiia BBeleHa H. Bunepom H HasbiBaeTcs
8UHEPOBCKOL Mepoll.

6. 3apaum.

1. Myctb F(x) =P(—o00, x]. INokasatb cnpaBenMBoCTb caenyouux ¢op-
MYJL:

P(a, b]=F(b)-F(a), P(a, b)=F(b-)—F(a),
Pla, b]=F(b) - F(a-), Pla, b)=F(b-)—F(a-),
P({x}) =F(x) - Flx-),
rae F(x—)=lm F(y).
yix

2. Y6eauthes B cpaBelMBOCTH (Gopmyibl (7).

3. IpoBecTH 10Ka3aTeNbCTBO TeOpeMbl 2.

4. Toka3atb, uTo (yHKuUs pacnpesfeneHus F = F(x) Ha R uMeet He Gosiee
yeM cyeTHOE YHCJIO ToueK pa3pbiBa. UTO MOXKHO CKa3aThb O COOTBETCTBYIOLIEM
pesynbTate Ana (GyHKUMil pacnpenejenus B R"?

5. Nokasatb, 4To Kaxkaas U3 QyHKLH

, X+y=0,
6t 9= {0 x+y<0,

G(x, y) =[x + y] — uenas yactb x +y,

fAIBJIfieTCA HempepblBHOR crpaBa, Bo3pacTaiollledl N0 KaXK[o#i nepeMeHHO#, HO
He siBsieTcs (0606LIeHHOM) (yHKIMe pacnpenenenus B R2.

6. IMyctb u — Mepa JleGera—CruaTbeca, oTBeyaloLlasi HEKOTOPOH Hemnpe-
puiBHO# 06061teHHO# hYHKUMH pacnipefeseHus. [TokasaTh, YTo ec/ii MHOXeC-
T80 A He GoJsiee yeM cyeTHo, To u(A) =0.

7. TlycTb ¢ — MOLIHOCTb KOHTHHYYMa. [1oKasatb, YTo MOLHOCTb GopenieB-
CKHX MHOXeCTB B R" paBHa c, a o-anre6pbl Jie6eropckux — 2°.

8. Myctb (2, &, P) — HeKoTOpOE BePOATHOCTHOE MPOCTPAHCTBO H & —
anre6pa noAMHoXecTB () Takas, uto o(&) =& . Wcnonb3ysa npunyun nood-
X00sujux MHONECM8, 10Ka3aTb, 4TO 115 Besikoro € >0 u B € & MOXHO HaiTi
Takoe MHOXecTBO A € &, 4TO

P(AAB)<e.

9. Myctb P — BeposiTHocTHas Mepa Ha (R", B(R™)). Noka3aTb, 4To A
Besikoro e >0 u B € B(R™) MOXKHO HallTH KOMNaxkmmuoe MHoxcecmso A,
H oTKpbiToe Ao Takue, yto A;CBCAs P(AQ\A|)<€ (D10t pesyabTar
HCMoJib3yeTcsl B 10Ka3aTeNbCTBE TeOpeMbl 3.)
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10. TTpoBepuTb cornacoBaHHOCTb cemeiicTBa Mep {P.}, MoCTPoeHHbIX MO
tdopwmyJe P, (B) =P (L (B)), rae P — nanHas BeposTHocTHas Mepa (cp. ¢ (21)).

11. TIpoBepuTb, 4TO MpHBeAeHHble B TabM. 2 U 3 «pacnpefefieHUs» Aefi-
CTBHTEJILHO SIBJAIOTCA pacrpeleleHHsAMH BepPosiTHOCTEH.

12. ToKa3aTb, 4To cucTeMa & U3 3aMeyaHus 2 B . | ABAAeTCA o-a/reGpoil.

13. MMokasaTb, 4To GyHKLHMA MHOXecTB (A), A € o7, BBe/leHHas B 3aMeya-
Hud 2 n. |, asasietca mepoil.

14. TlpuBecTH mpumep, MOKa3blBAIOWHMi, YTO €ClH Mepa g fABASETCS Ha
anre6pe & KOHeuHO-a00umugHol (HO He CUETHO-aJIUTHBHOM), TO €€ Heslb3sl
MPOAOJIKHTL [0 CYUETHO-AJIMTHBHON Mepbl Ha o ().

15. INoka3aTb, uTo BcAiKask KOHEYHO-aAMTHBHAA BEPOATHOCTHast Mepa, 3a-
JaHHas Ha aare6pe & NOAMHOXeCTB {2, MOXKeT GbITb NPOAOJIKEHA A0 KOHEUHO-
aJUIMTHBHOH BEPOATHOCTH Ha 8Cex MOAMHOXKeCTBax H3 (1.

16. Tlyctb P — BeposTHOCTHas Mepa Ha o-airebpe & NOAMHOXECTB
Q. TMyctb MHoxectBo CCQ, Ho C ¢ &F. Tokasatb, uto Mepy P MoxHO
NPOIOJIKHTD (C COXpaHeHHeM CBONCTBA CYETHON aJIMTHBHOCTH) Ha o-are6py
o(F U{C}).

17. TlokasaTb, 4TO HOCHTeNb HenpepuigHol GyHKUMH pacnpejefeHds F
€CTb CO8epuieHHOe MHOXECTBO (T. €. HOCHTesb supp F ecTb 3aMKHYTOe MHO-
KeCTBO, o6J1ajlalolLiee TeM CBORCTBOM, UTO ecii X € supp F 1 € >0, To Haiinetcs
y €supp F Takoe, uyto 0< |x — y| < ¢€). [NokasaTb, UTO HOCHTE/b (MPOH3BOJb-
HO#) YHKLHH pacrpefe/ieHHs ABJISETCH 3AMKHYMbIM MHOXECTBOM.

18. lloka3aTb chenyiowuit pyHaaMeHTalbHbIA pe3yabTaT (CM. KoHel M. 1)
0 CTpYKTYype (yHKUM# pacnpefesleHus: Kaxaas GYHKUMA eCTb BbIMyKJas KOM-
GHHauus

F =a)Fq+ agFap + asFs

auckpetHo#t (Fy¢), aGCOMOTHO HempepbiBHON (Fanc) M CHHIYJSPHOM HenpephbiB-
Hoit (Fs.) dyHkumit pacnpenenenus; o; >0, o) + o+ a3 =1.

19. TokasaTb, yTo AN KaHTOPOBCKOH (YHKLMH pacrpeneneHus F = F(x)
IJ1S KaXKI0# TOYKH H3 KaHmoposa MHOXeCTBa A Touek ee pocTa (coBnaja-

= (x)
IOLLEro C HOCHTeJleM supp F) UMeeT MecTo NMpeACTaB/eHHe X = ) g The
k=1
= op(x)
ar(x) =0 uan 2, ¥ yT0 ANA TaKHX Touek F(x)= > el -

20. Mycts C — HekOTOpOE 3aMKHYTOE MHOXKeCTBO Ha R. [TocTpoutb dyHK-
uMio pacnpefenedus F, njs Kotopoit Hocurtedb supp F=C.

21. Noka3aTb, 4To B GHHOMHaJIbHOM chiyyae (0. | § 2) ¢yHKuus pacnpene-
JieHus

m
Bn(m; p)=Pnlv<m}=  Ckptq"=*
k=0
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MOXKET ObITb BbIpaXKeHa yepe3 (HenoJiHyio) GeTa-(yHKUMIO:

1
mey _ \nt—m—1
T =m Sx (1-x) dx.

Bn(m; p)= B(m+
14

99. Tlokasartb, uTo NyaccoHOBcKas (yHKuMs pacnpefeneHus F(n; A)=

=2

e
= ®
(yHKLHIO!

BbipaXkaeTcsi CJefyloIHM o0pa3oM yepe3 (HEMOJNHYIO) ramma-

1 T n,—x
F(n; A) =~ Sxe dx.
n A

23. Tpu onucaHuu ¢opmbl NJIOTHOCTeR pacnpefenenuit f= f(x) nomumo
Cpe/IHEro 3HaYeHHs H JHCMEPCHH CTaH1apPTHLIMH XapaKTepPHCTHKAaMH ABJSAIOTCS
napameTp «cKouwieHnocmu» (skewness)

U3
a3 ==
3 o3

¥ napameTp «nukoobpasrnocmu» (peakedness, kurtosis)

[}
Q4 = F’

e e =§ (c — p)* f0) dx, p=$ xf(x) dx, 0* = po.

PaccmoTperb Bonpoc 0 3HayeHusiX NapaMeTpoB a3 H a4 IS pacnpefesie-
HHH, npHBeJeHHbIX B Tabauue Ha c. 197.

24. Tlokasatb, 4To /1 CJyuyaiiHO#i BeJMUuHbl X C raMMa-pacrpeesieHHeM
(43 Tabmuupl Ha ¢. 197) ¢ B=1

k_I"(k-l—a)
EX = T

B uacthoctn, EX =a, EX2=a(a+ 1) u, 34auut, DX =q.

Haiitn ananor stux ¢opmyd, koraa B # 1.

25. TMokasaTb, uTo Aasi CAydailHo# Benuuunbl X ¢ Gera-pacnpesieleHHeM
(13 Tabauubi Ha c. 197)

¢ B(r+k s)
EX®= B(r, s)

26. Tpu paccMOTpeHHH GHHOMHAJILHOTO pacrpefeNeHnst PUKCHPYETCS YuC-
JI0 WCMbITaHHA N W paccMaTpHBaeTcst BeposiTHOCTb P,{v =r} Toro, uto uHc-
JI0 «ycnexoB» B 3THX 11 MCMBITAHUAX PaBHO r. DTH BeposATHOCTH P {v=r}=
=Cpp'q"", 0<r<n, rae p — BepPOATHOCTb EAHHHYHOTO «ycrexa», o6pasy-
10T 6unomuarvroe pacnpedesenue (n — 3anavo). OmpuyamerbHoO-6UHO-
Muanbroe (WiH 06pamHo-6uHoMUANbHOE) pacTipeilelieHHe BO3HHKaeT, Koraa
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paccMaTpHBaeTCsl BONMPOC O TOM, KAKOBA BEpPOATHOCTb TOTO, UTO 7 «yCMEXOB»
BrepBble NOABATCA Ha (cayyaiiHom) wiare 7=~k (>r). [TokasaTb, 4To 3Ta Be-
positHocTb P"{r =k} 3anaercs dopmynoit

P(r=k)=CiZipq"", k=rr+l,

cr=1,2, ... (p— BepoATHOCTb eMHUYHOTO «ycnexa»). Ha6op 3THX BeposT-
Hoctelt P"{T =k} nna k=r, r+1, ... (r —3aaaHo) o6pasyeT OTpHLATENLHO-
GuHOMHaJIbHOe pacnpesenenne. [Tokasatb, yto (ans 3agantoro r) E'r=rg/p.

§ 4. Cayuaiinble BeanuuHbl. |

1. Tlyctb (R, &) — HekoTOpOe H3MepHMOe NpocTpaHCcTBO H (R, B(R)) —
YHCJIOBaA MpsaMas ¢ cucTeMolt GopesieBCcKHX MHOXKecTB HB(R).

Onpepenenne 1. [leficTBuTenbHas ¢yHkunsa € =§£(w), onpeneieHHas Ha
(R, &), nasbiBaercs F-usmepumoil Pynkyueld win cAy4ainod 8eAUUHOL,
ecau ms Jo6oro B € B(R)

{w: éw)eB}e Z, )]

WJIH, 4TO TO XKe caMoe, ecsid npoobpas £ ~1(B) = {w: £(w) € B} aBaserca uame-
PHMBIM MHOXK€CTBOM B £2.

B Tom cayuae, koraa (2, F)=(R", B(R")), B(R")-u3mepuMble HyHKUHH
Ha3bIBAIOT 6OpEAeBCKUMU.

MMpocTefiinM npuMepoM cJyyaiiHON BeJMUMHB ABASETCH UHOUKAMOP
I4(w) moboro (u3MepuMoro) MHoXKecTBa A € &.

CayuaiiHas BenuunHa £ =€ (w), NpeacTaBUMas B BHJlE

[o o)
Ew) =Y xila,w), @)
i=1
rie Y. A;=Q, A; € &, 6yzer nasbiBatbcs ouckpemnoii. Ecav xe 8 (2) cymma
KOHeuHa, TO Takas cjyyaiiHas BeJlMuMHa GyLeT Ha3biBaTbCs NPOCMOLL.
Crienys Toit XKe HHTepnpeTauyH, uto H B § 4 raasbl I, MOXKHO CKa3aTb, 4To
cayyafiHas BeJIMYHHA €CTb HEKOTOpas YUCA08AA XAPAKMEPUCMUKa KCre-
pHMeHTa, 3HaYeHHs1 KOTOPOH 3aBHCAT OT «cJyuasi» w. [Ipu 3TOoM TpeGoBanue
H3mepuMmocTH (1) BaxkHO, ¥ BOT Mo KaKo# npuunHe: ecad Ha (02, &) sanauHa
BEpOATHOCTHas Mepa P, To Toraa WMeeT CMbIC/ FOBOPHTb O BepOATHOCTH CO-
6biTHe {w: £(w) € B}, COCTOALIETO B TOM, YTO 3HAUECHHS CJAYYAHHON BEJHYHHbI
NpHHAJ/IEKAT HEKOTOPOMY GOpesieBCKOMY MHOXecTBy B.
B at0it cBA3M faguM Takoe
Onpenenenne 2. BepoatHocTHas Mepa P¢ Ha (R, B(R)) ¢

P¢(B)=P{w: £w)€B}, BeBR),
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yasbiBaeTca pacnpedeseruem sepoamuocmell CAYy4alinol seaudunol & Ha

(R, B(R))-
Onpeaenenne 3. PyHkuusa

Fe(x)=Plw: fw)<x}, x€R,

Ha3biBaeTcs QyHKyuel pacnpedeseHus cayualinol seaunurst €.
Ilas Ouckpemroi cayyaiiHoit BenHuuHbl £ mepa Pg cocpeloToyeHa He
GoJiee UeM B CYETHOM YHCJIe TOUEK H MOXKET ObITb MpeACTaB/ieHa B BHAE

PeB)= > p(x), (3)

{k:x,€B}

rae p(xe) =P{€=xp}=AF¢(x).

OueBHAHO, YTO BepHO H obpaTHoe: ecin P¢ npeactaBumo B BHze (3), To
£ aBnsietcst OucKkpemHoi caydaiHo# BeJHUHHON.

CayuaiiHas BeJiHUHHA £ Ha3blBaeTCst HenpepoisHOLl, eciiy ee hyHKUHS pac-
npesienieHust F¢(x) HenpepbiBHa Mo x € R.

CayuaiiHasi BenHunHa £ Ha3biBaeTca abCOAIOMHO HenpepuleHOL, eciu Cy-
LeCTBYeT HeoTpPHLaTeJbHas QyHKUHA f = f¢(x), Ha3biBaeMas naOMHOCMOIO,
TaKas, yTo

Fex)= § fe(v)dy, x€R (4)

—00

(MHTerpan noHumaetcs B cMbicsie PuMana, a B 6oJiee ofllieM Clyyae — B CMbiC-
Jie JleGera; cm. nanee § 6).

2. YcraHoBAEHHE TOTO, YTO HeKOTOpas pyHKUHUs & =& (w) aBaseTcs cayyait-
HO#l BenuunHOM, TpeGyeT npoBepkH cBoficTBa (1) Ana Bcex MHOXecTB B € F.
Chepyrouiasi 1eMMa NoKasbiBaeT, YTO KJAAacC TAKHX «MPOGHBIX» MHOXECTB MO-
XKeT ObITb CY>KeH.

Jlemma 1. [Tycmo & — nHexomopas cucmema MHONCeCmM8 MAKAA, 4MO
0(8)=B(R). Ara mozo umobe pyrxyus & =Ew) bbira F-usmepumod,
Heobxodumo u docmamouHo, 4mobbo:

w: EW)EE EF )

Oas 6cex E€E.

Hokaszameabcmso. HeobxoaumocTh oueBHaHa. Jlns AokasaTesbcTBa [0-
CTaTOYHOCTH OMSATb BOCMOJb3YEMCS MPUHYUNOM NOOXOOAWUX MHONCECMS
(§ 2).

Mycts 9 — cuctema Tex GopeneBckux MHOXecTB D u3 B(R), ans koto-
peix £-1(D) € &. Onepauns «B3ATHs NPooOpasa» COXpaHsieT, Kak HETPYIHO
NPOBEPHTb, TEOPETHKO-MHOXKECTBEHHbIE ONepaLlii 06beIHHEHHS, NepeceyeHHs
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U JONOJIHEHUSA:
e (U Ba) = &'(Ba).
e (N8) =N e e ®

§—l (Ba)=§&" ! (Ea)-
Orciona caenyer, uTo cucteMa 9 spasetcs o-anre6poi. 3Hauur,
ECPCRBR)

o(£)Ca(2)=2C B(R).

Ho o(€) = %#(R), cnenoBatenbHo, 2 = HB(R). O
Caencrsue. [as moeo umobol pynxyus §=E(w) 6biaa cayuainoi ge-
AUHUHOU, HEeo6x00umo u docmamouno, umobel 44a a0bbix x € R

{w: Ew)<x}e F
uau
{w: Ew)<x}e £.
JlokasaTesibcTBO Cpa3y cJefyeT H3 TOro, 4TO Ka)kaas U3 CHCTEM MHOXKECTB
& ={x: x<c, cER},
&={x: x<c, ceR}
nopoxkaaet o-aare6py #(R), T.e. o(81) =0(62) = B(R) (cMm. § 2).
[NpuBoaumasn HHXe JieMMa JaeT BO3MOXHOCTb KOHCTPYHpOBAHHs CJyuail-
HBIX BeJIHYMH KaK hyHKyud OT APYTHX CAY4aiHbIX BEJIHUHH.
Jlemma 2. [Tycmo @ =p(x) — Goperesckana ¢ynrkyus, a &=E&(w) —
cayuaiinaa seauuuna. Toeoa caroxHas pynkyus n=pof, m.e. pynkyus

N(w) = p(€(w)), makie Aaemca CAYHaliHOL 8eAUUUHOL.
Hokazameabcmao cnenyet u3 Toro, uto st B € B(R)

{w: nw) € B} ={w: pEW))€B}={w: EWw)ep™'(BYeF,  (7)

nockosibky ¢~ ! (B) € B(R). O
Takum obpasom, eciin § — ciyyaiiHas BeJHUMHA, TO TakHe (QYHKLMH, Kak,
ckaxeM, &, £€¥ =max(¢, 0), £~ =— min(¢, 0), |¢| TakKe ABAAIOTCS CAYyHAiHbI-

MH BEJIHUHHAMH, NOCKOJbKY GYHKUHH X", x ¥, x~, |x| aBasioTcst GopeNleBCKUMH
(sapaua 3).
3. OrnpaBnsiich OT 3aZaHHOM CHCTEMbI CJyuaiHbIX BeJHUMH {£,}, MOXKHO

oo _
CTPOHTb HOBble (byHKUMH, HanpuMep, > |&,|, lim &, lim &, u T. A. 3amerum,
n=1
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yTo 3TH (PYHKLHMH NPUHUMAIOT CBOH 3HaueHHs, BooGLLe roBops, yXe B paciuu-
peHHO# YHCJI0BOM NpaMo# R = [—oo, oo]. [ToaTomy Lesecoo6pa3Ho HECKOJIBKO
paclUHPHTb K1ace F -H3MEPHMbIX YHKUHH, J0MycKasi, YTOObl OHH MPHHUMAJH
TaKXKe 3HaueHHs too.

Onpenenenne 4. OyHkuus € =§(w), onpenenennas Ha (2, &) ¥ NpUHU-
Malollasi 3HaueHHs B R = [—oo, 00], Ha3bIBAETCA PACUUPEHHOL CAYHAliHO
el UHOL, ECIH 1151 TI0BOT0 6opesieBcKoro MHoxecTBa B € B(R) (o -anrebpa
B(R) =0 (%B(R), £00)) BHINONHEHO ycsioBHe (1).

Crenyiolwas TeopeMa, HeCMOTPS Ha ee MPOCTOTY, ABJAETCSA KJIOYEBOH MpH
nocTpoeHuH HHTerpana Jle6era (§ 6).

Teopema 1. a) [aa aoboii (8 mom wucse u pacuupentoll) CAy4ainoll
geauuursl £ =E£(w) Haiidemca nocae6o8amesbHOCTb NPOCMbLY CAYHAUHbX
geaunun &, &, ... makux, umo |&,| < || u €y(w) — €E(w) npu n— oo 0an
gcex w €.

b) Ecau & mony xe £w) 20, w e, mo naiidemca nocaedosameno-
HOCMb npocmulx cayualinolx seaudun &y, &, ... maxux, umo &,(w) T €(w),
n— oo, 044 8cex w €.

Hokaszameabcmso. HauHeM ¢ [0Ka3aTeNbcTBa BTOPOTO YTBEPXKIAEHHS.
Monoxum psg n=1, 2, ...

n2"
k-1
w) = E —~—1qp— w)+nl w).

HenocpenctBenHo npoBepsieTcs:, 4TO NOCTPOEHHas MOCJeN0BaTeNbHOCTb &, (w)
TakoBa, uTo &,(w) 1€(w) mns Beex w €Y. M3 3Toro yTBepKneHHsi BbiTeKaeT
TaKXKe CMpaBeIMBOCTb MEPBOTO YTBEPHKJEHHs, €C/IH TOJNbKO 3aMETHTb, YTO
€ MoxeT GbiTb npeacTaBieHa B Bule £ =€+ — €. O

[NokaxeM Tenepb, 4TO KNAcC pacIIHpPeHHbIX CyYyaHHbIX BEJHYHH 3aMKHYT
OTHOCHTENIbHO NMOTOY€eYHO#H cxoauMocTH. C 3Toil Lesbio 3aMETHM Npexie BCero,
yto ecqiu €}, &2, ... — MOCJIEOBATENIbHOCTb PAaCLIHPEHHbIX CAYYaHHbIX BEIHYHH,
To yHKuMH sup &,, inf &,, lim &, u lim &, Takxe ABAAIOTCA CAYYaiRHLIMH Be-
JIM4HHaMH (GbITb MOXET, pacluupeHHbiMH). CllefyeT 3To HenocpeACTBEHHO H3
TOro, 4TO

{w: sup §n>x}=U {w: &>xte &,

{w: inf§n<x}=U {lw: &i<x}e F

n lim &, =inf sup &, lim & =sup inf &n.
" m>n n m2n
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Teopema 2. [Tycmo &, &2, ... — nocaedosamerbHocmo pacuiuperHolx
cayuaiinox geaunun u (w)=Ilim &,(w), w € Q. Toeda £ =€(w) makae a6-
ASleMCcA pacuiupernol CAYy4aiHol 8eauduHol.

Hokrasameabcmeo cpasy ciieyeT U3 CLeNlaHHOTO Bbillie 3aMEYaHHus H TOro,
yTO

{w: éw)<x}={w: lim§,(w)<x}=
={w: TiEgn(“-’)="_mgn(“-’)}ﬂ{mﬁ5n(“-’)<x}"""
=QNn{lim &,(w) < x} ={lim & (w) < x} € £.

4. OcraHoBHMCA ellle HAa HEKOTOPbIX CBOMCTBAX NMPOCTEHILUX PYHKUMA OT
c/ly4afiHblX BeJIHYHH, pacCMaTpHBaeMbiX Ha H3MepuMOM npocTpaHcTse (€2, F)
H NPHHUMAIOLIMX, ObiTb MOXKET, 3HAYEHH B PaCLIMPEHHON YHCJIOBOR MpAMOi
R =[~00, 00] *).

Ecan £ u n — nBe cayuyaiinbie Bennuunbl, T0 £+, £ —1, £n 4 £/n TakKe

ABJISIOTCA CJYYaiHbIMH BeJIHYHHAMH (B NPEANONOXKEHHH, YTO OHH OMpe/eJIeHbl,
o oo a
T. €. He BO3HHKA®T HeoMpe/le/leHHOCTed THNa 00 — 0o, —, 5)’
B camom nene, nyctb {£,} ¥ {n,} — nocsienoBaTeNbHOCTH CAYYARHBIX BeJ-
yuH, cxoasurecs K § v 7 (cM. Teopemy 1). Toraa

&ntnn—Exm,
§n77n — 677’
én 3

—_ =,

n + % I=y(@) "

Kaxaas u3 QyHKUMA B JIeBbIX 4acCTAX 3THX COOTHOLUEHHil SIBJSAETCA NPOCTOH
cayyaiHo# BeqHunHOH. ITosToMy B cHsly TeopeMbl 2 mnpefiesibHble (YHKUHH
Exn, &n v &/n TaKKe ABNAIOTCA CAYyUaHHBIMH BEIHUMHAMH.

5. Tlyctb € =€(w) — cayuaiiHast BeiuunHa. PaccMoTpuM MHOXeCTBa U3 F
Bula {w: {(w) € B}, B € #B(R). OHu 06pasyloT o-anre6py, HasbiBaeMyio o-ai-
2ebpoil, nopoxcoennod cay4ainod seauuunoii £. Bynem ee o60o3Hauath F¢
i o(§).

Ecan ¢ — HekoTopas GopeJieBcKas (yHKLHs, TO H3 JIeMMbl 2 cJieflyeT, uTo
byHKUMA 7= p 0 & TaKXKe ABJAETCA CAyYalHON BeJHUHHOM, NpHUeM F¢-H3Me-
puMo#, T. e. Tako#, uTo {w: n(w) € B} € F¢, B € B(R) (cM. (7)). OkasbiBaercs,
YTO CrpaBe//HB H OOPATHLIN pesyJbTarT.

*) B nanbnefiiieM npHHUMaIOTCS OGbIYHBIE COMNALLIEHHS! OTHOCHTEBHO apH(METHYECKHX one-

Y a
paunit B R: ecin a € R, To a % oo = +o0, ;;=O;a~oo=oo, ecan a>0, na-oco=—00, eciin

a<0;0:(to0)=0, co+00=00, —00 —00=—00
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Teopema 3. [Tycmo n=1n(w) — Fe-udnepumas CAY4ainas 8eAU4UHA.
Toeda Haidemca maxas 6operesckas Pynkyus @, umo n=pof, m.e.
nw) = p(§(w)) 042 Kaxdoeo w €.

Jlokazameavcmeo. Ilycte ® — knacc Bcex F¢-H3MepHMbIX (YHKLH#H
n=nw), a B¢ — Fe-n3mepuMbix GYHKUM#, NPEJCTABHMLIX B BHIE @ o &, rle
¢ — HekoTopas GopenieBcKkast (yHKuus. SIcHo, uTo ¢ C . YTBepXKIeHHe
TeopeMbl COCTOHT B TOM, YTO Ha caMoM Jene ®¢ = D¢.

Tycts A € F¢ 1 n(w) =14(w). [Nokaxewm, uto n € $§. JleficTBUTENBHO, €CJH
A € Ze, 10 Hainerca B € B(R) Taxoe, uto A ={w: {(w) € B}. O603Haunm

()= 1, xe€B,
X61= 0, x¢B.

Torna /a(w) = x5 (£(w)) € B¢. Otciona caenyer, uto  Jo6as npoctas Fe-u3-
n

mepumasn dyHkuMs Y. ¢;la, (w), Ai € Fe, TakkKe npuHaanexuT knaccy De.
=

MycTb Tenepb 7 — npousBosibHasg F-u3mepumas ¢yHkuus. [To Teope-
Me | HafizleTcsi NMoC/e0BATENbHOCTb {7),} MPOCTbIX F¢-H3MEPHMbIX BYHKLHI
n =7Mn(w) TakuX, 4TO 7y (w) — N(w), n— 00, w €N. Kak ToJbKO uTO GbLIO
YCTaHOBJIEHO, CYILECTBYIOT TakHe GopesieBckHe (YHKUHH ¢p =p,(X), uTO
(W) = @n(§(w)). TIpH 3ToM @4 (§(w)) — N(w), n— 00, wEN.

O6o3Haunm B={x€R: li,rln ©n(x) cyiiecTByeT}. DTo MHOXKECTBO ABJAETCA

6openeBckuM. [TosTomy yHKUHs

lim p,(x), x€B,
px)=q "
0, x¢B,

TaKxKe ABsisieTca GopeneBcKo# (CM. 3ajnauy 6).
Ho Torza, oueBuaro, n(w) = Iign wn(EW)) = p(E(w)) mns Beex w e Q. Cne-

nosatesbHo, Bg = Pe. O

6. PaccMoTtpuM uaMepuMoe npoctpaHctBo (€2, &) H HeKOTOpoe KOHeuHoe

K cyeTHOe pa36uenne 9 ={D,, Do, ...} npoctpauctBa Q: D;€ £,y D;=Q.
i

O6pasyem anre6py o, cofepxallylo yCToe MHOXECTBO & M MHOXeECTBA BH-
Aa 37 Dy, rae cnaraeMble 6epyTcsi B KOHEUHOM HJIH CueTHOM uHcie. OueBHIHO,
[+

uTO cHcTeMa &/ ABJIAETCA MOHOTOHHBIM K/1acCOM, H MO3TOMY, COIIaCHO Jiemme 2
§ 2, anre6pa o aBnsercs B To XKe camoe BpeMsi W o-anre6poil, 0603HauaeMoit

0(9) v HasbiBaeMoit o-anzebpoil, nopoxdennoii pasbuenuen 9. slcho, uto
o(2)C £.
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Jlemma 3. [Tycmo € =E(w) asasemca o(D)-usmepumoii cCAy4aiinoi ee-
aununol. Toeda € npedcmasuma 8 sude

Ew) =) xelp, (W), ®)

k=1

20e x, €ER, k21, m.e. £(w) npuHumaem NOCMOAHHBIE 3HAYEHUA HA 3Ae-
menmax pa3buenus Dy, k< 1.

Hoxazameavcmao. Bo3bMeM HekoTopoe MHOXKeCTBO Dj H TMOKaXKeM, 4TO
Ha HeM 0(9)-n3MepHMas QyHKUHA £ NPHHUMAET MOCTOSHHOE 3HAUEHHE,

C 3T0il Hesblo 0603HAYUM

xp=sup [c: DpN{w: &w) <c}=2].

Mockonbky {w: §(w) <xe}=J {w: é(w) <r}, rae o6benunenne Gepercs no
BCEM PaLMOHANBHBIM I < Xp, T0 Dp N{w: £(w) < xp} = 2.
I[Tyctb Tenepb ¢ > xp. Torna D N{w: €(w) <} # D 1 TaK KAK MHOXECTBO
{w: &(w) <c} umeer BuR Y D,, rie cymma Gepercsi N0 KOHEUHOMY HJIH CUET-
23

HOMy Habopy HHIEKCOB, TO

DpN{w: &(w) < c}=Dy.
Orciona BbiTeKaeT, YTo 415 BCEX € > X

Dpnfw: Ew)=cl=2

H nockodbKy {w: &(w) > xp}=J {w: &(w) > r}, rae o6beaunenue Geperca no
BCEM PALMOHALHBIM I > X, TO

Dpnfw: Ew) > xp}=2.
Takum o6pasom, Dy N{w: é(w) # xp} = 2 H, 3HauuT,
D Cw: &(w)=xe},

YTO U TPeGOBaJOCh 10Ka3aThb. a

7. 3apaun.

1. TokasaTb, 4To cilyyaiiHas BeJIHYMHA £ HEMPEPBIBHA, €CJIH H TOJbKO €C/IH
P{¢ =x}=0 nnsa Bcex x €R.

2. Ecan |§| aBnsietcs & -u3MepHMO#t, To BEPHO JIH, UTO £ TakxKe & -H3Me-
puma?

3. Hokasatb, uto ¢yHkunu x", x+=max(x, 0), x~ =—min(x, 0), |x|=
=x% +x~ sBASOTCA 60pENEBCKHMH.

4. Ecnu &€ u n— ZF-usmepumsl, 10 {w: £(w) =n(w)} € £.
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5. [ycTb € H 1) — ABe CJyyaiiHble BeaMunHbl Ha (2, F) 1 MHOXKecTBO A € £F.
Torna GyHKUMA

Cw)=&(W)a+n(w)iz

TaKKe ABJAETCA CJAYyYalHOH BeJHUHHOM.

6. Myctb &4, ..., o — cayuafinble BeHYHHBI H @(X), ..., X,) — GopeJneB-
ckast yHkuus. [Nokasate, uto dyHkuMa (& (W), ..., én(w)) TakKe ABiseTcs
cJ1yyaiiHOH BeJIMUHHOM.

7. Tlyetb € ¥ 1 — ABe cJaydaiiHble BeJIHUHHBI, NPUHHMalOLLMe 3Haue-

wusa 1, 2, ..., N. Tlpeanonoxum, uto &F=%,. [lokasarb, uTo cyliecTByeT
Takasl nepectaHoBka (iy, ig, ..., iy) uucen (1, 2, ..., N), uto a1a kaxnoro
j=1,2,..., N muoxecta {w: £ = j} u {w: n=1i+ j} conanaior.

8. TlpuBecTH npuMep cayuyadHo# BedHuMHbI &, YHKUMS pacrnpeneseHHs
KOTOpO# MMeeT IJIOTHOCTDb f(x) Takylo, yto lim f(x) He cyuiecTByer u, caeno-
X—00

BaTebHO, f(X) Ha 6ECKOHEYHOCTH He aHHYJIHpYeTCs.
9. [MycTb € H 1 — orpaHHyeHHble cayyaiiible BenuuuHbl (J€] < ¢y, |n] < ¢2).
Jloka3saTtb, 4To ecau oia Bcex m, n 2> |

E€™y" =E€™-En,

To & U ) HE3aBUCHMBI.

10. TTyctb € ¥ ) — cayyaiiHble BeIHUHHBI H HX QYHKLHMH pacnipeanenns Fg u
F, coBnanaiot. [loka3atb, 4to ecin X € R u {w: §(w) = x} # @, To cyllecTByeT
Y € R Takoe, uto {w: &{(w) =x} = {w: n(w) =y}.

11. Tlyctb E — He GoJiee ueM cyeTHOe MOAMHOXeECTBO R, § — oToGpaxkeHHe
Q — E. [lokasatb, 4yTo £ fiBAsieTCS CJAyyaiiHO# BeauuuHoil Ha (0, &) Torda u
TOJIbKO TOr/a, Korja {w: €(w) = x} € F mia Kaxaoro x € E.

§ 5. CayuaiiHble 3JieMeHTbI

1. Hapsagy co ciyyaliHbIMH BelHYHHAMH B TEOPHH BepOSTHOCTEH H ee
TNIDHJIOXKEHHAX PacCMaTPUBAIOT CjyuaiHble 06bekThl Gosiee oOlied MPHPOIbI,
Hanpumep, cayyafiHble TOUKH, BEKTOPbI, (PYHKLHH, MPOLECCH, MO, MHOXeC-
TBa, Mepbl H T. 4. B cBA3H ¢ 3THM XKesaTeslbHO MMeTb MOHATHE CAYHALHO20
06Bexma NpoU3BOJILHON MPHPOLbI.

Onpeaenenne 1. Tlycts (2, &) u (E, &) — ABa H3MepPHMbIX IPOCTPAHCTBA.
Bynem rosoputs, uto dyHkums X = X(w), onpenenennas Ha 2 1 NpUHAMaloLLas
3HayeHus B E, ectb F/&-usmepumnan Gynkyus, Wl CAYHabinoLl 31eMenm
(co sHauennsamu B E), ecau aas mo6oro B € &

{w: Xw)eB}e £. )]



222 IJ1. 1. MATEMATUYECKHME OCHOBAHUS TEOPHU BEPOATHOCTEN

HHorpa cayuvaiiHble 3/ieMeHTHl (CO 3HauyeHHAMH B £) HasbiBaloT Takxke
E-3HAUHbIMU CAYHALHOIMU BEAUYUHAMU.

PaccMoTpuM yacTHble ciiyyad 3TOro onpefielieHus.

Ecau (E, &) =(R, #B(R)), T0 onpesenieHne cy4aitHOro 3/JieMeHTa COBNafaer
¢ onpejlejieHHeM cJyyailHo#H BeJHuHHbI (§ 4).

[ycts (E, &) =(R", #(R")). Torna cnyuaittbiii 3jeMeHT X(w) €CTb «Cay-
yaitHasi Touka» B R". Ecau 7, — npoekuust R" Ha k-10 KOOPAHHATHYIO OCb, TO
X(w) MOXHO NpeACTaBHTb B BHJE

Xw)=(E1(w), ..., &alw)), @

rae €, =mpo0X.
U3 ycnosus (1) BbiTekaer, uTo €, — o6bluHble CJyyaiiHble BeMuuHbl. Jleii-
CTBHTeJIbHO, 1 Jito6oro B € B(R)

w: &) eB}=
={w: IwW)ER, ..., &-1(W) ER, & (W) EB, L 1(W)ER, ..., &u(w) ER}=
={w: Xw)eERX...xRxBxRx...xR)}EZF,

TNOCKOJIbKY MHOXeCTBO R X ... X R X B xR x ... x R € #(R").
Onpegenenne 2. Bcesikuil ynopsifoueHHblit HaGop CJyYyallHbIX BeJHUHH
(m W), ..., Nn(w)) GyneM Ha3bIBaTb N-MEPHOIM CAYUALIHBIM BEKMOPOM.
B cooTBeTcTBHH C 3THM omnpefesieHHeM BCAKHI caydaiiHblil dJieMeHT X(w)
CO 3HayeHUsIMH B R" sBJsieTCA n-MepHbIM CcJyuyaiiHbiM BekTopoM. Crpases-
JIHBO H oOpaTHoe: BCAKHI caydaiiHblit BekTop X(w)= ({i(w), ..., &n(w)) ecTb
cayyaiinpiii anement B R". [leiicTBuTenbHo, ecaid B, € B(R), k=1, ..., n, 10

{w: Xw) € (B x ... x Bp)}=][{w: &w)€Bi}e £.
k=1

Ho HauMenblias o-anre6pa, cofiepkaliias MHOXecTBa B X ... X B, coBnajaer
¢ #(R"). Toraa u3 oueBuaHOro oGoblieHHs JeMMbl | U3 § 4 cpasy noayuaem,
yto 1nst JoGoro B € B(R") mMHoxecTBO {w: X(w) € B} npunapiexur &F.

Myers (E, &)=(Z, B(Z)), rne Z — MHOXeCTBO KOMIUIEKCHLIX YHCel
z=x+iy, x, y €R, a B(Z) — HauMeHblLas o-anrebpa, cofepxalilas MHOXKe-
cTBa BHIA {2: z2=x+iy, a)<x< b, as <y < be}. W3 mpenvimyutero pac-
CMOTpeHHsl CJIeflyeT, YTO KOMIIEKCHO3HayHasi cCJjyyaiiHas BesquuuHa Z(w)
npeactasasercs B Bue Z(w)=X(w)+iY(w), rae X(w) u Y(w) — cayuaitHble
BelMuMHbl. [1o3TOMy Z(w) Ha3bIBAIOT TaKXE KOMNACKCHOIMU CAYUALUHbBIMU
BeAUUUHAMU.

Myctb (E, &) =(RT, B(RT)), rne T — HeKOTOPOE NOJAMHOXECTBO YHCJIOBOI
npamoii. B atom ciiyuae Besikuil cayvaithbiit aneMedT X = X(w), npeAcTaBuMblil,
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oueBHHO, B BHIE X = (§t)ter € & =7 0 X, HA3bIBAIOT Cayuainod ¢ynryuedl
¢ Bpemen—nm&m WHTepBaJjoM T . )

Tak ke, KaK M IS CJy4YaiiHbIX BEKTOpOB, YCTaHaBJIMBaeTCs, UTO BCsAKas
cayyaitias QYHKUHA SBJRETCA B TO XKe Camoe BPeMs CJy4ailHbiM MPOLECCOM
B CMbICJIE CJIEAYIOLIEro Onpefe/eHus.

Onpeaeaenne 3. Ilyctb T — HekoTOpoe MOAMHOXKECTBO YHCJIOBOH Nps-
moii. COBOKYMHOCTb CJlyuaiiHbIX BeJHUHH X = (§;)scT HA3bIBAETCS CAYHAUHBIM
(cmoxacmu4ecKum) npoyeccom ¢ BpemerHbim unmepeaiom T.

Ecmu T={1,2, ...}, 0 X =(&, &, ...) Ha3bIBAIOT CAYHAUHBIM NPOYECCOM
¢ OuCKpemHbM 8pemerem WK Cayuaiinol nociedosamesbHOCMbIO.

Ecau T =]0, 1], (—o0, 0), [0, 0), ..., To X = (&)tcr Ha3bIBAIOT CAyUaii-
HolM NPOYECCOM C HENPEPLIBHbIM BPEMEHEM.

Hcnonbays cTpykTypy o-anre6p B(R”) (§ 2), HeTpyaHo nokasatb, 4To Bes-
KHit caiyyaiiHblit npouecc X = (&t )¢er (B CMbIC/e onpefesieHns 3) ABJseTCs B TO
e camoe BpeMs ciyuaiiHoil GyHKUMed (CyyaliHbIM 3J1eMEHTOM CO 3HaUEHHAMH
8 RT).

Onpeanenenne 4. Tlycts X = (&)ser — cayyailnblii npouecc. IIas kaxpnoro
¢ukcHpoBaHHOrO w € N dyHkumua (§(w))ier Ha3biBaeTcs peaausayuel Wik
mpaekmopueii npolecca, COOTBETCTBYIOLLEH HCXOLY w.

Mo anasoruu ¢ onpeseienneM 2 § 4 ecTecTBeHHO CJeyioLIee

Onpeaenenne 5. Tlyctb X = (&) er — cayuaiinbiit npouecc. BepositHocT-
Has mepa Py Ha (R7, B(R")) c

Px(B)=P{w: X(w)€B}, Be®BR"),
Ha3blBaeTca pacnpedeseruem sepoamrocmei npoyecca X . BepoaTHoct

Pt,'m"” (B) = P{w: (&tl N Et,.) (3 B}

cli<ta<...<t,, t; €T, HA3bIBAIOTCS KOHEHHOMEPHOIMU BEPOMHOCMAMUY
(wnu pacnpedenenuanu sepoamnocmei). Oynkunu

Fi 6,1, ooy X)) =P{w: &, <xi, ..., &, < Xa}

Ch<ty<...<ly, t; €T, HAa3bIBAIOTCS KOHEUHOMEPHOIMU PYHKYUAMU pPaC-
npedeaenus npouecca X = (&t)ter-

Mycts (E, &)= (C, Bo(C)), rae C — npocTpaHCTBO HenpepbiBHbIX QYHKLHHA
X=(x)ter Ha T =0, 1] c o-anre6poii %y (C), NOPoKIAEHHOH OTKPBITHIMH MHO-
xectBamu (§ 2). IMokaxeM, 4To BCAKHI cayyafiHbifi a/ieMeHT X MPOCTpaHCTBa
(C, B)(C)) ectb B TO e caMoe BpeMsi ClyyaiiHblil npoLecc (C HenpepbIBHbIMK
TPaeKTOpHAMH) B CMbICJIe onpeeneHus 3.

B camowm nene, corsacHo § 2, MmuoxectBo A={x € C: x; < a} ecTb OTKpbITOE
MHOXecTBO B %Bo(C). [NosTomy

{w: &w)<al={w: X(w)eA}e £.
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C apyroii ctopoHbl, nycTb X = (§¢(w))¢er €cTb cayuaiiHblii npouecc (B CMbIC-
Jie onpeleseHdst 3), TPAeKTOPHH KOTOPOFO MpH KaXIOM w € () ABASIOTCA
HenpepbiBHbIMH (YHKUHAMH. B cootBercTBHH ¢ (17) § 2

{xeC: xeS,(x"}=[){x€C: |x, —x{| <p},

te

rie f, — paudoHanbHble ToukH otpeska [0, 1]. TTostomy

{w: Xw)€S,X°W)=[{w: W) - & W) <pte £,

tr

a 3HauuT, H {w: X(w) € B} € & nna moboro B € %y (C).

AHaJlorHuHble pacCyXXIeHHs MOKa3blBalOT TaKKe, YTO BCAKHH CJyyaiHbIi
aJieMeHT npocTtpaHcTBa (D, By (D)), BBeseHHOro B § 2 (1. 7), MOXKeT paccMaT-
pHBaTbCA Kak Cjy4aiiHblil NpoLeCcC ¢ TpaeKTOPHAMH U3 NPOCTPAHCTBa YHKLMI
6e3 pa3pblBOB BTOPOro poja, H Hao60poT.

2. TycTb (2, &, P) — BeposaTHOCTHOE NpOCTPaHCTBO H (Eq, &4 ) — H3MepH-
Mble MPOCTPAHCTBA, T€ HHAEKC (¢ MPHHALIEXKHT HEKOTOPOMY (POH3BOJILHOMY)
MHOXecTBY 2. :

Onpeneaenne 6. Byzem rosoputb, uto F/&,-u3Mepumbie GYHKUUH
(Xa(w)), a €A, He3asucumbl (WM HE3ABUCUMbL 8 COBOKYNHOCMU), €CJIH

N5 io6oro KOHEYHOro Habopa WHAEKCOB qf, ..., &y CJydaiiHble 3JIeMeHTbI
Xays -+ Xa, HE32BHCHMBI, T. €.
P{Xa, €Bay, ---» Xan € Ba,} =P{Xq, €Ba,}...P{Xa, € Ba,}, )

rie Bq € &,.

Mycts A={l, 2, ..., n}, £, — cayuaiiible BeHUHHbI, o €A, U

Fe(xi, .o, xa) =P{&1 < X1y ooy €n <X}

— n-MepHas GyHKUHA pacnpeseneHus Bektopa £ = (i, ..., &). Tlyctb Fg, (x;)
ecTb (YHKLHs pacrpefiesieHdsi CiiyuaiiHoil BeJnuuHbl &, i=1, ..., n.

Teopema 1. [lan moeo umober cay4aiinoie seaudunol &, ..., &, 6viau

He3asucumbl, Heobxo0umo u 0ocmamouHo, 4mobsl OAs 8Cex 8eKmopos
(xiy ..., x,,)GR"

Fe(xh ...,Xn)=F§|(X|)...F§n(X,,). (4)
Hokaszameavcmso. Heob6xoauMocTb oueBHaHa. JIns foKa3aTesbCTBa A0~
CTaTOUYHOCTH MoJioxuM (a =(ay, ..., a,), b =(by, ..., bs))

P&(a, b]=P{al <£l Sb], ceey Qn <§ﬂ<bﬂ}v
Pe (a;, bi] =P{a; <& < bi}.
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Torna B cuay (7) § 3 u (4)

n

Pe(a, 0] =[] [Fe (6) — Fe.(a)] =[] Pe(ai. bi]

i=1 i=l

W, 3HAUHT,

n
Pléreh, ... &acl}=]] Pta el (5)

i=1

rae I; = (ai, bi]-
3aduxcupyeM Iy, ..., I, v nokaxem, uyto ana mot6oro By € B(R)
n

P{1€B), &€y, ..., &} =Pl € B} [] Pl ). (6)

i=2

[lycTb .# — COBOKYMHOCTb MHOXeCTB H3 JB(R), 1Jf KOTOPLIX BbiNoNHEHO (6)
(«MPHHLMN MOAXOAALIMX MHOXeCTB», § 2). B .# BXo#HT, oueBHAHO, aJjre-
6pa &/ MHOXECTB, COCTOSILIHX H3 CYMM HerepeceKaloLMXCA HHTEPBaJIOB BHAA
I,=(ay, b1]. Mostomy & C A C B(R). VI3 cueTHOM aAIMTHBHOCTH (2 chieloBa-
TeJIbHO, H HeNpepbIBHOCTH) BEPOATHOCTHOI Mepbl CJielyeT TaKkxKe, YTO CHCTEMa
#A ABNsieTCA MOHOTOHHBIM KaaccoM. [Toatomy (cm. n. | § 2)

, u(A)C M CBR).
Ho, cornacho Teopeme 1 u3 § 2, u(&) =o (&) = B(R). INostomy A = B(R).
Hrak, (6) mokasaHo. ®dukcupys Tenepb By, I3, ..., [,, TeM Xe MeToloM

LoKasblBaeM clipaBeIHBOCTb (6) ¢ 3aMeHoit /o Ha GopeJieBCKOe MHOXeCTBO Bs.
ITponomxkas 10T Npouece, oueBUAHBIM 06Pa30M MPHXOAMM K TpeGyeMoMy pa-
BEHCTBY

P{i1€By, ..., En€Ba}=P{&1 €By}...P{€. € Ba},

rae B; € B(R). a
3. 3apaum.
1. Tlyets &, ..., & — OMCKpETHblEe cayuyaiiHble BeJHuHHbL. [ToKasaTb, uTO

OHH He3aBHCHMbl TOrJa W TOJIbKO TOT[a, KOTAa M JiloOblX AeACTBHTENbHbIX
HHcen xy, ..., x,

Pléi=x1, ..., ba=xa} =[] P& =x}.

i=l

2. TlpoBecTH [0Ka3aTeNbCTBO TOTO, YTO BCAKAs ChyyaiiHas YHKLHA
X(w)=(£¢(w));er ecTb CJyyafiHbii npouecc (B CMbic/ie onpejeieHust 3), H
Hao6opor.
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3. Nyetb Xy, ..., Xy — cayuafiHble 3JeMeHTHl cO 3HaueHusMH B (Ej, &),
..y (En, &) cootsetctBento. Ilyctb, nanee, (Ei, &), ..., (Ej, &,;) — usme-
pHMbie MPOCTPAHCTBA H |, ..., Zn ABARIOTCA &/6), ..., 6n/E),-H3MePHMBIMH
¢dyHKuusaMH cooTBeTcTBeHHO. [TokasaTb, yto ecau X), ..., X, He3aBUCHMBI, TO
He3aBHCHMbI TaKXe U CjlyyaiiHble 3jieMeHTbl g1 0 Xy, ..., g 0 Xn.

4. Iyctb X, Xo, ... — GecKoHeuHas NMOCJe0BaTeNbHOCTD NepecmaHo804-
HblX CllyyafiHbIX BEIHUHH (T. €. TAKHX, UTO COBMECTHOE pacrpejieieHHe Kaxio#
rpynmbl CAyYyaltHbIX BEJHUHH, COCTOSILLEH M3 R JIEMEHTOB C Pa3HbIMH HHJIEK-
CaMH, cKaxeM, X;,, ..., Xj,, 3aBHCHT JIHLIb OT R H He 3aBHCHT OT KOHKPETHOIO
BbIOOpa 3HaYeHH# iy, ..., iy, A€ i}, ..., i NOMAPHO PA3JIHUHBI; CP. C OMpefene-
uueM B 3ajaue 11 u3 § 1). Jlokasatb, uto ecan EX? < oo, n> 1, To KoBapuauus
cov(X,, X2) = 0.

5. Tyctb &, 7, ( — He3aBUCHMLIE CJyyaiiHble BenuuuHbl. JlokasaTb, yTO
cayyailHble BeJIHUHHBI € + 1 H ¢2 He3aBHCHMbL.

6. Iyctb &1, ..., &my M, ..., TIn — CAYyuaiiHble BedHunHbl. OGpa3syeM ciay-

yaiiHble BekTOpbl X = (£}, ..., &m) U Y = (1, ..., N). [1peanonoxum, yto Bbi-
TNOJIHEHbI CJielylOlIHe YCJOBHS:

(i) cayuaiiHble BeHUHHDI &, ..., €, HE3aBUCHMBI,

(ii) cayyaiiHble BEJIHUHHBI 7)), ..., 1), HE3ABHCHMBI,

(iif) cyuaiinble BekTopbl X M Y, paccMaTtpuBaeMble KaK cJyudaiiHbie 3Jje-
MEHTbI CO 3HaueHHsiMH B R™ U R™ COOTBETCTBEHHO, HE3aBHCHMBI.

Jlokasatb, uTo cayyaiiHble BeIMUMHbI &1, ..., Em, M1, ..., Ny HE32BHCHMBI.
7. Haub! cayuaiiible BekTopbl X = (£}, ..., Em) U Y =(n, ..., 17n). Vi3BecTHO,
YTO CJyyaiiHble BeNHYHHbI &y, ..., Em, M1, ..., Tln HE3ABHCHMDI.

(i) Hokasatb, 4To cayyaiiHble BeKTOpbl X H Y, paccMaTpHBaeMble Kak ciy-
yafiHble 3/1eMEeHTbl, He3aBHCHMbI (Cp. ¢ 3afauelt 6).

(i) Mycts f: R™ — R, g: R" — R — 6openeBckue ¢yHKuuK. JlokasaTh, 410
cayyafiHble BeauunHsl f(&), ..., Em) ¥ g0, ..., M) HE3ABHCHMBI.

§ 6. Uurerpan Jle6era. MaremaTnueckoe oxuaaHue

1. B Tom cayuae, koraa (2, &, P) — koreuHoOe BeposATHOCTHOE MpOCT-
paHcTBO M € =§(w) — npocTas cayyaiiHas BeqHYHHA,

Ew)=) xela, W), (1)

k=1

NOHATHE MaTeMaTHYeCKoro oXulanus EE 6bio onpenenero B § 4 ra. 1. Ta xe
camasi KOHCTPYKLMA MaTeMaTHUeCKoro oxxuaaHus EE ot npocmeix cayuaiHbix
BEJIHUKH & HCMOJB3YETCS H B Cllydae npouU380AbHO20 BEPOATHOCTHOrO NpoCT-
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patctsa (€2, &, P). A umeHHo, no onpedesenuro nonaraercs

n
E¢=) " xP(A). (2)
k=1

1o onpefeseHHe KOPPEKTHO (B TOM CMbICJIe, 4TO 3HaueHHe E£ He 3aBucHT ot
cnoco6a npeicTtasients € B Bue (1)), 4To noka3biBaeTcst TOUHO TakK XKe, KaK
M B CJyiae KOHEYHbIX BEPOATHOCTHbIX MPOCTPAHCTB. AHAJOTHYHLIM 0GpasoM
yCTaHaBJIMBAIOTCA NPOCTefiLlie CBOACTBA MaTEMAaTHYECKOTO OXKHAaHHUs (CM. 1. §
§4ral).

Llenb sToro naparpada — JaTh ONpejieieHHe W W3Y4HTb CBOHCTBA MaTe-
MaTHUECKOro oXXHaauusi EE npoussoavuol cayyafiHoil BeanunHbl. C TOYKH
3peHHsl aHa/M3a MaTeMaTHYecKoe oxulaHHe EE ecTb He yto HHoe, Kak
unterpan JleGera ot F-usmepumoit ¢yHkunH £ =§£(w) no Mmepe P, mna
Kotoporo (Hapamgy c E§) ucnosb3yiorca TakkKe chaepyoliie 0603HaueHHs:

S ¢£(w)P(dw) nan S £dP.
Q Q

2. Tyctb £ =§(w) — Heompuyamenbras cnyyaiinas BeanunHa. [octpoum
MoC/IeI0BaTeIbHOCTb NPOCTHIX HEOTPHUATENbHBIX CAYYaiHbIX BENHYHH {€n}n>1
TaKHX, 4T &(w) T €(w), n— oo, Ans Kaxporo w € §) (cM. Teopemy | B § 4).

MMockonbky E&, <E&p41 (cp. co cofictBom 3) u3 n. 5 § 4 ra. I), 10
CyLIeCTBYeT li,rln E&,, KoTOpblIit MOXET MpHHHMATbL H 3HaueHHe +00.

Onpepenenne 1. Humeepasom Jlebeza ot HeOTpHUATENbHOM ClyUuaitHOM
BEHUHHBI € = £(w), HIH ee MAMEMAMULECKUM OHCUOAHUEM, HA3bIBACTCS Be-
JIHUHHA

E¢=lim E&,. ®3)
Yrto6bl 3TO onpenenente GblJI0 KOPPEKTHBIM, HAl0 MOKa3aTb, YTO 3HaYEHHE
3TOrO NpefieNia He 3aBHCHT OT BbIGOPa annpoKCHMHPYIOLLEH MOC/e10BaTeNbHO-

ctd {£,}. MHaue roBopd, Halo NOKa3aTb, YTO €CH &, T& U Ny TE, 1€ {9} —
NoCJIe0BaTeNIbHOCTb NMPOCTbIX HEOTPHLUATENbHBIX (YHKLHH, TO

lim E&, =li'{'n Enm. “4)

Jlemma 1. [Tycmo n u & — npocmoie HeompuyamenovHvie CAyUaiiHble
seauvunvi, n 2 1, npuuen

&TE2m.
Tozda

li,rp E&n 2 E77. (5)
Hoxkasameavcmeo. Tyctb € >0 u
Ap={w: &, =2n—¢}.
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ScHo, uto A, TQ u
€n=6nla, +§nIA,, 2&nla, =2 n—¢)l4,.

HOSTOMy, HCNOJIb3ys CBOMCTBAa MaTeMaTHYECKHX OXHAAHHUI OT NMpOoCTbIX CJy-
YalHbIX BeJIHUHH, HAXOAUM, YTO

E€s > E(n — )4, =Enla, —eP(As) =
=En - Enlg, —eP(An) 2 En-— CP(Ay) ¢,

rae C =max n(w). OTciofa B cuay Npou3BoJIbHOCTH ¢ > 0 BbiTeKaeT TpeGyemoe
w

HepaBeHCTBO (D). a
W3 3t10il NieMMBbl chenyer, uYTO li;n E.ﬁ,,}li';'n Enm, ¥, N0 CHMMETpHH,

“r'nT' Enm 2 Iign E¢&,, uto u gokasbiBaet (4).

YacTto oka3biBaeTcsi NoJie3HbIM CJiefiylolliee
3ameuanune 1. [lng MaTeMaTHYeCKOro oxufaHus E€ ot HeoTpuuaTenbHO#
cayyaitHOR BeJIHUHHBI £ HMeeT MeCTo CJleflylolllee NpeACTaBIeHHe:

E¢€= sup Es, 6)
{seS:s<8}

rae S ={s} — MHOXeCTBO NPOCTbIX HEOTPHLIATEJBHBIX CJyYafiHbIX BeJHUHH (3a-
naua 1).

Hrak, nna nHeompuyamesvbHoix CaydaliHbIX BeJIHYHH MaTeMaTHYyeckKoe
oxujande onpeseneHo. epefinem Teneps K obliemy ciyuaro.

Myctb & — cayuaiinas Benwunda u €1 =max(, 0), £~ = — min(¢, 0).

Onpenenenne 2. ToBopart, 4TO MaTeMaTHUeCKOe OXKHAaHHe E£ cayuyaiinoft
BeJIMUHHBI £ cyuyecmayem, Wik onpedeseHo, eClii No KpaiiHeillt Mepe OfHa H3
BesnunH EEY uan E€~ koueuHa:

min(E¢Y, E€7) < oo.
B 310M Cilyuae no onpedeaexuro nonaraiot
E€=E¢*t —E6~.

Mamemamuueckoe oxudanue E Ha3biBalOT WHaue unmeepasom Jlebeza
ot ¢yHKuHH £ no BeposaTHOCTHOH Mepe P. (Ilo moBoay ApYyrux MOAXOAOB K
onpenesieHHio HHTerpasa Jle6era cMm. 3ameuanue 2 n. 11.)

Onpenenenne 3. ToBopsAT, 4TO Mamemamuueckoe oxudaHue cryyainHon
BEJIHUHHBI £ KOHeuHO (W & — unmeepupyena), ecin EEY <oo u E€~ < o0,

IMockoabky |€|=&T +&~, T0 KoHeuHocTb EE 3sKkBHBalleHTHA TOMY, 4TO
EJ¢| < co. (B 3TOM cMbicsie uHTErpHpYeMOCTb no JleGery HOCHT «a6CoJIOTHBIH»
Xapakrep.)
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3ameuanne 2. Hapsny ¢ matematnyeckuM oxunaHueM E& BaxKHbIMH uu-
CJIOBLIMH XapaKTEPHCTHKAMH CJlyyaiHO# BeHUHHBI € ABJAIOTCS BeanunHb EE
(eciH OHH OMpeJeJIeHbl) H EJ¢|", r >0, Ha3biBaeMble COOTBETCTBEHHO MOMEH-
mom r-ro nopsaika (r-M MOMEHTOM) H AOCOAIOMHbIM MOMEHMOM r-r0 MOo-
psnka (r-M aGCOJIOTHBIM MOMEHTOM) CJIy4aitHOM BeIHUHHbI &.

3ameuanne 3. B naHHOM Bbillle onpeneneHHH HHTerpaJa JleGera S £dP

npeanonaranoch, uro Mepa P sBnsietcs sepoamuocmnoil (P(Q):l), a
Z-u3mepuMble (DYHKLUMH (CayuaiiHble BeJIMUMHbI) & MPHHMMAIOT 3HAYeHHd
B R=(—00, c0). [lpeanosoxKuM Tenepb, YTO u — NPOU3BOALHAA Mepa,
3ajaHHasi Ha ©3MepHMOM npocTtpaHcTse (§2, &) H NpUHHMalOWLas, GbiTb MOXKeET,
3HaueHHe +o0o, a £ =§&(w) — F-uaMepumasi QyHKUUS CO 3HAUEHHSIMH B
R =[—00, 0] (pacimpeHHas cayyaiiHast BelHuKHa). B 3ToM ciyuae uHTerpan
JleGera S &(w) u(dw) onpenensieTcss TeM XKe CaMbIM crnoco6oM: CHayaja Ans
Q

HeoTpPHLATENbHBIX NpocThiX § (Mo dopmyne (2) ¢ 3ameHoit P Ha p), 3aTeM ans
NpOH3BOJIbHBIX HEOTpHLATEJIbHbIX  H B 06LieM cJaydae o ¢opmyae

§ @) udw) = €+ pdw) - § € pdw),
Q Q Q

€cJ/li TOJIbKO He BO3HWKAeT HeompeeJeHHOCTH BHAa 00 — O0.

Jlna MaTeMaTHyeCKoro aHaiu3a oco6o BaxkeH cJjydail, koraa (2, &F)=

=(R, #(R)), a u — mepa JleGera X\. B 3ToM ciyyae uHTerpa’ S{(x) A(dx)

o) o0 R

0603HauaioT S{(x) dx, Wy S &(x)dx, wam (L) S &(x)dx, utobbl moa-
R —00 —00 o

YepKHYTb OTJIHUME 3TOFO MHTErpaja oT HHTerpasa Pumana (R) S E(x)dx.
—00

Ecusiu xe Mepa p (Jle6era—Cruatbeca) COOTBETCTBYET HEKOTOPO# 0606LIEHHOM

byHkunu pacnpenenesus G = G(x), To HHTerpaj S§(x) p(dx) Ha3bIBAIOT TaKXKe

R
uumeeparon Jlebeca—Cmuamoeca u o6o3Hayaor (L—S) S{(x) G(dx),

R
YTOObl OTJIMYHTbL €ro OT COOTBETCTBYIOLLEro HHTErpaJia Pumana—Ctuarbeca

(R—-S) S &(x) G(dx) (cm. panee n. 11).
R

M3 panbhefiwero (coiictBo D) ctaHer sicHo, uto ecan E§ onpeneneno,
TO onpefesieHbl TaKKe MaTeMaTHyeckue oxuaanusa E(£/4) mnsa aoboro A € F.
Inst E(El4), uau, 4tO TO XKe, S{IA dP, yacto MCnoJb3yloTc 0603HAYEHHs
Q
E¢ A)u S &dP. Uurerpan S§ dP npuHdATO Ha3bIBaTh urmeepasom Jlebeea
A A

om & no mepe P na mnoxecmse A.
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AHaJNorHYHO W B CJiyuae NPOHM3BOJIbHON Mepbl u BMECTO SﬁIA dp nu-
Q
iem S§du. B uactHocTH, eciH p — n-mepHas Mepa Jle6era—Cruarbeca,
A

A=(aj, b)] x... x (an, by], TO BMeCTO S{du HCMoJb3yeM 3anHCh

A
b, b,
S S E(xy, ..., Xa) p(dxy, ..., dxg).
a a,
Ecau u — mepa JleGera, To BMecTo pu(dxi, ..., dX,) nuiiem npocto dxi...dx,.

3. CpoilcTBa MaTeMaTHYeCKoOro oxuaanus E& cayyaiiHbix BesHuHH £.
A. Tycmo ¢ — nocmoannas u EE cywecmsyem. Toeda E(c€) maxice
cywecmsyem u

E(c¢) =cE¢E.
B. ITycmeo € <7, moeda
E{<En
8 MOM CMbICAC, HMO
ecau —oo<EE, mo —co<Enu EELED,
uau
ecau En< oo, mo E§ <o u EEEn.

C. Ecau E¢ cywecmsyem, mo
|E¢| < EJE].

D. Ecau E¢ cywecmsyem, mo 0an xamdoeo A€ F E(El4) makace
cywecmeyem; ecau EE koneuno, mo E(€l4) maxae xoneuro.

E. Ecau &€ u n — HeompuyameabHbie CAy4alible 8eAUHUHb. UAL MaKue,
umo E|€| < o0, E|n| < 00, mo

E(¢+n)=E¢+En.

(o noBoay o6o6lieHHs 3TOrO CBOACTBA CM. 3ajauy 2.)

[MpuBenem nokasatenbctso cBoiicte A—E.

A. I1ns npocThix ClyyaifHbIX BeJMYHH yTBepxKaeHHe oueBHaHo. [Tyctb £ >0,
&n 1€, rne &, — npocTbie cayyaiiHble BesiuuHbl, 4 ¢ 2> 0. Torna ¢, Tc€ H, 3HauwT,

E(c§)=li;n E(ctn) =c li;n E¢, =cEE.
B o6uwem cayuae nHago paccMoTperb npeactaBiedde £=&1 — &~ W 3aMe-

THTb, uto Mas ¢ 20 (c&)t =c€t, (c€)" =c€~, a mia ¢ <0 (&)t =—c&,
(c6)~ = —c&+.
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B. Ecan 0< €<, 10 E€ u En onpenenenbl U HepaBeHcTBo E€ < En cpasy
caenyet u3 dopmyasi (6). Ilyctb tenepb E£> —oo, Toraa E€™ <oo. Ecam
£<n, 10 et <yt u ¢ >n~. Mostomy En~ <E£~ < oo, crenoBatensho, En
onpeneneHo u E§=EET —E£~ < Ent — En~ =En. AnanoruudbiM o6pa3om
paccMaTpuBaetcs cayuadt, koraa En < oo.

C. Mockosbky —|€| < € < [€], To u3 cBoiicte A u B

—E[§| <EE<EJ],

1. e. |E€| < EJ¢).
D. Cneayer u3 B u Toro, uto

)T =€T14<EY, EL) =¢1a<E.

E. Mycts £20, 720, u nycts {£,} ¥ {.} — NOCIeLOBATENBHOCTH NpO-
cThix QyHkuui Takux, uto &, 1€, 0. Tn. Torna E(§+m)=E& +En, u
E(+n.) TE(€+m), E&TEE, En. TEn u, snaunt, E(§+n)=E{+En.
Cayuait, korna E|é| <oco, E|n|<oo, cBomutcsi k paccMOTpeHHOMY, €c/H
BOCMOJIb30BaTbCsA TeM, uTo £=¢&T —¢€~, n=nt —n~, ¥ <|¢], € <|¢| n
n*<nl, n~ </nl.

Crenywouiasi rpynna yTBepxaeHHA OTHOCHTENbHO MaTEMaTHYECKHX OXKHIa-
HHil cBfi3aHa ¢ noHsATHeM «P-noutH HaBepHoe». Bynem roBoputb, uT0 Hexo-
mopoe ceolicmeo sunoanerHo «P-noumu nagepHoe», ecau cywecmeyem
muoxwcecmeo N € F ¢ P(A)=0 makoe, umo amo caoiicmeo 8vinoaHeHo
0aa kandoi mouku we N\ A . Bmecto cnoB «P-nouru HaBepHoe» (P-n.H.)
yacto roBopat «P-noutu Bciogy» (P-n. B.) HAH MPOCTO «MOYTH HaBepHOE»
(n. n.), «noury Bciogy» (M. B.).

F. Ecau £ =0 (n.n.), mo E€=0.

B camoMm jene, ecan € — npocTas chyyaiiHast BelMuHHa, €= Xpla, (w) H
X¢#0, To no ycsiosuio P(A) =0, a 3Hauut, E€=0. Ecim ke £ 20 0< s <§,
rie s — npocTas ciydaiiHasi BeanyuHa, To S =0 (M. H.), a ciegoBaresbHo, Es =0
HE{= sup Es=0.O6wuii cryyait CBOAMTCA K paCCMOTPEHHOMY OGbIYHbIM

{s€S:s<¢€)
nepexooM K npeiacTasiennio £ =&+ — £~ ¢ yuetoM Toro, uto £+ < [¢], 6~ < [¢]
u|¢|=0 (n.n.).

G. Ecau E=n (n.1.) u E|€] < o0, mo E|n| <oco u EE=En (cm. makace
3adauy 3).

B camom nene, nyctb A ={w: € #n}. Torna P(A)=0u =&l 4 +£€1 47,
n=nl4 +£&I ;. o ceoiicteam E u F E§=E&/ 4 + E¢I 7 =E&l ;=Enl ;.
Ho Enl 4 =0, nostomy no csoitctey E E€ =Enl_; + Enl 4 =En.

H. lTycmo € >0 u E€=0. Toeda £=0 (n.4.).
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Insa nokasatenbctBa 0603HaunM A ={w: &(w) >0}, Ap={w: &w) = 1/n}.
SlcHo, uto A, TA u 0< €/, <&l4. TloaTomy no cBoficTey B

0<E¢ly, <EE=0.

CaepoBaTeibHO,
0=E¢/s, > 1P (4s)

H, 3Hayut, P(A,) =0 mna Bcex n > 1. Ho P(A) =lim P(A,) u, ciegoBatenbHo,
P(A)=0.

I. ITycmo § u n maxoss, umo E|€| < oo, E|n| <oco u 0an scex A€ F
E(&l4) <E(nls). Toeda £ <n (n. n.).

B camom zene, nyctb B={w: £(w) >n(w)}. Toraa E(n/g) <E(EI5)<E(n/p)
H, 3Hauut, E(€/5) =E(n/p). B cuny coiictea E E((£ —7)/3) =0 u no cBoii-
ctBy H (£ —n)/g =0 (n.n.), otkyna P(B)=0.

J. Mycmo & — pacwupennas cayuaiinas seauuuna u E|€| < co. Toeoa
|€] < 00 (n. H.).

HefictButenpHo, nyctb A={w: [{(w)|=00} u P(A)>0. Torza E|¢|>
2 E(|¢]/4) =00 -P(A) =00, uTo mpotuBopeuut npeanonoxenuo E|¢|< oo.
(Cm. Takxe 3anauy 4.)

4. B 3toM nyHkTe 6YAyT pacCMOTpeHbl OCHOBHbIE TEOPEMbI O Mpe/ebHOM
nepexozie Moj 3HaKOM MaTeMaTHYeCKOro OXHjaHHus (MHTerpasa JleGera).

Teopema 1 (o mMoHoToHHO# cxoaumoctu). [lycmo 1, €, &), &2, ... —
CAYHAHbIE BEAUYLHYL.

a) Ecauép,z2noanscexnz 1, En>—coué, 1€ mo

E¢, TEE.
b) Ecau &y <moanscexn>1, En<oco u &, & mo
Eé, L EC.

Hoxasameavcmeo. a) Ilpeanonoxum cHavana, yto n>0. Iyctb mns
Kaxzoro k> | {Ef,")}n;l — MOCJIeI0BaTeJbHOCTb NPOCTbIX QYHKUHHA TaKHX, UTO
™ 1€, n— 00. O603HauMM (™) = max M. Torna

~N \n

=D <™ = max €™ < max & =¢,.
C \C 1<ksn€k \l<k<n€k En

Myers ¢ =lim ¢™. Mockonbky nna 1< k<n

&M <M <L,
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10, MIEPEXOAA K Mpeaey npu n — oo, NOJyYHM, YTo Aaa Joboro k > |

&< (<K,

a 3HauuT, £ =C.
Cayuaiiible Beanuntbl () npoctsie u (™ 1 ¢. MMoatomy

E¢ =E¢ =lim E¢®™ <lim E¢,.
C apyro#t CTOPOHBI, OUEBHHO, YTO MOCKOJbKY &, < €pq1 <&, TO

lim E¢, < E&.

Tem cambim lim EE, =EE.

ITycTb Tenepb 7 — NpOH3BOJIbHAA CJyyaiiHas BeJHunHa ¢ En> —oo.

Ecnu En=o00, To B cuy B E{, = E£ =00 u yreepxaeHue nokasano. [Tyctb
En< oo. Torna, yuutbiBast cienanHoe npeanosoxenve En> —oo, nosyuaem,
yto E|n| < 00. fcHo, uto 0K &, — n'T€ —n nnd Beex w € Q2. [Noatomy, cornacto
nokasaHHoMmy, E(&, —n) TE(€ —n) u, 3HauuT (no cBoiicTBy E v 3anaye 2),

B¢ —EnTES—En.

Ho E|n| < oo, noatomy E¢, TEE, n— oo.
JlokasaTenbcTBO yTBepKAeHHsA b) cliefyer H3 a), eciii BMECTO MCXOAHbBIX
BEJIHYHH PACCMOTPEThb BeJIMUMHBI CO 3HAKOM MHHYC. a
C.nenc'rlfue. ITycmo {Na}a>1 — nocaedosamesvbnocmo Heompuyameno-
Hblx Cayualinolx geaudun. Toeda

o ) o o)
ED m=)_ Enm.
n=1 n=1
Hokasameavcmeao caenyet u3 cpoiictsa E (cm. Taloxe 3anatly 2), TeopeMbl
0 MOHOTOHHO# CXOAHMOCTH M TOTO 3aMeuaHHsl, 4To Z 1 2 Ty R—00. O
n=1 n=1

Teopema 2 (aemma ®aty). [Tycmo 1, £, Eo, ... — cayuaiinvie seiu-
HUHYL.

a) Ecau €y >m dasa 6cex n> 1 u En> —o0, mo
E lim &, <lim E&,.
b) Ecau &, <n daa 6cex n> 1 u En< oo, mo
lim E¢, <E fim &a.
¢) Ecau |€,| <n 0as 8cex n>1 u En< oo, mo
E lim &, < lim E¢, <lim E¢, <E Tim &,. 7)
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Hokazameavcmso. a) Iyctb (, = il;f &m, TOTAA
m2n
lim & = li’l;l‘l nltgfn &n= li’l;n Ca-
SIcHo, uto (, Tlim &, u (, >n nna Bcex n > 1. Toraa u3 Teopems! |
Elim¢,=E Ilm n —Ilm E¢, —hm E(, <lim E&,,

YTO W [0Ka3biBaeT yTBepXKAeHHe a). BTopoe yTBepxeHue clieflyeT U3 nepBoro.
Tperbe — ecTb cJieACTBHE MEPBbIX ABYX. O

Teopema 3 (Teopema JleGera o maxkopupyemoit cxoagumoctu). [Tycmo
caydaiinbie seauuurb maxossl, 4mo |€,| <n, En<oo u §,— € (n. n.). Toeda
El¢]<oou

E¢ —EE, n— oo, 8)

Elé,— €| =0, n—o0. )

Joxasameascmso. Tlo npeanonoxenuio lim &, =1im &, =¢ (n. u.). IMo-
3TOMy B cuJly cBoficTBa G 1 JieMMbl Daty (yrBepxkaeHHe c))

E¢=E lim ¢, <lim E¢, =lim E¢, =E fim ¢, =E¢,

yTO W AoKasbiBaeT (8). SicHo Takxke, uto |€| < 7. [Tostomy E|¢| < co.

YtBepxaeHde (9) HokasblBaeTCi TaK JKe, €CJH TOJbKO 3aMeTHTb, UTO
|€n — &1 < 2n. g

Caeactsue. [Tycmon, &, &), &2, ... — cayuaiinbie 8eunurb. makue, 4mo
|€nl <, €n — € (n. H.) u EnP < 00 048 Hekomopoeo p > 0. Toeda E|€]P < oo
u E|E—&,|P —0, n—oo.

Ilns nokasaTesbCTBAa [JOCTAaTOYHO 3aMeTHTb, 4To [£|<n u [€—&,|° <
< (€] + 1€aD)? < (2m)”.

Yenosue «|€,| <7, En < co», Bxoasiuee B semmy Paty u Teopemy o Ma-
XKOpHPYeMO# CXOAUMOCTH H obecneunBaiolilee BbinoJiHeHHe (opmya (7)—(9),
MOXKHO HECKOJIbKO 0CJIabuTb. Jlsi pOpMYJIHPOBKH COOTBETCTBYIOLLETO pe3yib-
TaTta (TeopeMa 4) BBesieM

Onpenenenne 4. CemeficTBo cayyaiiHbIX BesHUHH {€,}n>1 Ha3biBaeTcs
pasrnomepro unmeepupyemoim (no mepe P), ecau

sup § |&IPw)—0, c—oo, (10)
" {l&l>a

HJH (B ApYyrux 0603HaueHHsX)

sup E[|lé:|/jje,;>a] =0, ¢ —oo. (1)
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SIcHO, YTO echu cJjyyaiiHble Beauuuubl €,, 1> 1, TakoBbl, uTO [£,|< 7,
En < 00, TO CEMEACTBO {€n}n>1 Gyner paBHOMEpPHO HHTErpHPYEMbIM.

Teopema 4. [Tycmo {£n}a>1 — Cemelicmso pasHomeprO unmezpupye-
MOLX CAYHAUEHBLX BEAUMUH.

a) Toeda

E lim ¢, < lim E€, <lim E¢, <E lim &,.

b) Ecau & momy e & — € (n. 1.), mo cayuainas seauuuna € unme-
epupyema u
E¢,—E{, n—oo,
El&n —§|—>0, n—oo.

Jokasameavcmso. a) Ins Besikoro ¢ >0
Eén =E&ulig,<—a+E&ulig,>—0- (12)

B custy paBHOMepHO# HHTErpHPYeMOCTH A BCAKoro € > (0 MOXHO BhIGpaTh ¢
CTOJib OOJIBILIHM, UTO

SLnlp |E&nlig, <] <e. ‘ (13)
B cuny nemmbl daty
lim E&nlig,>—q > E lim &n/ig,>—0)-
Ho &q/i¢,>—¢) = &n, no3TOMY
lim E&u/ig,>—g > E lim &,. (14)
H3 (12)—(14) naxoaum, uyto
lim E§, > E lim &, —«.

B cuny npoussosibHocTH € > 0 oTciofa caenyer, yto lim E€, > E lim &,.

AuanoruunbiM 06pa3oM foKasbiBaeTes, uto im E€, < E lim &,.

Uto ke Kacaercs yTBepKlAeHH#l b), To OHM N0Ka3bIBAIOTCHA TaK XKe, Kak
COOTBETCTBYIOLME yTBEPXKIEHHS B Teopeme 3. O

Hau6osiee nosiHo 3HaueHHe MOHATHS paBHOMEPHOH HHTErPHPYEMOCTH pac-
KpbiBaeTcs B C/eayioleil TeopeMe, Aaiolieil Heo6XOAUMOE H 10CTAaTOUHOE YCJI0-
BHe J1s NpeleNbHOrO NMepexo/a Mo 3HaKOM MAaTeMaTHYeCKOro OXKHIaHHS.

Teopema 5. [Tycmo 0< &, — € u EE, < 0. Toeda EE, — E£ < 0o moeda
u moavko moeoa, Koeda cemelcmeo cayuainoix ettt {€q3n>1 pasHo-
MEDHO uHmMepuUpYyemo.

Hoxaszameabcmso. 1ocTaTouHOCTb cliefyeT W3 yTBepxKiAeHHs b) Teope-
Mbl 4. [lns foKa3aTesbcTBa HEOGXOAMMOCTH PacCMOTPHM (He Gollee ueM cueT-
Hoe) mHoxecTBO A ={a: P{{ =a}>0}. Torna &,/i¢,<a) — &l(e<a) AN KaXKDOTO
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a ¢ A, npuuem cemefictso BeNHUHH {€1/(c, <aj}n>1 OYNET PABHOMEPHO WHTErpH-
pyembim. [Toatomy B cuity «aoctatouHocT» E&nlie,<a) = E€lieca), A €A, a
3HAUMT,

Eéulig>0) = Elligza), agA, n—oo. (15)

3adukcupyem € >0 u BbiGepeM cHauana ag&A cToNb GOJBIUKM, YTO
E&lie>q,) <€/2, a 3aTeM Np Takum, uto 15 Beex 112> Ny

E&nlig,>a0) < E€liea0) + /2,

H, 3HauuT, E£n/(¢, >q,) < €. BbiGepem, HakoHel, a) >ap CToJb GOJbLINM, YTO
ansa Beex n < No E€nlig,>q,) < €. Torna

sup Egﬂ,(&a >a} SE,
n

YTO W I0Ka3blBaeT PaBHOMEPHYIO HHTErpHPYeMOCTb CeMeHCTBa CJlyyafiHbIX Be-
AuunH {€nlnsi. O
5. OcraHOBHMCS Ha HEKOTOPbIX KPHTEPHSIX PABHOMEPHO! HHTErpHpyeMo-
CTH.
IMpexe Bcero 3ameTuM, 4To eci {€,}n>1 — CEMEHCTBO PaBHOMEPHO HHTe-
rpHpYeMbIX CJlyuyaiiHbIX BeJHYHH, TO

sup E[én] < co. (16)
B camoM zene, nna ¢pukcupoBaHHoro € >0 v goctaTouHo Gosbluux ¢ >0
sup Elée| =sup [Elullye,ize) + Elénl/ e 1<a) <

<sup Bléallye,izq +sup Bleallggi<a <e+e,

yTO W AoKa3biBaet (16).

OkasbiBaetcs, uyto ycjoBde (16) BMecTe c Tak Ha3blBaeMbiM YCJIOBHEM
«paBHOMEPHOH HeNPepbIBHOCTH» ABMSETCS HEOOXOAMMBIM H JOCTATOUHBIM Jist
PaBHOMEPHOIi HHTErPHPYEMOCTH.

Jlemma 2. [laa moeo umobu. cemeiicmso cayuainbix seaututt {€n}n>1
6610 PABHOMEDPHO uHmMeepupyemo, Heobxooumo u docmamouro, 4mobs
E|¢,|, n > 1, 6viau pasromepro ocpanudensl (m. e. 66110 BbINOAHEHO YCAO-
sue (16)) u umobul E{|€,|l4}, n > 1, 6oiau pasnomepro HenpepoigHol (m. e.
sup E{|€q|/a} — 0, k02cda P(A) — 0).

n

Hokazameavscmso. Heobxodumocme. Yciosue (16) Gbuio nposepeHo
Bbile. Jlanee,

E{|€al/a} =E{lnll aneaizc1} + E{l€nll anien <1} S E{lénl{iea 20} + P (A). (17)
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BbibepeM ¢ cTosib 60bwkM, 4T0 SUp E{|&,|/(j¢,1>c1} < €/2. Torna ecan P(A) <
n

<¢/2c, To u3 (17)
sup E{]gnllA} <e€

YTO W JOKa3biBaeT PaBHOMEPHYIO HEMpepbIBHOCTb.
Jlocmamournocmeo. Tlyctb € >0 1 § > 0 TakoBo, yTo U3 ycaoBus P(A4) < 4§
cJieflyeT, 4To paBHoMepHo mo 1 E(|€:]/4) <e. I'IOCKo.any aasi Besikoro ¢ >0

E|§n| Elgnll(|§”|>c) cp{l&nl
(cp. ¢ HepaBEeHCTBOM Lle6t>uue|3a) TO

sup P{lé] 2 c} < = SUP El¢,| =0, c¢— o0,

a 3HauMT, 1Jis1 JOCTATOYHO GOJIBILHX C B KaueCTBe MHOXeCTBa A MOXHO B3fTb
Jio60e u3 MHoxecT {|€y] >c}, n> 1. Tlostomy sup E(|&q]/e,|1>q) <€, uTo H
ZI0Ka3blBaeT paBHOMEPHYIO HHTEIPHPYEMOCTb.

B caepyiolieM NpeioXeHHH AaeTca yAoGHOe JOCTaTOYHOE YCJOBHE paB-
HOMEPHOH HHTErpHPYEMOCTH.

Jlemma 3. ITycme &), &2, ... — nocae0o8amesbHOCMb UHMESPUPYEMBX
cayuainox seaunur u G =G(f) — HeompuyamervHas so3pacmaowasn
¢ynryus, onpedesennasn 0aa t >0, makas, umo

G(t)

jim, 2 =co a9
sup EG(|€a]) < co. (19)

Toeoa cemeticmso cayuaiinox seauturt {€,}n>1 A649€MCA PABHOMEPHO
UHmezpupyemoim.

Zoxasameavcmso. Tlycts € >0, M =sup EG(¢.]), a= g BriGepem ¢

()

CToJib 6oJIbLINM, UTo — > a 1nd ¢ 2 c. Toraa

Ellealle130] < SEIG(&D e za] < 2 =
paBHomepHO no BCceM 122> 1. 0
6. Ecau £ u ) — He3aBUCHMbIE pOCMble CaydaiiHble BEJHYHHBI, TO, KaK H
B1. 5§ 4 ra. [, nokasbiBaetcs, uto EEn=EE - En. YcTaHoBHM Tenepb cnpaBe-
JIHBOCTb aHAJIOTHYHOrO YTBEPXKAEHHSA B oOLieM cayyae (CM. Takxke 3ajauy 6).
Teopema 6. [Tycmo & u n — He3asucumbie caydaiiHbie 8eAUHUHbL C
EJ¢| < 00, E|n| < 00. Tozda E|én| < oo u

E¢n=E¢-En. (20)
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Hoxazameavbcmso. Tlyctb cHauana € 20, n 2> 0. INonoxum

[ o]
k
§"=§ EI{%<€<I’“—+—'}’ "—Z n {k<n<—+—}

Torna &, <€, € —€&|<1/n 4 nu<n, |nn—n| < 1/n. Tockombky E€ < oo,
En < oo, T0 no Teopeme JleGera o MaxKopHpyeMoi CXOAMMOCTH

lim E§, =E¢, lim En, =En.
Hanee, B cusly He3aBHCHMOCTH & H 7)

kl
E = E — E i =
gn"]n b0 Il2 I{%S§<knl} {%Sn<lnl}

—kgo ; El{k«(—t} El{f7<n<t,';—l}=E§n'Eﬂn.

3aMeTHM Tenepb, 4TO

|E&n — E&ana| < E|€n—&ana| <E[€In— 77n|] + E["]nlé &nll <
< ; E{+ - E(7H- ;l-) —0, n—oo.
[Moatomy Eén= lim E¢,n, =lim E, - lim En, =E¢ - En, npuueM E&n < co.
OG6uumit cyyail CBOAUTCA K paCCMOTPEHHOMY, €CJIH BOCNOJIb30BAThCS NMpea-

craBieHuaMu £ =¢1 — &, n=nt —n~, En=Etpt —€nt €t + €.
O

7. TlpuBoauMble B 3TOM MyHKTE HepaBeHCTBa IJIA MaTeMaTHUECKHX OXKH-
JlaHHA (MHOTHe y)Ke PaCcCMaTpPHBAJIHCh B 3JieMEHTapHO# TeOPHH BepPOSITHOCTEH;
§§ 4 u 5 B . 1) cucTeMaTHYECKH MPHMEHSAIOTCH H B TEOPHH BepOATHOCTEH, H
B MaTeMaTHYECKOM aHaJjiu3e.

Hepasencrso YeGbiwesa. [Tycmo £ — HeompuyameabrHas caydainasn
seauduna, moaoa 041 8cakozo € >0

Ple>ch< 2. (21)
Llokazameabcmso Cpagy cjieqyetr H3 TOro, 4to

E§>E[¢lie>e] > eEligzey = P{§ > €}

M3 (21) nonyuaem caenyroliie pasHoBHIHOCTH HepaBeHCTBa UeGbilleBa: ecau
§ — npou3sosbHaR CAYHAiHAA BeAUHUHA, MO

2
PEe <SS 22)



§6. UHTETPAJI JIEBETA. MATEMATHYECKOE O)KUAHUE 239

P{l¢ —E€| > €} < %, (23)

20e DE =E (¢ — E€)? — ducnepcus cayuaiinoi seauuunsi €.
HepaBencrso Kown—bByuskosckoro. /Tycmo cayuaiinoie seaunuror £
u n maxossl, 4mo E€% < oo, En? < co. Tozda E|¢n| < co u

(Elénl)® < EE*-En?. (24)
Jloxasameascmeo. Bynem npemnoaarats, uto E€2>0, En?>0. Torna,
& - n
o6o3Hayas £ = , = ,
VEEZ' ' Ep
2E|é7| <EE +EF =2,

HaXO/IUM, YTo MockonbKy 2|&7| < €2 + 72, To

1.e. E|&7]| < 1, uTo ¥ nokasbiBaet (24).

Ecan xe, ckaxeM, E¢2=0, 1o Toraa no csoictey | £=0 (n. H.) u no
ceoiicTBy F E£n=0, 1. e. (24) TakKe BbINOJHEHO.

HepaBencrso Hencena. [Tycmo g = g(x) — svinykaas kHu3y 6opeires-
ckasn pyuryus u E|€] < co. Tozda

g(E&) <Eg(%). (25)

Hoxasameabcmso. Ecau yHkuus g = g(x) BbINyKJa KHH3Y, TO 1151 KaXK-
JI0r0 X € R HafineTcs uncao A(xg) Takoe, uto A1s BCexX x € R

g(x) 2 g(xo) + (x — X0)A(xo). (26)

[Monaras x =€ u xp = E¢, u3 (26) HaxoauM, uTo

g(€) > g(E&) + (€ - EHA(EE)

H, ciefoBaTtedbHo, E g(€) > g(EE). a
W3 HepaBeHcTBa HeticeHa BbIBOAMTCS LieNiasi CepPHsi MOJIE3HBIX HEPABEHCTB.
[onyynm, K npumepy,
HepaBencrso Jlanynosa. Ecau 0 <s <t, mo

(ElEl)'* < Ele|)V". @7

Ins nokasatenbctsa o603HaunM r = t/s. Toraa, nonaras n = |£|* v npume-
HsAst HepaBeHCTBO HeHceHa K yHKuuH g(x) =|x|", Haxoaum, uto |En|" < E|n|",
T.e.

(EIE])7s <EJ¢l,

YTO W goKasbiBaet (27).
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M3 HepaBeHcTBa JlsinyHoBa BbITEKaeT CJelyiolias LENOYKa HepaseHcms
MeHOY abCoOMOMHbIMIL MOMEHMAMU:

El¢| < (D)2 <... < (ElE1)Vm. (28)

HepaBencrso I'€abaepa. /Tycmo | <p <oo,1<g<oou % + % =1.Ecau
El£|? < o0, E|n|9 < o0, mo E|én| < oo u
Elénl < (EIE|P)/? Elnl)7. (29)

Hokazameavcmeo. Ecau E|€]|P? =0 uau E|n|? =0, To (29) cnenyer Hemen-
JIEHHO, TaK Xe KaK M B cliyyae HepaBeHcTBa Koiu—bByHskosckoro (sBasio-
LIerocst YaCTHbIM cJlydyaeM HepaBeHCTBa [énbjepa npu p=q =2).

IMyctb Teneps E|€|? > 0, E|n|? > 0. MMonoxkum

-l o
S=Ermve 1T e

Bocnonb3yeMcsi HepaBeHCTBOM
x°y® < ax+ by, (30)

CrpaBe/IMBbLIM JIsl IOJIOXKHTENbHBIX X, Y, @, b, @+ b = 1, U BbITEKAIOLLMUM HemMo-
CPENCTBEHHO H3 CBOICTBa BLIMYKJIOCTH KBEPXY Jiorapudpmuueckoi (QYHKUHH:

In[ax+by]>alnx+b Iny=In x°y°.

= _ 1 1
Toraa, nonaras x =£7, y=79, a= rt b= 7 HaxojiuM, uTo

oTKyJa

= | — 1 1 1
E¢i< —EP+-Eff=—+-=1,
& P ¢ g TPy
4yTO ¥ JoKa3biBaeT (29). a
HepaBencrBo Munkosckoro. Ecau E|€|P < oo, E|n|? < oo, 1< p <oo,

mo E|§+n|P <oco u
(ElE+n17)P < E|E]P)? + Eln|”) /> (31)

Hoxasameabcmso. YcTaHOBUM Npexae BCEro Clelyloliiee HEpPaBeHCTBO:
ecnua, b>0u p>1, 10

(a+0b)? <2P~Y(a? +b*). (32

B camom gnene, paccmotpum yHKuuio F(x) = (a + x)? — 2P~ (a? + xP).
Torna

F'(x)=pla+x)P~1 =277 pxP~!,
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1 nockodbKy p =1, o F'(a)=0, F/(x)>0 n1a x<a u F'(x) <0 n1a x > a.
[TosToMy

F(b) < max F(x)=F(a)=0,

yToO H J2eT HepaBeHCTBO (32).
B COOTBETCTBHH C 3THM HEPaBEHCTBOM

1€+ < (€] + Inl)? <277 (1€1° + Inl?) (33)

u, 3auuT, ecau E|€]P < oo, E|n|? < 00, T0 E|¢ + 1]P < 00.
Ecau p =1, 1o HepaBeHcTBO (31) caenyer us (33).
Bynem Tenepb npeanoJaratb, uto p>1. Bo3bmem g >1 Takum, 4TO

l+l=l.Toma
p 9

e+ nl” =|g+nl- 1+ n1P~ < I€l-l+nlP~ +nl- [ +nlP~". (34

3ametuM, yto (p — 1)g = p. TNoatomy
E(lg +nlP~")? =El¢ +1|” <oo,
H, 3HauHT, B CHJy HepaBeHcTBa [€&blepa
E(ig]- 16 +n1P~") < EEIP) /P Elg +n|P~D0)V7 = (E|¢]7) /7 El€ +n]?) .
TouHo Tak xe u
Elnl-1g+nlP~") < Ell?) /P € +nl”)' /2.
IMoatomy B cuny (34)
El¢+nl” < ElE+l") 7 [ElEIP)/? + Elnl?) /7). (35)

Ecau E|€ 4+ 7n|? =0, To TpeGyemoe HepaseHcTso (31) oueBnato. Iycthb Te-
nepb E|€ + n]” > 0. Toraa u3 (35) Haxoaum

(E[¢ +n|P)' =19 < (E|g|P)/P + (ElmlP) />,

uTO U jaeT TpeGyeMoe HepaBeHcTBO (31), HockoabKy | — % = l. O

p
8. Tlyctb € — cayuaiiHas BeJHUMHA, 411 KOTOPO# OMpeJiesleHo MaTeMa-

THyeckoe oxxuaHne E£. Torna, cornacHo ceoiicty D, onpenenena ¢yriyus
MHONCECms

Q) =(¢dP, Ae#. (36)
A

Tokaskem, uto 312 dyHKUMS ABJISETCA CHeMHO-aAOUMUBHOL.
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[TpeanosoxuM cHauana, yto { — HeOTpHLATeNbHAs ClyyafiHas BeJHUH-
Ha. Ecau A, Ag, ... — nonapHo HemepeceKalollMecs MHOXeCTBa U3 F
A=5" A,, To B CHJY CNIEACTBHA K TeopeMe |

Q(A) =E(€ln) =E(El5 4)=E(3 €l,) =3 E€la) =3 Q(An).

Ecsn ke § — nponsBoJibHas cJy4aiiHas BeJlMuHHa, 1na KoTopoil EE onpenene-
HO, TO CYyeTHas aJlMTHBHOCTb Q(A) caenyer W3 npeacTaBiieHHs

QA)=Q*A)-Q~(A), @37
rae
Qt@)={¢taP, Q- (4)={¢ aP,
A A

YCTaHOBJIEHHOH CUETHOH aJIMTHBHOCTH U1 HEOTPHLIATENIbHBIX CJy4alHbIX Be-
JIHYKH H Toro ¢akTa, yto min(Q*(Q), Q~()) < co.

Hrak, ecnin EE onpeneneHo, To ¢yHkuus MHOXecTB Q = Q(A) sBasiercs
Mepoil CO 3HAKOM — CUETHO-aJAUTHBHON (yHKLHEH MHOXKECTB, NPeACTaBUMONH
B Bue Q =Q; — Qqo, rae no kpaiiHeil Mepe oaHa u3 mep Q; uan Qo KoHeuHa.

MokaxeM, uto dyHKuus MHOXKecTB Q = Q(A) o6nagaeT clefyOIHM BaXK-
HbIM CBOACTBOM a6COAIOMHOIU HEnpepbuleHOCMU OTHOCHTENbHO Mepbl P:

ecau P(A)=0, mo Q(A)=0 (AeZ)

(3To cBOMCTBO KpaTKo 3anuchbiBaloT B BHe: Q K P).
Jns mokasaTenbcTBa AOCTATOYHO PacCMOTPETb CJY4Yail HEOTpHLATEJbHbIX
n

cayyaiiHbix Beanunn. Ecan €= Y Xl 4, — npocTas HeoTpHLATENbHASA Cayyaii-
k=1
Has BesinunHa U P(4) =0, To

QA)=E(la) =) xP(AenA)=0.

k=1

Ecau xe {€:}n>1 — noc/iefoBaTeNIbHOCTb HEOTPHLATENbHBIX NPOCTBIX YHKLHHA
Takux, 4to &, 1€ >0, To no TeopeMe 0 MOHOTOHHOH CXOAMMOCTH

Q(A) =E(£/4) =lim E(&q/4) =0,

nockoabky E(£,/4) =0 mna mo6oro n> 1 u A takoro, uto P(A) =0.
Hrak, unrerpan JleGera Q(A) = S € dP, paccmatpuBaeMblil KaK GyHKUHS

A
MHOXecTB A € &, apaserca Mepoil co 3HAKOM, aBCOJIOTHO HEMPEpPBIBHOM OT-

HocutesbHo Mephl P (Q < P). Becbma 3ameuaTesibHo, YTO MMEET MeCTO H
06paTHbIi pesyJbTar.
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Teopema Panona—Hukoanma. [Tycme (U, F) — usamepumoe npocm-
PAHCMBO, |1 — O-KOHEUHAA MEPQ U X\ — Mepa CO 3HAKOM (M. e. A= A| — Ay,
20e no KpaiHneld mepe 00HA u3 mep A| UAU Ao KOHEUHQA), ABAAIOWAACA
abcoaomHo HenpepuisHol omruocumeavHo u. Toeda cywecmsyem F-u3-
mepumas ¢ynkyus f= f(w), npunumarowas 3nauenus 8 R=[—oo, 0],
maxas, wmo

AA)=§ fw) pdw), AeZ. (38)
A

C mouHocmoo 00 MHOINCECM8 p-mepol Hyab Pynkyus f(w) eduncmeen-
Ha: ecau h=h(w) — Opyeasn F-usmepumas ¢ynkyus maxas, 4mo A\(A) =
= S h(w) pdw), A€ ZF, mo p{w: f(w) # h(w)}=0.

A

Ecau \— mepa, mo f = f(w) npunumaem snauenus 8 R, = [0, oo].
®ynkuua f= f(w) B mnpeacrasnenun (38) HasbiBaeTcs npou3sodHOL
Padona—Hukoduma wnu naomuocmolo Mepbl A OTHOCHTENbHO Mepbl p M

o6o3Hauaercs dx HJIH ‘—Q(w)
dp dp* "

Psf BaXKHBIX CBOWCTB 3THX MPOHM3BOAHLIX H3JIOXKEH B JiemMe M. 8 chenyio-
wero § 7. Oco6o oTMeTHM cefiuac yacTHbI cJyyalt MpUBOAMMON TaM dopmy-
Jibl (35), 4acTo HCMoJb3yeMblil MPH MepecyeTe MaTEMAaTHYECKHX OXKHAAHUA MPH
3aMeHe Mepbl.

HmenHo, nycts P u P — 1se BeposiTHocTHbie Mephl, E 1 E — cootetctay-
jolMe MaTeMaTHyecKne oxunanus. [peanosioxuM, yto Mepa P a6comoTHo
HenpepbiBHA OTHOCHTENbHO Mepbl P (0Gosnauenue: P < P). Torna mis Besi-
KOH HeoTpHLAaTe/bHOi cayyaiiHoil BesHuuHbl £ = €(w) cnpaBefnnBa clefyloLias
«ghopmyra nepecuema mamemamuueckux 0HUOAHULE»:

= dpP
Be=E[eF5]
¢=E[eSD (39)
Ota opMysa ocTaeTcst CNpaBeIHBON H 63 NPeAnooXKeHHsl 0 HEOTPHLIA-
TEJILHOCTH § B cJelyoleil GopMyaHpoBKe: cilydaiiHas BelMuuHa £ HHTerpHpye-
5 dP
Ma o Mepe P B TOM 1 TOJIbKO TOM CJlyuae, KOTAa BeJHuuHa £ 7P MHTerpHpyema
no mepe P; npu 3ToM cnpaBesauBo paBeHcTBO (39).
JlokazaTtenbcTBO hopMyJibl (39) BecbMa HECJIOXKHO: VISt TPOCTHIX (YHKUH
. dP
& OHa HenoOCPeJCTBEHHO CliefyeT H3 OMpeeNeHHs NMPOU3BOAHON 7p» 2

HeoTpHUaTebHBIX § Hallo BocMoJb3oBaTbhest TeopeMoit 1 b) § 4, yrBepxaaio-
et CyllecTBOBaHHE NPOCThIX GYHKUMH &, T&, n — co, H 3aTeM Teopemoii 1 a)
0 MOHOTOHHO# cxoauMocTH. Ecam e £ — npousBosibHas clyyaiiHasi BETHUHHA,

To, cornacko (39)), E|¢| = E|§|Z—g. Ortciona caenyer, uTo HHTErpUpyeMocTb €
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5 dP
no mepe P paBHOCHJIbHA HHTErpUpyeMoCTH & 7p 1o Mepe P. Cama xe ¢dopmy-
na (39) BbITEKAeT U3 pacCMOTPeHHs NnpeacTaBieHus £ =€+ — €.
Teopema Pagona—Hukoauma, npuBoaumas 3nech 6e3 10Ka3aTesbCTBa (MO
NOBOJY ee 0Ka3aTesIbCTBa CM., Hanpumep, [70]), Gyzner urpaTh KJ0u€eBYIO Posib
B KOHCTPYKLMH YCJOBHBIX MaTeMaTHuecKHX oxuuanuii (§ 7).

n
9. Ecim €=Y xil4, — npoctas cayyaiinas BeamunHa, A; ={w: £ =x;}, T0
i=1

Eglt)=) gx)P(A)=)_ g(x:)AF¢(x).

HHaue roBops, 1 NoAcYeTa MaTeMaTHYECKOro OXHAaHHA (YHKUMH OT (Tpo-
CTO#) cJayyaiiHOH BenHuHHbl £ HET HaflOOHOCTH 3HATh BCIO BEPOATHOCTHYIO Me-
py P, a nocTaTouHo 3HaTh JMUIb pacnpejesieHHe BeposiTHoCTe# P¢ uaH, uto
9KBHBAJIEHTHO, QYHKLHMIO pacnpeneneHus Fe ciyyaiiHoll BeJHUHHbI &.

Crenyioliast BaxkHast TeopeMa 06061aeT 3TO CBOHCTBO.

Teopema 7 (0 3ameHe nepeMeHHbiX B uHTerpane Jlebera). [Tycmo
(R, &) u (E, &) — 08a usmepumsix npocmpancmea, X =X(w) — F/E-u3-
Mmepuman Qyukyus co 3navenusmu 8 E. ITycmo P — sepoamuocmnuasn
mepa Ha (U, F) u Px — sepoamnocmuasn mepa Ha (E, &), undyyupyemas
X=X(w):

Px(A)=P{w: X(w)e A}, Ae€é. (40)
Toeda Oan scakoii &-usmepumoii pynkyuu g=g(x), x€E,
(e Prn= § gXW)P@w), Acé& (41)
A X-1(4)

(8 mom cmoicae, umo ecau cywecmsyem OOUH U3 UHMESPALO8, MO Onpe-
deaeH u 8mopoli, u oHu cosnadarom).

Hoxasameavcmso. Tlyctb MHoxecTBo A €& u g(x)=1p(x), rae BE&.
Torza uckomoe cootHoweHue (41) npespauiaercs B paBeHCTBO

Px(AB)=P(X~Y(A)n X~ (B)), 42

CrpaBeIHBOCTb KoToporo cJjenyeT M3 (40) W 3ameuanus, uto X~!(A)N
NX-1(B)=X"1(ANB).

H3 (42) Boitekaer, uto (41) cnpaBenHBO A1 HEOTPHLIATENBHBIX MPOCTHIX
¢dbyHKuMi g = g(x), a 3HAYHUT, B CHJIY T€OPEMbl O MOHOTOHHOM CXOAMMOCTH (41)
CrpaBe/HBO H AJ151 POH3BOJIbHBIX HEOTPHUATENbHBIX & -H3MEPHMBIX (YHKLHI.

B o6uieM ke cayyae Hao NpeACTaBUTb GyHKUMIO g B BHge g+ — g~ H
3aMETHTb, YTO, MOCKOJbKY /st GyHKuMil g+ u g~ paBencTBo (41) cnpasesnnBo
M €CJH, Hanpumep, S g1 (x) Px(dx) < o0, 10 1 S gt (X(w))P(dw) < oo, a

A X=1(4)
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3HAYUT, U3 CYLIECTBOBaHHS S g(x) Px(dx) cnenyer cyliecTBoBaHHe HHTErpasa
A

{ 2(Xw)P(dw). O

X-YA)
Caenctsue. [Tycmo (E, &)= (R, B(R)) u £ =€&(w) — cayuaiinas seau-

wuna ¢ pacnpedeseruem sepoamrocmetl Pe. Toeoa, ecau g = g(x) — 6o-

penesckas pynKkyus u cywecmsyem 40604 u3 unmezparos S g(x) Pe(dx)
A

uw  § gEW)P(dw), mo
&l

§ewPedn)= § gEw)PEw).
A £-1(4)

B wacmuocmu, npu A =R noayuaem, 4mo

Egéw)) = g€W)P(dw) = gx) P¢(dx). (43)
Q R

Mepa P, 01HO3HaUHO BOCCTaHABIMBAeTCA Mo PYHKUHH pacnipenesieHHs Fe
(teopema 1 B § 3). [ToaTomy unterpans JleGera S g(x)Pg¢(dx) yacto o603Haua-
R

10T S g(x) Fe(dx) nnn S g dF¢ v nasbiBaOT unmeeparanu Jlebeca—Cmua-
R R

moeca (no Mepe, cooTBeTCTBYIOlLeR QyHKUMH pacnipenenenus Fg(x)).
PaccmotpuM ciyuait, Korna GyHKuMs pacnpenenenus Fg(x) umeet niom-
HOCMb fe(x), T. €. mycTb

X
Fey= § few)dy, (44)
-—00
rie fe = fe(x) — HeoTpHUaTenbHas GopeneBcKas (QyHKLHA, a HHTErpas NOHH-
MaeTcst KaK uHTerpas JleGera no Jie6eroBCKoil Mepe Ha MHOXecCTBe (—oo, X|
(cm. 3ameuanue 3 B n. 2). B npeanosioxennn (44) popmyaa (43) npuHumaer
ClIeAyIOUMA BUL:

Egw)= § g adx, (45)

e ¥HTerpan NoHHMaercs Kak HHTerpan JleGera oT QyHkuuu g(x)fe(x) no
JieGerosckoi Mepe. B caMoM zene, ecain g(x) =/g(x), B € B(R), To TpeGyemast
¢bopmysa npespaliaetcs B paBeHCTBO

P¢(B)= fe(x)dx, BeBR), (46)
B
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CrpaBe/IHBOCTb KOTOPOTo caeayeT U3 TeopeMbl 1 § 3 u dopmyabi

b
Fe(b) — Fe(a) =S fe(x) dx.

B o6uem cayyae 10Ka3aTenbCcTBO TO XKe, 4TO M B Teopeme 7.

10. PaccmoTpuM crieuHalbHbifl CJydyalt H3MepHMbIX mpocTpaHcTs (2, &)
C Mepoit p, rae Q=0 x Qg, F =F| Q@ Fo, a Mepa u= ) X yig €CTb NPAMOE
npoussedenue KOHEYHbIX Mep p) H g, T. €. Takas Mepa Ha &, uTo

p1 X p2(A x By=p(A)ue(B), A€ZF, BeF

(cywiecTBoBaHHe TaKo#t Mepbl GyJeT C/leloBaTh H3 J0KA3aTebCTBA TeOPeMbI 8).
[Npusoaumas nanee TeopeMa HIpaeT Ty XKe CaMyio poJib, YTO W M3BECTHasi
TeopeMa H3 aHa/lM3a O CBelleHHH 080UH020 uHTerpana PumaHna K nosmop-
HOMY.
Teopema 8 (®Pybunn). lTycmo & =E(w), wo) — &) @ Fo-usmepumas
PYHKYUA, uHmezpupyemas no mepe puy X pg .

1€, wo)ld(pr x p2) < 0. (47)
Q;xQy

Tozda unmeepanst § &(wi, wo) pi(dwy) u § €Wy, we) po(dws)
Q 92
1) onpedenenvt 0as po-noumu ecex wo u p-noumu scex wy; A
2) asaaomes Fo- u Fi-u3Mepumvinu GyYHKYUAMU, COOMBEMCMBEHHO,

pef{wn: § 161, w)l i (den) =0} =0,
Q

(48)
m{w: § 16w, wo)lua(dwn) =00} =0
Q

u 3)

§ €, wo)d(u x u)= § [S §(wu.w2)#2(dw2)]m(dwn)=
Q|XQ2 Q[ Qz

= [S £, w)#n(dwn)]m(dwz)- (49)

Q Ly

Hokazameavcmeo. Tokaxem npexpe Bcero, uyto Aas J060ro GpUKCHpo-
BaHHOTO w) € ) dyHKUHA &y, (wo) =& (wi, we) ABAsIETCA Fo-H3MEPHMOI N0 wy.

Myets FEF 1 Q@ F2 u &(wr, wo) =Ir(w), wp). O603HauuM uepes F,, =
={wy €Qo: (wy, we) € F} — ceuenue MHoXecTBa F B TOuKe w), M MyCTb
6w, ={F € #: F,,, € $2}. Hano nokasars, uto a1s ao6oro wy €, = &.
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Ecan F=AxB, Ae %, B€ %, 10

(A x B)o, = {B, eclin wj € A,
@, ecamw EA.
[o3TOMy NMPAMOYTONbHHKH C H3MEPUMbIMH CTOPOHAMH NpHHaLIEXKAT €, . [la-
nee, ecnii F€F, 10 (F)y, =F,,, a ecan {F"},>) — MHOXecTBa U3 &, TO
(U F"u =U FZ,- Otciona caenyer, uto 6, = &.
Myctb Tenepb &(wy, wo) > 0. Toraa, nocko/ibKy i KaXaoro w; GyHK-
una &, (wo) =&(wr, wo) ABnAerca Fo-U3MEPHMON, TO OMpeAeeH HWHTerpai
S €(wy, we) po(dws). TTokaxeM, 4To 3TOT HHTerpan ABaseTCa F|-H3MepUMOH

Q
GyHkumei H

S[SE(W1,w2)u2(dw2)]m(dwl)= { i w)dxm).  (60)
Q12 Q) xQ

[peanosnoxuM, uto &(wy, we) =I4xp (w1, we), A € £, B € #,. Torna, nockoab-
Ky laxs(wi, we) = la(w1)/5(w2), TO

§ Taxs (@i, wo) pa(dwn) =la(wr) § Is(wp) pa(dwn) (51)
Qz Q

H, CJlefloBaTebHO, MHTerpai B JieBo# yacTH (51) aBaserca ) -u3MepHMOH
tbyHKuued.

Myctb Tenepp &(wy, we) =Ir(w, wo), F€F =% Q F. INokaxem, uto
HHTerpan f(w;)= S I (w1, wo) po(dws) aBaserca & -usmepumbiM. C 370i Lie-

Qo

Jbio 0603HauuM € ={F € & : f(w)) — &) -uamepuma}. CornacHo 10Ka3aHHOMY,
MHOXecTBa A x B npuHannexat € (A € £\, B € #3), a sHauur, 4 anrebpa &,
06pa3oBaHHas H3 KOHEUHbIX CYMM HerepeceKaloLMXCsi MHOXKECTB TaKoro BHAA,
TaKXe NpuHanaexxut €. U3 TeopeMbl 0 MOHOTOHHOR CXOAHMOCTH CJIElyeT, 4TO
CHcTeMa € siB/ifieTC MOHOTOHHBIM KiaccoM, € = u(¥). [Toatomy B cuay BKJIIO-
YeHHi & CE C F u teopembl | M3 § 2 F =0 (&) =u(&) Cu(¥)=¢C &,
T. €. ?: f

Haxkonew, ecan €(w;, wp) — Npou3BoibHasi HeoTpHUATeNbHAA F -H3MepH-
Mast yHKUHS, TO F)-U3MEPHMOCTb HHTErpaja S E(wi, wo) po(dwe) crnenyer

)

H3 TeopeMbl 0 MOHOTOHHO# CXOAMMOCTH U Teopemsl 2 § 4.

IMokaxkem ceftuac, uTo Mepa p=p) X po, onpefeneHHas Ha & =%, Q@ Fo H
o6Jianaiouias CBOACTBOM p1 X po(A x B) = puy(A)ua(B), A € &1, B € Po, neit-
CTBHTEJIbHO CYLIECTBYET H €IMHCTBEHHA.
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IMonoxum ana F e &

wh = [S I, (@s) #2(dw2)]u| (dw).
Q2

Kak 6bl10 nokasaHo, BHYTPeHHHH HHTerpaj siBnsiercsi F)-H3MepHUMoil ByHK-

LHed, H, ceoBaTelbHO, HYHKLHSI MHOXKeCTB u(F) IeHCTBUTE/IbHO onpeaesieHa

ma FeZF. fcHo, uto ecit F=Ax B, 10 p(A x B) = py(A)uz(B). Myctb

Tenepb {F"} — Henepecekalouecst MHOXecTBa B &. Torna

u(z F”) = [S Is Fo, (w)uz(dw)]uu(dwn)=

Q|2

= S Z [S Is, (wz)uz(dwz)]m(dw,)=
Q Q,

n

=2 [S I, (o) uz(dwz)]m(dwn)=z W(F"),

n O [

T. €. u fBJSeTCS Mepoit (0-KoHeuHoll) Ha &F.

M3 teopembl KaparteonopH ciienyer, uto 3Ta Mepa y IBNS€TCS €IMHCTBEHHON
mepoit co cBoiicTBOM u(A X B) = uy(A) ug(B).

YctaHoBum Tenepnb Gopmyay (50). Ecau £(wy, we) =laxs (w1, we), A € F,
B € %, 10

§  Taxs(i, wo) d(pr x po) =1 x pa(A x B), (52)
Q) xQ

H TaK KaK [4xp(wi, wo) =14(w))/p(we), TO
{ [S Iaxs (@, wa) m(dwz»)]m(dwn) =
9, [0,

= [1A<w.) ) la(wz)m(dwz)]m(dwu)=un(A)#2(B)~ (53)
Q, [973

Ho no onpeneneHuio mepbl p; X po

p X p2(A x B) = py(A)p2(B).

IMoatomy u3 (52) u (53) cnenyer cnpaBemnuBoctb (50) maa E(wy, weo) =
=laxs(wr, we).
IMyctb Tenepb &(wy, we) =Ir(wy, we), F € F. OyHKUUS MHOXKECTB

MA= § Irwi, w)dp xps), FeZ,
Q]XQQ
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ABJIAETCSA, OYEBHMAHO, 0-KOHEUHOH Mepoil. HerpyaHo NpoBepuTb Takxke, 4TO
TaKoBO#H Xe ABJAeTcs HYHKLUHA MHOXECTB

v(F)=§ [S Ir(@1, w) m(dwz)]u.(dw,).

Q2

Kak 6blIO YCTaHOBJIEHO Bblllle, A H v COBMAjalOT Ha MHOXECTBAaX BHAA
F=AXx B, a 3HauuT, ¥ Ha anre6pe /. Otciona no teopeme Kapareomopu
cJIeflyeT, UTo A H v coBnajaiot 1 Bcex F € £,

INepeiineM Tenepb K [0Ka3aTelbCTBY COOCTBEHHO YTBEPXKIEHHH TeOpeMbl
dy6unn. B cuny (47)

§ rwnw)dmxm)<oo,  § & @i, wo)d(m x po) < 0.
Q) xQ Q) %

CoraiacHo J0Ka3aHHOMY, HHTerpaJ S &Y (w1, wo) po(duws) sBnserca F-uaMe-
2,
puMoii pyHKuHel OT w) U

S [S €+(wn,wz)uz(dwz)]m(dwn)= § &t wo) dui x pg) < oo.
(93} Qz Q|X97

[NosTomy B cuaty 3anaum 4 (cM. Takxe cBoficTo J B . 3)

§ €41, wo) ma(duwn) <oo (ui-n.n).
Q

TouHo Tak xe u
S €™ (wi, wo) po(dwe) <00 (up-M. H.),
Q

a 3HayuT,

§ 1€@i, wo) pa(dwe) <00 (uy-m.m).
Q

ﬂCHO, YTO 32 HUCKJIIOUEHHEM HEKOTOPOro MHOXeCTBa JV, UMeroLLero B -Mepy
HyJb,

QS E(wr, wp) po(dwp) = § ¥ (w1, wo) paldws) — § € (w1, we) pa(dwn). (54)
2 (979 Qo

[Monaras exoaswmMe cionma MHTerpaibl PaBHBIMH HyI0 LISl w) € A, MOXKeM
CunTath, yto (54) BhINONHEHO s 8cex wy €Y. Toraa, uurerpupys (54) no
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Mepe 4 ¥ yunteiBas (50), noayuum, uto

) [S Ewr, wa) #2(dw2)] pi(dwn) = § [S £ (w1, wa) mdw»]m(dwl) -
Q) [ Q) |

- [S6‘(w1,w2)#2(dw2)]m(dwn)= (&, wo)d(m x p2) —
Q| Qz Q]XQQ

- § i w)dpixpm)= § &w,w)dp x ).
Q) x Q]XQQ
AHanoruyHbiM 06pa3oM yCTaHaBJHBaeTCsi MepBoe COOTHolIeHHe B (48) u
PaBEHCTBO

§ €l wo) i x u) = § [S€(w|,w2)un(dwn)]u2(dw2)~ o
Q[Xﬂz 92 QI

CaencrBue. Ecau S [S |€(w, w2)|u2(dw2)]u|(dw|)<oo, mo ymeep-
) 12
aOenus meopemsl Pyburu maxce 8bLNOAIHEHbL.
HefictButensHo, npu copmyaupoBaHHoM ycaosud u3 (50) cienpyer (47),
a 3HayMT, CNpaBelVIUBLL H BCE yTBEpKIEHUs TeopeMbl PYGHHH.
NMpumep. Ilycts (¢, ) — napa cayyaliHbIX BeJHUHH, pacnpelesieHHe KOTo-
PbIX HMeeT JIByMepHYIO MJIOTHOCTb f¢ (X, y), T. .

P{¢€ meB}={ fen(x, y)dxdy, BeBR),
B

rae feq(x, y) — HeoTpHUATENbHAS B(R?)-usmepnmas GyHKUHS, a MHTerpaj
NOHHMaeTcs Kak uHterpas JleGera no AByMepHO#i JieGeroBCcKo# Mepe.

[MokaxkeM, uTO Tora OfHOMepHbIe pacnpefeNieHHs L1s & H 1) TaKXKe HMeloT
MJIOTHOCTH fe(x) U fy(y), npuuem

fe@=§ fenx 9)dy u fo@)= § fenlx, y)dx. (55)

—00 —00

B camom zene, ecau A € #(R), To no Teopeme PyGHHH

PlecAy=P{E& MeAxR = § feqlx, )dxdy=§ [S fen(x, 9) dy} d,
AxXR A LR
YTO M J0Ka3blBaeT KaK HaJMuHe MJIOTHOCTH pacnpelelieHusi BeposTHOCTed y &,
Tak W nepsyio ¢opmyay (55). AHanoruuHo foKa3biBaetTcst BTopas ¢opmyJa.
CornacHo TeopeMe u3 § 5, ans Toro utToGbl ciyyaiiHble BeJHUHHBI £ H 1)
6blIM He3aBHCHMBI, HEO6XOJHMO H LOCTATOYHO, YTOObI

Fen(x, y) =Fe(x)Fa(y), (x, y) ER®.
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[ToKaXkeM, YTO B CJIyyae HaJHYHsA ABYMEPHOH MJOTHOCTH f¢n(X, Y) BEJNHUHHBI
£ W 7) He3aBMCHMbI TOT/a H TOJILKO TOrAa, KOraa

fen(x, 9) = Fe(x) o (9) (56)

(paBEHCTBO MOHMMAETCS MOYTH HABEPHOE OTHOCHTEbHO ABYMEpHOH JieGeros-
CKO# Mepbl).
B caMoM fiedie, eciH BbinosiHeHO (56), To mo TeopeMe Py6unu

Fen(x, y)= S fen(u, vV)dudv = S fe(u) fp(v)dudv =
(—oox]x(—00.y] (—00,x] x(—00,y]
= § few du( A dv) = Fe(x)Fy (y)
(—o0,x] (—o0,y]

H, CJIe10BaTeNbHO, & H 7) He3aBHCHMbI.
OGpaTHo, ecili OHH HE3aBHCHMbI H HMEIOT TIOTHOCTb f¢ »(X, y), TO ONATH-
Taki no TeopeMe PyGHHH

S fen(u, v)dudv = ( S fe(u) du)( S fa(v) dv) =
(—00.x] X (—o00y] (—o0.x] (—o0y]

= § fe(u) f(v) du do.

(—00,x] X (—00,4]
Ortciona caenyerT, uTo A Jo6oro B € B(R?)
§ fenm(x, y)drxdy = fe(x)fo(y) dx dy,
B B

H U3 cBoficTBa | Jlerko BbIBECTH, YTO BbiNoJsiHEHO (56).

11. B 3toM nyHkre 6yneT pacCMOTpeH BOMPOC O pa3HbIX ONpeleNeHHsX
HHTerpaios Jle6era H PUMaHa H COOTHOLIEHHAX MEXIY HHMH.

[Tpexxpe Bcero oTMeTHM, 4TO KOHCTpYKuHMs MHTerpasia JleGera He 3aBHCHT
OT TOro, Ha KakoM M3MepHMoM mnpocTtpaHcTtBe (€2, &) 3aaHbl NOANEXKallye
MHTerpupoBaHuio yHKUMH. B To Ke BpeMs uHTerpan PuMmaHa aas aGcTpakT-
HbIX MPOCTPAHCTB He OmpejensieTcs BOBCe, a AJs CJydyast npocTpaHeTs 2 =R"
OH ompefenseTcs NOCAeIOBAaTENbHBIM 06pa3oM: cHayaaa aas R!, a 3ateM ¢
COOTBETCTBYIOLHMH H3MEHEHHAMH NEePEeHOCHTCA Ha cayyail nn> 1.

IMonuepkHeM, 4TO B OCHOBY MOCTpoeHHsi WHTerpanoB PumaHa u JleGera
NOJIOXKeHbl pa3Hble HieH. [1epBblil War B KOHCTPYKUMH PuMana cOCTOUT B TOM,
YTo ToukH x € R! rpynnupyioTcsi No Npu3Haky MX GIH30CTH Ha ocH X. B KoH-
cTpykuuu xe Jle6era (m1s Q= R') Touku x € R! rpynnupyiotcsa no apyromy
NpU3HaKy — 1o GJM30CTH 3HAYeHHH MOAIEXKAlUX HHTErpHPOBaHHIO (YHKLHA.
Crenctsrem 3THX pa3HbIX MOAXOAOB sBJSIETCS TO, UTO COOTBETCTBYIOLUHE WH-
TerpajbHble cyMMbl PuMaHa OyayT uMeTb Mpefies JHlIb [ He «CJHLIKOM»
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pa3pbIBHLIX QYHKLHUH, B TO BPEMst KaK JieGeroBCKHe HHTerpajibHble CyMMbl GyayT
CXOIMTLCS K MpefielibHbIM 3HaueHHsAM Juis GoJiee LIMPOKOro Kjaacca yHKLUM.
Hanomuum onpezenenue unterpana Punarna—Cmuamoeca. Iycts G(x) —
HekoTopasi 0606lueHHas BYHKuHs pacnpefesieus Ha R' (em. n. 2 § 3), p—
cooTBeTCTBYyIOLLas eil Mepa JleGera—CTuaTtbeca, H NycTb g = g(x) — orpaHu-
yeHHas (yHKUMA, obpaLiaiollasicsi B HyJib BHe oTpe3Ka [a, b].
Paccmotpum pasbuetne P = {xy, ..., Xa},

a=xp<x<...<x,=b,

oTpe3kKa [a, b] ¥ COCTaBHM 8epxHue W HUJNCHUE CYyMMbI

Z Zgllcm)—c;(x,n D= Zg,lo<x.+.) G(x)],
il

i=1 i=1
rae

&= sup g, g=_inf_g(@).

X1 <Y<x;i Xi— 1 <Yy<H
Onpenenum npoctbie pynkund g (x) U g »(x), nonaras Ha x;— <X < X;
B2(X)=8;, go)=gi

H onpefensas ga(a)= g (a)= g(a). sIcHo, uTo TOrAa B COOTBETCTBHH C KOH-
CTpyKuHe#l HHTerpana Jlebeca—Cmuamveca (CM. 3aMevaHde 3 B 1. 2)

J— b
> =(-9) § 22(» G(ax)
P a

b
_Z= (L—S) § g2 (x) G(dx).

2
Iyctb Tenepb {Z,} — nocnenoBaTeNbHOCTL pa3GHeHHH TakHX, 4To Py, C

C Ppy, NpHueM P, = {x‘k) x,,,,)} TaKOBbl, YTO 0max l)c,(_':_)l (k)| -0,
k—oco. Torna 8o, > 82,>...282...2 82, > go,, n ecnn |g(x)| < C, T0
1o TeopeMe O MaXKOPHPYeMOH CXOXHMOCTH
— b
Jim 3= (L=5) } 29 G(e),
' (57)

b
Jim 3 =(L—9) § g(v G(d),
P, @

rie g(x)=lim gz, (x), glx)=lim go,(x).
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Ecnu npezeds hm 3 u lim D KOHeuHbi, cosnadaiom u ux obuee
P k 2,

3HaueHue He 3asucum om 6vibopa nociedosamesbHocmu pasbueruil

{2}, TO roBOPAT, YTO GYHKUMA g = g(x) unmeepupyema no Pumany—

Cmuamoecy, a COOTBeTCTBYOllee obluee 3HaueHHe MpefeioB 0603HaYaeTcs

b b
(R—S) { g(x)G(dx) wm (R—S) { g(x)dG(x). (58)

B tom cayuae, koraa G(x) =x, 3TOT HHTerpan Ha3sbiBaeTcsi uHmeeparom Pu-
MaHa ¥ o603HayaeTcs

b
® § gl ax.

b
MMycts Tenepp (L—S) S g(x) G(dx) — cooTBeTcTBYIOLIMI UHTerpan Jlebe-

a
ea—Cmuamoeca (CM. 3aMeyatue 3 B 1. 2).
Teopema 9. Ecau ¢pynxkyus g= g(x) Henpepoisna na [a, b], mo oHa
unmeepupyema no Pumany—Cmusmoecy u

b b
(R—S) § g(x) G(dx)=(L—S) § g(x) G(ax). (59)

Hokasameavbcmso. Tak Kak dyHKUHA g(X) HenpepbiBHA, TO §(x)= g(x) =
= g(x). [Toatomy B cuny (57) hm S = lim 2 Takum o6pasom, Henpe-

© p, k—oo 5

poiBHas (yHKuUHA g = g(X) MHTerpupyema no anaHy—CTHMbecy H, 60-
Jiee TOro, ee MHTerpaj coBrnajaerT (onATb-TakH B cuay (57)) c HHTerpajom
Jle6era—Cruntbeca.

PaccMoTpHM HeckosbKO MoApoGHee BOMPOC O COOTHOLUEHHH MEXAY WHTe-
rpanamu Pumana u JleGera B cayuae sebezosckoii Mepbl Ha npamot R.

Teopema 10. [Tycmo g = g(x) — oepanuuennas pynkyus Ha [a, b).

a) Oynkyus g= g(x) unmeepupyema no Pumany Ha [a, b] moeda u
moabko moeoda, K020a OHA HenpepuieHa noumu 8clo0y (OMHOCUNMENbHO
mepot Jlebeea X\ na B([a, b))).

b) Ecau g = g(x) unmeepupyema no Pumany, mo ona unmezpupyema
no Jlebeey u

b b ’
(R) § gx)dx=(L) § g(x) X(dx). (60)
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Hoxazameavcmeo. a) ITyctb dyHkuna g = g(x) unterpupyema no Puma-
Hy. Torza, cornacho (57),

b b
L) § 2(0) Mdx)= (L) § g(x) Xdx).
Ho g(x) < g(x) < g(x), noatomy B cuny csoiictea H

g0 =g =g(x (A-n.n), (61)

OTKY/a HETPYJHO BbIBECTH, YTO (pyHKLUHMs g(X) HempepbiBHA MOUTH BCIOAy (OT-
HOCHTEJIbHO Mepbi ).

O6patHo, nycTb GYHKUHAA g = g(X) HempepbiBHA MOYTH BCIOAY (OTHOCH-
TenbHO Mepbl A). B 3ToM cuyuae Boinosneno (61) u, caenopatensHo, g(x)
OTJIHYaeTcs oT H3MepuMoil (Mo Bopedto) byHkuuH G(x) JMHlLbL HAa MHOXKECTBE
A ¢ X(A)=0. Ho Torna

{x: g <ch={x: g <ANA +{x: gy <IN A =
={x: B <ANA +{x: gr)<inA.

SlcHo, uto {x: g(x) < c}N.A € B([a, b)), a MHOXKecTBO {x: g(x) <c}NA
ABJIETCA MOAMHOXKECTBOM MHOXECTBa 4, HMEIOLLEro JIEGEroBCKYI0 Mepy A,
paBHYIO HYJIO, W, CJEJOBaTeJbHO, TaKXe NpuHaaiexauero %B([a, b]). Tem
cambiM g(x) %B([a, b])-uaMepuMa H Kak orpaHHYeHHas GyHKLHMA HHTErpHpyeMa
no Jle6ery. [Tostomy no coiictsy G

b b b
(L) § 20 Xdx) = (L) § g(x) Xdx) = (L) § g(x) Xdx),

YTO H 3aBeplLIaeT 10Ka3aTebCTBO yTBEPXKIEHH a).

b) Ecau byHkuus g = g(x) uHterpupyema no Pumany, To, coriacHo a), oHa
HenpepbiBHa (A-M. H.). Bbillle 6bUI0 NOKa3aHO, YTo TorAa g(x) HHTErpHpyema
no Jle6ery u ee unterpanbl Pumana u JleGera coBnazaior.

3ameuanne 1. [lycTb 4 HekoTopas Mepa JleGera—CTuaTbeca Ha %B([a, b)).
O6o3naunm %, ([a, b]) cuctemy noamuoxects AC[a, b], m1a KoTOpbIX
Haiigytcst MHoxecTBa A u B u3 %B([a, b)) Takue, uto ACAC B u u(B\ A)=0.
MycTb i — npodoncerue mepvt p va B, ([a, b]) (E(A) =p(A) ana A Takux,
yto ACACB u u(B\A)=0). Torna yrBepkiaeHHe TeopeMbl OCTaHETCS B
CHJle, eC/li BMeCTO JIeGEroBCKOi Mepbl X paccMOTpeTb Mepy [, a BMECTO
uuterpaios Pumana u JleGera paccMOTpeTb COOTBETCTBYIOLUME HHTErpaJibl
Pumana—Cruarbeca u JleGera—CTunrbeca no mepe ji.

3ameuanne 2. Onpesesenne HHTerpana JleGera (cM. onpeaeneHus | u 2
1 dopmyJbl (3) 4 (6) B . 1) ¥ KOHLENTYaNbHO, H «YHCTO BHELIHE» OTJIHYAET-
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csi OT onpeneneHuit uuterpano Pumana u Pumana—Cruntbeca, TpeGyrouimx
06paLLeHHs K BEPXHUM B HUKCHUM CymMMaM (cM. (57)).

OctaHoBHMcs GoJiee NOAPOGHO HA cONOCMasaeHuu 3THX ONpeeNeHHi.

IMyetb (2, &, 1) — HEKOTOPOE H3MEPHMOE NPOCTPAHCTBO C Mepof L.

Jlna Bcsko#t & -H3MepHMO# HeoTpHUATeNbHOR dyHKUMH [ = f(w) onpene-
UM ABa HHTerpana (HuscHuid v gepxuuil) L,f n L*f (0603Hauaemble TakxKe

S* fdun S* f dp), nonaras no onpeneneH’Io
Lof=sup 3 (inf fw)) ),
*f=i f i)y
L*f=in Z (522 ) A

rae sup H inf GepyTcst Mo BceM KoHeuHbIM pa3GueHusM (A, Ao, ..., Ap) npoct-

n
paHcTBa {2 Ha & -H3MepuMble MHOXecTBa Ay, A2, ..., Ay | 3 Ai=Q ), n>1.
i=1

MoxHo nokasartb, 4to L. f < L*f u ecan ¢pyHkuus f orpaHuueHa, a Mepa u
KoHeyHa, To L, f=L*f (3apaua 20).

OnuH u3 noaxonos (lap6y—IOHr) k onpenenenuto uurerpana Lf ot yHk-
UMK f MO Mepe y COCTOHT B TOM, YTOGbI FOBOPHTD, UTO yHKyuR [ asatemcs
u-unmeepupyemoi, ecau L.f=L*f, u 8 amom cayuwae noracame Lf =L, f
(=L"]).

Ecau Tenepb o6patutbest K onpefeneHHIo uHTerpana Jle6era E f, nannomy
B M. 1 (onpenenenue 1), To MOXKHO y6eauTtbes (3agava 21), uto

Ef=L.[

TeM caMbiM, MOXKHO CKa3aTb, Y4TO /151 02PAHUUEHHbX HEOMPUYAMEAbHBLX
¢yHkunit f= f(w) nomxoawl Jle6era u dap6y—IOHra npusogar K ogHoMy H
ToMy e pesyabtaty (Ef=Lf=L*f=L.f).

OtnHuKs XKe B 3THX MOAXOAaX K HHTErpPHPOBaHHIO MPOSABJSAIOTCH TOrAa,
KOrJla pacCMaTPHBAIOTCA HeoeparuuerHble PYHKLUN HH KOTAa Mepa p MOXKET
ObiTb 6eCKOHEUHOI.

Hanpumep, ¢ ToukH 3peHHsI HHTErpHPOBaHHsA B CMbicJie JleGera HHTerpasbl

S xa]% H S % onpesenenbl H cosnajaiot ¢ L, f ana f(x) =x~"2I(0, 1]
0.1} (1,00)
¥ f(x) =x"2I(1, co) cooTBetcTBeHHO. OAHAKO 31ech L* f = co.

Takum obpasom, L, f < L*f, u, 3HauuT, pacCMOTpeHHble PYHKLHH He HHTE-
rpupyembl B cMbiciie Jlap6y—IOHra, Ho uHTerpupyeMsbl B cMmbiciie JleGera.

B paMkax H3/i0)KeHHOro Mojxo[a, ONEPUPYIOLLEro C HHXKHHM HHTErpajoM
L.f n BepxHuM uHTerpasioM L*f, 06paTHMCsi K WHTErPHPOBAHHIO B CMbICJE
Pumana.
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Bynem cuutatb, uto 2=(0, 1], & =% (60peneBckas o-anre6pa) U p=\ —
mepa JleGera. Tlycth f= f(x), x €, — HekoTOpast orpaHHueHHas QYHKUHSA
(ycsioBHe ee H3MEPHMOCTH MOKa He Hajiaraetcs).

Mo aHanoruu ¢ L.f u L*f BBe#eM HujiCHue W 8epxHue pUMaHOBCKHE
uHTerpaabl R, f u R* f, nonaras

Ref=sup Y- ( nf Fw) ) By,
R*f=infy" (s:p F@)) A(BY),

B;

rae (B, By, ..., B;) o6pa3syior KoHeuHoe pasGuenue Q= (0, 1], npuuem B;
umeloT BHA (a;, b;] (B oTsinuve oT MHOXecTB A; B onpefeneHud L. f u L*f,
KOTOpble GbllM MPOH3BOJBHBIMU F -H3MEPHMbIMH MHOXKECTBaMH).

W3 npuBefieHHbIX onpejeseHHil 04eBHIHO, YTO

RfSL.FSL*fKR*].

IpuBenentbie B Teopemax 9 # 10 cBoficTBa HHTerpHpyeMocTH Mo PumaHy
MOryT ObiTb NepetopMy/IHPOBaHbl H JOMOJHEHb! C MPHBJIEYEHHEM CJIeAYIOLIHX
yCJIOBHIl:

(@) R*f=R.F,

(b) ne6erobckas mepa MHoxecTBa Dj Touyek pa3pbiBa QyHKUHMH [ paBHa
Hymo (\(Dy) =0);

(c) cywectyer koHctanta R(f) Takas, uto masa Bcskoro € >0 Haiinercs
4 > 0 Takoe, uto

<eg

‘R(f) -3 (e, b

IS BCAKOH KOHEUHOM CHCTEMbl HernepeceKaioUMXCs HHTepBasoB (a;, b;]
¢ Y (ai, b;]=(0, 1] Takoi, uto A((a;, bi]) <6, w; € (a;, b;].

Bocnosb3oBasiinch apryMmeHTami TeopeM 9 u 10, MoXkHO noKa3aThb (3aja-
ua 22), uto ecau ¢pyukyus f oepanuuena, mo

(A) ycaosua (a), (b), (c) axsusasenmuor u

(B) npu seinoanenuu aoboeo us ycaosuii (a), (b), (c)

R(N=R.f=R*F.

12. B 3ToM nmyHKTe Mbl PHBE/IeM N0JIE3HYIO TEOPEMY 06 UHMe2puUposanuu
no yacmsam B uHterpaje Jle6era—Cruntbeca.

[yctb Ha (R, #(R)) 3amaHbl ABe 0606UleHHble QYHKLHH pacnpeneseHHs
F=F(x) u G=G(x).
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Teopema 11. [laa ar0boix deticmeumenbrolx a u b, a <b, cnpasediusa
credyrowas popmyra uHMe2puUpPOBanUs NO HACMAM:

b b
F(b)G(b) — F(a)G(a) = § F(s—) dG(s) +§ G(s) dF(s), (62)
U, 4mo 3IK8UBANCHMHO,
F(b)G(b) — F(a)G(a) =

b b
={ F(s-)dG(s)+§ G(s-)dF(s)+ D AF(s)AG(s), (63)

a<s<b

eoe
Fis=)=lim F(t),  AF(s)=F(s) = F(s-).

3ameuanne 1. CumBosnueckd opmyJay (62) MoXKHO 3amHcaTh B clefyto-
weh «Ouggepenyuarvroid» dopme:

d(FG)=F_ dG + G dF. (64)

3ameuanue 2. YTBepXieHHe TeOpeMbl COXPaHAET CBOIO CHAY A QYHKUHIH
F u G orpannuenHoit (Ha [a, b]) Bapuauuu. -(Kaxxaas Takas HenpepbiBHast
cnpaBa W WMelollas Npefiesibl cieBa (YHKUMSA NMPEICTaBAMA B BHJE Pa3HOCTH
JBYX MOHOTOHHO HeyGbIBaIOLIMX (PYHKLH.)

Hokazameavcmso. Hanomuum npexxae BCero, 4To B COOTBETCTBHH C
b

COMIalLIeHHsIMH M. 2 nof HHTEerpajiom S NOHHMaeTCss HHTerpaln S . l'loa‘romy

a (a.b]
(cM. dopmyny (2) B § 3)
b b
(F(b) - F(@))(G(b) - G(a)) = dF(s) - § aGv).

Orciona no Teopeme Py6unu (F x G — 0603HauaeT npsiMoe Npox3Be/ieHHe Mep,
otBevatowiux F v G) Haxo4uM, 4TO

(Fb) - F@)(G(®)—G@)= § d(F xG)s, )=
(a,b] x(a,b]
= 0 lon6 )dFxG)s, )+ §  Is<nls, HdF xG)s, )=
(a.b]x(a,b] (a,b]x(a,b}
= § (G(s)- G(a)) dF(s) + § (F(t-) - F(a)) dG(t) =
(a,b) (a.b]
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<o

§o<s>dF(s)+§F(s ) dG(s) — G(a)(F(b) — F(a)) - F(a)(G(b) - G(a)),
(65)

1S)

riae /4 — WHIMKaTOp MHOXecTBa A.
W3 dopmyabl (65) HemocpeactseHHo caesyer (62). B cBoio ouepenb
(63) BbiTekaer U3 (62), ecaim TOJMLKO 3aMeTUTh, YTO

S(G(s) G(s-)dF(s)= Y AG(S)AF(). (66)

a<s<b d

Caeacrsue 1. Ecau F(x) u G(x) — pynxyuu pacnpedeserus, mo

F(x)G(x) = g F(s—)dG(s) + S G(s) dF(s). (67)

-—00

Ecau k momy xe pynkyus pacnpedeserus

Foy=§ fGs)ds,

mo
x

X
FGx) = § Fs)dGs)+ § G(s)f(s)ds. (68)

Caepcteue 2. [Tycmo § — cayuaiinas seauuuna ¢ gynkyuei pacnpe-
Oenenusn F =F(x) u E|§|" < co. Toeda

°§° x"dF(x)=n °§° "1 — F(x)] dx, (69)
0 0
0 oo
§ IxI"dFx)=n § x""'F(-x)dx (70)
—00 0

El¢l" = S |x|" dF (x) = nSx""[l—F(x)+F(—x)]dx (71)

Jlns nokasatenbctBa (69) 3aMeTHM, uTo

b b
§x"dFx)=- (x"d(1 - F(x)) =
0 0

b
=—b"(1 = F(b)) +n { x"~'(1 = F(x)) dx. (72)
0
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[TokaXkeM, YTO B CHJY npeanoJoxenus E|¢|" < co
b"(1 — F(b) — F(—=b)) < b"P{|§| > b} - 0, b — oo. (73)

JleiicTBUTEJIBHO,

© k
Elglr=>_ § lx"dF() <oo

k=1 k—1
M, 3HAYHT,

k
> § kI"dF()—0, b—oo.
k2b+1 k=1

Ho
k
> § IxI"dF(x) > 07P{¢| > b},

k2b+1 k-1

yTo W JoKasbiBaer (73).

Iepexona B (72) k npeaeny npu b — oo, noydaeM TpeGyemyio dopmy-
ay (69). dopmyaa (70) nokasbiBaeTcsi aHaJIOrHYHO.

dopmyana xe (71) cnenyer u3 (69) u (70).

13. Tlyctb A=A(t), ¢t >0, — HenpepbiBHas cnipaBa H WMelolas npene-
Jibl cJieBa (PYHKLHA JIOKAJIbHO OFPaHHYeHHON BapHaUMH (T. €. UMelowwas orpa-
HUYEHHYIO BapHaLHMIO Ha KaXXIOM KOHeYHOM HHTepBane [a, b]). PaccMotpum
ypaBHeHHe

t
Z, =1+ Z,_dAgs), (74)
0

KoTtopoe B audepeHuHanbHOM popMe 3aNHCHLIBAIOT B BHAE
dZ;=2Z;_dA(t), Zo=1. (75)

IokasanHas Bbiwe (opMyJa WHTErPHPOBAHHS MO YaCTAM [O3BOJISIET
(B Knacce JIOKaNbHO OTPaHHYEHHBIX (YHKUHMH) HAWTH SBHBIA BUI pelleHHs
YpaBHeHus (74).

Beenem ¢yHkuuio (HasbiBaeMylo crmoxacmuueckod axcnonenmois; [87])

&(A)=e*=40 TT (1 + AA(s)e=240), (76)
0<s<t
rne AA(s)=A(s)— A(s—) npu s >0 u AA(0)=0.
Dynkuns A(s), 0< s <f, UMeeT OrpaHHueHHYIO BapualMIO H, CJeJ0Ba-
TeJIbHO, jJonyckKaeT camoe GoJibllee CUETHOEe YHCJO TOYEK paspbiBa, a psd
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Y |AA(s)| cxomutcs. OTciofa BbiTeKaeT, YTo GYHKLHsA
0<s<t

IT 0 +aA)e=240,  t>0,
0<s <t

ABAsieTCA PyHKLHEN JOKaJbHO OTPAHHYEHHON BapHALIHH.
Ecau o6osnaunts A°(f)=A(f)— 3. AA(S) HenpepbiBHyIO COCTaBASAIO-

0<s<t
utyio ¢yHkuud A(f), To (76) MoXHO nmepenucath B caenyolleil popme:
&(A)=eO=*0 TT (1+4A(s)). (77)
0<s<t
O6o3Hauum
Fity=e*0=-%0 G@ty= T[ 1 +44(), GO=1.
0<s<t

Torza B cuay (62)

t t
&(A)=F(t)G(t) =1+ F(s)dG(s) +§ G(s-) dF(s) =
0 0

t t
=1+ Z F(s)G(s—)AA(s) +S G(s—)F(s)dA*(s)=1 +S Es—(A) dA(s).
0<s<t 0 0
Takum o6pasoM, &;(A), t >0, asaaemca (M0KaNbHO OrpaHHYEHHbIM) pewleru-
en ypasrenus (74).

[TokaxkeM, 4To B Kiacce JIOKaJIbHO OrpaHHYEHHBbIX pelleHHit 3To pellieHHe
€IHHCTBEHHOE.

ITpeanosioXKuM, 4TO ecTb B JIOKaJNbHO OrpaHHYEHHbIX pelleHus 0 Y =Y(f),
t >0, — ux pasHoctb. Toraa

t
Y(t)=\ Y(s-) dA(s).
0

[Tosioxum
T =inf{t > 0: Y(¢) #0},

cuutas T = oo, ecin Y(£) =0 mns Beex £ > 0.

IMockosbky A(%), ¢ >0, aBnsiercst pyHKUMedl JOKaJAbHO OrpaHHYeHHOH Ba-
pHaLKH, TO HafifyTcs Takue JBe 0606LieHHble GYHKUHH pacnpeneneHus A, (f)
u Aa(?), uto A(t) = A, (f) — Aa(t). Ecam npeanosioxutb, uto T < 00, TO MOXKHO
HailTH Takoe KoHeuHoe T’/ > T, uto

[41(T") + As(T)] = [A1(D) + Ao(D] < 5.
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Torna U3 ypaBHEHHs
t

Y(t)= Y(s—-)dA(s), t>T,
T

cIeflyeT, uTo

1
sup |Y(#)|< 5 sup |Y(B)],
t<T! T’

u nockoabky sup |Y(f)] < oo, T0o Y(£)=0 mn1sa T <t < T’, uTo NpoTHBOpPEUHT
t<T!

npeanosoxenuio T < oo.

Hrak, n1okasaHa ciemyouias

Teopema 12. B xaacce 10KaAbHO OcparHuvennbix Gynkyuil ypasHe-
nue (74) umeem u npumom eduncmsennoe pewerue, 3adasaemoe Hop-
mynoli (76).

14. 3apnaum.

1. lokasaTb npezcrasneHue (6).

2. Iokasarb, uTo cnpaBeHBO cienylolilee o6obulenne csoiictsa E. [lycts
& v ) — cayuaitHble BeIHUHHBI, 1151 KOTOPbIX onpeenetbl EE v En v Bbipaxenue
E¢ + En umeer cMbIca (He MMeeT BHAA 00 — 00 HIH —o0 + 00). Toraa

E(¢+n) =E¢+En.

3. O606uuthb cBoiicTBo G, Nokasas, uto ecsiu £ =17 (n. H.) 4 E€ cyuwecTsyer,
10 En Takke cywectsyer u En=E¢.

4. Tlyctb & — paciuvpeHHasi ciyyailHas BeJIMUHHA, (i — O-KOHeYHas Mepa,
S |é] d p < 0. Tokasats, yto Toraa |€| < oo (u-n. H.). (Cp. co cBoiictBom J.)
Q

5. INyctb p — o-KoHeyHast Mepa, £ U 1) — pacLIMpeHHble CayyaiiHble Be-
JIHYHHBI, 4] KOTOPbIX S{du H \ ndp onpenenenbl. Toraa, ecan A Beex

AeZF S Edu< S ndp, 10 £ <7 (u-n.H.). (Cp. co cBoiictBoMm 1.
A A

6. IMycTb £ ¥ 1) — He3aBHCHMblE HEOTPHLATEJbHbIE CJAYYaiiHble BEJHYHHbI.
TNokasats, uyto Torna E¢n=E¢-En.
7. Ucnonbsys nemmy darty, nokasatb, 4To

P(lim A,) <lim P(4,), P(lim A,) <Tim P(A4,).

8. IpuBectn npuMep, MoKasbiBaIOLKi, 4TO B TEOPEME O MaXKOPHPyeMOoii
cxoauMoctH ycaoBHe «|€q| <7m, En<oco» He MoxeT GbiTb, BooGLIe roBops,
ocJiabaeHo.

9. INpusectu npumep, NoKasbiBaiowwi, yto B Jemme Paty yenosue <€, <1,
E7n> —co» He MoxeT 6biThb, BOOGLLE FOBOPS, OTGPOLLEHO.
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10. HokasaTb cripaBeIHBOCTD CJefylollero BapHanTa jemmbl Pary. ITycts
ceMefCTBO cayyailHbix BelHuuH {€}},>1 paBHOMepHO HHTerpupyemo. Torna

lim E¢, <E lim &,.
11. ®yukuua dupuxae
dix) = { — MppaLHOHa/bHOE,
0, x — pauxoHaJbHoe,

onpenenexHast Ha [0, 1], unterpupyeMa no JleGery, Ho He HHTerpupyema Mo
Pumany. [Touemy?

12. TIpuBecTH npHMep NOC/ENOBATeJIbHOCTH WHTErpHpYyeMuIX no Pumany
byHKuMi {fr}nx1, 3anauHbIX Ha [0, 1] v Takux, uto |fu| < 1, fo — f noutH Bciogy
no Mepe JleGera, Ho f He UHTerpHpyeMa no Pumany.

13. Tlyetb (aij; i, j 2 1}) — nociienoaTeNbHOCTb NEACTBHTENbHBIX YHCEN
TaKHX, 410 ) |a;;| < co. BuiBecTn u3 Teopembl Py6uHH, uTO

Z aij= Z(Xl: aij) =Z/:(E’: ai;). (78)

(i)

14. Tlpusectd npumep nocJjenoBaTeNbHOCTH (aij; i, j > 1), ana Kotopo#

2 laij| = oo u pasetictsa B (78) He cnpaBesUBbI.
ij
15. Ortnpasasisicb OT NpocThix (YHKUMH M HCHOJb3Yys TeopeMbl O Mpe-

IeNbHbIX Nepexojax Nnoj 3HaKoM HHTerpana JleGera, 10ka3aThb ClpaBeLIHBOCTD
cJeflylollero pesyJsbtata 06 UHMespupOBaHUU C NOMOWbI0 NOOCMAHOBKY.
IMyctb h = h(y) — HeyObiBalowwas HenpepblBHO AH(bepeHLHpyeMas GyHK-
uMA Ha WHTepBade [a, b], a f(x) — uHTerpupyemas (no mepe Jle6era) ¢yHk-
uust Ha uHTepBane [A(a), A(b)]. Torna dyukuus f(A(y))h'(y) uuterpupyema Ha
[a, b]
h(b)

§ fxyde= Sf(h(y))h'(y) dy.

h(a)

16. Hokasatb dopmyay (70).

17. TMyctb &, &), &, ... — HEOTpHUATeNbHblE HHTErpHpyeMble CJyyaii-
Hble BeJMYMHbI Takue, uto EE, —EE u mna Bcakoro € >0 BepoATHOCTb
P(|¢ — &,| > €) — 0. INokasarb, uto Toraa E|¢, — €| — 0, n— co.

18. Myctb £ — unterpupyeMas cayuaiinas BenwunHa (E|€| < oco). Hoka-
3aTh, u4TO s BCAKOro € > 0 cyuiectByet § > 0 Takoe, uTo Aas Jw6oro A € F
¢ P(A) <4 suinosneHo csoiictBo E/4|€| <€ («cBoiicTBO abcosioTHO! Henpe-
pbIBHOCTH HHTerpasa JleGera»).
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19. Tyctb &, 1, ¢ ¥ &n, M, Coy 12 1, — CoyyaitHble BeIHYHHBI TaKHe, YTO *)

Dl MDN QD M<Kl n2],
ECn - EC» E"]n - Eny

4 maTemaTHueckdHe oxuganua E&, En, EC xoHeunbl. ITokasatb, uto Toraa
cnpaseiusa semma [Tpamma: EE, —EE n ecm k Tomy xe 7, <0< (q, TO

Elén—él_)o
BLiBeCTH OTCIOfa, 4YTO €CJH §,,-E>§, El¢.| —EJ¢| u E)¢|<o0, TO

E'ﬁn - § l —0.
ﬂpHBeCTH npuMep, NOKas3bIBAIOLIMA, YTO B YCJIOBHAX JIEMMbI l'lpana, BO-

o6ue rosops, E|E, — €| 4 0.

20. okasatb, 4to L.f < L*f n ecan ¢yHkuus f orpaHuueHa H mepa pu
koHeuHa, To L, f=L*f (cM. 3ameuanne 2 B . 11).

21. [lokasaTb, YTo /151 OrpaHH4YeHHbIX QYHKUHMH f MaTeMaTHyecKoe OXKHaa-~
nve Ef =L, f (cM. 3ameuanue 2 B n. 11).

22. loka3aTb 3aKJIIOYHTeJIbHOE yTBEpXKJeHHe B 3aMeyaHud 2 m. 11.

23. Tycrb F(x) — dynkuua pacnpeneneHust ciydafiHoil Benuuntbl X. Ilo-
Ka3aTb, 4TO -

o0
1
EXt<xo & S In 73} dx < co NS HEKOTOPOTO d.
a
24. TlokasaTb, yto ecaid p>0 u J‘lim xPP{|¢| > x}=0, 10 E|¢|" < 00 anst
—00
Bcex r < p. [puBecTd npumep, MokasbiBalOUIMi, YTO NPH F'= p MOXKET OKa-

3atbes, uto E|¢|P = co.
25. Jlatb npuMep MJOTHOCTH f(x), He ABAsOLIENCSA YETHONH (YHKUMER, Y
(o)

KOTOpO#, TeM He MeHee, BCe HeYeTHble MOMEHTbI S x*f(x)dx=0,k=1,3, ...
—0o0

26. IpuBecTH MpuMep cayuyaiiHbIX BENHUHH &,, 1 > |, TaKux, 4TO

EY &#). Et.
n=1 n=1

27. Tyctb cayyaiiHas BenwuuHa X TakoBa, YTo aas JioGoro a > |

P{IX| > an}
Xm0 "o

P
*) CxomumocTb €x — £, Ha3bIBaEMas CXOAUMOCTBIO 110 BEPOATHOCTH, 03HAUAET, YTO ISl BCA-
Koro € > 0 eposiTHocTb P{|€; — €] > €} — 0, n — oo. TNoapobree cm. § 10.
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Jlokasatb, yTo Toraa y X CYLLECTBYIOT BCe MOMEHTbl. ¥Ka3aHue: BOCNOJb30-
BaTbcs GopmyJioft

EIXY =N § x"='P(X|> x) dx.
0

28. Iyctb X — cayuaiiHas BeJMuuHa, NPUHUMAalOllas 3HaueHusd k=0, 1,

o0
2, ... c BepoATHOCTAMH pg. Dynkuus F(s)= Y pes*, |s| <1, nasviBaercs
k=0
npoussodawel ynkyued caydaiiHoil BeMuMHbl X. YCTaHOBHTD CJefyloLiiie
thopmyJbL:
(i) ecnn X — nmyaccoHoBCKas cayyailHas BeJMuMHa, T. €. pp =~ *A*/k!, rae
A>0,k=0,1,2,..., 10

Fs)=e M9 |s|<1;

(ii) ecnu cayyaiiHas BenMuMHa X HMeeT reoMeTpHuecKoe pacrnpejesieHue,
1.e. pr=pg*t, tne0<p<l,g=1—-p, k=0,1,2, ..., 10

F(s)= l_”sq, Is| < 1.

29. Hapsipy c npousBozasiue#i pyHkuueit F(s) nosie3Ho paccMaTpuBaTh npo-
u3800awyro pynkyuro momenmos: M(s)=EeX (8 npernonoxenuu, uto s
TakoBbl, yT0 EesX < 00).

(a) IMokasatb, yto ecan npoussBojsAlias (GyHKUHA MoMeHTOB M(S) onpe-
LleJieHa [J1 BCeX S W3 HeKOTOpo# OKpecTHOCTH HyJs (S € [—a, a], a >0), To
cyuecTsytoT npoussontsie M® (s) npu s =0 pnsa Becex k=1,2, ... u

M® ) =EX*

(310 CBOWCTBO U OMpaBAbIBaeT Ha3BaHHe A1 M(s)).

(b) TpuBectd npuMep cJydaiitoit BesMUHHB, A1l KOTOpoit M(S) =00 npH
Bcex s > 0.

(c) Moka3atb, yTo M1 MyacCOHOBCKOM cJyuaiiHoi BesHuHHbl X ¢ A>0
dynkuua M(s) =e=*1=¢) gnq Bcex s €R.

30. Myetb 0<r <00, Xp €L, Xy Bx. Toraa caenytouiye ycsioBusi paBHO-
CHJIbHBI:

(i) cemeiictBo {|X,|", n > 1} paBHOMepHO HHTErpHpyeMo;

(i) X,—»XBL",

(iii) E|Xq|"— E|X|" < co.

31. Toxodecmso Cnuyepa. Iyctsb Xy, Xo, ... — He3aBUCHMble OAHHAKOBO
pacnpeiesieHHble cyyaiiHble Beqnunnbl ¢ P{X; < 1}=1, u nycts S, =X, + ...
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.. +X,. Torna nas |ul, |t| < 1

In Y t"E@Ma) =) %E(uss‘).
n=0 n=1

rae M, =max(0, Xy, X, ..., Xu), SF =max(0, S,).
32. Myetb So=0, S, =X; +...+ X,, n > 1, — npoctoe cuMMeTpHYHOE CAY-
yaiinoe 6ayxpnande H T=min{n >0: S, > 0}. [Tokasatb, uto

E min(r, 2m) =2E|Sopm| =4mP{Se, =0}, m>0.

33. Tlyctb £ — craHjapTHas rayccoBcKasi cCJyyafiHasi —BeJIHUHHA
(€ ~A(0, 1)). Hcrnoab3ys HHTerpHpOBaHHe Mo 4acTAM, Nokasath, uto E£% =
= (k- 1)E€*~2. Boisectu otciona dpopmysbl

Ee*1=0 u Ee*=1.3-....(2k-3)(2k—-1) (=2k—-1)).

34. Mokasatb, uto dynkwus x~! sin x, x € R, uuterpupyema no Pumany,
HO He HHTerpupyeMa no JleGery (c sieGeroBoit Mepoit Ha (R, B(R))).
35. INoka3aTb, 4To PyHKUHSA

E(wr, wp) =e™ 12 — 22 ) Q) =1, ), wa€N=(0, 1],

TaKoBa, 4To (o Mepe JleGera)
(a) ans KaXIOro we OHA HHTErpHpyeMa Mo wj €
(b) ans KaXKAOTO w; OHA MHTErpHpyeMa Mo we € Slg, HO Teopema PyGunH
He HMeeT MecTa.
36. Ilokasatb meopemy bBenno Jleeu: Tlyctb chayyaiiHble BeJMYHHbI
&1, &, ... nuterpupyemsl (E|€,| < oo mas Becex n> 1), sup B¢ <oco u &, T€;
n

TOF/a cliyuaiiHas BesHuMHA & MHTerpupyeMa H E&, T E£ (cp. ¢ TeopeMoii 1a).
37. Ilokasatb caedyioulyio pasHoBHAHOCTb semmol Pamy: ecnin 0 €, — €
(P-n.u.) u E¢, <A <oo, n>1, 10 € unTerpupyema u E€ < A.
38. (O csa3u unmeepuposanus no Jlebezy u no Pumany.) Tyctb Go-
peneBckas ¢yHkumus f= f(x) uarerpupyema no mepe JleGera: S | f(x)] dx < .

R
Noxazate, yto aas Beskoro & > 0 HainyTes:

n
(a) crynenuatas dyHkuns fe(x)= Y fila,(x) C OrpaHHYEHHBIMH HHTEpBA-

i=l

NlaMH A; Takas, uTo S |f(x) = fe(x)|dx <€

R
(b) unTerpupyemas HenpepbiBHas YHKUHS gc(X) C OrPaHHYEHHBIM HOCH-
TeJleM TaKasi, uTo S | f(x) — ge(x)|dx <e.
R
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39. Tokasatb, uto ecay £ ecTb HHTerpHpyemas cijyyaiHasi BeJIMUHHA, TO
oo 0
E¢=( Pi¢>xpdx— § Ple<xdx.
0 —00
40. Tlyctb € 4 1) — uHTErpHpyeMble cayyaiiHble BeluunHbl. [1okasathb, uTo
o)
E¢—En= { [Pln<x<&-PlE<x<nldx.
—00

41. TycTb £ — HeoTpHUATeNbHAR CJyyaiiHas BennuuHa (€ > 0) ¢ npeo6pa-
3osanneM Jlannaca pg(A) =Ee™*¢, A > 0.
(a) Tokasarb, yto nas Besikoro 0 <r < 1

r__r T l-wpe
E€ - T(l1-r) § A+l dA.

YKkasarue: BOCNoJib30BaThCs TEM, UTO A1 S 2> 0, O<r<«l

l —- e—SA

_X_+l_dA.

l oo
~T(1-n)s =§

(b) Mokasatb, yto Mm1a Beskoro r > 0

o1
&= rT(r)

o0
§ eeA/ryd.
0

Ykasarnue: Bocnosib3oBathcsa TeM, yto gast § =0, r >0
[o o]
r

7 ) PO/ Yax

S =

§ 7. YcaoBHble BEpPOSTHOCTH H YCJOBHbIE
MaTeMaTH4eCKHEe 0XKHIAAHUSI OTHOCUTEJbHO o-aaredp

1. Tyctb (2, &, P) — BepoATHOCTHOE MPOCTPAHCTBO H CobbiTHe A € &
TaKoBo, uto P(A) > 0. Kak # B c/lyyae KOHEYHbIX BEPOATHOCTHBIX MPOCTPAHCTB,
ycaosroii sepoamrocmoio A (o603Hauenue: P(B|A)) 6yneM HasbiBaTh BeH-
uuny P(BA)/P(A), a ycaosHoli sepoamuocmoto coboimus B omuocumenn-
HO KOHEUHO020 uau cuemunoeo pa3buenus P9 ={D,, D, ...} ¢ P(D;)>0,
i 21 (o603Hauenne: P(B|2), P(B|2)(w)) HasoBeM CAyUAiHYIO BeAUUURY,
pasuyto P(B|D;) ana we Dy, i 2 1:

P(B|2)w)=_ P(B|Di)lp,w).

i>1
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AHaJIOTHUHBIM 06pa3oM, ecii £ — cJlyyaiiHas Be/IHUHHa, 111 KOTOPO# OMpe-
peneHo EE, TO YCA0BHbM MamemamuuecKum oxcudanuem £ OMHOCUMEALHO
cobomus A ¢ P(A) >0 (o6o3Hauenne: E(£|A)) Gynem HasbiBaTh BeNHUHHY

%%TA)’) (cp. ¢ (10) § 8 ra. ).
CnyyaiiHasi BeJIMYHHA P(B|2) saBnsercs, oueBUAHO, H3MEPHMON OTHOCH-

TeIbHO o-anre6bpbl ¥ =0 (P), B CBA3H C ueM ee o6o3HavaloT Takke P(B|¥Y)
(cm. § 8 a1 ).

B TeopHH BEPOATHOCTEH MPHUXOAUTCSH, OHAKO, CTANIKHBATbCS C HEOOXOAH-
MOCTbIO PACCMOTPEHHS YCJIOBHBIX BEPOATHOCTEH OTHOCHTENIbHO COOBITHH, HMe-
JOLIMX HYALB8YIO BEPOATHOCTb.

PaccMOTpHM, HanpuMep, clelyollui sKkcnepuMeHTt. [lyctb £ — cayuaiinas
BeJIHYMHA, paBHOMepHO pacnpefeneHHas Ha [0, 1]. Ecan £€=x, To noa6pa-
cbiBaeTCs MOHETa, Y KOTOpOH BepoATHOCTb MOsSiBJIeHHsi «repb6a» paBHa X, a
«petuetk» — (1 — x). TlycTb v — uucio nosiBnenuit «rep6a» Npu n He3aBH-
CHMbIX NOAOPAcHIBAaHHAX TaKoi MoHeTbl. CnpauinBaeTcs, ueMy paBHa «YCJIOB-
Has BeposTHOCTb P(v=k|€& =x)»? INockonbky P{¢ =x}=0, To uHTepecyio-
1l1as HaC «YCJIOBHast BepoATHOCTb P (v =k |& = x)» noka He onpeneneHa, XoTs
MHTYHTHBHO MOHATHO, YTO 3Ta «BEPOATHOCTb JOJDKHA Oblla Obl ObITb paBHa
Chxk(1 — x)"*».

Jlanum Tenepb o6liiee onpejiesieHHe YCIAOBHOIO MaTeMaTHYECKOTO OXKHAAHHS
(¥, B 4aCTHOCTH, YCJIOBHO#H BEpPOSITHOCTH) OTHOCHTeJIbHO o-anrebp ¥, ¥ C &,
H CPaBHHM ero C onpejesieHHeM, faHHbiM B § 8 . | nia cayuas Koneuroix
BEPOATHOCTHBIX MPOCTPAHCTB.

2. Tlycrb (2, &, P) — BepoATHOCTHOE NpPOCTPAHCTBO, ¥ — HEKOTO-
pas o-anrebpa, ¥ C F (¥4 — o-nodarcebpa F) u &=§&(w) — cayvaiinas
BelHunHa. HanoMuuM, yto, cornacHo § 6, MatemaTHueckoe oxupgaHue E&
onpefessyioch B fiBa 3Tana: CHayaja Uil HEOTPHLATENbHBIX CJyyaiiHbIX BEJH-
YHH €, a 3aTeM B O6LIEM CJiyyae C MOMOLLBIO paBeHCTBaA

E¢=Ee* —E¢™

H TOJIbKO (uToGbI H3GeXKaTb HeoMpeleJeHHOCTH BHIA 00 — 00) B MPeANnoioxKe-
HHH, 4TO

min (E€™, E¢¥) < 0.

IMono6Has nByxsTanHas KOHCTPYKLMSA PHMEHAETCS H IPH ONPeie/IeHHH YCI0B-
HbIX MaTeMaTHYeckHXx oxHlaHuil E(£|¥).

Onpenenenne 1. 1) Yca08Hoim mamemamuueckum onmudGrUEM HEOM-
Puyamenvrod cnydaitHoll BeHYHHBI & OMHOCUMEerbHO o-arzebpol 4 Hasbi-
BaeTcs HeoTpuuaTe/bHas (paclUMpeHHas) cyyaiiHas BeJMuMHa, 0603HauaeMasi
E(¢|¥9) nan E(¢|¥9)(w), Takas, uto

a) E(¢|¥) asnserca ¢-u3mepumoi;
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b) nns aoboro A €Y
(edP=(E(¢|¥)aP. (1)
A A

2) Ycaosnoe mamemamuueckoe oxcudanue E(€|¥), wm E(§|¥)(w),
npou3sosbHol cayyaiiHOl BeJMUHHBI & OMHOCUMerbHO o-ascebpel 4 cun-
TaeTcs onpefieNieHHbIM, ecad P-n. H.

min(E(¢* |¥), E(™|¥)) <co,
 3ajaeTcs opmyJoit
E¢I9)=E¢* |9 -EE19),

NpHYEM Ha MHOXKeCTBe (HyJIeBOH BEPOSATHOCTH) TeX 3JIeMEHTapHbIX COGLITHIL,
s KoTopbix E(§1 |9) =E (£~ |¥4) = oo, pasHoctb E(¢T|4) —E (£~ |¥) onpe-
JlensieTcsa NpoU3BOJIbHO, HarnpuMep, MoJiaraeTcs paBHOMH HYJIO.

[Mpexxae Bcero nokakeM, YTo 11s HEOTPHLATEJBHBIX CJYYaiiHbIX BEJHUHH
E(&|¥) neiictBuTtenbHo cywectsyer. Cornacto 1. 8 § 6, dyHKuMs MHOXKeCTB

QA)={edP, Aey, @)
A

ABasieTca Mepoit Ha (£, &), KoTopass aGCOMIOTHO HEMpepbiBHAa OTHOCHTEJb-
Ho Mepbl P (paccmatpuBaemoit Ha (X2, ¥), ¥ C ). INloatomy (mo Teopeme
Pagona—HukonuMa) cyluecTsyeT Takas HeoTpHUaTeNbHas & -H3MepuMast pac—
LUKpeHHas caydaiiHas BennuuHa E(£|¥), uto

Q(A) = E¢|)aP. ®)
A

H3 (2) u (3) cnenyer cootnoluenue (1).
3ameuanune 1. B cootBerctBHH ¢ TeopeMoit Pagona—Hukoauma ycios-
HOe MaTeMaTHuYeckoe oxuianve E(£|¥) onpenensiercs oaHO3HayHO JiHLIb €
TOYHOCTbIO 110 MHOXKecTB P-Mepbl Hysib. MHaue rosops, B kauectse E(¢]|¥)(w)
MOXHO B3iTb JIOOYl0 ¥-H3MepHMYIO ¢YHKUMIO f(w), Ha3biBaeMyl 8apuaH-
MOM YCJIOBHOTO MaTEMaTHYECKOTO OXKHIaHHs, 11 KoTopoit Q(A) = S f(w) dP,
A

Ae¥.
OTMETHM TakKxe, 4TO, CONJIaCHO 3aMe4YaHHIO K TeopeMe Panoua—HHKonuma,

E(E]9)= 22 ). @

T. €. YCAOBHOEC MAMeMaAMUH4ecKoe 0N UOAHUE eCMb He 4mOo UHOoe, KaK npo-
ussodnas Padona—Hukoduma mepo. Q omuocumenvro meput P (paccmar-
puBaeMbix Ha (2, ¥)).
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[Tosie3HO 3aMeTHTb, YTO €CJIH HeoTpHLUATeNbHas ciyyaiiHas BelMunHHa § Ta-
koBa, uto E& <00, To E(£|¥) < co (P-n.H.), 4TO HEMOCPEACTBEHHO BbITEKAET
u3 (1). AranornuHo, ecan £ <0 v E§ > —o0, 10 E(£]¥4) > —00 (P-n.H.).

3ameuanue 2. B cBdA3u ¢ coOTHOlIEHHeM (1) OTMETHM, YTO Mbi HE MOXKEM,
pooGlie roBopa, NosoxuTb E(£|¥) = &, nockosibKy ciyyaitHas BenHunHa € He
oba3ana boimo & -n3MepuMoi.

3ameuanue 3. TlpeanosioxuM, uTo cayyaiiHasi BeJIHUHHA £ TAKOBA, YTO 115
nee cyutectyet E£. Torna E(£|¥) MoxHO GblIo Gbl ONpelesuTh KaK TaKyio
& -nu3MepuMyto BYHKLHIO, 1nst KoTopoil cnpaBestuBo (1). O6buHO MMEHHO TaK
u noctynaiot. [IpuBoaumoe namu onpenenenne E(¢|¥4)=E (1 |¥9) -E(¢|¥9)
o6JiafiaeT TeM MPEHMYLLeCTBOM, YTO B CJyyae TPHBHaJbHOH o-anre6pbl & =
={@, 2} oHo npeBpaliaercs B onpeaeneqre EE v npu 3Tom oHo He Npeanosara-
et cywectBoBaHus E€. (Hanpumep, ecan € — cayvaiinas sennuuna ¢ E€+ =00,
E¢~ =00,2a¥ =%, 10 E{ He onpegeneHo, Ho B cMbicie onpesenetus 1 E(¢|¥)
CYLLECTBYET H ecTb mpocTo £ =&+ —¢7))

3ameuanue 4. TlycTb ycsioBHOe MaTeMaTHuecKoe oxHaaHue E (£|¥) onpe-
neneHo. ¥caosroi ducnepcued D(€|¥) cnyuaitHoit BeNHUHHDBI £ OTHOCHTENbLHO
o-anre6pbl & Ha3biBaeTcs ciyyailHasi BeJIHUHHA

DE|¥) =E[(¢ -E¢€|9))*|¥]

(cp. c onpenenenneM D(£| D) oTHocHTeNbHO pa3bueHus 9, AaHHbIM B 3aaue 2
§ 8 rai. I, u c onpenenennem ducnepcuu 8 § 8).

Onpepenenne 2. Ilycth B € &. YcioBHoe MaTeMaTHUeCKOe OXKHAAHHE
E(/g|¥) o6o3nauaercs P(B|¥) wiu P(B|¥)(w) 4 HasbiBaeTca ycA08HOI 8e-
poamrocmoto cobuumua B omuocumenvno o-arzebpor ¥, 4 C F.

W3 onpenenennit 1 u 2 cnenyer, uto A1 Kaxkaoro GpukcHposaHHoro B € &
ycnoBHasi BeposTHOCTb P(B|¥) ecTb Takasi cAy4anas 8eAuuuna, uto:

a) P(B|¥) aenserca & -usmepumoi,

b) nns moGoro A €¥

P(AnB)={P(B|¥)dP. (5)
A

Onpenenenne 3. Ilyctb £ — ciyuaiiHad BeluuHa U ¥, — o-anre6pa,
NMOpOXK/eHHasA HEKOTOPBIM cayyaiHbiM sneMeHToM 7). Toraa E(£]9), ecan oo
onpeneneHo, o6o3Havaercs E(£|n) nan E(€|n)(w) u HasbiBaeTcs ycao8HbIM
Mamemamuyueckum oxudanuem & OMHOCUMEAbHO 1.

YenosHas BepositHocth P(B|¥,) o6o3nauaercs P(B|n) uau P(B|n)(w), u
HasbiBaerca ycA08HOLU 8epOAMHOCMbIO CObbimus B omuocumenvro 1.

3. TMokaxeM, 4To AaHHOE 3lech onpenesenue E(£|¥) cornacyercs ¢ onpe-
JleieHneM yCJIOBHOTO MaTeMaTHuecKoro oxuaanusa § 8 r. 1.
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Mycts 2 ={D,, Dy, ...} — HeKOTOpOE KOHEUHOE HJIH CYETHOE pa3bHeHHe C
amomanu D; (3° D; =) takumu, yto P(D;) >0, i > 1.

]
Teopema 1. Ecau 4 =o(9D) u £ — cayuaiinas seauuura, 048 KOMOPOL
E¢ onpedeareno, mo

E¢|9)=E&|D;) (P-n.n.na D;) (6)
uaL, 4mo mo e,
E(¢|¥)= E;fgl?;) (P-n. 1. na D).

(3anuce «E=n (P-n. #. Ha A)» uau «€=n (A, P-n. H.)» 03Hauwaem, umo
PAN{E#n)=0.)

Hoxaszameavcmso. Cornacto nemme 3 u3 § 4, va D; E(¢|¥9) =K, rae
K; — nocrosnnas. Ho

§ ¢aP = E(¢|9)dP =KiP(D)),
Dj D,'

OTKyna
1 E¢/p,) _ )
K;—mégdP—m_E(ng,). o

Takum 06pasoM, BBefieHHOe B Il. | MOHfATHE YC/IOBHOTO MaTeMaTHYECKO-
ro oxunanus E(£]2) otHocurenbHo KoHeuHoro pa3buenusi 2 ={D, ..., D,}
ABJIIETCS YACTHBIM CJIyyaeM MOHATHS YCJOBHOTO MaTeMaTHYECKOrO OXKHIAAHHS
OTHOCHTEJIbHO o -anre6phl ¥ = 0(2).

4. CBoiicTBa YC/JOBHbIX MaTeMaTHYECKUX OXnaanui. Byrem npeanosa-
ratb, 4TO JJIl BCEX PACCMaTPHBAEMbIX CJIyyailHbIX BEJIHYHH £, 1) MaTeMaTHuye-
CKHe 0XXHIaHHsA onpefeNieHbl H o-aarebpa 4 C &F.

A*, Ecau C —nocmosnnan u £=C (n.4.), mo E((|¥4)=C (n.n.).

B*. Ecau £<n (n.n.), mo E(¢|¥49) <E(n|¥) (n.n.).

C*. [EEI9)I<E(¢]|9) (n.n.).

D*. Ecau a, b — nocmosannse u aEE + bEn onpedeseno, mo

E(at +bn|¥9)=aE(E|4)+bEn|Y) (n.n.).
E*. Mycmo £, ={2, O} — mpusuarvras o-arzebpa. Tocda
E¢|#)=EE (n.n.).

F*. E(|£F) =€ (n.n.).

G*. E(E(£|¥))=E¢.

H*. Ecau 4, C%, mo cnpasedaugo (nepsoe) «meseckonuueckoe caoli-
cmgo»:

E[ECIA)|A]I=EE|%) (n.n).
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1*. Ecau 4, D%, mo cnpasediuso (8mopoe) «meneckonusecKoe ceou-
cmeo»:

E[EE|%) 4] =E(¢|%) (n.n).

J*. [Tycmo cayuaiinaa seauuuna &, 0an komopou EE onpedeaeno, He
sasucum om o-aircebpor 4 (m.e. e 3asucum om Ig, B €¥). Toeda

E¢|49)=E¢ (n.n.).
K*. Mycmo n — ¥-usmepuman cayuatinas eeauuuna, E|E|<oo u
E|én| < oco. Toeoa
E¢n|¥9)=nE¢|¥) (n.n.).

IMpuBeneM 10Ka3aTeIbCTBA ITHX CBOACTB.
A*, dyHKuMs, paBHas MOCTOSHHON, H3MepHMa OTHocHTeabHO ¥. TTosTomy
OCTaeTCA JIHLIb MPOBEPHTb PABEHCTBO

(eaP={cCcdP, Acy.
A A

Ho B cuay npeanosnoxenus £ =C (n.H.) # cBoiictBa G u3 § 6 3To paBeHCTBO
BbIMOJIHEHO OYEBHAHBIM 06Pa3oM.
B*. Ecin € <7 (n.H.), To no cBofictey B u3 § 6

(edP<{ndP, Aey,
A A

a 3HauyuT,
(E€|9)dP<(E@m|¥)dP, Ae9.
A A

Torna TpeGyemoe HepaBeHCTBO caenyer u3 cBofictsa I (§ 6).

C*. D10 CBOWCTBO BbITEKAeT W3 MpeAblAYLLIEro, e yuecTb, 4to —|€| <
<EL[E-

D*. Ecan MHoxecTBo A € ¥, To, corsiacHo 3anaue 2 u3 § 6,

S(a§+bn)dP=S a§dP+S bndP =
A i P
=§ aE(¢|9) dP + § bE(n|¥) aP = [aE(¢|¥) + bE(n]|¥)] aP,
A A P

uTO W J0Ka3biBaeT cBoficTBo D*.
E*. 10 cBOMCTBO CllieflyeT H3 3aMeyaHus, uto EE ansercs &, -u3mepuMoit
obyHKuued, H Toro ¢akra, uto ecin A= uin A =3, To OueBHIHBIM 06pa3oM

(eaP=( E¢dP.
A A
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F*. Iockoabky £ — & -u3Mepuma H
(edP=(E¢|#)dP, Aecg,
A A

To E(£| &) =€ (n.u.).
G*. D10 cBolicTBo BbiTeKaeT U3 E* u H*, ecaim B3sTh 4 ={2, Q} u % =9¢.
H*. INyctb A €¥,. Torna

(E¢|9)aP=(¢aP.
A A

Tak kak ¢ C%, T0 A €% u, 3HauMrT,
SE[E€|%4) 4] dP = E¢|%) dP = £dP.
A A A

CaenoBatenbHo, a1a A €%,
§E¢19)dP = E[E¢|%4)|4]dP
A A

H, paccyxKias Takxe, Kak H NpH JAoKa3aTtebcTBe cBofictBa | § 6 (cM. Takxe
3anauy 5 § 6), noayuaem, yto

E¢€I4)=E[E¢C|9) 4] (n.n).
I*. Ecan A € %), To no onpeaenennio E[E(¢£|%) |4 ]
(E[E¢I%) |4 4P = E¢|%)aP.
A A

bynkuna E(£| %) asnserca $-u3mepHmoi, H NOCKOJbKY % C ¥, TO U ¥ -u3-
mepumo#i. Otciona caenyet, uto E(§|%) ecTb oauH H3 BapHAHTOB YCJIOBHOTO
MaTeMaTHueckoro oxuaanus E[E(£|%)|¥i], yto v noka3biBaer cBoiictBo I*.

J*. TTockoabKy E€ aBasietcss & -u3MepuMoii yHKuKe#, To ocTaeTcst npo-
BEpHTb, 4YTO 114 Jilo6oro B € 4

(¢aP=(E¢dP,
B B

T.e. uto E[€/g] =EE£-Elg. Ecan E|€] < oo, TO 3TO cpasy chenyeT u3 Teope-
Mbl 6 § 6. B o6uiem cayyae Bmecto TeopeMbl 6 § 6 Hago BocnoJsib3oBaTbhCs
pesyJibTaTaMH 3ajaud 6 H3 Toro ke naparpada.

JHoxkasarenbctBo cBoiicTBa K*, onupaioliieecst Ha yTBepXKfeHHe a) clielyio-
uiet nasiee TeopeMbl 2, GyleT JaHO HECKOJbKO MO3JHee.

Teopema 2 (0 CXOAMMOCTH MOJ 3HAKOM YCJHOBHBIX MaTeMaTHYECKHX
oxunanuit). [Tycmo {€,}n>1 — nocaedosamerbHocmo (pacuLuperHbix) CayY-
YAUHOLX BEAUYUUH.
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a) Ecau |€a) <n, En<oco u & — € (n.n.), mo
E(|9)—EE|Y) (n.n)

E(¢.—¢€l19) =0 (n.n).
b) Ecau &, 20, En>—co u &, 1€ (n. 1), mo
EGINTEEIY) (n.n).
c) Ecau &, <n, En<oco u &, L€ (n.1.), mo
E¢|9) EE|Y) (n.n).
d) Ecau &, 21, En>—oc0, mo
E(im &%) <lim E&|¥) (n. ..
e) Ecau £, <1, En<oo, mo
lim E(¢,|9) <E(im &|9) (n.n.).

f) Ecau &, 20, mo

E(Xal9)=Y E@l9) (n.n).

Hoxasameabcmso. a) Iyctb (, = sup |, — &,|. TTockoabky &, — £ (1. 1.),

m2n

10 {2 | 0 (n. H.). MaTemaTHueckue oxunanus E&, v E£ KoHeuHbl, No3TOMY B

cuny csoiicte D* u C* (n. u.)

[E(6n19) —E€19)| =|E(& — £19 <E(€n - €]19) <E(Ca]9).

[ockonbKy E(Ca+1|9) <E((|¥) (n. n.), To (n. H.) cywecTByeT npeaen h=

=Ii’x;n E(¢:|¥). Toraa

0<§hdP<(E(GI9)dP=(dP -0, n—oo,
Q Q Q

Tle noc/iefiHee yTBepXKIEHHe CJIe/lyeT H3 TeOpeMbl O Ma)XKOPHPYEMO# CXOAMMO-
cTH, nockosbKy 0 < ¢, < 29, En < 0o. CiegosarenbHo, S hdP =0 v no cBoii-

Q
ctBy H h=0 (n. u.).

b) INyctb cHayana n=0. Mockonbky E(&,|4) < E(éns1 |¥) (n.H.), TO cy-

wectsyer (n. H.) npegen (w) =lim E(£,|¥). Toraa us pasencrsa
n

(&dP=(EE|9)dP, Acy,
A A
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H TeopeMbl O MOHOTOHHOH CXOAHMOCTH

(eaP=(E¢|9)aP=(¢dP, Acy.
A A A

CurienoBatesibHo, MO CBOWMCTBY, aHajiorHuHoMy cBoiictBy I, u 3afaue 5, €=

=( (n.H.).
Ilns nokasaTedbcTBa B o6lieM chydae 3amerum, yto 0<&F 1€%, u no
JI0Ka3aHHOMY

E¢ |9 TEEYY) (n.n). (@)
Ho 0K, <&, E€™ < o0, nostomy B cuay a)
E¢ 19)—E¢719),

410 BMecTe C (7) noKasbiBaeT b).
YTBepKzeHHE C) BbiTeKaeT U3 b).
d) Myctb ¢, =”|'r;fn &m, TOrAa C, T ¢, tae ¢ =lim &,. Cornacto b), E(¢,|4) 1

TE(]¥Y) (n.4.). ITostomy (n. H.)
E(lim £,|9) =E((|¥) =lim E((, |9) =lim E((,|¥) <lim E(£4|9).

YTBepKAeHHe e) BbiTekaeT H3 d).
f) Ecam &, >0, To no cBofictey D*

E(Z sk|g> AN
k=1

k=1

yTO BMecTe ¢ b) ¥ nokasbiBaeT TpeGyeMblit pe3yJbTart. a
IpuBeneM Temepb HoKasarteabcTBo cBoictBa K*. Tlycte n=/p, B€Y.
Toraa ans Bcsikoro A €9

(enaP= § ¢dP= § E¢|9)dP={15E(¢|¥)dP = nE(¢|¥)dP.
A ANB ANB A A

B cuay anautuBHOCTH MHTerpana JleGera paBeHCTBO

(endP=(nE¢|¥)dP, Acy, 8)
A A

n
OCTaHeTCsl CMpaBe/VIHBLIM H /IS MPOCTHIX CJAYYailHbIX BeJHYHH = Y Yilp,,
k=1
Br €¥. INosTomy no ceoiictBy 1 (§ 6) w1 Takux ciyyailHbIX BeJHYHH

E¢n|¥9)=nEE|¥) (n.u). 9)
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[TycTb Tenepb 7) — NPOH3BOJIbHAA & -H3MepHMas ciyuafiHasi BeJIMYHHA H
{fln}n1 — NOCJIEN0BATENLHOCTD NPOCTBIX & -H3MEPHMBIX CJIyUalHbIX BEJIHYHH
TaKuX, Uto |1n.] < |n| u 1, — n. Toraa B cuny (9)

E(m|9)=mE(¢|¥) (n.n).
sIcHo, uTo || < |€n|, rae E|én| < co. MMosToMy mo cBoiicTBy a) Teopembl 2

E(¢n.|¥)—EEnlY) (n.n).

Ilanee, TaK Kak E|¢| < oo, To E(£|¥) KoHeuHo (0. H.) (cM. cBoiicTBO C*, CBOIi-
cto J (§ 6)). INostomy n,E(£|¥9) — nE(£]|¥) (n.u.). ([Ipeanosioxenue o Ko-
HEYHOCTH MOouTH HaBepHoe E (£|¥) cyluecTBeHHO, MOCKOJIbKY, CORIACHO CHOCKE
Ha c. 218, 0-c0o=0, Ho ecu 9, =1/n, =0, To ;ll- c00#0-00=0)

3ameuanune. CpoiictBo K* coxpaHsieT CBOIO CHJTY, €CJIH BHIMOJIHEHBI JIHLLDb
cliefytoLite YCJoBHS: 1) Asatemcs §-usmepunoii u E(€|¥) onpedeaeno.

5. PaccMoTpuM nospoGHee CTPYKTYpy YCJOBHbIX MaTeMaTHUECKHX OXKHAA-
it E(£]¥9,), o603HauaeMbIx, KaK 6blI0 YCJIOBJIEHO Bbille, TakxKe yepe3 E (¢ 7).

Mockosbky E(§|n) apaserca ¥,)-u3amepumoit pyHKuHel, To, CoriacHO Te-
opeme 3 u3 § 4 (TouHee — oueBHIHOM ee MOAMGHKAUHH LIS pacCIHPEHHbIX
cllyuaiHbIX BEJIHYHH), HalileTca Takas 6openeBcKas pyHKuMa m = m(y), onpe-
JleJleHHast Ha R W CO 3HAaueHHAMH B R, uTo 115 BeeX w €

m(nw)) =EE|n)w)- (10)

1y dyHkumio m(y) 6yneM o6o3nauatsb yepes E(£|n=y) u HasbiBaTh ycaoe-

HbIM Mamemamuueckum oxcudanuem & omrocumervho coboumus {n=y}

WIH YCAOBHBIM MAMEMAMUYECKUM OXCUOAHUEM € NPU YCA0BUL, 4O =Y.
B cootBercTBHH ¢ OnpeneneHHeM

A A 4

[Tostomy no Teopeme 7 § 6 (0 3ameHe nepeMeHHbIX MOA 3HAKOM HHTerpana
JleGera)

§  mmdP=my)P,(dy), BeBR) (12)
{w:neB}) B
rie P, — pacnpeneneHue BeposiTHocTeil 7. CriefoBaTenbHo, m=m(y) ecTb
Gopeneckast GyHKuUUs TaKasi, 4To 15 Besikoro B € BB(R)
{ €dP = m(y)P,(dy). (13)
{w:n€eB} B

9To 3aMeuyaHHe MOACKA3bIBAET, YTO K OMpPE/IEJEHHIO YCJIOBHOTO MaTeMaTH-
ueckoro oxuaanus E(§|n=y) MoxHO npuilTH 1 HHaue.
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Onpepenenne 4. Ilyctb £ U 7 — cayyaiiHble BenHuHHbl (GbITb MOXET, H
paciunpentbie) # EE onpeneneHo. Yciosnoim mamemamuueckum oxcuda-
Huem cayuainoi geauduns. € npu Ycaiosuu, wmo n =y, Ha30BeM BCAKYIO
B(R)-n3mepumyio pyHKUHIO m = m(y), 4151 KOTOPO#l

{ ¢aP={m@)P,dy), BeBR). (14)
{w:n€B) B

Tot ¢akr, uto Takas GyHKUMS CyLIECTBYeT, CJeAyeT ONATb e U3 TeOpeMbl
Panona—HukoauMa, ecin 3aMeTuTb, 4TO (PYHKLHS MHOXKECTB

aB)= § ¢dP
{w:neB}
ABJAETCA MEPOH CO 3HAKOM, KOTOpas aGCOJIIOTHO HENpepbiBHA OTHOCHTENbLHO
mepbi Py,
[Mpeanonoxum Tenepb, 4To M(y) €CTb YCJIOBHOE MaTeMaTHYECKOE OXKH-
Janue B cMbicae onpenenenus 4. Toraa, npuMeHsia CHOBa TeopeMy O 3aMeHe
nepeMeHHbIX MO 3HAKOM HHTerpana Jle6era, HaxoauM, uTo

§ ecaP=\mw)P,d)= § mmdP, BeBR)
{w:neB} B fw:neB)

dyHkuns m(n) apasgercs ¥,)-u3MepHMOH, W MHOXecTBaMH {w: 7€ B},
B € B(R), ncuepnbiBaloTcsi BCe MHOXKeCTBA U3 .

Ortciona BbiTeKaerT, u4To m(n) ecTb MaTeMaTHyeckoe oxxuaaune E(£|n). Tem
caMbiM, 3Has E (£ |n=y), moxHo BoccTaHOBHTb E (§|7), H, Hao6opor, no E(¢|n)
MoxHo Haiith E(¢|n=1y).

C MHTYWTHBHO# TOUKH 3PEHHS YCJIOBHOE MaTeMaTHYECKoe OXKHaHHe m(y) =
=E(|n=y) aBnserca Gojiee MPOCTHIM H MOHATHBIM OGDBEKTOM, HEXeJNH
E(£|n). OnHako matematuyeckoe oxupaanue E(£|n), paccmatpuBaemoe Kak
¢,-u3MepHMas CayyaiiHas BelHuHHa, 6oJiee y06HO B paboTe.

OTMmetuM, YTO NpHBeleHHble Bbille cBoHcTBa A¥—K* U yTBepxueHus
TeopeMbl 2 JIerKo NepeHocATCs Ha YCJOBHble MaTeMaTHYeCKHe OXHIAHHA
E(¢|n=y) (c 3ameHO# «mouTH HaBepHOe» Ha «Pp,-NoyTH HaBepHoe»). Tak,
HanpuMep, cBoiictBo K* nepedopmyanpyercs caenyioluM o6pa3oM: ec/
El¢| < oo, E|¢f(n)] < o0, rae f= f(y) — B(R)-n3mepumas dyHKums, T

E€E/mIn=9 =) EEIn=y) (Py-n.n). (15)
JHanee (cp. co cBoiictBoM J¥*), ecau € u 1) HE3aBHCHMBI, TO

E¢ln=y)=E£ (Py-n.H.).
OTMeTHM TakxKe, 4To ecan B € B(R2) 1 £ H 1) HE3aBHCHMBI, TO

E[’B(fv 77)|7I=y]=EIB(§, y) (P,,-ﬂ. H')’ (16)
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i eca @ = @(x, y) — B(R?)-usmepumas dynkums Takas, uto E|p(€, 7)| < oo,
T0
Elp€, nIn=y]=E[e& 9)] (Py-n.u.).

Jlas nokasatenbctBa (16) 3amerum caenyioutee. Eciu B =B x By, To ans
cnpaBeiIMBOCTH (16) Hano MWL NPOBEPHTD, YTO

§ Ixs (& mPw)= § Els x5, y) Py(dy).
{w:neA} (yeA)

Ho nesas yacTb ecTb P{¢ € B|, n€ AN By}, anpaBas — P{¢€ € B} P{ne AN By},
H HX PaBEHCTBO CJelyeT U3 He3aBHCHMOCTH £ H 7). B oflueM ciyyae nokasa-
TeIbCTBO MPOBOJUTCA C NpHMeHeHHeM TeopeMbl | H3 § 2 0 MOHOTOHHBIX Kiaccax
(cp. € COOTBETCTBYIOLIHM MECTOM B I0Ka3aTeNbCTBe TeopeMbl PyGHHH).

Onpeaenenne 5. Yca08Hoi sepoamuocmoro cobbimun A€ F npu ycio-
suu, umo n=y (o6o3HaueHne: P(A|n=y)), GyneM HasbiBath E(/4|n=y).

[MonsatHo, uto P(A|n=y) MoxHO G6blo Gbl ONMpelelsTb Kak TaKyio
B(R)-n3mepumyto GyHKLHIO, 4TO

PANmeB) = P@AIn=y)Py(dy), BeBR) (17)
B

6. TlpuBeneM HekoTopbie MPHMEPHI BbIYHCJIEHHS YCJIOBHbIX BEPOSITHOCTEN
H YCJIOBHbIX MaTeMaTHYeCKHX OXKHAAHHH.
Mpumep 1. TycTb 1 — nucKperHas cayuaiiHas BeanuuHa ¢ P{n =y} >0,

kz:l P{n=y,}=1. Torna

PANn=ys)
PA|n=yp)=—Z5—"-2=, k21l
( |77 yk) P{"'=yk} z
Ins y €{y1, yo, ...} ycnosuyio BepostHoctb P(A|n=y) MoXHO onpenenuth
NPOKM3BOJIbHBLIM 06pa3oM, HanpUMep, MOJIOXKHTb PaBHON HYJIO.
Ecaun € — cayuaitHas BenunHa, 41s Kotopo#t cywectsyer EE, To

1
E¢ln=ye)= Pin=ys} (w:ns=yk) s

YenoBHoe MatematHueckoe oxunanue E(¢|n=y) aa y €{y, y2, ...} onpe-
AensieTcss NPOM3BOJIBHO (HanpHUMep, NOJIaraeTcsi paBHbLIM HYJIO).

Mpumep 2. Tlyctb (¢, n) — napa cayuaiiHbiXx BEJMYHH, pacrpeieieHue
KOTOpbIX 06/1a/laeT MJOTHOCTBIO f¢ n(X, Y):

P{(€ m eB}=1 fenlx, y)dxdy, BeBR).
B
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Myctb fe(x) v fy(y) — nnoTHOCTH pacnpelieNieHHst BEPOATHOCTEH CilydaiHbiX
BeanuuH & u ) (cMm. (46), (55), (56) § 6).
O6o3Hauum

_ f{,n(x’ )]

noaaras fg|,(x|y)=0, ecan fy(y) =0.
Torna

PEeCln=y) =\ feo(xly)dx, CeBR), (19)
C

T.€. f¢|n(¥|y) €CTb NIOTHOCTb YCJIOBHOrO pacnpejie/ieHHsi BEPOATHOCTER.

B camom gnene, nna pokasatenbctBa (19) AoctaTouHO yGeauThcs B Cripa-
BeauBocTH Gopmyasl (17) aas B € B(R), A={£ € C}. B cuny (43), (45) § 6
H TeopeMbl PyGHHH

{ [S f&ln(xly)dx]Pn(dy)=S [S fsm(xly)dx] Foly) dy =
C B LC

B

= § fenl9h@dedy= § fen(x, y)drdy=
CxB CxB

=P{(¢ n)eCxB}=P({feCin{neBy),

YTO U J0KasbiBaeT (17).
AHanoruuHbIM 06pa3oM YCTaHaBJIHBAeTCA CJENYIOLHA pe3yibTat: ecad EE
CYLIECTBYET, TO
o0

E€ln=9)= § xfein(x|y)dx. (20)

—0o0

Mpumep 3. Iyctb anuTenbHoCTb paboThl HEKOTOPOro NpHGOpa ONMHCHIBA-
eTcsl HeOTPHLIATENbHOM CilyyaiiHOi BeIMuHHOR 7 =1)(w), DYHKLHSA pacnpesee-
HHs KOTOpO#i F, (y) MMeeT MJIoTHOCTb [y (y) (ecTecTBeHHO, uTO Fyy(y) = fr(y) =0
ans y <0). Haitnem ycnosHoe MaTeMaTHuecKoe oxuaanue E(n—a|n>a), T.e.
cpefiHee BpeMsi, KOTOpoe MpHGOP euje npopabGoTaeT B MPEANOJIOKEHHH, YTO OH
yKe npopa6oTtaJ BpeMs 4.

Myets P{n > a} > 0. Torna, cornacxo onpegenenuio (cm. m. 1) u (45) § 6,

—a)lysaPdw) (-
El(n—a)liy3a) _é(n Dinza)P (@) _ §(y a)fa(y) dy

Pin>a} P(n>a)

Em—alnza)= OSO
faly) dy
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M HTEpECHO OTMETHTb, UTO €CJIH Clellal':lHaﬂ BE€JIHYHHA 7) IKCNOHEHUHAJIbHO
pacnpeneJleHa, T. €.

Ae=™, y>0,

21
0, y <0, )

fn(y)={

10 En=E(n|n=0)=1/X u ansa mo6oro a >0 E(n—a|n>a)=1/). HUuaue
roBopsi, B 3TOM C/lyyae CpeiHee BpeMsi, KOTopoe NMpHGop elile npopaGoTaer, B
NpEANOJIOXKEHHH, YTO OH YXKe NPopaboTa BpeMs @, He 3aBHCHT OT 3HAaYEHHs a
H COBMajaeT MpoCTO CO CPefHHM BpemeHeM En.

B npeanonoxeHuu (21) Haitnem ycnosHoe pacnpenenenue P(n—a<x|n>
>a).

Hmeem

Pla<n<a+x) _ Fola+x) —Fy(@)+Pln=a} _

Pm—a<x|n>a)=

Pin>a} = 1-Fyla)+Pin=a}
[l _e—A(a+x)] _ [l _e—)‘a] _ e—Aa[l _e—M] _1_ e—/\x
- 1 —[1 —e—2q] - e—Xa - :

Takum o6pasoM, ycJjioBHoe pacnpefenenne P(np—a <x|n>a) coBnaja-
eT ¢ Ge3ycJsioBHBIM pacnpeneneHdeM P{n< x}. 910 3aMeuaTtenbHoe CBOHCTBO
9KCMOHEHLIMAIbHOTO  pacnpejiefleHust fBJAETCA Xa-
PAKTEPHCTHYECKHM: He CYLIECTByeT ApYrHX pacnpe-
IeJleHHA C TJIOTHOCTAMH, 06JIafalolinX CBOWCTBOM
Plh—a<x|n>a)=P{n<x}, a>0,0<x < 0.

Npumep 4 (urna Bioddona). Tyctb Ha «Ko-
puiop» GeCcKOHeYHOH MJIHHbI H €IHHHYHOH LIMPHHbI
(puc. 29) Ha NNIOCKOCTH «CJIydaitHbIM» 06pa3oM 6poca-
eTcs uriia equHHyHOl JMHbl. CrpaliuBaercs, Kakosa
BEPOATHOCTb TOTO, YTO HIJa MepeceyeT (Mo KpaiiHei Puc. 29.

Mepe OJIHy) CTeHKY KopHaopa?

YUto6b! pewinTb 3Ty 3aauy (Ha ceomempuueckue 8epoSMHOCMLL), Onpe-
JeNuM Mpexxae BCEro, 4To 03HaAYaeT, 4To Hr1a Gpocaercs «CJayyaiHbiM» o6pa-
3oM. TlycTb £ — paccTosiHHe OT LieHTpa MIJIbl 10 JieBO# cTeHKH. Dynem npen-
nosiaratb, uto £ paBHOMePHO pacrpeseieHo Ha otpeske [0, 1], a (cm. puc. 29)
yron 6 pastomepHo (Pg(da) =da) pacnpenenen Ha [—7/2, w/2]. KpoMme Toro,
Oynem npeanonaratb & H 6 He3aBHCHMbIMH.,

[Tyctb A — co6biTHe, cocTosLIee B TOM, YTO HIJIa NePeceyeT CTeHKY KOpH-
Jopa. Jlerko BuaeThb, YTO €CJH

B={(a, x): |a|<%,xe[0, % cos a]U[l—% cos a, l]},
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10 A ={w: (6, §) € B}, , 3HauuT, HHTEpecyioLlasn HaC BEPOSTHOCTD
P(A)=Els(w) =Elp(0(w), {(w)).

B cuny cBoiictBa G* u dopmysbi (16)

Elp(6(w), {w)) =E(E[/5(0(w), £())|6w)]) =

/2
—SE[IB(G(w) £w)|0W)IP(@dw)= § E[/s(0w), £w))|8(w)=a] Ps(da)=
—n/2
1 2 178 2
== { Els@ éw)da== § cos ada==,
—n/2 —1r/2

rie Mbl BOCMNOJIb30BAJIMCb TAKXKeE TE€M, UTO

E/g(a, (W)= P{§€ [ 5 €os a] [l - % cos a] } =cos a.

Hrtak, BeposiTHOCTDb TOTO, YTO «CJy4yaiHbIM» 06pa3oM GpolleHHas Ha KOpH-
JIOp HIJ1a MepeceyeT ero CTeHKH, paBHa 2/, DTOT pe3y.ibTaT MOXeT GbiTb NMOJIO-
’KeH B OCHOBY 3KCMepHMEHTAJIbHOrO onpejielieHHs 3HaueHus yicaa . B camom
lele, NyCTb HrIa GpocaeTcs He3aBHCHMbIM 06pa3oM N pa3. Onpenenum 7;
paBHbIM 1, ecaun npu i-M GpocaHHH HIJia NepecekaeT KOPHLOP, H paBHbiM O B
npoTHBHOM ciyyae. Toraa B culy 3akoHa GoJibLUHX yHcen (cM., Hanpumep, (6)
§ 5 rai. I) nns Besikoro € >0

P {|ﬂ+—"ﬁ-ﬂ—P(A)|>e}-»o, N = oo.

B 3ToM cMbicJjie yacToTa
m+...+nv _2
—y = P(A4)=
H, 3HAYHT,
2N

—_— T
m+...+nn

HMeHHo 3Ta hopMyJia H Mocy»Kuia OCHOBO# /1S CTaTHCTHUECKOTO Ompeze-
Jienna 3HaueHus uucaa 7. B 1850 r. P. Boab¢ (LLiopux) 6pocan uray 5000 pas
H noJyuus s  3HaueHde 3,1596. [No-BuanuMoMy, 3TOT cnoco6 Gbll OHHM H3
nepBbIX METOJ0B (M3BECTHbIX Tenepb MoJ Ha3BaHHeM «MeTola MouTte-KapJo»)
HCMO/Ib30BAHHS BEPOATHOCTHO-CTATHCTHUECKHX 3aKOHOMEPHOCTEH B WHC/ICH-
HOM aHaJu3e.

3ameuanne. PaccMortpenHbiii npumep 4 (3amaua Bioddona) spaserca
THNHYHBIM NPHMEPOM 3ajay Ha eeomempuueckue sepoamrnocmu. BecbMa
4acTo B TaKHX 3ajayax M3 MPOCTbIX FeOMETPHUYECKHX COOOpaeHuil, THna
«CHMMETPHH», BUAHO, KaK 3a/laBaTb BEPOATHOCTH «3JIeMEHTaPHbIX COOBITH».
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(Cp-cnn. 3u 48§ 1 mass I u§ 3 Hactoswed rasbl.) GopmyaupyeMbie
janee 3aaun 9—12 ABAIOTCA 3alayaMH Ha reoMeTpHYECKHe BEPOATHOCTH.

7. Ecan {€,}n>1 — nocnienoBaTeIbHOCTb HEOTPHLIATEIbHBIX CJIy4aitHbIX Be-
JIH4YHH, TO, COTJIaCHO yTBepxKieHHIo f) TeopeMbl 2,

E(Y &l19) =Y E@l#) (m.n).

B uyacTHOCTH, eCcau B], BQ, ... — M0OCJIeI0BaTEe/IbHOCTb NMONapHO Henepece-
Kalouuxcad MHOXKeCTB, TO
P(Y Bal9) =3 P(B.l#) (n.n). 22)

Ba)kHO MOAYEPKHYTb, YTO 3TO PaBEHCTBO BLIMOJIHEHO JIHLIb NOYMU HABep-
Hoe H, CJIeflOBATeNbHO, YCJ0BHYIO BeposATHOCTb P (B |4)(w) Heab3s paccmaTpy-
BaTh P PUKCUPOBAHHOM w KaK Mepy 1o B. MokHO 6bLI0 Gbl OAYMATh, 4TO,
32 HCKJIIOUeHHEM HEKOTOPOro MHOXecTBa 4 Mepbl HyJb, P(-|¥)(w) aBnsercs
BCe e Mepoii sl w € A, rie A — HEKOTOPOe MHOXECTBO Mephl HyJib. OlHaKo
3To, BOOOLLe roBOps, He TaK B CHJy cJepyioliero obcrostenbctea. O603Ha-
yum A (B), B, ...) To MHOXKECTBO HCXON0B w, FAe s 3afaHHbIX By, Bo, ...
He BbIMOJIHEHO CBOMCTBO cueTHo# aaauTHBHOCTH (22). Toraa HCKJOUHTENbHOE
MHOXeCTBO A4 ecTb

A =) H# By, Bs, ...), (23)

rie o6beauHeHHe GepeTcs Mo BCceM HenepeceKaioumcs By, By, ... u3 £. Xota
P-mepa kaxxaoro MHoxecTBa A/ (B), Bg, ...) paHa HyJto, P-Mepa MHOXeCT-
Ba 4" MOXeT 0Ka3aTbCsl (B CHJIY HECUETHOCTH 06beiHeHHs B (23)) HeHyJieBOi.
(BcnomHuM, yTo JieGeroBckasi Mepa OTAE/bHOM TOUKH paBHa HYJIO, a Mepa
MHoxecTBa A = [0, 1), ABAsIOLIErOCH HECUETHON CYMMO# OHOTOYEUYHBIX MHO-
xectB {x}, 0 < x < 1, paBHa equHHuLe.)

B 1o ke BpeMs 6bl10 Gbl y106HO, 4TO6HI yC/I0BHAs BeposTHOCTb P(-|¥)(w)
AIBNS/IaCh Mepoit Al KaXAOro w € €2, MocKosbKy TOrla, Hanpumep, Nnoacyet
YCJIOBHbIX MaTeMaTHYecKux oxupanuit E(£|¥)(w) MoxHo Gbuto Gbl oCylie-
CTBJATL (CM. Hajiee TeopeMy 3) MPOCTO C TNOMOLIbIO YCPEJHEHHsi MO Mepe
P(-9)(w):

E¢|9)w) =§ ¢@)PEo|9)w) (n.n)
Q

(cp.c (10) § 8 ra. 1).

Beenem Takoe

Onpepenenne 6. dyukumio P(w; B), onpenefieHnyio A Bcex w €
W Be &, nasoBeM pecyasapHOil YCAOBHOL 8EPOAMHOCMBIO OTHOCHTEBHO
O-anrebpnl ¥ C &, ecau:

a) 1as kandozo w € N P(w; -) ecTb Bepoamuocmuas mepa va F,
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b) nna kamdoeo B € F P(w; B) Kak ¢pyHKUMsA OT w ecTb O0uH U3 ea-
puanmos ycaosrot gepoamuocmu P(B|¥4)(w), T.e. P(w; B)=P(B|¥4)(w)
(m. H.).

Teopema 3. [lTycmo P(w; B) — peeysapHas ycaro8Has 8eposmHOCHLb
omHocumenvHo 4 u € — unmeepupyemasn caysainas seiununa. Toeda

E¢|9)w) = £@) P(w; dd) (n.n.). (24)
Q

Hokazameavcmeo. Ecnu §=1g, B € &, To TpebyeMas ¢popmyJaa (24) npe-
BpalL@eTCsl B paBeHCTBO

PB|9)(w)=P(w; B) (n.u),

BLINOJIHUMOE B CHJY onpefeliedus 6 b). CnegoBatenbHo, (24) BbINOJHEHO A5t
NpOCTHIX YHKLHA.

[Myctb Tenepb €20 u &, 1&, rae & — npoctble pyHkuud. Toraa no ceoii-
cTBy b) Teopemsi 2 E(§|9’)(w)=li£n E(:|¥9)(w) (n.H.). Ho nockosbky ans

Kaxaoro w €  P(w; -) ecTb Mepa, TO 1O TeOpeMe O MOHOTOHHOH CXOAHMOCTH

lim E(& |9)(w) =lim § £(@) Plw; d@) = § £@) Pw; da).
Q Q

O6wwmit ciyyait cBOAUTCA K PacCMOTPEHHOMY C MOMOLIbIO MPEACTaBJIEHHUS
E=Et—¢. a

Caencrtune. [Tycmo 4 =%,, e0e 1 — cAy4aiHAA B8eAuUUUHA, NPU1EM
napa (§, n) umeem naomuocmo pacnpedenrerus sepoamrocmed fen(x, y).
ITycmo E| g(£)| < 00. Toeoa

E(g@m=9)= § gW)fen(x|y)dx,

—00

20e fe¢)n(x|y) — naomuocme ycaosnozo pacnpederenusn (cu. (18)).

Uto6bl chopMyIHPOBATL OCHOBHOH PE3YJLTAT O CYUecmeos8anuiL pery-
JIIPHBIX YCJIOBHBIX BEPOATHOCTEH, HAaM MOHAA06GATCS CJefyIOLLMe ONpeeNeHHs.

Onpenenenne 7. Iycts (E, &) — u3amepuMoe npoctpancteo, X = X(w) —
cayyafiHblil 31eMeHT co 3HaueHHsAMH B E 0 4 — o-nojaare6pa &. PyHkuus
Q(w; B), onpeneneHHasn aa w € 2 u B € &, Ha3biBaeTCs pecyiipHbM YCA08-
Holm pacnpedeseHuem X OmMHOCUMEAbHO o-aicebpor ¥4, eciu:

a) a1 kax0ozo w € R Q(w; B) ectb sBepoamunocmuan mepa ua (E, &);

b) ana kaxcdoeo B € & Q(w; B) Kak (pyHKuMS OT w ecTb OOUH U3 8apu-
anmos ycaosnoi geposmuocmu P(X € B|4)(w), T.e.

Qw; B)=P(X € B|9)w) (n.n..
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Onpenenenne 8. Ilyctb £ — cayuaiinas Bennunna. ®ynkuma F = F(w; x),
w €S, x €R, Ha3biBaeTCa peeyaaproii ¢pynkyueil pacnpedenrenus 0an €
OMHOCUMEAbHO T-as2ebpor 4, ecau:

a) 0ast Kandoeo w €} F(w; x) ecTb ¢ynkyus pacnpedesenus va R;

b) anst kaxdoeo x €R F(w; x) =P(¢<x|¥)(w) (n.H.).

Teopema 4. Bceeda cyujecmsyrom peeyrsapras ynkyus pacnpede-
JeHUS U pecyrapHOe YCA08HOe pacnpedeserue Cayqainoib seaununovr €
OMHOCUMEAbHO o-areebpol 4 C F.

Jlokasameabcmso. JIas KaXKAoro pauHoHaJbHOro r € R NOJOXKHM F,(w) =
=P <r|¥9)Ww), rae P((<r|¥9)(w) =E(/ie<n |¥)(w) — Kakoit-HuGy b BapH-
aHT yCJIOBHOH BEPOSTHOCTH coObithsi {£ < r} oTHocHTenbHo ¥. Tlycts {r;} —
MHOXKECTBO BCEX PalLHOHaJbHbIX uHcen Ha R. Ecam r; <rj, To B cuay cBoii-
ctBa B¥P((<ri|9) <P <r;|¥9) (n. 1) u, snaunr, ecan A;; ={w: Fr,(w) <
<F, ()}, A= Aij, 1o P(A)=0. Muaue roBops, MHOXeCTBO TeX w, Fie y
¢yHKUH# pacnpenenenuit F,(w), r €{r;}, HapyllaeTcs MOHOTOHHOCTb, HMeeT
Mepy HyJb.

MMyctb Teneps B; ={w: Ilm FriymWw) #F(w)}, B= U B;. SlcHo, uTo

i=1
le<rivyymy L liggry, n— oo, ﬂoaromy, COMIaCHO YTBEPXKAEHHIO a) TeopeMbl 2,
Frt1/a(w) = Fr,(w) (n. H.) ¥, 3HauuT, MHOXKECTBO B, rae Hapyliaercs Henpe-
PBHIBHOCTb CrpaBa (N0 pauHOHaJbHBIM YHCJAM), TaKXKe HMeeT Mepy HyJib,
P(B)=0.
Hanee, nycts C={w: nlingo Fa(w) # 13U {w: . lim F,(w)#0}. Toraa, no-
— — —00

cKkoabky {€<n}TQ, n—oo0,a{é<n}] 3, n——o0, 0 P(C)=0.
[Nonoxum Tenepb

llm Filw), w¢AUBUC,
F(w; x)=
G(x), weAUBUC,

rie G(x) — npousBosibHast QYHKUMA pacrpeseiieHds Ha R, H MOKaXeM, uTo
GyHkuus F(w; X) yaoBaeTBOpsieT onpeliedienHio 8.

IMyerb wg AUBUC. Torma sicHo, uto F(w; x) fiBNsieTcA HeyGbIBaio-
weit ¢yukuueds ot x. Ecim x<x'<r, o Flw;, x) < Fw; x)< Fw; =
=Fr(w) | F(w; x), korna r | x. TlosToMy F(w; X) HenpepbiBHa cnpaBa. AHa-
JIOTHYHO hm Flw; x)=1, I|m F(w; x) =0. INockoabky misg we AUBUC

Flw; x)= G(x) TO N4 Ka)KILOI‘O w € Q F(w; x) aBnsietcst pyHKuUHe# pacnipesie-
JIEHHs! Ha R, T. e. BbIMOJIHEHO yCJIOBHe a) B onpeneneHuy 6.

Cornacno konctpykuud, P(€ < r|¥4)(w)=F (w)=F(w; r). Ecau r | x, 10
F(w; r) | F(w; x) s BceX w € ) B CHITY YCTaHOBJIEHHOM HeNPepbIBHOCTH CMpaBa.
Ho u3 yreepxnenns a) teopemb 2 P(€<r|¥)(w) = P(E<x|¥9)(w) (n. n).



284 [J1. 1. MATEMATUUECKWE OCHOBAHMS TEOPWH BEPOSITHOCTEN

MostoMy F(w; x) =P (£ < x|¥)(w) (n.H.), uTo ¥ A0Ka3bIBaET CBOMACTBO b) onpe-
neneHus 8.

O6paTtuMcs Tenepb K [0Ka3aTeslbCTBY CyLIECTBOBAHHA PErysiipHOro yCJoB-
HOro pacripefieieHdsi £ OTHOCHTEJIbHO ¥.

Myctb F(w; x) — nocTpoeHHas Bbite GyHKUHA. [TosoKHM

Qw; B) = F(w; dx),
B

rie WHTerpaj noHuMaetcs Kak Huterpan Jle6era—Cruartbeca, H3 CBOHCTB KO-
Toporo (cM. n. 8 § 6) Bbitekaer, uto Q(w; B) sBaserca Mepoit no B aas
Kaxkzoro pukcHpoBaHHOro w € 2. Ilns ycTaHoBJeHHs Toro, uto Q(w; B) ecTb
sapuaxm ycaoBHo# BeposiTHocTH P (€ € B |¥)(w), Bocnonb3yeMcs npuryunom
nooxo0fuux MHONMEeCms.

IMycts € — coBoKynHOCTb MHOXKeCTB B u3 %B(R), A1 KoTopblX Q(w; B) =
=P €eB|¥4)(w) (n. u.). Mockonbky F(w; x)=P (¢ < x|4)(w) (n.n.), T0o B
CHCTeMY € BX0OAAT MHOXKecTBa B Buaa B = (—oo0, x], x € R. 3Hauur, B € BXoaat
TaKXKe Bce HHTepBaJibl BHAA (a, b] u anrebpa &, cocTosALIas H3 KOHEYHBIX CYMM
HerlepeceKaloUIMXcs MHOXKecTB BHJa (a, b]. Toraa U3 cBoiicTBa HenpepbIBHOCTH
mepbl Q(w; B) (w — (HKCHpOBaHO) W yTBepxIeHust b) Teopembl 2 caenyer,
yTo € ABASAETCA MOHOTOHHBIM KJ1accoM, H MocKosibky & C € C B(R), To u3
Teopembl 1 § 2

B(R)=0() Co(¥)=u(®)=¢CBR),

otkyna € = #(R). a

C NoMOLLIbIO HEC/IOKHBIX TOMOJOrHYECKHX PaCCMOTPEHHH yTBepXKIeHUe Te-
opeMbl 4 O CyLIeCTBOBaHHH PeryJIIpHOTO YCJIOBHOTO pacrpefelieHHss MOXHO
pacnpoCTpaHHTh Ha CJy4aiiHble 3JIeMeHTbl CO 3HAYEHHSMH B TaK Ha3biBaeMbIX
GopeJieBcKHX npocTpaHcTBax. JlaguM cooTBeTcTBYyIOLLEE

Onpeanenenne 9. HMsmepumoe npoctpanctso (E, &) HasbiBaetcs Oope-
AeB8CKUM NPOCMPAHCMBOM, €CIH OHO 60pesIeBCKH 3KBHBAJIEHTHO HEKOTOPOMY
60peJieBCKOMY MOJAMHOXKECTBY YHCJOBOH MPSAMOH, T. €. CyLIECTBYeT B3aHMHO
OfIHO3HauHOe oTo6paxenne ¢ =p(e): (E, &) — (R, B(R)) Takoe, uTo:

1) p(E) ={p(e): e € E} ecTb HeKoTOpOe MHOXeCTBO U3 HB(R);

2) ¢ — &-namepumo (p~'(A) €&, A€ p(E)NB(R));

3) p~! — B(R)/&-n3mepumo (p(B) € p(E)NB(R), B € &).

Teopema 5. [Tycmo X = X(w) — cayuaiinoild aremenm co 3HAUEHUAMU
8 bopesesckom npocmpancmee (E, &). Toeda cywecmsyem pecyraproe
ycaosnoe pacnpedesenue X omuocumervno o-areebpo. 4 C F.

Hoxazameascmeso. Tlyctb ¢ = p(e) — dbyHKuusa u3 onpesenenus 9. B cu-
Jy 2) u3 3Toro onpeaeneHus (X (w)) ABnsercs cayyaiHoi BennunHoi. [Nosto-
My Mo TeopeMe 4 onpefeiieHo ycJioBHoe pacnpenenenie Q(w; A) cayuaiinoit
BesnunHbl (X(w)) oTHocuTenbHo ¥, A € (E) N B(R).
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BeeneM ¢yHKumio Q(w; B) = Q(w; ¢(B)), B€&. B cuny 3) onpenenenus 9
o(B) € p(E)N&(R) u, crefoBatesbHo, Q (w; B) onpeneneo. IMoHsATHO, uTO NPH
xaxaoM w Q(w; B) sBnsercs Mepoii o B € &. 3adukcupyeM Teneps B € £.
B cuJy B3aHMHOH OJIHO3HaYHOCTH OTOGpaXKeHHs ¢ = p(e)

Q(w; B)=Q(w; ¢(B)) =P(p(X) € p(B)|¥)(w) =P (X € B|¥)(w) (n.n.).

Takum o6pasoM, Q (w; B) aBNsieTCs perysipHbIM YCAOBHBIM pacnpeeeHH-
eM X OTHOCHTeJbHO ¥. O

Caenctsue. [Tycmo X =X(w) — cayuainoui semenm cO 3HAUEHUR-
Mmu 8 noaHom cenapabearvbrHom mempuueckom npocmpauncmse (E, &). To-
20a cyujecmsyem pezysapHoe Yci08Hoe pacnpedesenue X OmMHOCUMENRb-
HO ¥. B wacmuocmu, maxoe pacnpedeseHue cywecmsyem 8 caydae npo-
cmpaucms (R, B(R"™)), (R, B(R*)).

Jloka3aTenbCTBO CJiefiyeT U3 TeOpeMbl 5 H H3BECTHOIO pe3yJbTaTa H3 TOMo-
JIOTHH O TOM, YTO TaKHe MPOCTPAHCTBA ABJSAIOTCA 6OpeAescKUMUL.

8. Pa3puTas Bbillie TEOPHS YCJOBHbIX MaTeMaTHUECKHX OXKHIaHHI No3Bo-
JisteT aTbh 06061ieHHe TeopeMbl Baiieca, HaxoasLlell NpHMeHeHHs B CTaTHCTHKe,

HanoMmuum, uto eciin @ ={A,, ..., A,} — HeKoTopoe pa3GHeHHe NPOCTpaH-
ctBa Q ¢ P(4;) >0, To meopema Baiieca (9) § 3 r. 1 yrepxaaer, uto ans
Bcskoro B ¢ P(B) >0

P(4i) P(B|A)
Z P(A,)P(BIA,)

P(4i|B)=

(25)

n
[Mostomy, ecaim =Y a;/4, — AMCKpeTHas ciyyaiiHasi BeJIHYHHA, TO, COMIACHO
i=1
topmysie (10) u3 § 8 1. I,
n
2. 8(ai)P(4), P(B|A))

E[g(6)|B]= = : (26)
ZI P(Aj)P(B|A))
/=

WU
§ 2(a)P(B|0=a) Py(da)
E(g(6)|B]= % , @7
§ P(Bl6=0a)Py(da)

e Pg(A)=P{6 € A}.
OcHoBbiBasich Ha NpUBeleHHOM B 3TOM Naparpace onpenenenun E[g(6)|B],
HEeTPynHO ycTaHOBHTb, uTO GopMya (27) ocTaercst CpaBeLTHBON e J060ro
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cobuitua B ¢ P(B) >0, cayuaiinbix BenuunH 6 =6(w) u ¢pyHkuuit g = g(a) c
Elg(8)| < oo.
PaccMoTpuM Teneps aHadior ¢popMyaibl (27) 115t yCAOBHBIX MaTEMaTHYECKHX
oxutanuit E[g(0)|¥] otHocHTenbHO HekoTopoil o-anrebpbl ¥, 4 C F.
Myctb

Q(B)={ g(0(w))P(dw), Bed. (28)
B
Torna B cuay (4)
dQ
E[20)|9](w) = 5 @). (29)
Hapsany c o-anre6poit &4 paccmotpum o-anrebpy . Torza, cornacto (5),
PB)={ P(B|%)dP, (30)
Q
HJH, 1o opMysie 3aMeHbl MepeMeHHBbIX NMOA 3HaKOM HHTerpasa JleGera,
PB)= { P(B|0=a)Ps(da). 31
[TocKoJabKy
Q(B)=E[g(6)/s] =E[g(6) E(/5|%)],
TO
QB)= § g(a)P(B|60=a) Ps(da). (32)

INpeanosioxkum Tenepb, 4TO yc/oBHbie BeposTHocTH P (B |6 =a) asasiotca
pery/isipHbIMH H JIOMyCKAIOT MpeACTaBJeHHe

P(Bl8=a)= p(w; @) A(dw), (33)
B

rie p= p(w; a) — HeoTpHLIATE/IbHAsA H3MEPHMast N0 Mape nepeMeHHbIX (yHKLHS,
a A — HekoTopasi o-KOHeyHas Mepa Ha (2, ¢).
IMycts E|g(#)| < co. IMokaxeM, uto (P-n.H.)

§ &) p(w; a) Pg(da)
E[g0)¥9](w) = =5 (34)
§ plw; a) Po(da)

—00

(0606wennan meopema baiieca).
Jns nokasarenbctBa (34) HaM NOHALOOUTCSA ChelyloLias JieMMa,
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Jlemma. [Tycmo (2, F) — Hekomopoe uzmepumoe npocmpancmeo.
a) [Tycmo p u A — o-KOHeuHoie mepol, p<L A u = f(w) — F-usmepumasn
PyHKYUA. Toeoa

§ 7du=S X2 (35)

(8 MOM CMbICAE, HIMO ecau CYuwecmeyem 00uH U3 uHmeepasos, mo cyue-
cmsyem u 8MOPOU, U OHU cosnadaom).
b) Ecau v — mepa €O 3HAKOM U p, A — o-KOHeuHbie mepbl, VK p, p<K A,

mo
dv_dv di o y) (36)

dv dv /dp

E = axr ar (u-n. u.). (37)

Hoxazameavcmso. a) INockoabky

_( (2
,u(A)—§ (d/\)d)\, Ae#,

T0 (35) OueBHAHBIM OGPa30OM BbIMOJHEHO M1 BCAKOH MNpOCTONl (YHKLHH
=3 fila,. O6umit ciyyait cienyer u3 npeacrasienus f= f+ — f~ u Teopembl
0 MOHOTOHHOH CXOJMMOCTH (Cp. ¢ HoKasaTeabcTBoM (39) B § 6).

b) U3 yTBepxzenus a) ¢ f= Z—: HaXoHM

v =3 (75) 4n=§ (7)(F)

Torza v <« \ u, 3nauur,

lI(A)"‘ EX d)\

OTKyna B cuJly npou3BoJibHOCTH MHOXKecTBa A o cBofictsa I (§ 6) cnenyer (36).
CsoitctBo (37) BhITeKaeT W3 (36) u Toro 3aMeyaHus, YTo

p{w: ——0}_ 2B 4x=0
_o}
(Ha MHOXecTBE {w —= -0} npasyio yactb B (37) MOXHO ONpeesNuTb Npo-

H3BOJIbHO, Hanpnmep, MOJIOXXHTb PaBHOM HYJIO). O
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Jnsi nokasarenbcTBa (34) 3aMeTHM, uTo B CHJY TeopeMbl Py6GuHH H npes-
noJioxketus (33)

Q@B) = [S g(a)p(w; a) Po(da>] Adw), (38)
B |—o0
PB)= [g plw; a) Po(da)] A(dw). (39)
B |—oc
Torna B cuny JieMMmbl
dQ _ dQ/dx

“-13 = d—P/d—)-" (P-l'l. H.),

yto ¢ yyetoM (38), (39) u (29) naet dopmyny (34).

3ameuanne. Popmyaa (34) ocTaetcs cripaBel/IMBOM, €CJIH BMECTO CJyyaii-
HO#t BeIHYHHBI § pacCMOTpeThb CyYafHbIfl JIEMEHT CO 3HAUEHHAMH B HEKOTOPOM
H3MepHMoM npoctpaHcTBe (E, &) (c 3ameHo#t HHTerpasia no R HHTerpaiom
no E).

OcCTaHOBHMCS Ha HEKOTOPLIX YaCTHLIX Clyyasx GopMyJbl (34).

[lyctb o-anrebpa ¢ nopoxxaaercs cayuaiiHoil BenuuuHoil €, 4 = o ().

[Tpeanonoxum, uro

P¢eAlo=a)={q(x: a)Adx), AcBR), (40)
A

rie g =q(x; a) — HeKoTOpas HeOTpHLATENbHAsA H3MEpHMas MO nape nepeMeH-
HblX (yHKUMS, a A — HeKoTopasi o-KoHeyHass Mepa Ha (R, #(R)). Torna us
topMyJibl 3aMeHbI epeMEeHHbIX M0J 3HaKoM uHTerpania JleGera u (34) Haxoaum,
yTo

§ &(a)q(x; a) Po(da)
E[g(6)|E=x]= =25 . “n
§ g(x; a) Po(da)

—00

[Myctb, B uwacTHocTH, (6, £) — mapa AMCKpETHbIX cnyqaﬁﬁblx BEJIHUHH,
0=3 a;ls, §= xjlp,. Torna, BbIGHpan B KauecTBe A CHUMAIOWYIO MEPY
A{xH=1,i=1,2, ...), us (40) noayyum

> g@)P(E=xj|6=a;)P{0=a;}
E[g(o)l£=x/]= EP({:X,"O:G,’)P{0=G,'}

(42)

(Cp. ¢ (26).)
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Myctb Tenepb (6, §) — napa aGCoOIOTHO HENpPepbIBHLIX BEJIHYHH C MJIOTHO-
ctbio fog(@, x). Toraa B cuny (19) npencrasnenne (40) BuinosiHeto ¢ g(x; a) =
= f¢e(x | @) u mepoit Jle6era A. [Toatomy

§ 2@)i¢jo(xa) fo(a) da
E(g0) | =x]= "5 : (43)
§ Fejolx1a) fola) da

9. TMpuseseM eule OHY BepcHio o6o6LieHHO# TeopeMbl baieca (cm. (34)),
¢opMy/IHPOBKa KOTOpO# (AaBaeMasi HHXKe) ocoGeHHO yno6Ha B BoNpocax, CBsi-
3aHHBIX C 3aMeHOi BEpPOATHOCTHBLIX Mep.

Teopema 6. ITycmo P u P— 0Be 8epOAMHOCMHbIE MEPLL HA UIMEPU-
mom npocmpancmee (2, &), mepa P abcoromno nenpepoiéna no nepe P

(o6o3nanenue: P<P)u g—z— — npoussodnas Padona—Huxoduma mepoi

P no mepe P. lMycmo 4 — nod-o-arcebpa F (G C F)uE(-|4) uE(-|9)—
YCAOBHbIE MAMeMaAmuiecKue oxuoanus omuocumervro 4 no mepan P
u P coomeemcmeenno. IMycmo € — neompuyameaonas (F-usmepumas)
cayuainan seauuuna. Toeda umeem mecmo caredyroujas «gopmyaa nepe-
cHema 8 YCAOBHLLX MAMEMAMUECKUX ONCUOAHURX>:

dpP
E(¢75/9)

dp
Ed—P-g

-~

E¢|9) = (P-n.n.). (44)

Popuyra (44) cnpasedrusa u 042 8CAKOU CAYHaliHOL eaudunsl €, 049
Komopoti ycarosnoe mamemamuueckoe oxcudarue E(€|9) onpederero.
Hokasameavcmeo. Tlpexpe Bcero, 3ametuM, uto P-mepa (a Takke H

P-mepa) cobbitus {w: E(%g g) =0} paBHa HyJo. JleficTBHTENbHO, ecJd
MHOXecTBo A €¥, TO

: dP dP 5_B4
E(-5|¥4)dP=\ —dP =\ dP=P(A),
§ (dP ) § d §
H, 3HauuT, MHOXecTBO A = {w: E(Z—E— 9’) =0} nmeer P-mepy HyJb.

Tlyetb £>0. Mo onpesesieHHio yCAOBHOrO MaTeMaTHYECKOrO OXHAAHHS,

E(£]9) — 510 ectb Takan &-u3mepuMas ciyuaiias BENHYHHA, YTO 7S BCA-
Koro Ae¥

EIAEE|9)] =El/48]. (49)
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[NosToMy Ans doka3saTtenbcTBa HopMyJbl (44) Hao JHLb YOEAUTLCS B TOM, YTO
(¥ -u3mepumasn) cayyaiiHaa BesluHHa, cTosiLlasA B NpaBoit uactd (44), yaosie-
TBOpSAiET CJIeAyIOLIeMy PaBEHCTBY:
1 dP ~
I ——- E(§3—|9) =E[/4€). (46)
£(ap]¢)
dP

[Monb3yscb CBOACTBAMHM YCJIOBHBIX MaTeMaTHUECKHX OXHAAHHA H ¢opMy-
Joit (39) u3 § 6, HaxoauM:

Bl —L  E(e®Plg)] =€fr,. — L E(c%P|4). 9P =
[AE%g) (dP )} [" E(Zg (dP )dP
E

E(eBe) ¢

—E[1,E (% ¥)]= E[h&%?] =E lag],

YTO W JoKasbiBaeT dopMyiy (45) mns HeoTpuuaTenbHbix BenuunH £. Tlepexon
K oflieMy CJyual0 aHaJlOrHueH N0Ka3aTesbCTBY yTBepxkienus (39) B § 6 ans
NPOH3BOJIbLHBIX HHTErPHPYEMBIX CAYYallHbIX BEJIHUHH &. a

10. TMpuBenenHas Bbille o6oGuieHHas TeopeMa Baiteca (popmyabt (34),
(41) u (43)), aBasOWAnCa OAHHM H3 OCHOBHBIX CPEACTB MPH «GaiecoBCKOM
noixofe» B MaTreMaTHUeCKOH CTaTHCTHKE, JaeT OTBET Ha BOMpPOC O TOM, Kak
nepepacnpee/isierca Halle 3HaHHe O pacnpe/esieHHH Cay4aliHod seausurol 0
B 3aBHCHMOCTH OT pe3yJ/ibTaToB HabJ0leHHH Hajl CTATUCTHYECKH C Hell CBA3aH-
HOH cJiydaHO#N BeJIHUHHOM .

Huxe 6yaer paccMaTpHBaThCA ellle OJHO NPHMeHEHHe MOHATHS YCJIOBHOrO
MaTeMaTHYECKOTO OXKHAAHHA B 3a/layaX OLEHHBaHHA Heu3secmHo20 napa-
mempa 6 no pesyaprataM HabuioaeHu#. (ITomuepkHeM, uTo, B OTAHYME OT
PaccMOTpeHHOTO Bbillle cayyast, Fie § — cayuainasn geauuuna, ceituac 6 Gy-
JIeT MPOCTO HEKOTOPLIM NapaMeTpoM H3 @ priori JaHHOTO mapaMeTpHYeCcKoro
MHoxecTBa © (cp. ¢ § 7 rn. ).

B cyuHocTH, peub 6yneT HaTH 06 OJHOM BaXKHOM NMOHATHH B MaTeMaTtHye-
CKO#i CTaTHCTHKe — NMOHATHH docmamo4Hol nod-o-aazebpel (TOBOPAT TaKKe:
o-nodaacebpot).

IycTb (2, &) — HeKOTOPOE H3MEPHMOE NPOCTPAHCTBO, HAa KOTOPOM 33f1aHO
cemeiictBo P ={Py, 0 € O} BeposaTHOCTHBIX Mep Py, 3aBucALUX OT napamer-
pa 0, npuHajexalliero napamempuueckomy mHoxcecmsy ©. Yacro ropopar
(cp. ¢ § 7 ra. I), uto Habop & = (2, &, ) 3anaeT 8epPOAMHOCMHO-CMA~

n.| &

ol o
|

N—r

——
il
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mucmuieckyro »odesb (WM 6epOAMHOCMHO-cMamucmuyeckul akcnepu-
MEHIM).
Jlna nofiCHEHHs MPHBOAMMOro HHXKe onpeneseHus 10 npeanoJioXKHM, yTo
Hac HMeeTCs HeKoTopoas & -u3MepiMas (GyHKLMA (CTaTHCTHKA) OT HCXOA0B w
n ¥4 =o(T(w)) — o-anrebpa, nopoxaeHHas 3tol dpyHkumeit T = T(w). fIcHo, uto
@ C & u, BooGlle roBops, B F MOIYT BXOAHTb COGBITHS, H HE NpHHALIEXKaLIHe
& (1.e. F «Ooraue», Hexenu ¥). Ho BrnosnHe MoxeT oKa3aTbes, YTO C TOUKH
3peHHs OMpe/lesieHHst Toro, Kakod «JedACTsyeT» napameTp 6, HHKaKoi GoJiblue
«MH(pOpMalUHH», Kpome 3HaHHs T =T(w), 1 He Halo WMeTb. B 3TOM cMbicae
cTaTHCTHKY T ecTecTBeHHO Gblio Obl Ha3BaTh 0OCMAMOUHOLL.

3ameuanue 1. B cayuae T(w) =w, T.e. Koria H3BeCTHbIMH CTAHOBATCH Ca-
MH ucx00b. (a He PYHKLHH OT HHX), MOXKHO BbILEJHTD CJIeylollre 1Ba KpaHUX
cayyas.

Onun — Korzia Bce BeposTHOCTH Py cosnadarom npu Becex 6 € ©. ToHsATHO,
YTO B 3TOM CJiyyae HHKAKOH HCXO w HaM HH(OPMALIMH O 3HAaUEHHsIX apaMeTpa
0 ue nacr.

Hpyro#i cayuait — 310 Koraa Hocumeau Bcex Mep Py, 6 € ©, «cuaaT» Ha
pasHbIX MoAMHOXecTBaX & (T.e. Ana JM06GbIX ABYX NapameTpoB 6; H 62 Mepbl
Po, 4 Pg, ABNAIOTCA CUHEYAAPHOIMU: CYILIECTBYIOT Ba MHOXeCTBA (HOCHTE-
n5) g, ¥ Qg, Takue, uto Py, (2\ Qp,) =0, Py, (2\ Qg,) =0 1 Qp, Ny, =2).
B 3ToM cayyae no noJiyueHHOMY MCXOHy w 3HaueHHe # BOCCTaHaBJIMBAETCA
«OIHO3HAYHO»,

O6a >TH caryyas MaJsio HHTepecHbl. MiHTepec e NpeaCTaBAsIOT CllyyaH, Ko-
Tla, cKaxkeM, Bce Mepbl Pg ABASOTCA IK8uUBaLeHmMHbiMU (H TOTAA HX HOCHTEH
He passiMyaioTcs).

Bynewm cefiuac TpaktoBath o-anre6py & = o(T(w)) H, 6oJiee o6wHM 0Gpa-
30M, 4106y10 Nof-0-anrebpy ¥ C F Kak «uHGOpPMauuio», MoJyyaemyto B pe-
3y/bTaTe 3KCMEpHMEHTa, HCXOLAMH KOTOPOTro SIBJSIOTCA w € .

Mmes Takylo nHbopMauuio ¥, ecTecTBeHHO MOWHTepecoBaThCsi (KaK H
B ciyuae popmysibl Baiteca), Bo uTo mepeiinyT BeposiTHOCTH Py, T. €. KaKoBbI
COOTBeTCTBYIOLIHE YCa08Hble 8epoamHocmu Pg(-|¥4)(w). Tlpu 3tom (mo
AHAJIOTHH C MePBLIM CJyyaeM H3 3aMeuyaHHsi) MOHATHO, YTO €CJIH BCE 3TH
BEPOSATHOCTH NPH BCEX w HE 3aBHCAT OT @, To obpaliieHHe Ko BCAKOH «6obLiel
HHpopMaumn» & DY Huuero HOBOFO 0 MapaMeTpe & (O CPABHEHHIO C TEM, YTO
MOXXHO MOJIYYHTb, OCHOBbIBasiCb Ha «HH(oOpMaLKH» &) He AacT.

B 310M cMbicsie, «HHGOpMaLIKIO» & MOXKHO Ha3BaTh UCHepnusarowel Wi,
KaK 06bIYHO MPHHATO rOBOPHTb, OOCMAMOYHOI.

Caenyiouiee onpeneseine GpopManu3yeT 3TH pacCyKIeHHs.

Onpeaeaenne 10. Tlycts (2, &, P) — BepOATHOCTHO-CTATHCTHUECKAS
Monenb, P ={Pg, 0 € O} u ¥ ecTb nog-o-anrebpa F (¥ C £). losopAr, uto
non-o-anre6pa & sasnserca docrmamouroll aas cemeficta &P, ecliu cylle-
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CTBYIOT BepCHH YCJIOBHbIX BeposiTHocTell Py(-|¥4)(w), 6 €O, w €, KoTOpble
He 3aBHCAT OT 3HaueHH# 0, T.e. cylwecTByeT Takasa ¢yHkuus P(4; w), A € F,
we,uro 1A Bcex AEF u0cO

Po(A|¥9)(w)=P(A;, w) (Pe-n.n), 47)

T.e. P(A; w) ectb Bepcust Py(A|¥)(w) npu Bcex 6 € O.

Ecan 4 =0(T(w)), To cratictiKa T = T(w) Ha3biBaercss 00CmamouHoL
cmamucmuKol ans ceMeiictBa 2.

3ameuanune 2. HMHTepec K OTHICKAHHIO B CTATHCTHYECKHUX MCCJIEL0BAHHUAX
00CcMmamouHblx CTaTHCTHK OGYCJIOBJIEH CTPeMJIEHHEM HaXOIWTb TakHe (yHK-
und T = T(w) oT ucXo[0B w, KOTOpbie pedyyupyrom 0aHHble C COXPAHeHUeM
uHgpopmayuu (o 3HaueHusx napamerpa 0). Hanpumep, npencrasum cebe, yto
w=(xy, X2, ..., Xa), F€ X; € R U n oueHb Beauko. Toraa nocTpoeHue «xopo-
IIHX» OLIEHOK napaMetpa @ (Kak, ckaxeM, B § 7 rai. I) MoxKeT oka3saTbcs Bechb-
Ma TpyAHOH 3ajayedl MO MPHYHHE BLICOKOH PAa3MEPHOCTH WMEIOLIMXCH JAaHHBIX
Xy, X2, ..., Xp. OHAKO BMOJIHE MOXKET CJYUHTbCS (M 3TO Mbl HaGatoganu B § 7
r. ), 4To AAA NOCTPOEHHS «XOPOLUHWX» OLEHOK BMOJIHE JOCTATOYHO 3HAHHs
He UHOUBUOYAALHbIX 3HAYEHHH X), Xo, ..., Xp, @ JIHLIb 3HAYEHHA CYMMAPHOIL
CTaTHCTHKH T(w) =x) + X0+ ... + X,.

[NoHAATHO, 4TO TaKas CTaTHCTHKA AEHCTBHTENbHO MPHBOAHT K CYLIECTBEHHON
PefyKUHH JaHHbIX (M BbIYHCAHTENbHON paboThi), GYAy4YH B TO XKe caMoe BpeMs
JOCTaTOYHOM A/l MOCTPOEHHS «XOPOLIHX» OLEHOK napametpa 6.

[NpuBoauMas HHXKe haKkmopusayuoHHas meopema AaeT yciosus, oGec-
neyuBaiollHe J0CTaTOYHOCTb o-airebpbl 4 1ns ceMeiicTBa 4.

Teopema 7. [Tycmo P ={Py, 0 € ©} — domunupyemoe cemeiicmso, m.e.
cyuecmsyem maKkas o-KoHewHaa mepa A Ha (R, F), umo mepu Py ab-

coalomHo HenpepolgHbl omuocumervro A (Pg < A) npu scex § € ©.

Mycmo g(’\)(w)— aPg
Py omrocumeaovno Mepbl A

Haa moeo umobu nod-o-ascebpa 4 6viaa Gocmamourol 0as ce-
meiicmea P, neobxodumo u docmamouno, umober PyHKkyuu g(’\)(w)
donyckaiu ¢aKmopu3ayuio: HaWAUCL maKue Heompuyameibrole GyHK-
yuu g,‘,)‘)(w) u h(w), umo g('\)(w) — Y -usmepumsl, h(w) — F-usmepuma u
Oas 8cex 0 €O

(w) — npou3sodnas Padona—Hukoduma mepol

gV W) =gV W hw) (-n.n). (48)

Ecau 8 kauecmse mepot A mosxcem 6oumo e3ama mepa Pg,, ede 6y —

Hekomopoli napamemp u3 ©, mo 0an docmamouHocmu o-ascebpo 4
dP

Heobx00umo u 0ocmamouHo, 4mobbl cama npou3sooHasn gf,%)(w) = #

0

6oira G-usmepumodi.
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Jloxasameavcmso. [Jocmamounocmo. Ilo npeanosioeHHio JOMHHHPY-
jolasi Mepa A ABAAETCA o-KOHeYHOH. DTO O3HayaeT, YTO HaifyTcs TaKHe

F -u3MepHMble HernepeceKalolHecss MHOXKecTBa S, k> 1, uto =3 Q. u
k>

0< M) <o, k2> 1.
O6pasyem Mepy

1 A(®n-)
()= z % T+ Q)

ATa Mepa KOHeYHa, S\(Q)<oo, H A(Q)>0. Bes orpaHuuenns oGUIHOCTH ee
MOXXHO CUHTaTb BEpOATHOCTHO#M, A() = 1.

Torna u3 ¢opmyabl (44) mepecyeta yC/JOBHBIX MaTeMaTHUECKHX OXHAAHHH
HaXOJHM, YTO A1 BCAKOH & -M3MepHMOil orpaHHYeHHOH cJyyaiiHOM BenWuH-
ol X = X(w)

E-(x% g)

Eo(X|¥)= —F5——
D

(Pg-n. 1.). (49)

Cornacto ¢opmyJe (48),

G _dPe _dPe dX_ ,0dd _ 500y 42
O TX T dx ax %0 ax " h ' (50)
IMostomy dopmyna (49) npuHumaer Takoil BUL:
E*(Xgmhd,\ 9)
Eo(X |¥9) = (Po-n. H.). (51)
Es (60022 |9)
A\ 50 di
Ho g"‘) & -13MepHMBI H
es(519)
Eo(XIg)——-————— (Po-m.H.). (52)

Ex(+23]9)

[lpaBasi uacTh 3mech He 3aBMCHT OT 6, M, CJIeOBAaTENbHO, MMEET MECTO
cBoiicTBO (47). Tem cambiM, corniacHo onpefedennio 10, o-anre6pa & apasercs
J0CTaToYyHO#M.

Heobxodumocmo 6yner 10KasbiBaThCS JHLIbL MPH JOMNOJHHTENLHOM Npel-
TNoJioXKeHHH, uto ceMeiicTBo &P ={Py, 0 € O} He TOILKO AOMUHHPYETCH HEKOTO-
poit o-KoHeuHo# Mepoil A, HO TaKXKe CyLIECTBYET HEKOTOpoe fy H3 © TaKoe, uTo
Bce Mepbl Py <« Pg,, T. e. npu Jto6om 6 € © Mepa Py ab6cosoTHO HenpepbiBHA
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OTHOCHTeJIbHO Mephbl Pg,. (B o6llem cliyyae 10Ka3aTeJIbCTBO CTaHOBHTCA GoJlee
CJIOXKHBIM; CM. TeopeMy 34.6 B [106].)

Hrak, nyctb 4 — nocratouHas o-ajare6pa, T. €. BbIMOJHEHO CBOHCTBO (47).

dP

IMokaxeM, 4To B npeanosnioxeHuu Pg <« Py,, 6 € ©, nponssoHasn gw") 7 P:

0
asnserca ¥ -u3mepumMoit pyHKUHel npH KaxioM 6 € ©.

IMycts A € &. Toraa ans ao6oro 6 € O, NoJb3ysiCb CBOHCTBAMH YCJIOBHbIX

" ) _ 4Pg.
MaTEMaTHYECKHX OXKHMAAHHH, HaX0IuM, UTO (C gy dP
&

Po(A)=Egla=EgEq(/4|¥) =E¢Eg,(I4|9) =Eq, 25" Eg,(I419)] =
=EgEa(8%Eg(/419)|9) =Eq ([Ee (g 9)] - [Eq,(Ia]9)) =
=Eq,Eq,(/4E4,(gs" |9)|9) =Eq,I4Eq, (5 |9) = § Eq, ()" 19) Py,
A

) _ dPg.

apaserca ¥-usme-
“d Pgo

ChnenoBatelbHO, BADHAHTOM NPOH3BOHOM gy

pumas dyrkuus Eg (g ‘0")[{9’).

TeM cambiM, B TOM cayyae, koraa A = Pg,, H3 10CTaTOUHOCTH o-anre6pbl 4
BbiTeKaeT (hakTopH3alHoHHoe cBOMCTBO (48) ¢ g ‘(0°) = g,(,9°’ nh=1.

B o6uieM ke ciyyae (onsTb e NpH llOI'lOJIHHTeJleOM MpeAnoJioXKeHHH
Py < Pg,, 0 € ©) HaxoauM, uTo

W _dPg _ dPg dPg, _ (9 dPg,
80 =4\ ~dPs, dx 8 ax -

O6o3Hauas
560 _ o0 ,_ 4Pay
g g ’ h - d A )
noJiyyaeM TpeGyemMoe ¢akTopH3aLUHOHHOE NpeicTaBeHde (48). a

3ameuanne 3. INosesHo NofuepKHYTb, YTO AIA BCAKOro cemeiicTBa &P =
={Py, 0 € ©} 3aBeoMO CYLIECTBYET (M Ge3 BCAKUX MpPENnoJoKEeHH# THNa 10-
MHHHPYEMOCTH) JocTaTouHas o-ajre6pa. B KauecTBe TakoBoii MOXHO B3fTb
camyio «6oraryio» o-anre6py &.

HeiictButenbHo, B 3ToM cayuae Eo(X | F) =X (Po-n. H.) Ans BCAKOM HH-
TerpHpyeMmoil cjyuaiiHoil BesltuHHbl X M, cjiefloBaTebHO, CBOHCTBO (47) Gyder
BbINOJIHEHO.

[NoHsATHO, uTO TaKast foCTaToyHas o-aarebpa He npeicTaB/feT GoJbLIO-
ro MHTepeca, MOCKOJbKY B 3TOM CJiyyae He MPOHCXOAHT HHKAKOH «pedyKLHH
JaHHbIX». PeanbHblil HHTEpec npeacTaBJisfieT OThICKAHHE MUHUMAALHOL JOCTa-
TOYHOM O-anre6pbl Fmin, T. €. o-ajare6pbl, ABAsIOLIEACA NepeceyeHHeM BCeX
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JOCTAaTOYHBIX MOA-0-aare6p (Cp. C 10Ka3aTeNbCTBOM JieMMbl | B § 2, H3 KoTO-
poro CINYeT, YTO MHHHMaJIbHas 0 -a/re6pa cyutectsyet). Ho, K coxasenuio,
qBHble MOCTPOEHHS TaKUX o -aiare6p, Kak MpaBHIO, AOBOJbHO-TAKH HEMPOCTbI
(cm., Brpouem, §§ 13—15 ra. 2 B [107]).

3ameuanue 4. INpeanonoxum, uto L ={Py, 0 € O} — nomMuHHpYeMOE Ce-

meictBo (Pg < ), € O, X ecTb 0-KOHeUHasi Mepa) H MJIOTHOCTD g,(,'\’ = %(w)

npeAcTaBAseTcs s Bcex 6 € © B Bule
g W) =GP (Tw) hw) (A-n.n), (53)

rae T =T(w) — HeKoTopaa (yHKUHMA (CJy4ailHblii JeMeHT; cM. § 5), npuHu-
malolljasi 3HaueHHst B MHOXecTBe £ (C BblesIeHHOHi Ha HeM o-ajre6poit &)
W asasowascs F/&-uamepumoit. OyHKUHKH G‘f,)‘)(t), t€eE, n hw), weq,
NpeAnoJaraloTCs HEOTPHLATENbHBIMA H &'~ H F -H3MEPHMbIMH COOTBETCTBEHHO.

U3 conocrapaenus (48) u (53) Buaum, uto o-anrebpa & = o(T(w)) ABAsteT-
¢l I0CTaToYHO#, a cama ¢yHkuHs T = T(w) ABnsieTca J0CTaTOYHON CTATHCTHKOM
(B cMmbiciie onpenenenus 10).

3ameTHM, UTO B JIOMHHHPYEMbIX CIyuasnx 06bIY4HO KMEHHO BbINOJIHEHHE (paK-
TOPH3aLHOHHOrO NpeAcTaBJieHus (53) NPHHHMAIOT KakK onpejeseHHe 10CTaToY-
HOCTH cTaTHCTHKH T = T(w), Bxoadwei B (53).

Npumep 5 (2kcnonenunanbHoe cemeiictBo). [lpeanonoxum, uTo
Q=R", F=%B(R") u Mepa Py obGpasoBaHa cjenyiolliM 06pa3oM: ecJH
w=(xy, ..., Xp), TO

Pg(dw) =Py(dx;)...Pe(dx,), (54)
rie Mepa Pg(dx), x € R, uMeeT ciielyIoLLylo CTPYKTYpY:
Po(dx) = () e? @@y (x) A(dx). (55)

3nech s = s(x) — HekoTopas JB-uaMepuMas pyHkuus u a(f), 8(6), v(x), A(dx)
uMeloT oueBHAHBIA cMbich. (CeMeiicTBo Mep Py, 8 € ©, apasieTcst npocTeillium
NPHMEpOM TaK Ha3blBaeMbIX IKCNOHeHyuarbHblx cemeiicma.) U3 (54) u (55)
HaXo[uM, 4TO

Py(dw)=a" (0)8[’(9)[5("71)+...+s(xn)]7(x1 )...v(xn)dxy...dxy. (56)

Conocrasass (56) ¢ (53), Buaum, uto cTatucTiKa T(w) =s(x;) +... +s(xp),
w=(xy, ..., X;), ABJgeTCs (B pacCMaTPHBAeMOM CJiyyae 3KCMOHEHLHaJbHOIO
ceMmeiicTBa) AOCTATOYHOH CTaTHCTHKOM.

Ecau s w=(x), ..., X,) 0603HauuTh X; (W) =x, ..., Xz(w) = X, TO MOXK-
HO CKa3aTb, 4TO CTpyKTypa Mep Py (06pa3soBaHHbIX MO MPHHUHMMY NpAMOEO
npoussedeHus mep) TakoBa, UTO OTHOCHTENbHO HHUX X, ..., X, ABAseTcs No-
C/Ie[I0BaTeNbHOCTBIO He3a8UCUMbIX 00UHAKOB0 pacnpedeseHHblx cllydaiHbIX
BEJIHUHH.
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Takum o6pasom, cratuctika T(w) =s(X; (w)) +...+ 5(X,(w)) 6yaer nocta-
TOYHOM CTATHCTHKOM, MOCTPOEHHOH NO NOCJEN0BaTENBHOCTH X (W), ..., Xp(w).
(B 3anaue 20 npepnaraercsi yCTaHOBHTb, ABNSIETCS JIM 3TA CTATHCTHKA MUHU-
MANbHOU JOCTATOYHOH CTATHCTHKOR.)

Mpumep 6. Tlycte Q=R", F =RB(R"), napamerp >0 u A w=
= (X1, ..., Xp) IJIOTHOCTb (N0 Mepe JleGera \)

dP"(w) 6"‘, e 0<x; <0, i=1, ...,n,
B JPYrHX CJyyasix.

Ecau

T(w) = max x;
(W)= max x;,

, ecmseex; =>0,i=1, ..., n,
h(w) =
0 B apyrux cayuasx,

G""(t): 6", ecin 0<E<K0
o 0 B JIPYTHX CJyyasx,

TO HAXOAUM, 4YTO

9P (o) = G () h(w). (57)

Tem camuim, cratuctuka T(w) = ln<‘|.a<x X; ABNAeTCA JOCTAaTOUHOM.
sisn

11. TlpeanonoxuM, 4To © eCTb HEKOTOPOE MOJAMHOXKECTBO Ha YHCJIOBOH
npamoit 4 & = (2, F, P ={Py, 6 € O}) — BepoATHOCTHO-CTaTHCTHUECKAA MO~
Ienb. PaccMatpuBaeMblit cefiuac BOMPOC COCTOMT B MOCTPOEHHH «XOPOLIHX»
OLIEHOK Napamerpa 6.

TNon oueHkoi 6yaeM noHHMaTh JoGyIo cllyyaiiHyio Beanunny 0 = H(w) (cp.
c§78rnl).

[NpuBoauMast HHXKe TeopeMa NOKa3bIBaeT, KaK MOHATHE A0CTATOYHON o-aJi-
re6pbl NO3BOJIAET YAYHULUMb KKAUECTBO» OLIEHKH, H3MepsieMoe ee Cpe/lHeKBa/l-
paTHYECKHM OTKJIOHEHHEM OT HCTHHHOTO 3HaueHHst Napametpa 6. BoJee TouHo,
GyZeM rOBOPHTb, YTO OLIEHKa 6 napametpa 0 ABNSETCA HeCMeujeHKOM, eCH
Eg|f| < oo 1 Eg @ =0 nns Bcex § €O (cp. co cpoiictsoM (2) B § 7 ra. I).

Teopema 8 (Pao u Baskysan). [lycme & seasemcs docmamounoil
o-arcebpoi Oaa cemeidcmea P u 6 = 6(w) — Hexomopas oyenka.

a) Ecau O asasemcs HecmewenHOL OYeHKOLL, MO OYeHKa

T=Ey(0|9) ' (58)

maxace 6ydem HecmewjeHHOL.
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b) Oyenxa T «ayuwe» oyenxu 6 8 mom cmoicae, 4mo

Eo(T —0)°<Eqg(6-6)%, 6¢co. (59)
Hokasameavcmeo. CBo#CTBO a) cieflyeT U3 TOro, YTo

EoT =EgEq(d|¥) =Epb=0.
Ilna noka3atenbcTBa ke b) Hafo JMIIb 3aMeTUTh, YTO, CONJIACHO HepaBeH-
ctBy Mencena (cM. sanauy 5, B KoTopoit Hazo B3aTh g(x) = (x — 6)?),
p
(Es(619) —6)” <Eol(6-6)*|9].

Bepst B 06enx yacTax MaTeMaTHuecKoe OXHaaHHe Eg(-), npuxomum K Tpe-
GyeMoMy HepaBeHCTBY (59). O

12. 3apauu.

1. Tlyctb € ¥ ) — He3aBHCHMble OJMHAKOBO pacrpelelieHHble CJydaiHble
BesHuHHbI U E€ onpeneneno. [okazats, uto

E€lE+n) =E@le+n)=E1 (nn).

2. Tyctb &), &2, ... — He3aBHCHMBIE OMHAKOBO pacrnpelleJieHHble cayyai-
Hble BeJHuHHbI ¢ E|¢;| < co. [TokasaThb, yTo

E(€1/Sn, Snst, ...)=% (n. 1),

e Sp=& +...+ &,

3. INpexnonoxum, uto cayyainbie sneMentbl (X, Y) TakoBbl, Y4TO CylLECTBY-
eT perynspHoe pacnpeaenenue P,(B) =P (Y € B|X =x). [TokasaTtb, uto eciu
E|lg(X, V)| < oo, T0 Py-n1. H.

Elg(X, NIX=x]= g(x, y)P:(dy).

4. Tlyctb & — cayvaiiHas BenuuMHa ¢ QyHKuMed pacrpeneeHus Fg(x).

[Tokasarb, uto R
§ xdFe(x)
E¢la<égb)= 22—

(npeanonaraercs, uto F¢(b) — Fe(a) > 0).

5. INyctb g = g(x) — Boinyknas Kuu3y Gopesieckas ¢yHkuus, E|g(£)] < co.
lNokasate, uto W19 ycaroeHbLX Mamemamuueckux 0xudanui CnpaBelIUBO
(n. 1.) Hepasencmeo Hencena

gEE|9) <E(2®)19).

" 6. INoka3satb, uTo ciyyaiinas BeJHuMHa £ U o-anre6pa & He3aBHCHMbI (T. €.
s mo6oro B €9 cayuaitHbie BenuunHbl £ W /g(w) He3aBHCHMbI) TOrAa H
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ToJbKO TOrAa, Korza E(g(€)|¥) =E g(€) ana xaxmnoit 6openeBckodl GpyHKUHH
g(x) Takoi, uto E|g(£)| < co.

7. INyctb € — HeoTpHUaTeNbHAs CJyyaiiHas BeJHuHHA H &4 — o-aarebpa,
@ C #. lokasatb, uto E(£|¥) < oo (n. H.) Toraa ¥ TOJbKO TOrAa, KOTa Me-
pa Q, onpeneneHHas Ha MHOXecTBax A €% paBeHCTBOM Q(A):S £dP, sB-

A
JIfieTCSA 0 -KOHEYHOM.

8. TNMoka3zatb, uTo ycJoBHble BeposTHOCTH P(A|B) «HenpepbiBHbI» B TOM
CMbicJie, UYTO €CJH Ii;n A, =A, Ii;n B,=B, P(B,) >0, P{B)>0, T0

Ii;n P(A.|B.)=P(A|B).

9. Mycte 2=(0, 1), F=2B((0, 1)) u P — mepa Jle6era. [lyctb X(w) 1
Y(w) — 1Be He3aBHCHMbIE CJIyuaiiHble BEeJIHUHHBI, PABHOMEPHO pacnpesieieHHble
Ha (0, 1). PaccMoTpum Tpetbio Benunny Z(w) = [X(w) — Y(w)| — paccrosiHue
MeXay «Toukamu» X(w) # Y(w). loka3atb, uto pacnpeseietue Fz(z) umeer
miaotHocTb fz(2) v fz(2)=2(1 —2), 0<2< 1. (OTtciona, KoHeuHO, CJEMYET,
yto EZ =1/3))

10. Ha okpyxHoctn pamuyca R ({(x, ¥): x> +y2> <R?}) «cayuaitnbiM
o6pa3oM» BbiGHpaloTcst ABe ToukH A; W Ag, T. €. 3TH TOUYKH BbIGHpaIOTCH
He3aBHCHMbIM 06Pa3oM C BEPOATHOCTAMH A1 HUX (B MOJAPHBIX KOOPAUHATAX,
Ai=(pi, 0),i=1,2)

P(p; €dr, 6, € df) = %, i=1,2
Jloka3aTb, YTO paccTosiHHe p MeXIy Toukamu A; H Ao HMeeT MJOTHOCTb pac-
npeseeHus f,(r) v

2
fo(r)= [2 arccos(—rk;) - % 1— (éﬁ) ],
rie 0<r<2R.

I1. Ha exunuunom kBagpare (c sepwmHamu (0, 0), (0, 1), (1, 1), (1, 0))
«cJyyaiiHbIM 06pa3om» (nosicHuTe!) BoiGupaercs Touka P = (x, y). Hafith Be-
pOATHOCTb TOrO, 4TO 3Ta P Touka 6yaeT 6amxke K Touke (1, 1), Hexenu Kk Tou-
ke (1/2, 1/2).

12. 1sa yenoBeka A U B noroBopuiuch 0 BCTpeue Mexay 7 U 8 yacamu
Beuepa. Ho o6a 3a6bli1 TOuHOE BpeMst BCTPeUH H MPUXOAAT MeXIy 7 H 8 yacamu
«cJydaiiHeIM 06pa3oM» H XAyT He 6oJee 10 munyt. [Tokasats, uTo BeposATHOCTD
HX BCTpeud pasHa 11/36.

13. MycTb X, X2, ... —NOC/NEL0BATENLHOCTb HE3aBUCHMBIX CJIyYaiHbIX Be-

n
JuuuH, S, =Y X;. [lokasatb, 410 S| u S3 YC/IOBHO HE3aBHCHMbI OTHOCHTEJIBHO

i=l
o-anre6phl 0(Sg), NOPOXKAEHHO!H BeJHUHHON So.
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14. ByaeM roBopHTb, 4To o-aire6pbl ¥ U % ycJIOBHO HE3aBHCHMbI OTHO-
CHTEJIbHO o-anre6pbl ¥, eciu

P(A\A2|95) =P (A, |4) P(A2| %) nnaBeex A; €9, i=1, 2.

[Toka3aTb, UTO YCJIOBHAs HE3aBHCHMOCTb ¥ U % OTHOCHTEJbHO &3 paBHO-
CWJIbHA BbINOJHEHHIO (P-1. H.) J11060r0 U3 CJEAYIOLHX YCIOBHH:

(@) P(A1|0(%U%)) =P (A |4) ana scex A} €94,

(b) P(Blo(%U¥43))=P(B|43) ana moboro MHoXecTBa B H3 cHCTeMbl
IOAMHOXECTB ), 06pasyioluX T-CHCTEMY TaKylo, uto ¥ = o(%));

(c) P(B1B2|o(%U¥%3)) =P (B |¥43) P(B2|43) nna mo6bix MHOXecTB B
W Bo u3 m-cucteM PP, u P COOTBETCTBEHHO Takux, uto ¥4 =0(P)) u
G =0(P),

(d) E(X |o(%U¥s)) =E (X | 43) ans no60o# o (% UYs)-13mepumoil cayyaii-
HO# BEJIMYHHBL X C ONpefiefieHHbIM (CM. onpesielieHue 2 B § 6) MaTeMaTHueCcKuM
oxuaaHHeM EX.

15. IokasaTb ciefyioulylo pacLUHpeHHYIO BepcHIO semmo. Pamy nns
ycao8Hbix mamemamuveckux oxcuoarud (cp. c (d) B Teopeme 2).

Mycts (2, &#, P) — BepoaTHOCTHOE MPOCTPAHCTBO H (§4)n>1 — NMOCJIE0BA-
TEJIbHOCTb CJY4afiHbIX BEJIMUMH TAKHX, UTO ONpe/iesieHbl MaTeMaTHYeCKHE OXKH-
nanus E€,, n> 1, u E lim £, (KoTopble MOrYT NPUHHMATb ¥ 3HaUeHHs £0o; CM.
onpefenenue 2 B § 6).

IMpeanonoxum, uto & ectb noa-o-asare6pa coObITHI U3 F U

sup E(¢; /(¢ =>0a)|¥9)—0 (P-n.n), a—oc.
(>3}

Torzna
E(lim ¢ |¥) <lim E(¢,|¥) (P-n.n).

16. TycTb, Kak ¥ B npeabiayuiel 3anaue, (§q)n>1 — NOCJAENOBATENbHOCTD
C/ly4aliHbIX BeJIMUMH, AJA KOTOPLIX OfpejieJieHbl MaTeMaTHyeCKHe OXHAAHHA
B¢, n> 1, 1 4 —non-o-anre6pa coGbiTuil U3 F TaKasi, uTo

sup Jm E(l&l/(1é] > £)|€)=0 (P-n.n.). (60)

Torna ecau €, — € (P-n.n.) u E¢ onpeneneto, To
E¢|¥9)—-E(¢|Y) (P-n.u).

17. TlycTb B ycnoBusix npeabiayuieii 3agauu BMecto (60) BbIMOJMHEHO ycJo-
BHe sup E(|¢,]*|¥) < oo (P-n. H.) nns nekoroporo a > 1. Toraa
n

E¢.|9)—~E¢|¥) (P-n.u).
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18. IMycTtb &, —L—p-nﬁ 415 Hekotoporo p > 1. TNokasatb, uto Toraa E(£,|¥) Lz,
—E(¢|9).

19. (a) Mycte DX |Y)=E[(X —E(X|Y))?|Y]. Tokasatb, yto DX =
=EDX|V)+DEX|Y).

(b) INokasarts, uto cov(X, Y) =cov(X, E(Y |X)).

20. BoisicHuTe, siBJIseTCA JIH B NpHMepe 5 JocTaTouHas cTaTHCTHKa T(w) =
=s(X;(w)) +... + s(X,(w)) MHHUMANBHOM.

21. Jloka)kuTe CrpaBe/IMBOCTb (PAKTOPH3ALMOHHOTO MpeacTabJenus (57).

22. B npumepe 2 n. 10 nokaxure, uto Eg(X;|7) = %T. rae X;(w) =x;
M w=(xy, ..., %), i=1,..., n.

§ 8. Cayuaitvbie Beanuunsl. 11

1. B nepBoii rnaBe GblIH BBEAEHb TAKHE XapaKTEPUCTHKH NPOCThIX Cayyai-
HBIX BEJIHYHH, KaK AHCHEPCHS, KoBapHauusa U KoadduuueHT koppensaunn. Co-
OTBETCTBYIOLIMM 06pa30M 3TH NMOHATHA BBOAATCA H B O6LLEM cayyae. A HMeHHo,
nyctb (2, &, P) — BeposiTHOCTHOE NMpocTpaHCTBO H € =§(w) — cayyaiiHas Be-
JIHYMHA, LU KOTOPOH ONpefiesieHO MaTeMaTHueckoe OXKuiaHue EE.

Jucnepcueii cnyyaiiHolt BeMuHHbl £ Ha3biBaeTCsl BeIHUHHA

D¢=E(¢-E¢)>

Beauuuna o = ++/DE HasbiBaetca cmandapmusim omraoHeruen €.
Ecau £ — cayuaiiHas BeJHYHHA C rayCcCOBCKOH (HOPMaJibHOM) MJIOTHOCTbIO

1 —(x—mp/2s?
X)=—e , 0>0, —oco<m<oo, 1
f§( ) \/%0' ( )
TO CMbICJI MapaMeTpoB m U o, BXoAdlHX B (1), oka3biBaeTcs oueHb MPOCTHIM:
m=E¢, o?>=DE¢.

Takum o6pasoM, pacnpeeneHHe BepoATHOCTeH 3Toil cayuaiHO# BesHuH-
Hbl £, Ha3bIBAEMON 2ayccoBCKOL, WIH HOPMANLHO pacnpedeneHHO, NOJHO-
CTbIO OMpe/ieNIAeTCs ee CPeHHM 3HaueHHeM m | aucnepchedt o2, (B aToit ceasu
MOHATHA YaCTO HCMoMb3yeMas 1S 3TOTo 3aMuchb: & ~ A (m, 02).)

[lyctb Tenepb (€, n) — napa cayuaiiHbix BeanunH. Mix kosapuayueil na-
3bIBaeTCs BeJIMYHHA

cov(§, n) =E(§ —E&)(n—En) 2

(npeanoniaraercs, YTo MaTeMaTHYECKHe OXKHJaHHs OnpelleJeHbl).
Ecan cov(é, ) =0, To roBopsT, 4TO CAyyaiiHble BEIHYHHB § U 1) HE KOp-
peauposansL.
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Ecan 0< D¢ < 00, 0 < D7 < 00, To BeNlHUHHA

= cov(é, n)
P& M) = TEs- (3)

Ha3blBaeTCA KOagpuyueHmom Koppessyuu ciyyaiHbiX BeIHYHH € H 7).

CpoilCTBa AUCNIEPCHH, KOBAPHALIMH H KO3 DHLIHEHTa KOPPENSLHH 1S PO-
CThIX CJIy4aiiHbIX BeIMYHH ObliH H3JoxeHbl B § 4 . 1. B o6wem cayyae st
cBoiicTBa (GOPMY/IHPYIOTCA COBEPLIEHHO aHAJIOFHYHBIM 06pa3oM.

Mycts £= (&), ..., &x) — CaAy4aiiHbIi BEKTOP, KOMIIOHEHTbI KOTOPOrO HMEIOT
KoHeuHbli BTOpoit MoMeHT. Hasosem mampuyeid xosapuayui (koBapHa-
UMOHHOH MaTpHuei) BeKTopa & MaTpuuy (nopsaka n x ny R=||R;||, rze
Rij=cov(&, &;). fcHo, uTo MaTpuua R sBaserca cummempuueckoi. Kpome
TOrO, OHA HEOMPUYAIMeAbHO onpedeneHa, T. e.

n
R; j/\i)\ jZ 0
ij=1

ans mobbix \; €R, i =1, ..., n, NOCKOJbKY

n n 2

ST RiAN=E|D (& -E&)N| >0

i i=1
Cnenyiolias JieMMa NOKa3bIBaeT, YTo CPaBeAIHB H 0OpaTHbIH pe3ybTar.

Jlemma. [lag mozo umobu mampuya R nopadka n x n 6viaa kosapua-

yuoHHoU mampuyeii Hekomopoeo sekmopa §= (&, ..., &), He06x00uMo u
docmamouro, umobot ama mampuya 6biAa CUMMEMPUYECKOL U Heompu-
4ameabHO onpedeseHHOd Uuau, 4mo 3IKBUBAACHMHO, cywecmeosara 6bi
mampuya A (nopadka n x k, | <k < n) makas, umo

R=AA",

20e * — cumBos MpaHCNOHUPOBAHUA.

Hoxazameavcmso. Kak nokasaHo Bblllle, BCikass KOBapHaLMOHHas MaT-
pHLa ABASETCH CHMMETPHYECKOH H HeOTPHLATENbHO onpejelieHHOM.

O6patho, nyctb R — Takas MatpHua. M3 Teopun MaTpHLL H3BECTHO, YTo AN
BCAKOH CHMMeTpPHUeCKO# HeOTpHLATeJbHO ofpejeieHHOH MaTpHubl R MoXHO
HaliTH TaKyio OpTOroHaJbHYI0 MaTpHly & (1.e. O0* = E — elMHHyHas MaTpH-

ua), yro
O*RO =D,
rae
d, 0
D=
0 dn

— MaroHa/lbHasi MaTPHLA C HEOTPHLATENbHBLIMH 3JieMeHTaMu d;, i=1, ..., n.
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Ortciona chenyer, uto
R=0D0*=(0B)(B*0"),

rie B — quaroHa/ibHas MaTpHUA C 3JeMeHTamu b; =++/d;, i=1, ..., n. Tlo-
3TOMY, ecJii MoNoXKHTb A = OB, To Ans Matpuubl R nosyunum tpebyemoe npes-
ctaBneHue R=AA*.

flcHo, uTo Besikas MaTpuua AA* sBsieTcs CHMMETPHUYECKO# W HeoTpuLa-
TeJIbHO omnpefefeHHol. [ToaToMy octajoch JiHlIb nokasaTh, 4To R sBasercs
KOBapHaLMOHHOA MaTpHLER HEKOTOPOro CJy4alHOro BEKTOpa.

Myctb m, 12, .., n — NOCAEA0BATENBHOCTD HE3aBUCHMbBIX HOPMaJIbHO pac-
npefeieHHbIX cayyaiiHbix BennuuH, A (0, 1). (CywecrBoBaHHe Tako# nocJe-
JIOBaTeJbHOCTH BbITEKaeT, HanpuMep, H3 cieacTBua | K Teopeme | § 9 u, B
CYLIHOCTH, MOXKET ObITb JIeTKO BbiBefieHO U3 TeopeMbi 2 § 3.) Toraa cayuaitubiii
BekTop £ = An (BeKTOpHl pacCMaTpHBAIOTCA KakK BEKTOPLI-CTONIOLbI) 06Jafaer
TpeGyeMbIM cBoiicTBOM. [leficTBUTeNbHO,

Eeg* =E(An)(An)* =A-Enn* - A* = AEA* = AA*.

(Ecau ¢ =||¢ij|| —MaTpHua, 31eMeHTaMH KOTOPO# ABNAIOTCA CJyyaiiHble BeJH-
yHHbl, To noA E¢ nonumaercsa matpuua ||E¢;l.) a
O6patumcst Tenepb K 08ymepHOL TayCCOBCKOH (HOpMalbHOM) MJIOTHOCTH

1 (x - m|)2

X, —_——— eX

fen(x, )= 210109y 1—p2 P{ 2(1 —P2) [
2

_gpl= m;)(y m)  oml)y g

102 3
XapaKTepH3yeMo#l NMATbIO NapaMeTpaMu my, mo, oy, o2 H p (cp. ¢ (14) § 3),
rae |m;| < oo, |mg| < oo, 01 >0, 02 >0, |p| < 1. (CMm. puc. 28 B § 3.) INpocToit
MOJICYET pacKpbiBaeT CMbICJ 3THX NapaMeTpoB:

my= Eﬁ, 0’|2 = D{,
mo=En, o% =Dy,
p=p& n).

B § 4 rai. | 66110 06BACHEHO, YTO €CJIH BeJIHUHHBI € H 7) He KOpeJupOBaHbl
(p (&, 1) =0), To oTCIOzA ellle He BbITEKAET, YTO OHH He3aBHCHMbL. OfHaKo ecsiH
napa (£, n) — rayccoBcKasi, TO H3 HEKOPPeNHPOBAHHOCTH € H 7) CJIefyeT, 4To
OHH He3aBHCHMBI.

B camom zene, ecsin B (4) p=0, ToO

{ (x = m.)Q}exp{ (y- m2)2}.

f{.n(xv y)

27ra| o9
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Ho B cuay (55) § 6 1 (4)

fe(x) = S fen(x, 4 dy = ==

L enf- 500},

1 — 2
fn(y)=_§° fen(x, y)dx= v, exp{-(y 2:%lz) }

[TosToMy
f&.n(xa y)= f((x)fn(!/),

OTKy/a CJIeflyeT, YTO BeJMYHHbI £ H 7) He3aBHCHMBI (CM. KoHew n. 9 § 6).

2. Y6enutesbHOH WJUIIOCTpaLMeil MOJIE3HOCTH BBeJEHHOTO Bbille B § 7
MOHSATHSA YCJIOBHOFO MaTEMaTHYECKOTO OXHIAHWS fBJAETCA €ro NnpHMeHeHHe
K pelleHHI0 Crelylollieli 3a4auH, oTHocALleACa K meopuu oyenusanus (cp. c
n.8§4rnl).

Myctb (&, n) — napa cayyafiHbIX BeJHYHH, H3 KOTopbiX € HabJiofaeMa, a 7
HabuofeH 0 He nomiexuT. CrnpaluuBaercs, Kak no 3HaAYeHHAM HaGJIOAEHH#
Hall £ «OUEHHTb» HEHaGJII0aeMYI0 KOMIIOHEHTY 77?

Yro6bl cienath 31y 3anauy GoJsiee onpesieieHHOM, BBeleM NOHATHE OYEeHKU.
MMyctb ¢ = p(x) — GopeneBckas ¢pyHkuua. Cayuaiinyio BeanuuHy o(€) Gynem
Ha3biBaTh oyenkoil 1) no &, a sennuuny E[n—p(€))? (cpednexsadpamuue-
cKoui) owubkoil 310o# ouetku. OUeHKY * (€) Ha3oBeM onmumarbHol (B cpel-
HEKBA/JpaTHYECKOM CMbICJie), eCJIH

A=E[n-¢*@))= inf E— PP, (5)

rae inf Geperca no Knaccy Bcex GopeneBckHX QYHKUH#A @ = p(X).
Teopema 1. /Tycmo En? < co. Toeda onmumarvras oyenka o* = p*(£)
cywecmsyem u 8 Kavecmse @*(x) moaicem boimo 83ama PyYHKYUA

p*(x)=E(m|{=1x). (6)

Hoxaszameabcmso. Be3 orpaHHueHHsi OGILHOCTH MOXHO pacCMaTpHBaTh
TOJIbKO Te OlleHKH @(€), 1 Kotopbix E@?(€) < co. Torza, ecau ¢(€) — Takas

OlleHKa, a ¢*(£) =E(n|¢&), T0
Eln— 0@ =E[(n-¢*(€)) + (¥*(€) — p&) > =Eln - ¢* O +
+E[0*(©) — 0O + 2E[(n — " (O)(@* (€) — (€))] ZE[n—¢* ()1,

nockoabky E[¢*(€) —(£)]2>0 u no cBoficTBaM YCJIOBHBLIX MaTeMaTHYECKHX
OXXHJaHHH

El(—¢* ©)@"€) — o] =E{E[(n — ¢* €) (" () — (&) €]} =
=E{(¢"(©) —0)EM—¢"(€)|9}=0. O
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3ameuanne 1. M3 noKasaTesibcTBa TeOpPeMbl BHAHO, YTO ee yTBepXKJeHHe
CMpaBeJHBO U B TOM CJyuae, Koraa & He cjydaiiHasi BeJIMUHHA, a MPOM3BOJIb-
Hblil c/lydaiiHbli 3/71eMeHT CO 3HaYeHUsAMH B HEKOTOPOM M3MEPHMOM MpPOCTPaH-
ctee (E, &). INox oueHkaMu ¢ = p(x) Toraa cieayet noHumatb &/B(R)-u3me-
puMble (yHKUHH.

PaccmoTpuM cTpyKTYpy GyHKUMH *(x) B mpeanoJjioeHud, uto (£, 1) —
2ayccoscKan napa ¢ NJAOTHOCTbIO, 3anaBaeMoil dopmyoit (4).

U3 (1), (4) u (18) § 7 Haxoaum, uTo NAOTHOCTb fye(y|x) yenoBHoro pac-
npejieieHus BeposiTHOCTel 3anaerca Gpopmyoil

_ ! _yg=m)? 7
fnl((ylx) \/m exp{ 20_3(1 _p2) ’ )
rae
m(x)=ma+ Zp- (x—m). @®)
Torna u3 caencrsus K Teopeme 3 § 7
EmE=0=§ ylyew|x)dy=m(x) ©)

H
D(n|¢=x)=E[(n—EMm|{=x)*|E=x]=

= { 4 —-m)fyelv]x) dy =031 —p%. (10)

—o0
3aMeTuM, uTo ycsioBHas aucnepcus D(n|& = x) He 3aBHCHT OT X, M, 3HAYHT,
A=E[n-E@m|¢=n]*=03(1-p). (11)
dopmyast (9), (11) noayuenst B npeanoioxkerud DE >0, Dy > 0. Ecan xke
D¢ >0, a D=0, To OHH BLINOJHSAIOTCS OUEBHAHBLIM 06Pa3OM.
Hrak, cnpaBesus caenyiouuit pesyastar (cp. ¢ (16), (17) § 4 ra.1).

Teopema 2 (Teopema o HopmaabHO# Koppeasuuu). [Tycmo (£, n) —
eayccosckuii gexkmop ¢ D€ >0. Onmunarvnas oyenka n no € ecmo

E(n]€)=En+ 020 ¢ - E¢), (12
a ee owubka
A=El~Eqle)2 =Dy~ 20, (13

3ameuanne 2. Kpusas y(x) =E(n}€ = x) HasbiBaeTca kpusoii peepeccuu
7 Ha & uau n no omuowenuo K €. B rayccoBckom caydae E(n|€=x)=a+ bx
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H, C/IE10BATENIbHO, PETpecCHs 7) Ha & ABAseTCs Aunelinol. [To3ToMy HeT Huyero
yYAHBHTEJIHOTO B TOM, YTO MpaBbie YacCTH ¢dopmya (12) u (13) coenagaiot ¢
COOTBETCTBYIOWMMH yacTaMu dopmya (16) u (17) § 4 ra. I nna ontumanbHol
JuHelHOH OLEHKH H ee OLUHOKH.

CaeactBue. [Tycmo € u €9 — He3asucumbie eayccosckue Cayuainole
el HUHbL C HYAeBbIM CPEOHUM U eOuHUYHOU ducnepcueli u

E=a e +agey, nN=bie)+ beea.

Toeda E€=En=0, Dé=a? +a3, Dn=>b? + b3, cov(£, n) =a, b, + asbs u ecau
a?+a3>0, mo

E ;a|b|+a2b2 , 14

1) = 22 (14
_ (a1bg —agh))?

A_—ma?+a§ . (15)

3. PaccmoTpuM Bompochl oThicKaHHs (pyHKUMil pacnpeneneHus s chay-
YaiHbIX BEJIHYHH, ABAIOWHKXCA QYHKLHAMH OT APYFHX CJY4aiHbIX BEJHUHH.

IMyctb § — cayvaitnas BennuHHa ¢ PyHKumed pacnipenenenns Fe(x) (1 naot-
HOCTbIO f¢(x), ecain TakoBas CyllecTByeT), ¢ = @(x) — HekoTopas GopeJieBcKas
dynkuusa 1 n=(£). O6osnavas /, = (—oo, y], HaxoauM

Fa9) =Pin<g}=Plo@ €l}=Pleco™'(,)}= § Feldx), (16)
o= (ly)
YTO 1aeT BbipaxkeHHe 415 QyHKUHH pacnpenenenus Fy(y) yepes dyHKuHIO pac-
npenenenus Fe(x) u GyHKUMIO @.
Tak, ecnu n=a€+b,a>0, 10
- y—-by _p (y-b
Fan)=P{e< =2} =R (£22). a7

a

Ecan =¢2, 10, ouesuano, Fp(y) =0 ana y <0, a ans y >0

Fa@) =P <y} =P{-Vy<E< VY=
=Fe(vY) = Fe(=vy) +P{{=-vy}. (18)

O6Gpatumcs Tenepb K BOMPOCY OTBICKAHHSA MVIOTHOCTH [y (y).

ITpeanoniokuM, uto 061acTb 3HaUEHHH CJy4aiiHOM BeJIHYHHBI § eCTb (KOHeu-
HbI WM GecKOHeuHbI) OTKPLITHIN MHTepBaa [ = (a, b), a dyHKUMA @ = p(x),
onpefenetHas s x €/, apasercs HenpepbiBHO AHddepeHUHpyeMoit H JH60
CTporo Bo3pacTaioluelt, 6o cTporo y6biatoieil. Bysem npeanonarats Takxe,
uto ¢'(x)#0, x €.
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O603naunM h(y) =@~ ! (y) ¥ NpeanoNOKUM 415 ONpPEEEHHOCTH, 4TO W(x)
cTporo Bo3pacrtaer. Torza mis y € {p(x): x € I}

Foy) =Pin< y}=Plp@) <y}=P{{<p ' (y)}=

h(y)
=PE<hy}= § fex)dx. (19)
CornacHo 3anaue 15 u3 § 6,
h(y)
S fe(x) dx = S fe(h(2))H'(2) dz (20)
H, 3HAYHUT,
fn(®) = Fe(h@)A' (). 21

AHasoruuHo, eciii GYHKUHA @(X) sBAseTCA CTporo yObiBalolliefl, TO

fn(9) = fe(R@) (=K' (9)).

Takum o6pa3oM, B 060UX CJyyasnx

Fn(@)=fe(h (y))lh'(y)l (22)
Hanpumep, eciu n=a€ + b, a#0, To h(y)— u fn(y)= Tal fg( )
Ecau &~ A4 (m, 02), a n=ef, 10 U3 (22) HaxonnM yTo
1 In (y/M)2
Fa®) = { Voo o | 420 (23)
0, ¥y <0,

rie M=e™.

Pacnpenenenue BeposiTHOCTel ¢ nJoTHOCTBIO (23) HasbiBaeTcs ao0eapug-
MUHECKU HOPMAALHBIM.

Ecnu ¢dyHKuHst ¢ = (X) He ABAAETCS CTPOTro BO3pacCTaloOLIel HJH CTPOro
y6hiBaiouief, To popmyaa (22) nis n=p(£) HenpuMeHuma. OHAKO A/t MHOTHX
NpPHJIOKEHHI BIIOJIHE JOCTaTOYHO cJepylolliee ee 06o6LLIeHHe.

n
TMycTb pyHKuUHA o= p(X) OnpefeieHa Ha MHOXecTBe Y [ak, be], MpHyeM Ha
k=1

KaXK/I0M OTKpLITOM HHTepBaJie [y, = (a, by) ABAAETCA HenpepblBHO AuddepeH-
uupyemo#i 1 JH6GO CTporo Bo3pacrarolledi, iu6o cTporo y6biBarolLei, ¢’ (x) #0
npH x € l. Iyctb hy = hy(y) — o6patHas dyHKuMa K @(x), x € .. Toraa umeer
MecTo caefyioliee o6obiieHde dhopmyibl (22):

Fa@) =" fe(he@)|he(®)lIp, (). @4)

k=1
rae Dy — o6nactb onpefenenus GpyHKUHH he(y).
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Tak, Hanpumep, ecim 1 =¢£7, To, 6eps [, = (=00, 0), /o= (0, ), HaxonuM,
yto hi(y) =—/Y, h2(y) = /¥, 4, 3Hauur,

e 2\/-[f§(\/‘)+fe( Vil 4>0,
? y<0.

3aMeTHM, uTO 3TOT pe3yJIbTat cleyet Takxe u3 (18), nockonbky P{{=—,/7} =
=0. B vactHocTH, ecain £~ A(0, 1), TO

(25)

1

e¥?, y>0,
fe(@) =4 V2ry (26)

0, y<0.

HecnoxHblit MOoACYET MOKa3bIBae€T TaKXKe, YTo
fe@ + fe(=y), y>0,

27
fie () = { 4 <0, (27)

29(fe(¥®) + fe(-9?), y>0,
feya®) = { /<0, (28)

4. OGpartuMmcs Tenepb K (pYHKUMSM OT MHOTHX CJYyyailHbIX BEJHUMH.

Ecan § u n — cayyaiiHple BeJIHUMHBI C COBMECTHBIM pacrpeiesieHHEM
Feq(x, y), a p=0p(x, y) — HekoTopas GopesieBckas QyHKUHSA, To 11 = (&, 1)
Ccpa3y noJjiyuyaeMm, uto

F@y=  §  dFeq(x,9). (29)
{xy:p(xy)<2}

Hanpumep, ecin p(x, y) =x +y, a £ un He3aBUCHMbI (H, 3HAUHT, F¢ , (¥, y) =

= F¢(x)Fy(y)), 10, npuMensns Teopemy PyGHHH, NOJYYHM

F@)=  §  dFe(x)dF,(y) = S Ite4y<a (%, y) dFe(x) dFy(y) =

{x.y:x+y<2}
S dFe(x){ § lerycax, y) dF, (y)}= § Faz—x)dFe(x) (30)
H aHaJIOrHYyHO o
Fe@)= § Felz—y)dFy(y). @31)

—o0
Ecau F u G — n1Be dyHKUmMH pacnpeseneHusi, To $yHKLHIO
(o)
H@)= § Fz—x)dG(x)
—00

NpUHATO 0603HauaTh F x G W Ha3biBaTb ceepmkoi F u G.
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Takum obpasoM, gyukyus pacnpedesenus Fe cymmor 08yx ne3asucu-
MOLX CAYUALHbLX BeAUUH & U 1) eCmb C8epmKa UX ynkyui pacnpedeserus
Fen Fy:

Fe=FexFy,.
SlcHo mpu 3ToM, uto Fe * Fyy = Fp  F.
[NpeanonioxuM Tenepb, YTo He3aBHCHMbE CJydaiiHble BEJIHUHHBI € U 1) UMe-

0T MJOTHOCTH f¢ W f,. Torma u3 (31), cHoBa npumenss Teopemy Py6uHH,
HaiJeM, 4To

oo |z—-y
Fe@)=§ [S fe(u)du] fa(y)dy =

—00 —00

= [S fg(u-y)du]fn(y)dy= 01§ fe(u—y)fn(y)dy]du,

oTKyAa o )

k@= 1 ke-0hod, (32)
U aHaJIOTHYHO )

1@ =:S: oz = D) fel) dx. (33)

PaccMOTpuUM HeCKOJIbKO MPHMEPOB Ha MpHMeHeHHe 3THX hopMy.J.
[ycts &, &9, ..., &, — NOC/IE0BATENLHOCTL HE3aBHCHMbIX OIMHAKOBO pac-
npejeeHHbIX CAyyaiHbIX BEJIMYHH C paBHOMepHO# Ha [—1, 1] nioTHocTbio

)12, X<y,
ﬂx)'{o, > 1.

Toraa u3 (32) Haxonum

2— x|
x| <2,
for)={ & ' |
§i+é 0, x| >2,
_ 2
B <<,
—)a_.2
f€|+§2+€3(x)— 3__8_"__’ 0<|JC|S],

0, |x] >3,
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1 Boobuie (Mo HHAYKLHH)
g

1
forra =S Fa- X (=D*Ca(n+x =20 xl<n,

0, |x| > n.
Tycts Tenepb & ~ A (my, 03), n~ A (mg, 02). Ecin 0603HaunTh

1 2
ga(x)=ﬁe ©/2,

TO

few=0-o(5M). h=5;e(552).

u u3 (32) nonyuaeM, 4yto

1 (x—(m1+m2))
\/af«l-a% \/af+a§

TakuM 06pa3oM, cymma 08Yx HE3ABUCUMbBIX 2AYCCOBCKUX CAYUALHOLX 8e-
AUYUH CHOBA eCMb 2AYCCOBCKAR CAYHAUHAR BEAUHUHA CO CPELHUM M| + Mg
W aucnepeuedt of + o3.

Mycts &), ..., £, — He3aBHCHMBle CJyyaiiHble BeIMUHHBI, Kaxaas U3 KOTO-
PbIX HOPMaJILHO pacrpefiesieHa ¢ HyJIeBbIM CPeIHHM H eIHHUUHOM AucrepcHedi.
Torgaa, ucnonb3ys (26), HeTpyaHo (MO MHAYKUMH) HAWTH, YTO

fe+n(x) =

! (n/2)—1 g—x/2
————— X e , X> 0,
fer. v =4 272T(r/2) (34)
-t 0, x<0.

O6biuHo BenuuuHa &2 + ...+ &2 o6o3HauaeTcs X2, a ee pacnpejesieHHe
(c nnotHocTbIO (32)) HasbiBaeTcs X2-pacnpedeaenuem (XM-KBaapat pacrpe-
IesieHHeM) ¢ n cTeneHsMH cBoGobl (cp. ¢ Taba. 3 B § 3).

Ecnn o603Hauntb X, = +4/x2, T0 43 (28) u (34) caenyer, uto

9xn—1e=x"/2
fxa(¥)=14 272T(n/2) ’
0, x<0.

x20, (35)

Pacnpenenenue BeposTHoCTef ¢ TaKoil MIOTHOCTBIO MPUHSATO HA3bIBATh X-PAC-
npedesenuem (Xu-pacrnpesiesieHHeM) C 71 CTENEHAMH CBOGObI.
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IycTb cHOBa & H n — He3aBUCHMbIE CllydaiiHble BEIHYMHbI C MJIOTHOCTAMH
fe v fy. Torna

Fen@= §§ e fn(y) dxdy,

{x.y:xy<2}

Fem@ = §  fe)in(y) dxdy.

{xy:x/y<z}
OTclofa HETPYAHO MOJYYHTb, YTO

@)= § 1e(5) o) g = S 1 (2) fe0 5 (36)
H
fen@= § Fez)fa(9)lyldy. 37)

2 2
[Nonarasa B (37) £=¢& u 77=\/ 51_'"_n_+££, rae &, &1, ..., & — He3aBHCH-

Mble FayCCOBCKHE ClyyaitHble BeNMYHHbI C HYJIEBLIMH CPEIHUMH H AHCNEPCHAMH
o2 >0, u ucnosb3ys (35), HaizeM, uTo
n+1
L () L
. (38)

f (x) =
Te "r()( )

Bennuuna §o/ \/ ;ll-(§,2 + ...+ &2) o6bluHO 06Go3HauaeTcs yepes ¢, a ee pacrnpese-

JieHHe Ha3blBaeTcs {-pacnpedeseruem wiu pacnpedeseHuem Cmorodenma c
n creneHsamMu cBoGojbl (cp. ¢ Taba. 3 B § 3). 3ameTuM, UTo 3TO pacnpenelieHue
He 3aBHCHT OT 0.

5. 3anaum.

1. TlpoBeputb cnpasepauBocts Gopmya (9), (10), (24), (27), (28),
(34)—(38).

2. Myerb &y, ..., &, n 22, — He3aBUCHMble OAHHAKOBO pachpefielieHHble
cayuafinble BeJHYMHbI C (yHKUHeR pacrnipeenenus F(x) (W nuoTHocTbio f(x),
ecJii TakoBas cywecTsyer) U € =max(y, ..., &), E=min(y, ..., &), p= £- €.

IMokasatb, uto

[ Eey - F@) - Fey, g,
Fegle 9= {(F(y»", y<x,

. _Jat-D[F@) - FWOI" 2 [ fy), y>=x,
feely, )= { 0 y<x
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T _ _ n—1
Fi=]" S FO=Fu=aI" i) dy, x>0,

0, x <0,

n(n-1) § [Fy) - Fly - 01" 2 f(y - %) f(y) dy, x>0,
folx)= —oo
0, x<0.

3. MNyctb & ¥ & — He3aBHCHMble NMyaCCOHOBCKHE CJyYaiHble BEJIHUHHBI C
napaMeTpaMH A; H Mg cooTetcTBeHHO. [lokasatb, uto & + &2 Takxke MMeeT
MyaCCOHOBCKOE pacnpefelieHHe ¢ napaMeTpoM Aj + Ag.

4. MNyctb B (4) my =mg =0. Nokasatk, uyto

o109/ 1 —p?

m(0222 - 2p01092 + 0})

fem(@) =

5. BeanuunHa p* (€, ) =sup p (#(§), v(n)), rae cynpemym Gepercs no BCeM
uy

6opesieBCKHM DYHKUHMAM U = u(x) H v =v(x), 1A KOTOPLIX KO3(bHLHEHT Kop-
peasund p (u(€), v(n)) onpeneneH, Ha3biBaeTCd MAKCUMAALHOIM KOIGhuyu-
enmom Koppeaayuu & u 7. [lokasartb, uyTo cayuyaiiHble BeNHUHHb £ H 7) He3a-
BHCHMbI TOT/Ia H TOJIbKO TOTAa, Koraa p* (€, n) =0.

6. [yctb 74, 79, ..., T, — HE3aBUCHMble HEOTPHLIATeJIbHbIE OJIHHAKOBO pac-
npenesieHHble CJyyafiHble BeJMUHHBI C SKCMOHEHUMANbHOH MJOTHOCTBIO pac-
npeneseHus

fty=xe=>, ¢>0.

INokasatb, yto pacnpeseneHne CiyyaiHoi BeJHUMHDI T) + ... + T}, HMEET MJIOT-
HOCTb

Aegk—1,—At
W ’ t 2 Ov
H
S0
P(T] ++Tk>t)=z e‘)"T.
i=0
7. Myets € ~ A(0, 2). Tokasath, u4To Ans BesAKoro p > |
El¢]? =Cpo”,
rae
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o0
ul(s)= S e~* xS~ dx — ramma-gyHKuus Ditnepa. B yactHocTd, 415 M060r0
0

uesioro n 2> |
E€? = (2n — 1)1 o2,

8. TycTb £ U 7 — He3aBHCHMble CayuafiHble BeJIHUHHBI TaKHe, YTO pacrnpe-
nenenue £ + 7 coBnajaioT ¢ pacnpeeneHueM £. Jlokasatb, uto n=0 n. H.

9. INycTs (X, Y) uMeloT paBHOMepHOE pacrpeie/ileHHe Ha eAMHHYHOM Kpyre
{(x, ): 22+ 92 <1} u W =X2 + Y2, [Nonoxum

2InW 2InW
U—X\/— W V=Y\/—— v

IMokasaTtb, yto X u Y sBAsioTcs HesaBUCHMbIMH A (0, 1)-pacnpesneneHHbIMH
C/lyyaiHbIMH BeJIHYHHAMH.

10. Myctb U u V — He3aBHcHMble paBHOMepHO pacnpefenennble Ha (0, 1)
cayuaiible BeuudHbl. Onpesenim

X=v—=1InV cos(2xU), Y=v-InV sin2rxl).

MMokasatb, uto X u Y HesaBucuMbl H A (0, 1)-pacnpenenenbl.

11. TpuBecTH npuUMep raycCOBCKHX BeJIHUHH § H 7), CyMMa KOTOpbIX § + 7
MMeeT HerayccoBCKoe pachpefie/ieHHe.

12. Tlyete X, ..., X, — He3aBHCHMble OJAHHAKOBO pachpejle/ieHHbie
cllyyaiiHble BeJMUMHBI C MJIOTHOCTbIO pacnpenenenus f= f(x). Tlycte Z,=
=max(Xy, ..., X,) —min(Xy, ..., X») — «pasmax» BbiGopku (X, ..., Xs).
IMokasath, yto MAOTHOCTb fe,(X), x >0, BenuunHbl %, 3ajaercs dopmyJoi

fa,x)=n(n—1) § [Fy)—Fly—01"2f(y)f(y —x) dx,

—00

y

rae F(y)= S f(2) dz. B uactHoCTH, 14 ClydaliHbIX BEeIHYHH X, ..., X,, HMe-
—00

IOLLMX paBHOMEpHOe pacnpeseseHue Ha [0, 1],

_fatm-nxn2(1-x), 0<x<,
f”"(x)‘{o, x<0uamx>1.

13. Tlyctb F(x) — dyHkuusa pacnpefenenus. [TokasaTb, 4To 118 BCAKOrO
a >0 caenyoume GyHKUHH TaKKe ABAAIOTCA QYHKLUHAMH pacrpelesieHHs:

x+a 1 x+a

§ Fwydu, Go(x)=5- § Flu)du.

Gl(x)= 2a

Ql—
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14. TlycTb cayyaiiHas BeJMuyMHA X HMeeT SKCMOHeHUMaJbHoe pacrpefe-
nenue ¢ napamerpom A>0 (fx(x)=Ae~**, x >0). Haiitu nnoTHocTb pac-
npeleJieHHs (HasbiBaeMoro pacnpedenenuem Beiibyara) ciyuaitHoi BenuuHHbI
Y= X I/a' a>0.

Mycts A=1. HafiTu nJoTHocTb pacrpeneieHHsi Ciy4yailHOH BeNHYMHDI
Y =In X (cooTsercTsylolllee pacnpejelieHHe Ha3blBaeTCsi OBOUHbIM 3KCNO-
HeHYUALbHbIM).

15. TlycTb cayuyaiinble BenuuHHbl X H Y HMeEIOT COBMECTHYIO MJOTHOCTb
pacnpenesienus f(x, y) suna f(x, y) = g(v/x2+y2).

HafitH COBMeCTHYIO MJIOTHOCTb pacrpefieJieHHs CJyuafiHbiX BEJIMUHH p=
=vXZ+ Y2 u 9=tg~'(Y/X). Mokasatb, 4T0 p ¥ O He3aBUCHMbI.

Myctb U =(cos a)X + (sin @)Y u V =(— sin a)X + (cos a)Y. [Tokasarts,
yTO COBMECTHas [JIOTHOCTb pacnpefeneHus BenuuH U u V coBnamaer
¢ f(x, y). (310 oTpaxaer (aKT HHBAPHAHTHOCTH paCTpefesieHHs] BENHYHH
(X, Y) OTHOCHTENIbHO «BpaLLEeHHs».)

16. TTyctb Xj, ..., X, — He3aBHCHMbIe OJIMHAKOBO pacnpe/ieieHHble Cayyaii-
Hble BeJIHYHHBI C yHKUMeR pacnpefenenus F = F(x) u miotHoctbio f = f(x).
O6osHauum (cp. ¢ 3agaueit 12) XM =min(X,, ..., X,) HauMeHbIUYI0 H3
BeMuuH X|, ..., Xp, X® — BTOpYI0O HaHMeHbILYIO BeJHYHHY, H T. 1., X =
=max(Xj, ..., X,) — HaHOOJbILYIO U3 BEJHUHH X|, ..., X, (TaK onpeaeneHHble
penuunnel XV .. X paspipator nopaokosvimu cmamucmukamu BeNHUUH
X1, ...y Xn).

IMoka3satb, 4To: (a) NJIOTHOCTL pacnpeseNeHnst BeposaTHOCTe BenurHbl X (¥
3ajiaetcs dopmyoit

nf(x)CEZIFI*'[1 = Fx)]" %

(b) cosmectHas muotHocTb f(x!, ..., x") Benmunn X, ..., X 3apaercs
dopmynoit

fet, =4 fxeh)... f(x™), ecamx' <...<x",
T 0 B JpyrHX CJyyasx.

17. TMyets X, ..., X, — He3aBHCHMble OMHAKOBO pacrpelelieHHble CJiy-
uafiible BennunHbl, A (i, 02). Bennunna

n—1

82 1 n - _ 1 n
= X=X a>1, X=23"X
i=l i=

HOCHT Ha3BaHHe 86100p0ouHOl ducnepcuu. INokasarb, uto:
(a) ES2=0?;
(b) suibopounoe cpednee X u Bhi6opounas aucnepcus S? HesaBHCHMDI
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(c) X ~A (11, 62/n), a (n—1)S%/0? umeer pacnpenenenue x> ¢ (n—1)
cTeneHbio cBoGOABI.

18. Myetb Xj, ..., X, — He3aBHCHMble OJMHAKOBO pacnpejesieHHble CJy-
yaiiHble BeJMUHHb, N — CjlyyaiiHasi BeJMuYHHa, He 3aBHcswas ot X, ..., X,
N=1,2,..)),c EN <00, DN < co. INokasarb, uto (Sy = X +...+XN)

DSy _ DX;

—_ 2
DSy =DX,EN +(EX)'DN, ggb =gyt

+ EX BN

19. Mycts M(f) =Ee* — nponssoasiuas GyHKUMA CyyaiHOM BeJIMUMHbI
X. Noka3satb, uto P(X > 0) < M(¢) nns Besikoro ¢ > 0.

20. Iyers X, X, ..., X; — He3aBHCHMbIEe OIMHAKOBO paclpejesieHHble Cay-

n
yaiiHble BeJIMuHHbl, S, =Y X;, So=0, M, = max S;, M=sup S,. MNokaszatb,
; 0gjgn 130

4TO («gin» 03HayaeT, 4To pacnpesiesieHus £ ¥ 7) COBNAAAIOT)
@) My (Moey +X)+, n 2 1;
(b) ecam S, — 0o (P-n. 1), To ML (M +X)*;
(c) ecin —0o<EX <0 u EX2< 00, T0

DX —D(S+X)~

EM= —2EX

21. B npeanosioxennsix npeabiyledt 3agauu nyctb M(g) =sup(S, —ns)
nz0

s € > 0. INokasatb, uTo 11118 eM(e) = (DX)/2.
(3

§ 9. lMocrpoenne npouecca ¢ 3aiaHHbIMH
KOHEYHOMEpPHBIMH pacnpepeeHUsiMU

1. Tlyctb £ =§(w) — cayuaiiHas BeJIHuUHHA, 3ajaHHas Ha BEPOATHOCTHOM
npoctpaHctse (2, &, P) u

Fe(x) =P{w: £w)<x)

— ee ¢yHKuua pacnpesenenus. [TonatHo, uto F¢(x) aBasetca ¢yHkuued pac-
npejiesieHHst Ha YHCJI0BO# NpsiMoil B cMbiclie onpefeseHus | § 3.

[MocraBum ceftuac caenyrouit Bonpoc. Ilycts F = F(x) — Hekomopas
¢yHkuust pacnpesenenus Ha R. CnpalunBaercs, cyujecmsyem au ciyyaiiHas
BeJIHUMHA, UMelollas GYHKUHIO F(x) cBoell dpyHKUMel pacnpefeseHus?

OnHa M3 MPHYHH, ONPABALIBAIOLIMX 3Ty MOCTAHOBKY BOMpPOCA, COCTOMT B
craenyioliem. MHorHe yTBepKIeHHs! TEOPHH BEPOSITHOCTEN HAUHMHAIOTCS CJIOBa-
Mmu: «fTycmo € — cayuaiinan seauduna ¢ ¢pynkyuei pacnpederenus F(x),
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moeda...». Iloatomy, uToObl yTBEpXKAEHHSI MOAOGHOro THNA ObUIM COAepXKa-
TeJIbHBIMH, Halo HMETb YBEPEHHOCTb, YTO paccMaTpHBaeMblil 06beKT JeHCTBU-
tenbHo cyllecTByeT. TTockosbKy AnA 3afaHus cAyyaiiHOH BeJIMUMHBI HYXXHO
npexzae Bcero 3ajath obsnactb ee onpenenenus (2, F), a wis Toro, uToGhI
TFOBOPHTD O €€ pacrpe/ie/leHHH, Hallo HMeTb BEPOATHOCTHYI0 Mepy P Ha (2, &),
TO MpaBHJIbHAsA NOCTAHOBKA BONPOCA O CYLIECTBOBAaHHH CJyyaiiHOH BeJIHUHHbI
¢ 3ajaHHo# ¢yHKUMell pacnipefeneHus F(x) Takosa:

Cywecmsyrom au gepoamrocmnoe npocmparcmao (2, &, P) u cay-
yaiinaa seauvuna £ =E€(w) Ha Hem makue, umo

P{w: éw) € x}=F(x)?

MokaxkeM, YTO OTBET Ha 3TOT BOMPOC MOJIOKHTENbHBIA H, B CYLIHOCTH, OH
conepxuTca B Teopeme 1 § 3.
JleficTBHTENIbHO, NMOJNOXKHM

Q=R, F=BR).

Torna u3 teopemsbl 1 § 3 caenyer, uto Ha (R, 8(R)) cyutecTByeT (4 MpHTOM
eIMHCTBEHHast) BeposTHOCTHaa Mepa P, mns koropoi P(a, b] = F(b) — F(a),
a<b.

[Monoxum €(w) =w. Torna

P{w: {(w) < x}=P{w: w<x}=P(~o0, x] = F(x).

Takum o06pa3oM, TpeGyeMoe BepOSITHOCTHOE MPOCTPAHCTBO M MCKOMas CJyyaii-
Has BeJHYHHA MOCTPOEHBI.

2. TlocTaBuM Tenepb aHAJOTHYHBIA BOMPOC S CJAYyYaiHbIX MPOLECCOB.

Mycte X = (&)ter — cayuaitubiit npouecc (B cMmbicsie onpeaenerus 3 § 5),
3a/laHHbIil Ha BepOATHOCTHOM npoctpanctse (2, &, P) nna t € T CR.

C ¢u3uyeckoft ToukH 3peHHs1 HauGosiee BaXKHOH BEpOSITHOCTHOH Xapak-

TEPUCTHKO# cJyyafiHoro npouecca saserca Ha6op {F, .. (X1, ..., Xs)} ero
KOHeuHOMepHoLX PYyHKYyul pacnpedeserus
Fi.ta(X1, ooy Xa) =Plw: &, <x1, ..., &, <xa}, (1
3a/laHHbIX 1451 BCeX HAabOpoB Iy, ..., Iy c t) <t <...<fp.
M3 (1) Buano, uto mnsi kaxporo Ha6opa fy, ..., I, € L1 <te<...<ftp
yukumn Fy,, 4, (X1, ..., Xn) IBASIOTCS 1-MEPHLIMU QYHKLUHMAMH pacnpefeneHns
(8 cMbicaie onpenenennst 2 § 3) u uto Habop {Fy,. 4, (X1, ..., Xn)} yAOBIETBOpPSIET

ClenylouuM ycaosuam coearacosarnocmu (cp. ¢ (20) u3 § 3):

Flitonts X1y o0y 00, .., Xg) =
=Fh ot ttegrta X1y ooy Xo—1y Xkt 1,y o0y Xa). (2)
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EcrecTBeHHO Tenepb NOCTaBHTL TaKOH BONPOC: NPH KAKHX YCJOBHAX ceMeii-
ctBo {Fy,,..t, (X1, ..., Xn)} dyHKUMEA pacnipenenenus Fy, 1, (X1, ..., Xs) (B CMbiC-
Jie onpefenielust 2 § 3) Moxer GbiTb CeMeACTBOM KOHEYHOMEPHBIX (hyHKLM#H
pacrnpefie/ieHHsi HEKOTOPOTo CliyyaitHoro mpoliecca? BecbMa nmpumeuatesbHo,
YTO BCE TaKHEe AONOJIHUTENbHblE YCJAOBHA HCUEPIBIBAIOTCA YCJOBHSAMH COTJIa-
COBAaHHOCTH (2).

Teopema 1 (Koamoropoea o cywecrBoBaHuM mnpouecca). [Tycmo
{Fi,..t,(x1, ..., Xp)}, 20e t; ET CR, t) <12 <...<ln, n21,—3a0annoe ce-
Melicmeo KOHeuHOMepHbLX yHKyui pacnpedeieHus, Yy008AeMEOPAIOWUX
ycaosuam coaracosarnnocmu (2). Toeda cywecmsyiom 8epoOAMHOCMHOE
npocmpancmso (2, F, P) u cayuaiineid npoyecc X = (§)er maxue, umo

P{w: €t| gxlv ceey Et,, < xn}=Ft|,....t,,(xh ey xn)~ (3)
Jlokazameavcmso. Tlonoxxum
Q=R", Z=28R"),

T. €. BO3bMEM B KayecTBe MpOCTpaHCTBA ) MPOCTPAHCTBO AEHCTBHTENbHbLIX
GYHKUHA w = (w¢)ter C o-anre6Gpoit, MOPOKAEHHON LMAHHAPHYECKHMH MHO-
JKECTBaAMH.

Myetb 7=[t), ..., ta), i <t2<...<t,. Toraa, cornacHo Teopeme 2 3 § 3,
B mpoctpaHcTBe (R", #(R")) MOXHO MOCTPOHTb (H MPHTOM €IHHCTBEHHYIO)
BEepOATHOCTHYIO Mepy P, Takylo, uTo

Pe{(wtyy ooy W) wiy S X1y ey Wi, KX} =Fy o, (X1, -, Xn). “4)

W3 ycnioBuil corsiacoBaHHOCTH (2) BbiTeKaeT, 4To ceMeicTBO {P;} TakxKe ABaA-
ercsi coriacoBanHbiM (cM. (20) § 3). CornacHo TeopeMe 4 u3 § 3, Ha npoct-
panctee (RT, B(RT)) cyuiectsyer BeposiTHocTHasi Mepa P Takas, uTo

P{w: (wy,, ..., ws,) € B}=P-(B)

IJ1s BCsiKoro HaGopa 7= [{, ..., tp], {1 <...<{p.

OTciona caeayer Takxe, YTo BbinoJiHeHo ycjioBue (4). Takum oGpasom, B
KayecTBe MCKOMOTO cJhyuaiiHoro nmpouecca X = (&¢(w))ter MOXKHO B34Tb Mpo-
Liecc, onpefieJieHHbI# CJeAyIoLMM 06pa3oM:

&(w)y=wy, teT. 5)
a

3ameuanne 1. [ocTpoenHoe BeposTHOCTHOE NpocTpancTso (R, B(RT), P)
4acTO Ha3blBAlOT KAHOHUYECKUM, A 3ajaHHe cJydyaHHOro mnpouecca paBeH-
cTBoM (5) — KoOpOuHamHuiM cnOCO6OM MOCTPOEHHS Mpoliecca.

3ameuanne 2. Ilyctb (Eo, &) — NosHble cenapabesbHble MeTpHUECKHE
NpOCTpaHCTBa, < NPHHALJIEKHT MPOH3BOJLHOMY MHOXKECTBY HHIAEKCOB 2A.
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Myctb {Pr} — HaGop COrNMacoBaHHBLIX KOHEYHOMEPHbIX (YHKUMHA pacnpe-
penedus Pr, T7=lay, ..., an), Ha (Eq, X...X Eq,, 60, ®...® &,,). Torna
CYLLLECTBYIOT BEPOSITHOCTHOE MPOCTPaHCTBO (2, F, P) 1 ceMelicTBO F /8y -13-
MeprMbIX QYHKUHA (Xo(w))aca TaKHe, yTO

P{(Xa,, ..., Xa,) € B}=P-(B)

na Mobblx 7= [ay, ..., )| U BEEH ®...@ E,,.
DroT pe3yabTat, 0606LIaIOLIKA YTBEPXKAEHHE TeopeMbl 1, ciiefyeT U3 Teo-
pembl 4 § 3, ecu nonoxkut Q=[] Eq, F = 4 1t Xa(w) =wq 119 Kaxmoro
o

w=(wa), a €. *

Caencreue 1. [Tycmo F\(x), Fa(x), ... — nocaedosameavrocmo 00HO-
MepHbX ynKkyuii pacnpedeasenus. Toeda cyujecmayom eepoamnocmnoe
npocmpancmso (2, F, P) u nocredosamervrocme nesasucumvix caydai-
Houx seauuur &), &, ... makue, 4mo

P{w: &(w) < x}=Fi(x). (6)

B wacmrnocmu, cywecmsyem seposmrnocmnoe npocmpancmeo (2, &, P),
Ha komopom onpedesena 6eCKOHEUHAR NOcied08amesbHOCmb bepHyriu-
esckux cay4ainox seauqun (8 amod ceasu cu. n. 2 § 5 ea. 1). B kauecmse
Q modacHo 30ect 83amb nPOCMpPancmeo

Q={w: w=(a|, as, ), a,~=0 uasu l}

(¢cp. makwe c meopemoii 2).

Jlns nokasaTenbcTBa CJAEACTBHSA JOCTATOYHO NOJNOXKHTD Fj
=Fi(x1)...Fa(xs) ¥ npuMeHHTHL Teopemy 1.

Caencrsue 2. [Tycmo T =|0, co) u {P(s, x; t, B)} — cemeiicmso neompu-
yamenoHolx pyuxyuid, onpedenrennoix 012 s, t €T, t >s, x€R, Be B(R)
U Y00B8.1eMBOPAIOUUX CACOYIOUYUM YCAOBUAM:

a) P(s, x; t, B) asaaemca npu pukcuposarntoix s, x u t 8epoamuocmnoil
mepolii no B;

b) npu ¢uxcuposanneix s, t u B P(s, x; t, B) asasemcs 6operesckoit
pynkyuei no x;

¢) 0as gcex 0< s <t <7 u B € B(R) svinoansemca ypasnenue Koimo-
eoposa—Yenmena

..... n(xh ceey xﬂ)=

P(s, x; 7, B)= P(s, x; t, dy) P(t, y; T, B). @
R

Mycmo, kpome mozo, ™ =r(-) — sepoamuocmuas mepa Ha (R, B(R)).
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Toeda cywecmsyiom sepoamnocmroe npocmpancmso (2, F,P) u
cayuaiinoii npoyecc X = (€t)i>0 Ha Hem makue, umo 04a 0=t <t <...
e < tn

P{gto nga €1| le» [EXE) 6‘,. <XH}=
Xo X1 Xn
= § n(dyo) § PO, yo: tr.dg1) ... § Plta-t, Ynii ta, dya). (8)
-00 - 00 —00

Tax nocmpoernuill npoyecc X HA3bl8aeMCA MAPKOBCKUM NPOYECCOM C
Ha4aAbHoLM pacnpedeierHuem T U CUCMeMoll nepexooHbx 8epoamHocmell
{P(s, x; t, B)}.

Caeacreue 3. [Tycmo T={0,1,2, ...} u {Pn(x; B)} — cemeiicmgo
HeompuyameavHolx ynkyuii, onpedesennoix 01 k> 1, xR, B € B(R)
u makux, umo pyukyus Py(x; B) ecmov seposmrnocmnasn mepa no B (npu
gukcuposannoix k u x) u usmepuma no x (npu guxcuposanuux k u B).
ITycmo, kpome moezo, *=m(-)— sepoamuocmnan mepa na (R, B(R)).

Tozda moxcHo nocmpoums gepoamuocmuoe npocmparcmso (2, F, P)

¢ cemeticmeom cayuainsix geaudun X ={€, &1, ...} Ha Hem makux, 4mo
P{€0 Sx()v El gxly secy En gxﬂ}=
Xo Xy Xn
= § ndyo) § Piwoidy)) ... § Payn-i; dyn).
—00 —00 —00 .

3. B cooTBeTCTBHH CO CJIEACTBHEM | CyleCTBYeT MOCJIENOBATENbLHOCTD
HE3aBMCHMBbIX CJydaiiHblx BenuuuH €, &2, ..., ONHOMepHble DYHKLMH pacrnpe-
LeJIEHHs KOTOPbIX €CTb COOTBETCTBEHHO Fy, Fo, ...

IMyctsb Tenepsw (E), &) , (E2, 62), ...— noJHble cenapabesibHble MeTpHue-
CKHe NPOCTPaHCTBa H Py, P2, ... — BepOATHOCTHbIe Mepbl Ha HUX. Toraa u3 3a-
MeyaHHsl 2 CJIeAyeT, YTo CYLLECTBYIOT BEpOATHOCTHOE MpocTpaHeTBo (82, &, P)
¥ MOCJE0BATEIbHOCTb He3A8UCUMBLX dJIEMEHTOB X, X9, ... Takue, 4TO X, —
F /&,-n3mepumbl v P{X, € B}=P,(B), B€&,.

OxKa3sbiBaeTcsl, YTO 3TOT Pe3y/bTaT OCTaeTCs CpaBelJHBbIM H B TOM CJy-
yae, Koraa npoctpaHcTsa (E,, &) ABAAIOTCA NPOUIBOLOHIMU USMEDUMBLMU
npoCmMpaHcmeamu.

Teopema 2 (Monecky Tynun o npoaosKeHMH Mepbl M CylLeCTBOBa-
HHH cayuaitHoit nocaepoBateabHoct). lTycmo (Q,, F,), n=1,2, ..., —
npoussoabroie usmepumvie npocmpawcmea u Q=[] Q, F=F Zn.
[Tpednorosxcum, umo na (), F)) 3adana seposmuocmuas mepa P, u
011 Kamdoeo Habopa (wy, ..., wn) € X ... X Qp, 121, HA (Qnt1, Fat1)
3a0aHbt 8epoamrHocmHbie mepol P(w,, ..., wn; -). bydem npednorazame,
umo P(wi, ..., wn; B) 02a Kawdoeo B € £, A64s10mCa usmepumoimy
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pynryuanu om (wi, ..., wn), U nYcmo
PatAr X ... x An) = § Pi(dw)) § Pwi; dwo) ... § Plwy, ..., wai; dwn),
A Ay A,
Ai€eFi, nxl 9)

Toeda Ha (R, F) cywecmsyrom eQuHcMBeHHAA BePOAMHOCMHAL Mepa
P maxas, umo 0aa amobozo n 2 |

P{w: wi €Ay, ..., wa €EAp}=Pn(A) X ... x Ay), (10)
u cayuatnas nocaedosamenvrocmo X = (X;(w), Xo(w), ...) makasa, umo
Plw: Xi(w) €Ay, ..., Xa(w) €EAn}=Pa(A) x ... x A3), (11)

ede A; €6,.

Hoxasameavcmego. TlepBbifi Wwar B 10Ka3aTeJbCTBE COCTOHT B YCTaHOB-
JIEHHH TOFO, YTO LA Kaxaoro n>1 ¢yHKUMIO MHOXeCTB P,, 3alaHHyl0 Ha
npsmMoyrosibHHKax Ay X ... x A, ¢ noMollibio paBeHcTBa (9), MOXKHO NMPOAOJ-
XKHTb Ha o-anrebpy £ ®... Q@ Fn.

C 3To# uesbio 115 Kaxaoro n 22 v Be £ ®...® £, NoN0XKUM

Pa(B)=§ Pi(dw) § Pwii dwy) ... § P, ..., wn2i dwn_y)x
Q) Q Qg
x § Iswi, ..., wa) Plwr, ..., way; dwa).  (12)
Qq

HetpyaHo Buzetb, uto s B=A) x ... x A, npaBas yactb B (12) coBnagaer
¢ npapo#t yactbio B (9). Kpome Toro, mnsi n=2 Tak Xe, Kak H B TeopeMe 8
§ 6, nokasbiBaetcs, uTo Po sBasercst Mepoil. OTCIO4a MO HHAYKUHH JIEFKO
ycTaHaBJHBaeTCs, YTO P, ABJAIOTCA MepaMH 111 NMPOH3BOJLHOIO 1 2> 2.

Chenyiolmit War B J0Ka3aTeJbCTBE TaKo# XKe, Kak U B Teopeme KoJamo-
roposa o npofo/KeHHH Mepbl B (R, B(R°)) (teopema 3 § 3). A umeHHo,

N1 BCAKOTO LMJIMHAPHUECKOro MHOXKecTBa J,(B) ={w € Q: (w), ..., w,) € B},
Be £ ®...Q F,, onpenenum QyHKuHMIO MHOXKecTB P ¢ MomolLbio paBeHCTBa

P(Ja(B)) = Py(B). (13)
Hcnonbays (12) u 10 06cTOATENbCTBO, UTO P(W), ..., W} -) ABAAIOTCA MEPaMH,

HEeTPY/HO YCTaHOBHTb, 4YTO ompefieielie (13) KOppeKTHO B TOM CMbicCJe, YTO
3Hayenue P(J,(B)) He 3aBHCHT OT croco6a NMpeACTaBJIEHHS LUIHHIPHYECKOTO
MHOXXecTBa.

Orciona BbiTeKaet, uto ¢yHKUMs MHOXecTB P, onpenenennas B (13) aas
UMJIHHADHYECKHX MHOXKECTB H, OUYEBHAHbIM 06pa3oMm, Ha ajre6Gpe, copepxa-
el Bce UMJAMHAPHUECKHE MHOXKECTBA, ABJSETCSH Ha 3TON ajire6pe KOHEeuHo-
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apauTHBHO#M Mepoii. OcTaeTcsi NPOBEPHTb €€ CUETHYIO ANAUTHBHOCTb HA 3TOM
anre6pe W 3aTeM BocnoJib3oBaThest TeopeMoit Kaparteonopu.

B Teopeme 3 § 3 ocyuiecTBieHHe yKa3aHHOH NPOBEPKH OCHOBLIBAJIOCH Ha
TOM cBoiicTBe npoctpaHcTs (R, Z8(R™)), uTo 1nsi KaXKAOTo GOPeeBCKOro MHO-
xKecTBa B MOxKHO HaiiTH komnakT A C B, BepoATHOCTHast Mepa KOTOPOTo CKOJib
yrofiHo 6/1M3Ka K Mepe MHoxecTBa B. B paccmartpuBaeMoM ciiyyae 3TOT MOMEHT
JI0Ka3aTeJIbCTBA BHAOH3MEHSETCS CJEYIOLHM 06pasoM.

[TycTb, Kak 4 B TeopeMme 3 § 3, {3,,},,;, — NOCJIe0BaTENbHOCTb LIMJIHHAPH-
YeCKHX MHOXECTB

By={w: (wi, ..., ws) €Ba)},
YGLIBAIOLIMX K MYCTOMY MHOXKECTBY &, HO
n'l."; P(B,)>0. (14)
U3 (12) pnan>1

PBa) = § 7" (w) Pr(dw),
Q
rae

V@)= § Pwis dwy) ... § Is, (@1, ..., wn) Pwr, ..., wn—1; dwy).
(923 Qq

[TockosbKy §,,+, CB,, 10 Bny1 € Bn X Qnyy 4, 3HaunT, I, (Wi, ..., Woy1) <
</, (W, ..., wa)lq,, (wny1). TlosToMy — mocnenoBaTeNbHOCTb  (hyHKLHH
{f{V(1)}n>1 siBNsIETCH YOBIBaIOWEH. TTyCTb f")(w|)=li§n " (wy). Torza no
TeopeMe 0 Ma)XOpPHPYeMOil CXOAHMOCTH

lim P(B)=lim § /() Pr(dwi) = § [Owr) Pr(dwy).
Q| Q]

o npeanosioxeHuio li,',T' P(B,) > 0. Otciona ciieqyeT, uTo HaieTcs Takoe

wd € By, uto f0(w) >0, nockobKy ecan Touka wy € By, 1o fi(w)) =0 mis
Bcex n 2 |.
Hanee, nns n>2

fO@) = § 7P (we) Pf; duwn), (15)
Qs

rae

,ﬁz)(w2)= S P(w?, wo; dws) ... S IB,,(w‘,’,wg, cee,Wn) P(w‘,),wg, ooy Wn—1; dwy).
Q3 Q
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1
Kak H B Clyyae MOCJe10BaTelbHOCTH {f( )(wl)}, ycTaHaBJ/IMBaeTCsl, YTO

nocaenoBaTenbHoCTh {fi2 (wo)} mBasieTcss y6biBalomed. Tlycts fO(wp) =
= lim f,?’(wg). Torana u3 (15) caenyert, uto
n—00

0< VW)= § FP(ws) P dwy),
Q9

W HalizeTca Takas Touka wj € Qg, uto f@(WY) > 0. INpu sToM (w,, wd) € Bs.
['lpono.nx(aﬂ YKa3aHHBIi NIpoLIeCC, NOJyYHM, YTO llJlﬂ .modoro n Haizercs Touka
(wl, .., W) € B,. CnefoatenbHo, Touka (wl, .)EN B, Ho B To e
Bpems, N0 NPeANoioxentio, [ B,=w. l'lo.nyquHoe NpOTHBOPEYHe MOKA3bi-
BA€T, UTO llm P(B,,) 0.

Hrak, yTBepXKaeHHe TeopeMbl B Y4aCTH, KacalolLefics CyLIeCTBOBaHHA BEPO-
ATHOCTHOH Mepbl P, 10Ka3aHo. 3aK/IOuHTeNbHAsA YacTb OYEBHIHbIM 06pa3oM
c/ieyeT U3 npefbliayllief, et NoN0XKHTb Xqp(w) =wq, n 2 1. a

Cneacreue 4. [Tycmo (En, p)n>1 — NpoOU3BOAbHOIE UIMEPUMBIE NPO-
cmpancmea u (Pp)a>1 — 8epoamuocmusie mepol Ha rux. Tozda cywe-
cmayiom seposamuocmuoe npocmparcmso (2, F, P) u cemelicmeo nesa-
sucuUMbLX Cay4alinblx 3semenmos Xy, Xo, ... CO 3HAYEHUAMU 8 USMEPUMBLY
npocmpancmsax (E,, &), (Ez2, &), ... coomsemcmeenHo, makue, 4mo

P{w: Xa(w)€B}=P,(B), B€&, n>1.

Caencrsue 5. ITycme E={1,2, ...}, {pe(x, 9)}, k21, x, y EE, — cemeii-

Cmeo HeompuyameabHolx GynKyuil makux, umo . pe(x, Y)=1, x€E,
yeE
k> 1. ITycmo, kpome moeo, m=mx(-) — pacnpedesenue seposmuocmed

Ha E (m(x) =0, 3 wm(x)=1).
x€E

Tozda cywecmesyrom sepoamuocmuoe npocmparcmeo (2, £, P) u ce-
Meticmeo cayqainoix seaunun X ={&, £, ...} Ha Hem maKue, umo

P{& =x0, &1 =x1, ..., & = Xn} =T (x0) p1(X0, X1)... Pn(Xn—1,%a)  (16)

(cp.c (4) § 12 ea.1) Oaa scex x; €E u n> 1. B kauecmse ) mo¥HO 832mb
npocmpancmeo

Q={w: w=(xo, X3, ...), X; €EE}.

Mocaenosatenshocts X = {&o, &), ...} C/iyyailHbIX BeJIHUHH, YIOBAETBOPS-
01HX yeaoBHio (16), HasbIBAIOT #APKOBCKOL Yenbio CO CYETHLIM MHOXKECTBOM
COCTOsSIHHI E, C MATPHLIAMH NE€PEXOHBIX BepPOATHOCTEH { pe(X, ¥)} H HAYANBLHBIM
pacnpenenennem BepositHoctedt w. (Cp. ¢ onpesenenvem B § 12 . 1 u ¢
onpenenenuamu B § 1 . VIIL)
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4. Teopema Kosmoroposa (Teopema 1) yTBepxaaer cyllecTBoBaHHe Mpo-
ecca € 3aJaHHOH CHCTEMO# COIJIaCOBaHHbIX KOHeYHOMepHbIX (yHKUHHA pac-
npeneienus. [IpH 3ToM ee foKasaTesbeTBO TpeGyeT oOpallleHHsl K KAHOHU Ye-
CKOMY BEPOSATHOCTHOMY MPOCTPAHCTBY, a CaMH MPOLIECChI CTPOSITCH KOOpOu-
HamHoim 06pa3oM, YTO caMo Mo cebe FOBOPHT O CJIOXKHOCTH YCTPOHCTBA HX
TpaekTopHil.

C 3Tofi TOYKH 3peHHs 3HauUHTeJIbHbIA HHTepeC MPEeACTaBAAIOT CydaH KOH-
CMPYKmMuBHO20 NOCTPOEHHA CJYYailHbIX NMPOLECCOB C 3aAaHHLIMH CBOHCTBA-
MH, MPH 3TOM C MHHHMAJIbHBIM HCIOJIb30BAHHEM «BEPOATHOCTHLIX CTPYKTYp».

Jlns neMOHCTpalMu TaKHX BO3MOXKHOCTeil 06paTHMCA K TaK Ha3blBaeMbIM
npoueccaM BoccTaHoBsieHHd. (Mx uacTHbi# cayuait — npouecc [lyaccoHa; cMm.
§ 10 rai. 11.)

Myctb (01, 09, ...) — Nocne0BaTENLHOCTb HE3ABHCHMBIX OJIMHAKOBO pac-
npefie/ieHHbIX MOJIOXKHTENbHBIX CJydyaiiHbiX BeJHuMH ¢ (yHKuMeil pacnpese-
Jenust F = F(x). (CyuiecTBoBaHHe TaKO# NOCJELOBaTEIbHOCTH FrapaHTHpyeTCs
cneacteieM 1 k Teopeme 1.)

[To nocaenoBatenbHoCTH (07, 02, ...) 06pa3yeM HOBYIO MOCJeNOBaTeNlb-
Hoctb (To, 71, ...) c To=0n

Ta=o1+...+0, n=l.

Insa narnagHocTH Gy1eM HHTEpNpeTHPOBaTb MOMEHT T, Kak MOMEHT nosBJje-
HUA n-ro, CKaXkeM, Bbi3oBa (Hanpumep, TesedoHHoro). Torma o, onucbiBaer
JUIMTENBbHOCTb BpeMeHH MeXAy (1 — 1)-M u n-M BbI30BaMH.

Tlpoyeccom soccmarnoBaeruss TPHHATO HA3bIBATb CJYy4alHbIA MpoLecc
N = (N¢)t>0 ¢ (KOHCTPYKTHBHO 3aJlaHHbIMH) BeIHYHHAMH

Ne=Y" KT, <H). (17)
n=|

MoHATHO, uT0 Ny MOXHO GbiJIO Gbl OMPENENHTD H TaK:
Ny=max{n: T,<t}, (18)

T.e. Ny — 310 uHc/io BbI30BOB, MocTynuBIUMX Ha HHTepBade (0, £]; npu 3TOM
OYEBHHO, 4TO

{Ne 2n}={T, <t}. (19)

D1a npocras dopMyJia BeCbMa NoJie3Ha, NOCKOJbKY OHa M03BOJsAeT CBOJHTD
paccMoTpeHHs 0 BepOATHOCTHBIX cBoficTBax npouecca N = (N¢);>0 K H3YyUeHHIO
CBOWACTB BeJIHUHH T, =0 + ...+ Oy, ABAAOLIMXCA CYMMaMH He3aBHCHMbIX CJTy-
YafHbIX BEUYHH 0}, ..., 0p, N2 ] (cM. 1. 4 §3 . IVun. 4 § 2 ran. VII).

3 dopmyabl (17) cpa3y BbiTekaeT, uto ¢pyHkyus soccmarosrerus m(t) =
=EN;, t >0, onpenensiercs no ¢yHkuusM pacnpeneneius Fn(t)=P(T,<¢)
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cefytolM 06pa3oMm:

(=]
m(t)="_ Fa(t). (20)
n=1

5. 3apaun.

1. Myets =0, 1], & — knacc GopeneBckux MHOXecTB Ha [0, 1], P —
mepa JleGera Ha [0, 1]. Tokasate, yto npoctpaucteo (2, &, P) aBnsetcs
yHHBEPCA/ILHBIM B TOM CMbICJIE, 4TO 1Al /0G0 (yHKUMU pacnipenesieHus F(x)
Ha (9, &, P) MOXHO TaK onpeleuTh cayyaiiHylo BennuuHy & =&(w), uTo ee
dynkuHsa pacnpesenenns Fe(x)=P{£ < x} coBnanaer ¢ pyuxunei F(x). (Yea-
sanue: £(w)=F ! (w), rae F~'(w)=sup{x: F(x) <w}, 0<w< 1, a £(0), £(1)
MOTYT GbITh B35ITbi NPOH3BOJIbHBIMH.)

2. IpoBepHTbL COMIACOBAHHOCTb CEMEHCTB pacnpesieieHHil B CJAEACTBHSAX K
TeopemaM | u 2.

3. BbiBecTH yTBepXIeHHe CJIECTBHA 2 K TeopeMe 2 U3 TeopeMbl 1.

4. IMyctb F, — byHKuMH pacnpefeneHus BenuuuH T,, n>1 (u3 n. 4).

t

[MokasaTb, uto Fyy) (t)=S F.(t —s)dF(s),n>1,rne Fi=F.

0
5. INokasatb, uto P{N; =n}=F,(t) — Fay1(f) (cM. (17)).
6. INokasatb, 4To BBefleHHas Bhille B M. 4 QyHKUUS BocCTaHOBJEHHs mi(f)
YIOBJIETBOPAET YPABHEHUIO BOCCMAHOBACHUR

t
m(t) = F(t) + § m(t — x) dF(x). @1
0

7. Tlokasatb, yTo B KJacce (YHKUHiH, OrpaHHYEHHBbIX Ha KOHEYHbIX HHTEp-
BaJiax, eIMHCTBEHHbIM pellieHHeM ypaBHeHHs (21) sBasietca QyHKUMSA, onpese-
nsemas dopmyaoit (20).

8. Myctb T — NpoH3BOJILHOE MHOXKECTBO.

(i) IMpennonoxuM, uto Ans Kaxaoro ¢ € T 3aaHO HEKOTOPOE BEPOATHOCT-

Hoe npocTpaHcTso (Q, Fi, P;). [Monoxum Q= [] @, & = K] &:. [okasars,
teT teT
uTo Ha (€2, &) cyllecTByeT H eIHHCTBEHHA BepOATHOCTHas Mepa P Takas, uto

P(H B‘) =]] P
teT ter

rne Bi e &, t €T, u By =, nns Bcex HHAEKCOB {, 32 HCKJIIOYEHHEM KOHEYHOTO
uucna. (¥kasanue. 3agath P Ha monxoasiued aareGpe ¥ BOCMOJIb30BAThCA
MeTofoM jJoKa3aTesibcTBa B TeopeMe HMoHecky Tynuu.)

(ii) IMycTb nns kaxporo ¢ € T 3azanHbl H3MepuMoe npocTpaHcTBo (Ey, &;) u
BeposiTHocTHast Mepa P; Ha HeM. JloKasaTb, YTO CYLIECTBYIOT BEPOSITHOCTHOE
npoctpanctso (2, &, P) u He3aBucUMBIe ciyyaiiHbie 3/ieMeHTbl (X;);cT Takue,
uto X; sBasiorcs & /6;-n3mepuMbiMu u P{X; € B} =P(B), B € é;.
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§ 10. Pa3Hble BUABI CXOAUMOCTH NOCHEN0BaTENbHOCTEH
CJYYAaHHBIX BEJHYHH

1. Kak 1 B MaTeMaTHYeCKOM aHaJH3e, B TEOPUH BEPOATHOCTEN NPUXOAUTCS
MMeTb J1eJ10 C Pa3HbIMH BHIAaMH CXOAHMOCTH CJlydyaiHbix BeanuuH. Huxe Gynyt
paccMOTpeHb! chieflylollie OCHOBHblE BUAbI CXONUMOCTH: 10 8epOAMHOCMU,
€ 8epOAMHOCMbIO eOuHUYA, 8 CpeOHem nopadKa p, No pacnpeoeicHuro.

Haunem c onpepnenenuit. Ilyctb &, &), &9, ... — ciyuaiiHble BeJIHYHHDI, 3a-
JaHHble Ha HEKOTOPOM BepOATHOCTHOM npocTpaHctee (2, &, P).

Onpeaenenne 1. [locnenoBatenbHoCTh CayYyallHbIX BeJdHUHH £, &9, ...
(o603nauaeman TakxKe {€n}, {€alnx1 MM (€n), (€n)n>1) Ha3bIBaeTCA Ccx00s-

. P
weiica no gepoamnocmu K ciay4aiiHo#l BesHuuHe & (oGo3HaueHue: &, — &),
ecJin

P{|¢. —&|>e}—0, n—oo (1)

aasa goboro € > 0.
C 3THM BHOM CXOAMMOCTH Mbl YK€ BCTpeYaJiuch B CBA3H C 3aKOHOM 60J1b-
LUKX YHCes B cxeMe BepHy/H, yTBepXKaaioLHM, UTO

P{’%"——p|>e}—>0, n—oo

(cM. o6o3HaueHus B § 5 . I). B aHanuse 3TOT BHA CXOAMMOCTH MPHHATO
Ha3blBaTb CXOOUMOCMbIO NO Mepe.

Onpegenenne 2. [locnenoBaTenbHoCTh CaydaiiHbiX BeJaHuHH &, &, ...
HasblBaeTCsl cxojdllledca ¢ sepoamuocmero eQuHuya (noumu HasepHoe,
noumu 8c/o0y) K ciydaiiHoil BeuuuHe &, eCi

Plw: & /€1 =0, @

T. €. eC/ii MHOXKEeCTBO HCXOM0B w, A5l KOTOPbIX &,(w) He cxodamca K &(w),
HMeeT HyJIeBYIO BEpPOATHOCTb.
DTOT BHA CXOAHMOCTH 0603HAYAIOT NMO-Pa3HOMY:

€& (P-ILH), Wi & —& (N.H), WM & ==&, WM &, — €.

Onpepenenne 3. TlocnenoBatenbHOCTb CaydailHbIX BeJaHuuH &y, o, ...
HasbiBaeTcs cxoldllefics 8 cpedHem nopsaoka p, 0< p < oo, K ciyyaiiHoi
BeJIHYHHE £, eciH

El¢n - €17 —0, n—oo. @)

B aHasiM3e 3TOT BHA CXOAMMOCTH HA3LIBAIOT CX0OUMOCMbIO 8 cMbicae LP.

. L?
B s1oii cBsi3u (3) o6bluHO 3anuckiBaloOT B BHe &, — €. B uacTHOM cayuae p=2
3TY CXOAUMOCTb Ha3biBalOT TAKXKE CXOAUMOCTBIO 8 CpeOHeM KB8adpamuuecKkom
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y nuuwyT £ =Li.m. &, (l.i.m. — cokpautenue ot limit in mean — cxogumocThb B
cpesHeMm).
Onpenenenne 4. [locnegoBaTenbHOCTb CllyyafiHbIX BeJHuHH &), &, ... Ha-

3bIBAETCS CXoAdllefics no pacnpedeseHuro K cayyaiiHoil Besnunte £ (0603Ha-

d I .
yenue: &, =€, & — &, d — ot distribution — pacnpefienenue, [aw — 3aKoH),

ecJiH U1s1 JIo6GoR orpaHuyeHHON HenpepbiBHOH pyHKuuH f = f(x)

Ef(¢) —Ef(€), n—oo. 4

HaumeHoBaHHe 3TOr0 BHJa CXOJHMMOCTH 06bACHAETCSA TEM, UTO, KaK GyaeT no-
kasaHo B § | . 111, ycnosue (4) skBHBaJIeHTHO cXoAUMOCTH (pyHKUMI pacnipe-
nenenns Fe,(x) Kk GyHkunu pacnpenenenus Fe(x) B Kaxxao# Touke x, rae GyHK-
uns Fe(x) Henpepoigra (cxoOumocmo 8 ocHO8HOM; 0603Hauenue: Fe, = Fe).

[NonuepkHeM, YTO CXOAMMOCTb MO pacrpelesieHHI0 CJyYyailHbIX BEJHUHH
onpeJeNsieTcsi ToJbKO B TePMHHAaX CXOAMMOCTH HX (GYHKUHMil pacrpeneneHus.
[ToatoMy 06 3TOM BHAe CXOAMMOCTH MMEET CMbICJI TOBOPHTb M TOT/Aa, Koria
cjyyaiiHble BEHYHHB 3aJaHbl HA DPa3HbIX BEPOATHOCTHBIX MPOCTPaHCTBAX.
1ot BHA cxoauMocTd Gyser noapo6HO H3yyaTbes B . 111, rae, B uactHocTH,
OyneT 06bACHEHO, MoYeMY B OMpe/eleHHH CXOAHMOCTH Fg, = F; TpeGyercs
CXOAMMOCTb JIHLIbL B TOYKAX HEMNpepbIBHOCTH PYHKLUHMH F¢(X), a He 115 BCeX X.

2. B MartemaTHuecKOM aHa/lH3e MIsi pelLIeHHs BOMPOCa O CXOAMMOCTH
(B TOM WM MHOM CMbiC/ie) 3alaHHOH MOCJENOBaTeJbHOCTH (QYHKUHA OKa-
3blBa€TCH MOJIE3HBIM MOHnTHe (DyHAaMeHTaJbHOH MOC/eA0BATENbHOCTH, HJH
nocnefosatenbHoctTd Kown. BBesem aHasorduHble noHATHA Ans1 MepBbIX
TPeX PacCMOTPEHHbIX BHIOB CXOAHMOCTH MOCJIEN0BATeNbHOCTEH CJAyyallHbIX
BeJIHUHH,

Bynem rooputhb, 4TO MoC/e0BaTENbHOCTb CJYYaMHbIX BEMHUHH {£n}n>i
(unu npocro {£,}) Ppyroamenmarvra no 8epoAmHoOCMU, C 8B8POAMHOCTbIO
edunuya Win 8 cpedHem nopaoka p, 0< p < oo, eClH BHIMOJHEHbI COOT-
BETCTBEHHO CJlefyloliHe ycjous: ans Jdio6oro € >0 P{|&, —&m| =€} — 0,
n, m— oo, nocnenoBateNbHoCTb {€n(w)}s>1 QyHIaMeHTanbHa NS MOYTH
BCeX w €(; mnocJenoBaTeNbHOCTb (yHKUHA {€,(w)}n>1 PyHAaMeHTanbHA B
cMbicaie LP, 1.e. E|€, —&m|? — 0, n, m — co.

3. Teopema 1. a) Jaa mozo wmobw &, — ¢ (P-n. n.), Heobxo0umo u
docmamouno, umobu da3 106020 € >0

P{sup |6~ €2} -0, n—co 5)
k2n

b) ITocaedosamenvrocmo {€n}n>1 pynoamenmanvra ¢ 8epoAMHOCMbIO
edunuya moeda u moavko moeda, Koeda 041 a0boco €>0

P{ sup |§k—§1|>e}—->0,. n— oo, (6)

k2nl>n
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uau, 4mo 3KeusareHmHo,

P{sup €nsk — &n 2&} —0, n—oco. @)
k20

Hoxasamesbcmeo. a) Tlyete AS={w: |6, —€|>¢}, Ac=lim Ac=
o0
= U A Torza

n=1 k>n

{w: §,,7¢>§}=U A€ = U Al/m.
>0 m=1
Ho

P(4%) =lim P( U Az),
k>n
N03TOMY YTBEPXK/EHHE a) ABJAETCA PE3y/IbTaTOM CJEAyIOLIel LeNoYKH UMIJIH-
KaLHi:

Plw: & A€=0 & P(U Ae) =0 & P( D A'/'”)=0 &

e>0
& PAY™) =0, m>1 & P(A%)=0, ¢>0 &

P A)—0, noo, 650 & P{sup |§,,—§|>e}—*o, n— 00, €>0.
k2n

k2n

b) O6osnaunm By, ={w: |€, — & | > €}, B*= ﬁ U Bg,. Torna {w: {€(w)}
n=1 k2n
12n

He gynoamenmasvna}= |J B€, u Tak Xe, Kak B a), NOKa3biBAETCH, YTO
e>0
Plw: {€n(w)} He pynoamenmarvra}=0 & (6). DKBUBAJEHTHOCTD XKe yTBEp-

xaenuit (6) u (7) cienyer U3 OUEBHAHLIX HEPABEHCTB

sup '€n+k _§n| < sup |§n+k _€n+ll <2 sup |§n+k - §n' O
£>0 £>0

z2nl>n

m=1

CaeactBue. [Tockoavky

P{sup lak—§|>a}=P( U {|§k—s|>a}) <3 Pllge—¢l > ¢,

k>n k2>n
mo guinoaHerue 041 kaxdoeo € >0 ycrosus

D P{lée—¢lzel<oo ®)
k=1

JdocmamouHo 0aa cxodumocmu €, — € (P-n. 1.).
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B ces3u ¢ ycaoBHeM (8) yMecTHO cefidac OTMETHTb, YTO MOJIOXKEHHbIE MpH
ero BLIBOLE PACCY)KAEHHS MO3BOJIAIOT YCTaHOBHTb CJEAYIOLUH# MPOCTO#, HO
BasKHbiil pe3yJibTat, ABJSAIOLMACA OCHOBHBIM CPEJCTBOM MNPH HCCJEL0BaHUH
CBO#ICTB, BLIMOJHAIOIHUXCSA C BEPOATHOCTHIO €MHHLA.

Myctb Ay, A2, ... — HeKoTOpas nocJefoBaTe]bHOCTb COOBITHI H3 F. Ha-
noMHHM (cM. Ta6a. 1 B § 1), uto yepes {A, 6. 4.} o6o3Hauaerca cobbithe lim A,
cocToslLiee B TOM, 4TO NpoH30iaeT beckoHeuHOe uucao coObiTHH U3 A}, Ao, ...

Jiemma | (Bopeas—Kauteaau). a) Ecau ) P(A,) < oo, mo eeposam-
nocmo P{A, 6.4.}=0.

b) Ecau Y P(An) =00 u cobuimusn Ay, Ag, ... He3asucums, mo eepo-
amuocmo P{A, 6.u}=1.

Hokxazameavcmso. a) Ilo onpenenenio

{An 6.u}=Tm A, =[] | Ae-

n=1 k2n
[MosToMy
o0
P{4, 6. q.}=P(ﬂ U Ak) ~lim P( U Ak) <lim 3 P(Ay),
n=1 k2n k2n k2n

OTKyJa M CJiellyeT yTBepxKIeHHe a).
b) Ecau cobbitus Ay, Ag, ... Hesasucumel, TO TaKOBbIMH Xe OymyT
cobbitust Ay, Ao, ... Torna mia mwo6oro N >n

N _ N _
P(ﬂ Ak) =[] P,
=n k=ll

OTKY/Ja HETPYAHO BbIBECTH, 4YTO

P (ﬂ /Tk) =TI PAe). )
k=n =n
B cuny nepasencrsa In(l —x) < —x, 0<x < 1,
In J] (1 -PA)]=>" In[l —=P(Ap)]< - ) P(Aer)=—c0.
k=n k=n k=n

CunenosatenbHo, A1s Jio60ro n

W, 3Hauut, P{A, 6.4} =1. (]
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Cneacteue 1. Ecau AS ={w: |&, — €| = €}, mo ycaosue (8) o3nauaem,

umo f: P(Ag) <0, >0, u no semme boperns—Kanmerau P(A¢)=0, >0,
n=1
20e A® =1im AS (={A% 6. u4.}). Ten camoin

[o <]
> P{ée—€l>e}<oo, €>0 = P(A)=0, £>0 & Pfw: & AE=0,
k=1
4Mo yoce OMme*arocs soiule.
CnenctBue 2. [Tycmo {e€a}n>1 — nocaredosamesbHOCMb nOAONKUMEND-
HbLX wucea makux, umo €, | 0, n — oo. Toeda, ecau

> Pllén— €l > en) < oo, (10)

n=1

mo & = €.

B camom gzene, nyctb A, ={|€, — &| = €,}. Toraa no nemme Bopens—Kau-
tennn P{A, 6.u.}=0. A 3To o03HayaeT, YToO /I MOYTH KAXKIOrO HCX0Aa w € )
Haiinercs Takoe N = N(w), uto misa n > N(w) |&(w) — €(w)| <éen. Ho g, 0,
nostomy &,(w) — £(w) na noumu scex w € Q.

4. Teopema 2. Hmerom mecmo caedyloujue UMNAUKAYUL:

&Ne = €, Do, (1)
&5 = 6, 5e  p>o, (12)
Lhe = &bt (13)

Hoxazameabcmeo. YtBepxaeHue (11) creayer U3 cpaBHeHHs onpefene-
HHA CXOAMMOCTH MO BepPOATHOCTH C KpHTepHeM (5), a uMmukauus (12) — u3
HepaBeHCcTBa YeGbillieBa.

Hoxkaxem Tenepb uMmiukauuio (13). Tlyctb f(x) — HenmpepbiBHAs ¢yHK-
uud, |f(x)|<c, e>0 u N TakoBo, uto P{|¢| > N}<e/(4c). BuiGepem & Ta-
KHM, 4TOGbl 11 BceX |x| <N u |x — y|<J 6blio BbINONHEHO HEPaBEHCTBO
| f(x) — f(y)| < &/2. Toraa (cp. ¢ «BePOATHOCTHLIM» [0KA3aTENbCTBOM TEOPEMBI
BefiepwtpaccaB n. 5 § 5ra. 1)

E|f(€n) = FE =E([(€) = FE; 1€ — &I <0, [E| < N) +
+E(|f(€n) = FE)]; 1€n — €] <6, |€] > N) +E(|[(€n) — FE); 1€ — €] >0) <
<e/2+€/2+2P{|€, — €| > 8} =& + 2cP{|€, — €| > 6).

Ho P{|¢, — €| > 6} — 0, noatoMy mist noctatouHo Goabiuux n E|f(€,) — f(€)]| <
< 2¢, uTo B CHJy npousBosibHOCTH € > 0 nokasbiBaeT ummiukaumio (13). O
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[MpuBeneM psi NpHMEpPOB, NMOKa3blBAIOWMX, B YaCTHOCTH, yTo B (11), (12)
o6paTHble HMIUIKKALKH, BOOGLIE roBopsi, HECMPABELIMBbI.

Mpumep 1 (6, 56 % 6256 65¢ # €256, Myens 0=[0, 1],
Z =2%([0, 1]), P — mepa Jle6era. [Tonoxum
A=[2 L) f=lyw), i=L2.m Azl

Torga nocJiefloBaTeNIbHOCTb CJIy'-IElﬂHbIX BEJIHYHH

{€: 6.6, 6.6.8 ..}

CXO/IUTCSl H M0 BEPOSITHOCTH, H B CpefHeM Mopsiaka p >0, HO He CXOLHTCH HH
B OJIHO# Touke w € [0, 1].

Mpumep 2 (& D& < &2e & & Y, ¢, p>0). Chosa nycts Q=
=[0, 1], & =4((0, 1]), P — mepa JleGera u
e”, 0w /n,
&nlw) = {0, w>1/n.
Torza nocsienoBatesibHOCTb {€,} CXOAMTCS C BEPOSATHOCTbIO eAMHHUA (H, CJie-
JI0BaTeJIbHO, N0 BEPOATHOCTH) K HYJII0, OAHaKo 414 Jio6oro p >0

np
El&,|P = in— —00, N—o00.

14
Mpumep 3 (&, L—){ A £, 25 ¢). Tyctb {€,} — nociefoBaTeNbHOCTb
HE3aBHCHMBIX CJIy4aiiHbIX BeJIHUHH C

P{¢. =1} = pa, P{¢.=0}=1—-p,.
Toria HETPYAHO YCTaHOBHTb, YTO

650 & p.—0, n—oo, (14)
650 & p,—0, n—ooo, (15)
£ =50 & Y pp<oo. (16)

n=1

n.H.
B yacthoctu, npu p,=1/n¢, Y, 0 nns no6oro p >0, Ho &, -4~ 0.
B crenyioleii TeopeMe BbifieNifieTCsi OOWH MHTEPECHBIN CJyuaid, Korga H3
CXOMMOCTH MOYTH HAaBEPHOE CJelyeT CXOAMMOCTb B cMbicse L!.
Teopema 3. Tycmo {€,},>1 — nocaedosamenbrocmo Heompuyamenb-

HbLX CAYHALHBLX BEAUUUN MAKUX, 4mo &, & u E€, - E€ < 0. Toeda
El¢, - ¢l —0, n—oo. (17)
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Hokazameabcmeo. na noctatouHo Goabuiux n EE, < oo, nostomy ans
HHX

El§ — &l =E(€ — &) iezen + Eén — ) ig,>e) =2E(€ — &) lige) + E(6n - §).

Ho 0< (€ — &) g,y <& Torna mo Teopeme o MaKOpHpyeMO#H CXOAMMOCTH
lim E(€ — &)]ie>¢,) =0, uto BMecTe ¢ npeanonoxennem E€, — E€ nokasbipa-
et (17). a

3ameuanne. Teopema o maxkopupyeMmo#i cxoaumocTtd (Teopema 3 § 6)
CrpaBel/IMBa U TOTAa, KOTAa B Hell CXOAHMOCTb MOYTH HaBepHOe 3aMeHseTCs Ha
CXOJMMOCTb N0 BEPOATHOCTH (CM. 3aauy 1). [ToaTomy B Teopeme 3 cxoaumocTb

«&y =25 £» MOXKHO 3aMEHHTb Ha CXOAMMOCTb «£, i»§».

5. W3 maremaTHueckoro aHajii3a H3BECTHO, UTO BCAiKasi pyHIaMeHTa/lbHas
YHCJIOBast MOCJENOBATEIBHOCTb {X,}, X, € R, AiBAsAeTCA cX0AdALLeHcs (KpHTepHil
Kotun). INpuBenem aHasnornyHble pe3yabTaTbl ANt CXOAHMOCTH MOCJI€10BaTelb-
HOCTH CJIy4aHHbIX BEJIHUHH.

Teopema 4 (kputepnit Kown cxogumoctu noutn nasepHoe). [aa mo-
20 umobbl nocaedosamesbHOCMb Cay4alnoix seaudun {£,} 6vaa cx00-
Welica ¢ 8epoAMHOCMbIO eOUHUYA (K HeKomopoi Cay4aliHoi seiudune &),
Heobxo0umo u docmamouHo, umobol ona 6eira hynoamenmanvha ¢ se-
DPOAMHOCMbIO eOUHLYA.

Jlokazamenvcmeo. Ecu £, == €, To

sup & —&|<sup [€ — €| +sup & —&],
k2nl>n k2n 1Z2n
oTKyAa (cM. Teopemy 1) BbiTeKaeT He0O6XOAHMOCTb YCJIOBHSA TEOPEMbI.

MycTb Tenepb nocjenoBaTebHOCTD {€,} PyHAaMeHTaNbHA C BEPOATHOCTbIO
eaunnua. O6osHauum A = {w: {£,(w)} He ¢pyndamenmanrvnasn}. Toraa nnsa
BceX w € N\ A uHc/IOBasA NoCJe10BaTeNbHOCTb {€,(w)} ABNsAeTCH yHIaMeH-
TaJbHOM M, corlacHO KpuTepHio KoM 1/1s UHCJIOBLIX MOC/efoBaTeNbHOCTE,
cyuectsyert lim &,(w). INonoxum

lim & (w), weQ\ A,

18
0, wEN. (18)

fw)=

Tak onpeneneHHas (yHKuHS fABJISETCH CJAyYafiHOR BeJMYHHON H, OYeBHIHO,
€ 8. o
l']pex(n.e 4eM MepexoluTb K cliyyaro CXOAHMOCTH MO BEPOATHOCTH, YCTaHO-
BHM CJIClyIOLUUA MOAE3HBIA pPe3yJibTar.
Teopema 5. Ecau nocaedosamerorocmo {€,} pyndamenmaavna (cxo-
dumcsa) no 8epoAMHOCMU, MO U3 Hee MONHO u3saewb nodnociedosa-
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meavrocmo {£,,}, pynoamenmarvryo (CX00RUWYIOCA) C 8EPOAMHOCTILIO
edurnuya.

Jloxazameavcmeo. Tlyctb nociegoBatenbHocTs {€,} pyHAaMeHTalbHa MO
BEpOSTHOCTH. B cHily TeopeMbl 4 JOCTaTOYHO [0Ka3aTh, YTO W3 Hee MOMHO
¥3BJIe4b MOANOC/EN0BATENBHOCTD, CXOASALIYIOCS MOYTH HaBepHOe.

Monoxum n;=1 WU Mo MHAYKUMH ONpeleNHM N, KaK TO HaMMeHbllee
n>n_y, A1 KOTOPOrO NpH Bcex S > n, t>n

P{é — &) >27F < 27*.
Toraa

3 Pllne — &l >278 <Y 27 <00
k

u no nemme bopens—Kanreanu
—k
P{lénys —€nl > 277 6.u.}=0.
[To3ToMy ¢ BEepOATHOCTbIO €AHHHLA
o o)
Z nss = Emil < 00
k=1

Mycte A ={w: Y |&,,, — &n] =00} Torna, ecau nonoxuts

by = { S+ (@) =), weR\S,
0, weN,

TO NOJYuHM &, LAY

Ecay e vcxonHas noc/ie10BaTebHOCTb CXOAMTCSA MO BEPOATHOCTH, TO OHa
H dyHIaMeHTaJbHA MO BepoATHOCTH (cM. AaJee (19)) u, ciiefoBaTesbHO, 3TOT
cllyyail CBOJMTCA K yXKe pa3oGpaHHOMY. a

Teopema 6 (kputepuii Kowu cxoaumoctu no Bepoarvoctu). Jas mo-
20 4mobe nocaedosamerbHocme cayuaiinoix geauuun {€,} bviaa cxo0s-
weics no sepoamHocmu, Heobxodumo u 0ocmamouro, 4mobe. ona bovira
pyHdamenmarbHa NO 8EPOSAMHOCMU.

P
Hokaszameavcmso. Ecau £, — &, T0

P{l&n — &m| > e} < P{I€n — € > &/2} + P{ém — &] 2 €/2} (19)

H, 3HaUMT, NOCJIEN0BATENLHOCTb {£,} dyHAaMeHTalbHA MO BEpPOATHOCTH.
O6partHo, ecan {€,} ¢pyHraMeHTabHA O BEPOSITHOCTH, TO TOTAA, COJIaCHO
TeopeMe 5, HallayTCs MOANOC/]EN0BATENbHOCTb {€,,} W ciyuaiiHas BeJHunHa &
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Takue, uto &,, —> £. Ho Toraa
Pllén — &1 > e} < PI&n — &uul > €/2} + P{lén, — €] > €/2},

OTKy/Ja iCHO, uTO &, i»{. O
B cBsi34 co cX0aMMOCTbIO B CpeiHeM nopsazka p >0 clenaeM npexjie BCero
HECKOJIbKO 3aMeuaHHil o npocTpaHcTBax LP.
Bynem o6o3Hauath uepe3 L? =LFP(Q, &, P) — npocTpaHCTBO ChydaiHbIX

BeJHunH § = £(w) ¢ E|€]P ES |€]P dP < co. IMpeanonoxum, yto p = 1 1 noJo-

Q
KM

el = (Elg1?)"/>.
Slcho, uto
€N, >0, (20)
lc&llp =Ilcl l€llp» ¢ — nocrosnHas, (21)

M B CHJIy HepaBeHCTBa MuHkoBckoro (31) § 6

€ +nllo <€l + lImll - (22)

TakuM 06pa3oM, B COOTBETCTBHH C H3BECTHLIMH OMpefeNieHHAMH YHKLHO-
HaJIbHOTO aHanu3a GyHkuMs || - ||, onpenenennas Ha LP u ypoBreTBopsiouias
ycaosusam (20)—(22), asnserca (ans p > 1) noayropmoi.

Uto6bl OHa Gblla H HOPMOIL, HYXKHO ellie BbIMOJIHEHHE CBOACTBA

€, =0 = ¢=0, (23)

KOTOpOE, KOHeYHO, BooOlLiie rOBOPSl, He BbIMOJHEHO, TOCKOJIbKY, COFJIaCHO CBO-
ctey H (§ 6), MoxHO yTBepkaaTh JuLb, uTo £ =0 He TOXKAECTBEHHO, a TOJILKO
noumu Hasepoe.

9T0 06CTOATENLCTBO MPHBOAUT K HECKOJIbKO HHOMY B3IJIAIAy Ha MPOCTpaH-
cTBo LP. ViMeHHO, cBfXKeM ¢ Kaxo#l cJayyaitHo#t BeanyHHo# & € LP knacc [€]
SKBHBAJIEHTHLIX efi CyuyailHbIX BeJWuuH U3 LP (£ w 7 IKeusaseHmHsl, eciu
& =7 nout HaBepHoe). HeTpyaHo y6eanTbCst, UTO CBOHCTBO SKBHUBAJIEHTHOCTH
pedJieKCHBHO, CHMMETPHYHO H TPAH3HTHBHO, a 3HAYHT, JIHHEHHOE NPOCTPAHCTBO
LP MoxHO pa36uTb Ha B3aHMHO HenepeceKaloLIHecs KAACCo, SKBHBANEHTHBIX
MexXay coboii cayuaitHbiX BesuudH. Ecsiu Tenepb nog [LP] noHuMaTbh coBo-
KYMHOCTb BCEX TAKHX KJaccoB [£] SKBHBANEHTHBIX MeXAy COGOM CJyyailHbIX
BeJIHUHH € € LP Y NOJIOXKHTb MO OnpeJiesieHHIo

€]+ [n] =€ +n],

al¢]=[a€], a— koHcTaHTa,
NEM L =€,

10 [LP] cTaHOBHTCS JIMHEAHBIM HOPMHPOBAHHBIM POCTPAHCTBOM.
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B ¢yHKuUHOHANbHOM aHa/iH3e o6 3JjemeHTax npocrtpaHcTBa [LP] o6bluHO
NpUHATO FOBOPHTB He KaK O KJacCax KBHBAJIEHTHbIX (YHKLHH, a MPOCTO Kak
o GyHKUHAX. B 3TOM cMbic/ie Mbl He 6y/eM BBOAHTL HOBOrO 0603HaueHHs [LP]
u Bnpeab nojl LP Gynem NoHHMaTb MMEHHO MHOXECTBO KJIaCCOB SKBHBAJIEHT-
HbIX GYHKUHM#A, NO-TIpe)XHeMy Ha3biBas MX MPOCTO 3JIeMEHTaMH, (YHKUMAMH,
clyyalHbIMH BEJIHUMHAMH. . .

OnMH H3 BaXKHbIX Pe3y/abTaToB (YHKUMOHAJLHOFO aHaJH3a COCTOHMT B J0-
Ka3aTeJIbCTBE TOro, 4TO MpocTpaHcTBa LP, p > 1, aBAdi0oTCS noaxbimu, T. €.
BCsiKas yHAaMeHTabHas Noc/e10BaTeNbHOCTb ABasgercs cxoaaueiica. Cdop-
MyJIHDYEM H JIOKa)KeM 3TOT pe3y/ibTaT Ha BEPOSATHOCTHOM fA3bIKe.

Teopema 7 (kputepuit Kown cxoaumoctn B cpeatem nopsiaka p > 1).
Jlrs moeo umobul nocaedosamervhocme caydaiinox seaudun {€,} us LP
cxoduaace 8 cpeOHem nopaoka p > 1 K cayuainod eeaudune, npuradie-
aaweld LP, neobxodumo u docmamouno, umobu. ama nocaedosament-
Hocmb bbira pynoamenmarvrol 8 cpeOHem nopsadka p.

Hoxasameabcmso. HeobxoauMocTb crefiyeT W3 HepaBeHCTBa MuHKOB-
ckoro. IMyctb {£,} — dynnamenranbha (||, —&mll, — 0, n, m— oco0). Kak u
B JI0Ka3aTeNbCTBE TeOPeMbl 5, BbibepeM MoanocenoBatenbHoCTb {£,,} Takylo,
4TO &y — &, TII€ € — HeKOTOpas CJlyuaiiHas BesMumHa C ||€|| p <00.

[Monoxum ny =1 v no HHAYKUMHK BbiGEpeM 1, KaK TO HAHMeEHbLLEe 1> Np_j,
IJIsi KOTOPOTO MNpH BCex S =n, t >n

€ = &l p <277
O60o3Hauum
. —k
Ak ={w- |€ﬂk+l _€ﬂ»‘ =2 }
Torna B cuny HepaBsencTBa UeGhliliesa
Elgnk-;-l - ﬁﬂklp 2—2kp
2-kp = 2—kp
Tax xe, Kak B TeopeMe 5, 0TCI01a BBIBOAKTCS, 4TO CYLIECTBYeT TaKkas CyyaitHas
BeJHuMHa &, uTO &,, — €.
BeoienieM otciona, uto ||€, — €|, — 0, n— co. C 3Toil uesibio 3apHKCHPYeM

€>0 u BuibepeM N = N(¢) TakuM, uto ||€, — &nllh <€ mns Bcex n =N, m=N.
Torna aas no6oro dukcuposantoro n > N B cuay Jemmbl daty (§ 6)

Elé, &1 =E{ lim_ 16~ &l } =E{ lim 16—} <

Np—=—00

< lim El&n-€n3|p= lim "§n_§n,“£<€-

ng—00 ny—00

P(Ax) < =27k L2k,

Chneposatensto, E|, —€|? —0, n—o0o. SIcHO Takxe, YTO MOCKOJbKY & =
=(§ —&,) + &, To B cualy HepaBeHcTBa Munkosckoro E|€]P < oo. a
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3ameuanne 1. B cooTBeTCTBUH C TepMHHOJOrHe# (HYHKLMOHAIBHOrO aHa-
JiH3a MoJiHble HOPMHPOBaHHbIE JIMHEfHble MPOCTPAHCTBA HA3bIBAIOTCA 6@HAXO0-
sbimu npocTpaHcTBaMH. TakuM o6pasoM, mpocTpaHcTBa LP, p > 1, asasiorcs
6aHax0OBbIMH.

3ameuanne 2. Ecin 0< p< 1, 10 ||¢]|, = (E|€|P)/? ue ynoenersopser
HepaBeHCTBY TpeyroJibHHKa (22) M, cJlefloBaTesbHO, He ABAseTCS HopMoil. Tem
He MeHee MPOCTPaHCTBa (K1accoB 3KBHBaJeHTHOCTH) LP, 0 < p < |, aBasioTcs
NOAHbIMU OTHOCHTENIbHO MeTpHKH d(€, n) =E|€ —n]”.

3ameuanne 3. OGosHauum L*®° = L®(Q, &, P) npocTpaHCTBO (KMaccoB
9KBHBAJIEHTHOCTH) CJy4ailHbIX BeJIHUHH & = &(w), s KOTOpbIX ||€ |00 < 00, Flie
BesIHuHHA ||€||oo, Ha3bIBAEMas CyuyecmeaenHoim cynpemymon &, onpeaensercs

thopmynoi
€lloo = esssup [¢] =inf{0 < c < oo: P(|€]>c) =0}

DyHKuHS || - ||oo ABAAETCSH HOPMOH, H OTHOCHTEJIBHO 3TOI HOPMbI MPOCTPaAH-
cTBO L*° siB/fieTCS MOJIHBIM.

6. 3apaum.

1. HMcnoabsys Teopemy 5, nokasathb, yto B TeopeMax 3 v 4 u3 § 6 cxoau-
MOCTb MOYTH HaBepHOe MOXKeT GbiTb 3aMeHeHa CXOAMMOCTbIO MO BEPOATHOCTH.

2. lokasaTb, 4T0 NPOCTPaHCTBO L*° noJHo.

3. INokasartb, uto eca &, 1»{ H B TO Xe BpeMms &, Ln, TO £ H 1) 3KBHBa-
JIEHTHbI (B TOM cMblicJie, uto P{£ #n} =0).

4. Tlyctb &, L{, n Ln H CJyyaiiHble BeJHYUHbl € U 7) SKBHBAJICHTHbI.
[Noka3saTtb, yto ans Jaoboro € >0

P{|¢. — | 2} >0, n— .

5. Iycts &, 1»5, n i»77. Toka3aTb, yto eciin p = (X, y) — HenmpepbiBHAS
byHKWKS, TO P(En, T1n) = (€, 1) (emma Cayykoeo).
6. Myctb (£, —&)2 2> 0. TMokasars, uto €2 2 €2,

d
7. INokasatb, uto ecau &, — C, rae C — nocTosHHasA, TO HMEET MECTO H
CXOAMMOCTb MO BEpPOATHOCTH:

5,,1»C = §,,3»C.

8. INycTb nocnenoBatenbHOCTb {€,},>1 TakoBa, 4To 415 HekoToporo p >0
o0
3 EJ&,4|P < co. INokasatb, yto €, — 0 (P-n. H.).

ﬂ=l
9. MycTb {£,},>1 — NOCNENOBATENLHOCTD OAHHAKOBO pacnpesieeHHbIX CJIy-
YaiHbIX BEJIMUHH.



§ 10. PASHBIE BU1bl CXOOAUMOCTH 335

JlokasaTb, YTo

Eleil<oo & Y P{éi]>en}<oo, >0 &

n=1
& i P{
n=1

10. MycTb {£,}2>1 — HEKOTOPas NOC/AEA0BATENbHOCTb CAYYANHbIX BEHUHH.
TTpeano/IoxHM, YTO CYLIECTBYIOT CllyyaiiHas BeJIMuMHa & H MOANOCAe0BaTE b=

HocTb {n} Takue, uto §,, — & (P-n. H.) ¥ max< |& —&n,_y| =0 (P-n.H.)

npu k — oo. [Tokasath, yto Torna &, —§ (P -M. H.).
11. OnpenenuM «d-MeTpHKY» B MHOXKECTBE CJIyyaiiHbIX BEJIHYHH, Monaras

&n >e}<oo, e>0 = &40 (P-n.n.).
n n

—g_l&=nl
W =B
H OTOX/IECTBJIAA CyyaiiHble BeJHUYHHbI, COBMajaoulie NouTH HaBepHoe. [To-
Ka3aTb, 4T0 d = d(&, 1) AeACTBUTENLHO 3aaeT METPHKY H CXOAHMOCTb MO Be-
POATHOCTH 3KBHBAJIEHTHA CXOJAHMOCTH B 3TOH MeTpHKE.
12. [Toka3atb, YTO He CylLeCTBYeT METPHKH B MHOXKeCTBe CJIy4alHbIX BesIH-
YMH TaKOM, YTO CXOAMMOCTb B Hell 9KBHBaJIEHTHA CXOAMMOCTH MOYTH HaBepHoe.

13. IMyetb X; < Xo< ... v X, Px. Mokasats, yto X, — X (P-n.H.).
n
14. Mycts X, = X (P-n.n.). Torna u n7' 3 Xp— X (P-n.H.) (cymmu-
k=1

posanue no Yesapo). [Nokasatb Ha NpuMepe, YTO CXOAUMOCTb P-N. H. HeJb3s
3aMEHHTb Ha CXOJZMMOCTb N0 BEPOATHOCTH.

15. Myctb (R, &, P) — BepoATHOCTHOE MPOCTPAHCTBO U X, P, X. Moxa-
3aTb, yTo ecau Mepa P sBnisiercs aTomuueckodt, To X, — X TakKe H ¢ Bepo-
ATHOCTBbIO eauHHUA. (MHoxecTBo A € & HasbiBaetca P-amomom, ecaun ans
Bcskoro B € & wau P(BNA)=P(A), unmu P(BNA)=0. Mepa P HasbiBaetcs
amomuueckoii, ecliM CylIeCTBYeT cueTHoe ceMeiicTBo {A,} HenepeceKaloLHXCs

o]
P-atomos Takux, yto P ( U A,,) =1.)

n=1

o0
16. Cornacho (nepsoit) temme Bopens—Kautennu, ecin Y. P(J€,] >¢) <
n=1
<oo mas € >0, To nocnenoBatenbHocTh &, — 0 (P-n. H.). [laTb npumep, no-
KasuBaloumﬁ yto cxoaumoctb &, — 0 (P-n. H.) MOXeT WMeTb MecTo W NpH

ycnosuu Z P(|éa] >€) =00, €>0.

17. (Ko smopoii aemme Bopeis—Kanmenru.) Tycts Q=(0, 1), B=
=2((0, 1)), P — ne6erosa mepa. Paccmotpum cobbitus A, = (0, 1/n). Ioka-
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3aThb, uT0 Y P(A,) =00, HO Kaxao0e w U3 (0, 1) MOXeT NpHHaAIeXaTh TONbKO
KOHEYHOMY 4HCJly MHOXecTB Ay, ..., A[i/), T.€. P{4, 6.4.}=0.

18. INpuBecTr Npumep NOCae10BATENLHOCTH Cly4aiHbIX BEJIHUHH TAKOM, 4TO
¢ BeposiTHOCTbIO eauHHua limsup &, = oo, liminf £, = —oco0, HO TeM He MeHee

P
CYILECTBYET CJyyailHas BeJIHUMHA 7) TaKasl, uTo &, — 7).
19. IMyctb © ecTb He GoJiee ueM cueTHOe MHOXKeCTBO. J[0Ka3aTb, UTO €CJIH
P
€n— &, 10 & — € (P-n.n).
(o)
20. Myctb Ay, Ag, ... — He3aBHCHMbIe CoGbITHS U . P(A,) < co. doka-
n=1

n
3aTh, utTo W15 S, = > /(A,) cnpaBesnnBo ycuneHne «BTOpoil ieMMbl Bopensi—
k=1
Kaunrennu»:
Sn
m
ESn

=1 (P-n.u.).

21. Tlyetb (Xp)az1 H (Yn)az1 — ABe MOC/IENOBATENBHOCTH CAyyaiiHbIX Be-
JIHYKH, Y KOTOPBIX COBMA/AIOT BCe KOHEUHOMepHble pacnpenesenus (Fx, . .x, =

P
=Fy,,.v,, n=21). Ilyctb X, — X. Iloka3aTb, 4TO TOrAa UMEET MECTO CXOAH-

P I
MOCTb Y, — Y K HekoTopoii cayuaiiHoit BeiimunHe Y, pacnpeseienne KoTopoit
coBnajaeT ¢ pacnpezeiieHueM X.
22. Tlyctb (Xp)a>1 — MOC/I€10BATENbHOCTD HE3aBHCHMbIX CJIyYaiHBIX BEJIH-

P o
YHH TaKHX, 4To X, — X A9 HeKOTOpO# cayyaiiHoil BeHuuHbl X . Jloka3aThb, 4To
X saBasieTcs BbIPOMKAEHHOM CIY4aiiHOM BENHYHHOM.
23. TokasaTb, YTO A1 KaXIOH MOCJIeN0BaTeNbHOCTH CYYaiiHbIX BEJHYHH

&1, &2, ... MOXKHO HailTH TaKylo Mo0CJel0BaTeJbHOCTb KOHCMAKmM a,, as, ...,
yto &p/an — 0 (P-n. u.).
24. TlycTb &), &2, ... — NOCJENOBATENBHOCTb C/YYalHBIX BEJIHUHH H S, =

=& +...+ &, n > 1. [Toka3atb, uTo MHOXKeCTBO {S, — }, T. €. MHOXKECTBO TeX

w€eR, rae pan Y, &(w) CXOAMTCS, MOXKET GbiTb MPEACTABJEHO B CJEyIOLIEM
£>1

{sn_’}—ﬂ U ﬂ {SUP 1S; = Skl < <N,

N2l m21 k2m [k

BHAE:

CooTBeTcTBEHHO, MHOXeCTBO {S, /4 }, rae pan Y. &x(w) pacxoaurcs, mpen-

21

CTaBHMO B BHIE

S2=U N U {sup IS/ — Sp| >N~ }

N2l m21 k2m [k
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95. Jloka3aTb cjenyloluii BapHaHT 8mopoi semmovi bopeas—Kanmenau
(yTBepXKAEHHE b) B nemMe 1): nyctb Ay, Ag, ... — npon3BosbHbe (He 0653a-
TeJIbHO HE3aBHCHMbIE) COOLITHS TaKue, 4YTO

o /;E< P(AiﬂAk)
P(A)=00 u liminf 00—~ < I;
g ! n [2 P(An]“’
I<k<n

toraa P(A, 6.u)=1.

26. INMokasaTb, uto Bo BTOpOil JeMme Bopensi—Kantennu BMecto Hesa-
BHCHMOCTH COGbITHI A}, Ao, ... J0CTaTOYHO TPeGOBATH JIHLIb HX NONAPHYIO
He3aBHCHMOCTb.

27. lokasaTb cliefyloliit BADHAHT 3aAKOHA HYAR uau eOuHuybt (Cp. ¢ 3a-
KOHaMH HyJIl WK efHHHUbl B § 1 rn. IV): ecan cobbitis Aj, Ag, ... nonapHo
HEe3aBHCHMBbI, TO

0, ecan Y P(An) < oo,
P{A, 6.u}=
n 6.4} {l, ecan Y P(A,) =c0.
28. Tlycts Aj, Ag, ... — NpPoH3BOJIbHASA MOC/EL0BATENBHOCTb COGBITHI

TaKHX, YTO Ii}.n P(A,)=0 u Y P(AsNA,41) <oco. JokasaTh, uTo Toria
n

P{A, 6.4.}=0.
29. loka3atb, YTO €CJH Z P{|&,]| > n} < 0o, To lim sup(l{,,|/n) 1 (P-n.u.).

30. MycTtb &, L € (P-n. H) Elés] <oco,n>1, 1 mf E&, > —oo. INoka3sats,

uyTo Toraa &, ——->§, T.e. E|¢;, — €| —0.
31. B cBs3u ¢ semmoit Bopens—Kaunrtennu nokasats, uto P{A4, 6.4.}=1,
€CJIM H TonibKo ecan Y P(ANA,) = oo pas kaxaoro MHoxecTsa A ¢ P(A) > 0.

n
32. Tyctb cobbitha Aj, Ao, ... He3aBucHMbl H P(A,) <1 nas Bcex n> 1.
Torna P{A, 6.u.}=1, ecu u Tonbko ecau P(|J A,) =1.
33. Myctb X, X2, ... — He3aBHCHMbIE CayuaiiHble BenunHbl ¢ P{X, =0} =

=1/nuP{X,=1}=1-1/n. Nyctb E, ={X, =0}. [TokasaTs, uto § P(En)=

=00, Z P(E,) = co. 3aK/MIOUHTb OTCIONA, YTO hm Xn He cywectyet (P-n. H.).
=1

34 l'lyc‘rb Xy, X2, ... — nocJie10BaTeNbHOCTb CJYYaiiHbIX BeJHunH. [Toka-

3aTtb, yto X, L)\ TOTAa M TOJIbKO TOFJa, Koraa

|Xal”

El+|Xn|’

—0 pnas Hekoroporo r > 0.
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B yactHocTH, ecail S, =X +...+ X,, TO

Su—ESn P (Sn —ESn)*
— =0 E55—F7~—F-=—0.
n ﬂ2 + (Sn - ESn)2
[NokasaTb, 4To AN NPOU3BOJIbHOM MoC/enoBaTeNbHOCTH Xj, Xo, ...
max |Xe| 550 = 32 Pyq
I1<ksn n
35. IycTb Xj, Xo, ... — He3aBHCHMbIE OJHHAKOBO pacnpeje/ieHHble GepHYI-

n
JueBckue Beanuutbl: P{X, =+1}=1/2. yctb U, =k¥l %,
yto U, = U (P-n.u.), rie U — cayuaiiHas BeJnuMHa, paBHOMEPHO pacrmpeje-

JieHHas Ha (—1, +1).

n>1. INokasaTs,

§ 11. Tnab6epTOBO NPOCTPAHCTBO CAYHAHHBIX BEJUYHH
C KOHEYHbIM BTOPbIM MOMEHTOM

1. Cpean 6aHaxoBCKHX mpocTpaHcTB LP, p > 1, paccMOTpeHHbIX Bbllle,
0co60 BaxkHyIo poJib HrpaeT npocTpancTeo L2 =L%(Q, &, P) — npocTpaHcTBO
(K/1aCCOB SKBUBAJIEHTHbIX) CJYYailHbIX BEJMUHH C KOHEUHBIM BTOPbIM MOMEH-
TOM.

Ecan €, n€ L2, To nonoxum

(& n)=E&n. 8y
Slcho, yto mas €, 1, C € L2

(@+bn, ¢Q)=a(§, Q) +b(mn, (), a,beR,
(¢ 6>0

€ &=0 = £=0.

Tem cambiM (€, 1)) aBaserca ckaaaproim npousdsederuem. OTHOCHTENbHO
HOPMbI

€l = (&, &', @

HHAYLMpPYEMOi 3THM CKaNsIpHbIM NPOH3BEAEHHEM, POCTpaHCTBO L2 (kak 6biI0
nokasaHo B § 10) sBnsierca noanvin. [MosToMy B COOTBETCTBHH C TEPMHHO-
Jorueil ¢yHKUHOHAJbHOTO aHaJH3a MPOCTPAHCTBO C BBEJEHHBLIM CKaJisiPHbIM
npoussefieHueM (1) sBasierca euavbepmosoim npocmMparcmaom CaydaiHbiX
BEJIHYHH (C KOHEYHbIM BTOPHIM MOMEHTOM).

Mertozpl rub6epTOBa MPOCTPAHCTBA LIKPOKO HCMOMb3YIOTCS B TEOPHH Be-
pOSITHOCTE! NMpPH HCClel0BaHUH CBOHCTB, OnpelesieMblX JIHILb NepBbIMH ABYMS
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MOMEHTAMH DacCMaTPHBaeMbiX CAyYaiHbiX BedWuuH («L2-Teopus»). B sToit
cBA3H OCTAHOBHMCSl Ha OCHOBHBIX MOHATHAX H (haKTax, HeOGXOAMMbBIX ISt H3-
noxenus L2-teopuu (ra. VI).

2. Jlee cayuaiitble BeluuHbl €  7) U3 L2 6ynem Ha3biBaTh OPTOrOHa/bHBIMH
(€ Lm), ecan ux ckanspHoe npoussenende (€, n) =E&n=0. Cornacho § 8,
BeJMuMHbI £ U 7) Ha3bIBAIOTCS HEKOpPPeNHPOBaHHbIMH, ey COV(E, n) =0, T. e.
ecq1

Eén=E¢-En.

Orciofa ClieflyeT, 4To Aifl CJyyaiHbIX BEJHYHH C HYJIeBbIMH CPEIHUMH MOHATHS
HX OPMOSOHANLHOCMU W HEKOPPeAUPOBAHHOCMU COBNALAIOT.
Cucrema M C L? 6yneT Ha3bBaThCs CLUCMEMOL OPIMOZOHAAbHbLX Cyyaii-
HbIX BeJIHUHH, eca & L7 nas awobbix &, n€M (€ #n).
Ecau k ToMy xe aaa Bcex £ €M ux HopMma ||€]|=1, To M HasbiBaeTcs
OPMOHOPMUPOBAHHOU cucmemot CiydaiiHbIX BEJIHUHH.
3. Ilycte M ={n, ..., Ns} — OPTOHOPMHPOBaHHAS CHCTEMA H £ — KaKasi-
n
To cayuaiiHas BeauMHa M3 L2. B kiacce JuHeAHBIX OLEHOK BUAA 3. @;7);
i=1
HaileM HauJyullylo (B CpefHEKBAAPaTHYECKOM CMbICJE) OLEHKY CJyuyaiHoit
BesuyHHel € (cp. ¢ n. 2 § 8).
[NpocTo#t noacuer nokasbiBaeT, 4To

n 2 n 2 n n
E’&—Zazm =le->" am =<§—Zaiﬂb§—zai7ﬁ)=

i=1 i=I i=1 i=l

=P -2 aig, m) + (Z aimi, Y ami) =

i=1 i=1 i=1

=l -2 @€ m)+)_ af=

i=1 i=l1
=[P =D_1E mP+Y " lai— € m)P=1el? =D 1w ©3)
i=1 i=1 i=l1

Fle Mbl BOCMOJIL30BAJIHCh TEM, YTO

a? —2a;(&, m)=\a; — (& m)|> = (& m)

2
n

Orciopa sicho, uto uHdumym E|€— 3 am," Mo BCEM AEHCTBHTEJIbHBIM
i=l

ay, ..., a, pocturaetcs npu a; = (€, mi), i=1,
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Takum ob6pa3oM, onmumarbrol (B cpefiHeKBaAPaTHYECKOM CMbICeE) Au-
Helinoi oyenkoll € Mo N, ..., N, ABJIAETCA OLEHKA

€= (& mm. (4)

i=1

[pu stom

n 2 n
A=sinfE|E-) am| =EE-& =l -D_ 1€ mIF ()
i=1 i=1
(cp.c(17) §4rn.1u (13) § 8).
M3 (3) BuiTekaer Takxke cienymouiee HepaseHcmso becceas: ecan M=
={m, Mo, ...} — HEKOTOpasi OPTOHOPMHUPOBaHHas cHcTeMa H £ € L2, To

ST E P < e (6)
i=l1

MpH 3TOM paBEHCTBO AOCTHUraeTCsa TOria H TOJIbKO TOrAa, Koraa

g=Lim. Y (& m)m. (M)

i=1

OueHKy £, SBNAIOULYIOCH ONMUMALLHOL AUKEEHOI OYeHKO, 4acTo 060~
3HauaioT E(€]n, ..., M) H HA3LIBAIOT YCAOBHOIM MAMEMAMUYECKUM OHCU-
danuem (£ OTHOCHTENILHO 7y, ..., Tln) 8 WUPOKOM CMbICAE.

dTo HasBaHHe obbscHAeTcA cJelyioudM. Ecau paccMmatpuBaTh 8ceg03-
MOJCHbIE OUEHKH @=p(n, ..., N)p) CJyyaliHO# BenuuuHol €& MO 7y, ..., N
(¢ — GopeneBckas ¢yHKUHS), TO ONTHMAJIbHOH OLEHKO# GYyAeT oleHKa @* =
=E(&|m, ..., M), T. €. YCJAOBHOE MaTeMaTHYECKOE OXKHAAHHE & OTHOCHUTEJBHO
M, ..., Na (cp. ¢ Teopemoir 1 § 8). TlosTomy onTHManbHylo AuHelrylO
oueHKy Mo aHalorHH 0Go3HaualoT E(£|7, ..., 7,) M Ha3biBAIOT YCAOBHBIM
MaTeMaTHYECKHM OXHJaHHeM B IIMPOKOM CcMbicjie. B 3Toil cBA3H oTMeTHM,
YTO €CJIH CJlyyailHble BEJMUHHBI 7)), ..., 7)a OOPA3YIOT rayCCOBCKYIO CHCTeMY
(cm. nanee § 13), 7o E(¢|m, ..., ma) W E(§|m, -++» Tln) COBMAJAIOT.

OcTaHoBHMCS Ha 2eomempuueckom cuoice oueHku £ =E(E|m, ..., ).

O6o3HauuM yepes & =L(n, ..., Nn) AUHeEHOE MHO2000pa3ue, NOPO-
XKJIeHHO€ OPTOHOPMHPOBAHHOM CHCTEMOM CJiyyallHbIX BEJIMUHH 7y, ..., 7, (T. €.

n
COBOKYIHOCTb CJIy4YaiHbIX BEHYHH BHAA Y. a;7;, a; €R).

Toraa u3 BblllIeH3/10XKEHHOTO BblTeKaelT,lllTO £ JonycKaeT «OpTOTrOHAJbHOE

pasJioxeHHe»

E=E+(-0), @®
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e £€2, a E—£ L2 B Tom cmbichie, uto £=€ LA s Jo6oro A€ L.
EcTecTBEHHO NO3TOMY € HasBaTh npoekyueii £ Ha &£ («6aMNKaRUIHM» K &
sJieMeHTOM U3 Z£), a § — € — nepnendukyrapom Kk L.

4. TlpeanoioxeHHe OPTOHOPMHPOBAHHOCTH CJIYHAAHBIX BEJIHUHH 7)1, ..., T
[103BOJIHJIO MPOCTO HAaNTH ONTHMAJIbHYIO JIHHEHHYIO OLeHKY (mpoekuuio) & ans
£ 1o ny, ..., Na- CJI0XKHee OGCTOHT AeJ10, €C/IH OTKA3aTbCA OT MPENOJIoKe-
HUA opTOHOpMHpOBaHHOCTH OnHako cayyail IPOH3BOJILHBIX BEJHUUH 1)y, ..., T
B OMpENEJEHHOM CMbICJe MOXeT ObiTb, Kak GyleT HHXe MOKa3aHo, CBEMeH
K YK€ paCCMOTPEHHOMY CJly4alo OPTOHOPMHPOBAHHBIX BeMyuH. [lns npocTo-
Thl AaJibHEfIIero H3JoXeHHs 6y1eM npeanoJarath, YTo BCe pacCMaTpHBaeMble
cayuaiiHble BeIHUHHbI MMEIOT HYJIEBbIE CPEHHE.

ByzeM roBopuThb, UTO C/yyaiiHble BEJHUYHHBI 1), ..., 7, AUHEIHO He3asu-
CUMbL, €CJIH PaBEHCTBO

n
Z ani =0 (P-I’l. H.)
i=1

BbINOJIHEHO JIHLIb TOTJa, KOrja BCe a; paBHbl HYyJIIO.

PaccMoTpuM MaTpHLy KOBapHaLMi

R=Enm*

BeKTOpa = (7, ..., Na), PACCMATPHBAEMOTO KaK BeKTOp-cTonGel, OHa sBasi-
€TC CHMMETPHYECKOH H HeOTPHLATENbHO OMpejeNeHHOR H, KaK OTMeyaloCh
B § 8, HafineTcs opToroHanbHas MaTpHLia &, NPHBOASALLAs ee K JHaroHaJlbHOMY

BULY

O*'RO=D,
rne
d, 0
D=
0 dn

— MaTpHua C HeOTPHUATENbHbLIMH 3JIEMEHTaMH d;, ABNSIOLIMMHCS XapakTe-
PHuCTHUeCKHMMH uMcaiamu MaTpHubl R, T. e. KOPHAMH A XapaKTepHCTHYECKOro
ypaBHenus det(R — AE) =0, rae E — envHuyHaa MaTpuua.

Ecnn Benwuunsl 7y, ..., 1, JUHEAHO HE3aBHCHMBI, TO AeTepMUHaHT [pama
(r.e. det R) He pasen Hy.mo H, 3HauuT, Bce d; > 0. INyctb
Vd, 0
B=
0 Vd,

B=B~'o". 9)
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Toraa maTpHua KoBapHauuit BekTopa
EB8*=B~'0"Emm*0"B~' =B~'0"ROB™' =E,

H, crefoBaTenbHO, BeKTOp B=(0), ..., B1) COCTOUT H3 HEKOPPEJHPOBAHHBIX
Cay4YafiHbIX BEJIHUHH. SICHO TaKXKe, UTO

n=(0B)B. (10)

Takum o6pasom, eca 7y, ..., 7, JHHEHHO HE3aBUCHMBI, TO HallleTCA TaKas
OpTOHOPMHpOBaHHast cHcteMa i, ..., B, UTO BbINOJHEHbI COOTHOLIeHHd (9)
u (10). ITpu 3ToM

L, ..., m}=L{B, ..., Bu}.

HznoxeHHblil cnoco6 nosyuyeHHst OpTOHOPMHPOBAHHOM CHCTeMBI [y, ..., B,
B psjie 3a/ay OKasblBaeTCA He oyeHb YAOGHLIM. [lesio B TOM, UTO €CJiH TpaKTo-
BaTb 7); KaK 3HauyeHHe cJy4yaiiHo#l mocJieoBaTeNbHOCTH (1), ..., 7],) B MOMEHT
BPeMeHH i, TO MOCTPOEHHOe Bbillle 3HaueHHe (J; OKa3biBAETCH 3aBHCALLMM He
TOJIbKO OT «MPOLLJIOro» (7, ..., 7;), HO H OT «6yayiero» (141, ..., M,). [1pH-
BOAMMBIH HHXe npoyecc opmozonasusayuu Ipama—IlUIinudma He ctpanaer
3THM HeJoCTaTKoM, 6oJiee TOro, oH 06JlajaeT TeM MpPEHMYLIECTBOM, YTO MO-
XKeT ObiTb MPHMeHeH K GeCKOHEeYHbIM MOCJIeA0BaTEIbHOCTAM AUHEHHO He3a-
BUCUMbLX CNY4aHBIX BEJIHUHH (T. €. MOCJEN0BATENLHOCTAM, Y KOTOPbIX Ji06oe
KOHEYHOe UHCJIO BeJIHYHH ABASAIOTCH JHHEHHO HE3aBHCHMBIMH).

Iyctb 7, 72, ... — NOCJI€0BATENBHOCTD JIMHEHHO HE3ABHCHMBIX CJydail-
HbIX BesuunH u3 L2, TToCTPOMM MO HHIYKUHH NMOC/EN0BATeLHOCTD €], €2, ...
caenytouum o6pasom. Iyctb €y =n,/||m||. Ecau €, ..., €4~ YXKe BbiGpaHbl
TaK, YTO OHH OPTOHOPMHPOBaHbI, TO NOJIOXKHM

En = u‘ , (11)
70 = iall
Tie 7, €CTb NMpPOeKUHS 7, Ha JuHefiHoe MHOrooOpasue Z(e, ..., Eq,—1), MOPO-
JKIEHHO€e BeJIHYHHAMH 7y, ..., Tn—:

n—1
fin=Y (M, E&)ER- (12)
k=1
IMocKoJIbKY BEJHUHHBI 7)), ..., Ty JHHEAHO HE3aBHCHMbI U L(7i, ..., Po—1) =
=21, ..., €n—1), TO ||Nn — 7in]| > O 4, cnenosatenbHo, &, onpeaenexo.

Io noctpoeHuio ||eq]|=1, n > 1, u sicHo, uTO (€4, £2) =0, k < n. Tem cambim
NOCJIEN0BaTENLHOCTD £, £2, ... ABAAETCA OpTOHOpMUpoBaHHOM. [1pu 3TOM, CO-
rnacHo (11),

Nn =N + bnén,

rae bp = || — 7], @ A. onpenensercsa dopmyaoi (12).
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Iycts Tenepb 7, ..., N, — NPOH3BO/IbHAA CHCTEMA CJyYaHHbIX BeJHYHH
(ne 06f3aTeNbHO .nuHeﬁHo HesaBucumblx). [Tycts det R=0, rae R=||ry;l| —
maTpHlla KOBapHauUMilt BeKTopa (i, ..., M), ¥ MYCTb

rang R=r<n.

Torza, Kak H3BECTHO H3 aqreGpbl, A1s KBaLPaTHYHON (OPMbI

Qa)= Z rijaia;, a=(a, ..., a),

ij=1

CyUIECTBYET POBHO 71 — r JIHHelHO He3aBHCHMbIX Bektopos al), ..., a®~" Takux,
yro Q@?)=0,i=1,...,n—r.

Ho
2

n
Q@ =E(D_ awm
k=1
CnenoaaTeJleo, C BEepOATHOCTbIO €HHHLA

Zag)nk— i=1,...,n—r.

HHuaye roBops, cylecTByeT poBHO 72 — r IHHeHHbIX COOTHOLIEHH MEX]y Be-
JIHYHHAMH 7)), ..., Tp. [103TOMY, ecJH, cKaxeM, 7y, ..., 7, JHHEHAHO HE3ABHCHMBI,
TO BCE OCTajibHble BEJIHYHHBI 74, ..., N JHHEAHO Yepe3 HHX BLIPAXKAIOT-
cAl H, 3HauuT, LMy, ..., M) =L, ..., ). OTciona ACHO, YTO C MOMOLIBIO
npoliecca OPTOroHaM3aLHH MOXXHO HaHTH r OPTOHOPMHPOBAHHBLIX CJIyyalHbIX
BEJIUYHH €1, ..., € TaKHX, YTO BCE 7]y, ..., 1), JHHEAHO Yepe3 HUX BbIPAXKAIOTCH
WL, ..., ) =ZL(e, ..., &).

5. Tlyctb my, 79, ... — NMOC/EI0BATENbHOCTb CJIyYaliHbIX BeNHUHH H3 L2,
Bynem o6osnauats uepes &£ = L (ny, n, ...) auneinoe mHozoobpasue, no-
POXJleHHOe BeJHYHHAMH 7, 72, ..., T. €. COBOKYMHOCTb CJYYaiHBIX BeJHUMH
BUAa Y, a;ini, n> 1, a; €R. Uepes L=L(n, 7o, ...) 0603HaUHM 3aMKHY-
moe aureiinoe mHo2006pasue, NOPOXKAEHHOE 7y, T, ..., T. €. COBOKYMNHOCTDb
CJlyyailHbIX BeJIMYHH U3 £ W HX MpelesioB B CPeHEKBAPATHUECKOM CMbICJE.

ToBopsT, uTO CHCTEMa CAyuailHbIX BEJMUHH 7y, 79, ... 06pa3yeT cHemmoLil
OpmonopmuposarHbLl 6asuc (HHaYe — NOAHYIO OPMOHOPMUPOBAHHYIO ClU-
cmemy) B L2, ecau:

a) my, 72, ... — OPTOHOPMHPOBAHHAs CHCTEMA,

b) L(m, me, ...)=12

Tunb6epTOBO MPOCTPAHCTBO CO CHEMHbIM OPTOHOPMHPOBaHHBLIM Ga3uCOM
Ha3biBalOT cenapabesbHolM.
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B cuny yenosus b) ms mo6oro £ € L2 u 3aaanHoro € > 0 HafiyTes Takue
ay, ..., an, 4TO

Le.

n
“5 -y am
i=1

Torza, cornacHto (3),
<€

H&— > € mm
i=l1

H, CJIEI0BATeJIbHO, 115 CenapabenbHbiX rUAbGepTOBLIX NpocTpaHcTs L2 no6oil
3JIeMeHT £ MpeLCTaBHM B BHE

£=Y_ & nmi, (13)

i=1

TOYHee,
n
£=lim. Z‘I,(s, )7
1=

Otciona 1 u3 (3) Toraa 3ak/ioyaeM, YTo HMEET MeCTo Cledylolliee paseH-
cmso [llapcesai:

len?=>" 1 m)P?, geL’ (14)

i=1

HerpynHo nokasatb, uTo BepHO U oGpaTHOe: eC/iH 7, 7)o, ... — HEKOTOpas
OpTOHOPMHPOBaHHAsi CHCTEMA H BbIMOJIHEHO Jilo6oe U3 ycosuil (13) nau (14),
TO 3Ta CHCTeMa sABJseTCH 6a3UCOM.

[NpuBeneM npumepsbl cenapabenbHbIX FHAbGEPTOBLIX NPOCTPAHCTB H HX 6Ga-
3HCOB.

Mpumep 1. INycts @ =R, F = %B(R) u P —rayccoBckas Mepa,

a

P(-o0, a]l= S e(x) dx, gp(x)=7]2_;e"‘2/2.

—00

O6o3nauum D = % H BBeJleM (yHKLHH

H,,(x)—_-(_‘%"ﬁ, n>0. (15)
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HerpyaHo HaiTH, uTO

Do(x) = —xp(x),
D*p(x) = (¥* = (%), 16)
D3p(x) = (3x — x*)p(x),

Ortciofa chiefyet, uto H,(x) ABNAOTCA MOJMHOMaMH (Ha3blBAEMbIMH NOAUHO-
mant Spmuma). Y3 (15), (16) HaxoauM, u4to

Ho(x) =1,
Hy(x)=x,
Ha(x)=x% -1,
Ha(x) = x% - 3x,

l'lpocmﬁ noACYEeT NOoKa3biBa€T, YTo

(o Ho)= § Ho(D) o) PdX) = § Hin) Ha(0) () dx = 1l G,

-—00 —00

rae 0nm — cuMBos Kponekepa (0, ecniu m#n, u 1, ecnin m=n). [Nostomy, ecsm
TOJIOXKHTD
Hn(x)
Vnl’
TO CHCTEMA 3THX HOPMUPOBAHHUIX NOAUHOMO8 Fpmuma {h,(x)},>0 Oyzer

OPTOHOPMHPOBaHHO# cHcTeMoll. M3 pyHKUHOHANBHOFO aHa/IH3a H3BECTHO (CM.,
Hanpuwmep, [33, ra. VII, § 3]), uto ecan

ha(x)=

: T c|x|
101{3 _§°e P(dx) < oo, (17)

To cuctema dynkunii {1, x, x2, ...} aBaserca noaHoi B L2, 1. €. mobas GyHKuusA
n

€=£(x) u3 L2 moxet 6biTh npeicTaBneHa WM B BUae Y. a;n;(x), rie n;(x)=x’,
i=
HM B BHIe NpefesioB (B CpPefHEKBaJApaTHYECKOM CMbiciie) 3THX cymm. Ecau
NpUMeHHTHL mpollecc opToroHaausauuu [pama—IllIMuara k nocJefoBaTeNbHO-
CTH OyHKUM# 1) (x), 2(X), ... € 7;(X)=x*, TO NnoNyyeHHast OPTOHOPMHUPOBaHHAsA
CHcTema 6yaeT B TOYHOCTH COBMafaTh C CHCTEMOH HOPMHPOBaHHbI# MOJMHOMOB
Opmurta. B paccmatprBaeMoM HaMu cayuae yeaosue (17) Bbinoaseno. Caeno-
BaTeJIbHO, MONHHOMBI {A,(X)}n>0 O6pa3yloT 6asHC H, 3HAUHT, Jo6as cayyaiiHas
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BesMunHa € = &(X) Ha paccMaTpHBaeMOM BepOATHOCTHOM MpPOCTPaHCTBE Mpe-
CTaBHMa B BHJe

E(y=1i.m. Y (€ hihi(x). (18)

i=0
Mpumep 2. TMycrs 0={0, 1,2, ...} u P={P, Py, ...} — nyaccoHoBcKoe
pacrpeeneHHe:

e~ N*
x!

P, = x=0,1, ...; A>0.
Monoxum A f(x) = f(x) — f(x — 1) (f(x) =0, x < 0) 1 no ananoruu c (15) onpe-
neaum noaurnomsr [yaccona—lLlllapave

(=1)"A"P,

Hn (x ) = Px ’

n>1, My=1. (19)

ITockosibKy

o )
[, Ta) =) T () () P = Cubin,
x=0
Tl C, — NOJIOXKHTE/IbHbIE KOHCTAHThI, TO CHCTEMA HOPMUPOBAHHbBIX NOAUHO-
o8 [Tyaccona—Lllapave {m,(x)}nz0, Tn(x)=II,(x)//Cn, €CTb OPTOHOPMH-
poBaHHasi CHCTeMa, KOTopasi B CWJY BbIMOJHUMOCTH ycjosus (17) saBasercs
6asuconm.

Mpumep 3. INpuBoauMbie B 3TOM NpHMepe OPTOHOPMHPOBAHHbIE CHCTEMbI
tdynkuuit Pasemaxepa u Xaapa MHTepecHbl KaK Wil TeOPHH (yHKUMH, Tak H
I/l TEOPHH BEPOATHOCTEH.

Mycts Q=[0, 1), F=2([0, 1)) u P — mepa JleGera. Kak ynomuHasochb
B § 1, kaxnoe uncio x € [0, 1) MoxeT GbITb 0JHO3HAUHO PA3/IOXKEHO B ABOHU-
HYIO Apo6b

x= %’ + % +...,
rae x; =0 uau 1. ([lns ofHO3HAYHOCTH pa3/ioKeHHA Mbl yC/iaBJHBaeMcs pac-
CMaTPUBATh TOJILKO Te Pa3JiodKeHHs, KOTOpble COAepXKaT OeCKOHEeUHOe YHCIIO
Hyne#. Tak, U3 AByX pasJioxKeHuii
1100, 0,
2 2 2
Mbl 6epem nepsoe.)
O6pa3syeM cayuaiiHbie BeuunHbl &) (x), &2(x), ..., NONOXKHB

1 1
zt®

23 +.--

&n(x) =x,.
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Toraa AAsi JioGbIX @;, MPHHHAMAIOIKX 3HauyeHus O uau 1,

P{x: &r=ai, .. o én=an}=

a Qn
=P{x: P+ + A m<x<F+ R4+ +2,,}-
a)

Qn
=P{r:re[P+ + Rt o) }= o

OTclofia HEeMoCpeACTBeHHO caenyeT, uTo &, &, ... obpa3yer nocnedoeameﬂb-
HOCMb He3asucumblx bepryriuesckux cayvaiinox seauywur (puc. 30 noka-
3bIBAET, KaK ycTpoeHbl & =& (x) u & =&(x)).

Ecau Tenepb nosioxutb R,(x)=1—2€,(x), n 2> 1, To HeTpyAHO NPOBEPHTD,
yto cucteMa {R,} (pyuxyuii Pademaxepa, puc. 31) sBnsierca opmoHopmu-
POBAHHOUL:

1
ERwRm=§ Ra(x)Rm(x) dx = bum.
0

3amerum, uto (1, R,)=ER,=0. Otcloga ciiefyeT, 4yTo 3Ta CHCTeMa He
A6472emca NOJIHOH.

Ri(x) Ra(x)
& &) = =™
I P
r ™ Irm™ M | N
[ Pl —t—t— —————
L ERE IR I
oo R 2 ) 141214)
- Lol Lol 1 o P
o 1 b X0 1131 X b L Y A
2 424
Puc. 30. BepHyasiHeBCKHE BETHYHHBI Puc. 31. ®ynkunn Panemaxepa

Opnako cucreMy PaneMaxepa MOXHO MCNOJIb30BaTbh JUI MOCTPOEHHS Tak
HasblBaeMoil cucmemo. Xaapa, KoTopas W Opolle YCTPOeHa, H K TOMY Xe
ABJIAETCA KaK OPMOHOPMUPOBAHHOU, TaK H NOAHOU.

CHosa nyctb =0, 1), & = %([0, 1)). [Tonoxum

Hl(X)=l,
Hy(x) =R\ (x),

2i/2Rj+1(x), ecJi k2/] <x<2k/ n=2 +k,
Hu(x)= 1<k, j>1,

0 B OCTaJIbHbIX CJy4asx.
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HetpyzaHo npoBepuThb, 4T0 H,(x), n > 3, MOXXHO 3anucaTh H B TaKOM BHJE:

om2, 0K x <2 (MY

Homy(x) = { —2m/2, 2=(m+D < x < 2-m,
0 B APYrHX ciyyasx,
i1 : m
H2m+/-(X)=H2m+|(X——2-m——), j=l,...,2 y m=l.2,

Ha puc. 32 npuBesenbl rpaki nepBbIX BOCbMH (pYHKUHMI, JalOLIMX Nped-
CTaBJieHHe O CTPYKType 06pa3oBaHHs W noefieHny GyHkuuit Xaapa.

e g
Hy () Hy(x) M 2T M
1 1 f : P!
! ! | |
! { |
1 L 1 1 1 ' 1 1 l
o 1 oy vt it
|
| |
SN :
DYV I YY) R O
Hs(x) Hg(x) Hz(x) Hg(x)
2 2F = 2r n 2F |

——————————

C

—2F W -2} S -9}

C

—2F

Puc. 32. ®yuxkunn Xaapa H,(x), ..., Hg(x)

Cucrema dyHkuuit Xaapa aBasercs, Kak HeTPyAHO NPOBEPHTb, OPMOHOP-~
muposarnnoii. Bonee Toro, ona noana u B L', u B L%, T. e. ecnu ¢ynkuus
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f=fx)€LP pna p=1uau p=2, 10

] n p

§170) = S"(f, He) He(x)| dx—0, n— oo,
¥ 00JalaeT K TOMY XK€ TeM CBOHACTBOM, 4TO C BepOSITHOCTbIO efMHMUA (Mo
Ne6GeroBCcKoi Mepe)

S (F Ho) He®) = f(),  n— o0,

k=1

Mbi nokaxeM 3TH dakthi B § 4 ri1. VII, BbiBeas HX H3 OGLIMX TEOPEM O CXOAH-
MOCTH MapTHHIaJIOB, 4TO, B YACTHOCTH, GYJIeT CJY>KHTb XOpoLleil HiTlocTpauuei
NpHMEHEHHs MAPTHHIAbHBIX METO/IOB B TEOPHH (YHKLHIL.

6. Ecaumy, ..., 7, — HeKoTOpast KOHeYHasi OPTOHOPMHPOBAHHAsK CHCTEMa,
T0, KakK GblIO MOKa3aHO Bbllle, U1 BCAKOW CJiyuyailHOW BesnuuHbl €€ L2 B
JIMHEAHOM MHoroo6pasuu & =.2(n,, ..., 1);) MOXKHO HaHTH CJydailHyIO BeIH-
unny € (MpoekuHio & Ha &) TaKyio, YTo

ll¢ = &l =inf{||l€ ~CIl: C€Lm, ..., T}

N n
pu 3ToM €= 3" (&, mi)mi. DTOT pesy/nbTaT AONyCKaeT ecTecTBeHHOE 06061Le-

i=1

HHME Ha TOT CJyyai, Koraa 7y, 72, ... — CYeTHasd OPTOHOPMHPOBaHHAsA CHCTEMa
(He o6s3aTesbHO ABAsIOWAsCA 6a3MCOM). A HMEHHO, CpaBeIHB CJIEAYIOLLHi
pesyJibTar.

Teopema. [Tycmo my, 1y, ... — OPMOHOPMUPOBARHAR CUCMEMA CAYHAL-

Holx geaunurn, £ =L (m, ne, ...) — 3aMKHymoe Aurelnoe mHo2oobpasue,
noposxcdennoe umu. Toeda cywecmayem u npumom eOuUHCMBEeHHbLE I1e-
menm £ € £ maxoi, umo

Il - &l =inf{l¢ — C||: ¢ 2} (20)
Ipu amon
€=Lim. D (€ m)m (21)
i=1

uéE-£1¢( Ce”.

Jloxasameabcmgo. O6o3naunm d =inf{||¢ — ¢||: ¢ € £} u BbiGepem mno-
cllieloBaTeNbHOCTD (), {2, ... Tak, uTo || — (|| — d. [Mokaxem, uyto 3T1a moc-
Jle/loBaTeNbHOCTD fiBJseTcs (yH1aMeHTanbHOM. [TpocToil noacuer nokasbisaer,
YTo

1n = Gl = 200 — €12+ 200 — €1 — 4| 5 G+ G €
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_ 2
$lcHo, uto %((,, +(m) € 2, nostomy “ %((,, +Cm) -§“ >d? w, cniefioBateNbHO,
62 = ¢mll* =0, n, m — co.
MpocTpaHcTtBo L? siBnsieTcs noJHbiM (TeopeMa 7 § 10). TTosTomy Haiiger-
Csi TAKOH 3/IeMeHT €, uto ||¢2 — €]| = 0. MHoxecTBO £ 3aMKHYTO, MO3TOMY
e 2. Nanee, ||¢, — €| —d, cnenosatensho, ||€ —€]| =d, uTo u noKa3biBaeT
CyLLleCTBOBaHHe TPEGYEMOro 3J1EMeHTa.
[Tokaxem, uto £ — e/lMHCTBeHHbI 3/1eMeHT B & ¢ TpeGyeMbiM CBOHCTBOM.
Mycs £€ P n
ll€ =€l =lg €l =ad.
Torza (B cuay 3anauu 3)
1€ +& — 261> + 1€ - €I* =211 - &1° + 211 — €)1° = 4a®.
Ho
FL 7 2 (- 2 2
1€+E-2¢) =4 5 € +& —¢] > 442

CanenoBatenbHo, || —€]2=0, uTo M 10Ka3bIBaET eMHCTBEHHOCTb «GJIHMKai-
wero» K £ saeMeHTa 3 2. _
Jokaxem Tenepsb, uto £ —£ L {, ( €.Z. B cuny (20) nna moboro ¢ €R

e —€~c¢ll > g~ él.
Ho
llg = &~ cCI? = 1lE = &I1> + *ICI” — 26 — €, em).
[Toatomy
ICI? > 2(6 €, c¢). (22)
BosbMeM ¢ = A€ — &, ¢), A€R. Toraa u3 (22) nonyuum, yto

€ =& OPINCI> =221 = 0.

[Ipn nocTaToyHo MabIX MOJIOXKHTENbHbIX A CMpaBeAIHBO HEPaBEHCTBO
A2|¢[I2 — 21 < 0. Tostomy (£ ¢, ¢) =0, C€ 2.

Ocranoch foKa3aTh npeacrasienue (21).

Muoxectso £ =.2(n, 7o, ...) ABAAETCA 3aMKHYTHIM NOANPOCTPAHCTBOM
B L2 u, 3HauuT, caMo fiBNSeTCH FHJIbGEPTOBLIM MPOCTPAHCTBOM (C TeM XKe
caMblM CKaJiipHbIM MpousBefeHdem). Jlnsi 3Toro runbGepToBa MPOCTPAHCTBA
2 cuctema 1y, 1o, ... ABAseTcs 6a3UCOM H, CJIN0BATeJbLHO,

E=Li.m. D (& ne)me. (23)

k=1
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Ho £—€Lme, k21, a snauur, (€, ne) = (& me), k>0, uto BMecTe ¢ (23)
joKasbiBaet (21). R 0

3ameuanue. Kak u B KoHeuHoMepHOM cayuae, £ Gylem Ha3biBaTh nNPOeK-
yuel & Ha L=Lm, m, ...), £ — € — nepnenduxysapom, a npencTabienne

£€=E+(€-9)
— OPMOZOHALLHbM PA3A0HCEHUEM. R
Benuuuny € o603HauaroT (cp. C E¢|m,....n) u3 . 3) E¢|m,m, ...)n
Ha3bIBAIOT YCAOBHbIM MAMEMAMULECKUM ONUOAHUEM 8 UWLUPOKOM CMbICAL

(€ OTHOCHTEJIBHO 7y, 72, ...). C TOUKH 3peHHs OLeHWBaHHA & MO 71, 7o, ...
BeJIHUHHA & ABJIAETCA ONMUMAAbHOU AuHelHOU oyenkoil, ownbka KoTopo#

A=Ele-{P=le- &I =1lel* - 1€ m)l,

i=1

yto caenyet u3 (5) u (23).

7. 3apaum.
1. Tokasartb, uto ecam € =L.i.m. &,, 10 ||&, ]| — ||€]I-
2. Toka3satb, uto ecau £ =L.i.m. &, u n=Li.m. n,, T0 (&:, M) — (&, 7).

3. INokasarb, uTo HopMa || - || yroBIeTBOpSieT CBOACTBY «MapaJiesiorpaMma

€ +nll? + 1€ = nll =2(IEN> + llnll?).

4. IMyctb {4, ..., &n} — CeMeNCTBO OPTOrOHAJIbHLIX CIYYaHHbLIX BEJHYHH.
[Nokasatb, yTo A5 HUX cnpaBepuBa «TeopeMa IMudaropa»:

n 2 n
Sall => lal*
i=l

i=l1
5. Iyctb &), &2, ... — NOCJIEL0BATENbHOCTb OPTOTOHAJIbHBIX CYYalHbIX Be-
(e

JHYHH, S, =& +... +&,. [Tokasats, uto eciin Y E€2 < oo, To Haiizercs Ta-
n=1
Kas cnyuyaitnas BennunHa S ¢ ES% < oo, uto Li.m. S, =S, 1.e. ||S, = S|* =
=E|S, -S> >0, n—> 0.
6. INoka3satb, uto pyHKuHH Pasemaxepa R, MOTyT GbiTb OMpejelieHbl cJe-
AyoumM o6pasoM:

Ra(x) =sign(sin 2"7x), 0<x<!l, n=1,2, ...
7. Ioka3aTb, YTO
€I = NEEIZ)N s €€ L&),

NpHYeM paBEHCTBO MMEET MECTO TOTAA H TOJIbKO TorAa, Koraa £ =E(£|¥) n. u.
8. Ilokasatsb, uto ecan &, n € LA(F), E€|n)=n, E(|§) =& 10 E=nn. 1.
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9. JlaHbl TpH MoCJ1€0BaTEILHOCTH (g,f”), (g,fm) H (9’,53)) nox-o-anre6p &,
& — orpaHuueHHas cayyafiHasd BenHunHa. M3BecTHO, 4TO A1 KaXKAOro n

g cIP caP, EEFN) Dn, EEID) Dn
Jokasatb, yto E(¢ |£4’,§2)) Ln.

§12. XapakrepucTHuecKkne hyHKUHH

1. Memod xapakmepucmuueckux ynxyui ABngeTCA OAHUM U3 OCHOB-
HbIX CPEJICTB aHaJIHTHYECKOro annapara Teopuu BeposTHocTell. HanGousee spko
3To GyZeT npoaeMoHCTpHpoBaHo B 1. 111 npH JoKa3aTesbCTBe NpefeNbHbIX Te-
OpeM H, B YaCTHOCTH, NMpH J0Ka3aTesIbCTBE LIEHTPAJbHOM NpesieibHOM TeopeMbl,
o6o6utaroieit Teopemy Myaspa—Jlannaca. 34ech Ke Mbl OrpaHHYHMCA onpe-
LeJIEHHSIMH H U3JI0XKEHHEM OCHOBHBIX CBOHCTB XapaKTePHCTHUECKHX (YHKLMH.

[Tpexxae scero crenaeM ofHO 3aMeuyaHHe o6LIEro Xxapakrepa.

Hapsaay co cayuaiiHbiMH BenWuHHaMH (MPHHHMAIOLMMH JAeACTBHTENbHbIE
3HaYeHHs) TEOPHA XapPAKTEPHCTHYECKHX (PYHKUHMHA TpeGyeT NpHBJIEUEHHS KOM-
NAEKCHO3HAUHbIX CIYUalHbIX BeIMUHH (cM. m. 1 § 5).

MHorude H3 onpefieJieHHil 1 CBOHCTB, OTHOCALIMXCA K CJy4aiHbIM BeJHYH-
HaM, JIerko TepeHOCATCA M Ha KOMIJIEeKCHbI caydaid. Tak, MaTemaTHueckoe
oxHaHHe E¢ KoMnjieKCHO3HAYHOM cJyyaiiHoi BeJuunHbl ¢ =€ + i cuuTaercs
onpeesieHHbIM, €CJIH ONpefleieHbl MaTeMaTHYeckHe oxuianus E& u En. B atom
cayyae no onpejedenuto nonaraeM E¢ =E&+iEn. U3 onpenenenus 6 (§ 5)
He3aBHCHMOCTH CJIyuaiiHbIX 3JIEMEHTOB HETPYAHO BbIBECTH, YTO KOMMJIEKCHO-
3HauHble BenuuMHbl ()} =& +in, (o =&+ ine He3aBHCHMBI TOrJa H TOJbKO
TOrJa, KOrjla He3aBHCHMbI Mapbl CJyyaiiHbX BesHuHH (&1, 1) H (&2, 72) HIH,
4YTO TO JKe CaMoe, He3aBHCHMbI o-anre6bpbl F¢, » H Feyny.

Hapsany ¢ npoctpancTBoM L? feficTBHTebHBIX CJYYaiHbIX BEIHYHH C KO-
HEYHbIM BTOPbLIM MOMEHTOM MOXKHO BBECTH B PACCMOTPEHHE 2uAbbepmoso npo-
CTPaHCTBO KOMIIEKCHO3HAUHBIX CJyyaiiHbix Bennunn (=& +in ¢ E|¢)? < oo,
rae |¢|2=¢2+77, u ckanapubiM npoussenenueM (i, (o) =E(iCo, rae (o —
KOMIJIEKCHO-CONpsiXKeHHas caydaiiHas BelMunHa. B nanbueiiliem Kak neficTeu-
TeJIbHO3HAUHbIe, TaK U KOMIJIEKCHO3HAYHble CJyuyafiHble BeJMuHHbI OyneM Ha-
3bIBaTh MPOCTO CJYyailHbIMH BeJIHYHHAMH, OTMeuas, eCcJqH 3To HeoOX0AHMO,
0 KaKOM KOHKPETHO cllyuae WAeT peyb.

YcnoBuMcst Takxke o caeyrolux o6o3Hauenusx. [1pu anre6panueckux one-
pauHsx BeKTopbl @ € R" GyAyT paccMaTpHBaTbCsl KaK 8eKmop-cmoabybt,

a,

Qan
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a a* — Kak 8ekmop-cmpoku, a*=(ay, ..., a,). Ecau a, b € R", To noa ux cka-

n
aapHolm npoussederuen (a, b) 6yaeT NOHHMaTbCA BesMuHHA Y a;b;. SIcHo,
i=1
yro (a, b) =a*b.
Ecan a € R* v R=||r;;|| — maTpuua nopsaaka n x n, To

n
(Ra, a)=a*Ra= Z arija;. 1)
ij=1
2. Onpepeaenne 1. [Nyctb F = F(x) — n-mepHas ¢yHKUMS pacripenede-
nus B (R", B(R")), x=(x1, ..., X,). Ee xapakmepucmuuecxkoi ¢pyrryuei
HasbiBaeTcs GyHKUMA

o(t)=§ e dF(x), teR" )
Rn

Onpenenenne 2. Ecan §= (€, ..., &) — cayuyaiiHblil BeKTOp, ONpesieNieH-
Hbli Ha BEPOSATHOCTHOM npocTpaHcTee (2, &, P) H npHHHMalOLLe# 3HaueHHs
B R", To ero xapakmepucmuyeckol ¢pyrnKyued HasbiBaeTc GyHKUHA

pe(t)= § €dFe(x), teR", 3)
Rn
rae Fe=F¢(x) — dynkuua pacnpesenenus Bektopa £=(&), ..., &), x=
£ 4 P

=(x|, ooy xn).
Ecau ¢pyHkuus F(x) umeer nioTHocTb f = f(x), To Toraa

o(t)=§ & fx) dx.
Rn

HHaue roBops, B 3TOM cliyuae XxapakTepHcTHuecKas (yHKuus o(f) ecTb He
4TO HHOE, KaK npeobpas3osanue Pypve GyHkuuu f(x).

M3 (3) 1 Teopembl 7 § 6 (0 3amMeHe nepeMeHHBIX MO/ 3HAKOM HHTerpaJa Jle-
Gera) BbITEKAeT, YTO XapaKTEPHCTHUECKYIO DYHKLHIO ¢ (£) cayyaiiHoro BekTopa
MOXKHO OMpeJeJIHTb TAKXKe PAaBEHCTBOM

ee(t)=Ee't®,  teR", 4)

[NpuBeneM Tenepb OCHOBHble CBOHCTBA XapaKTEPHCTHYECKHX OYHKLHH,
dbopMyanpys H lokasbiBasi HX JHlWb B cayyae n= 1. Hekotopbie HanGosiee
Ba)KHble pe3yJbTaTbl, OTHOCALIHeCs K oblieMy cjyyalo, AaloTcs B BHAe 3ajad.

yctb € =€(w) — cayuaiiHas BenuunHa, F¢ = F¢(x) — ee dpyHkumua pacnpe-
neneHus 1

pe(t) =Ee"t

— XapaKTepHCTHUeCKas (yHKLUA.
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Cpasy oTMeTHM, uTo ecau 1=af + b, 1o

‘Pn(t) - Eeitn = Eeil(a§+b) = eitb Eeiag‘

[TosTomy
oq(t) =" pelat). (5)
Hanee, ecau &4, &, ..., €, — He3aBHCHMbIE CJyuaiiHble BEJHUHHBI U S, =
=&1+...+&, TO
n
s, () =TT e, 0)- 6)

j=1

B camom jnene,

n
ps, () =Eeif€+-+8) —Eeitt _ oites =Eoites  Eeiter =] pg (1)
n i y
j=l

rae Mbl BOCMOJIb30BAJHCh T€M, UTO MaTeMaTHYeCKOe OXHAAHHe MPOU3BEAEHHs
HE3aBHCHMBIX (OFPaHHYEeHHbLIX) CAYYaHbIX BEJHUYHH (KaK AefCTBUTENbHbIX, TaK
H KOMIIEKCHBIX, CM. Teopemy 6 B § 6 u 3amauy 1) paBHO MpoH3BeleHHIO HX
MaTeMaTHYECKHX OXKHIaHHI.

CpoficTo (6) siBafieTCA K/IIOYeBbIM MPH A0Ka3aTeslbCTBE MpeflesibHbX Te-
OpeM yisi CyMM HE3aBHCHMbIX CJIyYalfHbIX BeJHYUHH METOLOM XapaKTepHCTHUe-
ckux QyHKuu# (cM. § 3 ra. I11). B stoit cBA3H OTMeTHM, uTO PyHKUMA pacnpene-
neHus Fs, Bopaxkaetcs yepe3 yHKUHMH pacrpejiesleHHs OTACNbHbIX CJlaraeMbiX
yXKe 3HayuTeJIbHO GoJiee COXKHBIM 06pa3oM, a HMeHHo, Fs, = F¢ *...x F¢,, rae
3HaK * 03HauaeT CBepTKy pacrnpefeneHuit (cm. n. 4 § 8).

[puBeneM npuMepbl XapaKTepHCTHYECKHX (BYHKLHIA.

Mpumep 1. Tlyctb € — GepHyanneBckas ciyyaitHas BenunHa ¢ P{E=1}=
=p, P{¢=0}=q, p+g=1, 1> p>0, torna

pe(t) = pe' +q.

Ecau &, ..., & — He3aBHCHMble OHHAKOBO pacrpeliesieHHble (Kak &) cay-
Sn—np

VPq

o7, (8) = 05, —np /\/n_p?(t)=E eitSe—np/\/ADG — p—it\/np/q [ peit/\/_-npq + q]n _
= [ peit\/q/np + qe'“ p/nq]". )

yaitHble BeJIMYHHbI, TO 1Ns T, = HaXOIHM, YTO

3aMeTHM, YTO Nnpu n— 00 0TCI0AA CJICAYET, YTO

or,(t) - e~ /2, ®)
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Mpumep 2. Tyctb £~ A (m, 02), |m| < o0, 62 > 0. Tokaxewm, uto

_ itm—l—g’—z
pe(t)y=e . 9

[Monoxum n= §—m‘ Torpa n~ A(0, 1) 4 Tak Kak B cuiy (5)

() ="M py (o),
TO JIOCTATOYHO JIHLIb NMOKa3aTh, YTO
on(t)=e™"72. (10)
CrenyloLuasi Llenoyka COOTHOLUEHHH JoKa3biBaeT 3Ty (opmyay (10):

o o)

) 1 . 9
=Eei!" = itx ,—x /2d =
wn(f) =Ee"" = —= _Sooe e X
1 °S° = ttx)” ! ) —22
d—E ,,_Sxe"/dx—
2” =00 p=| n=0 "

oo

a\2n 9 2
-3 en- =3 G e =5 (-5) h ="

r/le Mbl BOCMOJIb30BAJIHCL TeM (CM. 3ajauy 7 B § 8), uto

1T o —x%/2 2
—_— dx=En“""=2n-1)!
T _§0x e X 7 2n-1)
IMpumep 3. Ilyctb £ — nyaccoHoBcKas cayyaiiHast BeJIHUHHA,
e—M\k
P{{= k}——— k=01, ...

Torna

Eeit€ = Z e:tke ’\k e~ Z (’\ —exp{)\(e“ -} (11)

k=0

3. Kak ormeuanoch B n. 1 § 9, ¢ kaxuoll dyHKuueil pacnpeseienust B
(R, Z(R)) MoXHO cBAA3aThb CJyyailHyl0 BEHUKHY, HMEIOLLYIO 3Ty (GYHKUHIO B
KayectBe cBoeil pyHKUMH pacnpefeneHus. [103ToMy NpH H3NOXKEHHH CBOHCTB
XapaKTepucTHuecKHX (yHKUMil (B cMbIC/e Kak onpeiefeHus |, Tak H onpene-
JIEHHs 2) MOXKHO OFPaHHUMTLCS PAaCCMOTPEHHEM XapaKTepPHCTHUECKHX (yHKLHN
©(t) = e (t) cayyaitibix BenmunH € = & (w).
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Teopema 1. [Tycmo & — cayuainas seauuuna ¢ pynkyueli pacnpede-
senus F=F(x) u
(t) =Ee"

— ee xapakmepucmu4eckas QYHKYUs.
Hmerom mecmo caedyroujue ceoiicmsa:

D) o) <) =1;
2) ¢(t) pasnomepro Henpepoigra no t € R,

3) p(t) =p(=1); ‘
4) o(t) asraemcsa OelicmaumenrbHO3HA4HOU GyHKYueld moeda u moao-

KO moeda, koeda pacnpedesenue F cummempuuro (S dF(x)= S dF(x),
B -B
BEBR), -B={-x:x€B});

5) ecau Oan nexomopoeo n 21 E[€|" <co, mo npu scex r <n cywye-
cmeyrom npou3soduve p(t) u

()= (ix)e™ dF(x), (12)
R
Eg’:i:_)r@’ (13)
(@) e, (i)
<p(t)=rz=; LHEE + ealh), (14)

20e |ea(t)| < 3E[E)" u e4(f) =0, t —0;
6) ecau cywecmsyem u asasemcs Koneurot p@"(0), mo E£" < oo;
7) ecau EJE|" < oo Ganscexn> 1 u
— (g _ 1
n

h’x‘n =T<°°’

mo npu ecex |t|<T
oo i\
o)=Y Yee. (15)
n=0

Hokazameavcmeo. Coiicta 1) u 3) oueBuanbl. CBOACTBO 2) cleyeT U3
OLIEHKH

lo(t + h) — p(t)] = |[Eei*é (e — 1)| <E|e - 1]

W TEOpEMbl 0 MaXKOPHPYEMO# CXOIMMOCTH, COMacHo KoTopoit Eles — 1| =0
npu h—0.
CaoitctBo 4). [lyctb F cummerpuuna. Toraa, ecsad g(x) — orpaHHueH-
Hasi GopeJsieBcKas HeueTHasl (pyHKUHs, TO S g(x) dF(x) =0 (3ametum, uto mnd
R
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NPOCTHIX HEUYETHbIX (QYHKUMH 3TO CJieflyeT cpasy W3 OnpeieNieHHs CHMMeTpHY-

nocty F). Toatomy S sin tx dF(x) =0 u, 3HauuT,
R

p(t)=E cos t&.
OGpaTtHo, nycTb @e(f) sABAseTca AeficTBUTeabHON (yHkuueid. Toraa B cu-
ay 3)
p-c(O)=pe(~)=pc(=w(t), teR
Orciofa (Kak 370 OyaeT J0Ka3aHO HHXKe B TeopeMe 2) cjiefyer, uTo (pyHKLHH

pacnpenenedus F_g u Fe cnydaitHbix BenwunH —& W & COBMAjaloT, a 3HAUMT
(no Teopeme 1 § 3),

P{{eB}=P{-¢£e€B}=P{{e-B}

ansa mo6oro B € (R).

Caoiicteo 5). Ecan E|¢|” < 0o, To B cuay HepaseHcTs JlanyHosa (28) § 6
El¢) < o0, r<n.

PaccMoTpuM oTHolwueHue

QU+ =) _ & i (€™ -1
AL g (L),

[Mockoabky

eihx -1
=
1 E|¢| < oo, To Mo TeopeMe 0 MaXKopHpyeMo# CXOAHMOCTH CYLIECTBYET
. ihg _
lim Eei¢ (£-=1),

h—o0

|<le

PaBHbI#

eihf -1

Eeité ,I,T,})( ) =iE(§e“5)=i _OS; xelts dF(x). (16)

Nostomy cyuiectsyer nponssoanas ¢’ (f) u

[o,2]
¢ (t)=iEe")=i § xe"* dF(x).
- 00
CyuiectBoBanne npou3BoaHbix (), 1 <r < n, u cnpasesIusocTb dop-
mya (12) ycTaHaBAMBAIOTCA 110 HHAYKLMH.
®opmyanl (13) cienyiot HenocpeacTsenHo U3 (12). YcTaHoBHM crnipaBeiiu-
BOCTb npeAcTaBieHus (14).
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[TockoabKy 115t IeHCTBUTENbHBIX ¥

: = @, @)"
e'¥ =cos y+i sin y=z %+%[cos 01y +i sin 6ay],

k=0
e 8] < 1, |62l < 1, 70
oité = Z ("9 + W8 o5 6,)1e +i sin Baw)te] (17)
H
Eeité = Z (W Wege+ O [Een 4 e, o), (18)
rae =

en(f) =E[£"(cos 0, (w)t€ +i sin fo(w)tE — 1)].

SIcHo, uTo |e4(f)| < 3E|E"|, npuueM Mo TeopeMe 0 MaXKOPHPYeMO#H CXOLMMOCTH
en(f)—0, t =0.

CaoiictBo 6). IlokasartenbcTBO GyeM BeCTH Mo WHAYKUMH. [1peanosioxum
CHauaJa, yTo npou3BoaHas ¢ (0) cyutecTByeT u KoHeuHa. [TokaxkeM, yTo Toraa
E¢? < oo. Mo npasuay Jlonutans u nemme daty

e ¢'(2h) = £'(0) <p'(0)—<p'(—2h) _

¢"(0) = lim '[ h 2h =
= lim 2¢' (2h) — 2¢'(—2h)
= hmd 8h

= lim Y (i;—;—-f) dF(x) = - Jim g (S'" ’”‘) x2dF(x) <

—Ilm —[cp(2h) 20(0) + o(—2h)] =

<- °§° lim (S—“lﬁ’i) 22 dF(x) = — °§° 2 dF(x).

h—0\ hx
-—00
[Moatomy

°§° x? dF(x) < —¢"(0) < 0.

—o0
o0

Myctb Teneph ¢@+2(0) cyuwiecTsyer, KoHeuHa S x%* dF(x) < oco. Ecan
-0

o0 o0
S x2* dF(x)=0, To u S x2¥+2 dF(x) =0. Tak uyTo 6yzieM npeAnoNarath, YTo

—oo —oo
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OSO x2kdF(x) > 0. Torna, corsiacHo cBoiicTBY 5),

—00

P = § (0™ dF(y

—00

1, 3HAUHT,

(—1Fe(O= § e dG(),

—00

X
rae G(x) = S u?* dF(u).
—o0
CanenoBatenbHo, hyHkuus (—1)Fp®® (£)G~'(co) saBAseTCA XapakTepHCTH-
yeckoit (hyHKLMedl BeposTHOCTHOTO pacnipenenenus G(x)-G~!(co) # no noka-
3aHHOMY

G () °§° x?dG(x) < oo.

—00

Ho G~'(c0) >0, 3nauur,

°g° xZ*+2 4F(x) = °§° x2dG(x) < co.

Caoitcteo 7). Iycets 0 <ty < T. Toraa, ucnoab3ys topmyay Crupaunra
(bopmyania (6) B § 2 ra1. 1), HaxoauM, yTO

n I/n
i €l

<1 = Tim

_ nyml/n
- T ERLD

C.nenosarenbuo no npuaHaky Kowmn psan Y E|€|"#] /n! cxonutcs, a 3HauuT,

CXOAMTCA H pal Z (‘t) E¢" pns moGoro |t| < #p. Ho B cuay (14)
r=0 r!

o)=Y e R0, 131,
r=0

n
rae |R,(?)| <3|—%|'—E|§|”. IMosTtoMy ans Beex |¢| < T

o(t) = Z (") E¢". 0

r=0
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3ameuanune 1. AHanoruyHo nokKa3arteibcTBy (14) ycraHaBiuBaertcs, 4TO
echi ans Hekotoporo n > | E|§|" < 00, TO

olt) = Z d ‘t S e dFy+ e i), (19)
k=0 ~o0

rae |e.(t —s)| < 3E|€*| u en(t —5)— 0, t —5s—0.

3ameuanue 2. Ilo nosoay ycsosus, ¢urypupyollero B cBoiicTse 7),
CM. TaKxKe faniee M. 9, NOCBSALLIEHHbI BONPOCY O «eJHHCTBEHHOCTH NPOGJeMbl
MOMEHTOB>.

4. Crepnyowasi TeopeMa NoKasbiBaeT, YTO XapaKTepHcTHYecKas (yHKUUsA
OJHO3HAYHO onpejenseT (GYHKUUIO pacnipesieieHus.

Teopema 2 (eauHcTBeHHocTH). [Tycmo F u G — Ose ¢hynxkyuu pac-
npedeierus, umerouue OOHY U My Je XapaKmepucmu4ecKyio GYHKYuwo,
m.e. 0aa 8cex t €RR

§ e dFx)= § €™ dG). (20)
Toeda F(x) = G(x).
Hoxasameavcmso. 3adukcupyeM a, b € R, € >0 1 paccMoTpuM yHKLHIO
f€ = f¢(x), u3o6paxennyio Ha puc. 33. [Tokaxem, uto

fe @) § FwdFx=§ Ff(0dGx. @1y

1 -m — et
L L Myctb n2>0 TakoBo, uto [a, b+¢]C

0 aate b bte C [—n, n], u nocnenoBatebHOCTS {0,} Takas,

Puc. 33. uto 1 >4, | 0, n— oo. Kak Bcsikast HenpepbiB-

Hasi Ha [—n, n] QyHKUMS C paBHbIMH 3Ha-

YeHHSIMH B KOHLIEBbIX TOYKaX, (yHKuHs f&= f€(x) moXeT GbiTb paBHOMEPHO

annpokcuMupoBaHa (TeopeMa Beitepiutpacca—CToyHa) TpHroHOMeTpHYECKH-
MH MOJIHHOMaMH, T. €. CYLIECTBYET KOHE4HAA CyMMa

fe(x) =Xk: ag exp(iwx%) (22)
TaKas, 4To
_sup 7€ (x) = [3 ()] < &. (23)

[Nponomxum nepuoanueckn yHKuUMIO fS(x) A8 BceX X € R U 3aMeTHM, YTO

sup |fa ()l <2
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Toraa, NOCKOJbKY B cuiy (20)
§ FEwdFe) = § fi(x)dG),

TO

n n

§ edF-§ j<dG

<

{ Fwdrm - § Fedow

n

< § fedF - § frdG|+26,<
—n

-n

< +28, +2F([—n, n]) + 2G([—n, n]), (24)

OSO fsdF — OSO fr dG

rae F(A) =S dF(x), G(A) =S dG(x). T1pu n— co npasas yactb B (24) ctpe-
A A

MHTCS K HYJIIO, YTO H J0Ka3biBaeT paBeHCTBO (21).
pu &€ =0 dyuxumun f€(x) — Jgp)(x). [NosTOMY MO Teopeme 0 MaxkopHpy-
eMo# cxouMocTH u3 (21) caenyer, uto

§ lan(®dF@) = § I@p(x) dG(x),

-—00 -0

T.e. F(b) — F(a) = G(b) — G(a), oTKyAa B CHIy POU3BOJBHOCTH a H b clienyer,
yto F(x) = G(x) m1q Bcex x €R. O

5. Tlpenbinywas TeopeMa roBOpHT O TOM, YTO (YHKUHS pacrpeesieHHst
F=F(x) oaHO3HAayHO BOCCTAHAB/IHBAETCS MO CBOEH XapaKTepHCTHUECKO
byuxumn ¢ = p(f). Crenyowwas TeopeMa 1aeT sBHOe NpeACTaBJieHHe HYHKLHH
F uepes .

Teopema 3 (dopmyna ob6pamenns). [Tycmo F = F(x) — ¢hynkyus pac-
npede/zel'uuﬂ u

pl)=§ e dF(x)

-0

— ee xapakmepucmuieckan QyrKyusa.
a) Jlaa amoboix dsyx mouex a, b (a <b), ede ¢pynxyua F = F(x) nenpe-
poleHa,
—ita ith

F(b) ~ F(a) = lim L § e—.—‘;el-<p(t)dt. (25)

—00 27!'_ 4
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o0

b) Ecau S lp(f)| dt < oo, mo pynkyua pacnpederenus F(x) umeem
rmomnocmb—f(x),
X
Fay=§ fw ady, (26)
—00
u
)= § etp(ydt @n
2n 2% ® ’

Hokazameavcmaso. Tlpexne Bcero oTMETHM, YTo ecsiH pyHKUHA F(x) HMe-
€T MJIOTHOCTb f(x), TO

o o)
o)=§ e™fdx, (28)
—o0
H mostoMy ¢opmysa (27) ecTb He uTO MHOe, Kak npeoGpa3oBanne Pypbe ot

(uHTerpupyemoit) dyHkuun o(f). nterpupys seByio u mpasyio yacti (27) u
npuMeHsns Teopemy PyGHHH, NOSYYHM

b b | oo
F(b)—F(a)= f(x)dx = % § [ § e ™ p(t) dt] dx =

1 oo b ite 1 o0 e—ita _ p—ith
=5 _§° <p(t)[§ e dx| dt = 5 _§° Pty ——— dt.

[TocJie 3THX paccMOTpeHHU#, 06 BACHSAIOLIMX 10 HEKOTOpO# cTeneHH (opmy-
Jay (25), nepeiineM K ee 10Ka3aTesbCTBY.
a) Umeem

1 ¢ —ita —ith

_ 1 —ita __ ,—ith
bmg § f—,-t—"—mwz— § [ o) a-

T 2w

—-C o0
oo ¢ e—:ta —ith
S § Z—2—e™dt| dF(x) = S Ue(x)dF(x), (29)
-0 | —¢ —oo

rae Mbl MOJIO2KHJIH
—ua e —ith ;
V=5 S et

M BOCMOJIb30BasCch TeopeMoit Py6uHM, cnpaBelMBOCTb KOTOPOH B JaHHOM
cayyae cJiefyer U3 TOro, 4To

—ita _ _—ith —ita b
e —-e i e —e —i
__T__ettx =| = ezlxdx Sb—a

~ith
|
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c o0
§ § ®-a)dFx)dt <2(b—a)< .
- —00
Janee,
1 ¢ sin H(x—a)—sint(x—b) ,,
\I’c(x) = '2—” —S’: 1 dt=
c(x—a) . - .
- _l_ S 512 v _ % S snr; u du. (30)
—c(x—a) ~c(x—b)
OyHkuua
t .
sin v
gs, ty= § ——dv
paBHOMEpHO HempepbIBHA N0 S H { H
g, H)—m (31)

npu s | —oo u ¢ T oo. [ToatoMy cylecTByer Takasi KoHcTaHTa C, uTo Iisi BCex
cux |¥.(x)] < C < oo. Kpome Toro, u3 (30) u (31) caenyer, uto

e (x) > ¥(x), c—o0,

rae
0, x<awmx>b,
Y(x)=41/2, x=anwmx=0b,
1, a<x<b.
[Myctb p — Mepa Ha (R, B(R)) Takas, uto u(a, b]=F(b) — F(a). Toraa,

NpUMeHsAs TeopeMy O MaXKOpPHPYeMo#l CXOAHMOCTH H MOJib3ysich (hopMyJiaMH
3ajaud | B § 3, HaxodAuM, uTO NpHU ¢ — 0O

2= § V() dF)— § Y0 dF()=p(a, b)+ Sula) + Sutbr=
=F(b-) — F(@) + 3[F(@) — Fa—) + F(b) — F(b-)] =
_ F(b) - F(b—)  F(a) + F(a-)
- 2 2

Tlle nocjienHee PaBeHCTBO COPaBeAIHBO IS JIOGbIX Touek a H b, sBasioLIHXCS
TOYKaMH HenpepbiBHOCTH YHKUMH F(x).
Hrak, popmyaa (25) nokasana.

=F(b) - Fla),
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b) Iyctb S lp(t)] dt < co. O6o3HaUMM

—00

o o]

fo)=5- § e o(t)dt.

—00

K3 TeopeMbl 0 MaXKOpHpYeMO# CXOAHMOCTH CJIEMly€T, YTO 3Ta (pyHKUHS Henpe-
PbIBHA MO X W, 3HAYMT, OHA HHTErpHpyeMa Ha HHTepBaJe [a, b]. [ToaTomy, cHoBa
npuMeHsist TeopeMy Oy6GHHH, HaX0AUM, YTO

b b 1 0o )
§ fxydx = 3 ( § e (1) dt) dx=

1 =) b y 1 c b y

—_ —ix = |i —_ —titx —

=5 _§° o(t) §e dx|dt= lim o S(p(t) §e dx| dt
¢ —ita

= lim S%e—_eiﬂp(t)dt-F(b) F(a)

€—00

L5l BCEX TOUEK @ H b, ABAAIOLIMXCA TOUKAMH HenpepbiBHOCTH yHKUMH F(x).
Orcioza BbiTeKaer, 4to

Fw=§ f@dy, xeRr,

a Tak Kak f(x) — HenpepbiBHas, a F(x) — HeyGbiBatoLLast (pyHKUUH, TO f(x) ecTb
nJaoTHocTb F(x).

3ameuanne. Dopmyna obpaiieHus (25) naer Apyroe H0Ka3aTesbCTBO
yTBEPXKIEHHS TEOpPEMbI 2.

Teopema 4. [Jaa moco umobv. KOMNOHeHMbL CAYHaAlHO2O0 8eKmopa
E=(&, ..., &) Ovlau Hezasucumsl, He06xo0umo 1w docmamouHo, 4umobu
e2o xapakmepucmuueckas gyukyus bvira npousgedenuem xapaxmepu-
cmudeckux QYHKYU KOMNOHEHM:

n
Eeltitit-+int) — T Ee%,  (t), ..., t,) €R"
k=1

Hokasameabcmso. HeobxonuMocTb cjellyeT W3 yTBepxIeHHs 3ajaud .
Jlns nokasatesibCTBa JOCTATOUHOCTH 0603HauuM F = F(xjy, ..., X,) — QYHKUHIO
pacnpesienenust Bektopa £= (&, ..., &) U Fp(x) — dyHKUHIO pacnipeflesieHus
&, 1 <k n. Monoxum G=G(xy, ..., xp)=F1(x1)...Fa(x,). Toraa no Teopeme
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dy6unu s Beex (4, ..., t;) ER"

n
S ei(l|x|+...+1,,x,.)d0(xl, s xn) = H S eit,,x,,dFk(xk) -

R k=1 R
n
=H Eeiteér — Epiltth&1+.+tnkn) S eiltmtettat) gFy, gy
k=1 R"
[MoaToMy N0 TeopeMe 2 (TOuHee, MO ee MHOTOMEPHOMY aHaJIory; CM. 3ajgauy 3)
F =G, W, cliefoBaTeJIbHO, COFJIacCHO TeopeMe H3 § 5, BeauuwuHn &y, ..., &,
He3aBHCHMBI. O

6. B teopeme 1 copMyaHpoBaHbl HEKOTOpble HEOGXOAUMBIE YCJIOBHS, KO-
TOpPbIM YIOBJIETBOPSET XapaKTepHcTHueckas ¢yHKuua. Takum o6pasoM, ecau
A5l QYHKLMH @ = p(f) He BBINOJIHAETCSA, CKaXKeM, OJHO H3 NePBLIX TpeX yTBep-
JKIEHHH 3TO#l TeopeMbl, TO 3TO 03HAYaeT, YTO paccMaTpuBaeMas (YHKUMS He
ABJIAETCSA XapaKTEPUCTHYECKON.

CnoxHee OGCTOHT JeJ10 C MPOBEPKOH TOro, ABJSETCH JIH HHTEpecyolLast
Hac ¢yHKUHA @ = p(f) xapakrepuctrueckoil. Cchopmynupyem (6e3 doxasa-
meabcms) psAf pe3yJbTaToOB B 3TOM HanpaBJieHHH.

Teopema (Boxuepa—Xunuuna). [Tycmo @(t) — HenpepvisHas pyHk-
yus, teR, u p(0)=1. aa moeo umober p(t) bbira xapakmepucmuue-
cKoli, Heob6xo00umo u docmamouHo, 4mobo. OHA OLIAG HEOMPULAMEAbHO

onpedenexHnoii, m. e. Oaa mobolx Oeiicmsumenvuoix ty, ..., 1, u a0bbix
KOMNACKCHbX YUcen Ay, ..., Ap, n=1,2, ...,

n

D olti — )X >0. (32)

i,j=1

Heobxo0umocmo ycnous (32) oueBHaHa, NOCKOJBLKY €CJH

p(t)=§ e dF),

—oo
TO
n 0o n 2
D eti—tpadj= § [ e | dF(x) 0.
i,j=1 —00| k=1

Tpynuee nokasbiBaetcs goctaTouHocTb yeaosus (32). (Cwm. [69, 1. 2, X1X.2].)

Teopema (Moita). [Tycmo HenpepoisHas, uemHan U 8bINYKAASL KHU3Y
Ha (—oo, 0) (a 3nauum, u Ha (0, o)) dynxyus p(t) makosa, umo (t) 20,
©(0)=1, o(t) = 0 npu t — co. Toeda ¢(t) asasemca xapakmepucmuueckod
$ynxyuei ([69, 1. 2, XV.2)).
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D1a TeopeMa faeT BecbMa YAOGHLI CMOCO6 KOHCTPYyHpoBaHHA (DYHKLUMH,
ABJIAIOILUXCSA XapaKTepHcTHUecKHMH. TakoBbIMH GyAyT, HanpuMep, GyHKLUH

pi(t)=e7M,

I-le, <L,
)=
i {0. 1> 1.

TakoBoi#t Gyaet u pyHKuHua @3(f), n306paxenHas Ha puc. 34. Ha untepBane
[—a, a] pyHkuus p3(f) coBnagaet ¢ pyHkumei @o(f). OaHaKo oTBeualOLHE HM
¢yHkuun pacnpesenenus Fo U F3, O4eBHAHO, pa3HuHbl. DTOT NpPHMep MoKa-
3bIBAET, YTO ANIs COBMajeHHs GyHKUMIA pacnpesielieHusi HEOCTaTOUHO, BoobLle
ropops, COBMajeHHs WX XapaKTePHCTHYECKHUX (PYHKUMH Ha KOHEYHOM HHTep-
BaJe.

3(t)

Puc. 34.

Teopema (MapuunkeBuua). Ecau xapakmepucmuueckas Pynkyus
@(f) umeem sud exp P(t), ede P(t) — noauHom, mo cmenerv 3Moeo
noautroma He moxcem 6uimo 6oabwe deyx [135, 7.3).

W3 370t TeopeMbl BbiTeKaeT, Hanpumep, 4To ByHKIMS exp(—t*) He aBasercs
XapaKTepHCTHYeCKO# dyHKLHeR.

7. Caepywowas TeopeMa ABJIsieTC IPHMEPOM pe3yJibTaTa, NOKa3blBaloLile-
ro, KaKk MO0 CBOHCTBAM XapaKTepPHCTHYecKOil (YHKUMH CJy4yaHOH BeJIHYHMHbI
MOTYT ObiTb ClelaHbl HETPHBHAJIbHbIE 3aKJIOYEHHSI O CTPYKTYpe 3TOH BEeJIHYHHDI.

Teopema 5. [Tycmo ¢ (t) — xapakmepucmuueckan Qynkyua cayuat-
HOU seauuursl &.

a) Ecau |pe(to)| =1 0as nekomopozo ty#0, mo cayuaiinas seiuuuna

& asasemca pewemuamoii ¢ waeom h = T2t_o7r-|' m.e.
[o <]
> P{=a+nh}=1, (33)

n=-—00

20e a — HeKkomopaa KoHcmanma.
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b) Ecau |pe(t)| =lpe(at)| =1 daa deyx pasiuunoix mouex t u at, ede
a — UPPAYUOHANLHOE HUCAO, MO CAYHALUHAA BEAUUUHA § ABALEMCA BbIPO-
HOeHHOU:
P{{=a}=1,

20e a — Hekomopas Koucmaxma.
¢) Ecau |pe(f)| =1, mo cayuaiinaa eesuuuna & soiposcoena.
Jlokazameavcmso. a) Ecan |pe(to)| =1, £ #0, To Haitnercs uuco a Ta-
Koe, uTo Aas 3Toro ¢y p(ty) = e'o®. Torna

o Q.
oifa = S oifox dF(x) = 1= S eifolx—a) dF(x) =

= 1= § costo(x—a)dF(x) = § [1-cos to(x —a)] dF(x)=0.
[Mockoabky 1 —cos fo(x —a) >0, To u3 cBoiictea H (n. 2 § 6) caenyer, uto

(P-n.H.)
1 =cos ty(€ —a),

YTO IKBHBAJIEHTHO COOTHOLIEHHIO (33).
b) U3 npennonomeﬂnﬂ |<p€(t | = |pe(at))=1 u (33) caenyer, uto

2n
P + P b+—m=1.
3 plemorZale § pfemvsZn)-
Ecan £ He AiBnsieTcs BLIPOXKAEHHOM, TO TOTa B MHOXKECTBaX
{a+2 n,n=0, %1, } H {b+i—7trm,m=0,il, }

HaﬁlLyTCﬂ no KpaHHeﬁ Mepe ABe CoBMajalolliHe TOYKH:

2 2w 2m 2w
a+—n1 b+aﬂ’l|, a+7n2—b+-a—tm2,

OTKyZia
27 27
=+ (1 —ng) = —(my — my),
YTO MPOTHBOPEUYHT MPEANOJIOKEHHI0 06 HPPALMOHAIBLHOCTH YHCAA . YTBep-
XIeHHe ¢) caeayer u3 b). a
8. Myctb £=(&), ..., £) — cayuaiiHblii BeKTOp,
pe(f) =Eeit®,  t=(t, ..., ty),

— €ro xapakrepucTHueckas ¢yHkuusa. Bynem npeanosarath, 4To A1 HEKOTO-
poron>1 El¢|"<oo,i=]1, ..., k. U3 nepaBencTsa [énbaepa (29) § 6 u Hepa-
Benctsa Jlanyuosa (27) § 6 c.nenyeT YTO CYLIECTBYIOT (CMELLIaHHbIE) MOMEHThI
E. ..&,*) LIS BCEX HEOTPHLATENbHBIX V), ..., U TAKHX, UTO V) +...+ vy < 1.
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Kak u B TeopeMe 1, U3 3TOro BbIBOAHTCSA CYLIECTBOBAHHE U HENPEPLIBHOCTD
YaCTHBIX MPOH3BOAHBIX

0V|+...+Vk
o we(tty ...\ )
s vy + ...+ v, < n. Toraa, pasnaras g¢(t, ..., t) B pan Teiinopa, Haiinem,
4TO
iv|+...+l/h »
Soﬁ(tl, N AR Z mm(gh Vk)t;"...t:’ +O(|t|”), (34)

vi+..+upgn
re |f] =[t1] +... + |t n
mg/.,....w) = Eg;" . :"

— (cmewannbil) momenm nopaoka v=(vy, ..., V).
®yHkums @e(fy, ..., te) HenpepbiBHa, w¢(0, ..., 0) =1, n nosTomy B Heko-
TOpO# OKpecTHOCTH HyJs (|{| < ) oHa He obpalilaetcs B HyJib. B 3Toit okpecT-
HOCTH CYLIECTBYIOT H AABJAIOTCA HeNpepbiBHBIMH YacTHbIE NPOH3BOAHbIE
av|+...+v,,
—dt;/' ...at:” In (pe(th SN tk),

rie noa In z noHHMaeTcs MaBHoe 3HaueHHe Jorapudma (ecau z=re',
—m < @<, 1o In z nonaraercs pasHbM In r +i6).

[Mostomy In @e(t), ..., tx) MOXeT GbiTh NpeacTasneH no popmyse Teinopa
it (W1seest) 41 Ve n
In QO((t],...,tk)—- E 711_'—1/_;@'85 t‘ tk +O(|t| ), (35)
vi+..4+gn
rie Ko3(hpHUHEHTDI sé"""""”) Ha3blBAIOT (CMEULAHHBIMU) CEMUUHBAPUAHMAMU
WIH KyMyssnmamu nopsaka v= (v, ..., v) Bektropa € = (&), ..., &).
3aMeTHM, YTO eciid £ U 1) — [Ba HE3a8UCUMbLX BEKTOPA, TO
In pgin(f) =In pe(f) +1n @p(?), (36)
H MO3TOMY
Whaetlt) _ o (Viyeonti) (V1 seeesk)
Sern | =Sg T FSyt @37)

(VmeHHO 3TO CBOWCTBO H ONpaB/blBaeT Ha3BaHHe «CEMHHHBAPHAHT».)
Yro6bl yNpoCTHThL 3aMuch ¥ NpuaaTh ¢opmynam (34), (35) «oaHoMepHbIit»
BHJ, BBEJIEM cJiejlylolliie 0603HaueHH .

Ecan v=(vy, ..., V&) — BEeKTOp C HeOTPHUATEJbHBIMH LEJOYHCJIEHHLIMH
KOMIOHEHTaMH, TO MOJIOXKHM
=yl W=vi+...+uw V=t 0"

(ll) — (l/|,....llk) (V) — (V],....l/k)
TycTb Takxe s¢° =s; , Mg’ =mg .
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Torna npeacrasienus (34), (35) NpuMyT cliefylOlUHHA BHA:

v,
pet) =Y —=mPt +o(lt]"), (38)
lvlgn
o
Inpe(t)=> ‘7s§ 't +o(t]"). (39)
lvi<n

Curenyiolias TeopeMa U ee CEACTBUSA AT YOPMYAbL CEA3U MOMEHMOB U
CeMUUHBAPUAHMOS.

Teopema 6. ITycmo £= (£, ..., &) — cayuainwii sekmop ¢ E|&|" < oo,
i=1,...,k,n>1. Toeoa dan scex v=(vy, ..., ) C |V|<n
@) 1__4 T ) 40
md= 2l XOT@1 ITs8. (40)
A 4 AD=yp p=1
-1 q
@) _ =17 vl (L)
S¢ = Z 7 AL @1 H Me = (41)
A4 $AO=p p=l1
2de > 03Hauaem CYyMMUposarue no gcem yYynopadoUeHHbiM Ha-
AD 4 FAD=p

6opan yeavix neompuyamenvuoix gexmopos AP, |AP|>0, daowux e
CyMme 8eKmop v.
Hoxazameavcmao. TMockoabKy

we(t) =exp(In p¢(?)),
TO, pasnaras exp no ¢opmyse Tefisopa H yuntbias (39), nosyunm
21 i 9
pe)=1+ H( > —M-s?’t*> +o(|t]"). (42)
q=1 NPV

CpasnuBas unenbl mpu {* B npasbix yacTax (38) u (42) W yuuThiBas, yTO
XD £+ 2D = XD 4+ 4 M@, nonyuaem dopmyay (40).
Hanee,

i1
ln<Pe(t)=ln[l+ > ’ng’"t"+o(|tl")]. (43)
NP

nPH MaJjiblX Z CrpaBeN/UBO pa3/ioKEHHE

n -1
In(1+2)=>) %—z" +0(z").
g=1
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TMpHumenss 3To pasnoxenue K (43) U cpaBHHBasi 3aTeM KO3(GhHUHEHTH npy ¢
C COOTBETCTBYIOLIMMH KO3(dHLHeHTaMH B npaBoit yacTH (38), mosyunm dop-
myay (41). O

Caeacteue 1. Cnpasedausor caedyoujue popmyasi, C8A3BLBAIOUUE MO-
MEHMbL U CEMULHBAPUAHIMbL:

X
- 1 v! (A"
Mg = Z rlord A 0y H [s¢ 1" (44)
(A4 4 r A=y} j=1
X
w _ (=1"g -1 V! ()77
S¢ = > ol N (@ [T [m 17,
{nAD 4  4r A0 =p} j=1
(45)
ede > O3Ha4aem CYMMUpOBAHUEe NO BCEM HEYnopaOO4eH-

(A4 +r A=}
HolM HA6OPAM DA3AUMHLIX Yeavlx HeompuyamenvHvlx sexmopos AU,
[AD| >0, u no scem ynopsadouennvim HAGOPAM YeEAbLLX NONOHCUMELLHOLX
uucen rj maxum, wmo r AV +. . +r AP =y,

Jlnst nokasatenbcTsa (44) npeanosioxum, uto cpeau Bektopos A1), ... A@,
yuactByiowx B dopmyae (40), r; Bektopos pasHbl A, ..., r, BekTOpOB
paBibl A) (r; >0, ry+...+r,=g), npuuem Bce BexTopbl A) pasnuuHbl.
Fﬂ";r,' Pa3/MYHBIX HaGOpOB BEKTOPOB, COBMAJAIOLUX
C TOYHOCTbIO 0 Mopsiaka ¢ Ha6opom {A), ..., A@}, Ho ecnn asa naGopa,
ckaxeM, AV, . A@} y (XD, 3@}, orauyaiotcs AMb nopaakoM, To

T ey & (5w

Ils¢e = Hl s¢ . Tloatomy, oToxpecTsasia HaGopbl, COBNajawoliHe C
p= p=
TOYHOCTbIO [0 nopsaika, u3 (40) nonyyaem (44).

AHanoruuHbiM 06pa3oM u3 (41) BbiBoauTcst popMyaa (45).

Caepctsue 2. PaccMoTpuMm yacTHbIi cayuait, Korga v=(1, ..., 1). B atom
CJlyyae MOMEHThI mg’) =E¢, ... & v cooTBETCTBYIOLIME CEMHHHBAPHAHTLI Gy1eM
Ha3blBaTb NPOCMbIMU.

GopmyJibl CBSA3H MPOCTHIX MOMEHTOB M CEMHHHBAPHAHTOB MOJy4alOTCH W3
npuBeleHHbIX hopMys. OfHaKO HX yl0GHee 3anucaTh MO-Apyromy.

Jasa storo BBefieM cJaenylolide 0603HayeHus.

Myets I¢ ={1, 2, ..., k} — MHOXXeCTBO HHAEKCOB KOMIOHEHT BekTOpa & =
=&, ..., &). Ecan I C /¢, To uepe3 & GyneM 0603HauyaTb BEKTOP, COCTOALLHI
H3 TeX KOMIMOHEeHT BeKTopa &, HHAeKChl KoTopbix NpuHamiexart /. [yctb x (/) —
BEKTOp {X1, ..., Xn}, ¥ KoTOpOro x; =1, eciu i €/, u x; =0, ecnu i ¢ /. Itu
BEKTOPbl HaXOAATCH BO B3aHMHO OJHO3HAYHOM COOTBETCTBHH C MHOXXECTBaMH

CyuiecTByeT poBHO
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| C I¢. TTostoMy 0603HauHM
me(l) = méx(h)’ se() = Séx(/))‘

Wnaue roBops, me(/) v S¢(/) ABAKIOTCA MPOCTHIMH MOMEHTAMH H CEMHHH-
papHaHTaMH nojBekTopa §; BeKTopa &.

Ilanee, B COOTBETCTBHH C ONpeje/ieHHeM, JaHHbIM Ha ¢. 29, Ha3oBeM pa36H-
eHHEM MHOXecTBa / HeymopsoueHHblii HaGop HemepeceKaloUMXCs HeMmyCTbiX
MHOXeCTB /, Takoit, uto > [, =1.

p

C yuemom amux 0603HAUEHUL UMEIOM MECMO (POpMYAbL

meh= H selp), (46)
z:l =t *
q
=D (=1""g=D! [ metty), (47)
q =1
3 =t

p=1

e0e Y. 03Hawaem CYMMUPOBAHUE NO B8CEBO3MONCHHIM PA3GUEHUAM
q
S =l

p=1

muoxcecmsa I, 1 < g <N, N(I) — 4ucro aremenmos mroxecmsa I.

Ilns nokasarenbctBa npencraeienns (46) o6patumcs K gopmyie (44). Ec-
amv=x(Nu AV +... +2@ =y, 10 XP =x(/,), I, C I, Bce \P) pasnuunsi,
AP =p! = | u KaxIOMy HeynopsA0YEHHOMY Ha6Opy {x(l 1), ---» X(/q)} B3auMHO

q
OZIHO3HAYHO cooTBeTCTBYeT pa3Guenne /= ) [,. CaenoBatenbHo, dopmy.a
p=1
(46) Bbitekaer u3 (44).
AnasioruHbiM 06pasoM H3 (45) BbIBOAHTCH CMPaBELIHBOCTb NpeicTaBie-
HHs (47).
Mpumep 4. Iyctb £ — cayyaiiHaa BeanunHa (k=1) u m, =m =E¢",

Sn =Sé ). Torna u3 (40) u (41) nonyuaem caenyioue popMmyJbi:

my = §j,
mg =S8y +Sf,
m3 =s3+ 35,52 + 53, (48)

my =S4 + 353 + 45,53 + 65259 + 57,
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"
sy =m; =Eg,
32=m2—m?=D§,
S3=ms — 3m mz + 2m;, (49)

S4=my —3m3 — dmymz + 12m?my — 6m?,
Mpumep 5. Tycts & ~ A (m, 2). TockosibKy, cornacho (9),
. 2%
In (pg(t) =itm— T,

10 B cuay (39) §; =m, Sp=0> U BCe CEMHHHBAPHAHTbI, HAYHHAS C TPETHETO,
paBHbI HyJo, T.e. S, =0, n > 3.

3ameTHM, 4TO B CHJIy TeopeMbl MapunHKeBHYa (yHKUMSA BHaa exp P({), rae
P (t) — NOJHHOM, MOXKeT ObiTb XapaKTepPHCTHYECKOH TOJIbKO B TOM CJIyyae, KO-
rfa cTeneHb 3TOro NoJMHOMa He GoJiblie AByX. OTCIOAa, B YaCTHOCTH, BbITEKAET,
YTO raycCOBCKOe pacrpe/ieieHHe ABJSeTCS e0UHCMBEHHbM PacTipelieieHHeM,
06/1a/lal0LHM TeM CBOHCTBOM, YTO BCE €r0 CEMHHHBApHaHTbl S,, HauHHas C
HEKOTOpOro HoMmepa 7 > 3, o6pallaoTcst B HYJb.

Mpumep 6. Ecau { — nyaccoHoBcKas cliyyaiiHast BeJlMUHHA C apaMeTpoM
A>0, To, cornacho (11),

In pe(f) =" —1).
Otciona caenyert, uto Aas Bcex n 2> |
Sp=A. (50)
Mpumep 7. Tycts €= (&), ..., €&k) — cayyaiinbliit BekTop. Toraa
me(1) =s¢(1),
me(l, 2) =s¢(1, 2) +s¢(1)s¢(2),
me(1, 2, 3) =s¢(1, 2, 3) +5¢(1, 2)s¢(3) +5¢(1, 3)se(2) + (61)
+5¢(2, 3)s¢(1) + 5¢(1)s¢(2)s¢(3),

OTH ¢opMyJibl MOKA3bIBAIOT, YTO MPOCTbie MOMEHTbI BbIPAXKalOTCA uYepes
NpOCTble CEMHHHBapHAHThI BeCbMa cuMmempuyrbim 06pasoM. Ecau nosoxuTb
& =& =...=&, 10 u3 (1) noayuyatcs, koHeuHo, (opMmyJbl (48).

M3 (51) cTaHOBHTCSA MOHATHBIM «TPYNMNOBOE» NPOHCXOXKAeHHe KO3 dHLHM-
eHTOB B opmynax (48). M3 (51) cnenyet Takxke, uto

se(l, 2) =mg(l, 2) — me(1)me(2) =E&1§2 — EGES, (52)
T.e. Sg(1, 2) ecTb He uTO HHOe, KaKk Kosapuayus ciydaiHbiX BesHunH &, &o.
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9. Tlyctb £ — cayuaiiHas BenwunHa ¢ (yHKuuedl pacnpesfenenus F(x)
xapaKTepHCTHUECKO# dyHKUHel ¢(f). [TpeanosoxKum, 4To CyLIECTBYIOT BCE MO-
MeHTBl M, =E&", n> 1.

W3 TeopeMbl 2 cllefyeT, 4TO XapaKTepHCTHYeCKas (pYHKUHS OOHO3HAUYHO
onpelenseT pacnpeeeHre BepostHocTed. [Toctasum ceftuac crienytoumi Bo-
npoc (EAMHCTBEHHOCTb MPOGJieMbl MOMEHTOB): OOHO3HAUHO JH OMNpeAeNsIoT
MOMEHTBI {MMs}n>1 pacnpedesenue seposmuocmen?

Tounee, nyctb F U G — aBe GyHKUMH pacripefesieHHs, Y KOTOpbIX BCe
MOMEHTbI COBMAAAIOT, T. €. A1 Bcex ueabix n>0

°§° x"dF(x) = °§° x"dG(x). (53)

CnpaluvBaetcs, BbiTeKaeT Jid OTClofa coBnageHue QyHkuuit F u G?
Boo6ue roBopsi, 0TBET Ha 3TOT BOMPOC OTpHUATeJbHbIH. UTOGH B 3TOM
y6eluTbCsl, PaCCMOTPHM pacnpejefieHHe f ¢ MJIOTHOCTbIO

ke“""x, x>0,
f(x)—{o’ £>0

rie a>0, 0< A< 1/2, a KoHcTaHTa k BbIGpaHa U3 COOGPaXKEHH! HOPMHPOBKH

o0

§ foydx=1.
0
O6o3Hauum B=a tg Aw, v nycts g(x)=0 m1a x <0 u

g(x) =keo% [1 +esin(BxY)], |el<!, x>0.

SlcHo, uto g(x) > 0. INokaxeM, uto npu Beex ueabix n=0

S x"e=*" sin Bx*dx =0. (54)
0

H3BecTHo, uto ana p >0 1 KoMnJieKcHbIX ¢ ¢ Re ¢ >0

c’Sot"—'e—‘l'dt=£(-“’—).
0 q°
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MMosoxum 3neck p=(n+ 1)/A, g=a+ifB, t =x*. Toraa

OSO xl\(i?l ") e~ @HBX A=l gy — ) OSO x"e~(eHB gy
o 0

oo
X . p— X .
e~ cos fx*dx — i) § x"e™**" sin fx*dx =

iGw

a%(l+i tg Aw)%l.

>
oy
=

(95)

Ho
1
(1+itg Aw)%— =(cos Aw +i sin /\7r)1+rl(005 )\7")_% =
=ei7|’(”+l)(cos A"r)—%}- =CO0S ﬂ'(n + l) : (COS )‘1‘.)—% ’

NOCKOJbKY sin w(n+ 1) =0.

Tem cambiM npaBas yacTb B (55) siBAseTCs AeACTBUTENbHON H, 3HAUHT, MPH
BCex UenblXx n >0 cnpaseniuBa ¢opmysna (54). Bo3bMeM Tenepb B KauyecTse
G(x) dyHKuHMIO pacnpefesieHHst ¢ MJOTHocTbio g(x). Toraa u3 (54) caenyer,
yTo y (yHKUMit pacnipesienieRust F U G BCe MOMEHTbI COBMAJAIOT, T. €. ISl BCEX
ueabix n >0 cnpaBennuBbl paBeHcTBa (53).

IMpuBeneM Tenepb HekoTOpble AOCTaTOYHbIE YCJIOBHS, OGeCreyHBaoLIHe
€IMHCTBEHHOCTb NPOGJeMbl MOMEHTOB.,

Teopema 7. [Tycmo F = F(x) — ¢hynxyusa pacnpedesenus u daa n2 1

pa=§ |xI"dF(x).

Ecau

< 00, (56)

mo momenmot {Mu}n>1, 20e m, = S x" dF(x), 00Ho3HaAUHO Onpedersiom
—0o0
¢ynkyuio pacnpedesenusn F = F(x).
Hoxaszameavbcmso. U3 (56) u yrBepxxaeHus 7) TeopeMbl 1 caeayer, uto
HalizeTcst Takoe #p >0, uTo WA Beex |t < ¢y XapakTepHcTHUecKast (yHKUHSA
o0

p(t)= S e'* dF(x) npeacrasuma B BHje

olt) = Z “”

k=0



§ 12. XAPAKTEPUCTHUECKHUE ®YHKLUHUH 375

§, CIeI0BATENIbHO, MOMEHTbI {Mp}n>| ONHO3HAYHO OMPENeNsioT 3HAYeHHe Xa-
paKTepHCTHYECKOH byHKunu () nas Beex |¢| < fo.

BoabMeM Touky s ¢ |s| < {o/2. Toraa u3 (56), Tak e Kak W npu 1oKa3a-
renbctBe (15), BbIBOAMTCH, uTO Anist Beex |t — s| < fp

basd _\k
o= L2 gts),
=0

rAc
g .
eP(s) =it § x*e**dF(x)
—0o0
0[HO3Ha4yHO onpejessercs Mo MOMEHTaM {m,,},,;,. CaefoBatesibHO, 3TH MO-

3
MeHTbl OMPEAeNsIoT OfHO3HauHO ¢(f) aasd Beex |f| < §to. [Tponosmxkas 3toT

npouecc, y6exxaaeMcsi B TOM, YTO {M,},>1 ONpeAeNaioT 0AHO3HAUHO @(f) npH
BCeX f, a 3HAUHT, H QYHKUHMIO pacnpeneieHus F(x). O
Caeacteue 1. Momenmo 00HO3HAUHO onpedeasiom pacnpedeieHue
gepoamHocmeti, COCPeGOMOUeHHOe HA KOHEHHOM UHMepaae.
Caencreue 2. [aa eduncmsennocmu npobiemsi momenmos docma-
mouHO, 4mobul

) (57)

s noKa3aTebCTBa HYXKHO JiHILb 3aMETHTb, UTO HeUeTHble MOMEHTHI OLle-
HHBAIOTCA 110 YETHBIM, H 3aTeM BOCMOJIb30BaThCs YcJoBHEM (56).
Mpumep. Iycts F(x) — dyHKUHA HOPMANLHOTO pacrpeleneHus,

1 r_p
) V2ro? _§°
@n)! on

Torna mgy41 =0, mg, = o“® u u3 (57) chemyer, 4TO 3TH MOMEHTbI

27n!
ABAAIOTCS MOMEHTAMH TOJIbKO HOPMaJIbHOTO pacrpeiesieHHs.

[puBenemM B 3akitoueHre (6e3 J0Ka3aTeNbCTBA)

Kpurepnit Kapaemana (eauHCTBEHHOCTH mnpo6jemMbl MOMEHTOB);
[69, . 2, VIL3].

a) ITycmo {My}p>1 — MOMEHMbL HEKOMOPO20 pacnpedeseHus 8eposm-
Hocmell, npuuem

> 1
—_——=00.
ng() (m2n)‘/2n

Toeda onu onpedessom pacnpedesenue 8epoAmMHOCcMel 00HOZHAUHO.
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b) Ecau {mp}n>1 — Momenmo. pacnpedesrerus, cocpedOMmMoOUeHH020 Ha
[0, o0), mo d4s odro3HaUHOCMU JocmamouHo nompebosamb, 4mobbt

= 1
g (mn)lﬂn =00

10. TMyctb F=F(x) u G =G(x) — dbyHKUHH pacnpefie/leHHs C XapaKTe-
puctHueckiMu ¢yHKUMAMH f= f(f) 1 g = g(f) cootBetcTBeHHO. Cienyiolias
TeopeMa, KOTOpYIO Mbl IPUBOJNM Ge3 10Ka3aTelIbCTBa, MOKA3bIBAET, Kak MOXHO
oueHUTb Gausocts F U G (B paBHOMepHOH MeTpHKe) B TepMHHaX GJIH30CTH
f u g. (Ilo noBoay npumeHeHuit 3tTo#t Teopembi cM. § 11 . II1.)

Teopema (HepaBenctBo Acceena). [Tycmo G(x) umeem npou3sodnyio
G'(x) c sup |G'(x)| < C. Toeda 0aa kaxndoeo T >0

X

2 ([ -g)|,, , 2 ,
sup |F(x) - G(x)| < p § I—;—'dt+ T Sup |G'(x)|.

11. Ha cnenyowefi ctpaHiLe npxBesieHbl [Be TaGJHLbLI XapaKTepHCTHYe-
CKHX (pyHKUH# o (f) HEKOTOPBIX YaCTO BCTPeUaloLUXCsl pacnpesiesieHHil Bepo-
ATHOCTeM; CM. TaG/iMLbl pacnipe/ieieHii (BMecTe C HX NnapameTpaMH) Ha c. 196
u 197.

12. 3agaun.

1. ITycTb £ ¥ ) — He3aBUCHMBIe CAyJaiitble BeIHUHHbI, f(x)= fi(x)+ifo(x),
g(x)= g\ (x) +igo(x), rae fe(x), gr(x) — GopeneBckue dyHkuuu, k=1, 2. [To-.
Ka3aTb, uTo ecau E|f(£)| < oo, E|g(£)| < o0, TO

Elf(§)gn)| <oo

Ef(€)g(m) =Ef()-Egn).
2. Tlyets €= (&), ..., &) 1 E|J€]|” < 00, rae ||€]| = VY. €. Tokasats, uTo

n .k
pet) =) FE(t & +eadllt]",
k=0

rie t=(ty, ..., ty) v gx(t) —0, £ —0.

3. IokasaTb TeopeMy 2 N1 n-MepHblX (yHKUHMiA pacrpefefeHds F =
=Fa(x1, ..., X)) 1 G=GCyu(xy, ..., Xp).

4. Myete F=F(xy, ..., X,) — n-MepHasi YHKUMA pacrpefefieHus, ¢ =
=(t, ..., t;) — ee xapakTepucTHyeckas ¢yHKuusa. Hcroab3ys o6o3Haue-
Hue (12) § 3, ycTaHOBHTb CNpaBeAHBOCTb (PopMYysbl OOpALYEHUS

4 e——tt,,a,, —lfkbk

P(a, b]— Ilm W S —SCkI;_[l <p(t|,...,t,.)dt|...dtn.
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Ta6auua 4
IuckperHble pacnpenenenns | XapakTepucTHYecKHe GyHKLMH
JlcKpeTHOe paBHOMepHOe 1 —e”—(l —e''M)
N 1 —ei
BepHy.ineBckoe q + pe'
BuHomHasbHOe g + pe']"
TyaccouoBckoe exp{A(e” — 1)}
p
[eomerpHueckoe Toget
r
OrpHuaTeIbHO-GHHOMHAJIbHOE [—p—
1 —geft
Tabaunua 5
Pacnpenenenns,
AMelOLIHE IOTHOCTS Xapakrepuctuueckue (yHKLHH
PasHoMepHoe eitb — gita
Ha [a, b] it(b —a)
HopmasbHoe, niu . o242
rayccoBcKoe exp{ttm -3 }
Tamma (1-itB)~=
Bera Fa+p8) & (i*T(a+k)
M) &b KT(@+B+RT(1+4)
A
DKCnoHeHUHaNbHO -
A—it
IlsycToponHee Neite
3KCMOHeHUHaNbHOe 12452
Xu-kBagpar (1 —2it)~"?
VaT((n+1)/2) exp{—va)it] "= o ~oe m—1—k
CTblOIleHTa, HJIH r(n/Q) 22(m-l)(m_|)! ’Z;o(2k) Cn—l+k(2\/’_l|t|) »
t-pacnpenenenue n+1
€CH M = —5— — UeJioe YHCIo
Kouy el

(B npusenenHoit Bbile opmyne obpaujenus (a, b] aABnserca MHTepBaIOM
HenpepbiBHocTH GyHKUMH P(a, b), T. e. npy Becex k=1, ..., n TOuKH ag, by
ABJIAIOTCSE TOYKAMH HeMpepbIBHOCTH MapruHasbHBIX GYHKLHA pacrnpeleneHHs
Fr(xg), nosyyeHHbix U3 F(xj, ..., Xp), €CJIH MOJIOXXHTb BCE MepeMeHHble, 32

HCKIIIOYEHHEM X, PABHBIMH +00.)
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5. Iyctb @p(t), k > 1, — xapakrepHcTHUeCKHE (PYHKLKMH, a HEOTPHLATEb-
Hble UHCaIa Ag, £ > 1, TakoBbl, uTo 3 A, = 1. [ToKa3aTb, uTo pyHKUMS Y A\epr(f)
ABJISIETCS XapaKTePUCTHUECKOH.

6. Ecnu o(f) — xapaktepucTuueckast ¢QyHKUuA, To Gyayt ju Re o(f) u
Im ¢(f) xapakrepHcTHYECKHMH DYHKLHAMH?

7. TTycTb @1, 2, Y3 — XapaKTepHCTHUECKHE QYHKLHMH H @12 = p3. Caie-
JyeT JI1 OTCIOAa, YTO (g = 3?

8. loka3aTb CripaBeiIMBOCTb hOPMYJI, IPHBENEHHBIX JUIf XapaKTepPHCTHYe-
ckHX (yHKuuit B Taba. 4 u 5.

9. IycTb § — neNoyncsienHan caydaitHas BeJIMUHHA H ¢ (f) — ee xapakTe-
pucTHuecKas ¢yHkuus. [Nokasarb, uto

Ple=ht=5- § e ™oct)dt, k=0, %1, £2 .

10. IMokasatb, yto B npoctpanctee L2 = L2((—m, 7], B(—, 7]) ¢ Mepoit
N I UR §
JleGera p cucreMa yHKUHM#A { me ,n=0, £1, } o6pa3yeT OpTOHOP

MHpOBaHHBIA Ga3HuC.

11. B Teopeme BoxHepa—XHHuHHa mpexnosiaraercs, YTo paccMaTpHBae-
Mast GyHKUHA (f) ABAseTCS HenpepuisHoil. JIOKa3aTh ClelyIOUIHil pe3ysbTaT
(Pucc), nokasbiBaiolliuil, B KaKoi CTeMeHH MOXHO OTKa3aTbCAi OT MpeAnoJio-
JKeHHs HenpepbIBHOCTH.

[Myctb ¢ =(f) — KOMMNJeKCHO3HayHas W3MepuMas no JleGery tyHKuus
¢ ¢(0)=1. Torna dpyHKuMa @ =p(f) ABNAETCH NONOXKHTEIbHO ONpeAeeHHOM
B TOM H TOJIbKO TOM CJlyyae, KOrjla OHa COBMaJaeT (MOYTH BCIOAY OTHOCHTENb-
HoO Jie6eroBoi Mepbl Ha YHCJIOBOH NPAMOH) C HEKOTOPOH XapaKTepHCTHYECKOH
byHKUHeR.

12. Kakue u3 dyHkuui

ot)=e", 0<k<2,  p)=e M, k>2,
e)=(1+[t)7", pt)=(1+tH"",

-tB, <], -t 11172,
t= t:
w0 {o, >, POV e, 11/

ABJIAIOTCHA XapaKTEPHCTHUECKHMH?

13. TyeTb o(f) — xapakTepucTHUecKas YHKUMs pacnipeneseHus F == F(x).
Mycts {x,} — MHOXecTBO Touek paspbiea ¢GyHkuMH F (AF(x,) =F(x,) —
— F(x,—) > 0). INokasaTb, uto

T
Jm 7§ o dt =3 (R,

n2l
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14. Qynkyuel koHyenmpayuy cyyaitHoit BenHuuHbl X HasbiBaetTcs ¢GyH-
KUHS
QUX; )=sup P{ix<X<x+1}.
X€ER

ITokasaTb, 4TO:
(a) ecan X u Y — HesaBHCHMbIE CJyyafiHble BEJHUHHBI, TO

QX +Y; ) <min(Q(x; 1), Q(Y; 1)) nns Bcex [ >0;

(b) Hafinercsa Takoe x;, uto Q(X; I) =P{x; <X <x; + 1}, u dpynkuusa pac-
npe/eieHHs BeJIHuHHbI X HenpepbiBHa TOT/a H TOJIbKO TOT/a, Koraa Q(X; 0)=0.
15. TTycTb (Ma)n>1 — NOCNEN0BATENLHOCTE MOMEHTOB CJIy4aiiHO# BeJIHUHHDI

o0
X c dyHkunei pacnpenenenus F = F(x) (mk = S xk dF(x)). [Tokasatb, uto
-—00
ecsiv psL Z —s" CXOAHTCS a6COMOTHO IS HeKoToporo s >0, To (Mp)n>1
OILHOSHa'-lHO onpeﬂe.naer ¢$yHkuuio pacnpenenedus F = F(x).
o0

16. IMyctb (f) = S '™ dF(x) — XxapaKTepucTHueCKasi GyHKUHs pacnpe-
—o0

nenenus F = F(x). [TokasaTb, uTo:

lim — g e~ o(t) dt = F(x) — F(x—),

C—00

lim o S lo(t)P dt =3 [F(x) - Flx-)P.

X€ER

17. Toka3zaTb, 4To KaxKaas XapakTepHCTHUECKas (GYHKLHS ¢(f) yL0BAETBO-
psier HepaBeHCTBY | — Re (2f) < 4[1 — Re ¢(?)].

18. IycTb xapakTepHcTHYecKas hyHKuUMA (f) TakoBa, uTO () =1+ f(f) +
+o0(t?), t =0, rae f(t)=— f(—t). TToka3ats, uto Torza @(f) = 1.

19. INokasatb, uto s Kaxmoro n > 1 GpyHkuuu

eit 'S itk k1
_ k=0
A

ABNAIOTCA XapaKTePHCTHUECKHMH.
20. ITokasarb, yto

2§ Ry S |x| dF(x).

—00
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21. Tlyctb xapakrepucTHyeckast ¢yHkuusa o(f)=1+ O(|t|*), t -0, rae
a € (0, 2]. INoka3saTb, uto cayyaiiHass BenHuHHa €, MMelollasi CBOE XapaKTe-
pucTHyecKoil pyHKumell dyHKUHIO ©(f), 06afaeT CeyIOIHM CBONCTBOM:

P{|¢|>x}=0(x"%), x—0.

22. Ecan o(t) — xapakrepucTHueckas ¢yHKuMs, To yHkuua |o(f)> —
TaKKe XapaKTepHCTHYeCKas.

23. Tlyctb X # Y — He3aBHCHMble OIHHAKOBO pacrnpesielieHHble BEJHUHHbI
C HyJIeBbIM CPeIHHM H €IMHH4YHOH AHcnepcHed. Jloka3aTb, OCHOBbIBAfCb Ha
PacCMOTPEHHH XapaKTepHCTHUECKHX (YHKLHH, YTO ecliH pacrpeiesieHHe Bel-
uuHbl (X + Y)/\/§P coBnajaer ¢ pacnpefeneneM F BeauunH X u Y, 10 310 F
ABJIAETCA HOPMAJIbHbIM pacrpe/ieJieHHeM.

24. Ecaim ¢ ecTb XapaKTepHCTHYeCKas (yHKLHS, TO TaKOBOH e fABJIAETCH
dynkuus e*®=D pna kaxgoro A > 0.

25. [Ipeobpasosanuenm Jlanaaca HeoTpHLATENbHON CJYYaiiHON BEJHUHHbI
X c dyHkudei pacnipesenenus F HasbiBaetcs QyHKUMSA F=F (A), onpeneneH-
Has g A >0 dopmyJoit

Fy=Ee ™= { e™dF().
[0.00)

Hoxkasatb caepyloumit kputepuit (C. H. BepHuwteiin): ¢yukuus f= f(\) Ha
(0, o0) ecTb npeoGpasoBanue Jlanjaca ¢yHKUHH pacnpeneneHds F = F(x) Ha
[0, co) B TOM H ToJIbLKO TOM cJiydae, KOraa 3Ta (yHKUHS ABJASiETCA MOJHOCTbIO
(BrioJiHE) MOHOTOHHOI (T. €. CywlecTBYIOT npou3BoaHbie [ () Bcex nopsaakos
n>0u (=1)"fP(X) >0).

26. Myctb (t) — xapakTepucTHuecKas ¢yHkuus. [Tokasatb, uTo Caenyio-
e QYHKLUMH TaKKe ABIAIOTCH XapaKTePUCTHYECKHMH!

1 [
S p(ut)du, S e “p(ut) du.
0 0

§ 13. lyccoBckue cucrembl

1. TayccoBckHe, WM HOPMaJIbHO pacnpefesieHHble, CydaiiHble BEJHUYHHBI,
raycCoBCKHE MpPOLECCbl M CHCTEMbl HFpaiOT HCKJIOUHTEIbHO BaXkKHYI poJib
B TEOPHH BeposATHOCTell W MarteMaTHueckoil cratHcTHKe. OGbsicHseTcs 3TO
npexje BCero CMPaBeLJHBOCTbIO YEHMPAAbHOLU npedesbHOl meopembl
(§ 4 ra. 1II), yacTHbIM ciyyaeM KoTOpOIl siBIsieTcst TeopeMa MyaBpa—Jlansiaca
(§ 6 ran. I). CornacHo 3Toit TeopeMe, HOpMalJibHOe pacrHpeiesleHHe HOCHT
YHHBepCaJlbHbIi XapaKTep B TOM CMbICJIe, UTO pacrpejeleHHe CyMMbl 60JbLIOTO
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yyc/ia He3aBUCHMbIX CJy4aiHbIX BeJIHUHH WJIH CJIy4ailHbIX BEKTOPOB, MOAYHHS-
joLIMXCS He CJIHLIKOM CTECHHTEJIbHBIM YCJOBHAM, XOPOLLO annpoKCHMHpYeTcs
3THM pacrpe/eieHHeM.

FIMeHHO 3TO OOCTOATENbCTBO JaeT TeOpPeTHYeCKoe OGbACHEHHe pacnpo-
CTpaHEHHOMY B CTATHCTHUECKOA NPaKTHKeE «3aKOHY OLIHGOK», BbIpaXaiolLeMy-
csi B TOM, YTO OLUHGKA H3MepeHHs, cJaraiouiascst 3 GoJIbLIOTO YKC/a He3aBH-
CHMbIX «3JIEMEHTAPHbIX» OLIHOOK, MOAYHHSETCS HOPMaJIbHOMY paclpesieIeHHIO.

MHoromepHoe raycCoBCKOe pacrnpejieJieHHe ONMUChIBaeTCA HeGObLIMM YHC-
JioM NapaMeTpPoB, YTO ABJAETCA HECOMHEHHBIM €ro JOCTOHHCTBOM NPH MOCTpPO-
€HHH MPOCThIX BEPOATHOCTHBIX Mofeseil. [ayccoBckHe clyuaiiHble BeJMUMHbI
MMEIOT KOHEeYHbI BTOPOH MOMEHT, H, CJIeloBaTe/IbHO, HX CBOHACTBA MOTYT H3Y-
yaTbCs METOIaMH THJib6epPTOBa NPOCTPaHCTBA. BaXKHbIM MPH 3TOM OKa3blBaeTCs
TO 06CTOSATENbCTBO, YTO B FAayCCOBCKOM CJlyuyae HEKOppPeJHpPOBaHHOCTb MNpe-
BpalllaeTCsi B HE3aBHCHMOCTb, YTO JaeT BO3MOMKHOCTb 3HAYHTENbHO YCHJIHTD
pesyJibtathi «L2-Teopuu».

2. Hanomuum, uto (cormacHo § 8) cayuaithas BennuuHa € = &(w) Hasbl-
BaJlaCh rayCCOBCKOM HJIH HOPMaJIbHO pacripefie/leHHOl ¢ NapaMeTpaMu m H o2
(€~ A (m, 0?)), |m| < oo, 02 >0, ecn ee MIOTHOCTD f¢(X) UMeeT caienyiowmit
BHL:

X—m 2
)= e (1)
270

rae o =+Vo?.

[pu o | 0 nnotHocTH f¢(x) «cxoaarcss K O-QyHKUMH, COCPeLOTOYEHHOM
B TO4uKe x =m». [10o3TOMy ecTecTBEHHO CKa3aTb, UTO CJyuyailHas BejMuyMHa &
HOPMaJIbHO pacnpesieieHa ¢ napametpamMu m u o2 =0 (€ ~ A (m, 0)), ecan &
TakoBa, uto P{¢ =m}=1.

MoxHo natb, OfHaKO, Takoe onpejesieHHe, KoTopoe cpasy GyleT oxsa-
ThiBaTb KaK Hegbipoxcdennoi (02 >0), Tak u soipoxdennoiii (o2 =0) cay-
uau. C 3Toil LeJIbI0 PaCCMOTPHM XapaKTePHCTHYECKYIO ByHKLHIO ¢ () = Eel’s,
teR.

Ecan P{¢ =m}=1, 10 oueBuaHoO, uTO

pe(t) =€, 2
a eciu € ~ A (m, 02), 0% >0, 10, cornacko (9) § 12,

; _t2»:r2
pe(t)=e""""2. ®)

Jlerko Bupetsb, uto npn 02 =0 npasas uyacTh (3) coBnajaer c npasoii ua-
CTbio (2). Otciona 1 u3 TeopeMbi | § 12 crieyer, uTo raycCOBCKYIO CayuaiiHyio
Be/IunHy £ ¢ napametpamu m u o2 (|m| < oo, 0 > 0) MOXHO ONpeleHTL KaK
TaKylo BeJIHuMHY, 411 KOTOPOH XapaKrepHcTHuecKast GyHKUMA g (f) 3aaetcs
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tdopmyJoft (3). Tloaxon, ocHOBaHHBIH Ha MPUBJEYEHHH XapaKTEPHCTHUECKHX
¢yHKLUHHA, 0COGEHHO yA06€eH B MHOTOMEPHOM CJiyuae.

Mycts = (&), ..., &) — cayuyaiiHblii BeKTOp H
we(t)=Ee' ™0 t=(t,..., t.) ER", 4)
— ero XxapakTepHcTHYecKas ¢yHKUUs (cM. onpefenetue 2 B § 12).
Onpepenenne 1. CayuaiiHblit Bektop €= (€, ..., &) HasbiBaeTcs eayc-

COBCKUM WJH HOPMaJIbHO pacrpellefleHHbIM, €C/IH ero XapakTepHCTHYecKas
ObYHKLHA ¢ (f) HMeeT clielylolIHit BHIL

; 1
pg(t)y =€ MR, 5)

rae m=(my, ..., my), |mg| < oo u R=||ry || — cHMMeTpHUeCKas HeOTpPHUATENDb-
HO onpe/ie/leHHasi MaTpHLA NOPAAKA 71 X 1 (17 KpaTKOCTH Gy/leM HCNOJIb30BaTh
o6o3Hauenue: £ ~ A (m, R)).

B cBA3H ¢ naHHBIM onpejie/ieHHeM BO3HHKAeT Mpexje BCEro BOMpPOC O TOM,
a aBagerca Ju ¢yHKuMa (5) xapakrepuHcTHuecko#t? ITokaxkeM, YTo 3TO Aeii-
CTBHTEJIbHO TaK.

C 3Toil LeJiblo NMPEANONOXKHM CHayasa, yTo MaTpuua R seasetcs Hesbipo-
acdennod. Torna onpenenenbl o6patHas matpuua A =R~! u dynkuus

I Il /2

)= g eo{ -5 (A —m), (r—m)}, ®)

rae x =(xi, ..., Xn), |A]=det A. O1a dyHKUUA sABAAETCA HEOTpHLATENbHOM.
IMokaxkeM, uto

§ et f(x) di = efm =3 ®RLD,

Rn
HJIH, 4TO TO XKe,
1/2
I, = S i(t,x—m) (|2A;r|)n . -Q(A(x—m) (x—m)) dx=e Q(Rt t) (7)

Rn
CrenaeM B HHTerpaJjie 3aMeHy nepeMeHHbIX
x—m=0u, t=0v,
rie & — opToroHa/lbHasi MaTpulla Takasl, uTo
O*RO=D,

d, 0
D=
0 dn
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— guaroHajbHas MaTpuua c d; >0 (cM. aokasatesbcTBo Jemmbl B § 8). Tlo-
ckobky |[R|=det R#0, To d; >0, i=1, ..., n. [TosTomy

|A|=|R"Y|=d;"...d; @)

Jlanee (cM. oGo3HaueHus n. | § 12)

i(t, x—m)— %(A(x—m), x—m)=
= i(Ov, Ou) - %(Aﬁu, Ou) = i(0v)* Ou - %(0’u)*A(0’u) =
¥ l** ___-*__]_*—I
=iv'u—zu O*'ACu=iv*u gl D™ u.
Bmecte ¢ (9) § 12 u (8) 3To naer

1 iw*u—Lu* Dy
R 3 -
= G, ae RS du

n oo u? n 24
1 w,u.—ﬁ- _2&2_"
= H 2 S e v dup= H e =
e CLC DR k=1
=e-,_',u'oo =e—;1;v‘0'1k00 =e—%t'l{t =e—;.l;(Rt.l)'

M3 (6) cnenyer takxke, uto
§ fydx=1. )
Rn

TakuM o6pasoM, ¢yHkuus (5) ABnsieTcA XapakTepHCTHYeCKO# (yHKuHed
n-MepHOro (HeBbIPOXKAEHHOT0) rayCCOBCKOro pacnpefeneHus (cM. o. 3 § 3).

[lyctb Tenepb maTpuua R seiposcdennan. BosbMem € >0 u paccMoT-
PHM MOJIOXKHTENIbHO OMNpefiesieHHyl0 CHMMeTpHueckylo Matpuuy RS =R +eE,
rae £ — eaunnyHas Matpuua. Toraa no Aoka3aHHOMY (YHKLHs

s —3 { — l e
@ (t)-exp{z(t, m) 2(]R L, t)}
ABJIIETCS XapaKTepHCTHUECKOH:

e (t)=§ edF,(x),
Rn

rae Fe(x) = Fc(xy, ..., X,) — n-mMepHas ¢yHKUHS pacnpefeseHus.
MMpue—0

o) — plt)=exp{i(t, m) — R, )},
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MMpenenbhas ¢yHKuKs ©(f) HenpepbiBHa B HyseBo# Touke (0, ..., 0). [Tostomy,
cornacHo TeopeMe 1 u 3agaye 1 u3 § 3 ra1. 11, ona saBasercsa xapakrepHcTHye-
CKOH. )

Hrak, KoppeKkTHOCTb onpefiesieHust | ycTaHoBJ/eHa.

3. BoisicHuM cMbica BekTOpa m 1 MaTpHubl R = ||ry ||, BXoAAWHMX B Xapak-
TepHcTHYeCKYIO PyHKUHIO (5).

IMockosbky

. 1 .o 1 «
In pg(t)=i(t, m) - 5 (RE, =i E teme — 5 E Tritety, (10
k=1 kl=1

10 U3 (35) § 12 u dopMys CBSI3H MOMEHTOB H CEMHHHBAaPHAHTOB HaXO[HM, UTO
my =sé"°""'°) =E¢, ..., m, =sé°""'°'” =E¢,.
Ananoruuto
= 822.0....,0) =D&, rie= Sé"l’o""'o) =cov({i, &2),
1 BooO1Le
Tt =COV (&, &1)-

TakuMm o6pa3soM, m ecTb 8ekmop cpedHux 3navenutd €, a R — mampuya
Kosapuayulil.

Ecau Matpuua R HeBblpoXKaeHHasd, TO K 3TOMY pe3yJbTaTy MOXHO 6blio
NpHATH ¥ WHaue, MMeHHO, B 3TOM ciiyuae BeKTOp £ HMeeT MJOTHOCTb f(x),
3anaBaemyio opmysoii (6). Toraa npsamoii noacuer nokasblBaeT, 4To

E€e= xef(x) dx =my,
cov(Ee, &) = §(xx — me) () — my) f(x) dx = .

4. OGpatuMcs K pacCMOTPEHHIO HEKOTOPbIX CBOHCTB rayCCOBCKHX BEKTO-
pos.

Teopema 1. a) ¥ eayccosckoeo sekmopa HeKOppeAupoOBaHHOCMb €20
KOMNOHEHM IKBUBANCHMHA UX He3a8UCUMOCTIU.

b) Bexmop €= (&, ..., £1) A643eMCA 2AYCCOBCKUM MO20A U MOALKO
moeoa, Koeda 041 a0b02o sexmopa A= (A, ..., An), A €R, cayuaiinas
seaununa (€, \) =& +... + A&, umeem eayccosckoe pacnpedeserue.

Hokaszameabcmso. a) Ecnu komnoHneHTbl Bektopa £ = (i, ..., £q) HeKop-
peJIHPOBaHbI, TO H3 BHJIAa XapaKTePHCTHYECKO# PYHKLHH ¢ (f) cefyerT, 4To OHa
ABJISETCA NMPOH3BEEHHEM XapaKTEPUCTHYECKUX (yHKLIMH:

(11)

oe(t) =[] ve.(te)-
k=

[MosTomy B cuay Teopembl 4 § 12 koMnoHeHThl ), ..., & He32BHCHMbI.
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OG6paTHOe yTBepXKIEHHe OYeBHIHO, MOCKOJbKY H3 HE3aBHCHMOCTH BCEria
c/ienyeT HeKOppeHpOBaHHOCTb.
b) Ecan € — rayccosckuit BekTop, To (CM. (5))

E explit@ +... + &b =exp{it (3 heme) - ;(Z raM) ), tER,

H, TIO3TOMY,
(3 /\)NJV(Z AeMe, Y fkl)\k/\z)-

O6paTHO, raycCcoBOCTb cJyyaiiHOH BedHuHHbl (€, A) =&1A +... + &
03HayaeT, B YaCTHOCTH, 4TO

Eoi€M = pEEN-282 _ i & MEG-§ 5 0k covieng)

B cuily npoM3BOJBLHOCTH Af, ..., A; OTCloAa chaenyet, uto £=(§y, ..., &) —
rayccoBCKHil BeKTOp (CM. onpefenente 1). a

3ameuanune. Ilycth (6, £) — rayccoBckuit Bektop ¢ 6=(by, ..., Or),
£=(&, ..., &). Ecan Bextopbl 6 u § HekoppeJHpOBaHHI, T. e. cov(f;, §;) =0,
i=1,...,k j=1,..., ], TO OHH ¥ HE3aBHCHMBI.

Jloka3aTenbCTBO — TO 2Ke, UTO W IS yTBEPXKIEHHS a) TEOpPeMbl.

Nycte €=(&), ..., §&) — raycCoBCKHH BeKTOp, H A1d MPOCTOThl Gyldem

npeanosiaraT, YTO BEKTOP CPEAHHX 3HAaueHHA sBasgerca HynaeBbiM. Eciu
rang R=r<n, 1o, KaKk Gbio NokasaHo B § 11, cyulecTByer poBHO n—r
AUHEUHbIX COOMHOWeHUll MeXLY BelHunHamH &), ..., €,. B 3ToM cayuae
MOXKHO CUMTaTb, YTO, CKaxkeM, BeJIHUUHbl &), ..., & JIHHEHAHO HE3aBHCHMBI, a
BCe OCTajlbHble yepe3 HHX JHHeHHO Bbipaxkaiotcd. [TosToMy Bce OCHOBHble
cBoiictBa BekTopa &= (£, ..., {&n) OMpENeNAAIOTCA NEePBbIMH I KOMIOHEHTa-
mu (€1, ..., &), LN KOTOPbIX COOTBETCTBYIOIIAsi MaTpHUa KOBapHauMil yxe
SIBJIAETCA HEBbIPOXK/EHHOI.

WiTak, MOXKHO CUMTaTb, YTO HCXOAHBIN BeKTOp &= (£, ..., &) YyXKe TaKos,
YTO ero KOMIMOHEHTH! JIHHEHHO He3aBHCHMBI H, 3HauuT, |R| > 0.

[lycte €@ — oproroHanbHas MaTpuua, npHBoAsllas R K AuaroHanbHOMY
BULY

O*RO=D.

Kak yxe oTmeuasioch B N. 3, Bce AMaroHalbHble 3/€MeHTb MaTpuubl D mo-
JIOXKHTeJIbHBI, H, CJieJOBaTeNbHO, onpeaeseHa 06paTHaﬂ MaTpHua. IMonoxxum
B2 = Du

B=B"l0%¢.
Torna nerko y6enutbes, uto

Eelth) — Epift — p=3 (Eto)
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T.e. BekTOp 3= (B, ..., Bn) — 3TO raycCOBCKHi BEKTOP C HEKOPPENHPOBAHHbI-~
MH, a 3HauuT (TeopeMma 1), ¥ He3aBHCHMLIMH KOMNOHeHTaMH. Toraa, o603Hauas
A = 0B, nonyuaem, uto HCXOAHbIH rayccoBckuit Bektop &= (i, ..., &) npea-
CTaBJIAETCS B BHJE

£=Ap, (12)

raie B=(Bi, ..., Bn) — raycCoBCKH#i BEKTOp C HEe3aBHCHMbIMH KOMIOHEH-
Tamu, Bp~ A (0, 1). OTciona BoiTekaeT ciefywowmit pesyastatr. Ilyctb &=
= (&), ..., &) — BEKTOp C JIMHEHHO He3aBHCHMBIMH KoMMOHeHTaMH, E&, =0,
k=1, ..., n. OToT BeKTOp ABJIAETCA rayCCOBCKUM TOra H TOJbKO TOTa, KOTAa
CYILIECTBYIOT HE3aBHCHMbIE rayCCOBCKHE BEJHUYHHBI i, ..., Ba, B~ A (0, 1),
M HeBbIpOXJeHHass MaTpHua A nopsagka n Takue, uto £=Ap. Ilpu >ToMm
R =AA* — maTpHLUa KoBapHalMit BekTopa &.

Ecnu |R|#0, To, cornacHo Metopy oprtoroHanu3audu Ipama—IlImuara

(em. § 11),

Er=E +brer, k=1,...,n, (13)
rie B CHJy rayCCoBOCTH BeKTOp € = (¢4, ..., &) ~ A (0, E),
k—1
&= (e, (14)
=1
b= |& — &l (15)
H
L, .. Gt =Len, ..., e} (16)
U3 opToroHasnbHoro pasJoxenus (13) cpasy noayuaem, yto
&=E -1, -, &) (17)
Orciona B cuay (16) u (14) caenyer, uto B rayCcCOBCKOM Cllyyae YCJOBHOE
MaTeMaTHuecKoe oxufaHue E(&g |&e—1, ..., &) ABNseTCA AuHelHOd dyHKUHEN
ot &y, ..ty &t
k=1
E€el&e-1, ... &)= aii. (18)
i=1
(B cayuae k=2 310T pe3ysbTaT Gbl1 ycTaHOBJeH B § 8.)
MockonbKy, cornacHo 3ameuanuio k Teopeme 1 § 8, E(&e|&k—1, ..., &1)
AIBISIETCA ONTHMallbHOM (B CpelHEKBaJpaTHYECKOM CMbICJE) OLEHKo#H & 10
&1, ..., &—1, TO U3 (18) caenyer, uTo B rayCCOBCKOM CJyyae ONTHMaJbHasi

OLIEHKa OKa3blBaeTcs AUHelHOU.
HcnonbayeM 3TH pe3yibTaThl U151 OTHICKAHHS ONTHMAJIbHOMH OLIEHKH BeKTOpa
0=(6y, ..., 0r) no sekropy £=(&, ..., &) B npeanosoxeHuH, uro (4, §) —
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rayCCOBCKHil BEKTOD. O603HaunMm
Mg = Eo, mg = EE

— BEKTOP-CTOJIOLb! CPEAHHX 3HAYEHHil H

Dgg =cov(6, 8) = |lcov(b;, 6;)]l, 1<i, j<k,

Dog =cov(b, &) =|lcov(6:, §))ll, 1<i<k 1<j<],

Dee =cov(§, &) =|lcov(&, {Il, 1<, j<L,
— maTpHubl koBaphauuii. [Ipeanonoxum, uto matpuua D¢e umeer o6paTnyio
matpuuy. Torna (cp. ¢ Teopemoit 2 B § 8) cnpasesnnsa crenyiouias

Teopema 2 (TeopeMa O HOpPMaJbLHOW KOPPENsiUKH, BEKTOPHDLIA Ccay-

vait). Jaa eayccosckozo sexmopa (6, §) onmumanrvras oyenxa E(6]§)
sexmopa 6 no € u ee mampuya owub0K

A=E[0-E@|9]0-E@|OI
3a0aromca credyrouumu Gopmyranu:

E(61¢) =mg + DocD; (€ — me), (19)
A=Dgg— DogD&ID;§. (20)

Hoxasameavcmso. O6GpasyeM BeKTOp
n=(0 — mg) — DgcD (€ — me). 21)

Torna nenocpenctseHHo nposepsiercs, uto En(§ —me)* =0, T. e. BekTOp 7
He KoppeaupoBaH ¢ BekTopoM £ —me. Ho B cuay rayccosoctd (0, £) Bektop
(n, &) Take Gymer rayccoBckuM. OTciofa B CHJy 3aMeuyaHHs K Teopeme |
BEKTOPBI 1) U § — Mg HE3aBHCHMbI. 3HAUHT, HE3ABHCHMbI 7) H £ H, CJIeI0BATEJbHO,
E(n|€) = En=0. MosTomy

E[6— mg|€] — DoeDg! (€ — me) =0,

YTO M JI0Ka3biBaeT npeacrabieHue (19).
Ins nokasatenbctBa (20) paccCMOTpHM YCJIOBHYIO KOBapHaLHIO

cov(f, 0|1§) =E[(6 - E(6]£))(0 — E(0|£))*I¢]- (22
Tockonbky 6 — E(0|€) =7, TO B CHIly HE3aBHCHMOCTH 7) H £ HAXOUM, YTO
cov(, 81€) =E(m" |€) = Enn* =
=Dgp + DgeD;' Dec Dy Dje — 2D0e D' DeeD Dje = Doo — DoDi' D
l'locxo.any cov(6, 0|&) He 3aBHCHT OT «cayyas», TO
A=E cov(d, 0|&)=cov(, 0|¢),
4TO ¥ noKa3biBaeT npeacrasieHune (20). a
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CaenctBue. [Tycmo (0, &, ..., &x) ecmo (n+ 1)-meproui eayccosckui
sexmop, npuuem &, ..., &, Hezasucumsr. Toeda

E@l&, ... &) = Ee+Z°°V‘” &) ¢ - Eg),

i=1

A=Dg- E°°"2“’ &)

i=l1

(cp. ¢ popmyramu (12), (13) § 8).

5. Iycts &), &2, ... — NOCAEN0BATENBHOCTb FAyCCOBCKHX CJIy4ailHbIX BeK-
TOPOB, CXOAfAlLlafAcA Mo BepoATHocTH K Bekropy &. IlokaxkeM, uTto BekTOp £
TaKXKe ABJSAETCA rayCCOBCKHM.

B cooTBercTBHH C yTBep>KAeHHeM a) TeopeMbl | JOCTaTOUHO MOKa3aTh 3TO
JMLb IN8 CAYYaiHbIX BEJHYHH.

Mycts m, =E&,, 02=D¢,. Torna no Teopeme JleGera o MaxopHpyeMmoit
CXOJHMOCTH

lim e =37 = fim Eeitér =Eeité.
n—oo n—oo
M3 cyuecTBoBaHus npejieda B J1eBOH YaCTH BbITEKAeT, YTO HaMAyTCs Takue m
" 02, uto
m= lim m,, = lim o2.
n—oo n—oo
CunepoBateibHO,

Ee[t( — eltm—2¢7212

T.e. E~ N (m, o).

Ortciofa, B 4aCTHOCTH, BBITEKAET, YTO 3aMKHYTOe JIHHEHHOEe MHOrooGpa3sue
.S?({l, &9, ...), MOPOXKIEHHOE FAYCCOBCKMMH BeJHUHHaMH &, €2, ... (cM. M. S
§ 11), COCTOHT H3 rayCCOBCKHX BEJIHYHH.

6. TlepeiizeM Tenepb K onpefelieHHI0 OGLIHX rayCCOBCKHX CHCTEM.

Onpepeaenne 2. CoBOKYNHOCTb CJydaiiHbIX BeIHUHH & = {£,}, Tlie a npH-
HaJLIeXKHT HEKOTOPOMY MHOXKECTBY HHAEKCOB 2, Ha3blBaeTCsl 2AYCCOBCKOL Cu~
cmemoii, ecau 1ns Joboro n > | v mobbix ay, ..., a, U3 A cayyaiHblil BEKTOD
(€ ---» Ea,) ABAAETCHA FAYCCOBCKHM.

OTMeTHM HEKOTOpble CBOHCTBA rayCCOBCKHX CHCTEM.

a) Ecau £ =(£,), a €A, —rayccoBcKasi CHCTEMa, TO BCAKas ee MOACHCTEMA
&=, o' e CU, Takxe ABNAETCH rayCCOBCKOM.

b) Ecau &, a €U, — He3aBHCHMbIE TayCCOBCKHE BEJIHYHMHBI, TO CHCTEMA
E=(€a), a €2, ABNsETCS rayCCOBCKOM.
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¢) Ecn €= (€a), @ €, — rayccoBckas cucTeMa, TO 3aMKHYTOe JiHHeRHOe

- n
mHoroo6pasue £ (£), cocTosllee H3 BEJIMUHH BHAA Y Cq,€q, H HX MpeAeNoB B
i=

Cpe/HEKBaIPATHYECKOM CMbiCJIe, 06pa3yeT rayCCOBCKYIO CHCTeMY.

3ameTHM, UYTO yTBepKAeHHe, o6paTHOe K CBOHCTBY a), BooOlle roBops,
nesepHo. Hanpumep, nyctb £ u ) Hesasucumbl U & ~ A (0, 1), ny ~A(0, 1).
OnpeleiuM CHCTeMY

&1, Iml),  ecan & >0,
1, —|m|), ecam & <O0.

Torga HeTPyAHO NPOBEPHTb, UTO KaXKAas M3 BEJHUHH € M 7) rayccoBckad, a
BekTop (£, 77) FayCCOBCKHM HeE SIBJIIETCS.

Mycts €=(£a), @ €A, — HeKOTOpas rayccoBCKas CHCTEMa C «BeK-
TOPOM» CPEIHHX 3HaueHHd m=(m,), a €A, U «MaTpPHUed» KoBapHaLHi
R=(faB)agea, Tae Mmq=E&,. «Martpuua» R saBnsercs, oueBHIHO, CHM-
METPHUECKOH (7o3 =rBo) H HEOTPHLIATENILHO OMpPe/e/IeHHON B TOM CMbICJIE, YTO
15 JIOBOTO «BEKTOPa» € = (Ca)aca CO 3HaueHusmd B R, y kotoporo juiub
KOHe4HOe 4ucA0 KOOPAHHAT C, OTJHYHO OT HyJs,

Rc, €)= raptats >0. (24)
a,B

[Mocrasum ceftuac o6patHbiit Bonpoc. ITycTb 3afaHo HeKoTopoe napamet-
pHueckoe MHOXecTBO 2A={a}, «BEKTOp» M = (Mqy)acy U CHMMETpPHUECKAH
HEOTpHLATeJIbHO omnpefieieHHas «MaTpHua» R = (rog)a,sea. Cnpammsaercs,
CYLIeCTBYeT JiH BEpOATHOCTHOE NpOCTpaHCTBO (§2, &, P)  Ha HeM rayccoBckas
cucTeMa cayyaidHblX BeJHUHH € = (€q)aec TaKHE, UTO

€ n= (23)

E&ox =Ma,
coV(a, €g) =Tap, o, BEA?

Eciv B3aThb KoHeuHbllt Habop aj, ..., @,, TO N0 BEKTOPY M= (Mgy,, ...
-y Mg, ) v MaTpHle R=(rop), o, B=ay, ..., &y, B R" MOXHO NOCTPOHTD rayc-
coBcKoe pacnipefeieHte Fy,, o, (X1, ..., Xz) C XapakTepHcTHUecKO# dyHKLHelH

. 1=
tm)— & (Rt
() i A T T (U W |
HerpyaHo npoBeputb, uto ceMeiicTBO
{Fal.....a,, (xly sy xfl); ai G m}

fiBNIseTCs cornlacoBaHHbM. CliefloBaTelbHO, no Teopeme Kosimoroposa (Teope-
Ma | § 9 u 3ameuanue 2 K Heil) OTBET Ha MOCTABJIEHHLIH Bbillie BONPOC ABJAETCA
TI0JI0KHTEJIbHBIM.
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7. Ecau 2={l,2, ...}, To B COOTBETCTBUH C TEPMUHOJIOTHeH, NpuHs-
Toit B § 5, cHcTeMy ciyuaiiHbix BesHUHH € = (£,)acu OyLeM Ha3biBaTb CAy-
uaiinoi nocaedosamerbrocmoro u o6o3Hauats € = (£, &, ...). [ayccoBckas
NocJIeI0BaTeNIbHOCTb MOJHOCTBIO OMHCLIBAETCSI BEKTOPOM CPEAHHX 3HaueHHil
m=(my, mg, ...) ¥ MaTpHLe# koBapHauuit R = ||r;;||, r;; =cov(;, §;). B vacr-
HOCTH, €CJIH rjj =o?6,~,, To £ = (&), &2, ...) €cTb rayccoBcKas MocJie0BaTesb-
HOCTb HE3aBHCHMbIX CJIy4aHHbIX BeJIHUUH C & ~ A (m;, a?), izl

B Tom cayuae, korma 2A= [0, 1], [0, c0), (—o0, ), ..., CHCTEMYy BeJHUHH
E=(&:), t €U, HA3BIBAIOT CAYUALHOIM NPOYECCOM C HENPEPHLIBHBIM BDEMEHEM.

OcTaHOBMMCS Ha HEKOTOPbLIX MpUMeEpaX eayccos8cKux CaydaiHbiX HpoLec-
coB. Ecai cuntaTh HX cpeliHHe 3HaueHHA PaBHLIMH HyJliO, TO BEPOATHOCTHbIE
CBOHCTBa TaKHX MPOLIECCOB MOJIHOCTbIO ONpeNe/seTcs BUAOM «MaTPHLbI» KO-
BapHaumit R=(rg), s, t € 2. Bynem o603Hauathb rg; yepe3 r(s, f) U Ha3biBaTbh
3Ty yHKUHIO OT S U ¢ KOBapuayuoxHot ¢ynkyuer.

Mpumep 1. Ecau A=[0, co) u

r(s, t) = min(s, {), (25)

TO rayccoBCKH#t npouecc B = (B;)s»0 ¢ Tako# ¢yHKUHeH KoBapHaLHil (CM. 3a-
nauy 2) u By=0 Ha3biBaeTca npoyeccom GPOYHOBCKO20 OBUNCEHUA WIH
BUHEPOBCKUM NPOYUECCOM.

OTMeTHM, YTO 3TOT MPOLIECC HMEET He3asucCUMble NPUPAUjerus, T. e. I
Jo6bIX ) < fp < ... <, cayyaiiHble BeJHYHHDI

By, —By,, ..., By, —By,_,

ABJAIOTCS He3aBUCHMbIMH. B caMom gese, B CHJIy rayCCOBOCTH JOCTaTOYHO
MPOBEpHTb JIHIIbL MOMAPHYIO HeKOppeJHPOBAHHOCTb npupauleHuii. Ho ecau
s<t<u<uv,T0

E[Bt "'Bs] [By —Bu] =
=[r(t, v) = r(t, u)] = [r(s, v) = r(s, )] =(t —t) — (s —s) =0.

3ameuanne. [lpuBeneHHbiii B .4 § 9 npumep npouecca BOCCTAHOBJIEHHUS
(KOHCTPYKTHBHO 3a/laHHOTO MO MOCJEA0BaTeNIbHOCTH HE3aBHCHMbIX OAHHAKOBO
pacnpeieleHHbIX BEJIHUHH 0|, 02, ...) HABOAUT Ha MbICJb O BO3MOXKHOCTH MO-
CTPOHTb aHAJIOrHYHbIM 06Pa30M HEKOTOPYIO BEPCHIO GPOYHOBCKOTO JBHXKEHHS.
TakHe KOHCTPYKLUHH, OCHOBaHHble Ha MPHBJIEYEHHH MOCJEA0BaTENbHOCTH
&1, &2, ... HE3aBHCHMbIX OJUHAKOBO paclpefiesieHHbIX CTaHAAPTHbIX rayccoB-
CKHX cJiyuaiiHbix BesHuuH & ~ A(0, 1), AeficTBHTENbHO CYlLECTBYIOT.
OG6pa3syeM, HanpUMep, BEJIHYHHbI

B = -‘? 3 n—f'm sin((n+1/2)wt), te[o, 1]. (26)

n=1
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M3 npuBoaMMOil Jajiee TeopeMbl O «IBYX psiiax» (Teopema 2 §3 ru. 1V)
BLITEKAET, UTO psi, onpenensiouit By, cxodumca (P-n.H.) npH Kaxnom
t €0, 1]. Bonee netanbHoe paccMOTpeHHe NOKA3bIBAET, YTO TOT PSAJL CXOAHTCA
(P-n.H.) pasrHomepHo, W TeM caMmbiM npouecc B = (By)ogtg1 umeet (P-n. H.)
HenpepbiBHble TpaekTopuH. HopMasibHOCTb KOHEUHOMepHBbIX pacrpefelieHHit
3TOrO MpoLecca cyeayeT U3 Teopembl | b) H yTBepKieHHs B N. 5 0 COXpaHEHHH
rayCCOBOCTH pacrpejie/ieHusi npe/ieJia No BepOATHOCTH FrayCCOBCKHX CJIyyaiHbIX
penvunH. HeTpynHo y6eauTbcst TakKe B TOM, UTO KOBapHauUMOHHas (yHKLus
r(s, ) =EBsB; =min(s, f).

Takum o6pasom, noctpoeHHblit B (26) npouecc B = (B;)ogt<1 yAOBJETBO-
psieT BceM TPeGOBaHHSAM B OMpEJE/NEHHH Npouecca 6POyHOBCKOrO JBHXKEHHS,
Ho, Gosiee Toro, 3TOT npouecc umeer (P-n. H.) HenpepbigHble TPAEKTOPHH.
Kak npaBHJio, CBORCTBO HelpepbIBHOCTH TPaeKTOPHH (KOTOpoe fBJsieTCs XKe-
JIaTeJIbHBIM M ONpaBIaHHLIM (U3HYECKUMH NPUMEHEHHSIMH) BKJIIOYAIOT B CAMO
onpejieJienHe G6poyHoBcKoro ABHxkeHHs. Kak BHAMM, Tako#t npouecc AeficTBH-
TeJIbHO CYLLeCTBYeT.

YKaxeM ellle Ha OAHH H3BECTHbIH cnoco6 MocTpoeHHst GPOYHOBCKOTO JBH-
JKeHHd, OCHOBaHHbIi Ha BBefleHHbIX B M. 5 § 11 ¢ynxyuax Xaapa H,(x),
x€[0,1],n=1,2, ...

[Moctpoum no uuMm ¢yuxyuu llayoepa S,(t), t€[0, 1], n=1,2, ...:

t
Sa(t) = Ha(x) dx. (27)
0

Torma ecau &, &), €2, ... — MOC/EAOBATENBHOCTD HE3ABHCHMBIX OJHHAKOBO
pacnpesieieHHbIX CTaHAApTHBIX, & ~ A (0, 1), cayyaiiHbIX BeJHUHH, TO paa

Bi=3_ &Salt) (28)

n=1

cxoautca pasHoMepHo mo f € [0, 1] ¢ BeposiTHocTbIo eaunuua. [pouece B =
= (Bt)ogtg1 ABAAETCS GPOYHOBCKHM IBHXKEHHEM.
Mpumep 2. Mpouecc BO=(BY), teAcA=[0,1],Bd=0u

r(s, t)=min(s, t) — st, (29)

HA3bIBAETCSA YCAOBHOILM BUHEPOBCKUM NPOYECCOM WIH GPOYHOBCKUM MO-
cmom (3aMetuM, yto nockoabky r(1, 1)=0, o P(BY =0)=1).
Mpumep 3. IMpouece X = (X), t €A ¢ A= (—00, 00) H

r(s, f)=e~1t-sl (30)

Ha3sbiBajoT 2aYycCoBCKO-MAPKOBCKUM.
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8. TlpuBeneM ofHO HHTepecHOe CBOWCTBO GPOYHOBCKOTO ABHXKEHHs, A0-
Ka3aTeJbCTBO KOTOPOro GyAeT CJAYXHTb Xopolieil HAMOCTpaLieil NpUMeHEHHs
JemMbl Bopens—Kantenan u3 § 10 (tounee — caenctsus 1 Kk Heit).

Teopema 3. [Tycmo B = (B;):»0 — cmandapmmnoe 6poyHosckoe dsuce-
Hue. Toeda ¢ seposmrocmoto eQunuya ora ecakoeo T >0

2'T

. 2 _
m ; [Bre-n — Br—1)2-=]"=T. @1

Zlokasameabcmeso. Be3 orpaHHyeHHs OOGIHOCTH MOXHO cuMTaTh T =1.

IMycTb
A= {w: > e}.

[TockosibKy BeNH4HHbI Byo—n — B(p_j)2-n ABNAIOTCA rayCCOBCKHMH C HyJIeBbIMHU
CpeIHHMH H JucrepcHelt, paBHoil 27", To

2
D (Z(Blﬂ-" - B(k—l)?-")2) =27+,

. A
Z (Biz-n — B—1y2-n)* — 1
k=1

k=1

3HauuT, no HepaseHcTBy UeGbiwesa P(AS) < e~22"+! u Tem cambim

Y PAY<e?Y 2 =22 < 0. (32

n=1 n=1

Tpebyemoe yrepnenue (31) cienyet U3 3Toit OLEHKH H CaelCTBHs | K JeMMe
Bopeas—Kaurenau (§ 10). O
9. 3aaaum.
1. Tlyetb &), &, £&3 — He3aBHCHMblE rayCCOBCKHE CJyyaiiHble BeJMYHHbI,
& ~ A (0, 1). Tokasatb, uto

gl +£2§3 N./V(O, l)
V14+£3
(B 3To#t cBA3H BO3HHKAeT MHTepeCHasi AJsi HCCJENOBaHHsA 3ajjauya OMNHCaHHUs
BCEX HeauHeliHblx NMpeo6pa3oBaHHi OT HE3aBHCHMbBIX FayCCOBCKHX BeJHUMH
&1, ..., &, pacnpeienieHHe KOTOPbIX TaKxKe SIBJAETCSH rayCCOBCKHM.)
2. Jlokasatb, uTo «MaTphubl» R = (r(s, £))s e, 3allaBaeMbie QYHKUUAMH
r(s, t) u3 (25), (29) u (30), ABASOTCH HEOTPHLATENLHO-ONPEEEHHBIMH.
3. MNyctb A — HekoTOpast MaTpuua nopsiaka m x n. Hazosem matpuuy A®
nopsaka n x m ncesdoobpammuoi K matpuue A, ecaiu HalayTcs Takue MaT-
puubl U u V, uto

AARA=A, AP=UA*=A"V.



§13. TFAYCCOBCKUE CHUCTEMbI 393

[Moka3ath, uto Matpuua A®, onpefensieMasi STUMH yCJIOBHSIMH, CYLLECTBYET W
©IMHCTBEHHA.

4. Toka3arb, uto dopmy.bl (19) 1 (20) B TeopeMe 0 HopMasbHO# Koppedsi-
LIMH OCTAIOTCA cnpaBezumBuMH H B cilyyae goipoxcOenusn Matpuubl Deg, ecan
B 3THX (popmyaax BmMecto D' paccMatpuBaTh nceBr00GpaTHYIo MaTpHLY D

5. Iyctb (0, €)= (6, ..., O; §|, ..., &) — rayccoBCKHi1 BEKTOp C HeBpro-
JKIEHHOH MaTpHLelt A = Dge -D& Dé,E [Nokasarb, uTo y yHKUMH pacnpese-
newna P(0<al&) =P <a, ..., 0r < ap|€) cymwectsyer (P-n. H.) MIOTHOCTD
p(ai, ..., ar|€), onpenensemas dopmyJon

I_l/2 1 E * A —1
par, . al) = Sl ep{~j@a-E@I0"A @ -ECle}.

6. (C. H. Bepxureiin.) Ilyctb € v 7 — He3aBHCHMble OLMHAKOBO pacrpe-
JeJleHHble CJyuaiiHble BeJIHUHHLI C KOHeyHO# aucnepcueit. Jlokasatb, uTo ec/
€47 u € — 1 He3aBHCHMBI, TO £ H 1) ABJAIOTCA 2AYCCOBCKUMU BeIHYMHAMH.

7. Teopema Mepcepa. Tlyctb r =r(s, t) — HenpepbiBHas KOBapHaLlUOHHAS
¢dyHKuMs Ha [a, b] x [a b], rne —co<a<b<oo. ﬂoxaaarb YTO ypaBHeHHe

)\Sr(s Hu(t)dt =u(s), a<s<b,

JonycKaeT 6eCKOHeYHOe YHCJIO 3HaueHHH A, >0 ¥ COOTBETCTBYIOLLYIO CHCTEMY
HenpepbIBHbIX pelleHuit {ug, £ > 1}, 06pa3ylolLux NoJHYI0 OPTOHOPMHPOBAHHYIO
cuctemy B L(a, b) Takylo, uTo

r(S, t) = Z ——uk(s))‘:k(t) s
k=1

rle paa cxoauTcs abCoOJIIOTHO W paBHOMepHO Ha [a, b] x [a, b].
8. Mycts X ={X;, t >0} — rayccosckuit npouecc ¢ EX;=0 u koBa-
pHauMoHHoO# (yHkuMeit (s, f)=e =S|, s, £>0. Myets 0<f)<...<?t, W

it (X1, ..., Xn) — MIOTHOCTb BEIHYHH Xt ..., Xi,. loka3aTb, 4TO
n -1/2
fl[ ..... t,,(xla ceey xn)= [(21r)fl H (l _e2(ti_l_ti))]
i=2

(xi _e(ti-l—h)x.__l)2
X exP{_— ) Z 1 _eQ(ti—l—;i) :
9. Mycts f={f,, n>1}C L%(0, 1) — nonHas opTOHOPMHPOBAHHasA CHCTEMA

H (£,) — He3aBHCHMbIE OIUrIHaKOBO pacnpejiesiertibie A (0, 1)-Bennuutsl. Io-

Kasatb, yto npouecc B; = Y &, S fn(1) du ectb 6poyHOBCKOE JBHXKEHHE.
n2l 0
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10. lokasatb, 4TO B cjyuyae rayccoBckux cucreM (&, 1y, ..., Na) YCJOB-
Hble MaTeMaTHyeckHe oxxunauus E(€|n,, ..., n,) coBnagaloTc MaTeMaTH4eCKH-
MH OXKHIAHHAMH B LIHPOKOM cMbicae E(&|ny, ..., 7).

11, Tlyers (€, m1, ..., k) — rayccoBckas cuHcteMa. BbISICHHTL CTPYKTYpy
YCJIOBHBIX MaTeMaTHYeCKHX oxuianuit E(£"|ny, ..., me), n> 1 (KaK dyHKuuii

OT M1,y -+ 77/2)'
12. Tyetb X = (Xk)1gegn B Y = (Yi)1gegn — ABE rayccoBCcKHe cayyaiiHbie
nocaefoBatesbHOCTH ¢ EXp =EY, DX, =DVY,, 1 <k<n,u

COV(Xk, X[) QCOV(Yk, Y[), 1<k, I<n.

JlokasaTb CipaBeIMBOCTb HepaseHcmea Caenana: pnsi Besikoro x € R

P{ sup Xk<x}<P{ sup Yk<x}.

1<k 1<k

13. Ilokasatb, yto ecau B®=(B)ogi<1, T npouecc B=(B;)i»o ¢ Bi=
= (1+ )B4 ABNALTCH GPOYHOBCKHM JBHXKEHHEM.

14. TIpoBepuTb, 4To A1 6POyHOBCKOrO ABHXKEHHS B = (B;);>0 caenyouine
TNpoLeCChHl TaKXKe ABJAITCA GPOYHOBCKHMH ABHXKEHHAMH:

B =_B,;
B®=tBy, t>0, u BP=0;
B® =B s—Bs, s>0;
B®=Br-Br; ma0<t<T,T>0;
st) = %Baz,, a >0 (cBo#icTBO aBTOMO/ENBHOCTH).
15. Tlyetb X = (X)1<rgn — FayccoBckas MOC/AEA0BATENbHOCTb C
m= max EX,, o?= max DX,

1<kgn <kgn

{lmax (Xe —EXp) > } < 1/2  nns wekotoporo a.

\\n

Toraa umeer MecTo crienyiotitee Hepasencmao bopeas:

P{ max Xk>x} <2\II(£#),

<k<gn

rae ¥(x) = (27)~ /2 S ev'2dy.

X
16. Iyctb (X, Y) — 1BymepHas rayccoBcKas chyuaitHasi BeMuuHa ¢ EX =

EXY
=EY=0,EX2>0,EY2>0 =
H K02(phHLHEHTOM KOppeNsLHu p ey
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[Toka3aTb, UTO
P{XY <0}=1—-2P{X >0, Y >0}=n"" arccos p.

17. Tlyets Z=XY, e X~ (0, 1) 0 P{Y = 1}=P{Y =1} = 5 Haiira
pacnpesenenue nap (X, Z) u (Y, Z) u pacnpenenenue X + Z. INokasatb, uto
Z~A(0, 1) nuro X u Z HekoppenupoBaHbi, HO 3aBHCHMBI.

18. Tposecty noapoGHOe JOKa3aTeJbCTBO TOTO, YTO MPOLECCHI (Bt)ogegis
onpezensieMbie B (26), (28), aBasioTcs 6POYHOBCKHMH [IBHIKEHHAMH.

19. Tlycte B = (B¢ + pt) 0 — 6pOYHOBCKOE ABHXKEHHE CO CHOCOM.

(a) Haittu pacnpenenenue senmunn By + Bf:, t) <t,.

(b) Haitru EBj B}’ w EB} Bf B}, nna to <t <to.

20. Ons npouecca B“ U3 npenbulymeu 3aja4yM HafTH yCJIOBHbIE pacrpesie-
JieHHs

P(B}, €-|B;
At <tont)>ton
P(B, € |By, B}
ansa to <ty <ta.
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[pu opmarvrom nocmpoenuu Kypca meopuu 8epoamruocmeii npedenoHole meo-
pembL NOABARIOMCA € 6ude C80e20 poda HAOCMPOUKU HAO INeMeHMAPHOIMU 2AABAMU
meopuu 8epoamuocmetl, 8 KOMOPuix 8Ce 3a0auu UMEIOm KOHeuHbld, 4ucmo apud-
memuueckuid xapakmep. B deilicmeumeasnocmu, 00HAKO, nO3HABAMEAbHAR YEHHOCMb
meopuu 8epoamHocmeli pacKpuleaemcs moasbko npedessHoimu meopemanu. boaee mo-
20, 6e3 npedesbHolx meopem He moxcem Gbimos NOHAMO PeanrsHoe Codepranue camozo
ucx00H020 NOHAMUSA 8Celi Hawel HayKU — NORAMUA 8ePOAMHOCMU.

B. B. Tnenenko, A. H. Konmoropos.
«[penenbHble pacnpenenenns st CyMM HE3aBHCHMbLIX CAydaiiHbIX BeHuuH» [16]

§ 1. Chabas cXxoAUMOCTb BEPOSITHOCTHLIX Mep
M pacnpepeeHHUl

1. MHorHe 13 pyHAaMeHTaNbHbIX Pe3y/LTaTOB TEOPHH BEPOATHOCTE! (op-
MYJHpYIOTCS B BHJE npedeabrbix meopem. B hopme npeaenbHbix TeopeM Gbliu
ccpopMy/iHpoBaHbl 3aKOH GoJibluHX yHcen J1. BepHyanu u Teopema Myaspa—
Jlanaaca, noJioXKHBLLKE, COOCTBEHHO FOBOPS, HAa4aJ/10 HCTHHHOM TEOPHH BEPOAIT-
HOCTe#l H, B YaCTHOCTH, YKa3aBllHe NyTb MHOTOYHCJIEHHbIM HCCJ/IeJOBAHHAM MO
BbISICHEHHIO YCJIOBHH CMPaBeIHBOCTH pa3HbIX GOPM «3aKOHA GOJIbILHX UHCEN»
H «lieHTPaJIbHO/ MnpelesbHO# TeopeMbl». B popMe npepesbHoO# TeopeMbl Ghiia
cthopmynupoBaHa meopema [Tyaccona o6 annpokcuMauHH GHHOMHAJIbHOTO
pacnpefieJieHHss «IyaCCOHOBCKMM» B CJlydae peKHX COOGbLITHIl. YKe Ha npHu-
Mepe 3THX YTBEPXKJEHHH, H TaKXKe pe3yJbLTaToB O CKOPOCMU CXO0UMOCMU B
TeopeMax Myaspa—Jlannaca u Ilyaccona BHaHO, YTO B TeopHH BeposiTHOCTE!
NPHXOAMTCA HMeTb JeJlo C Pa3HbIMH BHAAMH CXOAMMOCTH pacrpeiesieHHi, a
BbiICHEHHE CKOPOCTH CXOAMMOCTH TpeOyeT BBEJEHHA TeX WJIH MHBIX «ecTe-
CTBEHHbIX» Mep GJIH30CTH MeXIy pacnpeiesleHHsAMH.

B Hactosuielt rnaBe 6yayT paccMaTpHBaTbCH HEKOTOpble OGLUHE achek-
Thl CXOOUMOCTMU BePOATHOCTHBIX pacnpefefeHuit H Ux 6auzocmu. B panHoMm
naparpacge paccMaTpHBaioTCsi BONpOChH O6leil Teopuu cAaboil cxodumocmu
8EPOAMHOCMHLIX Mep 8 Mempuueckux npocmparcmsax. (VIMeHHO K Kpyry
MHTEpecOoB 3TOH TEOPHH OTHOCATCS, B YAaCTHOCTH, KaK 3aKOH GOJbLIMX YHCeN
S1. Bephyanu, Tak W TeopeMa Myaspa—Jlaniaca — npapoauTenbHULA «LEH-
TpanbHO# npenesbHON TeopeMbi».) M3 § 3 craHer ficHo, yTo MeTol XapaKTe-
pHcTHYecKHX (YHKLMi ABJAETCA OJHHM H3 CaMblX MOILHBIX CPEACTB JAOKa3a-
Te/IbCTBA MpefesibHbIX TeopeM O cJ1aboi CXOAUMOCTH BepOSITHOCTHBIX pacrpe-
Hediennii B R". B § 7 6yayT paccMOTpeHbl BONPOCHI «METPU3YeMOCTH» Caboit
cxoaumocTH. 3ateM B § 9 Mbl OCTaHaB/JHBaeMCsl Ha APYroM BUAE CXOAMMOCTH
PacnpesesneHuit (GoJiee CHIBHOM, HEXeJH c1abasi CXOAMMOCTb) — CXO0UMOCTIU
no sapuayuu. lokazateabCTBy NMPOCTEALINX Pe3y/bTaTOB O CKOPOCTH CXOAH-
MOCTH B LIEHTpa/ibHOM MpefesibHOH Teopeme H Teopeme [lyaccoHa oTBeleHbl
§§ 11, 12. B § 13 pesyasratsi o caaboit cxogumocTh U3 §§ 1, 2 npumensiorcs
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K HEKOTOpbIM (MPHHLMMHANLHO BaXKHbLIM) 3ajayaM MaTeMaTHuecKoil cTaThc-
THKH.

2. Hanomuum A1s Hauana ¢popMyJHPOBKY 3aKoxa 6oabuux wucen (ra. 1,
§ 5) 6 cxeme Beprynau.

Mycts &, &2, ... — NocJief0BaTeNbHOCT HE3aBHCHMBIX OAHHAKOBO pac-
npefeneHHbIX cayyaiiHbix BequudH ¢ P(§;=1)=p, P& =0)=q, p+qg=1.
Hcnonbays BeeneHHoe B § 10 rui. Il noHsTHe CXOAMMOCTH MO BEPOATHOCTH,
3aKoH Gousibluux uucen §1. BepHymin MoXkHO chopmyaupoBaTh B CJedylOLIEM
BHJE!

Sn P

qu» n— oo, (l)

rie S, =& +...+&,. (B ra. IV 6Gyner nokasaHo, 4To Ha caMoM JeJfie 3/1eCh
MMeeT MeCTO H CXOAHMOCTb C BEpPOATHOCTbIO €MHHLA.)
O60o3Hauum

Fa)=P{> <x},

1, x>p,
F(x) =
) {O, x<p,

@

rie F(x) — dyHkuus pacnpesefieHus BbIPOXIEHHOH CAYYyalHOH BeJHUHHbI
&= p. Iyctb TakxKe P, 1 P — BeposiTHOCTHble Mepbl Ha (R, 2B(R)), oTBevaloLiie
¢$yHkuusamM pacnpenenenus F, u F.

B cootsercteuu ¢ TeopeMoit 2 u3 § 10 ra. I cxoauMocTh Mo BepOATHOCTH
Sn

P Sn d
<, P Baeuer 3a co60# CXOAMMOCTb MO pacnpedereHuro ~ P, osHaua-
IOLLYI0, YTO
EF(2)~Efp), n—oo @)

s ao6oit yHkuun f = f(x) u3 knacca C HenpepuisHbiX 02pPAHUYEHHHIX
¢yHKumit Ha R.
[MockosbKy

er(%) =,§ [(x) P(dx), Ef(p)=l§ f(x) P(dx),

To (3) MOXHO NepenucaTtb B popme
§ f(x) Pa(dz) > § f(x) Px),  feC, (4)
R R

WJH (B COOTBETCTBHHU ¢ 0603HaueHusiMH § 6 1. II) — B popme
§ fx)dF.(x) - § f(x)dF(x), feC. ©)
R R
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B aHanu3e cxoaumocTb (4) HasbiBawOT caaboid cxodumocmoro (mMep P
K Mepe P, n— 00) H 3anucbiBaioT B Buae P, — P (Cp. ¢ onpenefieHneM 2).
EcTecTBEHHO H CXOIHMOCTb (5) TaKKe Ha3BaThb C/1a60H CXOAUMOCTBIO PYHKLHI
pacnpenenequs F, k F 1 0603Haunth ee F, =%F.

H1aK, MOXHO yTBepXKaaTb, YTO B cXeMe BepHysnu

§n£ Py = FBF ©6)
M3 (1) HeTpyAHO TaKkKe BBIBECTH, UTO Ans (DYHKUMil pacnpefenieHus, BBe-
IeHHBbIX B (2),
Fo(x)— F(x), n—o0,

1S BCEX TOUeK X € R 3a uckaoueruem o0Hol mouku x = p, rie GyHKuMs
F(x) Tepnut pa3pbis.

70 06CTOATENLCTBO NMOKA3BIBAET, YTO CMlabas CXOAUMOCTb F — F He sae-
yem 3a Co00# nomoueunyo cxoauMocTb GyHKUHHA F,(x) Kk F(x) npu n — oo
021 scex Touek x € R. OkasbiBaeTcs, OHAKO, YTO Kak B cjyuae cxeMbl Bep-
HYJUIH, TaK H B 00LLieM Cjiydae NPOH3BOJIbHBIX (PYHKUM# pacnpeseneHus ciabas
CXOAMMOCTb 3KBHBaJIEHTHA (CM. JaJiee TeopeMy 2) TaK Ha3biBaeMOi CXOAMMOCTH
8 OCHOBHOM B CMbICJIE CJIEYIOLLEr0 OTpeaeNeHus.

Onpenenenne 1. NocnenopatenbHocTb dhyHKuUKi pacnpenenenus {F,}, 3a-
JaHHbIX Ha YHCJIOBOH MPSAMOH, Ha3biBaeTCs CXOAALLEACH 8 OCHOBHOM K (QyHK-
uuM pacnpesenenus F (o6o3nauenue: F, = F), ecan npu n— oo

Fa(x)— Flx), xeC(h),

rae C(F) — MHOXKeCTBO TOYEK HenpepoigHocmu npefenbHoil GyHKuud F.
B paccmatpuBaemoM cayuyae cxembl Bepuymnn ¢yukuus F = F(x) Bbipo-
XKJEHa, U OTCIOfa HeTPyaHO BbiBeCTH (cM. 3amauy 7 K § 10 B . II), uto

S
(FazF) = (7"1;,).
Takum 06pasom, ¢ yueToM NPUBOAHMON HUXKE TeopeMbl 2

Sn P Sa P
(22p) = RB5P & Fmp = (Z25)) @
H, CJIe[l0BaTe/bHO, YTBEPKAeHHe 3aKOHA GOJIbIUHX YHCeN MOXKHO pacCMaTpH-
BaTb KaK 0/lHO H3 yTBepXKAeHHH 0 caaboil cxodumocmu yukyuii pacnpede-
AeHus, onpefeiieHHbIX B (2).

O603Hauum
S, —
Fn(X)=P{'"—‘~ ,n—;;Sx}.

X
F(x)=\/-% { e au.
)

@8)
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Teopema Myaspa—Jlannaca (§ 6 rai. I) yrBepkaaer, uto F,(x) — F(x) a1 Bcex
X € R u, cnienoBatenbho, F, = F. B cusly oTMeueHHO# 9KBHBaJIEHTHOCTH cJlaboit
cxoauMocTH F, = F ¥ CXOHMOCTH B OCHOBHOM F,, => F MOXHO, CJIe0BaTeNbHO,
cKa3aTb, uTo Teopema MyaBpa—Jlanyiaca ectb TaKke yTBepxKIeHHE O CAab01
cxodumocmu yukyuil pacnpedesrenus, onpeeeHtbix B (8).

OTH 1Ba NpHUMepa ONMpaBAbIBAIOT KOHLENLHUIO CJIaGoil CXOAUMOCTH BEpOSIT-
HOCTHBIX Mep, BBOAMMYIO Jajiee B onpefenieHHH 2. XoTa LIs clydyas YHCJIOBO#
npsaMoil ciiabast CXOAUMOCTb PaBHOCHJIbHA CXOJAMMOCTH B OCHOBHOM COOTBET-
CTBYIOLIMX (YHKUMA pacrpejieieHHsi, NpeanouTHTeNbHee, OJHAKO, B KauecTBe
MCXO[HOH paccMaTpHBaTb WMEHHO C1alyld CXOAHMOCTb, BO-MEPBbIX, MOTOMY
YTO OHa Npolle NMOANAETCA aHAJH3Y, H, BO-BTOPbIX, MO TOH MpHYHHE, YTO OHA
MMeeT CMbIC H 114 GoJiee o6IMX NPOCTPAHCTB, HEXKEJIH YHCJIOBast NpsiMas, B
YACTHOCTH, A1 METPHYECKHUX MPOCTPAHCTB, BAXKHEHLLIHMH NPUMEPAMH KOTOPbIX
A Hac aBasioTes npoctpaHetBa R®, R, C u D (cm. § 3 . 1I).

3. Tlyctsb (E, &, p) — MeTpHueCcKoe NPOCTPAHCTBO C MeTPHKOH p= p(x, ¥),
o-anre6poit & 6openeBCKHX MOAMHOXKECTB, NMOPOXKIEHHBIX OTKPLITHIMA MHO-
KecTBamH, u nyctb P, Py, Po, ... — BepoaTHoCTHbIE Mephl Ha (E, &, p).

Onpenenerive 2. TNocnesoBaTeNbHOCTb BepOATHOCTHbIX Mep {P,} Ha3bi-
BaeTca c4a60 cx00sueiica K BepOSTHOCTHOM Mepe P (oGosnauenue: P, = P;
w — oT weak convergence — caabas CXOAUMOCTb), €CJIH

§ F)Pa(dx) = § f(x)P(dx) ©
E E

i go6oit dynkunn f = f(x) u3 knacca C(E) HenpepbIBHbIX OrpaHHYEHHbLIX
dyuxumit Ha E.

Onpepenenne 3. IocnenoBatenbHOCTb BepOATHOCTHBIX Mep {P,} Ha3bl-
BaeTca cxodAauwelica 8 OCHOBHOM K BepOATHOCTHOH Mepe P (o603HaueHHe:
P.=P), ecan

Pa(4) - P(4) (10)
s JoGoro MHOXecTBa A M3 & Takoro, yto
P(0A) =0. (11)
(Uepes 0A o6o3nayaeTcs rpaHHlla MHOXecTBa A:
A =[A]N[A],

rie [A] — samblkaHue MHOXecTBa A.)

[NpuBosumasi najee TeopeMa MOKa3biBaeT 3KBUBAJEHTHOCTb MOHATHH cha-
60#t CXOLMMOCTH H CXOAMMOCTH B OCHOBHOM LIS BEPOSITHOCTHBIX MEP, a TaKXKe
COJIEPXKHUT Apyrie paBHOCHJbHbIE HOPMYJIHPOBKH.
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Teopema 1. Caedywoujue ymsepioeHus IK8UBANCHMHbL:
() Pa>P;
(1) lim P,(A) < P(A4), A — 3anknymoie mnoxecmsa,
(I11) lim P,(A) > P(A), A — omkpvimovie urosxcecmsa;
(IV) P,=P.
Joxasameavcmso. (I) = (II). [Tyctb A — 3aMKHYTOE MHOXECTBO H
€ plx, A1t
fieo=[1- 22217,
rae
p(x, A) =inf{p(x, y): y €A},  [x]* =max[0, x].

O603Ha4YHM TaKxKe
At ={x: p(x, A) <&}

u 3aMeTuM, uto A° | A, €| 0.
MockosbKy yHKUHMH f5(X) OrpaHH4eHbl, HenpepbiBHbI U

Pu(A) = 1a(x)Pn(dx) < § [5(x) Paldx),
E E

TO

im Po(A) <Tim § f5()Pa(dx)=§ FE()P(dx) <P(A%) LP(A), €10,
E E
YTO W I0Ka3biBaeT TpeGyeMyl0 HMIIHKALHIO.®
HUmnankauuu (1I) = (I11) u (111) = (1I) craHoBATCA OYEBHAHBIMH, €C/IH OT
MHOXECTB NepeATH K UX LOMONHEHHAM.
(1) = (IV). Mycts A®=A\ 0A — BHyTpeHHOCTb, a [A] — 3aMblKaHHe
mHoxecta A. Toraa B cuay (1), (1) # npeanosioxenus P(6A) =0

E‘n_'l Pn(A) < W Pn([A]) < P([A]) = P(A)v
lim Pa(A) > lim P,(4%) > P(A%) =P(A),
H, 3Hauut, P,(A) — P(A) nns Besikoro A ¢ P(0A) =0.

(IV) = (I). Mycts f= f(x) — HenpepbiBHasi orpaHWyeHHass GYHKUHA C
|f(x)] < M. O6o3Hauum

D={teR: P{x: f(x)=t}#0}

W paccMoTpuM pasbuenne Ty = (fo, ¢y, ..., t¢) HHTepBana [—-M, M]:
“M=t<ti <...<tp=M, k21,
ct;¢D,i=0,1, ..., k. (3ameruM, uTO MHOXKecTBO D He GoJsiee yeM cueTHO,

nockosibKy MHOXecTBa f~!{t} He nepecekaioTcsi, a Mepa P koHeuHa.)
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Myctb B ={x: t; < f(x) <t;4+1}. [ockonbky dyHkuus f(x) HenpepbiBHas H,
caeloBaTellbHO, MHOXKeCTBO [~ (f;, ¢;41) oTKpbiTO, TO 0B; C f~H{t;}U f~1{t; 11}
Touku ¢;, t;41 € D, nostomy P(0B;) =0 u B cuny (IV)

k-1 k—1
Y tiPa(B) =) LiP(B)). (12)
i=0 i=0

Ho

k-1

§ f0)Pa(dx) = tiP4(B)
E

i=0

< +

§ f(x)Paldx) - § f(x)P(dx)
E E

k-1 k=1 k=1
+|D tPaB) =) tPB)|+ | tiP(B) - f(0P(dx)| <
i=0 i=0 i=0 E
k-1 k=1
<2 e (o =10+ 3 tPa(B) =3 t:P(Bi)‘.
OTKyza B cuaty (12) ¥ npou3BoJibHOCTH pa3buenuit Ty, k > 1,
lim § Fx)Pa(dx) =§ f(x)P(dx). O
E E

3ameuanne 1. YuacTBylouwe B JoKaszatesbcTBe HMnavkauuu (I) = (1)
bynkunn f(x) =/4(x) u f§(x) ABAAOTCA COOTBETCTBEHHO NOAYHENPEPOLLEHbI-
MU C8epXY W PABHOMEPHO HenpepuleHbimu. YUHTbIBas 3TO 0GCTOSATENLCTBO,
HETPY[HO MOKa3aTb, YTO KaXKAoe M3 YCJIOBHI TeopeMbl SKBHBAJICHTHO OHOMY
H3 HHXKeCJieIyOLHX YCI0BHH:

V) S f(x)P,,(dx)—-»S f(x)P(dx) Oas scex oepanuyuenHbix paBHOMEPHO

E E
Henpepuisrbix ynkyui f(x),
(\'2)] S f(x)P,,(dx)—-»S f(x)P(dx) Oan scex oepanuuennoix dynrxyuii,
E E
yoosaemsoparouux ycrosurwo Junwuya (cM. iemmy 2 B § 7);

(V1D W S f(X)Pa(dx) < S f(x)P(dx) 0aa scex oepanuvennoix pynkyui
E E
f(x), A8asrouuxca nosynenpepol8HuiMU cBEPXY (ﬁnﬁ fxn) < f(x), x0— x);
(VI lim S f(X)Pn(dx) 2 S f(x)P(dx) Oas scex oepanuvennoix ¢pynrxyui
" E E
f(x), asaaowuxca noaynenpepoieHoimu cHusy (Lm f(x,) = f(x), x, — x).
n

3ameuanne 2. Teopema | nonyckaer ecTecTBeHHoe 00oG6lieHHe HA TOT
cayya#, Koraa BMecTo BeposTHOCTHbIX Mep P u P,, 3apaHHbix Ha (E, &, p),
paccMmaTpuBaIOTCA nPouU380AbHble (He 063aTelIbHO BEPOATHOCTHBIE) KOHEH-
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Hble Mepbl Y [Ly. ﬂJ'lﬂ TakHX Mep COBeplLIeHHO aHaJIOTHYHO BBOAATCA MOHATHA
1260 CXOAHMOCTH [ty —> f1, CXOAHMOCTH B OCHOBHOM [, = & H, TaK Xe, KaK
B TeopeMe |, ycTaHaBJHBaeTCsi 9KBUBAJIEHTHOCTb CJIELYIOLUMX YCJIOBHA:
w
") pa=m;
(11*) li'rtn n(A) < pu(A), A — 3amxrnymole mroxcecmsa, u pn(E) — p(E);
(111*) lim pa(A) > p(A), A — omkpoimoie mnoxecmea, u pa(E) — p(E);
n

(V*) pa= p. ,

Kaxkoe U3 3THX yCJI0BUil paBHOCHJIbHO J0GOMY U3 ycaouil (V*)—(VIII*),
dopmyaupyembix, kak u (V)—(VIII), c samenoit mep P, v P Ha p, 4 p coot-
BETCTBEHHO.

4. Tlyctb (R, #(R)) — uncioBas npsmas ¢ cHCTeMOi#l GOpeleBCKHX MHO-
xectB HB(R), nopoxIeHHBIX €BKIHIOBON MeTpHKOH p(x, y)=|x —y| (cp. ¢
3ameyandem 2 B 0. 2 § 2 roi. II). O6o3nauum P, P,, n > 1, BepoATHOCTHbIE
Mepbl Ha (R, B(R)), u nyctb F, Fn, n > 1, — cooTBeTCTBYIOLIHE UM (PYHKLHH
pacnpenenenus. Torna cnpaseanuBa

Teopema 2. Ciaedyrowjue Ycao8us IKBUBANCHMIHYL:

(1) PSP,

(2) Pu=P,

(8) Fa>F,

4) F,=F.

Hokazameavcmso. INockodbky (2) < (1) & (3), To JocTaTouHO 10Ka3aTh,
yto (2) & (4).

Ecau P, = P, To, B 4acTHOCTH,

Pp(—00, x] = P(—00, x]

1ist Bcex x € R takux, uto P{x}=0. A 3To H o3Hauaer, yto F, = F.
[MycTb Teneps F, = F. [lns njoka3aTtejbcTBa CXoauMocTH P, => P noctatou-
Ho (B cuJiy TeopeMbl 1) nokasats, uto lim P, (A) > P(A) nns BCAKOro OTKpLITOro
n

MHOXecTBa A.
Ecan A — oTKpbITOE MHOXKECTBO, TO HafileTcst CueTHasi CHCTeMa Henepece-
o0
KaloLMXCS OTKPLITHIX HHTepBaNoB /1, Iy, ... (Buaa (a, b)) Takux,ut0o A= 3 /.
k=1
3adukcupyeM € >0 1 BbiGepeM B KaXXIOM HHTepBaJie [, = (ak, br) NOAbIHTEP-
Ban I}, = (al, b},] Tako, uto aj, by € C(F) u P(lx) < P(I}) +£27%. (TockosibKy
MHOXECTBO TOuUeK paspbiBa ¢yHKUHH F = F(x) He Gosiee ueM CYETHO, TaKHe
HHTepBanbi [}, k> 1, neficteutenbHo cyuiectsyior.) Toraa no semme ®ary

lim Py(A)=lim Y Pa(le) 2 Y lim Pu(l) > Y lim Pa(l}).
" " k=1 k=1 " k=1 "
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Ho
Pua(ly) = Fa(by) — Fa(ay) — F(bg) — F(ay) = P(I}).

[Toatomy

lim P ZPuk) Z(Puk) —e27%)=P(A) —¢,

k=1 k=1
YTO B CHJy MTPOH3BOJIbHOCTH £ > 0 foKa3wiBaer, yto lim P,(A) > P(A), ecin A —
n

OTKPbITOE MHOXKECTBO. O

5. Tlyctb (E, &) — u3mepumoe npoctpaHcTBo. CHCTEMY MOAMHOXECTB
JHo(E) C & nasoseM onpedeasiouyum KAACCOM, €CIH 15 JIOGLIX ABYX BEpO-
ATHOCTHBIX Mep P # Q, 3anauHbix Ha (E, &), U3 paBeHCTBa

P(A)=Q(A) 0.x scex A € 4(E)
BbITEKAET, YTO 3TH Mepbl COBMAAAIOT TOXKIECTBEHHO, T. €.
P(A)=Q(A) Oan 6cex A€ 8.

Ecau (E, &, p) — MeTpHuecKoe NMPOCTPAHCTBO, TO CHCTEMY MOAMHOXECTB
J (E) C & Ha3oBeM Kaaccom, onpedeasiowum cXxo0umMocme, eci 1Jist JoObIX
mep P, Py, Pq, ... 43 Toro, uto

P.(A) — P(A) 0an scex A€ (E) c P(0A)=0
BbITEKAET, 4TO
P.(A) — P(A) 0112 scex Ae & ¢ P(0A)=0.

B cayuae (E, &)= (R, B(R)) B kauectBe onpegensoliero kinacca J4(R)
MOXKHO B3ATh KJIaCC «3JieMEHTapHLIX» MHOXeCTB J& = {(—o0, x], x € R} (Teope-
Ma | u3 § 3 ra. I1). M3 skBuBaneHTHoCTH ycaoBuil (2) u (4) TeopeMbl 2 BbiTeKaeT,
yTO KJacc J¢ ABASETCHA TaKXKe H KJIAacCoM, ONpelessiOlUM CX0AHMOCTb.

EcTecTBeHHO BO3HHKAeT BOMPOC O TaKHX OMpefeisioliuX Kaaccax H s
6oJsiee OOGLIMX NPOCTPAHCTB.

B cayuae npoctpancts R", n > 2, Knacc J¢ «3/1eMEHTapHbIX» MHOXECTB
BHAa (—o00, x]=(—00, x1] X ... X (=00, X,], x=(xy, ..., X,) ER", ABaAsercA
KaK onpefensouiuM kiaaccom (teopema 2 u3 § 3 ra. lI), Tak u knaccowm,
OmnpefeNAoUMM CXOAUMOCTD (3afaua 2).

B caiyyae npoctpaHcTBa R yuaundpuveckue MHox*cecmaa apasioTcs Te-
MH «3JIeMEHTapHbLIMH» MHOXEeCTBaMH, [0 BEPOATHOCTAM KOTOPbLIX OJIHO3HAUYHO
onpefieNsieTcss BePOSITHOCTb JUIsi BceX GOPEJIEBCKHX MHOXKECTB (Teopema 3 H3
§ 3 rai. 11). OkasbiBaetcs, 4TO B 3TOM CJiyyae KJ1acC LMJIMHAPHYECKHX MHOXKECTB
ABJIAETCS TeM KJ1acCOM, KOTOPbIfl OnpejensieT TaKxKe U CXOAUMOCTD (3agaua 3).
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MoxHo Gbio Gbl 0XKHAATb, YTO H B chydyae GoJjiee OGLIMX HPOCTPAHCTB
KJACC LMJIMHAPHYECKHX MHOXKECTB fIBJISIETCA K/1aCCOM, Onpedeasiowjum cxo-
dumocme. OpHako, Boo6LIe roBOps, 3TO He BEPHO.

Tak, Hanpumep, paccmoTpuM npoctpaHctBo (C, B(C), p) ¢ paBHOMepHO#
meTpHKO#R p (cM. m. 6 § 2 . II). Tlycts P — BeposiTHOCTHas Mepa, LENHKOM
cocpefioToueHHas Ha pyHKunH x(f) =0, 0< £ < 1, a P, —BeposATHOCTHbIE Mepbl,
n> 1, KaXKas U3 KOTOPbIX COCPEN0TOUeHa Ha (yHK~
LMK X = X,(f), H306paxkeHHo# Ha puc. 35. Hetpyn-  *a
Ho y6eautbes, uto P,(A) — P(A) mna Bcex um- -=
auHapHueckux MHoxecTB A ¢ P(0A)=0. Ho, ecan
B3ATb, HaMpHMep, MHOXECTBO

1
0 I/n 2/n 1t

1

A {aec. la®)] < 5, 0<t<l}e£o(C), .
10 P(0A)=0, P,(A)=0, P(A)=1 u, cnenosarennb-
Ho, P, #P.

TakuM 06pa3oM, Kjlacc LHJAHHIPHUECKUX MHOXKECTB fIBJIieTCS ONpefesio-
LUMM KJIaCCOM, HO He SIBJISIETCS KJaCcCOM, ONpeieisiolHM CXOAHMOCTb.

6. 3anaumn.

1. Bynem rosopuTb, uto ¢yHKuHa F =F(x), 3agaHHas Ha R™, uenpe-
polsHa 8 mouke x € R™, ecin ans moboro € >0 Haitaercs Takoe & >0, uto
|F(x) — F(y)| < & nnst Bcex y € R™, y0BJIETBOPSIOLUMX HEPABEHCTBY

x—de<y<x+de,

rae e=(1, ..., 1)€R™. ByneM roBopuTb TaKxKe, YTO MOCJeA0BaTeNbHOCTD
byHkumit pacnpenenenus {F,} cxodumca 8 ocHo8HOM K QYHKLMH pacnpene-
Nenust F (o6osuauenue: F, = F), ecan F,(x) — F(x) mns Bcex Touek x € R™,
rae ¢pyHkuusi F = F(x) HenpepbiBHa.

[Toka3aTb, uTo yTBepKIeHHe TeopeMbl 2 OCTaeTCst CrpaBeIMBbIM Anst R™,
m> 1. (CM. 3ameyanse 1 K Teopeme 1.)

2. INoka3aTb, 4TO B Cjiyuae NPOCTPAHCTB R™ Kiacc «3jleMeHTapHbIX» MHO-
XKECTB J¢ SBASETCA KJIACCOM, ONpeleNifiOMM CXOAHMOCTD.

3. MNyetb E — onHo u3 mpoctpanetd R, C uan D. Byaem rosoputh, uto
NnocJieJ0BaTeNIbHOCTb BepoATHOCTHbIX Mep {P,} (3apaHHbIX Ha o-anrebpe &
60peNieBCKUX MHOXECTB, MOPOXKIAEHHBIX OTKPLITHIMH MHOXXECTBaMH) CXOAMTCA
8 OCHOBHOM 8 CMbICAE KOHEYHOMEPHBX pacnpedeierull K BepOATHOCTHOR

Mepe P (o6o3HaueHHe: P,,AP), ecin P,(A)—P(A), n— o0, ans Bcex yu-
aundpuueckux muoxkects A ¢ P(0A)=0.
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[Tokasatb, uTo B cjyyae npocTpaHcTBa R

(P.5P) & (P.=P)

BepHo s 310 yTBepKIeHHe a5 npoctpaHctd C u D?
4. Iycts F v G — QyHKUMM pacnipeiefieHHs HA YHCJIOBOH TPAMOM 1

L(F, G)=inf{h >0: F(x —h) — h < G(x) < F(x + h) + h}

— paccmosanue Jlesu (mexny F v G). [TokasaTb, 4To CXOAMMOCTb B OCHOB-
HOM 3KBHBaJIeHTHa CXOAMMOCTH B MeTpHKe JIeBH, onpeseniaeMoii pacCTOsiHHEM
L( Ty ):

(Fr=F) & (L(Fa, H—0).

5. Myctb F,= F u dyukuMs pacnpenefeduss F ABAsieTC HeNpepbiBHOM,
[Mokasarb, uto Toraa cxoauMoctb F,(x) K F(x) pasnomepHa:

sup |Fp(x) — F(x)] =0, n—co.
X

6. loka3aTb yTBepXKzeHHe, C(OpMyIHPOBaHHOE B 3aMeyaHHH | K Teopeme 1.

7. Y6enutbca B CnpaBel/IHBOCTH 3KBHBAJiEHTHOCTH ycJoBuil (1¥)—(IV*),
copMy/IHPOBaHHBIX B 3amMeuaHHH 2 K TeopeMe 1.

8. Moka3atb, uto P, > P Toraa u ToJbKo TOTAa, KOraa BCsiKas MoAnoc/e-
noBatesibHOCTb {P ,/} nocniefoBarensHocTd {P,} conepkuT noanochiegoBateb-
HocTb {P .~} Takyio, uto P, ZP.

9. [laTb npuMep BepoSATHOCTHbIX Mep P, P, Ha (R, #(R)), n > |, Takux, uto
P. 2 P, Ho 119 scex 6opesieBCKHX MHOXecTB B € B(R) cxoaumoctd P,(B) —
— P(B) MOXeT U He GbiTb.

10. Ipusectu npuMep pyHkuuit pacnpenenenuss F =F(x), F,=F,(x),n>1,
TaKux, 4To F, = F, Ho sup |F,(x) — F(x)| /40, n— oo.

X

Il. Bo MHOrMX pYyKOBOACTBAaX MO TEOPHH BEPOATHOCTEH YTBepXKIEHHE
(4) = (3) TeopeMbl 2 0 cXomMMOCTH (DyHKUHMi pacnpeseneHuss Fn, n>1,
K (yHKUMH pacnpefiesieHus F cBs3biBaeTcs ¢ uMeHamu Xeand u Bpas. B atoit
CBSI3M MpeiaraeTcs nepefiokasaTh CJeLYyIOLHe YTBEPKIACHUS:

(a) Jleuma Xearu—bpas. Ecnu F, = F (cM. onpenenenue 1), To

b b
lim § g(x) dFax) =§ glx) dF (x),

rie a U b — TOUKH 3 MHOXKECTBa TOYEK HeNpepbiBHOCTH (PYHKUHH pacrpege-
nenus F = F(x) u g = g(x) — HenpepbiBHas ¢yHkuus Ha [a, b].
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(b) Teopema Xerru—bp3s. Ecan F, = F u g = g(x) — HenpepbiBHas orpa-
HuyeHHas QyHKUMSA Ha R, TO

lim § g dFu)= § gx)dF().

—0o0

12. Tlyctb F, = F 4 nocienoBarebHOCTb (S |x|” dF,,(x)) o orpaHHyeHa
nz

s Hekotoporo b > 0. INokasaTs, uto Torza
lim §1xl° dFu(x)=§ x| dF(x), 0<a<b,
lign S x®dF,(x) =S x*dF(x) nns Besikoro k=1, 2, ..., [6], k#b.

13. Iyctb F, = F v m=med(F), m, = med(F,) — menuannl F u F, coot-
BeTCTBEHHO (cM. 3agauy 5 B § 4 ru. I). INpeanonoxum, uto MeanaHsl My H M,
onpejieJieHbl 0OHO3HAuHO Aas BCeX n > 1. lokasatb, uto m, — m.

14. Tlycte F — yHKuUHA pacnpelieieHHs:, OHO3HAYHO OnpefiesiieMast CBO-

(o)

MMH MOMEHTaMH Q = S x®dF(x), k=1, 2, ... Tlyctb (Fs)a»1 — Nocea0Ba-
—0oo

TeJIbHOCTb (DYHKUMI pacnpesieieHHs TaKasi, YTO MOMEHTbI

(o) [o o]
anp= § xFdF(x)>ap= § x*dFlx), k=12 ...
—00 —00
ITokasatb, uto Torna F, = F.
15. Iloka3aTb CJIYIOLLYI0 BEpPCHIO 3GKOHA 6oabuiux wuces (XHHUMH):
nyctb Xj, X2, ... — NonapHo He3aBHCHMble OAHHAKOBO pacnpejiesieHHble CJy-
YaiiHble BeJIMYHHBI C KOHeuHbIM cpesuM EXy=m u S, =X; +... + X, Toraa

Sn/n L

§ 2. OTHOCHTENIbHAasi KOMNAKTHOCTb M MJIOTHOCTD
CeMeiCTB BEPOSITHOCTHBIX pacnpeneeHui

1. Ecau 3afaHa mocJiefoBaTebHOCTb BEPOSATHOCTHBIX Mep, To, Mpexie
YeM paccMaTpuBaTb Bompoc o ee (csa6oil) CXOAUMOCTH K TOH HAH MHOH Be-
posTHOCTHOH Mepe, cjenyeT, KOHEYHO, BbIAICHHTb, @ CXOAHTCS JiH BOOGlLe 3Ta
nocJie10BaTeNIbHOCTb K KaKOH-JIH60 Mepe WJIM MMeeT JiH OHa XOTA Obl OAHY
CXoAsiLytocsi MOANOC/E10BATENbHOCTD.

Tak, nanpumep, nocnenosatensHoctb {P,}, rie Po, =P, Po,p1=Q,a P u
Q — pasnuunble BEPOAITHOCTHbIE Mephl, He ABJAETCS, OUEBHHO, CXOAsALLeHCS,
HO HMeeT [iBe cXoAsLIHecs noanocaenoBatedbHoCTH {Pon} # {Pony1}.
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CosceM npocTo ycTpoeHHasi nocie0BaTebHOCTb {P .} BEPOATHOCTHLIX Mep
P., n> 1, kaxnas u3 Kotopbix cocpenotoyeHa B touke {n} (P,({n})=1), ne
TOJIbKO He ABJIfieTCA CXOJALLEHCH, HO ¥ He COAePXMT HH ONHOH cXopsllefics
noanocJyenosateabHocTH. ([TockoabKy li;n P.(a, b] =0 m1a aiobbix a < b, T0

npeieNibHast Mepa J0JKHa Gblia Obl ObITh TOXKAECTBEHHO pPaBHOM HyJo, a 3T0
npoTHBopeuHT ToMy, uto | =P,(R) /40, n— c0.) NHTepecHo oTMeTHTb, uTO
B 3TOM MpHMePe COOTBETCTBYIOLIAs NOCJAEN0BaTENbHOCTb (PYHKLHMIH pacnpese-
qenus {F,}, rae

1, x>n,
Falr)= 0 xzn

fBJIAETCS, OYEBHHO, CXoAfALlelca: A 4106020 x €R
Fn(x) — G(x)=0.

Onnako npegenbHas ¢yHkuua G = G(x) He aBaseTca GyHKuMel pacnpeaesie-
HHUg (B cMbicje onpefeienus | u3 § 3 . II).

DTOT MpHMep MOYUYHTENIEH C TOM TOUKH 3PEHHsl, YTO, KaK OH MOKa3bIBaeT,
Knacc pyHKUuMi pacnipesielieHus He sBaseTca komnaxmuoin. OH NoACKa3biBa-
€T TaKXe, 4TO /i CXOAHMOCTH MOCJIE/0BATE/IbHOCTH OYHKLUHA pacnpeseseHus
K (yHKUHH, KoTopas fiBAs/ach Obl TakxkKe (yHKLUMel pacnipeiesieHusi, HyXKHbl
HEKOTOpble YCJIOBHS, MPEeJOTBPALLAIOLIHE <YTEYKY Macchl Ha GECKOHEYHOCTb».

[Mocne 3THX BBOAHBIX 3aMeyaHHil, MOACHAIOUIMX XapaKTep BO3HHKAIOLIUX
3/leCb TPYAHOCTEH, MepeiiieM K OCHOBHBIM OMpeleseHHsM.

2. Byznem npeanosiaraTb, 4TO BCe paccMaTpHBaeMble Mepbl Ofpe/iesieHbl Ha
MeTpHuecKoM npoctpancTtse (E, &, p).

Onpenenenne 1. CemeficTBo BepoATHOCTHbIX Mep P ={P,; a € A} Ha-
30BEM OMHOCUMEALHO KOMNAKMHBIM, €C/IH JI06ast NOC/IeN0BaTeNbHOCTD MEP
H3 & CONEepXKHT MOAMNOC/EN0BATENbHOCTb, C/IA60 CXOAALLYIOCS K HEKOTOpOH
BEpOATHOCTHOH Mepe.

[MoauepkHeM, 4TO B 3TOM ONpeje/ieHHH NpejesibHas Mepa Mpearofaraer-
cfl 8epPOAMHOCMHOU, XOTs, ObiTb MOXET, H He MPUHALIEKALIeH HCXOAHOMY
knaccy &. (IMeHHO ¢ 3THM nocJ/ieIHHM 06GCTOATENLCTBOM CBA3aHO MOSIBJIEHHE
CJIOBA «OTHOCHTEJIbHO» B JAHHOM OTpe/ieJIeHHH.)

IMpoBepka Toro, yTo AaHHOE ceMeHCTBO BEPOATHOCTHBIX MEP OTHOCHTENbHO
KOMNAaKTHO, SIBJISIETCA JeJIOM JaJieKo He MpocThiM. JKeslaTeJbHO NO3TOMY HMeThb
npocTble H YA0OHble KPHTEPHH, MO3BOJIAIOLIME OCYLLECTBJATb 3Ty MPOBEPKY.
DToil UENH CYXKHT

Onpenenenne 2. CeMelicTBO BepPOATHOCTHLIX Mep P ={P,; a € A} Ha3bl-
BaeTcs NAOMHbIM, €CH 1A Kaxaoro € >0 MoXkHO ykasaTb Komnakt K C £
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TaKoM, uTo
sup Po(E\K)<e. (1
a2

Onpenenenne 3. CemeiicTBo ¢pyHKuUMEA pacnpesenenus F ={F,; a €A},
onpeleNieHHbIX Ha R", n> 1, Ha3blBaeTCs OMHOCUMEALHO KOMNAKIMHbIM
(nA0mHbIM), €CNIH TAKOBBIM fABJSETCS COOTBETCTBYIOLIEE CEeMEHCTBO BEPOSiT-
HocTHBIX Mep P ={P,; a € A}, rae P, — mepa, noctpoenHas no F,.

3. Cnenyrowuii pe3ynbTaT urpaeT ¢yHAAMEHTaNbHYIO poJib BO BCell Mpo-
6nemaTHKe ciaboil CXOAMMOCTH BEPOSATHOCTHBIX Mep.

Teopema 1 (teopema H). B. Mpoxoposa). [Tycme P ={P,;, ac A} —
cemelicmao 8epoANMHOCMHbHLX Mep, 3A0AHHBLX HA NOAHOM CenapabesbHoM
mempuueckom npocmparcmee (E, &, p). Cemeiicmso P asrnemca omno-
CUMEAbHO KOMNAKMHBIM M020a U MOAbKO mo20a, Ko20a OHO A8Afemcs
NAOMHOIM.

Hoxazameabcmao TeopeMbl GyfeT NPHBEEHO JIHILb 415 CJyyasi YHCJAOBO#H
npsiMoil. (9To AoKa3aTeabcTBO nepeHocHTes ([55], [5]) Ha cayuait nponssosb-
HbIX €BKJHAOBBbIX NpocTpaHcTB R", n >2. 3areM cnpaBelJIHBOCTb TEOPEMbI
yCTaHaBJHBAETCS MOCJEN0BATENbHO A R, 111 0-KOMNAKTHBIX POCTPAHCTB
H, HaKoHel, Il OGLUMX MOJIHBIX cenapaGesbHbIX MEeTPHYECKHUX MPOCTPAHCTB
NyTeM CBeJleHHst Ka)KO0ro U3 3THX CJiyuaeB K MpejblaylleMy.)

Heobxodumocme. Ilyctb ceMeiicTBO BepOATHOCTHBIX Mep P ={P,; a €},
3anaHHbIX Ha (R, %(R)), oTHOCHTENbHO KOMMAKTHO, HO He MmioTHo. Toraa Hait-
nerca takoe € > 0, uto a4 Jo6oro komnakta K CR

sup Po(R\K) >¢,

a 3HauMT, ¥ L14 Joboro uHTepBana [ =(a, b)

sup Po(R\/)>e.

Oftciona BhiTeKaerT, 4To A KaKaoro uuTepsana /, = (—n, n), n> |, Hailetcs
Takas mepa P,,, uto

Po,(R\In)>e.
Pa3 ucxoanoe cemeiicTBo &2 OTHOCHTENIbHO KOMMAaKTHO, TO M3 MOCJEN0Ba-
TeNbHOCTH {P o, }n>1 MOXKHO H3BJIEUb MOANOC/EA0BATE/ILHOCTD, CKaXKeM, {P% 1,

Takyio, uto P, 2Q, rae Q — HexoTOpas BEPOATHOCTHas Mepa.
Torna B cuny sxkeusanentHoctu ycaosuit (I) u (11) B Teopeme | u3 § 1 ans
BCsikoro n > 1

Jim Po, (R\1) SQR\Iy). )
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Ho Q(R\ /)10, n— oo, a neBas yacTb B (2) Goablie € > 0. DTo npoTHBOPEYHe
NOKa3blBaeT, YTO OTHOCHTEbHAsi KOMIMAKTHOCTb BJieYeT 3a COGOM MJIOTHOCT.
Jlns foKa3aTesbCTBa JOCTaTOYHOCTH HaM HeoGXOAHM OJMH OOLUMA pesyJib-
TaT (Ha3biBaeMbili meopemol Xeaau) o CeKBEHYUANLHOU KOMNAKMHOCMU
ceMeficTBa 06061IeHHbIX yHKUMA pacripeaenenns (n. 2 § 3 ra. ).

O603naunm yepe3 S ={G} coBokynHocTb dyHKUHA G = G(x) (060611eHHbIX
GbyHKUMi pacnpesiesieHus), yA0BJIETBOPSIOWHKX CJelyIOLIHM CBORCTBAM:

1) G(x) — ne ybusarom,

2) 0 < G(—0), G(+0) < 1;

3) G(x) — HenpepouisHbL cnpasa.

SlcHo, uTO £ BKJIouaer B cebs Knacc QyHKuuit pacnpesenenus F = {F},
st KoTopbix F(—o00) =0 u F(4+o00) = 1.

Teopema 2 (teopema Xeaan). Kaacc £ ={G} o606werHbix Pyrxyuil
pacnpedesenus A6A1emca CeKBeHYUALbHO KOMNAKMHbIM, M. e. 041 410606
nocaedosamenvrocmu {G,} pynkyuild us F naboymca pyncyus GEF u
nodnocaedosameavrocms {n,} C {n} makue, umo

Gﬂk (x) e G(X), k — 00,

048 amoboii mouxu x u3 mrnoxecmsa C(G) mouex HenpepbisHOCMU PYHK-
yuu G = G(x).

Jlokazameavcmeo. O6o3Haunm uepes T ={xj, Xo, ...} cueTHoe BCiOLY
nJoTHOe MHOXecTBO B R. TToCKOJIbKY 4HC/iOBas nocjenoBatenbHocTh {Gq(xy)}
02paxuyeHa, To HalileTcs MOANOCJEN0BaTebHOCTb N) ={n§”, ng), ...} Ta-
Kas, uTo Gn;n(x,) npu i — 00 CXOAATCH K HeKOTopoMy uHcay g). B cBoio
ouepeb W3 MOCJe0BaTebHOCTH N MOXKHO H3BJIeUb MOANOC/e10BaTEbHOCTb
N2={n(|2), ng), ...} TaKyio, uTO Gn:g) (x2) cxomsATCa NpU i — 0o K HEKOTOPOMY
uucHy g, U T. .

Onpenenum Ha MHOXKecTBe T C R ¢dyHkuuio Gr(x), nonaras

Grix))=gi, xé€T,

1
1 PaCCMOTPHM «KaHTOPOBCKYIO» IaroHaJibHylo nocJe0BaTeNbHoCTb N ={nf ),

ng), ...}. Toraa nns mo6oro x; € T npu m— o0

G (xi) = Gr (%)
Onpenennm, HakoHel, pyHkumio G = G(x) aas Bcex x € R, noaaras
G(x)=inf{Gr(y): y€T, y>x} 3

Mbi yrepxkaiaeM, uto G = G(x) ecTb HckoMas byHKuMa u G o (%) — G(x) nns
BCeX Touek x, rie G(x) HenpepeiBHA.
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[MockosibKy Bce paccMmaTpuBaeMble GYHKUHH G, SBJAIOTCA HeyObIBaIOLIM-
MH, TO Gn%m (x)<0n%m (y) nna Bcex x H y, MPHHALIEXKALINX MHOXKeCTBY T H
YLOBJIETBOPAIOLIHX HEpaBeHCTBY X < y. [1oTOMy sl Takux X W y

Gr(x)<Gr(y).

Otciofa U u3 onpefenenus (3) caenyer, uto ¢yHkuus G = G(x) sBasercs
Hey6biBalolLLeil.

[MokaxkeM Tenepb, yTo OHa HenpepbiBHa crnpasa. [lyctb xplx u d=
=1i£n G(xp). SlcHo, uto G(x) < d, ¥ Hal0 YCTAaHOBHTb, YTO Ha CaMoM Jese
G(x) =d. TpeanonoxuMm npotusHoe, T. e. nyctb G(x) <d. U3 (3) crenyer,
yTO TOrA Haiifercsl Takas Touka ¥ € T, x <y, uto Gr(y) < d. Jlns mocTaTtouno
GoJblMX kK x <X <y, a 3Hauut, G(x,) < Gr(y)<d wu li;le G(xp) <d, ut0
NPOTHBOPEUHT PABEHCTBY d=li;n G(xe). Htak, noctpoeHHas ¢yskuus G

NPHHALIEXHT S,
YcTaHOBHM Tenepb CXOAMMOCTb an(xo)—»(}(x‘)) ISl BCAKOH TOYKH

N eC(G).
Ecan x°<y€eT, 10
% an,’,"’ (xo) < EE an,'.") ) =Gr(y),

OTKy/la
im Gm (x*) <inf{Gr(y): y €T, y> 2%} = G(x”). “)

C npyroit ctoponsl, nyctb x! <y <x% y € T. Torna

G(x') < Gr(y) =lim G (9) =lim G, (4) <lim G, (x°).
m m m

IMostomy, nonaras x! 1 x°, nonyuum, uto

G(x*—) < lim G (x°)- ®)

Ho ecan G(x°—) = G(x°), 1o Torna u3 (4) u (5) 3akniouaeM, uto an(xo)—»
— G(x%), m— oo. O

3aBepuinm Tenepb J0Ka3aTe]bCTBO TeopeMbl 1.

Hocmamournocme. Tlyctb cemeiictBo & nJotHo u {P,} — HekoTopas no-
CJlef10BaTe/IbHOCTb BEPOATHOCTHBIX Mep H3 2. O603Hauum uepe3 {F,} nocae-
JOBaTeIbHOCTb COOTBETCTBYIOWIMX PYHKUHHA pacnpeneneHus.

B cuny Teopembl Xennu HaiifiyTcs NOANOC/A€A0BaTeNbHOCTb {Fy, } C{F,} u
06o6lueHHas ¢yHKuus pacnpenenenus G € £ Takue, uto Fy, (x) — G(x) ms
x € C(G). MokaxeM, yTo B CHJY NPeANOJNOKEHHA O MJIOTHOCTH cemeiicTBa &2
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tyHkuus G = G(x) ABnsieTCs Ha caMoM JleJie «HacTosllel» dyHKuUHedl pacnpe-
nenenns (G(—oo0) =0, G(+o00) =1).
Bo3bMeM e > 0, u nyctb / = (a, b] — TOT MHTepBaJ, 1)1 KOTOPOro

sup Pn(R\ /) <e,
HJIH, YTO KBHBAJIEHTHO,
1 —egPqa, b], n=l
BeiGepem Touku a’, b’ € C(G) Takumu, uto a’ <a, b’ > b. Toraa
1 —e< Py (a, b]<Pu (@, b')=Fn(b') — Fy(a’) — G(b') — G(a').

Otcioga caegyer, uto G(+00) — G(—oo0)=1, u nockosbky 0< G(—o0) <
<G(+o0) £ 1, 10 G(—00) =0 1 G(4+00) = 1.

Takum o6pasom, npenenbhas dyukuua G = G(x asaserca QyHkuued pac-
npesenenus u F,, = G, uto BMecTe ¢ TeopeMo#t 2 H3 § | nokasbiBaet, uTo
P, —Q, rie Q — BepoATHOCTHas Mepa, NOCTPOEHHas Mo (YHKLMH pacnpese-
Jenus G.

4. 3anaun.

1. TpoBectn noKa3aTeabcTBO TeopeM | U 2 pns npoctpaHcTB R™, n > 2.

2. MycTb P4 — rayccoBckast Mepa Ha YHCJIOBOH NMPAMO# ¢ NapaMeTpaMH M,
u 02, a €. Tokasath, yto cemeiictBo P ={P,; a € A} ABAAETCA MNOTHBIM
TOrJa ¥ TOJbKO TOTAA, KOT/a CYLIECTBYIOT KOHCTaHTbl @ H b TakHe, 4TO

|mal| < a, aﬁsb. ac.

3. INpuBecTd NMpHMepbl MJOTHBIX H HE MJIOTHBIX CEMEACTB BEPOATHOCTHBIX
mep P ={P,; a € AU}, onpenenennbix Ha (R*®, B(R)).

4. Tlyctb P ecTb BepoATHOCTHast Mepa Ha MeTPHYECKOM MPOCTpPaHCTBE
(E, &, p). ToBopaT (cp. c onpeneneHneM 2), uto Mepa P aBasercs niomrod,
ecqin aas Kaxnuoro £ >0 Haitgercs komnakt K C E Takoit, uto P(K) > 1 —e.
Joka3zaTb ciefiyloliuii pe3ysbTat («TeopeMa ¥iama»): kaxoan 8eposamuocm-
Han mepa P Ha noavckom (m.e. nOAHOM cenapabesbHOM MEmpuU4ecKom)
npocmpaHncmse A643emca NAOMHOU.

5. Iyetb X ={X,; a € A} — HekoTOpoe ceMefCTBO CJyualiHbIX BEKTOpOB
(Xa €R?, a€), npu atom sup E||X,||” < oo ans nekotoporo r > 0. INoka-

[+

3aTh, 4TO ceMeiicTBO &P ={P,; a € A} pacnpenenenunit P, =Law(X,) aBasercs
MJIOTHBIM.
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§ 3. MeToa xapakrepucTHiecKux GyHkunii
B J0Ka3aTeJbCTBe NpejelbHbIX TeOpeM

1. Joka3aTenbCTBO MepBbIX NpefesibHbIX TEOPEM TEOPHH BepOATHOCTER —
3aKkoHa GoJibliuxX uHces, TeopeM Myaspa—Jlannaca u [lyaccona nns cxe-
mbl BepHYJLIH — OCHOBBIBAJIOCH HAa NPAMOM AHAAL3E NOTIPENEbHbIX YHKLH
pacnpejeneHus F,, KoTopble I0BOJIbHO MPOCTO BHIPAXKAIOTCS 4epe3 GHHOMH-
asibHble BeposiTHOCTH. (B cxeme BepHyJin cyMMHpyeMble cllyyaiiHble BelMUMHbI
NPHHUMAIOT TOJILKO [Ba 3HAYEHHS, YTO M 12€T, B CYUIHOCTH, BO3MOXHOCTb SIBHO
HaiTH QyHKUHH F,,.) OnHako fid ciyyaiiHbiX BeJIHuHH 6oJiee CJ0XKHOM NpHpo-
Abl NOAOGHBIA MeTol MPAMOro aHann3a PYHKUHM#A F, CTAHOBHTCH NpPaKTHYECKU
HEOCYLLLIECTBHMbIM.

[Mepehiit Wwar B J0Ka3aTebCTBE NPeAeNbHbIX TEOPEM 1S CYyMM NPOH3BOJIb-
HO pacnpejiesieHHbIX He3aBHCHMbIX CJyyaiHbIX BEJIHUHH Gbla caenaH Yebbiule-
BbIM.

[MpennoxeHHOe UM HEPaBEHCTBO, H3BECTHOE Terepb Kak «HepaBeHCTBO Ye-
GbileBa», Jajlo BO3MOXHOCTb He TOJIbKO 3JleMEeHTapHO A0Ka3aTb 3aKOH 60Jib-
wHx yucen 1. BepHyaaH, HO H YCTaHOBHTb BecbMa OOllHe YCJIOBHS Crpa-
BEJVIMBOCTH 3TOro 3akoHa s cyMM S, =& +...+ &, n> 1, He3aBHCHMBIX
c/lyyailHbiX BeJMYHH B pOpMe YTBEPXKIEHHs, uTo A1s Besikoro € >0

P { ﬁ _ ESn
n
(Cm. 3anauy 2.)
Janee, UebbleBbiM Gbl1 co3laH (W MapKoBbIM ycOBepLIEHCTBOBaH) TaK
Ha3blBaeMblil «METOJ MOMEHTOB», KOTOPBIH MO3BOJIHJ YCTAHOBHTb, UTO YTBEp-
xIeHue TeopeMbl MyaBpa—Jlansiaca, 3anucaHHoe B BHe

>a}-»0, n— 0. (1)

P{Sn—ESn

S <x}— 712?; 3 e~ du (= (x)), @)

HOCHT YHHBepCaJIbHblfl XapakTep B TOM CMbICJI€, YTO OHO CMpaBe/IHBO B O4€Hb
O6LIMX NPEANnosIOKEHHAX OTHOCHTENBbHO MPHPOAbI CyMMHpPYEMbIX CJydaiHbIX
BesIHyKMH. FIMeHHO 3T0 []a/lo OCHOBaHKe Ha3biBaThb yTBEPXKAeHHe (2) yenmpano-
HOl npedesbHOl meopemoli TEOPHH BePOATHOCTER.

Heckosbko no3sxe JIAnyHOB NpeAIOXHJ HHOH MeTOA AOKa3aTesbCTBa
LIeHTpaJibHON Npeie/ibHOM TeopeMbl, B OCHOBE KOTOPOTo Jiexana (Bocxodslias
K Jlannacy) uaes «xapakrepucTHueckoi ¢yHKUMH» paclpeflesieHHsi BeposiT-
Hocreit. [Tocaenyioliee pa3BuTHe MOKa3ano, 4TO «METOJ XapaKTePHCTHYECKHX
dyHkumit» JlsnyHoa sBaseTcss BecbMa 3(deKTHBHbIM NpH J0Ka3aTeNbCTBE
CaMbIX pa3HOOOpa3HbIX MpefesibHbIX TeOpeM, YyTO H 06GYCJIOBHJIO €ro pasBHTHE
¥ LIHPOKOe MPHMEHEHHe.
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CyLIHOCTb 3TOr0 METOAa COCTOHT B CJIEAIOILEM.

2. Mol yxe 3Haem (§ 12 ra. II), uto Mexnmy dyHKuMAMH pacnpejede-
HHSl U XapaKTePHCTHYECKHMH (YHKLHMSMH CYLLECTBYeT B3aHMHO OJHO3HAuYHOe
cooTBercTBHE. [103TOMY M3yueHHe CBOHCTB (pyHKUMH pacnpejesieHHs] MOXHO
NPOBOAHMTb, W3yuasi COOTBETCTBYIOLIME XapaKTepucTHYecKHe (yHKUMH. 3ame-
YaTeJIbHBIM OKA3bIBA€TCs TO 0GCTOATENbCTBO, YTO CJ1a6ast CXOAHMOCTb Fp = F
byHKUM# pacnipeiesieHns SKBHBAJIEHTHA NOTOYEUHOM CXOAMMOCTH oy — ¢ COOT-
BETCTBYIOLUMX XapaKTepucTHUeCKHX QyHKUMiL. BoJsiee Toro, HMeet MecTo caeny-
IOUIMA pe3yJibTaT, ABJIOILMACA OCHOBHBIM CPEICTBOM J0Ka3aTesbCTBa TEOpeM
0 c1a60#i CXOAHMOCTH pacrpefieieHHil Ha YHCJIOBO#H MPAMOH.

Teopema 1 (Tteopema HenpepuiBHOCTH). [Tycmo (F,) — nocaedosa-
meabHocmb ynkyuii pacnpederenus F,=Fp(x), x ER, u (p,) — coom-
8emcmeyouwas nocae008aMmMesbHOCMb XapAKmMepUucmusecKkux Gyrnkyui,

oa(t)= § €™ dFa(x), teR.

—00

1) Ecau Fu 5 F, 20e F =F(x) — Hekomopasa ¢ynkyus pacnpedene-
Hus, mo pu(t)— p(t), t €R, 20e p(t) — xapakxmepucmuueckans GyHKyus
F =F(x).

2) Ecau npu kaxcdom t € R cywecmsyem npedea li'gn wn(t) u ynk-
yua o(t) = li'rln p(t) nHenpepoisra 8 mouke t =0, mo ona asrsemca xapax-

mepucmuyeckoll pyHKyueli HeKomopoeo pacnpedeserHus sepoamuocmer
F=F(x)u

F. 5 F.

Hoxaszameabcmeo yreepxkaenus 1) cpasy ciefyer U3 onpeeneHus caaboi
CXO/MMOCTH, NPHMEHEHHOTo K (yHKuMAM Re e™* u Im ei**,

JlokasaTenbCcTBY YTBEpXKAEHHS 2) MpeAnollieM HECKOJIbKO BCOMOTaTelb-
HbIX MPEANOXKEHHH.

Jlemma 1. [Tycmo {P,} — naomnoe cemelicmso sepoamHocmHoix mep.
ITpednoaonum, wumo ramdas carabo cxodawasca nodnocsedosamenb-
nocmo {Pn} nocaiedosamenvnocmu {P,} cxodumca k 00HOU u moi xe
sepoamuocmnoi mepe P. Toeda u seca nocaedosameavrocmo {P,} carabo
cxodumca Kk P.

w
Hoxazameavcmeo. donyctum, uto P, /4 P. Torna Haiinercs Takas orpa-
HHYeHHas HenpepbiBHaA pyHkuus f = f(x), uto

§ F(0Pa(dx) £ § F(x)P(dx).
R R
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Ortciofa CliefyeT, YTo CYyLIeCTBYIoT € >0 1 GecKoHeuHast nocJeaoBaTeb-
HocTb uucen {n'} C {n} Takue, uto

§ fx) Par(dx) = § flx) P(dx)| >e>0. 3)
R R

o Teopeme Ipoxoposa (§ 2) u3 nocnenosatensbtoctu {P,} MoxHO BbiGpath

w
noanocaefoBateNbHoOCTb {P 1} Takyio, uto P, — Q, rae Q — HekoTopas Be-
POATHOCTHas Mepa.
IMo npeanosioxeHHio JeMMbl Q = P, u, 3Hauur,

§ Fx0) Par(dx) - § f(x) P(d),
R R

YTO HAXOAMTCS B MPOTHBOPEUHH C (3). O

Jlemma 2. [Tycmo {P,} — naomnoe cemeiicmso 8epoamuocmuolLx mep
Ha (R, B(R)). [Tocaedosamearvrocme {P,} caabo cxodumcs k Hexkomopoi
8epoAmMHOCMHOL Mepe mo20a u moabko moeda, Koeda 0As Kaxn00eo
t €R cywecmsyem li'l;l‘l ©n(t), 20e p,(t) — xapaxmepucmuyeckas ¢pynkyus

mepol P,:
ealt) = e P,(dx).
R

Hoxasameavcmeo. Ecan cemeitctso {P,} nioTHO, To no Teopeme [Npoxo-
poBa HaFw.y'rca noamnocJea0BaTeNbHoCTh {P,/} H BeposTHOCTHas Mepa P Takue,
yto P, = P. IIpennonoXuM, 4To Besi nocaeloBaTellbHoCTh {P,} He cxoautcs
KP (P, 74 P). Toraa B cusy siemmsi | HaﬁﬂYI‘Cﬂ noAnocJjieaosaTelbHoCTb {P,}
u BeposiTHOCTHas Mepa Q Takwue, uto P, =5 Q, npuuem P £ Q.

Bocrniosibayemcst Tenepb TeM, YTo NpH KaXIoM { € R cyluecTByeT lirn;n n(t).
Torna

lim § & P (dx) = lim § " P (dx)
n' F n'’ R

H, 3HAYHT,
(e Px)=(e™*Qx), teRr.
R R

Ho xapakrepucTHueckast ¢YHKLHA OfHO3HAUHO OMpefelseT pacrnpelesieHHe
(teopema 2 § 12 rai. II). ITosToMy P = Q, uTo NPOTHBOPEUHT NPEANONOKEHHIO
w
P.AP.
Uto ke KacaeTcst 06paTHOTO YTBep3KI€HHUS JIEMMBI, TO OHO HENOCPeACTBEeH-
HO CJIeflyeT U3 onpeneseHds caaboit CXoaAHMOCTH. O
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Crenyollias ieMMa JaeT OLEHKY «XBOCTOB» (DYHKLMHM pacrpeiesieHHs Mo
MOBEJEHHIO €€ XapaKTePHUCTHUECKON (PYHKLMH B OKPECTHOCTH HyJs.

Jlemma 3. [Tycmo F = F(x) — ¢pynkyus pacnpedenserus Ha 4uCA080()
npanoi u ¢ =¢(t) — ee xapakmepucmuueckas ¢pyuxkyus. Toeda cyue-
cmeyem maxas koncmauma K >0, umo 0aa scakoeo a >0

§ dFx< S[I—Re (t)] dt. (4)

|x|1=>1/a

(o o)
Hoxazameavcmso. Tlockonbky Re o(t) = S cos tx dF(x), To, npuMeHss
—o0

TeopeMy Py6GuHH, HAXOAUM, UTO

l a l a [o <]
- § [1-Rep(®)]dt =~ § [-§° (1 — cos tx) dF(x)} dt =
€ € sin ax
= § [ S(l — cos tx) dt] dF(x)= § ( = )dF(x)}
> inf (1= 54 dF(x) = dF(x),
Iylzl( Y ) |ax|S>l k |x|28l/a
rae
1 _sing\ _ ., 1
E_I;pfl(l ; )=t-sin1>z,
TaK yTo (4) 3aBeZOMO CMpaBel/IHBO C KOHCTaHTOM K = 7. O

Hokazameavcmeo ymeepicoenusn 2 meopemot 1. Tlycte  pq(t) — o(2),
n—oo, rae QyHkuua o(f) HempepbiBHa B HyJe. [lokaxeM, uTo oOTCioAa
c/ieflyeT MJOTHOCTb ceMeficTBa BepoATHOCTHbIX Mep {P,}, rme P, — Mepa,
cooTBeTCTBYIOIan hYHKUHH pacnipenenenus F,.

B cuny (4) 4 TeopeMbl 0 Ma)XXOpPHpYeMO#l CXOAHMOCTH

PR\ (-1, 2)}= § drm<

iz L

<

K
a

S0

[1-Re pu() dt 2 § (1 - Re p(0) df
0

MpH 1 — oo.
[NockosbKy No npeanosioxeHHo GyHKUUs () HenpepbiBHa B HyJie | p(0)=
=1, T0 a19 BcAKOro € >0 MOXHO HaiTH Takoe a > 0, uT0 11

Pn{R\ (_E' E)} <e mnsBeex n > 1.
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CnenoBatelbHo, ceMeiicTBo {P,} nJoTHO, U B CHJly JieMMbl 2 CyllecTBYeT Be-
pOATHOCTHAR Mepa P Ttakas, uto

P, P.
Orcrona
ealt)= § €™ Pu(dx)— § & P(dx),
—00 —00

1 B TO JKe caMoe BpeMs @, (f) — ¢(t). [ToaToMy () ABAseTCS XapaKkTepHCTH-
yecKoil yHKUHell BepoATHOCTHO# Mephl P. a

Caenctsue. [Tycmo (F,) — nocaedosameavrocmo gynkyuii pacnpede-
AeHus U (pn) — coomsemcmayowjas nocaedo8amesbHOCMb XapaKmepu-
cmuveckux ¢pynxyuii. lTycmo, kpome moeo, F — pynxyus pacnpedesrerus,
@ — ee xapakmepucmuueckas @yuxyus. Toeoa F. 5 F, ecau u moaovko
ecau pq(t) — @(t) 012 8cex t €R.

3ameuanue. [lyctb 9, 9y, 7, ... — CAyyaliHble BeNHUHHB H F, -ﬂF,,.
B cootBerctBuH ¢ onpenenenuem 4 § 10 rn. Il Torna roopsT, uto cayuaiinsie
BEAUHUHDL 1), T2, ... CXOOAMCA NO pacnpedeieHuro K 1, U 3alUChIBAIOT 3TO

B BHJIE 7y in. ta 3anuch HarnisgHa (d — oT distribution) u Mo3ToMy 4acTo
B (OpMY/NHPOBKAX Mpele/bHbIX TEOPEM ee MPEANOYHTAIOT 3amHucH Fy, i"—»F,,.

3. B caenyowieM naparpacge TeopeMa | 6yner npuMeHeHa 415 A0Ka3aTeslb-
CTBAa LEHTPaJIbHON MpelesibHON TeopeMbl LIS He3aBHCHMbIX pasHopacnpefe-
JIEHHBbIX CJIy4YaiiHbIX BeJMuHH. JloKasaTenbCTBO GY/eT BECTHCh NPH BbIMOJIHEHHH
TaK Ha3biBaeMoro ycaosus JIundebepea. 3ateM GyneT nokasaHo, YTO ycaosue
Jlanynosa obecneunBaer BhinonHeHue ycaosusn Jlunoebepea. Ceiiuac ke Mbi
OCTAaHOBHMCS Ha MPHMEHEHHH MeToJa XapaKTepPHCTHYeCKHX (YHKUHil K JoKa-
3aTeJIbCTBY HEKOTOPLIX NPOCTBIX MpefieJIbHbIX TeopeM.

Teopema 2 (3akon Goabwux uucen). /Tycmo &, &, ... — nocaedosa-
MeAbHOCMb He3aBUCUMBLX OOURAKOBO PACNPEOCACHHBLX CAYHALIHbIX 8eAU-
Sn P

wun ¢ Elg|<oo, Sp=& +...+& u E§=m. Toeda - —m, me. oas
8caKkoeo € >0
S
P{I-;"—ml}a}—»O, n—oo.

. S
Hoxasamenscmso. Tlycts o(t) =Ee*é n g (t) =Ee' '@ . Torna B cuny
HE32aBHCHMOCTH CJIy4yalHbIX BEIHYHH H (HOPMYJIbI ("6) §12rml

t n
es(0=[e(3)]"
Ho, cornacno (14) § 12 ra. 11,
p(t)=1+itm+o(t), t—0.



418 L. 1ll. CXOAUMOCTb BEPOATHOCTHbBIX MEP

3HauuT, AN BCAKOrO GHKcHpoBaHHOro { € R
(p(-t-) =14i im~l—o(-‘-), n— oo,
n n n
H NO3TOMY

wgn.(t)= [l +i %m+o (%)]"__,eum.

Dynkuua p(f) =e'™ HenpepbiBHa B HyJie M ABAAETCH XapaKTePHCTHYECKOH
(dyHKiHel BBIPOXKIEHHOTO pacrpefeieHUsi BEPOATHOCTEl, COCPeI0TOUYEHHOTO B
Toyke m. [loatomy

3HauyuT (cM. 3agauy 7 B § 10 ra. 1I),
Sn L a
Teopema 3 (ueHTpanbHan npeAeabHas TeopeMma s HEe3aBHCHMbIX
OJMHAKOBO paclipejefeHHbIX ciayuyalublx Beanuu). Tycmeo &, &, ... —
nocaedosamenbHOCMb HE3ABUCUMBLX 00UHAKOBO pacnpedeseHrbix (Heabi-

poacdennvix) cayuainux eesuun ¢ E€2 <co u Sp=§& +...+&,. Tozda
npu n— oo

P{SE% ) wa(, xer, ®)

<I>(x)—-— S e du.

Joxasameascmso. Tlyers E€; =m, D& =02 u
()= Eeitléi—m)
Torpa, ecain 0603HaYHTD
tS:-ES,
‘pn(t) Ee DS. ’
TO MOJIYYUM, YTO
t n
Pa(t) = [‘P(m)] .
Ho B cuny (14) § 12 ra. 11

pty=1- fL +o(t?), t—0.
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[Mo3ToMy 15t /1060r0 PHKCHPOBAHHOTO { H 11— 00
_[_o* LAY gy
¥alt) = [} 202n 0(n)] —e :

dynxunst e~/2 spnsieTcs XapaKTepHCTHUECKOH (ByHKITHER HOPMAIbHO pac-
npefenes ol cayyaitHol Bennunhb (0603HauuM ee A (0, 1)) ¢ HysneBbiM cpen-
HHM H eIHHHYHON AHCHepCHed, YTO B CHJTY TeopeMbl | i IOKa3biBaeT TpeGyemoe
yrBepxaenue (5). B cootBeTcTBHH C 3aMedanneM K Teopeme | 370 yTBep:xaeHHe
3aNUCBIBAIOT TaKXe B cnenyromem BHAE:

Sn—ESs d
\/DT,,

IMpenpinyiuse aBe TeopeMbl OTHOCHJHCH K aCHMITTOTHYECKOMY MOBEACHHIO
BEpPOATHOCTe! (HOPMHPOBAHHBIX H IIEHTPHPOBAHHLIX) CYMM S, =& +...+&,
HE3aBHCHMbIX OJIHHAKOBO pacrpe/esieHHbIX ClydyaiHbiX BeiurH. OHaxKo, yTo-
661 copMyanpoBath meopemy IMyaccona (§ 6 ra. 1), npuxoaures npusnekats
K paccMoTpenHIo 6oJiee 06Liyl0 MOAeJb, Ha3biBAEMYIO CXeMOU Cepuli ciyyaii-
HbIX BEJHYKH,

Hwmenno, 6ynem npeanonaratb, YTo List Kaxaoro n > 1 3anana nocaeno-
BaTe/JbHOCTb HE3aBHCHUMbIX CJY4YaiHbIX BeJMUHH &ui, ..., §un. ViHaue roeops,
NycThb 3a7aHa TpeyroJibHas TaGJHLa

&n
&1 &
&1 €32 €33

...........

_>./V(0 1). (6)
a

CAYYaHHbIX BEJIMYHH, KOTOpPbIE B KaXK[0H CTPOUKE He3aBHCHMbI MEXIY COOOoii.
[Tonoxxum S,, —{nl +.. +§rm

Teopema 4 (reopema Hyaccona). Flycmo npu xawcdom n>1 nesa-
sucumbie 00uHaKo8o pacnpedesernuie caydalinsie seauuunst &y, ..., &n,
makosut, 4mo

P{wt =1} = pnt, P{nr=0}=gne, 1<k<
Pk +Gue=1, lm,fnx Pn—0, pm+.. +p,,,,—n\>0, n— oo.

\\

Toeda
e—hAm
P{Sp=m}—>—03=—, m=0,1, ... M

Hoxasameavcmeo. TTockonbky pist L <k<n
Eetom = pnke“ + Gnk,
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TO

n n
s, () =EeS =] (paee™ +gue) =[] (1 + puele® — 1)) >
k=1 k=1

—exp{Ae - 1)}, n—oo.

Oyukuna o(f) =exp{A(e” — 1)} aBnserca XapakTepHCTHuecKo#l dyHKuHeil
nyaccoHoBCKoro pacnpefefenus (npumep 3 B n. 2 § 12 ra. II), uto u mo-
Ka3sbiBaert (7).

Ecau yepe3 m(\) 0603HaYHTb MYyaCCOHOBCKYIO CJyuaiiHylO BEJIMUHHY C Na-
paMeTpoM A, To no aHajoruu ¢ (6) yrBepxkaeHue (7) MOXKHO 3aMHcaTbh TaKXKe
B CJleflyloLLieM BUJE:

Sn S a(N). ]

4. 3apaum.

1. Jloka3aTb cnpaBeIMBOCTb YTBep>KAEHH# TeopeMbl 1 ans caydyas npo-
cTpanctB R", n > 2.

2. Iyetb &), &2, ... — NMOCJIEOBATENILHOCTb HE3aBHCHMBIX CJIyuyaiiHbIX Be-
JIMYHH C KOHEYHbIMH CPeHHMH 3HaueHHsAMH E|&,| u qucnepcusmu DE, Takumy,
yto D€, < K < o0, rae K — HekoTopas KoucTanTa. Mcnosib3ys HepaBeHCTBO
UeGbilieBa, 0Ka3aTh CNpaBeIHBOCTb 3aKOHa GosbLIKX yucen (1).

3. B caenctsuu k TeopeMe 1 ycTaHOBHTb, uTO cemeiicTBO {p,} pasrocme-
NeHHO HenpepuleHO W CXOAHMOCTb P, — ( PaBHOMEpPHA Ha KaXKIOM OrpaHH-
4YeHHOM HHTepBaJe.

4. Tlyete &, n>1, — cayyaiiHble BeJIHUHHBI C XapaKTepPHCTHUECKHMH

byHKUMAMH ¢, (f), n 2> 1. [TokasaTb, uTo &, 2,0 Torza  ToABKO TOTAa, Koraa
Pe,(t) = 1, n— oo, B HeKOTOPO# OKPeCTHOCTH ToukH ¢ =0.

5. IMyctb X}, X2, ... — Noc/ief0BaTeNbHOCTb HE3aBUCHMBIX CJIyYailHbIX BEK-
TOpoB (co 3HaueHusi MH B R¥), uMelowux HysieBoe cpenHee W (KOHEUHYIO) MaT-
puuy kosapHauuii I'. [Tokasatsb, uto

Xi+...4+Xn d
———\/T—-—)./V(O, r).

(Cp. ¢ TeopeMoii 3.)
6. Iyctb &, &2, ... 4 7y, Mo, ... — [IBe MOCJEAOBATENLHOCTH CJYYaHBIX
BeJIMUHH Takue, YTo &, H 7), He3aBHCHMbl NpH Kaxaom n. TpeanonoxuM, uto

d d
&n — &, N — n IpH 1 — 00, T1ie € U 7) He3aBHCHMBI. JIoKa3aTb, YTO Nocjae0BaTe-
JILHOCTDb IByMEpHBIX CYYaliHbIX BeHUHH (£,, 7)) CXOAUTCS MO pacnpeesieHHIO

K (€, n).

Mycts f= f(x, y) — HenpepbiBHas ¢yHkuua. [1poseputs, uTo NocsenoBa-
TeNbHOCTh f(€,, ) CXOAMTCS MO pacrnpefeNeHuio K f(€, n).
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7. TlpuBecTH npHMep, MOKa3blBAIOLIMA, UTO B YTBEPXKIEHHH 2) Teope-
mbl | YC/IOBHE HENpepLIBHOCTH «MpeAeIbHOA» XapaKTepHCTHUECKOH (YHKLMH
p(t)y=1im ©n(f) B Hyne, BooGlLe roBops, He MoXeT GbiTh ocsabaeHo. (Mna-

n

ye TOBOpPsl, €CJH (f) He HenpepbiBHA B HYyJe, TO MOXET CJYYHTbCH, UYTO

@n(t) = @(t), HO F,,;ZF .) Y6emutbCcsi Ha npHMepe, YTO OTCYTCTBHE Henpe-
pLIBHOCTH ((f) B HyJle MOXeT NPHBECTH K HapyLUEHHIO CBOWCTBA MJOTHOCTH
cemeilcTBa BepPOATHOCTHLIX pacnpefeneHuit Py, n > 1, ¢ XapakTepHCTHYECKHMH
yHKLMAMH @n(f), n 2 1.

§ 4. LlenTpanbHas npeaeabHas Teopema
AJsi CyMM He3aBHCHMBIX CJYyYaHHbIX BEJTHYHH.
l. Ycaosue JlunpeGepra

1. B 3ToM naparpade ueHTpasnbHas npelenbHas TeopeMa Iis (HOpMH-
POBaHHBIX H LIEHTPHPOBAHHBIX) CyMM S, HE3aBHCHMbIX CJY4aiHbIX BeJHYHH
&, &, ..., &, n 21, OyaeT J0oKa3bIBaTbCA NMPH TPAAHLHOHHOM MPEANOJIOKEHHH
BLIMOJIHEHHA Kaaccuueckoeo ycaosus Jlundebepea. B cnenyolieM napa-
rpace Gyner paccMoTpeHa GoJiee ofLias CHTyaLHsi: BO-NepBbIX, LEHTPasibHas
npefieibHas TeopeMa GyzieT cpasy (opMyJaHpPOBaTbCH B «CXeMe CEpHil», H, BO-
BTOpLIX, €€ [0Ka3aTeslbCTBO OyAeT WATH MPH BLIMOJHEHHH TaK HasblBaeMblX
HeKaaccu4ecKux yYcaioeuil.

Teopema 1. [lycme &, &, ... — nociedosamensbHOCMb He3asucu-
MYIX CAYMAUHBIX BeAUHUH C KOHEUHbIMU 8MOpbuimu momenmamu. [Tycmo

n

my=E&, 02 =D& >0, Sy =& +... +&, D,2.=k2 07 u Fy=Fi(x) — pyn-
=1

Kyus pacnpeoeserus caydainoi sesuvuror &.
Ipednoaoxcum, umo soinornero «ycaosue Jlundebepea»: 01a 8€aK020
e>0

l n
O Y  § c-mpdRx -0 n—oo. (1)
M k=1 {x:|x—m|>eDn}
Tozeda
Sn—ESn d
B3, S40,1). )

Hokazameavcmso. be3 OrpaHH4yeHust OOLLHOCTH MOXKHO CYHTaTb My =0,

k> 1. O6o3uaunm py(f) =Eeié, T, = \/% = g—:, s, (t) =Eei*St, or, () =
=EeitTs.
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Toraa
pr,(() =Eei =Ee' 0% = g, (1) = H%( ) ©)

H N7 loKa3aTesbcTBa (2) focTaTouHo (B cuily Teopembl 1 u3 § 3) ycTaHOBHTD,
yTO AN Kaxkporo £ € R

or,(t)—e 2, n—oo. (4)

Bo3bMeM HekoTopoe ¢ € R u GyneM cuuTaTh ero (HKCHPOBAHHLIM Ha Npo-
TSOKEHHH BCEro 0KasaTenbCTBa. B cuily pasJioxkeHuit

) 2
e‘y=l+iy+ﬁ2=l/—

Bolyl®

3
CnpaBeJIUBbIX IJ1s1 KAXXIOro u.eﬁcmme.nbnoro Yy ¢ 6,=0,(y), o =02(y) TaKku-
MH, uto |0 < 1, |62| < 1, HaxonuM, yTO

eV =1+iy— +

or(t) =Eei'% = S e dFy(x) = S (1+ztx+9'(") )dFk(x)+
—oo |xl>eD,,

+ S (l+ttx +02|tx| )dF x)=

|x|<eDy

2

2 2 3
—1+5 § adRw-5 § 2dR@+ % { GalePdFato)
|x|=>€Da |x|<eDn |x|<eDn

(31[er Mbl BOCMOJIb30BAJIMCb TaKXKe TeM, 4TO, CONIACHO MpeANoJioXKEeHH!IO,
oo

me=§ xdFe(x)=0).

—00

CaienoBatenbHo,

o d )=1- £2 { 2dF)+ i { 62dFn)+
Yoo b ,
Dn 2Da |¥|<eD, QD?' |¥|2eDn

lt12 3
*eop §  6GaledFix). (5)
x|<eDy

[Tockoabky

<3 § R2dRw),
|x|>€Dy

N

1% { 62dFuy)

|x|2>€Dn
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TO

N —

§ 622dF()=6 § x2dFu(x), (6)

|x|>eDa |x|=eDy

rae 6, =0,(¢, k, n) u |G| < 1/2.
TouHO TaK Xe

LS gpPdRm|<y § SRR § eDurtdFu),
6 G = e
|x|<eDy |x| <€Dy |x|<eD,
H, 3HAUHT,
1 -
5 § 6xPdFx)=6, § eDuxdFu(), )
|x|<eDa |x|<eDy

rae G =0a(t, k, n) u |62| < 1/6.
[Tonoxxum Tenepb

1 2 1 2
Am=57 § FdRe®.  Bu=pz; § sPdFl.

|x|<eDn |x1>€Dn
Torna B cuny (5)—(7)
t 24 5 5
or(go) =1 = 5 +120Bun + |tPeoAtn (=14 Cha). ()
3aMeTuM, yto
n
Z(Akn + Bkn) =1 (9)
k=1
H, coracHo ycJjosHio (1),
n
Z Bk,,—>0, n— o0. (10)
[oatomy mns noctaTouto GoJbLIHX 7
max |Ce| <22+t (11)
"
n
> ICkl < £2 +eltP. (12)
k=1

Bocnosbayemcs Tenepb TeM, 4TO 4151 KOMIJIEKCHBIX uHcedn Z ¢ |2]| < 1/2

In(14+2) =z +6)z%,



424 V1. 1ll. CXOOAUMOCTDb BEPOSTHOCTHbBIX MEP

rae 6=0(z) c |0] <! u In oGo3Hauaer eragroe 3nauenue Norapudpma (In z =
=In |2|+i arg 2, —w <arg 2 < 7). Torna pna A0CTaTOYHO GoOsbLUKX 1 U3 (8)
1 (11) cnenyer, uto A4 A0CTaTOUHO MaJbX € >0

t
In e (5-) =In(1 + Cin) = Cin + Otal Cunl?,

rae |6k,| < 1. CnenoBarensHo, U3 (3)

Lt <PT,,(f)——+Z Inoe(5-) = —+Z ck,,+z Okn|Cial-

Ho

+Z ck,,_—( ZA,,,,)H Zo.(t k, 1)Bjn +

k=1

+elt]? Z Bs(t, k, n)Agn,

k=1

H B cuay (9), (10) ans moboro § > 0 MOXKHO HalTH CTOJIb GOJbLLIOE Mg H TaKoe
e>0, uto an1s BCex n > ng

N)IO-:

+Z Crn| <

Hanee, B cuny (11) u (12)

n
Z okn lclm |2
k=1

[MostoMy 115 locTaTOuHO GOJIBLIKX 12 32 cyeT BbiGopa & >0 MOXKHO JOGHTbCH

TOro, 4TO
Z 0kn 'Ckn '

< 3% [Cil - Z |Cinl < (826 +€ltP) (£ + ]t ).
k=1

H, cJie/loBaTebHO,

t2
|5 +men|<s.

Takum o6pasom, a1s Jio6oro AeACTBHTENbHOTO ¢

or,()e"? =1, n—oo,

H, 3HAUHT,

or,(t)—e 2, nooo. O
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2. OcTaHOBHMCS Ha HEKOTOPBIX YACTHBIX CJyyasiX, B KOTOPbIX BbIMOJIHE-
Ho ycaosue Jlundebepea (1) W, cnefoBaTeNbHO, CpaBe//IHBa LEHTpaJbHas
npefelibHas TeopeMa.

a) IycTb BbIMosIHEHO ycaosue JIanyrosa: ansa Hekotoporo 6 >0

D2+6 Z E|é, — mp*t® -0, n—oo. (13)
k_
IMyctb € >0, Toraa

[e o)
Elee —mel**P = § |x - me[2*0 dFp(x) 2
—oo
> § |x — me|?*® dF,(x) > 8D § (x — mg)? dFe(x)
{x:|x—my|>eDn) {x:|x—my|>eD,}

H, 3HAUHT,

1 1 <
- Z S (x— mk)2 dFy(x) < ;‘—s- . DT+5 Z E'&k _mk'2+6.

" k=1 {x:|x—my|>eDp)} n k=1

CnenoBatenbHo, ycaosue Jlanywosa obecneunBaeT BLIMOJHEHHE YCA0BUA
Jlundebepea.

b) Iycts &, &2, ... — He3aBHCHMble 00UHAKOB0 pacnpedeseHHbie cly-
yaiinble BeHunHb ¢ m = E&; u aucnepcueit 0 < 02 = D¢ < co. Torna

Dz Z { |lx = m|? dF/e(x)=£§ § |x —m|? dF,(x) >0,

" k=1 {x:)x—m|>eD,} {x:|x—m|>e0?\/n}

NOCKOMbKY {x: |x — m| > e02y/n} | @, n — 00, a 62 =E|¢; — m|? < c0.

Takum o6pasoM, ycarosue Jlundebepea BLINOJHEHO H, CJIEIOBATEbHO, Te-
opema 3 u3 § 3 BbiTeKaeT U3 J0Ka3aHHON TeopeMbl 1.

c) Iycts &, &9, ... — He3aBUCHMBIE CIyyaiiHble BE&JIMUHHBI TaKHe, YTO s
Beex n>1

Ifnl <K<°°v

e K — HekoTopast noctosiiHas, u D, — 0o, n— oo.
Torna u3 nepasenctsa UeGbilesa

| — me|? dFp(x) = E[(& — me)? 1(|&x — | > €Da)] <

{x: |x—my|>eD,}

< (2K)?P{1&x — mi| > €D} < (2K)? ;’ Z7
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H, 3HAYHT,

1

D2
N p=1 {x:|x—my|>eDp}

2
Ix — m|2dFy(x) < & 2’22 0, n—oo.

CJ'lelloBaTeJleO, CHOBa BbIIOJIHEHO ycao8ue .ﬂundeéepea H, 3HAYHT, cipaBea~
JIHBa LieHTpaJibHas npeaejbHass TeopeMa.

3. 3ameuanmue 1. INycts T, = —SL_EEﬁ u Fr, (x)=P(T, < x). Torna yrsep-
n

JKIeHHe (2) o3HauaerT, uTo 1A BCAKOFO X € R
Fr,(x) > ®(x), n-—oco.

[Mockonbky dyHkuua ®(x) HempepbiBHA, TO HAa CAMOM fieJle CXOAUMOCTb 3/1eCh
pasrHomepras (3agaya 5 B § 1):

sup |Fr,(x) = 8(x)| -0, n—co. (14)
XER

B yacTHOCTH, OTCIOfA CAeAyeT, YTO
P(S, < 1} - (252 Es") 50, n—o.
n

OTo yTBepiKIEHHE YaCTO BbIPAXKAIOT CJIOBAMH, UTO MPH JOCTATOYHO GOJILILOM 71
BeJIHYHHA S, NPHMEPHO HOpPMaJIbHO pacnpeselieHa co cpeaHuM ES, u aucnep-
cueit D2=DS,.

3ameuanune 2. TTocKosbKy B COOTBETCTBHHM C MpeAbIAyLIHM 3aMeYaHHeM
cxoauMoctb Fr,(x) — ®(x), n— 0o, pagHoMepHa O X, TO ECTECTBEHHO foCTa-
BHTb BOMpOC 0 cKopocmu cxoauMocTd B (14). B ToM cayuae, Korzia BeJIMUHHBI
&1, €, ... Hesasucumvi, 00unaxoso pacnpedesens. u E|¢; |2 < 0o, oTeer Ha
3TOT Bonpoc faeTcs meopemoii (Hepasencmsom) beppu—3Icceena (§ 11):

El¢; —E&[°
sup |Fr, (9 — o9 < ¢ AL, (15)
rie C — yHHBepca/ibHas KOHCTaHTa, MOYHOe 3HaueHWe KOTOpOH 10 CHX Mnop
HeussecTHo. (B [90, ra. 5, § 4.3] ana 3Tolt KOHCTaHTbI MPHBOAATCH TaKHE

HepaBeHCTBa: —‘/12_— < C<0,7655.)

v
JHoka3areabctBo (15) naerca B § 11.
3ameuanue 3. [Npunaaum ycaosuro Jlundebepea HecKoJbKO HHYIO (M Aa-
e GoJiee KOMNAKTHYI0) hopMy, 0COOEHHO YAO6HYIO B Cllyuae «CXeMbl CepHil».
[ycts &, &2, ... — nocnenosaTe.anocrb He3aBHCHMBIX c.ny-xaﬁHb:x BeJH-

unh, my=E&, 0} =D&, D2= 2 02>0,n>21, 0= Dmk. C yueroM
n



§4. LEHTPAJIbHAS MPEAEJIbHASl TEOPEMA. | 427

51X 0603HauYeHu#H yciosde (1) npuHHMaer cielylolMA BHA:

n
(L) > ElE4/(&n] 2€)] =0, n—o0. (16)
k=1
Eetd Sp=&n+...+&m, 70 DS, =1 u TeopeMe | MOXHO NpHAATH TaKylo
dopMy: ecau goLnoaneno ycaosue (16), mo

Sa LN, ).

B TakoM BHI€ LIEHTpaJbHas npejesibHas TeopeMa ClpaBeljiiBa H 6e3 npen-

-m
MOJIOXKEHUSA O TOM, UYTO BEJIHYHHbI Enk HMEIOT CheuHaJibHylo Cl'.)OpMy -é-&b——k
n

HIMeHHO, HMeeT MeCTO CJieyloUuMil pe3yJ/ibTat, J0Ka3biBaeMblit 6YKBaJbHO TaK
Xe, Kak Teopema 1.
Teopema 2. [Tycmo npu kaxdom n 21

€nl, 6'!2’ ey &m

— n0CAe008aMERbHOCHIL HE3ABUCUMBLY CAYHAUHBX BEAUUUH MAKUX, YMO
E¢r=0uDS,=1,20e S, =& +... +&m.
Toz0a swnoarenue ycaosus Jlundebepea (16) docmamouno 0an cxo-
d
dumocmu S, —» A0, 1).
4. TlockosbKy

n
max E&2, <e2+z E[€2/(1€nel > 2)],

1<kgn pa

TO AICHO, 4TO U3 ycaosus Jlundebepea (16) BbiTekaeT, yto

2
max E¢;,—0, n—oo. 17
1<k<n &kn ’ ( )
[TpumeyatesnibHO, YTO NPU BBLIMOJIHEHHH STOTO YCJIOBHS H3 CNPABEIHBOCTH LieH-
TPasibHOH NpelesIbHOMN TeopeMbl aBTOMATHUECKH CJieflyeT BbIMOJHEHHE YCA08US
Jundebepea.
Teopema 3. [Tycmo npu kaxcdom n> 1

fnla €n2, ooy €nn

— n0CAe008aMeAbHOCTb HE3ABUCUMbLY CAYHAIHOLX BEAUYUH MAKUX, YMO
B e=0uDS,=1, 20e S, =E&n +...+&nn. [Tycmo svinosneno ycrosue (17).
Toz0a ycrosue Jlundebepea ssasemca Heo6xoO0umoiM 1 OOCMAMOUHBLM
048 cnpasedusocmu yenmpaibroii npedesbroii meopemol, Sy — A (0, 1).

IocrarouHocTb caienyet U3 TeopeMbl 2. [lns foKa3aTenbcTBa HEOGXOAHMO-
CTH HaM noHaflo6HTCA crenyioLas JeMMa (cp. ¢ Jemmoii 3 B § 3).
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Jlemma. [Tycmo € — cayuaiinan seauvuna c pyukyuel pacnpedesrerus
F=F(x), E€E=0, Dé=~>0. Toeda dsa kaxcdoeo a>0

( x*dFx)< ;—2 [Re f(vBa) — 1+ 3ya?], (18)

lx|>1/a

2de [(t) = Ee'*€ — xapaxmepucmuueckas gpynxyus €.
Hoxasameavcmso. Meem

Re f(t)— 1+ 5917 = 3912~ § [1-cos tx] dF(x) =

= % y2— § [1—-cos tx]dF(x)— § [1-cos tx]dF(x)>
|x|<l/a |x1=1/a
Siqt?—32 § PdF-20 § xdF()=
lx|<t/a Ix|=1/a

= (-l- 12~ 2a2) § x?dF(x).

2
lx|>1/a
onaras ¢ = v/6a, nosyyaem TpeGyeMoe HepaBeHcTBO (18). a

IepeiineM Tenepb K 10Ka3aTeNbCTBY HEOGXOAHMOCTH B TeopeMe 3.
Myctsb

Far(@)=Pléae <x},  [m(®)= Eeufnk’

E&e=0, D&w="rn>0, (19)

n
=1 max —0, n—>o0.
g 7nk 1) lSkSn 7’1’3 [}
IMyctb In 2 0603Hauaer erasH0e 3HaueHue NorapudMa KOMNJIEKCHOTO YHCa 2

(rre. Inz=In|z|+i arg 2z, —w < arg 2 < 7).
Torna

In [] Fne@® =" In fue(t) +2nim,

k=1 k=1
rae m=m(n, t) — HeKoTopoe LeJoe yucao. CienoBaTelbHO,

Reln J] fae(®=Re D In fu(t). (20)
k=1 k=1

[TocKosibKy

IT fretty 37,

k=1
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T0
“ 1,2
II fw®|—e2".
k=1
Tem caMbiM
Rein [T () =Reln II Fae(8)] = @1
k=1
Ipu |2| <1
1 22 23
n(l+z)=z——2-+§-—..., (22)
u npH |2| < %
[In(1 +2) — 2| < 2 (23)

B cuny (19) npu kaxgom ¢UKCHPOBAHHOM £, BceX AOCTAaTOYHO GOJIBLUIHX 71 H
Bcex k=1, 2, ..., n umeeM
l
| Far(t) = 1] < mt2 (24)

[Noatomy u3 (23), (24) noayuaem

n
<Y (= 1P<
k=1
¢t ¢t
<T maX e Em—; max m—0, 100,

D {1+ (far(®) = 1] = (Fae(t) = D)}

k=1

H, CJieloBaTebHO,

Re Zn: In fae(f) —Re z”:(fnk(f) - l)l -0, n—oo. | (25)
k=1 k=1
M3 (20), (21), (25) sbiTekaer, uto
Re kZ ()= )+ 4 223" [Re ful0 = 14} 23] =0, -0
= k=1
Tonaras ¢ = v/6a, naxoaum, uto npu Kaxaom a >0

3" [Re far(VBa) = 1 4+3a%1se] =0, 1 —c0. (26)
k=1
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Hakoneuw, u3 (18) ¢ a=1/¢ u (26) noayyaem

n

D Elal(arl 2] =) § *2dFu(x) <

k=1 k=1 |x|2e

n
<& ) [Re fu(V6a)— 1 +3a%y:4] -0, n—oo,

k=1
YTO W J0Ka3biBaeT BbIMoJIHEHHE ycaosusn Jlundebepea. ]
5. 3anauwu.
1. Tycts &), &2, ... — MOC/EN0BATEILHOCTb HE3ABHCHMBIX OAHHAKOBO pac-
NpefiefieHHbIX CJAYYaiHbIX BEJIHYHH C E§,2 < oo. INokasatb, yTo
max(@—', M) i»O, n— oo.
vn vn

2. Jlatb npsMoe [0Ka3aTebCTBO TOFO, uTo B cXeMe DepHyaaH BenanuuHa
1
sup |Fr, (x) — ®(x)| umeer nopsaaok —=, n— co.

x vn
3. Myetb Xy, Xo, ... — noclie1oBaTeNIbHOCTb NEPECTAHOBOYHBIX CJyYaiHbIX
BesIMuMH (cM. 3ajauy 4 K § 5. 1) ¢ EX; =0, EX?=1wn
cov(X;, X2) = cov(X3, X3). 27)

IIOKaSaTb, UYTO UMEEeT MeCTO LieHTpaJibHasa npeaejibHasa TeopeMa:

# S 6L, ©28)

i=1

O6patHo, ecin EX2 < co u BhinosHeHo (28), To BbinoJHeHo H (27).

4. Jlokaavras yenmpasvHas npedeasvran meopema. Iycts Xy, Xo, ... —
He3aBHCHMbIe OJHHAKOBO pacrpejelieHHble Caydaiiible BeanuuHbl ¢ EX; =0,
EX?=1. Iycts ux xapakrepuctnueckas dynkuus o(f) = Ee!™ takosa, uto

(o,

S |p(t)|" dt <oo mns Hekotoporo r > 1.
—0o0
TMokasatb, 4To NAOTHOCTH f,(X) pacnpesenenus BeposTHOCTeH BeauuuH S,/v/1
CYLIECTBYeT H

fa(x) = (2n)~" 20212 1 o0, paBHOMepHO Mo x € R.

Kak BbINISAHT COOTBETCTBYIOLMI Pe3y/ibTaT Uil pelleTyaThiX CJydaiHbiX
BEJIHYHH?

5. IMyctb X, X2, ... —He3aBHCHMbIE OJMHAKOBO pacnpesieJieHHble cyyaii-
Hble Bennuunbl ¢ EX; =0, EXZ=1. Mycts d?, d2, ... — HeoTpHUAaTeNbHbIE
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KOHCTAHTBI TakHe, uTo d, =0(D,), rae D? = Z dk [TokasaTb, uTo MocJiegoBa-
k=1
TeJbHOCTb B3BelLIEHHbIX BenHuuH dy X, doXo, ... YIOBJETBOPSAET LEHTpaJbHOM

npee/bHO# TeopeMe:
n
oo 2 deXe S0, 1),
k=1

6. IMyctb &), &2, ... — He3aBHCHMbIe OJHHAKOBO paclpefiefieHHble cJyyaii-
uble BeaHuHHbl ¢ E&) =0, E§f= 1. TIpeanosioxkKuM, 4TO (T,)n>1 — NOCHAENO-
BaTeJbHOCTb CJyyalHbIX BeJIMYHH, NPHHHMAIOLIMX 3HAYEHHS M3 MHOXKECTBa

{1,2, ...}, TaKas, yTo T,/n Lc, rie ¢ >0 — koncranra. [lokasaTh, 4To
Sa=&+...+&)
Law(r; '/2S,n)-—><1>

(r.e. 7 1/ 25,-,, -d—>§, rae £~ A(0, 1)). (OTMeTHM, UTO HE3aBHCHMOCTb MoOCJe-
DOBaTeNbHOCTeH (Tn)nx1 H (§n)a>1 He Npednoaraercs.)

7. Tyctb &), &2, ... — He3aBHCHMbIE OJMHAKOBO pacrpeesieHHble CJyuaii-
Hble BesunHbl ¢ E€; =0, E€? = 1. [lokasath, uto

Law(n"/2 max S )—-»Law(|§|), rae £~ A0, 1).

I\ \

HMHaue rosops, naa x >0

P{n—l/2 lgl”?én sm <X} — \/g;gt e—y2/2 dy (= —-l\/-_.2— erf(x))

Yxkaszanue: y6eiuTbcsi B CMpaBelHBOCTH CGOPMYJIHPOBAHHONO YTBEp-
XKIEHHA CHauyaja 115 CHMMETPHUYHbIX OepHYLIUe8CcKUX CAyyailHbX BeJH-
udH &), &, ... ¢ P{&;==1}=1/2 u 3aTem noKa3aTb, YyTO BHA MpelesbHO-
ro pacnpefefienusi GyAeT TeM e caMbiM ISl JilOGOHA MOC/€10BaTEbHOCTH
&1, &, ... ¢ onpeneneHHbiMH Bbilwe cBoficTBamu. (OTMeueHHasi He3zagucu-
MOCMb npedeavbro20 pacnpedeneHus OT YaCTHOTO BbIGOpa Moc/efoBaTeNb-
HocTH &), &9, ..., COCTOsILLEH H3 HE3aBHCHMbIX OJAMHAKOBO pacnpeleseHHbIX
cnyyaitHbix BennunH ¢ E€, =0, E€2 = |, HOCHT Ha3BaHHWe «MPHHLMN HHBAPH-
AHTHOCTH»; cp. ¢ § 7.)

8. B ycJsioBHusiX npeblaylilel 3aauu J0Ka3aTh, Y4TO

P{n="2 max |Sn|< }-—»H(x), x>0,
1<m<n
rie

® k 2 2
H(x)=j—r KtV exp{ —————‘2k+l,} }
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9. Iyctb Xj, X2, ... — NOC/A€10BATENbHOCTb HE3aBHCHMBIX CJIy4afiHbIX Be-
JIHYHH C
1
P{X,=xn,}=— 5 ﬁ, P{X,=0}=1- ~5 e 2a>0-1.

[Toka3sartb, uto ycsoBue JIuHae6epra BbINoJIHEHO, €CJIH U TOJIbKO ect 0 < B < 1.
10. IMycTb X), X2, ... — Moc/ie10BaTeIbHOCTb HE3ABUCHMbIX CJIydyaiiHbiX Be-
JIHUMH TaKHX, 4TO |X,| < C, (P-n.H.) u C,=0(D,), rae

n
D2=>" E(X¢— EXy)’>— 0.
k=1

IMokasatb, yTo

Sn—ESa

D —AH0,1), raeS,=X,+...+Xn.
n

11. IMyers X, Xo, ... — noC/€N0BATENLHOCTb HE3aBHCHMBIX CIyYafiHbIX Be-
Jauuul ¢ EX, =0, EX,? =a,2,. [MpeanosioXuM, yTo A1s HUX BBINOJHSETCS LieH-
TpajibHas NnpejesibHasd TeopeMa H

n
E (D,,_'/Q > Xi) — % NS HeKoToporo & > |
=

[Toka3aTb, YTO TOTAa BbINOJHEHO ycioBue Jlan,eGepra nopanka k, T.e.

3§ IxfdFix) =0}, e>0.

j=1 {lx|>¢€}

(O6biuHoe ycsoBHe JInnae6epra cooTBETCTBYET ciyyalo k =2; cM. (1).)
12. Myetb X =X(A\) u Y = Y(u) — He3aBUCHMBIE yacCOHOBCKHE CliyyaiHble
BeJIMUHHLI ¢ napamerpaMi A >0 u p > 0 cootBerctBenHo. [TokasaTb, uto

XQ) = A) — (¥(p) — )
VX + Y(p)

—A(0,1) npul— oo, u— oco.

13. Tlyctb npu Kaxaom n2>1 (X, o X (”),) asasercs (n+ 1)-MepHbIM
clyyaiiHbIM BEKTOpOM, paBHOMEPHO pacnpene.neHHbIM Ha eduHuuHol cdepe.
Joka3saTb cripaBeIMBOCTb credyiolleii «TeopeMbl [lyankape»:

X
hm P{\/-X,§'2,<x }= 12 S e~V dy,
—oo

a
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§ 5. LlenTpanbHas npeaeabHas Teopema
AJsi CyMM He3aBMCHMbIX CJy4YaHHbIX BeJHYHH.
Il. Heknaccuueckue ycaoBus

1. B § 4 6bu1o nokasaHo, uto ycaosue Jlundebepea (16) Bieuer Bbinos-
HeHHe YCJIOBHS

2
Qfgxn Eg”k - 0’
13 KOTOPOTO B CBOIO Ouepefib BbITEKaeT TaK Ha3blBaeMoe YCJIOBHe npedeabHol
npenebpezaemocmu (acumnmomu4ecKol Mar0cmu), CoCTOALLEE B TOM, YTO
s Besikoro € >0
max P{|&.|>€e}—0, n—co.
1<k<n

Takum 06pa3oM, MOXKHO cKa3aTb, uTo TeopeMbl 1 u 2 u3 § 4 matot ycno-
BHSI BbIMOJIHHMOCTH LEHTPaAJIbHOH Mpefe/bHON TeopeMbl 4151 CyMM He3aBHCH-
MbIX CJyyafiHbIX BeJIHUHH B NpeArnoJioXKeHHH npedeabroll npenebpeeaemo-
cmu. IlpenenbHble TeopeMbl, B KOTOPbIX Ha OTAeJbHbIE CJlaraeMble HaJlOXeHbl
YCJIOBHS MX MpefieibHO# NpeHe6peraeMocTH, NPHHATO Ha3blBaTb TEOPEMaMH B
«KJlacCHuecKo#l mocTaHoBke». HerpyaHo onHako npuBecTH NpuUMepbl HEBbi-
POXKIEHHbIX CJYYalHbIX BeJHUMH, LI KOTOPbIX He BBIMOJHEHO HH ycaosue
Jlundebepea, vy ycaosue npedervroli npenebpecaemocmu, Ho TeEM He MeHee
LleHTpa/ibHas MNpeflesibHas TeopeMa crpaBeliuBa. BoT npocreiiuit npumep.

Iycts &4, €2, ... —NoCJe0BaTENbHOCTL HE3aBUCHMBIX HOPMaJIbHO pacrpe-
JeNIeHHbIX CayyaitibiX Benuunt ¢ E€, =0, D& =1, D&, =2%2, k> 2. [Tonoxum
Sn=E&u+...+&mnc

£k

§nk=—i-é\/r—°—&-.

Hetpynno nposeputsb, uto 31ech He BbinosHeHo HH ycaosue Jlundebepea, Hu
ycaosue npedesvroili npenebpeeaemocmu, XoTa CNpaBeTHBOCTD LEHTPaJb-
HO# npejiesibHOM TeOpeMbl OYEBHAHA, NOCKOMLKY S, pacrnpefe/ieHbl HOPMaJbHO
cES,=0,DS,=1.

INpuBoaumas nanee TeopeMa | paet mocratouHoe (H HeOGXOLMMOE) ycJio-
BHe CMpaBe/IMBOCTH LIEHTPaJibHOH Npeje/ibHOR TeopeMbl 6€3 MpeanoioXKeHHs
«KJ1aCCHYeCKOro» YCJIOBHA MpejieibHON npeHeGperaeMocTd. B 3ToM cMbicae
dopmynupyemoe HHXKe ycaoBHe (A) ABARETCA MPUMEPOM «HEKJAACCHUYECKHX»
YCJIOBHi, 4TO ¥ OTpaXkeHO B 3aroJioBKe HacTosilliero naparpaca.

2. Bynem npeanoJsiaraTb, YTo /151 Kaxaoro n > | 3ajaHa nocsiefosarelib-
HOCTb («CxXeMa cepHii») He3aBHCHMBIX CJYYailHbIX BEJIUYHH

gnl, §n2v seey €rm
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n
¢ E& =0, D& =02,>0, kZl 02, =1.Tlyctb Sp=&n +... + &, Far(x)=

=P{m < x}, B(x) = (2m)~"2 S e=v"2dy, «pnk(x>=<1>(ai,,).

Teopema 1. s moeo umobet

Sa 5N, 1), (1
docmamouHno (U Heobxo0umo) suinoanenue 041 Kaxdoeo € >0 ycarosun
n
(A) S lFu(®) - Barx)|dx —0, n—oo. )
k=1 |x|>e

Caenyrollias TeopeMa NposiCHAET CBA3b MeXIy ycsoBHeM (A) U KiaccHye-
CKHM ycaosuen Jlundebepea

(L) > § PdFu(x -0, n—co. &)
k=1 |x]>e

Teopema 2. 1. Ycaosue Jlundebepea obecneuusaem goinoanerue ycao-
sus (A):

L = @)
2. Ecau max E¢2,— 0, n— 00, mo ycaosue (A) obecnewusaem soinoa-
RN
Henue ycaosus Jlunodebepea (L):
Q) = @L).

Hokaszameavbcmso meopemsi 1. Jloka3aTenbcTBO HEOGXOAMMOCTH YCJIO-
Bus (A) noBoJabHO cioxHo ([88], [91], [96]). [TpuBeneM 3mech nuUIb foKa3a-
TEbCTBO €r0 JOCTaTQUHOCTH.

[lyctb

fae(t) =Eei*&*  f.(t)=Ee'S,

o) = § e dOu(x), )= § ™ dow).

—00

U3 § 12 ra. 1 caenyer, uto
_ 202 12
omt)=e" T, o(t)=e" 7.

d
CornacHo ciefctBHio K TeopeMe | u3 § 3, S, — A4(0, 1) Torza u ToabKo Toraa,
Korfa fn(f) — (), n — oo, IS BCAKOro AeiCTBHUTENbLHOTO £.
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Hmeem

fat) —o(t) = 1'[ Fa () — II Pt (8).

=1 k=1

TMockoabky |fae(8)| < 1, l@nr(f)] < 1, TO

|fa(®) =)=

-y

k=1

1'[ Fre(£) = H Pne(t) <Z |t (8) = Qe ()] =
k=1 k=1 k=1
S & d(F ok~ Drt) E °S° (e ttx+—) d(Far—ne)|, (4)
ri€ Mbl BOCMOJIb30BaJIHCh TEM, qk'ro‘ aa k=1,2
S x®dF, = OSO x*¥d®,,

IMpumenss dopMmysly HHTerpHpoBaHHUA Mo yacTaM (Teopema {1 B § 6 ru. II)
K MHTerpaiam

b
{ (e ( it _ ity 4! ) d(Fap — ®up),

a

nosyyaeM (C y4eToM Toro, 4To x2[1 — Fpp(x) + Far(—x)] = 0, x2[1 — ®pp(x) +
+ ®pp(—x)] =0, x — 00)

OSO (e“" —itx + £22x—2) d(Fap — Pur) =

—00

=—it ogo(e“x- 1 = itx)(Far(x) — Pur(x)) dx. (5)

—00

H3 (4) u (5) umeeM

|Fa(t) —

LI

£ 5 (O 1 = i) (Funr) — D) dr| <

k=1 -—00
<|'t|‘3€i § 1%l 1Fae(x) = ne(0) dx +
] nk nk
k=1 |x|<e
+2025° § xl |Far(0) — Ba(®)] dx <
k=1 |x|>e

n

<eltP Y- 0% +22 > Ix|1Fuk(x) — Pue(x)| dx,  (6)

k=1 k=1 |x|>¢
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npn 3TOM Mbl BOCIOJIb30BAaJUCh HepaBeHCTBOM
C 1xl1Fue(x) — @elx)] dx < 202, @
|x|<e

CNpaBe[/IMBOCTb KOTOPOTO JIETKO YCTaHOBHTb, Omupasicb Ha cdopmyay (71)
13 § 6 ra. 11
M3 (6) B cuny npoussosbHocTH €>0 u ycioBus (A) chaenyer, uto
fa(t) = o(t), n— c0. a
Hoxasameavbcmso meopemor 2. 1. Cornacto § 4, ycaosue Jlundebep-
n

2a (L) Breuer ycnosse max 02, —0. TToatoMy, yuntsiBasi, uto Y. 02, =1,
= \n

k=1
noayyaem
n
> § Pddu)< § 22d®(x) -0, n—ooco. (8)
k=1 |x|>e lxI>¢/\/ max o7,
Bmecre ¢ ycaosueM (L) 3To aaet, uto mis Beskoro € >0
n
S § 2?d[Fae(®) + Bar(x)] =0, n—o0. 9)

k=1 |x|>e

3adukcupyem € > 0. Toraa Haiinercs Takas HenpepbiBHO Ax(depeHLHpye-
Masi ueTHasi GyHKUMA h = h(x), uto |A(x)| < x2, |A'(x)| < 4|x],

x%, |x|>2e,
h(")‘{o, ] <e.
Ins takoit pyHkuud £(x) B cuay (9)
n
> § hwdlFu®+2u®] -0, n—oo. (10)
k=1 |x|>e

C nomollpio HHTErpHpoBaHHA no yacTam U3 (10) Haxoaum:

> § @I =Fr@)+ (1= Sue(x)]dx =) § £(x) d[Fue+ Bne] -0,
k=1 x2¢€ k=1 X2€
Yo § FONFw®+0um)]dx=)" § h(x)d[Fu+Bu] 0.
k=1 X<—¢ k=1 X<—¢

[Mockonbky h'(x) =2x npu |x| > 2¢, To
n

ST WlIFw() — wx)]dx =0, n—co.

k=1 |x|>2¢
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Takum o6pasoM, B cusly npousBobHocTH € >0, (L) = (A).
2. B cuay ycnosus max 02,—0 u (8) w1a BBeseHHO! Bbille BYHKUUH
SR

h = h(x) nonyuyaem, uto

f: § h(x)d@,,,,(x)gf_j § $2dPu(x)-0, n—oo. (11

k=1 |X|>€ k=1 |X|>€

11a.nee, C YU€TOM HHTErpHpoBaHHs MO 4acCTdAM, HaXOoAHM:

Y § rwdiFa—2ml|<

k=1 |x|>e

IS § r@dl( = Fa) = (1= )| + (Y. § ) d[Fue — Buel| <
k=1 x2¢ k=1 x<—¢

< § WO =Fu) = (1= @) dx+Y § 1A ()] |Fae — Bl dx <
k=1 x2¢€ k=1 X<—¢

<4 § [xl1Fu() ~ Bae(n)dx. (12)
k=1 |x|>e

H3 (11) u (12) cnenyer, uto

n

> x2dF,,k(x)<2n: § hx)dFur(x) >0, n—oo,

k=1 |x|>2¢ k=1 |x|2e€
T. €. BbINOJIHEHO ycaosue Jlundebepea (L). a
3. 3apaum.

1. lokasatb crnipaBe1HBOCTb (opMydibl (5).
2. IpoBepuThb cnpaBenMBoCTb cooTHoleHHuit (10), (12).
3. IMyetb N = (N¢)¢>0 — npouecc BOCCTAHOBJEHHS, BBEAEHHbIR B 1. 4 § 9

[e o]

m Il (Ne= 3 I(Te<t), Ta=01+...+0n, Ile 0}, 02, ... — NOCJE0BATENb-
n=1

HOCTb He3aBHCHMBIX OJMHAKOBO paclpee/IeHHbIX MOJIOXKHTEJIbHBIX CJydaiiHbIX

BestyuH). [peanonaras, uto u=Eo; <00, 0 < Do) < 00, A0Ka3aTh crpaBea-
JIHBOCTb LEHTPaJibHOH NpelesibHON TeopeMbl:

Ng - tu—l

\/tu—gDal
rae A(0, 1) — cTanpapTHo pacnpesieieHHasi HopMaJibHas cJydaiiHas BeJHUHHA
C HYJIEBbIM CPEJIHHM H €IHHHYHOH AHCnepcHe.

4L 40, 1),
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§ 6. Be3rpaHuuHo peauMMble U YCTOHYHBDIE
pacnpejaeyeHus

B § 3 otMeuanoch, yto st popMyaHpoBaHus Teopembl [lyaccoHa npu-
XoAuTCcA npuberatb K pacCMOTPEHHIO TaK Ha3blBaeMO# cxembl cepuil, CuuTas,
YTO MpH KaXKAoM 71 > | 3alaHa nocJjieoBaTe/bHOCTb HE3aBUCHMBIX CJIyYaiHbIX
BesHuHH (§,4), 1 S kK.

IMosoxkum

Tn=€n’|+..n+€n'n, n}l. (])

IMonsTtre 6esepanuyuno deaumoeo pacnpedeseHus BO3HHKAET B CBSI3H CO
CcJIeflyloLLHM BOTIPOCOM: KakK 0XapaKTepH30BaTh BCe Te pacnpesieNieHHs, KOTOopbie
MOTYT BBICTYNaTb B KauecTBe npedeibHbix IS NOC/EN0BaTeJILHOCTH pacrnpe-
JleJIeHH# CalyyaiiHbIX BeJMuuH T, n > 1?

Boo6uie roBops, npx Tako# obuiell MocTaHoBKe BOMpoca npejenbHoe pac-
npejeneHHe MoxeT ObITb NPOH3BOJbHBIM. JleficTBHTENbHO, ecsin € — HeKoTopast
cayyafinas BenuHHa H &, =&, &, =0, 1 <k <n, 10 T, =& 4, ciefioBaTeNbHO,
npefie/bHOE pacrpelesieHHe COBMafaeT ¢ pacrnpeneneHneM £, KOTOPOe MOXKeET
6bITb B3ATO MPOH3BOJILHLIM.

Uto6bl caenath 3ajauy o MpefieibHbIX pacnpefesieHHaX GoJiee copepxa-
TesIbHO#H, GyleM Bciofy B 3TOM Maparpacde npeanoJiaratb, 4TO MpPH KaXKIOM
n 21 Benuuunbl &,, ..., £, HE TOJbKO HE3aBHCHMBI, HO H 00UHAKOBO pac-
npejieJieHbl.

HanoMHHM, 4TO HMEHHO TaKas CHTyaLus uMesa MecTo B TeopeMe [lyaccoHa
(teopema 4 u3 § 3). K 37T0fi cxeme OTHOCHTCA H LeHTpajibHas MpejesbHast
TeopeMa (Teopema 3 u3 § 3) aas cyMmm S, =&, +...+&,, n > |, HE3aBUCHMBIX
H OJMHAKOBO pacnpefiesleHHbIX cayyaliHbIX BeanuuH &, &, ... B camom nene,
€CJ/IH MOJIOKHTD

bn=255%  p2-Ds,,
n

TO TOorAa

Z énk— Esn

TakuM o6pa3oM, HopMaJibHOE H NMyaCCOHOBCKOE pacrpeesieHHst MOTYT Bbi-

CTynaTh B KauyecTBe MpejesibHbIX B cXeMe cepHil. Ecau T, 4 T, TO HHTYHTHBHO
TMOHATHO, YTO, MOCKOJIbKY T, €CTb CyMMa He3aBHCHMbIX OAHHAKOBO pacripe-
JeNeHHbIX CJy4yaiiHbIX BeJIHUHH, TO MpejelibHas BesHyuHa T AoJKHa GbiTb B
TaKOM-TO CMbICJIe TaKXe CYMMOH He3aBHCHMbIX OAHHAKOBO pacrnpefesleHHbIX
cayyaiiHbix BesuuuH. MiMes 3To B BHAY, BBeeM Takoe omnpejesieHHe.
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Onpepenenne 1. CayuaiiHas BeuynHa T (a Takke ee QyHKuus pac-
npeenenns Fr u ee xapakTepucTHuecKas QYHKUMA ©1) Ha3biBaeTCs 6e3epa-
HU4HO O0eaumoli, ecii A8 KaXaoro n > 1 Ha BePOSATHOCTHOM NpPOCTpaHCTBe
(Q2, #, P) MOXHO HailTH TaKHe He3aBHUCHMbIE OJIHHAKOBO pacnpe/ie/leHHble CJ1y-

yaiiHble BEJIHYHHDL 7y, ..., N, UYTO *) T ém + ...+ 7y (47K, YTO TO XKe CaMoe,
Fr="Fp *...xFy,, san o1 = (¢y,)").

3ameuanue 1. Ecau HcXolHOe BepOATHOCTHOE MPOCTPAHCTBO, Ha KOTOPOM
3a/aHa cJayyaiiHas BeqHuHHa T, JOCTaTOYHO «GeAHOE», TO MOXKET CJYYHTb-
cq, uTo QyHKUMA pacrnpefiefieHuss Fr W ee XapaKTepHcTHUecKas (yHKUHS @7
donyckaom npu mo6om n > 1 npexcrasnenus Fr=F® x.. « F™ (n pas)
n or =™" ¢ HekoTOpbIMH (yHKUHAMH pacnipefenenns F®) u ux xapakte-
pHCTHUECKHMH (yHKUHAMH @), XOTs, B To e caMoe BpeMmsi, MpeACTaBie-

nue T im +...+nn Heso3moxcHO. K. ly6y npHHaLNEXKHUT Kak pa3 npumep
(cm. [103]) «6eaHoro» BepoOATHOCTHOrO MPOCTPAHCTBA, HAa KOTOPOM ONpefelieHa
cayyaiiHast BeauyHHa T, uMelollas pacnpezenenue [Tyaccona c mapametpoM
A=1 (koTopoe siBNsieTcs Ge3arpaHuuHo AenuMbiM: Fr=F® x x F™ ¢ dyHk-
uusMH pacnpesenienus F® | oTBeyalolWMMH MyacCOHOBCKOMY pacnpeieieHHtIo ¢
napameTpoM A= 1/n), Ho OTCYTCTBYIOT CJiyyailHble BEJIHUMHBI 7)) H )2, HMeIOLLHE
pacnipenenenue NyaccoHa ¢ napamerpom A=1/2.

HMes B BHIY CKa3aHHoe, NoAuYepPKHEM, YTO JaHHOE Bbillle onpesenetue 1, B
CYLUHOCTH, HefiBHO MPEANoJaraer, YTo HCXoAHOe BEPOATHOCTHOE MPOCTPAHCTBO
(2, &, P) yxe nocratouHo «60raTo», HacToJIbKO, UToGb! H3GexKaTh 3 deKToB,
otMedeHHbIX k. lly6om (3agaua 11).

Teopema 1. Cayuaiinas seaununa T moxem 6oumo npedesom no pac-

n
npedenenuto cymm T, =3 E,; 8 mom u moavko mom cayuae, koeda T
i=1
besepanuuno deruna.
Hoxazameavcmso. Ecniu T GearpannuHO Aennma, To Asi Kaxzaoro 73 1

CYyLIeCTBYIOT He3aBHCHMble OJMHAKOBO pacnpeieieHHble CJyyaiiHble BeNHUHHBI
d d
€nty ..., Enn Takke, uto T =&, +...+&.k, @ 370 M O3HauaeT, 40 T =T, n > 1.
d
O6partHo, nycts T, — T. Tokaxem, uto Torza T 6e3rpaHHyHO AeNHMa, T. €.
Ans moGoro k HafifyTcst He3aBHCHMbIE OIHHAKOBO pacrnpefiesieHHble CyyaiiHble
d
BEJIHUHHBL 7y, ..., 7, TaKHe, YTO T =0 + ... + . nk
3atRanupyeM HeKoTopoe k> | W mpeacTaBuM BeauuHHY Tpp=> &npi B
Bute (i) + ...+ (P, rae =l

W =t + .o Eabns s P =Enpne—tyrt + ...+ Entnt.
\

*) 3anuce f:‘!zn 03HauaeT, uTo CJyyaiHbie BeHYHHB §& H 1) COBNARAIOT (KOHTPYIHTHBI) nO
Pacnpederenuro, t.e. Fe(x)=Fy(x), x €R, rae F¢(x) n Fy(x) — dyukunn pacnpenenennus € u 7.
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d .

IMockoabky Ty — T, n— 00, TO Noc/e0BaTebHOCTL (PYHKLMI pacrpenene-
HHf, COOTBETCTBYIOLUMX CJly4aiiHbIM BeJIHUHHAM Tpp, 112> |, OTHOCHTENIBHO KOM-
nakTHa H, 3HauuT, no TeopeMe [IpoxopoBa niomna (§ 2). Hanee,

PV > 21 =P{CV > 2, ..., B > 2} S P{Te > k2}

[P{C) < —2F =P < -2, ..., (W < —2} S P{Toe < —k2}.

M3 3Tux AByX HepaBeHCTB H NJIOTHOCTH ceMeiicTBa pacnpefiefeHuit 1ns Ty,
n > 1, BbITeKaeT MJIOTHOCTb CeMeACTBa pacnpeesieHHi st (,(,'), n> 1. [Tostomy
HaiiIyTcs noanocJenoBaTeNbHOCTD {1;} C {n} U cayuaiinblit BeKTOp (71, ..., T1),
KOTOpblil 6e3 orpaHHYeHHs OGLIHOCTH MOXKHO CUHTaTb OMpefleieHHbIM Ha HC-
XOIHOM («60raToM») BepOSTHOCTHOM MPOCTPAHCTBE, TaKHe, YTO

1 k) @ )
€Dy NS s - ),
WJIH 3KBHBAJIEHTHO, YUTO IS JIOOLIX Aj, ..., Ap €R
Eoi MG +-+MGD) | E L ium e

B cusly He3aBHCHMOCTH BeJIHUHH C,‘,:), ceey ,(,'I.')

Ee MG+t M) NGy | MG Egiim | Eeim,
3Hauwr,
Eelimttdm) = EgiMm  Eoidem

M B cHay TeopeMbl 4 u3 § 12 rai. Il Besmumnbl 7, ..., 7p He3aBHCHMBI. SICHO
TaKXKe, YTO OHH HMEIOT OZHO H TO XKe pacrhpeesieHHe.
Hanee,

Tae=C0 4+ L+t
K Tomy Xe Tp;p 4. IMoatomy (3anaua 1)

TEn0 +... 41 O

3ameuanue 2. YTBepxKIeHHe TeopeMbl OCTAeTCs B CHJE, €C/IH PacCMOT-
peHHoe B Hauajie maparpada YC/OBHE, YTO MPH KaxioM n>1 BenuuuHbl
&nls ---» Enn OOUHAKOBO pacnpedenetol, 3aMeHUTb Ha YCJIOBHE HX ACUMNMO-
muueckoi marocmu max P{|&qe| =€} —0.
1<k<n

2. Tlpu npoBepke Toro, ABAseTCA M JaHHaa cayyaiiHas Bequnna T Ges-
rPaHHYHO JJMMOIi, Mpollle BCEro HCXOAMTb H3 BHJA ee XapaKTePHCTHUECKOH
¢dynkumnu ©(f). Ecan ana mo6oro n > | MoXKHO HallTH TakHe XapaKTepHCTHYe-
cKue PYHKUHH @, (f), uTo (f) = [pn(t)]?, TO T GesrpaHuuHo AeaHMa.
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B rayccoBcKoM ciiyyae

202

p(ty=eme” 2,

W, roJiaras

Ry

IQ

go,,(t)=e“% e .

cpa3y Haxoaum, 4To @(t) = [pa(t)]".
B nyaccoHOBCKOM cJiyuae

o(t)= eA(e”—l)
W €CJIH MOJIOXKHTb p,(f) =en a€'-n , 70 o(f) = [pa(®)]".
Ecau cayuaiinas senuuuna T umeer [-pacnpefenienne ¢ MIOTHOCTbIO
xa——le—x/ﬂ
> *¥20,
fx)=4 T(@B* z
0, x <0,

10 (Taba. 5, § 12 ra. II) ee xapamepncmqecxaﬂ (yHKUHS paBHa

o) = =i

CaenoBatensHo, ¢(f) = [@a(2)]*, rae

N= 1
eall)=Tignam

H, 3HauuT, T Ge3rpaHuuHO AenuMa.
[NpuBeneM Ge3 noKasaTesbCTBa ClielylolHi pe3yabTaT 06 oblieM BHAe Xa-
pakTepucTHUecKOH (YHKLUMH Ge3rpaHHYHO A€NHMBbIX pacnpeleneHui.
Teopema 2 (npencrasachue Koamoroposa—JleBu—Xunuuna). Cay-
wainan seaununa T asisemca 6e3epanuuno Oeaumoll moeda u moav-
Ko moeda, koz0a ee xapakmepucmuueckas (ynkyus p(t) umeem suo

P(t)y=exp ¥(t) c

; 2
wy=its- £ + S (¢ -1-5) Eraw,. @

20e BER, 02>0 u A — Hexomopas koHeunas mepa Ha (R, B(R)) c M{0}=0.
3. Myctb &, &, ... — NOCEA0BATENBHOCTb HE3ABHCHMbIX OAHHAKOBO pac-

NpefieleHHbIX CAyYaiHbIX BEeNMUHH H S, =& + ... +&,. Tlpeanonoxum, uto

CYLUECTBYIOT TaKHe KOHCTaHThl b,, @, > 0 H ciydaiiHas BeanuuHa T, yto

Sna— bn _1) T (3)
n
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CnpalunBaeTcs, KaK 0XapaKTepH30BaTh BCe pacnpesieleHHs (CaAyYailHbIX BeJH-
unH T'), KOTopble MOTYT BO3HHKAaTb B BHJle MpejeJbHbIX pacnpejeneHuii B (3)?
Ecnu HesaBHcHMble OIHHAKOBO pacripefesieHHble CJyyaiiHble BeJHYHHbI
&1, &, ... TakoBhl, yto 0 < 02 =DE| < 00, T0, Nosiaras b, =nE¢; u a, =o+/n,
cornacHo § 4, HaxoauM, uto T UMeeT HopMaJibHoe pacnpenenenue A4 (0, 1).

9
Ecau f(X) = m

0>0) u &, &, ... — He3aBHCHMblE CJiyyaiiHble BeJIHYMHbI C MJIOTHOCTbIO f(X),
TO XapakTepucTHueckas GyHKuus g (f) pasHa eIl u, snaunr, Ps,/n(t) =

— MJIOTHOCTb pacnpenenenns Kowmw (¢ napamerpom

= (e'%" )1 = =01l 1. e. Benmumna S,/n Takxke uMeeT pacnperenehne Kowmu
(c Tem XKe caMbiM napameTpoM 8).

TakuM 06pa3oM, B KauecTBe MpeleibHbIX pacnpeiesieHHii, TOMHMO HOp-
MaJIbHOTO, MOTYT MOSAIBJAATLCS M ApyrHe pacnpeneiieHHs (KaK, HanpuMep, pac-
npenenetnue Kotun). .

n

—, 1 £k < n, To HailgeM, yTO
nan

Ecan nonoxutb & = s_k -
n

Su—bn _w
= Z bnr (=Tp).

k=1

Taxum o6pasoM, Bce MbICJHMbIe pacripesenens as T, KOTOpble MOTYT MOsB-
JATHCA B KauecTBe NMpeeibHbiX B (3), 0643aTe/IbHO SABASIOTCS (B COOTBETCTBHH

c Teopemoii 1) GearpaHHuHO AeauMbIMH. OHaKo creuxdHKa pacCMaTpHBaEMbIX

—"a_—” JlaeT BO3MOXKHOCTb MOJIYYHTb JONOJNHHUTEbHYI0 HHGOP-
n

MAaLIHIO O CTPYKTYpe BO3HHKAIOLUX 3/€Cb MpefelibHbIX paclipefeeHH.

C 37011 Uenblo BBEAEM (C yueToM 3ameuaHus 1) Takoe

Onpenenenne 2. Cayuaiinas BenwunHa T (a TakKe ee yHKUHS pacnpese-
Jenns F(x) u xapakrepuctHyeckast QyHKuus ©(f)) Ha3bIBaeTCs YCmoduusoi,
ecau 14 Jao6oro n > | HalloyTcs Takue KoHCTaHTHI a, >0, b, ¥ TakHe He3a-

BeJIMYHH T, =

BHCHMble CJyyaiiHble BeJIHUHHbI &), ..., &,, pacnpeneneHHble Kak T, 4To
AT +ba 261 +...+ &, 4)
WJIH, YTO TO XKe CaMoe, F(x a_,,bn) =F x...%F(x), unn
[p()]" = [p(aat))e™". (5)
Teopema 3. Cayuaiinan seaununa T moxwcem 6oumo npedeiom no pac-

. Sa—b
npeoeseHuI0 CAYHALiHbLX BEAUHUH —

2 a,>0, moeda u moavko moeda,
n
koeda T asasemcs ycmouuusoil.
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Jloxasameavcmgo. Ecau T ycroftuusa, To, coraiacHo (4),
d Sp—b
T £ n n ,

Qn

Sn—0b
rae Sp =& + ...+ &g, H, cefoBaTelbHO, ”a—” 47,
n

O6partHo, mycTb &), &2, ... — MOC/EJOBATEJIbHOCTL HE3aBHCHMbIX OfHHA-
Sn—bn d
KOBO pacnpesieleHHbIX CayYaiiHbIX BeJMuHH, Sp =& +...+ &, H % —T,

a, > 0. Tokaxem, uto T spaserca ycTo#unBo# cayyaiiHo BETHUHMHON.

Ecnu T — BbipoXKAeHHAs CayyaiHasa BeJIHYHHA, TO OHA, OYEBHHO, YCTOHYH-
Ba. Bynem nostomy npeanosarath, uto T siBAsieTCst HEBBIPOXKAEHHOM Cy4aliHOM
BEJHYHHOM.

3acukcupyeM k£ > 1 0 0603HaunM

SO =g +...+&, ... S =Ep_tyat1 +... + Ekn,
I k
=S =bn pe_ S2=be
n n y y n an .
SicHo, uTo Mo pacnpeseetnio Bee Beanunnsl TAY, ..., T cosnanaior u

TOLT nooo, i=1,..., k

O6o3Hauum
UR =T . +TH,

Toma TaK XKe, KakK H NpH 10Ka3aTeJIbCTBE TEOPEMbI ], noJjiyyaem, 4to
UPLTO 4 4 T®

rie T, 1 <i <k, nesasucumpi n TM L LT LT
C apyroit cTopoHbi,

U® = §1+...+&n—kbn _

Qan
.. -b by, — kb
— %n (£| +otEen kn) + 2RO _ By, + 6B (6)
Qan Qpn an
e
® _ %% k) _ Dkn—kbn
Cn an’ ﬁn Qan
H

Vo = §1tee+&n—ben
kn = 2 .
kn
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H3 (6) scHo, uto

U~ "
kn = —Z(T)_ ’
n

re Vi ST, UP LTWO 4 4 T® 00,
M3 npHBOAMMOi HHXKe JIeMMbl CJleflyeT, YTO HaimyTcsi TakMe KOHCTaHThI
a®>0u B® uyro o —a® P AW 1 oo, u

rd TO 4. 470 _ gk
- a® ’

YTO M JIOKa3biBaeT YCTOHYUBOCTb CJyuyaiHOM BeJMUHHbLI T . ]

d
Jlemma. [Tycmo &, — € u cywjecmsyrom makue KoHcmanmor a, >0 u
bn, umo

d -
pbn+ b, — &,
npuuenm cayuaiinoe seiuuunol & u & He soipoxcdenol. Toeda Halidymes
maxue koucmarnmot a>0 u b, umo lim a,=a, lim b,=b u
zd
E=af+b.

Hoxaszameaocmeo. Tlyctb @n, p ¥ @ — XapakTepuCTHUECKHE (YHKUHH
&n, & u & cootBeTcTBeHHO. Torla @g,¢,+5,(f), XapakrepucTHueckas QyHKUHS
an€y + bn, paBHa eitbr o, (ayt), 4, COTIACHO CAENCTBHIO K Teopeme 1 u 3anave 3
us3 § 3,

eitbr n(@ny) — ¢(2), )
on(t) = (1) ®

PaBHOMEPHO Ha KaXIOM KOHEYHOM HHTepBaJie H3MeHeHHs f.

Myctb {n;} — noanocnenoBartenbHocTh {n} Takas, uTo @, — a. [Tokaxem
npexue Bcero, 4to a < co. I1peanosioxum, yto a =o0. B cuay (7) ansa mo6oro
c>0

sup [lpn(ant)] — 10| »0,  n— oo
Itl<e
fo
BosbMem BuecTo ¢ BenmunHy £, = —. Toria NOCKOMLKY @y, — 00, TO
n;
)=l ()
Pn; (ﬂm an, %7} an,

lon, (£0)] = |@(0)| = 1.

—0

H, 3HAYHT,
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Ho |, (f0)| — | (t0)]. TToTomy |o(20)| =1 nns moGoro fo € R, H, cnenoparelb-
Ho, corsiacHo Teopeme 5 u3 § 12 ra. I, cayyaitnas BennunHa JoJKHa GbiTh
BbIPOXK/IEHA, YTO MPOTHBOPEUHT MPEANOJIONKEHHIO JIEMMbI.

Urak, a < co. [Npeanonioxum Tenepb, YTo CYLIECTBYIOT [1Be NOANOC/IE10BA~
teabHOCTH {n;} 4 {n}} Takue, uto @, — a, an! —a’', rie a#a’ v 1na onpeze-
nenHocTH 0 a’ < a. Torza u3 (7) u (8)

lon; (@n )] = lp@t)],  |on (ant)|— |5(2)]

I‘Pn;(an{t)l‘_' le(@’t)l, I‘Pn,f((an,ftn — |@()].
CaefoBaTellbHO,
le(ad)] = @'y,

W, 3HAYHT, 11s Joboro t € R

le()|= |¢(%’t) | =.= |<p((-2—l)nt)|_-> , n-—oo.

MMoastoMmy |p(¢)]=1 u, cornacHo Teopeme 5 u3 § 12 rai. II, orciona BhiTeka-
et, uto £ — 8bLPOICOenHan chyyaiiHas BeswunHa. [losydeHHoe npoTHBOpeune
NoKa3biBaeT, 4To @ =a’ H, 3HauMT, CyLIeCTByeT KoHeuHblii npenen lim a, =a,
npxuem a > 0.

MokaxeM Tenepb, uTo cyuiecTByer npesed lim b, =b u a > 0. ITockoabky
(8) BbIMONIHEHO paBHOMEPHO Ha KaXIOM KOHEYHOM HHTepBaje, TO

¢n(@nt) — p(at),
H, 3HauuT, B cuay (7) cymectsyeT lim e® nna Bcex Tex f, mns KoTOpbIX
n—o0

(at)#0. Tlyetb 6 >0 Takoso, uto Ans Beex |t| <68 p(at)#0. Torna nns
Takux ¢ cyuiectsyer lim ei®, Orciona MoxHo BbiBecTH (3azaua 9), uTo TorAA
lim |b,| < co.
IMycTb cyuwiecTByloT ABe noamocJesnoBatenbHoctd {n;} u {n}} Takue, uto
lim by, =b w lim by = b'. Torna mns |¢]| <8
ith — pitt’
H, chepoBaTenbHo, b = b’. HUTak, cyllecTByeT KoHeuHbi#t npefen b =lim b, u,
corsacHo (7),

#(t) =e™p(at),
uTo 03Hauaer, uto &% ag + b. Mockoabky & HeBbIpOXKIeHa, To @ > 0. 0O

4. Tlpusenem Tenepb (6e3 KoKa3aTebcTBa) TeopeMmy 06 o6lieM BHIE Xa-
PakTepucTHuecKoll pyHKUHH ycmoiuugolx pacnpeieeHHii.
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Teopema 4 (npencrasnenune JleBu—Xunuuna). Cayuainan seauuuna
T asasemca ycmoiuugold moeda u moabko moaoa, Koeoda ee xapaxme-
pucmuueckas pyuxyus p(t) umeem sud p(t) =exp Y(t) ¢

'z/)(t)=it[3—d|t|°‘(l +i0|;—|G(t, a)), ©)

L

20e0<a<2, BER, d20,|0< 1, i

=0nput=0u
tg ga, ecau a#l,

G(t, a)= 10
¢ 2) %Inltl, ecau a=1, (19)

OTMeTHM, 4TO 0060 MPOCTO YCTPOEHbI XapaKTePHCTHUECKHE (PYHKLIHH CUM-
MempuuHbLX YCTORYUBBLIX pacnpe/eneHHi:

p(ty=e1", (11)

rmel<a<2,d>0.

5. 3apauu.

1. TokasaTtb, uto ecqu &, -‘L{ ué, in, TO §in.

2. NokasaTb, uTO ecsiv @) ¥ o — ABe Ge3rpaHHUHO JeHMble XapaKTepH-
CTHUeCKHe (YHKLHUH, TO | - 2 — TaKXKe 6e3rpaHHYHO AeIHMas XapaKTepHCTH-
yeckasi QyHKLHS.

3. Tlyctb ¢, — 6Ge3rpaHUUHO [eNMMble XapaKTepHCTHYeCKHe (YHKLHH H
wn(f) = @(f) nns Kaxnoro ¢ €R, rae ¢(f) — HeKkoTOpas XapakTepHCTHYecCKast
¢yHkuusa. ITokasaTb, uto ¢(f) GearpaHHuyHO AeanMa.

4. Toka3aTb, uTo XapakTepHcTHyeckas (PYHKUWS Ge3rpaHHYHO AEJHMOro
pacnpefieJieHHst He o6palllaeTcs B HyJb.

5. [1puBecTd npuMep ciyyaitHo# BeJIHUHHBI, ABAsIOLIelicA 6€3rpaHHYHO e~
JIAMO#i, HO He YCTOHUYHBOM.

6. [NokasaTb, 4TO A/15 yCTOHUUBO#M CJyyaitHOH BeIHUMHB £ MaTeMaTHUecKoe
oxuaaunue E|¢|" < oo mns Beex r€ (0, o), 0<a< 2.

7. INoka3artb, 4TO eC/iH £ — yCTOHUHBaA CJyyaiiHasi BelHYHHA C NapaMeTpoM
0<a<1, 10 p(f) He nuddepeHunpyema npu § =0.

8. IlaTh mpsMoe JoKa3aTenbcTBO Toro, uto dynkuua e~¢1* ¢ d >0,
0 < a <2 aBasercs XxapaKTepHCTHYECKOH.

9. IMNycTb (bn)nz1 — uHCOBas MOCJEAOBATENLHOCTb TaKas, 4TO Ui BCeX
|t] <4, >0, cywectsyer lim et TlokasaTb, yto Toraa W |ba| < 0.

10. Tlokasarb, yTo GHHOMHaJIbHOE H PaBHOMEPHOE pacnpejelieHHst He A8-
A10mca 6e3rpaHuyHO JAeNHMbIMH.

11. Myctb ¢yHKuua pacnpeseneHus F u ee xapaxkrepHcTHyeckas ¢yH-
Kuus ¢ jomyckaioT npeactasiedus F=F® x . . xF® (n pas), o=[p"]"
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¢ HEeKOTOpbIMH (YHKUMAMH pacnipefieiennss F™ u ux XapaKTepHCTHYECKHMH
(yHKLHMAMH ©™, n> 1. TNoka3aTh, 4To MOXHO HalTH (LOCTaTOYHO «60raToe»)
BEPOATHOCTHOE NpocTpaHcTBo (£, &, P) 4 onpeaeneHHble Ha HeM cJyyaitHble
pesndHHbl T 0 (n})kga, 2> 1 (T umeer pacnpenenenue F, 17(") ceer 1 Hesa-

BHCHMbl M OIMHAKOBO paCl'IpelleJleHbl ¢ pacnpenenenreM F™) | Takue, uto
TEn™ +.. 408, n>1.

12. TpusecTn nprMep caydafiHoi BeJMUHHDI, He sBAsAIOLLEHCS Ge3rpaHHyHO
JeNUMOH, XapakTepHcTHYecKas dyHKUHs KOTOPO#, TeM He MeHee, B HYJIb He 06-
paiLaercs.

§ 7. «MeTpu3syemocTb» ci1aboi cX0AUMOCTH

. Tlycts (E, &, p) — MeTpHueckoe npocTpaHcTBo U P(E) ={P} — cemeii-
CTBO BEPOATHOCTHLIX Mep Ha (E, £&). EcTecTBeHHO MOCTaBHTb BOMPOC O TOM,
He/b3sl JIH «METPH30BaTb» PaccMoTpeHHylo B § 1 caiabyio cxouMocTs P, — P,
T. €. HeNlb3s JIM BBECTH Takoe paccTosiHue &(P, P) Mexay MoGbIMH 1ByMS Me-
pamu P u P uz P(E), utobbl cxomumoctb &(P,, P) — 0 6blia paBHOCHJIbHA
CcXomMMOCTH P, = P.

B cBA3H ¢ Tako#t MOCTaHOBKOH BOmMpoca MOJIe3HO OTMETHTb, YTO CXOOU-

. P
MOCMb CRyYyaHHbIX BeNIMYHH NnO sepoamuocmu, €, — &, Moxcem buimb mem-
pu3osaxa c nNOMollbio, HafpHMep, PacCTOAHHA

dp(&, n)=inf{e >0: P{|{¢ —n| >¢e} <€}

I£ 7|
-l

KM 06pa3oM, MOXKHO NoioxkuTb d(€, n) =E g(|€ — 7)), r11e B KauecTBe QyHKLUHH
g = g(x), x >0, MOXKHO B3Tb JI0GYI0 6OPeJIeBCKYIO HEOTPHLATENbHYIO BO3pac-
TaioLyto (yHKLHIO, HepepbIBHYIO B HyJle H Takylo, 4To g(x + ) < g(x) + g(¥)
nsipeex x 20, ¥y >0, g(0)=0, g(x) >0 nnsa x >0.) Ho B To e camoe Bpemsi
B MpPOCTpaHCTBe BCeX CJyyaiHbIX BeqdudH Ha (R, &, P) He cywyecmsyem
paccrosnus d(§, ) Takoro, uto d(&,, ) — 0 Toraa W TombKO TOFAa, Koria
&r cxomauTes K € ¢ sepoamnocmoo edunuya. (B 3ToM Jierko yGeauTbes,
B3iB M10CJI€[I0BATEJNBbHOCTb CJIy4yaiiHbIX BeJIHUHH &,, 11 > 1, CXOAALMXCA NO Be-
POsITHOCTH K &, HO He CXOASILLIMXCS C BepOATHOCTbIO eauHuua.) Muaue rosops,
Cxo00umocmo ¢ 8eposmHocmbi0 eduruya He mempusyema. (CM. yTBepxae-
HAs 3anay 11w 12 k § 10 ra1. I1)

Llesb HacTosilwero naparpaa — yCTaHOBHTb, KOHKPETHO yKa3aB MeTPHKH
(L(P, P) u ||P—P||3,), 8 npoctpanctse mep P (E), mempusyemocmo ciaboi
CXOAUMOCTH:

unu paccrosinuit d(€, n) =E min(l, |¢ —n]), d(&, n)= E (Bonee 06-

Py =P & L(Pp, P)—>0 & ||Py—P|5.—0. (1)
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2. Metpuka Jlesu—Ipoxoposa L(P, P). Iycts
px, A)=inf{p(x, y): y €A},
As={x€E: p(x, A)<e}, AE€é.
Ilnst mo6bix asyx Mep P, P € P (&) nonoxum
o(P, P)=inf{e >0: P(F) < P(F®) + & nns Bcex 3aMkuyThiXx F €&} (2)

L(P, P)=max[o(P, P), o(P, P)]. 3)

Curenyiolast JieMMa NoKa3biBaeT, 4To TaK onpenenennas dyukuus L(P, P),
P, Pc P(&), nasviBaemasa mempuxoii Jlesu—IIpoxoposa, ReHCTBHTENbHO
ABJIIETCS METPHKOH.

Jlemma 1. Pynkyus L(P, P) o6radaem csoiicmeamu paccmoaHus:

a) L(P, P) L(P, P) (=a(P, | P)=o(P, P)),

b) L(P, P)<L(P P)y+L(P, P),

¢) L(P, P)=0 mozda u moavko mozda, kozda P=P.

Hokazameavcmeo. a) IoctaTouHo nokasatb, uto (o >0, 8> 0)

«P(F) < P(F®) + 8 nnst Bcex 3aMkHyThIX F € &> “4)
TOTZa ¥ TOJIbKO TOTAA, KOrja
«P(F) < P(F®) + 8 nns Bcex 3aMkHyThIX F € &>. 5)

IMycts T — 3amkHyTOe MHOXKecTBO H3 &. Torna MHoxecTBo T OTKpBITO H
HeTpyaHo npoBepHThb, uto T C E'\ (E \ T*)*. Ecau BoinosiHeHo (4), To TorAa, B
YaCTHOCTH,

P(E\T®)SP((E\T®)*)+5
H, TEM CaMbIM,
P(NSPENENT**)<P(T*) +B,
4TO M MoKa3blBaeT paBHOCHJABHOCTb (4) u (5). OTclosa caenyer, uto
o(P, Py=a(P, P) (6)
H, TeM CaMbIM,
L(P, Py=0(P, P)=0(P, P)=L(P, P). 7)
b) Myetb L(P, P) <8y, L(P, P) < 8. Toraa ais Kaxzuoro 3aMkHyToro F € &
P(A)SP(F?) +8 <P((F®)%) + 6 + 8 SPFO %) + 6, + 6
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yu noatomy L(P, P) <6, + 8. Otciona caenyer, uto
L(P, P)< L(P, P)+ L(P, P).

c) Ecan L(P, P)=0, To Torza Ana Kaxuoro 3aMKHyToro F € & u mo6oro
a>0 _
P(F)<P(F*) +a. ®)

[Mockonbky F® | F, a | 0, To u3 (8) npesesbHbIM nepexoioM 1o a | 0 Haxo-
1M, uto P(F) < P(F), v no cummetpuu P(F) < P(F). Tem cambim, P(F) = P(F)
151 BCEX 3aMKHYTbIX F € &. lna Kaxzuoro 6opejeBCKoro MHoXecTBa A€ &
u BesAKoro € >0 Haiiayrcs Takue OTKpbIToe MHOXecTBO G. D A H 3aMKHyToe
mHoxecTBo F. C A, uto P(G, \ F¢) <e. Otciona caenyer, 4To BcsiKas BeposiT-
HOCTHasi Mepa P Ha MeTpHueckoM npocTtpaHcTse (£, &, p) NoJsHOCTbIO onpefe-
JISETCSl CBOMMH 3HaueHWSIMH Ha 3aMKHYTbIX MHOXecTBax. CJiefoBaTelbHO, U3
P(F) = P(F) nns scex 3aMkHyThix F € & Bbitexaer, uto P(A) = P(A) nas scex
GopeneBcKHX A€ &. a

Teopema 1. Mempuka Jlesu—I1poxoposa L(P, P) mempusyem crabyio
cxo00umocmeo:

L(P,, P)>0 & P, P. (9)

Hoxasameavcmso. (=) Iyctb L(P,, P)— 0, n— co. Toraa ans Beakoro
(hHKCHPOBAHHOINO 3aMKHYTOro MHOXKecTBa F € & u sio6oro € > 0, cornacHo (2)
H YTBEPXK/EHHIO a) JieMMbl |,

im Pa(F) < P(FE) +e. (10)
[Nonaras 3nech € | 0, HaxoauM, 4To
im Pu(F) < P(F).
Cornacno teopeme 1 u3 § 1, otciona caeayer, uto
PSP (1)

JlokasaTenbcTBo HMIMIHKaLKMK (<) 6YIET ONUPaTbCs Ha psd yGOKHX H Mo~
JIe3HbIX (aKTOB, JOMONHHUTENLHO MPOJIHBAIOILUX CBET KaK Ha CaMo COJepxKaHHe
NOHATHA cnaGoii CXOAUMOCTH, TaK H Ha METO/bl €€ yCTaHOBJIEHHSI H METO/bl
H3YYeHHs «CKOPOCTH» CXOAMMOCTH.

Hrak, nycts P, = P. 70 03HauaeT, u4To 419 J0GO# HenpepoleHoii ozpa-
Ruuennoi dynkuuu f = f(x)

§ 7(x) Patdx) = § f(x) P(dx). (12)
E E

[peanonoxum Tenepb, uto & — HEKOTOPbIA KJACC PABHOCMENEHHO
Henpepoigrox pyHkuMit g = g(x) (w1 Beskoro € > 0 Halinercs Takoe 6 >0,
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uto | g(y) — g(x)| < e, ecam p(x, y) < J nns Bcex g €¥), Takux, uto |g(x)|<C
¢ onHo#t M Toit e KoHcTaHTo#t C >0 (a1a Bcex x€E u g€¥). CornacHo
TeopeMe 3 § 8, a1 Knacca & uMeeT MecTo clieflyioliee ycHseHHe cBoiicTBa (12):
§ g(x) Pa(dx) - § g(x) Pldx)
E E

P55 P = sup —0. (13)
gey

Hans kaxporo A € & v € >0 nonoxum (kak B Teopeme 1 u3 § 1)

fiw=[1-2=A]", (14

€

SlcHo, uto
Ta(x) < f5(x) < e (%) (15)

1f5() = FE@)) <™ 'p(x, A) - ply, A)| <e™'p(x, y).

Tem cambiM 1 Knacca ¥¢ ={f5(x), A € &} umeer mecto (13). 3Haumur,

Ap=sup |§ f5(0) Pa(dx) - § [5(0) Pdx)| =0, n—oo.  (16)
A€ |E E

Otciona u u3 (15) 3akyouaeM, 4To A5 BCAKOrO 3aMKHYTOro MHOXKECTBa
AeE&une>0

PA%) 2 (50 dP > § [5(x) dPy — Bn > Pa(A) - A, (17)
E E

Bui6epeM n(e) Tak, uto A, < € ans Bcex n > n(e). Torna us (17) nna n> n(e)
P(A®) > Pa(A) —&. (18)

Ortciona B cuaty onpenenenuit (2), (3) Beitekaer, uto L(P,, P) <&, Kojib CKOpo
n 2 n(e). Tem cambiM

P,5P = A—0 = L(P,, P)—>0.

Teopema (¢ TouHOCTbIO 110 yTBepxKAeHHs (13)) nokasaHa. O

3. Merpuka ||P — P||5,. O6o3naunmM BL MHOXeCTBO BCeX HemMpepbiBHbIX

orpaHuyeHHblX ¢yHKuHi f= f(x), x € E (c ||f|loo =sup |f(x)| < c0), ynoBe-
X

TBOPAIOLHUX K TOMY K€ YCJIOBHIO Jlununua:

< o0.
x#y (x y)

Mosoxu | Fllaz = | flloo + Il 7llz. TpocTpancso BL c Hopwoi || - ||ac, e-
JsieTcsi 6aHaXxoBbIM MPOCTPAHCTBOM.
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Onpenenum metpuky ||P — P||%, , nonoxus
1P = Plis. = sup {|§ FaP-P)|: Ifla <1} (19)
feBL

(MoXHo NpoBepHTb, uTO AeiicTBuTenbHO ||P — P||%, yroBneTBopser BceM Tpe-
60BaHHUSAM, NpelbABIAEMbIM K METPHKe; 3afaua 2.)
Teopema 2. Mempuxa |P — P||, mempusyem crabyio cxodumocm:

Hokazameavcmso. Mnnvkauus (<) BbiTeKaeT HemenieHHo u3 (13). Oas
A0Ka3aTe/bcTBa (=) AOCTaTOYHO MOKa3aTb, YTO B OMpejeNeHHH caaboil cxo-
JUMOCTH P, = P KaK BBIMOJIHEHHs CBOJCTBA (12) nns noGo# HempepbIBHOM
orpaHHueHHO# (YHKUMH f= f(X) HOCTaTOYHO OrpaHHUMTBCA PacCMOTPeHHEM
JIMLLb KJacca OrpaHHYeHHbIX (PYHKUHI YIOBNETBOPAIOWUUX YCA0BHIO JIHNLIKLA.
Hnaue rosops, UMIMKauusa (=) OyleT JA0Ka3aHa, eCJiH YCTaHOBHTb CHpaBef-
JIHBOCTDb CJIE[yIOLIEro pe3yJbTaTa.

Jlemma 2. Ciabas cxodumocmo P, <> P umeem mecmo mo2da u moivko
moeda, koeda cgoiicmso (12) suinoaneno 041 4060 pyukyuu f = f(x) us
Kaacca BL.

Hoxasameabcmso. B ofHy cTopoHy [oKa3aTenbcTBO oueBHAHO. Pac-
cMoTpuM Tenepb yHKuMH f§ = f{(x), onpeneneHHbie B (14). Kak Gbuio
YCTaHOBJIEHO Bblllie NPH J0Ka3aTebCTBE TeopeMbl 1, npH KaxaoM & > 0 knacce
g ={f5(x), A€ £} CBL. Ecn Tenepb NpoaHaNH3MpOBaTb [10KA3aTeNbCTBO
umnaukauuy (I) = (II) B Teopeme 1 u3 § 1, To MOXKHO 3aMeTHTb, UTO B IEHCTBH-
TEJILHOCTH B €e Jl0Ka3aTesbCTBE BbiMoJHeHHe cBoficTea (12) ucnonb3osanioch
He 0a 8cex OTPaHHYEHHHBIX HENPepbIBHbIX (YHKUMHA, a JHWb 415 QyHKUH
H3 KknaccoB ¥¢, € > 0. [Tockosbky ¥¢ C BL, £ >0, To 3aBefioMO BepHO, 4TO H3
BbinosineHus cBoicTBa (12) wna GyHKuUMl U3 knacca BL cenyeT yTBepXKaeHHe
I Teopembi 1 § 1, KoTopoe paBHOCH/LHO (B cHAy Toil e Teopembl | § 1)
Caboi cxoauMocTH P, = P. a

3ameuanue. YTBepXKIeHHE TEOPEMbI 2 MOXKHO GbiJI0 Gbl BLIBECTH H3 TEOpe-
Mbl 1 (TaK XKe Kak H Ha060pOT), €CJIH BOCMOJIb30BATbCS CAEAYIOLIMMH HEpaBeH-
cTBaMu Mexay Metpukamu L(P, P) u ||P — P||3,, cnpaBenuBbiMi 1ns caiyyas
cenapabenbHbIX MeTpHUECKHX npocTpaHcTs (E, &, p):

|P - P||5, < 2L(P, P), (20)

- = 2x?
Q(L(P, P)|IP=Plls,,  rae p(x)= — @1)

2+4x°



452 V1. IIl. CXOOAUMOCTDb BEPOATHOCTHBIX MEP

3ameuast, uto 0 < p(x) < 2 3 aa x >0 Toraa 1 TosbKo TorAa, Korga x < 1, u
%x"’ Spx) ma0<x<l, us (20) # (21) BbiBoANM, uTo ecan L(P, P)< | uam
2
IP~Pll5, < 3,10

2 ~
§L2(P, P)<||P—P|l5, <2L(P, P). (22)

4. 3apaun.

1. Tlokasath, uto B cayuae E =R Metpuka Jlesu—ITpoxoposa L(P, P)
MexJly pacripefieleHUsMH BeposiTHocTeil P P ne menbwe paccrosnus Jlesu
L(F, F) mexny dyukuusamu pacnpenenenus F u F, cootserctaytommmu P u P
(cMm. 3apauy 4 B § 1). [IpuBecTd nprMep BLINOJIHEHHS CTPOTrOro HepaBeHCTBA
MeXIy 3THMH METPHKaMH.

2. okasartb, yto dopmyna (19) onpenensier MeTpuky B npocTpaHcTse BL.

3. Iokasatb cnpasemiBocTb HepaBeHcT (20), (21) u (22).

4. Myctb F = F(x) n G =G(x) — nBe dyHKuMH pacnpenenenus, P. u Q, —
TOUKH HX NepeceyeHHs npsaMoil x + y =c. [Tokasarb, 4to paccrosHue Jlesu (cM.
3ajauy 4 B §1) '

P:Qc
L(F, G)=sup
' c V2’
rae P.Q, — AHHa oTpe3ka MexIy ToukaMu P, 0 Q..
5. [Tokasatb, 4To MHOXeCTBO BceX (YHKUMH pacrpefielieHHsi C METPHKO#
JleBH ecTb MoJIHOE MPOCTPAHCTBO.

§ 8. O cBsi3u cnaboit CXOAMMOCTH Mep CO CXOAUMOCTBIO
CJy4aiHbIX 3JIEMEHTOB NOYTH HaBepHOeE
(«MeToJ OAHOT0 BEPOSITHOCTHOTO MPOCTPAHCTBA»)

1. TMpeanonoxuM, 4To Ha BEPOSATHOCTHOM npocTpaHcTse (2, &, P) 3anaHbl
cayyaiiHble aseMeHThl X =X(w), Xp =Xp(w), n > |, npuHAMaloLIHe 3HaueHHA
B MeTpHueckoM npoctpanctse (E, &, p); cMm. § 5 rui. Il. OGosHauum P u P,
pacnpesenelus BepoatHocTeit X u X,, T. e. mycTb

O6o6uiasi MOHATHE CXOAMMOCTH CJy4yailHbIX BEJIMUHH MO pacrperesieHHIo
(cm. § 10 ra. 1), BBeneM Takoe

Onpepaenenne 1. TNocsienoBaTeNbHOCTb CAyyYafiHbIX 3/1€MEHTOB X,, n 2> 1,
Ha3biBaeTCst CXOAALLEACH no pacnpedeseHuro WK no 3aKkory (0603HaYeHHs:

2 L
Xo 2 X, un X, 5 X, uu X, 222 X), ecan P, 5 P.
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Mo aHajoruu ¢ onpeaesneHHeM CXOAMMOCTH CJy4allHbIX BeJHYHH MO Bepo-
ATHOCTH H C BeposiTHoCcTbio eauHuua (§ 10 ra. II) ecrtecTBeHHbl chenyioline
onpee/eHHs.

Onpenenenue 2. [locsienoBaTeNbHOCTD CAYy4YalHbIX 3JeMeHTOB X,, n > 1,

HasblBaeTca cxojdlieiica no sepoamuocmu K X (X, Px ), ecau
P{w: p(Xp(w), X(w)) 2€}—0, n—ooo. €))

Onpeaenenne 3. IlocsenoBatenbHOCTb CAyYaiHbIX jeMeHTOB X, n > 1,
HasblBaeTcs cxoaduleiics kK X ¢ sepoamruocmoio eduHuya (nowmu Haseproe,
noumu 8ci00y; X, = X, X, == X), ecau p(Xn(w), X(w)) =0, n— .

3ameuanne 1. O6a nocyeHHX OnpefiesieHHs HMEIOT CMbICJI, KOHEUHO, ecJiu
10abKO p(Xp(w), X(w)) KaKk pyHKUHH OT w € §) ABAAIOTCA CJyyafHbIMH BeJH-
YHHaMH, T. €. F-U3MepUMBIMH (QYHKUUAMH. DTO OYyleT 3aBEAOMO TaK, €CJH
npocTtpaHcTBo (E, &, p) aBaserca cenapabenbHbiM (3agava 1).

3ameuanue 2. B cBA3H c onpesiesieHHeM 2 OTMETHM, UTO BBEAEHHAs CXOAH-
MOCTb MO BEpPOSTHOCTH MeTpu3yeTcs clieflylolle mempukoi Ku ®an mexny
cayyaitHbIMU 3JieMeHTaMd X H Y (onpenenieHHbIMH Ha (£2, &, P) u npuHuMa-
jole 3HaueHus B E; 3a1aua 2):

dp(X, Y) =inf{e > 0: P{p(X(w), Y(w)) > €} <e}. @

3ameuanne 3. Ecau onpeneneHnsi CXOAHMOCTH MO BEPOATHOCTH H C Bepo-
ATHOCTbIO €MHHLA TPeGYIOT 3aaHHs CJyyaiHbIX 3JIeMEHTOB Ha OJHOM H TOM
)K€ BEpPOATHOCTHOM MPOCTPAHCTBE, TO OMNpejleieHHe CXOAHMOCTH Mo pacrnpefe-

JIEHHIO X,,?-»X CBSI3aHO JIHIb CO CXOAHMOCTBIO pacrpefesieHH#, H, clefoBa-
TeJIbHO, MOXKHO CUHTaTh, YTo X(w), X} (w), X2(w), ... NPUHHMAIOT 3HAUEHHS B
OZIHOM H TOM Ke NpoCTpaHCTBe £, HO MOTYT ObiTb 3aJlaHbl HAa «CBOUX» BEPOAT-
HOCTHbIX NpocTpaHcTBax (2, &, P), (1, &1, P1), (g, £, P2), ... Bes orpa-
HHYEeHHs1 OOGLIHOCTH, OAHAKO, BCEra MOXHO CYHTaThb HX 3aJaHHbLIMH Ha OILHOM
M TOM )K€ BEPOSITHOCTHOM MpOCTpaHCTBe, 6epst B KauecTBe TaKOBOTO MpsMoe
Npou3Be/ieHHe YKa3aHHbIX MPOCTPAHCTB H onpefensas X(w, wi, we, ...)=X(w),
Xi(w, wy, wo, ...)=Xi(w), ...

2. CoraacHo onpeesieHnio 1 H TeopeMe 0 3aMeHe nepeMeHHbIX NOJ 3HAKOM
HHTerpana JleGera (Teopema 7 § 6 rui. II),

X. 32X & Ef(Xa)—Ef(X) (3)

ANs BCAKOW HempepbiBHOI orpaHuyeHHo# ¢yHKuuu f = f(x), x € E.
M3 (3) BuaHO, yTO Ha OCHOBaHHH TeopeMbl JleGera o MaXKopHpyeMo# cXo-
MimocTH (teopema 3 § 6 . II) u3 cxomumoctd X, — X cpasy BbiTeKaer
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cxomuMocTb Xy > X, uTo BoBCe H He YAHBHTENbHO, €CJIH UMETh B BHIY CHTYa-
umto, Korna X u X, — cayuaiiibie Besmuunbl (Teopema 2 § 10 ra. 11). Bouee
HEOXKHMI2HHO, YTO B HEKOTOPOM CMbLICJIe HMEET MeCTO oGpaTHbifi pesyJbTar,
K TOYHbIM (POPMYJIHPOBKaM, a 3aTeM ¥ MpHMEHEHHAM KOTOpOro Mbi cefiuac u
nepexoanM.

[TpenBapHuTenbHO BBeleM TaKoe

Onpenenenne 4. Cayuaiinbie nementsl X =X(w') u Y = Y(w"), 3ananubie
Ha BEepPOSATHOCTHLIX NpocTpatcTsax (¥, F/, P') u (", #”, P”) cootBetcTBeH-
HO H MPHHUMAIOIKE 3HaYeHHs B OJIHOM B TOM XKe npocTpaHcTBe E, HasbiBaloT-
€fl cosnadarowumy (3K6UBAIEHMHUMI, KORSPYIHMHbIMY) nO pacnpede-

seHuio (0603nHauenne: X 2 Y), ec/ii OHH HMEIOT COBNajaloliHe pacnpeesieHus
BEpOSITHOCTEM.

Teopema 1. [lycmo (E, &, p) — cenapabeavroe mempuxneckoe npo-
cmpaxrcmso.

1. Tycmo cayuaiinve sremenmet X, X;, n>1, 3a0annvie Ha eepo-
amnocmuom npocmpancmae (2, F, P) u co snauvenuanu 8 E, maxosoi,

2 .

yumo X,—X. Toeda MOMHO HaAUmMU BePOAMHOCMHOE NPOCMPAHCMEBO
(Q*, F*, P*} u onpedesennsie Ha nem cayuatinee remenmui X*, Xy,
n>1, co 3naxenuanu 8 E maxue, umo

Xr==X*

x*Zx, x:2x, n>1.

2. Aycmo P, P,, n>1, — sepoamnocmnue mepes na (E, &, p) ma-
kue, umo P, P. Toz0a Haildymcs 8epOAMHOCMHOE RPOCMPAHCMEBO
(Q*, £*, P*) u onpedesennvie na Hem caysaibnue saemenmos X*, X,
n21, co snauenusamu 8 E maxue, umo

X; =X

P*=P, P,=P, n2l,

2de P* u P} — pacnpedesetusn sepoamuocmets X* u X;.

[Mpexne ueM nepexoauTb K AOKa3aTe]bCTBaM, 3aMETHM, BO-TEpPBbIX, UTO
JIOCTaTOUHO J0Ka3aTh JIMIb BTOpOE YTBEpXKIeHHe, TTOCKOJIbKY fepBoe CJieayeT
H3 HeFo, ec/ii B3ATh B Kauectse P u P, pacnpenenenns X n X,. Coorser-
CTBYIOLIHM 06pa30M i BTOpOE YTBEpXKIeHHe caienyeT H3 nepsoro. Bo-BTophiX,
OTMETHM, YTO JIOKa3aTeNbCTBO ITOM TeOpeMbl B ee TNOJIHOR OOLUIHOCTH TEXHHYE-
CKI ROBOJILHO COXKHO. HiMeHHo N03ToMy Mbl IPUBOJMM 3/leCh 10Ka3aTeAbCTBO
anib Anst eayyas E = R. 3Te KoKa3aTelbCTBO ROBOALHO HPO3PAYHO M K TOMY
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e JAaeT MPOCTYIO ABHYI0 KOHCTPYKIHMIO HCKOMBIX 06bekToB. (K coxanenuio,
372 KOHCTPYKUMHSA He «paGotaeT» B 0o6uieM caydae, aaxe s £ = R2)

Hokazameascmso meopemor 8 cayvae E=R. Tlycts F=F(x) u F,=
= F,(x) — byHkuuu pacnpenenenus, cooTBercTBylolme MepaM P u P, Ha
(R, B(R)). CaaxeM c pyHkuned F = F(x) coOTBETCTBYIOLLYIO el KBAHMULb-
Hyro pyHkyuo Q = Q(u), oAHO3HAYHO onpesensieMyio bopmyaoi

Q) =inf{x: F(x)>u}, O<u<l. 4)
HeTpyAHO NPOBEPHTD, 4TO
Flix)zu & Q) <x. )

BosbmeM Tenepp Q* = (0, 1), F*=2B(0, 1) u B kauecrBe P* — mepy Jle-
6era, P*(dw*) =dw*. [Nonoxum Takxke X*(w*) = Q(w*), w* € Q*. Torza

P*{w*: X*(w*) <x}=P*{w*: Q") <x}=P*{w*: w* < F(x)}=F(x),

T. €. pacnpe/esieHHe NOCTPOEHHOM clyuaiinoi BeuHHbl X * (w*) = Q(w*) B Tou-
HOCTH coBnagaet ¢ P. AHasorHuHo, pacnpefieienye BeauunH X (w*) = Qqu(w*)
coBnajaaer ¢ P,.

Jlanee, HecNoXKHO MOKa3aTh, YTO M3 CXOAHMOCTH F,(x) K F(x) B Kaxno#
TOYKE HeMPepPLIBHOCTH NMpeAebHOil yHKUHH F = F(x) (paBHOCH/IbHOM B Cilydae
E =R cxomumoctn P, 2 P; cm. Teopemy 1 B § 1) BbiTekaer, uto nocJeno-
BaTeIbHOCTb KBaHTHJIbHBIX yHkuuit Q,(u), n > 1, Takke cxomurca K Q(u)
B KaXKJ0# TOUKE HeNpephiBHOCTH NpenenbHoll pyHkuun Q = Q(u). Iockoabky
MHOKeCTBO ToUeK pa3pbiBa GyHKUMH Q = Q(u), u €(0, 1), He Gosee yeM cleTHO,
T0 ero Mepa JleGera P* paBHa HyJlO H TeM caMbiM

X3 (") = Qu(w*) =5 X* (") = Q).

Teopema (B cayuae E = R) nokasaua. O

OnucbiBaemasn Teopemoi 1 KOHCTPYKUHMSA NepexoAa OT 3aaHHbIX CJyYalHbIX
3nementoB X U X, k HOBbIM X™ u X}, onpenesisieMbiM Ha OJHOM H TOM Xe Be-
PosiTHOCTHOM mpocTpaHCTBe, OGBACHSAET BhiHECEHHOE B 3aroJIoBOK naparpada
HasBanue «memod 00HO20 8ePOAMHOCMHNO20 NPOCMPAHCMEA.

OcraHoBuMcs Tenepb Ha psiie YTBEPXKIeHHH, KOTOpblE Npolile BCEro ycTa-
HaBJIWBATb, NOJbL3YSICh STHM METOLOM.

3. TIlpeanonoxum, uTo ciyuaiiHbie snementl X, X,, n> 1, 3anaHHble,
CKa)keM, Ha O/lHOM BepOSITHOCTHOM npocTpaucTse (§2, &, P) u npuHuMaioiye
3HaueHus B cenapaGesibHOM MeTPHYECKOM npoctpanctse (£, &, p), Takosbl, 4T0
X. 2 x. IMyctb Takke h = h(x), x € E, — uameprmoe otoGpaxenue (£, &, p)
B HekoTopoe Apyroe cenapaGesbloe MeTpuueckoe npoctpauctso (E/, &7, p').

TEOPHH BepOAITHOCTEl W MaTeMaTHUeCKOH CTaTHCTHKE Y4acTo MpPHXONMTCA
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CTaJIKHBaTbCA C BOMPOCOM O TOM, MPH KaKHX YCJOBHSIX Ha h=h(x) MOXHo
2
yTBEPXKIAaTb, YTO H3 CXOAMMOCTH X, 2 x caenyer cxoaumoctb h(X,) = h(X).

Hanpumep, nyctsb &), &, ... — He3aBHCHMbIe OJHHAKOBO pacrpelesieHHble
cnyyaiinble BenuuuHbl ¢ E& =m, D& =02>0. Mycs X,= §'+—n+—€”

LleHTpanbHas npejesnbHasi TeopeMa yCTaHaBJHBAET, 4TO
ik =m) 4, (0, 1).
CnpawmBaetcs, 1 Kakux QyHKuuit A = A(x) MOXKHO rapaHTHpOBaTb, YTO
h(['ig?-;—_ﬂ)) 2 h(H (0, 1))?

(U3BectHa meopema Manna—Baavda, KoTopas yTBepxKaaeT NPHMEHHTENbHO

K JJaHHOMY CJIyualo, YTO 3TO 3aBe/IOMO BLIMNOJIHEHO A5 HeNpepbIBHLIX (yHKLHUI
n(Xn —m)? 4
e L

rie x? — clyyaiiHas BelHuMHA, HMeIOLLasi pacrpeie/leHHe XH-KBaJpaT C OHOM

cTerneHbio cBoGobI; cM. Tabu. 2 B § 3 . 1.)

Hpyro# npumep. Ecan X =X(¢, w), Xp =Xn(t, w), t €T, — cayyaiinbie npo-
uecchl (cM. § 5 . II) u

h(X) =5UP IX(t, w)l’ h(Xn) =5UP an(tv w)lv
teT teT

h = h(x), u, cliefoBaTelbHO, CPa3y MOKHO YTBEPXKAaTb, YTO

TOo chopMyJIHPOBAHHLIN BONPOC 03HayaeT cjefylolliee: MPH KakHX YCJAOBHAX H3
2
CXOJHMOCTH MO pacnpejiesieHuio npoueccos, X, — X, clenyeT CX0AUMOCTD IO -
2

pacrpesieieHuio HX cynpemymoB, h(X,) = h(X)?

OpxHo Takoe mpocToe ycJioBHe, obecrneunBalolliee CrpaBe/IMBOCTb HMIJIH-
KalHH

2 2
Xn ‘_)X : h(Xn) 4 h(x)»

COCTOMT B TOM, YTO OoToOpaKeHue h = A(x) HenpepbiBHO. [leficTBHTENbHO, eCIH
f= f(x") — nenpepoisrasn ocpanuuennan pyukuus Ha E’, To pyHkuus f(h(x))
GyzieT TaKxKe HenpepbiBHON orpaHuyeHHoi pyHkuHeil Ha E. CienoBaTesibHO,

X, 2 X = Ef(h(Xs)) —Ef(a(X)).

IpuBoaumas jajiee Teopema MoKasbiBaeT, YTO Ha caMoM jefe TpeGosa-
HHe HenpepbIBHOCTH GYHKUMH A = A(X) MOXKHO HECKOJIbKO OCJIaOHTb, YUHTLIBaS
CBOMCTBa MpelesIbHOTO CJyuaiHoro ajemeHTa X.

O6o3Hauum A, ={x € E: h(x) He p-HenpepbiBHA B TOUKe X}, WHaue roBo-
pa, nycts A, — MHOXKECTBO Touek pa3pbiBa (yHKUHH h =h(x). 3ameTuMm, ut0
Ay €& (3anaua 4).
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Teopema 2. 1. [Tycmo (E, &, p) u (E', &', p') — cenapabervroie mem-
puueckue npocmpancmea, Xq 2x.n ycmo omobpanenue h=h(x), x €E,
080, 4mMo
mar P{w: X(w) € An}=0. ®6)
Toeda h(X,) 2 h(X).
2. [Mycmeo P, P,, n 2 1, — 8eposamnocmnsle pacnpedesexus Ha cenapa-
GeavHom mempuueckom npocmparcmee (E, &, p) makue, umo PP u

h = h(x) — usmepumoe omobpasxcernue (E, &, p) 6 cenapabeavroe mempu-
yeckoe npocmpauncmso (E', &', p'). Mycmeo

P{x: xe€ Ap}=0.
Toeda Pi =5 P, 20e P! (A) = P,{h(x) € A}, P"(A)=Plh(x)€ A}, Ac &',

Hokaszameabcmso. Kak 4 B TeopeMe |, 10CTaTouHO 40Ka3aTh CNpaBeiu-
BOCTb JIHLLb, CKaXXeM, NepPBOro YTBEPXKAEHHS.

IMycte X* u X;, n > 1, — cayyailible 3/71eMeHTbl, MOCTPOEHHbIE «METOAOM
OJIHOrO BEPOATHOCTHOFO NMPOCTPAHCTBA», Takue, yTO X* 2x D, gX,,, n>lu
X L2, X+, Myets

A*={w*: p(X;, X*) A0}, B*={w": X*(w")€ A4}
Torza P*(A*UB*)=0 u mns w* ¢ A*UB*
h(X3 (") — hX* @),
a 3710 o3Hauaet, uto A(X}) == h(X*). Kak yxe oTMeuasoch B m. I, oTcio-
za caenyer, uto h(X*) 3 h(X*). Ho h(X*) 2 h(X,), h(X*)Z h(X). Tlostomy
h(Xa) 2 h(X). O

4. B § 7 npu noxasateibcTBe UMMJHKauuH (<=) Teopembl 1 Gbuio HC-
nosb3oBaHo yreepxieHue (13). ITpuBenem ceituac ero 10Ka3aTesbCTBO, CHOBA
06palasich K «<METOLY OJHOTO BEPOATHOCTHOTO NMPOCTPaHCTBAY.

ITycts (E, &, p) — cenapabelibHoe MeTpHuECKOe MPOCTPaHCTBO H ¥ — Knacc
paBHOCTeNeHHO HempepbiBHBIX GYHKUHA g = g(x) TakuX, uto |g(x)| < C mnsa
Beex x €E, g €4 u HekoTopo#t KoHCTaHTHI C.

Teopema 3. ITycmo P, P,, n > 1, — sepoamnocmusie mepol Ha (E, &, p)
maxue, umo P, > P. Toeda

sup S g(x) Pn(dx) —S g(x) Pdx)| -0, n—oo. (7)
ge9y (£ E
Hoxaszameavcmeso. Tlyctb (7) He umeer mecta. Toraa cyuiectsyiot a >0
H OYHKUMH gy, g9, ... H3 ¥ TaKHe, 4TO

za>0 8)

§ 2n(0) Pa(dx) - § ga(x) P(dx)
E E
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0aa beckoneuno muoeux n. Ilepexons «MeTONOM OJHOTO BEPOSITHOCTHOrO
MpOCTPaHCTBa» K CJydaiHbIM aJieMeHTaM X* v X (cM. Teopemy 1), nepenuinem
(8) B BHIE

|E*gn(X7) —E* ga(X*)| >a>0 ©)

nns 6eckoHeuyHo MHorvx n. Ho B cuisty cBoiicTB knacca & nas Besikoro € >0
Haitnetcs Takoe 6 >0, uto |g(y) — g(x)| <e nns Bcex g €Y, ecau p(x, y) <4.
Kpome Toro, |g(x)| < C nns Bcex x€E u g €¥4. INostomy

|E*gn(X7) —E* gn(X")| S E*{|ga(X7) — gn(X™)|; p(X7, X*) > 8} +
+EX{|gn(X7) — gn(X™); p(X;, X*) <8} <2CP*{p(X;, X*) > 8} +e.

TMockosbky X* 225 X*, 10 P*{p(X?, X*)>8}—0, n— oco. CrenoBatenbHo,
B CHJy NPOH3BOJIbHOCTH & > 0

Tin E* ga(X7) — E* ga(X")| =0,

yTo NpoTHBOpPeuHT (9). ]

5. B 3ToM nyHKTe nHieH «MeToa OAHOrO BEPOATHOCTHOTO MPOCTPAHCTBAY,
HCMOJIb30BaHHble B TeopeMe |, 6yAyT npHMeHeHbl K OLEHHBAHHIO C8epxYy 3Ha-
yenus Metpukn Jlesui—IIpoxoposa L(P, P) Mexmy nsymsi pacnpeiesieHHAMH
BepPOATHOCTeH Ha cenapabenbHOM MeTpHYeCKOM mnpocTtpaHcTse (E, &, p).

Teopema 4. [las kaxcdod napo. mep P, P moxcro naiimu seposmuocm-
Hoe npocmparcmeo (Q*, F*, P*) u cayuaiinoe ssemenmor X u X na Hem
co snauenuamu 8 E maxue, umo pacnpedenenus X u X cosnadarom c P
u P coomsemcmeenno u

L(P, P)<dp-(X, X)=inf{e >0: P*(p(X, X) >¢) <¢). (10)

Hoxasameavcmgo. CoraacHo TeopeMe 1, fefiCTBHTENbHO MOXHO HaiTH
BEpOATHOCTHOE MpocTpaHcTBo (R*, £*, P*) u cayvaithbie snementhi X u X
Takue, uTo P*{X € A}=P(A), P*{X € A}=P(A), A€é&.

Myctb € >0 TakoBo, uTo

P*{p(X, X) > e} <e. (1
Torpa nas Besikoro A€ &

PA)=P*{XcA}=P{X €A, XA} +P{XcA, X¢A%}<
<P*{X € A} +P*{p(X, X) > e} < P(A%) +¢,
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rae A*={x € E: p(x, A) <e&}. [Tostomy no onpeneneHunto merpuku JleBu—IIpo-
xopoBa (1. 2 § 7)

L(P, P)<e. (12)

U3 (11) u (12), nepexons k inf no € >0, nonyuaeM TpeGyemoe yrBepiie-
uue (10). ~ a

Caencrsue. [Tycmo X u X — cayuaiinvie ssremenmot, 3a0aHHble HA
gepoamnocmuom npocmpancmee (R, F, P) u npunumarowue 3navenus
8 E. MMycmo Px u Py — ux pacnpedesenus seposmuocmeii. Toeda

L(Px, Pg) <dp(X, X).

3ameuanne 1. [TpoBeseHHOe [0Ka3aTeNbCTBO MOKA3biBAET, YTO HA CaMOM
nene (10) cnpaBesnBO BCAKHA a3, KOTAa HA KAKOM-Au6GO BEpOATHOCTHOM
npoctpaHcTse (2%, &*, P*) MOXHO yKa3aTb C/lyyaiiHble 3jieMeHTbl X H X co
3HaueHHsMH B E, pacripelle/iennsi KOTOpbIX coBnagawt ¢ P u P w s xoto-
pbix MHOXecTBO {w*: p(X(w*), X(w*) =e}e F*, €>0. TeM caMmbiM KauecTBo
ouedkd (10) cyulecTBeHHHIM 0Gpa3OM 3aBHCHT OT TOTO, HaCKOJBKO YAauHO
no mepam P u P noctpoeHbl 06beKThI @, F*,P)uX, X. (Mpouenypy
noctpoenus Q*, F*, P* u X, X no P u P Ha3biBaloT KaniHHrOM — OT aHTJL.
coupling — coefiuHenye, cuenenne.) MoxHo, HampuMep, B3ATb «KallJIHHT-
mepy» P* paBHoii npsMoMy npoussefeHuio Mep P u P, Ho Takoil BHGOp He
MPUBOMT, KaK NMpaBuJio, K xopotue# oteHke (10).

3ameuanue 2. EcTecTBeHHO NOCTaBHTL BOMpoC 0 ToM, Koraa B (10) umeer
MecCTO 3Hak paBeHcTBa. Ha 3ToT cuer npuBefieM 6e3 noKasaTelbCTBa ClELylO-
i pesyabTat: nycmo P u P — dse sepoamuocmuoie mepoi Ha cenapabeno-
Hom mempuueckom npocmparcmse (E, &, p); moeda cywecmeyrom maxue
@, Z* P*)u X, X, umo

L(P, P)=dp.(X, X) =inf{e > 0: P*{p(X, X) > ¢} <¢}.

6. 3apaumn.

1. TlokasaTh, uTo B cayyae cenapabejbHbIX METPHYECKHX MPOCTPAHCTB
AeficTBuTenbHas QyHKUMA p(X(w), Y(w)) sABAseTca cayyaiiHo# BenMuuHON Ans
No6LIX CJyuyaiiHbIX 3JeMeHToB X(w) H Y(w), onpenesieHHbIX Ha HEKOTOPOM
BEPOATHOCTHOM npoctpaHcTse (2, &, P).

2. Noka3aTb, uto ¢pyHKuus dp (X, Y), onpenenentas B (2), apasercs MeT-
PHKO#i B MPOCTPAHCTBE CJyYaHHBIX 3/1IEMEHTOB CO 3HaueHHAMH B E.

3. Iokasatb crnpaBesiuBoOCTb (5).

4. Toka3aTb, 4T0 MHOXeCTBO Ay ={x € E: h(x) He p-HenmpepbiBHA B TOY-
Ke x} € &.
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§ 9. PaccrosiHie no BapHaLuu MeX1y BepOSATHOCTHBIMU
mepamu. Paccrosinne Kakyranu—Xeaaunrepa u
uHTerpaabl Xeaaunrepa. [lpumeHeHune k a6con0THOMH
HeNnpepbIBHOCTH U CUHTYJSPHOCTH Mep

1. IMyctb (2, &) — u3mepumoe npoctpaHcTBo U P ={P} — cemeiicTso
BEPOATHOCTHbIX Mep Ha HEM.

Onpenenenune 1. Paccmosnuem no sapuayuu Mexiy mepamu P u P
u3 P (o6o3nauene: ||P — P||) HasbiBaeTcs nosnas sapuayus Mephl (Co 3Ha-
KoM) P — P, T.e. BeuHHa

Var(P — P)=sup , (1)

§ ow)ap-P)
Q

rae sup Gepercst Mo Kiaccy Bcex F-H3MepuMbIX GYHKUMH ¢p(w), YAOBIETBO-
pAioLLX ycaoBHio |p(w)| < 1.
Jlemma 1. Paccmosnue no sapuayuu

|P—P||=2 sup |P(A)-P(A) @
AeSF

Hoxazameavcmso. TlockonbKy nnst Besikoro A € F
P(A) - P(A) = P(A) - P(A),
TO
2|P(A) - P(A)| =|P(A) — P(A)| + |P(A) - PA)| < ||P - P,

T/ie nocJiefiiee HepaBeHCTBO cJelnyer U3 (1).

Jlna nokasatenbcTBa 06paTHOrO HepaBeHTCBa 06paTHMCH K PasJOXKEHHIo
XaHa (cM., Hanpumep, [33, § 5 r. VI] nau [70, c. 121]) mepet co snakom
p=P —P. CornacHo 3ToMy pas/iOXEHHIO, Mepa 4 MpeACTaBHMa B BHIE =
=gy — [i_, T HEOTPHLIATENIbHbIE MEPDI £ty H (i (BEPXHAA H HHXKHSAA BapHALMH
Mepbl 1) HMEIOT BHIL

prA)y= § dp, p_(A)=- § dp, Aes,
ANM AnM

raie M — HekoTopoe MHOXecTBO H3 F. [1pu atoM
Var p=Var py + Var p_ =p (Q) + p— ().
IMockosbKy
pi (@ =PM)—PM), p_(Q)=PM)-PM),
TO
IP —Pl| = (P(M) — P(M)) + (P(M) — P(M)) < 2 sup |P(A)-PA). D
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Onpeneaenne 2. TNocnienoBaTeNbHOCTb BEPOATHOCTHBIX MeP (Pp)s>1 Ha-
3bIBaeTCA cX00Aweiica no sapuayuu K mepe P (0603HaueHne: P, — P), ecain

|Pr—P|| =0, n—oo. 3)

W3 sToro onpenenenus U TeopeMbl 1 § 1 HeTpyaHO BHAETD, UTO CXOAUMOCTD
10 BapHaLlHH BepPOATHOCTHBIX Mep, 3aflaHHbIX Ha METPHYECKOM MpoCTpaHCTBe
(Q, £, p), Baeyer ux cnabyio CXOAUMOCTb.

Bausocmo pacnpedeaeruii no sapuayuu ABIAETCA, NoXanyii, Han6onee
cuabHO# popMoil 6IH30CTH BEPOATHOCTHLIX pacnpesieieHHil, MOCKOMbKY €C/H
JiBa pacnpejeieHHs 6JIH3KH MO BapHALIHH, TO NPAKTHYECKH B KOHKPETHBIX CH-
TyaLHsX HX MOXKHO CYHTaThb HepasJHYHMbIMH. B 3Toil cBA3H MoXeT co3naTbCs
BreYaTJieHHe, YTO MCCJeJOBaHHEe PAaCCTOAHHMA MO BapHalMH He NpelcTaBiser
60JbLLIOTO BepOATHOCTHOTO HHTepeca. OaHako, HanpHMep, B Teopeme [1yaccoHa
(§ 6 ra. I) cxomumMocTb GHHOMHAJIbHOrO pacrpefeNieHHsi K MyacCOHOBCKOMY
MMEET MeCTO B CMbICJIe CXOMHMOCTH K HYJIIO paccTosiHuga no BapHauuu. (Huxe,
B § 12, 6yzer naHa oueHKa CBepXy /sl 3TOFO pacCTOAHHKA.)

[TpuBeseM Takxke npuMep H3 06/1aCTH MaTeMaTHYeCKOH CTAaTHCTHKH, rie
HeOGXOAHMOCTb HaXOX/IEHHSI PACCMOAHUA no 8apuayuu Mexiay mepamu P
W P BO3HHKaeT eCTeCTBeHHbIM OGPa3oM B CBA3H C 3ajauell pasHyeHHs MO
pesyJ/ibTaTaM HaGJlIONHHA ABYX CTATHCTHYeCKHX rumotes F_(McTHHHOe pac-
npenesieHne ectb P) u A (ncTHHHOe pacnpenenenne ecTb P) OTHOCHTENBHO
TOro, Kakasi H3 BePOATHOCTHLIX Mojeet (R, &, P) uau (Q, £, P) 6onee co-
OTBETCTBYET «CTaTHCTHKE» pe3y/ibTaToB HabJiofeHuil. Ecan w € Q TpakToBaTh
KaK pesyJibTaT HaGJIIoIeHHs, TO Mo mecmom (nns panuuenus runotes H u A)
NIOHHMAIOT JIo0Y10 F -U3MepHMYIo DYHKLHIO ¢ = @(w) cO 3HaueHHsMH B [0, 1],
CTAaTHCTHYECKHH CMBIC/ KOTOPOH COCTOHT B TOM, YTO ¢(w) eCTb BEPOATHOCTD,
C KOTOpO# NpHHUMaeTcs runoTesa /1, Korna pesybTaT HaGMIOJIEHHS! €CTb w>.

Bynem kauectso pasnuuenus runotes H u H xapaktepusoBaTh seposm-
Hocmamu owuboKk nepsozo u 8mopoeo pooa:.

a(p)=Ep(w) (=«sepoamnocmo npunamo M, ecau sepna H»),
Bp)=E(l1 —pw)) (=<«sepoamnocmo npunamo H, ecau sepna H>»),

rae E u E — ycpennenus no mepam P u P. B ToM cayuae, koraa runotessl H u

pasHonpasnbl, OnMUMAALHHM €CTECTBEHHO CUMTAThb TECT * =*(w) (ecau

TaKOBOil CYILeCTBYeT), KOTOPbIi MHHHMH3HPYeT cyMMy OLHGOK a(p)+ B(p).
[Monoxum

&r(P, P)= inf [a() + Bl)]. )
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5 dp
[lyctb Q——(P+P)n dQ =10

ér(P, P)=igf[Ego+E(l - )] =u;f Eglzp+2(1 - )] =1 +igf Egle(z—2))

Toraa

(3mech u nanee Eg — MaTeMaTHUeCKoe OXXHlaHHe Mo Mepe Q).
HetpynHo BuIeTh, uto inf focTHraetcs Ha QyHKUMH

P w)=Hz<z},

H mockoJibky Eg(z —2)=0, 10
8r(P, P)=1- 5Eqle—2|=1- 5|P- P, ©)

rae mnocjiefiHee PaBEHCTBO CJENyeT W3 MpHBOAMMON HixXe JieMMbl 2. Takum
o6pa3oM, U3 (5) SICHO, YTO KAuecTBO Pa3/MueHHsi TUNIOTe3, XapakTepH3yemoe
dyHKuHel &7 (P, P), 3aBHCHT OT cTenenu 6M30cTH Mep P H P UMeHHO B CMbICTe
pPACCMORHUR NO 8APUAHUL.

Jlemma 2. [lycmo Q — HeKOMOPAs 0-KOHEHHAR Mepa MAKaf, 4mo
P<Q.P<Quz=55,2= ZQ
P u P omnocumeasro Q. Tozda

IP = Pl|=Eqlz - 2| ©)

— npou3ssodnsie Padona—Hukoduma mep

ueciu Q= %(P+i5), mo
IP — Pl| = Eqlz — 2| = 2Eq|1 — 2| = 2E¢|1 - ZI. @

Hoxkazameavcmeso. Ina Bcex F-u3MepuMblXx GYHKUMA 9 =1 (w) TaKHX,
yto |¢(w)| < 1, No onpeleNeHHIO 2 H Z HAXOAMM

|Ep - Byl = |Equ(z — 2)| < Eqlwl |2 — 2| < Eqlz — 2I. ®)
[Tostomy
1P - Pl < Eglz —2|. ©
Ho nns dyHKuuu
e I, 222,
¢=sxgn(z—z)={_l’ i<z,
HMeeM
|Ev — Eyp| = Eqlz - 2| (10)

U3 (9) u (10) nonyuaem TpeGyemoe pasexctso (6). CooTHoleHus (7) cae-
Iyt 43 (6), NoCKoJAbKY Z2 + 2 =2 (Q-n. H.). O
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Caencteue 1. [Tycmo P u P — dsa pacnpedenenus seposmrocmeii
na (R, #(R)) ¢ nnotHoCTAMH 8eposmHocmell (omAocumeavro mepo. Jlebe-
2a dx) p(x) u p(x), x € R. Toeda

IP=Pll= § |p(x) - p(x)|dx. (11)

—00

(B kauecmee mepo. Q Hado 83amo mepy Jlebeea na (R, B(R)).)

Caencreue 2. ITycmo P u P — dse nuckpethbie xepor, P=(py, po, ...),
P=(p1, P2, ...), COCPEOOMOUEHHbIE 8 CHEMHOM HUCAe MOHEK Xy, X2, ...
Toeoa

oo
1P=Pl=>" Ipi— pil. (12)
i=l1

(B kauecmse mepbi Q HaOO 83AMb CHUMAIOWYIO MEPY, M. . MAKYIO, 4MOo
Q({xl})= l’ = l, 2’ )

2. OGpatnmcs Tenepb K ellle OfHOH Mepe GJH30CTH BePOATHOCTHbIMH Me-
paMH, Bo MHOTOM (Kak 3To OyZeT c/lefoBaTh W3 JaJibHefillero) poACTBEHHON
6JH30CTH Mep N0 BapHaLHH.

IMyct P u P — BeposiTHOCTHEIE Mepbi Ha (©, F) u Q — TpeTba BEpOAT-
HOCTHas Mepa, domurupyrouas Mepsl P u P, 1. e. Takas, uto P<K Q, P < Q.
CHoBa 0603HaunM

2= ar zZ= 9’_’?
dQ’ Q-

Onpenenenne 3. Paccmoanuem Kakymanu—Xesruneepa Mexny Mepa-

MH P u P nasbiBaeTcs HeoTpHUaTesbHas BenuunHa p(P, P) Takas, uto

PP, P)= 3 Eq[vZ - VA (13)

Eolvz - VA= [\/%— \/E—ff]"’do, (14)

TO CTAHOBHTCSA NMOHATHONR CUMBOAUUECKAS 3aMHCh BeHUHHBI p°(P, P) B Bue

P, P)= %S[\/— VdPP. (15)

[Mockonbky
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Ecau nosioXxutb

H(P, Py=E¢Vz2, (16)
TO MO aHaJoruu ¢ (15) MOXKHO CHMBOJIMYECKH 3aMHCaTb
H(P, Py=§ VdPdP. (17)
Q

Hs (13), (16), a Takxke u3 (15), (17) nousrHo, yto
Pp2(P, Py=1—H(P, P). (18)

Benuuuna H(P, P) nasniBaetca unmeepasom Xeauneepa nopaaxa 1/2.
Ins MHOTHX Lesiefl YAOOHBIM OKa3bIBA€TCA pacCMOTpeHHe urmezpaaos Xea-
auneepa H(a; P, P) nopadka a € (0, 1), onpenensiemMbix dhopmyJioit

H(a; P, P)=Egz°3'~2, (19)
HJIH, CHMBOJIHYECKH,

H(e; P, P)= (dP)*(dP)'~. (20)
Q

SIcHo, uTO H(%; P, 13) =H(P, P).

UYto6bl onpefiesiende 3 GblIO KOPPEKTHBIM, HAJ0 MOKa3aTb, YTO BeJHYHHA
P?(P, P) e 3aBucHT oT BbIGOpa JOMUHHpYIOLIEH Mepbl H 4TO AEHCTBHTEJLHO
p(P, P) ynosnetsopsier Tpe60BaHHAM, NPEIbABASEMbIM K «PACCTOSAHHIO®.

Jlemma 3. 1. Humeepaa Xearuneepa nopsaoka a€(0, 1) (a credosa-
meavro, u p(P, P)) ne sasucum om ewbopa domurupyowei meps. Q.

2. @ynkyus p, onpedesennan 8 (13), asasemca mempuxol Ha MHONMe-
cmee 8epOAMHOCMHbLX MeP.

Hoxkasamesvcmeo. 1. Ecan Mepa Q' nomunnpyer P u P, 10 Q' nomunu-

pyer H Mepy @ = P;P. [Mo3stoMy JocTaTouHO J0Ka3aTh, YTo ecid Q K @',
TO
Eq(z°2'~") = Eq/(z))*(®)' ™,
e 2/ = 90 51 = ar
pil - dQI’ - dQ,'
4Q

O603HayuM v = Torga 2’ =2v,2'=3v u

dQ'’
Eq(22'~%) = Eq (02°8'~*) = Eq:(2))*(2))'~®,

uTO W [I0Ka3blBaeT NMepBoe yTBEPXKAEHHE. _
2. Ecu p(P, P)=0, 10 z=2 (Q-n.H.), otkyna P =P. CUMMeTpHYHOCTb
p(P, P)=p(P, P) oueBunna. HakoHeu, nycts P, P’, P — Tpu Mepnl, P < Q,
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/ 1"
PLQuP'<Qcz= Zid—g’ 2= %%’ 2= % Hcnonbsysa cnpaBeainBocTb

HepaBEeHCTBa TPEYroJibHHKa /1 HOPMbI B L2(Q, &, Q), nonyuaem

[Eo(vZ - V2|2 < [Eq(vZ = V]2 + [Eg(VZ - VZ7)]'2,

p(P, P"Y< p(P, P'y+p(P', P"). a

W13 onpenenenns (19) u teopembr ®y6unu (§ 6 ra. II) HemocpencTBeH-
HO BbITEKAeT, YTO B TOM Cjyyae, Koraa Mepbl P u P ssnsiotca npamvimu
npousgedenusmu mep, P=Pyx...x Py, P=P; x...xP, (cm. n. 10 § 6
rn. II), uuterpan Xennuurepa Mexny Mepamu P u P pasen npoussenenHio
COOTBETCTBYIOLIUX HHTerpaioB XeJJHHrepa:

n
H(e; P, P)=]] H(e P;, P).
i=1

Crenyoliasi TeopeMa packpbiBaeT CBA3b MEXAY PacCTOSIHHEM MO BapHa-
uMH ¥ paccrosiineM KakyraHu—XesuiiHrepa (WM, 5KBHBAJIEHTHO, HHTErPaJoM
XennuHrepa). B 4yacTHOCTH, OHa MOKA3bIBAET, YTO 3TH PaCCTOSAHHSA OMpeEAeAIOT
O00HY u my e monoaoeuio B NPOCTPAHCTBE BEPOATHOCTHLIX Mep Ha (2, F).

Teopema 1. Huerom mecmo ciedyroujue HepaseHcmasa:

21— H(P, P)I<|IP - P|| < V8[1 - H(P, P)], @1
IP - Pl <2V1— H%(P, B). 22)

B wacmnocmu,
20%(P, P)<||P - P|| < VBp(P, P). (23)

Hokasamenvcmeo. Tockoabky H(P, P)<1 1 1 -x2<2(1 —x) maa 0<
£ x <1, To npaBoe HepaBeHCTBO B (21) BbiTekaeT u3 (22), n0Ka3aTeJbCTBO

. . 1 5
KOTOpOro faeTcs cJelylolleil LenouKoil HepaBeHCTB (C @ = §(P + P)):

é"P“ﬁ"=EQ|1—2|< VEo|l — 2> = /1-Egz(2—2) =
=\/l—Esz=\/l—EQ(\/Z_§)2<\/l—(EQ\/EE)2=\/1—H2(P, p).

HakoHel, nepBoe HepaBeHCTBO B (21) csiefyeT U3 Toro, YTo B CHJY Hepa-
BEHCTBa

%[ﬁ—\/?—z]?slz— 1], z€l0,2],
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Hmeem (Q = %(P +P))

| = H(P, P)=p(P, P) = y Eq[VZ — V=2’ < Eqlz—1|= 4P~ P|. O

3ameuanne. CxoaHbiM 06pa3oM NoKasbiBaeTcs, 4to A Beakoro a € (0, 1)

2(1 - H(e; P, P)I<||P = P|| < Vca(l = H(e; P, P)), (24)

rie C, — HeKOTOpast KOHCTaHTa.
CaenctBue 3. [Tycmo P u P", n>1, — sepoamnocmHoie mepo Ha
(Q, &). Toeda (n — o0)

IP"=P|| =0 & H(P", P)=1 & p(P", P)—0,
IP" =Pl =2 & H(P", P)=0 & p(P", P)=>1.

Caencrue 4. [Tockoavky 8 cury (5)
&r(P. P)=1~ 5P~ P,
mo u3 (21) u (22) umeen

SH(P, P)<1-VI-H'(P. P)<&r(P, )SHP, P).  (25)

B wacmnocmu, nycmo

-~

P'=Px..xP, P'=Px..xP
N e N e’

n n

— npaunsie npoussedenus mep. Toeoa, nockorvky
HP", P")=[H(P, P)]"=e*", A=—In H(P, P)>p*(P, P),
mo u3 (25) noayuaem

%e—2>‘n < &r(P", P’n) < e~ < e—npz(P,f’)' (26)

[MpuMeHHTENBHO K PAaCCMOTPEHHOM Bhillle 3ajjaue pa3auieHus 0syx cma-
mucmuuecKkux eunomes U3 3THX HEPABEHCTB BLITEKAET CJEAYIOLHH pe3yJib-
TaT.

[lyctn &), &2, ... — He3aBUCHMblE OMHAKOBO pacrpejelieHHble CayyaiHble
3JIeMEHTbI, HMelOLLIHe pacnpesielienne BeposiTHocTell uu P (runotesa H ), uau P
(runotesa H), npuuem P # P u, snauur, p%(P, P) > 0. Toraa npu n — co ¢yH-
Kuusa &r(P", Pr), XapaKTepH3yIolllasi KauecTBO ONTHMAJIbHOTO Pas/IHyeHHs TH-
notes H u A no na6nonenuam €y, ..., &, yGbIBaeT K HyJIO IKCMLOHEHYUALLHO
bb1cmpo.
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3. C noMolublo BBeJEHHBIX Bbillle MHTerpajioB XeJJHHrepa Mopsaika a
yLOGHO BbIPAXaTb YCJOBHS AGCOMOMHOIL HeNnpepoel8HOCMI W CUHYAPHO-
c/mii BePOSITHOCTHBIX Mep.

IMycTs P u P — nBe BeposATHOCTHbIE Mepbi, 3ajlaHHble Ha H3MEPHMOM Npo-
crpauctee ({2, &). Hanomuum, uto Mepa P abcoaromuo nenpepwsna or-
HOCHTeNbHO Mepbl P (06o3HaueHHe: P < P), ecau P(A)=0 Bcsikuit pa3, Ko-
raa P(A)=0 nna A€ #. Eciu P< P u P <P, 10 roopsar, uto Mephl P
P sxsusarenmust (P~ P). Mepbi P u P HasbiBaiotest cuneyasproimu win
OpMO2OHANLHUIMY (P_LP) ecau cyulectsyeT A € F Takoe, uto P(A)=1u
P(A)=1 (1.e. Mepbl P u P «cuasat» Ha pasHbix MHOXeECTBAX).

IMyctb Q — BeposTHOCTHas Mepa, P <K Q, P« Q, z= % = Z.g.
Teopema 2. Caedyrouue ycaros8us A84310MCA IKBUBANCHMHHIMU,

(a) PP,

(b) P(z>0)=1,

(c) H(a; P, P)—> 1, 0.

Teopema 3. Caedyrouue ycaosus A84310MCA IKBUBANCHMHBIMU:

(@ PLP,

(b) P(z>0)=0,

(c) H(ea; P, P)—0, a |0,

(d) H(a; P, P)=0 01 scex a€(0, 1),

(e) H(a; P, P)=0 dus nexomopozo a.€ (0, 1).

Hokazameabcmeo obenx TeopeM 6GydeM NPoBoAuTb oaHoBpeMenHo. Co-
FJIaCHO onpe/leIeHHIO 2 H 2,

P(z =0) = Eql2/(z =0)] =0, @7)
BAn{z > 0) = Eq[2I(AN{z > 0})] =
=Eo[z 2 ANE> 0})] —E [g ANz >0)] =E [g I(A)] . (28)

CaenobatenbHo, HMeeT MeCTO «pa3dfnoxkeHue JleGerax:

B =E[§ IA)] +PAnz=0), Aeg, (29)

z .
B KOTOpPOM BeJiHuHHA Z = > HasbiBaetcs npoussodnoi Jlebeza («abcorom-
HO HenpepviBHOU KOMNOHEHMbI») Mepbl P no (omrnowenuro k) mepe P

H o6osHayaeTCs —%— (cp. ¢ 3aMeuaHneM Kk TeopeMe Panona—Hukonuma, § 6
ro. II).

Orciona cpasy nonyyaeM 3KBUBaJIeHTHOCTb (@) U (b) B 0Genx Teopemax.
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Jlanee, NoCKOJbLKY
z2°3'"* 5 212>0), «l0,

uasac (1)

0<z%2!"*<az+(1—a)2<2+2
¢ Eg(z+2)=2, 1o no Teopeme Jle6era o MaxKOpHpyeMO# CXOAHMOCTH

li% H(a; P, P)=Eq21(z>0)=P(z>0)

H, 3HauuT, (b) & (c) B 0Genx Teopemax.
HakoHel, nokaxem, uto Bo BTopoii Teopeme (c) < (d) < (e). Iasa 3toro
o~ e =4 ~
HafI0 JIMLIb 3aMeTHTb, uTo H(a; P, P) = E(g) I(Z>0) u P(z>0)=1. 3Ha-
uut, ana kaxaoro a € (0, 1) P(z>0)=0« H(o; P, P)=0, oTkyaa u crenyior
UMIUIHKauuH (c) & (d) & (e). o _ o
Mpumep 1. Tlycte P=P; xPox ..., P=P xPyx ..., tne P, u P, —
rayccoBCKHe Mepbl Ha (R, %#(R)) ¢ naoTHoCTAMH

(x—ay)?
== pri) ==

[TockoJbKy, KaK MOKa3bIBaeT NPOCTO# MOJACYET,

x—dy)’

e

H(e; P, P)=]] H(e; P, Py,
k=1

rie
-~ o0 1—
H(a, Pe, P)= § ppx)py *(x)dx=e” 2l a-ay?.
—oo

TO

a(l—a) & 2
~ —4-2-—1 (@x—3x)
H(c; P, P)=e o
M3 teopem 2 u 3 noayuaem, uto

[o o)
P<P & P<P & PP & Y (ar—ar’<oo,
k=1

[o o)
PLP & Z (ak—&k)2=oo.
k=1
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Mpumep 2. Choea nycTb P=P; x Pyx ..., P=P, xPyx ..., t1e Py 1
P, — pacnipenenenus IMyaccona c napamerpamu A, >0 1 X >0 cooTBeTCTBEH-
wo. TOr/la HETPYIHO NMOKA3aTh, YTO

P«P & PP & P~P & Z(\/Ak—\/:\_k)2<oo,

PLP & Z(\/:\——\//:\;2=oo
k=1

4. 3apauu.
1. B 0603HaueHHaAX JieMMbl 2 NMOJIOXKHUM

PAP=Eg(zA3),
rae z A Z =min(2, 2). INoka3arb, uto
|P—P||=2(1-PAP)
(1, cienoBatenbHo, &r(P, P)=P A P).
2. Iyctb P, Py, n 2 1, — BepoaTHoCTHble Mepbl Ha (R, #(R)) ¢ nioTHOCTAMH

(oTHocHTeNbHO J1eGeroBeKoit Mepbl) p(x), pa(x), n2 1. [lyctb pu(x) — p(x) ana
noutu Bcex x no Mepe JleGera. [Mokasathb, uTo Toraa

IP=Pall= § |p(x) = pa(x)|dx =0, n—oc0

(cp. ¢ 3anaueit 17 8 § 6 ra. II).
3. Myctb P u P — e BepOATHOCTHBIE Mepbi. Onpenenum ungpopmayuio
Kyav6axa K(P, P) — uncopmaumio 8 nosibsy P npotus P — paBeHCTBOM

dP ~
-~ E I =) Pv
K(P, P) = ndﬁ ecy P
0 B NPOTHBHOM CJyuae.

INoka3arb, yto
K(P, P)> -2 In(1 - p*(P, P)) > 20*(P, P).

4. Noxkasatb ¢opmyasi (11), (12).
5. lokasaTb HepaseHCTBa (24). N
6. Iyctb P, P, Q — BeposiTHocTHBIEe Mepbi Ha (R, B(R)), P*Q u Px Q —
Hx cBeptka (cMm. n. 4 § 8 . II). Torza
IPxQ—-PxQ|<|IP-P.

7. Noka3atb (30).
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8. Myctb £ v 1 — cayvaiiHble ssementhl Ha (§2, &, P) co 3HaueHHsMH B
u3MepuMom npoctpaHctse (E, &£). Ilokasatb, uto

|P{€€A}—P{nec A}| <P #mn), A€é.

§ 10. KonuturyaabHoctb (c6aMKaeMOCTb) M MOJHas
acUMNTOTHYECKAs Pa3feJHMOCThb
BEPOSITHOCTHBIX Mep

1. OTH NOHATHA WrpaioT (QyHAAMEHTANbHYIO POJib B ACUMNMOMUYECKOL
TEOPHH MaTeMaTHYeCKON CTAaTHCTHKH, ABJAACH eCTECTBEHHBIM pacnpocTpaHe-
HHEM MOHATHH aGCOJIOTHOM HeNmpepbIBHOCTH W CHHIYJSAPHOCTH ABYX Mep Ha
cayuait nocaedosamenbHocmeti nap Mep.

HauneM ¢ onpenenenuit.

MMyctb (", F")p>1 — HeKoTOpasi NOCJ]ENOBATENLHOCTD H3MEPHMBIX MpPO-
cTpaHcTB H (P")n>1, (p"),,>, — MOCJIel0BaTeJbHOCTH BEPOATHOCTHLIX Mep, rie
P" u P" onpenenensl Ha (Q", £"), n> 1.

Onpepeaenne 1. ToBopAT, uTO NOCJIENOBAaTENbHOCTb MEp (P") konmuey-
aibHa nocaefoBatebHocTH (P?) (o6o3Hauenue: (P") < (P)), ecam aas Bcex
A" € F" Takux, yto P*(A") — 0, n — 0o, uMeeM P*(A") =0, n — oo.

Onpenenenne 2. ToBopsAT, uyTo mocsefosaTedbHocTH Mep (P") u (P")
NOAHOCMbIO acumnmomuuecky pasdesumst (L1551 KPaTKOCTH — pa3ieuMbl;
o6o3nauenue: (P") A (P™)), ec/iu CylIECTBYIOT MOANOC/EN0BATEbHOCTD 11 T 00,
k — 0o, 1 MHOXecTBa A™ € &F ™ TaKue, 4TO

P™%(A™) > | u P*(A™) >0, k—oo.

Cpa3sy oTMeTHM, UTO pa3leNMMOCTb €CTb MOHATHE CUMMEMPUYHOE: PHya
A(P") & (P") A (P"). KoHTHryanbHOCTb 3THM CBOMCTBOM He o6siazaer. Ecan
(P < (P") u (P*) > (P™), To nuwyt (P") <> (P™) 1 rOBOpAT, 4TO NOC/EN0BA-
TenbHoCTH Mep (P") u (P™) 83aumno KowmuzyanvHoL.

OtMeTnM, uTo B cayuae, Koraa (Q°, %) =(Q, &), P"=P, P"=P nna
Bcex n > 1, umeeM

PY<(P") & P«P, (N
Py« (P") & P~P, )
PYya(P") & PLP. 3)

DTH CBOMCTBa M JaHHble Bbillle OMpefielieHHA OODBACHAIOT, MOYeMy KOH-
THIYaJIbHOCTb M MOJIHasi aCHUMMTOTHYECKAas pas3fesIMMOCTb YacTO TPaKTYIOTCH
KaK «aCHMNTOTHYECKas abCOJIOTHAsi HEeMpepbiBHOCTb» H «aCHMNTOTHYECKast
CHHIYJISIPHOCTb» 1 NocaefoBaTenbHoctel (P*) u (P™).
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2. TlpuBoauMble HXKe TeopeMbl | H 2 ABJAIOTCA €CTECTBEHHBIM Pacnpo-
cTpaHeHHeM TeopeM 2 H 3 H3 § 9 Ha cayyait nocsiefioBaTesbHOCTE# Mep.

Mycte (27, F")n>1 — NOCAENOBATEJBbHOCTb H3MEPHMbIX MPOCTPAHCTB,
Q" — BeposiTHOCTHasA Mepa Ha (Q", F"), n > 1, 0 £" — cayuailble BeJHUHHbI
(soo611te roBops, paciuupeHHbie; cM. § 4 ra. II) Ha (Q°, F"), n> 1.

Onpepenenune 3. [locnenoBaTeNbHOCTb CAy4aiHbIX BeMUHH (£") Ha3biBa-
eTcsi NAOMHOL OTHOCHTEJILHO MOCJ/ie/loBaTebHOCTH Mep (Q") (o603HaueHue:
(¢"| Q") naomno), ecau

lim TR Q"(€" > M) =0. )

(Cp. ¢ COOTBETCTBYIOLUMM ONpe/ieleHHeM MJIOTHOCTH CeMeACTBa BePOATHOCTHBIX
mep B § 2.)
Ianee Bciony GyneM nosaratb

P AP 4P, dP"

n_ T em——
Q - 2 ’ 2 dQn ’ 2 dQ” °
Bynem o6Go3HauaTb Takxke

7n=% )

npoussoaHyio JleGera mMepsl P* oTHoCHTesbHO Mepbl P* (cM. dopmyay (29)
B § 9), cuuras 5= 3ametum, uto ecau P" < P", 10 Z" eCTb B TOYHOCTH

n

dP ~
OIMH H3 BAPHAHTOB MJIOTHOCTH —7o Mephl P" otHocutenbHo P* (cM. § 6 ra. II).

Jnst panbHefiliero nosie3Ho OTMETUTDb, YTO MOCKOJIbKY

P y)=Ee(1(z"< 5)) < 5 (6)

(L
zn
Teopema 1. Caedyroujue ycro8us AARIOMCA IKBUBANCHMHOIMU:
(a) (PM)<(P),
(b) (z—" Iﬁ”) naomo,
(b") (Z*|P*) naomro,
(c) "T& lim H(a; P*, P?) =1.

o n
Teopema 2. Caedyroujue ycaosus A6ASIOMCA IKBUBANCHMHBLMUL
(@) (P") & (P,
(b) lim P*(z" > ¢€) =0 041 8cakoeo € >0,

n

2
HZ”<Z7,T0

P") niotHo, (Z"|P") nnoTHo. (7
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(b") l_nnﬁ P*(Z" < N)=0 daa scakozo N >0,

(c) !1'113 Llnm H(a; P*, P") =0,

(d) lim H(a; P*, P") =0 daa scex ac (0, 1),

(e) @ H(c; P*, P*)=0 daa nexomopozo a€ (0, 1).

Hokazameavcmso meopemst 1.
(a) = (b). Ecau (b) He BbinoJiHeHO, TO CywiecTBYIOT € > 0 # nocsegoBaTe-
= 1 1
JILHOCTb 71, T 00 TaKue, uto P™ (z"* < ﬁ—) >e¢. Ho B cuny (6) P™ (z"* < n_) <
k k
1 ~
< ™ — 0, k£ — co, yTo NpoTHBOpeUHT NpeanosoXKenuio (P*) <1 (P").

(b) & (b’). docTtatouHo JMIIb 3aMETHTb, yTo Z% = -2- -1
(b) = (a). IMycts A" € £F" u P*(A")—0, n— 0. l/lmeeM
PM(A™) K PM(2" <€) + Egn(Z" (A" N{2" > e})) <
<P(@" <)+ 2 Equ(nl(Am) = P"(" <) + 2 PH(A).

3Hauur,

li,rlnp"(A) lim P*(z"<e), €>0.

n

Y1BepxneHue (b) paBHOCHIBHO TOMY, UTO lim ? P*(z" <e)=0. Tem cambim
8

P*(A") =0, T.e. (b) = (a).
(b) = (c). Iyctb € >0. Torna

H(e; P", P") = EQ”[(z")a(z")'-°]>EQ”[( ) 1" > &)z >0)z]
—Ep,.[(- ) I(z" >a)] (%) P*z">¢), (8)

NOCKOJMbKY 2" + 2" =2. 3Hauur, 1 € >0

im lim H(a; P", P")>|.m(2)° lim P(2" > ¢) =lim P"(z" >¢). (9)
n

al0 all

B cuay (b) lim lim P*(2" >¢) = 1. [ostomy 3 (9) 1 Toro, uto H(a; P?, PY) <1,
elo n

clieflyeT yTBepxKaeHHe (c).
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(c) = (b). Iycts 6 €(0, 1). Toraa
H(e; P*, Py =Eqa[(2")*(E")' 2 1(z" <e)] +
+Eg ()@ "2 I(z" > ¢, 2" <) + EQa (@) (@E)' 212" 2 €, 2" > 0)] <
<2 +26"2 +Equ[#(5 ) 1" >e, 2" >8)| <
<2 +25‘-a+(3) Prz">¢). (10)

[ToaTomy

: t DR N é 0 . pn pny _ 2_

jelﬁhTP 7 >e)>(2) lim He; P", P") = 56
as Beex a € (0, 1), € (0, 1). INonarasi cHauana « | 0, Hcnosib3ys (C) H 3aTeM
Geps 4 | 0, nonyuaem

lim lim P*(2"
el n

\V

g)>1,

OTKyZa BbiTeKaeT cnpaBeauBocTb (b). O
Hokazameabcmeo meopemoi 2.
(a) = (b). [MycTs (P™) A (P™), np 100, H A™ € F™ TakoBbl, utT0 P (A™) — |
u P™(A™) — 0. Toraa ¢ yuetoM Toro, uto 2" + 2" =2, umeeM

~ ~ M _
Pt (2™ > ) < P (A™) + Eqn {2 T A" > o)} =
~ M ~ 2 _
= Pre () + Mo { 2 1AM (2" > ¢} < Peam) + 2 proam).

CuaenoBaTenbHo, P™ (2™ > ) — 0 u, 3HauuT, BbinosHeHo (b).
(b) = (a). Ecau BbinosiHeno (b), To cylllecTByeT MOCJeN0BaTENbHOCTb
n, T oo Takas, 4To

pn n _]_ l
P"(z *zk)gk-—»O, k— o0.

Ortciona, sametus (cM. (6)), uto P™ (z"" > %) 21— ;]e-, noJiyuaeM yTBepxxie-

Hue (a).
(b) & (b"). HocTaToyHo JMLIb 3aMETHTD, 4TO Z” = 23,, -1
(b) = (d). B cuay (10) u (b)
lim H(a; P", P") < 2e* +26'©
n

115 NpoU3BoJbHBIX € ¥ § u3 untepBana (0, 1). [Tostomy (d) Umeer MecTo.
(d) = (c) u (d) = (e) oueBHaHBI
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HakoHeu, u3 (8) umeeM

lim P"(z" > e)< (2)" lim H(es P", 7.
n € n

[+
[Moatomy (c) = (b) u (e) = (b), NocKoAbKY (%) -1, al0. 0
3. PaccMOTpuM ofMH YacTHBI CJyyail, COOTBETCTBYIOLLHI CXeMe He3asu-
Cumoix HabJIOAEHHH, I1e BHIYHCEHHe HHTerpaios H(a; P, Py u NpUMeHeHHe
TeopeM | ¥ 2 He npeacTaBaseT GOMbLUIKX TPyAHOCTEH.
TNpennonoxum, uto Mepbl P* u P" ecTb npamvie npoussedenus Mep:

P'=Pyx..xP, P'=P;/x..xP, n>l,
rae P, u P, 3aganbl Ha (%, &), k> 1.
[Nockonbky B 3TOM cayyae

- n - 5 In[1—(1—H(c:PePi))]
Hia; P, By =T Hlcs Pe, Py=e=i T "o,
k=1

TO U3 TeopeM | H 2 noJayyaeM ciieayiouiuit pesyJibTat:

Py« (P") & mm; [1 = H(e; Ps, Py)] =0, (11)
(Pya(P") « Tim Y [1 = H(c; Pr, Pr)] =00 (12

k=1
Mpumep. Iycts (Q, Fi)= (R, B(R)), ar€[0, 1),

= 1
Pp(dx)=I1)(x)dx, Pr(dx)= T—a ligp 1) (x) dx.

[MockosibKy 3lech H(a; Py, ﬁk)_= (1 —ap)®, a€ (0, ]), 1o u3 (11) ¥ Toro dakra,
uto H(a; Py, Pr) = H(l — a; Py, Pp), Haxoaum

(P)<«(P") & Tim na, <oo, e a,,=0(%),
(P”)Q(p”) & @na,,=0, T. €. an=0(%)’
(P")a(P") & lim na,=oco.

4. 3apaum.

1. Mycts PP =P} x...xP? P"=P?x...xP% n>1, rne P} u P} —
eayccosckue mepsi ¢ napamerpamu (af, 1) u (@, 1). Haittu ycosus na (a})
u (a}), npu kotopsix (P") < (P™), (P") A (P™).
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2. Myctb P*=P? x...x P8, P"=P!x...x P? rze P} u P} — sepo-
ATHOCTHbe Mepbl Ha (R, B(R)) Takue, uto PJ(dx)=1lo,j(x)dx, P}(dx)=
= l{g 140, (%) dx, 0 < a, < 1. Tokasats, yto H(a; Py, p,f,’) =l—-ay,u

(P« (P") & (P)<(P") & Tim na, =0,

PYa (P & lim na, = co.

3. Iyctb (Q, &, (£Fa)nz0) — GHUABTPOBAHHOE H3MEPHMOE MPOCTPAHCTBO,

T. €. H3MEpHMOe NpocTpaHCTBO (£2, &) ¢ BBelleHHbIM Ha HEM MOTOKOM o-ajireGp

(Zn)nz0 Takux, uto FoC F C...C £F. peanonoxum, uto F =o(J £n).
n

Tyctb P u P — nge BeposiTHOCTHbIE Mepbi Ha (Q, F) u P, =P|&,, P,=P| &, —
HX CyXeHHs Ha &,. [TokasaTb, uTo

(Pa)<(Py) & PP,

(Pa)n(Ps) & PLP.

§ 11. O ckopocTH CXOAUMOCTH B LLEHTPANLHOM
npeaejbHOH TeopeMe

1. Tlyctb &1, ..., §mn — NOCJAENOBATENILHOCTL HE3aBHCHMBIX CJIydyaHbIX

BENHUMH, Sy =&n) + ...+ €, Fa(x) =P{S, <}, n>1. Ecan S, S A0, 1),
TO 419 BCAKOro X €R Fu(x) — P(x). [Mockonbky dyHkuus ®(x) Henpepuisna,
TO Ha CaMOM JleJle CXOAHMOCTb 3/leCb pasHoMmepHas (3agaya 5 B § 1):

sup |Fa(x) = ®(x)] =0, n— co. (1)

EcTtecTBenHo nocrasutb Bonpoc o ckopocmu cxodumocmu 8 (1). IMpuse-

. 4.+
IeM COOTBETCTBYIOLIMA pe3yJbTaT il TOro CJjyuasi, Koraa S, = 6'—6—\/-5—5”,
nz=1, rae &, &, ... — NOCAENOBATEIbHOCTb HE3ABUCUMBLY OOUHAKOBO pac-

npedeiennolx clyyainbix BeauuuH ¢ E€, =0, D& =02>0 u E|§|° <.
Teopema (Beppu u dcceen). Hueem mecmo oyenka

CEl&
o3/n’

20e C — abcomomnaa koncmanma ((2m)~'/2 < C <0,7655).

sup |Fa(x) — @(x)| < (%))
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Jloxasameavcmeo. s npoctothl nyctb 02 =1 u B3 =E|¢) |3. Cornacho
Hepasencmay Icceena (n. 10 B § 12 ra. II),

[0 =0 4y 4 24!

2
v O

sup |Fa(x) - 2(9)| < S
0

2
rie p(f)=e 2 u

w0 =[(Z)]

c f(t)=Eei*é,
B (3) nosioxuTenbHOe yncso T MOXKHO BHIGHpPATh MPOH3BOJILHBIM 06pa3oM.
Bo3bMeM
VA
T=X"
503"

Kak Gyzer nokasaHo HHXe, MpH TakoM BbiGope T

IO -pO1<§ B itpe s, i< )

C yueToM 3Toro HepaBeHCTBa U3 (3) cpa3y mosiyyaeM TpeGyeMylo OLIEHKY (2),
rie C — HekoTopasi aGcosioTHas KoHcTauTa. (BoJiee TOHKHE pacCMOTpeHwst
NOKa3blBaIOT, YTO ee 3HaueHHe Menblue 0,7655; cm. [88, ra. 5, § 4.3].)

Hrak, nepefineM Kk 10Ka3aTe/bCTBY HepaBeHCTBa (4).

Cornacto dopmyane (18) w3 § 12 ra. 11 (n=3, E¢; =0, E€Z =1, E|§ |2 <00),
HMeeM

it A (1) T .
f@)=Ee'*5 =1- 0 + -—6-[E§, (cos 0yt& +1i sin 09ty)], %)
rae |6 <1, |62] < 1. I'IoaTomy

f(%) =1- é;?m (B} (cos 01 = &1 +isin 2 7= 61)].

Ecau |t|<T= f /(503), T0 C yueToM HepaBeHcTBa (3 > 0% =1 (cm. (28)
§ 6 ru. 1) HaxoauM, uTo

t t 2 |1Pss _ 1
1= lf(\/ﬁ)i < |l - f(%) < ot 3n3/2 < 25
CunenoBaTedbHO, NpH |¢| < T BO3MOXHO NpeAcTaBjeHHe

()] =1 0

rae nol In z NoHUMaeTCs 21a8HOe 3HAaUeHue JorapupMa KOMMJIEKCHOrO YHC-
naz (Inz=ln|z|+i arg 2, —w <arg z<m).
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[Mockosibky B3 <oo, To no ¢opmyne Teiliopa ¢ OCTaTOUHbIM UJIEHOM B
¢opme Jlarpanxa (cp. Takxke ¢ (35) u3 § 12 ra. II) Buaum, uto

t t t t m
mfgﬁ)—;—%”JZSQ f&ﬂmn (64) =
gt (o). i<t @

n

TaK KaK CEMHHHBApHaHThI SE =E¢§ =0, sg")_a =1
Hanee,

[ () F2(s) = 31" () [ (s) Fis) + 20" (s))° _
3(s)
_ El£)%"*1/%(s) — 3E[(i&))% '5"1E{(z&)e'“lf(s)+2E[(ze,)e'€'513
i3(s)

t
— <
OTKyZia C yueToM TOTo, YTO |f( ﬁ)l 35 Npu |t <T u|f(s)| <1, Haxonum

ﬁ3+3ﬂ|ﬂ2+2ﬁ|3
|(lnf) ( )I\—(—z_‘T——Qﬂs ®
25
Be=Elrl*t, k=1,2,3; B <5 <B5°; em. (28) § 6 1. ).
W3 (6)—(8), ucnonbays HepaBencTBo |e? —1|<|z|e®?!, nonyuaem ans

|t|gT—% yTO

[UCDIIREIE

(n f(s))" =

en In f(-yl’-;) o

<16l { 2.7 3/33} 7Blt1° -
ex —_ ~tP—=3< = e %. O
St va U tellN Ar<s o

3ameuanne. OTMeTHM, YTO 6€3 JOMOJIHHTENbHbIX MPEANOJOKEHHA O
NPHpoAe CYyMMHpDyeMbIX CJyyafiHbIX BEJHYMH MOPANOK OLEHKH (2) M oleHKa
C > (27)~'72 ne moryr 6biTb yayuwenbl. [eficTBuTeNbHO, NYCTh &), fo, ... —
HesaBHcHMble OJIMHAKOBO pacrpeielieHHble GepHYJUIHEBCKHE CllydaiiHble BesH-
UHHBI ¢

Plee=+1}=P{te=-1}=7.

B cuny cummetpuu ouesuaHo, 4To

2n 2n
2P{Z & <0} + P{Z §k=0} =
k=1 k=1
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H, 3HauuT, no tdopmyae Ctupaunra ((6) § 2 r. I)

2n
_1 on —2n 1 \
P{§§k<0}“ 2 {Z&— }_2 Con 2~ 5 e = Jama

OTciofla, B YaCTHOCTH, CJIElyeT, YTo KOHCTaHTa C, BXoAsuias B (2), He MeHblie
yem (2m)~1/2 u

2n
1
P{;&"O}N%—? n—oo. 9)
2. 3apaum.
1. Noka3atb popmyay (8).
2. MycTtb &), &2, ... — He3aBHCHMBIE OIMHAKOBO pacnpejiesleHHble Cyuaii-

Hble Beuunnbl ¢ E€, =0, D&, =02 u E|¢)]® < co. UBecTHo, uTo Toraa cnpa-
BEJLIHBA CJEAYIOIAs HEPABHOMEDHAS OLIEHKA: LAl BCEX —00 < X < 00

CEl4P 1
odvn  (1+|x])3"

JaTb n0Ka3aTesbCTBO 3TOro pe3ysbTaTa, Mo KpaiiHell Mepe, 1y GepHYJ/IHEB-
CKHX CJIy4aiHbIX BEJIHYHH.

3. Tyctb (€k)r>1 — NOCHenOBaTEbHOCTL HE3aBHCHMBIX OAHHAKOBO pacnpe-
JieJIeHHBIX CJyyaiHbIX BeJMYHH, MPHHHUMAIOLINX 3HauyeHHs +1 C BeposATHOCTA-

|Fa(x) — @(x)| <

mu 1/2. Tycts @o(t) =Ee*é = %(ei‘ +e~). MokasaTs, caenys Jlannacy, 4to
(Se=&+...+&)

3

1 1
P{Ssn=0t= § b dt~ o=, n—oco.

4. IycTb (k)0 — NOCNEN0BATENLHOCTb HE3aBHCHMBIX OJIHHAKOBO pachpe-
JleJIEHHBbIX CAyYailHbIX BeJIHUHH, NPHHHMAIOWHX 2a + 1 U.eJIO'-IHCJleHHbIX 3Haue-

uus 0, 1, ..., £a. Tlyctb pou41(f) = Eeié = l+ (l +2 E cos tk
k=1

(=

Takxke, cnenysa Jlanaacy, nokasaTtb, yTo

V3
V2r(a+1n’

B uyactHoctd, st a=1, T. e. cayuas, Koraa &, NPHHHMAIOT Mpu 3Haye-
a-1,0,1,

n— Q.

l K
P{S,=0t= § ohon(dt ~
0

P{S, =0}~ 2:;-__ n—oo.
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§ 12. O ckopoctu cxoaumoctu B Teopeme llyaccona

1. Tlyctb &, &, ..., & — He3aBHCHMblE GepHYJUIHEBCKHE CJyuaiilble Be-
JIHUMHBI, PHHHMatoLIHe 3HaueHHs | v O ¢ BepoATHOCTAMH

P{ée=1}=pr, P{&=0}=gr(=1-pr), 1<k<n

O6o3Hauum S =¢; +... +&,, B=(By, Bi, ..., Bp) — GuHOMHaJbHOE pac-
npeienenng BeposiTHocTed cymmbl S, rae By =P{S=k}. Ilyctb Takxke II=

= (lp, II;, ...) — nyaccoHoBCcKoe pacnpe/e/ieHHe C MapaMeTpoM A, rie
-\ )k
Me=7~, >0
B n.4 § 6 rn. I otmeuanocs, uto ecau
PL=...=Pn, A=np, )]
TO MMeeT MecTo ciefyioilias oueHka (1O. B. IpoxopoB) nns paccmosarnus no
sapuayuu mexay mepamMid B u II (B, =Bpyo=...=0):
oo
A
uB—Hu—; By Tl <CiNp=Ci(N)- =, (@)
rae
Ci(A\)=2 min(2, ). 3)
n
Ins cnyuas He 06513aTeIbHO PaBHBIX Py TaKHX, uTo Y pr=2A, JI.Jle Kam
nokasai, uto #=l
oo
I8~ =k§ 1Bs — L] < C2(A) max ps, (4)
e
C2(MN) =2 min(9, A). (5)
M3 npusoaumoit Hixe TeopeMbl GYAeT C/ef0BaTh OLEHKA
10|
|B -1 < C3(N) 02X P, (6)
B KoTopoi#i
Cs(\)=2A. %)

Xota Co(A) < Cs3(\) npu A>9, T. e. oueHka (6) xyxe oueHkH (4), Mbl,
OJlHaKo, NpeanoyMTaeM JaTh AOKA3aTelbCTBO OLEHKH (6), MOCKOJbKY OHO, MO
CYLUECTBY, 3JIEMEHTapHO, B TO BpeMs KaK CTpeMJ/eHHe MOJyUHTb «XOpOLLIYIO»
KoHcTaHTy C2(A) B (4) CHIILHO YCJIOXKHAET TEXHHKY J0Ka3aTesibCTBa.
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n
2. Teopema. [Tycmo A= > pp. Tozda
k=1

oo n
IB-T|=)" |Be—T|<2 ) pi. 8)
k=0 k=1

Hoxasameabcmeo. BocnoJb3yeMcst TeM 06CTOATENLCTBOM, YTO KaXK/I0€ H3
pacnpeneneHuit B u Il ecTb c8epmia pacnpeneneHuii:

B=B(p))*B(p2) *...* B(p,),
II=1I(p;) *II(pg) *...*II(pa),

MOHMMAaeMbIX KaK CBepTKa COOTBETCTBYIOLIMX (YHKUMil pacnpeneseHHs (cM.
n. 4 § 8 rai. 1), rne B(pr)=(1 — pr, pr) — GepHyJiIHEBCKOE pacrpefie/ieHHe B
Toukax O 4 1, a II(p,) — nyaccoHoBcKoe pacrpenesieHHe, COCPeLOTOUEHHOE B
toukax 0, 1, ..., c napamerpoM py.

HetpyaHo nokasarb, uto pasHocTb B —II MoxeT GbiTb MpejcTaBiieHa B
BHIE

©)

B-M=R+...4+ Ry, (10)
rae
Re=(B(pr) —(pe)) * Fp (1)

=H(p2) * ...*H(pn)v
Fe=B(p1) *...% B(pe—1) *IL(pe+1) * ... *II(pa), 2<k<n—1,
Fa=B(p1)*...% B(pa-1).

B cuny 3agaun 6 u3 § 9 ||Rk|| [IB(pr) —I(pe)||- Tloatomy u3 (10) cpasy
Haxoaum, 4To

I8 11| <Z I1B(ps) — I(pg). (12)

k=1

YuurbiBas ¢opmyay (12) us § 9, Buaum, uto moacuer Bapuaumit ||B(pr) —
—TII(pe)|| He npencTaBasieT caoxHOCTEI:

e —Pr
IB(pe) —=T(pe)ll =|(1 = pe) — ™ P*| + | P — pre™ |+ D ~— Pk T
j=22
=|(1=p)—e™P*|+|pr— pre~P*|+ 1 —e~P* - pre™P*=2p,(1 — e~ ") < 2p}.
Ortciona u u3 (12) noayuaem TpeGyemoe HepaBeHCTBO (8). a
n

Caencreue. [Tockoavky Y. p2< A ITfé Pk, MO UMeEem Mecmo oyeH-
k=1 RN
Ka (6).
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3. 3anaun.
1. TNokasaTb, 4to npu A, =— In(1 — p;)

1B(pr) —TI(AR) || =2(1 — e~ — Ape™>) < A2

n
u, cregosatedbto, ||B —TI|| < 3 A2,
k=1

2. lokasatb cnpaBennuBocTb npeactasienuit (9) u (10).

§ 13. ®yHpamMeHTaNbHbIE TEOPEMbl MATEMATHYECKOM
CTaTHCTHKH

1. B § 7 rnaBbl | 6ol paccMOTpeHbl HeKOTOpbie 3aaud OLEHHBaHHsS H
MOCTPOEHHSA JOBEPHTENIbHLIX HHTEPBAJ/IOB /1l BEPOSITHOCTH «yCrexa» Mo Ha-
GJIOJIEHHAM Hal CAYYyaHHLIMH BeJIHYHHAMH B cxeme BepHynnn. dTtu 3anauu
ABJIAIOTCA THOHUHBIMH U1 MaAMeMamu4eckol cmamucmuKy, 3aHUMaloLLei -
cAl B OMpeleJIeHHOM CMbicsie 00pamHbimu 3a4a4yaMH TEOPHH BepOATHOCTeN.
Tak, ecid B TeOpHH BeposiTHOCTEH OCHOBHON HHTEpEC COCTOMT B TOM, 4TOGbl
AN 3aJlaHHOM BepOATHOCTHOH MOJJH pacCUHTLIBATh T€ WJH HHble BeposiT-
HOCTHble NoKa3aTesH (BePOATHOCTH COOBITHH, pacrpezesieHHsi BeposTHOCTEN
H HX XapaKTepPUCTHKH CJyuyaiiHblX 3JIEMEHTOB, H T. 1), TO B MaTeMaTHYeCKOM
CTaTHCTHKE Mbl HHTEpeCyeMCs TeM, Kak 10 HMEIOLLEMYCS Cmamucmu4ecKomy
Coipbi0 BHISIBUTL (C OINpeJeNleHHOH CTereHbl0 HafeXXHOCTH) Ty BepOATHOCT-
HYI0 MOJieJib, B PaMKaX KOTOPOH crmamucmuuecKue CBOACTBA SMITHPHUECKHX
JlaHHbIX HanGoJiee BCETO COMIACYIOTCA C 8EPOAMHOCMHbIMU CBOACTBAMH CIy-
YaHOro MexaHH3Ma, MOPOXJAAIOLIEro 3TH JaHHbIE.

[Mpusoaumble Huxe pesyabrathi (InuBenko, Kantennu, Kosmoropos u
CMHpHOB) Mo mpaBy MoOryT GbiTb Ha3BaHbl (hyHOAMEHMAALHOIMU meope-
MAMU MAMEMAMULECKOT CMAmMUCMuUKy — OHH He TOJIbKO YCTaHaB/IHBAIOT
NPUHKUNUAALHYIO BO3MONHOCMb W3BJEUEHHSI H3 CTATHCTHYECKOTO ChIpbsfi
BEPOATHOCTHOM HH(OPMaLHH (0 QYHKLUHMH pacnpefesieHus CIy4yailHbIX BEIHUMH,
Hajl KOTOPLIMH MPOU3BOAATCS HAGJIOeHH ), HO H JAIOT BO3MOXKHOCTb OYeHUMb
CmeneHnb co2aacus SMMHPHYECKHX AAHHBIX C TOH WJH HHOH BEPOSATHOCTHOM
MojiedIbio.

2. Tlyctb &), &, ... — NOC/EI0BATENbHOCTb HE3ABUCUMBLY O0UHAKOBO
pacnpedesennbix cnyyaiiHbiX BeJIMUHH, 3alaHHbIX HA HEKOTOPOM BEPOSITHOCT-
Hom npocTtpanctse (2, &#, P) u F =F(x), x € R, ecTb ux dyHKUMA pacnpenene-
Hus (F(x) = P{&, < x}). Ina kaxaoro N > | BeenieM amnupuueckue ynxyuu
pacnpedesenus

N
Fuls )= 3 @@ <), xR 1)
k=1
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B cooTtBeTCTBHH C 3aKoHOM GoJibluux unce (§ 3, TeopeMa 2) a1 Kaxdoeo
X€ER

P
Fy(x, w) — F(x), N — o0, 2
T. €. HMeeT MECTO CXOAHMOCTb Mo P -BepoATHOCTH.

W3 Teopem | u 2 § 3 rnasbl IV cneayer takxe, uto a1 kaxcdoeo x € R
MMeeT MeCTO H CXOAUMOCTb ¢ 8epOANHOCMbIO edunuya: npu N — co

Fy(x; w)y— F(x) (P-n.n). 3)

BecbMa 3aMeuaTeslbHO, UTO MMeeT MeCTO W GoJiee CHJbHBIH pe3ysbTaTt o
TOM, 4TO CXOAMMOCTb B (3) pasHomepua no x.

Teopema 1 (Tnusenko n Kaureaau). B chopmyruposarnnsix ycaosunx
(cayuaiinoe) seauuurol

DN(w)=S:£ |Fw(x; w) — Fx)] @

CX00AMCA K HYAIO C 8EPOAMHOCMbIO e0UHULYA:
P(Iillvn Dy(w)=0)=1. 6)]
Hoxazameavcmeo. IlycTb @ — MHOXKECTBO palMOHAJbHLIX YHced Ha R.
INousTtHO, yTO
sup |Fy(r; w) — F(r)]
reQ

eCTb CJyuyaiiHasi BesnuuHa. M nmockoJibky

Dy (w) =sup |Fn(x; w) — F(x)| =sup |Fx(r; w) — F(r)|,
X€ER reQ

TO cTaTHCTHKA Dy (w) TaKXKe eCTb CAY4AUHAA BEAUUURA W, CJIENOBATEJIBHO,
MOXXHO TOBOPHTb O €€ pacrnpeie/ieHHH.

Myctb uenoe M >2u k=1,2,..., M — 1. Onpegenum noc/ie0BaTeIbHOCTb
yHcen

imp=min{x €R: k/M < F(x)},
noJiarasi Takxe Xy o = —00, Xy.m = +00.

[MycTb UHTepBaN [XMk, XMe+1) D H X NPHHALNEKHT STOMY HHTEpBaJy.
Torza oueBHaHbIM 06pa3om

Fyn(x; w) = F(x) < Fn(xmpsr —0) — Flxme) =
= [Fn(xme+1 = 0) = F(xme+1 — 0)] + [F(xmpsr — 0) = Flxmp)] <
<Fn(mpesr —0) — Fxpmesr —0) + 1/v.
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AHAJIOTHUHO, CHOBA MPEANoNaras, 4To X € [Xum4, XM4+1), HAXOMHM, YTO
Fn(x; w) — F(x) 2 Fn(xmp; w) — Fleme) — 1/M.

Tem caMbIM, It KaXKJIoro x € R

|Fy (s w) — F(x)| <
< max {|Fx(xme; w) — F(xmpe)l, |Fn(emys — 0; w) — F(xmy — 0)} + 1/M,

1<k<M—1
1<I<M—1

W, 3HauuT, P-n. H.
lim sup |Fn(x; w) — F(x)| < 1/M.
n—oo

Orciofia B CHIY NpoH3BoJibHOCTH M nosyuaem TpeGyemoe yrBepxkaeHue (5).
O

Teopema InuBenko u Kantennu, sBasiiouiascsa oAHo#t U3 ¢pyndamenmano-
HbLX TEOPEM MaTeMaTHYECKO# CTAaTHCTHKH, YTBEPXKJAeT, KakK yXKe 0TMeyaJioch,
NPHHLHMHAJBHYIO BO3MOXHOCTb MpPOBEPKH Ha OCHOBAaHWUH HabJlofeHHA Haj
(He3asucumoimu 00uUHAKOBO pacnpedeseHHbimu) BelHuHHamu &), &, ...
TOro, YTO (PYHKLMe# pacnpesiesieHHs STUX BEJIHYHH ABJAETCA UMeHHO (yHKUMA
F = F(x). N inaue roBops, 3Ta TeopeMa rapaHTHpPYeT BO3MOXKHOCTb YCTaHOBJIE-
HHSl COTJIACHSl «TEOPHH H SKCTIEPHMEHTa».

3. HecMoTps Ha oTMeueHHYyI0 MPHHUKNUAJBHYIO BaXXHOCTb 3TOH TEOPEMBI,
OHa He OTBeYaeT Ha BOMPOC O CKOPOCMU CXOAMMOCTH BEJHYHHbI OTKJIOHEHHS
Dy(w)  Hymo npu N — 0o H, TeM CaMbIM, He MO3BOJISIET CYAHTb O Cmenexu
npasdonodobrocmu moeo, YTo pe3yJbTaThl HaG/IONEHHA <HAYT» OT (Hesa-
BHCHMbBIX) CJYy4YafiHbIX BeJIHYHH, HMEIOLIMX CBOEHl FMMOTETHUYECKOH (pyHKLHeN
pacnipeznenenus dyukumuio F = F(x), x €R.

W3 uentpanbHoil npesebHON TeopeMbl cleyeT, YTo VISl KaXKIOro (uxcu-
posarnrozo x €ER

VN(Fr(x; w) = F(x)) 22 4 (0, Fx)[1 - F(x)]), 6)

UTO o03HayaeT CXOAMMOCTb pacnpefeseHHH BeJHUYHH vN Fy(x; w) — F(x))
K HopmanbHOMY pacnpefieJieHHIO C HYJIEBbIM CpPeIHHM H JHCliepcHeit
Fx) (1 - F(x)).

Bonee untepecHo, KoHeuHo, MoJiyuuTb MpelesbHOE pacrpefesieHHe Ais
(paBHOMepHOIt) cTaTHCTHKH

Dy (w) =sgp |Fn(x; w) — F(x)|

WM, cka)keM, POACTBEHHON CTATHCTHKH
Dy} (w) =sup(Fn (x; w) = F(x)). @)
X
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Crenyowee nabmionenue (A. H. Konmoropos) siBisieTcss KilioueBbIM npy
OTHICKAHHH MpefieJibHbIX pacrpefiesieHHil A1d 3THX CTaTHCTHK.

Jlemma 1. [Tycmo F — kaacc nenpepuisrbix ¢hynkyull pacnpedesenus
F =F(x).

HAan kamdoeo N 21 pacnpederenue seposmuocmei cmamucmug
Dy (w) 000 u mo xae 0aa scex F € F. Anaroeuunoe cnpasediuso u oaq
cmamucmuxu DF (w).

Hoxazameavcmeo. Ilyctb 7, 12, ... — NOCJAEAOBATENIbHOCTb HE3aBHCH-
MbIX OIMHAKOBO pacrpe/ie/ieHHbIX CJy4aiiHblX BEJIHYHH, HMEIOLLIMX PaBHOMEPHOe
(U =U(x)) pacnpezenenue Ha [0, 1]: P{ng <x}=x,0<x< 1.

YTBepKzeHHe JieMMbl GyeT cJefoBaTb H3 TOFO, YTO, KaK OKasblBaeTcs,
s Kaxgao# Henpepoisroli (yHkuun F = F(x) pacnpeneneHHe CTaTHCTHKH
sup |Fn(x; w) — F(x)| coBnanaer ¢ pacnpesenenueM sup |Un(x; w) — U(x)|,

X X

rae QpyHKuus

N
U w)=N"" Y k() < 0)

k=1

ecTb SMNHpHYecKas QYHKLHA pacrpeleieHHs BEJIHUHH 1)y, ..., TIN.
O6o3naunM yepe3 A MHoxKecTBO HHTepBaJioB | = [a, b], —co<a < b < oo,

nocmoaxncmesa GyHkuuu pacnpenenenus F = F(x), 1.e. nyctb P{£; € [} =0.
Toraa

Dy (w) =Sgg |Fn(x; w) — F(x)| = sup |Fn(x; w) — F(x)|.

xeA
BBoas BeanuuHbl 7, = F(£,) # sMnupHyeckHe HYHKLUMH pacrpeiesieHus

N
Unixi )= 3 107a() <),
k=1
HaXOMM, YTO 1sl X € A
N
Un(F(x); w) = & Z HFE() < F)) =5 3 1Erw) < 1) = Fu(x; w),
k=1
MOCKOJIbKY 1Sl TaKuX X {w: &e(w) < x} ={w: F(&:(w)) < F(x)}.
Takum o6pa3som,
Dy(w)= SUP |Fn (x; w) = Fx)| —SUP |Un (F(x); w) = Flx)| =

x€A

P-n.u.

=sup |Un(F(x); w) - F(x)| = sup |Un(y;w)—y| =" sup |Un(y;w)—yb
X€ER y€(0,1) y€[0,1]
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e nocJiefiHee paBeHCTBO (P'="'"') cJielyeT U3 TOro, 4To
P{f =0} =P{f =1}=0. ()

[TokaxkeM Tenepb, 4TO CAy4aidHble BEJHUHHBI 7 HMEIOT pasHoMepHoe (Ha
[0, 1]) pacnpenenenne. C 5Toii uenbio o6osHaunm (uast y € (0, 1))

x(y)=inf{x € R: F(x) > y}.
Torna HaxoauM, uto F(x(y)) =y, y€ (O, 1), n
P{m < y}=P{F(&) < y}=P{F(&) < F(x(y))} =Pl < x(9)} = F(x(y)) =y.

Bwmecrte ¢ (8) 3T0 KoKa3bIBaET, uTO CAyyaiiHas BeJIMUMHA 7 (@ 3HAYHT, H KaxKaas
M3 BEJIHYHH 7jg, 73, ...) HMeeT paBHOMepHoe pacnpefelieHHe Ha [0, 1]. O

4. YcTaHoBJIEHHas JieMMa MOKa3biBaeT, YTo A5 OTLICKaHHS MpeieNbHOro
npu N — oo pacnpenesiennst cratictik Dy u DY (8 knacce F HenpepbiBHbIX
¢yHkuuit pacnpesenenus F=F(x) nna Habmonenust i, &2, ...) AOCTaTOUYHO
cpasy NpeanonoXuThb, 4to &, &2, ... — 3TO NOCJAEA0BATENLHOCTb HE3aBHCHMBIX
0JIMHAKOBO pacrpejesieHHbIX CyuyailHbIX BEJIMUHH C PABHOMEPHbLIM Pachiepe-
nenenneM Ha [0, 1].

3adukcupyeM HekoTopoe N > 1 u ynopsagouum (ana Kaxporo w € Q) Be-
JHuHHbl &), &2, ..., Ey B MOpAAKe HX 803pacmarus, 0603Hayas 3TH HOBble
BEJIHYHHLI (NOpAOKOBbie CMAMUCMUKIL) Yepes §{N), 5‘”’ ) eees },N) , rie

M =min(g), &, ..., &), ..., &) =max(&, &, .., &)

(BeposiTHOCTb COBNafeHus ABYX TaKUX YNOPsAOUYEHHBIX BEJIMUHH PaBHa HYJIO.)
IMonaras

N
Un(g: o) =5 3 Héw) <), ©
k=1
HMeeM
Dy(w)=max |Un(y; w) — y|. (10)
YyER

HerpyaHo Buaerb, 4To MakcumarbHoe 3HaueHHe NpaBoil YACTH MOXET J0-
CTHraThCsl JIMLIb B TOUKAX CKA4K08 (pyHKUMH pacnpenenenus Uy (y; w), T.e. B
TouKax 6}”’ 3 AL 5,(VN). Tem cambiM,

—=max| & _ ¢®
DN(w)_&aﬁlN ™| (1)

Orciona CJieflyeT, UTo 15 OThICKaHUs pacrnpeesieHus CTaTHCTHKH Dy (w) Hago
SHaTb cosmecmmuoe pacnpedeneHue NOPAAKOBLIX CTATHCTHK .ﬁ{”’ , & ™Mo, 3 ,‘VN) .
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C uenbio OTHICKAHHSI 3TOTO pacnpelesieHHsi pacCMOTPHM MOC/en0BaTellb-
HocTb (), {2, ... HE3aBHCHMBIX SKCMOHEHUHAbHO pacnpeneneHHbix (P{{, > x}=
= e~*) cayuadiHblX BeJHuHH, H ycTb S, =( +C+...+ (e, n > 1.

Jlemma 2. Cosmecmuoe pacnpedesenue sexmopa (5{"’), ;N), §,‘VN))
cosnadaem ¢ COBMEeCMHbIM pacnpedeieHuem 8eKmopa
( S Sy Sy )
Sne1’ Sn1” T S/

Hoxasameavcmeo. C oaxo#t ctoponbl, g 0y <...<yv < |

PeMedy, ..., & edyn}=>_ Pl €dyr, ... &, €dyn},  (12)

riie CyMMHpPOBaHHe NPOH3BOAUTCA MO BCEM MepecTaHoBKaM (R, ..., ky) yucen
(1, ..., N). (B (12) u TakKe B nanbHefillleM HCMOJb3YeTCH HECKOJIbKO BOJb-
Has «autdepeHunanbHas» Gopma 3anHCH, KOTOPO#H HETPYAHO NPHAATH TOYHBIM
CMbICJI.)

B npaBo#t uactu (12) Bennuuub! &, ..., £, HE3aBHCHMbl, paBHOMEPHO
pacnpenenens Ha [0, 1]. Yuncso nepecranoBok uucen (1, ..., N) paBHo N!,
nostoMy npasas uacTb B (12) paBia N!dy,...dyy. ChaenoBatenbHo, eciu
W, ..., Yo) EAN, tae Ay={y;€[0,1],...,yv€[0, 1]: 0<y1 <...<Y¥N <
<1}, 10

P{E™M edy, ..., &) edyn}=N'dy, ...dyx. (13)
Ecau xe (yy, ..., yn) € An, TO
PieMedy,, ..., €M edyy}=0. (14)

[Mokaxkem Tenepb, YTo, C APYroil CTOPOHbI, TOYHO TaK XKe
S Sy
P{—'— edy,, ..., X -ed ~}=
SN+1 Y SN+1 4

_ Nldy,...dyx, (1, ..., Yn) € Ay,

= (15)
0, @1, -0 YN) E Aw.

C 3Toii Lle/bl0 paCCMOTPHM COBMECTHOE pacnpefieieHHe CAyuaiHbiX BeJli-

YHH S|, ceey SN-H-
Ecau (xy, ..., XN4+1) € Ay, TO HAXOAHM, YTO

P{S| €dx,, Se€dx,, ..., SN+I deN+|}=
=P{(| edx, (gedxg—xl..., C/v+| deN+l —XN}=
=e Mg~ x)  o=(ni1—¥n) dxy...dxy4 =e"‘”+'dx| cdxygy. (16)
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Ecan xe (x1, ..., Xn41) € An4i, TO
P{S, €dx), So€dxs, ..., Sy41 €Edxyy1}=0. 17)
[Mockonbky Sy41=C( +...+Cn+1, TRE (1, ..., (N1 — HE3ABUCHMBIE IKC-
MOHEHLHANbHO pacrpelieieHHble ClyyailHble BEJHUYHHBL, To (3adaua 3)
P{Sn+1 €Edxnyi}= L;!—Mi dxnyi- (18)
M3 (16) u (18) HaxonuM, uto ana (xq, ..., XN4+1) € An 4y

P(Si€dxy, ..., Sy €dxn | Sy €danr) =N'xg¥ dxy...dxy.  (19)

Ecau xe (xy, ..., Xny+1) € An41, TO NeBas yacTb B (19) paBHa HyJuo.
B pesysbTate BHAMM, UTO

P(_T €dyy, ..., S—i%edy/v ISN+| =xN+1) =

_ JNldyy...dyn, (41, ..., yn) € Ay,
0’ (yl»"" yN)¢AN’

H B CHJY HEe3aBHCHMOCTH MpaBoil YaCTH OT Xy NMPHUXOAMM K CMpaBeiTHBO-

cTH mpeacTasfenns (15), conocrasnenune kotoporo ¢ (13), (14) nokasbiBaer

YTBEPXKIEHHE JIEMMbI. O
K3 310it IeMMBI BbITEKaeT, uTo

VNDy(w) £ VN N max k

5N+l "N

, (20)

d .
TJle paBeHCTBO = O3HauaeT COBMaJCHHe N0 pacnpedeserulo BeJIMYKH B JieBO#
1 MpaBoO# 4acTaX.

Hs (20)

WDy )& N |s,, k kSN.H—Nl

NN

10 CoOTHOLLEHHE BecbMa YA0GHO Il HCCJE0BAHHS NPEebHOrO NoBeaeHHs
BesMyHH VN Dy (w) npu N — oo.

— 1 (P-n.H.), To, nonaras ms ¢t € [0, 1]
1

SN+1 k<N @D

[MTockonbky
Snv+

x® Sty — INt]
t \/N ’

HaXOHM, YTO
Jim_ P{VNDyw)<y}= Jim P(sup X! —tX,(N)lsy).

—oo 0<t<1
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TeM caMbiM, BOMpOC O MpefeNbHOM pacnpeseneHun BennunH VN Dy (w)

CBOJHMTCSA K H3YYEHHIO TMpeleIbHOro MoBefleHHs (M0 pacnpenesieHHIo) BeJHYHH
sup |X,(N) - tXI(N)l npu N — co.
0<t<1

[pu kaxpom gukcuposannon t € [0, 1] npenenvHoe pacnpeneietue Be-
JuunH X ,(N) B COOTBETCTBHH C LIEHTPaJIbHON NpefiesibHO# TeopeMoit (TeopeMa |
B § 4) coBnanaer ¢ pacnpeseneHueM BelHUMHbI By, sBaAsiOLLEfiCcs raycCOBCKO#
cEB;=0uEB?=t.

Ha camoM ke nene MoxHO yTBepxIaTh GoJblue. HMiMeHHO, paccMoTpum
BBefieHHbI B § 13 rnasbl 11 npouecc 6poyrosckoeo dsuicenus (8uneposckui
npoyecc) B = (B)ogi1. Takoit npouecc 6611 Tam onpefielieH Kak raycCOBCKH#
npouecc ¢ Byg=0, EB; =0 u xoBapuausonHo# ¢yHkuueli EB;B; =min(s, f).
Tak BoT, OKa3biBaeTcsi, YTO B COOTBETCTBHH C 3aMeuyaHHeM 3 K TeopeMe | B
§ 8 ra. VII cosmecmuoe pacnpedesenue Pg./.)...t,. BEJIHUUH (X,(IN), oo X‘(:V))
c/1a60 CXOAHTCS K COBMECTHOMY pacnpesiedieHuio Py, 4, BesuunH (By,, ..., By,).
(O cnaboit cxonumoctu cM. §§ 1, 2.) IMosToMy ecTecTBEHHO OXHAATb, YTO

pacnpefiejieHde W BeJIHYHH Sup IX‘(N) —tX,‘N’l CXOMTCA K pacnpefieNleHHIo
0<t<1

BeIHUHHBl sup |B; —{B,|.
01
Boo6iie rosops, ciaboil CXOAHMOCTH BCeX KOHEUHOMEPHbIX pacnpesiesieHuil

PM Py 4 OSh <fy<..<tp=1, k>1 (r. e. cxommocta PW L p
B 0603HaueHHsx 3aauu 3 B § 1) ewe He focTaToyHO (cM. 1. 5 B § 1) nns cxoau-

MocTH pacnpesieniennit pynkuronanos f(XM)= sup |X “N) —tX ,(N)l K QYHKUH-~
St
oHany f(X)= sup |X;—tX,|, rae X; = B; — 6poyHoBckoe aBHxKeHHe, 0< £ < 1.
<1

Onxako B pacCMaTpHBaeMOM CJiyyae 3TO JAeHCTBHTENbHO TaK M BbiTeKaeT
U3 CJIefyIOLIMX PacCMOTPeHHH.

Tpaektopun npoueccos X ™ npunannexar npoctpanctsy D= D[0, 1], a
Tpaekropuu X — npoctpaHctey C=C[0, 1]CD (cm. nm. 6 u 7 § 2 ra. 1I).
B npoctpaHctBe D MoxHO BBecTH «MeTpHKy IlpoxopoBa» p (B [5, . 3] p
o6o3HaueHo dp, B [87, ra. VI] p=4), oTHoCcHTesIbHO KOTOpOi# MeTpHueckoe
npoctpanctso (D, 2, p) CTAHOBHTCS MOJLCKHM, T. €. TOJHbIM cenapabellbHbIM
npoctpasctsoM. (ITpoctpancto (D, 2, p) ¢ «meTpHKoit Ckopoxoaa» d, onpe-
IeneHHoil B 1. 7 § 2 . 11, 6ynet Tonbko cenapaGesibHbIM, a A5 NOC/EYIOLLEro
npumeHenusi meopemot [Ipoxoposa u3 § 2 ra. 111 HyXxHa ellte U «MIOTHOCTb».)

OTHOCHTeJIbHO METPHKH p PyHKUHOHAN f(x) = sup |x; — x| (coBnanaio-

<t
LKA, OYeBHAHO, ¢ sup |x; —ixy|), rae x = (xt)ogig1 €D, ABnsercsa Henpe-
0<t<i

PbIBHBIM, H MO3TOMY [/fl [0Ka3aTeJbCTBAa CXOAHMOCTH f(X ‘”))-‘-i-» fX) (1. e



§ 13. ®YHOAAMEHTAJIbHBIE TEOPEMbI MATEMATHUUECKOM CTATUCTHKH 489

CXOHMOCTH MO pacrpejesieHHI0) J0CTaTOYHO (3aaya 2) 10Kas3aTb JHILb CJia-
6yio cxomumocts PN — P (8 (D, 9, p)).

OO6biuHas npouefypa yCTaHOBJIEHHS 3TOH CXOAMMOCTH, HENoCpeACTBEHHO
HHULHHpPyeMas TeopeMoii [TIpoxopoBa, ocHoBaHa Ha CripaBeIUBOCTH (3adaua 3;
cM. TaKkxke o603HaueHHs B 3ajaue 3 § 1) crenyioliefl HMITMKALUH:

(1P™ L P) @ [nnotHoets (PM)) @
@ [knace JHp(D) aBasercs onpesensioumm)) = (PM 5Py, (22)

(3nech (D) — Knacc UMAHHAPHYECKMX MHOXKeCTB; 1. 5 § 1.)
B paccmaTpuBaeMOM cllyyae MMeeTCSl CXOLMMOCTb KOHEYHOMEPHBIX pac-

npeaenenuii PV L p w xnace UHJHHAPHYECKHX MHOXecTB Jfo(D) meficTBu-
TeJIbHO AiBAseTca onpepeasiouuM (n. 7 § 2 ra. 1I). Camoe TpyaHoe, KoHeuHo,
B MPHMEHEHHH UMILUIHKALMH (22) — 3TO MpoBepKa TOro, YTO paccMaTpHBaeMoe
cemedicteo Mep {PW} noTHo. ATa NpoBepka OCHOBLIBAETCA HAa XapaKTepH3a-
LUMH KOMnakmrulx MHOXeCTB B D, BXoasluux B onpefenenue (popmyna (1)
B § 2) nJIOTHOCTH CeMeficTBa Mep, YTO BbIXOAMT 332 PAMKH HACTOSILLEH KHHIH.
(CooTtBercTByoLiHe f0Ka3aTenbCcTBa cM. B [5, Teopema 15.2] u [87, ri. VI,
3.21])

B 3aknioyeHHe 3THX paCCMOTPEHHH 3aMeTHM, YTO CYLIECTBYET H APYroi MyThb

yCTaHOBJEHHs cxoauMocTH f(X M) LN f(X). Cocrour oH B cnienytowem. Pa3pbis-
Hble npouecchl XY MOXHO annpokCHMHpOBAThL HenpepoleHbLMU IPOLECCAMH
X®™ rakumu, uto sup XM (w) — XM (w)| <& ms Besikoro €>0 npu Beex
011

L0CTaTo4yHO Gosbluux N # Bcex w € 2. [To3ToMy J0CTaTOUHO AOKA3bIBATh JIHILb
cxomumoctb f(X ‘”))—d-v f(X), uTo HecKosIbKO MpolLe, NOCKOJBKY TOTAa MOMKHO
onepxpoBaThb He ¢ npocTpaHcTBoM D, a ¢ GoJiee npocThiM NpocTpaHcTsoM C,
B KOTOPOM KPHTepHH «MIoTHoCTH» ([5, ra. 2], [87, ra. VI], no kpaiineit Mepe
B pacCMaTpHBaeMOM CJlyuae, JIETKO NpoBepsAeMbl.

5. TMonoxum BY =B, —tB;, 0 <t < 1. DToT npouecc siB/seTCs rayccos-
ckuM, B3 =0, EBy =0 uw EBB? =min(s, f) —st. B n. 7 § 13 ra. II ator
npouecc 6blyl Ha3BaH YCAOBHLIM BUHEPOBCKUM NPOYECCOM WK BPOYHOBCKUM
MOCMOM.

HMrak, u3 npeallecTBYIOLMX pacCMOTPEHHI NPUXOHM K TaKOMY 3akKJioye-
HHIO;

Jim P{VNDy(w)<y}= P{ sup |B,|<y}, (23)

rae B° = (B})ogt<1 — 6POYHOBCKHi MOCT.



490 V1. 1l. CXOOAMMOCTb BEPOSATHOCTHbIX MEP

M3 Teopun 6poyHOBCKOro ABHIKEHHSI H3BECTHO (CM., HampuMep, [5, . 2,
§ 11]), uto pacnpenenenne K(y) =P { sup |B7|< y}, Ha3blBaeMoe pacnpe-

\t\

Oeaeruem Koamozoposa, onpenensercs ciaelyouiMmM o6pasom:

K=Y (=Dke 27" y>0. (24)

k=—o00

Takum o6pasom, cnpaseius chenylowuii pesyasrat (A. H. Konmoropos):

Jim P{VNDy(w)<yt=K(@). y>0. (25)
AHasoryHO M3JI0XKEHHOMY MOKa3biBaeTCsl TaKXKe, UTo
Jim P{VNDJ(w)<y}=P { sup By <y } (26)
Pacnpenenenne BesunHbl sup By npollie, HexeNn pacnpesiesieHHe BeHYHHbI
sup |B?|, u umeer cnenyl(()fl.‘liili Bua (cM. [5, r. 2, § 11]):
s P{oittlgl B;’gy}= 1 —e'2y2, y=20. 27)

Tem cambiM, HMeeT MecTo caepytowuit pesyabtat (H. B. Cmuptos):
Jim PWNDFw)<gi=1-e"%, y>0. (28)
—00

6. OcraHoBUMCA Ha TOM, KaK, CKa)KeM, 3HaHHe pe3yJbTaTta (25), rae K(y)
onpenensercs dopmyJoil (24), nosBossieT 1aTb Kpumepuil coaracus IKkcne-
pumenma ¢ meopueii. C 3Toil Le/bl0 NPUBEEM CHauasa HeGOobLIYIO TabauLy
3HaueHH# pyHKUMH pacnpeneneHus K(y):

y K(y) y K(y) /] K(y)

1,10 | 0,822282 | 2,10 { 0,999705
0,28 | 0,000001 | 1,20 | 0,887750 || 2,20 | 0,999874
0,30 { 0,000009 (| 1,30 | 0,931908 || 2,30 | 0,999949
0,40 | 0,002808 || 1,40 | 0,960318 || 2,40 | 0,999980
0,50 | 0,036055 || 1,50 | 0,977782 || 2,50 | 0,9999925
0,60 | 0,135718 || 1,60 | 0,988048 || 2,60 | 0,9999974
0,70 | 0,288765 || 1,70 | 0,993828 || 2,70 | 0,9999990
0,80 | 0,455857 || 1,80 | 0,996932 || 2,80 | 0,9999997
0,90 | 0,607270 || 1,90 | 0,998536 || 2,90 | 0,99999990
1,00 | 0,730000 || 2,00 | 0,999329 | 3,00 | 0,99999997

Ecan N JocTaTouHo BeJIMKO, TO MOXHO CUHMTaTb, uTo K(y) Aaet xopoiuee
npubanxenue 1 3Hauenuit P{v'N Dy (w) < y}.



§13. ®YHIAMEHTAJIbHBIE TEOPEMbl MATEMATUYECKOW CTATUCTUKH 491

EcTecTBEHHO, UTO €CJIH BEJIHUHHBI \/IVDN(w), MOJACYHTAHHbIE N0 3MIHPH-
yeCcKHM 3HaueHHs M &) (w), ..., {v(w), oKasbiBaloTCA 60AbMUML, TO THIIOTE3Y O
TOM, UYTO (THMOTETHYECKOE) pacrpeiesieHHe BEpOSITHOCTEN 3THX BEJIHUMH €CThb
HMeHHO (HenpepbiBHas) dhyHkuua F = F(x), hado omkaionume.

[puBenenHas Tabauua AaeT NpeACTaBJIEHHE O CMeneHu HAGeHHOCmuU
clleJlaHHbIX TaKuM 06pa3oM BbiBOAOB. EciH, ckaxeM, \//VDN(w)> 1,80, 1o
(nockoabky K(1,80) =0,996932) MoxHO yTBep>KmaTb, YTO TaKoe COGLITHE
HMeeT BepOsATHOCTb, NpuMepHo pasHyio 0,003068 (= 1,000000 — 0,996932).
Cunras, yto cobbiTHA ¢ Takoil Majoit BepoatHocTbio (=0,003068), mpaktu-
yeCKH MaJiopeasiM3yeMbl, Mbl MPHXOAMM K BbIBOLY, YTO 2uUNOme3y O MoOM,
umo pacnpedesenue P{§ < x}=F(x), rae F(x) — WMeHHO Ta ¢yHKuHS,
KOTOpasi yuacTBOBaJia B nojicueTe BeaMuuH Dy (w), Hafo omkaoHums. Eciin xe
vVNDy(w) < 1,80, To MBI MOXeM CKa3aThb (OMHpasich Ha 3aKOH GOJIbLIKX YHCes),
YTO CONJIacHe «IKCMEepHMEHTa C TeopHel» OyeT BbimosHATbCA B 996 932 Takux
cayuasx u3 1000 000.

3ameuanne. BaxHO noAuYepKHYTb, YTO NMpH NMPHMEHEHHH KPHTEPHEB CO-
IJIacHsl, OCHOBAHHBIX Ha HCMOJIb30BaHHH pacnpefleneluss KosMoropoa wiu
pacnpeznenenns CMHpHOBa, NpeanoJaraercs, Yto (TecTHpyeMas) pyHKuus pac-
npenenenus F = F(x) noanocmoro cneundHunpoBaHa. DTH KPHTEPHH «He pa-
60TaloT», eCJiH, CKaXKeM, H3BECTHO JIHLIb TOJILKO TO, 4TO YHKUMA pacnpenee-
HuA F = F(X) NpHHALIEXHT HEKOMOpPOMY NapamempuyecKkomny cemeiicmsy
G ={G = G(x; 0); 0 € ©} pynkunit pacnpenenenus G(x; ), 3aBucsLIUX OT Na-
pametpa 6 € ©. (ITpu kaxaoM 6 pynkuns G(x; 6) cuuTaeTcs NOJHOCTbIO ONpe-
IeneHHof.) B 3ToM ciiyyae HanpauiuBaercs CjeyloLIMil NyTb NMPOBEPKH TOTO,
4TO SMIMHPHYECKHE JaHHble COTIACYIOTCS C TeM, YTO HCTHHHas (yHKuUHA pac-
npenenenus F €F: cnauana no N Ha6Ji01eHHAM NOCTPOHTDH OLEHKY 0N On (W)
napametpa 6, 3aTeM 06pa3oBath BesHunHy VN sup |Fn(x; w) — G(x; Oy (w))| 1

NPHHHMATD PellieHHe TaK, KaK GblJIo MPOJEJIaHO | B npnseneHHom Bbillle NpHMepe.
K coxanenuio, pyHkuus pacnpeneneHus G(x; by (w)) 6yaer cayuaiinol u pac-

npenesienne ctaTHeTHKE VN sup |Fy (x; w) — G(x; Oy (w))| He Gyzert, Boobiue
x€R
roBopsi, 1aBaTbcsi pacnpesneiedneM Koamoroposa K = K(y).

Mo noBoay Toro, Kak ke BCe-TakH npoBepsATb runoresy F € G, cm. [132].
7. 3apaum.

1. Hoka3atb dopmyay (18).

2. Ilokasatb, uto PM 2 P (8 (D, @, p)) Brieuet cxomumoctb f(X M) f(X).
3. Jloka3aTb CrpaBe[IMBOCTb UMIIHKaLHK (22).



bu6auorpaduueckas cnpaska (raasol 1—I11)

BBEIEHHE

Hcropus Teopun BeposiTHocTelt 10 Jlannaca uanoxesa B MoHorpagpuu W. Toaxau-
Tepa [68]. Iepuon ot Jlannaca no koHua XIX B. ocBetuen B cratbe B. B. THeneHko u
O. B. lleiinuHa, ony6ankoBaHHol B c6opHuKe [45). B kuure C. Crturnepa [122] na-
eTcsl BeCbMa NMoJpo6HOe H3/I0KeHHe HCTOPHH TEOPHH BEPOATHOCTEH M MaTeMaTHUeCKOM
ctaticTHKH o 1900 r. B kuure [1. E. MaiictpoBa [44] uctopusi Teopuu BeposiTHOCTel
H3JI0OXKeHa OT ee BO3HHKHOBeHHsi 10 30-Xx ronos mpouioro croJerhs. Kpatkuii ouepk
TeOpHH BeposTHOCTell HMeeTcsi B yueOHuke B. B. Themenko [15]. O nmpoucxoxkaeHuu
MHOTHX BEPOSITHOCTHBIX TepMHHOB cM. KHury H. B. Asekcanaposoii [2].

ITo noBoay ocHOBHbIX MOHSITHII TeOpHH BeposiTHocTell cM. KHurk A. H. Koamoroposa
[32], B. B. THenenko [15], A. A. Boposkosa [7], B. B. Tiienenko u A. 1. Xunuuna
[17], A. M. SIrnoma u U. M. frnoma [83], cnpasouroe nocoGue 1O. B. [Mpoxoposa
# 0. A. PosanoBa [56], cnpasounnk [65] u knurn B. demnepa [69], IO. Heiimana
[51], M. Jlossa [42], Ix. JI. [ly6a [20], nepeBeneHHble ¢ aHIMACKOro. YKaxem
TaKXXe Ha cGOpHHKH [46] u [67], comepxaluune Goblioe KOJMUECTBO 3aay MO TEOPHH
BeposiTHoOCTel.

T1pu cocTaBieHHH HacTOsALLEro yueGHOro MocoGHsl aBTOP HCMOMb30BaJ pasHoo6pas-
Hylo JiTepatypy. M3 yueGHbIX PyKOBOACTB Ha aHIVIHICKOM AI3biKe 0CO60 OTMETHM KHHUIH
J1. Bpeiimana [8], I1. Buaauurcau [106], P. Dwa [80], [81], P. Dwa u M. Tapanepa
[82], P. Nappera [108]—[110] u [Ix. Jlamnepth [37], siBAsiiolumecst (o MHEHHIO aBTOPa)
o6pasiiaMK y1auHol nojayn MaTepHaJa.

[Tone3Hblit cnpaBouHblit MaTepHaJ MO TEOpPHH BePOSTHOCTEN H MaTeMaTHYECKOH CTa-
THCTHKE YHTaTelb MoxeT HailtH B Bosbluoit Coserckoit duumknoneaun, Manoii Co-
BeTCKOl DHUHMKIONeAnH, B MartemaTHyeckoil duumknoneamu [121] u B sHumMkIONeaMH
«BeposTHOCTb M MaTeMaTHuecKas cTaTHCTHKa» [125].

OCHOBHBIM Hay4YHBIM >XYpHaJIOM 1O TEOPHM BepOSITHOCTEN W MaTeMaTHuecKoil cTa-
THCTHKe, H3JlaBaeMbIM B Hallleli cTpaHe, siBJIsieTcsl XKypHaa «Teopusi BeposiTHOCTE! H ee
npumeHeHusi» (M31-Bo «Hayka»), Beixoasimit ¢ 1956 r.

«PetepaTusHbiii xypHaJsi», Bbinyckaemblit BUHUTH — BcecotosHbiM HHCTHTYTOM
Hay4yHOH H TexHHYecKoH HHdopmaunn (MockBsa), — neyataer pecdepaThbl Ha CTaTbH MO
TEOPHH BEPOSITHOCTEH U MaTeMaTHYeCKOl CTaTHCTHKe, MyGAHKYeMble KaK y Hac, Tak M
3a pyGexom.

Jlnst GosblUMHCTBA BepOSAITHOCTHO-CTaTHCTHYECKHX MPHJOXKEHHH, TpeGyiolmx o6-
palleHHs K TaGJHLAM, NONe3HbIMH ABJSIOTCA «TaGJHLBI MaTEMaTHUECKOH CTaTHCTHKH»
JI. H. Boablesa u H. B. CmupHoBa [6]. I1pu coBpeMeHHOM LIMPOKOM HCMOJIb30BAHHH
KOMIbIOTEPHO! TEXHHKH MO0JIe3HO o6palileHHe K cTaTHCTHYecKMM nakeram MINITAB,
SPSS, ... Cpeau nonb3osateneii BecbMa MNoMy/sipHbl nakeTsl «Mathematica®»
(cM. kuury [126]).
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[JIABA 1

§ 1. O nocTpoeHHH BepOATHOCTHBIX Mofiefiel cM. Takxe ctaThio A. H. Kosmoroposa
[31], kuury B. B. Tuenenko [15]. Bosbwoii MaTepuan, kacawouwmiics BoNpocoB THNa
«pa3meLileHHe IPOGHHOK MO sueiikam», cM. B KHure B. @. Kosunna, B. A. CeBacTbsiHoBa
u B. I1. Uncrakosa [34].

§ 2. o noBoay pasiUuHbIX BepPOSITHOCTHBIX Mojeneil (B YaCTHOCTH, OJHOMep-
HOM Moaenn M 3HHra), BOHHKAIOIHX B CTATHCTHUECKOH (H3HKe, CM., HAaNpUMep, KHUTY
A. Hcnxapnr [25].

§ 3. dopmyna u Teopema Baiieca nexaT B ocHoBe Tak HasbiBaeMoro GalieCcOBCKOro
noaxoja B MaTemaTHueckol cTaTHcTHke. CM., Hanpumep, kauru M. Ile Tpoora [18] u
1. 3akca [22].

§ 4. PasanuHble 3anauH, Kacalolyecs CAyyaiHbIX BEJHYHH M HX BEPOSITHOCTHBIX
XapaKTepHCTHK, MOXKHO HaliTH B c60opHHKax 3anay [46] u [67].

§ 5. KomGHHaTOpHOe 10Ka3aTenbCTBO 3aKoHa GOJbLUIMX YHCeJ, BOcxofsliee K
S1. Bephyanu, mMoxHo Haiitn, Hanpumep, B [69, 1. 1]. Ilo noBogy 3>mMnHpuueckoil
HHTepNpeTalLHH 3aKoHa GoJibLUKX YHces cM. cTaTbio A. H. Koamoroposa [31].

§ 6. o noBony yTouHeHHil B JIOKaJbHOM M MHTErpajibHOH TeopeMax, a TakXKe B
Teopeme Ilyaccona cM. kuury A. A. BoposkoBa [7] u ctarbio 1O. B. TIpoxoposa [54].

§ 7. Uanaraemsblii 3nech MaTephan Ha npHMmepe cxeMsl BepHyanu wanioctpupyer
HEKOTOpble OCHOBHbIE MOHATHA H METO/bl MaTeMaTHuecKoii cTaTHcTHKH. [ToapoGHee cM.,
Hanpumep, MoHorpauu I. Kpamepa [35] u B. JI. Ban nep Bapaena [10].

§ 8. PaccMoTpeHtHte yc/0BHBIX BEpPOSITHOCTEH H YCJIOBHBIX MaTEMATHUECKHX 0XKUaa-
HHi1 OTHOCHTE/IbHO Pa36GHEeHHII MOMOXKET Jyullie OCBOHTHCSI C BBOAHMBIMH ajiee GoJee
CJIOXKHBIMH TMOHATHAIMH YCJIOBHbIX BEpOSITHOCTEH M YCJIOBHBIX MaTeMaTHYECKHX OXKHla-
HHI1 OTHOCHTEJIbHO o -aJire6p.

§ 9. 3anaua o pasopennn paccmaTpHBajach B NPHBOAMMOI! 31ech (hopMe, B CYLIHO-
cTH, ewe Jlannacom. Cm. no stomy nosoay cratbio b. B. Thenenko u O. B. Lleiinnna
B c6opHHKe [45]. OGLIHPHBI MaTepHan Ha 3Ty TeMy colepxuTcsi B Kuure B. dennepa
[69, 7. 1].

§ 10. IIpuusToe 3nech H30XKeHHe CllefyeT B OCHOBHOM Kuure B. ®ennepa [69].
Meron nokasatenbctsa cooTHoweHu# (10) u (11) nau B cTatbe [19].

§ 11. Teopust MapTHHra0B MoApoGHO HanoxeHa B KHure JIx. ly6a [20]. MHoe no-
Ka3aTeJbCTBO TeOPeMbl O GaJJIOTHPOBKE MOXKHO HaiiTi, Hanpumep, B Kuure B. ®ennepa
[69, . 1].

§ 12. OGLHpHBIf MaTepHas N0 MapKOBCKHM LIETSIM COAEPIKHTCA B KHHrax: B. den-
Jep [69, 1. 1], E. B. Ouinkun [21], E. B. Huiukun v A. A. FOwkesuu [102], UxyH Kaii-
Jlaii [75], [120], O. PeBio3 [117], Ixx. Kemenn u Ix. Crean [27], T. A. CapbiMcakoB
[61], C. X. CupaxauHos [64]. Teopun BeTBALIMXCA NPOLIECCOB MOCBsILLEHA MOHOrpadus
B. A. CeBactbsiHoBa [62].

[VIABA 11

§ 1. Axkcromaruka Kosmoroposa uanoxeHa B ero kuure [32].
§ 2. Marepuan 06 anre6pax u o-aire6pax cMm. Takxe B kHurax A. H. Kosmoroposa
u C. B. ®omuna [33], )K. Hesé [49], JI. Bpeiimana [8], P. Swa [81].



494 BUBJIMOTPA®UUYECKAS§ CITPABKA (IJIABbI 1-111)

§ 3. HokazarenbcTBo TeopeMbl Kaparteonopu cM. B khurax M. Jlossa [42], I1. Xan-
mowa [70].

§ 4—5. Bosblioii MatepHaa o6 H3MepHMbIX (DYHKUMSAX MOXHO HaiiTH B KHHre
I1. Xaamouwa [70].

§ 6. Cm. Takxe kuurn A. H. Koamoroposa u C. B. ®omuna [33], 1. Xanmoua
[70], P. Dwa [81]. B 3THX KHMrax COAEPXHTCS M A0KA3aTEJLCTBO TeopeMbl Pagona—
Hukoanma. MHorna HepaBeHcTBoM YebbilieBa Ha3biBAIOT HEPABEHCTBO

Eg2?
Pl > )< =5,

a HepaBeHCTBO
Ple>a< 5L, 10,
Ha3blBalOT HepaseHcmeom Mapkosa.

§ 7. Onpenenerte yc/OBHOH BEPOSTHOCTH M YCJIOBHOrO MaTeMaTHYECKOTO OXH-
JlaHHs OTHOCHTeNIbHO o-aare6p 6buio aaHo A. H. KosmoroposbiM [32]. O6mpHbIf
MaTepHaJ MO pacCMaTpHBaeMblM BOMPOCaM cofepXurcs B KHurax JI. Bpeiimana [8] u
P. Swa [81].

§ 8. Cm. Takxke kuurn A. A. Bopokosa [7], P. Dua [81], I. Kpamepa [35],
B. B. Tenetko [15].

§ 9. Teopema KosimMoropoBa o cyluecTBoBaHHH Mpolecca C 3a[aHHbIMM KOHeu-
HOMEepHBIMH pacnpefiesieHHsIMH colepxxutcst B ero khure [32]. Ilo nosoay Teopemb
Honecky Tynun cm. taxxe kuurn JK. Hesé [49] u P. Dwa [81]. Ilpusoaumoe 3nech
NIOKa3aTeJbeTBO cenyer [81].

§ 10—11. Cm. Takxe kuuru A. H. Koamoroposa u C. B. domuna [33], P. dwa [81],
Jx. [y6a [20], M. JloaBa [42].

§ 12. Teopus xapakTepHCTHUECKHX (YHKUMIl H3Jaraetcsi BO MHOMHX KHurax. Cwm.,
Hanpumep, b. B. Thenenko [15], B. B. Tnenenko u A. H. Koamoropos [16], B. Pa-
mauaHapaH [57]. UanoxeHne popMmys CBA3H MOMEHTOB H CEMHMHBAPHAHTOB CJELyeT
cratbe B. I1. JleonoBa u A. H. llupsesa [40].

§ 13. Cm. Taxxke knurk M. A. M6parumoBa u 10. A. PosaHoBa [24], JI. BpeiiMana
[8], P. LI Jiunuepa n A. H. llupsieBa [41], k. [pummera u 1. Cup3aakepa [105],
k. Jlamnept [37].

[JIABA 11

§ 1. TToapoGHoe H3noXKeHHe BOMPOCOB C1aGOM CXOAMMOCTH BEPOSITHOCTHBIX Mep H
pacripeneseHnit cofepxutcs B kHurax B. B. Thenenko u A. H. Kosmoroposa [16]
I1. Buanunrean [5].

§ 2. Teopema IO. B. IlpoxopoBa coaepxurcsi B ero cratbe [55].

§ 3. Metony xapakTepHcTHUeCKHX (DYHKLMI B 10Ka3aTe/IbCTBE NPEAEbHBIX TEOPEM
TEOpHH BepPOSITHOCTel MnoceslleHa MoHorpadus B. B. IHenenko u A. H. Kosmoroposa
[16]. Cm. Takxe [1. Buaauurcau [5]. [IpuBonuman 3anaua 2 oxBaThiBaeT Kak 3aKOH
6osibLnX unces S. BepHyann, Tak W 3akoH GoJblUHX yucest [TyaccoHa, KOTOpbIil npea-
nosaraJ, uto &), €2, ... He3aBHCHMbI, NpUHUMaIOT ABa 3HaueHus (1 u 0), Ho, BooGuLe
roBopsi, pasHopacnpenenetbl: P{&=1}=p;, P{&=0}=1—-p;, i > 1.
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§ 4. 3necb NPUBOANTCA TPaJHLHOHHOE N0KA3aTe/IbCTBO LEHTPAJbHOMN npelesbHOf
TeopeMbl /15l CYMM HE3aBHCHMBIX CY4aiHbIX BEJHUHH TIPH BbINOIHEHHH YCJI0BHS JIHH-
ne6epra. Cp. ¢ [16], [92].

§ 5. Bonpocbl cnpaBeAJHBOCTH LeHTpa/ibHON NpefebHON TeopeMbl Ge3 yCJ0BHA
npenelibHOl MpeHeGperaeMocTH NpHBJeKaaH BHuManHe elile I1. JleBn. B moorpaduu
B. M. 3osotapesa [88] conepxunTcst noapo6GHOE H3JIOKEHHE COBPEMEHHOr0 COCTOSIHHSA
TeOpHH Mpefle/ibHbIX TeopeM B Hekaaccu4eckoii nocmanoske. IpuBoanmas popmy.in-
pOBKa H 10Ka3aTe/ibcTBO TeopeMbl 1 nanel B. M. Potapem [96].

§ 6. HManoxenne ucnobayer Marepra kuur B. B. THenenko n A. H. Kosmoropo-
a [16], P. Swa [81] u B. B. Ilerposa [53], [92].

§ 7. Metpuka Jlesn—IlIpoxopoBa BeefieHa B u3BecTHOH paGoTe [O. B. ITpoxo-
poBa [55], KOTOpOMY MpHHAMNEXAT H Pe3yJIbTaTbl OTHOCHTE/ILHO METPH3yeMOCTH cJia-
60ii CXOAUMOCTH Mep, 3aaHHbIX Ha MeTpHYecKHX npocTpaHcTBax. 1o noBoay MeTpHkH
||P = Pli5. cm. cTatbio P. lanu [85] u kuury II. Toanapza [93).

§ 8. Teopema 1 npunagnexxur A. B. Ckopoxony. [TosieaHbiit MaTepras OTHOCHTENIBHO
METO/1a OJIHOrO BePOSITHOCTHOrO MPOCTPAHCTBA MOXKHO HaHTH B yueGHOM nocoGuu 1999 r.
A. A. BopoBkoBa [7] u MoHorpaguu I1. IToanapaa {93].

§ 9—10. YkaxeM pfL KHHI, B KOTOPbIX COAEPXKHTCA GOJIbLION MaTepHal, Kacalo-
wmiics 3atparuBaembix Borpocos: JK. JKakoxn u A. H. Llupses [87], J1. Jle Kam [89],
I1. E. I'punsya u A. H. llupsies [84], ®. Jluze u U. Baiina [90].

§ 11. Boabluoit MaTepHan OTHOCHTENLHO OLLEHOK CKOPOCTH CXOAHMOCTH B LIEHTpaJlb-
HOIl NpenesibHOH TeopeMe coiepkuTcs B MoHorpactuu B. B. Tlerposa [92]. TIpuBoaumoe
A0Ka3aTeJbCcTBO TeopeMbl Beppn n DcceeHa conepxurcs B kuure B. B. Thenenko u
A. H. Koamoroposa [16].

§ 12. lokasatenbcTBo cnepyer cratbe J. JI. [1pecmana [94].

§ 13. lonoaHuTenbHbil MaTepHaa o (GyHAaMeHTaJIbHBIX TeOpeMax MaTeMaTHUECKOH
craticTHkH oM. B [8], [35], [58], [106], [107].
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monenb Bepuyaan—Jlannaca 854

— BEPOSITHOCTHO-CTaTHCTHYeCKasi 94

— anddysun auckpetHas 852

— H3unra onHomephas 42

— WCMBbITaHHH, CBfA3aHHBIX B Lenb Map-
KoBa 137

— Kokca—Pocca—Py6unwreiina, CRR
759, 773

— Kpamepa—JlynaGepra 747

— CMelllaHHast aBTOPErpecCHH H CKOJb-
3fllero cpeaHero 586

— 3KCriepuMeHTa ¢ GeCKOHEYHBbIM YMC-
JoMm nexonos 161

— — C KOHeYHbIM YHCJOM Hcxo0B 31

— DpeHoecrtoB 852

MoMeHT ocTtaHosku 110, 131, 649

— nepsoro Bo3spalleHHs 120

— pa3opeHus 747

MOMeHTbI 229

— a6coJioTHble 229

— cMellaHHble 368

MOHOTOHHBI# Knacc 172

— — HaWMeHbLIHH 172

mopcdHam 564

MYJbLTHHOMHaJ/bHOE pacrpefesieHHe 39

H

HaGopbl HeynopsiioueHHble 22

— ynopsioueHHble 22

HaneXXHOCTb J0BEPHTEJIbHOTO HHTEpBaJsa
98

HauMeHblUasi o-anre6pa 171

— aJsire6pa 171

— cynepMapTHHrajbHasi MaXkopaHta 782

HaMMeHbLUKI MOHOTOHHBIN Knacc 172

HayaJibHoe pacnpesienenne 139

He3aBHCHMoCTb 43, 48

— anre6p MHoxecTB 48, 49

— JHHelHan 341, 342

— MHoxecTB (coGbiThit) 48, 177

— nonapHas 49, 63
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He3aBHCHUMOCTb npupaulenuii 390

— cHcTeM MHoxecTB 48, 49, 177

— caiyuafiHbIX BesIHYHH 57, 224

— — 3j1eMeHTOB 224

HeKJlacCHYecKue ycaoBHs 433

HeKoppeJsiipoBaHHOCTbL 63, 300

HeMnpepbIBHOCTL Mep abcoioTHas 242

HepaBeHcTBa Bypkxosbaepa 678

— LIS BEPOATHOCTeN GOMbIUKMX YKJIOHEe-
Huit 683

— Jly6a 671

— JlaBuca 679

— MapuuHkeBHya—3urmMyHaa 677

— XwuHunHa 677

HepaBeHcTBo Bessa 67

— Beppn—3cceena 86, 426, 475

— Beccens 340

— Bondepponu 35

— DBopens 394

— Byan 169

— Taeka—PeHbu 688

— Ténbpepa 240

— TymGena 36

— Ilsopeukoro 687

— LI BepoAITHOCTeH OOJIbLIKX YKJIOHe-
Hui 93

— Hencena 239

— — ANS YCJIOBHBIX MaTeMaTHYeCKHX
oxHpaHui 297

— Koamoroposa 535

— —, OJHOCTOPOHHH# aHajor 539

— Kown—ByHsikosckoro 59, 239

— Kowu—11IBapua 59

— JleBu 556

— JlanyHosa 239

— MunkoBckoro 240

— OrraBuanu 687

— Pao—Kpamepa 97

— Cuaensna 394

— ®pewe 36

— YeGhiwesa 68, 238

— —, ABYMepHblii aHaJjor 77

— lIsapua 59

— dcceeHa 376

Hopma 332
HopMaJibHble no Bopesio uncaa 547

(o)

06J1aCTb OCTAaHOBKH HabJiofeHuii 783,
859

— npoRoJixKeHHs HaGsofeHui 783, 859

o6HoBASIOLIAsA M0CAeA0BaTeNbHOCTL 616

o6o6lueHHas Teopema Baiieca 286

— ¢ynkuus pacnpenenequs 199

o6o6LieHHOe MapKoBcKkoe cBoicTBO 801

oGpatHoe ypaBHeHHe 144

— —, MaTpHuHas copma 144

o6beauHeHHe MHOXecTB 27, 167

onpenensioluil knacc 404

ONTHMa/IbHasi OCTaHOBKa 776

— — MapKOBCKHX Leneii 856

onuuoH 767

— -koan1 769

— -nyt 769

— AmepuKanckoro THna 769

— Esponeiickoro tuna 768

— nokynareast 769

— npozaasua 769

OMUHOHHBIA KOHTpakT 767

oproroHanusauus Ipama—IlimMuara 342

OpTOroHaJibHOe pa3foxeHne 351

opToroHajbHble Mepbl 467

OCHOBHasi JIeMMa JHMCKPETHOM TeOpHH
BOCCTaHOB/eHHsA 825

— TeopeMa O CTalIMOHapHbIX pacnpele-
JeHusx 836

— — 06 3proJiMyeckHX pacrpereseHHsX
836

OTHOCHTEJIbHas KoMnakTHocTb 408, 409

oTHoOLIeHHe npasaonono6us 136

oTo6Gpa)keHHe H3MepHMoe 564

— — coxpaHsilolliee Mepy 564

OLIEHHBaHHE KOBapHaLHOHHON (YHKLMH
609

— crnekTpaJbHoil naoTHocTH 610

— — ¢yHkuuu 610

oueHka 95, 303

— acHMNTOTHYECKH HecMelleHHas 611

— BepHwiTeiina 78
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OLIEHKa BEPOATHOCTH «ycrnexa» 94

— MaKcHMaJlbHoro npapaonofo6usi 43

— HecMeuleHHas 95, 296

— ONTHMaJIbHAsi B CpeHeKBaapaTHye-
cKoM cMmbicie 64, 303

— — JuHeiiHas 340, 351

— CHJIbHO cocTosiTedibHast 703

— cocrosTeabHas 95, 608

— cnekTpaJbHON miotHocTH Baptaerra
613

— — — Xyp6enko 613

— — — Ilap3ena 613

— 3¢ektuBHas 95

olHGKa nepBoro H Broporo poja 461

— cpeaHekBajpaTHueckas 303

n

napureT Koaa-nyt 776

nepemeluHBaH1e 569

nepeceueHHe MHoXecTB 28, 167

nepecTaHOBOYHAsi CHCTeMa coGbiTHI 169

nepecTaHOBOYHOe cobbiTHe 532

nepexoHas BepositHocts 139, 318

— ¢yHKuusa 793

nepHoA HepasoxXuMoro knacca 816

— nocaenoBartesbHocTH 815

— cocrosiHus 815

nepuonorpamma 611

nepneHaukyasp 341, 351

nJaTexHoe nopyyeHue 761

— — BocnpousBoaumoe 761

NJIOTHas MOCJ/e0BaTeJbHOCTb CAyyali-
HbIX BesMuHH 471

naotHoctb 196, 202, 215, 243

— n-MepHOro rayccoBCKOro pacnpefe-
Jenus 203

— rayccoBcKas aBymepHas 302

— YCJIOBHOTO pacrnpefiesieHHsi BEPOSITHO-
creit 278

noaxoasuiee MHOXecTBO GyHKUMI 179

noJiMHoMbl BepHuuteiiHa 76

— Ilyaccona —Illapsbe 346

— — — HoOpMHpoBaHHbie 346

— dpmura 345

— — HOpMHpOBaHHble 345

nosHota 195

— (B, S)-pbinka 761

— npocrpaHctBa L?, p > 1 333, 334

nosyHopma 332

nonosHenxe 194

noptgens ueHHbIX 6ymar 754

— — — camoctHHaHCHpyeMblH 754

nopsaKoBasi cTaTHCTHKa 313

nocJ/1e10BaTeJIbHOCTH BIOJIHE A€TePMHHU-
poBaHHble 615

— JleTepMHHHPOBaHHble 615

— Mep B3aHMHO KOHTHIyasbHble 470

— — MOJIHOCTbIO aCHMMTOTHYECKH pa3-
nenumble 470

— — c6anxaembie 470

— obpaLleHHble 742

— npeacKasyemble 647

— peryasipHbie 615

— CHHIyJsipHble 615

— CKoJb3siLllero cpeaHero 583

— CTalHOHapHble B Y3KOM cMbicjie 563

— — B LUKPOKOM cMbicie 580

— — — —, CMeKTpaJlbHOe NpeacTaBie-
HHe 595

— YHCTO JeTePMHHHPOBaHHble 615

— 3proauyeckue 574

nocJie10BaTe/IbHOCTb OGHOBJIsiIOWAs 616

— MOYTH nepHoanyeckas 581

— cJIyyaiiHbIX BEJTHUHH MI0THas 471

— YacTHYHO Ha6niofaemas 630

noutH Beiogy 231

— HMHBapHaHTHOE MHOXeCTBO 567

— HaBepHoe 231

npeznesbHasi npeHeGperaemocTsb 433

— Teopema HHTerpasbHasi 71, 84

— — JIoKaJbHasa 71, 79

npeackasyemast nocJieoBaTesbHOCTb 647

npeacrasiaeHde  KosamoropoBa—JleBn—
XuHunHa 441

— JleBu—XuHunHa 446

npeoGpasoBanue BepHyau 576

— Koamoroposa 576

— Kpamepa 558
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npeo6pasoBanue Jlannaca—Cruatbeca
748

— METPHYECKH TPaH3UTHBHOe 567

— coxpaHsiolee mMepy 564

— dypbe 353

— 3proauyeckoe 567

— Duiepa 758

— — ycJioBHoe 760

npubblib aorapucdmuueckas 753

NPUHUKN HHBapHaHTHocTH 431, 728

— — Jlonckepa—IIpoxoposa 728

— oTpaxeHus 120

— MOAXOAAWHX MHOXecTB 173

npo6Jema MoMeHTOB 373

— —, KpHTepHii eIMHCTBeHHOCTH 375

npoaoXxeHxe mepni 192

npoekuus 341

npousBoaHas Jle6era 467

— Panona—Hukonuma 243

npousBoasias ¢opmyna 264

npocTpaHcTBO 6aHaxoBo 334

— ucxonos 21, 166

— COCTOSIHUI MapKoBcKo# ueny 139, 788

— ¢hasoBoe 139, 788

— 3JleMeHTapHbIX co6biTHil 21, 166

npoueaypa Po6uica—Monpo 696

NpoLeHTHas cTaBKa GaHKoBcKasi 752

— — pblHOYHas 752

NpoueHTbl npocThie 753

— CJIOXHble 753

npouecc GpoyHoBckoro aBHxeHus 390,
727

— BeTBALLMICs 142

— BHHepoBckuit 390

— — ycJaoBHblit 391

— BOCCTaHOBJIeHHs 322

— rayccosckuit 390

— rayccoBcKo-MapKoBckuit 391

— MapKoBcKuii 318

— Ilyaccona 747

— C He3aBHCHMbIMH npupatueHnsiMu 390

npsimoe nponsBeneHue o-aare6p 182

— — mep 51

— — npocTtpaHcTs 51, 189

— ypaBHeHue 144
— —, MaTpHuHas ¢opma 144
nyctoe MHoXKecTBo 167

P

paBeHctBo [lapcesans 344

paBHOMepHasi HHTerpupyemMoctb 234

pasGuenne 29, 371

pasneMMocTb NMoCJIe10BaTeNbHOCTEl Mep
470

pasinyeHHe runores 461

pasnoxenne Bosbna 614, 618

— Ily6a 655

— KaHOHHuyecKoe
730 .

— Kpuke6epra 687

— JleGera 467, 707

— Xana 460

pasMellieHHe APOGHHOK Mo fAueiikam 25

pasMellieHHst Ge3 MoBTopeHHiT 23

— C NOBTOpPEHHAMH 22

pa3HocTb MHOXecTB 28, 167

pacnpenenenue 196

— F 197

— ¢ 197, 310

— GepHyJ/IHeBCKoe 55

— 6era 197

— GHHOMHaJIbHOe 37

— Beiibyana 313

— BeposiITHOCTeH npouecca 223

— — cJyyafiHoro BekTopa 56

— — cJyyaiiHoi BeanunHbl 55, 215

— ramma 197

— rayccoBckoe 89, 197

— — n-MepHoe 203

— — —, XapaKTepHcTHYeCKas (yHKUHS
382

— —, CEMHHHBapHaHTbl 372

— — cpennee, aucnepcus 300

— reoMerpuueckoe 196

— runepreomerpHueckoe 41

— — MHoromepHoe 40

— 1BOIHOE dKCMOHeHUHaNbHOe 313

— auckpetHoe 196

— — paBHoMepHoe 196

nocaea0BaTeJbHOCTH
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pacnpefiesieHde MHBapHaHTHOe 147, 809,
811

— Kosmoroposa 490

— Koumm 197

— JorapHdMuyeckn HopMaJbHoe 306

— MHoroMepHoe 56, 201

— MyJIbTHHOMHaJIbHOe 40

— HavasbHoe 139

— HopMaJibHoe 89, 197

— o6paTtHo-6HHoMHanbHoe 213

— OTpHuATe/bHO-6HHOMHaJbHOe 196

— Tlackaas 196

— noJHHOMHaJIbHOe 40

— TIlyaccona, nyaccoHosckoe 87, 196

— paBHOMepHoe Ha [a, b] 197

— cHHryJsipHoe 198

— crauxoHapHoe 147, 809, 811

— Crblonenta 197, 310

— ycroiuuBoe 442

— xu 309

— xu-kBagpar 197, 309

— 3KcnoHeHuuabHoe 197

— — nBycTopoHHee 197

— sproaxueckoe 145

paccrosiine Kakyranu—Xeanuurepa 463

— JleBn 406

— no BapHauuu 460

— —, oueHka Ilpoxoposa 479

pacluupeHHasi cayyaiiHas BesqHuuHa 217

— yHcsioBasi npsimast 191

peaan3aums npouecca 223

peryasipHasi QyHKums pacnpeseeHns 283

peryasipHble ycJloBHble BeposiTHOCTH 281

— — pacnpenenenus 282

— — —, cyllecTBoBaHHe 284

PbIHOK HenoJHbIi 769

— noJiHblii 769

C

cBepTKa pacnpenenenuii 307
ceKBeHUMasbHasi KoMnakTHoctb 410
CeMeiCTBO MapKOBCKHX Lenei 798

— Mep OTHOCHTeJIbHO KoMmnakTHoe 408
— — naotHoe 408

CeMHHHBapHaHTh! npocTble 370

— cMeluaHHble 368

CHrMa-aAHTHBHOCTb,
163

cumBos KpoHekepa 345

CHMMeTpHueckasi PasHOCTb MHOXECTB
167

CHHTy.IsIpHOCTb Mep 467

CHHIYJsipHble Mepbl 196, 467, 706

cHcTeMa Jie6eroBcKHX MHOXecTB 194

— OpTOroHaJIbHbIX CJy4alHBIX BeJIHUHH
339

— opToHOpMHpoBaHHas 339

— — nosHas 343

— — cJayyaiiHbX BeJHuHH 339

— Papnemaxepa 347

— co6biTHil NepecTaHoBOYHas 169

— Xaapa 347

cKasisipHoe npousseneHne 338

CKoJb3silliee cpeliHee ABYCTOpOHHee 583

— — OJIHOCTOpOHHee 584

CKOPOCTb CXOAHMOCTH B YCHJIEHHOM 3a-
KOHe GOJIbLIKX uHcen 557

— — B LIEHTpaJIbHOI1 NpejieJIbHOH Teope-
Me 475

cnabas cxoaumoctsb 399, 400

— —, MeTpu3yemocTb 447

cy4aiiHasi BeiuuHa 54, 214

— — a6coJI0THO HenpepbiBHast 215

— — GearpaHuyHo aenuMas 439

— — GHHOMHanbHas 55

— — rayccoBckasi 300

— — nMcKpeTHas 214

— — WHBapHaHTHas 567

— — KoMIuieKkcHas 222

— —, He 3aBHcslWas ot Gyayuiero 649,
749

— — HenpepbiBHas 215

— — MouTH UHBapHaHTHas 567

— — npocras 214

— — paclunpeHHas 217

— — ycroiiunBas 442

— nocJienoBateabHocTh 223, 390

— ¢yHKums 223

O -aJIMTHBHOCTb
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cayuaiiHoe 6ayxaanue 109, 120

— — npocroe 842

— YHCJIO CAYYaiHbIX BeJHYUH 142

cayyaiinblii BekTop 56, 222

— rpolecc ¢ AMCKpeTHbIM BpeMeHeM 223

— — C HenpepbiBHBIM BpeMeHeM 223,
390

— — C OpTOroHa/IbHBIMH TPHpaLLEHHs -
mH 593

— 3JleMeHT 221

CMelllaHHas MoOJeJb aBTOPErpeccHH H
CKoJIb3siLllero cpeatero 586

cobbiTHe 27, 166

— nocroBepHoe 28

— HeBO3MOXHOe 28

— nepecTaHoBOYHOe 532

COrJIacoBaHHOCTH cBoiicTBo 204, 208

— ycaosue 209, 315

COCTOSIHHE LMK aNnepHOaHYeCcKoe MorJo-
waiouiee 140

— — Bo3BpaTHoe 820

— — — HyJseBoe 824

— — — noJIoXHTeNbHOe 824

— — nocTHxnmoe 813

— — HeBo3BpaTHoe 820

— — HecyulecTBeHHoe 813

— — norowaiouee 847

— — cyuiecTBeHHoe 813

COCTOSIHHSl LeMH B3aHMHO JOCTHXKHMble
813

— — coo6watouitecs 813

couyeraHHs 6e3 NoBTOpeHHH 24

— C NOBTOpeHHAMH 22

CreKTpa/ibHast Mepa 588

— MJoTHoOCTb 583

— —, oueHHBaHHe 610

— ¢yHkuus 588

— XapakTepHcTHKa ¢uabTpa 601

crnekTpajbHoe OKHO 612

— NpeacTaBaeHHe
tyHkunu 586

—— — CTalHOHapHON MOC/e10BaTeNbHO-
ctH 595

CrnpaBeAJIHBas LieHa ONuUHOHa 769

KOBapHaUHOHHOH

cpennee 3HaueHHe 58

CPeHAs AMHTENbHOCTb Gay>KnaHus 115

— NPOAOJKHTENbHOCTb Hrpbl 109

cTaHAapTHOe OTKJOHeHHe 62, 300

cTaTHcTHKa Bose—3iiHwiteiina 26

— nocratoyHas 291

— Makcsenna—bBoabumana 26

— ®epmu—/[upaka 26

CTaTHCTHYECKast He3aBUCHMOCTb 48

cTeneHb pazbpoca 62

cToxacTHueckasi Matpuua 140

— Mepa 589

— — KOHeyHo-ajauTHBHas 589

— — oproroHajbHas 590

— — C OpTOroHaJIbHbIMH 3HAYEHHSIMH
590

— — aneMeHTpaHas 590

— nocJienoBaTenbHOCTb 647

— — Bo3pacTaiowias 647

— — JloMHHHpYyeMasi 675

— — npeacka3syemas 647

— 3KcnoHeHTa 259, 684

CTOXaCTHYeCKHIH MHTerpas 592

— — Hro 745

CTporo MapKoBcKoe cBoiictBo 155, 803,
804

CTpyKTypHas ¢yHkuust 591

cy6mapTHHraa 647

— JloKanbHbli 650

— 06o6LueHHbli 649

cyXXeHHe Mepbl 207

cymma MHoxXecTB 167

cymmupoBanHe no Yesapo 335, 832

CyMMbl BepxHHe 252

— HHXHue 252

cynepMapThHraj 648

cynepMapTHHraabHas Ma)kopaHra 781

cynepxe/mxupoBaHue 770

—, BepXHss LeHa 772

cyulecTBeHHbIH cynpemym 334, 778, 779

cxema Bepuynan 67, 78

— cepuii 419, 426

cxoauMocTb B ocHoBHoM 399, 400, 405
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CXOMMOCTb B OCHOBHOM B CMbICJIe KO-
HeYHOMEpHbIX pacnpeseneHuit 405

— B cMblcae LP 324

— B cpellHeM KBajpaTHuecKoM 324
— B CpelHeM nopsiaka p 324

— no BapHauuu 461

— 1o BeposiITHOCTH 324, 453

— —, MeTpH3yeMocTb 447

— 1o 3aKoHy 452

— no mepe 324

— no pacnpenenenuio 325, 417, 452
— nouTtH Bclogy 324, 453

— nouTH HaBepHoe 324, 453

— C BepOSITHOCTBbIO eauHuLa 324, 453
— — —, HeMeTpH3yemocTb 447

— cJabas 399, 400

— —, MeTpu3yeMocTh 447

cyeTHast alAMTHBHOCTL 163

T

Tesieckonuyeckoe cBokicteo 105
— — Bropoe 271

— — nepsoe 270

TeopeMa Baileca 47, 286

— Benno Jlesu 265

— Beppr—>3cceena 86, 475
— DBupkroga—XunuynHa 570
— Boxnepa—Xununna 365
— Beiteplurpacca 76

— TeprnoTua 586

— Tupcanosa, aucKpeTHasi Bepcus 722

— TnuBenko u Kanreann 482
— Jly6a 660, 682, 688

— — 0 MaKCHMaJibHbIX HepaBeHCTBax

672

— — 0 pasfioKeHHH CyOMapTHHraJoB

655

— — o cJayuaiiHoil 3ameHe BpeMeHH 660
— — 0 CXOQMMOCTH CYyOMapTHHrajoB

688
— — 0 yHcJe nepeceyeHnil 682
— Honecky Tynun 318
— Kanream 540
— Kapareonopu 192

— Kouamoroposa H XwHunHa 535

— — — o0 «AByX pspax» 537

— — o npoaoxeHuH mep 208

— — 0 NpoaoJKeHHH Mepht 204

— — 0 cyulecTBOBaHHH npotecca 316
— — 0 «Tpex psinax» 538

— — 06 HHTeproasiuln 629

— — 06 YCHJIEHHOM 3aKoHe G6OJbLIKX

yucen 541, 544

— JleGera 0 MaXKopHpyeMoil CXOAUMOCTH

234

— Jlesu 691

— Makmunnana 75

— ManHa—Banbaa 456

— MapuuHkesnua 366

— Mepcepa 393

— Myaspa—1Jlannaca 84

— HenpepbiBHOCTH 414

— o0 GaanoTtnposke 133

— o Bo3BpaTHocTH Ilyankape 565
— 0 «aByx psgax» 537

— 0 3aMeHe NepeMeHHbIX MOJ 3HaKOM

uHrerpasa Jle6era 244

— O MOHOTOHHOH cXoAHMOCTH 232

— 0 MOHOTOHHBIX KJaaccax 173

— — —, dyHKUMOHa/bHasA Bepcus 179
— 0 HopMaJibHOH Koppensiuut 304

— — —, BeKTOpHbIil cayuaii 387

— 0 npeo6pa3oBaHHH CBOGOHOrO BbIGO-

pa 900

— O CXOAHMOCTH MOJA 3HAaKOM YCJIOBHbIX

MaTeMaTHYECKHX OXKHAaHHil 272

— 0 «Tpex psax» 538

— Tlucdaropa 351

— Toita anst cyuaitHbix 6ayaanui 847
— — LIS XapaKTepHCTHUECKHX DyHKLMI

365

— Ilpoxoposa 409

— Ilyaunkape 432

— — 0 BO3BpaTHOCTH 565
— Ilyaccona 87, 419

— Papnona—Hukoauma 243
— Pao u Baskysana 296
— Ynama 412
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TeopeMa takTopusaunn 292

— dy6unu 246

— ¢yHnameHTanbHas Bropas 761

— — nepBas 755

— Xennm 410

— Xennu—DBpas 407

— LeHTpaJbHas npenenbHas 413, 418,
421, 427, 434

— — — L1l 3aBHCHMbIX BeJHUYHH 726

— — — ¢yHKuHOHaNbHas 728

— UYepHosa 561

— aproauyeckas 145, 574, 605

— — MakcHMaJbHas 570

TEOPHS BOCCTaHOBJIeHHs 668

ToxzaectBo Banbna 132, 663

— — ¢yHzaMeHTaJIbHOE 666

— napuTera Koasa-nyt 776

— Ilyankape 36

— Cnuuepa 264

TOUKH pocta 196

TpaeKTopHs npouecca 223

— — THMHYHas 75

TpeyrosibHHK [lackans 23

y

ypaBHeHHe GanaHca 585

— Banbpa—DBenamana 861

— BOCCTaHOBJIeHHs 323

— KosnmoropoBa—Yenmena
799

— — — o6parHoe 143

— — — npsiMoe 144

— obpaTHoe, MaTpHuHasi ¢opma 144

— npsiMoe, MaTpHuHas ¢opma 144

YPaBHEHHS JMHAMHYECKOro MporpamMMu-
poBanusa 859

ypoBeHb 3HauMMocTH 98

YCHJIEHHBIN 3aKOH Gosblukx uncen 540

— — — — ans maptiHranos 701

— — — — /19 npouecca BOCCTaHOBJIe-
Hus 548

— — — — Koamoroposa 541, 544, 550

— — — —, CKOpOCTb CXoAHUMOCTH 559

yCJIOBHE acHMNTOTHYeCKO# MaJjiocTh 433

143, 317,

— — — paBHOMepHoi1 728

— Kpamepa 557

— Jlunpe6epra 421, 426

— JlsnyHosa 425

— npenesibHOl npeHeGperaemocTH 433

— — — paBHOMepHo#l 728

— coraacosanHocth 209, 315

ycJI0BHasi BeposiTHocTb 44, 266, 269

— — OTHOCHTeJsIbHO o-ajre6p 269

— — — pa36uennit 266

— — — pa36uenns 101

— — — cayyafiHbix BeanuuH 102, 269

— — peryasipHas 281

— JMCMepcHs OTHOCHTEJbHO o-are6phbl
269

ycJIoBHOe AByTouHe 764

— MaTemaTHueckoe oxkuaanue 103, 106,
269

— — — B LUKpPOKOM cMblcie 340, 351

— — — OTHOCHTeJIbHO o-ajre6p 268

— — — — cayvaitHbix BeauuuH 106,
269

— — — — co6huiTHit 267, 275, 276

— — —, cBoiicTBa 270

ycToHuHBas cJyuaiiHas BeJMuHHa 442

]

tasosoe npocrpancTso 139, 788

thakTopHsauHOHHas Teopema 292

¢uaeTp 600

—, HMMyJbCHasi mepexoiHasi (yHKLMA
600

— Kanmana—DbBbiocu 634, 638

— ¢busAUeckH ocyluecTBhMbli 601

¢buabTpaums 630

—, notok o-anre6p 647

topmyna Baiteca 47

— JIHMCKpeTHoro  AucddepeHLUHPOBaHHS
754

— 3aMeHbl nepeMeHHbIx MTo 740

— WHTErpupoBaHHs Mo yacTaM 257

— Hro 746

— —, ;aucKpeTHas Bepcus 740, 743

— — 1js 6pOyHOBCKOro aABHXeHus 740

— oGpatueHus 361
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topmyna nepecuera
oxXupanunii 243

— — YCJIOBHBIX MaTeMaTHUEeCKHX OXH-
naHui 289, 712

— noJiHoli BeposaTtHocTH 46, 101, 104

— CBSI3H MOMEHTOB U CEMHHHBApHAHTOB
369

— Cere—Kosimoroposa 634

— Crupaunra 42

— Tpaneuuu 743

— YMHOXeHHs1 BeposiTHocTell 46

(yHnaMeHTa/lbHasi TeopeMa TEOPHH ap-
6urpaxa 751

(yHAaMeHTaIbHOCTb B CPEAHEM MOpsiaka
p 325, 333

— no BepositHocTH 325, 331

— C BepOSITHOCTbIO eanHuua 325, 330

(yHnaMeHTa/IbHBlE TEOPEMbl MaTeMaTH-
yecKo#l cTaTHCTHKH 481

— — TeOpHH apOuTpaxa, BTopas 761

— — — —, nepBas 755

GyHKUMH pacnipesieieHHsi KOHeuHomep-
Hble 315

— — smnHpHueckue 481

(yHKuHs BepxHsist 551

— BOCCTaHOBJIeHHs1 322

— rapmoHHueckas 874

— Jlnpuxse 262

— u3MepuMas 214

— KoBapHauHoHHas 580

— KOHuUeHTpauun 379

— KoppensiuHoHHas 580

— HWXHAS 551

— ouwn6ok 90

— nosyHenpepbiBHas 402

— Panemaxepa 347

— pacnpegeneHus 55, 56, 191

— — n-mepHas 201

— — 6e3rpaHHuHo aennmas 439

— — o6oGuieHHast 199

— — peryJasipHas 283

— — cJyuaiiHoro Bektopa 56

— — cJayuaiiHo# BeJHuuHbl 55, 215

— — ycToiunBas 442

MaTeMaTHYEeCKHX

— cyneprapmoHHueckast 860, 874
— Xaapa 348

— 3KcueccHBHas 860

¢bioyepc 768

X

XapaKTepHCTHKa B3aHMHas 657

— KBajapaTHuecKasi 656

— ¢uabtpa cnektpaibHas 601

— — yacToTHas 601
XapakTepHcTHyeckas pyHKumus 353

— —, npumepbi 377

— —, cBoiicTBa 356

— — Oe3rpaHHyHo aesumas 439

— — MHOXecTBa 54

— — ycroiiunBas 442

— — ycToiiuuBoro pacnpenenenus 445
XapaKTepHCTHYeCKHX GyHKUMI MeTox 413
Xe[DKHpOBaHHe coBeplieHHoe 769

1}

LueHa B 3alayax 06 ONTHMaJbHOH ocTa-
HoBKe 857

LeHTpaJibHasA npefesbHast Teopema 413,
418, 427, 434

— — — 1191 3aBHCHMBbIX BeJIHUMH 726

— — — ¢yHKUHOHaJbHas 728

uenb Mapkosa 137, 321

— — oaHopoaHas 139

— — craumMoHapHas 148

LHKIHYecKu#t noaknace 816

LUMIHHADHYECKHe MHOXecTBa 184

l.|

yacroTa 68

YacTOTHast XapaKTepHCTHKa ¢uibTpa 601
YHcJI0 nepeceyeHHit 682

— pa3MelueHHit 23

— covueraHuii 23

)

SKBHBAJIEHTHOCTb 10 pacnpe/e/ieHHio 454
3KBHBaJIeHTHble Mepbl 467, 706

3KpaH oTpaxaioumii 850, 851
3KCMOHEHTa cToXacTHyeckas 259, 684
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3KCMOHeHUHaNbHOe ceMmeficTBo 295 sproanyeckast Teopema 145, 574
IKcTpanosuus 623 — — B CpeAHeKBaAPaTHYECKOM CMbiCJe
3JKCLleCCHBHas MaxkopaHTa 860 605
— — HaHMeHblas 860 — — MaKcHMaJibHas 570
3/1eMEHTapHasi TeopeMa TeOpPHH BOCCTa- aproanuHocTh 145, 567

HOBJIeHHs 668
3/1leMeHTapHoe cobbiTHe 21 A

IHTPONUSA pacnpeneneHus 73 siapo Peiiepa 611



Yka3areap 0603HaYeHUMN

Do 394

.T’ 324
%325

P—> 324

— 324
Fa=F 399
Fg,, = Fg 325
F. 2 F 399
P, = P 400, 405
P, %P 400
P, P 405
pn = 1 403
pn = p 403
n 4 n 417
£<n439
X2y 454
A® 392
A28

A+B 28
ANB 28
AUB 27
AAB 65

3A 400
A°(t) 260
An 23

o 28, 162
o(2) 29, 171
BL 450
B\A 28
B(Ko, N; p) 775
2 181

2(C) 188
(D) 188
2(R) 180
B(R) 181
B(R") 181
B(R™) 184
B(R") 186
([0, 1]) 194

B, R By 182

C 187

C* 697

Cy 775

C(F) 399

C(fn; P) 769, 770
C(f; P) 772

C,I, 23

cov(§, n) 62, 300, 580

D 188

D¢ 62

D(|2) 108
D(£|¥) 269
dp(X, Y) 453
AFe(x) 59

(E, &) 221

(E, &, p) 400
&n()) 684

& (A) 259
&r(P, P) 461
E¢ 58, 227
E(m, ..., m) 340
E(; A) 229
E(|D) 103
E(¢|2) 103
E(¢|¥) 268
E(&|n) 106, 269
E(E|n1, ... mi) 106
EE|m, ..., m) 340
erf 90

(/, g) 591
F*xG 307

F¢ 55, 215

fe 215

Z 163

F/& 221

F* 171

Z. 171

Fa 171

Fe 218

FP° 194
E £ 189

teT

P(x) 89

o(x) 89

H(x) 80

H(P, P) 464
H(a; P, P) 464
§ £dP 229

A

§ eap 227
Q

(L—S) § £(x) G(dx) 229
R

(R—S) § £(x) G(dx) 229
R

L) § &xdx 229
L? 338

LP 332

L> 334

L(P, P) 448
Lo(w) 96

Le(A) 121

L, ..., mm) 340
ZL(m, n, ...) 343
l.i.m. 325

M(P) 756

(M)a 23

(M) 656

my 777
med 407
162

u(A) 162
u(&) 172
Bt X pg 246
N(A) 32
N(«) 30
N(Q) 21
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N(A) 756

A (m, o) 300
A (m, R) 382
P 30, 164

P(A) 30
P(A|9) 101
P(A|¥) 269
P(A|n) 102
P(A|£) 269
P(B|A) 44
P(B|9) 266
P(B|¥) 267
P¢ 55, 214
pw) 30

P ={Pa; a €} 408
P 143

P® 143

Py 776

(P") a (P™) 470
(PM < (P") 470
(P") <> (P™) 470

||P - P|| 460
|P— Pl|5. 450
| p(x. y)Il 139
ll pijll 140

I 143

n® 143

R 180

R 181

R(n) 580

R' 181

R” 185

R* 183

R" 181

Rn 347

Ra(x) 347

(R, B(R)) 180
p(£, 1) 63, 301
p(P, P) 463
p(n) 580
séu;.....vk) 368
a(€) 171

o(é) 218

Var(P — P) 460

Xn =max |X;| 671
isn

X7 754

(X, Y) 657

[X, Y]a 657

[X]a 657

{Xn—} 697

Z 579

Z(A) 589

Z()\) 589

x? 309

0,£ 563

£1n339

Q, #, P) 30, 163
Q, o, Py, 6€0) 94
# 744

<30
[ay, -.., an] 22
(ai, ..., an) 22



Hekotopbie o6emaremaruueckue 0603HaueHuUs

R = (=00, 00) — MHOXECTBO AEHCTBUTE/bHbIX YUHCEJ, AEHCTBHTE/bHASA MPsiMast, eBKIN-
JIOBO OIHOMEpPHOE MPOCTPAHCTBO

=10, )
R =[—00, co] — paciumpennas nelictBuTeNbHas npaMas: R = R U{—oo}U {oo}
E.}. =10, oo]
Q — MHO)XXECTBO PaLHOHAMBHBIX YHCe]
Q+=QNRy
RY — eBKMNOBO d -MepHOE MPOCTPAHCTBO
N — HatypasibHble uneaa: uan {0, 1, 2, ...}, wm {1, 2, ...}
Z — MHOXecTBO uesbix uucen: {0, £1, £2, ...}
C — MHOXeCTBO KOMILIEKCHBIX YHCe

(a,b)={xeR:a<x<b}, [a,bl={xeR:a<x<b}
(@, bj={xeR:a<x<b}), [a,b)={xeR:a<x<b}

inf X — uuxHsis rpaHb MHOXecTBa X C R
sup X — BepxHsist rpaHb MHOxectBa X C R

i|>1f Xn — HIKHSAS TpaHb MHOXeCTBA X = {Xm, Xm+1, ...}
nzm
SUP Xn — BEpPXHsif rpaHb MHOXeCTBA X = {Xm, Xm+1, ...}
nzm

Ecan xn €R,n>1, T0

liminf x, =lim x, =sup inf x,, limsup x, —hm xp = inf sup xa,
n—o00 n mz| n2m n—00 m21 n>m

limxs=x & lim xa=lim xo=x & lim X, >x> Tim xn.

Jaa nefcTBUTEAbHBIX YHCEN:

xt =max(x, 0), x~ =-— min(x, 0)
—
4@ = x7, x#0,
0, x=0

xVy=max(x, y), xAy=min(x, y)
[x] nn | x| — HanGobluee Lesioe YHCIIO, He MPeBOCXOALLEE X
[x] — HanMeHbLIee Lesoe, GoJbliee HIH PaBHOE X

1, x>0,
sign x — 3HaK uMcaa x: sign x=4¢ 0, x=0,
-1, x<0

(vHorna sign x onpesedasiercs Kak 1, ecam x 20, n —1, ecan x <0)
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xn— X, e n€{l, 2, ...}, o3Havyaer, yto lim x, =x
n
xn T O3Hauaer, 4To X} K X2 X ...; Xu T X 03Hauaer, uto X, T li'l;n Xn=X
Xn | O3HAUAET, YTO X} 2 X9 2 ...; Xn | X O3HAUAET, 4TO X, | H li’1'11 Xn=X
Jnsa KoMNJaeKCHbIX yucea z =a + ib,
rae a, b €R v i =+v—1— mHuMan eauHuua:
Z=a — ib — uncno, conpshkeHHoe ¢ 2
|2| — Monyab uncna z (= (a® + b?)'/2)
Re z, Im z — npelictBuTesibHAst M MHMMas YyacTi 2. Re z=a, Im 2=b
Jlns eBkaunoBa d-MepHoro npocrpancrsa R%:

|x| — eBkAMnOBa HOpMa X = (X1, ..., X4), T. . (X +... +x2)"/2
X -y Win (x, y) — ckaJspHoe nponsBeaeHue X =(xy, ..., Xg) H Y=, ..., Ya), T. €.

Xiy1+...+XqYa

B Teopuu mHoXecTB:
A, 7 o3Havaer,ut0 A CA2C ...; AnTA osnavaer,uto A, TulJ An=A
An | o3Havaer,ut0 A\ DA22...; AnlA o3navaer,uro A, u[)Ar=A

limsup An, win lim A, win {A, 6.4.} o3Hauaer () ( U A,.) — MHOXECTBO TOUEK,

m21 \n2m
NpHHaL/1eXXalux 6eCK0Hequmy YHCJY MHOXECTB A,., n2 1

m21 \n2m

liminf A, nan lim A, o3Havaer |J ( n A,.) — MHOXXeCTBO TOUYEK, MPHHALMEXALLHX

BceM An, 72> 1, 3a HCKAIOYEeHHeM, GbiTb MOXKET, HX KOHEYHOro YHcja
14 wnu I(A) — wHankaTop MHOXecTBa A
{...} — MHOXecTBO

MaremaTHyeckue CHMBOBI:
< — abCcoNIOTHasA HenpepbiBHOCTh
~ — 3KBHBaJIEHTHOCTb
1 — oproroHa/ibHOCTb

f=o(g)—lim(§) =0

f=0(g)—limsup(é
f~g—lim(£)=l

f = g — oTHowWeHHe é oTAiesieHo cHU3Y oT 0 M cBepXy OT 0o

)<oo

fog—«komnosuwms fu g
f*g—ceepTka fu g
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