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OT PEFARINN

Hacroamuil Beinyck, 3aBepmaromuii Ruury V1 «MHTerpuposanne»,
HOCHUT He COBCeM OOHMHBIE Xapaktep: oH cofep:xur raassr 11 —V
u taasy IX. Taaper I — VIII ysxe Guinm onyOGamnKkoBaHSL B pyCCKOM
nepesofte: B 1967 r. (van. I — V) w 8 1970 r. (ra. VI — VIII).

[Ipu Hanwcanmu mocnegHei, geBATOH, riIaBsl OHIM CYIECTBEHHbIM
obpaszom mnepepaGorans raaBel 11l — V ¢ meawio pacmpocrpaHeHus
W3JAraeMelX DOHATHH M Pe3yiabTatoB Ha Gosee ofIue HPOCTPAHCTBA.
Nzaokenne [X raaBsl B 3HAYNTENBHOH Mepe MOCTPOSHO HPH ITOMOIIA
CHCTEMBI CCHIJIOK (B OCHOBHOM Ha YKAa3aHHEE TJIABH).

B cBaAsm ¢ sTMM B HacTOsSmie#l KHUTe BMecTe ¢ IIEPEBOJIOM FJa-
Bl IX mnpegcraBnen mepesox rmae III — V co mroporo ¢panmys-
CKOTO U3JAHHA.

Bo n3be:xaEme NyTaHWIB CHCTEMA CCHIIOK OCTAaBJIeHA B TOM
Buje, KaK OHA JaHa B OpUTHHAJE -— YKa3HBAITCH HOMepa (paHIlys-
CKHX H3/aHHuil; OTCYTCTBME HOMEpa O03HAYAeT NepBoe H3faHue (WIH
CCBUTKY BHYTDPH TIJIABHI).

Traa IX mocesameHa mHTETPUPOBAHUIO B OTAEJHMHIX TOHNOJOTH-
9eCKHX INPOCTPAaHCTBAX, He 00s3aTeNbHO JIOKAJILHO KOMIIAKTHHIX,
H B YAcTHOCTH, B JOKAIBHO BHIIYKJIHX ITPOCTPAHCTBAX, YTO faeT
BO3MOYKHOCTb PACHpPOCTPAHHTh Ha HEX TeopHo mnpeobpasopaHmit
Dypoe. B oroii rmaBe m36paH crnocol H3ToMeHHH, I03BOJAIONILI,
B ClyYae KOMIAKTHHIX NIPOCTPAHCTB, HCIOJB30BaTh MpeZbigyniue
TAABH.

Tnaper I1I, IV oramwaorcs or mepBoro M3maHMA Ipeskzie BCEro
MHOFOYHMCICHHBIME W3MEHEHHMSAMHE, CBA3aHHBIMH C PacCMOTpeHueM
roMmaexcHex Mep. I'maBa IV — wpome Toro, BBefeHmeM NoHATHA
CXOZUMOCTH 10 Mepe u gobamienmeM HOBOro maparpada, MoCBAmEH-
HOro OapureHTpaM KOMIAKTHHX CBfIBHEIX MHOKECTB M TeopeMaM
ilfoxe 06 mx BHIpa;KeHUW TIPH HOMOIH Mep.
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OcHoBHEIe UBMeHEHHA TJaBhl V HOCAT CASNYIOMUE XapaKtep. ¥ ui-
THIBag, 9TO CYIMECTBEeHHHI BepXHWHl HHTOrpaJ ¢ HECKOJBKHX TOUEK
speHns obaagaeT 6osee yHOBIETBOPUTOIbHEMY CBOMCTBAMH, 9eM 00bBIT-
HEU BepXHuUil WHTErpaJ, NOCBAMEHHR eMy maparpad 6ula1 pacmupeH.
Touno Tak e 6osee mOmTPoOHO N3YIeHA TeOPUA CYMMUPYEMEIX ceMeicTB
O ORKUTENBHHX Mep. Bneyeno monaTue nuddysun; moHATHE P-COLTa-
COBAHHOT'O CeMeHCTBa LONO)KMTeJBHHX Mep CJerka 0000meHo. ¢ TeM
9TOOH HMeTh BO3MOKHOCTH OIPENeINTbh KOMIO3UIuI0 Jugdysui.

JLas cucTeMaTIecKOT0 N3YYeHUs KOMINIEKCHEX Mep moTpefoBanocs
YaCTUIHO OTKA3aTHCA OT TOUKHM 3peHms upocTpaHcTB Pucca. Hakonemn,
OblIM M3MeHeHbl pas3iIndHEe JOKA3aTeNsCTBA, ¢ TeM YTO0H pe3yiIbTaTh
MODJIN B JaidpHeiilleM HCIOJB30BATBCA A CIAydad OTHENMMBIX IIpO-
cTpancTB (He 00S3aTeNIBHO JTOKATBHO KOMIAKTHBIX ), KAKOBHE H3YIaI0T-
ca B taase 1X.

TepMuHOTOTMA HACTOAMIETO BHIYCKA B HEKOTOPHX CAydasX
OTJINYHA OT MPHMHATON B APYTrHX BHIIYCKAX: OHa UPHOIMKeHa K Tep-
MHHOJOTUH, yHoTpebiasiomeiicad B COOTBOTCTBYIOMEH PYCCKOH HayyHOR
jJmTepaType IO TeopuM BeposaTHocTell. Bce pacxompmenmsa 6ygyr
OTMedeHH B IpeIMeTHOM YHazaTele.



ITJTABA III
MEPBI HA JIOKAJIBHO KOMITAKTHBIX ITPOCTPAHCTBAX

§ 1. Mepnl Ha JOKATHHO KOMIAKTHOM IIPOCTPAHCTEE
1. Henpepoienote Yy HEUUU € KOMNA KM KUK HOCUMELEM

Onpepenennk 1. Hycme X — monoaozuneckoe npocmparcmeo u £—

eexmophoe npocmpancmeo Had R uau npocmpancmeo R. Hocumeasem
omobpascenusn [ npocmpancmea X ¢ E naswieaemcs, u obosnauaemcs
supp (f), mawroe Haumenvwee samrnymoe muoscecmeo S uz X, wmo
f (@) = 0 na X — S (uawimu caosamu, S ects 3aMbikaHpme B X MHOKe-
ctBa Tex z € X, mas woropmix f (z) 5= 0).

Ilycrs X — 10KaJBHO KOMUAKTHOE TPOCTPAHCTBO M £ — Tomo-
Joruveckoe BexTopHoe mpocrpancrse Hag R mam man C; mamomuum,
aro geped % (X; F) ofo3Hauaercs BeKTOpPHOe IPOCTPAHCTBO Hempe-
puBHHX oToGpaskenuit X B E; s cayuanx £ = R win E = C 3Hauok
upocTpaHcTBa £ B 9TOM 0603HAYeHWH ONYCKAETCH, eCJIM 9TO He BemeT
K Henopasymenuio. Yepes ¢# (X; E) ofosnavaercsa moNpoCTpaHCTBO
npoctpancetBa B (X; E), cocrosimee n3 HempepHBHHX 0TOGDarKeHmit
¢ KOMRAKMHBM Hocumesem; Mol 6ymeM, mias no6oro mogmuosxecrsa A
us X, obosnagats uepes % (X, A; E) (coors. &% (X, A; E)) mon-
upoctpanctso B B (X; E) (coors. B ¢4 (X; E)), cocrosimee u3 Tex
orobpamkennit f, maa Koropux supp (f)c A. Ecaim EF =R wuam
£ =G, to smecro o4 (X; R) man & (X; C) (cootB. &% (X, 4; R)
nam % (X, A; C)) numyr &% (X) (coors. ¢4 (X, A)), ecau He MoseT
BO3HUKHYThE IyTaHWIe; veped &y (X) 0003HAYAIOT BaoCTpEeHHHIH
BHITYKJHIA KOHYC, COCTABJIEHHHI U3 IMOJOKHUTEIBHHX (QYHRIMI 1po-
crpanctBa &% (X, R).

Has ao6oro rommarTHOro mogMuokectsa K um3 X mpocTpancrTso
& (X, K; E) oroxmecTsiseTcsi ¢ HEKOTOPHIM TOAIPOCTPAHCTBOM
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npocrpanctea € (K; E) HenpepuBEEX QyHKOMi (4 UMeHHO, ¢ TOJ-
IPOCTPAHCTBOM HeIpPepHBHHX oToOpaskenunit K B E, ofpamaomuxcs
B Hyab Ha rpanmie MHOkecTBa K). Ecam napenwmrs € (K; E) romo-
Joruell paBHomepHo# cxopumoctn Ha K, 1o ¢4 (X, K; E) cranosutcs
3AMERYMEM TOTIPOCTpaHCTBOM upoctpaHcTBa € (K; E). B wacrmo-
cti, Korma E — npocmpancmso @pewe (coots. Gamaxoso npocmpar-
cmeo), TakosuM 6yner n o7 (X, K; E), u6o ecau Tomonaorus B £ ompe-
JeJIsAeTCA TOJYHOPMaM#u p, (COOTB. HOpMOH z +— || ||}, To Tomomorus
B 8¢ (X, K; E) oupenensierca nonyHopMamu f — sgp pn (£ (z)) (coots.
x€K

Hopmoit f > || f ()|, obosHagaemoir || fl).
xeK

Tlpocrpancteo 8% (X; E) aApaderca oO6bemHeHNeM BO3DPacTaOMETo
PunnrTpylomerocs cemeiicrsa nogmpocrpaHere & (X, K; E), rme
K upoGeraer MHOMECTBO KOMIAKTHEIX TOAMHOMKECTB u3 X; ecad IpH
atom K; < K, — B2 KOMIIAKTHHX TOAMHOKecTBa nm3 X, TO KaHOHHU-
qeckan uHberuua & (X, Ky; E) —> ¢& (X, K,; E) nenpepviena otHo-
CUTeIBHO BBeAeHHHX BHme Tomoaoruil. Ecam E aokaavHo evinykao,
TO MO}KHO, CTaJ0 OHTH, oupenenuTs B &% (X; E) Tomomorumo, ABIsdn-
mMyocss UHOYEMUSHUM npedeioM JOKATBHO BBRINMYKJIBIX TOMOJNOTHIT
npocrpancte &% (X, K; ) (Tom. Bexr. mp-a, ra. Il (2-e msm.),
§ 4, n. 4); B manpHelimeM BCIONy, I7le He GYJIET OrOBAPHBATHCH IPO-
THBHOe, Upu paccmorpenun % (X; F) Kak TOHMOJOrMIeCKOTO BEKTOD-
HOT0 HmpOCTpaHcTBA OypmeT IMOIPA3YyMEBATHCA HMEHHO 5Ta TOIOJOTHA.

Ieepnoxenue 1. Hycmv X — aokaavho kKomnakmuoe npocmpah-
cmeo u E — omleaumoe A0kALbHO ELINYEAOE RPOCTLDAHCMEO.

(i) Jorarvho eunykace npocmparncmeo &% (X; E) omdeaumo. Han
4106020 Komnakmmuozo nodmuoscecmsea K us X monoaozus, undyyupo-
sannasn monoaozueti npocmpancmea 5% (X; E) ¢ £ (X, K; E), ecmo
monoaoeua paswomeprol cxodumocmu tna K, u kaxdoe us nodmnpo-
empancme &% (X, K; E) aamknymo ¢ % (X; E).

(il) Ecau E ecmb npoussedenue KOHEWHO20 YUCAA AOKAALHO GBLINYK-
atiz npocmpancms E; (1 << i << n), mo omobpaxenue [+ (pr;of)
ecmb  usomopgusm npocmpanemea &% (X; E) na npoussedenue npo-

empancme || % (X; E)).
1<i<n -

(ili) Ecau X ecmo cymma nekomopozo cemelicmea (X y)rer A0KaABHO
KoMnaEmuuzr npocmpancme, me omobpascenue f— (f | Xy )wer ecmo
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usomopgusm npocmpancmea &% (X; E) na npocmpancmeo, seasioueecs
monoaozueckoll npamot cymmod cemeticmea (£ (X»; E))er.

(i) Ormerum, gro B &% (X; E) Tomosorus paBHOMEPHOH CXoIuMO-
crd #Ha X COTJIACYeTCA €O CTPYKTYpoll BEKTOPHOTO NPOCTPaHCTBA
B o (X; E), rag rar paa awboit € ¢F (X; E) ¢ (vommakTHHM)
nocutenem S muomecrso f (X) = f (S)J {0} xommarrHo, u 3Haumr,
orpanmgeso B E (Tom. Bert. mp-sa, ra. III, § 3, m. 1, npema. 1).
Ho ara tomonorus . , JORaJLHO BHUYKIA W WHIYIUPYET B KasKAoM
u3 mpocrpaHets ¢4 (X, K; E) TOmONOruio paBHOMEPHOH CXOTMMOCTH
na K; moaToMy TO 3Ke CaMOe HMeeT MeCTO INs TOUOJIOTHUU — HHIYEK-
rupaoro upenena 9 B ¥ (X; E) (Ton. sexrt. np-Ba, ra. II (2-e uan.),
§ 4,*) n. 4, samedanue); upu aToM J Mamopupyer J o, m.J , oTHeIAN-
Ma, a crajgo OmTL, m . ormeanmma. HakoHern, TpPeNOOKHEM, UTO
bynxmua f € 8% (X; E) saApidercd TOUkOffi UPUKOCHOBEHHMA JJIs
& (X, K; E); wo oupefeienmio, 8 X HaififjleTcsl TaKoe ROMIAKTHOE
muokectBo K’ > K, uro f€ 4 (X, K'; E). CormacHo phime-
H3NOMKEHHOMY [ eCTh TOUKA mpUKOCHoBeHms1 mHOKecTBa &% (X, K; E)
B mpocrpancrse &8 (X, K'; E), u snaunt, upuaagae;xut &% (X, K; E).

(i) KpuTepnit HempepHIBHOCTM B WHAYKTMBHOM Ipenele TONOJIO-
ruii (Tou. BexT. up-sa, ra. 11 (2-e usn.), § 4, u. 4, upena. 5) cpasy sxe
NOKa3kBaeT, 4To 0To6paskenne f »> (pr; o f) HeIPEPHBHO W UTO TO Ke
caMoe BepHO JJs 06paTHOTO oTofpaskeHus (4T0 KacaeTCsA IOCJEHEero,
IOCTaTOYHO 3aMETUTh cJhefyiomee: eciam Aaa naoloid ¢ynxkuuum f; €
€ & (X; E;) obosHauuTe uepes f; orobpaskenume X B E, obaagaromee
TeM CBOHCTBOM, 4T0 pryo f; = f, mw prj o f; = 0 mast j 5= i, To Kamgoe
u3 orobpaskenmil f; = fi GyjgeT HeUpepHBHHM).

(iii) Kasknoe wommaxTHoe mommuoskecTBo K ms X mepeceraercs
AWML c0 MHOKecTBaMu X, Kowewnoeco mopceMeiicTsa (X ,)iem ceMeii-
ctBa (X))per, m ouesmpHo, ecaum mnonoxkuts K, = K (| X, nas
A € H, To orobpaskerue f+> (f | Xy)rcn Oymer msomopduamoM mpo-

crpanctea % (X, K; E) ma || & (X,, K,; E). OG6patso, mycrs
AEH

ras moboit Gyurunu f, € & (X ,; £) gepes f; o6osnaueno oTobpasxe-
Hue X B E, omnpenensemoe yciaosmamm fr | X, = f, u fo] X, =0
RIS L 5= A; sicHo, 9To oToGpaskenue f, — fj, mpocrpanctBa & (X ,; E)
B & (X; E) HenpepmBHo. Yreep:kpeHme (iii) BEiTekaer mus aTuX

*) § 2 B pycckoM W3JaHNM.
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3aMedaHUil M M3 OPW3HAKA HeNpPePHBHOCTE B MHIYKTHBHHX Ipefenax
(Ton. Bext. np-sa, ra. II (2-e man.), § 4, n. 4, npepn. 5).

NeepnomernE 2. Hycme X — a0kaavho EOMRAKMHOE NPOCMpAH-
emso u E — omdeaumoe 40KAABHO GHNYKAOE NDPOCIMPAHCINED.

(i) Ecau E — npocmpancmeo Ppewe, mo 4 (X; E) — Goueunoe
npocmpancmeo

(ii) Ecauw X napakomnarxmmuo, mo 0aa 4106020 02PAHUMEHHO20
muooceemsa B us &4 (X; E) natidemes makoe Komnarmuoe nodmmuoice-
cmeo K us X, umo B < &% (X, K; E). !

IIpegmonoxmM, gto K — mpocTpaHCTBO Dperme. Torna
& (X, K; E) nns n060ro RoMumakTHOro monMuoskectsa K us E Tome
6ymer npocrpanctsom Dpeme, a sHaynT, GOYIEUHEIM MPOCTPAHCTBOM;
HO, KaK WBBECTHO, WHIYKTHBHHII npemed O0YeTHHX NPOCTPAHCTB
apjasercs: 6ogednsiM mpocrpancrsoM (Tou. BexT. mp-sa, ta. 111, § 1,
u. 2, caepxcteue 2 u3 mpema. 2), oTKyma u caexyer (i). ‘

Ecam X mapakommakTtHO, To (O6mas rou., ra. I (3-e wan.), § 9,
n. 10, Teopema 5) X ecTe cymma cemeiicTBa (X ,)ier TOKAIBHO KOM-
HAKTHEIX OPOCTPAHCTB, CHEMHHL 6 OGeCKOHENHOCMIU; CJIeli0BATeJNBHO
(upena. 1, (iii)), & (X; E) ecTs monosozuseckas npamas cymuma ceMei-
cra mopupocrpancts % (X ,; E) (A € L). B cuny ussecTHoOll XapaxTe-
puU3aNUKY OTPAHHIEHHBIX MHOKECTB B TONOJOTMYECKOH TIPAMOHA CyMMe
(Ton. sexr. mp-Ba, ra. 111, (2-e uan.)), BcAKOe OrpaHuTeHHOE MHOKE-
ctB0 w3 & (X; E) comepsKUTCS B CyMMe KOHEYH020 YNCIA TOJXHPO-
crpaets 64 (X,; £), m HaM [OCTATOYHO [OKa3aTh, 9TO BCAKOE Orpa-
HHYeHHOe MHOKecTBO u3 &7 (X,; E) comepskUTCA B MOANpPOCTPAHCTBE
#A(X,, K,; E), rne K, — roMuaktHoe MHOKecTBO 3 X ;. Tem camum
BCE CBOTATCAH K CIY9a0, KOrfa X cueTHo B GeCKOHETHOCTH, WIH, HHKMA
CI0BaMH, ABJAAETCA O0BeWHEHUEM IIOCHEOBATENLHOCTH OTKPHITHX
OTHOCHTEJIBHO KOMUAKTHHX MHOMeCTB [/,, Y[AOBJIETBOPAKMUX YCIO-
g0 U, < Upyy (O6mas tom., tar. I (3-e man.), § 9, m. 9, mpena. 15).
Torma &% (X; E) ectb c¢cmposuli MHIYKTHBHEIA Tpefea UPOCTPAHCTB
& (X, Uy; E), oreyna u caegyer yreepsxnerue (ii) (Tom. BexT. mp-Ba,
ra. 111, § 2, o. 4, upepma. 6).

Bynem roopute, uro mommuoskectBo H wmz 4 (X; E) cmpozo
KOMRAKMHO, eCHY OHO KOMIAKTHO ¥ eCJIH CYIECTBYeT TaKoe KOM-
naxTHoe mogMHokecTBo K usz X, uro H < &% (X, K; E). Us upepn-
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JOKEHHS 2 cpasy ke BHTEKaeT, 4To ecim X — napakomnarmuoe
JOKaIBHO KOMNAKTHOE HPOCTPAHCTBO W ecam E ormeammo, T0 sioboe
komnakmuoe  Mmuoxcecmeo us o (X; E) cmpozo KOMRAKMHO.
MosKHO TPHBECTH UPHEMEPH TakuX (He MapaKOMHAKTHHIX) JIOKAJBHO
KomMmakTHEX npocrpaHcts X, uwrodm 8 &% (X; R) cymecTBoBanm
Komnakmubie, HO He CMpoz0 Komnakmuue MHoKecrBa (ymp. 3 m 4).

HanomanM, uro B cmiay Teopemsl Ackomu (O6mas Tom., ria. X
(2-e m3g.), § 2, m. 5, caencTsue 3 3 TeOpPeMH 2), CTPOTO KOMIAKTHOE
nogmuokecrso H us & (X; E), copep:xameecas B & (X, K; E),
XapaKTepusyeTces caenyomumu yeaopusivu: 1) oHo samrHyTo; 2) 0HO
paBHOCTeNeHHO HempeprBHO; 3) MHokecTBo H () oTHoOCHTesBHO
romnakTHo B E nag aw6oro z € K.

Caenctsui. ycme X — napakomnakmuoe A0KGAbHO KOMRAKMHOE
npocmpancmeo; ecau E — reasunoanoe A0kasbro GBnYKAOE RPOCMPAH-
cmeo, mo npocmparcmeo &% (X; E) keasunoano.

B camom mese, B cmry mpenitoskenms 2 (i) JoCTATOYHO 3aMeTHTH,
4rQ A a00ro KoMmakTHoro mofMHoKecTBa K w3 X MHOMKeCTBO
# (X, K; E) eCTh BaMKHYTOe MONUPOCTPAHCTBO IPOCTPAHCTRA
¢ (K; E), xoTopoe KBasmMmOJHO, HOCKOIBKY Jdi060e OrpaHmYeHHO
nogmuoskecTso u3 % (K; EF) cocromT u3 QyHRIUH, TPAHEMAIOIAX
CBOH 3HAYeHHA B OJHOM H TOM jKe OFPAHWYCHHOM IOIMHOKecTBe u3 F.

2. Ceolicmeal npusauscenun

Jdemma 1, Hyemv X — soKaavHo Komnakmiuoe npocmpancmeo,
K — romnakmmnoe nodmnoxcecmeo us3 X, (Vip)icpen — Konewnoe
nokpumue K omepumbimu muoxcecmeanmu us X. Tozda cywecmeyiom
maxkue n Henpepwisku omobpadxcenuli fr npocmpancmea X ¢ [0, 1), umo

nocumeas fr, codepacumes 6 Vy daa 1 <k <n, D f, ()<< Yoaa
B=1

n
awbozo x € X u 2 fr (£) = 1 das awbozo z € K.
K1

B camom pmenme, mycts X' — KOMDAKTHOE TPOCTPaHCTBG, WOJIY-
4eHHoe HpucoeninHeHreM K X GecKOHETHO yhakeHHoil Touku o (O6masn
tom., ra. I (3-e m3n.), § 9, m. 8, reopema 4); muoxectsa Vy = X' — K
nV, (1 < k<n) o6pasyoT OTKpHTOE IOKpHTHEEe IpocTpancTsa X'.
IIyers (f,)o<rhen — HempepeiBHOE paszbueHWe OMWHUNLI, IOTIXHEHHOE
2 nu, BypGargu
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9TOMy HOKpHTHIO mpocrpaBcTsa X' (O6mas Tom., ra. IX (2-e map.),
§ 4, n. 3, openn. 3); dyrkuum f, ¢ mamexcom k > 1 ymoraeTBopHAICT
YCHOBHAM JOMMH

JIemma 2. ITyemx |X — 40KaabHo KOMRAKMHOE RpOCMPAHCMEO,
K — romnakmuoe nodmmoxcecmso u3 X, E — aokaavHo eunykraoe
npocmpancmeo, q — Henpepbignas noaynopma va E u @ — pasno-
CTENnerHo HenpepbisHoe MuoYdcecmeo omobpadcenuli npocmpancmea X
¢ E, ¢ nocumeaem, codepacawumes ¢ K. To2d0a dan awbozo & >0
Halidemes wenpep1 noe pasbuenue (Q;lo<i<n eOunuyvt ne X, o0baa-
dawujee caedyowumu ceolicmeamu:

(i) supp (p)) = K dua 1 < j <

(ii) Ecau x; — npoussoavhas mouka ua supp (¢;) oan 1 <j << n,
mo a8 w060t Pynryuu € O u awbozo z € X

q(f () —jg 5 (2) ] (z)) < 2 (1)

s moGoro y, HpmMHAAKEHamero rpanune MHoxecTsa K, uMeem
f(y) =0, rne f — mo6an pyrxumsa us O; crenosatensno, 8 X cymie-
CTBYeT TaKasi OTKPHITAA OKpecTHOCTH Wy, amemeHTa y, 49T0 AJsA JM1060ro
z2€V, u ao6oit f€ D cupasegnmso nepasenctBo ¢ (f (z)) << e/2.
IIycrs K’ — MHOxecTBO Towexk u3 K, He UpHHA[IE;KAMUX HUKAKOM
u3 okpectHocTeir V,, korma y mpoGeraeT rpaHMny MHoMecTBa K;
K’ wommakTHO W UpuHamie;kur BEyrpenHoctn K. Muosxkectso @ pas-
HOMEpPHO PaBHOCTeIEHHO HeupephiBHO B K; crajso OnrTh, CymecTByer
KoneuHoe OTKPHToe HOKpHTHE (U;)1gjcn MHMEecTBA K', cocrosimee
H3 TAKAX OTKPHTHX B X MHOKecTB, cojepmammxca B K, uro jia
A000# TmapH TOYEK Z, Y M3 ORHOTO M TOro e MHOectsa U; m miasa
aw6oit ¢ymkmun f € @ ranoxaserca mepaseHcTso ¢ (f (z) — f (y)) <
<< e/2. CornacHo nemme 1, HafiRyTCsi n HeNPEPHBHKX HToGpasennil @;
N<ign leOCTpaHCTBa X s 10, 1}, }IJIH roropux supp (¢;) = U;

M IS KOTOPHIX —21 ¢;(z)<<1ma Xnm Z ¢;5 () = 1 Ha K’, Taxmm
oGpasoM, mas z; € supp (¢;) (1 <j << n) nfE{(D uMeeM, npn a06om
x E}U.ﬁ

g (F (2) 93 (2) — 1 (2;) 9; (2)) = 9; (2) ¢ (F (2) — £ (23)) <5 91 (2),

opuYeM 9TO COOTHOmEHWe BepHO W Upd z & Uj, TOCKOALKY B 3TOM
cayaae " @; (z) = 0. B pesyapraTe CiIOMeHHA moAydYaeM, IR
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gwooro = € X,

g(f (@) U= (2) Zcpj(x (2)) <7 U—w(2), (2

n
rge nojaraeM ¢, = 1— 2, ¢;; orciona BHTeraer (1) ana 2 € K',

WOTOMY YTO IPH 3TOM Qg (x) = (0; ¢opmyua (1) BepHA TAK/Ke H JIJIA
z ¢ K, TOCKOIBKY B TAKOM CIyd9ae JeBas JAcTh ofpamaeTcsa B HYIb,
Hakoser, mo ompegeieHuio MHOKecTBa K', mmeem gusa 2 € K — K'
nepaseHcTBO ¢ (f (z) @p (2)) << &/2; 970 cootHOmMEnme m dopmyna (2)
ceopa maor (1).

Hycrse X — NoxkanbHO KOMIIAKTHOE HPOCTPABCTBO; AaA Jo6oro
(neficTBUTENLBOT0 UJIE KOMIIEKCHOTO) Gamarosa npocmpancmeéa E
6ymem uepes €’ (X; E) 0603HaYaTh BEKTOPHOE MPOCTPAHCTBO Henpe-
pYieHBL 0zpaHudeHKbx 0ToOpakenuii X B E; u3BECTHO, YTO TOUOIOTUA
pasHomeproli cxodumocmu Ha X corJacyercs €O CTPYKTYpoit (COOTB.
HEeHCTBUTENPHOTO MM KOMILIEKCHOT0) BeKTODHOI® TpOCTPAHCTBA
¢’ (X; E) n oupemensiercss HopMmol

Al = supll £ @II. )
xeX

IIpocTpancTeo, HopMEpOBaHHOE TaKuM oOpasoM, spisgerca 6aHa-
xoetim npocmpancmeor (O6mas Tom., ra. X (2-e map.), § 3, m. 2,
m n. 1, ciencteme 2 w3 umpema. 3J); TomoJorus, oupemeiseMas STOR
HopMoit B &% (X; E) (AELIMH CJIOBAMH, TOIOJNOTHWA PABRHOMBPHOHR cXO0-
puMmocTE Ha X), ciabee, 9eM TomOJOTHS — MHAYKTURHHA Upenel,
oupenenennas aas 84 (X; E) B m 1.

NeepnomernE 3. Hyemv X — aokaavho komnakmroe npocmparn-
cmso, X' — KoMnarmmoe npoCmMpAHCMEO, RNOAYyueHHOe RNPUCOOUHE-
nuem £ X Gecroneurno ydarennoti mouky o (O6mas tou., ra. I (3-e msp.),
§ 9, o, 8, reopema 4), u E — 6anaxoso npocmpancmeo. 3amvikarue
mnoscecmea % (X; E) 6 Hopmuposannom npocmpancmee €° (X; E)
ecms gekmopHoe NpPoCMpPaKHcmeo Henpepwsnuxr @Gyukyuti wa X, npu-
Humaiowyur 3snavenus é E u cmpemawuxes k¥ 0 npu empemaeHuu
K mouke o.

Neftersutensno, nyets f € €° (X; E) — dyprnrs, spnsomanca
TOYKOH npprocHOBeHWA MHOMectBa & (X; E); naa noboro & >0

2%
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Haiimetcss Takas Qymkmua g € & (X; E), uaro ||[f (@) —g @] <e
s Beex x € X; sHawnT, ecam K — HocATess GyHRmAA ¢, 10 || f (2)||I<<
<e gaa seex z € CK, u caegosaTensno, f(z) crpemurca k 0, xorma
z crpemuTest K ®. OGparHo, ecau f 061afaeT 5TEM CBOMCTBOM, TO IJS
mo6oro & > 0 mafinerca Takoe KoMmakTHoe MHOMecTBo K — X, 9ro
Nf (@)l < & maa Bcex € CK. Corracmo memme 1, cymecTsyer He-
npeprBHOe oToGpaskenue h mpoctpanctsa X B [0, 1], nmenomee kom-
maKTHHE HocmTesb m pasHoe 1 Ha K; cramo 6ute, || f () h (2)]| < &
na CKiu f (z) = f (2)h(z) ma K; 50 fh mMeeT KOMIAKTHBE HOCUTEND
al|f(@)—f(2) R (2) || < 2e mas Beex z € X; TeM CaMEIM HpefIOMKe-
HOe [0Ka3aHo.

Bynem o6osnagats uwepes %° (X; E) monmpoCTpaHCTBO HpOCTpaH-
crea ©° (X; E), cocrosmee ms (ymrnumii, crpemamuxca k 0 B Gecko-
HeYHO YIANEHHOH TOYKe ®; B COOTBETCTBAN CO CKa3aHHHIM BHIIIe
9TO — NONOAHEHUE HOPMUDPOBAHHO020 npocmpancmea & (X; E).

IIrepnoskEanE 4. Hycmoe X — aokasbho KoMmnarmmuoe npocmpar-
ceméo u E — aokaavho evinykaoe npocmpancmeo; mozda npocmpancmao
& (X; E) ecrody naomno 6 € (X; E) omhocumeabno monosozull Kom=
nakmuoll crodumocmu.

B camoMm nesie, B cmiry JeMmel 1, Aaa 06010 KOMIAKTHOrO MHOME-
erBa K — X cymecrsyer ¢oyurmus k € 88 (X; R), pasras 1 mHa K;
nasa aoboit ¢ynkmum f € 8 (X; E) ¢ynrnua Af, npunammeRamas
&4 (X; E), pasra f ma K, m Hamie yTBep:KJeHHme OTCIOfa BHITe-
Kaer.

eeEnnosennE 5. Hycme X — aoKkaibHO KOMNAKMHOE NDOCMDAH-
emeo u E — Qeticmeumenvtoe (COOTB. KOMNAEKCHOE) AOKELAILHO 6bINYKAOE
npocmpanemeo. Jaa 406020 kKomnarmmnozo nodmmnosxcecmea K us X
npocmpancmeo % (X, K; R) ®grE (coors. &% (X, K; C) ®¢E)
OTOMIIECTBICHHOE ¢ MHORECTBOM oroGparkenmilt X B mpocrpancrso E;
cp. Anrebpa, ra. II (3-e m3pm.), § 7, m. 7, caencreme us mpemr. 15)
naomno ¢ %% (X, K; E); eekmoproe npocmpancmso % (X; R) ®g £
(coots. &% (X; C) ®¢ E) naomno 6 & (X; E).

Bropoe yTeep:kjeHne sBJAETCA OYEBUTHBIM CIENCTBHEM IePBOTO,
1 TIODTOMY TOCTATOYHO 10KA3ATH TOMBKO TepBoe yrBepnenme. Ipume-
EnM demmy 2, cumras D cocrogmuM w3 ogHOTO ameMeHTa f MHO)KeCTBa
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# (X, K; E); rorga pmas mioboro z € X
a (f(2)— 2 9 (2) f (@) <e,

n
re ¢; npuHamaeskur & (X, K; R); Ho oTobpaskenue x +— D) @; (@)f(z))
j=1
n
KAHOHWYECKH OTOMIECTBIAeTCS ¢ anementoM ), ¢; ® f (x;), wro,
i=1

coriacHo omnpenesnenuio Tomogorum B ¢ (X, K; E), m pgoKasuBaer
TIpeJIoKeHue.

3. Onpedeaenue meput

OuprEnEnEauE 2. Mepod (Uau kKomnaekcnoi Mmepol) Ha AOKAALHO
kKomnakmuom npocmpancmee X nasghigaemes A106as HenpepuleHaf
aunetinas opma va npocmpancmee % (X; C).

Ecam p — mepa Ha JIOKAaAbHO KOMIAKTHOM mpocTpancrse X,
T0 3HaweHHWe 5Toi MepH Ha Qynrmuum f € &4 (X; C) HasbiBaeTCs unme-
epasom om f omruocumeavro W; A obosHaTeHHsA MeDHl, KpoMe CHM-
BooB W (f) m (f, u) obmero Tuma, UCUOIBIYIOTCS TaKike 0603HAYCHUSA

Sfdlh Sfll, Sf(z) du(z) = Sf(x) 1(z); OTHOCHTENBHO HCIONB3O-

BaHug OykBel z cM. Teop. mu., ra. I, §1, m 1.

CornacHO KpHUTepHI0 HENPEPHBHOCTM B WHIYKTHBHHX Ipefesax
(Ton. BexT. mp-Ba, ra. I1 (2-eusn.), § 4, . 4, mpena. 5), yreepskuenue,
9TO0 |4 ecTh Mepa Ha X, 03HauaeT, 4yTO W ©CTh JuUHeliHas gopma Ha
& (X; C), ynosiersopsamomas CJAeNyOINEMY YCI0BHIO: JAA JioGoro
KOMIaKTHOro monMmuoskectBa K m3 X Haiimerca Takoe uucioy My,
aro aiA aoboi dynknmu f € ¢4 (X; C), Hocumeav xomopot codepicum-
¢t ¢ K, cupaBefiuBO HEPaBeHCTBO

I () I<< M-Il (eme NI fIl = sup [ f () ) (4)

Boofme, mmeer MecTo ciaefyomee IpefioHeHHe.

Ieepnomenue 6. ITyeme X — sokaavHO Komnakmmoe npocmpai-
cmeo u nyemsv (K,) — cemelicmeo romnakmuur nodmuoxcecme us X,

[~
suympennocmu K, xomopux o6pasyrom noxpumue X. J[as moeo umobn
auneiinas gopma k. va 68 (X; C) 6viaa mepoii na X, neobzxodumo u docma-
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mouro, umobr Oas 6020 o cyuecmsosaso maroe wucao M,, umo

[n ()<< Mol 7l (5)

dan awbold gynryuu f € 4 (X, K4 C).
Heob6xoqumocTs oueBunHa, W CTAJX0 OHTH, AOCTATOIHO JOKA3aTh,
qro (5) Baeuer (4) nas moboro koMmakTHOro mogmuokectBa K < X.

o
Ho K mOKDHTO KOHeYHHM <UHCIOM OTKDHITEIX MHOmeCTB Kgq

(1 < i << n); mostomy, npumensaa K K u I%a aemmy 1 @3 O. 2, BHBO-
IHEM, 9TO CymECTBYIT Takme HempephiBHEe Ha X ¢yHxmmu g; == 0,
aro supp (8:;) < Ka,,

n
pas mboro £ € X m D) g; (z) =1 naa z € K. Buawmr, qia mo6oi
i=1

bynrnum f € &% (X, K; C) momem samucats: f = ) fg;, TmpHIeM
i=1
18: € & (X, Ka;; C)

n
u || fg: < IIf|; cnemoBarensno, mpu M = ) M, ; nonysaem coot-
i=1

i=
HomeHue (4).

Bynem o6osnagats uepes off (X; C), uwam mpocro of (X), ecam
3T0 He BEJET K HEOPA3YMEHWIO, BEKTOPHOEe MPOCTpPaHCTRO Mep Ha X,
WIM, WHHMH CJI0BaMu, LOPOCTPAaHCTBO, conpaxcennoe & & (X; C).
Kax usBectro, fas 1060ro Ma0KecTBa & 02 PAHUNEHHBL TOTMHOKECTB
w3 %% (X; C) oumpenenena S-monoaoczus Ha off (X; C), apaswmascs
noxanpuo shmyraoi (Ton. Bexrt. mp-Ba, ra. IV, § 2, n. 3). Tomoxoru-
9ecKOoe BeKTOPHOE IPOCTPAHCTRO, MOJYYeHHOE B peayibrare Hajeie-
ausg o (X; C) S-romomormeir, Oymem obosHadats of g (X;C) umm

M (X).

Meepnosenne 7. Jas awbozo muoxncecmsa & 02pGHUYEHHUL nod-
mnoncecns us £ (X; C), ob6pasywwyuzr nokpumue 3% (X; C), npo-
cmpancmeo Mg (X; C) omdesumo u kéasgunoaro.

d10 caepyer u3 toro, 4ro 3% (X;C) 6oueuno (Tom. Bewr. mp-Ba,
ra. 111, § 3, u. 7, caemcreume 2 w3 Teopemu 4).
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Mpumeps Me p. L. Amonuueckue mepwr. lycts X — moKaab-
HO KOMIAKTHOe IPOCTPAHCTBO M @ — TOYKa #3 X; oTobpakemnme
f~>f (a) mpocrpanctsa % (X,C) B C ynmoBmerBopser, odYeBHAHO,
YCHAOBHI (4) ¢ My =1 paa mwboro KOMODAKTHOTO DOAMHOMECTBA
K — X, copmepsKaliero ¢, U 3HaYuT, ABJAAeTCA Mepoil Ha X; oHa 06o-
3HaYaeTcHd &, IOBOPAT, 4TO 3TO ecTh Mepa Jupaxa B TouKe ¢ Wiwm,
emle, Mepa, onpederseman eQUHUNHOU Maccoli, noMmeueHHol 8 mouke a.

Boobme, oycrts & — Takoe orobpamenme X B C, 910 nus mwoboro

KOMOAKTHOTro moaMHoskecTBa K < X wumeem 2 fa (z) ] < 4-oo.
xEK
Torga aaa xioboit pyaxuuu f € 8¢ (X, K; C) cymma
p()= 2 a () f ()

ompefieneHa um paBma ), a(z) f (z); AcHO, WTO P ecTh nmHeiHas:
xEK

dopma Ha &% (X;C), m gna f€ % (X, K; C) umeem
Lo (0 1< (Y e (@) D17l

WHKIMA CI0BaM#, BHIOJHgercs ycaosme (4).
Mepa p ma X HasoiBaeTcs amomuueckoli, eCIH CYMECTBYET TaKoe

otofpasenue o mpoctpancTBa X B C, a0 ) | & (2) | < +oo mas
K

1060ro KoMmakTHOTo momMHOMKecTBa K — X ®m wr0o 1 paBHa mepe,
onpenieAeHHol yxKasaHHBIM BHIe cmocoboM. Ecam N — muomecTso
Tex z € X, B woropex o () 5= 0, To ycmosue, mHanaraemoe Ha a,
BIIEYET, UTO AAS M060T0 KOMOAKTHOTO monMHOkecTBa K < X MHOMe-
ctBo K (1 N cuemno. ToBopaT Taxixe, 9T0 | ompejeiena MOCPeACTEOM
Mace o (x), nomewennnx ¢ moukazr z € N. Ecnu npegmonosuts, uro
N1 K koneuno pnsa m060Oro KOMOAKTHOTO MHOmkecTBa K X, 10

owesmmHO, ) | o (2) | << -~o00; BTO cBOMHTCH X TOMYy, 4T0 N ecTs
xeK

3amknymoe u Ouckpemnoe MOXIPOCTPAHCTBO HpOCTpaHcTBa X, uGo
B 9TOM caydae Kampad Touxka u3 X obiagaeT KOMOAKTHOH OKpecTHO-
CThI0, COfepiKamedl Jmimp KOHEYHOe YUCIAO TOIOK W3 N, m obpaTHO,
€CAM 3TO BHIOOJHAETCA, TO M1060e KOMIAKTHOE MOAMHOKECTBO W3 X
MOKeT GHTh HOKPHTO KOHETHHIM THCIOM TAKEX OKpectHOCcTed. Ecmm
N 3aMRHYTO W mCKpeTHO, TO BCAKAT ATOMEIECKAS Mepa, ompepease-
Madg apm OoMomu Takod GyHKIEE o, 49To & (z) =0 ma CN, nazs-
Baerca Juckpemmnol mepoit Ha X (cp. § 2, m. 5).
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II. Mepa Jle6eza. Nas aw6Goit pyurumu f € &% (R; C) cymecreyer
Taroft KoMmakTHHE mHTepBan [a, b] ms R, 4ro BHE 3TOrO HHTepBajia
¢yarnua f obpamaerca B Hynb. CriefoBaTenbHO, WHTErpai

+-c0

1()= | 1 (@) da—

— 00

f(x)dz

QRO O

Ompefieied; KpoMe TOro, coriacuo teopeme o cpenueM (DyHriuum
geitcts. mepem., ta. 11, § 1, m. 5, mpema. 6) wmmeem |7 (f) | <<
< (b — a)|| f ||; a10 mowrasmBaer, uro f+> I (f) ectv Mepa ma R;
oHa muasuBaeTca mepol Jlebeza.

Iaa mw6oro (ue ob6szaTenbHo orpaHmuenHoro) uatepsata J ms R

TOYHO TaK ke mepoll Jlebeza na J HasHBaeTcss Mepa f»——»S f(x) dz,
7

ABIANMAACH auaeiHo# popmoit ua ¢4 (J; C) (wurerpaa uMeer CMEICT,
IIOCKONbKY CYIECTBYeT TaroOH cofepkamuica B J KOMOAKTHBIR
untepsan la, bl, uTo BHe sTOr0 MHTepBanma f Obpamjaercs B HYIb).

II1. Ilycte g — HempepBIBHOe OTOOpakeHWe KOMIIAKTHOTLO HHTEp-
Baxa I — R B C, mmeromee HenpephieHyn npoumsBopayko Ha I. Pac-
cMoTpEM KommakTHoe mopgmpocTpaHcTBo I' = g (I) mpocrpancrea Cj
orobpaskeHne

f 1w e wa

1

«

% (T; C) B C, cormacHo TeopeMe O CpefHEM, ABIAETCSH HellPePHIBHOM
nuHedno# GopmoH, a crano GHTh, KomnaekcHol mepoll Ha ['; wHTErpan

OTHOCHTEJIFHO 3TOH Meps BaOUCHBAGTCHA TakKMKe S f (2) dz, xora om
r
3aBHCHT He TOABKO oT I', HO & OT &.

damMevaHnme. 3alande MepH | Ha JOKAJbHO KOMIAKTHOM
npocrpanctBe X onpeneaser Ha X (¢ Tomosjormed mpocrpanctBa X)
HeKOTOpyo CTpYRTYypy . Ilyers X, — npyroe MHOMecTBO u ¢ —
fuerTuBHOe oToOpakemme X Ha X;; B COOTBeTCTBME ¢ oOmuUMHE ompe-
nemenmamu (Teop. MH., pes., § 9), crpykrypa o, moTydaeMass nepe-
necenuem Ha X, CTPYKTYpsl of us X mocpefcTBOM OTOGpa)eHus @,
ompenenserca caegyomuM obpasom. Orobpamenuwe ¢ mepemocHT
romonormow ¢ X ma X;; rorma ¢f( X,; C) Gynmer cocToATh M3 TaKux
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dysrou# f, ang xorophix fo ¢ mpmHagnesxut &8 (X; C), u Mepa p,
ga X, ompepensiercs paBeHCTBOM W, (f) = pn (f o ).

B wactHOCTH, asmomopgusm CTPYKTYPH o eCTh TaKOH roMeo-
mopdusM o mpocTpamciBa X Ha cebsm, 4TO

p)=pn(-o0)
pasg awboi pyrrmum f € &7 (X; C); B 9TOM ciaydae TOBOPAT TaKIKe,

910 Mepa W UHeApUAHMmMHA OTHOCHTEIBLHO romeOMopdmama g.

II pume p. Mepa Jlebera 5a R unsapuanmra oTHOCHTENDHO JNIOGOTO
cdsuza ammuruBEOH rpymnel R. B camom pene, misa nwoGoit ¢pymenum f €
€% (R; C) u n06Cr0o neicTBUTENFHOTO YMCHa ¢ N0 (OpMYyJe BaMEeHH Hepe-
mernHX (DyHKOMT fgeifcts. nepem., ra. II, § 2, o. 1, ¢opmyna (1)) mmeem

+00 +oo
S fz+a) dz= S f () dt.

Bonee ofmuii cayvail em, B ra. VII.

4. II pousséedenue meps, HA HENPEPLIEHY IO PYHKUUIO

IIyctp X — moKambHO KOMIAKTHOE MPOCTPAHCTBO H: g — HEIpe-
puiBHOe oToOpaskenme X B C. flewmo, uro fw> gf ecTh nuBelimoe oTo-
6pasxenme o7 (X; C) B ce0s; mowaskeM, 9TO 5T0 OTOGpaskeHHe Henpe-
pusno. JelicTBETENBEO, ANA JNIOG0T0 KOMIAKTHOTO UOIMHOKECTBA
K — X u aw6oit pyrenun f €85 (X, K; C) umeem gf € & (X, K; C);
KpOMe TOTO, eciH bK=s;1£ lg@) |, o |gfll<< bxllf]l; orcioma

: x

crenyer Hame yTBepsrgeHume (Tom. BewT. mp-ma, ta. IT (2-e wmsp.),
§ 4, o. 4, opema. 5). Crano GHTh, MparcnoKuposarmoe K 3TOMY Henpe-
poiBHOMY ImHeiiHOMY 0T0Opaskennio (Tom. Bexr. np-sa, ra. IT (2-e u3n.),
§ 6, m. 4) ABnsercs aumeitnsM oroGpaenuem of (X; C) B ceba; omo
obosHadaeTca p+> g-p (M W +—> gu, eCIH HTO He BH3HIBAGT MyTaHH-
ner). Takum ofpasoM, eciuw v = g-u, 10 AuasA moboit yaxmmm [ €
€ (X; C) umeem

nig
jr@ev@={7@ewd @

(aro B coxpamesHoM Buge BsammcHiBaeTca dv (z) = g () dp (z)).
Tosopsar, 4t0 g - ecTh npoussedenue mepyi . Ha GyHEYWIO g, WK, eI,
Mepa naomuocmu g omuocumeavro W (cp. ra. V, § 5). Ecau g4, g, —
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HenpepsBHEe oTobpaskenms X B C, a py, p, — Mepu Ha X, TO

(g1 + 82)-p = &1-p + g2-po
ge(ta + po) = gt + £-poy
(8182) 'p = 81-(82-1)-
Hpome Toro, umeem 1.u = p (31ech 1 ozmagaer mocrogHHYI (QYHK-
nuio, pasayio 1 #ma X); cmegosartenbuo, muoskectso of (X; C), Hage-
NeHHOe BHEIIHWM 3aKOHOM KoMmmosumuu (g, ) — g-u U cBoell amgtu-
TABHOA CTPYKTYpO#, craHoBHTCH Modysem Hax Koabmom % (X; C).

3. Heticmeumeavnste meput. Il oaoncumearvnsvle nepu

MMycrs X — N0KaIpHO KOMIIAKTHO® IPOCTPAaHCTBO. [leficTBHTENB-
Hoe BeKTopHoe mHpocrpaHctBo ¢ (X; R) ects mopmpocrpaHcTBO feii-
CTBHTeIBHOTO BeKTOPHOTO TOPOCTPAHCTBA, NOAIMHEHHOTO KOMILIEKC-
HOMY JBeRTOpHOMY mpocTpaHetBy &% (X; C); mpu aToM orobpaeHue
(f1s f2) = i + if, ects usomopgusm TONOTOTHISCKOTO IPOUBBENEHHA
# (X; R) X & (X; R)} Ha TomOJOrEIecKoe BeKTOPHOE IIPOCTPAHCTBO
& (X; C) (m. 1, opema. 1).

Huas moboit (xommuexcHofi)] Meps pu € off (X; C) cysenme g
Mepu p Ha & (X; R) ects mempepmBHOe R-muHeiinoe oroBpaskeHnme
8 (X; R) B C; a10 cyeHme B CBOIO 0Iepens ompefeaseT [, ubo ecram
f=hHh+ify ¢ fi,fo €E(X;R), 10 p(f) = po (A) + ino (fy). Obpar-
HO, IYCTH W, ecTs HenpeprisHoe R-mudeitnoe orobpaskenme o7 (X; R)
B C; sacwo, aro orobpasxenue

fr + ifa > o (f) + ipg ()

ects (KommaexcHan) Mepa Ha X. CinemoBarennHo, BcaKas mepa Ha X
MOKET OTOKIeCTBIATHCH ¢ ee cymenmem ma &7 (X; R).

ITycrs p — mepa Ha X. HazoBeM conpadcennoli mepoli & u Mepy ™

ompeniensiemyo pasercteoM o (f) = p (f) num mwboit pymrmum f €
€ 3% (X; C); B caMoM fene, scHO, 9T0 1 ecTh C-nmHeitHast gopMa H ITO

oHa HempephiBHa Ha 57 (X; C); 09eBHIHO, P = W, H AL ABYX Mep W,
v # ABYX cKauspoB o, f us C

@AW =ai P
Boobmpe, naa moboit pyakmuu g € 8 (X; C) u moboit Mepsr p Ha X
gn =g (7)

qT0 CUeNyeT cpasy ke ms ompepmeneHusa (um. 4).
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Mepa p Ha X HasmBaeTcA Jelicmeumesbhol, 6CIH | = W; COTIACHO
CKABaHHOMY BHINe, 9TO CBONHTCH K YrBepjeHmoO, 910 W (f) masm
mioboit dyurmmm f € 4 (X; R) smBaserca delicmeumesvutim TECIOM.
Crano OGBITH, €CIH OTOMAECTBHUTHL JAEHCTBHTeJALHYIO MEpPYy C ee CyiKe-
guem Ha &% (X; R), T0 MOKHO yTBEPKIATE, ITO MHOMECTBO NeHCTBH-
renpasix Mep Ha X deolicmeenno MefCTBETEIBHOMY JOKAAbHO BEIOYK-
aomy unpoctpancrsy 3% (X; R); sro ects felicTBuTeNbHOE BEKTOPHOE
OpocTPaHCTBO, KoTopoe obosHadaercs of (X; R) (uam muorma o (X),
KOorjja aTo He BefeT K HemopasyMenwio). Mepa Jle6era ma R ectsb
deiicmsumeavnas Mepa, paBHO ®ak H Mepa [upaka e, AnA moboi
touku @ € X. Ecnm g € 4 (X; R) u ecnm p — neiictBuTensHad Mepa,
To B cuay (7) Mepa g-p ToKe AEHCTBHTEIHHA.

ITycrs p — (KommaexcHas) Mepa Ha X. CoriacHO mpUBeNeHHOMY
BEIIE OLpeRieTenmo, MepH [ = (b + p)/2 m py = (p — w)/(20) deii-
CMEUMEsbHY; HX HABHBAIT COOTBETCTBEHHO delicmeumesbroll yacmbi
H MHUMOU uacmblo Meph W u ofosHagaloT CcOOTBeTcTBeHHO Re p
7 Imy; 5TH MepH XapaKTepH3YIOTCH Tarkie TeM (AKTOM, 94TO IS
moboii dpyarumu f € & (X; R)

w () =Re (u (), p () =1Imn().

OueBunno,
b=t + Py, W= g — ip,.

[pocTparcreo ¢ (X; R) HenpepHBHEX umcn0BHX QyHROuUit Ha X
€ KOMIOAKTHHIM HOCHTeJeM SfBJASTCH, OUYEBUIHO, NPOCMDAHCMEOM
Pucca ana oTHOmeHms mopAnKa f<C g. BymeM roBOpETb, dro Aeil-
CTBUTEeJbHAA Mepa U Ha X noAoHuUmesvka, eciu fisa noboit GyHrmun
f =0, npmsamnexameit ¢ (X; R), p (f) = 0; craxo 6urs, 5TO ecTh
HOJOKUTeNbHAA NHHeiiHasd gopma Ha mpocrpancTBe Pucca % (X; R)
(ra. 11, § 2, . 1, ompen. 1). O6parno:

TEoreMA 1. Beakas nososcumenvras sunetnas gopma Ha npocmpar-
cmee Pucca &% (X; R) ecmv (nososcumesvnas) Oelicmeumenvnas
Mepa na X.

B camom pmeme, mycTp P — monokuUTeNBHAH numHeHHas Qopma
Ha ¢% (X; R) u mycts K — wommaktHoe mogmuoKecTBo u3 X. Cyme-
CTByeT TaKkOe HempepHBHOe oroGpaskenume f, mpoctpamcrea X B [0, 1]
¢ KOMmaxkTHEIM HocureaeMm, 4910 f, (z) =1 ma K (m. 2, memma 1).
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3nawut, ana mo6oit Gynknum g € ¢4 (X, K; R) mmeem —|| gl fo <<

< g<I|lgllfo, ® cramo 6mrs, | p (g) | <[l gll-p (fo), 9T0 mw moOKAa-
3HBAeT TeopeMy.

OGozmaumm uwepes of 4+ (X) 3a0CTPEHHHH KOHYC NOIOMETETBHEIX
mep Ha X (mNu, 9TO CBOOUTCH K TOMY ke, KOHYC IOJOMKUTeIBHBIX
nmHeHHHX ¢opMm Ha mpoctpaHcTBe Pmeca &% (X; R)).

TEoPEMA 2. Bearas OelicmeumenvHas mepa K@ A0KGALHO KOMNAKM~
HoM npocmpancmee X ecmb pasHocmy (YL NOAOHCUMEALHHIE MeED.

B cuny reopemur 1 m teopemu 1, ra. II, § 2, n. 2, Bce cBomuTeR
K JOKaBaTelIBCTBY TOTO, UTO NeACTBHTEIbHAS mepa p Ha X sBuAAeTcH
OMHOCUMEAbHO 02paHUMeHHOU NuHeHHOH ¢opMOHl Ha mpOCTPAHCTBe
Pucca #¢ (X; R). Ho ecam f >0 — menpepuBHag ¢yaxmma ma X
¢ xoMmaKTHHM HocuTeneM K, 1o coorHomenme 0<C g << fB &% (X; R)
Baeder, 9ro || gll <{|| f|| m uTo HOocHTeNs QyHKIUHE g conepmuTea B K.
ITo npenmonoenuo, Haifnerca Takoe aucio My =0, aro | u (B) | <<
< My || b|| nna moboit ¢pynxuuu k € 4% (X, K; R); cienoBaTensHo,
lp(g) | << Mgl gll << Mg -l fll, uro m pokasmiBaer Teopemy.

Taxum obpasoM, mpocrpanctBo off (X; R) mefictBureapHrx Mep
Ha X coOBmajgaeT ¢ OPOCTPAHCTBOM OTHOCHTENBHO OrPaHMYeHHEIX
nuHeHHEIX gopM Ha mpocrpamcree Pucca ¢F (X; R); mamommmm, wro
B of (X; R) orHomenme mopsmka p =<l v 03HadaeT, 4T0 v — [ eCTh
DONOKUTeNbHAA Mepa, WI¥ (PaBHOCHIBHO), UYTO A dA000i QyHKIHEA
f € &4+ (X) mumonnserca HepaseHcTBO W (f) << v (f).

Trorema 3. IIpocmpancmeo off (X; R) delicmsumesvnsiz mep Ha
A0KAAbHO KoMnakmuom npocmpancmée X sfesfemcs 6noame peule-
MOYHBLM.

910 caenyer m3 Teopemnl 1, ra. I, § 2, m. 2.

B coorsercrBum ¢ obGosmagenusmu ra. II, § 2, momosuMm mas
mwoboit deiicmeumenvroi Meph p Ha X

p*=sup (p,0), p~=sup(—p0), |pl=sup/(n, —p);

aMeeM

p=p*—up, lpl=p*+u, inf(",p)=0.
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HKpome Ttoro, maa mobo# ¢yaxmuu f € %4 (X) mmeem

5 fdpwr=  sup S g dy, (8)
0<g<f, gk (X)

Sfdluf= sup Sgdu, (9)
1g1<f, ged¥ (X)

OTKy/Ja, B dacTHOCTHm, niasa Jgioboit ¢pyurmum f € ¢ (X; B) Bmreraer
HEePaBeHCTBO

|franl<firiarnn (10)

JT0 HepaBeHCTBO ocraercs BepHuM u fud f € ¢4 (X; C); neficTBu~
TEJHHO, YMHOKHUB [ Ha HEKOTOPOEe KOMIUIEKCHOe YHCIO ¢ abCOTIOTHREIM
3HadeHHeM, paBHHM 1 (4To He ma3MeHHT o0eHmX dJacTeil), MOMKHO Hped-

MOJOKHUTE, 9TO Sfdp, > 0. Torna '
|§ran|={ran = JRenan< {1Res1a 1< [inpdinl

6. Ajcorromnoe 3navenUe KONNACKCHOU Hepbl

ITyets p — KOMmIeKcHag Mepa Ha JOKAJZbHO  KOMIIAKTHOM
opocrpancrse X; paa nwbod ¢yurmuu f € &84 (X) momoskurennHoe
AeHCTBUTEIbHOE YHUCIO

L= sup || gdu (11)
lg1<5, gedH(X; €

Koneyno, w60 coorHomeHme | g |<Cf Bmewer supp (g) < supp ()
u || gll <l fll, a cramo 6mITh, Hamre yTBep:KAeHHEE BHTEKaeT u3 HopMy-
an (4) o. 3. Tlokamem, aro L npofomxaeTcs eMHCTBEHAEIM 06pasoM
10 noaoxumesvrol mepsl Ha X; yaaThBasg Teopemy 1 u3 m. 5 u mpep-
aomwenue 3, ra. I, § 2, n. 1, gocratouno norasate, aro ecau fy, f, —
nve ¢yarmmz w8 4 (X), 10 L(fy + f,) = L (fy) + L (f,). Ho ecuu
& 1 <fi, 18I|<fs tne g u g, — Qyuruun ms &% (X;C), To
l g + 88y | < fo + f, ana moboro rommiexcmoro wmena { ¢ abco-
JIOTHEIM 3HAad9eHWeM, paBHMM 1, m 3HAUHT,

lp (e +8go) | = | n(g) + Cu (82) | L (fy + f5)-

Moo npexmonokmTh, w0 { BH6paHO Tak, ITOGH

Tn(g) +8u(g) l=1lp) I+ lu(gh
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a Tak Kak | p (g;) | ckoxb yropmo 6mumsko x L (f;) (i = 1, 2), 10 270
porazuBaer, wro L (f})) + L (f) << L (fi + f»). C gpyroii cropouH,
paccmoTpuM Takylo ¢yHEmmo g€ & (X;C), o |g|<f + foe
Oyarnus g; (i = 1, 2), pasmas gf/(f, + f,) B Tourax, rme f; (x) +
+ f, (@)% 0, m 0 — B ocrambHHX TOUKaX, HempepusHa Ha X,
nockoubKy fi/(fy + f2) (i = 1, 2) HempepuBHa B RaKNO# TOUKe, THe
i@+ @ %0, 7 |g @) |<<|g(@) | paa moboro z€ X, uro
[OKassIBAeT HENPEPHBHOCTH g; B TOoUKax, rae f, () + f, () =0
it =1,2), Tak Kak B 9TEXx TouKax Tarxke g (z) = 0. flemo, uTo
1g:1<fi (i=1,2)ug = g+g, u sHaunt, |[p ()< |p (&) |+
+ (g I L(fy) + L (f); a mockoasky | u (g) | croxp yropmo
6musko k L (f; + f»), 70 L (fy + f5) < L (f,) + L (f,), 10 m BaBep-
IMmaeT [OKA3ATEIHCTBO HANIEro YTBep:KAeHHUS.

Ecim p — delicmeumeavnas mepa, 1o u3 dopmynm (9) cuemyer,
aro | p | << L; Ho, ¢ APYroii CTOPOHH, COTIACHO HMBIOMKEHHOMY B KOH~-

me m. 5,nmg667f(X;C)nlg|<fEW+(X)IEmeeM|Sgdul<
<flerarpi<{saipl, womame L<iplm L=1pl

O6osnaumM gaA 0608 KommaercHoOU MepH | IOJOKUTEIBHYIO
mepy L uepes | p | m Oynem rosopmrs, 4T0 | U | ecte abcoaomruoe
snauenue mepw u. Torma ompemenenue | p | sammmeTcs B BEAO

- 2
lul ) S c)| wi@l (12)

w 3HaumT, Aas aoboit dyarmum g € & (X; C)

|§ean|<figtarnt (13)
fcwmo, wro maa mwboro cxamgpa o € C m mwo6oii Mepwm p Ha X
loap | = lo|-|pl (14)

C apyroii cropoHH, ecam p ¥ v — Mepw Ha X, f — QyEKnus us
#K4+ (X), a g — takan ¢ynxnua m3 & (X;C), 9o | g | < f, o

|§ sdutv|=|] eant(eav|<frarni+fra vl

OTKy/a

lptvi<ipl+ivl (15)
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B 7Tex e ofosHaueHmAxX, |g|<f m | gl </ 9HKBHBAJEHTHH, H
Tpl=1Ipl (16)

s (14), (15) = (16) BuiTeraeT, 9TG
[Repl<<Ipl, Imp << ipl, Ip'<<IRep |+ | (mpl (17)

repnokEREE 8. Ecau p — Mepa Ha Xy mo das awboli gynkyuu
k€% (X;C)

lhep 1< TR - p L. (18)

HesictButensao, ecam f €84+ (X) u ecam g € ¢¢ (X; C) raxosa,

ato | g | </, 10 3 omry (13) meeent | { ghdp 1< [ 1 gh 1a 101 <

< Sf |2 {d[pl, 970  moxasmpaer (18).

7. Onpedenernue mepvt NOCPEICMBONR NPOIOANEHUA

Hycrs X — nokanpHG KOMNAKTHOS NPOCTPAHCTBO; ecim V —
BEKTODHOE HONIOpPOCTPAHCTBO, naomuoe 8 8% (X; C), 10 sAcHO, 4TO fiBe
MepH [y, 1, Ha X, coBmajaromue Ha V, paBHH H uTO BCAKaA auHeiiHas
dopma Ha V, HempepHBHaA B TOIOJNOTWH, MHAYNHPOBAHHOH TOIOJO-
rueit npoctpanctsa &% (X; C), mpomomxaerca (@ nmpuUTOM e MHCTBEH-
HEM ob6pasom) mo Mepw Ha X. Bomee rubkuit kputepmii masg nolxoKu-
TeNbHHX Mep (GOpMylmpyeTcd CIHefYOImEM ob6pasoM.

Heepnoxenue 9. ITyeme V — sekmoproe nodnpocmpakcmeo npos
empancmsa 88 (X; R), obaadatowee caedyrowum ceoticmaom:

(P) Jas awbozo xomnarmuozo nodmuoxcecmsa K us X cywecmeyem
maras gyneyus f €V, umo f =0 u f(x) >0 d4n ecex z € K.}

IIpu smux yeaosusxr ecaras aunetinas gopma na V, novoscumens-
Has OMHOCUMEAbHO Nopadka, undyyuposannozo uz Y(X; R) (ra. II,
§ 2, on. 1, ompexn. 1), npodosdcaemes do nosodcumesvnod meptt na X
(komopas eduncmeenna, ecau V naomno ¢ &% (X; R)),

Haa mw6oir ¢pynkmum f € é¢ (X; R) ¢ Hocutenem K cymectByer
Takasg yarmua g € V, aro f < g: B caMoM fienre, B V HaliieTca Takag
oyaknua h >0, aro k (x) >0 maa scex z € K; ecldm INOXOMKHTH

o = inﬁ{h (z), To & >0, u dpyrrnus (e~ f|) h = g 6ymer HcKomoii,
x€

Nanee gocrarouno npumenuts Teopemy 1 ms m. 5, m mpennoxenwe 1
n3 Tou. Bexr. mp-s, rn. Il (2-e mam.), § 3, m. 1.
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8. Ozpanuuennvie nepuvt

IIyers X — nNoKanhbHO KOMOAKTHOE TPOCTPAHCTBO. IloCKOABKY
Tomosorus, mHAynuposansaa Ha #% (X; C) Tomonormeit mpocTpaHCTBa
%® (X; C), cnabee, HYeM TOTMOJOTMA — HMHAYKTHBHHI Ipemen Ha
& (X; C), o Mepa Ha X He 06A3ameabHO HENPePHGHA OTHOCHTENLHO
TONOJOTHH PaBHOMEpHO# cxopuMoctT: Ha X.

Onregenesuk 3.° Mepa Ha 40KaAbHO KoMnakmuom npocmpancmee X
Hasvieaemcs ozpanuientoli, ecau ona Henpeprisna Ha & (X; C) 8 mono«
202U PABHOMEDHOU cxo0uMoCmU.

9TO CBOOUTCA K YTBeD:KIEHHMIO, YTO CYM[ECTBYeT TaKOe KOHETHO®
qucao M >0, uro pasa awoGoit dyurmmm f € ¢ (X; C)

L () 1< M1l (19)

(rme || fIl ompemeasierca ¢dopmymoit (3), m. 2).

Taxum o6pasoM, yTBep:;kjeHHe 00 OrpaHMIEHHOCTH MEPH |L O3Ha-
daer, 9TO |\ OPUEAJIEKUT NPOCTPAHCTBY, RBOMCTBEHHOMY K OPOCTpaH-
crBy 4% (X; C), Hopmuposarnromy mocpexcrsoM || f||; sTo mpocTpaHCTBO
ME obosmaumm of/* (X; C) (mnm mpocto o' (X), ecim 3TO He BemeT
K Hepopasymernumw). Mssectro, uro off! (X; C) umeer ropmy || pll,
paBHEYI0 HamMeHbmemy u3 ducea M >0, maA KOTOPHX HepaBeH-
creo (19) suponusercs mpu niobo#t ¢ymsrmmm f € 87 (X; C), uam,
PaBHOCHILHO,

]l = e (). (20)

sup
fll<1, fegf(X; C)

Hagenennoe sroit Hopwmoit, A (X; C) aBagercs 6anaroswim npo-
cmpancmeom (Toun. Bext. mp-Ba, ra. IV, § 5, m. 1).

Onpenenenne || w}| popmynoit (20) pacmpocrpaHsercs Ha 4106yI0
Mepy w Ha X, U cHOBA, B HApyIIeHHe OOMENPUHATOTO, TOBOPAT, 9ITO
|| ull ecTs Hopma MepH W; KAA TOro UTOGH M Onna orpamwyeHa, Heol-
XOIMMO UM JOCTaTO9HO, ITO0H || u|| Onna xorexna.

Ecau X xomnaxmmuo, To nwobasg mepa Ha X orpaHmdieHa.

Mpumepr. 1) Mepa g,, onpejieleEAAA eIHHNIHON MAcCOH B TOU-
ke a € X, orpammuena, u |j g, || = 1.

2) Mepa Jle6era ma R He orpammdema; B caMoM jeie, Jia mo6oro
nesioro n > 0 cymecreyer ¢pymrnus f € 7% (R; C) co smagenusmu B [0, 1],
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paBHas 1 Ha mATepBale[—n, n] (0. 2 memMMa 1); ciegoBaTenbHo, | f || = 11
o0 n
S f(z)dz > S f (z) dz=2n,
S n

9eM [IOKa3aHO, 9T0 He CYINecTBYeT KOHETHOro qucia M, yA0BIeTBOPAIOIEro
cootrommenno (19).
3) Ha uncnoBoil npsamoii R oro6pakenne

oo

+
] (z) d=
1= S 122

— 00
ARJSAETCS OrPAHUICHHOI MePoif, Tak KaK Mis ool dymrimu 7 € & (R; C)
Trwasy_, T _d
z) dx x
| S _1—_;—72—!<”f” 5 W—n'llﬂl-

— 00 o

Hockoasry cootsomersus || f|<<1 u ||f]| <1 oxBuBanenTHHI,
to w3 (20) caemyer, aro ansa nioboit Mepu m ma X

i =1l i (21)
Neepnoxmenne 10. Jasn awoboli mepn u na X

inll = sup [wl(f)- (22)
0<f<l, feg X R)

B camom pmene, npuruMas Bo BHmMarue dopmyay (12), ompemensio-

myo aGCoMoTHOe 3HAYeHHe MePH, 3aNHCHBAaeM HPaByd dacTh (22)
B BHJE

sup ( sup ln(g)])= sup lu(g)|
0<f<, feo (X R) (8IS, g€/ (X; C) lgll<1, geg(X; ©)

Caencreue 1. Jaa ao6oli mept p na X Hopms mep w u |n| pasuw;
Oas mozo umobb P Ouaa ozpanuyena, weobrodumo u docmamouro,
umobn. |p | 6vaa ozpanuvena.

Caencrsue 2. Jaa 410600 Mept. W HG KOMNAKMHOM npOCMpai-
cmee X

Tull = el = { dinl. (23)
dra dopmyna Gymer o6eGmera B riase IV, § 4, m. 7.

Ha komnakmnom npocrpanmcrse X A moboit (kommiexcmoir)
Mepsl . Ha X KommaexcHoe quciao (1) HasmBaerca noamoli maccoll
Mept . Ecnu w nososcumeavna, To ee noanas macca paBHa ee mopme.
Ecnu p — HONO}KATeJbHASL MepPa Ha KOMNAKMHOM LpocTpaHcTBe X
3 W. BypSaun
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¢ mosiHO# Maccoi#, paBHO# 1, To roBopAT eme, 4TO ee s3HaueHme & (f)
nas HenpepuisHo# ¢ymrmumm f € € (X; C) ects cpednee dynruumm f
OTHOCHTeJIPHO MEDH .

CaencrBuk 3. Juas aioGoii delicmaumenvroli Mepsl | HA A0KAALHO
Komnakmuom npocmpancmee X

wll= sup In ()] (24)
IFlIS1, fegh (X; Ry

Hocrarouno BocmoanzoBarbesl GopMystoit (22) u Boipaykesmem (9)
pag | pl(f), xorma p ectb meiicrsmrenpHag Mepa u u f € &8y (X).

Taxum 06pazoM, MHOMKECTBO JIeHCTBUTENIFHEX OrPAHMYGHHHIX MeEp
ABIseTCA IBOMCTBOHHNM K HopMuposanromy upocrpanctsy &7 (X; R);
oro obosHauaercs o/ (X; R) uam of' (X), eciu 510 He BefeT K HERO-
pasymenmio. Hanommaeckas mHBeRmua of! (X; R) — oA (X; C)
asasercda, B cuay (24), usomempuet.

IlpEnmoRERNE 11. Ecan u u v — noaoicumenvHnvie mepst Ha X, mo
o+ vl =l -H L

B camom gene, ¢pyuruumnm f € 68 (X; R), ynosaersopsromue ycio-
suro 0 < f <1, oGpasyior MHOKecTBO S, QUIABTPYIOMEECS IO OTHO-
menuio <. 3HAYWT, KA 1060l monoKuTeNbHON Meprl W Ha X u3 (22)
¥ U3 TeOpPeMH O MOHOTGHHOM Hpefiesie BEITEKaeT, 9To || u|| = lfierg u (s

OTCIOZIa cpasy Ke HOJyIaeM YTBep:KaeHUe,

Carpcrsuk 1. Ecau p u v — noaoxcumenvusie mepti na X, ydossem-
gopawwue yeaosuw W < v, mo || pi| <l vll; 6 wacmuocmu, ecau v ozpa-
HUYeHA, mo U modce 0zpaHuUieHd.

B camom pmeine, || vl =[l pll +[lv — wll.

CaencrBuk 2. Jlas awboii Oeticmeumeavroli mepsl p na X

Il =l 41wl

B camom mene (caemctsue 1 m3 opemsn. 10), HEopma MepH | paBHA
HOpMe MepH | p | = p* - p-.

Ipemnomenne 12. Ecau W — ospanuuennas mepa Ha X u g —
Henpepulgnoe oeparnuuennoe omobpaycernue X ¢ C, mo mepa g-p ozpa-
nuverna u | g-pll <1 gl -1 pll-

B camom pgexne, nag aw6Goit dymrmmum f € &£ (X; C)

L (Fo) | <<l wll -] Fell <<llwll =11 gl -1l 71
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9, HIuporas MmonoaozuUs 68 NPOCMPAHCMEEe MEDP

ITycte X — JI0KaNBHO KOMIAKTHOE HmpocTpaHcTBo. MoxkEO pac-
cmoTpeTh B mpocTtpancTse of (X; C) Tomomormio npocmoti CXOLAMOCTH
ga o (X; C); Mn HazoBeM ee wuporoli monoaozueli B o (X; C).

Tax kak ¢&¢ (X; C) = & (X; R) + i¢% (X; R), 10 muporas Tomes
aorua B o (X;C) onpegensercs ]IOCi)GJICTBOM noAYHOPM

sup | (fi) |, rme (f;)1<i<n — TPOU3BONLHAA KOHEYHAs IIOCHE-
1<ign

posaTenbHOCTh Qynnnmit 3 ¢4 (X; R) (mnm ms ¢F 4 (X)). Yreepxpe-
nye, 970 Puantp §§ B o/ (X; C) wuporo crodumes k Mepe p,, 03Hagaer,
aro A aw6oi pyarumu f € & (X; R) umeem p, (f) = limu’% w ().
IOasn moGoit ¢pymxmum f € 67 (X; C) orobpaskesme p+—p (f) ectn
wuporo Henpepuenas nmHelHas ¢opma Ha mpocTpaHcrBe off (X; C).

ITregnoskEnwE 13. ITycmv X — 40KGAbHO KOMRAKMHOE RpOCHPAH-
cmeo u Rycmv &, 0an awbozo x € X ecmv mepa Juparxa ¢ mouke x.
Omobpaxcenue T &, ecmb zoMeomopgpusm npocmpancmea X Ha
Hekomopoe nodnpocmpancmeo npocmpancmea o (X; C) mep na X,
nHadeaennozo Wupokol monoaozueti. Ilpu smom, ecau X' osmavaem
KOMNAKMHOe NPOoCmpancmeo, notyuenroe dobassenuem k X mouku
Ha GeckOHeuHocmu ®, mo &, cmpemumces k 0, Koeda x cmpemumes nuio!.

Haa mo6oit ¢pyurnun f € 88 (X; C) umeem {f, &,) = f (z); B cuay
HeIIpepHIBHOCTH [ 9TO NOKA3EBAaeT, 9TO OTOGPAKEHMe I +—> &, Helpe-
puisno. Ecam z, y — pasawunpie Touku m3 X, TO CymIeCTBYeT TakKad
dynrmua f € & (X;C), aro f(2) =1, f(y) =0 (n. 2, nemma 1),
9eM NOKA3aHOo, 9TO £, 5~ €,; B8HAUMT, 0TOOPAKEHHE & —> €, HHHEKTHB-
uo. Hpome Toro, mas mio6oit ¢pynknmu /€ ¢% (X; C) (f, &,) mo ompese-
JeHmio, cTpemutca K 0, Korfla Z CTpeMHTCS K ©, U CTaRO0 GBITh, I —> &,
nponoikaercs no HenpepuBHoctn Ha X' = X () {®}, ecan monoseuTh
B ToUke o 3uadeHume 0. ITO IPOROIEKEHEHOE 0TOGPaKeHNe CHOBA UHBCK-
THBHO, NOCKOABKY €, 7= 0 maa scex z € X. Taxkum oGpasom, 5To ecThb
roMeoMopdusM KOMIAKTHOTO HpOcTpaHcTBa X' HA HEKOTOpoe MON-
npocrpascTBo npocrpanctBa off (X; C), ubo of (X;C) oTmemmmo
B mmpokoit Tomonornu (O6mas tom., rar. I (3-e m3n.), § 9, m. 4, cuen-
CTBHe 2 m3 TeopeMo 2).

Hrernomenne 14. B npocmpancmee of (X; C) mep na a0kaavho
Komnaxmuom npocmpancmee X kouyc oy (X) nosoxcumesvnnxr mep
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A6AKEMCR NOAHBLM OMHOCUMEAbHO DABHOMEPHOU CMPYKMYypsl, NOpoXc-
dennoll wuporoli monosozueli (A CIENOBATENBHO, WUPOKO 3AMEHYMbIM
8 off (X; ().

HeiicrBurensno, paccmorpuM ¢uasTp Homm @ ormocuTenbro
M7APOKOH paBHOMepHOH CTPYKTYPH Ha off+ (X); mo ompemenenuio,
opexet Yo (f) = limy, @ p (f) cymecrByer mna mwo6oit dyHERmuUM
1 € 8 (X; C) u, Ha OCHOBAHME UPHHIIMIA TPOIOIKEHHs HEPABEHCTB,
nonygaeM Ko (f) == 0 gasa nwobo#t pyurnouu f € &%, (X); caenosartens-
HO, Ji, €CTh MOJOKATeNsHAs Mepa Ha X (m. 5, teopema 1).

OtmeTuM, a0 camo mpocrpancTBO off (X; C) (unu off (X; R)) ne o6s-
sameabro NOAHO OTHOCUTEJIFHO MIMPOKOH paBHOMEepHONl cTpyKrypH (Tom.
BeKT. Op-Ba, ri. IV, § 1, yup. 11).

CnencrBuE. Feau A u B — wupoko samrrymbie nodmHoxscecmsa
us My (X), mo A + B wuporo samknymo ¢ My (X) (a smauum,
u ¢ o (X;Q0).

B camoM nene, 3TO eCTh ofmee CBOMCTBO CIa60 IMOJHKEIX BBHICTY-
ODAOMAX KOHYCOB B JOKAaJBHO BHNYKJAHX mpocrpaicrsax (Tom. mexr.
op-Ba, ra. II (2-e msn.), § 6, u. 8, caencreme 2 uz mpema. 11).

Meepnomenne 15. ITyemv H — nodmuoncecmso us o/ (X; C). Cae-
dyrowue Cceolicmea 3KEUBAACHIMHBL:

a) H wupokro ozpanuueno.

b) H wupoxo omnocumesbro romnaxmuo.

¢) H pasnocmenenno Henpepusuo.

d) Jaa awbozo komnaxmmuozo nodmuoxrcecmsa K < X cywecmeyem
makoe wucao My =0, umo Kakoes 6t nu Gvlau mepa w € H u @ynx-
yua [ € K (X, K; C), | p () | << Mgll ]Il

B cuay Toro, uto npocrpaucrso & (X; C) 6ovegno (n. 1, mpena. 2),
SKBHUBAJEHTHOCTH CBOMCTB a), b), ¢) BHTeraeT m3 Teopemu 1, Tom.
BekT. mp-Ba, ta. IV, § 2, m. 2.

flcao, gro d) Bmeder a). Hakomen, eciiz H paBHOCTemeHHO Hempe-
DHBHO, To MEOKecTBO cyseHmil Mep u € H ma & (X, K; C) ramwwe
PaBHOCTeNIeHHO HEMPepPHBHO, OTKYAa ClefyeT ycaoBme d), OCKONBKY
& (X, K; C) — HODMEDOBAHHO® OPOCTPAHCTBO.

* B rmape 1V, § 4, m. 6 ME yBEguM, YTO YCJIOBUA Hpefio;enus 15
JKBUBAJCHTHE TaKKe TOMY (AKTy, 9TO ANA J060r0 KOMHAKTHOTO HOJI-
uuoKecTBa K — X cymecTByer Takas KOHCTaHTa My, uto | p | (K) < My
mas 6ol mepu p € H.,
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CanencrseE 1. IIyems v — noaoxcumesvrnas mepa na X; mHooie-
cmeo Mep W, Ydosaemsoparougux ycaoguio | W | << v, Wupoko kKom-
nAKMHO.

CnExctBuE 2. Mruodcecmso mep W, YO06AemMBOPAIOWUT YCA0BUIO
(| ull < a (@ >0 — mpousBonbHOE KOHETHOE THCIO), WUDOKO KOM-
naxmmo.

Caencrsui 3. Ecau X komnakmmuo, mo MHONCECMEO0 NOAOHCUMELL-
noix mep W Ha X, ydosaemsopawowur ycaosuio || pll = 1, wupoko xom-
nAKmHo.

B camom gese, 3T0 eCTh HepecedcHEAe WIMPOKO KOMOAKTHOTQ MHOKe-
ctea (ciexcTsme 2) Mep M, yHOBIeTBopAnmumx ycaosmio || uj| << 1,
U UINPOKO 3aMKHYTHIX MHOKECTB, OOPEJIeJeHHKX COOTBETCTBEHHO COOT-
womeHmaMy p =0 m u (1) = 1 (n. 8, caencreme 2 ms mpenxn. 10).

CnencrsuE 4. B npocmparncmee off (X; C) omobpasxcenue p > || ul|
ROAYHENPepPHsHo CHU3Y 6 WUPOKOL MORoAozul.
JT0 yTBEep:KIeHME BHTEKAaeT HEIOCPENCTBOHHO W3 CJIENCTBHA 2.

OrmernyM, uTo oToGpaskenue u —> | u | mpoctpancTtBa off (X; C) B cebsn
He 00s3aH0 OHITH HEIPEPHBHHM B IIUPOKOH Tomoxorum (ymp. 4).

IrEpnosxennE 16. Hyemvy K — romnarmuoe nodmuoxncecmeo ua X
u H — wupoko ozpanuuennoe nodmnovxcecmso u3d off (X; C); mozda
buaunetinas gopma (f, p) > (f, u) Henpepusna ¢ &% (X, K; C) X H,
ecan Hadeaumsv &% (X, K; C) monoaozueii pasnomeproli cxodumocmu,
a H — wuporoii monoaoeueii.

B camom jene, cymecrsyer Taxoe wmeno M = 0, daro puas aoboi
bymrnun f € % (X, K; C) m moboit mepur p € H

tp ()<< M1l
(mpenst. 15). CremoBaTenbHO, €CIH [y M L — [BE MEDH, IPUHAIIENKA-

mne H, a f, u f — nBe dpynrumm us é¢ (X, K; C), To
lw () —pe (fo) | = I n(f —fo) + 1 (fo) — po (fo) | <
< M| f— foll + 1 (o) — o (Fo) 1

U 3Ta TOCAeMHAA BeJMIMHA TPOHM3BOJNbHO Maja BMecTe ¢ || f — fyll
n | w(fy) — wo (fo) [, 9T0 u mMOKa3HIBAET mperJioKeHHe.
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10. Eomxnaxmnas cxodumocmov 6 of (X; C)

HanomunM, 9To Tomonorua komnakmuoli cxodumocmu 8 off (X; C)
ecTh TOTIOJIOTUA PAaBHOMEPHOHN CXO[[UMOCTH Ha KOMIAKTHHX NOIMHOKe-
creax u3 % (X; C). HazoBeM Tomonorueit cmpozo komnarmuoli cxodu-
Mocmu B oft (X; C) Tonosmornmio paBHOMePHOH CXOHMMOCTH Ha CTPOTO
KOMOAKTHHX nogMEOmectBax (m. 1) ms ¢¢ (X; C).

NrEgnoennE 17. B npocmpancmse off (X; C) pacemompum cae-
dyowue monoaouu:

J 1+ monoaozus npocmoll cxodumocmu Ha momaavhom muoxcecmee T
e & (X; C);

J 3t wupokas monoaozus;

T 3t monoaozus cmpozo KoMRAKMHOE cxodumocmu;

T 41 monoaozus KOMRAKmMHOU crodumocmu.

Raxncdas us amux monosoeculi caabee, uwem caedywowas 3a Hel.
Kpome mozo:

(i) Ocpanuuennvie nodmroncecmea — odrnu u me e dang 5, 7 su T 4

(ii) Ecau H — wupoxro ozpanuyernoe nodmuoxcecmeo us o (X; C),
mo monoaozuu, UHOyyuposanuvie 6 H monosoeusmu 7 ,, T4, T 5
g 4, coenadaiom.

IlTupoxo orpanmuernoe mopmHoKecTB0 H m3 of (X; C) paBHocTe-
meHHO HenpepuBHO (m. 9, mpema. 15), u 3HA9UT, mepBOEe yTBepIKIEHHE
BHTeKaeT u3 umpemgiomenun 7, Too. sexr. mp-Ba, ra. III, § 3, u. 6,
a Bropoe — m3 Teopemu 1, O6masn Tom., ra. X (2-e m3x.), § 2, o. 4.

Hamomuumm, 910 ecim X napaxomnakmro, TO TOHNONOTHA CTPOTO
KOMIIAKTHON CXO{AMOCTH COBOAAeT C TOMOJOTHed KOMIOAKTHO# CcXo-
pumocta (. 1, mpemi. 2).

IeEpnoswernE 18. B konyce o/ (X) cosnadaiom monosozuw, undy-
YUpPOosankble CACOYIOWUMU MONOAOSUIMUL:

J 1t monoaozuell npocmoli crodumocmis HA 6eKMOPHOM nodnpo-
cmpancmse V. npocmpancmsa 8 (X; C), naomnom ¢ % (X; C) u ydo-
eaemsopatouper ceoticmey (P) (u. 7, mpema. 9);

J 2t wupokoli monoaoziieli;

J 4t monoaozueil cmpozo Komnarmuol crodumocmu.

Beaxuit GuasTp sBiasercd mepecedeHHeM MajKOPHPYIOIUX €T0
yastpadunstpos (O6mas rom., ra. I (3-e usz.), § 6, m. 5, npena. 7);
MOSTOMY [OCTaTOYHO TOKAa3aTh, 4Yro ecaim U — yasrpaduasTp
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B ofl+ (X), cXOnAmMAliCA K HOKOTOPOH Mepe W, B Tomogorzd J ;, TO OH
CXOIUTCA K WMo U B Tomoiorue J 4. Ilyers, crano Gerh, K — KOMOAKT- .
Hoe TONMHOKeCTBO 3 X; IO OpexmoNoKeBNno, HafieTcd Takas QyHK-
qug h €V, 9r0 h 220 5a X m kb >0 ma K; ciaegoBaTenbno, ni06as
¢ymkuna f€ & (X, K; C) momer Gurth 3anmcana B Buge [ = gh,
rne g € & (X, K; C), m ecm ¢ = ;Iéf{h (z) >0, o [ gll < c Ml fll

Ilo DpenmoJMoMKeHMI0, CYmECTByeT Takoe MHOmKectBo H, € Ul, d9ro
mas aoboit Mepe W € H,

0 <<p @ +1=0
3nawnt, mas awboit pymxnmm ;€ 8¢ (X; C) umeem

[ hepd | = [$Bf, pd | <N AN (R) << B A

masa moboit Meprr u € Hy; TeM caMuM [OKa3aHO, 9TO MHOxecTBo H
Mep h-p, rme w npoGeraer H,y, wupoko oepanuueno. Ecam U, ects
yneTpaduabTp, mEAynuposaHHEHN Ha H, yastpadmasrpom U, To
o6pas W, mpm oroGpaskeHmu W+~ A -p ecth Gasuc yasTpaduanTpa F
B H; a nockonbky H OTHOCHTeNBHO KOMOAKTHO B TOTOJOTHE CTPOTO
ROMOAKTHOH cxogumocty (mpema. 17 u o. 9, mpena. 15), 1o § cxonur-
¢l B 9TOI TOIONOTHHM K HEKOTOPOUX Mepe v, VHmMu cioBamm, Risa
awgoro & >0 u aw0b0ro KOMODAKTHOTO MHOMMHOMKecTBa L m3
& (X, K; C) cymecTsyer Takoe wnommHO:KectBe N < H,, npumuamie-
xamee U, aro s Beaxod ¢yEkumm g € L m noboif maps Mep p, p'
u3 N BHUOJHAeTCA HepaBeHCTBO |{(g, h-pn) — (g, h-p') | <,
uiu, eme,

[{gh, u) — {gh, p') | < .

Ho, vak mb Bupenum smime, oToGpaskeHue gw> gh eCTh asmormopdusm
Gamaxosa mpoctpancrea &% (X, K; C). Taxam o6pasom, Mu mOKasadwm,
aro | spaserca guavmpom Kowu B o4 (X) oTHOCHTENBHO TOIONO-
THH CTPOro KoMmakTHoil cxopguMoctd. W Tem Goxmee, 5T0 eCTh uiAbTP
Homn 3 mmpoxoi Tomonormd, MUPOKO CXOMAMMICH, KAK IIOKABH-
BaeT mpemaoxkenme 14, m. 9, K HexkoTOopoll Mepe y,; KpoMe TOrQ,
nockoabky V miorso B ¢ (X; C), To U3 ycaoBus ClAexyeT, 4T0 By = [ig;
HakoRHeNm, B cmay Toro, 9ro U ects ¢uastp Homm B cTporo xommakr-
HOK TOHOJIOTMH, OH CXONUTCA TaKKe K R, B 9T0od tomonormu (O6mas
Tonm., v1. X (2-e w3n.), § 1, m. 5, mpemn. 5), m TeopeMa J0KazaHa.
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CanencrBuiE. Ecau X naparkomnarmro, mo monoaozuls, UHOYYupo-

eannvie Ha oM 1 (X) wupokoili monososueli u monosozueli Komnakmmoi
crodumocmu, cosnadaiom.

Hanporue, rtomonmorum, wmpynumpoBammile Ha offy (X) Tomonormeit
HOMIIAKTHON CXOAMMOCTH M TOIIOJOrMeil CTPOro KOMHIAKTHOI CXOAIMOCTH,
MOryT GBITH PasiMY@bl B ciyuae, ecqd X He SBIAETCS MaPAKOMIAKTHHM
(yap. 3).

Yupa:kaeHus

°4) a) Mycts X — JIOKaJbHO KOMNAKTHOE NPOCTPAHCTBO. Il0Ka3aTh,
910 11060€¢ KOMHAKTHOE BEIHYKIIOE HOMHOKECTBO A JIOKAJIbHO BHIYKIOIO
unpocrpancTBa ¢ (X; C), copmepskameecs: B %4 (X), CTPOro KOMHOAKTHO.
(Paccmorpers ¢QyHKIMIO, ABIAIOOIYIOCH BepxHeil ormbaiomeil MHOMKECTBa
¢yaxnuii f € 4, T. e. QyEKIHAIO § = %B f, KoTropast HempeprBHa Ha X

n ctpemutcsa X 0 ma Geckomeunoctu mpocrpamcTBa X. Jas mo0oit mempe-
PHIBHOII 9uciioBoii pyHKIuE g HA X 060o3HauuM depe3 P (g) MHOMKECTBO TeX
z € X, B KoTopHX g (z) > 0. Ilorasars, 9T0 B A cymiecTByer Takas (pyHK-
nuda f, yro P (f) = P (s); 4Jig 3TOr0 3aMeTUTh, 9T0 ecln K,, — KOMHOaKTHOE
MHO;ecTBO TeX z € X, B KOTOPHX s (z) > 1/n, TO MMeeTCss KOHETHOE THCITO
TaKuX QYEROMIA f,,; € A, 9TO OTKPHTHE MEOKecTBa P (f, ;) HokpuBaloT K.
Ucnons3oBaTh gajiee TOT (AKT, 9TO A BEOYKJIO W 3aMKHYTO.)

b) Ipegnoinoxum, 910 B X cymecTBYeT CYETHOe BCIOLY IIIOTHOE MHO-
wectBo D. Iloxasarh, 9T0 B 3TOM ciay4ae jiofoe KOMIAKTHOEe BHIIYKJIOE
mogMuaOKecTBO A mpoctpamcTBa ¢F (X; C) crporo KommakrHO. (IIycTs
U — muoxecTBO Takux z € X, 9r0 Hafiferca Qymknus f € 4, aus KOoTopoii
f (=) % 0; U ectb OTKpHTOe HOIMHOKecTBO M3 X. Mcmonbays ToT (akr,
ato 4 — mpoctpancrBo bspa, HokasaTh, 4TO cymecTByer g € A, s
KoTOpol g (z) 5= 0 mpm mwbom z ¢ U 1 D.)

°2) lycTh Y — JIOKaNbHO KOMIIAKTHOE, HO HE KOMIAKTHOE LIPOCTPaH-
CTBO, CUeTHOE B 6ECKOHETHOCTH, U MycTh (Y, ) — BO3pacTalomas MOCIeoBa-
TeJNHHOCTH KOMIAKTHHIX NOJMHOMKeCTB u3 Y, obpasyomas HOKpHTHE Y

U Tagas, 410 Y, }o’nﬂ s moGoro n, upnieM moGoe KOMIAKTHOE IOJi-
MHOKECTBO N3 Y cofepxurca B ogEoM u3 Y, (O6mas tom., ria. I (3-e usp.),
§ 9, n. 9, cuegcreue 1 m3 mpega. 15). IHycrs PY — romumaxTuduranus
Croyma — Yexa mpocrpasctea Y (O6mas tom., ra. IX (2-e mam.), § 1,
yup. 7), tak yro mpocrparctBo ¢ (BY; R) oTomjecTBisieTca ¢ npocTpan-
CTBOM OTPaHWYEHHHX HeHOPEePHBHHX YHCIOBHX (ymKkumii Ha Y, n ¥
OTKPHTO U WioTHO B BY; 3Ha4nT, supp (f) gua moboit pyrxuun f € € (BY; R)
ecth 3amuKamme B PY MHOKectBa Tex y € Y, B KOTOPHX f (y) == O.
Hamomunm, uro eciu Z,, Z, — [Ba NOJAMHOKECTBA N3 Y, 3aMKHYTHE ¢ Y
n ge mMelomue OOmMUX TOUEK, TO UX 3aMHKAHUSA 71, Z, ¢ BY He mveoT
o6mux Ttoger (O6mas rom. ri. IX (2-e wap.), § 4, yap. 17).

IMyers ® — touka u3 BY — Y um nycrs X = §Y ~ {w}. Ilokasars,
910 B mpocrpaHctBe ¢ (X; R) Tomomorma J — WHAYKTHBHHA npejeir,
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onpejieJIeHHAs B 0. 1,— COBMAayaeT ¢ monoaozuell pasnomeproll cxodumocmu.
(Ecim p — nonyHOpPMa, HEIIPePHBHAS OTHOCHTENBHO J , TO OKa3aTh, pPac-
CY’KA€HNeM OT IHPOTHBHOTO, 9YTo Halfercs rakoe duciio ¢ > 0, wWro
p () <cllfl mus moboii pymeuum f € &% (X; R). B nporusmom cayuae
Hamnach OB Takad NMOCIEOBATENbHOCTD (fr,) ¢ymkmuilt w3 ¢ (X; R), 4ro

Mfall<t, p(a)>n, supp (RINYr=g,
supp (fn) supp (fr) = &
pas aoboro k < n. Iyers Teneps Z; (i = 0, 1) — o0beguHeHENEe MHOMKECTB

Y N supp (fen+i)s

HOKa3aTh, YTO OJHO W3 JBYX MHOMHECTB Z,, Z; OTHOCHTEJHHO KOMIAKTHO
¢ X (O6mas rom., rin. X (2-e u3n.), § 4, yup. 7), u OpuiTH K TPOTHBOPETHIO. )

BuBecrn orciofia, aro mpocTparcTBo o (X; R), HagenenHoe TOmomo-
ruelt J, ne ssasemci K6A3UNOAHBLM.

3) B npumepe u3 ympaskmemust 2 BO3bMeM B KauecTBe Y JUCKPETHOE
opoctpamcteo N. Ilycrs gus mioGoro n € N gepes e, 0603magena Taxas
¢ynrnua us & (X; R), 910 ¢, (n) = 1 m e, (z) = 0 gua z == n u3 X. Io-
Kas3arb, IT0 MHO:KECTBO A, cocrosamee u3 pymrmmii 0 u e,/(n -+ 1), KoM~
naxkTHO B &7 (X; R), HO He cTporo KoMmunakTHO. [lokasaTh, uTo ecan 1 ecTh
yubrpadumiabrp B N, HHAYHUpPOBAaHHHI (GUILTPOM OKPECTHOCTEIl TOUKH
® B BY = N, T0 ceMeiicTBO mOJIOKHTEILHEX Mep (nen) cTpemures 1o 1
K 0 paBEHOMeDHO Ha J1I060M CTPOrO KOMIIAKTHOM MHO:KecTBe u3 ¢7 (X; R),
H0 He cTpemurcsa K 0 paBHOMepHO Ha A.

°4) a) Mycts B,, — 3aMKEYTHI eIWHAYHHII AP B eBKIUJOBOM MPO-
crpanctBe R» m mycrs A4, — MHOxKecTBOo QymEmuil f € § (B,; R) Buga

f@="n(z|?—1)+ (z/a),

e |[A| < 1/n v || a] < 1/n. MEOKECTBO A, BEIIYKIO W KOMIAKTHO
B GamaxoBoM mpocrpancTse @ (B,; R) u obnagaer ciefgyoniuM cBoicTBOM:

KaKkoBH OH mM OmIM QYHRLMH fy, . . ., [, IPAHALIeKamue 4, , Aaligerca
Takas Touka z € B,, 910 f; (z) = ... = f, (z) = 0; mampoTus, cymecr-
ByT n -+ 1 ¢yEknuit g4, . . ., g,+1, UPHHATIIEeKAMUX 4, 1 He ofpamaio-

muxcs ONHOBPEMeHHO B HYJIb HI B OgHOH TouKe n3 B, (MOKHO PaccMOTPeTh

oro6pamkerme z —> z/(1 — [| z || 2) l°3n B Rn),

b) Hycre B;, — muoxecrso B,, HajlelleAHOe AUCKPETHOH Tomojormed,
u nycre D, = BB,. Iycrs, nanee, Y (coorBercTBeHHO Y') €CTH JIOKANbLHO
KOMHIAKTHOE HPOCTPAHCTBO — TONOJOTMYECKAs cyMMa MOpOCTpamcTs D,
(coots. Bj). Ilowkasars, 1o BY = PY’.

¢) Oyers K, < € (D,; R) miaa no6oro nemoro n ecTb MHOMKECTBO
IHCHOBHX (GYHKIMII, Cy#eHMe KOTOpPHX Ha Bj = B, npumamemur A,.
Hycrs K — nopmuomectBo muomecta @ (BY; R), cocroamee ms ¢ymx-
nmi, Cy)KeHWe KOTOPHX Ha D, npumapie;xmr K, mia mwboro n €N,
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IlokasaTh, 4To K €CTh KOMIAKTHOE BHIIYKJIOe IOMHOKECTBO 0aHaxosa
mpoctpancta G (BY; R). Idua mwoboro womedmoro cemefictBa (fi)y<icp
<ig

¢ynrunmii us K gepes W (fy, ..., f,) o003HaIMM MHOMKeCTBO TeX y € Y’,
B KotopHX f; (y) = 0 maa 1 < i < n. Ilokasars, 10 W (f1, ..., f,)
obpasyior Gasuc ¢mabrpa W HA AECKPETHOM HpocTpancTee Y'. BuBectn or-
cI0ia, 4To cyllecTBYeT Takas T09Ka @ € Y — Y, uro cmex HA Y’ dmirsTpa
orpectHOcTell Toukd & B BY ecTh Goslee cuapHH ¢uabTp, uem . Bupecrn,
aro ecam moaokdaTh X = fY — {w}, o K< % (X; R), u upn momomm
yupaskmeHuss 2 MONYYHTH, 9T0 B ¢# (X; R) MHOKecTBO K 6unykio, KoMe
nakmuo, HO He CMPO20 KOMNAKMHO.

5) Ioxrasats, u4To ecim E — mpoctpamcrBo Ppeme, a X IOKadLHO
rommakTrO, T0 & (X; E) ectb GopHOJIOIHYeCKOE TPOCTPAHCTBO.

BrBecTH OTCIOfA, YTO s m1060r0 MuOKecTBa & OrpaHHYeHHNX HOT-
MHOKecTB npoctpanctBa ¢4 (X; C), apuaomerocs moxpurueM &4 (X; C)
H TAKOrO, YTO BCSIKOE MHOKECTBO, COCTOSAIIEe W3 TOYSK CXOMAINEHCs MOoCie
nosateapnoctd B &4 (X; C), upuaagme:xut &, MPOCTPAHCTBO (yﬂ@ (X; €)

TMOJIHO.
6) IIycte @ — Mepa HA JOKAJThHO KOMOAKTHOM mpocTpamcTee X,
Hoxasats, uTo | ¢ | = sup Re (ap), Korga ckamasp o mpoferaer MHOKECTBO

KOMILTEKCHHIX 4Ymcesn ¢ alcomoTmaiM sHagenmeM - 1. (3amerurs, 41O
ans moboit pyarmum g € o7 (X; C) m moboro & > ( CyHIeCTBYIOT KOHEIHOE
gncio Takmx otoOpaykenmit h; mpocrpancrsa X B | 0,1 [ ¢ KoMmaKTHEIM
HOCHTeJIeM W TaKme CKAJAPH O;, 9TO

le—Dadll<enm lligl—la;lkl<e)
i i

TlorkasaTs, 9TO CIpaBefJHBO Tak;ke paBeHCTBO |pu | = sup Re (Z-p),
e h umpoGeraer MHOKecTBO Takux ¢yHKumil u3 & (X; C), uro || k || < L.

7) Iloctpouth mpuMep, MORA3EIBAIOHMAN, 9T0 B off (X; C) MHOMKeCTBO
JeliCTBUTONBHEIX OTPAHWYGHHEIX Mep (i, YV/JAOBIETBODPSIONUX YCIOBHIO
Il p |l = a, He 06A3aTeNbRO MUPOKO 3AMKHYTO, aKe Korja X KOMIIaKTHO;
mOKasaTh, 4T0 ecdad X JTOKAIHHO KOMIAKTHO, HO He KOMIIAKTHO, TO MHO-
JKECTBO OTPAHAYCHHHIX MOJIOKHATONBHHX MeP, y/IOBIETBOPSIONAX YCIOBHIO
| p |l = 1, He sBIAeTCA MHPOKO BaMKHYTEHIM.

8) lyctp X — JIOKAIBHO KOMIAKTHOE IWPOCTPAHCTRO; JIst moforo
KOMIAKTHOTO TofMHOKecTBa K w3 X m mioboro memoro n > 0 obozaaumm
4gepes Sk, n MEOKecTBO ¢pymknmit f € ¢ (X; C) ¢ HocuTeseMm, cofep;RamAM-
¢a B K, m rawux, 4910 || f || < n. Keasucuavnoii tonomorneii B off (X; C)
Ha3HBAeTCHA TOMOJIOTHS PaBHOMEDHOM CXOJUMOCTH Ha MHOMKECTBAX Sk p.
Ona sasasercst Gomee cmaboif, 9em cuavbras Tomomorms (korma off (X; C)
paccmMaTpuBaeTCst Kak JABOMCTBenHOe K mpoctpanctBy o4 (X; C); cp. Tom
BeKT. up-Ba, ra. 1V, § 3, 0. 1), m cosmagaer ¢ Heil, korna X HapaxKom-
TMaKTHO.

a) IorasaTh, 9To KBasucHabHAA Tomomorus Ha off (X; C) oupepenser-
51 MOCPeCTBOM HMOJYHOPM u —> | u | (f), rue f. mpoberaer %4+ (X); umpo-
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crpanctBo off (X; C) momHO B KBAasHCHIBHOHM Tomosormm. OrpammdeHHEIE
mopgmuokectBa w3 off (X; C) oTHOCATeIFHO KBaSHCHIBHON TOHOJOTHH
ABJAIOTCS PABHOCTEIOHHO HETPEPHBHHMHE HofMHEOkecTBaMu U3 off (X; C),

b) Ioxasars, uro B o/ (X; R) KBasucmibHASA TOMOJOTHUSA COTIIACYOTCH
€O CTPYKTYyPOH yHOPsJO9eHHOro BextopHoro mpocrpancrtBa (Tom. BerT,
up-ea, ra. I1 (2-e map.), § 2, n. 7). BuBecrn otciopga, 910 ecan H — Bospa=
crapiee Ma)kopuposannoe ¢uasTpylomeecss maoxkecTBo B o/ (X; R), To
pepxusis rpans H B off (X; R) coBmagaer ¢ upefieioM ero GUILTPa CedeRmi
OTHOCHTEJhHO KBA3WCHIBHOM TOHOJOTHH (TaM jKe).

9) Nycrs X — xomMuaxTHHE mateprax [0, 1] ma R.

a) Iycts p,, — mepa, Hajensomas Maccoi -1 Toury 0 m maccoir —1
toury 1/n. Ilokasath, 9TO TMOCIENOBATEJBHOCTH (U, ) MAPOKO CXOAHUTCS K O
B ol (X; C), HO | py | He cxopuTeA mMEpoko K O.

b) Hycrs u — mepa Jlebera Ha X u mycth g, () = sin nx. IllokasaTs,
gro mepa (1 — g,,) + p MOJOKHUTENBHA, W KOITIA n HEOrPAHWYeHHO BO3pa-
cTaer, IAPOKO CXOMUATCS K 4, HO He CXOUTCA CHILHO K y. BrIBecTn oTclona,
9TO TOUOJIOIAH, HEAYAPOBaHHEe B off, (X) MHPOKOH TOMOJOTHeH W CHIIb=
HO#l TomoJMOTHEA (COBHmAAAIOLIEH 3[eCh ¢ KBA3WCHUIBHOM TOWOJormeil), pase
amgER (cp. ymp. 10).

10) Hycts @ — ¢uabTp Ha MHOKECTBE offt (X) HONOKHTEIBHEX MeDg
na X. lokasars, 910 ecom P MUPoKo CXOAMTCA, TO st JIIOOOr0 KOMIIAKT=
Horo moamuoxkecTBa K m3 X cymiecTBYIOT Takoe MHOskecTBO M € @ m Takoe
gacmo ax >0 uwro | p (N | <ag -l fIl nna awoboit dymrmmm f €
€A (X, K; C) m moboit mepH p € M.

°11) a) Iokasars, 9to ecau HafeanTs o/ (X; C) KBasucUABLHON TOMO-
JoTHell (COOTB. TOMOJIOTHEH CTPOr0 KOMIAKTHOH CXOAAMOCTH, COOTB.
mmpokoii Tomomormeil), To Ommmmeitmas gopma (f, u) > {f, p) Gyper
(2, %)-runomenpepuieHa, rfe T eCTh MHOKECTBO MHUPOKO OTPaHWICHHEIX
monmHOKeCTBE H3 off (X; C) u 16 © ecTh MHOMECTBO OTPAaHmMIeHHEIX
mopMuosKecTB 3 o¢ (X; C), copepsxamuxcest B of (X, K; €C) aasa magaerxae
mEy o6pasoM BHOPAHHOIO KOMIAKTHOTO MHOMKecTBa K (COOTB. MHOKECTBO
CTPOT0 KOMHIAKTHHIX mojmuomecTB u3 ¢ (X; C), cOOTB. MHOKECTBO KO=
He9HHX moAMHOKecTB m3 & (X;C)) (cp. Tom. Bexr. mp-Ba, ra. III, § 4,
yap. 7).

b) Hoxrasats, uro pasa mai06oro KOMHAKTHOTO mojgmuo;kectBa K ma X
Gmmumesinas dopma (f, p) —> (f, n) meupepwsna ma % (X, K; C) X
Xoft (X; €)Y ecim HapennTh off (X; C) KBasmcmapHOH TOmOJOTHEd; oHa
nenpeprsHa Ha X, K; C) X:ofly (X), ecim nafeants offy (X) mupoxroit
TomoJIOTHe! (BocHOah30BaTHESH ymp. 10).

¢) lpeamomosxum, 90 X mapaKoMImakTHO, HO He KoMmakTHO. Iloka-

3aTh, uTo Omimmeiinas popma (f, p) = (f, u) He sBIsTETCH HENPEPHBHOH
Ha & [(X; C) X ofly (X), ecim offy (X) HafedeHO CHIBHOH TOMOMOTHeNH
(coBmapatomefi B 9ToM cliydae ¢ KBasWCHIHHOH TomoOJOTHeil).

d) Hocrponts mpuMep, korga X KOMNAKTHO W Korpa Guimaeitnan gop-
ma (f, p) = {f, p) He ABxseTcs Hempepusnoii Ha B (X; C) X o (X; C),
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ecan majennth off (X; C) romomormeit KommaxtHo# cxogmmoctu (Toi. BekT.
up-sa, ra. IV, § 3, yup. 2).

°12) a) TloxasaTh, 9ro OuamHeiinoe oToOpakeHme, (g, 1) F> g « | Ipo-
masefernsa Gi(X; C) X ot (X;C)B el (X; C) HOUpepHIBHEO, eCil HAENATh.,
% (X; C) Tonosorneit KOMIaKTHON cxoguMmoctH, a off (X; C) — KBasmcmIb-
HOM TOomoNOTHeH (ymp. 8) WMIH TOHmOJOIHWeld CTPOr0 KOMIAKTHOH CXO-
JAMOCTH.

b) Tloxasars, 9T0 GmumBeiinoe oroGpaskende (g, W) = g-u Opoussefe-
ma @ (X; C) X oft (X; C) B oMl (X; C) Oyner (&, T)-rEmOHEIPEPHIBHEIM,
ecim  Hageauth ¢ (X, C) Tomodormed KoMmaKTHOH cXxopgmMocTH, a
oft (X; C) — mupokoil Tomodormeir; mpm sroM & O3HAYAET MHOKECTBO
KOMEUHHIX IopmHOMKecTB #3 ¢ (X; C), a T — MHOMKECTBO IMAPOKO oOrpa-
HEYeHHHX [0MHO}KecTB M3 ofl (X; C).

¢) Ilorasars, 4ro orobpamenme (g, B) —> g + U NPOH3BEICHAN
€ (X, C) X iy (X) B oft (X; C) menpepuBrO, ecan Hagemuts € (X; C)
Tomonoryelt Kommakrroit cxonmmocth, a ofl (X; C) u oty (X} — mmpoKoit
TOTIOJIOTH e,

d) IToctpomTr WpuMep TAKOTO KOMHAKTHOTO mpocrpamcrBa X, 9To0H
Gmnmueiimoe orobpaskenme (g, u) —> g « p mpomssefienns % (X; C) X
X oft (X; C) B e/ (X; C) ne OnI0 HempePHBHEIM, ecln Hapeautb € (X; C)
TomosioTHeil paBHOMepHO# cxoammoctd, a e (X; C) — mmpoKoil Tomo-
mormaii. )

13) Tlorasarth, ar0 masa adwOofi ¢ymkumm f € &%+ (X) oroSpaskerue
u > | u| (/) momymempepsiBHO cHu3y Ha off (X; C) OTHOCHTENBHO MHpPO-
KO TOIOJOTHH.

°14) a) Iycrs X — IOKANBAO KOMIAKTHO® HPOCTPAHCTBO CO CUETHEIM
Gasmcom. Ilorasath, uro mpocTpamctBo off, (X), HafelcHEoe IMHPOKOL
TOMOJOTHEH, MeTPH3yeMo,

b) Hycts L — MHOM¥eCTBO BO3PAaCTAIONIMX IOCIE0BATEAbBHOCTEIH
(k,,)m_:Z HEOTPUIATEIbHHX HEJHX dYHhCel, CTPeMANIAXCA K -+ oo BMECTe
¢ n u PaBHHX Hymio npu n < 0, 3a HCKIKNYeHMeM KOHOTHOTO YHCJA 3HA-
deHnmii n; mycTh P — MHOKECTBO KIACCOB SKBHBATEHTHOCTH, COCTOMIMX
H3 CJBHUIOB (kn+h)nez OflHO W TOll e IOC/IeIOBATEILHOCTH (kn)nez
(h wpoberaer Z); L u P me aBuserca cyeTHEMHA, IlycTe X — puckpermoe
OPOCTPAHCTBO, SBISIONMEECs TOMOJOIMYecKol cymmoil mmokects P m Z;
nycth H — MHOKECTBO HOJIOKHTENBHHX Mep Ha X, OUpejeJeHHLHIX CJe-
aywonuM ofpasom: aast mioboro o € P m 060t IocmefoBaTeabHOCTU
g € o OyCThb vy, , — Mepa, ONpefieleHHaA NOCPENiCTBOM Maccs —+1 B Tou-
Ke a, MaccH ( B OCTANBHEIX TOUKax W3 P m MaccH g (n) B RaK[0ll Touke
n €Z; H ecth KOHYC, HOPOMJEHHHH MEPAMH vy, Ilyctb Temepsr p —
Mepa Ha X, ompejielieHnas NOCPeACcTBOM Macch -1 B Kaskpoii Touke ma P
u maccel O B Kaskyoil Touke m3 Z. IloxasaTs, 4T0 {1 €CTh TOUKA MPHKOCHO-
Bendst MHO)KecTBa H B mMUpOKOH TOmONOIWH, HO He SIBIAETCS TOYKOI
OPHKOCHOBeHuMS B INNPOKOH TOHOJNOTHH HHUKAKO MMPOKO OrPAHHYeH-
HOTO mojMEOecTBa u3 H. (BocmoabsoBaTeCs TeM (axToM, 4TO LA J06o-
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vo otobpaxenust [ muoKectBa Z B N cyllecTByeT Takas BO3pacTalmas
nocnefoBateabnoctb (k) € L, ato lim k,4p/f (n) = - oo gaa mwoGoro
n—>00

h€EZ) .

15) MycTs X — JIOKANBHO KOMIAKTHOe, HO He KOMIAKTHO® IHPOCTpaH~=
€TBO; B mpocTpancTBe off! (X; C} orpanmdeHnsx Mep Ha X, NBoficTBemHOM
r GamaxoBy mpoctpanctBy ¥° (X; C), HasoBeM yubmpacuavroii TOIOIO-
THIO, ONpefielisieMyl0 HopMoil || p ||, a caaboil — Tonogormo o (o' (X; C),
€° (X5 C)).

a) Mokasath, 9To eciu X NapaAKOMIOAKTHO, TO ciaabas TONONOIHA
B oft! (X; C) crporo cumipHee, deM MHUPOKas Tomodorus (cp. ¢
yup. 2).

b) Torasats, uTo B /! (X; C) yapTpacmiabHas TONOJOTIHSA CTPOTO
cuibHee, YeM KBASHCHMIbHAA (3aMeThmM, 110 OTHOCHTEJHHO 3TO# mociemmeil
&, crpemmres K 0, Korja & crpeMaTcs K GecKomedmoCTH).

¢) Horaszath, 9to ecam X c4eTHO B GECKOHEUHOCTH ¥ He JUCKpeT-
Ho, To B off! (X; C) cmafasn U KBasmCHWIhHAs TOUOJOTHM HE CpaB-
HIUIMBL.

d) Hoxasath, 9r0 B /! (X; C) BcAKoe cialo OTPAHHYOHHOE MHOKE-
CTBO OrPaHMIeHO B YJIBTPACHILHOH TOMOJOTHH, HO MOTYT CYIecTBOBATH
MHOKECTBA, OrpaHWYeHHHe B KBABHCUIBHOH TOMONOTMH, HO HE SIBJSIC-
muecAa ciaalo OrpammYeHHEIMH. )

16) Hyctp X — MOKaNBHO KOMIIAKTHOE HPOCTPAHCTBO M X' — KOM-
IAKTHOE IIPOCTPAHCTRBO, WNOJyYeHHoe NpucoerumenueM K X OeCKOHOTHO
ynanearo#t Toukn. IIycTe u — orpanwdenHas Mepa Ha X; NOKasaTh, 4TO
ma X' cylmectByeT, W OmpudeM ToJAbKO OfHA, Mepa W', NPOJOKA0NIAR
Mepy b m Takag, wro || ' || = || .

17) Mycrs pas moboit Meps | Ha JTOKANIHHO KOMIOAKTHOM IPOCTPAH-
cree X m auaa mioboro romeomopdmama ¢ mpocrpancTBa X Ha cebs gepes
s obosmavema mepa f > p (foo).

a) Jlorasatb, 9T0 |ug | = |1 |g-

b) Oycrs o (X; C) majmemreno mMUPOKOH TOHOJOTHEH W MYCTh o€ —
MHOKECTBO HEIpPeDHBHHIX YHAOMOP(PH3MOB JIOKQJIBHO BHIIIYKJIOIO LPOCT-
pamctra off (X; C); mycTb ~€ Hazenemo TomoJoTmeli paBHOMepHON cXojim=
MOCTH HA TIMPOKO OrPaHHMIeHHHX mojfmHOosKecTRax u3 off (X; C). Ilycrs,
pamee, I' — rpynna romeomopdmsmor X Ha cebs, HajlelieHHAsE TOTONO-
rmeit J g, onpefienernoil B O6meit ton., ra. X (2-e mapn.), § 3, m. 5. Myers,
HakoHer, nuA aio6oro o €T yepes Ay 06osHageno oroOpakenne u —> ug,
npuHAJIesKanee £} NoKasarh, UTo oTofpaskenme ¢ +> Ay MEOKecTBa I’
B of HeOpepHBHO.

18) Ilycts X — KOMIIaKTHOe NPOCTPAHCTBO M {4 — TakKas Mepa Ha X,
aro u (1) = || p [|. Horasats, 4T0o K — moJOKuUTeNbHAs Mepa. CHadama
saMeTHTB, 4TO ecam My = Re (u), py=1Im (u), To py (1) = fpyll,
g MoKasaTh, 9T0 U, — HONOKNTENbHAsA Mepa, ucronabdys ri1. I, § 2, m. 2,
HpefIoenne 4; 3aTeM JOKasaTh, 4T0 M, = 0, paccmarpuBas pu (1 -+ if)
IIA Hagdemammm oOpasoM BHOpammoii ¢ymkmmm f € €(X; R).
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§ 2. Hocurexs meps

1. Cyocenue mepovt Ha OMEPLLINOE MHONECME0. Onpe-
deaenue mepol NPU NOMOUWYU AOKAALHHLE FANHHLL

~ Tlyers X — NOKaABHO KOMIDAKTHOe HPOCTPAHCTBO, a Y — OTKPH-
Toe mHOkecTBo B X. ITogmpoctpaHcTBO Y mpocTpanctBa X JI0KaXBHO
KOMIAKTHO, W BCAKAf HENPePHBHAA QYHKIUA CO 3HAYCHUSAMU B TOIO-
JIOTHYECKOM BeKTODHOM IpOCTpaHCTRe E, ompefiesieHHaA HA Y W MME0=
mAs KOMIAKTHHN HOCHTENh, MOMKET GHITH mMPOIONKEeHA 110 HelpephiB=-
noctn Ha Bce X, ecnu monoxuTh ee pasuoit 0 va CY'; caenosaTensHo,
. TRKHEM CIIOCOGOM MOMHO OTORIECTBUTH mpocTpaucTBO 8% (Y; E) ¢ nop-
npocTpaHcTBOM TpocTparcTBa 8% (X; E), COCTOAMMM M3 HeIPEePHIBHEX
$YHRONI ¢ KOMIAKTHHM HocHTeJeM, codepxcayumes ¢ Y. Ecam p —
mepa Ha X, To fcHO, dro cy:xenme p Ha &4 (Y; C) ectb mMepa ma Y;
ee HA3HIBAIOT CYNCeHUeM MePH | Ha OTKPHITOE IOXNPOCTPAHCTBO Y
und, eme, Mepolt, uHdyyuposanwoil ma Y Mepo#l |, u 0603HAYAWT
p 1 Y. Cysmenmamu wa Y mep | |, Re pn, Im p asagmorca, coorser-
creerro, [u |Y [, Re(u [Y)aIm(u[Y), B cuny § 1, om. 5 u 6.
Eeam p peiictsutenbHa, To cyeHmAMEm Mep B u p~ ma Y Gymyr,
coorsercTBerEO, (0 | V)" u (n | Y)~, B cuny popmynn (8), § 1, n° 5.
Jlerko BugeTs, 9TO ecau ¥ u Z — TaxkWe OTKPHITHE MHOKECTBAa B X,
awro Y o Z, necmu p|Y np|Z — cymwenus u va Y u Ha Z, TO
p | Z Gynmer Tarxe cy:xeHueM | | Y Ha OTKpHTOE IOAIPOCTPAHCIRO Z
JOKaJbHO KOMIAKTHOTO NPOCTpaHCTBA Y.

B raape 1V, § 5, u® 7 MH 0606muM 3710 ompefielenme Ha CIyvai,.
¥orfa Y ecTh JIOKAJBHO KOMIIAKTHO® MOJIPOCTPAHCTBO HMpocTpaHcTBa X.

OrMernM, 4TO Mepa Ha Y He 06a3aHa 6wimb cymenmeM Meps Ha X
(cp. r. V, § 7, n. 2, mpena. 6).

Haopumep, mycTs Y — oTKpHTsIE matepBax ] 0,4 m3 X = R;

oTobpakenue
1

T
jr [ 10,
z
0

ecTb mepa Ea Y, mbo Bcaran ¢ymrmus m3 o (Y; C) obpamaerca 8 myns
B HeKoTopoll okpecTHocTm 0 ma R. Ho ara Mepa He MoxkeT GHTH mpogomke--
Ha o MepH Ha R, Tak KaK B mPOTHBHOM CIIyuae ee CY;KeHHe Ha MHOKECTBO
$yuxnuit f € 8% (Y; C), ynommersopsomux yeaosmo | f ]l <1, 6bo-
65 orpaHEYEHO; HO 5TO He TaK,.
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OfHAaKko mMeeT MeCTO CIeNyWINee NPenNoReHue.

IIpEnnosErnE 1. ITyemv (Y ,)qes — OMEDBMOE nokpwimue npo-
cmparcmea X u nyeme Ha Kasxcdom nodnpocmparcmee Y, 3a0amna
Mepa W Mmak, umobs. das aoboii napw (x, B) cyscenus mep p, u pg
na Yo Yg cosnadaru. IHpu smux ycacsusxr na X cywecmsyem,
U MPUMOM eDUHCEEHNAS, MePa W, cydcenue Komopoli Ha Y , PasHO Wq
dasn awbozo underca o.

Buavame moxa;keMm, uro Beaxaa Qyrrmus f € g7 (X; C) momer

6EITH 3amKMCAHA B BUIE KOHEUHOW CYMMHE f € 2 fi, Tme muas KasKmoi
1

dynrmuum f; € 64 (X; C) cymecTByeT Takoit mHgexc «;, ato supp (f;) <
— Yq;- Ecmrm K = supp (f), To wmajijercs KoHEYHOE UYMCIO TAKHX
munexcos o; (1 <L i < n), 910 Yy; 06pasyioT noKkpeiTHe MHOMecTBa K;
myerb 2y (1 < i << n) — Takue HempepuBHHe oTobpakenns X s J0,1[,
9TO HOCHTENHh F; KOMIAKTEH W CONePHHTCH B Yo; maa 1<{i<n

L)
muaro ) ky(x) =1 ma K § 1, m. 2 memma 1); dymrnunm f; = fh;
i=1

VIOBIETBOPAIOT HOCTAaBJIE€HHOMY YCIOBHIO. Jro npexie BCero mokKa-

BHIBAET, 4TO €CJIM CYIIeCTBYET HCKOMas MepPa W, TO OHA eJuHCmeeHHd,
n

Tak Kak fisA Jdi060i KoHedHOH cymMmer [ = Z firhe f; € & (Ya;; C),
o)
n

momxuo 6HTH p (f) = ) o, (f;). Hanee, cymectsoBanme mmnefinoi
i=1

dopmsr p Ha &4 (X; C), cy:KeHme KOTOPOH Ha Kajkioe HOANPOCTPAaH-
ctBo ¢4 (Y o; C) paBHO @4, GyReT ycTaHOBIEHO, Kak TOJXBKO Gymer
AOKa3aHO CHEYyIee CBOHCTBO: echd (8 h<icm A (Rj)i<jcn — Tarume
KOHeuHBIe IociaefoBaTenbHocTH (GyERmuir ms ¢F (X; C), 910 g; €
EH (Yo © mun 1 < isSm, hy€6F (Vo €) s 1<j<nm

2ai(@) =3 () =1

Ha K, 1O

g Z up, ().

fgi= Efgz i
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OTKYJA
m

i

{l

Touno Tax e,

Ho Tax xark Hocutens QyHKOWE [g;h; collep:HuTcAs B Y“i N YB],,
TO P, (fgihj)zp.gj (fgih;), UeM ¥ MOKa3aHO BAme YTBEDIKICHHE.

Octaerca moKasaTh, 4TO |, €CTh Mepa Ha X; HO Kajkaas Touka m3 X
EMeeT KOMIAKTHYI OKPECTHOCTh, COHepyKamyiocs B OfHOM w3 Y
crasio GEITH, BAKIIOUEHHE CJIELYyeT CPasy Ke W3 ONPeNEIeHHS MEPH W
u w3 npegnoskenusa 6, m. 3, § 1.

Caencrsue (mpumenun mokatmsamum). [ycms p u v — mepw na X
u nyemov (Y,) — makoe cemelicmeo omrpwmblz MHOIcecms uz X,
umo das 4106020 o cymceHus Ha Y o, Mep Y U V DAGHH; Moz0a pasHbl
u cysmcenus mep p uv Ha Y = |J Y,.

o

2. Hocumeav mepsl

IIyeTp p — mMepa Ha JI0KaJxpHO KOMIAKTHOM IpocTpaHcTBe X
u mycrb & — MROMKECTBO TarRUX OTKPHITHIX mommuokecTB U < X,
9To cysxeHue W Ha U PaBHO HyJ0; W3 NPWHIWIA JOKAJIM3ALWU CPasy
e BeiteRraer (o° 1, cnegersue us mpenx. 1), aro ecam U, — o6wedune-
nue mEOKecTs U € &, To m camo U, mpuragnemxur &, g 3HaUWT,
ABIsieTCA HamboJaBIOWM cpenu Bcex MHOMKecTB u3 &.

OurEneneruE 1. Hocumeaem Mepbl U HG AO0KAALHO KOMRAKIMHOM
rnpocmpancmee X Hasvieaemcs, u obosnavaemes supp (W), samxnymoe
MHOHCECTE0, A6ALIOUEeCH JonosHenuen HAUboablezo MHoJIcecmea cpedu
écex omrpumulr MHoxcecms u3 X, HQ KOMOPUMI cyHeHue Mepv. | o6pa-
waemes 8 Hyib.

Y1Bepsunenue, 9To TouKa £ € X He NPUHAMNEIKUT HOCUTENIO MEDH W,
03HAYAET, UITO CYMECTBYET TAKAaA OTKPHTAA OKPECTHOCTL V TOYKH Z,
910 cyeHme MepH W Ha V ofpamaerca B HYyJIb, YTBepIKjeHHE, UTO
Z TPHEHAJIEKAT HOCATEII0 MEPH |, 03HAUAET, CATOBATEIbHO, ITO A
At06oli oxpectoctTn V Toukm x cymectByeT ¢ymrmua f € &8 (X; C),
HOCHTeNb KOTOPOi cofiepskuTcs B V m KoTopas TakoBa, g9ro p (f) 5= 0.
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Upurmepsw 1) fusa roro aTo6u Mepa Ha X _6mna mymnesoii, HeoG-
XOQMMO H JOCTATOYHO, YTOOH ee HocHTenmb ORI nycm,

2) Hocmrexb mepn JleGera ma R ectb Best upsmag R; B camowm feue,
OH He IYCT II HEBAPDHAHTeH OTHOCHTEJLHO II0GOro CABHTA.

3) Paccmorpum Ha mutepBanie X = [0, 1] m3 R cuermoe Bcoy mioT=
HO® MHOKECTBO, PACIOI0MKEHHOe B [OCIS/I0BATENBLHOCTD (a,), B OYCTh U —
Mepa, OIpefielieHHAA Maccoil 277, moMemeHHON B TOYKe a, [Js JI06Oro
nz=0(§ 1, n. 3, upumep 1). Hocuremem mepH p siasiercsa Bce X; B caMoM
fleie, MyCTh x — NPOU3BOJNbHAS TOYKA M3 X, V — OKPECTHOCTb TOUKH Z
m f > 0 — menpepHBHas yncaoBast pyHxnua Ha X, paBEag 1 B Touke z
® nMelolmas HoCATeNb, cofiepskamuiica B V (§ 1, . 2, nemma 1); MHOKecTBO
Tex y € V, pua Kotopux f (y) > 0, orkphto B X, 3HAUAT, COAEPRUT TOU-
Ky ap, ® clegoBatensHo, [ (f) = f (a,) 2-" > 0.

IrEnnomenne 2. Hocumeav mepw [ coenadaem ¢ Hocumesem
Meprt | p |5 ecau p delicmeumeavha, mo eé Hocumenb seasemces 06:vedu-
HerueM Hocumeael mep put u po.

HefcTBATENBHO, 6CAM CY/KEHHE MeDPH U Ha OTKPHITOe MHOkecTBO U
paBHO HYJI0, TO 3T0 GymeT mMMeTh MeCTO W [UIf CYKeHHS MepH | u |
(coorB. Mep pu* m p~, Korma W meiicTBETeNBHA), X OGPATHO.

OTmeTnm, aro HocATeNH Mep u* W 4~ MOFYT OHTH HOIYCTHMH U moxc-
decmeennvmu (cp. ra. V, § 5, yap. 6).

IIeEgnoEREE 3. Ecau p U v — mepyl HA A0KAALHO KOMNAKMHOM
npocmpancmee X, ydosaemsopsowue ycaosuro |p|<|v |, mo
supp (u) < supp (v).

B camom pene, ecim cysxeHme MephH v Ha HEKOTOPOE OTKPHITO®
MHOKeCTBO ofpamaercs B HYJb, TO 5TO HMEET MeCTO H [JIA CYReHHS
MEPH .

ITpEpnoxEERE 4. Hocumenws cymmut dsyx mep codepacumea é 06vedu-
HeHUu ux Hocumeaeil.

JlelficTBETENbHO, €CHH CY;ROHHASA ABYX Mep HA OTKPHTOEC MHOKECTBO
o0pamaioTes B Hylb, TO BTO HMEET MeCTO ¥ JJA CY/KCHHA MX CYMMH.

Ecam p m v — nososcumesbrbie MEPH, TO HOCATEIB MEPH A = p -4 v
paser 00beINHEENI0 HOCHTENH Mep | B V: B CAMOM Jlee, eClid Io — TOIKA
m3 sToro obbemuHennsa, a V — HPOM3BOJbHAA OKPEeCTHOCTh TOUYKH Zg,
To HaHfercs HeupepHBHas ¢yExkpua f > 0, nmeomas KOMIAKTHEIR
HOCHTeINb, Coflepikamimiici B V, m Takast, 9T0 OAmo M3 AByX 4mcex [ (f),
v (f)y 6ymer > 0; tem Gomee, mMeeM

A =ph+vH >0
4 H. Byp6akn
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IIPERI0sEHUE 5. Hocumeav cyaiceHUs mepst W HA OMEPBIN0E MHONCe~
cmeo U ecmo cted na U Hocumens mepsl .
Ilpennosenne o4YeBUAHBIM O00pPA30M BHITEKAET N3 OIpeNeJeHH.

MeEnnoREHuE 6. Muoxcecmso Mmep Ha JAOKAALHO KOMRAKMHOM
npocmpancmee X, Hocumeab KOMOPHL COOEDHUMCS 6 3AMEHYMOM
MHONHecmee I, Aeasemcs WUPOKO 3AMEHYMBM GCKMOPHBLM NOORDO-
cmparncmeom npocmpancmea oA (X; C).

IleficTBUTETBHO, DTO MHO/KECTBO €CTh Mepecederne MIAPOKO 3aMK-
HYTHX THIEpPINIOCKOCTell, 3ajaBaeMelXx ypasHeHmsawu p (f) = 0, rme
f mpo6eraer muO:kecTBo (yHRmmE w3 % (X; C), HocmTexp KOTOPHIX
HE TepeceraeTr F.

IMpexnoaowum, urto X He KOMRGKMHO;, €CIM B NPOCTPAHCTBE
o (X; G) mep Ha X samam ¢uasTp B, To MBI OyaeM roBOpHUTH, 9TO
HOCHTeJIb MePBl W Oeckoneuno ydaasemces no D, ecam pag nwboro
KOMIaKTHOro MHOmecrBa K m3 X CYIIECTBYET TAKOE MHOMECTBO
M€ @, aro paa awGoir meper u € A wmmeem supp {(p) [} K = .

Meepaosmenue 7. Ecau ® — makoti guavmp e oM (X; C), umo
Hocumenv mepul U Geckoneuro ydaasemea no @, mo p wupoko cxodumes
no @ x 0.

B camom mese, mycrts [ — mpomsBosasHas ¢yuruusa us A (X; C)
u nycte K — ee Hocureas. Ilo ycnoBmuio, cymecTByeT TaKkoe MHOAe-
crBo M € @, uro must mobGoit mMeper p € M supp (W) | K =; cae-
mosatensHo, u (f) = 0 ana mwoGoro w € M, 970 u JOKa3HBaeT Tpef-
JI0/ReHNe.

3. Xaparmepuiayus HOCUIMEAS MePbl

Cornacno ompepesenuto, eciam Hocuteab ¢yHrnud f € & (X; C)
He nepecexaem HOCHTeas Mepsl pu, To u (f) = 0; oxHaKo mMeeT MecTO
cnenywoinee, Gojee TOUHOe CBOHCTBO.

Ieegnoskeuue 8. ITycmb p — Mepa HAQ A0KAABHO KOMRAKMHOM
npocmpancmee X. Jasn awboll gynryuu f € 68 (X; C), obpawaiuetics
6 nyav ma supp (p), p (f) = 0.

Momomum K = supp (f), S = supp (p). Has samamHOro £ >0
gepes V obosmaumm MHOReCTBO TeX x € X, mad roropux | f (z) | << &;
M0 YCJHOBHUIO, V ABIAETCA OTKPHTHEIM MHO;KECTBOM, colepmamuMm S;
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apagnT, CS Gyaer oKpecTHOCTHI0O KoMHmakTHoOTo MHO;kecTBA CV. Cie-
[0BaTENBHO, CYImECTBYeT HempepriBHOe O0TOOpajkeHme A HpoOCTpaH-
ctea X B 10, 1], pasnoe 1 na CV m umeromee HOCUTENH, COREP RAIUHACH
B CS (§ 1, ° 2, memma 1). A mockoabky HocmTenxb QyHKIuH fh He
nepecexaeT S, To w (fo) = 0. C npyroii croponsi, f = fh wa K| CV
w | fr | < f Ba X; crago GsiTh, cormacuo BHGOpy V, | f — fh | << 2¢
ma X. Haxomem, samerum, uTo Haiigerca Taroe gmcxol My, uro
[p(g) | << Myl gll ana mwoboit ¢pynknuu g€ & (X; C), mocmrens
KoTopo#l comep:kmTca B K; a Tak Kar HoCHTeab pasHoctd | — fh
cogepimurca B K, 10 | p(f— fh) | << 2Mye, u caegoBateasHo,
fp(N1=1p(f—fh) | <<2Mye; HO & NPOWBBONBHO, U 3HAUHT,
p(H) =0.

Cnencreue 1. Ecau gynsyuufu gus ¢& (X; C) pasuw na supp (u),
mo p (f) = p (8)-

Cnenctsue 2. Ilyeme pw — noaosicumenvHas mepa Ha X, ecau
dynryus f € & (X; C) marosa, umo f(z) =0 mna supp (pn), meo
u()=0. ,

B camom pmenme, f = | f | ma S, m smaumr, B cuny caemcrBus 1,

ph=wdfh=0.

Caepcrsue 3. ITyemv p — ozpanuvennas mepa na X; ecau Pynk-
yus | € & (X; C) maosa, umo | f (z) | < a nasupp (1), mo | p (f) | <
< all pll-

Heiticreureasto, supp (| p |) = supp (), m ecnru h — HempepwB-
Hoe orofpaskenme mpoctpaHctBa X B [0, 1], pasroe 1 Ha supp (f)
M uMemee KOMOAKTHHE HocuTeds, TO | f (z) | < ah (z) Ha supp (p),
a 3Ha4Y@T, B CHIY CIEACTBHA 2,

lp 1D <alwpl®)<alful;
YTBepNeHne caegyer Temeps u3 gopmyan (13), m. 6.

Meegmomenut 9. ycmv p — noaoscumesvnas mepa na X; ecau

! — maxas gynryus us K4+ (X), umo u (f) = 0, mo f obpaujaemcs
6 nyav Ha supp (u).

llycrp x — Takas Toura m3 X, 9710 f (2) >0; moxamem, uro

T He mpmHamue:RuT supp {p). B camom mese, Torma cymecTByeT Takas

IAS
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KOMIIaKTHAasf OKPECTHOCTH V ToukmM  m Takoe amcao ¢ >0, uro f (y) >
>a ma V. Ilycrs Temeps g == 0 — mHempephIBHAS QYHKIHA C KOM-
DaKTHEIM HocuTeneM B V; moraskeM, 910 M (g) = 0; meiicTBHTeaBHO,
ecan nonokuTh b =|| g||, T0 g < bf/a, otryna p (g) < bp (f)/la = 0.

IlrEpaoxErnE 10. ITyemv p — Mepa Ha A0KAALHO KOMRAKMHOM
npocmpahcmee X; mozda dasn awbol gynryuu g € 4 (X; C) nocumeas
Meptl g-n ecmb 3amvikanue T muoxcecmea mouex x € supp (n), dan
rkomopuix g {(x) = 0.

HefictBurenbHo, moxommm S = supp (n); ¥ OYCTh X, — TOUKA,
He mpmHAqIekamas T; HaljgeTcs Tawkasi OTKPHITasl OKPECTHOCTL V
TOUKH Z,, 9T0 B KakAo# Touke m3 V (] S ¢yHrmus g paBHa HyIo;
ecan f € 88 (X; C) mmeer mocutenn B V, 10 fg ofpamaercsa B HyIb Ha S,
7 3HagnT (upemi. 8), p (gf) = 0; MHEIMM ciIoBaMu, CY:KeHMe g-u Ha V
PaBHO HYIIO.

OGpartHO, DPEAmONOIKEM, ITO CY;KeHHME g ) Ha HEKOTOPYI0 OTKPHI-
TyI0 OKpecTHOCTh W Tourm xy € X paBHO HYJIO, M IOKa;KEM, TTO
B W[ S me cymecTryeT ToukHM, B KoTOpo#i g %= (. B camom peue,
ecim OB CymiecTBOBajia TaKasi TOYKa Y, TO CYMECTBOBajJa OBl H KOM-
HaKTHasg oKpecTHocTh U Toukm Yy, cofep:kamascA B W m Takas, 9ro
B HKaKJ0# To4YKe x DTOH OKPECTHOCTH g(x)‘q& 0; Ho Torma BeCsKasA
¢yuxnus f € 8¢ (X; C), HocuTenb KoOTOpOI cofiepures B U, MOKeT
OuITh 3ammCaHa B Buue [ = gh, rue h € 8 (X; C) mMeer mHocHTenh
B U < W; caenosatensno, Mu mmean Ou W (f) = p (gh) = 0, =ro
OpPOTHBOPEYAT YCIOBHIO, 9TO0 y € S,

Ormerus, 9ro T COAEPIKHTCA B HEPECEYSHUM HOCHUTENSA S MepH W
u HocuTens QymKmum g, He OyAydw o6sa3aTelLHO PABHEIM BTOMY Tepe-

cegenmio. Hanpumep, ecim X = R, ecam p — mepa Jmpaxa B Todke O
u ecam g (z) = z, 10 g-p = 0, X0TA mepecedenue HocuTekell g U | ecTb

MHOKECTBO, cojiepskamee Toury O m, craio OHTH, HE HYyCTO.

CaEncTeAE. [as mozo umobw mepa g\ 68aa nyaesoi, Heo6xodumo
u docmamoxno, ¥mobv g obpawjaracy 6 HYab HA HOCUMENE MEDH. .

MeepnosxennE 11. Beakas mepa ¢ KoMnakmuuM HOCUMEEM 02D~

HUueHa.
HeitctBuTeapno, | 1 | TOKe ABIAETCH MEePOH ¢ KOMIOAKTHEIM HOCH-

TeJeM, ¥ 3HAYUT, MOYKHO OrPAHMIUTLCSA ciydaeM, Korga p == 0; ecanm
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h — menpepsiBHOe oTobpaskerme X B [0, 1] ¢ KoMDakTHEIM HoCHTeNEM,
pasHoe 1 Ha supp (w), To s xw0boit Ppynxmmm f € ¢4 (X; C) mmeem
[f(x) |<<Hf Ik (x) Ha supp (u), n 3HaTmT (caepcTeme 2 m3 mpemu. 8),
pn(I7)<<p)If]l, sem mpepnosxerme m poxasamo (§ 1, n° 8).

4. Toueunvie mepwvt. Mepsvt ¢ KOHEUYHBIM HOCUTEAEH

reepnoxerne 12. Hyemo a; (1 << i< n) — pasauunsie mouku
& A0KAAbHO KoMnakmuom npocmpancmee X. Beakas mepa na X, Hocu-
meab KOMOpPOU NPUHAOAEHUM MHONECMEY MOYEE &;, ecmb AUHeUHAs
KoMOUHAYUR MeD Eq, (1 <i<n).

B camoM fieie, Takas Mepa | ABIAETCH HydeBoi 1A ao6oit GymK-
nma f € &% (X; C), ynosaersopsamomei n cootHomernuaM f(a;) =0
(n. 3, mpesn. 8); a TaK KAK BTH COOTHONICHMS BAMMCHBAITCH B BHE
€, (f)y = 0, To p saBAsteTCH NHHEHHOK KOMOUHAHEH Mep €q, (Amrepa,
ra. IT (3-e m3n.), § 7, n. 5, cueacrsme 1 m3 Teopemst 7).

B wactnoCTH, BeAKAaA Mepa, HOCHTeNb KOTOPO# myCT HMJIM CBO-
IOUTCH K eMHCTBEHHOH TOYKe X, MMEET BUJ O.E,, TNl ¢, — KOMILIEKCHO®
4pciio; TOBOPHAT, UTO TaKas Mepa eCThb MOYeHHAs Mmepa; CTano OHTh,
BCAKAS Mepa, HOCATeJb KOTOPOM KOHEYEeH, eCTh CyMMa TOYEYHHX Mep.

TEoPEMA 1. Beakas mepa W HG A0KAAbHO KOMNAKMHOM NDOCMPAH-
cmee X ecmb wupOKull aseMmenm NPUKOCHOEEHIS 6eKMODH0Z0 NP OCMPaH-
cmea V mep, Hocumeab Komopwx KoHewen u codepacumcs 6 supp (u).

JlocraTouHO f0Ka3aTh, YTO | OPTOrOHAJbHA MOAUPOCTPAHCTBY V°
npoctparctea ¢F (X; C), oproromamnromy ¥ V (Tom. BewT. mp-Ba,
ria. IT (2-e m3g.), § 6, n° 3, caegcreue 2 ma Teopemsr 1), T. e. 910 COOT-
nomenms (f, &, = 0, rae a upobGeraeT HOCHTEJb MEDH [, BJIEKYT
(f, n) = 0; HO 2TO ecTL He YTO MHOE, KAK HpeNIoKeHMe 8 U3 m. 3.

Cnencrsui 1. Beakas ozpanuvennas mepa | Ha X seasemca wupo-
EUM 2/eMeHMOM NPUKOCHOGEHUSL GWINYKA020 MHONecmea A Mep, Hocu-
meal KOmOpHI KOHEUH® W CO0epHamcs é Hocumense Mepy. W U HODMbL
komopuz < || u ||. Hpome moeo, ecau v wuporo cmpemumea £ ., ocma-
éaacv 8 A, mo || v || cmpemumea k || p ||

Has nowaszaTesbCTBA NEPBOr0 YTBEPKAEHMS OCTATOYHO YCTAHO-
BATHL, 970 Mepa U OPHHAMJIEKAT MHOMKECTBY, HOJIAPHOMY K MHOKe-
cBy A° wotopoe monsipro 4 B ¢ (X; C) (Tom. Bexrt. up-Ba, ri. Il
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(2-e u31.), § 6, m. 3, Teopema 1); aTo osmagaer, uto g f € & (X; C)

cootomenust |{f, e,) | << 1/{| n || mpm mobom a € supp (n) BIeKyT

| {f, u? | << 1; HO BTO BEpPHO B cHTY clencTBUA 3 U3 IpeNaoKeHEna 8 o, 3.
st morasaTenncTBa BTOPOTO yTBep/KAGHHS OTMETHM, 9TO

lim inj v =1l

vl vE

MOCKOIBKY QYHRIUS v+ ||v || moayHempeprIBHa CHM3Y B IIHPOKOM
romoxorum (§ 1, m. 9, caegersue 4 us mpepa. 15), m Hame yTBepsKme-
Hue caegyer u3 Toro, uro ||v||<|[p |l nna v € A wo ompeaenennio.

CaexcremE 2. Beskas ozpaHudennas mepa | HA X aeasemcs wupo-
KUM SAeMEHMOM NPUKOCHOBEHUS MHONCECEA MED, HOCUMeAU KOmopwlr
KOHeYHB U codepicamcs 8 Hocumedae meps. W U HOPMA KOMOPWI Dpas-
Ha || w i

DBes orpammuenns oGmuocTr Moo mpeimonoxuth p 5= 0. Ilyers
V — orkpeitas oxpectHocTh diaementa O B IMMPOKOM TOLOJOTHH;
cormacHo caefcTBuio 1, Aus dioGoro g, 0 << & << 1, cymiecTByeT Mepa
Vg, HOCHTEIb KOTOPO# KOHEYEH M COTEP;KHTCH B Supp (U) M KoTopas
obmamaer TeM cBoiicTBoM, u9T0 v, — W EV m |[p |l Z=lve il =
=(1—¢)|| p ||. Ecan monommrn v = (|| p [I/f vo II) vo, T0 l{v {I=1i p ll,
" || v—wvy [|<<e|l pn |}; a TOCKOIBKY & CKOTb yTOTHO MaJo, TOV — W €
€V + V, otkyna m moaydaeM YyTBep:KIECHHE.

Cnencteue 3. Bcakas 0zpanuieHHas NOAOHUMEAbHAL Mepa Ha X
A6AAEMCL WUDPOKUM IAEMEHINOM NDUKOCHOBEHUS BBINYKA0Z0 MHOJNCECEa
NOAOHCUMEALHBL MED, HOCUMEeAU KOMOopHT KOHewH® u codepaicamcs
6 Hocumede Mepbi U u Hopma komopwxr pasna || u ||

Paccymenne, anajiormaHoe OpPOBEAeHHOMY B CIeACTBHM 2, I03BO-
T51eT OTPAHHYATHCH AOKA3aTENbCTBOM TOTO, 4TO || eCTh IIMPOKRA dile-
MeHT IPHKOCHOBEHHS BHIOYKIOT0 MHOKecTBa [, cocroamero m3
TIONTO}KUTENBHEIX Mep ¢ KOHEYHHIMH HOCHTEJSMH B supp (1) m HopMoi
<[l ]l. Masg srtoro B cBOIO ouepedh AOCTAaTOYHO YCTAHOBHTH, UTO
|\ IPHHA/IE;KAT LOJAPHOMY MHOxecTBy K B° Kotopoeé moasipHe k B
6 % (X; R) (Tom. Bexrt. mp-Ba, ra. I (2-e m3n.), § 6, m. 3, Teopema 1);
mociefHee o3Hadaer, uro Aax mwoboro f € ¢ (X; R) coorHomenma
(fy o) < 1/|l n || opm mwGom a € supp (n) Baeryr (f, n)<C1, aro
BRITEKaeT M3 O. 3, CIeACTBUsA 2 M3 Npejno;keHusa 8.
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CaeacteuE 4. B npocmpancmee o (X; C) mHoxmcecmeo mouennuz
Mep MOMAALHO 6 MON0A0ZUU CMpo20 Komnarmuol crodumocmu (§ 1,
u. 10).

B camom fexe, B Koryce /4 (X) TomoJorus ¢cITporo KOMIAKTHOM
CXOJIMOCTH COBIIaflaeT ¢ MUPOKO Touoyormed (§ 1, m. 10, mpem. 18),
n 1obas Mepa Ha X 3anmcHIBaeTCH B BHAe W, — M, + iMg — il
rie p; (1 <<j<C4) — DonoskuTenbHEle MeEpH; TaKHM 00pa3oM,
3aRJIIOUeHEE Cleflyer M3 TeopeMrl 1.

Hregnomerne 13. Ilyemd p — Mepa Ha A0KAALHO KOMNAKMHOM
npocmpancmee X. Jaa mozo umobw mouka zx, npuradienara
supp (1), Heo6rodumo u Oocmamouro, wmobbl MOUeUHAA MePa €y,
610 UWLUPOKUM INEMEHIMOM NPUKOCHOSEHUS MHONCECMmEa Mep g-W, ele
g npobezaem MHOX*CECMEO HenpPePWEHNL GYHKYUL ¢ KOMROKMHHM HOCU-
meaem, yoosaemeopsarwuum yeaosuro || g-u [|<1.

JlocTaTouHOCTh OUEBHIHBIM 06pa3oM cllefyeT W3 upejiiokeHus 6,
n. 2. Yto6H mOKazaTh HEOOXOAMMOCTh, IPEAUOIOKHEM, UTO I, €
€ supp (1); paccMoTpuM womeuHoe uumciao Gymrumi fp (1 <<k << n)
u3 44" (X; C) n nuponssonproe unciao § > 0; focraTouHo [[0OKa3aTh, 9T0
cyimecrsyer Takad Qymrnmsa g € ¢ (X; C), ynomierBopsioman ycio-
B0 || g-p || << 1, 9ro BHIDOTHSETCH HEPaBEHCTBO

[ fr (@0) — 1 (gf) | <8

mias 1 <k<n Iyers U — 1akas OTHOCHTENBHO KOMIAKTHAS
OTKpHITasl OKPECTHOCTh TOUYKH I,, UYTO KojiebaHHe KaKIOH u3
fr 1<<k<n) ma U ne ppesocxopgur 6/2. 1lo ycaosmo, B cuay rtoro,
9T0 z, € supp (1), Haiigercsa ynkima g, € 4 (X; C), nmmewinaa mocn-
Teqb u3 U m Takas, 9To N (&) 5=0; Mepa v =: g4-u OTIUYHA OT HyJIe-
Boii, mbo musa moboi dpyukinum f € 58 (X; C), pasHoit 1 ma U, umeem
v (f) = pn (8, =0. Hpome Toro, v orpammuena (m. 3, mpepma. 11);
YMHOKasl, eCIM HY;KHO, g, Ha CKAJsp, MOMKEM IMPEIIOJIOMKATL, YTO
lIvil =1. INamnee, momoskuB oy = fp (z,), RIS 1<k<n n gas
moboi gymurmun b € 57 (X; C) uMeem

fu (@) — v (uh) = o (1 — v (B)) + v (@x — fa) h).
Ho mocutenn meps v comepntcas B U, W 3HAYAT, MOKHO OTOKMIe-
CTBHTH Vv ¢ ee cy:keHmeM Ha U; rorma ycmoBme || v || = 1 Breuer cyme-

crposanme GyEKnuu 2 € ¢% (X; C) ¢ mocurenem ms U, Takoit, dro.
|| <1maro |ay (1 —v (h) | <8/2 maa 1 < k < n. IIpu a10M
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COTJIaCHO oIpefedeHHI0 okpectHOCTH U mmeeM | (@ —fi () k (z) | <<
< 8/2 pas mo6oro x € U; a mockoasky || v [| = 1 u supp (v) = U,
10 | v ((ar — fr) k) | << 8/2, m 3HaunT, MONOKUB g = goh, MOTIydaeM

[fo (o) —w(gfn) | <O pna 1<<k<n.

Tem camBEM mpefioKeHHe HOKa3aHO, HGO
lg-ull =l (gh) 1l <l gorn |l = 1.

Cneacreue. I[Tyeme pn — mepa na X. Jas mozo umobv mepa v na X
OBAG  WUPOKUM IAEMEHMOM NDUKOCHOBCHUS MHOMCECNEA MeD g-W,
20e g npobezaem & (X; C), Heobxodumo wu docmamoyrno, umobm
supp (v) = supp (n).

B camom peme, supp (g-n) < supp (u) B cmiy upemiomernus 10,
o. 3; caefoBaTelpHO, HOCHTENh JI060T0 NIMPOKOTO Ipefielia Mep Buia
g+ Tawske cofep:kmics B supp () (u. 2, mpema. 6). O6parHo, ecam
supp (v) < supp (1), T0 v ecTb IKPOKHI Tmpeflell MeD C KOHEUHHMU
HOCHUTENAMH, cofiepsKamumuca B supp (n) (Teopema 1), m crano Guith,
ABAfeTcA (COriaacHO INpeMJIOKeHNI0 13) MHPOKHEM bdiIeMEHTOM IpH-
KOCHOBEHHMSI MHOKECTBa Mep g-W.

3. Juckpemmnvte neput

ITrEpnomERNE 14. Jas mozo umobs Mepa W Ha A0KAALHO KOMRAKM-
Hom npocmpancmee X Oviaa duckpemuoii mepoti (§ 1, 1. 3, mpumep 1),
Heobxodumo u Oocmamouro, wmobs ee Hocumeadb Ovli OUCKDemMHbIM
3aMEHYymMUM nodnpocmpancmeom npocmpancmea X.

IIyers p — pmuckperHass Mepa Ha X, olipefesIeHHAS IIPH IOMONIH
Mace k (z) =0, pacmosoKeHHEX B TOUKaX £ AECKPETHOIO 3aMKHYTOT0
HOANPOCTPAHCTBA /N IPOCTpaHCTBa X ; MOKaKeM, 4TO HOCHTEIb MePH i
coBmafaer ¢ N. B camoMm mene, mnaA BcAKOH ToUKM a € N u 6o
okpectHOCTH V Toukm a HainercAa pyHruua f € o (X; C) ¢ HocuTedem
B V, paBHas 1 B 1ouxe a u 0 B ocTanbHHX Toukax 3 [V; otciofa b (f) =
= h (a) 0. Ecaun, Banporus, b ¢ N, To HaiimeTca oxpecrHocTh W
TOUKH b, He UMEIMAsA HA OfHOM obmei Touru ¢ N; Torma Aas m06oi
dyaxmun g € 68 (X; C) ¢ mocurenem B N BEHINOIHAETCA pPaBEHCTBO
i (g) = 0, norasmBaomee, 970 b He OPHHAMJIEKUT HOCHTENI0 MEDPHL 1.

O6partHO, OyCTh U — Mepa, HOCHTEIh KOTOPOIl SABIAETCA JHCKpPeT-
HHEIM 3aMKHYTHM IOANpocTpaHcTBOoM /N mpoctpaHcTBa X. Jlus mioboi
TOYKH @ € N CymecTByeT OTKpHTas OKpecTHOCTH V, TOUKH a, He
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cofiepKallad HE OFHOW TOIKH H3 N, oriIugHO# OT a; CIeLoBaTeIbHO,
cy/eHHe Meps W Ha V, ecTh TouegHas Mepa ¢ HocuTeneM {a} (m. 2,
npejt. 5) m 3HAUAT (L. 4, npefa. 12), umeer BuA & (a) &g, TRk (a) 0.
Ecmm noaoxuts hk(x) =0 B toukax m3 C/N m 0003Ha4YHTHL depe3 v
Mepy, oIpefieleHHYI0 IIPH IOMOINM Macce /2 (x), To Ha OCHOBAHMH IIPUH-
ouma JOKalu3amMd TOJIydaeM, YTO Vv = U.

Mu1 BuguM, TakuM o6pa3oM, 9T0 Ha JuckpemHoam MpocTpaHcTBe X
BCAKAA Mepa Juckpemmua.

YuopakHeHis

1) Ilyets X — JA0KaAbHO KOMHAKTHOE IPOCTPAHCTBO M WycTh O —
rakofl uabrp B o/ (X; C), 9T0 HOCHTENb MEPH |4 OGCKOHEUHO y[aJfAercs
no {; moKasaTsb, 410 [ cTpeMuTcA K 0 no @ OTHOCHTENBHO KBABHCHILHOM
romosorun (§ 1, yup. 8).

2) TlokazaTs, ¥TO B yabTpacmibHOil Tomomorui B off! (X; C) (§ 1,
yop. 15) MHOMecTBO Mep ¢ KOMIAKTHEIM HOCHTeJeM BCIOLy HJIOTHO B
ML (X; C). .

3) Nycrs X — umrepsaxn [0, 1] us R. Iloxasars, uro B GaHaxoBOM
mpocrpanctse off (X; C) paccroamme mepH Jlebera mo aroboit guckper-
HOWL MepH = 1.

°4) Ilycte A — HECUETHOE MHO;KECTBO. PaccMOTpHM BO MHOKECTBe
¥ (4) ormomenue Meskny M w N:«M [} CN n N [} CM cHerHH»; HoRa-
3aTh, 9TO BTO €CTh OTHONIEHHE HKBIBAJEGHTHOCTH, ClIafo coriacymonieecs
¢ orHomeHmeM BKikoveEEA M < M’ (Mmuomectsa, ra., IIT (2-e u3pn.)
§ 1, ymop. 2). IIycts B — darTopMHOKeCcTBO MHO:KecTBa P (4) mo aromy
OTHOUIEHWI0 DKBHUBAJIEHTHOCTH; IOKAa3aTh, YT0 B B OTHOIIeHHe, IOJIYYOH-
HOe ¥3 OTHOMEHNS BRJIKYeHHs QaKTopl3anueil, ecTh OTHOMEHHE HOPsIKA,
1A KoToporo B sBusiercs GyneBoii peineTroil (Tay e, yop. 17). Uasectno
(O6masn Ton., ra. I (3-e m3p.), § 4, yop. 12), 910 cymecTByeT uzoMopduam
CTPYKTYPH HNOPAJZKAa MHOMKecTBa B ma OyneBy peImeTKy, COCTOSIYIO
3 3aMKHYTHX M OTKDHTHX OJHOBPEMEHHO MOXMHOKECTB BIIOJHE HECBA3-
HOTO KOMHAKTHOTO mpocrpaHcTBa X. Ilokasars, 4to ecam U — memyctoe
OTKPHTOe MHOKecTBO B X, TO CYNIECTBYET HeCYeTHOE CEeMEHCTBO HemyCThix
IONapHO HE [EPeceKalomuXcs OTKPBITHX poamuO#ecTs V, m3 U (Boc-
TI0AL30BATECA TeM, UTO HECYETHOE MHOFKECTBO JOIYCKaeT HECYETHOe pas-
OumeHme, cOCTOsMee W3 HECYETHHIX TOJIMHOMKECTB). BHIBECTH OTCIOKA, ITO
BcAKasA Mepa Ha X HMeeT wuzde He naomubil HOCHTEINb.

5) Iyers X — KoMHEaKTHOE HPOCTPAHCTBO. I'0BOPAT, dTO GeCKOHEU-
Has NOCAe0BATeNBHOCTD (“’n)neN Touer u3 X mMeeT npedeabHoe pacnpede-

n-1

1
AeHUe, eCIU HOCICAOBATENLHOCTE MEP ¢ KOHEYHBIM HOCUOTENEM -— Z Gx
n i
i=0
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JMHPOKO CTPEMITCA K HEKOTOPOMY Ipeieay W B off, (X); TOBOPAT TaK:ke,
9T0 MOCJHef0BATENbHOCTb (2,) pasnopacnpedesena no mepe W. Iloraszars,
uyro ecan T — TOTambHOE MHOKECTBO B GaHaxoBoM mpoctpaunctse ¢ (X; C),
TO Jis TOro, YToOH IOCHEJ0BATEILHOCTE (2,) MMeJa NpejelbHOe paciipe-
n—1
neJieHue,, He0OX0IIMO U AOCTATOTHO, YTOOH HOCIEOBATEABHOCTH %- 2 f(z;)
’ i=0
cTpemMmiach K upeneny B C jsisa 1ro60ii pyrxyuu f € 7. IlorasaTh, B 9acT-
HOCTH, 9TO0 ecanm X — METPHU3YyeMOe KOMIaKTHOe HPOCTPAHCTBO, TO st
110601 HOCTeoBATeAbHOCTH (r,) TOUeR M3 X CyumecTByeT HOANOCHE0Ba-
TEILAOCTH (znh), HMeIag npeJenbHOe pacmpeneneHue.

Toxasars, yro ecin X — nurepsaxa [0, 1] ma R, a p — mepa Jlebera
#a X, TO s TOTO ITOOH IIOCIeAOBATENBHOCTE (%) Touex m3 X OmIa paB-
HOpacIpeesieHa OTHOCUTENbHO i, HEOOXOANMO M JOCTATOYHO, ITOOHL OHa
Obna paenopacnpedeaena mod | B cmuene: (O6mas tom., ria. VII, § 1
yup. 14). Jias 970ro HEOGXOAIIMO I KOCTATOYHO, YTOOH s JOGOTO IETOrO

n-1 .
m € Z moclief0BaTeJIbHOCTH -1— S‘ e2mmxk crpemmiack kK 0 mpum m == 0.
n k‘::-[‘)

BrupsecTn oTClOl@ CHOBA, B YACTHOCTH, 9TO IOCHEROBATEILHOCTH TOYEK
2, = n — [#0] (n € N) paBHOpacmpesencna mod 1 fusa nwoGoro uppa-
nuoHaxbsHOTO Yuciaa 6 (O6mas tom., ro. VII, § 1, yap. 14). Rakoso 6yaer
npefenbHOE pacnpeneneune, Koria 6 pamnomansuo? (Cp. rawke i IV,
§ 5, m. 12)

§ 3. Unrerpannl 0T HenpepulBHBIX BEKTOP-PYyHKIMI

Ha npomsacenuu ecezo napazpaga yepes X 0603Ha4aemces 40KaLbHO
KOMNAKMHOoe RPOCTMPAHCME0, weped E — AokaibHo ebinykaoe npocmpan-
cmeo nad R uau C. Yepes E’ odosnavaemca conpscennoe ¥ E (npo-
empancmeo Henpepwehtix auHelinvix gopm Ha E), uepes E'* — anze6-
pauveckoe conpsocennoe k E' (npocmpancmeo ecex aumeiinbir @opm
na E'); daa 2 €E, &' € E', 2'* € E'* ucnoavsywmes 0603HaueHUs

2,2 =2 (2), '*)=a%@).

Hanomuum, umo ecau E omdeaumo, mo oHO omodcoecmessemcs
¢ Hekomopum nodnpocmpancmeom npocmparcmea E'* nymem udenmu-
purayuu ssemenma = € E ¢ auneiinoli gopmoti 2" —(#, 2') na E’
u umo E'*, nadeaennoe caaboii monoaoeueii ¢ (E'*, E'), Kanonuuecku
0MoKHCOeCIEAREMEA ¢ NONOAHeHUeM npocmpancméa E, HaleaenHuim
ocaabaennoti monoaozueii o (E, E').
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1. Onpedeaenue unmezpaaa om GeEmop-PHyYHEyuY

Hanomemm, uro oroGpaskenne f mpocrpancrea X B £ HaswiBaercs
caabo HenpepbienbiM, ecam gast awoboro 2’ € E' otobpamenme T —>
—> (f (z), #’ ) npoctpanctBa X B C (uHHME cI0BaMH, OTOGpayKeHHE
#' o f, oGo3Hagaemoe Tak:ke (f, 2’ )) HempepriBro. Bynmem rosopurs, aro
orobpaxenme f mpoctpaHcTBa X B E ckauapro urummo, ecinm fIA
moboro 2’ € E’ otoGpaskernne x — (f (z), ' ) uMeeT KOMIAKTHBIA HOCH-
tenb. Bynem o6osHauats gepes o4 (X; E) mpocrpaHCTBO oTofpaske-
mpit X B E, sersowurcs 4060 HenpepueHUMU U CKAAADHO PUHUMMHB-
nu; sicio, aro % (X; E) = 5% (X; E), ofHako J(Ba TpPOCTPaHCTBA
MOTYT He COBIAfaTh (CM. HI;Ke IpHMep 2); B crydae KoHegHOMepHOTo K
OHH COBIIAfAIoT.

OTMmeTHM, 9TO0 B OmpefeneHull ciabo HenpepuBHOH (ymKuuu (cooT-
BETCTBEHHO CKAJIAPHO (QMHUTHOH (YHKOUM) TONOJOTHA TPocTpamcIBa X
y4acTByeT JHIIL IIOCPeJCTBOM CONpsKeHHOro K E mpocrpamctBa E';
3HAYHUT, MHOKECTBO 3THX ('I)yHKIIHIuI HE NOJKHO 3aMEHATHCHA IPH 3aMCHe
TOHOJOTHH HPOCTPaHcTBa E ni060il J0KAJIBHO BHIYKION TOmONOTHeIl, MIA
KOTOpOU CONpPAMEeHHOoe NPOCTPAHCTBO OCTaeTCA TeM Ke.

Jamerum, 9T0 ecnm K m F — [Ba HPOCTPAHCTBA B J{BOIMCTBEHHOCTH,
TO DTO PABHOCHIBHO TOMY, 9TO oToO0paskeHue X B E menpepbisno B TOHNOINO-
rwn o (E, F), uan 910 OHO caabo Henpepuieno.

Ityers f — oroOpaskennme X B £, crabo HenpepHBHOE M CKAJIAPHO
¢purnTHOE, M WyCTH W — Mepa Ha X; aus moGoro 2 € £’ umeem 2 o f €
€ % (X); momommm

o ()={(F @), ) dn (@) =n @ .

o
fleno, aTo ¢ ecth auHeiHass gopma Ha E’, a cTamo GHTH, ade-
menm uz E'*, ,

Onpepenenne 1. Jas aw6oii gyneyun f € 5% (X; E) unmezpaaon

om [ omuocumenvro N Haswseaemci, u 0603nauaemcs Sf dp, uau

Sf(x) dp (z), uau Sfp, usu S f(:b) w (z), ssemenm w3z E'*, onpe-

deasiemuili gopmyaoil

<Sfdu, z’>= S (f,#") du 0aa awboeo 2" €E'. )]
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OrMetnM, 4To B ciiydae omdeiumozo TpocTpaHCTBa E He 0643a-
meabHo Sfdy € E, pame worga f €67 (X; E) (yup. 1; cp. m. 3).

IMMpumepn 1) Ilpesmonosxmm, aro E — koneunomepHoe TpoO-
crpadcTBo may C W 4TO OHO OTHEAMMO, TaK 9UTO eCHH (€;)i<i<n —
pasmc B E, 10 oToGpamenme ’

(gh ey gn) —> i§1 giei

ecTh msoMopgmam mpoctpancrBa (" ma E. Torma, KaK U3BeCTHO, BCS-
Kafl samHefimasg ¢opma Ha E HeIpephHBHA, HAW, WHEMM CJIOBaMH,
E' mpeutuuno aareGpamueckoMy coumpsxemHomy E* mpocrpancrtsa E,
a E'* ramommuecku otoskuectsasgerca ¢ E. Ilyets (ei)igicn — Gasue
B E’, gBoficTBenHH K Gasmcy (e;); Ris Toro 4ToGH oTofpaskeHme f
mpocTrpaHcTBa X B mpoctpancTso K Geio cixaGo HenpepHBHO H CKa-
aapHo PMHATHO, HeoGXOAMMO M JOCTaTOYHO, 4YTOOH (yHKmum f; =
= e; o f ObUIN HeIPepHIBHH M WMeJH KOMOAKTHHH HOCHTENb; TOrfa

f@ = Zn] /i (x) e, ansa moboro x € X, m
i=1
Sfduzz w(f:) e;.
=1

2) Bossmem B KauecTBe E mpocrpaHcTBO off (X; C) Mep Ha X,
HafieJIeHHO® wupokoli Tomonormeii (§ 1, . 9); Torga conpmxensoe K £
OpocTpaHcTBO E’' KaHOHWYECKH OTOMAECTBIAAETCH € IPOCTPAHCTBOM
& (X; C) (Ton. Bekrt. mp-Ba, ra. [ (2-e msn.), § 6, m. 2, npenn. 3).
OroGpakenune x+—> g, npoctpanctBa X B E nenpepweno (§ 1, m 9,
mpefa. 13), HO ero HocuTenb He KOMIAKTeH, ecium X He KOMIAKTHO;
OfIHaKO OHO CKatapHO Punummo, w60 pas dioboir ¢ymkmum f € E’
¢ynkmEa > (e, f) = f (r) DO ompefeNeHHMI0 WMeeT KOMIIAKTHHIH
Hocutens. Hpome Toro, mmeeM

{Cana={t@d@=wn
maa moboit dyuxmum f € &% (X; C) = E’, 4em AoKasaHO, 4TO

{ecdu@=p

g moboit Mepsl p Ha X.
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3) Ecuu E ormesnmo, To fas mo6oi toakn y € X m ao6oil Gyarmun
fE % (X; E) mmeem

§ rae, = rw,

TaK KakK S {f,2")de, ={f (y), 2’ ) no ompepenenuIO.

3amMedanusd 1) Ecim £ — JoKadpHO BHOYKJIOe TPOCTPAHCTBO
n N — sambuikanue {0} B E, Tak wro E, = E/N — acconuuposanmoe ¢ E
OT/eINMO€ JIOKAJBHO BRITYKIOE IPOCTPAHCTBO, TO, KAK H3BECTHO, CONPs-
JeHHNe mpocTpancTBa E' m E{ coBmAjaloT; AuA TOro 4robm QymKnma f
npmHagIekana o (X; E), BeoOX0fHMO M [OCTATOYHO, YTOOH f; = Mo f
(rme  m: E — E, — KaHOHAYeCKUI roMoMopdu3M)  DPHHATIENKANIA

b (X E;), u Torga S fdp = S[fl du. Mo:xno, caenoBaTelbRO, OIPaHN-
9HTHCA PACCMOTPEHHEM TOJIBKO omdesumblsr JOKANBHO BHRIIYKJIKX IPOCT-
PABCTB.

2) Mycte £ — NOKalbHO BHIYKJI0€ HpocTpaHCTBO #ad € H IycTh
Ey, — noxanpHO BHINYKJOE OpocTpaHCTBO Had R, 6GasucHoe Aaa E; MH
3EaeM, 4T0 oTobpaienue 2z’ —» Re 2’, KoTopoe Kampodl (KOMILIEKCHOMH)
HempepHBHON MumeitHO# ¢opMe 2z’ Ha E cTaBHUT B COOTBETCTBHE (feHCTBH-
TeJBHYI0) HeNPepPHBHEYI0 nuEeiHyl0 fopmy 2z —> Re {2, z') Ha E,, ecrtb
R-uzoMopguaM compsuxennoro mpocrpancTsa E’ Ha compsykeHmoe K Ey
mpocrpaHcTso Ej (Tom. Bexr. mp-sa, ri. 11 (2-e man.), § 8, n. 1). Touro
TaK e, aarebpamveckoe conpsuxennoe E;* melicTBHTENBHOrO BEKTOPHOIO
npocTpancTBa Egq KaHOHHYECKH OTOMKIECTBIAETCH C JIeHCTBUTENLHEIM
TIPOCTPABCTBOM, Oa3HCHEIM [Jja axre0pandecKoro COIPsUKeHHOro £'#*
npoctpaHcrBa E'. Orcloga crenyer, 4T0 eciu | — delicmsumesvhas mepa,
a f — orobpamxernue s J¢ (X; E), 1o dopmyna (1) mo-mpexEeMy BepHa,
ecau paccMarpuBaTh f KakK 0To0pajkenme, IPHHNMAONee sHavends B F,
U KaHOHHYecKue OmamHeiinnie ¢opmu, ¢urypmpyoomume B o6emx wacrax

PaBeHCTBA, OTHOCHTL COOTBETCTBEHHO K JIBOMCTBEHHOCTH Mewny E, m E'*
B JeBoH 9acTH M K JBOMCTBeHHOCTH MeKRy E, mw Ej B mpasoif.

\

R. Ceoticmea eexmopnozo unmezpaaa
ITrepaomEane 1. Omobpascerue

(fiw— | £

npoussedenus & (X; E) X o (X;C) ¢ E'* Guruneiino.
ITpejoKenne ciefyeT HONOCPeJCTBEHHO U3 oNlpefeieHmst 1, m. 1.

Ilycts % — HempephIBHOe JHHEHHOEe OTOOpPaKeHH® IIPOCTPAH-
cTBa £ B JOKaJBHO BHIOYKIOe IPOCTPAHCTBO F; M3BECTHO, UTO MpPAHC-



62 MEPBI HA JIOKAJIbHO KOMIIAKTHBIX ITPOCTPAHCTBAX II, IIL, § 3

nowuposankoe oTobpamenne ‘u ecTL AuHeHHOe OTOGpaskeHHMe COPS-
sKeHHOro K F mpocrpanctBa F’ B conpsixennoe K E npoctpancrso E';
MH GyneM oGoszHauath wepes ''u orobpamenue E'* — F'*, Tpamcmo-
HEpPOBaHHOE K ‘2 (B anreGpamueckom cmbicae); ecin £ u F orTennmu
M KaHOHMYECKU OTOKIECTBISAIOTCSH COOTBETCTBEHHO ¢ HORIPOCTpPAH-
cTBamu mpoctpancTB E'* u F'*, 10 Yu npodoancaem orobpaenme .
B s1ux obosnauenuax cupaBefIUBO

IIrEmnomERNE 2. Iycmb w — menpepwiehoe aukelinoe omobpadce-
Hue npocmpawcmea E ¢ aokaavho esinykaoe npocmpancmeo F; das
atoboi gynrkyuu f € X (X E) gynryun u o f npunadaencum £ (X; F)u

{ e (r@)anta) =" ([ £ (@) du(@)). (2)

Hdus nwboii  HeupepHBHO# auHelHO# ¢opMH 2 € F' nmeeM
#ouof=y’ of, ecim nonomurs ¢y’ =2 ou = ‘u (#')€ E', otxyna
ciefyer mepBoe yTBep:KIeHHe; KpOMe Toro, Iis didoro z° € F' umeeM

<5 (uof)du, Z'> = 5 (wof, ") du=
= [ ey du=§ran fu @)y = ([ ran) L 2,
OTKYJa U IOIydYaem d)opMyny (2). .
HPEIIJIO;‘KEHI/IE 3. Has w1060 PyrKyuL gE‘G (X C) u awbol
Pynsyuu f €% (X; E) pynnyus gf npunadsescum & (X; E) u
Sfd(g-u)=gfgdu- &)

B camoMm pene, pasa awboro 2’ € E' umeem (gf, 2') = g(f, &')
OTKyfla ClefyeT IepBoe YyTBep;KAEHHE; KpOME TOIO,

<5fd(g-u), z'>= § (f, =) d(g-n)y= S g, & du=

= S (gf, "y du = <5 gf du, z'>,

OTKyfa moayyaeM (3).

MregnomeruE 4. ITycmv p — nososcumenvras mepa Ha X, § —
ee Hocumeav U [ — ynxyus us K (X; E). Ilpednoroncum, umo
E omdeaumo u umo npocmparcmeo E'* nadeseno caaboii monoaozueli
o (E'*, E"). Toeda:
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(i) Humezpaa \ 1 du npunadzemum samviranuto C 6 E'* gunyrao-
¢0 KoHyca, nopoxcdentozo | (S).
(ii) Ecau u oepanuvena, mo uHmezpan gfdp, npunadiexcum

mruoxcecney || ull-D, ede D — samrnymas suinyrias 06040uka MHOMCE-
cmea f(S) ¢ E'*,

Ecan E ®oMIJIeKCHO, TO MBl HajfeldseM ero cBOe#l CTpYKTypoH
Jeticmeumenbhozo BEKTOPHOIO Ga3lCHOr0 NpOCTPAHCTBA, dYTO, KAaK
MBl BHeIH, He MeHsieT (opmyasr (1).

(i) UsBectHo, ato C ecTh mepeceueHHe B3aMKHYTHX IOAYIPO-
crpancTB B E'*, comepmamux f (S) u onpefeseHHHX Npu IIOMOIIM
3AMKHYTHX THIepILIOCKOCTel, mpoxoaamux wepes (; sHaumT, mocra-
TOYHO JIOKa3aTh, 4To Has 2’ € E' coorHomenue (f (z), ') >0 upnm
aobom z € S Biaewer

<5fdu, ,»;'> = 0;

<jfdp, ;.'>=j . =y,

TO 3TO BHTEKaeT U3 cjaefcTBus 2 mperiomenus 8, § 2, m. 3.

(ii) UsBecrro, Wro D ecrs IepecedeHne BaMKHYTHX IOJYyIpO-
cTpaHcTB B E'*, comepxamux f (S); cTamso GHTE, JOCTATOYHO [OKA3aTh,
aro Aasa 2' € E' coorHomenne (f (z), ') < a mpu mobom z € S BaedeT

(S raw =y <aliul;

HO 9TO BHITEKaeT W3 CAEACTBHS 3 Hpelaoxendsa 8, § 2, m. 3.

HO NOOCKOJLRY

Caenpcreue. Hyembv w — noaoscumenvias mepa wa X, f — omo-
Opascenue, npunadsexncayee % (X5 E), u D — samruymas ennykias
oGoaoura muoxcecmea f(X) ¢ E'*. Toeda cywecmeyem makoe uucao

a >0, umo Sfdp €a-D.

Ecau v — npouseoavnas mepa na X, mo cywecmsywom makue
HucAa ay, Ay, as, a >0, umo

5 faveaD — a,D + ia,D — iaD.

Ipepmono;kmy BHagade, 9TO | IOJNOKHTENbHA; IO YCJIOBHID,
HocuTedb K QyHKOUE f KOMIAKTEH; eCJM v — Cy/KeHHe || Ha OTKPH-
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Tyl OTHOCHTEALHO KOMIAKTHYK OKpeCTHOCTh MHOMxecTBa K, TO
v oTpaHNYeHa M Sfdu = Sf dv € ||v ||-D, B cuny npegnomenns 4,

(ii). Bropoe yTBep:jieHne BHTeKaeT M3 IepPBOTO, MOCKONbKY IIPOHM3-
BOJBHYI0 KOMILIEKCHYI0 MEDY MOMKHO Ipe[CTaBUTh B BUAe 1, — W,
+ iy — iyy, The ; TOJOKHUTEIHHH.

Ilpepnoxenne 5. ITycmo npocmpancmeo X komnaxmmo u nycmb
I — uenpepvisnoe omobpasxcenue X ¢ omdeiumoe aokasbho evinyk.ioe
npocmpancméo E. Tozda samknymas evinykaas 060404KG MHOINCe-
cmea f(X) ¢ E'* (omuocumeavro monosoeuu o (E'*, E')) pasna

MHOHCECMEY BEKMODPO8 Sfdy, OMHOCUMENBHO 6CeX ROAOHUMEADHLL

mep u maccet 1 na X.
IIycrs C — 3amMkHyTas BHIyKIafg ofomouxka muomectBa f (X)
B E'*; mockoabry f (X) wommaktHo m E’'* noawo, mMuoxkectBo C

kommakTHO. Hak ME ymxe 3maeM (mpemn. 4), S fdp € C ana aw6oi

Mephl U, OPHHAJJIEKAMEA BHIYKIOMY MHOMKecTBY H TOI0KHTETH-
HEeX Mep Ha X ¢ momHo# Maccoii, paBHo# 1. C Apyroit cropoum,
H Bunykiao m Komnarmuo B MHUpoKoi Tomoxorum (§ 1, m. 9, cien-
crBue 3 M3 mpend. 15) m ABIAerTcA 3aMbLIKaHMeM (B 9TOH TOLOJIOTHH)
BHEIIYKJIOI0 MHOKeCTBa H, II0J0KUTEABHEX Mep MaccH 1 ¢ Koneunsim
Hocutenem (§ 2, 1. 5, caemcrBue 3 u3 Teopems 1). Ho o6pas H, npu .

oTOOpasKeHNH | —> S f dy ectp Bhmyknag oGomouxa C, MHOMecTBa

f(X) B E'*. C npyroii CTOpDOHH, 3T0 O0TOGpaskeHWe HENpPEPLIBHO
B mupoKoii Tononorun B o/ (X; C) m B ronmonornm o (E'*, E') B E'*,

TaK Kak <S f dyp, ::'> = ( (f, 2’y dy 1o omupenenenwo; 3Haumr,
N
obpas muomecrBa H = H, ecTb komnakmhoe BHIYKJ0e MHOMKECTBO,

comepsxamee C, 1 cofiepaameecsa B C; a mockodbky C = C,, To 9TOT
o6pas pasen C.

Neepnomenne 6. Juas awbozo HenpepwisHozo omoOpaxcenus |
¢ KOMNAKEMHEM Hocumeem, omobpascarwuezo X ¢ omodesumoe 40KaAbHO
suinykaoe npocmparcmeo E, 41060l Henpeprienoli noaynopmu q¢ na E

u awbol mepvt P Ha X, ydosaemeopsouell Yeaoeuio S fdu €E, umeen

o(fra)<f@enarnr *
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Iyere D — muomecTBo Tex # € E, pas xortopeix ¢ (2) << 1;
D saMmrHYyTO, BEIOYKJ0 ® comepssur 0, a smaumr, D = D (Tom.
BeKT. np-Ba, ra. IV, § 2, m. 3, cremcreme 2 n3 HpeI[JI 4). Cnenoaa-
TeabHO, JOCTATOYHO JIOKasaTh, 4TO A Jiboro z € D°

[(] ran = H|<f@opanpn:
<§fdu, z’>=5 (f, 2’ )dn

H, mo ompefenenuio D° paa moGoro z € X

[ {f (@), 2") | < g (F (),

TO yTBep:kieHHe ciefyer m3 Hepasencta (13), § 1, m. 6.

a TOCKOJBKY

3. Epumepuu npunadrescnocmu unmezpaid
npocmpancmey FE

Ilpepnoxenne 7. Ilyemv E — omdeaumoe A0KAALHO 6unyKA0E
npocmparnemeo u f €88 (X; E). Ecau f (X) codepacumcs 6 noanonr

goinykaom nodmuoxcecmee A npocmpancmea E, mo Sf du E E.

Ilyers K — HoOcuTenns oToOpaskeHus f WO yCIOBHIO, OH KOMIIaK-
Ter. Orobpasenne f obpamaerca B Hynb Ha X — K; mosToMy MHOMKe-
ctro f(X) pasro f (K) wmn f (K) |J {0}, m 3Ha4uT, KOMIAKTHO B cmiy
Toro, uro f HenpephBHO, a E oTHeAMMO; TOITA 3aMKHYTas BHITYKJIaA
oGomouxka C muoxectBa f (X) B E mpenxommaktHa (OTHOCHTENBLHO
PABHOMEDHON CTPYKTYPH, MHAYIHPOBAaHHOA CTPYyKTypoir u3 FE)
(Tom. Bewr. np-Ba, ri. 11 (2-e m3n.), § 4, o. 1, opena. 3). Ho C ectd
3AMKHYTOe HOIMHOKeCTBO MOJHOTO npocTpancTBa A; moaromy C moa-
HO, a 3HAYAT, KOMIAKTHO; I Tem Gojee, C KOMIAaKTHO B ociabiieHHoi
ronoaornu ¢ (E, E'); HO MOCKOABKY HMOCAGNHAA HHIYIHPOBAaHA TOIO-
dorueit ¢ (E'*, E'), ro C saBiasderca 3aMKHYTOH BHIYKJIO0A 060s09K0#
muoskecTBa [ (X) B E'* ormocurensuo tomoinoruu ¢ (E'*, E'); crano
OBITH, HpU TOMOMIM CIEACTBUA M3 TpPeNJIoKeHuA 4, I. 2 moiaydaem
Tpebyemoe.

Cnepcreue 1. Hyecmv E — omdeaumoe A0KAALHO ghinykraoe npo-
cmpancmeo; 0as awboti gyuryuu f€ % (X; E) unmezpaa \fdu

npunadaexcum nonoinenuio E npocmpancmea E.

5 H. Byp6axu
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Ilockoabky compssxkeEnse K £ m E mpocrpaHcTsa coemagamwr,
MOCTATOYHO IPHMEHHUTh mupeino;kenme 6, camras, uTo [ mpuHEMaeT

3HadeHusa B K.

.

CnencrBre 2. Ecau E — omdeaumoe Keasunoanoe a40KaAbHO 6=
nykaoe npoCmMpPAaHcmeo, Mo 3 fdu € E 6aa awboii pyuryuu
f €% (X; E).

Kak ye ObT0 3aMedeHO B HavauIe JOKA3aTeNbCTBA IpeIOMKe-
ans 7, MEOMecTBO f (X) KOMIAKTHO W €r0 3aMKHYTafl BEIITYKIAs 060=
aovka C B E mpefKOMIAKTHA, W 3HAIMT, OTPaHHYEHA; HO IIOCKOJLKY
MHOKecTBO C 3aMKHYTO M OTPAEMYEHO, TO OHO, B CHJAY CAeJaHHOTO
OpeIJIoKeHHsI OTHOCHTENbHO E, mOMHO m, cTano OHITH, JOCTATOIHO
IpUMEHATH IpefaosKkeHHe 7.

B raase VI, § 1, n. 2 MH npuBefieM Apyrue KpHUTepud TOro, 4To0H

S £ du mpuHajgaexan E,-— KDUTEPUH, KOTOPHE NPHMEHUMH, B 9aCTHOCTH,

K PYHKOUAM U3 & (X; E), a He TONBKO K dyurmuay us 4 (X; E).

CaenictBne 2 u3 TpefyioReHHs 7 DPAMEHUMO B CAEIYIOMUX ABYX
enyuasnx: 1° E — 6anazoso npocmpancmeo; 2° E — conpssrenHoe
K OTJenUMOMY JOKAJbHO BHIIYKIOMY Goueurnomy mupoctpaHcTBy G,
z E nameneno &-romoxormeii, rge © — HexoTopoe moxphitHE G
orpauuvenHnMr nopMHOkecTBamu (Tom. Bext. mp-Ba, ra. III, § 3,
m. 7, caemcreme 2 m3 Teopemul 4). Hampmmep, MoHO mnpuMeHHTH
caeficTRHe 2 u3 IpemiaokeHus 7 B TOM ciiydae, Korjga E asasercs cia-
6HM cOnmps:eHHBIM 6aHAX0Ba MPOCTPAHCTBA WM IPOCTPAHCTBOM Mep
M (Y; C), nHageneHHBIM IHPOKOH TOIOJOTHeA.

Ecan X = R, p — mepa Jlebera na R u E — 6anaxoso npocmparn~
cmeo, TO HHTErpaji S fdp or dymrnun us ¢¢ (X; E) ectp He 4TO HHOE,

KaKk MHTerpai

oo

5 I (2) dz,

-00

onpeneaspmuiics B PyHKuuaAX JeficTs. mepewm., ria. II, § 3, n. 1. 310
caenyer na dopmynnt (10), Tam sxe.
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4, C80UCMBA HENPEPBLEHOCTU UNINEZPAAA

Mregnoxeane 8. Hycmv E — omdeaumoe npocmpancmeo u p —

mepa wa X. Omobpaxcenue [ +— S fdp npocmpancmea #(X,E)e E
(m. 3, caemctBme 1 w3 mpenn. 7) ecmb eduncmeennoe HenpepwisHoe
auneiinoe omobpaxcenue @, obaadawwee mem ceoiicmeom, wumo
D (g-a) = p(g)-a dra awboeo eekmopa a € E u awboii @ynryuu
ge# (X;0).

Hlaa gorazaTenbCTBa HENMPEPHIBHOCTH OTOGpaskenus f s \ fdp

TOCTATOYHO MOKA3aTh, 4TO ero cys;kenne Ha ¢ (X, K; E) HempepHBHO
nas nwboro Kommakraoro moaMuOskectTBa K m3 X (Tom. BekT. np-Ba,
ra. 11 (2-e m3n.), § 4, 1. 4, nmpega. 5). OT™MeTnM, 9TO eCIM TOIOJOTHS
npoctpanctea E ompenensieTcs cemedicTBoM momyHOPM (g,), TO Tomo-
aorus upocrpanctBa 4 (X, K; E) ompepedseTcss cemeificTBOM IOmy-
HOpM

Pe (£) = sup g (£ (2))-

XEK

Urak, nycers h — HenpepmBaoe otobpasenme X B [0, 1], mmeromee
KOMIAKTHHI HOCHTeNb W Takoe, 9To 2 (r) = 1 ma K; B cmay mpen-
aomenna 6, u. 2, gua mobolt dyurmmm f € 4 (X, K; E) mveem

to (| ran)=oo ([rran)<
<[r@o@alnl@<iul® .0

(momyHOpME! g, IPONOKAIOTCA IO HempephiBHocTu Ha F), 9To moxa-
3HIBAET HEMPEPHIBHOCTh 0ToOpaskeHus f > Sf dp. C apyro# cropo-

HH, B 0003HAYeHHAX IPeNJIOKEeHIA

Je@-aydp = u(g)a

B cury mpmvepa 1, m. 1, u mpennmosenma 2, m. 2, nmpumenemHOro
K KanHonmueckoil muwsexuun C-a — E. Kpome rtoro, mogmpocrpancrso
npocrpanctBa 4% (X; E), cocrogmee W3 JNUHEHHWX KOMOHWHammit

D gi-ai, tne a;€E, g, €54 (X; C), nnorso B £ (X; E) (§ 1, m. 2,
i

opema. 5), 9eM W 3aBepIaeTCs [OKA3aTeJbCTBO TMPeITOMKEHHA,
jtd
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IreEnnoxenue 9. Hyemv E omdeaumo u nycmd nenpepuisioe omo-
6pascenue | npocmpancmea X ¢ E umeem Eomnaxkmuuil Hocumedw.
Ecau npocmpancmeo of (X; C) Hadeaeno monoaoeuels cmpozo KoM-

nakmuoii cxodumocmu (§ 1, n. 10), mo omo6Spascernue p»—»S fdu

npocmpanemea o (X; C) ¢ E seanemes eduncmeennun HenpepuleHblM
auneintim omobpaxcenuen ¥, ydoesemsopsowun ycaosuo V¥ (e,) =
= [ (x) Oaa awbozo z2 € X.

Ilasn mw6oro 2' € E' mnmeen

<S fde,. z> = 5 (2" of) dex = #' (f (2)) = (f (). 27,

OTKYJa S fde, = f(z). Ho Mbl 3HaeM, 9TO MHOKECTBO TOYETHBIX

mep maoTHO B o/ (X; C) oTHOCHTEIBHO TOIOJOTHY CTPOTO KOMUAKTHOH
cxopumocta (§ 2, m. 4, cnepctBue 4 us teopems 1). Tarum o6pasonm,
BCe CBOGUTCA K [OKa3aTeqbCTBY HempepPHIBHOCTH JHHEHHOTO o0TO-

fpaskeHAs U p —> S f dp. UroGH aT0 [OKa3aTh, PACCMOTPUM JnHEL-

Hoe oroGpasrenue v: 2" v (f, 2") npoctpanctea £’ B 8% (X; C) m noxa~
weM, 4T0 00pas mpH oTOOPAyKeHHH ¥ PAGHOCMENEHHO HENpepbleH020
mopmuo;kecTBa H ua E' comepuTca B cmpoz2o KOMNRAEMHOM TOL-
muokectse m3 44 (X; C). B camom mene, ecim K — mocurens f, To
nocurenn $yuxumit (f, ') nasa 2’ € H npusapaeskar K; ¢ gpyroi
CTOPOHH, 3TH ¢yHKnuE o06pasyioT paBHOCTENEHHO HeNpephIBHOE
MHOKeCTBO M Iaf 11060ro z € X MHO:xKecTBO saemeHTOB 2’ (f (7)) orpa-
HUYeHO; CTako OHThH, HaMe YTBep:jeHUe BEITOKaeT M3 TeOpeMsl AcKo-
an (O6mas tom., rx. X (2-e map.), § 2, m. 5, caexcrBrme 3 w3 Teope-
mu 2). U3 dopmynast (1), u. 1 Temepsr BHBOIMM, 9T0 ¥ eCTh He 9TO
uHoe, Kak cyenme Ha off (X; C) mpancnonuposannozo orobpaskenns
'y (s anreGpamueckoM CMEICTE); €To HempePHIBHOCTH CIEAYeT, TAKHMM
o6pasom, u3 usnoxensoro paree (Ton. BexT. mp-Ba, ra. IV (2-e nag.)).

Caencrsui. B npednosoxcenunaxr u obosnareHusxr npedaodcenus 9

cydrcenue omobpadcenus [ — S I dp na mroscecmeo oMy (X) noaoxcu-

MEABHUIL MeD UAL HA WUDOKO 02pAHUNEHHoe nodmuoicecmeo B us3
oMl (X; C) wuporo nenpepwigro.

B camom nene, us npepnoxennit 17 u 18, § 1, o. 10 BrTeraer, uro
TOIOJIOrdA, NHAYyNHpOBaHHAA B oy (X) nan B B Tomosormeit crporo
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KOMOAKTHO! CXOAAMOCTH, OyHeT Ta e, 9TO U TOIOJOTHA, HHIYIH-
pOBaHHAA MHMPOKOH TOIONOTHEH.

Hanporus, otobpaskenue U+ S 7 dp Mosxer He GHTh HelPephIBHEIM
HA BCeM mnpocTpaHcTBe of (X; C) OTHOCHTENBHO UIIIPOKOH TOMOJOTHU
(yop. 2).
YupaxaeHns

1) Hycts E — runnGepToBO NpOCTPAHCTBO € OPTOHOPMMPOBAHHBIM
cuernsiM Gasucom (e,) (Tom. Bekr. mp-Ba, ra. V,§ 2, n. 3), E4 — BCOAY
ILIOTHO® ero NOANPOCTPAHCTBO, COCTOALee U3 JUHEHHHX KOMOMHanui
KOHEYHOr0 49UCJIA BEKTOPOB en. IIycTh mamee X — KOMIAKTHOE MOATIPO-
crpancTBo us R, cocroamee us 0 u m3 ToueR 1/n (n — HATYpaJIbHOS);
I OycTh (4 — IOJOMKUTENIBHAA Mepa HA X, onpefieleHHaA HOCPeJCTBOM
maceH 1/n? B Kamoit Touke 1/n u maccu 0 B rouxe 0 (§ 1, n. 3, npumep 1),
PaccmoTpum Henpepusroe orofpaskemme f mpoctpamctsa X B Ey, ompe-
nesennoe kak f (0) = 0, 7 (1/n)=e,/r nasa n > 1; nokasars, 970 HHTEr-

pai S f dp we npumamnexur k.

2) Iycrs npoctparctBa X u E H oro6paskenye f onpefielleHH, KaK
B ynpammenuu 1; 1OKasarth, 4to oTobpamenue A +—> A (f) mpocTpaHCTBA
ofl (X; C) B E He ABAsieTca HeNmpepHBHWM B HInpoKo# Tonodoruu. (Iloxa-
3ath, 910 ecin gy (1 < k < n) — HenpepHBHHE CKaJdApHHE (YyBKRIHEN

Ha npocTpaHcTBe X, To Ha X CymecTByeT TaKasa JuUCKpeTHas Mepa l, 4To

~

) gpdh=0n1a 1 <k < nHO || 5 £ dA || cRONL YroAHO BEIHKa.)
3) aj Ilycrs E — KBasUNONHOE OTAENMMO€ JOKAIbHO BHIIYKJIOE

npoctpaHcTo. IIokasaTe, 410 ecan off (X; C) Baneneno KBasHCHILHOM

tonoxorueii (§ 1, yup. 8) (cooTs. TomosorMeit cTpOro KOMHAKTHOIl cXxonu-

MocTu), To orobpaenne (f, u) +> S fdp (©, )-runoHenpepuBHO, I1e T

€CTh MHOKECTBO IHNMPOKO OTPAaHHYEHHHX MOAMHOMecTB u3 of (X; C),
a & — MHOKEecTBO OTPAHUYEHHHX (COOTBETCTBEHHO KOMHAKTHBIX) MOJ-
MuoxecTB 3 o# (X; E),fcomepmamuxcas &% (X, K; E) ana Hajae:KamuM
ofpasoM BHOPaHEOTO KOMIAKTHOTO MHO#ecTBa K.

b) MoxasaTs, uTo Aas TI060T0 KOMDAKTHOTO mopaMHOMKectBa K us X

orobpaskenne (f, u) —> S f du menmpepmBHO Ha o (X, K3 E) X off (X; C),

ecru HageNHTh off (X; C) KBasucHABHOH TONOJNOTHEii, ¥ HempepeBHO
3 K (X, K; E) X #M4 (X; C), ecin  Hagenauts off (X; C) mmpoxoit
TONONAOTHe .

4) okasaTpb cuefcTBHe H3 uUpenjoieHna 4, m. 2, HCHOJBL3YA Mpen-
noskeHue 8 w3 M, 4 (cBecTH K ¢lydalo, Korfa E KBasumolmo, ¥ BOCIOJdb-
30BATBCA TaKKe ciefcTsueM 3 H3 npefaosxenus 15 § 1, m. 9).
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§ 4. llpouseenenus mep

1. II pouzeedenue dsyx mep

TrorEMA 1. IHycme X, Y — 40kaabHo KoMnaxmuvie npocmpan-
cmea, A — mepa na X, W — Mepa Ha Y, cywecmeyem, U RPUMOM
eduncmeennas, makas mepa v va X X Y, umo dan awboii ynkyuu
g €K (X; C) u awboli gynryuu h € £ (Y; C)

fe@rmaep=(Je@a@)(Jroww). o

Jemma 1. Hyeme X, Y — nokassho Komnakmmubie npocmpaHcmed
u K (coors. L) — romnarmroe nodmmnozxcecmeo us X (coots. Y).

(i) Cyxcenue na (X X Y, K X L; C) kanonuueckoli 6uesyuu o:
FXXY; 0> F (X; # (Y; Q) (Teopus muoxecrs, § 4, m. 14)
ecmb usomempus 6anazosa npocmparcmea K (X XY, K X L; C)
na 6anaxoso npocmpaucmeo % (X, K; £ (Y, L; C)).

(ii) BekmopHoe npocmpancmseo &% (X, K; C) ®¢ ¢4 (Y, L; C),
KQHOHUUeCKU omoxcoecmenennoe ¢ nodnpocmpancmeom us
#(X XY, K x L; C) (AnreGpa, ra. II (3-e m3pn.), § 7, m. 7, Kom-
MEeHTapHUU IIocJe CHefCTBUA U3 npend. 15), niomuo 6 smom Ganazosom
npocmpancmee.

flemo, uwrto obpas mpm  oToOpasKeHMM ®  IPOCTPAHCTBA
# (X xY, K xL; C) copepmnreas B % (X, K; o (Y, L; C)).
O6patHo, ecnim % — HempepHhBHoe oroGpazkenme X B & (Y, L; C),
¢ gocureaeM B K, To otobpasenne (r, y) — % (z) (y) mpocrpaHcTBa
X X Y B C nenpepslBHO 1 ero HocuTedb cogepyrurca B K X L; 3Ha-
auT, cyxenme oToOpaskerms o Ha £ (X XY, K X L; C) ectp
6meximsa sroro nmpocrpancrBa Ha % (X, K; ¢¢ (Y, L; C)); Tor ¢axr,
q9T0 9TO CYKeHmWe ABJsgercd H3oMeTpHel 0aHaXoBa IPOCTPAHCTBa,
BHITEKaeT M3 COOTHOUMIEHHSA

sup | f{z,y)|=sup (sup|f(z, y)]).
{x, YEKXL xeK yeEL

Tem cambim (i) JoKasaHO; ¢ APYrofl cTOpoHH, 00pas mpu 0Tolparke-
HA# o IPOCTPAHCTBA

# (X, K; Q) ®¢# (Y, L; C),

OTOK/ECTBIEGHHEH ¢ HEKOTOPHIM IOXLDPOCTPAHCTBOM IIPOCTPAHCTBA
(X XY, Kx L; C), ecrs mupocrpauctso &f (X, K; C) ®¢
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Rc ek (Y, L; C), KaHOHAYECKH OTOKIAECTBIEHHOE Teleph € IIpo-
ctpaHcTBoM oTobpaennit X 824 (Y, L; C) (Anrebpa, ra. 11 (3-e uan.)
$ 7, m. 7, cneacreue m3 mpepi. 15); HO MBI 3Haem, 94TO dTO IOLOpO-
¢TpaHCTBO Mpoctpancta £ (X, K; 8 (Y, L; C)) naomuo B nocieni-
mem (§ 1, m. 2, mpena. 5), m sHaunT, yrBep:KAeHme (ii) ciemyer ms
TOTO, 9TO CY}KeHHe OTOOpasKeHHSI @ ecTh TOIOJOTHMYECKHA H30MOp-
¢u3M, H IeMMa JOKa3aHa.

O1meTnM Temeps, 910 NGO KOMOAKTHOE HOAMHOKeCTBO U3 X X ¥
cofepsrnTcA B nponssefieand K X L, rae K (coorB. L) ecrs HeKoTOpOE
KOMIIAKTHOe IoAMHOMecTBO n3 X (coorB. Y). Cramo OHTH, B3 seMMH 1
(i) BHTexraer, uro mopmpocrpancreo % (X; C) Q¢ &% (Y; C) naomno
B &% (X X Y; C); a mocroasky coorHomernme (1) sammcriBaetcs Tak
e B Bufle v (8 ® k) = A (g) p (R) mas g € % (X; C), k €7 (Y; O),
TO W3 3TOTO Cpasy e clefyer edurcmsennocmd v, [[aa MorazaTensb-
CTBA CYIMECTBOBAHMA Vv MH BOCHIONb3yeMCA Clefyiomeil JeMMoii.

JIEMMA 2. B ob6osnavenunxr aemmui 1, dan awboii Pynkyuu f €
EX (X XY, K X L; C) pynryus

y>h @) = |76 9 a@ @

npunaé‘ﬂéofcum # (Y, L; C).

B camom pmene, mus awboir dymrmum u € oF (X; &7 (Y, L; C)
HHTErpaa S u (z) d\ () upmHagnewur mpocrpauctsy # (Y, L; C),
nbo mocienHee ecTh GaHaxoBo mpoctpaHcTBo (§ 3, m. 3, caencrBme 1
U3 IOpenoskeHHs 7); HO gnd ¥ = o (f) 1 gnsa aoboro y € Y umeeM

(Ju@a@ ey={e@wia@=|iepnre.
OTKYa H CIeIyeT jJeMMa. .
Pacemorpum Temepnr pmas mwoboir ¢yEkmmm f €58 (X X Y5 Q)

gucao v (f) = M(S f(zy y) dr (x)) (xoTOpO® ME, JONYCKasA BOJb-

HOCTh, 0003HaYaeM Sdp(y) S f(z, y)dh (z)); ecam K (coors. L)

€CTh KOMIIAKTHOe HOAMHOKECTBO u3 X (co0TB. Y), TO HalfjeTcsi Takoe
qneio  ax  (cooTBeTcTBeHHO bp), uwro Axs mwboi  Gyaroum g €
€# (X, K; C) (coorBercrBerro 2 € 28 (Y, L; C)) conpaBepanBo Hepa-
BencTBO | A (2) | <Cag |l g1l (coors. |p (R) | << b |4 [). Orcrona
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caenyer, uto nasa awéoi ¢yurumn f €8 (X X Y, K X L; C)
Vi@ pd@|<aclfl
naa mwodoro y €Y, u paxee, | v (f) | << agby || f]l. Cramo 6w,

auueitnaa opma v Ha & (X X Y; C) ectb mepa Ha X X Y m, ode-
BH[HO, YyHoBierBopser (1), deM = 3aBepmaercd J0oKa3aTedbCTBO

Teopemn 1.

OnpeneEaenue 1. ITyemov 3adantt mepwr A u |, onpedesenHue coom-
6emCMEEHH0 Ha A0KAAbHO Komnakmuux npocmpancméar X u Y me-
poli-npoussedenuem Mmepy A Ha mepy W — Hasvléaemcs eJUHCMEEH~
nas mepa v na X X Y, ydosasemeopsowasn coommuowenuio (1) 0aa
6ot gynryuu g € & (X; C) u awboii gynryuu h € g% (Y; C).

B noxasarennctBe TeopeMbl 1 MOKHO IlepecTaBHTb MECTAMH HpO-
crpanetBa X ® Y; KaHonmuecku oronectBaAa ¥ X X m X X Y,
MH oNpefenuM, TakuM obpasoM, Ha X X Y mepy

i [ an @ [ 1@ ),
KoTopas cHOBa yHoBixerBopsier yciaosuwo (1). Crame 6mTh, mOoKa3zaHa
cIeNyIOmasa TeopeMa.

TrorEMAY2. ITycmv A, p — Meptl, onpedesenksle coomeemcnmeenHo
Ha a0kaavHo Komnakmuux npocmpancmeaz X, Y. Jlas aw6oii Pyrryun
fE€EX (X XY; C) unmespar om f omuocumesvho' mepbl-npousse-
Oenus v mepvt A na mepy p Jumeem ceoum smauenuem

[t paep=Taw® ey
=law|revaw. ©
B cnny mocaenueit ¢popmylisl HATEIDAT OT f OTHOCHTEIBHO MePH-TIPO-
n3BeneHns v o0osHagaercA 4valle BCero S S fdidp, a Takwe

§§ o fn §frena@aw || 1enawam,

‘S flz, ) Alx)u(y), SS f(z, y) v (y) A(z); roBopsr, aTe 3TO0 eCThb
deolinoli uHTErpal oT { OTHOCHTEJNBLHO A A ®. B atnx ofosHaueHmAX
¢opmyaa (3) sammcrBaercA B BHfE

[frapawawp={ae|ie pam=
={me e paw @

[
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QopMmyaa (3) mOKasHBaeT, 9TO €CAU A M W — JeficTBHTeNbHble (COOTB.
ODOJIOMKHTeNbHEIE) Mephl, TO Mepa-NpoH3BeleHHe VvV [eHCTBHUTEIIbHA
(cOOTB. MOIOKHTENBLHA).
Dpumepr, 1) Mepa-upoussepenne yep /dupaka e, (z < X)
ne,(ye€ Y) ecte mepa [lupaKa € (, 4.
2) Bossmem X — Y = R, a B KauectBe A u p — meph Jebeea na K

(§ 1, u. 3); nx upoussejenue HasnBaerca mepoii Jebeza Ha RE; unrerpan
or ¢yurmum f € & (R?%; C) orHocuTenbno »TOli Mepsl obozHavaercs

g S f (z, y) do dy nam S S f (z, y) dydz; bopmyaa (4) rias pyuruun, odpa-

matomeiics B HyJdb BHE HEKOTOPOr0 KOMIAKTHOTO LPAMOYTOJbHIKA
[a, B] X [c, d], BAGUET (opMyIy

d b b d
deSf(x, D da= | do S 1z, ) dy,
[+ a a [

(cm. @yuknum peiicts. mepem., ra. II, § 3, um. 8).
Hockoapky Mmepa Jlebera ma R uHBADMAHTHA OTHOCHTEABHO JIOO0TO

caeura (§ 1, u. 3), 70 oTcloma cpasy ke ciaefyet, uTo Mepa Jlefera ma R2
UHEAPUAHMHA OMHOCUMEAbHO 4106020 cdsuza naockocmu R2.

damMeuwannme. Ilyers E — oTmenuMoe JOKaJdbHO BHIOYKJIOE
OpocTpaHCTBO W HycTh J — Takoe oTo6paskeHHe MPOCTPAHCTBA
K (X XY; E), aro f(X XY) conepurcsi B nosHOM 6GHRYKAOM
nonmuokectBe C mpoctpanctBa E. Torga gaa awGoro y € Y marterpax

kh(y) = Sf(x, y) dA (x) mpusapaesxmr E (§ 3, m. 3, mpema. 7);

KpoMe Toro, pyskuusa h npamangexur &7 (Y; E); B camoM mede, I
ao6oro 2 € E' uMeem

(h (), #') = S (f (z, y), ") dh (),

U 3HAYHT, B CHAY JeMMH 2, y — (h (y), #') mpunapaesxnr % (V; C).
Crano 6biTh, mHTerpax; 5 h dy ompemenen (u ampmopd OpHHALIE-

wmur E'*); moxamem, 9TO

[jrepa@am={aw[repae-

= (ot (re paw, o
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oGo6muB TeM cameM ¢opmyay (4). [leicrBmrensno, maA awboro
2' € E' B cany (4) umeem

((fravay= ({6 ranap=fanf o =rin=

= J ey fran ),

OTKYZRa ciaemyer gopmyna (5).

2. Csoticmea mep-npouisedenut

" Ecau mepa A (coors. L) ecTh Mepa Ha npocTpancTBe X (cooTB. HAY)
¥ v ecTh Mepa-IpomsBefeHme A Ha U, 1o cymennme v Ha# (X;C)R¢
®c % (Y; C) ecrb He uro mHOe, KaK mensopHoe npoussedenue A @ n
AByX nuBeAHHX dopm A m p (Aarebpa, ra. I1, (3-e man.), § 3, m. 2),
mOCKOJIBEY cooTHommeHue (1) n3 m. 1 3anmcriBaercs B Bufe (g Q 4, v) =
= (g A) (b, n)={(g@h, A ®pn), xakoBor 6H HE Obam g€
€ (X; C) m hesr (Y, C). Jonyckas HeKOTOPYI0 BONLHOCTH, MEL
Oynem oGosHagaTh gyepes A @ p Mepy-mpousBefieHHe v (a He TOJBKO
e CyKeEHe Ha BCIONy nOaorHoe mopmpocTpaHcTBo o (X; C) Q¢
®c % (Y; C) mpocrparcta # (X @ Y; (C)).

Oro6pamenne (A, p) > A ® u mpocrpanctBa of (X; C) X
X off (Y; C) B e (X X Y; (), oueBunso, OuanHeiso, B cury gopmy-
au (3), m. 1.

IlrennosxesnE 1. Hyecmo A — Mepa na X, p — mepe Ha Y ecau
g€ (X;C), he€(Y; C), mo
(82 @ (hop) = (2@ h)-(h O p). (6)

B camom peae, pus awoboit dysxmunm f € o8 (X X Y; C) cormacno
dopmyae 3, n. 1, umeem

G @@n0ew ={a@|iee@nyde=
~fewar@ | 1@ pream,

9ro W moxassiBaeT Gopmyay (6).

Irennoxerue 2. Hocumeab npoussedenus A @ p pasen npouase-
Jenulo Hocumens Mepsl A U HOCUMEAs Mepbl W.

Ilpemxpe Bcero 3amermM, uTo cooTHomeEHe A & p = O Biewer
Tor ¢aKrT, 910 OfiHa M3 Mep A, u Gyner HymeBoii (Aarebpa, ra. II
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(3-e man.), § 7, m. 7, mpena. 16, (ii)). C npyroit cropoms, ecam U
{cootB. V) ecTp OTKpHTOE MHOMecTBO B X (coorB. Y), To cymeHme
7. @ p Ba opousBemenne U X V ecrs mpousBepeRme cyseHnit A ga U

u p Ha V, uro crefyer U3 TeopeMsl 1, u. 1 1 us ompenenenns cy:KeHHA
MepHl Ha oTKphIToe MuOMecTBO (§ 2, m. 1). J{as toro urolH cy:keHuUe
7@ u ma U X V Geao AyneBuM, Heo0XONHMO W OCTATOYHO, CTAJIO
GoiTh, 9TO0H ByReBHM Ghao cy:xesde A Ha U mam cysKesHe p Ha V),
qeM OpefIo/Kenne U AOKA3aHO, €CJHM YJIeCTh OmpefiefieHlne HOCHTETS
mepet (§ 2, m. 2).

Ileepnoxenne 3. Tycmo A € off (X; C), p € K (Y; C). To2da
12 @pl=I0]1®|pl (7
Iyers f € £+ (X?X Y;C), g€ (X X Y; C) rareBe, ut0 | g | <
< f; umeem (§ 1, m. 6, dopmyaa (13))
erewl=|{a@ | e@pamw|<

<fdmni@fie@piainio=
=gl M@ e D<K IL1®nD

Orciona 3akiaiouaeM, aro {f, |A @ p D <{f, |A | ® | p |), u oxom-
9aTelbHO,

A@pI<IAI® pl (8)

C gpyroit cropomsl, myets u € 884 (X), v € #4 (Y). Oaa mawobo-
ro ¢ >0 mHaligyren takne uy € 8% (X; C), v, €8 (Y5 C), qro | u, | <<
< U, , 41 l < vnm

[ wup, M [ =W, IA)—¢g [, W= [pnl)—e
(§ 1, m. 6). Orcrioma BHTeKaeT, uT0 |1, @ v [ <u Quvm
Wv, AQu =2 W ®®u, AQ )| =
= | (uy, &) o, W=, (A —¢€) (W, [p])—e)
A ODOCKOJBKY € IPOH3BOJBHO, TO U3 3TOr0 BHIBOIAM, 9TO
wuv, | AQuh=w, AW |p=w®v, |[A]® |n].
Mpusnraa Bo BuaMaume (8), moxydaeM:
wWwQuv, [ AQ@ud=(w®uv, |[A|®|p.

Besawas ¢yurnus us 47 (X; C) (coors. 7 (Y; C)) ABaAerca auHei-
Hoit wombmHamueir Pynrmmit w3 4. (X) (coorB. &4 (Y)); moatomy
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mpemsinymas ¢opmyina BepHa Takme pmasg, u €4 (X; C) m v €
€88 (Y; C), m cramo GHTs, OpefjdoskeHHe caefyeT H3 TOro, 4To
& (X; C) ®c ¥ (Y, C) maorro B % (X X Y; C).

Caepncrsue. ITyeme A € o (X; R), p € o (Y; R). Toeda
ARu?r=AQn*+i Q®upu-,
A®p)y=r"Q@p"+ i ®p*. (9)

B camoM perne, corjlacHo HmpemiOKeHHI0 3,
1
A@ut=5(A@ut|r®ln])=

=5 (=4) @ (W —p) + (W + 1) ® () =
=M@u+reu.
Touno Takoe e paccy;nenue mpoBomates masg (A @ p)-.
Irepnoxesne 4. IIycmv A€o (X; C), p €A/ (Y; C). Toeda
HA @ pll = fal-ltwl (10)

ecau ycaosumecs cmasumbs cnpasa O, Kozda oduwn us comroxcumenei
paser O, a dpyeoli pasen +oo. B wacmuocmu, ecau A u p oepanuuenn,
mo A @ p ozpanunena.

B cnny moxasaBHOro BHITe OpefIOKEHHA 3 U CAeICTBUH H3 Mpefi-
aoskenus 10, § 1, o. 8, B [oKasaresbcTBe MOKHO OTPAHHIUTHCS CIY-
9aeM, Korja A I | — HIOJORATeNbHEe MepH. Ecan A = Ouan u = 0,
TO pesyJbTaT TPHBHAJEH; HTAK, OPEROONOKEM, uTo A =0 m p 540.
Hoxasem cHagana, 9o [|A @ p || < [[A - {] p [|. Moxuo mpexnomxo-
HETH, 9T0 A W | orpaHmueHH. J(as miobGoro orobpamesnus f €
EF 4 (X XY) nmeem

Hr®w={awlse e
u A Jwboro z € X

[ pam<nsmuen

ciaeaoBaTeabHO,
A Y<TIAIAA Il
9T0 W JOKasHBaeT Hame yTBepneHme. G Opyrod crTopomsl, IyCcTh
aIAll, B<llpll

— nABa pefictBATeNBHBIX umcaa, =0. CymecTByOT TakHe QyHKIHH
EEXL(X)y REFL(Y), aro llglI<<t, IR, M) >a,
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ph)y=p. Umeem g @ €A L (X XY), [g@r|I<1 1 (gD
Q@ h, A®n)>=af; caemoBateasHo, {|A Q@ u||>aBf, m oxon-
qareapso, [[A Q@ p||[=|lA|l-llpnll, wem n 3aBepmaerca mokasa-
TeABCTBO.

3. Henpepst6HOCMb Mep-npouseedenuii

IlpEnaoERNE 5. Jag 410608 mepbt Ay & ofty (X; C) omobpaxcenue
pw Ay @ p npocmparcmsa M (Y; C) ¢ o# (X X Y; C) wuporo
HERPEePLEHO .

B camom peme, gaa awoboii ¢ymrmmm f € ¢ (X X Y, C), xaw

usBecTHO, QyHKOHA A (y) = Sf (z, y) d\y () opurapaexut &4 (Y; C)

(m. 1, aemma 2), m {f, A @ n) = (h, p), oTKyma m caenyer
npesioKenne.

IleeptosennE 6. Ecau npocmpancmsa o (X; C), o (Y; C) u
ofl (X X Y; C) nalesenwr monosozuell cmpozo Komrakmmuol cxodu-
mocmu (§ 1, m. 10), mo Guauneiinoe omobpaxcenue (h, p) —A @ p
npocmparcméa oM (X; C) X o# (Y; C) 6 ofi (X X Y; C) eunonenpe-
PUBHO  OMHOCUMEALHO WUPOKO 02DAHUMEHHBE NOOMHONCECSE U3
oM (X; C) u o (Y; C) (Ton. Berr. mp-Ba, ra. I11, § 4, m. 2).

Ilyets K< X, L — Y — HOMOAKTHHle MHOMecTBa, 4 — KOM-
maktHoe mogmuoKecTBo ua 54 (X X Y, K X L; C)n B — samxuyToe
MHAPOKO orpaEmYeHHOe nmoumuoxecTBo us of (X; C); msBectHO, uTO B
muporo xoMuakTHo (§ 1, m. 9, mpena. 15), a 3maumT, U KOMIOAKTHO
B TOHOJOTHH CTPOro KoMOakTHo# cxomumoctn (§ 1, m. 10, mpema. 17).
C pmpyroii cropons, GanmaxoBo mpoctpanctBo 88 (X X Y, K X L; C)
nzomerpuyno % (X, K; & (Y, L; C) (m. 1, nemma 1); orvo-
O6pamenne ¢ mpocrpanctBa o (X, K; & (Y, L; C)) X o/ (X; C)
B 4 (Y, L; C), Taxoe, ato @ (g, A) ects ¢pyHEKuEA %k, ompenenseMas

paBeHCTBOM I (y) = 3 g (z, y) d\ (z), pasdeabro HenpepbieHo, B CHIY

mpennokermii 8 w 9, § 3, m 4. A mpockoabKy OpOCTPAaHCTBO
¢ (X, K; &% (Y, L; C)) Goueurno, oTciofla BaKjidaeM, 9T0 orobpa-
HeHUe @ ZUROHEnPepuéH0 OTHOCHTEeAHbHO MHPOKO OrPAHHYEHHHX MHOJ-
muoskecTB U3 off (X; C) (Ton. Bexr. mp-Ba, ra. I11, § 4, n. 2, opepna. 6);
crano OwiTh, cymeHme 2TOr0 oTobpasmeHma Ha A X B uenpepvigho
(tram ke, mpena. 4). CremoBaTtensno, o6pas C MHOMectBa A X B mpm
3ToM oTo0pakeHHH ABJIAETCH KOMIAKTHHM MOAMHOKecTBOM GaHaxoBa
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npocrpanctBa ¢4 (Y, L; C). He C ecrb He 4r0 HHOe, KAK MHOKECTBO
byskmui h (y) = 5 f (x, y) di (z), monyvsaemoe, xorga f mpobera-
er A, a A npoGeraer B; sHauut, B cuay ¢opmyan (3), u, 1, ycrnosua
A€Bmyp €COBuexyr A @ p € A°. B cuny oupefieieHHA TOMONIOTHE
CTPOTO KOMIAKTHOM CXOAMMOCTH, 3TO AOKashBaeT npexio:xerre (Tom-
BeKT. mp-Ba, ra. LII, § 4, o. 2, onpenenenne 2).

Yreepxpenue mnpepnoxenus 6 ysxe He Oyner cHpaBeinBO, eCAm
3aMEHATH TOMOJOTHIO CTPOTO KOMIAKTHON CXOAMMOCTH IHPOKOR TONOMO-
ruefi (ynp. 2c)). Ogpako ecan mHOKecTsO B (cooTB. C) ecTh mMEHPOKO orpa-
HHYeHHOe HOJMHO;KECTBO npoctpaHcTBa off (X; €) (coors. off (Y; C)),

To 00pas mpoussenenns B X C npu oteGpasennn (A, p) > A (R | mIpo-
Ko orpanudenH B off (X X Y; €) B cuny npepnoskenua 6, u spagur, cyike-
HHe 3TOT0 0TOOpaskeHMs HAa B X C MHUPOKO HENPEPHBHO B CHIY Opei-
JOKeHHMs 4 m B cruy npepaoxenua 17, § 1, m. 10 (cp. yup. 3).

4, ITpouzBedernue KOHEHH 020 YUCAA MEDP

TMyers X; (1 << i< n) — 70KaTbHO KOMOAKTHEI® OPOCTPAHCTBA
n

o X = ” X; — mx opoussenesune. MHOKecTBO ImBeHHBIX KOMOU-
i=1
Bauuli KOMINTeKCHBIXT QYHKIUEA BHIA

(71, gy + o o Tp)— 1y (xl) f2 (Tg) « -« fn (xn)
RaHOHAYECKN OTOXAECTBAACTCA C TeHSOprIM npOHSBeHeHHeM

n
® & (X;; C), u u8 memmul 1, m. 1 mEgyKnKell mo n moaydaeM, 4TO
i=1
5To TeH3opHOe LpomsBeleHme naomwuo B ¢4 (X; C).

ITyers Temeps p; — Mepa Ha X; (1 << i < n); Ba X cymecrsyer,
B IpPUTOM e[HHCTBeHHAd, TaKad Mmepa v, 910 axsA f; € & (X;; C)

(1<i<n)
1@ f® ... ®fn v =] (fis o) (11)

B camoM pmexe, ecam 3Ta Mepa cymecTByeT, TO OHa, COrJacHo

W3J0/KeHHOMY Bhime, eguHcTBeHHa. C Mpyrofi CTOpOHH, OYCTH v =
=u, @p, ®...Q p, — mepa Ha X, ompefereHHas HHAYKIUeR

oo n:

B @R, ® ... QU= By ® ... @ ppy) @ pge
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Uz m. 1, popmynnt (1) m sroro ompemeneHnA (MEAYKIHEH IO n)
nmoaydaem, 4ro v ygosiaerBopser (11); roBopdAr, uro aTo ecTh Mepa —

n
npoussederue mep u; (1 << i << n), u obosHavaior ee & p;. Coorno-
i=1

menue (11) sanuchBaeTcA TakKe B BHAE

(f1®f2® oo ®fnv !-li®.u2® ---- ®Mn)=.Di (fii”i>' (12)

IIrEqnoxERRE 7 (¢accommaTHBHOCTH, IpoM3BeAeHHA Mep»). Ilycmb
(In)1<r<r — pasbuenue unmepsasa (1, n} ¢ N; mozda
r

n
® (®p) = O w (13)

R=1 €I,

B camom nene, otu Be Mepsl, B cuay (12), coBmagaioT nisA awbok
n
pyakumn 13 @ &4 (X;;7C)
i=t

Unrerpan or ¢ymxumnm f € 8¢ (X; C) oTHOCHTEABHO MePH-IPO-
m3BefieBHA 0Go3HATAETCA

Sfdlll Ay .+ . . diiny

i
H Sfdp,ldp,z - dun,
Hin
Sf(lh@ N U
A elne
H o [ F @ 2 o @) A @) dpy @) - i (@),
aan

f1-f 1@z s 2w @ e @ o @)

C n 3HAKaMH S; TOBOPAT, 9T0 3T0 eCTh KpamHwil unmezpas nopadka n

niau n-kpamubiti uwmeepas. COrIacHo accONMaTHBHOCTH HpOH3Befie-
HHS Mep U TeopeMe O 8aMeHe MOpAfiKa WHTerpuporanua (m. 1, Teope-
Ma 2) mmeeM ans mo6ofi nepectaHOBKH ¢ mHTepBaNa [1, nl:

SS "'Sfdlhdllz co.duy, =
= S dus(1) g dpeey + .. S f dpomy. (14)
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OGo3Hauenne uHTerpaja u ¢gopmyaa (14) pacmpocrpansioresa ode-
BEAHKM o6pasoM Ha ¢yurmum f € 4% (X; E) co 3HaYueHHAMH B OTHEIH~
MOM JOKaJIbHO BHIYKJIOM IPOCTPAHCTBe, 06Jaalomue TeM CBOACTBOM,
aro [ (X) comepskuTcs B IOTHOM BHIOYKJIOM HONMHOMecTBe -3 K.
Msur opemocraBaseM gmrareqio 0606muTe Ha mpomaBefleHme AWGOro
KOHEYHOI'G YHCJIa Mep pesyabTaTH Om. 2 | 3, OTHOCAIHAeCA K Hpon3Be-
HEeHA JBYX Mep.

B wactHocTH, Mmepoti Je6eza Ha R™ masmBaercs mpomsBegeHue n Mep,

ujieRTHUHNX Mmepe JleOera Ha R; unterpaa ot ¢ymxmum f € ¢¢ (Rn; E),
VIOBIETBOPAIOMUN HpeANyIeMy YCaoBuw, o00o3HAUaeTcs

SS ..-Sf(xl, Loy o o oy Tn) d{l‘ldl’z . d(l‘n
u paBen

o0 “+o0 +o0

S dry S dzy ... S I (zg, gy vy Tn) don.

-0 —oo —00

Mepa Jlebera ma R7 unsapuanmua omuocumeavno awbozo cdsuza.

5. Il poexmuéndvie npedeavt mep

Tlyers X, Y — xommakrenie opoctpascrBa m p: X — Y — Hempe-
pHEBHOe oTobpasKeHHe; TOTHAa f+—> fop ecTh wenpepusHoe AUHeliHOe
omo6paxcenue upoctpanctBa € (Y; C) B €6 (X; C), mockonbky
([ fop 1<l pas moboit ¢pyaxmmu f € € (Y; C); 6ymem obosma-
qarp 3T0 oTo6paskeHne uepe3 p’. Ero mpancnonuposannvim ABnserca
orobpamenue 'p’: o/ (X; C) — o/ (Y; C), nepeBonsmee 1106yio Mepy
w Ba X B Mepy 'p’ (u) ma Y, yIoBIIeTBOPAIOMYIO YCIAOBHIO

¢p' (W), 1) = (n, fop)

R nwodoi pyarmmn f € 6 (Y; C). 3amernm, g9T0 gas doboro xr € X
'p’ (ex) = €pw; Ha OCHOBAEEH dTOro MH OymeM oGosHazaTh wepes
P (1) Mepy 'p’ (n), woTopas, crano GwTh, npodosskcaem p, xorga X
(coorB. Y) xamonmueckn norpyxaerca B off (X; C) (coors. o/ (Y; C))
(§ 1, 0. 9, mpega. 13); nas moGo# mepsl p Ha X p, (1) mpefcTaBageT
coboii gacrawiYcayai ofmero MOHATHA 06pasa Mepbl, KOTOpOe MH
Gynemusyqars Bra. V, § 6. Hax mu Bunenn, || p’ || << 1, Touno TaK xe,
Il 'p' || < 1; caemoBarempHO,

lpe W I lip i (15)
ans mobGoit mepsl p € of (X; C).
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PaccmorpuMm Temeph IpeRymopsanoueHEOe (QUABTPYOMEeCH MHO-
mecrBo I m npoekmusuyio cucmemy (Xo, Dop) KOMRAKMHWZ OPO-
crpaiectB X, (06m, Tom., ra. I (3-e mspn.), § 4, m. 4), mmeromyio J
B KavyecTBe MHOKeCTBA HHJIEKCOB; H3BeCTHO, UTO HOpPOCTPAHCTBO,

aBasIomeecs npoekmusriim npedesom X = lim X, komnaxrao (O6ur.
-

tort., ta. 1 (3-e man.), § 9, o. 6, mpema. 8); mu 6ynem o6o3Hauarh
gepes p, KaHOHMYeckoe oTobpaskeHme X B X,.

fAcno, aro (# (Xq; C), (Pap)x) €CTH npOEKMUSHAR CUCMEMA BeK-
TOPHEIX NPOCTPAHCTB A 9T0 ((py)s) €CTH npoekmUSHAR CUcmeMa TNHeR-
HHX 0ToGpaKeHHil, YTO OOPABLBACT ciAeAyOmee oOpeencHHe,

Omreneneuu® 2. Cemelicmoo (Mg)acl, 20€ Qo Oas at0Gozo a €1
ecmd mepa Ha X o, Hasvléaemes NPOEKMUBHOL CLUCEMOl Mep, ecau O
abozo o< P ewnoansemcs paseHcmeo P = (Pap)e (Mp). I060pam
ymo mepa P Ha X = lim X, ecmb npoexmusntiii npedes npoexmusHoll

<

cucmemti (g), ecau Oas awbozo o €I eunoansemes g = (Po)y (1)

Ilrenaoxesne 8. (i) Ecau npoexmusnas cucmema (1y) mep na X,
umeem npoekmusHull npedea, mo smom npedes — eJUHCMEEHHBLL,

(ii) Ecau npoekmusnas cucmema [, UMeem npoekmusHuli npeded,
mo cemelicmeo Hopm (|| pg ||) oepanuueno.

(iii) Ecau pop ciopwekmusHbl u cemeticméo (|| g ) oepanuueno,
mo npoekmusnas cucmema mep (U,) WMeem npoeKmusnwili npedes.

(iv) Ecau pop ClOPBEKMUSHBL, MO 400G NPOEKMUBHAAL CUCMeMA
(Lg) nosoxcumesvHvlr Mep umeem npoekmusHwll npedes W, KomMOpwLi
agasemcs noaoycumenvrnoli mepoir na X, u || p || = || py Il

(i) Mer noramem cHavaga CIedyIOIIYI0 JeMMY.

JlEmma 3. Hycmv F — mmoncecmeo dynryuii f € € (X; C), o6aa-
dawwux caedyowum ceoticmsom: cyuecmsyiom makoe a € I u makas
pynryus fo, €€ (Xy; C), umo f = fyope. Tozda F ecmv sekmoproe
nodnpocmparcmso, écody naomnuoe 6 ¢ (X; C).

lpessne Bcero oTMETHM, WTO €CAH g = ggoppg U h = hyop,, THE
g €6 (X C) m hy €% (X,; C), 10 cymecrByer Takoe a €/,
o a =0 o=y, n SHAUUT, Pp = Ppa °Par Py = Pya °Pasr €M
HOKazaHo, 4T0 g + h = (8g°Ppa + Myo Pya) o Po OpHHAmIEKHT F;
TOYHO TaK e, fACHO, ¥T0 gh € F; cramo OMTL, F ecrb nod-C-asze6-
pa € (X; C), conep:ramasd KOHCTAHTH M TaKas, 9T0 COOTHOIIEHWE
6 H, BypGaxu
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f € F Bueuer _f € F. Hakomen, ecim x 5% y — ABe TOYKA u3 X,
To cymecTByer Takoe o €1, uwro pg () %4 pe (y), m sHauwr,
umeercsi Takaa QyErumA f, € G (Xy; €), uwro [, (pe (¥) ==
Hfo (Po (). Taxmm ofpasom, YTRepsKieHMe JeMMH CclelyeT wus
Teopemnl Beilepmrpacca — Croyma (O6m. rTom., ra. X (2-e man.),
§ 4, o. 4, npenn.7}.

ITyers Temeps W, p' — Takme ABe MepH Ha X, uTo (py), (U) =
= (Pa)s (') masa mo6Goro a € I; 10 08HauaeT, 410 A A6oro o € I

u a06oi pyERUEE f, € € (X,; C)
<fou (pa)* (M)> = (fa’ (pa)* (M,) )

mim, eme, (fyoPg, W) = (faoPq, W' ); HEEIMA cHoBaMm, p # W'
COBIIANAI0OT Ha IoAmpocTpaHcTBe F mpocrpaHcTBa € (X; C), xoropoe
BCIOAY IJIOTHO B CHJy JeMMbl 3, W 3HA4UT, |4 = pu', 970 W JOKA3H-
Baer (i).

(ii) CoorBomenme (15), mpmMeHeHHOe X p,, NOKAasHBaeT, YUTO
ecam | — IPOeKTHBHEIM IIpefies] IPOEKTHBHOH CHCTEMEl (U,), TO IIA

aoboro o € I meobxommmMo

Hp =1 pe |

(iii) IIpenmomokmM, 4TO P, p CIOPHEKTHBHH; Mbl 3HaeM, YTO TOTMA
TO jKe caMoe BepHO W MaA p, (O6m. Tom., ra. I (3-e man.), § 9, u. 6,
npena. 8). PaceMoTpuM HpoeKTHBHYIO cmcTeMy Mep (Uo) W HOKaskeM
npesxfie Bcero, 4ro Ha F cymecTeyer (B of6osHaueHHmAX JeMMEL 3)
rTakad JamHe#HaA Qopma A, uro muaa moboro o € I m moboro f, €
€ € (X4; C) cupaBenamBo paBeHCTBO A (fy © py) = Wo (fo). B camom
mene, mycts B, y — mugexcu m3 I, a f5 € € (Xp; C), f, € € (X,; C) —
Takme QyHRIEA, 4TO fgopg = fy o py; TOTMA HAMAETCA TaKOW WHOEKC
a€l, wro o > P n o >y, n sHaumr, Pg = Pga®Pas Py = Pva°Pa
7 (fpeppa) oPa = (fy ° Pya)°Dy; @ HOCKOIBKY p, CIOPBEKTHBHO, TO 3TO
BJIEYET PABEHCTBO fgoPgy = fy° Pyg, W CTANO GHITS,

(16)

Ue (fﬁ°pﬁa) = Ma (fv"Pva);

HO, II0 OIpeflelieHuI0, 3TO COOTHOIIEHMe 3allUCHIBAETCS TaK:Ke B BHIe

wg (fg) = uy (fy), OTKYmAa m clefyeT Hallle yTBepsKACHHE.
IIpenmosnosuM Temepb, YTO CYMECTBYeT TaKOe KOHeYHOe UWCIO

a >0, 910 || pg || << a maa awboro o € I; Torma gias awboi yarmER
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fo € € (X3 C)
[A (faopa) | = [Ma (fa)i <a [foll =a | faopa lls

HOCKOJBRY P, CIOPHeKTHBHO. TeM caMEHM IIOKAa3aHO, YTO JWHEHHAA
dopMma A Henpeptisna Ba F, m 3 1eMMH 3 BETeKaeT, uTo A IpOmOKaeT-
e mo Tako#l meps u Ba X, 4To (py), (W) = W muaa moboro o € I,
4eM U forasado (iii).

(iv) [aa poxasarteabcTBa CYM[CTBOBAHUA | NOCTaTOYHO, B CHIY
(iii), yGequTeca B TOM, UTO ceMeiicTBO HopM (|| p, ||) orpammueno.
Ho || po Il = po (1), @ w1 & < P coorHomemme g = (Pop)s (19)
BJIeUET PDABEHCTBO P, (1) = ug (1); a mockonbky I — ¢uasrpynomeeca
MHOKeCTBO, TO IIOJNHEIe MAaCCH BCEX MeD |, PABHH, OTKYAa W CJIegyeT
yreepsxneHne. Hpome Toro, mogmpocrpascTeo F, oveBmmHO, yHOBIe-
TBOpsAeT cBojicTBy (P) mpepnoskemasa 9, § 1, n. 7, u s8maumT, Mepa p,
SABJAAIOMASACS IOPOSKTHBHHIM IpefieaoM (l,), IonouTenbHa. Hako-
Hel, COOTHOMEHHe W, = (Do), (1) TOKA3HBaeT, KaKk W BHINe, 9TO

p (1) = pa (1).

HNpmumep. IHycrs (Xy)aer — CeMelicTBO KOMIAKTHHX IIpo-

CTPaHCTB; HONOKAM X = H X, m gnaa aoboro KoHedHOTO IOA-
ML

muoskecrea J w3 L momommm X; = || X,; ofosmauum Yepes pry:
reJ

X — X; napry, g Xg— X; (nan J < K) wavoHmueckue IIpOeKIINH,

WseectrO, uT0o (X;, Prs, k) €CTH HPOSKTHBHAA CHCTEMAa KOMIIAKTHEIX

IOPOCTPAHCTB W YTO MNPOEKTHBHHI Ipefedl CHCTeMH HeIpepHBHHX

orobpaesnii (pr;) ecTs 20meomopgusm mpocTpaHeTBa X Ha mpo-

CTPaHCTBO — IPOEKTHBHBM mpeflen lim X;, mossoasommit oTosxme-
<«

creuTh ofa oTm mpocrpadcrsa (O6m. Tom., ra. I (3-e map.), § 4, u. 4
n Teopmsa muoxectB, ra. LI (2-e man.), § 7, n. 2, sameuannme 3). Ho
HOCKOJBKY HNPOGKUNM DIy, g CIOPBOKTUBHB, W3 IpeJIOMKeHHA 8 cie-
myer, uro MHoskecTBo off (X; C) (coorB. of; (X)) orompecrBaserca
C MHOKeCTBOM TAKHX IIPOSKTHBHBIX CHCTeM (W), YTO CeMeHCTBO HOPM
(Il ws ||y orpaEmIeHo (COOTB. TAKHX, 4TO BCe Ly MOMOMKUTEABHE T He-
06x07MMO0 UMEIOT OMHAKOBYIO HOJHYI0 MAaccy).

PaccmoTpnm, B wactHOCTH, cayuaii, KOrJa NS KasKIoTo A €L
Geperca mepa n, ma X, m Korma momaraem p; = & Wy Ecmm

AT
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J — K — pgpa KOHewHHIX HOAMHOKeCTBa B3 L, To maaA mo6oii yRKkmn
fr €€ (X C), B cuny Qopmyast (14), n. 4 umeem

b (F o pro, ) = s (), 11 i (0). (17)

Has Toro wroG (ns) 650 TPOEKTHBHOlN cucTeMoit Mep, Heo6XoamMo
2 J0CTaTOYHO cTajo OmThH, yrobH aubo w, = 0 pguaa moboro A € L,
6o py, (1) = 1 gna moboro A € L.

6. Becroneunsie nPpousseidenus mep

Ilyere (X,)per — CeMeficTBO KOMIAKTHHX IPOCTPAHCTB U IYCTh
W — mpm awoboM A € L — mepa Ba X,. Coxpammm o60sHadeHmA
opmMepa O. O, Tak 4YTo, B YAacTHOCTH, Wy = & p, mias ao6oro

AET

KOHe4HOT0 moaMHO;KecTBa J w3 L,

IIrEpnoErEuE 9. Ilpednosoxcum, umo éce mepvi W, ROAOHCUMEALHEL
u umo cemeticmeo (u, (1))aer nepemrorcaemo ¢ Ry (mpm sTom mpomsse-
nenme MokeT uMeth 3HaueHHe 0). T'020a na X cywyecmeyem, u npumom
eduncmeennan, makasi mepa W, ¥mo 04a 4106020 KOHeuHO20 ROJMHO-
acecmea J us L u awboii gynkyuu fr € € (X;; C)

w (freprs) =us (f5) N [T wat). (18)
€L—17

Kpome mozo, mepa . nosoxcumesvha u ee noinas macca sadaemcs
dopmyaotii

w(l)= AUL w. (1) (19)

IIycte F — BekTOpHOe IPOCTPAHCTBO, COCTOAmee w3 QYHRIWM -
BHa X Bmga f;o pry, rme J npoberaer ¢uabTpynolieecs MHOKeCTBO
KOHe4YHHIX TMOAMHOMecTB m3 L, a f; € € (X;; C); roropsar eme, 4TO
F ectb mpocTpaHCTBO HempepHBHHX QyHKumME Ha X, 3a6uciuyjur Aullb
om KOHeuHO020 HucAa nepemernbiz. JlemMa 3 us n. 5 moxasmBaer, uto F
oaorso B % (X; C), oTkyma cuaenyeT efmHCTBeHHOCTH . Ecam pas
Hexoroporo A € L nmeem p, = 0, To Mepa p = 0 ABIAeTCA HCKOMOIL,
DOCKOABKY B OpaBoil uactE Qopmyan (18) momxyuaem p; (f;) = 0,

ecm AEJ, m || pa(1) =0, ecnm A ¢ J. Cramo Gwrrs, mosHO
AELmJ

OPeIOI0KuTD, 4YTO Wj = 0 mpm Bcex A € L, a TaK KaK MepH IIOJOKN-
TeJBHE, TO 910 BiedeT W, (1) 50 maa mwoboro A € L. Iomomum
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Temepb W = Wa/ly (1) mas moGoro A € L, Tak 9TO pj €CTh MOJNOKE-
renbHas Mepa Ha X,, mas koropoit pa (1) = 1. Torma ms mpepio-
JKeHHA 8, I. 5 BHTekaer, uTo Ha X CYIECTBYeT Takas IIOJOKITeIbHAA
mepa u’ ¢ moxHoM Maccoit 1, wro p’ (fy o pry) = us (f;) maa moboro
KOHeYHOro mOXMHOMecTBa J m3 L m mioboii pyukmmn f, € € (X;; C).
MomnosxuTeabHaA Mepa

p=([] (1))

AEL

n OTBeYaeT IIOCTaBJIEHHOMY TpeﬁOBaHPIIO, ODOCKOJBKY

pr (F) =ui (G- TV (), [Laa@) =Tl (1)- JT pa (0).
Aed AEL red ML= J
Mepy, oIpeleleHHYd B NpefIoKeEMH 9, HasHBAOT Mepold —
npousgedereM CEMEHCTBA TIONOKATNBHIX MeD (Wy)rc B 0603HAYA-
10T & py.
AEL
Cnencreue. I[Ipednososcum, 4mo EuROAHEHb YCA06US npedsonce-
nus 9 u nyemov (Ly)per — pasbuenue L. Tozd0a kaxcdoe us cemeiicme
Mep (M)AELD umeem mepy — npoussedenue, cemelicmeo Mep — nRPO-
usselenull { ® Wy)ocr uMeem mepy — npouseedenue, U
reL,
(] m)=©& m. © (20
PER MEL, MEL
9o cpasy ke caenyer us gopmya (18) = (19) n w8 accommaTmBHO-
CTH IpoU3BefeHAA Ais NepeMHOKaeMHX cemeiicts B Ry (O6mas rom.,
ra. IV (3-e map.), § 7, o. 5, sameuanme).

Yopaskuenns

1) Tyers X, Y — JIOKAaNBHO KOMIAKTHEE IIPOCTPAHCTBA.

a) Ilokasarh, 4To otoGpamenme (W, V) —> pn Qv TPOU3BeJCHAN
oM (X; C) X o (Y; C) B offt (X X Y; C) HenmpeprBHO, €CJIM HAJEAATH
oM (X; €)y, ot (Y; C) u oft (X X Y; C) kBasucmasroit TOmosorueit (§ 1,
yup. 8).

b) TIloxasate, uTo oroGpaskenne (u, V) > p ® v OPOH3BEJEHUA
M+ (X) X ey (Y) B o+ (X X Y) HeNPEPHIBHO, eCId HagenuTs off+ (X),
My (Y) 1 ofly (X X Y) mupoxodi Tomosoruei.

°2) a) Ilyers X — wmmrepsax [0, 1] ua R; mnoxasaTh, 970 eCau
(ah)1$k$n — IPOM3BOJIbHAA KOHEYHAA IOCHAe[0BATeAHHOCTHL IIONAPHO
PasIdIHHX 3jieMenToB U3 X, To pyHRONU | 2 — g | (1 < k < n) amgeiino
HE3aBHCEMHL. BriBectnm oTciofa, 4ro HempephBHas QyEKROus |z — y |,
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n
onpepeidersas ma X X X, me mpejcTaBuUMa B BHJe 2 u; (z) v; (y), toe
i=1
u; ¥ v; HeIPEPHBHH.

b) Hus mwboit p € off (X; C) momomuy f, (y)= S |z —y|dp (2).

IToxasaTh, 9To aUHeiiHOe oTOOpamenme M+ f, mpocrpadcra off (X; C)
B ¢ (X; C) HIEBEKTHBHO, MMEET B KagecTBe 06pasa BCIOZIY IIJIOTHOE IOJ-
mpoctpasctBo L mpocrparcTBa ¢ (X; C) n Hempepmsmo, Ho He OuHe-
UPepsIBHO B TOMOJIOTHAX HOPMEPOBAHHEOTO IpocTpaHcTBa B off (X; C) u L.
(3ameTuTH, 9T0 L COHNEDPIKUT KOHCTAHTH M KYCOUHO JHHeHEHe QyHKIHM.)

¢) IIyers u; (1 < i < m) — mpon3sonbasie Qyeknmu us ¢ (X; C)
M IOycTh V — BeKTOpPHOe NOMANMPOCTpaHCTBO upocrpancerBa ol (X; C),
OPTOTOHAJBHOE K u; W HMelomee, CJIef0BATEILHO, KOPA3MEPHOCTh < m
B of (X; C). IlokasaTk, 9TO ecinm B — MHO’KECTBO TaKHX Mep W Ha X,

a1o | u |l < 1, TO CymecTBYIOT Takme Mephl W EB mv € V, uro S fuly) av ()

CKOJIb YTOIHO BeJWK (UCUOXH30BaTh b)). BeiBecTH oTCIOfa, 9TO e€cCiIH
gageauts B, ot (X; C) m ol (X X X; C) wHpoKo# TOmOJOTHEIL,
To orobpamenne (u,v) —> U ® v mpomsseneBus B X ol (X; C) B
A (X X X; C) me ABAAeTcA HENPEDPHIBHEIM.

°3) a) Mycrs X, Y — JnoKaAbHO KOMIAKTHHE mpocTpaHcTBa, K < X,
L < Y — KoMIDaKTHHE MHOKeCTBa, A — KOMIAKTHOE HMO[MHOMECTBO IPOo-
cTparcTBa ¢f (X X Y, K X L; C). IlycTs aust a:060ro megoro n OKpy-
;KeHne V, pPaBHOMEPHOH CTPYKTYDH MHOKecTBa K TaKOBO, 4TO [ a000i1
napu (z', z") € V,,, mwo6oro y € L u nxo6oit ¢ymkununm f € 4

[f@y) —f@" p ] <1n

IIyers C, — mBomectBo ¢Qymknmii y = n (f (z', y) — f (z", y)), rne
(', 2") € V, u f € A; mokasaTb, ur0 obwenmmenne C muomects C, 1o
BceM n > 1 ecTh OTHOCHTENBHO KOMIAKTHO® MOJMHOKECTBO MPOCTPAH-
crBa o (Y, L; C).

b) Iyers B — of6vequmenme C ¥ MHOMeCTBA OTOOpaskemmil y —>

—> f(z,y) nua z € Knf €A, ABIAOMEIOCS OTHOCATEILHEO KOMIAKTHHIM
mofiMHOMecTBOM B3 &7 (Y, L; C). IlokasaTh, 9T0 Korfa v mpoberaer moms-
py B mmomectBa B Boff (Y; C), af mpoberaer 4, MEOmecTB0 oTobpa-
ReHnH

yr—»Sﬂx,y)dv(y)

OTHOCHTEJIHEO KoMmakTmo B o4 (X, K; C),

¢) Busectn us b), 9To orobpaskerme (U, v) ¥> U ® Vv TpOE3BeleHHs
M (X; C) X oM (Y; C) B oft (X X Y; C) HempepsIBHO, eCAH HANEIUTDH
oM (X; C), M (Y; C) mwott (X X Y; C) Tomosorueil ¢Tporo KOMIAKTHOL
CXOMMOCTH,

4) Ilyerb X — JIOKAJIPHO KOMIAKTHOE MPOCTPAHCTBO, Y — JIOKAIBHO
KOMIAKTHOE IapaKOMIAaKTHOE IPOCTPAHCTBO. II0KasaTh, YTO KAHOHHWYE-
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ckoe oto6paskenne upocrpamcTBa oF (X X Y; C) B o (X; o& (Y; C)
eCTh HM30MOpPPU3M TOMOJNOTHYECKNX BEKTODHHX NIPOCTPAHCTB,

5) Hyers (X R)AEL — GecKOHEYHOE CEeMeliCTBO KOMIAKTHHIX MPOCT-
DAaHCTB; HYyCTh MJA Kamporo A € L depes a, oGosmadeHa TOYKa M3 X,
a 4epe3 M; — MOJOMUTeNbHaf Mepa Ha X, ¢ mojgmolf Maccoii 1. ITycTb
v (J) nnasa mo60ro KOHeIHOTO wofmHOMKecTBa J M3 I ecTh Mepa Ha X =
= H Xr, IPe/CTABIIAIOIAs co6oii mpomssefieAMe Mep W, AAA A €J

AEL
H Mep s"}. mas A € L — J. Nokasats, aro mMepa v (J) MHEPOKO cTpeMuTCs
10 QUIBTPYIOIMEMYCs MHOMKECTBY KOHEUHEIX IOAMHOMKECTB m3 L K p =

= () WUy, HO He CTPEMHUTCH CHIBHO K M.
AEL
°6) ITokasath, B 0G0osHaYeHMAX 1. 6, 9TO JJIA TOro 4T06H Ha X cyme-

CTBOBaJIA TaKag Mepa W == 0, 4To nasa i:060r0 KOHEYHOTO MOJMHOKecTBA J
us L n awboit pymrumn f; € € (X5 C)

w(fropry)=lim pg (fropry, ©)=pus () [] m (1), )

KOJ AEL~=J

HeOoOX0MMO 1 JOCTATOYHO, ITOGH BHIOAHAIUCH CIEYOUINe TP YCIOBHA:

1° py == 0 pmus aoboro A € L.

2° CymecTByer Takoe KoHEUHOE HOfMHOMeCTBO J, u3 L, 910 Cemeii-
cTBO (Uy (1))A.EL-—J0 nepeMHOkaeMo B C* (M 3HA9WT, mMEET IIPOM3BE-
Jenne =~ 0).

3° CemeiictBo (|| Wy, |D7~EL mepeMHO}kaeMo B R¥ (m smaumr, mmeer
uponspenenne = 0).

B karux caywasx cpepmss dactb gopmyns (1) obpamaercs B 0 mus
1r1060T0 KOHeTHOTO IOMEOKecTBa J 13 L u n106oit pyrknun f; € € (X; O)?

7) CoxparnM 00603HAUEHAS YUPKHEHUA 6; MPEIMONOMRIM, ITO BEIIOJ-
HEHEl YCJIOBHA 9TOTO ympaykmeHmA. [lokasarts, 9To mas so6oil gymxunumm
f € € (X; C) cupaBeImBO DABEHCTBO

[ rau=tim | 16y 20 dus o)

rpe mpefen Geperca MO QGUABTPYOINEMYCH MHOMKECTBY KOHETHHIX II0Ji-
mMHOMecTB m3 L, a 1Uepes zy ofoaHaweHa npoexmus pry (z) A J0GOTO
z € X u moboro J < L; Tar me, mna mwoGoro z £ X

f(z) = li}“ S f(zs, tp=j) dpers (x1=7),

KOTZ@ BCe MepH Uy (A € L) umeror moamyio Maccy { (IpH 9TOM [l OBHA%aeT
JuA moGoro moxmmoKecTBa K m3 L TIpomaBelieEMe mOjceMeHcTsa Mep
(H‘A)kEK)'

8) IlokasaTh, B 0603HATOHEAX YIPA:KEEHHS 6, 4T0 ecid mpousBene-
HHe ceMeficTBa (|,) ompefieneno m =0, TO cymecTBYeT TaKoe CUETHOe mog-
MHOxECTBO K m3 L, 910 mis mioGoro A € L — K mepa Wy, MOJOKUTEIHHA
W HMeer NojaHyo Maccy 1 (mecmombsosars ymp. 18 ums § 1),



FIABA IV
ITPOOOJIGKREHUE MEPBI. ITIPOCTPAHCTBA L”

B smoii eaase X 060snauaem 40KkaLbHO KOMRAKMHOE NPOCIPAHCEO,
a u — mepy Ha X; ko2da peuv udem o wexomopoii Pynryuu (6e3 ymou-
HEHUA MHONCECTNOQ, HA KOMOPOM OHa onpedeseHa), mo nodpasymesaem-
ca, umo Pyrnkyun onpedesena Ha X.

Has awbozo muomcecmea A us X uepes ¢, 6ydem o603Hawambcs
zapakmepucmuueckan @ynkyus muoxcecmea A (pasnas 1 na A u 0
rna CA).

§ 1. BepxHnii unTerpax 0T WOAOKATENbHOH (PYHKIUM

1. Bepxruuii unmezpar 0m NOAROHUIMEALHOT
NOAY HENPEPHLEH O CHUIY PYHKUUU

IIycre X — nOKanbHO KOMNAKTHOE IPOCTPAHCTBO H W — NOAO-
acumesvras Mepa Ha X; m3BecTHO, 4TO W eCTh 03pacmaiuyas GyHRImA
Ha pemeTke ¢4 (X) (roTopyio MH Gypmem Taxke ofosHauaTh &7.).

Yepes J4 (X) (mam upocro J.) Mu 6yneM o6o3HaYaTh MHOMKECTRBO
NOAOHCUMEAbHHLE YMCIAOBHX (YHKIMA, KOHEUHWE UL OECKOHEYHBLT,
rosyHenpepbienbir chusy Ha X. HamoMHEM, 4T0 CyMMa IpOHSBOIBHOIO
ceMeiicTBa GpyHKOEi w8 J 4 npEBagIesKAT J 4+; IpoE3BeeHNe QYHKIMHA
m3 J, Ha KOHeuHoe wymcjno @ >0 mpmmajaesxmT J.; BepXHAA OTH-
Garomasn npouseosbrozo ceMeiicTea GpyEkNmA u3 J 4 1 HEKHAA ormbaro-
mMasA KoHeun02o CeMeicTBAa (YHKIWI W3 J4 TaKiKe mpmHAmmemaT J ..
(O6mas rom., ra. IV, § 6, npenn. 2 n Teopema 4). Kpome Toro, nam
noHafgobuTCA caeAyomas JeMMa:

JIEMMA 1. Beakasa dynkyua f € J 4 ecmv éepanan ozubanwwas mHo-
acecmaa (Puavmpyoujezocs no omrowenulo <) Pynkyuil g € K4,
ydoesemeopawwuzr ycaosuw g < f.
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B camom pene, mo ycaormio, gaa mioboro x € X, JJA KOTOPOTO
f () >0, m 106oro KOHEYHOTo JeHCIBATENBHOTO UKCHa a, 0 < a <C
< f (z), cymectByeT Takad KOMIAKTHAs OKPECTHOCTh V TOUKHM I
qro f (y) = a Ea V; ¢ Opyrofl CTOPOHH, cymecTBYeT QyHKIHA g € 44
¢ HocuTedeM B V, paBHas a B Touke z 1 <_ a Ha V (O6mas Tom., ra. IX,
§ 1, mpemin. 5, Teopema 2); caemoBarensHo, 0 < g < fm g () > q,
9TO H JIORA3HEBAET JeMMY.

Onrepeaerdt 1. Ecau na X sadana noaoscumesvbHas mepa W,
mo eeprHum uwmezpasom om Pynkyuu f € J4 (OTHOCHTENBHO W)
HASB6AEMCE  NOA0JCUMEAbHoe Hucso (KOHeYHOe WJIHM paBHOe -+00)

.
whf)= sup u(g).
geH s, g<t

Jlerko Bumpmers, uTO AAA aioboii QYHERUEE f € 64, BHIIOJHAETCA
paBeHCcTBO pu* (f) = p (f); wHEME ciaoBamm, PU* ecTh npodoadcerle
mepH | Ha J.

IMI'pmmep. Hyers X — duckpemnoe TPOCTPAHCTBO, WU — HOJOMKU=

TeJIbHAasg Mepa Ha X; UOJOMKEM o () = W (P(y) AIA Jioboro z € X, Torga
Beakasg unciaoBas Gynknus f ma X Oy7ier HenpepHBHA; 1A TaKOoi GyRKIun

f=0 umeem p* (f) = 2; o (z) f (z), ecim YCJIOBUTHCA  MOJOKHTH
x€.

a(z)f(z) =0, worma o (z) = 0, a f(z) = +oo. B camom peuxe,

D)o@ f(@)=sup ( )} «(z) (),
M xEM

xEX
rne M npoberaer MEOMKeCTBO KOHEUHHX mopMuEOMecTs u3 X. Ecanm cyme-

CTBYeT TaKoe z, € X, uto f (zy) = 4 o0, aa (zy) > 0, 10 2 o (z) f () =
xeM

= -+ o0, KaK TOABKO z¢ € M, a ¢ APYroif CTOPOHE, IAA AIOOOT0 LEIOTO

n >0 umeeM f > Ry & BHAYMT, p* (f) = na (zp), m cramo ObITH,

p* (f) = +oo. Ecam ke, mamportus, o (z) = 0 BO Bcex TOYKax, Inie
f(z) = + oo, TO pyEKnUA g, paBHAA [ B TOUKAX x € M, rme a (z) > 0,
u 0 B oCTaJbHEX TOYKAX, IPHHANIOKUT Jf 1, U B CHILY CHEJIAHHKEIX COTJa-

menn#, p (g) = 2 a (z) f (z), 9T0 C€HOBA TPHBOAUT K COOTHOLIEHUIY
xXEM

pt = a()f (@)
xeX

TrEnnoskERBE 1. Jas 4106020 KoHeuwozo OelicmeumensbHoz0 HUCAA
a >0 u awboli pynryuu f € J . cnpasedaueo pasencmeso

w* (@f) = ap* () (1)
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IIrepnoxenne 2. Oynkyus p* eospacmaem Ha Muoxcecmee J .
JlorazaTeabCTBO BTHX IPeNJIOKeHMWH BHTeKaeT HeIOCPeACTBEHHO
W3 ompereleRHA 1.

TeoreMA 1. Tyemo H — wenycmoe muoxcecmeo dynryuii us J 4,
Pusvmpyroueecs no omruowenur <. HJasn awbol nosoxrcumesvroll
Meptt . wa X cnpasedauea dopmyaa

W (sup g) = sup p* () =lim p* (g). @)
gcH geH geH

Honoxum f = sup g. Cravana MH [oKaKeM TeopeMy [Jifl TOTO
geH

wacrHOTo cayuasd, Rorfna ¢yHknmd g € H u ux BepxHaaA ormbaromasn f
npunadaexcam &% . B s1oM caydae m3 teopemil Juum (O6mas Tom.,
ria. X, § 5, teopema 1) caemgyer, 9ro ¢uAbTP ceueHHil MHo;KectBa H
PasHomepHo cxoputcsd K f Ha mo6oM KoMIaKTHOM MHOKecTBe m3 X
H, B 4aCTHOCTH, Ha HocuTede K ¢yurnum f. A mockoapky 0 <{ g < f
paa goboit pyEKkuuE g € H, To HocuTenb BCAKoM (yHRumE u3 H
cofleputea B K; HO I0 ompefeleHWIO | HeIpePHBHA HA BeKTOPHOM
npocrpauctBe ¢4 (X, K; C) BenpepHBHHX QYHKIEHR € HOCHTeXeM
8 K B Tomosorum paBHOMEPHOI CXOMMUMOCTH; OTCIORA BETeRaeT GopMy-
ga (2) gas paccMaTpUBaeMOTO CIygas.

Ilepeitmem ® of6memy caydaio. fcmo, uwro p* (g) << p* () naa
moboit pyurmun g € H. B cany onpenenerns 1 Bce CBONETCH K TOMY,
yTo0H mOKa3aTh, 4TO AaA BCAKOR GyHKumME P € 67, P < f, BHIOJI-
HeTcsH HepaBeHCTBO M (P) < sxég p* (g). OGosmaumm paa moGoi

g

¢yskuun g € H uepes @, MEOxecTBO TaknX QyHRIEH @ € 644, uTO
¢ < g, a sepes O — obvemmuenme MHOMecTB D , Korfga g mpobera-
er H; mocronsky H -— ¢masTpylomeecs MHOMKeCTBO, TO TaKOBEIM

sapafgercA mw O, u f = sup . A Taxk Kak P < f, T0 VP ecrs BepxHAA
PED

ormbamoman MHEOKecTBa QyBRumi inf (y, @), Korma ¢ mpobGeraer D

a nocKoXbRy Y m $yEKnmE inf (P, ¢) DpuHapmexaT &4y, To HepBas

9acTh JOKa3aTelbCTBA MOKaskBaeT, uro u (P) = sup p (inf (Y, ¢)). Ho
D

xaxgaa Gyarmua ¢ € O npEAEagIeKHT HeKOTOPOMY MHOMKecTBY D4,
O 3HaYUT,

u (inf (P, ) <u (@) <<p* (g) <supp* (g),
8EH
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OTKYIa Cpa3y e moaydaeM, 9To u () < sup p* (g). Taxum oGpasom,
gEH
MH [OKazaad, uro P* (f) < sup n* (g); coorHomenme p* (f) =
gEH
= lim p* (g) ABnAercsA Temeph ClelCTBEEM TeOPEME O MOHOTOHHOM
geH

npepeae (O6mas Tom., ra. IV, § 5, n. 2, Teopema 2).

TropeMA 2. Ecau f, u fo — dee dynryuu usz J 1, mo

p* (fy + f2) = p* (fy) + p* (o). @)
B camom pexe, Korma ', (cooTB. ,) mpoGeraeT MHOKECTBO TAKEX
dynKumE U3 &4, 9o @; < f, (COOTB. @y < f5), TO PyHKNEE @, + @,
o6pasynoT ¢miprpynmeeca (no <) MHOKeCTBO, BepXHAA ormbaromas
Koroporo pasHa f, -+ f,. CaemoBarTeapHo, B cmay TeopeMsr i,
w* (fy + fo) = sup u (¢ + @) = sup (u (91) + 1 (93)),
rme (¢, ¢,) mpoberaer MHOKecTBO Iap QYHKIME m3 &4, AIA KOTO-
PHX @ <<f; B @y <fy; a Tak Kak
sup (W (1) + » (92)) = sup p (9q) + sup u ()
(O6bmasn rtom., ra. IV, § 5, caexcreme 2 m3 mpema. 12), To TeopeMa
HKoKasaHa.

Hrepnoxerue 3. Jas awbozo cemeticmea (f)er Pynryuti us J4
(X ) =2 u* (). (4)
Wel el

B camoM Hene, OJA X060TO0 KOHEIHOro HOAMHOMKECTBA J MHOKe-
crea /| m3 TeopeMH 2 (MHIYKIWeH IO YMCHY DJIeMeHTOB MHOKecTBa J)

BrBomEM, uro p* (D) f,) =D p* (f.); rorma J mpoGeraeT MHOKeCTBO
34 €1
KOHEYyHHX DNOAMHOMKeCTB MHOMecTBa [, QyHRIuum g; = 2 f, npm-
LeJ

sanne;kar J4 U 06pasyroT MHOKECTBO, QEIBTpYIOM{eecs HO OTHONIe-
HEI0 < H EMeWImee B KauecTBe BepxHeid ornbaromeidl yHRIUIO Z fui
el

CJlieloBaTeJbHO, IIpeJO/KeHUe BhiTeKaeT M3 TeopeMbl 1.

IIrEnnoReHEE 4. Ilycme f — dynryus us Jy. Omobpasxcenue
@ = u* (f) mroxcecmea oM 1 (X) nososcumenvroix mep na X 6 pacuiu-

pennylo npamyio R noaymenpepbieno cHusy 6 WUPOKOL MOR0A0ZUL
6 offy (X) (ram. 111, § 1, m. 9).
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HeiictButensHo, 210 oToOpaskeHHe IO OIpeNeeHHIO ABIACTCH,
BepxHeit ormbalomeit otoGpasmenuii p — p (g), THe g mpoberaeT MHO-
MecTBo Takux QyHKOui us &%, 910 g < f; a 10 OOpeNieJIeHUI0 MHPO-
KOi Tomosormm oTo0paskeHMA [ +—> W (g) HempephiBEH Ha of (X).

e Buewmnaa mepa omurpulmoz0 MHOMEC Ea

Ecan 3agaso omkpwmoe MEOKecTBO G — X, TO ero xapaKTepHCTH-
yeckad QYHKOUA Qg hoayhenpepwisna chusdy Ha X (Ofmas TomL,
ra. IV, § 6, cmencreue us mpema. 1). CrenoBaTensHo, MOKHO IPUHATH
cilefyiomee ompeeleHue:

OnepEpeneruE 2. Ecau na X 3a0ana nosowcumeavhas Mepa W,
mo enewrell mepoil 4106020 omrpumozo muoxcecmsa G < X Hasveaem-
cn, u obosnanaemen p* (G), eeparnuli unmezpar p* (gg).

Taxum oOpasoM, BHemHAA Mepa OTKPHITOr0 MHOMecTBa G eCTh
LOJI0KATENABHOE TUCHO, 1ubo KOHeUHOe, 1160 paBHOE -+ 0o, COpaBennan-
BO paBeHCTBO p* (&) = 0. Kpome Toro, kax noxassBaer gopmyaa (8)
m3rm 11, §1, 0 8, u* (X) = [ p |

IIPERIOKERUE 5. BHewHAs MEPA OMEDPHNO20 OMHOCUMEALHO KOM-
nakmmnozo Muoxcecmea G KoHeuMa.

HelicTBuTenbHO, B 2TOM ciaydae Halilerca Takas QyErmms f €
€ &4y 910 9 < f (ra. III, § 1, m, 2, memma 1), otryna

p* (G) = p* (@) < p* () = p (f) << + oo.

OTKpHTOEe MHOMECTBO ¢ KOHEUHOH BHelIHell Mepoit He Bcerma
OTHOCHTEJIBHO KOMOAaKTHO (ymp. 3).

IlPEnmo:kERRE 6. Ecau Gy, u G, — déa omrpwmuix MmHoMCECMEA
u Gy < Gy, mo p* (Gy) < p* (Gy).

[eiicrBuTenbHO, OoTHomenHMe Gy G, SKBUBAIEHTHO OTHOLIGHHIO
Pg < Pg,-

IIpennoxesnE 7. ITyemoe & — mruoxcecmeo omepbimur MHOHNCeCME
us X, giu./wmpylou;eec.ﬂ no OmMmHoOWeEeHUWw mozaa
p* (U Gy =supp* (G ()
Ge® Ge®
B camom pmene, $ymEKmum ¢@g obpasyior dmasTpyiomeecs (mo <J)
MHOMeCTBO B J4, M WX BepxHsas orumbaomas ABIAETCS XapaKTeph-
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cTudecKoi PyHKuyel o0benquHeHUA MHOMeCTB G € &; TaruM o6pasom,
[penoKeHne ABJAeTCA CIeNCTBHeM U3 TeopeMsl 1.

llrEpnoxesnE 8. Iycmv (Gi)er — npoussoavioe cemelicmeo om-
Kpumulx MHoKcecms; mozda

p* (U G) < X u* (Gy). (6)
el Vel

Ecau npu smom™ G, ne umeom nonapmo obupuxr mouex, mo

*(UG) = *G)., ° 7

w (ngl 1) %M (@) )

B camom lmene, ecim G = | G, T0 Qg = Sup 9g, << D G,
el wel v e Y

a ecad G, He IMelOT momapHO o0IMuX TOYeK, TO Qg = Z PG,; TaKUM
il

of6pasoM, TpeqIoKeHAe ABIAeTcda CilelcTBEeM TeopeMsl 1 m mpen-
AomeHAS 3.

IIpumep. Homommm X = R u o6osHaumm wepes p mepy JleGe-
ra Ha R (ra. 111, § 2, 0. 2); HaiineM BHemHIOO MepY 0MEpHMO20 UHMED-
sasa G = la, bl (—oo < a << b < +o0). Honycrum cuawana, 41O
a u b woBeumn. Torma, coriacHo TeopeMe 0 cpegHeM, A Jo6oi
¢yurnmn [ w3 &%, yROBIeTBOpAIOMEH yCiIoBHIO [ < g,

--00

| 1@y de=

— 00

f(x)da<<b—a,

Q ey

otkyna p* (G) << b — a. C mpyroii croponw, musa aw6oro & >0
HafimeTca Takad QYHROHA [ €84, uro f<{ 9 u f(2) =1 pam
a+eLae<{b—¢g orcoga p* (G) =6 — a — 2g; a Tar Kak ¢
npousBonbHO, TO u* (G) = b — a; WHHME cIOBaMH, BHEMHAS Mepa
uHTepBala G paBHa ero diuke. ITOT Pe3YABTAT CPasy JKe pacupocTpa-
HAeTCA Ha caydai, Korga G — OTKpHTHI HeorpaHWYeHHHIE HHTEpBal,
760 TOrga OH COMEpKUT OTKPHITHE OrpaHHYeHHbIe MHTEPBAIbl CKOIb
yromso Goapmojfi NJIMHH, M, 3HAQWHT, B 9T0M caydae p* (G) = too,

BospMeMm Temeps B KauecTBe (7 IPOA3BOJIBHOE OTKPHITOE MHOKECTBO
us R; torga G ecth o0benmHeHNe ¢UeTHOTO (KOHEUHOI'0 Uiau GeCKoHed-
HOT'0) MHOKeCTBA OTKPHTHX HMHTEPBaIoB lay, byl momapHo Ges o6mux
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touek (O6mas Tom., rax. IV, § 2, npema. 2); cieqoBaTensHo,
W* (@) = X (b — ax)
(mpena. 8); mHEIME ciIOBaMu:

Heepnosxeanr 9. Brewnas mepa Jebeza omkpwimozo MHodcecmea
us R pasna cymme 0aun e20 C6ASHBL KOMNOHEHM.

OTMeTuM, B 9acTHOCTH, 9TO eCiI¥ G — OTKpPHTOe MHOMKecTBO M3 R
u p* (G) = 0, T0 G nycmo.

3. Bepxnuit uninezpar om noaodkxumervnoti fynrxuyuu

Insa BeAkoil (RaK KOHEUHOM, TaKk B 6eCKOHETHOM) qucaoBOit QyHK-
nun f 2= 0, ompefenenHol Ha X, cymecTByloT Takue GyExnum b € J .,
uro f < b (mo KpaiiHe# Mepe KOHCTaHTa, paBHaA -i-oo).

OmpenrneruE 3. [Tycmv p — nososcumesvras mepa na X; 0am
a1060i (Koneunol uau nem) wucaosot gynryuu [ = 0, onpedesenmoli
no X, eepxHum ummezpasom om [ (omHOocumesbho W) Hasbeaemcs
nosoxcumenvhoe (KoHewHoe AU DAHOE —-00) Hucao

p*(f)= inf p*(a).
h=f, ke +

Ecim f € J4, 10 ompegenennoe takum myTem amcao u* (f) pasHo
BepXHeMy MHTerpaly, BBeleHHOMY B oOnpefeieHun 1, mocKoabry p*
BOspacTaeT Ha J 4.

Hapany ¢ ofosBauesmeM p* (f) mbr 6ymeM TakiKe MCHONIB30BATH

o6osHaveHUA 5*fdu, S*f (z) dp (), 5*fp, u S*f (@) v (z)-

Mpumep. Ecam X — Juckpemnoe TPOCTPAHCTBO, & W — MOJO-
UTIBHAA Mepa HA X, M eCim HOMOMKHTE & () = B (§(y), TO p* (f) =
Z @ (z) [ (z) maa mpoboit wuciooil pyHKumm f > 0 Ha X, HOCKOIBKY
x€X
rakag (QYHKIHs HempepmBHa (. 1, mpumep).

Il

Irennomesue 10, Ecau f u g — Jee nosoycumesvhvle yucaosvie
Pynryuu, onpedenennie na X u ydoeaemsopawwue ycaosuw | < g,

mo p* (f) < p* (g)-

IIpEpnomernE 11. Juas awboezo koneunoz2o Delicmeumenbrozo wucia
a >0 u awboil wucaoceoli gynryuu f > 0, onpedesennoti na X,

w* (af) = ap* (). 8)
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IIepnomeEsnE 12. Ecau f; u f, — 08¢ nososcumesbuble YUCAOCHE
Pynryuu, onpedesennvie na X, mo

*(fi + fa) < p* (f) + p* (fa)- 9y
B camom pene, mas mobGoit dpyErnun h, € J 4, nag xoropoii f; < by,
u moboit pyErmun hy € J 4, RAA KOTOPOH f, < hy, B cHIY TeopeMsl 2
nMeeM
uw* (fy 4 fo) S u* (by + hy) = p* () + p* (hy),
otkyna (O6masa Tom., ra. IV, § 5, u. 7, cuencteue 2 us mpemn. 12)

* (f1+f2)< inf H* (hy) -+ inf u* (hy),

hezf1, haed s hafo, ho€
9YTO cOBmagaeT ¢ HepaBeHCTBOM (9).

TIpegnosxennss 10, 14 u 12 Bupaskator TOoT daKT, 9T0 PU* €cTh 0spac-
_mawwan, noaox umeawitai, o0HopodHas U euhykias QPYHKOHA Ha MHO-
JKECTBE IOJOKITENBHBIX YBCHOBRX (QyHKUNI, onpepenennumx Ha X (rn. 1,
m. 1). OTtmernm, 9To ecaun f; U f, — JABe IPOU3BBOJBHEE ITOJOKUTEILABE
¢yHRIuE, To geBasi M npaBas dacTu B (9) Moryr He OwThb paBHmEME (§ 4,
yup. 8d)); B § 5, . 6 MBI yKaskeM YCIOBILA, IIPH KOTOPHX OyIeT uMmerh
MECTO PAaBEHCTBO.

TeoreMA 3. [as ecaroli eospacmatoweli nocaedosameasrocmu (f,)
noaoxcumenvrilr wuciosny Pynryull, onpedesennnzr na X, cnpasedru-
6a opmyaa

£ 3 £ 3
(sup f») =sup p* (fn). (10)
n n

Ilocroapky Rajkfas us QyHERuUi f, He TPEeBOCX OTUT sup fn, TO BCE
CBOAUTCA K NOKa3aTelIbCTBY HepaBeHcTBa U* (sup fr) << sup u* (fn),

KOTOPOE 09eBHHO, KOT[a IpaBasg 9acTh paBHa +oo, Ecau xe mpasas
YacTh KoHEUHa, To u* (f,) << +oo upm m060M n; MBH IOKayKeM, 9TO
s aoboro € >0 cymecTByeT TaKaA 603paACMAOUAs TOCHefOBATEIb-
HOCTH (g,) dymrmmit us Jy, uro f, << g, m p* (g,) << p* (fn) + .
Ecru g ectp BepxHAa orubaloimas IociemoBaTedbHOCTH (gy),

w* (g) = sup u* (g,) (1. 1, reopena 1), orxyna p* (g) < sup p* (fa) +-&;

a Tak Kak sup f, << g ¥ & IPOU3BOJBHO, TO TEM CaMBIM TeopeMa Gyler

[oKa3aHa.
[To ycaoBuio cymecTByer Takas ¢GyHrmms h, € J,, qro f, < h,
7 p* () < p* (By) < p* (fa) + /2" Doramem, uTo (QyHKIUE
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&n = sup (hy, By, .. ., h;) YOOBIETBOPHIOT HOCTABIEHHOMY TpeGoBa-
Emo. Omn mpmHamjeskat J ., o6pasyioT Bo3pacTaomyio HoCIefoBa-
TeIBHOCTD U [, < gn OaA d00HX n; JOKaMKeM, UTO

b (&) <w* () +e (1 =57 ).

IIpoBemeM mERyKnmuio mo n; ciaydait » = 1 Tpusmamern. C mpyroit

CTOPOHBI, £y4y = SUP (gn’ hn+1)9 &n > fn i hn+1 > fn+1 > fnl OTKYHa
inf (gn, Bnt1) 2 fr; @ Tax xax

inf (gy, hn+1) + sup (gm hn+1) = gn + hn+1’

To W3 TeopeMsl 2, m. 1 BEITeRaeT, uTO
P‘* (gnH) = P"* (gn) + P"* (hnH) —M* (lnf (gm hn+1)) <
« 1
SU* (gn) F 1% (Bays) —0* (F) <u* (favd) +2 (1 "fn‘) +2_:+T=

=* (fare) +& (1— 527 «

CaeactBRE. Ilycmb $5 — MHOMCECMB0 NOAOHCUMEALHBLL HUCAOGHLE
Pynryuil, Puibpyoweeci no OMHOWEHUNW < U makoe, Wmo 8 § cyuje-
cmeyem Kongurasvhoe cuemHoe nodmmoscecmeo & (Teopmsa ME-B,
ra. 111, § 1, n. 7); moeda

u* (sup f) = sup pu* (f). (11)
€S e

B camoM fene, cymecTByeT BO3pacTaiomas IOCIeN0BaTeJbHOCTh
dyaxiuit u8 @ ¢ Toi] ie] BepxHeit ormGaromei, aro T F: ecau (f,)
ecTh IOCHe0BaTeJbHOCTh BeeX QyHKIuil us &, mpoHsBOIBHLIM 0fpa-
30M ymopsapmodeHHas, T0 "epe3 (fn,) 0003HaUUM ee mONTmOCAeHOBaTe b

HOCTH, ONpefeNieHAYI0 0 UHAYKIUWH, ycaoBuAMU n, = i, f"h+1 =
= sup (fn,, fr); AcHO, 4TO 5Ta IOANOCIENOBATEIBHOCTE O06IafaeT

TpeGyeMEIME CBONCTBaMH.

3amevanns 1) Coormomenne (11) He 06:3aHO BHIOOIHATHCH
ecin §F ecto! wecuemnoe GUABTPYIOIEECH MHOMKECTBO IOJOKHATEIbHBIX
QYHEKOuI, He ABIAIIIAXCA NOJYHEIPePHBHHIMA CHI3Y. BosbmeM, K mpH-
mepy, X = R: oGosHaunm uepes i mepy JleGera Ha R m paccmoTpmM ¢mib-
Tpyomeeca (Mo <) MHOMKeCTBO § XapaKrepHCTH4eCKHX QYHRumH Qpr
BCeX EKoneunsz HojgMHOmecTB M u3 R. Mmeem u* (9n) = 0 gias awboro
KOHEYHOTO MHO;KecTBa M, TaK KaK TOYKA COREP/KUTCA B OTKPHITOM HHTED-
Balle CKOJNb YrOMHO MaJjoil JJIMHE, M CJeIOBATEIBHO, XapaKTepUCTHIe-
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CKas QyHKI[AA MHOKECTBA,, CBOJAMErocs K TO9Ke, HMeeT BeDXHMUIT HATerpai,
PaBHHIH HYTIO0, ITO BEHITeKaeT M3 oUpefejeHHs 3 W Opejiaoskenus 9, m. 2,
Ho sepxHaAA orufamwmas MHOMKECTBA § ecTh HOCTOAHHAS (YHKIUA, PaB-
Hat 1, 7 p* (1) = oo,
2) 3ameTuM, 4TO IJA Yy6uweawujel NOCICHOBATEABHOCTH HOJOKUTEN b=
uerx Qymkmmii pasemerso p* (inf f,) = inf p* (f,) Momer He BHHOXHATEH-
n n

cs1, nasse ecan u* (f,) < oo npm awbom n (cp. § 4, vop. 8¢)).

lregnomerur 13. Jas awboli nocaedosamenvrocmu (f,) noao-
HumesbHblx yuciostlr PyHkyuil, onpedeaennvr na X, cnpasediuso
HepaseHcmeo

(2 )< 2 p* () (12)

Jlocratouso mpumernTs cootHomende (10) kK Bospacrajomeit mocae-

n

noBaTelbHOCTH (YHKOME g, = ) fx W yd9ecTh, uTO cormacso (9)
h—

ép, (fr)

B § 5, o. 6 MB yxkakeM yciIoBuA, OpH KOTophix B dopmyme (12)
HMeeT MeCTO paBeHCTBO.

[repnoxerne 14 (nemma Daty). Juaa 410601 nocaedosamesvrocmu
(fn) nososcumesvHulL HuUCAOEHL PYHEYULL CRPABEOAUSD COOMHOULEHUE

w* (lim. inf f,) << <11m. mf w* (fn)s (13)

Nn~—-00

HefictBurenbao, pjia ai060ro meloro n TONOMKHEM gn——mf fatps

p/
IOCNe[OBATeNBHOCTE (g,) BO3pacTaer, m lim.inf f, =sup g,; orcioma

n—>co

n
B cany (10) p* (lim. inf f,) =supp* (g»); Ho Tak Kar g, < fnip WIA
Nn—oo n
p>0, 1o u* (g,)<<u* (fn+p), OTRYRR p* (g0) << lng w* (frep), W OROHTA-
teapHO, w* (lim. inff,)<Csup (infp* (faip)) = 11m 1nfp (7n)-
N~>00 n p=0

Caencruk. Ilycmoe (f,) — makras nocaedoeameavrocmsd ROAOHCU-
meavhblx wucaoeslr Pymryuli, wmo lim f, () = + oo s awboeo

n—-oo

xz € X. Ecau mepa p omaunna om Hyaeeoil, mo lim p* (f,) = +oo.

Nn—>00

HeiictBETenbHO, eciam f, — WocToAHHAA (QYHKNHA, paBHag --oo,
T0 f, ABIAETCA BepXHeil ormbaiomeit Bcex QyBKNui U3 ¥4, a TaK Kak
7 H. Bypbaxm
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u 50, 10 u* (f,) >0; HO mockoaBRY [, = af, maa aw6oro a >0,
T0 u* (f) = +oo (mpepa. 11). Hepasenctso (13) moxasriBaer Temeps,
qaro p* (f,) cTpemutca K + oo BMecTe ¢ n.

Meepaomenns 15. Jas awboeo ckasapa o >0 u awboii napu
noaoxcumervilx mep W, v Ho X cnpasedauet gopmyas
(ap)* = ap*, (14)

(W -+ v)* = p* + v (15)

Kpome mozo, coomnowenue p <L v erewem p* << v*,

Hoxraskem pasenctBo (15). IMomosum A = p -+ v; Torma A (f) =
=u{)+v () paa f €&y; nua f € J, sHauenne mHTerpaia A* (f)
(coot. p* (f), v* (f)) ectp mpemean mHTerpaaos A (g) (cooTs. p (g),
v (g)), Korfa g mpoGeraer ¢uapTpyomeecsa (W0 <) MHOeCTBO JyHK-
nuit g € 4+, g < f; cuemoBaTedpHO, A* (f) = pu* (f) + v* (f). Haxo-
Hell, eclM f eCTh MPOM3BOJBHASA IOJOMKUTENbHAA QYHKOUA, ompele-
nesHaA Ha X, 10 A* (f) (coorBap* (f), v* (f)) ecTs mpemea mHTEIpaloB
A* (h) (coorB. p* (h), v* (h)), xorma h mpoGeraer (uaBTpyomeecs
(mo =) mHOMecTBO QpyHERIUIA A € J4, b > f; TakuM obpasom, cHoBa,
mepexomsAs K npepmeay, moxyzaem A* (f) = p* (f) + v* (), dro
m noxasnBaer (15). Toumo Tak ;xe MoxasHBaeTca cooTHomeHme (14).
U, maxoHen, ecam W < v, TO MOMKHO HamucaTh v = U + (v — L),
rme v — p >0, u, sHawmT, v¥ = pu* + (v — p)*, weM moxasaHo,
gr0 pu¥ < v¥,

4. BHEUHA RS MEPA NPOUICOALH 020 MHOIECM EA

Ompepenerus 4. Hycmv p — noaoxcumesvhan mepa Ha X; das
4106020 nodmuoncecmeéa A us X Hasoeem sHewreil mepoii A (oTHOCH-
TeJIbHO MepH (1) u 0603Hauum yepes u* (A) seprruil unmezpas p* (@),

Taxum o6paszoM, BHEIIHAS MepPa MHOMeCTBa 6CTh IOJOKUTEAbHOE
9mCca0, KOHeWHOe WAM paBHOe -}-o0o, coBmajaiomee IJsA OTKPHTHX
MHOECTB ¢ BHEIIHEH Mepoii, BBelleHHOW B ompegenesmym 2, m. 2,

IIpepnoskenue 16. Ecau A u "B — dsa nodmmomcecmsa us X
u A < B, mo p* (4) < p* (B).

CuaepcTBRE. Beakoe OMHOCUMEAbHO KOMRAKMHOE MMHoxcecmeo usd X
UMeem KOHEUHYI0 GHEULHIOH MepY.
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B camoMm neie, Takoe MHOJKECTBO COMlep;KHUTCH B HEKOTODOM OTHO-
CHTeIbHO KOMIIAKTHOM OTKpHTOM MHOMecTBe (O0m. Tom., ra. 1
(3-e man.), § 9, m. 7, mpena. 10), BHemHAs Mepa KOTOPOro KOHEYHA
(u. 2, mpema. 5).)

Ilregnomenns 17. Ecau (4,) ecmv so3pacmarwwas nocaedoeament-
Hocmy nodmruoxcecns us X, mo

W (U An) = sup p* (4n) §

Ilpepnomxerue 18. [as aw6oi nocaedosamesvrocmu (4,) nodmro-
acecme usa X cnpasedauso HepaseHcmeo

W (U A< 0" (4,).

JTu OpeNoMeHHA ABIATCA BapudaHTamMu mpemio:xesmit 10 m 13
F TeopeMH 3, . 3 IPUMEHHTEIbHO K XapaKTepHACTHIeCKUM QyHKIHAM
MHOKeCTB.

IIrennomesne 19. Jaa awbozo nodmmoscecmen A < X u* (4)
eCTNb HUNCHAS ZDAHb GHEUHUL MeD OMEDLMBE MHO¥CECns, codepica-
wux A.

Ilpepnosxenme oueBmppo, ecim ¥ (4) == 4-co. B nmpormBHOM
ciayuae mus Jioboro &, 0 < & << 1, cymecTByer Takasg QyHKIuA [ €
€ T4, a0 94 < f 1 ¥ (A) < p* () < p* (4) + e. Hyors G ecrs
mMHOKecTBO TeX x € X, B ®KoTopHX f () >1 — &. llockoasxry f moay-
HempepHBHa cuHu3y, To G omxpumo (O6mas Tom., ra. 1V, § 6, n. 2,
npena. 1) m copmepssur A; ¢ ppyroit cropos,t f = (1 — &) @g,

! ” (u* (A)+ €); a Tak Kak ¢

u mostoMy p* (G) << 115 p* () < T

IpOM3BOABHO, To p* (G) CKOIB yrogHo MaJyo oramiaercsa or p* (4),
OTKyfa U CcJefyeT DIpejllo:KeHHe.

Ynpaskaerua

1) Iokasatp, 9TO €CIW [ W g — fiBe HONOKUTeNbHBE TUCIOBHE yHK-

nmu Ha X W J — [OJOKHTENbHAasA Mepa Ha X, TO
p* (sup (£, &) -+ p* (inf (f, ) < p* () + p* (9.

BuBecTu orcioga, 9T0 ecim A W B — DpOW3BONBHEE MHOMeCTBA
m X, 10 p*(4 U B)+ p* (AN B) <p* )+ p* (B) (pf § 4,
yup. 8d)).

2) Ilokasarts, uTO, KakoBo On HE 6wio z € X, &% (f) = f (x) gnsa
nw06oit gmcaopoit ¢yakuum f > 0 ma X.
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3) IIpuBecTn npuMep OTKpHTOrO MHOKecTBa u3 R, Ee Apidrmerocsa
OTHOCHTEJbHO KOMIAKTHHM M HMeOMero KOHEYHYI0 BHEIIHII0 Mepy
(orHOCHTEAHLHO Meph JleGera).

4) Ilyers X — 7mOKanbHO KOMIAKTHOE IPOCTPAaHCTBO, ¢ — TaKasg
HONOKUTENbHAS YHCIOBaf KoHeYHAas OyHKnusa Ha X, 4to gua awboro
KOMIAKTHOTO mopMEOoKecTBa K m3 X cymma Z o (z) KOHEYHA;, UYCTH

XEK
U — ToJOjKHTeNbHas Mepa Ha X, ompefeleHHas INPH TOMOIH Mace
a (x) (ra. 111, § 1, n. 1, opumep 1).

a) Ilokasarh, 4ro pus a6oil mOTyHenpepHBHO CHH3Y (QYHRIHH

f>=0ma X p*(f)= Z a (z) f (z), ecam ycuoBUTBes, 4TO & (z) f () =
xEX
=0, worga @ (z) = 0 m f (z) = -} o0.

b) Mycrs f > 0 — npouaBonbHas ducaosaa ¢ymknua mHa X. Iloka-

3aTh, 910 ecam p* (f) < 400, T0 p* (f) = 2 a (z) f (z) ¢ Tem sKe cora-
x€X
menneM, 9to # B a). (Cp. yup. 5).

°5) Ilyers W — mogmmoskecTBo muockoctn R2, cocrosigee M3 mps-
moit D = {0} X R u m3 Touer (1/n, k/n?), rie n mpoGeraeT MHOMKECTBO
LEJHX CTPOTO MOJMOKHTeNbHEX JUcel, & kK — MHOMecTBO Z LENHX panyo-
HAALHHX YHCeI.

a) Jlaa xroboit Tourm (0, y) npamoit D u mw6oro nemxoro n > 0 06o3na-
ynm depes Tp (y) MHOMecTBo TaKmx Touek (u,v) m3 X, uro u < 1/n
m|v— y| < u. llokaszars, 9T0 eci¥ B KalecTBe @YHAAMEHTAJIbHOM
cucTeMH OKpecTHOcTel Kakpod ToukH (0, y) 3 D Baath mMaoxkectBa T, (y),
n >0, a B KadecTBe (PYHTAMEHTAIHLHON CHCTEMBI OKpECTHOCTeH KarKmoit
U3 OCTANBHHX TO9eK MHOecTBa X — e[MHCTBEHHOE MHOIKECTBO, CBOJIA-
meecsd K aToil TogKe, To B X Gyjer oupefenena Tounoiorusd J , OTHOCUTEN b=
HO KOTOpoil X ABJNfA€TCA JTOKAaAbHO KOMUAKTHBIM, HO HE HAaPaKOMUIAKTHEIM
TIPOCTPAHCTBOM. '

b) Ilyers umciaoBan ymEEmMAa o Ha X pasHa O Ha D u pama 1/m3
B Kaskjoil m3 Touer (1/n, k/n?). IlokasaTh, uTo A M060T0 KOMIAKTHOTO
maO}kectBa K — X cymma 2 a (z) womeuma, IIycTe M — woONOKHUTETH-

xeK

Hasg Mepa ma X, ompefeneHmas Upum moMomu mace a (z). ITokasaTs, 4ToO
u* (D) = 4o, xo1a o (z) = 0 ma D. (IlokasaTp, 4TO ecam OTKPHTOE
OTHOCHTeIbHO J MHOKecTBO U coflepskuT D, To CymecTBYIOT TaKoH mHTEp-
Ball ¢ < y < b B D, me cpogamuiica K O{HOII TOYKe, TRKOE MHO}KeCTBo B,
BCIOAY miIoTHOe (oTHOCHTENbHO 06H4HOH Tomomornu B R) Ha aToM mHATEp-
Bajie U vaxoe meyoe n > 0, 9ro mag arwboro y € B T, (y)= U; mcnous-
30BaTh [OiA 9Toro Teopemy bapa).

6) Mycrs f > 0 — unciaoBas ¢yakuua mHa X.

a) ITokasaTs, 910 A TOTO, ¥T00H 0TOGpasKeHHe P > w* (f) mpocTpan-

cra off+ (X) B R 6HI0 HenpepHBHO B MUPOKOH TOIOJOIHH, HeoGXOZUMO
(m gocrarodmo), 9ToOH f 6hiiia HelpepHBHA M MMeda KOMOAKTHEI HOCHTENb
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(ucoombzoBaTh ymp. 2). Jas Toro 4robm otobpaskenme W+ u* (f) 6uuro
TOJNYHENPePHBHO CHA3Y B MINPOKON TOHOJOrHM, HeOGXomMMO (H JOCTATO4-
HO, CpP. Upepda. 4), 91o6ni f Obra HONyHENpepHBHA CHHBY.

b) Ilokaaats, 9To mas Toro, 4To6h oTOGpaskenue u > pu* (f) mpocrpan-
ctBa off4 (X) B R 6BLIO HETIpepPHBHO B KBAa3HCHABHON TONOIOIMH (ra. II1,
§ 1, yup. 8), Heo6XoAUMO U JOCTATOYHO, YTOOH f GHIa OrpaHAYeHA M HMeJa
KOMIAKTELIT HOCHTeNb (MeTOf, aHAJOTHIHLIE HpHMeHAeMOoMY B a). Bribe-
cTH oTcIofa, 4TO AuA mdoboit gymkumm f > 0, ofpamalomeiica B Hyab
Ha [ONOJHEHHH CIETHOTO OOGHOIUHEHUs KOMIIAKTHWX MHOKECTB, oTo0pa-
jHeRne W > p* (f) nonyHeImpepHBHO CHH3Y B KBASHCHIBHOH TOMOJOTHH
(ncmonp3oBarth Teopemy 3) (cp. ymp. 7b)).

¢) IToxasath, 4To AJis TOro 4T00H OoTOOpaskeHme L +—> p* (f) mepece-

aemust offy (X)Ne# (X) R Gruro mempepsiBEO B yabTpacHiBbEOHR TomoO-
gornu (ra. II1, § 1, yup. 15), meoGxomuMo m HocTaTodmo, ITOGH f GhiIa
orpaHMYeHa; fAuad n6oi gymknunm f >0 ma X orobpaskenme U —> u* (f)
TOIYHENPEPHBHO CHE3Y B YJIbTPACHIBHOU TOLOIOTHH, ‘

d) Tlokasars, 4ro A TOro uToOH orobpakenwme p —> u* (f) mepe-

cevenus ofls. (X) ol (X) B R 6Gristo HeHpeprBEO B caaboil Tomomormu
(ra. III, § 1, yop. 15), meo6xoaumo H [0CTATOTIHO, ITOOH f OHLIIa HELPOPHIB-
Ha Ha X m cTpeMunach K O B (eCKOHEYHO YZAJEHHOH To9Ke; IJS TOTO
9ro6sl [ > u* (f) 6RO HoNyHempepHBHO CHH3Y B ciIaGoil TomoJOrHH,
HeobxoaMMO u  LOCTaTO4HO, 9106H [ OHia  ToTyHEIpepHBHA
CHHUBY.

7) a) Ilyerp (p,) — Bo3pacTalomas IIOCAEHOBATENLHOCTH IIOJIOKH-
TeNbHBX MeD Ha JOKAIbHO KOMIDAKTHOM IpocTpPaHCTBe X ; TPEeNION0IKUM,
9T0 3Ta IOCJEe0BaTeJIbHOCTh MaKopmpoBana B off4 (X), m o6oszmaumm
4epe3 § ee BepXHIW rpamb. ITyers ¢yHKuma f > 0 ompegenena mHa X
u obpamaercs B Hyah HA HONOJIHEHHW K CYeTHOMY OOBeIMHEHHIO
KOMIIAKTHHX MHOKecTB. Ilokasats, 4ro u* (f) = sup p% () (cp.

n

yup. 6b)).

b) Hyers X W p — IOKANBHO KOMIAKTHOE NPOCTPAHCTBO W Mepa,
ompesiellenare B yup. 5. Ilyers «, — dmcaoBas QysKums, paBmas o
(o6o3mavenns yup. 5) Bo Beaxolt rouxe (1/m, k/m2), Takoit, ato m < n,
n paBHasA (0 B ocTaXbHHX To9Kax m3 X; Iycth p, — Mepa, OIpeJielenHas
upu moMomu Macc o, (z). IIoKaszaTh, 9To W ecTh BepXHAA IPaHb HOCHEIO-

pu— * pu—
BaTeIBHOCTH (fiy,) B off+ (X) m9To p} (D) = 0 paa mwboro n, no p* (D) =
= -} oo.

8) a) Ilyers (u,) — yOnBalmas TOCHefoOBaTeTLHOCTH HOMOKHTENb-
HEIX MeD Ha JIOKaJIbHO KOMIAKTHOM NpPOCTpaHCTBe X, W UYCTh U — HHMK-
HAA TPaEb 3ToH HociaemoBateldbHocTH B offy (X). IlorasaTs, d9To pisA
aroboii ¢ymakuum f > 0, pas Koropoil, HadwHaA ¢ HEKOTOPOTO HOMepa,
¥ (f) < --o0, umeer mMecro coormomenue p* (f) = iﬁf px (f) (3 cmyuae,

koria g > 0 monymenmpepelBHa CHH3Y M TakoBa, u4to u* (g) < 4 o0,
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3aMeTHTh, 9TO CYMECTBYST TaKaf IOCIef0BATeNLEOCTH (h,,) HEIPOPHBHEIX
00
MOJIOKATEAbHNA (QYHKOAA ¢ KOMOAKTHHM HOCHTENEM, YTO 21 hp <Lg
m=1
00

w aro p¥(g) = ) pd (hy) muA w060z WHFEKCA n).
m=1
b) Iycrs ma muckperHOM IpocTpaHcTBe X = N ompefeneHa mepa W,
IpE DOMOIME MAacCH -1, pacnonokemHO# B Kamjod Touke m > n. [loka-
3aTh, IT0 HEVKHAA IpaHbp yOmBaomeil mocnegoBatensmocta (|1,) paBHa 0
B ofl, (X), B To Bpema Kak p¥ (X) = -loo gus awboro n.

§ 2. IlpenebpesxumMble PYyHKOHH W MHOMKeCTBA

1. IHoxroxwcumervnote npenedpelcumsie ynrKyuu

OnrepeneHnE 1. Ecau na 40ka4vno Komnarxmuom npocmpancmee X
sadana mepa |, Mo 2080pam, ¥Mmo “uci08as (KOHEUHAR ULU GECKOHEUHAR)
pynryus f =0, onpedesennan na X, npenebpexcuma OMHOCUMEALHO
Mepwi P, ecau | p |* (f) = 0.

B srom cayuae rosopAr Takike, 9T0 | W-npenebpesjcuma WAL, ecim
970 He BiedeT HyrtaHmIHL,¥mpocro npenebpesncuma.

IleepnomernE 1. Ecau f = 0 — npenebpescumasn “gpynryus, mo
ecakan wucaoéan Pynryus g, ydossemsopsiowyasn ycaosuam 0 < g < af
(¢ >0 — crassp), npenebpescuma.

HeiictButensro, 0 < [p [* (@) << a|p |* (f) = 0.

IIrEgnomeRnE 2. Cymma u eepruas ozubalowyas nocaedosament-
nocmu (f,) nososxcumervrox npenebpercumbr GYHKYUT npenedpercumsl.
HeificTBuTennuo,

| (X f) < D" (£a) =0
(§ 1, m. 3, npenn. 13) u sup f, < D fn.

Ilpegnosenne 3. Jan moeo umobn gdynryus f =0, noaynenpe-
puignas chusy na X, 6bia npenebpescuma, Heobrodumo u docmamouno,
umobb oHa 06pAWALACH 6 HYAb HA HOCUIEAE MEPb .

B camom mexne, ecam | p |* (f) =0, 10 | p | (g) = 0 ana moboi
¢yurnun g € 874, g < f; orcromma cuexyer (ra. 111, § 2, n. 3, upena. 9),
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110 g obpainaercsa B Hyib Ha HocuTede S MEDH U; a IOCKOJIBKY f ecTh
BepxHsasA orubaromasn ¢pyuxumit g € A4, g << f (§ 1, u. 1, nemma 1),
10 f () = 0 ma S. O6patHo, ecan f (z) =0 na S, T0 g(2) =0 mHaA S
naa moboi GyHKUEE g € &%, g < f, m sHaumr (ra. III, § 3, m. 3,
npena. 8), | p | (§)=0, uto, mo ompenenenmio, Baewer | u [* (f);=0.

2. IIpenebpencumste MHOIECMEA

OurEnEREHUE 2. Ecau Ha 10KaAbHO KoMRaEmHOM npocmparcmee X
3adana mepa ., mo zosopam, umo nodmmoxcecmeéo A < X npenebpe-
HCUMO OMHOCUMEAbHO MePB W, ecau | p [* (4) = 0.

T'oBopar eme, ato A p-npenebpescumo AU, €CAU BTO HE BlEUET
IYTAHMIB, LPOCTO npeHeGpescumo. IJTO oUpeReieHHe DABHOCHIBLHO
TOMY, 94TO XapaKTepHCTHYeCKAA QYHKIUA ¢, IpeHeOpeRUMa.

IIPERNOKEHAE 4. Bcakoe ROOMHOICECNE0 NDeHeOPeHUMOZ0 MHO-
Acecmea npeHebpercuMo; 6cakoe cuemuoe 00'vedunenue npened pexjcumly
MHONCECME nperebpescuMo.

JTO cleMyeT HEIOCPEACTBeHHO H3 HmpefiokeHmit 1 m 2.

IIpawmep. Ilycts p — Mepa Jlebera ra R. Bceskoe cBopameeca
K TOUKe MHOMKeCTBO {r,} mpemeOperxmmo (cp. § 1, m. 3, samedamme 1).
Orcofa caefyer, 9TO ecakoe cuemroe MHOxcecmeo uz R npenebpewcumo
omuocumeavho Mmepw Jlebeza. OOparHOe yTrBepskAenme HeBepHO (§ 4,
yop. 4b)).

IlpEgnoeruE 5. Jonosnenue nocumeas S mepu [ ecmb Hauboab-
uiee omrpumoe npenebpescumoe Muoxcecmeo 6 X.

JleiicTBUTENBHO, B CHLY IPEANOMEHNA 3, ANA TOro yToOhl OTKPHITO
MHOeCTBO G Gplo npeHeGpeKuMo, HeOOXOAMMO H JOCTATOYHO, YTOOH
GNS=g,.e.G=CSS.

3. Ceoticmea, cnpaséedaussle noumu 6¢100Y

Ilyers X — nOKanbHO KOMHAKTHOE HPOCTPAHCTBO M U — HOJIOMH-
TenpHas Mepa Ha X . Ecan P {z} ecTh HeKOTOpOE CBOACTBO, TO CBOHCTBO
«P {x} noumu ecwdy (omuocumesbrno p)», MO ONpeleNeHHI0, DKBHBA-
JIGHTHO CBOMCTBY «MHosicecmeo mex & € X, 348 KOMOpHL He 6LnoAHIEM -
ca P {a}, p-npenebpexcumor.
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Teorema 1. Jas moeo umobw uucroéan (Komeunas uau 6ecko-
neunan) dynryus f = 0, onpedesennas na X, 6vlaa npenebpexcuma,
neobxodumo u docmamouno, umobn f (z) = 0 noumu cody.

YcnoBue neobrodumo. J\ecTBUTENbHO, NPEIOJIOM M, YTO [ Ipe-
Hebpemuma, # nycTs N — MHOKeCTBO TexX = € X, B KOTOpHX f (x) 5&
+#0; Torma ¢y << sup (nf), m 3HawmT, @, DpeHeOpeskmma (m. 1,

n

npefr. 1 m 2).
Y cnosue docmamouro. B caMmom pmene, ronyctuM, 9T0 MHOMKECTBO [N
TO9eK, B KoTOpHX f (z) 540, mpeHeGpeskmmo; Torma f < sup nQy,
n

m, cliefloBaTenbHO, f mpenebperxuma (npean. 1 u 2).

IpEnnoxEruE 6. Ecau f u g — Oee (koneuHvle uau Hem) nosoxcu-
meavntie Pynryuu, onpedesennvie Ha X u marue, umo f (z).= g (z)
nowmu. sewdy, mo | p 1* (f) = | p 1* (9).

B camom pmene, mycts N — npeHe6pe:KUMoe MHOKECTBO TEX TOYEK
x € X, B Korophx f () s4g (z). Hockonbry ¢yarmum inf (f, g)
m sup (f, g) paBHH Me:xAy coboil BCIOAY, KpoMe To4eK MHOKecTBa NV,
TO IOCTATOYHO AOKA3aTh HpeftoKeHne A cayqasa [ < g. O6o3naunm
gepe3 k& QyHRIHEIO, paBHYl +oc B Toukax mHOKectBa N m 0 a CN;
rorfa f<{ g << f + h, oTryma

v PO <lpPF@<IpPFF+hn<
<Iw*D+1p*®=]p* @

(ubo 7 mpemnefperkmMa), U3 Yero W CAeAyeT Lpeflo;KeHHE.

ITrEpnomenne 7. Ecau gpynryus f = 0 onpedesena na X u maxosa,
umo | n [* (f) << +o0, mo f (x) komeuna noumu ecidy.

B camom pgeme, nycte N — MHomecTBO Tex ToueK x £ X, rme
f () = +-o00; gna moGoro meaoro n mMeeM nQy <- f, OTKYAA

nlp * (o) << | p I* ()

a TaK KaK 7 CKOXb YFOQHO BEJIHKO, To | u [* (V) = 0.

ObGpatroe yTBep:K/leHHEe meBepHO: Aaske Korja X KoMmaktao, QyHK-
mas f >=> 0, onpenenesHas Ha X @ KoHeYHAd BCIORY, MOKeT mMeTb 0ecko-
HeUHHH BepXHHU HWHTErpall, KaK HOKasHBaer HpuMep, B KoTtopom X =
=1[0,1),f(x) = Yz gnaz > 0m f (0) = 0, a p ecrb mepa Jefera ma X.
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4. REaaceot ak6usaieHmusle Pynryutc

IIyctp p — mMepa Ha JOKAaTbHO KOMIIAKTHOM IpocTpaHcTBe X
m F — mexoTopoe MHOKecTBO. J[Ba oTobpamenus f, g mpoctpadctBa X
B F Ha3bIBAIOTCA 9KEUSALEHMHHIMU OMHOCUMEAbHO P (XM P-9K6USa-
AEHMHUMU, & TaKMKe, €CAM TO He BJIeYeT IYTAHUIH, HPOCTO IKEUSa-
senmuumu), ecan f(xr) = g () nowmu ecrody Ha X, Ilockomsky
o6beuHEHHE IBYX DpeHeOpe:KUMEIX MHOXKECTB IIpeHeGpesKIMO, TO TeM
CAMEIM OIIPeeNIeH0 OTHOMIGHME OKBUBAJEHTHOCTH B MHOMECTBe FX
Bcex orTobpasenuil npocTpanctsa X B F. Kormga M 6ynem rosopurs
0 kaacce sKeusasenmuocmu Tarkoil gyaxnuu f (Ges mansHeHIMHAX yTOU-
HeHmit), T0 GyHeT HOApasyMeBaThCA, YTO PeYb UAET 0 Kiacce JyHKUMI,
PaBHHX [ II0YTH BCIOAY; B BTOH M TOCHEAYIOMMX TiaBax MH OyfeM

~

0003Ha9aTh BTOT KAacc f.

Ieegnomenne 8. Iyemv (F,) — cuemuoe (koneunoe uau Gecko-
HeuHoe) cemeticmso MHouCecrns. Jas 4106020 undekca n 06osmavum
uepes frn, gn 060 dn6uSANEHMHUL omobpaxcenus npocmparemsa X ¢ F,
mozda Halidemcs makoe npeHebpexcumoe Muoxwcecmso H, umo Oun
wiobozo x & H pasencmeo f, (x) = g, () eunoansemcsa npu awbom n.

HeficrBuTensro, MHOMecTBO I, Tex z € X, B KOTOpHX f, (z) ==
= gn (%), TpeHeOpe;kUMO, a 3HAYAT, OpeHeOPEKIMO U HX 0GBeaHHe-
Hue H (un. 2, mpemn. 4), KoTopoe u o0iafaeT HYMHHIM CBOHCTBOM.

CnenctBuE. Ecau @ ecmb omobpaycenue HF,, 8 Muosxcecmeo G,
n

mo omo6padcerus @ ((f,)), cp(('gn)) npocmpancmea X ¢ G sxeusasermHbl.

O6o03HaguM TeHephb 4epes ¢ ((f,)) Kiacc sKBEBaJeHTHOCIH M0G0
¢ynruma ¢ ({f,)), Korma f, ecTs mpom3BoAbHAA (YHKIHA Kiacca Fre

B uaetHocTH, ecam F ecTs éexkmopHoe mpocmpakemeéo map R, To
-0 naf onpemensioTCA COOTBETCTBEHHO KAK KiacChl SKBHBAJIGHTHO-
cm gasa f+ guaf (f m g — orobpaenna X B F, a — cranap);
TeM caMBIM B MHO)KECTBE KIacCOB DKBHBAJICHTHOCTH O0TOOpaKeHmi
upocrpancTBa X B F yCTAHOBJIGHA CTPYKTYPA 6€KMOPHO20 NPOCMpAH-
¢meéa; Upu BTOM OHA ABJIAETCA CTPYKTYpPO# ¢pakmopnpocmparcmea
mpoctpamctBa  FX  peex oroGparkenwit / mO  HOAUPOCTPAHCTBY
oToGp ajKeHmix 7’ €0 (pyuromit, obOpamaomuxcsd B HYAb HOYTH
BCIOlY), KOTOpHe TaKKe HASHIBAIOT npeHebpescumbimu QyHKIEAME
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(co smagennamu B F). ToyHo Tak xelompenensercsa nponssenenne gf,
e f ecTb Kiacc SKBHBaJEHTHOCTH o0ToOpaKeHHil mpocrpaHCTBa X

B F, a'g — KIacc DKBHBANCHTHOCTH (KOHEUHEIX) THCIOBHIX (YHKIIIL,
olIpeieNeHHEX Ha X; TaKHM 00pa3oM, MHOKECTBO KJIaCCOB SKBUBa-
JeHTHOCTH oToOpakeHumii npocrpancTBa X B F HajeneHO CTPYKTYpOi
Modyss Haj MHOMKECTBOM KJIACCOB SKBHBAJGHTHOCTH OHPENETEeHHEIX
1a X KOHEUHKIX YACJIOBHIX (pyHKIHi1 (KOTOpPOE B CBOIO ouepedsb Hajele~
HO CTPYKTYpOi# kotvya). Ecim F ecth asze6pa vap R, To ompenenena
TAKKe CTPYKTYpa a.2e6pii B MHOMKECTBE KJIACCOB SKBHBAJEHTHOCTH
orobpakeHmii mpocrpaHcTBa X B F.

Ilycts F — mempusyemoe TomoIOrmMdecKoe IpocTpaHcTBo. Pac-
cMoTpEM B F paBHOMEPHYIO CTPYKTYDPY, COTIACYIONYIOCS C ero TOmo-
JorHell M OIpefleIeHHYIO NpH IIOMOMX C¥e€mH020 CeMeicTBa OTKJIOHEe-
B p, (O0mas rom., ra. IX, §§ 1 1 2); gua Toro uTo6H ABa oTOGpame-
wua f, g npocrpacTBa X B F OHIM DOKBEHBaJeATHH, Heo0Xx0AmMO
M AOCTAaTOTHO, YTOGH uncIoBhe GYEKROUE p, (f, £) Obnm npenebpescu-
Mbl; IEHCTBATENBHO, 3TO PABHOCHIBHO YTBepJKAeHHIO, 410 B X HaiijieT-
ca rakoe InpeHe(pe:xmMoe MHOKecTBO H, uro gua mwoboro z s=H
paBeHctBo 0, (f (z), g (z)) = 0 cupaBegimBo upm maoGoMm n, T. e,
f(x) = g (). B wacrHocrm, ecam F ecTh MeTpm3yeMoe JOKAJBHO
BRIIYKJiO€ IPOCTPAHCTBO, a (¢n) — CYETHOE CEMEACTBO IIONYHODPM,
ompepensiomee Tonoxoruio B F (Ton. Bext. mp-Ba, ra. 11, § 5), To gas
Toro, uro0nl aBa oToGpaenns f, ¢ npoctpancrBa X B F Ghiim dKBH-
BAJCHTHBI, HEOGXOAUMO W OCTATOYHO, 4TOGH BCE YHCHOBHIe QyHKIUM
¢ (f () — g (z)) 66 TpeHeGpeRUMEL

IpennoxeruE 9. lycms f u g — 06a HenpepusHBLL 0MoGPaANCEHUR
npocmparcmséa X ¢ omdeaumoe monoaozuieckoe npocmpaHcmeo F;
das mozo umobsl f U g 6uiau IKEUSALEHMHBL, HeobX00UuMO U docmamouHo,
ymobw f (z) = g (z) ¢ kaxcdoli moure Hocumeas mept .}

JeiicTBRTETPHO, MHOKECTBO Tex = € X, B Kotophix [ (z) =g (),
oteparo (O6mas rom., ra. I (3-e m3a.), § 8); mia Toro 4roGH 0HO
6510 mpeHEOpEIKEMEM, HeOOXOAWMO M JOCTATOYHO, 4TOOH OHO He
mmeno ofmux ToYeK ¢ HocmTeleM MepH i (m. 2, mpema. S5).

OrMeTnM eme CIeAYIOIMME pPe3yabTaT:

regnomesue 10. Hycmy F — makoe omdeaumoe 40KaAbHO 6bl-
nykaoe npocmpancmeo Had R, umo 6 conpascenHom K Hemy npocmpan-
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cmee F' cywecmsyem nocaedosamenvHocmo (Gy), 6clody naomunas 6 caa-
6oti monosoeuu ¢ (F', F) (Tom, Bekr. mp-sa, ra. 1I (2-e mapn.), § 6,
u. 2). Jaa mozo umobun déa omobpaxcenus f, Y npocmparncmea X ¢ F
OblAL IKEUSANERMHYL, HE0OT00UMO U Docmamouno, ¥mobv npu a406oM
n wucaosie pynryun (f (z), an) u (9 (2), an) 6vau skeusasenmmsl.
HeoGxompumocts oueBupHEa. OGpaTHO, €CNM 370 yCHOBREe BEIIOJ-
HAGTCA, TO HalifileTcA Takoe IpeHebperxmMmoe MHOKecTBO H, uTo misA
moGoro x ¢ H paserctBo (f (x), @n)=(9 (z), @n) BHOOIHAETCA HpH
a106oM n; 9TO 03HagaeT, 410 caabo HempeprBHEe Ha F’ nuHe#HHe
dopmer 2" — (f (2), ") u 2’ v (g (z), #') paBHH Mexmy coGoii B
B KaK/0H M3 TOUeK @, W, CTAM0 GHITH, COTJIACHO NPEJIOI0KEeHHI,
COBIIAZIAl0T, 4eM J0Ka3aHo, 4To f (z) = ¢ (z) ans mwboro z § H.

OrmernM, qro ycaoBue npennokenna 10 npumeHEMO, B 9aCTHOCTH,
K CIy9aio, Korfia F/ ecTb MeTpU3yeMoe JOKAJXBHO BHIITYKJIOE IPOCTPaH-
c¢TBO cyerHoro THna (Tom. Bekr. mp-Ba, Ta. 1V, § 2, u. 2, cnencreme
u3 mpepa. 3).

3. @PYnryuu, onpedeacHnsvle noumu 6crHw0yY

B cootBercTBEE ¢ ompepeneHneM #3 H. 3, TOBOpAT, IT0 oTobpasKe-
Hue f MHOkecTBa 4 M3 X B MHOKeCTBO F onpedeseno noumu sciody,
€CIHM JONMONHEHWe MHOMecTBa A ecth IpeHeOpEKHMOE MHOKECTBO.
Kaaccom sreueasenmuocmu oroGpakeHns f HaszwBawoT,  0003HaTaAIOT

wepes f, KIACC DKBHBAIGHTHOCTH BCAKOH (yHKIHUH, oIIpefieTeHHOH
Ha BceM X ¥ paBHOH f () B Tex Toukax z € X, B KOTOpHX f ompegese-
Ha; fCHO, YTO DTOT KJIACC 3aBHCHT TOJIbKO oT f. I'oBopsaTr, 4To ABe
$yHKIWE f, g, ONpefe]eHHbE HOYTH BCIOAY, IKGUGALEHMHbL, €CIH | =
= g: 9T0 03HAuAET, §TO MHOKECTBO TOUEK, B KOTOpHZX 00e (YyHKIHH
f (x) m g (x) ompeneneHsIH paBHKL, EMeeT IpeHeGPEKEMOE [ON0IHEHAE.

Jlerko BuAeTn, yTo IpeANoeHMe 8 M3 U. 4 H €ro CJielCcTBHE
06o01al0TcA Ha TOT CJyd9aii, KOTAa B HX QOPMYJIHPOBKAX Ipeiioa-
raeTcs MW, 4TO KayKOasa B3 QYHKUWM f,, g, oIpefeseHa IIOYTH BCIO-
ny; torna dyHrnmE ¢ ((f,)) 2 @ ((g,)) Toxe ompeneNeHH IIOUTH BCIOLY;
KJaccoM OKBEBaneHTHocTH ¢ynxmmu ¢ ((f,)) cuoBa Oymer ¢ ((}‘;)).

QyHKNMA, onpefesieHHAA HOYTH BCIOAY M IpHHEMAOMAsA 3HATCHNSA
B BEKTOPHOM IIpOCTpAaHCTBe F, mo-NperkHEMY HA3KBACTCA npeHebpe-
acumoli, econ oHa sKBuBajgeHTHa (. Ecam f ects mpeHeGpe:xmMas
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GyHKOUA co 3HaveHHAMH B F, a % — nuHeiiHOe oTo0payKeHme Ipo-
CTpaHCTBAa F B BeKTOpHOE IPOCTPAHCTBO G, TO ClIOKHAA (QYHRIHEA
u o [ (ompepelieEHAA IOYTH BCIORY) IpeHe6Gpe:KEMa; TOYHO TaK e A
BCAKO# (KOHeUHOJ) 4mCNOBOM (YHKIMK g, ONPENeNTeHRON MOYTH BCIO-
ny, pyurnua gf (omnpefeseHraa TOYTH BCIOAY) npenebpe;xuMa.

2 Cnexyer OTMETHTL, YTO B MHOMKECTBe QYHKOUi, ONpeJedeHHBHX IOYTH
BCIOlY W NPHHAMAOMUX SHAYCHNA B F, BHYITPEeHHNH 3aKOH KOMHIO3WIUM

(f, g)v¥> [ ¢ ne seasemes savonom zpynnui, TaK KAk HeHTPaAbHEM
3NEMEHTOM IJIA 9TOro 3aKoHa ABasercA Oymxnus 0, HO B TO Ke BpeMd, ecin
fonpeneneHna ¥e BCIOLY, TO HE CYINECTBYET TaKOH GyHKNYE g,9710 f -+ g=
= 0. VImeHHO 370 CIYKWT NPWINHON BBEJICHWA KJIACCOB IKBHUBAJCHTHO-
ctu F, KoTophe yime 00pasylr BEeKTOPEOE WPOCTPAHCTEO.

Tlyers (f,) — mocmemoBaTeNBHOCTH 0TOGpaKEHHE B mohoao2l
ueckoe npocmpancmeo F, mpudeM Kaskpoe; M3 HuX ONpeEfeNeHO IO4TH
Bcoony Ha X. oBopar, uro mocnexosatensHoCTs (f,) cxodumes (npocmo)
k f noumu ecrody na X, ecam fomONBEHHMe MHOMECTBA Toyer I € X,
B KOTOpHIX Bce (yuknum f, (z) oupemeneHs # IOCIeIOBATEIHFHOCTH
(f, (x)) mmeeT npemen, pasusii f (x), npeneGpemxumo. flcHo, 4TO ecian
LA Kamaoro n QyHKImA g, (ompepesenHas WOYTH BCIOAY) DKBHBA-
NeHTHA f,, TO IOCIETOBAaTeabHOCTH (g,) cXomuTcs K f IOUTH BCIOAY.

Ecam F ecTb monoiozuieckoe 6eKmMOpHOE RPOCMPAKCME0, TO TAK Ke
OnpeNesaeTCs noumu 6ciody cxodauulics pad, o6MuM 4ienoM KOTOpOro
cayxaT ¢ynxmus f,, ompefeleHHAs HOYTH Belogy Ha X W NpHHH-
Mapomas sHaueHms B F; cyMMoi »Toro psga sBIAeTcA (yHRuIEA,

ompeneNeHHas B TéX TOYKaX, B KOTOPBIX OIpPefeJIeHBl I HMEIOT mpejeJt
n

wacTmuHKe CyMME Y fp (%), W ee Kiacc 3aBHCAT JWIIb OT KJjac-
. h=1

COB fn.

6. Kaaccol 9%6UBAREHMHOCIRU | PYNKYULL
co snauenuanxu 6 R

Corazacysach ¢ ompefelesnmeM n3 I. 3, TOBOPAT, UTO dyuruns f,

olpejeNeHHAA HOYTH BCoAy Ha X ¥ NpRHEMAlomad 3HaTeHAd B R,
KOHEUHa noumu 6ciody, eci’m MHOMecTBO TeX x € X, B KOTOPHX f (@)
oIpefie/ieHa M KOHeYHA, BMeeT npeRepexnMoe ONONHEHH®. Oyaxnas,
KOHEUHAS IOYTH BCIONY, SKBUBAJGHTHA 6clody KoHeunou (yRKmmu:
3HAUWT, ee machf MOYKIO OTOKEECTBUTH C KJACCOM KOHEHHWT TWCIO-
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BHX (yuxnmi, ompesmesenHnx Ha X (mam mourm =Beromy Ha X).
B wacrtHOCTH, OIpeHeJeHH CyMMa W IIPOM3BEIeHAE BYX KJacCoB
TOYTH BCIONY KOHEUHHX (YHKIMH, H MHOMKECTBO 3THX KJIACCOB COCTAB-
et asaeze6py Hax R. Eean (f,) — mocaegoraTe sHOCT, PYHRUEH €O

anagennaMu B R, ompefesneHHHX M KOHEUHHIX MOYTH BCIOAY, TO YACTHU-
n
2

HEle CYMMH | fp (#) oOIpefeseBEl IOYTH BCIONY; €CAH OHH IOUTH
F=1

nas Beex z € X mmetor npenen f (z) B R, To rosopar eme, uro pAn
¢ o0mMM YJIeHOM f, CXOXHTCA IOYTH BCIOAY U/ €CTh CyMMa »TOTO PAAA
{(orMetuM, uTO [ He 06A3aTENBHO KOHEYHA IIOYTH BCIOAY).

Ecnm f m g — 1Be dmcnoBme QyHKOEHU, ONMpe/elIeHHHE® W KOHCYHHS

no4TH BCIOAY Ha X, To7 + },7 (coom.Nf'g) €CTh KJIacC BCAKOH (QyHKIOH,
paBHO# f (x) -+ g (x) (coorB. f (x) g (x)) B Tex rToukax z € X, rme 3T0
BHpa;KeHWe nUMeeT CMECJI. OTMeTEM, ¥T0 f W g MOryr OHTb 00e scrody

onpedesents m B T0 ke Bpemsa f (z)-+ g (z) (coots. f (z) g (x)) Gypmer ompe-
feneHa He Aia scex z (O6maa Tom., ra. IV, § 4, o, 3); Torma, mo ompene-
nepmio, f |+ g (coors. fg) ecth dymKmma, paBHas [ (z)-+ g (z) (coorB.
f (#) g ()) B Tex TouKax, IIe STO BHpaKeHHe OHpeledeH0; TAaKHM 00pasoM,
OHO ONpeJelIeHO JAUIIb HOYTHA BCIOAY.

Ilycrs f m g— nBe (Be 06A3aTeNbHO KOHEUHEIE) THCIOBEE QYHRINM,
ompeneseHHRe IO4TH Belony Ha X u rakwme, uto f (2) < £ (x) mourm
BCIONY; eclu f, PKBHBAJeHTHA f, a g, SKBHBAJEHTHA g, TO O4YECBHAHO,
gro u f; () << g () mourw Beroxy. CiefoBaTeNbHO, PacCMaTPABAEMOE
OTHOIIEHUE 3aBUCHT JIAIIH OT KJAaccoB QYHRIUM f U g; A HEro HCIodb-
syercs 3aIHCH | <C g, W JerK0 BUAETH, YTO 5T0 OTHONIGHHE ©CTh OMMHO-
wenue nopadka B MHOKECTBE KIACCOB BKBHBAJEHTHOCTH (YHRIEH
co smauenmamz B R. Ecam (f,) ectp (komeunoe mam Geckomednoe)
cueTHOe CeMEHCTBO TaKMX KIacCOB M ecum s jwoboro n yEumum f,
U g, ONpEeeJseHH IOYTH BCIONY M IPWHAMJIEKAT KIAACCY fns TO W3
npefiioykeHnss 8, m. 4 BHITEKaeT, YTO ONpeNejeHHHE HOUTH BCIOAY
$yHEIEA Sup f, ” Sup g, SKBMBANCHTHE; BHAUMT, AX KIAacC 3aBHCHT

n n

JAMb OT KJacCOB f,, W JErKO BUAETH, YTO OH €CThb GEPIHAL 2DAHD
sup f, K1accos f, B MHOKeCTBe KJIacCOB QyHKIumi co 3Havenmamu B R,
n

yIOPAN0YEHHOM TONBKO UTO YKA3aHHEIM CH0CoGOM (CJaemoBaTelbHO,
5TO MHOKECTBO fABJACTCA, B YACTHOCTH, peuwsemkoil). TogHo Tak e
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NOKAa3HBaeTCA CyMieCTBROBaHMe HmxHe#l rpadm inf f,, m Mm mMeem
n

n—>oo n—>

inf7, = —sup (—7,,). Orcroma caegyer, aro lim . sup f,, lim.sup g,
n n oo

TOe SKBUBAJEHTHE W KX Kiacc, oGoaHadaeMuii uepes lim . sup f,,

n—>oo

paseH inf (sup f,+p); TouHO Takr ke ompepmensercsa lim . inf f,.
n  p=0 Nn—>o0

Komeunas mim GeckoHeunas uymcioBass QYHENMA f HaswBaerca
npenebpexcumoli, eciiv oHa sKBEBaIEHTHa (; 9T0 ompenesenme, Coriac-
HO TeopeMe 1, PaBHOCHJIBHO OmpefeNeHmI0 1 A MOTOKHTENBHEX
onpeneneHHERX Beioay ¢yErumi. Jas Toro arobw f Grina npeneGpesku-
MO#i, Heo0XOQUMO H JOCTATOYHO, UYTOOLI 3THM CBOMCTBOM o0Jgagaaa
| f | (mnm aro6nr obe QyHrmmm f* u f~ Grim mpeHeGpesKEMEL).

§ 3. Hpocrpancrea L»
1. Hepasencm 60 Munrxoscrozo

ITyctp X — 10KagpHO KOMIAKTHOE IPOCTPAHCTBO M M — HONO-
wurenpHasa mepa Ha X. Dymxoua | p [* (f), ompemenennas Ha MHO-
FRECTBE NOA0XCUMEeAbHuZ (KOHEYHHX WIH OGEeCKOHEUHKIX) YHCIOBLIX
byERImi Ha X, nRoA0IUMEIbHA, NOLOHUMELbHO 00HODOOHA, SLINYKAX
u so3pacmaem (§ 1, u. 3, upega. 10, 11 u 12).

Ieepnomenne 1. Jan 4106020 KoneuHozo Gelicmeumesvrozo wucia
p =1 u awboii napw onpedesennviz na X (Koneurvlr uau GeckoHeUHBLT)
noaoxcumenvulr GYHEYul f, g evinoiHsemcs HepaseHcmeo

(Tu ¥ ((F + "N < (T [* (PN + (T p |* (gP)VF (1)

(nepasencmso MurKkosckoeo).

B camom pgene, HepaBencTBo (1) 0OWeBHMpHO, €Cim ONMH W3 YAEHOB.
B HpaBoil uwacTm paBeH -oo. Ecam sxe mpasas wactk (1) KoHeuna,
To f m g Koneunw noumu eciody (§ 2, u. 3, npepa. 7). Ecam f, m g, —
ABe KOHEUHHE IOJOMKUTENbHEIe (YHRIAM, 9HBHBAJIEHTHEE, COOTBET-
ctBenno, f o g, 10 f?, g°, (f; + £)° oKBHBaJICHTHEI, COOTBETCTBEHHO,
72, g°, (f + g£)", a mockonbRY [Be SKBHBAJEHTHHE INOIOKHUTEXBHbBIE:
¢yHKIEE UMEIOT ORMH M TOT }Ke BepxHmit mHTerpar (§ 2, m. 3, mpexa. 6),
TO BCe CBOLUTCA K AoKazaTeancTBy Gopmyas (1), Korma f m g — KoHeu-
HHE Beiofy (yHKIUM; HO TOrja HEPABEHCTBO ABJIAETCH YACTHHIM CIY-
gaeM ofmero HepaBeHCTBa MEHKOBCKOro, JoKa3agHoro B ra. I, m. 2,
opemit. 3.
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Mo Gymem TaksKe IOTH30BATHCA CHEAYIOIAM 3J1eMEHTADHKEIM Hepa-
BeHCTBOM: ecim p =1, 10 gna mwobmx gmcen a >0, b >0 copa-
BeJJIABO HEPAaBEHCTBO

a? 4 b < (a + by 2)

HeiicrBurensHo, opu @ = b = 0, a = oo mam b = +oo Hepa-
BEHCTBO O9eBHAHO, a eécim @ + b >0 (a, b KoHewnHl), OHO 3aUMCH-

ay \? ( b )p
BaeTcA B BHfE (a+b ) + R <C1 m BBEITEKaeT W3 TOro, 4TO

(Q’T’b)pgaib’ ('aib)pgaib u a—T—b—'_a—l])-b:L

2. IIoaynopmot Ny

B npanpmeiimem wepes F Gymer 0603HAYATHCA NOLHOE HODMUDOSAH-
#0¢ BEKTODHOE mpocTPaHCTBO (GaHAX0BO NPOCTPaHCTBO) Hay mojem R
miau C; wopma smementa 2 € F Gyner obGosuauatncst gepes | 2 |. Ecam
sagano orobpaskenme f MuoxectBa A B F, 1o |f| Gymer osHadarh
oroGpaskenne x> | f (r) | muomecrsa 4 B Ry (ciegyer oTMeTuTh,
aro |f | ecTh uucaosas gyrkyus, a He uUCA0).

Oupenenesme 1. Hyemv X — 40Ka1bHO KoMNAKMHOE NPOCMPOH-
cmeo u b — mepa wa X. Jas aw6ozo omobpaxcenus f npocmpancmea X
8 6anazxoso npocmparcmeo F u awbozo uucaa p, 1 << p << + oo, uepes
Np(f, p) uau npocmo N, (f) oGosnwauaemcs nosoHUMEALHOE HUCAO

(T 1rraiun).

OrmvernM, wro umciao Np (f) MomeT OKasaTbCA DPAaBHEIM --oo.

Ileennoswenns 2. Ecau f u g — 0s6a omoGpascenus npocmpancmea

X ¢ F u o=~ 0 — npoussosvnsiii ckasap, mo dan 1< p << + o

Ny (of) = | a | Ny (f), (3

Np(f + 9) < Np (f) + Np (9). (4)

B camom pene, coornomenne (3) cpasy BrTeKaeT U3 oupenenenusd 1

u m3 Toro pakra, 4To | u |*¥ mOMOKWMTENBHO OXNHOPOAHA; € APYroit

croponst, mockonsky |f+ g |<<|{f |-+ |9 |, To mepaBenctBo (4)

ciaenyer ms HepaBenctBa Muukosckoro (1) m us toro gakTa, 1o | p |*
BO3pAacTaer.



112 OPONOJIKEHUE MEPHL. IIPOCTPAHCTBA LP rI.oIv, § 3

Mur pacnpocTparuMm ompepenebue 1 Ha cayuait ompenenenustx Ha X
KOHEUHWT UAU OeckoHeyHWx TACIOBHX (QYHKOHWHA, DONOKHEB CHOBa

Mot = ({T1rpare)”

ana Tako#t ¢ymrmum f. Jlerko Bmpmers, 4To cooTHomeHuwA (3) m (4)
CHOBA BHIIOJHAIOTCH a4 5THX Qynrnumit, xorma f - g ompeneneBa
Ha X um a =% 0. CopaBennmBa Tawske

TroremA 1 (Teopema o cueTHo# Boimyknocrn). [Tyemwv (f,) —
nocaedosameavrocmd (KOMEUHBIT UAL OECROHEUHBT) NOAOHCUMEADHBLE
Pynryuli, onpedesennnx na X. Jaa 1 << p << + oo umeem mecmo
HepaeeHcmeo

o0

Np(E1 fa) < %N

= n=1

8

J

p (fn)- ©)

[+ ]

B camom mene, monomum f = Z fni f ects BepxuAs ormbawmasn
n=1

n
BO3paCTAOIMeldl mOCaemoBaTeNbHOCTH HKNAH g, = ! fu; ompene-
Yy R
k=

aenme Np (f) m Teopema 3 m3 § 1, m. 3 moxasmBaior, aro Ny (f) =

= sup Np (g,). Ho B cmny mpepaosxenus 2 Ny (g,)<< 2, Ny (fr),
OTKy7na cJefyeT HepaBeHCTBO (D).

MeEnnoxeEnuE 3. Ecau f u g — dea 9msusasenmubiz omobpadce-
nua npocmpancmeéa X e b6anazxoso npocmparncmeo F, mo Ny (f — g) ==
=0 0uaa 1< p <<+ oo0; obpamno, ecav Np(f—g)=0 dan nexomo-
poeo suavenus p =1, mo f u g oxsusarenmnuui.

IIpennoxenne cpasy Boteraer m3 reopems 1 § 2, m. 3.

Ecnu f w9 — nBa sKBHBaJeHTHHX OTOOpPa;KeHHS IPOCTpPaHCTBA X
B F, to Ny (f) = N, (g) naa xwoGoro p >1 (§ 2, n. 3, opena. 6);
ceoBatensro, Np (f) saBment amms or kxacca f yEsmmn f, u, 1o

ompefiesieHHI0, TOJAarawnt Ny (f) = Np (f). Tar kar waaccel oToGpa-

/KeHm# mpocrpaHcTBa X B F 00pasyioT BeKTOpHOe MOpPOCTPAHCTBO

(§ 2, m. 4), 1o coorHomenus (3) m (4) MOryT GHITH TaKMKC 3aIIHCAHEI
B BHIE _ _

Vo (@f) = 1@ | Ny (F), (6)

Np (f -+ 9) < Np () + Np (9). (7)
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Touno Tar e ompemenserca N, (f) maa moGoro kKiacca sKBH-
BAJEHTHHX (KOHEUHHX WM (ECKOHEUHHX) YHCIOBHX (YHRIHIA.

Cremosatensno, MOHO ompesiennts Ny (f) nna ¢pyEkmmm co sHa-
venusaMm B F (coors. B R), ompepmenennoii moarn rerony Ha X, momo-

JKUB Np(f):Np(f); JerKo BHAETb, 4TO B 3TOM Cly4ae COOTHOIIEe-
mus (3) u (4) cHoBa BepHH (IpepmonaraeTcs, uro o 5= 0 m f --- g ompe-
melleHa WOUTH BCIONY, €CJH Pedb HAeT 0 KOHEUHHIX HJA GECKOEETHEIX
9UCI0BHIX QYHKIOHAX).

* 1/p
Ecim 0 < p <1, To momarawr raxme N, (f) =( g 1Flpd | p,|) ,

HO HepaBeHcTsaA (4) I (5)' A€ He BRIIOJHAWTCA (cp. ™. I, yap. 5 m ra, IV,
§ 6, ymp. 13).

3. Il pocmpancmea F%

Iycrs F — GamaxoBo mpocrpancteo u % (X; F) (mnm mpocro
5 r) — BeKTOpHOe LIPOCTPAHCTBO BCex OToGpaskeHmM mpocTtpaHcTBa X
B F. IIna 1<<p<C+ oo obossaumm depes FP (X, u; F) uam
F%(X, p), ma mpocro Fh (1), a Taxmxe (ecam »TO He BIeIeT HHKA-
Kofl IyTaHHOH) FF MHOMECTBO oToGpakeHmit f mpocTpaHcTBa X
B F, pns roropux Np(f)<<-+oo (BMecro Fh mumerca 7). flcmo,
aro F% (| p ) = FF (n). Uz npennoxenns 2, m. 2 cpasy BETeKaeT,
410 FF ecTh eexkmophoe nodnpocmpancmeo WPOCTPAHCTBA Fp B ITO
Ny (f) ects noaymopma Ha sroM mpoctpaHcrse. Mul 6ymeM Bcomy
(tne He OroBapHBaeTCA HPOTHBHOE) HpPeANONAraTh, 9T0 F § HANEJEHO
TOmOJIOTHEH, OIpeeafAeMoO#l »TOl mONYHOPMO¥; GyleM TOBOPHTH, ITO
5Ta TOHOJNOTHA eCTh MON0A02US cxodumocmu & cpedHeM nopadka p
(nas p = 1 ee HasHIBAIOT WPOCTO Mmonoaozuel cxodumocmu ¢ cpednem:
A p = 2 rOBOPAT TaKiKe, 4TO 9TO TOHOJOTUA CXOJUMOCTH B CPeFHEM
kBasipatuaHoM»). Bynem rosoputs, uro duantp € B FF, cxonamuiica
% f B aro#t Tomosmormm (cooTB. mocienoBatrensHOCTH (f,) PdeMenToB
3 FF), cxodumea 6 cpednwem nopadka p k f; aro oszHauaer,
1o Ny (g — f) crpemurea k 0 mo ¢uastpy € (coors., a0 N (f,— f)
crpemutcs K () Ipu HeorpaHMYEHHOM BO3PACTAHHH N).

BBefieEHAA TEPMUHOJIOIUSA HEHOCPECTBEHHO PACHPOCTPAHSETCS Ha

ciydait, kKorga ¢yaknmu f,, u ¢yakums f oupeaenenk JHIID IOYTH BCIOLY

(mm Ha QYHKOAE Co S8HAYEHHAME B R, OUpeICIeHANE M KOHEUHHC IOUTH
BCIONTY).
8 H. Bypbarn



114 OPONOJKEHUE MEPHL, IPOCTPAHCTBA LP 1. 1v, § 8

OTveTnM, 49TO JOKAJTBHO BHIIYKJIOE HWPOCTPAHCTBO % 7, BooOme
ropops, He 6ydem omdesumwm; 3amoikanmem () B TOM IPOCTPAHCTBE
CAYXUT TOANPOCTPAHCTBO f p npeneOpexcumvlr 0TOOpaskeHUil mpo-
crpagcrsa X B F (m. 1, mpenma. 3).

3ameuanue. Ilyete F — 6anaxoBo OpoOCTpaHCTBO Had no-
sem C KOMIUIEKCRHX THCEN; TOLfla AJA BCAKOH QyRemmu f € Fr
B M060ro KOMIIEKCHOTO 9mcia o (yHenua of OpuBafie;Rdar 7 g
u Ny(af)=|a|Np(f); uHEME cnoBavu, FF ABIAETCA TaKmkKe
BeKTOPHHIM nopimpocTpancTBoMm Hay C m Ny (f) ects momynopma Ha

3TOM KOMIMAeKCHOM BeKTOPHOM mpocTpauctee {cM. Tom. BexT. mp-Ba,
rx. I1, § 6 (2-e u3p.), § 1).

Oreanosserne 4. Hyemv B — 6asuc guavmpa ¢ F5. Ipednoao-
Fum, ume cywecmeyem mawoce kxomnarmuoe MmHOx¥cecmeo K < X,
ymo Oas awboco Mmuoswcecmea M €SB mnocumeau ecex omobpasiceruit
f € M codepicamcs ¢ K. Ecau npu ewnoanenuu smuz yeaoguti B pasro-
mepno cxodumea na X x fo, mo [, npunadsexcum F§ u B crodumca
k [o 6 cpednem nopsbra p.

9T0 PaBHOCHIBHO YTBeP:KIEHMWIO, UTO B MHOKeCTBe OToGpakeHmit
£ E.Sl’g,ﬂocn're.nb KOTOPHX COJeDRATCSI B PUKCHDPOBAHAOM KOMIAKTHOM MHO-
JKECTBE, TONOJNOIMSA PABHOMEDHOH CXOJHMOCTH MAa:KOPHPYET TOHOJIOTHIO
CXOAMOCTH B cpeJHeM HOPHAKa p.

Ileitcrsutensao, wnycts h — HeupepHBHOe OToGpajkeHme Ipo-
crpamctea X B [0, 1] ¢ rommakTtHEIM HoCHTenem, pasmoe 1 ma K
(rn. 111, § 4, m. 2, memma 1). Huaa aw6oro & >0 maiimerca Takoe
ME®, ugro paa Bearoro orobpamenus [ € M HepaBeHCTBO
[ f(2)—F,(2)] < eh (x) sumonnserca npm Becex x € X. Ha ororo
BeBogaM, 90 Np(f — fo)<<eNp (h), otkyma m caemyer mpemao-
AeHne.

MpennowernE 5. Jokaivho ewnykaoe npocmpancmeo F o NoaHo.
Tak Kak accONUUPOBANHOE ¢ . 7 OTAGIMMOe IPOCTPAHCTBO HOPMHU-
POBAHO, TO MOCTATOIHO [ OKABaTh, 4TO BCAKASA MOCALO06AMEALHOCMD
Kowu (f,) B & mMeeT Tpefe] B TONOJOTHA CXOMAMOCTE B CDPETHEM
wopsnka p (O6man rtom., ra. 1X, § 2, n. 6, npena. 9). Ilo yecaoemio
gas nwboro ¢ > 0 maitmerca Taroe mexoe mg, ITO HZ M = Mg, N =
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= mq caenyer Np(fn—fm) << . 3Ha4WT, MO;KHO HEAYKIHedl mo k
ONpefenuTh CTPOro BO3PACTAIONMYIO IOCIE0BATENBLHOCTH (7;) TAKHEX
neanix 1,220, 910 Np (Fn,,, — ) < 2-%, Ecam MH moKameM, 4T0

PSAL ¢ OOMIMM WIEHOM ¢ = f"k+1 — I, (k = 1) cxodumecs & cpednem

nopadka p, To oH Gymer mMeTh cymmy g€ F 5 B f =g -+ [, Oyner
mpesienoM mocaenoBateabHOCTH (f n,) B F%; Torna I Gyper snemMeHTOM

NPIKOCHOBEHUA HOCAET0BATeNBHOCTH ([ ,); a Tak KaK DIOCHENHAL eCTh
unocaenosatensuocts Homu, To ora 6yner umers npegenoM f, m npemgio-
wenne 5 6ymer morasaso (O6mas rtom., ra. II (3-e man.), § 3, m. 2,
caefcTede 2 m3 mpepfi. D).

Wrak, mpemiojkeHHe 5 ABIAETCA CIeICTBHEM CJIEYIOMEro Ipej-
JOKOHUAL

eepnoxenne 6. Hycme (f,) — mawras nocaedosamesvrnocme

dynryuii us Fp, umo X Np (fy) << + oo. Tozda pad ¢ obwux
n=1

waenon [ (x) € F abeoatomno cxodumea noumu ecdy na X. Ecau

6 moukax crodumocmu pada noaoscumsf (z). = D) [y (), @ 6 ocmans-
n=1

nux mowkax noaoxcums [ (x) =0, mo dynwyus f 6ydem npunadaercams

Fru 6ydem cayxcums cymmoii padac obuyum wienom [, (B Tonmonornm
CXONMMOCTA B CpeHEM LOpAAKa p); boaee mouro, 041 awbozo n = G
BHLNOARACINCA HePABeHCME0

N, (Fr— 2 < i Ny (f). ' (8
K=t h=nt1

B camoM mene, paccMOTPUM NOMGKMTENLHYH (KOHEYHY HIN

feckomeunyo) OGyHrnmo g (1) = ) | £ (z) |. Cornacmo Teopeme
. n=1

0 cuerHolt BEImyx;ocTH (Teopema 1) mmeeM N, (g) << D) Np (fn) <
n=1

< -+ o0; moaTOMY g WOUTH By Komeuna (§ 2, n. 3, mpenn. 7), gTo
O3Hawaer, 970 psayg ¢ obmum IneroM [, (z) aGcon0THO CXOTATCH IOUTH
BCIOY. A HOCKONBKY F TOnHO, TO 3TOT pA7 CXONHTEA WOYTH BCIONY,

u g moGoro z € X mmeem | f :c) 1< Z, [fa(@) | = g(x), orxynma

R
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Np(f) < Np (@) < §1Np(fn)<-|-oo, ueM JOKasaHo, wTo f mpu-

Hagaessnt % p. C Apyroit CTOPOHH, AJIA M1060T0 HEJOTO 7 HepABEHCTEO

o0

f@— S h@l< 3 1f@)]
h=1 k +1

=

BRINOJHSETCA OOYTE BCIOAY, H 3Ha4MT, Np (f— > o<
1

<h2+1Np (F»). o ycnosmio psip ¢ o6mum wnesom Ny (f,) cxo-
="

RUTCS; cnenoaaTenLHo, nasa awoboro & >0 Haltmercs Takoe meaoe 7,

9T0 Z, Ny (f h) 2, ¥ HepaBeHcTBO (8) mokasmsaer, 470 f ecTh
h=n+1

e€yMMa paja ¢ 00mEM TieHoM [, B TOHONOTHH CXONHMOCTH B CPefHEM
HopsAgKa p.
Taxkum o6pasoM, mpenioskeHdA 5 m 6 MOMHOCTHIO [OKA3AHEL

4. Pynryuu, unmezpupyenvie 6 p-ii cmenenu

Bexroproe mpocrparcrso % (X; F) (KoTopoe MHl B Ciydae, ecam
3TO He BRIBHBAET HEKAKAX Heg0pasyMeHHmit, GymeM 0603Ha4aTh IPOCTO
& 'p), COCTOAIIEe W3 HENPEPHBHHX OTOOpajKeHH#l ¢ KOMIAKTHEIM
HocHTeleM mpoctpaHctBa X B F, 09eBHgHO, ABIAETCA HOXIPOCTPAH-

CTBOM Ka’K[[OTO W3 BEKTOPHHIX IPOCTPAHCTB & p.

OuprEnEnERRE 2. Ecau 3adanbi 40KA4bHO KOMNAKMHOE NPOCMPAH-
emeo X, mepa p na X u OGanaroeo npocmpancmeo F, mo uepes

ZE(X, p) (wau npocmo L% (n), a marace ILF) obosnavaemes samwi-

KaHUe 6 A0KAALHO GunykaoM npocmpancmee Fp (X, n) eexmopwozo
npocmpancmea & (X; F) nenpepvleHble omobpascenuii ¢ koMnaxmHbm

nocumeaexn npocmpancmea X e F. Yepes Le (X, p) (uau LE (p), Lp)
o6osnanaemes omdesumoe (HODPMUPOBAHHOE) NPOCTPAHCINED, ACCOYULDO-

eannoe ¢ L% (X, p). Fosopam, umo @ymryuu, npunadaercayue L5,
cymd Pynkyuu, Unmezpupyemsie 8 p-ii cmenenu *).
Ouesmmuo, aro L5 (X, lp)=LF X, n) u LE X, |p)) =

*) OnpaBAAHHOCTh STOH TePMHHOJOIMM CTAHET BHAHA B § 4, m. 2.
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Mu: 6ymem Bmecro £k m Ly (mmm £E u LT), xorma sTo He Biewer
myTaruns, macate L u LP. BEcau F ects kKomnaekcnoe 6aHaX0BO mpo-
crpascTBo, To Ly ®m L% Hamenens CTPYKRTYpO#l TONMOJOTAYECKOTD
BEKTOpHOTro mpocTpaHcTBa Hapx modem C (u. 3, samedanwme).

flcro, wr0 BeAKas GymKmUA u3 FF, DKBUBAJNEHTHAA HEKOTOPOM

dymknun us LF, npuragnexnr LF. Oynaknma co sHaveHmAME B F,
onpedesennas nowmu éciody Ha X, TOKe HA3HBAeTCA UHME2PUDYEeMOE

6 p-li cmenenu, eciu OHA SKBHBAJEHTHA HeKoTopol ¢ymkmum m3 LF;

TO4HO TaK jKe QYHKUEA CO SHAYCHHAME B R, ONpeleJeHHAT B KOHEU-
Hast IOUTH BCIOAY Ha X, HaSHBaeTCA uumezpupyemoll ¢ p-ii cmenewni,
eciy OHA DKBHBAIEHTHA HeKOTOpoi dyHrmum us LP.

Takmm obpasoM, pymkmuu us Lr (coors. us £P) apnsoTcs wATE-
TPEPYyeMEIMH B p-H CTenmeRW QYHKIUAMHA, onpeae./zenﬂbmu Ha ecem X
(cooTs. omperneneHEEIME M KOHeYRHMH Ha BceM X). BoabmumHECTBO
TpemoKeHnil, TOKA3AHHLEIX B HTOM H B clIefyiomem maparpade mms

dyurnuit us L% (coors. L), pacmpocTpaHsierca cpasy e Ha HHTETpH=
pyeMmbie B p-it cTenmeHW (QYHKIHH, OLpeneleHHEE He BCIOAY (cooTB,
onpeneiicHHNE M KOHeYHEE He BCoAy); $HopMyaHpoBEa H IOKa-
3aTeJBCTBO OTHX pe3yAbTATOB dame BCETO GygeT NpeflocTaBieHa
YUTATeNIO.

3amevanna 1) Kak ywke ormewanocs (§ 2, m. 5), urTerpupye-
MEle B p-il crememn QYHKIUM co 3HAYeHwAMH B F, BooGumie ToBODs, ne
obpasyiom eeKmoOpHO20 RPOCMPAHCM 6.

2) B ofmem ciyvae mpoCTPAHCTBO .4}'}’, OTJINYHO OT IOANPOCTPaHCTBA

2B (§ 4, yup. 8).

Oupenenenne 2 cpasy e mosBoufaeT ¢chOPMYIHPOBATEH CJEYOIHI
Kpurepnii:

IpEnnoRERUE 7. Jas mozo umobw gynryus [ npunadaexcara L%,
Heobxodumo u docmamouno, wmobt. das awbozo e >0 cywecmeosara
makaa HenpepuieHas PYHEYUAL § ¢ KOMRAKMHGM HOCUMEACM, HMO
Np(Ff—g)<e.

Wawvn cnosavn, $yaxumuus ZLf ABIAIOTICH NpefesaMn MOCIEN0Ba-

TEALHOCTEIl HeNPePHBHHX (YHKIUI ¢ KOMOAKTHHM HOCHTEIEM 6 monoao-
2uu croduxocmu e cpednem nopadra p.
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Mreennoxenue 8. ITycmo f — (Komewnas uau OeckoHeunas) HUCLO-
ean Pynkyus, onpedeacnnas noumu ecwdy; ecau 0an awbozo & >0
cyuecmeyiom makue dee unmezpupyemsie ¢ p-ii cmenenu gynryuy g, h,
umo g < f << h nowmu ecrody u umo Np (h — g) < &, mo f unmeepu-
pyexma ¢ p-ii cmenenu.

HeficTeaTensHo, f KOHeUHA TOYTH BCIOXY H

Np(f—g)<Np(h—g) <&

HpelIoKeHWe 7 Temeph NOKa3HBaeT, 4T0 f WHTErpmpyemMa B p-U cTe-
TeHH.

Tak Kak mo ompeneleEnio L5 ecTh 3AMKHYTOe MOJIPOCTPAHCTBO
mpocTpancTBa %, E Tak Kak IocTelHee TmOJHO (m. 3, mpema. 5),
TO mosydaeM ciaepyrommit pesyabrat (O6mas rom., ra. II (3-e msz.),
§ 3, o. 4, npenx. 8):

Tropema 2. Hpocmpancmeo L% noamo; npocmpancmeo LE ecmv
banazoso npocmpancmeo.

Hopma N, (f) wnacca f B mpocrpancrse L7 oGosmagaercs Takse

017 llp-

Teopemy 2 MOHO YTOYHHTH CJAEIYIOIMMUM 00pasom:

TrorEma 3. IIycmov [, — nocaedosamesvnocmv Howu ¢ npocmpan-
cmee LF; mozda cywecmeyem nodnocaedosamesvnocms ( [n,) nocaedo-
sameavrocmu (fy), obaadaiowas caedyowumu ceolicmeamu:

1° pad ¢ obwum waenom Ny (]“thr , — In,) cxodumes;

2° pad ¢ obuwum waeHom f,.k+ , (@) — f,.k () abcoaromno cxodumes
nowmu ectody;

3° ecau [ ecmv gymryus, onpedesennas na X u pasnas nowmu
sciody npedeay nocaedosameavrocmu ( f"h (2)), mo f npunadaercum L8
u nocaedoeamenvrocms (f,) cxodumea & f 6 cpsdnem nopsdka p;

4° cywecmeyem maxras noaymenpepvieHai cwusy dyuryus g =0,
umo Np (g) << +oo u dan aiboz0 k ewnosnsemca HepaseHcmeo
[fn, (@) < g (2) npu ecex z € X.

KRak u B gorasaTenbcTBe IpemJOKeHAA 5 H3 I. 3, JOCTATOYHO TaK
ompefieNNTh 10 HMHAYKOEH DOCIEJOBATeIBHOCTH (1),  9TOGH
Ny (Fr,,, —Fn) < 2-*: rtorma yrmepmmenuma 2° m 3° GymyT cumemo-
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BaTh W3 Lpeioskenusa 6 m ma Toro darrta, wro LF samrmyro B FF.

C apyroit cropoHs, ecan h (z) ecTh cymma pAga ¢ OOmMUM TIEHOM

'fnkx(x)—’f”h (z) |, To Teopema 1 m3 m. 2 ©DoKasmBaer, YTO
1+

Ny (B) << 4+ oo; cramo 6wTH, IO onpenedeHnio MepH | p |* cymecTsy-
eT TaKas MOJAYHeHpepHBHas CcHuU3Y QYHKIEA g = h-|- lfm |, gTO

Ny (g) < + oo, "eM n 3aBepINASTCA [I0KAZATENBCTBO.

Caencreue 1. Ecau nocaedosamesvrocme Kowu (f,) ¢ npocmpan-
cmee L% makosa, wmo nocaedosamesviocmy (fy (x)) czodumes noumu

eci0dy k [ (x), mo f unmezpupyema 6 p-ti cmenenu u nocaedosamens-
noemw (fy,) cxodumes k [ 6 cpednem nopadra p.
B camom pene, Hafimercd Takas IIOIIOCIELOBATENBHOCTD (fnh)

mocaeropateasrocta (fy), aro (fyn, (2)) cxommres mouTH BCIORY

K ¢ (x), rie g — QyHKOHEA 3 Z%, & KOTOpO# CXONHUTCHA B CPefHeM
mopaAfka p mociaenosarenbHocts (fr). Torma cormacHo cremaHIBIM
npernoaokenuam [ (z) = ¢ (x) modTH BCOAY, OTKY/a H IoIydaeM
CHeNCTBHE.

Caexcrui 2. ITycmv & — eciody naommoe Mmuoxcecmeo 6 LFp.

JTas ecakoii gynryuu f € L5 cyweemsyem nocaedosamenvrocmo (¢y,)
dynkyuii us €, obaadarowas caedyowumy ceolticmeamu:

1° nocaedosamenvrocms (¢,) cxodumca & f ¢ cpednem nopadka p;

2° 9as noumu ecex x € X nocaedosameavrnocms (g, (z)) crxodumca
k[ (2).

B camoM fex;e, HmOCKOJBKY mpocTpancTso Lp merpumsyemo, To

B L5 cymectByer mociemoBarensHocTh Homu (f,), cocroamas m3
dyrEumid w3 € m cxopAmasca K f B cpenHem mopamka p (O6mas
vom., rii. I1X, § 2, m. 6, mpemn. 8); MOCTATOYHO OPUMEHUATH K 9TOH
MOCHAeIOBATeILHOCTH TEopeMy 3.

CnemctBue 2 nmpmMeHHMO, B 9acTHOCTH, K CAYTal, KOIrJa B Ka-
dgecTBe € Oepercs MPOCTPAHCTBO ¢4 p HEeNPEPHBHBEIX QYHKOUA € KOM-
OaKTHHM HOCHTEJIEeM.

e 3aMevarmms 1) locregoBareasHocts Komn (f;) B £ moser

66iTh TaKOU, YTO WOCJHENOBATEALHOCTEH (f (z)) He CXOMUTCH Hu & 00mOU
mouke uz X (yup. 1).
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2) Ecam f upuHajae;rmt ,Zg, TO HE BCerja MO;KeT HailTMCh TaKasd

nmocae[loBaTeIbHOCTE (f,) HEeNPEepHBHHX (YHKuui ¢ KOMIOAKTHEIM HOCH-
Te;eM, YTo0H HOCIeqoBaTeNbHOCTD (fy (2)) cxopmnach scwdy Ha X K QymK-
nuu, pabHO#t f (x) mourm Beropy (§ 4, ymp. 4c)).

5. Ceoticmea hynryuii, Unmezpupyemslx 8 p-t cmenenu

TeoreEmA 4. ITyemv F u G -— dsa Gamazoewx npocmpancmea
U U — HenpepvigHoe AuHelnoe omobpadcenue npocmparcmea F ¢ G.
Toz0a das amwboii gynryuu [ € L5 caroxnas gynryua u o f npu4
nadaencum Lo

B camom nene, ecau f € £F, To aus aw6oro e >0 wmajigerca
rakas Qyurnua ¢ € Hp, w0 N (f — g)<Ce a Tak Kak
fwof —uog |<Iwll-1f—gl 10 Ny(wof —uog)<|lu
“No(f — 9)<<e || u ||; moCKONBRY e o § HempepHBHA U WMEET
KOMIAKTHEI HOCHTENL, TO TeOPEMa /OKA3aHa.

Cagncrsue 1. Ilyembv a’' — npoussosvHas HenpepuieHas Aunelnad

gopma na F; ecau f € L, mo uucaosas gymryus zv— (f (z), a’)
(obosuazaemas uwepes (f, a’)) npumnadaencum LP.
Cuencreue 2. Ecau 3adamnt n mouer ap, ua F 1 <<hk<<n) un

wucaoenz gynkyuts fr (1 < k << n), npunadaescawguz L¥, mo pynryus
n

f = ) aufy npunadaexcum L%

h=1

JTo caemyer us Toro, aro orobpakenue l—>at R B F BenpepwiBHoO.

Meegnoxerue 9. Hycme F — n-meproe 6eKmopHoe npocniparcmeo

nad R, u nyemv (ep)1<p<n—6asuc ¢ F. Jas mozo umobul gynryus
n

= 2 enfr npunadaencara £ £, neobzodumo u focmamouro, umobs
K=1

kaxcdas us wucaoenx Pyrkyuil f, npunadaencara LP.
9T0 HemocpeICTBEHHO BEITeKaeT 3 ciexcTsmit 1 m 2 Teopemmr 4.

Meennomxeraut 10. B npocmpancmee L& eekmoproe nodnpocmpar-
emeo, cocmoswee u3 (KOHEUHBIE) AUNEUHBE KomOuHayui D) apfy, 20e
%
a, € F, a f,— HenpepvisHbie uuciogble GYHEYUL € KOMRAKMHBLM HOCU-
meaem, 6ciody naomHo (B TONOJOTHE CXONUMOCTH B CpefiHeM HOPSHI-
Ka p).
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B camom pene, MHOMECTBO ¢#'p HENPEPHBHEIX 0TOOpayKeHUM
¢ KOMIAKTHBIM HOCHTeJeM OpocTpaHcTBa X B F, mo ompeneleHHI0,

Bcrofly miotHo B L5 C mpyroii cropoHs, BesKas QyHKmus g € &y
MOKeT GHITh paBHOMepHO upmbimKeHa QYHKNUAMHA BHIA zah]‘k,
P

rre fp HeIPepHIBHH M WMEIT HOCHTEJb, COJepiKamuicA B HeKOTOpoi
Pukcupoeannoll KOMIOAKTHOM OKpecTHOCTH HocuTenfd QYHKOUA ¢
(ra. 111, § 1, m. 2, gemma 2); orcona serrexaer (u. 3, opemi. 4), aTo g
asnserca B £§ oIeMeHTOM OPHKOCHOBeHEA IS MHOeCTBa CyMM

2 a,fy, OTRyIa W cIemyeT HpPemIOKeHHe.
k N

Neegnomenne 11. Ecau gynryus [ npunadaescum Lk, mo gynn-
yus | f | npunadaescum L, u omobpascenuef — | f | npocmpancmsa
ZLF ¢ LP pasmomepro menpepvisHo (B TOMOTOTHN CXONMMOCTH B CPEfHEM
MOpAKKA p).

B camom mene, mas ao6oro & > 0 cymecTByeT Takas HelpepHBHAH
GyHKOUT g ¢ KOMIAKTHRIM HocuTeaeM, 910 N, (f — ) < &; a mo-

ckompky | [f1— 91| f—g 1, roN, (IF1—19 ) < e, otry-
na |f | € £P. C npyroii cTopoms, ecau fi, f; — nBe dpyrkmun uz L5,
o Np (I f1 | — | Fe ) < Np (fy —f,), B TeMm caMEIM [lOKasaHO, 4TO

orobpascerne [ ~> |f | paBHOMEDHO HeIpepHBHO.

repnomenus 12. /Jas mozo umobvt uucacéas @yrkyus f npu-
nadrexcara LP, neobzodumo u docmamouro, umobvl Kascdas us @GyHk-
yuti f* u f~ npunadaexrcasa LP.

Venosue mocrarouno, ubo f = f* — f~; oHo HEO6XONAUMO, OCKOIH-
Ky ecim [ € LP, 10 |f | € LP (mpemn. 11).

Caencreue. Bepznas (COOTB. HUMHAL) 02uba0Wai KOHEYHOZO Ce-
Metiemea Pynryuii us L* npunadasescum ILP.

6. Duarvmpyromueca mnoxecmeéa @ LP
u 803 pacmaiowiue nocaedosamearvnocmu 6 LP

Brme (§ 2, m. 6) MK ompemexmn¥ OTHOmEHHE HOPSAKA i<z
B MHOKeCTBe % KJIACCOB DKBHBAJCHTHOCTH UHCIOBHX (YHKIMH,
OLpeNieJIeHHLX ¥ KOHEYHHX MOYTH BCoOAYy Ha X; HameneHHoe BTHM
OTHOIMIEHWEM M CBOeH CTPYKTYpOH BEKTOPHOTO IPOCTPAHCIBA, MHO-
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ECTBO # cTamoBUTCA npocmparcmeom Pucca. CiefcTsme U3 mpemios
senusA 12, m. 5 HOKAasHIBAET, YTO €CHH | U g — [BA DIEMEHTa MOf-
mpocTpaKcTsa LP upoctpancraa F, To BepXHAA IpaHb sup (f, g) maA f
U g B #, KOTopas ABIAETCH KIACCOM SKBHBAJEHTHOCTH A M0G0l

u3 ¢ynkmumit sup (f, g), rme f € f, g € g, npunagaemur LP; s10 moKa-
SHIBA®T, B 9acTHocTH, uro LP, HajeneHHOe OTHODIGHWEM WOPAMKA,
WHIYOHPOBAHHHIM OTHOIDEHWEM WOPAAKA B %, €CTb RpOCMPAHCME0
Pucca.

Hespnomennt 13. B npocmparncmee Pucca LP, nadesernnom mono-
aoeuell, onpedeseHHoll nocpedcmeom HOPMbL H]‘Nllp, omobpadicerue =
— (71 PABHOMEDHO HENPEPHEHO, G MHONCECME0 SACMEHMOE P=0
BAMEHYMO.

IlepBas 9acTs UPENAOMEHHA CPa3y ’KE BHTEKAeT W3 IPEIJIoKe -
gEa 11, 0. 5; HOCKOIBKY MHOMKECTBO DJeMeHTOB | > 0 ABJIACTCA TAK:Ke
MHOKECTBOM TeX [, A KOTOpHX |7 | = f, To oHo saMKHYTO, mGO
oro6pasKenme f 171 renpepsiE0 w LP oTmeammo.

Takum ofpasom, B LFP Tomomorms, oupeaeseHHAA NOCPENCTBOM

HOPMEL H~f Hlp, cocaacyemesn co CTPYKTYPOE ynopAnOYeHHOTO BEKTOPHO-
ro mpoctpancrsa B LP (Ton. BexT. up-sa, ra. 11 (2-e msn.), § 2, m. 7).

Neennowenne 14. ITyemes H — Hekomopoe nodmHodcecmeo npo-
cmpancmea Pucca LP, cocmosujee u3 noaoiUMELLHWE —KAACCOE
u usvmpyioweecs no omuouwernuio <. Jlas mozo umobtr H umeno ¢ LP
8ePIHION 2PAMb, HeobX0OUMO U Jocmamouno, umoby sup || f~”p <<+ o0

fed
Tozda sepxnss epans muoxcecmsa H ¢ LP ecmv npedes (B GanaxoBoM

opoctpanctee LP) duavmpa cewenutt mruoxceemsa H.

Heob6xoqumocTs ouesmnna, ubo > I i |lp ABIAETCA BOBpPACTalome
GyHKIOUeH HAa MHOMECTBE ILIONOKHUTENBHHX diemento u3 LP. Ina
ITOKA3aTeNbCTBa HOCTATOYHOCTH WUpEKIe BCETo 3aMeTEM, 4TOo cdopMy-
AMpoBaHEOE YCJIOBHE, HA OCHOBAHUM TeOpeMHl 0 MOHOTOHHOM mpepele,
Biieuer, 4To ofpaz MHokecTea H Ipu 0TOGpaKeHNH =S [lp mmeeT
unpefiex B R; ciegoBaTensHO, 0o6pas ¢uiabTpa cedeHnit § Maoskecrsa H
npu »toM otobpaskenun Gyner 6asucom ¢uasTpa Hommu B R. [Joraza-
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TeIBCTBO OyNeT 3aKOHYEHO, OCHH MH NOKajKeM, 9T0 % sBJIseTcs
6asucom guavmpa Kowu B LP; B camoM nente, B 5ToM ciayuae, § Gymer
cxonmrecs B LP, nockoasky LP monno (u. 4, mpema. 7), ¥ Torga mpen-
goxenme Oymer ciemosaTh u3 mpenmorenmsa 18 (Ton. serT. mp-sa,
ra. IT (2-e mapm.), § 2, m. 7).

Hdna morasatenscTBa TOro, 4ro F ecTh Gasmc ¢umastpa Homm,
MBI BOCIHOJIB3YeMCA Clemylomei JeMMOit:

Jiemma. Feau f u g — maxue dse pynryvu us L2, ymo 0 L f< g,
mo

(Np (g — NP < (N (2)° — (N (NP 9)
B camom pese, ecan f 1 ¢ — HenpepHBHEE GYHKINE ¢ KOMIAKTHHM
HOCHUTEJeM, TO COoTHomeHue (9) 3aNHCHBAGTCA B BHIE

fe—prapi<{eaini—frau

O SBISETCA B 3TOM CJy9ae CJENCTBHEM 3JIEMEHTAPHOr0 HEPaBeHCTBA
(g —HP<<g” —f° (u. 1, popmyna (2)). dua toro urobm nepeittm
K ofmeMy cxy4alo, MOCTAaTOYHO 3aMeTUTH, 4To 00e wacTm B Hepa-
BeHCTRE (9) sRAAKOTCA HenpepwBHuME Ha LP X L? dyHRUEAME A 4TO
BCJIEAICTBHE HEIPEPHBHOCTH 0TOOpaskeHMA g +—> | g | B L7 (npemn. 11)
Beaxaa ¢ynknma f = 0 us £P ects nupemesn (OTHOCHTONBHO CXONM-
MOCTH B CpPeTHeM NOpANKA P) HOCIENOBATEIBHOCTH NOJOMKHTEIBHEX
HeIPepPHBHAX (YHKOUHA ¢ KOMIOAKTHHM HOCHTEJEM.

Hanee, qaa moboro & > 0, no ycaosmio, HafineTcA Takoil sjieMeHT
fE H, uro aas awoboro ;;; 27, npuHapgeskamero H, BHIIONHAETCH
nepasenctso (|| g |lp)? — (|| fllp)p < &; B CENy JOKAa3aHHOH JeMMH
OTCIOmAa BHTeKaeT, 4To (|| g — 7”,,)1’ < &; CIIe[OBATEIBHO, 6CIH g5 > |
u g, > — npa omementa u3 H, 10 || g — &, llp << 2e'/P, 9em moxa-
3aHO, 4To 3 ecTh Gasuc ¢mabtpa Homu B LP, m TeM caMBIM 3aBepmieHo
TOKa3aTeAbCTBO Ipemiaomenus 14.

CagncreuE 1. Eeaw g ecmb eéepruss epamb muoxecmsa H ¢ LP,

mo B R _
llgllp=1lim|| f{|p=sup i il (10)
fer feH

IdT0 cuenyer u3 HempepsisHocT: HOPMH || f [, B L? m u3 Teopemn
0 MOHOTOHHOM Upefese.
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Cuencrsue 2. IIpocmpancmeo Pucca LP g¢noane pewemouro.

HefictsutensHo, BecsAxoe QuAbTpyOmeeca (N0 OTHOMEHHID <)
mHomectBo H B LP, cocTosmee U3 IOMOKUATEIBHEX KJIACCOB U MarKo-
pupoBanuoe B LP, nMeeT BepXHIOID IPaHb, TAK KaK €CIH / eCTh MajKo-

panta Muomectsa H B LP, To0 Hfllp < |l l;:llp pu JadHX 76 H,
U opmMeHHMO upepaosxenme 14. JtmM caencrtme morasamo (ra. II,
§ 1, n. 3, mpena. 1).

Yreepmuenna upenaoxenna 14 nepecTaT BHNOJHATHCH, 6CIH
dopMynupoBaTh UX AR Pynkyul us L, a He nua ux kaaccos. Bonee
TOUHO, ecam M ecTh MHOKECTBO M3 LP, COCTOAmPe U3 IOJNOMUTEIE-
HHX Qyuxuouit, QuasTpyomeecsi o0 OTHOHMIEHNI0 <. H TaKoe, 4TO
§u£ Ny (f) << +oo, TO Kaacc sepxmeli oeubawuweii g muoxecmea M
3

Moxcem me cognadamsb ¢ sepxHel epanvio 8 LP waaccos Pynryuil f € M,

B UYACTHOCTH, g MOKeT He OBITh MHTerpHpyeMo#l B p-#i cTeneHwm, H-

nasxe ecnu g € P, Np (g) momer 6riTh oramumo ot sup N, (f) (cp.
feM

§ 1, n. 3, sameqanme 1 mocme Teopemrr 3).
Onrako Bce jKe HMMeeT MeCTO CAeIyOmMAs TeopeMa:

Trorema 5. ITyemw (f,) — eospacmarwwas nocaedosamenvrocmo
nososcumenonsir Pynryuil uz LP. Jas mozo umobsl eepxuas oesubaio-
was f amot nocaedosamesvrocmuy Gviaa uHmeepupyema 6 p-t cmenewu,
Heobzodumo u Gocmamouno, wmobs sup Np (fn) << +oo. Toz0a nocae-

n

Oosamearnocme (f,) cxodumes e cpeduem nopsdka p k& ynryuu f u
N, (fy=supN, (fn)=fllim N (fn). (1)

TockonbRy HeOGXOMUMOCTH YCHOBMA OYEBHHA, TO BCE CBONETCH
K AOKa3aTeJbCTBY €TI0 NOCTATOUHOCTH. Ho NpM BHNOJHEHHW YCAOBHA
TeopeMH upepnoeHme 14 moxasmBaeT, 9To HOCAENOBATENBHOCTH (f,)
ecTh nocaenosaTelbHocTh Homu B LP, m, 3HAYAT, MOCIeN0BATONHFHOCTE
(fn) ecTs nociaefoBaTenbHocTs Homm B £P; a Tak Kak f, (z) crpemMuTes
K f (2) npu a06oM z € X, To f uHTerpupyema B p-if CTENEHH U CITYMAKHUT
IpefiesoM MOCHe0BaTeNbHOCTH (f,) B TONOJIOTME CXORHMOCTH B cpef-
HeMm mopspka p (u. 4, cuenctsme 1 m3 teopemur 3). CiemoBaTensHO,
Ny (fp) > Ny (f), mockonpky N, ecTs HenmpepHBHaA ¢yHxuma Ha LP.

Caencreme 1. Tycme (f,) — ybusaroujas nocaedosamevnocms noao-
scumenvrbiz Pyrkyul w3z LP; nucusas osubawwas f amol nocaedo-
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sameasnocmu npunadaexcum £P, nocaedosameavnocmn (f,) cxodumcs
6 cpedrem nopadra p k f, u

Ny (f)=1lim N, (fn)=inf N}, (f»).

Ileperie xBa yTBep:KIEHUA BHITEKAOT U3 TEOPEMHl O, IPHUMEHEHHOH
K BO3PacTawINell Ma’KOPEPOBAHHOE IOCIENOBATENBHOCTH (yHKIIA
gn = f1 — fau; OCTANBHOE OYEBHIIHO.

Caencreue 2. [Tycme (f,) — nocaedosamesvnocms gynryuii us LP.
JTas mozo wmobt eepznas ozubawwas [ nocaedosamesvrocmu (f,)
Gvaa unmespupyema 6 p-ii cmenenu, Heo6xodumo u docmamouno, ¥mobu

cywecmeosana maras Pynryus g =0, umo S*g” dlp|<<+o

u fp << g npu awbonm n.
HeobxogumocTs o9eBupHa, ecim noxokuTh g = f+. [lpenmomomum
Termephb, YTO YCIOBHE BHNOJHEHO, W TONOMHM g, = Sup fy; mocie-
R<n

IloBaTEJNBHOCTE (g,) Bo3pacraeT m cocTouT u3 GyHKUHH, MHTErpEpye-

MBIX B p-it crenenu (m. 5, cuencrsme m3 mpema. 12). Bospacrawomas

TOCNENOBATENBHOCTE HONOMUTEeABHNX (yHKRUMA h, = g, + g yno-

BJIETBOPSIET YCJOBHAM TeOPeMH 5, Tak Kak Np (h,) << Np (g + g7) <

<Z +o00; caegomraTeNBHO, ee BepXHAA ormbamomas sup A, HHTerpu-
n

pyeMa B p-H CTemeHW, W TO e CaMoe CIpaBefimBo auad f = sup b, —
n
— &

Cnencrene 3. ITycmv A — Hekomopoe cuemmoe MHOYMcecmeo, §§ —
guromp 6 A, umerowuil cuemunti 6azuc, U (fo)aca — Hewomopoe
cemeticmeo noaodcumeavnslz @ynkyuli us LP. IIpednoorcum, umo
cyuecmeyem maras gynryus g =0, umo Np(g) < +oo u f, < g
npu awbom o € A; mozda Pyuryus lim.sup% fo ummezpupyema
é p-U cmeneHu u

lim.supg N, (fo) <N p (lim.supy fo.). (12)

B camom pmene, uycre (4,) — y6uBatomuii 6asmc ¢mabTpa S,

¥ NMYCTh &, = Sup f,; Tak Xark A, CYeTHO, TO W3 cHencTBEA 2 BHTe-
atA, .

KaeT, 9T0 g, HHTerpEpyeMa B p-i CTemeHW; ¢ JAPYrod CTOPOHEI,

N, (gn) = sup Ny (f,). fAcHo, uro lim.supgfa 6ymeT HmKHell oru-
atA,
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Garomeld y6HBaomed mocaegoBaTelbHOCTH (gy,); S3HAYAT, B CHIY Cliel-
creusa 1 QyHKOUNA lim.sup%f(,5 mHTerpupyemMa B p-i CTemeHHm H

N, (lim.supy fo) = Nj (inf g,) =
= ii’ng (gn) >1{“:1° (:E‘LP Np (fe)) = lim.supg Ny (fa).

7. Teopema JTedeza

TeoreEma 6 (JleGer). IIycme F — 6anaxoso npocmpanemso, a (f,) —
nosaedosamesvroomv Pyrryuti ws L, ydoesemeopAlowas Yeaosuams
1° nocaedosameavrocme (f, (z)) cxzodumes nowmu eciwdy ¥ npedesy
f@)€EF; 2° cyweemeyem maras uucaoceas ¢ynryus g =0, umo

S gidlpl<<doo u |falz)] < g(2) noumu ecwdy na X npu

aobom yesom n. Toeda dynryus f(onpedesennas nowmu eciody) urnme-
zpupyema ¢ p-U cmenenu u nocaedosameavrocms (f,) cxodumes % f
& cpeduem nopsadra p.

PaccMoTpmM «mBOAHYIO» IOCTENOBATEABHOCTE Zmpn = | fm — [n |
qacaoBHX QyHKNmi, wpmaagaexammx LP (m. 5, mpepa. 11); mo

YCIOBUIO lim Zmn () = 0 mourm BClONy, M, ¢ Apyroi cropo-
m->00, N—+00

| @mn (@) | < 2¢ () moutu BCIOMY; NpEMEHWB K 5TOH NBOHHOM
DOCJe0BATEIRHOCTH CJIENCTBHe 3 U3 TeopeMu 5, m. 6, momyuaem, dro
lim.sup Ny (fm — ) << Np (0) = 0; a mockonbry Np (fr, — fr) =

m-—o0o, N->00

>0, 10 3TO BIEUET lim Ny (fmn — fr) = 0; mHawe rosops,

m->00, N-»00
nociegoBaTeasHoeTh (f,) ects nocaedosameavnocmy Kowu e ILh.
Teopema BrTeRaeT Teneps w3 caegcTBus 1 Teopemst 3, n. 4.

Crngmcrsue. IHycmv A — muowcecmeo undexcos ¢ duavmpon F,
unetowgum cuemmunili 6azuc. Ecau (fo)aca ecmb cemetiemso Pynryuit
us L%, cxodsweeca npoomo (s cmvicae npocmoti cxodumoemu) no guas-
mpy § noumu ecwdy ¥ Pynryuu f, u ecau npu smom cywecmesyem

makas uducaoceas Pyuryus g >0, umo S' gdlpl <<+ u

| fo (2) | < g (2) noumu ecrody na X npu awbom o € A, mo Pynk-
yusa [ unmespupyema ¢ p-it cmenenu u fo cmpemumes £ f & cpe(’)ne.u
nopadka p no guavmpy F.
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B camom miene, nycrs (A,) — yOuBalomuii cueTHrE Gazuc Qunp-
Tpa § W o, — NPOMBBOIBHEIA 3JeMeHT u3 A,; IOCHeA0BATEILHOCTH
(f“n) cxogaTes mpocTo K f mourm Beoomy HA X, M 3HAYHT, COTIACHO

reopeme 6, f mHTerpmpyeMa B p-it cremenm m lim Ny (f — fu ) = 0.

n—-o0
A nockonsky ¢uabTp § ABAsSETCA NEpeceYSHHEM 3IEMEHTAPHEX
PUIABTPOB, ACCONMAPOBAHHHIX CO BCEMY WOCJIONOBATOABHOCTAMHU (ct,)
(O6mas Tou., ra. I, § 5, mpena. 10, (3-e uan.), § 6, n. 8, npena. 11)),
To limg Ny (f — fo) cymectsyer m paser 0 — obmemy mpeseny Beex
nocenosarensaoctell (Np (f — fg ).

Bameganusna 1) Teopema 6 mHe Oyzer BepHa, ecaH ycaoBHe
ol <gleNy (g) <-+oo) samemmth Oonee caalum  yciaoBueM:
sup Np (fn) < -Foo. [Ipegmonoskum, HamprMep, 410 W ecTh Mepa JleGera

n

na R; onperenuM HenpepueHEe QYRKIEA [, cregylomuym obpasom: f, (z) =
=0 gna <0 ® 2> 2/n, f, 1/n) = n; f, nnHeilma Ha HHTEPBANAX
[0, 4/n]"u [1/n, 2/n]. Torna lim f, (z) = OnupmaoGomz € R, HO Ny (f,) =

n-»>o00
= 1 npum Bcex n (cp. § 5, yup. 12).
2) Cuenicreiie m3 TeopeMbt 6 me coxpaHseTcs, eciad He IPemoJaraTh,
aro ¢uabTp ¥ mmeer cuevHH 6asuc (cp. § 1, m. 3, sameuamme 1 wmocme
TeopeMul 3).

8., Coommowenua MeAoy npocm panemeany
LF (1< p<+ o)

Ins ao6oroe umena o >0 oro6pamenne = —> | 2 1*~1.2 onpenmene-
HO m HempephiBHO Ha pomoiaHenmm (0 B F; KpoMe TOoro, HOCKOABKY
|z etz |=|=2.]%, To sra Pynrmus crpemurca k O BMmecTe ¢ z,
W 3HAYAT, €e MO)KHO NPOXONKHMTH HO HempephHBHOCTH B Touky O,
npuiae e B aToli Touxe 3HadeHwe 0, maske ecam o << 1.

Trorema 7. Hycme p u g — dsa deticmeumenvubix wucaa, 1 < p <<
< 40, 1< qg<< +oo. Ecau gynryus [ npunadsescum Lk, mo

-1
dynryua | 1971 f npunadaencum L§, u o6pamno.

Ilo ycnosmio HafimeTcs mocaenoBaTemsHOCTh (f,) Taxux mempe-
PHBHBIX (YIKIONA ¢ KOMOAKTHEIM HOCHTelIeM, 9TO

S Npifa)<too 1w fla)= 3 fu(2)
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mourm Beony (u. 4, teopema 3). Ilomommm

Go=|F1+T+ . [ N i b )

$yBrKUEA ¢, HenpephBHA U MMeeT KOMHIAKTHHIN HOCHTeNb; C APYToit

cToponsl, | gy T"=|f1+Fo+ ...+ o P < (21 |fn |)F =h% e

qucnoBas QyHkndsa k > 0 (koHeuHas uau GecKoHeuHas) Ha OCHOBa-
HEUE TEOPEME O CYETHOH BHIYKJIOCTH Y/[OBJETBODSET HEPABEHCTBY

(Ve 0)1= (W (3 a3 N (1)) <40

Ho g,(z) crpemurca mowrm seomy & g(z)=|f (z)|®?7'f (2),
n sHaumT, Teopema JleGera mowasmBaer, uro g € £%. O6par-

HOe yTBepsjleHme moxyJaeTca cpasy, mbo f = | g [P0~ 1.g.
MoskHO MOKasarh, 4To oTobpasmenne £ —s | £ |®'D~1.f ecrn TOMEOMOp-
? duam mpocrpancrsa L5 ma FL (§ 6, ymp. 10).

Cuencreme 1. Jasn mozo wmobu gynrkyus f npunadaescasa L,
Heobxodumo u docmamouno, umobs. Pymwkyus |f |P-1-f npunadae-
awana Lk

CaencTBuE 2. Jas mozo umobe nosoicumesbHas wucaosas PyHKyusL
f npunadaesncara LP, neobrodumo u docmamouro, umobu gynryus f°
npunadaexcasa L.

OTMeTnM, 9YTO eCAH 9YHCIOBAag (YHKIMA f NPOMBBOJILHOTO B3HAKA
e TaKoBa, 4T0 | f |P upmEAgIeRUT L, T0 f He 00sA3aHA UPHHAJIGKATE P

(cp. § 4, yump. 8).
YupaxsaeHus

1) Iycts pu — mepa JleGera ma mareppaide X = [0, 1 [ m3 R. Ilycte
naa aoboro nexoro n= 2k 4 k (h 2= 0, 0 <{ k < 2h) wepes f,, oGozna-
dena ¢yHKNHA, pasHas 1 Ha mATepsaie [k/2k, (k 4+ 1)/22[ m O B ocrai;n-
HHX TouKaX matepBajsa X. IlokasaTh, 9TO IOCHEOBATOABLHOCTH (f,) CXO-
IuTes B cpegHeM MopsfKa p K 0 mpu gwbom p > 0, HO TOCHeNoBATeN b
HOCTH (f, (%)) He cxopuTcs HA UpH Kakom r € X.

2) Iloxasats, 4910 ai06as 4mciaoBag GyBKIEA f, TpHHAJIEKAIIAS
Z£P (X; R), moura BCIOLY paBHa PAa3HOCTH gy — g, JBYX NOJAYHEIPEDHB-
HHX CHH3Y XOJOKUTeNBEEIX (yHENWE, OpmHagaexamux IP (X; R)
(sameTuTh, 9TO f (z) HOYTH BCIOXY PaBHA CyMMe alCOJNIIOTHO CXOJAINEroCs

. @«
psafa 2 fn (z), THe f, HempepHBHH M MMET KOMIAKTHHE HOCHTEND),
n=1
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3) Ilyers X — J0KanbHO KOMIAKTHOE MOpOcTpameTBo, o = 0 —
TaKasg KoHeYHas ducioBasd QyHKmEA Ha X, 9T0 [Jjia J060T0 KOMIAKTHOIO

mogmuOKecTBa K < X 2 a (z) < -+oo. IIycts p — Mepa ma X, ompe-
x€EK
JeleHHAaA Opum momomu Mace & (z). [fokasaTh, 9T0 OTHOCHTENBHO STOH

mepsl F§ = L5 nua noboro koHewHOTO p > 4 M M060T0 GaHAXOBA MPOCT-
pamcTtBa F.

§ 4. Varerpupyemsie yHROMA W MHOKECTBA
1. II podoaxenue unmezpaaa

U3 onpefiesieHnA NPOCTPaHCTBA L5 BHTEKaeT, YTO MONOPOCTPAH-
CTBO ¢4, HeNPEePHBHHX (YHKIHHA ¢ KOMHAKTHEIM HOCHUTEJEM 6ciody

naommuo 8 L5 (§ 3, m. 4, omp. 2). CnemoBaTensHo, BCSIKAA HEIpepPHB-
Has (B TONOJIOTUM CXONUMOCTH B Cpef[HeM MOPANKA p) JwHelHas GyHK-
nus, oupefeleHHad Ha 64, W NPUHEMAIONIAS CBOM 3HAYeHHA B omde-
AUMOM U TNOAHOM TOUNOJOTHYECKOM BEKTOPHOM mpocTpaHcTee G,
MOeT OHTH eIUHCTBEHHHM 00pasoM npodoasiceHa no menpeprsHocmu
M0 HempepHBHOH JuHefiHO# ¢GYHKMWE, ompeneNeHHo# Ha £§ m mpwm-
ammapontelt sHawennms B G (O6mas ton., ra. II (3-e man.), § 3, n. 6,
Teopema 2 u ra. III, § 3, upenn. 3).

Ho nas BcAxoll Henpepusraoi yHEnuu f ¢ KOMOaKTHHIM HOCHTE-
JeM, IPUHAMAWINEH 3HageHHS B OaHaxoBoM mpocTpaHcTBe F, OB

ompepener (ra. IT1, § 3, n. 1) unmeepaa p (f)= \ f dy oTHOCHTENB-
n

HO |, ABJAOMAHCA 37eMeHTOM mnpocTpaHcTsa F, m Gmio AokasaHo
(rn. III, § 3, n. 2, npens. 5) HepaBeHCTBO

fraw|<firrawi=mm.

JTo HepaBEeHCTBO MOKAa3HBAaeT, 9To oToOpamenue [ n—»j f dp ects

auneiinoe oTofpajkeHne HPocTpaHCTBA 5% » B F, HempepHBHOE B TONO-
JTOTMU CXOIEMOCTE B cpenHeM Ha &4 p. Cranmo GHTB, MOKHO TpPONOJ-
JROTH €ro 10 HempepHBHOCTH HA BCe NPOCTPAaHCTBO L} H NPHEHATH
clIenytwomee OHpeeNeHne:

Oupenenenne 1. @Pyuryuu, npunadaescawyue Lk (X, p), Haswu-
6AKOMCK UHMEZDUDYeMBMYU OmHOcuUmesso mepy v (Wiam eme M-unme-
epupyemvimu). Humezpan (ommocumeavno W) om ummezpupyemols
9 H. Byp6amn
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dynryuu f ecmo, no onpedeaenuio, snavenue 0aa f npodoarcenus no ne-

npepuignocmu va Lk auneiinozo omobpascenus ¢ — 5 g dn npocmpax-

cmea Ky ¢ F; eco obosnauarom marsxce n (f), S]" du, S £ (z) dp (=),
Jru Jr@u@.

Mpumep.” Ilyctb X — duckpemnoe HPoCcTPAHCTBO, U — Mepa
ga X m myers o (z) = p (@ (z)) aas an6oro z € X. Torna dyskmun us Fi
OyayT unmezpupyemsl, WIN, HHAYE, Fr = Sz%'; KpoMe Toro, s JioGoit
¢yBRUNN f € .Z%v nMeem

S fdp=>Y a@ r @.

x€X
B camom jiene, myets £ € F;totna | w |* (| £ 1) = D) ld@ 117 (@) 1<
xeX
< o0 (§1, m 3, mpumep); paa awbGoro & > 0 HaljleTcsd Takoe KOHEU-
moe mopmuokectBo M < X, wro D! | a(z) |17 (2) | < e Oymx-

xEX=M
nus g, pasHas f B Toukax x € M, B KoTopuXx f Koueuna, u 0 B OCTAJNILHEIX
TOYKAX, OpHHAMIKHT ¢4 (X; F) ®m, B CHIYy HODHHATHX COIMameHnii,

lp*(Ff—g1)< D la@llF(]<e dou goxasano, 1r0
xeX-M

regk C JOPYToil CTOPOHHI,
[p@)— D a@r@|< 2 la@]|If@)]<e
x€X xeX=M

OTKyJAa H CJaeJyeT BTODOe YTBep:KJeHHE.
WHEME CIOBaMM, W-HHTETPHPYeMHMH (yHKnuaMa f ABIAOTCA Te
¢yHKIun, A8 KoTopHX cemeiicto (o (z) f (x))xex abCconITHO CyMMH-

pyemo (O6wmas Ttom., ra. 1X, § 3, n. 6), m mATerpan S fdp mpepcra-
BusAAr co0o0il cymMmy dTOro cemeicTsa.

Tar xark ¢ynkmma p (f), mo oupemenenwmio, nenpepuiBRa Ha Lk

7 DPUHEMAeT CBOU SHAYeHUS B OTHeJMMOM mpocTpancTee, To u{f)=0
naa Beaxod GyHKmmm w3 L, ABIAOmMEHCH 5IEMEHTOM NPEKOCHOBE-
naag 0 B Lk, To ecTh npenebpercumoli; ecnu JBe WHTETPHPYeMEHIe
dyurnum f w g oxsusasenmusl, 10 W (f)=p (g). Nauma cxosamu,
snagerue p (f ) saBucmTAMOILOT Kaacca [ mETerpmpyemoit B pyurmum f;

5T0 3HaYeHme 0003HATAETCA TaKKe [ ( ]" ), a QyHEOUEA ]" — 1 ( ]" ) ABaseT-
CA HENpPEepHBHHM JmHEHHHIM oTo0pamieHueM npocrpanctsa Ly B F.
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Ecnun ¢ynknua f co sHageHmsamm B F, onpefefieHHAA NOYTH BCIOAY
pa X, 9KBHBAJNEATHA HHTEIPHpyeMod (QyHKOmm, TO f ToMe Ha3LIBAIOT

uHmezpupyemoli 1 moIaraioT S fdu=np (f); rouno Tak e ompene-

Af0TCA WHTerpmpyeMas (QyHRIHs co 3HadeHmamm B R, onpemenen-
Haf W KOHETHAS MOUTH BCIOAY, W €e MHTErpat.

2. Céolicmeéa unmezpara

NeEnnoenue 1. Jas ecakroli p-urmespupyemoil noaoxcumenvnots
yucaosoll dynryuu f cnpasedausa gopmyaa

[rarui=["rda1n1=Mmpi=0. @

B camom pemne, S fdlp | a N,(f) reupepusrn na L' m pasnn

MeRIy cofoil mas a6oil HeupepuBHOR ¢yHKmum f > 0 ¢ KoMmakT-
HEIM HOCHTeJeM; ¢ APYroil CTopoHH, BcAkaa ¢ynrmua f >0 ns L1
ecTh npemed (B CMHCIE CXOTUMOCTH B CPEIHEM) IIOCHENOBATEIHHOCTH
HENPEePHBHEX NOJOKATENBHEX (YHKOUK ¢ KOMUAKTHHIM HOCHTENEM
(§ 3, m. 5, mpem. 11), oTKynma m caemyer mpeioKeHMe.

Caencreue 1. J[as awboii unmespupyemoii gynkyuun [ € Lk dynx-
yus | f | unwmezpupyema u

firiatwr={1r1ainr=mw). 3

Mpemnosxenme 1 u ero caegcteme 1 6ymyT 9acTo MCUONL3OBATHCSH
*
HaMH MO 3aMeHH S fd|lwn| wnm N, (f) Ha S fdlp] B caygae

HHTerpUpyeMo# mnoxoxuTeNbHo#l ¢yHRmuum. Haopmmep, aag Toro
9To0H [Be HHTEIpUpyeMble GYHKOUA [ 1 ¢ OBLIN 9KeU6AACHMHbL, HE06-
XONUMO W NOCTATOYHO, YTOOHI

f1r—giaini=o.

Hanomnmm, 9ro gia Toro, urobn ¢pyHKmua [ npuHagiemana L,
HeobxomuMo ® mocTaToaHo, UToOH ¢ymkmus |f [P-!.f npumapgaesxana
L} (§3, n. 8, cuencrsue I us Teopems 7), To ecTh GHIa MATErpApYeMa:
9T0 00BACHAET TePMUHONOIHMIO «QYHKIUA, HHTErpEpYeMad B p-it cre-
menwy. Hpome Toro:

g
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Cnegctsue 2. [Jaa awboii gynryuu f € Lk uucrosasn Gynryus
| fIP unmezpupyema u

Ny () = (Jrrrain)™, *

1o cpasy e caegyer us Toro, 9To | f | mpunapgmemur LP (§ 3,
u. 5, upega. 11), m us_dopmyasr (2).

Neennoxerne 2. Juas awboil unmezpupyemoii gynryuu f cnpa-
60410 HepaseHcmeo '

|Jrau|<firiarnt (5)

JdTo ToTYac BHITeKaeT w3 HepaBeHCTBa (1), ecam mepeiiTm B Hem
K mpefeny, yduThiBag ¢opmyiny (3) w HenmpepeBHOCTh (GYHKOEUA
Ny (f) mra Z¥}.

Trorema 1. IIyemv F u G — dsa 6anaroswx npocmpawncmea,
a u — Henpepbignoe aureiinoe omobpaxceHue npocmpancmea F e G.
Tozda Oas ecaroii unmeepupyemoii Pyuwyuu f co suavenuamu ¢ F
Pynkyus wo [ unmespupyema u

fe@an@=u(]r@awm). (6)

Ve mssectHo (§ 3, m. 5, Teopema 4), 4TO U o f mHETerpmpyema;
coornomenne (6), 6ynyum cupasepmuBeiM s [ € ¢8p, pacmpocrpa-
HAETCA, 0 NPUHIANY IPOROJKEHUS TOMKIECTB, HA JNIOGYI WHTETPH -
pyemyio pyEEOuUIO [ : MeficTBATENBHO, OToOpaskeHne [ +> 4 o [ Hempe-
PHIBHO B TONIOJOIWA CXOQUMOCTH B CpefHEM, 9YTO cCleayeT W3 Hepa-
menctsa Ny (wof) < |l [|-Ny ().

Cnencrue 1. Iycme a’ — npoussoavnas nenpepwisnas aurelinas
opma na F. Ecau [ ecmv unmespupyeman PynEyus co 3HAHEHUAMU
6 F, mo uucaoean gynryus (f, a’') unmezpupyema u

fu@arm@={frowm, ). ™

B raase VI, § 1, yup. 7, 11 7 12 MH mokaeM, 970 MOTYT CYHECTBO-
BaTh Takue yHKNEA f CO 3HAUCHWAMH B OECKOHEIHOMEDHOM GAaHAXOBOM
npocTpancTse, 9o ynxknusa (f, @’) mATerpmpyema miA ool HempephB-
Hoit JmHelHOol fopMir @’ ma F Ges Toro, uTo6H f 6bLIa HETErpHpyeMoil.
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Cagactsuk 2. Ecau ay, (1 < k << n)—eekmopui us F,af, (1 <<k <
n

< n) — uHmespupyemne wucaoshe PyREYuL, mo gynryus f = D) apfy
E=1

unmezpupyema u

S (iah.fk) dp = Zn‘jathde- (8)
h=1

k=1

3. Hpedeavnstii nepexod 6 unmezparax

IleepaoxeEnnE 3. ycme B — 6asuc guavmpa ¢ Ly. Ipedno-
A0JCUM, WO cYluyecmeyem maxoe Komnakmuoe Muoxcecmeo K — X,
umo 0as aw6ozo muoxcecmea M € B nocumeau ecex gynryuili f € M
codepacamea ¢ K. Ecau npu smuzx ycaosusxr B pasmomepro cxodumcs
na X k fo, mo gynryus [, unmespupyema u

Sfo dp = limg S fdu. (9)
B camom gmeme, B cxopmurea k f, B cpennem (§ 3, m. 3,7npem1. 4).

Meenaoxerne 4. Iycme (f,) — eospacmaiowyas (cooTB. Yybuieaio-
was) nocaedosameavrocmsv unmezpupyemuxr wucaoetrr dynryuii. Jasn
mozo umoGu eéeprnas (COOTB. Huxichas) ozubaiowas f smoii nocaedo-
sameavHocmu 6vlaa UHmMezpupyeMa, Heobxodumo u docmamouro, umobsl

sglp an d|p|<<+oo (coors. inf S fadlp|>—), u mozda

S fdp=lim S 1 du. (10)

n-—»co

OrpanmumMcss paccMOTpeHHeM BO3PACTAIMIEH IOCIETO0BATEIBHO-
cra. IlocaegoBarenpHocTs GyHEDEA g, = f, - f; ABIAETCH BO3-
pacrammieil I COCTONT M3 MHTETPAPYEMBIX HOJOKHTENbHHX (YHKOUI;
a TaK KaK ee BepXHAA ormbaromias paBHA g = f - f;, OpenoxeHme
BHITEKaeT W3 TeopeMul 5 § 3; m. 6.

TrorEMA 2. ITyemv A — muoscecmeo uHdekcos ¢ guabmporm 5 co
cuemmnrim 6asucom. ITyems (f ;) ¢4 — cemelicmeo unmeepupyemuiz fynx-
yuii, crodswurca npocmo no gusbmpy F nowmu eciody & gynryuu f 3

ecau cyuecmeyem marasn wucaosas gynryus & = 0, wmo S*g dlpl<<
< +oou |fq(2)| < g (x) noumu ecrwdy na X npu awbom a € A,
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mo gynryun f unmespupyema u .
Sfdp: limg Sfa dp. (11)

Teopema caenyer us Teopemnt JleGera (§ 3, . 7, caegcrsme u3 Teo-
pembl 6), mocKoIBKY B ¢hOPMYJHPOBAHHKX BhiNe YCIOBHAX [, CXO-
purca K [ B cpenHeM mo $miasTpy Fe.

Cnepcreue 1. ITycmvs Q — monoaozudeckoe npocmparcmeo, t, —
mouka u3 2, obaadaowan cuemmnoi PHyHOaMmenmarvHol cucmemoll
okpecmuocmeii, a f — omobpaxcenue npoussedenus X X Q@ e F,
obaadarujee caedyrouumu ceoticmeamu:

a) dua wiobozo t € Q dynryus z — f (z, t) unmezpupyena;

b) dan awbozo z € X Ppynryuat — f(z, t) Henpepusrna & t;

¢) cywecmeyem maxas okpecmiuocmy U mouku t, u makas onpe-

Oeaernnas na X uucaosasn dynkyus g =0, umo \ gd l p| <<+ o
v iflz, ) | <g(x) 0una 2€X u teU.
IIpu smux ycavsuszx omobpasicenue t —»> 5 £ (z, t) dp (x) npocmpan-

cmea Q ¢ F nenpepwisio ¢ mouke t,.

CaencrBug 2. Iycms (f,) — makas nocaedosamesvhocmd UHME-
apupyemuir Pyrryull, umo pad ¢ obuwum uiernom fy, (z) cxodumes noumu

ect0dy; ecau cywecmeyem Pynryua g == 0, daa Komopoil g gdlpl<<

< 00 u npu 4060M Yeaom n HEPAsEHCmEo| Z, Iy (2) | < g (2) svinoa-.

naemcs nowmu eciody, mo cymma f (z) (onpeae./zennax noumu 6ciody)
pada ¢ obwum uaenom fn(x) uwmespupyema u

§ran— 5 | foan (12)
n=1

(¢mowIeHHOEe WMHTEIPAPOBAHUE DPAAY).

4. Xaparmepuzauua unmezpupyemsx
YUCA06BLX PYHEYUT

Heepnokerne 5. Jas mozo umobs (KoHeunas uau GeckoHeuHas)
yucaosan dynkyus | = 0, nosynenpeprienan cnusy na E, 6viaa unme-

*
2pupyema, Heobxrodumo u Oocmamouno, ¥mobul ) fdipl<<4oo.
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Bee CBONWTCH K OKABATENBCTBY AOCTaTouHocTH ycaoBms. Ompe-
nemenme | p |* () (§ 1, n. 1, omp. 1) moxasmBaer, 4To MIA A1060T0
¢ > 0 maiiierca Tarasg HempepsiBHaA QyHKNUA g == 0 ¢ KOMIAKTHEIM
gocureneM, 9to g<<f m |p* ()< |p|(g) + e Ho oymxnua
f — g mONyHeUpPePHBHA CHABY ¥ IIOJO/KHTENbHA, a sHawnT (§ 1, m. 1,
reopema 2), |p (*(f) = [w[(g) + [pn[*(f— g, mmm, nnaze,
NMf—g=lpl*Ff—g=1ul*{) —nl(g <e uemn no
gasama maTerpmpyemocts ¢ymknmm f (§ 3, m. 3, mpena. 7).

Caepcruk 1. Jas mozo umobs Konewnas wucaosasn gyrnryua f 2= 0,
noaynenpepvienas ceepxry Ha X, Ouaa unmezpupyema, Heobrodumo

u docmamouno, uwmobul 5* fdipn]<<+oo.

B camom pexe, ecam | p |* (f) << 400, To Haiimercs Taras moxy-
HempephBHAA cHE3Y OQYHRmus h, uro f<Ch m |p |* (h) << +oo;
$ysruua h — f ompeneseHa BCOAY W HOJIYHeNPEpPHIBHA CHU3Y, U
[ *(h—fH<{pl* (k)<< +oo; caemoBatenvro, h — f unrerpm-
pyema, a tak wak f(z) = h () — (h () — f (z)) mourm Bciomy, TO
/ wumTerpmpyema.

CaegctBut 2. HHycme H — Henycmoe MHOIHCECTIE0 NOAYHENDEPBLEHBLL
cHusy (COOTBETCTBEHHO ‘C6epIy) UHMEZPUPYEMBE HUcaoshlx GYHryull,
Purompyroweecs no omuoweruio < (C00TB. =); ecau

sup | falpl<-+ oo
fed

(coors. inf Sfd | n | > —o0), mo eeprrasn(COOTB. HUNCHAR) o2U-
feH

bawowasn g muoscecmea H unmezpupyema u
[ gan=1im | 7au,
jeH
amamfceS gd|p|=sup S fdinl (coo'rB. Sg d|p|=inf5 fd|p|),
JeH feH

MoskHO OrpaHHYATHCS CJHydaeM HONYHEIPEePHBHEIX CHEH3Y (YHK-
nuii; rorga pynkuum f+ (coors. f~) mpm f, npobGeraomem H, o6pasyoT
MHOJKECTBO IIOJIOMKATEJbHBIX IOJYHEIPEPHBHEX CHu3Y (COOTB. CBep-
xy) Pyurnmit, uasTpyomeecs mo OTHOMEHRED << (COOTB. ==); Bepx-
HeAs (C00TB. HMKHAA) ormbaromas ¢ymxnmit f+ (coots. f~) masa f € H
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paBHa g* (cooTs. g~). C gpyroii cTOpOHEI, MOKHO 3aMeHHTH H ofHEM 13
ero ceyeHHM (KoTopoe KoRpUHAIBHO eMYy), cocToAmuM u3 Tex f € H, Ko-

TOpHE == [, nasa HeKoropoir ¢ymrmmu f, € H; Torga Sf* dlip <<

< g fdlp|+ S.f;d | p |; Takmm oGpasom, JOCTATOYHO ROKA3ATh

OBAa YTBEPIKMEHHHA CIEICTBHEA, KOrma H COCTOMT W3 NOA0HCUMEAbHHIT
¢yERumi. Ecam H ¢QuipTpyeTrcs DO OTHOUIGHHI <. WM COCTOUT U3
dyaxpuit >0, moJayHempepHBHHX CHHW3y, To, Kak MH zHaeMm (§ 1,
o. 1, teopema 1),

*(g)=su *{f)=su 5 dipn| <<+ oo,
[k (e)=sup|ul* (f)=sup | fd|p]|
7 3HAYAT, g, KOTOPas HOJyHeNpepHBHA CHU3Y, MHTEIpApYyeMa B CAIY
IpegoiKeHn 5; mMmeeM S gdlp|=1lim Sfd | w |, a mocKOMBRY
feH
f< g, 10 lim N, (¢ — /) =0, 9em norasamo, 9To f/ CXONMTCH B Cpel-
feH

HeM K g mo H m [OKa3aHO Takme CIECTBHE B 2TOM ciaydae. Hciam e
H punprpyeTrca mo OTHOWEHMIO == M COCTOMT W3 IIOHYHEIPEPHIBHEIX
CBEPXY WHTErPHPYEMHX (GyHKIUHA, ynoBaeTBopsiomux yciaopmio 0«
< f<fi, tne f; € H, To Haiijerca TakaA NONYHENDPEPHBHAH CHUBY
gHTerpupyeMast GyHKnus h, ato f, << h; MoyxHO Hammcath f = A — f',
ree f' (z) = h () — f (z), worma f () << 400, mw /' (z) = 0 B mpo-
THBHOM cxydae. flcHo, dro Qymxummm f' obpasyor dmasTpyomeecs
OO0 OTHOIIEHWIO < MHOKECTBO IOJOKHTEJBHEX IOJYHENPEPHBHEIX
CHU3Y MHTEerPUPYEMHEIX (QYHRLIEM, OpHAIeM

fratmi<inain)<+oo;

K HIM OPUMEHMMO JOKABaHHOE BHIME; €CJIH g’ eCTh BepXHAA ormbaro-
mas GyHKuuit f', To b U g’ KOHEYHH IOYTH BCIOAY, M 3HAUMT, b — g
ompeneseHa TIOYTH BCIOXY M PaBHA HOYTH BCIOAY g; OTCIOJA Cpasy e
BHBOIAM BaKNIYEHHWA CNENCTBUA A MAHHOrO CIyYas.

Cnepcreue 3. IHycme [ — oepanuuennas wucaosas Pynryus, noay-
Henpepuigras céepry wa X u umelowas Komnakmuwl nocumeas. Toz0a

omoGpaxcenue | —» S f du noaynenpepuieno ceepry na o1 (X) 6 wupo-

Koll monoaoauu.
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Ecaz h — dymExoua m3 ¢4+ (X), yAOBIETBOPAKINAA YCIOBUIO
| f 1< h(ra. 111, § 1, 0. 2, nemma 1), 1o 0 << f + h <C 2h, a mocKoIB-
ky f + h — DolyHeupepHBHAA CBepXy, TO W3 ciaefcTBus 1 BEITexaeT,
4TO f W-HHTerpEpyeMa OTHOCHTeJbHO 060l mepn . Ha X. Hpome
toro, W(f) = p(h) — u (h — f) m b — f ecTb mosO}KUTENBHAS LONY-
HenpepHBHAA CHu3Y yHKnmsa. Tak xar oroGpasxkeHme p +— u (A —f)
NONyHeRpepHBHO cHm3y Ha of/1 (X) B mupoxroi Ttomomormm (§ 1,
n. 1, mpena. 4), To aTAM ciaencTBHE MOKA3AHO.

TeorEMA 3. [las mozo umobu wucaosasn dyrnryus f =0 6vaa unme-
epupyema, Heobrodumo u docmamowro, umobs das awbozo & >0 cyuje-
cmeosasu makas noiyHenpepueHas ceepxy dynryus g>=0 ¢ kowneu-
HBLMU BHAYEHUAMU, UMEIOULAL KOMRAKMHHL HOCUMeAb, U MAKAL NOAY -
HenpepvleHas CcHu3dy unmezpupyemas @dynryus h, wmo g f<h

u|h—gdlpl<e

Jocmamounocme ycrnoBuA BHTEKaeT W3 OGMEro KPHTEPHS HMHTE-
rpupyemocta (§ 3, o. 4, mpena. 8), mpennosxesus 5 u ero caenctbus 1.
HoxaskeM neobzodumocms. Ecnm f == 0 unrerpupyema, To qia awoboro
¢ >0 Hafimercs Takag HempepHBHAA QYHKOUA U > () ¢ KOMOAKTHBIM
gocuteaeM, aro N, (f — u) < /4. Otciona, B cany ompeneiaerus Ny,
BBHITEKAET CYINECTBOBAHME TAKOH MOJYHENPEePHBHON CHU3Y (QYHKIAH
v>=0,910 p* (V) << e/2 v | f — u | < v. CuepoBarensHo, —v (z) <
<f(x) —u(x) <v(x) gas sBcex z € X. A Tak Kax u (r) KoHedHA
Beiony, To orciona (u (z) — v (2))* < f () < u (z) + v (2) naa scex
z€ X. Oysknun g = (u — v)* mw 2 = u + v 0OTBEUAOT HAIIUM Tpe- -
O0oBaHUAM.

CaencrBuE. Jaa ecakoli uwmezpupyemoii Hucaoeoii gPyrnkyuu f§
(cootB. ummespupyemoti =>=0) cywecmsyiom makas o3pacmaioujas
nocaedosamesviocmy (g,) NOAYHENPEPLIGHUL CEEPTY UHMEZDUPYEML
Pynryuii (COOTB. NPUHUMAIOWUT KOHEUHBIE SHAYEHUS, UMECIOWUT KOM-
naKmubl HOCUMEAb U UHMEZDUDPYEMBLT) U Makas yb6ueanuas nocie-
dosamenvrocmy (h,) NoAYHENPEPLIGHBLL CHUBY UHMEZPUPYEMBT PYHK-
yuti, umo:

1° gn (@) < f (2) < By (2) Oas scex z € X u écex yeaniz n;

2° f (x) pasna noumu eciody nuocrell ozubaioweil h nocaedosamenv-
nocmu (h,) u eepxueti osubarwweii g nocaedosameavrocmu (gn);
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3 | fap=1im Sgndp:lim Shndu.

J n->co n-»o0

[Tpegmonommm cuagana, aro f > 0. Cornacmo teopeme 3, mis
Ja060T0 N CYmECTBYIOT TaKadg TMOJYHeNPepHBHAA CHHA3Y WHTEIPH-
pyemas GYHKOAA U, W TaKad DOJYHENPEPHBHAA CBEPXY KOHEYHAH
PYHKIUA U, C KOMIAKTHEIM HOCHTEJNEM, 9YT0 U, <. f<v, #

S(Un— up)dlp | < tn;, ecnm g, = sup (ug, ugy - .., Up) @hy =

= inf (vy, vy, . .., v,), To mocmemoBartenvroCcTE (g,) = (h,) 6ymyT
ucKoMuME. JeHCTBUTeNbHO, IOCKOJIBKY g < f, TO, B CHIYy Ipemio-
JKeHNA 4, U. 3 g WHTerpmpyema, a Tak Kag

{ t—gndlni< | wa—un alui<t,
TO

S (f—g)d|u|=7}irgg (f—gn)dlp|=0

(. 3, mpema. 4), wem fMoOKazaHa SKBUBAJEHTHOCTH (QYHKnmH [ m g.
Touro Tar ke paccy:xpaem maas mociaenoBaTenbHocTH (hy).

Ecim f me monoskmrensHa, TO MOSKHO OPAMEHHATH IPERLIIYIIee
paccy:genne K f* & f~, u cTano GuTh, GYMYyT DOAYTUEHH [Be BO3PACTAI0-
mpe IOCAe0BaTeabHOCTH (g,), (gn) DOJIYHENDEPHBHBIX CBEPXY HHTE-
TpupyeMux (VEKUu# m gBe yOmBalomme mocaemosarenbnoct: (hy),
{h;) DONYHENPEPHBHHX CHU3Y MHTEIPEPYEMHX (QYHKOWHA, mpmaem:

) gl < fr <t g —f < B

2) f* (coorB. —f~) paBHa mouTm Bclofy BepxHeir ormGaromeit
QYHKITA g, U HWKHel ormbaromei (byHRIII/Iﬁ hy (cooTB. Bepxmeil
orubaromelt ¢yHRIUA g, ¥ HIKHe# orumbanomeit ¢yurnmit hn);

3) S fdu=lim S g, dy— lim S b dy,

Nn—>00 Nn-—>00

— S fdp—= lim S o du— lim S K dy.
Nn—>»000 n—->0o
Hpome T0r0o, MOKHO OPEANONOKHUTH, 9TO gn W h; KOHEUYHH BCIOAY;
TOrNAa SICHO, 9TO HOCJHENOBATENLHOCTH gy = gn ~+ gn W hy, = h), + h7,
¥ SABIAITCH WMCKOMBIMI.
Mpumep. dua xoGoil monoxuTenbHOH MepH U Ha R Beakas

cmynenwamas QYHREAA C© KOMIAKTHEIM HOCHTENEM M-HHTerpupyema;
JIeCTBHTENLHO, XapaKTePHCTHISCKAST QYHRIAA OTKPEITOrO (COOTB. 3aMKHY-
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TOro) WHTEPBaNa MNOJYHEINPEepHBHA CHH3Y (COOTB. CBEepXy), a BcAKas
cTynepuarass QyEKNuUA SABIAETCA JuHeimofl KoMOMHANHWEHW TaKmX Xapak-
TepUCTHIeCKHNX (PymRmmA. OTcloga BRBOLUM, ITO ecam [ — auneliwamas
Ha R QyBEKmMA ¢ KoMmaKTEEIM HocuTenem (DyHKHuUM [eiicTs. nepeM.,
ra. II, § 1, n. 3), 1o / wATEerpupyema, ufo CIYKHT PAaBHOMEDHBEIM IIpejie-
J0M II0CTEeR0BATENBHOCTH CTyNeHYaTHx QyHROUI g, ¢ HOCHTENeM, COnep-
JKANAMCA B HEKOTOPOM (PHKCHPOBAHHOM KOMIAKTHOM MHOMecTBe (m. 3,
fpena. 3); Npd ITOM S fdp=lim S gn dp.
n—co
B sacTHOCTH, ecm B KavecTse W B3ATH Mepy JieGera, TO Jerko BHETS,
910 JINA BCAKON aumeigaTol QpyEKnuy f ¢ KOMIIAKTHHIM HOCHTEJIEM HHTET-
—+co
pax S f dy paBeH mHTErpaxy S f (z) dz, onpeaenerEOMY B «@yHRHUAX
- 00

Jeiicts. mepem.», ra. II, § 2, m. 1.

3amevanusn 1) IIycrs f— anmeitsarasg ¢yukn.s 5a R, uaTerpn-
pyeMas oTHOCHTeXHHO MepH JleGera W; Torma | f | Tosxe mHTerpmpyema
{m. 2, cxegcrBue 1 w3 mpexa. 1), m ecau monoKMTE I, = [—n, n], 10 | |
6yneT BepxmHell orumbalmieil Bo3pacTaOmell MOCIeNOBATENLHOCTH JIHHEl-
qathix QyEROuA | [ | ¢y,> W, BHAYHUT, HA OCHOBAHWA TeopeMu 2 m. 3,

n ~+o00
S | £ | dp= lim S | f (x) | dz. Cranmo OHTH, HETErpa - S [ (z) dx
. n—>co n Ay
a6comorao cxopatea (DyHKnuM fedicts. mepem., ra. 11, § 2, n. 3). Kpome
+oo -
TOr0, B CHJIY TeopeMH 2, O. 3 Sfdp: S £ (z) dz. O6parHO, mpexmoIo-
- 00
-f-c0
FKHAM, 9TO S £ (z) dz abcolOTHO CXOXUTCA; CHOBA, HA OCHOBAHHM TEOPE-
—co
+o00
MH 2, m, 3 uMeeM pPaBEHCTBO S fdn = S [ (z) dz. OTmMeTHM, 9TO ecam
— 00
—+co

WHTerpai “ £ (z) dz cxopuTca, HO He a0COAOTHO, TO [ He 6ydem unmezpu-
.
— 0o

pyemoll OTHOCHTeNHLHO MepH JleGera.

2) ITpumenuB npepioskenme 3, n. 3 k mepe JleGera m K JmmeirqaTeiM
(QyHKOMAM, MH CHOBA HOJNYIHM TeOpeMy O NpPeHeibHOM Nepexope [Js
AHTETPAJIOB OT JWHEHIATHX GYHKNMI HAa KOMUAKTHOM mHETepBane (DYyHK-
nou jeitcts. mepem., ra. II, § 3, m. 1, mpemiu. 1); pas nocaedosameasno-
cmeil (unm QUIABTPOB CO CYGTHHM OasmcoM) NEHEHWATHX QPYyHKEHIA 3TO
TpeJIosKeHne SHAYMTENBHO YIYIIMaeTcsl TeopeMor 2, m. 3, MOCKONbKY OHA
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3aMeHSAeT [AJiA DPABHOMEPHO OrPAHWYEHHHX HA KOMOAKTHOM UHTEepBajie
InHeA9ATHX QYHKUWA pasromepHylo CXOZMMOCTH Ha npocmyi (cp. § 3,
1. 4, Teopema 2). OgHAKO YTO Kacaercs MPeNeNbHOTO Nepexofa fiA abco-
210MHO CLOAAUUTCA WHTETPAIOB JHUHEHIATHX (yHKNWHA HA HEKOMIAKTHOM
WHTepBaJe, TO MBI 3aMed4aeM, 94TO YCIOBUA TeOPeMH 2, 1. 3 IpefuoxaraioT
paccMaTpHBaeMEe WHTEIDANE pasHomepro cxodawjumucsi (B CMBICTE Ompe-
jnenenusi, faneoro B «DyHKUAX #eiicTB. mepem.», ra. I, § 3, o. 2) u, cre-
TIOBATeNbHO, YIYyYmalT chopmynmpoBanusie B Huure IV (Tam sme) ycio-
BAA CXOAUMOCTH JUOIb B TOM, YTO OTHOCHTCH K cXojpumoctn ymkmmit f,
BHa M1000M KOMOAKTHOM mETepBajse. Haxomen, ycaosmsa mepexofa K mpe-
Jeny, yKasaHHHE [Id CXOAAMUXCS, HO He abcoatomho cxodiuyurcs AHTeTpa-
JOB OT JHMHEHYATHX QYHKHWI, OCTAOTCA BHE IPENENOB TPUMEHHMOCTH
Teopmy, W3NOKeHHOI B 9TOH riase.

5. Humezpupyemvie W olcecmea

OuprEnenEHRE 2. ['osopam, umo nodmuozxcecmso A aokasbHo KoM-
nakmmuozo npocmpancmea X UHMeEZPUPYEMO OMHOCUMEABHO ROAOKHCU-
meavroli mept w wa X (Wnm eme p-urmezpupyemo), ecau unmezpupye-
Ma raparmepucmuueckas PyHEYusL ¢ o mHoxcecmea A. Koneuroe uucao

p(4) = S(p A0p  Hasweaemca mepoll muoxcecmea A.

Jlis1 BCAKOTO MHTETPHPYEMOr0 MHOKECTBA A BHIIONHAETCH paBeH-
crBo | | (4) = | p |* (4) (mpemn. 1); mas Toro 9ToGH MHOKECTBO
OBIO npeneGpescumo, HEOGXOMUMO H AOCTATOYHO, YTOGH OHO HMEIO
Mepy HYab omHocumesvHo | |.

IeEnnoxenue 6. O6wedunenue koneunoi cosorynrwocmu (A;)1<i<n
UHME2pUPYeMBLL MHONCECME UNMEZPUDYEMO U

10, 40< 2 lnl(4). (13)
Ecau npu smom A; ne umeiom nonapro obwux mouek, mo
n n
s (il_—Ji A= igi b (4:). (14)

n
B camom pene, ectm A = |J 4,;, To @4 = sup P4,, W 3HAYAT
i=1

(8§ 3, m. 5, crencreue us upena. 12), ecanm A; nETerpEpyeMsl, T0 HHTe-
rpupyemo u A; coorromenne (13) mpencraBaseT co6oit wacTHBIH CIy-
9ajf aHAJOTMYHOrO COOTHOINeHWS Nis BHemHux mep (§ 1, mpena. 18),
eciy IPHHATH BO BHHMaHme cooTHomeHme | | (4) = |u |* (4);
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n
HAKOHEI[, eCi A; He IMe0T MOIAPHO OGmMUX TOUEK, TO Q4 = D) P4,
i=1

otryna u caenyer (14).

[leennoxerue 7. 1° Ecau A u B — dsa unmezpupyemsie mHoslce-
cmea u B A, mo muoscecmso C = A — B unmezpupyemo u
p(C) = u(4) — n (B). (15)
2° Ilepecewenue cuemmozo cemelicmea UHMEZPUDYEMBLT MHONCECE
unmezpupyemo.

TlepBasg "acTh cienyeT W3 TOr0, 4T6 P¢ = ¢, — @p. [axee,
ecim (A,) ecTb UOCIENOBATENBHOCTH WHTETPAPYEMBIX MHOKECTB
n A — mx mepecedenme, TO ¢, = inf $a,_, W BHAYHT, A mHTErpmpye-

. ,

mo (m. 3, mpema. 4).

CaencreuE. Ecau (A,) — ybreaiowas nocaedosamesvHocmb UHMe-
epupyemulz muoxcecme, mo u () An) = lim p (4,).
n n

HeiicrBuTenbuo, eciam A = [} A,, T0 ¢4 €CTh HIMKHAA Orm0aromas
n

yORBalOmed MOCIenoBaTelbHOCTH ((pAn) (m. 3, mpepu. . 4),

Teegnoskenue 8. ITyemv (A,) — gospacmarowas nocaedosameas-
HOCMb UHME2PUPYEMBT MHONecms; 04 mozo umobb o6vedunenue
A = |} 4, 6vao unmezpupyemo, neobrodumo u docmamouro, umobsl

n

sup | p | (4,) << +o0; moeda
w(4)=limp (4,). (16)

B camom fiente, ¢4 06pa3ynT Bo3pacTAloMyI0 NOCISL0BATEILHOCTD
VHTETPAPYEMHX (YHKNUE H @4 = SUD Q4 ; CIEIOBATENbHO, Ipef-
Jlo)keHne BEITeKAaeT u3 IpefioxeHms 4, m. 3.

Cuencreme. ITyemv (A,) — nocacdosameavrocmv unmezpupyemux

muosmceems u ) | p | (Ay) < +00; mozda o6wedunenue A =) A,
n=1 n

unmezpupyemo u

[l (U 4n)<< 2[R (4n)- (17

@
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JlefACTBUTENBHO, Q4= SUD @4, 4
n

[ A< 3 0l (4 = 3] [ (4e) <+ o0

( 1, o. 4, mpepn. 18); zraunt, A unrerpupyemo (§ 3, u. 6, cnexcreme 2
n3 TeopeMer 5), a mockoabRy | p | (A) = | u |* (4), 1o mmeem (17).

IeemnowennE 9. Hyemv (A,) — nocaedvsamesvrhocmv UHMeEZpU-
DYeMbLT MHONCECTNE, He UMEHOWUT NONApHO o6wux mouek, U

Zl [l (4,) << 4o0; mozda

w (U 4n) =n§1 n{Ayg). (18)

TesicTBuTensHo, ecim A = |J A,, T0 @4 = 2 $a,, U IPEIIO-
i n=4

skeHme BHTeKaeT w3 (17) m m3 caenctBma 2 Teopemm 2, m. 3.
Caoticto (18) BrIpaskaloT Tak#e, roBOpH, YTO Mepa W 6noaHe
addumuena Ha MHOMKECTBe MHTETPHPYEMBIX NOAMHOMKEeCTB H3 X.

6. Kpumepuu unmezpupyerocmu MHOWECMEA

Mreepnoswenur 10. Jas moeo umobu omkpwumoe (CoOTB. 3aMEHY-
moe) ¢ npocmpancmee X muoscecmeo A 6uao unmezpupyemo, Heobzo-
dumo u docmamouno, umobs | p |* (4) << “oo.

Hockonpky B 3TOM cayuae QyHKOMA ¢, MOJYHeNpepHBHA CHU3Y
(cooTB. cBepxy), TO TpeJIOKeHNe CPasy jKe BHTEKAeT W3 TPeioHke-
HEUA 9, 1. 4 u ero caexcrsug 1. '

CuaepctBue 1. Bcakoe koMnarmmuoe MHOMCECME0 UHMEZPUDYEMO;
8CAKOE OMEDHIMOE OMHOCUMEALHO KOMRAKNMHOE MHONCECME0 UHMezpu-
pyemo.

CugnctBuk 2. Jaa awboll nosoxcumenvroll mepul W Ha X omobpa-
acernue A v>p* (A) ecmv emrocmv wa X (cp. O6masa tom., ra. IX
(2-e m3n.), § 6, n. 9, mpumep).

Opumep. Jua mepu JleGera p ma R u3 mpepnokenua 10 Brite-
KaeT, 9T0 BCAKHMIE OTKPHTHIl orpammdenutil wHTepBan | a, b [ materpm-
pyem u umeer mepy b — a (§ 1, m. 2, mpemx. 9). A ImOCKONBKY BCAKoe

‘
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MHEOKECTBO, CBOMMAIICECH K TOYKE, NPEHefpE;RUMO OTHOCHTEJIHLHO MepH!
JleGera, T0 H3 DTOTO CIENYeT, 9TO sce MATEPBAJLI ¢ KOHUAMH ¢ H b nMelor
OfHY H Ty Ke Mepy b — a.

IpepnomeruE 11, Hycmvs 8 — duavmpyroweecs no omuoweruo =
MHONCECTIE0 UHMEZPUDYEMBL omEpUmMBL MHoxcecme u3 X; O0as mozo

umobt. Muomecméo A = |)J G Owao unmespupyemo, neobrodumo
Ge®

u docmamouno, uwmobu sup | p | (G) << 400, u mozda -p (A) =
Gel
=limgu(G) u |pl(4) =sup|pl(G).
Ge(;g

B camom pene, maeectHo (§ 1, m. 2, mpema. 7), aro | p |* (4A) =
= sup | p | (G); Takmm oGpazoM, TpeNNONeHMe BHITeKaeT W3 Tpell-
GE®

noxenna 10.

Cuencteue. Ilyemv § — guavmpyioujeecs no OmHOWEHUW D
MHOKHECTE0 UHMEZPUPYEMBLE 3AMEHYMBL MHoxcecmé u3 X; moeda san-

kHymoe muoxacecmso B = [ H unmeepupyemo u
Hey

b (B)=limgp (H), |p|(B)= inf || (H).
€%

B camoM perne, mycTs H, — MHOMKeCTBO H3 F; HOCKOIBRy H,
HHTETPUPYEMO, TO OHO COTEePKUTICA B HEKOTOPOM MHTEIPHPYEMOM
otkphToM MEOMsecTBe U (§ 1, m. 4, mpens. 19); OTKpPHITEHE MHAOMKeCTBA
U CH, o6pasyomue puiIbTpyomeecs I0 OTHOMEHNIO C- MHOKECTBO,
coneprarca B U, u ux obbepuuenne paBuo U (| CB; craxo GHTS,
HOCTATOYHO NPUMEHHTH upennoenme 11.

TroPEMA 4. JTas mozo umobv. muoxcecmeo A Gviso unmezpupyemo,
Heobzxodumo u Jocmamouro, umobes das awbozo & >0 cywecmeosart
maroe unmezpupyemoe omrpuimoe mroxcecmeo G U maroe Komnarmmoe
muoaxcecmeo K, umo K < A= G u umo

R (G—=K)=[plG)—IplK)<e
a) YcuoBue docmamowho, u60 0HO 03HAYAET, 9TO0 Qg < P4 << Pg
" S (g — 9x) d | p | << €, a WOCKONBKY @z U Qg WHTETPHPYEMEHL,

To mHTerpupyema m @4 (§ 3, m. 4, mpema. 8).
b) VcnoBue meobzodumo. Ecam A uHTerpupyemo, TO Cym[ecTBYeT
TaKoe OTKPHITOe MHOecTBO G O A4, 4ro | p |* (G) oTamgaercs cKoub
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yroguo Mano o | p [*¥ (4) = | u | (4) § 1, o. 4, opena. 19); snauut,
BCe CBOAMTCA K [0Ka3aTeldbCTBY TOro, 4To AJsA Jioboro & >0 mai-
JeTcs Takoe KOMODAKTHoe MuOkecTBo K < A, uro |p |(4) —
— | p ] (K) < e. Tar Rak @, HHTerpupyeMa, TO CYImECTBYeT LOJY-
HenpepHBHAA cBepxXy QyEKmua f > 0, uMenmaa KOMODAKTHHN HOCH-

Tens S WM Takas, 9T0 [ <l @4 H S(cpA —pHdln Ig—;— (Teopema 3,

1. 4). Ilycte 6 > 0 — npoussonsHOE THCIAO U nycTh K — MHOMKECTBO
Touek x € E, B Kotopux f(z) == 8; K samMEAyTo u copepssutca B S
M, CJIef0BATeJbHO, KOMRAKMHO, a TOCKOJIbRY S < A, 1o K < A.

MmuoskectBo B = A — K wunrerpupyemo u f < ¢x -+ 6¢p, OoTKyAa
Sfdlu I<Ip[(E)+68-[plB)<|pl(K)+0-pl@),
N OKOHYATeJbHO:
@< | rdlpl+5<Ip](K) +8:[n](4)+%,
9T0 ¥ 3aBepmAaeT A0KasaTelIbCTBO, TAaK KAK O IPOM3BOJBHO.

Cagpcreus 1. Jas mozoumobvl muoxcecmeo A 6va0 unmezpupyenmo,
Heobzodumo u docmamoyro, ymobur dan awbozo & >0 cyuecmeosanro
maxoe komnarmuoe muoxcecméo K < A, umo |p |* (A — K) < e.
Tozda mepa | b | (A) ecmv sepaxnas epanv Mmuoxcecmsa mep | p | (K)
Komnarmuux muoxcecme K < A. '

Ycaosue Beobxopamo, 60 ecan G u K yooBAETBOPAIOT YCIOBAAM
TeOpeMH 4, TO

lpn*A—K)<|pl*(G—=K)<e.

YcaoBue HocTaTouHO, GO OHO BHp@MAaeT, UTO @4 ABIAETCH,
B TOTIOJIOTHM CXOOUMOCTH B CpeJHEM, 2IeMEHTOM TPUKOCHOBEHUAS MHO-
JKECTBA WHTerpHpyeMHx ¢yHKmuil ¢ (K — mpomsBONbHOE KOMIAKT-
HOe IOMHOKeCTBO U3 A4).

CuaepnctBuE 2. J[as ecakoeo unmezpupyemozo muoxcecmea A cywe-
cmeyem:

1° mroocecmeo Ay > A, asasioueecs nepeceuenuem CHemMHO20 MHO-
HCECmea UHMeZPUPYeMbLr OMEDIMbLE MHONCECE U MAKoe, YNo MHOosxce-
cmeo Ay, — A npenebpexrcumo;

2° mHoxcecmeo| Ay = A, asanioyeecs 06eOUHEHUEM CHEMHO20 MHO-
JHCeCmea KOMNAKMHBLT MHONCECME, NONAPHO He UMEWUT 06uwur mouek,
u maxkoe, umo Mmhoxcecmeo A — A, npenebpencumo.
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1° L x1060r0 [eTOT0 1 CYMecTBYeT TaKoe MHTETPAPYeMOe OTKPHI-
106 MHOMECTBO G, uto |p | (G,) — [p | (4) << 1/n; ecam 3a A,
[pAHATH IePecedenne MHOKECTB Gy, To | | (4)) = | p | (4) (m. 5,
cilefICTBHAE U3 Ipefd. 7), ¥ 3HAYUT, MEOKeCTBO A, — A mperebpesxaMo.

2° OnpenenuM NOo MEAYKOMA KOMOAKTHBE MHO)KecTBa K, clefyio-
mum obpasom: Ky A m [p |4 —K) <1,

Kn — A4 — (ngiKl)’
n-1
lb 1 1 C(U K N CKn <

mig n = 1 (teopema 1); ecam 3a A, UpUHATL 06befUHEHAE MHOKECTE
K., m0|p]|(4y) =|pn|(4) (m 5, upean. 8), m 3HauuT, MHOMKECTBO
A — A, npenebGpexumo.

CuepncTBuE 3. Beakoe MHONCecmeo KOHEUHOU eHewHell mepwr codep-
HCUMCH 8 06be0UNEHUL NPEHeGPeHCUMO20 MHONCECTEA U CLEMHO20 CeMeli-
CMea KOMNAKMHBL MHONCECE, HE UMEIOWUT NONApHO 06Wur mouer
U UMEIOWUT KOHEURYI0 CYMMY Mep. :

ocraTodHo UpAMeHUTHL CAEACTBEE 2 K MHTEIPUDYEMOMY OTKDH-
TOMY MHOMKECTBY, COJlep;KAIeMY 3aJaHHOe MHOMKECTBO.

CaEnCTBHE 4. [Jas ecakozo omrpuimozo 6 X muoscecmea U | n [*¥(U)
ecmo geprnasn epandb mep | w | (K) somnaxmuvx mnonecme K < U.

JTo cpasy BHTeKaeT M3 TeopeMb 4, ecau |[p [* (U) << +oo.
Ecau sxe | p |* (U) = 00, TO, M0 ycnoBdo, A1 11060ro meaoro n
cymecTByeT Takasg QyEHKUuA f €4y, aro f<{op mw | p | (f) =n.
Ecmm K ecrp xomumawrtauid Hocuteap $yHrmum f, 10 f << @ << Qu,
otkyna | p | (K) = n, 9eM H [0Ka3aHO CJE[CTBHE.

OrmeruM, 9to | p |* (U) sABIgeTcs TakKe BepXHedl TIPaHBI0 Mep
| p ) (6) Takux OTHOCHTEIHHO KOMIAKTHEIX OTKPHITHIX MHOMECTB, 4TO
G U, NelicTBUTeTbEO, €cim K — KOMIAKTHOe MHOKECTBO, COJep:Ka-
meecsa B I, To nas moboro = € K cymecTByeT TaKasg OTHOCHTENBHO KOM
HaKTHAS OTHDHITAA OKpecrHocTs V Towkm z, wro V < U. Tloxpms K
KOHEYHKIM YHCJIOM 9THX OKDeCTHOocTeid, MH TONYyIHM, 970 HX O0hequHe-
Hre G ecTh TaKoe OTHOCHTEIHHO KOMIAKTHOE OTKDHITOe MHOKECTBO, UTO
GoUn EcG, omyma p(K) <|pl@<|p* 0.

10 H, Bypbaxu .
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7. Xapaxmepusayuus 02panUNeHNBL MED

ITrEpnosKERNE 12, [42 mozo umobb mepa |\ HA AOKAALHO KOMRAKM -
Hom npocmparcmee X Guiaa ozpanunera (va. 111, § 1, u. 8), neobzodumo
u Gocmamouno, umobet X Gvlio uUnmMePUPYeMbM MHONCECTLEOM OMHOCU.
meAabHo |, (RIU, 9TO CBORHETCS K TOMY jKe, ITOOH 6CAKkAS NOCMOAHHAA
Pynryus Gvaa unmezpupyema); mozda

lwl=twlX=dlul

o

HeitcTenTensHo, MBI mokasaam (§ 4, m. 2), aro | p [* (X) = [ p [
TakUM obpasoM, OpelJiomeHue ciefyeT @3 upenqioxkenma 10, m. 6.

HRorpga peus uaer o6 orpaHmYeHHO} Mepe [, TO TOBOPAT eme, YTo
p (X) ecrb noanas macca mepv M.

W3 teopeMsl 4, m. 5 BRITEKaeT, YTO €CJIM U ecTh OTpaHWUYEHHAS Mepa,
ro pas awboro ¢ >0 maligeTcs Takoe KOMIAKTHOe MHOKecTBo K,
910 | p | (CK) < e.

IIregnoskeruE 13. IHycme p — oepanudennas mepa wa X, Iycmo

%8 — 6asuc guavmpa ¢ L%, obaadarwyull ciedywwunu ceolicmeamu:

1° cywecmeyem maroe muomcecmeo M € B, umo gpyuryuu f €M
pasnwomepro oepanuientt Ha X;

2° B cxodumces pasHoMEPHO HA LHOGOM KOMRAKMHOM MHOXCECTNEE
us X k gynryuu f,.

IIpu smux ycaoeusz f, npunadaescum L%, a B cxodumes % f,
6 cpednem nopadra p.

Tpemne Bcero sametum, ato ecian | f (z) | << a Aaa aoboro x € X
7 nwo6oit pyuknum f € M, to miaa Becex z € X GyHer TakKKe BHIION-
HATBCA HepaBeHCTBO | f, (z) | << a. axuee, muasa moboro & >0 cyme-
cTBYeT TaKoe KomuakTHOoe MuoKecTBo K, dro |p | (CK) < €?,
H Takoe MHOKecTBO N € B, uro nnsa Bcakou ¢yEkmmm f € N Hepa-
BeHcTBO | £ (z) — fo (x) | < & (| p | (K))™ VP cnpaBemampo npu mo6six
z € K. TlockonsKy, OYeBHAHO,

f—Fo=(Ff =) ox + (F — £2) vos,

To U3 BEUNEHM3JIO0KeHHOro ciaenyer, uto ecau [ € M\ N, 10 Ny ((f —
—fo) ox) < & m Ny (f — o) 9ck) < 2ae, orkyna Np (f —fo) <
< (2a + 1) e, 9TO0 W AOKAa3HBaeT NpepJjoKeHNE.
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CaeacTBuE. Jas 4060l meprl ., ozpanudennoll Ha X, écsikoe Henpe-
puishoe ozpanunennoe omobpaxcenue f npocmpancmea X 6 F npunadae-
wcum raxcdomy us L% (1 < p < -Foo).

B camom fexe, nis do6oro KoMmakTHoro MHosKecTBa K u3 X oGo-
smaumM depes My MHOMKeCTBo oTo6pasKeHuil mpocTpamcTBa X B F
Buna hf, rie h ects HempeprBHOe oToGpaskennme X B [0, 1], pasroe 1
Ha K ©m nMepomee KOMIAKTHHIA mocHTedb. f1CHO, 4To MHOKecTBa My
obpasylor B L% 6asuc ¢uabsrpa B raroit, aT0 mpmHagdexamue My
$yHKOUM paBHOMEPHO OrpaHWYeHH W 4TO % pPaBHOMEPHO CXOAWTCA
K f Ha 1060M KOMIAKTHOM MHOMecTBe m3 X, OTKyJa M IOJydaeTcs
CJefICTBHE.

B uacTHoctH, QyHKRnEA f mHTerpupyema ¥ ee HHTErpad Sf dp
ABIAETCA TpefedoM mo GmAbTPY B mHTerpasos ‘v Rf dpn.

Cremcreue n3 npemioskenuss 13 Mu cuosa noayumm B § 5, n. 6 ¢ mo-
MONBI0 O6IEr0 KPUTEPUSA HATEIPUDYEMOCTH.

s mo6oit pyarnuu f € €° (X; F) B obospavenusx raasu 11,
§ 1, m. 2 umeem HepaBenctBo | f | < || f |- 1, otkyna cormacro popmy-
aaM (3) m (4) u3 n. 2 moaydaem

Np (F) NN (1) = [IF 111w 1P (19)
B uactHOCTH, 1pn p = 1 dopmyna () m3 m. 2 maer
| §ran|<uri-nun, (20)

U clefoBaTenbHO, oToGpaxkenune [ — 5 f dp nenpepwieno ma Gamaxo-

BoM mpocTparcTBe € (X; F); cranmo GHTH, ero CyskeHWe Ha 3aMbl-
kanme €° (X; F) muoxectsa &% (X; F) B €°(X; F), sBasomeecs
OPOCTPAHCTBOM HempepHBHHX (YHKmuil, crpeMamuxca ¥ 0 Ha Gecko-
megnoctm (ra. III, § 1, o, 2, npenn 3), ecthb npoﬁoxmcenue no nenpe-
pusnocmu wETerpana ua €0 (X; F).

8. Hnmezpuposanue ommuoCUMEALHO He Pt
C KOMNAKMHOLN HOCUMEREM
ITycts p — mepa ma X, umeomas komnakmwubili HocumTeap S =
= supp (u); oTKpHTOe MBOKecTBO X — S npenebpexrcumo (§ 2, m. d
upepa. 2). CiaefoBaTenbHo, Aug n06oit QyHKOuE [ CO BHAYCHUIMHE
B BEKTOPHOM IPOCTPAHCTBe F uim B R pysxmnn f u fos 9Ksusasenmmus
10*
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(§ 2, m. 4); smaumT, pA toro uyrobe f Ohaa p-mHTerpupyema (Koria
F — 06amaxoBo HpPOCTPAHCTBO), HEOGXOXUMO M [OCTATOYHO, UTOOH
STHM CBOMCTBOM obsapnaia ¢pyHKnuA s, ¥ Torga (m. 1)

{ £an = { ros ap. (21)
Ecnm, xpome toro, [ ozpanuuena na S, 1o u3 (20) caepyer, uto
| §rau|<tiui-supir @)1, (22)

B wacrHoctu, ecim [ Henpepwsna ma X, To f p-mHTerpupyema,
nockoaeky fh €68 (X; F) mna mo6oit ¢ymrmum h € 8 (X; R),
paBroi 1 ma S (ra. III, § 1, m. 2, xemma 1). Boaee rtouno:

IlrEpnoxesnE 14. Hycme X — 4okaabho KOMRAKMHOE RPOCIIDAH-
cmeo u F — 6anaxoeo npocmpancmeo, ne ceodsaweecs ¥ 0; nycmv npo-
empancmeo 6 (X; F) ecex nenpepuisnuix omobpascenuii X ¢ F nade-
AeHO monoaozuell kKomnarmmuoll crodumocmu. JJas mozo wmobs mepa n
Ha X o6aadasra mem ceolicmeom, wmo aumelinoe omobpaxcenue | —

— S fdp &% (X; F) 6 I' npodoaxcaemes 0o menpepuianozo Aunelinozo

omobpascenus G (X; FY e F, neobxodumo u docmamouno, umoGul
supp (k) Ovla Eomnaxmern;, makoe npodosxcentie eJUHCMEEHHO U CONAI-
daem ¢ unmeepasom, onpedesennuim ¢ n. 1.

B camom Jeme, MH yiKe BHIeNH, 9TO eCIAHM L MMeeT KOMIIAKTHHIH

HOCHTEIb, TO HHTEIPall Sf dp ompepmeier nis gwboit ¢yukmmm f €

€ € (X; F), u aro orobpakenne f — Sfdu npocrpaucrBa G (X; F)
B F HenmpepHBHO B TONOJOIWH KOMIAKTHOH cxommMocte. ObparHo,
ITpefuoioKuM, 4To [ —> S f dp menpepriBHO Ha % (X; F) B Tomoio-
MM KOMIAKTHON cxomumocTu. Torja HahAyTcs TaKoe KOMIAKTHOe

muOo:KecTB0 K <= X u 7Takoe wmcro a >0, uro |[p (f) | <<aX
x sup | f (z) | ana mo6oi pysrnum f € 5% (X; F); B 4acTHOCTH, eciIn
xEK

HocuTeas pyrkmun ¢ € 54 (X; F) He nepeceraercs ¢ K, To p (g) = 0.
BssaB g = ha, rie @ =0 -—Bexrop u3 F u h € ¢ (X; C), Bummm, 4To
p (k) =0 mua moboit pymkmum h € 3% (X; C), HocuTenb KOTOpOH
He mepecekaercA ¢ K, W TeM caMBHM JioKasamo, uTo supp (u) = K.
Haxoner|, eguHCTBEHHOCTh NPOJOKEHUs ClelyeT M3 TOro, YTO
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& (X; F) naomno B € (X; F) orHOCMTeNBHO TOHOJOTHHM KOMIAKT-
Hoit cxopmmoctu (ra. 111, § 1, o. 2, mpemu. 4).

ITpennoskennme 14 mosBodser OTOMKNECTBHTH MepPY ¢ KOMOAKTHEIM
HocuTedeM Ha X ¥ ee HempepbiBHOe npomoikenue Ha G (X; C).
Takum 06pas3oM, MHOMKeCTBO Mep C KOMIAKTHEIM HOcHTeleM Ha X
orTomuecTBasercs ¢ mpocrpancrsoM €' (X; C), conpascennuim K oThe-
JUMOMY JOKaJbHO BhIyKJoMY npocrpabctBy € (X; C). Hamomuaum,
qro % (X; C) noano (O6uian tou., ta. X (2-e usn.), § 1, m. 6, cren-
cTBUe 3 m3 TeopeMH 2), Ho He 06a3areasHo Godeuno (yup. 17). OgHako
eciu X cuemuo ¢ beckoneuHocmu, W 3HAUMUT, ABIAeTcS 00befuHEHNEM
BO3PACTAIOMEed MOCIeN0BaTeNbHOCTH KOMOAKTHEX MHOMKecTB K, , yao-

©
BrerBopsomux ycaosuw K, < K.y, 1o tomoxorus B % (X; C)
MoskeT GbITh OmpefielleHa CUETHHIM CEMeHCTBOM MOJYHOPM p, (f) =
— sup |f ()|, m cramo Gerte, % (X; C) ABAAeTCA B HAaHHOM ClIyuae
x€Kn

npocmparcmeom Dpewe. CrefoBaTedbHO, B 3TOM ciydae AJA d000ro0
nokphuTHs @ mpocrpaHctBa % (X; C) orpanHuYeHHHIME MHOMeCTBAMU
npocrparctBo €' (X; €) 6yner weasunoarno B &S-romonorum (Tom.
BeKT, mp-Ba, ru. 111, § 3, mw. 7, caemcrBue 2 u3 TeopemH 4).

Mut 6ymem paccMaTpusaTh B ¢’ (X; C), TIaBHEM 06pasoM, Tomo-
JOTHI0 KOMRAKMHOU crodumocmi, (TODOJOTHIO DAaBHOMEpPHOH CXONU-
MOCTH Ha KOMIAKTHHX MHokecrBax u3 € (X; C)). Hamommmm, dro
OTHOCHTENbHO KommakrHEC MuoskectBa H m3 € (X; C) xapakrtepm-
3ylorcsa clepylomumu cBodicrBamu (O6mast Tom., ra. X (2-e m3A.),
§ 2, m. 5, cuencTBue 3 U3 TeopeMsi 2):

1° H paBHOCTEeLmEHHO HEmpepPHBHO;

2° gna moboro z € X wmuoskecrBo H (z) anementoB f (z), THe
/ umpoGeraer H, orpammueno B C.

ITeepnomerne 15. ITyemb X ecmb 40kGAABHO KoMnaxmHoe npo-
cmpanemeo U nycmbv 0as aiobozo x € X uepes &, obosnauena mepa Jupa-
ka ¢ mouke z. Omobpaxcenue x > &, npocmpancmea X ¢ €' (X; C)
Henpepuleno 8 monososuu Komnarmuot cxodumocmu ¢ €' (X; C).

PaccMorpuM oKpecTHOCTH TOWRH €x, B %’ (X; C) orHOCHTENBHO
3Tolf TOHOJOTHZ; MOKHO HpPEANOJOKUTE, YTO OHA OIPERENSETCA Clle-
nywomuM obpasom: Gepercsa Heroropoe uucio § >0 u HeKoTOpOE KOM-
nakTHOe MHOKecTBO H u3 € (X; C) u paccMaTpHBAIOTCA MHOKECTBA
Takux mep y Ha X, 910 | 1 (f) — Ex, () | < 8 nas noboit Ppyrkun
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f € H. llockoabky H paBHOCTeImeHHO HempepHBHO, T0 B X Haifercs
TaKag okpectHOCTh U Touknm z,, aTo otHomeHue f € H Bieder | f (z) —
— f (%0) | << 6 mua aoGoro z € U, 4ro 3ammCHBaeTCsA TaKiKe B BHJe
le, (f) — €4 () | << 8, u mpensosxenme RoKazaHo.

IIregnoxeruE 16. Hyemv K — komnarmuoe nodmuoxcecmso us X
u L — sexkmopnoe npocmpancmeo mep p ha X ¢ Hocumeasem 6 K. Tono-
aozul, undyyupyemvie 6 L monosoceueli I romnarmuol cxodumocmuy
¢ €' (X; C) u monoaoeuei J' cmpoeo Komnarmmol crodumocmu
¢ oM (X; C) (ra. III, § 1, m. 10), cosnadarom.

flcno, wro B L Tomosorus, nHAymupyeMas TomoJorued J , MamKo
pupyer TomoJormio, uWHaymupyemylo J ‘. O6parso, uycrs H —
KOMIIaKTHOe HofAmEOo:KecTBo M3 € (X; C) m o — dynxnus us 4 (X; C),
pasras 1 na K. OueBunno, 910 MHOsKecTBO H' QyRKIui fh, rae f npo-
Geraer H, crporo KommaktHo B ¢4 (X; C) m mas ao6od Meps u € L
ameeM P (f) = p (fh) Ana Beakoi pysknmu f € H, oTkyzna & noayiaem
YTIBepsK/eHue.

CnencteuE 1. JJas awbozo Komnarmuozo nodmuoxcecmea K us X
u awboz0 wucaa a >0 muomecmeo B mep p ma X, marur, uwmo
supp (W) = K u || p || < a, ecmb pasnocmenenho nenpepuigroe MmHO-
acecmeo us ' (X; C), romnarmmnoe ¢ monosoeuu J KomnarmHol
crodumocmu,

B camom fmexe, nycrs H — moamuoxkectBo u3 € (X; C), cocroamee
13 paBHOMEepHO OrpaHmYenHHX Ha K ¢yHEuumi; coriacso (22), Haii-
metca taroe guedao ¢ >0, aro [ p () | < el p || < ac nas moboit
¢yuxnuu f € H w ai06oii mepsl u € B; ciaenoBateabno, B < acH®
B mpoctpancTse €’ (X; C), compmxennom k % (X; C), ueM foxasana
paBHOCTeNeHHAS HeOPepHBHOCTh MHOKeCTBA B; KOMUIAKTHOCTH B
OTHOCKTeJBHO J BHTEKaeT U3 TOTO, 970 B B TomoJyorus .J u IupoKas
TOIOJIOTHA WHAYIUPYIOT ORHY ¥ Ty ke Tomoxoruio (upeni. 16 m ra. 111,
§ 1, o. 10, opepa. 17), 7 us Tor0, 9T0 B mMEporo KommakrHO (ra. III,
§ 1, o. 9, caencreue 2 u3 mpenn. 15 u § 2, 0. 2, mpepa. 6).

CuepctBuk 2. Beakas mepa ¢ komnakmhulm Hocumedaem (COOTB.
ROAONCUMEAbHAR MePd ¢ KOMNAEMHwpm  HOCUMEAem) W ecmb
mouka npukocrosenus ¢ ¢’ (X; C), ommuocumesvro monosoeuu I
kKomnaxmuoll cxodumocmu, mHoxcecmsea mep (COOTB. NOAOHCUMEAbHBLL
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Mep), HOCUMEAL KOMOopylx Koueunvl U codepacamca ¢ supp (W) & Hopma
romopwx pasra || p |l
B camom nene, Bo MHOKecTBe B Mep Vv, yAOBIAETBODPAIOIMUX YCIO
BHAM
supp (v) = supp (w) = v II<Ilpl

TOMOJIOTHSA, HHAYMUPYeMasa MUPOKOMX TOMOJOrdeil, cOBOANaeT C TOHO-
norueii, WHIYNupyeMo# Tomojorueil J , ¥ 3HAYMT, CIAEHCTBHE BHITE-
kaer u3 raaBsl 111, § 2, n. 4, caencrBuid 2 u 3 ms TeopeMur 1.

9. Ancedpot U adoumuevie HYHKEYUUU HHOICECMEA

OunpEpraerme 3. Iosopam, umo henycmoe Mhoxcecméo @ nodmno-
Hcecme MmHoxcecmea A cocmasasem anzebpy, ecAu cyuecmeyem maras
arzebpa A (nad R), cocmoswas us koHeunwix uuctoenr @GyHEYUl,
onpedeaenntir na A, umo omuoutenus M € O u @y € H skeusarenmmul.

Mpuumep. Ecam p ecth Mepa Ha JOKAJLHO KOMIAKTHOM IPOCTpAH-
cree X, 70 JuHeilHHe KOMOMHALMK C JAeHCTBHTENHLHSHIMH KO3(UIIMEnTaME
XapaKTepHCTHIOCKAX QYHKIMl UHTeIPHPYEMHIX MHOKECTB 00pasyoT
anredpy A, TaR KaK I [BYX HATEIDHPYEMHIX MEOXKECTE M u N (ymx-
WA QyQy = Qpry HATETpUpYeMa (n. 5, mpexn, 7); us ompenenenni 2

¥ 3 BHITEKAET II09TOMY, UYTO MHOKECTBO HATOIPHPYEMEIX MOAMHOKeCTB U3 X
cocTaBaser axredpy.

Meepnoxerae 17. Jas moeo umobtwl nenycmoe mHoxcecmeo D
nodmroscecms muoxcecmen A cocmasanio arzebpy, Heobrodumo u docma-
moyHo, ¥mobsl 0HO YOO08AEMEOPAAL0 cACOYOWeMY YCAOBUIO:

(CL) Jlas awo60ti napet muoxcecms M u N us @ mnoacecmea M |J N
u M [y CN npunadaexncam @,

Heobxodumocms caegyer M3 COOTHOINGHMIR

PuUNy = Pm + O — PuPn:»
PMnCcy = P — PuPn-

Jlusa poxasaTenbCTBa Jocmamourocmu TPEEAe BCETO 3aMeTHM,
9TO yKasaHHOe yCJIoBHe BleueT TOT PaKT, 94T0 AAA JIOOHIX ABYX MHO-
#ectB M u N us @ muomectso M ) N npuragiexar O, mockoabKy
MAONN=MI( CM N CN). OGosnauum uepes & (D) muo:xKECTBO
JMUHEeHHX KOMOUHATNI ¢ NefCTBATETBHEMY KO3()PUUMeHTaMH XapaK-
Tepuctmecknx ¢yrrnmi mMaoxects 3 D. Tak Kak Qy@y = QPunn,
10 & (D) cocraBaser aarebpy. Ocraercss mokasaTs, 4To ecam M —



152 TPONOJEHNE MEPBI. IPOCTPAHCTBA LP T, IV, § 4

-
TaKkoe HOOMHOMKECTBO M3 A, 49T0 @ = Zci(pM', rae M; € D, 10
7

M € ®. 910 Gymer BHTEKaTh M3 CIENYVIOMEH JeMMEH:

JIEMMA 1. ITycmv @ — nenycmoe mHoxcecmeo nodmmoxcecms us A ,
ydosaemeopsiowee akcuome (CL). Ecau umeemces raroe-aubo konewHoe
cemelicmeo (M ;)1<i<n MHOHcecms us @, mo Hatidemes makoe KoHeuHoe
cemeticmeo (Nj;)1<jcm MHuoxcecms uz O nonapHo 6es obwur mouer,
umo kaxcdoe us mnoxcecme M; asisemes 06veduHeHueM HeKoMopozo
wucaa muoxcecms Nj.

B camoMm pexne, pacemorpum 2" — 1 MHOMecTB Buja ﬁ P;, rne

i=1
P; = M; nna vHexoropex mHAekcoB i m P; = CM,; nna ocraapHHX
WHJIEKCOB, HpHueM x0TdA 05 onHO M3 MHoKecTB P; pasro M;. Ilycrs
(N;)igjcm — yUODANOYEHHAA HEKOTOPHM CITOCOGOM ITOCHeH0BATENb-

HOCTh THX MHOKeCTB; OHM He HMEIOT IIOIIapHO OOIMX TO4eK M IpH-
Hafuessat D; ¢ Apyro#l cTOpoHH, BCAKOe MHOKECTBO M} sABudercs

n
obbenmHeENEeM MHOMKeCTB N; = ] P;, COOTBeTCTBYIONIMX TeM CeMeii-
i=1

crBam (P;), nua woroperx P, = M}, 9T0 ¥ JI0Ka3hiBaeT JeMMY.
n

Temeps MH MO3KeM BCAKYI0 QYHKIMIO BUAA Z ¢iPm,, THE M; €D,
[}

=1
m

sammcath B Qopme D, d,-cpNj, rae V; npmaapde:kar @ u He WMeOT
i=1

m
IONapHO OOIAX TOUEK; eCIH @y = Z djcpNj, TO IR KaKNOro MHICK-
=1

ca j HelIpeMeHHO (yJeT BHIIONHATHCA nuGO paBeHcTBO d; = 0, mubo
d; = 1, m 3uaunt, M ecth 06heAMHEHNE HEKOTOPOr0 YACIA MHOKECTB
N;, a ciegoBaTenpHO, npuHaiIe;xur O,

Beawaa anre6pa @ noamHEOMecTB M3 A CONEPIKAT IYCTOE LOIMHO-
KECTBO (J MHOKeCTBA A JIeHCTBUTENLHO, CYMECTBYeT X0TA GH OJHO IO[I-
MHORecTBO M € @D, a 3HAYAT, MHOKECTBO M w= M = @ npmmapiemmnr O,
OTmeTnM, UTO MHOKECTBO NOAMHOMKeCTB n3 A, CBOJAIIeeCH K eJHHCTBEH-
HOMY HOAMHOMKECTBY (J, ecth axurefpa.

OurEnenrHuE 4. Ecau umeromces asze6pa O nodmHoxcecms Herxomo-
pozo mHuosxcecmsea A u Ganaroséo npocmparcmeo F, mo @ymryuel,
pasmewennoll Ha muoxcecmsar us O (unm O-pasmewyennolifPynryuel),
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co snauenuamu ¢ F, nasvleaemcs ecakas Gynkyua euda Z ;M 2le
i

a; npunadaexwcam F, a M; npunadaexcam O.

Jlerko Bugers, uto MHOMeCTBO Ep (D) O-pasmerreHHNX QyHRIUA
co 3HaYeHUAMHM B F ecTh BeKTOpHOe mpocrpaHctBo Ham R mam C,
Mpl TOJIBKO uTO mOKasaiu B mpemiokenun 17, uro MHosxectBo € (D)
xoHeunhix (D-pasMemeHHBIX UHMCIOBHX QYHRLHI cocTaBifeT aeebpy
Han R; omo o6pasyer Taxske BeKTOpHOe IOALPOCTPAHCTBO IIPOCTpaH-
ctBa R*, mopomnennoe xapakTtepucTuueckuMu GYHKIMAME MHOMKECTB
n3 @.

Beskas dyExmua us €r (D) Moker OHTL 3ammcaHa B CHITy JeM-

. N\
mel 1 B'Bunme f == Z €N, THe MHOKeCTBa N; € @ Be wMe0T DONAPHO
j

ofmux Touew; oTcofia caemyer, uro | f | = 2 le; | @N ; TIPHHAIUTEIRUT
7

€ (). B wacruoctn, g (D) ects npocmpancmes Pucca, Tak Kak
BepxHAA ormbaoman AByx ¢ymrmmi uz g (D) mpuragnemnr € (D).

3amevanmue Herpygao sameTuTh, 4TO ONpejeieHne 4 paBHO-
CWILHO ciaefyomemy: @O-pasmemensas QyHKIHUA co 3HAYeHHAMH B F
ecthb QyHEIUA £, NPUHAMAIONIAA JXIIL KOHEIHOe 9HCJI0 3HAYeHM M TaKasd,
yro mia mo6oro @ = 0 nz F muomectso /! (a) mpumagiesxur O,

OurenenEENE 5. [ogopsam, wmo KoneuHas wducaosas Pynryui A,
onpedesennan Ha aszebpe O nodmuoxrcecms MmHoxcecmea A, addumus-
Ha, ecau dan aobux deyxr muoxcecems M u N us @ 6ez obwux mouer
evnoansemen pasencmeo A (M) N) = A (M) + L (V).

Wz »T0r0 ompepmesenwma, B 4acTHOCTH, BhITekaer, uTo A (F) = O.

eepnomenns 18. [Jyems A — addumusras Pynryus mHoxcecmsa,
onpedeacrnas na arcebpe O. Cywecmsyem, u npumom moavko odHA,
maxkas auneiinas gopma (0603HagaeMas CHOBA 9epes A) Ha 6EKMOPHOM
npocmpancmee & (D) roneunvia M-pasmewjennir wucrosulr GYHEYULL,
umo A (@y) = A (M) daa awbozo muoxcecmsa M € @; npu smom, ecau
A (M) =0 das awbozo M € @, mo A ecmd nosodcumesbHas AUHEUHAL
popma na & (D).

Eduncmeenrocms nuneliHoir gopMH A oueBuaHa, ubo xapakTepu-
cTHueckue QyHRuWE MHOKecTB B3 (@ IIODOKEAIOT BeKTOpPHOe Hpo-
crpanctBo & (D). Jlaa nokasaTeldbCTBA Cyujecmeosanus (QOPMEL A
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I0CTATOUHO HOKA34aTh, YTO COOTHOIIeHHE E: c;om, = 0, e M; —
Y 1
z ,

HelrycThie MHOskecTBa m3 @, Bmewer ) c;A (M) = 0. Ho, cornacuo
-

memme 1, cymeciByeT Takoe KoOHeunoe ceMeiicTBo (N;) HemycThX
MHOkecTB u3 @ momnapHO 6es o6muX TOYEK, 4TO [Jif KAMLOr0 HHIEK-

ca i BHIIOJNHAETCH PABEHCTBO Qp, = Zai,-(pNj, rge ambo a;; = 0,
i

mmubo a;; = 1. CrnenosaTenpHO, CooTHomenme ) c¢;py. = 0, KOTOpOE
Y 1
1

3amECHBAETCA B BHE (Z cit;;) PN, = 0, Bueger ) ca;; =0
FR i
mira aoboro mumerca j. Torga, B cmily ompeneseHAs 5, BHIIOIHAOTCH

paBeHCTBA ~
2eh (M) = X (D esay) ANy =0,
1 7 K3

MOKa3BIBAIOIAE CyMecTBoBaHme (GopMbl A. Hakomem, mpemmonoKuM,
aro A (M) > 0 npn mobom M € @; naa scaxoit ¢pyarmuu [ €& (D)

MOJKHO HammeaTh [ = E: ciQm., Te M; € @ He MMeOT IIOMAPHO 00IIMX
ry 1
1

TOYeK; cienoBaTenbro, ecad f == 0, 1o ¢; == 0 naa moboro mazNEKE I,

nns kotoporo M; He mycro, otkyaa A (f) = D) e, (M) = 0.

1

10. IT pubausicenue HenpepsvLlensle Hynryul
PAZHEUWECHHUNYU PYHEUUAMU

ITeennoxennE 19. Myemv X — sokaavho KomnakmHoe npocmpar-
cmso, u nycmv O — aseebpa nodmmnomncecme us X, codeprcauas MHo=
scecmeo Komnarmuux nodmuodcecms uad X. Jan awbozo nenpepwlsHozo
omobpaxcenus f npocmpancmea X & 6anazoso npocmpancmeo F (coots.
ai060ti roHeunoli nenpepusnol Pynkyut f > 0 na X) ¢ Komnaxmubim
nocumeaem K cywecmeyem nocaedosameavhocmv (g,) dynryuil us
&p (D), nocumeav womopuzl codeprcumea s K (cootB. maxas nocae
dosameavrocme (g,) dynryuii us & (O), umo 0 < g, < f npu awbon
n), pasnomepro cxodayascs k f (coors, f). ‘

B camom perne, nockonbKy QYHKIuA f paBHOMEepHO HempepHIBHA
Ha K, 70 K MO/KHO MOKDHTE KOHETHBIM 4HCIIOM TAKHX KOMIAKTHEHIX
muokectB M; (1 << i << m), aro konebanme QyHKIEE [ Ha KaKLOM
n3 M; He npesocxonmut 1/n. A tak Kak M, m K mpmHapmemar O,
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ro cymecTryeT pazbmenme K Ha Taxwe MHo:kecTBa N; € @, uTo Kak-
noe u3 MHO;kecTB M; [ K aBisgercsa obbequHEeHNEM HEKOTOPOro IMCIA
muoxkects Nj (m. 9, memma 1). Ilyets @; — snement us F, gis KoTo-

poro | f(z) — a; | << t/n na N;. Ecimmonomuts ¢, = ) a;n,> TO
j

|f — ga | << 1/n, otryna caemyer mpepirokeHue AJs 5TOrO ciydas.
To4HO TaK jKe pacCy:xjaeM [Jd HEenpepHBHOH duciaoBod GyHKumu f,

monaras @ = inf f(x) m g, = X GON;
xENj

Caepcreue 1. ITyemv p — nososcumenvhas mepa wa X; npocmpar-

cmeo &g (D) 6crody naomuo e kaxdom us npocmpancms Lp (1 <
< p < 4oo).

B camom pnere, m3 mpemiosenua 19 ®m KpuTepHA CXOQUMOCTH
B CpeJHeM [JA pABHOMEDHEIX IiperiesioB QYHKIWME € KOMMAKTHHIM
nocureaeM (§ 3, m. 3, mpens. 4) BuTekaer, uto &x (D) mroTHO B 3aMBI-
KaHM@d TPOCTPAHCTBA &y HENPepPHBHHX (QYHKOWA ¢ KOMOAKTHEIM
HOCHTeJIeM B TONOJOrMHM CXONMMOCTH B CPEIHEM HOPSAKA p; OTCIONA
u I1ojiydaeM CleficTBue. i

Caencteue 2. Jaa awboeco samkrymozo nodmwuoxcecmea S us X
ecaras Pynryun f€ & (X, Sy C) ecmb pasnomepnsiii npedea aumeti-

HBLE KOMOURAUUTE )| A K, 20e A; npunadasexcam C u 20e Ky — Kom-
i

nakmmubie nodmuoxecmea u3 S.

B camoM menre, MHOKECTBO 4 paccMaTPMBAEMHIX JMHENHBIX KOM-
Ounammii o6pasyer C-aare6py. Ilyers @ — MHOKeCTBO TakmX DOf-
mHEO}kecT8 M m3 X, aro @, € A; @ ects, TakumMm o6pasoM, aazebpa,
BCe a/IeMeHTH KOTOPOii ABNAITCA HouMHORecTRaMu 13 S, fconepsramumn
KOMOAKTHEe HOIMAOKecTBAa m3 S, u MH mMeeM &; (D) = A. Cramo
OhTB, DOCTAaTOYHO NpHMEHWTH mpexTodkenme 19 K JIOKAIBHO KOM-
HaKTHOMY IIpocTpaHCTBY S U anrebpe .

Caxencreut 3. Ecau p u v — makue d6c mepw na X, wmo p (K) =
= v (K) das awbozo komnarmuozo nodmuoscecmes K uz X, mo p = v.

B camoM neinte, m3 cmencTBAA 2 W ompemedeHms MEPH BEITeKaer,
9TO0 AnA M060ro KOMHAKTHOTO moaMHOkecTBa S m3 X MepH y ® v
UDpEANMalOT OgmHaKoBHe 3HaweHms Ha &% (X, §; C).
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11. II podoadsernue mepsvt, onpedesennoti
HA CEMETCIMBE MHOHCECME

ITyecrp @ — HenmyCToe MHOMKECTBO IIOJMHOKECTB JOKAJbHO KOMIIAKTHOIO
npoctpaHeTBa X, W nycTe Ha @ 3ajlaHA KOHEYHAA NOJOKUTEIbHAA UHUCIOBASA
¢yaruusa M —» o (M). Mbl cTaBum cefe 3aady OTBICKATh YCJIOBHUA, NPH KOTOPHIX

_CYHIECTBYeT TaKas (noJjoKuTesbHast) Mepa W Ha X, 4T066l MHOKecTBa U3 (D GbIIM
W-unmezpupyemu u 91o6st w (M) = o (M) gasa xoGoro M € @, Mel oTpaHUIAM-
¢ paccMOTpeRmeM ciaydas, Korja (O yJaoBIeTBODAET CJelYIOmMM YCIOBUAM:
(PCy) O6wedunenue u nepecevenue deyr muoxcecme us ® npunadaexcam @.
(PCy1) Aas awboti napst, cocmonyeli us Komnakmnozo mroxcecmea K u omrpui-
mozo muoxcecneéa U ¢ X u maroi, umo K < U, cywecmsyem makoe MHoMcecmneo
MED, umo KM U. )

Otmetum, uto B yeaosuu (PCyp) comepmures upenuosioxenne & € @,
ubo MoxHOo mpmHATE K = U = . OpHako MHOKecTBO O MOMKET I HE
GulTh asrebpoii: HanpuMep, MHOJKECTBO KOMIAKTHHIX NOAMHOMKeCTB n3 X
yaosiaersopsaer yeiaosuam (PCy) u (PCyy), Ho, Boobme rosops, He ABjAeT~
¢s anreGpoi, Tak Kak ecau M u N KOMHAKTHEL, TO 3TOTO, BooGme, Heab3s
cKazaTh o MHOKecTBe M ) CN.

IipoMe ToTO, MBI IpEANONOMMUM, 9To ompefenenHaa Ha @ ysrnusa o ypos-
JIETBOPSET CHAEAYIOINM YCIOBUAM (0YEBHIHO, HEOOXOMMMEIM [JIs1 TOTO, ITOGH
3a/ja9a MMeJa pelleHue):

(PMp) Omnowenue M — N eaevem o (M) <L a (N).

(PM1)) Hakoew 6w nu 6oau M u N uz @, a (M {J N) < a (M) + o (N).

(PMi11) Omuowenue M | N = & saevem o (M {J N) = a (M) -+ o (N).

Hpuaas s ycaosum (PMyp) N = &, moaydaem, daro o () = 0;
rorfa ycaosue (PMjp) mokasmiBaer, wro o (M) = 0 maa awboro M € @,

TEOPEMA 5. Hycmb @ —muomecmeo nodmuoxcecme A0KAAbHO KOMNRAKMHO20
npocmpancmea X, ydosaemsopswwee ycaosusr (PCi) u (PCir), w nyeme o — on-
pedeaennas na @O EKoneuwas uucaosas PGYnkyus, Y0oeaemeopaOUAA  YCA0BULM
(PMy), (PM11) w (PMrpr). Jas mozo umobu cywyecmeosara makas noaoxcumenv-
nan mepa W na X, umo muoxcecmea uz O p-uwmezpupyenss u U (M) = o (M)
npu awbom M € @, neobrodumo u docmamouno, umobw Fyrkyus o ydosremeopara
ewe 0dHOMY Ycaosuir: .

(PM1v) Has awbozo € > 0 u awbozo M € ® naddemes makoe Komnarmmuoe
nmuoxcecmeo K = M u maroe omkpumoe munoxcecmeo U D M, umo das ecarozo
nuoxcecmea N € @, ydosaemeopsawuezo omuowenuio K < N < U, eunoansemes
nepasencmeo | o (N) — a (M) | < &,

ITpu amom, ecau ycaosue (PMyy) swnoaneno, mo mepa W eduncmeenna;, dan

2106020 Komnaxmrozo muoxcecmea K umeem n (K) = inf o (M), a das
Me®, MDK
406020 omkpumozo muowecmea U umeem pn* (U)y= sup o (M).
, MCU
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Ormerum, d9ro yciaosue (PMjyy) SKBUBAJGHTHO OJHOBPEMEHHOMY
BHIIOAHEHUIO CJAEAYIOUIHX ABYX YCJOBHii:

(PM1y) Haa awbozo & > 0 u awboco M € & nalidemes makoe omkpbi-
moe muoxcecmeo U = M, umo dan ecakozo N € ®, codepmcawezocs ¢ U,
soinoansemes wepasencmeo o (N) L a (M)-+|e.

(PM7y) Zas awbozo € > 0 u awbozo M € O nalidemcs manoce Kon-
naxmmuoe muoxcecmeo K < M, umo daa ecakozo N € ®, codepmcawyezo K,
sbinoansemes nepasencmeo o (N) = o (M) — e.

B camoxm pese, serxo BHmeTh, 9To yciosua (PMiy) m (PM{y) Buaexyr
(PM;jv). O6patnmo, mokaskeMm, mampmmep, 49to (PMry) maeder (PMiy).
Mycts K — KOMIAKTHO®, a U — OTKPHTO® MHORECTBO, WIS KOTOPHIX
KcMcUmun|la(P)—a(M)| < e opu Bcakom P € @, yaosaerso-
psomem yeiaosuto K — P < U. Torpa,eciu N e duN < U, to M U N
npubagieskur ® u K < M Y N) < U, otkymaa (M U N) < a (M)t ¢
n teM Goaee a (V) L a (M) + e.

Ecau mmoxkectso O, ymosnersopsiomee yciaosuam (PCp) u (PCyp),
COCTOMT U3 KOMNAKmMHBE MHOMECTB, TO yciaosue (PMiy) BhnoidmseTcs

caMo coGoi, 1 Torga (PMry) skemBamenTso (PMiy).

Heo6zodumocmo yciosus (PMypy) cpasy e BblTekaer us TeopeMsl 4, m. 6
0 «upubIKeRnI» NHTEIPUPYEMOTO MHORECTBA KOMUAKTHEIM MHOMKECTBOM H OT-
KPBITHIM MHOKeCTBOM. [[0Ka3aTexbCTBO JPYTHX YTBEP:KJACGHWII TEOPEMEL MBI TPO-
BefieM B HECKOJIBKO 3TAamoB.

1° Onpedeaenue monoaozuu 6 P (X).

Hna xioboit maps (K, U), cocroAmeif us KoMOaxkTHoro Muoykectea K W o1-
rpriToro muoskectsa U B X, gepes I (K, U) o6ospauuM MHOKecTBO Takux M < X ,
aro K < M < I/ pgas toro urobu I (K, U) 66110 He nycTo, HEOOXOAUMO U 0CTA™
ToqHOo, 4T00B K < U. Ecau (K’, U’) ecth Apyras mapa, COCTOAILAA U3 KOMIAKT-
HOTO MHOKecTBA K' W OTKpPHTOro Mpo:mectBa U’, To

IK,UnNI(K"'\U)Y=I(KU K, Un U

lyecre F — romoaorus B P (X), NHOpOMKAeHHAS MHORECTBOM TOIMHOMKECTB
I (K, U), rorma K upo6eraer MHOKECTBO KOMHAKTIBX HOJMHOMECTB u3 X,
a U — orkpeITBIX B X MHOMKECTB, B CHWJIY BHINEU3JI0KEHHOT0 MHOKECTBA
I (K, U) obpasyior 6azuc tonoioruu .7 (O6masn rou., ra. I,§2 (3-e man), § 1,
n 3).

OTMeTHM, UTO OmpefeieHde Tomoaoruu 5 Takoso, are B P (X) MHOmECTBO
KOMNaKTHAX IHOAMHOKeCTB 3 X eciody naomno. Yciaosue (PCyy) meipakaer, 4ro
© naommno B P (X), a ycmosme (PMyy) — ure dymxmms o uenpepusna Ha D
B TONOJIOTMH, MHAYUUPOBaHHOH romojorued 7. Hakomen, TeopeMa 4 BeIpasRaer
toT dakr, 9ro GyERIUA M > (M) nenpepssna Ha'agrefpe u-MHTETrPAPYEMEIX
MHOKECTB B TOLOJOTUH, MHAYRUPOBAHHOWN Tomogoruein 7.
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2° Eduncmeennocmv mepw B.

O6osHaguM dgepes ‘@ MHOMECTBO TAKHX TOAMHOMKecTE M — X, 910 « (V)
CTPEMUTCS K KOHEYHOMY mpejiely, Korma N crpemurcss K M (8B Tonodorun ),
ocraBaschk B (D; TOFAa @ MOMKHO €JMHCTBEHHBIM 06pa3oM IPONOJIKUTH [0 Henpe-
paisrozo 0T06paskeHNs & MuokecTBa @ B R (O6mas Tom., ra. I (3-e mam.), § 8,
n. 5, teopema 1). Ecam uckomas Mepa | CymECTBYeT, T0, COTNACHO CeNARHEM
BHIIE 3aMedaHusM, agre6pa ¥ U-MHTEIPUDYeMHX MHOJRECTB COJIePIKATCH B @
np (M) =a (M) gag aw6oro M € ¥; 510 COOTHOIIEHAE CIPAEEJIAMBO, B 4acCT-
HOCTH, A J1I000r0 KOMIAKTHOTO HogMHO;kecTBa M u3 X, UeMm u ioKasaHa elHH~
CTBEHHOCTH MeDHl P (caefictsue 2 u3 mpemi. 19).

3° Hpodoaxcenue Pynryuu 0 na Komnaxmmube MHOICecmed.
Tenepr Mbi, He fesas IPeNNOJOKEHNSA O CYMECTBOBAHUM MepPH W, UBYIHM

MuEoecTBo @ ¥ mpogospKenue o Gyaxmun o Ha @. IIpemae Bcero moKaskeM, 4To

m060€ KOMIAKTHOE MEOMecTB0 K mpumajmesut @ uato o (K) = inf a (P).
Ped, POK
Homomum a = inf o (P); maa mwbore & > 0 HaiifflercA TaKoe MHOMe-
PE®, POK

crso M €D, ar0 K= M 71 o (M) < a- & Cormacao (PMpy) cymecTsyer
TaKoe OTKPEITOe MHO;RecTBo U D M, 4ro AnsA Bearoro N € @, comepskalerocs
B U, sunonnsaforcss mepaseHcTsa o (N) < a (M) + & < a - 2¢; 3uavnr, gis
aioboro N € @, yaosnersopsmonmero yciosnlo K — N = U, umeem a < a (N) <
< a - 2e, orkypma, B cuny ompefenenuii, caegyer, 4to K € D n o—L(K) = a,

ITOT pesyabTAT MOKa3HBAeT Cpasy ke, 9T0 ecan K, u K, — 1aBa KOMIAKT-
BEX MuoskecTBa m K, © K,, 10 a (K;) < o (K,). Ecan e K; u K, — fima
nO6RX KOMHAKTHRX Mmoectsa, 10 B cuny (PMip), a (K, U Kp) < o (K) +
+a (X,;). Ecam, xpome Toro, Ky u~K, He IepeceKainTcs, TO a (K U Ky) =
=a (Ky) + @ (K,). JleficTButensno, B 5TOM caydae HAMIyTCs TAKUe JBa OTKPEH-
THIX MHOKecTBa Uy u U, Ge3 ofmux Todex urvo K, = U; 1 K, = U, (O6masn
ton., ra. Il (2-e man.), § 4, mpema. 1; (3-e usn.), § 4, opepan. 4).3mauurt,’'cornacHo
(PC1y) maiigytea raxue ira mHomectsa M, € O u M, € @, wro K, < M, < U,
u K, M, U,. OGosmaduM pajee depes3 P MpPOUBBOJIHPHOE MHOKECTBO M3 Oy
copepsxamiee K, |) K,; ma ocuoBamuu (PCy) o6begunenue aByx wumoskects P} M,
u P N M, opuragae:xur @, a moCKoIbKY STH IBA MHOKECTBA HE IEpeceKaroTcs,
T0, mpumerus (PMy) m (PMyy;), moaydmm

a(Py=a (P N M) +al(PN My >0 (K)+ o (K

970 4 JOKasLiBaeT HAIOEe YTBep:KIeHHne.

4° Hpodoarenue gyuxyuu O Ha OmMEpHmMUe MHOICECTMEA.
Tenepb MH mokakem, 910 JAA TOTO, YTOOH OTKPETOe MHOMKecTso U npu-

ragaeskano @, meoGxofumo m HOCTATOYHO, YTOGH MiA K, HpoGeramImux MHOMKE
CTBO KOMIIAKTHLIX MOAMHOKecTB U3 U, BepXHAA rpamb Imucen o (K) Oniia KoHed-
ga; Torna o (U) Gymer pamHO 9Toil BEepXmei rpamm.
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B camoM fese, nycTh OTKPETOE MEOKeCTBO U mpMHANIEKHUT @; mun moboro
¢ > 0 maiiferca Takoe KOMOAKTHOe MHO3KecTBOo K — U, 4ro-aas m060oTo MHO-
mectBa M € @D, ynosmersopsiomero ycaosuaM K < M < U, HOnoxmAercs
HEPABEHCTBO |2 () — e (M) | < & oTciona e (U) —a (K) | < & ¢ npy-
roit cTopoHH, ecam K’ ecTh IpOU3BOJBHOE Cojiep:kameecss B [/ KoMIaKTHOe
mHOKecTBO, 10 K — K |JK' < U, orryna ta (U) —a (K U K) | <L e, U 3Ha-
anr, a (U) =2 (K K') — & > a (K') — & makum obpasoM, o (/) pasHO
BEpXHEN I'DAaHM HCET ‘@ (K), xorma K mpoferaer MIomecTBO KOMIAKTHEIX MMO7l-

MuOMecTB u3 U,
OGparre, mycts OTKpHTOe MHOdecTso U ofaamaer TeM CBOHCTBOM, 9TO

b= sup o (K) <+ (rge K mpoGeraer MHOMKeCTBO KOMIAKTHHX LOJMHO-
KCU

mecTs u3 U); DokameM, 9o U € @, Jlas ao6ore € > 0 maiiieTcsa Takoe KOMIaKT=
moe muoKecTBo K — U, 910 b — & @ (K) < b; cormacmo (PMiy), aas awoboro
M € @, ynommersopsmoniero ycaosmsam K < M < U, cymecTByer Taroe KOM-
makTHOe MHOMectso K < M, uro a (M) < a (K') -+ ¢ < b+ &; caefosa-
Teabho, b — &8 Lo (M) £ b &, 4em m Jorasapo, 910 U € ®.

s sroff XapaKTepusamM OTKPHITHX MHOKecTB U E?D 1a (U), npemue
BCEero, BETeKaer, uro ecau U, u U, — TaKue /Ba OTKPEITHIX MHOKeCTBa, 4TO
Uy UyulU, €D, 10 Uy € D ua (U,) < @ (U,). C apyroit cTOpPOHH, ecau Uy
u U, — fBa OTKPHITHX MHOKECTBA, IPHHAJIEKAMKX ‘D, 10" TakmM K€ 6ymeT
v MuOKecTBO U; | Uz, W a (U, U Uy La(U)+a (U). B camom nere,
nyeth K 03HAYaeT NPOMBBOIBHOE KOMHOAKTHOE MHOYKECTBO, COJepsKameecs
B U, U Usy; Aua awoGott To9ky z € K cymecTByeT ee KOMIAKTHAS OKPECTHOCTH
B U; miu B U,; cmegosaTeabHo, K MOKeT OBTH IOKPHTO KOHEYHHIM 9HCIOM
TAaKKX OKPECTHOCTEH; ecam obosmaumth depes K; (coorB. K,) o6Beaumenue Tex
m3 HUX, KoTopmie cofepskarcsi B Uy (coorB. B Uy), 10 K < K; |J K,, OTKyAa

@ (K) < (K U Ky) <o (K)+a (K) <a(U)+o (Us), wem Tpebyenoe
CBOﬁCTBO 1 YCTaHOBJIEHO.

5° Ceoticmea mnoxcecmea © u gynkyuu o.
Temepsb OIpefiedeHNe MHOMeCTBA @ M QYHKINM o MOMKeT GHTEH CICTYIOMEM

o6pasoM mpeobpasosaro (¢ yverom ycaosua (PCry)): ams tore Yrobm M[C @,
Heo6X07IAMO K [OCTATOYHO, YTOGH [IA M1060r0 € > 0 CYMmEeCTBOBAJH TaKoe KoM=

MAKTHOe MHOMecTBO K ¥ TaKOe OTKPHTOC MHOecTBO U € $,ur0o Kc MU
7o (U) —a(K) <¢& upu stoMm o (M) ecTb Humcnas zpant 3Hademwmii o (U)
IJIA OTKPHTHX MuOMecTB U € @, coiepanmx M, W eeprnis 2panb BHAYCHUH

a (K) A1 KOMODaKTHHX MHOKects K < M.
OTciofla MEI DpesK/ie BCero BEIBENeM, 4to ecium My, M, mw My | M, npnrag=

aexar @, 1o o (My UM,) < o (M;) 4 o (M,). JeficterTensro, ecau U, u Uy—
ABa OTKPHITHX MHO;KecTBa M3 D, cofepsKamme COOTBeTCTBeHHO M; m M, u TaKue,
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qro E(Ul) <§(M1)—}—a, u ( ) o (M 2)+ &, 1O} MHOMKecTBO U, U U,
npuramiaexur, @, cogepur M, J M, u, 3Hadnr,

@ (M U My) <a(Uy U Uy <o (U)+a (Uy) <a (M)+a (My)+2e,
OTKYJa ¥ Clefyer HAUle YTBepP:JeHIE,

Hasxee nokaskeM, 9To ecid K — HEKOTOPOe KOMIAKTHO® MHOKECTBO, a4 U —
TaKOe OTKPHTO® MHOMeCTBO U3 0, 90 K = U, 10 @ (U — K) = & (U) — a (K)»
Ha ocroBaEMM TpeARAYINETo @ (V) <@ (K)+a (U — K). C gpyroit cropons,
M g00ro  KoMmakTHOre MEOskecta K = 7 — K mmeem o (KU K') =
=a (K)4a (K') <= (U); a 10CKOTbKY MHOMECTBO U — K OTKDHTO B IpH-
Bannemm ®, 10 o0 (U — K) ecTh BepPXHAA IPaHb 3HAYCHHH &-(K’), U N03TOMY

o (K)+a (U~ K) < a(U).
TakuM 06pasoM, OTPeSIENOHIO D MOKHO TAKKe OPHAATH CIEAYIOMYIO $op-

My: mias Ttoro 9toOH M € O, HeoGX0AEMO M [0CTATOYHO, 4ToOH maA AW60ro
€ > 0 cymiecTBOBATH TaK0e KOMIAKTHOE MHOKeCTBO K M TaK0e OTKPHITO® MHO-

meco U €D, aro Ko McUma(U—K)<e.
Tenepr MH HOATOTOBIEHH K /J0Ka3aTeXbCTBY T0ro, 4ro @ ecth aarebpa,
a a ccrb addumuenas Pyrnryus mnoxcecmea ua @, IIperkje BCEro MOKAKEM, 9TO

eciu M u N npusagiemar 5, T0 9T0 mImeeT MecTo u A M N CN u M |J N,
ITo ycaosuio, ass aio6oro € > 0 maiiyTcs Takue [Ba KOMIOAKTHRIX MHOKECTBA
K 1 K' u rakue ABA OTKPHITRLX MHOecTBa U m U' m3 D, a0 K< M < U,
KcNcU,a(U—K) <8 a(l' —K') < e Maomecrso K" = K [y CU’
KOMIAKTHO, a MHOKecTBo UU” = U (| CK’ oTKpHTO M mpuHAMIeskur @ 1 K"
< My CN < U"; ¢ apyroit cropoutl, U” = K” cOlepKUTCA B 00BeIHHCHIR
maowects U | CK u U’ | CK’, otkyna @ (U” — K”) < 2€, 9eM HORA3aHO,
aro M () CN € ®. Togmo Tax me U; = U | U’ OTKDHTO M IpHHALISRET O,
K= K |J K' womnaxtao u K; "M |y N < U,; ¢ apyroii cropomnt, U; — K,
cofiepmuTeA B o6beunenun U — K u 7' = K’ oriyna cuoBa o (U; — K;) < 2¢
u M {J N npumagnexur . Haxonen, ecru M u N me nepecekatorcs, o o (K;) =
=a(K)+ a(K')>a (M) + a (N) — 28, u ciegosateasuo, o (M |J N) >
> a (M) 4+ a (N) — 2e; a Tax KaK & UPOU3BOIBIO, TO o (M UN)=a M)+
+ @ (V).

6° Cywecmeosanue mepn u.
CorzmacHo mpegnoennmio 18, m. 9, ma BexkropHOM npocTpaHcTBe @ (D)
d-pasMemieHHEX (YHKOMI CymieCTBYeT, I LPUTOM TOJBKO OFHA, TAKAS TOMOIKH -

TenpHasA Jupeiimas gopma B, 910 P (py) = o (M) Ana awboro M € ®. Jas
1106010 KOMIAKTHOrO mopMHoskectsa K mx X wepes % (K) o6osmaumM mpocr-

-
PAHCTBO pasnomeprbz npedesos dynkumit us € (D) ¢ Hocurenem B K. Tak xak P
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ponosmurenapa, 10 [P () | < a (K)-||f || masn mo6oit ¢ymxmun f € € (D),
HOCHTENb KOTOPOil cofepssurcs B K; cymenneM GopMbl f HA IPOCTPAHCTBO HTHX
ynrmuit Gymer mumeiimas ¢opma, HEmPepHBHASA B TONOJOIMH PaBHOMEDHOI
CXOMMOCTH; B3HAYUT, OHA NIPOJAOIHAETCH [0 HENPEPRBHON MOJIORUTENLHOM
mueiinoii dopmul By Ha ¢ (K). Kpome Toro, ecitm K m K, — JABa KOMIAKTHBIX
muoxecTsa u K < Ky, 1o cymenune GopMal By, ma % (K) cosuagaer ¢ Py, u, cTamuo
6uiTh, Ha o6BemumHEeHUHM & Beex ¥ (K) cymecTByerT HONOKUTeNbHAA JUHEHHAsS
dopma B, ApaAKLHAACA IPOACIKEAHeM Kagjoil u3 dopm Py.

Ho nocroabky Kasgoe KOMIAKTHO® MHOMKECTBO mpuHAmjiexutr @, To mpoct-
panCTBO ¢4 HENPEePHBHAIX YMCAOBHX (QYHKIUE ¢ KOMIAKTHEIM HOCHTENEeM ecTh
nodnpocmpancmeo upocrpamctea ¢ (u. 10, npepa. 19); cmemosarenwHo, cyxcenue
HAa &4 HonosuTenbHON numeiinodl gopmur P ectr monoymurenpHan mepa W, Iloka-
JKeM, 910 A JI060ro KOMIAKTHOIO MHOMecTBa K HMeeT MecTO DPAaBEeHCTBO
p (K) = a (K). Jaa aoboro ¢ > 0 maiiflercs Takoe 0TKPEHTOE MEOKeCTBO U € @,
g0 Ko U, p(U) < p(K)+ena(U) <a (K)+ e Iyers f — menpepiis-
ioe oro6paskenne npocrparctsa X B [0, 1] ¢ Hocutesem B U 1 Takoe, 910 f (z) = 1

ua K (ra. 111, § 1, 1. 2, semma 1), Mmeem p (K) < p (f < p (U) < p (K) + &,
a ¢ ppyroit cropomst, o (K) = B (px) <P () <P (gv) = a (V) <o (K) + &
TaK Kak p (f) = B_(f), To orciofa | pu (K) —a (K) | < &, a IOCKOABRY & mpous-
BOIBHO, TO W (K) = o (K).

XapaKRTepUCTHYECKOE CBOACTBO OTKDPHITEIX MHOMKECTB, NPHHANIEKAmMUX O,
B COGUHEHMU CO CIEJCTBHEM 4 M3 TeopeMH 4 1. 6 moKasuBaer, 4To NpUHBJJeE-

;mamue O OTKPHITHE MHOKECTBA CYTh He 9TO MHOe, KaK OTKDEITHI® -UHTETPHpYye-
Mbie MHOKECTBA, ¥ 9T0 JJIs1 TAKOTO MHOKecTBA [/ BHINIOJHsAETCA PaBeHCTBO U (U) ==

= o (U). Janee, teopemMa 4 m. 6 m XapakTepuCTHUYeCKOe CBOIICTBO MHOKECTB

14371-), YKa3aHHOE B II. 5, HOKA3KBAKIT, YT0 -HHTEIPUDPYEMEe MEQ)KECTBA SBISIOT-
¢ MHEOecTBAMU U3 O M 9TO [ TAKOTO MHOMKECTBA M BHIONHAETCH PABEHCTBO
u (M) = o (M). Hakomen, yreepi&aenne o oM, 9o pu* (U) = -sup a (M)
Me®, MCU
ang moGoro oTRpETOTo MHOMecTBa U, cpasy sme BbteKaer us (PCyr) u caen-
cTBUA 4 TeopeMu 4, m. 6.
Nrak, teopema 5 mosHOCTBHIO IOKa3aHa.

CraencTBuE. Tycmb X — 40KaabrO KOMNAKMHKOE NDOCMPANCMEO CO Cuem Kol
6asoii, ¥ — mmnoxecmeo Gopeaeschuzr nodmmoxncecms us X u P — omobpaxenue ¥
6 [0, +-00), ydosremeopawuee caedyowun yeaosusn:

(i) Ecau (By, By, . ..) — nocaedosameavrocmd nonapno ne nepecekanuyurcs
bopeaescruz nodmnoxcecme uz X, mof By UB, U ... )=p By 4+ BBy +...
(ii) Ecau B — Komnarmmnoe nodmnomecmeo uz X, mo P (B) < +oo.

Tozda cywecmeyem, u npumom eduncmeennat, makas mepa W Ha X, wmo
B (B) = p* (B) daa awbozo B €Y.

Hyemy @ — MHOKECTBO KOMIAKTHHX HOAMHOMKECTB U3 X M o — Cyenue P
Ha @. Torma Bumoamsiorcs ycaosusa (PCy), (PCrr), (PMy), (PM1r), (PMn),

1 H. BypGakm
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(PM1v). IIyers K — Komuaxthoe mopmuOKecTBo 3 X u nycrs € > 0. Torma X
saBasgercs nepecedeHneM ybusaromeil mocaenosareasroctn (Uy, U,, . . .) OTHPH-
THIX OTHOCHTEJNHHO KOMIAKTHHX mojMHoKecTB 3 X (O6mad Tom., ra. IX (2-e u3n.),
§ 2, n. 5, mpena. 7). Umeem

—+o0
21 BUn—Uni)=PUs— K) <o,
n 3HAa4YuT, i 4
B W) —BE)= Un—K)= ) B(Up—Ups)
p=n

crpemutes ® 0 mpu n— - 00, J10 HOKA3HBAET, 9T0 YCJIOBHE (PMiv) BHILIOJTHACTCH,
B cuny TeopeMH 5 cymecTByeT Takag NoJoskuTenbHas Mepa P Ha X, uro p (K) =
= ¢ (K) pna moboro KommnartHoro MHOKecTBa K m3 X. A TOCKOJBLKY BCAKO®
OTKPHTGe MHOKecTBO U m3 X saABasgerca oOhejuHeHmeM BO3pacTammeil mociaefo-
BATEJIBHOCTH KOMIAKTHHX MHO;KecTB, T0 n* (U) = B (U). IIyecrs L — KoMmaxr-
moe noamuoskecTBo n3 X. CornmacHo nmpepdao;KeHWI0 7 M3 N. 5 W-HHTETPHPYEME®
noaMHOKecTBa U3 L oGpasyoT o-anre6py nogmuoskects 13 L. Cramo 6HTh, ecin
B — muoxectBo u3 ¥, comepsxameecst B L, 10 B p-HHTerpupyeMmo; TOTHA AJsA
ao6oro € > 0 B X mafifyTcsa Takoe KOMIIAKTHOE MHO;KeCTBO K W Taxoe OTKPHTOe
MEQKecTBO U, 910 K = B < U, p* (U) — p (K) < & (u. 6, reopema 4). IIpu-
HEMasA Bo BHmMaHme paBenctBa P (U) = p* (U) u f (K) = p (K), moxyuaem
| n* (BY — B (B) | < 2e. Caenosareasno, f (B) = p* (B). Haxomenm, Bcaxoe
GopeneBckoe moamuOKecTBO C w3 X ecTh o6befuHeHHEe NOCTEeR0BATeJHHOCTH
OTHOCHTENHHO KOMUAKTHHX IIONAPHO HE liepeceramuxci GopPeNeBCKUX MOAMHO-
skects, otkysa B (C) = p* (C). EQMBECTBEHHOCTH | HENOCPEJCTBEHHO BHITEKaeT
U3 TeopeMH 5.
YnpakeeHna
1) Hycrs H ecth QuabTpylollieecs N0 OTHOUIEHHMIO <l MHOKECIBO
TMOJIOKUTETHPHEX WMHTETPHPYEMHX (QYHKOMiI TaKHX, 9710 fsu}}) N, (h <
€

< -} oo, IlycTh, mamee, g ecTs BepXHAA ornbammas MHOKecTBa H; nas

Toro 9robH g OHya mETerpupyema m 4tobm B Ll Ruacc gni)ymculm g Omi
npefesoM QUIBTPa cedenuil PUABTPYIOmMErocsa MHOKECTBA KJIAcCOB (YHEK-
ouii §f € H, meoGxopumo u pocratodso, uro0n nua aioGoro &€ > 0 cyme-
croBasin: QymKumus f; € H, Qunprpyiomeecs no OTHOUIEHHIO < MHOKe-
CTBO B TOJYHeNPepDHBHKX CHM3Y HMHTerpupYeMblx GyHKuMIl u orobpaske-
HUE f+—> f* MHOKecTBa H; dymxumil f € H, yHOBJIETBOPAOmMNX YCIOBUIO
f < fi, B MEOKECTBO B Takme, uro f < f* u Ny (f* — /) < & gna moboit
¢yaxuun f € H, (upuMmennth Teopemy 3, m. 4).

2) Mycrs p — mepa JleGera ma R, ®m nycts Q — Tomonormieckoe
IPOCTPAHCTBO, MOJYYeHHOE B peayJbrare HAJel€HHsA IpocTpaHCcTBa £l
romosorueif npoctoil cxopmmoctn Ha R. Iloxasars, 910 orobpaskemme

f — S fdp upocrparcTBa Q@ B R He Oyjler HENPepPHBHHEIM HH B O/HON

ToYKe u3 Q,
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3) Hycrs I — umrepBaa u3 R u f — raxoe oro0paskemme Ipou3Be-
geanss X X I B GamaxoBo mpoctpamctso F, 4ro: 1° pnsa nioboro a € I
oroGpaskenne ¢ —> [ (t, &) npocrparctsa X B F mATerpmpyemo; 2° jpus
aooro ¢ € X orolpaskemue o —> 1 (¢, o) umeer Ha [ mpoussogmEyio fo, (£, a);

3° cymeeTnyer Taxas mETerpupyeMas QyHrmuA g > 0, uto | £y (£, @) | <
<« g () gna ampbéoro ¢ € X n mwoboro o € I. Tlorasars, 9TO0 OpPM BHIOJ-

HEHHM DTUX ycXoBuil GyHRINA © (@)= S I (t, o) dp (t) puddepermupyema

Ha I m u9TtO

w' (@)= S £, (8, @) dp ().

°4) Tlyets p — mepa JleGera ma mmrepBaie X = [0, 1].

a) Moctpours Ha X coBepllleHHOE HUT[Ee He IMJIOTHOE MHOKECTBO A,
HMeIoIee TPOM3BONBLHYI0 MEPY &, 3arni0uenHylo B npegesax 0 < a <1
(McmoNB30BaTH MeTO[] TMOCTPOSHMS TPOMYHOTO KAHTOPOBA MHOKECTBA).

b) Oupepennte Ha X Takyl mociaefloBaTenbHOCTs (4,) Hurjge He
OJOTHHX HWHTETPHPYEMHX MHOKECTB IonapHo 6e3 o6MMX ToYexr, 4TO

n
n (4,) = 27" u uro BeAKMII MHTEDBaN, cMeKEHI ¢ B, = | A4,, cojep-
k=1

JKMT MOJMHOKeCTBO M3 A,4q CTPOTO HoOnokurensHoil mepst. Iloxasars,
910 ecin A = |) A,, 10 A OyieT TOIUM MHOKeCTBOM MepH 1, a MHOKe-
n i

crBo CA Oyzer me TomuM W UpeHEODPEMMMEM,
00

¢) Myers H= | Ay,+;; MOKa3aTh, 470 AJAA JI060T0 OTKPHITOrO
n=0

urtepBasiia I < X nepecegenus ero ¢ H u ¢ CH umeor cTporo moiosxn-
TeapHYI0 Mepy. TlycTs f — QyHKIuUA, paBHAS HOYTH BCIOAY XapaKTepHCTH-
gecKoil pyHKIUHN @g; HOKas3aTh, 970 HE CYMIECTBYeT IOCJEJ0BATENHHOCTH
(f,) HenpepHBHHX Ha X ¢yHKIOU, cxogAmeiica B Kamdol TouKe m3 X
K upefieay f (3amMernts, 910 f He0OX0AUMMO Pa3pHBHA B Ka/oil Touke us X,
u opuMeHHTL yop. 22 u3 «O6meit rom», ra. IX (2-e mapn.), § 5).

5) Ilyets p — OONOKUTENHHAS MéPa HA JOKAIBHO KOMIAKTHOM
npocrpamctse X. Jlns mobod onpepenermoffl ma X (xoHedmofl miam mer)
ancaoBoli $yEKImmM [ mpousBoNbHOTO 3HAKAa obosmaumM wepes p* (f)
(6eprruti unmezpasr GyHEKOUHN f) HIKHIOI TPaEb B3HAYEHMIT W (h) AJs
$yurmuit k > f, uETEIPUPYEMHX # NOJYHEODePHBHHX CHHU3Y, €CJIH
TAKOBEIG CYHIECTBYIOT, H ~}-00 B NPOTHBHOM ¢JIy4ae; 3TO ONPEIeJeHNHE NpH
f == 0 cosnagaer ¢ ompegenernem u3 § 1, m. 3. Uepesa Uy (f) oGozmaumm
gueno —p* (—f) ¥ HA30BEM eT0 nuxcnum unmeepaiom QYRRIEH f.

a) Tlorasarp, uTo ecam f; u f, — TaKme ABe umcioBse GYHKIOUH, YTO
fi (@) < fo (2) mowmn Beway, 1o p* (f) < p* (fo).

b) Iyers f; m f, — Taxme iBe umcaoBHe yHKIMH, IT0 cymma p* (f,) -
-l n* (f,) onpepenena m < -}-oo0; Hmokasare, 910 QyERUMA f; (2)-1-f," (z)
onpejieNieRa IOYTH Belogy u 4t W* (f; - f2) < p* (f)) + p* (f) (upm

11*
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HOMOIIY a) CBECTH K caydamo, Korga f; (z) < 400 u f, (z) < + o0 B Kam-
X0l TOUKe).

c) ITycrs (f,) ecTb Bo3pacTaomas II0CHeN0BATEABHOCTS TAKMX YHCIO-
Bux (QymKnmii, 9To, HauMHAA € HEKOTOPOTO HOMEDPa, R* (f,) > —oo;
HOKa3aTh, 9YTO

p¥ (Sgp fa)= sup u* (fn)e

°6) a) Ilycrh f — Takas umcaopas ¢ymEkmus, dro p* (f) (yup. 5)
Komewno. ITorasarp, Wro cymmecTByer mHTerpupyemas ¢yHRIuA fy > f,
ang xoropoit pu (f) = p* (f); ecau f, — gpyras umTerpmpyemas QyHK-
ous, Takas, 4T0 fo = f u W (f) = p* (f), 10 f; U f; SKBUBANEHTHH.

b) Iaa tore urobul ducmoBas GyEKnua f GHIIa WHTETMPYeMoil, Heol-
XOJIHMO M JOCTAaTOYHO, 9TOORL M* (f) M Py (f) OBIM KOHEYHH W PABHHL.

¢) ITyers f — raxas uncaoBas QyERmuA, 910 p* (f) M Py (f) Komednw;
nyeTe g W h — TakHe pABe uHTerpmpyemune ¢yHEmum, 410 g < f < h
ap (g) = pu () (B) = p* (). Towasats, 910 py (F—g) = py (h — f)=
=0, p* (f —g) = p* (b —f) = p* () — ps ().

d) Nyers f; ¥ f, — ABe 9uCA0BHe QYHKIUH, AT KOTOPHX BCe YUCIa
B* (), p* (f2)s e (1), Ry (f2) WoHeumsr; mowasams, uto My (fi-+f2) <
< pa () + p* (f) <p* (h+fy)  (samerwrs, 910 ecmr g, — Taxas
nETerpupyeMas Qyarnus, 9ro fo < g, u p* (f3) = p (gs), 10 pas m0Goi
unterpupyemoit Qyuruuu b < f; - fo BHIOAHAETCA HEPABEHCTBO b — goK
< f1). BeiBectn orciofia, 9to ecam f; mMHTETpHpyeMa, TO

W* () = p () + w* (),
Be (fy + f2) = (1) = By (F2)

a

w* (fi + f2) = w* (sup (f1, f2)) + p* (inf (fy, f2))

(s mocnefHero COOTHOIIEHUA BOCHOJNbL30BaThed yup. 1 ms § 1).

e) llycrs f — wrTerpupyemas ¢gyaxmusa. Jiag Toro 9100 yHKOUA g,
Iy KoTopoil p* (g) KomedHo, GHia METeTpHpyeMa, HeoOXoxuMo M jfocTa-
Toum0, Tro0H W (f} = p* (g) + p* (f — g) (samerwuts, w0 ecam g; —
nETerpupyeMas QyHRIOuA, AIA KoTopoit g <L gy u p* (g) = p (gy), 10
f—a<f—ag.

°7) Hycts p — nonoskurenabnas mepa ma X. Has aoGoro moapmaO-
mectBa A < X HazoBeM enympennell mepotr A m o0o3HaTUM Yepes py, (4)
HWKHIHA nETerpad (ymp. 5) xapaKTeDUCTHYECKOHl QYHKIHA ¢4.

a) Moxasare, 4T0 Py (A) ecTb BePXHAA I'DAHDb MeD KOMIAKTHHX MHO-
JKecTB, coflep:kamuxcA B A (paceyskjpath, Kak B TeopeMe 4).

b) Toxasars, wro fna d06oro nmoamuoskecTBa A u3 X koneunoil BHOMI-
Heil MepH CYNIECTBYIOT TaKue [Ba HHTeTPHPYEMHX MHo:kecTBa A, 4,,
ar0 A;c A c Ay, m op, (4) =p(4,), p*4)=p,). Nuaa roro
910661 A OHIO0 MHETETpHpYeMo, Heo0X0AuMO M F0oCTaToIHO, YTOGH u* (4)
H Py (4) Ovinn KoHeunH u paBHEL [Tokasarb, 4To, B Tex ke 0603HAYEHUAX,

e (A N CAy) =ps (42N CA) =0
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(4N CAy = p* (4, ) CA) = p* (4) — ps (4).
¢) Iycts A — MATETpUPYEMoe MHOKECTBO; [10KA3aTh, 4TO Jis Mi0bo-
ro MuOKecTBA B < A mmeem p (4) = p* (B) - u, (4 n CB).
d) Tlyets A m B — ;gBa MHOMECTBA KoREUHOHl BHeIIHeH MepH, He
umewmue o6mux Todex. Iloxaszarsh, 910 ecau € = A |J B, 1o

x (A) + By (B) < py (€) < s (4) + p* (B) <
< p* (0) L p* (4) +p* (B)

a (€) — pig (4) — poe (B) < p* (4) -+ p* (B) — p* (€)

(10Ka3aTENBCTBO HTOTO IOCIHEHET0 HEPABEHCTBA CBecTH NpM Iromomu b)
K cJaydaie, KOTAa

B (4) = py (B) = 0;
oKa3aTp, 4T0 ecau A, U B, — TaKue HHTEIDHDPYeMHe MHOKECTBa, 9TO
4 <A, Bo By, p*(4)=np(4,), p* (B)=pn(By), 1 pt (O) <
< 1 (4, N By).

°8) Ecam o0TOKAECTBUTDH KaHOHI/I‘IecKI/I Top T = R/Z ¢ umrepsa-
aom [0, 1| uz R, to mepa JleGera p Ha droM mHTepBande Oyner Mepoii ma T;
nasa mwboro muokecrBa A < T u awo6oro z € T GyjeT nMeTh MecTo PaBeH-
cTB0 p* (A ;- z) = p* (4).

a) Ilorasarh, 410 cymiecrByer Takad moprpymma H, ua T, 9T0 MHO-
mectsa H, = r, + H,, rge r, mpoleraeT MHOMKECTBO DPalHOHAZLHLIX
gucen, cogepxamuxcs 8 [0, 1 [, o6pasylor pasbuenue topa T (paccmar-
puBasi R ®ak BexTOpHOEe mpocTpaHcTBC Haj Q, sameruts, 4To B R mop-
IpocTpaHcTBO Q MMEET HOUOJHEHNME).

b) Tycrs H — obbefuBenre KaxKoTo-IM60 KOHEYHOTO YUCJA MHO-
skects H,; mokasath, wro H He mmTerpmpyemo m 410 Py (H) = 0 (3ame-
THTh, 9TO BCAKAA MOACPYNNA amAnTHBHEOH rpymnsl Q/Z, moposKIeHEAT
KOHETHBIM YHCJIOM 3JIEMEHTOB, nMeer B Q/Z GecKOHEYHHIT MHAEKC; BEIBECTH
oTciofia, 49ro cyumecrByer pasGuemme topa T Ha GeckomedHoe CUETHOE
MHOKECTBO MHOKeCTB P,, Rajkloe U3 KOTODHX COJEDHKHMT MHOKECTBO
Bupa z -+ H).

¢) TloctponTs Ha ocuoBaHMM b) mpmMep Takoil yOHBawIieil nocieno-
BaTeJbHOCTH (4,) HoAMHOKECTB U3 T ¢ NYCTHM IlepecederueM, 9To p*(4,)=
= {1 ppu aw06oM n.

d) TIycrs A — Takoe uHrerpupyemoe MHOMkecTBO, wr0 Hy < A
n p(4) = p* (Hy) > 0; moxasars, 94ro pias aA0G0T0O HETETPHPYEMOIo
MHOecTBa B — A wmmHOsectBa B, = B () Hy, n B, = B (1 CH{ o6pa-
aylor pasbuenne Muokectsa B, juis xoroporo p* (By) = p* (B,) = u (B)
n Uy (By) = py (By) = 0 (ucmoansopats yup. 7b)).

°9) a) Tlycrh W — UWONOMKUTENLHAS MEpa Ha TOKATHLHO KOMITAKTHOM
npoerpaEcTBe X. Ilycrs B 6aHaxoBoM mpocTpaHCcTBe ! KiIaccOB SKBH-
BaJeHTHOCTH PyHKmuil ns F1 gepes G 0Go3HAYEHO 3AMKHYTOE BEKTOPHOE
HOAIPOCTPAHCTBO, COJiepsKamee NOANPocTparcTBO L1} ycTh % — 3aMKHYyTOE
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BEeKTOPHOE HOANPOCTPAHCTBO IHpocTpaHcTBa !, cocrosmiee u3 QyHx-
ouil, Kiacc KOTODHX upnHajiexnr G. Ilokasars, 910 JuHeliHyO
dopmy p (f) MOsKHO HPOAOLKUTE Ha § TakmM obpasom, 4ro6bl BHIOJHSA-
Joch HepaBeHcTBO| W (f) | << IV, (f) (npuMernTs Teopemy Xana — Banaxa),
TTokasaTh, 9TO /I HPOJOJIKEEHOTO TakuM cumoco0oM HMHTETpasa Teope-
Ma 3 u3 § 3 Ho-mpe:kHEMY BepHa.

b) Ipepmosoxum, aro G ecTh MpAMaA cymMma nmpocrpaHcTsa L' v mox-
npoctparctsa H komewnoli pasmepHocTH. Ilorasath, 4To Jda § ocraercas
crpasejmuBoii Teopema JleGera (teopema 2). (Ilycts (f,,) — mocaesora-
TeNbHOCTh QYHKOU U3 &, crpeMAmascsa modtn BelOgy K f um taKas, 910

1 fn | < g, roe g 0, n N; (g) < -+oo. Iycrs (uk)1<k<m—6a3nc B H,
H OycTh f, = 2_, G p Uy by, THE hy € LT I/Icnonbsya T0oT paKT, 9T0 G

ecTh OpAMasa TOIOJOTMYecKas cymma mpocrpamcts Ll u H, moxasarts, 9ro

O,; PaBHOMEDHO oOTpaHUJeHH; BHOupas B caydae magobmoctn m3 (f,)
HOAIOCHe0BATENLHOCTD, CBECTH K CaydYao, KoIV[a KaKAAs M3 HOCIeHo-
BaTeJbHOCTEIl (“nh)n; ( HMeeT Ipeje; BEIBECTH 3aTeM, UTO hn(z) cTpemites
IIOYTH BCIOAY K Ipejely, M OPUMEHNTh K mociefoBatexbrocT (k,) Teope-
My Jlefera; makoHem, 3aMeTHTh, 970 [Be HOAIOCIEROBATENHHOCTH 13 (fn)
HE MOTYT CTPEMHTBCs K DasnudBHIM IIpefenaMm B G.)

°10) a) Iycts € — upocrpaHCTBO PHcca M W — TaKas HONOMUTENb-
Had guHelinas ¢opma Ha §, uro coormomenue | (| 2 |) = 0 Baeuer z = 0;
torga B (] « |) ects mopMa Ha €, M MH OPeSUONOKUM, 9T0 §, HageJeHHOC
910il HOpMOii, nosno. Torpa € Buoame peimnerouno (ra. II, § 2, yup. 8e)).
CaenoBateasro (ra. 11, § 1, yop. 12 n 13), cymlecTByeT Takoe JOKAJIBHO
KOMIIAKTHOE IIPOCTPaHCTBO X, ABIAIOMeeca cyMMoi cemeiictBa (K, )
KOMOAKTHHX CTOYHOBHX HpPOCTPAHCTB, 4T0 § 130MOP(HO NMPOCTPAHCTBY,
cOCTOAMEMY U3 HenpepHBHHX Ha X (KOHEUHHX HJIHN HeT) YMCIOBHX (QYHK-
HUil U cofiepsrameMy npocTparcTBo &% (X ). OtoKiecTBuM € ¢ 2TUM LPOCT-
PamcTBOM; Torfa cykeHHe QopMH p Ha of (X) Oyfmer mOMOKATedbHOI
Mepoit ma X. IlokasaTh, 910 $ KaHOHHYECKM M30MOPPHO HPOCTPAHCTBY
L (n); Gomee Toumo, ans moGoil ompefeneEHo# Ha X N-MHTErpHpyeMoi
$YHRIMH g CYIEeCTBYeT, u UPUTOM TOJbKO ofma, Qymkmus f € €, sxBu-
BAJIEHTHAsL g OTHOCUTEJNHHO MeDH W (3aMeTHTh, ITO BCAKMII HOJOMKHTEIb-
HHIi daeMenT U3 § CJOYKUT BepXHEil IpaEbio AJjisA BO3PACTAIOMEH MOCeo-
BaTeJabHOCTH dJeMentoB u3 o4 (X) m 4ro &% (X) nmuotao B Z£1 (u)).

b) BuBectn mns a), uro gis J06G0TO KOMIAKTHOTO mpocrpaHcTBa K
CYIECTBYET TaKoe JIOKANHBHO KOMIAKTHOE IPOCTPAHCTBO S, ABIAIOMEECH
TOMOJNOTHYECKOI CyMMOU ceMeiicTBA CTOYHOBHX KOMIAKTHHX HPOCTPAHCTB,
M TaKas MOXOKUTENTHHAS Mepa v Ha S ¢ HOCHTEeNEeM, PaBHBIM S, 94TO BHOJEHE
pemmerouroe upocrpamctso off (K) mMep Ba K, mapenennoe mopmoit || p |i,
nzomopguo L1 (v) (pacemorpers Ha off (K) aumelinyio ¢opmy p > (K)).

11) a) Iyers I' — npousBonbHOE MHOKECTBO HOIMHOKECTB MHOMKE-
crBa A. Ilycrp, panee, W — MHOMECTBO UOIMHOMKECTB u3 4 BHIa
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XiNXeNoo . NX NCXpti 0.+ - N CXpptp, rae X; — MHEOMKECTBA
us I', m — mpomasoabmoe nexoe 9ucio, m = 1, p — npousBoJNbHOE MeJ0e
vicso, p > 0. Moxasars, 910 Haumenbimas anrebpa @, copepmamasn I,
ecTh MHOMKECTBO KOHEUHHIX oGpepumeduil muoskects us V.

b) Mycth A — MHOMECTBO KOHEYHBIX nepecedennii MHOKecTB 13 I.
[Torasarh, 910 pus m106010 BEKTOPHOTO NPOCTPAHCTBA F  MHOKECTBO
JumeilublX KomOpumanuil (¢ kosddmmuentamMu u3 F) xapaKTepHCTHYECKUX
$yBKIMI MHOKECTB anreGpe, MOposkAeHHOH I', coBmajgaer ¢ MHOMKeCTBOM
JUHEHHX KomMOunanuii xapakrepucTudecKnx QyHKOU MmuO;KecTB n3 A.

¢) Hyers X — romojormieckoe UpPOCTPAaHCTBO M I' — MHOKeCTBO
KOMIIAKTHHIX HopMHEOKectB u3 X. IloKasatn, 9ro anrebpa, DOposKIeHHAS
MEORecTBOM ', coBOATAeT ¢ MHOMECTBOM KOHEYHHX OOBEJUHEHIN IHOJ-
muoskects u3 X suga X [ CY, rge X u Y — KOMHIAKTHEE MHOFKECTBA.

12) Mycrs X — orjlediiMoe TOHOJOTHYCCKOE NPOCTPAHCTBO. [l
aroboii mapst (K, U), cocrosimeii #3 KOMOAKTHOTO MHOKecTBA K W OTKDH-
Toro mMuoecrsa U B X, depes I (K, U) 0003HAIUM MHOMEETBO TAKUX
noaMuokectB M — X, wro K< M < U, u uyers J — TOHOJOIHA
B B (X), nopokuerHas MuoskecTBoM mopMHOkects [ (K, U) n3 B (X).

a) Tloxasarts, 9To Kaykpoe u3 Muoskects [ (K, U) opHOBpeMeHHO
OTKpPHTO ¥ 3aMKEyT0 B B (X); BHBecTH orciona, 9ro]-B (X), HagemenHOe
ToNOJOTHelL F, ABNAeTICA BHOJHE PETYNSAPHEIM BIOJHE HECBSI3HHM HPOCT-
paHCcTBOM,

b) Aas toro uro6nr orobpaskemme M > CM upocrpamcrBa B (X)
ua cebsz 010 HEempepsIBHO (B Tomosormu J ), HEOOXOQUMO U [[OCTATOYHO,
qrobrt X OHI0 KOMOAKTHO.

¢) Bosbmesm B ®agectBe X nmrepsan [0, 1] u3 R. Iloxasarh, 910 0106Gpa-
skeguss (M, Nyr—> M | Na(M, N)r> M N npoussegenna B (X) X
X B(X)B B (X) ue OyAyT HeNpPepHBHH B TOMOJIOTHUA J .

d) Oycre X noxaabpHo KomMmakTHO. ITOKasaTh, 4T0 TOHOJOIMA, HEIY-
LEpOBAHHAS TOMOJOTHEeH J HAa MHOMKECTRe KOMIOAKTHBIX TOXMHOMKECTB
u3 X, MasKopHpPYeT TOMOJOIHNIO, MOJXYIEHHYI0O N3 PABHOMEPHOII CTPYKTYPH
upocrparctBa X meromoM yup. 9 m3 O6meil Tom., ra. IT (3-e usp.), § 1;
DT ABE TOMOIOTHH MOTYT COBHAAAThL JMIp B TOM cidydae, Korga X —
JUCKPETHOEe IIPOCTPAHCTBO,

°13) a) IMycrs X — AOKATHHO KOMIAKTHOE ITPOCTPAHCTBO, ¥ mycTh I'
ccth Gasuc Tomosorunm B X, 06pasoBaHHHII OTHOCHTEIBHO KOMIAKTHHIMM
muoskectBaMu, Ilycte % — paBHOMepHAA CTPYKTYypa, COTJIACYIOMAsiCA
¢ Tomoxorueit 8 X, n mycts € — ¢yEsaMeHTANbHAA CHCTEMA OKPYsKeHMi

o10il eTpyKTypH. IIyers M+>A (M) — KOHe4Has MOJOKUTENbHAN THCIO~

Basg (QyHEKNUs, onpejeneHHas Ha I'. IIycrs Aas a1060T0 KOMIAKTHOTO

MuO:kectBa K < X m mioboro okpyskemus Y € & ueped ay (K) oGosHa-

WeHa HMGKHAA rpamb uucex % A (U;) Ans BceX KoHeYHBIX MOKpHTHID (U/;)
1

MEOKecTBa K, o0pasoBaHHHX MHO;kecTBaMu m3 I' nopsapgka madoctm Vi
npeoioKuM, 910 Korga V mpobGeraer &, mepxuAs rpaub o (K) Tucen
ay (K) o6ynmer koweunot. Ilokasarp, 910 Ha X cymecrsyer (M IpuToM
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TONBKO OjiHA) TaKasd Mepa W, 910 u (K) = o (K) ans m10060ro KOMOAKTHOTO
MHOMecTBA X (UPUMEHATH TEOPEMY 5).
b) Mycrts ¥ — muoskecTBO GOpPENEBCKIX 10MHOMECTB U3 X 1 & —
orobpamenne ¥ B [0, +oo], ymoBaeTBopawmEee CISAYIONUM YCIOBIAM:
(i) Ecam B,, B, — nBa memepecexkaromuxcs GODeIeBCKUX IOMHO-
#ectBa u3 X, 10 a (B, U B,) = a (By)+a (By).
(ii) Eciu B — woMmakrtHOe MOgMHO:KecTBO m3 X, 1o o (B) < +-o0.
(iii) Ecaum B — Gopexesckoe mommmEosecTBo 13 X, T0 o (B) =
= inf & (U), rge U npoberaer MHOKeCTBO OTKPHITHX HOAMHOkecTB n3 X,

cogep:kamux B.
Torpga cymecTByer, H NMPUTOM eSUHCTBeHHAsA, TaKasg MOJOMKNTENLHAA

mepa W Ha X, 4to o (X) = p* (B) mas moboro GopeNeBCKOTo IIOAMHO-
skectBa B m3 X, Koropoe MosKerT GBHITH WOKPHTO MOCHEROBATENHHOCTLIO
KOMITAKTHEIX ITOJ{MHOKECTB.

¢) Lasa aoboro B € ¥ nmonoskum o (B) = 0, ecniu B MoskeT GHTH HOKDH-
TO WOCJe0BaTeJbHOCTHI0 KOMHAKTHHX IOJMHOMeCTB, H o (B) = -}-c0
B nporuBHoM caydae. Torma ycaosma (i), (ii), (iii) 13 b) BEmoanatorcs.

Umeem p = 0, u smawzur, o (B) = p* (B), eciu B He MokeT OHTSH
HNOKPHTO IO0CJIe0BATeNbHOCTHI0 KOMIAKTHHX IIOMHOMKECTB.

14) Mycrs (A4,) — mocIeROBATEIbHOCTS HHTEIPHPYEMBIX MHOKCCTE
u 2 B (4,) < --oo. IlyeTs pua mioGoro uexoro k depes G, obosmagenc

n

MHOKecTBO Takux z € X, 4to z € A, mo kpaiimeil Mepe pnA k 3HaUeHIl

MHJIEKCA n; IOKAa3aTh, 4T0 G METErPUPYeMO U 410 kU (Gp) < 2 p(4,).
n

15) Iycrs o — MONOMKHUTENbHAsA OIPAaHUYEHHAs Mepa HA JOKAJIHHO
KOMIAKTHOM IpocrpanctBe X, u nycTh (4,) — Takras IOCIe0BaTeAbHOCTH
MHTETPHDYeMHX MHO:KecTs u3 X, 4ro infp (4,) = m > 0. Ilokasars,

n

970 MHOMKECTBO B To4eK u3 X, NPHHAAJEKAMEX OeCKOHETHOMY dHCIY
MHOMecTB 4, , urTerpupyemo m 4Iro p (B) = m.

°16) Iycts X — BmnosHe PeryasipHOE IIPOCTPAHCTBO, u nycTh € (X)
(coorB. BY (X)) ects mpocTpancTBO Plcca HeNpePHBHBIX (COOTB. HeIpe-
PHBHHX M orpaEudeHHmx) Ha X dYucioBux ¢yHRIuii.

a) ITokasarp, 4To ecau nuHelHas gopma A ma € (X) HempephIBHA
B TOHOJOTMM KOMIAKTHOII CXOJUMOCTH, TO OHa OTHOCHTEJHHO OTPaHuYeHa,

b) IIycre A — monoskmrensuas auHeiHas dopma Ha € (X). Ilokra-
3arh, 49r0 ecau A obpamaerca B mynp ma ¥P (X), T0 oma paBHA HYJIIO
n ma € (X) (uycts ¢ — KaHOHWYECKOe o0TofpaskeHHe NPOCTPAHCTBA
€ (X) ma parTopupocrpancTBo Pucca € (X)/gd (X) (ra. II, § 1, yup. 4);
mOKa3aTh, 9T0 ecld h ecTh HenPepPHBHAS MHOJNOKUTENbHAA (QyHKIA,
He orpamumienHaa Ha X, To n@ (h) < @ (R?) mpm mwobom memom n > 0).

¢) Mycrs BX — wommaktuduramms Croyna — Yexa mpocrpamcrsa X,
T. €. KOMOAKTHOE HPOCTPAHCTBO, HONYIEHHOE B pe3yNbTare HanegeHis X
caabeiimeit paBHOMEPHOI CTPyKTYpPOil, Mpu Koropoit dymkmum nz € (X)
pPaBHOMEDHO HENPEePHIBHH, ¥ NONOJHEHHS NOJYYeHHOTO TaKHM o6pasom
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PaBHOMEPHOTO NPOCTPAHCTBA; BCAKaA PymKiuaA f € € (X) mpogossKaerca
110 HenpepHBHOCTH {0 HENPePHBHOX HA PX GYHKIMM [ ¢ KOHOTHEIMH HIII
GecxomeumsiMu sHadenusamMm (pacemotpers f/(1 - | f])). Ecam & ecrs
noNouTeNnbHan gupeinas gopma Ha € (X), To ee cyxemme Ha €b (X)
uMeeT BUAf +> | (?5, Tfe u — NOJOKHUTeIbHAA Mepa Ha PX; mOKasars,

qaro pasa moboil pyurumnu f € € (X) c})yHHuna?nHTerpnpyeMa OTHOCUTEJb-
HO u uaro A (f) = p (ﬁ (ncmonnzoBars b), 3amMeTuB, YTO BCAKAA IIONO-
murerpEas ¢ypkuus u3 ¢ (X) cay:xuT sepxHeil ormGaromeil HeKoTopoii
mocaefoBarensuEocTH dyarmmu uz ¢b (X)).

d) HoxasaTs, 9To BCAKAA TOYKA Ty M3 HOCHTENS MepH |, He HPHHAN-
remaman X, o0nafiaer cJegyomuM CBOWCTBOM: A mo6ofl yOmBaromeit
iocaegoBaTeasruocT (V,) oKpecTHOCTEH TOUKM x4 HeDecedeHHe MHOKECTB
V, comepRur xora 661 QiHY Touky M3 X. OGparuTh 9T0 yTBep;KIeHIue.

e) Brsectn uz d), uro ecium X JOKANBHO KOMIAKTHO U CYETHO HA
OGecKOHEYHOCTH, TO HOCHTENh MePH | cojepsurcsa B X (cpaBHHTB ¢ h)).

f) Morasare, 9To ecim X AMCKPETHO, TO HOCHTENH MEPH MU KOHEUEH
(fomycTHs NPOTUBHOE, HNOCTPOUTH HpOTHBOPedamuii mpumep — PYHKIHIO
f >0, onpenenernyo Ha X u Taxywo, 90 J He Gyger P-HHTETPHPYeMa).

g) TlokasaTs, 4to ecau aumeiias dopma A Ha € (X) momoskuTeTHHA
W HenpephiBHA B TONOJOTHU KOMIAKTHOIH CXOJUMOCTH, TO HOCUTENb MEDH ®
cofgepsxurcss B X (cp. ra. III, § 2, mpenn. 11).

h) IIycrs X, — KOMIAKTHOE IPOCTPAHCTBO, ToJdy4ueHHoe pAo0apie-
HueM OeCKOHEYHO y[AJeHHOI TOYKM ® K JIOKAJIbHO KOMIAKTHOMY HpPOCT-
paucTBY X, onpepenennoMy B O6meit Ton., ra. I (3-e uap.), § 9, yup. 12;
nycers Y — TOANpOCTPAaHCTBO M3 R, COCTOAm®SE U3 MENBX MOM0KATEIBHBIX
gpced n H3 -}o0, M WycTh Z — JOKAJBHO KOMIAKTHOE INPOCTPAHCTBO,
ABNAIOIMeecs JONONHEHHeM TOYKA (w, -}oo) B IPOCTPaHCTBE — IPOM3BE-
gernu X, X Y. llokazars, uTo BesiKas HeIPePHBHAA YHCIOBAS QYHRIIA
Ha Z orpaHHYeHa 1 9T0 f (z) CTPeMHUTCS K Tipeflely, KOTHA Z CTPEMHTCA
K OecKoHeYHO ypaseHEHOH TOIKe (, --oo) HpocrpamcTBa Z. BmiBecT:
0TCIOAA, UTO ecJl U — Mepa Ha Z, OHpefeleHHAs NPH IOMOLIIM MacCH
1/2n uomemernoil B Touke (©, »#) Up M0GoM 2 > 0, TO BCAKasg HENPEPHB-
Has QyEKRu¥A Ha Z pP-mHTEIPHpPYeMa, HO HOCHTEIL MepH | He KOMIAKTeH.

°17) Mlycts X — NOKAJIHHO KOMIAKTHOE HPOCTPAHCTBO, OUpeielegHoe
B O6meit Ton., rn. I (3-e man.), § 9, yup. 12.

a) Ilycrs H — HKOMIAKTHOE WOJMHOMKECTBO JIOKAJNBHO BEITYKJIOTO
npocrpaucrsa ¢ (X; C), HafleJeHHOT0 TOUOJXOTHEll KOMIAKTHOH CXOmuH-
MocTH; HOKasaTts, 4ro QyEKmuH f € H pasnomepno ozpanuvens Ha X
1 9TO CypiecTBYeT Takoe ¢ € X, 970 OpH £ > ¢ Bce PyHRnuN us H ABAA0OTCA
konemanmanu. (Paccympaars oT HPOTUBHOTO; ecan Ow QyEKmum us H
He OBIM PaBHOMEPHO oTpaHWYeHH HA X, TO Hamiach OH Takas BO3pa-
CTAINAsA HOCHEI0BATENBHOCTD (2,) ToUek u3 X, uro sup (| H (z,) |) = n,
rae | H (z,) | o3HaYaeT MHOMeCTBO, cocToAmee us | f (z,) | ana f € Hs
3aMeTHTh, YTO IOCIEHOBATENBHOCTL (r,) cxoputca B X. [anee, mycrs
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aas awoboro z € X uepes O (z) obo3Havema BepxHAA IpaHb KoJeOaHMit
pcex ¢ymruuii f € H ma wmrepBaie [z, — [; ¢ymErmusa O (x) KoHeduma
u yOEIBaeT, ¥ 3HA4YUT, HaldeTca Takoe d € X, 910 O (x) ABAAETCA MOCTOSH=
Hoil pu z > d. Yro0m yGefuThCs B TOM, 9TO HTa LOCTOSHHAA [} paBHA
HYJII0, Paccy:KiaTh, KAk M BHINE, 0T IPOTUBHOIC, IOCTPONB [IBE BO3PACTA-
Iiye HocaefoBaTedbHOCTH (s,) ¥ (¢,) Todex u3 X, obiajjaroliie TeM CBOi-
cTBOM, 910 §p, < &, < Sp+1 < fy41, ¥ TaKyo HocdegoBaTenbHocTs (f,)
dyexumit mz H, wro | f, (s,) — fn (&) | = P/2.

B =gacrroctn, € (X; C) ects mpsiMaa cymMma mpocrtpamcts of (X; C)
un C.1.

b) Moxasars, YTo HA X BCAKASA MEpa HMEeT KOMIAKTHBI HOCHTENIb
(myets pas mwoboro z € X wepes f, ofosHagenma XapakTepHCTHYECKAst
QyEKIUA MHTEPBaJIa ]| <, Z], KOTOpas HEHPEPHBHA M MMEET KOMITAKTHHI
HOCHTeJb; paccMoTpers Ha X Bozpacraiomyo QyeErmuo | p | (fy).

" ¢) Busect:m m3 a) m b), 910 B off (X; C) = #1 (X; C) =€ ' (X; C)
TOJMHOKEeCTBa, OTPAHNYeHHEEe B TONOJOTHHN J PaBHOMEDHON CXOXUMOCTH
Ha KOMIIAKTHEIX IofmMuokectsax us ¢ (X; C), ABAAIOTCA OTpaHmIeHHBEIMU
TOAMHOKECTBAMH B yIbTpacHiabHOIl rtomomoruu (ra. 111, § 4, yop. 15).
Hoxazats, 90 ¢’ (X; C) He spjaseTcA KBA3UIOJHKM B TOHONOTHU
(paccMoTpeTh MepHl &, maA z € X); BEIBECTH 0TCIOfla, 9TO OTHOCHTEJHHO
TOMOJOTHY KOMIAKTHOIH cxoxuMoctH € (X; C) me aABasercs HH Go4edHHM,
g GopmosormueckuMm mpocrpamctsom (cp. Tom. serr. up-sa, ra, III,
§ 3, n. 7, cumencrBue 2 u3 teopeMH 4 1 ymp. 18).

d) Moxrasats, 910 BHa ¥ (X; C) Tonomorua J o (MELYKTHBHEI] Ipefen
ronosioruil 6anaxoeserx npocrpancts o (X, K; C) JcoBnajaer ¢ Tonoxoruei
PaBHOMEDHOI CXOAMMOCTH H 4TO mpocTpaHcTBO o4 (X; C), Hajedewuoe
oroil Tomonorueir, moamo. (Ilycts V — oxpecrrocts 0 B TomMoMOrME J o
oycers Anst noboro z € X uepes r, o0osHateno manbosphiee CTPOTO IIOJIO-
JRITTCGILHOE UHCIO0 TaKoe, 9To V' COllePsKHT BCe HeNPePHBHHC QyHKIUM f
¢ HOcHTeJeM, comepyRamuMcsa B | <, z], u takme, 4to || f || < ry. IToxa-
3aTh, YTO HIVKHAA T'DAHbL MHOJKECTBA Yiced ry B X CTPOTO HOJO;KUTENbHA,
7i0Ka3aB, 9T0 HE MOJKET CYIEcTBOBATh Takoil Boapacraiomell mociegoBa-

TenIpHOCTH (2,) Towek u3 X, 4ro limr, = 0.)
n>oo N

18) ITycrsr X — mapakoOMIAKTHOE JOKAJNbHO KOMIIAKTHOE NPOCTPaH-
CTBO.

a) Hoxasarts, 9to mpoctparctBo ¥ (X; C) m3oMop(HO NPOH3BEIEHUIO
npocrpancts dpeile, W 3HA4HT, GoYeUHO.

b) Das Toro 9robe mopmuoskectso H us €' (X; C) 6wino orpanugeno
B TOTOJOTHH KOMIAKTHOI CXOZUMOCTH, HEOOXOAMMO H JOCTATOTHO, ITOGH
CYIOECTBOBAJIO TaKoe KoMIaKTHOe HoaMHO:KecTBo K m3 X, uto supp (u) <
< K paa noboit mepu u € H, n 91061 H OBJIO OTpamuveHo B yJAbTpa-
cHIbHON Ttomosiormit (cpaBuEuTh ¢ yup. 17c)). Tomomorms, umpynmposan-
Hasi Ha H Tomojorueii KOMUAKTHON CXOAUMOCTH, GVAET B BTOM CJyuae
CcOBOA/laTh ¢ INHMPOKOil Tomomormeir.
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c) Ilorasarp, 910 B MEHOkecTBe off+ (X) 1 €’ (X; C) Tomonorus,
MHAYOUPOBAHHASA TOMOJOTHeH HKoMmakTHOH cxoammoctn B €' (X; C),
CoBIIajiaeT ¢ IIMPOKOMH Tomosdorueil. Bepro au »10, Korga X He mapaxom-
snaktEo (ymp. 17)?

19) Hapenum € (X; C) Tomojorveii KOMIAKTHOH CXOQUMOCTH,
a @' (X; C) — rononorueil paBEOMEDPHOIl CXOJHUMOCTE HA KOMIAKTHHX
nogmMuEO;KecTBax w3 ¢ (X; C). Hycrs € — MHOKECTBO KOMIAKTHEIX IOJ-
mEO;KecTB H3 ¢ (X; C); mokasath, yro OmnumeitHOe oToGpaskennue (g, u) —>
+—> g.u gpoussepernsa € (X; C) X €' (X; C) B ¢’ (X; C) @-runomenpe-
peBHO. IlycTh T — MHOKECTBO OTpaHMYEHIHX NoxMHOKecTs 13 €' (X ; C);
JI0Ka3aTh, 410 ecay X IapaKOMIAKTHO, TO YKa3aHHOe GnimHeliHoe oToGpa-
JReHHe TaKjke M ZT-TUOOHEHPepHBHO; Oyler au 9To Hocjcgmee CBOHCTBO
CUPaBEMINBO, €CIM He Hpemmozararb Ooxapme, 910 X NApPAKOMIIAKTHO
(yup. 17)? )

°20) Myers X, ¥ — HapaKoMIAKTHBIE JTOKAJLHO KOMHNAKTHHE IIPOCT-
parcrBa. Hagenum mpocrpadctBa €' (X; C) u €’ (Y; C) romomormeit
KOMIAKTHOH CXOJMMOCTH.

a) Hokasare, 910 ecau Hagenurs €' (X X Y; C) Tomosorueii KOMIIAKT-
HOiT cxommocTH, To oToGpaskenue (U, v) > u® v (&, I )-runonemnpepss-
HO, Te © 03HAYaeT MHOKECTBO OTPAHHYCHHBIX mogMHOMKecTB 113 €' (X; C),
a ¥ — MHOKeCTBO orpaHnYeHHRX moaMHomects u3 ¢’ (Y; C) (umcmomn-
goBath yup. 18b)).

b) Torasars,4T0 eciu X U Y cuemntl ¢ Geckonennoemun €' (X X Y; C)
HaJIeJIeHO TOHOI0THell KoMIaKTHOM CXOMHUMOCTII, TO oToGpaMenue (|, v)->
> u® v nenpeptisno. (PYKoBOZCTBOBATHCS JOKA3aTENIBCTBOM ymp. 3
ra. 111, § 4 n, Beegss B X (coors. Y) HempephBHOE pasbueHue eUHMAIH,
TOJYUHEHHOE OTKPHTOMY JOKaJbHO KOHEYHOMY NMOKDHTHIO, PACCYHKAATh,
kax B ynp. 9a), Tom. Bekr. mp-sa, ra. Il (2-e uau.), § 4.)

¢) Ecan X puckpermo, 10 nmpoctparctBo G’ (X; C) oropecTsiseTcs

¢ TPOCTPAHCTBOM — HpAMOil  cymMoil €%, nmapgenemmoM cumbmeiimeit
JIOKAJIbHO BHIOYKIOH Tomodorweii. [focTpouTs Ha 0CHOBaHMM 9TOTO TpHUMEp,
rorga X w Y pmckperusl, X HecdeTHO M Korja oToOpaskenne (u, v) —>
> L ® v He ABJIAeTCSs HENPEePHBHEIM, ecau Hageaurs ¢ (X X Y; ()
nuporod Tomosorueii (cp. Toum. Bexr. np-sa, ra. IT (2-emsp.), § 4,
yap. 9b)).

21) Myers — X — IOKaNbHO KOMIAKTHOE HPOCTPAHCTBO U [ > 0 —
qucnoBasg (GpYHKRIHUA, onpefenerEas Ha X. Jias Toro 9ro6ul oTobpaskenie
p+>p* (f)y mepecevenna oMy (X)NE' (X; C) B R 6uio HeMpepHBHO
B TOHOJNIOTHH KOMIAKTHOI CXOZuMOCTH, HEOOXOAHMO M JOCTATOYHO, 9TOOH f
6pna mempepmBHA Ha X.

22) IIycts X, Y — J0KaIbHO KOMOAKTHBIE OPOCTPAHCTBA, U — oTpa-
uudYeHHasg Mepa Ha X m v — orpaEWdeHHAA Mepa Ha Y, TaK, 9T0 4 @ v —
orpamndernas mepa ma X X Y. Iowrasare, 9ro miia ai060il Gymrmmmn

FELVX X Y € fymama o> | [(5,1) v ;) upmmagmesur
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€° (X; C) u 910
freva@oo- {an (x>5 [z v)dv ().

°23) Ilycts w — mepa Jlebera ma R™, |z | — Takasa HODMA, 4To
eMHUTIHHII map B 9T0il HOpMe WMeeT Mepy, paBay0 1, n (xk)k;1 — GecKo-
HEYHAA TOCJe[0BATEIPHOCTh PA3JNHYHHIX TOYEK TAKOIr0 OrPAHUYCHHOTO
WATErpupyeMore MHosKecTBa B, wro p (B) = 1. dus moboro mesoro m
oGo3HawuM 4epes d,, HWKHIOKW Ipamb uucex | z; — z; | npu 1 i < j K

< m. Tlokasarb, wro lim,inf md}, < a7l, roe
M->0
¢ 1
— )
ocn—_—l—}—n S -(——1T2— dt.
0

(Paccy;kaaTh OT TMPOTHBHOIC, NPERUOJGKUB, ¥TO AJA HeKotoporo € > (O
maliierca Takoe mg, 9T0 mdy > h, IEL m = mg, TRe h, = ojl -} e.
ITyers aua 1 < i < m 4epes B; 0603HAY%eH WIAD ¢ NEHTPOM x; U PAfuyCOM
hnm_”"/z, a 11 m < i< 2nm gwepes B; 0603Ha49eH MIAD ¢ UEHTPOM I;
u paguycoM h, (2i~ tn__ m‘”")/’Z. TlorasaTb, 910 2"m mMapos B; monapHo
HE TepeceKaloTcs, U ONEHNTH Mepy WX o0hefMHeHHS, NCHOJIb3ys QOPMYIY
diinepa — Maxaopesna.)

§ 5. Usmepnmule PyHKOHMM M MHOKECTBA

1. Onpedeaenue UIMEPURLLE HYHKUUL U HHONCECNE

Onpenenesne 1. ITyemv X — A0Kaabho KOMNAKMHOE RpPOCMPAH-
cmeo u b — mepa na X. I'osopam, umo omobpaxcenue f npocmpancmea
X ¢ monoaoeuteckoe npocmparcmeo F usmepumo omHocumeabno Mepbl [
(Mam p-usmepumo), ecau 9as 4106020 Komnaxkmmozo nodmuoscecmea K
npocmpancmea X cyuecmsyom maroe U-npenebpexrumoe MHOIeCmeo
N < K u maxoe pasbuenue mnoscecmea K — N, cocmoswee us (koneu-.
HOUL uau Geckoneunolr) nocaedosameavhocmu (K,) komnaxmuux mmo-
acecme, umo cyscenue omobpasxcenus f na gaxdoe us K, nenpeprigho.

flcno, 9T0 BCAKOE HempephiBHOe O0ToGpaskeHWe mpocTpaHCTBa X
B F usmepumo.
OTMeTnM, 9TO €CIM [t H V — TaKHO JBe TOJOKHUTENbHHE MepH HA X,

970 BCAKOE -NPEHeOPEe;KNMOe MHOMKECTBO V-TIpeHeOpe:xnmMo, TO sibas
W-usmepunas PGynkyus makace v-usmepuma (cp. ra. V, § 5).

Ompenenenne 1 Mosker OHTH HmpeolpasoBaHO B CIAEAYIONUHA Kpu-
TepHii:
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Ieegnoxenus 1. Jas mozo umobu omobpanxcenue f npocmpancmea
X 8 F 6610 usmepumo, neobxodumo u docmamouno, ¥mobv das 4106020
rkomnarmmozo muoxcecmea K < X u awbozo wucra & >0 cywyecmeo-
6ai0 MaKoe Komnarkmuoe mroxcecmeo Ky = K, umo [ p [ (K — K;) <
< & u cymenue omobpaxcenus f na K, nenpepriaro.

IlelicTBUTEeNbHO, eClu YKasallHOe YCI0BHWe BEIIOJAHEHO, TO MOKHO
ompeReJuTh 0 UHAYKIUH IOCHEeF0BATeIBHOCTh TAKHX KOMIAKTHHX
muokects K, — K, He wHMelomuX NoDapHO o6muXx TOYeK, 4dUTO

[p | (K — (G K;)) < 1/n m qro cymenne oTobpaskeHns [ Ha Kam-
i=1

noe us K, HempephiBHO; Torjga fononHeHume g0 K obbegmHeHHA MHO-
swects K, 6ymer mpenebpemxmmo (§ 4, m. 5, ciefctsme u3 mpemi. 7)
W, 3HaumT, oToOpaskeHue f mamepumo. O6paTHO, IPEALONOKHM, 9TO
CYMIeCTBYIOT TaKoe mpeHeOpe;kuMoe MHOo)ecTBo N C K © Takoe
pas3bneHue (K,) muoxkectBa K — N, cocTosiee H3 KOMITAKTHBIX
MHOKECTB, 4TO cy:kelime oTobpakenusa f Ha Kaskgoe u3 K, HempepwB-
Ho; pasa moboro & >0 HalpmeTcs Takoe Ieloe h, 4T0 ecnim H =

= G Ki, 10 |p|(K— H)< e (§ 4, o 5, ciegcreme u3 mpepa. 7);
i=1

muoskectBo H xommaxtHO, MHOmectBa K; (1 <Ci<Cn) obpasymor
KoHegHoe pasbmeHme MHO;kecTBa H Ha KOMODAKTHHE MHOKECTBa,
H cy:keHHe 0ToOpasKeHHA f Ha Kaykqoe U3 K; HempepHBHO; CllefoBa-
TeAbHO, HempepHBHO u cy:xkeHne f Ha H.

Heegnoxenue 2. [Tycme (F,) — nocaedosameavrnocmsd monoao-
2UMECKUZ NPOCMPAHCME, U Rycmd Jas Kasxcdozo n wepes f, obosnauerno
uamepumoe omobpavcenue npocmparcmea X 6 Fp. Toeda 0aa aiwbozo
Komnakmmozo muoxcecmea K < X u awboeo & >0 naiidemes makoe
Komnaxkmuoe muoxcecmeo Ko = K, umo | p | (K — Ko) < & u umo
cyscenue na K, wancdoii us gynryuil f, nenpepwieno.

B camoM gene, @A Kamuoro memoro 7 =1 cymeciByer Takoe
KommakTHoe MHOmecTBo K, < K, uro| | p | (K — K,) < €/2" u uT0
cy:xenue f, Ha K, HempephiBHo. MHo;xecTBO K, = ﬁ:Kn KOMBaKTHO,

n=
cy:reHnsg Ha K, BCex QVHKImII f, HeIpepHBHH, 7 Tak Kak K — K,
coflepskuIcA B oObegmHeHHHn MHokecTB K — K,, To

|w| (K —EK)< D) 5=t
n=1
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OnreERENEHUE 2. [To0mnoncecmeo A u3 X HaA3B8AeMCS USMEPUMBIM,
eCAU UBMEPUMA €20 TAPAKMEPUCIMUYECKA PYHEYUL @ 4.

CornacHo omnpefeneHuio 1 5To 03Had9aeT, 9TO U3MEPHMOE MHOMKe-
cTBo A eCTh TaKoe MHOKECTBO, 9T0 A MH06Oro KOMIAKTHOTO MHOMe-
ctBa K cymecTByioT npeHeGpesxnMoe MHoskecTBo N < K u pasbuenme
(K,) mMHOkectBa K — N, cOCToAmee U3 HOCIENOBATEIHHOCTH KOM-
DAKTHEIX MHOMKECTB, Kajkfj0e M3 KOTOpPHX cofepxmres B K[ 4
amm B K () CA.

JTo ompefleleHne Cpaszy ke MO3BOIAET CHOPMYIHPOBATH CIELYIO-
muil KpuTepmit:

pennomenus 3. Jas moeo wmobs muoxcecmso A Gvlio usmepumo,
Heobzodumo © docmamouro, umpebu 048 4106020 KOMRAKMHOZ0 MHONHCE~
cmea K muoscecmeo A [} K 6o unmezpupyemo.

YcixoBue BeoOX0XUMO, Tak Kak o0befmHeHNUE LOCJIE0BATeIbHOCTH
VHTEIpUPYEeMHX MHOKeCTB A, HHTerpupyeMo, KOrga cyMMa

M l(4,) xomeuna (§ 4, m. 5, cnencreme m3 mpem. 8). Ycaosme

mocTaTouHo, MG0 amA M060ro MHTerpHpyeMoro MHoyKecTBa B cyime-
CTBYIOT mpeHeOpeskuMoe MHo;kecTB0 N < B m pasbmedAume MHOeCTBa
B — N ma DocllefoBaTeNbHOCTh KOMODAKTHEIX MHo:kectB (§ 4, b. 6,
cIeficTBHe 2 W3 TeopeMHl 4).

Caencreue 1. Omkpumbie Muoxiecmea U 3aMEHRYMbBIE MHONECMER
USMEPUMYL.

B =actHOCTH, BCe HpPOCTPaHCTBO X H3MEPHMO.

Cagnersus 2. Ecau X Mmempusyemo, mo 8cskoe cycAurckoe nodmro=
acecmeo A us X (O6mas tom., rar. IX (2-e usn.), § 6, m. 2) U-U3MEPUMO
omuocumenvho awboil mepvi p He X.

B cuny mpepnokeHus 3 gocTaTodHo y6egUTHCA B TOM, 9TO BCAKOe
OTHOCHTEJBHO KOMHOAKTHOE CYCIHHCKOe MHO;KeCTBO A p-mHTEerpupye-
mo. Ho Torma A emrocTHO oTHocmTensHo | p [* (O6mas Tom., ra. IX
(2-e man.), § 6, m. 9, Teopema 5). Crano 6wiTH, masm awboro & >0
HafifeTcs Takoe KOMIAKTHOe mofMHOkecTBO K w3 A, uto | p [* (4) <

< lpl*(K)+e=|pl|(K)-+ e Ilyets U — oTKpHTOE OTHOCH-
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TeABHO KOMIIAKTHOe IOMHOKeCTBO U3 X, cojieprramee A u TaKoe, 4ro
fu l(U) = p PO < I 1*(4) 4 &

Torma |p *(U—K)=|p|(U)—ip|(K)<2e, u ssauur,
| u [* (4 — K) < 2¢, wem u goxasano, aro A p-unrerpmpyemo (§ 4,
m. 6, caepcteme 1 U3 TeopeMn 4),

2. Ipunuun aoxarunaayuu. Jorxarvno
npened PecuUnRsle MHOIECMEa

Hpepnomwenne 4 (npununn noxamusanun). Iyems f — omobpasce-
nue npocmpancmea X e monosozuneckoe npocmparcmeo F. ITpednoso-
Heum, wmo 0aa awbozo x € X cyuecmeyom UHMESPUPYEMAR OKPECH-
nocme V, mouku x u usmepumoe omobpasxenue g, npocmpancmea X
¢ F, makue, umo f (y) = g, (y) noumu 6c0dy na V. Tozda f usmepumo.

B camom feme, mycTs K — KOMIAKTHOE MHOKECTBO; CYIIECTBYeT
KOHEUHOe THCI0 Takmx Todek x; & K, gro V, o6pasyioT noxpeitme K.
U3 aroro Totdac sakmodaeM (§ 4, m. 9, gemma 1), 4To CymecTBYIOT
TaKoe npeHebpe;xmMoe MHosKecTBO N << K W Takoe KOHeYHoe pas-
fuenme muoxectBa K — N, COCTOsImGe M3 MHTETPHPYEMBIX MHOMKECTB
M;, 910 RasRKoe U3 MHO:ReCTB K () in ABJIAETCH 00beUHEeHNeM IOJ-

MHO«KeCTBA U3 N 1 HeKOTOpPOro dmcia MHOMKeCTB M; m 9To HA RazKOM
uz M; oroGpaskenme f paBHO OfHOH U3 QYHRIUH B, Ho nnsa ram-
moro M; cymecTByoT upeHebpesxmmoe MHOkecTBo N; < M; m pas-
Omenne MHojKkecTBa M; — Nj, cocTosmee M3 NOCIEMOBATEILHOCTH
KOMIAKTHBIX MHO;KeCTB K ; (n € N); ¢ gpyrofi CTOpOHH, Il KaK-
moro K,; cymectByioT mpenebpe;kuMoe MHOKecTBO P,; < K,; m pas-
6uenme muoxkecrBa K,; — P,;, cocrosmee M3 TaKoil mocienoBaTeNs-
HOCTH KOMOAKTHHX MHOKECTB K,; (m € N), ato cymenme orobpa-
eHmS [ Ha Kaykmoe m3 MHOKeCTB K p,; HempepHBHO, A TaKk Kak
obbeguenme Muoects N, N; u P,; npeHebpe;xumo, To oToGpaske-
HOe f HW3MepHMO.

TaxuM ofpasoM, MOHATHe M3MepuMoll QYHKIHNH HOCUT JOKAILHBIM
XapakTep.

OureneagHnE 3. Muoxecmeo A < X Hasuisaemcs A0KAAHO npe-
nebpexcumum (omuocumeavio mepu p), ecau dan awbozo x € X cyuje-
cmeyem makas okpecmuocms V moukw T, umo muoxcecmeo V(| A
npeneé pescumo.
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CormacHO OpUHIEUIY JOKAIM3aIMHE BCAKOe JOKAJBHO mpeHefpe-
JKAMOEe MHOMKeCTBO usmepumo. CBoficTBa mpeHeOpe;KMMEIX MHOKECTB
(§ 2) moxasweBaoT, uTo M060E MOTMHOKECTBO TOKANBHO ImpeHebpeki-
MOTO MHOMKECTBa JIOKaJbHO HpeHeOpe:kmMo @ uro 11060e cHeTHOe
ofbeimHeRNe JOKANbHO TpeHeOpEeKUMHX MHOKECTB IOKaJbHO Dpe-
HebpeRuMo.

IpEnnoswEHEE 5. JIas moeo umo6e mHoxcecmeo A OvAO AOKAALHO
npenedbpencumo, Heobrodumo u Jocmamouro, wmobsl 048 4106020 KoM~
naxmuozo Mmuoxcecmea K mruoxcecmso A [} K 6uio npenebpercunro.

JlocTaTouHOCTH OYeBWIHA, TaK KAK BCAKAs Touka u3 X mMeet
KOMOAKTHYI0 OKpecTHocTh. HeoO0XomumocTh ciefyeT W3 TOro, d9To
ecnn gnA nwoboro x € K cymieCTByeT Takad OKPeCTHOCTH V, TOUKH Z,
aro A () V, mpeHeGpe:kmMo, TO Hafme'{c;i KOHEUHOe WTHCIO0 TOUEK
z; € K, mna KOTOpHX in oGpasylor mokpeitue K um A () K copep-
wuIca B obbenuHerun mpeHeGpe:RuMBX MHOKeCTB A (| Vi,.

Cnepcreue 1. Jaamozo umobsl mioncecmso A 6vao npenebpexcuno,
Heobxodumo u Jocmamouno, 4mobs OHO ObLI0 AOKAADHO RPEHEGDENUMO
U UMEA0 KOHEUHYI0 SHEWLHION Mepy.

Heo6xognmocts odeupra. O6paTHO, €ClIHM YCI0BHE BHIOIHEHO,
To A CONep:KATCA B MHTErPEPYEMOM OTKPHITOM MHOKecTBe G, ABIAIO-
meMca ofpefHHEeHIEM TpeHeOpe;KMMOro MHoKecTBA N M IOCIEHoBa-
TeabHocTH (K,) KoMnakTHEX MHOsKecTB (§ 4, m. 6, cregcTBue 2 U3 Teo-
peMs 4); Tak kak MHOecTBO A [} N u muokectBa A [} K, mpeHe-
Ope;KuMHB, TO 5TO BepHO U Ais uX obbemquHeHus A.

Cnencreue 2. Bcakoe omkpwimoe JA0KAALHO NPeHEOPEIUMO MHO-
aHecmeo npenebpexcumo (M, cTano GHITH, CONEPIKHTCA B FOMONHEHHN
HOCHTENSI MEPH ).

B camom pmesie, BHemHsAsA Mepa OTKPHTOr0 MHOMECTBa G CHYKHT
BepxHeit rpanbio Mep | u | (K) xommaxTeRX MHOEecTB K — G (§ 4,
n. 6, cregcrBme 4 u3 teopemh 4); ecim G NoxkadbHO TpeHeOperKHIMO,
10 | p | (K) = 0 gas mo6oro comep:kamerocss B G KOMOAKTHOTO MHO-
mectsa K, m, smaunr, |u |* (G) = 0.

Caepncrene 3. B a0kaavHo KoMnarmuom npocmpancmee X, ciemHom
6 OECKOHEUHOCIU, 6CAKOE A0KAALHO NPEHECDENCUMOE MHONCECMEO Npe-
Hebperumo.
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LelicTBTeABHO, TaK Kak X gBAAeTC O0beIUHEHHEM IIOCJIEIOBA-
tenbHocTH (K,) KOMOAKTHHX MHOKECTB, TO BCAKOE JIOKAJBHO Mpe-
nebpe;xmMoe MHOMeCTBO 4 sABAAeTcA 00BeJUHEHHEM NpeHeGPeKIMEIX
mamrecte A | K, n motoMy mnpeHe6pesmmMo.

MoBO yKasaTh DpUMeDPH He CUSTHHX B OCCKOHEUHOCTH JOKAJBHO
KOMIAKTHHIX IPOCTPAHCTB M Mep Ha TaKOM mpoctpamcrBe X, 94To B X
CYIECTBYIOT JIOKAJABHO IPeHEOpeKHMEE MHOMKECTBA, HE ABIANMHEcST
npenebpexamumu (§ 1, yup. 5).

Caepncreu® 4. ITycmy f — omob6pascenue npocmpancmea X 6 mono-
aoeuneckoe npocmpancmeo F. Ecau mwuoscecmeo N movek paspuisa
gynryun f aokaavho npenebpescumo, mo [ usmepuma.

B camom pene, pas noboro KoMmaKTHOTO MHomkecrBa K — X
muo:kecTB0 K [} N npemeGpemmmo (mpema. 5) m, cTano OMWTBL, mis
moboro € > 0 cymecTeyeT Takoe KOMOAKTHO® MHO¥ecTBo Ky — K —
— (KA N), ato | p | (K — K;) << & (§ 4, n. 6, Teopema 4), u, mo
ycloBmio, cyiesHme f Ha K; HempephHBHO; OTCIOZIAa B CHAGIYeT yTBep-
KIeHue.

Ecam P {zr} ecrp HeroTopoe cBoiicTBO, To CcBoiicTBO «P {r}
uMmeem Mecmo AokaabHo noumu eciody (ommocumeavHo mepb P)y, mo
ompefieNieHHI0, SKBHBAJEHTHO CBONCTBY «MHOXMCECmso mexr x, 044
komoptiz £€ X u wne P {r}, aokaavno npenebpexcumo (ommocu-
meavro mepst p)y. Ecam F — nponspoibHOe MHOMKECTBO, TO OTHO-
menue «f(z) = g (z) ToKaNbHO MOYTH BCIOTY» €CTH OTHOMEHHE® HKBU-
BAJICHTHOCTE B MHOJKeCTBe OToGpamieHmii mpocTpamctBa X B F.
B wactHOCTH, eciu F ecTh BeKTOPHOe IPOCTPAHCTBO, TO 0TOOpasikeHue f
npoctpanctea X B F, npm koropoM f (z) = 0 noxanpro mourn BCIOZTY,
Ha3hBACTCS AL0KAAbHO npenebpescumbim. MH IpegocTaBIAeM YATATEIO
YCTAHOBUTH MJIAl 9TUX HOHATUA OONBIIMHCTBO CBOMCTE, COOTBETCTBYIO-
IAX TeM, KoTopuie Geim mepeumcrieHm B § 2, mn. 4, 5 u 6, g Pyux-
muil, paBHEHX MexAy co6off mouTH Bcioxy. MH ke orpaHUIUMCS 3aMe-
9aHMeM, 9T0 eCJAH JBA HenpepuisHvlr oTobpaskemus f u g mpocTpaH-
sTBa X B OTAEAAMOE TOIOJOTHUYECKOE TPOCTPAHCTBO F pPaBHE Mempmy
coboll sokaabro nowmu sciody, TO OHHW, HA OCHOBAHHHM CIeNACTBHA 2
U3 TpemsioskeHWs D, PAaBHH nowmu eéciody (W, 3HAYWT, PAaBHH MEXIY
coGoit B mw6oit Touxe mocmTensm Mepm W (§ 2, m. 4, mpema. 9));
C Ipyroil CTOpOHH, MH MOMeM CPOpPMyJIMpOBATH ciegyiomiee Ipef-
12 1 Bypbakm
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NoMceHNue, ABAAIIEECH HEOOCPEHCTBEHHHM CHeCTBUeM OPUHIHIA JIO-
Kalu3amum:

. Heepnosenug 6. ITycms f — usmepumoe omobpasxcenue npocmpan-
cmea X 6 monoaocudeckoe npocmparcmso F. Bceawxoe omobpascenue
npocmpancmea X ¢ F, pasnoe f aokaavno nowmu sciody, usmepumo.

3. daemenmapnvie c60UCMEA UIMEPURLLL PYHKEYUT

TroremMa 1. ITycme X — A0KQAbHO KOMRAEMHOE RDPOCMPAHCMEO,
w — xmepa na X, (F,) — nocaedosamesvrocmv monoAozUdecKUT Npo-

cmpancms u F = []Fn — ux npoussedenue. Iycmsv, Oanece, Oan
e

Kax#doz0 undekca n uepes f, 0603naueno usmepumoe omobpadxcerue
npocmpancmea X 6 F,, u nycmv f(z) = (f, (z)) € F; mozda das
2106020 Henpepvirozo omobpaxcenus u muoxcecmsa f(X) 6 monosozu-
ueckoe npocmpancmeo G gynryus x> u (f (z)) usmepuma.

B camom gene, gnfA Joboro KoMoaxTHoro mogMHomectBa K w3 X
n Jgo6oro wmcaa &€ >0 cymecTByeT Takoe KOMOAKTHOE MHOYKECTBO
Ky K, uro | p | (K — K,) < & r 9o cymenus Ha K; Bcex (QyHK-
umit f, senpepuiBuH (. 1, mpema. 2); AcHO, 9T0 QYHKIMA U o f Hempe-
puBHa Ha K,;, OTKyJa H clefyeTr Teopema.

3amMedannmia 1) TeopemMa He pacupocTpPaEAeTCA HA NPOU3EOAL=
Hoe TpoW3BeJeHHMEe TOMOJOIHYeCKHX mpoctpaHcTe (ymp. 1).

2) Ecam f — HempephiBHoe oToOpaskemue upoctpauctsa X B cels,
a g — mamepmMoe oTobpakerue X B F, 10 gof He 00g3aTeNHHO UBMEPUMO
(yop. 2).

CagncrBue 1. Bepruasa u HUMHASL 02ub@OWLE KOHEUH020 HUCAO
usmepumbir uucaogux (Koneunulz uau Hem) @GYrKYUL USMEDUMBL.

NeiicTeurennro, sup (u, v) u inf (u, v) mempepusun ma R X R.

Cnepcreue 2. Jas mozo umobvl (koHeuHas Ual Hem) uucio080%
dynryus { 6usa usmepuma, Heobrodumo u docmamoiro, umobvl GrAL
usmepumn. f+ u f-.

Heo6xopuMocTs BHTeKaeT s chaenersug 1, & M0CTaTOYHOCTH —
H3 TOTO, 9T0 o6pas A mpocrpamctBa X mpm oToGpaskeHum I >
— (f*(z), f~ (z)) B R XR me comepHUT ToIeK (oo, 40o0) m
(—o0, —o0), m, sHA4AT, otoGpaxeHnne (u, U)—> U — U HeIPEPHBHO

Ha A.
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CaeactBu® 3. Ecau f u g — dea usmepumuiz omoGpaxceHus npo-
cmpancmea X 6 monoaoeudeckoe eexmoproe npocmpancmeo F, mo
omobpasxcenus [ + g u of usmepums, (0. — DPOWBBONBHLIA CKAIAD).

Taxmm 06pasoM, MHOMKeCTBO M3MEPHMHEX 0T0OpaskeHu{ TpOCTpaH-
c¢ctBa X B TODOJOTHYECKOE BEKTOPHO® MPOCTPAHCTBO F ABISETCH BeK-
TOPHEIM IIPOCTPRHCTBOM.

CuepctBue 4. ITyemv F — n-meprnoe sexmopmnoe npocmparcmeo

nad R u nyemv (eph<nen — €20 6asuc. J[as mozo umobw @ynkyus
n

= Z enfr 6ulaa usmepuma, Heobxrodumo u GocmamouHo, ¥mobv Oviaa
E=1

USMEPUMA Kaxcdas us uucaoseulr @Gynryuil fy.

Cagncreur 5. ITyecms F, G, H — mpu monoaozuteckus 8eKmopHuz
npocmpatcmsa u nycmv (w, v) — [u-v] — nenpepuisnoe 6uunetinoe
omobpascerue npoussedenuns F X G ¢ H. Ecau f ecmb usmepumoe omo-
6paxcenue npocmpancmea X e F, a g—usmepumoe omobpascenue
npocmpancmea X ¢ G, mo [f-g] ecmv usmepumoe omobpasienue npo-
cmpanemea X ¢ H.

B wacrtrOCTH, ecim [ ecTh msMepmMoe oToGpasKeHWe IPOCTpaH-
crea X B feiicTBmTenbHoe (COOTB. KOMIUIEKCHOE) HODMEpPOBaHHO®
mpoctpaEcTBO F, a g — maMepmMoe oTo0paKeHme mpocTpaHCcTBA X
B R (coots. C), To oTo6pakenne gf msmepmmo. Ecam F — mopmupo-
sanHas aazebpa, a [ W ¢ — usMepEMEe OTOGpAKEHUS HPOCTPaHCTBA
X B F, to orobpaskeHue [ ¢ m3Mepmmo.

Cugncreee 6. Ecau f ecmbv usmepumoe omobpadceHue npocmpar-
cmsa X 6 HopmuposarHoe npocmpancmeo F, mo uuciosas gynryus
| f | usmepuma.

4. IT pedeast uamepunstx Pynruuli

Treorema 2 (Eropos). ITyemv X — aokaavHo Komnaxmwoe npo-
cmparcmeo, p — mepa Ha X, A — cuemmnoe Muoxcecmeo, §F — gpuavmp
na A co cuemubin Gasucom, (fo)ucs — cemeiicmeo usmepumunz omo-
bpascenuii npocmpancmea X e mempusyemoe npocmparcmeéo F. Iped-
ROAONHCUM, Umo hpede lim% fa () = f(x) cywecmeyem na donoane-
HUW K 10KaGAbHO npenebpescumomy nodmnoxcecmey N us X. Toezda:

12+
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1° gynryus f (mponmomxenHas OpomsBoABHO Ha N) u3me-
puMa;

2 dan awbozo Komnaxkmmozo nodmmonecmeéa K — X u awbozo
¢ >0 naiidemcs makoe Komnarmmuoe nodmuosxcecmeo K, < K, umo
I n | (K — K;) << & u umo cyxenus omobpaxceruli f, na K, Henpe-
DUGHb U pagHoMepHO crodamcs Ha K, k omobpaxceruio f.

ITepBoe yTBepskmeHWe ABIAETCA OYEBHAHHIM CJIEICTBIEM BTODPOTO,
KOTOpoe Mpbl Ceflgac ¥ fokaskeM. (CymecTByeT TakKoe KOMIAKTHO®
muokectBo Ky = K, 910 | p | (K — K,) << €/2 n 9T0 cymeHus Ha K,
Bcex (Qymkmmit f, HempepwBHH (m. 1, mpegn. 2). O6osmaumm uepes
(4,) yOuBaomuit cieTHs# Gasuc ¢uabTpa §, a uepes d — paccTosi-
une B F, cornacymomeecsi ¢ TONOJOTHeH 5TOT0 HpOCTpaHCTBa. IIycTh
nasa no6oft mapu neasx uucex n >0, r >0 gepes B, , oGozraueHO
MHOMECTBO TakHX ToueKk z € K, 910 x0T OBl [JA OmHON mapH o, f
WHAEKCOB,  ODpHHANAeKAammx  A,, BHOOXHAETCA . HepaBeHCTBO
d (fy (2), fy (2)) = 1/r; nna PurcmpoBaHHHX o W f MHOMKeCTBO Tex
x € K,, opu xoropux d (f, (2), fs (z)) > 1/r, samxuyTo B K, W, 3Ha-
9nT, KOMOAKTHO; TakuM o6pasoM, B, . ABasercd cYeTHHM o00BERH-
HeHUWeM COfep:Hamuxca B K, KOMOAKTHEIX MHOMKECTB W, CTaJI0 ORITB,
muTerpmpyemo (§ 4, m. 5, npegn. 6 m 8). Ecam sadmrcmposats r,
TO mepecedeHHe YOHBAOMmMEH MOCHENOBAaTEJLHOCTE MHOMKECTB 5, .
(n=1, 2, ...) Gyaer uMeTb Mepy Hyab, moTOMy uTo f, (z) cTpe-
mures K f (z) mo ¢uabTpy §§ mourm Beiomy Ha Ko; CIeIOBATENBHO,
Yim | p | (B,,,) = 0(§ 4, o. 5, cuexcreme w3 mpepn. 7), u, sHAUMT,

n—>oo
Ha#feTCA TaKoe Neaoe n,, NI KoToporo | p I(B,.r. . <Te/272,
OGosnaumm wepes B obwegmmenwme (mo r =1, 2, ...) MHOMXeCTB

B"r‘ r; OHO muTerpupyemo, u | p | (B) << 21 I p I(Bnr, r) << "Z‘ (§4,
re

m. 9, caexctene u3 npepk. 8). Uepes C 06o3Ha4EM [OIOTHEHHE MHO-
mectBa B no Ko fo (z), mo mocrpoemmo, pasnomepno cxommres
k f(z) mo ¢unbtpy § Ha C, 2 HOCKONBKY CY:eHHWS QYHKOuH f,
Ha C HempephHIBHH, TO HeNpepHBHO u cymxeHme Ha C Pyrrmum f. Torga
IAA  BHOONHOHHS COOPMYAMPOBAHHLHIX B TEOPEME YTBEDSKICHWI
AOCTaTOYHO BHOpaTh KoOMIaKTHoe MHoKecTBo K; — C Tak, 4TOOH
| p[(C — K,) < ¢4, ubo

lp (E—K) =|p (E—=K)+pl(B)+ pl(€—EK)<e.

i



4 WSMEPUMBIE ©VHKIIUY A MHOMKECTBA 181

BakmiouenuA TeopeMil 2 yike He OOASAaHH BHIONHATHCA, ecau F
He Merpuayemo (ymp. 1), Ecim F merpusyemMo m MHOMKecTBO A4 HeCHeTHO,
Ho PEubTp fF ob6mamaeT cueTHHM 0asmCOM, To IEPBOE BAKIIOICHUE TEOope-
MH 2 OcTaeTcs CHPaBeJJUBHM; AeficTBHTENbHO, ecil (A4,) ecTb CUSTHHIH
Gasmc QuuapTpa F W o, — HEKOTOPHI diaeMeHT U3 A,, To Qynkmusa f
ABJAETCA JIOKAJBHO NOYTH BCIONY HPeIeNOM IOCISNOBATETBHOCTH (fy )

H, BHAYHT, E3MEPUMA; OFHAKO BTOPOE SAKIIOUeHHE TEOPEMH 2 MOMKET yiKe
He BHNOXHATHCH (Cp. ymup. 4).

Cnencrene 1. IHycmwv (f,) — nocaedosamesvrnocmov (komeunvix uau

nem) uucaoswx Pyuryuii. Ecau f, usmepums, mo ynryuu sup fy,
7

inf f,, lim.sup f,, lim.inf f, moxe usmepums.
7 _ﬂ-boo N>

B camoMm nenme, pacmupeHHAsg HpAMaf R, roMeoMoppHAA KOM-
naktTHoMy wmHTepBany ms R, merpmsyema. @yurmua sup f, ecTs mpo-

n

cTofl mpefies BozpacTaiomedl MmOCHeNOBATEJBHOCTH QYHKOUH g, =
= sup (fys fa, «+ < fn)y KoTOpHE mamepumu (m. 3, caepcrme 1
us teopemu 1); mamee, lim.sup f, ects mpocro#l mpegesn yGHBaromei

N~>00

pocsenoBaTesbHOCTH GYHKOWHE A, = Sup fp+p, KaKAasg W3 KOTOPHX,
' p=0

Ha OCHOBAHWE TpeAH/ymero, wnaMepmMa. HaKoHel, DOCKOIBKY
inf f, = —sup (—f,) # lim.inf f, = —lim.sup (—f,), To 9T QyHK-
n n

=00 TN~»00

NUH n3MEeDHMEL.

CuencrBue 2. Hamepumvie mHodxcecmea 6 X obpasyiom 0—a.rwe6py
(O6mas Tom., ra. IX (2-e man.), § 6, om. 3).
B camom pmene, ecim M m N u3MEpHMEH, TO QuUN = Py + Py —
— QPN B QMACN = Om — Pu@y W3MEDHMH B CHJIY TeopeMs 1,
n. 3. Ecmm (M,) — mocnegoBaTenbHOCTh W3MEPHMEIX MHOKECTB
u M —ux oGbemHEHEE, TO (= SUD QM, WA3MEPHM3 B CHIY cClej-
n

cteua 1 u3 reopemst 2. OtTcrofa mosygaeM CIefCTBHE.

B vactHOCTH, yuYMTHIBasl, UTO OTKPHTHE MHOKECTBA H3MEPHMH,
DOJy 9aeM:

Caspcrene 3. Bopeaesckue mruoncecmea ¢ X (O6mas rom., ra. IX
(2-e wman.), § 6, o. 3, omp. 4) pus.uepu.ubz omHocumenvrho 6ol
Mepti p wa X.
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5. KEpumepuu usmepumocmu-

Ecan F ects TONONOTEUECKOE BEKTOPHOE IIPOCTPAHCTBO, TO BCAKAs
pasMeleHHas HAa M3MEPWMHX MHOmecTBax (§ 4, m. 9, omp. 4) dpynrnuma
co sHavenmsamm B F, oueBmgno, usmepmma (m. 3, cnmexcteme 3 m3 Teo-
pemnl 1); Takas ¢yHKnmA f upmHMMaeT JHWIIH KOHEUHOE THCIO 3HATIE~
Hmi, u paa maoboro y € F muomecrso f~!(y) mamepmmo. Boo6me,
nycts F — mio6oe TOMONOTHYECKOe HPOCTpaHCTEO m [ — oToGpaske-
HAe mpocTpaHcTBa X B I, OpMAMMAOmee MNINb KOHETHOE THCIO Pas-
nmunnx sHaueHmi a; (1 << i<Cm); ecim muomectBa A; = [~ (a;)
maMepmMH, To ¢yEKnmuma [ mamepmma. [leiicTmTensHO, nas migboro
KOMIIAKTHOTO MHOMeCTBa K m pmaA xKaygoro m3 MHOmeCTB A; | K
cymecTBYOT mpenebpesxumoe MHOKecTBO N; — A; (| K u pas6menme
maoxkectBa A; [} K [y CN;, coctosimee m3 mociegosatenbuocta (K ;,)
KOMIIAKTHHX MHOKECTB; a Tak Kak K ecTh o0beHHeHHe MHOKECTB
A; ) K m cymenne ¢yHrmanm f Ha kasknoe ms K;, DOCTOAHHO, a 3Ha-
4@T, HempPEepHBHO, TO f m3Mepmma. Jlonyckas BoabHOCTE, GyneM TOBO-
puTh, uro oTobpaskeHme f mpocrpanctBa X B F ecTh usmepumas pas-
MeWeHnas @GyHKYuL, eCIE OHA NPUHWMAaeT JWIIb KOHEYHOEe YHCIO
sHaueHHmH @ eciam AaA moboro y € F muomectso f~ (y) mamepmmo.

TrorEMA 3. Jaa mozo umobu omobpascenue [ npocmpancmea X
6 Mempuayemoe npocmpancmeo F 6vuo usmepuno, neobxodumo u docma-
mouno, umobv 0an awbozo Komnaxmhuozo muoxcecmeéa K < X cyuye-
cmeosasa makas nocaedosamesvnocmv (g,) USMEDUMBET DASMEUECHHBIT
Pynryuti co snauenuamu ¢ F, umo g, (x) empemumes & f (z) das noumu
scex € K.

HloctaTouHocTs BHTeKaeT m3 TeopeMH EropoBa m W3 IpHHITANA
noxkanmsanmd, JloKaskeM Heob6XoIMMOCTH: MmO YCIOBWI0O HAdmyTCcA
npereGpesxamoe MHOmecTB0 N < K m pasbmemme (K ) MHOMeCTBa
K — N, cocToAamee W3 KOMOAKTHHX MHOMECTB, Ha KayKIOM H3 KOTO-
pux f HempepmBHA. UTOGH BHOpATh IOCHETOBATEABHOCTH (g,), mocra-
TOYHO mpojeNaTh cienyomee: o603HaumM depes d PaccTOAHHEe, COTA-
cylomeecsa ¢ Tomojormeil mpoctpaHcrea F; saTeM, cormacHo remme 1,
§ 4, n. 9, pna kamporo K, ¢ mafercoM i < n BHGEPeM KOHOTHOe pas-
fmenme 3TOr0 MHOMECTBA HAa TaKme| OCTAaTOYHO MANEe HHTePADYeMEHle
mroskectBa A (1 << j < ¢;), 9To xonebanme QYHKNEE [ HA ROKZOM
ms A;; He mpesocxopmt 1/n; momomM g, NOCTOAHHOM Ha KamaoM
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u3s A;;, paBHO#l ofHOMY U3 3HAYeHWH QYHKUUM f Ha 5TOM MHOMKECTBE
(ma 1 <<i<<n 1<j<gq;),a pasa awoboit Toukm m3 X, He upm-
HajiIeskamel HuKakoMy n3 4 ;;, — paBHOM HEKOTOPOMY JHKCHPOBAHHOMY
sqaementy a € F. flcHo, uTo mocmemoBaTembHOCTH (g, (x)) CXOAUTCA
k f(z) B moboit Touke m3 K, He mpmHamme;xamed N.

Cnepcreme 1. ITyemv [ — usmepumoe omobpascenue npocmpah-
cmea X 6 6anaxoso npocmpancmeo F; dasn awbozo komnaxmmuozo mmo-
aecmea K < X cywecmeyem nocaedosamenvmocmo (g,) maruxr usme-
PUMBE pasmeujennuz @gynkyuii ¢ Hocumerem ¢ K, umo | ¢, (z) | <
<|f(x)| Oan awboeo x€X u umo g,(x) cmpemumcs & f(x) Gaa
noumu ecex r¢ K.

CoxpanmsB o00osHa4deHHsI, BBe/jleHHHE LU [0KAa3aTelXbCTBE Teope-
MH 3, m 0603Ha9nB 9epes a;; sHaveHme QyHKmA f Ha Ay, MBI HOXY-
quM HCKOMYIO HOCHEN0BATENbHOCTh, B3fB B Ka4eCcTBe 3HadeHHA QYyHK-
nmm g, Ha A;; Touky 0, ecam | ay; | << 1/n, TouRy a; (1 —-Tlia—iﬂ)
B IIPOTHBHOM CJIy9ae H TONOMKEB g, (z) = 0 Ha momonHenmm ofbexm-
menmst MHOkecTB A; (1 <i<<n, 1 <j<q)

CaenctBrE 2. ITycmes X — A0KAALHO KOMRAKMHOE RDOCIPAHCMEO,
ciemuoe 8 Obeckoneunocmu. Ecau f ecmv usmepumoe omobpacernue
npocmpancmea X 6 mempusyemoe npocmpancmeéo F, mo naidemesa ma-
xas nocaedosameavhocmv (g,) USMEDUMBT DpasMeweHHBT ByYHKYUL
co smauenuamu ¢ F, umo g, (z) cmpemumes k f(z) daa nowmu ecex
z€ X.

B camom pnene, ecitm X ecth o0besmHeHHmE BO3PAacTAIOmeil mocie-
noBatenbHOCTH (A4,) KOMOAKTHHX MHOMKECTB, TO HEMYCTHe MHOMKeCTBa
A, — A,_, obpasyT pasbmeHme mpocTpaHcTBa X Ha WHTErpHEpYye-
MHEe MHOM{ECTBA; CIE0BATeNBHO, CYIHECTRYIOT TaKoe IpeHeGperxmMoe
mHOomecTB0 N < X nm Takoe pasbmeHme MHomecTBa CINN, coctosmee
n3 mocaenoBaTenbHoCTE (K,) KOMIDAKTHHX MHOMKECTB, 9TO CyiKeHHe
$yurnmm f Ha Kaskmoe m3 K, HempepHBHO; naliee 6es3 BCAKAX HW3Me-
HeHHH MOBTOPAETCH HOKA3ATENBCTBO TEOPEeMH 3.

NeepnoskeHnE 7. [Hycmb f — usmepumoe omobpaxcenue npocmpar-
cmea X 6 monosozureckoe npocmpakcmeo I'; npoobpas npu omobpadrce-
nHuu | awbozo samkmymozo (cooTB. omkpwimozo) ¢ F mmosxecmsea
U3Me puM.
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HocTaTogno npoBeCcTH HOKA3aTeAbCTBO i mpoobpasa f-! (4)
3amkHyTOro B F muoskectBa A. Ilycrs K — KOMOAKTHOe HOgMHO-
mecTBO0 m3 X; CymecTBYIOT mnpeHebGpemmmoe MHOMKecTBO N < K
m pasbmenme (K,) mEomectBa K — N, COCTOSmee W3 TaKAX KOM-
HOaKTHHX MHOKeCTB, 4TO cyxkeHme GyHKIEYM f Ha Kaxkpfoe m3 K, Henpe-
puBHo. Torma mepecedenme K, (| /' (4) caysmr npoobpasom szam-
KHYTOr0 MHOeCTBa A TUpH cyxeHum oToGpakenms f Ha K,; sHawHmT,
0HO ABAAETCA 3aMKHYTHM B K, MHOMKeCTBOM ®, CTano GHTH, KOM-
nakTHO. Tawmm ofpasoM, mHemectBo K () f~!(A) npenmcrasaser
coboit o6venmuenne mpenebpemxmmoro muomkectsa N (| /! (4) m xom-
ODaKTHHX MHOMKeCTB K, ) /' (4), 4To mnoKasHBaeT H3MEPMMOCTh
maomectBa -t (A4).

TeorEMA 4. ITyemv F — mempusyemoe npocmpawcmeo u d —
paccmosanue, cozaacywujeecs ¢ ezo monoaozueil. Jlas mozo umoby omo-
6paxcenue f npocmpancmea X 6 F Guao usmepumo, Heobxodumo u do-
cmamouro, umobb GHNOAHAAUCL caedylowue d8a Ycaoeus:

a) npoobpas npu omobpaxcenuu | 6caxozo samknymozo wapa us F
U3MepuM;

b) daa awbozo komnarmmozo muoiecmea K < X cywyecmeyem
maxoe cuemmoe nodmmuosxcecmeo H us X, wmo f(z) € H 848 nowmu
ecex r€ K.

HeobxogmmocTh yC/a0BMS a) BHTEKAaeT M3 LPEHJIOMKEHHAN 7; ITO HKe
KacaeTcs ycioBus b), To npm o6o3HaYeHHEAX, NIPHHATHX B Teopeme 3,
oHo 6yneT BHIONHEHO, €ClIH B KavecTBe H B3ATH CYOTHYIO MOCTENO-
BATeJBHOCTH, COCTaBIEHHYI0 W3 B3HAYeHAH BCeX (QyHRUHH g,.

IToraskem Temeps, 9TO ycioBmA a) W b) Aocratogntl. OGosHaauM
gepes K Opom3BOJbHOE KOMIAKTEO® MHOMKECTBO B3 X ; HalJleTCA TaKoe
npeHeGpexamoe moamuoxecTBo N m3 K, uro f (K — N) comepxarcs
B 3aMHKAaHHE CIETHOIO MHOKeCTBa TO4YeK m3 F, KOTOpEHe MH pacmo-
JOK¥MM B HOCJIeNOBaTedbHOCTDH (a,). Yepes A,, , 0003HaumM MHOKe-
¢TBO Tex € K — N, nna roropux d (f (z), a,) << 1/p. Us ycnosma
a) BHTeKaeT, 910 A, , @3MepEmo. OupesennaM A QEKCEPOBAHHOIO P
10 WHAYKIAA HOCIeA0BaTeaIbHOCTh MHOMeCTB B, p < K — N, noxo-
REB By, p =Ayp 8 Bpyy,p = Antrp N C(kL<JnAk, p); MHOMECTBA

B, , @3MepHEMH, B Te B3 HAX, KOTOpHE He OycTH, 06pasyior pasbrenne
mHOxKecTBa K — N. OGosHaumM uepes g, , QYHKIHIO, PaBHYI a;
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Ha MHOMectBe B, , ana 1 <{i<(m m paBHyI0 mocTOSHHOE b € F
HAa MONOJIHEHWHM OGBeAMHEHHS OTHX MHOMKECTB, g, p — HBMEpHMas
pasMemeHHass (QYHKIAA; KOTAA m HEOTPRHMIEHHO BOBPACTAET, gm., p
CTpeMATCA mpocT0 K GyHKnmA f,, paBHOR a, Ha B,,, (n=1) m &
Ha N |J) CK, m suaumr (TeopeMma 2), f, mamepmma. Horma p meorpa-
HAYeHHO BO3pacTaer, TO f, (¥) crpemmrca K f (x) npm Bcex £ € K — N
7 Kb aua x € N|J CK; cremoarensHo, mpefen QyHRImA f, H3Me-
pEM, m, cTaNo GHTH, Ha OCHOBAHHA NPHEINWNA JTOKAJIHASANWH, CaMa
$yERIEA [ TOoKe mBMepuUMa.

3amMeuanns 1) OgEoro ycnoBHA a) HEJOCTRTOYHO HJAA H3MEDH-
Mocte QymKuum f (yop. 7).

2) Ecan romosorua mpocTpaHcTBa F HMeeT cuemnmii 6asuc, TO yCio-
BHe b) TeopeMmsl 4 aBTOMATHYOCKH BHIOIHAGTCA A M06OTO 0TOGPAKeHMS
mpoctpanctBa X B F. Ilpum 5TOM M3 ZOKA3aTeIbCTBA CJIELYeT, YTO JOCTa-
TOYHO HPeHONOKHTH JHIIb, YT0 Opu 0To0paKkennu f npooGpassl 3aMRHY-
THX IIAPOB ¢ PANHOHANBHHM DAaJHyCcOM H ¢ LEHTPOM, DPHHAAICIKAIHM
HOKOTOPOMY CYeTHOMY BCIOLY ILIOTHOMY MHOMKeCTBY mu3 F, ABIAOTCA
H3MEDHMHMEA MHOKECTBAMH. _

3) Ycuosue a) MoxeT GHTH 3aMEHeHO YCIOBHeM, 9T0 IIPH 0TOOpake-
aum f mpoo0pas BCAKOrO0 OTKPHTOTO IIapa u3 F u3MepuUM.

Ocoboro ynoMmHaHWA 3aClyKHBaeT CIy4ail QUCHOBHX (PyExnmmik
(KOHeYHHX mWIW HeT).

eepnoxerns 8. ITyemv D — cuemnoe 6co0y naomuoe MHOHIeCmeo
¢ R. [l1a mozo umo6u (koneunas uau nem) uwucroeas @yrryus f 6viaa
usmepuma, Gocmamourno (u Heob6zodumo), wmobu Oas awbozo a € D
MmHoscecmaeo mex x € X, ¢ komopux f (x) = a, 6vii0 uamepumo.

B camoM feme, ecndm 5TO YCAOBHE BHIIONHAETCS, TO A Ji06GOTO

b € R MuOMKeCTBO Tex z, B KOTOpHX f (r) > b, N3MepUMO, KaK Hepe-
cedeHHEe MHOMeCTB (06pa3yromuEx CYeTHOE CeMeHCTBO), COCTOAIMUX
®3 TeX %, B KOTOPHX f (z) == a, Korfa a mpoberaetT MHOKeCTBO TOYEK
m3 D, He mpeBocxopamax b. MHOMecTBO TeX z, B KOTOpHX f (z) << b,
H3MEpHAMO, KaK ROmMOJHeHNe H3MEPHEMOro MHO3KecTBa. HakomHern, ecim
b KoHeuHO, TO MHOKECTBO TeX Z, B KOTOPHX f () <C b, m3MepHMoO, KaK
mepecedeHme MHOKECTB, COCTOAMIEX W3 TeX I, B KOTOPHX f (r) <C
< b + 1/n; muomectBO ™! (—o0) TOME M3BMepHEMO, KaK MepeceueHue
MHOJKECTB, COCTOSIMEX H3 TeX ¥, B KOTOPHX f (z) <C n, TAe n mpo-
Geraer Z. OxoHuUaTeNILHO HONydYaeM, 9TO0 mpoobpas mpm orobparke-



186 TIPONOJIKEHNE MEPBI. IPOCTPAHCTBA LP TJ. 1v, § 5

aum f mo6oro saMKHyTOro mHTepBaia m3 R mMaMepmM, wak mHepece-
4eHwe JBYX M3MePHMEIX MHOKeCTB, I 3HAYHT, OPMMEHAMA Teopema 4.

Mosx#o ObL;10 GBI TaK;ke MOKa3aTh, YTO HOCTATOYHO, YTOOH 0ad d1060-~
Io a £ D MHOMECTBO TeX z, B KOTODHX f (z) > a, OHIO H3MepHEMO.

CaepctBrE. Bearas nosynenpepbishas chugy (COOTB. céepry) PyHk-
yus usmepuma.
HeficterTenbHO, eci® f HodyHempepHBHA CHHE3Y, TO MHOKECTBO

Tex z € X, B KOTOpHX | () <C a, 3amkxHyTO Ipm moGoM a € R.

IlpenmomenrEe 7 HO3BOJAET YTOUHATH cireflylomuM o6paszoM Teo-
peMy 3, Korna F MeTpH3YyeMO H KOMNarkmHO:

IleepmoswEHnE 9. Ecanw F ecmb mempusyemoe U KOMRamioe npo-
CIMPAHCIME0, Mo 6cAkoe udmepumoe omobpadcenue | npocmparcmea X
6 F ecmv pasnomepruti npeden (Ha BceM X) nocaedosamenvrocmu usMe-
DPUMBLE  DASMEUEHHUT PYHKYULL.

ITyers d 03HaTaeT PaccTosfHEe, cOriacylomeecs ¢ Tomomoruei B F.
Jna m060ro meaoro n HafileTCH KOHewHOe THCIO0 TAKMX TOUeK ap € F,
49TO 3aMKHYTHE mapH B, ¢ IeutpoM a; m papmycoM 1/n oGpasywor
HOKpHTHe mpocrpancTsa F; snaumr, Muoskectsa A, = f (Bj) mame-
pumsl (mpepn. 7) m ofpasyioT mokpHTHEE npoctpaHcTBa X. CaemoBa-
TexbHO (§ 4, m. 9, memma 1), cymectByer Takoe pasGmenme (C;) mpo-
crpancTBa X Ha KOHEYHOe YHCIO HBMEPHEMEIX MHOMKECTB, 4TO KaiKH0e
u3 A, saBuserca o0bemHeHRmeM KOHEYHOTO Y@cCka MHOEecTB (.
OGo3naumM gepes c¢; HEKOTOPYIO TOuKYy m3 C;, a Uepes g, — H3MepH-
My pasMemeHHYI0 (yHKIHIO, paBEyI f(c;) Ha C; (mIA RaMXkgoro
nagexca i). fcuo, a0 d (f (2), gn (%)) < 2/n mas Beex z € X.

IlrepnomenmE 10. Hyeme F — 6anaxoeo npocmpancmeo ciemmoz0
muna, F' — ezo0 conpajcennoe u (@,) — caabo naomuas nocaedosa-
meabnocme ¢ edunuynom wape us F' (Tou. Bekr. up-Ba, ra. IV, § 5,
o. 1, mpemr. 2).

Jl1s mozo umo6u. omobpascerue [ npocmparcmea X 6 F 6vta0 usne-
pumo, Heobzodumo u docmamouro, umobu 0af 4106020 n CKAAAPHAA
dynryus = — (f (z), ay) Ovaa uamepuma.

Heob6xopmmocts ogermpma (m. 3, teopema 1); mosTOMy mOKameM
BOCTAaTOYHOCTE. [{OCTATOYHO IOKA3aTh .BHIOJHEHHAE YCIOBHA 3) TEO-
PeMH 4, H /Ui 9TOr0 HA OCHOBAHHW NPHHOMOA JOKAJIABANWM JOCTA-
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TOYHO AOKa3aTh, 9TO AJdA aI060ro KOMIAKTHOrO MOAMHOMKecTBa K
n3 X @ aw06oro 3aMxkHyTOro mapa B < F ¢ HeHTpOM @ W pajmycoM r
mHokecTBO A = K () f~! (B) mamepmmo; nuas awboro # € F mmeem

|2 | =sup | (2, ax) | /| ana|;

3Haunt, 4 ects nepecedeHme K ¢ MHOMKeCTBaMH, OUpefieIAeMHMH
HOPaBeHCTBAMHA
’ ’ 1[4
| (f (@), an) — (@, ax) | <1 |aql;

a HOCKOJIBKY 3TU MHOKeCTBa HO YCNIOBAID H3MEPHMBI, TO A H3MepuMo.

Cagncreug 1. yemv F — 6anaxoeo npocmparcmeo. [Jas mozo wmo-
o8 omobGpascenue [ npocmpancmea X ¢ F 6ws0 uamepumo, neo6xodu-
M0 U Jocrmamouno, umoOs. OHO YO08AEMEOPAAO CACTYIOWUM YCAOBUAM:

a) 0aa 106020 @' € F' ckarapnas Pynryus x> {f (z), a') usme-
puma;

b) 0an awbozo romnarmmozo mmoscecmea K < X cywecmeyem
maxroe cuemmoe nodmuoacecmeéo H < F, umo [ (z) € H 04s noumu
ecex x € K.

Heobxomamocts yenopmii BhTexaer m3 TeopeMm 1 m 4, m. 3. Hna
NOKa3aTeNbCTBa JOCTATOYHOCTH OMATH JAOCTATOYHO YGeJATHCA B BEHI-
HOOJHEHWH ycuoBAsA 2a) TeopeMH 4. Ilpmuas Te jxe o6o3HATeHHA, 9ITO
B B JoKazaTeiabcTBe mnperminoskenun 10, mMo:xuo (B cmay b)) mpeamo-
J0RUTH (MBMeHHB B cjaydae HeoGxommmocTu [ Ha IpeHeOPEIHEAMOM
mHoskecTBe), aT0 [ (K) — f_I, rge H — cueTHOoe mOOMHOMeCTBO u3 F.
Ecan V ectp 3aMRHYTOe BeKTOPHOE TORIPOCTPAHCTEO IPOCTPAHCTRBA F,
nopoxpenHoe MHOecTBoM H | {a}, To V aBnaerca GaHaXOBHM HpO-
CTPAHCTBOM CYeTHOIO THIA, W BCAKAf HempepHBHAf JmHeHHAsA dopMa
Ha V Gymer cyyenmem ¢opMe @’ € F'; 10 Ke paccy:KaeHHe, 9TO
u B mpepnoennd 10, HokassBaet Tenepb, 9T0 MuokecTBo K | f~ (B)
U3MepmMo.

Caepcreme 2. Ilycmv F — nokanbHo ebinykace Mempusyemoe npo-
cmpanemeo cuemmozo muna u F' — ezo conpascennoe. Jlas mozo umoGs
amobpaxcenue [ npocmpancmea X e F 6viao usmepumo, Heob6zrodumo
u Oocmamonno, umo6u. das awbozo a’ € F' CKAASDHAS dynryus x>

— (f (z), ') 6vaa usmepuma.

B camoM neme, F MoKeT paccMaTpEBATHCA KaK MOAIPOCTPAHCTBO

cuernoro mpomspefieEns || E, Gamaxosx mpocrpancts (Tom. BexT.
n .
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up-Ba, ria. II (2-e map.), § 4, n. 3), m MOKHO IpPeNUONOKHATH, ITO
pr, (F) unorao B E,, KoTOpOE, CTaa0 GHTH, ABISAETCA IPOCTPAHCTBOM
cuetHOr0 TEma. Torga mis dwGoro n orobpasxenme prpo f B cmiy
opearokenns 10 mamepmmo, W CrefoBaTeNbHO, B CHIY TeopeMu 1,
o. 3, [ msmepmmo.

IMeepnomenne 11. ITyemv F — nokaavho evinykaoe npocmpancmeo,
aeaf0Ueecs UHOYKMUGHBLM npedenoM nocsedosamesbrocmy mempuaye-
MHZ A0KQAbHO eunykaswx npocmparcmé F, cuemnozo muna, npurem
F ecmv o6wedunenue npocmpawems F,. ITyemv F' — conpascennoe
k F npocmpancmeo, nadeaennoe caaboii monoaoczuet o (F', F). Jas
moz20 umobw omobpaxcenue f npocmparcmea X ¢ F' 6vino usmepumo,
Heo6zo0umo u docmamoyuro, ¥moo6w 0as 4106020 a € F ckaaapran fynk-
yus z+— {a, [ (z)) 6vaa usmepuma.

Yenopue meo6xonaMo B cuiry TeopeMmh 1, 1. 3; moKasKeM KOCTAaTOY-
HocTh. IlpenmonomxaM BHadvade, 9T0 I — MeTpHE3yeMOe IPOCIPAHCTBO
CYeTHOTO THHA, W OyCcTh D — cueTHoe MHOKECTBO, HJOTHOe B F.
IIycrs pmanee (V,) — yGmBatoman PyHIaMEHTANLHAS NOCIEOBATENb-
HOCTh OTKPHTHX yPABHOBEIIEHHHX BHOYKJAHX oKpectHocTed 0 B F;
HONApPHHE MHOMeCTBa Vi paBHOCTENeEHO HEeOPEPHBHH, W HX 00be-
mmHenme coctaBiser Bce F'. Ilyers X, = f~1(V3); mocremoBatens-
HocTh (X,) Bospactaer m X = |J X,; mokakeM, 4ro KaKmoe m3 X,

n

u-mamepmMo. [eiicterrensro, D | V, minotno B V,,; myets pad moboro
y €D N V,uepes S, o603nameHO0 MHOMECTBO TeX T € X, I KOTOPHX
|y, f(x)) ]| <1; ycnoBme Bieuer, 9TOo KaKmoe m3 S, MB3MEPUMO,
m X, ecThb HepecedeHHEe CHETHOTO CeMeficTBa MHOMeCTB S, Hasa ¥ €
€D N V,. Janee masa moboro xoMumakTHoro mogMuosectsa K ms X
7 mwoboro & >0 Baiinerca Taroe uedoe n, 9to | p | (K — (KN
N X,)) << €/4, sateM HalimeTcAd TaKoe KOMIAKTHOe MOAMHOKeCTBO K,
3 KNXn, uaro |p | (K N X,) — K,) < e/4; Haronen, Haiinetcs
TaKOoe KOMIAaKTHOe HOAMHOMeCTBO K, m3 Ky, ato | p | (K, — K,) <C
< /2 & 9o cynenns Ha K, Bcex yurnuit {y, ), rme ¥ €D, nenpe-
puBuH (1. 1, mperi.'2). Ho muoxectBo f (K,) < f (X,) < V% pasHo-
CTENEHHO HEeNDEPHBHO, @ MOITOMY TONOJOTHSA, HHAYIUpYeMas Ha
f (K,) ronomormeit ¢ (F’, F), coBnagaer ¢ TOHONOTHEH IPOCTOH CXO-
namoctE Ha D (O6masn tom., ra. X (2-e msn.), § 2, u. 4, teopema 1);
craio GHTb, cysenue [ Ha K, HempepHBHO, OTKYAA H ClefyeT Hame
yTBep:KIeHAEe B STOM IEpPBOM ciydae.
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ITepeiinem ® o6memy cayuaio. Ecnm 2’ — HenmpepHBHas JAHeHHASN
dopma Ha F, ee cymeHme 2, Ha F, HeOpepHBHO; IOCKONBKY F ==
= ) Fpy 10 compsuxennoe F' x F momer GHTb (anre6pamdeckn)

n

OTORIECTBICHO ¢ BEKTOPHAIM IOANPOCTPAHCTBOM TpomaseseHus || Fy,
n

1 MH mMeeM Pr, (2') = z,. Kpome TOro, BCsiKOE KOHewHOe MOAMHOKe-
¢80 w3 F comepmuaTcsa B OfHOM u3 F,, m 3uawaT, Tomonorusn ¢ (F’', F)
eCTh He 9TO HEHOe, KaK TOMOJOrWf, WHAyHApYeMas TOmONOrmed —
npomssefienmeM Tounosormit ¢ (Fy, F,). Taxam o6pasom, ecan (a, f)
usmepuMa aus nwboro @ € F, To msMepuMa # (@, pr,of ) Kas moboro
n m mo6oro @, € F,, 10CKOABKY (@, pref) = (a,, [); craio GHTH,
nepBas 9acTh NOKA3aTeJIbCTBA HOKA3HBaeT, 9T0 PT, o f H3MephAMO mpH
awo6oM n, m ciregoBaTeabRO, m3MepuMo m [ (m. 3, Teopema 1).

6. Epumepuu unmezpupyemocmu

TroPEMA 5. [Jlas mozo umobw omobpascenue f npocmpancmea X
6 6anaxoeo npocmpancmeo F Gwao uwmezpupyemo 8 p-ti cmeneHnu
(1 < p << ), Heobzodumo u docmamouno, ¥mobe [ 6vii0 uamepumo
u umobtt Ny (f) Geino KonexwHo.

VenoBme Heobrodumo: B camom neme, ecam f € £F, To BaiifeTcs
TOCHeROBATeABHOCTs (f,) HEOPepHBEHX (YHKOEH ¢ KOMOAKTHBIM
HOCHTeNeM, cxXoxsmasics mourm Beiony K [ (§ 3, m. 4, cuemcteme 2
3 TeopeMHl 3); TOrna, B CUIY TeopeMHl 2, H. 4, otobpaskennme f Gyaer
H3MEepHMO. .

Iiin morasatexwsecTBa docmamounocmiy, MH HPEIBAPATENBHO yCTa-
HOBHEM JIEMMY.

Jiemma 1, IHyemv g — makas @dyrryus co snawenusmu ¢ F, umo

N, (9) << 400 (10 ecrs Qynknma ms Fr). Tozda mmosxcecmso A mex
mouer x € X, ¢ komopux g (x) =0, codepacumces ¢ o6vedurenuu npe-
HeBpeAUMO20 MHOHCECMEA U NOCAI06AMEILHOCTIU KOMNAKMHBL MHO-
aHcecme.

B camom nmese, oGo3BaumM depes A, MHOMKECTBO TeX TO4eK z € X,
B KOTOpPHX |g (z) | = 1/n; Torma A Gymer o6befmHeHAeM MHOMKECTB
A,, m GyneT BHIONHATHCA HEPABEHCTBO Q4 < n |g |, OTKyna

fu |* (4,) < (nNy (9))°; smaumr, 4, cofmep:RuUTCA B 0GBeJXHEOHHH
npeHeGPEIKUMOr0 MHOMKECTBA. M HOCHEOBATEABHOCTE KOMHAKTHEIX
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MEOKecTB (§ 4, . 6, ciaegcTBme 3 H3 TeopeMH 4); crano GHTH, TO e
caMoe cOpaBeJIABO M A A, I 1eMMa J0Kas3aHa.

PaccmorpuM Temeph ciywait, xorga f mMeeT KoMnakmuuil HOCH-
tens K. Coraacuo cienerBuio 1 @3 teopeMsl 3, U. 4 cymecTByeT mocie-
HOBATEIBHOCTE (ff,) TAKEX M3MEPHUMHX pasMeINeHHHX (yHKIWi, wTo
lgn (x) | < |f (2) | B ko Touke z € X = uT0 ¢, () cTpemmTcs
nourn Bewony K f (z). Ho g, mpencrasaser coGoii mareiiBy0 KoMbuna-
IWI0 XapaKTepHCTEYECKAX (PYHKIAH M3MepAMHX HOAMHOMeCTB m3 K;
a TaK KaK 9TH HOJMHOKeCTBA B CHJIY HpE/JIOKeHHA 3, O. 1 mHTerpm-
pyeMH, TO ¢, npuHamnexmr Lk, Ilockoubry e Np (f) < 4-oo,
10 TeopeMa JleGera (§ 3, m. 7, Teopema 6) morasniBaer, uro [ TOMNE
npaHagnexar L.

B o6meM cirygae m3 JeMMH 1 BHTeKaeT CyIeCTBOBaHHe TaKOR
Bo3pacTalomeid mochefopareasHocTn (K,) KOMIAKTHHX MHOMKECTB,
uro [ (x) o6pamaercs B HYIh TOYTH BCIONY Ha JOUONHEHHH o6beHHE-
uns Muokects K,,. O6osnauum gepes f, dyarnmio, pasuyw f (r) na K,
u O Bue ero; f, m3Mepuma B cmiy CilefcTBEsS D u3 TeopeMu 1, uw. 3;
a nockonsRy | fr, | << | f |, T0, B cmay yske KOKadaHHOTrO, f, DPHHAJ-
neskar L£F. A tak Kak f (z) paBHa UOYTH BCIOAY Upefiely IOCHe0Ba-
TexpHOCTE QyHKRuuA f, (z), To Teopema JleGera cHoBa HOKasHBaeT,

aro f € L%, uem m 3aBeplIaeTcA HKOKA3aTelbCTBO.

ClleyeT OTMETHTB, 9TO .0KaAbHO npeHebpexcumai, HO He nperebpe-
aumas QYHKIHA He HHTOTpHpPYeMa; TakuM obpasoM, QyHKuuA, PaBHAA
40KAAbHO noumu eéclody WATETpEpyeMoil ¢ynKuuu, He 00a3aHa GHTh HHTET-
papyemoii. A

Caegcrere 1. Jasa mozo umobb muoscecmseo 6bva0 uHmezpupyemo,
Heobzodumo u docmamouno, ¥mobst oro ObLLO UAMEDUMO U.UMEAD KOHEH-"
HYK0 6HEWHION MEDY.

CnencrBue 2. ITyems (F,) — nocaedosameavrocmv monososuneckur
npocmpancme, nycmev Oas kascdoeo uHnderca n uepes f, obosmaueno
usmepunmoe omobpascenue npocmpancmea X ¢ Fy, u nycmv f (z) =

= (fp (@) €EF = [l F,; naroney, nyemv u — HenpepueHoe omobpa-
acenue npocmparcmea f (X) e 6anaxoso npocmparcmeo G. Jlas mozo

ymobw gynryus g (x) = u (f (z)) 6v1a unmespupyema, Heo6xoduno
u docmamourno, umobu Ny (g) << +oo.
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HeitctBuTenbEO0. ¢ maMepuma (m. 3, Teopema 1).

Caencteuk 3. Jas awboli uwmespupyemoti gyrwryun [ u awboeo
usmepumozo mHosxcecmea A gynkyus @, unmezpupyema.

B camom pesne, m3 Teopems D ®m m3 crercTBaA O Teopemu 1, m. 3
BHTEKaeT, uTo ¢, m3MepmMa, @ N, (fo,) < N (f).

Ionomxam S fdp = \ fo, dy (mnm S fu) maa mo6oit mHTErpH-

A * A
pyemoit ¢ymkumm f m g0Goro msmepmMoro MHoskecTBa A. Bynmem
Take AnA moGoit (xoHeunod mmE Het) ¢yukmmm f >0 BMecto

S*fcpAde.| THACATh S*fdlp.l (mim S*flp,l), (womaras
A A
f (@) 9a (&) = 0, ecam f(2) = +oo, a @4 (z) = O).

CnenctBEE 4. Jaa 41060t nocaedosamesvnocmu (f,) usmepumuis
noaoxcumeavuuir Pyrryull na X

J (S)alwl=3 " radlul (1)

n

YunrteBas TeopeMy 3 3 § 1, m. 3, Bce CBOMTCA K AOKa3aTeNbCTBY
TOro, 970 s ABYX m3MepuMbx ¢yHEmmd f >0, g > 083 X

Jre+odiwi={"rap1+ Fedinl @

Ho 310 ects He 910 HHOE, KaK CBOMCTBO afiiMTABHOCTE HHTErpaja,
Korfa f m g mHETerpEpyeMH. B mpotmBEOM caydae, ecid, HampmEMep,

f He mETerpEpyeMa, B CHNY TeOpeMH O HMeeM S* fdlp]= 4oo,

u TeM Goee, S*(f-}—g)d]pl:-}—oo.

CnEnctBBE 5. [Jas awboti nocaedosamesvrocmu (An) nonapno e
nepeceRaWUICA USMEPUMBL MHONHCECTNE

11" (U dn)= S| ]* (40).

9710 cpasy e BHITeKAaeT W8 CIEACTBAA 4, OPAMEHEEHOTO K Q4 .
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7. Mepa, uHOYYUDOBAHHARA HA AOKAABHO
KOMNAKMHOM NOOINPOCM PAHCMEE

IIycte X — nokanpHO KOMOAKTHOE HPOCTPAHCTBO, L — Mepa Ha
X 1Y — aokasvro Komnaxmuoe nodnpocmparcmeo u3 X. IlocKoabry
Y ects mepecedeHHME OTKPHTOrO MHOIKECTBA U 3aMKHYTOTO MHOJKECT-
Ba B X (O6masn tom., ra. I (3-e man.), § 9, m. 7, mpeman. 12), To omo
u-m3mepumo (m. 1, caemcrBme m3 mpepua. 3). OGosHaumM A d0GOH
dymaxoun g € 68 (Y; C) qepes g ¢ymrnmio, ompeneneEEy0 Ha X,
pasaylo g Ha Y 1 0 Ha X — Y'; mokaMeM, 9T0 g’ p-uhmezpupyema.
MosxHO oOrpaEHHYMTHCA ciaydaeM, KOoTHKa g HAeficTBHTenbHa T g =0
(BammcHBaAg g KaK JUHeAEYH0 KoMOHHAOWI0 TaKUX QYHKNHMit); a mo-
CKOJIBKY g orpaHMYeHa M HMeeT KOMOAKTHEI HOCHTENb, JOCTaTOTHO
nmokasaTth, 4ro g’ p-maMepmma (m. 6, Teopema D); HO 3TO BHTEKaeT
H3 Toro, 9To g’ HOoayHempepHBEHA cBepxy Ha X (m. 5, ciemcTBHe U3
opepa. 8). Taxum oGpasdom, MOmkHO cPOPMYIHPOBATH CleLyoOIee
oIlpeyieleHAE.

OnpepBaEnnE 4. ycmb 300ano A0KAALHO KoMnakmHoe nodnpo-
cmpancmeo Y A0KAAbHO KOMNAKMHO20 npocmpancmea X; mepoi,
undyyuposannotl Ha Y Mepott p wa X, Hasweaemcs mepa, onpedeas-
emas popmyaoti

S gdpy = S g' du (3)

duaa aboll gynryun g € & (V; C); 3decv g' osnanaem Pynkyuio, pas-
ryo g Ha Y u 0 Ha X — Y. Hudyyuposannas mepa 0603navaemes Py
usw plY.

Ilpumep, Iyers p — mepa Jlebera ra R um I — npouseosvrbili
naTepBant 3 R; / eCTh IOKATBHO KOMIAKTHOE NOAOPOCTPAHCTBO HPOCTPAH
crea R, n Mepa, MHIYOHpoBaHHAaA Ha [ Mepoid i, ecTh JHHeHRAA dopma

b
g > 5 g (z) dr
a
ma &7 (I[; C), upudeMm a m b — M3YaiA0 W KOHeN (Me 00653aTeABHO KOHE -

nue) uprepsaia I (cp. § 4, o. 4, OpEMeDp); HHEIMHA CJIOBaMH, BT0 €CTh TO.
9T0 MH HasBaaW mepot Jebeza Ha I.

B cnywae, xorma Y — omkpwimoe mogupocTpaHcTBO M3 X, Ompe-
Heiende 4 coBOakaeT ¢ ONpeNeJeHEEM MepH, RWHAYOHpYeMmoil u Ha Y
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(And Cy:KeHHeM QL Ha Y), OpuBeJeHHHM B rjaase II1, § 2, m. 1: nmeii-
CTBHTEIBHO, Torfa fAaA Jd0boi QyExmum g € 68 (¥; C) Qysrmma g’
HeIpepHBHa Ha X.

B raase V § 5 Msl nofipoGHO H3yYUM HHTEIPHPOBAHHE OTHOCHTEIb-
HO HHAYOWPOBAaHHO# MepH, a [0 TeX HOD HaM NOHAHXOGATCA JHIID
CIeRyloIMAe PesyIbTATH.

Jemma 2. ITycmb p — noaoscumenvnas mepa wa X u K — xom-
naxkmuoe nodmnoxcecméo us X.

(1) Jas aw0bozo Komnarmuozo (COOTB. OMKEPHMO020) NOOMHONCeCT-
6a H us K cnpasedauso pasencmeo g (H) = p (H).

(ii) Jaa mozo umobv. nodmuosncecmeo N us K 6vao pg -nperebpe-
HCUMO, Heo6To0UMO U DocmamouHo, ymobsl oHo 6bLi0 L-npeHeb percumo.

(iii) Ecau S — nocumensb mept pg, mo supp (us) = S.

(i) MoskrO orpammuATHCA ciayuaeM, Korma H xommaktHO. OG603-
HaYmM dYepe3 [ XapaKTepHCTHIECKYl QYHKOHIO MHOKectBa H
B npoctpancTBe K; f — moixyHenmpepHBHAA cBepXy d, 3HAUAT, ABJIAGT-
ci HH)KHell ormbalomeill yGOHBaomero QUALTPYIOIMErocs ceMercTBa

(8) ymemmit ms 9% (K); mmeom o (H) = inf | go duge (§ 4, . 4,

crefcTBHe 2 u3 mpent. o). Ecam g, — ¢yHkmms, paBHasg g, Ha K
7 0ua X — K, 10 g; DOIYHEeOpepHEBHA CBEPXY, U HUKHAA orubanwmas
yOuBaromero QuiabTpylomeroca ceMeiicTBa (gq) eCTh XapaKTEPHCTH-
decKasa QyHKOES @ MHOKecTBa H B mpocrpanHcTBe X; ¢Talio GHITH,
B cuay (3) mmeem

p ()= int { gidp—inf  go dux—pu (H).

(ii) Ecam N p-npeneGpesxumo, To KA dwo6oro ¢ >0 B X maitferes
TaKad OTKPHITad OTHOCHTEJILHO KOMIAKTHAasA OKpecTHOCTh U/ MHOMeCT-
Ba NV, gro p (U) < &; a mockoasry K — (U ) K) xomnaxtao, u3 (i)
caenyer, 9t0 ux (U N K) << p (U) < &, m 3paunr, Npyg-npeneGpe-
swamo. Obpatro, ecimm N py-npereGpexnmo; To B X Hajilercsa Takad
OTKpHTaA OKpecTHOCTH V MEORectBa N, 4T0 py (V N K) < ¢; B cu-
ay (i) mmeem '

p (VN K)=px (VN K),
n crano 6s1th, p (N) = 0, IOCKOIBKY & IPOM3BOJIBHO.

(iii) daa mwoGoro otkpuroro moamuokectBa U m3 K, mepecekaro-
merocA ¢ S, aMeeM 1o mpexpnotao:rendio Py (U ] §) 40, n snaunr,
13. H. Byp6akn
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no (i), w(U N S) 50, a nockoasry U [} § otkpsro B S, 70
us (U N S) 50 mo (i); vo ar06oe HeycToe OTKPHITOE MHOMKECTBO B S
ameeT BAg U (] S, rme U orkpsito B K; TeM caMEM J[{OKa3aHa, 4TO

supp (us) = S.

JIEMmA 3. IIycme Y — 40KGAbHO KOMRAEMHOe noOnpocmpancmeo
us X; Oan awboii mepu n na X cnpasedauso | py | = | p |y

Hycrs f — ¢pynaxnusa u3 84 (Y) u &€ >0 — npoussodbHOE YHC-
J0; OO0 ompefelieHHi0, Hajijmerca Takasg ¢yukmua g ¢ & (V; C), uro
lg1<fm |pr | ()< lpr (e |+ e Ecrm oSosmasmrs gepes f
¥ g’ QyHKIMHA, DOIYIeHHEE COOTBETCTBEHHO NIPOROIKeHAeM QyHRImMil f
7 g ByaeM Ha X — Y, 10 py (g) = p (g'), a mockoasky | g | <
<7f, o

lpE)I<iplUgD<Ipl{)=1Iplk O
orkyaa |py|l (A< |p ly (f) + €& mw B cuay npomsBoabHOCTH €,
lwr | (D <l lv (-

C npyroi ecropors, myctb K — Bocutendb fu U — Takas KoMmaxkTHasS
okpectHOCTE MHOKecTBa K B X, uto p | (U — K) <C &; coraacHo
Teopeme Y pHicOHa Haiimerca QyHxrumsa f, € &4, (X), npomomxranmad f,
uMmelomasa Hocurenab B U mw rtawas, uto || f, || = || f |l. CymecTtByer
Takaf Qyskmua hy € & (X; €), uro |k | <hH m oaro |p | (f) <
< |u (hy) | + & Ecam h — cymxenne ky HA Y, TO h €% (Y; (),
b | < fmp (k) —py (B) = p (hiQu—x), B cramo Guts, | p (By) —
—pr @) < UFl- 1w | (U—K)<ellf]; xpome Toro, mmeem
lp 1 (f) — In v ) = lp | (hov—~x),
N () —lpleDI<<ellfI

Orcona BHBORHM, YTO
fp v < lpr®) + e @+ 207D Tpell) + (A 21F1Ds

a MOCKOJbKY & mpom3BoabHOo, To | 1 |v(f) << luy | (f), 9em m 3aBep-
maeTcs HOKa3aTelIbCTBO.

8. u-naommuvie cemeUcmea KOMRAKMHILE HHONECME

Ileegnoernae 12, Iycmb p — Mepa HG A0KAAbHO KOMRAKIMHOM
npocmpancmee X, A — p-usmepumoe nodmuoxcecmeo uz X u f —
MHONCECNE0 KOMNAKMHBLL nodmuoxcecme us A, ydoesemeopsioujee cae-
aylowum  YcaoeuaMm:
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(PLy) Beskoe samrnymoe (4 3HAYUT, KOMIAKTHOE) ROOMHONCECME0
muoxucecmsa u3 K npuradsescum K.

(PLy11) Jwb6oe roneunoe o6wedunenue muoscecme us K npuradae-
acum K.

Toz0a caedyiowue uemwipe ceolicmsea SKEUSANEHMHBL

a) Jas mozo umo6v nodmHoncecmeo B us A 6ui10 A0KaAbHO (-npe-
Hebpexcumo, Heobrodumo u docmamouro, umobn | pn |* (B N K) =0
das awbozo K € 8.

b) Jas awbozo romnarmmozo nodmuoxcecmea Ky us A u awboeo
¢ >0 natidemcsa nodmnoxncecmeo K € R, codeprcawyeecs ¢ K, u makoe,
ymo | n (Ky— K) < e.

c) das awbozo komnarmuozo nodmuorcecmea B us A cywecmeyem
pasbuenue muoxcecmea B, cocmoswee U3 -npenedpe’cumMoz0 MHoxCe-
cmea N u nocaedosamenvnocmu (H,) komnarmuux MHONCecms, npu-
Hadaexcayux K.

d) dasn a0boz0 komnarmuozo nodmuoxcecméa B us A cywecmeyem
gospacmawwan nocaedosamenvrhocmd (K,) KoMnakmuwx Mmuoxcecms
us 8, codepacawuzcs ¢ B u maruzx, wmo muoxcecmeo N = B — |J K,

n

U-nperebpexcumo.

Cpasy moayuaem (m. 2, mpepa. 5), gTo d) BaedeT a); ¢) Baeuer d),
ecad B3ATH B KadecTBe K, o0beguuenue takux Hp, 910 p < n, 4 Boc-
noaszoBarses (PLyr). UrtoGs moxasats, uto b) Bieser c), ompenennm
00 WHAYKNHA NociaefoBaTeabHOCTh (H,) MHOecTB m3 § Tak, 4T0GH
H,.ycB— |J Hy,u utobu | p | (B —pgan) < 1/n§4, no. 6, Teo-

pEn
pema 4). Haxoner, octaercs mokasats, uTo a) Biaeuet b). Paccympas or
IPOTHBHOrO, HpPEANOJNOKEM, YTO BePXHAA IrpaHb & gucex | pu | (K),
rae K npoGeraer MHOKecTBO mogMHOxecTB U3 K, DpuHagie:kamux §,
TakoBa, 910 & < | 4 [(K,). B cmay (PLy) cymectByer Boapacra-
Jomas ImociaefoBaTedbHocTh (L,) KOMIDAKTHHX IOAMHOmecTB u3 K,
npuHafme:Ramux &, takag, uro sup | p | (L,) = a. [Moxoxmm B =
n

= | L,; Busrerpupyemo u | u | (B) = a, a snaynt, |p | (K, — B)=

= |p | (Ky) —a >0. Ho, ¢ gpyroit cTopoHH, MH NOKaKeM, 9UTO
naa mioGoro mopmHokectBa K €& [p [(K N (K, — B)) = 0, uro
B CHIy a) OpHBeJieT X IpoTuBopeunio. B camoM Rele, ecan OH cymect-
BoBaJIo Takoe mommHomkecTBo K € &, wro | n | (K N (K, — B)) >0,
TO CymecTBOBaJo OH TaKoe KOMIAKTHOe IIOAMHO:KecTBO| H ms

13*
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K (} (Ky— B), uto |p | (H) >0. Cornaceo (PL;j) Torma 6810 Gu
H ¢ R u, gaa pocrarogso Goabpmux rn,

luw LU H) = p L)+ 0| (H) >

Ho L, |) H npunapnesxur & B cmay (PLy), 9o mpoTHBOpeYnT OHpe-
. DeJICHHIO dL.

OnrenenEREE 6 *). ITycmv A — p-usmepumoe nodmroxcecrmeo u3 X.
Fosopam, umo Mmhoxcecméo K Komnaxkmhuuvx nodmuoxcecms us A
p-naomuo ¢ A, ecau swinoansiomes ycaosus (PLy), (PLy) a), b), ¢), d)
npedaoxncenus 12.

MEoOs®ecTBO BCeX KOMHOAKTHHIX IIOEMHOKeCTB H3 A U-ILIOTHO B A.

B cnyuae A = X OyzeM BMeCTO «u-ILIOTHOE MHOMKECTBO B X»
TOBOPHTHL NPOCTO «WU-ILIOTHOe MHOKecTBO». Ecam X — A4 IoKaJbEO
p-ApeEe0peKEMO, TO BCAKOE MHOMKECTBO KOMIAKTHHX IHONMHOKECTB
u3 A, p-nnotHoe B 4, p-miaoTHO B X.

3amedanue. [Ipeguonoxnm, ato A sAsisgercs o6be UEEHASM NOC-
nefoBaTeAbROCTH (L,) KOMIAKTHHX MHOMKECTB H WN-OpeHeOperRmMoro
MHOKECTBA (COOTB. JOKAJNBHO U-IPeHEOPEIRMMOro), H nycTh £ €CTh MHO-
’KeCTBO KOMIIAKTHHIX IOJMHOMECTB, U-INIOTHOe B A. IIpuMeHsas K Kamjo-
My L, cBoiicTBo ¢) popMyIHPOBKY Ipeiaokernus 12, BupguM, 910 A sABIIsAET-
cA 00DeJMEeHAEeM NOCIe0BATeIBHOCTH KOMIAKTHHX MHOMECTB, npunad-
aexcayuzr §, 1 pP-IpeHeGPEIKAMOrO MHOKECTBA (COOTB. JOKAMHHO -TIpe-
HeGPeRIMOTO).

Ecmm K — xoMmakTHOe NOAMHOMeCTBO M3 X, TO yTBepKIAeHHA,
9T0 HEKOTOPOe MHOKEeCTBO KOMIAKTHHIX HOAMHOMKECTB B3 K W-IIOTHO
B K una px-naomruo B K, paBHOCHIBHE; 3TO BHTeKaeT u3 demM 2 u 3
u. 7 m u3 ycaoBud b) mpenmiomxenua 12.

Heepnoxerne 13. Hycmbs A — p-usmepumoe nodmruosxcecmeo us X
u 8 — Muodcecmeo KoMnakmHML noOmHoxcecme, u-naomuoe ¢ A.
Hycmy, dasce, § — MHoHCECME0 KOMNAKMHBLEY NOOMHONCecme us A,
ydossemeopsowee (PLy) u (PLy) u makoe, wmo dan atwboco K € R
mroxcecneo mex H € §, romopuie npunadsescam K, px-naomro (aam,
9T0 CBOXATCA K ToMY ’Ke, p-nuwomho) ¢ K. Tozda  p-naomno ¢ A.

*) B aBropcKoM TEKCTe HpoOmymewHo ompejeienne 5. IIpm mepeBome sToT
OpoOyCK OCTaBiIeH BO W36eKAHAe OYTAHUNHE B CHCTEMe CCHIJIOK L0 JPyrumM
Kauram tpaxrara. (Ipum. nepes.)
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B camom peme, mycts L — KoMOaKTHOe IOXMHOKeCTBO w3 A.
Ina moboro ¢ > 0 Haiinerca Takoe K € 8,90 K L u |p { (L —
— K) << &/2, a 3atem rakoe H € §, wto H— Ku |p | (K — H) <<
< &/2; orcioma BmBoguM, uT0 | W | (L — H) < &, W OpeAiioKeHue
HOKa3aHo. :

9. Jorxaarvno cuemmndvte pazbuenusn

OnrEpEnERuE 7. [losopsm, umo MHoxcecmso A  nodmuoxcecms
monoaozuteckozo npocmparcmea T aokaabno cuemuo, ecau 048 4106020
t € T cywecmsyem makas okpecmHocmd V mouku t, ¥mo MHOXCeCmeo
A € U, nepecexarowuxcs ¢ V, cuemno.

Ecuan muomectBO 9 mogmHOKecTB M3 I NOKanbHO CYETHO, TO KA
11060r0 KoMmaxkTHOTO nogMuoKecTBa K ma 7 mHomecTBo Tex A € ¥,
KOTOphle mepecekaioTcsa ¢ K, cuerso, mGo K Mo;keT OHTEH IOKPHITO
KOHEUHKIM YHCJIOM OTKDHITEIX OKpecTHocTedr Touek u3 K, Kaskpas u3
KOTOpHIX HepeceKaerTcsi He 0ojee 4eM €O CYETHEIM YHCIOM MHOKECTB,
npuHagae:kamux 9.

Onpenenenne 7 TNoKaskBaeT, 4To 00eduHeHUue JIOKAJILHO CUeT-
HOTO MHOMKECTBA W-M3MEPHMBIX HOAMHOKECTB (COOTB. JOKAJBLHO
W-TmpeHeOpesKUMEIX) JOKAJIBHO KOMIAKTHOIO HPOCTPAHCTBA W-H3MepH-
MO (COOTB. JIOKAaXbHO W-mpeHeOpeskumo) (m. 1, mpena. 3 m m. 2,
opegia. 9). - :

IrEpnoREHRE 14. ITyemv X — A0KaAbHO KOMNAKMHOE BpOCMpak-
cmeo, p—Mmepa Ha X, A — p-usmepumoe nodmmnozxcecmeo us X u & —
MHOKHCECNE0 KOMNAEMHBL nodmHoxcecme us A, p-naomuoe ¢ A. Cywe
cmeyem A0KAAbHO ciemHoe MHoxcecmeo § R, cocmosuee us nonap-

HO He nepecekKauurcs MHoxcecms, makoe, wmo A — |) K aokaabro
ke

u-npenebpescumo u makoe, umo das aibozo K € § wocumeav mepu
Ug ecmb sce K.

Paccmorpum MHOKectBa L R, cocrosmipme M3 TaKHX NONAPHO
He IepeceKaruxcs MHOMKeCTB, 4to naas mdwboro L € £ mmeeM
supp (uz) = L. 9tm mHOKecTBa & 06pas3yioT NOAMHOKECTBO H
MHOKecTBa 5 (R), KoTopoe He Imycto (uGO OHO COREPKHT 2JIeMeHT )
H KOTOpO@ MH yIOopsAgouuM OTHomenueM BiIlodeHns B P (§). Oue-
BUJHO, 9T0 J# UHAYKMUEHO; MYCTh §) — MAKCHMAJIBHEIA 916eMeHT B J#4
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(Teopusa mBoOsxecTB, CBOMKa pe3., § 6, m. 10). [lorasxkem mpeskne Beero,
9T0 §) ~okasvbHo cuemuo. JleficTBHTensHO, 0003HAUEM [aA N0GOTrO
z € X gepe3 V OTKDHTYI OTHOCHTENBHO KOMIAKTHYIO OKpPECTHOCTH
rouku z; ecau (K;)i<i<n — KOHEUHO® CEMEHCTBO pPA3NAYHEIX MHO-

JecTB m3 §), Tepecekaommxca ¢ V, 10 2 [ p | (K, N V) =
i=1
=|p (VN (U K;)), nockoabky K; nomapHo He mepecexanTCsa; oT-
=1

cioma ) [p | (K; N V)< | u | (V). Cramo 6HTB, ecad Yy — COBO-
i==1
Kyneocts K € ), mepecekarommuxca ¢ V, To

2 p|(ENV) <+ oo,
KeHy

a mockoabky |p | (K 1 V) >0 pua aw6oro K € Hv, 10 Yy cueTHO.
Hoxasem, pgamee, aro N = A — |J K noraapHo p-IpeHeGpenumo.

Ke9
Mz 3naem (cm. Beume), uto N p-usmepumo. Ecam 6u N He GbLIO
J0OKAIBHO mpeHeOpesKHMO, To OHO COIEp:Kano OH He HpeHeGpesKEMOe
KOMIIaKTHO® MHOKecTBO L,, m BHagur (m. 8, npema. 12), koMuaxTHOE
He IpeHeOpesREMOe MEOKecTBO L < L, npuHanaeskamee . A Tak kak
lpel (L) = [ p [ (L) >0 (u. 7, memmsr 2 m 3), To Mepa pp, MHTY-
mupoBanHasg Ha L Mepoidl pu, He ABasAeTcS HyJeBoW; cTamo OHTH, ee
HOCHTeJb ABISETCA HENYCTHM KOMHIAKTHHM HOIMHOMKECTBOM, IIpH-
Hamiaeskamum & (B cmay (PLy)), u Met umeem supp (ug) = S (m. 7,
agemma 2, (iii)). Orciona 3akaiogaem, ato MEHOKecTBo 9 () {S} momxHO
opuHamae;RaTh J¥, 4T0 IPOTUBOPEUMT ONpeHelNeHHMIO §); CIe0oBa-
TENBHO, MHOKeCTBO N TORaIbHO HpeHeOpeXmMO, yeM W 3aBepImaeTcHA
JOKa3aTeabCTBO.

*

10. Hamepunvie pynruyus, onpeoesewmnvie
HA UIME PUMOMN NOOMHONCECMEE

Mreennomeans 15, Hycme X — a0kaabHo kKomnaxmuoe npocmpaH-
cmeo, u — mepa va X, 4 — p-usamepumoe nodmmnosxcecmeo us X u f —
omobpadcenue A 6 monoaoeuieckoe npocmpancmeo F. Caedyowue
YCR06USL IKBUBAACHIMHBL.

a) Muosxcecmeo § makux komnarkmuwxr nodmuomcecms K us A,
umo cyxcerue f na K Henpeprtigho, p-naomuo ¢ 4.
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b) Cywecmsyem mnosncecmeo K romnarkmuux nodmmuoxcecms us A,
p-naomuoe ¢ A u makoe, wmo cyyxcenue f na 6ce K € 8 ug-usmepuno.

c) Cywyecmeyom makoii someomopdusm j npocmpancmea F na
nodnpocmpancmes monoto2uieckozo hpocmpancmea G u makoe \-usme-
pumoe omobGpasxcenue g npocmpancmeéa X 6 G, umo g|A =jof.

d) Beakoe npodoascenue f do omobpasicenus npocmparcmea X e F,
nocmoannoe Ha X — A, p-usmepumo.

flcuo, gro a) Biaeger b) m uro d) Bmeger ¢). Tor pakt, gTo c) Bie-
4eT a), BEHTeKaeT W3 YCJaOBHA ¢) mpemiaokeHma 12, m. 8. C ppyroi
CTOpPOHH, b) Bieder a): HelicTBHTenbHO, onpefeseHme 1 mokaskBaet,
YTO MHOKECTBO HoaMHOmecTB H € K, copepsramuxcsa B HeKOTOPOM
npousBoarEoM K € &, ux-mmotso B K (n. 8, mpema. 12¢)), m mpep-
noskenme 13, mw. 8 moxaswBaer, uro ® p-miorHO B A. Ocraerca yGe-
AMTBCA B ToM, uTo a) BaegueT d). Ilycts g — mpopomxenue f Ha X,
mocrogunoe Ha X — A. Jlas a1000oro KoMEAKTHOrO HOBMHOKecTBa L
n3 X muosectBaLl (| A mw L } (X — 4) p-uHTerpupyeMsl; 3HAYHT,
maa mioboro & >0 HaHgyTcA TaKOe KOMHOAKTHOE IOAMHOKeCTBO
Pc L (| A4 rakoe xommakTHoe nopmuo;kectBo Qo L ) (X — 4),
a0 [p [ (L N 4)— P) < elbu|u| (L N (X —A) — Q) < el
C mpyroii cTOpOHH, cyHmecTBYeT mOIMHOKecTBO H € §), comepranieecs
B P m taxoe, 9to | n | (P — H) < ¢/2; Torna cy;kenne g Ha KOMIAKT-
Hoe mMHOKecTBO K = H |J () HenpeprrBHO (m6o g MocTOAHHO Ha (),
u mpr umeeM | | (L — K) < &, uro W 3aBepmaeT [{0Ka3aTelbCTBO.

OnpepExruuE 8. [yemb X — 10KaAbHO KOMRAKMHOE RpPOCHDAH-
cmeo, | — mepana X u A — p-usmepumoe nodmmoscecrneo u3 X. Omo-
Opasicenue | mroscecmea A 6 monoaozuneckoe npocmparncmeéo F Hasvi-
eaemca  \W-USMEDUMbBIM, ecall OHO Yydosaemeopsem IKEUSANCHIMHbIM
yeaoeuam u3 npedaoxncerus 15.

CrnepgoBaTentHo, ecim A JoKanbHO U-OpeHeGpe:RAMO, To .i06oe
orobpamenme A B F p-u3mepummo.

Cnepcreme 1. Tycmo X — 40KaAbHo KOMRAKMHOE NPOCMPAHCMEO,
p — mepa Ha X, A — p-usmepumoe nodmuoxcecmeo u3 X u f—
p-usmepumoe omobpaxcenue A ¢ monoaoeuieckoe npocmpancmeo F.
ITyeme, dasece, | — muoscecmso komnarmuunxr nodmuoxcecms usz X,
u-naomuoe ¢ X. Toeda cyyecmeyem pasbuenue muoncecmea A, cocmos-
wee u3 JA0KAABHO npeHeOpexcumoczo MHoxcecmea N u U3 marozo
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A0KEAAbHO cuemnoz20 cemelicmea (K, icr mHowmcecms K, € &, umo
f | K, wenpepuvigno das awbozo A € L.

[IprEEMasn Bo BHEManme mpefiIoxRenme 14, n. 9, gocTaToyHo Nnoka-
3aTh, 4TO MHO;ecTBO § < § Takmx mogmuoxectB K € &, wto K< A
n f | K mempepsiBeo, Oyfer p-naomro B A. Ho n3 mpegmomenus 1,
0. 1 u ycaosua d) opeposkenna 15 cpasy HeIoOCpeCTBEHHO BHTEKaeT,
970 Aad 11060r0 KoMnakTHOro mopMuoskectsa K, u3 A n moGoro € >0
CyImecTByeT TaKoe NpHEajiIexanmiee § mogmuokectBo K K, uTo
]| (Ky— K) << & m f| K Henpep:BHO; TaKAM 00paszoM, 3aKiIO-
4ueHHE CledyeT W3 Ipemio:keHms 12, m. 8.

CaepcrBuk 2. Hyemv K — komnarmmuoe nodnpocmparncmeo us X;
das mozo wmobv, omobpascernue f npocmparcmea K 6 monosoeuuneckoe
npocmpancmeéo F 6viao p-usmepumo, neobzodumo u Bocmamouno, umo-
66l OHO ObIA0 Ux-U3MEPUMO.

YuureiBasg nemMmy 2, m. 7, aT0 Cpaay e BEHITEKAeT U3 Ipeposke-
HuA 1, 0. 1 1 ycaoBus a) npepmoxkenas 15.

IlpepnomernE 16. Iycmb 9 — n0KaabHo Cuemuoe MHONCECIED
n-uamepumsiz noomnoxcecme us X u nycmv B = |J A. J{as moeo umobu
A

omobpaxcenue [ mHoscecmea B ¢ monoaosuneckoe npocmparncmeo F
Obla0 P-usmepumo, Heobxodumo u docmamourno, wmobw. cyxcenue [ Ha
awboe A € 6bia0 p-usMEPUMO.

HKag msl y:re 3amerunum (o. 9), B p-mamepumo. [lockoasry meobxo-
IEMOCTh YCJIOBHA OYEBH/IHA, [OKarkeM ero jocTaTouyHocTh. Hraxg,
nycts K — KommaKkTHOe nopmmomecTBo m3 B. Ilo yciaormio, maii-
TeTCA MOCIe0BaTe. ThHOCTh MHOKECTB (4 ,), DpuHajIe:Rammx I, Taka,
qto K (] A, ob6pasyoT noxputme K. ITonomum Cy, = K | A,,

Cn =K NA, N C(UCY

i<n
s moboro n >0, Tak 4To HemycThe C, 06pa3yoT pasGuerne K Ha
u-uHTErpEpyeMbie MHOxEectBa. Ho cyswemme f Ha C, p-H3mepumo,
H 3HAYUT, CymecTByeT pasbmenne C,, cocToAmee U3 p-IpeHeOperxu-
MOTO MHOKecTBa [V, ¥ NOCIeRoBaTedbHOCTA (L, )m>0 TAKAX KOMHAKT-
HHX MHOMKeCTB, 910 [ | L, HenpepuBro. Ilockomsry N = |J N,
n

u-npeHeGpesREMO, TO ACHO, UTO YCJIORHE a) IpeAaokeHuA 15 BHUIOIHSA-
eTcs, OTKYZa M clefyeT Ipejlo;xeHHe.
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CaoiictBo d) mpemioskerds 15 mo3BoxsAeT ¢pasdy ke 0600MHUTH HA
nsMepuMHe QYHKIHA, OmpefieleHHbe HA M3MEDHMOM DOMHEOKecTBe A
u3 X, cBoHcTBa wW3MepuMHX (YyHKOWi, ompeHeleHHHX Ha BceM X,
W3JI03KeHHbIe B III. 2—5; MBI OPEROCTABIAEM YUTATEN0 IPOBECTH 3TH
oGoGmenns. YKajkeM TOJBKO, YTO OPHHOWN JoKajiusamuu (m. 2,
Hpepfa. 4) mo-mpeskHEeMy GyHeT cHpaBefjIMB, eCIAH NPEION0KHATh, YTO
Kampgas 3 QYHEKOHA g, olpefeleHa TOJLKO Ha V, (WM IOYTH BCIOLY
Ha V,) m mamepmma.

11. Cxodumxocms no mepe

ITyers X — noranbHO KOMIAKTHOE IPOCTPAHCTBO, L — Mepa Ha X,
A — p-namepmmoe nopMHOxecTBO W3 X m F — pasHomeproe npo-
cmpancmeo; MH Oynem oGo3Hauarh geped of (4, p; F) unm &Fr (4, p)
(mmm  mpocto fr (W) m pgamme oy, Korja A = X) MHOKECTBO
u-uamepumnxr omobpaxcenuti A ¢ F (n. 10, omp. 8). Iua mamoboro
OKpyseHHA V paBHOMEDHOHN CIPpYKTYpH npocTpaHcTBa F, M060TO0
W-HETerpEpYeMOTo MHOMKecTBA B A m aoboro § >0 mu Gymem
oGoznagarp gepes W (V, B, 8) mmomecrBo map (f, g) dyukmmit u3
F (A, n; F), obmajgaromux cregyommM CBOHCTBOM: MHOMKeCTBO M
Tex r € B, nna xoropex (f (z), g (x)) & V, TakoBo, uro | u |* (M) <
< 6. Ilokamem, uto MHOkectBa W (V, B, §) obpasyior gyndamen-
MAALHYI0 CUCMEMY OKDyiceH Ul pABHOMEPHOR CTPYKTYPHL B o (4, u; F):
Acuo, uto W (V, B, §) cummerpmuno, ecidm Takoso V, m 4To eciaw
VieV,B"o>Bubd <8, 10

wW,B',8)c W (V,B,Jd),
crano GHTBH, HOCTATOYHO DNPOBepHTH BhMoAHeHHe axcHoMH (Urp)
(O6mas tom., ra. II (3-e mam.), § 1, u. 1). Ho ecam V' — raxoe

OKpy:;KeHUe, UTO 12/' c V, 10
w (V',B,8/2) s W (V', B,8/2yc W (V, B, d).

OrmeruM, uTo Korpa K mpoGeraer p-naomhoe muoxcecmoo § kom-
naxkmuux NoAMHOMKecTB U3 A, muoskectBa W (V, K, §) traxxe o6pasy-
ioT (QyHRAMEHTAJIbHYI0 CHCTeMY OKDY/KeHH#l IpeHHyHeil paBHO-
MEDHOH CTPYKTYpHl; HEHCTBATENBHO, HAA JIO00r0 MHTEIPHPYEMOTO
MHOKecTBa B C A cymecTByeT KoMOAaKTHoe NouMuOMecTBo K € 8,
conepsxameecs B B u takoe, uTo | u | (B— K) < 8, u cienoBarebHO,
w (V, K, 8)c W (V, B, 20).
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Ounrepeaesne 9. losopam, umo paswomepnas cmpysmypa ¢ & (4,
w; F), muoncecmsa W (V, B, 8) romopoil o6pasywm gyndamermans-
HYK0 CUCmeMy OKDYICeHULL, ecmb PAGHOMepHASL CIMPYKEMYpa cxodumocmu
no mepe na A.

CooTBeTCTBYIOMAsl TOHOJOTHS HAa3HBAETCH Monoac2uell cxodumo-
cmu no mepe Ha A, ¥ YAABTP (COOTB. MOCAETOBATEABHOCTE), CXONAMMIt-
CA B BTOH TOHOJOIMHU, HA3KIBAKT crodaujumca (COOTB. cxodauyelics)
no Mepe Ha A; "acro, korma A = X, A He ymoMHHaeTcA.

Hpenmonoxnm, uro F omdeaumo; Torma gas awboro p-maTErpApye-
MoOro MHo:kecTBa B A mepeceuenme okpymemmit W (V, B, §),
rge V mpoberaer (GyHZAMeHTAABHYI0 CHCTeMY oOKpyKeHmH mas F,
a 0 mpoGeraer MuoskectBo umcen >0, ecTh MHOMKECTBO TaKMX Iap
(f, g), 910 f (2) = g (x) nowmu ecwdy (omruocumesvro n) Ha B. ei-
CTBUTEJIBHO, MHOReCTBO M Tex z € B, pina woropex f (z) 5= g (),
W-MHTEIPHAPYEMO, HOCKOJIBKY 3T0 eCTh Hpoobpas OpH -H3MePRAMOM 0TO-
Gpasenmn x — (f (), g (2)) nomonnenms muaronamm B F X F, koro-
poe OTKpuITO (. 5, upend. 7); ecan | p | (M) = e >0, 1o Haitmercs
TaKoe KOMOAKTHOe MHOMecTBO K< M, uqro |[p | (M — K) << a/2
u uTo cy;KeHuA f m g Ha K HempephIBHH;, CJIeT0BAaTeNBHO, MMeETCSH
Taxoe okpy:xerne V, nas F, aro (f (2), g (2)) € V, nas aoboro x € K,
u suawmt, (f, g & W (V,, B, a/2).

Wz sroro 3akmiowaem, 4To KOorfa F oTaenumMo, mepecedeHye ecex
oxpy:kennid gng (4, wn; F) ecrs muosecTBo Takmx map (f, g), 4To
f (x) = g (2) aokasvro noumu écwdy wa A. OTmeimmoe paBHOMEpHOE
OpocTpaHCTBO, accomumpoBarnHoe ¢ o (4, u; F), koropoe me 0603Ha-
anm S (4, w; F) aam Sp (4, p) (man gamxe Sp (n) nan Sy, korga 4 =
= X), COCTOMT, CHEIOBATENBHO, W3 KAACCO8 IKBUBAAEHIMHOCIMU IO
oTHOmeHUW «f (z) = g () mOKaXBpHO mOYTE BCIOAY Ha A» B MHOMe-
crBe f (4, n; F).

Ileepnosmesne 17. Iycmov (A )wer — A10KaarbHO cuemuoe Cemeli-
CIMB0 P-UIMEPUMBLE ROOMHONCECTE U3 A, nOnRApHO He nepeceraiuyurcs
u maruzx, wmo A — |J A, aokaavro p-npenebpercumo. Tozda, ecau das

AEL

awbozo kaacca f €S (4, n; F) u awboeo A € L uepes f, o6osnauen
Baace cyxrcenus nHa A, npoussosvroli pynryuu Kaacca f, mo omobpadice-

Hue P > (f3)rer ecmb usomopgusm pasHomepHO20 NPOCIMPAHCIMEA
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S(A, w; F) ma pasnomeprnoe npocmparcmso — npoussederue
[J S (4, ws p).
AEL

N3 mpepnosgenns 16, u. 10 srtekaer, 1T0 V 6uekmusro. Pac-
cMoTpnMm okpykenue 7' 1A S (4, p; F), ABAsA0OMeecs KaHOHATECKAM
obpaszom oxpys:xerns W (V, B, 8), tne B — romnarkmuoe HDOIMHOMKe-
CTBO uM3 A; M3BeCTHO, 9T0 MHOKecTBO J Tex A € L, IisA KoTophX

B N A4, 5=, caerro (u. 9), m mut umeem | p | (B) :;§ lp | (BN

N A,); craxo OHTB, HalileTcA TaKoe KOHEYHOe HOAMHOKecTBO H
u3 J, uro

S el (BNA)<+.

AET~H
IIpm a1oM 06pas oxpysmernns T mpu orobpamennu P X ¢ COTePIKATCA

B KaHOHMYECKOM obpase npomssetenus || W (V, B ) 4,, 8). C npy-
AEH

roli CTOPOHHI, €CJHM Im — 9UCHO DIEeMeHTOB MHo:ectBa H, To ofpas
okpyerusa I mpu § X § COTMepKUT KaHOHHTOCKAH 00pa3 OKpYiKeHHsA

Ael;\l W (V, A,, 6/2m), 910 m HokasHBaeT HpeIaoKeHTE.

[Irennomenns 18. Ecau F mempusyemo u ecau A ecmv o6vedu-
HeHUe A0KAABHO V-NPEHEGDENCUMO20 MHONCECTNEA U ROCAeD08AMEAbHOCTU
(4,) n-unmespupyemviz Muoxcecms, mo npocmpancmeo S (4, n; F)
Mempusyemo.

YumTHBasA, 9ro Kaxkgoe A4, ecrtp obbenmHeHWe HpeHeOpEKAMOTrO
MHOJKeCTBA M HOCHe0BATEIbHOCTH KOMIAKTHARIX MHOKECTB, MB MOKeM
IPegHONOKUTE, 9T0 A, KomnarxmHs W HDONApHO He HEPECeKaIoTCHd.
Hpennomenne 17 noaBoigeT Kaiee NPEILOTIOKHATE, 9T0 A KOMIAaKTHO.
Ecan (V,) — cuetnas dyHmaMeHTaNpHAR CHCTEMa OKpyeHHH mas F,
T0 scuo, aro W (V,, K, 1/n) obpasyior ¢pyHIaMEeHTAAbBHYI CHCTEMY
oxpysxenmit nast f (4, p; F), Korma n mpoberaer N, oTkyna m momy-
yaeM IpefiosKeHne.

Jlemma 4. ITyembv F — pasromeproe mempusyemoe npocmparcmeo
u nycmv B A — cuemnoe 06veduneHUue N-UHME2PUPYEMBLT MHO-
acecms, Tozda das 41060l nocaedosamenvrnocmu Kowu (fr) 6 & (4, n; F)
cywecmeyem makas nodnocaedosamenvrocmo (fry), wmo (fry (x)) ecmo
nocaedosameavrocmv Koww ¢ F 0asa noumu scex x € B.
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Ilpepnonomxum cHawaxa, aro B maTeTrpEpyeMo, B 0603HATAM depes
d paccrosHEe, coriacyommeecs ¢ PaBHOMeDHOH CTpYKTypoid B F.
OmpefenmM 0O WHAYKOHE TaKyl [BOWHYI0 HOCAEI0BATENBHOCTH
(fmn) dyurmmit w3 o (4, p; F), qrobu f, = f, mas aoboro n,
9TOOH (fyn)n>o OBLEA TOAOCHEIOBATEIBHOCTHIO MOCIEI0BATeNPHOCTH
(fm_l'n),,z0 pasa go6oro m > 0 un, marouern, uTobn mas m >0 MHO-
#ecTBO M, Tex x € B, 0ast KoTopBIX d (fimn (), frmon1 (€)) > 1/27™74,
aMeno Mepy | p | (My,) << 1/2™7™1; BO3MOMKHOCTD TAKOro OIpefelne-
HAsA BETEeKaeT ®3 TOro, 1ro (f,) ecrs mocaemoBarenpHOCTH Homm
B (4, n; F). lonowmm M,, = goan; nMeeM

nz=

(o]

[ (M) < 2 (0] (Momn) <127,

m s BeeX & € B — M, umeeM d (fun (2), fmun+p (£)) << 1727071
g moboro n == 0 m xo6oro p > 0; craio GHTE, (fmn (£))nzo €CTH

(o]
mocienoBaTexsHocTh Homu B F. Myers Temeps N = (| M,,; MHOKe-
=0

ctB0 N npenetpescumo. Tonomum g, = f,, Bas moboro n = 0; naa
a1000r0 m MOCAeTOBATeABHOCTE (£,),>m €CTH MOAIOCIeS0BaTeIbHOCTE
HOCTeR0BATEIBHOCTH (fmy)nzo; €cim x € B — N, 710 HalimeTcs Taroh
HOMep m, 4To * § M,; @10 M JOKasmBaer, 410 (g, (r)) ecTh HoCHeNo-
BateabHocTs Homm B F.

Ecan Ttemepsr B ects obbpefuEenme mocaemoBaTexsHocT® (B,)
MHTETPAPYeMEX MHOMKECTB, TO MOHO ONpeleNHTh 0O WHIYKIWR
TAKYI0 IBOHHYI0 HOCAEN0BATEABHOCTE (Emn): ITO Lon = fry IT0 (Zmnin>o0
Oymer mogUOCIeI0BATEIBHOCTHIO HOCAEHO0BATENBHOCTE (g m—q,n)nz0 RIS
moboro m >0 7 970 (Zmn (2))n=, OyAer HoclenoBaTebHoCThIO Homn
Ha B,, — P, t8e P, npeneGpesxumo. [lonoxmum b, = g,, mas xobo-
ro n >0, Tak gro gxA awoboro m  HWockeHoBaTeXbHOCTH (R,)n>m
Oymer DOAIOCIENOBATENBHOCTHIO OCKEROBATOABHOCTH (€ mn )n>o; TOTTA
(hn, (2))nzo ecTh HmocienoBaTexbHOCTs Komn B F gus awboro xz € B —

(o]
— P, rpe P = |J P, — npereOpe:xuMoe MHOKECTBO.
m==0

Ilrepnoxernt 19. Ecau pasnomeproe npocmpancmeo F mempusye-
MO U nOAHO, MO pasHoMepHoe npocmpancmso S (4, w; F) noano.

CymecTByeT Takoe JOKAJABHO CUeTHOE CeMeHCTBO (K,)icr KOM-
DaKTERIX IIOAMHO;KecTB ®3 A, 910 K, INomapHO He IepeceKalorcs
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u 44— liK,“ ToKaXbHO mpeHebpesrmmo (m. 9, mpema. 14). B cmay
opepaosxenns 17 S (4, p; F) msomopdzo 1S (K,, p; F); raxum
AEL

ofpasoM, Bce CBONUTCA K [OKA3aTENLCTBY INpefiOKeHHMA [JaA
caydas, Korma A uwmezpupyemo; B 3droM cayiae S (4, p; F)
merpuayemo (mpema. 18), m corzacHo xemMe 4, HaA J0Go# mocie-
mosatexbHOcTH Homm (f,) B o (4, p; F) Baiiferca mopmociefoBa-
TeXBHOCTD (f,.h), cxopamasca Ha A — N, rge N npeneSpesxnmo; mIpe-
;ea f mocaefoBaTeabHOCTH (fr,) (IPOMOIIKEHH LI NPONBBOIBHEM 06pa-

30M Ha Bece A) ecTh p-m3MepuMas PYHKNUA, ¥ U3 00600MeHNA TeOPeMEl
EropoBa, o xotopoM maa peub k m. 10, BriTekaeT, 4T0 mociefoBa-
TelIbHOCTD (fnh) cxodumes no mepe ¥ f Ha A. Ovcioga ciremyer, 9ro f

eCTh 2JIeMeHT TPHKOCHOBEHRSA mocieqoBaTeabHocTd (f) B f (4, n; F),
a DOCKOJBKY (f,) eCTh 10 YCIOBHUIO NOCAEROBaTeabHOCTD Hommu, To oHa
cxomarea ¥ f, aTo m TpeGoBasoch NOKA3aTh.

CaegctBuE. I[Tycms F — paeromeproe mempusyemoe npocmpancmeo.
(i) Bcaraa nocaedosameavnocmbs (f,) asemenmos uz & (A, p; F),
cx00AWaAcs A0KAALHO nowmu ectody k omobpadscenuto f (Heobzodumo
u-mempusyemomy) mroxncecmsa A 6 F, crodumcs no mepe k f na A.
(iiy IMyemo (f,) — nocaedosamervrocmy saemenmos us (A, p; F),
cxodawaacs no mepe £ omobpadscenuto f muoscecmea A 6 F. [las awbozo
MmHoxwcecmea B A, asasiowecocs cuemHulm 06be0UREHUEM URMEZPUDY-
eMUIT MHOJCECMB, cyujecmeyem maxas nodnocaedosamesbHocms ('f"k)

nocaedosameavrocmu (f,), umo nocaedosamenvrocms (fny (x)) cxodumes
8 F & f (x) Oasa noumu ecex x € B.

(i) VTBepmpaenue cpasy ke ciefyeT u3 o060OmeHEA TeopeMbl
Eroposa, o koropoM mia peus B u. 10.

(ii) B cmay memMMmul 4 cymecTByeT TaKas IOAIOCIER0OBATEIBHOCTD
(fn,) mOCTENOBATEIBHOCTH (fn), 970 (f, (¥)) eCTh HmoCIeNOBATEABHOCTE
HKomm B / gns mwboro x € B— N, rne N mpeHeOGpemmMo; IyCTh
f (x) € F *) — mpemen oTolt HocmemoBaTenbHoCTH 1if z € B — N.
fcno, uTo ' ecTh p-m3MepuMoe oTobpamenne B— N B F, n nocaenosa-

TeapHOCTH (f,) B cmay (i) cxommrea mo mepe k f* Ha B — N; crano
6mTE, [ paBma f modurm Bciomy Ha B.

*) F — monoJHeRHe MeTPUIECKOTo NpocTpaHcTBa F.
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Ipemaomenne 20. Iycme F — 6anaxeso npocmparcmeo, Hade-
AEHHOe pasHomepHOU cmpykmypol, onpedeasemoli e2o Hopmoll.

(i) Aan aro6oeo p-usmepumozo- noOmuoscecmsa A us X monoaoausn
CZOOUMOCIU nO MEPE COSAACYEMCS CO CMPYKMYpoll eeKmopHozo npo-
cmparcmea muoxcecmea (A p; F).

(i) IIpocmpancmeso % (X; F) eciody naomuno 6 & (X, p; F).

(iii) Jas awb6ozo konewnozo™ delicmeumenvrozo wucae p =1 monoso-
auf, UHOYyupyeman 6 nPOCMPAHCImEe $§’, (X, p) monosocueti crodumo-

cmu no Mepe, majcopupyemca monoao2ueti cxodumocmu 6 cpedrem
nopadka p.

(i) Haa nwboro p-mHTETpHpyeMOro HOOMHOMecTBa B w3 A u Jio-
6oro 8 >0 oGozmaumm uepes T' (B, 8), Mmuomectso taxux f € (4,
p; F), aro muoskecrBo C tex z € B, mas xoropux |f (z) | =6, ymo-
BarerBopsier coorHomenwioo | p | (C) << 8; scmo, 4ro ecmm Vs ecrh
orRpykenme qus F, cocrosmee u3 Takmx map (¥, #), 910 |y — 2 | << §,
T0 oKpy:enne W (Vs, B, 0) ectp MHO;kecTBO Takmx map (f, ¢) m3me-
pumux oroGpamenuit A B F, wro [ — g €T (B, 8). fleno, uro Muo-
mecrea T (B, 6) cmmmerpuanst u aro T (B, 8) + T (B, 8)= T (B, 25)
un T (B, ad)c ol (B, §) naa nwoboro crauaspa o, YAOBIeTBOpPRIO-
mero ycaosnio | a | < 1; craxo 6mITh, mocTaTouHO yOeIUTBCA B TOM,
qro muomectsa T (B, §) ssagwrcs nosaowyarwwumu (Tom. Bexr.
mp-Ba (2-e m3n.), ra. 1, m. 5, mpena. 4). Ho ecan f ects p-mamepumoe
orobpaskenne A B F, To uncnoBaa ¢yHkmusa |f | Tome p-mamepmMma
(m. 3, caegcreme 6 n3 Teopemu 1). Ilycrs C,, — MHOBecCTBO TeX z € B,
nusa koropux | f (z) | =n; C, obpasylor yORBaIOmyIo DOCIET0BaTENh-
HOCTh WMHTETPHPYEMEX MHOKeCTB, MMEIOmMHX IycToe IepecedeHne;
3HaumT, Hafiercsa Takoe mexaoe n, aro | p | (C,) < 6 (§ 4, m. 5, caen-
CTBHie W3 IpepJ. 7); KpOMe TOTO, MOKHO HPERUOJOKHTD, YTO N B3ATO
cToab Goxsmmm, uto 1/n << 8; rorma f /n* €T (B, §), uem u 3aBepima-
eTcs MOKa3areabCTBO YTBep:KumeHus (i).

(ii1) Coornomenne 5 [ f P d]p|<d" Buever, uro ecim C —

mHOKecTBO Tex « € X, masa xoropux |f (z) | = 6, To
@< [ 1rrdini<em,

otkyma | p | * (C) << 8, =710 U gokasmBaer (iil).
(ii) B cmay (iii) mocraTouno mokaszaTh, Hanpumep, 4T0 L BCIOAY
nioTHO B o, W60 8% (X; F) mo ompepenenmio mirortHo B £} OTHOCH-
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TEIBHO TOMOJIOTMH CXOZMMOCTH B cpemueM. Mrak, mycts [ — mpous-
BOJNBHHT axeMernT M3 fp m T (B, 8) — okpecrHocts O B sTOM mpo-
CTPAaHCTBe; Kak ® B (i), ACHO, 94TO CYmECTByeT TaKOe MHTETPHPYEMOe
nogmHOKecTBo C m3 B, aro | n | (C) << 8 1 aro f oepanuuena na B — C;
0bo3HaUNM Temeps depe3 y ¢yHKIUW, paBayo f Ha B— C m 0 na
X — (B—C); u3 rteopeMur 5, m. 6 cxegyer, 4T0 g WHTETpHpYyeMa
u odesmpHo, uro f — g €T (B, 9d).

3Samevanumsa 1) Tomomormieckoe BEKTOPHOE IPOCTPAHCTRO
F (X, p; F) Be 006A3aTeIbHO NOKAJIBHO BHIOYKIO (yup. 24).

2) Tonoxorus, HMHEAyHUpyeMas TOHOJOIMeil CXOAMMOCTH IO Mepe,
HA MEO3KecTBE TeX [, juia Kotophx N, (f) <1, Moxer 6HTEL cTporo Goiee
ciaboit, YeM TONONOTUA, UHAYIUPYEMAad HA ITOM MHOKECTBE TOLOJOIrHels
CXOMMOCTH B cpejHeM nopsanaka p (ynp. 22). CM. ojHako HUKe MipejIo-
wemne 21.

Oneepenerne 10. IHycmos X — aokanbno Komnarmuoe npocmpaH-
cmeo, p — mepa na X, F — 6Ganaxoso npocmpancmso u p € {1, + ool.

Hodmmnoncecmso H wus ZL5%(X, p) Hasweaemcs pasnocmenenno
unmezpupyemvm nopadra p (0mHoCUmesbHo 1), ecau oHo ydosaemeo-
paem caedyiouum Ycro08UAM:

(i) das awboeo & >0 naiidemca maroe 6 >0, wmo dasa awbozo
unmeepupyemozo mruoxcecmea A mepw [ | (A) <8 u awboeo f € H

fIrredini<e

(ii) Juasa awbozo &€ > 0 naiidemca makroe komnarmuoe nodmrHoxcecm-
60 K us X, umo daa arwbozo f ¢ H

VIFP gxex dipn|<e.

Ilpm p = 1 BMecTo «paBHOCTeIIEHHO HHTETPEpYeMoe IOpAIKa p»
TOBOPAT IPOCTO (PAaBHOCTEHEHHO MHTEIPHpPYEMOey.

3 ameuanune. IIpegmonomnm, aro p orpanngena. [las awoboro
a >0 MHOXecTBO W3MepHMHIX O0TOOpasKeHmiT mpocrpaHctBa X B F,
mast KoTOpHX | f (z) | <C @ mouT! BCIOKY, PaBHOCTeIIGHHO MHTEIDHpYe-
MO HOPAAKA p, M 8TO BepHO miA awobux p € [1, + oo [.

MeennomeruE 21, Hycmwe H — nodmmuoncecmeo us Lr(X, w),
DpasHocmenenHo unmezpupyemoe nopadra p. B H pasnomepras cmpyx-
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mypa crodumocmu no mepe coenadaem ¢ PASHOMEpHOL cmpyrmypol,
undyyupyemoii pasnomeproli cmpyrmypot us Lr (X, ).

ITyere &€ > 0. Hasimyrea § m K, ynosierBopsiomue ycixoBusM (i)
u (ii) ompepmenenuss 10. Ilycrs, panee, f, g u3 H TaxkoBH, 4TO

|f (=) — g(x)|<( Ty )1/10

nas z € K, xpoMe Touek MuokectBa M MepH <C 8. Vimeem

(§ 1r—gram)™

X=K
1/ 1/
( S Ifl”dlul) == ( S |g|”d|p,|) P 2etrm,
X=K X—-K
N TaK e
1/
(f1r—gPaln)) <o
M
CJIeI0BaTEJIBbHO,
flr—gram|=
= [ r—graipi+{ir—griapul+ | 1r—gPani<
X-K M KM

<Pet 2o+ gy [0 (K — M) < (2P ).

[(K)
Taxmm o6pasoM, paBHOMepHAS CTPYKTYpa CXORUMOCTH 110 Mepe Ha H
Ma;KOpPHPYeT PAaBHOMEPHYIO CTPYKTYPY, RHAYNHEDYEMYIO paBHOMEpHOi
crpykrypoit u3 L% (X, p). Crano 6utb, J0CTaTOYHO IPEMEHATE Tpef-
aoxerne 20.

12. 0010 ceoticmeo wuporoil crodumocmu

JIEMMA 5. ITycmb X — 10KEGABHO KOMRAKMHOE NPOCMPAHCME0, P —
noAo¥cumenvHas ozpanudennas mepa wa X, F — Ganaxoso npocmpan-
cmeo u f — oepanunennasn gynryus na X co snauenusmu 6 F. Caedy-
ule YCA08US IKEUBANEHIMHBL

(i) Mnoxcecmeo mouer paspusa gynkyuu f p-npenebpescuno.

(ii) Jas awbozo & >0 nalidymes marue ssemenmur @y, .., Q,
us F, maxue ynryuu g,, . . ., g, npunadiexcayue &% (X), u maras
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Henpepyienas oepanudennas gynryus b >= 0 na X, umo
f— & — ... — gy | <h<<2sup |f ]

sc100y Ha X u
Shdu <e

OGosnaunm vepes N MHOKecTBO ToUek paspnisa PpyHkmuu f @ mo-
aosamM M = sup | f |.

(i) = (ii). IIpemmonoskmM, uro yeaosme (i) BHHIOJIHEeHO. BosbMmeM
e >0. Oynxmnus [ p-materpmpyema (m. 2, caegcrsme 4 w3 mpema. 5
u 0. 6, TeopeMa 5); sHaumT, B F Hajayrcsa Takue d,, .. ., @y, a B ¥ (X)
TaKme g1, . - -5 L, 9T0, HONOKEUB k= |f — gi@; — . .. — g,Q, |y

TOTYIHM Sk dp < €/2 (§ 3, m. 5, mpenar. 10). Mur MozxeM, KpoMe ToTo,

YMHOMAS g, . . ., gn HA ONWH ¥ TOT K€ HajJe:KamuM oOpa3soM BHIG-
pamuni saeMeHT w3 ¢4 (X), mpeamonoKETH, YTO

lga, + ...+ gna, | < | 1]

na X, oreyma k<C2M. Muomxectso N' Touek paspuBa ¢QyHrnua k
comepsxmrtcs B N, m 3HaunT, opeHeGpe-xuso. Jlas moboro 2 € X mouo-
wmm [ (x) = lim-sup & (y). Umeen 2M =1>k ma X m l=k

Yy-x
Ha X — N’, T.e. IOUTH BCIOAY OTHOCHTEIBHO |\; 3HAUAT, Sldp < /2.
C mpyroii cTopoHsl, [ oTpaHuYeHa N DOJyHeIpepPHBHA CBEPXY, ¥ CTAIO
OHITH, ABAAETCA HEKHel Ormbaiome# MHOMKeCTBa HeIpepHIBHEIX OIpa-

HngeHHEX ¢QyHKnui, Maxopupyiomux [. CremoBaTerbHo, HalifleTcs
TaKkas HeIOpephiBHAs OTpaHW4YeHHAas ¢yBEKmua h > 1 ma X, w110

<2M m Shdp < g ldp + ¢/2 (§4, o. 4, cuegerBme 2 m3

npenx. 5). fcwo, wro ghdp <o n|f—gai—...— g, | <h

(ii) = (i). Hpengmomoxmm, garo ycaosme (ii) Bermoxmeno. Ilycrs
nas awoboro z € X depes w (r) o0o3HaueHO Koxebamme QyHKRmUM f

B Touke x. BossMem & (. CymecTByOT @y, . . -y Apny L1y + - <1 Guy By
ofagalomme cBOMcTBaMHM, yKasagouMA B ycnopmu (ii).” Ilaa aroGoro
2 € X o (x) Gyner konebammeM ¢yHEKmuA f — g0, — . . . — g0, B &,

u smaunT, o (x) < 2k (2). Craxo GHTH, S o dp << 2e. CremoBaTein-

HO, MHOMecTBO A, Tex x € X, maa Koropux o (z) = > Ve, Taxoso,
14 =, Bypbaku
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aro p (4e) < < 2V e. TeM caMBIM Tokasano, 1o b (V) < < 2Ve, otkyna
p(N) =0.

MIeepnoxennt 22, ITyemv F — 6anaxoso npocmpancmso, X —
AOKAABHO KOMNAKMHOe NPOCMPAHCME0, & — MHONCECMEO NOAOHCU-
MeAbHHT 02panuienHux mep Ha X, p — asemenm us € u B — basuc
dusompa ¢ E. Ilpednoromcun, umo B wupoko cxodumes k n u umo
| v || cmpemumes & || nl| no B. Myecmb f — omobpancenue X s F,
ydosaemsopsiowee CAeAYOWUM YCAOBUAM:

(i) f oepanunero, unmespupyemo OMHOCUMEALHO W U OMHOCUMEALHO
41060t Mepvl, npunadiexcawell saemenmy us BH;

(ii) mroscecmso mouer paspwisa omobpadsicenuss f p-npere6pesrcuno.

Toeda S fdv cmpemumes & S fdp no 9B.

Ilyers ¢ > 0. CymecTBylor TakWe 3JeMeHTH di, . .., @, us F,
Takwe QYEKIAN g, . . ., &, U3 &4 (X) m Takasa HempepHBHAs OTPAHM-
genHas Qyaxkmua A >0 ma X, aro |f — ga; — . . .— gpa, | <

h<2sup |f| ma X =m Shdugs (memma 5). Ilycrs M =

= sup |f |. Halinyres Takoe KoMmakTHOe HoMHOKectBo K m3 X,
aro p* (X — K) << e (§ 4, o. 7, npepn. 12 n m. 6, teopema 4), Takas
KOMIAKTHAsA oKpecTHOCTh K’ MHOMecTBa K B X W Takoe HeIpepHBHOE
orobpasxenme o’ X B [0, 2M], wroh’ = huwa K,h' = 2M ua X — K';
sameHsA h Ha sup (k, k'), MOKHO, KpOMe TOT0, HPEAIOIOKUTH, 4TO A’

Maskopupyer h. Mmeem { (R" — h) dp < 2Mp* (X — K) < 2Me.
C ppyro# croponH, A’ = hy + 2M, toe h; € 8¢ (X). YuursiBasa mpen-
noxernne 12 m3 § 4, n. 7, moxywaeM, 9TO UMCIIO 5 hdv = S hydv +

+ 2M || v| crpemmrea mo B x
Shldu +2M | pll = Sh'du-
Torma cymectByer Takoe A € B, uto maa awGoro v € 4
| .
[ f (8181 + . . .+ gaan)dv — f (611 + . . .+ gnaty) dp.

Shdvggh'dvgs n dp 4 s<5 hdp + 2Me + e <2 (M -+ 1)e.
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W3 >THX HepaBeHCTB HOJydaeM

fav— \Fdp | < \ hdv+Y\ (ga"+ . . .+ gnay)ldv —
|
—S(g1a1+...+gnan)dul+ S kdp < 2(M+2)Ie,’

qTO ¥ JOKa3bIBaeT MmpeljoxeHHne.

3amMeuvanme. YciaoBaa (i) m (ii) npennoskermsa 22 BuHoang-
10T, ecad f HempepsIBHO B OTpaHHIEHO.

I pmMep. BosekmeM B kauecTBe X KoMIakTHOe HpocTpaHcTBO [/

KOMILIEKCHEIX ances ¢ abconrorabm 3HadenmeM 1, [Tomaraa gas awo6o-
1

ro fex (U) p(f) = S f (e2™) dt, ompepmeamm na X modosm-
0
TenbayI0 Mepy MaccH 1. C gpyroii cropons, mycrs 6 — me#icTBUTENB-

HOe 4mCa0; IycTh, fajee, Aad aoboro neaoro n = 0 gepes v, o6osma-
"eHa eJlMHWYHAS Macca, HoMemleHHas B Touke] e2i%"® mpocrpamet-
Ba U, m uycrh

E“Tl:n 1 ('V0+-..—]—'Vn), !

TaK 9T0 W, eCTh monoKuTenbHasa Mepa Ha U maccw 1. Torpa, B cayuae
uppanuoHaxbuore § p, mupoko crpemmrea K M. [leficTBETenBHO,
HOCKONBKY nmWHefinbte KoMOmHamum ¢ymxmui 24— 2° (k € Z) Bcony
nnorau B 8¢ (U) (O6mas rou., ra. X (2-e usn.), § 4, n. 4, opepa. 8),
TO JOCTATOYHO JAOKa3aTh, UTO W, (2°) crpemmrea & n (z°) mas k € Z.
Ho pna k = 0 mmeeM n, (z") = (zh) = 1; maa k = 0 umeem

by (2% = n-H (1 4 2imk0 | ghink0 4 |y p2inkn0),

A Tak Kak €210 —£1 (mGo 0 mppanMOHANBHO), TO OTCIONA BEIBOLIM:

i ()| = | G2imR(n1)0 <t 9
Mo ) |= | 307 ~zmmo 7 |71 |20 _q !

¥ 3HAUMT, W, (*) crpemutesa k 0 = p (z*). Ipm aruxX ycroBmAX MOKHO
OpAMEHHUTH Tpefaoskenne 22 n, B YaCTHOCTA, MBI BHIAM, 4T0 ecim 4 —
noaMHuOKecTBO M3 U ¢ npenelOpedcumoil epanuyeil OTHOCHTEABHO I,
TO W, (A) crpemmrcs k p (A). VEBME caoBamm, ecaym p, O3HATAET
qucao meawx k € [0, nl, mas woropmx €20 ¢ 4, 10 n~'p, crpe-
muress K p (A) mpm n— - oo.

14%
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Yuopasxkaeana

°1) IIycrs I — moayoTkpHTHE HETEPBAT | @, b] 13 R u nycts F = Rrf
— HPOCTPAHCTBO BCeX oToOpakenuil maTepBana I B R, HajememHoe TONO-
Jorue# mpocroil cxommmoctu; miA dwGoro z € I uepes f (z) obosmaumym
otTo6pakenue f+—> | 2 — t | unreppana I B R, ABIANOmeecs 3JIeMEHTOM
npoctpancrea F; orobpasikenue / naTepsana ]l B F menpepusno. [lokasars,
aro gymxnusa f guddepennupyema ciiepa B KaKmoH Touke u3 I, HO 49TO

ee Jepas NPON3BORHAA f;r ectb QpyHKuusa (co sHaueHusMH B F), He uaMe-
puMasi OTHOCHTENbHO MepH JleGera, XoTsi OHA ABIAETCH NPOCTHM Lpefe-
JIOM 1IOCJIeflOBATEIbHOCTH HENPEepPHIBHHX QYHKIUI M XOTH [AJA KasKIOro
t €1 ¢pymkuud pryo [ é', ABJISIOTC S nsmepm}mﬁ gnciioBoil PyHKnMed (3ame-
TUTH, 470 f é’, HE HeNlPePHBHA CIIpaBa HE B OJHOH ToYKe m3 I, M NPUMEHHTH

yup. 1 us O6meit ron., ra. IV, § 2).

2) HOycts v — mepa JleGera Ha R, g — HenpepusHOe oroOpamenne R
B [0, 1] c mocurenem B | —1, 2 [, pamoe 1 ma [0, 1], 1 p — mepa g-v
Ha R. MHoxkecrBo H, < [0, 1], onpenenennoe B ynp. 8 § 4, He snusiercs
|-A3MepHMEM, HO MHOmecTBo H = Hy, — 2 p-uperebpesxumo.

a) Ecau nomosurs f (z) = z — 2, To f HENPEPHBHEA, a Py WU-H3MEPH-
Ma, HO CJOHAA QYHKIHUA Qg of He ABIAETCA M-M3MEePHMOLL.

b) Ecan nonoxurs' h (z) = z -+ 2, 10 obpas kh (H) p-M3MepHMOTO
MHOKecTBa [ HOCDEACTBOM HempepHBHONI QYHKIMH h He ABIAETCA |-13-
MEPHMBIM.

3) HOycrts f — uamepmmoe otoGpaskenne X B TOIOJOTHYECKOE IIPOCT-
paEcTBO F M g — NOJyHenmpepHBHAA CHHW3Y dncjaoBas (Pymkmusa Ha F;
1I0Ka3aTh, YTO gof U3MEPHMA.

°4) Ilycts p — mepa Jle6era ma X = [0, 1 [ n nycts (H,) — pasbue-
gne X B GeCKOHEYHYI0 NOCIEOBATEIBHOCTh MHOMKECTB MOUIHOCTH KOHTH-
HYYM, U3 KOTOPHX HHU OJHO HE ABIAETCA W3MEPUMHIM U KOTODHE TAKOBSHI,
470 AgA obpenmHenus H m1060r0 KOEEYHOTO YMCIA MHOMECTB H, uMeeM
P (H)= 0 (§ 4, yuop. 8). Iyers o, — Guexmua | 1/(n-4-1), 1/n]
ma H,. Jaa moboro y, 0 < y < 1, obosmayuyM Iepes n TaKoe Iejioe IucJo,
aro 1/(n+ 1) <y < 1/n. Oupepernm f, KaK XapaKTEPUCTHYECKYIO
$YHKIUIO MHO}KeCTBA, CBOjsIIeTOCA K ToUKe ¢, (y); miaa moboro z € X
dymkmua f, (z) crpemutcsa k 0, xoria y crpemutca K 0. Ilokasars, 9T0
He CymecTByeT TaKoTo KOMIAKTHOTO MHojkecTBa K < X mepu > 0, 9T00H
fy paBHOMepHO cTpemmiach k 0 Ha K.

5) Hyers (f,,) — ABofiHas HocJemoBATENHHOCTh M3MEPHMHX 0TO6pa-
skenmit nmpocrpaEcTBa X B Merpmsyemoe npoctpamctso F. [omyctmm,
qro npHE a060M m IOCTENOBATENBHOCTh (frp)ys,q CXORHTCSA JOKAJBHO
nodTtH By K QyHKRuuEM g, ¥ 9TO MOCHEJ0BATENLHOCTE (g,,) CXORHTCH
JOKaJapHO modrn Beofy K ¢ymrmuu k. Ilokxasars, aro mas gi000r6 KOM
makTHOrO ‘momMHOMKecTBa K M3 X HalilyTcA TaKHe [iBe CTPOTO BO3PACTAm-
mue rnociaegosarexsHocTH (my) n (ny) measx gucex > 0, 9ro nocienosa-
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TEABHOCTh QYHKIME f’”k- n, cxofnTcs no4tn Bclogy HAa K K h. (3aMeTuts,

4T0 #iIs Jrio6oro &€ > ( cymecTByeT TaKoe KOMIAKTHOE MHOKecTBO K; — K,
910 U (K—~—K;) < & 1m 910 Ha K, DOCIEIOBATENbHOCTD (g,,) H KarKias
U3 TNOCJIENOBATENBHOCTOH (fmp)ps,q PABHOMEPHO CXOAATCA.)

°6) Hyctb pgas moGoro meaoro n = 1 f, (z) = [2nz] — 2 [2n-12].
Ilycrs, fajee, B KOMNAKTHOM NpocTPaHCTBe oToGpakemmit npsmoit R
B {0, 1} (mapenesHOM TOmOJOTHEI IPOCTOR cXOmUMOCTH) depes f 060zHA-
yena TOYKA NMPHKOCHOBEHHMs1 HoclenoBaTeasHocTH (f,). Ilokasars, 9T0 Rus
n:060r0 IBOMIHO-PAIMOHAIBHOTO YHCIa r paseHCTBO [ (r -+ z) = f (z)
copaBe[iiMBo Aasi nio6oro z € R, a pasemcrse f(r — z) = 1 — f (z) —
aaa awboro z € R, oTimaroro or JBOMYHO-PANMOHANBHOTO Jucia, Brse-
CTH OTCIOfA, 9T0 QYHKIMA f He M3MEDPHMA OTHOCHTENBHO MepH JleGera M.
(PaccyspmaTe or nmpoTEBHOTO; 0003HAUHB depes A MHOMKECTBO TeX z €
€ [0, 1], B xoTopEx f (z) = 1, momycTum, uro A H3MepmMo I p (4) =
= g > 0; nokasaTp, 9TO CymecTByeT TaKoe MHOKeCTBO I, IpecTaBisio-
mee coboll o6befnHenne KOHETHOTO YHWCJHA OTKPHTHX HHTEDBAJIOB U3
10,1, uro p (I 1 C4) L a/t v p(d ) CI) < al4; paccuatpusas
HHTePBAIH, cofepmamuyecs B I g nmetomue supg ] k/2n, (k -~ 1)/27], noka-
3aTh, YTO MJIA ABOMIHO-DANMOHANBHOIO I I He JEOHYHO-PANUOHAIBHOIO I
He OyfeT BHIOJHATHCA cooTHomemue f(r — z) = 1 — f ().)

7) Oycts X — marepsax [0, 1] u3 R u F — ruan6epToro HpocTpaH-
CTBO, HMeEOmee OPTOHODMUPOBAHHHIN Gasuc (et)ostsv PaBHOMOITHEIH
uHTepBaly X.

a) IToxasaTe, 4ro orobpamenme f mmTepsasa X B F, Takoe, 9T0
F()=e; paa 0 <t <1, He uamepumo ormocuTenbHo MepH JleGera,
HO 4YT0 1pooGpas mpu oTobpaskeHHEH f BCAKOTO 3aMKHyTOro mapa us F
H3MePHM H 9T0 Aas fM0boi menpepuBuoil numeiinoii dopmu a’ va F Pynk-
mua {f, a’) npemeGpemruma.

b) Mycrs H — me usmepumoe mmoskectso u3 X (§ 4, ynp. 8); moka-
3aTh, 9T0 ecau g=f@y, 10 dynxnusa (g, a’) npemebpemuma s moboit
HenpepuBHO# Jumefimoi ¢opMm a’ Ha F, HO umcaoBasm ¢ymKuus|g |
He H3MEepHMA. ’

8) Ilycts F-MeTpumayeMoe JOKalIbHO BHIIIYKJIOE IpPOCTPAHCTBO U f —
oto6paskenue X B F, ymomimerBopsiomee ycaoBuaM a) u b) m. 5, caemer-
Bue 1, npeni. 10; nmokasaTh, 910 f U3MEpHMO.

9) HOycrs u — mepa Jlebera ma X = [0, 1]; obosmadum dwepes F
BeKTOPHO® NPOCTPAHCTBO HaJ, R KOHEYHHX W-H3MEDPHMHEX YHCIOBHX (PyHE-
nuit #a X; Hafjesjendoe romoJormeil mpocToil CXOAMMOCTH, TO IPOCTPAH-
CTBO OTAENHMO H JOKAJILHO BEIIYKIO.

a) Hokasarp, 910 B F CymecTBYeT CIeTHOE BCIOZY IJIOTHOE MHOKECTBO
(paccmoTpers B OGamaxosom mpocTpamctse € (X; R) HenpepHBHHX duCIO-
BoiX QyHKnuil ma X BCIOLY IJIOTHYH NOCIE0BATENHHOETD).

b) Oycry gna aw6oro z € X gepes f (z) obosHadeHn alTeMeHT CoNps-
senroro F' & F, onpepenenntii pasercrsoM (2, f (z)) = # (z), cnpasenin-
BHIM TIpH BceX 2z € F. Tlokasats, 9to Korna F’ HapmemeHo caaGoil Tomoso-
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rueir o(F', F), f de sipasgerca w-usMepuMsiM, mo (@, ) p-usmepumo gia
Jo6oro @ € F.

°40) Oycrs F — GamaxoBO NPOCTPAHCTBO K J — Tanoe H3MEPHEMOP
oroGpaskenue mpocTpadcTea X B F, 9To MHOecTBO 4 Tex z € X, B KOTO~-
pux f (#) 5= 0, sABiasieTca cYeTHHIM OOBbeJMHEHHEM HHTETPHPYEMHX MHO=
sKects. [HokasaTh, IT0 CymecTBYeT TaKas MOCIeZ0BATENBHOCTS (f) Hempes
DHBHHX (YHKIME ¢ KOMOAKTHHEM HOCHT@JEeM, NPHMHAMAIMUX 3HaYeHHA
B F, 910 HocaegosaTenbHocTh (f (z)) exogutes ¥ f(z) mo9td Bcony Ha X
(8ameruTh, 9T0, ¢ OFHOH CTOPOHH, A ecTb 00BEHHEHHe HpPeHEOPEKUMOTO
MHOKeCTBa N W HOCIHeJ0BAaTeIbEOCTH KOMIAKTHHX MHOKecTB K, nonapHo
Ges o6mEx_TO9eK, 00MafAOIMMX TeM CBOMCTBOM, UT0 CymKeHHe QYHKNHH [
Ha Kamjoe u3 K,"HenpepeBHO; &, C APYToil CTOPOHH, CYMIECTBYeT yOHI-
BAOMaAsa mocixefoBaTels80cTh (U,) OTKPHTHX MHOMKECTB, cojepmamux A
u TaKkux, 910 p (U, | CA) crpemurcsi k 0 mp ™ eorpaHWIeHHOM Bo3pacTa™
HUHA n). )

11) Oycrs f — usmepumoe oToOpaskeHne mpoctpancTsa X B 6aHaxo-
B0 mpoctpancTso F. Jlua mio6oro uenoro (IOJORUTEABHOIO MIH OTPHIas~
TeJIBHOTO) PAfHOHANbHOTO n 9epe3 A, o0o3HauiuM MHOMecTBO TeX z € X,
B KOTOPHX 27 >7| f (z)3] >"2n-1, Nnsa roro 9tobm ¢ysruua f Gwa
mHTerpHpyeMa, Heo6XoAMMO m [OCTAaTO9HO, UTOGH PAX ¢ oOmMUM WiIeHOM
2nu (A,) (n €Z) cxopumics,

°42) Iycrs p >0 — mepa Ba X 1 (f,) — mocregoBaTeIbHOCTH
uHTerpupyeMux pyaknmi ma X, cxopAamasaca mpocro #Ha X K ¢yHKOHR f.

a) Ioxasarhk, 910 ecam f HHTerpmpyeMa m

S Fldp=1im \ fydy,
-~ n—+00

TO RJIsA M030T0 €]> 0 CymecTByioT ASTerpupyemMoe MHOKecTB0 A, HHTEIDH-
pyemas Qyawgua g > 0 m uemoe ny Tak®me, UT0 ANA JA0GOTO R = ng

l S fn‘PcA_dHl < e

nif, (2) | < g (2) ana modoro x € A (paccMorpeTh Takoe HETErPEPYEMOE
MHOKeCTBO B, 9r0 .

§ 171 oopan < o2

u 9r0 [ orpamudena ma B, m npumenath Teopemy Eroposa),
b) TpepmomoxuMm, d9ro Aaa aoboro & > 0 Hafifyrea usmepumoe
MHOKECTBO A, marerpupyemas Qymrmmsa g > 0 @ nexoe n, Takme, 9T

masa  awboro an Walgoadn <e u | Fn(@)7" <g(2) pas mwoboro

z € A. lloxasarb, 9TO HpZ 3THX YCAOBHAX f HBTETpHPYeEMa H 9TO f,'l""
B Ll. N o6patHo.

¢) Ipegmomomum, 9ro F = R; mokasaTh Ha HpHMepax, 49To YCJIO-
BHA . a) HEJOCTATOYHEL M UTO YCIOBAA 1. b) He meoOXomumst i TOIO,
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aro6n f ORJIAa WHTErpEpyeMa M ITo0H

S fdp= lim S Fndp.
n—->00

°13) IIycte p — nodosuTensHas mepa Ha X, [lokasars, Wro ecin
MHOKECTBO A HM3MepUMO, TO s w6020 mOAMHO;KecTBa B — X BmoJ-
HAETCS PAaBEHCTBO

p* (B) = p* (B (| A)+p* (B N C4)

(B caysae p* (B) < 4o paccMOTpeTb TaKoe HHTEIPHpPYeMOe MHOKe-
cTBO By, 9T0 B <= By u p* (B) = pu (By) (§ 4, yup. 7b))). ObparHo, NoKa-
3aTh, 9TO ©CIM MHOKECTBO A YROBXETBODPSIET 3TOMY YCIOBUIO, TO OHO
usmepumo (cp. § 4, ynp. 6e)).

14) Ilycre (A4,) — TaKad NOCHEIOBATENbHOCTH NOAMHO;KECTB M3 X,
49TO JJIA KaKIOTO MHIEKCA n CYMECTByeT H3MePHMOe MHOMECTBO B, D A4,
upudesM MHo:KecTsa B, He HMeKT nonapHo ofmux To4ek. Ilokasats, 4ro

B (U 4p) = 21 (4n),

P (U Ap) = D) s (4p).
n n

15) Hycre g — nonoxurensBas Mepa Ha X. OmpeneneHHas Ha X
(KoHEYHAA IIM HeT) YHCJIOBasA QYHKIUA [ HASHBAETCH KeA3UUHMezpUpYe-
Moil, ecTE 0HA M3MEPUMA H-eCIH W¥ () = py () (§ 4, yup. 5). B s10M
caydae noxaraior u (f) = ’y*k(f) = g (f); BMecTo i (f) nEmyT eme jfdp.

a) IlokasaTs, 9To ecny f W g KBasMMHTEIPHPYEMH H €CIIH CyMMa
B (f) + p (g) onpegenena, To pyEKUHA f 4 g oﬁpe;c:eneﬁa mO4TH BCIORY,
KBaguuHTerpupyema u u (f < gy=p (f) + p ().

b) BuBect ns a), IT0 mas TOTO, 9T00H f OBLIA KBAa3MEHTEIPHpYyeMoli,
#e00X0MMO H JOCTATOYHO, 9T00H f Ohifa M3Mepuma M 900K mo Kpaiimeit
Mepe ofHO M8 Wmcen P* (f¥) m p* (f-) Ohmo komeumo; Torma p (f) =
=¥ () — p* (). N ,

°16) Iycts X — KOMIAKTHOE IPOCTPAHCTBO H W — NOJOKHTETHHAA
Mepa Ha X. T‘osopm, 970 orpaHudeNHas Ha X uxexoBas QyHKuuA [ HEmpe-
PHBHA II0OYTH BCIOAY (OTHOCHTENBHO MepH p) Ha X, eClH HONONHEeHHE
MHOKECTBA To4eK u3 X, B KOTOPHX f menpepmBHa (oTHOCHTENRHO X),
HMEET Mepy HYIb.

a) YxasaTh HpHEMEpP TaKOH HENPepPHBHON Mo4YTH BCIOAY QymKuum f,
Jjisi KOTOPoit He CYINeCTBYeT HU OJHOI HeIPepHBHOI GyHKOHE g, papHOH f
MOYTH BCIOKY. P :

b) Momycrmm, 9ro HocuTens Mepu p coBmagaer ¢ X. Ilokasars, 4ro
RJa Toro, 9T00H orpammYeHHas Ha X wuciaopas. yHKnusa f Osra nodTH
BCIOy paBHA (YHKIUE, HeNPepHBHOH mOYTH BCIOAY Ha X, HeoGXo[uMo
H JIOCTAaTOYHO, 4ToOH CymecTBoBaio HomMmMEOkecTBo H mu3 X, umeromee
aperebpesKuMoe JONMONHEHHe W TaKoe, 4To cy:Kemme f ma H HenpepHBHO
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(A5 MOKasaTeNbCTBA [OCTATOYHOCTH 3aMETUTh, 9T0 H BCIOAY IJIOTHO B X
u 4ro mpofomxenue pynxumnu f | H ma X, nodyHenpepuiBHOe CHM3Y Ha X
(O6mas Tom., ra. 1V, § 6, npepa. 4), ABasgercsi HenpepHBHOI (OTHOCUTE b~
#o X) ¢pynKiueil B Kampoil rouke u3 H). Bupectn orciona, 9to f 3Mepna.

¢) BuBectu m3 b), gro ecim X, Kpome TOTO, Mmempusyermo, TO i
m060it orpaHmdennoil QyHKnum f, mOYTH BCIOAY paBHOI HENPePHBHOU
109TH Beofy Ha X QyBHKIuH, CyImecTByeT NocCIefoBaTeJbHOCTS (f,) Helpe-
PHBHHX Ha X QYHKIUHA, cXOAAIQ@sCA B Kaxdoil ToUKe U3 X, I HMeOUAA
mpepedt, MOYTH BCIOLY paBHHIL f (cp. § 4, ynp. 4c) )(3aMeTnTsh, 9TO yTBEDIK-
HeHHe COpPaBelJUBO [Jsi MOJYHeNnpepHBHOW cHuay ¢yHKIUI f).

d) Tlycrp A —coBepmennoe MHOMECTBO (€3 BHYTDEHHWX TOYeK,

‘cofiep:kameecss B X W mMeiOmge CTPOTO HOJOKUTENBHYH Mepy (cp. § 4,

ynp. 4a)). Hoxkasars, 4To He cyIiecTByeT HU OJHOH HENMPepHBHON ICYTH
BcioAy Ha X ¢yHKuM#, DodTH BCIOLY paBHOIl HOJyHeHPEpPHBHOIL cBEPXy
$yuruun Q4.

°17) Tlyers X — KOMOAKTHOE XPOCTPAHCTBO M [ — HOMOKHTENbHAS
vepa Ha X. ToBopst, uro MHOKecTBO J° KoHeYHHX pasbuenuil mpocrpam-
crBa X Ha HHTeTPHPYeMble MHOMKECTBA, QUIBTPYIOMMECH 10 OTHOLIEHUI)
«@® MEHSe MeJKOe, 3eM o'y, pyndamenmasvio, €CIN AJA BCAKOTO OKpy-
sKeHHA V paBHOMepPHOH CTPpYKTypH npocTpaHcTBa X cymecTsyer pasfiie-
HEe ® = (A4;) npocrpancTea X, mpusajfiesxamee P n Takoe, 9T0 BCE A;
Manme nopafgka V. Jlns BcsAKOro KoHeYHoro pasbuenus o = (Ay), OpHBAJ-
Je:amero J°, u a06oi orpammgendoil Ha X 9uciosoil PyEruuy f mcio-
miM sp (f) = D) inf f(2)ep (Ap) m Sy () = ) supf(z)-p(dy) («puma-

B xEAh k xEAh
HOBHL CYMMED [JIa QyHKnuz f u pasbuenna o).

a) Hoxasars, aT0 s5 (f) < e () < u* () < Sy (f) mam a0Goro
pasbuennn & u 910 A s, (f), 4 S (f) CTPEMATCA K Opefesy N0 yOoOpsio-
9eHHOMY (UIBTPYOIMEMYCH MHOMKECTBY J°.

b) Nokasars, aro ecam J° ecth (PpyHmaMeHTANbHOE) MHOMKECTBO 6cex
KOHEYHHX pasOueHmii mpocTpamcTBa X, COCTOANMX M3 HMHTEIPHPYEMEIX
MHOJKECTB, TO Aisi Ji06oft HHTErpHpyeMoil orpaHmIeHHoii ¢ymkumm f

CYMMH S, (f) m Sy (f) cTpemsarca k S fdu mo mBRoOMecTBY .

¢) Ecnm f — orpanudennas (QyHKIDWs, HenpepHBHAA NOYTH BCIOAY
Ha X, 70 5,(f) 1 S (f) crpemsaTca K S fdp noawéony GyHnaMeHTATBHOMY

MHOKECTBY J° KOHeYHHX pasbueHHi mnpocTpaHcTBa X HA HHTEIPHUPYEMBI®
MHOMecTBa: (muA JwoGoro &€ > 0 paccMOTpeTh 3aMKHYTOE€ MHOMKECTBO A
TO9eK, B KOTODHIX KoJeGamme ¢yHKREE f Goablie HJIH PAaBHO €, H NiA
BCAIKOTO pasOumenusa o € 9P, >mHOMKeCTBA KOTOPOro MajH mopsimka V,
PaccMOTpeTh QTACIBHO Te MHOKECTBA U3 o, KOTODHeE nepecekawTca c V (4),
¥ Te, KOTODHe He mepeceKkalorcsa). [lokasarb, 9T0 ecJH [ OrpaHuucHa

I moJiyHemPepHBHA CHH3Y HA X, TO S, (f) cTpeMuTcs K S f du 1o awbomy
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¢yHIaMEeHTAIbHOMY MHOKeCTBY J° KOHEUHHX pastneruil npocrpancTea X
HA MHETETPHPYEMEEe MHO;KECTBA (IPEICTABUTEL [ KAK BePXRICI0 orubamwmymo
HeNnpepHBHNX (QYHKIMI).

d) Muo:kectBo A — X BasnBaeTcsA keadpupyemus (OTHOCHTENBHO (i),
eciH ero XapaKkTepucTHdecKasa (YHKUMS HenpepHBHA NOYTH BCIONY MJII,
970 CBORHMTCA K TOMY 7Ke, eCJH ero rpaHuija u-nperebpesxuma. IlokasaTs,
4970 BCAKafe TOIKA 24 € X obnamaer ¢yBraMeRATadbHOH cucTeMcit KBagpn-
PYEMHIX OTKDHITHX OKpecTHocrell (maA ni6oii okpecTHOCTH V TCUKE 7
qepe3 f 0603HAYMTE HempPePHBHY - PYHKIMIO co smpavenmsmm B [0, 1],
paBHy®0 1 B Touke z, 1 0 Ha CV; paccMOTpeTs MHOKECTBA T€X z, B KOTO-
pHX f () > o gaa 0 < a < 1). BuiBecTu otciofa, 970 CYIECTBYET TaKoe
PyHnaMeHTaNLHOS MHOKECTBO J° KoHewHniX pasfuemmil npoctpamcrsa X,
TTO BCAKO® pasbuenue o € J° cocTonTius OTKPHTHX U W3 NPeHefperRumnX
MHOKECTB.

e) Mycrs & — takoe PyHAAMEHTAIEHOE MHOMECTBEO KCHEUERIX pas-
Ouennii mpocrpamcTBa X HA HATEIPUDYEMBIE MHCECTBA, 9TO BCAKGE
pasGuenue @ € $ COCTOUT H3 OTKPHTHX ¥ U3 npere0peKHMBX MECHKECTE,
Hna moboit orparudennoif Ha X dyuknuu f Tepes g oGosnaumm Hanboin-
myio u3 GyHKnmd, nodyHeNPePHBHLEX CHM3Y HA X I He NPeBOCXOAFMMX f
(O6bmasn rom., ra1. IV, § 6, npena. 4); nokasarb, 9T0 A4 J1060T0 pasdmenns
0EP s (f) = s, (&)

Buipectm orcioma, 910 As;A Toro, urtobH s, (f) m Sy, (f) crpemmanch
K OfIHOMY M TOMY ;Keé Hpejeny mo J°, HeoO0xopuMo, 1106w f OmJa Hempe-
PHBHA NOYTH Bcloay Ha X.

1) C momoms10 e} HocTponTs HpEMEP|TaKol Nf exelpes myci { yEKLLD f
H Takoro (yHIaMeHTAJLHOIO MHOKeCTBA J° KOHETHHX pasGHenumil mpocT-
pancrBa X Ha MHTErpHpyeMBle MHOKECTBA, 4TO Sy (f) M S, (f) He crpe-
MATCA K OJJHOMY H TOMY K€ Hpejely mo J° (B3ATh B KauecTse X WHTEDBAJ
[0, 1} u3 R, a B kagectBe p — mepy JleGera).

°18) Ilyecre X — raKoe IOKANBbHO KOMIAKTHC® NPCCTPARCTEO, ITO
B X 3aMHKan#e JI060r0 OTHOCHTEJHHO KOMOAKTHOTO QTKPHITONO MHOKe-
CTBA CHOBA ABAACTCA OTKPHITHM MHOMECTEBOM (Cmoyno60 LPOCTPAHCTEO;
cp. ra. 11, § 1, ymp. 13); mycrs u > 0 — mepa ma X ¢ HOcumTeldeM, CoBma-
farommyM ¢ X, m TaKad, 910 BCAKAas MHTEIpHpyemas OrpaHHYeRHAas Ha X
9ucaA0Bass (YHKOMA JKBHBAJEHTHA HENPEDPHBHON KOEeYHOI ¢YyBRIuD
(§ 4, yop. 10).

a) Ilokasath, 970 B X BCSIKOE HUTZIE HE ILIOTHCE MHOMKECTBO N JOKaJb-
HO mpeHeOpeKUMO (Isi BCAKOTO KOMIAKTHOTO MHCecTEa! K paccMoTperb
HelpepHBHYI0 (YHKIHNIO, SKBUBAJIEHTHYIO (pKnN)'

b) Hycre f— (KomegHasi mum GecKoHeYHasi) U3MEpPHUMas THCIOBAsH
dymKuua ga X, # mycrs g — ganGoapmas u3 ¢yBERIMIT, TOJYHETPEPHEB-
HHX CHE3Y Ha X M me npesocxopsamux f. [lokasaTs, 910 f ¥ g PaBHH MEXKIY
c060d NOKANBHO MOYTH BCIOKY (3aMETHTh, YTO €CHM CyMKeHme GyHKIMH f
Ha KOMIAKTHO® MHO}eCTBO K HempepHBHO, TO f U g paBHH MY C0Goil
Bo BHyTpeHHocTH K, M IPHUMEHMTL a)).
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¢) BriBectnr #3 b), 9t0 B X BCcAKoe IOKadpHO Npemebpe;kuMoe OTHO-
CHTEJIBHO |4 MHOKECTBO sBJAIeTCS HHUTAE He NJOTHHEM MHOKECTBOM,
B uvacrHOCTH, BCAKOe Tomee B X MHOKECTBO OyleT HUTAe HE ILIOT=-
HEIM.

19) Tlycrk p — MONOKHUTENBHAA MePa Ha JOKAJbHO KOMIAKTHOM
opocrpamcTBe X M OYCTh f — p-U3MepuMoe oTobpaskeHue OpocTpaHcTBa X
B II0JIHOE MeTpHIecKoe npocTpanctso F. Jlas Toro 9robs pyHKuus f MOTIA
HA KOMIIAKTHOM MHo;kectBe K U3 X GHTb DAaBHOMEPHO IPHOIMIKEHA M3Me-
PHMHME Da3MeNeHHHMHE (YHKIMAMH, Heo6X0QuMO H noc'raroqno 9T00B
MHOKECTBO f (K) OBLIO OTHOCHTENHBHO KOMIAKTHO B F.

20) Hycrs X — KOMNIAKTHOE NPOCTPAHCTBO, [ — HOJOMKUTEIBLHAS
Mepa Ha X H (f,) — DOCIe[OBATEIBHOCTh M-M3MEPHMHX UHCIOBHX (PYHK-
muit. HoKkasars, 9To cllefylomue CBONCTBA 3KBHBAJCHTHDBI:

(i) cymecTsyer mNORIOCIENOBATEILHOCTE (fnk) NOCAe0BATEIHFHOCTH
{fn), cTpemamasnca K 0 mo4rm BcioAy Ha X;

(ii) cymecTtByeT Takas IOCHEOBATENbHOCTH (A,) KOHEUHHX JAelcTBH-

TeILHEIX 4mced, 4ro lim,sup |A, | > 0 u 4ro pag ¢ obmuM TiIeHOM
n—»>oo

Anfy, (z) cxommrca modrm Belony Ha X

(iii) cymecTByeT TaKas HOCIEZOBAaTeNBHOCTH (A,) KOHETHHIX neHcTBH-
o0

TeJIbHBIX dHcell, ITO 2 | Ap |=-+o00 mdro psifi ¢ oOmuM HdeHOM A, f, (Z)
n=1
a06CcoNITHO CXORNTCs modru Beoopy ma X.

(Urobm nokasarte, 9o (i) Bieger (ii) m (iii), Bocmoss30BaTHCSH TEOpE-
moii Eropoma. Uro6m mnowrasarb, 4to m3 (iii) cmemyer (i), ycramoBuTs,
gqro (iii) Bieder cymecTBoBaHHE TaKoil BO3pacTalOmiell NOCIEIOBATENb-
HocTH (A,) m3MepHMHX mopMHOKecTB W3 X H Taxkofl DOXNOCIESOBATENb-
nocru (fy,,) mociefoBarenbHCCTH (fn), 9TO W (4,) crpemuartcs K [ (X) m 9T0

S | fnp®ap | dn crpemurcas ® 0.)

21) Iycrp X — J0oKalpHO KOMIAKTHOE NPOCTPAHCTBO, [ — INOJO-
JKUTeNbHAA Mepa HA X U (Ua)aeA — OTKpPHTOE moKpHTHe X. J{1a mo6oro
o € A obosHaumm depes f, orobpamenne U, B HeKOTOpPOEe MHOKecTBO G.
HpemuomoxuM, 4ro misa a06ofi Daps HHAEKCOB o, P MHOMKECTBO TeX
Touek z € U, | Up, AIA KOTODPHX f, (z) 5= fg (z), ToKambHO p-TipeneGpe-
skumo. TloKasarh, YTO CYHIECTBYET TaKoe otobpaskenue f mpocTpaHcTsa X
8 G, 970 s mio6oTo ot € A MHOKECTBO Tex z € Uy, ANA KOTOPHX f (x) 7
s f, (v), moradbHO p-mpemebpeskumo. (PaccMorpers Buawalle emydait,
Korga X KOMDAKTHO, NoOKpHBasg X KOHEIHHM 9YHCIoM MHOKecTB Uqg;
nepeiiTe K ofmeMy cixydJaio npu moMomu upema. 14 m. 9.)

22) TlokasaTh, 9TO eclIM NOJOMUTEIBHAA MepPa [ TaKoOBa, 4T0 CyIme-
CTBYIOT OTKDHITEE MHOMKECTBA CKOJb YTOLHO MAJOil CTPOTO HOJOMKUTENBHON
MepH, To RisA 1000T0 @ > () TOIOMOrHs, HHAYUPYEMAs Ha MHOKECTBE TeX

£ €L%, paa KOTOPHX Np (f) < a, Tovoyormeli cXofimMOCTH N Mepe,
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siBjsierca ¢Tporo Gosee cmaloil, YeM TOTONOTHS CXOJUMOCTH B CPETHEM
TOPATKA p.

23) Hycre () — Takag moCIeROBATENBHOCTh QYHKHUH U3 Fp, ITO
AJs 1:060T0 MHTErpmpyeMoro Mmomectsa A M J106oii moAmocieoBaTelb=
gocta (f n,) TocaefoBateasHOCTH (f;) Haiijerca NOANOCIENOBATEABHOCTD

mocaefoBaTeabHOCTH (1 nk)’ cxonsmiasica K O moIru BCOAY Ha A ; IOKA3aTh,

aro (fp) cxommrcss mo Mmepe K 0. (Paccy:kpaTh OT OPOTHBHOTO.)

°24) Oycrs X — nmrepsax [0, 1] u3a R 1 p — mepa JleGera ma X.
ITokasarh, 910 AadA mioboro GaHaxosa mpocTpaHcTBa F BCAKAs HEHpPEpPHBe
Hasi anHeliHas ¢opma Ha J’F €CTh TOKAeCTBeHHH¥ Hymb. ([Jaa no6oit
okpectHocTH V saementa 0 B Pp HOKasaTh, 9T0 HalijeTca Takoe meNoe
n>0,aro V4+ V4 ...+ V (n pas) copepur mpaMyIo.)

25) a) Jlaa Toro 9T06H HofMHOKECTBO H M3 fp OO IPeKOMIAKTHO,
Heo6xoIuMO M [oCTaToIHO, YTOOM Aiast moboro € > 0 u m060TO HETErpH=
pyeMoro mHOMkecTBA A < X CYmIECTBOBAIHN TaKoe KOMIAKTHOE MHOMKECTBO
M < F u Taroe pasbuenne A HA KOHEYHOE YHMCJO HHTETPUPYEMHX MHO-
mecTB A;, 9r0o Aaa mwboro f € H HafiieTcs NHTEIPHDPYeMOe MHOKECTBO
Bc— A wmepu p (B) < &, obGnagaromee ciegyomumu csoficTBamm: 1°
BcAKag TouKa U3 f (A — B) maxogurcs or M Ha paccrosimun < g 2°
Ha KamkgoM u3 MHoskecTB A; | CB KoneGasue orobpaxenns f He mpeBoc-
XOOuT E,

b) Tlokasars, 9ro fMusi Toro 9roGH mopmHOkecTBO H u3 £}, Oumo

OTHOCHUTEIHHO KBa3MKOMHAKTHHIM, HeOOXOIMMO W HOCTATOYHO, ITOOH OHO
OBUI0 NIPENKOMOAKTHEIM B fp H PABHOCTENEHHO MHTETPUPYEMHM,

¢) Iokasarts, 9To Has TOro Iro0H IocaefoBaTedbHOCTh (7,) PymKmmit
13 £}, Oputa nociefjoBarebHOCThI0 HOMA OTHOCHTENBHO TOMOJNOTHE CXO-

JUMOCTH B CpeXHeM, HeOoGXOMMO | JOCTATOIHO, 9T00H (f,) Gata mocaeno-
BaTEJIbHOCThI0 KOWIM B TOMOJNOTHMH CXOAMMOCTH IO MePe M ITOOH MHOe-
¢80 QymKumit f, OHJO PAaBHOCTENEHHO HHTETPHPYEMBIM,

d) Pacupoctpanuts aTH cBoficTea Ha mpocrpamcrea ZP, p > 1.

26) Ilycrs f — yucimoBas ¢gyurmus Ha R. Ilokasare, 4TO ecim Ada

awboro z ¢ R mmeem lim.inf 7 (y) = (z),] To f p-usmepuma pus
y—+x, Y2

awoboit Mepsr p Ha R.

°27) Ilycths X — JIOKANBHO KOMOAKTHOE NPOCTPAHCTBO, W — fAeficTBi~
renbHAsA Mepa Ha X, K — KOMmaKTHoe HoiMHO:kecTBo m3 X u (f,) —
TOCHEOBATEbHOCT OTPAHEYCHHKX W-H3MEDHMBIX UHCIOBHX ¢ynKnuil
"ga K, omdeaswowas ToukE u3 K. [loxkasare, 910 AJs JM1000i u-u3MepuMoil
orpagudenHoll gmcaosoil yExuum ¢ ma K m awoboro & > O Halgyres
‘rakoii moxmbHoM h = P ((f,)) oTHOCUTENBHO f, M TaKOe KOMHAKTHO® HOA-
smuoskectBo K; u3 K, aro (Rl <2 lgll, Ip | (K—Ky) <& 1n Aana
awboro z € K, sunongsiercs | h () — g (z) | < &. (Pacemorpers oToGpa-

skenune z —> (f, (r)) kKommakra K B RY 1 samukanue ero o6pasa, u npame-
HATH HALJIeKamuM o6pasoM teopemy Beitepmrpacca — CroyHa.) Beipectn
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orciopa, 4ro Aaa 1 < p < ;oo MHOKECTBO NOJIIHOMOB OTHOCHTEILHO f,
mrotHo B £P (K). CoXpaHsaioTcs JM 9TH CBOICTBA HPH 3aMeHe MOCHeioBa-
TEJBHOCTH (f,) HECIETHHM CEMEHCTBOM H3MEPHMHX OTPaHHYCHHEX (YHK-
nmid, OTHeNAOmMMM TOYKH u3 K?

28) Hycth X — JNOKAJTHbHO KOMIOAKTHO® MPOCTPAHCTEBO, [ — HOJNOMH-
TeapHAass Mepa HAa X M P — MHOMKeCTBO (KOHEYHHIX HIH HET) [1-H3MEPHMBIX
aucioBHXx ¢ymxmuit f > 0 ma X. W nycts A > 0 — (KOReYRas HJn HeT}
¢yuKnus ma P, TONOKUTEJIHHO ONHOPOXHAs, BO3PACTAIOMIAsi, BHITYKIAA
(cp. r. I; m. 1) u rakas, aro: 1° A (f) = O gasn mo6oit y-nperebpexumoil
$ymrumu f > 0; 2° A (sup f,) = sup A (f,) mnia mwo6oii BoapacTawmieis

n n

nocaefoBarenbHocTH (f,) Gyaxuuit n3 P, [uaa moboro 6anaxosa mpocTpan-
crBa F depes .Z”I; 0003HAYMM MHOKECTBO TaKHX H-HSMEDPHMHX oTo6parke-
auit f npocrpanctea X B F,9to A (| £ |) Komeuna, Ilokasate, 910 A (| £ )
ecTh moJymopma ma £ ,’; " 970 z’; TI0JTHO OTHOCUTEIBHO TONONOTTII, OIpese-
JsieMoil 3To# TOJYHODPMOI,

°29) Hycts | — Mepa Ha JOKAJIbHO KOMIAKTHOM mpocrpamcTBe X,
Nas a06oit p-usmepumoi auciosoil pyuknum f > 0 Ha X ortobpamenne
fui tv> | p|* (7 (1 ¢, +oo])) momympamoit Ry B Ry yGmbaer n menpe-
PHBHO cmpaBa. EciIu v — Mepa Ha APYIOM JIOKAJbHO KOMOAKTHOM IIPOCT-
panctse Y u g > 0 — v-usmepumas 9uciaopasd QyHKnusA Ha Y, TO TOBO-
PAT, 970 f U g pasnouskepumn (cOOTB. OTHOCHTENBHO [ H V), €CiH fo = g\':.
O6ozgauum epes f* (uin 1) dymxnmo ma Ry, papHyio npu ao6oM s € Ry
BepXHell rpadn B E.;. MHO}KecTBa T1CeN a, IAJA KOTOPHX f{; (e) > s (B cay-
9ae MyCTOTO MHOJKECTBA BepXHsisi rpanb pasHa 0).

a) Ioxasarb, 970 $ymxmus f* yOmBaer, menpepsiBEa ciesa Ha Ry
¥ paBHOM3MEPHMA C f (OTHOCHTENBbHO MeDPH | 1 MepH JleGera ma Ry); roso-
pAT, 9TO f* ecThb ybusaowas nepecmanoska QYHKONH f.

b) Hoxasats, uro eciu 0 < f < g — MABe u3mMepHMEle pyHKUUM HA X,
o f* < g*. Ilokasarb, 970 eciu (f,) — BO3PACTAOIAA IICCIEI0BATENb-
HOCTh -M3MEPHMHX IOAONKHTENBHHX ¢yHKmill ma X u f == supf,, To

n

f*(s)=sup f*(s) Bo Bcex ToUKax, Ime f* HenpepwBHA,
n
¢) Hokasate, 9To pmas na06ofi p-M3MepuMON IHCIOBOH GyHRIMUR
*
f>= 0 copasemauso paBenctBo | |* {f) = S f* (s) ds. (Paccmorpets

cHadajJa ciydail pasmemenHoil QyHKnuH, a 3aTeM HCHOJB30BaTh b).)

d) Hycrs w — KoHeYHaa yOHBAOIMAA dWucaoBad QyHKUus (KpoMe,
OuTh MOker, TodkH s = 0) ma Ry, Jlaa moboii ancaopoll p-uamepumoit
¢oyakmun f > 0 ma X DOJOKHUM

* i
ro= (| e@rrora)” a<p<to

Hoxasats, 9T0 8Ta QYHKHMA YHOBIOTBODAeT ycaopusaM ymp. 28. (s
JOKa3aTeaIhCTBAa BRITYKIOCTH PAacCMOTPeTh BHAaYaje cjaydall, korja w —
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yOnBaooman crynep9aTtasd (YHKNHA, HCNOJAB3YA 0OpH BTOM c), a 3aTeM
fiepeiiTn ¥ HpepeNy AAA HodydeHHs oOmero ciaydgas.)

e) Ucnonssys obosmauenus us d), Gymem mucars ZL%* BMecto Z?;
u nonosiM Np o (F) = 4 (| £ [) pst mo6oro p-uamepumoro ool paxenus £
X B7F. Ioxrazars, 4To ecam f € Z}'}"" ¥ eciu Ajas awo6oro n o6o3HAYNTH
gepes [, dyaknmio, pasuyo f paa | Fl <nunf/|Flama | £} > n, T0
nociegosareasaocts (| £, |*) cxomurca moutm ety kK | f|*
u lim Np o (Ff— Fp) = 0. Ecam [ p-npesebpe;xuma, To Npw (F) = 0.
n->0

°30) Ilycts @ (¢, u, ») — HeIpepHBHAA KOHEYHAsd 9HCAOBag (PyEK-
s, onpegedernas qiaa 0 <t 1, u > 0, v = 0. [Jas moGoit IACTOBOM
$ynrunn f > 0 ma J = [0, 1], nsmMepumoit orHocuTensHO mepHt Jlefera,
ofoamaunM depes f* ee yOmBawmyio nepecraHoBKy (yup. 29), Ilasa rtoro
arofst 1A M060i mapu ¢ymkumi f > 0, g > 0, nsMepUMHEX (OTHOCHTENb-
10 Mepu JleGera) ¥ orpaHMYeHHHX Ha [, BHOONHSANOCH HEPABEHCTBO

1 t
foc 1o smac|oe ro ema )
0 0

HeoOXoauMo ! JocTarodHo, Urobu ¢ymxmms @ yIZopiaeTBOopAda clenyio-
mMUM TPEM YCHOBHAM:

@, uth, vFR)~D (¢, uth, )—O(, u, v+h)+D (¢, u, )>0 (2)
npu mobux t€ 1, >0, v >0 u 2> 0

6 .
S (@ (24841, u, v) — @ (a8t udt-h, v)+
0
+®(d+t, u+h1 U)—(I)(a+ta u, U)) dt>0! (3)
]
S (@ (a+8-41, u, v) —D (a6, u, vI-h)+
0

+®(att, u, 0D —O(att, u, ) dA>0  (4)

npu a106Kx a, h, 8, rakux, 90 0 Ca <1 — 28, h > 0.

(a5 norasarenncTBa Heobxomumoctn (3) u (4) B3sTh B KadecTBe f M g
HAJJIe;KAINIe cTyHeEIaThle GyHKnan; saTeM BHBectH (2) m3 (3) u (4). JQna
TIOJy9eHNsi JOCTATOTHOCTH BHIBECTH cHadalna m3 (2), HCIONb3yd Hempe-
pusrOCTE @, 9TO

O, uth, v+E)—D@E uth, V) — Ot u, 0+ k) + D (u,2) =0
(5)
past mobnx t€l, u>=>0, v>0, h>0, k> 0. Uconsaya 3areM (3)

u (4), nokasarts (1), Korma f m g — crymeHYaThle GYHKUUM, V KOTOPHIX
Bce ToYKm paspsiea mMetor Bup r/n (0 < r < n), cpaBEUBas LA TOTO
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focJeloBaTeJIbHO MHTErpajbl
1 1

S @@ f: (), g (1) dt, S Q@ f;@), g5 (1) dt,
0 0

Tfie f; 1 g; OTIMYAIOTCA OT fj W g; UIIL Ha JIBYX IIOCHEN0BATENLHEX HHETEP-
paxax [(r — 1)/n, r/nl u [r/n, (r 4 1)/n]. Batem, gasa noxyuenns (1) B oG-
meM ciaydae, mepeiiTu HamaeKammM o0pasoM K mpejaeny.) ) :

Ecaw @ pgpamkam menmpephBEO auddepernmpyema, To ycaosua (2),
(3) m (4) PKBHBAJNEHTHH COOTBETCTBEHHO YCIOBHAM

0*Q@ 020 920

6u6u>/0’ ot ou <0, 6t6u<0'

O6obmury HA GyHKuEA @D (!, wuy, ..., 4,) OPOU3BOALHOTO HHCIA
NepeMeHHBIX.

§ 6. HepapeHcTRa EBBIIYKIOCTH

1. Teopema o0 6bLNY KAOCTRU

TeoPEMA 1. Hycmv X — 10KEQALHO KOMNAKMHOE RPOCMPAHCME0,
U — nososcumenvras mepa na X, F — Oelicmeumeavroe Ganaxoeo
npocmpakcmeo, D — ewnyraoe samknymoe muozcecmeéo ¢ F u f —
maxas gynkyus na X, umo [ (XY= D. Jan ecaroti unmezpupyemoi
yucaoeoli Pynryun g = 0, He npenebpescumoli u maroii, ymo PyREYUI

ngdp,
§edp

B camom pmene, mycrs F' — compsikeHHoe K F mpocTpaHCTBO
nu(z, a')<a(@ €F, acR)— coorHomenue, onpefensomee 3a-
MEHYmMoe noaynpocmpancmeo, copepsxamee D. Ilockonbry fg unrerpu-
pyema, To MHTerpupyeMa u umcioBas pyErius (fg,a’) = (f,a’) g,

f[g unmeepupyema, moura npunadaesxcum D.

¥ MBL UMeeM S (fg,a’)dp = (ng dp,a’) (§ 4, 0. 2, cneﬁcrrnne 1 u3

teopeMsl 1); Ho, mo yciaosuw, (f (z), a’) << o mus Beex x € X, u 3Ha-
aut, (f () g (x), a’) < og (z); uATErpUpys 5TO HEpaBeHCTBO, HOJY-
qaeM

(§ fedu, a”y<a | gan.

TeM caMbiM HOKa3aHO, YTO TOYKA ngdp/S g di mpuHAIJIeRUT

Ja1060My 3aMKHYTOMY HOJIYIPOCTPAHCTBY, cofiepsxkamemy D; Ho, coraac-
Ho Teopeme XaHa — DBanaxa, D ABnfercs DepeceaeHUEM COfEPHAIMMX
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€ro 3aMKHYTHX nonynﬁocrtpaﬂcm (Toun. Bext. np-Ba, ra. Il (2-e usn.),
§ b, m. 3, ciegcrBue 1 us Opema. 4), OTKYAA U CJIENYeT TeopeMa.

CnencrsuE, Ecau mepa p =0 umeem noanyro maccy, paenyio 1,

u ecau Pynryus f unmeepupyema, mo Y I dp npunadaescum samrny-

v

moli evinykaoll o6oaouke mruoscecmsa | (X) 6 F.
HocraTouno B3ATH B KadecTBe g HOCTOSHHY0, paBHYyMO 1.

2. Hepasenemeo o cpeonemn

Mu yrounum TeOpemy 1 miaA UBMepUMHIX uucso6blzy GYHKIHER
(KOHEUHHIX WJU HeT).

OupEnenEnuk 1. Hyemv X — 40Ka1bho KOMNAKMHOE RPOCMPAKCIT-
60 u p — mepa va X. Ecau sadana (romeuHas uau Hem) HUCA060R
pynryus f, onpedesennan aokaavro noumu écwdy na X, mo marcumy-
MOM 1O Mepe UAU W-MaAKcumMymom (COOTB. MUHUMYMOM MO Mepe UAl
pw-Munumymon) @Pynryuu f nasweaemcs u obosnauaemes ueped M o(fy
(cooTB. Mo (f)) HuMCHAR (COOTB. 6epIHAR) eDPAHL MHONCECMEA MET
yucea o, daa komopwulx f () << a (cooTB. f (z) = ) 4oKaAbHO nOumu
éctody (omHocumeavHo L).

U3 onmpenesenus cpasy xe BEITERAET, 9T0 Mo (f) = — M« (—f),
U, 3Ha9AT, U3 BCSKOTO CBOMCTBA MaKCUMyMa HO Mepe BHITEKaeT COOT-
BETCTBYIOmEe CBOWCTBO MHUHMMYMa IO Mepe.

HQus awo6oro o > M, (f) mBOKecTBo Tex z € X, B KOTOpHX
f(x) >o, moranbHO HpeHeGpemuUMoO; Ho MHOKecTBo Tex « € X,
mas Kotophx f{(z) > M« (f), ABaserca oOLeauHeHUEM MHOKECTB,
Ha Kotophx f (z) >r,, Korma r, onpoGeraetT MHOKECTBO palMOHaibHEX
amces, mpeBocxogAamux M . (f); caemoBarensso, [ (2) < Mo (f) do-
KajgbHO oty Beiony (§ 5, m. 2). Touno tax x&e f (2) = m« (f) Toxkaas-
H0 NOYTH BCIOMY, OTKY[AA BHTEKaeT, 4T0 My (f) < M« (f), ecam
Mepa |\ He HyJeBas; HPU 3TOM COOTHOIIEHUE M (f) = M » (f) paBHO-
CUJIBHO TOMY, 9TO [ L0Ka1bHO noumu éciody paska nocmoskrot. flcuo,
970 ecam Mepa | He HyxeBas, TO

intf (2) < me ()< Moo (1) <sUD f (2).
xeX xeX

Ecnu pe ¢ymxmum f m g JgoranbHO HOYTH BCIOAY paBHH, TO
Mo (f) =mw (g) ¥ M« (f) = Mo (g).
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Haxonen, ecan f u g — Ttakue jgBe ¢yHKuuu, 9t0 f 4 g ompepe-
JieHa IOKaJIBHO IOYTH BCIOAY, TO U3 ompefenenus 1 cpasy Hmosydaem,
qTo

Mo+ < M)+ M (9), (1)

ecJli HpaBafd 4acTh ompefesieHa; TOYHO TaK ke, ecau obe YHKIum
f U g HOJOMUTENBbHBl U TAKOBHI, 4YTO fg onpeneneﬂa JJOKAJILHO IIOYTH
BCIOAY, TO .
Mo (fo) < Mo () M (9), 2)

€cju mpaBas 4acTh OmpefiesieHa,

Ecmu Mo (f) << + o0, To f (2) << + oo J0KajiBHO HOYTH BCIOAY,
HO He 003aTeJbHO mOUTH BCIOLY. ['0BOpAT, 4TO uMcjaoBasg GyHkous f
ozpanuiena no mepe {OTHOCHTEIBHO MEPH W), ecidu OHa onpededeHa
U KOWeuHa nowmu 6clody M eciiu TP ITOM KOHEUHH oba gucia m (f)
u Mo (f) (mociaenuee yciaosue cBomutcss K ToMy, 9T0 Mo ([ f ) <
< + o).

IleEpno:xEnnE 1 (HepaBeHCTBO O cpenuenm). Hycmo f — usmepumas,
02pAHUNERRAs NO Mepe wucaoeas gynryus. Jaa awboli ukmezpupyemoli
wucaosoli ynkyuu g = 0 Pynryus fg (onpedesennas noumu 6ciody)
unmezpupyem u

me ) fed1n i< (a1 <Mafeainl @

Ipu smom dea usz mpex waenoe ¢ gopmyae (3) moeym Gwumv pasHbl
MoAbED 6 MmoM cayuae, ecau | Ha muoxcecmee mex x € X, 6 komopux
g(x)s=0, pasna noumu 6cody Mu(f) usu pasna noumu eciody mo(f).

B camom pgese, dpyurnusa fg uamepuma (§ 5, m. 3, cmemcrsue S us
TeopeMs 1) u HepaBeHCTBA Mo (f) £ (2) < f (2)g () < Mo (Hg (2)
BHIOOAHATCA HE TOJBKO JIOKANBHO IOYTH BCIOLY, HO AajkKe HOUTH
BCIOZIY, TAK KaK MHOMecTBO Tex Touck z € X, B KoTophx g (2) 540,
ABJIAETCH CYETHHIM OObeAuHeHHeM MHTEIpUpYeMHIX MHOMecTB (§ 5,
a. 6, nemma 1). U3 sroro BhBOguM, uto fg mETerpmpyema (§ 5, m. 6,
TeopeMa D) M 4TO cupaBelmBH HepaseHcTsa (3). C mpyroit cTopoH:,
dynrnua Mo (f) ¢ — fg ompemeseHa mDoYTH BCOAly M paBHA
(M (f) — f) g; chemoBaTenbHO, OHA HOJOMUTEABHA HNOYTU BCIONY

#a X; a DOOCKOABKY cooTHomeHHe M oo (f)S galpl= ngdlul

PaBHOCUJIBHO COOTHOMIEHUIO S Mo (h) —Negdlpl=0, To omo
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MO€T HMMeTh MeCTO Jumb Torga, korma ¢yEKmUA (M« (f) — 1) g
npeHe6pe;RmMa, 4TO M 3aBepmaeT AOKa3aTelbCTBO.

Gopuyna (3), 3a HCKIIOUeHHeM TPUBHAIBHOIO CJXydasd, KOIJa
Sgd | u | = 0, BuBoguUTCA M3 TeopeMH 1, m. 1, IpUMeHeHHOIl K HHATepBAaNY

D = [moo (f); Moo (f)]. MosxHO BHeCTM B Teopemy 1, u. 1 JOHOJIHEHNSH,
aHAJIOTUTHHE COJIePKAIGUMCH B HpeAJo;KeHny 1, KoTopHe yTo9HAOT, B Ka-
KOM ¢ydae TO9Ka (5 fgdn ) / ( S g dp) NPHHAIEIKAT IPAHKIE MHOMO-
ctBa D (ymp. 2).

3. Il pocmpancmea Ly

OnpEnenesnE 2. Jas écakoeo omobpascenus ' npocmpancmea X
6 Ganaxoso npocmparcmeo F noaomcum N o ()= Mo (| f1); 2060pam,
umo f oepanutero no mepe (oTHOCUTENHHO MEPH W), ecau N o (f) ko-
neuro. MHodcecmneo usMepuMbe U 02DAHUMEHHBE N0 Mepe omobpace-

nuti npocmpancmea X ¢ F ob6osnavaemes L¥ (X, p) (a taxsme L7 (p)
i mpocro LF).

Oynknus [ us L7 Momer GHTH, TakuM 06pa3oM, 0XapaKTepU3oOBa-
Ha TEM CBOWCTBOM, 4TO CYMIECTBYET USMEPUMAL U O02DAHUNEHHAR
¢yurnua, paBHasf [ JOKaJIBHO HOYTH BCIOAY.

W3 gopmyaus (1) cpasy e BeTekaeT, 40 N o (f + 9) < N (f) +
+ N(g9), a ¢ gpyroil cTopoHH, N (a}")zl a | N (f) ansa nwobo-
ro ckamsmpa o. Takum o6pasoM, MHOKECTBO LF ABJIACTCH 6EKMODHbIM
nodnpocmpancmeom TPOCTPAHCTBA BCeX OTOGpaKeHME IPOCTPAHCTBA
X B F, a N (f) ectb mostyHOpMa Ha 5TOM BEKTOPHOM IPOCTPaHCTBE.
Oycrs (f,) — mocaenoBatenbHOCTs (GyHKNEA #3 L7, CXONAmMascs
K f € £F B Tonojoruu, oupeneiernoii moxyHopMoi N o (f); ansa mio-
Goro mesoro m HaBAyTCA JoOKajgbHo mpeHebpeskmMoe mHoskectBo H,
¥ TaKoe IeJIoe Ny, 4TO Hp® JoGoM HexoM n > n, u xwobom = ¢ H,,
BhmoJiHsAeTcA HepaBeHcTBo | f (2) — [y, (z) | << 1/m (mockonbky Bes-
Koe cueTHOe OGBeMHEHHe JIOKANBbHO NpeHeOPEKMMEIX MHOKECTB Jo-
KaJibHO DpeHeGpeknMo); oGpemuaenue H Moxects H,, joKajgbHO Hpe-
HeGperxaMo, W MH Bumum, 410 f, (z) paswomepho crpemurcsa x f (x)
Ha [OHOJHEHUM JOKaibHO HOpeHefpesKuMoro MHokectBa H; Bepwo,
ogeBUAHO, u obpaTHoe.
15 n. Byp6axm
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flcoo, aro miobas GyHKIUA, paBHAS JOKAJIBHO NMOYTH BCIOXY He-
Kotopoi#t ¢ymknmu us LF, cama mpumagaemRur Lr. B uwactHOCTH,
A0KAAbHO npeHebpexcumsle QyHKIMU, OOpenejeHHHe Ha X WM OpUHH-
Maomue 3HaueHHsA B F, 00pasyloT BeKTopHOe HOAUpOCTpaHcTBo /%
npoctpaHcrBa L7, Xxapaktepusylomeecs cootHomenueM N o (f)=0
(saMbIKaHMe HYJNA B TODOJOTHH, OOpefeleHHol Opu moMomu N o (f)).
Yepes L7(X, p) (a raxke Ly (u) unu Ly) ofo3Hauaercss oTies mMoe
HpOCTPAHCTBO, ACCOMMUPOBaHHOE ¢ L7, T. €. GAKTOPHPOCTPAHCTBO
ZLF//°F; ero TomoJorus OHpelelAeTCs HOpMOL, HONYIeHHOHN U3 V o

daxropusanueit; HopMma Kiacca f € Ly oGosnawaerct N o (f) umanm

|- Ecim F = R (coors. C), T0 Bmecto Lx u Ly (coors. £¢
u L¢) mumyr £7° u L%, eciu 3T0 He BH3HIBAET NYTAHUI[HL

[eepmoernE 2. Ipocmpancmeo LF noano; npocmparncmeo L7
ecms Ganax060 NPOCMPAHCMED.

B camom pese, nycts (f,) — mociaenoBatesnbrocts Komu B L7
i Ja1060ro 1es0ro n CymecTByeT Takoe Ietoe k,, uro mpu r =k,
u s =k, umeer Mecto HepaBeHCTBO N « ([, — f) << 1/n; ciemoBaTens-
HO, CyDecTBYeT TAaKOe JOKaJbHO HmpeHeOpe:KmMoe MHoOMecTBO A,
gto |f () — fs () | < 1/n mpu Bcex z ¢ A,s. Ecam A, ectb o6be-
nuneHne MHoMeCTB A,.; (Mo r =k, u s > k,), T0 A, JOKaJBHO Hpe-
HebperuMo u miA Jgioboro x § A, Hepasenctso | f. (xz) — [ (z) | <C
<L 1/n cupaBemjuBO IpM BCeX MHAEKCAX r = k,, s = k,. OGosHauum
yepes A JoKaibHO OpeHeGpe;KUMoOe MHOKeCTBO, fABJIAImEecT o0be-
InHeHMeM MHOKeCTB A,, u momomuM ¢, (x) =f, () nna z¢ A
u G, (x)=0 maa z € A; ¢, UpuHALIEKAT NpocTpaHCTBY L7 U, HO
oTipeNiesIeHnI0 MHOMKecTBa A, HOCHENOBaTENBHOCTL (g,) PASHOMEDHO
cxomutes Ha X k dyurnunm ¢. OTciofa caenyer, 41O GYHRIUA ¢ U3Me-
puma (§ 5, m. 4, TeopeMa 2); KpoMe TOTO, J OTpaHHUYEHA HA MHOMKECTBe
TeX € X, B KOTOpBIX | ¢, @) 1< N (gk,), a moCKONBKY fOmOJHeE-
HUe 9TOTO MHORECTBA JOKaJbHO NpeHeOpeKUMO, TO ¢ HpUHAJIEKUT
npoctpaHcTBy L7 . Jlerko BuneTh, uto B L§ MOCAeH0BATEIBHOCTD ()
HMeeT OPelelioM ¢, I TO 3Keé CaMoe MMeeT MeCTO [Js HOCIeZ0BATeNbHO-
cra (f,), 160 No (fn — ¢,) = O mus Bcex n. Bropas wacts mpep-
NMOREHUSI HeHOCPE[CTBEHHO BHITEKAeT U3 MepBOii.
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3dameganuna 1) Beakaa nenpephisnas u oezpanunennas Ba X
¢yBEROUA [ co 3HAYEHUAMH B F IPHHAJISKHAT .2‘1’?, "

N ()< I=sup|Ffiz)}.
x£X

Jaa roro 4rolH AiA BCAKOH HempepHBHOW ¥ orpaEMYeHHON GyHKuumm f
HMEJIO MeCTO PaBeHCTBO Noo (F)=|| F |, HeoOx0auMO H J0CTaTOUHO, ITOOH
HOCHUTENb Mephi | Okl pasen X. B camom fienie, ecam cymecrByer nmpeHeGpe-
JKUMasA W He PABHAA TOMKECTBOHHO HYJNIO HeNpepHBHAs GyHKDuUA [ ¢ KOM-
DAKTHEIM HOCHTeNEM, T0 Noo (£)=0wm || £ || > 0. O6patHO, eciiu HOCHTEND
MepH | paBen X, 10 1 n0Goil HempepHBEOH M orpaEMYeRHOi QyEKUNH [
u awboro umenaa o < || f || MEOMKecTBO Tex € X, B KotopHx | [ (z) | > a,
OTKPHITO W He NMYCTO ¥, 3HAYAT, HMEET CTPOr0 HOJOKUTEILHYI0 BHENIHIOIO
Mepy; OTCHjia BHTeKaer, 4T0 N (F) = || f |i.

CaenoBaTebHO, €CIM HOCHTENADb MEDH | paseH X, TO MOMKHO udenmu-
duyuposams HOPMHPOBaHHOE npocrpaEctBo EP (X; F) HempephHBHHX
¥ orTpaHAWYeHHHX Ha X (YHKUHUE CO 3HAUeHHAMH B F M HeKOTopoe HOAIpO-

CTPAHCTBO OPOCTPAHCTBA L5, A MOCKONBKY L3, BOOOW® TOBOPSA, HE OT/ie-
amMo, 1o nofnpoctpamctso %b (X; F) B ofimem caydae He 3aMEEYTO B LR,
HO ero KaHommieckuii o6pas B L sBIAercA 3aMKHYTHIM IO/IPOCTPAE-

o
¢TBOM HpocrpaHeTBa L (KOTOpOE, BHpOUeM, B PACCMATPHBAEMOM Ciydae
MOMKHO OTOMIeCTBUTE ¢ €D (X; F)). Boobme roBops, €b (X; F) omauuno

or Ly, 1. e. i1 TPOM3BONBHON MaMepuMoil n orpaEmIenHoll ¢yuruun f
B 001IIeM ciiyuae He CYH[eCTBYeT nenpeptisroli GyHKINH ¢, parHOil f ToKath-
HO mouth Beioay (§ 5, yop. 12). 9ro Bieder 3a coboit ToT daKT, ITO mMpO-
crpamcTBo ¢4 (X; F) HenpepHBHHX orobpaskenuil mpocrparctsa X B F
¢ KOMOAKTHHIM HOCHTeJeM, BooOme roBops, ue Cydem eciody naomrubim

¢ L%, X0TA OHO BCIOZY ILIOTHO B Ka)J{OM 13 IPOCTPAHCTB Lhopntl L p <
< 4+ oo (§ 3, m. 4, omp. 2).

2) Jlerko BHjeTH, UTO TONOJOrHA, OmpefeasdeMas MOXYHOPMOH Neo,
ABIfAeTcs Gonee CUABLHON, WeM TomoMOrusA, HEAyNApyeMas Ha LF TOMOJNO-
rueit cxopgmMocTi mo mepe (§ 5, m. 11).

4. Hepasencemso I'éavoepa

B arom mynKTe uepes p u ¢ GyAyT 0603HaUaTHCA ABa AeHCTBUTEND-
HEX wncaa, 1 < p << + o0, 1 << g+ oo, CBABAHHHE COOTHOIIE-
maem 1/p 4 1/g = 1; 3naumr, ¢ = p/(p — 1), ecniu 1 << p << + o0,
q= -+ occ,eciup =4, ug =1, ecan p = 4 oco; p ¥ ¢ GynyT Ha3H-
BaThCSA COMPAINCECHHHIMU NOKA3aMeEALMU. 3aMeTHM, 9TO COOTHONIEHHE
1 << p << 2 pasHOCHMIBHO cooTHOmeHHI0 2 < § <C + oo; paBeHCTBO:
P = ¢ uMeeT MeCTO JUIIb B TOM cJydYae, €CIH p U q paBHH 2.

15%
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TrorEMA 2 (HepaBenctBo ['éangepa). Ilycms f u g — dse wucaosvie
PYynEYUL, Korewnbie noumu eciody u maxue, wmo [ pasna rowmu 6ciody
rekomopol Pynryuu us LP, a g — wekomopoii Pynkyuu us L4,
Toeda gynryus fg (onpedesennan noumu eclody) uwmezpupyema u

Ny (78) < Np (N, (9)- (4)

ITycts f; (cooTs. g;) — dynrmus us LP (coors. £9), KoTopoit pas-
Ha HouTH BCOAY OyHRmUs f (cooTB. £); GYyHKIMSA fg mouTH BCIOAY PaB-
Ha BCIORY oIpefleIeHHOX U KOHegHON (GyHEuuu f,g;, KoTopas H3Mepu-
Ma, KaK Opou3BefieHUe ABYX U3MepPUMBIX GyHKumit (§ 5, Teopems 1 u 5).
Ecim 1 << p<< -+ o0, 10 HepaBeHcTBO ['€nbrepa puisi BepxHEro
maTerpasa (ra. I, m. 3, mpemen. 4) mpuBommT ® HepaBeHCTBY (4),
H TorAa cooTHOomeHue N, (fg) <C 4 oo morasmBaer, uro QyHKIUA fg
mHTerpupyema (§ 5, m. 6, teopema 5). Ecam p =1, ¢ = + oo, 10
HepaBeHCTBO (4) M uHTerpUpyeMocTh (YHKIUM fg BHTeKaOT HeHo-
CpeficTBEHHO U3 HepaBeHCTBa o cpenHeM (m. 2, mpemi. 1); takum o6Gpa-
30M, TeopeMa MOKasaHa MJIT BCeX CIY4aeB.

Caencrsue 1. Hycmy F, G, H— mpu 6anazoewxz npocmpaHcmes,
(u, v) — O (u, v) — makoe Henpepvienoe Guauhelinoe omobpascerue
npouseedenus F X G ¢ H, umo | D (w, v) | << |w |- |v | Ecau

feLhugeZLt, mo pynsyus O (f, g) unmespupyema u
|forpal< (100 9ldlui<N, (N N(9).  G)

HeticrButensuo, @ (f, g) uamepuma (§ 5, o. 3, caegcraue 5 U3 Te0-
pemst 1); a mockoasry | D (f, 9) [ < |f |- | g |, 70 norasmBaemoe
ClIeACTBHE BHTEKAeT H3 TEOPeMHl 2 U KPUTepUS WHTETPEPYEMOCTH
(§ 5, m. 6, Teopema b5).

Juisi mpunomeHuWA BasKHH ABa 9aCTHRIX caydvas ciefeTBusa 1:

CagnctBue 2. ITycmv F— deticmeumenvroe (COOTB. KOMNAekCHOE)
6anazoéo npocmpancmeo, F' — k Hemy cuavno conpaacennoe (Tom,
BekT. Op-Ba, ra. IV, §3), u nyems (2, 2')— (2, 2’ ) — KaHonuMeckan

6uauneiinan gopma na F X F'. Ecauf € L5 u g € L%, mo uwucaosasn
(cootB. Komnaekcnan) gynryus (f, 9) unmezpupyema u

| § 7 pau|< 10 @1 dni<NL () Na(g)- (6)

HeiictButensrno, | (&, ') | <<= |- =]
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Ecmm F — peiicrBuTedbHOe UIM KOMILIEKCHOE 2uablepmoso npo-
cmpaKcmeo, TO, KaK MEl 3HAeM, er0 MOKHO KAHOHHUYECKH OTOMK[e-
CTBUTH € ero conpsKeHHHM F’ (Tom. Bekr. mp-Ba, ra. V, § 1, o. 6).
A DOCKOIBKY NPOCTPAaHCTBO Lj HOJIHO, TO MH HMEEM CJeyIOmmit
pesyasTarT:

Caepcreue 3. Hycmbv p — nososcumeavnas mepa wa X u F —
deticmeumeavroe (COOTB. KOMNAEKCHOE) 2uAb0EPMOBO NPOCIIDAHCMED.
Cummempunecras (COOTB. apmumosa) gopma

7, 9 { (£, g)ap
onpedeasem ¢ Ly cmpykmypy euavbepmoea npocmpancmea ¢ HopMoil,
pasrott |11 |l5.

CaepcrBuk 4. Hycmv F — 6anazoso npocmparcmeo, [ — dynryus
us £F u g — uucaoéas Pynryus, npunadaercawas L% moeda Pynx-
yus fg unmespupyema u

]ngduKSIfgldlul » (M Ng () (7)
Caepcreu® 5. ITyemv fi, fo, . . ., fn — unmezpupyemsie noaosrcu-
meavHbie YHRKYUL U Obyy Ogy « « ., Oy — MAKUE CMPO20 NOAOHCUMEALHILE

n

yucaa, wmo .Ziai = 1; npu amux ycaosuaxr Pynryus [HfF. . fon un-
=
mezpupyema u

Sf“‘ L | P P

<(Jrata)™ (] atu)™..(§ raain)™. @

B camom pese, npousseneHue fXf32, . .f¢", Gynyuu Opou3BeeHUEM
m3MepuMEX (yHKnumd, uamepmmo (§ 5, TeopeMH 5 u 1); HOCKOJBKY
HepaBeHCTBO (8) copaBemiMBO AJia BepxHuX mHTerpasos (ra. I, m. 2,
CleiCTBHe U3 Hpemd. 2), To Gpyunrmus f#f., . .fen unrerpupyema (§ 5,
m. 6, TeopeMa 9), OTKyJZa W BEITEKAeT CJIeNCTBUE.

Caencrsue 2 u3 Teopembl 2 yTouHAETCSA CJAeNyIOMUM IpemiosKe-
HEEM.
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Ieepnoskerue 3. ycmv w — noaoscumeavhas mepa Ha X, F —
Oelicmeumenvhoe Uy Komniekchoe 6anazoéo npocmpawcmeo, F' —
K HemYy CUAbHO conpsscennoe u (=, &')— (=2, 2') — KaHonuueckas
busunetinas gopma na F X F'.

1° Jlaa awboii gynryuu fELE (1 < p < + )
Ny () =sup| [ (£, g)du,

(9)

k02da g npobecaem mHoxcecmeo, Pynryuii us LF, 043 Komopux
Ny (g)<1..

2° Maa awboti gynkyuu g € L3 (1 < g < + o0)
Nq (g) = sup | S (f,g)dp |, (10)

wo20a [ npobecaem mmoxcecmeo Pynryuli us LF, 0ax romopux
Ny (f) <1
Hoxamem cHawana gopmyay (9); 6ymem pasiauuatp Ba cjaydas.
1° 1 < p << + oo. Ilockoasry mpu Np, (f) =0 cootHOmenue (9)
cTaHoBUTCA TpuBMaNBHEM (uGo Toraa f u (f, g) mpeneGpe:KuMEl), TO
MOKHO BCerja, MOMHOKMUB | Ha HEKOTOPHI CKajfp, OPeImoJNOKUTH,
aro N, (f) = 1. Jomyctum cuauana, 910 [ eCTh MUHTETPUpYeMas pas-

n
N}
Meujennas Gynrous, [ = Ma, ¢ 4y TAe A He UMeIOT HoMapHO ofmux
A=t

n
rouek (§ 4, . 8, nemma 1). imeeM, no IpepiIosKeHUIO, Z,' |anlPp (4;) =
E=1

= 1. Jlasa moboro & >0 cymecTByet (mas mio6oro unmekca k) Taxoi
BekTOop @y, € F', uro | ap | = |a, |?, eciiu p > 1 (cootB. | ar | = 1,
ecam p = 1) u (@, ar) = (1 — ¢€) |a, |- |ar| (Ton. Bexr. np-Ba,

n . n
ri. IV, § 5, n. 1). Ecau moiosxuts g = Eaé(pAk, 10 D) |an |fp (4,) =
K=1 F=1
=1, eciu p >1 (coorB. sup |ap]=1, eciu p == 1), u, caegona-
1 <

= A=

TeabHOo, Ny (¢) = 1; ¢ mpyroii CTOpOHH,

§ o grdu= S} @n, e (40> —0) 3 lan i (),

h=t B=1
a DOCKOJABKRY |@ir | = |@p|?1 = |ay P, ectu p >1 (coors.
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lar| =1, eciu p = 1), 10

S(f, gdp=(1—¢) D) |anPp (A= (1—e) N, (f)=1—¢,

h=1

u gopmyaa (9) mas mamHOTO ciydas foKasaHa.
Ilepeiinem & caywaro, korga f ecTh IpOU3BOJBHHIN BJIE€MEHT HpO-

cTpancTBa L%, ynosaersopsomuit yeaosuio N, (f) = 1. as mo6oro

e >0 mnajmerca Takas pasMmemeHHag $ysrmus f; € L5, gro
Ny (f — 1) < & (§ 4, n. 10, cnepcraue us npenx. 19). Cornacao ycra-

HOBJEeHHOMY BhIe cymecTByeT O¢ynkmusa ¢ € L%, ana Koropoi
(@) =1 u S(fl, gydu= Ny (1) —e>1—2e¢. Ho

[ pan=[urogan+t §o—r gran,

u, B cuay (6),

| § =10 @y du| <N, (F—£) N4 (9),

OTKy [
| [ <5, grdn}=1-3e,

9eM U joxasaHa Qopmyaa (9).

2° p = -+ co. MoskHO CHOBa OTPAaHMYUTLCA ClIyYaeM, KOTAA
N (f) >0. Ilycts o — mpousBoJIBHOE 9HCIO, YROBIETBOPAKIIEe
HepaseHcTBaM 0 <~ ot << N  (f); mo ycioBuio mMuOMKecTBO Tex z € X,
B Kotophix |f (z) | >o, uaMepuMO U He ABJIAETCA JOKAJIBHO Hpe-
HeOpe:KUMBIM, a 3HAYUT, CONEPKUT KOMIAKTHOe MHOMecTBO K cTpOTO
HO0J0KUTeNbHON Mephl. Ilockoasky [ U3MepuMa, TO CYmMECTBYeT KOM-
OakTHoe MHO:KectBO XK, K, umewomee CTpOT0 HOJOKUTEIBHYIO
Mepy u Takoe, 4To cy:KeHue pymkuuu f ma K, menpeprsuo. U3 sroro
ciaenyer, uto gas mioboro ¢ >0 cymecTByeT pasbuenue MHOKecTBa Ky
Ha KOHETHOE YMCIO0 MHTerpHpPYEeMHX MHOKECTB, Ha KajKEOM U3 KOTO-
pHX RoJebanue pyHxmuy [ He OPeBOCXOAMT €; IO KpaliHe# Mepe OfHO
H3 9TMX MHOMKECTB, KOTOpoe MH 0Go3HauuM uepes A, uMeeT cTporo
TIOJIOKUTENbHYI0 Mepy. Uepe3 « oGo3HaguM OfHO U3 3HaTCHME QyHK~
mun f Ha A; torga |a | >a u |f(x) —a | <& nas Bcex z € 4.
Haiinercss taxoit Bextop a’' € F', uto |a’' | =1 un | (a, a'})| =
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= la | — ¢ dymkmua g = ¢4-a’/u (A) uarerpupyema, u Ny (9)=
= 1; ¢ mpyroit croposH,

1 ’
Ho mMu Momem HammcaTs, 9410
Jif aroadp=ta, a)n(4)+ | (F—a, a)gudn,

a4 TaK Kak

[((f—a, a’yo,|<epy,
TO

I 5 (f, g)dul>l(a, a')|—e=la|—2e > a—2¢;

MOCKONBKY 3Ke & TLPOW3BONBHO W o — J1060e 4ucio, MeHpIIee, YeM
N (f), To ¢opmyna (9) moxasama u B 5TOM cxyuae.

Togno Tak ke paccyskmaem nis moxasatenbcrsa coornomenus (10),
pacemoTpes oTpenbHO cayuam 1 <{ ¢ << + oo m ¢ = -+ oo ® UCHOIb~
30BaB TOT (aKT, 4TO N0 oupemeneHui0 Hopmer Ha F' pas moGoro
2’ € F' Bunonmserca paBeHCTBO |2’ | = lsug1 | (&, 2") .

| <

3amevsanusa 1) IIycts € — BcioRy mMIOTHOE BEKTOPHOE MOAIPO=
CTDaHCTBO MPOCTPAHCTBA ZLY.,; Torfa gopmyna (9) ocTaeTcs CIpaBeIHBOi,
ecan g npoberaer NepeceTeHHe MOXIPOCTPAHCTBA § ¢ MHOMKeCTBOM B Tex

$ysroui us3 .Z%,, Ins KoTopHx Ny (g) < 1. B camoum pexe, R0cTaToHO
o
3aMeTUTh, 9T0 BHYTPEeHHOCTH B MHOMecTBa B mIOTHA OTHOCHTENBHO B
[e] o [+
H 9T0 nepecevcnme B (| € mAOTHO oTHOGHTenNbHO B, u60 B OTKPHITO.
910 3aMeYaEme HPHMEHHMO, B YACTHOCTH, K MHOMKeCTBY § = of (X; F")
HEIPePHBHLX GYHKOMH ¢ KOMIAKTHHM HOCHTeNeM (CO 3HadenmsMu B '),
rorma 1 g <+ oo, 7. 6. KOTHAa 1 < p L -+ . Ho B atoM caydae
dopmyna (9) sepna, eciu g upoberaetr B | ¥ (X; F'), naswe gna p = 1,
JeficTBUTeNIRHO, MOKHO, KaK M BhIMIe,J0rpaHMYHMTHCA Ciydaem, Korja [
6yner pasmemesnnod. B srom cirydae mokasamo, 9To ecam Ny (f) = 1, to

ans mwboro e > 0 mafijercs vakas pasMemeHHas QyEEnEA g € Ly, IT0

g () | < 1 upuscexz € X u 9ro

S {7, a)dpl > 1 — e. Cymectsyer

KOHeYHOe THCJI0 KOMIAKTHHIX MHOMeCTB K;, He MMEIOMHUX NOIMAPHO 06IMuxX
TO9eK, TAKHX, 9T0 Ha KaskpoM u3 K; QYHKOUA g mMeeT MOCTOSTHHOE 3HAYe-

EHe @ ¥ 9T0 ecnu K ecrr o0befumenye MuOKeCTB K;, TO S 17 9ogdn<<

& & OGosmaumM Wepesd U; TAaKyH OKPeCTHOCT: MHOMectBa K;, dUr00n
MEOKecTBA [/; He mMey momapeo o0muX To9ek, a Iepes h; — HENpepsB
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Hoe oTofpaxenme npoctpanctsa X B [0, 1] ¢ Hocmrenem B U; u pasnoe 1
Ha K;. Ecim nonoskuts h=2 ahy, o b (x)=g (z) 5a K n [ A (2) (<1
Ha X, W, 3HAYAT, .

S [{Fs h)Pcg du <&

CIIe[IOBATEIbHO, l S {f, n) dpl > 1—3¢, UeM H OKA3aHO HALIE yTBEP:HK-

Jenre. AHANOTHYHEIE 3aMEYAHHA MOTYT OBITH CHEJAAHH Aas gopmyast (10).

2) Hycts p — moJdoKuTenbHas Mepa Ha X, f 2> 0 — mamepmman
(KoHeYHag mau Het) QYHKOHMS, HOCHTENb KOTODOIl COXEPSKUTCS B CUETHOM
o0beluHeHNY KOMIAKTHEX MHOKeCTB K,. Torga pas awboro p, 1 < p K
< -+ o, EMeer MeCTO PaBeHCTBO

Ny ()= sup {7 17g 1 aw, (1)

KOTRa g mpoGeraeT MHOKecTBO (QyEKOMA m3 o& (X; R), AT KOTOPHX
Nglg) < 1. Neticreurenvro, popmyaa (11) mpencranaer coGolt wacTaerit
crydait popmyan (9), Korga Np (f) < +- oo, HOTOMY 4TO TOTAA f DKBHBa-
neHTHA HEKOTOPOIl $pymKIME M3 LP (§ 5, n. 6, Teopema 5). Ecan N, (f) =
= -+ o0, 10 filst MoBoro nenaoro n > 0 monomnM f, = inf (n, quKn). Toraa
* *
¥y () =sup "I tglan<sup | " prelan,

OTKyJa, mepexons K mpeneay (§ 1, m. 3, Teopema 3), Hoxydaem, {TO

*
sup {1751 dp =+ oo,

CnefcTBUE, [Tycmb p — nosoxcumesvias mepa va X, F — bana-
x060 npocmpatcmeo, F' — & nemy cusvho conpascennoe u g — npo-
ussoavras Pynxyus us L. Juneiinas gopma na LF, nosyuennas

daxmopusayueti us surelinol opmu f S‘ (f, 9) dp va LF, nenpepuisra

u umeem ropmy Ny (g9).

5. I punsroscernue: coommouLeHus
newcdy npocmparnemeanmu Ly (1<K p <<+ o)
IlpEnnosxerue 4. Iycmv [ — usmepumas Gynkyua co sHaveHUIMU

¢ banaxrosom npocmparcmee F; mruoxcecmeo I mex wucer p, 1 < p <
< 4+ o0, 04 komopuix Ny, (f) KoHeuno, aubo nycmo, aubo cocmaeasem

urmepeas npamoli R. Ecau I ne nyemo, mo cyacerue na I omobpascenus
p+> Ny (f) nenpepueno; npu smom, ecav [ mne npenebpexcuma, mo

log N, (f) ecmv eunyraas gynryus om 1/p na T.
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Mer yme smaem (ri. I, w. 3, mpepmu. 5), uro mEosecrBo J Tex
KoHeunwiz aucen p 2= 1, masa Koroprx Ny (f) << -+ oo, mubo mycro,
aubo ecth mHTepBam, u uto log N, (f) ecrb BHOyxIas QyHKOHA OT
1/p va J (ecam f He npeneGpemuma); 510, pasyMeercs, BiedeT Helpe-
puBHOCTE QyEHKIUEM pe—> N, (f) Ha J.

Ecan J mycro, 10 I = @ nmm I = {+ oo}, u mnpemioxeHue
B DTOM ciIydae 09eBUAHO; GyjeM Belofy B fanpHelnieM IIPeIonararh,
aro J me mycro. Ilpenioskenne oueBHAHO TaksKe B ciaydae, Korma f
npenebpexumMa; GyaeM npepuosaratsk, 9To f He mpenebpesxuma. Ecama
s€J, to mus moGoro KomewHoro wucia p >s umeem |f [P =
= |f |’|f|P°, u HepaBeHCTBO 0 CpeJHEM HOKA3HIBAET, ITO

Np (F) < (N (£))/7 (N (FY)P. (12)
Yerpemasisa p K + oo, HolydaeM
lim.sup Ny (£) < Ve (). (13)
p—) o0

9To moKasLIBaeT, IT0 ecam -+ oo € I, 10 J copmepiRHUT CKOIB YrogHO
Gosrpmue qucna; sHauuT, / €CTh MHTEPBAN M3 R,ul=1J. Ilpenaomxe-
Hue GyJeT oKa3aHo, ecJy MEI IOKakeM, 910 p — N, (f) HempepHBHO
Ha J, ¥ 5T0 JOCTATOYHO YCTaHOBUTE Ha KoHIax J. Kpome Toro, MoskHO
OPeRmoa0KNUTh, 4T0 J He ¢BOTUICH K TouKe. Ilyers 7 m s — Hagamo
n Komer maTepBana J (r < s < + oo). U mycrs A — (uamepumoe)
MHOKeCTBO Tex « € X, mas wrotopex |f (z) | = 1; umeem

Jirraful=§17Peadinl+ | 1£P 9cadlul

Korga p € J crpemurcst K7, | f P ¢4 crpemures k |f | ¢, yObBasm,

a |f [Peca crpemurcss k |f | @c. Bo3pactas. CiemosaTelbHo,
* r

17 Pacadin | orpesmren x [*IF "qoud Inl § 1, m 3,

teopema 3). G mpyroii cropoms, |f [P ¢, unTterpupyema pus p € J,

u S[flp @ad | p | cTpemures S [fNoadpnl § 4 m 3,

upena. 4). Cramo GHTh, Slf [Pd | n | crpemurca S* Fidipl

9eM /IOKa3aHa HEIPEPHBHOCTL B r oToOpaskeHms p+— N, (f).
Touno Takoe ’Ke pacCy)KjeHHe IDUMEHAETCA K TOUKe S, eCiHd
§ << - oo. IlpenmonoKuM, HaKOHeI, 4TO § == - oo. YumurhBasg (13),

ROCTAaTOYHO moKa3aTh, uro lim-inf N, (f) = N (f). MHraxg,
p - + o



5 HEPABEHCTBA BBINIVKJIOCTH 235

ycTh @ — TaKoe 4nciao, 970 0 << a<< N o (f). Tak Kak mo ycaosmio
CYMPCTBYIOT KOHeUHEIe 3HaYeHHA p, OpH KOTOPHX N, (f) < + oo, TO
MHOKecTBo A Tex z € X, qua Koropsix | f (z) | > a, aBraach MHome-
CTBOM H3MEDPHMBIM U He IIpeHeOpe;KEMHIM, MHTEIDHPYeMO B CHIy Hepa-
BeHCTBA @, < (|f |/a)?; xpome Toro, m3 3TOr0 HepaBeHCTBAa BHIBO-
auM, 9to Ny (f) == a (] n | (4))Y?; yerpemasas teneps p K =-o0o, moay-
JaeM lim;rinf Np‘ (f) = a, 910 U 3aBepmAaeT MOKa3aTeIBCTBO.
Y Red (o]

Cnepcreur. Ecau r, s, p — mpu uucia, ydossemeopaioule ycao-

eusm 1 <r<<p<<s<{+ oo, mo nepecevenue L% (| L¥ codepacum-

cn ¢ Fh.

OTmeriM, 910, Bo0o0Ile, TOHOJOTMH, HHAYNHUPOBAHHLE B NMECPECETCHHA
£y [ £} TononoraAME u3 .Z},Z (r<p <s), passuunwn. Ecaum me makga-
JIBBATH HAKAKOTO JOHONHUTENHHOIO YCIOBHA HA [L, TO TOMOJIOTHM, HEAY-
uupoBaEEbe B Lp (} Ly Tomonoruamu us Lp u Ly, Boobme roBops,

6ynyr ue cpasnumt (MHHIMHE CIOBaMu, orHomenme N, (£)/N, (f) momer
OPUHUMATE CKOJb YIOXHO 0OJIBINHE M CKOJbL YIOAHO MAllkle 3HAYCHMA HA

ZL% 0 Ly cp. yup. 8).

B cayuae oepamunennoli meper p mpemmoskenme 4 MoKeT OHTB
YTOYHEHO!

IlrEmnokennE 5. ITyeme W — ozpanuvennas mepa, u nycmv | —
w-usmepuman GYHEYUL co 3HaEHUAMU 6 Ganaxosom npocmparcmee F.
Muoscecmeo I uucen p, sarswouennur e npedesar 1 < p < + oo
u maruz, wmo Ny (f) roneuno, aubo nycmo, aubo cocmasasem uHmepea.l
¢ Haxarom p=1, codepacawuii smy moury; kpome moeo, (u (X)) VPN, (f)
ecmb eospacmaiouas gynkyus om p wa 1.

910 eCTh HEUOCPE[CTBeHHOE CJENCTBYE HpeIosKeHus 4 M3 3TOro
NYHKTA W CJEACTBHA W3 Ipejioxenusa 4 ra. I, m. 3.

CnEncTBHE. Ecau mepa |\ o2panuyena, mo OMHOULEHUE I'< S 64€xem
Fo LF; npu smom monosozus cxodumocmu 6 cpednem nOpLdKa s
6ydem Gosee CUALHOL, YeM MONOA0LUS CTOOUMOCTRU 6 cpedHem NopAOKka T

(6 £%).
Moskuo morasaThb, 9YTO, BOOOIE TOBOPsS, TOMONOTHS CXOJAMOCTH

B CpefHeM MOPsaka s Oyner cmpozo Goaee cuabroll, I6M TOMOJOTUA CXONH-
MOCTH B CpeIHeM Imopafka r (ymp. 8).



236 OPONOKEHUE MEPBI, IIPOCTPAHCTBA LP ra. iv, § 6

Nrennomenne 6. Hycme X — Ouckpemnoe npocmparncmeéo u | —
Mepa na X, onpedeaennas npu noxowyu maccet -+1, pacnoaosxcenmoti
6 kaxcooti mouke us X. Ecau [ ecmv omobpascenue npocmpancmea X
6 6anaxoeo npocmpancmeo F, mo muoxcecmeo I wuces p, 3axaioueHwux
e npedesax 1 < p < -+ oo umakux, umo Ny, (f) woueurno, aubo nycmo,
AUGO cocmasasem UHMEPSAr, umeiowull Kouyom —+ oo u codepacauyuii
smy mouky; npu amom N, (f) ecmo ybusawwasn dynryus om p na I.

B camom peme, p* (|f )= ZXIf(x) | mas aoGo#t dymrmun f
(§ 1, o. 1, mpumep) u N (f) = ||f

takoe wucno o >0, aro |f (z) | == & maa GecKoHeIHOro MHOMKECTBA
sHawennit z € X, 10 N, (f) = +oco npm noGoM KOHeYHOM p; B IIpO-
TUBHOM cjIyqae Haitfercs Takoe 2, € X, aro | f (z,) | = || f |l, otkyma
No(F)=|f (x,) | <Ny (f) mpu m1060M KOHETHOM p. A HOCKOIBRY
dynruusa log N, (f) BHuyKnIa ornocuresbHo 1/p M DpuUHEMaeT Hau-
MeHbIIee 3HaYeHNEe B TOYKEe —-co, TO OHa HeoOxomumo Oymer yGHBaio-
meii ¢ynknueit or p Ha I (Dynkuun feiicts. mepem., ra. I, § 4, o. 3,
opefi. 5), 4TO W 3aBepmiaeT ROKA3aTeNbCTBO.

| = sup | f (z) |; ecam cymecrByer
x€ X

Cnenctsue. Ecau X Ouckpemrno u ecau Mepa |\ onpedesera npu
nomowu maccel +1 6 kascOoii moure us X, mo omuowenue r << s é1e-
wem LF < L§; npu smom monosozus cxodumocmu é cpedrnem nopadxa r
Oydem Goree cuAbHOL, YeM MOnOA0eUS cxodumocmu, 8 cpedHem nopadxa 8
(6 LF).

Yopaskneana

1) Ilycrs f m g — TaKue [Be HM3MEepHMHIe UHCIOBEHE QYHKIUH, ITO
4= Mew (f) # b = M« (g) KoHOUHH], NOKa3aTh, 9T0 AJA TOrC, ITOOH
Mo (f+ 8 = M (f) + Mo (g), HEOGXOMEMO B HOCTATOTHO, ITOOK AIA
0ot mapsl feHCTBHTENLHEIX YHCeN O, i, YIOBIETBOPAKIMHX YCIOBHAM
o < a,p < b, MmEOKECTBO Tex z € X, KOTOPHX OfHOBPeMeHHO ¢ < f (7)
7 B < g (z), ne GHIO NOKATLHO MPEHEOPEKAMEIM,

2) IIycts D — BHIYKIO® 3aMKAEYTOC MHOKECTBO B GamaxoBoM mpo-
crparcTee F ¢ HemycTOH BEYTPEHHOCTRIO, B IYCTh [ — TAKAS MBMEPHMAN
¢ymrenug co saveEmamm B F, uro [ (X) < D. Ilycrs g > 0 — muTerpu-
pyeMasa ¢yHKnus, He npeHeOpekmmas W TaKasg, 910 fg HETErpUpyeMa.

IIpepmonoxkuM, 9TO0 TOUKA € = S fgdp / S g dy ABNsAeTCA TPAHMIHON AJA

D; mokasare, 4T0 ecIm V eCTb NIepecedeHne BCOX 3aMKHYTHX ONOPHHX
runepnaockocreil muoskecrsa D B Touke ¢, 10 f (z) € V \ D mourm BCropy
Ha MHOKECTBE TOX TOYCK I, B KOTOPHX g (x) > 0 (cBecTH K ciydawo, KOTHa
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F ecTh IPOCTPAHCTBO CYOTHOTO THOA (TO OCTH COREPIKHUT CUeTHOe BCIOJY
IJIOTHO® MHOJKECTBO), MIPUMEHHAB TeopeMy 4 m3 § 5; mocie DTOTO 3aMeTHTh,
910 V ecTh IepeceIenme CYETHOTO CeMeicTBA OHNOPHHX THIEPIIOCRKOCTeH
MHO;KecTBa D B TOUK® c).

Tlorasath, 970 ecau F KOHETHOMEPHO W eciim A €CTh IPaHb TOYKE C
otunocureapEo D (Tom. Bekr. mp-sa, ri. I1, § 4, ymp. 4), To chemamnoe
OpeJIooKeEne BjedeT, 4T0 f(z) € A HOYTH BCIJIy HA MHOMKECTBE TeX
TOYEK , B KOTODHX g (z) >0 (opoBecTH MARYKOHIO IO Pa3MEPHOCTH
npocTpaectBa F).

3) Iycrs u — Takas mMepa Ha KOMIAKTHOM OpocTpaHCTBe X, NIA
xoropoit X cayxur mocurenem. Ilorasars, 9ro ecam aiobasg msMepmmas
H OTpaHMYeHHAs [0 Mepe YHCIOBAasA (JYHKOUS PABHA HOYTH BCIOAY HeIpe-
pHEBHOI ¢yHKRUN, T0 X ABISETCA CTOYHOBHM mpocrTpascTBoM (cp. ri. II,
§ 1, yup. 13) (paccMoTpeTh XapaKTePUCTHIECKYI0 PYHKIUI0 KOMIAKTHOTO
mHEOKecTBa). O6paTHO, ecim X €CTh CTOYHOBO IIPOCTPAHCTBO, TO JJIS TOTO,
9100K BCAKAA M3MePUMasg M OTPAaBHICHHAA IO Mepe PyHKnusa Oblla paBHA
IOYTH BCIORY HEKOTOPOi HenpepsBHON ¢yHKNuUM, He0GXOMUMO M J[OCTa-
TOYHO, 9TO0H BCAKOE HUIrAe He ILIOTHOE MAOKECTBO B X Ohtio mpeneGpesxu-
MM (cp. § 5, yop. 14).

4) Iyers @ (4, tgy « . ., ;) — KOHEUHAS UmCIOBaf $YHKOHA, YHOB-
JeTBOPAIOMAA yciIoBuAM npeniaoskenusd 1 u3 raasu I. [lokasars, 9T0 ecau
fis fas « s [, CYTH n KOHEUHHIX MONOMKHTeNbHHX ITHCIAOBHX (GYyEKIHil,
HHTOTPEpYeMHX ¥ He HpeHeOpeKuMBIX, TO QYHROAS @ (fi, fay « + o5 fn)
HHTETPHpPYEMa H

fotnr oman<o(§nan | g oy [ ruan).

TIpm oToM AnA TOTO, 9TOGH MMEN0 MEeCTO PaBeHCTBO

S(P(.fu fn)du=tp(5f1du,---, andu).

reo0xXoamMO 1 MocTaTo9HO, 9TOOK [t 0YTH BCexX x € X Togra m3 R? ¢ Ko-
oppusatamu &; = f; (z)/g (f; (=), . . ., [ (z)) IpuEAAAEKANA IPAHA OTHO-

cuTeibEO K TOYKM C KOODAMHATAME O = S f; du/S P (f1s« 0oy fr) A1

(paccyspaarh, KaK B yup. 2). B gactrOCTH, ecam p w g 03HAYAIOT XBA CONPs-
yHeHHHX mnokKasarens, npmiem 1 << p < -+ oo, TO:

1. Jlas toro Yro6H ABe MOJOMKUTENbHBE UUCIOBHe QyHKnum f € LP
¥ g € £9 yROBIETBOPAJN PaBEHCTBY { fg du = N, (f) Ng (g), meobxo-

[
AEMO W NOCTATOYHO, ITOOH CymecTBOBANM TaKWHe 4Ba Uucaa o, P, He paB-
HEE OJHOBPEMEHHO HYJII0, 4T0 paseHcTBo & (f (z))P = P (g (z))9 copasen-
JMBO IOYTH BCIOXY.
2. Jlas toro 9100 [{Be MONOKMUTENLHSe YHCIOBHe QyHKmuM f € ZBP
m g € £9 ynoslersopanu pasencTBY Ny (f + g) = Ny (f) + N, (2),
He00X0IUMO 7 JOCTATOYHO, ITOOH CymecTBOBAJE TaKMWe ABAa 9ucia o, B,
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He paBHHE offHOBpeMeruno 0 wT0 pasencTso of (z) = fg (z) PHOOIHAETCH
[IOYTH BCIOAY.

5) a) Iycrs u — mepa JleGera ma marepBame X = 10, + oof. Ous
ao6oro umcaa p B mpemenax 0 < p << -} oo yKasaTh NPUMEPH TAaKHX
naMepuMHX $yEEUmi f > 0 ma X, 1008 MHOKecTBO Tmced r (0 < r

g 1
K- o0), aaa woroprix N, (f)= (3 fr d”) Ir KOHEYHO, COCTABIAJIO ORL

onum us urTepsanos 0, pl, 10, pl, 1p, + o], [p, 4+ oo] (B3aTH B RAUECTBE

f ¢yuruun suxa z% (log Jc)‘5 B oKpecTHOCTH O MU - co); BEIBECTH OTCIOAA,
910 JAIA BCAKOIO mHTepBala I, comep:kamerocs B ]0, - oo], cymecTByer
takad maMepmMas ¢yErnms f 2= 0, 910 / cOBIaflaeT ¢ MHOKECTBOM TeX
r > 0, ana xoroprix N, (f) << -+ oo (paccMoTpeTh CyMMY ABYX QyHKImA,
J1sL KOTOPHIX [ siBiifieTcs OJ{HUM U3 YKa3aHHHX BHITe T€THpeX MHTEPBAJOR).

b) Ilas mepsr JleGera ma uwmTepsaie |0, 1] ykasaTo Tamske npmmepnt
Takux QyERuuil f, 9T06b1 MEOKecTBO [ Tucea r > 0, faa KoTopHx N, () <
< -+ o0, coOCTaBNAAI0 TPOM3BONBHEI mHTEpBaN ¢ Hadaxom B 0, cogepsxa-
muiics B J0, 4-oo]. .

6) IokasaTh, 9T0 AJIs A060U MaMepumoOil me mpeHeGpe;xuMOil Umcao-
Boit pyEEnun f > 0 N, (f) ects $pymrnus ot r, Geckoreano uddepenmm-
pyeMas B Kayjoil BEyTpeHHeil TOUKe mHTe€DBaja, Ha KOTOPOM OHA KOHed-
Ha. BriBecTH OTCIOfA, ITO BEYTPH MHTEPBAJa, Ha KoTopoM N, (f) Komedra,
log N, (f) ecThb cTporo BHIyRIas yHKLEs oT 1/7, €caH TONBKO | HE ABIAET-
¢ TTOYTH BCIOAY NOCTOSHHOI Ha MEOKecTBe T€X = € X, B KOTOPHX f (2) 3% 0.

°7) Iycrs f — DONOKUTENBHAA, uH3MEPHEMas, He MNOpeHeGpeKmMam
umcIoBas GyHKIMA.

a) ITokasaTtsh, 910 ecam AJis KOHEYHOro 4uciaa r > 0 QyHRuus [+
pHTerpUpYyeMa, 10 $yurnusa log f xBasmmurerpmpyeva (§ 5, ymp. 11).

b) IIpegnomosum, wro fr mmrerpupyema gasa 0 <r < ry Ilycrs
A — wmHOKecTBO TeX z € X, B Kotopex f (z) > 0; moxasarh, 9TO ecan
p* (A) > 1, To N, (f) crpemurcs 8 -+ oo, Korja r crpemurcss K 0; ecnm
nd) <4, o N,(f) crpemurca K 0 OFHOBPEMEHEHO C r (UCIOAB30BATL
opeAa. 4 us ra. I).

c) Horazats, 910 ecam i {(4) = 1, To sfr dp crpemurcs K 1, Korga
r ctpemurcs k 0, ¥ mMeer B 970 TOUKe HpaBYX NMPOU3BONHYIO, PABHYI®
S log f du (mcmonssoBate ynp. 8 ms'§ 5); BHBecTH OTCIOAa, YTO KOrja r

crpemutes K 0, N, (f) crpemures x

6 ()= exp ( | 1og £au).

d) ITowasatb, 4ro ecam  (X) =1 um fr u log f wATErpHEpyEMHI, TO
G (f)y < N, (f), npuueM paBeHCTBO JOCTHTAGTCS JMIIH B TOM CIydae, KOIHa
[ mocrossHEA WOYTH Beiofy (MCHMONMB30BaThH yOop. 4).

e) Iloxasars, 910 ecau p (X) =1 ¥ f ¥ g — Takue xBe H3MEpHEMEE
nosoKuTeAbENEe yERIUA, 910 G (f) 1 G (g) ompemeaeHsl, TO ONPELLICHO
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G({-t+g u G{)+ G(g) <G (f-+ g), upudeMm DaBeHCTBEO HMEET MECTO
Iauiith B TOM ¢JIydae, ecim HaHgyTcs TaKue ABa 9UCIa o, f§, He PaBHEE OGHO-
BPEMEHHO HYJII0, 910 of (z) = Pg (x) mourum Bciopy, mnm ecan G (f--g) =
= O (mcmosmb3zoBars d) (paccmorpers ¢ymrmum f/(f+ g) = g/ (f + g).

8) Ilycts p — mepa JleGera ma muTepsase X = [0, --ool.

a) Ilycrs £ > 1 u h < k — nBa peficTBuTenbHNX ducaa. [loxasats,
70 s a06oro n = 1 u moboro wucaa p B npefenax 1 < p < + o« dpysr-
oua fn (z) = nh/(z+ n) npmmagnesar Z£P; nmoxasars, Wro mpm p >
> 1/{(k — h) mnocnexoBATENBHOCTH N, (fp) crpemurca ® 0 BMecTe C 1/n,
a mpu p < 4/(k — n) Gyner meorpaHnYerHOI.

by Myers ancao k < 1; moxasars, 4ro Auag awGoro n > 1 u moboro
uncna p B npepenax 1 < p <o Ppynknum g, (z) = nke-n* mpumanie-
war Z7; mokasaTh, 410 mpE p < 1/k IOCIETOBATENHHOCTH N, (g,) crpe-
murea & 0 Bmecre ¢ 1/n, a mpu p > 1/k Gyner HeOTpPaHUYEHHON,

Brigectn u3 a) u b), aro ecam 1 L p < g < + o0, T0 TOHmOJIOrHH,
HHAYHUpYeMEe Ha z° n £? rononoruamu uz L u £, me CPaBHUMEL

c) IToxasars, 9To ecaum p ecth Mepa JieGera ma murepBane {0, 1]
u ecam p < g, TO TONOJOTHA CXOAHMOCTM B CDefHeM INOpspka g Oymer
cTporo Oosee CHILHOH, YeM TONOJOTASA CXONUMOCTH B CPEIHEM HODPALKA p
(8 £9.

9) IIycts X — 6ecKOHeTHO® GUCKPETHO® IPOCTPAHCTBO I | — Mepa
Ha X, HOCHTeIh KOTOPOH paBeH X.

a) Torasars, uro musn 1 < p < + oo mpocrpameTso £P (n) aBaseTca
TOIIOIOTHIECKUM BEKTODHHM OPOCTPARCTBOM, H30MOPQHEHIM NPOCTPAHCTBY
z° (wg), THe po ecTh Mepa Ha X, ompeneNeEHAS NPH IOMOINHM Macch -1
B KasKpoil Toure m3 X.

b) Iokasats, 910 ecu 1 < p < ¢ L + oo, TO TOMOJOTHA CXORUMO-~
CTH B cpefHeM mopsaaka p Gyner crporo Gosee cmiapHOIT, WeM TOMOMOrmA
CXOIMMOCTY B CPefHEM LOpsafEa g (B £F).

°10) a) Ilycts @ u b — Taxme jBa BeKTOpAa B GaHAX0BOM NPOCTDPAH-
cree F,uro |a@ | = | b | = 1. Tloxasath, 9ro s A1060T0 4ucaa ¢ B mpe-
genax 0 < t < 1 uw awboro 9ucaa p s npegenax 1 < p < -+ oo BHIONHS-
10TCS HEPAaBEHCTBA

@ —tb[» L2 |a— 1P|, (1)
la — ) <3pla—tb] , (2

(BeIpa3uTL © —1Pb B Buje nuEeiimOfi KoMOmEAUME BEKTOPOB @ — b
u @ — b n saMetuth, 910 aasg 0 L p < 1 cupaBexIuMBH HEpPAaBEHCTBA
|lea —pb| =21 —puja—b| 2| a—pb]). Busecru orcioga, 3to
€CIN § U # — NPOU3BOJBLHBIE ABA BeKropa m3 F, 10

ly—zlp L2 ||y |ply —|zlptz]|, (3
Ny lptey — 2Ptz <3ply—2z1(yl+|z)r (4
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b) Ioxasars, a0 orobpaskenue f +—> | £ /P -1.f ecth GueKTHBHO®

PaBHOMEPHO HONMPEPHIBHO® 0TO0PaskeHUe HPOCTPAHCTBA z}, Ha £%, (Ecmoms-
30BaTh HEPABEHCTBO (3)).

c) Hokazats, 910 oToOpaskenue f w> | £ |P-1.f npocrpancTsa .Z’;
Ha £} PABHOMEPHO HENPEPHIBHO HA TH0060M OrPaEMYEHHOM IOIMHOKECTBe
MPOCTPAHCTBA Zﬁ’, (ucnonb3oBaTh HEpPaBEeHCTBO (4) M HepaBeHCTBO l'éib-
nepa). BriBecTm orciofa, 910 TOHONOTMYECKHEe IPOCTPAHCTBA $}, " .Zf‘
TOMeOMODGHEL,

11) IlycTe g — HONOKUTENbHAA INCIOBAA PYHRINUA, IPHHALIEKAMAL
£° (1 < p < + ). Obosmaunm uepes I, mEOMmecTBO TeX pyEKumi f €
€ L% pna woropex | 1} K g

a) Ilokasars, 910 B I, TONOAOIHA CXOAUMOCTA B CPESHEM HOPARKA p
COBIIAZIAeT ¢ TONOJOrueil CXOAMMOCTH II0 Mepe, ,

b) Ilorasats, 9To ecam p < g < r (cooTB. ¢ < r < p), T0 B MHOKE~
cree Iz .Z‘}, N Z£% Tomonorus CXOXMMOCTH B CPOHeM HOPAmKa g Oymer
MeHee CHIAbHOIL (COOTB. 60JIee CHIBHON), 9eM TONOJIOTHS CXOAYMOCTH B CPe[i-
HEM HOPsXKA r (3aMeTHTDb, YT0 AJA ABYX $yurnuil S, [, IpHHANIEIKAIAX
9TOMY MHOKECTBY, | f—fo |9 L | f — fo|® (2g)97%, m npumenwmTh EHepa-
BeHcTBO I'éabJiepa, BROPaB majieKamumM 00pa3oM s 1 mapy CONMPsKERHRIX
norasateneir). IlokasaTh ma mpuMepax, 9TO STH TOMOJOTHH MOryT OBITH
pasauygHH (cp. yop. 8).

c) lycrs p — mepa Jlebera ma X = }0, 4 ool; ¢pymrnua g (z) =
= (z (log? z 4 1))~V/p npmmapmexur LP, H0O He NPHHANIEKHAT HEKAKOMY
Ze pag q =+ p. IlorasaTte, 910 ecam ¢ =~ p, TO TOIOJOTUSA CXORUMOCTH
B CDefiEeM MOPSKa g B MHOKecTBe [, [} £ OTHBIHA OT TOLOJOTHNA CXOfH-
MOCTH TI0 Mepe.

12) I[lycrs b > 0 — rTakas YucaoBass QYHKIUS, 910 kA H h? MHTErpH-
pyembl; OycTh {p — MHOJKOCTBO H3MEDHMBIX UHCIOBHIX ¢yEKOmt f, mias
KoropHXx | f | < h. Tlokasars, uT0 oTobpaskerue (f, g) —> fg mpoussene-
mus Ip X I B 2! HEempepHBEO B TONOJOTMH CXOZMMOCTH B CDEJIHEM
(8 I, m B BY).

°13) Ias awoGoro ducia p B mpefpenax 0 < p < 1 o6o3HaImM depes
Z% MEO3eCTBO TaKUX M3MepuMHX orobpakeruit £ mpocrpamcra X B Ga-

HAX0BO NpocTPaHCcTBO F, 910 Np (F) < -+ o0
a) Moxasare, 10 Z% ecTs BEXTOPHOE HPOCTPAHCTBO I UTO ecan Tepes
Ba o6o3naueno MHOKeCTBO Tex [ E.Z’I}, B KoTopuix Ny (f) < a, 10 MHO-

suectBa Ba npH e, upoberaiomeM MHOMECTBO CTPOTO HOJORHTENbHRX
gucen, 06pasylT $yHAAMEHTAIbHYI cHCTeMy oKpectHocreir 0 B merpm-
3yeMOil TOIOJOTHH, COINIACYIINEHCH CO eFPYKTYPOl BEKTOPHOIO MPOCTPaH-

crea B Zh.
b) HoxasaTts, aToc oTOoOpaskenume f +> | £ |P-l.f ecTh paBHOMEPHO
HempepuBHOe OToOpakeEmWe mpocTpamcTBa L% Ha L} m uro obparmoe
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oTo6paykenre PaBHOMEPHO HENPEDPHBHO HA JN000M OTPAHAYEHHOM IOJMHO-
a#ecrBe u3 Lf (cp. ymp. 10). BeBectn orciofia, 9T0 mPOCTPAHCTBO L%
IOJTHO ¥ 9TO MHOKECTBO ¢4 p (X) BCIOLY HOTHO B Lh.

¢) Ecau Mepa p orpasmuena, To L, < .Z’I’,‘, ¥ TONOJIOTHA CXORUMOCTH
B cpenrem Gyger Gomee cribHO, 7€M TOMONOTHA, mEAynupyemas B L}
TomonorHedl us L.

d) BossMem B kauectBe p Mepy Jlebera mHa X = [0, 41]. IlokasaTs,
aro gast ao6oii HempepHBHO QyurnuE f > 0 CymecTByeT HpeiCTABICHES

f= —é—- (fi-+f2), rme f1 = 0, u f, > 0—Takne ABe PynKnum u3 LP, 1UTO

Np (i) = Ny (fg) = 21-UYM N, (f). Busecrm orciona, 9ro B £P 3aMEHY-
Tas BHOYKIas o6onoura aioboit oxpectHOocTH B, €CTh BCe mMPOCTPAHCTRO
ZP u 4r0, 3HAIHT, BCAKAaA HENPEDHBHaA JuHEHHAs $opMa Ha LP TOMXK-
JIeCTBEHHO DPaBHA HYIIO.

°44) Ilycte p > 0 m g > 0 — npon3BONLHKE KOHEYHEE JNEHCTBH-
TEIbHBIE 9IHCIA3, W OYCTH f (Ty, Zgy + o+ .9 Zp) — HEHOpePHBHAA TUCIOBAH
¢yHRIUA, OoNpesieleHHas BHa R~

a) Iycts p — mepa Jlebera ma X = [0, 1]. YToOH mus nw06oit crcre-
MB n (QyBEROEE g, € LP QYHEDUA [ (g1, &2y « » -4 &) DPEHALIEKAIA
Z19, neo6X0UMO H [I0CTATOYHO, YTOGH CYIMECTBOBAIO TaKoe gucao a > 0,
o | f (e oeu ) 10<al + o[+ oon + |2, D2

(Heob6xonuMocTh fi0Ka3aTh OT HPOTHBHOTO, XOIYCTHE, IT0 Hpu a06oM
gexoM m > 0 cymecTByeT TaKaf TOUKA (Zipmy o o «3 Tny) U8 R7, 91O

|f(‘7:1m1 ey znm)lq>m(1+|z1m!+“° +|xnm|)!°

fIocae aroro moKasaTh, 4TO B X CYHIECTBYET TAKAs IOCJELOBATEILHOCTD
(A,,) maTepBaNIoB MOmapHOo 083 O0UIUX TOUEK, UTO €C/IH MONOKHTE g (1) =
= Zy,, A% A1000r0 £ € A, ¥ gy, (f) = O pas ao060it Touky ¢, He mpuEajIe-
KMl HUKAKOMY Ay, T0 Kamdad 03 GyHKIui g, 6yaer nprEajgmesKaTs LP,
HO [ (g1y +s «» &) He Oymer mpueajgne:xarh Z9).

b) Oycrp p — mepa JleGera ma R. YrtoOH pus awboit cmereMu n
dynrunit g € LP Qysruaa f (g, . .., £,) OPHBafne;kama L9, meoOxo-
AEMO ¥ [OCTATOYHO, WroOH CymecTsoBalo TaKoe wmcao b > 0, uro
Vf @ ee 2 9O a 312 |+ oo 4 |25 )P (70T e meron),

°15) Hycts X — KOMOAKTHOE IPOCTPAHCTBO H [ — IOJOKHTEIbLHAS

mepa ma X, Jlas ¢ymenmit f n g us B nonomum (f | g)= (f | g =
—_—S fz du. TlocnenosarensrocTs GynKnmit f, € L2 HasHBaercs opmonop-
MUpPOSAHHOL, eCIH IocHAeqoBaTeAbHOCTH, COCTABICHHAA u3 f,, OPTOHODMH-

oBaHa B rmianleproBom mpocrpancrtse L3, T. e. (Tom. pexr. mp-Ba, ra. V
y )

§ 2) ecnu (fy, | fn) = O, (cuMBox Kpomexepa) Axs m06oit mapH HEfEH-
coB. dna mwoboit pymruam g€ L} KoMuneKcEsle Imena ¢, = (g | fp)

16 H. Bypbaxa
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HABHBAIOTCH KoMNnonenman i GYHKIME g CTHCCHTEN EO CPTCECPMUP( BaHEOR
o0
HOCeO0BATeNbHOCTH (f,); MMeeM Z e, 2<< S | g |2 dp.
n=0
Jansa noboit maper Touek z, y 13 X u a060ro nenoro n > 0 nonoxum

n
Ky (2, )= D) fp () Jr (y) (28po nopadka n pns OPTOHOPMHPOBARHOIL
R=0

nocaeoBaTeNbHoCTH (fy,)); AAA Bearoll ¢ymKuHM g € LF umeeM

n
n ©= 3 @1 Wil = | Kn (2 02 0 b 0.
R=0

MMonoxum H, (z) = 5 | Ky (x, y) | du (y) (Fynxyus Jebeea nopadra n

ANA OPTOHOPMHPOBAHHOI mocnaefoeatTensnocty (f,)).
a) Ilyerp (o) — Takas yOsBalOmas IICCAE/ICBATENBHOCTE CTPOTO

HOJOKMTEeNBHEIX 9UCel, 9T0 pAX ¢ o6muM diedoM o, cxoaurca. Ilokasarth,
n

uT0 AAs MO4YTH BCeX x € X BHIIOJHAETCA COOTHOIIEHe 2 [ fp (@) |2 =
k=0

= o {{/a,) (ncnonwaysa mpepn. 6 us § 3, moxasarb, uTo pAx ¢ 00muM qie-

HOM O, | fn (z)|? cXomuTcs modtu ECIORY, M mpumeHuTh yup. 10 ms OCmei

ron., ta. IV, § 7). Busectu orciona, aro H, () = o (1/1/05—,7) IS [IOYTHR
Bcex z € X.

b) Myers g — Touka u3 X. YTo6H AAsA 4060 KOMIACKCHO3HATHOMN
$yHKIMM g, olipeflesieHHOH U HenpepsBHON Ha X, 9acTHYHEIE CYMMH sp (g)
6hiy OTPaHU9CHH B TOUKE x4 (IUCIOM, 3ABHUCAINUM OT g U OT Z4), HE0OXO-
AuUMO M A0cTaTouHO, 4Tobn MHOMecTBO uncen H, (zy) GBuio orpammdeHo
(uconpaoBaTh npead. 3 ¥ TOT $AKT, 9T0 B IPOCTPAECTEE, COLPAKEHHOM
K 6aHaxoBy, BcsaKoe cinafo orpaHMIeHHOe MHOKECTBO CHJIBHO OTPAaHHIEHO)

¢) Urobsl fas 460l KOMILIEKCHO3HAYHOH QYUKINHK g, OILpexeeHHoil
N HempepolBHOH Ha X, pag ¢ ofmum uienoMm (g | f,) f, () paBHOMepHO
cxofmica Ha X M umea cymmy g (z), Heo0XolWMO M [OCTATOYHO, YTOOH:
1° BesAKas HempepsiBHAs HA X (YHKIUA € KOMILIEKCHEIMH 3HAYCHHAMH
Mori« OsTh paBHOMepHO EpuGnmsxena JMHEFELIMH KomMORHAIMAME QyHK-
muit fp; 2° cymecrtBopasa Taras TOCTOSAHHAA a, 4T0 | H, (2)| < a upn
no6om n u mobbx z € X. (3aMeruth, 910 AxA a06ore n crpaBefiuBO

o0
TOMTECTBO f,, () = 2 (fo | fm) fm (2); ¢ ApyToil cTOpCHH, ANS foKasa-
m=0
TenbcTBa HeoGxomuMocTH ycnosus 2° sanveTuTh, 9T0 JUis aw6oil pospacraio-
meil mocnefoBaTeNAbHOCTH (ny) MessIX auced ¥ A060H MOCIEROBaTEABHOCTH

(z3) mouex m3 X moOCIHEROBATeNIBHOCTH 9HCEJ g K"h (xn, v) g (v) dp (¥

.

orpaanyena (YNCAOM, 3aBUCAINAM OT £), ¥ PACCY’KIaTh, Kak B b).)
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16) Ilycre pu — Mmepa JleGera ma X = [0, 2n]. TocnegoBaTennrHOCTH
¢yaxuui f,, rae ’

mm=ﬁ§w Jan-s (81 =7 co s,

1
V=
€CTh OPTOHOPMUPOBaHHAA| TOTaNbBaA NOCIENOEATENBECCTh B NPOCTPAHCTEE
Z% (cm. O6masn rom., ror. X, § 5, npena. 8). [lokasatk, 4T0 COOTFETCTBYIO-

fanllz) =

sin nz (n21),

man ¢yaxuus JleGera H, (z) me saBmcur or z u uro I, ~ (4/n) log n.

°17) Iycrs p — Mepa JleGera ma X = [0, 1]. Ompegennum carenyrompm
obpasoM NocieloBaTeAbHOCT: (f,) CTyneHYaTHX ¢yaknoui Ba X: fo —
MOCTOAHHAsA, PaBHasa 1; mycts A no6oro menoro n > 0 wepez m obossa-
qeH0 BauboJpInee NeN0e 9ucio, NPy KOTOpoM 2™ < n, u MyCTh n==2M} k;

fn ects QpyEKUUA, paBHas 2M/2 ga uHTepBane [23‘—111 , 2-2’%:{%11[, — 2m/2

ok--1  2k+2
2mil ’ 9mid
a) IloxasaTb, 4TO IOCIEAOBATENBHOCLD (f) OPTOHOPMUPOBaHA («opmo-
Hopmuposannas cucmema Xaapay).
b) Hycte V, — BeKTOpPHOE DNOANPOCTPAHCTBO NpocTpaHcTBa L2

Ha HMHTepBaJe u 0 B ocTaipHHX TOUYKax u3 X.

(map C), moposkfienHoe QYyHKNUAME f, ¢ maAekcamu k < n. Ilorasars, 910
cymecteyer pasbuenme unrepsana [0, 1] ma n - 1 DOAYOTKPHTHX WETEP-
BaJIOB, H& KajKJIOM W3 KOTOPHIX BCAkasa (QyHKUUA, DpuHagiaeskaman V,
6yner noctonHAa. BHBecTH 0TCI0fa, 9T0 1 06paTHO, Kia H060# pyHKUNA g,
MNOCTOAHHOH HA Ka)KAOM W3 9TuX n-}-1 MATEpBaJNOB, CymiecTByeT QyHKIRs
u3 Vy,, pasHad g Ha [0, 1] (2ameTuTs, uto V,, uMeer pasmepmocTb n - 1),

¢) Hyere g — npoussosbaasn ¢ymxnma us L§; Bupect: ua b), 9ro

eciu h ecTh eAUHCTBeHHaA QYHKIUA W3 V,, AIA KOTOpod N, (g — k)
JlocTUraeT MUHEMYMa, T0 Ha Jiobom mmETepBane [a, B[, ma Kortopom h
TOCTOAHHA,
1 #
= dt.
ho =gy | 8O a

a

d) Toxasatb, uto Aasa 060l KOMmAGKCHOSHAYHOH ¢yHKOUH g, onpe-
mejleHHON M HeNpeprBHOM Ha X, pAp ¢ o6mmM 4aenom (g | f,) fn (z) paBno-
Mepuo cxopnTca Ha [0, 1] w mMeer cymmy g (x) (mcnonnzosats ¢)). BrBectn
OTCIOfia, 9TO MOCJHeJOBATeALHOCTD (f,) TOTANbHA.

°18) IIycts X — JMOKalNbHO KOMOAKTHOE NPOCTPAHCTBO, W — HOJO-
uTenbHaA Mepa Ha X M f — p-MsMepmMas YACIOBag (YHKIHA.

a) Ilyern (“n)nez -— NOCJHeA0BATEILHOCTh JIeCTBHUTEJNBHHX YHCONn

U A — KOHewHOe [efCTBUTENLHO® YACIO0; MIA JW60ro n € Z moJoMEM

Un (z)—_-an_;.[k log | F(x) |]f (z), ecnmm f(z)=0, m [(z)# * oo,
165
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up () = 0 nna ocrampuux smadenuii z € X ([t] osmagaer meaym uyacts
KOHEYHOTO [eicTBHTeNHHOr0 4mcna ?), Iloxasare, 9TO u, M-H3MEPHMH
A 970 JAA A1060r0 KOHEYHOro MeifCTBUTENRHOTO ¢, YAOBAETBOPAIOMIEro
yeaoBuw ch < 1,

+o0 oo
S Mim@iea@<d (Mr@t-*ue (3 eial).

b) lyers p” > 0, p” > 0 — KoHe"HHe 9uciaa, ! -— JEHCTBUTENBLHOE
qucno, 0 < ¢t < 1, m p — pelicTBHTETbHOE 9HCIO, ONPOFEIAEMOe paBeH-
ereom 1/p = (1 — t)/p’ 4+ t/p”. Han aw6oro o > 0 monoskmm

o0 -8 +o0 o
1 . 2 s\ (1-t)/p’ - - v \ t/
E::mf( Z | e May, |P ) ( Z | e~¥i=ting P ) ,
n=-o0 n=-o00

rfle HWKHAA TIpaHb GepercA No BceM abCONIOTHO CXOAAMAMCA PpAfAM

400
(an)nezltoae‘mmx MeACTBUTONLHEIX 9HCEN, INA KOTOPHX 2 an=1,
N= 00
Iloxasars, aTo
Ny (f) < Ky +inf F (u), (+)
Np () = Kpe~%-inf F (u), (%*)

e u = (un)nez npoGeraer MHOKECTBO IOCJeJ0BATENHHOCTeH (yHKIERA

s ZP’ n £P°, pas KOTOPHX psayn (uy, (:z:))nEZ a6CcONITHO CXOZATCA MOITH

BCIOAY um mMeer cymMmy f (z); smech miuaa n06oit HOCHIEXOBATENLHOCTH U,
ofianaomeit sTuMm cpoilcTBaMm,
+oo 400
Fy=( 3 Wy (™ un)P)' (3 (Npu (™= Dmun)P)",
nN=-—x n=-—00
u B"popMynax (*) # (#+) HIKHSIA rpaEb GepeTcsA B MHOMECTBE mOCJHeA0Ba-
TeapHOCTell u = (u,), oOlagawmux CcHOPMYAMPOBAHHEIMH BHIDIE CBOI-
creaMn. ([l moxasaTenbcTBa (%) MCHONB3OBATh HepaBemcTBO lénbjepa;
7T06H {oKa3aTh (%), NPUMEHATh ABAKAH &) ¢ HAmJIeKamuMm BHOOpOM ¢
g A.) B wacrmoctn, K, Konedno npu aiobom o > 0.
c)*lycrs p’, p”y ¢', ¢" — Konednsle 9ucua, =1, ¢ — gucio, yrosner-
sopsmiomee ycaosusaMm 0 < ¢t < 1, m mycrs
1 _1—t + t 1 1-—¢ + ¢
p P 'pP’ 9 & "qg°
IIyers Y — fmpyroe JOKaJbHO KOMHOAKTHOe NPOCTPAHCTBO, ¥V — IOJOKH-
TeNbHAS Mepa Ha Y H TIycTh w — amHeiiEoe oTo6paskemme o7 (X; R)
8 BeKTOpHO® (HEe TonoJormdeckoe) npocrparcTro fF (Y, ¥v; R) v-usMepmMux
KOmeuHHX ZucioBHX (ymxnmid ma Y. ITpeamonmomum, dro: 1° w oroGpa-

maer O (X3 R) B 2L (YV; R) 0 £7 (Y; R); 2° mua moboir $ysxumm
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fed (X; R)

N () < M'Np () Noo @ () < M'N,. (1.

Otciofia 8akniounTh, 910 w orobpaskaer Takme &4 (X; R) B L2 (Y; R)
B 4910
Nq w@m< M'Np iR
rae
M< M-t + Mt

(nepasencmeo M, Pucca). (3anucats f B Buae Z u,, Kax B b), # pacecmorpersb
n

PAR ¢ o6muM wienoM w (uy,); MCIOABLRORATH HepareHcTBa (*) M (++) 1alb).)

19) Hycrs f > 0 — umcaosan ¢yarmua ga RX¥ = ] 0, 4+ oo[, maTe-

rpupyemas ¢ p-if creneEbi0 OTHOCHTeNBHO MepH Jlefera (1 < p < - oo).
x

IMonosxum F (z) = S f (t) dt gaa aoboro z > 0.

0
a) Iloxasarp, 910 A z, cTpeMaAmeroca ¥ 0 minm K + oo,

F(z)=o0 (z(P-i)/P)

(dcmosip30BaTh HEpaBeHCTBO I'Emnpepa).
b) Tlokasars, 4ro ¢ymknua F (z)/z uaterpupyema ¢ p-it cremeHbIo
Ha R% u uto (nepasencmso Xapiu)

o0 +00

S (E2 Vi< (;5) | tewan
0 o

(Paccmorpers BHagade caydail, koraa f € ¢ (R¥); pas noboro KoMmaKr-
Horo mHTepBaNa [a, b] — R} MaskopupoBaTh HWETEIpa

f (F (t))p
e dt,

UHTerpupyd IO 9YaCTAM W HCIONb3YA HepapeHCTBO I'émpmepa.)

20) a) IIycts Y — meTpmueckoe NPOCTPAHCTBO;, Jis Jioboro y € Y
u aoboro r > 0 o6o3nadum uepes B (y; r) OTKPHITHIL mMap B Y ¢ meATpoM y
u paguycoM r. ITycre & — MHOKECTBO OTKPHTHIX MIApOB B Y € JAaMeT-
pamu, 06pasyomuMn ozparuuennoe MHOKECTBO B R, Taxoe, uro mua’ao6oi
nmocnegosarensaoctd (B (y,; r,)) mapos, npunamiexamux © u NoumapHo

He nepecekaromuxcsa, lim r, = 0, Iloxasars, 910 eciu M ectb 06Benu-
n—>-o00

menne mapos B )€, To maiifgercA mociiefio BaTENLHOCTH MAapPOB B (y,;7rp) €
€ €, nomapHO He MepeceKalOmEXCA W TAKWUX, YT0 mMapH B (y,; 4r,) o6pa-
ayior nokpeitne M, (Ecam k& > 0 ecth Ma)KOpaHTa MHGKECTBA PafiUyCOB
mapos B < &, 10 ompeflennTs N0 MHAYKIMH OO0 - NOCIeLOBATEABHOCTD
ceMeiicts (Jx) mapos B (yn;; ray) € ©, Tax, 9106 § 5 G0 MaxcHMaNb-
HEIM cpefiz (KOHeYHHX) CeMeiicTB DIapoB, NPmHajiemxamux ©, nomapeeo
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HE Nepecexanmuxcs H) He MepecoKanmuXCcsA ¢ MapaMH, NIPHHAJNeKaMA-
Mo cemeiictBaM §; Ana i < k ® ¢ paguycaMu, 3IaKIOUCHHEIMA MEKIY
@132k u (213" .

b) Iyecrs X — MerpasyeMoe NOKAaIbHO KOMIIAKTHO® npoc'rpancmo
u d — paccrostage B X, coraacyiomeeca ¢ ero TOImojormeil; 06o3HadnM
cHOBa depe3 B (z; r) OTKPHTHIl map ¢ LHERTPOM z u paguycoMm r > 0 orHO-
CUTEIBHO 3TOTO paccTOAHHUA, a depes O (4) — AuameTp mOAMHOMecTBa A
ms X oTHOCETENbHO paccrosmua d. IlyeTh | — MONOMETCIBHAA Mepa
Ha X, YJAOBIETBOPAIOMAA CAeXVIOMUM ycloBuAM: 1° BCAKUA OTHPHTHLHA
map p-uaTerpmpyem; 2° p (B (z; 4r)) < K-n (B(z; 1), tme K > 1 —
HOCTOAHHAA, HE 3aBUCAMAsA OT # # r; 3° ecnu mocaefoBaTenbHOCTh (B))

OTKPHITHIX mapos Takoea, dro lim p (B,) =0, 10 lim 8 (B,) = 0;
Nn-—+00 N->»00

4° eca WOCHGAOBATENBHOCTH (B,) OTKPHTHX NIApOB TAKOBA, 49TO '
lim 6 (B,) = + o, 10 lim p (B,) = + oo.
n—>00 n-—»o00

Iycts f € ZP (X; p) — dyuxius co smagengamu =0 (1 < p < oo);
auaa awboro z € X monaraem

o) = sup 5 S 1 () dp (5D

rme B npoberaer MHOKECTBO ompm'mx mapoB ¢ ueHrTpom z. Ilokasats,

910 | KoHedHa m mONyHeTpepHBHEA CHu3y Ha X.
c) Iycts f* — y6rBafomasn nepecranosxa f (§ 5, ymp. 29); aua ¢ > 0
IIONOKHEM

t
b= | @ ds
0

970 — yOHBalomas HempepeBHEAA (YHRIMA, Takas, I10 [* < Py mmeem
Bry=o ('t‘”p) 1aa t, crpeMamerocsa K 0 miu k + oo (ymp. 19a)). Haxro-
men, ofosmauum dTepes ys ¢Pymkumo, ofpatayo kK Py, OIpefeneHHYIO
ma warepsane 10, B (04) w npopomxenamylo 0 BHe 3TOro mATEpBANa,
ecin Py (0 4) xomeaso.

s mo6oro ¢ > 0 o6ospagum depes M; MHOMECTBO TeX z € X, nia
KOTOPHX [ (z) > ¢. [loxasats, 910 (M < K-y (). (ITyets ana moboro
z € M; depes B, 0603pmadem TaxoX OTKPHITHiE map ¢ WEHTPOM z, ITO

S f @ du (y) = t-u (B,); npumenuTs a) K ceMeiicTBy mapos B,.)

By
d) BrBectu m3 c¢), It0

[ Ferae <x(-25)° | @rae.

(3ameTuTh, 9TO JeBaA  9ACTh  3AOACHBAGTCH TaK:Ke B  BHJe
00
ptr-i(u (M;)) dt, 1 mcnonwsaosarh HepaBencTBO Xapam (yup. 19).)
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§ 7. Dapuuenarpsl
1. Onpedeaenue GapuyeHmpos

IIycrs E — orgeanmmo? JI0OKaNBHO BHIOYKIOe OpocTpaHcTBo Hajg R,
E’ — ero conpsprernnoe, E'* — anreGpaudeckoe compsKeHHOe Ipo-
crpanctso E', npuaeM £ KaHOHHIECKH OTOMRIECTBISETCA C BEKTOPHBIM
OOAmpocTpaHCTBOM mpocrpadcTBa E'*. Ilycrs K — roMmaKTHoe mOf-
MHOKeCTBO U3 E; MDOCKONBKY KaHoHwdeckoe Binokenue K B E Hempe-
PHBHO 1 MMEET KOMOAKTHLIA HOCHTENb, TO HIA MioGoit Meps p Ha K

HHTETpaJ Sacdp, (o) onmpenener u aBusierca snementom us E'* (ra. III,

§ 3, n. 1). Kpome Toro, romomorusa, mugyuupoBanuas B K caaGoi
tonoJorueit o (E'*, E'), coBmagaer ¢ ucxogHoii romoiaoruei. Hakone,
ecin C — saMrHyras BHOykiaag ofomouka MHOkecTBa K B E'¥,
HageaeHaas rtonoxormed o (E'*, E'), ro C () E ecrs 3aMKHyTas
BHOYKIaA o6omogxa MHO)KecTBa K B E OTHOCHTENBHO MCXORHOMU
Tonoxorau (mim ociabiaensoii Tomogoruu o (K, E').

Onreneneuue 1. [ycmbs K — komnakmuoe nodmuozxcecmeo omdoeau-
M020 AOKAABHO guinykaoeo npocmpancmsa E. [Jas 4060l nosoxcumenrs-
Hoti meptt W Ha K ¢ noanoli maccoli, pasuoii 1, Hasdosem Gapuyenmpom

Mepo, U eekmop b, = Swdp, () (npunadaewawuii E'*).

Mpumep. Ilycrb uy— duckpemnas Mepa Ha K, HOJOKATETH-
HAS W AMeaA UOJHYI Maccy 1; crazo GbITh, OHA HMeeT BHA W =

n
= Dhigs, Tae 2, €K, a A; — Taxme geHCTBUTENBHB® THCIA, TTO
i=1 i

n

A; =0 maa modoro i 1 E)\,i = 1. MMocKrouXBRY Sxds,, ()= gy (ra. III,

i=1

§ 3, m. 1,.upumep 3), 10 b, = Sacdp. () = Zhixi. B gacraoctn, mamo-
60e x €K sBaserca GapAUeHTPOM MBI €.,.

eegnomenns 1. I[fycms E — omdeaumoe 1okasbno ewnykrroe npo.
cmpancmso, K — romnarmuoe nrdmuoxczcmeo us E u C — samrnymas
eunywaad osorouka muoxcecmnea K ¢ E. Tozda muoacecmeo C 6ydem
cocmoams u3 mouek npocmpancmea E, asamiowuzcs 6apuyenmparu no
kpaiineid mepe o0roll nosoxcuneavnoldk mepot Ha K ¢ maccoi 1.
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10 ecTh He 4TO MHOE, KAK mpeyioxennme 5 us raasw III, § 3, m, 2,
TMpUMeHeHHOE K KAHOHHMIECKOMY BioskeHmio K B E.

CaenacrBue. Ecau samknymas sunykaas o6oaouka C muoxncecmea K
6 E xomnarmua, mo 6apuyenmp 4060l nosoxmcumervrol mepu na K
¢ maccoti 1 npunadaexcum E.

B camom pmeme, B arom ciydae C ABXARTCA TaKMKe 3aMKHYTOI
BHOYKJIOH oGomouroil MuoxecTBa K B E’*, magemenmHoM caaboi
romonormeit ¢ (E'*, E'), u f0cTaTOYHO NPUMEHHUTHh K KAHOHHIGCKOMY
Biaomennmio X B E mpemn. 4, ra. III, § 3, o. 2.

3damesanme. Cuemcrsme us mnpeminomkenus 1 npuMeHHMO,
B 94CTHOCTH, Korma K BHOYKIO WMIM KOTKa F KBa3WIOIHO.

Nleegnoxenue 2. Hycmbv K — svinykaoe KOMNAKMHOE RoOMHONCE-
CmMeo omoeauM020 JOKAALHO GBNYKEA020 npocmpancmead E, 1, — noaoscu-
.meavHas mepa Ha K ¢ maccoii 1 u b, — ee 6apuyenmp. HJan aroboli
sunykaol uucaoeoi gynryun f = 0, noaynenpeprisnoli cnusy na K,
uMeem

o) < S*fdu-

Mut suaem (Tom. Bext. mp-Ba, ra. 11 (2-e man.), § 5, m. 4, opema. 5),
910 f ecTh BepxHAA ormbaromas ceMedcTBa cymeHHA Ha K HempepHB-
HHX aQQUHHHIX NWHeHHHX QYHRUHHA h,: % > ¢y -+ (X, 25). Cuemo-
BaTeNBHO,

{ ha @) dn @< |7 F @) du )

mag  ao6oro o) HO Sh“ () du (2¢) = ¢ + S (2, zg)du (),

IOCKOJIBKY [ MMeeT MOJHYI0 Maccy 1; a To ompeesienmio GapumeHTpa,

S (x, zg)dp () = (b, ¢ ). Taxum oGpaszom, sup Sha(w)dp, () =
o

= sup ho(by) = f(b,), OTKY#a m moxydaem TpeGyemoe yTBep)HAeHHE.
o

B cayudae, Xorma p-——nosoxumesvnas duckpemnas mepa na K ¢ mon-
HOIl Maccoit 1, npemiiokeHHe 2 faeT HEPABEHCTBO, ONPENENAIONEe BHIYK-
asie ¢pyErnEn Ha K.
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CaencrBue. Jas 4106010 eunyriol 0epaHUYEHHOLL YUCA080U GYHEYLL
g, noaymnenpepusnoi cnusy na K, g (b,) < Sgdp.
IocraTouno samerutb, uro inf g(x) = a KOHeYeH, W DPUMeHMTH

©®EK
K £ — a upemioyKeHme 2.

2. JrempemarvHLle U MOUKU GAPUUECH M PBL

IIpEnnosxenne 3. ITycme K — swinykaoe xomnakmmuoe noOMHONce-
cmeo 0mdeaumozo A0KAABHO EunYKA020 npocmpancmea E u a — moura
us K. Beakaa noaoxcumeavhas mepa p na K ¢ noanod maccot 1,
uMeowaL X 6 Kaiecmee 6apuyeHmpa, ecmdb WUPOKUL daeMenm NPLEOC-
HOBEHUS MHOHECMEA OUCKDEeMHKHL NOAOHCUMEALHBZ MeD ¢ ROoAHOL Mac-
coll 1, umerowuzr x ¢ kauecmee Gapuyenmpa.

ITyects U — OKpecTHOCTh MepPH [ B IIMPOKOHE TOIIONOTHMH; MOMKHO
Opefmono:kuTh, 4ro [/ cocTomT M3 Takux Mep v Ha K, 4To

fp(fi) —v ()18 (1)

1A KoHewHoro umeia ¢yurmmi f; € € (K; C) (1 < i < p) u Heko-
roporo uncaa 6 > 0. Husg mwoboro a € K B F HafijeTca Takad 3aMKHY-
Taf BHIYRJIAS OKpecTHOCTH V, Tourm 0, uro

Vi (y) — i (a) | < 8/2 (2)

ma 1<i<p ¥ pias awoboro y € Wy, =K (@ + VE). B cuuy
KoMmakTHoCTH K HalifieTcs KoHewHoe IHCIo Takmx Towek aj (1 <C
<j<r) m K, gm0 Waj oGpasyor morpmrme K (1 < j<r).

PacemorpuM HenpepriBHOe pas6uenye efmuaunbl (£));< i< Ha K, nOTIH-
HEHHO@ IOKPHITHIO (W,,J), u monokmM «; = W (g;) gma mwboro j;
ecny o;=~=0, T0O TOMOKUM W; = aj' gjU, a ecan a; = 0, To moXOKUM
Wi = €a Kasxpmas us Mep p; DONOKHMTeNBHA, MMeeT HOMHYI0 Maccy 1
H e HOCHTENb COMEP/KUTCA B KOMOAKTHOM BHIYKJIOM MHoMecIBe W, 7

Kpome TOro, mo OmpelelIeHnIo,
T
W= _21051' My, (3)
]=

mocKONMbKY gj-p = 0, ecanm p (g;) = 0; mpu stom Bee o; >0, u ME

nMeeM
r

2= 2 p(g)=n(2g)=pl)=t.

j==1

7
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Ilyers 9; — OApUOEHTP MepPH [j; OH HPHHAIIEGRUT W.;: (m. 1,
r

mpemi. 1); paccMoTpuM THCKPETHYI0 MEPY V = Zocjsmi; OHA LOJOKHA~-
=1
;
Te;bHA W WMeeT HmoxHyo Maccy 1, a ee GapmmeHTp ) oac; ABIUAETCH
=1
Tagke, B cuiy (3), GapamenTpoM Mepsl W, M 3HAIAT, paBen x. Hpome
toro, cormacao (2) mmeem | f; (y) — fi (@) | << 8/2 mua ;wboro
Yy € W,,], u moGoro i, OTKyna, B cmay Toro, wro supp (p)< W,,].,
morygaeM | w; (f;) — f; (@) | << 8/2 nua 1 < i < p. C gpyroit cropo-
HEI, TOCKOIBKY & € Wa,—* T MBI HMeeM TaIsKe

| &, (f)) — fi (@) | < 6/2
mia 1< i< p, orryma | py (i) — 23 (f:) 1< 8 naa awobux i, j.

Ho a; >>0 u 8 cymme coctasasor 1, cramo 6eirh, us (3) u u3 ompe-
neTeHus v ClIegyeT, UTo v ypoBaersopser Hepasexcrsy (1).

Cagncrsas. [Tyemb K' — makoe komnakmmoe nodmnoxcecmso us K,
umo K caymum 3amknymol ewnyraoli obosoukol mmoxcecmea K .
Jlas mozo wnobe mouka x € K OBAA IECMPEMALLHOU MOLKOL MHONCE-
cmea K, Heobxodumo u docmamouro, umobsl €4 Oblaa eduncmseHHol noao-
scumeavroli mepoli na K' ¢ noanoth maccoti 1, umeioweld x 6 Kauecmse
6apuyenmpa.

[penmonommy, dUT0 & — IKCTPeMANBHAA TOdKa MHOKecTBa K;
qTOGH 10KA3ATh, TO &, — eJAHCTBEHHAA HOJOKATEIhLHAA Mepa na K’
¢ moaHON Maccoil 1, mMeomas o B KadecTse GAp@IIEHTPY, FOCTATOTHO,
B CHIY H[efIoKkeHuA 3, yOeAHTHCA B TOM, UTO MHOKECTBO JUCKDEMHBLL

HONOKUTeNBbAEIX Mep v HA'K' ¢ momHO#M Maccolt 1, UMEOMAX & CBOAM
r

SapmmentpoM, cBoguTcA K &, Ho Takaa Mepa v mMesT BUJ Dhis.s

[ 4

i=1
r

rie Ay >0 ma 1 <i<rjg DA; = 1; npeiuonomedde 0 TOM, 4TO
=

,
:
%€,— GApAmeHTp MEPEl V, 3A0UCHIBACTCA B BA/E 9c=_2,)\,,-x,-. A. /mOCKO:Ib-

i=
Ky % —PKCTpeMAJbHAA TOTKA,|ITO 3TO BAETET X; = X WA M0GOrO I,
OTKY#a VvV = &g

OjparHo, 1Ipe TIOI0KUM, UTO &, — eUHCTBEHHAA IOJIOKUTeNbHAN
mepa Ha K ¢ momHO# Maccoit 1, mMeomasa x cBomM GapHmeHTPOM,
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I DORAMeM, 9T0 X — DKCTpeMalbHag Todka, JlomycTmM, 9TO 5TO He
TaK; TOTMAa HAHXYTCA TakMe [Be pasimuHnie Toukn ', a¢” n3 K m Takoe
geficTBUTeLHOe 9HCIO A, 9To 0 <A << 1 um
x=Ax + (1 —A)x".

Cornacuo npemnosennio 1, a' (coorB. x") ects GapUOeHTp WOIOMKU-
TenpHolt Mepm W (coorB. ") ¢ momHo# maccoit 1 ma K'. Torma
o Gymer OGapumentpoM mepn Ap + (4i— A)p”. Cramo 6hits,
Ap' 4+ (1 — A u" = &, CaenoBarensuo, W' m W” MPONOPIEOHAIBHE
&y, OTKyZa BHITEKaeT, 4To &' = &"= o, YT0 OPOTHBOPEYHUT KOMY-
e HUI0

Teorema 1 (Iloxe). [Tycmbv E — omdeaumoe 10%KaAbHO SunYyKAOE
npocmpancmeo Had R, K — Komnaxmmuoe ewnykaoe mempusyemoe
rodmunoncecmso u3 E u M — MHONCECMBO IKCMPEMAALHBLL MOYEE
mrozcecmea K. Mroxcecmso M ecmb nepeceuenue cuemmozo cemelicmsa
omkpumur nodmrosxcecms us K, u awbas mouka us K seasemesa 6apu-
yenmpom meps p Ha K, ydosaemeopsowels yeaosuo p (K — M) = 0.

Ina morasaTenscTBA DepBOTO yTBeps;kAeHmMs oGozuawmM wvepes [
nuTepBan [0, 1] u3 R; mockonbky K KOMOAKTHO U METPU3YeMO, TO
TeMu ke cBoiictBaMu ofnamaer m K X K X I; wmommHOmectBo [/
u3 K X K X I, cocroamee u3 rtakux tpoex (a, y, A), 410 x == y
u 0<<A<<1, orkpuro B K X K X I, u suaunt, B K X K X [
HafimeTcs HocTenoBaTedbHOCTh (F,) 3aMKHYTHIX MHOKECTB, 0GbefuHe-
Hme KoTopmx cocTaBiser [/ (O6mas rom., r. IX (2-e map.), § 2,
o. 5, mpema. 7). OroGpamenme ¢ : K X K X I — K, ompegmeienszoe
kak g (¢, ¥, A) = Ao -~ (1 — L) y, HempepHIBHO U, O OIpejeIeHUIO
sKeTpeManbHHX ToweR, K — M = ¢ (U) = | ¢ (F,); uo F, xommaxk-

n

THO, DOCKONbKY OHO 3aMKHYTO B KX K XI, m snaumr, g(F,) jromxe
KOMIAKTHO, a CTalno OHITh, B 3aMKHYTO B K; CIeoBaTeIbHO, MHOKECTRO
U, = K —q(F,) orgprito B K, u Msl umeem M = | U,.

n

- Ha mporsmxennz mokasareabcTBa MH OymeM o0o3HadaTh uepes u
HemPePHBHYIO gunykaylo dncioByo (yakmuio Ha K, gepes G E X
X R — rpadur QyHrOmE u, 9epesd S — samkHymyl sunyrayio o6o-
aouky wmuoxectBa G B E X R.

JIeMma 1. [Tyemv u — HUMHAR 02UbAIOWAR HENPEPLIBHBLY AUHEL-
oz appunnnr ynkyuil na E, komopee ne menvuse u na K. Tozda S
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ecmv mnoxecmeo marux mouek (a, b) € E X R, umo
a€ K uula)<b<<ula).

Ilo Teopeme Xama — Banaxa, js Toro aTo6 (@, b) mpunajiesxa-
na S, HeOGXOXEMO W JOCTaTOYHO, 4TO6H A (a, b) > 0 pus mo6oit me-
TpepHBHOE nuneiinol agdurnoi ¢ymknmm £ ma E X R, Taxo#t, uTo
ke, u(x)>0 min x€ K. Tomaraa h (x, )= f(x) — A, rme
f — mempephiBHaA juHejiHaA agdurpas ¢ymkmua ma E, BUguM, 9TO
cootromenme (@, b) € S PKBUBAJIEHTHO CIefYIOmeMYy CBOHCTBY: COOT-
HoIlleHWe )

f () > Au () maa nwoboro x € K (&)
BJIEYET
f (@) > Ab. (5)

Mpesxne Bcero BosbMeM A = 0; ToT dakt, uro (4) Baewer (5) pas

nai06oit HenmpepHlBHOW IuHe#noi addurHoi ¢ymxkmuu f BHa E, sKBH-

BaJIeHTeH, B CuUiy TeopeMs XaHa — Bamaxa, cootHome rio a € K.
3ateM BosbMeM A = —1 u 3amenuM f Ha —f; Torma m3 COOTHOINEHMSE

f(x) <ux) ma K pomsxmo caegosaTs f(a) << b. Ho u Bmnyxaa
u HempephiBHA Ha K, u moaTomy u (@) PaBHO BepXHel rpaHd 3HaYeHUE
f (a) maa senpepmBHHX AWBeHHHX addupEHXx QyERmuiE f Ba E,
ynosieTsopaiomux yeaosuio f (x) << u () va K (Ton. Bext. mp-Ba,
ria. 11 (2-e map.), § 5, 0. 3, cnencreue 6 w3 mpema. 4); Taxum o6pasom,
noaygaem cootromenue b >u (a). Hakomern, BossMem A = 1; Torma
yreepxmenme, uto (4) Bmewer (5) osHauaeT, mo ompefieleHHI0, UTO
b<ula). dTum nemma moxasama, uGo coormomenwme (4) (coors. (5))
SKBUBAIEHTHO TOMY, KOTOpOe HmOJIYdYaeTCsA yMHO;keHHeM ofewx dTacTeir
Ha cramap > 0.

Jemma 2. Ecau u — cmpozo evnykaas gyuryus na K, mo u (a) <<

< u (x) 04 0608 mouku x us K, ne seaswuetica sxcmpemanvrols
MOYKOL.

B camom pexne, Torma B K HalijyTcsA Takde ABe PAa3IWYHEE TOYKH
Y, 2, at0 % = (y +12)/2, orxyna u (x) < (u(y) + u (2))/2,”mockons~
Ky u cTporo Bunykaa. Ecian f — nunefinan addunnas pyExnus Ha F,
10 f ()= (f (y) + f(2))/2; opumenss 10 coorTHOmeHMe KfHenmpepmB-
HHM JuHeHHEM aduBBEM QYEROUAM f, GONBINM MM PABHHM U Ha
K, norydaem

u (o) = (u(y) +u(@)2>wy) +u (2))/2>u @)
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ITocie Toro Kak YCTaHORBJEHBI 2TH JEeMMEI, MbI, CJIeJOBaATEJIbHO

{memma 1), gaa mo6oro a € K uveem (a, u (a)) € S. A mockoasry G,
Kak 06pas K npm HempeprBHOM 0ToGpaskenun x — (2, u (), KommaxT-
HO, 4ro B cuny mpemnoskenusa 1, m. 1 cymecTByeT moMoKHTeNBHAR

Mepa v Ha G ¢ norHOH Maccoi 1, umeomasn ('a,,u.u- (@) B vauecTse Gapu-
neHTpa. IIoCKONBRY cy:KeHme Ha G IpoeKOuUA Pr; eCTh roMeoMopdmam
G 5a K, 1o Mepa v MoiKeT GHTPB mofBeprHyTa BTOMY roMeoMOpdH3MY,
9To macT HaM Mepy U H: K (DonouTenbHY m ¢ TOAHOM Maccoi 1),
TAKYI0, 9TO

a= S wdu(x) u wla)= S u () dp (2c)s 6)
[lepsoe u3 coorHOmeEwnit (6) osnauaer,darola ecrs GapumenTp MEpH .

Dysxnua u DOJTyHeOpephlBHA CBepXy W OrpaEdYeHa HA K, W 3HAYMT,
p-marerpapyema (§ 4, m. 4, cmepcTeume 1 w3 mpema. 5); malee, Tax

Kak QyEKROUA — U OO OUpPefeleHUI0 BHIOYKAA TO B CHAY CIEICTBHA
M3 mpemiaoKerns 2, m. 1 umeem

% (a) >FS % (x) dy (%), (7
OTKyRa CpaBHUBAsg 5TO CO BTOpoit dopmynoit (6), momydaem h
(v @ dpte) > | % @) du @). 8)

Ho u(x) <u (x) ma K, m s8aunt, us (8) cuexyer, aro u (x)= u ()
noumu eciody ommuocumenvro K. [IpuAUMaA BO BHHMaHHe IeMMy 2,
BHJAM, JaT0 TeopeMa 1 6ymeT qoxasaHa, KaK TOIBKO 6yneT yCTaHOBIeHa
CIemyIman JeMMa,

JleMmA 3. ITyemv E — omdeaumoe 10KaAbH0 6WNYKA0E NPOCPAHCT-
60 nad R u K —.gunyrace komnarmuoe mempusyemoe. nodmmodxicecmeo
usdE. Toz2da cywecmsyem cmpozo sunykias wucaosas Pyrwryus na K.

B camom pene, 6amaxoBo mpocTparcTso 8 (K; R) ecTs mpocTpan-
crBo cgetHOro Tuna (O6mas Tom., rar. X (2-¢ msn.), § 3, m. 3, Teopema 1),
¥ BHAUMT, TO jKé CaMoe BePHO ¥ MIA mofupocTpancTBa A u3 € (K;
R), cocToamero us cy:xeHuit na K nenpepusnulz aunelinslr apdunnsiz
Pynryuii na E. Urax, nycts (h,) — Bciogy minoTHas B A4 mocaenosa-
TeJBHOCTE W OYCTh O, >s;11? | by () |. Torma rasxpmas m3 QyEKROmE

@

hi/n*al punykna na K (Tom.” Bexr.! mp-sa, ta. TT7(2-e mam.), § 2,
n. 8, mpamepr), # paAx ¢ ofmmM wineroM h:/n?al -HopMaTdBHO CXOLHT-
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s, M CTayo 6BITH, er0 CyMMa X HempepHiBHA U BHOyKIa Ha K. Ocraercs
[OKa3aTh, YTO U CTPOTO BHIOYKJA, a [JIA BTOTO HOCTaTOYHO JTOKA3aTh,
9TO IS Pa3IUYHEX ABYX ToueK X, &' u3 K HaiineTcsa Takoe meaoe n,
4T CyRenue QyHKumA A2 Ha 0TPe3oK ¢ KOHIAaMu X, &’ CTPOTO BEHIYK-
70} HO JJIIS DTOTO AOCTaTOUHO, 9T06H ki, () £ h, (a') (Tam sxe). Ho,
KaK u3BeCTHO, CYMECTBYeT Takasa Qyurmusa h € A, uro h (x) =&
== h (') (Ton. BexT. mp-Ba, ra. II (2-e m3p.), § 4, n. 1, caencreme 1
U3 Opefil. 2), a HOCKOJABKY WOCIeN0BaTeabHOCTL (k,) maotHa B A, TO
HalineTcs Takoe n, 9To A, () 5= hy, ('),

CaencrBuEe. ITycmv E — omdesumoe A0KAAbHO GHLNYKAOE NPOCTMDAH~
cmeo Had R, C — sucmynaowull eunykant Korye 8 E ¢ gepwunoii O,
ROAHBIE U Mempu3yemusiil OmMHOCUMEAbHO DABHOMEDHOL cmpykmypol,
uHdyyupyemo ocaabaeHHoli paswoMepHol CcmMpYyrKmMypol npocmpar=
cmea E. H nycmv M — o6eedunenue skcmpemarvhur 006pasywujur
konyca C. Tozda das abozo a € C Hailidymes makoe komnarmHuoe nogd-
mnoxcecmso K us C u maras mepa A =0 na K ¢ maccoti 1, umo K —
— (M | K) M -npenebpexcumo u wmo 6apuyenmp Meps. A paser x.

B camoM meme, x mpuHagse;xuT mamnouke Komyca C (Toum. BeKr.
np-Ba, ri. 11 (2-e m3n.), § 7, n. 2, npena. 5)m M (| K comep:RuT MHO-
/KECTBO HKCTPEMAaJBbHBIX Touek MHOxecTBa K (ram sxe, cuencrsme 1
n3 mpema. 4). JlocraTodno, cTado GHTH, npuMeHUTb Teopemy 1.!

3. Il puaoscenun: I. BexmopHrsie npocmpancmen
HENPEPUUEHBLX OETUCTMBUTREALHUIL PYNKUUIL

IIyers X — HemycTO® KOMODAKTHOE OPOCTPAHCTBO U J# —— BeKTOp-
HOe IOANDOCTPaHCTBO 6GaHaxoBa! mpocTpamcTBa % (X; R), KoTopoe
COIePIKUT KOHCTaHTH W omdeasem Touku u3 X (O6masa Tom., ra. X
(2-e man.), § 4, m. 1, oup. 1). Hanenum! & Tomomorueir HOpMEPOBAH-
HOr0 IPOCTPAHCTBA, MHAYMuUpyemoi Tomoxorued us € (X; R), u 0603-
HaumM depe3 M’ conpAicenHoe K »ToMy HOPMHDOBAHHOMY mpPOCTpaH-
crBy. las moboro z€ X orobpaskenue f+—> f (x) ecTh HempepHBHAS
nureiiHasn dopMa ma S (cymenme ma ¥ mepu mpaka e,), a 3HAUUT,
ABJISAETCA 3IEMEHTOM U3 &% , KOTOPE MBI 0603HAYHAM i 5 (z), m Torma

{f, igplz)) = f(2) (9)

nia moboi dyaruau f € &# u nwboro z € X.
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OTo6paskenne ig npocTpaHCcTBa X B &# ' UMbeKMUSHO B Henpepbis-
Ho, ecam HanenuTh &' ciaboit Tomonorneit o (', §); BTOpoe yTBEp~
JRIEHNE CIeNyeT CPasy e u3 ompenesennit n us (9); w10 jxe Kacaercs
HepBOTO, TO MBI OTMETHM, 9TO eCIH £ U ¥ — pasiAuYHbe TOYKE u3 X,
TO DO YCIOBUIO CymecTByeT Takas pyurnus b € ¢, aro b (z) = h (z'),
u sHawuT, Ha ocHoBammu (9) (k, igy(x)) 5= (h, igp(z’)) m Tem Gomee
Lo (2) 5 igp (z'). Cramo GwiTe, 06pas ig (X) ects komnarmuoe
nopMHORecTBO U3 &%’ (B cn1aboii Tomonorum), U igp eCTh 20Me0MOpPHUIM
X ma ig (X).

IeepnomennE 4. (i) Samruymas evinykaas oboaouka C mHoxce-
cmea ig (X) 6 H#' (ommocumesvno caaboii monoaoeuu o (H', H))
EOMNAEMHA.

(i1) Jas mozo wmobs. mouka L (z) 6vra sxcmpemarvroti moukol
xmuoxcecmeéa C, neobxodumo u docmamouro, wmobvl eduncmeenHas RoAO-
scumeavnas mepa h nHa X, ydosaemeopswowas ycaosurw

h(z) = _‘, hd). (10)

dan 6ol gynkyuu h € J¢ (oTkyna, B 4aCTHOCTH, CIeAYeT, 4TO A
nMeeT noanyw Mmaccy 1, mockomsry 1 € ), 6viaa mepoti Jupaka €,.

Oyernus z' > (k, 2') Ha C gocTuraeT cBOeH BepxXHelt rpaHU IO
KpaiiHeit Mepe B OfHOH OKCTpeManbHOW Touke MHOmecTBa C (Tom.
BeKT. up-Ba, ra. IT (2-e man.), § 7, m. 1, mpemn. 1), u sra Toura mpu-
HajLuemuT ige (X) (Tam e, cuaegcTeume ms mpemr. 2).

(i) Cormacro (9) umeem [lig (z) || << 1 B HOpMnmpoBamnoM upo-
cTpaHCTBe S’ ; MEKIME c10BaMmy, igpe (X) orpaHmYeno, u yTBepiRIeHHe
BBEITeKaeT U3 TOTO, 9T0 S, HameaeRRoe caaboit Tomonorueit o (54, ),
keasunoaro (Ton. BekT. mp-Ba, ria. IV, § 2, n. 2, ciencTme 2 us Teope:
mur 1).

(ii) Besikaa nomosxmreapHas Mepa p MaceH 1 Ha ig (X) moay-
qaeTCA MEPEeHOCOM CTPYKTYDPH IOCPeACTBOM roMeomopdmsMa ig, u3

moNoRuUTEABHON Mepsl A macceh 1 Ha X; opu sToM Mepa Jlupaka &1 g (x)

nolnydaeTcsi U3 €,. YTBep:KleHHe, 4TO | HMeeT igo (z) B wauectBe
GopunenTpa, osHadaeT, O OUPEAEIEHHID, ITO

[ @, igp ) dA @) = , ige (2))

+

X
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naa moboik dpyaxnuum b€ 8. Ecam yaeers (9), To yrBepmpenue (ii)
ecThL HE 4YTo WHOe, KaK mepepopMYyJHpPOBAHHE KpuTephda M3 m. 2
(cnemcrBue u3 mpegaomeHus 3), 4ToGE s (z) 6rura srCTpeMaNBHOH

Togrol MHo:KecTBa C.

Byaem roBopuTh, uTo Touka z € X, YZOBIETBOPHAIOMAS YCIOBHIO
(ii) mpennomenus 4, ecto H-skcmpemasvnas moska; Me 6ymeM 0603-
HA4aTh MHOeCTBO 9THX ToueK Ch g (X) (mau mpocro Ch (X)), a sambi-

Kanue pTOro MHOMecTBA B X — uepes S (X) (mam mpocro S (X)).

Ieennoxernr 5. Bearas gynkyus h € F8-docmuzaem ceoel éepz-
Hell epaHu no kpatinel mepe ¢ o0dnolt FB-akcmpemaavroll mouke.

Ilycte 2z — Touka w3 X mw b — Pynxmua us G%. CoorHomenue
h (z) < h (z) nas xwGoro z € X sammceBaetca B Bume (h, ig(z)) <<
< (h, isp (2) ) mus aw06oro z € X u osHagaeT, CTaxo GHTH, 4To caabo
3aMKHYTad ramepmiockocts u3 S’ ¢ ypasnenueM (b, t' )= (h, i g (2))
eCTb ONOpHAA 2UNEPNAOCKOCTL MHOMKeCTBa i (X). Mssecrwo (Tom.

BeKT, mp-Ba, ra. 11 (2-e man.), § 7, u. 1, caemcrBue 1 us mpena. 1), aTo
TaKasl TUOEPINIOCKOCTb COMEp:KUT MO KpallHeHl Mepe OgHY B3KcTpe-
MaJBHYIO TOUKY MHOKECTBA i g X), B TaKasa TouKa igg(y) mo ompemene-

HHIO CIYRUT 06pasoM JH-sKCTpeMasbHOM TOYKHA Y; CIEI0BaTeIBHO,
h (y) pasHO BepxHel rpaHm dyaxnmm 2 ma X.

Meepnomenus 6. Jas awboli mouku z € X caedyiouwue ceolicmea
SKEUBANEHMHBL :

a) x ecmb FE-IKCMpeMaroHAR MOYKER.

b) Jas awboii omkpumoti oxpecmuocmu U mouku z 6 X u aobozo0
e >06 H naiidemes maras ynryus b >0, umo b (x)<euh (y) >
=1 0as awbozo y € X — U.

Ilycre z — mpowsBonbHas Touka m3 X ® [ — QYHEROUA u3
% (X; R); msBecrao (Tom. Bexr. mp-Ba, ra. II (2-e msn.), § 3, m. 1,
upext. 1), wro HEKHEAA rpaHb wmcen A (f) 1asa BceX MOTOKHETENBHHIX
mep Ha X, TakuxX, 910 A () = % (z) npm mob6oit Gpymrmmu k€ 4, pas-
Ha BepxHe#l rpamm uwucex k (z), rme 2 npoberaer MHOeCTBO (GyHK-
nmit b € &, ynomaerBopsomux HepaBencTsy 2 <f. Ilpeamomomum,
uT0 z JA-PKCTpeMalbHA; TOrga W3 mpeioskenns 4, (ii) BrTexaeT, uTo
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nast moboit pyurnum f € 6 (X; R)

f(z)= sup h(z). (11)
hESE, h<f
Uro6m moxasaTh, 4TO a) BAedeT b), Bo3bMEM B KadeCTBe [ HempepLIBHOE
otobpasxerme X B [0, 1], ameromee HocuTens » U7 u Takoe, uato f (z) =
= 1; crano 6mte, cormacuo (14), maitnerca taraa Qymxmus k'€ JH#,
ato ' < f a b (z) >1 — e. A mockonsry 1€ &#, To $yHEnEA
h =1 —h' ymoBmeTBOpsieT ycmoBusaM u3 b).
O6parHO, momycTwmM, 9TO BHIOJHEHO b); orcioga caemgyer, dTO
1 — h << @y; sHAUWT, oA A060H moMOKHTeIBHOE Meph A m: X,
yhoBaeTBopsaomeit yeaosmo (7), uMeem

AMU) =2(gr) =AU—h) =1—h(z) >1— e

Ho mo ycmoBmio 370 cooTHomIeHWe mMeeT MecTO uasi JoGoro & >0
u Jw06o# oTKpHTOH oKpecTHoCTH [ TOYKH Z; MOITOMY

A ({=}) —_—igﬂv U)=1—c¢

nas moboro £ >0, u cTamo 6uTs, A ({z}) = 1. A Tak Kar A nonomu-
TeJbHA W AMeeT IOJHYI0 Maccy 1, To 06A3aTeNbHO A = €., YeM ¥ KOKa-
3aHO, COIVIACHO HpeRJOMKeHHI0 4, (ii), uto z S¥- -9KCTpeManbHa.

Meepnomenne 7. IIyemo F — samknymoe nodmnoxcecmeo uz X.
Caedywwyue coolicmea IK6USALEHMHBL

a) F codepacum g(%,(X).

b) Jas awbot gyuryuu b € H muoxcecmso F nepecexaemes ¢ muo-
acecmeom mouer u3 X, Ha xomopux h docmuzaem ceoeli eepzrell zpanu.

c) dasn awboli mouku z € X cywecmeyem makas ROAOHCUMEALHAA

mepa wa X ¢ maccoti 1, umo supp (p)=F u b (z) = S h dp 84 awboii
dynryuu he 8.
ycre G=ig (F). YcaoBue a) o3Ha4aeT, 4T0 G COMEP/KUT MHOMKE-

CTBO DKCTPEMAJIBHEIX ToUeK MHO;kecTBa C. Ycaosme b) ogHauaer, uto G
mepecexaer nepecedenme igp (X) ¢ Kaykmol m3 3aMKHYTHX OHOPHEIX

rHOepIAOCKOCTel MHOMKECTBA igp (X). HakoBen, ycaosue ¢) 0sHagaer,
aTo M06as TOUKA U3 igp (X) ecTh GapunenTp HOROTOPOH MEDH ¢ HOCH-

TeJeM, cogepyramuMca B G; B cuny mpemiaoskesma 1, m. 1 »To sKBEM-
BAJIGHTHO TAK/Ke YTBEP/KAEHWIO, 4TO 3aMKHYTAs BHIOYKIasg 060J09Ka
17 H. Byp6amn
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MHOKECTBA igp(X) paBHA 3aMKHYTOH BHIDYKIO# 0GOJOYKE MIOMKECT-

Ba G.
TaxkuM o6pa3zoM, HPKBEBAJCHTHOCTD YCJAOBHE a), b) @ ¢) caenyer us

(Tom. BexT. mp-Ba, ra. II (2-e usn.), § 7, o. 1, ciencreme 2 us upem. 2).

IlpennoskernE 8. ITpednosoxcum, umo X mempusyemo. Toz20a mHo-
acecmso Chgyp (X) Hh-axcmpemarvhnr mouex X ecmb  nepecexenue

cuemHto20 cemelicmea omKpumuxr muoxcecme ¢ X, u daa awbozo z € X
cywecmeyem maKas noaoxcumensvhai mepa W ¢ maccoll 1 na X, umo

(X — Chgy(X)) =0 u Shdp,=h(x)

dan awbozo h € .
J9ro ecrp mepedopmynupoBarme TeopeMn 1, m. 2 mocpencrsoM

mepeHEOCa CTPYKTYPH IpH HoMomy ToMeoMopdusMa T w> igp (z), wak
¥ B OpemJo:KeHHWH O.

HekoTophie peayiabTaTH 9TOT0 MYHKTa DPAaCHPOCTPAHAIOTCH Ha CJydail,
Korfla &% saMenseTcs MHO)KecTBOM J° (yHRmumii, onpepmenemunix Ha X,
gpaanMaomux seadenmA B R U {+ oo} W moaymenpepHBHHX CHH3Y,
opudeM J° DpeRnoNaraeTcd CONepIKANMM KOHCTANTH W TAKHEM, 910 P
+ P P (yop. 2).

*II puMep. BosbMem B Ragectse X enuBmuERil map |jz || <1
B R3 m nycrs &€ ecTh BEKTOpPHO® HOPOCTPAHCTBO HeNPepPHBEHX (yHRIMi
ga X, comepsxamee cy:xenusa ga X af$uuEnx aumeiEnx ¢ymxnui ma R3
H YAOBIETBOPAINIGE (NPUHYURY MAKCUMYMAY, T. €. IIA n1000# oTAHTHOI
0T NOCTOAHEOK (yHKUEMH h € H mBO:xecTBO TOWeK M3 X, Ha KOTODHX k
MOCTATaeT CBOGH BepxHell rpamum, cofgep:rurca B cdepe S,. Torma ms mpep-
aomennii 5 m 7 nerro caepgyer, 9ro Ch 50 (X)=38 g0 (X) = S, Bamanm
OpEMepeM BEKTOPHOTO HPOCTPAaHCTBA &F, yNOBIETBOPAIOINEro CHopMynm-
pOBaHELM BHIIE YCAOBHAM, IBISAETCA MHOMKECTBO (YHKIHH, HeIpepPRBHRIX

pa X u sapmonuneckur Ha OTRpHTOM mape |{x || < 1. [laa stux dymrnmit
JIORaskBaeTcs, 9YTO IONOMKHTeNbHAsA Mepa [ ¢ Maccoll 1, Taras, 9TO

supp (W) = S3 ® h(z) = S hdp pua moboro h € &Y, Bsajaercs opu
|| <1 dopmynoir Tlyaccora

e | 2

dp’ (z)= "z__w “3 do'(z)l

rae 6 — Mepa Ha Sy, WHBAPMAHTHAA OTHOCHTENLHO OPTOTGHANLHON Ipyn-
1M # Takad, 970 O (Sy) = 1 (ra. VII, § 3, yop. 8).,
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4. H puroawcenusn: Il, BexmopHoie npocmpancmsa
HenPePuLlEHLLE KOMRAEKCHBLI HYHKUUIL

Ilyere X — HemycToe KOMUaKTHOE IPOCTPAHCTBO W ¥ — BeKTOp-
HOe TONOPOCTPAHCTBO KOMIIOKCHOTO GaHaxoBa  IPOCTPAHCTBA
% (X; C), copeprxamee KoHCTAaHTH U OTHEJAOMES TouKM H3 X. Ma=uosxe-
cTBO JleiicTBuTenbHEX wacTeii! Re (f) dymrnuit € a%’ 6CTh BEKTOPHOE
HNOAIPOCTPAHCTBO 4, MeMCTBETEABHOr0 BEKTOPHOIO LPOCTPAHCTBA
% (X; R); naa mo6oit pysxnuu fE€ H MHOKECTBO J, COMEPKUT TaK-
e Im (f) = Re (— if); orcioma caemyer, 9ro ¥, omdeasem TouKnm
ws X, mockonbky cooTHomeHnwme £ (z) = h (y) naa mw6oro 2 € &4,
paedeT Re (f (z)) = Re (f (y)) u Im (f (z)) = Im (f (y)), a sHauwnmT,
f(2) = f(y) pua aoboro f € &. Hh,~srcTpemannHue Touky m3 X Ha-
BHBAIOTCA TAKMKE FF-IKCIMPEMAALHEMUL, U HX MHOMKECTBO 0603HAUAET-

cst Chgy (X), a ero sambikanme oGosmagaercs Sgp (X). AHamoramm
OPENJIOMEHAN O u 7 ABIATCA CIERYOIHe NpeIOKeHNA.

Neepaoxernt 9. Jaa arboli gynryuu f€ F8 mnoscecmao Ch g, (X)
nepecekaemcs ¢ MHOXCeCmsoM mouek, na komopux | f | docmuzaem ceoet
sepxHell zpanu.

MoHO OrpaHNIATHCA CIYyYaeM, KOrga f OTAMYHA 0T KoHCTAaHTH (.
ITycts @ — Togxka m3 X, B KoTopoil | f | mocTuraer cBoeit BepxHe# rpa-
mn, m ayers g = f/f (a); ameem g(a) = 1 =m | g (z) |<<1 mas mo6oro
z€ X, oreyma Re (g(a)) = 1 m Re (g (2)) <1 gna awboro z € X.
Ha ocmosanmm mpemyio:KeHms 5, u. 3, npuMeHeHHOTO K &¥,, CymecT-
Byer Touka b€ Chge(X), B xoropoit Re (g(z)) mocTmraer cBoeit

pepxmeii rpannd 1, oTxyna | g (b) | = 1, mockomsry | g (b) | < 1; or-
ciopa saxmouaeM, wTo |[f(b) | = |f(a) | = |f(z) | pna mo6oro
z€ X.

Ieepnosxenue 10. Hycmv F — 3amknymoe nodmuoscecmeo us X.
Caedyowue ceolicmea IKEUBAAEHMHBL

a) F codeprcum S gl X).

b) Has awboii gynryuu f€ HB muoxcecmeo F nepecexaemes ¢ mro-
scecmeor mouek u3 X, Ha romopwux |f| docmuzaem ceoeli eepxmeil
eparu.

17%
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¢) Jan awboli mouku £ € X cywecmseyem marai NoAOICUMENLHAS
mepa na X ¢ noamnol maccoii 1, ymo supp (p)= F u umo f(z) =

= S fdw dan awboii dynkyuu fE H.
Jloka:xeM SKBHMBAJEeHTHOCTh yCJIOBHmE a) m ¢): mycTh f = f; -+

4+ ify ¢ fiy [, m3 J#,; coormomenme f(z) = S fdu SKBUBaNEHTHO

ABYM cooTHOm®HmAM: f, (z)= S fidp 7 f ()= S fy dp; sHAgTWT,

HOCTATOYHO KPUMEHWUTh K 4, SKBUBAJZEHTHOCTH YCJIOBAH a) u c)
opegioxenas 7, m. 3. Tor dakt, uTo a) Bueuer b), prrexaer us mpen-
aoxesns 9. Ilorasxem, uro b) BmedeT a); peur mmeT o ToM,” ITOGH
IOKAa3aTh, 4TO 6CIK h) BHIOJHEHO, TO i d06oro i € F4, MEomecTBO F
HepeceraeTcs ¢ MHOKECTBOM TOYeK, Ha KOTOPHIX A gocTuraeT cBoei
HIDKHEl TpaH” Ha X. YcaoBue b) Biever, aro F He mycTo; a TOCKOTh-
ky F wommakTHO, TO HajimeTca Takoe a € F, aro h{(a) <k (y) nua
awoboro y € F. Ilycts ¢yarmus f€ &8 rtaxosa, g10 2 = Re (f); nasn
nboro & >0 dyurnua g = f — h (a) + & opmragneur 4, 1 ML
uMeeM

Re(g() =h(y)—h(a)+e>e

s go6oro y € F. OGozHaumM 9epes ¢ BepXHIOK rpaBs Qyuxnuz | g |
ga X u monomuM b = c%/2e; mua mobGoro y € F uMeem

lgly) —bl2=g@|*—20Re(g(y)) + b <
< ¢ — 2be 4 b = b

PHEIME CI0OBaMU, BepXHAA Tpadp HA F ¢ynxmunm | g — b | Gymer << b.
A pocronsKy & — b€ J¥, To B cumay CHeJaHHOIO NPEATONOMKEeHUS
otHOCHTenbHO F monydaem | g — b | << b, oTrynma

b*>1g—0b1*=1]g|*—2bRel(g) +

m caegosaTenpHo, Re (g) = | g [*/2b;>=0; 5o Re (g) =h — k (a) +
4+ e, a & >0 npoussoabro, mosToMy k >h (a), m cramo GHTB,
h (a) ectp EmWKEAA rpaBb QyEKnum 2 wa X, ueM u saBepmiaeTcs 1o-
Ka3aTeJabCTBO.

3dameuanue. Ecim f— menpepnHan] deiicmeumensnas
dyHEROuUA, TO TOUKA, B KoTopoi |f | mocTuraer cBoeir Bepxweit rpanm,
€CTh TOYKa, B KOTODOH [OCTHTaeT CBOoeH BepXHEH rpaHH OfgHA I3
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¢ysxumit f 1 —f. CregoBaTenbHO, NJIA BEKTOPHOTO TPOCTPAHCTBA JH
HempepHIBHEIX Jelicmeumenvhtiz QYHKIUHA, Y OBIETBOPALMUX YCIO-
pusiM 0. 3, upeniomkennss 9 u 10 ABIAITCA TPUBUAIBHEIMEA CJIECTBUA -
ME COOTBETCTBEHHO Hpefio:KeHust 5 u 7.

5. I punoscenusn: ILI. Areebprt nenpepuenslx By Hryuti

JiemmA 4. ITyemv X — komnaxmmoe npocmparcmeo u & — 3am-
KHYymoe sexmopHoe nhodnpocmpakcmeo 6arazoea npocmpancmea G (X;
C) (coors. ¥ (X; R)). Iycmp, dasee, a — mouka us X, obaadawwyas
cuemnoli gyndamenmanavroll cucmemoll oxpecmuocmell; npednoLOICUM,
ymo 0aa awbwz wuces ¢ u d, maruzx, ymo 0 << ¢ < d << 1, u awboi
omrpumoti oxpecmnocmu U mouku a cywecmeyem maras Gynryus
f € #, umo

Pt 1f(@ |1 >=4d, |f(@) | <c das aobos z€ X — U. (12)

Tozda cywecmeyem makas gynryua u€ ¥, wmo | u (z) | << | u(a) ]
dan awbozo x =~ a.
yers (V,) (r > 1) — dyumamenTanbHas CHCTEMa OKpeCTHOCTEH
TOYKW @ U OYCTh A, W, &€ — TAKHEe UHCIA 4TO
O<<h<<t, 1<p<<pte<ti+r
Taxmm obpasoM, 0 << A/p << 1/p << 1. Uapgyknmed no n (n > 1) Mu
onpemenuM TaKyl yGHBAIOMYo mociefoBaTeabHOCTh (Uy) OTKPHTHX

oxpecTHOCTE# ToukMj @, uTo Up, < V, mia moboro n, @ mociaemoa-
TeabHOCTH (h,) QyEKOMIE w3 J¥, YHOBIETBOPAIONIYI0 COOTHOMEHMAM:

| hn (1) | < p gaa moGoro z € X, (13,)

h’n (a) = 11 (1471)

[k, (2) | < A mas soGoro z € X —- (7, (15,)
n+1

| 2 A’h < Z N nns moboro yeX. (165)

Ipennonoxum, 4T0 k., # Uy, oupegeness giasa 1 < m << n u yno-

BIETBOPAIOT MPEXH/YIAM JeTHpeM ycaoaaM (T7ie 7 3aMeHACTCS Ha m);
n—-1

monoxuM Taxme U= X. Oymxmms X AMh; (pasmas 0 mpu n=1)
=t

n—1,
HempepHBHA I IPUHEMAET B TOUKe @ 3HAUCHAE )| M; sEaumt, Haiigercs
i=1
OTKPHITAs OKPeCTHOCTH [, TOouKM a, comepskamaaAca B Uy () Vq
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H Taxkada, 49TO
n-1 n-1 .
| 21 N (y) | < 21 M feA" pan moboro y € Us,. (17
= j=

o ycnommio, cymectByer Takas ¢yHERmmA fE€ ¥, dTo
| (z) | << 1 pua mwoboro x € X, 1 f(a) | = 1y,
[f(2) | <Mp paa 2€ X — U,.

Honomum k, = f/f (a); pas h, Bomomnsiores coorHomenma (13,),
(14,) =n (15,); nomommm

n-{
g= 3 Why— 2 Wyt Wb,
=1 =1
B cany (17) m (13,) mas moboro y € U, aMeeM

-1 n4+1
lge )<< 2, N e - pAt << 2, M,

nockoabRy & + pu <1+ A pag 2€ X — U, mmeem |2y (2) | <
nasgs 1 << p < n, orkyna cHoBa

n+1 n-+1
(@< I V< 2 M,
=2

9eM ¥ 3aBepHIaeTCA JOKasaTeNbCTRO (16n).

©o

Taxkmm obpasos, pay D, A"k, HOpMAaJIBHO CXONHTCH Ha X, Tak
n=1

Kak A<<1u |, (z) |<<p gna moboro nm awboro z € X; nyets u —
€ro CyMMa; OHa NpHHAMIGKAT S¥, mbo ¥ samrayro. M3 coornome-

[+ ]
mus (14,) monysaem u (a) = D) A™; ¢ Apyroit CTOPOHH, eclm = a,
n=1

TO HalifjleTcs Takoe neioe n, 910 z ¢ Upyq; cTamo 66h, B cmry (15,)
lhpir (2) | <A pma moBoro k >1; orcioma, wmcnoawsys (16,),
nonygaem:

w(e) <] Zw @)1+ 3 ¥ @<

n4-1

< 2 Wi 3 W= 217~j=lu(a)l-

J=n+1

TroremA 2 (E. Buwon). ITyemv X — Komnarmmoe npocmpancmso
u A — samxnymas nodaszebpa kKomnaekcHol Ganarosol aJazefpu
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% (X; C). ITpednoroscum, umo A codepacum koHcmawmul u omdessem
mouku u3z X. ITyemv a — mouka us X; caedywuue Yycaosus 3keu-
BANCHIMHbL:

a) Cywecmeyem maras Pynryus f€ A, umo | f(x) | << |f (@) |
o ao6o2o x 5= a.

b) Toura a A-skempemasvha u obaadaem cuemmoti PyHdamen-
maabholi cucmemoll okpecmuocmell.

a) = b): Ilycts f € A4 takoma, 9t0 | f(a) | > |/ (2) | mua z ~a;
B cuay npefiaoskennst 9, n. 4 touka a A-srcrpemansHa. C mpyroi
croponnt, ecim U, — mHOmEecTBo Tex x € X, B xoropux |f(x) | >
> {f(a) | — 1/n, To U, ecTb OTKpHTasA OKPeCTHOCTH TOYKH &, A Lepe-
cegenme MHOMeCTE U, cBoquTCA K a@; a IOCKOJABKY X KOMIAKTHO,
U, o0pasyioT ¢yHIaMeBTaJBHYI0 CHCTeMY OKDECTHOCTeH TOYKHM
(Obmas Tom., tu. I (3-e man.), § 9, n. 1, Teopema 1).

b) = a): llocraTouro yGefmThCcs B TOM, 9TO b) BIegeT BHIOJHE-
Hme ycaoBmit demmbl 4. Ilomommm, B 0003HaTeHHAX DTOMH JEMME,
¢ = log d/log ¢; mmeem 0 << & << 1. Ilockoabry Toura a A,=dsKcTpe-
MaJbHa, TO CYMECTByeT Takasd (QYHROHA g € A, 910

Re(g) =20, Re(g(a)) <e, Re(g(@)>=1 mmazeX —U

(o. 3, opepa. 6b)). IonomnM f = cf; Tak Kak f ecTh cymMa HopMalb-

©o

Ho cxopameroca pana D, (logc)"g"/n!, 10 fEA m |f|<1,
n==(
lf@l=c =d |[f@i<cnmazeX—U.

Cuencrere. IIpednososcum donosnumessro, wmo X mempusyemo.
Toeda caedyrowue ceolicmea 3KEUSAAEHMHBL

a) a ecmb A-sxcmpemarvhas mouka us X.

b) Cywecmeyem maras Pynryus u € A, wmo |u () | << | u (a) |
048 awbozo x a.

¢) ITyemv I — muomcecmeo marux nodmuorcecms M us X, umo
| | 0aa woboti pynryuu f € A docmuzaem ceoeti sepxreli epanu va X
no kpalineti mepe ¢ odnoti mouxe us M. Toeda a npunadaescum scem
muoucecmsam M € M.

d) Hycme M — muoscecmeo marux nodmmorscecme N us X, umo
Re (f) 0aa awboii gpynryuu [ € A docmuzaem ceoell sepzheli zpanu
na X no xkpailinet mepe ¢ odnoti mouke us N. Tozda a npunadaercum
ecem muoxcecmeam N € R.
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Huaue eo6ops,

Ch_, (X) = M= N. 18
0= M= e

Hockoabry B MeTpmayeMoM IIPOCTPAHCTBE KaMKIaA TOIKA 06aaKaeT
cueTHOH (yHmaMeHTAJIBHOM! CHCTEMO OKPecTHOCTeH, TO SKBHBAJEHT-
HOCTh a) ¥ b) BHTeraer m3 Teopemt 2. ITokasmem, gro b) Bueger c):
B CaMOM Jielle, @ — OJHHCTBOHHAA TOYKA, B KOTOPOoH | u | mocrmraer
cBoeft BepxHelt TpaHd; ¢ APYTofi CTOPOHEL, c) Bieuer a), m6o Ch _, (X)
mepecexaeTcs, Juis ai06oit f € A, ¢ MHOMKECTBOM TOYEK, B KOTOPHIX
| f | mocturaer cBoeii BepxHei rpanu (u. 4, npena. 9). To x> paccyx-
JeHAe C WCIOOJL30BAaHHeM OpeJioKeHWs 5, m. 3, MOKa3hBaeT, ITO
d) Buewer a). Haxonern, 9To6n moKasaTh, 910 b) Biewer d), Moo
OIrPaHHYNTBCA ciydaeM, Korjga X He CBOIMTCH K TOYKe 4, a 3HAUMAT,
u (a) = 0; rorna ¢pyEKnAA v = u/u (a) npusapgeskar o, B v (@) = 1
7 |v(z) |<<1 pgas z s<a, otkyna Re (1 (a)) =1 = Re (v (z)) << 1
nisa z #<a. Ho tak xak ¢yaxmua Re (V) mocthraer cBoeil BepxHei
rpaHd TOJBKO B ORHOHK TOuKe a, 10 a € N musa mw6oro N € N.

*Hpumeps. Iycrs X, — MHOMKECTBO TAKHX TOUOK (z;, 2p) € C3,
aro |z |24 |25 |2 < 1 (egusudnsii map B RY), m nycTs ¢ — MHOMKe-
CTBO Ccy:;xkemmii Ha X, roaomopduex ¢ymKnumii co smagermamm B C, ompe-
IelEeHEHX B HeKoTOpo# oKpectHocTn MHOsectBa Xy B C? (oKpecrmoctm,
3aBHCAMEN OT paccMaTpuBaeMoll ¢yEKIuWH); OYCTh £; — 3aMBIKAHHe
MHOMKECTBA £; B € (Xy; C), KoTopoe, 09eBMAHO, ABAACTCA BaMKHYTOMH
KoMiIeKcHolt moganrebpoit anreSpe € (Xy; C) ® oTmeasAeT TOUKH u3 X;.
IlpuMeHeRRe «IPUHUOULA MAKCEMyMma» i TOJOMOPOHEIX QYHKIuI HoKa-
suBaer, 910 Ch,, (Xy) ects cdepa Sg.

3aMeHMM B TpefHAYIEM OIpeieneHnNu X; Ha «OOXHAmMCKY X,, ompe-
HeXeHEHH coorRomennamMu | z; | << 1m |z | < 1, 910 faer mam moganre6-
PH 43 M Ay (3aMEIKAEHE £;) B G (X5; C). 3nech mpuEMUO MaKkcUMyMa
moxassiBaer, a0 Ch A (X,) ecTs «TOpP», ONPEEONASMEIE COOTHOMEHUAMI
iz |=1m |z3| = 1.

13 aTeX pe3yibTaTOB BEIBOJHEM, 9T0 HE CYIIECTBYET QHAIUM UHECK020
ugomopfiuzma OTKPHITOR OKPECTHOCTH MHOMECTBA X; HA OTKDHTYIO OKpecT-
HOCTh MHOMecTBa X4, npeobpasyowyezo Xy a X4; B caMoM jiene, ecam OB v
660 cymenmem Ha X; TAaKOro 0TOOpaKeHHs, TO MEl MMeNH O ¢, =
= v v, m 3HA9HT, v TMePeBoTWI0 Gk Sz B IPOCTPAHCTBO, ToMeoMopdHOE
T2, 910 HeBoaMOKHO, u60 Sz ofgmocBsazno, a T? — mer. OTMernM, ofHAKO,
yro mpocrparctBa Xy m X, zomeomoprw, Gynydm oba orpaBMIeHHBIME
BHIIYKABIME MHOKecTBAMA B R%, NMeOUIMMA BHYTPEHHME TOUYKH.
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6. Douncmeennocmsd uHmezpasvrslx npeocmagaeHuti

ITycrs £ — ornenmmoe JOKAJIbHO BEITYKJIOE IPOCTPAHCTBO € 0Caa0-
JeHHON Tomoiormeil B C — BaOCTPEHHBIA BEICTYNAIONAH BHIITYKJIbIH
rxoHyc B E. UsBectHo, yro C ecTb MaOKecTBO diieMenToB = 0 m3 £
OTHOCHTEJIBHO OTHOIIEHMSA NOPANKA, COTJACyIOMerocs ¢ BeKTOPHOM
cTpyKTypoit mpoctpaHctBa E. Horma Ml 6ynem roeopmrb, aro C —
pemeTKa, To pedb OYReT HATH, PasyMeeTcs, o HOPAKKEe, HHAYLADYe-
mom Ha C nopspxom us E.

JIEMMA 5. ITpednososcum, umo C caabo xomnakmuo. Hycmo H —
muoncecmso cyxcenuli Ha C uenpepuisnuix aunelnunr dopm Ha E.
A nycmv  (fy)aea — KoHeunoe cemelicmeo aaemenmoe u3z # u f =
= sup (f,). Jas awboeo z € C noaescum

7(37) =sup (f (=) + Fz) + ... 4 f ()

ede 6eprHAn 2panb Gepemca no muoxcecmsy S, maruz nocaedosamets-
nocmetli (xq, g, . . ., &n) oaemenmoe us C, uwmo z; 4+ 2, + ...
co. +ap =z, IToaoxwcum Card A = p. To2d0a wHalidymca makue

(U1 v Yp) €8xy umo f @) =7+ ... + [ (yp)-

OGozpaumm wgepes fy, fq, ..., fp oleMeHTH ceMeitcTBa (fy),
a wepes Cp paa k=1, 2, ..., p — MaOKecTBO Tex y € C, pua
Koropux f; () <f W) Fa W) <f (W) - s Far) < F W)y fr () =
= f (y). MaoxectBa C), ABIANTCA HENEPECeKAIOMHMMHACA BHITYHKJIHMHE
Konycamu, obbenHeEAe KoTophX paBro C. Ilycre 4, 25, . . ., 2, —
takme Toykm H3 C, s10 2y + 2, 4+ ... + z, = x. U mycrs yp —
CyMMa Tex x;, Koropule mpumHapiesar Cp. UmeeMm y, + y, + ... +
4 yp = x. Iockonsry f apdmara Ba Cpy 0 f (1) + .o o + f(yp) =
= f(zy) + ... +f(z,). CuemomareapHo,

f@)=sup (fly)+ ... + 7@ (19)
rne (Y1 Yoo - - -» Yp) TpOGeraer MHOMKECTBO TaKHX IOCI]Ie[,0BaTeN]b-
Hocteld p Toger w3 C, 910 ¥ + Yy + ... + yp = z. Hoaomum

D =C0N(@x — C). Hockoasry D xommakteo (Tom. Berr. mp-Ba,
ra. II (2-e map.), § 6, m. 8, cuegcreue 2 ms mpemu. 11), To Tako-
BEIM Oy/leT U MHOKECTBO TeX 3IeMeHTOB (Y, ..., Yp) B3 DP, nusa ko-
TOPHX Yy + ... -+ Yp = z, TaK duT0 BepxHAA TrpaHb (19) mocrm-
raeTcs
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JIeMma 6. Ilpu mex ace ycaosusax u 0603HaueHUAT, ¥MO U 6 AeMmMe 5,
npednoaoscum, wmo f, nososcumessh. DyHkyus [ nososcumessho
00HOpodHa, eéoznyma u noayHenpepusna céepxy wa C. Ona agpunua,
ecau C pewemouro.

flcHo, uTo f HoMOMUTENLHO OHOpPONHA. IIycTh 2, y — Toukm m3 C.
Ecmn zy, . .., ZTmy Yys -« «» Yo 88 C TAKOBHL, ITO Xy + . .. + Ty =
=z, 50t - FYn=y, 00+ ...+ t+y+ .. Y=
:x+y1 u 3Ha9nT, f(x1)+~+f(xm)+f(y1)+-

o4 Fym) <T (= + y); orcooma BumommM, uro f(z) + f () <
<f(z+ y), a craio OHTH, f Boruyra. Iycrs L (cootB. L,) — mHO-
secrBo Takmx (¢, z) ER X E, aro z € C m 0 <<t <7 (z) (coors.
0 <t </, (). Haskpoe us L, 3aMKHYTO B BHCTYIAIOMEM BEIIYKJIOM
caabo mommoM komyce R. X C, ®m sHaguT, cymma A%L’“ 3aMKHYTa

(Tom. Bexr. np-Ba, riu. I (2-e man.), § 6, n. 8, cremcrBme 2 w3 npepa. 11)
CornacHo nemme 5 s1a cymma pasua L. CrefoBatenpHo, L saMKHYTO,
YeM J0OKazaHo, UTo | HosyHeNpephiBHa cBepxy. Hakomem, mpemmoio-

KEM, 4T0o C pemeToyHo, U JOKayKeM, q'ro_f BrOykJaa. Ilyets z, y € C
e >0, B C Haiimyress Tarkue 2y, Za, . . ., Zn, 910 [ (3) + ..
e+ @) =@ v Y —emz + ... + 2, =z + y. Bekrop-
Hoe mpoctpaHcTBo C — C pemerovHo OTHOCHTeNBHO IOPANKA, HHAY-
nupyemoro nopfaakom u3 E (AareGpa, ra. VI (2-e man.), § 1, n. 9,
mpepa. 8), Ilo Teopeme o pasnossenmm (ram sxe, m., 10, Teopema 1)
B C HafilyTCA TAKAR Ty, « .« oy Lry Y1y « « 2 Yns TTO T3 + Y1 = %1y .«

ca Tyt Y =% T+ o T2 =2 Y1t oo Y =Y.
Torga, B cmiy TOro, 4to f MOMOMKATEABHO ONHOPORKHA H BHIYKIA,
aMeeM

fe+tp<e+f@+ ... +f@)<e+fl)+
i)+ @) F TG <e+T@)+TW@.

A wockonbry & >0 npousBOABHO, TO TeM CaMHIM H JIOKa3aHO, 9TO f
BELITYKJIA.

TeorEmMa 3 (Iloxe). ITyemv E — omdeaumoe 10KaAbHO 6binyK.A0E
npocmpancmeo ¢ ocaabaennoti monoaogueti, C — caabo noanbili gucmy-
nawwul konyc ¢ eeputunoll 0 ¢ E, G — o06vedunenue sKCmpemaibHuY
o6pasyrwwyux konyca C, K — evinykioe Komnaxmuoe noOMHONCECME0
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ua C, A u A" — noaoxcumeavhvie mepw ¢ maccoti 1 na K, umeoujue
odun u mom sce Gapuyenmp u maxrue, wmo A* (K — (K 1 G)) =
= M* (K — (K } G)) = 0. IIpednosoxcum, umo C pewemouno. Tozda
0as 410001 SBNYKAOE NOAYHENPEPHISHOU CHU3Y NROAONCUMEALHO O0JHO-
podnoll gynryuu f >0 na C umeem A* (f | K) = A'* (f | K).
Mycre A (coorB. A') — MHOKECTBO cykeHHI Ha C HeIpePHIBHEIX
anrAeHNX Popm (coots. apdmuHbX ¢yEKnmd) Ha E. Ussectro (Tom.
BeKT. mp-Ba, ra. Il (2-e man.), § 5, n. 4, 3amevanme 2), gro f ecTh
BepXHA ormGaiomas MHOKECTBa DJIEMEHTOB U3 , Ma)KOPHPYEMBIX
¢yrrnumeit f. MaOKecTBO pymEKIUE BUAa sup (f1, . . ., fp), TAe fy, « . .
.o fp opaHamIewar A4 u f; >0, ..., f, =0, ¢mapTpyerca mo
BO3D&CTAaHWI0 m uHMeeT [ cBoedl BepxHe#t ormbaromeil. IlpwamMas
po BHmManme teopemy 1, § 1, o. 1, nocrarogno yGegurbca B cOpaBej-
amBoctr paBeHcTBa A (f | K) = A’ (f | K), Korma [ ynoBaerBopser
copMyIEpPOBAaHHEIM BEIIIE YCJIOBHAM.,

OnpesiennM f, kax B Jemyme 5. fcHo, ato | (¥) = f (y), ecim y € G.

Mockoupry A* (K — (K 1 G)) = 0, 04 (f | K) = A (f | K). B cany
seMMsl 6 QyEEDES [ addEHHA W moxyHempepsBHa cBepxy. Cramo
OBITH, }_l K ecth HUKHAAA ormbanomasn yOHBaIOmero GHIBTPYIOWErocs
MHOKECTBA CYIKeHmH snemeHTOB H3 +# Ha K (Ton. Bexr. mp-Ba, ra. IT
(2-e map.), § 5, m. 4, mpema. 6). IIycre 2 € K — GapHIeHTp MepH A.
Ecim ge A, 10 A(g|K) = g (x). CuaegoBatensno, A (f| K) =
—=7f(@) (§ 4 mu. 4, crepcrsume 2 m3 mpemu. 5). Taxum oGpazonm,
A{f|K) = 7(x) H, TOYHO TaK ke, AcHo, 9r0 A (f | K) = 7(3:).

Cuencrsug, ITyemv E — omdeaumoe A10KaAbHO 86RYKAOE NPOCTPAH-
eméo, C — eucmynaiowyuli ennykaviti Kowye ¢ sepwunot 0 ¢ E, umelo-
wul xomnaxkmhoe nopoxcdawwee mHoxcecmso M, u G — 06vedunenue
sxcmpemasvruiz oGpasyowur konyca C. Mycmv x € M. Ecau C peuwe-
mouHo, mo cyujecmeyem no kpatinell mepe 00HQ NOAONCUMEALDHAR MePa
A ¢ maccoii 1 na M, maras, wumo A* (M — (G M)) = 0w umo z —
ee bapuyenmp.

He orpanmumBas ofmpmoctn, MoKHO CYHTaTh, 4T0 E HamedeHO
ociabieHaoi Tomosaormed (aT0 He Menser tomoiormu B M). Ilycrs
A m )\ — mepH Ha M, obranaomuae cHopMyIMPOBaHHHMY BHIIIe CBOl-
CTBaMH, W s — TaKas HeOpepHBHaA JamHeiHasA ¢opma Ha E, wro M
ABAAeTcA nepecedeHnem C B THOEPIIOCKOCTH ¢ ypaBHeHHeM 2 (2) = 1.
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Iycrs  — mommuoxectBo u3 € (M), cocroAmee u3 cy;ReHmii Ha M
IIOJIOKATEABHX HeHYJIeBHX (YHKOUHA, NOIOMRUTOABHO OXHOPONHEIX
u HenpepsiBHEX Ha C. Homyc C saBaserca cnaGo moxmeim (Tom.
BeKT. mp-Ba, ra. 11 (2-e man.), § 7, m. 3). B cuny Teopemsr 3 nmmeem
A (f) = A (f) rna moboro f € .

Ecam f,, f;, fs, f« OpuHamIemar o, TO

sup (fy — for fs — fi) =sup (fh+ fufs + ) —(fa + /) €F — &,
inf (f, — fo, fs — fu) = — sup (fy — fu, f4—"f3)607)'—°7-

Tlockoabrry & | M € , 10 f — o COReP!KET HOCTOAHHHE QYHKIUHE.
Ecin z m y — pasiamyHble TOYKE 3 JM, TO CymecTByeT HempephBHAA
jmHeitHas dopma Ha E, oTHeadomas x W Y, W 9Ta PopMa ABIAETCA
PaBHOCTBIO ABYX IOJOKHTEIbHHX HONPepHBHLX JHHOAHHX (opm Ha C
(Tom. Bexr. np-Ba, ra. 11 (2-e man.), §6, n. 8, memma 1). s manoxen-
HOTO BHIE CHIe[yeT, 9TO AJNA ReACTBATOABHHX ¢, [ cymecIByer
Takast f € f — of, 910 f (z) = a, f (y) = P. Hosromy f — o Bciony
nnoteEo B € (M) OTHOCHTENBHO TONOJOTHE PABHOMEpHOH CXONAMOCTH
(O6masn rom., ra. X (2-e man.), § 4, m. 1, crepcrtBue ms mpep. 2).
A nocrkonbky h m A’ coBumasaorT Ha o —F, T0 A = A'.

Yupamaenus

1) a) Hyctp K — KOMHIAKTHOE BRIIYKJO€ LOAMHOMKECTBO OTHEIUMOro
JIOKAJbHO BHIIYKIOIO HmpocrpanctBa E, p — moXoHTEIBHAA Mepa ¢ Mac-
coit 1 ma K u b, — ee Gapunentp. Ilokasars, 910 fnA M0God moioKE-
TeABHOH BOrEyTOll MOXYHenpepwBHON cHmsy ¢ymxmmm f ma K f(b,) =

*
= S f dp. (3ameruTsh, dTo f orpammiera (Tom. Bext. mp-Ba, ra. II (2-e

u3n.), § 2, yop. 32), m 3maunt, —f p-uTerpupyeMa.) OTcioma 3aKII0IUTH,
qT0 eCcAM f — HOoJYHempepHBHAg CcHuMay (uam cBepxy) ¢yHKoua Ha K,

OHOEPEMEHHO BHIYKJasA M BOTHYTasf, TO S fdn=Ff (bu).

b) Mycrs I — urrepBax {0, 1] ua R, K — nogmuoxkecTBO N3 off, (1),
cocrosmee u3 Mep ¢ HOXHOH Maccoil 1, BHIYKIoe X KOMIAKTHOe B MHAPOKOLi
TOHOJOTHN, M OYCTh j :Z > €, — KOHEYHAS KaHOHWIECKAd HHBEKIHUA
uarepBaia I B K, apagiomasacsa romeomopguaMom / Ha mOAIpPOCTPAaHCTBO
m3 K. Jua moGoii mepw v € K monommM g (v) = 2 v ({z}); 210 ectb

xel
OfHOBPEMEHHO BHIIYKIas H BOTHyTaa (yHKumsa mga K; KpoMe TOY0, €CIH
gn (v) €CTh BepXHAA TPanb v (4) /1A BCeX KOHEIRHX HoiMBokecTs A na I,
EMeomuX Be Goiee n 37IeMEHTOB, TO g, DOJyHeOpepHBHA ceepxy Ha K,
ug(v)= lim g, (v) ana awboro v € K; 3maumT, ¢ A-HATETPHpYeMa
=00
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oTHOCUTENbHO 060N Mepu A ma K. Ilycthb W — Takas mepa Ha §X, 9ro

Y fdn = S A1 (x)) dz ana f € 7% (K; R); oTa Mepa IOJIOKATENHHA B EMEST
v 1

nosty® Macey 1; mokasats, 910 b, ectb mepa JleGera ma I n S g dp =

+ 8 (by)-

°2) Hycrs X — KOMHOAKTHOE HPOCTPAHCTRBO, J° — MHOKECTBO INOXY-
HEHpPepHBHHX CHU3Y YHCIOREHX (PyEKmui ma X, HPEEMMAKINUX 3HAYCHAA
B ]— o0, 4 oo]. IIpeguonoxus, 910 J° COTEP:KUT KOHEIHE® IOCTOSHHELIE;
maa gwoboit pyrxumm b € P m d0Goit molokHTENLHOE MepH p HAa X
p* (k) ompegenero m > — oo (§ 4, ymp. 5).

a) JIis DONOKUTeABHEX Mep [, v Ha X MOJOMKEM U~<v, ecan p* (k)<<
< v* (k) pas awoboit dpyrkumm k € . Hokasats, 9T0 OTHOHMIEHHE P —~ V
€CTh OTHOMIEeHNE mpefuopAAKa B off, (X); omo Bieder p (1) = v (1), cp <
—~ ¢v opr abom ¢ > 0, m p -+ A < v -+ A mus awboit Meps A € off4 (X).

by Hpepnoaomum, 910 P+ P <= P un 910 ¢-P < P gaa ¢ > 0.
Hycrs (¢ — modomuredabHasg Mepa Ha X n f — ¢ymxuua m3 ¢ (X; R).
OGosmaumm wepe3 @y MHOMKecTBO QyBKIME h > f, mpuHagIeKammx &,
a wepes M, — MHOKeCTBO Tak#X Mep A € offy (X), 90 A —< p. Iloka-
3aTh, 9T0

sup A (f)= inf p* (R).
AEM,, heQy
{(Mua mobGoit Qymxumm g € € (X; R) obosmazmm p (g) = iné u* (h).
hE
(4
IloxasaTh, 410

prle+g)<p@+pE)aplg =cpld

ana g, g m3 ¢ (X; R) m ¢ >0; noxasarb, ¢ Apyroit CTOPoEEL, 9410 M|, COBHA-
JaeT ¢ MEOMKECTBOM Takmx Mep A € offy (X), 9ro A (g) < p (g) pan moboit
$yaxmum g € (X; R), ¥ 3aKoHINTH, IPHMEEHB TeopeMy XaHa — Bama-
xa.) Ecau ¢ynxoun u3 F° menpepuBHH 1 Sq (f) ecTh HIKHAA ormbafomasn
aas Qf, To mMeeM Taiike W (S, (f)) = iug{ A (.-

€

¢) Ecam mEomectB0 Py dpymrKumit ns F°, BEOPSPHBEHX U KOHEUHHX
ra X, roraxsno B €(X; R), 10 oTHOMEHHE B ~< V €CTh OTHOIISHNE HOPAAKA
B oty (X), Ecnm mepa v € offy (X) MaKcuMaNbHa [JH 3TOTO OTHOIIEHHA
HOPANKA, TO TO ’Ke CaMo® BePHO M OTHOCHTeNbHO Ji0Goft Mepn v, 0
<L v' v (nas o6E4EOTO TOPABKA) (PacCy’KAATH 0T IPOTHBEOIO, UCOONb-
aysn a)). Ecar Py = P n ecam & T0TanbHO, TO BCAKOE MHOMECTBO, GHIb-
TpYIOmeecs IO BO3PACTAHUIO OTHOCHTENHHO OTHOINEHHA NOPAZKA M <V,
umeer B offy (X) BePXHIOI0 I'DAEL OTHOCHTEIBHO 5TOT0 OTHOIIEHHA; B 9acT-
vocTH, offy (X) undyrsmusno OTHOCHTEABHO HTOFO OTHOIIEHHA.

d) Opegnono:xuM, 970 GYBKOUM ¥3 J° HENDEDHEBHH ¥ KOHEYHH, 9TO
G roransao B G(X; R) maro P+ P < & 7 ¢ P < P pgas anoéoro
¢ > 0. qaa mo6oit pyarunn f € B(X; R) o6oszrauum vepes S (f) BHKAL0
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orgbamyio Taknmx ¢ymxumi k € — P, aro f < h; maa awboro € > 0
o6oamaumy wepes Ky . MHOMeECTBO TeX z € X, Aus KoTopHx S (f) (2) >
> f (z) + e. Moxasats, 9710 CREAYIOUME YCIOBUA IKBUBAJEHTHEL:

a) Mepa p € off+ (X) MAKCHMaNbHA OTHOCHTENHHO OTHOIIEHWS IOPAT-
Ka A< M.

B) p (S (N = p () naa aoboit pynxnmu f € B(X; R).

B') w(S (N = p (f) paa noboit ¢pymrnmn f € .

V) W (Kf,e) = 0 pna moboit dynxmun f € €(X; R) n moboro & > 0.

v') B (Ky, ¢) = 0 aus nwoboit dynaxunn f € J° u aoboro & > 0. (pu-
menuth b) K —P.)

¢) Hoxasats, B mpegmosnoesnaAx d), 910 ecam p u P’ — HONOKHU-
TeJbHEE MepH Ha X, MAKCHMAJbHEE OTEOCHTENHEO OTHOMIEHHA —<, TO 3TO
HMeeT MecTo M fuf p -+ p’. BhBecTm 0TCIOfA, YTO MHOMKECTBO LIOJIOMRI-
TeJbHHX MeD, MAKCHMAJBEEX [JIS 9TOTO0 OTHOMIEHMS IMOPSAIKA, 6CTh pelrer-
Ka Aas oO6HuHOTO oTHOmMEHHs NOpsAfKa <.

°3) IIycts X — HEIyCTOE KOMOAKTHOE IMPOCTPAHCTRO W J° — MHOME-
CTBO HONYHSNPePHBHEX CHH3Y YHCIOBHX ¢yEknwid ma X, co 3Ha-
YeHASME B |— oo, - ocol; Hpenmosio:xuM, 410 J° CONEP!KHT KOBEIHEIE
mocTosiEHEIe. [0BOpAT, 4To TodKa x € X  J-skcmpemasvra, ecim Mmepa
e, MHUHAMAJBHA [JA OTHOIIeHMA IpPeNuOPARKa p ~ Vv *); oGozpagnm
MHOKECTBO JP-aKcTpeMaNbHEX Todek depes Chgo (X).

a) IMoxazate, 4910 ecam F°’' —- MHOMKECTBO JHEEHEHX HKoMOMEamuii
2 ¢;h; dyBrmmit ma P ¢ Koapdumuentamm >0, To FP-sKCTpEMANLEEE
1
TOYKH COBHAZAIOT ¢ J°'-2KCTPEMAIbEEIME.

b) Horasats, 910 #aa To9kE z € X clegylomiue YCIOBHA 3KBUBA-
JI€HTHE:

o) £ — JP-9KCTpeMaNbHAS TOYKA.

p) Mna mwobod ¢ymxumm f € € (X; R) m moboro & > 0 maiigercs
rakasa ¢yErmEa b € P, dro f <L h u h(z) Lf(z)+ e

v) Mua moboit oTkpsiTOil OKpectHOCTH U TOUKM z m Jio6oro & > 0
B J°’ maiigercs Taras ¢ymEmus h >0, 90 h(z) L e w h(y) =1 mua
a1060ro y € X = U. (UcmompazoBats ymp. 2b).)

Kpowme Tor0, moxrasars, ato MEomecTBO To4eK u3 Ch (X)), rue mo xpaii-
meit Mepe ogsa ¢ymxmuA u3 J° gocTHTaer CBoeil HmKEEH Tpamm Ha X,
nxotao B Ch g(X).

c¢) ToBopsaT, 410 MOfMEOKECTBO F U3 X JP-ycmoluuso, €CAd OHO 3aM-
KHYTO W W3 COOTHOMeHM A —< u, supp (p) < F Bmrexaer supp (A) — F.
TloxkazaTh, 4ro ecnm u € J° B F’' ecTh MHOKECTBO TOUeK M3 F, Ha KOTOPHX
u JOCTHTaeT cBOSil HMKEell rpamm ma F, To MHomectso F' JP-ycroitamso.

d) Ipepmono;xuMm, Kpome Toro, 9ro J° orgensier Touku m3 X. Ioxa-
3aTh, UTO AusA M060# GyEKumE h € J° MHOKECTBO Sp, T09eK u3 X, HA KOTO-

*) OnpejeleHH® MAKCHMANLHEOTO (AIM MEHEMAJIBHOTO) 3MEMEHTA B YHOPA-
fouenHoM MuosrecTse (Teopua muoskecTs, ri. 111, § 1, n. 6) menocpefcTBernO pac-
IPOCTPAaEASTCS HA HPeLyHOPANOYCHHARe MHOKECTBA.
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pHX h pocruraer cBoeil Hmskmeil rpaunm ma X, mepecekaerca ¢ Ch P (X).

(ns pgoxasareabCcTBAa TOTO, 9T0 TAKOE HOIMHOKECTBO CBOJHUTCA K ORHH-
CTBEHEOH TOYKEe, pacCMOTPeTh MHEMMANbHOe JP-yCTOHYMBOE HOXMHOKE-
CTBO, cofiep:kameecss B Sp, B TPHMEHHTD C).)

e) Ilpm rex ke mpepmoNo;KeHUAX, ITO ¥ B d), HOKa3aTs, 9T0 A TOIO,
91065 3aMKEyTOe MORMEOKeCTBO F m3 X comepmano Ch P (X), meobxo-

AMMO M JOCTATO9HO, 4TOGH pmnsa moboil ¢ymrumu h € P’ MuOecTBO F
IepeceKaNoch ¢ MHOMKECTBOM Sp TOYeK, B KOTOPHIX h JocTHraer cBoeil
mmxpeil rpann na X (ucOmoinsopath b)). BriBectu oTciOma, 910 [iA TOTO,
9100l ¢ € X Ouxa TOYKOH mpuKocmopemmsa Aiaa Ch P (X), meo6xopmmo

® 0CTaTOuR0, IT00H Hus m106oit oTKPETON OKpecTHOCTH U TOUKH a Cymie-
crBoBanm Takme h € ' u b € U, 9ro h (b) < h () gas a006010 z € X — U
(uBEIME cloBaMu, Sp < U).

f) Ipr Tex xe mpepmono;kernax, 9To ® B d), TOBOPAT, YTO HOEMHO-
ecTBO A m3 X ABxAeTcA J°-TPAaEMIHEM, €CHH AxA n0Goil dymxumm hEFP*
Sy, mepecekaercss ¢ A. Bossmem B kadectBe X ofbepmmenme B R? mpyx
KpyroB ¢ neATpamu coorsercrseHro (—1, 0) m (4, 0) m pagmycom 1, a B Ka-
gecTBe J° — MHOKECTBO Cy/KeEmii Ba X nwmBelBHX apduurmx ¢yrrumi
ga R2. IToxasats, aro Ch P (X) cocromt u3 To9ex (&, m) us X, A KOTOPHIX

| £ | > 1. Ilokasats, 470 ecam a ecTh J’-3KCTpeManbHas Todka (1, 1), To
BalfieTcA TAKaA OKpPecTHOCTb U TOYKH @, 9T0 HE CYMECTBYST HUKAKOM
dynxnua b € &', gasa voropoii h >0, h (@) =O0nh(y) >1ma X — U.
Fcam A u A’ — coorsercteerro pomonrerms B Ch P (X) rouer (1, 1)

n(—1,1), 104 m A’ cyrs FP-rpanmunnie MEOKecTBa, HO 4 (| A’ TaKo-
BHIM H® ABAASTCA; 3HAYAT, HE CYIECTBYeT HAWUMEHbLIIET0 J°-TpaHMIHOIO
cBOHCTEA.

g) Ilyets Y — eme offHO KOMNAaKTHOE IPOCTPAHCTBO U (] — MHOME-
CTRO IOIyHeDpPEPHBHHX CEU3Y orobpaskermmii ¥ B | — o0, -+ oo}, comep-
/Kainee KOHeYHHe NOCTOAHEHHEE., U mycth & — MHOMKECTBO QYHKuME h =
=fQg e f€ I u g€ @; moxasarb, 9T0

Chgp (X X ¥) = Chyy, (X) X Chg (V).

°4) Hlycrs E — oTHenEMOe TOKATHHO BHIYKIO® TPOCTPAHCTBO, X —
KOMIAKTHO® BHINYKIOe MHOKeCTS0 B E M J° — MHOK®CTBO KOHEYHEIX
HEOPEePHBHEX BHOYKIHX QyEKmuii Ha X; o60o3HaumM 9epes W — v OTHO-
ImesHe IpeAmopsajKa, olpefeinsemoe B off4+ (X) mpu momomum J° (ymp. 2).

a) Hoxasate, 9T0 P ~ v €CTh OTHOMEHHE NOPsAAKA B off+ (X) (mCIOIB-
30Bath yup. 29, Tom. Bexr. mp-Ba, ra. II (2-e map.), § 5) m 9To s arboro
z € X COOTHOmIEHH® 8, ~< )i DPABHOCHIABHO YTBeP:KNSHHIO, UTO [L HMeEer
mMaccy 1 m uro z ecth Gapmmentp pua p. Craigo OkTh, AisA MoGoil MaKcm-
MaJIbHOM (ANA TPeRHYmero OTHOMIEHHA IOPAJKA) MEPH P ¢ Maccoi 1
gaiilercs Takasg, W DPUTOM eJUHCTBeHHAsdA, TOYKa r € X, 9TO g, < .
O6patHo, BeaAKasa ToUKa z € X ecTh GapumeBTp mo Kpaiireil Mepe opHoit
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MaKCUMadbHOH MepH. [{aa rtoro 9roOH x € X Gbula 9KCTpeMaiabHOH T0w-
wo#t s X, HeoOXOAMMO M JIOCTATOYHO, YTOOH e, Oblia MaKCHMANbLHOI
Mepoi.

b) IIycrs p — mMakcumanbpas mepa Ha X m f — ¢ysxmua us G+ (X).
Tlokasate, 910 maA aioGoro e > 0 Hajilerca Taxas HempepHBHAA BHITYK-
daa Qyrxoua Ha X, 910 0 < g < fu p(g) = u (f) — & (ucnoansoBats
yup. 3b) u 2d)). BrBectnn orcrofia, 9T0 HOCHTENs MEPH | CONEPIKATCA
B 3aMHKAHNM MHOKECTBA IKCTPEMAJbHHX TOZeK X.

¢) Iyerer p — MaxkcuManpgas Mepa Ha X o (fn)n>1 — yOmBaOmAA

nocaenoBaTeabHocTs GyurImil us €4 (X). Hoxasars, 94ro ecau ana moboit

skcmpemaasroti TOUKKM z € X mocnefoBateabHoCcTs (f, (r)) crpemmresa k 0,

to lim p(f,) = 0 (ucumoassys b), mocrpours yGHBAOIY HOCIEN0OBa-
nN—+00

TeNBHOCTh (g,) TAKUX HeNpepPHBHHX BHIYKJIHNX ¢Qysrmmil, 9ro 0 £ g, <
< fp upm aobom n u p (g,) = p (f,) — €, n moKasaTs, uro (g, (y)) crpe-
murea ¥ 0 guaa awoboro y € X.

d) BuBectu us c), gro ecan 4 — X He COJIEp;RUT HU ONHOIl DKCTpeE-
Ma;pHO{T TOYKHM W ABAsAerTca oObeAwHeHMeM mnociaefoBaredsHocTH (K, )
KOMIAKTHHX MOJMHOKECTB u3 X, KaK[0€ n3 KOTOPHX ©CTh CYETHOE Iepe-
cedeHne OTKPHTHX MHo;xecTB u3 X, 10 W (4) = 0 maa moboil MaxcuMais-
HOII MepH M.

e) Ilycts £ — BEKTOpHOE HPOCTPAHCTBO HENPePHBHHX §yHKIumil
Ha X, ABIAKIIAXCA Cy:KeHNAMH Ha X HENPEPHBHHX JNHEHHHX adPUHHNX
¢ynrmuil ga E. Y coornomenus A < p caenyer A (h) = pu (k) naa moGoi
OysKIHuE k€ o; i aoboit Gyurumn f € € (X; R) smxaaa ornbanmasn
S (f) ysrmuit h € A, raxmx, 910 f < h, TOMKE ecTh HIRHAA orubanmasn
taxknx Qysrumit g € — P, uro f < g. Qua mwoboro x € X coorsomexue
£, — ) OKBHBAJIEHTHO CcOOTHOMIEHWIO k (z) = (h, w) Aaa moboro h € A;
YKCTPeMAJbHEE TOYKA B X COBIAJANT C 4-oKCTpeMaXbuuMA. Ecan f € P,
To paa nwoboro zr € X

S () (z) = sup S 7 () du () *)
ex-<p

(ucmoaszoBats yup. 2b)). dta gopmyna He 00s3aTENBHO BEPHA, €CJIH Ipesi-
TIONOKUTH TOJBKO, YTO f BHITYKJIA W MOJYHENpPePHBHA cBepxy Ha X (B 060-
sHavesnax yup. 1b) pacemorpers ¢yurmmio £, paBuyio 1 ma o6pase uarep-
Basa I B X u 0 B 0ocTAaJBbHHX TOYKAX).

f) Hoxasars, 9ro [popMyna (s) THo-Tpe;kmHeMy COpaBeIJIHBA, E€CHH
OrPaEMYNTHECA B TPaBOH YacTH JMCKPOTHBIMH MEpaMHd |, AMEONUMH
B KauectBe OapuUIEETpa.

°5) Ipunas obosHauenns ymp. 4e), 06osHAUUM Tepes ¢’ compssKen-
HO® K HOPMHDOBAHHOMY IIPOCTPAHCTBY £, HafieJE€HHOE CTPYKTYPOil HopAf-
Ka, MONYyIeHHOH U3 CTPYKTYPH B £ (ra. 11, § 2). C gpyro#t cropons, oGo-
sHa4MM 4Yepe3 C BHIOYKJHHE KoHyc ¢ Bepmunoil 0, MOPOSKIEHHEN MHOIKE~
cteoM X X {1} B mpocrparctee E X R.
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a) Ilorkasarts, 970 cJjaefylolnue CBONCTBA SKBUBAJIOHTHE:

(i) Beakas touka z € X ectb OApMUEHTD eJMHCTBEHHO! MAaKCHMAJL-
Hoil mMepu B, ma X ¢ maccoi 1.

(ii) Bexropuoe npocrpaHcTBO F, noposkfennoe C, €CTh pellerKa OTHO-
CHTEJIHPHO CTPYKTYDPH IOPAAKa, mMerIeii C B KauecTBe MHOKECTBA I0OJIO-
JKUTCJBHEX 9JIeMEHTOB (mubIMH cioBamit, X ectb cumnaerc {Toi. Bewr.
mp-Ba, ra. 11 (2-e msm.), § 2, yop. 41)).

(iii) S (f) opm moGoit dyHKIuU f OIHOBPEMEHHO BHIIYKJA M BOTHYTA.

(iv) Ecam p o v — TAKHe MAKCHMAJIbHHE MepH, 4T0 u (h) = v (k)
Aag a1000ro b € 4, TO b = V.

(v) BexropHoe mpocTpaHCTBO ¢’ ecTh OpoctrpaHCTBO Pmcca.

(vi) Ecum f, g — ¢yaxmuu u3 P, 0 S+ g =S5+ S (o).

(Cuagana goxasars, 910 (i) Bieder caegyomee cBOMCTBO:

(vii) OroOpamesne x V> B, enmscTBeHHNM 00Das3oM MPOJOIKAETCA
10 OMeKTHBHEOTO auHeHoro oTodparkenus F ga mofmapoctpancTso us off (X),
MO PO HAOE MAKCHMAJBAEMH MEpaMu, W 910 oToOpaskenme mepeBojur C
B KOHYC MAKCHMAJBHHX Mep.

BuiBectu 3atem (ii) ms (vii), mcmoxpsysa 2e). Jlaa moaydenmsa (iii)
u3 (ii) mpuMeHnTs IEMMY 0 pasbuennu B mpoctrpasctse Pucca F u ymp. 4f),
Yrob6u suBectu (iv) ua (iii), mcooassoBarhb tor dakr, 9ro ecau g £ ¢ (X; R)
OTHOBPEMEHHO BHIIYKJAa M BOTHYTA, TO MHOKECTBO T€X € £, JJIA KOTO=-
pHX h (z) > g («) npn a06Hx z € X, ¢uasrpyerca mo yOmBammio (Toi.
BeKT. mp-Ba, rir. II (2-e uafn.), § 5, openn. 6) m uMeer g B Ka4ecTBe HIKHEIL
ornfamomeit; mpuMeHnTs 3ateM yup. 4e). lua BeBoja (v) us (iv) 3aMernTsh
(mpu momomm ymp. 4e)), 410 4£° OTOJECTBIAAETCA € IOAIPOCTPAHCTBOM
n3 off(X), NOPOKICHHNM MAaKCHMAJIBHEMH Mepamu. Jlaa mosydenus (vi)
13 (V) OpHMEHHTE JeMMY 0 pasbnesun B mpoctpascrse Pucca 44 u yop. 4f).
Haxonen, ato6u BEBectn (i) us (vi), pacemorpers orofpasxenme f +—>
—> S (f) (¢) pua f € P u z € X ¥ HCHOaB30BATH yOp. 4e).)

b) Ilpu BEHnoauesuMu ycaosuil a) moxasats, 4ro Jua d060if Gysxmumn
fE€€ (X; R) orobpamenne z —> P (f) ects sueMesT NPUKOCHOBEHNA B TO-
NOJIOTHH PaBHOMEPHOIT cxopumMocTn Ha X MHOJKeCTBa OTPABWYCHHHX QyHK-
nuii Ha X, ABIAKIMXCA PA3HOCTAMA JIBYX IONYyHENPEPHBHHX CBEPXY
d)&nﬂunﬁ (acrions3oBaTh TOT daKT, 10 J° ToTAadRHO B § (X; R)); caeno-
BATEJBHO, 3TO 0TOOpPAKEHME M3MEPHMO OTHOCHTENLHO Moboil MepH Ha X.
* laa mo0oii moJoKuTeNbHON MEpH | Ha X e[MHCTBEHHAS MaKCHMaJlbHas

Mepa v > U 3aJaeTcA PaBeHCTBOM V = Y By dp () (ep. . V).,
LY

c) IToxasaTs, 4T0 eCH¥ BHIONHEHH YCHOBHSA M3 a) M mpu arom X
Mempuayemo, 70 P, A awboro x € X ecrb eIMACTBEHHAA MOJOKATENbHAS
Mepa p ¢ maccoil 1, umeromas Gapumestp « M Takas, 170 u (X —~ L) =0,
rge L — muomectso Ch » (X) sKcTpeMaAbHHX TOYEK (paccy:maTh, Kak

B Teopeme 1).
d) IToxasats, YT0 OpPH BHIOJHEHWH YCIOBMI U3 a) clefywInue cBoi-
CTBa 9KBHMBAJIEHTHH:

18 H. Byp6axn
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o) Muomxecrso L = Ch.,g (X) saMrgyro, mam, mHade,
S%(X) = Ch.j%(X).

B) HMas mwoboit pyarmuum f € F° cymenne S (f) ma L HempepHBHo.

v) Raa moboit Gysxmuu f € P Pyuxmua S (f) menpepuBra Ha X.

8) Orobpaskenme xz —> B, X B ofl, (X) (Hafesennoe mupoxoii Tomoso-
rueil) HempepHBHO.

(Uro6n moxkasars, uro o) BAewer fi), samermth, uro B, = e, Ba L.
Ilas moxasazeancTsa TOTr0, 910 M3 f) caexyer y), ncmoassoBats TOT QakT,
aro S (f) ecTh HWEHEAA ormGaiomas QUIABTPYIOMETOCA MO YORBAHMIO MHO-
siectsa Gpyornuit us ¢ (Ton. Bexr. np-sa, ra. 11 (2-e usn.), § 5, mpexa. 6),
reopemy [{muu ¥ ynp. 3d) B npuMenenun K QysErumuaM u3 £, UroOH Joxa-
3aThb, 9T0 ¥) Baeuer O), MCIOaAL30BaTh yup. 4e). Hakomen, aroOm yGemuth-
csa, uro 8) Bmeuer @), mpuMenuTh yup. 4a).)

°6) Ilycrs X — HemycToe KOMIIAKTHOE TPOCTPAHCTBO H &% — BEKTOP-
HO€ moAnpocTpascTBo 3 € (X ; R), coyepxamee ToCTOAHHENE U OT/EIAI0NES
roukr w3 X. Torma orsomenme A — J, OmpefeNeHHOE IOCPEACTBOM &F
(yup. 2), eCTb omHOweKUe IKEUSAIEHMHOCMU, H TC-DKCTPEMANbHEE TOIKH
B CMHCJe YIp. 3 cCOBRAIAOT ¢ SF¥-9KCTPEeMANbHEMHE TOYKAMH B CMEICJE II. 3.

IIycre F-—3aMrgyToe moAMHOKectBO um3 X, comepxxamee Ch 5 (X);

s awboro x € X 0603HaunM uepes o///lf; MHOKECTBO TAKHX MOJIOMKUTENb-
HHX Mep pu Ha X ¢ IoaHO# Maccoil 1, 4T0 &, < p ¥ supp (u) < F; jaa
TOTO UTOGH &, € dﬂf: , HEOOXOAUMO W JOCTaTOYHO, ITO0H z € F; BRIKYCHNE
z€ Cho%, (X) skBmBanenTHO papenctsy oflf = {e.). Jlum moBoii orpamm-
geHHoil uncaoBoil Qynronm f Ha F u a000ro z € X OOX0MHM

HE(p= inf  h(a),
f<h|F, heSH

HE (h=—Hi (—f)= k (z);

sup
I>h|F, heg®

9T0 — KOHEYHhIe 4YHICJA.
a) IToxasats, 4ro oroGpanenue f'—->H§ (f) mpoctpaserBa % (F; R)
B R BO3pacraer, HOJOKUTENbHO OJHOPORHO U BHIOyKJ0. Ecam h € &, To

HE (1) = h (2).

b) Mas aoboro r € X mioboit Mepn p € dli‘ u a0boil dyuruun f €
€ € (I'; R) nmeem }_’If N <L S fdp < ﬁ£ (f). OGparHo, ecaum AIs HEKO-
Topoii QyukumM fo € € (F; R) pelicTBuTeNbHOE YHCIO Y TAKOBO, YTO
Iig fo) <7 < ﬁf(fo), TO HaiifleTcst TaKas Mepa p € e%fc', 910 Y = \ fo dp.

c) Ilokasarp, uro maa ¢ymkmun g € € (X; R) caegyomiue ycaoBHsa
SKBIIBAJIGHTHEL

o) Jaa moboro z € X n ;woGoil mepu p € dlli‘ g (x) = Sg du.
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F — F —

B) Mua moboro z€X H, (g|F)=H,(¢|F)=g ().

y) Haa mawoboro e > 0 mafifyrca Takme 1B KOHEUHHE IOCIENOBA-
rexpHOCTE (R), (A7) QysKkumil ms &€, d9ro ecnm monommTh B’ = sup (h]),
B = inf (k7), 0 B Lg <A BB — 1 L.

(Uro6u mowasath, 9ro W3 P) caegyer ), paccy:kaaTsh, Kak B OOmeit
rom., ra. X (2-e mapn.), § 4, n. 1, mpemgu. 2.)

Ecan ¢pyuxuua g € € (X; R) obmamaer chopMyaHpOBaHHEIMA DKBHU-
BAJEHTHEIMH CBOMCTBAMH, TO OHA HABHBACTCA J¥-2apmoHuUNeCKOl; MHOMO-
cTBO S¥¢ JP-rapMoHMYeCKNX QYHROuI ecTh 3aMKHYTOe BeKTODHOE IOJ-
npocrpanctBo B ¢ (X; R), comepsxamee J; 0BO He 3aBHCHT OT PacCMaTpH-
BaeMoro 3amemyroro mopmuokecrBa F o Chgp(X). Umeem (&e)c= d¥e,
M OTHOHIEHye SKBUBAJEHTHOCTH, oupefielesHoe B off4 (X) mocpepcTsoM
e, coBuajiaer ¢ OTHOMIEHHEM A~ |, OIPEeMleJeHHEIM IOCPeficTBOM &F;
ctaxno 6uTb, Chgpe(X)=Chgpo(X). Orobpaskenne g —> ¢ | F ecTh crporo
BospacTanmas usomempus & Ha ero obpas B B(F; R) (xoropHii, caepo-
BATENLHO, ABIAETCH 3aMKHYTHM HOANPOCTPaHCTBOM B @ (F; R)).

d) Bossmem B Kadectse X murepsax [0, 1] us R, a B ravectBe & —
BEKTOPHOE MPOCTPAHCTBO CyeHmI Ha X IIOAMHOMOB BTOPOrO WOPATKA
ga R. Ilokasarb, 9ro $¥C OMIMIHO OT BAMHKAHMA JO OpOCTPAHCTBA OF
B €(X; R).

e) IloxasaTs, 9T0 maa toro wrobu Chgp(X) = X, HeoOxoanMo u mo-
CTATO4HO, YTOo0H J&¥¢ = ¥(X; R) (maa [fokasarexbcrsa HEOOXOTUMOCTH
HCHOAL30BATH D)).

f) IlokasaTtb, 4ro ecam & — pemerka (UHEMH CJIOBaMH, IPOCTPaH-
crBo Pucca), To ¢ = &%. [IpnBecTn mpuMep, Korjia &% He ABJIACTCA Pemer-
Koil, a & = K.

g) Iycrs € g — HanMenpIlee 3aMKHYToe opaMHOAecTBO 3 B(X; R),
copepaamee J u Takoe, 9T0 Hwxuaa orubaromasn inf (u, v) AByx Qysrmmit
us §gp npmaamueut Egp. [okasarth, 9TO CrefyOMHe CBOYiCcTBA 3KBH-
BaJeHTHH:

a) f € Es _
B) S fdp < f (z) gas awboro x € X u moboil Mepu p € dl‘f;

y) HX(f) = f (z) pam moGoro z € X;

8) mus awboro ¢ > 0 HaiifeTcA TaKasA KOHeYHAA HOCHELOBATENBHOCTD
(h;) ¢ymrmmit m3 &, uro f<<Linf () <f 4 &

(Yrobn moKasath, 4To f}) BIeUeT y), MCHONB30BATH b).) v

BrBectH 0TCI0O71a, 9T0 € 5@ €CTh BHIYKJIHI 3a0CTPEHHEIl KOAYC M 9T
EsoN (—Egp) = F¢c. Tlorasats, 4T0 BeAKAS cbym{uuﬂ ‘n3 €gyp Rocruraer
cpoeli mwxEeil rpagy Ha X 1o kpaiigeil mepe B offmoit touxe u3 Ch go(X).

°7) Iycrs ¥ — HeNycTOC KOMIAKTHOE LIPOCTPAHCTBO X J — BEKTOD-
Hoe moanpoctpasctBo u3 %(Y; R), comepsxamiee NOCTOAHHEE, OTAEIAIONES

18*
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TOYKH H3 Y M sgBigiomeecs pewemkoil (MHHMM CHOBaMH, IPOCTPAHCTBO
Pucca).

a) lyers @ — makcumarbroe N30IMPOBAHHOE MOAIPOCTPAHCTBO H3
H; N0Kasarth, YT0 CyMmMecTByeT, H NPHUTOM TOJLKO OfHA, TAKasd TOUKA Y,
49TO0 MOJOKUTENbHAA HNuHeiiHas dopMa @: f+—>f (y,) Ha B pewemouna
(ra. 11, § 2, yup. 5b)) m uro " =¢! (0). (YtoOm mnoxasarb, 910 B Y
maiierca xota OBl OflHA TOYKA, B KOTOPOI 00pamaiorces B Hyab ece yHRIMT
>0, npunagaexamue f°, PacCyxAaTh OT IPOTHBHOIO, IOKA3KBAA, 4TO
B IIPOTUBHOM Cjydae, ¢ YYeTOM KOMIAKTHOCTH Y ¥ OUpefleJeHHs OTHOIIe-
HOA nopAfgKa B R, OHiIo OH f° = . [iaa [gokasareabCrsa TOro, 4To
MBOxecTBO Z( f") To4ex u3 Y, B KOTOPHX 0o0pamarTcs B HyJAb Bce QyHK-
1un u3 ", CBOMUTCA K €[UHCTBeHHOIl TOYKe, MCIOAL30BATh TOT PaKT, U4TO
J" ectb runepmiaockoets B B (ra. 11, § 2, yop. 5) u 910 % oTfensner rouKa
U3 Y U COREp:KUT IOCTOAHHEE.)

b) IIpu rex ke mpemnoxosKeHusx, 9To H B a), NoKasarb, YT0 Yq €

€84
creo R’ us €(S; R), cocroamee us cy:ennit Ha S QyHKUuMA n3 £, KaHo-
HuIecKE m3oMopdHO P KaK YOOPANOYGHHOE BEKTOPHOE MPOCTPAHCTBO
(yup. 6¢)), ¥ 9ro Ipm noMomu obpaTHOTO M30MOPHHaMA f > f | S HONOKE-
TeapHad auneilpaa gopMa f > f (y,) 33a€T PENIETOYHYIO NOJIOKUTENLHYIO
numeitnyio ¢opmy Ha SR'; sateMm npuMennThL a) K R'.)

¢) J{ns a000T0 M30IMPOBAHHOTO IOAIPOCTPAHCTBA 'y 5= J MHOKa-
3aTh, 4T0 CYIECTBYET MAKCHMAJbHOE W30AWPOBAHHOE IOIPOCTPAHCTBO
N D A (MenoansoBarh TOT AKT, 9T0 €CAH H30JHPOBAHHOE NOJUPO-
CTPAHCTBO COJIEPKHUT MOCTOAHHYI0 QyHKIUIO, == 0, T0o OHO paBHO K.)

d) Oycry Z — o6peunenne MuonecTs Z (f") (KayKgoe H3 KOTOPHX
CBOJIMTCH K TOUKeE), KOI7ia 4" mpoferaer MHO;KeCTBO MAKCAMAJILHEIX M30JM-~

POBaHHEX NOJMPOCTPAaHCTB M3 J; IOKasaTh, 410 Z = S ‘%(Y). (Cuauana

(Y). (3amerurb, 9T0 €CHE MOJOKATH S = S .%(Y), TO HOAIPOCTPaH-

JOKasath, 4T0 Z 3aMKHYTO, 3aMeTHB, 4T0 eéciu y ¢ Z, To anHeiigaa gopma
f—>f{(y) sa R we pemerouna, i sHauur (B cmay ra. II, §2, yop. 5b)),
9TO 3TO TaK M Auasg auHedHO#t dopmul f > f (y¥’) Bo Bcex rouKax y’, gocra-
TOYHO OGAM3KUX K y. 3atTeM BOCHONL30BATBCA mpept, 7 u3 M. 3, moxasas,
910 BCAKaA QYHKIHS fo € 97 focTHTaeT cBoedl HWKHeH rpamm o Ha Y
mo KpaliHe#l Mepe B OFHOI ToUKe m3 Z; JiA sTOTO, monokuB M = f31 (o),
pPaceMOTPHM MOANPOCTPAHCTBO f°y QyBKmuil f€ B Bua f, — fa ¢ fy = 0,
fa == 0, mpuuem f, u f, obpamaltorcs B Hysb Ha M ; JOKA3aTh, 970 f g M30H~
POBaHO, M HPHAMEHHTH C).)

°8) Npunas oGo3pavenusa W o6IIwe MPeANOJOMKEHUA U3 yup. 6, moJ0-
waM S = § G%,(X). Toopar, uro Qyuruua f€ € (S; R) C-paspewuna,
ecayu Hanyercsa raxkas Qysruna g € §c, a0 f = g | S (roryga ara Gpyuxmus
€IMHCTBOHHA).

a) IToxkasarn, 9r0 pua ¢ymkmuu f € € (S; R) caegyromue ycnoBus
OKBUBANOHTHE

(i) f S¥-paspemmuma.
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(ii) _gf (= HS(h mam awboro z ¢ X.
(iif) Sfdpl = S f dug mas mboro z €°X m moGoii mape Mep [y,

Po U3 wl/&f.
(McmoxbsoBars yop. 6b) m c).)
b) Ioxasars, ure cmegyomme CBOHCTBA SKBUBANCHTHEL:
(i) Beakas ¢ymruua f € ¢ (S; R) J¥-paspemmuma.
(ii) ﬁi (h = B3(f) nnn moboro z € X m mwboit Pymkuunm f €

€ % (S; R).
(iii) MmomectBo e//Zf CBOAUTCA K €IUHCTBEHHOMY 3JIEMEHTY.
(iv) MuoskectBO JEC ecthb pemeTra.
(v) Kas xoboit ¢pyurnun u € € 5 (yop. 6g)) cymecrByer wauboian-

mas MUHOpPAHTA h, ¢yHKIUM u B &EC.

(Uro6u mokasars, 9ro (iv) Bmeder (i), mpuMmenuts K ¢ ymp. 7d),
HOKA3LIBAA, 9TO JiIA ni000it Toukm s € S anmeitnas gopma k> h (s) peme-
TOYHA B &¥C; 3aTeM MCIOJAb30BaTH TeopeMy CroyHa u yup. 6¢). Uro6u moxa-
3atep, 910 (i) Baeder (v), saMeTUTh, 4T0 FC = € S¢» M PacCMOTperh efiuH-

CTBEHHYI0 (QYHKIMIO hy € SFC, TaKy0, 910 hy | S = u | S. Urobnr yGe-
aureesa, gro (v) Biueder (iv), samMeruth, 4T0 ecam h € FE¢, 10 —h- =
= inf (n, 0) € ‘60%,, o NpUMeHUTH (V) K u = —h~)

¢) Ilokasarh, 9TO €CHIH BLINONHEHH ycioBEA u3 b) m ecam 7y, ecrs
S

X
B ofly (X) (mamenesgoe MUPOKOil TomoJormeil) HempepeIBHO; BHBECTH
OTCIOfa, IT0 TOTITA

euHCTBeHHEIH aJeMesT u3 off;, 10 orobpamenue = —> v, mpocrpascrea X

Ch g (X) = Eo%,(X)

(3ameTuTs, 9T0 Y, = €, B Ch %,(X)).

d) [duaa roro 4robm awobas ¢yskmua f€ € (S; R) Onuaa cymenmem
ga S ¢pymxmum h € &%, HeoGxomumo H JocrarodHo, UroOH &E OHao 3am-
KgyT0 B ¢(X; R) m GHuo pemerxoii,

°9) Ilycts Y — TOMOJOTHYECKOE MPOCTPAHCTBO, OGAa3UCHEM MHOME-
CTBOM KOTOpOTO cayskur npoussefiesue I X {—1, 0, 1} B R%, e I =
= [0, 1]; nycrs Aas awboro a € I n awboro & > 0 wepes U,, . 0GosHaueno
MHOMeCTBO TakKuX (x, y) € Y, 4910 | « — a | < € u (z, y) oraugno or (a, 1)
u ot (a, —1); MHOxecTBa {(z, y)}, rHe ¥ £ 0 u x € I, u mMHOKecTBA Uy, o
obpasyor Gasmc Tomomormm B Y, OTHGCHTENABHO KOTOpOH Y sBaAerca
He MeTPH3yeMEIM KOMIAaKTHLIM mpocrpascrsoM (cp. O6mias rom., ra. IX
(2-e ma3n.), § 2, yop. 13 d)). OGosnaqaum wepe3 X TOIOJNOTHIECKYIO CyMMY
NpocTpaEcTBA Y M MHOMKECTBA, COCTOAMEro m3 OAHOII Touku w. IIycrs
¢ — MHOMKeCTBO HeNpepHBHHX KOHEUHHX dnCAOBHX ¢ysknmit ma X,
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TAKUX, YTO

Rz, )= (e, DFhiz, —1)

1
mia nwboro z €1, 1 h (0) = S h (z, 0) dz. Ilokasarb, 9TO Ch‘%, (X)
0

COCTONT M3 TAKKX TOUEK (z, y), 9r0 y == 0 m = € I, Ho He cymecTByeT HuKa-
Koil nosoxurenbHoi Meps p ma X ¢ maccoit 1, tawoif, urobm h (0) =
= u (h) gas mwGoro h € F, n p (X — Cho%, (X)) = 0.

°10) a) Ilyers E — NOKANBHO BHIYKIO®, OTAGNEMOE M nosnoe IPO=~
crparcteo, E’ — ero coupsmmennoe, E'* > E — anreGpamieckoe comps-
segnoe nag E'. [Iycth A — KOMIAKTHOE HOJAMHOKECTBO U3 F OTHOCHTONE-
Ho ocxabaennoii Tonoxoruu ¢ (E, E'). Ilycrs z — rtouxa u3 E’*, apnawo-
mMASACA TOYKOHM NIPUKOCHOBEHHA BHIYKIOH ofodoukm C MpoxectBa A
B ociabxensoii rononoruu ¢ (E'*, E'). [lorasats, 9To €CIH (z]) €CTH mOCE-

IOBATENLHOCT, TOUCK W3 E', cxopmamasca & a’ € E’ 8 caaboil Tomonorum

o(E', E), o lim (z, )= {(z, a’). (3amerurp, 910 2 ecTh GapuHEHTP
n-—+o0o

Mepsl ¢ maccoit 1 Ha A, ¥ mpumenuth rTeopemy JleGera.)

b) BrmBectu us a), uro ecaum B E cymecrByer BCIOAY IJIOTHAS MOCIe=
JOBATEALHOCTh OTHOCHTENBHO HMCXOMHON TONOJOrHH, TO CyxeHne Ha aboe
pABHOCTENEHHO HeIpPepEIBHOe nojmHomectso I’ w3 E' orobpamennsa
z’ > (z, ') menpepmBHo B caaboit Tomoxorunm o (E’, E) (sameruts, 9710
TONOJOTHSA, WHAyUUpyemas Ha H’ rtouomormeit o (E', E), Merpusyema),
BriBectn orciofa, 410 B 3ToM cny4ae menpemenno x € E (Ton. Bekr. np-Ba,
ra. 1V, § 3, yup. 3); WHEEIMH CIOBaMH, 3aMKHYTAs BBUIYKIas 00009Ka
B E KOMIIAKTHOIO MHOJKECTBA OTHOCHTEJbHO OCHabJEeHHOI TOMONOTHHN TOs e
KOMIAKTHA B 3TOH TOIOJOTHH.

¢) Pacupocrpasurs pesyanraT u3 b) Ha cayuaii, xorja E — mpoms-
BOJIbHOE OTHEANMOe JOKAJbHO BEINYKIOe KBA3UIOIHOE MPOCTPAHCTBO
(reopema Hpeiina). (IIpesxe Bcero crectn K caydas, Xorga E moaso, pac-

cqarpusas E; 3ateM 3aMeTuth, 4T0, B cuiay teopeMmu J6epueitma (Tom.
BEKT. Hp-Ba, ra. IV, § 2, yop. 15), gocTarodso oKasaTlh, 970 BCAKAA OCIE=
TOBATEJBLHOCTD (r,) TOUYEK U3 C umMeer IIpefedbHOE 3HaYeHnme B E orHOCH-
TeNsHO O (E, E'); 970 HO3BOIAET CBECTH BCE K CIyYal0, Korna B £ cymiecTBy-
©T BCIOZY ILIOTHAA 1OCJE0BATENBHOCTh OTHOCHTEJIBHO HMCXOMHON TOIO-
JOI'HH.)



FTIABA V
HUHTETPUPOBAHUE MEP

Ha npomssxcenuu eceii amoili eaaeti uepes T Gydem o6osHavambes
A0KAAbHO KOMRAEMHOE NPOCMPAHCME0, HEPE3 | — NOAONCUMEALHAR
nepa Ha T. [das aw6oz0 nodmuorcecmea A mroxcecmea E uepes ¢4
0603Hauaemes TApaKmepucmuseckas @GyHEyus muoxncecmea A (ecaun
amo He gedem Kk medopasymenuam). ITod wucaoeoli ynryueli mu, scezda

nonuMaem GYHEYUIO, NPUHUMAIOWYI0 sHadenus 6 R, a snauum, ekaio-
uaa sHaueHus -foo U —oo. MHodcecmeo NOAOHCUMEALHEL HUCLOGHLE
dynryui na E 6ydem obosnauwamucs ¥4 (E), uau npocmo F4, ecau
He MoXcem 603HUKHYMb RYMOHUYBL. YCA06UMCL no onpedeieHulo
npoussedenuam O-(-+oo) u 0-(—o0) npunucuisamsv swauenue 0; makum
obpasom, ecau [ — uucaosan Pyuryus na E u A — nodmuoxcecrneo
us E, mo fo, osnauwaem gynryu, cosnadarwwyio ¢ f na A u pasryio 0
na C A. [Jas 410600 mouku a A0KAALHO KOMRAKMHOZ0 NpPOCMPAHCMEA
uepes &, 0603nauaemcs Mepa, onpedeseHHas nocpedcmeom edUnUNHOU
macew, nomewyernhol ¢ mouke a (ra. 111 (2-e usn.), § 1, m. 3).

Ilonsamue cywecmeenmoeo eprreeo unmezpata (COOTB. CYUeCmEeHHO
unmezpupyemoli gynryuu), Komopoe 6ydem onpedeseno ¢ § 1, cosna-
daem, Kak mbl yeudum, ¢ noHAMUEM 6epTHe20 Ukmezpaa (COOTB. ukmes-
pupyemoli ynryuu), kozda T ecmb 40KaABHO KOMRAKMHOE RPOCMDAH~
cmeo, cuemmnoe 6 Geckonewnocmu (O6m. Tom. (4-e mspm.), ra. i, § 9,
m. 9).

Takum o6pasom, wvumamenv, KOmMopozo UHMEPECYem AUULL UHMEZDU-
Do6anue 6 A0KAABHO KOMRAKMHBIL NPOCMPAHCMEAT, CHeMHBT 6 6ecKo-
Heunocmu, Modcem onycmumbe npu wmernuy u. u. 1 — 3 § 1; ¢ ocmaav-
HOM mekcme 2Aa6v POoPMYAIUDOSKEU, cnpasediusbie 04s nPOCMPAHCMSE,
Ciemubr 6 OeckoHeunocmu, Gydym ROAYLAMBES UCKAIOHEHUEM CA08

. . * " *
«CywecmeeHHBUY U «CYUWecmeernno» U 3amMenHol - Ha p,* u S Ha 5 .
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B napaepagax 1—4 caoso «mepar Gydem scezda 0sHauamo «noao-
Jcumenvras mepar; Opyzue mepvr 6ydym Haseanbl 6H0: Oelicmeument-
HOMU HE 00330MEAbHO NOAONC UMEALHBLMI MEPAMU UAU KOMNACKCHELMU
MEPAMU.

§ 1. Cymecrpennsiii Bepxumii muTerpan
1. Onpedesenue cyuecmeeHHOZ0 GEPIXHEZO UHMELPAAA

Omrepeneaue 1. Jas awboti gynryuu f € F + (T) cywyecmeernvim
6epIHUM UHMEZPALOM om [ omMocumesbHo U Hasvieaemcs, U 0603Ha-
uaemes 1° (f), seprnas epanb (KOHEUHAL UAU HEM) MHOICECTEA HUCEA
p* (fox), 20e K npobezaem MHONCECNE0 KOMRAKMHBLE NOOMMONCECTE
us T. Jas awboeo nodmuoxnecmsa A us I norazaem p'(A) = p*(@4).

Ucnonbsyrorea taxske 0603HaYeHNA S fau, S f @) dp (), S fu

Hocxonrsxry foxr < f naa mo6oro KOMIAKTHOrO HMOAMHOMKeCTBa K
w3 T, 10

S'fdu < S*fdu- (1)

Mo:xer oxasarbes, aro P°(f) s=u* (f); B camom Heme, ycaoBme
p* (f) = O osmauaer, ar10 f npenebpescuma, B TO BpeMsa Kak yciaoBHe
B° (f) = O osmauaer, aTo f sokasvHo npenebpedcuma (ra. IV, § 5,
O. 2, npepix. 5), @ MOTYT CYDIECTBOBATH JIOKANBHO IpeHeOpeKIMBbIe

MHOKecTBa, He ABIAAIOmMuecs npenedpexumeva (ra IV, § 1, ymp. 5).

OroGpamenne p* MEoxectsa F4 (T) 8 R cosnajaer ¢ wua &% (T). Or-
C10[ia ciaegyer, 9T0 MEPH 4y H [y, YHOBIETBOPAIOMNUE PABEHCTBY Uy =45,
paBHEL.

IIrepnoxenuE 1. a) Ecav f =0 u g = 0 — uucaosue gﬁynm;uu
pasHvie Mexcdy coboii sokasvho nowmu ecwdy, mo P (f) = p° (8).

b) Ecau f =0 u g = 0 — uucaosue pynryuu, ydosiemeoparwujue
yeaosuto < g, mo p” () <<p° (g).

¢) Ecau =0 — uucnosasn dynryus u o =0 — uucso, mo
v (af) = ap’ (7).

d) Ecau f >0 u g = 0 — uucaosvie pynryuu, mo p° (f + g) <
<p () + (9.

e) Ecau (fu)new — 603pacmaioyas nocaedosamesvhocms noAONCU-
mesavutix Gyurkyutd u f = lim f,, mo p* (f) = lim p* (f,).

n-»00 n—>00
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CaoiictBa ), b), ¢), d) moayaaroTca cpasy ke H3 COOTBETCTBYIO-
IEX CBOHCTB BepXHEro MHTErpaia: a) — u3 IpeioskeRus 6 raa-
Bt IV, § 2, n. 3 m m3 mpennoskermsa 5 raasu 1V, § 5, m. 2; b), ¢),
d) — ms mpemaoskermit 10, 11, 12 raasm IV, § 1, m. 3. Jlaa noxasa-
TeIBCTBa €) 0003HaumM depe3 R MHOKECTBO KOMHIAKTHLIX IOJMHO-
mects w3 T; B cuay Teopemsl 3 raasel IV, § 1, m. 3 momywaem:
Hm p* (fn) = sup sup u* (f,9x) = sup sup p* {fn@x) = sup p* (fox) =
n--co nEN KE® Ke@ nEN KeQ

= (f).

B coorHomenun d) mocTHraeTcs PaBEHCTBO, ey f B g M3MEPHMH,
9T0 BHITEKAET M3 CIeACTBUA 4 TeopeMu 5, raaBa IV, § 5, m. 5. BooGme,
AMeeT MeCTO CJAelyIomui pesyabTaT.

Hregnomerne 2. Iycmy f, g, h—osemenmel us Fy; ecau g u h
UBMEDUMBL, M0

e+ man = { rgan+ § smdp. @

o J
Bee cpasy sxe cBolMTCH K J10Ka3aTeabCTBY aHAJOIWIHON OPMYJIHI
OIA BepxHero mBTerpata. llockoabry

f(g-+n) =fg+ fh
(mpm cornamemmn 0-(-+o0) = 0), T0
S*f(g + k) dp < S*fgdu + S*fhdu;

ocraercs HKoKasaTh o0paTHoe HepaBeHCTBO. IlycTh u — Takas moay-
HeNnpephBEad CHHM3Y ¢yBkmua, aro u = f (g + k). Honoxum v =

=g—-_';—ﬁ Ha MHOKeCTBe, Ha KOTOpoM g -4 >0, m v = +oo Tam,
rie g+~ =0; umeem v >f m u>v (g + k), oTkyna

(To@+man< | v,

H CIeff0BaTeNbHO, B CHIY Toro, 410 v mamepuMa (ra. IV (2-e man.),
§ 5, m. 6, cuercrBue 4 w3 TeopeMs 5), moaydaeM:

S*fgdu + S‘fkdu < S*vgdp + 5*vhdp =
— ["vEe+man< [Tuay,

OTKYJZa ¥ BHITeK3eT HCKOMOEe HEepaBEHCTRBO.
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Caencrsue. ITycme umewmes dynryus f =0 u nocsedosamens-
Hocmb (g,,) usmepumuir Pynryuil g, = 0; mozda

S'f(ﬁn]gn)du=§n] (S.fgndu).

B cayuae xoHeuHOH HOCIeNOBATENBHOCTE 3TO €CTh HEHOCPEICTBOH-
Hoe ciaencrBHme mOpegnoxeHusa 2. Cayuait OGeckoHeuHO#l mOCIefoBa-~
TeJBbHOCTH BHBOJATCA W3 Npefao;keHus le).

llrepnomenne 3. Jas awbozo komeunmozo uucaa o >0 u w0601
napv mep W, v Ha T

(@u)” =ap’s (w4 V)" =p" + v
Kpome mozo, coommnowenue pn <X v eaevem p° << v,

JloKasaTenbCTBO HEMeNJIeHHO WOJy4aercs, eCId MCXONHTH U3
aHaJOTAYHOrO yTBep:kaeHms raaBe IV (§ 1, m. 3, mpema. 15).

Nrennoxenue 4. Jas awboi uucaosoll gynryuu f =0, noay-
nenpepwsroli chusy na T, p' (f) = p* (f).

HeiictBrTeNnbHO, OycTh g — TawaA ¢yurmma mz %4 (T), uro
g < /. Ecmm K ecTh (KOMIDAKTHHIT) HOCATEND g, TO b (8) << p* (fox) <
< u' (f). OTcrona mo ompefesleEMI0 BepXHETo HHTerpaja ClefyeT, YTo
p* () <p (), m smamar, p* (f) = p’ (f) (dopmyna (1)).

2. Modepanmmnuvie Y HEUUU U MHOHCECTEA

lrepnoxeunme 5. Hycmv A — nodmuosciecmso us T caedywugue
ceolicmen IK8UBANEHMHL:

a) Mruoowecmeo A codepicumcs ¢ o6vedunenuu nocedosamenvro-
CMiL OMEPLIMBL P-UHMESPUPYEeMBL MHOICECME.

b) Mruosecmeo A codepacumces & 00vedunenuu nocredosamenvo-
cmu  U-UHMEZPUDYeMBLL MHONCeCmS,

¢) Mrodacecmeo A codepawcumes ¢ o6vedunenuu nocaedosamesvho-
CIU KOMRAKMO8 U W-nPeHebpescumMozo MHoMcecmea.

flcHo, 4TO KayKmoe W3 cBOiiCTB a) B ¢) Biaeder b). OGparHo, b) Bie-
deT a), m60 BCAKOe MHOKECTBO KOHEUHON BHEIIHEH MEDH COmep:RATCA
B OTKPHITOM HHTEIpApyeMoM MHoKectBe (ra. IV, § 1, m. 4, mpepa. 19),
m b) Bieder ¢), HOCKOIBKY BCAKOE HHTETPAPYEMOE MEOKECTBO ABIACTCS
o0peInHEeHAEM MOCHe0BATEIBHOCTA KOMIOAKTOB H HpeHeOpeRmMOro
maoxecTBa (ra. IV, § 4, caemerme 2 m3 teopeMH 4).
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OnpenenernE 2. [Todmnosxcecmso us T Haswsaemcs p-modepanm-
HUM, eCall OHO ydosiemeopsem IKEUSAAEHMHBM YCAOSUAM npedaodie-
nus 5. Oyuryus na T co swauenusmu & 6eKkmopHoM npocmpancmse

ustt ¢ R Haavisaemes W-modepanmmoii, ecau ona obpaujaemcs & Hytb
Ha donoaneruy p-modepanmmozo muoxcecmea us IT'. Mepa . Haswsaemes
modepanmuoti, ecau T ecmv p-modeparmruoe MHONCeCME0.

Ecan p ects MofiepaRTHad Mepa, To Bcakaa pyEKnEA Ha [ ABiaser-
¢A p-MOJIepAHTHON W BCAKOe HOAMHOMeCTBO u3 I U-MONepaHTHO.

3aMeuanusa 1) Ecaz 0 — xomunexcman mepa ma T, To GymeM
TOBOPHTH, 4T0 QyEKRmUsA f O-mopepamtHa (cooTB. 4T0 O MOpepamTHA),
eciru f | O |-mopepamTra (cooTB. ecam | O | MopmepamTHA).

2) Bearkag orpamMdYeHEHAaA Mepa MojepanTHa; eca# T — cueTHOe
o0beuEenre KOMIAKTOB, TO Jwbag Mepa ma T MojlepaHTHa.

3) Iyers  (f,) — mociegoBaTeIbEOCTh  [\-MOJEPAHTHHX  QyEKOUH

co sEagenuaMu B R. 11 myers aaa raskaoro n depes U, o0o3HadeHo Takoe
OTKPHITO® MHOJKECTBO, ABJIAKMIEECA CYCTHHIM O0BEAUHEHHEM OTKDPHITHIX
MHOKECTB KOHeYHOII BEeImEHEH MepH, 4To f, ofpamaerca B Hyis BHe Up,.

Torpa ¢pymrnua s = 2 | f» | paBEA Byax Bee |/ U,; cieloBaTelbHO,
neN neN
OHA U-MOJCpAHTHA, U TO K€ caMoe€ BePHO A BCeX QYHKIull, Ma;KOPUPO-
BAHHHIX HOCPEJCTBOM S. JTO IPHMEHUMO, B JaCTHOCTH, K QYHKIEAM

lim.inf f,, lim.sup fp, 2 In
n—>o0o >0 nEN
(ecu aTa cyMMa OmIpefesexa).
4) OysrmUsa, paBHAA TOUTH BCIOAY MOJEPAHTHOH QyHRImE, MOTE-
pauTHa.

IleEpnomxernE 6. IHycmbv f — nososcumensvhas uwlicaosass PYHEYLS
wa T, p-usmepumas u p-modepanmmuas. Tozda cywecmeyem nocaedo-
sameavrocmb (hp)nen 9aemenmos u3 F i (T) ¢ cymmoii, pasuoli f,
obaadarwas credyowumyu ceolicmeamu:

1) Qyuryus h, p-nperebpescuma.

2) das awbozo n =1 naiidemes makoli komnarm K,, umo hy,
obpawaemes ¢ nyab sne K, u umo cyscenue h, Ha K, koneurno u He-
npepueHO,

[penmonomxam, uto f ABnAeTCA CyMMoit mociaemnoBaTenbHOCTH (f,)
H3MePEMEIX MOJOKATeNbHX QYHKIHA, KOKAAA A8 KOTOPHX ob6aamaer
CHOpPMYNHPOBAHHEIM CBOMCTBOM; ACHO, uTO Torga f TOke oOGJamaer
ataM cBoiicTeoM. Iloxoxmm

fn = inf (f, n + 1) — inf (f, n)
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pua aboro n € N; yumrthiBad, uro f paBHA CyMMe LOCJeIoBaTe]b-
nocta (f,), HaM NOCTATOYHO MOKA34TH HpPEMJIOKeHHE B IPeNIOJIOMe-
HEW, yTO f MOflepaHTHA M ozpanuiena. OGo3HaUMM uepe3 A MHOMKeCTBO
rex ¢ € T, mua xoropsx f (1) > 0; A n3MepumMo ¥ MOZepaHTHO, W 3HA-
YHUT, CYMECTBYeT TaKaA WOCIeJ0BATeNbHOCTE {A4,) momapHo He mepe-
CeKalomuXcA WHTeTPHPYeMbIX MHO;KecTB, 410 4 = |JA4,. Bce cBo-

pt .

RETCA K JOKA3aTeNBCTBY YTBEp:KIEHHA IiA QyHKUUA fQa,, HAHEIMA
CIOBaMM, MOKHO IpeJIOJOKHTH, 4T0 f OrpaHmMyeHa m oOpamaercs
B HyJb BHe HEKOTOpOro HMHTerpEpyeMoro Mmuoikectsa /. Ho [ ectb
o0prepmHeHne HpeHeOpeKNMOro MHOKeCTBA N W ImOCJIEX0BATENBHOCTH
(L,) momapuo He mepecekaomuxca KommaktoB (ra. 1V, § 4, m. 6,

caencrBue 2 m3 TeopeMH 4). ClemoBarespHo, Bce CBOZATCA K H3yde-
HUIO cJydYast, KOrga f orpaardena m o0pamaerca B HYJb BHe HEKOTOPO-
ro Kommarrta L.

Ilyers & — muoskectBo TakmX KomMmakToB K ms 7T, uro f | K
HeOpepsIBHO; IpH aToM § p-miorHo (ra. IV, (2-e msp.), § 5, o. 10,
upeny. 19) m L aABnaerca oOpeAnHenneM OpeHeOpesKEMOT0 MHOKECTBA
N m mocnenoBatenpuoctd (K,),>1 DODapHO He IepeceKAIOIMEXCA dle-
menToB m3 R (ra. IV (2-e msn.), § 5, o. 8, omp. 6). Oyukumn h, =
= fon, by = fQr, npuw n >>1 obramaioT TpeGyeMHM CBOMCTBOM.

Cnenymmee opemiao/Kedre IIO3BOJIAET CBeCTH H3yueHHe BepXHero
HHTerpajja K HM3y4YeHHI0O CYINEeCTBeHHOIO0 BepXHero HHTETpaJa.

MrenpnokERUE 7. Hyemv | — oanemenm us F 4 (T).

1) Ecau ¢ynryus [ ne seasemcs p-modepanmmoié, mo p* (f) =
= -}o00.

2) Ecau gynryua | p-modepanmua, mo p* (f) = n° (f).

3) Ecau p’ (f) << 400, mo Hailidemca makoe p-modeparmmoe nod-
MHoIHecmeo A, aeanioujeecs obvedunenuem nocaedosamesbHocmu KoM~
nakmos uz T, umo [ = f@, aokaavro noumu eciody.

IlepBoe yrBep:Kpenme BHTeKaeT cpasy ske m3 Jemmsl 1 raass IV
(2-e m3p.), § 5, u. 6. [laua moxasaTeJabcTBa BTOPOTO 0603HAaIEM Tepes A
TaKoe MOJEePaHTHOe HOAMHOKECTBO, 4TO f ofpalaeTca B HYJIb BHe A;
A ects obbemmuenme mpeHeOpe:KMMOTo MHOMecTBa A, m IocaefoBa-
teapHocT® (A,)y>4 KOMIOAKTHEIX MHOMKECTB, KOTODYI0 MOMKHO Hpen-
TmOJIO}KHTE Bospacralomeil. Torga ¢yEKumaA f moutm BCOAY paBHA
BepxHell ormbaomeit GyuKLmii f(pAn (n >= 1), 7 3uagmr (ra. IV, § 14,
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m. 3, teopeMa 3 m § 2, o. 3, openu. 6),
p* (f) = Lm p* (foa,) <p (7);
n—>o0o

orciona B cuny ¢opmynnt (1) caemyer pasemerBo p* (f) = p’ (f).
Haxouen, npenmoiomxzM, 4To U (f) << +oo; cymecrByer TaKas
BospacTanmaa IociefoBaTeIbHOCTh (A,) KOMIAKTOB, 49TO

B (f) = sup u* (fan).
n
Ionoxmm A = |J A,; mpaBasa gwacts Torga paBHa pu* (fp,) (rua. IV,

§ 1, m. 3, Teopema 3), mum (B cmny mpemi. 1 muam m. 2 BHme) eme

p* (foa). A mockomsky @' (f) = w' (fea) + u’ (fpea) (mpemr. 2),
10 U° (fpea) = 0, oTkyma m moayuaem 3).

Cnepcreee 1. Jaa mozo umobul dynryus f 6usa npenebpercuma,
Heobxodumo u docmamouho, ¥mobtl ona 6blaa A0KAALHO npeHedpesuma
u modepanmHa.

El

Caencreug 2. Ecau p — modepanmuas mepa (8 wacmuocmu, ecau |
oepanuvena uau ecau T cuemho 6 Geckomexnocmu), mo p* = p'.

Mpepnoxerue 8. a) Iycmv H — mHoYcecmeo noaynenpepbleHsls
CHU3Y nosodcumesbrulr Pynryull, dusbmpyroweecs no OMHOWEHUID < ;
mozda

w’ (sup k) =supp’ (h).
heH heH
b) IIyemv H — mHoHcecmeo nosyHenpepuleHblL ceepry NOAOHCUMELD-

nox dynryull, durempyiowyeecs no omruowenulo =; ecau ¢ H cyuje-
cmeyem maras Pynryus hy, wmo p’ (k) << oo, mo

w' (infh) = infp’ (h).
heH heH
Y1Bep:kueHne a), yUHTHBAaA IpefJokenue 4, ABIAETCA MOBTOpe--

HueM Teopemsl 1 m3 rmasw 1V, § 1, o. 1. Urobu mokasats b), modo-

JRAM = inf h m pgomyctEM, ute a — umcao, >0. CymectByer
neH ¥y ¥

rakoit koMmakt K, gro (ra. IV (2-e map.), § 4, u. 4, caencrsme 1 u3
mpefy. 9):

B (o) — a < p* (Ropx) = (hoPx) < 1 (Ro)-
Oyurumu hog, rie ~ upoberaer H, 06pasynT MHOKECTBO non\yHenpe—
PHBHEIX cBepxy OQyHKumid, ¢miabTpyomeecad IO OTHOMEHHAID > I
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cofepxalllee WHTerpupyemyio gyuknuio. CiaegoBatenbuo (ra. IV (2-e
u3n.), § 4, m. 4, cuencteme 2 w3 mpepa. 5),

w* (nex) = int p* (heg).
heH

Ho (ra. IV (2-e man.), § 4, n. 4, ciaemcrsue 1 u3 mpepi. 5) u° (hogox) <
< a, otkyma u’ (hgeg) < @ pua uwoGoit ¢yarmum ~ € H, mamopn-
poBauHoO#l (yEKmumell h,. OKOHYATEIBHO HMeeM:
W (n) =p* (nex) = inf p* (heg) = inf u* (h) —a.
heH heH
A DockoJBKY HepaBeHCTBO U (1) << r:élé p* (k) o4eBEAHO M a TPOM3-

BOJIPHO, TO OpeoieHHe ITOKa3aHO.

3. CyuwecmeeHHo uHmezpupyemvie iy Hruuu

Ilyers F — deticmeumenvroe GaHaX0BO OPOCTPAHCTBO; HAMOMHUM,
4To HIeMeHTH Hpocrpaucrs # ¢ (ra. 1V, § 3, 0. 3) m L% (ru. IV, § 3,
. 4, omp. 2) ABIAIOTCA pu-MOZepaHTHHME QyHKoEamu (ria. IV (2-e man),
§ 5, u. 6, 1emma 1); oGosHavwanA, Kak 0GHIHO, Yeped .J p HPOCTPAHCTBO
npenebpesxaMex orobpasenuin 7' B F, MB BBefeM elle IpPOCTPAHCTBO

N'F aokaavio npenebpexumunz ortobpamenmit I B F.

Jlemma 1. IIyeme g u g’ — p-modepanmmusle omobpaxenus co
snaveHuamu ¢ F; ecau g u g’ pasnul aokaabHo noumu 6crody odnol
u moil ace Pynryuu f, mo ¢ = ¢’ noumu eciody.

B camom nene, mycts D — muoKectBO Tex t € I, B KOTOPHIX
g (f) == g’ (t); D noranpHo mpeHeOpe)KUMO I MOREPAHTHO, H CTAJIO
GuiTh, npeueGpesxumo (cmepmerme 1 w3 mpemn. 7).

Mur 6ymem oGosmauats wepes # ¢ (T, u) (mam mpocto Fp (), 7 F,
ecam 910 He BJeYeT NYTAHHIB) MHOMKECTBO TakAX oToOpaeHmi f
npoctpaicrBa ' B F, uro cymecrByeT QyHKOuA ¢ € ?"j;, pasHas f
JIOKAJIBHO Ho9TH Beloxy. Ymeao Ny, (¢) B cmy JeMmsl 1 3aBHCHT TOJb-

KO OT f, W TOBTOMY MH TOXOKEM Np (f) = N, (g). Oyrkmma —]Vp,

OUeBNAHO, ABIACTCA HONYHOPMOW Ha FP. u et OyaeM Bcerja mpefn-

moJIaTaTh, 4TO ?51 HaJeJIeHO TOoIoJioTmell, ompefeideMoil IOCpencT-
BoM V,. 3ampikamme O B 5T0# TOHONOTEW €cTh LpPOCTPAHCTBO . [ F;
cootHomenna 7 p — Fr + S°F, JFN Fr = . (Temma 1) noxa-

SEIBAIOT, 9TO HOPMHpPOBAHHOE NPOCTPAHCTBO % 7/ f F KAHOHAUECKH
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OTOMRMECTBIACTCA ¢ HPOCTPAHCTBOM F 5/ 4 p, KOTOPOE ABIACTCA TOJ-
mov (. 1V, § 3, m. 3, mpen. 5); cenoBaTenbHO, W CaMo 7 5 IOJHO.

~ Touso Tak e, MH OymeM ofosmauars uepes L (T, u) (mim
Z% (n), mrm Z%) mommpocrpanctse £F -+ % npoctpamctsa 7 p:
MOKHO TaKe 0XapaKTepH3oBaTh £p KaK HMOZIPOCTPAHCTBO W3 7 P,
cocrosmee 13 uamepumbiz otobpakenni (rx. IV, § 5, m. 6, Teopema 5).
HopmupoBaHmoe TPOCTPARCTBO £ 7/ /" F KaHOHAYECKE OTOMIECTBIIACT-

ca ¢ LF; caepomarensuo, L% mommo. Ero sieMeHTH Ha3HBalOTCA
CYWECIBEHHO UHMELPUPYeMBIMU ¢ D-U cmenenbl0 BYHKYUAMU; OLIpaB-
HaHHOCTH 3TOH TePMHAHOJOIME IOKAa3HBaeT Cleqyiolee IpeIoKeHHE,

Irepaomenut 9. Jaa mozo umobs omobpascenue f npocmpancmea T
¢ F npunadaedscaro 7 (coors. L), neobzodumo u docmamoyno, ¥mobs
(cooTB. umobu f Ovla0 u3MEPUMO U HUMOOBL)

w (I ) < + oo.
= . 1/
Tozda Ny (f) = u (1 7).

OueBuAHO, MOYKHO OTPAHNYHTHECS yTBepIKAeHHEM, OTHOCAMMMcA K

FF. Ecan f npunagaexar ¥, T0 Msl 0G03HAYAM Yepes ¢ dyurgmo,

OpEHANISKANIYI0 ¥ 7 U DaBHYIO [ JOKAIBHO WOYTH BCIOAY; TOTAA
|fP=|¢g |P norkainpHO HmoutH BCIORY, m 3HaudT, u" ([f|°) =
=u (lg ") =p*(lg I") << +oo (upenn. 1a) m mpenu. 7); a ¢ Apy-

roff CTOpOHH, o ompefeieHHB N,
Ny () = Ny (9) = (u* (I g P)'"

O6parso, mpemmomoskmM, uro u° (|f [Py << + oco; Torma Haiimerca
Takoe MOJepaHTHOe MHOMKecTBO A, 910 f ofpamaerca B HYNb JOKAJIb-
Ho moutd Beiony Ha I — A (mpena. 7). Oyurimsa fo 4, paBHAA J0KaIb-

HO mouTH BeloRy yurnumE f, Takosa, uto Np (fou) = Np () < + oo;
crajgo GHTbH, OHA OpHHANJIEKHAT F 5, W 3HAUHT, f € FF.

CxegctBuE. Jas mozo umobu [ npunadaercara L5, neobxrodumo
u docmamouro, umobs [ npunadaercara L% u 6waa modepanmmoil.

OnpepEaEsmE 3. Saemenmul us Ly HaAWEAIMCA CyUECTEEHHO
. CY
U-unmezpupyemurmy PyHryusMu co sHavenusmu ¢ F. Komnosuyus

omobpadcenus f > u (f) npocmpancmea Ly ¢ F ¢ kanoruneckum omoG=
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paceruem Ly na Ly daem wnenpepwsnoe aunetiroe omobGpadcernue
Z% 6 F, xomopoe npodoadcaem omobparxenue [ — 5 I dp npocmpai-
cmea L5 6 F. nauenue amozo omobpascernus das f € L cnosa 060ana-
yaemces uepes S fdp uaw w (f), u Mo 2080pum, wmo smo ecmv un
mezpans om [ OMHOCUMEALHO .

IIBe cymecTBeHHO wWHTerpmpyemsle (QYHKIHW, paBHbHE MEHLY
cofoif JIOKaJbHO IOYTH BCIOAY, HMEIOT OFAH H TOT ’Ke WHTeTpal.
Hna no6oit kKoHeuHo# CymecTBeHHO MHTerpEpyeMoi $ymrmmm f > 0

aMeeM S. fdu = S fdu. Ecim A — MHOKecTBO, XapaKTepHCTHYECKAH
GYHKIEA KOTOPOro CYmMECTBEeHHO MHTETPEpYyeMa, TO roBopAT, 410 A
CYUjecmeeH 0 U-UHMezpUpYeMo; S P4 dp 0003HA"aETCA TAKKe Uepes
u (A) W Ha3BBaeTCA CHOBAa Mepoli MHOecTBa A,

Ecau ¢yurmms f co 3Hauenmamn B F ompefesieHa JOKAJbHO HOYTH
Bciony Ha 7', To cHOBa ToBopAT, uTO [ cywyjecmeenHo UHmMezpupyeMd,

ecJu OHAa paBHA JOKAaJdbHO IIOYTH BCIOAY HEKOTOpoi# ¢yHRmu# fj,
oIlpefelleHHOH BCIOAY ¥ WHIETDHpPYEMOii; TOrfga IojaraeM

Sfdp: Sfldu,

7 370 OoupefelieHHe He 3aBHCHT OT MHTeIrpHpyeMoil pyHKOHHE f,, oIpe-
KeleHHOW BCIOAY W paBHOM IOKaJbHO HouTH BeloRy f (memma 1)
Touno Tak sKe ompefenAeTCs MOHATHE CYMECTBeHHO MHTerpHpyeMoil
GyHRNEA gna GYHROUE CO 3HAYEHHAMH B R, ompefeNeHHEIX M KOHEU-

HBEIX JIOKaJbHO IOYTH BCIOAY.

Yuraresab 0e3 Tpyma MOKeT pPACOPOCTPAHWTH Ha CyMIECTBEHHO
HHTETpHpYeMHe (yHKIAE pe3yabTaTH riass IV, § 4 o6 mETErpEpye-
MHX (YHKEHAX, 3aMeHEB B (OpPMYJIHPOBKAX CJI0BA «HIOUTH BCIOLY»
CHOBAMHA (JOKAJbHO IOYTH BCIOAY». Y KasKkeM, HAmpuMep, HepaBeH-

CTBO
| (rau]<|ir1an, 3)
cUpaBe[JaEBOoe [JIA J0OOH CYMecTBEHHO HMHETErpEpyeMoil (yHKOUH

€O 3HaYeHHAMEH B GaHaXOBOM IPOCTPaHCTBe.

eennoxesne 10. ITycmv & — p-naommuoe MHoKHeCME0 KOMNAKM-
nur nodmuoxcecms us T.
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a) Ecau f =0 — uucrosan Pynryus, mo
p* (f) = sup u* (fox). (4)
Ke@

b) Eeau [ — cywyecmsenno uunmespupyemas QGyHEYUA co 3HaHe-
nuami ¢ 6Ganarosom npocmpancmsee F, mo

S fdp= ligm S foxdp,

ede npedea Gepemcs no guavmpyrowenmyca (no <) mmuoxcecmey K.
Jlna gokasaTedncTBa a) MOCTATOUHO ITOKA3aTh, 4T0 qud J06oro

¢
KOMIARTHOTO mogMHOKecTBa L w3 7' copaBeqimBo paBeHCTBO S fordp =

%
= sup 5 fox du, rie K mpoeraer MHOKeCTBO mOIMHOKecTB u3 L,
K

npuHagierkamux §. Ho L ects ofnepmHenme HpeHeOpe:xmMOTO MHO-
jeCTBA ¥ BoapacTaomeit mociemopaTenbHocTm (K,) 2IeMEHTOB
uz ® (ra. IV, (2-e m3n.), § 5, o. 8, mpemiu. 12), mosTomy yTBep:KmeHme
BHTEKAeT M3 TeOpeMHl O IPefebHOM mepexofle B BepXHUX HHTerpaiax
(ra. 1V, § 1, m. 3, Teopema 3).

IIpenmonoxum Tenepb, 4To [ npmHagIeskaT Lp, 1 Oycth ¢ >0 —
HeKoTOpoe 9mcio, a K — Takoi smemeHT u3 R, 710

firtocdn={171dn —e

(TakoBoit B cuny a) cymectByer). Torma masa nwoOoro kKoMmakTa H,
comep:;xamero K, mMeeM

|J ran— | foudp

O6o6wenue na Ganaxosti npocmMpancmed U HaA KOMNAECKCHLE Mepbl.
Iycth F — KoMmlekcHOe 0aHAXOBO IPOCTPAHCTBO; JONYCKAsA BOJLHOCTD,
MHl Oymem cHoBa ofosmagaTh sepes F peficTemrensroe 6aBAX0BO HPOCTPAR-

crBo, GasmcHoe musa F. Torma 6amaxoBo HpOCTpchTBo_B’I’, (T, p) MoRer

OHITH HAJEJEHO ECTECTBEHHOH CTPYKTYPOH KOMIIEKCHOro GamaxoBa Ipo-
CTPAHCTBA, ¥ HYKHO JHIIb YTOYHATH, KAaKafl HMEHHO CTPYKTYPa 3TOrO
OPOCTPAHCTBA  HMCUOJNb3yeTcs — MAeHCTBUTeNBHAS MM  KOMIJIEKCHaf.
B oroit Tmase BcoOAy, I7ie He OIOBApMBAeTCH MPOTHBHOE, peds OyAeT uATd
0 delicmeumeadbnoll CTPYKTypE.

<S If 1 pomdp < S | f| ook du < &.

. ITyers 0 — HommueKcHas Mepa; MOJNOMKUM fg (T, 0) = f}," (T,161);
ecnu F — xoMimexcHOe §aHAX0BO IPOCTPAHCTBO, TO HMMEIOT CHIY Te Ke
19 =, Bypb6akn
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3aMedaHua, Y70 ® BHme. B wactHOCTW, QYVHRIUA [ CO 3HAYEHHAMII B F
GyneT Ha3HBATLCH CYIIECTBEHHO HHTErpupyeMoil otaocuTensno 0, eciu oHa
CYINECTBEHHO HHTerpupyema oTHocumrennmo | 0 |. YTeep:nemme b) mpen-
noxenua 10 cpasy Ke pacnpocTpaHSAeTCA HA KOMILIEKCHEE MepHL.

4. O0no cneyuasvHoe ceoticmeo
CYULECTNEEHNO20 GCPIXNHEZO UHMEZPANA -

IlpmBommmeiit mHm:ke pesyabTaT OymeT dYacTO MCIOAB30BATHCH
B gajbHeimeM. B ero gopMynHpoBEKe HeJb3A 3aMEHNTH CYMECTBEHHHE
BepXHHe MHTErpajs OOHYHEIME BepXHEME mHTerpajiamud (cM. ymp. 4).

Heemnokenne 11. Iyemv (Ag)aca — CceMelicmso noaoxumesbHuT
mep na T, puasvmpyroweeca no ommuowenuto << u umerowee ¢ off (T)
gepaniow zparb h. Toz2da dasn awboli uucaosoli gyuryuu f =0

A (f) = sup A (f). ()

aEA

B cayuae, xorma f mpmmamueskut ¢4 (7), aTo cooTHOmEHHWe CBO-
[HTCA K OUpEeNeJieHHi0 BepxXuell IpaHd MHOKECTBA, (WIBTpYIOMErocs
BoA (T)(ra. II, § 2, u. 2, aemma 1). Ipegmonosxum pmamee, dro f
MajxopmpoBana ¢ymkuumeit g€ ¢¢; (wHmMum caopamm, f orpaBEmYeHa
7 obpamaeTcA B HyJb BHe HEKOTOporo KoMmakTa K); H mycTh O —
TaKoil WHEEKC, 9TO Ay (g) = A(g) — &, rme & >0 — meroropoe
YHCI0; MOCKONbKY Mepa v = A — A, HoJosmrenbHa, To v¥ (f) <
<v(g)<emmm A (f) =A* (f) — e (ra. IV, § 1, u. 3, opena. 15).
Orcona caegyer (yumToiBag, 9TO & IPOM3BOJBHO), YTO IpPAaBag TACTh
dopmyan (5) Maskopmpyer JeByI0; obpaTHoe HepPABEHCTBO OYEBWIIHO,
m crano OHTh, (5) B paccmaTpmBaeMoM Ciydae BHIOJHAeTcA. IIpen-
MONOKUM Temeph, 410 f obpamaeTca B vy b BHe K, HO He 00A3aTeNb-
HO orpammueHa, u modoxmm f, = inf (f, n) gaa moGoro memoro n.
Umeem:

A (f) =sup A" (fn) = sup sup Ag (f») = sup sup A, (f») = sup Az (f).
neEN nEN agA AEA nEN acA

Haxouem, ecim He HaKJaNHBaTh HA [ HOKAKAX OTPaHUYEHHi, TO 0060-
sHagaA 4wepe3 § MHOMECTBO KOMUAKTHWX mTOgMHOkects uz 7T,
moixydaeM

M (f)=sup A’ (fog) = sup sup A, (fgx) = sup sup Aq (f¢x) = sup Aq (f)-
Keg KER acA agA KeQ OEA
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CaepcrBut 1. Jlas mozo umobu nodmuoocecmso N ua T 6vio aokarv-
no A-npenebpesmumo, Heobxodumo u docmamouno, wmobw N Oulao
A0KAABHO Ao -npenebpexcumo 0as awbozo o € A.

Caencreue 2. Jas mozo umobtl omobpascenue g npocmpancmea T
6 monoaozudeckoe npocmpancmeo G 6ua0 A-usmepumo, HeoGxoduMo
u docmamouno, umobv. oHo GBA0 Ay -UMEpUMO Oas awbozo o € A.

HeobxonuMocTs oueBmAHA, MO0 A, << A musa awoboro o (ra. IV,
§ 1, m. 3, opema. 15). ObpaTHO, IPeNUONOAKHAM, UTO g A, -H3MEPHMO
i 1o6oro o, m 0603HAUIAM Yepes § MHOKEeCTBO TAKHX KOMOAKTHEIX
nonmuo;xectB K us I, ut0 g | K HempepsBHO, B mycTh L — Takoi
rommakT, uto L () K A-mpenebpe:xmmo pud nwboro K € §. Ilockons-
Ky MHOEECTBO R® Aq-miotHo, T0 L A,-mpeseGpexmmo puag mmoboro o
(ra. IV (2-e m3n.), § 5, o. 8, mpena. 12), m 3HaunT, A-IpeHe6peKIMO
{(caencrrme 1). Otcioga BeITexaeT, 9To § A-OIOTHO W 4TO g A-A3MEPHEMO
(ra. IV (2-e m3n.), § 5, o. 10, mpemga. 15).

Ynpaxueansa

1) Iloxasath, uro ecin f =0 m g > 0 — uncmoBHe ¢QyHKOUH, TO
pe(sup (f, g) + p(nf (/, g) <p)+ u(® (cp. v IV (2-e mapn),
§ 1, yup. 1).

2) Tlowasarh, 9to gns saobod ¢ymkmumu f > 0 ma T orobGpaicenne
w +> u* (f) mpocrpanctsa o+ (T) B R IOJyHeNPEePHBHO CHUBY B KBasd-
cmaseoi Tomosoruuy (ra. II1 (2-e usp.), § 1, yop. 8; cp. ra. IV (2-e uap.),
§ 1, ymp. 6b)). Ilpm kakom ycaoBuE 310 OTOOpa)KeHHe HempepsIBHO?

°3) a) Ilycrs (fa)ae 4 — cemeficTBO mCia0OBHX QymKumid > 0, dmin-
TPYWIeecad 10 OTHOMEHHMIO < U Takoe, YTo orobpamenue t +—> (f, (2))

npocrpasctBa I B R4 p-usvMepumo. M mycth f — BepXHAA orumbaromasn
cemeiicta (f,). Torpga f p-usmepuma u

J ran=sm | o 0

b) Oycrs (fa)ae 4 — cemeiicTBo umciosbx ¢ymknuit > 0 ma T, obxa-
MAOIUX CAEXYIOMUM CBOACTBOM: Huf a060r0 KOMIAKTHOIO HOIMHOM:e-
crea K m3 T u mo6oro ¢ > 0 CymecTByeT Takoe KOMIAKTHOE MHOKECTBO
K' < K, w10 p (K — K’y < & u uro cyxerHua Ha K’ Bcex (ymxnwmit f,
ToNyHeNpepHBHH cHu3y. W mycts [ — BepxHaa ormbaromas cemeiicTea
(fo.)- lloxasars, 4To f MBMepUMa I yHOBJNEeTBOPsAET cooTHOmMeruio (1).

IToctpoute mpumep orobpaskenma ¢ +> (f, (1)), yHOBIeTBOpAOMEro
YKA3aHHOMY BHIIlE YCIOBUIO @ HE SBJIAIMEroCH U-H3MEPUMEBIM.

4) Ilyete T u p — JOKAJLHO KOMIAKTHOE IPOCTPAECTBO M Mepa,
oupesienernsie B yup. 5, . IV (2-e usg.), § 1.

19+
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a) INoxkasaTh, 970 P ecTh BePXHAA TpaHb IOCIEJOBATENHLHOCTH Mep
C KOHeYHEIMH HOCHTENAMH, HO U¥* = u*, X 910 p He ABIAACTCA MOJEPAHTHOI.
BruBectn oTciofa, 9to mpefnoskenue i1 cTAHOBWTCA HEBEPHEIM, €CJIW 3aMe-

. " %
HATH B HEM CHMBOJ S Ha S y JAKEe KOTIAa MHOEeCTBO A cuerHo.

b) Hyctn ansa peficrerrennmoro 4mena y uepes f, ofoamadema xapak-
TepHcTHIeCKaA QYHKINA MHOKECTBA, cBofgAmerocs K touxe (0, y) u3 T.
Toxasarb, 9ro orobpaskenme ¢ > (fy (t))yER P-A3MEPHMO, HO eciM f ==

= sup fy, 10 p* (f) = + oo m sup p* (f,) = 0.
- ¥ER yER

5) IIycrs (Up,) — IOCHEOBATENHHOCTH INONOMHTENbHEX Mep Ha T,
KOTOpAs CXONHUTCA KBasHcHnbuo K W B off (T) (ra. IIT (2-e wmam.), § 1,
yup. 8).

a) IlokasaTh, 970 ecid oro0paskenwe f mpocrpamcrea I B TOIONIOIH-
9eCKOe TPOCTPAHCTBO G W,-M3MEPUMO IIpu MI000M n, TO OHO W-H3MEPHMO
(acmonbsosaty yup. 6b), ra. IV (2-e m3m.), § 1).

b) Oyers £ — orobpaxenme 7' B Gamaxoso mpocrpadcTso F, cyime-
CTBOHHO p-HHTEIpHpyeMoe IpW a1000M n. IloKasaTb, 910 €cIH IHOCIAENO-
pareabuocTh (uyy (| £ |)) orpanmdena, To f CymecTBeHEO p-HHTEIDHDPYeMO
(yop. 2). Ilokasarh Ha IpAMepe, 9TO MOKET He BEIIOJNHATHCA PaBeHCTBO

S rdp = lim S T dy, (B3ATH B KauecTBE |, TAKYH TOUEUHYI0 Mepy
n->o00

Ha KOMOAKTHOM XpocTpaHcTBe, 4ro lim || p, || = 0); ogmako 3710 cooTHO-
HIeHNE BHIONHACTCH, KOITA [ OIPpaHAYEHO ¥ MMeeT KOMIAKTHEIN HOCHTENb.

6) Hycte & — U-IIOTHOE MHOMKECTBO KOMIAKTHEIX IIOMHOYRECTB
w3 T. U myers f — takaa pyskuus Ha T co smadeHdsAMH B GaHaXOBOM
npocrpamnctee F, 9t0 [Qx p-maTeIpmpyema gnsg awoboro K € & Ecam

HHTEI'panH S Fog mmetor npefien B F no praprpylomemycs MHOKeCTBY §

(o oTHOMIEHH® C), TO [ CYIECTBEHHO W-WHTSIpHPYeMa.

§ 2. CymmipyemMbie ceMeHCTBA HONOKATEILHBIX Mep

1. Onpederenue CYMHUPYEHBLL CEMEUCTE MED

Hycrs (Ay)gea — CeMEHCTBO NONOKHTENBHEX MeD HA JIOKAJBHO
KOMIIAKTHOM IIPOCTPAHCTBe X; TOBOPAT, 4T0 ceMeiCTBO (Ay)qea €CTH
CYMMUDYEMOE CeMEUCMBO Mep, eClH OHO CYMMHPYeMO B BeKTOPHOM
npocrpaHcTse off (X) meficTBUTENABHHX Mep Ha X, HajeJeHHOM ITHPO-
Koit Tomoxorueit (O6mas tom., ra. 11T (3-e m3n.), § 5, n. 1). Iro cBo-
IATCS K yTBep/KIeHHI0, 4To 1is aioboil Qymkmun f € ¢F (X) cemeir-
cTBo umcend A, (f) cymmupyemo B R. B camom pene, sTo ycaosme,
0ueBUIHO, HeoGxoquMo; 0GpaTHO, eCIHM OHO HMeeT MeCTO, TO JHHeH-
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Hag ¢opMa fr> D) A, (f) Ha &% (X) momomurensHa, T. e. sBaAeTCA
acA

poxoxuarenbuoir Mepoi v (ra. III (2-ewmsn.), § 3, reopema 1), u Mm
cpasy sxe ybeyaeMca B TOM, UTO KOHETHEIe JaCTHUHEIE CYMMH CeMeit-
crBa (A,) MHpOKO exomaTcA K v 1m0 PUABTPY CeUeHHH MHOMKECTBa
KOHeUHKIX mopmMHokecTB w3 A (O6mas Tom., ra. III (3-e man.), § 5,
n. 1, onmp. 1).

Beakmit anement us ¢4 (X) mpexmcraBisier coGoit pasHOCTH IBYX
sneMeHTOB m3 &% (X), moaToMy cemeiictBo (A,) CyMmHpyeMo B ToM
U TONBKO TOM Ciaydae, KOTHa

2 ha(f) <+o0 (1)
aEA .

ana ao6oi pyakmun f € ¢4y (X). 910 ycmoBHe SKBHBAIEHTHO TAKIKO
YCIOBHIO:

2 Ao (K) <400 (2)
agA

nag moboro xommakta K < X.

B camom nene, ms (2) caemyer (1), Tak war f<C || f|]-9g, THE S
03HaYaeT KOMUAKTHHA HocuTeab gyukiumm f. OGparno, ecim K roM-
HaKkTHO, TO Hafimerca Takasa QyHrOEA f € 74+ (X), ar0 @x << f (rar. 111
(2-e m3m.), § 1, m. 2, nemma 1), u orciona caemyer, uro (1) Brewer (2).

dameuanusa 1) OueBunmo, 9ro ecam cemeiicTBO O‘a)aeA cyM-
MHPYEMO, TO er0 CyMMa ABIACTCA eepzHell zpanbvi B offy+ (X) KOHEIHHX

YaCTHIHEIX CYMM 2 Ag, e J mpo6eraer MHOMECTBO KOHEYHHX IOJMHO-
agt
mecTs_ 3 A.
2) Dycrs (ea)ae 4 — CeMeliCTBC KOMIEKCHHX Mep Ha X; 6yAeM roso-

purhb, 9r0 cemeiictso (0,) cymmupyemo, ecnm cemeiictro (| Oy |) Tomomm-
TONHHHX MEP CYMMHPYeMO; das amozo Hedocmamouro, 9T00H ceMelcTRO

(0,) 6BLO cyMMUpYeMo B BeKTOpHOM mpocTpancTee off (X; C), HaeNeHHOM
IMupoKod Tomodormeit (cp. yuap. 3).

2. Hnumezpuposanue 0OMHOCUMEALPHO CY MMLL
NONOHCUMEALHLLX MeD

Bo scem amom nynrme uepes X 0603Hauaemca A0KAALHO KOMNAKM-
Hoe npocmpancmeo, 4epe3d (hg)uca — CYMMUDYEMOE cemelicmso noao-

scumenvhanxr Mep Ha X U uepes v — mepa ) Ag.
GEA
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Heennomenue 1. Tyemv [ — noaoscumenvras wucaosas @ynryus
na X. Hmeem mecmo pagencmso

v (f)'—-a;A A (f)- (3)

d10 cregyer cpasy e ums 3amedamwms 1, mpegaomenua 11, § 1,
o, 3 »m upegaomenua 3, § 1, m 1.

Cagnctreue 1. Jas aibozo womnakmmozo (COOTB. omkpwimozo u
OMHOCUMEAbHO KOMNAKEMHO020) nodmroxcecmea M us X

v(M)= 2 ko (M).
acA

Cagncreus 2. Jas mozo umobsr nodmuoxcecmso N us X 6v140 A0KAAb-
HO V-NpeHebpescumo, Heobxodumo u docmamouHo, umobs 043 406020
a € A muomecmeo N 6va0 40kaibHO Ag-npenedpesxcumo.

Caencreee 3. Jaa awoboii gynryuu f€ Fu (X)
vt (f)?ag4 A (f). (4)

ITO HEpaBeHCTBO OYeBHUHO, CIM f He ABIAGTCH V-MOJEPAHTHOI,
n6o Torma v* (f) = 4 oo (§ 41, m. 2, mpena. 7), Ecam f v-momepanTHa,
T0 f Ay -MOmepaHTHa upw di060M o0 € A, HOCKOIBKY BCAKOE OTKPHITOE
V-MHTETPEPYEMOe MHOKECTBO A, ~HHTeIPHPYeMO; TOTa COOTHOIIE-
mme (4) cpasy e caegyer u3 (3) um mpegnomenna 7, § 1, m. 2.

? Mosker oxazarbed, 90 ofe gacrd (4) He paBHEL APYT APYTY, Aame Kor-
ma A c9erHo, a KaKnas H3 Mep A, sABIsAercs Tovedmoll (§ 1, ymp. 4a)).

lrepuoxenne 2. [Tyemv | — omobpaxcenue npocmpancmea X
8 monoaozuneckoe npocmparncmso G. JJas mozo umobw f 6vao v-usme-
puMmo, Heobzodumo U docmamouro, umobw f 6Gvao Ay -usmepumo npu
abom o € A.

910T pesyaBTAT BHITEKaeT OYEBHIHHIM 00pPa3oM W3 CIeqCTBHA 2
upepaoxenua 11, § 1.

Heennoxenne 3. Jas mozo umobe omobpadcenue f npocmpanem-
éa X ¢ 6anaxoso npocmpancmeo F Gvio cyuyecmeenno v-unmezpupye-
Mo, Heobzxodumo u Jocmamouro, umobs [ G640 cyujecmsenio ho-unmes-
pupyemo npu awbom o € A 1 wmobu

Sl <+ oo, (5)

atA
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B smom cayiae cemelicmgo (Sf d?»a) ca abcoaiomHo cYMMUPYeMo
a

na F, u

[ rav=>3 | rara. (6)

acA

[leficTBUTEIBHO, WIS TOTO YTOOH f GHIO CYMEeCTBeHHO V-HHTerpH-
pyemo (COOTB. CYMIECTBEHHO A,-MHTeIPEPYeMO), HeobX0TuMo I OCTa~
T04HO, 4TOGH [ GHUIO M3MEPHMO OTHOCHTENBHO Meph v (COOTB. Ay)
m atobe v* (| f]) <+ oo (coors. Ay (|f]|) << + oo), ut0 caemyer
n3 mpemiaoxernsa 9, § 1, n. 3. Taxum oGpasoM, mepBag 9acTh Ipen-
JIoKeHuA cpasy BHTeraeT us npemaoxenuit 2 m 1. Ecam f cymecrsen-
HO V-HHTeTPUpPYeMO, TO N3 HepaBeHCTBA

S| § £ara|< S ir1@0a=v 17D
aEA

acA

IOJy4aeM, 9TO0 CeMeHCTBO (S Vi dla) abeomoTHO cymmmpyemo Ha F

¥ 9TO HOPMa ero CyMMH MeHbIOe mim paBHa HopMe [ B Lk (v). Crexo-
BaTeqbHO, MHOkecTBo QyHrmmi f € L} (v), ymosaersopaomux (6),
ABNACTCA 3aMKHYTHM TMOLIPOCTPAHCTBOM S8 mpocTpaHctBa Lk (v);
HO 3TO IOJIPOCTPAHCTBO TaK:ke MIOTHO B Lk (v), Tak Kak oHo comep-
war QyHrmua Buga f.a, roe @ € F, f 03Ha4aeT KOHEYHYIO NOIOIKH~
TenbHy0 mHTErpUpyemyro Qynrmmio (mpega. 1). Cramo 6urh, J# =
= £% (v), m DpemioKeHMe [0KAa3aHO.

Mpennoxenne 3 Momer OHTH TaKe MOAy4eHO H3 o0meil TeopeMmul
HHTEIPAPOBAHAA, KoTopas Oyner noxasama B § 3 (m. 3, Teopema 1).

Canencreue 1. IIpednososcum, umo omobpascenue [ v-unmezpupye-
Mo; mozda [ Ay,-unmezpupyemo npu awbom o € A u cnpasedausa
gopmyaa (6). Obpammuo, ecau muoscecmeo A komeuro u ecau - Ag-
unmezpupyemo npu awbom o€ A, mo omobpaxcenue f v-urnmezpu-
pyemo.

Eciu f wv-unrerpmpyemo, To f CYMeCTBeHHO V-HHTETPHPYEMO
u v-monepaaTHo (§ 1, nm. 3, cimegcrsme ms mpepgn. 9); cramo GHTE,
[ CymecTBeHHO Aq-MHTErPHPYEMO U Ay, -MONEPAHTHO, WM BHAUMT, Ay-HH-
Terpupyemo npu aoGom oo € A. O6patHo, ecain A KoHEYHO M ecad f
A, -umHTerpHpyeMo npm aoboMm o € A, To f CymecTBeHHO V-HHTETPH-
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pyeMo B CHIY OpeflioeHus 3, ¥ J0CTATOYHO yGENWTHCA B TOM, 49TO
v¥ (|f]) < + oo; 970 caemyeT cpasy M3 COOTHOIIEHHA v* — D) A%

acA
(ra. 1V, § 1, n. 4, wmpemn. 15).

Caencreue 2. ITyemv 8 — xomnaexcrhas mepa na X; noaoxcum
8; = (Re 0)*, 8, = (Re 6)~, 0, = (Im 6)*, 6, = (Im 6)~. Jua moze
umobu omobpasxcenue f npocmpancmsa X 6 monoaozuneckoe npocmpan-
emso G (cooTB. 6 6anaxoso npocmpancmeo F) 6uiao usmepunmo (coors.
CYWECMBEHHO UHMEZPUDYEMO, UNMEZPUDPYEMO) OMHocuUmeabho mepst 6,
Heobxodumo U docmamouno, ¥mobvl 0HO Ova0 usmepumo (COOTB. cyuye-
CMEEHHO UHMEZPUDYEMO, UHMESPUDYEMO) OMHOCUMEALHO Kaxdol us3
mep 0; (i =1, 2, 3, 4).

Ecnu f usmepmmo (COOTB. CymIeCTBEHHO MHTErpHpPYeMO, WHTETPH -
pyemo) otHocmTedrHO O, To f mo ompemeneHHmI0 H3MepmMO (COOTB.
CYI[ECTBEHHO WHTETPUPYEMO, WHTETPUPYEMO) OTHOCHTEIBHO MepH
| 8], a sHATUT, TaKme U OTHOCUTENHLHO Mep 0;, KOTOPHE MAKOPHPYIOTICH
mepoit |0 |. O6parno, ecru f usmepumo (COOTB. CymIECTBEHHO MHTErpH-
pyeMo, WMHTerPUPYEMO) OTHOCHTENALHO Mep 8;, To npemimomenme 2
(coors. npema. 3, cuencreue 1 w3 mpena. 3) Baeger, uto [ maMepuMo
(COOTB. CymECTBEHHO HWHTETPUPYEMO, HHTETPUPYEMO) OTHOCHTEIBHO
mepst 6; + 6, 4 03-+0,, xoropas makopumpyer Mepy |0 |.

3. Pasbuenue mepsr na cymny mep
€ KOMNAKMHHIMU HOCUMEAAMY

NpEpaomeRnE 4. [Tyemb W — no4oKHCUMEILHAL MEPA HA AOKAALHO
komnarmuom npocmparncmee T u nycmv § — p-naommoe MHoxcecmeo
romnaxkmuuiz nodmmoxcecme us T. Cyuecmeyem makoe cymmupyemoe

cemeticmso (g )uca nososcumesvnsiz mep Ha T, umo no= E e,
GEA

npuuem Hocumeau Mep W, hpunadaescam K u obpasywm a0KAILHO
cuemHoe CeMelicmeo NOnApHO He NEPECeRanyuIcs Komnarmos. Ecau
Mepa U modepanmua, mo Muoxcecmso A undercos Mmozxcem npednosa-
20MbCA CHLEMHBIM.

B camoM pene, paccMOTpHM TaKce JOKAQJILHO CYETHOE CEMEHCTBO
(Ko)eca TDONADHO He IepeceKalMuXCA dieMeHToB, u3 &, dToOH

mBoecTBO N = T — |J K, O6mi0 IOKaIBHO p-OpeHeGpeREMO
agA .

(ra. IV (2-e man.), §5, n. 9, mpemn. 14). JTaa moboit Pymxnmm
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f€ & (T) nomommm

Me (f) =P (f(PKa);
auHeiiHasg ¢opMa pu, Ha 8% (T) nonmxuTenbHA; 3HATAT, TO eCThH
MONOKHUTENbHAS Mepa ¢ HOCWTeJdeM, cofmep:amummcea B K. Ho mo-
CKONILKY BCAKHHA KOMIAKT, Comep:Kamumiica B diaeMeHTe m3 §, mpH-
pagaexar K, 1o supp (uy) € & npu awbom o € A. Ocraercss TOMB-
KO IIOKasaTh, 470 ceMedcTBO (p,) CYMMHPYeMO m 9To €ro CyMMa

paBHA W; WHa9Ye TOBOPA, EZ pe () = p (f) nua aw6oit Ppynrmun
ofA

f € &4 (). Urak, nyctb S — (KoMmakTHmi) HocuTenb QyHRUAZ f
n nyetb A’ — cYeTHoe MHOKeCTBO, cocTosmee w3 Tex o € A, mas
kotopex S | Ko %= . Ilockonbky MHuosectBo N (| S p-upenebpe-
YKEMO, TO

n () =p(fos)= 2 nlfosnx)= 2 w(fox,)=
atA acA
= D} p(fox,) = 2t (f)-
acA acs

Tem caMEM 3aBepUIeHO IOKA3aTeJbCTBO o0mero cayvasg. Eeam n
MOJlepaHTHA, TO MHOeCcTBO I [-MO/IepaHTHO, M 3HAYWT, ABJIACTCH
o6menuHeHWeM mochenoBaTedbHOCTH (L,) KOMIAKTOB H HmpeHeGpesku-
soro MuoectBa (§ 1, m. 2, mpexa. 5); myers A’ — cueTHoe MHOKe-
ctBo TeX o € A, maa Korophux K, mnepeceraer omuHo u3 L,. Vmeem
e = 0 upm o ¢ A’, u mocllexHee yTBepIKAeHMe NPEIOMKEHHA, 096~
BHTHO, BHITEKAET OTCIOJA.

3ameduanue. HomoxuresbHan mepa MOMKET OHTH CYMMOil mocie-
MOBATENLHOCTA MEP ¢ KOMIAKTHHM HOCHTENeM ¥ He OhTh MOJEpaHTHOI
(cm. ymp. 4a), § 1).

YnpaskHeHAA

1) Iycts (Ay) — ceMelicTBO KOMIIICKCHHX movexntiz Mep Ha T. [laa
TOTO ITOGH cemelicTBO (A,) GHIIO CyMMHPYeMO B BEKTOPHOM IIPOCTDPANCTBE
M (T; C), HajienenmnoM IMHUPOKON Tomonormeil, HEOGXOAMMO H KOCTATOYHO,
9700E TAKOBHM GOblo cemeiictBo (| Ay 1).

2) Oycrb (A,) — HOCIEROBATENLHOCTh KOMILICKCHEX MeD ma I. Jaa
TOTO 4TOGH HOCHEef0BaTeNBHOCTD (A,) Oslia cymmupyema B off (77 C), Hape-
JIeHHOM IMHPOKOil Tomonormedl, meo6XouMo W [OCTaTO9HO, 4TOOH I
axoboit ¢pymrnuu f € g7 (T) pan c¢ obmmM uneHoM A, (f) 6ua abcoaoTHO
cxofiAmuMesa (mpumeHNTh TeopeMy Bamaxa — Mireiimxaysa; cp. Tom.
BeKT. up-Ba, Iu. 111, § 3, cuepcreme Teopemu 2).
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3) Nycts T — xommakrtasiil maTepBadt [0, 1] us R # mycts qaa nwoGoro
neaoro n > 0 9epe3 A, oGo3EadeHa Mepa

1
fr—> —'11— S f(x) sin 2nnzx dx
0

ga T. Iloxasath, 9T0_ B IIpocTpaBcTBE o/} (T'), HAJENCHHOM IMHPOKOM TOMO-
normefl (uim KBaswWCHALHON Tomonorwei (ra. IIT (2-e mam.), § 1, yup. 8)),
IOCTEeNOBATEABLHOCTh Mep (A,) cyMMApyema, a ImocaefoBaTenbHocTh (| A, |)
TaKoBo#l me sBnsercsa. (3aMerHTb, UCHOAL3YyA mepaBedcTso Beccens, dro

ecln o, = n+h, (f), 10 ZOL% < -+ oo, W HpU HOMOImHZ HEPaBeHCTBA
n

Komn — MIBapua BEBECTH 0TCIOAA, ‘ITOE P, (D1 < 00.)
n

4) TIyceth p — mosoyKkuTeabHas Meépa Ha T u (Vi)igz — CyMMHEpYyeMoe

ceMeHCTBO TAKUX HOMOMUTOTpHEX Mep Ha T, 910 p 2 v;. Cymecreyer
1

cymMupyemoe ceMeHCTBO (U;) ;- TaKEX Mep ma T, 410 p = Zp.i np; <V
i

masa noboro i € 1. (Mcoonbaya IpefioxeHue 4, CBeCTH BCe K Caydal,

xorma T — KoMIakT, a 3aTeM K ciydaio, Korga I = N. [Iocune 3roro

HOCTPOHUTDL |y TIO0 MHAYKIAH.)

§ 3. Umrerpaposanne moOJOKHTEABHBIX MeEp

1. DYynryuuw co SHAYEHUANU 6 NPOCMPAHCMEEe HeP

[Iycrs X — noKalpHO KOMIAKTHOe mpocTpanctBo m o+ (X) —
BHIYKIHHA KOHYyC moiokuTeabHsix Mep Ha X. Ha ppopmomwenun
ncelt aTolt TaaBH of 4 (X) Gynmer HameseHO TOMOJOrWeH, WHIYIADOBAH-
#oif mupoxo#t Tomonormeit B off (X) (ram. III (2-e msm.), § 1, m. 9);
crano OHTH, yTBep:KjpeHue, 4rTo oToOpaskeHme A: !+~ A; NOKaIbHO
KoMmmakTHOro mpocrpasctsa I’ B of; (X) menpepsiBHO, 03HAYaeT, 4TO
nas aroGoi pynruuu f € 67 (X) umcnoBas gyarumsa ¢ — A; (f) mempe-
puBHa. B aToMm caygae Mu fyfnem TaKiKe TOBODHUTB, 9T0 A wupoko
Henpepugno Ha T. YTBep:xmenume, gro orobpakenme A: I v Ay p-us-
MepIMO, O03HAYAeT, 9YTO MHOMKECTBO KOMOAKTHHIX HOAMHO;KecTB K
u3 T, taxmx, 4ro cy:kenme A Ha K IMHMPOKO HempepHBHO, W-HIOTHO
(ra. IV (2-e mag.), § 5, n. 10, npena. 15). B stom cnyqae Gymem roso-
pHTh, 4TO A WUPOKO W-UIMEDUMO.

Hycers A: ¢ — A; — orobpaskerme I' B off1 (X); Gynem roBopurs,
910 A CKAAAPHO CYUWECTNEEHHO UHME2PUDYEMO OTHOCHUTEIBHO MEPH W,
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ecan fgas moGoil Gyurnmn f € &7 (X) dyrrmuma ¢ v Ay (f) cymecrsen-
Ho p-uHTerpupyema. Ecan momomurs v (f) = S A: (f) du (8), To sACHO,

970 v eCTh HOJNOKUTedbHag nmAeiHag dopma Ha &% (X), m BHaumrT
(ra. III (2-e mapm.), § 1, m. 6, Teopema 1), saBusAerca mepod Ha X.
Msr GymeM TOBOpHUTH, UTO v eCTb uKmMEzpas OT PyHKIUE A co 3Hade-

puaM B oy (X), u GyfgeM 3ammCHBATD v = 5 Adp (2).

CdopmynupoBaHHOE OIpeaedeHue IMpPencTaBisgeT COG0H WaCTHHE cay-
9aii moEATAA chaforo uATErpana, KOTOPHIL Gyier U3y4aThcsa B 00meM BHJEe
B raase VI.

Ecan f o3pauaer axement us ¢4 (X), 1o 5 A (f) dp () Mz Gymem
TAK)Ke, IONYCKas BOJBHOCTH, 0003HAYATH 5 du (8 5 f (z) dA; (2);

TOTTA OmpenefeHNe MHTeTpaja v = 5 Mdp (f) sammmerca B Buge:

Sf(x) dv (z) =S dp (t)g f (2) dis (@). (1)

AnajorngHas BOJBLHOCTb B 0003HAYEHAAX GyAeT JONMYCKATHCA B TAlb-
HellieM W [Jis BepPXHUX HMHTETPAJOB, CYMECTBEHHKIX BePXHUX HHTe-
rpajioB, HHTErpPaioB OT QYyHKIuE cO 3BHAYCHHAMH B GaHAXOBOM IpO-
CTpaHCTBe.

IMMpume p . 1) Ipegmonosxkmm, 9ro 7 — RUCKpETHOE HIPOCTPAH-
CTBO H . — Mepa Ha T, ompejenenHaa HOCPEACTBOM MaccH --1, momemen-
moit B xazkmoi touke w3 T (ra. IIT .(2-e man.), § 1, uw. 3). lyers 2 > 0 —
dyuxnua na 7; DOCKONBKY k HONYHENPEPHBHA CHU3Y (X JaKe HeIPePHBHA)
ma T, 10 p* (B) = p* (B) = DX} h (#) (tn. IV, § 1, m. 1, opamep). Craxo

€T .
OHITD, AJA MEpPH | IOHATHA HHTETPHPYeMOH M CYILeCTBEHHO WHTEIPHpYe-
Moit pymruuit cosmagaor. IIpu 3TAX yCAOBHAX YTBED)KACHHE, 9TO oTOGpa-
skegne ¢ —> Ay mpoctparcTBa I B off+ (X) CKaNApHO CYIECTBEHHO WHTE-
rpupyeMo, CBOJATCHA K YTBEPWIEHUIO, 9TO ceMeficTBO (A;) teT CYMMEDYeMO

(§ 2, m. 1), m Torpma S Aedp (1) = 2 Az OtMeTHM, UTO oOTOGpasKemue
teT
t —> Ay WIHPOKO HENPePHBHO.
"2) OroGpassenue ¢ +—> ¢; upocrpaactsa T B ot (I) mHEPOKO Hempe-
PHEBHO, CKANAPHO CYIECTBEHHO W-AHTETPHPYEMO OTHOCHTENBHO NIOGOM

UONOKUTENBHOI Mepst u Ha T 1 S g, du (t) = u.
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IIrennoskenne 1. [Ipednosoxrcum, umo n ecme 6epTHAA 2paAHbL
6oapacmaiowyezo guasvmpyrouezocs cemeticmsa (W;)icr NOAOHCUMEALHBLT
mep na Ty 8as mozo umobw omobpasicenue A: & —> Ay 6640 CKAAADHO
CYWECMBEHHO W-UKMeE2PUDYEMO, Heobrodumo u docmamouro, wmobur A
0v10 CcKALADHO cYujecmeenHo | ;-unmezpupyemo Oas atoboeo i € 1

u umobul cemelicmeo (Sx,dp,,- (t))iEI 6va0 mascopuposano 6 ol (X).
B amom caynae

§ hedn @) =sup | 2 dui ). 2)
i€l

B camowm frene, moxasaTedBCTBO TOTO, YT0 A CKAJAPHO CYMECTBEH-
HO WHTerpAPYeMO OTHOCHTEJBbHO YOJOKUTeJIhbHOX Mepm 1 Ha T,
CBOIMTCA K INpOBepKe TOro, 9To ¢+~ A; (g) mM-msmMepumMo B HMeeT
KOHEYHHH CYIEeCTBeHHHH BEepPXHMH HHTErpal OTHOCHTEIBEO 1| HIpH
mo6oit pyurmmm g € 7+ (X). TakuM o6pasoM, mpeioskeHWe Cpasy
e BEITeKaeT m3 npejgiaoskeHnsa 11, § 1, o. 4 u wus ero cuexcrsua 2.

Cunencreue. IIpednososcum umo p 2648emes CYMMmold cymMmupyemozo
cemeticmea (g )aca nNososcumesvhvix mep Ha T dasn mozo wmobbi
omobpascenue A: t —> Ay 6MAO CEAAADHO CYWECMBEHHO W-UHMESPU-
pyemo, neobxodumo u docmamouno, wmobee A 6va0 ckarapHo cyuye-
CMBEHHO [y -unmezpupyemo npu o € A u umobv cemelicmseo mep

S Mdpo () 6810 cymmupyemo. Tozda

franm=3 [na.. (3)
aEA .
OTcioa HeMeJJjIeHHO cliegyer, 9TO BCAKOE CKAJAPHO CYIIECTBEHHO

I-MHTCrPAPYeMOe 0TOGpaskeHHe CKANAPHO CYIIECTBEHHO | -MHTETPUPYeMO
TaK;Ke W OTHOCHTeNbHO ni0boit Mepm p' L p.

B osToM maparpade MHE orpaEMIMMCS H3YYOHHEM CKAJAPHO Cymie-
CTBeHHO WMHTErPHpYeMHX oTo0paskeHmii mpocrpaHctBa I B of (X),
obnamanIax CBOHCTBOM, CPOPMYyIUPOBANHHIM B NPHBONEMOM HEKE
onpeneIeHnd.

Onpepenerne 1. ITyemv X — a0kaavho koMnaxmuoe npocmpah-
cmeo, A t— Ay — cKaaapHO cywecmeenno W-unmezpupyemoe omobpa-
wenue T ¢ ofly (X u v — uwmespasr om A.
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Tosopsam, umo A u-npedcozaacosarno, ecau 0an 410001 noaynenpe-
puenoll cnudy gynryuu f =0 na X dynryua t— g.fdl.t n-usmepu-
Ma Ha T u ecau )

(1@ av @)= S'du () {7 (@) as ). (4)

Tosopam, umo A pu-cozaacosaro *), ecau ono p'-npedcozaacosaro
dan aw060l nosodcumeavroll Meps p' < p.

MoBO moKasaTh, 9TO ecaA¥ A p-IPE/ICOrTacoBAaHO W OCHH Mepa v
MOJIepaHTHA — B JaCTHOCTH, ecia¥ X CUeTHO B OECKOHETHOCTH,— TO A
p-coraacoBaro (yup. 7); o0HAKO HEH3BECTHO, SKBUBAJICHTHH JIM 3TH IIOHA-
Tusi B 00meM ciydae. B yreepmaenusax nm. 2 U 3, CASAYOMUX HUKe, YTBEP-
JHeHEMA U3 a) ¥ b) cpasy ’Ke pacUPOCTPAHAIOTCA HA IPeACOINACOBAHHLIS
0TOGpaKeHH s, TOIa KaK Te, KOTOPHE OTHOCATCA K C), CIPABEIJIABE TONLKO
AMA COINACOBAHHHX o0TODpasKeHuil.

Caenyromee HIKe mnpejiioskeHHe 4YacTO WHO3BOJAeT yOemuThes
B TOM, TT0 33flaHHOE 0TOoOpasKeHHe -COTIAcCOBAHO.

Ipennoxeane 2. ITycmb A t > Ay — cKaAIIPHO  CYUECMBERHO
unmezpupyemoe omobpasxcenue T ¢ My (X) u nycmv v= Sx, du ().

a) Ecau A wuporo nenpepvieno, mo omobpascenue tv> A; (f)
noayHenpepbisHo cHu3y 04n aw0boll noayrenpepvlgHoli cHudy PGyHKYuL
f>=0 na X, A p-coaracosaro u 6uINOAIHAEMCA COOMHOULEHUS

[Toe@={"wo [Tene. (5)

b) Ecau A wuporo p-usmepumo, mo A p-cozaacosaro.

¢) Ecau monoaozus ¢ X umeem cuemnuyio 6asy, mo A wupoko
usmepumo (@ smauum, u P-C024AC08AHO).

Mycrs f == 0 — noxyrenpepuBHas caudy Pyurnusa Ha X. U nyets
F — dpuawstpyiomeecd 1o OTHOINGHHIO <, MHOKECTBO TaKMX (QYHKIMiA
gEK (X), aro 0 < g < f. Man g€ F oGosnaumm dgepes h, PpyHxk-
nmio, ompeneneHayi Ha ' paBeHCTBoM hg (f) = Ay (g). Ilomosxum
TaKKe

hy (&) = AF (f) =Ai (f) = sup hg (2)
geF

*) B mepBoM HM3JAaHMM W-COTJIACOBAHHHMHA HA3HBAJINCH CKANAPHO -HHTE-
rpupyeMile W IIMPOKO p-mSMepHMEe orobpaenus. IIpmeofmMoe 3fech OIpene-
JieHne sBngercsa Oomee of6muMm (mpexn. 2).
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(§ 1, m. 1, mpemn. 4). Iipumem cremylomee mpemmosokenue, Gomee
cnaboe, 4eM B a): MPEANONOKUM TONBKO, UTO cy;xkeEme A Ha S mupoxo
HeIpepHBHO, e S — 3aMKHYTOe MHOKecTBo U2 1, coflepKamee HOCH-
Tedb MepH p. Hus g € F ugepes 7¢g 0603HauMM YHCIOBYH (QYHKIHIO,
coBmaganmyo ¢ h, 5a S u o6pamalomyocs B -+ oo Ha CS. ITomomxum

h; = sup ﬁg; rorma h;=h; Ha S. Jlaa moboro g € F dynxnus 755,
gEF

DOJyHeNIpepHBHA CHHU3Y; CTamo OHTb, h; TomyHeUpepHBHA CHH3Y,

U, HOCKONBbKY ceMeiicTBO (hg)ger — PmubTpyIOmeecs, TO
p* (y) = sup p* (k) = sup p* (he) = supw (g) =v* (f)
gEF gEF &EF

(rar. IV, §1, 1. 1, Teopema 1 u § 2, n. 3, upena. 6). Ho Tak kax i; =h;
Ha S, a 3HAYMT, W TOYTH BCIOAY, TO 3TO BAINECHBAETCA TAKMKEe KaK
u* (h;) =v* (f), 1. e. B Buue pameucTa, mueutuusoro (5). Touno

TaK e, TMOCKONBKY f W h MONYHeIPEPHBHH CHH3Y, TO NpeAHIYIIEe

COOTHOMeHUs TpPHBOAAT K paBenety p' (Ry) =~ (f) § 1, m 1,
mpemn. 4); a TaR wak h; = h; Ha S, To momyuaem p’ (k) = v' (f)
(§ 1, u. 1, mpema. 1), T. e. pasencrso, muenTmyHoe (4). Cramo 6mTH,
oToGpaskeHHe A P-TIPELCOTIACOBAHO; HO MOJKHO OBIIO GH BCIOLY B 3TOM

pacCy:KIeHnM 3aMEHHMTh L Ha p' < u, avHA VvV = S Aidp' (8), mbo A
TaKKe CRANADPHO CYMECTBeHHO L -MHTeTpUpyemMo H S CONEpIKHT
rocuTenb Mepul W'. Orcioma caemyeT, wro A p-cormacoBano.

Tlpepmonomum, uTo A mMupoOKO HempepHEBHO; MOMXHO B3ATH S = T;
Torma h; = h; TMOxyHempepHBHO CHE3Y, 4eM W 3aBepIaeTcs [OKABA-
TeTbCTBO IYHKTA a).

Ilpepmonmoxmm, wro A mmpoxo p-maMepHMO, M HOKameM b).
MuomectBo § Tamkmx K m3 T, uto cymernme A Ha K Hempeprieuo,
apnserca W-wiaoTHEM (v, IV (2-e man.), § 5, n. 10, mpena. 15), mosto-
My CYmeCTBYeT TaKoe CYMMHDYyeMOe ceMeHcTBO (Mg)qcqa Mep Ha T,
970 | = a We H UTO HOCHTeNb S, KaXKIOH M3 Mep W, HPHHANIEIKHUT

al

R (§ 2, n. 3, mpexa. 4). Ias mwo6oro o € 4 oTobpasennme A ckagspHO
CYINECTBEHHO |i,~-MHTETPHEPYEMO, M MH MONOKHEM Vo = S?»t dpg (2);

cemelicTBO (v,) cymMmMupyemo, m ero cymMa paBHa v (clefcTBue m3
mpean. 1). FEeam f— monyHempepHBHAST CHH3Y DOJOMKUTEALHAN
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¢ysxnus Ha X, TO IepBag dYacTh [OKABATENbCTBA B NPHMeHeHUN
K MepaM i, M K BAMKHYTHIM MHOMecTBaM S, NIOKA3HBAET, 4UTO

1° h; pg-msMepumo upu aoboM o € A, W 3HAYMT, W-WIMEPHMO
(§ 2, om. 2, mpema. 2);

2 ["f@dva(@) = {"dna 0 {1 @ dri (a).

®opmyna (4) BHBogUTCH Temeph cymmmpoBammeM mo o (§ 2, m. 2,
opena. 1). Ilpumenssa mpeanpmymee paccymaeHWe K NPOM3BOJBHOM
mepe W', Ma;KOPHEPOBaHHOM Mepoil u (4To 3aKOHHO B cuay Toro, aTo A
CKAJIAPHO CYMECTBeHHO W -WHTETPHPYeMO W MINPOKO W -M3MepuMO
(cp. § 2, m. 2, mpepan. 2)), ybemxpmaeMcss B TOM, uTo A p-cormacoBaHo,
u b) moxazano.

Haxonern, mpeamonosmmM, 9ro Tomojorms B X WMeeT CUETHHI
Gazmc, W TOKAMKEM, YTO BCAKOE CKANSPHO CYI[ECTBEHHO -HHTEIPH--
pyemoe oTo6paskenme A: t~—> A, mpocrpanctBa T B off4 (X) mumporo
u-msMepuMo. JTO OymeT BHTEKATh M3 CHEAYIOMmEHl JeMMEH.

Jemma 1. IHycmv X — aokaavo Komnarmmuoe RDPOCMPAHCMEO,
umerowee ciemnvii 6asuc. To20a ¢ &% (X) cywecmeyem cuemmuoe nod-
muodcecmeo S, obaadarwwee caedyrowum ceoticmeom: das #0600l GyHk-
yuu f € & (X) naiidymecs maxas nocaedosamesvhocmo (f,) saemenmos
us S u maras noaoxumeavnas Pynryus © €S, wmo das awbozo
¢ >0 nauunas ¢ docmamouno 6oavwiozo n 6ydem swnoansmecs Hepa-
gencmeo | f, — f | << eq.

IMMyers X' — woMmakTaduEAanuA ANlekcaHIpoBa mpocTpaHcTBa X,
ABJANMAACA MeTpHayeMhM kKommakrtoM (O6mas tom., ta. IX, m. 9,
npera. 16 m caencteme); oroskmecteEM ¢4 (X) ¢ mogMHOMKeCTBOM M3
% (X'). Ilyetp S’ — cueTHoe WJIOTHOE MOAMHOKECTBO OaHAXOBa
npocrparctea B (X') (O6mas Tom., ra. X (2-e man.), § 3, Teopema 1);
MOYKHO TIPEAIIONOKHTL, uT0 S’ COmeP/KHT NOCTOAHHYI (YHKIMIO 7
mis mwo6oro n € N. Bozemem mocaepoparenbiocTs (U,) OTKPHTHX
OTHOCHTEJHHO KOMIAKTHHX MHOMKECTE M3 X, COCTARNSIONMUX B 06Be/IH -

wenpn X u Tarmx, uto U, < Upyy pas ao6oro n (O6mas Tom., . I
(4-e man.), § 9, mpenn. 15), m Bo3pMeM pyBKIEIO ¢, U3 &4 (X), pas-
myw 1 ma U,. OGosHaunmM Temeph dYepes S CueTHOE MHOMKECTBO die-
menTos m3 & (X) Buga @,g (€N, g€ §'). Ilycrs f€ & (X); BuGe-
peM mocnemoBaTelbHOCTh (g,) smeMenToB M3 S’, paBHOMEpPHO CXOMS-
mytocs k f, m Taroe nesoe k, uToGH HoCUTeNb QYHKIAN | cORepsKaicd
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8 U,. Haxonen, GepeM mesioe m, MasKopHpyomee HOPMHE QyHRNUHA gp,-
DyuKoua f, = Qpg, NPAHAAISKAT S W YAOBICTBOPAIT IOCTABJIEH-
HEM VCIOBMAM TPH @ = mQp.

B cuny sroit JeMMH U B CHJIy TOTO, UTo oToGpaskenme f—» A; (g)
CKAJISIPHO CYMECTBeHHO WHTerpEpyeMo mpm Jiobom g € .S, otobpa-
smeune > (As (2))ges mpocTpanersa I B R® p-msmepmmo (ra. IV,
§ 5, n. 3, Teopema 1). CuenosarenbHo, MHOKecTBO § Tex KoMmak-
Tos K w3 T, cy:keHme Ha KOTOpHE 3TOT0 OTOOpakeHmMsI HENMPEpPHBHO,
ABASETCA WU-INIOTHREIM, B HAaM [[OCTATOYHO MOKAa3aTh, 9TO cy:KeHme A
Ha mwboe K € § menpepniBrOo. UTak, nycTs f — OpOWUBBOABHEI 3ie-
ment u3 # (X), a f, m @ — paeMeHTH U3 S, YAORICTBOPAIOMME YCAO0-
suaM nemmul 1; Torma ¢ysrmus £+~ A; (f) ecTh paBHOMepHHIT mpefen
Ha K uenpepuBHHX (yHKumi ¢+ A; (f,); cramo GuTh, OHa Hempe-
puBHa Ha K, W mpepiomeHWe JOKA3AHO.

2. IIoemopHsle UHMEPAILL OM NOAOHCUMEALHHLX
Pyrryui

Ha npomasacenuu sceco amozo napazpagha, koeda He oz06apusaemes
npomusHoe, Mt o6osravaem yepes X A0KAALHO KOMRAKMHOE NDOCMPAH-
cmeo, uepes A: t > Ay — p-cozaacoeannoe omobpaxcerice T 6 oM+ (X),
a uepes v — unmezpas om A.

Meennoxenne 3. ITycmv f = 0 — uucaosan gpynkyus na X.
a) Cnpaeedauso HepaseHcmeo

r@an@=anloaw=
> 1@a@.  ©
b) Ecau A wupoxo wenpepweno, mo
[1@av@=["an ) |7 @ an @, )
¢) Ecau A (1) < + oo a0kaavko p-noumu eciody, mo
[1@a@={"awo[ 1@ a @~
~fwofliwae.  ©
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IIycts g — monyHenpepsBHAA cHU3y QyHENuA Ha X, YHOBIETBO-
paomasa yeaosuo f < g. Has mawoGoro t€ T

[T@an @< ["g@an @,
n 3HAauMT, B cuny (4) m mpemnoxenmsa 4, § 1,
v r@an@< ao | @ @=—{"¢@ @
ITepoe m3 mHepapencte (6) BhITexaeT Temephr m3 OIpeNeNeHUS

S*f (z) dv (z) (ra. IV, § 1, n. 3, omp. 3), a BTopoe BHTeKaeT OTCIONA

cpasy we. HepaBenctso (7) B ciyuiae MHUPOKO HenpepHBHOTO A
[OKASHIBAETCST AHAJOTMYHKIM o06pasoM, myTeM wHcmonp3oBaHua (5H)
Bmecto (4).

Iepeiinem k porasateanctsy (8). Orobpamenme ¢ — Af (1) mame-
pEMO ¥ KOHeYHO JOKANbHO N-mouTu Beway. ChemoBaTenbHO, MHO-
mecTBo § TakuX KommaxToB K wu3 T, 4To cysKeHHe 0TOOpaKeHuUs
t — A7 (1) Ha K xoHeuHO U HeNPePHBHO, U-IJIOTHO, U TPeITOKeHue 4,
§ 2, m. 3 BieYeT CYmECTBOBAHUE CYMMHDPYEMOTO CeMeHCTBA (Wg)uca
MONOMUTENbHRIX Mep, HOCHTEJNM KOTOpHIX MPHHALIexAT §, Takoro,

aro p = Zf}x Wo. Ortobpaswenme A p,-cormacoBano mpu aobom
: &

o € A; momomum v, = 5 Mdpg (2). TIpegmomenne 1 moxassBaer, 910

v = D) v, a cooTHomeHmne (4), IpUMEHEHHOE K Mepe J, M K QyHK-
afA

mun 1, mokasBiBaeT, WTO v, €CTh OrpaHHYeHHas Mepa (IOCKONBKY

Af (1) orpammuena mHa supp (p,)). Sammmem Temeps dopmyry (6)

*
OTHOCHTENIbHO MEDPH W, 3AMEHAS CHMBOJI S B JIEBOH 9YacTH Ha S .

9TO 3aKOHHO B CILUIY HpemjyoKeHms 7, § 1; momyaum

[ 1@ave @ = ["ana () |71 @ i @) =
— [Tara 0 [ @ @ @)

(mocneHee paBeHCTBO ciefyeT W3 TOTO, YTO A; OTPAHMYEHO JOKATBLHO
IOYTH BCIOMY, W U3 mpemaoxenus 7, § 1). Hepareunctro (7) moxysaeTes
cymmupoBanmeM mo o (§ 2, m. 2, mpemm. 1).

ECJI]Z[ He [e/1aTh HAKAKOI'O MPeanoJIoKeHNUs, aHAJOTUYHOTO Hpen-
TO0KeHTIo €), To HepaBeHCTRO (8) MomeT He BHUOMHATHCA (ymp. 2).
20 m. BypGaxu
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CaeactevE 1. Hyemv f = 0 — dynryua na X u nyemv H — Mmuo-
acecemso makuzr t € T, umo | ne ssasemces Ag-npenebpesxcumoil.

a) Keau f v-npenebpemuma, mo H aokarvho U-npereépescuro.

b) Eeau [ v-npenebpexcuma, a A wupoko wnenpepsieno, mo H
u-npenebpexcuno.

¢) Ecau f aokaavno v-npenebpexcuma u A; (1) << -+ oo aokaavro
u-noumu ectody, mo H aokasvno p-npeneGpescuro.

Caepcreue 2. Hyemv | = 0 — v-modepanmuas gynwkyus na X.
Tozda muorcecmeo mex t € T, Ous xomopuiz | ne seasemes hy-modepanm-
Holl, AoKaavho u-npenebpexcumo (u daxe u-npewmebpexcunmo, ecau A
WUDPOKO HenpepysHo).

B camoMm mene, f ecTb cymMa mocaemoBaTenbHOCTH Gyurmui f, = 0,
TaKuX, 4910 f, obpamaeTcAa B HYJNh BHe HEKOTOpPOro HKoMmmakTa K,
opu n > 1 = gro f, v-npeneGpexuma (§ 1, m. 2, npega. 6); Torma f,
A;-mpeHeOperRmMa, 33 MCKIIOUEHHEM TeX !, KoTopHe 00pasyioT JOKaIb-
HO p-mpeHe6pexmMoe MHOMKeCTBO (U gaske p-npenebpemmmoe, ecam A
OIAPOKO HEeNPePHBHO); 9T0 BETeKaeT U3 ciencTBua 1, m oTciona cpasy
e moayuaeM TpeGyeMoe. '

Ileegnomenne 4. Hycme f — v-usmepumas gynkyus wa X co sua-
HeHUAMU 8 monosozuveckon npocmparcmee G u nyemv M — muo-
acecmso mex t € I, dan vomopwx f ne ssasemes hy-usamepumols.

a) Ilpednoaoscum, umo f nocmosanna Ha OONOAHEHUU HEKOMODO020
v-modepanmmozo nodmuoxcecmea us X; moeda M aokasvho p-npenebGpe-
sHeuno.

b) Ilpednoaosicum, wmo [ nocmoawna Ha OONOAHEHUL HEKOMOPOEO
v-modepanmuozo nodmuoncecmsa us X u AN wupoko wenpepwiono;
moz0a M p-npene6pescumo.

¢) IIpednoaoscur, wmo A; (1) << + oo aokaavio p-nowmu eciody;
mozda M a0kaabHO p-npeHebpercuMo.

HoxameM BHauase a) (coors. b)). ITockoapKy BesiKoe -v-uHTErpm-
pyeMoe MHOMKeCTBO COMEDKHMTCH B OTKPHITOM V-HHTETPHPYeMOM MHO-
sKecTBe, TO YHKNUA [ MOCTOSHHA Ha JomoNHeHun I cueTHOTO 06BHequ-
HEHHMA OTKPHTHX V-HHTeTPHPYeMHX MHO;ecTB. Cymectsyer pasbme-
Hme MHoxecTBa X — B, cocTosmee uz v-npeHeOpeKAMOTO MHOKECT-
Ba N u mocaegosaTenbrocT (K,) TAKAX KOMIAKTHRIX MHOMECTB, 4TO
cymenue f Ha kamgoe w3 K, menpeprBro. [lycts S — MHOMKeCTBO Tex
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t €T, paa woropex N He ABIfeTCs Ai-NpeHeOPEKHUMBIM: B CHIY
caejeTpus 1 m3 mpepsoskeHna 3 MHOKecTBo S JOKajJbHO p-npeHeGpe-
;ruMo (cooTs. p-mpenebpesmmmo). Muosecrea K., B, N usMepuMms
OTHOCHTENLHO Jiio6oit Mepr Ha 7', u cyKeHUe [ HA KaMaoe U3 HHUX Ai-
na3mMepuMo upu goGom ¢ ¢ .S. Cramo 651Th, GyHKOUA f A;-H3MEepHEMA TPH
aobom t € S (ra. IV (2-e man.), § 5, m. 10, npenxn. 6).

Ilnsa monyuesms ¢) mpuMeM CHOBa 0603HAYEHUS U3 LOKA3ATEIbCTBA
mpefaokenns 3; QYHRIUA f, OyAyun v-U3MepHMOHE, M3MepPHMa OTHO-
CHTeJBHO KaKIod m3 Mep v, <L v. Ho 5Tu MepH OrpaHHYeHH, W 3Ha-
qUT, MOMEPAHTHH, U 13 a) ciaexyer, uro M IOKaNBIO W,-npeHebpeskn-
Mo Tpu; JwoboMm o € A. ITo B cBOI ouYepedb BiedeT, uTo M NOKAIBHO
p-npeneGpexnmo (§ 2, m. 2, caemcreue 2 u3 mpemr. 1).

Irenmoxenue 5. Hycmov [ — uucaosan noaosicumenvras v-usmepu-
mas gynryus va X u nyemo N — muoxcecmeo mex t € T, das Komo-
pux | He seasemcs hi-udmepumoil u Ai-modepawmmoi.

a) Ilpednoroxcum, wmo f v-modepaumua. Tozda muomecmeo N

A0KAABHO -npeHebpexcumo, Gynryus t— S | f(z) dh, (z) p-usmepuma u

Ji@av@=[auo | 1@ ao. ©)

b) Hpednoroscum, umo f v-Moaepan}rzna u umo A wupoxo nenpe-
pusno. Toeda N p-npene6pexscumo, Pynwkyus tr— S* f(z) dhy(z)

u-usmepuma u p-modepanmua u

[(fT@v@={"aww @, (10)

¢) IIpednonoscum, umo hi (1) << + oo sokasbho p-nowmu eciody.
To20a mHoxcecmeo N A0KAABHO WU-npenebpescumo, @ynryus >

— Y f (z) d\y (z) p-usmepuma u ewnoansemes (9).

Hoxasem caauana a) (coots. b)), mpexmonaras, qro f v-MogepanT-
Ha. YTBep:KeHHUS, Kacalomuecs MHOMecTBa [N, OLIIH yie YCTAHOB-
newsl (mpemd. 4 m cuencteue 2 m3 mpenar. 3). B cuny mpemmomcenus 6,
§ 1 MBI MOKEM OTPAHHYMTHCA MOKA3aTeNBCTBOM a) (COOTB. b)) B Ka-
IOM M3 CAeAVIOMMX CaydaeB:

1) ¢yuxmus f v-mpenebpe;xuma.

an*
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2) HaiineTcss tanoit komnakT K, uto f o6pamaercsa B Hyans BHe K
n 9To cyxeHme f Ha K HempephiBHO.

YacTuni ciryuait 1) 66t yace mecnenoBan (caegctsue 1 uz mpepa. 3).
Hns msyueHmsa Broporo oGosHaymM vepe3 G OTKPHITOE V-MHTErpPUpye-
MOe MHOKecTBO, comepamee K, uepes }f - mOCTOAHHYIO, Maykopu-
pyomyo f, depez h - MOAYHeIPePHBHYI0 CHH3Y OyHRDuo Mg,
¥ uepes g — QyHRmuo 2 — f. IocKONbKY f moNyHempepHBLIA CBEPXY
aa X, To g moayHempephiBHA CHU3Y M moaosmutenbna. Hpome Toro,
f, g h v-marerpmpyemsi.

IMpuvernnm tenepb dpopmyrny (4) (cootB. (5)) ¥ moOMyHerpepHBHHIM
cunsy ¢yuxmuam h m g. Ilepexoms k pasmocTsaM, BUIMM, 9To PYHK-

uus t— S.f (z) dA; () (coots. S*f (z) dh; (z)) p-usmepmMa, U BEHI-
monasierca gopmyna (9) (coors. (10)). Hawomen, mpm ycmorum b),
GyBRUUA § > S*]‘ (2) dA; () uMeeT KOHewHHU BepPXHMI HWHTeTPa;

CJIELOBATEIBHO, OHA W-MOEPAHTHA.
. Urobsr foKa3aTh C), BO3BMEM CHOBA MEPH W, W vV, U3 A0KA3ATeNb-
CTBA TPENJIOMEHHs 3; MOCKONBKY f V,-U3MEPHMA U V,-MOJEDAHTHA,

TO yTBepsKIeHUe a) BiedeT, uTo GYHKIUA  —> S.f (x) dry (z) po-m3me-

pumMa ®m 9T0

[T @dve (@ = [ dua 0 |1 (@) ahe (o).

OcTaeTcs Tumb TPOCYMMUPOBATH IO ., TPUMeHUB npemnoxennsa 1 n 2,
§2, m 2.

Ecau me mpepmosararh, 910 f V-MOJIEDAHTHA, M He JEJIATH IPEANO0-
JKeHUe, YTO BHIIOJHEHO C), TO COOTHOmeHHWe (9) MOKEeT He BHIIOJHATHCA

(yup. 3).
CaencrBue. Hycmo [ — gynryus na X co sHaueHusmu 6 6aHazo6oMm

npocmparcmee F uau 6 R, v-uamepumas u v-modepanmnas. Jas mozo
ymo6u [ 6vaa v-ummezpupyema, Heobxodumo u Gocmamoyno, ¥mobwm

oo [T 1r@ 1o @< + o

ITO BEITEKAET CPABY jKEe M3 UPEAIOMKEHUA O W M3 KPHTePHA WHTETr-
pupyemoct: (ra. IV, § 5, m. 6, teopema 5).
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3. ITosmopHsie UHMELPAALL 0Nt Y HEUUTL CO SHAUCHUAMY
68 BANAX060M NPOCMPAHCIEE

TeoreMa 1. Iycme f — gynryus co swauenuamu & 6anHarosoMm

npocmparncmee F uau 6 Ru nycmv H — mruoxncecmso mex t € T, dasn
xomopviz [ He sfeasemcs Apunmezpupyemotl.
a) Ecau f v-unmeepupyema, mo H aokaavno p-npenebpescumo,

gynryua t— S f (z) d\; (x) (onpedeaennan dasn t § H) cywecmeernro

w-unmeepupyema u
jrave@="{do|roaae. (1)

by Ecau f v-uwmeepupyema, a A wupoko Henpepvieno, mo H,
EpoMe mo20, J-npeHeGpexcumo u @PYnryus e S [ (x) d); (z) (onpe-

deaennan dan t ¢ H) pn-uwmezpupyema. i
¢} Ecau Af (1) << 4 oo s0EasbHO p-noumu ecmay, mo 3aKAUEHUR

u3 a) ocmalomes cnpasediusiMy 048 CYUWECMEEHHO V-UHMezDUDPYemoll
Pyunryun f.

Baagane goxameM a) (cooTB. b)). 10 yTIBepsK/eHHE BEepPHO, KOTAA
[ — monommrTenbuan quciaorasg Gyurnms (mpensa. d); ecan f — HmHTer-

pupyeMasi GyHKUUS cO 3HAUEHHAMH B R, TO 3TOT pe3yabTaT IpmMe-
HAETCH K MONOMKHMTeNbHHM QYHRMUAM f* u [~ m, cTano GHTb, Mocpes-
CTBOM pAaccMOTpeHHSA PasHOCTH pacupoctpansercs Ha f. Octaerca
U3yauTh cayuail ¢pysxumii co smHagenmsaMu B F. Ilyers # — mop-
mpocTpancTBO0 U3 Lk (v), cocTosmee u3 JAHHEHBHX KOMOWHANWILs
¢ xoapdunuentamu uz F, Qyurnumit mz &% (X): pesyabraT, oTHOCA-
muics K QelCTRUTeNLHHM (YHKOUAM, CPasy e BjedeT CIpPAaBeIH-
BOCTh yTBepeHusa fis snementToR us . Ho &4 mmotno B L (v);
cramo 6HTH, maa mwboro f € £} (v) cymecTByer mocaefoBaTeabHOCTh
(f,) saementoB umz F¥, obmagaromas crefyOMUMHI CBOHCTBAME!:

1) wocaenoBaTenbHOCTh (f,) cxomutes ¥ f B cpesuem B Lk (v)
® v-TO4TH BCIOAY;

2) dynrmua g = | f, | + ZElen+1"‘fn | Takoma, aro v* (g) <

<<+ oo (ra. IV, § 3, o. 4, teopema 3).
Ilyers N, — mHOKecTBO TeX £ € T, maa KoTopHX Af (g) = + oo3
N, noxkampEo p-mpereGpemmmo (cooTB. U-TIpeHEGPEKMMO) B CHIY
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dopmyart (6) (coors. (7)). Ilpu t ¢ N, Pyurnuu 7, mpuHALIEKAT
ZL¥ (\;), mocaeoBaTeNbHOCTE (f,) CXOTUTCA A;-1IOUTH BCIOAY, 8 CTAJIO
OHTh, M OTHOCHTEJBHO TOHMOJOTHY CXOMUMOCTH B cpenHeM B Lb (Ag)
(ran. IV, § 3, n. 3, npepn. 6). Ilyers M — muOmecTBO Tex z € X,
A KOTOpHX f, (x) He cxopmres K f (z); mockoabky M v-npeHeGpe-
KUMO, TO MHO;kecTBO N, 1ex t€ 7T, nias KRoTopex M He sARIAeTCA
A;-mpeHeGpeRUMOIL, NOKANBHO p-npeHeGpemuMo (cOOTB. p-mpeHeGpe-
KUMO) B cmay chemnctBus 1 u2 mpeptoskenus 3.

Ilpegmomoxxum, 4ro ¢ He mpuHamdexut N, || N,; mociaenoBaTesb-
uvocTh (f ) cxonmurea B cpegeM B Lk (M) U cxoauTCA Ap-ouTH BCIOTY
k f. CaegopaTtensHo,

fEZLEM) u 5 fdr = lim 5 Fodg

n—»oo

(ra. IV, § 4, n.1). Cramo 661, MHOMECTBO H, pUrypHpyIomee B ycio-
pun, comepxutea B Ny |J N,, W 3HAUHT, 0HO JOKATBHO p-TmpeHeOpe-
muMo  (cooTB. p-upeHeGpexmmo). G gpyrofi cTopoHH, QyHKIUA

t-——»S f d\; nowxanbHO pP-mOYTH BCIOKY pABHA Ipelely IocenoBa-

TeNBIOCTH P-H3MePUMHX (QyHKnmi; 3HAUMT, oHA p-u3Mepmma. Hako-
Ben;, mas mwo6oro t & Ny N, m maoboro n, B CWIy HepaBeHCTBa
| fn{<<g u opexnoxenns 2, ra. IV, § 4, m. 2,

|Jr@a@|< [e@a @

Ho pysrmust t— S * g (z) dA; (z) cymecTBeHHO pu-mHTETpHpyeMa (COOTB.

y-MHTeTpUpyeMa) coriacHo mpemioxenuio 5. CTamzo GHTb, MOMKHO
HNPUMEHATL Teopemy JleGera, B pesyabTaTe 4ero IOJTyIaeM:

S dp (£) S f(2) dh; (z) = ,}1125 dp. (1) S Fa (2) dhy (2) =
= lim S fr(z)dv(z).

n—»oo

A DOCKOIBKY S [+ (2)dv(z) cTpeMuTes K 3 f (z)dv (2), rorma n — oo,

To B CHJIY TpeANoNo:KeHWil, CHeJAHHHX OTHOCHTENLHO IOCIEe0BA-
teapnocTn (f,), oTcioma ciexyer cooTHomenme (11), m Tem cammM
a) (coors. b)) noxrazaHo.

Ipemmonowum Temepb, 410 Af (1) < -+ oo JOKAJNBHO p-TIOYTH
BCIOLY ¥ UTO ¢ €CTh CYmecTBeHHO v-mHTeTpupyeMas Qynknus. Ilycrs
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f — Takas v-uHTerpHpyeMas (QYHKIHSA, 9TO g = [ JOKAJILHO V-TIOYTH
peionay (§ 1, m. 3). Torma ¢ = f modru Beopy Axs A;, Kpome Tex I,
KOTOpble 06pa3yioT JOKaJNbHO U-TpeHeOpexuMoe MHOKecTBO P (caen-

creue 1 ¢) mpegn. 3). Hmeem Sgd?»t = 5 fdr; pna téPi H, uro

# 3aBepilaeT QOKa3aTebCTBO.

Jamevaunue. llyers A: t— A; — p-cornacoBaunoe orobpa-
wenme I' B off, (X). Ecam oroGpamenme A': ¢—> A; mpocTpaucrea T
B of+ (X) paBHO A JTOKaJPHO P-TOYTH BCIOJAY, TO W3 ONIpemeeHmi
cpasy ke caegyer, aro A’ Tojke p-cormacoBanHo u 9T0 A m A’ HMerT
onumHE U TOT ke uRTerpan. Eciou remeps H: ¢ ~> m; ecrd QyHRuuA
co 3HaueHUAME B o/ (X), ompegeleHHAs JOKAIBLHO WU~TOYTH BCIOAY,
To Mb Gynem cHoBa roBopmTh, 4T0 H p-coriacoBaHa, ecim 0HA paBHA
JIOKATBHO W-T0YTH Belopy otobpasmenuio A: ¢ —> Ay, BCIOAY ompefe-

JeHHOMY U p-coriacoBamHoMmy. llomoskuM Temeps S Nedp () =

== S A;dp (1); aTO ompemesnenyie He 3ABHCHUT OT HCIIONb3yeMO# (yHK-

nuz A. MH npegocTaBiseM UHTATENI0 HPOBEPKY TOTO, 4TO IIPENIO-
JHEHUA, MOKA3HBAEMEle B IPEABIAYMUX LHYHKTAX, PAacCIpOCTPAHAITCA
Ha W-COrNIACOBANHEE (GYHKIWW, OIpefeNeHHBE JOKANbHO [-IIOYTH
BCIOTY.

4. YV nugepcaarvno usmepumsie hy nryuu

Onrenenerue 2. 'ogopam, wmo omobpascenue f npocmpancmea T
6 monoaozuteckoe npocmparemeo F ynusepcarvno usmepumo, ecat ono
Y-usamepumo ommuocumenvro 4060l noacicumesvroil mepwtt U wa T.

IloxmuoskecTBa ua 7', xapaxrepucTmyecKas (QYHKIUA KOTOPHIX
YHHBEPCATbHO HM3MEePUMA, HASHBAIOTCH YHUGEPCAAbHO USMEDUMBLMU
MHoxcecmeanu. Quu obpasyror o-anrebpy max T (rn. IV (2-e umsn.),
§ 5, u. 4, caegctBue 2 U3 TeopeMs 2), KOTOpoe COMEP/KAT 6OpeTeBCKIe
MAO:KecTBa (TaM jKe, cjaefcTBHe 3), H 06pa3yIOT CYCAHUCKEE MHOKe-
crBa, ecau I merpusyeMo (ra. IV (2-e mzpn.), § 5, m. 1, cuegcereue 2
w3 mpen. 3). Ilasa Toro urofs otobpaskenue f mpoctpauctsa I B Toro-
JI0TH9eCKOe NPOCTPAHCTBO F, MeTpudyeMoe W CUETHOTO THMA, OBLIO
YHHBepCaTbHO H3MEPHMO, HeO6XO0MUMO H J0CTATOTIHO, IT06L mpoolpas
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mpn orobpaykenun [ mioGoro saMKHyToro mapa ma F OB yHHBep-
canbHO M3MepHMEIM mopMHOKectBoM u3 T (ra. IV, § 5, m. 3, Teope-

Ma 4).

ITrennoxennE 6. Jas mozo umobe omobpaxcenue f npocmpaucmea T
8 monoaozuneckoe npocmpancmeo F Ova0 YHUBEPCAALHO UBMEDUMO,
Heobxodumo u docmamouro, ¥mobvl f 6BA0 USMEDPUMO OMHOCUMEAbHO
al6oti noaoxumeavrnoli mept Ha T ¢ KomMnarmubm Hocumesem.

Venosme, oueBMAHO, He0OXOAKMMO; OHO U [OCTaTOYHO, MO0 BeAKAdA
LDONO/KUTENBHAS Mepa [L eCTh CyMMa CeMeiiCTBa Mep C KOMIAKTHBLIM
nocutenem (§ 2, u. 3, mpemn. 4): ocTaeTCs TPUMEHUTH IPENIIOKeHNE 2,

§ 2, m. 2.

[Teennoxerne 7. IIyemv p — nosoxrumeavuan mepa va T u nycmo
f — p-usmepumoe omobpaxcenue T 6 monoaozuneckoe npocmpancmeo F.
To20a cywecmeyem maroe yHusepCAAsbHO usmepumoe omobpascenue f
npocmpancmea T ¢ F, wmo f = f aokaavro p-nowmu eciody.

ITycrs § —— MHOMKeCTBO TakMX KOMUAKTOB w3 [, 4TO cysKeHue f
Ha K HempepHBHO; HOCKONbKYy § p-miorHo (ri. IV (2-e msm.), § 5,
. 10, upegn. 13), To mafinerca cemeiicTBo (K;);c; mOmapHO He mepe-
CeKaomuXCcsA DHIeMeHTOB u3 §, ToKalIbHO CYETHOE W TaKoe, YTO MHO-
mectBo N = T'— |J K; moxambHO p-uperebpeskmmo (rm. IV,

€l
(2-e wuan.), § 5, o 9,1 apemi. 14). Ilyers 2 — snement uz F; momnomum
f @ =7£f(@), ecm t€ | K
i€l
@) =ua, ecim t€ N.

QDynknpur f u f paBEE Me:xIy COGOH JIOKAABHO W-IOYTH BCIOAY-
C pmpyroit cropomnr, N (| K ecTs OoperneBCKOe HmOAMHO:KeCTBO u3 K
nasa miobGoro kommakra K ms T, B cmny toro, uro cemeiicteo (K;)
nokanwHO cdetio. Orcioyia BHTekaer, yTo N — yHHUBepCAaJbHO H3Me-
pHUMOEe MHOKECTBO W 4TO f — YHEBepCaJBHO H3MepmMas QYHKIHA

(rn. IV (2-e man.), § 5, o. 10, upepn. 16).

3. Jugdysuu

OurenenenuE 3. Iyemv X — 40KaAbHO KOMRAKMHOE RPOCMPAH-
cmso u nyemv A: tr> Ay — omobpamenue T ¢ oy (X). I'osopsm,
ymo A eemv Ougpysun T ¢ X, ecau A cozaacosano ommHocumenvHo
ab6oti nosoxcumenvroll meprt na T ¢ komnakmuun nocumesem. Ioso-
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pam, umo Jugpdysus A oezpanunena, ecau ece mepbt hy 0zpanuNeHbl
w ecau sup || M|l << 4+ ooy mozda ama eeaunura HASBIGAEMCA HOP-
€T :

moti A u obosmawaemes || A ||

Caenyiomee mpefiioskeHne sBIAsSETCSA BCEro JMHEL Nepedpasupos-
KOH ompefeneHus.

IIrepnoskEanE 8. Jas mozo umobb omobpasenue A: t — Ay
npocmparcmea T 6 oft+ (X) 6via0 dugdysueti, Heobrodumo u docmamo-
HO, YMOGH GWNOAHAAUCH CAEOYIOUUE YCAOBUS:

1) Mas awboii noaynenpepwvieroli cnusy gyuryuu f >0, onpede-
aennoli na X, dynuryus tv> A (f) ynusepcaavno usmepuma na T.

2y Has aoboti pynryuu g € ¢4+ (X) gynryus t — Ay (g) aokasvho
oepanuiena na T.

3) MAas awboii noaynenpepuienoii cuusy ¢Pynkyuu >0 na
X u awboii nosoxwumesvrol mepvt o Ha T ¢ KoMnakmubM HOCU-
meaeM cnpagedauso ciedyiouee coomuoulenue, 20e uepes v 0003HaueH

j de dp (2):
fr@aw@={ao| 1@ (12)

IMpenmonoxum, aro A ectn qudpdysua. Torma ycaobue 1) gocraTod-
HO B CHIY OnpefeleHHs COTIAaCOBAHHHX orobpakeHuit (m. 1, omp. 1)
u upefnoskeHus 6; ycaoBme 3) jocraTowno B cmay QopMyasl (4),
nocKkoasKy A p-cormzacosano. ITyers g € 68, (X) m myers u — QyHE-
uus ¢ ~> Ay (g) (yHuBepcannHO m3MepuMas coriacHo 1)); mpemmono-
YKHM, 9TO U He ABIAETCA JOKAIXLHO orpaHmdyeHHoi. Torma cymecTByer
Takodl Komuakt K, 9ro u He Gyfer orpanudeHa Ha K, ¥ 3Hayur, Hai-
neTcd ToCHeoBaTeabHOCTS (£,) sleMeHTOB U3 K, 1 Koropofi u (t,) =
> n? upu a06oM n > 1; craxo 6HTh, U He MHTEIPUpPYEMa OTHOCHUTENb-

HO MEPH C KOMIIAKTHHM HOCHTEJNEM: [ = 2 —2—2 €n, 9TO IPOTHBODE-
n>1
9UT YCIOBHMIO, HallodkeHHOMY Ha A;oTcioga caemyeTt, 9rot—> A; (g)
HATerpuUpyeMo A N060H MONOMKUTENbHOH MepH € KOMIOAKTHHM
wocureneM. TakmM obpasoM, cQOpMyIHpPOBaHHBE BEHINE TPH YCIOBUA
rHeoOxonumbl. O6parHo, U3 yenosuit 1) u 2) BrTeKkaeT, 4To A CKalZgpHO
CYMeCTBEHHO U-MHTEIPHPYEMO OTHOCHTeNbHO M060# MepH L ¢ KoM-
HaKTHHM HOCHTesNeM. A HOCKONBKY BeAkas Mepa p' > 0, mamkopmpo-
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BaHHAAg Mepoll |L ¢ KOMIAKTHHIM HOCHTENEM, TOMe MMeeT KOMUAKTHEIH
HOCHTENb, TO yenoBua 1) u 3) mokassBaoOT, YTO A U-COTIACOBAHO NJA
n1060#t TOMOMKUTENHHON MePH ¢ KOMIAKTHHM HOCHTEeJeM, W MBI IIOJY-~
JaeM HMCKOMBIII pesynbTar.

Mpegnomenne 9. Hyemv A: > A, — makoe omobGpascenue T
8 My (T), umo Pynryus t— A, (g) YHUBEPCAABHO UBMEDUMA U AOKALL~
Ho oepanuvena na T npu aAwboi g€ &%y (X). Moxcno ymeepicdamp,
umo A ecmv Sugdysusn, e raxcdom us caedyowuxr cayuaes:

a) monosozus npocmpancmea X umeem cuemmuwnii Gasuc;

b) A yrusepcarvro usmepumo 6 WUDPOKOT MONOAOZUL.

JleHCTBUTENBHO, IYCTh [ — HOJOMKUTEIbHAS Mepa ¢ KOMIAaKTHBIM
nocureneMm B I'; orobpaskeHHe A CKAaJISAPHO CYMECTBeHHO U-HHTEIPH-~
pyeMo, a B3HAUmT, WU-COraCOBAHO, €CHU BLIIOJNHAETCA &) WIH b)
(upena. 2).

B ocraBmeiics wactu sToro maparpada MH OpPHHHMaeM ClefyIo-
mue ofosHauenuA: GyneMm ofoszHadaTh 4Yepes (N, 2 ) cymecTBeHHEIH
BEPXHUI MHTETPAJ OTHOCHTENLHO MOJOMHUTENHHON MEpHL 1) OT MOJ0-
JKUTEJNBHOH 1n-uamepumoit ¢yurmunm h. Otobpaskenue A: £+ Ay
6yner mudpdysueit T 8 X. Ecau f — HonokuTespHasd YHHBEPCAIHLHO
uamepuMas GyHruusa Ha X, To Mel OyneM gepes Af o6ozHavgaTs oTobpa-
sxeaue t— A; (f). Ecam p — oomoskurensnas mepa Ha ', maag Koro-
poit A ckaJApHO CylmecTBeHHO W-HHTEIPHPYeMO, To MH Gyaem ofosHa-

9aTh Uepes UA Mepy S Ardp (t). Torga ompenenenve WHTerpaja Upu-

HEMAaeT BHJ

(pA, f) = @, Af) ana fe€ &y (X).
Bynem rosopurh, uro momoskmrTenbHad Mepa p Ha I npunadaelcum
obaacmu dudgysuu A, ecim A p-corsiacoBaHo: 9TO CBOXUTCA K YTBEPIK-
neHmo (IpUHEMasg BO BHUEMaHwe mpemt. 8), uTo A cKalApHO CymecT-
BeHHO p-mHTerpupyemo u wro <{(uw'A, f) = (W', Af) nua awo6oi
HOJNORUTeNbHOA MepH W' < p u s M1060f TOTyHenpPePHBHOA CHU3Y
OONOKUTEeNLHON QyHKIUHU f.

MMeepnosiienue 10. Hyemv f, § — ynusepeasvrno usmepumvie ROA0-
ascumenvhle gynkyuu na X, a >0 — uucao, p u v — nosoxcumens-

Hble mepwr Ha T.
a) Hmeem A (f -+ g) = Af 4- Ag, A (af) = aAf.
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b) Eeau p u v npunadaexcam obaacmu Juggysun A, mo amo
6epHO U 048 [ 4 v u ap, u Kpome mozo, a(p -+ v) A = p A 4+ vA,
(ap) A = a (pA). ;

EnmucTBeHHHM HEOUeBHNHBIM HYHKTOM HBIAETCA NIPHHAMIEK-
gOCTh b + v obnactm nuddysum A; B sTOM MOKHO ybenmThbed,
3aMeTHB, UTO BCSAKAH HOJOKUTENbHAS Mepa, MA)KOpUpyeMad Mepoi
@+ v, mmeer Bug p' - v, rme p’ < p, vV < v («iemma o pasbue-
umm, ta. 11, § 1, o. 1). Cm. Tarixe caemywomee npepioskenme 11,

ITeepnomerne 11. Jas mozo uwmobwl nososcumesvras mepa |\
na T npunadaesxcara obaacmu dugdysun A, neobrodumo u docmamoy-
HO, Wmobb. A 6BI0 CKAAADHO CYUECTBEHNHO p-dnmeepupye.uo.

Heob6xogumocts ouepmpua. O6GpaTHO, ROOYCTHM, YTO YCIOBUE
BHOOJHAETCA W UYCTh [ — MOAYHEOPEPHBHAH CHU3Y IIOJOMKUTEINb-
maa QyExmmsa Ha X. DOyHknma A f yHuBepcanbHO w3MepmMa, a 3Ha-
quT, B p-usmepuma. Mu foxakem, ato {(u, Af) = (pA, f); Tak Kak
9TO PaBeHCTBO 0yeT CUPaBeIuBO TaK:Ke MJIA JI000H HOJIOMKUTENBHOM
mMeps p' < W, HOCKOABKY A TaKike CKaIAPHO CYMECTBeHHO W'-wH-
TerpupyeMo, TO OTcioja 0yaeT caemoBaTh, 4T0 A p-COraacoBAHO.

Mycre (p;)ier — Takoe CyMMupyeMoe CeMEHCTBO IOJOMKHTENbHBIX
Mep C KOMUAKTHEIM HOCHTEJEM, UTO [i = lei (§ 2, n. 3, mpema. 4);

i€

TOr7a ceMeficTBO Mep W; A CyMMEHpyeMO B PA = 2 wiA ‘(11. 1, caen-
iet
crBpe w3 mpema. 1). CrmemoBarennmno, (uA, f) = Z (A, 1) 8 2,
icl

o. 1, npena. 1); Ho A p;-cormacosano, Tak UTO
(Wi\, f) = {us Af).

Ilpmmensin cHoBa mpensoskenme 1, § 2, moaxydaem mcroMoe paBeH-
CTBO:

MA, H= %(wA, = gmi, Afy = (u, Af).

Curgcrsue 1. Eecau A — ozpanuvennas dudgysus, mo ecakas
NOAONCUMENbHAS 02PAHUMEHHAR Mepa | npuHadaexcum obaacmi dug-
dysuu A, u

A< Hp AL

Caepcrsue 2. [Ipednoaodcum, wmo | ecmv CYMMa CYMMUPYEM020
cemeticmen (Ug)uca NOLOICUMENLHBLL MeD, RPUHAOLeHaWUT obaacmu
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duppysuu A. Jas mozo umobu pu npunadaexara obaacmu uddysuu
A, neobzodumo u docmamouno, wmobb cemelicmso mep oA Ouao
CYMMUDYEMO, U 8 IMOM cayiae

pA = 2 Had.
agA

IocTaTodHo npmMeHHMTH ciaencTBue w3 mpemiomkenua 1. m. 1.

ITpepnomxenme 5, chopMyampoBaHHOe B TepMuHAXx nuddysui,
OPUHEMAaeT CAeLYIMYK $opMy:

Meepnoxerne 12. Iyemv p — noaoxwumesvnas mepa wna T,
npunadaexcaujan obaacmu duggdysuu A, u nyemov f >0 — ynueep-
caavho uamepumas gynryus na X. Ecau f modepanmra 0as meptr pA
uAl ecau Mepwl Ay oepamnunens, mo dymryus Af p-usmepuma u

(WA, f) = {u, Af). (13)

Caepcrsue. Ecau X cuemhno 6 Geckonewnocmu uaw ecall Mepbl Ay
ozpanunenst, mo ynryus Af ynusepcasvro usmepuma una T Oan
w060l yHusepcaavho usmepumoii gynryuu f = 0, onpedeaennoil na X,
u ewnoansemes (13).

6. Komxnozuyusa ozpanuiennstx dufhghy3uti

Meepnoenue 13. Hyemv T, X, Y — ao0kaavho KoMmnarmuwe
npocmpancmea, A: t > hy — ozpanunennas ugdysus npocmparcm-
e6a T ¢ X, H: z — 1, — oepanunennas dugpysus X ¢ Y. Tozda
omot6pascernue t > A H ecmv ozpanunennas dugpgysus T ¢ Y, komopas
obosnauaemes N H, u

WAH I <ITA WA L (14)

Hyemv | > 0 — ynusepcasvno (usmepumas @ynryus, onpedeaen-

Has na Y, w — mepa na T. Ipednoaoxcum, wmo p npunadaexcum

obaacmu dugpgysuu A uumo pA npunadaexum obaacmu dupdysuu H;
mozda p npunadaexrcum obaacmu Oupgpysuu AH, u

w (AH), 1Y = A, HP) = (u, AHP);
(uA) H = p (AH); A (Hfy = (AH) f.
Monosmm y; = A, H; 6ynem o6osnauats depes I' orob6passerune AH

npocrpatctBa I B ofly (Y), a gwepes I'f — dpymrnmo ¢ — (y;, f)
(moka meompasmanno, m60 Ml eme He 3HaeM, 6yner am I' guddysneit).

(15)
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B cuny (13) umeem (y,, f) = (H, ) = (A;, Hf); nockonbry GyHEK-
uus Hf monosxurenrHa m yHuBepcasabHo msmepumma Ha X (ciepcrBme
ms mpean. 12), To orcioga mpesme Beero BuTekaet, uto I'f = A (Hf),
a sateM uto I'f ymmBepcambio mamepuma Ha T (Ta ke ccnuika). flcwo,
9T0 BCe MepHl A; HMeIT HOJHYI0 Maccy, Uo Gonbmeli Mepe paBHYIO
| Al H|. CnemoBarensno, I'g yHmBepcaJabHO MBMEepHMa U OIpa-
ApdeHa Aiaa aw6oli gyurmum g € 57y (Y); craao 6w, I' ckansapuo
CYIIECTBEHHO HHTErpHpyeMa AjiA no6oii orpaHmyeHHoil MepH Ha T
U, B 4&CTHOCTH, JUIA a1000# MepH ¢ KOMUAKTHHM HocuTejeM. Boobme,
€CIIH |\ — TaKasa Mepa m3 ofaacTu A, 9To WA mpuHANIERUT 00JMACTH
orobpaskerus H, To puasa g€ g5, (V) mMeem

Iocnepnsas BedWUMHA KOHeYHA, W LOHTOMY SCHO, 4To I' cralspHO
cymecTBeHHO p-pHTerpupyemo. O6oszmaumm uepes pl' wmHTerpadn

S\’tdll (?) (moxa weompaBpmamHO, M00 MBI eme He s3HaeM, 6ymer au I’

rudpdysmeit). Torma mpegsmymime COOTHOIEHMA 3aUUIIYTCA B BHME
T, g) = (uA) H, g)

win, eme, pI' = (uA) H, Tak Kak g — npousBoibHAsA QYHKIHA
uz 5. (V).

Paccmorpum cHOBa ynmBepcanbHO m3Mepumyio ¢yHEumio f = 0.
Nmeem

(ul, ) = ((pA) H, fY = @A, Hf) = (u, AH)) = {u, T
Korpna f monymempephiBHa CHEH3Y M Korga u mpoferaer MHOMKECTBO
OOJNMKUTENBHEHX Mep ¢ KOMIOAKTHEIM HOCHTENEeM, 9TH COOTHOIMEHHH
mokasHBaloT, 9r0 I' ecth Auddysusa upocrparcrBa I B Y. YTBepikae-
HEA UPENIOKeHHA UPENCTABIAIT coGoil He UYTO MHOe, KAaK ABHO
BEHIpaIKEHNE COOTHONI@HMI, MOJYYeHHEHIX B MPOIECCe UPOBEIEHHOIO
BEHIIIIE JIOKA3aTeJIbCTBA.

OnrEnEIEHUE 4. B ofosnauenusr npedroxcenus 13 duppysus AH
Ha3weaemes Komnoauyueli ospanusennur dugpgysuti H u A.

Iyers X;, X,, X5, X, — NOKaJIbHO KOMIAKTHBE TPOCTPAHCTBA,
Ay, Ay, A; — orpammuennme nudpdysmm coorserctBerno X; B X,,
X, B X, X; 8 X,. Us mpeanoswenua 13 cpasy ke BHTeKaeT, uTO

(AiAZ) A3 = At (Aer)-



318 HHTETPUPOBAHUE MEP ri v, §3

Taxum o6pasoM, MBI OyaeM A KomMmoszuuyu Tuddysuil moap3oBaTHCA
obosHadenuaAMr 063 CKOOOK.
Mpusep. Hycrs v — yHuBEpCagbro ms3Mmepumoe orobpaskenue T
B X, v ~— yEuUBepcanbro uamepumoe otobpaskenne X B Y; cornacHo npej-
aoxenuto 2b) onpenensem qupdysun A u H mocpenctBoM GopMy:

hy = Eur M = Cota)s
torfa juddysun I' = AH onpepenstercs paBeHCTBOM

Vi = E(wou)(t)-

Hy:xpeo cobamiaTh 0CTOPOKHOCTL M HMETh, CJIEJI0BAaTEILHO, B BHIY, 9TO
nopsnok Komuosunuu auddysuil nmporupomosoien oOHYIEOMY HOPARKY
KOMIO3UNUH QYHRIMI. .

Ynpaxnenusa

1) Hyers T — womuakTHHi matepsax [0, 1] u3 R n n — mepa Jle6e-
ra ga 7. Y nyets X — J0KaAbHO KOMHIAKTHOE HPOCTPaHCTBO, NOJYyYeHHOe
B peaynbrate majenenus werepsaia [0, 1] muckpernoit tonmomorunefi. OTo6-
pakenne > Ay=¢g; T B off (X) CRaZAPHO CYMECTEEHHO MHTETPHPYEMO,
¢ uprerpajom v = 0., [Jlus nocrospeoli ¢ymkuuu f, pasmoil { ma X,
dopmyaa (6) us mpepnoxenusn 3 HesepHa. Brisect oTc0Aa, 4T0 oToGpaske=
gHe ¢ —> Ay HE FBIAETCA [L-COTVIACOBAHHEIM.

2) Ilycts TOKANBHO KoMIAKTHOE IHpocTpaHcTBo I M Mepa u >0 —
omnpenienennsie B yop. 5, ra. IV (2-e man.), § 1. Bosbmem B kadectse X
MuEOKecTBo 7', HajieIeHHOE TOIOJOTHeH, HEHyunpyeMoil Tomodoruei ua R?,
tak 410 X JOKANbHO KOMIAKTHO H c4yetno B Geckomeumoctd, IlycTh
t > Ay — Takoe otobpamenue T B off (X), 94T0 Aj=2g; pa1s a06oro t=(0, y)
m A= g /nd ana t= (1/n, k/n?). Ilorasath, 4To oTOOpasKeHue t > A;
JA-COTITACOBAKO, HIHPOKO [-H3MEPHMO, He SBJIAETCH IMHPOKO HeIpPepHBHEIM

u 4T0 ecau v= SA, dp (8) 1 ecnn = ¢g, rme ] — KBajpaTt ¢ HEHTPOM

0 u croponoit 2 B R2, 10

[rovo<fawo (1ono= -+«

3) Myers T, T' — NoKanbHO KOMIAKTHEIE TTPOCTPAHCTBA, i — IOIO-
JKuTeJNbHAA Mepa Ha T B pu' — MoJoKATeNbHAs Mepa Ha I'. Ha mpoctpan-
cree-npoussefiernn X = T X T’ monoxum Ay = &; @ p', AM,=p Q@ e,
mas ¢€ T, ¢ € T'. Orobpamenne ¢+ 2y (cootB. t' > AL) T (coors. T')
B ofl (X) mMHUPOKO HETIPEPHIBIO U [i-COIIACOBAHO (COOTB. ['-COTJIACOBAHO) H

V= @ p = S?\,dp. (1) 5 = M dy’ (t)

(ro. 11T (2-e maa.), § 4, . 1; cp. § 8). Bosbmem B KavecTBe 7 WHTEPBAJ
[0, 1] ua R, B KavecTBe p-mepy JleGera, B wagzectse 7’ — mmrepsan [0, 1],
HaNleNeHHui Juckpemuoli TONONOTHeH, m B Kaveetse U — Mepy Ha T,
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onpeneneBEy0 Maccoll -1 B Rampoit Touke us T'. Ilyers f — xapaxtepu-
cTudecKas (QYHKONA (Uarosaiu» mpoctpaHcTBa X (MHOMCCTBA TOUeK
(¢, t), rme ¢ upoberaer [0, 1]). IlokasaTp, 4To f HOJyHENpEPHBHA CBEPXY
H 9TO

* % * .
1— an | @@ < | 1@ avE =+,

0

I

Y. f(«’c)dV(x)<S' dp,(t)S.f(x)dM (x)=1.

°4) Hpocrpamctea T, T', X u Mepul 1, p', v — Te 3Ke, 9TO U B yup. 3.
PacemoTpum  mpocTpaucTeo-npomnssefenue Y = XX = I'X(TXT')
# pa Y poapMeM MEDY-IPOU3BEJieHNE ® = p @ V. Ecan pgas awboro t € T

NOJOMUTE P = &RV, T0 ® = S p; dp (t). Ilycte H — Tmopmmuo-

»xectBo m3 T, He wuaMepumoe oTsocmteasso p (ra. IV, (2-e man.),
§ 4, yup. 8), m nycth A — HOAMHOKECTBO M3 Y, COCTOANIEE H3 TOUEK
(81, 3, 3), YHOBJIETBOPAIIIHUX YCIOBUAM I = i3, ¢, € H. Ilorasars, 4910
XapaKTepHCTHIeCKas GYHKIUA @4 JIOKAIHHO IPeHe6PE;KHMA O THOCHTENBHO
®, HO Be ABJACTCA O;-N3MEPHUMOIl nu npu xarom t € T.

5) HocTpouTk IIpHMED -COrNACOBAHHOTO ceMelicTBa f—»>Ay; M TaKoi
yucaopoit dynrnun f ma X, ato6st f 6eina Ag;-mamepumoi npu atobonm ¢ € 7,

Ho He GHa M3MepPUMON OTHOCHTEABHO MEpH V= S Agdp (t) (B3ATh X =
= T u Ay = &; Opm aobom ¢t € T).

6) a) Ilorkasarp, 94TO Bo Bcex peayipratax § 3, Kyjna BXOMUT IHOHATHE
IINPOKO HENPEePHBHEOT0 0TOOpaXKeHus f—» Xy, MOJKHO 3aMEHHTBH 9TO Ipej-
MOJIO)KeHHe CHefylomuM: s Jaoboil ¢yrkuun g € ¢4+ (X) ¢ysruns
t —> A; (g) DodyHenpepuBra cHusy Ha 7.

b) PaccMoTpHM CKAJIAPHO CYmECTBeHHO MHTETPEpPyeMOe OTOOparkeHue
t—>}; mpocrpancrea I B off; (X), ynoBnersopsAoINee CICAYIOIEMY
YCI0BHIO;

Jia aoboro KoMmakTHOre mnommuoskectsa K us T u awboro & > 0
CymecTByeT TaKoe KoMIaKTHoe MHOKectBO K; — K, ur0o p (K — K,) <
K e m 9r0 cyenns Ha K; Bcex QymKmmi tw> (f,A;), rme f mpoGeraer
&'+ (X), monyHenpepHBHE CHU3Y.

Hoxrasats, 4to orobpasskenme ¢ > A; W-COLIACOBAHO.

7) a) Ilyete A: t+=> Ay — CKANAPHO CYMECTBEHHO MHTEIPHPyeMOe

otobpaskenne T B offy (X) @ nycth v = gh dp (2). IlorasaTts, 4T0 AJIA

a1060#t monysenpepuBHoil cAM3y ¢yskmum f > 0 ma X
[frove<| we | 10 ae.

b) Hycte A p-mpepcoraacopano, |’ — IOJOKITeIbHAA Mepa, M

< puayets p=p + p’, v = Sx,dp' (t). Busectn m3 a), 4ro pua
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M10601 MONyHeNPePHBHONH CHABY V-unmezpupyemoli pyuxmun f > 0

[rowo={"ao| 0.

PacnpocTpaHuTh 9TOT PeaysNbTAaT HA HOJYHENPEPHBHYIO CHH3Y V-MOje-
paHTHY® ¢yHxnuo f > 0. BeiBecT# oTCIOfa, YTO €CHH V — MOJCPAHTHASA
Mepa- (1 B JacTHocTH, ecau X cdyetHo B Geckomednoctn), To A p-coria-
COBAHO.

) Oyets At ¢ +—> Ay — oTobpaskerne T B ofl4 (X).

a) Hyete py, ..., U —Mepat B2& T U =y -+ ... -+ P, Hasa
TOTO 4T06K A 6HIIO [1-COTJIACOBAHHEIM, HEOOXOIUMO H JOCTATOYHO, ITOOH
A OBLIO ' [1;-COTVIACOBAHHEIM JJis M060TO § (IPHMEHHTH JEMMY O Das-
Guennn).

b) Hpeamonomxum, 4To p — BepXHAA TPaHb QUIALTPYOMETOCH O BO3-
pacTaEmio  cemeiictBa  Mep (M);y- [aA Toro utobH A OEuIO p-cor-
IacopamHbiM, HeoOXO0IMMO u JocTaTOUEO, YTOGH oHO OBITO p;-COTIACcOBaH-
HBIM IIp¥ J060M i € ] ¥ CKAJIAPHO CYMECTBeHHO [L-WHTeIPHPYEMEIM.

c¢) Ilpepmonoxum, 910 p — cymMMa CyMMHPYyeMOTO ceMeiicTBa (”J')J'EJ

ToNoAKATeAbHEX Mep. s toro 91068 A 6EIO p-coriacoBaHHEIM, HeoO-
XOIMMO M JI0CTATOYHO, YTOGH OHO OBLIO [1;-COTNIACOBAHHEIM IpH Ji06oM
j € J nurobsr A OBLIO CKANAPHO CYNIECTBEHHO [-HHTETPHPYEMEM.

d) Jaa toro wto6el A OBUIO P-COIVIACOBAHO, HEOOXOUMO M OCTATOY-
HO, 4T0GK OHO GBLIO CKAISPHO CYINECTBEHHO [-HHTErPHpyeMo m u’-mipej-
COrNIAcOBaHO I Jio6oil Mepel p’ <« |1 ¢ KOMIAKTHHM HOCHTENEM.

9) a) lIyere 7T wu X — JnokanbHO KOMIIAKTHREE IPOCTPAHETBA,
€+ (T) — BHNOYKIWH KOHYC BCeX HENPEPHBHHX TIOJNOKHTEIbHHX (YyHK-
nuit ga T u V—orobpaskenne ¢4+ (X) B €+ (T), obuananomee ciaenywo-
WWMH CBOMCTBAMH:

V(f+ g) = Vf+ Vg’ ecan fa g E C‘%.+ (X)v
V (tf) = tV (), ecmn f € K4 (X), t € Ry

TlokasaTh, 4TO B 9TOM CIyYae CYyMIECTBYET, ¥ HPUTOM EJHHCTBEHHANA, TAKAA
auddysua A npocrpanctea T B X, 9to Af = Vi pana nwoboro f € o4 (X).
IToxrasarts, 910 9TOT Pe3yabTaT BePeH TaKKe, €CIU 3aMeHUTHh KoHyC ¥+ (T)
KOHYCOM HOJYHEIPEepPHBHHX CHU3Y dyHKOmiT HA T, MONOKHUTENLEEX U JO-
KaJgpHO OTrpaHmYeHHEX (cp. yup. 6).

b) Hpexnonosxnm, 410 Tonosorus B X umeer cdeTHHi Gasuc. IMoka-
3aTb, 970 CPOPMYJIHUPOBAHHEIl BHINE pPe3yabTaT OyJeT BEDeH, ecad 3ame-
HUTh KoHyC ¥4 (7T) KoHycOoM yHHBEpCAlbHO M3MEPUMHX ¢yHKuui ma T,
NOJOKUTEIBHEX U JOKAIBHO OrPAHMICHHEIX.

10) Hycre T, X, Y — JokanpHO KOMHIAKTHHEE IIPOCTPAHCTBA, C4eT-
HEle B OeckomedHocTH, A: f > A —uddysus T e X, H: z > 1, —oud-
¢ysna X B Y; rosopar, 910 A ¥ H somnosupyenw, ecnn pysruus A (Hg)
JokajdbHo orpapndena Ha T juia mwoboro g € o& 4 (Y). Ilokasate, 910 €ciau
A v H KoMmrmosupyeMmsl, To A; TpuHAMIERHT ofnacTn onpesenenus H 1pH
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aoboM ¢ € T, u 4to otobpaenue ¢t — M H ects audpdysus 7 B Y. Pac-
IpoCTPaHUTh HA 3Ty cutyauuo gopmynst (15) (mpepa. 13).

11) Hycts ¢ —> Ay — p-coriacosansoe otobpaskenne I B off4 (X),
Y/IOBJIETBOPSIOMEE CACAYIOMEMY YCIOBHIO: /1A d000ro KOMHAKTHOTO IOJ-
Muaokectsa K w3 7 cymecTByeT TaKoe KOMIIAKTHOe IIOJMHOMeCTBO Ly
n3 X, 1ro supp (Ay) < Lg.

a) Iloxasartb, wro aua xoboil ¢pyurnmu f > 0 na X

S’f(z) dv (2) > 5 dp (t)S*j(z) dhy (2)

(ucmonb30BATH TPEMJI. 3a)).

b) Ecau f > 0 noxanpuo v-npenebpe;xuma, To amuo:kectso tex t € T,
AnA KOTOPHX f He ABIAETCA ApNpenebpesKUMOH, JOKAABHO W-TpeHeGpe-
FRUMO.

¢) Ecuu f — v-usmepunmoe orobpakenne X B ToNoJOrHYECKoe IIpo-
CTPAHCTBO, TO MHOJKECTBO TeX ¢ € T, Add KOTOPHX [ He ABIAeTCA Asname-
pumoii, JOKAJLHO [-TIpeHedpeRuMo.

i~ %

d) na aoboit  v-uavepumoii f > 0 orobparkenne tr——-»j fdhg

§-u3MepuMo M

. *
[rovw=Two|" romne.

o

e) llycte f — $yHRuEA Ha X co 3HavYeHuAMHd B GaHAXOBOM IpO-

CTPAaHCTBC HJIHA B R, CymeCTBCBHO v—nmerpnpyema;{. HOKaSaTL, YTO MHO-
secTBO TeX f € T, JiA XOTOpHX [ He ABIAETCA A;-HHTErPUPYEMOM, JOKAIb~

Ho p-upenebpesxino, GyHrnua ¢ —> 5 [ (t) diy (z) (ompemeneHHas nOKaxb-

HO [OYTH BCIOAY OTHOCHTENBHO [) CYMIECTBEHHO [i-HMHTerpHpYEMa I

S F (@) dv (z) = ﬁ du (1) S F (@) dhy ().

§ 4. Nnrerpupopanne noa0KATEIBHBIX TOYEYAMX MEP
1. Cemeticmea moueunvlx mep

Ilyers X w T — pgBa JNOKAJIBHO KOMIAKTHEIX IpPOCTPAHCTBA,
n — oroGpaskeEme 7' B X u g >0 — komeunas ducioBas GyHKIusA,
onpeneneHuag Ha T'; 91u QyHKIAU OOpeedsaIoT 0TOGpaKeHNe § +—> A=
= g (#) &4y, mnpocTpanctsa T B mpocTpaHcTBO off (X) Mep Ha X
Takoe, 9To A moboro { € T oroGpaskenme A; JubGo ecTb modeunasn
mepa (ra. II1 (2-e man.), § 2, n. 4), mu6o pasuo 0. Ecam f > 0 ects
anciIoBasg (yHKOUA, ompeneleHHadA Ha X, TO

["T@a@ =@ a@=1=we

21 H. Byp6akn
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(HATOMHHAM, 9TO MH YCHOBWINWCH CIUTATH BTO IpOW3BeNenne PaBHbM 0,
ecim g (8) = 0, a f (n (£)) = - oo). Bearas pynknusa (co sHageHRAMI
B TODOJOIMYIECKOM NPOCTPAHCTBe), onpenmeiertas Ha X, A,-m3Mepmma
naa goboro f€ T. Besroe orofpaskenuwe f mpoctpaHetsa X B Ga-
HaX0BO upoctpaHcTBo F  A,-mATerpupyemo mpu Jwobom (€T m

Sf (@) dA; (z) = f(n (¢)) g (). Haxomen, ecam f- npouaBoJBLHAA

4ncaoBan QYHKOUA, oupelledennas Ha X, To JJiA Toro, atobu f GHlIa
A;-MHETErpUpyeMa, HeoOX0quMO W [10CTAaTOYHO, 4TO0K mpou3sBegeHME

F(m (?) g (¢) 6pm0 KomedHo, W Torjla S f (x) dhs (2) = f (n (8) g (D).

Onrepeaerut 1. ITycmv w — nosoxwcumesvnas mepa wa I'. Ioso-
pam, wmo napa (m, g) u-adanmuposana, ecau GHNOAHAWOMCR caedyio-
wue Yyeaoeus:

1) Qynkyuu © w g P-usmepuMsl.

2) das awboii gynryuu f € 4 (X) omobpasxcenue v f (1 (2)) g (¢)
CYUECTBERHO P-UHMEPUPYEMO.

Heennoxenue 1. Ecau napa (7, g) p-adanmuposana, mo omobpa-
wenue A: t> Ny = g (t) &y, npocmpancmea T 6 oMy (X) cranapro
CYWECTNBEHHO -UHMESPUDYEMO, ULUDOKO W-USMEPUMO U |\-COZAACO8AHO.
Ob6pamuo, ecau A cKAIAPHO CYWECMBEHHO U-UHMESPUPYEMO U WLLDOKO
U-UBMEPUMO, MO PYHKYUA § W-USMEPUMA U CYHCEHUE T HA MHOKHCeCmEo S
mex t€ T, das romopux g (1) 5= 0, p-uamepuno.

B camoM pexe, mpefuosnokuM, 910 mapa (7, g) p-agantmposaHa;
rorfa mas moboir ¢yurmmm f€ ¢ (X) dymrmua te—> {f, A;) =
= f(n (2)) g () cymectBenno p-unterpupyema. Ilokamen, uto t+s A,
mupoKo p-usMepumo. HelicTBuTenpHO, IpesKie BCETO OTMETHM, YTO
eCIIM Il K g HENpEpBleHsl, TO OTOOpaskeHne i A; WUPOKO HENpepbléHo.
B ofmem caydae MHOKECTBO TAKHMX KOMIAKTHHX NOAMHOKecTs K
w3 T, 4ro cykeBua n u g Ha K HempephBHH, pu-miotHo (ra. IV (2-e
m3n.), § 5, m. 10, mpepa. 15); ecaim K — Taxkoe MHOKECTBO, TO CyKeHme
oTofpaykeHnsa i+ A; Ha K IIWPOKO HENMPEpPHRBHO, OTKYAA MOJydYaeM
nepsoe yreepsafenne. llpennoxenne 2, § 3, u. 1 noxasmsaer, ato A
p—comacoxséno.

O6paTtHO, MPeNIIOIOKHAM, 9T0 A CKAJSIPHO CYINECTBeHHO MHTerpH-
pyeMo W IAPOKO U-M3MEPHMO; ToIjla OHO p-corsacosano (§ 3, m. 1,
upenn. 2). Ilockonbry ¢yExmusa 1 moaymenmpepniBHA cHusy Ha X,
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to byHRIEA t> Ay (1) = g (§) p-mamepuma (§ 3, oup. 1). Crano GuTH,
mMuOomecTBo S mamepumo (ra. IV (2-e map.), § 5, m. 5, mpeaa. 7). Muo-
HecTBO § Tex KoMmakTos K < S, qia KOoTopHX g | K HempephisHoO,
a A | K mmpoxo HenpepbsiBHO, p-muiotHo B S (ra. IV (2-e wman.),

§ 5, m. 10, mpept. 15); caeposatennno, ecnu K € &, To cyskenme Ha K

orobpaskeHus I+~ Smt):_,,}(‘t—)‘)‘t MHAPOKO HENPEePHBHO, W 3TO BjedYeT
=4
wenpepuisuocts 1 | K (ra. ITI (2-e wmsm.), § 1, 1. 9, mpenn. 13).

A mockonbpky § p-mimotHO B S, TO cy;keHme . Ia S W3MEpPHMO.
Ham nonagofutcs ciaefqylomas JTeMMa.

Jlemma 1. Tyemv T u X — monoaoceuteckue npocmpancmea u 1 —
Henpepbigroe cobcmeennoe omobpaxcenue (O6masn tom., ran. I (4-e may.),
§ 10, onp. 1) T 6 X. IIycmo, Oanece, § — wucrosan Gynryus, noayme-
npeptisnan chusy na T. U nycmo dan awbozo x € X uepes f (z) o6o3na-
uena HUMHAS epanv  @dynkyuu g (f) na mmoucecmee m~' (x) (ecum
n! (z) = (J, ToO NwKHAA FpaHb PaBHAa - oo; cp. Teopua MHO:KeCTB,
ra. I, § 1, n. 9). Tozda | noaynenpepvisna cuusy na X.

Has awGoro (KOHeqnoro) MeHCTBATEJBHOr0 YuCjHa a 0003HaUYMM
uepes B, muorectso Tex x € X, nia xotopuix f (2) < a, a depes 4, —
muokecTBo TeX t € T, niusa KOTOpHX g (t) <{ a; BCe CBOAMTCA K JOKa-
3aTeabeTBY Toro, uro B, samrnyto (Ofmas tom., ra. IV, § 6, m. 2,
npena. 1). Ho A, samrnyto (Ta ke ccHIKa), m coGcTBeHHOe 0TOGpa-
smenne 1t 3aMrEYTO (O6masn Tom., rav. I (4-e msn.), § 10, n. 1, mpema. 1);
¢Tallo GHITB, BCe CBOXMTCH K JIOKA3aTeJLCTBY Toro, 9ro m (4,) = B,.
Ouesuproe cootnomernue [ (n (£)) < g (f) nua mwoboro ¢t € T Bieser,
uro nt (4,) = B,. O6patro, nycts z € B,; mHomectso n~! (z) KBazu-
xommaktao (O6mas rom., va. I (4-e msn.), § 10, m. 2, teopema 1)
u HeNycTo, M 3HaYnT, Hafimerca Takoe t€ n'(z), wro g (¢) =
= inf g (u) = f(z) (O6man tom., ra. IV, § 6, n. 2, Teopema 3);

uET-1(x)
Torga umeeM t€ A, u n (1) = z.

2. Bepxnue unmezparst 0m NOAOUCUIREALH LY PY HEWULL
OMHOCUIMEAPHO UHINEZPAAA 0T M OUEUNLLL MeP
Mur ceifgac moxaskeM, 9to xoraa (m, g) ecTh p-ajlanTmpoBaHHASN
Tapa, TO MOMKHO YTOYHHTH WOJydeHHLIE PE3YABTATH, IPHEMeRAA
npefomeHust w3 § 3 Kk cemeiicrny @w> Ay = g (£) ey, KOTOpOE
B cHry mpemnowenus 1 ABiadercs p-COTIACOBAHHEIM.

21*
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TroreMa 1. IHyemo (n, g) — p-adanmuposannas napa u nycmo

Vo= S g () eney dp (8). Jan awboi gymryuu f >0 na X

5'; (2) dv (z) = S.f(n (1) g (8 dp (1) (1)

A) Tpepmono;kEM BHagajke, 9TO Mepa p MMeeT KOMIOAKTHHE HoOCH-
Telp K m qTo cy:eBusa Ha K Qynxuuit ¢ u n nenpepusnu. Cormacno

dopmyme (4), § 3, m. 1 umeenm v (1) = S g (8) du (¢) << 4 oo, Tax uro0
: J :

Bce MepH, Bxonsmue B dopmyxny (1), orpammuens. CaeposaTenbHo,

. *®
MOH{HO B JIeBO#l 9aCTH 3aMeHHTb g Ha 5 . YuuteBaa Qopmyay (6),

o

§ 3, m. 2, Bce cBOAUTCA K JOKAa3aTeJbCTBY TOT0, 4TO

[T @av@ < 7 e du, (2)

e CEMBOJ S B HpaBOﬁ 4aCTH MOMKET GHITH B CBOIO odepenrs 3aMeHeH

*
Ha \ . Coraacuo onperesleHui0 BepxXHero niHTerpajsa NocTaToIHO

b

HOKa3aTh HepaBeHCTBO

j*f' (2) dv () < S*h (t) du (8) (3)

nas mioboit dyHrIuM k, monyHenmpeprBHONl cEu3y Ha I', MaskopHpYIO-
meit pyurnmo ¢ f (1 (#)) g (f). Urak, oyers &€ >0 7 nycers u —
dyuaxnua (b 4 e)/g, woropas monymHempepmBsHa chmzy Ha K. Ecam
ten ({2 N K, 70 u () =1 (2): B caywae g (£) = 0 sro oueBmAHO,
6o torma u (§) = + oo; B cayugae g{f) >0

u(@ g =h{®) +e=>f(n()g(t) =f(z) g,

oTKyna u caegyer TpebGyeMoe HepaBeHcTBO. [Ipm 3Tux ycJoBHAX
ofoszuaunM depes v (z) gaa mo6oro z € X HWKHO©L TPaHb QYHKIEH
u(t) mpm t € ! ({z}) N K. Oysxuns v MasxopupyerT f B culIy maxo-
JKeHHOr0 BhHILTe, MOJIyHenpephisua Ha X B cmay demmer 1 (mpmmeHen-
Holt K cywmenmio n Ha K) # v{(m (8) g (&) <h () + & npn m06om
¢ € K (#amommuy, 4To JeBasg 492CTh NO COTIANIEHMIO DABHA HYy-
mo npu g (¢) = 0). Ilpumermm Tcueps & v dpopuyay (4), § 3, m. 1.
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TTomydaeMm

S'f(x) v (z) < S*v(x) dv (z) =
=@ e@an <[ B+ =
- S*h(t) dp () 2 ep (1).  (4)

A TOCKOJIBKY |4 OrpaHMYeHa ¥ € NPOUBBOILHO, OTCIOAA CIexyeT
HepaBencrso (3). '

B) Ilepeiimem Temeps K ofmemy caydaio. OToGpaykeHume ¢ +>
— (1 (8, g (1)) npocrparctBa T B X X Ry p-mamepmmo (ra. 1V,
§ 5, m. 3, Teopema 1), mostomy muO;KecTBO § Tex K m3 7 cymeHns
Ha KOTOpbe OTOGpaKeHWH 7 W g HempepHBHH, p-miotHo (ra. IV
2-e m37.), § 5, n. 10, mpexn. 15). B cmry mpemamomenna 4, § 2, 0. 3
U ABIAETCA CyMMOR CYMMHPYeMOro ceMeilcTBa (P'oc)ae A Mep HeCOMDIX
snemeBTamu u3 §; mockoabKy mapa (m, g) pg-afganTEpoBana npm

moboM a € A, To M0OKHO 0003HAYUTD depes v, Mepy S g (1) eny dpag (2).

Torma B cuny A) nmeem

[ 1@ dve (@) = {77 ) g () dua (0. (5)

Ho v, ofpasyior cymMupyemoe ceMelicTBOo ¢ cymMoit, pasmoi v (§ 3,
n, 1, caepctsme m3 mpepa. 1). Cramo 6wTe B cuay npennoxenus 1,
§ 2, m 1,

S f@av(@)= 3 {77 (2) dva (a). (6)

agA ©

ARaorndEOe COOTHOIIEHHEe BHINIONHACTCA M i HpaBoil dacTm op-
myan (5), n sHaunr, dopmyaa (1) crenyer us dopmymn (5) cymmmpo-
BallHeM . 0 O )

Caenctene. Jas moeo umobs nodmmnoscecmeo N uz X 6sl10 foKadb-
HO npeHedpeNuMo OMHOCUMENLHO Vv, Heobrodumo u docmamouno,
umobel nepecewenue muoxcecmea n~t (N) w muoxcecmea mouer us T,
6 Komopuz g (t) >0, 6btle0 40KAALHO NPEHEODPENTUMO OMHOCUMEILHO .

Hrepnomenus 2. Jycme 7 — Henpepuisnoe cobcmeennoe omobpa-
acenue T ¢ X (O6mas rom., ra. I (4-e usn.), § 10, m. 1) u g — uwucao-
6as pynryus, nenpepusnas na T u maras, wmo g (£) >0 das awbozo
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t€ I. Toeda napa (m, g) w-adanmuposana, u ecau ROLOHCUMD

v = g g (1) exqy dp (2),

mo a8 awboil wucaosol gynkyuu f =0 na X
[Tr@av@ =" (@) gt an . (7)

Acno, yto M W g P-U3MEPHME; KpoMe TOro, AN mioGoil QyHKIEH
Y € & (X) QyHrnuA onl HempepHBHA W HMeeT KOMIAKTHHE HOCH-
Tellb, TOCKOABKY &t — cobCTBeHHOe oTOGpaskeHue; Ctanmo GHTH, mapa
(w, g p-amamtuposama, m mpu oroM otofpaskenue f— g (£) &qq
WUPOKO HENDPEDBIGHO.

IIycre 2 — rmakas monyHenpephiBHas cHusy QyHKuusa Ha I', 410
F(m(t) g (t) << h(t) npu mobom ¢ € I'. Mu moKaskeM, 9TO

[TT@av@<|roao. (®)

Orciona, mo onpefenennio BepXHero mHTerpaja, GyfeT clienoBaTh
HEPaBEHCTBO

[Tr@av@ < 71w ewanw,
KOTOpoe B coefuHeHWN ¢ HepasesHcTBoM (7) u3 § 3, m. 2 u /[OKasH-
Baer (7).

Yrobrt gokrasare (8), ompedenum Ha X ¢(yHKIUIO f caemyrommm
o6pasoM: [ (z) ecTh HIKHAM rpaub pas h (t)/g (t) Ha MHOKecTBe
a' (z) (ecam n~! (z) = &, To HHKHAA rpaHb paBHa +oo). DyHK-
nHA [ ofxagaer CACIYONUMH CBORCTBAME:

1° 7 (z) > f (z) nan awboro z € X (mockonbky g (t) >0 nmaa
mo6oro ¢ € T).

2° f (s (2)) g (t) < h (t) pan moGoro t € T.

3° MyEKuuA [ mOXyHeNpepHBHA CHU3Y Ha OCHOBAHWM JeMMH 1,
OOCKOJNBKY #/g monyHenmpepmsHa chmsy Ha 7.

CiefloBaTes ibHO, PWHNMAA BO BEEMaHWE Ipejloenne 2a) us § 3,
u. 1, umeem:

lTwe@<{Toee=
= Tamewamo<|roan,

n dopmyna (8) moxaszaHa.
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3. Hamepumocmv omHuocumersvno unmezpaaia
om MOUCUNHBLX MeDP

IfeepnomennE 3. Hycms (nt, g) — p—a@anmupoeauudﬂ napa u nycmo
v = j g () eawy du (t). Iycmo Ganee f — omobpaxcenue X 6 monoao-

2uneckoe npocmparemeo G u S — (W-UBMEPUMOE) MHOMCECMEO MOUEK
tcT, 6 vomopux g (1) >0. Jaa moeo umobun f 6viio v-usmepuro,
Heob6xo0uMmo u docmamouno, umobs cyxcenue fom Ha S Oviao p-usme-
pumo.

Ilpepmonoxum BHagaxe, 910 f v-usmepumo. Ilo ycxosuio, MHOsKe-
¢TB0 § TaKux KoMmaKTHHX mopMHOMecTB K w3 S, uto cymenne 1 Ha K
HeIpepsBHO, p-miotHo B S (ra. IV (2-e usn.), § 5, m.10, npena. 15).
Cramo GHrb, uTO6H HOKa3aTh, 9YTo cyskemue Ha S QyHKUEHA fom
U-N3MepHUMo, [OCTATOYHO JOKazarh, wro auasg moGoro K € {® mHo-
JHECTBO KOMIAKTHHX nogMHO3Kects H us K, Takux, 4T0 CysKeHme
fonma H HempepHBHO, u-mwixotHo B K (ra. IV (2-e usn.), § 5, o. 8,
operi. 13). Ho mo ycmosuio, cymectByer pasfuwenue KOMIIaKTHOTO
mHOmecTBa 1 (K), cocrosmee u3. v-mpeHeGpeRUMOro MHOMecTBa N
¥ T[OCHEeHOBATETBHOCTH TAKHAX KOMOAKTHHX MHOMKectB (C,), 910
cymemne [ Ha Kakjoe um3 C, Heupepnsso. lpm artux ycaoBuaAx
KNa' (V) n muomectsa K(In~!(C,) ofpasylor pasbmeHue MHO-
#ecrBa K; mo K () n~' (N) p-upeHeGpe:xuMo B cuiy CIelCTBHA
u3 teopeMH 1, m. 2, a MmpokectBa K [] n~! (C,) KOMOaKTHB U CyKe-
HAe QYHKIUM foIt Ha Kas/[0e E3 HOCHEIHUX HENPEpPHIBHO, 4eM H J[OKa-
3aHO, 4TO cy/KeHMe Ha S QYHKIMH folt y-H3MepPHEMO.

Obparso, TpenoI0KAM, YTO yCJHOBHe Npe/ioseHNA BHIIOIHEHO;
9To0Hl ITOKAa3ath, 4T0 f v-U3MEPUMO, JOCTATOYHO JOKA3aTh, 4TO MHO-
wecTBo & KOMHIAKTHHX moamposkects L m3 X, Takux, 9ro cy:kenue [
Ha L HempeprBHO, v-miotHO (ra. IV (2-e uan.), § 5, m. 10, mpena. 15).
Hyere N — rtakoe nogmuoskectso u3 X, uro N 1 L v-upeneGpesxumo
aaa moboro L € &; moxrameMm, uto N I0oKanabHO v-mpeneGpeRuMo.
Jlna sToro M AOMKHHE HOKasaTh, aro n! (N) 1 S mokanbrO p-mpe-
nebpesumo (clesicTBue u3 TeopeMH 1, m. 2). Ho MHOKecTBO § Takmx
KOMIIAKTHHIX ogMHOKecTs [ ma S, uro cymernns Ha H orofpamenuit it
U foni HENPepHBHH, IO ycaoBmi0 y-mxorno B S (ra. IV (2-e map.),
§ 5, m. 10, mpema. 15). Crano GsITh, HAM MOCTATOYHO NOKA3ATh, YTO
a1 (N) 1 H p-npeneGpemumo aia mwooro H € §. Ho n (H) xom-
HAKTHO B MOeT OHTH 0TOMKIeCTBIEHO ¢ PaKTOPIPOCTPAHCTBOM MPOCT-
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pancrsa H Do OTHOWEHWIO dKBWBaJeHTHoCTH 7 (t) = m (t'), mpudem mt
OTOK/IeCTBISIETCH ¢ KaHOHW4YeCKWM oToGpaskenueM H Ha aro dakrop-
npoctpaHcerBo {O6mas Tom., ra. I (4-e msn.), § 5, m. 2, upenn. 3).
A Tar kak cyxenue fom Ha H HempepwniBHO, To cyskeHue f ma st (H)
HeNpeprRBHO, mMauW, HHawe roBopsa, n (H) € &, u ciemoBaTesbHo,
N 1 =n (H) v-npeHe6pesknmo. B cuny caepctBus m3 teopemu 1, u. 2
MHO}KecTBO 1t (N [} = (H)) (| S noxampHO W-ODpeHeGpesRWMO; 3Ha-
9UT, TO Ke caMOe WMeeT MeCTO [ MHOMKeCTBa '

HAat(N)ycat(NNaE)NS;

HO mockonbry H wommaktao, H () ' (N) p-mpeHeGpemmmo, ueM
H 3aBepliaeTcsd AO0Ka3aTedbCTBO.

3ameuanne. Ecan f—orcGpamerne X B 6aHaX0BO IIPOCTPAHCTBO
F, To Bce cBOAMTCH K yTBePKIEHHIO, UTO cysKeHne oTobpakeHns [ o
Ha S W-m3MepuMo, mwian dTo ¢ymuuuma (Fom)g (oupesenemuas Ha T)
p-u3MepuMa, HOCKOJbKY g W-u3MepmMa, He ofpamaercs B Hynb Ha S
¢ paBHa Hya Ha T —S (ra. IV (2-e mapn.), § 5, m. 10, mpegn. 15).

4. Humezpuposanue Py Hryudt co0 3sHAUEHUANY
6 1aHAX080M NPOCMPANCIEE OMHOCUNLEALHO
UHMEZPAIT 0N MOUCUHBIX HeEP

TropemA 2. ITycmo (m, g) — p-adanmuposanuas napa u v =

= S g (t) expy du (t). ITycme, dasee, f ecmo Pynryus na X co smave-

HUuamu 6 6anaxosom npocmpahcmge F uau ¢ R. Jlas mozo umobn f
Obaa  CYupecmeeniHo V-UHMESpUPYeMma, Heobxo0umo U docmamouHo,
umobu omobpaxcernue t— f (5 (1)) g (t) Ovlao cywecmsenno p-unmezpu~
pyemo, U mozda

[r@av@ = 7@ ena o (9)

I pednoroxcum, rpome mozo, wmo T — HenpepyieHoe cobcmeertoe
omobpasicentie, @ makdxce wmo g Henpeptisha u g (1) >0 npu awbom
t €T. Tozda dan mozo umobn, [ Guaa v-urmezpupyema, HeoGrodumo
u docmamouno, umober omo6pascenue tw—f (n (t) g (1) 6vao p-un-
mezpupyemo.

A) Mu HauneM ¢ W3ydYeHMsA CIydas, KOTJ[a Mepa P BMeeT HOCHTE-
JeM KomuakT K, Ha KoTopoM g orpaHm4eHa. Torfla Mepsl B # v orpa-
HO9eHEL ¥ MOKHO 3aMeHHTH B OPMYJIHNPOBKE (CYMeCTBeHHO WHTeTpH=
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pyema» Ha «uHTerpupyeMa». IIpepmomosmm, gro f v-mHTerpmpyema:
trorfa Qyermus f (n(?)) g (t) p-uHTerpumpyema, u coorHomenme (9)
BEIIONIHSIETCS B cuay TeopeMmul 1, § 3, m. 3. OGparHo, npejgnonoxuM,
gro f (n (t)) g () p-mATerpupyema: Torga f v-usmepuma (m. 3, apenr. 3
1 3aMedaHme), I

Vir@iev @ = {1r@@ 1g@dn < + oo

(n. 2, Teopema 1): cramo 6miTh, f cymecrBenHo v-mHTerpupyeMma (§ 1,
. 3, upena. 9), u sHauuT, v-wHTErpUpyema. Ilocae aroro reopema 1,
§ 3, m. 3 Bueuer (9).

B) MepeiineMm k o6memy cayuato. ITycrs & — MHORecTBO TaKmX
KOMIIAKTHHX mofamuoskectB K u3 T, ato g | K HenpepHBHO; & p-mior-
o (ra. IV (2-e man.), § 5, o. 10, npenu. 15), u cramo Grurn, Mepa p
ABIAETCA CYMMOH ceMeficTBa (lg)aca MEp, HECOMHEX 3JI€MeHTAMH
n3 & (§ 2, n. 3, openu. 4). ITapa (g, n), 0O9EBHAHO, o -ABANTAPOBAHA
npu aio6oM a € A, W Mepa v sABJIAETCA CYMMON ceMefiCcTBa Mep vq =

= { ey 2 @) dna (0 (8 3, m. 1, npena. 12). Tpmyers paceyme-

HEA U3 A) K MepaM lg, Vg, MOJTYyIUMM ODEpBYIO JACTL TEOPEME], BOC-
HOXB30BABINHCH TpeioKenneM 3, § 2, m. 2.

- aa toro urobur $ywrnus f (coors. ¢+ f (1 (1)) g (t)) Gnua
HHTeIpHpyeMa OTEOCHTENBbHO v (COOTB. OTHOCHTENLHO W), HeoGX0omAMO
M 0CTaTO9HO, 9TOGH OHa Gplia CYHIECTBEHHO MHTeTpUpYyeMa W 9TO0H

\,* [f (z) | dv (x) << + oo (cooTB. S* [f(n () ] g(t)du (t) < +o0).

Bropas wacth TeopeMbl cpasy JKe BhiTeKaeT W3 HepBOil wacTu @ U3
npemsiomennsa 2.

3ameuanumue. [Iycts (n, g) — p-agantuposaHHasa mapa, i’ —
TaKoe otobparenne mpocrpanctsa I B X n g' > 0 — Takas KoHew-
Has 4mWcioBag QyHKOms, ompefcienHas wa I, gro n’ (coots. g')
paBHO 7 (COOTB., g) JNOKAJNBLHO NOYTH BCioAy orHochmTenbHOo M. Torna
(n', g) p-amanruposama, Ay = g (t) &ay W A = g’ (t) €a’sy paBHm
JOKATBHO MOYTH BCIONY W 5 g (t) eqy dp (8) = S g (t) e du (2).

Ecau remeprs ' m g' ompeselieHB JWINL JOKAABHO HOYTH BCIOAY
(orHOCHTENBHO {) W CYIMECTByer TaKas W-afaNTHPOBAHHAA mapa

(7, g), aro 1’ (cooTB. g') paBHO T (COOTB. g) JOKAIBHO HOYTH BCIO-
1y, to mapy (n’, g’) CHOBa yCIOBHMCS Ha3HBATH {-3TaNTHPOBAHIION
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u OyneM moiaraTth
& 0 ewvwdn ) = | g0 eaw dn @)

{cp. § 3, n. 3, sameuanue). Dopmynuposku teopeM 1 m 2 m mpepmo-
KeHUSA 3 0CTAlOTCA CIPABEMIUBBHMHA, €CId NPeAION0AKATH, YTO I
M g ONpejfeneHH IAMb JOKATBHQ LOYTH BCIOHY.

YnpaxaeHnsa

1) TMycrs 7 m X — KOMIAKTHHE IIPOCTPAHCTBA, 1T — HEIPEPLIBHOS
orobpaskerme 7 B X M g — KOHeYHAs HeNpepHBHAA UMCIOBasg QYHKOUA
Ha T. U nycrp gasa awoboro z € X depea f () o6o3Ha9eHA BepXHAA FPaHb
$yrroun g (t) ma muoxkectse i~ (z). [TocTponTs mpuMep, YTOGH f He GHna
nempepriBHoit. (Baate 7 = [0, 1] 3 R, a B KavecTBe 7 B3ATH KAHOHHYE-
cxoe otofpaskenme T Ha $aKTOpPHpOCTPaHCTBO X, IOJNYIEHHOE OTOMKJE-
crBreaneM 0 u 1 B T.)

2y Ilycts X 1 v — JIOKaJbHO KOMIIAKTHOE MPOCTPAHCTBO M Mepa,
ompefeyeHnsle 8 yup. 5, . IV (2-e u3n.), § 1; u nycts f — xapaxtepn-
crruecKas Qyrruusa Maoecrsa D touex (0, y) 8 X. ITokasats, uto B 060-
nX CHeYOnMX HIDKe ciaydasx

v = S g (1) eqp dp (1)

*
S f(z) dv (2) = + oo,

W

rmmeman <

a) Ilyere T = X u p — mepa, oupefenennas maccoi log n/n® B Kax-
noit 3 touex (1/n, k/n®). BoabMeMm B KauecTse ;I TOK/JECTBCHHOE 0TOGpa-
YHeHNe; g OIMpe/eNaeTcs yCIOBHAMM:

g (0, y) =0, g (Un, k/n?) = 1/log n;
g HelpepHBHO, HO HE BHIOJHAeTCA g (¢) > 0 npm Becex ¢ € 7.

b) Iycrs T ects MHOKecTBO X, HajleNeHHOE [UCKPETHOIT TOHOJIOTHEIH,
H | — Mepa, OIPeleJeHHasA MOCPeJCTBOM TeX Ke Macc, 910 1 v. BoanMmem
g (t) = 1 mpm mo6oM ¢, a B KagecTse 7 GepeM TOIcCTBEHHOe 0TO6 pasKeHue,;
nocieqmee GyfeT HEHPepHIBHEM, HO He 6yjer CoOCTBOHHBIM.

§ 5. Mepmi, ompefeneHHbIE NPH HOMOINA YWCJIOBBLIX ILIOTHOCTEN

1. JTokaavino unmezpupyemsie Py nryuu

ITrEanomenue 1. Hycmo § ecmbv Pynryus, onpedeseHnas A0KAALHO
noumu ecidy na T (omHocumeabho noaoxycumenvHol Mepsl ) U npu-

Humalwas suavenus @ 6anaxoeom npocmpancmee F (coots. ¢ R).
Toz0a caedyowue ceolicmea 3K6UEAACHMHDL:
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a) fdan moboll mouku t € T cywecmeyem maras okpecmiocmov V,

umo GYHEYUL GOy p-UHmMezpupyema.
b) Qynuryus g u-usmepuma, u 048 1106020 KOMRAKIIHOE0 MHONCECMEA

K< T umeen S* g | o dp << +oo.

¢) Hdaa awboti wucaosoii gynryuu b € 8 (T) gynryus gh p-unmee-
PUDYEMA.

IToraskeMm, 4ro a) Baedet b); neiicTBuTebHO, Ha OCHOBAHUYU IPUH-
nuoa porammsanmy (ra. 1V, §5, o. 2, upemn. 4) yuknus ¢ usMepuMa.
C apyroit croponm, axsa moboro t € K, mo ycaosuio, 8 I HalifleTcs
TAKAsg OKpPeCTHOCTH Vi, 9T0 (ymKmmsa g(th WHTeTPHPYeMa; CTaJo
OpTh, K MOKeT GHITH HOKDHITO KOHEYHHM 9HCIOM TAKHX OKpPeCTHO-
creit V; (1 <Ci<n), grobn yHKHUA gov, OBLTE HHTeTPUPYEMEH.

n
*
A rax xax | g [ox = O 191 opy 10 |19l grdn < + .
i=t
Hamxee, b) Baedger c), ubo B aroM caydae PyHKuus ¢gh maMepuMa,
u ecan L ecTh KoMmakTHbN Hocutens A, 1o |gh | << |||l 1¢g | @L,

*
¥ 3HAQUAT, WO YCIOBWIO, NMeeM S | gh | dp << + oo; TaKmM

o6pasoM, COrmacHO KpuTepumio mHTerpmpyemocts (ra. IV, § 5, m. 6,
TeopeMa 5) gh MHTErpmpyeMma.

Haxonen, c) Biaeger a). B camom nene, aas moboro t € T nycre V
ecTh KOMOAKTHAS OKpecTHOCTh Toukd t. CymecrByeT HempepmBHOE
oroGpaxenne k mpoctparcrsa I' 8 [0, 1], paBroe 1 ma V u umeiomee
RoMnakTHHE Hocurenb (ri. III (2-e msn.), § 1. m. 2, xemma 1); mo
VCJOBUIO ¢h HHTerpupyeMa, ¥ B3HAUAT, UHTEIPHpyeMa U (JQy =
= (gh) v (ra. IV, § 5, u. 6, caencrue 3 u3 Teopemul H).

OnrepsnesuE 1. losopam, umo dynkyus ¢, onpedesennas A0KAAb-
no noumu ecwdy Ha T (omuocumesbHO ROAOHCUMENLHOT. MEpbL )
co anauenusmu 6 Ganarosom npocmpancmee F (coors. 6 R), aokasvho
UHmMezpupyema OmHOCUmMEAbHo W (UL A0KAAbHO W-UHMEZPUDYEeMA),
ecau oHa ydosaemeopsem ycaosuam a), b), c) npedaomenus 1. Ecau
0 — komnaercnan mepa, mo zoéopam, umo FYHKYUS (f, ONPEOCIEHHAR
A0KaAbHO B-noumu 6cody, A0kaabho B-unmezpupyema, ecal OHa LOKAAL-
HO UHMezpUpyema OMmHOCUMEAbHO ROAoXHcumerbHoll mepwl | 6 |.

Ecan ¢ aoxanpuo B-mHTErpMpyeMa, To BCAKad (QYRKHUA, pas-
Hafg ¢ JOKAJBHO IIOYTH BCIOAY, JOKanbHO mMHTerpmpyema. flcmo, gro
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CyMMa JBYX JIOKQJBHO MHTETPHPYEMHX (YHKIOHA JOKAJIBHO MHTETPH-
pyema. Dynrrmnm co 3Ha9eHUAMU B F, onpedeaenntie 6c0dy W XOKaXb-
HO MHTeIPHPYEMHe OTHOCHTEJIBHO 0, 06pa3yioT BEKTOPHOe MpOCTpaH-
crBo, obosmazaemoe Lioc (T, 0; F); rorma F = R mam C, yoomm-
Hanme F 49acTo OmycKaercs, eCHd He MOKeT BOBHHKHYTH ITyTAHMIH.
dro mpocrpancTeo OyHeT HajeleHO (KOrfa He Or0BAPMBAETCH IPOTHB-

HOe) TOmOJOTHel, OIpefieseHHOl HOoJyHOpMaMmu ¢ —> g lgex| 4|0 |,

roe wngekc K mpoferaer MHOMKecTBO KoMmmaktoB m3 1. Acco-
IUAPOBAHHOe OTAEJHMOEe LpPOCTPAHCTBO, sABASIMeecs (axTop-
npocTpaneTBOoM mpoctparctBa Ll (7, 0; F) mo moampocTpaHCTBY
N7 (F) orobpamennii, J0KaJbHO LOYTH BCIOAY OOpamAOMuXCcs
B Hyxb, obosmasaercs Lloc (7, 0; F). IlpocrpamerBa Lio (7, 0; F)
a Ll (T, | 0 |; F) coBmagamor.

Mokno moKasaTh, 970 TOJBKO UTO OIPEielIeHHEEIEe TOHNOJNOINYecKue
BeKTODHEE TIPOCTPAHCTBA noawtt (ymp. 31).

Besirkas masMepmMast QYHKIUS ¢, CYMECTBEHHO OTpaHHICHHAS
Ha JIOG0M KOMOAKTHOM MHOKecTBe, JIOKaJbHO HHTerpmpyema. Hus
moGoro wmeaa p, 1 < p <+ oo, Besras dysxmua g € L& noranbeo
WHTETPEpYEMa; B caMoM feie, Ja06as ¢yaknusa k € &% (T) upunagie-
smut L? (Thne ¢ — compsKeHHOe ¢ p), B 3HAYAT, QYHKIUSA gh MHTErpH-
pyema (ra. IV (2-e man.), § 6, m. 4, caemcrBme 4 u3 teopemn 2).

Myers F, G, H— 6anaxoBH OpocTpaEcTBA ® (%, v) — D (1, v) —
HenpepHBHOe OmimBeiinoe oroGpakenme F X G B H. Ecan f noxans-
HO WMHTETpHpyeMa M HPUHEMAeT CBOM 3Ha4eHms B F m ecom g € £7,
o @ (f, g) noxansro muTerpwpyemo (ra. IV, § 6, m. 4, caemcrsme 1

U3 TeopeMHl 2).

2. Mepuot, onpederennste npu ROMOW U
YUCAOBBLE NAOMHOCTETE

'Ilycts g — monoskmTeNBHAS WMCAOBas (YyHKIOHUS, ONpelescHHAas
JTOKaJNbHO W-IOYTH BCIOAY Ha I m JIOKAJIPHO W-HHTETPUpYeMast; TOTAa
MUOIKECTBO TeX £, B KOTOPHX g () = -} oo, XOKaJIBHO U-mpenebpe-
KEMO, TOCKOJBKY g@y U-HHTOTpEpYeMa Aasg Jai00oro Kommaxkrta K
(rz. IV, § 2, . 3, mpena. 7). Ilycrs Temeps g — JOKaJbHO WHTErpH-
pyeMas IOJIOMHUTETBHAA KoMeunas (YHKIHUA, paBHAasA g JIOKaJbHO
U-IOYTH BCIOAY; MOJNOKEM A; = g’ (1) g;. OroGpamenme ¢+ Aj
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gpoctparceTsa I' B »/ 4 (I') mMEpPOKO N-H3MEPUMO W CKAJIAPHO CYI[ECcT-
BeHHO MHTErpEpyeMo (mum, eme, mapa (I, g'), rme I — TompmecTBen-~
goe otobpasienme mpocrpaHcTBa [, p-amanTHPOBAHA);. HMHTErpa
v = 5 A du (t) me saBucmT 0T (yHKIMEM g', FOKAIBHO HOYTH BCIOLY

paBHO# g ¥ MCIO0Jb3yeMOii HpH ompefieieHuHm Mep A;. JTa Mepa v
onpejieileNa yClIOBHEM

froawm={roewdan mn jexm. @

Ecam temepp 0 — KOMILIEKCHAs Mepa M €CIH U — KOMIUIEKCHAA
$yHROEA (RiaE QYHROUS O 3HAYCHUSIMH B P—{), ompenielleHHAS JIOKAIb-
HO 0-mouTH BCIOXY W JIOKAJBHO WMHTErpHpyeMas OTHOCHTeNBHO O,
TO MOKHO HALOKCATH

b= 8 — & + i(gs— &) @

0 =y — By + i (U5 — pa),
rae i, = (Re 0)*, py = (Re 0)7, py == (Im 0)*, p, = (Im 0)~ (ra. I11
(2-e m3n.), § 1) u rme g, £, &3 & — QHAJOTHUHHE OGO3HATCHHS;
TNOCKONBRY | U | JToKanbpHO | 0 |-mAETErpmpyeMa, TO KayKAasd M3 IIOJIO-
SKETeNbHHX QyEROmE g; (I = 1, 2, 3, 4) nokanbHO WHTErpUpyeMa
OTHOCHTENIBPHO KaKMOH MOJOMKHTeNbHOE Mepn wu; (j =1, 2, 3, 4),
Tak 9ro0 OTOGpasKeHume

F{iu@ade @

v

€CcTh KoMILeKcHas mepa Ha oF (7).

Owpepenenue 2. [Tyemv 0 — komnaekcrnas Mepa u nyemv u —
Komnaercras Ppynryus (uau pynryus co snavenusmu ¢ R), onpederen-
Haz 10KarbHo 0-noumu ectody u aokaavro O-unmezpupyemas. losopam,
Yo Komnackcras mepa | > S fud® na T ecmv npoussedernue mepu 0

Ha PYHEYUIO U, UAUL MEPA ¢ NAOMHOCTbIO U OmHocumeasto 0, u 0603na-
uawom ee u-0.

Beakaa komnaexcnas mepa, A64210Waica npoussedeHueMm ROLOICU-
MeAbHOU Mepsl |\ HA A0KAAVHO W-UHMezpupyemylo GYHKYUO, Hasvi-
éaemcea mepoll ¢ 6asucox .

Cootrnomenne 1 = u-0 3ammchBaeTCs eme CEMBOJMYECKH B BHIE
dn (H)=u (1) dO (2).
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Horpa u Bciomy ompeneseHa W HempepHBHA, TO MH BO3BDAMaEMCH
K ompefenenuto, upusenennomy B ra. 111 (2-e wsn.), § 1, n. 4. fleno,
YTO €CHAM U, H U, JOKAJIBHO O-mETerpupyeMmm, t0 (4 - u,)-0 =
= u;+0 + u,-0. Touno Tak sxe, ecnm 0, u 0, — nBe Meput Ha T u ecun
U — QyHKOUs, JOKAJABpHO HMHTETpHpyeMas OTHOCHTeNBHO 0; u 0,,
TO U JIOKAJBHO MHTEIPHEpyeMa OTHOCUTENBHO Oy 4 0,, m MH uMeeM
u-(0; + 0,) = u-0; + u-0,.

B naabmeiimem Mbl GyieM OTpaHMYMBATHCA CIYIaeM BCIOAY OHpe-
AeleHHBX (QYHEImMA; pacOpocTpaHenue Ha QYHKINM, ONpefelcHHEIE
JIOKAIBHO MTOYTH BCIOMY, BCErjfa OUYCBHIHOE, LPENOCTABISETCH IUTa-
TeII0.

Cuenmyromee mpefio/kenne MO3BOJISeT B OOJNBIIMHCTBE CJIydaeB
CBOIUTH CJIyYail KOMILIEKCHBIX Mep K CIy9al HOJOKUTENBHEIX Mep.

Neepnomenue 2. Iycms O — gomniekcras mepd, @ U — EOMNR-
AekcHan A0kaAbHo O-unmespupyemas Pynryus; moeda

fu-6]=1ul-|0] 3
YcranoBuM BHawalle BCIOMOTaTeJIbHELM pesyJapTar:

Jiemma 1. Iyemv 0 — komnaekcnas mepa u nycmb | — aaemenm
us L& (T, 0). Toeda

<lelvlfl>= SUP|<97 Cf)lz SUPI(& cf)l’ (4)
56%11 cE%i

a0e &%, (COOTB. %) 03Hauaem MHONCECMEO HERDEDBEHBEL KOMRACKCHBLT
PynEyul ¢ ¢ Komnarkmubm Hocumedem (COOTB. Goperesckux), ydossem-
soparowur ycaoeuino |c¢ | << 1.

Wsyunm cmavana cayqait, worma f € ¢ (I'; C). OugeBmgno, uro
sup | (0, ¢f) | << sup [0, ¢f) | << (0], |71 (om. IV, § 4
CEW1 CE$1
o. 2, mpepx. 2). C Apyroit CTOpOHHI, MYCTH g — TAKOH 3JEMEHT U3
& (T; C), aro | g | << | f|; g ecTb paBHOMepHBII UPENeN HOCIEHO-
BateabHoCTH (g,) saementoB u3 % (I'; C), HocHTeNM KOTOPHIX COZep-
JKaTCsA B OTKPHITOM MHOKecTBe U/, cocTosmeM m3 Tex !, i KOTOPHIX
f @) <0, m Momuo, 0YeBHAHO, NPENIONOKUTB, 410 | g, | <[]
pas mo6oro n. Hoxomwmm ¢, () = g, @)/ f () mma t € U nc, (1) =0
mg t€U; umeem ¢, € 5%,, g = lim¢,f, a 3maunr, | (B, g) | =

n-»00
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= lim | 0, ¢,f) |, u, oxoHwarexwHO,

n-—>»00
sup [0, gy|< sup |0, ¢f)|.
lgl<i|, g€k (T; € ey
3aMeTHB, YTO JieBast 9acTh 9TOr0 HepaseHmcTBa pasma (| 6 |, |f |) (ra.

I11 (2-e m3m.), § 1, m. 6, dopmyna (12)), nomygaem TpeGyemoe.
OGosHauuM Temeps depes [ 9IEMEHT n3 Z% (8) u mokamen, 1o (2)

CHOBA BBIIOJHAETCH: MOCTATOYHO YOENUTHCA B TOM, UTO BCE TPH 4acTH

BTOTO COOTHOIIEHWS HENPEPHBHO 3aBHCAT OT [ B TONOJOIMH IIPOCT-

parctBa Lt (0), MOCKOIBKY OHE COBNAZAIOT Ha MIIOTHOM IOAIPOCTPAH-
ctBe o& (T; C). I1o cpasy Ke BHTeKaeT U3 CIAEAYIOMMX HEPaBEHCTB,

rre f # f' 0G03HAYAOT 2iEMEHTH u3 L (0):
[0, [ F =0 [F IO 1 f=f =N (f—1),
10, ¢fy =0, e |8, le[If = F DN f =)
oA nweboi ¢ € %, Tem camMbiM JeMMa FOKas3aHa.

IlepeiiieM K J0Ka3aTeJBCTBY HPEJIOKeHHs 2. HPUMEHHM JIeMMY
K ¢ymsrnum wh, tne h opmnagiexunt &, (I). Homyamm:

0], |uh|) = sup|(0, cuh)|=sup|(u-0, chy|=(|u-0], h).
ce K1 cEKy

Ho nmepBHil 4ulleH 3TOifl mEMOUKM PABEHCTB paBeH TakiKe

8L lulhk)= {ul-106}|, h).

Cramno 6with, Mepsl |u |-]0 | m | u-0 | paBHHL.

Caepcreue. Iycmb g, u g, — wucaosbie A0KAALHO \-UHMEZPUDYEMBE
Pynryuu; mozda
inf (g1-p, go-1) = inf (g3, £4) 15
sup (g1-1, &5°1) = sup (gy, &)W
B uwacmmuocmu, ecau g — 4ucA06as A0KAALHO N-UHMezpupyemas Pynk-
yus, mo
(gwr=g"-n (gp) =g p
ATO BEHTEKAeT cpasy ke m3 mpepuokenus 2 m us dopmya (6) ra. I1,
§1, m 1.
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3. Humezpuposanue O0mMHoOCUMEALHO MepPbl,
ONPedeseHHOT NPU NOMOULYU NAOMNOCIRU

Bo acex gopmyauposrax smozo nynkma uepes g 0603navaemes noao=
cumenvras uucaosas PyHryus, onpedeseHras 6ciody U AOKAALHO WP~
urnmezpupyemas, veped 0 — romniekcras mepa, a 4epe3 U — AOKAALHO
O-unmeepupyemas romniercnas PYHEYUL.

3ameuaHmsa T 2 TOKABHIBAIOT, YTO pe3yJAbTaTH § 4 IpUMeHEMH
K Mepe v = g-) = S g () e;dp () (xora Mepa g (L) e; omperneneHa

mams s g (t) = +oo). TakuM ofpasom, moaygaeM cliemyiomee
opejJiomenne,

Nrepnoxenae 3. Juas awboli wucaosoli gynxyun f =0, onpede-
aennoli Ha T,

[rav= 1" ¢o) ap. (5)
dro caemyer us Teopemu 1, § 4, m. 2.

CaencrBuk 1. Jlaa moeo umobw @ynryus [ co swavenuamu ¢ Gana-

Z060M npocmpancmee uau ¢ R Gvaa nokaivno npenebpescuma ommo-
cumeavro Mmepsl u-0, Heobzodumo U Jocmamouho, ymobs uf 6vaa ao-
KaAvHo npenebpexcuma omuocumesvho 0.

YrBepxpuenue, aro f (cootB. uf) JMoKaubHO mpeHeOpeKAMO OTHO-
cHTeNbHO -0 (COOTB. OTHOCHTENABHO 0), SKBUBAJeHTHO YTBePKACHUIO,
aro |f | (coorB. |u |-|f|) noxanpEO mpeHeGpesKMMO OTHOCHTEABHO
| u-0 | (coorB. ormocurennHo |8 |). Cramo GuTh, yumTHBag mpef-
JosKeHUe 2, 1, 2, Bce CBOJUTCA K caydvalo, Koria f, u, 0 moxosRuTeapHH,
a TOr[a YTBepsKJAeHH® BRITEKAeT CpPasy Ke U3 HIpeLIOKeHHA 3.

CanepcreuE 2. ITyemv uy, u u, — Komnrekcrbie A0kaAbHO O-umme-
epupyemsie GyrKyuw. Jas moezo ymobu u,»0=1u,-0, neobrodumo u do-
CMamouro, 4mobsl u; U Uy OBAL DAGHBL A0KAALHO ROLMU 6C108Y.

Bee cpasy e cBoamres K J0Ka3aTeabCIBY TOTO, YTO PaBEHCTBO
u-0 = 0 Buewer u (f) = O noxanpHO mHOUTH BCIOAY; HO pPaBEHCTBO
v 0=0 osHagaer, 4T0 ¢yEKUUA 1 NOKanbLHO mpeHeGpeKUMA OTHO-
curensH0 MepH u-0. Torma mpumenmmo ciemcrsue 1.
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CaenctBuE 3." ITyems u — Komnaekcnas PyHEYUL, L0KAAHO UHME-
2pUPYEMASL OMHOCUMEAbHO NOAONHUMELbHOT Mephl L. Jasa mozo wmoGCw
u-u Ovlaa nososcumeavroll mepoil, Heobxo0uMo u GOCIMAMOYHO, ¥MmoGH
u (t) = 0 aoxarvho noumu ecwdy.

B camom ferxe, u-|) HOJOMUTENBHA B TOM H TOJBKO TOM Clydae,
ecm

u-p = fu-pj=1lulp
(npema. 2), a 8TO 9KBHBAJEHTHO TOMY, 9T0 U = | ¥ | JOKAABHO WOUTH
Bcony (ciaemcerBue 2).

ITpEmnOREHRE 4. Jas mozo umobw omobpascenue f npocmpancmea T
¢ monosoeuteckoe npocmpancmeo G OBLA0 UMEDUMO OMHOCUMEALHO
Mepr u-0, Heobxodumo u docmamouno, ymobo. cyscerue f na O-usme-
pumoe mHosxcecmeéo S mex L, 048 komopux u (1) =0, 6erto B-usamepumo.

Horma u m 0 moJosRMTeNBHLI, 3TO caefyer cpasy Ke M3 Ipeio-
scerns 3, § 4, n. 3. Ilocae sroro, B cuiy npenaoKends 2, pesyabrar
pacIpoCTPAHAETCA HA CIyYaii KOMIUIEKCHHX u ® 0.

Cnencteme. Hyemb f — dynryus na T co snavenusmu 6 6anazo-

som npocmpancmese F uau ¢ R. [laa mozo umobw f 6viaa (u-0)-usmepuna,
Heo6xodumo u docmamouno, wmods Gyrryus uf 6ruac O-usmepuma.
B camom medre, u f ects myap-uponomskenne pynknua (wf) | S mHa 7.

TeoreMa 1. ITycmv f — dynryus na T co suavenusmu ¢ 6ana-

zosom npocmpancmee F uru 8 R. Jas mozo umo6w f Geuaa cywecmsenno
UHMEZpUDYeMA OMHOCUMEAbHO Meptl M = u-0, Heobrodumo u docma-
mouno, umobr @dynkyus uf 6wsa cywecmsenno O-unmezpupyema,
u moada

{ran=1{ @rae. (6)

I pednosoxcumn, kpome moeo, ¥mo PyHEyUA U HenpepHENA U HIMO
u (1) == 0 npu scex t € T'; mozda [ urmezpupyema omHocumesbHo Mmepbi 1)
6 MoM u MmoAbLKo MoM cayiae, ecau uf unmeepupyema omrocumensro 9.

Cayuwaii, korfa u # © HONOMUTENBHE, CIEIYeT CPa3y Ke M3 Teo-
pemu 2, § 4, m. 4. IlepBoe m mociefHee yTrBep:KASHAA T€OPEMEl BHITe-
KalT OTCIOfAa HEMOCPEACTBeHHO, M00 [ CYImeCTBeHHO WHTerpHpYyeMa
(cooTB. mHTErpEpyeMa) OTHOCHTENBHO 1 = u-0 B TOM U TONBKO TOM
CaIyuae, ecHm OHA CYIIECTBEHHO MHTEIpUpyeMa (COOTB. HHTeTPHpYeMa)
22 1. Bypbaxm
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ornocuTeabHo | M | = |u |-|0|. Hakomen, opemmonomum, uto f
CYIMeCTBeHHO HHTETPHPYeMa OTHOCUTEIBHO 1] (4 3HAYAT, H OTHOCHTEI b=
HO |7 |); Bocmoabsyemcsa passoskenmeM (2): f cymecTBeHHO WHTEIpH-
pyeMa OTHOCHTEANBHO Kamoii m3 Mep My = g:W; (i = 1, 2, 3, 4,
j=1,2, 3, 4), DocrROUBKY mOCIEeAHHE MaKOPHPOBAHHE TOCDEH-
ctBoM | m |. Vmeem

{ £ anis = | et ans.
Otcopa mememento BHTeKaerT gopmyna (6).

CnepcrBuE. Juas moeo umobw mepa u-0 6wsa ospanuxend,
Heobxo0umo u Gocmamoino, ¥mobGH GYHKYUL U GHAG CYLECBeHHO
8-unmeepupyema.

IMMpumep. Ilyers 4 — meroropoe mogmuoxectBO u3s 1; nuas
Toro 4ro0H ¢, OHIa JIOKAJBHO U-HHTETpPHpYeMa, HEOGXOomIMO
= pocraToyno, 4ro0H MHOKecTBO A OHIO W-usamepumo. lomycrum,
9T0 3TO YCIOBME BHIOOJHEHO; IOJOKUM vV = @ 4-[; TOIKa AiAf A1000H
ancaoBoit pymrnum f > 0, ompepenennoit ma ', umeem

[ "rav =\ o du;

9T0 0003HATAETCA TaKIKe S ‘fdp (cp.ra. IV, §5, o. 6). [[as roro utobH
A

oro0paskeBMe g mpocTpancTBa [ B TOHOJOTHYECKOe HPOCTPAHCTBO G
OBLIO V-I3MEPHEMO, HeOOXOAMMO M [OCTaTOYHO, 4TOGH CyiKeHUE g
Ha A Oro p-mamepumo. [[aa Toro urobH orobpaskenue [ mpocTpaB-
crea T B 6amaxoBo mpocTpamcTB0 F mam B R GEHIO CcymecTBeHHO
V-HHETErpEpPYeMO, Heo0X0MuMO B LOCTaTouHO, 9T00H [ @, GHIO cylie-
CTBeHHO [I-WHTETPHEPYEMO, W ME HMeeM

jfdv: Sf(pAdu;

9T0 0003HAYAETCA TAKIKE S [ dp. Ormerum, 90 ecam iBa oT0OpasKeBNR
A

npoctpanctea I' 8 G (coorB. F, R) cosmagaior ma A, To mua TOTO,

qT00H OfHO W3 HUX OHIO v-E3MePUMO (COOTB. CYIIECTBEHHO V-HHTE-

rpupyeMo), HeoOXOZUMO H [OCTATOYHO, UTOGH [Apyroe OHUIO TOe

TaxkoBeM. Ecim Temeprp g ecTh orobpaskennme B G HEKOTOPOI'O mpOM3-
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BOJBHOTO mojMHOKecTBa B O A m3 ', TO TOBOPAT, 9T0 & R-USMEPUMO
na A, ecam Karoe-nmOGyns mpopo/ukerme Ha I cyskeHHA g Ha A
V-H3MEPUMO, 9UTO CBOJMTCA K YTBEDIKIEHHIO, UTO cysKeHHme ¢ Ha A
u-usmepmmo. 'oBopsaT, aro oro6pamenme f MHOxecTBa B B GaHax0BO

npocrpareTBo F mum B R cywyecmsenno p-unmezpupyemo na A, ecam

karoe-HuOyap nponoixenme [ Ha T cymenusa [ Ha A cymecTBeBHO
V-HHTETPHPYEMO; TOTfa IOJAramT

Sfdu=5fdu=5f%du
A A

d TOBOPAT, 4TQ S f dp ecrs unmeepas om f no A (mam pacnpocmpa-
A
ner Ha A). Ecam f > 0 — gqucnopas ¢yarius sa B O A, T0 TOIHO

TaK jKe OIpeJelAIoTcA S*fdp nS fdp. Haxoreln, roBopaT, 970 IACI0-
A A

Bas QyHRIUA g, oIpefedeHHaa Ha B D A, aokaavro p-unmezpupyema

Ha A, ecim HEKOTOPOE IPOAOJKEHNe g Ha T cymenns g Ha A JOKaXb-

HO v-HHTeTPEPYEMO: 9TO PABHOCHJIBHO YTBepIKASHMIO, 9TO AJA J0Goro

KOMIaKTHOrO noaMHOkecTBa K w3 I pyrknua EcpKn A B-EHTErpHEpyeMa.

4, C80ticmea nPpou36ede HUL OMHOCUMEABHO 00BLUNBLEL
one pauuii

IlrepnomernE 5. ITycmo (Ay)ucas — CeMelicmso noaodcumesv-
nox Mmep Ha T, Puarvmpyiowyeeca no omHOWERUI <. U uMeloujee
e oMl (T) sepxnioto epatv h. Jas moeo wmobe NOAONUMEALHAR HUCAO=
6as PyHKYUL g 6uia LOKAAbHO A-urmezpupyema, Heobxodumo u docma-
mouno, umobvl g ObAG LOKAALHO Ag-UHmezpupyema npu Lioboxm o € 4
U wmobul cemeticmeo (g-hy)0vi0o Maxcopuposarno ¢ oft (T); mozda

g-A=supg-hq.
agA
Heobxomumocts ouepugra. OO6parHO, DpeAmoONOKEM, dTO g
JTOKAJBHO MHTETPHApYeMa OTHOCHTENBHO KamKAo# MepH Ay M 9TO ceMeil-
CTBO (g-Ag)oea MAasKOPHPOBAHO; 0GO3HAYMM dwepe3 A’ €ro BepPXHIOK

rpanb. Torga ¢ymxums g A-msmepmma (§ 1, um. 4, caencrsme 2 us
npepa. 11); rpome roro, maa nioGoi ¢ymrmmm b € &, (T) nmeem:

S' (hg) dA = sup S " (hg) dha = sup S hd (g-ha) = S'hdx'
acA o acA
22%
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(8§ 1, m. 4, opepx. 11). 13 aroro mpeskme BCero ciemyer, 4TO JeBas
9acTh KOHEYHA IpH I1060M 7, Tak 4TO g JAOKAIBHO A-MHTeTpHpyeMa;

CTaJ0 GHTH, MOKHO] BaMeHUTH CHMBOJI 5 Ha j, ® TOrja popmyia 3anm-

mercs B BHAE Y hd(g-d) = S hd)'. Orcioga caenyer, 9to ged = A',

UeM M 3daBepIiaeTcdA JO0Ka3aTelIbCTBO.

CnepcrBue. [Ipednosoxcum, uwmo [ ecmb cyMMa cemelicm-
8@ (Ma)aca Mep na T. Jas mozo wmobbi nosoxcumesbHas HucA0éasn
Pynryus g, onpedesennas na T, 6waa A0KaILHO P-UHMezpUpPYEMA,
Heobxodumo u docmamouro, wmobs oHa 6H.aa AOKAALHO W o-UHMeZpU-
pyema npu atobom o € A u umobn cemelicmso (g-Py)uca OBAO CYM-
amupyemo. B amom cayuae

g-n= D g Has (7
acA

ITyerh (80)qca — COMEHCTBO IOJOKUTENBHEIX u—nsuepnﬁmx QyaK-
omit Ha 7. Ilyctes pmamee A, — MHOMecTBO Tex ¢ € I, B KOTOPHX
ge (t) =40. BygeM rosopuTs, 4To CeMeHCTBO (g.) LOKALbHO CuemHO,
ecay cemeficTeo (A,) MokaabHOo cgerHO (ra. IV (2-e m3p.), § 5, m. 9);
9T0 CBOJUTCA K YTBEP:KAGHMIO, 9T0 AaA moGoro xomMmakra K ms T
MHOKECTBO TeX & € A, A KOTOPHX g, | K oTAU9IHO OT HYJAA, CIETHO.

Ileepnoxeaue 6. IHycms (g,) — A0KGABHO cuemmoe cemeli-
CM6o AOKAAbHO L-UHMEZPUPYEMBIE NOLONCUMEALHYIL YUCAOELY PYHKYUL
na T. Jl4s mozo umobu Pynkyus g = D g4 Oba A0KAALHO u-urme-

afA

epupyema, Heob6xo0umo u docmamouro, 4mobs ceMeticmeo mep (gq « W)aca
Obii0 CYMMUPYeMO, U € IMoMm cAyuae

gi= D gl (8)
aEA

flcuo, aro g p-mamepuma (ra. I'V (2-e usn.), § 5, n. 10, npena. 16).
Hass toro 9106H g 6HIa JIOKAJIBHO N-EHTEIpHEpYeMa, HeOoOXOAHmMO
W J0CTATOUHO, ¢TANO0 GHiTh, uToGn p' (gf) 6hula KoHeuHa mAs A0GOrO
f €&+ (T). Ho mOCKONBKY MHOMKECTBO TeX ¢ € A, Ipu KOTOPHX

gof =0, caerHo, Mrr mmeem b’ (gf) = D) 1’ (gof) (§ 1, m. 1, crencrBue
acA

n3 npeni. 2). IMomommm v, = g, p; ycaosme p’ (gf) << -+oo sKBE-
BATEHTHO YCIOBEK D, Vo (f) << 4-00; HEHME CIIOBaMH, g JOKAJbHO
acA
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U-HHTETPEpPYeMa B TOM M TOJBKO TOM cJydae, eCIH CeMeHcTBO
(ve) cymMmupyemo. Ecim Temephr 0003HAUUTH Uepe3 v CYMMY 3TOTO
ceMelcTBa, TO MH OpHAeM K paBeHCTBY v (f) = u’ (gf), sxBmBaleH-
tHoMY (8).

CaencrBue. ITycms (gn,) — nociedosamenvrocmd uucaoehzr GHyHk=
yull, L0KAABHO U-UHMESPUDYEMbE 1 MAKUT, YMO NOCAEO06AMEALHOCTb
mep gn-W 6ospacmaem. Mas mozo umobw ama nocaedosamesbHOCb
608G MANCOPUDPOSAHA 6 YNOPAGOUEHHOM GeKMOPHOM NPOCIMPAHCITEE
H(T) mep na T, Heobxodumo u docmamouro, umobs Hyrkyus g =
== SUD £, Oblia JOKAADHO |-UHMEZDUDYeMA; MO02Da GePIHAA 2DAHb

& oMl (T) nocaedosamesvrnocmu (g,-|p) ecmv mepa g-|.
JocraTouno UpUMEeHHTH HpefiodeHue 6 K (IONOSKHTENBHEIM

JTOKAQNBHO WMOYTH BCIONY) QyHKOUAM g, = gn,1 — &n-

Ilpepmosmerne 7. Hycme X — aokaavHo KoMnakmuoe npoc-
MPArCmMeo, cuemroe 8 GeCKOHEYHOCIMU, U RYCMb L+ Ay — U-C024GC08aH-
noe omoGpasxcenue T ¢ off, (X). ITycmv, daree, § — nosoHUMEALHAS
wucaosas Pyrryus Ha X, JA0KAALHO UHMEZDUPYEMAS OMHOCUMEALHO

Mepy, v = S A dp (). Toeda mnomcecmso mex t € T', Oun komopuix g

He A8AS8eMCS AOKAADHO Aj-~UHMeepUDYeMmOl, AOKAABHO NPEHEOPEH UMO
omuocumenvrd W, omobpascerue it g-A; (onpedesennoe 40KaALHO
U-noumu 6cwody) N-coestacoeano, U Ml UMeeM

g-v = | (g-h) du (). ©)

ITyers (K,)nen — BOBpacCTaOman TOCTEZOBATENBHOCTh KOMIIAK-
T0B 13 X, BHYTPEHHOCTH KOTOPHX IIOKPHBAIOT X; €CIHU 1) eCTh IPOM3-
BOJIBHAA IOJIOKUTEJIBHAA Mepa Ha X, TO YTBODK/eHHE, UTO g JOKAILHO
N-UHTerpEpPYeMa, DKBHBAJIEGHTHO YTBEp;KACHHIO, UTO Py 1)-HHTErpH-
pyema mpm aobom n. Mrar, uyeres H, — muomectBo tex ¢ € T, aua
KOTOPHX gQy He HABIAETCA Ag-MHTETpUpYyemoi, m mycts H = (| H,;

n

H, noxansEo p-mpeneGpeskmmo upm aobom n (§ 3, m. 3, Teopema 1),
TaK 4TO 3TO BepHO W Aias H, 4eM W [0KasaHa mepBas YacTs yTBep:Kie-
uma. 3amenss Ay Ha 0 Ha MHOKecTBe H (9T0 HE H3MEHHT MEpH V),
MOKHO ODEAIOI0KATE, IT0 g JOKAJABHO A,-mHTerpHpYyeMa HpH JHO0M
t € T. lna n060ff mOMOKATENbHONE v-u3MepuMor PyHKnmE /2 Ha X,
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B CHJIY OpeiJioMeHAS 3 W B CHIY OpemnoskeHms 9, § 3, m. 2, umeem:

S.hd(g-'V)z S. (gh)dv: S.d”(t) S'(b’h)dkt:
=S.dp(t)5.hd(g.}\,t).

Jra Popmyna B codeTaHmm ¢ mpemsokendeM 5, § 3, m. 2 moxass-
BaeT mpekae Beero (ecam B3ATH b € ¢4, (T)), aro orobparkenme ¢ —>
> g+A; CKAJAPHO CYyMECTBOHHO U-HHTEI'PEPYEMO H 9TO €r0 HHTerpa
paBeH g-v; HHEIMA CIOBaMu, BEIIONHseTcs cooTmomeHme (9). [amee,
3aMeHHM [ Hi HOJOKHTENBHYIO Mepy p’' < p B ODpmMeM B KadecTBe h
HOJyHETIPepHBHYIO CHEU3Y HOJOKHUTEAbHYI (QYHKNHWIO; U3 HONydeH-
HEIX COOTHOHIGHME cpasy jKe IONydIdM, 9ITO [ +—> g-A; P-COrIacOBaHO
(§ 3, m. 1, omp. 1).

Mlrepnoxenne 8. [Tycmv O — romnaekcnas wmepa Ha T,
g, — KomnaekcHas O-unmespupyeman @Pyuryus u 0, — mepa g,-9.
Haa mozo umo6u komnaekcnas Pynkyus gy va T Gviaa sokasvHo 6y-umn-
mezpupyema, Heob6xroOUMO u OocmamouHo, ¥Mmobw go8, Obia A0KALb-
Ho B-umwmezpupyema, u 6 amom cayuae

g2 0= g2 (g1°9) = (20810 (10)

(«opmyaa accoyuamusrocmu»).

B cany cuaeacrsuA m3 mpenno;keHHES 4 yTBepIKAGHHS, YTO g, 0;-m3~-
MepAMa, SKBHBAICHTHO YTBEPMAEHHW, 9T0 g£,g, O-msmepmma. Ilpen-
HOJIOMHEM, 9YTO 3TO YyCiOBHe BHIOodaHeHo. Hnsa mwoboit pyHkmum €
€ %%, (T) cormacHo] mpepnosenusM 2 u 3 mMeeM

[ramaiol={1eltlardiel= [ gatialel

CrnemoBaTenbHO, yTBEpIKIeHHE, 9TO g, JOKalbHO O,-mETErpEpyeMO,
SKBHBAJGHTHO YTBEDIKJACHHI0, UTO g,¢; JOKAaIbHO O-mmrerpmpyema,
HpeJIlIOJIO}RHB, 9TO 3TO YCJAOBHE BBIIIOJHEHO, HOJIy9aeM B CHIY TeO-
pemu 1:

§ 1,00 = | rea0, = fgund0 = | 13 (,81-0),

T." 0. PopMyxny, sksumBazentHyW (10).
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5. Xaparxmepusauus mep ¢ 6a3ucon |

TeorEMA 2. (JleGera — Humkopmma). Ilyecmb p u v — nososcu-
meavubie mept Ha T. Caedynowue ceolicmea ISKEUSAACHINMHBL:

1) v ecmb mepa ¢ 6asucom p.

2) Bcakoe a0KaabHO U-npeHebpexcuMoe MHONCECTNE0 AOKAALHO
v-npeHed pescumo.,

3) Bearuil p-npered pexcumblii KOMRAKM V-nPEHES PEHCUM.,

flcHo, aro 1) Baeger 2) (caeacrsue 1 m3 mpeax. 3) m uro 2) Bieuer 3).
[ToxameM, aro 3) Bieder 1). OTMeTHM IIpesae BCEro, 4T0 €CIH yCIO-
BHe 3) BHIIONHEHO, TO BCAKOe MHOMECTBO A, YHUGEPCALbHO U3Me-
puMoe B JOKaIbHO p-DpeHeOpe:xuMoe, TOKAIBHO v-DpeHEGPEKUEMO;
B caMoM fexe, v* (4) = sup v (K) opu K, npoGeramimeM MHOeCTBO
KOMDaKTOB, comepxamuxca B 4 (§ 1, uw. 3, mpemn. 10a) m ra. IV
{2-e m3n.), § 4, 1. 6, cnegcrBue 2 u3 reopemur 4). Ilames M fokaskeM
1Be JIeMMEHL '

JIemma 2. [Tyemv o — oepanunennasn nososxcumesvras mepa ka T
u B — makas Oetlicmeumenvras mepa Ha T, wmo |P.| <'Ma, 2de
M — nosoxcumeavtas kowcmawma. Tozda cywecmsyem makas Oeli-
CTNEUMEAbHAA C-UHMe2pUupyemas Pyrryus u, ¥mo f = u-o.

ITyers g — snemenr npocrpascrsa L& (T, o); ¢pyaknms g f-ms-

sepuMa nS.lglgdlﬁ|<MS.|g|2doc<+oo. Crango Owrn,

oysrnEa g mpmmagmeskar L2 (T, | P 1), a rawwe L' (T, |Bil),
nockodbKy f orpanmuena. Ilo Hepasencrey Homm — [IBapma mmeem

8@ pe<(f1e1a181)°<
<({a18)) ((leraipl)<irayaqep).

CrenoBateasHo, oToOpaenne g — f (g) ecrs HempepHBHAaA AHHEH-
nas ¢opma Ha L2 (T, ). A IOCKONBKY OTAENHMOE HPOCTPAHCTBO,
acconmuposanroe ¢ L2 (T, a), aBaserca raasbepToBEIM, TO Cymie-
creyer (Tom. Bexr. mp-Ba, ra. V, § 1, reopema 3) meiicTBHTenbHAS
¢yaxnaa u € £2 (7, o), DpmHagaekamas Takke m L (T, a),
takag, 49r0 P (g) = o (ug) mpm xwGom g € L2 (T, a). [lpumensas
910 cooTHomenue kK g € ¢4 (T), monydaem paBeHCTBO f§ = u-0L.
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JIEvMa 3.5 [Tpednoaosicum, wmo noioxcumesvHas Mepa v marosd,
4mo écarull P-npenedpercumslii KOMNAKM S8ALEINCS V-RPeHeO DENCUMbL M,
Oycmv & — muoscecméo romnarmos K us T, o6radawwee caedyio-
wyum ceolicmsom: .

Cywecmeyem maras wowemanma M =0, umo

Pr-v < Mog- 1. (11)

Toeda mnosmecmeo & p-naommno 6 T,

Ecam K ynmoBnersopser (11) m eciu A — GopeleBckoe HOAMHO-
MeCTBO, coflepiKameecs B K, To #3 OpelIo;KeHuA § cpasdy e BHTEKaeT,
9r0 @ 4-v <X M@ 4-p; oTCIOZA clenyer, 9To ofnedmHEeHHE ABYX 3Je-
menroB K, K' m3 & mnpumagnexur R, ubo ¢xyxs = @x + Pa»
rie A= K' () CK. [lnsa moxasartesbeTBa JeMMBL OCTASTCH IOKA3ATh,
gro mio6oit koMuakT L, Takoii, 910 p (L) >0, comepsRuT TaKo# KoM-
nakr K € &, aro p (K) >0 (ra. IV (2-e u3g.), § 5, m. 8, mpeaa. 12).
BriGepem Heroropoe wmcxo M >wv (L)/p (L) m mpumenum memmy 1
K OrDaHMYEHHOH HONOKUTENBHON Mepe o = ¢r-(v + Mp) um x Mepe
B = @r-(v — Mp). 3ameHnM (yHKIUIO u, YAOBIETBOPSAIOILYIO YCJIO-
BUIO § = u-o, Ha (QYHKIMIO, PABHYIO €d O-DOYTH BCIOAY; MBI MOKeM
DpeANoOKUTh, YTO U yHHBepcalpHo uaMepmma (§ 3, m. 5, mpexn. 7)
n obpamaercs B Hyab BEe L. MuomecrBo H tex € T, aaa KoTOpHIX
u (t) << 0, comepswameeca B L, He MoKeT GHITh p-mpeHeOperKuMEIM,
n6o Torga 0HO AO/KHO OHTH v-mpemeOpe)kmMo (B CHJIY 3aMedaHHs,
CleJIaHHOTO B Hagalle TOKA3aTeNbCTBA TeOpeMHh 2), a BHAYHT, M O-
upenebpe:xumo, u toraa P (L) >0, 4ro mpormpopeuur BrGopy M.
Ilycts K — rakoit comepswamuiica B H xommart, gro p (K) >0;
morasxeM, uro K € &, gem m Gyaer goxkasana memma CoraacHo mmpen-
JIOKEHAD 8 MMeeM

Pr-(v — Mu)_ = ¢x'B = ox (u-@) = (pgu)-a.

Dynknua @gu OTpANATeNbHA, M CIENOBATENbHO, Qg-V << Mogeu.

3aBepmuM Teleph JOKA3aTeIbCTBO Teopemhl 2. Ilpemmososkmm,
910 ycJaoBHe 3) BHIIONHeHO, W ompefeaum K, kak B ademme 3. [lycre
(Ko)aea — TaKoe JIOKANHHO CIETHOE CeMeCTBO HOUApHO He mepe-

ceKammuxcs sneMeHToB m3 §, 49ro MHosectBo N =T — | K,
o € Al

nokanpHO p-mpeneCpessmmo (rar. IV (2-e wan.), § 5, 0. 9, mpena. 14);
DOCKOJIBbKY ceMeiicrBo (K,) JOKalXpHO cueTHO, TO N yHHBepcalbHO
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H3MepUMO M, 3HAYMT, JOKaJbHO v-IpeHeOpe:rmMmo. [lomorxum p, =

= @k, M Vo = Pg V; TOCKONBKY PyrROEA Px, 00pasyIoT IOKAIBHO

cUeTHOE CeMeifCTBO ¢ CyMMOli, paBHO# 1 TOKATbHO IIOYTH BCIOAY OTHO-
\Y

CUTeJBHO § M v, TO U3 OpeAjo:KeHHsa 6 ciemyer, 910 P = Zpa, v =
af A

= D vy. C Apyroil cTOpoHH, o ompeieTeHNi0 § MIa 1060ro o Haii-
ag A

nerca Takas KoHcraHTa M, 4910 vy <X M po; crano OHTh, JeMMa 2
Ble9eT CylleCTBOBaHHe TAaKOH QyHKIOUHE g, (KOTOPYO MOKHO IIpeIo-
JIOKUTE HydeBoi BHe K, W HOJNOKUTeIBHOH (cencTBHe 3 M3 mpefii. 3)),
qAT0 Vo == oWy CilegoBaTedabHo (m. 4, mpemr. §),

Vo = o Mo = ga'((PK,l'P") = (ga(PKa)'l‘" = fa- -

\ o
IloxomuM g = D)g,; HOCKOIBKY CeMeiCTBO (g,) JMOKAABHO CYETHO,
oA

a CeMeHCTBO (v,) CYMMUPYEMO, TO U3 HpeJIokeHus 6 BHTEKaeT, 9T0 g
NOKANbHO U-MHTETPUpyeMa I 9T0 v == g- i, YTO ¥ JOKa3hIBaeT TeOpPeMy.

Cnegcrsue 1. Ilyeme §° — MHOMECTNIE0 ROAONCUMEALHBL Mep
¢ 6asucom u, umerwwux ¢ M (I') sepzniolo 2panb v; mozda v ecmb Mepa
¢ basucom .-

CrepcrBze W3 Dpefio)KeHHAs 2 IDO3BOIAET CBECTH BCe K CIYYAalo,
Korfa J4/° ecTh Bospacrapouiee (UIBTPYIOmMeeCs MHOKecTBO. Toraa
IiA n060ro IOKAILHO p-IIpeHefpesKAMOro MHOKeCTBA A B CHIy Opef-
noxenms 11, § 1, m. 4

v' (A) = sup A" (4)=0.
O(Etﬂ/‘
Crano GwmTh, M3 TeopeMs 2 ciemyeT, 4TO v eCTh Mepa ¢ 0asHCOM L.

Caencrsue 2. ITyemv v — Jdelicmseumeavras mepa na T. Jlas
mozo 4mobbl v npuUHadiexnara noroce, noPoIcOeHHOU | 60 6ROAHE peule-
maounom npocmpancmee off (T) (ra. 11, § 1, m. 5), neobxodumo u docma-
mouno, wmobw v Ouia mepol ¢ Gasucom \.

PacemarpuBas v* o v—, cpasy CBOGHEM Bce K CIyIal0 NOLOMUMELL-
HOU MepHI v (I 2, caencrBue 3 upefi. 2). llonosxam v, = inf (np, v);
v IPEHANIEKAT [I0J0Ce, DOPOIKISHHOH |1, B TOM T TOJBKO TOM Clydae,
ecad v = sup v, (ra. Il (2-e usg.), § 1, o. 5, cregersue u3 npeaan. 6).

n

Ho v,, MasxopupoBannas nyu, B cary TeopeMs 2 ecTh Mepa ¢ Gaszncom
W; cTamo OHTB, U3 COOTHOMEHHA v = SUp v, CIeAyeT, 9T0 v €CTh Mepa
n
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¢ 6asmcoM . (caemcrBme 1). O6paTHO, DpeAmONOIKAM, 9TO Vv €CTH Mepa
¢ 6asmcoM p: v = g-u, THe g NOKANBHO U-HHTeTpHpyeMa W HOJOKHA-
TexbHa. Toraa v, = inf (g, n)-p (caemcreue ms mpean. 2), u ms Teo-
pemnr JleGera (ra. IV, § 4, o. 3, mpepn. 4) cpasy ke BhITeKaeT, 910
Vv = SUp V.

n

Canencreue 3. IIyemv 0O — rommaercHas mepa; cywecmeéyem
maras yrudepcasvho usmepumasn dynwryus v, yumo {v| =1 u @ =
=101, |0]|=0-0.

B camom peme, momokum 6 = 0, — 0, + i (8; — 8,), rue 6, =
= (Re 8)*, 8, = (Re 8)~, 6; = (Im B8)*, 6, = (Im 6)~; mockomsky
monoskmTensHe Mepw 0; (i = 1, 2, 3, 4) MmasRopupoBaHH mOCpeN-
crBoM | O | (ra. IIT (2-e m3pn.), § 1, o. 6, popmyaa (17)), To oHE B cHIy
TeopeMHl 2 sBisoTCA Mepamu ¢ 6asucom | 0 |. Orcioga cremyer cyme-
CTBOBaHHe TaKoil JXoKaxpHO |0 |-mHTerpmpyemoit ¢yEkmmm v, uTO
9 = v.| 0 |. Torma npexoxkenne 2 OPpUBOAUT K cooTHOmeHHUO | 0 | =
= |v|-]108 |, u8 xoroporo caexyer, 9to |v | = 1 moxaxpuo |0 |-
mo4TH BeIoAy (caencrsue 2 m3 mpend. 3). Harownen, B cury mpenmome-
uusa 8 umeeM v-0 = (). | 0 | = | 0 |. Tlockomsky QyHkumA v ompe-
flelleHa JHMB ¢ TOYHOCTHIO [0 JOKaJbHO | O |-mpeneGpemumon PpyHK-
LA#, TO MOMKHO IIPEINOIOKHTE, ITO U yHEBepcaxbHO mdMmepuma (§ 3,

o. 4, opean. 7) m uro | v | = 1 Bciogy.
3ameuanusn 1) [IpegnonoskiM, YT0 A — IOJOKHTEJIbHAA MeEpa,
v — TaKas A-usMepuMasn QyHKLMSM, 9T0 | v | = 1 IOKAJBHO A-IIOYTH BCIOAY
(oTKynma caenyer, 9T0 » JOKAaJAbHO A-MHTErpupyema) u 4to 6 = »-.A. Ilpen-
JoyKenne 2 cpasy ke MOKa3kKBaeT, 970 A = | 0 |; umsMHI ciaoBamMu, cHopMy-
JIUPOBAaHHOE B CJENCTBUH 3 CBOHCTBO XapakKTepUsyeT MNOJOMKUTENHHYIO
mepy | 6 |.

2) Ecam | 0 | < ap, Tne 4 — mosioskuTeabHas Mepa u a > 0 — dmucio,
10 0 ects Mepa ¢ Gasmcom w.

Caencreue 4. ITycmv p u O — romnaercuvie mepvi. Has moeo
Ymobu cyuyecmeosana maras A0kaibHo 0-npeneb pexcunas GynryusL u,
ymo p = u-8, neobzxodumo u docrmamouno, umobv écarull B-npene-
O pescumblll KoMnrakm Ovia O-NpeHed peXCUMbIM.

Heobxogmmocts oueBmama. O6paTHO, HpeAIIoJNOKHEM, 9TO BCAKHH
0-DpeHeOpesRUMblii KOMIAKT p-TpeHeGPEIRAM; M3 TEOpeMH 2 CIeIyeT
CyIIecTBOBaHME TaKOH mokanbHo 'O |-mpeneGpesrumoit PyHkOum g,
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gto |p | = g-10 |. C npyroii cropous, crefcTere 3 BliedeT CymecT-
poBaHme QYHRIHEE v; (COOTB. Up) ¢ aGCONIOTHEIM 3HadeHmeM 1, m3Me-
pPEMOii OTHOCHTEeNBbHO MeDH | p | (cooTs. 0) m Takoi, 910 p = V- | p |
(coots. | B | = v,-0). Torma CcOrmacHo MpeANOKEHUId S EMeeM p =
= u-0, THe u = v,gv,.

Caegcreue 5. Ilyeme p u v — nosoxcumesvhvie Meps. Ha T.
Yeaosusn 1), 2), 3) meopemtr 2 sreusaseHmubl marsice caedyoupum:

4) M asn arboti v-urmezpupyemoti wucaodoti pyuryuu f 2= 0 u arbozo
yucaa & >0 naitidemes makoe & >0, umo us coomrowenuii 0 <

<h<fu Y*hdpgécneayem S*hdv< £,

9) Aasn awboti gynryuw g € &5+ (T) u awbozo wucaa & >0 cywye-
cmsyem maroe 8 >0, umo dasn awbozo b € &8 (T'), masscopu posarrozo

Pynryuell g u yooeaeméopAOWE20 HEPABEHCMEY Sh dp << 8, umeem

Shdvga.

6) Jasn awbozo romnarmruozo muoxcecmsa K — T u awboeo € >0
Hatidemes makoe 6 >0, wmo us coomrowenuli 4 < K u p* (4) <<
< 8 caedyem, umo v* (4) < e.

Nmnnmkammn 4) = 6) = 3) oUeBHOHH.

[IpenmomnoxuM, 9T0 CymecTByeT Konednas Qyukmusa k > 0, yHE-
BEPCAJIbHO HBMEPHMAs, JIOKATLHO U-AHTerpUpyeMas ¥ TaKag, 9TO
v = k-pu, @ TOKa)KeM, 9To BHIOoxHsAeTca ycixosme 4). Iycers f=
= 0 — v-maTerpmpyeman ¢ysrnEa w & >0. Hycrs, ganee, mus
aio6oro nenoro n = 0 uepes 4, obosHadeHo MHOKecTBO Tex t € T,
B KoTophix k () == n. Oyuxuun f¢,, yOuBasg, CTpeMATCA TOTOTIETHO
k 0 m MaopmpyloTca QyHKIHeH f, a 3HAUAT, CyIecTByeT Takoe NN,

aro qu)ANdv < % (ra. IV, § 4, 0. 3, upega. 4). Ecam h ects ¢yHR-
nas #a T, ynoBiersopsoomas coorromenusm 0 < h < fu S*h dp <<

<§8ﬁ , .TO
vE (B) < v* (hga)) + v (h (1 — 9a)) <V* (foa,) +

4 p* (b (1 — @a) k) = =+ Np* #) <e.
TeM caMuM fjoKasaH0, YT0 yCaA0oBHA 4) u 6) SKBHBAJEHTHE! yCIOBHAM
TeOpeMHl 2.
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flcno, uro 4) Bmeder 5). HaroHem, ecim ycioBue D) BHILOJHEHO,
TO v IPHHAJIEKUT HoJ0ce, moposraerdoi p (ra. 11, § 2, o. 2, npena. 4),
u 3HagmT, mMeeT Gasmc p (caemcreme 2).

Cxoxmsa Has moboro f < Ll (T, p; R) momoxmm ¢ ¢ =
=f.-n, rme f € ]7, oro6paskenue ¢ IHHEHHO, BO3pACTAaeT, HHLEKTHBHO
(creacreme 2 m3 mpexn. 3) m mMeeT B KadecTBe oGpasa B o/ (') moio-
cy B, mopommennyo W (cieacrBume 2 m3 tTeopeMir 2). Craio GHTH,
¢ moasouasier omodxcdecmeums Lioe (T, p; R) ¢ HeKorophiM mpocTpan-
CTBOM JIeHCTBUTEJBHHIX Mep Ha I'; a HOCKONBKY Bce IIpOCTPAHCTBA
L{ (T, n) sBasiores mopupocTpaHcTBamu mnpoctpanctBa Lia (T,
p; R), To oEE Moryr GHTB TaKKe OTOMKAECTBIEHH C HONIPOCTPaH-
crBaMu IpocTpaucTBa of/ (T). AHamormymbie cOOOpaKeHHA HMEIOT
MeCTO ¥ sl (yHKOWHA B Mep ¢ KOMILIeKCHHME 3HadeHuamMu. OTMeTUM,
9TO paccMaTpUBaeMoe 0OToOpasKeHHMe ¢ €cTh M30MOPOH3M CTPYKTYD
YIOPAZOYEHHOr0 BEKTOPHOr0 HpocTpaHcTBa nisi Lio. ¥ B, Ho, ode-
BUZHO, HE ABJAETCS H30MOPPU3MOM CTPYKTYp TONIOIOTHYECKOTO BEK-
TOPHOTO HOPOCTPAHCTBA NJA STHX HPOCTPAHCTB.

Bcsakas monoca Bo BIOJIHE PEIeTOYHOM IPOCTPAHCTBE CaMa ABISETCH
BIIOJIHE PeNIeTOYHhIM npocTparcTBoM (ri. I, § 1, m. 5), moaTomy mpocrpan-

ctB0 L} . énoake peuemouno; OLHAKO Cle/lyeT HALOMHUTEH, 9TO BepPXHAS

rpamb B Lloc He cuetnoro cemeiictsa (f,) KiaccoB SKBUBAJIEHTHOCTH MOKET
He OHITH TOKNECTBEHHON Kaaccy BepxHe# ormbaromieir dymkumii f,. U Bce
7K€ MHL BHJEJNM, 9T0 JJIA sospacmarouel nocaedosamesvrocmu (f,,) jokaab-
HO U-MHTeTPHpYeMblx QyHKuui, Bepxuas ornbanmasn f KOTOPHX H0KAILHO
p~HHTETpUpyeMa, f+p CAYKHT BepXHell I'DAaHBI0 IOCJHE[l0BATENHLHOCTH MEP
(fn*W) B o (T) (ciepctBue u3 mpefur. 6).

IIpmBeneM muTepecHEE (aKT, BHTEKAWIIVi X3 CIEICTBUA 3 Teo-
pembr 2:

Heepnosnenue 9. Hycmy O — oepanuvennan komnaercras mepa;
dan mo2o umobw 0 6waa nosoxcumesvholl mepoli, Heobrodumo u
docmamouro, wmobe || 8 || = 6 (1).

Heo6xompumocts ogeBnaxa. O6paTHO, Opeqmodoxkum, aro || 0 || =

= SdG, u obo3HaunM yepes v | B [-msMepumywo PyHEUHUIO ¢ abcomoT-
HplM 3HadeHmeM 1, yhoBiersopAwiyio ycxosmio 0 = v.| 6 | Ilo-

- CKOJNBKY || 0] = Sd | 8 | (ra. 111 (2-e usm.), § 1, 0. 8, caencreme 2
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u3 npena. 10) = ﬁde = xv-d | 8] (reopema 1), To U3 ycaOBHA BHITe-

Kaer, IT0 5 1—v)d|0|=0, a 3raunr, n 5Re(1—v)d|6|=

= 0. Ho ¢ynxnaa Re (1 — v) monosmrensHa, B craxo GuTH, 06pa-
HIAeTCS B HyJb DOYTA BCIONY, OTKYAA clexyer, aro v = 1 mourtw BCioay,
I JIOKA3aTeIHCTBO 3aBEpPINCHO.

6. Ireusaren musle mepol

IIrennosserne  10. Iycme p u v — nosoxcumesvhbie Mepbl
na T. Caedyrwwue ycaosus sk6USANCHILHbL:

a) Joraavho npenebpescumvie Muoxcecmea — 00HU u me e 04
wuwv,

b) Iosocw, nopoxcdennvie p u v ¢ M (T), coenadaiom.

¢) Umeem mecmo pasercmeéo v = g-n, 20e g A0KAALHO W-UHMEZDU-
pyema u g () >0 aokasvro noumu 6crwdy omuocumesvHo M.

YcmoBus a) ¥ b) 3KBMBalleHTHEI B CHJLY CI[CTBHS U3 TeOpeMHl 2
m. 5. Ecim 0HE BHIONHEHEl, TO v = g-W & | == h-v, Tfe g (cooTB. k)
TOJIOKATENbEA B JIOKAIBHO HHTETPAPYEMa OTHOCUTEABHO [ {COOTB. v).
CregoBarensro (. 4, mpep. 8), hg NOKATBHO P-HETETpApyeMa, U |4 ==
= (hg)-p. Orcoma BhITeKaeT (O. 3, cieAcTBEe 2 m3 mpena. 3), 9T0
hg paBHa 1 TOKaIbHO IOYTH BCIOAY OTHOCHTENBHO W, TakK 4To g () >0
u h (t) = 1/g (t) noraxpHO TmodTH BCloxy orHOcHTenbHo w. OGparHo,
11 peAIOJIOKIM, 9T0 v = g- U, HpuIeM g () > 0 noxanpHO DOYTH BCIOXY
OTHOCHTeNBHO [1; TOCKOABKY (1/g) g ompemeneHa IOKalIbHO HOUTH
BCIOTy U JOKAJNBHO [-MHTErPUpYeMa, 1o 1/g noxansno v-uaTerpupyema
z (1/g)-v = p (m. 4, mpexma. 8).

OnregenenuE 3. [osopam, umo Jee komnaekchsle mepw O u
0’ Ha aoraavro komnarmmuom npocmpancmee T skeusasenmuul, ecau
meper | 0 | w | 0'| ydosaemeopsiom ycaosuam a), b), ¢) npedrocenus 10.

CnegmonaTensHo, 1asa Toro urobsr 0 i 6’ 6nIE sKBUBajeHTHH, He06-
XOMHMO M J0cTaTouHO, 4TOOH OmuiE sKBHBajeHTHH |0 | m |6 |.

3damMevanue, Ecaim p 1 v — monomuTeAbHNe YKBUBAJEHTHE®
MepH, To, KaK cpasy jke CleTyeT U3 IpefioKeHna 4, 0. 3, ABMEePAMbIMY
¢yaknusmu Ha T cO 3HAYEHHAMYI B IPOU3BOJBHOM TOIMOIOTHYGCKOM
npocrpaHcTBe G OYAYT AN HUX 00nU W me e QyHRIUH.
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Ileegnosenne 11. Hycmvs p — nosoxcumenvhas mepa Ha T.
Ecau T cuemmo ¢ 6ecroneunocmu, mo cyuecmsyem makas Henpepulenas
bynryus h, umo h (t) >0 dan awbozo t € T u umo mepa v = h-p
(sreusasenmnas p) oepanuiena.

B camom mene, mycrs (K,) — IOCIHeq0BaTeNbHOCTL KOMIAKTHEX
MHO3KeCTB, o0pasylomux nokpsrrae I', m mycTs Ads xoboro n depes f,
oGosnavena Takaa Qyurmma m3 &% (T), aro 0 f, <1 u f, (f) = 1
Ha K, (ra. IIT (2-e man.), § 1, m. 2, nemma 1). Ilycrs, manee, (a,) —

TaKkas IOCIefOBATeNBHOCTh WHCEN a, >0, dro Zan < -+oo0; Torma
n
pax h = Zan]‘n HOpMaxbsHO cxoqurcsa Ha I', m crano OHTh, h ABAseTCA
n

HenpepuBHON ¢yHkmmedr ma 7, mpuuem h (f) >0 mna mwboro T
mo mocrpoermio. Temeps, Donaras v = h-u, ToiydaeM (Opemi. 3;
ra. IV, § 1, m. 3, npexgx. 13):

v (1) = S*hdpgz an S fndp.

IlpmamMas, Hampumep, a,= 2‘"( Sf" du)_l, Korga an du >1,

u a, = 2" B IPOTHRHOM CIydae, IPAXOANM K COOTHOMIEHHAM )|, <
n

<< 400 m v* (1) << 400, 4YeM B AOKABaHO LDpeJIOMKeHHme.

Ilregnoxerne 12, IIycemv (W,) — nocaedosameavrocmb ozpa-
HUYEHHBX noaoxcumesvrtix mep Ha I; moeda cywecmeyem maras
02pARUNERHASL nosoXcumerbhas mepa p Ha T, wmo omuowernue p* (N) =
= 0 oxgusanenmmno ommuowenu: «Karodo 68 HU 6bio n, ps (N) = O»;
raxc0as us mep pn ecmov mepa ¢ 6asucom w. Ecau p' ecmev dpyeas noro-
acumenvras mepa na T, o6radarwwas mem sce ceolicmeom, mo p u p'
KGUSANCHIMHL.

ITocnenHee yTBepsKAeHHe CIeAyeT cpasy e U3 ONpegeleHHA 3.
Jlast MOKasaTeIsCTBA JKe CYMEeCTBOBAHUA [ MOJKHO OTPAHHUMTHCA CIY-
qaeM, Korga W, =0 mpu a060oM r;Torga cemeincTBo Mep w,/(2" || pn 1)
cymmupyemo B of (T) m ero cymma p TakoBa, 410 || p || << 1. Hpome
TOr0, B CHIIy HepaBeHCTBA P, <L 2" || u, ||-p cooTHomenume p (N) = O
Breder R, (N) = 0 mpm mobom n; obparso, ecam N — mpeneGpe-
JKEMO€ MHOReCTBO OTHOCHTEIBHO BCEX [h,, TO OHO JIOKAXBHO mIpeHel-
pe:kEMo oTHocuTenbHo W (§ 2, m. 2, cameacrBme 2 ms mpemi. 1)
W, 3HAYMT, Q-TpeHeGpe;KEMO, HOCKOABKY U orpanmwena (§ 1, u. 2,
creficTBUe 2 W3 Hpema. 7).
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-3

7. Cunzyaapuste meput

HanomuanMm, 9T0 ecim HMeIOTCS [Be MepH p B 6 Ha I', TO OHE Ha3H-
BaloTcA cuneyasprumy, ecan inf (p |, 1o ) = 0 B o/ (T) (ra. II,
§ 1, m. 1). UsBecrHO, 4TO HEeACTRUTEILHEE MEPEHl, CHHTY IAPHEE ¢ HEKO-
TOpOH 3amaHHO# Mepoit, o6pasylr moxocy (ra. 11, § 1, m. 5, Teope-~
ma 1). J10 ompenesende cpasy ke pacHpoCTpaHAeTCA HA CIydail KOM-
DUIEKCHHX Mep.

Onpenengsue 4. [logopam, uwmo wkomnaekcrnas mepa O na T
cocpedomovena Ha nodmuosxcecmee M us T, usuw wmo M necem 0, ecaun
CM aokanrvro npeneGpescumo omHocumenrvro 0.

MguosecTBo M HeceT 0 B TOM U TOJIBKO TOM CJIyuae, €CIH OHO HECeT
| 6 [. Yreepknenue, ato M Hecer 0, paBHOCHIBHO yTBepIKIEHUIO,
qro M O-uamepumo um 8= @4, -0. Ecam 0 cocpemorouena na M, To Bes-
Kas Mepa ¢ 6asucom | 8 | rakike cocpenorouena ma M.

IlrEnmomernue 13. [Jas mozo umo6sl KoMnaekcHble Mepsl O
u o Ha T 6uau cuneyasaprvl, Heobrodumo u docmamouno, umoos, ¢ T
cyuecmeogas, marue 0éa He nepecekawwurcs muoxcecmea R uw S,
umo p cocpedomouera Ha R, a 6 — na S; R u § moezym npeinosazamuca
YHUBEPCAABHO USMEDUMBLML.

Ilomoskmm w = |p |, v=|0]|, h = p + v; HOCKOABKY R T V
Ma;kopupyloTca A, TO HafilyTca TaKHWe JIOKAQJIBHO A-HHTEIpUpYyeMEe
(YHKIZE u ¥ v (KOTOpHE MOKHO HPeNIIONOKITh YHRBEPCAIBHO U3Me-

pumbemm (§ 3, m. 4, mpema. 7)), 9ro p = u-A, v = v-A. Torma

inf(Jp |, | o)) = inf(n, v) = inf (u, v)-%

(. 2, caegcreme uz mpemd. 2). Ilycrs A (coorB. B)-MHOMKECTBO Tex
t €T, B woropeix u () >0, v (£) = 0 (coorB. u () = 0 mwv (t) >0).
Ecnm p m ¢ cunryaspass, to inf (¢, v) = 0 xoraxpHO A-TIOUTH BCIONY
(m. 3, caencraume 2 M3 mpemi. 3), Tak 4T0 HellepPECEKAIOINWECH yHEBED-
CallbHO H3MepHUMble MHOKeCTBa 4 W B HecyT COOTBETCTBEHHO U H V.
O6paTHO, IpEATIONOKUM, 9TO | B Vv HECOMH COOTBEeTCTBEHHO HeIepe-
CeRATOIEMHECH MHORecTBaMH R u S§; ¢p N3MepHMa OTHOCHUTEIHHO MEpH
W=uh HN = Qg-pn. B cuny npepnoswenus 8, u. 4, pyaruusa v’ =
= u@p A-msmepmma @ B = u’'-A. Touno Tax ke, ecam V' = vgg,
10 v =10v"-A; Bo inf (v, V') = 0 (uw. 2, caemcrBume wms mpemn. 2),
U OpejJIo;KeHHe [OKA3aHO.
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Caepcteue 1. Juas awboii delicmsumenvroii mepvr v na T cywye-
cmeylom Henepecekaloujuecs muoxcecmeéa M uw N, necyujue coomsemcm-
genno vt u v,

He caenyer cMeIIKBATH IOHATHA HOcumeAs MEPH V C HOHATHEM MHO-
sKEeCTBa, HA KOTOPOM v cocpeforodeda (wim mecyimero v). Hocurens §
MEepH vV ecTh HAUMEHbLINee gamkhymoe MHOKeCTBO, Hecymee v (ra. III
(2-enan., § 2, u. 2, mpema. 2w ra. IV, § 2, n. 2, upena. 5). Oguako MOTYT
CyIecTBOBATh IOJMHOKECTBA N3 S, HEe connajaminue ¢ S u Hecylme V.
TouHee, MoMieT OKaszaThed, 9To inf (w, v) = 0 AAA ABYX 110JI03KUTENILHEIX
MEep U M V C OjJJHEM ¥ TeM jKe HOCHTeJNeM (ymp. D).

OTMeTHM TAK:Ke, YTO HepecedeHue MHO)KeCTB, HeCYINIX v, eCTh MHO-
JKeCTBO TeX ToUeK ¢ € T, B KoropuXx | v | ({{}) > 0, m Moiker oKasaTscs
MyCTHIM (HAmpuMep, B caydae meprt Jlefera); cramo OHTE, BooGie ropops,
HE CYIMECTBYeT HAKMMEHDLINEer0 MHOKECTBA, BECYIero v.

CnenctBuk 2. Ilyemv p u 0 — CuH2ysapHble KOMNAEKCHHE MEDbL;
p' U 6’ —— KomnaekcHble Meptl, UMEHUUE NAOMHOCMU COOMEEMCMEEHHO

0MHOCUMEAbHO P U 05 moeda p' u G’ cuHayaapHbl.

Caencrene 3. Ilyemv p u 0 — cuneysapHble KOMRACKECHBE MeDb;
mozda |p+ o= |pl+ o]

B camom siene, 0603HaYnM wepes v (COOTB. W) TAKYI0 YHMBEPCAIBHO
H3MepuMyI0 QYHKIMIO ¢ aGcoaoTHHM 3HaveHmeM 1, uro p = v.|p |
(cooTs. ¢ = w- | ¢ |) (cremcTBme 3 3 TeopeMH 2), a wepes 4 — TaKoe
VHABEPCAILHO N3MEPNMOe MHOKeCTBO, Hecymee p, 4T0 B= CA necet ¢
(upena. 13); Torma mMmeem Takme p -+ 0 = (v, + wop)-(lp | +
+ | o]). Dysruus ve, + wep nMeer abcomoTHOe 3Bavenme 1,
H yTBepKAeHME CIefyeT U3 IpeJIomeHus 2.

TroreMa 3 (Jleber). Bcakas womnaercnas mepa 0 na I' moocem
6nmy sanucana eduncmeennbim 06pasom ¢ eude 0 = g-p -+ 0', 20¢ g
A0KAALHO W-uwmezpupyema, a 0’ ecmv mepa, cuneyaapras ¢ w. Ilpu
omom |0 | =[gl-p+ 16|

B caytae mososRuTEeNBHOR MepH O 9To caeflyeT cpasy ke M3 Teo-
pemst O. Pucca (ra. I, § 1, m. 5, Teopema 1), mpnMeHeRHOH KO BHOJ-
He pemeTouHOMY mpocTpaBcTBy of (T) peiictBuTenbHbX Mep Ha T m
H K I0JI0Ce, IOPOKISHHOR B 9TOM IPOCTPAHCTBE MePOii 1, ecin yIecTh
creficTBAe 2 W3 TeOpeMHl 2, m. 5; 37ech, KpoMe TOro, 6’ 1 g-p momomn-
TeNBHHB, OTKy/la CJeNyeT, 4T0 g HOJOMKNTeNbHA JIOKAIBHO |-TOUTU
Berony (caemersme 3 m3 mpemi. 3). B caywae, korfia 6 me sBasercs
MONOKNTENbHOM, TONoKEM v = |0 |, v = f-u + v’ (rme f monomu-
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TeJBHA, a v\ W W CHHTYJAPHH) W 0 = v-v, I'fle v — YHMBEPCAIBHO
n3MepuMasi QyHKOMs ¢ abcomoTHHM B3HadeHmeM 1 (caemcTBme 3 m3
reopeMs 2). Torma (upenn. 8) & = g-n + 0" ¢ g = vf (taruo | g | =
=m0 = v-v' (1ak aro | 0’ | = Vv’ B cmay upema. 2); meps 0' ¥ u,
COTNACHO CiefcTBHI0 2 m3 mpepnoxmernnd 13, curryaspas. Octaercs
JEIb 0Ka3aTh eIUHCTBEHHOCTH pasaoxenms. MTak, momycram, 410
0 =g-pn+0 =g-n—+ 0, rne 0 u 0] caaryasprs ¢ p; | 0° — 0] |
maskopupyercst | 0 | 4+ | 0] |; smaumr, 0’ — O] cmaryaspHa C p,
a cramo OBTH, Takke H € (g, — g£)-p. Torma ms eootHomeHuss 0' —
— 0; = (g, — £)- 1 BHTeKaer, 9T0 ofe YaCTH pPaBHH HYJII, YeM H J0-
Ka3aHa eMHCTBEHHOCTD, '

Hanomuum (Teopema 2, cxonus), aro mpocrparcTBo Lige (7, n; C)
MokeT OHTB OTOMIECTBIEHO (0TOOpasKeEWMeM gr—> g-i) ¢ HEKOTOPHIM
nopmpocTparcTBoM IpocrpanctBa of/¢ (7). Ilpm srom coraamennm
TeopeMa 3 OpPHWHMMAET CIeAyRIylo ¢opMy:

Cnepcrsue. Cyuecmeyem npoekmop p npocmpancmea k¢ (T)
na npocmparemeo Lioe (T, w; C), umernwyuii e xavecmee sdpa p* (0)
MHOJCECINB0 KOMIACKCHWL MeD, CUHSYASPHBIL ¢ W, U makoil, u¥mo

16 1=1p@®) |+ 16—p@® 1] p(0)=1p(6)]
0us awboil Komnaerkcrol Mmepwt 0.

Ecam cysuTh p Ha MHOMECTBO OTPAHHYEHHHIX Mep, TO MONYIHM
npoextop p' mpocrpanctsa of/ ¢ (1) ma L (T, p); us pasencrsa || 0 || =
=101 (1) ssmomme, wro [0 = p (O] + 116 — p* (0) | mns
moGofl orpamnueHHON KOMIJIEKCHOH# MepH 0.

8. I puaowcenusn: I. [eoticmeennocms npocmpancmeé LP

Mui GymeM maydaTh 3[eCh JHIOb CIydail [eHCTBATCABHBIX HPO-
ctpancts LP,

HamomamM, wro MBa wmcaa p ® ¢, Y/OBJIGTBOPSIOMEE YCIOBHAM
I1<p<+oo, 1 < g 400, 1/p + 1/qg = 1, BasuBawoTCA conpsa-
scernnmmu nokadameasmy (ra. IV, § 6, u. 4). Bearasa yaxnua g € B2
onpenensier na LP menpepsiBEYyI0 JmHekHYI0 Popmy 04, KOTOpas moiy-

vaercad QpaxTopm3anmeii U3 AUHEHHOX (POpPMEL [ —> S fg dp ma Z?,

MpEYeM COpaBefimBo paBencTBO Ng (g) = || 0, || (ra. IV (2-e map.),
§ 6, m. 4, cnencreve u3 mpema. 3). CregoBatensHO, 3 oToGparKenmA
23 H, Byp6akn
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g0, daxropmsanmeii moxygaeTca THHEHHOE H3OMETPHIECKOE 0TOOpa-~
meHme ¢ upoctpancra L B npocrparcrBo (LP)’, compsurennoe x L.
Mnu moramem, aro npm 1 < p<< +o00 ¢ orobpamaer L? na (LP)',
TAK 9T0 MBI CMOIKEM OTOKIeCTBUTH OaHaxoBh mpoctpanctBa L u (LP)”
mpu moMomy msomopduama ¢. VIHEME ciioBaMH, EMeeT MeCTO

TrorEMA 4. ITyecmv p u q — conpsadcenHble nokasamesl, Npuiem
1 < p < +00. Beakas Henpepuisnas auneiinas gopma wa LP (T, p)

umeem 6ud f > S fg dp, 20e g ecmv gynryus us L (T, p), raacc

romopoil ¢ LY 00nosnauno onpedeseH.

B camom sresie, mycTts 0 — mempepHBHasA nuneiHaA dopma ma LP;
HaiigeTca takoe umcao a =0, uro |0 (f) | << a-Np (f) nna aoGoit
Pynrnmz f € LP. Paccmorpmm cyskeHme gopMbl 6 HA TPOCTPAHCTBO
&% (T') enmpepHBHHIX QYHKIWH ¢ KOMIAKTHEIM HOCHTeJIEM: 15 110600
KoMIakTHOro mopMuOMectBa K u3 7' m mioGoit gyarmum f€ A (I, K)
(IPOCTPAHCTBO HENPePHBHHX GYHKIMH ¢ HOCHTENeM, COMIeD/RAIMAMCH
B K) nmeem N, (f) << (u (K))V? || f||; 3mawmr, Tomomorms, @EHAYHH-
pyemast B ¢& (T, K) tomonorueit u3 £¥, Gyner MeHee CHIBHOM, UeM
TOIOJIOTHS PAaBHOMEDPHOH CXONUMOCTH, U CTaJ0 OHTH, Cy:KeHHe (op-
Mii O Ha Kasoe MEOKecTBO &% (I, K) HempepHBHO B 9TOH TOIOJOTHH.
1o o3Havaer, uTo cyxenue Gopmir 0 Ba ¢F (7) ecTh meilicTBETENBHAA
mepa v (ra. IIT (2-e man.), § 1, o. 3, omp. 2).

IToramem, wro |v [ (| f ) < a-Np (f) mas moboit dymrmum f €
€ &% (T). Hocratouro fokasaTs aTy oneHKY masa f = 0. Ho s mo6oi
dyuxnma ¢ € &% (T), ynoBrerBopaomeil mepaBeHCTBY | P | < f, mMeeM

Py (p) | < a-Np () < a- Ny (D5

Halme YTBepyKAeHHE IIONydYaeTcd M3 BHPAJKeHHAA NS abCONIOTHOTO
3HAYEHNs] MepH, HmpuBefeHuoro B ria. III (2-e msn.), § 1, o. 6, dop-
mysna (12). Coormomernme |v | (| 1) < a (p (|7 7)) Y? opu -nomomm
mepexofla K HW/KHell ormbalome cpasy sKe pacIpoOCTPaHAELTCH HA CIY-
qaif, KOLfia f eCTh XapaKTePHCTHISCKAA PYHKIMA KOMOAKTA, W TOIMa
OHO BIIEYEeT, YTO BCAKMA |-OpeHeOpERMMHE KOMIAKT v-IpeHeGpe-
JKHM, TaK YTO v eCTh Mepa ¢ GasmcoM u (m. 5, TeopeMa 2).
CnefoBaTennHO, CYIMECTBYeT TaKas JIOKAJIBHO U-HHTETPUPYEMas

$ysruMA hy, wt0 [V | (f) = 5 fhy dp naa moGoit dyurumn f € 88 (7).

IToxasxeM, 910 %, TOKANBHO IOYTE BCIOAY paBHA HEKOTOPOH PymKmum
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u3 L% Ecam ¢ymrumusa f > 0 us ¢ (I) raroma, aro Np (f) < 1,
TO thl dp = | v | (f) < a. Crano 6wTh, Had 1060TO HEIPEPHBHOTO
otobpasmenus f, npocrpanctsa I’ B [0, 1] ¢ KOMIOaKTHEM HOCHTeJIeM
sup s. (foh) f du. << a, xorna f mpoGeraetT MHOKECTBO IOJIOKATEIBHLIX

dyaxuuit w3 & (T), mia xoroprix N, (f) << 1. Orciona mo dopmyne

(11) ra. IV, § 6, n. 4 mosrygaem mepaBenctso Ny (fohy) << a. 13 aroro

BHITeKaeT, 410 sup Ny (pgh,) << a, rorma K mpoberaer MHOMKEeCTBO
K .

KOMIIAKTHHX DOAMHOKecTB 3 7', 970 W /IOKA3HBaeT Halne yTBeP:K-
merme (§ 1, mpemr. 9).

Ilycrs v — Takasa (@eAcTBMTENbHAS) YHEBEPCAJBHO H3MepHMAs
$yrKMUA ¢ abcomOTHHM 3HadermeM 1, 4to v = v- | v | (caemcrBme 3
U3 TeOpeMbl 2), B IyCTh § = Uh,y; TOIla v = g+U B g OpuHajteRaT L7,
IOas 6ot pyuxmunm [ € ¢4 (T) umeem 0 () = v (f) = S fedpn. Wvb-
ME CJIOBaMH, HeIpepHIBHHe JwWHednbe gopmbl 0 m 0, cormagawT Ha
&% (T); snaumT, ond paBHH H Ha LF, mockoasky ¢4 (T) BCIORY HJIOTHO
B £P, ueM m 3aBepimaeTcs MOKA3aTEILCTBO.

CnencrBuE. [Jas awboeo uucaa p, 1 << p << oo, 6Ganazoéo npo-
empancmeo LP (T, n) pegaercusro.

Boo6me rosops, conpsskernoe k L™ me maoMmopdro L, m caemo-
BarensHo, L' m L™ me pedaexcusun (yup. 10). Oxapakrepusyem He-
IpephiBHEHE iuHetHble opMel Ha L™, KoTOphe moxydarrcs (axro-

pusanued ®3 JMHEHHOA (QOPMEL f —> ng du ma £%, rne g € L.

Vuopsimouennoe BektopHoe mpoctpanctBo L™ (I, u) ketopoe
SBIsETCSA TOJIIpoCTpaHcTBOM mpocTpancTBa Lloe (7', p), noare pewe-
mouro; B CaMOM Jielie, ecnu (f,) — CeMeHACTBO HONOKHETENBHEX QYHK-

nmit m3 £, 1A KOTOPHIX MHOKECTBO KJIaccoB (f,) MasKOpHPOBAHO
B L™, 10 mafimerca Takoe a == 0, uro N (f,) << a maa nwo6oro o.

A mockonsky Lioc (7, W) BUOXHE pemeToyHo, TO CeMeicTBO (f,) HMeeT

B Ll (7, u) BepxHIO I'padb k; HO a == f, AaA moboro o, moaToMy

h < a, m spaant, N (h) < a, OTKyHZa ¥ cJedyeT Halle yTBePKMIe-
HHEe,
23*
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IIrEgnOKERAE 14. J4f mo20 umobw nOAONUMEALHAS AUHell-
nas gopma 6 na > umeaa 6ud f — ng dp, 20e g € L', Heobzodumo

u docmamouro, ymobul 044 a1w06020 603pacmaiuyeso PHuaibmpyOUesocs
cemeticmea (fo)oc 4 noOAosCUMENLHOE PyHryul us L=, dia Komopux

MHoNcecmeo Kkaaccoé (fo)oe a Madcopuposano 6 L™ u umeem 6 amom

npocmpancmee 6epIHIOIN 2paHb h, GLINOAHAAOCL DABEHCIME0
0 (k) =sup0 (fa).
acA

Cravana goxameM HeoOXomuMocTh. B camoMm gese, Mepa - ABIA-
etcsa BepxHeil rpanbpio B off (T') MHOMeCTBA Mep f,-p (O. 5, cxomus);
crano 6uh (ra. I1, § 2, m. 2), gua aroGoit pyrxoun ¢ = 0 w3 58 (7T)

HMeeM Shcp dp :asgg Sfacp du. Ecam rtemeps umcno a > 0 Taxoso,

110 No (fo) <'a pgaa amoGoro o € A (4T0 BileweT HEPABEHCTBO
N (h) < @), To paa nwoboro & >0 maiimercsa Takasa QyHKNHEA
Qo €& (T), aro ¢ =0 1 N; (g — @) <&, OTKyZa ClexyeT, 4TO

Sfalg——(pldpgas AN J000ro aEA,nSh]g~—q)!du<as.

Tem camMEM JOKa3aHO, YTO HEPABEHCTBO SuUp 5 feg dp << Shgdu
agA

B JICTBHTEIRHOCTA eCTh DaBeHCTBO.
J1a mokasarenseTBa JOCTATOYHOCTH BOCHONB3YEMCA CledylOmeit

JIeMMOM
JIEMMA 4. 1° ITycmb [ — noayHnenpepvisnas cHUSY NOAOICUMEALLHAA
ozpanuuennan gynkyus wa T. Tozda ee kaacc f 6 L™ aernemes eeprneli

2DAKDLI0 MHOICECMBA KAACCO8 @, 20e @ npobezaem MHONECME0 PYHKYLTL
us % (T), ydossemeopaiwuzr ycaosuiw 0 < @ < f.
2° IIyemb [ — nosodeumesvras 02paAHUMEHHAS USMEDUMAR HYHK-

yua na T. Tozda ee kaace f 6 L ecmbv HusxHAS 2paib MHONCECBa Kadc-

coe b, 20e P npobezaem MHOICECTEO NOAYHENDEPBIEHBL CHU3Y 02D aAHU-
werwnux @Pynkyuli na T, ydoesemeopawwux yciosuw P == f.

1° Mycrs f — raxasa QyHKOEA K3 Zw, 4T0 f' eCTh BEPXHAA I'PAHB
B L™ muomecTBa KiaaccoB ¢ pynknui p us ¢ (I'), yAoBaeTBOpsI0OMAX

yeaoszo 0 < ¢ < f; ouepunno, f’ < f ITycts U — orkphitoe OTHO-
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CUTEABHO KOMIAKTHOE WOAMHOMecTBO 3 [; nna mwboit $ymxnmmu
h € &% (T), Takoit, ato 0 << 2 < foy, mo ompepexnermio k (t) < f (¥)
JOKAJBHO IOUTH BeloNy u 3HaauT, A< f'()epy(f) mourm sciomy;

U3 DTOr0 3aKJIIYaeM, UTO Sh dp < Sf’cpu du. Ho mockoabry fou

noNyHEeIpPephBHA CHU3Y, TO S foudp = sup S h du, rae h mpoGeraer

muosxecTBo Ppynruuii us ¢¢ (7), ynoBaersopsaromux yeaosaw 0 < kb <<
fou (ra. IV, § 1, n. 1, omp. 1); cregosarentHo,

Sf(PU dp < Sf’% dy;

a Tak Kak f'@u <C fouy mourm BCIORY, TO f@y = f'@p moYTH BCIOAY,
OTKyBa f = f JoKanbHO LOUTH BCIOAY.

2° Mlyers f — Ttakas ¢ymxnmms uz L£°, o j'f’ eCTh HWKHAA I'PAHb
B L™ MHOKeCTBa KJaCCOB { UONyHeIPePHBHKEX CHH3Y OIPaHHYCHHEIX
dyuruii P == f; rorma f.' = f Ilycrs, manee, K — KoMOakTHOE IOJ-
MHO;kecTBO m3 ['; Nia n1060if DONyHeIPEepPHBHOM CHA3Y OIpaHHYeH-
HOH (QyHKIHY h, MasKopuEpylomei f@g, o6o3HaumM gepes h ¢yEKORO,
paeayio ~ ma K u || f|| + ||~ || m=a T — K. Torga 3 Gynmer molxyHe-
OpepHBHA CHU3Y H 3 == f, ® 3HawHT, DO OIpeJledeHHIO, h @ =71 @
JOKaJbHO LOYTH BCIOAY; OTCIOXA BHTeKaer, 4To £ (£) = f () ok (2)

O04TH BCIOJY, H CTaxo0 GHTH, Sh du = Sf'cpK du. Ho SfcpK dp =

= inf S h du, rme h npoberaer MHOKECTBO LOAyHONPEPHBHEIX CHHU3Y

OTPAaHHZEHHHX (VHKUHAH, MOKODHpYHOmMEX fer (ra. IV, § 1, m. 3,
omp. 3); chel0BaTeibHO,

Sf(PK dp = SfI(PK du,

a8 DOCKONBKY f@x < f'@x mour: Bewny, 10 fox = f'@x mouTH BCIOAY,
¥ 3HauuT, f = f NMOKAXBHO WOYTHE BCIOAY. JleMma HorasaHa.

Ilycrs Temeps O — UoJoKATeNbHAA JmHeiiHaa Qopma Ha L7,
VIOBIETBOPsIOMan ycraoBmo npepioxennsa 14. Cymenwme 0 ma &7 (T)
eCTh NIOJIOFKHTENbHAA Mepa v Ha . MH moKameM, 4T0 s 060
nonoxuTenbHOH $ymrmum f € L% (7, p) cupaBelIMBO PaBEHCTBO
0 (f) = v* (f). Homyctum cradana, 910 f DOIYHeUpepHBHA CHEH3Y
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(w orpanuuena); B CHJy JeMMH 4 f ecTh BepXHAS IPaHb QUIBTPYIO-

meroca IO BO3PACTAHNI0O MHOJKECTBA KJIAacCOB @, rie ¢ upoberaer
¢masTpyromeecs muoxkectBo @ takmx ¢ymrmmin us & (7), aro 0 <
<L o<<f. A rak rak O (f) = sup 0 (p) mo ycuosmw m v* (f) =
PED
= sup v (¢) I) oupeleJeHAI, TO Hallle YTBeD:KACHWe [OKa3aHO HAaA
g

°
aToro caydai. [lpeamonosxkam reeps, 9T0 f P-M3MepHEMAa H OIPAHUYECHA;

Torjga, wo oupeneaeHuio, v¥ (f) = inf v¥ (¢), rae P mpoGeraer guabT-
VeV

pyomeecs D0 YOHBAHMIO MHOKeCTBO ¥ UONyHEDPepPHIBHEIX CHH3Y

orpanmyeHHHx Qyrruwmi, —>f. Ecam a > || f ||, To mpumensa ycnopue

UpeJIoKeHus X PUIBTPYIOmMEMYCA I0 BO3PACTAHUIO MHOKECTBY KJiac-

coB QyHKRIEH a — P, THe P € ¥ mp < a, HA OCHOBAHWY JEMMH HOJY~-

49aeM paBeHCTBO O (f) = wmfy 0 (¢), a crano 6rTh, m paBeHcTBO O (f) = -
€

= v* (f). B wactrOCTH, Haa d060# p-npenebpeskuMon pyrrnouu f = 0
mmeeM 0 (f) = 0, suaumr, v* (f) = 0, m caemosatensno (m. 5, Teo-
peMa 2), v ecTh Mepa ¢ 6asucom L; Kpome Toro, v¥ (1) = 0 (1) << + o0,
m 3pawut (cxefcTBme ®3 TeopeMbl 1), v = g-u, rme g € L (T, w).
Haxonen, mockonpky mwofas p-m3MepuMas QYHKIHMA v-U3MEPHEMA,

T0 BesAKaA nonoRutensHan gymknus f € £* (T, p) v-EETerpEpyeMma,

7 TOITA ng dp = v* (f) = 0 (f), 9eM n 3akamdmBaeTcsa MOKaz3aTeldb-

CTBO.

N3 upepmomenns 14 sakirouaeM, 4T0 AmHejinbe opMbl Ha L
Buja [+ ng du, rae g€ £, npencraBusaioT coGoit pasnoctu 0, — 0,,

rae 0, m 6, — moxoMuUTENbHEIE JHHEHHEE GOPMEL, Y/IOBIETBOPAIOMHEE
yCIOBHI mpefyioskenna 14.

9. Il puaoscenua: I1l. Pynrxyuu mep

ITyers py, Mgy - .. My — ACHCTBHTONBHHe Mepu Ha T

" u(xy, ... Zp) — KOHEUHAA NOLONCUMEALHO 00HOPOOHAR WHCIOBAS

¢ynarims, onpefenennasg ma R™ (1. e, (ra. I, § 1, mw. 1) Takaa Qynx-
ouf, 910

UA(QATyy o vy OTp) = QU (Zgy « o oy L) (12)

nng aoboro ckaiapa o > 0). Ha T cymecrsyior Dod0:RETEIbHEE

MepH A, Takwe, 4T0 | u; | << A mpum 1 << i <{ n (mampumep, cymMa
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n
Dl w; ). Hyers A, A’ — nBe Taxme Mepsl Ha 7. MoKHO HauMCATH
t=1

w; = fi*A = fi-A', rne dymrmusa f; (cooTs. fi) m3MepEMa m CymiecT-
BeHHO OTPAaHMYEHA OTHOCHTEIBHO MePH A (cooTB. A') (m. 5, Teopema 2).
Mpr ycTamOBEM CIEQYIOMEA PesyabTaT: 048 M020 ¥molb YUCA0EGR
dynryus v (fy, ..., fn) Oblia A0KAAVHO UHMezpUpDYeMa OMHOCU--
meavHo A, Heobzodumo u docmamouro, umobn Pyruryus u (fi, . . ., fn)
6uaa A0KAALHO UMMezpupyema omuocumeavro A, u mozda

u (flv LR fn)"’ =u (fiv ey ﬁt)"f’

Tak wak | p; | <inf (A, A'), To MOKHO OrpaHEYHTHCA CIydaeM,
xorna A << A'. Torma A = g-A', rae g ectp A'-mamepumasn QysKIEA
B mpefenax 0 << g << 1 (uw. 5., Teopema 2); orcioma (u. 4, mpepi. 8)
caenyer, uro W; = f;(g-A') = (f;g)-A', orryma BHTekaer (m. 3,
ciencTBEe 2 m3 mpemi. 3), 9TO f;g paBHA fi JOKAXBHO IOYTH BCIOLY
otaocuTenbHO A'. Taxmm oGpasom,

u(fj'v ARRS ﬂl) = u(flgv LIRS} fng) =u(f17 LR ] fn)g

JOKAJIBHO IOYTH BCIOAY OTHOCHTenbHO A'. Crajno 6BHTH, A TOro
uto6bl pymrmua u (fi, . .., fn) OBIa IOKanbHO A'-mMHTErpEpyeMa,
Heo6X0oREMO ® AOCTATOIHO, 4TO6H ¢ymkmus u (f;, ..., fy) g Obia
JIOKQJbHO HHTEIpHpyeMa OTHOCHTENBHO A', T. e. (m. 4, mpemi. 8)
91068 & (fy, . . ., fp) OBIIA JTOKATLHO HHTErpEpPYEMa OTHOCHTENBHO A,
2 rtorna umeeMm (m. 4, mpemi. 8)

u (f;, IR ] ﬂz)"" = (u (fla o e tey fn) g)""l =u (f11 CECEEE} fn)}"

Urak, mepa u (f;, . . ., fn)*A BABUCHT TOJXBKO OT MEP Py, - - «y Mn
¥ ot JyRKUMA u; OHa 0603HATAETCA TaKKe U (Uy, . .., [n). OTA Mepa
Oynmet, ciemoBaTeNbHO, OUpeHEdeHa, 6CIH U — TaKas IOJO0KATEJDLHO
ofnBOopofHaA (YHKINA, 9TO AJIA HEKOTOPOH HOJOKHUTEILHOH MepH A,
MasKopmpylomeir Bce | p; |, oymkmma u (f, ..., f,) JToKanbHO
A-mATerpmpyeMa, rje f; — MIOTHOCTH Mep W; OTHOCHTENXbHO A. OTMe-
THM, 9YTO 5TO YCJHOBHE 3aBE/lOMO BHIIOJHAETCHA JJIA IOJIOKUTEIHHO
OIlHOPORHOH Henpepuléroli QyRRIUHA u: AeACTBATEIBHO, TOTMR

lu@, oo z)i<e(al+lzl+...+ 1z

(IIOCKOIBKY 4 OorpaHEYeHa B JOCTATOYHO MAJO# OKPECTHOCTH TOYKH
©,...,0), m rak xax u (fy, . .., fn) A-mamepmma (rx. IV, § 5,
n. 3, reopema 1), To, B cmay Kpumrepusa mHTerpmpyemocte (ria. IV,
§ 5, m. 6, TeopeMa D), OHA JOKAABbHO A-HHTETpHpYyeMa.



360 AHTETPUPOBAHUE MEP I V,§5

ITyerb uy, . . ., up — DOTOMRUTEABHO OHOP OJHEE YHCIOBLE PyHK-
nun, onpefenerHie Ha R™ u takwe, uto p Qymknmi g, = uy, (fy, .. .
« v fn) 1 <k < p) nokanvHOo A-uBTerpupyems. Ilyere v ecrp
TOJIOKATEIHHO OGHOPONHAA THCHOBAst QYHKIUA, oupenenennas nHa R®
A Takad, 4970 VU (g1, . .., gp) NOKANABHO A-mHTerpupyeMma. ITomomumm
WA(Tyy ooy Zp) =V (U (Tgy « ooy Tn)y ooy Up @1y o vy Zy))e

Torma ¢ymruma w 6ymeT DOJTOKUTENLHO ONHOPOMHA, w (fi, . . .
« « « [n) — 7TOKANBHO A-WHTEIrpHpyeMa, H L0 OUPE/EJCHHI0 HMeeM
Wk ooy W) =V (U (Bay oo or Ba)s o v Bp (Has - o M)

B wactemix caydaax ¢ymkmuwd z*, r-, |z |, z + y, inf (z, y),
sup (z, y) MepHl, ompefiesisieMble BHINEONUCAHHBIM CIOCO0OM, COBIA-
HAIT COOTBeTCTBEHHO C TeMH, KOTOpHe obozmagatorea put, u~, |p |,
u + v, inf (p, v), sup (u, v); 970 cpasy ke moayUaeTcH M3 LpeIO-
menua 2. Ecam p m v — JeficTBHTeNbHEE Mepe B 0 = p + iv, To
10| =} u? + v% B camom fere, mycrs A > 0 — Mepa, MOKOPHUPYIO-
masg |p| @ |v|, af, g— goKaneHO A-HHTETpHpYeMHe QYHKIHEH,
Tak@e, 0 U = f-A, v = g-A; Torma Y p® 4+ v® =V 7+ gtA,
0 = (f + ig)-A, u smaumr (mpem:. 2), |0 | =V + g*A

OnucaEHHE MeTO[ MOKHO IPHMEHHTH K IOJIOKHTENLHO OXHOPOIHON
HKoEE (2 + ... z2)1/2 nna ompefeseHdA NIMHH Kpusoil B R7.
1 n

10. Henpepsténsie mepsl; amomMureckue meput

OUPENENERAE 5. Mepa O ma T Hasueaemcs HenpepvieHol,
ecauw das awbozo t €T |0 | ({t}) = 0.

IIpame p. Mepa JleGera ma R sABiasercsa mempepwBHoH (ra. IV,
§ 1, n. 3, sameuyanme 1).

YTBepiKIeHHe, 9TO U ©CTh HellpepHBHAA Mepa Ha 7', 03HauaeT, 4TO
BCAKOE MHOMKECTBO, JIOHOJNHUTEeAbHOEe K KOHEIHOMY, Hecer |0 |,
uam eme, 9To Mepa | 0 | cuErynapra ¢ ao6oit rogeunoi Mmepoii. Cie-
ROBATEIBHO, HEIPEPHBHBE MEPH COCTaBAAT Hosocy B off (T) (ra. 11,
§ 1, m. 5, Teopema .1).

HaoomeuwM (ra. IH (2-e mag.), § 1, m. 3), uTo KoMImIeKcHasA Mepa P

Ha I HasHBaeTCA amomuueckoll, eClIH OHA HMeeT BHJ, 20& () &, rue
teT

@ — Takas KoMITexkcHaa ¢pyrrmmA ma T, aro ) |a (f) | < oo mus
R 1EK
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ao6oro Kommakta K m3 T'; 5To 03Hauaer, 9410 ceMeiicTBo (& (1) &;)ieT
cymmupyemo (§ 2, m. 1, samesamme 2). Torga ms samewaHus mocie

CeAiCTBHA 3 U3 TeopeMsl 2 I. 5 BETeKaeT, uTo | p | = ) | & (£) | &;-
tET

Bxopamaa B oTH QopMynsl QyHKIEA ¢ ODPENeNseTca ONHO3HATHO,
nockoabKY o (£)= p ({¢}). AroMuueckas Mepa W HeIpPepHBHAA Mepa
CHHIYNAPHHL.

IlpEgnomenuE 15. Beakas komnaekcrnas Mmepa o na T moxcem
Guimb eduHcmeeHHbM 06pasom npedcmasiena 6 eude p + 0, 20e p —
amomuneckas mepa, 8 — uenpeprisnas mepa; npu omom |o = |p | +
+ 101

EnuracTBeHHOCTL pas0meHHA odYeBHAHA, HOO P — aTOMHEYECKasd,
a 0 — HempepwBHA, W 3HAYAT, NOJGKHBL BHIOIHATHCA COOTHONICHHS

p=p({ther=2o({})e, 6=0c—p.
€T {eT

Ina mokasatenscTBa CYMECTBOBAHHA [OCTATOYHO 3aMETHTh, 9YTO
Dl9c{t) < |0](K)< + oo mus awboro xommakra K, Tak
te K

9T0 MOKHO HOJOKUTE 2,0 ({t}) &« = p. Mepa ¢ — p, ogesmaHoO,
{eT

HeIpepHBHA, H COOTHOmMeHMe |G | = |p |-+ |0 — p | BHTeraeT
cpasy sKe H3 CJefcTBEA J mpemnosxenna 13, m. 8.

OTMeTHM, YTO BTO JIOKA3ATEJHCTBO MOKA3HBAET, UTO €CIAU O Heco-
ma mEO;RecTBOM M m ecam | o | ({t}) > 0 mas aw6oro ¢ € M, 10 0 —
amoMmuneckas Mepa.

Ynopaxaesus

1) Ilyete T m X — NoKaabHO KOMIIAKTHHE TPOCTPAHCTBA, M 3= 0 —

Mepa Ha T, A! t+> Ay — p-cornacoBamHoe oToOpaxenme I B ofly (X)
I g — JNOKAJbHO HKHTeTPHDPYeMad (YHKIHA OTHOCHICABHO MEPH Vv =

= 5 Ay dp (£). TlocTpOHTH PEMEP, HOKABKBAOIAI, 9T0 eend X HE CIOTHO

B 0eCKOHEUHOCTH, TO g HEe MOKeT OHITb JNOKAIBHO A;-MHATErPEPYEMOl Hu
TIPE KakoM 3Ha4eHuu ¢ (cp. § 3, yop. 4).

2) Ilyctb g — monoskutenbHas ¢yEKnus Ha T, msMepEMas M Cyme-
CTBOHHO OTPAaHMYEHHAS OTHOCHTENHHO W, M IYCTh vV = g-u. IloKazats, 910
ecnd ¢ysknEa f ma I co 3HAYEHUAMH B 0aHAXOBOM NPOCTPAHCTBE WIH

B R {\-HETETPEPYeMa, TO OHA V-HHTEIPHpyeMa. (3aMeTHTH, ITO V < ajt JIA
10008 mocTosiHHOM a > 0, W BOCHOAB30BaThCA mpemn. 15, ra. IV, § 1,
L 3). :
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3) IIycts X — NOKAXBHO KOMHOAKTHOE HPOCTPAHCTBO, A: £+ Ag
B At t+>)A{—pBa p-coracoBamBNX orobpaskenmus T B off+ (X) m mycts

v = S Agdp (1), v = SM du (f). Iloxazath, YTO ecIE A; €CTh Mepa

¢ 6asmcoM A; JOKANBHO HOYTH BCIOAY OTHOCHTENHHO W, TO V' €CTh Mepa
¢ O6asmcom v. (PaccMoTpeTh v-mpeme6pe:KmM06 KOMIAKTHOE IOAMHOKECTBO
K m3 X. Omo A;TpenefpesKEMO JIOKANbHO HOYTH BCIOAY, W SHATAT, Aj=
mpeHe0peKAMO JIOKAJABHO HOYTH BCloAy. IIpumennts mpemn. 5, § 3.)

4) a) Ilyets p > 0 — MopepanTHag Mepa Ha T. IlokasaTk, 9TO Cyie-
CcTByer TaKag HenmpepwBHAA ¢ymEEmuA h > 0 ma T, 4T0 k. OrpammieHa
¥ SKBHBAJIGHTHA | (paccy:KfaTh, Kak B mpepa. 11).

by Hycrs (n,) — moCAEAOBATENBLHOCTD IOJOKUTEABHHX MOJEPaHT-
HuX Mep Ha T. Ilokasare, 9T0 cymectByeT Takasa mepa u > 0 Ha T, 410
KaKjaA L, uMeer Gasmc W (CBeCcTH K caydalo, Korja KaKias M3 P, OTpa-
HHUYeHa).

5) Ilycte p, 6 — arommdeckume Mepw Ha T; M, N — HauMeHbLIIHE
MHOJKECTBA, HeCymue cooTBeTcTBeHHO | o | B | 0 |. [aa toro 49Tobm p u ¢
Onnm CHATYJIADHH, Heo6XOAMMO ® JAOCTaTOYHO, utobm M (| N = o
OcHOBHBafiICH HA 3TOM, HOCTPOMTH HIpEMep TaKoil atoMmyecKo#l Mepur v
Ha wHTepBade I = [0, 1] #3 R, 9ro6n I 651 HOCHTENEM Mep V¥ H v-. )

6) a) Ilycte p — nox;o:xurenpHas mepa Ha I. IlokasaTh, 4To ecim
A < T yHmEBepCcaJbpHO H3MEPEMO M He ABIAETCA JOKAJbHO U-TpeHebpe-
JKEMEIM, TO CYIIECTBYeT MOJO;KUTeNbHAS Mepa v, HecoMasas A ¥ TaKasg, 4T0
vz=0uv < p (B3ars v = @g-n, rae K — KOMOAKTHO® IOAMHOKECTBO
43 A, He ABIAIONeeCH |L-TPeHelpPeKIMbIM.)

b) Oycre M — yauBepcaipHO H3MEepHMOe HOAMHO;KecTBO H3 T. Ilnsa
TOro 4To0B HONOMKHTEABHAA Mepa A Ha T Onjla mecoMa MHOKeCTBOM M,
HEOGX0AUMO ¥ LOCTATOYHO, YTOOH A Obiia CHETYJIAPHON C 060N MOI0MKH-
TensHOM Mepoi, HecomMoit CM (MCHOJB30BATH a)).

c) BuBectn u3 b), uro mepu p ma T, Takme, 910 | p | mecoma M,
obpasyior mosiocy B off (T). 91a moioca muPOKo 3amrmyTa B off (T),
ecat M — saMKHyToe -mopMHO:kectBo 3 I (ra. III (2-e, mam.), § 2,
opepa. 6).

d) Iloxasats, uto Mepa Jlebera ma I = [0, 1] ectp mmpoKuil mpepmes
[OCIe0BATEABHOCTE ATOMHYECKHX MeD, HeCOMHX (PHKCHPOBAHHKIM CYeT-
HEM MmHEOKeCTBOM A < I (cp. ra. III (2-e map.), § 2, reopema 1
u mpemua. 13). CaemoBatesbHO, HOJOCA Mep, HECOMHEIX MHOMKECTBOM A,
He ABJIAETCA MHRPOKO 3aMKHYTOI.

°7) a) Ilycts p — momoskmrenpHas Mepa Ha I ¥ mycts A — TaKoe
{-HHTETpEpyeMOe MHO3ecTBO, 910 W (A) > 0. Ilokasars, YTo ecam AAA
at060ro W-EHTErpHpyeMoro MHOkecTBA B — A p (B) = 0 nan p (B) =
= wu (4), T0 Hallgercsa TaKaA TouKa a € 4, 9t0 U ({a}) = u (4). (Pac-
CMOTpeTh Hepecedenne TaKnX KOMIAKTHRX MAOKeCTB K — A4, 910 M (K) =
= u (A4); noKa3arh, 970 OHO HE IyCTO, MMeeT Mepy, PaBHYI 1 (4), B cBO-
OUTCA K eJHHCTBEHHOM TOYKe.)
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b) IIpegmomoskum, 910 W — HempephiBHAA Mepa. IloKasaTh, 4To AJA
a060T0 P-HHTEIPEPYEMOT0 MHOKECTBA A , TAKOTO, 910 U (4) > 0, maoboro
e > 0 cymecTByer TaKoe W-HHTETPEpyeMOe NIOAMHO3KecTBO B < A, 410
0 < p (B) < e (3aMeTuTh C¢ TOMOMBIO 4), YTO CYIIECTBYeT TaKO€ \-HHTE-
rpapyemoe moAMHOmecTBO C < A, 910 0 < p (C) < (1/2) p (4)). Buse-
CTH 0TCIONa, 4TO Korma X IpoferaeT MHOKECTBO W-MHTeIPHPYEMHX NOJ-
MHOKECTB 3 A, TO MHOKeCTBO 3HaUeHHH | (X) ecTh 3aMKHYTHII HHTePBAX
{0, p (4)] (man aro6oro =mera f, 0 < B < p (4), o6ozHAUEM [epes Y
BePXHIOI TPaHb Mep TAKHX M3MEepHMBIX HOIMHOKECTB X < A, 910 p (X) <
< B; nokasars BHavajye, 4T0 Yy = f, HCHONB3YS HPeJHAYIEI PesyibTaT,
a 3aTeM J0KasaTh, 9T0 CYMECTBYeT BO3PACTAOMAA HOCIEI0BATEABHOCTDH

(X,,) m3MepHMEIX NONMHOMKeCTB M3 A, #aa Koropux lim p (X,) = P).
n-+oo

°8) a) Ilyctb v — mOJXOKHETENbHAS aTOMHIeCKas Mepa Ha T' m 4 — v-
nHTErpHpyeMoe moaMuoKecTBo 3 I. IloKasaTh, 910 MHO/KECTBO 3HaYeHHH
v (X), Kormga X mpoGeraer MHOKECTBO V-HHTETPHPYEMHIX IOJAMHOMKECTB
u3 A, samrayTo B R. (Ilycte N — mamMeHbIllee MHOKECTBO, HECyIee V.
Ilpepmonaraa A (| N 6ecKoOHe4YHHM ¥ pacmoJaras To9Ke 3 A (| N B mo-
CIel0BATeNBHOCTh (@) paccMoTperb OTOOpasKeHHe ¢ IIPOCTPAHCTBA-

mpoussenenns {0, 1YV B R, onpejeneHmoe paBeHCTBOM @ ((ey)) =
= Z e,V ({a,}), ¥ DOKAa3aTh, UTO 0HO HEHPEPHIBHO.)

nb) BrBectr U3 a) ¥ U3 yOp. 7b), 4T0 eCIE | — DPOMBBOABHAS HOJO-
JHUTeNbHAA Mepa Ha T, a A — HETErpHpyeMoe HOAMHO;KecTBO I, TO MHO-
KecTBO 3HaweHnii p (X), korga X npoGeraer MHOMKECTBO |-HHTETPEPYEMEIX
moAaMHOKecTB M3 A, samkEyTo B R. PacmpocrtpammTs 3TOT pesyusTaTr Ha
clry4ait, Koraa |\ — IPOH3BONBHAA felicTBHTeNbHAA Mepa Ha T.

c) Brisectr u3 ymp. 7b), 9ro ecan p — HempepHIBHAA FeHCTBHIENbHAA
mepa ma 7, 10 MHOMecTBO 3HaweHHH P (X) = p* (X) — p~ (X), roe X
mpoGeraer MHOKECTBO | M |-EETEIPHpPYEMHX NOAMHOKecTB M3 T, ecTb
3aMKHYTHH (0TpaHnmYeHHHH min HeT) HHTepBal m3 R.

d) IloctponTh TpPEMEp TAKON TOJOMKHTENBHOR ATOMHUECKOH Mepm v
Ha JOKAaNbHO KOMIIAKTHOM, HO He KOMIAKTHOM HpocTpaHCTBe I, 9T0 MHO-
’KecTBO 3HadweHmH v (X), rme X mpoferaer MHOKECTBO V-HHTEIPHDPYEMbIX
nopMHOKeCTB B3 I, He 3aMKHYTO (BHOpAThH v TaK, YTOOH ian v ({t}) > 0).

13

9) Ilycts u ¥ v — CHHATYJAPHHE NOJIOKHTENbHEE MepH Ha T'. IloKa-
3aTth, 9T0 jusa aoboro gucaa p, 1 < p < 4 oo, TONOJOTHIECKOE BEKTOP-
Hoe mpoctpaHcTBO LP (T, p + v) H30MOpPPHO HOPOCTPAHCTBY — HIPOM3BE-
JIeHHIO' TONOJIOTHIECKHX BeKTOPHHX mpocTpaHCTs LP (T, n) u Lp (T, v).

10) a) ITyers p == 0 — moJOKMTeNBHAA HEOPePHIBHASA Mepa Ha JO-
KaJgpHO KOMIAKTHOM npoctpamctse I'. Ilokasats, urto B B! (T, p) mai-
JileTCA TaKas HOCJIeN0BATNbHOCTs QYHKNMI f,,, ut0 Ny (f,) = 1 npu mobom
n B 9TO NOCAeJOBATeABLHOCTH HEHPEPHBHHX Mep f, -+l IHPOKO CXOXATCH
¥ ToueuHON Mepe &,. Bmpectm orcioma, wro L! (T, u) (a 3Ha9HT, TAKKe

a L™ (T, u)) He sApiasercs peAeKCHBHBIM.
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b) Ilycts v — momoskmTeabHAA aTOMHIecKas Mepa Ha T ¢ Geckomew-
HEM HocmTejyeM. IlycTh A — HamMeHBINee MHOKeCTBO, Hecymee v, B —
GeCKOHeYHOe CYeTHO® HONMHOKecTBO M3 A u A — mepa ¢p-v. Ilokasars,
w10 compssxenuoe K L™ (T, A) He GymeT IpoCTPAHCTBOM CYETHOLO THIA,
% 3HaumT, He MoyKeT Omth maomopdmo L! (7, A) (cp. Tom. Bekt. mp-Ba,
ra. I (2-e map.), § 2, yup. 1).

¢) Busectn m3 a) u b), 910 JIA TOTO 9T00H HOJOMMTENBHAA MEPA WU
Ha JIORAJNBHO KOMIIAKTHOM mpocTpadctee T Ouma rtaxoma, grto L (T, p)
pedurekcEBEO, HEOOX0EMO B JOCTATOYHO, YTOOK HOCHTEAb Y OHII KOHEYeH
(vcmosszoBate yup. 9).

°11) Ilyers S — cTOYHOBO KOMHmaKTHOe mpocrpaHCcTBO (ra. II, § 1,
yop. 13f)); roBopAT, YT0 HOJOKATENBHAsA MEpa U HA S HOpMa4bHA, €CIH
Ras w060T0 QEABTPYOMErocs 0 BOBPACTAHAI CEMOUCTBA (fg),c 4 HEmpe-

PHBHEX GyHEKIuA Ha §, Ma;KOPEPOBAHHOr0 B $%(S) B TaKoro, 4ro f — ero

BePXHAA TPaHh BO BIOJHE DEIIeTOYHOM UpocTpamcTBe ¥(S) (BepXHAR

rpamp He o6a3aTenNbHO PaBHA BepXHEH ormbaromeil cemeiicTa (f,)), EMeeMm

p () = stég u (fg). ToBopar, uto peifcTemTeNpHAA Mepa A Ha S HOp-
o

MaJIbHA, eCJM HOPMAJBHH IIQJIQKHTEJBbHbBE MepH A* m A~

a) lasa Toro 9ToGH moJOKETEIBHAA Mepa p Ha S Omia HOPMajbHA,
HeoOXO0A¥MO ¥ HOCTATOYHO, 9T00H JI0Goe HUrme He ILIOTHOe MHOKeCTBO A
65110 p-mpeHe0pe;KEMO (JUIA JOKABATENhCTBA HEOOXOAMMOCTH PaccMOTPeTh
B S OTKDHTHE ¥ 33aMKHYTHE MHOKECTBA, cofep:Kamue A ; [iIg HOKa3aTeNb-
CTBAa J0CTATOYHOCTH 33aMETHTh, YT0 BEePXHAA OrEGaINAA ¥ BeDXHAA TIPaHb
B €(S) ¢mapTpyoOImerocs mo BO3PACTAHMI0 MayKOPHPOBAHHOIO CeMelCTBa
(f,,) PaBHH Ha JONOJHeHHH TOINero MEOMectsa (cp. ri. II, § 1, ymp. 13f)).
BrBectn oTClofa, 9T0 HOCHTEJh MEDH |\ OZHOBDPEeMEHHO OTKDHIT M 3aMKHYT.

b} Ilycte p — momosKmTeNsHAR HOPMAJNBHAA Mepa Ha S, f — 9HCNO-
BaA p-usMepHMaA QYHKIWA ¥ g — HAMGONBIIAA MONYHEHPEDPHBHAA CHE3Y
¢yHKnua ma S TaKas, 910 g < f. [lokasarth, 9To f M g PABHH IIOYTH BCIOAY
OTHOCHTeNBHO W (¢p. T, IV (2-e max.), § 5, ymp. 16b)). Busectn orcopa,
9TO A MOBOTO |L-H3MEPEMOTO TOJMHOMECTBA 4 m3 S MEoKecTBa A — A
u A — A p-mpere6pemMuL.

¢) Tlorasartb, 9T0 B (GamaxoBOM HPOCTPAHCTBE off (S) Mep Ha S MHO-
JKeCTBO HOPMAJBHHX Me€p eCTh 33aMKHYTO® BEKTODHOE LOJIPOCTPAHCTBO,
¥ OHO ABJAGTCH IOJOCOH OTHOCHTENBPHO CTPYKTYPH BHOJHE DeIHEeTOTHOTO
upoctpanctBa B o (S).

°12) T'oBopAT, 9T0 KOMHAKTHOE CTOYHOBO IPOCTPAHCTBO 2UnEpCmMOyHO-
60, ecyiu oO'besHeHNe HOCHTENeH HONO/KATeNPHEX HOPMANBHHX Mep ma H
(ymp. 11) Belogy maoTHO.

a) Ilycrs T — NOKANBHO KOMIIAKTHOE IPOCTPAHCTBO B Y — MOJOMKH-
TeapHaA Mepa Ha T. IloKasaTe, 9TO CymiecTByeT TaKoll maoMopduam u >
> 0, Gamaxosa npocrpamctea L* (T, p) ma mpocrpanctso E(H) Hemnpe-
PHBHHX 9YWCJHOBHX (YHKOHI HA THONEPCTOYHOBOM mpocTpascTse H, 410

-6} = 0, (cp. mpena. 14 u ra. II, § 1, ymp. 13).
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b) Ilycrp h — KOMHIAKTHOE IMOEPCTOYHOBO HPOCTPAHCTBO M IIYCTh
(P't)tel -— TaKoe CeMeHCTBO TOJOKHTEIBHHX HOPMAJBLHHIX Mep HA H, 4To
obvequuenre mocutesreil mep W, Bciogy maotHo B /. IToKasaTs, wro maA
TOTO YTOGH MHOKECTBO OBLJIO HHINe He IJIOTHO B H, HeoOXOAmMO M [OCTa-
TOYHO, 9TOOH OHO 6BLIO p,-npeHebperKEMO TpH oboM t € I (3aMeTHTH, 9T0

ecan A p-mpeneGpesxnMo, T0 3TO BEPHO H JUIA A (ymp. 11b))). BuBectn
OTCIOfid, 9TO B THIEPCTOYHOBOM IIPOCTPAHCTBE BCAKOE TOMEE MHOKECTBO
Hurje He IJIOTHO.

c¢) Ilpm Tex »Ke MpeJIoNOKEHEAX, IT0 M B b), MOKasaTh, 910 ecny f —
wncioBan QYHKOUA, M,-u3MepmMasx mpH arobom L € I, To maiiercsa TaKam
HeupepHBHAaA Ha H ¢yHKOHA g, 9T0 f M g COBIAJAIOT HA [OTONHEHWH
HET/le He IIOTHOTO MHOKecTBa (HCHOABK30Bath b) m ymp. 11b)).

d) Hycts H — rumepcToyHOBO npoctpaHcTBo. [loKasaTp, 4T0 cymie-
<TBY®T cemeiicTBo (G,) agA HEHEYCTHX OTKPHTHX ¥ 3aMKHYTHX TI0/IMHO;KECTB
u3 H, nonapno me mepeceKalomuXcs, TaKuX, 910 ux ofvenunenne T BcoORy
TI0THO B H, M TAK®WX, 9T0 AJA J060r0 o € A HAWJETCA HOJOKUTeNLHAA
HOPMAJBLHAA Mepa M, Ha G, ¢ HocutedeM G, (IpuMeHHTH Teopemy Ilopma
K MHOKECTBY CeMeHCTB TOJOKHTeJbHHX HOPMAIbHHX Mep Ha H, HOCHTONH
KOTOPHX IOIApHO He IepeceKaloTcs, B MCOOAb30BaTh ymup. 11a)). Ilycrs
p — Mepa Ha T, cy;xeHHe KOTOpoil HA Kampmoe G, ectb M, (oo 11X
(2-e msn.), § 2, upema. 1). [loKasarb, 910 0TOOPAKEHNE, CTABAMPEe KaKI0i

vERuE f € € (H) B cootBetcTBHe Kiacc B L™ (T, p) ee cymennii ma T,
N

ectb n3omMopdusM GamaxoBa mpocrpanctBa ¢ (H) ma L™ (T, p) (ana goka-
3aTeNbCTBA CIOPBEKTHBHOCTE HCIOJB30BATH C)).

°(3) Ilycte I — NOKaXBHO KOMOAKTHO® HPOCTPAHCTBO, WU — IIOJIO-
skuTeapHAs Mepa Ha T H (f, ) — mocaenoBaTennEOCTh GyRKumA n3 L2 (T, n);
NOJOSKEM 4y, = f, 4 I JIA J1060T0 P-HBMePHMOTO MHOKecTBa A

o () =1 (4) — 1z ()= | 1 .
A

a) Ilokasarb, uT0 ecqn I He KOMIAKTHO, TO IIOCHE0BATEBHOCTE (f,)
Mo;xeT GuTh He orpaHWdeHa B L' (T, W), WM IPH 3TOM IOCHEHOBATEIHHOCTD

MHTETDANOB 5 fng du orpammuena jus moGolt ¢pyrrmun g € &7 (T).

b) IlokasaTk, 970 ecm HOCIEJOBATEALHOCTD (U, (4)) OrpamuveHa s
no6oro nojgMuoKecTBa A < T, CBOAAMErocs K T09Ke, ¥ LA J1060r0 OTKPHI-
TOTO MHOKeCTBa A, AJas KOTOPOro Mepa, HHAYIEpyeMas W Ha rpaHune 4,
EMeeT KOHeIHh# HOCHTeNb, TO HOCIef0BATeNBEOCTD (f,) orpanuaena B 21,
WM, 9T0 TO JKe caMoe, IOCJeoBATeIbHOCT: HOPM (|| W, ||) orpammyena.
(IToxkaszaTe cHadaja, 970 KUKAaA TOUIKA [y €7 mMeer TaKyI0 OTKPHTYIO
OKpecTHOCTh [/, 9T0 IOCHe0BATEALHOCTh 9HCeN | U, | (U) orpammyena.
JIIA 5TOTO0 paccysKAaTh OT TPOTHBHOIO, NOKA3HBAA, 4T0 B THPOTHBHOM
clIy9ae MOKHO HNOCTPOMTH CTPOTO BO3PACTAINIYI MOCAEA0BATEILHOCTH
(ny) meamx wmcen, yOHBAOMYO mOCIEeN0BATEALHOCTH ([/p) OKpecTHOCTEH



366

HHTETPUPOBAHUNE MEP . v, §5

TOYKH i, W HO0CIe0BaTeapHOCTh (W)) KBajpPHDYEMHIX OTHOCHTEIBHO N
OTKPHTHX MHOMecyB (ra. IV (2-e msn.), § 5, yup. 13), tak, 91061

Uy < Upgs p(Uy — {to}) < Uk,
[ Bng | (Up — (o) <t paa i <k, W Uy = Upag,

A OKOHYATEeJIbHO,

[, WR) 1>k D) [y, (W)
i<k

HaxoHen, 97065 IpHiiTE K MPOTHBOPEYMIO, PACCMOTPETh obbemnenue W
muOecTB Wy («MeTo[] cKOAB3Amero ropba»). 3aTeM aHANOTHYHKIM pac-
CY;KJleHHeM IIOKas3aTh, 4T0 Halferca Ttakoe KOMIAKTHOE IIOJMHOMKECTBO
K < T, 910 mocaegoBaTenbHOCTh | U, | (I — K) orpanmveHa.)

c) BrBectm u3 b), uto ecan aus m060ro OTKPETOrO MHOKECTBA A <= T
HOCJIE0BATENbHOCTE (U, (4)) orpammueHa, TO TIOCTeR0OBATENBHOCTE (f,)
orpagpTena B £I,

d) Ecmm B3aTh Ha mareppaxe [0, 1] B kKavecTBe u, Mepy, oIpefeneH-
HYI0 Maccoii n B Touke ¢ = 0 u Maccoit —n B T0uKe ¢ = —1/n, T0 mocae-
JOBaTeNbHOCTE (WU, (4)) 6yfer orpanndeHa miA M000T0 OTKPHTOrO MHOMKEe-
cTBA A, KBafpMPyeMOro OTHOCHTENLHO BCEX Mep | u, |, B TO BpeMA Kak
TOC/IeJ0BATeNILHOCTs HOPM || W, || me orpammuenma. Towmo Tak e, ecianm
B3ATH B Ka4yecTBe [, MDY, OHpeJeJeHHYH Maccoii n B Touke t = 1/n
n Miaccol —n B rTouKe f= 1/(n -+ 1), To mOCIEROBaTENBHOCTE (W, (4))
6yner orpaHmYeHa AjiA JI060T0 HATEPBAJa, cofepsrameroca B [0, 1] (a sma-
9T, B I8 J000T0 KOHETHOTO HOAMHOKeCTBA H3 4), 6e3 Toro 9robH mocie-
moBatenbuoCcTh (|| W, ||) 6HIa orpaEmIeHHOM.

14) Iycte 0 — numeitnas ¢gopma Ea mpoctpamctee £*° (T, p); mrs

toro arobet 8 Onia gopmoil THNA f > ng du, roe g € Z' (T, p), HEOO-

XOAMO H JOCTATOIHO, UT0OH O yMOBIeTBODANA CHENYIOMEM YCIOBUAM:
1° nas moboro & > 0 maiigercsa Takoe 8 > 0, wro cooTHomenue p* (4) <
< 8 Baeger | 0 (k) | < & mua moGo# p-uamepmmMoil QyHKIHH h, 1A KOTO-
poit | h | < @g4; 2° mua ao6oro & > 0 malijeTcA Takoe KOMHAKTHOE MHO-
mectBo K, 910 Ans moforo p-mEterpmpyemoro muokectsa B — T — K
BHTIONTHAETCA EHepaBeHCTBO | O (9pp) | < &. (Mcnonn3oBarh Teopemy JleGe—
ra — HmroauMa.)

°15) Iycts H — orpammYenHoe mopMmoxectso us L (T, p), A —
ero KaHOHIYeCKMil o6pas B GaHmaxoBom npocrpanctee L! (T, p). Ilokasars,
970 CJIeMyIOMMe YCJIOBHA SKBUBAJIEHTHbI:

o) MeeT MeCTO COBOKYHNHOCTB [BYX YCJOBHIA:

a,) maa ao6oro & > 0 Haitmerca Takoe KOMIAKTHOe MHOMeCTBO L

< T, 410 S {7 1dp < & past moboit dynxumn f € H;
T-L
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0y) 1A aoboro & > 0 maiiferca takoe 3 > 0, 9710 maa a:060r0 OTKPH-
TOro MHOMKectBa U — 7, ynmoBiersopsiomero mepaBeHcTBY U* (UV) < 1,

nMeeM S | f1dp < & gna nwboro f € H.
U
f) Umeer MecTO COBOKYMHOCTH [BYX YCIAOBHI: o)
Bs) mas moGoro moMmaKTHoro mmO:KectBa K < T m nwboro & >
HaifleTcA  TaKaA OTKPHITag OKpecTHocth [/ MHOKecTBa K, 1TO

| fidpn < & pa moboro f € H.
U-K
v) JHnaa ao6oii  mocaenoBarenbHOCTH (g,) OyEKmEE m3 L%,
PaBHOMEDHO OTPAHMYEHHOM K CXOJAmeidca ©o0 Mepe K OyEKuun
g, uMeeM
lim ngndu = ngdu
71 —>-00
pasnomepro, Korma f upoberaer H.
0) Mua moboi nocremoBatedsHOCTH (h,) HeNPePHBHHX QyHKImit
ma T, cxomamuxcad K 0 B 6€CKOHEYHOCTH, PABHOMEPHO OTPAHHMYEHHOI

u Takoii, wro lim A, (¢) = O gua moboro ¢ € T, mmeem lim S fhp dp=20

N=-»00
pasnomepro, Koria f nmpoGeraer H.

{) Jnn nwboi OecKoHewHOIl mochefopatensHEOCTH (U/,) mNOmapmo

HEe IePeceKAalMUXCH OTKPHITHX MHO:KecTB m3 I mmeeM lim S fdpu=0
n—->+00 -

pasnomepno, Korga f npoberaer H. (Uto6u moKasath, 4to ) Baeger f)
¥ 910 f3) BIEYeT Q), MCIONBL3OBATL «METOJ CKOAbL3AMEro ropba», Tak sKke,
Kak B yup. 13b). 3arem gokasatb, 970 &) BIETET V), UT0 y) BiIedeT O) u 4TO
8) Bueuer [).)

Tlokasath, 9T0. ecim, KPOME TOTO, TPEAIOJOKUTH, 9T0 RJIA HA060TO
t € T, naa xoroporo u ({¢}) # 0, MHOKecTB0 3Ha4eHui f (t) ozpanuueno
B R, Korma f npoberaer H, TO upefsAymue YCJOBHA DKBUBATCHTHH
YCJIOBHIO:

~
0) H ecthb OTHOCHTEJIbHO KOMIAKTHOE IOIMHO:KecTBO M3 L' oTHOCH-

TeJpHO ocaaGuemeoii tomomorum o (L', L*™). (Urtobm mnokasats, uwro 0)
Bieder f), paccy:KaaTh OT IPOTHBHOIO, MCHOAB3Ys Teopemy MIMynssama
(Tom. Bekt. mp-Ba, ra. IV, § 2, yup. 13) u «Mer0] CKoAB3AMEro ropbar
Yrobn moxasaTe, 4TO ) Bieder O), moxasarth, 9to H orpammveso B L',
a sareMm npumenuTs TeopeMy IJbepaeitma (Tom. BeKr. mp-Ba, ria. 1V, § 2,
yop. 15) m BocmoxmpszoBathCA ymp. 14.)

°16) a) Ilycre (f,) — mocnemoBatenpHOCTh QyHEmui ma L (T, u).
IlokasaTb, 4T0 CJEAyIOINmWEe YCIOBHMA HKBUBAJNEHTHHL:

a) HocaemoBatenbnoCcTsb (ﬁl) cxonuress B L' OTHOCHTENBHO OCHabieH-

HO#t Tomonorum ¢ (L', L%).
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B) MHOKCCTBO KIaccoB }‘; OTHOCHTEJIbHO KOMIIAKTHO B L1 0THOCHTENB-
HO 0CJHalJeHHOH TONOJOTHM, M IOCHEJOBATENLHOCTH MED f,-i INEPOKO
cxopurcesa B ofl(T).

v) Mag awboro oTpeiTOro mOAMHOMKecTBa U < T mOCHeTOBATEND -

HOCTb 9HCeJ S fn dp cxopmrea B R. (qTo6H nmoKasaTth, 4To f) Baeuer
U
@), HCHONB30BATH KpuUTepuit @) W3 yup. 15 m omnpepesenue HaMepwuMOii
¢ymkmun. Yro6e moKasaTh, 4TO ) BAeUeT f3), PACCMOTPETh BHAYAJE
4acTHH cayuail mpoctparcTBa L' (N) (AuCKpeTrHas Mepa, ompejiejieHHAA
Maccodl 4-1 B Kampjoil TOYKe), BOCIOAB30BABIIACH YIP. 4 (Tom. BeKT. mp-Ba,
ra. IV, § 5). B oGmem ciydae mpumMeHATh KpuTepmil H3 ymp. 15, 9T06H
CBeCTH Bce K cayvaio mpoctparctBa L' (N), cON0OCTaBHMB Kakioit $yHKIAH

fn CYMMHDYeMYIO MOCJeJOBATeJbHOCTH () fn dp)
Um

mEN')

b) Busectu orciofa uro B L! BcaAKasa nocneuonarensnocﬁ; Koma
OTHOCHTEJEHO OCHAGMeHHOH TOMOJIOTMH CXOAMTCA B 3TOH TOMOJIOTWM.

c¢) Ilycre mHa mmtepsane T = [0, 1] p ects Mmepa Jlefera; mycrs mus
aroboro mexoro n > 1 wepes u, 0603HaUeHa Mepa, OIpejedeHHAA MACCOH
1/n B Kampmoit Touke k/n (0 < k < n); nycTh, jgasee, v — TaKasg MOJOMKH-
TeapHas Mepa Ha T, 910 u = gV, P, = f,+v (yup. 4b)). Ilorazats, |10
HOCJef0BATeNLHOCTE (U, ) MAPOKO CXOMUTCA K U, U, (4) cxomuresa K p (4)
anA n060ro KOHEYHOIro moAMHOKecTBA A — T ¥ mig 11060r0 OTKPHTOIO
MHOKeCTBA 4, JUIA KOTOPOTO Mepa, HALYIHPYeMOHd Mepoil v Ha rparune 4,
nMeer KOHEYHHI HOCHTeNb, HO W, (U) He ctpemmrcea K p (U) naa scex
OTKPHTHX MHOKecTB U — T (cp. ymp. 13b)).

17} a) Oycte p — Mepa JleGera ma mutepsane T = [0, 4 oo]. [ToKa-
3aTh, 4T0 ecm 1 L r < s < -+ o, TO TONOJOIMH, NEAYOHUpPYEMble HA
L™ | Ls ocnabrenmEbiMM TOMOJIOTUAMH B LT 1 LS, He cpaBHEMH (cp. 1. IV,
§ 6, yop. 8). Ilokasats, 4to ecim f, — XapaKTepuctHiecKas (QyHKIUSA

~
uATepsana [n, n + 1], To mocnenoBaTeasHOCTS (f,) crpemutcsa k 0 B ociaab-

nenHoi Tomoxoruy Beex LP, mus Kotopmx p > 1, Ho 9T0 me umeeT MecTa
B ocaaGueHHO# TomOJMOrMEH mpocTpaHCTBA Ll

b) Oycres A — mepa Jle6era ua natepsase I = [0, 1]. [Tokasars, 9TO
ecnn r < s, 70 ocnabiennaa Tonogorus B L3 cIporo cuibHee, 9eM TOIO-
JorusA, pEAynupyeMas B LS ocpaGnennoit Tomosormeii ms LT (cp. ra. IV,
§ 6, yop. 8).

c) ycrs P — monoskuTeNbHAA MePa HA JUCKPETHOM IPOCTPAHCTBE,
OTHOCHTEIBHO KOTOPOil BcaKaa ToaKa mMmeer Mepy 1. Ilokasats, UTo ecam
1 <r<s <+ o, 10 ocnabiennas Tomoyorua B LT cTporo cmibHEee,
4eM TOmoJOTHsA, MAAynupyemas B LT ocmabmemHo# Tomosormeit ms L®
(ta. IV, § 6, yup. 9).

18) Ilyctp A — MHOKECTBO, cojep:ameeca B LT ) L®morpanuien-
Boe ogHospemenno B LT u B L* (1 <r <s < 4 o). TIorasars, 910 JJA



VIOPAKHEHUA 369

aboro p, TaroTo, 910 1 K p < 5, 4 OIrPAHUYEHO B L? 5 910 tonosorun,
HEAyOEpyembe B A ocaalnenEsMu Todojoruamu u3 LP, ugentuunr: (3ame-
THTh, 9T0 & (T) nnotgo BO Bcex mpoctpancTBax L9, rme 1 < g < + ),
Ilokasate, 9T0 3T0 CBOHCTBO IlepecTaeT BHIIOJHATHCA, eciu r = 1 (cp.
yop. 17a)).

°19) Iyctb W — noxoxmrenbHass mepa Ha 7.

a) Hycrs (f,) — mocaepgoBartenpHOCTE ¢QyHENEA B LP (1 <p <
<~} ), orpanwuenrEas B £P n cxoaamasnacs nmo Mepe k 0. ITokasats, dro

o~ v
HOCJHeOBATOABHOCTE (f,) cXopurea K 0 B LP otHOCHTENXBbHO OCiaabienEoi
TOIOJIOTHH,

b) Hocrponts npmMep mocxemoBarembHOCTH (f,) ¢yHEKDEE Hs L1,
orpaEmYennol B X' u cxopameiica mo Mepe K; 0, Ho TaKoii, 9ro mocieno-
BaTeabHOCTE (f,,) He cxommrea K O B ocaabiueHHOM TOHONOTMM LPOCTPaH-
ctBa L' (B3sith B KauectBe p mepy Jlebera ma I' = [0, 1] u mcnoansoBars
Kpurepuit @) ua ymp. 15).

c) IIycrs p — mepa JleGera ma T = [0, 1]. Ilokasarp, WT0 ecim
fn (t) = sin nt, T0 mocnenosaremsHOCT (f,) cxomures K 0 B ocaabmenHOR
tomoioru# Bcex LP, mua Koropux 1  p < - o, HO HE CXOAUTCA HO Me=
pe ® O.

20) a) Iycrs (f,) — Taxag NOCHEAOBATEALHOCT QyHKuMHA u3 L, dt0s
1° mocaenoBatenbHOCTH (fy,) CxofuTest mo Mepe K 0: 2° yua mwoboro e > 0
Haiimerca Taxoe 1 > 0, uTo m3 coormomenus u* (4) < m caepyer, 4TO

%
lim.sup S | fo ldn < & 3° paa moboro e > 0 maiifercs Takoe HHATe-
N—>00
A
rpupyeMoe MuosKecTBo B, dro S | fn | du < € s moboroe n. Ilokasats,
T-B
YT0 TIOCJEe[0BATENbHOCTH (f,) cxomutes B cpepmeM K O.

b) IMycrs p — mepa JleGerama T = [0, 1]. Jaa 1 < p < -+ o obo-
smaunM wepes f, pymKmmo, pasuyo n?P ma mmtepsame [1/(n 4 1), 1/n]
7 0 B ocTaNBHEX TOYKaX. 1I0KasaTsh, 9T0 HOCAENOBATEABHOCTD (f,) yAOBIET-
BOPsET TPEM YCHOBHAM M3 a) M 4TO IOCIE0BATeNbHOCTH (f,) cxomurea K O
B 0cJabieHHOM TONONOTHH HPOCTPAancTBa LP, HO HE B TONOJIOTHE CXO[AMO=
CTH B CpefHEeM HOPANKA p.

°21) a) Hycrs (f,,) — TaKkas mocaepoBareIbHOCTH QYHKIEA n3 Z*, gro:

1° lim.inf f,, (2) >> 0 moutm Bciony mHa T}

n—->00

2° gna moboro & > 0 maitmerca rtakoe 1 > 0, 9YT0 M3 COOTHOIIEHHs

*
p¥ (4) < p cregyer lim.sup S 1o ldp < &
n

—00 A
3° mua moboro € > 0 mHaifierca TaKoe HATETPHPYEMOe MHOKeCTBO B,
910 TpHE JIOGOM n g | foldp <e;

T=B
24 H. Byp6axu
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4° cupaseganso paserctso lim | 7, dp = 0.

n~—>o0
TlokasaTh, 49T0 HOCIEROBATENHLHOCTH (f,) CXOfmTCA B CPERHEM R 0.
(3amernTh, 9T0 Kakoro Om mm Oeto & > 0, ecim C,, — MHOKECTBO Tex
t€ T, mna KoTopHX f, (1) > — & N0 KpaifHell mepe mpu O/WHOM 7 = m,
TO LOCHe0BATEALHOCTD (Cp,) yOHBaeT m mMeeT NpeHe{perkuMOe Tepece-
YeHne. )
b) llycte (fn)—Takaa IHOCHEROBATENHHOCTH (GYHKIuA H3 X1, aro:
1° cymecTByer mMHTErpEpyeMad $yHKOUS g, KuA Kortopoil fn > g UpH
fndp <0,

moboM n; 2° lim.inff,(f) >0 moarm Bcrogy; 3° lim.sup
=00 7-~>00

[Toxasath, 4TO LOCHENOBATENLHOCTD (fn) cXopurcs B cpexaeM K 0. (CHa-
9aja TOKAsaTh, UTO ANA  Jo6oro  maMepumoro MHOMecTsa A

lim.inf \ f, dp > 0; saTteM 3ameTHTb, 4T0 AuaA m06oro msMEPHEMOTO MHO-
N>

skectBa A

lim,sup S fn dp > lim.sup j fn dp+1im.inf S in dp--)
n-—>00 Nn—->00 a n—>00 T4

°22) Iycrs B 6amaxoBoM mpocTpaHCTBe E = off! (I) OTPAHMYEHHEIX
Mep Ha JOKANBHO KOMIAKTHOM upocTpamctse T wepes H 0003HaueHo
KOMIAKTHO® MHOKECTBO B OCJHa6NeHHOH TOHOJIOTHH.

a) IoxasaTh, 910 auas moGoro & > 0 Halpercsa TaKasd HONOMKHTEIb-
Hasg Mepa g HA T, UTO BCAKAs Mepa v € H sBiserca cymmoil MepH ¢ Gasu-
COM [Lg W MEDH A, CHHETYIADHOH ¢ [ B mMelomeil mopmy < &. (Hcemomnso-
Bath TOT (aKT, YTO HpOCTpaHCTBO F, HafedemHoe cBoeit mOPMOIl 1 cpoeit
CTPyKTypoit mopsaaKa, maomopduo mpoctparetsy L (S, p), rae S — obvenn-
HeHHe KOMIAKTHHX CTOYHOBHX HPOCTIPAHCTB, a O — IOIOKUTEIpHAA
mepa ma § (ra. IV, § 4, yup. 10), & upemennts B L! (S, p) KPUTepHil 04)
n3 ymop. 15.)

b) BoiBectm m3 a), 9TO CyIIECTBYeT TaKad IOJO;KHTENBHAA Mepa L
ma T, 9t0 Bee Mephi v € H mmetor 6asuc . (ncmos3oBath yup. 4b)).

23) Ilycte u — MOJOKMTONABHAA M€Pa HA JIOKAJbHO KOMIIAKTHOM
npocrparctee T, p — gmeao, 1 < p < -+ o0, ¢ — cONpsIKEHHNIT IIOKa-
satenb. I[loKasaTh, 9T0 eciim g — TaKasa KOHEYHASA M3MepHMasd $yrROua,
910 AaA a060l GyEKnNn f € £P QyHROUA fg HHTErPHDYeMa, TO g JOKATb-
HO IIOYTH BCIOJ[y paBHA HeKoTopoll ¢ymrumm na L9. ([loxas3aTb, 9T0 0TO-
OpaskeHne f > fg IPOCTPAHCTBA LP B L' HeIPepPHIBHO, HCIOAB3YA TEOpeMy
o saMKEHyTOoM Tpaduke (Tom. BewT. mp-Ba, ra. I, § 3, ciexcTBue 5 M3 Teo-
pemsr 1).)

24) Ilyeth p, q — COmpsuKeHHHe MoKasaTenm. [[oKaszaTh, 910 ecnu B
(cooTB. ) — OTpaHHUEHHOE MOJMHOMKECTBO u3 LP (coors. L9), T0 orolpa-
menne B X C B L, nonyuaemoe m3 otobpaskenus (f,g) —> f¢ ¢arTopmsa-
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umeli, ge 06A3aTeILHO HENPEPHBHO, ecian mageauts LP, LI u L' coormer-
¢TBeHHO Tonoxoruamum o (LP, L9), o (LP, 19) u ¢ (L, L™) (cp. yup. 10d)).

°25) a) JloxasaTh, 9TO €CAM ¥ W v — IPOM3BOJLHEE [JelCTBUTEILHEE
gncaa, 70 {1 < p < - oo BHNUOJHAETCS HEPABEHCTBO

[p]
|utv|pL ulptpou|ulP2+ta 2 Jo|m |upr+0b|vjP,
r=2
e a u b — IOCTOAHHKE, 3aBHCAIIAE TONBKO OT p, a {p] — uenas 9acte
gucna p (DPymkuum peficts. mepem., rar. 111, § 2, yop. 6).
b) Hycts '(fn) — I0CJIeI0OBATENLHOCTh, cXogamanca K 0 B LP orHo-
curensHO ocaabnennoit Tonosxorum (1 < p < 4 o). Ilokasarp, 4T0 Cyme-
CTByer TAKas MOANIOCIEIOBATENLHOCTD (fp,) MOcHeoBaTenbHOCTH (f,), 4TO

m
ecan LONOKHUTD S, = 2 fngs TO
k=1

S Sm-1]Sm-1 (P72 fnm dpu | <1

(ompefenMTh TOCIEOBATENBHOCTD () mo HEAYKNEE)., OTclofa, HCIOML-
3y a) ¥ HepaBeHCTBO I éipfepa, BHBECTH, 4T0 eciim p = 2, T0 Haiigyrcs
TaKne OOCTOAHHBIE a B b, 4TO

Ni(lsn|P) < Ni(| sn-1[P)+a~+bNy ([ sn-1[P7?),
4910 ecan 1 < p < 2, 10 HalifieTca TaKaA HOCTOAHHAHA ¢, 9TO
Ny(lsy [P) <Ny (| spy 1P) + e
3aRa09ATH, YTO
Ny (sp) = O (n*/?) pas p > 2,
Np(sp)=0 (n/P) pna 1 < p < 2.

¢) Ilokasarsp, 4T0 mpefHAyIIMe Pe3yabTaTH He MOTYT OHTH YIydUIIEeHRH
B ofmewm caygae (cp. yup. 19d) m 20b)). .

°26) Hyets py, ..., by — MEPH Ha JOKAJBHO KOMIAKTHOM IPO-
ctpancTBe T, salmChBaeMHe B BHJE [y = fp-W, THe W > 0 — mHeKoTopag
mepa m | fr | <1 (m 9).

a) Ilycte @ — MHOKeCTBO TAKEX HOJOKETENHHO ONHOPOJHHX (QYHK-
umit ga R™, wro u (1, . .., f;p) AOKaABHO p-TpeHeOpeKMAMa AnA JI0Goit
¢yermma u ¢ @©. IloKasaTs, 9T0 ecAM IOCTENOBATEJIBLHOCTD (u,) PYHRImI
n3 @ paBHOMEPHO CXORWTCA HA JMIOGOM KOMIAKTHOM HOAMHOKECTBE M3 Rm
K ¢ysromum u, 70 u (Uy, . . ., My) €CTH NPemes IOCJIef0BATENHHOCTH Mep
up (Mg, - - -» Wyy) OTHOCHTENLHO KBAsMCHAbHON Ttomomormm B off (T)
(r. 111 (2-e m3p.), § 2, ymop. 8).

b) Hpennonoskum, uro u € @ menpepmsEa Ha R™. Tlokaszarb, dTO
otobpaskenne (Wy, . . ., Upy) —> u (g, . . .,"}y,) MpocTPaECTBA (oM (T))m
B of/’(T) HempepHIBHO B KBA3MCIJIBHOI TONOJOIMH (HAYATEH € PACCMOTPEHUA
clyuag, KOrja u JIMIINIMIEBA; 3aTeM ONPUMEHHTh a) u Teopemy Beiiepmitpac-
ca — CroyHa). ‘

24*
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c) Ilpegmonoskum, 410 v mempepusHa Ha R™. Ilycts g — mpousBosn-
naa ¢ymrous us & (T) u K — ee Hocurenb. [loKasaTs, 910 Jia aoboro
e > 0 maiifercA TaKoe KoHe1HOe OTKPHTOe MOKpHTHE (4;) MHOKectBa K,
COCTOAIEe M3 OTHOCHTeNHHO KOMOAKTHRIX MHOMKECTB, 9TO /[ya aioGoro
KOHGYHOTO OTKPHTOro moKpHrusa (B;) mmomkecrsa K, Gomee tomkoro, dem
{4;), n moboro cemeiicra (h;) mempepuBaHX otobpaemuit T s [0, 1]
TaKMX, 970 hj UMEET HOCHTeNb B Bj waro 2 hj ()= 1 ma K, sHOmonHAeTCSH

i
HePaBeHCTBO

|§eutn o ma—Su(] o ... | ouman) | <e
j

(BEagaje paccMorpers ciaydad, KOTfa u JHUMNIIHUINEBA, a fp HEOPEPHBHH,
a 3aTeM MEpeiTH K ciaydaio, Korga ¥ JNIMANOEBa, a f; NOKAAbHO HETEIPH~
pyemH, u HaKoHel — K oOmemy | caydao, HCIOAB3YsA Teopemy Befipmrpac-
ca — Croyma).

d) Hyers u (zy, x,) — Pyerama va R, monoxurensHo OfHOPORHAA,
paBHasA Vx% + z%, Korja MPPANUOHANBHO &y/xy, 1 0 OPOTHBHOM caydae,
Mycts, nanee, p — Mmepa JleGera ga T = [0, 1] u v —mepa ma T, ompe:
meneppas Kak dv (f) = tdu (¢). lloxasars, 970 ecam g > 0 — =HenmpepHs-

Bas pymrnus ga T, 10 2 u( S gh; du, S gh; dv) He CTpeMHTCH HE K
i .

KaKoMy [pexeny 00 (UABTPYIOIEMYCSH MHOKECTBY KOHETHHX OTKPHITHX
HOKPHTHII HocHTeNA (QyHKOHH g.

27) Nycrs X — NOKaNBHEO KOMIAKTHOE HPOCTPAHCTBO M Al tH> Ay —
CKAJAPHO CYINECTBEHHO W-mHTerpupyemoe otobpakemme T B offy (X).
[pegmonomum, 910 A mpejcormacosamo Aas jno(oi MepH Qg-p, e K
KOMIIAKTHO. )

a) ITorkasarp, 970 A TPECOINACOBAHO /A M0G0 MEPH Que o I7E
A — p-usmepumoe HopMHOMKecTBo M3 T (paccMOTpeTh KOMIOAKTHH® NoJ-
MHOKecTBA H3 A).

b) ITorasats, 970 A mpepcornacosamo Hja a0Goi mepH feu, rHe f
MONOIRUTeNbHA, M-USMePHMA M IPHHMMAET JIHMb KOHEYHOe YHC]HO 3HA-
9enuit,

c) Ilokasars, wro A mOpepcormacoBamo s aiobGoit mepH f-u, rae f
p-mamMepaMa B 3aKxiodea mexsay O m 1. BuBecrn orciofa, 9ro A p-corxa-
€OBAHO. .
28) [Myctp X — mOKaJAbHO KOMITAKTHOS OPOCTPAHCTBO B Al f+—»Ap—
p-cornacosaggoe otTobpamcemme T B off (X). U mycrs p'=g.p —~
TAaKasg MOJOKUTEIHHAS Mepa ¢ 6asmcoM p, 910 A CKAaJHPHO CYIECTBEHHO
§’/-AETerpUpYEMO.

a) Ilorasare, 970 A p'-mErerpupyemo (1CHoan30BaTh yop. 27b) mam
coormomenne ' = sup (inf (u’, nu)) m yop. 9 us § 3).

n
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b} Iokasate, 4t0 V' = 5 Agdp’ () ectn mepa ¢ Gasmcom vV =

- S hedp (8).

c) Iokasars, 910 oToOpakenme {+> g (f) A; W-COTMACOBAHO H €ro
HATEIPax paseH V. _

29) Iycrs X — JOKaAbHO KOMIAKTHOE DPOCTPAHCTBO, Al f > Aj —
u-coraacoagHoe orobpamenne I B off 4 (X). Y IycTh § — DOXOIRMTENbHAA
¢ysrona ma X, yHMBEpPCAAbHO H3MEDPNMAasA H JOKAaJbBHO OrpPaHWYCHHAA.
Iokasatb, 910 ceMeficTBO ¢ +—> g-A; U-COrNACOBAHO U UTO

5 (g+e) dp () = ¢ S Ay du (2)
IPA KaKAOM U3 CJASAYIONAX YCAOBHI: a) ¢ MOZEPAHTHA OTHOCHTENLHO
MOpH S A: du (1); b) mepr A; orpammuens.

30) a) IIyctse M — orpammdesnoe moamEOKectBo u3 C. Ioxasatn,
9T0 3aMKHYTas BHIOYKjAasg o000j109Ka MBO:KecTBa M ecTh mepecedoHme
3aMKHYTHX JHCKOB, cofiepykamux M.

b) Ilycre X — moKaibHO KOMIAKTHO® MPOCTPAHCTBO, W -— TAKAf
KommireKcHas Mepa Ha X, 910 ||p = u (1) = 1, 2 f — HenpepusHan
orpaEmierEas KommineKcgas ¢ymskous Ha X. Ilokasats, 910 M (f) mpum-
HAFJIeKAT 3aMKEYTOH BRIYRJOHN obosrodkxe Muosxectsa f (X) B C. (MOIIOJH:-
30BaTh a).) BuiBecTH OTCIOfa HOBOE AOKa3aTeJbCTBO mpemd. 9.

31) IIycre O — KoMmnekcHass mepa ma 7 m F — Gamaxoso upo-
CTPaHCTBO.

a) Ilokasarh, 970 IPOCTPAHCTBO L} (T, 6; F) noxso. (3ammcats | 6 |

B BHJE 2 Mg, THe (L) —cyMMupyemoe cemeiictBo Mep >0 ma T, HOCHTENR
o

KoTOpHX 00Da3yloT JOKaAbHO CIETHOE CEMEHCTEO NOHAPHO HE mepeceKalo-
WUXCA KOMIAKTHHIX MogMHOMKeCTB. TeM cambiM OmpefienseTcs HONpepHs-

moe orobpamenme L, (T, 8; F) B || LL (T, uy). Iyors § — gmastp
o

Komu B L}, (T, 0; F). Ero o6pas B H LL (T, ug) cXomTca K HEKOTOPOMY
o

anementy (fg). Ilorasats, 110 f, onpesiensnior O-usmepumylo QyEKmE0 S
Ha T, a sateM—4r0 f noKansEO O-mmrerpmpyema m 410 f ects mpegen
$unvrpa F B Liy. (T, 0; F).)

by IIyete p > 1 — mefictBuronbEOe 9menmo. O6GosHaumM  wepes
ZP o (T, 0; F) BexropHOE HpOCTpaHCTBO O-m3MepHMEIX ¢yarumii £ Ba T
co sHadeHuAMA B F, Takux, 110 | 1P aokansno O-mETerpupyenmo. Hagzeaum

ero moJAyHOpMaMH [ > ( S | For |Pd | B l) p, rae K mnpoberaer Mmo-

KeCTBO KOMIAKTHHIX HoAMHOKecTB m3 7. Ilycts Lloc(T, 0; F)—acconga-

HpOBaBHOE OTAENUMOe mpoctrpamHcTBo. IloKasaTe, UTO 3TO MPOCTPAHCTBO
monno. (Tor ke Mertof, 9410 U B a).)
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§ 6. Oopasbr mepm
1. O6paz noaowcumearvnoti mepsvl

IIycrs X — j0OKanpHO KOMOAKTHOE HPOCTPAaHCTBO WM I — W-U3-
mepumoe orobpaenne I B X. YTBepxueHue, 9o napa (x, 1) p-agan-
rapoBana (§ 4, o. 1), paBHOCHIBHO YTBePKACHNIO, YT0 A5 110607 PyHK-.
mun f € eF (X) OyHRIUA foR cywyecmsenHo W-ukmezpupyemd.

Hrepaomesue 1.  IIyemv 7 — p-usmepumoe omobparcenue
npocmpancmea T 6 aokaavho Komnarxmuoe npocmpancmeo X. Cae-
Oyroujue ceolicmea IK6USAAEHIMHDL:

a) dan awboii gymuryuu f C K (X)) Pynryus fom cyuecmeenno
Q-urmezpupyema,

b) dun awbozo kKomnarkmmuozo Mmuoxmcecmsa K < X muoxcecmso
"1 (K) cywecmsenno w-unmezpupyemo.

Har 6p10 3aMeueHO BHIme, a) PaBHOCHIBHO TOMY, gTo mapa (7, 1)
p-aganrupoBana. Cranxo 6mte (§ 4, m. 4, Teopema 2), aas moboro
KoMOakTHOro muomecTBa K < X QyHRIUA Qgroft = @4, e A =
= n~! (K) CymecTBeHHO W-EHTETPUPYEMO, MIN UHEIMEU CIOBaMu, a)
Breuer b). OGpartno, momyctmM, wro n~! (K) cymecTBeHHO W-HHTe-
TpupyeMo A Jo00ro KOMIaKTHOro mogMHoKecTBa K ms X, u nmoxa-
7KeM, 9T0 a) BHmoguserca. B camom gene, mycts S — Hocurenb QYHK-
mur f; HOCKOABKY S KOMHOAKTHO, TO, IO YCJHOBHIO, IOJOMKUB A=
= n~1(S), momygaem:

FlrEmao<ii § es @ o) de o=
=171 | @a () dn () <+ co.

Ho ¢ymrmus fom pu-usmepuma (ra. IV, § 5, n. 3, reopema 1),
D03TOMY fCHO, 9YTO feo U CymecTBeHHO p-uATerpupyeMa (§ 1, m. 3,
mpexn. 9).

CpoiicTBO b), odeBmAHO, IKBUBAIeHTHO CJeAYIIEMYy CBOHCTBY
(koTopoe B CBOI O9epeib PKBHUBAJEHTHO TaKKe a)):

¢) Jas awboii mouku x € X cywecmsyem maxras okpecmuocmy V,
ymo n"t (V) cywecmeenno p-urmezpupyemo.
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Onrexenknuk 1. Iycmv p — noaoxcumensvuas mepa Ha A0-
xaabho kKomnakmuom npocmparcmee T. Omobpajcenue s npocmpaH-
cmea T & aokaavro Komnakmuoe npocmpancmeo X Hasvieaemcs p-co6-
cmeeHHuM (IITH COOCMEEHHBLM OMHOCUMEIbHO Mepbl W), ecAu napa
(r, 1) pw-adanmuposana, m. e. (§ 4, n. 1) ecau © p-usmepumo u ydos-
Jaemeopsem (Ireusarenmuslx) ycaosusn npedaoxcenus 1. Tozda mepa

Sﬁnmdu () ma X naseieaemcs o6pasom meptt W ROCPEGCMEOM I

u obosnanaemcs T ().

CaegoBatenpHo, ecam v = @ (U), TO, IO oHpefedeHuo, AAA [ €
€ &% (X) nmeem

{f@av@ = 1@ man . (0

Jameganusa 1) Ecau p oepanunena (1 B wacTEOCTH, ecad
EMeeT KOMIAKTHHN HOCHTEJb), TO BCAKOE [-M3MepuMoe 0To0pasKeHuHe
T 8 X sBasercst p-coberBerubM (ra. IV, § 5, m. 3, reopema 1 m 1. 6,
TeopeMa b).

2) Ecam n p-usmMepuMo M eclIu iIA JA1060T0 KOMIAKTHOTO IIOJ-
muokectBa K m3 X muomectBo ! (K) OoTHOCHMTenbHO KOMIAKTHO,
710 7 p-cobersenno (ra. IV (2-e man.), § 5, m. 5, mpenn. 7 u . 6, Teo-
peMa 5); B 9acTHOCTH, BCAKOe HEIPEePHBHOE cofcmeeHioe OTOOpaske-
mme T B X (O6mas rom., ra. I (4-e msx.), § 10, o. 2, reopema 1) p-
co0cTBeHHO s 060 mONToKUTeIbHOR MepH u Ha 7. B rtom umcme
5T0 BepHO mas Awboro zomeomopgiusma s mpocrpamctsa I Ha X;
B 9TOM clIydae Mepa v = m () €CTb He 9TO HMHoe, Kak Mepa Ha X,
monygenHas u3 u npu orobpamenmu rtv (ra. IIT (2-e wmsm.), § 1,
o 3).

3) IlpemmomosxkuM, g9ro tomoxorus B X wuMeerT cuemHwl 6asuc;
TOTfa BCAKoe orobpakeHme U mpocrpaHcrBa I' B X, ymOBIeTBOPsIO-
mee ycioBmio b) npepmomxemma; 1, p-umsmepmmo,” m cramno 6T,
p-co6erBerHO. [locratogHo mpumeHuth Teopemy 4 ta. IV, § 5, m. 5,
3aMeTHB, 49T0 B 3ToM ciaydae X merpmayemo (O6mas rom., ra. IX
(2-eman.), § 2, m. 9, cneacrBue u3 npean. 16) U wT0 FAA TPOUBBOIBLHOTO
PacCTOAHNUs, COTNACYOMIEToCA C TOIOJOTMeR nmpocTpancTBa X, awboi
3aMKHYTHIH WIapP ABIACTCH CYETHHIM OODBEIUHEHHEM KOMIAKTHEIX
MHOKECTB .
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2. Humezpuposanue OmHOCUMEADHO 06pa3a
NOAOHCUMEALHOT MepbL

Ilyere 7t — p-coberBerHO® orobpaskerme I B X m mycre v =
= v (p). Ilpmmensas pesymsratel § 4, momydaeM ciaefypomue yrBep-
JHeHEA.

Hpemnomenue 2. Jas awboii wucaosoli ¢gynwyuu f =0 na X

[1@av@ =t (@) du 0. (@)
Jro caemyer us teopemm 1, § 4, m. 2,
Canencrsut 1. Jas aw6ozo nodmmoscecmea A us X
v (4) = p* (7" (4)).

CaencrBue 2. J[aa mozo wmobv, nodmuoxcecmeo A us X 6vlio 0=
EQAbHO npeHebpescumMo OmHOCUmebHO v, Heobrodumo u docmamoyHo,
ymobs. 5= (A) 6bli0 40KAABHO RpPEHEODEHCUMO OMHOCUMEALHO .

Cnencrsut 3. Ecau mepa p cocpedomouena ma muoscecmee M, mo
7 (u) cocpedomouena na w (M).

B camom pgene, ecim N = X — 5t (M), 10 n~! (N) me mepece-
KaeTcsa ¢ M, W 3HauMr, JOKAaJbHO WU-IpeHeOpeXrHMO, a cTaxo OHTH
(cmencreme 2), N moranbHO v-mpeHeOpe:RmMO.

CaencrBuk 4. Iycmv S — nocumeav mept n. Ecau 1 nenpepbigho,

mo nocumeaem Mmepv m (u) 6ydem” n (S).
B camowm fesre, U3 CIEHCTBUA 3 BEHITEKAeT, 410 7 (W) COCPEAOTOUEH

Ha n (S), u 3Ha4uT, ecam S’ — HocuTedb MepPH T (u), T0 S’ < 7 (S).
C npyrott cropons, ! (X — §') ecrp OTKPHTOE TOKaNbHO W-TIPEHEG-
peRuMoe MHO:KeCTBO (ciefcTBue 2), W cTalo O6HTh, U-DpeHEOPEREMO
(ra. IV, § 5, o. 2, crencteue 2 u3 upena. 5). Caefoparensno, 1 (X—
— 8 I'— S, sHauur, n (S) < §’, 94eM u AoxasaHO CIeNCTBHE.

TleennoxEREE 3. [aa moeo ¥mobu omobpascenue f npocmpancmea
X & monoaozuveckoe npocmparcmeo G 6v1A0 V-USMEPUMO, He0OGZOOUMO
u docmamouno, umobu omobpasenue [ o; OblA0 P-UBMEDUMO

JTo eCTh HEIOCPENCTBEHHOE CIEeACTBHEe mpeAaoenus 3, § 4, M. 3.

CneacrBuE. J[aa mozo umoGvl nodmuoxcecmeo A us X Gvlao v-us=
Mepumo, Heobxodumo u docmamouro, umobtr 7=t (A)6ua0 p-usmepunmo.
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Hanppoue, ofpas Opm oTo0paKeHMH U W-HBMEPEMOIO MOJMHOKe-
2 crBa M u3 T He 00aA3aTeALHO V-U3MEPHM, Jlake €CJH 7 HONPEPHIBHO, a M
p-upenebpexumo (yup. 7 u § 8, ynup. 1).

TreoreMA 1. ITycme f — gynryua na X npunumalowasl sHaueHus

6 R uau e 6anazxosom npocmparncmee F. Jlasa mozo umobv f 6uiaa cyuye-
cmeenHo v-unmezpupyema, Heobxodumo u docmamouno, ¥mobs fo n
Gbiaa CYWecmeeHHo U-UKMeZpUpYeMA, U Mmoeda

{r@av@={r@wan . 3)

IIpednoaoscun, kpome mozo, ¥mo T — HenpepyigHOe COGCMEEHHOE OMO-

6pasicenue. Tozda dan mozo umobw [ Gviaa v-unmeepupyema, Heobzo-

dumo u docmamouro, umoby Pyrryua f o 6vaa p-uwmezpupyema.
Hocratouno mpumernutb Tteopemy 2, § 4, m. 4.

Cagncrsui. Jas mozo umobn nodmuodxcecmso A us X 6uio cyuye-
CMeerHo V-uHmezpupyemo, Heo6zodumo u docmamouno, wmobul 5= (A)
b0 cyujecmeento p-urmespupyemo, u mozda v (A) = p (n7! (4)).

B gactmoctm, mas am60oro KOMOAKTHOTO MHOXectBa K < X
mveeM v (K) = p (n~! (K)). Orciofa u u3 caeacTBust 3 mpeaaoxenns 2
BHTeKaeT, 9T0 eCld U — amonudeckas mepa (§ 5, o 10). To sro Gymer
BepHO m mas © (p) = v. B camom gene, mycrs M — MHOKeCTBO Tex
t € T, B kotopHX p ({t}) 5= 0; mockoabKy p HecomMa MHOMecTBOM M,
v HecoMa MHOKecTBoM = (M); Kpome Toro, mias mwboro z € mt (M)
mmeem v ({z}) = p (! (z)) >0, w60 n~' (z) copepmur mo KpaiiHek
mepe oany TouRy m3 M. Cramo 6Hrth, v — aToMmueckasn Mepa (§ 5,
o, 10, npenx. 15).

3. Ceoticmea o06pasza noaccumeAvroti me put

IIpennoRERnE 4. [Tyems T, T', T" — aokasvho KomnaxmHee npo-
cmpancmea, W — noaoxcumenvhas mepa Ha T, 1 — p-usmepumoe omo-
6paxcenue T ¢ T', n'— omobpaxenue T' ¢ T" u 1" = o’ o .

a) Ilpednoaoxcum, umo m p-cobemeenno u p' = nu (p) Has mozo
umobe 1’ Gvo W'-cobemeenno, Heobxodumo u docmamoywro, wmobr su”
6t0 p-cobemsenno, u mozda n” (u) = w’ (7 (U)) («TpaHSUTHBHOCTD
obpasa MepH»).

b) IIpednososrcum, umo 7' nenpepbisno u ¥mo [ P-COOCMEEHHO;
mozda s pu-cobemeenno, 1’ 1 (n)-cobemeenno, u n” (u) = s’ (% (W)).
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B npenmonosxenusx a), AAs TOro 4rofnl s’ OHLIO U-H3MEPUMO,
He06X0UMO ¥ [OCTaTOIHO, 9TOGH t’ 66110 P’ -u3Mepumo (m. 2, mpem. 3).
C gpyroii cropomn, ecam K — KoMHaKTHOe mOAMHO:KecTBo ms T,
10 1"~ (K) = =~ (n' -1 (K)); maa toro urobu m”~! (K) 6viro cyme-
CTBeHHO W-MHTErpHpyeMo, HeOGXOfuMO 1 focTaTodHo, aTofe v’ ~! (K)
OBIO CYmECTBEHHO ['-HHTETPUPYEMO; DTO BHITOKAeT M3 CIEACTBHA
Teopems! 1. Haronern, ecnu n” p-coberBerHo, 1o monaras p” = n” (u),
8 cuny Teopemu 1, m. 2, moxyvaem Ansa doGoi PpyErmmu f € &% (T"):

Sraenaw @) = [i@ @ de =
=t @@ dn @ = Jr @ epaw @),

M a) J0KasaHo. .

Iycts, B npepmomomenusnx b), K' — KOMDaKTHOE MOAMHOMKECTBO
u3 7’. Torma K” = n’ (K’') xomnaxTHO, 3Haumr, 5t”~! (K”) cymecr-
BEHHO U~WHTETPUpyeMO, u craxo 6H1b, 5! (K') < "1 (K") cyme-
c1BeHHO u-mHTErpupyemo (ra. IV (2-e wmaspm.), § 5, u. 5, mpema. 7),
Tar 910 51 p-cofcrBenno. IlpuMensas a), moaydaem TpeGyeMoe yTBEDHK-
JieHue

CaenctBui. ITyemv T u I — aokaavho Komnaxmuwie npocmpar-
cmea, B — noaoxcumesvrnas mepa wa T, 11— 6Guekmusnoe omo6padice-
nue T na T' u s~' — o6pammnoe omobpaxcenue. pednororcum, wmo
7 p-cobemeenno, u nycmv ' = m (u). Tozda n~' u’'-cobecmsenno, u

at (n () = p

IlpEnnoskennE 5. Iycmv T u X — aokaavro Komnaxmmubie npocm-
pawncmea, u — noaoxcumesvras mepa rwa T, 1t — p-cobemeennoe omo-
6panenue T ¢ X u g =0 — woneunasn uucaosas gyuryus na X, 644
Komopoll go I A0KAAbHO UHMespUpyeMa omHocumeabro W. Jas mozo
umobul g 6biaa A0KAABHO UHMepupyema omrocumesvro 1 (p), Heob-
zoOuMmo u Oocmamouro, wmobsl ;T Obia0 COOCMEEHHBIM OMHOCUMEALHO
Mepwl (gom)-u, u mozda

((gen)p) = g-m(p). (4)

ITonosmmum v = = (). s Toro w106H g GHna NOKaABHO V-HHTE-
TrpupyeMa, He0OXOJMMO U OCTATOYHO, YTOGH gf OBLIA v-HHTETpHpYyeMa
nas aoGoi GpyErnuE f € &8 (X); a HOCKONBRY gf MMeeT KOMIAKTHBIR
HOCHTEeNb, TO BCe CBOJMTCA K YTBEDIKNEHHIO, 4TO gf CymecTBEeHHO
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v-HHTETPHPYEMa, & 9TO KBUBAIEHTHO yTBEPKACHNO, 9T0 (go 1) (fo )
cymecTBeHHO p-umATerpupyeMa (reopema 1). Ho B cmny Teopemsr 1,
§ 5, o. 3 mocaenHee PaBHOCUABHO TOMY, 9TO fof CYMECTBEHHO HHTe-
TpupyeMa OTHOCHTEIBHO O = (goft)+u, a 5TO, IO ONpe/eeHmo, 03Ha-
gaer, 9T0 I P-cOOCTBEHHO (HOCKONBKY I, OYEBHAHO, P-M3MEPHMO).
Kpome Toro, umeem

fgav={fame@madn= [fa®do
(o. 2, teopema 1 u § 5, Teopema 1), yem m TORa3aHO cooTHOmeHue (4).

Npeepnoxenne 6. Hyembv T u X — 40kGavH0 KOMRAKMHBE NDO-
empancmea U (hy ) € 4 — cemelicmeo noaoxcumenvusix mep na I', guavm-
pyoweeca no omuouteHulo << u umewyee 6 off (t) sepxriolo zpanv .
Haa mozo wmobvt omoGpadscenue T ¢ X 6viao p-cobemeennvim, rneobzo-
dumo u docmamouro, umobvt oro OWA0 Ay-CcOGCMEEHHBM RpU A0GOM
o €A u umobtt cemelicmso (7t (Ag))o ¢ 4 0120 Mascopuposaro 6 ol (X).
B smom cayuae

7 (8) =sup (ha)- ©

Jas roro 4roGH s GELIO p-U3MepWUMO, HEOOXOZMMO M [0CTATOTHO,
9TO0H Tt GBLTO Ay -m3MepmMo mpm miobom o € A (§ 1, n. 4, caencrsue 2
u3 npeni, 11). JonycruM, 9To 9TO ycroBMe BHINONHEHO; TOrAa YTBEPIK-
HeHye, 9T0 T U-COGCTBEHHO, S5KBUBAJEHTHO YTBEDKACHHIO, YTO NJIH
moboit ¢pyaxnum f € g5y (T) '

po(f o 7) < +-oo.
Ho
5' (f o ) dp = sup S (f o ) dhg, = sup S'fd (7 (Ae))
(27 o
(§ 1, o. 4, mpexn. 11); crano GhTH, NeBasg 9acTh KoHEYHa ANA AWGOTO
fE L (T) B ToM m TOXBKO TOM CiIy4ae, Korfa cemeictBo (7 (Ag))
umeer B off (X) BepxHio0 rpaHb 0, m Torma S(fon) dp = Sfdﬁ, 910

pPaBHOCHIBHO (9).

CanencrsuE 1. ITyemv (o )aca — Maroe cymmupyemoe cemelicmso
noaosxcumeaskux mep na T, ¥mo p = D) R 048 mozo umobs omoGpa~
atA

acenue T npocmparcmea T ¢ A0KaabHO Komnarmuoe npocmparcmeo X
610 p-cobemeennbim, Heobxodumo u docmamouno, ¥mobe. oHo 6Gvla0
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Re-cobcmsenno npu awbom o € A u umobur cemelicmao (7 (We))aca
6vli0 cymmupyemo. B amom cayuae
()= 2 (). (6)
agA
Cnencrsuk 2. ITyemv T u X — 4okaabte KOMRAKMHBE RDOCP aH-

cméa, (M) <i<n — KOHEUHAR NOCACO08AMENLHOCTD NOJOHCUINEALHBIE MED
n
na T u nyemv p= 2, A;. a8 mozo umo6u omo6 pascernue 1 npocmpak-

=1,
cmea T & X 6bi0 p-cobcmeennbim, Heo6xodumo u docmamouro, 4mobok
OHO 6biao Aj-cobcmeenHo Oan Kaxcdozo unlerca i, u mozda

4. O6pas KoOMNRAE KCHOU Me pbl

ITycrs 8 — xommaexcHas mMepa Ha T u mycTh 1t — orobpameHne 7'
B JIOKaJIbHO KOMOAKTHOE OPOCTPAHCTBO X: MPEANONOKEM, 9TO0 It
O-msmepuMo u 9ro maam kakgod Oymrmmm f € 8¢ (X; C) dyarumua
fem cymecrBeHHO O-mHTErpHpyeMa. A IOCKOIBKY yTBEDIKIEHHS, TTO
¢yHKREUSa weMepHEMa (COOTB. CYMECTBOHHO M3MEPMMa) OTHOCHTONABHO O
WIM OTHOCHTeABHO |0 |, paBHOCHIBHE, TO 3TO O03HadYaer, 9T0 Tt
|8]-co6crBeno. Ecam f € 8% (X; C), mo

1§ temani<fariemares; )

OTCIO{a Cpasy ke BLITeKaeT, 4To JuHeinaa Qopma f +—> S(fo:n;) do

Ha & (X; C) ectp komnaercras mepa wa X (ra. I1I (2-e m3n.), § 1,
n. 3, npena. 6), u MOKHO BBeCTH Clelylolnee OmpejeleHHe:

OnpenEnenmE 2. [Tycmb 0 — Komnackcnas mepa HA AOKAALHO KOM-
naxkmmuom npocmpancmee I'. Omobpascenue s npocmpancmsa T 6 a0
KaabHO KoMnaxmHoe npocmparncmeo X Hasvieaemces O-cobemeenHvim,

ecau oHo |0 |-cobecmeenno. Tozda mepa f— S(f o 1t) dO mHasweaemcs

o6pasom mept © npu omobpascenuu n u oboswauaemca 1 (0).
Teneps coorHomenume (7) 3anwmmieTcss B BHUE:

EACONESE AR (3)
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Mepa n (0) mMoxer GuYe mymepoil, Gea toro 4ro6m O 6Gmma myxesoii,
B ueM JNerko yOefmThcH, B3AB B Kauectse I MPOCTPAHCTBO, COCTOAINEE
U3 ABYX TO4eK a u b, B Kauectse O — Mepy &, — €, a B Kadectse i —
mocroanaoe otobpaskenue.

Ilycrs 6 u 0' — rRomnnexcutle Meper Ha T'; ecam n gBusiercs O-
cobcTBeHHNIM H 0'-COGCTBEHHBIM, TO U3 CAENCTBEA 2 mpennoenus 6
BhITeKaeT, uTo . (6,4 0’)-coberBenno, ubo {6 + 0' | <O+ [0},
u, ouesmaHO, Tt(0 + 0') = n (6) + n (8').

B uacrHocTH, ecim 6 — peiicTBHTenbHam Mepa m ecam f 0-cob-
CTBEHHO, TO :

n (0) = x (0%) — x (67). 9)

Muorume OONy4YeHHbIe BHINE pPEe3yJabTaThl Cpa3y e paCOopocTpaHA-
JOTCA Ha KOMIUIEKCHEIE MEDH; OpUBEAeM BasKHeHmne W3 HHX.

Heepnoxeaut 7. Tycme 8 — womnaexcrnan mepa na T, m — 6-
cobemeennoe omobp axcernue T 6 A0KaAbHO Komnaxmmoe npocmpancmeo X
u v — mepa-o6pas n (0).

a) ITyemv A — nodmmuoacecmeo us X; ecau n~' (A) aokaavho 9-
npenebpexrcumo, mo A aokasvro v-npenebpexcumo.

b) ycmv f — omobpascenue X 6 monoaozuneckoe npocmparcmeo;
ecau f o n O-usmepuma, mo f v-usmepuma.

¢y yemv [ — dynryua na X co snavenuamu 6 6anarosom npocm=-
panemee F; ecau f o cywecmeenno O-unmezpupyema, mo f cyujecmeenno
V-UHmEZpUpYEMA U

framan=_{rwe. (10)

C yuerom dopmyast (8) 3TH pesyabTaTHl BHBONATCA H3 CIAENCTBHA 2
npefIoKeHnA 2, M3 mpefyioiKeHna 3 u u3 Teopemsl 1, m. 2.

5. IT puaoicenue: 3anena nepemenHoti
6 unmeezpane JdebGeza
Ilycts I — (He oOasaTeapHO oOrpaHWYeHHEIH) mHTEpBaax u3 R,

4 — ero Havauo, b — ero xoHen B R 1 p — Mepa Jlebera Ha I. Bynem
nus moboil p-mATerpEpyemoil pyErnuy f @ mioboro mHTepBaza Hc [

¢ HavyauoM o ® KoHmoM P mnmcaTsh S f (2) dt BMecTo Sf (t) dt =
a
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@ B .
= Sf du u 6ygeM momaraTh Sf () dt = — Sf(t) dt; CMECI BBOLMMEIX
b4

. B o
8/lech CUMBOJIOB COBIAJAET € TeM, KOTOpHil mpupmaBaixca mm B DyHK-

nusx pe#cts. mepem., ti. II, §§ 1, 2, Korna f — numeitvaras $ynk-
nEa ¢ KOMOAKTHRIM HocmTeneM (ra. IV, § 4, m. 4, upmmep).

Ilycrs g — soraavno p-unmeepupyemas wuciosas Qynxnmsa Ha I
u z, — touxka m3 [; pua awoboro x € I mosaraeM

X
G () =c+ S g(t)dt  (c=const). (11)
X0

YUucnosas ¢yExnms G wenpeptisna Ha I; »T0 ciaepyer cpasy e
u3 reopemsr JleGera (ra. IV, § 4, n. 3, crencteme 1 m3 Teopems! 2),
n6o mpomsBeneHWe g W XaPaKTePHCTHYECKOH (YHKIUEM HHTEpBAJIa
¢ KOHNaMA Z W ¥ -k cTpeMuTess K mpeHeGpe:kmmoit QYHKIME, KOrna
h— 0. Cramo 6bite, G (I) ects ummepeasr ms R. Ha uporssxeHnm
BCEro 3TOT'0 WyHKTa MbL 6ysieM cauTath G oTobpaskenuem / Ha IOKANLHO
KOMImaKTHoe mpocrpaHcTBO G (I). Bynem o6Gosmawars wepes A mMepy
g-p ma I.

Ilpennomnoxum cRavana, 910 § w-unmezpupyema. Torna To sxe pac-
Cy:;KIeHHue, 9TO U BHIIE, IOKa3HBaeT, 910 npeneds G (a -+) u G (b —)
CYIMEcTBYIOT U KOHeUHb; KPoMe Toro, Mepa | A | oepanunena (§ 5, n. 3,
caencreme m3 Teopemel 1), m orobpakemme G murepsana I B G (I)
A-cobcmeenno.

Ilpennosxerne 8. Iycmv g p-unmezpupyema. Ecau J — omkpti-
muii unmepeas u3 R ¢ wonyamu G (a +) u G (b —), mo o6pas npu
omobpaxcenuu G meptl g -\ ecmv mepa @y -v, ecauG (a +) < G (b —),
u mepa —@z-v, ecau G (a -+) =G (b —) (sdecv v osmauaem Mepy
Jdebeza na G (I)).

JlocraTouno pokasarb, 4ro AusA moboit yErumm f€ &4 (G (1))

G(b-) b
f® &= [ 1@mead (12)
G(a+) a

Ho ara dopmyna ysxe Ovlma nokasama nas gE€e% (I) (Oyurmum
neiicrs. mepem., ri. 11, § 2, m. 1, popmyna (1)). Ilepefinem k ob6memy
clydalo; Haiifercs TaKas IOCHe0BaTeNLHOCTS (g,) Gynknumit us &7 (1),
aro: 1° mocaenosarensrocth (g, () cxommres k g (f) mour: Bciomy
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ra I; 2° cymectryer Takas p—nHTerpnpyeMaﬁ dyprnua b > 0, aro

| gn | << h mpm mobom n (ra. IV, § 3, o. 4, teopema 3). U3 Teope-

mel JleGera cpasy ke BHTEKaeT, 4YTO €CIHM LOXOKATE Gy, (z) =
X

=c -} Y g, (¢) dt, To mocneposarensrocts (G,) Gymer paswomepHo

x0
cxonutses Ha I % G, m umena Gy, (@ -+) u G, (b —) crpemarcs coor-

BeTcTBeHEO K G (@ +) m G (b —). Ilycrs f — dyrkmua ms & (R),
oponoinKaomas f; HM3MoiKeHHoe BHINe NOKaseBaer, ato [ (G, ()
crpemares K [ (G (f)) = f(G (f)) mua t€ I; npumeHAs Teopemy
JleGera, momxyuaeM, uto dopmyna (12) BeiTeraer m3 Qdopmyan

Gb-) b
[ reoa={re.maeama
G(a+) a

mepexomnoM K Ipenexy.

Cuepcrue. Ecau gynryua [, onpedesennas na G (I) u npunu-
maowas snuavenus ¢ R uau ¢ 6anazosom npocmpancmee, marosa,
umo ¢ynryus t— f (G (2)) g (£) unmespupyema na I ommocumesvho
Mepwr Jlebeza, mo [ unmezpupyema na J omuocumeavro mept Jebeea,
u cnpaeedausa gopmyae (bopMyna 3aMeHsl DepeMeHHOH B HHTerpae
JleGera):

G(b—) b
red&E={rewewa (13)
G(a+) a

B camom pexe, f (G (f)) uBTerpmpyeMa OTHOCHTENLHO MeDH | g | -1,
a 3HAYHT, TAK)Ke X OTHOCATONHHO Mep g'-u ®m g~ -u; m3 teopemsl 1
(n. 2) caemyer, uro f wmHTerpmpyema oOTHocHTenbHO Mep-ob6pazos
G(g*-p) m G(g~-n), a cramo GHTH, W OTHOCHTENHHO MEDPH Q;-V,
H 4910 B cany upeniaokerns 8 @ gopmyns (9) BepHa dopmyaa (13).

Mosxer okasateca,9to f nETErpHpyemMaHa J oTHOCHTEIBHO MeDH JleGe-
ra, Ho ¢ > f (G (t)) g (t) B¢ mHTerpmpyema Ha [ OTHOCHTEIHHO MEDH
JleGera (yup. 10).

IIpepmonokmM Temeps, 9YT0 g TOYTH BCIOLY COTDAHAeM 3SHAK
(1 moramLHO W-HHTErpEpYeMa); MOJKHO, HANOpPAMED, UPEAUNOJIOMKHTE,
gro g (f) == 0 mouru Beony Ha I. Torga G ec1h HempepHBHAsA BO3pa-
crapman ¢yrkuusa Ha I, m 3Haunt, G (@ +) u G (b —) cymecTByT
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(R0 Moryr GHTE GeckomeuHH). Hpome toro, G sBuserca A-cobcmeen~
ntn orobpaskermem I B G (I): B camoM pexe, eciu G (b —) € G (I),
TO HaffmeTcs Takoe &, == Z,, 910 (G TOCTOSAEHA AIA Z > Z;, W TOrAa
npoobpa3 npm orobpakenmm G KommakTHoro wmHTepBama (G (z,),
G (b —)] aBasercss A-mETErpUpPYeMHM MHOMKECTBOM; eclH e, HaUupo-
e, G (b —) ¢ G (I), 10 mpoobpas upm orobpakenmm G aroboro
KOMOAKTHOro WHTepBaXa ¢ Hagaxom G (z,), comep:kamerocs & G (I),
eCTh KOMIAKTHHIE mHTepBasd. TOoYHO Tak Ke paccyKmaeM s caydas
KOMUAKTHHX WMHTEPBAaJOB C KOHNOM G (z,); oTciofa ® ciemyer Hame
yTBep:Knenne. Mmeer MecTo Taxske

IeennomeanE 9. IIpednoroscum, wmo g =0 u sokarvHo N-urmezpu-
pyema. Tozda obpas npu omobpaicenuu G nrososcumesbHoll Mmepvl
g-u ecmv mepa Jebeza na G (I). Jas mozo umobn gdynkyus f, onpe
desennas na G (I) u npunumanwyas snavenus ¢ R uau 6 6anazosom
npocmparncmee, 6Gvaa unmezpupyema na G (I) ommuocumesvro mepvl
Jebeza, neobxodumo u docmamouro, yumobe Pynryus t+— f (G (1)) g (t)
6vaa unmezpupyema Ha I omuocumesvro mept. JeGeea, u mozda
ebinosnsemes coomuowenue (13).

Tleppas 9acTh yTBEeD:KNEHHA cliegyer M3 Toro, 4ro (opmyna (12)
cupasegamsa 1A moboit ¢ymrenmm f €% (G (I)); B camoMm pele,
nocutenb ¢yEknuE ¢ &> f (G (f)) comepuTca B HEKOTOPOM. HHTEP-
Bage K I, Ha ROTOpOM g WHTerpumpyeMa — 3TO BEITEKaeT U3 3aMe-
9aHK#, CHeNaHUEX BHINE, W J0CTaTOuHO upmmeHutrh X K mpemio-
sxeHEme 8. BrTopasg uacTh yTBep)KIeHHs fBIAETCSA CJENCTBUEM Teo-
pemsl 1, m. 2.

6. Pas3tuenue na caow. Il poobpas meput
. NPU A0OKEAALBHOM 20MEOMOPHUIME

ITycrs X — nORaNBHO KOMHOAKTHOE DPOCTPAHCTBO, T — oTOGpa-
keEme X B JOKAJBHO KOMHDAKTHOe HPOCTPAHCTBO ', W — DONOMKH-
tenbHasg Mepa Ha T m A: t > A; — CKaIAPHO CYMECTBEHHO U-HHTErPu-
pyeMoe W IOHPOKO p-m3MepmMoe oroGpaskeHme T B offy (X). Ilycrs,

Jamee, v = S?\.t dp (f). Ecim A necoma n~' (t) npu awbom t€ T,
TO TOBOPAT, 9TO PaBEHCTBO Vv = SA, dp (2) ects pasbuenue Ha caou

(unm desummezpuposarue) MepH v OTHOCHTENBHO . ITO LOHATHE
Gyner monpobGHO u3ywaThcd B TiaBe VI.
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Heepnoxenme 10. Coxpanum npunamule gilwe 0003naueRus U nped-
noaoxcum, ¥mo 1 v-usmepumo. Ilyemv g — dynkyus tr— Af (1) na T.
JTas mozo umoGel 1t 6810 v-cobemeernulM, Heo0xoduro U docmamouHo,
ymobii g 6B A0KAALHO W-UHME2PUDYEeMA, U 8 IMOM CcAyuae

7 (v) = g-n. (14)

Brauame Mbl Oy#eM paccy)kAaTh, npegmnojgarag, 9ro g HKOHedHa
JMOKAABHO W-TIOYTH BCIOAY; 4 B KOHIe MOKa3aTejJbCTBa MBl 0CBOGo-
JIAMCA OT TOT0 BCIOMOTATeIbHOr0 IPeAmONOKeHHs. TaK KaxK 7 v-u3Me-
PHMO TIO YCIOBHIO, TO YTBeD;KGeHume, 9T0 7 v-COGCTBEHHO, HKBHBa-
JIGHTHO yTBep:kpeHuto, 410 v* (fon) << +oo pua awboit ¢yHEmum
f€ %, (T); a UOCKOJBKY g KOHEYHAa JIOKAJIHHO HOYTH BCIOAY,
TO ML HAXOMAMCH B YCJAOBUAX OPUMEHHMOCTH YTBEP/EAeHH ¢) IPEa0-
wenng 5, § 3, n. 2. CuegoBartennHo,

fvemav=faw @[ vemar = Jrmewan o,

160 A¢ cocperoroerna Ha " (£). Dynrnma g n-m3MepuMa, IMOCKOILKY
A p-cornacosano (§ 3, u. 1, oup. 1). Crano Gr1H, yTBepsKAeHNUE, 9TO
JAepas 9acTh KOHeuHa HJs aio6oit dyHrmun f€ 64, (T), skBUBaNEHTHA
yTBepIeHHI0, 9T0 g JNOKaTpHO p-mATEerpmpyema (§ 5, mpemu. 1),
n ¢opmyna (14) B paccmarpuBaeMoM CiIydae €pasy ke BHITEKaer
M3 YKa3aHHBIX COOTHOINEHHI.

Takum ofpasoM, HaM o0CTaeTcs JHINL OCBOOOMHTHECA OT HOMOJ-
HATeNBLHOr0 YyclIoBusa. Kcim g nOKanpHO -UHTErpHpyema, TO OHA
KOHEYHA JOKAJbHO W-HOYTH BCIOLY, M TOIZKA YCJIOBHE BEINOJIHAETCH.
IIpeAnoIo/KUM Temeps, IT0 T vV-COGCTREHHO, LOKAKeM, 9T0 g KOHeTHA
noxanpHO mouTH Beiony. Ilyete § — p-mioTHoe MHOMKECTBO TaKMX
rompakTop K, aro A | K mupoKo HenpephiBHO; HOCKONAbKY £ WU-H3Me-
puMa, TO BCE CBOAMTCA K TOMY, 9TOOH HOKa3aTh, 9TO BCAKHE KOMIAKT
K € &, ynosmerBopsawomuii yeaosmio g | K = oo, Apiagercs p-mpe-
me6pexxumbiM. Ilycte &# — MHOKecTBO Takux QyHrmui k€ &y (X),
aro h << 1; nonowmm g (t) = A¢ (h); o6osmaumm wepez A, u-corna-
copagHOe OTOGpaskeHue ¢+ h-A;, dUepe3 vy — HHTErpal oT Ay
m uepes [ — Taxoit snement m3 4y (T), ut0 f > @g. Ecnm M npn-
menmy Popmyay (14) k orobpaenmio Ajp, KOTOpOEe yHOBIAETBOpHAET
TOMOIHUTEJHHOMY YCIOBUIO, TO MB HOJIYIUM

fuemav= 1§ (omdv, = [renan.

v
25 m. Byp6axn
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Ho ¢ynxmmm fgy | K obpasylor ¢miabrpyroomeeca 1m0 BO3PacTaHHIO
MHOMKeCTBO HempepHBHHX (QyHknmii Ba K, Bepxuas orubawmas KoTO-
pHX paBHa ~-oco: mo Teopeme Jumem (O6mas rom., rn. X (2-e usn.)e
§ 4, m. 1, Teopema 1) Mommo BHOpaTh h Tak, uToGH fgn | K GBiro

6oipme JIOGOro TMOMOKUTENHLHOrO YHCIA N1, H TOTHA S (fomdv =

> np (K). A mocxkoabKy JNeBas 9acTk 3[jech KOHeYHa, B CHIY TOrO,
9T0 T v-coBcTBEHHO, TO OTFciofia moaywaeM, 9ro p (K) = 0.

Cuaencreme 1. IIpednososcum, umo T v-usMepumo.

a) Ecau N < T aokaavho p-npeneGpescumo, mo =l (N) aoxasvno
v-npereb pescumo.

b) Ecau f — p-usmepumoe omobpadswerue T e monoaoeunecroe,npo-
cmpancmeo G, mo fo W v-usMepUMO.

TIpumem croBa oGosEaweBmMA Ap, Vp, gn W3 KOHIA NpenHymero
Jl0Ka3aTelIbcTBa: NpPW 9TOM Vi — OrpaBMYeHHAA Mepa mpE aobom
h€ &, n v,~cobCTBeHHO, g JOKAALHO U-FHTeTPEpPYeMa ® 1 (v)) =
= gp-p ectb Mepa ¢ Gasmcom p. Orcioma cienyer, 910 N N0KanbHO
npeHe6pexxEMo (COOTB. 9TO f M3MEPEMa) OTHOCHTENHHO MepPH T (vi)
(§ 5, m. 3, crepcrsme 1 u3 mpepat. 3 u caemcreme w3 mpem. 4). Craxo
65Th, 7i~! (N) noxampEO upeHeGpeskuMo (cooTB. feo 1 wm3Mepmma)
OTHOCHTEIBHO MepH v (caencrteme 2 m3 mpepa. 2, cooTs. npemi. 3).
HaxoHen, 3aMeTEM, 970 MepH v, 00pa3yior ¢uiabTpylomeecs 1o Bospa-
CTAHUIO CEMeHCTBO MOJIOMHTENBHHX MeD, BEDXHAS rPaEb KOTOPHIX
pagra v (§ 3, m. 1, mpenn. 1), m npumenmM caexcteme 1 (coors. 2)
us upepnoxenua 11, § 1, m. 4.

Cnencrere 2. Ipednoaoxcum, wmo s v-cobemeenro, u nycmdv f —
onpedeaenroe Ha T omobpadcenue co sHaueHuamu s 6amazogom npo-
cmpancmee VAU 8 R. Has mozo umobu f o 1t 66140 cyyecmeenrno v-urme-
zpupyemo, Heobrodumo u docmamouro, ¥mobvt gf Gvlao cyuiecmeenho
W-uHmezpupyemo.

Jro cpasy e BHTeKaeT (¢ ygeroM mpepnokerua 10) us reopemm 1,
§ 5, m. 3 m ms Teopemnr 1, m. 2.

IMpumep. Ilyere X n T — nOKanpHO KOMDAKTHEE NPOCT-
paHCTBA H UYCTh U — s0kaavhbill zomeomopgusm X v T. Ianimm
¢IORAMH B JAHHOM clly9ae ME NpeqImoiaraeM, 9r0 BCAKad TOUKA
z € X ob6namaer Ttako#i oxpecrHocTeI0 V, uto m |V ects romeo-
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mopdusM ¥V ma HeKOTOpPYI0 OKpecTHOCT: TOUKH m (z); samemsas V
Ha TAKYH OTKPHITYI0 OTHOCHTeJIBHO KOMIAKTHYIO OKpecTHOCTH W,
qro W < V, monydaeM, 9To MHOKeCTBO 9/ OTKPHTHX OTHOCHTENHHO
KOMIIAKTHHX MHO:kects U m3 X, ofmajaommx TeM CBOHCTBOM, 4To

n | U ects romeomopdusm U Ha ero obpas, cocTaBiasieT OmMKpHmoe
nosptimue upocrpamersa X. Ilyers Temeps p — monoskuTenbHas
mepa na T; ecan U — aaement m3 9, To n (U) OTKPHTO B KOMIAKT-

HoM mpocrparcrBe 7t (U), a 3HAYMT, ABIAETCA NOKATBHO KOMUIAKTHBIM
MONIPOCTPAHCTBOM IPOCTPaHCTBA I, M MBI MOKeM OUpefielUTh Mepy
w | & (U), mepynuposarnyio Mepoit p Ha st (U) (ra. IV (2-e msp.),
§ 5, m. 7). Ilycrs vy — o6pas p | n (U) mpm obpaTHOM roMeoMOp-
dusme K nt | U; Mu nokakeM, 1o Ha X CymecTByeT, M IPATOM TOJIBKO
OflHa, TAKaA Mepa v, KOTopas WHAYOHEPYeT Mepy vy Ha Aw6oe OTKPH-
toe U € 9. ITa Mepa Ha3HBaeTCA npoo0pA30M Mepb | NpU LOKAALHOM
zomeomoppusme . m oGosragaercs ! (p).

EnmncTBeHHOCTH Vv BEHITEKA®T CPA3Y 3Ke M3 UPHENUNA JOKAIH3AINH
(ra. I1I (2-e wm3p.), § 2, m. 1, caegcreee ms mpenn. 1). Ilna morasa-
TeNBCTBA CYDIECTBOBAHUA OTMETHM, 4T0 eciam ¢t € T, To BeAKaa Todka
z € n~! (f) obmamaeT OxpecTHOCTEIO, HepeceKapmed 5! (f) ammsp
B TOYKe z, TaK 4r0 fi~' (f) eCTh Juckpemhoe WORNPOCTPAHCTBO IPO-
cTpaBcTBA X M UTO CeMEHCTBO (€y)x¢n-1¢) CYMMHpYyeMo; 0603HagmM
ero cymmy wepes A;. lloxaskeM, paiee, 910 otobpaskeHHme ¢+ A; cKa-
JASPHO CYIMECTBEHHO WN-WHTETPEPYeMO M 9TO €ro HHTerpal v =

= S?\.t dp () m ABIgercs mCKOMBIM npooGpazom. Iro Gyzer BHTE-

KaTh Cpasy Ke W3 CHEONYIOMER JeMMH:

JIemma 1. a) Hycmo f — anemenm us 88, (X); dynryua tvs> A (f)
ROAOHUMENbHE, NOSYHENPEPHEHA CeePTY, UMeEm KOMNAKMHBI HOCU-
meab u ee cyxenue xa 1 (X) Henpepueno.

b) Hyemv U — assemenm us U u v — ummezpas om CKAAAPHO
cywecmeenno R-unmezpupyemoll gynkyuu tv—> Ay; 06pas mepu v | U
npu omo6pascenuu n |} U pasen p | n (U).

JloxasaTenbCTBO a) MOKHO CBOCTH WOCPENCTBOM pa3bueHHST exH-
unnn (ra. 111 (2-e map.), § 4, m. 2, semma 1) x crywaro, Korga Hocm-
Tens S ¢yEKmEE [ comepsKHTCA B OTKPHTOM MHO:KectBe U € 9.
IIycre g — oroGpaskenume &+ A4 (f); mockoasky 7t | U — romeomop-
¢uam, o g | n (U) upmmagnemnr 4, (n (U)), u snaunr (y4mTHBas,

25%
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aro 7 (U) orkpsiro B n (X)), cywemme g ma m (X) HeDpepsiBHO,
Ho g monosumrennmo m cymenme g Ha KommakT 7 (S) HeIpepHBHO,
Crano 6HTH, £ moayHempepblBHO cBepxy Ha 7. Orcioma moayuaem,
9T0 g W-MHTErpupyeMmo.

Yro6m foxasath b), o6osmauuM uepes g saemenT m3 &4 (n (U)),
tepes g° — eroluynas-mponomxenue Ha T, wepes f-PpyHruuo g o (10 | U)
u weped f° — mynb-mponomkenne ¢yrrmuu f ma X. YTBepKueHHe

SKBHBANGHTHO PABEHCTBY Sg” dp = Sf" dv. Ho f€ &% (U), cramo

65ITh, f° € 9% (X), u 3HAUUT, HPaBL HATErpa; paBeH S?»t ) dp (3).

Haxoren, momywaem A; (f°) = g° (), wem um B3aBepmaerca mOKa3za-
TeNbCTEO,

Ormetum temeps, aro it (X) omxrpsimo 8 T, m 3SHAYHAT, P-UBMEPUMO;
orofpaskerme A :f+~> A; mMuUPOKO p-u3Mepmmo, uG0 ero cymeHme
Ha rakpoe m3 MmuEokectB N (X) u Cn (X) mupoKo HempephBHO,

IIpr stmx ycmoBusx ¢opmyma n~! () = S A: dp (£) ompenemsier

pazbmenne Ha cmou (me3uHTerpupoBasme) n~! (W) OTHOCHTEABHO T,
u upenioskenme 10 maer Ham cnemyomuil peayianTaT:

Neennomenns 11. Hyemv 7 — A0KAALHBIL 20Me0MODPHUIM AOKAAILHO
KomnarkmHuozo npocmparcmea X ¢ A0KGALHO KOMNAKMHOE NpocmpaH-
cmeo T u nyemov p —noaoxcumenvhas mepa va T. Iyemov n — uucao-
san Pynkyus, Komopas kaxcdot mouke t € T cmagum ¢ coomeemcmeue
Yucao ssemenmos MHodMCecmsad T (1), ecaw amo wucA0 KOHeuHO, U —-oo
e npomugHoMm cayuae. Jaa mozo umobbui ;. 6vuio T (n)-cobemeen-
HBM, HeoOzodumo u Gocmamow+to, wmobb n Ovlaa A0KAALHO (L-UHMe-
2pupyema, u ¢ IMoM ciyiae

n(nt (w) = n-p. (15)

YuopaskHenusn

1) IIycrp T @ X — JIOKANBbHO KOMOAKTHHE OPOCTPAaHCTBA, U — IOJO-
SKHATeXLHAA Mepa HA T, ;T — nenpepmsnoe u-cobcrserHoe otoGpaskemme T
BX mv=ux(u.

a) [orasatk, 9to Mud M0Goil 9mcioBoit dyaxnun g > 0, ompenenen-
Holt W TONyHempepHBHOH cHE3Y Ha X, OyHRIAS g o 7T WONyHEHpepHBHA
canzy Ha T u v* (g) = p* (g o m).



VIPAKHEHUA 389

b) Ilorasars, 9T0 ecim f — v-HHTerpEpyeMaa QYHKNUA CO 3HAYGHUH~

ME B 6aHAaXOBOM NPOCTPaHCTBE, TO fo ;t W-MHTErpmpyeMa = S fdv =

=;5 (f o ) du. Byper am cnpasefinBo oGpaTHoe §ea JONOJBHTENHHOTQ

yeaoBna (cp. § 4, yup. 2b))?

°2) Myers T m X — mOKaNbHO KOMHAKTHEIE IPOCTPAHCTBA B F° —
MHOKEeCTBO HenpepHBENMX co0CTBeEBHX orobpaskemmii npoctpanctea T
B X, HajleIeHHOe TOIOJIOTMeH KOMuIAaKTHOM cxoammoctd. Ilycth, palee,
H — raxce mopmuomkecTso n3 J°, 410 Aas aA1060T0 KOMIAKTHOTO MOZMHO
mectsa K — X ofwefiumesue Muosxects n—! (K), rae m mpoberaer H
OTHOCHTENHHO KOMHIAKTHO B T

a) Iloxasars, 9T0 OoTOOpamkenme (m, A) ¥ m (A) mpomssefenma HX
Xefl (T) B oMl (T) Mosker He OHTH HeODeDWBHKM, eCIH KaMAce H3 IPo-
crpaucte ofl (T) m o/ (X) HafieneHo KBasucuIbEOH Tomomormeit (ri. IIY
(2-e n3pn.), § 1, yup. 8).

b) Ioxrasare, 910 ecam B — orpanmuenHoe NOMHO;KeCTBO H3 off (T)
10 cymerne Ha H X B otobpamenns (%, A) —> 7t (A)] HeIpepHBHO, ecin
Kampoe u3d mpoctpaucts ofl (T), off (X) BHpelleHO MHPOKoH TOHOJOTHeiH
(ucnomwzoBare mpepu. 15, ra. II1 (2-e map.), § 1).

c) Ilorasars, 9rT0 oTOGpasemme (7,A) —> 7 (A) npomamepenna H X
X efl4(T) B ofl +(X) BenpepHBHO, ecam o/ (T) u ofl (X) BajeleHN MUPO~
Koit Tomoyormeit (cp. ra. III (2-e map.), § 1, yop. 10).

d) ¥rasats npumep, Korma 7 = X KOMNAKTHO, a 0TO0pasKeHW®
(n, A) ¥> 1t (A) mpomssenenun F X el (T) B f(X) = oft(T) Be ABuACTCH
HeIpepHBEKM, ecin of/ (T) HaflelleHO MHPOKOI TOMOJIOTHE! (B3ATH B Kadee
ctee T top T @ Bocmombsosathesa ymp. 2b), . 111 (2-e max.), § 4).

°3) Nycts T — 50KaJbHO KOMIAKTHCE, HO HE KOMIAKTHOE Hpo
CTPAaECTBO, | — MOJOC;KHETEJIRHAA Mepa Ha T m § — Ipynma ToMeoMop
¢usmoB npocTparcTea 7. IlpmBecTn mpnMep, NOKAasHBaIOMmit, 910 0T06pa

JKenne n[l——’ w (p) rpynnu € B off (T) mosxer Be OHTH HEIPEPHBHEIM, eCIIA
Hageauth ¢ TomonoImell KoMnaKTHON cxopmMmoctH, a off (T) — mupoKoit
Tonesormeil (83sa7p B Kadectee T moanpccrparcTeo u3 R, cocrosmee ms 0
m To9ex n A 1/n (n > 1 — uexce), a B KadecTse |L — MEPY, ONPejelieH~
HYI0 COOTHOMIEHHAMH

({03 = 0,  ({t/n}) = 1/n2, p ({n}) = 1).

4) Nna aw6oro j0KaNpROIKOMIAKTECTO npocTparcTBa 7' 0603HAYMM Tew

pes o#E(T) mogmpocTpancTso npoctparcTsa off (7), cocTaBieHHOe M3 Mep
¢ KOMIAKTHHM HocutedeM. Ecim T m X — nOKaibEO KOMIAKTHEE Ipo-
CTPaHCTBA, & 7 — HenpPepHBEOE oToOpamenue T B X, To n A-coGCTBeHHO

1w (A) € oMO(X) pas moboit Mepn A € o#C (T). Hoctpomts jupmmep,
[OKASHBANIME, d10 otoGpamemme A —> m (M) mpocrpamctea of(C (T)
B o#iC(X) Momer He GHTH HONDEPHBHHEM, €CIH HAZEIATH oftC (T) u MC iX)
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MAPOKOH TomodoTHeH# (Mam KBasmcmnsHo#t romospormedt (ra. I1I (2-e man.),
§ 4, yap. 8)), u 910 N He ABAAETCA coﬁcmeaﬂum om6pameauem (cp. ra. I
(2-e man.), § 2, yop. 1).

5) a) Ilycre p B 6 — monokmrensAnle Mepu HAa R. ITorasarbh, 910
ecna p {Ja, b]) = o (la, b)) gaa moboro moxyoTKPHTOTO HATEPBaXNA a, b];
TO0 0= 0.

b) IIyecrs I — mErepsan m3 R ¢ KoAmamz o u f @ mycTs P — BO3-
pacraomas KomeyHas 4mciaopasd PyHKoEA Ha J; UPOJOIHKEM IPOU3BOIb-
anM o6pazoM P ma R. J{na zoro wrobsr oTo6pamenne { GHIO coGCTBEHARM
OTHOCHTeIBHO MePH @p-u (rge u — mepa JleGera Ha R), meobxoxumo
M ZocTATOYHO, YTOOH BHOOIHAIHCH CAGRYIOMHEe ABa yciosua: 1° o mmbo

KOHEYHO, Jm00 @@ == — o0 B lim 1 (r) = — o0; 2* B ambo Komeuso,
X~ =00

anGo f= -+ o n lir_‘x_l P (2) =

IIycts 5TH yCNOBHA BHIONHeHH W OycTh AuA Jdoboro y € R wepes
0 (y) o60o3HaveHa BepXHAA I'PAHL MHOKECTBA TeX z € J, B KoTopHX ¥ (z) <
< y (mra Oycroro MHOKecTsa OHA cYHTaerca papmoi o). Iloxasats, uro 6
ecTh KOHeYHAsA 9acnoBag PyHKQAA, BO3PACTAIOMASA K HEIPePHBHAA CIIPaBa
ma R, Ecin v — o0pas meput @r+p mpm orobpaskerdd P, to v (la, b]) =
= 0 (b)) — 9 (a) gua moboro moXYyoTKPHTOrO MATEPBANA la, b] us R.

¢) O6GparHo, HOKA3ATH, ITO JIA 060 KoredHoi waciIoBof GyEKNEA O,
Bo3pacTaomeil n HenmpepHBHO# copasa HA R, cymecrsyer, I HPHTOM TONb-
KO O[HA, TAKAA MMONOKATEJILHAA Mepa v #a R, wro v (Ja, b]) = 0 (b) —
— 0 (a) gna n06oro MONYOTKPHTOTO HATEPBAXA ]a, b] 3 R («vepa Crmii-

theca Ha R, onpenenennaa npu nomouta 0»; BMecro S f dv manryt S fd 0);

IpA TOM BCAKAA NONOKATeNbHAA Mepa Ba R Mosxer OHTH modyYena TaKmm
cnocofoM. Ilpm Kaxkom ycnosmd mepa v Gyzer menpepuBHoil? KaxmM Gymer
torgia o6pas Mepsl v mpu orobpaskenmum 0?

6) a) IIycts K — KaHTOPOBO MHOKeCTBO Ha mATepBame I = [0, 1]

~ (O6masn tom., ra. IV, § 2, m. 5), [lokasars, 910 Ha R cymecTsyioT Hempe -

puBHag Mepa v > 0 ¢ Hocurenem K m moJHOH Maccoil 1 m Takaa Hempe
puBHas Bospacralmas Pymrnma 0, wro O (R) =1 n 0 (v) = ¢r-p (rme
pu — mepa JleGera; cp. O6maa rom., rx. IV, § 8, yop. 16).

b) Busectm m3 a), 910 Ha R cymecTsyeT HONOKATEILHANA Henpepbie-
Has Mepa, CHHIyaApHasa ¢ Mepoil JleGera, HocuTeneM KoTopoil aBisaerca
Bech mATEpBan I (B3ATH Ha KasKjoM mETePBane J, cMekHOM K K 1 cojep-
mameMcs B I, Mepy, OPOHOPRAOHAALEYI0 o0pasy MepH v npu adduemoM
oroGpaxenun marepBana I ma J, a saTeM OPOBECTH MHAYKIHIO).

7) HOycts p — Mepa Jlefera ga R n / — marepsan [0, 1] us R. Ecan
monoxKath 0 (z) = |z |, To 0 Oymer cofcrsenmuM OTOOpaKeHEEM OTHO-
CHTeJBHO MeDH @r-W I Syger mmeTs MecTo paseHCTBO O (@r-R) = @r-p.
IocTpouTs HpEMEP MHOKOCTBA, HPeHeOPEREMOTO OTHOCHTONBHO ¢ +f
m mmeomero npu orofpaskenmm O o06pas, He M3MePHMHE OTHOCHTEILHO
@r-n (cp. ra. IV, § 4, yop. 8).
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°8) Iycts I — ROMIAKTHOE MPOCTPAHCTBO M |4 — MOJIOMKHTEAbHAS
genpepusHas mepa Ha T ¢ momHo#t Mmaccol 1.

a) ITokasaTh, 4T0 CyHmIECTBYeT TAKO® HeEIpepHBHGe OTOODaKeRHe 7
npoctpasctea T ma E = (0, 1], aro oOpas mepu p npm oro6pamennn
ecTh Mepa Jlebera A ma E. (Iloctynmarh, Kak OpH [J0KAa3aTeILCTBE TEOPEME
Vpucona (O6masn Ton., ri. I1X, § 4, reopema 1), onupenexass fua moboro ¢
8 npegeaax 0 ¢ < 1 TaKoe oTKpHTO® MEOKectBo U (t) <= T, KBajgpm-
pyemoe otrocHTeabHO p (ri. IV (2-e m3n.), § 5, yup. 17), ato U (0) = &
UW)=T, U @0 < U@)mat < u makormen, p (U (1)) = t; enons-
3oBaTh ynup. 7, § 5, wToOH foKasatTh, 9T0 ecad V @ W — TaKme OTKPHTHE
KBajpupyemsie Mposectsa n3 T, aro V — W u p (V) < u (W), o cyme-
CTBYeT TaKoe OTKPHT0® KBaNpEpyeMoe MaOKecTs0 U, 110 V= U < U <
< W m dro

B (W =7).

e

1 .
FRF =V <p 0=V <

¥ naromen, npmMeHmTH YHOp. 5a).)

b) Busectn m3 a), 4ro B T Cymec1ByiOT IOAMHOKECTBA, He SABIAI-
muecs u-ma3mepamumm (ra. IV, § 4, yop. 8), a tramme aro B B2 (T, p)
CYMECTBYIOT MOCJHEK0BATONLHOCTH, CXofAmMeca K O B cpejHeM HOPAAKA p,
no me cxopamueca K 0 au B ofmoit Touxe w3 T'pna {1 < p < + o (tn. IV,
§ 3, yop. 1), m Takme mocixeposarennHOCTH (f,), 9TO (;‘;) cxogarca K O
8 ocnaGuernoil TOmOJNOTAM HPOCTPAHCTBA P (T, p), HO He cxopurca K 0
mo mepe (§ 5, ynp. 19"

¢) HonycrtaM, Kpome Toro, 910 ' mempuayemo. llokasars, 910 cyme-
CTBYIOT M-peEefpe:xmMoe mofMaokectso N ms T, A-npenefpesxumoe moi-
MHEOKecTB0O M m3 E m Tawoil zomeomoppuam m MHOecTBA E — M mHa
T — N, 970 eCN¥ OPOXOHKATH (EPOM3BOIBLHEIM 06pasoM) 7t X0 oTOGpaske-
EnA @ npocrpadcTBa E B T, a n~! — fo oroGpakenns 1 npoctpamctea T
8 E, o p(A) =p m ¢ (W) = A. (BocmonpsopaBmmcs ynp. 17. ria. IV
{2-e n31.), § 5, moKasars, ¥T0 Aaa M0Ooro menoro n > ( Haligerca KOHe-
Hoe pasbmennme mpoctpamcTsa I', cocToAmee n3 (L-IPeHEGPEKAMOTO MHOKe-
CTBA W M3 OTKPHTHX KBAafpAPyeMHX MHOecTB C amametpoM <i/n (oTHO-
CHTOIBHO METPHKH, comiacyioleitca ¢ tomonormeir 8 T) m ¢ mepoit 1/n.
O1ciofa, npoBeAs MEAYKIWIO N mepeiifis K mpezeNy, BHBeCTH CYIeCTBO-
BaAWe TAKOTO HENPepPHBHOr0 oroOpaskemuna f MAomectsa E — D B T,
rge D — cuerHoe nogMHEOKECTBO U3 E, uro f (A) = t; DOKa3aTh, IT0 MOKHO
cfleaats Tak, IToGH f Gblimo Tomeomopdumsmom mEOKecTsa E — D Ha noj-
muokectso u3 T mepu 1.) (Cp. § 8, ymp. 14.)

°9) IIycTb W ¥ v — MONOKATENHHb® HENPEPHBHAEE MEPH HA JOKAILHO
KomoaxktaoM mpocrpamctBe I'. IloxasaTh, 9To ANA TOro 4tofW v Owna
Mepoit ¢ 6asmcoM 1, JOCTATOYHO, YTOGH BCAKOE [I-M3MEPHEMOE IIOAMHOKE-
crBo m3 T OHNO TaKKe H V-H3MEPHMHM (PacCy)KJaTh OT NIPOTHBHOTO,
acnoapsys teopemy 3 m mpefi. 13, § 5 m yop. 8b), § 6).
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10) Ha wunTtepsase I=]0, 1[ u3 R onpepeanM cienyomyio ¢yHK-

11, 1 1 Z
muo g: g ()=—1Vn pan ——(—n—+n—+—” <t<—, g®)=Vn nm

1 1 /1 + 1 .
?<t<2 ( _{_1)(n y 2y vee) M g (1)=0m8Ha R =1T; g nnter-
pupyema otHOcHTeNbHO MepH Jebera. Ilosomum

x

=\ e0a

0

nokasath, 4ro ¢yHKHusa f, paBHas 1/]/|_x_| Ha uHTEepBane [—1, 1],
¥ HYJIO BHE DTOTO MHTEPBaJia, HHTErpupyeMasd OTHOCHTENBHO MepH JleGera,
TaKoBa, 4TO oTo0paykeHme ¢ —> f (G (1)) g (t) He Oyner METEIrPAPYEMEM
ma 1.

°11) Hpumem oGo3mavenus m. 5, U NYCTh g — NOKAJHHO U-MATETDPU-
pyeman 4mciioBas ¢yEKmua ma J.

a) Jdas roro 41068 G 6RO A-cOGCTBEHHHM 0TOGDayKeEUEM MHTEPBAJA
I ¢ G (I), HEOOXOUMO W MAOCTATOYHO, YTOOH BHUIOJHAJUCH CleAylomue
yemosusn: 1) B R cymectByioT npepenst G (e +) um G (b —); 2) ecniu
G(a+)€G (), 10 g p-uATETPUPYEMA HA HHTEpBaNe la, zel; 3) ecam
G (b —) € G (I), To g p-mATETPUPYeMa HA MHTEPBANE |z, b[.

b) IIpexnonoskum, uto mpepent G (a --) u G (b —) cymecTByIOT B Re
Tloxaszats, 4T0 eciiu GyBKHuA f TakoBa, 1T0 oToGpaskenue ¢ —> f (G (1)) g (¢)
uATerpUpyeMo Ha [ oTHOCHTENBHO Mepw Jlefera, To f wHTerpupyeMa
Ha uHTepBaye ¢ KoHnamu G (¢ +) u G (b —) orHOCHTEAHHO MepH JleGera
u cnpasegimuBa $opmyra (13). (Cectm K ciryuaio, KOIfila z, €CTb OJHO
u3 uucen a, b; ecim, HanpuMep, zry, = a, T0 3aMETHUTH, 410 B ] Halimerca
TaKafA CTPOTO BO3pacTalomasn Iocjae/l0BaTebHOCTD (b,), cTpeMAmanca K b,
4T0 mocixefoBatesbHOCTh (G (b,)) Oymer ambo Bospacraiomel, 1ubo yOH-
Balomeil; IpuMenuTs npeni. 4, ra. IV, § 4, n. 3 u Teopemy JleGera.)

°12) a) Ilycts g — KoHeYRada 4YHCIOBAA (YHKIOHA, OIpPENeTeHHAsS
Ha KomMnakTHOM uHTepBase I = [a, b] usa R. Muoxmecmeom pocma enpaso
(cooTB. sse60) Pynryuu g na I HasHBaeTcad MHOMKECTBO TeX z € I, pis
KOTOPHLX CyIlecTByeT Takoe y € J, 4t0 z < y (cooTB. z > Y) u g (2) <
< g (y). Tlokaszarh, 4TO ec/iM g HEIPEPHBHA, TO MHOKECTBO POCTA BIPABO
(cooTs. BneBo) ¢yaKnuu g Ha I OTKPHTO B J, U 410 €cau Ja, Bl ects cBA3-
Has KOMIOHEHTa BTOT0 MHOecTBa, 70 g (@) = g (B) u g (=) < ¢ (@) mun
o <z <P,

b) Mycrs r; n r, — peiicteutensBre uncia m 0 < ry < ry. Iyers,
fanee, g ecTh HeNpepHBHAA eospacmanwaes Gysknua ga I u mnyers E'
€CTh MHOKECTBO pocTa BNeBO ¢YHKHuM g (z) — ryz Ba I, a E” — oGmepu-
HeHue MHOKECTB POCTA BIPABO QYHKIMH g (z) — rpz HA KAKZOM U3 MHTED-
BAJIOB, ABIAIOMUXCA 3aMHKAHNEM CBASHHX KommoHeRT us E'. Ilokasath,

HCHONB3YA a), UTO ecau | ectb Mepa JieGera ma I, To u (E”) <?p, (E"y,
2
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C) Bepruumu u HUFKHUMY NPAEHMU RPOUICOOHBMU HUCLEM U KOHOTHOR
quciioBoil pyuxnuu f Ha J B ToUKe z € ] HA3HBAIOTCA COOTBETCTBEHHO HHCIA

Dif (z)=lim.sup jjﬁi}z—_f@_

h-0, A=>0
x4 hy—f(x
Dgf (z) = lim.inf f(-i—)——-u
h—>0 h>0
To4RO TaK IKe, CePpTHUMUL U HUFCHUMU AE6LMU NPOUICODHHIMU HUCLAMY
$yEKIUN f B TOYKe x HA3KBAIOTCH COOTBETCTBEHHO

Dgf ()= lim.sup _fiﬂf+_’2:m ,

Dgf (z)= lim.inf Jetm—i@ .
h>0 h<f) h

Tloxasarh, 4T0 ecam f HENpPEpHBHA U sospacmaem, TO MHOYKECTBO TEX
x €I, B ¥otopux D3}f (r) = + o0, n MAOMecTBO TeX z € I, B KOTOPHX
D;f (z) <D ;;f (z), nMEIOT OTHOCHTENBLHO | MEPY HYID (1IA mo00ro pamuo-
HaJBHOIO 4mcia r > 0 (cooTB. maaA ni000i mapw (ry, re) PaNUOHAILHKIX
ancen 0 < ry < ry) pacemorpers mHOMKecTBO Tex z €I, B KOTOpPHX
D#f (z) > r (coots. Dof (o) <myuDYf (2) >y O/IHOBPEMEHHO), 1 NpuMe-
auts b)). BuBecrn otciona, 9ro ¢ymEKnua f nMeeT KOREYHYIO IPOHBOAHYI:
ana nodtu Beex z € I («reopema JleGera») (mpuMeHnTSH TaKKe Mpepbiiymuii
pesyabpTat K QyEKuum -—f (—=z)).

°13) Ilycts ma wommakrmoM umTtepBase I = [a, b] us R mociaeposa-

TeJbHOCTh KOHEYHHX HENPEPHBHHX Bo3pacTalomix ¢yEKnuil (f,) Tarosa,
= <]

9710 f, (¢) = O mpn ato6oM n u 4ro cymmas (z)= 2 f, (2) xomeuna mHa I.
ne=1

Iloxasars, 470 cymecTByeT TaKoe IpeHEOpEe;KMMOe OTHOCHTENbHO MEpEE

Jlebera mmomectso N < I, uto pna awboro x € I — N 1pousBofHHE

fn{z) m s (z) cymectsyior n s ()= 2 i (z) (¢reopema @yGupm»).
n={
(Ucnons3osats ymp. 12. 3amemnrs, 4r0 pAA C 06mnM YJjIeHoM fy, (2}

CXOfHTCA TOYTH BCIORY, 3aTeM, INOJIOKMB s, (z) = 2 fr (z), [BuGpars

TAKYIO HOJIIOCHENI0BATENBHOCTD (Sy,), YTOGH DA C oﬁmuM YjIeHoM s {z) —
— Spp, {2) ObLa cxopAmuMcA Ba J, U NPUMERNTD K DTOMY PAAY NPENbyImee
3aMedanue.)
14) Ilycts f — uwmcnoBaa ¢ymEKmuA, oupesieliemHasd Ea KOMIAKTHOM
unteppane I = [a, b] us R u unTerpupyemas na HeM OTHOCHTENLHO MePH
VX
JleGera. TlokasaTb, 4t0 eciu F (z) = S f (t) dt, To F nmeet noutn BCoAy

a
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Ha I mpomssonmy®o, PaBdAyl f (cBectu K ciaydam, Korga =0, sarem,
HCI0Nb3yss yup. 13, paccMorpers mocxemoBareabHo caydai, Korga f
HOAyHENpepHBHA CHW3Y, a 3aTeM y:Ke o0muit cayuait (cp. ra. 1V, § 4,
1. 4, CiefcTBHe U3 TEOPEMH 3)).

15) ITycte p osmagaer mepy JleGera ma R; roBopsar. 4ro Touka z € R
€CTb mo4ka naomuocmu nogmaoKecrsa A u3 R, ecaw npu & 1 k, crpeMs-

muxcs K 0 mo CTPOro IHOJOKUTENbHBIM 3HAYCHUAM, TaCTHOO

AN [s—h, z4E])
htk
crpamuarca ® 1. [lokasars, 910 AAA DpOU3BOJNBHOTO mogMaosKecrsa A n3 R
MHDHOCTBO TO96K M3 A, HO ABNAOMAXCA €ro TOYKAMIL (IO THOCTH, IpeHe
Opeuamo orgocureasro . (CsecTi K caydaio, Korma A CORPRATCA B KOM-
maKTHOM uHTepBaxe [a, b], m paccmorpers QyEERmEIO ss (z) = p* (4 N
0 [a, z]). Bardpars TaKym© YOHBAOMYO HOCHEKOBATEALHOCTS (A,) OTHPH=
TEHIX MHOKECTB, COAEepKAMAX A, YTOOH pAX ¢ 00muM IIeHOM SAn (x) —

— 54 (%) cxoguncsa ma [a, b], u npumenuts yup. 13).)
16) a) IIycrs g — dyHRUHA, UHTErpUpyeMas OTHOCUTEIHLHO MODHI
x
JleGera ma E = [0, 1]. Houomum G (z) = S g (¢) dt; morasarp, 4TO
0
B 11000i Touke z € E, B KoTopofl g HenpeprsHa, G MMEST NPOMABONHYIO,
paBEyIO g.

b) IMocrpours npmM2p PyaKoEw g, OCPAHAYCHHOH ¥ HEUPePHBHOM
uouTH BCOAy Ha E u TaKoil, 91065l G He UMejIa IPasoil IPOAIBOLHOA B TOI~
®ax HEKOTOpOro Hecdermoro nogMaokecTsa ma E (cp. Oyaxnmm peiicTs.
mepeM., ra. I, § 2, yup. 9).

-

¢) Iorazats, Tro pymKuma, papBHas 22 Sin—xl_TnJIH z#=0u 0 gua

z = (, mMesT mpPOU3BOJAYI0O B Kaxkaoil TouKe m3 E, HO 3Ta NPOM3BOXHAT
He MATErPUpYeMA OTHOCHTONbHO Mepil Jledera Ha E.

17) HOyers T @ X — JOKAXHRO KOMIAKTHEIE HPOCTPAHCTBA W 7 —
&#ompepuBHO2 oTobpKeame T B X. TloKasars, 910 ecad 5 W-COGCTBOHHO
AIA 10308 MOMOKATAbHOR Mopsl p Ha T', T0 OHO A3NAETCA CODCTBOHHBIM.
{Paccymars OT HPOTA3HAOrO, MCHOAB3YA mpefa. 7, O6masa rtou. (4-e
uan.), ra. I, § 10.)

18) B mpegmoxemuum 4b) yTBepKI HUE CTAHOBHTCA HOBOPHHM, OCIU
ACKIOIATh YCIOBHE3, 9T0 NI’ meupopesmo. (Baars ' =R, ' =R, I" =
= R; B KauzectBe u B3ATh> Mopy Jlefera, B KadecTse T — KAHOHAILCHYIO
AEBEKOHO; NoX0KATh X' (2) = z Opu £ € R 1 %’ (d00) = 0.)

19) Oycrs T, X, ¥ — JNoKaIbHO KOMOAKTHEI® HpocTpaHcTBa, 71t I —»
—~X, #': X » Y — orofpaenns, %" = %’ o & W { — AEACTBUTONbHAN
wmepa Ha 7. MosKeT OKasaThcs, IT0 5t P-cobcrseHno, n° 7 (U)-COGCTBOHHO,
a n” me u-cobcrsemdo. (Baars ' =R X {0, 1}, X =R, Y = {0}, n =
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= pr;; B KagecTse U B3ATH MePy, HARYOUPYWIMYy0 Mepy JleGera (cooTB.
NpPOTHBOMONOKHAYI0 Mepe Jlebera) ma mpoctpamcte R X {0} (coors.
R X {1}), oromgecrsiennoy KamoamgecKu ¢ R )

20) Hycrs T, X, Y —10®aabHO KOMIAKTHGIE UPOCTPAHCTBA, &+ Ay—

u-coraacosagaoe oTodpaskenme I' B ofly (X), v = 5 Adp (1), T — v-c00-

craegdoe otodp uxedme X B Y. [lycTp cuopasesauso odxo u3 CIAeRYIOIHX
yeaoBmuil: a) Y caermo B GicKomedmocTH, a v Mojepamrsa; b) Y cuerso
8 OecKOHEIHOCTH, & Ay OCprAAIEA] NOKATsEO modTH BeAy ma T. Torma =
Ap-coGCTBOHEO JTOKATBHO MOITH Beofgy Ha I, oTofpaxkemme £ —> 1 (M)
U-COTJIAaCOBAHO M _ero MHTerpal paseH T (U).

21) Oycrs T, X, Y — nokaapHO KOMOAKTHBI® UpOCTpaHCTBa, 71t T —
- X, #': X Y — yagsepcanbuo wusMepambie orofpaskenusd. Torza
" o n ym@BepcansHO maMepuMo. (IIycTs u — momomurenngad mepa Ha T',
Yro6H ZOKa3aTh, HT0 7o T (-A3MOPHMO, CBECTH K CIy9ai0, KOrfa I KoM=
TAKTHO, & 7 HeTPSPHIBHO, W HCHOXB30BATH TOT (PAKT, 4TO0 7' M3MEPUMO
OTHOCHTONBHO T (W).)

22) Ilyers X, Y — KoMuakTEEe mpocTpamcTsa, U — HeENpepLisHoe
audeiioe orobpakemue Gamaxosa mpocrpamctsa ¢ (X; R) B 6amaxoso
apocrpascteo 4 (Y; R), n: X — Y —mneapeprsaoe orobpakenne. ITpea-
TWOJOKAM, IT0 AuasA xoboro y € Y n moboit pynenuaf € G (X; R)

inf fR<U-H@< sup f(z)-
T(x)=y T(x)=Y
TloxasaTs, 970 IpdA HTUX YCIAOBHAX CYHICTBYET TAKOE MIMPOKO HEIIPOpHIB-
Hoe orofpaykenue G: y > G, pocTparcTsa ¥ B offs (X), 4to mus moboro
¥ € Y mepa 0, HecOMa MHO)XeCTBOM -t (y) mwaro (U-f) (7 (7)) = {f, o)
nas aoboro z € X; ofparurs ato yrsepxfenue. (PaccMorpers rpadcmonan-
posamrOe oroGpaskenne tU.)

§ 7. VlaverpapopaHne OTHOCHTEIbHO HMHIYI{APOBAHHON MepsI

1. Humezpuposanue oMmHOCUMEADHO
UNOY UUPOSAHHOU Hepbl

IIycre X — I0KATBPHO KOMIAKTHOE MNONIPOCTPAHCTBO MmPOCTPAH-
crea T, n — monomrenbHaa mepa Ha T ® p, — Mepa, HHIyIH-
popaunas #Ha X mepoi p (ra. IV (2-e msn.), § 5, u. 7). Onpenenum
ana awoboro t€ T Mepy A nHa X cuemyrommm obpasom: A = g,
ecmu t € X, uh; =0, ecia t € CX. [Ina moloit KoHeIHOHR 9UCIOBOIH

PyaknmEr g Ha X UMeeM Sg (z) dr; (x) = g (t), ecim t€EX, m
S g(x)dhr; () =0, ectm t€ C X. 3Haumr, ecnu g — PyHROAA
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n3 8% (X), 1o, WO OmpeJeNeHHI0 MePH |y,

px (@ = § (& Ao d (2. (1)
910 osHawaeT, 4ro MoKkHO 3ammcath (§ 3, m. 1):
px = | hedp (0. @

Ompepenum Temepb orofpaskemme 5t mpocrpacTea I B X, mouo-
wu () = tpan t€ X un (1) =t, paa t € C X, npuuem ¢, — opo-
U3BOJbHAA TOYKAa m3 X; MOKHO nast moGoro ¢ ¢ T sammeaTs: Ay =
= @x () &nq. OTOOparkennme m p-msmepumo, u6o ero cykeHHsi Ha X
u Ba C X usmepamu (ra. IV (2-e m3n.), § 5, m. 10, npenm. 16); orcrona
cpasy ke BHTeKaer, 4To mapa (@, ¢x) u-adanmuposana (§ 4, m. 1).
Cramo OHITH, uUMeeM CJelyioOide pe3yIbTaThi:

Ilpeanoxerne 1. Jas awboii uwucaosot ¢gynrsyuu g >0 Ha X

S.gdl’«x= S'gdu (3)
X

(cp. § 5, m. 3, mpumep, A 0003HAUEHUsA g )
tx
Ecam npuugTh BO BEEMaHEe 3aMedaHus Bhme u (2), TO COOTHO-
menme (3) Gymer caemoBarh u3 Teopembl 1, § 4.

Caepcreue 1. Jus awbozo nodmuomecmeéa B us X cnpagedauso
pasehicmeo px (B) = p* (B); 048 mozo wmobu B 6biao ackaivHo
px-npenebpexcumo, Heobrodumo u Jocmamouno, wmobbki oHO 6ua0
JO0KEQAbHO W-TPEReb pedcuMo.

Cnenpcreue 2. ITyemv' M — nodmwnoxncecmeo us T. Ecau p cocpe-
domouena Ha M, mo px cocpedomovena Ha M [ X.

Caencrsue 3. Jasa mozo umobv mepa px Ovaa Hyaegoil, Heobzo-
dumo u Adocmamouno, umobw X OvA0 AOKAADHO [-NpeHebpescuMo.

Jamevanmue Ecaum S — mocutenn mepH U, 10 Muoxecteo S [} X (Koto-
f)oe_sa"MRHyTo B X) B cUIy caecTBEA 2 COJlePsKMT HOCHTEND MEPH [Ly, HO MOMKET
oriandartbea oT Hero. Hanpumep, ecam p — [reupepmeras Mepa u X — IOANPO-
CTPaHCTBO, COCTOAI(EE U3 OJIHOY TOUKHW, TO WEJYNRLORAHEAs Mepa |y AFIAEICA
HYJIeBOil,  3HAUMT, ee HocHTeNdDb mycT. OTMeTnM, O HAKO, YTO HOCHTEND MEPH U x
paser S | X, ecim X omrpumo B T.
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MIrennoKERUE 2. Jas mozo umobe omo6paxcenue g npocmparcmea
X 6 monoaozuneckoe npocmpancmeo OHA0 WU x-UsMEPUMO, HEoBToTUMO
u docmamouro, umobu 0Ho 6blio p-usmepumo na X (§ 5, u. 3, mpmmep).
JT0 BHITEKAET W3 npegIoKeHumH 3, § 4.

CaencrBui. Jasa mozo umobu nogmrodcecmeo B us X 6viao px-usmes
puMo, Heobxrodumo u docmamouro, wmoOvl OHO ObLAO N-U3MEPUMO.

Teopema 1. ITyembs g — gynryus na X co snavenusmu ¢ R uau
¢ Oanaxoeom npocmpancmee. Jas mozo umobel g Oblaa cyujecmeerno
Y y-UHmezpupyema, #eodbxodumo u docmamouno, umobsl oHa Gviaa cyuje-
cmeenno w-unmezpupyema na X (§ 5, m. 3, upmmep), u mozda

[gdux = {gan. (4)
X

dro caepyer u3 Teopemer 2, § 4.

CaegcrBue 1. Jas mozo umobvr nodmmuormecmeo B us X 6bao
cyuecmeenno \x-unmeepuplemo, neobrodumo u docmamouro, wmobsl
OHO 6BA0 cyujecmsenHo W-unmezpupyemo, u mozda ux (B) = p (B).

Cnencreue 2. [Tycmb g — KOMRNACKCHAR A0KAABHO W-UHMeE2pPUDYe-
“mas gynryus nHa T mozda cyxcenue gx Pynryuu g Ha X A0Ka1bHO
Wx~URMEPUDYEMO U BUNOAHAEMCA P ABEHCMEBI

(g-p)x = €x Px- (5)

ITO0 cpasy jKe BEITeKaeT #3 TeopeMbl {1, UpUMeHeHHOH K (QYHK-
wuam fg (f € % (T; C)), u u3 oupemeneHUs MepPH, HHAYIXPOBAHHOK
rommwiaexcuoit mepoit Ha X (ra. IV (2-e msm.), § 5, 0. 7).

Caencreue 3. Iyecms 0 — romnaekcnas mepa na T; mozda
[0 1x = |0x |- (6)

B camom pmexe, momokuM |0 | = p @ mpuMeHUM caepcTeue 2,
B3fAB B Ka4eCTBe g KOMIUIEKCHYIO GYHKIMIO ¢ A6CON0OTHRM 3HaYeHmeM 1
7 Takymo, 910 0 = g.p (§ 5, m. 5, ciaemcreme 3 U3 TeopeMH 2); mOIy-
qaeM Ox = gx-x; HO gy uMeer abcomoTHOe 3HaweHme 1, um ¢op-
myaa (6) mereRaer u3 mpemioxenus 2, § 5, m. 2.
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JaMedan us a) CaencrBue 3 ymxe OmUI0 JIOKa3ago APYTHM CHG-
cobom (rn. IV (2-e n3p.), § 7, memma 3).

b) Ha ocmoBamvm cienctBus 3 teopemur 1 m camemctsait 1, 2, 3 us
npepaoxenada 1, npepuoxenne 2, a Takxe reopema 1 m ee ciaenctsua 1, 2
cpady e pacnpoCTpanmATCA Ha KOMILIEKCHYIO Mepy.

Cx o amsa [ua awoboit pyrknuu f (coors. g) Ha X (cootr, HA T)
€0 3navenmsaMu B GaHaxosoM mpoctpadcrse F mmm B R o6oazmazmm
uepes § (f) (coors. p (9)) nyas-upogomuenne yrarnun f wa T (coors.
cymenne g Ha X). Mmeem { (p (9)) = 9x-9, p (£ (f)) = f. OGosna-
4uM vyepes B’ Mepy ¢x-p Ha T'. Jas moboro p € {1, + ool us npenmo-
seHnit 1 m 2 caenyer, uro { orobpaskaer £f (X, ny) B Z5 (T, p')
2 910 p orobpaskaer 5 (T, p') Ha % (X, RLx) ¢ eOXpaHeHHEM HOPMbE
B obomx caydasx ¥ uHTerpama pas p = 1 (reopema 1); mepexomom
K ACCONMMMPOBAHHHIM OTHEJUMHIM TPOCTPAHCTBAM HOJYIaeM IBA B3a-
uMHO oOpaTHEIXx m3oMopdusmMa. TouHO Tak Ke, €CIM UPEMEHATH [
H 0 K TOJOKUTENHHAIM YHCAOBHM (YHKOUAM, 'TO NOIYIAM COXPAHCHHE
cymecTBeHHOro BepxHero murerpaia (upema. 1). Cramo 6Hre, ecnm
YCIOBHETBCH omoxcOecmeansms GyHEOui0 Ha X ¢ dyakmoueidr ma T,
obpamaromeiica B Hyab Ha I — X, a Mepy px — ¢ Mepoit u’, To 3a-
Oadg|, OTHOCAMmUECA K HHAYNADOBAHHHM MepaM, GyAYT CBORHTHCA
K 33JadaM, OTHOCAIUMCH K MepaM, OnpefelJeHHEIM HOCPEHACTBOM
IIOTHOCTeH, W3ydapmmMcss B § 5. 9TOT cmocol paccyxueHEs OpuMe-
HseTCA TAKAe K KOMIUIOKCHHIM MepaM, HAa OCHOBAHUHA CJIGACTBEA 3
m3 Teopemnl 1.

2. Ceolicmea UuHOYUYUDPOBAHNHILL MED

Meegnomesne 3. ITyembv X — aokaavHo Komnaxmmuoe nodnpocm-
pancmeo npocmpancmea T u A — Komnaercnas mepa nHa X. Cae-
dyowue ceolicmed 9KEUBALCHIIGL:

a) xawonuueckas unvekyus i: X — T seasemcs M-cobemeernoil;

b) das awbozo romnarma K usz T muoxcecmeo K [\ X cywecmeenno
A-urmezpupyemo,

) ecakan mouka t€ T obaadaem maroli okpecmmocmuio V, umo
VN X cywecmeenno A-unmezpupyemo;

d) cywecmeyem makas mepa © na T, umo Oy = A.

Ecau amu axeusasenmmsie ycaosus evnoanens, mo ¢ 060anauenus d)
uMEEM

EWMx=% u i(\)=i(0x) = ¢x6. )
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TlockeabKy MHBeROUSA i HeOPEPHBHA, TO SKBUBAJIEHTHOCTH CBOACTR
a), b) m c) BrTexkaer u3 mpepmomenus 1, § 6, u w3 3ameganus, KoTo-
poe 3a HUM CJIeyeT, eCIH NPUMEHATh X K IOJOMKUTeNbHOX Mepe | A |.
Ecam A mupynuposana Ha X Mepoit O Ha T, 10 |A | = | 0 |5 (dop-
myura (6)) m smawmr, |A|J(KNX)=|0]ENX)=]|0](K)<
< oo (mpema. 1) mas ;oboro kommakra K m3 T, tak uto d) Bie-
ger b). Ilpenmomnosknm, T0 a) BEIIONHACTCSH, U MOKaskeM, a0 (i (A))x =
= ), oTKyHRa Gyper cremosars d). Ilyecrs g — anement ms &7 (X; C);
[0 ONpe/eJeHNI0 MHXYIUPOBAHHOE MePhI, W3 Ipeiokenus 7, § 6, 0. 4,
eciy 0603HaYATh g’ HYIB-IPOROMKeHHe g Ha T, mMeem

feacons={eatan=[zona={gan

BTKM 3aBepmaercsa BOXa3aTeNBCTBO 9KBUBANECHTHOCTH YeThipex CBOﬁCTB,
Ecim M= 05 u ecmm g€ ¢& (T; C), 1o

[ea @ @x) = § (gond 0x) = [ goxas,

n60 goy ectb HYIs-NPONOIKeHHe g o iTHa T. DTo foKasmBaer BrO-
pyio popmyay (7).

Caencreue 1. Ecau X samkHymo, mo 6cakas KOMNAEKCHAS Mepa ).
na X undyyuposana mexomopol mepod na T.

B camom pgene, eciu K—xommakr w3 T, to K [} X rommakTHO,
a 3HAYNT, A-MHTEIPHPYEMO.

Cnencreue 2. ITyemo © — komnaexcrnas mepa wa T, m — 6-cob-
cmeernnoe omobpaxcenue T 6 soxasvno Komnakmruoe npocmparcmeo Y
u ny — eso cyaenue Ha X. Toeda my Ox-cobemeenno, u my (05) =
= 7 (px-6).

B camoM gmeme, My = Moi, I'Me [ — KAHOHMYECKAS NHLOKIUS
X = 7. 3naunt, ecam 0 mONOKHTENBHA, TO CJAEICTBHE BHITEKAaet
U3 TpesoeHEa 3 m W3 TpaH3UTHBHOCTH Mep-o6pasce (§ 6, m. 3,
openn. 4). Crydaii nenonomuTeIbHON KOMIIEKCHOW MEPH MONYyYaeTcs
OTCIOfla 1O JWHeiHOCTH.

Neemnomerng 4. Hycme X u Y — makue aokaavno komnaxkmuule
nodnpocmpancmea usd T, umo Y < X. Feau 8 — xomnaexcras ‘mepa
na T, mo mepa (Ox)y undyyuposannas na Y mepoii Oy, pasna Oy
(4TPAaH3UTHBHOCTH, WHIYNWPOBAHHEIX Mep»).
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IlocraTouHo samermTh, 4910 eciam g — saement us & (1, C),
TO HYIL-OPOROMKeHEe £ Ha [ TOAyIaeTcs HYJIb-TIPOAOIKEeHNeM
HyJIb-OPOMOKeHnA g Ha X, mam eme (eCaAM HMCHOJAb30BaTh OTOK[e~
CTBACHAA W3 CXOMHH), 9T0 (y+0 = @y (¢x-0) (§ 5, u. 4, npema. 8).

Meepnomesne 5. Hycmv (hg)aca — Puabmpyiowyeecs no 6o3pa-
cmanuio cemelicmso nosoxcumervhuz mep ua T, umenwee eeprHiow
zpanb A, u nycmb X — 40KQAbHO KOMRAKMHOE NOJRDOCMPAHCME0 NPO-
cempanemsa T. Toeda cemeticmao undyyuposanunx mep A, | X maxo-
puposaro 8 M (X), u

sup (Ao X) = 1| X. (8)
agA

C ydeToM OTOKIECTBICHWIA U3 CXOJAEUA ITO UPEMIOKeHHE €CThb
9aCTHEIE cAy9ail mpemiaokeHuss 9, § O, mw. 4.

CnencrBuE. Iycmb (W;)icr — CYMMUDYEMOE CeMEUCMBO NOAOH U~
meavnnir mep na T, ¢ cymmot p. Toeda cemelicmeo undyyuposannr
nmep w; | X cymmupyemo, u

2 (] X) =p|X. (9)
i€l

ITeepnoswerue 6. Hyems A: tw—> Ay — p-cozaacosartoe omobpa-
gicenue T 6 ofi+ (X), 2de X — ao0KaabHo KoMRAKmMHOe RPOCMPAHCMA0,
cuemnoe ¢ beckoneuHocmui, u nycmb Y — A0KAAbHO KOMRAKMHOE NO0=

npocmpancmeo ¢ X. Ioaowum S?»t ap (t) = v. Tozda omobpaxenue

t— M | Y npocmpancmea T 6 oAy (Y) p-cosaacosano, u
fomanm=—viv. (10)

C ydueToM OTOK[ECTBIGHHE U3 CXOJHAH HTO HPENA0KEHHE eCTh
qacTHHE caydail opepaosenus 7, § 5, mw. 4.

Yupakaenus

1) Hycte X — A0KalbHO KOMIAKTHOE FOAHPOCTPAHCTBO JOKAILHO
KoMmaKTHOTO npocrpancrsa 7. Ilowasars, 910 mua awo6oii mepur A ma T
HOCHTeJb MepHl A x ecTh CJef Ha X HOCHTENA MEepH Vv = Qx-A.

2) Ilycte T — 10RaIpHO KOMIAKTHOE NPOCTPAHCTBO, X — €L JIC-
HaJbHO KOMHAKTHOE HOAMPOCTPAHCTBO M | — IOJOKUTENbHAA Mepa ma 7'
MOJIOMUM V = Qx-U = j (ux) (rae j — KanoHNYecKasn unbeknusa X B T).

a) ITokasath, 4TO BCAKOE W x-TPEHEOPEIKUMOE NHOAMHOMKECTBO M3 X
v-ripenefpemnmo.
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b) IHowasare, I10 A M060i aucaopoil dpyunuu g = 0, oupe;eien-

- * *
noiima X, 5 gdux = S g dv (HpuMennTh a), a Tarke gopmyay 7 us § 3).

c) Ilycts g — ¢ynknun ma X co smauenusnMu B R mum B 6amaxosom
mnpocTpancTse 1 ¢’ — npopomxenne Gyaxoun g ga T, pasmoe 0 ga T — X.
Hasn roro 4tobu g OHIa W x-MATEIPHpPYeMA, HeOGXOZUMO M [OCTATOYHO,

uTo0H g’ GELIa V-HHTErpHpyeMa, U TOrga 5 gdpx= 5 g dv (ACIOaB30-

BaTth b)).

3) B o6osravenunax yup. 2 OPeANOI0KUM, 4TO X €CTh omKpsmoe HOA-
MHOKecTBO U3 T

a) Ilokazarts, 9T0 mua xi060il ducaopoil dymknun g > 0, oupenenen-

* *
Hoii ma X, S gdux = S g dy. (ucmoas3osath ymp. 2, mpema. 3, §5
X

u mpepn. 4, § 1).

b) Mycts g — ¢ymenua ma X co 3HAYEHUMM B R ¥iIH B GamaxosoM
npoctpamcTse m g’ — ee npopospxenue ma T, pasmoe 0 mHa T — X. dna
ToT0 9T00H g OHLIA [ x-MATEerpEpPYyeMa, Ee0GX0UMO ¥ OCTATOYHO, YTOBH g*

Onna p-MHTEpEpPYEMa, W TOIAA Sgdp,x = S g dp (UcHoXIb30BaThH a)).

4) Tlpunsne obo3mauenua yup. 2, moKasaTh, 9T0 eciaum X 3amKHymo
B T, 10 ana jgwo6oil gucaosoit $ymkuum f > 0, omnpenenemnoit mal T,

[Toenaux =

CTBEHHHM, U IpuMeHHTH npeqi. 2, § 4). Ecau, B Tex ke npegnocunkax, f

*
f dv (3aMernTh, uTO OTOGparKenme j 'ABAAETCA COG-

ecTs oToOpamenye T B R win B 6aHAX0BO NPOCTPAHCTBO, TO AJIA TOTO UTO-
Gul otobpaskenue £ o j GHUIO P x-HATErpUpPyeMO, HEOOXOMUMO M FOCTATOUHO,

9100 f OHIO V-HATETPHpPYEMO, U TOIZA S(foj) dux = g fdav (§ 4,

Teopema 2).

5) Ilyets T — n0KampHO KOMIAKTHOE IIPOCTPAHCTBO, WU — Mepa,
ompepeixennas B yup. 5, ri. IV, § 1, u D — (3aMKHyTOE) MHOKECTBO TOTIEK
us 7 supa (0, y).

a) Tlokasars, 4T0 Mepa |.p, HEAyNEPOBaHAaA HA [} Mepoil u, ABusAeTCH

*
HYJIeBOII, HO 5 ¢p du = -+ oo (cp. yup. 3a)).
b) llycts X = T — D u nycTs j ecTh KAaHORMYECKAA WHDEKNHUA X
s T; Torga j (ux) = p, HO
* *
[T@oendux=0 ["epdu=to (b ymp. 9.

6) Hycts T — JOKAAbHO KOMIAKTHOE IPOCTPAHCTBO, X — €I0 JIO-
KalbHO KOMIIAKTHOE IOANPOCTPAHCTBO W j — KAaHOHUYECKas MABEKOoUA X

26 H.Byp6anm
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B 7. Ilyers, janee, A — TaKas HOJOAMTEILHEAS Mepa na X, 9T I aiobo- .
r0 KOMIaKTHOTO MHOMecTBa K < T nepecedennme K [} X CYIRECTBEHHO
A-unrerpupyeso. ITokasaTe, 970 Mepa v = j (1) eC1b HAUMEHAIIAA 13 II0-
JOKUTENBHEX Mep p HA T, 00rajaloIux 1M CBORCTBOM, 9T0 px = A If 9T0
BX HOCUTENh ABAACTCA 3aMuIKanueM B T HocuTens MEPBL }».

7y llyers X, Y — noxanbHO KOMIAKTHEIE INPOCTpPaHCTBa, 1. X —
— Y — menpephiBHoe oTOOpasenue, 7 — JIOKAaJbHO KOMIDAKTHOE DOJ-
npocTpancTBo npocrpanctsa Y, S = n7r (T), mp: S — T'—orobpake-
Hue, coBmajamwmee ¢ T Ha S, U v — NOJOKurelbHasi Mepa Ha Y. Ilokazats,
4TO CJEIYIOmIe TPH YyCJOBHA SKBUBAJEHTHHI: .

a) Eecuu vp — sMepa, uHAYLIRpOBaHHEAA Mepoii v Ha I, TO CyllecTByeT
TaKadg MOJOKHTENbHAA Mepa up Ha S, 910 fip (Wp) = vo.

b) CymecTByer Takas 10g0KHTeRBHAA Mepa A HA X, 910 T (&) = V.

c¢) Cymectsyer 7Takagd DNOJOKUTENbHAsA  Mepa Ag Ha S, 9T0
(1 8) (kg)= vr.

8) Ilycre X, Y — noKalbHO KOMIIAKTHHEE IpocTpamcreBa, m: X —»
— Y — menpepriBHOe OTOOpajkeHue M vV — IOJOKlTeNbHasg Mepa Ba Y,
cocpeforoiennan ua o (X). ITpepmomoskum, 410 faa nwboro y € m (X)
HaliyTCA OKpecTHOCTH V B Y U TaKasd NONOMKUTEIbHAA Mepa Ay Ha x~t (V),
910 00pas Ay npu orobpaskenuu Ny w7l (V) — V, coBmagamomeMm ¢ Iy
pased Mepe, HEAyHupyemoii vy. Ilokasats, 9T0 mpH STIX YCAOBUAX CYINE-
CTByeT TaKasd moloykurennpHad mepa W Ha X, 1ato 1 (u) = v. (Paccmorpers
mEOkectB0 & map (G, A), 41 KOTOPHIX G OTKPHTO B Y, U A ecTh TaKas
NOJIMKHTEIbHAA Mepa Ha X, 970 7 (A) = vg. YDopagoduth ¢ oTHOMmE-
nueMm «G; < Gy 1 Ay < Ay Meswny (Gy, Ay) u (G, hy). Ilokazats BHAZaJe,
UTO YHOPAA0YEHHOE MHOMKECTBO (§ MHOYKTHBHO, a 3aT€M B3aBEPUIUTH pac-
cy:xjgerHe mpu nomomu reopeMmet {opra u yop. 7.)

9) Ilyets X. Y — NoKanbHO KOMIIAKTHHE NPOCTpaHCTBA U 71t X —-
— Y — uempepeisEOe OTOGpaykenme. I'oBopsaT, uTo oToGpaskeHue 1 Kom-
cepeamusny, €CAM AJA JI0G0I H0a0MUTeNbHOIT MepH v HA Y, cocpefoTo-
geHnoil Ha nt (X), cymecTByer TaKas IONORHTEJIBHAA Mepa N ma X, 1To
v= 1 ().

a) Ilyers X, Y, Z — nokanpHO KOMHIAKTHBIE IIPOCTPaHCTBA, ! X —
— Y un's Y —» Z — HenpepuBHEE 0TOGPAKEHUs; HOMOKMM & = 5 o 71
U HPEAIONoKUM, ITO JU cropwvekmueno. IloKasaTh, 4TO €CAY 7t U 1’ KOH-
CepBATHBHBI, TO TaKOBO ;Ke u n”; ofpaTHo, ecan 1" KOHCEPBATHBHO, TO
KOHCEepBAaTHBHO ¥ 1U'. )

b) Tpeamonoskum, 9ro aas nw@oro y € m (X) Halimerca Takas ero
OTKpHITAA OKpecTHOCTh V B Y, 910 ecau niy: n~t (V) — V ecth oroGpaske-
HIUe, COBOAJAaomee C I, TO CYIECTRYeT HelIPephBHOE CEeTeHue, acConmupo-
pannoe ¢ ny (O6masa rom., ra. I (4-e usa.), § 3, m. 5). Ilokasars, ut0 N
KOHCEPBATHBHO (HCIONB30BATH yIp. 8).

¢) Ilycre Y — unrepsan [0, 1] us R, X — mHoxecTBO Y, Hajlelen-
HOe JICKperHoil tomoaormeii, u mi X — Y — TOMAecTBeHHOE 0TOOparke-
une. [JokasaTe, 970 oToOpaKenue s He spNATCH KOHCEPBATHBHEIM.
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10) llyers X, ¥ — goRadbRO KUMIIAKTHBIE LpocTparcTBa. Hokasath,
9TQ BCAKOE HCNPEPHIBHOE cobcmeennoe 0TOOpaskenne npoctpancTsa X B Y
KOHCEPRATHBIO. (M3 yCAOBIsI BHTEKAacT, 910 IOpU 0TOOpPAIKERHIL [f > f o 1t
npocrpauctea o4 (Y) B ¢(X) ero o6pas E cogepmurca B o (X); pamee,
JA Ja1060¥ MOJ0KUTeNbHON MepH v Ha Y IPHMCHSAEM K HOJANPOCTPAHCTBY
E n3 &(X) n K nogourtensuoin guneitnoil dopye fom > v (f) ua E
caepncraie u3 npemn. 1, Ton. Bexr. mp-sa, ri. II (2-e n3a.), § 3, m .1.)

11) Dyers X, Y — NOKaIpHO KOMIIAKTHEIE npocTtpapcrsa, m: X —
— Y — menpepriBaoe otobpaskenue u M — TaKoe NOJAMHOMKECTBO u3 Y,
ato il (M) cojepEuTcsa B CUeTHOM 00BenMHCHIIN KOMIAKTHRX MHOKECTE,
Torna nia aw6oit HodoaUTeNLHOT MepsL v Ha Y, cocpegoTodennoil ma M,
CYDICCTBYET TaKasl MOJORITeNbHas Mepa u HA X, 910 1 (U) = v (1CI0db-
3oBaTth yup. 10).

§ 8. Ilpoussejennsa mep

1. Humepnpemayus mepovl-npouszcedenis

KAK unHmezpdaa yxep

Bo acem amom napacpagpe uepes T, T' obosnauaiomces A0kasvHo
KOMRAKMHMbe RDOCMPAHCMEa, Hepe3 W—hoaowumesvhas mepa Ha T,
uepes ' — noaoscumenvrasamepana T’ uTuepes v = p @ p' — mepa-
npotnseedenue na X = T X T’ (va. 1II. (2-e msm.), § 4, w. 1).

Haa awboro t€ T orobpamenme & > (¢, t') mpocrpancrea T
B X sApigercs HelpephBHHM M coberseHHBM. IlyeTs A; — o6pas p’
OPH 3TOM OTOGPaKEHHHU; A, €CTh NOJOKUTENbHAA Mepa Ha X, ¥ ecan
f€ &% (X), To ofosnauns 4depes f, uactuuHoe orobpamkeHue [
—f(t, t'), umeem

frani = | roaw, (1)

9TO BEHIPAKAETCA elle COOTHOIEeHHmeM A; = &; @ u'.

KHpowme Toro, otobpasenue f+—> A; (f) HempepHBHO W HMeeT KoM-
narTHhi Hocurens (ra. [T (2-e uspn.), § 4, u. 1, nemma 2), a smauur,
otoGpasienue f ~> A; mpocrpanctsa T B of (X) muporo HenpephBHO
(1 Tem Gojiee MHUPOKO p-H3MEPHMO); CIENOBATENBHO, ceMeHCTBO Mep
t— A{ w-cozaaccéaro (§ 3, m. 1, mpemga. 2a)). Ilo oupenenenwuro,

MATErpas oT [ OTHOCHTEJBHO MepHl SM dp () pasen
Yooaao = [an@ (@ aw o= (1w v )

(rar. ITI;(2-e wan.), § 4, n. 1, Teopena 2); crano GHTH, v = S A dy ().
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Touno Tak sxe, pis awoboro snementa ¢’ € T’ oGozmaamm A, oTobpa-
senue ¢ (¢, ') mpoctpancrBa T B X. Oro6paskenne ¢ — A;r u'-co-

TJ1aCOBAHO ¥ MIAPOKO HENPepHBHO, W Vv = S A dp” (). Ham mona-

nofATess CAeNyIomMe JEeMMEL.

JTevma 1. Jasa awboi wucaceoli gdyuryuu f =0 na X

[“roaw = {"ran. @)

Mockoabry # > (¢, {') — HempepsiBHOE COGCTBEHHOE OTOOpasKe-
Hu@e, TO 3TO CJeayeT u3 upegiokedHusa 2, § 4, n. 2.

Jlemma 2. Hyemv f — omobpasenue X 6 monoaoczuueckoe npo-
cmpancmeo. Jas mozo umobu f 6viao hi-usmepuno, Heo6xoduno u docma-
mouHo, wmobu f; Geito W -usmepumo.

Jro ecth crencTBUE mpemiiokenua 3, § 6, m 2.

Jdemva 3. Hyemy [ — Pynryus na X co swanenusmu ¢ R uau
6 Gawnaxosom npocmpancmee. JJas mozo umobe f 6uaa A-unmezpu-
pyema, neobrodumo u docmamoino, umobw f; bvaa p'-unmezpupyema,
u moeda

[ raw = {ran. 3)

dto caenyer us teopemsl 2, § 4, u. 4, ecam UPHHATH BO BHMMA-
gue, yto ¢’ > (¢, {’) HempepHBHO W COGCTBEHHO.

3JamMeganue. MoKHO o7eHp Ipocto moKaszaTh jgemMe 1, 2, 3
0e3 uCOONBL30BAHKA peayabratos §§ 4, 6, Opu DoMomE DPAMOTO PacCysx-
geausg. Hanpumep, coorHOomeHue 2) OYEBHIHO OO ONpPeJENeHHI0, ecad
fEHA (T X T). Ecam f nomymenpepmsHa cEmsy Ha X = T X T,
TO ZOCTATOYHO BAMETHTH, 4T0 ¢ — f; (t') ecTs BepXHAA orubaoman QyHK-
nuit t'—>g; (') = g (t, ¢'), rne g npoBeraer MHOeCTBO TAKUX PYHRIMiL
u3 o (X), aro 0 < g < f. HakoHen, nid UPOHBBOJIBHOH f OTMETHM,
4T0 ecadm h > | DONyHeDpepHEBHa cHusy Ha X, To t'+> h (¢, t) momy-
HempepuiBHa cHusy Ha T'; m obparHo, ecam £ —>u (') momymenpeprBRa
cau3y Ha T @ TakoBa, ¥r0 u (¢')> f (¢, t') ang awboro ¢’ € T', 1o $ymx-
nasl k, YHOBIETBOPAOMAA YCIOBHAM h (¢, t') = u ('), h (4, ¥) = + oo
IA t 5~ ¢, NMOJAYHempepHBHa cHu3y HA X H TakoBa, 4ro A > f. Kak
TOABKO JnemMa | noKasaHa, MH IojaywaeM, 4to MHoskectso (T — {¢}) X
x I Aj-mpenebpeRUMO, H TOTA OMEHb IMPOCTO AOKA3aTh JeMMH 2 U 3.
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PagencrBo (3) mossosmgeT Ges yrposs IyTaHUIB 0G03HA4ATH o0e
ero 4acTH Sf(t, t')ydu' (¢'). OdeBupmHO, UTO AHAIOTWYHBIE Pe3YIIb-

TATBHl UMEIT MeCTO M, Mep Ay = U ® gp
Mu  GynemM BMecTo g*f(t, ) dv (¢, t), S P, )y (¢ 1),

(f(t, £)dv (¢, ') mcmoabszoBarth 0603HAYEHHUSA
[177¢ nawwaw o), § {716 ¢y dp @y ap @),
[§ra naa @

B COOTBETCTBUH ¢ 0fosHadenusamMu, npmuaThimm B ria. [II (2-emsn.),
§ 4, m 1. .
. Murepuperanusa Mepsl v KaK MHTErpaja g A dp (f) mO3BONMT HAM

cOpMyIIMpOBATE HA A3HKe Mep-uponssesennit peaynbratel § 3. C 1py-
roif cropomni, mepa A; mecoma {t} X I’ = pr;' (f), Tak 9TO 9TOT
HHTerpasn ompefeliser pasbueHme Ha cJIoU (e3UHTEIPUPOBAHNE) MEDH
v oTHOCHTENBHO NpoeKnuud pry mpoussenenusa I' X T" wa T (§ 6, n. 6).
[Tpessne 9eM MBJIOKUTH PE3YJIBTATH, LOJIYyYaeMble TAaKUM 06pasoM,
OpuBefeM OJHO IOJIe3HOe CBOHCTBO.

Heepnosenue 1. ITyemv (ng)aca (€OoTB. (U8)pen ) — CyMmMUDYe-
Moe cemeticmeo noaosxcumeavunlz mep na T (coors. na T'), cymmy womo-
poeo obosnawum uepes P (coors. 4epesi p'). Toeda cemelicmeo
(e @ Uf)(x, pycaxn cymmupyemo wa T X T', u

BN = X M. ® (4)

(o, BYEAXB

Jru cBoiicTBa odepuyubl, Korma 4 m B wromewnmet. Orcroga cae-
nyer, uro ecam A’ (coors. B') — KoHeuHoe nogMHOMKecTRO u3 A
(coorB. B), T0 > Ho QUASI® 1.

(%, BIEA'XB

Crano GwiTb, cemefictBo (Mo & pg) cymmmpyemo. [ua moxrasa-
TeABCTB2 (HopMyasl (4) QOCTATOYHO NOKa3aTh, 4YTO lPABAg 4YACTh
VIOBIETBOPSET XAPAKTEPUCTHYECKOMY CBOMCTBY Mep-UpOH3BeNcHMI
(ra. IIT (2-ewmsn.), § 4, m. 1, teopema 1); aro gocruraercss caenyio-
HIMMH BHIKJIATKaMH.

Hyers f — omement &%+ (T), f' — snement ms ¢y (I'); Banom-
HuM, uro [ @ f' osHauwaer ¢pyHRnuio (¢, ')~ f (&) f/(¢) B2 T X T,
Koropas npuBampaesskur &4 4 (T X T’) (Aurebpa, ra. I (3-e mam.),
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§ 7, n. 7). Torma mo oipeneneHu0 'Mep-pomsBeeHH IIOTygaeM:

(Ma®us, FR )= X (Mo N (Ugs f)) =

(a, BEAXB (@ IP)EAXB
= (2 (Bar H) (X Mgy 1) =
agA BEB
= H{, Hr=wn, Fe M.

2. H3xepumnvie Pynryuu 0mHoCUIMECABHO
NPOUIGEOEeHUA 08YX Mep

leepnomerne 2. Hycmo | — v-usmepuman Pyukyus na I X T'
€O 3HANEHUAMU ¢ monoavauseckom npocmpancmee G u nycms M — MHo=
scecmeod mex, t€ T, dan kKomopway omobpasicenue & — f(t, t')
He sfgafemci | -USMEDUMBLM., :
. a) Ecau f nocmosanna Ha donosaneHuu v-modepanmmnozo nOGMHO=
gicecmea ug T X T', mo M w-npenebpexcumo.

b) Ecau p' modepanmmua, mo M aokaabHo p-npeHeGpescuMo.

Yreep;KaeHne a) BhITEKaeT U3 Npeiomkenna 4 b) § 3, m. 2 u uz 3aMe~
gagmit m. 1. Jlaa nonygenusa b) samer:mM, 910 W' eCTH CyMMa IOCIENO0=
BaTeIbHOCTH [, OrpaHmIeHHHX Mep (§ 2, m. 3, mpens. 4); f usmepuma
OTHOCHTENBHO U & WPnp < Vv, B MHOKeCTBO M ABAsAETCA 06BEINHEHAEM
MHOKecTB M, acCONMAPOBAHHBIX ¢ MepaMm W, (§ 2, u. 2, mpegn. 2).
Crano OniTh, BCE CBOMUTCA K CAy4al0, Korfila u’ OrpaHEYeHa, uTo
clleflyeT W3 mpepmo;keHmsa 4c), § 3, m. 2.

9710 TpeAIo’KeHHe Ccpasy e pPAcCOPOCTPAHAETCS Ha KOMIJICKCHHE
mepH (ru. IIT (2-e m3x.), § 4, n. 2, npemi. 3).

Canencrsui. Iyers A — v-usmepumoe nodmmosxcecmeo us T X T*
u nyemv M — mnodcecmeo mex t€ I, 048 romopwix cewenue A (f)
mroxncecmea A 8 t He feasemces |\'-UMepUMbLM,

a) Ecau A v-mofepanmno, mo M p-npenebpescuno.

b) Ecau npoexyus muomcecmea; A na T' p-mofepanmna, mo M
AOKAAbHO  [-NDeHed perumo.

Yreepaenue a) BHITERAET HEIOCPEICTBEHHO W3 IPeNIOKeHus 2o
Jlna ycranosnenua b) oGozmaunmm uepes B MHOKECTBO, ABIAIOMEECH
o0beAHEHAEM HOCIe[0BATENBHOCTH |OTKPHTHX W' -HHTErPUpPyeMbIX
MHokectB u3 I, comepskamee npoexnuio A ma I''; o6osmagum uyepes’
[ MOTIEDAHTHYIO MePY Qp-U"; MOCKOABKY A H3MePHMO OTHOCHTENLHO
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O u < p®p, To npegmomenne 2 Baeder, aro A (f) u-msMe-
PHMO, KPOMe KaK AJIs Tex {, KOTophle 00pas3yIoOT J0KaJbHO -IpeHeOpe-
mimoe muoRecTBo. Ho A (f) — B, m nostoMy yTBep:KIeHue, uTO
A (f) uy-msrepmyo, paBHOCMIBHO YTBep:;RIeHno, dto A (f) p'-msme-
pumo (§ 5, m. 3, mpena. 4).

Orennowesn® 3. Hycmy f — omobpascernue T 6 monososuneckoe
npocmparcmeo F. Ecau f y-uamepumo, mo omo6pasxcenue (¢, t') — f (t)
v-uamepumo. O6pamno, ecau W==0 u ecau smo omobpaxenue v-usme-
pumo, mo Pynryus | p-usmepuna.

Tleproe yTeepskmeHme BbiTekaeT u3 caencteus 1 nmpemmoskenus 10,
§ 6, n. 6. Ilpenmonoskmm, d9ro p’ == 0, m oBosHaumM uwepes p, HeHy-
JIeBYI0 Mepy ¢ KOMIIAKTHBIM HOCHTEJEM, Ma)yKOPMPOBAHHYI0O Mepoi p',
a gepes v; — Mepy p & py, uwmonomum a=|| u; ||. Torna upoexmus
I X T" na T v,-cobcTBeHHa, 1 Mepa-o6pas pry (v,) pasua au (§ 6, m. 6,
npepa. 10). Ecaum (¢, ') — f (f) v-usMepuMo, TO OHO TaKsKe v,-U3Me-
PHMO, W 3HA4YHUT, [ W3MepEMO oTHocHTenbHO wmepel ap (§ 6, m. 2,
mpema. 3), OTKYAa ¥ clegyer UpEIoKeHHe, MOCKONBKY a =~ 0)

970 yTBEPKIEHHe Cpasy jKe pacHpoCTPaHAETCA HA KOMILICKCHEIe
mepw (ri. 111, § 4, o, 2, mpep. 3), paBHO Kak # CAENCTBUA. TPUBEACHHbIE
HIKE,

Cnexcrsue 1. ITyemv F, F', G — monosozuseckue npocmpancmea
U nyemv u — Henpepuignoe omobpancenue F X F' ¢ G. Tycmu, dasee,
f (coorB. [') — gynryus na T (coor. T') co 3nauenusmu 6] F

(coors. F'), usmepumas omuocumeavto p (coots. p'). Tozda dynryus

(¢, ') — u (f(t), ' (') uamepuma omrocumesvro p & p'.
Hoeronsry ovobpasxenms (¢, t') — f(£), (¢, &) — f (') B cuny

npeniokeHusa 3 v-MSMEePHMBI, TO CJEJCTBYe BHITEKAET W3 TeopeMh 1

ra. IV, § 5, m. 3.

Caepcreug 2. Ecau A T u A' < T usmepumst (coomeememeernio
omuocumeavrno B u W'), mo A X A’ usmepumo omuocumesvro p ® p'.
JTo cpasy ke BHTERaeT #3 ciegcTema 1.

Cagncreae 3. Paccmompur noaodcumensrbie wucaosvie Gyukyull
(coors. gymkyuu ¢ womnaexcwsimu snwavenusmu) f wa T uw f na T'.
Ecau smu gynryuu ushmepumbl omrocumeabro coomeememeento W u ',
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mo ynkyus fQ f'1 (L, ') 7 @) F (') usmepuma omruocumesbro
poxXop

Cayuait KOMIUIEKCHBIX (QYHKIHH HJIN KOHEYHBIX [eHCTBHTeNbLHLIX
GOYHRUMEA HemocpencTBeHHO BHTekaer w3 caencrsua 1. B caygae
MOJNIOKUTENLHEIX  YHCIOBHIX (YHEnuii nias mwboro mesoron =0
noxoxmM f, = inf (f, n), fo= inf (', n); rorna (npm oGsratiOoM coria-
meHuE O-(+o0) = 0) f @ f = sup (f, ® fr), orryma m nomxydaem

n

yTBep:KeHTeE,

Oeepaoxenur 4. Iyemv A — nodmuowmecmeo us T. FEcau
A aokaavHo p-npenebpescumo, mo A X T’ aokaavro v-npene6pe-
acumo. O6pamno, ecau A X T' aokaavro v-npenebpescumo u n' == 0,
mo A aokasvHo W-npenedpexcuno.

IlepBoe yTBep:smeHMe BHTeKaer u3 ciaemctsusa 1 mpeanoskerus 10,
§ 6, m. 6. Jlas mokasaTeabCTBA BTOPOTO YTBEP;KACHHS HpAMeM 0603HA-
ueHHA U3 J[O0Kas3aTeJbCTBa mpemaokenma 3; A X T’ = pri! (4)
JOKAJBHO HPeHe(peKAMO OTHOCHTEIBHO MEPHL vy, BHAUUT, A JORAIBHO
nopeseOpe)kuMo oTHocuTeAbHOo apw (§ 6, m. 2, caencrBue 2 upema. 2),
OTKYa ¥ cJeflyeT yTBEpsKleHUe, MOCKOJBKY a == 0.

970 UpeJNOKeHUue cpasdy Ke pacnpoCTPaHAETCH Ha NPOH3BeEJleHIe
IBYX KomiurekcHerx Mep (ra. IIT (2-e wsp.), § 4, m. 2, npema. 3), pasHO
KaK H CJIEJCTBUS HILKe.

CaencrBui. Ecau mepa p (coots. ') cocpedomouena Ha M (cooTs.
M), mo p ® u' cocpedomovena na M X M'.

B camom geme, (I X T') — (M X M') ects obbenmuenye MHO-
meetB (' — M) X T"n T X (T' — M'), KoTophe JOKalIbHO Ipe-
HeOpeKUMEl OTHOCHTEJNBHO | @ p’' B CHIy upefyoKkeHHA 4.

3. Hnimeepuposanue ROAOICUTEALHOLX PY HKEUU

HamomuuM, 9ro MH IpHHAJIE COTJAMIEHHE CYATATH HpON3BEleHEE
0-(4o0) papusim 0. JT0 coriamenwme BefeT, B YaCTHOCTH, K cleqylo-
memy: ecam f > 0 — wmcaoBasg QYHKIWA, olpefieJeHHAs Ha JOKAJIBHO
KOMIIAKTHOM IIPOCTPAHCTBE, HaleJeHHOM IIOJOKATENBHON Mepod A,
0 A* (af)=a-A* (f) pna nwoboii wKoHcTaHTH a Takok, uto 0 < a <
< +oo0. I10 ouenmaHo, ecom a = (; ecam a = o0, TO A* (af) =
= a-A* (f) mmm A* (af) = a-A* (f) = 400 B zaBUCHMOCTH OT TOTO,
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6yner am fA-npeHeOpesxuMa WM Her; HaKoHeln, eciu 0 <7 a <C -+ oo,
To m3BecTHO, 410 A* (af) = a-A* (f).

ITrepnosenne 5. Hycmv f 22 0 — uucaosas Pynryus, nosynenpe-
poenas cnudy na T X T'. Tocoa Pynryus

— [T oy @)
noayuenpepwsna cuudy na T, u
[{reammar @)= [Tawo | nawe. 6

ITO ecTh cjeACTBHe Npemyokenums; 2, § 3, m. 1, ‘eca:m  yuecTs
aemmy 1, m. 1.

Caencteut 1. Hyems f = 0 (coots [ = 0) — noayrnenpepwisnas
cnusy Pynkyus Ha T (coorB. na T'); mozda Pynkyus f & f': (£, ') —
— (&) f (') noayuenpepwiena cnusy na T X T' u

roreyaoaw @) =
=({"roaw) ("reyar o). ©

IIyets G (cootB. G') — muoMecTBo Takmx QyHEUmI g € 474 (I
(coorB. g’ € # 4 (")), aro g < f (cootB. g < f'); Torua

f®f= sup gQg.
8EG, 8'€G’ =

Oynruun ¢ @ g' mpurapaexar & (I X T'),' smaumr, f®f" womy-
HenpephBHa cHuU3Y, # (6) cpasy sKe BHITEKaeT ®3 TpeIOKeHUSA O
(@M HosnyuyaeTcsi HEIOCPEACTBEHHO HEPEXOMOM K Lpefleqy I3 Ipe -

ABIymel GopMyis).

CaepcrBuk 2. Hycms A — w-mobepanmhoe nodmuosxcecmeo us T7
u A" — p'-modepanmmoe nodmuoscecmeo uz I'; moeda A X A' v-mole-
panmuo ¢ T X T,

[TpuamMasa Bo BHWMaHUWe ollpenejieHHe MOMePAHTHHX MHOMKECTB
(§ 1, m. 2, npema. 5), AOCTaTOYHO LOKA3aTh, YTO eca’d B — OTKpH-
Toe mHTerpEpyeMoe mHokecTBo #3 T, a B’ — oTRpHITOE HHTEIpHEpPYe-
Moe MHokectBO 3 I, To oTKpETOE MHOMecTBO B X B’ mHTerpm-
pyeMo. 9To cpasy jKe BHTeKaeT u3 ejeficTBAS 1.
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Caencrsue 3. Ilycmv A — p-npenebpesicumoe nodmuoxcecmeo us T,
a B' — w'-modepanmnoe nodmnoacecmeo uz T'; moeda A X B' v-npe-
Hebpercumo.

B camonm penme, 4 X B’ nokanbHo v-iipeneGpe;kmmo (mpemit. 4)
1 v-MofiepaHTHO {caeacTBEe 2), a 3HauUT, v-upeHebpesxkamo (§ 1, m. 2,
caencreme 1 mpepn. 7).

Crefictsua 2 u 3 pacnpoCTpaHAITCA HA HPON3BEJEHUE [BYX KOM-
INIEKCHHIX Mep, eCaH NpuMeHuTh ux abcomormmM 3HageHuam (Ta, III
(2-e usp.), § 4, npean. 3).

Heennoxense 6. Mycms f = 0 — uucaceas gynryus na T X T
Tozda

[Jrenamoa o= ["ao | e 6o,

JTo BuTeKaeT W3 Ipefiokenus 3, § 3, n. 2, eca¥® UPHHATH BO BHHA=
manue (2). ’

Ileennomenur 7. [Tycmo [ — v-usmepumas nososicumesbras wucio-
san gynkyus na T X T'.

a) Ecaw f v-modepanmna, mo @ynkyuu tr—> S’f(t, ')y dp' (t'),
t'— S*f(t, t'y du (1) usmepumbl coomeemcmeeHHO OMHMOCUMENT IO
woup,u
§ra yan@dw @) =

* * ’ ! 4
=T re vaw e =
* *
=" [Tt ao.

b) Ecau mepa y' mobepanmna, mo gynkyus t —> S @t &)du' ()
N-uUsMepUMa, U
[Jrenaoa e =fao(1enwe. @

B cayuae orpammueHHO# MepH u' yTBepyKIeHHe a), PaBHO Kak
& yTBepsKueH¥e D), ABIAAIOTCA CiefCTBHEM mpefnoskeHus 5, § 3, m. 2.
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Ilns cywan, Koraa B’ MofepanTHA, TPENCTABUM L' KaK CyMMY D) fn

neEN

NoCJeRoBaTeALHOCTH orpanryeHHEX Mmep (§ 2, m. 3, mpena. 4). Torna
¢ysRURA §—> \ ) f(t, t') duy (t') p-usmepuMa, u

Jlre vwmoa.o=ao [T1e e,

Hop ® p' = X (n ®7p;)¥(upena. 1); yrsepaenne, by momxyuaercs
neN
Tenepb cymmupoBanmeM mo n (§ 2, n. 2, mpema. 1).

Caepcersut 1. Hyeme H — nodmuosxcecmeo us T X T' u nyemo
A — mroxcecmeo mex t € T, das komopwix cevenue H (t) muoscecmsa H
€ t He sgisemcs W' -npeneGpexUMBLM.

a) Ecau I v-npenebpescumo, mo A u-npenedpexcumo.

b) Ecau H aokaavmo v-npemebpemcumo u ecau p' modepanmmua,
mo A ackaavHo Ww-npeneGpexcumo.

CrofictBo a) cpady ke BHTeKaeT W3 MOpefuaokenus 7 (miam
u3 npepn. 6). Ilpm ycaoBmm b) Bee cBORUTCA K yTBEp:;KAEGHUIO, 4TO
H (¢t noxanbeO p'-mpeHefpe)xkuMo miaw p'-IpeHeGPEIKAMO, IOCKOIBKY
p' monepantha (§ 1. m. 2, mpena. 7). Crano 6uTh, CBo#CTBO b) BEITE-
KaeT u3 (Qopmyan (8).

JT0 CIeCTBHEE Cpa3y Ke pacmpoCTpaHAeTCs IepexogoM K afco-
AIOTHHIM B3HAYeHWAM Ha Opom3BeleHWe HABYX KOMIUIGKCHHX Mep.
To sxe caMoe cupaBefIWBO OTHOCHTEJBHO CJIEACTBUA 2.

Caepcreue 2. Ecau mmuomcecmeo A < T X T' v-npenebpexcuno,
mo das nowmu écex t € T ceuenue A (t) mHoxmecmea A ¢ t p'-unmespu-
pyemo, Pyrkyus t —p' (4 (1)) p-unmezpupyema, u

vi) = {w @) du 0. (9)

Ileepnosxerue 8. Jas awboli napwt wucaoswix @Gynryuii f =0,
" =0, onpedeaennuz coomeemcmeenno na T u na T’

(Jroreyama e =
= ([roao) ([ rerar ). oo



412 HUHTETPUPOBAHUE MEP ra. v, §8

Brawane paccMoTpuM cayuai, KOrfia W ¥ U’ —~ MEpHI ¢ KOMRAKMHbM

~ .

Hocumedem; TOTJA 9TO BepHO U AAA P &® U, W Bce CUMBOJEL g , S S

Y

MOTYT GHTH 3aMeHCHE BepXHUMHU HHTeTpalamu. B cuay mpenmoswe-
HUA 6

iroreyaeoaw o) =
> [Tror @ w)=
= ([Trwa) ([ ey aw o).

Yro0H ycramoBuTh o0paTHOE HepaBeHCTBO, BHOepeM ¢ymknmio h == f
(cootB. A' =), aBaswmyocs HuwKHel orufapomeil mociegoBaTelb- -
soCTH (h,) (coOTB. (hy)) HOAYHENpEPHLIBHEIX CHU3Y QYHKOHUHA M TAKYIO,
9r0

["rwanw =100

* *
(COOTB. S ROy dp' () = S f@)dp' (t’)); CYLIeCTBOBAHME TAKUX
$yHKIHA BHTeKaeT cpasdy iKe H3 OLpefeliecHUs BepXHEro HHTerpala
(ra. IV, § 1, o. 3, omp. 4) u us reopemnr JleGera. ITpumenus mpenso-
deHHe 7 K usmepumoil ¢yEkmum k @ k', momyumm:

[[ror @ awa e <
= S S*h(t) B dp (dp (1) =( S*h (t) d (t) )(S*h’(t’)dg’(t’)>2
= (["rwan @) ({7 @y aw @),

T. e. HCKoMoe HepaBeHCTBO. Crano OHITB, HpenloiKeHHe OKa3aHO
JUIA citydasi, Korga W M U’ — Meph ¢ KOMIIAKTHBIM HocHTeseM. B oGrmen
cay%ae HOCTATOYHO IPECTABUTE [ (COOTB. U') B BHMle CYMMBL CeMeHCTBA
(Wg)nea (COOTB. (Ug)peB) MeD © KomOaxkTHEM Hocutesem (§ 2, m. 3,
opema. 4), sammcarb Gopmyry (10) nns xampmod mepH p, ® up
U mpocymmupoBaThk mo (@, ), ODpuHuUMas Bo BHEMAaHHUe IpefIoe-
wre 1 (§ 2, w. 1, mpemn. 1).

CaEncteuE 1. B obosnauenusxr npedaoscenus 8 umeem:
17 7o @) aw @ ap @) =
= (Foawe) ({77 @yae),  ay
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Kpome mozo caydasn, kozda odun u3 muoxcumesell 6 npaeoli wacmu
pasert O, a Opyeoli pasen oo,

HKorpa ofa MHOKUTens B mpaBoil wacTy KoHedHH, dyHwuuu f u f’
mopepaETHH (§ 1, o. 2, mpemn. 7), u suaumr, Gpyaxnusa f @ f mozme-
panTHa (ciaefcTBUe 2 U3 Hpepd. 5) crajo OHTH, yKasaHHOe CBOHCTBO
ceomuTes & gopmyae (10) (§ 1, m. 2, opega. 7). Horga onun u3 MuOKE-
Tedell papeH -+oo, a APYro#l OTIMYEH OT HYAf, TO HOpaBasd HaACTh
paBHa —-oo, u paseHcTBo (11) cmegyer ms mpegmnoxenus 6.

CnenctBuk 2. Hycmov f u f — Pynuryuu co snavenusmu ¢ G uau
¢ R, onpedeaennvie coomeemcmsenno na T u na T’ u cyuecmsento
unmezpupyembie (COOTB. UHMEZPUPYeMbiE) OMHOCUMEALHO Mep W U W'
coomsememsenno. Tozda gynryus f ® ' cywecmeenno unmezpupyema
(cooTB. ummezpupyema) ommuocumesvio mepvi P Q w’, u

(frorw dnmdn @) =
= (froawmo)(fronawwv).

Ecan f u f° momosmurensus, to f @ ' mamepuma B cuay Cief-
CTBUA 3 HpefinoskeHHA 3, B yTBeprpenwe BhTeraerT us gopmyas (10)
(coors. (11)) u w3 xKpurepus cymecrBeHHOH uHTerpupyemoctu (§ 1,
n. 3, mpega. 9) (coors. ud xpuTepus uHTErpwpyemocts, ra. IV, § 5,
o. 6, Teopema 5). Orcioma HeMeRJeHHO HMOJy4aeTcs oOmMui caydaid.

Crefctene 2 cpasy jKe pacHpoCTpaHsAeTCs HA NPOU3BefeEne ABYX

KOMILJIGKCHBIX Mep.

4. Hnmezpuposanue Py Hryull co 3IHAUEeHUARU
6 0AHAX080M NPOCM PAHCMEE

Teorema 1 (Jlebera— Dy6unu). Tycmo f — pynryus na T X T’
co snauenuamu ¢ Ganaxosom npocmparcmse F uaueR ; u nyemo N —
mroxcecmeo mex t T, dan komopwx Pymryus t' — f(t, 1) me
asasemcs p'-unmezpupyemol

a) ITpednoaoscum, umo f v-unmeepupyema; mozda N p-nperetpe-
acumo, Pynryus > S @, t')du (t') (onpedesennan das t ¢ N)

u-urmezpupyema U

ffranaoga e =fan[renae. o3
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L) I pednoavacum, wmo [ cyuecméenno v-ummezpupyema U Umo
mepa W' modepanmnua; mozda N 10KaAbHO U-npeHeOpescumo, HYHKYUL

t— 5 f(t, t'y du' (') (onpedeaennasn das t ¢ N) cyyecmeento, u'-ur-

mezpupyema, u cnpasedaueo paserncmeo (13).

YTBepsKleEHe a) BHTEeKaer cpady ke um3 rteopemb 1, § 3, m. 3,
YroGHr poxasars b), o6o3pavuM "epes g v-uHTEIpEPYeMYI GyHKILIO,
paBHyl f IOKanbHO HOYTH BCIORY, a 4depesd H -— MHOMKeCTBO TeX
(¢, t'), B woropeix f (¢, t') == ¢ (¢, t'). B cway caenctBms 1 mpemio-
swenus 7 cewenue H () p'-mpenebpesxumo, kpome Tex ¢ € T, roTophie
00pasylT JNOKalbHO U-TpeHeOpe:RuMoe MHO;EecTBo. (Tano OHTEH,
yTBepIK/IeHHe  OTHOCHTeABHO [ caegyer wu3 a), HOpHMEHEHHO= -
ro x ¢.%

Cxoanwua Iyemof — gynryus na T X T co snavenusmu ¢ R
ULU 8 BAHATOE0M NPOCMPAHCMEE , V-USMEPUMAR U V-MoOeparmuasn. J[as
mozo wmoGu, uHmezpaibl

[{rendwaw @),
fanm [re oaw e,
fawey frenyano

cyugecmeosaau u Gual pasrl mexcdy coboil, Heobxodumo u docmamouro,
ymobrw 00HO u3 Jsyx uucen

[Tawo T ire e e, [ae Tireoiao

6bL10 KOHEUHO,
JT0 ecTh HEmOCpeNCTBEHHOe CclejlcTBue u3 Teopemu 1, mpemnio-
seHus 7 U KpuTtepus uHTerpupyemoctu (ra. IV, § 5, m. 6 rteopema 5).

3ameunanumsa 1) Ecam mepa p’ me sApaserca MojepadTHOI,
TO MOKeT OKas3aThCA, Uro [ cyMecTBeHHO V-WHTEIPHpyeMa, a (yHKIEA
i —>(t, t') wme aBisercA p -WETETPHPYeMOH HE IPH KAKOM 3HAYEHHH
t €T (§ 3, yup. 4).

2) Hyers p, p’ — KoMuieKcHEe Mepu m nycTh v = p ® u'. Ecau
[ v-mETErpEpyeMa (HHAYe TroBOpA, |V |-mHTErpHpyeMa), TO IPHMEHeHHE
reopemn K Mepam | p | ® | p’ |, mpomssesenne xoropsx pasao | v | (ri. 111
(2-e man.), § 4, 0. 2, mpemi. 3), NPHBOAAT K ToMy, 9t0 ¢ — [ (f,¢') p/-;mE-
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TerpupyeMa juisa p-nodty Beex t. Orclofa, pasbupas Meps p 1 W HA JRHEl-
Hele KOMOWHANMH MNOJOKHTENbHHEX Mep, mojdydaeMm, 9To YTBEP:KACHIE
a) pacHpOCTPAHAETCA HA KOMIMEKCHEE MePu. To9HO TaK ke paccyspaem
I B ciaydae b).

repnokesue 9. Hyemo F, F', G — Ganaxosvt npocmparcmea
u nyems (%, Yy) — | €Y | — HenpepusHoe GuiuHeiinoe omobparceHue
F X F' ¢G. Hycms f (coorn. [’ — pynryus na T (coots. ") co snaxe-
Huamu 6 F (coote. F'), cywecmeenro unmezpupyemas omHocumesbHo |\
(cootB. w'). Hycmo, naroney, ¢ — gynryus (¢, ') [f (&) - F' ("))
mozda Y cywecmeeHno UHMezpUpyema omHocumesvho U @ p', u

S S [f () F" ()] dp () dp’ (') =
=[({roama)-([r Oawen]  av.

Ecau npusmom [ u f' unmezpupyemv, mo Y ummezpupyema.

Oyaxmua (4, ') — [f(@)-F' )] (u @ p')-usmepuma B cuay
caegersns 1 mpepgnoskenus 3. C ppyro#t cropoHbi, ecan b 03HaUaeT
HOpMY Oununeiinoro ortobpaskenusa (x, y)+— lax-yl, T0 cormacuo
OpeffiosKeHrio 8

[V o e 1aw e @) <
< SS']‘ O] 1F" @) | du () dp' (') =
—b (T rmia ) ([ 1@ ia o).

Jdro morasmiBaer, 4To Qymxmus | f(¢)-f' (¢')] cymecTBenno unrerpn-
pyema orrocutensno p @ u' (§ 1, m. 3, mpema. 9). Ilpenmonosum,
wro /' u [’ unrerpupyemsi: Torfa f u f’ MoaepaHTHH, ¢ MolepaHTHa
(cmepcrBue 2 mpepa. 5), m 3Hawmr, uHTerpupyema (§ 1, m. 3, caen-
crue Opena. 9). B atom caysae gopmyna (14) BHTexaeT u3 TeopeMbs
Jlebera — Qybunn u amneirnocry uHTerpaia (ra. 1V, § 4, m. 2, reo-
pema 1). Yrobs 3aBepmuth Teleph UByIeHHe cayuas, Korma f u [’
CyIecTBEHHO HUHTeTpUpyeMH, IpuMeruM (14) nﬁTerpnpyeMHM QyHK-
nuaM f1 ¥ f, paBHEM JoKanbHO moutd Beiopy f u f', 3amerus, uro
[f-f'l =1f, f!] nokanbro moutm Beiogy Ba T X T’ (upenn 4)

JTOT pesyibTaT CPasy Ke pacnpoCTPaHAeTCA HA NPOHU3BeJieHWe BYX
KOMILJIeKCHRIX Mep,
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S. Onepayuu Hao npouzsedenuem 06Yx Mep

regnomeruE 10. ITyeme g (cootB. g') — komnaekcuas Pyukyus
(wau gynryus co sHauenuamu 8 E), onpedeaennas na T (coors. T').

a)iEcau g (cooTB. g') 10K@AbLHO UHMEZPUPYEMA OMHOCUMEAbHO [
{coors. '), mo Pynryus g & g': (t, t'y—> g (1) g (') aokarvho
urmeapupyema ommocumeavho v = @ u', u

(g ®(g-n)=(g®g)(n®up) (15)

b) O6pammo, ecau g ® g aokarvHo v-ummezpupyema u eciu g’
He A6A2eMCR A0KaAbHO W -npeHeGpescumoli, mo g A0KaAbHO U-UHmespl-
pyema.

a Ilyerb K u K' — romMumakTHEe mogmuokectBa w3 I u T
‘COOTBETCTBCHHO; CJAGJICTBUE 2 IPEiNOKennsa 8 MOKa3bBaeT, 970 QyHK-
mua (l, 1) — g (t g (') gxxx (¢, 1), paBnaz (g9g) ® (g'@x’), v-un-
rerpupyema. CrnefoBaTeabno, g ® g’ JokaZbHO V-HHTETpUpYyeMa.
Torna mparas wacts B (15) yHoBaeTBOpSieT XapaKTepHCTHICCKOMY
cBofictBy Mep-mpomaBefenuit (ra. III, § 5, o. 1, reopema 1).

b) Ilpepmonosxum Temeps, 910 g @ g’ NOKaNBHO V-HHTErpUpYyeMa
¥ qT0 g’ He ABAACTCA NOKANBHO U -IpeHeOpeskumoi. ITycts yuy — Taras
HONOKUTENbHAS Mepa C KOMIAKTHBIM HOCHTEJEeM, IT0 Uy << )
mockonbky g ® g (u; ® u')-usmepuma, To t > g (¢) g’ (t') yy-usme-
puMa BCIOJly, KpOMe JIOKAaNBHO W' -OpeHeGpeKUMOrO MHOKecTBa 3Ha-
wenumit ¢’ (Opepn. 2). A Tak Kak g’ He SIBAACTCA HYJNEBOH JOKAIBHO
{’-mouTH BCIOAY, TO M3 3TOTO BHBOJUM, 9TO g U,-M3MepuMa, a 3aTeM,
pasbuBag | Ha CyMMY CeMefCTBa Mep K KOMIAKTHHIM HOCUTEIEM
§ 2, n. 3, mpegan. 4w 2, m. 2, Opepn. 2),uTo g p-usMepuMa. Ycra-
HOBHB 5TO, MBI MOM{eM CBecTH BCe K cayd¥aio, xorga g =0 um g' > 0,
3aMeHNB g ¥ g’ B cayduae HeoOXoNuMOCTH uX abCONIOTHHMU 3Hade-
mguamu. [lycrs K — mpousBoanpbii kommakt u3 I m K' — raxoii

gommaxkt ua T’, wro Sg'(pKf dp’ ==0. Coraacno IpeAJIoKeHII0 8

(S‘g% du) (S g o du'))=g S (g ® g') prxx dpn dp'<< +oo.

3HAaYMT, TepBHil COMHOMKUTENH B JEBOM 9acTU KOHEUEH, 96M W 3aBep-
nraeTcs JOKAa3aTelbeTBO.

Idro mpegnosKerue B cuny upegnosxenus 3, ra. 111 (2-e usn.), § 4, . 2
pacnpocTpaHsAercs Ha KOMIUIEKCHBIE MEPHI,
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regnoxenue 11, Iyeme = (coorB. n') — omobpamenue T
(coorB. T') 6 wokaavho Komnakmhoe npocmparcmeo Ty (coors. Ty).

a) Ecau o (coorB. m') p-cobemeenno (coorB. p'-cobemeerno), mo
omobpascenue X n' (W @ u')-cobemeerno,

u(@ x o'y (u @ p)= zn(u) ® a’ (u).

b) O6pamno, ecau 1 X o' (p ® p')-cobecmeenno u p' =0, mo n
p-cobemeernto.

a) B camom fiee, m X o’ (W ® p')-usMepumo B cmay ciaefcTeusa 1
gpepnosesua 3, u. 2. C ppyroi cropons, ecam K (coors. K') ectp
KOMIakTHO® mopMuoKectBo u3 T (coors. T)), To n~! (K) m a' ! (K')
CYIIECTBEHHO HMHTETpUPYeMH COOTBETCTBEHHO OTHOCHTENBHO [ ¥ p';
crano 6wre, 7' (K) X s’ "1 (K') cymecrBeHHO WHTErpHpYeMO OTHO-
curensHo p @ p’ (caepcreme 2 upema. §). 9To MOKasBIBaeT, UTO
n X o' (uW® p')-coberBerno. ITycts Temepp uy = 7 (u), py = a’ (n'),
vi=(@XxXa)(p®u); ana f€H (1) n f €% (T, umeem

[Trmm s @ @i @ aw @) =
= ({r@map o) ([ @ @y @)

(ciegcreme 2 mpeps. 8), UeM ¥ AOKa3aHO, 410 v = Wy @ pg (ra. III
(2-¢ msm.), § 4, m. 1, Teopema 1).

b) Tipenmonosum temeps, 9r0 ® X o' u & p'-co6CTBeHHO H UTO .
u' ==0. Ilyers uy — Mepa ¢ KOMIAKTHEIM HOCHTENIeM, Ma)KOPHpOBaH-
Hag Mepoit W. ITocKonbKy QyHKIEA m X 7' H3MepHMa OTHOCHTEJIBHO
uy @ p’, To orobpaskenue (m (), m' (t')) p-usMepuMo BCIOAY, KpoMe
Tex ¢, Korophie 00pasyoT JOKaJIbHO p'-IpeHeOpe;KUMOe MHOMKECTBO
(m. 2, mpepat. 2). A rak kak p’ 550, To orcionia clefiyer, 9T0 M [ -H3Me-
puUMO, M OKOHYATENBHO, 4TO 7 u-usmepumo (§ 2, m. 3, mpema. 4
u § 2, n. 2 mpema. 2). Ocraercs mokasars, 910 u° (f o m) << +-o0
nas moboit pyuxumu f € 87, (7). Ecam p — HyneBas Mepa, 1O 970
ouenmpHO. Eciam e W — HemyJeBas, TO HeHyueBoit Gymer m p ® p’',
a sHawmT, (0 X ') (0 ® p')%=0 (§ 6, n. 2, nmpenn. 2). Coraacro
aemme 1 ra. 111 (2-e m3p.), § 4 HannchH Takde QynKoua g € 44 (Ty),
g &4 (TY), uro

(X a)wp) g®g)s+=0.

27 H. Bypbakme
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A DoCKOIBKY 3TO BEIpajkeHHe IO OHmpefiedeHuid mep-o6pasoB paBHO
n®p, (gom) ® (g on')), To mnDpemnoskenue 8 Baewer, uUTO
n'* (g o a') 5£0. Torpa B cuny mpepdoskenus 8 w mpepioskerma 2,
§ 6, m 2

((¢eman) ([ @oarawy = §§ ¢om® (gon) dudu =
=fJteg = a) e w) < +o.

Craso GpITH, IepBHI MHTErpaJ B JeBoi YaCTH KOHEYEH, YeM U 3aBep-
maeTcs [0Ka3aTeabCTBo.

JTOT pesyabTaTr Cpasy ke pacupoCTPAHASTCH HA IPOH3BEJERWe [BYX -
KOMIIEKCHHX Mep (IPHMeHHTH NpeIoMkenne K WX abCOMIOTHHM 3Hade-
gaaM). To ke caMoe CHpPapefAEBO M OTHOCHTENBHO CHeAylomero upepj-

NOHEeHnd.

lprpaomenue 12, IHycmo X (coors. X') — sokatvho komnarm-
noe nodnpocmpancmeo npocmpanwcmea T (coorB. T'). Tozda mepa
(w ® W)xxxr, UKOYYUPOBAKHAR HA AOKAALHO KOMRAKMHOM nodnpocm-
pancmee X X X' npocmpancmea T X T', pasna npouseedenuio
px ® pxs mep, undyyuposanuviz na X u X' coomsememeenno mepamis
wouop'
B camom geme, ecam
fek(X) u i € (X'),
TO
[Trarvramae)=({rmaw) ({7 e awe)
XxX’ X X
COTacHO CIeACTBUIC 2 IpefnoeHns 8, 4em MOKasaHO, IO ONpelere-
Huio MENyu@poBannoii Mepw (ra. IV (2-e msm.), § 5, m. 7), gro
(0 @ pxxxr = px @ px:
(ra. IIT (2-e usm.), § 4, m. 1, Teopema 1).

6. HumezpupoBarHue 0OMHOCUTECALHO KOHEYUN 020
NPOUIBEOEHUSL MEDP

Ipenwgymue pe3ydsTaTEl 6e3 Tpyna PacHpoCTPaHAITCA Ha IIPO-
H3BejicHHe KOHeUHOro umcaa mep. Ilycrs, mampumep, Ti, Ty T3 —
JIOKATBHO KOMIAKTHEE IpPOCTPAHCTBA, W; — MOJOKHTENbHAs Mepa
Ha T; (i=1,2,3) u v=np ®p, ® pg — Mepa-mpoussegenne
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wa I' =Ty X TyXTg. NI myers f — v-mHTerpmpyemas ¢yEKmas
co sHavenmamu B R unu B GamaxoBom HmpoCTpaHCTBe; HpOCTOE HpH-
MeHeHue TeopeMHl JleGera — (Dy6unum mDoOKaskBaeT, 4To QYHKIEA
ty > f (ty, ty, t3) ngUBETErpUpYyeMa BCIOAY, KpoMe Touer (Iy, I,) €
€ Ty X T, obpasynomux mpeHeOpe;xuMoe MHOMKECTBO (OTHOCHTEJBHO
w @ U,), aT0 PyHKIMH

(t1y ty) — Sf(tlv tyy tg) dug (tg),

oupejesenHas moutu Beiopy Ha Iy X Ty, (u; ® py)-mHTerpmpyema
o 9To

SS Sf(tl’ tyy bg) AV (tyy By tg) =
— SS duy () du, (ty) Sf (tiy ty, tg) dpg (t5).

[ToBropHOe mpuMeHeHME TOH 3Ke TEOpPeME HOKAa3EBaeT, 4TO AJs MOYTH
Beex Iy € Ty pyErumsa

ty — Sf (t1y ta, t3) drg (t3)

ompefelera HodTd Beoofy Ha I M p,-uHTErpHpyeMa; KpOMe TOTOy
byEKUIUA

o { dus (1) §F (b 1) dis ),
ONpejleleRHas WOYTH BcioNy Ha T, p,-MHTETpEpYyeMa U
5 SS f(th t2, t3) dv (t11 tzv t3) =
= S dyy (ty) S dpy (t2) Sf(tn by I3) dpg (tg).

Touro Tak sxe RokasHBaercs, 4T0 JJA moYTH Beex iy € T QpyHkuma
(ty, tg) > F (1, 1o, t5) (ny ® pg)-unmerpupyema, aro GpyEKRUmA

ty—> S S [ (th, ta, 1) duy (3y) dug (t5),
ompefeleEHasA HOYTH BCIOY, U;-HHTeTpApYeMa ® dTO
SSSf (ty, ty, tg) dv (t1, ly lg) =
= S dpy (ty) S\ [ (t gy t3) duy (25) dug (t5).

Mu mpepocraBisiem wuraTento o0ofmeHue TeM jKe cmOCO60M Jpy-
THX pesyabTaTOB, KOKa3aHHBIX BHINC Aid HPOU3BEICHHs ABYX Mep.
27+
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7. Ipuaowmcenue: Mepa eskaudosa wapa 6 Rr

ITycrs p — mepa JleGera va R, ap, — mepa Jle6era mra R” — mpo-
usBefleHHe 7 MHOKUTeNeH, paBHHX p. 3afaJuMCH LENbI0 BEYHCIHUTH

Mepy

Vn = Un (Bn)
eIMHNIHOTO eBRINA0Ba Mmapa. COrNIacHO CIEACTBHIO 2 HpelJIoKeHnA 7
+1
V,.=S Mot (B (1) dzn. (16)

-1 .
Ceuenwe B, (z,) ects mogMHoxectTBo H3 R"-1, onpesmenennoe coor-

HOmMeHeM
n—1i

2 2
22,~<1—zn, .

i=1
WY, WHEIMEA CJIOBaMH, 9T0 MHOKeCTBO, HOJYdYeHHOe M3 miapa B,
IIOCPe/ICTBOM roMoTeTHR ¢ Koapdumumentom ) 1 —z35. Ho wa mpemmo-

smerna 11 @ popMyan
+o hrd

a g f (az) dx = S f (z) dz,

—~ 00 -0

cnpaBennnBon nag f € & (R), cnenye'r, q9To0 o6pas MepH W, , IOpH
FOMOTeTHH I > QX ecTb Mepa a'~"w,.,. CiegoBarenasHo,

Wn- (Bn Zn) (V1 Zn)n ! Vot

Hepeitns x (16) m cmenaB saMeHy NepeMeHHOTo z, = Sin @ (mpm
—n/2 < ¢ < /2), noxyamm:

/2 /2
Ve=Vyu g cos"pdo =2V, S cos™ ¢ do. (17
-n/2 0

Ho mu smaem (Dymrmuwm geiicrs. mepem., ra. VII, § 1, no. 3, dop-
myaa (20)), uro

v )

5 cos"‘q)dq)=-2— — H
[} rl( 5 )
noacraBusa B (17) u npuBEMas Bo BHEMaHHe BRIpaskenume aiag I (1/2)
(Dyexnnu peiicTB. mepem., ra. VII, § 1, m. 3, dopmyna (21)), moxy-
9aeM OKOHYATEJHHO:

v nn/2

"= TGRTD - (8)
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Yopazxuenws

1) Mycrs T u 7' — MOKATHEO KOMOAKTHEE IPOCTPAHCTEA, | — TOJIO-
sAreNpEaR Mepa Ha T u W — monomwmrencHas mepa ma T, Ilokasats,
90 ecnm ) OTPaEWueHA, TO TPOGKNEA pry; upouspepenns T X T’ ma T
ects (p ® w')-cobcrsenHoe orofpaskenme m Pry (W ® w) = a-u, rae
a= p’ (T'). Moxyanmrs orciopa upumep (4 ® u')-upemeSpemmmoro mos-
maOKectBa n3 T X T', npoexknua Kortoporo Ha T Ee ABNSACTCA N-M3Me-
pEMOii,

2) Mycrs T —~— marepsan [0, 1] w3 R, HagemeHmAEwMH Ttomoxormeit,
HHIyIEpOBaNHOL Ttomosormeil R, u T'-unrepsax [0, 1] us R, =mapemen-
HhIll ACKpeTHOU TOmMOJOTHeH; mycTh, Aalee, u ecth mepa JleGera ma T,
p' ects muCKpermas Mepa ma 7, onpejieNeHHAsS HPA TOMOMH MAccH 1
B Kaskpol mouke m3 T', v = || ® p’ €CTH Mepa-IPOH3BOHEHHe Ha

X=TXT,.

a) s awboro t € T wmomectBo {t} p'-mpemeGpesxmmo, HO MHO-
mecro {t} + T’ me v-mpemeGpesxmmo.

b) «Jimaromaaes A ua T X T' (MHomecTso TOdYex (¢, {), rAe ¢ mpo-
Geraer wmteppaxm [0, 1]), ects Takoe samkEyroe B T X T’ jowanbHO
v-nipeEe6peskamMoe, HO He V-NpeHeGpe;KMMOe MHOKECTBO, ¥T0 AMA JIoGoro
t € T cnpasegumeo pasenctso u' (A (#)) = 1, a pna moboro ¢ € T' —
pagesctBo W (A=l (¢')) = 0 (cp. § 3, yop. 3). i

c) PaccMorpam ma mpoctpaHcTBe X X X = Y Mepy-mpousBefieHHe
p ="V ® v. llokasars, 910 B Y cymecTsyer TaKoe JORAJBLHO p-mpeHeGpe-
HIMO® MEOMEeCTBO A, 910 Ana moboro z € X Muomectsa 4 (z) m A~ (z)
V-H3MEPHMH, HO He NOKaibHO npemeSpemmmu. (Ecmm z = (t, t'), THe
teT,at €T, 10 onpegennuts A, TaK, 9T06H A (2) copepxano BCO TOURH
(s, ) EX, tme 0 LK)

3) Iycrs T — norajipbHO KOMNAKTHO® MPOCTPAHCTBO, WU-TIOMOMRHTEN]b-
Hasg mMepa Ha T m f > 0 — gncaoras ¢ymknua ma 7. B mpocrpamcrse-
npomsseerrr T X Ry wepes Dy 0003EaIAM MHOMECTBO TeX TOUeR (I, ),
ana xoropux 0 <z < f (1); ¢ Apyroii cropomH, mycts v—Mepa JleGera
ma Ry.

a) TlorasaTs, 9T0 A7ia TOTO 4TOOH f OHNA N-WBMepuMa, HEOGXORUMO
W OCTATOYHO, 4T00H MHEOKECTBO Dy GHIIO HBMEPHMO OTHOCHTeNILHO MEphi=
npouseeneHMs A = u ® v. ([lus pmokasaTenncTBa HEOGXOAEMOCTH MOKa=
38TH, YTO OC/M [ p-M3MEPHMa, TO AJA X1060r0 KOMIAKTHOTO MOJAMHOMECTEA
K wm3 T muomectso Dy () (K X Ry) sBasierca o6renmuenmeM A-npeneGpe-
JKEMOTO MHOECTBA ¥ CYETHOTO ceMeiictsa MHoKecTB pupa A X I, rue
A ecrb p-m3MEpMMoe MHOMKecTBO, a / — wHTepBax m3 R.. Jlaa pokasa-
TeJILCTBA HOCTATOTHOCTH NOKARATH, YTO €CHH YCJIOBU® BEIIOAHEOHO, TO HJs
moforo KoMmaxkTHOTO NOAMHOkectBa K ma T Haiiiercs Takoe BCOXY
mrorEOe MHOMecTBO H € Ry, wro mpm #xwboM o« € H MHOMECTBO

KN (e, +ool)

J~-H3MEPUMO; BOCIOJH30BATHCA IJA HTOTO CHEACTBHEM 2 W3 Opefia. 7.)
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b) Iloxasars, 4T0 [Jd p-BHTETPEPYeMoCTH (yHKIEE f HEoOXOZEMO
@ AocratouHo, 4T06H MHOectBo Dj; OblIo A-EETOrpEpYeMO, @ TOIrja

A(Dy = S fdu. Kpome mo0r0, ecim depes g ofo3HAUCHA YGHIBAIOIMAsA

gmenoBaa ¢yErnua Ha Ry, ompenexsemas papeHcTBOM
g () =u(f* ({t, 4 ool)
(2, BO3MOKHO, paBHAA -+ oo mpu ¢ = 0), 10
00

S fan="{ g0 a.
0

4) a) Myers T, T' — NOKANbHO KOMOAKTHEE IPOCTPAHCTBA, CHET-
HEle B GECKOHEUHOCTH, | — NOJORATEArHAs Mepa Ha T m |’ — moso-
JATenpHaA Mepa Ha 7. Iloxasats, uro A awboro (b ® u')-msmepumoro
oro6pasxernns f npocrparctea T T’ B R dymrmua

e [Ty @)

p-usmepuMa (paccMortpets T’ KakK o0BeMHEEHNE BO3DACTAIOMIEH IOCIe0
BaTEJILHOCTA KOMMAKTHBIX MHOIKECTB),

b) IlpegmonouM, Kpome TOTO, 910 RasA mmouTH Bcex t € I (oTHOCH-
TeNBHO 41) GyHEKIMA [ (¢, -) p'-HETErpEpyema @ wTO A NOITH Beex ¢ €T
(otEOCHTENRHO W) GyEKOUA f (-, #) W-HHTETpEpYeMa; HAKOHeN, IIpef=
TOJIOMAM, 910 (YHKOHES (OmpefieJeHHAs IIOUTH BCIO[y OTHOCHTENIBHO W)

1> S F@ ) du @)

p-uprorpmpyema. IlokasaThb, 9T0 OPH DTUX YCJAOBEAX QYHKOEA (omperne-
JeHHAS TONTH BCIOAY OTHOCHTENHLHO p')

. S £t du)
' -EETOTDEDYeMa W HTO
Jarer freomo=faolrenawo.
(B cmmy a) maiigerca pasbmedme 7T, cocToAmee U3 W-IPEHEGPEHUMOIO

MHO;KecTBa N U TaKO# IoCaeH0BaTeNbHOCTH (K,) KOMIAKTHEIX MHOKECTB,
4910 Kazkfas u8 QyHKUEH fog .. (B @ u')-maTerpupyeMa. Ilonosxmth
»n

e @)= | 10 ey an
J=1 K;

# npemenuts ymop. 20, § 5.)
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¢) Iycrs T — marepeax {0, 1] =3 RTms pu — mepa Jlebera ma 7.
Iyers, manee, fas awboro meaoro n > 0

e |
# gycts B gpocrpamcrse 7 X T
B, = A, X A;, Bp= A} X A,
Crh= A, X A;, €= A, X Ap.

Honomum f (¢, ') = 47+t ma B, m Bj, f(t,t')=—4"+! Ba C; u €y 1pH
mobom meoM » > 0 m f (£, ¢')=0 B ocraipanx Ttouxax w3 I X T'. Ilo-
Ka3aTe, 4TO

fawofionae s faofreome

ompefeneHsl ¥ PAaBHE MEKAY CoGoH u, ojHaKo, QyHKuMA [ He HHTe-
rpEpyeMa OTHOCHTEJIHhHO MEDPH U & W.

°5) Mycrs T u 7' — JOKAJIHLHO KOMIAKTHEE TPOCTPAHCTBA, . — IOJIO-
JETeNpHAS Mepa Ha T u |’ — monourensEas mepa Ha T'; Ipepmo-
A03KAM, 970 M1060€ KOMIAKTHO® MOAMHACKEcTBO 13 T merpusyemo. IIycrs,
Hamee, f — Taxoe orobpayxenme T X T’ B Merpmayemoe IPOCTPAHCTBO G,
aro: 1) mpm at06om ¢ € T orobpakenne '+ f (¢, t') pu'-uaMepumMo; 2) IpH
xwbom t' € T' orobpasenme ¢+ f (t, ¢') mempepuBmo. lloKasars, WTO
Opd DTEX YCAOBHAX oTO0paenmme f (W ® u')-mavepumo. (3aMeTHTh,
970 A a1060T0 KOMImaKTHOTo mopmHO:kectsa K ms T cymende GpyHRnun f
ga KX T CIAY;KHT NPENeioM [iasd HEKOTOPOH I0CJIe0BaTeIbHOCTH
(4 ® u')-mamepumex PyEKIEHIL.)

°6) a) Ilycts 7 -— JOKAJHLHO KOMIAKTHOS MPOCTPAHCTBO, V — IOJIO-
marenpaas mepa Ha T, ] — mATepBat #3 R W U — moaoKATeNbHASA Mepa
Ha I. [Jamee, nycts A — rtakoe mogMHOKecTBO IpomsBefienma I X T,
a910; 1) npm moGom x € I ceuenme A (z) < T mmHoxectBa A B z V-m3Me-
pEMo; 2) oTHOmeHWe z < y Bieder A (x) = A (y). Iloxasats, 9ro 4
(u ® n)-msmepmmo. (CBecTd K caydaio, Korma [ @ 7 KOMIAKTHBL, a | —
HeIIPEPHIBHAA Mepa; pacCMOTPeTh TAKYI0 BO3PACTANIMYIO IIOCJIEX0BATENb-
HOCTh (Tj)ggicp TOTOK W8 [ C KOHOAME Zo B Zp, 910 W ([z;, 7344} < &
mpE 0 L i n—1, mw subpars B I X T pfBa mopmmuo;xectsa B u (,
U3MepHMEIE OTHOCHTEJIBHO A = U ® v ¥  TaKuWe, 4T0

BcAcc¢C

A(C — B) L ev (D))

b) Brsecrs ma a), 9T eCaE f 6CTH TAKAA YACH0BAA GpyHKIEAHA [ X T,
910 1) s vamporo z € 7 dymrmma ¢+ f (v, t) v-maMepuma; 2) mas
Raxforo ¢ € T ¢pyarnma z — f (z, ¢) Bospacraer, 10 f (L ® v)-maMepuma.

¢) llycte g — raraa wumciopas ¢ymxoua ma [ X T, 910 : 1) gua
Kamporo z € I pymrnma ¢ g (z, t) v-uamepima; 2) pua Kamporo £ € T
$yaxnus z - g (2, t) MoHOTOHHA. BEBecTH H3 b), w0 £ (B ® v)-maMe-
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pauma, (Ilyers Ty < T — mmomecTso 10X £ € T, /s KOTOpHX oOrtobpa-
SKeHE® z+> g (z, ) BO3pacTaer; NOKasarh, 910 7y v-mamepmmo. Jlaa arToro
a06oil mape (ry, rp) PANMOHAJbHHX dHCea r; < 7, B3 [ COMOCTABHTH
MHOKECTBO Dr,. ry TEX TOUEK t€ 7T, pgasa KoTOpeIX

g (r11 t) < g (r21 t))

U REipasurh 7; B BUje NepecedeHms MHOMeCTB D, r.')
.

°7) a) Hyers T m 7' — 70KAJNBHO KOMIAKTHEE MPOCTPAHCTBA H NYCTh
T’ mmeer cuentiii Gasme. Jlamee, mycTs M — mHoaoxdreabHas Mepa Ha T
u p’ — nonommrensaas mepa Ha 7’, M makomenm, mycts f > 0 — wmc-
nopas Gymxnus ma T X 7', orpaHmvenHas Ha JI060M KOMIAKTHOM MOJ-
mEOKecTee w3 T X T’ m TaKas, aro: 1) fasa mourw Beex ¢ € T ¢yHKUIuA
t — f(t, t') u-mamepuma; 2) naa moGoi bymkmam k € 5% (T') dymKuma

£ — S 1 ) k() aw ()

ompefieleRHAS WOYTH BCIOZy, W-H3MepuMa. IloKasaTh, 9T0 HPH DTHEX
YCIOBHAX CYWIECTBYeT TAKas W3MOPEMAs OTHOCHTONBHO | @ B (QyEKIUa
£, 970 AN nouTH Bcex ¢t € T pasencTso f (L, t') =g (¢, t') mMeer MecTo BLIONY,
KpoMe HeKOTOPOTO (3aBHCAIMEIo OT I) p,'-npeue6pe;mmoro MHOKOCTBA A ;.
(okasats, 9t0 paA mo6oit $ymxmuu @ € & (T X T') dymxmus
'+ f(t,t') @ (t, ') p'-mETerpUpyeMa ans mouTH Beex ¢ € T U wro QyHKIUA

t—> Sf(t, Y@ (t, ') du ('),

ompefeJieHHas IO4YTH BCIOKY, W-HHTETPEpPYeMa; HCIIOJH30BaTh JaAemmy 1,
ra, 111, (2-e =map.), § 4, m. 1. 3arem samerurs, 910

o a0l reneenaw e

ecTh IomoKHTeApHAH Mepa Ha T X T, mMelomas Gasmc p ® p,'
¥ IpHAMEHETL TeopeMmy Jlebera — Hukopuma; maxomem, BOCIONL30BATHCA
oM QaxtoM, 910 B % (T') cymectByer cueTHO® BCIOJY ILIOTHOE MHO-
7HeCTBO.)

b} Upepnono:xam, Kpome Toro, uro I merpuayemo. Ilowasath, 970
ycnoBus us a) OyAyT BHIOJNHEHH, ecam: 1) fna mour: Beex ¢ € T $yHK-
ous ¢t f (¢, t') p-wamepmma; 2) A mouTH Beex > T pymEkmuA t >
> f (t, ¢) menpepuBHa mourE Bclofy (oTHOCHTemBHO W'). (Ucmommpso-
Barb ynp. 13, i IV, § 5.)

¢) Boabmem T = T’ = [0, 1] u mpEMeM THDOTe3y KOHTHHYYMa
(Teop. mu., ra. III, § 6, n. 4). Ilycth ¢ < y €CTh OTHOMIEHHE IIOIHOTO
ynopafouenusa B I, Npd KOTOPOM He CYMeCTBYeT HAEGOMLINEro sileMeHTa
A IpH KoropoM A a06oro z € 7 MAEOMECTBO BIEMEHTOB z — & CYETHO.
MoxasaTs, 9T0 ecau B KadecTtse y = ' BsaATh Mepy Jlefera, to xapaxte-
puctHIecKas GyHKIUA f MHOMecTBA TéX map (¢, t'), B KOTODHX ! —< t',

VAOBJIETBOPAET YCJAOBHAM W3 a), HO B TO K@ BPeMs 5 f(,, Hdu @) =20
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opun Jgwbom t' €T 1
fre.naon=1

npe awobom t € T.

8) Ilycts 7 — AOKAJBHO KOMIIAKTHOE IIPOCTPAHCTBO, W — HEHYJIe-
Bafl NOJOMKHTeJAbHAasA Mepa Ha I, A — JUCKPeTHO® IPOCTPAHCTBO W A —
Mepa Ha A, oOpefieIeHHAs NPHE NOMOIE Macch -1 B Kamgod mouKe n3 4.

a) daa toro urobu orobpaskenme f mpouspenernsa A X T B Tomouao-
[AYECKO® HPOCTPAHCTBO GELio (A @ p)-EBMepEMO, HEOGXOZEMO W [OCTA-
TO4HO, YTOOH mpm mI060M ot € A orobpaskennme ¢+ f (@, t) GBLIO p-H3Me-
pHEMO. '

b) Haa rtoro 4robm ¢ymeuus f, ompefemenHas Ha A X T © mpu-
HEMAIOMAA 3Ha4YeHHS B R min B GaHaxoBoM mpocTpamcTse, Guia (A ® p)-
HETerpEpyeMa, HeoGXOMAMO i [oCTaT09H0, Y100k 1) yEKNEA ¢ - [ (a2, 1)
BCIOJly, KpOME CYeTHOTC MHOKeCTBA 3HaYeHHH o € A, ofpamanach TOX-
fleCTBEHHO B HyJdb, 2) nas mwoboro o € A $ymsnma t+—- [ (a, t) Geaa
p-mHTerpHpyema; 3) BHIIOTHANIOCH YCIOBHE

Sfir@oime <+

acA
IOaa Ttoro wrobm [ Obla cymectBeHHO (A @ w)-mHTETPEpyeMa, He-
obxogumMo m [focTaTo4HO, gToOB: 1) AIA Kamgoro o € A QyEKOUS
t—> [ (o, t) OB CYmMECTBEHHO J-UHTETPUPYeMa; 2) BEIIOIHANOCH yCI0oBAS

D 1r@ ola @<t
acA

TOT/a

S Sfd?»dp.:Z S £ (o, ) du (t).

acA

" ¢) IIyers X — nOKaAbHO KOMIIAKTHOE IIPOCTPAHCTBO T (¢, & ) Py, ¢ —
ceMefiCTBO MONOKHUTALHNX Mep Ha X (@ € A, ¢ € 7). Jlaa Toro 4rolu
ceMeiicTBO (o, t) —> Py, : OBIIO (A ® |1)-cOracoBaHO, HEOGXONEMO H JIOCTA -
TOYHO, YTOOH HpHE a1060M o € A ceMeHiCTBO &> Py ¢ OBLIO |1-COTIACOBAHO
# 9ro0Bl CeMeHiCTBO Mep

( 5 Ot O (t))aEA
GHLI0 CyMMHUpYeMO.

9) Ilyers » W » — Bospacralmue (QyHKIWH, HONPEPHBHHE CIPaBa
Ha R m takxwme, uro u (z) = v (z) = O pgag z < 0. IIycte, mauee, w — BO3
pacraomas (yHKOHA, HEIPepHBHAsA copaBa HA R @ 3afaHHAas COOTHO-
merEAMA: W () = u () v ) mua it >0 w () = —u () v (¢) gua ¢ < 03
oycTh A, p @ v — Mepn CTuaTneca, oTBeZaiomue, COOTBETCTBEHHO, PYHK-
nEaM u, v u w (§ 6, yop, 5).
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Beaxoii pyaxmum £ Ha R co 3HaueHEAME B R WM R GAHAXOBOM IpO-
crpadcTBe F IOCTABEM B COOTBeTCTBEE GYHKNEIO f, ONpemeaeHEylo Ha R2
yerouaMe: £ (z, y)=F(z), ecin y < z, & [ (z, y)=F (y), ecam y > z.
Iloxasarh, 9T0 fAaa toro uro6s [ Ooa v-mETErpHEpyeMa, HeOGXOAMMO

7 OCTATOTHO, 9T06H F GBI WHTEIPEDPYEMA OTHOCHTEIBHO MEpPH-IPOM3Be-
JeEHA A @ | W 9T0 TOTAA

Sfdv:SSfd?»dp,

{CHa"gana JOKa3aTh 3TO JJIA XaPaKTepHCTHUECKMX (YHKIHUHA WHTEPBAJIOB),
Brsectn orciofia GopMyay

Sﬂ@wm=5fMM%ﬂM@+wamﬂﬁ@m-

B wacTHOCTH, €CHHE u W v HeNpepHIBHHE HA R, To uMeer Mecto fopmyrna
MHTOTPHPOBAHUA II0 FACTAM:

b b
S u (@) dv (&) =u ()0 (1)~ (a) v (@) — | v(z) du (2)s

10) IIycrs 7 ¥ X — N0KAJBHO KOMIIAKTHEIE IIPOCTPAHCTBA, A — IOJO
JKATeNbHAA Mepa HA T U pu — TaKad OrpaEMYeHHAA MOJMO/KUTOIALHASA Mepa
Ha X, 90 p (X) = 1. Ilycrs, manee, f > 0 ects uHciaoBaA QyHKUEA
ga T X}X, marerpupyemas Bmecte ¢ PpyHKmmeir log f OTHOCHTEJIFHO MEDH
A @ p. Jloxasarh HODABEHCTBO

log (5 exp S logf du) 1) < ﬁ (logS Fan) dp

H TIOKa3aTh, YTO HEPABEHCTBO MOMKET JOCTHTAThCA JHUMIb IS GYHKOHAE f,
9KBUBaJNeHTHOH ¢QYHKOUE BHAa g ® h (OPAMEHUTP HEPaBEHCTBO IJIH
cpexHero reomerpmyueckoro (ra. IV, § 6, yop. 7d)) npm Beex ¢ € T K ¢pyHK-
ngn

e (6,2 [ § 12 a0,

11) Hyets p > 1 — Kome3Hoe peficTBuTeNbHOE u[wMcHo, 7 u X —
JIOKAJbHO KOMNIAKTHHIE IIPOCTPAHCTBA, A — MOJOKUTGNbHAs mepa Ha T,
p — modosxureapHas Mepa Ha X uf > 0 — ¢yxoma ma T X X, HHTErpHO=

pyeMasa BMeCTe C ¥ ormOCHTONBHO MepH A @ p. [loKasaTe HepaBEeHCTBO

(7 (§ o)< (] 7)™ .
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(Ilpm xasxgom ¢ € T nmpuMeHATh HEpaBeHCTBO I'édnpfiepa K GyHkmmm z >
—> f (t, x), 3aJaHHOH COOTHOMICHHEM

fit, x)=¢g(t, z) (3 (¢, z)dh (t)) /(13<1)

I7e ¢ — MOKaaaTeldb, CONPSKEHHHC p.) IlokasarTh, 910 PABeHCTBO MOKET
JOCTHTATHCA JHAMB A GYHKOUE f, 9KBABAJNeHTHOH $YHKIHUE BAAa g ® k.
°12) Ilyers T; (1 € i < n) — AOKANBHO KOMIAKTHEE IPOCTPAHCTBA
7 py — nomosxmresbHad Mepa Ha T; (1 < i < n). [aajxamnoro wajiexca §
gepes E; o6o3HaYuM MOPOH3BEfieHHE H T;; oyers f; > 0 — QYHKIEA,
. jaki
¥3MEpEMasi OTHOCHTENbHO M = ® p, Ha T = H T; u ne sasucauyas
i=1
OT t;; IOKAa3aTh, 4TO ech a1l <k < n pyarua fh" HHTETpEPYEMa

OTHOCHTEJBHO MEPH 1§ ® oo o ® Ppo1 @ Upt1 ® 00 @ pp, T0 QymERIAA
fifa « o+ fn w-EHTEIDHpPYEMA H

n

1/m—1)

Sfifz-~-fndH1dM2-~dMn<(HEJk) ’
h=1

TOe pjad KaKAOro MHAexca k

Ip= 5 jfnt_ldﬂl v oo dppo gty oo e dug

{IIpOBeCTH EHAYKOUIO 10 n, IPUMEHUB TeopeMy JleGera — Dy6mau 1 HEpa=
peEcTBO I'8mppepa).

BmBectm oTcoma, uro ecam A ecTh J-H3MepPEMOE IOLMHOMKECTBO
u3 Iy A; — ero npoexknuA Ha E; m ecnu A; HHTEIPAPyeMO B EMeeT Mepy
m; (OTHOCHTENBHO MepH 63 by Ha E), T0 A p-HATETPEDPYEMO U

I+

1/(n=1
w(4) < (mygmg oo mg)=D,
BuseaTe ciaywail paBemcTBa B 9THX JIByX HEPaBEHCTBAX.
O6o6murs Ha cay4ail, KOTJla BMECTO n NpOE3BejileHWH B3 n — 4 mpo-

crpascTs Ty paccMaTpHBaeTCs (:) npouapefieHN w3 p mpocTpamctB T

n
H Korfa Ha I HHTEIDHpPYeTCs POU3BEHECHUE (p) TOJNOKUTENBHEIX (PyHK=

nuif, KayR7aA 13 KOTOPHIX 3aBMCHT TONBKO oT p nmepemensnxl;. Hanpumep,
[I0Ka3aTh, 970 ecam Fj; = T; X I; (i <j) @ ecn:m f;; 3aBHCAT JNHUIOB
OT HePeMeHHHX 1;, f;, TO

S (Hfij) dugdps ... din < (H S it dMidHJ')“(n_”.
i<i i

<7
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°13) Oycrs (Tt)ceI — CeMeHCTBO KOMIAKTHHIX HPOCTPAHCTB W IYyCTh
AuA Kamporo o € 7 wepes p, obosHaueHa moaouTencHas Mepa Ba T
¢ monHOW Maccoit, paBuo#i 1. Ilycte 7 ecThb IIPOCTPAaHCTBO-HPOWSBEJCHES
n T\ u p ecTb Mepa-nponssegeawe ® M, Ha I (ra. 111 (2-e map,), § 4. m. 5).
eI \ET

a) Ilycrs mna mioGoro « € 7 uepes K, 0003HaYeHO KOMIAKTHOE IOJ-
MHOMKecTBO M3 T'(; MOKasaTh, UTO €CIH

K= ﬂ Ky, 1o u (K) = n MK,
ter el

b) ycre M — KomuaxtHO® momMHEOKecTBo ua 7 u p (M) > 0. Tlora-
3aTh, 970 CYMECTBYET TAKOE cyemuoe MOAMHOKeCTBO J E3 I, 94TO €clad mo-
JIOKHTD

H=1—J, T;=][]r,

eJ
wo=® p, Tg=][]T,
e \eH

TO
Mc N X Ty,

rae N ecTh [ -H3MEPEMOE IOLMHOKECTBO H3: Iy, YAOBIETBOPAIINEe
paBeHCTBY ug (V) = u (M). (3ameTuts, ro fas moboro n > 0 cymectayer
OTKDHTasA OKPEeCTHOCTh MHOKeCTBA M, ABIANMAsCA OOLeJHHCHEEM
KOHOWHOTO YHCJHA DIEMEHTADHHX MHOKECTB, UMEIIINX Mepy, OTiamdalios
myiocs or u (M) menee wem Ha 1/n.) Boipectm orciofia, 9TO0 A NOYTHE
BceX z € N cewemme off (z)— Ty (ecnm orosxfecTBHTs I € OpOHM3BE~
memueM Ty X Tp) cofiep;kuT mpoumsBelieHMe Hocmtodeil mep W, AaA € H
(socmonbsoBaTECA TOODEMoit JleGera — DyGunm).

c) Hoxasars, 910 ecam I cuemno w ecad pnsa aoboro L € [JA, ecth
Q. -E3MEPHMOe IHOAMHOKeCTBO 3 T, TO MHOMKECTBO A = H A, p-msme-

134
PHMO #
p ) =[] m@;
134

d) Ipepmonoxum, aro 7 mecwetso, Ilycts mA nwoboro . € / wepes
A, of03HaueHo [, -H3MepHEMoOe TopMEOKecTB0 @8 Ty, Jasa Toro utobm
A= H A, Obino u-msMepEMO, HeOOXOZUMO H [OCTATOMHO, 9TOGH EMON

el
MECTO OfHH U3 CAeAyIomux IBYX ciaydaes: 1) H w (4,) = 0; 2) A, comep-

el
JKUT HOCHTOJb MEDH i, JUIA BCEX HHJAEKCOB L, KpoMe, GBITH MOKeT, HEKOTO-
poro czersoro moAMHOkecTBa m3 /. B KajkjoM W3 ABYX cay4aeB HMeeM
p(4) =[] m (4). (Upepmonomms, w10 mEE opmE ms omX caydaes
€I
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fgeé BHIIONHAGTCH, MOKA3aTh, ITO TOTJA MOKHO OTPAHWHMUTLCA PACCMOT-
peHmeM caydas, korga p, (4,) = 1 upm xobom € /. Mcmoasays b),
moxasarh, 970 Hu A, m@ 7 — A He MOIyT CO/[epKaTh KOMIAKTHOE MHO-
JKECTBO C HemyJXesoil Mepowd.)

°14) Nyere K — murepsan [0, 1] ms R, A — mepa JleGera ma K,
A — HecueTHOe MHOMECTBO W L — Mepa Ha T = KA, ABIAIIIASACA PO~
HU3BEJICHUEM MED A HA KaKIOM W3 COMHOKHATONEi,

a) IToxazarb, 9T0 BCAKOE 3aMKHYTO® Mempusyemoe TOXOIPOCTPAHCTEO X
upoctparctea T p-npeseGpesrmmo (memoab3oBars yup., 13b) u ymp, 14
u3 O6m, rom., ra. IX, § 2).

b) Hyere Y — NoKaapHO KOMOAKTHOE IPOCTPAHCTBO CO CIETHEIM
GasucoM, v — MOJOKUTONbHAsE Mepa Ha Y um T — v -coGcTBennoe orofpa-
sxemne Y B 7. ITokagarh, 410 06pa3 n (V) CHATYNAPEH K p (MCIOJB3YH a),
[OKazaTh, 4T0 Mepa m (V) COCPefoTOIeHA HA U-IPeHeOPOKEMOM MHO-
JKOCTEO), '

15) Nyers (T),¢; — WPOUBBOJNBHO® CeMEHCTBO KOMNAKTEHX MPO.
CTPAaHCTB H IyCTh A KajKporo | € I yepes u, 0603HaUeHA [010KUTENbHAN
mepa Ba T, ¢ moxHOH# Maccoif 1; mycrh, fanee, p €CTh MePa-IPOMSBENCHANO
%IM ma T = ﬂ T.. Daa no6oro pasbmenus (L, M) MHoecTsa I Ha jBa
M el
MHOMKeCTBa OTo;KAecTBEM 7, ¢ nponssefierweM Iy, X Ty, rae T = ﬂ Vi

eL
mis a6oro ¢ € T moaomm iy = prrf, TaK 4TO { OTOMIECTBAAETCH
< (tr, tpy); MYCTH Uy, €CTH MEpa g u, Ha T'z. Ilycre p > 1 — KomeuHoE
L

meficrBETeNBHOE YHCNO; A Mioboil dymkumm / ms LL (T, p) (F — Gana-
X0BO_IpocTpaHcTBO WiE F = R) momommm

FL@={ £ G2 ta) d (.

Tloxasats, 910 f1, cTPEMBTCA K [ ¢ cpednex nopadke p 110 GEALTPYIOMEMYCH
MHOKeCTBY KOHEYHHX HOAMHOeCTB L mu3 I, a [y CTPEMETCA 6 cpednem

nopadra p K mocToAHHOH QYHKNEA, paBHON S f dp. (Ipa6ausars f @enpe-

puBHOA QyHKOueil, sapmcAmel JHUMb OT KOHEYHOTO WHCHA IEPEMEHHEIX.)
BuBectH orciofia, 9TO €CIE W-H3MePHMOe MOAMHOKecTBO A m3 T
TaKOBO, 4¥0 AuA n0Goro ! € A BeaKaa TouKa ¢ € T ¢ KOOpAMHATAME,
PaBHEIME KOODPMHATAM TOYKE f, KPDOME KOHexH020 YMCAA WH[EKCOB, TAKIKe
npuHEANASKET A, 1o Aubo p (4) = 0, amGo p (4) = 1.
°16) Tiycrs (7T,) — Geckomedmas MOCAE/OBATENLEOCTh KOMIAKTHHEIX
TNPOCTPAHCTB, i, — HOJOKHATEABHA] MEDA C NOIHOH Maccoil, pasHoll 1,

[~

#a T,, B 4 — Mepa-npoaspefierne ® (i, HA
n=1
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a) Oycrs f > 0 — p-uraTerpupyeman ¢ymxnus #a 7. Iyers (L,) —
BO3PaCTalOmas IOCAE0BATEIBPHOCTE HOJAMHOMKECTB U3 [NV} HoJokuM M, =
= N — L, uwoGossaunm g = sup f; , h = sup f;; (oGosmagenus ymp. 15).

n n n n

Iyers pgas xoboro oo > 0 wepes A, 0603Ha¥eHO MHO;KECTBO TO4eK f € T,
B KoTOpHX % (t) > a. Iloxasars, 910

an (e) < [ 1ap w aup Bo) < | 1ap.

(3ameraTh, 9T0 A, €CTH MHOMECTBO T6X { € T, ANA KOTOPHIX II0 KpaiHeir
Mepe OfiHO W3 3HA4CHHH an‘(t) > 0, B BHPA3UTH, €ro B BHJE CICTHOTO

ofbeiuHeHAA MHOMKECTB G,, He EMOIOMUX ITONApHO ODIMAX TOYeK B TAKUX,

9710

aop @) < ) 1)
Gn

b) IIpepnomoxum, uto (L,) ecTs Bo3pacTaiomias IOCIEH0BATONIBHOCTE
KOHeYHHX MO/MHOKeCTB W3 N, ofbejuHeHEe KOTOPHX cocramaser NN.
Tloxazarb, 910 f; CTPEMUTCS K f HOYTH BCIOAY H 9TO fn; CTPEMHTCA HOYTH

n n

BCIOJly K MOCTOAHHON Sfdp, ma 7. ([las moGoro & > 0 paccMoTperh
n

HeNpepHBHEYI0 (YHKOHUI, 33BAECAMYI0 OT KOHOTHOIO 9HCJIA ITePeMEHHHX
H TaKyH, 91O

Slf——gldu<e,

a sareM IDEMEHATH a) K ¢ysxmmmE | f — g [.)
°17) Mycts (7\),g7 ~— TPOHBBOIBHOE CEMEACTBO KOMNAKTHEIX OpPO-

CTPAHCTB; IycTh XA KXKKoTo L € I wepes p, o6o3Ha¥ena MOIOKIITEAbHAR
Mmepa Ha 7, ¢ HOARO# Maccoil, paBHOH 1, m mycTh | €cTh Mepa-mpom3Be-

pesme ® Ha 7 = n T.. Naxee, nycts mas awboro L €1 f, > 0 ects
el Vel

¢ymroua #a T, W ,-HHTETPHpYyeMas W TaKasd, 910 S fu du, < 1 Donoum

po=fi-p mp =%“:‘ (rx. IIT (2-e map.), § 4, yuop. 6). Homycram,

aro p' = 0. )
a) Jaa m060To KOHEYHOIO MOgMHOMeCTBA J u3 [ moaosxum

TJ:HTM P‘J=t®l"u

EJ el
w=Quw, O=][]H@
eJ eJ

g =Vin w5 =Ve
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§5 n 9 m
0 (o BY) = 1y (T = | grdu.

TloxasaTh, 4T0 maA TOTO 91066 $OYHRIEA g; CXONENACH B CMEBICTE cpen~
HeTo KBafipaTmiecKoro K yEKmuE ma3 £2 (I, W) mo yrnopaaodesaoMy duib-
TPYIOMEMYCA MHOKECTBY KOHeYHHRIX WOIMHOKeCTB U3/, He06X0AuMO 1 focTa-
TOWHO, 4TOGH MpouaBeeHue Yucen p (U, U,) cxoaudocs B R¥, 1. e. Gumo
> 0. (OneHuTp jas [ABYX KOHEUHHX HopMHOMects J, L, J < L, Hopmy
N, (g7 — g1) mpn nomomu p (u,, W;). BuBectn satem, 9ro dymxuum fr
GynyT cxoguThes B cpefiEeM K QyHKuuy f > 0, ylnoBieTBopAnmel paBeH-
crBy p' = f-u.

b) Hokasarh, 910 €CHM IPON3BETCHNUE n P (u, W) paBHO HYIIO, TO MEPH

: VeJ

g 7 p' Gyayr CUHTYIADHE (PaCCMOTDETh MHOMKECTBO A j; TeX ToueK ¢ € T,
B KOTODHIX gy (¢) > 1, u ounenuts Mepsl u (A7) m u' (T — Ay)).

°18) Ilycth, B mononnenue K oGosmavenmaM ymp. 17, v, ects mojo-
sKUTenhHAA Mepa Ha I, ¢ HoJHOII Maccoi, paBHOK 1, m mycTh v = (%Ivl.

L

a) iloxasatp, 4TO eciE OfiHA W3 Mep v, CHHTYJAPHa K Mepe M,
TOTO K@ HMHJEKCA, TO Vv CHHTYAApHA K .

b) Iias mwoboro mumekca L € I moxoxuM v, = W, -+ p;, T §, EMeeT
Gasmc p,, a ) cuaryaapaa & p; (§ 5, Teopema 3); momycTEM, ¥T0 P 3= 0
npu abom v = /. Tloxasath, 910 eca# By = O A HECICTHOTO MHOMKECTRA

MHACKCOB, TO HAalZeTcsa TaKoe 9Ucio o, 470 0 < & < 1 ® 9T0 jiisa GecKo-
HETHOTO YHCAA HHAGKCOB L, mMeeM p, (7, ) <o (Acmonnsys a), MOKasath,
n n

4970 B 9TOM ClydYae | CUETYXAPHA C v; HCIOAb3yA ynp. 17, noxasate BTo-
PYI0 YacTh NOPeANOKEHES).

19) Ilycte X — N0OKAJBHO KOMIIAKTHOE MPOCTPAHCTBO, Y — JIOKAJNb-
HO KOMIIAKTEOe LPOCTPAaHCTBO, cUeTHO® B OeckomedmocTn, A — yHUMBEp-
CaJbHO H3MepHMoe IoxMHOMecTBo H3 X X Y.

a) Iloxasare pnsa moboro z € X, wro cedenme A (z) ectb yHHUBEp-
CaabHO M3MEpPAMOE HOfMHOMecTBO 3 Y. Hpome rtoro, mua mio6oil modo-
JKATONBHON MepH | Ha Y dyEKOEA z —> u* (A (z)) YHEBepCAaJbHO H3Me-
puma Ha X (mcmonbzoBaTb TeopeMy JleGera — DyCumum).

b) Hycte pu — Takad HONOKUTENbHAf Mepa HA Y, 910 JJIA IOYTH
Bcex y €Y (orHocmTempHO p) cedennme A-! (y) MHokecTBa A CYeTHO.
Toxasars, 9r0 MHOKecTBO N 16X 2 € X, faa KoTopsix u* (4 (z)) > 0, me
MOKeT COReP/KATh HAKAKOIO CITHOrO0 KOMIAKTHOTO MHOKECTBA.

20) a) IIycrp v — HOJORETOABHAS Mepa HA eJUHAYHOH OKpPY:K-
goct U: | z |=1 B C u mycTh p — KOMILIEKCHAA Mepa j-v, rjie ¢z z
ecTh KaHOHMYecKasg uALeKmuA U B C TaK, 910 | U | = v. Iyers p —
opooGpas v OpW JOKAABHOM KAHOHWYECKOM roMeoMopdmsMme ¢: f +— il
opamod R ma U (§ 6, m. 6). I nycts A — v-H3MePEMOE MOAMEOIKECTBO
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HHTETPUPOBAHUE MEP rrv §8

B3 U; noxasaTh, IT0 €CHH
B(4)=1p(4) e,

. ©+45/2
mai<| [ el
©-7/2 _
b) Bupectn u3 a), 910 Korga A npoberaeT MHOMKECTBO W-H3MEPHMEIX
goaMposkecTs ua U, 1O

TO

©--7/2
swplni|>sp| | RedCVap)|>
A © o/
2n w-+/2
> {4 S Re ¢i(0- ) dp (6),
21
0 o-7/2
#1 3aKJKYATL OTCIOHA, 9ITO
1
suplp(A) | =—Inll (*)
A .0

{oneHNTH HOCAERHHE HHTErPaJ NPH HoMOImE Teopemsl Jlebera — Dy6uHM).

c) Ilokasath, 9TO HEPABEHCTBO (%) CHPABENNHBO HJAA awboli orpa-
HAYeHHOH KOMIUIEKCHOM MEpH | Ha JOKAJIbHO KOMOAKTHOM npocTpancTse X,
Korga A npo6eraeT MHOMECTBO W-H3MePAMHX nopmHOXKECTB ma X, (Ilycrs
4= he|p|, THe kh npuEEMaeT cBOM 3HaueHmsa B [/. PaccMorpeTs mepy-
o6pasv = i (| u |) ma U m noxasars, 9to 4 (u) = j-v; 3aTeM NPAMEHNATH b)
K A (1).)

21) OGosmagnMm depes A mepy JleGera ma ' R™.

a) Oyers €y — Ky6 (O6masa tom., ra. VI, § 1, n. 1) B R® u nyer:
u — @ATeTpupyeMan (OTHOCHTEJLHO A) 4mcioBad GyHKOHsA Ha C, Tlycrs.
Jajsee, s — TaKoe JEHCTBUTENLHOE UHCJO, YTO

1 -
s> ) 5 |u|dh.
Co
Tloxkasats, d9T0 Haliflerca nociaefoBateabHOCTs (/) OTHPHTHX Kybor
comep:kamuxcs B Cy, HONAPHO HEe NEPECEKAIIMUXCHA W YIOBIASTBOPAIIAX
CJIeYIMEM YCIOBHAM:
1) | u (2) | < s moYTH BCIOKY HA MHOMKecTBe Co — 'i{' Iy

2) ecaWm HOJOMKHUTH

1 .
Up =T S [u(z){dA (z),
I
70 1y < 2% gaa aoboro k;

3 Mrw<s (@i,
Rk

G
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(PasgesuB Ka/KEyH W3 mpoexnuili Ky6a C, Ha /[Ba PaBHHX KHTEPBaJa,
BHOpaTh CpefE 2" OTKPHTHX KyGoB Ges oOmuX ToueK Takue. KyOH Iy,
4T00H BCE COOTBETCTBYIOmMUE (CPEJHMO 3HAYEHMSY uy; OHNM > s, B NMOKa-
3aTh, YTO IPH TAKOM BHOODE s u;; < 2"s. To4HO Tak ske pasbmre ma 27
KyboB KaKpgeil Ky0 mnepsoro pasOwemmsa, we (QUIypHUpOBAaBIIWE Cpemu
I;, 910 jacT HAM BTOPOe KOHEYHOE ceMelicTRo KyGoB [,;, BHOpaHHHX
Cpefil BCeX HOBHX TNOJYICHHHX Ky6oB Tak, 9TOGH COOTBETCTBYIOIIGE
cpegHee 3HAYEHME uy; OHIO0 < 8. Ipoflossxurts Mo WMEAYRKAM. YToOH
J0KazaTb, 970 BHIoOJHSerca yciaoBue 1), paccympmars 0T INPOTHBHOrO,
OTMETHB, 9T0 TOIMHOMecTBO B,, us Cy— g I, rtme |u@]|>=s—1m,

¢ TOYHOCTHIO 10 TPEHeGPeKUMOTO MHOKECTBA ABJIACTCA HepecedeHAeM yOH-
Bafomeil mocaenoBareabHOCTH (U;,) OTKPHITHX MHOKeCTB, rae U, — ofmemm-
Henue Ky0oB r-ro pasbuenus, He (bnrypnpymnmx cpean I, m cofeprramux
TOURY u3 Bp.)

b) Mycte % — MHO}KECTBO THCJIOBHX WHTETPUPYEMBIX (bymumu u
Ha C,, ofnajalomux CJIeLYIOMAM CBOHCTBOM: €CIHM HAJA JK6oro ky6a
C < Cy mc (u) ecTb cpefimee 3HATEHHO

1 I
C
TO

[u (@) — mc (u) | dh (@) < A(C);

c

ecam u € F, T0 TO ;K CaMO€ mMeeT MeCTO IIA u — ¢ NpH JI060M JelicTBH-
TesbHOM ¢. J{Aa mioGolt dymKnuu u € ¥, mwoboro wucaa ¢ > 0 m aoboro
ky6a C — C, obosmaumm depes S (0, u, C) MHOMKectBO TeX x € C, iia
KOTOPHIX
' lu (@) —mg(w) [ =0,
Haxonen, uepea G (0) 0603HaYMM TaKoe HAMMEHbIIEe YMCJIO0, ITO

M w ) <6 | [u@—mc @),

C

Korga u npoberaer &, a C ectb MHOKeCTBO KyGoB, cofep;xamuxcs B Co;
mmeeM G (0) < 1/o. Honasa'rb, 9T0 ecaHd

o/2n > s> 1,
TO

1
G (0) < Y G (o —27s).
(Mo;KHO OTPAHMYMTLCH NOKA3ATEJABCTBOM TOTO, 9TO JJIA HEKOTOPOro u € F

AS (o, u, Cp)) < %—G(G-2ns) S iu(ac)—mc0 (w) | an (o),
Co
H. Byp6axu
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MHTETPHPOBAHUE MED rr.v, §8

M 1A YIPOMEHNA MOKHO NPeNNONOKATE, 9T0 Mo, (w) = 0. Tocae atoro
ACHoAB30BaTh pasbuenne C, Ha oObemmHEeHNEe Ky6oB [ M HA MHOMKECTBO,
rge | u (z) | < s HodTH BciOfy, OTMETHB, uTO ecam z € I, MpwHAmISRAT
S (0, u, Cp), 1O

lu@ —my (@) ]>0—2n,

I CaeNoBATEALHO,
M8 @ Co) <6 (0—2%9) | [u @) —my ()] dh (2).
I

¢) BuBecrz ua b), uro Hafizyrcs Takwe [Be 3aBHCAMME TOABKO OT 1
KOHCTAaHTH B w b, 910 gasa awloit ymxnmm u € ¥ u awboro ¢ > 0

A(S (0, u, Cg) < BeOOA (Cy).
(Basatb B b) s =e¢.)



TIHABA IX

MEPBI HA OTHAEJMMBIX TOIOJOTMYECKHX
ITPOCTPAHCTBAX

ITyemv T — nexomopoel mHoxcecmeo u A — ez20 nodmHoscecmeo;
bydem uepes §, 0603HavamMb TAPAKMEPUCTIUNECKEYI0 PYHKYUIO MHONCE-

cmea A, ecau amo ne sedem ¥ nedopasymenuio. Muosxcecmso RT (koneu-
HWZ UAU GECKOHELHMIL) noloXcumesvkuix Huucaosur @ynryuli na T
6ydem o6osnanamucs wepes F 4 (T), uau npocmo F .., ecau me Mojcem
B0BHUKHYMb COMHenUL omuocumenavto T'; amo mHoxcecmso 6ydem ecezda
radeaeHo ceoell ecmecmeerHol cmpykmypoli nopsidka. Hanomnum, wmo
npoussedenue dsyxr dnemenmos uz 7. onpedeseno ecezda 6aazodaps
coznawenuio: 0-(+o00) = 0. Ecau A ecmv nodmmoscecmso us T,
mo cyaxcenue f | A dynryuu f» onpedeaennoti na T, moxacem 6 amoi
2nase 3anuckeamuca f,, ecau 3mo He 6v3vI6aAEM NYMAHUYL; AHAAO2UH=
Has 3anuce Oydem ucnoavsosamubcs w 048 UHOYYUPOBAHHME Mep.
C dpyeoti cmoponw, ecau f € F4 (A), mo f° 6ydem osnavamo nyav-
npodoascenue Ppyrnryuy f na T, m. e. Pynryuio, onpedesennyio na T,
cosnadawwyio ¢ f na A u pasuyo 0 ha T — A.

Bce monoaozuneckue npocmpancmed, paccmampueaemse 6 3mot
2na6e, ecau He 0208aPUBAEMCS NDOMUBHOE, CHUMANMCS 0MOCAUMBLMU,
Hauunasn ¢ § 1, n. 4, uckatonas § 5, sce mepw npednosazarwmes noao-
aHumenvhoiMy (ecAu He 0206apUSAEMCS nNPOMUBHOE).

§ 1. IIpenMephl 1 mepBl HA TOMOIOrAYECKOM NPOCTPAHCTBE
1. 3azpancidenusn

OnreneneunE 1. Tycme T — newomopoe mHoscecmso. 3azpascde-
Huem na T naswieaemcs ecaxoe omobpasicenue p muoscecmsa .. (T)

¢ Ry, obaadarowee caedywwumu ceolicmeamu:
28*



436 MEPHI HA OTOEJIUMBIX IIPOCTPAHCTBAX i, 1x, §1

a) Ecau f u g — d6a anemenma us F u f < g, mo p () < p ().
b) Ecau f — anemenm u3 F4, a t =0 —uucao, mo p (f) = tp ().
¢) Ecaufu g — deassemenmaus 1, mop (f+ g) < p ()*+ p (g)-
d) Ecau (f,) — sospacmarwwas nocaedosamesvHocmb IAEMEHIMOE

us ¥, u ecau { = lim f,, mo p (f) = lim p (f,)-
n->oo

n->o0o

s nodmnoncecmea A < T emecmo p (9,) nuwenm p (4).

Veaosre b) Baever p (0) = 0. C gpyroit croponst, ecnn (f,) — mocime-
HOBATENBHOCTH JEMEHTOB M3 %4, TO m3 ychosmii ¢) m d) caefgyer mepa-

BEHCTBO
p (D) fn) < D) p Un)s

n

HAa3HIBAEMOE HepageHcmaeom cyemmnoll gulnyraAocmu.

Ilycrs, wHampumep, T — JOKaJbHO KOMIAKTHOe HPOCTPAHCTBO
U | — HOJoKuTeabHass mepa Ha 7 torma p* m p° OyAayr sarpamjie-
Huamy Ha T. D10 BHTeKaer us upemiosxeruit 10, 11, 12 u Teopemsr 3
(v, IV (2-e m3n.), § 1, o. 3) mua p* u u3 npepuoxenusa 1 (ra. V
(2-e wam.), § 1, w. 1) mua p°.

eepnoskerne 1. Hycmov (pg)aca — cemeticmeo sazpancderuti na T
To20a cymma u sepxras ozubaiowyas cemeiicmea (pg) (na F i (F+(T)))
makxce A6ALIOMCS 3A2PAHCOCHUAMU.

IockoabKy CymMMa KOHEYHOTO CeMeHCTBA 3arpakieHHMil, 0O9eBUAHO,
ABIACTCA 3aTPAKACHUEM, TO TOCTATOIHO MCCIeA0BaTh CAYJIai BepX-
Heii oruGaromeii. CsoficrBa a), b), c) ompememenna 1, ouesmaHo,
BHIOJIHAIOTCA, TaK uTo ocraerca ycraHosuts d). I[loxowmm p =
= SUp P,; B oOosmauenmax ompepmeineHus 1d) mmeem:

. o

p(f)= SUp Po (= sup sup (f2)= SUp SUP Pa (fr)= sup p (Fa)-

OnpefENEHHE 2. 3azpascdenue p na muoscecnse T nasweaemes
ozpanuvenuuim, ecau p (I) << +oo. B cayuae monosozudeckozo npo-
cmpancmsa T 3azpascdeniie p Ha3W6AEMCR JAOKAALHO 0ZDAHUMEHHBLM,
ecau Oasn awbozo x € T cywecmsyem makas okpecmuocmb V, umo

P (V) < +oo.

Hus awoGoro rommakTEOrOe mnopMHoskecTBa K < 7' m3 cBoiicTB
a) u c) onpenenends I Torga BHTeKaer, 4T0 p (K) << 4o0o0. B wacr-
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H0CTH, echl caM0 ] KOMIOAKTHO, TO BCAKOE JOKAILHO OTPAaHMYICHHOE
sarpaskfenne Ha I orpaHudeHo.

IIycrs p — sarpampgenne Ha MHO3KectBe I B mycrb A — Hero-
ropoe momMHO;KectBo HM3 I. Ilyerp, manee, maa nwo6oi ¢yHKIUR
f € F+ (4) gepes f° o6osnaveno Hyub-npopoiskenne f Ha I. Torma
oroGpaxerme f > p (f°) Ha %4 (A) sBuserca sarpakgeHNEM; OHO
HaBHBACTCA 3dzpaxcieruem, uHOYYUPOsSAHHYIM 3azpaxcienuem p Ha A,
U obosHagaeTcsa p | A miau p,.

Ilycrs T w U — gBa muoKecrBa, 7t — oroGpaskemme 7' B U
n p — sarpasknenne Ha I'. Ob6pasom 3azpaxcdenus p upa orobpaske-
HUE T HasHBaeTcd 3arpaskpenne n (p) Ha U, 3uadeHnme KOTOPOTroO
pasa fZ %4 (U) sagaerca paBeHCTBOM

(@) () =pFem.
Ilycrs p — sarpakuenue Ha MHOKecTBe I'; TOBOPAT, 4TO P COCpe-
domoueno Ha HeRoTOpoM monmHoskectBe A T, eciu p (T'—A) = 0.

JIEMMA 1. Ecau 3aepaxcdenue p cocpedomovero wa A < T, mo
p () =p (f9a) s awbozo f € F4 (T).

B camom pene, monomuM I — A = B, tak uro p (gz) = 0;
uMeeM

fop<<(+4 o©) @5 =sup n@g;
neEN

cuegoBateasHo, p (fgp) = 0 B cuay csoiicts a), b), d) ompemeie-
uus 1. Orciona B cmiy ¢) BuTeKaer, 910 p ()<< p (foa) + p (fop) =
= p (f94); B, Hakomen, B cuay a), p (f) = p (fpa)-

2. Il peomepst u mepbvt

Ilyets T — Tomodormyeckoe NPOCTPAHCTBO U K — MBOKECTBO
KOMOAKTHHX HOAMEOKecTB ¥u3 7', yIOpPAMOYEHHHIX IO BKJIIOYEHMIO.
ycrs, mamee, maus mawGoro K € & uepes o (K; C) o6Gosmaueno
MHOKeCTBO KOMIUIEKCHEIX Mep Ha K. W myers muas nio6oit mapu
(K, L) snementoB ms &, ymoBiuerBopawomei ycaosuio K — L, depes
lxr o6GosHauaercs orobpaskenue of (L; C) B o/ (K; C), Kotopoe
KasKao#l Mepe P Ha L cTraBAT B COOTBETCTBHE MEDPY WUy, HHAYIHPOBAH-
uylo mepoit p Ha K (ra. IV (2-e uspn.), § 5, m. 7, omp. 4). {na xom-
maktHHX mogMHOKects K <« L < M mn3 T uMeeM lyxp = lgr © bpas
9TO cJefyeT U3 TPAHSUTUBHOCTH MHAYNUpOBAHHLX Mep (Ta. V (2-e uap.),
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§ 7, o. 2, mpena. 4). DIeMeHTH npoeKMUSH020 npedeaa CeMeiicTBa
(oM (K; C))geqp oTHOCHTENBHO OTOOpasKeHHE Llx; OyAyT HA3HBaTHLCA

npedmepanmu Ha T. VawMu cioBamu:

OurEgEnErUE 3. IIpedmepoii na monorozuneckom npocmpancmee T
Hasvieaemea A6oe omobpaxcenue W, KOMopoe Kaicdomy KOMNRAKMHOMY
nodmnoxncecmsy K us T cmasum 8 coomsemcmeue HeKOMOpYWw Mepy
wy Ha K u obaadaem caedywowum ceolicmeom:

Eciu K u L — 0sa komnarxmuvix nodmuoxcecmea usa ¥ u K < L,
mo mepa (wp)g, uHOyyuposawmas mepoti w;, na K, cosnadaem ¢ wg.

Losopam, umo npedmepa w deticmsumeavra (COOTBETCTBEHHO nOAO-
HUMEALHA), eCAU 6ce Mepbl Wy delicmeumenbhbl (COOTBETCTBEHEO N040-
HCUMEABHBL).

Tycrs w n w' — nse npeaMepsl Ha I m { — KOMIIEKCHOE UMCIIO;
npexmepl w -+ w' | tw oupepeiasiorcs Gopmysamz (w + w')g =
= wy -+ Wk, (W)g = twg 7paa A1060r0 KOMIOAKTHOTO IOJMHOJKe-
crBa K < T. Ilpeamepw na T, ogeBHAHO, 06pas3yloT BEeKTOpHOe IpO-
ctpatcTso; oHO o6osuavaerca P (7I'; C); mpocTpamcTso melicTBHTENS
Hbolx npepmep Oymer oGosuadareeas & (T R), wim wame, & (T);
A BHIIYKJIOTO KOHYyca HOJNOKMTEIbHHX OpeAMep 6ymeT HCHOIB30-
Barsca oGosHavenne Py (7). [Iyers w — HeKoTopas mpeaMepa; Torga
orobpakenne K +— | wy | ectb mpeamepa Ha T (ra. IV (2-e map.),
-§ 5, o. 7, memma 3); oHa Gyner o6osuagatsesa | w |- B eayuae nmei-

. 1
CTBHTE.IbHOH IpeiMepH w mojaraeM w* = - (|w |+ w), w™ =

1
=7(| w | — w); DocKOABKY o00e 9TH IpeAMepH IOJOKHTENbHHI,

ACHO, ITO JI00asd NeHCTBUTeJAbHAsd HpeAMepa SBJIAETCA Pa3HOCTHIO
ABYX DoJOXHTeaAbHbX HpesMep. Ouesmano, wro (w¥)x = (wg)*,
(w )k = (wg)~ mua awboro KoMmAKTHOro mofMHos;xectBa K ms T.

Bextoproe mupoctpancTBo J° (T) ymopspodeno Komycom 54 (7).
flewo, 9ro wt = sup (w, 0), w- = sup (—w, 0); caegosarensro, & (T)—
pemerxa, u sup (w, w') = w -+ W — w)*, inf (w, W')=w — W — w)~.
HKpome Toro, 09eBmpmHO, 9TO

(Sup (w’ w'))K = sup (wK7 w}()!
(inf (w, w'))g = inf (wg, wy)

aia a06oro KOMmaxkTHOro mopgmHo)kectBa K ms T.
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OurEaEnERNE 4. ITycmv w — noaosxcumeavnas npedmepa na T.
Jas awboti gynryuu f € F o (T) nosrazaem

w () = sup (wx)" (fx), ()
20e K npobezaem mmoxcecméo womnaxmuwx nodmuoxcecme usd T.

ITyeTs juist KasKmoro KOMIaKTHOro MHosKectBa K sarpasmpenwe pX
ecth 06pas sarpaKAcHHA (wy)' OpE KAHOHMYECKOH HWHBEKIUM MHO-
mectBa K B T; w' ectb Bepxuss ormbaloman sarpaskiesui p¥X, u sna-
4uT, ABIAeTCA 3arpakienuem (u. 4, mpema. 1). I'osBopaT, 9r0 w" ecTh
CYECBEHH 6ePIHUL UHMezpas OTHOCHTONBHO HOJOMKHTETLHON
npeaMepl w. Yacrto, BMecro w® (f) mumyt ( fdw, S 7 (t) dw (2).

o

3amevdanue 1), Ecam » ¥ w — NONOKATENLHEE INPEIMEPH,
0 (v + w)' = v+ w (va. V (2-e usd.), § 4, n. 4, npemr. 3). Ecam v
M W — KOMIUIEKCHBIe npeaMepe, 10 vt w | L |v "+ |w .

ITregnomEnnE 2. a) ITycmv w — nosoacumervras npedmepa. Jas
4106020 Komnakmrozo nodmuoscecmea K uz T saepaxcdenue (w')g,
undyyuposarroe sazpaxcdenuem w* na K, cosnadaem ¢ (wg)'. Han
21060t pynryuu f € F 4 (T) cnpasedausn coomnowenus (wg)* (fx) =
= w' (fox) u

- W (f) = supw’ (fox)- @)

b) O6pammno, nycmv p — 3azpascdenue na T, ydosieméopsiowee
caedyouum ycaosusm:

1) Jas awbozo komnarmuozo nodmnosxcecmea K us T cywyecmsyem
makas noioscumesvhan mepa wx Ha K, umo px = (wg)°.

2) Jas awboti pynryuu f € F 4 (T) cnpasedauso pasercmeo p (f) =
= sup p (fox)-

Tozda omobpasxcenue w: K — wyg ecmv noaodcumenvuas npedmepa
va T, u p=uw.

Hoxamenm a): mycrs g € F + (K) 1 mycrs g° — HyIb-IpoRoIKeHHE g
Ha T; mo omHpefleleHNMI0 HWHAYNUPOBAHHBIX B3arpa’kAeHHN WMeeM
W)k (g) = w* (g% = sup (w)' (g°| L), tme L mpoberaer mHo-

EeCcTBO HKOMIIAKTHEIX OOAMHOKeCTS M3 [ WMJIH TOJBKO MHOKECTBO
KOMIAKTHHX IofMHOKecTs, comep:kamux K. Ho ecam L comep:rur
K, 1o (wr)' (g° | L) = (wg)" (g); 10 cuegyer u3 Toro, wgro g° | L
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obpamaercs B Hyab sue K (ra. V (2-e mazp.), § 7, o. 1, mpena. 1);
TeM caMbEM OepBoe YyTBep:kAeHHe fokasaHo. Tawkum oGpasowm,
(i) (o) = )k () = w' ((f)") = w" (fg) mast moBoro f € 7 5 (T),
a cooTHomenHe (2) aBAdercs JWMINEL Apyroi ¢opmoit paseHcrBa (1).

Ilepeiinem ® b): Mepa wg, paccmorpeHHas B 1), eguHCTBeHHA
(ra. V (2-e usn.), § 1, m. 1). IToxamewm, aro oroGpaskenne K — wy
ABnsercs mpeamepoit: myctb K m L — pgBa KOMIAKTHBIX HOAMHO-
mecrBa, K < L, u myerb A — Mepa, HHAyUHADOBaHHAS Mepo#d Wy
Ha K; Bce CBOTHTCA K TOMY, 4TO0K IOKazarh, 910 A" = (wg)*. HoA® =
= ((wp) )k (va. V (2-e uan.), § 7, n. 1, opepa. 1); a Tax Kak ()" =
= pr, 10 A" = (pL)x = px = (wx)"-

O6osHauum gepes w mpegmepy K +—> wy; B CHIY paBeHCTB Dy =
= (wg)' = (W) umeem p (fox) = px (fx) = W)k (fx) = W (fox)-
Torma sarpakfeHds p ¥ w° COBHAfal0T Ha OCHOBaHHE (Popmyas (2)
T yCI0BHA 2), HANOMEHHOT0 Ha p. ToM caMBIM MpellIokeHHAe JOKA3aHO.

Ecau w#HEAynEpoBaHHOe 3arpaskienue (w')y coBmagaer ¢ (wg)*,

TO MOKHO, He 60ACH MYTAHKNE, IHCATH IPOCTO WK, 9TO MH ¥ 6ymeM meiaaTh
B JaJbHeHmem.

Caepcrsue. Myemov v u w — dse noaoxcumenvrvie npedmeps na T,
ydosaemeopatowue pasencmey v (L) = w" (L) das awbGozo Komnarm-
H020 nodmmuoxcecmea L us T; mozda v = w. B wacmnocmu, coomuo-
wenue v = w' eaenem U = W.

B camom mese, mycth K — KoMHaKTHOe MHOMKecTBO M3 T musa
n1060r0 KOMIAKTHOrO MHOKecTBa L < K B cuay fipeiosxennd 2 cmpa-
BeJJIABH COOTHOHICHHSA

wg (L) = wk (L) = w* (L) = v"(L) = vi (L) = vk (L);

CIIemoBaTeNbHO, Wy = Vg (M. 1V (2-e usp.), § 4, o. 10, caegcreme 3
mpena. 19), u, HakoHem, IO oUpeJeleHUIO IpegMep, W = U.

OupregEnEHuE 5. IIyems w — npedmepa Ha monosozumeckom Rpo-
cmpancmee T. [oeopam, wmo w ecmb Mmepa (COOTBETCTBEHHO 02pa-
HUMEHHAS Mepa), ecau 3azparxcdenue | w |° Aokasvho ozpanunero (COOT-
BETCTBEHHO ozpanuyeno) (cp. m. 1, omp. 2).

MHOKeCTBO KOMIIOKCHRIX Mep Ha I', 04eBHIHO, ABIHETCH BeK-
TOPHHIM HpOCTpaHCTBOM (samedaume 1); oHo Oyfer 00603HAYIATHCA
off (T; C). IlpoctparcrBo felicTBUTELHEX Mep Oymer 06o3HagaThCA
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M (T; R), nam gvame, o/ (T), a gepes o+ (T) Oymer obGo3uagarhbCs
KOHYC TOJIO}KHTeIBHBIX Mep.

Ecin w — KoMmieKcHad Mepa, TO ee JeCTBUTENBHAS U KOMHOJIEKC-
HaA 4YacCTH ABIALIOTCA [eHCTBHTEJBLHEIMH MepaMu. Eeam w — pei-
CTBUTEJNBHAA Mepa, TO w* M W~ — wHoJoKuTeJbHLe Mephl. Cralo
OHTB, MI06agd KOMINIEKCHAf (COOTBETCTBeHHO [eCTBHTE]BHAS) Mepa
ecThb JMHelHAA KOMGHHAMUA (COOTBETCTBEHHO PABHOCTDH) IOJIOKHUTEb-
HHX Mep.

3aMeuanua. 2), Ecau T aoxasvro Komnakmmuo, T0 BCAKAA NIpeH-
mepa w Ha T ectb Mepa. B camom gene, xaskpoe z € T o6aafaeT KOMOaKT-
HOit oxpectHOCTHI0 K, M | w |* (K) = || wg || < o0, TAaK 970 3arpakme-
HEE | w |* JOKAJBHO OrPAEHYEHO.

3) Jas awo6oro GopemeBckoro moxmeOMecTea 4 ms T (B 9aCTHOCTH,
mns A = T) m n06oit momomumTenbHOH Mephl w Ha T gmeio W°* (4) ects
BOPXHAA TPaEb Mep U° (K) KOMODAKTHEIX noAMHOskecTe m3 A. B camom
mexe, Oas A060ro KOMIAKTHOTO NOAMHOMecTBa K m3 4 mMeem pt (K <
< p° (A); ¢ mpyroit cTopoHH, ecanm § — MHOMKECTBO KOMNAKTHEIX NOJ-
MEOKecTB u3 T, 1o B cmay cxegctemA 1 u3 teopemu 4 ra. IV (2-e map.),
§ 4, n. 6 umeem

w (A)-SU%MK (AN K)=sup sup pg (L) < su%u (L).

KeR LR Lg
LCANK LCA

3. II pumepdt mep

IIpmmep 1. Mepu nHa A0KAALHO KOMRAKMHOM RpOCMpaHcMse.
Caenyiomee upefjo;keHHe HOKA3LIBAaeT, 9TO TEOPHA DTOH IJaBH
BKaio4aer B ceba reopuio raasu IV. B gopMyaupoBke ciioBo «Mepa»
u oGosHauenue of (I'; C) monumaroTcss B CMBICIE TpeAHAYIIAX IIaB.

HrepnoxeHuME 3. ITyemv T — aokaavHo Komnakmmoe npocmpak-
cmeo u nycmv i — mepa Ha T. O6osnavum uepes W (u) omoGpascerue,
Komopoe kaxcoomy romnarmuomy nodmuoxcecmey K us T cmasum
6 coomsemcmsue uHOyyuposarnnyio mepy Wg. Tozda W (u) ecme nped-
smepa na T, W(lpl)=|W(u)l, u aunelinoe omobpascenue W:
i — W (u) ecmv 6ueryus npocmparncmea oJ (T; C) na npocmpanemso
&P (T; C) npedmep na T. Kpome moeo, ecau | nososcumenvha,
mo p* = (W (w)". |

Ouesupno, W (u) ectp mpeamepa (ra. V (2-e usm.), § 7, o. 2,
upema. 4), m orobpaxerue W immeiino. CoorHomenme W (p) =
osHagaer, 4To M uEAynupyer Mmepy (O Ha n060M KOMIAKTHOM
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muo;kectBe M3 T; B oToM caygae aas f € 8¢ (T; C) umeem p (f) = 0,
m ciefoBartenxbHo, U = (), 4eM J0KazaHa MHBEKTHBHOCTHL OTOOpaske-
nua W. OcraeTca nokasarh, uro W clopbektusro. I[lockonbky mobas
upefMepa ABIAETCA IMHEHHOH KOMOMHANWEH IOJOMMHUTENILHEX IpeN-
Mep, TO HAM [OCTATOYHO IOCTPOMTEH [JNA JI060H nososcumesvHol
npelMepH W TAKYI0 MOJOKUTEIBHYI0O Mepy U, 9uTo w = W (u). IIycrs
safana ¢yHKmuA f € 4 (') m nmycrs L — KoMIIaKTHOE MHOKECTBO,
coflep;kamiee HocMTeNb (QYHKOMM f; 9mciIo wy, (fy) [0 OIpeneleHMIO
HH[[yOMPOBAHHEIX Mep He 3aBUCHT OoT BHMGOpa MHoMecTBa L, H 3HAYHT,
MOKHO NOXOKMTE N (f) = wy (fr); Torma p Gymer HOMOKMTENBHOK
muHe#HOA ¢opmoit Ha 4 (T), T. e. mojoxmreanHoit mepoii. IIpose-
puM, ato w = W (u); npesxne Bcero, cootromenme u° (f) = wy, (fr)
pachopocTpaHAETCA HA CAYYad, KOIrJia f eCTh KOHeYHAA NONyHEIpepHB-
Hasl CBEPXY NOJIOKETENbHAA YHKOUA, obpamanmasnacsa B Hyas Bre L.
B camom pene, mycts M — KOMDAKTHa#A OKPEeCTHOCTh MHoKecTBa L
u ¥ — (¢uabTpyomeecs Mo yOHBAHWMIO) MHOMKECTBO HEIPEePHBHHIX
¢yuxmuit na T c HocuTeaeM, cofepsxamumces B M, ¥ MayxopupyOIux f.
Nmeem (ra. IV (2-e man.), § 4, n. 4, cuegcrBue 2 M3 mpema. 9)
pe ()= infp (h) = inf wy (har) = wit (Far)s
hegt hedt
a, ¢ Ipyroi cTopouH, Wi (f;) = wi (fr), DOCKOABKY fj oOpamaerca
BHyab Ha M — L (rn. V (2-e m3n.), § 7, n. 1, npena. 1). B wacTHOCTH,
ecIu B KayecTse [ B3AThL HyIb-IPOROJIHEHME HEKOTOPOTO 3JIeMeHTa
u3 %4 (L), To aTa PopMysia mOKa3HBaET, 4YTO, IO ONPENETEHNIO MHLY-
OUPOBAHHEIX Mep, [ = Wy, ® 3Ha4uT, Tem Oomee W (n) = w.
Ecau p momossurenbHa, TO

u(f)= sup w* (fox) = sup wi (Fx) =W (u)" (f)

naa moboit gynxuuu f € F .4 (T) (va. V (2-e man.), § 1, omp. 1 m § 7,
npexa. 1). Coormomernme | W (p) | = W (| p |) oueBupmo (ra. IV
(2-e m3nm.), § 5, m. 7, nemma 3). Ilpenmosxemme moKasaHo.

Hana cnywasa aokaabho komnarmuozo mpoctpancTBa I' ME GymeM
omoxcdecmessmp B HanbHeimieM npocrpauctsa off (75 C)m & (T; C)
nocpencTsoM Omermmm W,

Hpuwmep 2. Mepu ¢ komnarmmublM HocumeseM HA MORoA02U-
HecKoM npocmpawncmee.
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JIEMMA 2. ITycms T — monoaozuneckoe npocmpancmeo, L — kom-
naxkmuoe nodmroxucecmeo uz I u A — nosoxwumesvrnas mepa Ha L.
Cywecmeyem maxas eQUHCMEEHKAR noroscumesvhas mepa W na T,
ymo Oan aw6old dynryuu f € F4 (1)

w () =4 (fo) 3)

B camoM pexne, momosxmM p (f) = A® (fp) maa moGoro f € F4 ()
U NOKajKeM, 4TO BHIONHAIOTCA yciosua 1) m 2) mpennomenus 2b).
Bropoe ycmoBue, 04YeBMHO, BHIOJHEHO: B caMoM Heae, ecam K
conepsxut L, 1o p (f) = p (fpx). Ecim K — T KoMmakTHO W ecam
h € F4 (K), 10
px () = p (") = A" (A° | L).

Ho #° | L ects myab-npomoixernme Ha L oTolpasenus hxr: CTAIO
6HTH, ImocHegHee BHpasKeHMe coBDagaeT ¢ Wy (k), rae pyxy — obpas
mepu A | (K (1 L) npu mBbexnum Muoxkectsa K (| L B K (ra. V
(2-e m3m.), § 6, n. 2, mpenn. 2 m § 7, n. 1, mpexa. 1), u px = (ux)’.
Taxnm o6pasoM, ycaosme 1) Dpenmoskenmsa 2b) Toske BHIOTHEHO,
7 OTCIOfla Cpa3y jKe CAefyeT CYIIECTBOBAHME WL.

Bymem roBopurs, uro p ectb Mepa Ha I, onpedeaennas DOCPeX-
ctBoM A. B wactHoCTH, A m1000i TOuKE £ M3 T MOKHO ONIpeieNIMTh
Mepy &,; OHA XapakTepusyerca paBeHCTBOM (&x)' (f) = f () maa
fe 54+ ().

3amMeganmna 1) B caysae, Korma I J0KaIBbHO KOMIAKTHO,
p ecTb 06pa3 MepH A mpn nEbexnun L 8 7. B § 2, n. 3, npumep 1, ME yBH-
amm (Korga GyayT paccMOTPeHH MepH-06pasH), 9TO 3Ta MHTEpHpETanua
OPOXOJMT M JiAA HPOM3BOJLHKX IPOCTPAHCTB.

2) Mu yBuamm TaKiKe, 9TO0 MepH, ompenelsembHe B Ipumepe 2,
ABIAIOTCA HOJOKUTEILHNME MEPAMH ¢ KOMIAKTHMM HocurenxeM B T (m. 6,
3amedanme 2)).

Omnuvine Mol Gylem paccmampueamv AUWD NOAONCUTNELLHBLE MEDHL,
ecau He 6ydem oz060peno npomusnoe. Ha npomsaxcenuu ecezo amozo
napazpaga wepeza T Gydem o6osHauambcs monoaozuieckoe npocmpar-
cmeo, a yepesd U — noaodcumeavnas mepa wa T.

Muorue pesyiabTATH CJAEAYIOmMMX NYHKTOB paclpOCTPaHATCA
H Ha MOJO0KMTETbHEE HpeAMepH. JTO pPacHpOCTPaHeHMe MH I eIoCTaB-
JseM DpOBECTH YMTATENIO.
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4. TJorarvHo nperedpelicumble MHOMCECTEA U PY HKEUUU

OnpeneaenuE 6. Oynryus f € F .4 (COOTBETCTBEHHO NOOMHOYcCeCmEo
A us T) Hasweaemcs aokaabHO 1N peHel pescuMmoil  OMHOCUMELbHO
mepu 1, ecau p° (f)=0 (corBercrBenno p* (A)=0). I'ogopam, umo p
cocpedomouena na noOmuosxcecrnee A us T, ecau T — A aokaavho u-npe-
Hebpeacumo.

3amevanusa 1) BeegeHaHe Taxum 00pasoM MNOHATHA COBHA-
JAI0T ¢ OOWYHHMEM NOHATHAMH, Koria I' JORAJILHO KOMIIAKTHO.

2) ITocae toro Kak OyAyT OmpeNeNeHH npexebpescumbie MHOMKECTBA,
MH YBHAuM, 9TO JOKaJIbHO NpeHeOpesKMMEe MHOKECTBA — HTO HMEHHO
Te MHO}KECTBA, KOTODHE B HEKOTOPOH OKPECTHOCTH KaKmoil Todkum w3 T
YCTPOGHH TaK jKe, KaKk npeneOpe;ruMmele MmoKectBa (. 9, ciefctme 2
u3 mpepa. 14).

3) Kak w B rmasax IV m V, BHpaKeHEe «IOKAIBHO HOYTH BCIOAY®
fynmeT paccMaTpPUBATHCA KAaK CHHOHMM BHIPAJKEHHUSA ¢KPOMe KAaK HA JOKAIBHO
nperefpe;KuMOM MHOKECTBEY.

4) B caydae romiurexcuoit mepn 0 GyneM roBopHTH, 910 (QYHKRHA
(cooTBeTCTBEHHO MOMMHOMECTBO M3 T) JOKAJIbHO mpeHefpeRMMa OTHOCH -
TenpHO 0, eCaM OHA ABIAETCA TAKOBOU OTHOCHTEJIHHO NOJOKHATEILHOM
MepH |0 [

IIpuwmep. ycrs L — KommakrHoe mogmE0KecTBO n3 T, A — Mepa
Ha L u p — Mepa Ha T, ompepesieHHAs mocpeicTBoM A (m. 3, mpumep 2).
U3 dopmyan (3) cpasy ke BHTeKaer, 9ro ymknma f € Fi (1) A0KaIBLHO
p-mpeHefpesKEMa B TOM M TOJBKO TOM CIydae, ecau fr A-mpene0perxkuMa,

Nz ¢opmyan (1) HemocpencTBeHHO ciexyeT, 4To QYHKOMA f €
€ #+ (T) noxanbrO p-mpeHefpe:RMMa B TOM U TONBKO TOM Caydae,
ecan QYHENMA fr [x-TpeHeGperKuMa AiA JTI6G0T0 KOMIOAKTHOTO HOX-
muo;kecTBa K m3 7. Taxum o6pasom, cBoiicTBa J0KadbHO mpeHeGpe-
JKMMHX MHOKECTB Cpa3y jKe CBORATCA K CBOMCTBAM NpeHeGpeRMMEX
MHOKECTB B KOMHAKTHRIX IPOCTPAHCTBAX, M3ydYaBmmMxcA B riaase 1V.
[IpuBeneM HECKONBKO pe3yabTaTOB, KOTOpPHe OyAYyT MCHOIB30BATHCHA
B fladbHelniem (e3 CHENHUAIBHOH OrOBOPKHU.

— Huaa roro urobu ¢yuxmusa f > 0 6mma jdoxaabHO mpeHeGpe-
KUMa, HeOOXOJUMO M [OCTaToYHO, YTo6H f () = 0 moKaabHO NOYTH
Beronty (ra. IV (2-e m3n.), § 2, o. 3, teopema 1). Ecim [ — ¢ynKmus
co 3HaYeHMAMH B (0aHAX0BOM HPOCTPAHCTBe, TO (€3pasaMYHO, CTATO
GBITH, roBopuTh aK: f = O JoKanbHO moYTH Beopy, mau: p' (| f ) =0;
MHL Takske OyfeM B 9TOM ciygYae TOBOPHTB, 91O [ JOKANbHO DpeHeO-
pesRuMa.
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— CyMMa m BepxHASA ormbamwmas IOCIeT0BATENLHOCTH MOJOKM-
TeIbHHX JTOKaXbHO IpeHeOpe;kuMbIx (YHKOUH TOKaXbHO IpeHeGpe-
UMbl (TaM see, m. 1, mpema. 2).

— FBcanm f >0 u g > 0 — e Qynxnum, paBHEHe Memxmy coGoi
JOKaJbHO MOYTH BCIOAY, To u' (f) = u° (g) (ram e, u. 3, mpenx. 6).

5. Hamepumvte mnoxiecmea u Gynryul

OnpEfEnEHME 7. osopam, umo ¢ynkyus f, onpedesennas na T
U NPURUMAIOWAS SHAYEHUA 8 MOonosozudeckom (omdeaumom wuau Hem)
npocmparcmee F , uamepuma omuocumesvro mepst i (uil n-usmepuma),
ecat 0as a0bozo0 komnarmrozo nodmuoxcecmea K us T Pyuryus
fx Aeasemen pg-usmepumoii.

JTO CBOMMTCA K YTBEPKIAEHMIO, YTO JIA TI0G0r0 KOMIIAKTHOIO
MmuOKecTBa K cymecTByeT pasOMeHMe 9TOr0 MHOJKECTBA Ha [ix-Ipe-
HefpeskuMoe MHOKecTBO /N W Ha HoclefoBaTeabnocTh K, TakuX
KOMIAKTHHX MHOKeCTB, UTO cy;KeHMe QYHKOUM [ Ha KayKooe M3 MHO-
swectB K, HempepsiBHO, Tak Kak yrBep:kmenme, ato N ecTh [x-Tpe-
HeOpe;RMMOe MHOKEeCTBO, PAaBHOCMIBHO YTBep:KAeHWIO, uTo N ecThb
TOKATBHO U~IpeHeGpeRIMOe MHEOKECTBO (1L, 4), To ACHO, 910 GyHKIUA f
J-H3Mep¥Ma B TOM M TONBKO TOM CJIydae, eCiM JifA N00Oro KOMIAKT-
HOro MHO;KecTBa K cymecTByer pasOuenue K Ha JOKaJAbHO U-TpeHe-
OpemuMoe MHOKecTBO [N M Ha DOCIeN0BaTeAbHOCTE (K, ) KOMIaKTHBIX
MHOK€CTB TaKoe, YT00H fx, GHlIn HeNpPePHBHE IPH A1060M 1. ITO OIpe-

melenme TopecTBeHHO ompepexenuio 1 ra. IV (2-e msn.), § 5, m. 1,
H MH OPMXONMM, TEM CaMBIM, K OGHMHOMY NOHATHIO M3MepuMoil PyHK-
nun, Korga I JTOKaXbHO KOMIAKTHO.

T'oBopaT, uro nogMuOsKecTBO A U3 7' M3MEpPUMO, eCIIM ero XapaKTe-
puctudeckas QyHKOuA maMepmMma. Ecim A p-mamepmmo m p° (4) <<
<< 400, TO 9TO WHMCIO oGo3HAgaercs mpocTo W (A) ¥ HasEBaeTCA
Mepoti MuomectBa A. 3amues p (f) mas p° (f) ynorpeGusercs Taxse
B cayvasx, kKorga f >0 p-msmepmma m xorma ' (f) << —oo.

Ecan 0 — xommrexcaas Mepa ma T, 10 QyHKNAs f (COOTBETCTBEHHO
mopmHOKecTBO M3 T) HasmBaercsa O-mwsmepuMoil, ecim 0HA M3MEpPHMA OTHO-
CHTEIBHO IOJOKUTEABHOH MepH | O |. @opuynaupyemile HWKe Pe3yIbTATH
PacUpPOCTPAHAIOTCA ¥ HAa KOMILIOKCHBI® MEDHL

IIpumep. Iycrs L — KomMmaxTHOE MOLMHOKECTBO U3 7', A — mepa
aa L u p — mepa ma 7, onpefenenHas mocpefctsoM A (I 3, mpumep 2).
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OyuKnna f, onpepedenHas HA T, p-H3mMepnMa B TOM M TOJIBKO TOM CIy -
qae, ecJu f7, A-uamepuma, B camoM jienre, neo6xomnmocTs ogesnara, O6paTHo,
eciid 3TO YCJIOBHE BHIIOIHEHO, TO CymecTByer pasOuenme MHOECTBA
L na A-mamMepumoe MHO)eCTBO N I Ha HOCIEJOBATEIbHOCTH (L) KOMIAKT-
HEIX MHOKECTB, TAKCe, YTOOH an OHau HenpepHBHK npu awobom n. das

' KOMDaKTHOTO TofMEOKecTBa K w3 T muOmectso K — |J (K [ L) umeer
n

¢ L mepecedeHue, KOTOpoe A-mpeHeOpe;KMMO, W 3HAYUT, 3TO MHOKECTBO
Ha oCHOBaHME (GoPMyIH (3) m3 I, 3 p-peEEGPERUMO, M CyKeHHe yHK-
mur f BHa K [} L, HempepmBHO A aioboro n.

Onpenenenne 7 mMo3BOAAET PACHPOCTPAHMTL 03 HOBHX [OKa3a-
TEIbCTB MHOTHE pPe3yIbTaTH 00 M3MepMMHX (YHKOuAX HA Caydail
DPOCTPAHCTB, He ABIAONIMXCA TOKATbHO KOMIOAKTHHIMH. IlpuBegeM
HEKOTOPHE M3 HHX, a MMEHHO Te, KOTOPHe OYAYyT MCIOOAb30BATHCH
B fanbheiimeM 0e3 ChenmanbHHIX OTOBOPOK: OTKPHITHE MHOKECTBAa
¥ 3aMKHYTHEe MHOKeCTBA B I [-M3MEDUMEI; [-M3MEPMMEIE MHOMKECTBA
o6pasyior o-aare6py (ra. IV (2-e m3n.), § 5, o. 4. crencreue 2 u3 Teo--
pemn 2), Koropas comep;kuT GopeieBckue Muosxectsa m3 I (Tam ke,
caepctsue 3) u cycauHckue Muosiecrsa (ra. IV, § 5, o, 1, caemcreue 2
u3 npena. 3) *). OGuanbie anre6panyecKue ONepanyu Hal IACIOBHIME
PyHKOEAMU COXPAHAWT maMepuMocts (ra. IV (2-e man.), § 5, m. 3),
PaBHO KaK M OHepanud CIeTHOTO mepexofa K npefexy (Tam e, O. 4,
teopema 2 u ciencrsue 1). Crenyomee cBoficTBO 3acays;kusaer Gonee
DOfpoOHOTO YIOMWHAHMA.

HrepnoxenuE 4. Tycmo f — nosoxcumenvnas ynkyus v (g )ns1 —
nocaedoeamesvbHocmb NOAOHCUMEAbHNY [-udmepumuir dynryuid na T.

,
Ecau g = ) gn, mo
nz1

W (fe)= 3 u* (fgn)- (4)

"
Monomum b, = ), g; mia moboro n >> 1. Jlna mo6oro KoMmakr-
i=1

"oro mogmuoskectsa K uz T 8 cuny mpemnomerusn 2 ra. V (2-e msg.),
§ 1, n. 1, mpumenenHoro K KommakTHOMY mpocTtpamnctsy K, mMeem

B ((fhp)x) =i§/1 ni ((fg:)k)-

*) JloKazaTelbCTBO BTOIO CIEJCTBHA mepeHocurtcsa 6e3 uaMeHeHmii na cycann-
CKMEe MHOKECTBA B JOKAJNHPHO KOMIAKTHOM HEMETPH3yeMOM mpocrpaHcTBe (OOm.
rom., ra. IX (3-e uan.), § 6, m. 9, Teopema 5).
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ITepexonsa K mpeflely Do PUABTPYIOMEMYCsi IO BO3PACTAHAI0 MHOKe-
cTBY KOMIOAKTHHX TOAMHOKecTB u3 I, moirywaeMm

b (fhn) = 2 p° (fe2)
Ho upenen Boapacraomeil mocaerosareabnoctd (fi,),>; paseu fg,
orkyaa ' (fg) = lim p° (fh,), m Mo cpazy momysaeMm (4) u3 mpe-
n—>00

apyme#r $opMyH.

Cnepcreu. Tycmo (4,) — nocaedosamervHocms RORAPHO He nepe-
CERAIOUULCH USMEDUMBLT NOOMHONCECTNE, 06 beduHeHUe KOMODHL cOCmas-
asem muoncecmeo A. Jan awbozo nodmwomcecmea B us T

w(ANB)=2p" (4N B),
u, & wacmuocmu,
=2 (4n)
T

Cpenu cBOMCTB H3MEPHUMHX OQYHKOMI H MHO/KECTB, KOTODHE,
nofo6HO BHINEYKa3aHHEIM, PacOpPOCTPAHAIOTCH HA OTHEIUMEIE IPOCT-
paHcTBa, YKa)keM Tak:ke npepmoskemme 12 ra. IV (2-e msm.), § 5,
o. 8 (p-maoTHEE ceMefcTBA KOMIAKTHHIX MuOskectB). Takum o6pa-
30M, OYHKIUA f CO 3HAYEHMAMHU B TOMOAOTHYECKOM (OTHEIMMOM HJIH
HeT) MPOCTPAHCTBEe W-M3MEPHMa B TOM H TOJABKO TOM CiIydae, eCIH

MHOKECTBO KOMDAKTHHX NogMHokecTB K — T, mna Koropwx fg
HEOPEPHBHH, ABIAETCH W-IIOTHRM (Tam ke, m. 10, mpemm. 15).

6. DUAOLMPYIOUWLUECA CEMEUCEA; HOCUMEAD Me Pbl

Ileepmosxenue 5. a) Hycmoe H — sospacmarwujee uavmpyroweecs
cemelicmeo  noAoNCUmMeAvHur  PYHEYUL, NROAYHENPEPBEHHL  CHU3Y
Ha a060M Komnarkmhuom nodmmoxcecmee us T. Tozda

W (sup k) =supp” (h). G
heH heH

b) Hycme H — y6uieaioujee duabmpyrowyeeci MHONCECTIE0 NONONCU-
meavHux PyHKYULL, nosyHenpepulenbly ceepry Ha alobom kKomnakme
us T. Ecau ¢ H cywyecmeyem maxas Pynryus hy, umo p° (hy) < +o0,
mo

p° (inf k) = inf p* (h). (6)

heH heH
B camoMm jexne, jaas aoGoro KoMmakKrHOro MHOskectea K — T
B cmiy npepmoskenua 2 m. 2 m npennoskenun 8 ra. V (2-e man.), § 1,
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o. 2 uMeeM
w* (sup hog) = pi (sup i) = sup ui (hg) =sup p* (hox)
heH heH heH heH
B ciaydae a), u
p* (inf hoy) = pk (inf hy) = inf pi (hx) =infp* (hox)
heH heH heH heH
B cayugae b). Cayuaii a) monyuaercs OTCIONA CpPa3y sKe B3ATHEM BepX-
Heil rpanm otHocurenbHo K (m. 2, mpepma. 2). Uto6m uMByYMTH CIy-
4ait b), BossMem gmcio & >0 m BHOepeM Takoe KOMIAKTHOE MHOKE-
cTB0 K, 4TOOH BHIONHANOCH HEpaBeHCTBO W (ho@x) == p* (hy) — &.
Torma (m. 5, mpemm. 4) u° (hypcx) < &; crtamo OHTL, AxA N000H
dyurmumh € H, Ma;KOPHPOBAHHOR TOCPEICTBOM ko, MMeeM U° (hpox)<l€
W, B cHIy IpeJjIo;KeHUd 4 . 5, OKOHUATeNbHO HoaydaeM u° (hoy) =
= p° (h) — e. CnemoBaTennHo,
w* (inf 2) =p* (inf hog) =infu’ (heg) >infp’ (h) —e.
heH hEH heH heH
h<ho h<hy
Hrag, neBas gacth Gopmynn (6) MasKopHpyer mpaByIo; a HOCKOJNBKY
o0paTHOe 0YeBMIHO, TO Npe[JiOKEHUE [OKA3AHO,

Cnencrsug. a) Hyemo (Uy)acr — fuabmpyiougeecs no 60apacmariio
cemeticmeo omkpumuly nodmuoncecme us I, cocmasasiowur 6 06vedu-
nenuu muoxcecmeo U. Tozda pn* (U)=supp’ (Uy).

atl

by Hyemv (F)oer — uavmpyrougeecs no yOvieanuio cemeticmeo
samgrymuz nodmroncecms ua T, cocmasasowuxr é nepeceveHuu MHo-
acecmeo F. Ecaw cywecmeyem maroe o € I, yumo pn* (F,) Koreuno,
mo u" (F) = inf u’ (F,).
agl

Corsacuo 9TOMY CHEeNCTBUI0, CymecTByeT Hauboabmee OTKDBITOE
JOKaJBbHO npeHe6peHmMoe MHO/HECTBO; 9TO IIO3BOJAET BBECTH CIEeaYIO-
Ijee olpenegeHue.

OnrepeaEnue 8. Hocumeaen mepvi p va T nasvieaemcs donosnenue
Haub0AbILE20 OMEPLUTLO20 AOKAALHO \-nPeHel pescumo20 muoscecmea us T'.

Hocureapr mepr p oGo3nagaercs supp ().

Sdamegsanmnma 1) Ecam p — KommiaexcHas Mepa, TO HocumedeM
Mepbl | HASHBAETCA HOCHTENb HOJOKMTEIbHOM MEPH | p |; UM HO-mpe-
Hemy Gyyier jomofHEHRe HaUGONBIIEro OTKPHTOIO JIOKANLHO w-TpeHeSpe-
-JREMOTO MHOKeCTBA.
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2) IlorasxeMm, 9T0 MepH, BBEJeHHHE B mpuMepe 2 W3 I. 3, ABIAKTCH
MepaMH ¢ KOMOAKTEHM HocutedeM Ha I. Ilycte p — modoskurensHas
Mepa Ha 7, UMeomas HOCHTENEM KOMIAKTHOE MHOKecTBO K, H HYCTH
N — Mepa, olipefieleHHAA MOCPEeACTBOM Py (B cMuicae m. 3). IIyers, maxee,
f € F4 (I); rorpav® () = pug (fx) (m. 3, popmyna(3)). Mocxoapky sarpas-
fleEHe U° cocpefioToueHO Ha K, TO MH HMeeM TaKike

ur (H=p" (fox)=p* {(fr)?) =p% (k)

OTKyJla WU°=v°, #W HaKoHem, p=v. O6paTHO, ecam K —KoMIiIaKTHOe
mHOKecTBO B3 T, A — Mepa ma K m p — mepa Ha T, ompejeleHHas mocpey-
ctBoM A, To p* (CK) = 0 (m. 3, dopmyxna (3)); caefoBaTelLHO, HOCHTEID
MepH p cofepskurca B K, W 3HAYHMT, KOMIAKTEH.

7. Bepxnue ozudbaiowyue u cymmul Mep

Ieegnokenue 6. Iyemv (Mg )aca — 603pacmarnuyee  gduibmpyio-
weecs cemeiicmeo mep Ha I u nycmov p == sup Ag. Jan mozo umobu
o

cemeticmeo (hy) 6viio maxrcopupoeano ¢ ofl (T), Heobxodumo u docma-
mouno, umobvi 3azpascdenue p O6vla0 A0KaALHO ozpanudeno. Tozda
cemeticmeo (hy) umeem ¢ o (T) eepxuior epanv A, u A" = p. Jas
4106020 KomnarmHuozo mHoxcecmea K mepa hy ecmv eéepxHAs 2paHb
nep (ho)g 6 oM (K).

Ecam cemeiictBo (A,) MamopupoBano B off (T), To p, oueBUAHO,
A0KanbHO orpammueno. OO6paTHO, NpPeONONOKMM, YTO p JIOKAILHO
OIPaHEYeHO, W DOKajKeM, 4T0 OHO yJoBJeTBOpAer ycaoBuaM 1) m 2)
upegnoskenna 2b) u3 o, 2, as ycnosusa 2) oT0 BHTEKaer U3 caegyio-
IAX paBeHCTB:

p(f)= sup Ao (f)= Sup sup Ao (fox) = sup sup Ay (fox) = sup p (fok).

C mpyroi# cropoHH, nycth K — KOMIAKTHOe MHOKECTBO; 3arpask-
IeHHe px PaBHO BepxHeiil ormbatomeil 3arpameHuil (Ag)x, ¥ OHO oTpa-
HHYeHO, IIOCKOJBKY p NOKaiabHO orpammuero. (Crano GBITH, Mephl
(Ay)x MMeroT BepXHIOW rpakb Ax B off (K) m Ak = pg (ra. V (2-e uan.),
§ 1, . 4, openn. 11). 3raunt, ycmosue 1) mpemmosmenus 2b) Brmos-
HEeHO, M CYI[eCTBYeT Takas Mepa A Ha T, uro A° = p; sicHO, 4TO A €CTh
BeDXHAA T'PaHb Mep A,.

OupeAEnEBHUE 9. [Tycmo (W;)ier — cemeticmeo mep na T. ITycmeo,
dasee, A — MHoIHeECMB0 KOHeUHbIT nodmHoxcecme us I; u nycmo Ly, =
= Y n; 0aa aw6ozo o € A. Ecau cemeticmeo (h,) umeem e off (T)

i€
29 H. BypGaru
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6epIHIOND 2panb W, Mo cemelicmeo (W;) HAZWEAEMCA CYMMUDYEMbIM
cemelicmeom, | Hasvieaemces cymmoli cemelicmea (W;); nuwym p = 2 o
i€l

JT0 ompeneneHne PAaCIPOCTPAHAET ONpefieeHNe [IaBH V (2-e m3gn.),
§ 2, m 1.

Ileepnoxenne 7. Jas mozo umobw cemeiicmeo (W;)jer 6uiao cym-
MUPYEeMO, HeobLoduUMO U docmamouro, umobs saspandenue p = Dy Wi
i€l

6b10 N0KAALHO 02PAHUMEHO, U 6 smoM cayuae p = W". IIpu amom das
4106020 komnarmrnozo nodmruoscecmea K us T cemelicmeo ((Wi)k)ier

J
cynnupyeno ¢ ol (K), u i = % (ke
1
B oGoanauenuax ompemenenusa 9 mmeeM Ay = zu{ g amoboro
ifo
KOHEYHOT0 NofaMHOKecTBa o M3 A (m. 2, 3Bameuanue 1). YTBepsxmenue
ABJACTCA TeHeph HEMOCPENCTBEHHBIM CIEICTBHEM npeajoskeEns 6.

CooTHOmeHAE Ui == Zl(ui)x ¥ mpeamoskenue 2 ra. V (2-e uaz.),
i€

§ 2, 0. 2 DpEBOXAT HAC K CHENYIOMEMY pe3yabTaTy.

Ieepnoxenne 8. ITycmv P — cymma cymmupyemozo cemeticmea
(L);e1 Mep na T. Jasn mozo umobu omobpaxcerue f npocmparcmea T
6 monosozuieckoe (omdeauMmoe uiu vem) npocmparcmeo F 6viao p-usme-
pumo, Heob6xodumo u docmamouno, wmobvl f 6vii0 W;-UdMepuMmo Oas
at6oz0 i € 1.

8. Hamearvuenusn

Ourenenennt 10. Hamesvueruem npocmpancmea T omruocumensto
W, WAl [-UBMeAbYeHUeM, HA3beaAemcs JOKAALHO CHeNHoe CeMelicmeo
(K)o € 4 MAKUL NONADHO He NEpecekarnuurcs KOMNAKMHBL nodMHO-

acecme uz T, umo mHomcecmeo N = T — |) K, aokaavho p-npe-
agA
Hebpercumo.

Ieepnoxenne 9. a) Cywyecmeyem usmesvienue (Ko)gea npo-
cmparnemea T ommuocumeavro p. b) IHyemov (K o)y e a— udmestie-
nue T omuocumeavro n. Ecau p, — Mepa na T, onpedesennas nocped-
cmeom Pk, (m. 3, mpumep 2), mo cemelicmeo (lg)a e CYMMUPYEMO,
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€20 CyMMA pasna W, U 0aa awbol gynryuu f € F 4 (T) cnpasediuso
coOMHOULEHUE

w ()= 2 pa(f) = X pi, (fx ) *)- (7)
aEA aEA .

Jlas mozo0 umobw omobpaxcenue g npocmparcmeéa T e monosozudeckoe
(omdeaumoe uau wem) npocmparcmeéo G 6610 N-usmepumo, Heo6xodumo
u docmamouno, umobw gg, 6bui0 Wy -usepumo O42 aiobozo o € A.

A Cywyecmeosanue usmenvieHus

JloKa3aTeABCTBO ITOBTOPSIET JOKA3aTEJIBCTBO npennomenna 14
ra. IV (2-e msp.), § 5, n. 9, ¢ TOIHOCTHIO [0 HE3HAUHTENLHEIX M3Me-
menuii. Ilyers § — MHOMKeCTBO TaKMX KOMIAKTHRIX IOJMHOMKECTB
K u3 T, uro supp (ux) = K, u nycrb ¥ — MHOKecTBO (ymopsfoYeH-
HOe IO BKJIIOYEHMIO) moamHoxkects £ m3 &, cocroamux ®3 momapHO
He MEPECeKalomuxca MHOMKecTB. IIpeskyie Bcero moxaskeM, 4To J1060e
mHaoKecTBO £ M3 K aoxarvno cuemuo. llyerb x —touka m3 I'm V —
TaKaA OTKPHITafA OKPECTHOCTH 3TOH TOUKH, uTo K’ (V) << o0; m mycTs
£ v — mHomectBo Tex K € £, xotophie mepecexaiorcs ¢ V. Ecam
(K1 < i<n — KOHEYHAs IOCIHEIOBATENHHOCTE pPABNHYHHX 3JIeMEHTOB
u3 Ly, T0 B CAAY CIAEACTBUA U3 NPENIcKEeHHAA 4 MMeeM

ki n
2 EN) =p (VAU KD<p (),
nockoxpky K; momapHo He mepecekawrcs. Cramo OHTS,

D W (ENV)<+oo.
xezv

Ho w (KN V)=pk (KN V) >0 gaa moboro K € Ly, Tar Kak
K (1 V menmycto, oTKpHiTO B K B HOCHTEleM MepH [y CIYKAT camo K;
smagnt, £y CYeTHO, a £ NOKAILHO CYeTHO. JIerko BUeTs, 9To Jf MHTyK-
THBHO ® He mycTo (J € H#). Iycrs, cTamo GHTH, § — MaKCHMalbHEIA
aneMenT us S¥. Ml mokazxeM, 110 MEOKecTBO NV = T' = [E_J K noxaxsuo

npeneGpessmmo. CormacHo npe;momenmo 2, mocTatoyHO YOemHTHCA
B oM, uto b (N 1 L) = 0 pgua m06oro KoOMIaKTHOTO MHOKecTBa L,
nnm, wHage, 9ro Wi (N | L) = 0. Byaem paccypmate oT mpOTHB-
moro. JlomycTuM, ciemoBatensno, 9to pi (N 1 L) >0. Tlockonsry
MEORecTBO siaeMeHToB K € §, KoTophie mepecekawrcs ¢ L, cuerHo,

*) Naxeime M yBuguM (§ 2, m. 2),/910 py €CTH Mepa q)Ka-p.

29*
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TO MHOKecTBO N (| L W -M3MepHMO; 3HAUMT, CYMECTBYET KOMIAKT-
Hoe MHO;kecTBo J, cofep:xameeca B N (1 L u rakoe, 910 pi (J) >0.
Ilycte S — HOCHTenp HeHYTeBOE MepH (Ur); = Ws; OH CONEPHKATCH
B N, Mepa pg ABIAeTcH HeHyJIeBoi, u supp (us) = S (ra. IV (2-e
m3n.), § 5, n. 7, nemma 2). Mpoxecrso 9 | {S} umpumapnemxur,
cTajo OHTh, ¢, 4TO NPOTHBOPEYUT MPEIIION0KEHHI0 0 MaKCAMANb-
Hoctn $. TeM caMBIM NOKAa3aHO CYMECTBOBaHHWE H3MeJbYeHHSA.

B) Joxrasameavcmeso gopmyart (7)
Has aoGoro o € A umeeM pg (f)=pk, (fx,) = W (fox,); cormacHo
dopuyne (3) us n. 3 u nmpemsoxkerno 2a) m. 2 3TH QopMyIH HOKa-

3BIBAIOT, UTO 3arpakieHme Zpta MayKOPEPOBAHO HOCPENCTBOM U, I

BHAMUT, CeMeHCTBO (ly)qc.q CYMMUpYeMo (0. 7, mpefa. 7). Cramo GHrb,
OCTATOYHO IOKA3aTh, UTO I = D, Wy, T. €. YCTAHOBHUTH (POPMYITy
atA

. . \Y .
pk= 2 (Ha)k (8)
agA
nasa aio6oro KoMnakTHoro moamuoxecrsa K ma I'. Ho ecam K ¢urcum-
poBaHO, TO MHO;KecTBO A’ Tex & € A, nus xoroprix K, nepeceraer K,
caerno, Ilycers g € 4 (K); umeenm g° = gy —+ Z &Py, 1 g° (PKG

=0 gua o €4 — A’ crano Ourh, B cmiIy upeJmomeHnH 4 o,
mmeem | (g° =a2;AM’ (8°0x,), OTKyHa

nic(g)=p" (€% =2 1 (g%x_ )= X ma(g%)= D (hu)ik (8)3
QAEA QAEA aEA
TeM caMEM Qopmyna (8) moxasaHa.

C) Hsmepumocms

Hnas roro arobe $yHKUMA g, onperesneHnas Ha I, Obula p-H3Me-
puMa, HeoOXOAMMO M JOCTATOYHO, ITOOH OHA OBLIA liy-M3MepuMa [JIA
moGoro & € A (m. 7, mpena. 8); HO 3T0 PABHOCHIBHO YTBEpKACHEIO,
uT0 gx, Wk, H3MepuMa Mia aoboro o € A (m. 5, mpumep), gT0 ™

TpeGoBaNOCH TOKA3aTh.

Kax u B npepaoxesun 14 ra. IV (2-e map.), § 5, n 9, moxHO
¢anTaTh KOMIAKTH K, OpHHAJIeKAMIMA HeKOTOpOMY 3apaHee 3aflaH-
HOMY W-ILIOTHOMY MHOKECTBY KOMIIaKTHHIX IoaMuosecrs m3 ' Ham
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noHamo0RTCA TONBKO CAeAYIONEA pe3yiabTaT, KOTOPHM MB YCTAHOBHUM
HeIOCPeNiCTBEHHO.

ITeepnosxEnme 10, Ecau g ecmv W-usmepumoe omobpasicenue co sHa-
yenuAMlY ¢ monosoguieckom (omdesumom uau Hem) npocmparncmée G,
mo cywyecmeyem makoe p-usmeaviuenue (Lg)gep npocmpancmea T, umo
CYdHeHUR grp HENDPEPLLEHLL D45 6CEX p € B.

Pacemorpum  wmamenbdgenmwe (K ), eca mnpoctpactBa T oTHOCH-
teasHO (. IJockonbky orofpaskeHme g mMaMepumo, TO AJIA KaKAOro
o € A cymecrByer pasbumenmme K, Ha mnociegosatenbrocts (K,)
KOMITIAKTHEIX MHO}KECTB M Ha JIOKAJIbHO IpeHeGpenMoe MHOKeCTBO Ng
TaKoe, 4TOOH Cy;KeHHe g Ha Kampaoe #3 MHoxecTs K, ObIo Hempe-
puiBHO. Torga ceMeitcTBO (K yn)iq, me axn ¥ Oymer uckomMbeiM. B camom
mese, OHO JOKAJbHO Cc4eTHO, a MHo;ectBo N' = N |J (U Ny)

(¢4

J0KAIbHO IIpeHe(pe:kRNMO, MOCKOJLKY KOMIAKTHOE MHOMKECTBO HMeeT
¢ MHOMecTBaMH N, He Gollee 4eM cdUeTHOEe MHOMECTBO NepecedeHH.

Cxoanmsa. Iycrs (Kg)geas — H3METbYeHHE NpocTpaHcTBA T
n oyetb N = T — ) K,. OGossauum uepes I’ noKaJbHO KOM-
5 =

NaKTHOE IIPOCTPAaHCTBO, MOJyYeHHOe B pe3yibpTaTe Hajenenma I
TONOJNOTHeH, ABIAIMEAcA CyMMOH ToIOJOTHi Hogupocrpamcts K,
M KaKo#-HmOYnh JNOKAJNbHO KOMIAKTHOA Tomojormm Ha N (ecam
He OT0BapuBaeTcA MPOTHBHOe, MH OyfleM BceTJa HafeaaTs N JUCKpeT-
Hoii tomousormeit). Ilyers maa KajKmoTo o € A gepes i, obozHadena
KaHOHMYeCKasA MHBEKNuA MHOmecTBa K, B 7', a depes u, — Mepa
Ha T’ -- o6pas Mep® g, Opu oroGpaskenmu i,. CeMeiicTBo (u.)
CYMMEpYeMO: B caMOM HeJie, ecid [ — HenpephiBHasa ¢pyuruus na T’
C KOMIIAKTHEIM HOCHTeJdeM, To supp (f) nepeceraercs ¢ K, @ums qis
KOHEYHOTO 4MCcIa MHAPKCOB o. Ilomoxum p' = %Au[x. Muosxectso N
(¢4

JOKaJbHO OpeHe(pe)KUMO OTHOCHTENHHO [, IOCKOIBKY OHO ABJIAETCH
TaKOBHIM OTHOCHTENBHO U (Ipend. 9); mooromy ceMeiicTBO (Ky)oea
ects p'-mamensuenme I’. Ho mepa, mmpyuupoBasHas Mepoir u' Ha
K., saBnsercs, 09eBHANO, MEPOk Uk, ¥ (7) B OpUMEHeHHM K | U
W', morasmBaer, uro u' = p’’. TouHo Tak ke moCIegHEe yTBEp:Hme-
HEe Opejo;KeHnsA, IpUMeHeHHoe K W E [, NIOKa3HBaer, 410 usMepu-
Mrle omobpascenus 6ydym oOHUMU U memu sce 048 Mep U U u'.
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ITE ABa CBOMCTBA IO3BOJIAIT CBONUTH IOYTH BCIO TEOPHIO METEI PH-
POBAaHMA OTHOCHTEJNBHO | K TEODHH, IIOCTPOEHHOH Ha JOKAJBHO KOM-
HaKTHHX IPOCTPAHCTBAX. JTE paccMorpeHds OyRyT passurs B m. 10.

IlpuBemeM npyroe npuMeHeHWe NOHATEA W3MeJNbYeHHUs:

IirEpaomernE 11. Hycmv X ecmb p-usmepumoe nodmuoscecmso
us T. Cywyecmeyem maroe aokasbHo ciemuoe cemelticmao (Lg)gea
RORAPHO He NepecekaIoWUICs KOMRAKMHBLL MHowecme u3 X, umo

amuoacecmeo X — |) Lo, aokaavho p-npenebpescumo. Ecau npu smom
aEA

X ssanemes ob6wedunenuem nocaedosamesvrocmu (X,) maruz usme-
pumuiz muodxcecms, wmo u' (X,) << +oo, mo muosecmso B mex

a € A, das komopux W' (Ly) 5= 0, cuemmno, a muoscecmeo X — | Ly
. BeB

A0KAABHO U-npeHebpescumo.

IIycrs f — xapakTepmeTHdecKaa (QYHKRIUA MHOKecTBa X W IyCTh
(K)o ea — TaKoe ma3MedbueHUe HpocTpancTBa I', 9To cymenne QyHK-
num f Ha Kaxkpoe u3 K, HempepniBHO (mpenn. 10). Torma mmoskecTBO
L, = K, N X xomMmaxtHO mnpH JioGoM o € A, u (Ly)ges B Oyher
HCKOMEIM ceMelicTBoM. [lepeiineM Ko BTOpOMY yTBep:;KAeHHIO; MOMKHO,
09eBUHO, IPEANONOKUTh, ITO M3MepHUMEIe MHOMKecTBa X, He mepe-
CEeKAIOTCs, U JOCTATOUHO IOKA3ATH YTBePIKAeHEE [ KajKIOT0 M3 HHUX.
Hnage rosops, He MeHsst 0603HAYEHHI, MH MOKeM IIPEITIOI0KUATE, ITO
B (X) << 4-o00. Torga MaOMecTBO B 1ex o € A, nag Kotopuix B (Ly) >
>0, cyerHo, B HaM oOCTaeTcsi TOJBKO JOKAa3aTh, 4TO MHOJKECTBO

N = |J L, noxausHo mpeneGpexmmo. Ilycts Temeps K — KoM-
o E A=~B

IMaKTHOe MHOMKECTBO; TOIJAa, B CHJIY TOro, 4to ceMeiictBO (Lg)pea
JOKAJNBLHO CUeTHO, MHO:KecTBO K [ IV Oyner cuemnbim MoICEMeACTEOM
cemeiictBa (K N Lg)ye A—B, W BHAYAT, 9TO MHOKECTBO JIOKAJILHO
npenebpesxumo. Crano GETH, 3T0 HMeeT MecTo 1 11 V (m. 2, mpena. 2),
M TeM CaMHM IpelioeHme NOKAa3aHO.

9. Bepxnuit unmezpaa

Onrepenesme 11. JJas awboti gynryuu [ € F 4+ (T) seprrum unme-
epaaom om f (omHocumesvHo Mepl L) HABKEAEMCA KOKeuHoe Ul Gecko-
HeUHoe NOAOHCUMEALHOE HUCAO

wr(H= igf B (g)s (9
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20e g npobezaem MHOICECNE0 NOAYHERPEPLIEHHLT CHUSY PYHKYULL, MaAHCO-
pupyrowyuz f.

Ucnoassyorca Tak:xe 0003Ha9eHEA S*f ®du ()= S*fdy,. RKorma

7 noranbHO KOMIAKTHO, 3TO ONpefelieHHEe COBIAfaeT ¢ OOGHIHHM
onpenenxesneM (ra. V (2-e man.), § 1, o. 1, npepxn. 4). Ouesmpawo,
uw (f) << u* (f), opuueM paBeHCTBO [OCTHraeTcsa AJA Ccilydas, KOrfa
f monyHenpepHBHa cHuay. Ecin A — moamHoxKecTBO H3 I, TO BMECTO
uw* (p4) mumyt u* (A), m sro UmCIO Ha3HBaeTcA 6Hewrell Mepoll
mHO:KecTBA A. MamepmMEle MHOMKeCcTBa ¢ KOHeUHOH BHemHell Mepoi
Ha3HBAlOTCA, KaK M B clydae JOKAJIbHO KOMIAKTHHIX IpOCTPaHCTB,
UHMEZPUDYEMBLMU MHOHCECTLEAMU..

QOyuxnus f co 3sHaveHuAMy B GaHaX0BoM IpocTpaHcTse mid B R,
obnapmaroman TeM cBoiicTBoM, 910 u* (| f |) = 0, HaznBaercs npe-
HeGpeacumoti; MEOKecTBO A — T HazmBaerca npewebpescUMbIM, €CIH
©, TOpeHeOpexmma, 1. e. ecam u* (4) = 0. Haxk z B raase IV
(2-e wman.), § 2, m. 3, BBomWTCA BEIpasKeHHe nRoOWMU 6cl0dY.

IleEnnoxenue 12. Qyuryus p* ecmv sazpasncdenue na T.

CaoiicTBa a), b), ¢) ompenmemenms 1 w3 n. 1 ogesmpunl. Jlokasa-
TeNIbCTRBO CBOMCTBA d) UIGHTHYHO JOKA3ATEILCTBY Teopemu 3 ua rua. IV
(2-e map.), § 1, m. 3, ¢ yderoM mpemiosKeHHi 4 ® Da).

CnencTBUE. Qyrkyus [ co snauenusmu ¢ 6aHaxro6oM npocmparcmee
uau ¢ R npenebpescuma 6 mom u moavko mom cayuae, ecau f (t) = 0
noumu 6ciody. ‘

Cpasy e mpEXOoRUM K CJIydaio, KorAa GYHKOWA HOJOKHETeABHA.

A Torma moKaszaTeaBCTBO HAEHTHIHO AOKA3aTeAbCTBY Teopemhl 1 m3
raass 1V (2-e map.), § 2, m. 3.

IrEpaosxeant 13. Jas 4106020 nodmnosncecmea A = T uwucao p* (A4)
eCMb HUNCHAR 2PAHL GHEULHUZ MeD OMKDLMBL MHONCECmS, codepica-
wuxr A.

JoKasaTeInCTBO HUASHTHIHO [OKa3aTeNhCTBY Npefioskenms 19
ra. IV (2-e man.), § 1, m 4.

Onpepeaeune 12. Oywryus f, onpedesennas na T u npunu-

Mawwan sHaxenus ¢ Gawnaxosom npocmpaicmee uau ¢ R, nasweaemea
MOOeDAHMHOTL OMHOCUMEALHO MEPBL W, WAL W-MODeDAHMHOLL, ecAl OHA
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obpawaemcs 8 Hyab HA JONOAHEHUU CiemH020 00BedUHEHUS OMEDLUMELE
unmezpupyemuix muoxcecms. Ilodmnoawcecmeo A uz 1T nasvieaemces
Mmodepanmusin, ecau Gynkyus ¢4 modepanmna. Mepa n naswiéaemces
Mmodepanmuoil, ecau p-modepanmna Pyuryus 1.

Hanpumep, B cuay Toro, 94ro 3arpaskfeHue p° JOKAJILHO OIPAHMIEHO,
aw06oe KomMmaKTtHOe mOAMHOMKeCTBO K < T CONEpRMTCH B OTKPHTOM
MHOKecTBe V, mia Kotoporo p* (V) < -Foo; cramo OwTh, (QyHKDUA,
ofpamanmasca B HyJdb BHE HEKOTOPOT0 KOMIAKTHOTO MHOKECTBa, MONE-
panTHa. IIperebpeskuMan GyHKnMsA TakKe MofepanTHa. Ha paccmarpuBae-
My cuTyanuio 6e3 TPyHa PacopOCTPAHAIOTCA 3aMedaHUsd, COMPOBOMKIAI-
mue oupefieterne 2 ra. V (2-usn.), § 1, u. 2. B sactrocTH, cCyMMa moce-
ROBATEIBHOCTH TOJOKHTENbHHX MOREPAHTHHX (QYHKOUI MOpepaHTHA.

3amMeuanwusa 1) Ha opocrpanctse Jlunageaédpa T (O6mas Tom.
(3-e mag.), ra. I1X, Ipunomenne 1, onp. 1) #, B 9acTHOCTH, HA CYCAHHCKOM
OPOCTPRHCTBE BCAKAA Mepa MoJlepaHTHA. B caMoM [iene, OTKDHITHE MHO-
SKECTBA KOHEIHOH MepH 06pasyioT MOKPHTHE npocTpancTBa I', u3 KOTOPOTO
MOKHO BHJEJUTHL cYeTHOe NOKpHTHe T\

2) Caemyer wMeTh B BHUIY, 9TO U3 CYINECTBOBAHUSA HOCIENOBATENb-
HocTH GOpeleBCKHX MHOKECTB KOHeYHOU MEDH OTHOCHTeNBHO W, COCTaB-
asomux B obbequunenun I', He BHTEKaeT, BOOOImE TOBOPs, CYIMECTBOBAHMAN
OCJIeOBATEILHOCTH OMEDHMBL MHOKECTB KOHEUHOM MEPH, COCTABJIAIO~
mux B o0vepunenny T (MHEIMH CIOBaMH, He BEITEKAeT, YTO |4 MOJEPaHTHA).
Cm. yump. 8. '

IleEpnoskEnuE 14. Ecau gynryus € F 4 (T) p-modepanmuna, mo
uE () = (f); ecau f He smeasmemcs p-modepammroii, mo p* (f) =
= —o00.

Ecam p* (f) << +o0, To HaiileTcA Takas HOJIYHeIpepHBHASA CHE3Y
dysruma g = f, 910 u’ () << +oo. Ilyers mus moGoro n € N gepea
G, oGo3zHadeHo MHOKeCTBO Tex ! € T, nis KoropHX g (1) > 1/n; mHo-
XKecTBO G, OTKpHTO, M MH mMeeM W' (G,) << np’ (g) << —+oo; 3HaumT,
f obpamaerca B HYab BHe oObenmHeHHs MHOKecTB G,; cramo OHITB,
¢yHRUEA [ MoIepaHTHA.

IloraskeMm pmainee, 9To u* ¥ U UMEIOT [JIA MONEPAHTHHX (QYHKUuH
OIHO ¥ TO ke 3HaueHHe. [IOCKONBKY UW* I P° ABIATCHA 3aTpaKleHuA-
MY, IOCTAaTOYHO YCTAaHOBUTH cooTHomeHme pu* (f) = p’ (f) mua momo-
ETeNbHON QyHKOHUH f, MaKOPUpPOBAHHON HEKOTOpOH KoHcraHTOm M
n obpamapomeiics B HYJIb BHe HEKOTOPOIO OTKPHTOTO MHO;KecTBa G
KOHEYHOW MepHl, 4TO MH ceildac E clelaeM.

Mepa p ecrp BepxHsasa rpadb B of/ (I') ¢maprpylomerocsa mo Boa-
pacTaBEIO ceMeiicTBa (;); 1 Mep C KOMIOAKTHEIM HOCHTENIEeM: 3T0 Cpasy
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e cleflyer u3 mpepioskeHna 9 m. 8. OGosHadnM wepes g HoyHeIpe-
pHIBHYIO CHE3Y QYHKNEIO Ha I, 3aKJII0OUeHHYIO MEXKAY [ U IOJYHeIpe-
phiBHOR cHE3y $ymrumer Mqg. Iomoxmm v; = p — p;; ToOrmA
w = Wi + vi (u. 2, samevanme 1), m crenoBarensHo,

w@—pO=0@—w@+lig-—)<
< (ui (g) — wi () -+ vi (Mqq)-

Hmeem  vi (Mgg) = p’ (Mog) — pwi (Mgs) m  p (Mge) =
= sup wi (Mgg) (u. 7, mpema. 6); cramo GHTH, OpE HajJeKaIeM
peGope i ameno v; (Mqg) MoxKeT GHTB CoeNaHO CKOJIb YTOAHO MAJbIM.
Taxuum o6pasomM, Bce CBOAHTCSA K OKA3aTeJbCTBY TOTO, 94TO JIA MH060ro
qmena ¢ >0 u n060ro uHnekrca i € I Halinerca MoyHelpepEBHAA CHA-
3y QyHKNEA g, 3aKkaoYeHHas Mexny [ u Mog u Tarkas, 4To u; (g) —
— wi (f) << ¢. Ilyers L — KOMIAKTHHI HOCHTENb MEpH W;, a A ecTh
mepa (W;)r; Tak Kak p; cocpeforouena Ha L, To i (h) = ;i (hor) =
= A’ (hy) ana moGoit ¢pyuwuomm h € F 4 (T) (u. 1, nemma 1, m o. 2,
opemd. 2), cieEoBaTeIBHO,
wi (g) — wi () =4 (gr) — & (o).
Ho L wommaxtHO; 3Haumr, A’ = A¥*, OTKyla MBI MOKeM 3aKJIOYHTH,
9T0 CyIecTByeT NOJyHenpephiBHAA cHusy (yHKUus h, ompeleleH-
Hag Ha L, Maopmpybomasa f; u Takag, 9r0 A’ (B) << A (fL) +c.
[Hockonbry muomecrBo L 3amkyro B T, 10 QyHruma k, paBHaa h
Ha L m +o0 Ba I — L, nonyHenpepHBHa cEE3Y Ha I m Ma:Kopupy-
er f, m mMu mmeeM A (k) = A" (B) << A (f) 4 ¢. OcraeTca TOABKO
noxomurs ¢ = inf (k, Mgg); Torfa g NonyHenpephBHA CHU3Y, MaKO-
pupyer f u
wi@<pi(k) =42 E)<AN () +e=pi)+e

CaencteuE 1. Jlua mozo umoby dynkyus | 6viaa nperebpescuma,
Heobxodumo U docmamourno, Wmobvl OHA GHAA AOKAALHO NpeHebpescuma
u modepanmua.

CnepcrBuE 2. Jas mozo umobv Pynwkyus | 6bag A0KALLHO npe-
Hebpeacuma, Heobrodumo u Jdocmamouno, umobv das awbozo x € T
Cyuecmeosasa makas okpecmuocmsd V, umo fQy nperebpexcuma.

B camoM pese, ecim 3TO CBOHCTBO YHOBAETBOpHAETCH, f@x Ipe-
HeGpexuMa 1A n00oro KOMIAKTHOTO MHOMKeCTBa K, W 3Hagut, f Jo-
KaipHO mpenebpexmma (m. 2, mpema. 2). O6patno, momycTtum, 4uro f
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JIOKaNBHO NpeHeOpeKEMa M 9T0 ¥ — Touka M3 ['; NIA DTOH TOUKH
CYMeCTBYeT OTKPHTaA OKPecTHOCTh V KoHeuHoii MepH. Torma gynruma
fov nDokadpHO mpeHeOpe:xmMa H MOJepaHTHa, a 3HAYMT, npeHeOpe-
JKAMA. :

CaencreuE 3. Ilyemb f — modepanmuan PyHEYUA, onpedesenHad
rna T. Cywecmsyem makas nocaedosamenvrocmsy (K,) nonapho ne nepe-
CERAIOWULCA KOMNAKMHYL NoOMHOoIICecms U makoe npeHeGpescumoe

muoxcecmeo H, wmo | = foi + D fox,.

B camoM pexe, mycts G — MHOMKECTBO, ABIAIMEECH CYSTHHIM
o0beluHeHNEM TAKAX OTKDHITHIX MHTEIPHPYEMHX MHOMKecTB, 4T0 f
obpamaercd B ryns BHe G; Torna G 6yuer oObeuHeHHEM MmOCIeN0Ba-
TexbHoCTH (K,) MOIapHO He mepeceKamMMXCsl KOMIAKTHEIX MHOKECTB
I HEKOTOpOro JOKaJdbHO wDpeHebpemmMoro MHoKectBa H (m. 8,
opepa. 11); so H mopmepaHTHO, W 3HAYHUT, HmpeHeGpeRAMO.

CnencTBuE 4. Ecau mepw p u v nwa T. ydosaremeopsiiom ycaosuio
u* = v* mo pn = wv.

B camom pene, pasemctBo M* = v* Baewer p’ (f) = v () maa
060 monoxATeNAbHOK QYHKIEY f, MOJEPAHTHOA OTHOCHTENBHO W T V,
a crajno OHTh, W 1A AI000H MOAOKATENbHOM (YHKIHA ¢ KOMIAKTHEM
wocureneM. Orciona BEBofuM u' = v (1. 2, mpepma. 2), a sateM b = v
(m. 2, cmegcrsme m3 mpema. 2).

CanencrBut 5. Ecau p ecms modepanmnas mepa ne T'y mo cywecmey-
em maxras nocaedosamensshocms (Up)nen MEP ¢ KOMRAKMHBIM HOCUME-

aAeM, Umo B = Z U
nEN

Ilocrosmnasn ¢ymkuua 1, mo ycxosuio, p-mopepantHa. IIpumeHum
K cygaio f = 1 caemcTBue 3; TorAa CYIMECTBYeT TaKas IOCHeA0BATEdb-
HOCTE (Kp)pen TONADHO He MepeceKalomuxcs KOMIAKTHHIX IOAMHO-

mects m3 T, aro 1 = ZN @k, w-mourn Beiony. OGosHaumm gepes
Mepy, OlpefeleHHYIO HnaeK,1 TIOCPeICTBOM MepH Mg (I. 3, opumep 2).
Wasectno (m. 6, aameganme 2), 4t0 [, WMeeT KOMOAKTHEIA HOCHTENb
ooy () = (fox,) ama [ € £+ (D). Ho f pasmo 3] for,
u-TouTH BCIOAY, OTKYAa W' (f) =nEZN v (fox,) =n§N ua (f). Hs
3TOr0 BHIBOJHM, 9YTO [ =n§N W, (m. 7, mpema. 7).
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10. Teopusas unmezPpuposanus

Oneenenenue 13. Hyemw p € [1, ool uepes Zr (T, n) (coom-
gememeenno Lo (T, w), ecau F — Ganaxoso npocmparcmeo) oboswa-
yaemes muoxcecmeo omobpaxcenuti f npocmpancmea T ¢ R (coorser-
crBeHHO 6 F), p-usmepumnz u marux, umo W' (|f |F) << +oo. Yepes
ZP (T, n) (coomsemcmeenno L% (T, n)) oboswanaemcs mHoscecmso
u-modepanmuniz  saemenmos us LP (T, n) (COOTBETCTBEHHO U3

L5 (T, ).

Homowms Ny (F) = (w' (IF POY?, Ny (f) = (u* (If ).
O6osnagum gepes No(f } HIKHIOIO TpaHb 9mcedl & 2= 0, 1J1A KOTOPHX

| f | <k aoranpH> p-mouru BeoAy; ecad N o (f) << +o00, TO roso-
PAT, 4T0 f CYIMECTBEHHO OrpaHmueHo. MHOKeCcTBO M3MepHMEHIX CyIme-

crBepHo orpaHmueHHHX orobpaxenmii T B R (coorBercrBenHo B F)
oGosnavaerca £ (T, p) (coorsercrBenno Ly (I, p)). DieMeHTH u3

L% (T, w) (coorsercrsenno L% (T, p)) Ha3HBAOTCA CYMECTBEHHO
WHTEIPEpYeMHME (QYHROUAMHE  (COOTBETCTBEHHO HHTETPEDYeMBIMH
JysrnEAME) co 3BadeHHAME B F.

Jlaa caydas KOMIUIEKCHOR Meph y momaraem Lp (T, p) =
=Z5(T, |p ) m LH(T, p) = L% (T, |n ). Bmenennse Bhime
0003HaUeHNA NPMHEMAIT 9acTO COKPAMEHHYI (OpMy: z5 (), ZP
anr P (p), £P, HO TONBKO B CIydae, eCIM 3TO He Befer K Hemopa-
BYMEHUAM.

Ms Bumenm B m. 8 (cxoams), 9TO MOMKHO HOCTPOHTH JOKAIBHO
KOMIIaKTHOe IpocTpaHcTBo [, mMeiomee To jKe camoe GazncHOe MHO-
JHecTBO, 9ro M I, a Tomonormio — Gojiee CHABHYW0, ueM T, m Hape-
aure T’ taroi Mepoit p’, 9ToGH U-E3MepHEMEIE U W'-H3MepHMbEe QYHK-
Iy GHLTH OJTHAMM ¥ TeMH ke U 9T0GH CyIecTReHHHe BepXHHe HHTerpa-
JIEL OT TIOJIOKUTeNBHHX (YHKOZE OTHOCHTENBHO [ E U’ OBIM paBHHL.

U3 sroro cnemyer, uro muoskectsa L5 (W) u L5 (W) HueHTHIHH Aas
1 <<p<+oo *). Orcioma Ges IOLONHATEALHOTO [IOKa3aTelbCTBa

Zp!
nonydaeMm Takke, 9t0 L% (L) ecTh BeKTOpHOE NPOCTPAHCTBO W UTO

*) Ormermy, 910 mpocrpancTso L5 (u) comepskures B £ (u') Ho, BoOGmEE
TOBOPS, OTIMYHO OT Hero.

v
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Pymxnms N, ects moxyHopma Ha L7 (L), OTHOCUTENBHO KOTODOi
9TO IPOCTPAHCTBO IOJIHO.

Mycts f — saement m3 £ (1 < p << 00); Tak rax p’ (|f IP) =
= u" (|f |”) < 400, 10 cornacuo npenuaoxenuto 7 ra. V (2-e uag.),
§1, o. 2, f o6pamaercs B HyAb BHe 00Bbe[UHEHNA OCIe/0BATEIbHOCTH
KOMIIAKTHHIX WOAMHOKeCTB ®3 I  ® JoKanbHO WU -TpeHeGpeREMOTO
MHOKECTBa; a IHOCKOJBKY MochefHee MHOMKECTBO JIOKaXbHO [-TIpe-
He0pesxEMo B n1000e MHOKecTBO, KoMmakTHoe B I, komnaxtHo B T,
TO OTCIONA BHBOJAEM, 9T0 GVHRIUA f paBHA JOKAJILHO W-TOUTH BCIOALY
pu-mMopepadTHOR pyarnmn. OGo2HauEM uepes N (cooTBeTcTBEHHO JF)
OPOCTPAHCTBO JIOKAJBHO U-TpeHeOpesKUMEX (COOTBETCTBEHHO W-TIpe-
HebpesxmMux) Gysrumit; Torna £y = L5+ S pu Sy = LF () N
(m. 9, cuemcrsme 1 m3 mpema. 14). Taxum oGpasom, mpoctpaHCTBO
Z5/ 4 oTomIECTBAACTCA KaHOBMIeCKY ¢ Lo/ f° Fy» B TIpH 3TOM, KaK
JeTKO BUAETH, COXpaHAeTCH HOpMa; 3T0 PaKTOpIpocTpaHCTBO 0603HA-
qaerca LF (u). Ero MomxHO nmHTepIpeTHpoBATH KaK HOPMHPOBAHHOE
OpPOCTPAHCTBO, OTHECEHHOE KayKAOMY H3 MOJYHOPMEHPOBAHHEIX MpO-

crpamcts L5 (W) mim L (1); B cmIy IOJHOTH INIPOCTPaHCTBA Z%

moaBH Takxe Ly  ZLh.

MsuosxecrBo ¢ynruuit f #Ha 7', npmemMalommx 3HaueHumss B F,
HellpephIBHRIX W WMMEIMEX KOMIOAKTHHA  HOCWTENh, ILIOTHO
B L5 (u) = Zh(w) (ca. IV (2-e man.), § 3, m 4, omp. 2). Bocmoas-
ayemcsi o6oaHaueHUAMH cxonuny u3 0. 8, KomMmaktHoe MOIMHOKECTBO
n3 T’ mepecexaercs JMMb ¢ KOHEUHHM UHCIOM KOMIAKTHEIX MHO-
mects K, ; MoaTOMy BesAKaA HenpepsiBHasa ¢yuknua [ Ha I’ ¢ KoM-
MaKTHEIM HOCHTEJeM BalMCHBACTCA B BHUE CYMMEI

f= Z‘fa’l‘g,
acA

rie f, Opm d06oM O sBifeTcs HYIb-IIPOJOKeHHEM HelpephBHOMH
$yaxnmu Ba K, opudeMm f, = O mis Bcex MHTEKCOB, KpoMe KoHed-
HOTO 4YHCIa, W Tje ¥ JoKaabpHO u-TpeHeOpeskmMma. Mrak, monygaem
clenyomuii pe3yabrar.

IeEpnoxEBuE 15. Muoscecmeo Pynkyuil f co snavenuamu e F,
obaadawwur mem ceolicmeom, umo nocumeav supp (f) komnaxmen
u cyacenue f na supp (f) menpeptieno, naomuo ¢ L5 (w) u 6 L5 ()
oun 1< p<<+oo.



10 MPEIMEPBI ¥ MEPHI 461

OrmeruM, 970 3TN QYHKIEHU He 464i0mes HENPEPHBHAMI ¢yHKOUAMI
2 ne T ¢ KOMOAKTHRIM HOCHTEJIEM.

Ilepexoaum K ompefeseHEI0 HHTErpaja.

rEnnomenpe 16. Cywecmsyem, u npumom eduncmeennoe, Henpe-
puisHOoe AuHelinoe omobpascenue f > S f du npocmpancmea E (w)

¢ F, obaadarowee caedyowum ceoticmeom.
Eeau f eemv omoGpasenue euda tv> g () a, 20e a € F u g —
KOHEUHASR NOAOHCUMEAbHAR PYHKEYUL, W-USMeDUMAS U mMAKAR, ¥MO

W (8) < o0, mo Sfdu =1 (g)-a.
B camom feme, MOXyHOPMHpPOBAHHHe WpocTpaHcTBa i (W)
n L (u') mpemtmunE. A Tak Kak p' = p’°, 1o oroGpaenme [ —»

— S fdy’ ymosuersopsier cdopmynupoBaBHEM yeaoBram. C ppyroi

CTOPOHH, MHO;ecTBO (yHKROWE Buia [ = g-a, paccMaTPHBaeMEHX

B YCIOBHM NpeJIOMKEHHA, MOMaIbHo B ZL (wy (va. IV (2-e maz.),
§ 3, n. 5, mpena. 10), oTKyKa ¥ ciaeqyeT eNUHCTBEHHOCTb.

Togopam, umo S fdp ecmv unmezpas om f ommwocumesvHo W,

u o6osnawaiom maksce smom 8ekmop uepesd W (f) uau S I @) dp (1).

Tar kak Sf dp = 'Sfdpt' nag 060l CYmMeCcTBEHHO HHTErpH-

pyeMoit ¢pyHKUEE f co 3HadeHUAME B F, TO BCA TeOpHsA CYMECTBEHHOI0
EHTeTrpaJa paclpoCcTpaHAeTCH Ha MepH Ha OTNeJEMBIX IPOCTPaHCTBAX
0e3 HOBBIX J0KA3aTeNBCTB; E3 Hee BHBOJAATCS Pe3YIbTATH IpUMEHU-
TeJbHO K oOHYHOMY HMHTEIpaNy, eCiH CY3HTh PAcCMOTpeHHe 10 Mofe-
paTHHX ¢ysrnmi. OTMeTEM, B 9acTHOCTH, CIEYIOMUEe pe3yJIbTaTH.

— Teopema 3 rnaBst IV (2-e m3p.), § 3, 0. 4, ee pacupocrpanenue
Ha £5 u mBa ee Cle[CTBHA.

— Teopema 4 ruaset IV (2-e map.), § 3, 0. 5 (koMnosunua ¢ Hempe-
PHBHEIM JIHHEHHHM 0TOGpaskeHMeM) W ee CIENCTBHSA; IpefIoKeHnsn 9,
11 u 12 m3 TOTO Ke myHKTA.

— Bce peayasrath raasu IV (2-e m3n.), § 3, 0. 6, otHocAmuecs
K CTPYKType YHODAJOUEHHOTO BEKTOPHOTO mpocrpamcrBa LP.

— Bce peayabratu raasu IV (2-e napn.), § 3, n. 7, u B wacTHocTH,
Teopema JleGera.
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— Bce pesyaprath raasu [V (2-e m3n.), § 3, m. 8 o cBA3AX MeKAY

npocrparcTBamu L.

— Teopema 2 rmam IV (2-e man.), § 4, u. 3 (PopMmymmpoBka
reopemu JleGera nmpuMmeHETENEHO K L}).

— Hepagencrso I'énppepa (ra. IV (2-e usn.), § 6, n. 4, Teopema 2)
4 ero CIeNCTBHUA.

— Cassu Mexxny npoctpaHcTBamu L7, ycraHoBiIeHHHe B raase 1V
(2-e m3m.), § 6, u. 5.

— Pesyasrathl 0 mBOficTBeHHOCTH TpocTpaHCTB LP, ycraHOBIeH-
gEe B raaBe V (2-e m3m.), § 5, m. 8.

— Teopema. [landopaa — Ierrmea (ra. VI, § 2, o. 5, reopema 1),
ee cnencteua 1 u 2 m upennoxenne 10 rnasm VI, § 2, 1. 6 (conpmxen-
Hoe K L}).

Yupaxuenna

1) IIycts T — HeKOTOpPO® MHOKECTBO M p — sarpasxpjesme Ha 7.
Has awboro mommmoskectBa A ms T momaraem p (A) = p (@4).
. a) p (A) < p (B), xorga A copepxurca B B.
b) Has mwboit mocmemopatedpHOCTE (A,) (KOHEYHON UIW HOT) WON-

smomecte w8 T p (U 4,) < D) p (4y,).
n n

¢) Hna nwboit Bospactamieil moCIeN0BaTeNLHOCTH (A,,)n>1 TOAMHO-
mecte w8, p(U4,) = lim p (4,).
n n-»o00

2) Ilyecrs T — nHeKOTOpPO® MHOKECTBO M p — 3arpamuesme Ha 7.
Topopsar, aro’¢pyrknus f € F 4 (T) (cootB. mommHO3KecTBO A m3 7') p-mpe-
mebpexnmo, ecim p (f) = 0 (cootB. p (4) = 0).

a) Iycrs f, g € F+ (T) 1 t — TaKoe IONOKHATENBHOE [EHCTBATEALHOC
ancno, uro f < tg. Ecam g p-npemebpesmuMa, T0 TaKoBa U q)ymcmm f.
CyMMa ® BepxHsAf Ormbapmas NOCIEZOBATELHOCTH p-IMPeHEGPEIMEIX
$yBKnAE p-mpeRebpPeRUMEL

b) Bcaxoe IOAMHOKECTBO p-TIPeHEGPERAMOr0 MHOHECTBA p-ipene6pe-
JKEMO, PaBHOIXaK M ofbegupende (KOHEUYHON mim OCCKOHEUHOW) mocye-
JIOBRTEIILHOCTH p-TPCHEOPEIKAMEIX MHOKECTB.

¢) IIyers f € F+ (7). Lna moboro geficTEATeNLHOT0 KOHEUHOTO a > 0
o6osgagnm gepes T, MHOmecTBO TeX ¢t € T, B KoTOpHX f (1) > a. Iloka-
sath, 910 p (T,) < e 'p (f). BuBectn orcropa, 9ro f p-mpemeGpe;mMa
B TOM H_TOJILKO TOM CIIydae, eCII MHOMECTBO 1€x ¢t € T, B KOTOpHX f (f) 5%
=£ 0, p-mpemeGpeRUMO.

d) Oycrs f € F4 (I). Ecmm p (f) komeuno, 10 MHOMecTBO 16X ¢ € T,
Iaa KoTopHX f (f) GeckoHewna, p-mpemeGpesxuMo.

e) llyecrs, f, g € 4 (7). Ecam muomectBo 1ex ¢t € T, B KOTOPHX
f () 5 g (¢), p-npemebpexmmo, 1o p {f) = p (g).
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3) Ilycrs 7 — HEKOTOpPOE MHOMKECTBO W p — parpaskyesde Ha 7.
Jnsa 11060 moCTe0BaTeILHOCTH (fn)n>1 anemenToB u3 Fi (T)

p (lim inf f,) < lim inf p (fn).
n—+oo n—»00

4) Ilyers T — HeXoTopoe MHOKecTso, M —— sarpaskfenue Ha 7,
E — peiicTBATENIbHOE HIA KOMILIEKCHOe 628HAXOBO TPOCTPAHCTBO B p = 1—
KoHEYHO® JieiicTBATeNnLHOE Yuca0. OG0sHAYEM Yepes F MHOMKECTBO 0ToGpa-

wenmit T8 E, u paa f us F unnns &4 (T) nonosmam Ny, (f) = M () f |p)i/p,
a) Haa moboit mocaemoBaTenLHEOCTH (fn)n> , 2memeHTOB M3 F . (T)

b) Iycrs FP — MEOMECTBO TeX f € F, A KOTOPHX Ny, () xomeuHO.
Iloxasats, 910 FP ecTs BEKTOPHO® MONNPOCTPAHCTBO W3 F m Np ecTsh
noxyEopMa Ha & p. Ilokasars, 9TO MHOKECTBO ,f/” Taknux ¢yEEnmi f € P,
aro Np(f) = 0, paBmo MHO:ectBy ¢QymEKIui f€ F, obpamawmmxcs
B HyJb BHe HeKOToporo M-mpemefpeskmmoro MHOecTBa. IloKaszarth, 9TO
HOPMBAPOBAHHOE HPOCTPaHCTBO FP/ " monmo (cp. ri. IV, § 3, m. 3).

5) Ilycrs 7T — mexoropoe wMuoectBo. OGosmaumm vepes By (T)
MHOKECTBO OTPAHHYEHHHX [EeHCTBATENHHHX NOJOKATENbHHX (yHKIHE
ma T, a uepes po — orobpaskenue . (T) B upTepnax [0, -~ oo} us K, ynos-
neropsawmee ycaopuam a) — d) ompepenenns 4 o, 1. Jas moboi yaKnnn
f € 4+ (T) oGosradmM depes p (f) BEPXHOKW TpPadh MHOMKECTBA UYHCEN
po (fo)» TAe f, mpoberaer MHOMECTBO OTPAHMYCHHHX (yHKIME, Mamopm-
poBaEHHEX mocpencteoM f. Ilokasars, 910 p ecthr sarpaskpende gHa 7. Pac-
CMOTpeTh BONpPOC ANA caydas, korja S+ (I) saMeHACTCH MHOMKECTBOM
(KOBeUHEIX) HefCTBHTENLHEIX NONOMKATENLHHX ¢(ymknmit Ha 7.

6) Ilycrs 7 — HEKOTOPOE MHOKECTBO, (J4 — MOIMHOKECTBO B3 F 4 (1)
B M — oro6pasenne . B Ry. CremaeM Ciefyioliue IIPe[Io0KeHH:

a) Ona mwboro f € J+ ® nwboro peicTsuTeapHOro wncja t = 0
¢yaxnua !f npmEagieRAT J4+, B M (if) = tM (f).

b) Ecxm f m g npmEagnemar J4, 70 9T0 mMeeT mMecto ¥ miA f -+ g,
sup (f, g), inf(f, g, m M (f+ g =M () + M (9).

¢) Jna mo6oit BospacTammeil TOCAe0BATENLHOCTH (fn)n> 4 BIIEMEHTOB

u3 J+ ¢yEkmms f = sup f, OpmHAmAEKAT J4, B M (f) = lim M (f,).
n n—>0o0
Hdaa mwoboit ¢ymknum f € Fy (T) monowmm p (ff = inf M(g).

. &>
Ilorasats, 9To p ecTp B3arpampesme Ba 7 (cp. rr. IV, § 4, m. 3). Ec-
ma f u g npupagneskar ¥4 (7) u ecniu A 1 B — nopmuoxecrsa n3 T,
o p(up(f, g+p@nf(f, ) <pN+p® = p(4 UB)+
+p(4d NB)<Lp4)+ p(B).
7) Ha mnpocrparctee Jlmmpenépa mwbag Mepa, moGas QyHKnuA
u m060e MHOMECTBO MOJAEPAHTHHL.
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°8) Ilpmmem o6Gosmawemns yup. 5, ra. 1V, § 1. Hanomemm, g0
oo (o] )
B o= Z Z N384 yn, pymzy B B* (D) =} oo. Tlokasats, uto p* (D)=0;
h==—-00 n=1
BRIBECTH OTCIOfia, YTO | He MOJepaHTHA, J&/Ke KOITA OHA ABJIACTCA CYyMMOit
pAfa Mep ¢ HemepeceKalOmMMKCA KOMIAKTHRIME HocuteisamA. Ilokasars,
q10 cymecTsyer pasbmenue (X,),.y NpocrpaEcTea X Ha Takme Gopemen.
CKHe ToAMHO}KeCTBa X,, 9410 p° (X,) KomeuHa ana mwoGoro n € N.

9) Hycts T — TONONOrAYECKOE IPOCTPAHCTBO. Ecam A m p — Taxme
NONoKATeNsHEE MepH Ha T, 410 A° (U) = p* (U) maa n06oro OTKpHTOTO
mEoxectBa U ms T, 1o A = p (cwasama gokasatb, 410 A° (f) = p-° (f)
AxA m06oit nomyHenpepnBHOH cHu3y ¢ymkmmm f> 0 ma 7T, a 3areMm —
90 A* = p°).

10) IIyctes 7 -— TONONOTHYECKOE HPOCTPAHCTBO H |4 — MOJOMUTENDL-
Hag Mepa Ha 7; mpemmoyomum, 9ro T ecth 00GLeIMHEHHE IOCHENOBATEIE-
HOCTH yp-MHTerPAPYeMHX MHO;eCTB 7, (n > 0). OGosHaumm wepes €
anre6py MOAMHEOMKECTB B3 T, IOPOKICHAYI0 KOMITAKTHHMY IIOJIMHOMECTBAMH.

a) Ilycte X — xnysmECKOe TPOCTPAHCTBO. [AsA md060ro U-msMepn-
Moro oroGpaskends f mpocrpamctTBa I B X CYMECTBYET NOCENOBATENb-
HOCTL oTo0paskemml fn,: 7—>X, obnagamomas CHefyIOMAME CBOICTBAMME:
a) gaa p-mourn Beex t € T f () = lim £, (t); B) mua nw6oro nemoro m

m-—>00

Hajiflercs TaKo® KoHeYHOe pasbuenme I' ma MHEOmecTBa A; € €, umo fp,
MOCTOAHHA Ha KAMKIOM W3 MHOKeCTB A j (cBecTM X cayvalo, KOTfia MHO-
mectsa T, obpasylor pasbmemme T, nmpuuem 7, p-npeEeGpexumo, 7,
KoMmakTE upu n > 1, a X — DONLCKOe MIPOCTPAHCTEO).

b) Mycre X, ..., X, — ny3HACKHe WpPoCTPaECTBA, Y — TOMOJO-
rE9ecKoe MpoCTPaACTRo, g — orobpamenne X; X ... X XpBY uf; (nan
1 i< p) — p-m3mepumoe orobpaskenmne T B X;. IIpefnmonmosum, 9to
mpr 1 i< p vacrmuHO® Orobpawkenme xp—>g (71, ..., zp) X; B Y
HenpepHBHO NPH JNIOONX 2, ..., Tj—3, Zi41s . » -» Lp. lloKasaTs, 31O
orobpaskenne t—>g (f, (¢), . . ., fp (1)) npocrpancTea T B Y p-m3mepuMo.

§ 2. Omepauun Hax Mepamu

Hak u ¢ npedwdywyem napacpage, T osmanaem omdeaumoe mono-

A02UdecKoe npocmpancmeo, a w — mepy Ha I'. Hanomnum, umo éce mepui
npednoAazanmes NOA0ICUMELLHEMUL , ECAU He 02064 DUBAEMCSL RPOMUSHOE.

1. HHOyuuposannans mepa Ha UIHEPUMOM

ROOINPOCMPAHCMEE
Iycre X — mopmuOoxkecTBO W3 I' M OmycTh v — cy:KkeHHe 0TOOpa-

wenEnA W: K+ py Ha MHOMKECTBO KOMIAKTHARIX IOJAMHOMKECTB U3 X;
ACHO, 4TO v ecTh mpefiMepa Ha X. C gpyro#t croporH, mycth z € X
u mycTh V — Takag OTKpHTas OKpecTHOCT TOUKH x B T, uro p' (V) <
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< -+ oo; TOTAa, B cumixy 3amevyaHms 3 § 1, m. 2,
VXNV)=  sup  p(K)Spt (V) <+ oo,

K KOMIOAKTHO
KCXNV

TaK 4TO0 v €eCTh Mepa.

Horma X me ABnAeTCA W-H3MEPHMEIM, BarDaskiesusa v* u (u*)x He 06s-
3aTeIbHO DAaBHE,, W TOTA Mepa v He NIPEeNCTABIAeT HMHTEpeca.
OwopepenermE 1. [yemv X ecmb p-usmepumoe noOmuoscecmeo
us T. Mepol, undyyuposannoli mepoti W Ha nodnpocmpancmse X,
Hasvieaemea, U obosmawaemcs Py uau b | X, cyxenue omobpascenus
p: K — pg na mnoxecmso romnaxmmuwr noOmmnoxcecms us X.

IIrEpnomenuE 1. ycme X ecmb p-usmepumoe nodmHodcecmeo
us T. 3aepascdenue (ux)' pasho 3azpascOenuio (W')x, UrOYYUposan-
Homy nocpedcmeom p’ ra X (§ 1, m. 1). Hnuaue 2060psa, (px) (g) =
= n’ (g° Oua awboii dynryuu g € F4 (X).

Ilyers f € 4 (X) u mycers f° ects Byab-TpofoNIKeHREe (YHKOUK f
Ha T. Umeem (u)x (f) = p' (f%) = sup u (f°¢.), rme L mpoGeraer

MHOKECTBO KOMIAKTHHIX mouMmHoects u3 I (§ 4, m. 2, mpemn. 2);
TO9HO TaK iKe, (hx)* (f) = sup pi (fx) = sup p’ (f’px), Tme K mpo-

Oeraer MHOKeCTBO KOMIAKTHHX moamuo:kects u3 X. Crano OmTS,
BCe CBOJIUTCH K TOMY, 4ToGH mOKasartk, 9ro p° (f°@r) = sup p" (fPpk)
K

anas moboro kommnakta L w3 7T, mpm ycnoBmm, uro K mpoGeraer MHO-

wecrBo komuakros u3 L [ X. Uraxk, nycrs (K,) — Takas Bospacraio-

masg HOCHefA0BATEIHHOCTh KOMIAKTHEIX MHOMKECTB, CONEp/RAMMXCH .

B LN X, wro (L1 X)— U K, nokansH0 p-upeHeGpesxumMo (§ 1,
n

n. 8, upenn. 11); mockoarky f° o6pamaercs 8 Byas e X, 10 @,
obpamaerca B myas BHe L {1 X, W 3HAUYHT, PABHO JIOKAJILHO UOUTH
BClony BepxHei ormfalomeit mocHeqoBaTeIbHOCTH (f"cpKn). JT0 BieueT

paBerctBo W (o) = sup u’ (f’gx ), oTkyma m cuegyer mcKOMOoe.
W e P § n

3ameugsannma 1) CootHomenue (uy)* = (u°)x HO3BOIAET, HE
Gosicr TMyTAaHAOH, WOXL30BATHCA 00603HAYEHNMEM [L)%, YTO MH H Gyjen

genaTh BCoy B manbmEeitmeM. Ilpepmnymee npemiosxemme 1 H npemio-
merne 2 § 1, . 2 NOKAa3KBAIT, 9TO MePH, 06G03HAYABIMHKeCH 0 CAX IOP
Mg I KOMIOAKTHOTO MHO3KecTBa K, ARIANTCA HEJYOMPOBAHHHIMHA MEepaMH
B cmpicae onpefieneHus 1. TouHo Tak ke, ecin T JOKAXbHO KOMOAKTHO
u ecam X €CTb JOKajApbHO KOMIAKTHOE IoAmpoctpamcteo u3 7T, 1o

30 H, Byp6axs
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yKaszagHOe BHIe npegioxkenme 1 u npeanomerme 1 ra. V (2-e usm.),
§ 7, o. 1 norasHBAKT, ITO OIpefieeEne 1 coBnafaer ¢ onpeneneaneM ri, IV
(2-e n3n.), § 5, n. 7.

2) Onpegenenne 1 pacmpocrpaHseTca Ha ciydail, KOTga | ecTh KOMe
unexcras mepa ma 7. UrtoOH moKasarth AJIA DTOr0 CIydas, YTO IpeiMepa
MWx ©CTh Mepa, HKOCTATOYHO 3aMeTHTh, 9T0 | ug | = | W [ Aia n#wboro
KoMmaKTHOTO MHOMectsa K ms X (§ 4, m. 2).

B cuny mpepnomenma 1 moamuOXKecTBO ¥ u3 X U x-H3MepHMO
(COOTBETCTBEHHO JOKAIBHO | x-TIpeHeOperAMO) B TOM B TOJIHKO TOM
clyvae, eCI® OHO |-H3MepEMO (COOTBETCTBEHHO JOKAJBHO J-Ipe-
BeOpexxnmo). Ecnm Y px-msMepuMOo H, BHAUHT, U-M3MEPEMO, TO
O9eBU/IHO, MHAYUWPOBAHHHE MepH (lx)y ¥ Wy PABHH HA OCHOBAHHH
npegioskerus 1 («TpaH3UTUBHOCT: MEAYHUWPOBAHHEIX Mep»).

3ameuarmue 3). [Iyers X ecrs p-usmepmmoe IOMHOMKECTBO
um3 T. Cornacuo upegnomxenuio 10 § 1, n. 8, upumeHerEOMY K § = @y,
cymecTByer Takoe naMenbuerune (K, )qe 4 OpocTparcTBa I, at0 K,
< X anu K, < C X gna moboro o € A. Eciiw uBMeHHTH TOLOJOTHIO
npocTpancTBa I B COOTBETCTBUHM ¢ IPOLECCOM, YKABAHHKM B CXOJUHA
§ 1, o. 8, To mpocrparcTBO X', MOAYyYeHHOEe B pe3yibTaTe HaJleJXeHH
opoctpaHerBa X TONOXOTMed, HMHAYIUPOBAHHOH TOIOJOTHEH Ipo-
crparctBa I, IOKaJIhHO KOMIAKTHO, B C Mepoi U (COOTB. 1x) MOKHO
cBazaTh Takyio Mepy i’ (coors. v) Ha T’ (coors. X'), uToGH OHa HMexa
TOT jKe CyHmeCTBeHHH BepXHUA HMHTerpas, 410 B W (COOTB. x):
9To BIedeT ux = v. Tak Kak JoKaabHO mpeHeOpesKUMEE MHOMKECTBA,
u3MepuMbie OTOOpPasKeHMs ¥ CYyIIeCTBeHHO HHTerpHpyeMmble (yHKIUE
co 3HaUeHWAMH B 6aHAXOBOM IPOCTPAHCTBe COBHAJAIOT AXdA U H ',
a TakKe IAA Uy M WX, TO TEOPUA HHTeTPHPOBAHHA OTHOCHTENHLHO
MHIYyOUPOBAHHON MepH OKasHBaeICd CBeIeHHOW K TeOpHH, H3Y-
gyapmeiica B raase V (2-e u3a.), § 7 Aaa dacTHOTO Ciay4aA IOKAXLHO
KOMIAaKTHHX OpocTpanctB, IlepeBeceHre pe3ynnTaTOB MH HpEefOCTaB-
JafgeM YUTaTeNio.

2. Mepuot, on.peaf./zenuue nOCPedcMmEoOMm YUCROBHLX
naomHocmen
OureEpenEnue 2, @yrkyus [, onpedesennas na I u npunumaruas
anawenus ¢ R uau ¢ 6anarosom npocmpancmee, HAILLBAEMCR AOKAALHO
p-unmezpupyemoli, ecau [ p-usmepuma u ecau dasn awboii movku z € T
umeemces maras oxpecmuocmv V, umo p* (1 | ¢v) < + oo.
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dto ompefieleEHe COBHAZaer ¢ TeM, KoTopoe OmI0 maHO B I, V
(2-e u3n.), § 5, 0. 1 B cayuae, worga I NOKANBbHO KOMIIAKTHO.

IycTs f — DOJOKUTEXHHAS JOKAILHO L-HATETPHpYeMas QyHKIUA;
orobpaskenme K +— fg-nyx ects mpemmepa (ra.V (2-e man.), § 7, m. 1,
caepcreue 2 W3 TeopeMH 1), KoTopyio MH o0osHaumM f- W.

IpepnoRERRE 2. Ecau f — nosoxumesvhas A0KGAbHO P-UHMeEZPU~
pyemas Pynryus, mo 0as awboll dynryuu g € ¥+ (T) ennoansemes
COOMHOULEHUE

(f-w) (&) = n’ (f8)- (1)

B camom fese, B cumiy ompefeNeHH f-u H OpeiaoKeRHs 3 ra. V
(2-¢ m31.), § 5, m. 3 maa moGoro KOMHAKTHOro MHOKectBa K m3 T
mMeeM

(f-wWk (gx) = (k- px) (8x) = pk (fxgx) = pk ((f&)x)-

Ipennomenne 2 momgydaercA OTCIOfA HepexoloM K BepXHej rpaEm
mo K.

[Tycry temeps z € T mw mycrs V — Takas OKpecTHOCTh Z, YTO

p (fov) << 4 oo (omp. 2); rmorma (f-p) (V) = p’ (fov) < + oo,
n cramo OmTh, f-U ecTh Mepa.

Onrepenesne 3. Hycmov f — nosoxumesvhas A0KaAbHO W-urme-
epupyeman Pyuryus. Mepa f-n: K > fx-pg Hassigaemes mepoll
€ RAOMHOCMbIO [ OMHOCUMEABHO W, UAU MeDoli-npoussedenuem |\ HA
gynryuio f. Beakasa mepa suda f-Ww, 20e f nosoxrumessvna u A0KGALHO
uxmespupyema, Hasvieaemcs mepoil ¢ 6asucom WN.

Jamevargusa 1) Onpegenersme f-| pacIopocTpamaercs Ha Cay-
waif, KOTa [ — JOKAalIpHO WHTErPHpYeMas KOMIUIOKCHAas (YHKIHA; TOLHA
|feu 1= 1|f1I-n, oTyna cpasy e ciegyer, 910 f+-u ecTh MEPa, a HE MPOCTO
npeaMepa. [lyiA onpefieleHHX TAKUM CHOCO60M KOMILUTEKCHEIX MEP coxpa-
HACTCA BHIpasKEHWe: «MePH ¢ GasmcoM Wy,

2) Touno Tak sxe, ecid O — KOMIUIEKCHAasm Mepa, TO 6y[eM rOBOPHTE,
410 f IOKaNLHO O-mHTErpHpYyeMa, eci| OHA JOKauabHO | O |-mETerpmpyema,
H ompepenuM Mmepy f-0: K+—>fp -0, Nmeem |f-0 | = [f[-]0] (tu. V
(2-e usm.), § 5, n. 2, opean. 2). B 910M ODyHKTE MH OCTABJIAEGM B CTOPOHE
BCE, YTO KACAGTCHA HEMOJOKUTEILHRIX Mep.

Upepnoxerne 3. ITycmv v — mepa wa T. Jas mozo umobw v
umeaa gud f-p, 20e f — norodcUMEALHAR AOKAALHO U-UHMEZDUDYEHAS
Pynryus, neobrodumo u OocmamouHo, UmMobHL 6cAKOe KOMNAKMHOe

30+
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u-npeHebpescumoe mHoxcecmeo Guiao v-npenebpercumo. Ecau f' — ewye
00Ha AOKAABLHO W-UHMe2pupyemas GYHKYUA, yooseaemeopaiowas yc./Lo-
suw v = f'-u, mo f =f aokawbro p-noumu ecrody.

JlocrarourocTs odeBmpHa (Opena. 2). OGparHo, IpeIONOKUM, 9TO
ai060e p-mpeEebpesxEMoe KOMNAKTHOE MHOMKECTBO V-IIpeHeGperKmMo.
Beenmem msmenpuenme (K,)qc, mpocTpaHcTBa I OTHOCHTENBHO MEPEI

p+v u oomomum N = 7T — LEJAKa. fleno, aro (Ky)pea ABASACTCA
o

M3MeJbYeHIEM OTHOCHTEJBHO U ¥ v IO OTJeJbHOCTH, ¥ 3HAYUT, Ipefao-
wenme 9 § 1, m. 8 mosBONAeT BHBeCTH Cjefylomue COOTHOIMICHHSA,

cOpaBeiuBHe AaA go0oi# QyEKmmu g € F,:

b (8) = 2 b, (6x,),
v (g) = 2 vk, (8k,)-

Paccmorpum KoMmakTHOe MHOMecTBO C < K, KOTOpOe g -Ope-

HeOpeknmo; Torfa C JIOKaabHO p-upeHe0pe;KUMO, a 3HATHT, JOKANBHO
v-ipeHeGpe;KAMO, B HaKOHell, IO onpefleJieHHIO v, Vi ~IPeHe0peRuMO.
N3 reopemu JleGera — Huroguma (rx. V (2-e mapn.), § 5, n. 5, Teope-
Ma 2) reneph CieflyeT, 9TO Vi, MMEeT IJIOTHOCTD f, OTHOCHTENHHO Wik, -
Ilycts f ects ¢yHKmUA, coBmajmaiollafg C f, Ha Ka/KIOM M3 MHO-
wectB K, nm obpamaromasics B 0 Ba N; sta QyHERIUMA p-M3MepHMa
(rmr, IV (2-e m3n.), § 5, m. 10, mpenn. 16), u paa moGoit PyEKINE
g€ 4 coriacHO UPWBEJEHHEM BHIIE COOTHONIEHHAM H COLJIACHO
opegao:xennto 3 ra. V (2-e man.), § 5, n. 3 umeem

v (g) = D) vk, (8x )= 2 ni, (fugx, )= 2 Pk, ((fO)x,) =1’ (fe).
agA atA agA

Orcioma mpesKpme Bcero ciaegyer, 4T0 [ JoKaabHO WU-MHTETpHpyeMa:
ecam z — Touka w3 I m V — rarad ee oKpecTHOCTH, 4T0 v (V) <<
< 4 o0, 10 ° (fov) << + oo. Jlanee, mpemsoskeHEre 2 HOKA3HBaer,
970 MEPH V M f-|. MMET OJUH ¥ TOT Ke CYI[eCTBeHHEIH BepXHUI
nuterpan. Crano OHTH, OHE PaBHH Me;RAYy coboi (§ 1, 1. 2, caencreue
3 mpemd. 2). A IOCKONBKY eJWHCTBeHHOCTHL f, HauMHAA CO caydasd
KOMIAKTHEX OpOCTPAHCTB, OYeBHAHA, TO OpPeAJOKeHHe [OKa3aHo,

damMmeuanmme J). Teopusa uHTerpHpoBaHUA OTHOCHTEILHO
MepH v = f-| cpa3y ke CBONHTCH K TEOPHH, M3JIOKeHHO} B Tiase V.
B camom geme, uycts (Ky)ees — H3MeapueHme I OTHOCHTEJIHHO M,
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a 3HAUMT, B OTHOCHTEJHHO Vv, W IycTh I’ — JIOKAJBHO KOMIAKTHOE
HpOCTPAHCTBO, OHpelieNeHHoe B cxoumu § 1, m. 8; MH MOKeM COOT-
gecTH [ (COOTB. v) HeKoTOpyIo Mepy u' (cootB. v') Ha T’ Tak, 4robu
n3MepuMEe QYHKOUE, CYMeCTBeHHO HHTErpupyeMue (yHKINHN CO 3Ha-
qeEMAME B (aHAXOBOM OPOCTPAHCTBE M CyNDIeCTBeHHbIE BEPXHHE
HHTErPAJH OT HOJOMKHTENHSHEX QYHKIui CHUIM ONHAMH UM TEeMH IKe
gaa p u p’ (cootB. Ana v m v'). CregoBatensao, GyHKImA f p'-u3Me-
puMa; OHA TaKKe JOKAJLHO ['-HHTerpupyeMa, HOCKOIBLKY I’ noKamb-
HO KOMIAKTHO W KOMOAKTHOe UOAMHOKecTBO M3 7' mepecexaercs
JAUIIb ¢ KOHEYHEIM YMCJIOM KOMIAKTHEIX MHOKecTB K, (o € A). Hako-
mer, coorHomeHme v'° (g) = v’ (g) = u’ (fg) = n'" (fg) morasmBaer,
aro v’ = f.u' (ra. V (2-e m3n.), § 5, n. 3, openx. 3). Mu mpenocraBis-
eM UUTaTeNi0 IepeHecTH pe3yJasTaTH u3 ri. V (2-e m3n.), § 5.

3. O6paa mepst

OupEfEnERNE 4. Omob6pascenue m npocmpancmea T ¢ monoao-
euneckoe npocmpauncmeo X HA366AEMCR  U-COOCMBEHHUIM, eCAl OHO
p-usmepumo u ecau awbaa mouka x € X obaadaem makol orpecm-
nocmoio V, wmo p’ (n™! (V)) << + oo.

3amMegsaunnga 1) Bcayyae, xorma 7 n X JOKaJIbHO KOMIAKTHHI,
3TO OIpeneNieHne SKBUBAJCGHTHO onpeneneHuio ri. V (2-e m3x.), § 6, m. 1.

2) Henpepusaoe cobcrseHnroe oTob6pakenme (O0mas Toum. (4-e maf.),
ra. 1, § 10, n. 1, onp. 1) upocrpamcTea 7 B X ABIgercA [-COGCTBEHHEIM
OTHOCHTENBHO JH0G0H Mepr p. B camoM fmeze, mycrs x € X; Tak Kak MHO-
MecTBO N1 (r) KOMIOAKTHO (TaM Ke, m. 2, TeopeMa 1), T0O OHO UMEET OTKPH -
Ty oxKpectHOCTH H, pmua woropoit p* (H) < co. Iomommm V =
= X — n (T — H); Tak KaK 7t 3aMKHEYTO, T0 V OTKPHTO B X, COJIEPIKUT Z,
n at (V< H, orkyaa p* (1 (V) <p* (H) < +o0.

3) Ecau p orpamudeHa, 1o BCAKoe p-maMepmmoe orobpamenne T B X
Gyner p-coGCTBEHHLIM. ‘

4) B cayuae KommiexcHoli meps O ma I GynmeM TOBOPHTH, HTO Nt
0-coGcTBERHO, eciM Tt eCTh coOCTBeHHOE 0TOOPAKEeRANe OTHOCHTEILHO MOTO ~
JRUTENBHON MepH | O |.

[Iregnoxkenue 4. Tycmv n ecmb p-cobemseenmoe omobpaxcenue
npocmpancmea I 6 monoaozuieckoe npocmparcméo X. Ha X cywye-
cmeyem, u npumom eJuHcmeenHaR, Mepd v, obaadawugas mem ceoli-
cmsgom, umo v' pasHo sazpaxcdenuto — o6pasy n (') (§ 1, m. 1), uwau,
unaue, v° (g) = W (g o n) daa awbozo g € F4 (X).
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EpnncrBerrOCTE OueBmpHa (§ 1, m. 2, ciemcreme m3 mpema. 2).
Urto6E yCTAHOBHTL CYIECTBOBAHME, MH WM3yYNM BHadaje CAydYaii,
KOrJa |\ umMeeT HOCHTENEM TaKoe KOMIAKTHOe MHOecTBo K, 4To
cy:kenme oro0pakeHus 1 Ha K HempepnBHO. Torga L = a (K) Kom-
DAKTHO; OyCcTh ' — HenpephiBHOe oro0paskenme K B L, mugynmpo-
BaHHOe OTOGpaskeHWeM &, M mycTh v — Mepa-o6pas i’ (ug) Ha L,
v — Mepa Ha X, ompefieleHHas mocpeactsom v’ (§ 1, m. 3, opumep 2).
HOas mobGoro g € 4 (X) uMeem
v (g) = v (8r) = pk (gr o ') = pk (g ° M)x) =

=p ((gomk) = w (g°m)
(ucmonnsyem mociefoBateasHo ¢popmyay (3) m3 § 1, m. 3; mpema. 2
ra. V (2-e n3n.), § 6, 0. 2; ompenenenze uix # TOT $aKT, 4TO [ BMeET
Hocurenem K). ViHawe rosops, v\ = m (u').

Hepeiinem Temeps K 06ImeMy ciydaio; corsiacHo mpepnosweruam 10
n9§1, m 8 pecrts cyMMa CyMMEDYEMOro ceMefcTBA (q)qe 4 TAKHX
Mep ¢ KOMOAKTHHM HOCHTENEM, 9T0 CY:KeHHe Tt Ha HocuTenb K, MepH
b, HelpepuBHO A jioboro o € A. V3yyeunslii Bhle 9aCTHBIA CIY-
9aii O3BOJIAET CBA3ATEH C KAKAON Mepoi u, Ha I Takyio Mepy v, Ha X,
910 vg = %t (ug). Torma maa aroboro g € ¥4 (X)

D ve(g) = 2 né(gom)=p (gom).
aEA acA

3arpaswgenne 7 (U') JOKAIbHO OFPAHNIEHO, HOCKOJIBKY T €CTh U-c00-
CTBEHHOE OTOOpajkeHHe; B3HAUUT, CeMeHCTBO (Vq)geq CYMMEPYEMO
(8§ 1, o. 7, npenma. 7), m ero cymma v yIoBieTBOpAeT TpeOyeMEIM ycao-
BHAM.

OmprepenermE 5. Ecau 51 ecmb p-cobecmeentoe omobdpasxicenue npo-
cmpancmea T ¢ monorozureckoe npocmpancmeo X, mo eJUHCTNEEHHAR
mepa v Ha X, obaadawwas mem ceolicmeom, umo v° (g) = p’ (g o m)
dan awbozo g € ¥4 (X), Haswgaemes mepoli-o6pasom meps. U npu
omo6paxcenuu N u o6osHauaemca w ().

IIpumep. Ilyers K — KoMmakrHoe IOAOPOCTPAHCTBO IPO-
cTpancTBa T, i — KaHoHHMYecKasa nEbekmua K B ', A — Mepa Ha K
OOCKOJNBKY i HEIpPEpHBHO, a A — OrpaHEYeHHAA Mepa, TO i ABJIAETCH
A-cobcTBenHEIM orolpaskenmem. Mopmyna (3) § 1, m. 3 moxasuBaer,
910 «<Mepa Ha T, onpejieleHHAA TOCPECTBOM Ay, ecTh Mepa-oGpas i (A).
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Jameuanue 5. Eciu 0 — geficteurennmas mepa, a n ecrb
0-coGerBernOE 0TOGpAKenne, TO 1 ABNAeTCA coGCTBeNHEIM Jnig Mep 0+ 1 0
u M mojaraeM 7t (8) = zt (6%) — n (0-). Ecum 0 — xoMnuexcHas Mepa,
a 1t ecth O-co6cTBeHHOE OTOOPAsKEHNe, TO OHO ABJACTCA COOCTBEHHBIM JIJIA
meiicteurensanx Mep Re (0) m Im (6); B proM cxydae mosaraem

nt (0) = n (Re (0)) + in (Im (8)).

MeegnoskeruE 5. ITycmbv .1 ecmb W-cobemeenmoe omobpaicerue
npocmpancmea T e monoaozuneckoe npocmparcméo X u nyemv | —
omobpascenue X ¢ monoaozuneckoe npocmpancmeo F (omdesumoe uau
nem). Hdas moeo ymobu f 6viio 1 (W)-usmepumo, Heobrodumo u docma-
mouno, wmobu fo 7 6640 P-USMEPUMO.

BepHeMcsa K I0Ka3aTeJbCTBY IpeNoKeHHA 4, B3fAB IpeK/e BCETO
qaCTHHI CIyd4ail, pacCMOTPeHHH BHadale, ¢ TeMH jke 0003HAUeHMA-
mu; oto0paykeHne g M3MepHUMO OTHOCHTENHHO MepH Tt (W) = v B TOM
1 TOJBKO TOM Cilydae, ecad g v'-usmepmmo (§ 1, m. 5, mpumep); HO
5TO PABHOCHIBHO  YTBEP/KJAEHHIO, YTO gy o n = (go M)g ecrh
nx-usMepumoe otoGpakenue (ra. V (2-e msn.), § 6, o. 2, mpemu. 3),
U OKOHYATENHHO, YTO g o T eCcTh U-m3MepuMoe oToOpakerme (§ 1,
o. J, mpumep). Temepp mepeitieM K o6meMy cJIydyamo, HCHOJL3Y:

Te ke 0003HAYeHHA, 9YTO0 H B [OKA3aTeJLCTBe HPEIJIOKeHAA 4;
dyHRIMA f v-m3sMepEMa B TOM U TOJBKO TOM CJIydae, eCJIIH OHA v,-H3-

mepmMa gua aioboro & € A (§ 1, o. 7, opega. 8), a 3HauUT, B TOM
W TOJBRO TOM CJIydae, eCill fo ;.  ,-m3Mepumo AJIA Jjioboro o € 4
(OpesmyimmuiA gacTHH chaydail), ¥ HaKOHeNm, B TOM ® TOJBLKO TOM
cayuae, ecan f o m p-usmepmmo (§ 1, m. 7, opegia. 8).

Cnepcreue. Iyemv X u Y -— monoaocesudeckue npocmparncmea,
T — p-cobemeenroe omobpaxncenue T ¢ X u n' — m (1)-cobemeernnoe
omobpaxcenue X ¢ Y. Toeda omobpasxenue n”" = o' o . asisemcs
u-co6emeennum omobpascenuem u wn” (W) = xn’ (n (p)) («rpaE3mTHB-
HOCTH 00pasoB Mep»).

B camom pmese, n” p-namepnmo (mpema. 5). Homommm p' = m (u);
sarpajenue — o6pas 5’ (u'°) = w’ (m (u’)), oueBHAHO, paBeH
n” (u'). A Tak Kak OH JOKAJbHO OTpaHWYEH, TO 5” U-COGCTBEHHO.
Torga meprn n” (W) @ nn’ (U') UMEIOT OfUH M TOT jKe CYIECTBEHHHIH
BepXHUA WHTerpaJ, a 3HAYUT, PABHH MeRLY coloi.

IIpEpnoskeruE 6. ITyemv 1 ecmb  p-cobemeenmoe omobpasicenue
apocmpancmea T 6 monoaozuveckoe npocmpancmeo X u nycmv B ecmo
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n (u)-usmepumoe nodmruoscecmeo us X. IToaowum A = a~' (B)
u 06osnauum wepes 1’ omobpascenue A ¢ B, cosnadarnwee ¢ 1 na A.
Tozda muosxcecmso A p-usmepumo, omobpascenus i, u ' W 4-cobemeen-
HY, U

(@ (W)s = (4 (Wa))s = 7" (pa)- 2

MHosxecTBO A P-M3MEDPHMO B CHIY LPEJI0:KE€HUA O, HPUMEHEHHOTO
K (pp; oToOpaKeHHMe 4, OUEBHAHO, | ,-M3MEPHMO IO OIpefieJeHUI0
HHAYIHpoBaHHEX Mep (m. 1), m orcioma caegyer, 4To 71’ M3MEPHUMO.
IIycrs f — saement m3 % 4 (B); ofo3navuas npH DOMOIM HYJIEBHX
cTelleHe# Hyab-Ipogod:keHuss B X m B 7, MOKeM 3amumcars:'

@Wp) N=a@ ()=u {"em) =p ((fon))=npi(feon),

otryaa (m (u)g)” = o' (ni). A rak krax Bsarpammenue (7 (u)p)
JOKAJBHO OrDAaHHYEHO, TO 310 BepHO H miua ' (Wi); 3HauwmT, 7’
p s-coberBenHo. Mephi it (U ,4) ¥ (5 (0))p EMEIOT OJMH H TOT :Ke CyIie-
CTBEHHHH BepXHHWi MHTETrpad, U ¢Tajo GHTh, paBHEH. Bropoe coortno-
meHWe YCTAHABIUBAETCH AHANOTHYHHIM 06pasom.

ITeEpnoxenne 7. Hycmo T ecmb nodnpocmpancmeo monososi-
yeckozo npocmparcmea X u nycmo i ecmov unveryua T ¢ X.

a) Ecau p — mepa na T u i ecmv p-cobemeennoe omobpaxcenue,
mo mepa i (u) cocpedomonena na T, u (i (0))r = p.

b) Ecau h — makasn mepana X,umo I A-usmepumo, mo i seasemcs
Ap-cobcmeennvim omobpascenuem, u i (Ay) = @g-A.

a) ITomomum v = i (u); coornomenue v’ (4) = n’ (4 (} T), npe-
MeHeHHOe K A = X — T, moxassiBaeT, 4T0 v cocpefoTodeHa Ha 7.
CooTHomeRMe vy = |l €CTh YACTHHI CIy4ail cooTHOomeHus (2), ecan
B3ATh B =T = 4.

b) Ilycts f — monoxmrTenbHas QyHKOUs, ompejieleHHas Ha X;
eCcaTM IOJOERHTE W = Ar, To W (fo i) = Ay (fr) = A" (for) <A ()
(mpema. 1); orciosma caexyer, uto i p-cobereerHo. C Apyroit cTopons,
u (f o i) (coorm. A’ (fpr)) ecTs cymecTBeHHH BepXHHUIl MHTETpAM OT f
OTHOCHTENBHO § () (C00TB. @r-A). Crano GHTH, BTH ABe Mephl PABHHI
Mexpy coboit.

dameuanune 6). llycrs n ects p-coGerBeHHOE 0TOGpaKenme
npoctpaHcTsa I' B romosorudeckoe npocrpaucteo X. Teopus muterpu-
pPOBaHUSA OTHOCHTEIHHO Meph-00pasa v = 7t (1) CBORUTCA CIAEAYIONHUM
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006pa3oM K TeopHM, H3J0:KeHHOH B raase V (2-e max.), § 6. Ilycrs
(Ko)aea (coorBerctBeHHO (Lg)gep) — u3Mennruenue 7T (cooTser-
cTBeHHO X) OTHOCHTENBHO W (COOTBETCTBEHHO v) M myctb N = T

— U Koy, P=X— U Ly Mp wMOMKeM NIDPeJIOJOKUTH, UTO
aAEA BeB

cyHeHNe T Ha kKaxkpoe u3 K, Hempepriseo (§ 1, m. 8, mpema. 10).
ITycrs 7', X' — IOKaIbHO KOMIAKTHEIE HPOCTPAHCTBA, MOCTPOCHHEIE,
Kak B cxounu #3 § 1, m. 8, mw mycts p’ ¥ v — MepH Ha 3THX Hpo-
CTpAHCTBAX, COOTBeTCTBYIomue Mepam B ¥ v. I[lockoasky Tomolo-
rusi mpoctparctBa I’ ecTh cymMMa TOmOJOrMil mOAUpOCTpAaHCTB K,
¥ IMCKPEeTHOH Tomosoruy Ha N, TO 1T ABAAETCS HEIPEPHBHEIM 0TO0pa-
werneM T’ B X, um coorHomeHme p’'’ (gom) = u’ (gom) = v (g
(mna g € 4+ (X)) norasuBaet, 9o 5t u’'-coGeTBeHHO B 9TO 7T (M) = V.
C npyroit cropoHH, TORAeCTBeHHOE 0TOOpasKeHHWe i mpocTpancTBa X
B X' wv-co6crBemno, u i (v) = v'. Orcroga caemyer, uTO 7 €CTH
1'-cobctBennoe orobpaxkenne 7' 8 X' uw uro ofpasom Mepw p’ Ipm
orofpaskerny nt Gymer v' (ciaemcTBEe U3 npedd. 5). MH nmpegocraBisem
IUTATENIO0 MepPeHeCTH Pe3yabTaTH ra. V (2-e msx.), § 6.

4. IToonamue mep

ITregmomenuE 8. Tycmo T u X — monoaosunecklie npocmpancmes
u 1 — omobpaxenue T 6 X.

a) ITyemo v — oepanunennas mepa na X. Jas mozo umobw, na T
CYugecmeosana makas mepa |, 4mo omobpanicenue 1 P-co6CmeeH o U ¥mo
n(n) = v, Heobrodumo u Oocmamourno, wmobew 0asn 4106020 Uucaa
¢ >0 cywyecmeosaro makoe romnarkmuoe muoxecmeo K, — T, umo
cyxncenue . Ha K, nenpepwisno u umo v' (X — n (K,)) << e.

b) Hpednoaoxcum, wmo 1 uneekmusro; u nycmo W u p' — makue
Ose mepri na T, umo v seasemes cobemeennuim 0as W u p' wumo v (n) =
= n(u'). Toeda p = p'.

HokaweM HeoOGxomumocTh ycaoBUs a). B camoMm fexe, ecim mn
u-co6ereenro # m () = v, 10 cootHomenme (1) = v’ (1) << + oo
BJeveT OrpaHWdeHHOCTH W. 113 mpenao:xenus 2 § 1, m. 2, npuMeHeHHOTO
K ¢pyurnmu 1, caegyer CymieCTBOBAHHME TAKOI'0 KOMIAKTHOTO IIOJMHO-
wecrBa K us T, aro p- (I — K) <C €/2. A DOCKOABKY 1l -M3MEPHMO,
TO HalfleTCA Takoe KOMIOAaKTHOe MHO:xecTBO K, < K, 9T0 cymeHHe 1
Ha K, mempeprisHO 1 uto ' (K — K,) << &/2. Torga (u. 3, npena. 4)

V(X —a(K) = p (T — a7t (1 (Ke))) < e
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Jlasa mokasarelbcTBAa JOCTATOYHOCTH YCIOBUA a) PACCMOTPHEM CHA-
9aJia YaCTHHI caydaii.

JIemma 1. ITyeme U uw V — 06a Komnakmuwuix npocmpancmea
u h — nenpepuvignoe omobpascenue U na V. Toz0a omobpaacenue
A > R (A) muomcecmea oM« (U) 6 M (V) cropoexmusno.

B camom geme, mycrs a — amHeiiHoe oTobpaskemme f+—> foh
npoctpadctBa G (V) B € (U); mocKoabKy % CIOpBEKTHBHO, TO @ €CTh
n3omerpua mpocrpanctea € (V) ma mommpocrpamcteo H nz @ (U).
Ilycre 0 — monosxurensHas mepa Ha V; torma 6 o ¢~ ecTp HedmpepHB-
Hag JIuHe@iHas ¢dopma Ha H, mpomomxuMas o JuHeiHON (GOPMEHL 1)
Ha npocrpanctBe 6 (U) c Toit ke HOPMOH (B cuay Teopembl Xana —
Banaxa (Tom. Bekr. mp-Ba, ra. II (2-e m3xd.), § 3, m. 2, cuexcreme 1
w3 TeopeMms 1)), n ects Mepa Ha U, u Mu umeeM O (f) = n (f o h) gaa
moGoro f €€ (V), Tmak uwro 0 = & (n). Hakomenm, 6 (1) =] 6] =
= ||m]|lm6 (1) = 1 (1); crano 6with, 1} monOKUTENbHA (ra. V (2-€ H3K).
§ 5, n. 5, mpega. 9).

IlorakeM Temephb MOCTATOYHOCTEH YCIOBUA 2). JTO YCIAOBHE BievyeT
CYNIeCTBOBaHUE TAKOH IOCIe0BATEABHOCTH (K ), >, KOMOAKTHHX HOM-
MHO:xecTB u3 7', uro cy:Kenme oToOparKeHMA NI Ha Kaxpmoe u3 K,
HenpeprBHO ¥ V' (X — =n (K,)) << 1/n pna ao6oro n. Mo:xHO mpefi-
HOJIOJKUTH, YTO IOcJaefoBateabHocTh (K,) Bospacraer. I[lonomum

L, = n (K;) u o6osnaunm dgepes vn Mepy @ —r vy Ha Ly,

n-1 n

ycaosuBmuck, 410 L, = .
Hockompry CyMeHHe ng HENPEPHBHO, HAUJETCS Takas Mepa Un

Ha Ky, ut0 nig, (Uz) = vy (aemma 1). Ilycts p, — o6pas MepH uj
Opn KaHoHWYecKoit ubeknun K, B 1" ¥ nmycth g — sumeMenT u3 % (X).

Hcnoassysa mociemoBaTedpHO TOT PAKT, 4TO v cOcpefoToueHa Ha |J Ly,
n

npemnomenue 4 § 1, . 5, mpemaokenze 2, § 1, n. 2, npepaoxenze 4
o. 3 ¥, HAKOHEIN, OpeJIoKeHHe 7 H. 3, HOIydaeM

v (g) = g V' (PrLn—Lna8) = Z V' (gLn) = ; M;L. (gLn ° nKn) =
= 21 (g0 M)xn) = 21 i (g0 7).

Basas B atoii popmyne g = 1, BUAMM, 9TO ceMeiicTBO (L) CyMMUpyeMoO
¥ YTO €ro CyMMa ecTh orpammuenHas Mepa W (§ 1, m. 7, mpema. 7).
CoraacEo TOpeIoKeHMIO O m. 3, 0ToGpasKeHme I |i,-U3MEPHMO HJIA
ao6oro n, u6o0 ng ~HENPEPHIBHO; CTad0 OHTH, OHO ,-H3MEPEMO;
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oTcofia cuexyer, 4ro s w-usmepumo (§ 1, m. 7, mpena. 8), a smagur,
I u-cOGCTBEHHO, OCKOJBKY U orpaHndena. Telepb npuBefileHHEe BHIIE
COOTHOINEHU S TOKA3KBAKT, 9T0 MepH 7 () ¥ v UMET ONUH M TOT 3Ke
CYMECTBeHHE BEPXHHH MHTErpal, M CJe0BATeJbHO, OHU DPABHEI
(8§ 1, m. 2, ciencreue u3 mpemd. 2).

IIpenmomosxuM, HAKOHeIl, 9TO T HHBEKTHBHO, W JIOKaMKeM b).
Ilyers f — snement u3 % (T); B CHXYy MH'BEKTHBHOCTH 71 HAHETCA
raxad Qynrnma g € # 4 (X), 910 f = g o ;; TOrAA, COTIAACHO MpemIo-
MeHUI0 4 0. 3, momarag v = xt (U) = 7« (u'), moaygaem

WO =p (gem =v (@) =p" (gm0 =p" ()

Crajio GHITB, MepH W ¥ p' UMEIOT OJMH W TOT jKe CyMeCcTBeHHKT BepX-
HUi MHTerpal, 4To BJedeT ux paBeHctBo (§ 1, m. 2, caemacTBue u3
npena. 2).

3amedganmune. Ilpegmonokmm, 910 7 HEBEKTHBHO. M 1ycrs
0 — Ttaxkas KoMmuexcHas Mepa, 4t0 n 0-coGerenmo m m (0) = 0; Torma
0 = 0. B camom pexe, OTHeNEB JEACTBUTONbERE H MEXMH® YaCTH, CBOIUM
BCE K TOMYy caydaro, Korga 0 peficrsmrensma. Torma = (0%) = m (0-),
a smavur, 0* = 0~ (opemi. 8) m, oxomwarennro, 6 = 0.

ITpuBegeM BayKHBIA 9aCTHHIN CIyYail, B KOTOPOM YCIOBHe a) W3
TpeIIoKeHUA § BHIOJIHAETCH BCETNA.

ITeegnomenuE 9. Hyeme T — cycaunckoe npocmpawcmeo, X —
omdeaumoe npocmpancmeo, 1 — Henpepvichoe omobpaxcenue T na X
u v — ozpanunennas mepa nHa X. Tozda cywecmsyem makas oepanu-
uennas mepa W Ha T, umo 7 (p) = v.

W3 ycaopuii ogeBugHEIM 00pa3oM BEHITeKaeT, 9T0 X — CYCIUHCKOE
OpOCTPAHCTEO.

Pacemorpum dymknuio mHOMectBa ¢ A+ v' (nu (4)) ma LB (7).
Ornomenue A — B Baeuer ¢ (4) < ¢ (B); ecau (A,) ects Bospacraiwo-

masg IocJae0BaTeIbHOCTh MOAMHOMeCTB u3 ' m ecoiw A = |J A,
neN

To ¢ (A) = sup ¢ (4,); 9TO CIEeAyeT U3 TOTO, UTO V' €CTh 3aTpasKeHHEE.
n

Haxonen, nyects A— T um nycrs & >0; Brfepem B X HeKoTOpoe
OTKpHTOe MHOMecTBo G, cofep:xamee nt (4) u Takoe, 910 V' (G) <C
<v (n()+ e ¢ 1, o 9, onpega. 13); orkpritoe MHO}ReCTBO H =
= nt™! (G) u3 T comep:xut A, u Mul umeem ¢ (H) < ¢ (4) + ¢. Caepo-
BaTeNBHO, (YHKIHWA ¢ €CTh HENpephiBHAA COpaBa €MKOCTH Ha T
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(O6mas Tom., ra. I[X (3-e uzn.), § 6, m. 9, omp. 9), 1 TeopeMa o em-
KocTHOCTH (TaM ke, TeopeMa ) BieueT paserctso ¢ (I') = sup ¢ (K),
K

rre K npoberaer MHOKeCTBO KOMIAKTHHX moaMHOKecTB u3 T. Temeps
U3 TpefioKeHHuA & clefyeT CYIECTBOBAHNE MCKOMOH MepH W.

5. Il poussedenue 66yx mep

Iyers S 1 T — TOmONOTMYECKUE IPOCTPAHCTBA, HATIGIEHHEE COOT-
BETCTBEHHO (MOJOKUTENBHHIMU) IpeimepaM:m A u b, u mycTh X —
mpocTpaHcTBo-mpousBenenue S X T. Ilycrs, nasee, K — KoMImaKTHoe
TOAMHOKecTBO U3 X; o6ozHaunM deped A u B mpoexknmu K coorBer-
cTBeHHO Ha S ¥ T ¥ IOJ0KEM

vg = (Ag ® pp)x. (3)

M= onpenensiem Tem caMeM mpeamepy Ha X. B caMom ferne, mycTn

L — xommaxTtHOe mogMuO:kecTBO 3 X, cofep:ramee K, m myctb C

u D — nme ero mpoerkmuum; umeeM A — C, B — D; caegopareabHo,

ACOONB3YSA TPAHBHTUBHOCTH WHAYNUPOBAHHHIX Me€p U MpeLiomKe-
#ue 12 r. V (2-e u3g.), § 8, o. 5, moayvaem

(ve)k = ((Ac @ up)L)k = (Ac @ Up)k =
= ((A¢ @ Up)axB)k = (Aa ® Up)k = Vk.

OnrepenenuE 6. ITpedmepa v, onpedeaennasn coommuowseruem (3),
nasvisaemes npedmepolc — npoussedeHuem npedmep A u B — u 0603na-
yaemes A @ p.

1o ompenesieHne, 0OYEBUIHO, PACIPOCTPAHSASTCA HA CIYUail, KOTHa
A M\ — KOMIUIEKCHBIe mpefMepH, ¥ TorAa |[A Q u | = [A | ® |pu |
(ra. II1 (2-e m37.), § 4, n. 2, mpega. 3 w ra. IV (2-e m3n.), § 5, m. 7,
JemMa 3).

M= coxpanmm o6osHauenusa, nmpuHAThe B raase III (2-e wmap.),
§ 4 u B rmaBe V (2-e m3g.), § 8 oTHOCHTeNIBHO IPOH3BENEHHIT Mep
7 UTepHpOBAHHKEX WHTerpanoB. B wactaoctn, ecaw f ¥ g — Qymxnun,
oIpefieJieHHEIE COOTBETCTBeHHO Ha S ¥ Ha I W DpHHUMAKMUe 3HAYe-
must B Ry wom 8 C, To dpyukmma (s, t) > f (s) g () ma S X T Gymer
obosnagatecsa [ & g.

ITeepaomenne 10. ITycme v — npedmepa — npousgedenue nped-
Mep A u p; Oan awbot Pynryuu [ € Fo (S) u awbol @yrryuu



5 ONEPAIIMHU HA MEPAMH 477

g € ¥4+ (T) umeenm
vV E® g =1 () (g) (4)
IIpedmepa v ecmob eduncmeennas npedmepa wa S X T, ydoesemso-
pawwas coomuouenuio (4).
B camom pgene, xorma K (coors. L) mpoGeraetr MHOKECTBO KOM-
TMaKTHBEIX TOAMHOMKeCTB 3 S (coors. u3 T'), TO B CHXy npeNioKeEns 8
ra. V, § 8, m. 3 umeem

v (f ®g) =iu€ vixL((f ® g)KXL)Zqu(}"K Qur) (fx @ gr)=
= i{UIzM{ (fx)-prlgr) = (sll(lp M (fx)) (sgp pi(gL)) =2 (fu (g)-

IIycre  — mpyras npeamepa Ha § X T, ymosiaerBopaomas (4),
n oyers K u I — KOMOaKTHHE MOJAMHOMECTBA COOTBETCTBEHHO H3 S
u T, afug— dIeMeHTH co0oTBeTcTBeHHO M3 ¥ 4 (K) u u3 ¥ (L).
Mesny HyIb-OPOROIKEHHAMH UMeeT MecTo cooTHomenue (f @ g)° —
= f* ® g°% m smaunr (§ 1, o. 2, mpemia. 2),

Nxt @ =1 (@) =7 (" g) =

=7 () n* (&%) = Ak () pi (9)-
Ecan, B wactHOCcTH, B3aATh f € A 4 (K), g € # 4 (L), 10 AcCHO, UYTO
Ngxy 00IalaeT XapaKTepUCTHYECKUM CBOMCTBOM MepH-IpOU3BeJie-
U Agx @ pp (va. IIT (2-e msx.), § 4, m. 1, reopema 1). CiegoBares-
HO, Ngxyr = Vkxr, & TAaK KaK BCAKOe KOMIAKTHOE IIOJIMHOKECTBO
us § X T comepmurcs B HEKOTOpPOM MHO)KecTBe BHUAa K X L, TO
B CHJIY TPAH3UTUBHOCTH MHAYOUPOBAHHBIX Mep 3aKJII09aeM, YTO 1)=V.

CaegctsuiE 1. Ecau b u 0 — mepbl, mo v ecms mepd.

B camom mene, mycrb x = (5, t) — Touka u3 X mw oycts U n V —
OKPECTHOCTH COOTBETCTBEHHO TOYEK § U {, YEOBIETBOPAIOMYE YCAOBUAM
MV A(U)<g 4+ o0, p (V)<< + oo; wmuOmectB0o U X V  apaserca
OKPeCTHOCTBI0O TOYKH ¥, W B cmay (4) mmeem v (U X V) =
= A" (U) p" (V) << + oo; cuemoBaredpHO, 3arpajkfleHHe V' OTpaHN-
9eHO, ¥ 3HQUUT, OpeAMepa v SABIAETCH Mepoil.

ITOT Pe3yNBTAT CPasy ke IEePeHOCHTCA HA KOMIUIEKCHBIE MepH.

CnepctBuE 2. Ecau A ecmbv nodmuoncecmeo u3 S, 40KaLbHO npe-
nebpescumoe omuocumeavro h, mo A X T aokaavrHo v-nperebpescumo.
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CaepctBuE 3. IIpednoaococum, umo A (cooms. L) ecmb cymma cym-~
mupyemozo cemeticmea (hg)aea (cooms. (Wg)pes) Mep Ha S (coome.
na T). Tozd0a cemeticmeo (hy @ Wp)ia.p € axp CYMMUDYEMO, U €20
cymma pasna A Q .

B camom pmese, mycts p — BarpaskmeHue 25 (Ao ® pp)'; ecam

o

FEF+(S), g € 4 (T), 1o ouesunmno, p (f ® g) = 4" (/) u* (g). Ilpm
BTHX YCHOBHUAX MJOKA3aTeJBCTBO cleHcTBHA | mokasmBaer, uyro p
JTOKaJbHO OTPAHMYEHO, TaK 4TO CeMedcTBO (Ao, @ pg) cymmmpyemo
(§1, m. 7, mpegit. 7). Ero cymma oGaamaeT TeM CBOMCTBOM, 410 1)° = p
(81, m. 7, mpega. 7), n mpennoxerne 10 Breger, yro 11 = V.

6. Hnmezpuposanue OMHOCUMECAPHO NPOUICEIEHUA
06Yx mep

B amom nyukme uepes b u p 6ydym 0603navamuvcs mepbi COomeem-
cmeenno wa S u T, a wepes v — mepa-npouseedenue A @ p na S x T.
Kpome moeo, 04 nosoxcumenvroti pynryuu f na § X T uepes f; 6ydem
obosHavamucs gynkyus te> f(s, t) na T npu arwbom s € S, a uepes I;
6ydem obosnawamuvca gynryus s — n° (f;) na S.

JIEmma 2. Hycmb | — noaoscumensvnas v-usmepumas @yrryus Ha
S X T u nycmv daa awbozo Komnarkmmozo nodmuoxcecmea L us T
yepes I}: obosnanena gynkyus s—> W' (fs@r) na S. Tozda gynryus Iy
h-uamepuma, u

I;=sup I}, (5)
L
v (f) —sup 2 If)s (6)

20e L npobezaem MmHoscecmso komnakmuux nodmruoscecms us T.

IIpesxme Bcero oTmeruM, uto Braoouenue L — L’ Bieder HepaBeH-
cteo If < I ¢ npyroit cropomsr, If (s) = pi ((fs)r) maa modoro
s € §. Crano OuTh, dopmyna (5) ABALETCA HEMOCDENCTBEHHHIM CJeM-
CTBMEM OIpefieleRNA 3arpakaeHns p°, npusefensoro B § 1. Ecaon K —
KOMOAKTHOe NOAMHOKeCTBO u3 §, a L — KOMIaKTHOE ITOTMHOMKECTBO
u3 T, 10 vgxy, = Ax @ pp m0 mocTpoenwo, W U3 TeopeMsl 7 Ta. V
(2-e m3p.), § 8, n. 3 BHTERaeT COOTHONmEHHE

v (forxr) =i (I7). (7)
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IIpn sroM BCAKOe KOMIAKTHOe HOAMHOMecTBO m3 S X I cogep-
JKATCA B KOMIIAKTHOM MHOKecTBe Bua K X L; cranmo GHTH, Depexons
B mpensymeil GopMyse K BepxHei ormbaromeir mo K u L, moxyzaem

v (f) = sup sup Ak (I7) = sup A* (If), (8)
L K L

1. e. fopmyay (6).
Haxonen, npegnoskenue 7 ria. V (2-e uan.), § 8, n. 3 Bueger, aro

L . L
cyxenne If Ha mo60it kommakT K u3}T )\x-m3MepuMO; 3T0 PABHOCHIIB-
L
HO TOMY, 4T0 If A-m3MepmMO.

ITpEpaomErME 11. Iycmov f = 0 — noaynenpepvisnas cHusy @gyrnk-
yus na X = 8§ x T.

a) Qynkyus [ te>f (s, 1)) noaynenpepwviena cnusy na T npu
awbom s € S.

b) Oyuryus Ij:s— S.f (s, t) du (¥) noaymenpepriena cHusy

Ha S, u

[Tt vavs,n=["ane [ 1 na. (9)

X S T

Ycaosue a) 04eBHAHO, HOTOMY uTO oToOpaskeHme ¢+ f (s, 1)

npoctpaHcTBa I B R ecrp kommosummus oroGpakerna f ¥ HempepsiB-
HOTO oroOpaskenus {+~> (s, t) mpocrpancrea I B X. [{aA norkasarens-
cTBa ycaoBus b) Ham moHamoOuTCA clefyoOmas JeMMa.

JIEmMa 3. ITyemv X — monoaoceuneckoe npocmpancmeo (omdeau-
Moe uau mem), a f = 0 — noaynenpeprishas cHusy gyrryus na X,
mozda | seasemcs npedesom eospacmarnueli NocaedoeamesbHOCMU
(fo)n en noaynenpepvisubir chusdy na X @dynryul f,, kaxdas us Komo-
DBX ecmo AUHeUHAS KOMOUHAYUSL ¢ ROAOHCUMEALHBIMY KOdPPuyuenma-
MU TAPAKMEPUCTIUNECKUL GYHEYUL OMEDBIMBLL MHONCECTE,

ITaa nByx sagamasix quceld k > 1 u n > 1 wepes Jy, 0603uaunm
XapaKTepHCTHIECKYI0 QyHKNUIO mHTepBana 1k/2%, +ool ms R. Ius

n- 2"
moGoro z € Ry momommm u, (z) = 2-" k21 Jrn (2); Nerxo BupjeTs,

4TO HOCJeN0BATENABHOCTE (U, (2)),>, BO3pPACTAET W MMeeT MPEHeoM .
3HayuT, NOCAeNOBAaTENbHOCTh (QYHKNUE f, = u,of BO3apacTaer
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n-2™
H cXomuTcA K f, W f, = 2" D Qu, m» THe U (k, n) — OTKpHTOE
E=1

muosrectBo [~ (Jk/2", 4-ool) m3 X.
ITepexomum x morasarexscTBy yciaosusa b). B cmay roro, uro I;
€CTh BepxHAA Orufaomas (QUIBTPYIOmErocs L0 BO3PACTAHUIO Ce-

MeiictBa Qymkumii I, rie L mnpoGeraer MHOKeCTBO KOMIAKTHEIX
mogmuORecTB 3 T (demma 2), HaM TOCTATOYHO OKA3aTh, YT0 ) YHKIUY
I fL HONyHEeIpPePHBHEE cHE3Y; 3aTeM ¢opmy:aa (9) BuBoguTca us gopmy-
awr (6) mepexonoM K BepxHeit ormbatomeit mo L (§ 1, m. 6, mpema. 5).

Urak, mycrds ¥ — MHOKECTBO TAKWX INOJYHENpPEPHBHEX CHH3Y
nosoKATenbEEX GyEKImi f Ha S X T, 4r0 If TOMyHeNpepHBHA CHH-
3y Ha J06oM xKoMmakTHOM Muo:kectBe L m3 T. CoriacHo mpemiose-
uuw 5, § 1, m. 6, BepxHAA I'paHk BCAKOTO (UIBTPYIOMEroca MO BO3-
PACTAHUI0 MHOKeCTBA 2IeMenToB U3 & npunanae:xut J¢. Crano GHTS,
B CIUTY JeMMHl 3, HaM [JOCTATOYHO JOKA3aTh, YTO XapaKTEePHCTUYECKAS
$yHEOES oTKpEITOTO MHOMecTBa W u3 S X I mpmmamnexnt &, Ilpu
5TOM, [0 ONpeNeJeHHI0 TOMOJOTHH-IpousBenerus Ha S X T, or-
KpHITOe MHO;KecTBO W saABaserca o0benuHeHHEM (UIBTPYIOMErocs
oo Bo3pacraHmio ceMeiictBa (W,)qea OTKDHTEIX MHOMKECTB BHAA

:1$1U$ n(Ui XV,

rme U; orkpeTH B §, a V; otkphITH B T'; Ha OCHOBAHHU CHEJAHHBIX
BHIIIIE 3aMeUaHWil HaM JOCTATOYHO TeIepb MOKAa3aTh, 4T0 XapaKTepw-
CTHYECKAs QYHKIHA TAKOTO OTKPHTOTO MHOKECTBA IPUHAMIEKUT .
ITycts Temeps s € S u myctes U ecth mepecedeHne (BO3MOIKHO, MYCTOE)
CeMeCTBa, COCTOAIMEro W3 OTKPHTHIX MHOMKeCTB U;, COIepMamux s;
ACHO, UTO Qw (S, t) <C @w (s, 1) gua aoGoro s’ € U mn moboro ¢ € T
0TCIOla MHTerPpHPOBAHNEM MOJIyIaeM HepaBeHCTBO I(%W (s) < I(%W (s

L
mas awboro s’ € U. CnemoBatenpno, Iy, MONyHeNpepHEBHA CHU3Y,

U IpejjoeHUe [NOKa3aHO.

CuegcreuE 1. Hycms [ — nosoxcumenvras wucaosas Pyrkyus Ha
X =8 x T; moeda

S S*f(s, 1) dv (s, 1) > S*dx(s) S"f(s, ) dy (2). (10)

X 8 T
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JleficTBATENBHO, IYCTH g — IOJAYHENPEPHEBHAA CHH3Y (QYHKOIUA
ga X, Maropupylomasd f; B caay npennokenus 11 nmeem

SS*g(s, t) dv (s, t):”'g(s, tydv (s, t) =
={"ar(s) §Tets, 0w =
={"ane [Tes nae=>["ae "1 a.

Hepasenctso (10) moaygaeTcs mepexofoM K HERHe#d orubaomeil Ha g.

CnEpncrenE 2, Iycmb f — uucaoeas v-npenebpexcuman @GYHEYUS

na S X T. Toeda dpynryus fs: t+— [ (S, t) u-npenebpescuma 0is
A-noumu ecex s € S.

Ileegnoxenme 12, Iyemv | — noaoscumesbnas v-usmepumas
dynryus wa X = S§ X T. Ipednoaoxkum, umo | seisemcs v-mode-
paumuoti (cooms. . seanemces modepanmuoli) gyukyueii. Tozda

a) Mmrosiceeméo N mex s € §, 0as komopwx Pyuryus fo: t+— (s, 1)

He 6ylem W-usmepumoli, nperebpesxcumo (Cooms. A0KaLbHO npeHelpe-
HUMO) OMHOCUMEALHO A;

b) omobpaxcenue s — 3 7 (s, t) dp (2) A-usmepumo, u
S j"f(s, 0y dv (s, t) = S " di(s) S'f(s, ) du (2). (1)
X s T

M=r HauHeM ¢ TOrO, 4TO yeraHOBUM b) mas caywas, Korma f v-mofme-
pautHa, CormacHo XemMMe 2 3Ta d4acTh Ipe[JIOKEHHA CIpaBeIJINBa,
ecaIl CYImmecTByeT TaKoe KOMHaKTHoe momMHO:KectBo L m3 T, uro f
ofpamaerca B Hynb BHe S X L; mefictBurenapHO, B 9TOM caydae I; =
== I,-L' A a1060T0 KOMIAKTHOIO MHomecTea L' m3 T, comeprame-
ro L, u Torga ¢opmyaa (11) ceogurcs x (6). B wactHoCTH, ycaorme b)
MoKazaHo U maa QyHKIMHU f, oOpamamomelica B HyIb BHe HEKOTOPOTO
KoMIaKkTHOTO MHO:kecTBa U3 § X 1. G mpyroi cropomsl, ciefactBue 1
u3 mpeposxkenus 11 Biaeder, uro b) cmpapennuBo B ToM cayuae, Korja f
ecTs v-upeHeGpe:ruMan Gpyurknua. Ho aobas v-mogepanTas QyHKnus
€CTh CcyMMa v-TpeHeOpe:KMMOil (QyHKIEE W HOCAEHOBaTEIBHOCTH
¢yurmmit ¢ kommakTHEM HochTedaeMm (§ 1, m. 9, ciaemcteme 3 m3
Opema. 14); moatoMy yTBep:KAeHME D) BepHO M JiA v-MOJAEpPaHTHONX
byurmun f.

31 H. Byp6akm
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Touno Tax ke, yciuoBue D) oueBMAHO, eci:m U MMeeT HOCHTeleM
HEKOTOpOe KOMUAaKTHOe moaMHoskecTBo L m3 T (nemma 2). IIpemuono~
EM, 9TO U MoOJlepaHTHa; TOTAA HaifleTcsa TaKasd HOCIeJoBaTeIbHOCTE

(Bn)nen Mep Ha T ¢ KOMIAKTHEIM HOCHTENEM, 9T0 i = ) W, (§ 1, m. 9,
n
caefctBme 5 ua mpema. 14); orcioma moxyuaeM v = 2 A ® p, (1. 5,
n

cregcreue 3 u3 mpemi. 10). Ho yreepsxpenme b) cmpaBemampo s
Kamjoit u8 Mep vV, = A ® pn; cramo OWTB, M LA vV = D) v,
n

HoxrasmeM a): o6o3HauuM qepes N MHOReCTBO Tex § € §, NIA KOTO-
pex QyBKIHMA f, He ABIAETCA W-UBMEPHMOll; AAA II060TO KOMIAKT-
HOTOo monMHO:KecTBa L m3 T uweped N o6o3HaulM, TOYHO TaK ke,
MHOKeCTBO TeX § € S, Mg KOTOPHX f,p; He ABIAeTCA N-U3MEPH-
moit. Eenim K m L — KOMHakTHEE MHOMKECTBA COOTBETCTBEHHO
B S u T, 10 fyx; NBMEPEMA OTHOCHTEILHO MEPH vVgxr = Ax @ pr,
n Torfa mpemioxenme 2 ria. V (2-e wuan.), § 8, u. 2 morasmBaer, ure
MHOMcecneo N ao0kaabHo npeHeOpexcumo omuocumesvho hg; Ho K
OpoU3BOJIbHO, U 3HAYUT, NV OKaJbHO A-TpeHeGpeRuMo.

IIpeguonosimm, ato f obpamjaeTcA B Hyabh BHE HEKOTOPOTO KOM-
TMaKTHOrO MHOKecTBa Buaa K X L; torma N = N, u N copepxurcs
B K; orcroma caenyet, uro N A-npeneGpeskumo. Touno tak ke, ecnu f
v-upenebpexnaMa, To N A-mpeHefpeskuMo B CHIY ClefcTBUA 2 w3
mpepioxenna 11. Cuyuair v-MomepanTHo#t QYHKIMEM [ Hccheyercs
3aTeM, KAK W BHIe, OyTeM KOMOMHHMDOBAHHA [BYX OpeIBIIYIUAX
CITYdaeB.

JlomycTnM, 910 p HeCcOMa KOMHIAKTHEIM momMuomecTBoM L m3 T
rorga cuHoBa N = N, ¥ 3Hauar, N JOKaJIBHO A-IpeHeCpeRAMO.
A HocKoJBRY BCAKAA MONEPAHTHAS Mepa eCcTh CyMMa HOCJegoBaTesh-
HOCTH Mep ¢ KOMIAKTHEIM Hocuredxem (§ 1, m. 9, cumegcrsme D m3
opendt. 14), To 3TOT pe3yabTaT Cpasy jKe pacupoCTpaBASTCA Ha CHy9aii,
KOTJla |\ MOJIepaHTHA, €CjM BOCHOJh30BATHCH Ipefjomenuem 8, § 1,

o 7.

3amenanune. llyers (Ky)pea — BH3MeIbYeHAE S OTHOCHTEND-
BHO A w M =8— | K,; amarormunkM o0pasoM oIpepesnM
0 EA

(Lg)pe . m N orocuTensHo MepH u Ha T. OGossauum gepes S’ io-
KajllbHO KOMIAKTHOe IPOCTPAHCTBO, Ipe[CcTaBisaiomee coGoii cymmy
mopupoctpaucts K, us S @ duckpemhoeo mpocrpaHcrsa M; mpo-
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crpasctBo T’ ompepenseM anamormguo u momaraem X' = S’ X T'.
JlokaahbHO KOMIAKTHOE NPOCTpaHCTBO X' €CTh cymMMa ceMeicTBa
(Ko X Lg)a, ppeaxp KOMHAKTHRX HOAUPOCTPAHCTB m3 X W MOAUPO-
crpaserBa P = (M X T)|J (S X N), KoTopoe ABIAETCA JIOKAIBHO
v-peHeOpe:RUMEM HopmMuOecTBOM m3 X (oTMeTmM, uro P, Boolme
ropopd, He OGymeT AuMCKpeTHRIM upocrpaHcrBoM). Hak MH Bmiean
B cxoumu § 1, m. 8, CymecTByeT Takas Mepa A’ Ha S’, 9TO0 M3MepUMEe
YHKIMHA, CYOIeCTBeHHHH BepXHUH BHTErpal oOT HOJOMKEATEIBHHIX
QyHKIMH, CYNeCTBeHHO HHTETPUpPYeMbie (QYHKIMM W WX WHTETPAJHL
ABIAIOTCA OTHUME, 1 Temu ke Aas A u A'. Coorrecem mepy p’ Ha T’
mepe p, a mepy v/ Ha X' — Mepe v, B COOTBETCTBUE C IATAUPYeMOH
cxonmeli; gerko BmEmeTh, 9T0 V' (f @ g) = A" () (8) mua f€
€EF+(S) u g€ 4+ (T); suaumr, v'= A" ® p’ B cuny unpemioe-
mua 10 m. 5. A rak kak romonorus B X' ABiagerca GoJjee CAILHON, deM
TonotoTEA B X, TO BeAKasa v-MojepaHTHAA PYHKIEAA v'-Mof{epaHTHA.
ITOT cHocol HmO3BOIAET PACHPOCTPAHUTL (€3 JOmOJIHETEJBLHOTO HOKa-
sarenscTBa Teopemy JlebGera — @y6munm (ra. V (2-e usn.), § 8, n. 4,
Teopema 1) Ha paccMaTpuBaeMyio CATyaIulo.

7. O0un pe3yavmam 0 Pe3UNMEZPUPOSAHUU MED.

leepnomenne 13. ITycmv X — monosozuneckoe npocmpancmeo,
v — modepanmnas mepa na X, p — v-cobcmeennoe omobpascenue X
6 monoaoeuyeckoe npocmpancmeo T u p = p (v). I pednosorcum, umo
6cikoe  Komnakmuoe -nodnpocmpancméo us X mempusyemo. Toz20a
cywyecmeyem omobpascenue L v ki npocmpancmea T 6 oA, (X), obaa-
dawwee caedyouumu ceoticmeamus:

a) Oas awbozo t € T mepa Ay necoma mHuoxrcecmeom p~t (1);

b) Oas ar0boti ynusepcasrvro usmepumoii *) nosoxcumenvroli gynr-
yuu f na X dynryus t — A (f) ynusepcaavro usmepuma na T u

(1@ av@="aun {1 @ dray; (12)
X T T

¢) muosxcecméo mex t € T, Oasa komopuz Ay (1) 541, aokasvho
W-npenebpexcumo. Kpome mozo, ecau tv> Ay — omobpaxcenue T ¢

*) TonopsT, IT0 0TOGpPAsKEHHE TOIOJIOTHIECKOTO MPOCTPAHCTBA X B TONONO-
THueckoe TPOCTPAHCTBO Y yHusepcaibho usimepumo, €CAH OHO [L-H3MEPHEMO OTHO-
curenpHo ar060d Mepw w A X (cp. mi. V (2-e msm.), § 3, m. 4).

31*
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6 My (X), ydossemeopsioyee ycaosusm a) U b), mo muoxcecmeo mex
t €T, 0na rKomopuix Ay 5= Ay, AOKAABHO W-RpEHE6DENCUMO.

Jlemma 4. ITycmv X — monosoeuseckoe npocmpakcmeo, v — mepa

na X u f— v-usmepumoe omoGpamcenue X ¢ monosozuueckoe npo-

- empancmeo F (omdeaumoe uaw nem). Toz2da cywecmeyem ynusepcasbro

usmepumoe omobpaxcenue f' npocmpancmea X 6 F, pasnoe f aokasvho
v-noumu 6crdy.

JloKa3aTeabCTBO TOJKAECTBEHHO MOKA3aTeNbCTBY IPEIOKEHHA 7
ra. V (2-e m3p.), § 3, m. 4, ¢ yuerom npemgosxennma 10 § 1, m 8.

Iepeiinem k moKasaTenbCTBY Impemioenma 13.

A) IIpednoaoscum, umo X Komnaxmuo u mempusyemo, a p Henpe-
DHGHO U CIOPBERMUGHO.

Torxza mpocrpamcrBo 7' koMumakTHO m Mertpudyemo (O6mas Tom.,
ra. IX (3-e msn.), § 2, m. 10). ITo reopeme 1 ra. IV, § 3, n. 1 cymecrsy-
eT TaKoe MEPOKO W-M3MePHMOe X CKaJAPHO CYMECTBeHHO [-HHTETPH-
pyemoe oToGpaskemme H: t+—> 1, mpocrpamctBa I B o, (X), urO

v = g ¢ dp (f) @ 4To 1) EMeeT HOJHYIO Maccy 1 H HecoMa MHOIKECTBOM

p~t (t) npn mwo6om t € T. Iyers (S,)nen — uamenvuenme 7' OTHOCH-
TellbHO W, HUpH KoTopoM cysxenme H Ha Kamjgoe us MHomecTB S,
gernpepuBHO (§1, n. 8, mpegn. 10 m 11); oGosmaunm uepes A: t — Ay

oro6pakenne I B o, (X), pasEoe HBa S = |J S, 20ma T — §.
neEN

fcno, wro v = S A: dp (f) maTo A ynmoBieTBopseT ycaosmio a); dop-
T

myna (12) caepyer ms mpegnomenma O ria. V (2-e mam.), § 3, m. 2.

Ilyere 6 — mepa Ha T'; oToGpaskenme A mupoko O-usmepumo

H CKaJsApHO CYMECTBEHHO O-mHTErpmpyeMo, a 3HAYMT, TaKMKe, #

u O-cornacosamo (1. V (2-e m31.), § 3, m: 1, mpena. 2b)). Iycrs f —

YHEBEpPCAJLHO M3MepuMasd I0J0KHETEIbHAA QyHKIEA Ha X; Opemio-

;xegne 5 ria, V (2-e man.), § 3, 0. 2 B npAMeHennn K 5 At dO (f) moka-

3EBaer, yTo oToGpakenme ¢ r—> A; (f) O-mamepmMo, um ciegoBaTenbHO,
B CHAY NPOH3BOJBLHOCTE 0, YHEBEPCATBHO H3MEPHMO.

B) IIpednosoxcum, wmo cyujecmsyem KOMRAKMHOE NOOMHOKNCECTE0
X' us X, necywee mepy v u makoe, umo py, HenpepueHO.

Moxoxum B sToM caydae I’ = p (X') u p' = pxs; o6osmaumm
wepes v’ Mepy wvx-, a 4epes W' — Mmepy-oGpas p’ (v') ma 7’. Ilo-
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CKONBKY p’ HEHPEPHBHO U CIOPHEKTMBHO, a X' KOMIIAKTHO W MeTpH-
ayeMo, To B cuny A) cymectByer oToGpaxenme A': t' > Ap T”
B ofl+ (X'), ynoBiersopsioniee ClefyONEM YCIOBAAM:
a’) maa moboro t' € T’ mepa A mecoma X' ] p~t (¥'); ,
b’) mas ma0Go# yHHBepCAAbHO M3MEPEMON MOJOKATENbHOH PYHK-
mun [ Ba X' ¢yurmus ¢’ — A (/') yemBepcanpHo mamepuMma Ha T’ m

|7 @yav @)= aw @) |7 @) ai @),
X T x

Mlycrs ¢ € T; ecan ¢ npunagaeskuT T, 1o MK o6o3HAIEM uepe3 A
o6pas A; Ipu KanoHmdecKod nabeKIuE X' B X, a ecin ¢ NPHHEANICIKHET
T—T', o Mn monoxum A; = 0. Unrarens Ges Tpyma y6Gemutcs
B TOM, 9T0 oTo0pakeHme !+ A; YMOBJIETROpPAET YCIOBHAM a) H b).

C) Cywyecmeosanue ¢ obujem cayuae.

IMockonbky Mepa v Ha X MofepaHTHA, ME MO}KeM BHGDATh MOKPH-
e (U,)men DpocrpaHcTBa X, cOCTOsAmEe U3 V-HHTErPUPYEMEIX
OTKPHITHX MHOKECTB. I1ycTh, KpoMe Toro, (X)), en — TaKoe v-H3MeJb-
genme X, 9To Cy:KeHHe p Ha Kaskpoe X, HempepHBHo (§ 1, m. 8, mpepa.
10 = 11); obosmawmm wepes v, mepy ¢x -v Ha X, a depes

W, — ee obpas mpu orobpamenun p. B cuny B) nua ramporo n € N
cymecTByer oroOpakenme I+ af mpocrpanctBa T B of . (X), ynoos-
JETBOPAIOIEe CAEAYIOMEM YCIOBHAM:

a”) mepa af Hecoma p~' (f) mpm xwbom & € T;

b”) ecam f — yHEBepcaJIbHO EBMEPHEMAs MONOKATEIbHAA QYHKIEA
Ha X, To moioxuTenbHaA ¢yukmua t+—> (af) (f) na T yHumBepcaabHO
nsMepEMa |

| F@ava@ = dun () {7 (@) dat (). (13)
X T b ¢
UmeeM v = ) v, H B = 2 W, H3 OpefjoMeHms 3 m. 2
nEN nEN

O JeMMH 4 cpasy ke BHIBOJUM, YTO Haf/eTCA TAKAS HOCHeN0BATeNb-
HOCTB (gn)neN YHHBEPCANBHO H3MEPEMHEX MNONOMKUTEAbHHX (OYHKIHE

Ha T, 9T0 py, = gn-p RiA doboro n € N = D) g, = 1. Nas moGoro
nEN

t € T qepes P} obosuauum Mepy g, (£)-af ma X, a uepes q; — Barpam-
gemme ) (PP)" ma X. Ilycrh f — yumBepcaldpHO M3MEPEMAsA IOJIO-
nEN

HOTedpHAasA QYHKuA HA X; HCOOAL3ysA OpemjiokeHme 2 m. 2
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u cymmupys (13) mo n, moaygaem:
{T@av@= a0y (14)
x T
OpE 9TOM sAcHO, uTo ¢yHKIMA [ +—> ¢ (f) Ba T yHEBepcaipHO m3Me-
puMa.
ycrs puns mxwboro m € N weped E,, 0603HaYeHO MHOKECTBO TeX
t € T, nna xorophx ¢ (U,) = + oo; MuomecTBO E,, yENBepcaIbHO
H3MEPEMO B CHJIY TOr0, YTO TaKoBO orobpaskenue ¢+ g3 (Up)
7 g9ro E,, moxaiasHo p-mpeneGpemmMmo coriacHo dopmyie (14), mpm-
MeHeHHOH K [ = @u_, nbo v’ (U,,) xoneuno. CieoBaTeqbHo, MHO-

mecrso F = U Em yHrBepCaJpHO M3MEpHMO ¥ JOKAJBHO WU-Hpe-
mEN

HeOpesknumo. Mur moaaraem A; = O musn ¢ € E. Ilycrs Temepb ¢ € T —
— E; sarpamjenume ¢; JOKaJBbHO OTPaHWYEHO, MOCKOJBKY OTKDEITHIE
muOKecTBa U, noxpuBaioT X, a ¢; (U,,) KOHEYHO; COTIACHO HpeMIo-
menmo 7 § 1, m. 7 cymecTsyer Takasg Mepa A; Ha X, 4To ¢y = A} H

B A = Z'N By. OueBmpmHO, uTo oToOpaskeHme ¢ +—> A; yHZOBIETBOPAET
ng

yCeaoBHAM a) u b).

D) fdorasameavcmeo c).

IIycte f — yHEBepcanbHO mBMepuMaa (QYHKIMA, HONOKHTENBHASM
# orpaHmYeHHAd HAa X; MH IOKajKeM, 4TO YHHBEPCAJAbHO H3MepuMas
dyHrnua 2yt i A7 (f) Ba T ecrs maoTHOCTH MepH Py = p (f+v) oTHO-
cuteabHo U = p (v). Ilyerb K — woMmakTHoe mogMHO)KecTBO H3 I
n oyets A = p~' (K). Haa mo6oro ¢ € T mepa A; mecoma p~* (#);
ecnm ¢t € K, 10 p~' () = A, otrynma A} (fp4) = A (f); B To e Bpems,
ecnm t€ T — K, 10 p~' () <« X — A4, otryna A{ (fp,) = 0. Torna,
opumeHas popmyny (12) & f-@ 4, momywaem

w ()= 1@ av (@)= du | @ dre (@)= | ny(0) du o)
A k X K
TeM CaMHIM J0OKA33HO COOTHONIEHHe Wy = Aj-[.

IlpmumMasn f = 1, BuguM, aro GyHKIESA Ay: > || A, || ecTh mixoT-
HOCTh MEPH |, = |L OTHOCATeJBHO W, B 3HAYAT, paBHa | JoKaXbLHO
p-mourm Belony Ha T.

E) Eduncmeenrocmb.

Myers ¢+ A (mas i = 1, 2) — nBa oToGpamenma T B o, (X),
yhosiaeTsopanmue yciosuaM a) m b). Hak m B C), Bubepem Takoe
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w-uBMebIeHEe (Xn)nen mpocTpancTsa X, 9TO px HEOPEPHBHO TPH

gio6om n € N, m monomum N = X — |J X,. Bubepem nua xammo-
neN :

ro n € N cuernoe mMuomecTBo D, DOAOMRUTeNbHHX (yBKnumi Ha X,
obpamaomuxca B HyiAb BHe X, M TaKEX, 9TO HX Cy/eHuA HA X,
o6pa3ylnT INIOTHO® MHOMKECTBO B HOPMHDOBAHHOM IPOCTPAHCTBE
% (X,) (opumenmts Teopemy 1, O6mas Tom., ra. X (2-e msxn.), § 3,
g. 3 K MeTpE3yeMOMY KOMIAKTHOMY HpocTpaHCTBY Xp). [lomosxum
D= U D,.

neEN
Mycrs f € D; cornmacro D) ¢pymxmmm ¢+ (A})* (f) m t~— (A)" (f)
ABIAITCA TUIOTHOCTAME MEPHl W; OTHOCHTENBHO W, u 3HauuT, B T
mafifeTcd Takoe JOKaJbHO W-mpeHeOperkEMoe MHo}KecTBO Ky, 4ro
a3 (=03 () naa t€ T — E; Kpome Toro, B cuay (12), muo-
smectBo F; tex ¢ € T, nas xotopex (M)* (V) = (0, ToKaIBHO p-TIpe-
nebpexumo npn i = 1, 2. Ilockonsky D cuerHO, MHOMKeCTBO G =
= (fL]JJ E) FiU F, norkansuo p-npepebpemmmo; pag t€ T — G
€

nMeeM ( }). (N) = (7"12). (N) =0u (}"%)Xn = (A'?)Xrn OTKYyJia B CHIY
mpepomenna 9 § 1, m. 8 A} = A},

3amMegannsda 1) Ecim X — cycauECKOe mPOCTPAHCTBO, TO BCA-
KO€ ero MOJIpPOCTPAHCTBO ABIAEGTCH CYCIMHCKHM, a SHAYHT, METPH3Ye~
MEM (O6mas Tol. (3-e uap.), ra. 1X. lpnnoyxenne 1, crepcrsue 2 us mpexd. 3
u gobas mMepa ma X mopepamrtHa (§ 1, m. 9, 3ameuanme 1). Crano OHTSB,
corimacuo mpefgoyxenmio 13, sesaKag Mepa v ma X JOmMyCcKaeT AesuHTErpH~
PoBanHe OTHOCHTEJIBHO JNI00TO V-COOCTBEHHOTO OTOOpPAIKOHUs.

2) Iycts, B oGozHaveHmAx HpemuoskeHHs 13, f ectb v-msMepmMasn
HOJOKATONbEAA QyEKOEA. MomBo (kak m B r. V (2-e m3x.), § 3, m. 2,
mpejr. 5) HOKa3aTh, 9TO MHOKECTBO TexX ¢ € T, NJiist KOTOPHX f HEe ABIAETCH
Ay-uamepumoli, JoKanpHO p-TpeHe6peRUMO, TTO ¢ > A; (f) p-usmepmmo
H 9T0 HO-IPeKHEeMY BHIONHAETCH cooTHomeHuHe ({2).

Yopaxaenns

1) IOycrs T, Ty — TOMOJOIMYECKHE IPOCTPAECTBA U f — HEIpe-
priBEOE unvekmuenoe otTobpaskenme Iy, s T,. Ilokasarb, ITO 0TOGpasKe-
HEe p > f (1) ects Omexius offb (T;) Ba mopgmpocrpamcTsBo u3 o/b (1),
cocTosmee 3 mep, mecoMux [ (T,).

2) TlocTpouTts OpHMEp ABYX TONOJOrMYeCKHX mpoctpamets 1) m T,
H HeOpepHBHOTO OmekTWBHOTO OTOGpaykemusa f mpoctpancrBa Ty ma Ty

TaK, 9100k oTOGpakende L —> f (1) mpoCTpAHCTBA e/%'i (T)) B e/%f (Ty)
He OHJIO CIOPBOKTHBHEIM,
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3) Mycrs X — HEKOTOPOE MEOKECTBO, 4.7 , 7' - 0T/eIUMEe TOMOJIOTHR
Ha X, npuieM J ' — MeHee CHIBHASA, TeM .7 . OGosmauum uepes T (coors. I”)
MHOecTB0 X, HaJleIeHHOE TOMOJIOTHe J (cooTB. 7 '), a 4epes j — ToMme-
creenHOe oTobparkenne T B 7' (KoTopoe BeHpepHBHO), TIpeMIoN0MuM, TT0
BCAKAS OTPAHMYEHHAS TOJAOKUTONHHAS Mepa Ha T’ HecoMa of seuneHMeM
TMOCAe/I0BATONLHOCTH KOMIAKTHHIX HoaMHOKects us 7. Ilasa awboit Tomo-
nOTHE f, MPOMERYTOUHONE MeKay T u J ', o6osgaduM depes T & MHOKe-

crBo X, HajleneEHOe TomMoJorHmeii . IlokasaTh, YTO MHOKECTBO OrPaHH-
YeHHEIX M€p Ha T-q? HE 3aBHCHT OT &.

§ 3. Mepnt m agmuTEBHBIC (YHKIHE MHOKECTBA

B smom napaspage uepes R (T) u B (T) 6ydym obosnavameca
COOMEEMCINEEHHO MHONCECTNEO KOMNAKMHBLE NOOMHONCECTNE OMBIEAUMO20
monosozuseckozo npocmpancmea T u Gopeseeckas G-aaze6pa npocmpar-
ecmea T.

1. Mepot u addumusnuste PyHKyuUU KOMRAKIMOG

TeorEMA 1. ITycmv T — monoaoeuneckoe npocmpawcmeo u I —
omobpaxcenue R (T) ¢ Ri. Juas mozo umobw cywecmeosara maras
mepa p Ha T, umo I (K) = p* (K) 84 awbozo K € & (T), wneobxo-
dumo u docmamouno, umobv, I ydosremeopano caedyoUWuM YcLOGUAM:

1) Ecau K, L — womnarmnvie nodmmoncecmsa us I u K < L,
mo I (K) <1 (L) («I sospacmaemy).

2) Ecau K, L — romnarmwuwvie nodmuoxcecmea u3 T, mo
(KU L)<I(K) + 1)

3) Ecau K, L —nenepecesarowueca womnaxmu, ¢ T, mo I(K |J L)=
=I (K) + I (L) («I addumusno»).

4) Jas awbozo ybusawuezo gusvmpynowezocs cemeticmea (Kq)oca
KoMnarmusz nodmuoncecme ua I cnpasedauso coomuowerue

I(N K, =infl (K,).
[¢7:F:Y acA
5) Han awbozo x € T naildemes maras oxpecmruocmv V, wmo

sup I (K) <<+ oo («I sokaavHo ozparuteroy).
KES%(VT)
KC

IIpu ewinosnenuu smux ycaoeuii mepa | eduHcmeeHHQ.
EnuBcrBeHHOCTh |1 BHTEKaeT u3 CHENCTBEA K HpeIokeHuo 2
§ 1 n. 2. CoopmyampoBannLie ycaoBus HeOGXOMEME; A HOPBHX
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TpeX 9TO OYEBHMAHO, [IJIf MOCIETHEI'0 9TO CIAENYeT U3 TOTO, ITO [° eCTh
JOKAJBHO OTPAHEYCHHOE 3arpaskfieHme, a NiA 4) — W3 CAencTBUA
K mpemiokermo 5 § 1, o. 6.

JloKa3aTenbCTBO MOCTATOYHOCTH MH HATHEM C W3YYEHHA Caydasd,
rorma T xomnaxmruo.

JIemma 1. I pednososcum, umo T romnaxmuo, u nosoxcum I (T) =
= 1. laa awbozo A — T noaoxcum
J()= sup I(K), (1)

KER(T)
KCA

u nyemo @ — mrHomucecmeo, cocmoswee us mex A < T, das romopux
J (4) + J (CA) = l. Toeda muorcecmeo ® ecmv aazebpa, codeprcawas
R (7), u pynryua JIna ® sospacmaem u addumusna.

flcao, wro J — BospacTalomas (YHKOES MHOKECTBA, MPONON-
sawomasn I, w aro J (4) 4+ J(CA) < I aua awboro A < T.

ycrs K m § — xoMmakTHHE MHOmecTBa m3 I'; IMOKayKkeM BHaTa-
je, 9TO

J(ENS)+T(CKENS)=J(S). 2)

Paccmarpmsas cymenua [ wa 8 (S), a J — ma B (S), cpasy e cro-
AEM BCe K cnydalo, Korga S = T. A mockoanky T HopmamwHo, To K
ecTh TnepecedeHEe (UABTPyIomerocs mo yOMBAaHHEI CeMmeiCTBA KOM-
TDAaKTHHX OKPeCTHOCTedl, W W3 YCIOBHA 4) cAemyeT CymecTBoBaHue
nng aoboro & > 0 Taroit KommakTHON okpectHocTn H muomecTBa K,
aro I (H) < I (K) 4+ & Mycrs L — samuranme T — H; L XKom-
makteo, LN\ K =@ w HU L =T; spaumr, | =1 (H|J L)<
<IH)+1(L)<I(K)+1I(L)+ €(ycaosue 2)), oTkyna ciegyer
cootHomenme J (K) +J(CK)=I(K)+I(L)y>1l—&e A mo-
CKOuIpKY & upoussonrHo, 10 J (K) + J (CK) = l. TeM caMuim moxa-
saga dopmyna (2), pasHo Kak u Briawuerme R (7) < O.

Hoxrasxem Temeps, aro @ ects anrebpa. Tax wkax @, ogesummno,
YCTOHYABO OTHOCMTEIRHO HEpPeXofa K NONOTHEHWI0, TO OCTATOYRO
OOKa3aTh, 910 ecan A, u A, — saementrn u3 @, 10 A |) A, € © nin,
eme, 4ToO

J(4:U 4,) + T (C (41U 4,) = L (3)

Hycrs’e >0 u_nyers pas @ = 1, 2 wepes K; 06o3HAueH KOMIAKT,
cogepyramuiica B8 4;, a wepes L; — xommaxkrt, comepamuiica 8 CA,,
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Takde, 9TO
T(E)>JT(A) —e, I(L)>7(CA)— e

Honowum M, = K; U Ly; ms coornomennit | = J (M) + J (CMy),
T (M) =1 (Ky) + I (L) >J (4) + J (CAy) — 26 — 1—2¢ mony-
gaem J (CM;) < 2&e. Torma, ecam S — KOMIOAaxKTHOe TIOfMHO-
sxectBo w3 I', To coorHomerme (2) (upumerennroe K K = M;) BuedeT
nepasercteo J (S) << J (My () S) 4 2e, oTkyna

T(8) < T (KN 8) + T (L) S) + 2.

Tlonaraa S = K, u S = L,, ciiokuM nojlydeHHHE HepaBeHCTBA, IIpu-
HmMasa Bo BHmEMaHme HepasencTBo J (K,) + J (Lp) > 1 — 2¢ m Tor
darr, auto K1 | Ks, L1 ) K, u Ky | L, — Hemepecexaromueca KoM-
makTH, cofgepmamuecsd B 4; |J A,. OGosnauus uepes C obnenuHeHEe
HTHX TPeX KOMIAKTOB, IPUXONEM K COOTHOIIEHHAM

1 —2e<T(Ky) + T (Ly) ST (C) + T (Ln N Ly) + 42 <

<J (41U 42) + 7 (C (41 U 4,)) + 4e,
OTKYJA Cpasy ke B CHAY IPOU3BOJBHOCTH € CjiefyeT mcKoMaa hopMy-
aa (3). Temepr m3 upegmaymmx HepaBemcTs uonyuaem: J (C) =
>J (A1 U 4,) — 6¢; ecnm 4, u A, He mepecexarorcs, To C ecTh
obregurenne Ky (| L, < 4, u K, 1 Iy < A4,; oTcioga BRBogmMM, 4TO

J(A U 4,) < J (4,) + J (4,). A mockoapRy 06paTHOe HepaBEHCTBO
ouepmgHO, To J anantupHa Ha D, 1 JeMMa gOKasaHa.

3apepmuM MoKa3aTeAbCTBO TEOPEMH B ciiyuae, Korga I KOMHaKTHO.
Tlyers &€ (D) ecTp BekTOpHOE mpocTpaHcTBo (D-pasMemeHHHX (QYHK-
nui Ha T, BajedeHHoe paBHOMepHOH cxomumocteio (ra. IV (2-e map.),
§ 4, m. 9, omp. 4); o6osHaunm cHoBa wepes J MOMOKHTEIBHYIO JHHEl-
Hy®©o QopMy Ha &€ (D), acconumEpoBaHHEYK ¢ aNUTEBHOH QyHKIme# J
(1an e, mpean. 18). Tax kak J (I') = I, to J HenpephsBHa um mMeeT
wopmy . Ilycre Teneps §# — sammkanme € (D) B TOmodOTHE paBHO-
MepHO# CXOTUMOCTH; JeTKO BHIETb, 410 J NpOmoIKaeTcs 1m0 Hempe-
PLIBHOCTH [0 NosoXcumesvroll imHeiHOH GopMu Ha J#, o6osHavaeMol
cnopa J. Ilockoapky ¢ comepsxmt) € (T) (ram e, n. 10, opema. 19),
T0 cyxenme J Ha B (I') ecTs momokuTeapHasa Mepa u. Ham ocraercs
nokaszaTh, 9T0 pe (K) = I (K) misa mi06oro KOMHAKTHOTO MOZMHO-

secrBa K m3 T. Ho mur mmeem pe (K) = inf p* (f), rne Sk osnazaer
feSy,
MHoOsxecTBO paemeHToB u3 6 (7), Mamopupywomumx ¢x (§ 1, m 6,
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mpend. 5). A mockoneky J (f) = p* (f) aasn f € € (T), to mocrarouso,

ogeBUAHO, mOKasaTh, uto J (K) > fi%f J (f). Urax, nycrs H, xax
€Sk

H B JI0Ka3aTeJbCTBe JeMMH 1,— TaKad KOMIAKTHAS OKPeCTHOCTH

muoskectsa K, uro J (H) << J (K) 4-8, B mycTs [ — HempepHBHas

¢yaknua Ba T, sarmodenHas mesxay O mw 1 u pasuas 1 ma K m 0

pre H (O6mas tou., ra. IX (3-e msn.), § 4, n. 1, npena. 1). Vmeem

JH<TH)<T(K) + &

a MOCKOJIBKY & IPOM3BOJABHO, TO TpefyeMoe HepaBeHCTBO JOKABAHO,
u TeopeMa moiydeHa [is ciydad, Korga I KOMmakTHO. ,

ITepeitiem Temepr k o6memy ciayuaw. [Iycts pas awobGoro KoM-
nakTHOTO MHEOmecTBa L us T wepes I, oGosnageno cymenne I Ha §(L).
B cooTBeTCTBRE € TOJBKO YTO M3Y46HHEIM 9aCTHEIM CJAydaeM CyOIECTBY-
eT efWHCTBeHHad Mepa pr Ha L, takas, uro pp (K) = I (K) ansa
no6oro KommakTHOTo MHO:KecTBa K — L. Ilyctns rtemepsr L' — Kom-
nakT, cofiepramuiica B L; mmeeM (u )i (K) = pi(K) = pi- (K)
nas awo6oro Kommakta K < L'; orcioma pp = (up)z-; oto6paskenne
w: L~ pu; ectr upenmepa. Ha ocHoBaHEE ycioBuS 5) U €cThb
Mepa, a I (K) = p* (K) nns awboro Komnaxta K ogeBuwmHo.

damevanus 1) B dopmynnposke Teopemn 1 ycaosme 4) MOKeT
OHITh 3aMEHEHO CIeYIOIUM YCIOBHEM ((HEIPEPHBHOCTh CIPaBa»):

&'y Jan awbozo K € & (T) u awbozo & > 0 naildemcs makoe codep-
sawee K omkpumoe muoacecmeo U, umo I (H) < I (K) -+ & dan awbozo
xounakma H — U.

Ecau p ecte mepa, To ¢ymkmua I: K —> p° (K) yAoBaeTsopser &)
§ 1, m. 9, mpegn. 13). O6parHo, mpeamonoKuM, Ito I yHosiaersopser 1)
B 4'); mokasem, 9to Torfa I yaoBuetsopser 4). BuGepem (B 0Goanavennsax
Teopemnl 1) & > 0 u oTKpHTOE MEHOKECTBO U/ TaK, UTOGH OHO COAEpPIKAIO

KOMOAKTHO® MHOKecTB0 K = (| K, m 91060 BHmoaEaiocs 4'). Torpa
€A

Hafipercs rakodl mafiekc B € A, wr0o Kg < U; 970 HPUBOJUT K HEpPaBeR-
cTBaM '

inf 1 (Kq) <1 (Kp) <1 (K)Fe,
aEA
H ycaopEe 4 BHITIOJNHEHO.
2) Cosoxyngocth yeaoBuil 2) u 3) B Teopeme 1 Mosker OHTH 3aMe-
HEHA CJENYIOmHUM YCIOBHEM:
Ecau K u L — xomnakmu us T, mo

K UL+I1KQL=I1(K)+1(L)
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B camom fielie, #3 3TOT0 YCAOBHA cAefywoT 2) u 3), a ¢ APYroi cTOPOHH,
p (K UL+ p (K 0 L)=p (K)+p (D)
ang a000i MepH W, UTO BHTEKAET M3 COOTHONIEHAS cpKUL-{— PrAL =
= Qg -+ @¢r MeEAY XapaKTePHCTHISCKMME (YHKIMAME.

2. Buympenne peyaapuvte Py HEUUU HHOWCECIMEA

Ounpenengauk 1. Iyemv T — monosozuneckoe  npocmparcmeo
u B (T) — 6opeaesckan o-aazebpa ¢ T; u nyemv I — omobpascerue
% (T ) B R+.

a) Tosopam, umo I cuemro addumusro, ecaw 0as 110608 nocaedo-
eameavhocmu (4,) nonapno ne nepecekawwuxcs saemernmos us B (T)

I(gAn>=§ I(4,). (4)

b) I'osopam, umo I enymperne pezyaspuo, ecau das 4106020 MHO-
acecmea A € B (T)

I(4)=sup! (K), (5)
K

20e K npobGezaem MHONECMEO KOMRAKMHKBLL nodmuoxcecme us A.

¢) TI'osopam, wmo I ozparunero (COOTBETCTBEHHO A0KAILHO 02DAHU~
yero), ecau I (T) << +oo (cooTsercTBeHHO ecau kaxcdas mouka x € T
obaadaem omrpumoll okpecmruocmuio V, das xomopoti I (V) << 4-o0).

BamMeganusna 1) Us ycaosua a) ¢ 0ueBEAHOCTHI0 BHTEKAOT, ITO
I ectp Bospacrawmee orobpaskenme B (7) (YyHopsf0YeHHOIO IO BKJIIOYE-
gE0) B Ry.

2) IlpepmososxuM, 90 I CYETHO ANAMTUBHO; IIYCTH (An)nEN — BO3-

PacTamas IOCIAef0BATENHHOCTE (GOPENeBCKHMX MHOMKECTB ¥ IycTh A =

= UNAn. Ilockonbsry mHOMecTBa Dy = A4y, D, = Ay, — A,_, momaps=o
ne

HOe nepecexaloTcA u mx o0bepmHerwe paBEO A, 10 I (A) = ZI Dy) =
n

= lim I (4,). To3HO Tak :xe, ecau (B,) ecTh yOHBAIOMAA NOCIEOBATENb-

n->oco

HocTb Gopenepckux MuoRecTB ¥ [ (Bg) < +o0, 101 ( ) By) = lim I (B,):
n n->00

HZOCTATOYHO NPHMEHATH IIPONHAYINIEe PACCY:KMeHHme K MHOKecTBaM A, —
= By — B,.
3) Ilyerp (A,) — mpOWSBONBHAA MOCIEROBATEALHOCTh OOpENIeBCKAX

nopmHEosecTs w3 I. Ecam I cuerHo apamrusmo, 1o I(U A4,) < ZI (4,).
n n

B cmny mpepraymero saMedasus JOCTATOYHO YCTAHOBHTD 9TO HEPABEHCTBO



2 MEPBI ¥ AJJINTUBHEIE OYHKIVYA MHOMKECTBA 493

IV1A KOHEIHOH IociaenoBaTeapuOCTH. TOrpa BCE Cpasy CBEeTCA K Ciaydaio
IBYX MHOKeCTB A, u A 5; HO U3 COOTHOMIEHN (4) caeAyer, 9T0

T(A; UAgy=1T(Ay) +1(A4; — (4, N 49)) <1 (4y) + I (4y).

Orciofia HeMeIJeHHO IoJNyyaeM HCKOMO€ HEPaBEHCTBO.

4) Ecam I — c9eTHO affmTHBHAA W JOKAJBHEO OTpamm9eHHas ¢QyHK~
I¥A, 70 ¥3 NPefHIYIIero 3aMeUannsa cpaay ke ciaenyer, 9t0 I (K) < 4o
masa gwoboro xommakrta K < T.

5) MoskHO NOKasaTh, 9T0 ecau I addumusno, T. 6. yAOBACTBOPACT (4) ANA
KOHeYHsZ IOCIOAOBATONLHOCTeH, ¥ BHYTPPHHEO® DETYJIADHO, TO OHO CYETEHO
agmatusEo (ynp. 7). Bmpouem, gmraresb mozker yGemwrhes, 9TO B T0Ka-
3aTEJNILCTBe TOOPEMH 2 HwWiKe MCIONBL3YIOTCA TOJBKO AN HTEBHOCTH B BHYT-
PeHHAA POryIAPHOCTS.

TeorEmMa 2. IIyemv T — monososuneckoe npocmpancmeo u I —

dynryus na B (T) co sHaverusmu ¢ R;. J4a mozo wmobu cyupecmeosa-
aa makas mepa W Ha T, umo wu* (A) = I (4) dasn arwbozo 4 € B (T),
neobzodumo u Bocmamouno, ¥mobw I 6vlio cuemno addumuero, A0KaAL-
HO OzpamuMero U ewymperne pecyaapro. Tozda mepa p edurcmeenrna.

Jt# Tpu YycuaoBusa HeoOXOEMME; B CaMoOM feixe, oToGpasKeHHme
A vy (4) Ha B (T) cwerHo agmmrueHo (§ 1, m. 5, caegcTBme m3
npenn. 4), nowanbHO orpaHHmYeHO mo ompefeneHmio Mep (§ 4, m. 2,
omp. 5) ¥ BHYTpeHHe PeryJaspHO B CHay 3aMedaHus 3 § 4, m. 2.

Ilepeitnem ® [OKazaTeJaBCTRY CymecTeoBaHMs. flcHO, 4To cymke-
uume I Ha R (T) ynosnersopsier ycaosuam 1), 2), 3) u 5) teopems 1;
HOKaskeM, 9To 4) Toe BhmoaHserca. Ilycts K — KOMIDAKTHO® IHOT-
MHO;kecTBO u3 I, ABJIAIMEecs mepecedenyeM OUABTPYIOMEroca HO
yorBaHmio comeiicTBa (K, )qcs KOMOAKTHEIX MHOMKECTB, H IYCTh €
> 0; mockoapKy | JIOKANBHO OIPAHWICHO, TO HAHNETCS TAKAA OTKPHI-
tTag (a 3Haumr, Gopenesckas) oxpecTHocth V wmHoskecrsa K, 410
I (V) << 4+ oo, m Torma Hafinerca Takod wmHpmekKc «, uro K, — V;
C TOYHOCTBIO [0 3aMeHH 0003HAYEHMA MB MOKOM HPEINOJIOMHUTE,
uro K, < V paa moboro o € A. B cmny sHyTpeHHe#R peryaspHocTu [
CYIeCTByeT TaKOe KoMmakTHoe MHO;xecTB0 L < V — K, aro I (L) >
> 1 (V—K) — & a mar wax L He mepeceraerca ¢ K, To Hainercs
Takoi wHREeKC &, 9T0 L () Ko = @, mrorma I (V — Ko) =1 (L) >
=1 (V—K)— e Orciona, ywurwsas, 910 K, < V, mnomywaem
BepaseHcTBo | (K,) << I (K) -+ e, u ycaosme 4) BHIIONHEHO.

ITo Teopeme 1 cymecTsyer Takas mepa p,-9a10 p° (K) = I (K)
masg mwoboro K € § (7). Torma B cuay sHYTpPeHHe#R peryiagpHocTH
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dyHrumi mEOKecTB W' u [ Ha 9B (7) moaxydaem paBeHCTBO u* (4) =
= I (4) pna awboro A € B (T), 1 cylmecTBOBAHKE JOKA3aHO,

EnwHCTBEHHOCTE W CJaENyeT H3 YTBEDKAGHUA eJWHCTBEHHOCTH
Teopemst 1.

3. Padonosst npocmpancmea

Oneepenennt 2. Tonroaosuueckoe npocmpancmeo T nasvisaemcs
padoroetir (COOTBETCTBEHHO CUAbHO PAOOHOGbLM), €CAl OHO Omdeiumo
U ecau cakas gyrwkyus na 6opeaesckoli o-aacebope B (T) npocmpancmea
T co snauenusmu ¢ Ry, cuemno addumusras u ozpanuxennas (COOTBET-
CTBEHHO A0KAAbHO 02PAHUNECHHAR), 6HYMPEHHE DeYAAPHA.

Hampumep, panbme M yBmamMm (mpemi. 3), YTO BCAKOE IIOJBLCKOS
TIPOCTPAHCTBO CMILHO PajloEOBO. B HacTHOCTH, BCAKOE JIOKAJIBHO KOM-
TIAKTHOE TPOCTPAHCTBO* CO CUeTHOM 0(a3ofl CMIALHO PAajOHOBO.

CymniecTByl0T mpuMepH PAfOHOBHX TPOCTPAECTB, He ABIAIONAXCH

CHILHO PaJIOHOBHIMH,

MOeegnomenane 1. Beakoe padonoso npocmpancmeo Juwndeaéga *)
CUAbHO Dador0s0.

Myers T — papgoHOBO mpocrpaHcTBo JlumHpenépa m mycrs [ —
OONOKHTENbHAA CYETHO AAAWTWBHAS ¥ JIOKAJABHO OrpaHWYeHHAS
¢yurnua mHomecrsa Ha o-aarefpe B (7). Orrpuriie moomecrsa V,
mas xoropeix I (V) << + oo, obpasyior mokpmrtue 7, m3 Koroporo
MOKHO BHpeawuth cyeTHoe nokpbitue (Vi,)pen. HMonowum G, = V, |
Uvily...U V, aaa axwbGoro n€ N; moaoxnM, manee, Hy = G,
u H,=6G,—G,, maa r>1, HakoHenm, oGosHaumm depes [,
dyarumo MHomectsa A > [ (A} H,) vHa B (T), voropas, ogepwn-
HO, CYeTHO aXAMTHBHA u orpaHwdYeHa. MHomectBa H, oGpasyior paz-

6uenze T, mostomy I = > I,. Tockoabky I — pajoHOBO IIpo--
n

CTPaHCTRO, TO MIA KAKIOTO nvE N cymecreyer Takas OrpaHMYEHHAS

mepa [, Ha T, ato uy (4) = I, (4) aaa awoboro 4 € B (7T); a snauur,

rawsxe ) Wn (4) = I (4). B cmry noxanpHoit orpaHmueHHoct:m [
n

cemeitcto (u,) cymmupyemo (§ 1, m. 7, mpemn. 7); ecim p osHagaeT

*) HamomEmM (O0mas tom., . IX, Ilpmaoxkenue 1), 970 npocmpancmeom
HJundeséa HasbHBaeTCA BCAKOE TOMOJOTMIeCKoe mpocrpamcteo I, obranaromiee-
TeM CBOMCTBOM, 9TO U3 JO0OF0 €T0 MOKPHITHA MOIKHO BHIJIGNETH CYETHOE IOKPHITHE. .
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3 s 10 p° (4) = I (A) pua awboro A € B (T), orkyma BHTEKaeT
BHYTpeHHAA peryiaapHocts [. MHeMu craoBamu, 7 cmiabHO PagoHOEO.

HamoMHnM, 9TO mOAMHOMKECTEO A TOMOIOTMYECKOT0 HPOCTPAaH-
crea T HaBHIBAGTCH YHUGEPCAALHO USMePUMEM, 6CAH A u-m3MepmMO
nisa aoboiimeps p Ha 7. JTO CBOAWTCA K yTBOPKAeHWO, 9T0 A p-us-
MEpPUMO OTHOCHTEABHO AW0GO0HE MepH W Ha T ¢ KoMnakmuwM Hocume-
aem (8 1, m. 8, mpema. 9).

Nreegnoxenne 2. I[ycme X — monososudeckoe npocmparcmeo

v T — ez0 nodnpocmparcmeo.
a) Ipednososcum, wmo T padomoso. Tozda das a1060li nosodcu-

meabroli, ciemno addumusroll u oeparudennoil Pyrwryuu I na B (X)

sup [(K)= int I(B). (6)
K = KOMOAKT BeB(X)
KCT BT

Kpome mozo, T yrnusepcasvro usmepumo ¢ X.

b) O6pamno, npednoaorcum, umo X padowoso u umo T yrusep-
caavro usmepumo ¢ X; mozda T padonoeo.

Hloraykem a). OGosHagmm mpasyio dacrtb dopmyast (6) dwepes o;
mas gwboro n ¢ N naigercs mroxectso C, € 9B (X), comepmamee T
u rmaxoe, aro I (Cp) < a + 27" FEcam moaoxmts C = [) C,, TO

n

T<C,I(C)=a. Ecom A € B(T), to mn Bubupaem GopeaeBCKoOe
nopmuoskecTs0 B ma X Tak, arobm 4 = B () T (O6man tom., ra. 1X
(3-e man.), § 6, n. 3), m monommm J (4) = I (B C). 7o 9mcao He
3apmcHT oT BHOOpa 3, mbo ecam B’ — gpyroe GopeleBCKOe MHO-
#ectBo m3 X, takoe, uro A=B'(\ T, o B() C u B'| C oram-
qaoTcsa JIuib Ha GopeneBckoe MHOMkecTBo M, comepskameecsi B C — T,
n o mocrpoeruo C, I (M) = 0. Ogesunno, aro J (K) = I (K) nua
mo6oro xommaktHOro MHOkecTBa K <= T. Ilycts (4,) — mnocaemosa-
TeJLHOCTh HONAPHO He HePEeCceKaomuXxca OOPeNeBCKMX HOIMHOKECTR
u3 7' m mycTh AJA KOKAOTO n Yepea B, 0603HaYeHO TaKkoe GOPEIEBCKOQ
nogmMHOKecTBO M3 X, aro B, 1 T = A,. C rouHOCTHIO 7l0 3amMeHH B,

Ha B, — (kU Bj) M0KHO 1IpeAmon0KUTE, ITO MHOKECTRBA B, momap-
<n

HO 'He mepecexarorca. Ilomowxmm A = || 4,, B = | B,; unMeem
n n

J(A) =TBNC)=DI(B.N C)= D J(4,); smaumr, J ects
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CYeTHO anmmTUBHAA orpaHmIeHHas Gpynrumsa ma B (7). A Tax xax T
0 MPEANOAOKEHHI0 PATOHOBO, TO CYNMIECTBYeT TAKAA OIpaHEYSHHAR
mepa p Ha T, 910 J (4) = p* (4) maa xwboro A € B (T); cnemora-
TenbHO, mo ompepeaeHmio W, o = J (I) = u* (T) = s111{p pe (K) =

= sup J (K). Taxum o6pasom, dopmyxna (6) morasama.
K

Iloxasxkem, uro 7 yaumepcaasHo mamepumo. Ilycts A — orpaHm-
ueHHaA Mepa Ha X; opeAsyliee pacCyskaeHrne NPAMEOHAMO K QYHROHM
mHOskecTBA I A > A (A) Ha B (X), v sHAUAT, CyHmIeCTBYET HOCAERO-
parenbHOCTh (K,) TaKMX KOMOAKTHHX OORMHOMKeCTB m3 I, d9TO
(8 00o3HageHHWAX, BBOIEHHHX BHIIE)

sup A’ (Kn) =J (T)=x1" (C).

IMonomum K' = | Kp; K' — GopeasBcroe MHOMECTBO B X; mMeeM
ngEN

K cTcC, A (K'Y = A (C), u 3Ha9uT, 5T TPE MHOKECTBA OTIH-
9a0TCA APYT OT ApYra Jjmmb HA A-npeHe(pe:xmMEle MHO)kectsa, w T
A-m3MepuMO. ITHM BaBepIIaeTCH ROKAZATEIBCTBO a),

Iepeftnem & b). IIpegnonosxum, aro X pamoHOBO m uTo I yHEBep-
caapHO mamepmmo B X. Ilycrs /] — monoskuTenbHas CYeTHO Af{WTHB-
Hasg ® orpaHmdenHaa ¢yHrnusay Ha B (T); Torma ¢yErmuas A —
VI (A T)na B (T) nonokurensHa, CIeTHO ANAUTHBHA H OrpaHMd-
9eHa, W 3HAYAT, CyMECTBYeT TaKas orpaHmYeHHas Mepa v Ha X, 9T0
I(ANT) =v"(4) paa mobGoro A € B (X). Ho T v-msmepmmo;
TpegHAymEe COOTHOMeHWe mOKasmBaet, uTo v° (K) = 0 gaa awboro
rommakTa K us X, e mepeceratomerocs ¢ T, u 3HagHT, v COCPOZOTO-
wena Ha T. CnegoBartenpHo, Hiasa aw060r0 GOpPeNTeBCKOT0 MHOMKECTBA
Ac X mmeem [(ANT)y=vANTD=uwA4NT), tae p—
Mepa, WHOyOWpoBaHHas Mepoil v Ha 7. Haxomem, orcioma ciemyer,
aro [ (B) = u* (B) gas mwboro muomectea B € B (') (O6mas Tom.,
ra. IX (3-e man.), § 6, n. 3, saamewanue), u crano 6uTh, / BHyTpeHHE
peryasapHo.

CuencrsuE. Ecau X — padonoso npocmpawcmeo, mo 6cakoe ez2o
Gopeaescroe nodmmnoncecmeo T padonoso.
B camom pmene, T yHmepcanbHO mamepumo B X.

IIeEgnoxEHuE 3. Besakoe cycaunckoe (6 wacmuocmu, scakoe nodb-
CKOe UALL AYBUHCKOE) RDOCTPGHCE0 CUALHO DadorH060.
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Ilyets T — cycnuncKoe mnpocTpaHCTBO; HOCKOAbKY I — mpocT-
parcrso JImupgenépa (O6masn Tom., ra. 1X (3-e man.), lpunoxenne 1,
ciefcTBWe m3 mpean. 1), To mocTarTowno mokazaTh, uro I — pamoHOBO
(mpena. 1). Ilycte I — monoskmMTenbHas CYGTHO ANIUTHBHAA OTPaHH-
genHasg Qynruma) na B (7). Hpogomwum I na B (7), monaras pis
awboro mopmuoikectBa A — T

I(A)= inf I(B).

BEBT)
BDA

IloraskeM, uro aTo mpogmomxenve ects emkocmv Ha I (O6mas Tom.,

ra. 1X (3-e man.), § 6, m. 9). flcwo, 9ro us coorHomenug 4 — A’

caenyer I (A) < I (A"). Iyers (A,) — Boapacraromas mOCIeOBA-

TeTbHOCTh momMHO;kecTB ua [ m mycth A = () 4,. Muoxectso
n

0OpeNeBCKYX MOIMHOMKECTB, comep:RamuXx A,, YCTOAYHBO OTHOCHTEIb~
HO CYeTHHIX HepecedeHuil, m03TOMY MJIA KajKAOT0 n HAUNETCA Taxoe
GopesneBcKoe MHomecrBo [3,, wro A, B, u I (4,) =1(B,)

(cp. moxaszatennctBo mpenia. 2). Iowommm C, = (| Bp; C, — 6ope-
p>n

JeBCKOe MHO3kecTBO, U A, — C, < B, a swaumr, I (4,) =1 (C,).
C gpyroii cTopoHH, mocaenoearenbHocTh (C,) Bospactaer. Ilyers C =

= |J C,; Bruauenve A — C maeuer cootHomenus I (4) << T (C) =

= lim I (C,) = lim I (4,), otkyma cpasy nie BEITEGKAaeT paBEHCTBO
n n
I (A) = lim I (A,). CrenoBatensto, I ecTh eMKOCTB.
n
Ecnn (H,) — yOnBalomas HOCAET0BATEILHOCTh 3aMKHYTHIX MHO-
#ects u3 7', ro, owermpgHoO, I ([} H,) = inf I (H,). Orcioga cienyer,
n n

9T0 BCSKOE CYCIMHCKOe IOmMHOKecTBO F w3 T eMKOCTHO OTHOCHTEIb-
uo I (Opmasn ton., ra. IX (3-e usn.), § 4, n. 9, mpexn. 15). B wacrHOCTH,
Beaxoe Goperaenckoe mogmHomectso A — T emroctHO (Tam ke, m. 3,
opeztn. 10). WupME cnoBamm,

I(A) =supl (K),
K

rme K mpoberaeT MHOJKeCTBO KOMIAKTOB, cofiepkammxcA B 4; TeMm
CaMbIM JI0KA3aHO, 4T0 | BHYTpeHHEe peryJaapHO.

3amegsanune. Ilycte X — aysmAcKoe (B 9acTHOCTI, IOJLCKOE)

IpocTpaEcTB0 W f — OmeKTHBHO® HempeprBHOe oToOpaskenue X B (pery-
aapHEOe) mpocTpaHcTso Y. WssectHo (O6mas Tom., 1. 1X (3-e mam.),

32 g . Bypdakna
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§ 6, . 7, npepn. 14), uro orobpakenme B +> j-1 (B) ectr Omeruus Gope-
JeBCKOH o-aare6pH npocrpaEcTsa Y wma GopeixeBckylo o-aare0py mpo-
crpasctBa X. IlpoctpaEctBa X ®m Y — Ny3WHCKHE, a TIOTOMY CHILHO
paposoBH (mpena. 3). Orcrofa HemOCPEACTBEHHO ClIexyer, 9ré orodpa-
MeHEme P —> f (p) ectb GHEKU¥MA MHOMeCTBA OTpPaENMYEHHMX Mep Ha X
Ha MHOKECTBO OTPAHMTEHHHIX Mep Ha Y.

YupasHeana

1) Ilyers E — HeKoTopoe MHOectso, ® — anrefpa HOAMEOKECTB
w3 E m m — ajimmuBHaA (YHKUMA MHOMecTB, ompefenesHas ma O.
O6o3ragnm gepes € (D) BEKTOPHO® MPOCTPAHCTBO AeHCTBHTOALEEX D-pas-
MemeHHHX ¢yuxnui ga E, a wepes J — Taxylo aumeiinyo dopmy Ha § (D),

910 J (@a) = m (A) pas awboro A € @.
a) Naa aw6oro A € @ monosxum my (A) = sup gz (B), m_(4) =
B

= sup (—m (B)). Iloxasatp, 910 | m | (4) = m4 (4) + m_ (4) ectn
BCA, Be®

P
BeDXHAA TI'DaHb MHOMKECTBA YHCEN BHJA Z | m (4;) | mo BceM KOHETHEIM
i=1
pasbmenwmsam (A i)isisp MHO}KecTBa A Ha MHO)KecTBa, mpuEAafAGKamue O,
b) ToBopAT, 910 M oOmuOCUMEALHO O2pakuueRa, €CIH MHOKECTBO
gncen Buja m (B) mns B € ®, B — A orpaHWYeHO JAJA JM0GOTO0 MHO-
mectea 4 € @. Ilorasath, 9TO clefyoIlue YCIOBHA SKBHBANEHTHH: )
m OTHOCHTeJABHO OrpamudeHa; f) ammelinaa fopma J Ha mpocTpaHCTBE
Pucca € (D) orEOCHTENALHO OTpaEWYeHa; y) m ecTb PasHOCTb ABYX IIOJO-
JHUTEILHHX affUTUBHEX QyHKOMil MHOkecTs Ha @) 0) | m | (4) Komegno
nag aoboro A € @ (paccy:rparh mo memouke o) = f) = y) = 8) = a))..
c) IlpegnonosxuM, 910 m orTHOCHATENBHO orpamuveHa. IloKasarts, 910
dyHKUNN MHOMeCTB | m |, my M m_ ANNETMBEE U 9TO Mm = m4 — M—
(mcnomssoBath Teopemy 1 ra. 11, § 2, m. 1). Kpome toro, ecnm m’ u m” —
aJIUTABEME MONOMKUTENbHEE QYHKIEYN MHOecTe Ha D wm = m' — m",
0 m > my, m" >=m_.
d) TosopaAT, 970 m cYeTHO AANHMTHBHA, ecad m (4) = Z m(4,) jna
nz>1
a¥06ore cuerHoro pastuenns (4p) > MHOMmecTBA A € @ Ha MHOMecTBa,

npuEafaeskamue O. [JokasaTs, 910 510 yCIA0BHE 03Hadaer, Yto lim m(4d,) =
n

->00
= 0 pgaa awboii yOuBaoIlell NOCIEHOBATEALHOCTH (An)n>1 dJIeMEHTOB

3 @, gaa koropoit [} A, = J. IlokasaTe, 970 eciu m CYETHO afIATHBHA
n>1

TO | m | CYEeTHO affHTHBHA.

2) Ilycrs E — meroTopoe MHOKecTBo, @ — anre6pa NOAMHOKECTB
»3 E m V — BHoiHe pemerodHoe IpoctpaHCTBO Pmcca. ToBopsaT, 910
oToGpaskerze m anre6ps @ B V mo0KETENBHO, eciim m (4) 2> 0 ana mo6oro
A € D, 910 om0 apgaTEBEO, eciuw m (A |J B) = m (4) + m (B), KoTAA
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A € ® u B € ® Be nepecexanrcs, ¥ 970 OHO OTHOCMTENLHO OrPAHMYEHO,
eciy MHOKecTBO djeMeHTOB m (B) gna B ¢ @, B A MmamopupoBaHo
B V pgans awboro A € .

a) Ilycte m — OTBOCHTONHHO OTpaHEYeHHOe oToOpasmemme @ B V.
Onpepeauym Aas mo6oro A saementil my (4), m_ (A)a | m | (4) us V, Kak
B ynpakaennum 1a). Iloxasarts, 310 | m | (4) ecTb BepXmas rpamp MHO-

P

sKecTBA DJIeMEHTOB u3 V BmHIa Z |m(A;) | no BCeM KOHETHRM pa3-
i=1

6ueHHAM (Ai)1sisp MHO;KecTBa A Ha MHOKeCTBa, npmHamiaexamue O,

BuBectn orciofa, 9ro oroOpaskemme | m | anreGpw @ B V agimTHBHO,

a 3aTeM — 9TO m €cTh PABHOCTh AIUTUBHKIX IOJOMHTEIBHHX oTOGpa-

xegmd my um m_ aare6pa @ B V.

by Myers m' @ m” — aIATUBHEE MOJOKATEILHHE oro0paskerma @
BVu m=m — m". IlokasaTh, 970 m OTHOCHTENIHHO OIDAHAYEHO M
aro m' = my, m" = m_.

c) O6o6muty ynpasxuesme 1d).

3) lIycts E — HexoTOpOe MHOKECTBO u £ — og-anrefpa IOfMHO-
skects w3 E. 0G03HaYNM 4epes off MHOKECTBO TAKHX 0TOGpaskeHmA [ Ipo-
crpanctea E B Ry, 9ro mmoxectso tex z € E, mua KoTopHX f (2) = ¢,
npmEajaexut ¥ auA mo6oro ¢ € Ry.

a) Iloxasath, 9T0 BepXHEWY NDefea W HIPKHAHE mpejen a:000if mocie-
JOBATeIBbHOCTH JIIEMEHTOB M3 of/ NPHHAMIEKAT off (HCCIEJOBATH BHAYAIE
BospacTalomue uiw yOHBalOmue MOCAEOBATONBHOCTH).

b) Tloxasarb, 4T0 T ecTh MHOKECTBO IOAMHOMeCTB U3 E, xapaxrtepn-
crudeckas (YHKIEA KOTOPOTO NPHHAAIEKHT off.

¢) ITyets f € off. Jlns moGoro Gopenesckoro mopmEO<ectsa B ns Ry
MuO;KecTBO f~! (B) mpmEamjekuT T (MHOKECTBO TAKWX IOAMHOMKECTB B
ms Ry, 910 /-1 (B) € T, ectb o-anre6pa, cofiepsxamasn nETepBaIH [¢, - col)e

d) Ilycts fy, ..., f, OpEEajIexaT o/ B nyctb ¢ — GopeneBckoe
oro6paskenne (R1+)" B R4; noKasars, 910 oToGpaskenue z —> ¢ (f; (2), . . .,
+ o oy Iy (2)) npocrpancTBa E B R, npuEafAexAT off. BHBecTM oTCIOfa,
910 off comepkAT CyMMy n000r0 PAja DIEMEHTOB U3 off. ,

e) Iloxasarb, 470 of/ €CTH MHOKECTBO IIPEJEIOB BO3PACTAIIIHX HOCIE=
MOBATENLHOCTEH KOHEUHHX IOJOMHUTENLHHX T-pasMeIeHHNX (HyHKmuit,

4) OfosHAu9enrsA W LPENIONOKEHAA — T K€, 9TO W B HIpPeALIyHeM
ynpaxgernn. A 6emparmuol mepoli Ba (E, T) BasnBaeTcs BCAKOE 0TOGpa~
menpe m 0-aare6pw I s R, oblajammiee cefyioImuM CBOWCTBOM: A
11060if OCIEZOBATENBHOCTH (Ap)pgn TPEEAJTIEHKANEAX % momapHO HE Iepe-
cexatonmxca MEOKecTB m ( | A,) = D) m (4,). Humezpaaox ma (E, T}

negN neEN
HAa3KBaeTCA BCAKOe oTo0paskenue J MHOMecTBa ol B IT,,, YIOBAETBOPSAIONEe
crenyromuy  yeaosuam: a).J (A)=AJ (/) nus A€Ry m f€ M (upm
32*
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MEPBI HA OTOAEJUMBIX HPOCTPAHCTBAX TJ. I1X, § 3

o6sramom coramennn 0-(+o0)=0); ) J ( 2l fn) = .f(fn) maa 6ok
neEN neN

IOCIENI0BATOABHOCTH (fy),cy IIOMEHTOB H3 1/

a) Hycrs J — umrerpaa #a (E, I); ana moSoro momMHO:KECTBa
A €3 monokum my(A) = J (pa); mOKasars, 94T0 my ecTh aGcTpaKTHas
Mepa W 9to oToOpaskenne J —>m; ecTh GUEKIMA MHOKECTB3 HHTEIDAIOB
Ha (E, ¥) Ha mMHO:KecTBO aGcrpaKraHX Mep Ha (£, ) (ecau m — aGerpaKe-
Has Mepa, TO CHadana onpemeants J (f) Io JUReAHOCTH JJIA KOHEYHHIX
[OJOKUTENbHEIX I-pasMeINeHHHX (YYHRIUI W WCHONAb30BATH yIPAKHEHUE
3e)). Ecam m — abcrpaktHas mepa, 1o Yepes m* Gynem o003Hag%arL COOT=
BETCTBYIOMMII HMHTErPal. .

b) Myers m — abcrpakraas mepa ma (E, T). Jlxa moboit, Konearol

WY HeT, MoJd0KATensHOI yuknuy f Ha E momoskuM m*(f) = inf  m*(g).
géfv gGe/ﬂ

IToxasars, 4T0 m* ecTh sarpasmeHue HA E (ciefoBaTh MOKAa3aTeAbCTBY TEO-
pemn 3 ra. IV, § 1, m. 3). Jlas xoboro moamuoxecrsa A u3 E momaraem
m* (A) = m* (pa).

5) Iycts E — HeKoTOpOE MHOKECTBO, T — g-aaredpa IOJIMHOIKECTB
"a E, m — aGctpaxkraan mepa Ha (E, I) u p >> 1 — KoHeYHoe HeACTBu-
gensRoe Tueno. Jaa moboil aucrosoit dpyaruuu f ma E monoxnm Ny (f) =
=m* (| f |P)}/P u obosHauum gepes FP MHOKecTBO TAKUX (yHKOUE f,
aro Ny (f) xomedno (cp. § 1, ymp. 4). Hanexsem sexTopHOE HPOCTPAHCTBO
Fp nonynopmoit Np, OTHOCHTEILHO KOTOPOil OHO TOJHO.

a) Ilyers " — MHOKecTBO TaKuX ¢yHKmuE f, 9ro m* (| f|) = 0,
9° — BEKTOPHO® LPOCTPAHCTBO, NOPOKIEHHOe KOHEYIHHIMHM §YHKIUIMH,
HUpHBAINKANAMA ~ff, 1 £P — HaNMEHLIIee 3aMKHYTOE BEKTODHOE MOf=~
mpocTpaHcTBO U3 FP, cofiep;Kallee XapaKrepUcTHIeCKHe QYHKIMN TAKHX
muO¥ecTs A € I, 910 m*(4) koneuno. Ilokasars, 910 LP= _§"+ (7° (| #P).

b) Pacnpocrpandrs Ha HacToAmEil caydaii Teopemy JleGera (ra. IV,
§ 3, u. 7, reopema 6) ¥ U3yIursh, B 9ACTHOCTH, CAyYall p = 1 (ompepnenenne
uaTerpana or ¢yskmuu f € L.

c) Tosopar, uro nommHO:KecTBO A w3 E m-HHTEIPHPYEMO, eCIK
P4 € L% Tlowasarp, 4r0 TOIJja cymectsyer Takoe MmuOecTso A € T
gro m* (A ) CA’) = m* (4’ [} CA) = 0. ObpaTHoe TOKA3aTh st CAY=
gas, Korfpa m (E) KomewHo.

6) IIycte E'— HEKOTODOE MHOKECTBO, T — O-anre0pa MOJMHOKECTB
us E u m — abcrpakrgas mepa Ha (E, I). Ipenuonomny, 910 m (E)
KOHEeYHO M 9710 s mioboro B € T, masa Koroporo m (B) > 0, maiijiercs
raxoe MHO)KeCTBO A € T,910 A = Bu 0 < m (4) < m (B). [Ina xoboro
B € Tu moboro ¢, 0 <t < m (B), cymecryer takoe MuoskectBo 4 € T,
aro m(A)=1t u A < B.

°7) Mlyete T — romoxorudecko® mpocrpanctso, @ — aiarefpa mod=
vHO;KecT8 13 T ¥ m —afAfUTHBHOe OTHOCHTEILHO OTpaHUYeHHoe orTo0pa-
sxenue. (cp. yap. 1) @ B R. Ilpegnono;xnm, 9ro cymecTsyer Takoe OTKPHTOE .
mokpeirae U mpocrpamctBa T, aro @ cocrour uz GopenescKuUX IOJAMHO-
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sects u3 I, comepykammxca B 00he[[MHEHHA KOHEYHOTO THCIA DIEMEHTOB
m3 %. Kpome roro, mpemnomoxmm, 910 Ans 21060to A € @ u nwboro
€ > 0 Haiijerca TaKoe KOMIAKTHO® TOAMHOKECTBO K m3 T © TaKoe OTKPHI-
Toe mopmuEokecTB0 Uma I 970 KC A U, UE Du|m | (U—K) < e.
IToxkasarp, . 9T0 cCymiecTByer TaKas (He 00S3aTeNLHO INOJOKHTENHHAS)
mMepa p Ba T, 910 m (A) = p* (A) nna awboro A€ @ u 9ro takas Merpa
e/MHCTBeHNA (BBeLA pasOumenue m = my — m_ U3 yup. ic), cBecTH K cay-
9a¥0, KOrfa m UPHEAMAET MOJOKMTENbHbIEe BHAYCHWS; WCCJHCOBATH BHA
qane cuyuai, xorga ' € @, u samMeTHTb, 9TO TOTHA m BHYTPEHHE PEryAAPHA;
saTteM uayumth oOmuil cnydail, CHOBA COEIRHAA MepH).

8) Ilyetp T — TomoONOIEYECKOe IPOCTPAHCTEO W m — CUSTHO Afjd-
TUBHO® (cp. yup. 1d)) orpanudennoe oroGpamerue B (T) 8 R. OGosHaumm
4yepes T MHOMeCTBO GopemeBckmx mnopmHO;ectB A w3 T, oGrajamomumx
caenylomuM cpoiicrsoM: Aas mioboro & > O malifercs saMxHEyTO® MHOMKE-
¢80 F m makoe oykpuroe U ms T, awro FC Ac U e |mB)| <e
ana moboro Gopemepckoro mopmuOkectBa B ua U — F (WERMHE ClOBaM¥,
| m| (U= F) < ¢&). Ilokasatb, 910 T ecrb o-aare6pa NOIMHOKECTB
u3 T (cHavanma samerwth, 910 I' €T m 4t0 ¥ ecrb anre6pa; Torna Jocra-
TOYHO JoKasartb, Y70 ecjad (An)nEN — MOCIE/I0BATENRHOCTh IOMAPHO

He IePeceKalOMBXCA vieMenToB M3 T, T0 MHOxecTBo 4 = () 4, mpm-
nEN

gapaexut I; Aas 97070 BHOPATh TAaKME 3aMKHYTHE MHOMKECTBA F, M OTKPH-
1e MEomectBa Up, wro F,c A, c U, u |m| (U, — F,) < &/2n,
a sateM nouoxmte F = F, U ... | Fp paa jocrarouso Goanmoro p
g U= U U,).

neN

9) Ilyere X — HEKOTOPOE MHOJKECTBO; BCAKCE CUETHO A[[HTHBHOE
-otobpaxenme P (X) B R} HasuBaercs xaaubpom; TOBOPAT, 4t0 Kanubp
m B2 X — Henpepuienni, ecnu m ({z}) = 0 pna awboro z € X, ¥ amonu-
veckull, ecim cymecTsyer taKas HOJOMUTENbHAA (PyHKIms Ba X, 49TO
m(A) = Y f(z) mua moboro moxpmmomectsa A us X.

XEA

a) IToxasats, 970 Besikiii kanubp ma X pacluBaercs eAHHCTBEHHHM
c6pasoM Ea CyMMy HempepHBEOTO kamuGpa m arommueckoro Kammbpa,

b) Oycre X' —noamuoskectro 3 X u m’ —Kanubp ma X'; gaa xoboro
nopmuoxectsa A ma X monoskaM m (A) = m' (A | X'). Tlokasatks 110 m
ecth KaauOp Ha X 1 970 OH HEIPEPHBEH (COOTB. ATOMUYEH) B TOM M TONHKO
TOM caydJae, €CIE JTUM CBOHMCTBOM obxajaer m .

c¢) Mycrh m—Kanubp Ha X u (X i)igr —CeMelicTBO momapHO me gepe-

ceKaomuxcs HofmMHOKecTs B3 X. Ecam pcakult xanu6p ma I aToMmdeH,
o m (U X)= Dm(Xy).
el i€l
10) Ilycth X — OecKOHEUEOE HeCYeTHOe MEOJKECTEO, HAZCNEHHOE OTHO-
meBmeM TOPAAKA, sanucHpaeMEM z < y. Jns xwoboro z € X oGospadum
gepes I (r) MEOKecTBO Tex y € X, ;Aaa Xotopux ; < z. Cpenaem caenyro-
mue npemojoyieEMa: o) B X cymectByer HamGonrmuit sjemenr a; B)
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MHOKeCTBO KapAMHAJBHKX 9HCeN], CTPoro MeHemmx, 3eM Card (X), mmeey
HambONpIIMIT BJOMEHT ¢; V) Aas dw0boro z € I (a) mumeem Card (I (7)) < ¢,
1 MHOKecTBO Y Tex z € X, masa Koropmx Card (J (z)) = ¢, memycro;
8) Bcakmit kaambp HA MHOYKECTB® € KapAHHAIOM < ¢ — ATOMHYGCKHIX,
TloxkaaaTp, 970 BCAKMi xaaubp HAa X — aToMmyeckuil, Momo paccym-
JaTh OT HPOTHBHOIO ciaegylomuM o0pasoM: UycTh m ~— HONPOPHBHEIR
HeHyJNeBo# Kaanbp Ha X. OGozpadmM 9epes b HAMMEHLIIWI 3J6MEHT B Y
7 mycTh juis awboro z € I (a) gepes f, o6osnadena munexknua I (z) 8 I (B).
Has nwboit napu (z, y) € I (@) X Ii(b) obosmagmm depes A, , Mio-
mecrBo Tex z € X, aas Kotopux z <z < a # f, (z) = y; paa aoboro
z € I (a) obosmaumm depea M, MEOxecTBo Tox y € I (b), AIAA KOTOPHX
m (Ay, y) > 0, a gas awboro y € I (b) epes N v o0o3Ha9AM MHOMKECTBO
1ex z € I (a), anA KOTOPHX m (A, ,) > 0. Ilpamensas ympakmenue 9c),
nokKasateb, 110 m (X) = Z m(A.,); BHBOECTH OTCIOA, ITO MHOMKECTBO M 5
uel(b)

c49eTHO B HemycTo AAs awboro z € I (a); moxasars Hamee, 9To KasKJ0®
n3 MHOeCTs NV, CY6THO, | BHBECTH OTCIOfa npotusopedne Card (X) = ¢.

11) T'oopsAT, 9TO KApAMHAA ¢ SBAACTCSH }4aMO8HM, ©CIH BCAKHK
KaauOp HA MHOMKECTBE ¢ KAPAHHAIOM ¢ — aToMmiecKmit. [Tokasars, 910
BCAKHA CYOTHHH KAaPAMHAN YJIaMOB, 970 OCHH ¢ — YJAMOB KapAHHAI,
T0 3THM CBoilicTBOM ofnamaer m d000#f Kapamman Ac' < ¢, m 9T0 ecim
(ci)iEI — TaKoe ceMeHcTBO ymaMoBHX Kapamuanos, 9410 Card (I) ymamos,

TO KapAHHAT E ¢; ynamos. Haxonen, HamMeHbIINH HOCIETHHH KapAHHAMN
i€l

yaamos (cp. ymp. 10).

12) Myecte X — HEKOTOpoe MHOMeCTBO, 11 — mogMuomectso u3 P
(X) ® m — xapaxkrepmctHieckags ¢QyHKous MHOKecrsa . Jaa
Toro urobwm m Osuto KanmGpom, meobxofammo u gocraToIno, ItoOur U
OwII0 yabpTPagUABTPOM M YTOOH mepecedenue Jap00ro CIOTHOrO ceMeiicTBa
nopMHOKects 3 1 mpumagmeskanso . ITpH 9THX YCIOBHAX TOBOPAT,
aro U ecro yasmpaguavmp Yaana B X. IIpefmioosum, 910 5T0 HMEOT
MeCcTO m 9T0 (H;);c; — TaK0e cemeiicTBo d;ementoB u3 U, 9r0 Card (I)

ynamoB; moKasatk, 49to [) H; mpmEagmexmr .
i€l

13) B aroM yHOpa)KHOHHH [OUYCKAeTCS  KOHTHHYYM-THIOTE33,
T. 0. aKchoma, mobaBimeMas K aKcuomam rteopum MHOmecrs: «Card (R)
eCTh HAMMEHLITMIA HECYOTHRINI KapauHAI» *),

a) Beakmit xamubp ma R arommden (cp. ymp. 11).

*) DT0 CBOJMTCA K YTBePKAEHMIO, YTO MOKHO Hajeants R crpykrypol

TOJTHOTO MOPANMKA —<, JUISL KOTOPOil MHOMKecTBO Takux z € R, 910 z < a, Gyuer
cuerHHM TpH apbom a € R. Moxuo moxasate (cp. P. Cohen, Proc. Nat. Acad.
Sci. USA, v. L (1963), 1143—1148 = v. LI (1964), 105—110), uro sra axcmoma
Heé BHOCHT HHKAKOT0 HOBOTO I[POTHBOPEUHS B TEOPHI0 MHOKECTS M ITO OHA
X TOMY K€ HEe 3ABHCHT OT APYTHX AKCHOM TEOPHH MHOMKECTB.
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b) Hycre X — HeKoTOpoe MHOMKECTBO B m — KaauOp HA X, yHOBIeT-
BOPAIOMAA CICAYIONIEMY CBOMCTBY: MIa J06OTO moamHokecTsa A ma X,
yaoBaeTsopsomero yciaosuio m (4) > 0, HAHAETCH TAKOE HOIMHOKECTBO
Bc 4,910 0 <m (B) < m(A4); torna m Oymer nyaesnM (gas aw6oro
nenoro n > 1 cymecTByer TaKoe KoHedHoe pasbmenme (X, i)igry MHO-
wmecrsa X, 910 m (Xp, ;) < 1/n maa mwboro i€ I,; momomuts I ==
= H I, v Xy = () Xy, ap ANA J1060ro a=(qp),> #8 I; cemeiictso

n>1 n=1
(X);r ectb pasbmenne X, aus mioboro i € I nmeem m (X;) = 0, u moGoi
Kaumubp Ha ] ABAAGTCA ATOMAYECKHM B CHIY a); B 3aKJIYGHHE® MCIOTH30-
Bathk ymp. 9c)).

c¢) lIycrs X — MHOMKECTBO, B KOTOPOM HE CymecTrByer HHKAKOTO
HOTPHBMAJBHOTO yABTPadmMIbTPAa ¥Yiama; TOIAA BCAKmid Kaaubp ma X
aToMpieH (B HPOTHBHOM CIydae B cuiy b) cymecrsosan 6 HenmpepoBHHIHR
Kaqnbp m Ha X m Ttakoe mopMHOMectBo A < X, 410 m (4) >0 u 410
m(B)=0 umm m (4 —B)=10 pgna awboro moamuoxectsa B — A;
TOTAa MHOKecTBo 11 Takux mopmuoxkects B — X,49rom (4) = m (4  B),
GOm0 Gh HETPMBHANLHHM yiabTpaguinTpoM Yaama 8 X).

d) HoxasaTts, 910 2f — VIaMOB KapauHAA g JH00TO yaaMoBOTO
KapAuHaja ¢ (B CHAY €)) HOCTATOYHO HOKA3aTh, IT0 eCaH C — MHOMKECTBO

¢ KapiHHAIOM ¢, TO BCAKHA yapTpaduasTp Viama U B X = {0, 1)¢
TPHBHAJICH); HAZEJIHTh C CTPYKTYPOH MOJHOTO HOPAAKA H ONPeeJAThH
00 TPAHCHUHHTHOW HHAYKIMHM TAKO® CEMEHCTBO § = (sa)aEC SJIGMEHTOR
3 {0, 1}, 9T0 MHOKECTBO TeX == (’”a)aec u3 X, B KOTOPHX Iy = §g
npu aoboM o < B, upupamre:xur 11 gms arboro f € C (cp. yup. 12);
TOT/IA s MPHHAMIGKUT KOKIOMY dieMeHty u3 U *),

14) Hycrs (Tdier — ceMeiiCTBO PaJiOHOBHX TOIOJOTHYECKHX IpO-
cTpanctB B I — IPOCTPAHCTBO, SIBAAIOMEECS CYMMOM JTOro ceMeiicTsa,
Ecau Card (J) yaaMoB, TO TOmOJOTHMYECKO® mpocTpaHcTBo I' pafoHOBO
(mokaszath, 970 A Ja000il HONOKATONHHON OTPAHMICHHON CICTHO ANKH~
THBHOK (yHKIUH m Ha Gopeamesckoit g-amrefpe B T cymecTsyer Taxoe

cuernoe moamHo:kectso J — I, at0 m ( |J T;) = 0).
iel- J

15) Iycts T — pHCKpeTHOE IPOCTPAHCTBO, KapAHHAI KOTOPOIO €CTh
HAUMCHBIIHHA HecYeTHHWH Kapawraa. [lokasatrs, dro T — pajioHOBO

*} ToBopsaT, 910 KapOAUHAT ¢ CULbHO HedocmuacuM, GCIH OH HECYETOH, €CId

2b < ¢ pas awboro Kapgmuaia b < ¢ u ecian z ¢; < ¢ mpas aoboro cemeicTsa
i€l

Kappunanos ¢; < ¢, gag Koroporo Card (f) < ¢. Vmpaxuenms 11 u 13 noxa~

3BIBAIOT, UTO €CIH HNPHHSATH KOHTHHYYM-THNOTE3Y, TO HAMMEHBUIMII HE YaaMoB

KapauHajd CHJILHO HeFOoCTHKHUM. HeHW3BeCTHO, MPOTHBOPEYHT M AKCHOMA CyIHIe~

CTBOBAaHHA CHILHO HEJOCTIKHMBIX KAPJHHAJNOB JPYTHM AaKCHOMAaM TEOPHA

MHOKECTS.



504 MEPHL HA OTAEJMMEBIX IIPOCTPAHCTBAX L IX, § 4

JIOKaJbHO KOMIAKTHO® INPOCTPAHCTBO, HE ABJIAIOMEECH NPOCTPAHCTBOM
caetHoro tuma (cp. ymp. 11). BuBectu orciofia, 910 CYymECTBYIOT HEMOTPH~
3yeMBle PAJOHOBH JOKAJbHO KOMOAKTHHE NPOCTPAaHCTBA.

16) Hycrp [ — cuernoe mmoskectBo # (I;);.; — cemeiicrBo pago-
HOBHIX HPOCTPAHCTB. IIPeAmosoKnM, 9T0 BCAKOe KOMIIAKTHO® IOJMHO-
PKECTBO OfIHOTO M3 mpoctpaHctB T; merpuayemo. Iloxasarte, 910 mpocTpan-
cTBO-mpoussenenne I = H T; pamomoBo. O600muTs HA caydaii MPoeks=

iel
THBHEIX IIPEJICJIOB.

17) Hycrs T — TOMOJOTUYCCKO® HPOCTPAHCTBO.

a) IIycte m — c9erHo agputupHOe oTobpaskenme B (7) B Ry. Ipeg-
HOJOMKHM, 70 HARAOTCHA TAKAs HOCAEAOBATEAbHOCTE (T,),.n GopereBcKux

nopmuoects n3 I, wro I' = |J T, 910 m (T,) = 0 u 970 mopmpocTpan~
NneEN

crso 7, ma T paponoso upnm awbom n > 1. Iokasars, 910 CymecTByer
TAKas NOJOKHTeNbHAS OTPAaHHYEHHAs Mepa W Ha T, 910 m (4) = p* (4)
s mi06oro Gopenesckoro mogmuOkecTBa A u3 T (MOJKHO CBECTH K CIy~
43, Korga I, HONAPHO He MEPeceKAoTCs; AJAA JTOT0 HAal0 BOCIOJIb30-
BaTHCS CJENICTBHEM M3 mpefd. 2 m. 3).

b) Pacmpocrpamuts mpemmpymuii pesyapTar Ha cay4ail, Korga MHO-
wectsa T, upd n > 1 mpepmodaraloTcs ys;ke He GOPEJEBCKHMH, a TOABKO
YHHBEpCaJbHO M3MePHMbIME B T (paccyskaaTth, Kak B Ipemr. 2 1. 3),

¢) Besxoe TomoNormieckoe MPOCTPAHCTBO, ABJIAIOMEECH 00bOTHHE-
HAGM [OCIEfOBATENHHOCTH KOMIAKTHEHIX MCTPH3YEMHX NOAUPOCTPAHCTB,
PaJIOHOBO. :

18) Hyers T, Ty — TOHmOJOTHYGCKH® IPOCTPAHCTBA H f — HeNpe-
peBHOEe OuektmBHO€ oToOpaskemue T, Ha T,. Ilpeguososkum, 4TO AJA
ar000ii orpaHMYeHHOH CYOTHO afAAUTHBHON (yHKHUM m; Ha OGopemeBckoi
c-aarefpe B (T,) HaNgETCH WOCIAEAOBATEIALHOCTH TAKUX KOMIIAKTHHX TIOJ-
maokects K, us Ty, 910 my (T3 — | K,) = 0. IIycte my, — OTpaEmICH~

n

Hasl cUeTHO ajfuruBHasg ¢yEKmus ma B (T,). Has toro wrole cymecTso-
Baja TaKasg OrpaHMYeHHAs CYGTHO ARJAMTHBHAA QyHKIUsS m; HA B (I,),
910 my (4) = my (f1 (4)) mns moGoro A € B (T,), HeobxoguMo ¥ [OCTA-
TOYHO, YTOOK BHIOOJHAIOCH CAGAYIOLIEE YCIOBHE: CYMECTBYET MOCHef0Ba-
TOIHHOCTh TAKHX KOMOAKTHHX  mogMposkecrs K, m3 T,, dTO
ma (Ta— U7 (Ky) = 0.

§ 4. IIpoexkTuBHBIEC TpeneInl Mep

B omom napaepaghe uepes I obosmauaemcs wenycmoe MHoNCECMEO
HaleaenHnoe omuoulenuem  npednopsdka,  3anucvieaemvlm i < J,
u pusvmpyroweecs no smomy omuouwenuio. Hanomnum (O6mas Tom.
(4-e mam.), ra. I, § 4, . 4), umo npoekmuenas cucmema monosozu~
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weckux npecmpaHcme, unlekcupoeannas MHodxcecmeom I, ecmbw
cemeticmeo (T, p;;), ede T; — monoaoeuieckoe npocmpancmeo, p;; —
nenpepvisnoe omobpancernue T'; 8 T; 0as i < J, p;; — moacdecmeennoe
omobpascenue T; u pjyp = pijepp O i< j<<k. Hyeme T —
monoaozudeckoe npocmpancmeo u (p;)ier — CeMelicmeo HenpepsleHBLT
omobpascenuli p;: T — T;. Toeopam, umo cemeticmeo (p;)ic; Koze-
PEHMHO, €CAU D; = Dyj o pj 84 i < J, U umo O0HO omdleasioujee, ecau
daa awbux passuunbz x, y ud T natidemes maroe i € I, umo p; (z) =~
= pi (y). Koeda T = lim T;, a p; ecmv kanonuneckoe omobpascenue T
<«

¢ Ty, cemeticmeo (p;)ier — Kozepenmuoe u omdeasiowee.

1. Jonoanenus 0 KOMNAKMHHLL NPOCMPAHCMEAX
U NPOEEMUBHIL N pederax

IeemnowernE 1. ITyeme X, Y — monoaozuneckue npocmpancmea
u | — nenpepvienoe omobpasxcenue X 6 Y. H nyembv (Ky)uea —
guabmpylouseecs no YoueanuIo cemeticmeo KOMNAKMHLLL NOJMHOICecme
us X c nepecevenuem K. Tocda f(K)= () f(Kq).
acA
B camom mene, myere y — T1ouka w3 [} f(Kg); mas nwoGoro
oEA
o € A muowectBo L, = K, (] ' (y) xommaktHo m memycto. Ce-
MeitcTBO (Ly)qea PUABTPYeTCA MmO YOHBAaHMIO, W 3HAYMT, €ro Uepece-
senwe L wmemycro. Ho L = K () /' (y), orkynma y = f (K). Crano
6e11, MBI goKasaau BriaodeHne f (K) > (1 f(K,); o6paTHOe BKIHO-
acA

YeHue O4YeBHUIHO.

IeepaoEnnE 2. ITycme 3adanwt npoekmusnasn cucmema (T;, pij)
MONOAORUMECKUL NPOCMPAHCMS, uHdekcuposannas muodxcecmeom I,
monoaozuteckoe npocmpancmeo T u Kozepenmuoe omdeasoujee cemeli-
cmeo nenpepuientix omobpaxcenuii p;: T — T;. Toeda:

a) Haa awbozo Komnakmmozo nodmmuoscecmea K < T umeem K =
= 0 P (b (K).

b) Ecau K v L — nenepecekaiowjuecs Komnaxmuvie nodmmodicecmea
us T, mo natidemes makoe i € I, wmo p; (K) u p; (L) ne nepecexaromcs
npu j =i

a) Ilycre z — Toura m3 ﬂI pit (p; (K)); maa nmo6oro i€ 1

i€

MHO;kecTBO K ;, cocrosmiee u3 Touer y £ K, AnA rotopex p; (y) =
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= p; (z), ABNAETCA HENyCTHM BaMKHYTHIM IIOIMHOKeCTBOM M3 K,
3 . t
Hansa i < jumeem K; D Kj, a Tak Kak K — KOMIOaKT, TO MHOMKECTBO-

(1 K; mnemycro. Ilyects y — Touka us (| K;; uMeeM y € K
i€l i€l
u p; (y) = p; (x) naa awboro i € [ , oTKyma y = z; TakuM oGpasom,
x € K, vem nokasano Bkmouenme K O (] p;i' (p; (K)); npormsomg-
i€l

JIOKHOE BKJIIOYEHHe OYEBHIHO.

b) Hnsa nwboro i € I monoxum M; = pi' (p; (K)) | L; aro ects
B3aMKHYTOE TOMMHOKeCTBO KOMOAKTHOTO mpocrpaHcTBa L; maa i <{j
umeeM M; D M; m B cuny a) monydaeMm (| M; = K| L = .

i€l

CnenoBaTenbHO, HafieTcA Takoit mauekc i, ato M; = . Qaa j =i
meom p7* (p; (K)) (| L = M; = M; = @, omeyna ps (K) N1 p; (D)=
= Q_ -

R. IIpoexmusndle cucmensvt Mep

Oupenenenve 1. Ilyemov .7 = (T;, p;;) — npoekmusnas cucmema
monoaozuteckuT NPOCMPAHCME, UHOeKkcuposanmnas MmHozcecmeom 1.
ITpoexmusnoii cucmemoli (COOTBETCTBEHHO N00NDOCKMUBHOU cUCMeMOol)
Mep Ha J Hasvieaemcs cemelicmeo (W;)ier, 20e W; — 02DAHUYEHHAR
Mmepa wa T; das awbozo i €I u 20e p; = p;j (u;) (COOTBETCTBEHHO
wi = pis (y)) Gan @ <.

ITrEnnoREHRE 3. I[Tycmv 3adanv. npoekmueHas cucmema monoao-
2uneckux npocmpancme 9 = (T, p;j), undekcuposamnas MHoxcecm~
som I, monoaozuueckoe npocmpauncmeo T, kozepenmuoe omdeasioujee
cemelicmeo nenpepvignbix omobpascenuli p;: T — T (dan i € I) u nod-
npoesmusras cucmema (W;)icr mep Ha J . Jlaa 46020 Komnaxmmuozo
nodmnoncecmea K < T nosomcun

J(K) ﬂglf wi (pi (K))- (1)

Toeda cywecmeyem, u npumom eOUHCMEEHHAS, MOAKAL 02DAHUYEHHAR

Mepa ©v Ha T, umo n° (K) = J (K) das awbozo komnarma K < T.
Has awbozo i€ I evnoansemcs wepasencmeo Wp; = p; (), u 7w —

Hauboavwasn mepa na T, ydoesemeopawuyas smomy ycaosuio.
Hokaem BHauame, uro J (K) ects mpefen Ana u; (p; (K)) mo

$unpTpy ceveHmit ¥ UPEAYHOPAAOTIEHHOTO (QUILTPYIONETOCA MHO-

sxectBa I; pas aToro mocratouno (O6mas tom., ra. IV (3-e usm.),
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§ 5, m. 2, treopema 2) moxazath, 9To u; (p; (K)) = pj (p; (K)) nua
i <], HO ecIm HOJOKETE Wj; = Dy (W;), 10 pi; << p; B p;j (K) <
< pif (pi (K)), otkyna

wi (p; (K) <5 (7 (pi (K)) =Aniy)* (p: (K)) < 7wi (P (K)).

Ilepeitnem Temepp K m3ydeHmo cBOHCTB QyHrmmm J.

1) fIcmo, aro J (K) << J (L) npu K — L.

2) Ecimy K w L — xoMumakTubie momMHOKecTBa m3 I, TO HAJSA
atoboro i €1 p; (K|J L) < p; (K)U p; (L), orkyma

pi (p: (KU L)) < pi (pi (K)) + pi (p: (D)s

nepexofis K npepeny mo ¢uabTpy 5%, moaytaem J (K Y L) < J (K)+
+ J (D).

3) Ilpenmomoxmm, aro koMnakTH K u L He mepeceralotes. Cormac-
Ho npefioskenmio 2 1. 1 Haiimercsa rakoe i € I, uro p; (K) () p;j (L) =
= J pna j>i. CrepoBaTensHo, mpw j > i

ui (pi (KU L)) = pj (p; (K)) + pj (p; (L)),
orkyna J (KU L) = J (K) + J (L), ecim mepeiiTm K upeneay mo
dunpTpy .

4) Nyere (Kg)aga — PUABTpyOmeecA no YOHBAHHIO CEeMEHCTBO
KOMIIAKTHHIX DOmMHOkecTB u3 I ¢ mepecevenmeM K. B cuay mpemno-
smenma 1 . 1 p; (K) = QAp,- (K,), u sHagmt, u; (p; (K)) =

al

= inf p; (p; (Kg)) nna moboro i €7 (§ 1, m. 6, cregcrBme u3
agA

npean. o). OTC0fa BEIBOTUM, 4TO
J(K) =infpi (p; (K)) = inf inf p; (p; (Ko)) =
i€l i€l mEA

=inf inf pi (pi (Ko)) =inf J (K,).
agA icl acA

5) BuiGepem i B I m moaoxum ¢ = pi (7;). Torma ¢ roHeaHO
n J(K) < pi (pi (K)) < pi (Ty); 1. e. J(K) < e pua mioboro kom-
makta K < T.

CdpopMynnpoBaHHEe CBOMCTBA II03BOJAKNT IPHMEHHUTL Teopemy 1
§ 3, m. 1; MH 3aKAI0O9aeM, 9TO CYHIECTBYeT, W NPHUTOM eIWHCTBeHHad,
Takas orpaHmYeHHas mepa n Ha T, aro n* (K) = J (K) paa nwoboro
KoMmakTtHoro mogMuokectBa K m3 T. Haa nwboro i € I ofosnauum
aepes v; mepy Ha T';, ABAA0OMYoca 06pasoM MepH 7t npd 0ToGparkeHAn



508 MEPEI HA OTJEJHMBIX OPOCTPAHCTBAX i IX, § 4

pi- Nyerb i €1, A — KoOMODaKTHOe DmOAMHOMKeCTBO W3 I; m £ —

MHOKECTBO KOMOAKTHHX mogmao;kecT8 u3 pi' (A). Cornacuo zame-

qanpio 3 § 1, m. 2 mmeem me (p* (4)) = sup =+ (K); xpome Toro,
KeQ

vi(4) = (pi* (A)) m J (K) = n* (K) nna K € 8, otkyna v; (A) =
= ?{%p J(K). dna K €8 nmeem p; (K) < A, orryma J (K) <
Y

< pi (pi (K)) < pi (4), m oxomuareanHo, v; (4) << pi (4). A no-
CKONBKY A — MpOM3BONKLHOE KOMOAKTHOE MHOKECTBO m3 T, TO OTCIO-
fla 3aKJI09aeM, 9TO v; < Y.

Treorema 1 (Ilpoxopos). IIyecme 9 = (T;, pij) — npoekmusnasn
CUCTNEMA MONOAOZUNECKUT NDOCIMPAHCME, UHOEKCUDOBAHHAR MHOKHCECT~
eom I, T —monoaozuneckoe npocmpancmeo u (p;)ic;i— Kozepenmmoe
omdeasiowyee cemelicmeo Henpepuentx omobpasxcenuii p;: T — T,
Haxoney, nycmv (1;)ic1 — npoekmuenas cucmema mep Ha J .

Has mozo umobsl ha T cyujecmeosana makas ozpaHud4eHHaAs mepa R,
ymo p; (n) = p; 84 awbozo i € I, neobzodumo u docmamouro, ¥mobe
8UNOAHALOCH caedylowee Ycaosue:

(P) dan awbozo & >0 naiidemcs makoe kKomnarmuoe nOOMHO-
acecmeo K < T, umo p; (T'y — p; (K)) << € 0an awboeo i € 1.

Ecau amo ycaosue guinoaneno, mo mepa y onpedeasemcs edurcmeer-
HBlM 06pasom u

u' (K)= i?f ui (pi (K)) 2)

das 106020 Komnakmuozo muosxcecmea K < T.

JlokaskeM cHagaja eUHCTBeHHOCTH M. IlycTs p — Taxas orpa-
maudeHHag Mepa Ha T, uro p; (p) = p; Aas xoboro i € I. Ilycrs K —
KOMITAKTHO® TOJMHO;kecTBO u3 7'; cornacHo upeanokenmio 2 m. 1
MHOkecTBO K ABIAeTCA OepecedeHHeM (HILTPYIOMErocs mo yOrna-
Hmwo cemeiicta  (pit (p; (K)))ier samrnymulz mogMHOmects us 7.
Crano 6HTL, B cHAy CJaeACTBAsA w3 mpejioskenus 5 § 1, m. 6 nmeem

w* (K)=infp’ (pi' (p; (K))) =inf p; (p: (K)),
iel iel

gem moKasaHa gopmyna (2). A NOCKONBKY MepH, COBHAamamommye Ha
MHOKeCTBe KOMIAKTHEIX MHOkecTB, paBHH (§ 1, m. 2, cnemcrsme m3
mpeyi. 2), TO OTCIO[Ia BEHITEKAeT eIMHCTBEHHOCTD L.
Coramacuo npepgioykenuo 3 Ha 7 cymecTByer Takas OrpaHHIeHHASA
mepa %, aro m* (K) = ler}f ui (p; (K)) mng nmo6oro KOMIIAKTHOIO
1
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ponmuoskectsa K u3. 7. B cmny dopmynst (2) cymecrBoBanue orpanu-
wenHO# »Mepe p Ha T, nng Koropoil p; (u) = W; mpu mwbom i € 1,
HKBUBAICHTHO, CJI€0BATENBHO, COOTHOINEHHMIO:

(P'y pi (x) = p; 0aan awboeo i€ 1.

Tlan <) wveem p; —pi (), otxyma i (Ty) = pj (T));
a mockonsRy I — ¢unpTpylomeecs, TO HAHAETCA TAKOe KOHEUHOe
gqueao ¢ =0, aro pi(7;) = ¢ paa moboro i € I. Mepa p; — p; ()
B CIUIY IPEAJOMKeHMA 3 mONOKMTeNbHa, I 3HAUAT, 06pamaeTcs B HYJIb
B TOM M TOJBKO TOM CJlydae, eCJm ee MOJHAA Macca PaBHA HYJIO, T. e,
ecad w; (T;) = p; (n)* (Ty). Ho p; () (T;) = = (T), u crano GBITh,
ycnosue (P’) oxBmBasentHO paBeHcTBy n* (T) =¢, 1. e. (§1,1m. 2,
3aMedaHme 3) CBOMCTBY:

(P sup n*(K) = ¢, 20e & — mHoscecmeo Komnaxmmubiy nod-
Keg

Mroxncecme us 1. : ’ .
Ho mna K € { umeem

v () = inf i (pi (K)) = ¢ — sup i (T — pi (K)),
iel iel

n w3 2TOH (opMyasl cpasy chenyer sxemeamentsocts (P) m (P”).
Teopema morazaHa.

Iycrs (7;, pi) — OPOEKTHBHASA CHCTEMAa TOMOJOTHYECKHX IIPO-

crpanctB. [lomoxum ' = lim 7'; u o6o3HaguM depe3 p; KaHOHAIECKOE
A

orobpaskenme T B T;. O606man ompenenenme 2 ra. III, § 4, o. 5,
OyneM TOBODHTH, 9TO OIpAaHHMUeHHAss Mepa | Ha T eCTh npoekmugHuli
npedea npoexmuenoti cucmemd (W;)icr Mep, ecnm p; = p; (u) AAA
gwboro i € I. Teopema 1 pgaer kKpuTepuit CyIIeCTBOBAHHS IPOEKTHB-
HHX mipenenos mep. Horma mpocrpancrsa T'; kKomnakmubi, a orobpa-
JKeHUs p,; ClOpBeKTHBHH, To I KommaktHOM p; (T) = T; pus nio6o-
ro i€l; crano Owre, yciaosme (P)BeimomrHeHEO, w1 MBI cHOBA IOJydaeM
npepnoxenme 8 (iv) ra. III, § 4, m. O.

Jameganmne. Ilycrb (Wg);er — TPOGKTHBHAS CHCTEMA Mep
HA OPOGKTHBHOH cucreme mpocrpaseTB.J = (T, Pij)e llpeanonoxum, 9ro
3a[laH0 TOMGJAOIMIecKoe TpocTpancrBo I’ W HempepusBEHe 0TOGpaKeHms
p;: T > T;; TPEANONOMKHM TAKIKS, TTO COMCHCTBO (p;);.; KOTEPEHTHO®,
HO me olssartenpHo otmeasomee. Ecau ycaosue ITpoxoposa (P) swnos-
HAemca 3af cemelicmea (pzf)iEI’ mo cywecmeyem maras (He 0643amesbHO

eduncmeennas) mepa W' na T', umo p; (W') == p; das awbozo i€ I.
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Iyers T = lim T; p’' = (p});c; # p; — KaBoHmIeCKoe 0TOOparceHme
-—
T B T;; ycuosue IIpoxopora BumoxHero pas T H p;, u6o p;(p’ (K'))=.

= p i(K'), 1 p’ (K') xommaktEO B T s M060I0 KOMIAKTHOTO TOAMEO
skectBa K’ ma T'. Tlo teopeme 1 cymecrByer Takasg OTPaHWYCHHAS Mepa
p Ha T, wro p; (u) = y; naa mwoboro i € J. Iyers K' — xoMmakTaO®

muokectso B T'; umeem p* (p’ (K')) = inf ui (pi (K')), omxyma
iel
pe (T—p’ (K')) = sup (T; — p; (K')).

Ilyers & > 0; yeaosue Iipoxoposa (P) ynosneTsopAeTcs aus p;, B 3HATMT,
MOKHO HaiiTu TaKoii;Rommart K’ ma T’, aro p* (T — p' (K')) < &. Torna
opegnokenne 8 § 2, n. 4 JOKA3HBAOT CYmECTBOBAHMO OrPAHHIOHHON
mepu p' ma T, mas Koropoi} p = p’ (1), omkyma} p; = p; (W) =
= p; (p () = p; W) pus ;wGoro i€ 1.

3. CAyuati cuemubxr NPoeKMUBHBLE CUCMEN

Trorema 2. Ilpednososcum, wmo npedynopadouennoe dguabmpyio-
weecs muoxcecmeo I umeem konduHnatvHoe cuemmoe NOJMHONCECTEO.
H nyemv J = (T;, pi;) —npoekmuenas cucmema monNoA0ZULECKUT
rnpocmpancme, T ==lim T; u p, — kanonuueckoe omobpaxcenue T

<«

6 T;. Toeda awbas npoekmusnas cucmema (p;)ier mep na J umeem
npoexkmusHblll npedea.

Mu mccnemyem BHauane caywait, korma / = N, mmonomumg, =
= ppp+1- Hyers & >0. OnpemesmM mo HHAYKOEE HOCENOBATENE-
HOCTh KOMOAKTHHIX MHOecTB L, — T, caemylommm obpasom: L, —
TaKOe KOMIAKTHOe HoaMHOxecTBO u3 Ty, aro ug (7, — Ly) << &/2,
a maa n >0 xoMmakTHOe MHOMKeCTBO L., comepxETcs B gi! (L,)
¥ TAKOBO, 4UTO

Pntt (@5 (Ln) — Lp4y) << &/2™42,
JdTo mOCTPOEeHME BO3MOMKHO B cmiy 3ameuanma 3 § 1, m. 2. Fmeem
Matt (Tnet=—Lny) = pastt (T — g3 (L)) +

F Wit (47" (L) = Ly ) < ittt (T — g5 (L)) + /272 =
== P'r.l (Tn -_ Ln) +8/2n+29
u60 pp, = ¢ (Unt+1)s omrou'a HMHAyKOWe#l M0 p BHIBOTHM

pp (T — L) < & (1 — 1/2P41) << &.
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Tak rKak I — 3aMKHYTOe HOJANPOCTPAHCTBO u3 [] T,, a opo-
neN

C¢TPaHCTBO — IIpOU3BEJIeHe [] Ln KOMIIAKTHO, TO IOAMHOKECTBO
neN

L=TnN ” L,= N p2(L;) w3 T xommakrao. Ilycts n € N;
neN neN
aveeM pp (LY = N pam (Lm) (O6mas Tom., ra. I (4-e msm.), § 9,
m>=n

n. 6, openi. 8) ¥ pam (L) D pam’ (Lm) gas m’ = m = n, oTRyna
P«% (Tn_ Dn (L)) = lim p'r'l (Tn"" Dnm (Lm))

Ho mpum m == n Mepa 1, ecTh 06pas3 MepH W, OPH OTOOPAKEHAH Ppm,
OTKYJa
Rn (Th = pam (Lw)) = pm (Tm — Pam (Pam (Lm))) <

< P‘;'l(Tm—Lm)< &
nepexons K mpenexy mo m, noxydaeM wy (T, — p, (L)) << &. WHpiMa
cnoBamm, ycnosume Ilpoxoposa (P) BLmONHEHO, ecam CymecTBYeT
Takag orpaHmueHHag Mepa p Ha T, 4T0 W, = p, (W) gas moboro n €
€ N (u. 2, Teopema 1).

Ilepeiinem & ofmemy cayZalo: B J cymecTByer BO3pacTaomas
KOHQHMHANBHAS OOCHENOBATEABHOCTH (in)nen. OTOOpaskeHme ¢ r—
> (pin (t))nen ecTh TOMeoMopdusM T HA OIPOEKTWBHHIH Opefes NpO-
exruBHO# cucremet (7 , pi i ) (O6mas rom., ra. I (4-emsm.), §4,
n. 4), Crano 6bITh, COTNACHO OEPBON 9ACTH OKA3AT€IbCTBA CYIMECTRY-
eT TaKas orpaHuveHHas mepa w Ha T, aTo pi = p; () pas mwoboro

n € N. Ilyers i € I; Haignerca takoe n € N, ato i < i, u 410
pi (W) = pii, (ps, (W) = pus, (Mi,) = P
Teopema mokasana.
Teopema 2 wmcmosnssyeTcs wacTo B cieaywomei curyaguu: Ilyers
D — cuernHoe wMmHOKeCTBO # (X)iep — CeMEHCTBO TOHMOJOTHMYECKHX
opoctpancTe. W mycTh §§ — MHOKeCTBO KOHeUHHX IOJAMHOKeCTB u3 D,

yrmopsijoueHHoe mo BKAoYeHmo. [nsa J us § nonoxmm X; = Ur X,
1€

¥ nycte naa J < J' uepes pyy- o6osHaueHAa KAHOHHYECKAsd OpOeK-
nua Xy, Ha wactuudHoe npomsseneHme X ;. Ilonomwmm tamke X =

= H X: u o60osHATIEM dYepe3 p; KAHOHMUECKYIO HpPOCKmmio X Ha
t€D
vactuynoe upomssenenme X ;. Jlerko Bmpers (cp. Teopmsa MmHOX.,

ra. II1 (2-e men.), § 7, m. 2, sameuanme 3), 9TO ceMeHCTBO (pJ)JE%
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onpepenser romeomoppusm X na lim X;. Torpa mpoexTneHas cucTe-
6——

Ma Mep [ eCTh CeMeHCTBo TaKHX OTPAHHYCHHEIX Mep Wy Ha X, 4ro
wr = pry (k) paa J < J'. CymecTByeT, 0 DPHUTOM eHHCTBEHHAS,
TaKasg OTPaHWYeHHEasd Mepa u Ha X, 4To Wy = py(u) mis . awoboro
KoHeuHOT0 mojiMuokecTBa J m3 D («Teopema Hommoroporay). UHorna

TOBOPAT, 4YTO | €CTh MEpa Ha ” X ¢ mapaunasbRuiMU MepaMA .
1€D

B wacTHocTH, mpepmolnoskmM, 4To pidA doboro ¢ € D 3ajana Mepa v,
Ha X, ¢ monuoit maccoit 1. ITomoskmm uy = & v, mus mo6oro Korew-
teJ

Horo mopMHoskecTsa J ma D. Ilyers J < J' — jBa KoHeuHHX IO~
mMuokectBa m3 D 1 K =J' — Jiecan otommecTBuTh X ¢ X5 X Xg,
TO By = Uy ® Ux, a TAK KAK Mepa Px HWMeeT HOJHYI0 maccy 1, To
mpoexnua py @ ux Ha X; paBeHa py. Mepa Ha X, mMeomas B Ka-

9eCTBe MAPrUHAJIBHEIX MEPH [y, o003HadaeTcd & V; M Ha3HBaeTCA
€D
npoussederuen cemelicmsa (vy)yp. B clIyTae KOMOAKTHHX OPOCTDAHCTB

X Mul cHOBa mpuxojimM K mocTpoennio u3 ti. 111 (2-e man.), § 4, o. 6.

Ynpaskaenus

1) Oyers 7 = (K;, p;;) — NPOCKTABHAS CHCTeMA KOMIAKTHEIX IIPO-
CTPAHCTB, MH/EKCHPOBAHHAS MHOKeCTBOM I, K — KoMNaKTHOE IPOCTPAH-
CTBO M (p;);c; — KOTEDEHTHOE OT/EIAKMEe CeMeACTBO HeIpephIBHEX
orobpaxcenmii p;: K —s K.

a) Ilycts A — MHO}KeCTBO HeNPepHBEHX QYHKIHE Ha K BHEAA f; o pj,
rae i mpoberaer I, a f; — MHOMKECTBO HeNpEPHBHEX Qymummii ma K.
Hoxasats, 910 A €CTH IVIOTHOE BEKTOPHO® MOANPOCTPAHCTBO HPOCTPAH-
ctea ¢ (K).

b) Tyers (U;);er — HORNPOEKTMBHAA CHCTEMA MONOKHTOAbHBIX Mep
na 7. Ilpennonoskmy, 910 p; clopheKTHBHE. Jiaa jgo6oli f € 4 obozmaumm
wepes Iy MuOMecTBO Tex i € I, JJIA KOTOPHX f mMeer BHX f; o p;, THe f; €
€ € (K;) (obasarenvno enuuctenna). Ilokasats, 9T0 CymecTsyer, I OpH-
TOM [IMHCTBEHHAdA, TaKasa Mepa % HA K, 9T0 1t (f) = inIf u; (f;) aas moboi
3y
f € A. Tloxaszarp, 910 7t — HaubOAbIIaA U3 MOIOKETEALHHX Mep | ma K,
I KoTopHx p; (M) < p;_npm mobom i€ 1,

°2) Tlycrs EMEIT MecTo YCIOBHA W o6ospavemms Teopemsl 1 m. 2,
Aaf KOTOpOil MBI HAaMeTHM HOBOE [OKAa3aTelnCTBO.

a) Tlycte K — XoMmaxtHOe HOXMHO»KecTBO m3 I mas mwoboro i € I
nonoxkuMm K; = p; (T) u oBosmawmm wepes gq; orobpaxemme K ma K,
cosnajaoliee HA K ¢ p;; nas i << j 06o3naunm gepes gij 0T00parkenne K; B K;,
cosmafiaiomee Ha K; ¢ p;;. BupsecTn ma npejpiymero yuparkHeHust Cyme-
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CTBOBAHME TAK0H HAUOOABIIEH MOMOKATONHHOMH MePH a¥ ma K, uro qi (nK)<
< (p,i)Ki pag Jgwboro i € I,

b) Ecam K u L — xommaxTtaHe nogmuoskectsa us I’ u K < L, 10 noKa=
3ath, 910 ()g > n¥; BHBecTH oTcIoNa, W0 MEOKECTBO Mep BEpa 1K (nK)
(rne K nmpoberaer MEO/KOCTBO KOMIIAKTHHX NORMHO:KecTB M3 T M Ine iK
ecTh KaHOHWYecKas mubeknusa K B T) mmeer BepXHIOK rpans W B ofl4+ (T).

¢) Toxasars, 970 p; (U) = Wy Aia dr0boro i € T (TOCTATOTHO 3AMETHTH,
970 p; (W) < U; ® 910 MepH p; (W) @ W; coraacno ycnosmpo (P) mmerr
O/[EHAKOBYIO HOJAHYI0 MacCCy).

§ 5. Mepnl na BHoaHe PEryIfgpHBIX NPOCTPAHCTBAX

Ecaw T — monoaozuneckoe, a F — 6anaroso npocmpancmeo, mo
@’ (T; F) osnanaem npocmpancmeo HENpEPHEHBE 02D AHUMEHHBLEL
gynryuli wa T co 3navenuamu ¢ F, nadeaernrnoe nopmoli pasnomepHol
cxodumocmu. Ecaw F = R, mo amo ofosnauenue sanucwieaemes corpa-
wenno €°(T) uau 6°, koada ne moxcem Gumb RYMAHUYH, & uepes
GO (T) wtw B° o0603nauaemcs  KOWYC NOAONHUMELHUEL —PYHKYUL
6 @ (T). ITpocmpancmao ozpanuuennnz romnaercnox Mep Ha T
6ydem obosnanamocs] A° (T, C), npocmpancmeo ozpanunenwnx delir
¢ 1 sumeavhnnx mep — uepes M° (T) uau M°, a KOHYC noAOHCUMEILHIE
ozpanudennbir mep — uepes oML (T) uau M.

1. Mepot w Henpepbl8nble 0ZPAHUUEHHLE PYHEUUU

Hamomumm (O6mas Tom., ro. IX (3-e m3n.), § 1, m. 5, omp. 4),
YTO TONMONOTMIECKOe IPOCTPAHCTBO ' HASKIBAGTCA 6NOAHE pezyasp-
HolM, €ClAH OHO YHHPOPMU3YEMO U OTHEIEMO. ITO PABHOCHIBHO
yTeeprpenuio (TaM ke, mpemi. 3), ato I roMeoMopdHO HEKOTOPOMY
HOATPOCTPAHCTBY KOMIAKTHOro mpocrpancrsa. Eciu 7' Bmonme pery-
JAApHO, TO BCAKAA NOJYHEIpEepPHIBHAA CHHU3Y WOJOKATeNbHAs QYyHK-
nus f ma T ectb BepXHsis ormbawmas PuABTPYIONIEroca o BO3pacra-
HEIO MHOMeCTRA daeMeHToB W3 Y (T), MaopupoBaHHEX QyHKHei f,
a BCAKASA MOJYHENPEPHBHAA CBEPXY HONOKHTENbHAA OTPAHHYEHHAR
QyHENEA g ecTh HHRHss OTHOA0MAas UIBTPYIOMErocs M0 yGHBAHAIO
MHOmecTBa saeMmentoB m3 G2 (T), makopupywmux g (tam sxe, § 1,
0. 7, mpepa. 7). Ham momapgo6mresi coepyiomas JeMMa:

Jlemma 1. ITyemv T — snoane pezyasproe npocmparcmeo, K —
kKomnaxmroe nodmmoxcecmso usa T u U — omrpumoe nodmrosxcecmeo
us T, codepiawee K.

33 H, Bypbakn
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a) Haiidemca maroe omrpwimoe nodmroncecmeo U’ us T, umo
KcUcUcCU.

b) Iyemv f — nenpepuignas Pynuryus ma K co 3nauenusmu o
unmepease I us R (coorserctrenno ¢ C). Cywecmeyem Henpeptisnas
oepanunennan gynryut ' na T co snavenusmu ¢ I (coors. ¢ C), npo~
doancarouan f u obpawanwanca 6 wyav na T — U.

Hdocrarouno m3yumTh caygai, kKorga I' eCTh HORIPOCTPAHCTBO
KoMmakTHOro mpoctpancTtBa X. Ilyers V — Taroe OTHPHITOE MOAMHO-
mectso ®3 X, a0 V] T = U; oGosHaumm wepes V' TaKoe OTKPHTOe
MHOKecTBO M3 X, comepskamee K, aro V' < V, a 4epes g — Hempe-
puiBEYi0 $ynKnmio Ha X co sHawenmsima B I (coors. B C), mpogon-
yrafomyio f u obpamaromyiocsi B Hyls Ha X — V (O6mas Tom., ra. IX
(3-e man.), § 4, n. 1, mpema. 1). Yciaosue a) GyueT BHIOOJHEHO, eCIH
Basath U’ = V' () T, a b) — ecim B3saTpb B KadgecTse [’ cy;keHme g

Ha 7.

IIeepnosxeEnE 1. ITyemv T — enoane pezyasproe npocmpancmeo.

a) ITyemv p — noaoxcumenvnan mepanal, a f =0 — uucsosas
Pynryus na T, noaynenpepvienasf crnusy (COOTB. NOAYHENpEDHEHAL
ceepry, KOMewHaa u ¢ Komnakmuvim Hocumeaem). Tozda

pe ()= supu (g)  (cootn. p* (f) = infp (g)), 1)
geSf

ade I (coorB. Sy) — MHONCECME0 MAKUT HENPEPLIGHBLT 02D AHUNEHHHE
Pynryuii, wmo 0 < g < f (coors. g = ).
b) Tycmv © — komnaercras mepa wa T u >0 — wuciosas
pynryus na T, noaynenpepwvienan cnusy. Tozda
o (f)=sgple(g) ls 2

efe g npobezaem MHOICECTAEO HENPEPYIGHBLL 02D AHUYEHHBIL KOMNACKCHBLT
dynryuii, | 0 |-unmezpupyemuiz u marux, wmo | g | < f.

ITepBas popmyia (1) ogepuana, mockonsRy /¢ €CTh UIABTPYIOMELCH
IO BO3PACTAaHMI0O MHOKeCTBO HEOPepHBHBIX (YHKIOUE ¢ BepxHeH
ormbarome# f, M MbH MoKeM TIPEMEHWTH mpepiuokenme 5 § 1, m. 6.
To e camoe mpegiioskeHNe MO3BOJIACT MOJIYIATH U BTOPYIO opMyay,
€CIM ME IOKaKeM, 9T0 S; CONePIKUT HEmpepHBHYI0 OTPAHEICHHYIO
p-mETerpupyemyio yHrnmo. Urar, mycrs K — mocurens Gpyaxnuu f,
a M — ee BepxHAs rpaHb; M KOHeUHO B cmay KoMmartHOocTH K
(O6masn tom., ra. IV (3-e max.), § 6, m. 2, teopema 3). Ilycts U —



1 MEPHI HA BIIQJIHE PETVJSAPHBIX IPOCTPAHCTBAX 515

OTKPHITO® MHOECTRO, cofepsxamee K m rakoe, aro p° (U) << + oo}
gafimerca (memma 1) HempephiBHAA QYHKIHMA g CO B3HAYCHUAMM
s [0, M], papras M ma K u mymo BHe U; torfia g€ S;m p’ (g) <<
< Mp' (U) < + oo.
Ilepeiinem k b). Ouesmaro, mocrarouno moxasats, 9to | 0 |° (f) <<
< sup | 0 (g) |. [Iycrs peiicTBMTENBHEIe 4MCIA @ W b TAKOBHL, 49TO
g

a<<b<<|0 | (f). B cuny (1) naiimerca raxas ¢yuxnus h € 8¢ (T),
qro h<{f m |0 [" (k) > b; obosmaamm wepes J/ BepxXHIOI TI'DaHB
¢yurumn k. Ilo onpenenerno | 0 | (§ 1, o. 2, onp. 4)Haiinercs Takoe
koMmakTHoe moamuo:kecTBo K m3 T, uwro |0 |k (hg) >b. Torma
CYIeCTBYeT Takas HeNpepHBHAsi KoMiexkcHas (yHKnma j Ha K,
aro |j | << kg m 910 | O (§) | > b (vo. ITI (2-e mspm.), § 1, u. 6),
Bufepem orTkpmToe MHO;kecTBO U, cogepsxamee K m Takroe, uTo
101" (U—K)<<(b—a)/M (§ 1, n. 9, npegn. 13 m 14); npogoa-
JKIM j 10 HenpephBHOR KoMmuekcHo#t ynkmun k Ha T, obpamaromeii-
ca B Hyab BHe U (nemma 1); mus mio6oro ¢ € T moiomum

(3)

L(t)__h(t), ecan | k(8)| >R (8).

k(2), ecnn | k(2)| <Ak (t),
g(t)={
[k @)

OueBunno, 910 | g|<Ch<{f m g=j ma K, cuepoBaTteabHo,
116 () =10 () 1 =116 —16() | 1<101" (|7 -g)<
<M-101"(U—K)<<b—a, orkyra [0(g)|>a. C ppyroi
CTOPOHBI, TOKaskeM, Yr0 g — HONPepPHBHAA (QYHKIUA: TaKk KaK a
TORIMEEHO TONBKO yeaosmio a << | 0 |° (f), To oTcioma Gymer caefto-
BaTh, 4TO TMPaBasA 4acTb B (2) MayKOPHUPYeT JIeBYIO, OTKYAA W MONYINM
yreep:unenne, Mrar, nycers F (coorB. F') — mHomecTBO Tex t € 7,
nas xoropux |k () | << h (£) (coore. |k (f) | =h (2)). Ilockoapky
9TH MHOKECTBA 3aMKHYTH W WX o0bejquHeHme paBHo T, HaM mocCTa-
TOYHO TOKA3aTh, 9T0 gy U Lp+ HEMPEPHIBHEI, HO 3TO0 CRBONCTBO OIEBUIHO.
onsa gp = ky, a TaKKe AJIA gpr B TOUKax, rae k (£) == 0; ¢ gpyroi
cTopoHsl, ecan t € F' — rouxa, B Kotopoir k () =0, 10 h () =0,
¥ u3 HepaBeHcTBa | g | < b BHIBOAMM, 9TO g HelpepHIBHA B f.

damMeuarmusa 1) IIycth f — noxryHenpepusHas CHH3Y NOJOKI-
TeJbHAS QYHKOHA H NYCTh J; — MHOKECTBO HENPEPHBHHX OrPAHWYEH-
HHX TNOJOKUTOIGANX (YHKIUN, 06pawyarwurca 6 Hyadb éne OMKEpHMOZO
U-urmespupyemoeo MHONcECmea W MAKOPAPyeMHXx ¢ymKOmedr f. MokHO
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IHOKasaTh, 9T0 f €CTh BEPXEAA ormbaiomas MEomectBa Jy M 910 p* (f) =
=sup W (g)- .
gely
2) Ecam mepa y orpaEmdYeHa, 10 dopmyia p° (f) = ;g; w (g), oge-
BHJIHO, CIpaBeiamBa s Jjuoboii ¢yEKmua f, nonynenpepunfmﬁ cBepxy,
HOJIORATENHHOI ¥ OrPAHAYCHHOH.

eEpnomennE 2. [yemv 1 v M — makue Koxnaercrvie mepv Ha
enoane pezyaaprom npocmpancmee T, umo m (f) = ' (f) daa aw0bol
dynryuu f € 6°(T), unmeepupyemoii ommuocumeavro | M | u | n' |.
To2da n=1n7'. .

Bocnonrsyemes [oKazaTeIbCTEOM BTOPOH YaCTH TIPE/OKeHMs 1
monokmB O = m — n'. MB MoxeM wmoTpe6oBaTL, 9ITOOH OTKPHITOS
mHoOsxecTBo UU 6o mATerpmpyeMo orHocmrendsHo |1 | m | i’ |. Torna
QYHEIEA ¢ MHTerpHpyeMa OTHOCHTEIBHO STHX [(BYX Mep, W U3 COOT-
womenns 0 (g) = 0 Bureraer, 9ro a << 0; cramo Garn, {6 |° (f) =
mas awGoll MOMyHempepHBHOH CHHU3Y NOJNORHTENbHOH $YHRIuH f,
m, noxarag f = --oo, OKOHUATeNbHO momydaem, 410 | 6 | = 0.

ITrEnnoxEHLE 3. ITyemv p — nosoiumesvras Mepa HA 6noAHE
peeyasprom npocmpancmse T u nyemo p €1, +ool. IIpocmpancmso S8
Pynryuii f€ €°(T), nocumesv KOmMOPUT cOePHUMCS 6 OMEDLIMOM
U-Uukmezpupyemom Mmuoxcecmee, naomno ¢ LP ().

Coruacno mpegaosennio 15 § 1, m. 10 gocrarouno morasars, 4ro
ecin K kommarrao B T um ecinm g — HYIB-UpPOHOIKeHNe Ha I HeKOTO-
poii ¢ynrmun uz 6* (K), saxuoowennoit mexny 0 m 1, To mHaiijercs
¢yurmus f € %i’ (T) ¢ KOMUIAKTHHIM HOCHTElIeM B OTKPHTOM L-HH-
TerpupyeMoM MHO;KeCTBe M Takas, 4To || f — g ||, cKoxb yroguo majo.
Hrax, mycers & >0 — mexkoropoe wgucno, U — Taxas oOTKpHTas
okpectHocTh K, aro pu* (U — K) << e, V — Takad OTKpHTag OKpeCT~
woets K, aro Ve U, u f — HempephIBHAsi QYHRIMSA €O 3HAYCHWAMHA
8 [0, 1], paBnaa g na K u 0 sme V (nemma 1). Torma dynxmus | f—g P
MaopapyeTcs QYHKIMeH @y_g; crano OuTh, || f — g |l << edfry
A TOpenaoKeHHe [[OKA3aHO. f;

SJaMeganmne 3). ABaJOraIHOR YTBEP/K[IEHUEe HMeEeT MECTo m
$yHEKOML co sHaveEHAME B 0aHAXOBOM NPOCTPAHCTBE F: uozmpoc'rpanc'rno
& @ F ma ¢b (T, F) mmorro B 25 (1). k

IIrEnnoKEANE 4. Jan mozo umobbl 02paHUMEHHAR KOMIACKCHAR
mepa O na enoane pesyaaprom npocmpancmee T 6b.4a NOAOHUMEALHE,,
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neobxodumo u docmamouno, wmobvr 0 (f) = 0 das awboli gynryuu
1€ € (T).

Heo6xommmocts oveBmmma. Jlns poraszaTeabcTBa JOCTATOIHOCTH
BOCIIOJIB3YEMCH [[OKASATEIBCTBOM NPEAHIYINEro IPeNao;KeHns, B3AB
p=1mp=|0] ucoxpanuB ocTaisHbe 0GO3HATEHHS; M3 COOTHO-
memmit p* (|7 — g ) < emn 0 () >0 nouysaen B (g) = 0 (g) >
> —&; a Tak KaK gx — OPOM3BONBHEIA dieMent m3 ¥ (K), sariio-
geuHbH Merny O m 1, To Mepa Oy TOJOKATENBHA; B CHIY HPOM3BONL-
Hoctd K 3TO 03Ha%aeT, 9To O MoloKMTENbHA.

2. Ozpanuuennsvie mepvt u aunedinste ghHopmnove na 6°(T)

lIpEnnomenuE 5. Hycmb T — enoane peeyasaproe npocmpancmeo
u I — nenpepviéHas KOMNAEKCHAS AUHEHAS HOpMA HA HOPMUDOBAHHOM
npocmpancmee €° (T; C). Jan mozo wmobu cyuecmeosara makas
oepanuiennan xomnaercnas mepa 0 na T, umo 0 (f) = I (f) das anbozo
f€ €° (T; C), neobzodumo u docmamouro, ¥mobel BLNOARALOCE CAEDY 0
uee yeaosue:

(M) Has awbozo wucaa e >0 naiidemes maroe kKomnarmioe nod-
muoscecmeo K us T, umo us coommowenuii g € €° (T; C), | g | < 1,
gx = 0 caedyem mepasencmeo | I (g) | < e.

Il pu guwnosnenul smozo ycaosus mepa O eduncmeenna.

Enuacreennocts BHTeraer us mpegdoednms 2 m. 1. IToxamem,
aro ycaorme (M) neoGxogmmo. ITycTs 0 — orpaHMYeHHAsT KOMIUIEKC-
Hasi Mepa 1 oycTh K — TaKoe KOMIaKTHOe MHOMKecTBo, 4ro | 0 |° (T —
— K) < e (8§81, n. 2, samevarne 3). s ycuonnii | g | << 1, gx = 0 BHBo-
omm, 4910 | g | << @ok, W 3HaumT, |0 (g) | < |0 ’l' (pox) < &.

IlepeifieM K [OKa3aTeNbCTBY focTaTounoCTH. IIyers X — KOMHOAK-
tupmrauua Croysa — Yexa upocrpadersa T (O6mag rtom., ra. IX
(3-e mam.), § 1, m. 6). Jlaa mo6oit dpyrkuma f € €° (X; C) momomum
v(fy = I (f;); Msl ompepensieM TeM CaMbIM HENpePHIBHYIO JHHEHHYIO
dopmy v ma B° (X; C), 7. 6. KOMILIEKCHYIO MEpPY HA KOMIIAKTHOM HpO-
crpaderBe X. Ilycrs € >0 u K — KOMIaKkTHOe MHOKECTBO, YJ(OBJET-
Bopaomee (M); mMOCKONBKY (YHRIMA (og NHONYHEIpepHBHA CHU3Y
u monoskurenbHa Ha X, 1o popMyna (2) mpuBOgAT K CIENYIOMMM COOT-
HomeHnsM, THe Y osHauaeT MHo:kecTBo (ymkmmii g€ €°( X; C),
YioraeTBopAOmMux HepaBeHCTBY | g | << @ex:

[v]" (X —K)=sup|v(g)|=sup|](gr)[<e.
gcd ge%
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Ilyers (K,)n>i1 — TaKas HOCAETOBATEIBHOCTD KOMIAKTHHX NOJ-
MHOKeCTE m3 T, 9ro Ramjoe K, ynoBiersopser (M) nus & = 1/n,
muycers S = | K,; S ecTb GopeneBcKoe MHOKeCTBO B X, COJleP/Kale-
n

ecaAB L u|lv | (X —=D<L|IvX=8<|v]| (X—=K,) < 1n
mas moboro n, tak uro 7 v-m3MepmMO W v cocpefioToueHa Ha T,
Ilycrs f — mempepriBHas orpammdennas ¢yHxnmsa Ha T; Tak Rar X
ects KomMuaxtudpmranus oo Croyry — Yexy mpocrpanctea T, To f
TpoNOIKAGTCH 1O HempephiBHocTm A0 ¢ymkmmm g € 6%(X; C).
IIycre Teueps p — Mepa, uHAynuMpoBaHHas Mepoil v Ha T'; mMeeM
p (f) = v (/% *). Mepa v cocpeforouena na 7', mosromy QyHKmuE f°
M g paBHB v-moutH Beiomy, u 3HawmT, W (f) =v(g) =1 (gr) =
= I (f), 9em m 3aBepmaercs TOKa3aTeJLCTBO.

Cnepcreue. ITpednososcum, wmo cywecmeyem maras noAOHKUMEN -
nas oepanuuennas mepa p wa T, umo VI (f) | << p (| f 1) daa awboit
f € 6° (T; C); moeda cywecmeyem maran xomnaercrnas mepa 0 na T
umo 0 (f) = I (f) daa awboii f € B° (T; C).

3. Vanan cxodumocmns 02paHuUUEeHHLL MEP

Ilyers 7' — BmosHe perysisipHoe mpOCTpaHCTRO; OmimHeiinas $op-
Ma (f, p) — Sf(t) dn (8) ma €°(T) X oA° (T) upmsoxmr otm mpo-

CTPAHCTBA B OTHENAANOIYIO ABOHCTBReHHOCTD. B caMom jese, 9To XBo#-
CcTBeHHOCTD oTRensiomas mo 6°(T), scHo ua Toro, aT0 MepH &, (z € T)
npunanaexar o/’ (T); oma otnenmiomas no o4° (T) B cmay mpemo-.
smennma 2 m. 1. -

Onpegenenut 1. Caabas monosozus ¢ oM°(T), accoyuuposannas
¢ yrasannol ewuwe dsolicmeennocmuio mencdy 6° (T) u o#°(T), nasw-
gaemcs monoaozuelc Y3koli cxodumocmu (uau Yskoll monosozuelt)
6 oM (T).

Y3Kkad TOIOJOTHA OTfeJWMa B CAJXY 3aMeYaHMi, mpeJmecTBOBAB-'
JnEX onpepeneHnio. Mbl 9acrto 6ymeM HMCIONb30BATH Hapedde «y3KO¥,
B 3HaYeHHMH «B CMHICHe Y3Ko#l Tomomormm». Ha mpoTsxeHmm Bcero

*) 910 cootHomenue GuyI0 ycTaHOBIEHO BHme (§ 2, m. 1, mpegr. 1) TONBKO:
VI Cydasi, KOTAA f M V HOJOKATEILHE. PaclpocTpamenne HA HACTOSI{AIR cny-";
waii, Korja f M vV KOMIUIEKCHH ¥ OIPAHHYEHH, MOJyYAeTcs cpasy mo Jumed-,
HOCTIL
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sTOr0 maparpada, eci;m He oroBapmBaeTcsi mpoTmBHoe, o/’ (T) Gymer
BaJleJIeH0 Y3KOH Tomonormeii.

Beagnit snement s 6° (T) ecTh JHHeiiHas KOMOWHALMA dieMeH-
toB m3 B2 (T). Has toro uro6er duasrp §F B o/’ (T) cxommucsa ysxo
K OTDAHHYCHHO# Mepe A, HeoOXONMMO WM IOCTATOYHO, ITOOH

Limp (f) =A(f) mo §§ mas mwboit f€ €5 (T). (4)
®

3ameuanmuasa 1) Ecam I moxamsE0 KOMIAKTHO, TO y3Kad TOMO-
Jorus sABisercs Oojgee CmapHON, dYeM TOHONOTHH, HHAYNEPOBAHHASN
B of[b (T) mupoKoil Tomosormeit, ¥ TH fise TOHNOJOTHHA COBNAMAIOT TOAHLKO
B TOM ciydae, ecim I KomumakrHO. B caMoM flenre, eciim T HE KOMIAKTHO»
10 oTobpasKenme i —»> g; MHUPOKO cxopaTcA Xk () mo ¢manTpy KOmMONHEHHHE
OTHOCHTEIBHO KOMIAKTHHX NMofMHOecTB #3 I', Ho me cxoparca ysko K O,
ubo pymxnus 1 npmEARIeKAT Eb (T) (0 CBA3E MeMILY WUPOKOH u y3Koil
CXONAMOCTHIO CM. TIpemia. 9).

2) U3 npeanoxkenus 4 cpasy Ke BEITEKaer, 9T0 dﬂg (T) samrnymo
B oMb (T).

3) Ecam T smojHe peryiaspHO, TO oroGpamkenme ¢ ~—> g£; LPOCTPAH-
ctBa T B oftb (T) ectv 2omeomopgusm (O0maa tom., ra. IX (3-e man.),
§ 1, m. 5).

IIeennoxennE 6. Ilyeme T — snoane pesyaaproe npocmpancmeo.

a) Tyemv [ = 0 — yucaosas noaynenpepvisnas crusy GYHEYUA
na T; moada gyrkyus p—s | |* (f) noaynenpepuisna cnusy na A°(T).

b) Hyems f — noaynenpepwisnas ceepxy oOzparuxennad GYHEYUR
na T; mozda gynryua p— n (f) noaynenpepvisna ceepxy na o#° (T).

B camom peme, B cmny mpepmoskenma 1b) m. 1 scmo, wro p—>
—> | w [* (f) ecTr BepxHsa ormGaiomasi ceMedicrBa (yHRUEMI BuUma
w—pn(@lcgkt ad (7), m 3HAYAT, HempepHIBHHX B y3KOH Tomo~
Jdormm. JTHM JoKasaHo a). Jas morasartenncTBa b) moCTaTOUHO BHIG-
paTth KomctamTy C, Maskopmpyomywo f, m samacats p (f) = u (C) —
—u (C —f); ¢ymrmua p—»u (C) HempephiBHA, M GYHKOHUA WU +—>
> (1) (C —f), B cuny mai10:KeHHOTO BHIIE, MOJyHETPePHBHA CHEU3Y
Ha of? (7).

Ileemno:xernE 7. ITyemov T — enoane peeyaaproe mpocmpancmeo,
Tyemo danee, @ — nosoxcumeavras ozparuriennas mepa na T u nycms
f—makas noaorcumervras oepanusennas Pynkyus na T, umo Muoxce-
cmeo mouer us I'y 6 womopuiz [ He ssasemcs Henpepvisnoll, LOKAALHO
w-npenebpexrcumo. Tozda omoGpascenue rws A" (f) #°(T) 6 R
Henpepwsno 6 mouke .
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HOaa moboro t€ T monommm [ () = lim,inff (s), f' (f) =
8>t
= lim sup f (s). Ouwemmgmo, aro f < f<(f’, mpmaeM paBeHCTBO
s—>1

nocTuraeTcd B Tex Toukax m3 I, rje f HempephBHA (a 3HAYMT, W-TOYTR
Bciony). C Apyroit croposs, f/ TOXyHEDpepHBEA CHu3Y, [’ mOXyHe-
npepHBHA CBepXy m orpaHmena (O6mas Ttom., ri. IV (3-e msn.), § 6,
m. 2, openi. 4). Cramo GHTB, B CHIY OpE[IOkeHHst 6 CIpaBelINBH
cilenyomue COOTHOMIEHMA:

p (1) <lim,inf A° (7)< lim, inf A° () <p* (7)< him,sup & ()<
Al -l

Al

< hm.sup M I<e ().

YTBep;KneHne 6yer monydeHo, ecim sameTuth, 9T0 p° (') = u* (/%)
#60 f' u f” paBHB soKaxbHO 'P-noaTH Beomy.d

ITeEpnoxenuE 8. [Tycmv*X — enoane pezyasapHoe npocmMpaHCcmeo,
T — e20 nodnpocmpancmeo u i — kanonuweckas unweryus T e X.
Obosnanum uepea W MHOKHCECEO0 NOAOIHUMEALHBLE 02DAHUMEHHBT MED
na X, cocpedomouennviz na T, nadeaennoe monosozueil, undyyuposar-
noii monoaozueii us o#°(X). Toeda omobpascenue p > i (W) oMs (T)
6 M (X) ecmv zomeomopgusm oM (T) wa W.
OGosHaamM mo-mpeskHeMY 4epes i oTobGpakeHme W +—> i (p) e/lll_’,. ()
B /% (X); i masexTEBHO (§ 2, m. 4, mpeji. 8) m oToGpaskaer e/ll?,. (T)
B W (§2, n. 3, mpem. 7)., Ecam A€W, 10 A=i(Ar) (§ 2, m. 3,
npenit. 7b)). CremoBaTesnbHO, i €CTH GHEKIHS alli (T) ua W, u o6par-
Hag K i 6nemnm ects otobpaskenme i A +> Ay Ba W. C npyroit cro-
POHHI, i HempepHBHO: B caMoM jeie, ecin f € €° (X), To (W) 1) =
= {u,fe i) ufoi npunammesxmr €’ (T). CTamro 6HTH, BCE CBOJHTCA
K TOMY, 4ToGH IOKa3aTh, 9T0 [JsA J06oi Meph p € W m moboit dpynxr-
wm f€ 65 (T)
lim Az (f) = pr (f)
e
nim eme

lim A (%) = u (/).
Al
AEW
Hyers [~ — ¢ysxuma #a X, cormajaoman ¢ f #a T m ¢ - oo Ha.

X — T, u oyers [ @ f' — COOTBETCTBEHHO PeryJIAPH30BAHHAS H3 .
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HONYHENpPEPHBHAsE CBepXy, a f° — peryisApH30oBaHHasA ®3 [~ Hody-
genpeprBHas camsy ¢ymkpumm (O6mas tom., ria. IV (3-e msm.), § 6,
2). Us coornomenuit

f(x)=1lim sup f°(y), f"(x)=1lim,inff> (y)
- Y->x Y-x

epasy xe BuTekaer, 9T0 f m f’ o6e cosmagawr ¢ f u f° Ha T. Torma
mpefioskenne 6 paer
W () Zlmosup A (F), p (F)<lim.inf A (7).

A->p
AEW AEW

Ho B aTux gopmynax Momuo 3ameHnTs [’ u ' ma f°, mocKonbRy MepH
A ¥ p HecoMEl MHO;KecTEOM ['; ¥ TOTJIA MOJIYIHM MCKOMoe COOTHOIeHMe.

Ipepsoxerne 8§ cCHpaBefIHBO TOABKO [JIA TNOMOMKUTEALHEX MEp:
orofpaskerne u+—» ij(p) mpocrpamcTBa b (T) B oMb (X) BEBERTUBHO
W HENPepHBHO, HG BooGme roopsd, He gBAAETCA roMeoMopuamoM /b (T)
Ha cBoil ofpas. Boaspmem, mampmmep, X = R, T = R — {0};  Mepm
Ay = g;—e_; (1 > 0) cxomarca yswo k O ma X, ®orfa f+—> 0, HO HE CXo-
parcsa yako k 0 Ha T (xapakrepmeTuvecKas QyHKNusa mutepsarta] 0, oo [

- npurafuekur ¢ (7)) (cp., omEAKO, caefcTsme M3 Teopemm 1 m. 5).

IIrenioskEnnE 9. [Tyems T — 40KGALHO KOMNAKMHOE NDOCMDAHCMED
u nyemv § — guabmp e oM (T), wupoko crodauwuiics K ozpanu-
uennoll mepe w. Jas mozo umobu §§ cxoduacs ysko £ u, Heob6xodumo
u docmamouro, umobul 11;11?» 1 =p) ro g

Heob6xopmmocrs ogesmmua. Urobw moKaszaTh JOCTATOYHOCTE, 0603-
HaguM depe3 X OPOCTPAHCTBO, KOMOAKTH(HIEPOBAHHOE IO AJeKCcaH-
nposy uz T (O6mas Tom., ri. I (4-e map.), § 9, n. 8), a gepes i — raHo-
Hpueckyo mabekmuio I’ B X. B cuny npemnoeBHss 8§ Bce coguTCA
K TOMY, 9T00H IOKasaTh, 4T0 A+—>i (A) cxomurca ysko K i (u) Ha
M (X) 1o . A mockonbry p (1) <<+ oo, TO HaifeTCs Takoe MHOMe-
¢tB0 A € %, 9TO HOJIHEe MAacCH Mep 3TOTO MHOKECTBA OTDAHWYEHR
HEKOTOPHIM 4mCiioM J; 3HAYMT, HAM JOCTATOYHO YOeIUTHCA B CIIpa-
BeAJMBOCTH (OPMYJIH

lim { gd (i ( jgdzm) (5)
T X

mns  ¢ysxnmit g € 6° (X), ofpasyommx TOTaNbHOE MHOKECTBO
B ° (X). Ho mis ciryuas, Korfla g MMeeT KOMIAKTHH HOCHTENb, 3To
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PaBeHCTBO BEepHO B CHIY IIAPOKOHK CXOZUMOCTH 3 K W, a ¢ [Apyroi

CTOPOHHI, KOIIa g eCTh NOCTOAHHAA QYHKIAA Ha X, OHO BOPHO B CHIY

Toro, uto lim A (1) = p (1). A dyHKIUE 5THX ABYX THHOB OGPasyiOT
s ¢

ToTaNBHOE MHOMeCTBO B B° (X) (o 111 (2-e man.), § 1, m. 2, mpem. 3),

A OpeIIoKeHne JOKa3aHO.

4. IIpuaoxcenue: Tonorozuuecrue ceéoticmeéa
npocmpancmea M (T)

Ipesxne Bcero sameTmM, 410 ecam 7 BOOIHe peryaapHo, To o/ °(T)
eCTh OTIeIMMOe TONOJOrAIeCKOe BEKTOPHOE HpPOCTPAHCTBO, a 3HAYMT,
Boonne peryiaspHoe. Ciaenosateabro, of’ (T) Bmome peryiIspHO.

Ieepaomenue 10. Hyemv T — noavckoe npocmpancmeso; mozda
npocmpancmeo oM® (T) seasemes nosbckUM 6 Y3Kol MONOLOUL.

Haunem ¢ maydeHus caydas, korga I — OOIBCKOE W KOMRAKMHOE
npocmparncmeo. Torna MHOKecTBO [/ HNOJOKHTEIBHEX Mep C Maccoi,
ue mpesocxopameit 1, xommaxtao (ra. II1T (2-e man.), § 1, o. 9, caen-
creue 2 w3 mpema. 15), m Tomomorms, wHEynmpoBaHHad B U/ ysro#
Tomosorueir (KoTopas coBOHAfaeT 37ech C INUPOKON TOMOJIOTrmei)
AHYIUPYETCH TaKKe TOMONOTHEA TPOCTOH CXOMUMOCTH HA HEKOTO-
pom ToTambHOM wMmHuoskecTBe w3 € (T) (ram sxe, m. 10, mpemm. 17).
Ho » 6 (T) cymecTsyer cdeTHoe ToTaabHOe MHO;xecTBO (Ofmas To1.,
ria. X (2-e map.), § 3, m. 3, Teopema 1); caenoBateanto, U ecTh MeTpH-
3yeM0e KOMIOAKTHOe IPOCTPAHCTBO. MHOKeCTBO V HOMOMHUTEABHHX
Mep ¢ Maccoit <1 oTkpHTO B U, W 3HAUINT, ABIAETCH JOKAILHO KOM-
IaKTHHM HOJBCKEM mpocTpancTsoM. Ho oToGpasenme '—’1—%—:@“’
mpocrparctsa of° (T) ma V ects romeomopdusM, I8 KOTOPOI'O OTO-

Gpaskenme A A ects oOpaTHHI roMeoMOpQU3M.

_
1—2 (1)

Hepeiinem ® cayuato, korga I — DOIBCKOE HPOCTPAHCTBO; MOMKHO
OpefnoNoKRuTh, 9T0 I' ABIAeTCA mepecedeHmeM YGHBAOMEH mOCIeno-
BaTeabHOCTA ((G,) OTKPHTHIX MHOKECTB B METPH3YEMOM JOKAJIBHO
KommakTHOM mpocrpaHerBe X (O6masa Tom., ria. IX (3-e mam.), § 6,
n. 1, caencteme 1 u3 Teopemu 1); Torma mpocrparctso A2 (T) romeo-
MopdHO mopmpocTpaHcTBy W mpocTpaHcerBa off? (X), cocrosmemy ms
Mep, cocpemoToueHHmx Ha I' (m. 3, mpema. 8), @ HaM [0CTATOYHO
moXasaTh, 4T0 W ecTh IepecedeHme NOCIEJOBATEIBHOCTA OTKPHITHIX

.
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MHOKeCTB B IIOIBCKOM IIpocTpaHeTBe offY (X) (ram sxe, ciaenctsme 1 m3
teopemur 1). Wrax, mycrs W, —mHOmecTBO Mep uCo#2(X), cocpemo-
ToueHHHX Ha G,; oroGpaskenme h,: ww— u* (X — G,) Ha A2 (X)
moayHenpepHBHO cBepxy (m. 3, mpema. 6), w 3HATMT, MHOMecTBO AF
mep W € oA? (X), nas woropux h, (u) << 1/k, oTkpuro mpm moGom
k >=1 n awobom n € N. Jlaa samepineHus [OKA3aTeJIbCTRA 0CTACTCH
saMeTdTs, 9T0 W = (| W, = (1 4%
n n,k

Cunepcreue 1. Ecau T — mempusyemoe npocmpaHcmeo CHemHozo
muna, mo M2 (T) ecmb mempusyemoe nPOCMPAHCIMEO CHEMHO20 MUNG
8 Y3koll monoaocul.

B camom fede, myeTs T — momomHerme T OTHOCHTETBHO MeTpHKH,

onpefeasomeit Tonoxormio B T; T — mOABCKOE — IPOCTPAHCTBO,
u /% (T) romeoMOpdHO MOADPOCTPAHCTBY HOJLCKOTO IPOCTPARHCTBA
oM® (T), cocTosmemy us mMep, cocpegorouennnx na I (n. 3, mpem. 8).
Ho BcAKOe NOANPOCTPAHCTBO HOJBCKOIO IIPOCTPAHCTBA  SBIACTCH
MeTPH3YeMHM IPOCTPAHCTBOM cgertHoro Tuma (OfGmas tom., ra. IX
(3-e map.), § 2, n. 8, caemcreue m3 mpema. 11).

Caencreut 2. Ecau T — cycaunckoe (COOTB. aysumckoe) enoimne
peeyaaproe npocmparcmeo, mo npocmpancmeo Mo (T) — cycaunckoe
(cootB. aysunckoe).

B camoM pmeae, paccMOTPHM HOABCKOE OPOCTPaHCTBO P m Hempe-
priBHOE oToGpaskenme f mpoctpancrea P ma T (O6masa tom., ra. IX
(3-e man.), § 6, o. 2, omp. 2). Mycrs f — nenpeprBHOE 0TOGpasKeHue
g > f (p) mpocrpasctsa A% (P) B o#D (T); mpocTpaucTso o#° (P) —
moIBCKOe B cmay mpemaoenus 10, a f ciopsextueEo (§ 2, m. 4,
opena. 9); sHagnr, /% (T) — cycamHcKoe mpocTpaHCcTBO. Hpome To-
ro, ecim I — Ay3WHCKOE, TOf MOKET NpPeNII0JararbCa MEBEKTHBHEIM

(tam xe,§ 6, m. 2, mpema. 11); Torma f musextmeHO (§ 2, m. 4,
opera. 8), m sHaumr, /% (T) — mysmHCKOE.

INycre T — cyCAHHCKOe BIOJHe PEryiAPHOE IPOCTPAHCTBO (HATIOM-
HEM, 970 JAJIA 3TOT0 {OCTATOIHO, 9T00K T GHIO0 CYCAMHCKAM ¥ PErYIAPHAIM
(tam e, IIpunoxenne, ciefcTBEe U3 Upeni. 2)), ¥ uycth H — HOMOART-
Hoe mojMEOMecTBo m3 o/L% (T); torma H — KOMIAKTHOE W CYCJIHHCKOE,
a 8HAYHT, Mempusyemoe B Y3KOI TomoNmOrHu (TaM ke, Ilpmiaoxenwme, cixem-
ctBme 2 m3 mpepu. 3),
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S. Epumeputt KOXRAKEMHOCTIRU IR Y3 KOU Crodumocmuy

OnreEgeEneant 2. ITyemv T — monoaoceutieckoe npocmpaxcmeo
u nyemv H — nodmmnoxcecmao ua oM° (T); 2060pam, umo H ydosaemeo-
paem ycaosuio Ilpoxoposa, ecau
a) sup|p|(1) <+ oo;
nEH

b) daa awboz0 & >0 naiidemcs makoe KoMnakmuoe MHONCECMEO
Ke ua T, umo

| w1 (T — Ke) << & 0 awboti mepu u € H. (6)

Momuo moxasaTh, 4TO0 ecau ' BIOJHE peryaspHO, TO COBOKYyH-
HOCTH YCIOBHH a) u b) oKBHBaJIeHTHA CIeIYIOMEMY YCIOBHIO: CYMECT-
Byer Takasa feiicTBuTenbHag ¢yEKnuA f > 1 ma T, 9ro MHOKeCTBO
rouer £ € T, B Kotopmx f(f) < c, KomMmaxTHO mpum JawboMm ¢ € Ry
(oTkyma, B wacTHOCTH, CIemyeT, 4YTO [ HOJIyHeNpepHBHA CHH3Y),
K TaKas, 49TO suI]}[) | p | (f) << + oo. Kpome Toro, B ciyuae J0KaIBHO

e

KoMmakTHOro 7' pKBHBaJeHTHafA GOPMYIUPOBKA MOJTYIMTICHA, €CIH HO-
TpeGoBaTh HenmpepuBHocTd f (cp. ymp. 10).

IIeemnomxerne 11. Hycmv T — enoane pesyasaproe npocmpancmeo
u nyemv H — nodmmnoacecmeo us o/’ (T), ydoenemeopswuee ycao-
suio ITpozoposa; mozda ezo samvkanue H 6 oA°(T) ydosaemeopsem
yeaoguio IIpoxoposa.

B camom peme, dymrmmm pes [u | (1), p > [ p " (T — Ke)
IONyHEenpepHBHH cHu3y Ha of’ (T) B cminy mpegzomenna 6 m. 3.

Bamnocts yemosma IlpoxopoBa aBcTBYeT M3 ciaefyiomeit TeopeMH,
ENs KOTOpoil Hmke OygeT paccMoTpeHa ofpaTHas Teopema 2.

TeopEma 1 (IIpoxopos). ITyemv T — enoane peeyasaproe npo-
cmpancmso u nycmv H — nodmuosicecmeo us M° (T), ydosaemesopaiouee
ycaosuw IIpoxoposa; moeda H omhocumenavHo KOMNAKMHO 6 oM® ()
6 Y3koil monosozuu.

Mu MoMeMm OpegmoiaoKhmTh, 4T0 I' €CTh MOLOPOCTPAHCTBO KOM-
OaKTHOTO HPOCTpaHCTBA X; OyCTh [ — KaHOHNIecKasa mHbeknusa I' B X,
C gpyro# CTOpOHH, MBI MOMKEM OpPeqUuoIoKHTb, 410 [ asamwrnymo
B o/’ (T) B cmny mpepmoskerns 11. Torga HaM JOCTATOYHO IOKA3aTh,
aro BeArmit yastpadmwibtp W B H cxommtes B o/° (T).
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Mu HagHeM co cayuad, korma H < A2 (7). Ilockoabry moiaHbe
maccHl Mep W € H mo ycIoBmio OrpaHWYeHSH, TO i () IIMPOKO CXOXUTCA
go W B o+ (X) & Mepe v € oAy (X) (rax. III (2-e map.), § 1, m. 9,
caefgcTsue 2 ms upena. 15); B cmny mpensoskenud 8 o. 3 Bce cBopmTCH
K JOKasaTedBCTBY TOr0, 9T0 v cocpemoroueHa Ha 1. Hrak, myers
¢ >0 n oycts K, — KOMOaKTHOe IOJMHOKeCTBO m3 I', yHOBIeTBOPsA-
jomee popmyne (6). MTockoasky X — K, OTKPHTO B X, TO, IpUMeHAA
npepaoxkenne 6 n. 3 B X, momysaeM HepaBeHCTBA
v(X=T)<v (X —Kg)glimﬁinf i (W) (X —Kg) =

B
=lim infp" (T — K:;)<s8s
B

a TaK Kak £ HPOMBBOJBHO, TO TEOpPEMa B PACCMATPHBAGMOM 9JaCTHOM
cIydae JOKasaHa.

Ilepeiinem r of6memy cayuaio; maA ao6oft Meps P Ha T momosKmEM
a (p) = Re (W% a, () = Re (u)~, a3 (u) =Im ()" a,(p) =
= Im ()7 mockomsxy p = ay (b) — &y () +iay (1) — ia, (b), 70
JOCTaTOYHO IOKAasaTh, 9To orobparkenus a; (j = 1, 2, 3, 4) cxopaTea
yaxo mo . Ho muo:xecTBo H; Mep a; (1), rie p mpoGeraet H, yaoBier-
sopsier ycaoBuio ITpoxoposa B cmny coorHomenma | a; (u) | < | p
w comeputca B off% (T); cTano GHTb, COIIACHO PACCMATPHBAEGMOMY
9aCTHOMY CIYYal0 OHO OTHOCHTEJNbHO KOMIAKTHO B o#2 (T), m orciona
cpasy ke BHTeKaeT TeopeMa.

Cnepcreue. ITyeme T — nodnpocmparcmeo enoane pecyaapHozo
npocmpancmea X u nycmv H — nodmroncecmeo us oM° (T), ydosaemaeo-
paouwee yeaoeuw Ilpoxoposa. Ecau i — ramonuneckas unwexyus T
¢ X, mo cyacerue na H omobpascenus w— i (W) npocmpancmea o#° (T)
6 M (X) ecmv zomeomopgusm H na ezo obpas.

Jlocrarouno mayumth caydsait, Korma H samrryto (mpega. 11),
2 BHAYMT, KOMOAKTHO; B 9TOM Cilyuae HY/KHHIA pesyiabTaT 6y/eT BHTe-
KaTh M3 TOr0, YT0 W +—> i (U) HEIPePHBHO M MHBEKTHBHO.

HamoMeEAM, 970 TOT Pe3yJNBTAT COPABEJHAB TAKKe AIA NPOHIBOIL-
HOro mwoaMHOMkectsa 3 o/ 2 (T) (m. 3, mpemm. 8).

TeorEMA 2. ITycmv T — 40KAAbHO KOMRAKMHOE UAU NOALCKOE
npocmpancmeo u nycmv H — omuocumenvio komnaxmuoe nodMmozxcecm-
60 uz oML (T); moeda H ydosaemsopaem ycaosuw IIporopoea.
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Mo;xHO orpaHWYUTBCA CiaIydaeM, Korga H 3aMKHYTo, W 3HA4mT,
KoMIaKTHO. IJoxHnie Macce Mep w € H, odeBHfHO, OTPAaHHYEHH, TaK
Kak oro0paskenme W > u (1) HempepsIBHO, m BCe CBONHTCA K MOKa3a-
TeAbCTBY 1. b) ompepenenms 2.

Honyctum puagame, aTo I' JgorambHO XKommakTHO. Ilyets & > 0.
ComocTaBuM Kaskmoi mepe w € H Taxoe KOMIOAKTHO® MHOKECTBO K,
u3 T,aro p* (I' — Kyu) <&, a 3aTeM—OTKPHTYI0 OTHOCHTEIBHO KOM-
ODaKTHYI0O oOKpectHocTh U, MHOxecTBa K,. Ilockombky ¢yHkmma
A+>A* (T — U,) nonysenpepsiBaa cHmsy Ha o/ '(T) (m. 3, mpem. 6),
To MEOKecTBO VY Mep A € H, maa wotopmx A° (T — Uy) < &, eCTh
oxpecTHOCT Mepu w B H. 3Haumr, HaifimeTcsi TaKoe KOHEYHOE IO[-
mEokecTBo H' < H, gro muoxecrsa V" (u € H') noxpumsaior H.

Ecan Temepr oGo3HaumTh wepes K KOMIOaxTHoe MHO:ecTBo [ U,
neH’

0o M (T —K) << e paa awoboro A€ H.

axee, gomyctuM, 410 T - mMOJABCKOE HPOCTPAHCTBO. MH He orpa-
HaguM OGIMHOCTH, XPEAmONoKHuSE, uTo I ecTh mepecedeHme yOHBAIOMed
nociaenoBaTeabHocTH (7p)p>1 OTKPHITEHX MHOKECTB KOMIAKTHOI'O IPO-
crpamctBa X (O6mas rom., ra. IX (3-e man.), § 6, o. 1, caencreme us
teopemut 1). Ilyers i — mavexnua T B T, m H, — MHOKXeCTBO Mep
Baaa ip (M) nasa A€ H; DoCKOIbKY Hp KOMIAKTHO B MY (Tp), 10 Haili-
HeTcs TaKOe KOMIOAKTHOe MHokecTBo K, T'p, uto v' () — Kp) <<
< 2P gua mo6oit MepH v € Hp; 9T0 clleflyeT U3 OpefEYmero pesyib-
TaTa, NPHUMEHEHHOTO K [JOKAJbHO KOMIAKTHOMY INpOCTpaHCTBY I'p.
Cramo Guith, mMeem Tarke v* (I' — (T | Kp)) << 2P u oxkoHIaTRNB~
HO A (T — (TN Kp)) < e27P pna mobGoit meprr A€ H. Iomommm
teneps K = (] Kp; K rommaxrtHo 7 cofep:xutca B 7'; Aua ai060fl MepH

P

AeH mmeem A (T —K 27» T— (TN Kp))<e2P=e.

P
Taxum o6pasoMm, yciaorme HpoxopOBa BHIIIOJHEHO.

6. Vaxan cxooumocms mep
U BOMNRAKEMHAA CXOOUMOCTS HYHEUUT

IIrepnomenne 21. Hyeme T — gnoane pezyaaproe npocmpancmeo
u B — edunuunnii wap e nopmuposanwom npocmparcmee 6° (T; C).
H nyemv I — auneiinas gopma na 6° (T; C). Jaa mozo umobw cywecm-
808aAa 02pAHUNENHAR KoMnaekcHas mepa O na T, ydosnemeopsawwyas
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pasercmay I (f) = 0 (f) 044 awbozo f € @° (T; C), neobzodumo u docma-
mouno, umobut cyxenue I na B 6uao Henpepueno ¢ mMonoaAo2ul Kom-
nakmuol cxodumocmu. Toz0a mepa O eduncmeenna.

Horasxem neobxommmocts. IIycTh @ — orpaHmueHHAS KOMILIGKC-
pag mepaHa T, ¢ >0 um K — rakoe KOMOAKTHOE HOAMHOMKecTBO U3 T,
gro | 0 |° (T — K) << &. Ilyers f € B; o6osHaumm uwepes U oxpect-
HocTs f B B OTHOCHTeNHHO TOMOJNOTHE KOMOAKTHOH CXOMHAMOCTH,
COCTOAINYI0 M3 TAKAX Qyukmuit g € B, 1To suI? lg(x) — f(z) |<e.

€

Jasn moGoro ge U

p@—0mi<{le—rldlol<
T
<elol (®)+2101" (T—K)<(l6ll+2e

n6o | g — f | masxopupyeTcs Ha K qucaom &, a Ha I — K —amciaom 2.

O6paTro, paccmoTpuM aummeiinyn dopmy I ma B° (T; C), cyme-
HEe KoTopoil Ha B HempepHBHO B TOIOJOIMH KOMOAKTHOX CXOJUMOCTH.
Torma miaa aw6oro & > 0 HaknyTea Taroe umeno a >0 m Taxoe KoM-
makTHoe mojMHo;kecTB0 K m3 T, uro w3 cooTHomeHmi f€ B,
sg}g If () | < a caenyer | I (f) | << e. Torma B cuiny mpemiioKeHHsA O
X

m. 2 CymecTByeT, I NPUTOM GIHHCTBEHHAS, TaKafd OrpaHMYCHHAA KOM-
naexcEas mepa 0, aro I (f) = 0 (f) aua mwGoro f € €° (T; C).

eennomenuse 13. ITycme T — aokaabno KoMnakmuoe Rpocmpar-
emeo, H — o2panuuennoe nOGMHONCECTE0 HOPMUDOBAHHOZ0 MPOCMPAKH-
emea B°(T; C). Tozda omobpaxenue (, f) > p (f) npouseedenus
oM (T) X H & C nenpepuisno, ecau nadesumo o’ (T) yskoii monosoeu-
eti, a H — monoaozueii romnakmuoi crodumocmu.

Hycts w € A° (T), f€ H w M — Takoe nefcTBETeNbHOE UHCIO,
aro ||pll<< M, n | g| << M ana moGoro g€ H. Bospmem & >0
n BrGepeM KommakTHoe mopMHOMkecTBo K ms T' tak, 9robum p° (7 —
—K) << ¢, u BrbepeM OTKPHTYIO OTHOCUTEJIbHO KOMIOAKTHYI0 OKPeCcT-
HocTh § MHOKecTBa K. MHOmecTBO U Mep A € of2 (T), yRosaeTsops-
0IHIX HePaBeHCTBAM

MO <M V(T =8<e IV —phI<e,

ects okpectHocTh Meph| W B o2 (T) (m. 3, mpema. 6). Kpome Toro,
nyers V — orpectaocts [ B H, cocroaman ms Taxnx QyEEmui g€ H,
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9T0
sup|g (z)—f ()| <e.
XES

IIyets A€ U, g € V; mockoabry ¢ymHKmua | g — f | maxxopupo-
paHa mocpencTsomM € ma S m 2M mHa T — S, 710

2.(8) =2 (NI [ 1g—F1 dhCeh: (8)+ 200" (T — 8)<3Me,
T

OTKY/la BLIBOIAM
M@ —pDI<IA@—ADI+HIAD —p () I<BM +1)e

Tem caMmM Jl0KazaHa HempepHBHOCTH oToGpakeHma (A, g)w—sA (g)
B Touke (W, f) mpocrpamctBa off® (T) X H.

Bamegsamnme Ilyctb I — BmonHe pPeryIAapHO® HPOCTPAHCTBO,
M — nopmuokectso u3 oY (T), yaosnersopaiomee ycaosuio IIpoxoposa,
¥ H — orpammdenHoe mofmHoectso m3 ¢b (7). Paccy:xkuemme, 0gYeHb
61M3K0e K TONBKO 970 NPOBOIEHHOMY, MO3BOJXAT [0KasaTh, 9T0 0TOOpas
mename (A, g —> A (g) mpoctpamctBa M X H B C HernpepHBHO, eCIH
Hameaats M yaskoil rtomonormeit, a H — TOHOJNOTHEHl KOMIAKTHOH CXO=
IAMOCTH.

Cuaegcrsui. I[Tyemv T — gnoane pesyasapHoe npocmparcmeo, X —
MONoAsUNECKOS NPOCMPAHCMEo, [ — KOMNACKCHOSHANHAA PYHEYUL HA
T x X, HenpepvlsHaa u ozparudennas. Ilycme das aw6ol ozpanuuerns
Holi mepwl w Ha T uepes F, obosnauena gynryus na X, onpedesseman

pasencmeor Fy (z) = Sf(t, z) dp () daa awbozo z € X.
T
a) Pynryusa F, nenpepviena u oepanudena 9aa awboli ozpanuven-

HOU Mepbl W.

b) IIpednosoreum, wmo T aokasvno romnaxmuo. Tozda omobpas
acenue w — F, npocmpancmea o#C (T) 6 €° (X; C) nenpepusno, ecau
nadeaums M2 (T) yskoti monoaozueii, a 6°(X; C) — monoaozuei
EoMmnakmuol cxodumocmu.

Hduaa aoboro x € X o6o3HaumM gepes f, HONPEPHIBHYI0 OTpaHHYeH-
Ay pyarmmo ¢ f(t, 2) ua T'; oTobpaskeHne z,—f, mpoctparcTBa X
B 6° (T; C) umeeT orpaHmYeHHHH 06pa3, W OHO HeOpepHBHO, GCHH
nagenats 6° (T; C) Tomomormeir kommaKTHOE cxommmoctm (O6mas
Tom., mr. X (2-e mam.), § 3, m 4, teopema 3). [lockoapry Fy(z)=
= u (f,), To Qymrmusa F, HempepuBHA B CcHNY Opepgio;xenms 12.
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MpegnosoxeyM, uto 7' n0KanbHO KOMIOAKTHO; mpepiokenme 13 moxa-
3HBaeT, 9T0 oToGpamenme (w, r)+> Fy (z) mpoctpanctsa o (T) X
X X B C HenpephIBHO; OTCIofla moxydaeM yTBepkmerEme b) (tam ke).

7. II puaoscenue: Il peot paszosanue Janaaca

B stomM mymKTe wepes M o006o3HagaeTcs KOMMYTATHBHBIA MOHOHBN
¢ ANMUTHBHO 33UHCHBAEMIM 33KOHOM KOMIIO3MIIMM, HAJeNeHHLIA
TOOOJIOTHEH J0KAAbHO KOMNAKMMHO20 TIPOCTPAHCTBA, OTHOCHTEIHHO
KoTopoit oroGpakeHme (m, m') = m -+ m' npoussegesua M X M
B M uempepuBHo. OGosHaunm uepes 0 meHTpanbHWi siemeHT B M.
Xapakmepom M HasmBaeTCsi BCAKasg HeNpepHBHAA OrpaHWIeHHAH
KoMIUTexcHas (QYHKnusa ¥ Ha ), YMOBIETBOPAIAA COOTHOMIEHHAM

x(mAm)=y(m)-x(m), x0)=1, [x(m)|<1 (7)
masg my, m' € M. Ecnm x m f — xapaxTeps, To ¥) — To#e Xapak-
Tep. MHOMKeCTBO XapakTepos MoHOHAA M ecTb MoHomI M 0Go3HATaeT-
csi X; on OydeT HajeldeH TONOAOTMeR KOMIOAKTHOH CXOIMMOCTH, OTHO-
CHTeNBHO KoTOpoil oToGpaskenme (yy') = yx' mpomseemenma X X X
B X HempepuBHO. HellTpaabHEM »JeMeHTOM B X ABIAETCA TOCTO-
auHaA Qyuknua 1.

Haa mo6oit orpaHnYeHHOR KOMINIGKCHOE Mephl w Ha M npeo6paso-
eanuexm Janaaca mepu p HasmBaerca ¢yHrmms Lu Ha X, ompe-
JenseMas COOTHONIeHHMEeM

@0 (0= | x (m) dp (m). ®)
M
B cany reopemnt 3 (O6masn tom., ra. X (2-e max.), § 3, m. 4) orobpaske-
aue (m, %) >y (m) opomssemerus M X X B C HempepwBHO m orpa-
HaueHo. Ha ocHoBaHUEA ciefcTBmd um3 npefiomenus 13 o. 6 nomyua-
eM, TakmM o6pasoM, CaefyOmu# pesyiabTat:

ITrennosernE 14. Jas 410600 ozpanunennoll KOMRACKCHOU MepbL W
na M gynryus L na X Henpepvisha u ozpanudena. Ecau nadeaums
oJ? (M) yaroii monosozueti, a €° (X; C) — monoaosueii Komnarxmrot
cxodumocmu, mo omobpaxcenue p > Ly npocmpancmea M (M)
6 €® (X; C) nenpeptisno.

MmuosxecTBo xapaktepoB MoHOomua M, crpemsmuxcsa k 0 Ha Gecko-
HegHocTH, OynmeT o6GosHagaThca X,y 9TO MHOMKECTBO YCTOHIUBO
34 m. Byp6akna
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OTHOCHTEIBHO YMHOKeHUs. bymeM roBopumTb, 4YTo mopMoHOHp *) S
u3 X ABAACTCA NOAHHM, ecIm S YCTOHYME OTHOCHUTEIBHO OTOGpasKe«

"AA y—> %, ec1m S X, oTgeaser Toukm moHomma M (OGmas TOI.,
ra. X (2-e max.), § 4, 0. 1, onp. 1) u ecam gusa mwGorom € M HaHJIeT..
ca Takoi anement ¥ ua S ] Xg, uto y {(m) == 0.

1IpeanonoxuM, KpoMe T0I0, 910 M/ — HE KOMHAKTHAA KOMMYTATHBHAA
epynna. llycrs f — ¢ynrnms Ba M, crpemamascs X 0 Ha GecKoEeYHOCTH;
TOIZla TO JKeé caMoe BepHO W juA (yHknuu zw>f (z) f (—z) ma M, Torma
RaK BCAKOY XapaxKrep ¢ MOEomAa M YAOBIETBOPDHET COOTHOIICHHIO
% (@) X (—=x) = y (0) = 1. Orcrona caexyer, uro X o mycTo # uto X He cojep~
AT HAKAKOTO MONHOr0 mnoaMomomna. Crafo OWTH, NPHBOAUMAA HIKS
7e0peMa 3 HEOPEMEHEMMA K NOKaJbHO KOMOAKTHHIM TPYONAM, He SABIAIO~
IUMCA KOMMAKTHREIMI,

TropEMa 3. [Tycmv S — noanstii nodmonoud us X.

a) Ecau b u W' — marue ozpanuxennbie komnaekcruie mepsl na M,
umo Lu u Ly’ umerom o0dno u mo e cyxcenue na S [} Xo, mop = p'.

b) Hycmov §§ — maroti gusvmp 6 H° (M), wmo ZLA(s) umeem
npedea @ (s) € C no F 0an awbozo s € S. Toeda gusvmp 55 wupoko
cxofumes K 02pAGHUMENHOL NOAOHCUMEAbHOU Mepe |, U 04a aioboeo
sE€ S X, cnpasedauso pasencmeo @ (s) = Ly (s).

¢) ITycmy etinoanens ycaosus us b) u nycmov, kpome mozo, 1 ecmo
mouka npukocrosenus dan S 1 X,, u Pynryus ® na S Henpepuisha
e mowke 1. Toecda §§ cxodumes ysko & p u @ (s) = L (s) 04a awbozo
sE S.

O6osHaunm uyepes E aarefpy HeDpepHBHEIX KOMINIEKCHBIX (QYHEK-
nuit Ha M, crpemamuxcd k 0 Ha GeCKOHETHOCTH, 1 9 — TOATpOCTpaH-
c1B0 w3 FE, moposgerHoe S () X,; Torma Y ects mopmanreGpa m3 I,
VCTOHIMBAS OTHOCHTEABHO OTOGDPAKEHUS [ > [; @ MOCKOIBKY S —
HOJHEI mopMoHomy u3 X, TO B CHIY CHCACTBHA 2 W3 IPENIo:KeHud 1
(O6masn tom., ra. X, § 4, o. 4) 9 mroruo B E.

Ioxaskem a): mo ycaoemmo nvmeeM u (f) = p’ (f) naa J11060F0 fe A
aTak Kak p o p' — HerepHBHHe apHeiHaRe Gopmu Ha K, To oTCIOER
caenyer, ato p(f) = p' (f) nna f€ E, m B vacTHOCTH, s Juoﬁon
HeOpepHBHOH QYHKNUE [ ¢ KOMOAKTHHIM HOCHTENIeM, OTKYAa 1 = U .

*)} HamoMHEEM, 9TO MHOJMOHOHJ MOHOMAA A COEP!RUT [0 ONPOERENeHUI>
refirpansHuit dnemeET w3 A (Anre6pa, ra. 1 (4-e man.), § 1).
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Ob6parumcs Temeps & b). Umexo @ (1) = lim A (1) — mefictBu-

TeAbHOE TOMOKHTEJbHOe;, OYCTh JeHCTBUTENbHOe dmcio a > M (1);
rag Kak [[A]l = LA (1) mas A€ A2 (M), To m3 cooTHOmeHHA

lim £A (1) = ® (1) caemyer, uro MHo;kectBO FH Takux Mep A €
7 5§

€ oS (M), uro || A || <a, npmuagaemmr §. Iockoasry of° (M; C)
OTORNIECTBIACTCA ¢ NBOHCTBCHHEIM K HOPMUPOBRHHOMY IIPOCTDPAH-
¢ty E (ra. 11T (2-e m3p.), § 1, n. 8 m § 1, n. 2, mpena. 3), To upocTpan-
ctBo H rommakTHo B Tonomorun o (£ (M; C), E). C npyroit cTopoHs
(Tou. Bext. mp-a, ra. III, § 3, m. 5, mpena. 5), sTa Tomonorus cos-
nagaeT 8 H ¢ Tomosormeii IpOCTOH CXOMUMOCTH HA JI000M TOTaJBHOM
nogmHOkecTee w3 £. B wactHOCTH, mockoabky 9 miaorHO B E m 10 e
gaMoe WMeeT MeCTO A HPOCTPRHCTBA HENPEPHBHHX (YHEMEI ¢ KoM~
maxTHEM HOcHTesaeM (ra. IIT (2-e max.), § 1, 0. 2, mpenn. 3), To Tomo-
A0THA HpocToi cxommumoctu Ha S [ X, coBmasmaer B H ¢ mmpoxoi
ronoaorueit, m H KomMmakTHO B 3Toii Tonmomormm. OTcroma cpasy jxe
claepyeT, 4TO $§ WHpPOKO cxomguTca K Mepe W € H um garo L (s) =
= I}in?; LA (s) pas awboro s€ S ) X,.

Haxonen, mepeiinem k ¢). Tar xkak yrxnua @ u Lu HenpepHBHE
B roake 1 € S, paBrn Ha S [} X, 1 Tak Kak 1 ecTs TOuKa mpPHKOCHOBE-
aug gaa S X,, 0o @ (1) =ZLpu (1). Nusva caosamm, lim A (1) =

3y
= u (D).

Ipepnosxenue 9 o. 3 mOKA3EIBAET, 4TO [ €CTH Y3KWil mpemes Puib-
Tpa %. A DOCKOJBKRY BCAKUIL 91eMeHT U3 S eCTh HEIPepPHIBHAS OrpaHu-
ueHnaa ¢QyHkmuA Ha M, To orcioma moayuaem @ (s) = %im A(s) =

&
= u(s) = Lu (s) aaa mwboro s€ S.

Caegcreue. ITyems S — makoll noawwii nodmowoud us X, umo 1
ecmo mouka npukocrosenus daa S (| Xqo. H nyemv L — nodmmodzcecmeo
us 6° (S; C), cocmoauyee us cyxcenuii na S npeobpasosanuss Jlanaaca
mep A€ oMY (M).

a) Mnoscecmso L samknymo e npocmpancmee €° (S; C), nadesen-
HOM monoaszuel Npocmoil cxodumocmi.

b) Omobpascenue d — (LX)s ecmv zomeomopduam oM (M) na L,
ecau Hadeaumsv oMb (M) y3wroii monoaoesueti, a L — monoaozueii npo-
cmoil cxoduMmocmu.

34*
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¢) Tonoaoeusn npocmoii crodumocmu U MOROAOZUS KOMNAKMHOL
cxodumocmu cosnadarom ¢ L.

VrTBep:aeHusa a) 4 b) ABAAITCA HEIOCPOJCTBOHHEIMY CIS/ICTBUAMNA
TeOpeMH 3; YTBepKIeHHe c) BHITeKaeT W3 b) m ma mpepmoskenus 14,
760 TOHONOTHA KOMNAKTHOH CXOMMMOCTH ABJIASTCA Gojee CHIBHOM,
geM TODOJOLHMA IIPOCTOH CXOAAMOCTH.

Cieplyer TPHHATH BO BHEMAaHEe, 910 L me BaMKHYTO BO MHOKECTRe
BCeX OTPAHMTOHHHX KOMIDIEKCHHX (YHKOEE HA S, HAJEXGHHOM TOMO-
Jormell mpocToil ¢xofmMmocTn. BospMeM, Hampmmep, 000SHAYeHHA NpH-
mepa 2 mmxe (M = Ry, § oropgecrsagerca ¢ Ry). IlpeobpasoBamma
Jlanxaca mep &, (n€N) cyrs pymknma ¢t e~?t Ha R,; xorma n—> + oo,
aTH $YHKOEHE CXORATCA NPocTO K dymKmmm, passoil 41 jua ¢ = 0 u 0 mua
t = 0, n 912 pyHKONA B npREaxue;xEr L.

NMpurumep 1). Bossmem B kauecTBe M mHOkectBOo N mono:xm-
TeABHBIX MEeAbIX YHCEN, HaJeaeHHoe 3aKOHOM CIQ/KEHAA W TUCKPETHOR
roponormeit. Ilycre D — epwumannii guck w3 C (MHOMKECTBO KoM-
OIeKCHHIX gamcea ¢ Mopyadem < 1), HamenemHblfl Tomodormedt, mHAY-
ruposannoil n3 C, W 3aKOHOM, MEAYIMDOBAHHHM yMHOMenmeM. [las
awGoro z € D o6osnaunmm wepes f (z) xapartep n > z" MuoxecTBa N.
Iaa mo6oro xapartepa ¥, MuoskectBa N uepes g (y) o6osmaumm Kom-
paexcHoe uncao y (1) € D. Jlerko BupeTs, uTo f M g ABAAIOTCA B3aHMHO
ofpatarMu romeomopdmsmamu Mexny D m X5 9T0 DO3SBOJIAT HAM B AN b~
peliieM omodcdecméasmy X mw D. Torma MHOKECTBO XapaKTepoB,
crpemamuxca kK O Ha GeCKOHEYHOCTH, OTOMAECTBATCA CO MHOKECT-
BoM D, KoMmmiaekcHHX 4mcea ¢ abcomiorrbiM 3mavenmeMm < 1. Haxo-.
per, nnrepan | 0, 1 ] ma R ects moawmit mogmonony us D u 1 ecTs
to.<a mpmrocHosenma nas 10, 11 Dy = 10, 1L

Peakag mepa W Ha N sammceBaeTcA eHECTBeHHHIM 06paszoM

B BHfE | = 2 Up + €y, M OTPAHHIGHA B TOM W TOJBKO TOM cilydae, ecliH

M lu, | < -+ oo; Torma Ly (z) = Eunz ana z € D. 9ra pynrmma
n
HempepbiBHA Ha [}, ee HOPHUHATO HasmBaTB npoussodaweil Pynkyuel

CYMMUEpPYeMOH [OCHEN0BATeNBHOCTH (Up)neN. SANMCAHHAA Ha 3TOM
ASHIKe, TeopeMa 3 JaeT HaM cClefyomumil pesynbTar (eciam ydIecTh

4

opega. 9 m. 3).

NeEpnoxennE 15. Hycmv A — mHoncecmeos, Hadeaenuoe Guabm-
pom 5. ITyemw, 0dasn aw0bozo o € A, (U, n)neNn — cymmupyenas
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nocAef06aMesbHOCIb NOAOKHCUWITLEALHIE wuces U nycmov D, — Pynryus
na 10, 11 us R, onpedesennas coomnowenuem ®, (r) = D) Uy, ™
ngN

J[45 mozo umoGbl CYujecmeosana makas cymmupyemas nocaedosamens-
Hocmb (Up)neN NOACHCUMEADHWL HUCER, HUMO

lim uy, n = u, 048 awbozo n,
o« §

lim Z Ua, n = Z Un,

a, % neEN neN
Heobzodumo u docmamoro, umobn ®, cxroduaacy npocmo Ha 10, 1]
no % k gynryuu O, nenpeprigroii 6 mouke 1. B amom cayuae @ (z) =

= D Uz 0as awbozo x €10, 1 1.
nEN
AHaJOTHYHbIEe PE3YABTATH MONYIATCH, €CIN B3ATH B KadecTse M
smonomn, N®, rme n >1 — memoe umcsno; TOTAA OpOCTpaHCTBO X
oroxmecTBagerca ¢ D, m M moxem Beibpats 0, 1]" B KawecTBe
HOJHOT0 HOAMOHOHAA. MBI IpefoCcTaBaseM TNTATENA0 CHOPMYAUPOBATEH
TS 9TOTO CAYYAA BUAOMBMEHEHW® TEOPEMH 3.

Hpnmep 2). Bossmem B kauectse M muomectso R, Hamenen-
HOe 3aKOHOM CHAOReHWA W oObiamoin topmonpormeir. I[lycts P — mHO-
JHECTBO KOMHJIEKCHBIX UYHCEJ 2z C IIOJORHTEABIIOW AeACTBATENbHON
9acThi0, HafeleHHOe Tomojaormedl, magymnposannoil na C, u 3aK0HOM,
uAgynupoBaHHEM caoykenmeM m3 C. OGosHauum, pamnee, gam p € P
uepes f(p) xapakrep z —> e~P* muomectsa Ry; wmerpynno Bmuers,
49T0 f ecTb WBOMODPPM3M TOHmOJOLMIECKOH CTPYKTYpH Moliomga B P
na crpykrypy B X; oroxpectemM X ¢ P mocpenctom f. flcno, aro Ry
€cTh TMONHEE mogmoHOmMy m3 P, m Teopema 3 paer caenyommi
pesyanTar.

Nregnoenme 16. Hycmv A — mHuoscecmso, Hadeaehmoe guavm-
pom §. ITycmo Oas 4106020 oL € A (g — 02PAHUNEHHAA NOAOHCUMEND-
Has mepa na Ry u @y — dynryus na Ry, onpedesennan coomnowenuem

-+c0
D, (p) = Se"px dpg (x). Jas mozo umobw omobpasienue o> i,

0
cxoduocy Yako no §F k 02p anuueHHot noaoHumesbrol mepe p, Heobxo-

Oumo u docmamouno, umobe @, czxoduaacy npocmo Ha Ry no
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K gynkyuu @, nenpepusnoti ¢ moure 0. B smom cayuae @ (p) =
+00
= S P du () daa mwbozo p € R..
0
AmnanornuHsle pesyiabTaThl MMEIT MeCTO AJAS AJUTABHBEIX MOHO-
o R% (n > 1 — menoe); MH mpegocTaBisieM quTaTeNnio chopIyIR-
POBaTh JA 9TOTO CJYIASA BUJOHZMEHEHHUE TeopeMbl 3.

YapaskHeHuA

1) Hycrs 7' — TODONOTHYECKOE TPOCTPAHCTBO H (4 — MOJOKATETbEASL
Mepa Ha 7. O60o3HaYuM gepes €, MHOMECTBO mOAMHOKeCTB W3 I ¢ U-Ipe-
HeOpeKUMOM TpamHneit.

a) ITorasarts, 910 Gu ecTp aarebpa.

b) Ecan T Bmoxme peryuispro, 10 BCAKAs TouKa m3 7' obaajaer
dyEAaMenTarbHON CHCTEMOIl OKpecTHOCTEIl, cojep:;kamelcs B G, (same-
THTH, 970 ecan f — menpepusHad Gymrnua ma T, ofpamaomasca B HyIb
BHE HEKOTOPOIO W-MHTeTPHPYEMOTO MHOKECTBA, TO MHOKECTBO TeX Hefi-
CTBUTEJBHHIX WYHCEN 7, A KOTOPHX f~! (r) He sBisercs p-npene6perim-
MEIM, CYETHO).

°2) Hycrs T — BHONHE DPEryiaApHOE NPOCTPAHCTBO K G — (PUIBTD
B /Y (T), cxopsamuiics yaKo X oTpapmueHHoil Mepe n. ToBopsr, aro 6ope-
JeBcKoe mopMEoiKeCTBO A m3 T ecth MHOKECTBO cxofumoctH (s &),
ecan lim Ay = pa.

2R

a) Ecau memepeceraromuecs MHO;KecTBa Ay W A, ABIANTCA MHOMKe-
CTBAMH CXOJNMOCTH, TO TakoBo u A;|4,.

b) Mycts A — OTKpHTOE WM B3aMKEYTOE MHOMKecTBO. JlIA TOTO
I1006 A OHJI0O MHOKECTBOM CXOJAMMOCTH, HEOOXOZUMO U JOCTATOYHO,

urofs  lim A’ (4) = p* (4). Ecum 4 ectb MHOMKECTBO CXOTHMOCTH,

1
rF
T0 TaKoBo M I — A.

c) IIycrs A — OTKpEITOE HIHM 3aMKHYTOE MHOKECTBO CXOOUMOCTH
13 7' u B — TaKoe MHOKECTBO cXOaumocTd, 410 T — B rarme apigerca’
MHOKECTBOM cxofumoctn. Torma A UB m A [ B — MuOMECTBA CXO-
AMMOCTH, PaBHO KaK M UX JOMOJHEHUS.

d) AxareGpa, ODOpOKAEHHAA OTKPHTHMH MHOKECTBAMH CXOJMMOCTH,
COCTOUT M3 MHOKECTB CXOJMMOCTH.

e) Ilycts A — nopamuoskectBO u3 I' ¢ u-mpemebpesxuMmoil rpasunei.
Torga A — MHOKECTBO CXONHMOCTH.

f) Ipepmomnomum, 910 7 — JOKaXBHO KOMIAKTHOE WM NOJbLCKOe
mpocrparcTBo. IloKasarh, UTO BCAKOE KOMIIAKTHOE mopMHoskecTBo K o T
COJIePIKATCA B HEKOTOPOM KOMIAKTHOM MHOKECTBE CXOJUMOCTH (B Clyuae
JOKAJbEO KOMHaKTHOIo 7 HCIoib3oBath yup. 1b). B cayuae moasckoro T
HCNOJB30BATE TO K€ YHPaKHEHHE IIA TOCTPOEHHA IOCIe[0OBATEILHOCTH
Komeumeix NoKpeituil Uy, mpoctpascTsa K OTKPHITHIME MHO;KECTBAME H3 T



YUPARHEHIA 935

¢ p-npemebpeskumoit rpagrneit u guamerpom < 27P; moKasaTk, 9410 L =

=0 U U KOMHAKTHO M B3aKIIOYATh OpY noMomd b), 4910 3710 e€cTh
p Uelly
MHOKECTBO CXOJUMOCTH),

g) Pacnpocrpapurs pesyabrar uz f) ma cayuail cxopameiics nocae=
dosamenvbrocmu MEp HA NOJHOM MeTPHIECKOM HPOCTPAHCTBE,

3) IIycres T —- modbCRoe NPOCTPAHCTBO U (M,) — IOCIEA0BATEILHOCTH
OTDAHHYEHANX MOMOKATENHLAHX MeD Ha T, CXOAAMAscH y3KO K Mepe W,
006o3ragum depes € mMpomectso moMaokecTs A us 7', obiapawomux cies
AVIOmEM cBodcTBOM: MuaA Jioboro & > 0 maiilerca TaKoe KOMIAKTHO®
nopMaomecTB0 K — A, dro sup u, (A = K) < e. OGosmaumm wepes

D mBoxecTBo nofgMmoskects A4 ua T, npueajiuexamux ¢, paBoo Kak # HX
TOTOJIHEHT e,

a) Ecum muosxectsa A n A” npurammesxar @, 1o arosepso n g A YA’
A n A'; sBuBectz oTciofia, 4ro D ecrb anreGpa mogmHomecTs us 7.

b)} Besxoe mopmmosectBo A < T ¢ p-npereGpexumoll rpamumnei
upnuague;xut P (npmmeruth teopemy IIpoxopoBa K BEyTpeEEOCTE A
1 HCHOJB30BaTH yup.' 2e)).

¢) Beaxoe A €D ecTh MHOMKECTBO CXOJEMOCTH OTHOCHTEILHO IOCIHE-
XoBaTEXbHOCTH (Wy,) (cP. ynp. 2); ofpaTHO, BCsAKOe OTKPHTOE WM 3AMKHY-
TOE MHOKECTBO CXOXAMOCTH TPHHAZISKHUT D.

d) Mycre) 4 € D. [lorasars, 970 CYMECTBYIOT LOCIENOBaTENbLHOCTD
HeNePeceKalMmuXCA KOMOAKTHHIX MEOMeCTB K, H mogumoxkectso N < T,
obnafaomye caefylOMUMA CBolicTBaMU: o) Kampoe K, ecTh MHOMKECTBO
CXOHMOCTH A NOCHe0BATeIbHOCTH (U,); B) A N U U Kpun | Kp c

? ?

< AUN; 9) raa xwoboro € > 0 maiiffeTcs TaKasg OTKPHTAaA OKPECTHOCTH U
mrokecTsa N, 9to sup u, (U) < e (mpmmemnts ymp. 2f) m teopemy Ilpo-

X0poBa K Hajie;KameMmy nopnpoctpamcTBy u3 T, ABIAHmeMycs nepece-
HEHUEM NOCIe0BAaTeIbHOCTH OTKDPHTHX MHOKECTB).
4) Tyers T — BrmoJHe peryispHOe IPOCTPAHCTBO, ¢ — ToUKa u3 T
n 1l — MaoKecTBO GopeneBckux! noxmHOMKECTB U3 7', IIOPOKARIOIHX
¢maprp oxpectmocreil roukm ¢ Ilyers I — MHOMECTBO, HaleNeHHOE
¢uubTpoM §F, u MycTh (MU;)ic] — cemeficTBO OTPAaRMYEHHHX NOJOKATENbHEIX
mep ¢ noxHOH Maccod 1 ma 7. mus toro utoGu lim u; = &, Heo6xomUMO
1, C
4 goctatouso, Itobu lim p; (U) = 1 gas aoboro U € 1.
1, C
5) HOycte E — peficTBATENbHOe T'HiIbGEPTOBO IPOCTPAHCTBO, HMEH=
mee OPTOHOPMUPOBAHAHI Gasuc (xn)nEN' Iycrs T — npocrpaberso E,
HANeJeHHoe 0CJIAGNeHHol TOmoJoTHe,  IyCTh (an)nEN — Taxag mocie=-
J0BATEABHOCTH feficTBUTENbHEX gmced, 1o 0 < a, < 1 musa moboro n

a lim n2loga, = 0. Jas n €N nomomum p, = Z el (1—ay) e,
ne>o0 PEN P
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[loxasats, 9T0 B, — OTPAHAYEHHAS HOXOKUTENHHAA Mepa ¢ NONHOM Mac-
coit 1 ma T pmaa awo6oro n €N, dro lim p, = gy (y3KaA CXONEMOCTD)
n—>o0o

n 910 lim p, (K) =0 pias a060ro KOMUAKTHOTO NoOAMHOMecTsa K
n—+oo

u3 T (npuMeHuTH, KPUTePH U3 NpebAyMero ynpakHeHnsa K MEOKeCTBY 1
oxpectrocreil 0 sama {z | (a | z) < 1}, tne a npoGeraer E). B 9actmoctn,
MHOMKECTBO 9JIOMEHTOB IOCHEROBATONLHOCTH (fp),cy ©CTH OTHOCHTENBHO

KOMIOAKTROE TOAMHOKECTBO H3 3%2 (T), e YHOBIETBOPAIONMEe YCIOBUIO
IIpoxoposa.

6) Ilycrs 7 — TOmOJOTMYECKOe NpPOCTPAHCTBO M H — MHOKECTBO
TOJMOKMTeALHNX Mep Ha T [pejmososKuM, 9YT0 BHIOXHEHO YCJIoBHe:

(V) Besikaa touka us T obmafaer 1akoil OTRPHTOH OKpecTHOCTLIO W,
4910 sup - (W) XomedHo.

neH

Haxormen, mycts Il — yaprpadmiasrp B H.

a) Iycrs K — xommakTEOe nopmuo:kectso m3 I. Tlorasars, 4ro
NOAYQEPOBARHEG MEPH Mg (W € H) mupoxo cxoparca mo 11 K meXoropo#
mepe nX ma K.

b) Oyers K ® L — Xommakrtaeie mofgMHO)Kectsa ud3 I m K < I
noXagars, 110 (1) > n¥.

¢) lycrs i¥ pma moboro KoMmakTHOTO MORMEORecTBa K < T ecth
KAHOHWYECKAS HEBbeKmuA. llokasats, uto cemeiicrso mep X (nX) mwmeer
BepPXHI0I0 Ipasb X B /4 (7).

d) Nycrs f — noaokuTeRAsHAs NONYHENPEPHBHASA CHU3Y (YHKOEA
#a T B g — NOJOKUTENbHAS TOJYHEIpepHBHAA cBepxy ¢ymunus mHa T
¢ KOMHmaKTHHM HocHTexeM. llorasath, 9TO

n* (f) < lim p* (f) 2 =* (g) > lim p* ().
w, U ro 1

°7) Tlycrs H — MBOMECTBO NOJOKATONLHHX OIPAHMYEAHHX Mep

HA TomoNorMIecKoM mpocrparcrse I. Ilpepmonossmm, =10 sup u* (7)
REH

KOHeYHO W 1o AAA AXwoboro & > 0 HaiifflercA TaKo® KOMUOAKTHO® MOZMHO-
smecrso K < T, 910 sup p* (T — K) < &. Iloxasars, 4ro yciosme (V)
WEH

u3 ynpaskmepua 6 Bmmoamero, Iycrs U — yaprpadumasrp B H. Mepa
N Ompejensnercs, Kak B ympakpgeHuu 6.

a) Ilorasarn, 910 ni* (g) = lim p* (g) gua aw06oil noxymenpepHBHOI
.

CBEPXY MOJOMKUTENbHON orpaEmdennoil ¢pynknum ma T. BuBectn orciona,
910 n° (f) = lim p* (f) muaa moboi orpamuvemsoli ¢ymkmum f ma T,
H,

MHOJKECTBO TOYEK paspHBa KOoTOpoH s-mpemefpe;KuMo.

b) B cayuae Bnoame peryaspuoro I BuBecTm m3 a), 910 H oTHOCH
TeJHHO KOMIOAKTHO B Y3KOH TOONOJOTHMH (9T0 Jaer HOBO® JOKAa3aTeNhCTBO
Tteopemsl 1 m, 5 JIA CAyYasa HOJOKATENHLHEX Mep).
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°8) Iycrs T — moAaHOE METPHIECKOS HPOCTPAHCTBO CYETHOLO THMA,
a d — ero paccrogmme. Jlaa a1060ro saMKERyTOro noamposkecrsa F < T
u awpboro peiictBurTeanHOro a > 0 ofo3madmM Jepes Fo¢ MHOMKECTBO TEX
z € T, fna xoropux d (z, F) < ¢. Eciam 3ajaHH IOX0KUTENLHHE MEpH
A mp sa T, ro oGosgazum vepe3 D (A, 1) HEPKHKIO IDaHb MHOMKECTBA
melicrBHTeNLENX Ymce~ > 0, yHomiersopanomux mepasenctsam A° (F) <
< (Fa) 4 a, p* (F) < M (F9) 4 a pua mo6oro 3aMKHYTOTO IOJAMHO-
swecrBa Fc T,

a) Iloxasare, 910 D ecr» paccrogmme B o#l m uro D (g, gy) =
= d(z, y) AAa TO¥eX z, y w3 T, pmua Koropux 4d (z, y) < L.

b) Oyers f — Gopenescroe otobpaskemme T B T (cp. O6Gmas Tom..
ra. IX, § 6, om. 3) m A — orpaEMYeHHAA NONOKUTENbLHAA Mepa Ha T
TloxkasaTh, 9T0 CymIeCTBYeT TAKAA OFPAHWYOHHAA NOJOMUTEILHAA MEDa
p a T, 970 p° (A) = A" (f~1 (A)) mna moboro Gopemepckoro NOFMHO-
meerBa A — 7. Ilyers a > 0 m nyers H — Mmuosectso Tex z € T, pin
woropux 4 (z, f (z)) > «; noxasars, 9r0 H — Oopesescrkoe B I ® 910
D (A p)<sup (a, A(H)) (mua aw06oro 3aMKHYTOro HORMIEOKECTBA
FocTweemF (T —H)cft(Fayudr (F) KA (FN(T—H) -+
+ A% (H)).

¢) Oyerb puu, (1A n > 1) — Takue OTYPAHNYGHBHIS HOJOKHATEILHE S
meput Ha T, 710 lim D (p,, p) = 0. ITokasars, 10 HOCIEJIOBATENHHOCTD

n=->00

{p,) cxommres y8KO K p (mokasats, 9o lim pj (7) ="p* (T) u p* (F) >
n—o0o
== lim.sup p;, (F) moa a060ro 3aMKREYTOT0 KOMIOAKTHOIG MOMMHOKECTBA
n—->»00
F < T; suBectm orcioma, 9ro p° (f) < lim.inf p;, (f) nna aw6oit nomy-
n—-»oo

HeNpepHBHOIl cHE3Y (QyEKnuE f > 0; mcmodb30BATH JIA 3TOTO METOX
aemmu 3 § 2, m. 6).

d) OGparno, DokasaTh, 910 JuIA 060 moCIENOBATOALHOCTH OIpa-
HEY9CHHHX DOJOKATONDLHEX MED [n, CTPEMAMMXCA Y3Ko X | B ofi}, umeem
lim D (u,, p) = 0. Mosxro DocTynuth caegyomum o6pasoM: nycts & > 0
g oycrk K — TaKoe KoMnaKkTHOE HoAMEoKecTBo B3 T, aro pu* (T — K) < &
a S:llp pa (F = K) < &; DocTPORTH XoHETHO cemelicTso (B;), <i<p TONAPHO

HE ITePeceKalIMuXCs MHOMKECTB € [-NIpeHe(peKuMOil rpamuneit u guamer-
pom << &/2, ofmepumerne XOTopHX cofiepskur K (cp. ymp. 1). Iyers f —
orobpaskesue 7 B T, DOCTOAHHOE HA KasKIOM M3 MHOKecTs By, .. ., Bp
BC(By U... U Bp) u raroe, 9r0 f (B;) < B; nua 1 < i < p. Onpe-
ReMuTh MEPH T, W 7 COOTHOMeHuAME iy (A) = u;, Fr(A) = o (Ad) =
= p* (f-! (4)) paa moboro Gopenesckoro nogmuoskectsa A < T'; BHBeCTH
u3 b) cootmOmemma D (m,, u,) <& D (w, p) <& nm nokasarp, ITo
lim D (%, @) = 0.

=00

e) Paccrosmue D B e//é’i coTIacyerca ¢ yskoil tomoxorueil (3aMeTHTD,
ato of/% MerpmsyeMo B yaKoli TOmOIOTHE).
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°9) Iycts HMEOT MECTO YCioBAA W 0603HAYOHMS yHPAyKHEHUs S,

IIyers (u,) — mocaegoBarenseocts Komum pgus paccrosmua D B off i’;
TI0Ka3ath, 9TO MOCHEA0BATENBHOCTD (,) CX0nnTCA (9TO JaeT HOBOE OKAa3a-

TeILCTBO TOLO, ITO IPOCTPAHCTBO @,/l{'j ~— HOJBCKOe B Y3KOH TOHONOTHH),
Moskgo mocrynuTh caepylommM oGpasom.
a) Oycts € > 0 u ¢ > 0 — geficTeureNpHEe TUCHA; Hajiercs TaKoe
KomeuHoe nopmmoxectso £ — T, 910 sup p,, (T — Fa) < & (subpars
n

takoe menoe N > 1 ¥ rakoe KoMmaKTHOe mnogMHoMectso K — T, dro

sup D (un, W) < &/2 u py (T — K) < €/2; BuBect: OTCiOfa, 970

n>nN

sup [ pr (T) — p* (D) | <& n sup pu (T — KE%?) < e; maxomen BHO-
n=N

n>=>N

parh Takoe Komedmoe mopMEOkecTso F < T, aro KY2 < Fe g
sup ;X (I' — Fa) L g).
n< N

B) Ilycts € > 0; mHafimeTca TaKkoe KOMIAKTHOe NomgMHOMecTBo K — T,
uto sup wy (7 — K) < ¢ (BHOpath Aag mi0Goro mexoro p » 1 rakoe KoHed-

HO® HOAMHOKeCTBO Fp uz T, 9to supp; (T'— (Fp)‘ p) < &/2P, ® moJO-
27P
wure K= (} (Fp) ).
p=1

¢) Busectu u3 b),d9ro us mociegosatenbHOocTH Komm (n,) MOMKHO
BHIOpATh CXONANLYIOCSA LOAIOCHEOBATENBLHOCTh (OTHOCHTENBHO PacCTod-
Hia D).

°10) Hycts T — BuoJHE peryispeOe IPOCTPARCTBO; 0603HATAM deped
of MHOMKECTBO TAKHX JeifcTBuredbEHX Pymknuil f > 1 ma T, 910 MHOME-
ctBO 107eK { € T, B KoropHx f ({) < ¢, KOMOAKTHO MIs J1060T0 peficTsu-
renpuoro ¢. Jas aioboit f € f o6ospaunm wepes off ; MHOMKECTBO TAKHUX
orpanmdeHsRx Mep u Ha T, uro |p | ()<< 1.

a) Jasg Toro 9robn mopmuokectso [ w3 of/b (T) ynoBieTBOPAIO
yenosmio IIpoxoposa, HEOOX0ZUMO ¥ HOCTATOYHO, YTOOH CymiecTBOBAJA
Takag GyEKnEa [ € f, Uto H < ofly (ANs NOKa3aTeqLCTBA HEOOXOMUMOCTH
paats f suma ¢ (1+ D) nfn), T f, — XapaxrepmeruecKas QyHKLEA

. nz1
TaKoro Mao;kectea U,, 910 T — U, KOMIAKTHO U su%] n(U,) <2m.
RE

b) Hpeamonomum, a0 7 HOKadbEO KoMIaKTHO. A TOro 9T0GH
nopmHoKecTB0 H u3 of/b (T) 6HIO OTHOCHTENHHO KOMIAKTHO (B Y3KOH
TONOJIOTHN), HEOOXOmMMO M J0CTaTo%HO, YToOH CcymecTBoBaja TaKafd
menpepatBHas QymEnua f € f, 4ro H C ofiy.

¢) Ilycre C — 3aMKHYTHII BHOYKAHH KOHYC B MZE (T). Tlorasarb,
910 C ] ofl; ecth manodka (Ton. Bex. np-Ba, . II (2-e msx.), § 7, m. 2,
omnp. 3) komyca C aug a060ro f € F, ¥ BHBECTH O0TCIOAA, 910 C ecTh 00he/iE-
gepne ero manodek. O0ozHaZum depes E oGbefNHEHH® SKCTPEMAJbLHBIX
obpasywmux xomyca C. IlpepmomossumM, yro T — CYCIMHCKOE TPOCTPAEH-
ctBo. Iloxasarp, 910 miaa awboro m € € maiimerca rakoe OopPeMeBCKO®
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TIO/IMHOKECTBO B us @l/f (T), comepmcameeca B E, B TaKas HOJOKUTEILHASA

Mepa P ¢ noxnoii maccoi 1 ma B, 910 n = 5 n dP (p) (npuMeHATE TeOpeMy
B
llloxe 06 mHTErpajNbHOM NPEACTABICHNN),

11) ycre T — BOONHe PEryaApaOe NPocTpPamcTBO. IIpeamomomu,
910 Aas J060ro KOMUOaXTHOrO npoctpamersa K u ai060ro HeIpepHBHOIO
orofparenna f npoctpasctsa T B K 3ajaHa DOJORHTENBHAA MePA Wy g
Ha K; mpepnomoxum, 910 g (Mf,g) = pgs g ANA MOOHX KOMIAKTHLX
npocrpamets K m L u A06HX HenmpepwHBHHX orobpamenuit f: T —> K
u g K -— L; npeAnonouM eme, 970 Mepa \j, g cOCpefoTo9eHa Ha f ()
nas nobux f u K. Ilokasarts, 9T0 CYIIeCTBYeT, M NPUTOM EJUHCTBEHHAA,
TaKasg OrpanMYeHHas IONOKUTENbHAA Mepa % mHa T, 10 Py, g = f (M)
aag a06HX f 1 K (ACHONB30BaTh YHEBEPCANBbHOE CBOHCTBO KOoMIaKTHH-
ranm Croysa — Yexa mpocrpamcrsa T),

12) Mycte T — BUodiHe PEryAApHOS IPOCTPAHCTBO, ABIAINMIEECH HOM-
TPOCTPRHCTBOM JIOKAJAbHO KOMIAKTHOIO mHpocrpamctBa L. Jma awoGoit
MepH U (IOJO:KUTeNbHOI Miu Het) Ha T CymEcTBYIOT JOKAJIbHO KOMIAaKT-
npoe nogupoctpanctBe T’ ns L, copepsxamee T, u mepa p' mga T’, cocpe-
jJorouepHas Ha T nm mpgynupyromas p Ha T.

°13)* Mycrs G — NOKANHLHO KOMIAKTHAA KOMMYTATHBHAS IPYIIa.
O6o3maumnm gepes G IBOICTBEHHYIO rpynny K G u d9epes o — Mepy Xaapa
Ha G. Jaxa mobolt orpagmuenHoii meps { Ha G 06o3pa¥wuM uyepes Fu mpe-
obpaszosarme Dypse MEPH p, KOTOpoe ABisercs Gymxuueir ma rpynme G
(cp. Cnerrp. teopmsa, ra. II, § 1, m. 3)J4

a) ITpeo6pasoBanue Pypre F ecrs HEIPEPHIBROE OTOGpAKEHHE eﬂf G,
HAJeNeHHOr0 y3Ko# Tomoaormeil, B &P ((3), HANEJEHHOE TOTOJOruell KoM-
makTEOIT  cxomuMmocTm. (VcmoamsoBaTh craemscTBHe wu3 npemua. 13
o. 6.)

b) Hycrs § — duastp B /L2 (G) m ® — menpepusEas orpasmaen-
Hasf Qymenms ma G; npeamonokum, wro lim (FA).a = @.q (mmpoxas

’

cxopmmocts)  lim (#1) (0) = @ (0). [loxasars, uro $uiaptp F cxoqUTCA

)
Y3KO K TaKoit mepe u, 9ro Fp = @ (npumenus Teopemy Beiiepmrpacca —
Croyna, IOKazaTh, 970 MHOKECTBO npeobpasoBanuili @yppe HENpPEPHIBHEIX
éymaromii ¢ KOMOAKTHHM HOCHTENeM Ha G ecTh IIIOTHOE BEKTOPHOE MOfi-

TPOCTPAHCTBO U3 ¢ © (G) OTHOCHTEILHO PABHOMEPHOIT CXOQUMOCTH; 3aMETUTh

nasee, 4o lim 3 (FA)-uda = S Du do mas n060ro u € E u 9to fuastp §F
A F
COZeP;KUT HEROTOPOE MUPOKO KOMIIAKTHOE MHOKECTBO OrPAHMYEHHHIX Mep;
BHIBECTH OTCIOfla, 410 QUIBTP ¥ Hmeer He GoJiee ONHOIN TOYKHA NPUKOCHO-
BeHIISl, a 3aTéM — UTO OH YBKO CXOJWTCH).
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c) ycrs § — dmanTp co cuemnvim 6asucom B @%2 (G). Oas roro
0rofH § ysKO cxopmiucs K OrPaHNYOHHOH IOJOMKUTENLHON Mepe |, Heol-
XOEMO U JOCTATOYHO, TT00K CYmeCTBOBaJA TaKas HempepsBHAA (yHKOUS

@ ma a, qro &) cxopurca npocro K @ no §, u rorga Fp = @ («reopema
I1. Jlesms).

§ 6. IIpomepst m MephI HA JOKAJLHO BBINYKIOM MPOCTPAHCTBE

B amom napazpage paccmampusalomea Aulisb 6eKmop Hvle RPOCID AH~
cmea Had noaex Odelicmeumenvrvir Huces. I[o0 A0KAABHO GBNYEABIM
RpOCM P AHCMBOM ROHUMAEMCS OMOCAUMOE AOKAALHO GLINYKEAOE MON0A0-
euneckoe npocmparcmeo nad R. Tonoaozuueckoe conpascennoe & ao-
EaAbHO eunykaomy npocmpancmey E oOydem o6oswavamves E'; das
z€ E uz € E' noaazaen {z, 2') = z' (z). \

1. Ipomepst HA A0KAAODHO BBNY KAOM NPOCMPANCMEE

IIycts £ — mokansHO BhimyKaoe mpoctpascTso. Ofo3naduM gepes
F (E) MHOKeCTBO BaMKHYTHIX BEKTODHHIX IOJUDOCTPAHCTE U3 FE
KOHEYHON KODPasMepHOCTH, YHOOpAfOYeHHOe OTHomeHmeM . Jus
moboro V € #( E) uepes py 0603naamM KaHOHAYECKOe oTOOpajkeHnme
E wa E/V. ycts V u W — 1akme asnements! u3 # (E), uto V o W;
o6ogHAYMM gepe3 p.., oTobpamenne E/W B E/V, nonydennoe dgaxro-
pusanuedl W3 TOMKAECTBEHHOro 0TobpaskeHusa mpoctpanctsa E. Cemeii-
cteo @ (E) = (E/V, p,,) e€CTh HDOEKTHBHAS CHCTeMa JOKAJBHO
BHIOYKJIBIX OPOCTPAHCTB, MHAEKCHPOBAHHAA MHOMecTBOM ¥ (F). Ona
Ha3HBACTCA NPOCKMUGHOU clUcmeMoll KoHeurnomepHBX akmopos npo-
cmpancmea E.

Moskeo0 mOKa3aTh, YTO IPOEKTABHELIA IPEAeN NPOSKTABHONR CHCTeME
@ (E) ranonmuecku msoMopden aarebpamdeckomy compsxennomy E'*
npoctpadeTBa E’, Hamenewmomy cnaboit Tomomormedn o (E'*, E’).

OnpenEnennE 1. ITyemv E — 140KaibHO 8WRYKACE NpOCMPAHCMEO.
IIpomepoii na E Hnasvieaemcs 6CAKAS NPOCKMUSHAR CUCTEMA MED
(§ 4, m. 2, omp. 1) ra npoexmusHol cucmeme Koneunomep HUZ Pakmop oe
npocmparcmea E.

Mppivm cnoBamm, mpomepa W Ha E ecTh cemelicTBO (uv)veg(E)
rie iy — (DONOKATeNbHAS) OrPAHMYGHHAS MEDPA Ha KOHEYHOMEPHOM
npocrpancree E/V u rme py = pyw (tw), xorma V o W. Bee Mepn
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Ly BMEOT OXHY W TY ke HONHYI MacCy, KOTOPas HAZBIBACTCH NOAHOU
Maccoi OpoOMepHl .

Hasa roro arobm nommpocrpawcerso V ms E npumapaeskano ¥ (E),
Heo0X OfIMO ® O0CTATOYHO, 4TO0H B £’ HalIoch KOHOUHOEe YNCI0 TAKNX
3JEMEHTOB Zj, + - ., Zn, IT0 V COCTOMT U3 piemeHTOB x € E, ynosierso-
paiomux coorHomenmio (z, xi) =0 aaa 1<<i<<n (Tom mekr.
nop-Ba, ra. I1 (2-e =3p.), § 6, o. 3, caencreume 2 ns tTeopemer 1 u m. 5,
cuerctene 2 w3 mpena. 7). Hpome Toro, B KOHeYHOMEPHOM BEKTOPHOM
OpOCTPAHCTBE CYMECTBYET 6fAHCTBOHHAS OTHENMMAs TONOJOTHA TOHO-
JOTMYeCKOr0 BEKTOPHOTO mpocrpancrsa (Tam ke, ra. 1, § 2, n. 3,
teopeMma 2). CregoBaTenpbHO, MOHATAE HPpOMEPH Ha E 3aBHCHT AMmb OT
conpsyxkesHoro ¥ F mpoctpanctBa F.

Ilyerp A — orpanmdennas Mepa na E. Huna awoboro V € # (&)
0603HAYNM Tepes Ay 06pas MepHI A IpY¥ KaHOHMIECKOM 0TOODASKEHHT Py
upocrpancrsa E wa E/V. Ilaa nyx onementos V u W us # (£), pna
KoTopeix V > W, mMeeM pv = pyw ° pw; CTano GBTh, CEMBACTBO
k= (QTV)VE_?(E) ects mpomepa wa K. Bypem roBopmrs, 9T0 A ecTh

npomepa, accoyuupoearnHas ¢ mepoit A, Jlerko Bmmets, YTO A W A
UMEIOT OfIHY H Ty K€ IOJHYI0 MAaccy.

IlrensosennE 1. ITycmov E — aokaavho uinykaoe npocmparcmeo.

Omobpascenue A > X ecmb Guexyus MHOMecmea 02D AHUYEH KT MEp
na E na mnoxcecmeo npomep (uv)vegm Ha E, ydosaemeopanusee
caedyouemy yeaosulo:

Has awbozo & >0 naiifemcs maxoe kKomnaxmuoe nOOMHONCECME0
K us E, umo py (E/V — py (K)) < & 048 ar06ozo V € F (E).

Mu 3raeM, 4TO HePeCceTeHNe fAfep HEOpephIBHNX JIuHeHHKX ¢Gopm
na E pasuo 0 (Ton. sexr. up-8a, ra. I (2-e man.), § 4, 0. 2, cneacraue 1

m3 mpepa. 2); cramo 6mre, (| V = {0}, u cemeiictBo (pv)vez@m —
VeF (B)

KOT€PeHTHOS U OTAEAM0INee. Tenepsr MPefiIOKeHme CAeHyeT N3 Teo-
pemu 1 § 4, m. 2.

B wactrocTH, 0TOGpakenme A —> A mEBeKTHBHO. Ecnm p — mpome-
pa Ha E 7 ecnim cymecTByer TaKAas OrpaHmdeHHaa Mepa A Ha E, 410
uw = X, To M Gygmem, JOIycKas BOABHOCTH, TOBOPATH, 4TO I 6CTH
mepa. Ecanm E KoHedHOMepHO, TO BCAKAA HpoMepa n = (Uv)Ves(E)
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ecth Mepa: B camom pmene, {0} € # (E),E/{0} = E u pv, {0y = Pv,
OTKya Wy = py (Wgoy) AAA awoboro VE ¥ (E); mupMmH caoBamu,

m=A, rae A = pgg.

Oeepnomenute 2. Ilyemov T — cuemnoe muoxcecmso uw E — npo-
cmpancmeo Oeticmeumenshiix gynryuil na T, HadeaenHoe monosozuetl
npocmoii cxodumocmu. Toeda ecakas npomepa na E ecmv mepa.

Iycrs pmag aw6oro t € T gepes &; obosHadeHa auHeliHas Qopma
f— f(t) ma E. Mu smaem (Tom. Bext. mp-Ba, ra, Il (2-e man.), § 6,
n. 6, caegcrBue 2 us mpepa. 8), 94T0 ceMeHCTBO (&)t €CTH Oasue
BeKTOpHOTO npocrpanctBa E'. OGoznazuM gepes O MHOKECTBO KOHed-
HEIX popMHOMecTB us T, a masa aioGoro J € @ gepes £; oGosHawum
MHOKeCTBO (yHENUA Ha I, o0pamaomuxca B HYAb B KUKIOH TOYKe
us J. Ilyers F € # (E); Tak Kak oproromaipHoe K F mpocrpaucteo FO
€CThL KOHEeTHOMePHOe mojmpocTpancTso us E’, To maiigercsa takoe J €
€ @, uro F° comepsmures B mopgmpocTpancTBe G us E’, mopongiennom
e, npu t€J. A nockonery F°c G, To

E;=G< F® = F,

¥ cuemnoe ceMelictBo (LK) jep KovpuHANEEO B % (E). Teneps mpepmao-
JReHWe BHTeKaeT u3 Teopemsl 2 § 4, m. 3.

2. Oopas npomepuvt

IIycrs E u E; — XOKaABHO BHIIYKIbE NPOCTPAHCTBA W U —
HempepwBHoe mauHelinoe orobpamenwe E B E,. Haa awbGoro V; €
€ # (E,) nonnpocrparctso V = u~' (V;) us E npumanaemur # (E)
n u ompemelser axrTopusanuedl AmHeliHoe oro0paskenme Uy, Npo-
crparctea E/V B E;/Vy. Nyers V, u W, us # (E,) TakoBH, uUTO
Ve > Wy; monoswmam V = u (Vy) uw W = ut (W,). Torna Vo W
U UMeeT MeCTO KOMMYTATWBHAS AHMArpaMMa

E T Bw 225 Ry

o el el

D FY
B Byw L2 By,

IIycts Temepsr p = (Uv)vegr — upomepa Ha E. [xs moGoro
Vi € & (E,) momosruM
Vv, =uv; (Ru-1(vp)- (1)
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HoMMyTaTUBHOCTh JwWAarpaMMH IIOKA3HBaeT, 9YTO CEMEHCTBO V ==
= (Vv)Vieg(E) €CTb mpomepa Ha F;. I'opopsar, uTo v ectb 06pas n
npu omobpaxcenuw u, m oGosHadawT ero u (u).

Ilyers A — orpamwuennas mepa Ha K u u (A) — mepa ma E,
apagiomasicsa obpasoM A npw oToOpaskenuu u. Ecawm upomepa p acco-
mUEpoBaHa ¢ A, To mpomepa u (u) accomuuposana ¢ u (A). 10 BHTe-
KaeT W3 KOMMYTaTWBHOCTH JMArPAMMEL.

Iyers V€ # (E). Acoo, uro npomepa ma E/V, sapasgiomascs
06pa3oM IpoMepH | IPU KaHOHWYecKoM oTobpaskenuu py : L — E/V,
acconuupoBaHa ¢ Mepod Uy.

Ilyers u, — HempepHBHOe AHMEHeiHoe oToOpaskenue F; B JTOKaNABHO
BEIIYKI0e mpocTpamctso F,. Bes Tpyla KOKasHBaeTCA COOTHOIIEHWE
(g o u) () = u, (v (u)) («TpamsuTHBHOCTL 06pasa IpoOMep»).

3. II peodpasosanue Dy pve npomepst

IIycre E — mokanbHo BRIIYKIOE IPOCTPAHCTBO ¥ [ = (Wv)veg(E)
— npomepa Ha E. Jlng mo6o#t nempepnBHOH nuHeiiHO# ¢opMar z’
Ha F uepes p,» o6osnauum mepy Ha R — o6pas npomepsr u ma £ npn
orobpaskennu z’'. IlpeofpasoBanme (Dypbe mpomeps | ecTh QyHR-
nua ¥ aa E', oupeneneEHas GopMynoi

(7w @) = | e duw o). @)
R
ITyers A — orpammuerHas Mepa ma E. IlpeoGpasoBamme (MDypre
MepH A ecTh pyHENUA Ha E’, onpenensemas Gopyymon

(71 (@) = | eit= = (@), (3)
E

ITyers w — mpomepa, acconmuposannag ¢ A. Haa mwboro 2’ € E
Mepa Uy Ha R ecth o6pas mepH A Ha E npu orobpaskenum z': E — R;
popmynn (2) u (3) cpasy ke IPUBOAAT K COOTHOmIEHUWIO Fu = % A.
ITyers p — mpowssombHAA Hpomepa Ha E u u — HempepeiBHOE
nuHeiiHoe oToOpaskeHme E B JOKaNbHO BHEOYKIOE MpoCTpancTBo K.
O6osmaumM depes 'z TpaHCHOHWpPOBAHHOE K U JHHeHHoe OTOGpaske-
ume E; B E’, a uepes v — upomepy u (p) Ha E;. [{xa moboro z, € £

mveem ‘u (z)) = z{ o u, OTKyAa,

ver = &1 (v) = &y (u () = (] o u) (1) = Pty
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CnepoBarensHo,
F (1) = (Fu) o 'u. )
B uacrHOCTH, BO3BMEM B KauecTBe U KaHOHmYEeCKOe oToOpasikeHme
pv upoctpanctsa E ma E/V (nua V € #F (E)). Ilpomepa pv (1) Ha
E/V acconuupopana ¢ Mepoii Wy  ‘py ecTs m3oMopdusM compsiKeH-
"oro k¥ E/V ma momnpoctpancteo VO ug E’, oproronansuoe K V. Ecan
me orosmectsum (E/V) ¢ V° npm momomu ‘py, TO

(Fw (@)= | e duy (2) (5)
E/v
naa moboro z' € V0. Nmeem E' = |J V9 tak d9T0o mpembiaymas
veF B
dopmyna 3amaer pyEknuo #p na £’. Haxonen, ecau B (5) moxoRurh
z' = 0, To sAcHO, 9TO mOXHAasA Macca npoMeps p pasHa (Fp) (0).

eepnomenuE 3. Hyemo E — nokasvho evinykaoe npocmpancmeo.
Omobpaacerue p — Fp mHoxcecmsea npomep Ha E e mHoscecmeo
Pynryuii na E' unvermuero.

®opmyna (5) mosBolsieT cBecTH Bee K Ciaydaw, Korma £ Komedymo-
MEpHO; a TaK Kak BCAKOe KOHOTHOMEepPHOe MPOCTPAHCTBO M30MOPHHO
npocrpareTBY R™, TO MBI MokeM flajke HPEAMOIOKUTH CYIIECTBOBAHME
ragoro ueaoro n >0, aro £ = R™ Crano 6T, 10CTaTOYHO TOKa-
3aTh, UYTO €CIW U — OrpaHWdeHHas (He 00A3aTenbHO 110J0KUTEIBHAS)
mepa Ha R™ un

S e= ¥ dy () =0
RTL
nas ao6oit mmueiino# dopmer y Ha R®, 10 p = 0.

Ilyers mas mo6oro memoro m >= 0 wepes G, obosmadena moprpyiu-
na m-Z® ws R". Yepes %, ob6oznasumM BEKTOPHOE IIPOCTPAIHCTBO
Takmx HelpepHBHHX ¢ynrnud f Ha R", wro f(x 4+ a) = f (2) naa
z€ER™ a a€G,. B cmry npemnosxenua 8 (O6masrom., ra. X
(2-e uan.), § 4, u. 4) BcAkag PyHENMA m3 %, ecTh pPaBHOMEDHHH Ipe-
el KOHeUHHX JuHeHHHX KoMOmHanmuii QyHROWH THOA 2 —> e27i(x 9)
¢ g€ m-t.Z" Cramno 6615, W (f) = 0 gua mwoboit yurnau f € Gy,

Ilycrs f — wHempephBHAS QYHKIUA ¢ KOMOAKTHHM HOCHTEJEeM Ha
R". Haa mwo6oro meaoro m >0 wonoxum fp, (z)= E% f(z -+ g).

q m

OueBunro, uro fAxa maoGoro z € R™ »toT pamg wmmeer aunrk
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KOHEUHOe IUCA0 WIGHOB W 9TO f, npumagieskur €,. Kpome Toro,
JIETKO BWJETH, ITO MOCHELOBATEIBHOCTE (fr,) PABHOMEDHO CTPEMUTCH
r [ Ha aw0oM KOMmaKTe W 4TO CYIECTBYeT TaKasd KoHcramta C > 0,
a1o | fm | << C nas awbGoro m. 3Hauur, B cuny opepnoskenus 12 § 5,
. 6, p (f) = lim p (fm). A DOCKONBRY fry € G, TO N (frn) = 0, 0TRY-

m—->oo

na owoHWatesbHo moayuaeM p (f) = 0. Hrag, p = 0.

*3aMevganue. EcauZ KOHCYHOMEDHO, TO BCAKHI €ro xapaxrep
uMeer BHY z > e ¥ ¢ 2’ ¢ E'. (Cnextp. Teop., ta. II, § 4, m. 9,
cnegcteue 3 us mupema. 12), B arom caydae mpejio:keHHe 3 BHITEKAeT
U3 TEOpeMHl eJWHCTBEHHOCTH [JA npeobpasoamusa (Dypse (tam ke, § 1,
n. 6, caexcrtBue H3 Tpema. 6).y

4. Botuucaenue 2ay cco8blx UWHMEZPAAOE

Jemma 1. Jaa awbozo yeaozo n =0
n+-1

Ly y 2 1
S[x] e-s2dr=2 * T(2F1), 6)
R

_— 2n)!
5 a2e=3%2 dg = (2m)'/* LI 0
R
[ aznte-a2 gz — 0, (8)
R

Hanomaum dopmyay
rs)= | ute du, )
0

cIpaBeAIuBYyIo Auis al0boro aeficrBurensHoro s > 0 (Dynknuu feicTs.
nepem., ra. VII, § 1, n. 3, upenn. 3). Ilponssons 3aMeny nepeMeHHO-
ro x = (2u)'?, nomydaeMm coraacHo (9):

n-1

ane_xz/z dx:S (Qu)™? e _3_21/2u-1/2 du=9 2 T ( n-41 ),
0 0

2

OTHyZla BHTeKaeT gopmyaa (6), HOCKOABKY

oo
S |z|["e-x*2dx =2 ‘. zhe~*M2 dx.
J .

-

(=]

35 H, Bypb6aku
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®opmyaa (7) caenyer us (6) M U3 COOTHOMEHUSA

1 2n)!
P (ng) = g (10

1/2

Hust n = 0 7o coorHOmenue npuwrnmaet Bua I (1/2) = xnl/2, 1. e. cBo-
nmresa K popmyne (21) (Oyuknuu peitcrs. mepem., ra. VII, § 1, m. 3),
O6muii exywail momyuaercs OTCIONa WHAYKIIWEd 1o R, ecqu IPAHATH
_Bo BHuManme cootHomeHue I' (x + 1) = z T' () (ram sxe, § 1, m. 1),

Haxorern, ¢opmyaa (8) caegyer m3 7Toro, 4To QYHKOUS & —>
> 23"*1e-2%2 peverHa.

Jdema 2. Jas awbozo komnaekchozo uwucaa y

(@)Y | emsti2ei™ dy = e-vhr2, (11)
R ‘
B vacmuocmu, ,
@m)~ 172 S =12 dg =1.
R
SaMena nepPeMeHHON X w»— X JaeT
(2n)~ /2 S e~=*26\Y dg — (2m) ™ 1/2 S e=*22¢~Y dg;
R

a8 TOCKOJDBKY COS U == (ei“—}-e‘i”)/Q U I1060r0 KOMILIEKCHOTO 9Mcia &,
TO OTCIONA IOJYIAEM

(QR)-uz \' o—x%2pi%Y dx:(Qn)—i/Z S e~*¥2 cos zy da. (12)

R

=]

Haa aeGoro mesoro r > 0 momaraem
gn (@) = (— )" @) "2 LULL oo,

B cany (7) mveem

}ifgn(x)ldx=71!-('§'2)”, | (13)
{en@de=o- (-5, (14)
OTKY/Ia

Z Slgn(x)ldx:elul2/2<_{_oo.
R

n==

<
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Tak Kawk, KpoMe 1010,

@m) 2 e-=2cos zy = X gn (%),
n=>0

TO MOJKHO TOWIEHHO HHTETPHPOBATH 3TO PABEHCTBO, B Pe3YJBTaTe
gero B cuny (14) momyuaem

oo

(2n)~ 172 S e-*%2 cos zy dx = Z S gn (z) dz = e~ V32,

R n=0 R

Teneps ¢gopmyna (11) cmeayer us (12).

3. I'ayccosvt npomepvt U mepovl

IIpEnnowenuE 4. Ilycmv E — nokassHo 6WINYKAOE RPOCMDAHCINEO.
JTas awboii nosoxrcumenvholi keadpamuynot gopmv Q na E’ cywecm-
syem, u npumom eduncmeennas, makas npomepat Tq na E, umo
FTqo = e~2. Iloanas macca I'y pasua 1.

Eduncmeennocmy I' g creyeT U3 IPeIIOKeHUA 3 1. 3. Honmaa macca
npomeprt I'g paBra (FTg) (0) = e~0/2 = 1. Cywyecmeosarue mo
GyneM MOKasEBATHL O 3TALAM.

A) E umeem Koneunywo pasmeprnocmb n, o Q Heghpoxcdena.

Cormacro memme 2 n. 4 mepa y; Ha R, uwmeomas naxoTHOCTH
t +—> (2m)~Y2%e-1%/2 orpanwuena u mumeer unoxnyw maccy 1. Ilomo-
KEM P =7, @ ...y (n comHomureneir). Us semmn 2 m. 4 mo-
TydaeM

fexp@ut.. +atdvi ..ot =

RT

=T § etan @ =] @o** [ etite-rerz e =
=1 R J=1 R

e

n
= H e“‘fg/zzexp (—*%(aﬁ 4+ ... Fad)).

j=1
A Tax xax Q) mOJOKHTENBHA W HEBHPOK/EHA, To B E' cymecrsyer
opToHOPMEpOBAaHHHI{ Oasuc (e, ..., en) oTHocurexsno Q) (Axrebpa,
ra. X, §7, n. 1). OGosHaunm wepes f mzomopdmam z+—> (e; (2), . . .
..+, ey ()) npocrpancrea £ ma R™, a gepes I'q — mepy /- (y) Ha E
35%
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HOycrs 2’ = aje; + . -« + apen B E'; mmeem 2’ (Y, ..., &) =

2 t;0; DS NEACTBUTENABHEIX iy, ..., I, OTKy/R

S eits =) qTy (z) — § exp (i (aty+ - . b antn)) Ay (tyy + vy 1) =
E R

:exp( 2(61—!— .Han) = exp( %Q(x’)),

Caenosatensno, ¥l = e~Q2,

B) E koneunomepmo.

Ilyers N — BERTOpHOE MOANPOCTPAHCTBO IpocTpancTsa E', cocro-
amee m3 Tex z’, Aaa Koropex Q (z') = 0. O6osHagum wepes M opTO-
romanbHoe ¥ N moampocrpadcTso B FE, a Uepes j — KaHOHWYECKYIO
wasexmuio M B E. Jluneiinoe orobpawmenue 'j: E'— M’ CIOPBEKTHB~
"o u wmMeer sfpo N, a SHAUMT, CYMECTBYeT TaKadg HeBHPORICHHAas
TmONOKUTeNbHAS KBajparTmuHas ¢opMa g Ha M', wro Q =g fj.,
B cuay snimeusmosxeHHoro Ha M CymecTByeT TaKag OTpaHWdeHHAs
mepa ', a0 # I' = ¢~%2, Ecan wonomurs I'q = j (I'), To B cuny dop-
myan (4) o. 3

FLo=(FT) o j=exp(—qoj/2) =92,

C) O6wuii cayuail.

Iyers V € # (E). O6o3Hagum uwepes py KaHoHWIecKoe oTofpa-
wmenme E Ha E/V, a uepes Oy — TOTOKHUTEAbHYI KBaJpaTHIHYIO
dopmy Qo 'py ma (E/V)’; nanoHem, muycts py — mepa ma E/V
¢ ppeoGpasosanuem @ypre e v/2 (ep. B)). Ecm W € # (E) conep-
muTes B V, TO Py = pPywo Pw, OTKyHa Qv = Quw o tpr;
B cany gopmynwn (4) m. 3 Mepa pyw (UWw) EMeeT B KadecTBe Ipe-
obpasoBanug Oypre (yHKIUIO (e_QW/Z)otpVW=e_QV/2, n 3Ha-
yur, papHa py. Cramo OmTH, ceMedicTBO (Uv)veg (k) €CTH IIpoMe-

pa p Ha E. @opmyna 5 u. 3 moxasmiBaer, uro # | paBHO e~¥/2,

Oupepenerue 2. Hycmv E — 40KaAbHO WINYKAOE NP OCMPAHCMEO.
Has #1060t nosoxcumensvrol keadpamuurot gopmwt Q na E' 2ayccosoil
npomepoil ¢ eapuayueil Q na E nasvieaemcs, u obosnauaemesa I'g, npo-
nmepa He E, npeobpasosanue Dypve romopoli pasno e~92. I'ogopam,
umo npomepa w zayccosa Ha E, ecau cywecmeyem makas nosoxcumenn-
Has keadpamuunas Popma Q na E', umo p = Ty. ’
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Jlonycras BOIBHOCTH, 6YAeM roBopUTh, 9TO OTPAHUYEHHAsT Mepa

ma F rayccosa c¢ Bapuwanueil (J, ecliu acCONWHMpPOBAaHHasA mpoMepa W
pasHa T

3amevganua 1) Illycts E — KOHEYHOMEDHOE BEKTOPHOE IIPO-
CTPAaHCTBO M IYCTh U — TaKas IOJOKUTENbHAsA Mepa Ha E ¢ Mmaccoi 1,
9YTo BeAKas jgumeiimas ¢opma ma E mpuHajaesxut Z*? (E, p). Onpepennm
anement m ¥s E m momoKuTensHy®w Keagpatmunyo ¢opmy V Ha E’ dop-
MyJaMH

{m, z'y= S {z, &) du (),
E

Vz')y= S {x—mrz)? du (z).
E

B Ttpammnuonroii TePMUHONOrMH TEOPHH BEPOATHOCTEH m HA3HBACTCH
cpednum, a V — gapuayueli n; TOBOPAT, 9TO W YeHmpuposani, €CHA
m=0,

Hycts Ténepr a — sneMeHT U3 £ U Q — NOROKMUTENbHAA KBAJPATHY-
Bas gopMa Ha E'. OGosmaumm uepes T, o ofpas mepw g mpu capmre
z > z -+ a. Jlerko Bupgers, uto I, ¢ ecTh monokuTenrHaA Mepa Ha E
¢ Maccoii 1, ¢ npeo6pasosanuem dypne z’ > exp (i{e, =’ ) — (1/2) Q (z')
# cpegauM a. Kpome Toro, mpeanoscenue 6 Bieder, 4To () €CTh BApHAIUA
nna T, q. B coorserctemu ¢ Tpapmmmeit rosopar, uro [, g ecTs rayccosa
Mepa co cpegEuM ¢ u Bapmanueir Q u 4ro I'q = Ty o ecTs yenmpuposan=
nas rayccoBa mepa ¢ papuanmeit Q. Taxk Kak Mu GyneM paccMaTpHBATh
JMIb YeHmpupoeanmuble TAYCCOBH MEPhi, TO MH CJIOBO (I|€HTPHPOBAHHELICY
OymeM oOmycKarTsh.

2) Iyers ¢ — wBagpaTwuHada ¢opMa HA CONPAMKEHHOM IPOCTPAHCTBO
E' ¥ noxanpHO BHuyKjioMy mpoctpancTBy E. Ecam cymecTByer mpomepa
na £ ¢ npeoGpaszosanuem Oypre e~ 2, TO KBajpaTHuHasA ¢opma Q mouo-
JKUTEJIBHA: B caMoM fexe, QyHKnusa e~ Q2 orpanpieHa Ha E’; sEaunr,
pns awboro z’ € E' QyHKmua £ ¢~ 1202 — e~ )/2 g3 R orpa-
HHUeHA, oTKYAa Q (z') > 0.

3) Compsixennoe ¥ R kamoHwuecku msoMopdHO R, ¥ HOROKUTEALHEE
KBapparnuanie ¢opme HA R aBnsiorca QyHKmuamu Bupa t+—> at? ¢ ¢ > 0.
3maunr, fnsa moboro a > O cymecTByer, U IPHTOM TOJILKO OfHA, OTPaHU-
9eHHas Mepa y, Ha R, mpeoGpasoparne Oyppe KOTOPOH paBHO QYHKIUM
t > o2, roBOPAT, RONYCKaA BOJABHOCT, ITO Y, €CTb 2ayccosa Mepa
na R ¢ sapuayueii a.

IlpeoGpasosanme Oypse MEpH Y, €cTh KOHCTaBHTa 1, OTKYHA Yo = &,
(epunpunas Macca B Hauajge R). Ilpegumonomum, 9ro a > 0, n 0603HAIUM
wepes u, numeiiHOe orobpaskenmez —> al/ 2 2, mueem Fy, = Fyotug,
OTKYIiA Vg = Ug (y1). Jlemma 2 moxaseiBaer, 910 P, €cTh M€pa ¢ HNOT-
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HOCTBIO x> (271)~1/2e~**/2 orpocmrensmo Mepm JleGera; oTciofa Jerko
BHBecTH QOpMYTy
g (2) = (2ma)-Y2%~¥"/22 gz, (15)

O6pas rayccoBoll IpOMepH IPY HENPEPHIBHOM JUHENHOM oTOOpa-
JKeHAU ecTh rayccoBa mpoMepa. Bomee Toano, uMeeT MeCTo ClefyOMuH
pPe3yrbTaT:

Nrennomenne 5. lyemo E u E; — a0kaivho eunykAabie NpOCmp ak=
cmea U U — Henpepuignoe auwelinoe omoOpaxcenue E ¢ E,. Iycmw
Q — nosoxcumeavnas readpamuunas gopma nHa E' u Qy — nosowucu-
meavias keadpamuunas gopua Qo'u na E;. Cnpasedauso pasercmeo
u (I'g) = Tg,

Ionowmum p = u (Fg). Cormacuo dopmyme (4) m. 3

Fp=(FTgolu=e-2oly=e-02= gTq,
oTkynma g = I'o, B cHmay mpepokenus 3 m. 3.

Cagncrsut. ITyemv E — aokaavho eunykaoe npocmpancmeo u Q —
noaoxcumesvnas keadpamuunas gopmae wa E’'. Jas awbozo z' € E*
o6pas Ty npu omobpaxcenuu x' ecmb 2ayccosa mepd ¢ eapuayuei
Q') na R.

Mrepmomenue 6. Hycmv E — aokarvHo eWRYykACE RpOCMP AHCMEO
u p — eayccoea mepa Ha E ¢ sapuayuet Q. Jaa awbozo yeaozo n =0
u awbozo x' € E' cnpasedaugtt coomuouenus

[l o) dp o) =n-v2r (H2) 0@y a6
E
! "“n
{ @ ey du@ =Sdro@, (17)
E
S (x, Y™ dp (z) =0. (18)
E

B uacmuocmu,
| @ara@=0@) @) (19)
E

Ecam atu ¢opmynas BepHH A HekoToporo axemenTa ' € E’, 0
OHH BePHH ¥ 15 BCeX ero KpatHHX Iz’ (c jmeitctBuressHuM t). Craxo
GEITH, MO;KHO OrpAHMUHTHCH ciaydvaeM, korma @ (z') pasma O wam 1.
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%4

a) Ilpenuonosmm, uro Q (z') = 0. Mepa 2’ (n) pasHa Y, = g,
1 3HA4NT, ' PaBHO HYIIO U-IIOYTH BCIOAY; Torfa dopmynn (16) — (19)
OYeBUJHEL.

b) Ilpeamonoxmm, aro @ (z') = 1; orcioga 2’ (u) = y,. Hmeem

S |z, 2y " dp (z) = S L2 " dyy (2) = (2m) 12 S [¢|" =22 dt,
E R R

-

a (16) cpasy sxe BuTeraer u3 (6) (u. 4, memma 1). TouHo TakK sxe dop-
myasl (17) u (18) cmegyrwor us (7) u (8). Haxonen, (19) momxyqum,
noxoxus B (17) n = 1.

Tenmeps MH Mo;xeM [O0Ka3aTh yTBep:KIeHuWe, o6paTHOE K CJe
CTBHI0 W3 IpPeNIOMeHus 5.

Heennomenus 7. ITyemb E — 40KQ1bHO @BIRYKEAOE NDOCTMDAHCMEO
u u — npomepa Ha E. IIpednoaoxcun, umo x' (n) ecmv eayccosa mepa
na R Oas awbozo ' € E'. Toeda p ecmv zayccosa npomepa wa E.

IMycrs pasa mioGoro ' € E' gwepes Q (z') oGosHaueHa Bapumamus
rayccosoit meps 2’ (u) ma R. Hmeem z' (0) = ygw), OTKYAQ B CHIY
ompefenenus #y (u. 3, dopmyra (2))

(1) (@) = | 41 dygeey () =ema 122,
R
WUnmmu cnosamm, Fu = e~%2, um ocraetca mokasath, ato (@ ectn
DONORUTEeNbHAsA KBaJparuiHas QopMa Ha E’.
Hast axo6oro 3aMKPYTOr0 BEKTOPHOro mopmpocTpancrea V ms E
KOHEYHONl KOpasMepHOCTH 0003HaYWM Uepes py KaHOHWIECKOe
otobpamenne E ma E/V, wepes py — mepy pv(p) Ha E/V B nomomum

Qv = Qo 'py. Taxr xarg E’ =V_L(JI_(E{m (*pv) u Tak Kak ‘py WEHBEK-
e F

THBHO, TO OCTATOUIHO /IOKA3aTh, UT0 (y €CThH HOMOKATEIbHAS KBAJPa-
Teanas gopma ma (E/V)'. Ilycrs u € (E/V) u z' = ‘py (u). Hmeem
u(uv) = u (pv (W) = 2 (W) = v

HO0RTOMY B CHIY NpeAdo;ReHms 6
Ov (@) =Q (@)= | 2 dvger (i) = | u (@ duy (@),
R BV

B 3HaqunT, QJy ecrh DONORUTENbHast KBagpaTuunasa gopma Ha (E/V)!,
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6. II pumepsl 2ay cco6blx N POMED

1) Mycre E — peiicTBuTenbHOe TriibiepToBO mpocTpaHCcTBo. OTo-
Opaskenne z'+w> || 2’ |2 ecTh moOnoKuTeNBPHAs KBafipaTHuHam Gopma
Ha FE’'. CooTBeTCcTBYIOmAA TaycCOBa HpOMepa HA3HBAGTCA KAHOHUe-
ckoli 2ayccosoti npomepoli Ha E. Moxuo nowasate, 9T0 aTa IpoMepa
He Oymer Mepoit B ciayuae OeckoHeuHoMepHoro FE.

Iycrs A — menpepuBEE# auHefiHw# omepaTop Ha E. OtoGpasme-
mme 2’ > ||' Az’ || ecTh monoskmTeNbHAA KBaZpaTHIHasg Gopma Ha E’,
CootBercTByIOmAsA mpoMepa B, Ha L ecTh Mepa B TOM W TOJBKO TOM
ciaydae, ecim A ects omepatop I'mirGepra — IlMupra.

2) Hdpa noaoscumesvrnozo muna. O6osnaunm gepes I' HeroTOpPOB
MHOeCTBO, a depes E = R — BEKTODHOE NIPOCTPAaHCTBO JeHCTBU-
TeJAbHHX Qyukmuil Ha T, HaJeJleHHOe TOHOJOrMefl HPOCTOH CXORMAMO-~
cra. dua mioboro ¢ € T wepes &; obosnaumM JammHeitHY0 opMmy f—>
w—f () ma E. CemeiictBoO (&;)ier ecTh 6asmc mpoctpanctea E' (Tom.
BeKT. mp-Ba, . I1 (2-e m3n.), § 6, m. 6, cuencrBue 2 ma mpepa. 8).

fAnpom nonoxuTeIBHOTO THHA (AedCTBNTeNbHEIM) HA I HA3KIBAETCH
Beakag ¢yHkmuA K Ha I X T ¢ mefiCTBHTeNBHRIMH 3HAYCHUSAMH,
YZOBJIETBOPAIOMAA COOTHOMIEHNAM

Kit,tY=K(@',t) mua ¢, t'€T, (20)
D
2 ciciK (b, 1) >0, (21)
1, j=
KaKOBHE! O Hu OHJIM HOJIOKUTEJbHEIE IeJble p, HJIeMeHTH Ly -« itp
u3 I' ¥ meficTBUTeIBHEE YACAA ¢, . . ., Cp. KCIH 3TO BHIIOJIHACTCHA, T0

dopmyaa
(D e = X cerK (¢, 1) (22)
€T tET

ompefeliAeT MOJIOKATEIBbHYI0 KBafpaTnunyw ¢dopmy Ha E’. O6paTtHO,
eclIm ¢ — [OJIOMKUTeJIbHAA RBagpaTmyHag dopma Ha E’, To dopMmyna

K (1, t') = 5 [9 (et 2) —g (e)) — 4 (&) (23)

ompefiensieT AApo monoxkmrennrHoro tmma K ma T. Tarum oGpasowm,
HoJyuaeM 7Be B3amMHO 00paTHHE OWMERIMH Me:RAy MHOKECTROM Anep
OOJOKUTeNBHOTO THOA Ha T I MHOMKECTBOM IOJOKUTEIbHEIX KBampas~
TauHEX ¢opm Ha E’.

t
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Ilycre K — anpo monokmresbHoro ™ana Ha I m ¢ — accomumpo-
BaHHafA KBafpaTunuHag fopma Ha E’. Tayccora mpomepa Ha E ¢ papma-
nyell ¢ HasEBaeTca TaKKe 2ayccosol npoMepol na E ¢ xosapuayuell K.
Ecan T cueTHO, TO U3 mpenio;keHns 2 u. 1 BEBOAUM, 4TO 3Ta IpoMepa
ABIAETCH Mepoi. _

3) IIycte T — cuetHoe MHOMecTBO. OmpefeanM AP0 IOJOMKH-
TeapHOTO TAna § Ha T, mMomO::UB

, 1, ecam i=1',

o1t ):{O, ecmm =<t

CoorsercTBYy®Omas KBagpaTniHagd (opmMa 3afaeTCHa PABEHCTBOM

q (tg ¢i2y) —.:tz,; ci. Jna moGoro t€ T depes W; o603HATmM Tayc-
€

(24)

coBY Mepy ¢ sapmanmeir 1 Ha R; nerro morasatb, 9410 rayccoBa Mepa
T .
ga R° ¢ woBapmanmeit § paBHa @ Py
1T
4) Myers n > 1 — nenoe umeno. HpagpatHas wmartpmma C =

= (c;;) DOpAAKA N HA3BIBAETCH NOAOHCUMEAbHOU CUMMEM PUMECKOU,
n

eCIE OHA CHMMeTDHUECKAam W eclm ), ¢;;%;%; >> 0, KarOBH O HE
i, j=

OHLIN NEeHCTBATENBHEIE Ty, . . ., Ly} 9TO CBOEWTCA K YTBEDKAEHUI0, YTO
otoGpaskenne (i, j) ~> ¢;; 6CTh APO MOMOMKMUTEJBHOTO THLA HA MHO-
xectee {1, 2, ..., n}. Cramo 6u1H, GymeM TOBODUTH O TaycCOBOH
mepe yc Ha R" ¢ koBapmanmeit C; ona xapaxrepmayerca (opmymoi

[ exp (@it A zata) dve (t, - ta) =

Rn
1 n
:exp(—-2~ Z c]'hxjxh) (29)
j, =1
Bas MeHCTBUTENBHHX Zy, - - ., Zn. W3 upemiosennsa 6 m. 5 (dopmy-
aa (19)) suBomuM
[ ttndvc(t, ot =en (A<, k<), (26)
Rn
Hs mpepgnoxenms 5 m. 5 HoayuaeM GOpMyay
u (YC) = ‘YUCtU’ (27)

rae u — auHeiiHoe orobpaskemme R"™ B R™ ¢, marpumein U. Kpowme
TOrO, JEerKo BHAeTh (CP. HaYaNO JOKa3aTeNbCTBA Opemd. 4 m. 5), uTo
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ecinm [, — eTuMHMYHAA MaTpUa NOPAAKa N, TO Mepa Yy, HMeeT
MJIOTHOCTD

@m) " exp (—g (14 ... +4)

oTHoCHTenbHO MepH Jlebera A, Ha R™.
Mu mokaskem, aro ecim Matpmia C ofpaTtmma, ¢ o6paTHO# MaTpH-
Heﬁ D = (djh)i TO

ch(tu ey tn)=

n
= (2m) ™2 (det D)"/* (exp ( —% S djhtjtk))'dtl oo dbn. (28)
Fy k=1
B camom pene, ecim C obpatmma, To KBampatnuHas dopma g Ha R™,
onpenenseMas COOTHONIEHHEM

n
q(ZTys ooy ZTp) = hzi CinTjTh,
1, R=

HepHpoaeHa. Mcomonanaya cymectsosamme Gasuca B R™, opromopmm-
POBAHHOTO OTHOCHTEJNBHO ¢, TOKa3hBaeM CYMmECTBOBaHMWe TaKOd KBaj-
patHo#t Matpuns U mopsnka n, ato C = U-*U, ortkyma B cury (27)
ve = u (y1,) (Zepes u oGosmauen aBromopdusam R" ¢ marpmueir U).
ITycrp Q — wBagpatuwuHas dopma:

Oty ooy tn) = B4 oo+ 8
nMeeM

N, = (zn)_nlze—Q/Z?"nt

OTKyZIa

(Vi) = (2m) "% €= @iy (b). (29)

Ouesnino, 9T0 KBagpatndHas $opma Q o u~! ma R” mpurmmaer 3Ha-

n
genne D) djt;ty B T0uKe (f, . . ., t,), I Opegnokenne 15 ria. VII,
J, k=1

§ 1, n. 10 morasbiBaeT, 4TO
u (M) = (det U)~"An = (det D)**A,. (30)
Orcrona cienyer popmyna (28).

7. Mepa Bunepa

B sroM myHKTe MH GyneM oGosmauate gepes I' mmtepsan ]0, 1]
u3 R, a uepes &% — ruanGepToBO HpPOCTPAHCTBO J6HCTBUTENBHEIX
QyuruMi, HHTErPEPYEMBIX C KBAafApaToM OTHOCHTeJIbHO MepH JleGera
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ua T'; gepes (f | g) oGosmawaerca cramsaproe nmpoussenenme. O6ozHa-
quM TaKKe depe3 ¥ NPOCTPAHCTBO HeUPepHBHHX AefCTBHTENBHBIX
¢yurnmit wa T, crpemamuxcs K 0 B rouke (; ¥ magemeHo HOpMOR
NHfl = sup |f (8 |.~ Kommawramit wmarepsax [0, 1] = T {0}

ecThb homnaxmdmxauna AnercanfipoBa IT0KaJabHO KOMIAKTHOTO, HO He
KOMIIAKTHOTO HHTepBada I'; CIe0BATe]bHO, MHOJKECTBO HEIDePHIBHAIX
$yHrnui Ha T ¢ KOMHOAKTHHIM HOCHTeNeM IJIOTHO B ¥, W counpsaxeH-
HOe K B OTOMIECTBIAETCA C HPOCTPAHCTBOM of/! orpaHMYeHHHX (He
06sA3aTeIbHO mONOKUTEABHHX) Mep Ha T (ra. IIT (2-e mam.), § 1,
o 8, omp. 3).

s awoboi dyakmum f€ 5% onpemenum ¢ynrnuio Pf ma T ¢$op-
MyIOR

PH 0= 1) de=s| 1), (31)
0

rae I; — xapakTepuctmieckasa ¢ymaknus murepsaga ]0, tl. Hepaser-
ctBo Homn — Ilsapna Baeser mepasesctsa

(PP (1) 1 << I F 112, (32)
(PR (&) — (PP (&) < I f 1l It — v % (33)

cramo 6uth, Pf upmmamnexur €, u auueitnoe orobpaxenme P mpo-
cipancTBa J¥# B € HempepHBHO W mMeeT HopMy <C 1.

OrosxmecTBUM IUabGepTOBO IPOCTPAHCTBO ) € eT0 COIpPAKeHHEIM
(Ton. Bexr. mp-Ba, ra. V, § 1, o. 6. Teopema 3) m o6o3naunmM depes
II: o' — $¢ TpaHCHOEHmpOBaHHOe K oToGpaskenmio P: F — €. Hasa
a1060it Mepu 1 € oA u mobGoit pynrumm f € J¥ B cuxy Teopemsl JleGe-
ra — Qy6urn uMeeM

Ml =p@H={ duw | 1@ i@ de= | 1@ de | I (@) dp .
, T T T T
Ho
1, ecmu 0 <<a<{i<1,
0 B mpormshoM ciaydUae;

I; (x)Z{
OTCIO[]A OKOHYATEIHHO [ONYIaeM

(Ip) (z)=p (lz, 1)) pas° zeT. (34)
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Ilycts p, vEo#!. Torma

(MTp | IIv) = S Itp (2) v (z) dz =
T

_ 5 de 2ydu @) \ 1, () av ¢

T

)
S S dp (1) dv (¢ S I, (x) I (2) dz.
T T

Ho I,-1, ecth xapakrepmcrmdecKas ¢yaxuusa wusrtepsana 10, £
N10, i']; orcioma cpasy BHITEKaeT, 4TO

S I,(2) Iy () dz =inf (1, t'). (35)
T
W3 s710r0 3aKmIOUaEM, 9TO
(Il | Tv) :S 5 inf (¢, ') dy () dv (t'). (36)
TT

IomyuenHEi pe3yAbTAT IO3BOJNAET ONpPEJeIUTh HOJOKUTETbHEYIO
KBagpatmanyio gopmy W ma of! dopmynoi

W= {inf@ v)dp du() =Tl (37)
T T
B wacrroctn, ecanm fy, o.., I, —31eMeHTH U3 T, a ¢y, ..., ¢, — EHCT-

BUTEJIBbHBE YHWCJIA, TO

w () c,-stj) = 2 cieninf (4, th); (38)
=1 i, =1

HO Tark Kak W monoxmrennra, QyHKnus (¢, 1)~ inf (¢, t') ects anpo
mOJIOKATeNbHOr0 Tuda Ha 1.

TrorEma 1 (Bmmep). IIyems w — 06pas npu omobpascenul
P : 8 — € ranonuueckol 2ayccosoll npomeps. HA 2uabbepmoeom
npocmpancmee 558, Tozda w ecmv 2ayccosa mepa ¢ sapuayueti W na 6.

Mo mocrpoenmio mmeem W (u) = ||'P (p) ||?; ppennoxenne 5 m. 5
OOKa3hBaeT, YTO W eCTh rayccoBa Ipomepa ¢ Bapuammeit W. Ocraetcs
JKOKasaTh, 94T0 W ecTh Mepa Ha €.

A) ITocmpoenue écnomozameabHozo npocmpancmea ¢ mepod (Q, m).

Ias mo6oro nmenoron == 0 060sHaaum aepes [, MHOKeCTBO YHCEN
Buga k/2"ck =1,2,3,...,2" lonoum{D = |J D, (MHOMKECT-

nz
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BO BOMYHHIX gpobeit, conepmamnxc;l BT umQ = RP. Haa moboro
1t €D uepes X (f) obosHaumMm amHeitylo dopmy f —> f () Ha Q.

Ias t, ' €D nomosmum M (t, t') = inf (4, ¢'); scmo, wto M —
ANPO MONOKATeNAbHOTO THNA Ha D. A mockoabry D cueTHO, TO MOMKHO
ompeJeInThL TayCcCOBY Mepy m Ha Q ¢ roBapmanueit M (u. 6, mpu-
mep 2).

JIiEMma 3. Jaa awbvz t, t us D

SlX(tEt’ )___X(t)—;X(t’) ]3dm 3/2

&It—-tl

Ormernm, uro (¢ + t')/2 wmpmuamaemnr D. Wssectno (o. 6, opm-
mep 2), uaro cemeiicTBO (X (£))iep €CTh §Ga3mC TOMONOIMIECKOTO COUpsH-
erHoro Q' K Q; 3HagmrT, CYIMECTBYeT CAMMeTpHTIeCKAA OnanneiHa s
(j)Opma M Ba Q' X Q, xapakTepuayeMmas COOTHONIEHEEM M(X (@),

X (")) = inf (¢, t'). [lo mocTpoenmio, BapHanus rayCcCOBOM MepH m
Ha Q ecTr KBajpaTnaHasg ¢opMa EHM(E, E) ma Q'. Tomommum,
B 9aCTHOCTH,

X () - Koy, o
ImpoCTOe BHIYUCIEHHE AaeT
ME y =1l (40)
CornacHo mpepaoskermio 6 1. 5 (Ppopmymna (16))
[ e am =n-12971 @) 1 &, 1", (41)

Q

¥ JeMMa Cpa3y jke BETeraeT m3 ¢opmya (40), (41).

B) Ilocmpoenue omoGpascenus u npocmpakcmea Q 6 .

Insa nw6oro meaoro n == 0 o6osHawnM depes £, DOAIpOCTPAHCTBO
m3 €, cocrosmee n3 GyBRuUME, ahPUHHEIX Ha KajKIoM M3 AHTEPBAJIOB
[(k—1)/2% k/2" pna 1 < k < 2". Adjpunnasn ¢yHEOUA Ha KOM-
naxktnom wuHTepBade / m3 R pocturaer cBomx rpaseir Ha KoHIax
uHTepBaia I; caefoBaTebHO,

1= sup |7 (3r)| (42)

Ik

ma fEE,.
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Ins awo6oit pyskmuna g € Q u moboro neaoro n 2= 0 cymecrtsyer,
I NpHUTOM e[WHCTBEHHas, (YHRIUA U, (g), UpmHaAAe:xamasn E,

]

I
I
I
I
I
t
t
i
'
i
|
|
I
I
I
I
!
i
i
i
{
$

7 F4

RN IO N—

1 COBHANAIOMIAA C ¢ B KaKmoit Toure us D,,; momomuM I, g = U+, (8) —
— U, (g). Tak xax D, xoueano, T0 ortoGpaenne T, OpOCTPaHCTBA
Q B 6 HempephHBHO, M SHAYUT, M-UZM3PUMO.

JIEMMa 4. JTas awbozo yeaczo n = O

[T dm (@) < 27 (43)
Q

Ilyctb g € Q@ mw n € N. Vmeem Enc E,..; cremoBaTenpHO, QyHE-
maa T, g npuBagnexuT E,y, n obpamaerca B HYIb B KaKAOH TOUKe
m3 D,;¥crano 6ure, B cuay (42)

2k—1
I Trg|[*= Sup ( ot
1<k

[Tpumem cormamenne g (0)=0. HOCTpOeHHe u, (g) runeitno# maTEpIO-
asumell g BrederT COOTHOMICHHS

Tog () =g (Bt ) — 4 (¢ (552) +2 (&) @)
A 1<Ck<C2". Orciona HHTErPHPOBAHWEM IOJYIaEM ‘

S'Tng( on+ )' dm (g)

=X Gmt) —z (X () + X (35)) [ oms

2k—1 ‘

Tng (g W @
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Teeph MOKHO HPHMEHUTEH IeMMY 3 ¢

kE—1 , _k
t=—g— =7
OTKYNa
! 2k—11y 3 1 —3n/2 46
§!|1Tng( S )‘ = a2 (46)
Torma B cuny (44)
o
3 L an2,
gS;“ TelPane< 3 | [ [7ue () [ dm (@) = 2727

JIEMMA JI0Ka3aHa.
B cnny aemmu 4 otobpasxenme T, mpoctpaHcTBa £ B GaHaxoBo

OpPOCTPAHCTBO ¥ NpUHAMIEKAT L% (R, m)u
1 9-1/6yn
3(T ) (8 )1/6 ( ) 1
OTKY T2

ZNs n) <Aoo,

Coraacuo mpepnokenuo 6 ra. IV (2-e mspn.), § 3, o. 3, Halimercs
‘Takoe MHOMKeCTBO 2, Q, uto Q — Q, m-UpeHeGpe;KAMO W ITO AL,

o0

2 T, (g) aGcomroTHO cxoummTca Ha € musa awboro g € Qp. Ompepe-
n=0

JHUM Temepb m-U3MepuMoe 0TOGpaskeHme U HpocTpaHcTBA Q B € dop-
MYJIOi

S T,.g=1limuy,( ag Q,,
u (g) = n%——JO £ n->co \g) A £ E 0 (47)
0 ana g CQ—Q,.

Tar kak u, (g) u g comamawt Ha D, D, gna 0 << m < n, 10
oueBUHO, uTo cy:enme u (g) Ha D paBHO g maa mo6oro g € Q,.

C) Hocmpoenue eayccogoti mepvr Ha €.

IIycre w' — orpanmuenHas Mepa Ha €, ABaAmMascA o6pasom
MeDH m HPH m-u3MepuMoM oTobpaennu u : Q — €. My mokaskeM,
uro w' ecTh TayccoBa Mepa Ha € ¢ Bapuanumeir W, m orcioma mosyunm
w = w'. O6osHaunm gepes & BeKTOpHOe LOAUPOCTPAHCTBO u3 offt,
NOpOsKAeHHOe MepaMu €; i f, npoberawomero D.
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JIEMma 5. Hasn awboii mepu p € D

S eilh 1) qu’ (f) = e= W2, (48)
@

MonommM [ = ¢18¢ + Co&py+ ... +cp& € by - oy £y, W3 D
", ... ¢, 838 R. Jlas mobGoro g € Q, dpynxnus u (g) cosuagaer
¢ g Ha Dj; caemosatennHo,

n
() w= Rt (86 (49)

Hmeem Tamswe
2 cjer inf (¢;, &), (50)

a4 TakK KAk m—rayccoBa Mepa ma Q ¢ woBapuammeir M m Q—Q
m-npenebpexnmo, To
n 1 n
S exp (i Z c]-g(tj)) dm (g) =exp( 2 cjer inf (¢;, th)). (51)
Q =1 k=1

J.
Ho Q —Q, m-mpeneGperxumo u w' = u (m); oTCIOHa moNYIaeMm

S eith ) du’ (f) — S elu@. 1) dm (g). (52)
] 2
Dopmyna (48) cpasy e BhTekaer u3 dopmyn (49) — (52).

"JlEmMa 6. ITyemov p € ofit. Cywecmeyem nocaedosamenvrocmo
makux Mmep pn €D, umo p (f) =limp, (f) das awboii f€E, u W (n)=
R—>00
= lim W (n,).

n—>00

Ilyers I = [0, 1]. IlpoctpamctBo o' orpaHMYeHHHX Mep Ha
T =10, 1] Gymer oTompecTBieH0 ¢ mommpoctpancTBoM u3 off (),
cocroamuM w3 Mep, Hageasiomux O Maccoit myab. Hameanmm of (1)
mupokroil tTomomormeit. Otobpaskenme ! —> g, muTepBana I B off ([)
HenpeprBHO (ra. 11 (2-e usn) § 1, n. 9, mpemn. 13); a mockoabky D
mrotHo B I, To BamiIKaHme 4 MHOKeCTBa & COMIEPIKAT BCe TOUIEUHEIE
mepsl. Ilycre A — mmuoskecTBO Tarux Mep v € Z, wro [ v [ <[ p [l
Mepa | fIBIAETCA TOYKOM NpUKOCHOBeHmS MuoKecTBa A (ra. III
(2-e m3n.), § 2, m. 4, caexcreme 1 ms Teopemul 1). MuOsKecTBO A OTHO~
cuteasno KoMoarTHO B off (I) (ra. 111 (2-e man.), § 1, 5. 9, npena. 15),
M KOMDAKTHHe nofMHO;kecrBa m3 off (/) meTpuayems (Tom. Bexr.
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op-sa, ra. IV, § 5, o. 1, mpena. 2 u O6mas rtom., ra. X (2-e mapn.),

§ 3, n. 3, reopema 1). Craxo OmiTh, CymecTBYeT IOCHEOBATENIBHOCTE

Mep P, € A, cxonamasnacs K i B of {I). A TOCKOABKY 6 0TORIECTBIA-

eTCHl ¢ HOJHPOCTPAHCTBOM HeUPepHBHEX (yHKmmir wHa I, obpamaro-

muxcs B Hyib B mawage, 1o u (f) = lim p, (f) maa moboit f € @.
n—>oo

HKpome Toro, tar wax (/) ® € (/) maoTHO B HOPMEPOBAHHOM Ipo-
crpagctee € (I X I) (ra. III (2-e map.), § 4, o. 1, aemma 1), To u3
coormomenuit lim p, =pu uw |p, < |Ipll creyeT,  4TO

n—>

lim (p, ® p,) = p @ p (ra. I (2-e m3n.), § 1, o. 10, mpena. 17);
n—->o0

MOCKOJNBKY MEPH [, B U HafenswnT (0 HymeBo# Maccoi, To
W (1) = S S inf (7, ') dpn () ditn ('),
11

W= |t o) dnwane),
I

T
otkyma lim W (u,) = W (u).
Nn—+00

OcraeTca morasaTh, uTo mpeobpasopamme Dypbe mepm W' pas-
no e /2, Tlycte p € of'; BubGepem mepu p, € &P, rak B demme 6.
Mepa w’ orpammuena m | e/ Bn) | = 1 mua awboro n; ms JeMMH 5
1 Teopemul cxogumoctn JleGera (ri1. IV (2-e uan.), § 4, o. 3, reopema 2)
OojiygaeM Temeph

5 etth W) dw' (f) == lim S edh bn) dw' (f) = lim e=Wip)2 = e-W/2,
n—>00 Nn—->00

6 6

Jlemma moxasama.
Mepa w ma %, npeoGpasosamme Dypre rortopoir pasmo e="/2,
Hasmpaetca Mepol Buwepa na €.

3ameganue, Jlag a060r0 HOJYOTKPHTOIO uHTEepBajga J =
= ] a, b], comep:xamerocs B 7, monokuMm ! (J) = b — a (mmuma J)
u o6ospagnm gepes 4 ; auueitnyio dopmy f+>f (b)—f (a) ma ¥. Moxno
mOKazaTh, 9TO Meépa Bumepa xapaxrepusyercs CHEAYyIOmMUM CBOMCTBOM.

Oyemv Jy, ..., J, — noasyomxpumue unmepeaati, codepicaujuecs
e T u nonapho ne nepecexawujuecs. O6pas mept W npu sunelrom omobpa-
scenull fr—> (AJ‘ (N « -« Ay, () npocmpancmea € ¢ R™ paseny, ® . ..
e ® g, € =1 dar 1<i< 0

36 H, Byp6akn
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8. Henpeposlté6nocmd npeoipaszosanusn Dy pve

ITPEANOKEHUE 8, [Tycmd E — A0KQAbHO sHNYKAOE NPOCHLDAHCMEO,
u — npomepa na E u @ — npeobpasosanue Dypve npomeps p. Cnpa-
6e0ausk HepaseHcmea
@ (=) |<D(0), (53)
| @ (z') — @ () P<2D (0) (@ (0) —~Re D (2" —y')) (54)
das x', Yy us E'.
@Qopmyaa (5) m. 3 mosBoiseT cBecTHM BCe K Ciaydaw, korga E
KOHEYHOMODHO ¥ |1 ecTh Mepa. Vmeem

-

10@) =] | et du@)|< (6@ 1dn @) = | du@ =20,
‘& E E

oTkysa caenyer (53). KHpome Toro, ecim a m b— pelicTBHTennbHLE
9uCaa, TO
l eia _ eib |2 — l e{b lz ' eita~b) _{ [z —

= (e¥8-b) —1) (¢=Ua-0)—1) =2 —2 cos (a—Db);
B cmny mepasenctsa Komm — Illpapua momywaem mosromy

; ) 2
10 (@) —@ ) p=| | (e ¥ —etn ) du@) ' <
|

| eitx =) —eit= v") 2 dy (x) S 12dp(z) =
E

(2—2cos(z, 2’ —y") dp(z)- @ (0) =

<

By ey

=20 (0) (® (0) —Re @ (' — 7)),
orsyma caexyer (H4).

Caegcrsme. [ITyemv E' Hadeaeno monoaozuell, coeaacyiowelics co
cmpysmypoli eexkmoprozo npocmparcmea. Jas mozo wmobw @ 6ttao
Henpepuleno, Heobxodumo u docmamouno, umobs ezo JelicmeumesvHas
wacmb Re @ 6uwaa nenpepusha ¢ naase, u mozda ® pasnomeprno ne-
npep weno,

10 BHTEKaeTr W2 HepapeHcTsa (54).

Mycrs F — norannmo BEOYKIOS npocTpancTso. Hagemmm conpsa-
menmoe F' x F romonormeit, cormacymomefcad ¢ NBOHCTBOHHOCTHIO
memny F u F', u orompecrsam F ¢ conpsxennaum k F’. CrenosaTens-
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HO, TpeoGpasosarue Dypre orpaRmIeHHOH MepH i RA F' ecTh (yHK-
mas #p Ha F, ompepmensemas paBeHCTBOM

(Fu) (@) = | e dp ().
[#

IIrEnmOERUE 9. Ecau F Gouewno, mo npeobpasosanue Pypve scaroll
oepanunennoll mepw na F' ecmbv pasnomepno nenpepumenas @Pynryus
Ha F.

IIycrs p — orparmierHas Mepa Ha F'yu @ — ee mpeoGpasosanue
Oypoe. I oyers & >0. Hajimerca Taxoe KOMmAKTHOE IOAMHOKE-
crBo K u3 F', aro y (F' — K) < e. Ho K romnaxTHo B ciraGoii Tomo-
aorau ¢ (F', F), 1 3Ha9%T, PABHOCTENEHAO HOOPEPHIBHO, MOCKONABKY F
6oweano (Tom. serr. mp-sa, ra. IV, § 2, u. 2, Teopema 1). Caenosa-
TeIbHO, Hafiierca cuUMMeTpmYHaa okpecTEocTs U Toukm O B F,
moaspa U® roropoit conepmut K. Ilycts z € eU; mmeem

QO O0)—Re D (z) = S (1 ~cos (z, 2"y} du ().

&
Ho 0<C 1 —cos {z, ') << 2 pna moboro 2’ € F'— K n
14 1 r 82
{—cos(z, x ><?<x, z )2<—2—
paa x' € K< U% orcopa monygaem
; 2 2 ,
0D (0)—Re @ (2)< 2u (F — K) + - (K) < 26+ S (F).

IIpaBas gacTs 3T0r0 HepameHcTBa cTpemmurca K 0 BMecTe ¢ € BHAYHUT,
Re @ nenpeprisao 8 0, 1 NpefomeHNe BHITEKACT U3 CIGACTBHA K Tpef-
aoxennn 8,

9. Jemxma Munaoca

Hycte T — KoneYHOMEPHO® BEKTOPHOE NPOCTPAHCTBO W |1 —
oTpaHHIeHHAs Mmepa HA 7'; ME oTouecTsaseM I ¢ CONPSKEHHHM
k T, mak uro mpeoGpazopanme Dypre @ mMepn p ecTh GyHKOEA
ua 7. TIpexnonosum, 9T0 3a/|aHE {Be MOJOKHTEAbHEE KBaJpaTHYHbE
dopMet A m ¢ HA T m wmcao ¢ >0. Ilaa moboro KeHCTBHTEABHOTO
apcaa r > 0 o6ozgaumm gepes C, MEOK6CTBO Tex z' € 7', A KOTOPHIX
{z, &' < r’h (x) nan mwoboro z€ T.

36%*
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Mrennoxenuse 10. B npednosorcenuu, wmo O (0) — Re O < e |- ¢,
cnpaeediueo HePAeEHCME0

i (T — C) < 3 (e + 12 Tr (g/h) (55)

das aw6ozo r >0.

Yepes Tr (¢/h) oGoznagaetca ciex g oTHocuTeabHo k (cp. [{oGaBae-
mue, . 1). Qopmyna (55) Tpusnanbua B caydae Gecroneanoro Tr (g/h).
Hanee Gymem mpegmonarats Tr (g/h) Koneunwm, u smawnt, h (z) = 0
paeder ¢ {(z) = 0 pmaa moboro z € T.

Hyers a;, ..., a, —oaemenTH w3 T uw I — MHOMeCTBO Tex

n

z' € T', naa KoTOPHX 2 {aj, ')* > 1. Jlaa moboro nedcTBUTEND-
i=1

soro ¢ > 0 mmeem 3 (1 — e~7/2) >0, a mas ¢t > 1 umeem

3(1—e-t2)>3(1—e-12)> 3(1—(4)'“2)21,

Tak Kak e > 9/4., IIpuMeHss 5TM HEPABEHCTBA K ! = }_, (a;, )3,
,_

monydaeMm
n

p(D<3 | (1—exp (~5 D (@, 22)) du(2). (56)
T i=1

)—1/2 e—t2/2

IIycrs y — mepa Ha R ¢ mrornocTsio ¢ V> (23 OTHOCH~

renpHO MePH JleGera. B cuny memmur 2 u. 4 mmeeMm

g e dy (1) = e~v*/2
R

nag aoboro peiictsurenbroro u. CmemopaTennbHo,

f—oxp (—% 3 @) =
i=t
" S (‘—e"p(ié (@, @) 45) ) dy(n) - dy(t) (57)

i=1

ey

nas aoboro z' € T'. IopwiHTerpanbhas GyHKOUA OT Z', £, . . ., I
B TpaBoji 9aCTH HEIPepHBHA M Ma;KODHPOBaHA M0 MOLYII0 IHCIOM 2,
a MePH u M y OTPAHMYCHH]; CTaj0 OHTb, MOKHO IODPOMHTeIPHPOBATH
obe qactu dopmyas: (57) orHocuTensro dy (z') ¥ MEPECTABUTH MECTAMH
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HHTETPUPOBAHNE OTHOCUTEJABHO W W P, moJy%aeMm

S (1—exp (———é—}n} (aj, x')z) ) dp (z7) =
T j

i=1
’ =5 g ((D(O (Z ta,))dy(tl) oo dy(t,). (58)

IMockonrry ¢ — rBampaTuIHas ¢opma ma 7, To Haliyrcsa TaKue
JefCTBUTOAbHEIE 9HCAA (jp, 9TO

n
q (2 tfaj) = 2 gsrtitn
=1 ik

RO HEeACTBUTENBHHX %, ..., !,; B 9YaCTHOCTH, ¢;; = ¢ (a;) AaA

1 < j << n. Kpowme roro, marerpan 5 t" dy () paBeH cooTseTcTBEHHO 1,
R
0, 1pas n =0, 1, 2 (u. 4, nemma 1). Orciona monydaem

S S (S-I-Q(i t,-a,-)) dy(t) ... d\’(tn):ﬁ-l-é q(a;). (59)
i=1 j=t1

Urax, nesasa gacts gopmydan (58) m @ (0) — melicTBUTENbHEG THC-
ja; crano ObiTh, M0oKHO B npasoil vactu (H8) zsameHuTs @ Ha Re @.
Torga us uepasencrsa @ (0) — Re @ < & + ¢ u uz popmya (56),
(58) m (59) BrBoEEM

n
r(D)<3(e+ 2 ¢(a)- (60)

j=
3agurcupyem r > 0. Tak Rax xkBagpaTuuHas gopMa A mMONOKUTENBHA,
TO Halimercs TaKol Gasmc (e, . . ., e,) B T u Taroe meaoe m memay O
I n, 910

h (3] ter) = 2 t}

=1

IS NefiCTBUTENAbHEX Ly, . . ., I, ([{obaBneHue, u. 1, mpenx. 2). Teneps
ouesupuo, 9r0 C, cocrout u3 Takux ' € 7', AIA KOTOPHX

n

21 (ej, T Y212, Dl (e, a2=0. ‘
i=

j=m-1
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[Iycrs gas mwboro meaoro ! > 1 depez D; o6osHaueno MHOMKECTBO
Z' € T', yROBIETBODAIOIUX HEPABEHCTBY

m n
D rley, 22 D1 ey, >
=1 f=m--1

Jlerxo BmzeTH, 9TO mocregopaTensHOCTs (D));>1 BozpacTaeT H B 06me~
NUHeHWU f3eT MHoKecTso I — C,, OTKyaa

p(I"—C;) =lmp (Dy). (61)

Ho B cuxy (60)
p(D)<3 (5',‘ 2 e])‘l‘ 2 Pq e]) (62)
maaj=m-41,..., nuveemk (¢) = 0, m sravur, q (¢;) = 0. Hpo-

me toro, Tr («+/k) = 2 ¢ (e;) ([lo6anmerme, m. 1, npenr. 2). Coor-
=1

Homexue (55) caepyer Temeps u3 (61) u (62).

10. Mepst Ha CONPANECHHOMR %K aaebno.ny
NPoOCMPAHCMEY

IIyets F — nomanpHO BHIOYKIOe upoctpaHeTtso. Ilyers S 4 —
cnabas romosorus o (F', F) 8 F' m 9. — Tomonorus paBHoMepHOit
CXONMMOCTA HAa BHIIYKIAHX KOMIOAKTHEIX TOAMHOMKeCTBAX uz F.
Coraacuo teopeme Maxku (Tou. Bext. up-Ba, ra. IV, § 2, n. 3, 1e0
pema 2) ronoxornn I, u J . B F' cornacyiorcs ¢ ABOMCTBEHHOCTHIO
mexay F u F'; cramo 6mTh, TO e caMoOe MMeeT MeCTO fis JoGoi
NO0KalpHO BHOYKIOH Tomonormd J B F', mpoMesRyTodHO# MeERy 7 4
u.J . Ecmm 9 — rakas tomonorms u ecam Fy o3HAYaeT mpocTpan-

crso F', nanenennoe J , 10 F oToMIecTBASCTCA C CONp AMEeHHEIM K F 7.

CiefoBaTenpHO, mpoMepsl Ha F! GyAyT OfHAME M TeMH ke IIA Bcex
TomoNOrM# 4 YKA3aHHOIQ THNA, M €CIH y. — Taxasd mpoMepa, TO ee
npeo6pazosanme Oypse ecTh pyHkmus Ha F.

Tonoaozueii Casonosa 8 F HasHBaeTCsa JOKANABHO BHIYKIAH TOHO-
norms o, OUpefeleHHAA MOCPEACTBOM HENpePHBHHX mOJyHOpM N,
VIOBIETBOPAIOMMX CleAYIOmeMy yCaoBmi: N2 ecmb nosowcumervnad
keadpamuunas gopma na F u cywecmeyem maras HenpepwigHas noao-
scumeavras kKsadpamuunan gopma H wna F, umo Tr (N*/H) < -+ oo.
Tomonorus f MamKopupyeTcs TomoJormeil, 3amanmoir B F; rosopsr,
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aro F — adeproe TMPOCTPAHCTBO, eCIM OTH TONOJNOTHH COBIANAIOT.
BToT KIacC mPOCTPAHCTB mo3fHee OymeT ReTajbHO HBYIEH.

TreopEMA 2. (Mmraoc). [Tyecmy F — s0KaAbHO 66INYKAOE NP OCRD AN~
cmeo, I — 4oKaubHO ewnykaas ymonosozus ¢ F ', npomexcymounasn
meandy T, u T o Up — npomepa wa Fa. Ilpednosodcum, wmo npe-
o6pasosanue Dypre npomepsl | HenpepbleHo HA F ¢ monoaozuu Casono-
6a. Tozda u ecmv mepa na Fig.

Hycts & > 0. Tax kax @ Henpepsisao B Tomoxorms CasoHosa B F,
TO CymeCTBYIOT TaKMe HeOpepHIBHEE MOAOKETENbHbE KBAAPATHTHDIC
dopmut Q u H ua F, aro Tr (Q/H) << + oo m w10

' ®(0) — Re @ (z) < ¢/6

ns moboro z € F, B kotopom Q (z) < 1. B cmary npepnoykenns 8 m. 8
mia moboro z € F mveem | Re @ (2) | << @ (0), oTkyne

@ (0) — RED (z) < &/6 + 20 (0) Q (2) (63)

st mo6oro z € F.

Honoxmm r = (12@ (0) Tr (Q/H)e™")'* m ofosmauum wepes K
MHOmecTBO Tex 2 € Fyr, B KoTOpEX (2, ' Y* < r*H () pna moBoro
z € F. Tlockoapxy H'/* — fienpepHBHaf moXyHopMa Ha F, To MHOe-
ctBo K paBHOCTeNeHHO HeOPePEIBHO W 3aMruyTo' B F'z; cran o GHITs,
OHO KOMIAaKTHO B cuay Teopemsl Ackonn (O6mas tou., ra. X (2-e u3nm.),
§ 2, o. 5, crencreme 1 w3 Teopemu 2). )

IIycts V — 3aMKHYTOP BeKTOPHOE HONHPOCTPaHCTBO m3 F g Ko

HewHOi KOpaszMepHOCTH; TOr7ia V OPTOTOHAJBHO KOHEYHOMEPHOMY TOf-
npocrpauctey 7 m3 F. Ilycrs mepa uy Ha T’ ects 06pas mpomeps [
Ha F:7 opn ocroﬁpamennn Pv, TPAHCIOHHDOBAHHOM K KaHOHNIEeCKO#
navexuua I B F; ee npeoGpazosanme Dypse ecrs cymenue @ mHa T
Haxonern;, no teopeme Xana — Banaxa (Tom. sexr. mp-sa, ra. Il
(2-e m3xm.), § 3, m. 2, cuencrsue 1 ms Teopemst 1), pv (K) paBHO MHO-
mectBy C, 1ex a' € T', 8 woropux (z, ') << r*H (z) pna moboro
z - T. B cuny mepaseHcTsa (63) MOKHO mpuMeHHTH mpeaoxenne 10
n. 9 & mepe uy Ha 7', B3sB B KauecTBe ¢ cymenme 20 (0) Q na T,
a B Kagectse h — cymenue H ua T. Vimeem Tr (¢ /h) <<2® (0)Tr (Q/H),
OTKy1a

by (T" — C) <3 (5 + 20 (0) Tr (Q/H) r-z) =e.
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Tar kKark orobpamenHue py ompefeiaseT npy GaKTOPU3AIAN H3OMOP-
¢usm F7/V wa T, 10 npepnoskenme 1 m. 1 moxasmBaeT, 9To p e€CTh

mepa Ha Figr.

Caegcrsue. Ilyemv F — adeproe 6Goweywoe npocmparcmeo, J —
A0KAABHO SUNYKAGS MONOAO2UR, RDOMENYMOUHAA Mewdy T, u T ,
6 F', n — npomepa na F'y u @ — npeobpasosanue Pypve npomepti .
Has mozo umobr . 6viaa mepoil, Heobxodumo u docmamouno, umobv @
6vino Henpeptigno Ha F.

Heo0xomuMocTs cnefiyeT us mpepaomenns 9 1. 8, a [0CTATOIHOCTD
u3 TeopeMu 2.

JamMegannme. Ilycrs F — Gowewmoe mpocTpaHcTB0 H J —
NOKAJNBHO BHIYKJAAs TONOJNOTHS B F', TIpOMESKYTOYHAA MEKAY T4 B T ge
Beakoe mofMuOKecTB0 H3 F', KOMIAKTHOE B TOHNOJOTHH J , KOMIAKTHO
H B MeHee CHJIbHO# TomoJjormm J ;. O6parmo, myerh K -— NONMHOKECTBO
u3 F', RomoarTHO® B J ¢- Tak Kak F G6oueqn0, T0 K PABHOCTEIIGHHO HeIpe-
pusno (Tom. BexT. mp=pa, rit. IV, § 2, m. 2, reopema 1); HO B cHIIy T€OpEMEt
ACRONE BCSAKO® PABHOCTENCHHO HENPEPHBHOE TMOAMHOMKECTEO u3 F' oTHO-

CHTEJIbHO KOMIIAKTHO B TONOJIorun 7 ¢ ¥ TeM (oyee B Tonojorunm 7, U 3Ha-
9uT, K COAEPKATCA B IOAMHOMECTBE N3 F', KOMIAKTHOM B TONOJOIRE 7 .

M3z 3T0ro HETPYRHO BAKIIOSHTH, YTO TOK/ECTBeHHOE oro6pakemme Fg-
Ha Fg_ompesiesier OHeKINI0 MEKy MHOKECTBAMU Mep OTHX [ByX IIPO-

CTPAHCTB.

11. Mepst Ha 2uavbepmosom npocmparHemaee

Ilycrs E — peiicTButenbHOe THALGEPTOBO HTPOCTPAHCTBO CO CKAa-
agpueM unpoussemenueMm (x | y) Cymecrsyer mnsomopdmsMm j mpo-
crpaHcTBa £ Ha ero compsmennoe £, xapaxrepuayompmiics ¢opmy-
noit (z, j (y)) = (x | y) nas z, y nu3 E (Tou. Berr. mp-sa, ra. V, §1,
o. 6, reopema 3). Mu1 orompecrsum E u E’ mocpepcrsom j. Crazno
Orirs, mpeobpazosanme Dypre mpomepst p Ha E ecth $yHrmua Fp
Ha E; B ciydae, Korga p ecrb Mepa, HMMeeM

(F) (@)= | el du(y) (c€E). (64)
E
Teorema 2 (Ilpoxopos — CasonoB). Ilycmb E — zuavbepmogo
npocmpancmeo u E; — npocmpancmeo E, nadeaennoe ocaabaenroll
monoaozueti. I[Tyemv p — npomepa wa E u @ — ee npeobpasosanue
Dypve. Caedyrowpue Ycaosus 9KEUBBAIEHITLHBL:
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a) Qynryua O uenpepvisna na E ¢ monoaozuu Casonoea.

b} Jaa awbozo ¢ > 0 cywecmeyem maraa a0epnas noAOHCUMEADHAR
keadpamunnas gpopma Q na E, umo @ (0) — Re @ < & + Q.

¢) Ilpomepa p ecmv mepa na E,.

b) = a): sro caenyer m3 upemmorenus 8 u. 8 (cp. Hepasen-
crBo (54)).

a) = c): 210 caexyer us rteopemnr 2 m. 10.

¢) =- b): mpeanonoskmm, aTo p ecth Mepa Ha E,. M mycrs & > 0.
Has nw6oro memoro n > 1 muomecrso B, sanemeHToB z € £ ¢ Hop-

MO¥ < n eCThb 3aMKHYTO® DOAMIOxkecTBO M3 Ky, w E = |J By. Crano
n>1

6ETE, HalimeTcsa Takoe neaoe n = 1, aro p (E — B,) < /2. @opmyna
1 .
Q@ =3 | @yraw (65)
Bn
onpeflelsgeT MOJOMKATCAbHYI0 KBagpatwuanyo ¢opmy Q Ha E. lloxo-
2
wuM C = —ng-p (B,). Ecam (e, ..., ep)—KOHEUHAsA OPTOHOPMHUPO-
BaHHAA MOCHEHOBATeABHOCTH B F, TOo B cuay HepasencTsa tbeccens

nMeeM
p

> @ lvr<lyl<n

ansa moboro y € B,. B pesynnTaTe MHTErPEPOBAHNA MOXydaeMm

? P
1 z
0= | 3l <G uB)=C.
i=t Bn j=1
u 3Ha4dT, popMa () AxepHA.
HKpome Toro, 1 — cos ¢t < inf (2, #2/2) musn moboro peficTuTenn-
HOro I, OTKyna
D (0)—Re @ (2)= | (1—cos (zy) dp(y) <
E .
1 . ,
<|z@lrap+ | 2a@=0c@+e
Bn E—Bn
Ana moboro z € E. Cramo Owite, b) BEmOMHEHO.

Cnepcrsme 1. [Tyemv E; u E, — suavbepmoes. npocmpancmea,
u — omobpaxenue I'unvbepma — Mmudma E, ¢ E, u u — npomepa
na Ey. [Ipednoaoxcum, umo npeobpasosarnue @ypve ® npomeps u He-
npepvigno naEy. Tozda npomepa v=u (1) ecmv mepa na E,, nadesern-
HoM caaboli monosozueri.
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Ilpm orompectenenun E, u E, ¢ UX cONpMKeHHLMU, BBEIeHHOM
B 9TOM IyHKTe, mpeobpasosanue Gypse aasa v pasuo @ o u*, roe u* —
coupsirennoe k u. Ho u* ecrs orobpaskenue I'manbepra — [lmwmzra
E, 8 E, ([loGaBnerme, u.2), m 3HAYNT, KBagpaTHuHAA popMa Yy +—>
— ||u* (y)|I® ma E, asasercs agepuoii. Crano GsiTh, ecam 0603HATIATH
gepes (E,) & TPOCTPaHCTBO E,, Hajlenennoe Tonojormeit CaszoHosa, To

u* Gyner HeNPePHBHEIM THHEHHEM , orobpamenueM (E;) o 3 E
u v = @ o u* HempepnBHOHa (E,) ; TOT/A TeopeMa 3 MOKasHBaeT,
9ro v ecTh Mépa Ha FE,, HajeleHHOM craboii Tomosjorued

CaepérruE 2. ITyemey Q — adepHas noaoHUmMessHAL K6adpamuuras
Popma Ha euavbepmosom npocmpancmee E. Iayccosa npomepa Tg
¢ eapuayuell Q na E ecmev vepa na Es.

IlpeoGpasosanme @ypre @ mpomepn [q pasmo e~¥2, Ho ef >
=14t gna moboro peitictemreannoro f, orkyma @ (0) — Re @

< Q/2; crano Guits, ycmosme b) Teopemsr 3 Bmmonmeno, m I'g ecTs
Mepa Ha K,

3ameganusda 1) IIyere £ — ruasGeproBo mpoerpancTBo, E, —
npocTpamcTB0 E, mafelnempoe cjafoil TOMONOTHeH, U j — TOMKJECTBEHHOE
oro6pa:xenue E B E,. M3sectno, w10 j ompejenser GHEKNUI0 MHOKECTBA
npomep Ha E ma cooTBeTCTByIWIEe MHO;KecTBo Ha Eg. Hpome moro, ecau
E — 1mpocTpaHCTBO CYETHOTO THIA, TO OHO €CTh HOJBCKOE NMPOCTPAaHCTBO,
¥ j ompepenser OWeKnWI0 MHOMKECTBA OTPAHMYEHHHX Mep ma £ HA MHO-
KECTBO OTPAHMYEHHHX Mep Oa E, (§ 3, 1. 3, aameuanmue); MOKHO HOKA3aTh
(Teopema ®Puamnmca), 9T0 HTa TEOPeMa BHIIONHAETCS, €CIE E me ABIAETCH
OpOCTPAHCTBOM CYETHOTO THIA, CJIE0BATENHHO, TEOPEMa 3 Naer maM Kpu-
Tepum TOrO, I106s mMpoMepa Ha E Owniaalmepoir.

2) Mosxro moKasarh ([lo6aBienme, yup. 7b)), uro tomoxorma Caso-
HOB4 HA FEALGEPTOBOM NPOCTPAHCTBE E ONpenensercs nocpejcTBoM Ioy-
popm TaRa QY2, rie Q.— sdepras monosKMTENbHASA XBafpaTEImas dopma
na E.

*12, C6a3uU ¢ PYHEUUIAMNU NOAOICUIM EADHOZ0 MUNA

OnpErEnenuE 3. ITyemv G — epynna. Homnaercnosmwaunas pynk=
yus ® na G naswieaemca PHynEYULT noAOHCUMEALHOZO MUNA, €CAU
GULTIOAHSIOMCS HEp adeHcmeq

P o
2 o (z5i7) >0 (66)
Iy =

0% AIOBVT Ty, o« oy Tp U8 G U AIOOBLT KOMRAEKCHBT €y, . + +y Cpe

"~ Br1o moHaTme OymeT mO3Me HBYIeHO bOJee HeTAaIBHO.
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Oreegnomenne 11. Ilyeme E — xoneunomepHoe eexkmoproe npo-
cmpancmeo, U — (noaoxcumesvnas) ozpanuiennas mepa wa FE u O© —
npeobpasocanue Pypve mepv p. Oynxyuad wnenpepviena na E' u
seasemcs Pynkyuel NoA0HUMEIbH020 MUna.

Henpepsienoers (D BhiTekaeT w3 mpemdoeHud 9 m. 8.

loxragreM, 4r0 @ — PYyHKUWA NONGKUTENIRHOrO THHA. IlycTs

xi, ..., &p npmEagAeKaT E', a ¢, ..., ¢p — KOMIIEKCHBIC IHCIA,
Uneem
kd . ’ ’
- , ’ ~ X, xij—xp )
Z cier® (x5 —an) = 3 Z cicre T du (x) =
ik Ein

? du (2)>0.

1 p . ’
[1§ e

E =)

Mouo nokasaTh o6paTHOe yTBePIKIEHHE, MBBCCTHOE KAK Meopema
Boznepa: BcaKaa HenpephBHASA (QYHKIUA HONXOKHUTETIHHOIO THIA Ha
E’ ectp mpeobpasosanue Dypre HeKOTOPOH (mON0KUTENBHOHA) orpa-
HUYeHHOA Mepol *). Mul OymneM nOXs30BATBCH HTHEM PEe3YIAbTATOM
8 ocrasmefica wactm u. 12.

TeoPEMA 4. [Tyembv E — soraavno ewnykace npocmparcmeo. II pe-
obpasosanue Oypve ecmv Guekyus MHoxecmea npomep ua E na muo-
acecmeo PyHEYUL noaodcumeavnozo muna Ha E', cyacenue xomopux na
6CAKOE KOHEYHOMepHOe NOONDOCMmpAaHCMeo HenpepLgHO.

Wspectno (o. 3, mpepa. 3), aro npeobpasosarue Qypbe NATOKTHB-
no. Ilyers p = (uv)veg®) — mpomepa Ha E m O —ee mpe-
obpazosanme Dypwe. Ilycts, manee, 7 — KOHeYHOMepPHOE MOXNPO-
crpancteo u3 E' u mycrs V oproronansao K T B E. Moskuo otosme-
cteury T ¢ conpsskeHHnM K E/V; cymenuwe @, npeobpasosanua @
ua T ecrs mpeobpasosanme Dypre orpaBEnmdeHHOR Meps py Ha E/V.
B cuny mpegnomenuss 11 D, mempephniBHO m siBigercs (YHKIHei
mosnoRuTeabaoro Tena Ha I'. Beumy npowumssoasnoctr T scuo, uro @
ecTb QyHKOEA modOKHTENBHOro Tuma Ha E’,

O6patao, mycts @ — QyEKROuA momoskmrenbHOro THMma Ha E’,
Cy)KeHHe KOTOpO# Ha 110606 KOHeYHOMEeDHOE IOUpOCTPAHCTBO 3 E
HenpepusHo. [as mwboro V € # (E) oroxmecTBEM COOPSIKeHHOE

*) Jrot Bompoc Gyaer uayueH B Kuure «CHeKrpaismasa Teopusa». Ilo moBogy
9TOU TEMATHKH YHTATEAh MOJKET OOPAaTHTHCA TAK:Ke K KHWre Jliomuca «AGcTpakt-
HELA rapMOHWYECKHI aHAJH3».
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& E/V ¢ oproronasipaeiM nopnpocrpancteom VO x V 8 E’; cyxenne Oy
npeobpazosarma ® ma VO menpepwiBro m ABnfAeTcA PyHKIUEN HOIO-
JKETeNBHOIO TANA, W CTak0 ObTh, B cuay TeopeMs b oxmepa cymecTsy-
er (mOXOKATebHA) OIpaHWYEHHAs mepa py Ha E/V, npeoGpasosa-
aneM Qypre xoropoit 6yner Oy. Iycts V m W upumamnesxkar # (£)
u Wc V, m nyets pvw — kaHoHm4eckoe oroGpakenme; E/W na
E/V; Opm crenaHHBX OTOMIECTBAGHUAX 'pyw €CTh HHBeKmus VO
B W° Torna, coranacuo gopmyrne (4) m. 3,

F (pvw (bw)) = (Fpw) o ‘pyw =Dy o tPVW =Dy = Fuy,
OTKYJA pyw (Lw) = Wy B crxy npepiomennsa 3 m. 3. CuegosarenrHo,
ceMe#icTBO W = (Mv)vegm) €cTh mnpomepa Ha FE; sacmo, uto
@ ecrp upeobpasoBarme Dypre HPOMepH .

Caencreue. Hycmy F — sdeproe Goueunoe npocmpancmeo; Hade-
aum F* noxanvro ebinykaoti monosoeuels J , RpoMeHYmMouKol merdy caa-
6ot monoaoczueti o (F', F) u monoaoceuell paenomepHoil cxodumocmu

HQ KOMRAGEMHBLL 6unykaAuy nodmuoxcecmeax us F. Ilpeobpasosanue
Dypve ecmb Ouekyus MHodecmse (NOAOHUMEALHBT) 02D AHUYEHHBLL
Mep Ha F' na mmoscecmgo menpepblensix GYHEYUL ROAOHKUMEAbH 020
muna wa F.

* JT0 BHITEKAET CPasy sxe W3 TeOPeMbl 4 W CIeJICTBAA W3 TEOPEMH 2
o 10.,

Yapaxkaenusa

°{. dasa mo6oro xommakTaoro marepsana K us R depes % (K) oGosna-
9MM BeKTODHOE NPOCTPAHCTBO HENPEPHBHHX (YHKNUH Ha K, HajelIeHHO®
TOmoAOTHeH papHOMEpHO# cxopmmocth; depes Z (K) o603Ha¥uM BeKToOp-
HO® IIPOCTPAHCTBO JielicTrmTentHEx Geckonedno nuddepennupyemux Gynx-
muii Ha R, o6pamawmuxcs B ayib Bae K. ITycrs & (K) mageneno cuabei-
me#l TOHOJOTMeH, OTHOCUTEJBHO KOTOPOIl HENPePHBHH O0TOGpasKeHus
fr> DPf | K pas a1060T0 IOJOKATENABHEOTO [ENoro p (D ecth omepaTop
audpdepennuposanna). Ilycts 7 = IL{J Z (K) — npocTpamcTBO, HAJENeH-
HOE JIOKAJIFHO BHIYKJOH TOI0JOTNeH — HHAYKTHBHHM IIpeJeJOM TOIIOJO-
ra# nopmpocTpancTs Z (K).
a) Jdasa mwo6oro menoro p > 0 m awbod ¢yarknm f € Z (K) moo-
r
wm Qp () = \ (DP{ (2))* dz. TIoKasaTh, 910 Qp €CTH MOJIOMKUTENBHAA
X
KBafipatmuHasa gopma Ha Z (K), 4TO NOCAE[0BATENBHOCTH HODM Q:)/ 2
ompepensier Tomodornio B Z (K) m uro Tr (Qp+1/Qp) KOH@UHO IIpH
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nwobom p == 0. (Iycts I; poist moGoro peHCTBUTENBHOTO [ — XapaKTepuera-
gecKass QymEnmsa matepbana [f, +ool; memonwsaya opmyay DPf (1) =
* n
= ) Dp*f I; dz u wepasemcrso Beccens:, foKasats, 9T Mop ) <12
K i=1
mast a60R KOHEeUHOW IOCJHEefOBATENBHOCTH fy, . . ., [, QyHKnumi ms
Z (K), OpTOROPMHPOBAHHHX OTHOCHTENHHO (Jptq, TAE | €CTH JINHA UHTED-
Basa K.) Busectu orciopa, aro Z (K) — AfepHOe IPOCTPAHCTBO.

b) [oxaszars, uro Z — saepmoe mpocTpapEcTso. (BHadane [Joxasarh
CymecTBOBanwe HemyaeBoi QYHKUNYE B 7, OTKY/a BHBECTH CYILeCTBOBAHME

raKoii gymxnmm k >0 B Z, 910 X h (z — n) = 1 paa moGoro z € R.
nezZ

Ilyers K — TaKoli KOMIAKTHEHIA uaTepBal us R, 910 A 0b6pamaercsa B HyIb

pHe K;Ins M050ro 1enoro # moldoKuM h, (z) = h (z—n)u K, = K+ n.

Tlycts V — BHOYKAAaA oOKpecTHOCTs 0 B Z; HalifyTCs TaKue NOJIOMKUATENh-

HHe IenHe pp, 4T0 BeaAkadz ¢yexnua f € D (K,), yHoBAeTBOPAIOMAS

HEPaBEeHCTBY Qpn () <1, opumagaexnr V. Onpepennuts HeNpPepHBHEE

xBapparmansie Qopmu Q ¥ R na Z coornomenuamu Q (f) = 2 22nQ, (f+hn)
ngzZ n
n R ()= 2 23"017 14 (f+hy); nOKa3aTh, 910 V COMEPRAT MREOIKECTBO
nez g,n
rakmx f € 7, aro Q (f) <1 = Tr (R/Q) xomeuno.)
*c) 0606muTh npegpaynIee na Geckopedno quddepeunupyeMure GyHK-
nua Ha R” ¢ KOMOAKTHEIM HOCHTEJEM. 4

Jio6aBaenne, [Homommennsa o0 rmanGeprosBhix HPOCTPAHCTBAX

1. Cred 000U K8AIPAMUUNOU fHiO PHBL OTMHOCU M EADHO
OpYeoit

B stom myHKTe uepe3 £ oGo3HagaeTcs AeHCTBHTENHHOE BEKTOPHOE
mpocTpaHcTBo, a wepe3 (, H — noxoxmTelpHHE KBaJpaTHIHEE
dopmMu mHa £. CymecTBylT cHMMeTpHYecKme OmamHe#inne ¢GOpMH
(z, y)—> (x| y)o @ (z, y) > (x| y)y, XapaKTepmayeMble DaBEHCTBAMHA

Q@) =(z|2)ey H(2) =(2]2)n

naa aoboro z € K.

Caedom Q omrnocumeavro H nazmpaercs, u o6osnavaercs Tr (Q/H),
HMOJIO/KATENIbHOE KOHEYHOe WM OeCKOHeUHOe MeNCTBHTENILHOE YMCIO,
oupefeiaeMoe ciaenymommM obpasom.

a) Ecam mafigerca markoe 2 € E, uto H (2) =0, a Q (x) =0,
To nmonaraem Tr (Q / H) = -+ oo.
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b) B npormeroM caywae Tr (Q/H) ects BepxHas TpaHb MHO-

P
secTBa umcen Buma ) Q(e;), rme (e, . . -, €,) IpoBeraeT MHOKeCT-
i=1

BO KOHEYHHIX HOCJefoBaTeJbHOCTeH BIeMEHTOBR W3 £, OPTOHOPMHpO-
BAaHHEIX OTHOCHTENBHO H.

IIycre E — peiicreatedbHO TmabGepToBo mpocTpancrso u Q —
HONOMUTEeNbHAA KBagpaTuuHaa ¢opma Ha F. Ionokum H (z) =
= ||z | pus xo6oro z € E; Torga H ecTh HONOMKATENbHAS KBajpa-
tagHans ¢opma Ha K. ToBopsar, aro Q@ — adepnas dopma, ecnm
Tr (Q/H) wowewno. as nw6oro z € E ¢ vopmoit 1 mmeem Q () <
< Tr (Q/H), orkypna Q << Tr (Q/H)-H; B wacTHOCTH, BCAKAA ARepHas
dopmMa @ HenpepsiBHA.

Bameuanusa. 1) Juasa awboro nogupocrpanctsa F uz E 0603Ha-
9mM 1epes Q cysenme Q Ha F, a uepes Hp — cysenne H Ha F. Vmeem
Tr (Qz/Hg) < Tr (Q/H), u Tr (Q/H) ects Bepxnssn rpans wucex Tr (Qp/Hy)
mo KoHeusoMmepuomy F < E.

2} Ilyct, Ey — peficTBHTENbHOE BEKTOPHO® MpOCTPAHCTBO, @ u Hy —
NOJIO;KUTENbHHE KBafpaTHuEte §opmu ma £, 1 ni: E —> E; — CIOPBERTHB-

Hoe sauHefiHoe otoGpaenze. Ecan Q=Qjonu H = H,om, 10 Tr (Q/H)=
= Tr (Qy/H,).

Hregnoxenne 1. Ilpednosowun, wmo E konewnomepno, a H ne-
euLp0JCOena.

a) Cywecmeyem snwdomopgusm u npocmparcmea E, zaparxmepusye-
muiii pasencmeor (x | y)g = (u (2) | y)g 048 z, y us E.

by Tr (Q/H) = Tr (u).
c) Tr(Q/H) = % Q (e;) daa awbozo 6asuca (ey, .« < ey) 6 E,
=1

OPMOHOPMUD 06AHHO20 omHOcUmeAbHo [ .

a) ciegyer m3 Toro, uro Omimeeiinas dopma (z, y)w> (z | Y)m
deBHpOKAeHA. Besakas opTOHOpMEDOBAHHASA OTHOCHTeNbHO H moche-
moBaTexbHOCTH B E Mosxer GEITH monomnena o 6asmca mpoctpanctea E,
OpTOHOpMEpOBaHHOro orHocatensuo H. Cuegosarensuo, Tr (Q/H)

ecTh BepXHAA TIDaNb MHOKeCTBa umcen Bmma ) Q (e;) AMs Bcex
. i—=1

Gasacos (e, - .., ém) B E, ODTOHOPMHUDPOBAHHHX OTHOCHTeAbHO H.
m

Ina norasatenscTa b) m ¢) mocTaTounmo mokasarts, 9to ) Q (e;) =
i=1

= Tr (u) gna awboro Gazmca 3TOro THHA.
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Iomommm a;; = (u(e;) lep)ua=1(e; | ey)q mma 1<, j<<m
m

mmeeM u (e;) - Eaijej maa 1 << i << m, otRyna
j=1

m

Tr (v) =i§1 ;= 2 (e1]ei)q= igi Q (e:).

IleEnnoskErnE 2. IIpednososcum, umo E xonevnomepro. Haiidymes
maxoii 6asuc (e, - . ., €,) 6 E u maroe yeace m, 0 << m < n, wmo

n Im
H(X tie)= 2 8 (1)
i=t i=1
048 DelicmeumesvHblL 1y, ee-, In. Ecau npu smom coomnowenue H (z) =

= 0 saeuem Q (z) = 0 dus awbozo z € E, mo Tr (Q/H) = igiQ (e;).

CymecTByer oproroHaabpHHH Gasmc (ef, . .., ey) mpocrpamcrea E
oTHOCHTENBHO: H. MOXKHO mpequoaokuTh, 970 3T0T Gasuc 3aHyMepo-
BanTak, w0 H (¢)) >0mqma i <<i<mu H (e5) = Opuam < i n.
Torpa monommm e; = ej/H (eg)“2 pig 1<<iK{m u e; = ¢} paa
m << i < n; coorHOmeHnne (1) npm 9TOM BHIIONHSETCH.

Ilycte F — momumpocrpancTso m3 E, MOPOMKIEHHOe SIeMeHTaMA
emi1y + + + €n; ¥ ectb MuoskecTBo Tex z € E, nas xworopux H (z) = 0.
OGosHaumm d9epes 7 KaHoHWYecKoe oroGpasxemme E ma E; = E/F.
Tak rax Q u H obpam@arica B Byap Ha F, T0 CymMecTBYIOT TAKHe IOJIO-
KATeIpHEIe KBagpatwansie opmur Oy m H, ma Ey, 910 Q = Q1o m
u H = H, - n. Kpome Toro, (n{e), ..., 7 (en)) ecrs Gasmc mpo-
crpancrea E,, oprosopmupoBanmmi otHocmrensHo H,, w sHaumr, H
HEBHP OK/ICHAe

Coramacao npegnosermo 1 m sameuanmo 2 nmeem

Tr (Q/H)=Tr (Q/Hy) = Z Q1 (s (e:) = Z Q ()

dameganmume 3) IIpegmonoskmm, 910 E KomeanomepHo um H mepH-
pospiena. Ilycrs (ey, ..., ;) —Gaauc B K. Ionoxum g= ({e; | ej)Q)isi, j<n
7 h= ((e; | eH)1<i, j<n B oGosmauemnsax mpemio:kesua 1 maTpuma
oroGpasxermss u B Gasmce (g, « .., e,) paBEA h~lg, OTKynA

Tr (Q/H) = Tr (h-Yg) = Tr (gh-Y). @)
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2. Omodpamenue I'uavbepma—IMuudma

Ilycre E — peficTBmTENPHOE THWIALOEPTOBO NIPOCTPAHCTEO CO CKa-
nApENM npoumsBeneHmeM (z | y). Cymecteyer msomerpus jgp mpo-
crparcTBa E ma ero compssKemHOe, Xapaxrepmsyemas Gopmynoi

@y =Lz je(W))panz, y€ E 3
(Tom. Bekr. mp-Ba, ra. V, § 1, o. 6, teopema 3).

Ilycrs E,, E, — pelictBureJpAiie THABGEPTOBH HPOCTPAHCTBA
A u — HempepuBHoe JuHeiiHoe orobpaskenme E; B E,. Conpsacennvim
K u HA3WBaeTCd HeNpDepPHEBHOe JHWHeHHOoe orobpajkennme u* —
= j& o ‘u o jg, mpocTpanctea £, B Ey. Otobpaskenme u* xapaxtepusy-
eTCA COOTHONIEHHEM

(u () | zp) = (x| u* (2,)) nua z, € By, 2, € E,. (4)
Eciu v — nempepoiBHOe nmHeliHoe otobpaskeEme E, B rmanbeprono
mpocTpaHcTBO K4, 10 (Vo u)¥ = u* o v¥.

Mycres E,, E, — pelicTButelbENe TrHIb0EPTOBH HPOCTPAHCTBA
® u — nmHeliHoe orobpaskenme’ Ey B E,. Onpeneanm Ha FE; momomm-

TedbHEe KBagparaaubie ¢opMei H u Q upm DoMOmH paseHCTB
H@y= |z, Q@) =lu@ (| (z€E)
IeEpnoxerne 3. Ilpednoaoxcum, uwmo u nenpeptigho. IIycmb

(e;)iery — opmonopmuposannnii 6asuc 6 Ey u (f;)jcn — opToHOpMEpO-
sannnil 6asuc ¢ E,. Cnpasedauert coomuowenus %

Tr (Q/H) = 21 [lu(e) 2= 2 |u* (F) =X X (u(ed) | 1)
el JeT i€l jeJ

Ilan mwGoro z€ Ky umeem ||z |2 = ) (z]e;)? m Touno Tax
i€l

we, |y P = i'eEJ (y 1 f;)* nna aoboro y € E,. CaegoBaTenbHo,

ZlluelP=2 X (e =2 3 e fur (2= Zllwt (IR
B uacrmoctm, 9mcio 21 Il u (e;) |P saBmcuT TOXBKO OT OPTOHOPME-
ie

posannoro Gasmca (e;)icr mpocrpaHcTBa Ej.
Honomum ¢ = Tr (Q/H). lns n060oro KoHeUHOrO MOAMHOMKECTBA

I'< I no ompefeleHUI0 MMeeM

2 flu (el = 2 Q&)<
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orkyna ) |lu(e;) || 2 << ¢t Hycrs (e, - . ., p) — KOHEYHas OpTO-
i1

HODMHPOBAaHHAaA HoclegoRaTeasHocTs B E. Ee MoxmEO nomorHmTh
10 oproHopMupoBaHHOro 6asmca (eq)eca mpocTpamerBa E,. Torga

BiE <3 e = Zlu e,

@ mepexofis K BepXHeit rpaHm mo (e, . . ., €p), HOIydaeM HEPaBEHCTBO
t< D) llu(e) |P. Tawum o6pasoM, [0KasaHO PABEHCTBO £ =
icr
= 2 lu e I~
ier

Bynem roBoputh, 470 u ecTh omobp adcenue N'uavbepma — Hlmuoma
mpocrpanctBa E; B E,, ecim monommTedbHAaA KBaJpaTHIHAs (PopMa
Q:zw || u( z) || Ba E, asnserca agepeod. Ecam ato tak, to Q <
< Tr (Q/H)-H, n 3naunT, u HempepsBHA H

Il << Tr (Q/H)'.

Ilyers u : By — X, — HenpepriBHoe auHelinoe orobpaskenne. Co-
TJacHO OpefiioKenmio 3 i ecTh oroOpaennme 'manbGepra — llIMuara
B TOM U TOJBKO TOM CJYdae, eCIH CYIeCTBYeT TaKoil OPTOHOPMEpOBaH-

it Gasue (e;)icr B Ey, ato D) | u(e;) |F << + oo. Ecam ato 1ax,
i€l

TO BCAKHI1 OpTOHOPMUpPOBaHHHil Gasuc B E; obnagaer rteMm sxe cpoii-
creoM. Kpome Toro, ecam u — orobpaskenme I'manGepra — lImmpra,
TO TO jKe CaMo0e BePHO M [JA €ro COmpsIKeHHOro u*, B cuiay ¢opMyis

2w e IP = X (lu* (f;) II? (mpena. 3).
icl ieJ

Ynpaskaenun

1) Ilyctb E — KOHEYEOMEPHO® BEKTODHO® NPOCTPAHCTBO HaJf KOM-
MYTATHBHEIM LOJIEM XapaKTepuerukn = 2. O6ozgayum vepes H HeBHPOm~
JeHHY® RBafpaTHIEyI0 dopuy Ba £, a uepes S — Taxyo CHMMOTPHUECKYIO
6naumeiiayo gopmy ma E X E, 9r0o H (z) = S (z, x) gas awoboro z € E.
N oyers @ — ksapgpatmuBas ¢opma Ha E.

a) Cymecryer sEAOMOpQH3M & mpoctpamcTsa E, XapaKTepH3yeMEii
coorromeruaMa Q (z) = S (u (z), z) # S (u (2}, y) = S (=, u (y)) Tpn
mo6ux z, y @3 E. Ionowmum Tr (Q/H) = Tr (u).

b) O6o6mure samedamme 3 m. 1.

¢} Ecnm (e;); i< —OPTOHOPMUPORAHHHI OTHOCHTONLEO H 0asuc

B E, o Tr(Q/H)= D Q (e)-
i=1

1/237 H. Byp6arm
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2) Oycte E — peiicTBETENbHOE THIBGEPTOBO HpPOCTPAHCTBO, @ —
HENpEPHBUAfA NOJOKNTeNbHasA KpajpaThiHas ¢opMa Ha E m H—xBaj-
patugHas dopmMa z > [z |{? Ha E.

a) Iloxasarts, wro Tr (Q/H) = 2 Q{e;} mna A0GOT0 OPTOEOPMEPOBAH~

iel
moro fazmca (ei)iEI B E. (Ilycts (al,e. « «s @p) — KOREYHO® OPTOHOPMIPO-
BaHHOE cemeiicrBo B E; nus nwbero & > 0 HafiiyTca KOHEYHOE MOJMHO-_
smectso J — I B sneMenTH af, . . ., az',, ABAAONIEEC THHSHAHRNMA KOMOM-
HAUMAMN ¢; Aas i € J, raxue, 910 || 25 — a_; | <epini<j< p; Aaneem

P
D Q@YD Qep) <D Q(ew)
jeJ iel

=
P
Bugectn otctona, uio Y @ {ajy < D) Q(ey).)
j=1 iel

by IloxyenTs W3 a) HOBO® [OKABATENLCTBO HPEMICGKEHUA 3.

¢) Hycrs Ey — nnoTHoe BeKTOPHOE HOAOpocTpaneTso us E, Q, (ccotn,
H,) — cysxenue Q (coors. H) na E,. Tloxazats, 9ro Tr (Q/H) = Tr(Q/H,).
(ITycTb (g1, « « oy €,;) — ANMBEHRO HE3aBHCHMad NOCIEOBATENABHOCTS M3 E,
HOpOMJaKIIaA nopupoctpanetso F, O6osmaumM uepez Qp (cooTB. Hp)
cymenue Q (coors. H) ma F. IlokasaTh, nemoanays samedanme 3 u. 1, wro
Tr (Qp/Hy) ectb HenpepHBHAA QYHKUEA OT (e, « . ., €,).)

3) HOycts E, F — peificTBATENBHEE BEKTOPHHE IPOCTPARHCTBA W 1 —
anseiinoe orobpaskenwe £ B F; eciim Q m H — TaKume HOJOKATEIbELE
KBajpaTHiase GopMH Ha F, uto H (z) = 0 Baeuer Q (z) = O gna aroboro
2 €F, 10 Tr (Q o u/H o u) < Tr (Q/H).

4) Mycrs I — mexoTopoe MEO:KeCTBO I I2 (I) — BEKTOpHOE MPOCTPAH-
CTBO TAKHX CEMONCTR X = (z;);.; ACHCTBHTENBHHX IHCEI, IT0 Z x} ROHETHO.

i€l
ITycrs (l‘i)ieI — CYMMHpYyeEMO€ CeMefCcTBO MOJOKHTeNsHHX wmecel. s
moBoro x me I (I) momaraem Q (x) = DAz} m H(x)= )z} To-
el el
Kagats, 910 Tr (Q/H)= > };. (Hemomsaosars ymp. 2a).)
icl

5)Ilycrs E — peficTeATeNbHO® BEKTOPHO® TDOCTPAHCTBO, (Ag);ecr —

CYMMEpPYeM0®e CeMefiCTBO NOJOKHTEALHHX WAcel H (¥4)ier — cemeiicTso
nuEeiiEHX ¢opM ma E. [asn aw6oro z € E momaraem H (z) = 2 {z, y;)?
il
n Q (&) = D) A (=, y;)% npepmonosxmy, w10 H (z) KoHeIRO mpH M0GOM
i€l
z € E, IloxasaTs, 910 Q (z) xonedHo npu JdwoboM z € E, wro Q u H — moio-

JKNTENbENE KBAKPATHYENE dopyMu Ha E m wro Tr (Q/H) <) MAy. (oo~
el

wuth u (z) = ({2, y;));c; m DpuMenwTs ymp. 3 X ammeiinoMy orofpa-

wenuio uE v B (I).)
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©) Ilycrs E — peiicTBUTENHHOE BEKTOPHOE ipocTpancTso, P, Hu Hy —
NOJ0KUTeNAbHR e KBagpaTndnne popmul Ha E. IIpexnonokum, aro H <laH,,
TIE a — MOJ0RETEABHO® AHCTRATEALHO® TUCH0. [JORazaTh, 970 Tr (Q/Hg)<<
< a-Tr (Q/H). (Csectr Bco K caydaw, KOTfa E KOHEYHOMEPHO, BOCTIONE-
30BaBHINCH 3aMeuanueM { m. 4, a 3aTeM P moMomE npeni. 1 sapepmuTh
[IOKA3ATEJBCTRO, MCIIONB3YA CYMECTBOBAHEE OPTOrOHAJLHOTO Gasmca B E
OJHOBPEMOHHO OTHOCHTENLHO H m H,.)

7) lycrs £ — peiicTBuresnpEOe TEAL0EPTOBO mpocTpaHeTBO. IlOKa-
3arh, 9ro vomoormsa Caszomosa HA £ oUpefieAserca TNPH HOMOIE MHEO-

#HECTBA HOMYHOPM Q”z, e Q mpoGeraeT MHOKECTBO AMEPHHIX NOJOMU-
TeNLHEIX KBaspateaEHX ¢opMm ma E. (Acmoassomars ymp. 6.)

8) Ilycts, E m F — JelicTBUTCIbHHE TUILGePTOBH HPOCTPAHCTRA.
B E ® F cymecTByeT TaKas CTPYKTYpa OTJEIWMOTO HpeaTminGeproBa
NPOCTPAHCTRA, ITO (21 @ ¥y | 23 ® ¥a) = (xy | 22) (51 | Y2) AUA 2y, 74
03 E uyy, y,ua F. OGoznaumm qepes £ @, F TranGepToso NPOCTPAHCTBO,
noaysegnoe u3 £ @ F momozEeHmeM.

a) Ecam E’' (coots. F') — 3aMKHYTO® BEKTODHO® NORNPOCTDPAHCTEG
na K (coors. F), TO mOKasaTh, UT0 £’ ®, F' OTOMKIECTBIACTCA € 3aMKHY-
THIM BEKTODHLIM MORUPOCTPAaBCTBOM W3 £ ®4 F, DOPOMJEeHEHIM TaKHEMH
sJevMepTaMA r Q@ y, U0 T € E', y € F',

b) Mpepnoxoskum, 9ro E (coots. F) ecTs rannbeproBa cyMMa ceMeil-
cTBa (Eg)qe 4 (cO0TSB. (Fﬂ)ﬂe 5) 3AMKHYTHX BeKTOPHHX HopnpocrpancTs.lo-

Ka3aTh, 970 E ®, F ecTh ranbGeproBa cyMMa cemeiicTea (Ea®,Fﬁ)(a, BYEAXB

3AMKHYTHX BeKTOPHHX HONIDPOCTDAHCTB.

¢) Ecau (e;);cyr (c0OTB. (f;);c; — OPTOHOPMEpOBaHHEI Gasue B E
(coorB. B F), TO CeMeNCTBO (¢; ® ;)¢ jerxs €CTH OPTOHOPMUPOBARHK it
Gasnc B E ®, F.

d) Oycrs G — peiicTBuTensHO® TMALOEPTOBO HpocTpamcTBo. Ompe-
JenuThr KaHonmueckne n3oMopduaMul EQg FHAF @ ER(E @3 F) Q4 G
na E @, (F ®,6).

e) llyets E, m F; — peficTBUTENBHEE TIMAL0EPTOBH IPOCTPAHCTBA
u u: E— E,, v: F—> F, — penpepuBEH® JuHeiiEme oTo0pakenns.
IToxasaTth, 970 k¥ @ v HPONOJIKAETCA IO HENPEPHBHOCTH A0 HeIPEPHBHOIO
auHeiiEOr0 oTOGpaskeHnA u ®, v npocTpaHcTBa E ®, F B E; ®3 Fy n 4910
Hu@svfi=Hull-livi

9) Ilyers E m F — peiicTBATeNBEHE THALOEPTOBH IPOCTPAHCTBA.

a) Ilokasars, 9T0 CYIIECTBYeT HEIPEPLIBHOE JuHeidHoe oTobpaskenne @
npocipanctBa E ®, F B X (E; F), XapaxkTepHayeMmMoe COOTHOIIEHHEM
0 ®y) &)= (|z)y onaz, 2 w3 E u y ua F. Hoxasars, 910 @
nmeer HopMy 1 u 910 @ (E © F) ecTh MEOKECTBO HeNPEPHBHHX JHHEHHHX
oTof6pakeHNA KOHeYHOTO paHra mpoctpanctBa E B F.

B) IloKasaTh, 9T0 @ ecTh Guexnusa E @, F na mMuoskecrso HS (E, F)
auHefHHX oropaskenmii I'minGepra — Ilimmara npoctpanctea E B F
(ucronnzoBath yup. 8c) m npepa. 3). [Iyers HS (E, F) majeaeso cTpykx-

37
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Typoil rEap6epToBa MPOCTPAHCTBA, HONYYEHHOH M3 CTPYKTYPH IDOCTPaH-
cra E @, F npum OHeKNUH (; COOTBETCTBYIOHIas HODMa OGO3HadYaeTes
Hulls. lyers u € HS (E, F); enpefesiuM TOJOKHETEIbHHE KBaJPaTHIHLIE
dopmer Q, u H Ha E Kar Qy (z) = jlu (2) |® u H (z) = || = ||°. Ioxa-
3ate, 910 [} u [ = Tr (Qu/H):

¢) Hycrs E; m Fy — peiicTBUTENbANE IHABLGEPTOBN NIPOCTPAHCTBA 1
u: E;— E, v: F—> F, — menpepHsune JuHeiinse otofpasenns., IIycrs
¢, — wsomopduam E; ®, Fy wa HS (E,, Fy), onpefenesrHili aHaJIormigo
¢@. Ilokazats, 910 vo @ (f)o u = ¢, ((u* Q ») (¢))Anamwbore t € E®, F,
BriBecTn oTCIOfia, 4T0 A Jo6oro otofpaskenns [manbepra — Immara w
apoctpaEctea E B F ammeiiHOe 0T0oGpasKeHHe »ow oy TPUCTPAHCTBa
E, B F, ectb oroGpakenne I'mapbepra — UiMmnra m 910 || » dwou lly £

<Uolllw lig-ll u



NCTOPHYECKNN OYEPK

K TJIABE IX

(Pusickme nudpu orcmnanr K OGmbamorpadum, noMemesHoi
B KOHIIE 3TOTO O9epKa)

Ecau nsysenne cBsaeii Me;KIY TONONOTHEH | Teopmeil MePH BOCXOJHUT K Hada~
naM coBpeMeHHo#l Teopmn (QYHKOME [eHCTBHTENLHOTO NEPEMEHHOIO, TO MAMHb
COBCEM HElaBHO HWHTETPHPOBAHKE B OTAENEMEX TODOJOTHIECKWX NPOCTPaHCTBAX
BETAJI0 Ha TOBECTKY Ams BO Beeil obmmocth. Ilpeskpe weM mepefiTw K metopum
pafor, DpemecTBOBaBINEX COBDEMEHHOMY CHHTE3Y, MH HATOMHEM HEKOTODHIE
9TAIlH B PasBUTHHE M6, KaCAIOMWXCH B3aHMO/ICHICTBHA MEK/LY TOIOJIOTHE 1 MEPOil,

Hns JleGera He cTOAN BONpOC O TOM, WHTIErPUPOBaTh QYHKOMHA ONHOM WMin
HECKOJbKEX AeiicTBHTENbRHX nepemenHnx. B 19413 r. Pagom ompepenua ofmue
Meps Ha RP M COOTBETCTBYHOMWE WHTErPailb; 5Ta TEOPHA, W3JOMKEHHAH MO~
po6ro B paGore (I) IUI. Bamne Iyccema, ommpaercst CymeCTBeBEHRM 06pasoM
HA TOUWOJOTAYECKMe CBOIICTBA eBKJIWIOBHX TIPOCTPAaHCTB. HECKOJBKO MO3Ke
Papona, B 1915 r., Opeme onpepenna B (I1a) «<abcTpaKTHRE» MEDH HA MHOJKECTRE,
¢ BH/EJEGHHOH B HeM 0-alre6pol MONMHOKECTB, W WHTEIDAJH OTHOCHTENLHO
9THX M6D; OH OTMeYaeT, UYTO MOKHO YCTAHOBHTH TAKUM 00Pa30M OCHOBHH® PE3yilb-
Tatel Teopum JleGera, H® MONB3YACH TOMOJOTHYECKHMH CPEACTBAMH. JTO MOJO-
JKeHHe NOATBEDIKAAeTCA CHEAYIOmMMMH ero CJIOBaMH, BSATHIMH W3 BBEJCHHHA
k paGore (I1I6) (mepmas wacts): «Horma, Bampmmep, B GeCKOHEUHOMEDHOM .NPO-
CTPAHCTBe, A PABIMYHHE NPHIOKEHHH AaHAJIH3a NPHBOAAT K DasIWIHEM
He DKBHBANGHTHHIM ONPENEJeHEAM CXORAmeiics mOoCIeoBaTeNLHOCTH, 3aMEHIIT
O[IHO ONpEefejIeHMe APYTHM, TO HUYTO HE MEHAETCA B CBOHCTBAX AJJATHBHEIX
cemeiicTe # QyHKEHI MHO)KecTB B dTHX TpocrpaHcTBax». Mecaeposanms dpemre
6um pomonmenst Kapateofopm, KOTOpOMy UPHHEANISKEAT BAKHAA TEOPEMa O TPO-
JOKeHHH (YHKOUE MHOKEeCTBa A0 MepH. B KOHNEHTPHDOBAHHOM BHJI@ W3NOKe-
HEe 310l TOYKM 3pemms cojiepykuTca B Hadajge Kamrm Caxca (IIT).

Orxpuitne MepH Xaapa Ha JOKANLHO KOMIOAKTHHMX rpymmax (cp. Heropm-
gecknit ogepk K i, VII m VIII) # MHOTOYHC/IeHHEN® NPHIOMKEHNsA, KOTOPHE OHA
cpasy ke poaydmna, a sareM pa6oTu Beitna m PeabaBaa OO IapMOBEHIECKOMY
aHaanay npusean K 1940 r. kK ray6oxomy naMeHeHAIO B 370 TOUKE 3DEHHA: B 9TOM
Kpyre BOIpPOCOB yHoGHEe Bcero paccMaTpdMBaTh MEpPy KaK JamHeiiEylo ¢opmy
Ha TPOCTPAHCTEe HenpephBHHX QyHRuumil. dToT Meroy TpebyeT cy;KeHns ma KOM-
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HAKTHRIE HMJH JIOKAJHLHO KOMIAKTHEIO IpPOCTPaHCTBa, HO 31O HE MOMKCT 6E.ITB
nomexoif mopapAsomeMy GOJNBMHHCTBY NPUJNOKeHHWH; Hanboiee 3aMedarTelpHO,
YTO BBEJieHTe TapMOHHYECKOTO aHAMN3A HA p-aJu4ecKuX TpPpymilax H Trpynnax
ameneit K. Teitrom u A. Beiinem mossosmio omyTuMeM 06pasoM 0GHOBHTH aHa-
JINTHYECKRYIO TeOpHI0 Hucelnl.

M cosceM B apyroM HanpaBjICHUM BO3HEKAET Heo6xo;mMO0Tb pacmupesusa
870l TOUKN 3peHHs MpH PACCMOTPEHHHM MEDP HA TONOJIOTMYECKHWX IIPOCTPAHCTBAX,
He ABJIAIIMUXCA JOKAJIHHO KOMHIAKTHHRIMH: TeopusAa Bepom'noc:reu HEeYKJIOHHO
IPABOANUT K H3YyYEHUIO TAKUX IPOCTPAHCTE U [A€T MHOTOYHCJICHHHNE¢ HCTPUBHAJb-
HbIE IPUMEDH. Mosxer GHTL, ciaeayeT HMCKaTh NIPHYNHY 3al03[0aJIOTO BJINAHUA
IIOI.[OﬁHOI‘O Pas3BHTHA HA TEOPHIO MEPH B OTHOCUTEJILHO H30JIHPDOBAHHOM II0JIOH e~
HAH TeOPHM BepPOATHOCTEH, ocraBaBmieiics [0 IOCHeJHET0 BPeMeEH B CTODOHE
OT TPAJUMIUOHBHX MAaTEMATHYECKUX HUCIUILINH,

Mepw na npocmparcmear nocaedosameavnocmeii. Opana ua mamGeiee pas-
BUTHIX BETBeM KJACCHUECKOH TEOPHH BEPOATHOCTEH -— Ta, KOTOPAs COUEPIKHUT
npefiefIbHBIE TeOPEMH (3aKOH 0OMBHINX YHUCEN, CXORuUMOCTh K 3akoHy Taycca —
Jlamnaca ...); peup ugeT 06 yriayGiaennu HOHATHA CTATHCTHIECKON PeryiIsipHOCTH,
HIPOABJIAKINEACA B fABJIEHHAX, CBA3AHHHX C HONYJIANRHAME € O4eHb 0OJHIIEM
9uciIoM 3HAKOB. HoppexrHoe MaTemaTHuecKoe (OpMyJIHpOBaHWE ITHX IIpOGiaeM
TpeGyeT BBemeHnsA mMep Ha IPOCTPAHCTBAX MOCHeMOBaTeJNLHOCTel; sTH HpoCTpam-
CTBa, IpefcTaBiaAmue co0oil mauGoisee ogepmpnoe 0GoGmenye KOHEIHOMODHHX
TPOCTPAHCTB, HABHINCh NPEANOYTHTEIHENM O0GBEKTOM WcClef0BaEW 00mero
aHanm3a, KoTopue Ouam ppegupuaaTH K 1920 r. (Dpeme, Jlesm, Jlysummim.
1 me cayvaiipo, uro Xwuayna u Koimoropos, cosparenn HOBHX METOHOB TE€OpDHHA
BeposiTHOCTelt, 00a Oram yuenmxamu Jlysuna u 9o Jlesn oueHB CKOPO o6paTmiICH
K BOPOATHOCTHHM mnpoGaeMaM: STH mpoGNeMH CAY;KUAN DPOOHHM KaMEeM s
HOBHIX METOJOB,

Ilepeoe mesBHOE 0Gpamenue K Mepe Ha TPOCTPAHCTBAX MOCIS[OBATOABHOCTOMH
noaswiock B pabore 9. Bopens 1909 r., mocBAmeHHO# CUETHHM BOPOATHOCTAM
(IV). BeceMma opurmnannEad upea Bopensa cocTosna B NPUMOHOHANM H3BECTHHIX
BEPOATHOCTHHX POe3yAbTATOB K [OKA3aTONLCTBY CBOHCTB, KOTODHIMHE 0O0nafaer
JECATHYHO® PA3JO;KEHHe IOYTH BCeX UYHCeN, SaKaueHHENX Mexay 0 m 1. 910
HIPUMEHEHHe OCHOBAHO HA cAexyomeM QyHKAMEHTANHLHOM BAMOTAHUH: ONPOXeIuM
moboe peifcrurensroe unchao MeELY O m 1 mpM DOMOIU IIOCIEOBATONbLHOCTH
oudp ero pasnoKeHus B 3afannoM 6asuce ¢ > 2; npH caIyJaitHOM HOCAO[0BATENb=
HOoM BHOGOpe mudp HEKOTOPOTO YHCIA T HE3IABHCHMO APYT OT Apyra # ¢ paBHOH
BeposTHOCTBIO 1/q g1t O, 1, ..., ¢ — 1 BepoATHOCTH TOTO, YTO Z HAXOJMTCSA
B HEKOTOPOM mopjMHO:kecTBe mHTeppaia [0, 1[, pasma pAnuHe 5TOTO HMHTEPBaJA.

B 1923 r. Mteiiarays (V) eTporo foKasaJ 8TH Pe3yAbTaTH H ONHUCAN TOYHYIO
MATEMATHUECKYI0 MOJeAb HeOTPAHWYEHHOH DOCHOIOBATONBHOCTH CJAyIAiiHOro
BHGopa, paccmorpernoil Bopesem: BosbMeM JASi IPOCTOTH g = 2 H 0003HATEM
yepes I mmoxecrso {0, 1} ua AByX anemenToB; ecau mapenuts I mepoi p, ompe-
mensaeMoit Kak p (0) = p (1) = 1/2, TO sHeMenTaMHE TpPOCTPAHCYBA-IIPOHBBO-

pennsa IN GyqyT cayRUTH NMOCHETOBATONBHEOCTH & = (€ (7)) pen THCOA, paBEEX 0
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nam 1, a otobpaxenue q: g +—> 2 € (n)-2-7-1 Gyper, ¢ TOYHOCTHIO N[O CYEGTHOrO
n=0

MHOJKeCTBa, Omenmmeii /™ pa wmaTepeax [0, 1]; mpu sroM ¢~! mepesopur Mepy

JleGera Ha |0, 1] B Mepy P ma I N _ npomasepenme Mep p Ha Kayk[AOM M3 COMHO-

sureneit, Ha camom pene Ilreiimrays He pacmoXaral KOHCTpYKEueH Mep-

IpOM3BeNeHnil; OH HCHOJBL30BAJI CYMECTBOBAHHEe KBasuOmeKnuum @, uTOGH

nocmpoums Mepy P ma IN, mcxomsa ms mepw JleGera ma [0, 1], a satem pax
aKCHOMATHYeCKYI0 XapaKrepucTuky wmepw P. Ilonyuemmmit TakmM oGpasom
M30MOPPUBM TO3BOJIAET TepeBecTH ALK BEPOATHOCTeHl Ha A3HK MEPH H NIpH-
MeHWTH M3BOCTHHE TeoPeMH 06 mmTerpase JleGera.

B Toit ;xe paGore Ilreiinrays paccMaTpmBaer ciuydafimmil pag 2 Op-dp,

n>0

I'Ae 3HAKHU O, = 1 BuOHmpawTCcA cxydailHO, HE3aBUCHMO APYT OT APYFa H ¢ pas-
HO# BepoATHOCTHIO 1/2; meny 1928 u 1935 rr. om usydaer Apyrae MHOTOYMCIEH-

HHe ciaydaiinue psags. Co cpoeit cropons, Iloau, Breep u 3urmynp paccmarpu-
oo
BAKOT ciaydaitanie panm Dypne ') Buma 2 an exp (2ni (nt + @,)); «AMIIATYRE
N==~ 00
a, OuxcHpoBaHH, a «passy @, CyThr HezaBHCHMEE CIyYaliHHE IEepeMeHHHE,
paBHOMepHO pacupepeinennue ma [0, 1].

W eciu aHAJIATHYECKH® TPYAHOCTH CHIBHO MEHAKTCA OT OfHON m3 aTux
npobiieM K gpyroil, To nepesox Ha A3HK TeOPUE MepH OyHeT BO BCeX CIY4asax
O[IMH H TOT ’Keé W Ipe/CcTaBAseT co0oH pacmimpeHWe Ciaydad, HCCHE{OBAHHOTO
Bopexnem u Illteiiaraysom; pedsp mueT o mocrpoeEwE mepw ma RN, sBimomeiics
HIpou3BefeHNeM ceMeiicTBa Bcex Mep, Kamjas U3 KOTOPHX TOKEeCTBEHHA OXHOI
¥ TOif Ke moJIoKUTeNpHOH Mepe M ¢ Maccoil 1 Ha R; Hampumep, caydailHee psagsl
dypre, 0 KOTOPHX TOJIBKO 4TO TOBOPHIOCH, COOTBETCTBYIOT CJIydaio, KOIfa M
ecth mepa JleGera ma [0, 1].

Jia DpOCTPOEHHsI TaKUX MED-IPOM3BECHAN MO)KHO MCIIOAB3OBATH [BA
Meroga. IlepBHil ecTh mpsAMOH METOR, npeqiio;KeHnHi Buepsne fanwmesem (VIa)
B 1948 r.; om 0511 BHOB mpepJoKer B 1934 r. Weccenom (VII), KoTopuil aeTaisHo
u3ysua ciaydaif, xorga pu ectp Mepa JleGera ma [0, 1]. Bropoii meron cocrour
B OTHICKAHWM CHENHAILHHIX IpPHEeMOB, aHajoruymnx mpuemy IlTeiiaraysa, ¢ Tem
yTo0H cBecTH Bce K Mepe JIeGera Ha [0, 1]; oTOoT cmoCcO6 mefiCTBHI BHIONEH CBOUM
ynoGcTBOM B TOM clydae, KOT[a He pacmoiaraioT IOJIHHM UBJI0KeHmeM oOmei
TEODMH MepH, u00 OH N03BOJAAET HCIOAB30BaTh (ea HOBOTO JROKA3ATENBCTBA
Teopemsl JleGera 2).

1) OrmoemrenpHO caydaitnuix psagos @ypre cM. usnokenue FK.-II. Kaxama
B «Seminaire Bourbaki» (m. 200, 12-e anné, 1959/60, Benjamin, New York).

2) Bumep HpefIPUAAMAN TAKK® MHOTOTHCIICHHHE NONHTKH (Cp., HAIpUMeED,
(XI), ra. IX) moxasare, uT0 Mepa GpPOYHOBCKOTO ABHKeHHs uaomopdHaA Mepe
JleGera ma [0, 1]. BoaMoskmocTh TaKumx TpPHEMOB HAXORUT CBO® OGHACHEHHE
B o0meil Teopeme dom Heiimana, KOTOpaA faeT aKCMOMATHYECKYIO XapaKTepHsa-
puio Mep, msoMopdHEX Mepe JleGera ma [0, 1].
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Teopus G6poynosckozo Odsuxcenus. DTa TeopUA B3AHHMAST B COBpPeMOHHOM
HayKe HCKJOYHTeNbHO® MEecTO TeM, YTO OHA OCYINECTBJAET HOCTOAHHHI H INIO-
ZoTBopHHI 06MeH M&KAY HpoGieMamn GU3HMYECKUME M IHCTO MATOMATHIOCKHMY.,
Nsyuenne GpOYHOBCKOTO ABW/KeHHUsA, OTKpHTOro B 1829 r. GorammxoM Bpoymom,
HATEACHBAO HpoBoxuaoch B XIX Bexe Mrormmm ¢usuramm %), Ho mepsas yjoBier-

. BODHT@NIbHAA MAaTeMaTHIecKas MOjensb OHJIA mpUAYMana OJNHIITOHHOM TOJBKO
B 1905 r. B mpocrom ciayuae 9acTuIfs, mepememaomeiicst BEOMb NPAMOM, OCHOB-
HHe TEnOTesH Dimmreiina dopMyampyTca ciaemyiomuMm o6pasom: ecin: z (1) —
afcEMcca 9acTANK B MOMEHT ¢ B eclm £y <t < ... <t, <1I,, TO mOCIeno-
BaTeNbHE® MepeMemeHHA z (§;)—z (t;—y) (mna 1 < i <<n) cyTe HezaBHCHUMBEIE
caygaiiHie rayecoBn mnepeMeHHEbe. Mu He GyneM 3sgech TOBOPHTH HOApoGHmo
0 BOKHHX SKCHEPHMEHTANLHNX paGorax K. Ileppena, mopTBep:AaBOIMX TEOPHIO
diipmTelina; MO HameMy MHEHHIO, CJIeLyeT IPHBECTH TOJIBKO ONHO 3aMeYaHWe
Ileppena, ¢BUETENBLCTBYIOMEE O TOM, 9T0 HAGIIONCHNe TPACKTOPAY OPOYHOBCKOTO
JBIDKEHUA HEYKJIOHHO BHB3HIBAJIO B HEM MEICIbL O «MATeMaTHYeCKUX (YHKIUAX,
He HMeINuX HPOH3BOAHON». JTO 3aMedaHWe B JaibHOIMeM HOCHYyKHUIO OTHpAB-
HHIM TOTIKOM 1A Bumepa.

CoBcem fpyroe rtegyemme miell GepeT CBO® HA4YaJI0 B KUHETHIECKON Teopmd
rasa, passuroil meskngy 1870 m 1900 rr. Boarmmamom m I'mGGcom. PaccMorpum
ras, cocrosmuit ua N Mosiexyi Maccl m ¢ (aGcoarorHoit) Temneparypoil T, n o6o3Ha-

TEM 9€pes vy, . . ., vy CKOPOCTH N MOJeEKYJ rasa; KEHeTHIeCKaA SHEPIHA CHCTEMEL
paBHA

_’,’2‘_ @+ ... +ok) =3NKT, ()

rme k — KomcranTa Boannmana. Coraacuo upesM I'u66ca, OTPOMHOS YHCIO CTONK-
HOBeHHI Me}Ky MOJEKYJIaMH He 03BOJIAET TOYHO ONPEJeNUTh CKOPOCTH MOJEKY I,
¥ CABLYeT BBECTH BaKOH BepoaTHOCTH P Ha cdepe S mpocTpamcTBa pasMepPHOCTH
3N, onpepensemuit ypapmenueM (1). «MHKpOKaHOHHYECKOE» YCJIOBHE COCTOWT
B TPOJHOJOKeHHH, 9T0 P ecTp Mepa ¢ Maccoil 1, HHBADMAHTHAA OTHOCHTEIHHO
ppamenna cdopirt S. C pgpyreit croponH, 8aKOH cCKOpocTeil MaKcBeana yTBepK-
AaeT, 9TO BEPOATHOCTHHI 3aKOH COCTABIAMEH CKOpPOCTH MOJEKYIH 6cTh rayc-
coBa Mepa ¢ Bapuanmeil 2kT/m (rn. IX, § 6, o. 5, samesanue 3). Ho-BrguMOMY,
Bopexs mopsuil 3amerun B 1914 r., uTo 3axom MakcBenna ABAAGTCA CIEHCTBHEM
runoTe3 I'mGGca u cBoiicTB cdephl, KOTHA SHUCIO MOMEKYH ouenp Beamko. OH pac-
cMaTpuBaeT cepy S B eBRIMEOBOM MPOCTPAHCTBE GOMBMON PasMEpPHOCTH | MepY P
¢ Maccoil 1, MHBADMAHTHYI0 OTHOCHTEJILHO BPAameHUA HA S; HCHOIB3YA KiIac-
cHYecKne mMeTofn npnliamxenns, OcHOBaEHse HAa fopmyne Crupimara, OH IOKa-~
SHIBA€P, 9TO TpPOeKnEs P Ha oCb KOODAUHAT ABJIAETCH ANIPOKCHMATHBHO Iaycco-
BOf. OTH pe3yJabTaTH OHUIM yTOUYHEHH HECKOJbKO mosske I'ato m Jlesm (1Xa).
Hycrs sapamsl Hejoe wuciao m => 1 u wucio r > 0 B mycTs Sp,, , — MHOKECTBO
nocJeioBaTeLHOCTEH BHIA

(@ o e0s 2y 0,0, ..yt + . .t Y =1%

3) MmeercA BECHMA JKMBO® W3JOKEeHHe 9Tofl HMCTOpWE B Hepapmeit pabore

E. Hexarscona (E. Nelsen, Dynamical theory of the brownian movement, Math.
Not., Princeton, 1967. .
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©003HAYNM TaKiKe dePe3 Oy,,, Mepy ¢ Maccoil 1, HHBADHARTHYI0 OTHOCHTEJILHO
spamernsa HA Sp,, .. B coppemennoil TepMumHONOrMH pesyanrar Iato m Jlesm
dopuynupyercsa caepyiomum 06GpasoM: TOCIENOBATEIBHOCTh MEP Oy, CXOOHUTCA
yaK0 K emuAwWuHONl Macce B mHagaxe (0, 0, ...), a DOCAEIOBATEALHOCTH Mep
o cxopmrca y3ko K Mepe I' Bupa

VvV 1t y P bit

’
oo

dr (z1y 29, ...) =[] dv(za)
n=1
{y ectp rayccopa mepa ¢ Bapuanumedr 1 ma R).

\  VYKasaHHaA BuOIe Mepa I mrpaer poJin rayccoBoil MEpH, KOI7a pa3MepHOCTH
becronegna. Cyms 1o BceMy, JIeBH CMYTHO HafesiICsA OIPOMeJIMTh BHYTDEHHUM
0o6pasoM rayccoBy Mepy Ha JI0GoM 0ECKOHEYHOMEPHOM THIBLOEPTOBOM IPOCTPAH-
ctBe. B peficTeHTenpHOCTH, KaK mokasanu Jlesm m Bmmep, mepa I' maBapmanTHa
B HOKOTODOM CMEICJIe 4) OTHOCHUTEILHO ABTOMOPOH3MOB IPOCTPAHCTBA J2, HO K COsKa-
JCHUIO, MHOKECTBO [2 TOCHO/{OBATONLHOCTON (21, Zgy « » oy Ty o » o) C CYMMHUpYE-
MHIM KBAJ[paTOM EMeeT OTHOCHTeaAbHO I' Mepy Hyab, B macTosimee BpeMA M3BeCTHO,
9YTO MOKHO OTPAHMINTHCA HA OECKOHeYHOMEDHOM TFHALGOPTOBOM IPOCTPAHCTBE
rayccopoil mpomepoii %), .

| Bmmepy mpumajIe:KuT CIORYONMEe CymecTBeHHOe NPOBHKEHAE: ocIM HA Gec-
KOHEUHOMEDHOM THIBGEpTOBOM IpOCTPAaHCTBE HET pasymuoii Mepm Taycca,
TO MOJKHO IOCTPOUTH IPY HOMOINY OYeHb IIPOCTOH OMepanuu Mepy w HA MpOCTPaH-
CTBe HONPepPHBHNX (yHKIUI, HCXONA U3 TayccoBoil mpoMepH! (B geTayax cM. ri. IX,
§ 6, m. 7, Teopema 1). M KpaTko 06BACHAM NEPBOHAYAJIBHYI KOHCTPYKIHIO
Bunpepa mepn w (X); oHa 0eper HemOCpe[CTBOHHOe Hayajo B cooTHOmeHmH I' =
= }im o Vi Taro u Jleen. [aa maoboro meioro m > 1 depes H,, obosmaunM

.

m->oo
muOmecTBo Qymknuit ma T = [0, 1], NOCTOAHHHX HA Ka3KZOM W3 WMHTEDBAJIOB
1k — O/m, kiml (ana k=1, 2, ..., m), a uepes x,, — Mepy ¢ maccoi 1,
PHBAPHAHTHYIO OTHOCHTEJILHO BPameHHsA Ha eBKAMAoBOi cdepe pagmyca 1 B R™,
ycrs f,, — usoMopdusm H,, Ha R™, KoTOpH Kapol PyHKIEH, NPHAMMAIOMEIH
sgauenne a; Ha mareppaxe |(k — 1)/m, k/m], cTaBAT B COOTBETCTBUE BEKTOP
(@yy Gy — a1y « » oy Gy, — Qpy—1) (OTCIONA U HAB3BAWNS «PA3HOCTHO® IPOCTPAHCTBOY,
npuaaToe Burepom); 06o3nadnyM depes w,, mMepy Ha H,, — oGpaa i, npu oroGpa-

4} Bonee TouHO, WMeeT MECTO ciaefyoomuil pesyasTar. Ilycts U — aBTOMOp-
¢usm ruasGeproBa mpocTpancTsa 12 u (u,,,) — ero marpena. Ilyers E — BeKTOp-
HO® HPOCTPAHCTBO BCEX'[@HCTBUTENBHHX MNOCHOKOBATONbHOCTOH (2,),~4, a2 F—
moJIIPOCTPAaHCTBO NipocTpancTBa E, cocTogmee H3 HOCIeROBATENbLHOCTEI (“n)n>1’
JUIA KOTOPHIX PAJK 2 Umny CXONATCA UpH m 2= 1. QopMyna O2) = 2 UmnZn

n>1 n>1
onpepenseT MMHenoe oToSpaKenne i npocTtpancTsa F B E, mepa I' cocpejioTouena
m FulU@=T.

5) 910 momsTHe GHLIO BBEJEHO IOJ HA3BAHMEM ¢cAaGOro KaHOHWYECKOro pac-
npepexenua» Y. Ceranom (I. Segal, Trans. Amer. Math. Soc., 88 (1958), 12—42).
9TOMY aBTOPY HPHHAJJNE;KHT [eTAIbHO® M3YUSHHe FayCcCOBHIX MPOMED M HX IpH-
NoKeHHe K. HOKOTODHIM TpoGieMaM KBAHTOBOX TeOpHH NOJA.

38 H. Bypbaxm
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sKeHnH [} . Bunep ompefiesnser HCKOMYI0 Mepy w KaK Ipefel Mep w,, . Boxee Touno,
oGosHavmm gepes H mpoectBo Juneiigarnx ymxnmit ga 7 ¢ TONOJOTHEH paBHO-
MepHOil cxomumoctn (mmeeM H,, - H ana mioGoro mexoro m > 1); paa aoboi
pPaBHOMEDPHO HENPCPHBHOHA orpammvennodl ymkmuum F wa H mpenex A {F}=

= lim 5 F (z) dwy, (z) cymecTByer; fajee Bnaep mosyumi HEKOTODHE OneHKR

m—>0o
Hm

cBepXy NpH IOMOmY TOHKOTO Amaim3a Kojefammil WMrpm B OpJia M DEINeTKY,
¥ HUCHOJIL3Ys apryMeHTH KOMIAKTHOCTHM, Haiimenniie JlammeneMm, 0B Ioxasai,
9T0 B JAHHON CHTyamuM IPHMEHNMa TeopeMa NpopouKenusa [Jammensn. Orciona
MOKHO BAKAKIHTL O CYMECTBOBAHUY MEP w, Hecomoli mpocrpamctBoM € (T)
¥ Taxoi, uro A {F} = S F (z) dw (z). Bumep cMor 3arem 1nokasaTh, 910 Mepa
€

w COOTBETCTBYeT THHOTesaM OilEmTeiina %), u HafijenHble ONEHKH MO3BOAMIN
eMy IpHATh TOUHKE CMHCH saMesanuio Ileppena o GyHKOuAX 6e3 MPOMBBONHEIX:
MHOeCTBo QYHKNUi, yIOBIETBOPAIOIMAX ycioBuo Jiummuna mopsagka 1/2, mpe-
He6PE&KEMO OTHOCHTE]bHO w (HANPOTHB, MisA dioGoro g, 0 < ¢ < 1/2, mourm
nobas GYEKNUA yAOBIETBOPAET YCHOBHIO JIMNmMuna mopsAika a).

B macrosimee BpeMs HM3BECTHH MHOTRE croco0H IMOCTPOEHMA Mephl Bumepa.
Tax, Ilosu u Bumep mcuoapsyior cay4daiigbie psagm Pypse (XI), ra. 1X: gas
n1060it  AeHCTBUTENBHON MOCTEOBATENBHOCTH @ = (dg),~ M m000ro  mesoro

m > 0 onpepenuM (QyHEKOWO fm’a ga 10, 1] xax
2m+1

I, o () =ast 2 Z nLk ap_4 sin nkt;
k=2
MOKHO NOKA3aTh, 10 A I-modtu M1060# MOCIeN0BATeSHLHEOCTH (¢ NOCJIEOBATE b
HOCTh QYHRUUE f,,, , CTPEMHUTCH K HeIpepHBHOH QyHKnma f, B wTo w ecTh 0Gpas
mep I' npu oToGpaskennu (ONpefeseHHOM HOuTH Beoay) @ +—» f,. Ilosie Jiesn

%) 970 BamECHBAETICA IpH HOMOmME (OpPMYJIH
n
[ te oy w@=eo 2 ] -0 x

i=1

n
xS S Flaes e zn)exp(——;- > KRt Vi )dx, ... dzp,

‘ ti—1tiy

=
rfe f — NPOM3BOJNLHAS HENPEPHBHAA OrpanmyeHHas Qysxnus sa R™ u rme 0 =
=t <ty < oo <t 1 (m0 cornamemmw z,= 0). Bumep, npuyieHEHR
Xapau K aHaJIATUIeCKOR CTPOTOCTH U HE J0BepsABHINi, COBEPINIEHHAO CIPAaBEIINBO,
OCHOBAHMAM TEOPHH BEPOATHOCTEH B 3Ty SIOXYy, HMOCTAPANCA HEe HCIOIb30BATE
HRE BEPOATHOCTHYIO TEPMUHOJOIHIO, HH Pe3yIbTaTH. JTO HPHUBEJIO K TOMY, 9TO
ero paGoOTH HANOJHEHH OTPOMHNME (ODMyJdaMM, OfHA M3 KOTOPHX INpHBeJeHA
BHIIE; 3T 0COGOHHEOCTH ABJIAETCA OTHNM U3 (AKTOpOB, 3a/lep/KaBIINX PACHpPOCTpPa-
werne upeil Bumepa.
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upueex B (IXb, c) xkoHCTpYKNHUoO, o0YeHp 0JMN3KY0 K TOH, KOTOPYIO Mul H3JO-
snm B § 6, m. 7 ra. IX. Hakonmen, Kan, Jorckep u dpAém mokasann k 1950 r.,
KaKk 3aMEHHTH B IEDPBOHAYTAJILHOM TIOCTPOCHME BuHEpa CQepHuecKme MEpH I,
ma R™ Gonee oOmumu mepamu. VIX pesyinTaTHl yCTaHABIHBAIOT NPOYHYIO CBASH
MeR[y Mepoit Bumepa m mpegelnHEIMHI TeOpeMaMu TEODHU BePOSTHOCTel; B Aajb~
Hefimeém OHm OwiM JAOpDONHEHH M cucreMaTmsupoBansl IIpoxopoemm  (XIII)
B paoTe, Ha KOTOPON MH 3afeMKUMCA HIUIKE.

Mu Be GygeM 3p€ch aHAJIM3MPOBATh MHOTOYHCJIEHHKE W ByKHEC BEpOSTHO-
CTHHE paGoTH, BH3BAHAHE OTKpHTHEM BuEepa; B HacToAmee BpeMsa GPOyHOBCKO®
ABHKEHHE MOABIAETCA YK TOJHKO KaK Of@H m3 Haubojee BayRHNX IpHMEpOB
MapPKOBCKEX IporneccoB. Mu ynoMmsmaeM ToINsKO npmiokenne Hamem Meps Buaepa
K PeMeHnIO HEKOTOPHX napafolMYecKux yPaBHEHH ¢ YACTHHIMH IPOM3BO/HBIME;
9TO CBA3AHO C MpUMEHEHmeM Hpeil (DefiAMaHA B KBAaHTOBOH TeOpMH WO — OJUH
¥3 MHOTAX NPHUMEPOB B3aWMHOTO BIMAHWA MATeMaTHKH # (HU3HYEeCKuX 3afad.

IIpoexmuenvie npedeats mep. Peub BOET 0 TEOpHH, KOTOpasA PasBHBAJACh
TaaBHEIM 00pasoM mis ofecmedeHms HYKJ TeOpUH BepoaTHOCTEH. [Tpo6iaeMH,
KacaloliMecs KOHETHOH I10CJIe0BATENBHOCTH CIyJafiHHX BexwimH Xi, . .., Xps
B IPUWHOUIE DeIMEHH, KOTAA M3BeCTeH 3aKOH Py 5TOH WOCIefoBATEILHOCTH: 3TO
ecTh MOJIOKUTENHLHAA Mepa ¢ Maccoit 4 Ha R, Takas, 9T0 BEPOATHOCTH OJHOBDPEMEH-
HOTO BRIOJIHEHHs HEPaBencTs a4y < X; <K by, - . ., 4, < X, < b, paBra Py (),
rae C — saMKEyTHA Kupnud {¢;, b,] X ... X [a,, b,] B R". B npaxmmxe mepa
Px mMeer QUCKPETHHH HOCHTENh HJIM HKMEET IJIOTHOCTh OTHOCHTEIHLHO MEDH
JleGera. Horma mmeoT pexoc GecKomeTnol mOCIEHOBATENBHOCTEI (X ),y CAY-

waffHEIX BeJIMInH, TO OGHYHO H3BECTEH 3aKOH P, YaCTHIHOR MOCIE0BATEIbHOCTH
(X1, .+ - X,) BaA M060T0 NOJOTO 1 > 1; OTU 3aKOHH YHOBJAETBOPAIOT YCIOBUR
COTNIacOBAHHOCTH, KOTOPOE BEIPAKAeT TOT PaKT, 4TO MOCHENOBATENBHOCTD (Py), 5,

ecTh mpoeKTHBHasf cucTema mep. K 1920 r. Gomee mim memee HesABHHEM 00pazoM
ORIJIM OHpejIesiensl BepOATHOCTH cOGKTNH, CBA3aHHNE ¢ GeCKOHOYHOH I10CIenoBa-
TeJIHHOCTHIO, MYTEM «ECTECTBEHHKIX» IEPEXOIOB K IIpefeny, NCXO4d U3 KOHEIHOro
caydas; TaKuM 00paszoM, JIONYCKAaercs, YTO BEPOATHOCTh OKOHYAHUA WHIPH 6CTh
Hpefel, IPH n —s> 00, BEPOATHOCTH TOTO, UTO OHA OKOHYHUTCS He G0Jiee 4oy 3a n nap-
Taii. EcreCTBeHB0, 4TO TaKafA TEOPHsA HOBOJHHO MAJIO CBA3HA, B HUYTO HE HCKIIO-
Yaer HAINYME «HapafOKcOB», KOTZa OfHA M TA K€ BEPOATHOCTh MOKET IOJIYYaTh
ABa PasMEYAHX 3HAYCHNUA B 3aBHCHMOCTH OT ABYX PasiHYHEIX IPONMECCOB, B OfH-
HAKOBOH Mepe «eCTEeCTBEeHHHX», IO KOTOPHIM OHA BHYMCIHETCA.

HMirefirrays (V), HO-BEAEMOMY, ORI HIePBHM, KTO IOYyBCTBEOBAJ HEOOXOmH-
MOCThH PacCMOTPeTh (47 WMIPH B OpJa M PEemieTKy) HE TOJBLKO HPOCKTHBHYIO
CHCTOMY (Pn)n>1, HO u ee mpexexn. Hesapoxnro mo aroro, B 1919 r., Jlanuexas

(VIb) gokasan B o6uiem cayuae Cym[ecTBOBAHNE TAKUX NPOEKTHBHEIX IIPEMOJIOB *),

7} Jammeinh uzyvaer caydal Mep HA IPOUBEENCHUN H I, KOMIAKTHRIX RHETEp-
nzt
BaJior u3 R, HO ©ro Merof cpasy ke pacIpOCTPAHACTCH HA CIyIadl HPOM3BONL~
HOTO ITPOHW3BefeHNsA KOMOAKTHHX INPOCTPAHCTB;, 9TO B OCHOBE W €CTh TO, YTO
Ml ucmoapzoBaym B ra. 111, § 4, m. 5.
38%
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HO HTOT pe3yabTaT, CYyAA IO BCEMY, OCTABAJICH HEM3BECTHHM B EBpone. Om 6o
BROBEL Haifen B 1933 r. Hoamoroposmsm B paGore (XII), roe ator asTop dopmy-
JMpyer aKCHOMATHYECKYI0 KOHUEHMUIO TEOPHH BeposaTHOCTEH. B jorasareins-
crBax Jlagmena 7 KoaMOropoBa HCIOMB3YeTCH apTyMeHT KOMIAKTHOCTH, KOTOPHIit
IOYTH B TOM JKE BHje HpUMEeHaeTcA HaMu B Teopeme 2 § 4, u. 3 ria. IX u ocHOBaH
Ha Teopeme Jlupm.

Teopema Jlampmens — HoaMOTOpOBa HE OCTABNAET JKEJNATh HUYETO JydMIEro
AAA Cryvas CayJaiiHEX nocaegosareabHOCTed (X)), 5 1, HO H3yUeHHE CIyYafHRIX
$ymrumit, npegupusaToe HaumHas ¢ 1935 r. KoaMoroposuM, @exnepoM u Jy6om,
BCKPEIJIO TPYAHOCTA COBCEM APYIOTro mopaAKa. PaccMoTpum, HAIPUMED, HHTEPRAI
T u3 R, mnpepcraBiaAomuil coboi MEOKECTBO MOMEATOR HAGIIONEHHA HEKOTOPOTO
«CTOXACTHYECKOTO IHPOLECCA»; MHOIRECTBO BO3MOJKHHIX TpPaeKTopmuil ecTn mpo-
cTpamcTBo-Ipouspepenne R, paccMaTpUBaeMO€ KAK TPOEKTHBHHWH TIpefes
wacTigmsx mpomssepenuit R, rne H npoGeraer xomeunme mopMmoikectsa ms T
B 00meM cIyHae 3aal0TCs MPOEKTHBHOK cuetTemoil mep (ug) (cp. § 4, m. 3 ra. IX).
Teopema Hoamoroposa jaer mepy Ha RT, 5o o12 Mepa onpepeseHa Ha g-aaredpe,
3HAYMTENbHO Gojee yawoil, wem Gopemesckasa c-axrebpa 8), Opuo BAPHAHT KOH-
CTPYROHH RoaMoTopoBa, ONpeensioniui Mepy Ha TOMOJIOT HI€CKOM IPOCTPAaHCTBe,
npusagaexur Kakyraga (Proc. Imp. Akad. Tokyo XIX (1943), 184—488) u Gnux
BHOBL LEDEOTHPHIT 3aT€M MHOTO Pas: py paccMaTpUBaeTca KAk Mepa Ha RE,
mecoman RY 9); KOMIAKTHOE OPOCTPAHCTBO E = RY ects IIPOEKTHBHEKN Penex
KOHEYHHKIX [POH3BEICHNI R7 , ¥ MOKHO OOpeJIeNIuTs Mepy | Ha E KaK MPOEKTHB -
HEi npepgen mep pyy (cp. ra. III, § 4, n. 5). Ho sroT mpomecc crpagaer Goapnimm
HEyR06CTBOM; DAGMEHTH 13 R He 00JajajoT HAKAKUM CBOHCTBOM perylspHOCTH,
1I03BONSIOMUM IPOBUHYTh JaJMbII€ H3YICHUE BEPOATHOC THHX IPONECCOB — HIM
[@Ke NPOCTO UCKIIIOINTH NAPABUTHTECKNE 3HATEHASA + oo, BBOUMHE IpH KOMIIAK~-
tefurangn R apaMoii R. DT0 MOMHEO WCODABWTh, WHIYIHPYA MEDY W C RT
Ha TO MKW Jpyroe MOAUpOCTPaHcTso (Hampumep, 4 (7) B ciydae GpoyHOBCKOTO
NBU/KEHHSA); OCHOBHAA TPYHHOCTH MPOUCTEXKAET W3 TOr0, 9T0 (YHKNUOHAILHO
IIPOCTPAHCTBO, Jaké Camoe OOHMHOC, He BCErja |u-M3MepEMO B R., m BHGOD
¢aMoro ¢YHKIHOHAJILHOTO IPOCTDAHCTBA MOJKET IPEJCTaBIATh TPYRHOCTH 10),

8) Mepa Koamoroposa onpejesneHa JWInh st 60pEJIEBCKHUX MHOMKECTB B RT
suma 4 X RT- D, rae D ectn cuerdoe noaMuosrecTBo us T, a A ecth GopeneBcKoe

nogmuoxecteo us RP; ma ocmoBammm sTOTO ¢axra Teopema Houmoroposa pmaa

TIPOX3BOJIGHOTO MPOUIBEREHHSI RT ecrs HEmoCpeNCTBEHHOe CIEACTBUE CIydasd
CUETHHX TPOU3BEJECHAN .

9} Mosxgo 6510 OH 3aMeHuTh R KAKNM YTOHO KOMIAKTHEM HIpOCTPAHCTBOM,
coepswamuM R B Kadecrse IUIOTHOTO HOAIPOCTPAHCTBA.

10y O pgerambEOM ODCY:RAPHHM TPOOJIEMHI TOCTPOGHHA MOp HA YHKIHOHANE-
HEIX IPOCTPAHCTBAX M METOMIaX, WCIIONb30BaBuIuxcs 1o [lpoxoposa, cm. J. L. Doob,
Bull. Amer. Math. Soc., 53 (1947), 15—30.
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Pemajomuii mar 6ma cosepmen B 1956 r. IlpoxopoBuM B paore (XIII),
OKazapmell ompefeiAwINee BIUAHEE HA TEOPHIO CTOXACTHYECKUX IPOIECCOB,
TIpuAaB HAGIeMKAMYI0 AKCHOMATHIeCK Y10 §OPMY METO/IaM, HCHOJIb30BAHANM Bune-
POM B aHaJM3HpOBaBmeiicA Beme paGoTe, OH AOKA3aJ 00MYI0 TEOPEMY CYmeCTBO-
BaHUA NPOCKTHBHBIX HPEIEIOB Mep Ha GYHRINOHAILHEX OPOCTPAHCTRAX, KOTOpaA
ABJIACTICA 9aCTHHIM Cliydaem Teopemsl 1 § 4, m. 2 ra. IX, cooTBeTCTRyIOmUM
MOJBCKUM MPOCTPAHCTBAM.

Boxee yskmit Kiaace MPOEKTHREEX cuctem Owut BBegen Boxmepom (XIV)
B 1947 r.; peds EAET O MPOEKTHBHHX CHCTEMAaX, COCTOANIMX M3 KOHEYHOMODHHX
MeHCTBUTeNHLENX BEKTOPHWX NPOCTPARHCTB U CIOP'BEKTHBHAHX JuHeHHsx orobpa-
mennit. [IpoeKTUBAME Ipemesa TaKOIl CHCTEMs OTOMHIECTBIAETCH €CTECTBCBHEIM
o6paszoM ¢ anre6pamvecKuM cOUPsKEHHHIM E* K [efCTBHTENHPHOMY BEKTODHOMY
mpocTpaHcTBY E, HameneHHsM ciaboit Tomojyorueii ¢ (E*, E); COOTBOTCTBYIOMAA
OPOEKTHBHAA CHCTEMA MEp UMECT Ipejiell, KOTOPHIH ABIACTCA MEDOif U, OIpe/eneH-
HoOii Ha g-anrefpe, cymecTBeHHO Gosee yskoif, 7em GopeneBckas g-aurebpa ma E*,
Boxgep MOIHOCTHLI0 0XapaKTePHBOBAJ TAKHE (IIPOMEDH IPU NOMOM(Y WX IIpeodpa-
soBamaii Mypre, upencrapaawmux coGoii dyaknnu Ha E. Ho 3T10T peayanTar
DOMTH HE MOKET OHThH UCHOJNB30BAH OpH OTCYTCTBHHU TOmONOorMu HA £, 3 B ciydae,
KOIJ|a 0BA UMEETCH, He0OXOMMMO HCCIEOBATh BO3MOSKHOCTL PACCMATPHBATL U Kak
Mepy Ha coupsprepHOM K E Tomosormieckom npocrpamcrse EF . Heszasucumo
P. ®opre u E. Mypbe, usiTascs 0600muTh HA crydailHse NMepeMeH ke cO 3HaTe-
HUAME B 0apaxOBOM IPOCTPAHCTBE HEKOTODHIE KIACCHIECKUE DPe3yJILbTaTH TEOPHM
BePOATHOCTeHl (3aKoH GOJBMHX 4YnCEN, NEHTPAJLHAS upefeasHas TeopeMma),
BHABMIN TaKKe (QYHAAMEHTAIbHY0 DOJIb, KOTODYI0O MIpaér B 3THX BOIPOCAX
npeoGpasoBanue @ypse. Ho cymiecTepHNil nporpecc O AOCTATHYT TONBKO
B 1956 r., xorga Texvdama (XVb) BriCcKasan MECIB, 9TO €CTECTBEHHHIMHI IS
npeofivagosanna Dyphe ABIAIOTCA HE 6aHAXOBH WM IMILOEPTOBK IPOCTPAHCTRA,
a sAgepHne mpocTpancrsa @peme. Om npeanonaoRui, 4ro niob6as HempepsHBHAA
(QYHRIUA NOJORATEILHOTO0 THOA HA TAKOM IPOCTPAHCTBE ABIAEICH Hpeolpasopa-
gnem Qypre HEKOTOPOH MEpH Ha €r0 CONPSKEHHOM; 3TOT PesyJbTAT ORI BCKOpe
nokazad Munnocom (XVI). Ero BayRHOCTH HPOMCTEKaCT B 0COGEHHOCTH M3 TOTO,
910 OH IPEMEHACTCA K IPOCTPAHCTBAM pacUpeneneHnil ¥ 910 KpasmcyMma (yHK-
IEOHAJILHNX HPOCTPAHCTB ABJIACICH GOPONEBCKUMH MOAMHOKECTBAME HPOCTDAH~
CTBa pacUpe/eseHni (KOTOPOe CIYKNT, TAKEM 00Da30oM, TOPA3/0 YU HM EMECTH~

mumen, sem RT) 1), Teopus cayvaiiasx pacupepgenenuii ect 063acTh, HAXOMS-
mafAcAas B CTaguu PAa3BUTHA, W Mbl OTpaHWIMMCA TE€M, YTO OTOLUJIEM UINTATEJA
& xmure Tenpdapypa m Bunemruma (XVII).

PeayabTaThl 0 IPOCKTABHEIX IPEAENaXx, O KOTOPHX TOJNLKO 9TO HIIA PEYb,
HUCHOJAB3YIOT CyﬂleCTBOBaHﬂe TOIOJIOTHH HA HCXOJIHEIX OpOCTPaHCTBAX. Moo
3aMlaTh BOIPOC, CYINECTBYeT JIH AHAJOTHYHAA TEODUA B Ciaydae «abcTpaKTHHIX»
mep. @om Heimanm fiekasan B 1935 r. cymecTBoBaHHe Mep-IpOM3BENEHKIT BO BCEX

11y Cytr pmesna manoyxena B paGore: X. Fernique, Ann. Inst. Fourier, XVII
(1967), 1—92, copgeprramel TaKiké MHOTOYHCIGHHHE pe3yibTaTH 00 Y3KOH
CXOJ[IMOCTH.
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ciy4asax, HO HOocrpoerue KOmTpmpmMmepa Meccemom m Ampepcenom (X VIII) pas-
PYWWIO HafesAy Ha To, 9TO M06asf (POGKTHBHAA CHCTEMA MED KMEeT IIPejel.
BN HOMyYeHH /Ba IPOMEKYTOYHHX pesyianTarta: B 1949 r. C. Nomecky-Tymran
AOKa3all CyINeCTBOBAHHE CYETHRIX HPOCKTHBHHIX WPEJEI0OB IPH HOMOIMU CYIie-
CTROBAHUA HANRGKAMUX [e3MHTErpUpOBanmil 12), pesyisTaT, UpefCTABIAMUI
6onpIm0it MATEpEC [ M3yTEHHS MAPKOBCKHX [POMECCOB; BupodeM, ORIIO 3ame-
9EHO, 9TO TOIOJOTHA HPOCTPAHCTB BXORMT JHOIL YEPe3 IOCPEJCTBO MHOKRECTBA
KOMNAKTHHX HOAMHOKEeCTB. CTaji0 OHTH, €CTECTBEHHO OLIJIO HHITATHCA AKCHOMATH-
3MPOBAThL HTY CUTYAUMIO BHYTPH aGCTpaKTHOH TEOpHE MpHU HOMOMY MOHATHA KOM=
MAKTHOTO KJacca MIOAMHOKECTB HEKOTOPOTO MHOKecTBa. JTa pabora Omma umpo-
pexana B 1953 r. MapuesckuM (KOTODHIil [0KazaJ OPH NMOMOIIH »TOTO cmocoba
abCTPaKTHYIO TeOpeMmy O NPOEKTHBHWX Ipemenax) u Pruin-Hapmmescrum (KoTo-
PHY H3yIMR AesMATErpUPOBAaHHEe Mep) 13),

Mepw na o6ujux monosozuveckur npocmpancmeazr u yskas cxodumocms. Usy-
4eHne cBA3el Me)KAY TOWOJNOTMeil M Teopuedl MepH MPOUCXOMUI0 IJIABHHIM obpa-
30M KaK M3y4YeHHE CBOMCTB PEryJispHOCTH MED M, B YaCTHOCTH, <BHEmIHEIl» pery-
JAPHOCTH ¥ «BHYTPEHHEH» PeryispHocTd 1¢); BHYTDPEHHAS PEeryIApHOCTH HYKBUBa-
JIeHTHA BHEIM(HEH PeryiApHOCTH HA JOKAJIHHO KOMIAKTHOM IPOCTPAHCTBE, CIETHOM
B OecromegnocTr. ITpeniosxennas Jle6erom KOHCTPYKIMSA MEPHl MHOKECTB Ha IPs-
MOil TofuepKUBaeT 9TH [BAa BHJA PEryJApHOCTH, a CBOHCTBO BHeuneil peryisp-
HOCTH MEP Ha MOIBCKHX HPOCTPAHCTBAX, CYAA NO BCeMmy, OHIO B SIBHOM BHJE
ouybaurosano x 1935 r. Ho aums B 1940 r. B pabore (XIX), pacupocrpameHue
KoTopoit Gru10 safeprano BoiiHOM, A. JI. AeKCAaHAPOB BRABMI POJIb BRYTPCHHEeH
PeryiasapHOCTH W HOKAa3aJ, IT0 10 06JANAI0T MEPH HA HOJIHCKOM HPOCTPAHCTEE;
9TOT PesyJasTAT OLJA BHOBL OTKpHT mossxeé IIpoxoposmm (XIII). Jlmmn memaBrO
GHUI0 3aME€YEHO, 9TO 9T0 CBOHCTBO PACHPOCTPAHACTCA HA CYCIMHCKHEE IIPOCTDPAH-
CTBa; 9T0 IOBEJO K TOMY, 9TO Ba)KHOCTH STHUX OPOCTPABCTB CHJILHO BO3POCIA,
tem ojiee 910, Kak GHUIIO 3aMe¥eHo, WX TeOPUs MOKeT DHTH cosgama De3 ycunoBmi
MOTPH3YEMOCTH M KBa3HCYMMH GYHKNIMOHANLHEX HPOCTPAHCTB ABIAIOTCA CYCIMH-
CKUMH IPOCTPAHCTBAMH (A flajKe Yame JIyswHCKuM™E) 19). DTu mpudnan nobyauin
Hac cjxenaTh akOoeHT B 3Tod (IX) ryilaBe ma BHYTDEHHHE DEryJspHEIE MEDhHL.

12) Tlo-BugEMOMY, MMEHHO OTCYTCTBHE YIOBJIETEROPHTEILHOH TEODHM HACIHH=
TOIrPHPOBAHUSA OTPAHMIHBACT HIPEJENH Teopum «aGCTPAKTHHX» Mep. JTAa TPYA-
HOCTh HOCTOAHHO IOABJIAETCS B TEOPHH BEPOATHOCTEH B CBABU C YCJIOBHHIMA
BePOATHOCTAMH.

13) Wsiomenue s10il Teopun moxkno maiitu: J. Pfanzagl, W. Pierla, Lecture
Notes in Mathematics (Springer Verlag), v. 16 (1966).

1) «AbcrpaxtHasy mepa u Ha Oopenesckoit g-ajrebpe OTACIHMOTO TONOJO-
THYEeCKOr0 HPOCTPAHCTBA HABHBAETCA BHEIIHE pEryisApHOH, ecim Mepa Ioboro
GopeseBCKOTO MHOKECTBA €CTh HISKHSA TPAHL MED OTKPHTHX MHOMKECTB, €ro
COZICPIKAMMUX; MEPa |4 HA3KBACTCHA BHYTPEHHE DEryJApHOH, eciam Mepa To00To
GOpEJeBCKOTO MHOKECTBA 6CTh BEPXHAN IPAHL MEP €ro KOMIAKTHLIX NOIMHOKECTB.

15) [IpTasich paspeHINTL HEKOTOPHE BEPOATHOCTHHE TPYAHOCTH (B HacT-
HOCTH, CB3H MEX/Y Pa3iHIHAIMH UOHATHIMH CTOXACTHIECKOIl HE3aBUCHMOCTH
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Omupenenenne BUKA CXOMUMOCTH (NIMPOKOH MiIu y3KOil) A Mep CTAaHOBUTICA
Gosee yROGHKIM, €CiM IPOCTPAHCTEO MEDP M IPOCTPAHCTRBO HOIPEPHIBHNX yHKIUHA
gaxonATcsA B geofictBenHocTH. OG00imas crapuii pesyasrar @. Pucca, A. A. Map~
KOB yCTapOBMJ B 1938 r. B3amMHO OJHO3HARYHO® COOTBETCTBHE MEXKAY UHOJOMH~
TeIbHNME (YHBKNuoHaJNaMu Ha ¢ (X) U peryjiapHEIMH MEpaMid HA KOMIAKTHOM
npoctpanctee X. B paGore (XIX), y:ke purupoBaBmeiica Bume, A. J{. Anex-
CaH/IPOB PACIPOCTPRHACT STH PE3yAbTATH HA CJayYail BIONHE PEryJAPHOrO Ipo=-
CTPaHCTBA: OH BBOUT MEPAPXKIO BO MHOMKECTBE HOJIOKATENRHNX JAHEHHNX GOpM
Ha bpocrpaHcTBe %b (X) OrpammMIeHHNX HEHPepHBHHX (YHKIHA Ha BuHoJHe
peryaapEoM mpocrpancTse X 16), onpepenser y3Ky0 CXORMMOCTH OTDAHMYICHHKIX
Mep ¥ [OKaseBaeT CPENH JPYIHX CIeAyomue ABe TEOPEME:

a) ectm X — NOJBCKOE IPOCTPAHCTBO, TO MHOJKECTBO JHHEHHHX ¢opm
H#a ¢Y (X), cooTBeTcTRYIOmMUX MepaM, 3aMKHYTO OTHOCHTEIHHO ciaboil cxopumocTn
110CJIeIOBATEILHOCTEH;

6) ecim HOCAENOBAaTENHHOCTL OrPAHWICHHHX MED HMeeT ysKuil mpepmed,
TO (HE HMeeTCs MAacCH, yaajsiomeiicsa B 6eCKOHeIHOCTDY (3T0 ecTh ciabas dopma
o6pamenns TeopeMn Y3Ko#l cxomumoctu Ilpoxoposa).

W3 aToro msobunms uoHATHH M Teopem IIPOXOpOB BHIBEJN BRJKHBIE PE3yNb=
TaTH [JIs TEOPHK CTOXACTHIECKUX MPOIECCOB M HPEACTABMI AX B NPOCTOH H APKOH
-Jopme. B ero Goapmoit paGore 1956 r., y:xe numrmposapmeiics Brme (XIII),
GONBIIOe MECTO YAENEHO OrPAHMYCHHHIM MOJOKATEJLHHM MepaM Ha HOALCKOM
mpocTpaBcTBe; 0600mas KOHCTPYKHUIO JIeBH, OH OIpejeiseT Ha MHO}KECTRe
{I0JI0;KATEJILHBIX MEP € Maccoil 1 paccTosimme, IpeBpamaiomee ero B HOJBCKO®
IpOCTPAHCTBO, a 3aTéM OH YCTAHABJIHBAaeT Ba)KHHI KpHTepuil KOMIAKTHOCTH [
ysroitl cxopumoctu (cp. ri. IX, § 5, u. 5, reopema 1). Hezasucumo ot IIpoxoposa
Jle KaM (XX) mosayumsa HEKOTOpPO€ YHCIO Pe3yibTaTOB KOMIAKTHOCTH W Y3KOH
CXOJMMOCTH Mep; HPU STOM OH He Je]aeT HEKAKUX NPE/IHOJI0KeHuil 0 MeTpuaye-
MOCTH UPOCTPAHCTB, KOTOPHE OH DacCMaTpMBACT, W €r0 Pe3yJbTATH CBOJATCA
K Ope/KHEM TeopeMaM J(beflOHHe B JHOKAaJHHO KOMINAKTHOM cCiydae.

MM 3aBUCAMOCTH), MHOTHE aBTODH BBOAAT (ojiee y3KHUE KIACCH «abCTPAKTHHX»
Mep: «coBepHIeHHNE» npocTpancTBa Hoivoroposa — I'HegeHKO, «IY3UHCKUE) IPO-
-crpanctBa Baeryemrna, npocTpamcTsa «JleGera» Poxamma. Ha camoMm me jexe
BO BCAKOM CIIyda® OPHM HAJIHWIUK AOBOJABLHO Cial0or0 yCIOBHA CYETHOCTH BCE 5TH
ONPEfeNeHUsT XapaKTepHayOT «abCTPAKTHEHE) MEpH, H3oMOpQHLHe HEKoTOpoil
‘OTPaHUYCHHON IIOJOKUTENLHOH Mepe Ha CYCIHHCKOM NpOCTpaHCTBE. [I0 aTOMY
LOBOAY MOKHO O6GpaTmTBCA K paGoTe, OPONUTHPOBAHHON B CHOCKE 13),

16) O paaimuyaer B mOpAfKe yOWBaAuA oGmEOCTH O-MEPH («abCTpaKTHHE)
Mepa Ha Gopenmesckoil g-aarefpe upocrpancTsa X), T-MepH (BHEIHE peryJsApHEE
MepH) U INIOTHH® MepH (BHYTDEHHE peryisapHHe MepH). B ciaydae HOJIBCKOro
mpocTpancTsa X BCE BTH TPH IOHATHA COBHAJAKT. TOPMHUHOMOTHA NPHHAICKAT
Max Mieitny u JIe Kamy (XX). ITocenosare:nsaoe nalioxenne pabor, CBA3aHHOS
€ 210# Knaccudurammeit, mo>kEO HaiiTE B paore: V. S. Varadarajan (Amer.
Math. Soc. Translations (2), 48, p. 161—228).
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Modepanmmoe mnoaxrce-
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IO pomepa
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fpyhna hparyySCKMX mMaTema-
THKOB, OObLeaWHeHHAas Mof nces-
AROHHWMOM «BypGaKus, nocrasuna
nepeA coGoi yenb - HaNUcaTh NOJ
oMM  sarnasMeM «DnemeHTbl
MaTeMaTUKW» NOJHbIKN  TpaKTaT
COBPOMeHHON MaTemMa THYeCHOMH
HAYHKK.

MHoro TomoB atoro Tpaktara
ywe IBolwno Bo MpaHyuu. Onwu
BLISBA/IH GONBLIOH MHTEpeC marte-
MATUKORBR BCErC MUPA KaK HOBW3HOMK
WBNIOMEHUR, TAK WM BLICOHUM Hay4-
HbIM YPOBHEM.

HHura paccuutaHa Ha marema-
TUIORB HAYYHbLIX paﬁomuuou,

aCNMPAHTOB M CTYREHTOB CTapluMx
KypCOB.

H. BYPBAKH,

SNEMEHTHI
MATEMATUKU.

VIEPBAf YACTb

Huanra 1. Teupua mHOMOCTE

Hnura 1. AnreGpa

HKuura Il. O6wans Tononorus

Huura IV. MyHkyvn pe creuTeb-
HOFO NEPeMeHHOro

Kuura V. Tononoruveckue BOK-
TOpHBIE NPOCTPaHCTBa

Huura VI. UuterpupoBanue

BTOPAf YACTL

Kuura (6es Homepa).

Fpynnel u anreGps fly
Huura (Ges Homepa).
HommyTartuenasn anrebpa
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H. BYPBAK U

MHTETPUPOBAHUE

MEPbl HA AOKAABHO KOMNAKTHbIX
NMPOCTPAHCTBAX

MNPOAOAXEHUE MEPLI
WHTETPUPOBAHUE MEP
MEPbl HA OTAEAUMbIX MPOCTPAHCTB!
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